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AN NAM HOQC 2021 — 2022
MON THI: TOAN
Thoi gian: 90 phit (Khéng ké thoi gian phdt dé)

2021-2022] Giai hé phuong trinh sau trén tap sb thyc:

{x+\/x2+ =y+4y =1 (1)

X+ —xy=1 (2).

Loi giai
Piéu kién y*> >1.
Ta co: x+\/ﬁ=y+\/ﬁ<:>x—y=\/ﬁ—m(*)
Binh phuong hai v€ phuong trinh trén ta dugc phuong trinh hé qua
X' =2xy+yt =y —1+x +1—2mm®xyzmm.
Tiép tuc binh phuong hai vé ta duge x*)* =x’y* —x* +)* -1 »* —x* =1(3).
Két hop (3) véi (2) taco
Y —x =x2+y2—xy<:>2x2—xy=0<:>x(2x—y)=0<:>[x:0 .

y=2x

Véi x =0 thé vao (2) ta dugc y =+1, tht lai phuong trinh (*) ta chi nhan nghiém y=1.
Véi y=2x thé vao (2) ta duoc
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X Hd4x’ =22 =1ex’ =%<:>x=i—<:>y=iT3 (théa man).

3
ﬁ.&}[_ﬁ_&}

Vay h¢ phuong trinh da cho c6 nghiém (O;l);( 303 T3

, 2x+1
[HSG-LONG AN 2021-2022] a) Cho ham sb y= “1
x_

(d):y :(m2 +1)x—2 véi m 1 tham so thyc. Tim tat ca cac gié tri cta tham sé m dé (d) cat (H)

c6 do thi (H ) va duong thang

tai hai diém phén biét c6 hoanh d¢ x,, x, sao cho biéu thic P=12(x, +x,)+11xx, dat gia trj 16n
nhat.

Loi giai
Phuong trinh hoanh d¢ giao diém cta dd thi (H) va dwong thang (d) 1a

T 2x+1=[(m*+1)x=2](x-1)
x—1 x#1

- (m2+1)x2—(m2+5)x+1:0<:> (m2+l)x2—(m2+5)x+1=0(*)
x#1 —3%0 '

Do vdy, dudng thing (d) cét do thi (H) tai hai diém phan biét khi va chi khi phuong trinh (*) ¢6 hai nghiém

phén biét <:>A=(m2+5)2—4(m2+1)>O<:>m4+6m2+21>0<:>meR.



Cau 2.

m*+5

X +x2 =

2
Theo dinh 1§ Viét ta c6 ;” +1
XX, =
w41
12(m* +5 2
Khi d6 P = (2 )+ W _DBm7l_,, 3
m-+1 m-+1 m-+1 m-+1
) 59
Do m”+121< ———<1.Suyra P=124+—-<71.
m°+1 m-+1

Dau “=" xay ra khi va chi khi m =0.

Vay m =0 thi biéu thuc P dat gi4 tri 16n nhat bang 71.

[HSG-LONG AN 2021-2022] b) Cho ham s§ y =2x—2—m+/x* —4x+5 v6i m 1a tham s thuc. Tim
tat ca cac gié tri ctia tham s6 m dé ham sb c6 cyc tiéu?
Loi giai
Ham sb xac dinh trén R .
Pao ham
V=2 x=2 24x* —4x+5-m(x-2)

—_— m =
\/x2—4x+5 \/x2—4x+5
Ham s6 ¢6 cuc tiéu khi va chi khi ' =0 c6 nghiém va d6i dau tir &m sang duong qua nghiém do.

Ta co
y'zO@ZM—m(x—Z)zO@mzzxz_# vix =2 khong 1a nghiém cta phuong
trinh. '
Xét ham sd f(x)zz—“‘z_‘“”s,xizma co
o
m(x—z)—\/m 1
f(x)=2 (x=2) T (x—2) ¥ dxts <Orre

Céc gidi han:  lim f(x)=-2; lim f(x)=—o0; lim f(x)=+00; lim f(x)=2.
X—>—00 x—2" x—2" X—>+0

Béng bien thién ctia ham so0

Ta xét cac truwomg hop



Véi me (—oo;—2) v6i x <2, phuong trinh 2v/x” —4x+5 — m(x—2) =0 c6 nghiém x =x,. Khi do
Vx <x, thi

[ 2
m<%@m(x—2)>2 X’ —4x+5<2 x2—4x+5—m(x—2)<0.
X—

Néu Vx> x, thi
. 2\x" —4x+5
x=2
Nhu vdy y'=0 c6 nghiém x=x, va d6i du tir am sang duong qua nghiém do.

