CHU PE 19: BAI TOAN CUC TRI TQA PQ KHONG GIAN
I. LY THUYET TRONG TAM
II. CAC DANG TOAN TRONG TAM VA PHUONG PHAP GIAI

Dang 1: Tim diém M thudc (P) sao cho u=aMA+bMB +cMC cé |ﬁ| dat min.

Phwong phap gidi:

_ax, +bxy +cx.

a+b+c
_ay,+byy +eyc

+Tim diém I tha man hé thuc alB+bIB+cIC =0 toa do diém I 1a: Y, b
at+b+c

_az,+bzy+cz,

a+b+c

Phan tich Zt:am+bm+c]\7€:(a+b+c)ﬁ+(aﬁ+b78+cl—6‘):(a+b+c)M

< M 14 hinh chiéu vudng goc caa I 1én (P).

min

Khi 6 [u| =[a+b+c|MI = |u

Viét phuong trinh dudng thang IM di qua I va vudng goc véi (P) = ZA; = a;

Khido M =(P)n(IM).

Vidu 1: Cho céc diém 4(2;1;-1); B(0;3;1)va (P): x+y—z+3=0. Tim diém M thuc (P) sao cho

a) MA+ MB

min

b) |zm_m’

min

Loi gidi
a) Goi I(l; 2;0) 1a trung diém cua AB thi |I71 +]73| =0
Ta co: |m +m| = |2M | nho nhat <> MI . <>1a M 1a hinh chiéu caa diém I trén (P)

x=1+t
Phuong trinh duong thing MI1a: < y =2+t = M (1+£,2+1;—1)

z=—t
Cho M e(P)=1+t+2+1+1+3=0<1=-2=M(-10;2).

= 2Ky
2-1

b) GoiIla diém théa man 274 —IB=0=>{y, :2y2A_—1yB:_

2z,—z,

2-1

21: = —




Ta cé: |2m —Aﬁ| - ‘2@ +2I4—(MI + E)‘ - |M| — MI nhé nhét < M Ia hinh chiéu cia diém I trén

x=4+t
(P). Phuong trinh dudng thang MI 1a: {y=—1+¢= M (4+6;-1+1;,-3—1)
z=-3-t

Cho M e(P)=4+t—-1+1+3+1+3=0<1=-3= M (1;-4;0).

Vi du 2: Cho céc diem A(1;0;—1); B(2;,-2;1)C(0;-1;0) va (P):x—2y+2z+6=0 . Tim diém M thudc
(P) sao cho

a) |m+m+m

min

b) |2m—4m+3M—c

min

Loi gidgi
G(0;1;,-2)

a) Goi G la trong tdm tam giac ABC =4 _ .~ . _.
GA+GB+GC =0

Ta co: |MA+ MB +M—C| = |3M—G| =3MG < M la hinh chiéu cta G trén mit phing (P).

x=t
Phuong trinh duong thing MG khi d6 1a: § y =—1-2¢ = M (;—1-26;-2+2t)
z=-24+2t

Cho M e(P)=t+4t-2+4t-4+6=0=1=0= M (0;1;-2).

2x, —4xy +3x. _

X

2-4+3
. » L 2y, —4
b) Goi I 12 diém thoa man 274478 +31C = 0= | y, = 2Xa—Ws¥3Vc _ g
2—4+3
. _2z,—4z,+3z, _
: 2-4+3
xX=-6+t¢
Phuong trinh duong thing MI khi d6 1a: < y =5-2t = M (—6+1;5—2t;—6+2t)
z=—6+2t

9 b

Cho Me(P):>—6+t+4t—10+4t—12+6:0<:>t:?:>M 59 9

22 (3239_10]

Vi du 3: Cho céc diém A(4;1;-1); B(2;3;-2)C(6;3;-12) va (P):x+2y—z+1=0 . Tim diém M thudc (P)

sao cho |2m +3MB-MC| Do dai doan thang OM la:

min

A. OM =AJ5. B. OM =+/3. C. OM =3. D. OM =9.

Loi gidi




_2x,+3x,—x0
: 2+3-1
Goi I 1 diém thoa man 2/4+3IB—IC =0={ y, = 2yA2+33y31_yC =
+ —
2z,43z,-z.
: 2+3-1
x=2+t
Phuong trinh duong thang MI khi d6 1a: § y =2+2¢t= M (2+£,2+261—1)
z=1-t

Cho M e(P)=2+1+4t+4+1-1+1=0&1=-1= M (1;0;2) = OM =+/5. Chon A.

Vi du 4: Trong khong gian toa d0 Oxyzcho tam gidc ABC c6 A(-1;2;3); B(3;0,—1)C(L1;4;7) va
(P):x—2y+27+6=0. Goi M (a;b;c)la diém thudc mat phang (P) sao cho MA* + MB> + MC®nhé nht.
Gié tri biéu thirc T =a” +b* +c*1a.

A. T=10. B. T=17. C. T=21. D. T=26.

Loi giai:
Goi G(1;2;3) la trong tdm tam giac ABC thi GA+GB+GC =0.
_2 -2 —2 —  ——\2 —  ——\2 —_— ——\2
Ta co: MA* + MB* + MC? =MA +MB +MC = (MG+ GA) +(MG+ GB) +(MG+ Gc)
—3MG> +2M—G(@+@+@)+GA2 +GB* +GC?
=3MG”* + GA* + GB* + GC*nho nhét khi M 14 hinh chiéu ctia G trén mit phang (P)

Phuong trinh MG: xl—l = y—22 = 23

suyra M = MG N (P)= M(0;4;1)

Do d6 T=a’+b°+c*=17 . Chon B.

Vi du 5: Trong khong gian toa d6 Oxyz cho mat phéng cho 3 diém A(O; —3;1); B(2;7;1) va C(l;0;3) va
mat phang (P) c6 phuong trinh x+y-z-3=0 . Goi M(a;b;c) trén (P) sao cho |m+m+2M—C| nho

nhét. Tinh gia tri cia T =a+2b—3c.
A. T=0. B. T=4. C.T=3. D. T=-1.

Loi giai:




_ XXy +2xe

! 1+1+2

Goi 11a diém thoa man |4+ 15| =14+ B+2IC=0=1y, :%:2@1(1;1;2).
+1+

B Z,+zp+2z,

‘ 1+142

Khi d6 MA+2MB+3MC = MI + 14+ MI + IA+2MI +2IC = 4M]
Khi &6 [MA + MB +2MC|nhé nhit < MI_ <> M la hinh chiéu cia diém I trén mat phing (P).

Ta co: ]M:XT_I:%: 2_11:>M:Mlm(P):>M(2;1;O)T:4. Chon B.

Dang 2: Tim diém M thudc (P) sao cho T = aMA® + bMB* + cMC? dat max hoic min.

Phuwong phap gidi:

+) Tim diém I théa man hé thiee ald+bIB+cIC =0

—2 — JE— ] —  —\2 — —\2 —  —\2
+) Phan tich T =aMA +bMB +cMC =a(MI+[A) +b(M1+IB) +c(M1+1C)
:(a+b+c)M12+2W(aﬁ+bﬁ+cf’)+al/lz+bIBz+cIC2

=(a+b+c)MI* +alA®> +bIB* +cIC” .
+)Néu a+b+c>0 thi T dit min; a+b+c <0 thi T dit max.

Khidé T, ;T <> MI_ — M Ia hinh chiéu vuéng goc cia I 1én (P).

min

Vi du 1: Cho cac diém A(-3;5;-5); B(5;,-3;7)C(1;0;3) va (P):x+y+z=0. Tim diém M thudc (P) sao
cho

a) T =MA*+MB* dat gia tri nho nhit.

b) T = MA* —2MB* dat gia tri 1on nhat.

Loi giai:
a) Goi I 1a trung diém cua AB thi IA+1B=0.
Ta c6: T = MA® + MB* = 2MI* + IA* + IB* dat gia tri nho nhit < M 1a hinh chiéu vuéng goc cua I

x=1+t¢
1én (P). Khi d6 phuong trinh IM 1a:  y =1+t = M (1+£;1+41+1)
z=1+t¢

Cho M e(P)=3(1+1)=0<1=-1= M (0;0;0).




X, —2x

X|=1—23213
b) Goi I 1 diém théa man 14— 278 = 0 = y,:yfll_—zzyﬁz—n
Z, =ZA1__22_ZB =19

—2 —2 —  —\2 —  —\2
Taco: T = MA* —2MB* = MA —2MB =(M1+1A) —2(M1+IB)
= —MI* +2MI(IA-2IB) + I4* - 2IB*= —MI* + [4* - 2IB*.

Do I4* —2IB* khong doi nén T, <> —MI* 16n nhat khi d6 MI_ <> M la hinh chiéu vudng goc cua I

max

x=13+¢
1én (P). Khi d6 phuong trinh IM la: y:—11+t:>M(l3+t;—ll+t;19+t).
z=19+¢

Cho M e (P)=21+3t=0<1=-7= M (6;,-1812).

Vi du 2: Cho céc diém 4(1;4;5); B(0;3;1)C(2;-1;0) va (P):3x—3y-2z-15=0 . Tim diém M thudc (P)
sao cho

a) T = MA® + MB* + MC? dat gia tri nho nhét.

b) T = MA* + MB* —4MC* dat gia tri 16n nhat.

Loi giai:
G(1;2;2)

a) Goi G la trong tdm cua tam giac ABC =<4 __. . __ . _
GA+GB+GC =0

—2  —2 —2 —  ——\2 —  ——\2 —_— ——\2
Tacod: T=MA +MB +MC =(MG+GA) +(MG+GB) +(MG+GC)
=3MG* +2MG(GA+GB + GC) + GA®> + GB*> + GC? =3MG* + GA* + GB* + GC*
Dodd T < M, <> M lahinh chiéu vuong goc cia G 1én (P).

x=1+3¢
Khi d6 phuong trinh MG la: y=2—3t:M(l+3t;2—3t;2—t).
z=2-2¢

Giai M €(P)= 9% +3+9—6+41-4-15=0<1=1= M (4,-1;0).

. :xA+2xB—4xC _7

: 1+2-4

_ Va2, —4yc
1+2-4

_ZA+2ZB—4ZC

: 1+2-4

b) Goi I 1a diém thoa man 14 + 2B —4IC =1 y, =—14




Bién d6i T =—MI* + 147 +2IB* — 4IC* dat gié trj 16n nhat < MI_ <> M la hinh chiéu vuong goc ctia I

x=T+3t
1én (P). Khi d6 phuong trinh MI 1a: < y =—14-3t = M (7 +31;-14-31,—7-21).
z=-7-2t

Giai Me(P):»9z+21+9z+42+4t+14—15:o@;:%:M(_%;%;#j_

Vi dy 3: Cho céc diém A(L;1;-1); B(2;0;1)C(L;—1;—-1)va (P):x+3y+z+2=0. Biét diém M thudc (P)
sao cho T = MA® +2MB?* — MC? dat gia tri nho nhat. Tinh do dai OM.
A. oM =+6. B. OM =+3. C. OM =+2. D. OM =2.

Loi giai:

_ X 2% =X

: 1+2-1
Goi diém I 1a diém théa méan 74 +21B—IC =0 = yFWﬂ
+ —
. :ZA+2ZB—ZC _
1+2-1

Bién d6i T =2MI’ +14% —2IB* + IC” dat gia tri nhd nhit <> MI_, <>M la hinh chiéu vuéng goc cia I

x=2+t
1én (P). Khi d6 phuong trinh MI 1a: < y =1+¢ = M (2+51+1+1).
z=1+t¢

Gidi M e (P)=31+4+2=0&1=-2= M (0;-1;-1)= OM =+2. Chen C.

Vi dy 4: Cho céc diem 4(0;4;-2); B(1;2;-1) va(P): x+y+z+1=0. Biét diém M thudc (P) sao cho bicu
thire MA? —2MB? dat gia tri 10n nht. Tinh OM.
A. OM =+/6 . B. OM =+/3. C.OM =+2. D. OM =2.

Loi giai:
Goi I 1a diém thoa man 14 -21B = 0= (2;0;0).
Bién d6i MA*> —2MB?* = —MI* + I4*> —2IB* dat gia tri 16n nhit khi M 1a hinh chiéu vudng goc cua I 1én

x=2+t
(P). Khi d6 phuong trinh MI 1a: { y=—t = M (2+t;—1;1).

z=1

ChoM e (P)=2+1+1+1+1=0&1=-1= M (1;;;~1)= OM =+/3 . Chen B.

