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MG dau

He thic lugng trong tam giac 1a noi dung quan trong trong truong pho
thong, thudng gap trong cac dé thi tuyén sinh vao dai hoc va cac ky thi hoc
sinh gidi cac cap. Day la chuyen dé hay va tuong déi kho véi hoc sinh phd
thong. Dé c6 cai nhin toan canh vé chuyén dé nay, luan vian di sau vao nghién
citu cic bai toan vé hé thic lugng trong tam giac.

Cau trac luan van gom 6 chuong.

Chuong 1. Kién thiic co sé.

Chuong 2. Hé thiic lugng trong tam gidc thuong.

Chuong 3. Hé thic lugng trong tam gidc vudng.

Chuong 4. Hé thiic lugng trong tam giac can.

Chuong 5. Hé thic lugng trong tam giac deu.

Chuong 6. Heé thtc lugng trong cac tam giac dic biét khac.

Bay gio ching t6i sé néi k§¥ mot chuong tieu biéu, vi du nhu chuong 3.
Trong chuong nay ching toi sé trinh bay cic phan sau:

1. Nhan dang tam gidc vuong. Trong muc nay dua ra nhing dic diém tieu
bieéu nhat ctia tam giadc vuéng. Phuong phap dé chitng minh tam giac vuong
1 bién déi bicu thic dua vé mot trong cac dac diém nay.

2. Cac vi du vé nhan dang tam giac vuong. o) day chiang toi trinh bay
nhimg vi du tiéu biéu nhat duge phan loai tit dé dén kho.

3. He thong va phan loai bai tap vé tam gidc vuong.

Phan cudi luan van 1a phu luc. Trong dé chung toi trinh bay cach thiét
lap cac hé thic lugng gidc co ban trong tam gidc dya vao moi lien he giita
cac yéu to clia tam gidc va nghiém phuong trinh bac ba.

Mic du hét stic c6 gang nhung luan van khong tranh khéi nhiing sai sot.
Ching t6i rat mong nhan dugce sy goép ¥ va nhitng ¥ kién phan bién cia quy
thay co va ban doc.

Xin chan thanh cam on!



Mot s6 ky hiéu

ABC Tam gidc ABC.
A B, C Cac goc dinh ctia tam gidc ABC.
a,b,c Cac canh ddéi dien vé6i dinh A, B, C.
ha, by, he Duong cao ha tur cac dinh A, B, C.
Mea, My, M Do dai duong trung tuyén ké tit cac dinh A, B, C.
la, Uy, e Do dai duong phan giac ké tiu cac dinh A, B, C.
R Ban kinh duong tron ngoai tiép tam giac.
r Ban kinh duong tron nai tiép tam giac.
Ta,Ths Te Ban kinh duong tron bang tiép trong cac goc A, B, C.
S Dién tich tam giac.
a+b+c

= ———— Nita chu vi tam giac.

dpcm Diéu phéai chiing minh.



Chuong 1

Kién thic co sé

1.1 Cac hé thic lugng trong tam giac

Pinh 1y ham sbé sin
a b o
sinA sinB sinC

Dinh ly ham s6 cosin

2R.

a® = b%>+ 2 — 2bccos A.
b? = a® + 2 — 2accos B.
2 =a%+b>—2abcosC.

Pinh 1y ham sé tang

A—-B
a_b_tanT
a+b A+ B’

tan
2

B-C
b_c_tan 9
b+c¢ B+C

tan
2

C—-—A
C_a_tan 5
c+a C+ A

tan
2
Pinh 1y ham s6 cotang
a’ 4+ b? + 2

t A t B tC =
coO + co + co 15

D6 dai dudng trung tuyén



B 2% + 2¢2 — a2

4
B 2a% + 2¢2 — b?

4
2a% + 2% — 2

m, = A

Do dai duong phan giac trong

2bc A 2bc  [p(p—a)
l, = CcoS — = )

b+ 2 b+ c

2ca B 2ca p
l, = CoS —

c+a 2 c+a

2ab C 2ab /pp—c
.= cos — = -

a-+b 2 a-+b

Cong thic tinh dién tich

1 1 1
S = §aha = ibhb = §Chc

1 1
= §bcsinA = —acsin B = §ab sin C

_abe
4R
_ pT

—a)rg = (p—b)ry = (p—c)r.

—Jp —~a)(p—b)(p ).

Pinh 1y hinh chiéu

B C
a=r 00t§+cot§> =bcosC + ccos B.
C A
b:r(cot§+cot§> =ccos A+ acosC.

A B
c=r (COtE +cot5) =acos B + bcos A.

Cong thic tinh cac ban kinh.
Ban kinh duong tron noi tiép.

S A B C
T—;—(p—a)tang—(p—b)tan;-(p—c)tan;.



Ban kinh duong tron ngoai tiép.

o abc . a b B c
4S  2sinA 2sinB 2sinC’
Ban kinh duong tron bang tiép.

A S
re = ptan — = :
2 p—a
¢ B S
r, =ptan — = ——.
b =D 2 p—0b
S
re = ptan — = .
2 p-—c
1.2 Cac cong thic lugng giac
Cac hé thic lugng giac co ban.
sin? v + cos? a = 1. tana. cota = 1.
cos « 9 1
cotag = ——. 1 +tan“a = 5
sin o Cos” (v
sin o 5
tana = : I+cota=———.
COS (v sin” «v

Cong thiic cong cung.

sin(a + ) = sin . cos 3 + cos a. sin 3.
)

sin(a — ) = sina. cos B — cos . sin 3.
cos(a + ) = cos . cos f — sin . sin 3
cos(a — 3) = cosa. cos f + sin . sin 3
tana + tan
tan(a+ p) = .
( 2 1 —tana.tan 8
tan o — tan
tan(a — () b

B 1 +tana.tan

Cong thic nhan cung.

Sin 2a = 2 sin o Cos .

cos2a = cos? o —sin?a = 2cosla —1=1— 2sin?a.



2tan o
tan 2 = —.
1 — tan® «

sin3a = 3sina — 4sin® a.
cos3a = 4 cos® a — 3 cos a.
3tana — tan’o
1 —3tan?a

tan 3o =

Coéng thic bién tong thanh tich.

sinoz—i—sinﬁ:QSina—gﬂ.cosa;g

_ , a+pB . a—pf

sina — sin § = 2 cos 5 .sin 7

a+ 5 a—f

cosa + cos f = 2 cos 5 s

. a+p . a=p

cosa — cos B = —2sin .sin .
tanonrtanﬂ:M.
oS (. Cos 3
tana—tanﬁzw.
cos a. cos 3
cotoz—l—cotﬁzw.
sin av. sin 3
COt&—COtﬁzw.
sin .. sin (3

Coéng thic bién tich thanh téng.

sin(a + 5) + sin(a — )

sin av. cos 3 = 5
cos . cos 3 = cos(a + ) ; cos(a — 5).
sin v, sin § — cos(a — ) — cos(a + B).

2

Gia tri lugng giac cta cac géc (cung) cb lien quan dac biét.



e Hai g6c d6i nhau:

e Hai goc bu nhau

e Hai goc phu nhau:

e Hai goc hon kém 7:

cos(—a) = cos .

sin(—a) = —sina.
tan(—a) = — tana.
cot(—a) = — cot .

cos(m — o) = — cos
tan(m — a) = —tan«
cot(m — a) = —cot
sin(g —a) =cosa
cos(g —a) =sina
T
tan(§ — «) = cot a.
m
cot(§ —a) = tana
tan(m + o) = tana
cot(m + a) = cot
sin(m + a) = —sina
_|_

1.3 Cac hé thic lugng giac co ban trong tam giac

Trong moi tam gidc ABC, ta co:

A B (C

1) sin A + sin B + sin C' = 4 cos — cos — cos —.