<:>m(x—2)<2 x*—4x+5 <:>2\/x2—4x+5—m(x—2)>0.

Voi me(2;+oo) véi x <2, phuong trinh 2v/x* —4x+5 —m(x—2):0 co nghiém x =x,.
Khi d6 Vx <x, thi

[ 2
m<%@m(x—2)<2\/xz—4x+5 <:>2\/x2—4x+5—m(x—2)>0
x—

Néu Vx> x, thi
. 22X —4x+5
x=2
Vivay y'=0 c6 nghiém x = x, va d6i dau tir dwong sang 4m qua nghiém d6 nén ta loai trudng hop

, Vx> x, <:>m(x—2)>2\/x2—4x+5 <:>2\/x2—4x+5—m(x—2)<0.

nay.

Vay m e (—o0;-2)1a cac gia tri can tim.

Cach 2.
Xét y=2x—2—-m\x>—4x+5 co tap xac dinh trén mién sb thuc
e m(x—2) VreR
V' =2x————=—, VxeR.
VX' —4x+5
-2 N
Cho ' =0 2x— ME=2) g o X TS

—_— T (=%
VX' —4x+5 x—2 ( )
Pat (x):2—ux2—4x+5:>

he x=2 (x—2)2\/x2—4x+5

Tir d6 ta c6 bang bién thién nhu sau

T — 0 2 + o
!
y - || -
2 + o0
i \ \
— 2
. ) . m>2
Tu bang bién thién ta suy ra phuong trinh (*) c6 nghiém < { <
m<—

_2)2
Vx? —4x+5—()67
" \/x2—4x+5 _ —m VxeR.

= y'=-m =
X' —4x+5 (x2—4x+5)\/x2—4x+5

Vé&i m>2=y" <0 tirc ham s6 khong c6 cuc tiéu.
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Vay v6i m < -2 thi ham s6 ban dau co cyc ticu.

[HSG-LONG AN 2021-2022] Cho tam gidc ABC c6 cac diém D, E, F lan lugt thudc cac dudong
thang BC, AC, AB sao cho % = E=C FA = —k? voi k # 0. Chirng minh rang hai tam giac
DC EA FB

ABC,DEF c6 chung tam dudng tron ngoai tiép O khi va chi khi hai tam giac nay c6 chung truc tdm
H.

Loi gidi
Cach 1:
Bé6 dé Euler: “Véi moi tam gidc ABC c6 trong tAm, tryc tAm, tim dudng tron ngoai tiép tam giac lan
luot 1a G,H,O tadéuco GO=-2GH”
Goi G 1a trong tim tam gidc ABC , theo gia thiét ta c6

2
DB k> < GD = 12GB+ szC.
DC 1+k 1+k
el 2
£ v ecE-— G+ X _Gi.
EA 1+% 1+k
4 2
F=A:—k2<:>GF: ! ~GA+ k ~GB.
FB 1+k 1+k

Suy ra GD+GE+GF =GA+GB+GC =0 hay G la trong tam tam giac DEF .

Vay hai tam giac ABC,DEF c6 chung trong tdm G .

Theo bd d& ¢6 GO =—2GH nén hai tam gidc ABC,DEF ¢6 chung tim duong tron ngoai tiép O khi
va chi khi chung c¢6 chung truc tdim H (dpcm).

Cach 2: Xai hé thuc Vector

Dau tién ta c6 hinh v& nhu sau:

Goi G la trong tdm cua ADEF khi d6 ta co:
0=GD+GE +GF

(2256 La5)+[ i+ AEGe |+ [ AE 65+ BE G4
BC ~CB c4 AC AB BA

_(BD, AENee (€D AF g (CE, BF o
BC  AC B 4B 4 B4

_(CE [ AE\zm (BF AF\en (AF BF \= = GE.GC
acac BA 4B 4B B4

=1 =1 =1
Suy ra GA+GB+GC =0 tic G ciing chinh 1a trong tdm cua AABC (1).
Theo tinh chat Euler, ta suy ra OH =20G ma do hai tam giac ABC,DEF ¢6 chung tryc tim H nén

anv ra k&t han vai (1) anv ra hai tam oide ARC DEF cb chino tam dirdne tran nooai tién ()



Ciau 4.