Vi du 5: Trong khong gian Oxyz , cho hai diém A(l; 2;1); B(Z;—l;3). Diém M trén mit phing (O ) sao

xyz




cho MA® —2MB* 16n nhat. Khi d6 T =x,, +y,, c6 gia tri 1a

A. T=1. B. 7=0. C.T=-1. D.T=2.

Loi giai:
Goi M 1a diém théa man I4-21B =0 <> I4=2IB < I(3;-4;5).
—  —\2 —  —\2 —_ JE—
Khi d6 MA> —2MB* = (MI + IA) ~2(MI + IB) = —MI* +2MI(IA-2IB) + 14> - 2IB
=—MI’ + I4° - 2IB* 16n nhat <> MI nho nhat<> M l1a hinh chiéu cia I trén mét phang (O,))

Suyra M (3;—4;0)=T =-1 . Chon C.

Vi du 6: Trong khong gian Oxyz ,cho 3 diém A(4:1;5); B(3;0;1);C(~1;2;0) va mat phing

(P):3x—3y+2z+37=0 . Diém M (a;b;c) thudc (P) sao cho S = MAMB + MB.MC + MC.MA nho nht.
Tinh a+b+c.

A. atb+c=13. B. a+b+c=9. C. atb+c=11. D. at+b+c=1.

Loi giai:

Goi D Z;1;3 ;E 1;1;l F 3;3;5 lan luot 1a trung diém cua AB, BC va AC.
272 2 2°2°2

AB?

Ta co: mm’:(m+m)(m+ﬁ):(m+m)(m_m):mz —AD* = MD* —

AB* + BC* + AC?
4

Suyra § = MD* + ME* + MF* — nho nhat < MD? + ME? + MF? nhé nhat.

Goi G(2;1;2) 1a trong tim tam gidc DEF = MD* + ME* + MF* =3MG” + GD* + GE* + GF” nhé nht

x=2+3t
& MG, < M lahinh chiéu cta G trén (P) = MG:1y=1-3t
z=2+2¢

Suyra M = MG (P)=> M(—4;7;-2) = a+b+c=1. Chon D.
Dang 3: Tim diém M thugc (P) sao cho (MA + MB)min hoiac |MA _MBLW

Phuwong phap gidi:

+) Kiém tra vi tri twong ddi cta cac diém A va B so véi mit phang (P).

+) Néu A va B cung phia (P) thi bai toan (MA+MB) _ phai lay doi xtmg A qua (P) khi d6

MA+MB =MA'+MB> A'B diu bing xay ra <> A', M, B thing hang hay M = A'BN(P) .

Bai toan tim (MA4 —MB|max ,taco |MA —MB| < AB = M 12 giao diém tryc tiép ctia dudng thang AB va

(P).




+) Néu A va B khac phia (P) thi bai toan|MA— MB|  phai lay doi xtimg A qua (P) bai toén

tim(MA +MB ) = M la giao diém tryc tiép ctia duong thing AB va (P).

min

Vi du 1: Trong khong gian hé toa d6 Oxyz , cho 2 diém A(-1;3;-2); B(-3;7;—18) va mat phing

(P):2x—y+z+1=0 . Tim diém M thudc (P) sao cho MA+ MB nho nhit.

Loi giai:
Dit f=2x-y+z+1=0tacé: f(4).f(B)>0= AB cing phia véi mit phing (P).

Goi A’ 1a diém d6i xtimg ctia A qua (P):2x—y+z+1=0 :AA':x;1 = y—13 :ler2

Goil (—1+2;3—1;-2+1)= AA'N(P) suyra 2(—1+2)—(3—1)—2+t+1=0
ot=1=1(1;2;-1)= A(3;1,0).
Khi d6 MA+MB =MA'+MB > A'B diubang xayra < A',M,B thang hang.

x=3+u
Phuong trinh dudng thing A'B{y=1-u =M = A'BN(P) = MG +u;1-u;3u)

z=3u

Gidi M e(P)= u=-1=M(2;2;-3).

Vi du 2: Trong khong gian hé toa d6 Oxyz cho mit phang (P):x—y+2z—-2=0va 2 diém

A (2;3; 0);B(2; —1;2) . Tim diém M thudc mat phéng (P) sao cho |MA — MB| 16n nhit.

Loi giai:
Kihiéu f=x—y+2z-2=0 .Tacé f(4).f(B)<O0 nén A,Bndm khéc phia so v6i mit phang (P).

Goi A' 1a diém déi xtmg ctia A qua (P). Ta cé: A4 :> I 2 y—_13 =§

Khi d6 I=AA’m(P):>(2+t;3—t;2t):>t+2+t—3+4t—2=0:>t=%
=1 2;2;1 = A'(3;2;2)
22

Lai c6 |MA—MB|=|MA'~MB|< A'B daubing xdyra < A',M,B thang hang

x=3+u 9 13
Khi d6 4'B y=2+3u:M:A’Bm(P):M(E;?ﬂj.
z=2

Vi du 3: : Trong khong gian hé toa d6 Oxyz cho diém A(3;l; 0);B (—9; 4;9) va mit phing (P) c6 phuong
trinh (P):2x—y+z+1=0. Goi I (a;b;c) 1 diém thudc mit phang (P) sao cho |IA - IB| dat gid tri 16n nhat.

Khi d6 tong a +b +c bing




A.a+b+c=22. B.a+b+c=-4. C.a+b+c=-13. D.a+b+c=13.

Loi giai:
3 V43Z4) =06
Pat f(xyiz)=2x—y+z+1= SGiyiz) = f(4).f(B)=-72<0.
f(XB;YB;ZB):_lz

Do d6 hai diém 4, B nam khac phia so v6i mit phing (P).

Goi B’ 1a diém déi xtmg cua B qua mit phing (P) = (BB'): X+9 y—14 = ZI9 :

Piém H e (BB) = H(2-9;4—1;t+9)e(P) > 22t —9)—(4-1)+1+9+1=0=1=2

Ta c6 |I4—IB|=|IA-IB’

< A'B=|IA-IB| = AB' =1lagiao di¢m cia AB'va mit phang (P).

Lai ¢6 AB'=(~4;-1;13) = u,,,, =(41;-13)= (AB)): x;3 = yl—l - —iS'

Piém I e (AB) = (4t +3;¢+1;-131) e (P) > I(7;2;-13) = a+b+c=—4. Chon B

Vi du 4: Trong khong gian hé toa dd Oxyz cho mit phing (P) ¢6 phuong trinh (P):x—y+2z+2=0va 2
diém A(0;1;-2);B(2;0;-3). Goi M (a;b;c) 1a diém thudc mit phing (P) sao cho MA+MB nho nhét. Tinh

gié tri cua T= a+b+c.

A.T=-5. B.7T=—. C.T=-1. D.T=l.

Loi giai:
Kihiéu f=x—y+2z+2 tacd f(4).f(B)>0= nén A,Bnam cing phia v6i (P).
Goi A' 1a diém dbi xtmg cua A qua mit phang (P).
Khi d6 MA+MB = MA' + MB' > A'B diu bang xayra < A',M,B thing hang.

Phuong trinh AA':%zy—_lz Zerz .Goi H=AA"N(P),H(;1-;-2+21)

Cho He(P):>t+t—1+4t—4+2:OctzézHE%;%;—lj:A'(l;O;O).

x=1+¢
Khiddo A'B:<y=0 :>M:A'Bm(P):M(%;O;—%):a+b+c=—§.ChQnB.
z==-3t

Dang 4: Bai toan 1ap phwong trinh mit phang, dwong thing cé yéu t6 cue tri
Phwong phap dai sb:
e Goi véc to phap tuyén hodc véc to chi phuong ciia mit phang (hodc duong thang) can lap 1a

(a;b;c), (@’ +b*+c*)>0




e Thiét lap mot phuong trinh quy an (a theo b,c hodc nguoc lai) tir mot dir kién vé mit phang chira
dudng, song song hodc vudng goc. Gia sir phwong trinh thu gon an 13 a = 1(b;c) .

e Thiét lap phuong trinh khoang cich ma dé bai yéu cau, thay a = f(b;c) vao ta dugc mot phuong trinh
hai 4n b:c.

e X¢ét ham khoang cach d = g (b;c)

+Néuc=0thi b#0—>d= d, luu lai gia tri khoang cach d, nay.

o | S

+ Néu ciO:dzg(éj:g(t);t:
c

Khdo sat ham g(¢)ta thu duge két qua.

Chu y:
R , , , s 4R Z ar o x 2 |AxO+By0+CZO+D
e Cong thuc khoang céch tr mét diém dén mot mat phang d (A; (P)
VA + B +C
[:4]

— ; voi M thudc A.

e Cong thirc khoang cach tir mot diém dén mot dudng thang d (4;A) =

[ 37
o]

Uy

e Cong thirc khoang cach giita hai dudng thang d (A;A,) =

Phwong phap hinh hoc:
Bai toan 1: Ldp phirong trinh mdt phang (P) chita dwong thang d sao cho khoang cdch tir M dén (P) Iom
nhdt, véi M la diém khéong thude d.

Phuong phap gidi:

Puong thing d xac dinh di qua diém A va ¢6 véc to chi phuong 14 u, .

Ké MH L (P); MK L d = MH =d(M;(P))va diém K c6 dinh. M
Taco d(M;(P))=MH < MK
: dc(P)
Suyra d_, = MK . Khido
(P) L (M:d) A
Goi (@) 1a mit phang chira M va d ta co: g};
H
— 4
np, Luy : K
S ‘MA d
Ry, Ln, =[u;;MA | "o = [ud [ ﬂ P\

Khi d6 (P) di qua A va c6 véc to phap tuyén la: % = [ui[ui,ﬂﬂ



Vi du 1: Trong khong gian hé toa d6 Oxyz cho cac diém M (2;5;3) va duong thing d :xT—l P A 2 .

Léap (P)chtra d sao cho khoang cach tir M dén (P)dat gié tri 16n nhét.

Loi giai:
Dudng thing d x4c dinh di qua diém A va c6 véc to chi phuong 1a u, (2;1;2)
Ké MH L (P);MK 1 d= MH =d(M;(P))va diém K cb M
dinh.
Taco d(M;(P))=MH < MK

d c (P)
(P)L(M:d)=(a)

Suyra d = MK .Khido {

| [ L = [MA]
n—(;_}_;;:[a:;m] ® = | Ua| Ua» P

Ta c6: M (1;-5;-1) = gy =] ugs[ ugsMA | | =-9(1;-4;1)

Do d6 mt phang (P)can tim di qua A4(10;2) va cé ny, (L—4;1) = (P):x—4y+z-3=0.

-1 y+1 z-2

Vi du 2: Trong khong gian hé toa d6 Oxyz cho cac diém M (5;1;6) va duong thing d : x2 ; .

Léap (P)chtra d sao cho khoang cach tir M dén (P)dat gié tri 16n nhét.

Loi giai:
Dudng thing d x4c dinh di qua diém A(1;~1;2) va c6 véc to chi phuong 1 u, (2;1;5) .
Ké MH L(Py;MK Ld= MH =d(M;(P))va diém K cb M
dinh.
Taco d(M;(P))=MH < MK
d c (P)

(P)L(M:d)=(a) / -

Suyra d = MK .Khido {

n, Lu, e H

Ta c6: MA(—4;-2;,—4) = —2(21;2) = n,, = [i;[i;M—Aﬂ —30(21;-1).




Do d6 mit phing (P)can tim di qua A(L,2;-1) va ¢d ng, (255-1) = (P):2x+y—z+1=0.

Vi du 3: Trong khong gian h¢ toa do Oxyz cho céc diém M (1;2;-3) va duong thing

x+l o y-2 z-
4 -3

d

L Mit phing (P)chira dudng thing d dong thoi cach diém M mét khodng 16n
nhat. Khi d6 khoang cach tir Odén (P) bang:

A. d=+3. B. d =3. C.d= D. d =+/5.

3
=

Loi giai:
Goi H, K lan luot 14 hinh chiéu cia diém M 16n mit phang (P) va dudng thang d .
Dudng thang d di qua A(-1;2;1)
Ta co: d(M;(P))=MH < MK Khi d6 e

Suyrad  =MK.