2 2 2

2) sin2A 4 sin2B + sin 2C = 4sin Asin Bsin C.

3) sin? A + sin? B + sin® C' = 2(1 + cos A cos B cos C).

9



A B C
4) cos A+ cos B + cosC = 1+4sinESin§sin§.

)
5) cos2A + cos 2B + cos2C' = —1 — 4 cos A cos B cos C.
)
)

6) cos? A+ cos? B + cos? C' =1 — 2cos A cos B cos C.
7) tan A + tan B 4+ tanC' = tan Atan BtanC' (ABC' la tam giac khong
vuong).
8) cot — + cot — + cot — —cot—cot—cotg
2 2 2 2 2 2

9) t At B ; Bt C ¢ Ct A 1
n—tan — + — —+ - - = L
a 5 a 5 an2 an2 an2 an2

10) cot A cot B + cot B cot C' 4 cot C'cot A = 1.

10



Chuong 2
Heé thuc luong trong tam giac thuong

Heé thitc luong trong tam gidc thuong 1a dang toan co ban nhat cia bai
toan hé thic luong trong tam gidc. Vi cic két qua nay dung cho moi tam
giac dac biet khac nhu tam giac vudng, tam gidc can, tam giac deu... Bai
toan veé hé thic lugng trong tam gidc thuong gom hai dang: chitng minh hé
thic luong gidc khong diéu kién va ching minh hé thic luong gidc c6 dieu
kien. Phuong phap dé giai dang toan nay la:

Céch 1. Bién ddi vé phiic tap sang vé don gian.

Céch 2. Bién ddi hai vé vé cting mot biéu thiic trung gian.

Cach 3. Bién ddi tuong duong vé mot biéu thic ding.

Sau day 1a mot s6 vi du tieu biéu.

2.1 Heé thitc luong giac khéong diéu kién

Cac bai toan nay dua ra yéu cau ching minh cac hé thic luong ap dung
chung cho moi tam giac.

Bai toan 2.1 Chiing minh riang trong moi tam giac ABC), ta c6:
b—c LA ¢c—a 4B a-b ,C

1) — cos 5—!— ;- cos 54—7008 520.
B-C A-C A—-B
a? cos b2 cos c? cos
2) j + g + 02 = ab + bc + ca.
281115 281115 2Siﬂ§

3) (b+c)cosA+ (a+c)cosB+ (a+0b)cosC =a+0b+c.

Chiting minh
1) Ta c6

11



B+C . B-C

b—c LA sinB-sinC ,A 2C08—5—sin—p , A
cos” — = , cos” — = cos” —
a 2 sin A 2 A A 2
2sin — cos —
2 2
. B-C . B+C
2 sin sin 1
= 2 5 2 =§(COSC—COSB). (1)

Tuong tu ta co:
c—a B 1

oS S = i(cosA —cosC). (2)
—b C 1
= p cos’ 3= §(COSB —cos A). (3)
Cong theo vé (1), (2), (3) suy ra dpcm.
2) Ta c6
, B-C B-C B-C
a” cos Ccos Ccos
j = a.2R.sin A—%él =a.2R.2 sin§ cos 5—%4
281115 281115 281115
B+C B-C b
= aR(2sin _; cos — ) =aR(sin B +sin(C') = - —;ac.
(1)
Tuong tu
A-C
2
b* cos 9 bc + ba
2sin —
2
, A-D
CCOS—o— ¢yt ch 5
2sin — 2
2

Cong theo vé cia (1), (2), (3) suy ra dpcm.
3) Ap dung dinh 1y ham s sin, ta c6
VT =2R(sin B +sinC) cos A + 2R(sin A + sin C') cos B + 2R(sin A + sin B) cos C
= 2R(sin B cos A + sin A cos B) + 2R(sin C' cos A + sin A cos C') + 2R(sin B cos (
+ sin C' cos B)
= 2Rsin(B + A) + 2Rsin(C + A) + 2Rsin(B + C)
=2RsinC' +2Rsin B+ 2RsinA=a+b+c=VP. Dpcm.

12



Bai toan 2.2. Ching minh réng trong moi tam gidc ABC, ta co:
a’ + 0 + 2
5 :
2) abc(cos A+ cos B +cosC) = a*(p — a) + b*(p — b) + Z(p — ¢).

1) becos A+ accos B+ abcosC =

Ching minh
1) Ap dung dinh 1y ham s6 cosin, ta c6

_b2+02—a2 a?+ -0 a4+ _a2—|—b2+02

VT =VP.
2 + 2 + 2 2
2) Ap dung dinh 1y ham sb cosin, ta c6
b2 2 9 2 2 _ 2 2 4 p2 _ 2
VT = a +c a+ba +c +Ca+ C
2 2 2
a? b2 2
:E(bJrc—a)+§(a+c—b)+§(a+b—c)
=a*(p—a) +b*(p—b) + (p —c) = VP. Dpem.
Bai toan 2.3. Chiing minh réng trong moi tam gidc ABC, ta co:
o A , B , C
A B C COS §+cos EJrcosE
tanE—FtanE—FtanE: A B C .
2 cOS — CcOsS — CcoS —
2 2
Chiting minh
VTltA-l—tB—i—tB—l—tC-i—tC—l—tA
= — n— n— n— an — an — an —
g |\ My TS M 2 2 2
. A+ B . B+C g C+ A
1 in in in
_* 2 4 2 4 2
2 A B B C C A
COS —COS—  COS— COS—  COS — COS —
2 2 2 2 2 2
, C 2A , B
COS 5-1—008 5-1—008 5
= y B o =V P. Dpcm.

2 cos 3 COS 5 COS B

13



Bai toan 2.4. Ching minh réng trong moi tam gidc ABC, ta co:

A
1) r,—7r=4Rsin? 7

A-B C
2) r,—1p,=4Rsin cos 7
3) acotA+bcot B+ ccotC =2(R+r).
4)  (r’4p*)(ro —7r) = 4Rr?.
5) ha — 2r ha ; ;
h, 2r, + hy 2 2
Ching minh
1) Ta c6
Te—T :ptang —(p—a) tanE = atan; = 2RsinAtan§
. A
A Sin — A
=2R.2 sina COS —.COS% = 4R sin’ 7
2
B
2) Tacor, —ry, = p(tang — tan 5)
Do
1 1 , : :
p = §(a—|—b—|—c) = 5.2R(smA—|—smB +sinC)
A B (C
= 4R cos — cos — cos —.
2 2
Thay (2) vao (1) ta co
B
To —Tp = p(tan§ — tan 5)
A-B

B C Sin 5
= 4R cos — cos 5 COS ST A B

COS — COS —
2 2
A—-B C
= 4R sin COS —.
2
3) Ta ¢6
S absin C
r=-"= -
p a+b+c

14



_ 2Rsin A.2Rsin B.sinC
~ 2R (sin A +sin B +sin C)
B.C A B C

2R.8.sin 3 sin Bl sin 5 COS 3 COS b CcoS B

1 A B (C
COS - COS - COS
C
= 4Rsin§sin§sin 7 (1)

acot A+ bcot B+ ccot C = 2R][sin A cot A + sin B cot B + sin C cot C]

= 2R|cos A + cos B + cos C]|
A. B . C
=2R [1 +4singsin§sin§]

=2R+2r =2(R+r)do (1).