Cach 3:
Gia st ton tai H 1a truc tAm cua hai tam giac ABC,DEF .

Khi d¢6 theo dinh li Ceva ta luén co: DB EC M =—1=—k°suyra k=1.
DC EA FB
BD=DC
Suyra { EC=FEA tic D,E,F lan luot la trung diém ciia BC,CA, AB .
FA=FB

Ma do H la tryc tim ctia A4BCnén suy ra AABC déu.
Ching minh tuong ty ta ciing suy ra ADEF déu.
Ma do hai tam giac chung truc tim nén ta suy ra diéu phai ching minh.

[HSG-LONG AN 2021-2022] Cho ngii gidc 16i ABCDE trén mit phang, biét rang trong tat ca cac
duong thang qua cac canh va duong chéo khong c6 hai duong thang nao song song, khong c6 hai
duong thang nao vudng goc. Tir mot dinh bat ki, ké tat ca cac duong thang vudng goc voi nhiing
dudng thing ndi hai dinh trong tit ca cac dinh con lai. Tim s6 giao diém cua tét ca cac duong thang
vira ké trén (khong ké cac duong thing qua cac canh va duong chéo cua ngil giac).

Loi giai

Goi X 1a tap hop cac duong thing di qua cac canh va cac dudng chéo cua ngii giac. Suy ra

n(X)= C: =10.

Goi X, latap hop tat ca cac duong thang di qua A va vudng goc v6i nhitng dudng thang ndi hai dinh
trong tat ca cac dinh con lai (khac A).

+ Ta c6 s6 duong thang duoc tao thanh tir cac dinh B, C, D, Ela C} = 6.

+ Do do, n (X A) =6, d6 1a cac duong mau xanh tuong (mg v4i mot dinh bat ky.

+ Ta c¢6 moi phan tir trong tap hop X P déu phan biét va X NX=9.

0 Thatvay, Ldy @, e X, = 3d, € X:a, L d, vaa,e X,=3d, € X :a, 1 d,. Gia st a, =a, thi
d,||d, (traivéi gia thiét cua dé bai). Vay cac duong thang trong X 4 déu phan biét.

0 Mit khac, néu c6 a € X,NX=>3deX:ald (diéu nay trai gia thiét do a va d cung thuoc X
nén khong thé vudng goc nhau duoc). Do do, X NX=7.



Hoan toan twong ty cho 4 dinh con lai B,C, D, E nén ta cé tong cong 6.5 =30 duong thing thoéa min
diéu kién: “Tur mot dinh bat ki, ké tit ca cac duong thang vudng goc v6i nhitng duong thang ndi hai
dinh trong tat ca cac dinh con lai”.

Va trong 30 duong thing nay déu phan biét va khong c6 2 duong thing nao song song nhau.

0 That vay, gia st c6 hai duong thang a,b thudc 30 duong thang trén va song song nhau. Khi do, ton
tai hai duong thang phan biét d,d"' thuéc X dé a Ld,b L d' ma a||b nén d||d" (trai v6i gia thiét
cua bai toan).

Vay s giao diém cua tat ca cac duong thang vira ké chinh 13 s6 giao diém cua 30 canh la: Cs, =435
diém.

Tuy nhién, c6 nhimng truong hop hai dudng song song hoic cac giao diém tring nhau.

Cu thé:

+) C6 duong thing nbi 2 trong 5 diém ban dau. Mdi dudng nhu vay sé co 3 dudng vudng goc ké tir 3
diém con lai. Cac duong niy song song nhau nén mat 30 diém, tic 1a con lai 405 diém.

+) C6 tam giac c6 3 dinh 1a 3 trong 5 diém ban dau. Mdi tam giac ¢ ba dudong vudng goc 1a ba dudong
cao, 1& ra ¢6 3 giao diém nhung tring lai chi con 1 giao diém. Nhu vay, mdi tam gidc mat 2 giao diém
nén 10 tam giac mat 20 giao diém. S6 giao diém con lai 1a 385.

+) Mdi diém thi s& c6 6 duong thang vudng goc di qua. Nhu vay, 18 ra c6 diém thi tring lai con 1
diém, mat 14 diém. Do d6, truong hop nay mat 70 diém nén tong sé diém con lai 1a 315.*

Theo gia 7thiét ctia dé ta d& nhan thay cac truong hop 1a khéng tring ldp nhau nén két qua cudi ciing
la 315 diém.

HET

Trang 6/6 — Dién dan gido vién Toan