Khi 4 {dC(P) o
i d6
(P)L(M:d)=(a) / &;/
- E 4
ne Luy e 5 d
= %La:[i;m]:nmZ[ud;[ud;MAﬂ . P

Ta co: u, =(4;-3;2);MA = (-2;0;4)
= [0 MA | =-2(6:10:3) = 1, = [Q;[Q;M—Aﬂ = (=29;0;58) = —29(1;0;—2)

Khi d6 (P):x-2z+3 =o:>d(0;(P))=i. Chen C.

NG

Vi du 4: Trong khong gian hé toa d6 Oxyzcho ba diém M(—1;2;4);A(0;2;1);B(1;0;2). Mat phéng
(P) chtra duong th'fmg AB déng thoi cach diém M mot khoang 16n nhét cét cac truc toa do tai cac diém
N,P,Q . Thé tich ¥ caa khdi chop O.NPO la:

A.V=%. B.V=%. C. V=09 D. V' =27.




Gia sit M
Ta co: Taco d(M;(P))=MH < MK

d c(P)

Suyra d,, = MK . Khido {
(P)L(M:d)=(a)

ne, L uy S,
21—  — — = Ny, =[ud,
ne, Ln, :[ud,MA]

Ta co: u, = (1;-2;1);@& =(1;0;-3).

=[uiMA|=2(321) = n, = [i;[i;mﬂ = (~4;2;8) = —2(2;—1;-4)

Khi d6 (P):2x-y—4z+6=0= N(—3;O;O);P(O;6;0);Q(0;O;§j =V w0 :%OM.OP.OQ :%.

Chon A.

Vi du 5: Trong khong gian hé toa d6 Oxyz cho céc diem A4(1;4;2) va dudng thang d :x—_l1 _y*2 -z

Mit phang (P) chira duong thang d dong thoi cach diém M mot khoang 16n nhat. Khi d6 khoang cach tir

Odén (P) bang:

A a=Y210 B.a= Y210 c.a=¥2L p.a=Y2L
10 30 5 10
Loi giai:

Dudng thing d x4c dinh di qua diém B(1;-2;0) va ¢6 véc to chi phuong 1a u, (~1;1;2).

Ta co: AB(0;-6;-2)=-2(0;3;1).

Ap dung cong thirc nhanh ta ¢6: n,, = [i,[i,mﬂ =2(513;-4)

21 V210

= (P):5x+13y-4z-21=0=d(0;(P))= = . Chen A.

J5P 413142 10

Bai toan 2: Ldp phwong trinh dwong thiang d nam trong mdt phang (P) , di qua diém A sao cho khodng

cdch tir diém M d@én d 16m nhat, nhé nhat?

Phwong phap gidi:




A

2\

+Ké MK L d;MK L (P)=> MK =d(M;d)va diém H c6 dinh.

+Ké MK L d;MH 1 (P);= MK =d(M;d)=d va diém H ¢4 dinh.

Taco: MH <MK <MA< MH <d <MA.

+)Taco MK <MA=d(M;d) =MA<K=A.

Khi d6 dudng thang d nam trong (P), di qua 4 va vudng goc voi duong thang AM , suy ra d c6 mot
véc to chi phuong 1a u, = [n(P);MA}

+) Mat khac, lai c6 MK > MH = d (M;d) =MH < H=K .

Khi d6 dudng thang d nam trong (P) , di qua A va di qua hinh chiéu H cua M. Suy ra

d =(P)\(MHA). Trong 6 n(,,,) =| n.,;MA |

Khi d6 duong thang d c6 mot véc to chi phuong 1a IT‘; = [@,[Z,M—Aﬂ

(Chu y: Trong truong hop d_ thi d chinh 14 hinh chiéu vudng goc ciia MA trén mat phing (P)).

Vi du 1: Cho cac diém M (1; O;O); A(0;2;-3)va (P):x+2y—z—-1=0.Lap phuong trinh dudng thing d

nam trong mit phang (P) , di qua A va cach M mot khoang 16n nhét, nho nhat?*

Loi giai:

Ta c6: np,(1;2;—1); MA =(1;-2;3).

M




+)Ké MK Ld;MK L (P)= MK =d(M;d)=d va diém H c6 dinh.
Ta c6: MH < MK < MA < MH <d <MA.
+)Taco MK <MA=d(M;d) =MA<K=A

Khi d6 dudng thang d nim trong (P), di qua 4 va vudng goc voi dudng thang AM , suy ra d c6 mot

. , o x-1_y z |
véc to chi phuong 13 u, =[n(P);MA} =4(-LL1)=>d T =TE TV d, =MA=14.

+) Mat khac, lai co MKZMH:>d(M;d) =MH < H=K.

Khi d6 duong thang d nam trong (P) , di qua A va di qua hinh chiéu H ctia M. Suy ra

d =(P)\(MHA). Trong d6 n(,,,) =| n,;MA | =4(1;-1;-1)

Khi d6 dudng thing d o6 mdt véc to chi phuong la g =| [ 1, MA || ==12(1;051)
x=1+t¢

Suyrad:{y=0 vad,, =MH=d(M;(P))=+6.

z=t

Vi dy 2: Cho céc diém A(1;2;4); A(1;2;-2) va (P):x+y—z+1=0. Lap phuong trinh duong thing d ndm

trong mit phang (P) , di qua A4 va cach B mot khoang 16n nhét, nho nhat?’

Loi giai:
Ta co: ng, (1,1;-1);AB =(0;0;-6) = —6(0; 0;1).
Goi H; N lan luot 13 hinh chiéu cua B trén (P) va d. B
Khi d6 d(B;(d))=BN

Taco: BHSBN<BA< BH <d<BA.

+) dyy g =| 1,3 AB | =—6(1;-10).

=>d:{x=1+ty=2-1,z=4}.

_—

=>d:{x=1+6y=2+t,z=4+2t}.

Vi du 3: [DPé luyén thi dai hoc Vinh 2017] Trong khong gian hé toa d6 Oxyz cho hai diém M (-L2;1);

A (l; 2; —3) va duong thang d :XTH = yT—'D' = il vec to chi phuong u cua duong thing A di qua M, vuong

goc voi duong thing d dong thoi cach diém 4 mot khoang 16n nhat.

A. u=(4-3;2). B. u=(1;0;2). C. u=(2;0;-4). D. u=(22-1).




Loi giai:
Phuong trinh mit phang di qua M va vudng goc voi d A
la: (P)=2x+2y—-z—-1=0 khi d6 (P) chua A. Goi
H 13 hinh chiéu vudng goéc cia 4 xudng (P)va N la
hinh chiéu viia 4 xudng A.Ta cd: AH < AN < AM .
Khido AN, < N=M

Do

A Ld;A L AM =u, =|u,; AM |=(~8;6;~4) .Chon

A.

[)

Vi du 4: Trong khong gian hé toa dd Oxyz cho hai diém A(l;l;—l);B(O;2;l) va mit phang (P) c6 phuong
trinh (P):2x—y—z=0. Goi d la duong thiang di qua A4 nam trong mit phing (P) , va cach diém B mot
khoang 16n nhét. Puong thang d cit mit phiang 0,,) tai diém.

A. 0(0;4,0). B. O(1;-2;0). C. 0(0;,-2;0). D. 0(1;4;0).

Loi giai:

. — oty o x=l_yolz+l
Taco: d(B;d),, <, =|nyAB | =(--31)=d: ==

Mit phang (O,,) ¢6 phuong trinh z=0=>d N(0,,) = 0(0;-2;0) . Chen C.

Vi du 5: Trong khong gian hé toa d6 Oxyz cho duong thing d :%= y_—Sl = Z+12

va hai diém 4(L1;-2);

B (—1; 0; 2) . Viét phuong trinh dudng thing A di qua 4, vudng goc v6i duong thang d sao cho khoang cach
tir Bdén A 1a nho nhat.

x-1 y-1 z+2 x-1 y-1 z+2

A. . B. .
2 5 -8 2 -5 -8
C. x—lzy—1:z+2. D. x—lzy—1:z+2'
2 5 8 2 =5 8
Loi giai:

Puong thing A nam trong mit phing (P) di qua diém A(l;l;—2) va EP: = ﬁ: =(1;2;-1)
Taco: AB(-2;-1;4)

Ap dung cong thitc nhanh ta cé: d__ <> u, = [n’(;;[n’(;;ﬁﬂ = (4-10;-16) = 2(2;-5;-8).




Phuong trinh dudng thang A la: X;I 4 _51 =z +82

. Chon B.

Vi du 6: Trong khong gian hé toa d6 Oxyz cho hai diém A(1;2;-1); B(3;-1;,—5) va dudng thing

A: xHl_y _zHl . Goi d 1a duong thang di qua A va cit duong thing sao cho khoang cach tir B dén A

2 3 -1
13 16n nhét, duong thing d di qua cac diém nao trong cac diém sau:
A. E(2;4;-2). B. F(2;3;0). C. G(2:4,0). D. N(2;0;0).
Loi giai:

Goi (P) 1a mat phang di qua A va chira A :XTH=§= Z+11; A qua M (=L0;-1)va u, =(2;3;-1)

Ta co: mm@] =2(L;=1;-1);d = (P).

Khi do d(B:A),,, < u, =[ 4B:n, xol_y-2_ztl

2 2 -1

]=—(1;2;—1):>d:

Suyra E(2;4;-2)ed.Chon A.
Bai toan 3: Ldp phwong trinh dwong thang d nam trong mdt phang (P), di qua diém A cho truée sao cho
khodng cdch giita d va d’lom nhdt, véi d’ la dwong thang cho triede va cdt (P).

Phuwong phap gidi:

+) Goi I =d'N(P), qua A dung dudng thang d"||d’' = d'||(Q), v6i (Q) 1a mat phang chira dva d”.
Khi d6 d(d;d")=d(d";(Q))=d(1;(0))
HKeé IH L(Q);IK Ld" = IH =d(I;(Q))va diém K ¢ dinh.

+) Taco H<IK= d(I;(Q)) =JK < H =K. Khi d6 dudong thang d nam trong (P), di qua 4 va

max

vudng goc véi duong thang /K, suy ra d c6 mot véc to chi phuong 1a LT(; = [%,ﬁ }

Goi A’ 14 hinh chiéu vuong goc cua 4 1énd’, suyra AA'||IK , khi do 1;; = [n(P);A—Aq'}




Vay dudng thing d can 1ap di qua diém A va c6 véc to chi phuong 1a LTd = [n( P);@}

Vi du 1: Trong khong gian hé toa d6 Oxyz cho hai diém A(l;O;l) : va duong thing

d: = —_1 = ilvé (P)=x—y+z—-2=0 . Lap phuong trinh duong thang d di qua 4, nam trong (P)

sao cho khoang cach giira d va d’16n nhat?

Loi giai:

Goi A'(2+2t;1-#;—t) 1a hinh chiéu vuéng goc clia diém 4 trén d’
Taco: A4 (1+2t;1—£;—1—1)va A—A.Z:4t+2+z—1+t+1:0c>t:—§

(14 2) 1 -
2 ]:5(1;4;—2).L31C01 np = (L-L1).

Khidé d(d;d"), < u,=| ;A4 |=(-23;5)

Vi du 2: Trong khong gian hé toa d6 Oxyz cho hai dudng thing d: xT—l = y_J;I = %Va‘l d: g =TT

Lap phuong trinh duong A di qua O(O; 0;0) vudng goc vdi d va cach d’ mot khoang 16n nhit?

Loi giai:

Mat phang (P) di qua O(0;0;0) va vudng goc véid cé VIPT la Uip) = u, =(L,-2;1).

Khi d6 d = (Q). Goi O'(2t;—1-2t;1—t) e d’ 1a hinh chiéu vuéng gbe ctia O trén d’

Taco: 00 (2t;-2t—t;~t+1) :>0—0’.u7=4t+4t+2+t—1:Oatz—é:O—O(—é;—g;%J
. — = 1 X y z
Khid6 d(d;d')max < u, =| 00" ;n,,, |=—(13;12;11) = A:—=—=—,
(d:) ‘ [ ("J 9( ) 13 12 11
Vi du 3: Trong khong gian hé toa doOxyzcho diém A(0;1;—1);duong thing d:xT_lzllzilVé

(P):x—2y+2z=0 . Lap phuong trinh duong A di qua 4 song song vé&i (P) sao cho khoang cach gitta A

va d 16n nhét?