4) Ta c6
A A A 2 A
(r24+p*)(ro—7)=p*(1+tan®*= ) |ptan— — (p —a)tan = | = P atan=
2 2 2 S AT
cos? —
2
2 A A A AN?
= p2A4Rsin§cos§tan§:4R<ptan§> = 4Rr?.
cos? —
2
5) Ta ¢6
25
hg —2r _%_1_1_1_9_]9—61
he — ha 25 b
a
25
. he _ o _ 1 _ 1 _p—a
e+ hy 28 +§ a a ¢ p
p—a a p—a a p—a
cin B C_mre_ S S :p(p;a)(p—b)(p—C)
2 2 pp plp—0b)plp—0o p*p—b)(p—c)
_b—a
P

Dpcm.
Bai toan 2.5. (Bai toan phu trg) Trong moi tam gidc ABC, ta c6 céc hé
thiic sau:

15



1) sin Asin B + sin Bsin C' + sin C'sin

2)

3) sin? A 4 sin? B + sin® C' = P -
4) sin® A + sin® B + sin® C =
5) (sin A + sin B)(sin B + sin C')(sinC' + sin A) =
6) sin® A +sin? B + sin? C =

7) cos A cos B + cos BcosC + cosC'cos A =

8)

9) cos? A+ cos? B + cos’C =
10) cos® A + cos® B + cos® C' =

11) (cos A + cos B)(cos B + cos C')(cos C' + cos A) =

12)
13)
14)
15)
16)
17)

18)

: : . pr
Asin BsinC' = —.
sin A sin B sin 5T

2 _
COSACOSBCOSC:p (

P
B AR?

ARy —r?
2R? '
(p?* — 6Rr — 3r?)
4R3

p(p” +r°+ 2Rr)

4R3
p* — (8Rr + 6r%)p* + r*(4R + r)?
8R4 '
r? 4+ p* — 4R?

4R?
2R +1)?

4R?

6R? 4+ 4Rr + 12 — p?
2R? '

2Rr? + 13 + p?r
AR® B

1.

2Rr? + 13 + p*r
4R3 '

1 1 1 _p2+r2+4R7“

sin A + sin B + sinC
1 1

2pr
1 2R

sin Asin B + sin B sin C + sinCsind _ r

1 1 1 (p? +r? + 4Rr)* — 16p*Rr
sin? A * sin® B * sin2C 4p? R? '
sinAsin B sinBsinC'  sinCsinA  p? +1%—2Rr

snC | sinA sinB 2Rr '

1 1 1 pP4r?—4R?
cosA ' cosB ' cosC  p?— (2R —r)?*

1 1 1 AR(R +7)

cos A cos B * cos B cos C i cosCcosA P> — (2R +1)?

1 1 1 (p? +1? —4R*)? —8R(R +1)[p* — (2R +r)?
cos? A+cos2 B+cos2 c [P — (2R + 1)?]? '

16



cos A + cos B N cos B + cos C n cosC + cos A

cosC cos A cos B
C(BRAN)@P 4R 5
~ R[p*— (2R+7r)?] '

20) sinA+sinB sinB+sinC sinC+sinA  p
cos A+ cos B cos B+ cosC cosC +cos A r’

19)

B . ,C 2R-—r
§—|—sm—: .

2 2R
A B C  8R*+r?—p?
) sin 5 + sin 5 + sin 5 Ve

A B B C C A 24+ 12 -8R
23) sin® 2 sin? 5 + sin? B sin? 5 + sin® Bl sin? 3= b +I6R2 T

A
21) sin? B} + sin

A B C 4R+
94 9 9 2 &Y
) cos 3 + cos® — + cos 5 R

2
A B C (4R 2 —p?
25) cos? 3 + cos? 5 + cos? 5 = ( ;22 v

A B B ,C , C 2A:p2—|—(4R—|—7")2.

26) cos” — cos” — 4 cos” — cos” — + cos” — cos” —

2 2 2 2 2 2 16 R?
1 1 1 p? + 12— 8Rr
27)_2A+,2B+_20_ = .
sin“ — sin“ —  sin® —
2 2 2
’s 1 1 1  8R(2R—r)
sin“ — sin“ —  sin® —sin* —  sin” — sin® —
2 2 2 2 2 2
1 1 1 24+ (4R +1r)?
cos? — cos?—  cos?— p
2 2 2
1 1 1 8R(4R+ )
30) + + = .
A B B C C A 2
cos? —cos? —  cos? —cos? —  cos? — cos? — p
2 2 2 2 2 2
3R>+ 4R 2 _p?
31) cos2A + cos 2B + cos2C = Ll IZL;— i
2
32) sin2A +sin 2B + sin 20 = L
R2
2_r2 _ 4R
33) cot A+ cot B+cotC=2"" il
2pr

17



2 2R 2
34)cotAcothotC’:p ( +T).

2pr
2 2_4R 2
35) cot2A+cot2B+cotQC’:(p L r) — 2.
4pPr?
2R?
36) (cot A + cot B)(cot B + cot C')(cot C + cot A) = —.
p
2 2—4R 3_48 2R2 2
37) cot3 A + cot? B + cot3 C' = il r) per
8p3r3
2pr
38) tanA+tanB+tanC:p2_ ORI E
21?2 — 4R
39) tan Atan B 4 tan Btan C' + tan C'tan A = L "
P> — (2R +1r)?
4p*r? — 2(p* —r? — 4R — (2R
40) tan? A + tan? B + tan?C = pr W =" Nl —( —Hn)]
p* = 2R+ 1)

8prip*r?* — 3R*(p* — (2R +r)?)]
[p? — 2R +7)?3 '

41) tan® A + tan3 B + tan® C' =

42) t A tan By an € 2 ABTT
— an — an — = .
D 2 2 D

C

r
43) tan — tan —tan — = —.
) an - tan — tan - p

A B B C AR
44) | tan 5 + tan 5 tan 5 + tan tan 5 + tan = —.

(4R + 7“)2 — 2p

2 A 2 B 2
45) tan 5 + tan? — 5 + tan® —

C
2
A B C (4R+ 7“) — 12p’R
3 3 37
46) tan 5 + tan 5 + tan 5 pe :

47) cot 2 4 cot 2+ cot £ = cot A cot B cot £ = 2
CO2 CO2 CO2—CO2CO2CO2—T.

18) tA tB—|— tB tC—l— tC tA 4R +r
— — — — 4+ cot — cot — = )
co 200 5 co 200 5 5 5 p

A B C 2 —2r(4R
49) cot? — + cot? = + cot?® — S 7“(2 1) :

2 2 r

2
C p(p2 — 12Rr)
5 :

A B
50) cot® = + cot® = + cot® — 2
r

2 2
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A B B C C A 4pR
51) ( cot — 4 cot — | [ cot — 4+ cot — | | cot — + cot — | = ——.

2 2 2 2 2 2 r2
B B C C
a b c _tana—l—tang tan;—i—tan; tan;—l—tan;
52) + + = 8 + 1 + B
p—a p—b p-c tan — tan — tan —
2 2 2
tA—l— tB tB—l— tC tC—l— t
cot — +cot — cot— + cot — cot— + cot —
_ 2 2+ 2 2+ 2 9 :4R—2r
tC tA tB r
cot — cot — cot —
2 2 2

A B C
atana + btan; —|—ctan§ =2(2R —).

Ta rb—l—rb?"c—l—rc?"a:pQ.

= p’r, S = \/TTaTpTe.
rg + 712 +1r2= (4R +1r)? — 2p*
S+ri+rd=(4R+7)* — 12p*R.