Loi giai:

Goi (Q) 1a mit phang qua A va song song voi (P):x—2y+2z=0= 0 = (1,-2;2).

Khi d6 ,d = (Q) Goi 4'(1+#—t;—t)ed 1a hinh chiéu vudng géc clia diém 4 trén d.




Taco: AA (t+1;~t 1~ +1)= ﬂ.LTA:t+1+t+1+t—11=0<:>t:_?1

[ 2. 724201 . — (a7 1=200.
Suyra A4 | T Ejzg(l,—l,z): d(nd)  su, —[AA,n(Q)]—E(LO,—l).
x=2t
Khidé A:{y=1
z=-1-t

Vi du 4: Trong khong gian hé toa d6 Oxyz, goi d 1a dudng thang di qua A(O; 2;1), song song v&i1 mat

phing (P):2x+y+z+1=0 sao cho khoang cach giita d va A :XT_I =§=% 16n nhat. Puong thang d di

qua diém nao trong cac diém sau:

A. M (1;9:10). B. N(1,-9;-8). C. P(1;-9;-10). D. O(1;9;-8).

Loi giai:
Goi (Q) 1a mit phang qua 4 va song song voi (P):2x+y+z+1=0 = n( 0= =(2:11).

Khi d6,d =(Q) Goi A'(1+,2t;t) € A 1a hinh chiéu vudng géc ctia diém 4 trén A

Taco: A4 (t+1;2¢-2t-1)= ﬂ.@=z+1+4t—4+z—1=o©z=§

52 -1) 1 — =7 1,
Suyra A4 (5 5 ?j=§(5;—2;—1):> d(d;A),, < u,=| 44 ,n(QJ=—§(1,7,—9).
Khi d6 d:%:yT_z:Z;I:Q(l;9;—8)ed.Ch9nD.

Bai toan 4: Ldp phuong trinh dwong thang d di qua diém A cho truée, d cdt dy va khodng cach giita d va
d; 16n nhat

Phwong phap gidi:

Goi (P) 1a mit phang di qua 4 va chtta d; , suy ra d nam trong (P). Khi d6 quy vé bai toan 3!

Vi dy 1: Cho diém A(0;—1;2) va duong thang d: %1:%: 2_12 .

Lap phuong trinh dudng A di qua 4 cit d sao cho
a) Khoang cach tir B(2;1;1) dén duong thang A 1a 16n nhat.

b) Khoang cach gitra A va d’: xl > 12 =% 14 16n nhét.

Loi giai:
Duong thing d di qua diém M (=1;0;2) ¢6 VTCP la u, =(1;1;-1), ta c6: AM =(-1;1;0)

Goi (P) lamat phang qua 4 va d = A (P) .




Ta co: % :[Z;m;]:(l;lﬂ)vé @:(2;2;—1).

x=t
2) d(B;A),, uy=[n, 4B |==5(1;-1;0)= A{ y=-1-1.
z=2

b) Goi A'(5+2t;—2t;¢) 1a hinh chiéu vudng goc ciia A trén d' .
Taco: A4 (5+26-2t+1;t-2)= Adu, =4t +10+4t-2+¢-2=0ct=-=

11 7 -8 1
Suyra AA'| —;—;— |=—(11;7;-8).
4 (3 3 3) 3( )

Khidé d (A;d"), @Z:[ﬂ;%}z%(ll;—ls;z):&ﬁ:—:

thang d, :XTH = % = 2_12 , sao cho khodang cach gitra d va d, : x;S =2 =% 16n nhat c6 mot véc to chi
phuong la:
A. u, =(29;-41;4). B. u, =(29;—41;-4).
C. u, =(14;,-20;2). D. u, =(14;,-20;-2).
Loi giai:

Dudng thing d; di qua diém B(~1;0;2) ¢6 VICP la u, = (2;1;—1)= 4B =(-1;1;0)
Goi (P)=(4d,)=> n, =| 4B, |=—-(;1;3)=d = (P).

Goi A'(2+5t;-2t;t) e d, 1a hinh chiéu vudng géc cua A trén d, ta co:
ﬂ=(5+2t;—2t+1;z—2):>,TA'.@=4t+10+4t—2+t—2=0©z=—§

a4 11.7._8 . . 1 . .
Suy ra A4 (?,E,?j:d(d,dz) o= [AA (J 5(29,—41,4).c1u,mA.

Vi du 2: Trong khong gian hé toa d6 Oxyz , phuong trinh dudng thing d di qua A(2;—l;2) , cat duong

thang d, : x1_yH+l_ Z_l, sao cho khoang céach gilta d va d, :X—Jrlzl:i 16n nhét c6 mot véc to
2 1 -1 2 -2 3
chi phuong la:
A. u, =(33;8;25). B. u, =(43;-8;-25).

C. u, =(2;1;1). D. u, =(41;68-27).




Loi giai:
Duong thang di di qua diém B(~1;-1;1) c6 VICP la u, =(2;1;1) = 4B =(-1;0;-1)

Goi (P)=(4:d,) = n, =| 4B, |=(1;-1,-1)=d < (P).

(P)

Goi A'(-1+1;-2t;-3t) e d, 1a hinh chiéu vudng goc clia A trén d, ta co:
ﬂz(f—3;—2t+l;—3t—2):>A—A’.@:t—3+4t—2+9t+6:0<:>t=—ﬁ.

— (43 8 -25 1 — = — 1
= AA' =| —;—;—— | =—(-43;16;,-25)=d (d;d <u,=| AA";n , |=—(41;68,-27). Chon D.
(14 7 14) 14( )= d(&5dy),,, < u; [ (”J 14( )

Dang 5: Bai toan tim diém M thudc dwong thang c6 yéu to cwe tri

Phuwong phap gidi:

Tham s6 hoa diém M theo phuong trinh duong thang.
Bién doi gia thiét vé dang y = f(¢) va tim gia trj 16n nhat, nho nhat ciia ham sé y = £ (¢) .
Chii y:

Tam thic bac hai: y = ax” +bx+c(a # 0) c6 dinh I(z—b 4—Aj
a’ 4a

—

Bét ddng thirc véc to: Cho 2 véc to u = (a;b) va v = (¢;d) taco: |u| +|;| > |;¢ +\7|

Khi d6 Va? +5* +3/ +d? 2\/(a+c)2+(b+al)2 du bang xay ra @325.
c

Vi du 1: Trong khéng gian hé toa d6 Oxyz cho dudng thing d:%: y_—13 = z;—l va hai diém A(2;—1;1);

B (0;1; —2) . Tim toa do diém M thudc duong théng d sao cho tam gidc ABM c¢6 di¢n tich nho nhét.

Loi giai:
x=t
Puong thang d ¢6 phuong trinh tham s6 d :4 y =3¢
z=—1+2t

Goi M la diém cén tim. Do néu M thudc d thi M nén M (£;3—£,—1+2¢).

AM =(1-2;4-1;21-2)

Dién tich tam giac M duogc tinh boi S= —‘ AM BM ] trong do { ( )
AB=(-2;2;-3

Do d6 S, =%‘[W,AB] =%|(—8—t;—t—2;4)| =%J(1+8)2 F(t+2) +16

%1/ t+5)+34>— x/_VaymlnS—\/ﬁ =-5= M (-58-11).




Vi du 2: Trong khong gian hé toa d Oxyz cho ba diem A(1;0;-1); B(0;2;3);C(-L1;1) va duong thang

d:x+1:y—1

==z Tim diém M trén d sao cho:
1 -2 2

a) MA® +2MB* —4MC? dat gia tri 16n nhat?

dat gia tri nho nhat.

min

b) |M+ﬁ

Loi giai:
a) Goi M (—1+£;1-24;2t)ed valladiém thoa man I4+2IB —4IC =0 = I (-5;0;-1)
Bién d6i MA* +2MB* —4MC?* = —MI* + I4*> + 2MB* —4MC?*16n nhit < MI* nh6 nhit

Lai c6: MI* :(t+4)2 +(2t—1)2 +(2t+1)2 =9¢2 + 8¢ +18 nho nhit < ¢ :—ng(%B;%;%SJ.

b) Ta co: AM (t—2;1-24;2¢+1); BC = (~1;-1;-2)

—[(¢=3:-26320~1)| = (£ =3)" +4¢ +(2t~1) =+/or ~10:+10 nho nhét

Khi d6 |W+B_c'

min

2a 9 9 99

Vi du 3: Trong khong gian hé toa d6 Oxyz cho hai diém A(0;0;3); B(0;3;3) va duong thang d: % _Y_Z

Tim diém M trén d sao cho:
a) MA® +2MB* dat gia tri nho nhét
b) MA+ MB dat gia tri nho nhét.

Loi giai:

2) Goi M (1;65¢) ta c6: MA® +2MB” =20+ (1=3)" +2| £ +2(1=3) | =9 ~301+ 45 dat gid tri nho nhit

2a 3 333

b) Ta c6: MA+MB == 26 +(t=3)" + /> +2(¢-3)’ =\/§(\/(t—1)2 +2+\/(t—2)2+2)

=\@(\/(1—1)2 +2 +\/(2—t)2 +2)2\/§.\/(t—1+2—t)2 +<\/§+\/§)2 =3./3.

Dau bang xay ra <:>t—_1:1<:>t=§:>M E;3;i .
2t 2 2°22

x=2 y+l

Vi du 4: Trong khong gian h¢ toa do Oxyz , goi la diém thudc d: == g sao cho

A=3a%+2b* —¢* nho nhat. Khi d6 do dai doan thang OM la.




A. OM =+/87. B. OM =+/93. C. OM =+/41. D. OM =3+/3.

Loi giai:
Goi M(2—;—1-1;2¢) khi d6 3a® +3b* —¢* =3(1-2)" +2(r+1) - 47
=128t +14=(r-4) —~2>-2.Dod6 4, =2 khi t=4= M (-2;-5;8)

Khi d6 OM =+/93 . Chon B.

Vi du 5: Trong khong gian hé toa d6 Oxyz cho ba diém A(-1;1,6); B(-3;-2;—-4);C(1;2;-1) D(2;-2;0)..

Goi M(a;b;c)lam diém thudc duong thang CD sao cho tam gidc ABM cb chu vi nhé nhat. Tinh

S=a+b+c.
A. S=-1. B. S=1. C.S=-2. D. S=2.
Loi giai:
x=2+t
Ta c6: CD(1;—4;1). Phuong trinh dudng thing CD 1a: CD:{y=-2-4t.
z=t

Vi M eCD nén M (2+t;-2—4t5t).

Chu vi tam gidc MAB 1a: P = AB+MA+ MB Vi A,B cb dinh nén AB khong doi.

Taco: P=AB+y(t+3) +(4t+3) +(t—6) +(t+5) +(4t) +(t+4)

—\/18t +18t+18+\/18t +18t+41_\/ — +—+\/l8( j ,/ ,/

Dau = xay ra <:>t——l:>M 3 0,—— :>S:3 0—1—1 Chon B.
2 2 2 2 2

Vi du 6: Trong khong gian hé¢ toa do Oxyzcho hai diém A(-1;3;-2); B(1;1;4) va dudng thing D ¢6

phuong trinh XTH _r+2 zg . Goi M 1a diém thudc dudng thing d sao cho chu vi tam giac MAB nhod

-1

nhét. Khi d6 d6 dai OM Ia.

A. OM =+/3. B. OM =3. C. OM =2. D. OM =+/5.
Loi giai:

Goi M (—1+2t;—2—1;2t) taco: C,,.nho nhét < P = MA+ MBnho nht.

Khi do P =46+ (t+5) +(20+2) +y(20—2) +(t+3) +(20—4)’

:\/912+181+29+\/9t2—181‘+29:\/(3t+1)2 +\/1 3t) + )

Trong mit phing toa do goi u= (3t +1; 2\/5);\7 = (1 -3t 2\/3);




Ta c6: |ﬁ|+|§|2|&+;|:>P2,[22 +(4\/§)2

Dau bang xay ra @%=1<:>t=0:>M(—1;—2;0)do d6 OM =+/5 . Chon D.
—Jt

-1 2
va Azz—xl =§=Z+ .

Vi du 7: Trong khong gian hé toa d6 Oxyz , cho hai dudng thang A, :% = y_l = "

— | N

Mot mat phéng (P) vuong goc voi A, cit truc Oz tai A va cét A, tai B. Tim d¢ dai nho nhét ctia doan
AB.

A 230 p. 231 c [C p. 2
5 5 5 5

Loi giai:
Goi A4(0;0;a)va B(b+1;2b;b—2)suyra AB=(b+1;2b;b—a~2).

Vi 4B (P)va vuong goc v6i(A,)=> ABu, | =0 2(b+1)-2b+b-a-2=0=a=b.

Khi o 4B =(a-+1:2a;-2) = AB=[dB|=[(a+1)’ +4a’ +4 =5a" +2a+5

2
:JS(H;} (2 2, 20

5 5

230

Viy do dai nho nhit caa doan 4B 1a 5

. Chon A.

Dang 6: Mét s6 bai toan cure tri khoang cach lién quan dén miit cau

Vi du 1: Trong khong gian hé toa d9 Oxyz cho ba diém 4(0;1;1); B(0;0;—1);C(1;2;-1) D(-1;-2;-3) va
mit cu (S) c6 phuong trinh (x —1)2 +y +(z+ 1)2 =4 . Tim diém D trén mit phang (S) sao cho thé tich tir

dién ABCD 16n nht.

Loi giai:
Mat cau (S) c¢6 tm 1(1;0;—1) va ban kinh R = 2.
Taco: V,yp = %d(D;(ABC)).SABC I6n nhit <> d (D;(ABC)) 16n nhat
Goi D,D, 1a dudng kinh ctia mt ciu (S) va vudng géc véi mét phing (ABC)
Khi d6 < aI(D;(ABC))maX < D trung v6i 1 trong 2 diém D, hoic D,
Puong thang D,D,qua I(1;0;—1) vaco VICP la n= m = [E,A—C] =(-2;2;-1)

Phuong trinh mt phang(ABC):2x-2y+z+1=0.




x=1+42t
Suyra DD, :qy=-2t ,toadd D,;D,langhiém cta hé phuong trinh

z=—1+¢
x=1+2¢ 2
t==
y=-2 4 1 1 4
DD, : = 3 :>Dl(z;——;——j;Dl(——;——;—éj
z==1+t -2 33 3 33 3

(x—l)2 +° +(z+1)2 =4

T4 1) o oa
Do d(Dl;(ABC))>d(D2;(ABC)):>D(§;—§;—§j 1a diém can tim.

Vi du 2: Trong khong gian hé toa o Oxyz cho diém A(1;2;-3)va mit phang (P):2x+2y-z+9=0 .

Dudng thing di qua 4 va vudng goc véi mit phing (Q):3x+4y—4z+5=0 cit mit phing (P) tai B. Diém

M nim trong mit phang (P) sao cho M luén nhin doan 4B dudi mot goc vudng va do dai MB 16n nhat. Bo

dai MB la:

N5 Jai
2

Cc. Mp=Y"" D. MB =+/41.

A. MB=1/5. B. MB= :

Loi giai:
x=1+3¢
Dudng thang d di qua 4(1;2;-3)va vudng goéc (Q) c6 phuong trinh 1a { y=2+4¢ .
z=-3-4¢

Vi B=d n(P)= B(1+31;2+4t;-3—4t)e(P) suyra t =—1= B(-2;-2;1).

, | Me (P) N \ . I e, A A \ ,
Ta co VA L MB = M thudc duong tron giao tuyén cua (P) va mat cau (S ) (tdm 7, duong kinh AB).

‘2.(—;j+2.0+1+9

=3.

2
Phuong trinh mt cau(S) 1a (x+%) +y° +(z+1)2 =% va d([;(P)) = 3

Khi d6 BK =~IB* ~d* = g v6i K 1a tm dudng tron giao tuyén ctia (P)va ().

D& MB 16n nhit<> MB la duong kinh dudng tron giao tuyén=> MB = 2BK =+/5 . Chen A.

Vi du 3: Trong khong gian hé toa o Oxyz cho diém A(1;2;-3)va mit phang (P):2x+2y-z+9=0 .
Dudng thing d di qua 4 va ¢6 véc to chi phuong u =(3;4;-4) cit (P) tai diém B. Diém M thay ddi trong
(P ) sao cho M ludn nhin doan 4B dudi goc 90°. Khi d6 dai MB 16n nhat, duong thang MB di qua diém nao

trong cac diém sau?




A. J(-3;2,7). B. K(3;0;15). C. H(-2;-1;3). D. I(-1;,-2;3).

Loi giai:

Phuong trinh dudng thang d : x3—1 = y;Z = 223

Vi Bed = B(3b+1;4b+2;-4b-3).

MaB=dN(P) suyra 2(3b+1)+2(4b+2)+4b+3+9=0 < b=-1= B(-2;-2;1).

-1 -2 3
_y=2_z+3 |

Goi 14 hinh chiéu ciia A trén (P) = 44": x2 : 1

A’(—3; -2; —1).

Theo bai ra, ta c6 MA* + MB*> = AB*> < MB* = AB* — MA* < AB* — AA”* = A'B*.

X=-2+t
Do dai MB lén nhatkhi M =4'= MB:{y=-2 = 1I(-1;-2;3)e MB. ChonD.
z=1+4+2¢

Vi du 4: Trong khong gian hé toa d6 Oxyz cho mit cau (S1) co tam [/ (2;1; 1) ban kinh bang 4 va mit ciu
(S,)c6 tam J(2;1;5) ban kinh bang 2. (P)1a mit phang thay doi tiép xtc véi hai mat cau (S, ),(S,). Dat
M, m 1an luot 1a gid trj 16n nhét, gi tri nho nhat ciia khodng céch tir diém O dén (P). Gid tri M + m bing

A. 8. B. 8/3. C.9 D. 15.

Loi giai:
Do IJ =4 > R + R, nén 2 mit ciu cat nhau.

MJ _R,

Gia sir 1J cét (P)tai Mta co i =2 = Ja trung diém ctia MI

1

Suyra M (2:1;9) . Khid6 (P):a(x=2)+b(y-1)+c(z=9)=0(a* +b” +c* >0)

|8c| |20|
=4

Nat+b* + ¢ Nat +b* + ¢

Do d6 ¢#0 chon c=1=a”* +b* =3

Mit khac d (I;(P))=4 < =1

~ |2a+b+9| _|2a+b+9|_‘2\/§sint+ 3cott+9‘

bPit a :\/gsint;b:\/gcott:d(O;(P))

Na* +b* +c 2 2
. 9-15 V1549
Mt khic 1243 <2Bsint+~3cotr <1243 = S Sd ST == Mam=9. cpon .

Vi du 5: (Dé thi thir nghiém B$ GD&PT 2017) Trong khong gian hé toa dd Oxyz cho mit phang
(P):x—2y+22z-3=0 vamitclu (S):x*+y’ +2°+2x-4y-22z+5=0 . Gid su diém M e (P)va
N €(S)sao cho MN cing phuong véi véc to u(1;0;1) va khoang cach giita M va N 16n nhét. Tinh MN.

A. MN =3. B. MN =1+242. C. MN =3/2. D. MN =14.




Loi giai:

Taco: (P):x—2y+27z-3=0va (8):(x+1) +(y-2) +(z-1)" =1

Goi M—N=k(l;0;1):> sin(MN;(P))=cos(a;a)—M—L:>MN;(P)=45°

2432

Goi H 12 hinh chiéu ctia M trén (P) khi do MN sin45° = MH
Do d6 MN = MH~/2 16nnhat < MH,, =d(I;(P))+R=2+1=3

Suyra MN,_=3+/2 . Chen C.

Vi du 6: Trong khong gian hé toa d0 Oxyzcho miat phing (P):x+y-z—-3=0 va hai diém
A(L1;1); B(=3;-3;-3). Mat cau (S) di qua hai diém 4, B va tiép xtc véi (P) tai diém C. Biét rang C ludn
thudc dudng tron ¢ dinh. Tinh ban kinh dudng tron do.

2433 2

A. R=4. B. R=6. C.R:T. D. R 3

x=t
Phuong trinh dudng thang 4B 1a: {y =¢.

z=t
Suy ra M (3;3;3) la giao diém cta AB va mit phang (P)khi d6 MC la tiép tuyén cua mat cau () .
Theo tinh chat phuong tich ta c6: MA.MB = MC? = MC? =2+/3.6/3 =36
Do d6 tap hop diém C 1a duong tron tim M (3;3;3) ban kinh R=6. . Chon B.

Vi du 7: Trong khong gian v6i hé toa d6 Oxyz cho mit phing (P): x+2y+2z+18=0 , M la diém di
chuyén trén mit phang (P) : N1a diém nim trén tia OM sao cho OM.ON =24 . Tim gia tri nho nhét cua

khoang cach tir N dén mit phang (P).

A. Min d[N,(P)]=6. B. Min d| N,(P)]=4.
C. Min d[N,(P)]=2. D. Min d[N,(P)]=0.
Loi giai:

Goi N(a;b;c) thi ON =va* +b* +¢’

NenoM—— 2 gmo % gy A

Jad +b* + 2 a’+b’ +c’ a’+b’+c’




., a 2b 2c B
Lai co ME(P)jzé{(az+b2+cz)+(a2+b2+c2)+(a2+b2+cz) +18=0

Sa+b+ et +4—a+%+8—c—0:>Ne(S) X+ +z +ﬂ+8—y+8_220;
3 3 3 3 3 3

=d(N;(P))-R=2.Chon C.

min

S

Vi dy 8: Cho mit cu (8):(x—2)" +(y+1)" +(z-3)" =9 . Diém M (1;0;1) di dong trén (S) . Tim gié tri
nho nhat ciia bicu thirc P =[2x+2y—z+16.

A. 6. B. 3. C.24. D. 2.

Loi gidi:
Mat cau (S)c6 tim I (2;-1;3) , ban kinh R = 3. Xét mit phang (P):2x+2y—z+16=0
Dudng thang A qua /va vudng goc véi (P) cé phuong trinh x =2+2¢,y =—1+2t,z=3—1
Cho AN(S)=> A va (S) cét nhau tai 2 diém: 4(0;-3;4);B(4;1;2).

Taco d(A,(P))=2,d(B,(P))=8

Léy M(X;y;z)e(S):d(M;(P)):|2x+2y—z+16| 1

3 3
Ta co: d(A;(P))Sd(M;(P))sd(B;(P))<:>2£§£8<:>6£P£24.

Vay P

min

=6 khi x=0,y=-3,z=4. Chon A.

Vi du 9: Trong khong gian hé toa d6 Oxyz, cho ba diém A(0;1;1),B(3;0,—1),C(0;21;—-19) va mat cau
(S):(X—l)2 +(y—1)2 +(Z—1)2 =1 . M(absc) la diém thugc mat ciu (S)sao cho biéu thiwc
T =3MA* + 2MB* + MC? dat gia tri nho nhat. Tinh tonga + b + c.

A. a+b+c=0. B.a+b+c=12. C.a+b+c:%. D.a+b+c:E

Loi giai:

Goi I(x;y;z) 1a diém théa man 314+ 2IB+IC =0
Khi do: 3(1—yl) (0 y )+ (21— J’1) = 1(1;4;-3)
z

Tacod: T =3MA> +2MB> + MC? =3MA +2MB +MC

:>T:3(W+ﬁ)2 +2(W+E)2+(M—C+ITT)2 :6M12+2ﬁ(3ﬁ+21?+ﬁ)+31A2 +2IB* +IC?




= 6MI* +314% + 2IB* + IC*nho nhit <> MI nhé nhéit.

x=1 Ml(l;g;%)
M3t cau (S) co tam K(l;l;l) = [:1y=1+3¢.Cho KIm(S):>
29
z=1-4t MZ(I,E,gj

Tinh M I =4;M,I =6= M, 1a diém thoa man yéu cau nén a+b+c:%. Chon D.