59) (rq +13) (1 + 7)) (1o + 14) = 4D°R.
1 1 1
+—+

at
(@]
N~— N~— S~— S~— N— N— N—
=
Q
ﬁ
@‘
ﬁ
o

ra+rb+7"b+rc+rc+7"a 4R—27"'
Te Ta Ty r
p? + 124+ 4Rr
2R '

64) ho + hy + he =

65) huhy + hyhe + hohy = .

2p% .12 1
hohyhe = , S =/ zRhshphe.
66) b R S 2R b
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1 1 1 1

67 — 4 — = —.

R A i

1 1 1 p? +r2 4+ 4Rr

68 —

) ha + hyh. + h.h, 4p?r?

1 1 1 p2 —r2 —4Rr

69) — + — + — =

) h? i h? i h? 2p%r?

ha+hb+hb+hc+hc+ha:p2—|—7“2—2R7".

70) he ha T, 2Rr

) (p—a)p—b)+(p—b)p—c)+(p—c)(p—a) =4Rr +r°
72) (p—a)+(p—0*+(p—c)?=p*—2r(4R+r).

73) (p—a)®+(p— )’ + (p — ¢’ = p(p® — 12Rr).

L L L AR
p—a p—b p—c  pR
1 1 1 AR + r)? — 2p?
75) 5+ 5+ 9 = ( 7;)2 & :
(p—a)? (@-0?%* (-0 pPr
16 Rr?p?
76) Ll = .
) Lalo p? + 2Rr + 12
Nhan xét:

e Tt 76 hé thitc trén ta c6 mot hé thong cac he thic luong giac déng vai
trd quan trong trong cic bai toan vé nhan dang tam giac.

e Céc he thiic nay déu théng nhat & diém vé phai duge tinh theo ba dai
luong R, 1, p.

e Phuong phap chitng minh chung cho tat ca cac heé thic 1a st dung dinh
ly Viet ddi v6i nghiém ctia phuong trinh bac ba. Phan chitng minh cho
cac hé thic tréen dude trinh bay trong phan phu luc ciia luan van.
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2.2 Heé thiic luong giac c6 dieu kién

Déi v6i cac he thiic lugng giac c6 diéu kien ta c6 thé chitng minh bing
mot trong hai cach sau:

e Sit dung diéu kién cho truéc trong qua trinh chitng minh.

e Bién doi truc tiép dieu kién cho trude vé hé thiic can ching minh.

Bai toan 2.6. Cho tam giac ABC théa man hé thic

A B C
sinA—l—sinB—l—sinC’:2(sin§—|—sin§sin§).
1 1 1
Chting minh — + — = —.
b ¢ I,
Giai
Ta co
A B
sinA+sinB+sinC’:2(sin§+sin§sin%)
o 4 A B 0_2 B+C’ L B C
cos 5 coS 5 coS 5 = cos 5 5 sin 5 sin 5
= 4cos—cos§cosg—2 B ¢ 2 C+' Bin®
5 5 5 = COS2COS2 811(1281112 8111281112
A 1
& CcoS— = — (1)
2
Lai co
1+1 1 b+ c b+c N A 1 @)
— _ = — _— CO _— = —,
b ¢ a be 82 2
2bc. cos —

T (1) va (2) suy ra dpem.

Bai toan 2.7. Ching minh réng néu trong tam giac ABC, B = 2A va
b?> = a(a + ¢) 1a hai he thiic tuong duong.
Giai
Tu
B=2A<B-A=A
& sin(B—A)= (do B— A+ A= B < 180")

& sinC —2sinAcos B =sin A
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< 2RsinC —4Rsin Acos B =2Rsin A
& c—2acosB=a

& ¢ —2accos B = ac(do ¢ > 0)

& a’ + ¢ — 2accos B = ac + a?

& b = a(a+ ¢). Dpem.

Nhan xét: Ta xét bai toan c6 cuing diéu kién nhu trén:

C6 ton tai hay khong mot tam giagc ABC c¢6 B = 2A va ba canh cia né
la ba so nguyén lién tiép.
Giai
Tit B =2A < b> =a(a+c). Vi b> anén cé cac truong hop sau:
1) a la canh bé nhat, ¢ 1a canh trung binh, data =2, c =2+ 1,0 =z +2.
= (z+2)?=22r+1)=2>-32—4=0.Doxz >0nénx =4
=a=4,b=6,c=05.

2) a la canh bé nhat, b 1a canh trung binh, dita =z, b=2+1,c = x +2.
= (z+1)}=z2r+2)=2’=1=2=1=a=1,b=2c=3.
Loai vi khong thda man yéu cau vé ba canh trong mot tam giac (3=2+1).

3) a la canh trung binh, dit c=z,a=x+1,b=12+ 2.
= (x+2)?=(x+1)(2x+1) = 2> —2—3 = 0. Loai vi khong c¢6 nghiém
nguyen.

Vay c¢6 duy nhat mot tam gidc théa man yéu cau bai toan 1a tam giac
ABC véia=4,b=6,c—=5.

Bai toan 2.8. Cho tam giac ABC' ¢6 tan A. tan C' = 3 va tan B. tan C' = 6.
Chiing minh réng khi d6 ta ciing c6 tanC' = tan A + tan B.
Giai
Th:
3

tanAtanC =3 = tanC = )
tan A

tanBtanC =6 = tan B = = 2tan A.

tan C'
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Ap dung cong thiic

tan B + tan C
tan BtanC — 1

tan A = —tan(B + C) =

3
2tan A +

= tan A = F tan A

— Htan’ A = 2tan’ A + 3

& tan? A =1. (1)

T gia thiét suy ra tan A, tan B, tan C cung dau, do d6 A, B, C cung
nhon (vi néu khong A, B, C cung ti1, di¢u nay khong thé xay ra).

Vay tit (1) suy ra tan A = 1, tanC = 3, tan B = 2. Néi riéng tanC' =
tan A + tan B. -

Nhan xét: Thuyc chat tit tan Atan B = 3, tan BtanC' = 6 suy ra A= 1

Bai toan khong c6 ménh dé dao, tic 1a tit tan C' = tan A + tan B khong theé
suy ra tan A.tanC' = 3 va tan B.tan C' = 6. That vay, xét tam giac ABC
co

tan A = tan B = v/2,tan C' = 2v/2.
RO rang tam giac nay ton tai vi tit do6 c6

tan A + tan B
tan C' o At B 1 tan(A+B)= A+ B+C=m,A,B,C >0

Tam giac nay khong c6 dieu kién tan A. tan C' = 3 va tan B.tan C' = 6.

2.3 Bai tap dé nghi
Bai toan 2.9. Ching minh réng trong moi tam gidc ABC, ta co:
1) be(b? — ¢?) cos A + ac(c* — a?) cos B + ab(a® — b?) cos C = 0.
2) asin(B — C) + bsin(C — A) + ¢sin(A — B) = 0.