Vi du 10: Trong khong gian hé toa do Oxyz, cho cac diém A(a;0;0),B(0;b;0),C(0;0;¢) voi

ngoai tiép t&r dién OABC. Khi tong

a>4,b>5c26 va mit cau (S) co ban kinh béng

OA+OB+O0C dat gia tri nho nhat thi mit cau (S ) tiép xtic voi mat phing nao trong cic mit phang sau

day?
A2x+2y+2z+3-242 =0. B.\V2x+2y-2z+6+3v2 =0.
CA2x+2y-2z+43+2/2=0. D.2x+~2y+2z+7-22 =0.
Loi giai:
2 2 2
Ban kinh mit ciu ngoai tiép ta dién 0.4BC 1a R =4 +§ e :3\/25<:>a2+b2+c2 = 90.

TacdO P=0A+0OB+0C=a+b+c.Pat m=a-4>20,n=b-5>20,p=c—-62=>0.

Khi d6 a® +b* +c* =(m+4) +(n+5)" +(p+6)" =m* +n* + p* +8m+10n+12p +77 = 90.
T:(m+n+p)2+12(m+n+p):m2+n2+p2+8m+10n+12p+2(mn+np+pm+2m+n).
Vim’+n*+p* +8m+10n+12p =13 va m,n, p>0nén (m+n+p)2+12(m+n+p)—l320.

Smintp2loatrbte>16={04+0B+0C) =16 Diu“="xayra ©a=4b=5c=7.

min

Tam cia mat chu () 1 I(E;Q;EJ:I[ZE;Z]:d([;(P) )=@.Chgn D.
2272 272 p)=

Dang 7: Bai toan cuec tri lién quan dén géc

Phwong phdp dai sé

e Goi véc to phap tuyén hodc véc to chi phuong ctia mit phang (hodc duong thing) can lap 1a (a;b;c)
trong d6 a’ +b”> +c* >0.

e Thiét lap mot phuong trinh quy an (a theo b,c hodc nguoc lai) tir mot dir kién vé mat phang chira

dudng, song song hodc vudng goc. Gia sir phwong trinh thu gon 4n 1 a =f (b;c).

e Thiét lap phuong trinh vé goc, thay a = f (b;c). vao ta duoc mot phuong trinh hai 4n b,c.




Chii y:

Lo . \ 2 . |u1 e
e Goc gitra hai duong thang cos(d,;d, ) = ‘cos(ul,u2 | | | |
e Goc giita hai mat phang cos((P)1 ;(PZ)) = ‘cos(ni;nj) = |fi ri|
nl.|n,
e Goc giita dudng thang va mit phang sin(d;(P)) = ‘COS(E;;Z) = ip'ui||
n,|.u,

e Tabiét raing ham sin ¢ ddng bién khi 0 < ¢ <90°, nguoc lai ham cos ¢ nghich bién .
Vay khi ham xét max, min la ham sin thi goc lon wng voi ham max,, goc nho wng voi ham nho. Con
khi ham xét max, min la ham cosin thi nguwoc lai, @é bai yéu cau tim géc I6n thi ham phdi dat min, géc
nho thi ham dat max.

Phwong phap hinh hoc
Bai toan 1: Ldp phwong trinh mdt phdng (Q) chita A sao cho mdt phdng (Q) tao véi mat phang
(P) cho truée mot gée nhé nhat (hodc tao véi dwong thang d cho trude mot goc Ién nhat)

Phuwong phap gidi:

- THI: ((P)/(\Q)) |

min

Goi A=AN(P);d =(P)n(Q)véi (Q)la mit phing (14K ) trong hinh v&.
Léy /€ A= 41 06 dinh, dyng IH Ld = ((P):(Q))=IKH = .

Do IAZIK:>sin¢=%Z%:>¢)mmkhi K=Aticla Ald < AL(P)=ny=|usu, |



.. |1ALd Ald — [——
Mait khac dC(P)Q dC(P):udz[uA,n(PJ

Suy ra ((P),(Q)) nho nhit < A L giao tuyén d ctia (P)va (Q) < a;) = [Z;[ﬁ;;%ﬂ

TH2: ((0):d) e gy =[ i ||

(P)(@),,, = o =[ [ wsins ]

min

Tong két:

L —

((©):d) g =[usi[ussu]]

max

xX+2 :y_+2:i_d,:x+2 :y__lzg;(Q):x+2y+22—3=O

Vidu 1: Cho d: ;
2 -1 2 -1

Lap chtra d sao cho
a) Géc gitta (P)va (Q) nho nhét.
b) Goc giita (P)va d’16n nhét.
Loi giai:

a) Ta c6: u, =(1;2;-1)va n,

(QHO)

Mit phing (P)di qua diém M va c6 véc to phap tuyén n = (1;2;5)c6 phuong trinh 1a:

=(1;2;2) . Puong thing d di qua M (1;-2;0).

) & %:) = [ﬁ;;[;{;;%ﬂ =(-3;-6;—15) =-3(1;2;5)

mi

(P):x+2y+5z+3=0.

b) Ta ¢6: u, =(2;-1;2).
Bé ((P):d)

Mit phing (P)di qua diém M va c6 véc to phap tuyén n =(7;-1;5)

& iy = ugs[ gy || = (-14:2-10) = 2(7:-1:5)

ma;

Phuong trinh mét phang (P):7x—y+5z-9=0.
Vi du 2: Trong khong gian v6i hé toa d0 Oxyz cho mit phang (P):2x—y—2z-2=0 va duong thing

x y+1 z-2

T 3 e Goi (Q) 1a mat phing chira Ava tao véi (P) mdt goc nho nhat. Khoang cach tir

gbc toa o O dén mit phing (Q) bang

A3 5 V2 C.5. D. 1.
S

Loi giai:

Ta co: % = (2;—1;—2);LTA(—1; 2;1) va duong thing A di qua A(0;-1;2).



((P);(Q)) nho nhit < @ = [uA;[Z;?P)ﬂ
Taco: u, =| ugin, | =-3(1;0:1) suy ra gy =[ w5, | ==2(1:1-1)
Khi d6 (Q)di qua A(0;-1L;2)va n=(LL-1) (Q):x+y—z+3=0=d(0;(Q))=+/3. Chen A.
Vi du 3: Trong khong gian véi hé toa d6 Oxyz cho mit phing (P):2x—2y—z+1=0 va duong thing
A:XT_1=l=i2 . Goi (Q) la mat phing chira Ava tao v6i (P) mot goc nhé nhét. Tinh cosin goc
¢ gilta 2 mit phang (P)va (Q)khi do:

1 1
A. COS(/’=§- B. cosgo:g. C. cosgozg. D. COS(/’=5-

Loi giai:

Ta co: u, =(1;—1;—2);a;(2;—2;—1) va duong thang A di qua M (1;0;0).

Bé ((P):(0)) g =|ui[usin, ] |=(-6:6:-6)==6(t:-L:1).

Suy ra cosq)zﬂzﬁ. Chon B.
J4+4+13 3 ‘

Vi du 4: Trong khong gian v6i hé toa 40 Oxyz cho mit phang (P):x+2y—-z+3=0 va duong thing

d_x+1:y+1:z—3

. Mit phang (Q) chira duong thing d va tao v6i mit phing (P) mdt gdc nho

) 1
nhat. Khoang cach tir O dén (Q) bang:
A. 42, B. V2. C.2. D. 24/2.

Loi giai:

Ta co: u, = (2;1;1);;1(1,)

(PRTD)), = iy [ i | (0:-9:9) = -o(0s)

Phuong trinh mt phang (P)cdn tim di qua diém M (—1;-1;3).va c6 véc to phap tuyén (o) =(0;1;~1)

(1,2;-1) va duong thang A di qua M (-1;-13).

4

NG

Suyra (P):y—z+4=0=d(0;0)=—==2+/2. Chen D.

Vi du 5: Trong khong gian v&i hé toa dd Oxyz, cho duong thang d:x—_l1 _z¥2 =§ . Goi (P) la mat

phang chira d va tao voi truc Oy mot goc 16n nhat. Mat phang (P) di qua diém nao trong cac diém sau:
A. A(6;-3;0). B. B(2;-3;0). C. C(21-1). D. D(2;L1).

Loi giai:



Ta cb: u, = (—1;1;2);;70;(0; 1;0) va duong thang d di qua M (1,-2;0).

pé ((P);Oy)max & = s ugstg, || = (-1-5:2) = -1(1:5;-2).

Mit phing (P)di qua diém M va c6 véc to phap tuyén n = (1;5;-2)

Phuong trinh mét phang (P):x+5y—-2z+9=0.

Do d¢6 (P)di qua diém A(6;-3;0). Chon A.

Vi dy 6: Trong khong gian véi hé toa 4o Oxyz, cho hai diém A (1;2;-1); B(~1;1;2). Goi (Q) la phuong
trinh mt phang di qua 2 diém 4, B sao cho (Q) tao v6i mit phing (Oxy) mot géc nhé nhat. Khoang cach

tir gbe O dén mit phang (Q) bang:

7 J70 V70 V70
A d=——. B.d=——. C.d=——-. D.d=——.
\/35 10 70 35
Loi giai:

Tacd: AB= (—2;—1;3);%(0; 0;1).

bé ((P);Oxy) ‘ @@:[TB;[E;”(OW)H:(—6;—3;—5)=—(6;3;5),

7 J70

= = .Chon B.
V6 +3 45> 10 '

Phuong trinh mit phang (Q)1a: 6x+3y+5z-7=0= a’(O;(Q))

Bai toan 2: Viét phwong trinh dwong thang d' qua A nam trong(P) sao cho géc gitta 2 dwong thang d va
d' nhé nhat (hodc tao véi mdt phang (Q) cho truée mot goc 1én nhat)

Phuwong phap gidi:

- THI: (d/;?)

min

Qua 4 dyng duong théng Alld ,trén A léy diém I, ha IH L (P) — A,1,H cb dinh, diém K thay ddi



() =(50") = Tk =a
Ma sinaz%k% (Do IK>2IH )suyra a,,, < H =Khay d"qua4 va H.

Khi d6 d'1a hinh chiéu vudng géc cta A trén (P).

o (7)., 5 [ - [ ]
i (0) -7 5]

(d:a) == moy [ myins ]|
(d;( )m Su, = [ [ J

Tong két:

Vi du 1: Trong khong gian véi hé toa o Oxyz, cho diém A(1;—1;2) va mit phang (P):2x—y—z+3=0.

Lap phuong trinh duong thing d di qua 4; song song voi (P) ddng thoi tao v6i duong A XTH = »-1 =

mot goc nho nhit.

Loi giai:
Goi (e )1a mit phang chira 4 va song song véi (P) = % =(2-1;-1).
Khi d6 d ndm trong (&) sao cho goc gilta d va A nho nhat.
Ta co: (cﬁ) B u, = [@,[ﬁ;,%ﬂ =-2(1;-57)

x—1_y+l_ z-2
-5 7

Phuong trinh dudng thang d 1a: d:

Vi du 2: Trong khong gian véi hé toa dd Oxyz, cho diem A(1;-1;2) va hai duong

d:x—l_y—2_z+2'd,_x—3_y—2_z+3

R T T S . Lap phuong trinh duong thang A di qua 4 dong thoi cat

dudng d sao cho goc giita Ava d'nho nhat?

Loi giai:
Goi (P) 1a mit phang chita 4 va d.
Puong thing d di qua diém A(1;2;-2)va co VTCP la u, = (2;1,-1).

Khi d6 % = [W,Z] =—(1;0;2). Buong thing A ¢ (P).

Taco: (M) e uy =] npi mpug ]| = (8:-10:-4) = 2(4-5:-2).

P)°




Phuong trinh dudng thing 1a: d: XTH = lS =z J;l .

Vi du 3: Trong khong gian v6i hé toa dd Oxyz, 1ap phuong trinh dudng thing d di qua A(l; 0; —2) va cét

x=1 y+1 z-2
3 2 -2

A

sao cho goc gitra d va mat phang (P) :2x—y+2z-1=0 16n nhat?.

Loi giai:
Dudng thang d ndm trong mit phang (Q) chirad va A .
Dudng thing A di qua diém M (1;-1;2) va c6 VTCP la u, =(3;2;-2), AM (0;-1;4)

Taco: ngy, =| AMsu, |=—(=612;3) = n gy = (-2:41).

D (:(P)) oy =] g mgig, | |=(-30-3-48) =-3(10:1:16).

Khi d6 phuong trinh duong thang d: xl_z)l = % = Zl+62 .