A . B . C
sin — sin — Sin—
2 2 2 _
) —p ¢t~ ¢ AT 4 B~ 2%
COS — COS —  COS — COS —  COS — COS —
2 2 2 2 2
sin A +sin B —sinC A B C
) = tan — tan — cot —.

cos A+ cosB —cosC +1 2 2 2
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A B C . B C A . C A B
5) SINn — COS — COS — -+ SINn — COS — COS — —+ Sin — COS — COS —.
2 2 2 2 2 2 2 2 2
A B  C A B B C c A
= sln — sln — sin —+tan — tan —+tan — tan —+tan = tan 5-

2 2 2 2 2 2 2 2
6) t A-l—t B+t C-l—t At B+t Bt C-l—t Ct A
n— n— n— n— tan — n— tan — n— tan —
an - +tan - +tan - + tan - tan - +tan - tan - + tan - tan -
t At Bt O—l
an —-tan —-tan - = L.
A B C
7S :thangtangcot 7
2
8)acosA+bcosB+ccosC:%.
0) t B tC hq
an — cot — = ———.
2 2 2r, + h,
A B
10) bcos? 3 + a cos? 5 =P

Bai toan 2.10. Cho tam giac ABC' ¢6:

A . B C
sin A 4+ sin B + sin C' — 2sin — sin — = 2sin —.
2 2 2
. . A 27
Chtng minh rang C' = 3
Bai toan 2.11. Cho tam giac ABC' ¢6:

sin A + sin B _ sinC
sin2A +sin2B  sin20C"

Ching minh rang cos A + cos B = 1.
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Chuong 3

Heé thidc lugng trong tam giac vuong

3.1

St dung bién déi dang thiic nhan dang tam gidc vuong.

Trong chuong nay ching toi sé trinh bay phuong phap bién doi dang thiic

nhan dang tam giac vuong. Dé chitng minh tam giac ABC vuéng ta c6 the

diing céc cong thiic luong giac bién doi vé mot trong cac dau hiéu nhan dang

tam giac vuong sau day.

1.

2
3.
4

ot

sin A =1;sinB = 1;sinC = 1.
cos A =0;cos B=0;cosC = 0.
sin2A = 0;sin2B = 0;sin2C = 0.

cos2A = —1;c082B = —1;cos2C = —1.
C
tanE = 1;tan§ = 1;tan§ = 1.

tan A = cot B;tan B = cot C'; tan C' = cot A.
sin A = sin(B — C');sin B = sin(C — A);sinC = sin(A — B).

A B-C B C—-A C A—-B
COS — = COS : COS — = COS : COS — = COS .
2 2 2 2 2 2

=0+ = +ad%E=ad+ 1P
sinA = cosB sinB = cosC sinC = cosA
0<A<T | 0<B<3 | 0<C <3

Ta xét cac vi du sau day.

Bai toan 3.1. Chiing minh rang tam gidc ABC théa man mot trong cac
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diéu kién sau thi tam gidc ABC la tam giac vuong:

1) sin2A +sin2B = 4sin Asin B.
B C a

2 t— t— = )

) co 5 Teotg p—
) c:osB_|_cosC’_a_2
cosC  cosB  be

Chiing minh
1) Ta c6

sin2A +sin2B = 4sin Asin B
< 2sin(A 4+ B) cos(A — B) = 2[cos(A — B) — cos(A + B)]
& 2sinC cos(A — B) = 2[cos(A — B) + cos (]
< 0 =cos(A— B)[1 —sinC] + cos C
& 0 = cos(A — B)cosC[1 —sinC] + cos® C
& 0 =cos(A— B)cosC[l —sinC] + 1 —sin®C
< 0=[1—sinC][cos(A — B)cosC + 1+ sin C|

<:>1—SinC:O<:>sinC:1<:>C:z

5
Vay tam gidc ABC vudng. Dpcm.
. B+C
2) tB—|— tC a <:>sm 9 2Rsin A (1)
cot — 4 cot — =
2 2 p—a B . C~ R(sin B +sinC' — sin A)
sm—sm;
A. . B . C
Dua vao sin B + sin C' — sin A = 4 cos 3 sin 5 sin oL nén tur (1) ta co
A Asi A A
cos — sin — cos —
2 _ 2 9 A_ _T
50— A.B_C<:>tan2—l<:>A—2. Dpcm.

sin — sin — 4 cos — sin — sin —
2 2 2 2 2

3) Ta c¢6

cos B N cosC _a
cosC  cosB  bc

cos’ B+cos*C a®
cos BecosC' be

cos? B + cos® C B sin® A
cos BcosC sinBsinC

26



Chi ¢6 hai k%é nang xay ra:
a) néu A = 5 khi d6 (1) dung (do cos C' = sin B, cos B = sin C).

b) néu A # g T (1) theo tinh chat cia day ti s bang nhau ta ¢6

cos? B + cos? C cos? B + cos?C — sin®? A
cos Bcos(C cos BcosC' —sin BsinC
cos’? B+ cos?C +cos? A —1

cos(B + ()
1 —2cosAcosBcosC — 1

—cos A

= 2cos BcosC.

Suy ra
cos® B 4 cos®> C' = 2 cos® B cos® C
= cos? B(1 — cos® C) 4 cos* C(1 — cos® B) = 0
= cos® Bsin? C' + cos? C'sin® B = 0
cos BsinC =0 cos B=10

= = (2)
cosCsinB =0 cosC =0

(do sinC > 0,sin B > 0).

T (2) suyra B =C = B vo 1y. Vay gia thiét A # g 1a sai = dpcm.

N

Bai toan 3.2. Cho tam gidc ABC théa man mot trong cac diéu kién sau,

chting minh ring tam gidc ABC vuong:
1
1) S= Zb2 sin 2C.
2) 2R =5r,r, = 3r.
3) 2R+r=p.

Giai
1) Ta c6

1
S = ~b%sin2C
4
1 1
= Eab sin C' = Zb22 sin C cos ('

< a=bcosC (do sinC > 0)
& 2sin A = 2sin BeosC
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& 2sin A =sin(B + C) +sin(B — C)
& sinA=sin(B-C)e A=B-C
& A+C=BeB=-,

2
Vay ABC la tam giac vuong tai B.
2) Ta co
re = 3T
S S
— 3=
p—a p
& p=3p—3a
S 3a=a+b+c
& b+ ¢ = 2a.
b S ab
Tu 2R—57“<:>£—5— (4p dung S = C) & abep = 1052,

25
Theo cong thiic Hérong ta co

(2) < abep = 10p(p — a)(p — b)(
b+c—a a
9

4R

Tfr(l)cép—a:T:

. Thay vao (3) va co
abc = ba(p — b)(p — ¢)
& be=5(p—0b)(p—c)
& be = 5p* — 5p(b+ ¢) + 5be
& 5p® — 5p(b+¢) + 4be = 0.
b 3
Dop:uzgw‘itfr (4) c6

9¢2 15a 15a2
— 2 4bc = = .
5 1 5 a+4bc =0 = bc = 16

Vay két hop véi (1) ta ¢

b+ c=2a
15
bec = —a?
16
Theo dinh 1y Viet thi b va ¢ 1a cdc nghiém phuong trinh
15
2? — 2ax + —a® = 0. (*)

16
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Giéi (*) ta dugc:

Ha
Tr = —
(x) & 34a
YT
ha 3a 3a Ha

a - —_— - —_— hv = — = — .
Vay b 1 4(oacb 1¢ 4)

. (5a 2 3a\” 9 . » ~ ) 5
Tu =) —\7 + a® suy ra ABC la tam giac vuong dinh B hoac C.
3) Ta ¢6

2R+r=p
A B C A B C
<:>43008500850085:2R+4Rsin§sin§sin§
o9 A B C o i A B . C—l
COS — COS 5 COS 5 sin 5 sin 5 sin 5 =
A B+ C B—-C A B-C B+C
< cos— | cos + cos — sin — [ cos — COS =1
2 2 2 2 2 2
Al A B-C A B-C A
& coS— | sin — + cos — SsIn — | cos — Sln —
2 2 2 2 2 2
— sinQé%—cosQé =0
2 2/
A/ . A A B-C/. A A
& cos— | sin — — cos— | — cos sin— —cos— | =0
2 2 2 2 2 2
o A A A B-C _0
sin 5 Cos 5 Cos 5 coS 5 =
i A
tan§:1
A A B-C
COS — = COS
: 2
i
AN /\2 AN
<~ A=B-C
| i-¢-B

Suyrag:g,hoacézg,hoacaz :

Vay ABC' la tam giac vudng. Dpcm.