Vi du 4: Trong khong gian voi hé toa dd Oxyz, dudng thang A di qua A(l; 0;1), nam trong mit phing

y—1 z+1
-1 2

(P):2X+y—z—1 =0 va tao voi duong thing d:§: mot goc nho nhat. Biét ﬁz(S;b;c) la

mot véc to chi phuong ciia duong thing A . Tim b + c.
A.b+c=-6. B. b+c=6. C.b+c=-3. D. b+c=3.

Loi giai:

Tacd: np =(2L-1);u, =(2-1;2),

0 (&) < =[] (0713 =2( 3125

Do do: b:—%;c=%3b+c:3.Ch()n D.
, N . e a . .2 . ° x y=-2 z .
Vi du 5: Trong khong gian v6i hé toa dd Oxyz, cho diem A (3;-1;1), dudng thang A == mit

phang (P):x—y+z-5=0. Goi d la duong thang di diém qua 4 ndm trong (P) va tao véi A mot goc bé

nhit 1a o . Tinh sina .

Loi giai:

ot (&)

min




Phuong trinh duong thang d 1a: d: X3 _yH_ Z_l.

7 5
— 2+14+1
Khi do cosa=‘cos(uA;ud) = [/t;zoh = J;_g.:sina=\/1—cos2a =§.Ch9n B.
3N2T+T7 45

Vi du 6: Trong khong gian véi hé toa d6 Oxyz, goi d la duong thang song song voi (P) :X—2y+2z-5=0
, dong thoi tao v6i mit phang (Oyz) mét goc 16n nhat 1a ¢. Tinh P=sing.

=—2\/§. C. P=

A.P=1. B. P l
3 3

[\

Loi giai:

Goi 0=(0yz) = ny, =(1;0;0);7,,

) =(L-22).

Taco p= (d;(Q))maX Sty =| o[ it | | = (-8-2:2) =2 (41:-1).

~—»‘_ 4 22
)_ 3

Suy ra sing = ‘cos(ud o)

Vi du 7: Trong khong gian v6i hé toa do Oxyz, cho mit phang (P):2x—y+z-1=0, diém A(2;3;0)

thuoc mit phang (P)va duong thing d: XTH = ll = Zl_l . Puong thang d’ qua A nim trong (P)sao cho

goc gitra 2 duong thang d va d' nho nhét di qua diém nao trong cac diém sau:

A. (0;0;1). B. (2;4:1). C. (L10). D. (1;2;1).

Loi giai:

Ta co: % = (2;—1;1);@7(1 =(L-1;1).

Do do (d:d) aﬁz[@;[@@ﬂ=(2;2;—2)=2(1;1;—1):>d’;x; =2z

min

Vay d' di qua hai diém (1;2;1). Chon D.

Vi du 8: Cho mit phing (P):x—y+z-2=0 diém A(2;1;1) thudc mit phing (P)va dudng thing

-2 _r_ Z;Ll . Puong thdng d'qua A ndm trong (P)sao cho goc giita 2 dudng thing d va d' nho

nhat cdt mat phang (Oyz)tai diém E. Tinh P=OE.

A. P=14. B. P=24/6. C. P=10. D. P=+14.

Loi giai:

Taco: ny = (L=L1)su, =(12;2)= | n,u, | =(4:3-1)




Ta co: (d/,a’)

T P e  x=2 y-1 z-1
<:>ud,:[n(P);[n(P);udﬂ:—(2;—5;_7)3(1 :X2 :y_5 :z_7 '

min

Vay d' cit mat phang x =0 tai diém E(0;6;8)=> OE =10. Chen C.



BAI TAP TU LUYEN
Cau 1: Trong khong gian Oxyz, cho hai diém 4(1;2;2),B(5;4;4) va mit phang (P):2x+y—z+6=0.
Néu M thay doi thuge (P) thi gia tri nho nhat cia MA® + MB’ la

A. 60. . 50.
60 B. 50 C. & D. 2968'
3 25

Cau 2: Trong khong gian véi hé truc toa dd Oxyz , cho céc diém A4(-5;2;2),B(-1;6;2). Mit phang
(P):x+y=-2z-5=0.Goi M|(a;b;c) ladiém thudc (P) théa man [M4+3MB| nho nhét, khi do tinh gid tri

cua tich abc.

A. —20. B. 0. C.12. D. 24.
Cau 3: Trong khong gian véi hé truc Oxyz , cho cac diém A(5;8;—11),B(3;5;-4);C(2;1;—6) va mit cau

(S):(x—4) +(y=2)" +(z+1)"=9. Goi M(x,,;y,;2,) 1adiém trén () sao cho biéu thirc

|m —MB-MC dat gia tri nhd nhét. Tinh P = Xy +Vy-

A. P=4. B. P=0. C. P=-2. D. P=2.

Ciu 4: Trong khong gian v6i hé truc Oxyz , cho hai diém 4(1;0;2),B(0;—1;6) va mit phing
(P):x+2y—2z+12=0.Goi M la diém di dong trén mit phang (P) . Tim gi4 tri 16n nhét cia |MA - MB.
A. 632. B. J10. C. 32, D. 2410

Ciu 5: Trong khong gian voi hé truc Oxyz , cho hai diém 4(2;-1;1),B(1;-1;0) va dudng thang

x-1_y-1_z-1
)

d:

. Goi M 1a diém thudc dudng thing d sao cho dién tich tam gidc MAB nhé nhat. Tinh

sz s 1 A r 2 2 2
gid tri bieu thue Q=x",, +y",,+2°,,

A. 0=29. B.Q=%. c.o=%

=13

101
D.O=—.
© 36
Cau 6: Trong khong gian v6ihé truc Oxyz, cho hai diém M (0;1;3),B(10;6;0) va mt phang (P)co
phuong trinh (P):x—2y+2z-10=0. Piém 1(-10;a;b) thudc mit phang (P)sao cho |IM — IN|1én nhét.
Tinh tong T = a + b.

A. T=6. B. T=5. C.T=1. D.T=2.

Céu 7: Trong khong gian voi hé toa dd Oxyz , cho mit phang ():x+ y+z+3=0 va hai diém
A(3:1;1),B(7:3;9). Goi M(a;b;c) la diém trén mat phing (&) sao cho |M+Aﬁ| dat gid tri nho nhét.
Tinh S=a-2b+3c.

A. S=-6. B. §=19. C. §=5. D. §=6.



Céu 8: Trong khong gian voi hé toa d6 Oxyz , cho cac diém A(-3;5;-5),B(5;-3;7) va mat phing
(P):x+y+z-6=0.Laydiém M(a;b;c) trén mat phing (o) sao cho MA* + MB® dat gia tri nho nhat.

Tinh S=a+b+c.
A. S=4. B. §=3. C. §=5. D. $=6.

Cau 9: Trong khong gian véi hé tryc toa d§ Oxyz , cho diém 4 (0; -2; —3), B(—4;—4; 1);C(2;—3; 3) . Tim toa
d6 diém M trong mit phang Oxz sao cho MA* + MB* +2MC? dat gi4 tri nho nhét.

A. (0;0;3). B. (0;0;2). C. (0;0;1). D. (0;0;—1).

Cau 10: Trong khong gian véi hé truc Oxyz , cho cac diém A(2;0;-1),B(1;0;—1),C(0;1;,0) Goi M la diem
thudc mit phang Oxysao cho AM? —5BM?* +2CM? dat gia tri 16n nhat. Tinh d¢ dai doan thing OM.

Céu 11: Trong khong gian v6i hé toa d6 Oxyz , cho diém A(3;1;0),B(—9;4;9) va mat phing
P):2x—y+z+1=0. Goi I(a;b;c) 1a diém thudc mit phéng (P) sao cho |IA —IB| dat gié tri 16n nhét. Khi
do6 téng a+b+c 1a

A.a+b+c=22. B.a+b+c=-4. C.a+b+c=-13. D. a+b+c=13.

Cau 12: Trong khong gian vi h¢ toa d Oxyz , cho hai diém 4 (2;—3; 2) , B(3; 5;4) . Tim toa do diém M trén
truc Oz sao cho MA* + MB* dat gia tri nho nhét.

A. M (0;0;49). B. M (0:0:0). C. M(0;0;67). D. M (0;0;3).

Ciu 13: Trong khong gian Oxyz, cho A4(1;2;3)va B(3;2;1). Viét phuong trinh mt phang di qua 4 va cach
B mét khoang 16n nhat.

A.x—z-2=0. B.3x+2y+z-10=0.

C.x+2y+3z-10=0. D. x-z+2=0.

Céu 14: Trong khong gian v6i hé toa 46 Oxyz , mit cau (S): (x—4)2 +(y —7)2 +(z +1)2 =36 va mit phing
(P):3x+y—z+m=0 . Timm dé mit phang (P)cét (S) theo giao tuyén 1a mot dudng tron c6 ban kinh
16n nhét.

A. m=-20. B. m=6. C. m=36. D. m=20.

Céu 15: Cho mit cau (S): x>+ > +z> —2x—4y+6z—1=0. Tim tit ca cac gia tri thuc ctia tham sb m dé
mit phang (P):x+3y—2z—m=0 cit mit cau (S)theo mot dudng trong cé chu vi 16n nhat.

A. m=1. B. m=-13. C. m=13. D. m=-1.



Cau 16: Trong khong gian vdi h¢ toa do Oxyz ,viét phuong trinh mat phéng (P) di qua diém M (1; 2;3) va

ct céc tia Ox, Oy, Oz lan luot tai cac diém 4, B, C sao cho T = 12 + ! =+ > dat gia tri nho nhét.
o4~ OB OC
A. (P):x+2y+3z—l4:O. B. (P):6x—3y+2z—6=0.
C. (P):6x+3y+2z—18=0 D. (P):3x+2y+z—10:O.
A A . 1A . 3 x-4 y=-5 z ., . .
Cau 17: Trong khong gian véi hé truc Oxyz, cho dudng thang d :T:T:E. Xét mat phang (P)

chtra duong thing d sao cho khoang cach tir M (0;0;0) dén (P) dat gia tri 16n nhit. Xac dinh toa d6 giao
diém N cta (P)va truc Oz.
A. N(0;0;-9). B. N (0;0;9). C. N(0;0;3). D. N(0;0;6).

Céu 18: Trong khong gian v6i hé truc Oxyz , cho duong thang d :XT_I PA ; 2 vadiém M (1,7;3). Viét

phuong trinh mit phang (P) chira dudng thing d sao cho khoang cach tir M dén (P) dat gia tri 16n nhat.
A. 2x—-6y+z-4=0. B. 2x+y-2z-10=0.

C.x+y+2z-15=0 D. x-2y—-z+1=0.

Cau 19: Trong khong gian véi hé truc Oxyz , viét phuwong trinh mat phang (P) di qua diém M (2;1;3)Va‘1 cat

cac truc toa dd Ox, Oy, Oz lan luot tai cac diém 4, B, C khong trung véi O sao cho biéu thire

12+ 12+ > dat gia tri nho nhét.

04~ OB~ OC

A. 2x+y+3z-10=0. B. 2x—y+3z-14=0.
C.2x+y+3z-14=0 D. 2x+y-3z-14=0.

Céu 20: Cho ba tia Ox, Oy, Oz d6i mot vudng goc. Mot diém M cb dinh va khoang cach tir diém M dén cac
mit phing (Oxy), (Oyz), (Oxz) lan luotla a, b, c. Biét ton tai mit phang (P)qua M va cét cac tia
Ox, Oy, Oz tai 4, B, C sao cho thé tich khdi tir dién O4BC nho nhat. Tinh gia tri nhé nhét do.

_abc

_ abe —27abe. D. V=

ALy =2abe B. v =2¢ C.V

min min 6 . min

min

Céu 21: Trong khong gian v6i hé truc toa 46 Oxyz , cho hai diém M (-2;-2;1), 4(1;2;-3) va duong thing

1 - - . : : .
d :% = yTS = il .Tim véc to chi phuong u cia duong thang A di qua M, vudng géc véi duong thang d

dong thoi cach diém 4 mot khoang bé nhit.