Bai toan 3.3. Cho tam gidc ABC thdéa man mot trong cac diéu kién sau,
chting minh ring tam gidc ABC vuong:
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1) COSé: b+c.
2 2c
) ta A b—c
n— =
2 b+c
2bc
3) cos(B—C) = R

2a

—C

4) t A ot D 4 2cot A =
an2 CO 5 CO _b

a B b n c
sin BsinC cosB  cosC’

3
6) sin A — sin(A — B)sinC + cos B = 5"
Giai
1) Ta c6

A b+c s A b4+c 14cosA b+c
cos — = & cos” — = =

p=—
2 2c 2 2c 2 2c
b
& 14+cosA=-+1
c

s P4+E—d =2 = =ad®+ b
Theo dinh 1y Pitago suy ra ABC la tam giac vuong tai C.
2) Ta c6

; A_ b—c<:>t A_\/sinB—sinC
an2— b+ c an2— sin B +sinC'
B+C B-C
2 cos 5 sin 5
Sty = 1" pyC B-C
2 sin COS
2 2
A A B-C
@tangz\/‘cangtan 5 (do — #0)
A B-C ~ ~ ~ ~ 1
@2 5 S A+C & 5

Vay ABC' la tam giadc vuong tai B.
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3) Ta co

2bc
COS(B—C):?
2sin Bsin
= B-C)=
o8t ) sin? A
4sin Bsin C'
sin(B + C') cos( ) —
4sin Bsin C
& §in2B 4 sin 20 — o2
sin A
2sin B si
& sinBcos B +sinCcos C = —— sin C
sin A
0 B sin O BN O
& sin Beos B +sin Ceos O — o222 SWISY
sin A sin A

. B
sin B | cos B — S%HC +sinC' | cosC — 51.n =0
sin A sin A

sin B[sin A cos B — sin(A + B)] + sin C[sin A cos C' — sin(A + C)] = 0
—sin Bsin Bcos A —sinC'sinC cos A =0
(sin? B +sin” C) = 0 < cos A = 0(do sin B > 0,sinC' > 0)

A=Z
2

r ¢ T 0

Vay ABC' la tam giac vuong tai A.

4) Ta c6
A A 2
tan§+cot§+2c0tfl:b—ac
A A
<:>Sm§ 0085 2COSA_ 2sin A

A+ A+ sinA sinB —sinC

COS — Sin —
2

2
N 2 +2COSA_ 2sin A
sin A sinA B+C . B-C
2 cos sin
2 2
A A
2.2 cos? — 4 sin — cos —
N 2 _ 2 2
A A A B-C
2 sin — cos — 2 sin — sin
2 2 2 2
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CoS A CoS A
AT B-C
sin—  sin
2 2
A B-C A
& sin— = sin do—#0].
2 2
@E:§—5@2+5:§@§:g
Vay tam giac ABC' vuong tai B. Dpcm.
5) Ta co
a B b n c
sin BsinC  cos B cosC
- sin A _ sinBcosC +sinC cos B
sin BsinC' cos B cosC
- sinA  sin(B+C)

sin BsinC'  cos B cosC
sin Bsin C' = cos Bcos C (do sin(B + C) =sin A > 0)

=3 COS(B+C’):O<:>§+CA7:g<:>A:

i

T
5
Vay ABC' la tam giac vuong tai A. Dpcm.

6) Ta co

sin A — sin(A — B)sinC + cos B =

[\LE NGV

& 2sin A — 2sin(A+ B)sin(A— B) +2cos B—3=0
& 2sin A+ cos2A —cos2B +2cos B —3=0.
& 2sinA+1—2sin?A—2cos? B+1+2cosB—3=0

1
& Sin2A—SiIlA—|—COSQB—COSB—|—§ZO

1\2 1\2
& (SinA—i) +<COSB—§> =0

sin A =

™
-~ —.

sA=-B=-,C=
’ 2

w3

T
cos B = 6

Vay ABC' la tam giac vuong tai C' va 1a niia tam giac deéu.
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Bai toan 3.4. Cho tam gidc ABC thdéa man mot trong cac diéu kién sau,
chting minh ring tam gidc ABC vuong:

1) re=r+r,+m.
A—B

2) acot A+ bcot B=+/2ccos
A-B

2
4) sinA+4sin B +sinC = cos A + cos B 4 cos C' + 1.

B
3) r(sin A +sin B) = v2csin - s

5 r+ro+m+re=a+b+ec

Giai
1) Ta co
Te =7 +7T,+Tp
S S S S
= = —+ +
p—c p p—a —b
1 1 1 1
= = -+ —I—
p—c¢c p p-— p—20
2p b
- c (a—l—) 1)

(h=cp (—a)(p—0)
Do 2p — (a+b) = ¢ nén
(1) (p—cp=(—a)p—"b)
& —pc=—pla+b)+ab<pla+b—c)=ab
& 2p(a+b—c)=2ab<= (a+b+c)(a+b—c)=2ab
& (a+b)? - =2abs a® + b+ 2ab — & = 2ab
Sa?+ b=t
Vay ABC' la tam giac vuong tai C.
2) Ta c6

— B

acot A+ bcot B = c¢v/2 cos
A—B

A B
= 2RsmACOSA + 2RsmBCOSB — 2R sin CvV2 cos

sin sin
C C A—DB
& COSA+COSB=2\/§SiH§COS—COS 5

2
A+ B A-B C C A-B
& 2cos _|2_ cos —— = 2v/2sin 5 €08 5 oS ——. (2)
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Do

AtB_ C_ . A-B
5 —sm2 , COS 5

cos
nén tir (2) co:

C C

(2) 1= \/iCOSE © cos o

Vay ABC' la tam gidc vudng tai C.

3) Ta co

B A-B
r(sin A + sin B) = v/2¢sin 5 08 —5— (3)

C

Ap dung r = 4Rsin B} sin 5 sin 5 ta co

A
(3) & 4R sin§ sin;sin 52 sin —— cos —

C C . B
=9 2 siN — oS — sin —
V2R sm2cos2sm2cos 5
A C C . B A—
& 2811{15:\@ (do sin — cos — sin — cos

IR R 9
@.A V2
S1nn — = ——
2 2

o A=

c.. A+B A-B
A—

B

B

> ()

ro |

Vay ABC' la tam gidc vudng tai A.