A. u=(3;4;-4). B. u=(2;2;-1). C. u=(216). D. u=(1;0;2).



Céu 22: Trong khong gian véi hé truc Oxyz , cho céc diém M (2;2;-3) va N(—4;2;1) . Viét phuong trinh
duong thang A di qua M, song song v6i mit phiang (P) :2x+ y+2z =0 sao cho khoang cach tir N dén A dat
gi tri nho nhat.

x=2 y-2 z+3 x=2 y-2 z+3

A. A: B. A
3 -2 —4 1 -1 -1
C.A:x—2:y—2zz+3. D.A:x—2:y—2zz+3.
5 -2 -8 -2 7 -3

Céu 23: Trong khong gian v6i hé toa 46 Oxyz , cho mit phiang (a):ax+by+cz+d =0 (az +b*+c* > O) di

qua hai diém M (5;1;3) va N(1;6;2). Biét rang khoang c4ch tir diém P(5;0;4) dén mit phang (o) dat gid

< : +b+c+d
trj 16n nhét. Tinh gia tri bidu thic _Jatbrerd|
Na* +b*+¢*

A s=Y4 B, 5= 14 L p. 51014

2 7 o7 7



LOI GIAI BAI TAP TU LUYEN

Cau 1: Goi /(3;3;3) 14 trung diém ciia AB thi I4+1B=0
) — ] —  —\2 —  —\2 5 > r
T=MA+MB*=MA +MB =(MI+IA) +(MI +IB) =2MI’+I4’ + IB*nh6 nhét < MI,,

Khi d6 M la hinh chiéu vuéng goc ctia / trén (P) = IM L (P)

Suyra MI,, =d(M;(P))

min

_[23+43-3+6] 12 =T =2 ( 12 T+IAZ+IB2 =60. Chon A

Céu 2: Goi / 1a diém thoa man I4+31B = 0= 1(-2;5;2)
Khi 6 [MA +3MB| = [4Mi|nho nht < M1, < M 1a hinh chiéu ciia I trén (P).

x=-2+t
Phuong trinh duong thang IM qua  vudng goc véi (P)1a: {y =5+t =M (-2+65+62-2t)
z=2-2t

Cho M €(P)=1-2+5+4—4-5=0>1=1=> M(1;6:0)=> abc =0. Chon B.
Cau 3: Goi diém G(x;y;z) sao cho @—@—@z()@fﬂz@é:G(O;—zl)

Xét mat cau (S):(x—4)" +(y—2)"+(z+1) =9 tam 7(4;2;—1) va ban kinh R=3.

Tac6 IG =(4;—4;2) = IG = |4 +(~4)" +2° =6 > R= G nim ngoai mit ciu (S).

Ta ¢6 |MA— MB - MC =|—ATG+GA—GB—GC =|ATG'|=MG:>MGnh6 nhét < I, M, G thing

, X, =2
hang hay M chinh 1a trung diém cua /G = M (2;0,0) = { M 0= P=2.ChonD.
Yu =

Cau4: Kihiéu f=x+2y-2z+12 .Tacé f(A4).f(B)<O0 nén4,B nim khéc phia so v6i mit
phang (P). Goi la diém doi xtng cia A qua mit phing (P)

Ta co: AA':XI_1 =%= Z;2 . Khi do I=AA'm(P):>I(1+t;2t;2—2t)e(P)

S 1A+ A—4+12 =0 1 =—1=5 1(0;-2:4) = A'(~1;—4;6).



Lai ¢6 |MA — MB|=|MA'— MB| < A'B déu bang xay ra < A', M, B thing hang.
Vay |MA-MB| =A'B=+10.Chen B.

Cau 5: Goi M (1+41+26;1+3t)ed = AM (t—1;2¢+2;3t); AB(-1;0,-1)

Tacod S, %‘[W.@] = %|(—2t—2;—2t—1; 2t+2)|= %\/(ZH- 2) + (2 +1) + (2t +2)

zl\/12t2+20t+9nh6nhét<:>t=_—20=_—5:>M l;_—2;_—3 :>Q:£.Ch9n C.

2 24 6 632 18
Cau 6: Dit f=x-2y+2z-10= f(M).f(N)>0= M,N nim cing phia véi mit phang (P)
Ta co: |[IM — IN|< MN < M, N, I thang hang.

x=10¢
Phuong trinh dudng thing MN 1a: { y =1+5¢ =1 = MN N (P)=(-10;-4;6)
z=3-3¢

Suyra T =a+b=2.Chgn D.
Cau 7: Goi (5;2;5)1a trung diém cua AB

Ta co: MA -+ MB| = 2MI nhé nhét < MI,,,, < M 1a hinh chiéu vuéng géc ciia / trén

x=5+t
(a):x+y+z4+3=0=>MI:qy=2+1=>M (5+62+;5+1)
z=5+t

Cho M e(a)=t+5+t+2+1+5+3=0<t=-5=M(0;-3;0)= S =6.Chon A.
Cau 8: Goi (1;1;1)1a trung diém cua AB

Ta co: MA® + MB* = 2MI”* + I4* + IB* = 2MI* + 214* nho nhat <> MI_, <> M 14 hinh chiéu
x=1+t¢
vuong goc cua [ trén (P):x+y+z—6=0=>MI:{y=1+1=>M (1+;1+8;1+¢)

z=1+¢

Gidi M e(P)=1=1=M(2;2;2)= S =6.Chon D



Cau 9: Goi / 1a diém thoa man 74+ 1B +2IC =0 = (0;-3;1)

Bién d6i MA® + MB* +2MC* = 4AMI* + I4* + IB* + 2IC*nh6 nhat <> MI_, <> M 1a hinh chiéu
vudng goc cua / trén (Oxz)=> M (0;0;1). Chen C.

Cau 10: Pit T = MA* —~SMB* +2MC”
Goi I 1a diém thoa man IA-5IB+2IC=0= I(%;—l; —2)
Bién d6i T = -2MI° +14° —5IB> +2IC” 16n nhit <> MI_, <> M la hinh chiéu vudng goc cua /

J13

trén Oxy = M(%;—I;OJ = O0OM :T. Chon A.

Cau 11: it f=2x-y+z+1= f(4).f(B)<0= M,Nnim khac phia so v6i
(P):Zx—y+z+1:0.

Goi A’ la diém ddi xtmg ciia 4 qua mit phang (P)ta co: AA’:%:—:%
Khi d6 K=AA'N(P)= K(3+251-t;t)e(P):4t+6+t—1+1+1=0=>1=—1
Do d6 K (1;2;-1)= A'(-1;3;-2).

Lai co |IA - IB| = |IA' - IB| < A'B dau bang xay ra < 4',1, B thang hang,

x=—1+8u
Khiddé A'B:xy=3-u :>[:A'Bm(P):>](7;2;—13):>a+b+c:—4.Ch9n B.
z=-2-11u

Cau 12: Goi M (0;0;¢) = MA> + MB* =4+9+(1~2)" +9+25+(1—4)" =21 ~12t +67 nho

nhit < =212

3= M (0;0;3).Chon D.
2a

CAu 13: Goi H 12 hinh chiéu cua B trén ()
Tacd BH < BA= BH, = AB.Daubing xdy rakhi 4B 1 ()

Lai c6 AB= (2;0;,—2) = Phuong trinh mat phing (a)la x—z+2=0.Chon D.



Chu 14: Mit cau (S)c6 tm 7(4;7;-1) , bankinh R=6.

Goi r 12 ban kinh duong tron giao tuyén = > = \/RZ ~-d’ (1;(P))

B¢ r,, < d(I;(P)) nho nhit < (P)di qua / = m=-20.Chen A.

Cau 15: (8):(x—1) +(y—2)" +(x+3)" =16¢6 tam 1(1;2;-3) , bankinh R=4.
Yéu cau bai toan <> (P) di qua tim / =1+3.2-2.(-3)-m=0<>m=13. Chen C.

Cau 16: Goi phuong trinh mét phing (P): £+%+i =1,véi A(a;0;0),B(0;0;0),C(0;0;¢).
a c

1 2 3 1 I 1 1 1 1 1
Vi (P)diquaMsuyral=—+>+>-<1<| —+—+— |(P+2°+3* )& —+—+—2>—
( ) a Y a b c (az b’ czj( ) a b 14

! + ! + ! L+i+i
04> OB> 0C* a&* b & 14

Taco T =

Déu biing xdy ra khi va chi khi @ = 14;h = 7:c =2 Vay (P):l+1+3—z=1. Chon A.
3 14 7 14

CAu 17: Goi H, K lan luot 13 hinh chiéu cta M trén Al M

(P).(d).

Khi d6

d(M;(P))=MH <MK =d(M;(P)) =MK.

Goi (or)1a mit phang di qua M va chira dudng thing d.

Mo L,
Suyra{(P) " =[ugMA] voi A(4:5:0)<(d).

—_—

Py L M)
:n(P):[ud;[ud;MAﬂ.Mé H
u =(123) (P k
n.,=(L1-1).
{m_(4;5;0):> in=(E5) 7

Do d¢ phuong trinh mit phing (P):x+y—-z-9=0 .
Vay N = POz — N(0:0:9). Chn B.

Céu 18: Goi H, K lan luot 1a hinh chiéu cua M trén (P),(d).



Khi d6 d(M;(P))=MH <MK =d(M;(P)) =MK

max

Goi («)1a mit phang di qua M va chira dudng thang d. ® M
no Lu,
Suy ra {ﬂ LZ[ud;MA} voi A(1;0;2) e(d).
n, Ln
(P) (2)
:n(P)z[ud;[ud;MAﬂ.
- (
u,=(2;1;2 -
{L( ) =7 =(2-6;1) = 2x—6y+2z-4=0. f
MA =(0;-7;-1) (] K
Chon A. o
Céu 19: Goi phuong trinh mit phéing (P):£+%+£=l,vc’7i A(a;0;0),B(0;5;0),C(0;0;¢).
a c
2 1 3 1 1 1 1 1 1 1
Vi (P)diquaMsuyral=="4+—+-1<| —+—+— |[(2°+I’+3 ) o —+—+—>—
() a Y a b c (az b’ czj( ) a b 14
1 1 1 1 1 1 1 1
Taco T = + + =—+—=+—2>2—.Suyra 7T >—.
o4 0B 0CC & b & 14" 14
£ 13 . Coy e 14 . x y 3z
Dau bang xay ra khi va chi khi a:7;b:l4;c:?.. Vay (P):7+ﬁ+ﬁ:1'(:h('m C.

Céu 20: Ta c6 M (a;b;c). Phuong trinh mit phing 1a:(P): A(x-b)+B(y-c)+C(z—a)=0

Khi d6 A(AbJrichCa;O;oj’B(o;Ab+£;c+Ca;OJ’C(O;O;AbJr}échCaj

Thé tich khéi t&r dién OABC 1a:

3
3 3/
v=Losoroc- (4b+ Be+Ca) |z (3¥4BC.abe) _ 27abc _ Jabc

= Chon A.
6 | 6ABC | 6A4BC 6 :

Céu 21: Goi (P) 1a mit phing di qua M va vudng goe véi d khi d6 Mip) = u, = (2:2;-1).

Khi d6 Ac(P).Tacod: d(A;d)

1

= u, = [%;[W;%ﬂ.trong do W(—3;—4;4),



Suyra u, = [n(,,);[m; n(},)ﬂ =9(1;0;2).Chon D.

Céu 22: Goi (Q) 1a mit phang di qua M , song song v6i mét phang(P):2x+y+z=0 suyra

Mgy =Ny =(21;1).Khi d6 A= (Q). Taco: MN =(—6;0;4) = -2(3;0;-2).

d(N;A),, =, = ngi[ MN;ng || =-2(10:-4:-16) =—4(5:-2:-8).

Phuong trinh dudng thing A : x=2 = y=2 = 23 .Chon C.

x=5 y-1 z-3

Céu 23: Goi phuong trinh dudng thing MN 1a: A 5 "

Goi H(5+4t1-5t;3+t)e MN 1a hinh chiéu vudng goc ciia diém P trén dudng thang MN.

Khi d6: PH = (46;,1-56-1+1);u,, =(4-51).

3

Giai ﬁ.%=16t+25t—5+t—1:O<:>t=%:>ﬁ(

NN
AR )

'_—6]
"7

Ta co: d(P;(a)) < PH , d4u bang xay ra < PH 1 (a)= % PH (

I
v
a8
I

Phuong trinh mit phang (a)la: 2x+y-3z-2=0.Goi I(L;1;1)

2 14

Khido §=d(L;(a))= =——ChenC.

Wi
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