4) Ta c6

sinA+sinB+sinC =cosA-+cosB+cosC +1

A+ B A—-B C C A+ B A—B , C
& 2s1in 5 CcoS 5 —I-QSIHECOSE—QCOS 5 coO —I-QCOSE

CA—B.CC.CABQC

< COS — COS 4+ SIn — cos — = Ss1n — Cos + cos® —
2 2 2 2

2
C( A-B C) . C’( A B C)
& cos — | cos — cos — | — sin — | cos —cos o

2 2 2 2
( C i C)( A—B C)
< | cos — — sin — CcoS —cos— | =0

2 2 2 2
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[ C . C
cos o = sin o
< AZB C
COS = COS —
i 2
i C
tan — =1
~ 2
A-B C(C
~ = —
~2 . 2
B-A C
. 2 2
- o~ T
C=—
2
< | A—-B=C
B-A=C
:a:z
-
~ A:;
B=~.
. 2
Vay ABC' la tam giac vuong.
5) Ta co
r+retrpt+re=a+b+c
A. . B C(C A B C
<:>4Rsin§sin§sin5+ptan§+ptan§+ptan§:2p. (4)
. b A B C
Chu yrang p = % = R(sin A+sin B+sinC') = 4R cos 5 CO8 5 cos o
Vay
A . B . C A B C C A B
(4)<:>4Rsin—sin§sin§—|—4Rsin§cos§cos§—|—4Rsin§cosgcos§
A . B C A B C
4 —8in — cos — = — COS — COS —
+ 4R cos sin - €08 8R008200820082

e o an B an o in D eos B eosC ot ain € oos A eos B
S1n 5 Sin 5 S1n 9 S1n 9 CcOS 9 COS 9 S11 9 COS 5 COSs 9
s i B s s A eos B s C
COS 9 Sin 9 COS 5 = 2 COS 5 COSs 9 COSs 9
eint e BC A B, A B C
Sin 5 CcOS 5 CcOS 5 S11 5 = 2 COS 5 COSs 5 COS 5
A B-C A, B+C  B-C _ B+C

<:>sin§cos 5 tcos—— —sin— )

5 = cos 5(008
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B—C(, A A) A(, A A)
& cos sin — — cos — | = cos — [ sin — — cos —

2 2 2 2 2 2
- B-C A A A 0
COS 2 COS 2 S11n 2 COS 2 =
A A
Sln—:COSE
A BZ(C A
COS — COS —
2
[t A—l
e T
B-C A
= E—
2 2
C-B A
L 2 2
AT
2
< | B-C=A
C-B=A
:E:%
o | B==
A7
L2

Vay ABC' la tam giadc vudng.

3.2 Bai tap dé nghi

Bai toan 3.5. Cho tam giac ABC thoéa man mot trong cac diéu kién sau,
chting minh ring tam gidc ABC vuong:

—_

) sin(A+ B)cos(A — B) = 2sin Asin B.
) cos2A + cos2B +cos2C +1=0.
) 3(cos B+2sinC') + 4(sin B + 2cos C') = 15.

a’(p—a) +0*(p—b) + *(p—¢)
abc '

[\

3

4) sinB+cosB =

B
5) (a—b)cot%+(c—a)00t§:c—b.

6) (a*+b*) sin(A — B) = (a* — b*)sin(A + B).
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7) a—l—b:(atanB—i—btanA)tan%.
8) acosB—bcosA=asinA— bsinB.

b* + ¢
9) my= 1B (b # c).

10) sinB+cosB =1+ %
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Chuong 4
Hé thic luong trong tam giac can

4.1 St dung bién doi dang thidc nhan dang tam giac can.

Tam giac can la tam gidc c6 hai canh bang nhau hodc hai géc bang nhau,
day 1a 16p bai toan quan trong trong nhan dang tam giac. Phuong phap dé
chitng minh tam gidc ABC can la bién d6i he thitc da cho vé cac dau hiéu
nhan dang tam giac can sau:

1. a=bb=cc=a.

2. sinA =sinB;sin B = sinC;sin C' = sin A.

A . B . B . C . C A
sin — = sin —; sin — = sin —; sin — = sin —.
n n n n n n
3. cosA =cosB;cosB = cosC;cosC = cos A.
A B B C C A
COS — = COS —; COS — = COS—; COS— = COS—.
n n n n n n
4. tan A =tanB;tan B = tanC;tanC = tan A.
B B C C A
tan — = tan —; tan — = tan —; tan — = tan —.
n n n n n n
5. cot A = cot B;cot B = cot C;cot C' = cot A.
A B B C C
cot — = cot —; cot — = cot —; cot — = cot —.
n n n n n
6. sin(A— B) = 0;sin(B — C) = 0;sin(C — A) = 0.
A-B B — — A
sin = (; sin ¢ = 0; sin ¢ = 0.
n n n
7. tan(A — B) =0;tan(B — C) = 0;tan(C — A) = 0.
A-B B-C C—-A
tan = 0; tan = 0;tan = 0.

n n n



8. cos(A—B)=1;cos8(B—C)=1;co8(C —A)=1.
A-B B-C C—-A

= 1;cos = 1;cos
n n n

= 1.

COS

Duéi day ta xét mot sé bai toan cu thé.

Bai toan 4.1. Cho tam giac ABC cé:
a0 — )+ (2 — a?) + A(a® — b?) =
Chitng minh réng tam gidc ABC can.
Giai
0=2a*(b* - c*) +b*(* — a®) + *(a* — b?)
=a*(b* — &) — d*(b® — ) + b’ (b —¢)
= (b—)[a*(b+ c) — a®(b* + bc + ¢*) + b*c]
= (b—c)(a — c)[a*b + a*c — b*a — b*(]
=(b—c)(a—"b)(a—c)(ab+ bc+ ca).
Do ab + bc + ca # 0 nén

(
(

b—c=0 b=c
= |la—-b=0 & | a=

c—a=20 c = a.

Vay tam giac ABC can. Dpcm.

Bai toan 4.2. Cho tam giac ABC cé:
he hy he hy he hy

b e — —_—
h_b+hc+ha_h +hb+hc'

Chting minh réng tam gidc ABC can.
Giai
Bién doi dang thic:

hae hy he hy he hg
b b 4 [t

o T ke T h
25 28 28 28 25 2§
& 55t % CS_% 55 T35
b ¢ a a b ¢
s b a o 9 ¢

a b ¢ b a
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& bPc+ cfa+ a*b = a’c+ b’a + b
& b¥(c—a) +ca(c —a) —b(c® — a?) =0
< (c—a)b—c)(b—a)=0

b—c=0 b=c
& a—b=0 < | a=0b
c—a=20 c=a.

Vay tam giac ABC' can.

Bai toan 4.3. Cho tam giac ABC théa man mot trong cac diéu kién sau,

chting minh réng tam gidc ABC' can:

1) 4rr, = ad’

. A B B A
2)  sin— cos® — = sin — cos” —.
2 2 2 2
3) I+cosB = 2a+c
sin B - 4@2—02.

B A
4) (p—a) cotE :ptang.

5) ha=1/pp—a).

Giai
1) Ta c6
drr, = a’
45 S 9
= —. =a
p p—a

& 45% = p(p — a)a®.

Theo cong thiic Heron, tir (1) ta cé

(1) & 4p(p —a)(p — b)(p — ¢) = a’p(p —

& Alp—=b)(p—c)=ad’

& (a+c—b)(a b—c) a?
&a’—(b—c) =
s (b—0c)*=0

& bh=c.
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Vay ABC' la tam giac can dinh A.
A B B A
2) sin — cos® — = sin — cos® — (1)
2 2 2 2

. B
Chia c& hai vé ctia (1) cho cos? B cos® 5 # 0, ta c6

A A B B
tan — (1 + tan® =) = tan —(1 4 tan® =)

2 2 2 2

&t A+t 3 t B t 3 B 0
n— n’ — — tan — — tan” — =
atg ial o Al m Al g

= ([t A t B 1+t 2A+t At B+t 2 B =0
an2 an2 an2 an2an2 an2 = U.

A A B B
Dol+tan2§+tan§tan§+tan2§ > 1 nén tit (2) c6

A. B /\ AN
L _Z_0eA=5
;-5 =0e

Vay ABC' la tam giac can dinh C.
3) Ta co
1+ cosB _ 2a+c

sin B _\/m
(1 + cos B)? B (2a + ¢)?
(14 cosB)(1 —cosB)  (2a+¢)(2a — c)
l+cosB  2a+c
l—cosB 2a—c
2cos B ] 2c

S 14— =
+1—COSB +2a—c
cos B _c
1—cosB 2a-—c
cos B sin C

@ —
1—cosB 2sinA —sinC
& 2sinAcosB —sinCcos B =sinC — sinC cos B

& 2sin Acos B =sinC
< sin(A+ B) +sin(A — B) =sin(A + B)
& sin(A—B)=0< A=B.

Vay ABC' 1a tam giac can dinh C.
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B A
4) Ta ¢6 (p — a) cot; = ptan 7" (1)
A B C A B . C
Stt dung cong thfrcp:4Rcos§cos§cos E,p—a = 4Rcos§sin§sin§
thi
B A
B CCOS— A B CSID—
(1) <:>4Rcos§sin§sin58mé = 4RCOS§COS—COS ECOS%
2 2
A C ¢ . A
& c08 7 sin - = cos o sin =

& sl 4_¢ =0
S11 5 5 = U.

Vay ABC' la tam giac can dinh B.
5) Ta c6

he = p(p - CL)

25
& — =/pp—a)

o 2volp — a)(f —b)(p—o
S 4lp-b)(p—c) =d"

Bién doi nhu phan (1) suy ra b = ¢. Vay ABC' 1a tam giac can dinh A.

=4/p(p — a)

Bai toan 4.4. Cho tam giac ABC théa man mot trong cac diéu kién sau,
chting minh réng tam gidc ABC' can:

1) he =+/rpre.
A
2) h,= Lot
2 2
4bc — a?
3) 1= —"———
) 4
Giai
1) Ta co

452 S?
hg = \/Ty7re & ha2 = rpr. & =

2 7 r-Bp-0
0 =4(p- o) o
Bién doi nhu phan 1 bai toan 4.3 suy ra B = C.
Vay ABC' la tam giac can dinh A.
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2) Ta c6

A
h, = gcot—
2 2
& 2sin Bsin C = 2 cos® =

2
& cos(B—C)—cos(B+C)=1+cosA

& cos(B—C)=1< B=C.

Vay ABC la tam gidc can dinh A.

2bc cos —
3) Tit 1,2 = F o SWTa
c
12 _ 4bc — a?
4
A
- 446202 cos? 5 dbe— a2
(b+c)2 4
20%c? 4bc — a?
7t nn A= %
@(b—kc)?[ + cos A] 1
N 20%c? [1+62—|—02—a2] B 4bc — a?
(b+ c)? 2bc 4
- 20 (b+¢)* —a*  4bc— a®
(b+c¢)? 2bc 4
a’be a’
& be— —— =bc— —
“CTlhrez T

S dbc=(b+c)lP e (b—c)=0&b=c

Vay ABC' la tam giac can dinh A.

Trong bai toan nhan dang tam giac can ta xét mot s6 tam giac can
2T

ddc biet nhu tam gidc vuong can, tam gidc can c6 mot géc bang 5
Dudi day mot bai toan tieu bicu.

Bai toan 4.5. Cho tam gidc ABC' thdéa méan hé thic

5
cos 2A + v/3(cos 2B + cos 20) + 5= 0.

s : 78 4 N m
Chting minh rang ABC' 1a tam giac can véi goc 6 dinh A bang 3
Giai
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Ta co

!
cos 2A + v/3(cos 2B + cos 2C) + 5= 0

& 2c08° A — 14 2v3cos(B+ C)cos(B —C) + g:O
& 2cos? A+ 2v3cos(B+ C)cos(B—C) + g 0
& cos’ A—V/3cos Acos(B — C) + % =0

_ V3 K
& cosA—7cos(B—C) +Zsin2(B—C’):

(Gin(B—C) =0 (1)
- <\cosA — ? cos(B — C) = 0. (2)

Tir (1) suy ra B = C. Thay vao (2) ta ¢6

NS

cosA = = A=—_,
6
~ T
Vay tam giac ABC can dinh A véi A = 3
Nhan xét
1. Ta c6 bai toan tong quat sau:
Cho tam giac ABC' théa man hé thic

2
cos 2A + x(cos 2B + cos 2C') + % +1=0,

dicu kien —2 <z < 2,2 # 0. .
Khi d6 ABC' la tam giac can véi géc 6 dinh A = arccos .
That vay

zsin(B—-C)=0 (1)
xcos(B — C)
2

cos A —

— 0. 2)

Tu (1) vado x # 0 suy rasin(B—C)=0= B =C.
Thay vao (2) ta c6 cos A = % = A= cw“ccos%.
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2. Lay z = —1 ta c6 két qué:
Néu tam giac ABC théa man heé thic

3
cos2A — cos2B — cos2C + 5= 0
. . . 27
thi ABC' la tam giac can véi géc 6 dinh A bang 3
3. Lay = = /2 ta c6 két qué:
Néu tam gidc ABC théa man heé thic

cos 2A 4+ v2(cos2B + c0s2C) +2 =0

. T
thi ABC' la tam giac can véi géc 6 dinh A bang 1

4.2 Bai tap dé nghi

Bai toan 4.6. Cho tam gidc ABC' c6:

sinA+sinB +sinC
- - - = cot — cot —.
sinA+sinB —sinC 2 2

Ching minh réng tam gidc ABC can.

Bai toan 4.7. Cho tam giac ABC' c6:
sin? A 4 sin? B + 2sin Asin B = 2 + 3 cos C + cos? O,
Ching minh réng tam gidc ABC can.
sin C'

sin

Bai toan 4.8. Cho tam giac ABC c¢6: = 2cos A. Chitng minh rang

tam gidc ABC' can.

Bai toan 4.9. Cho tam giac ABC' c6:
17
2 cos Asin Bsin C' + v/3(sin A + cos B + cos C') = T
Ching minh réng tam gidc ABC can.
sin B = (v/2 — cos C') sin A

Bai toan 4.10. Cho tam gidc ABC' ¢6:
sin C = (\/5 — cos B) sin A.

Chtng minh réng tam gidc ABC can.
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Bai toan 4.11. Cho tam giac ABC théa man mot trong cac diéu kién
sau, chiing minh rang tam giac ABC can:

C
1) a’sin2B + b*sin2A = ¢* cot 7

A

2) tan e = ——0
2 2y/plp—a)
A

3) sin— = ¢

2 2Vbe

4) a4+ b = tan%(a2 tan A + b”tan B).

A
5) 281n5+cosA— 1 :%

Bai toan 4.12. Cho tam giac ABC théa man mot trong cac diéu kién
sau, chiing minh rang tam giac ABC can:

C
1 tanA—i—tanB:2cot5.

[\

tan A + 2tan B = tan A tan’ B.

w

2

)
)

: : : : C
) tan Asin A + tan Bsin B = (sin A + sin B) cot —.
4)

asin(B — C) +bsin(C — A) = 0.
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Chuong 5
Heé thic luong trong tam giac déu

N6i chung trong cac dang thic hodac bat dang thitc ma ba canh hoiic ba
géc trong tam gidc c¢6 vai tro nhu nhau, ta déu c6 thé chitng minh dugc
a=b=chayA=B=C = g, tic 1a tam gidac do déu. Ta c6 thé sang
tac dugc rat nhiéu bai toan c6 tinh chat nhu vay. Ddi véi cac bai toan ma
ba canh hodc ba géc trong tam giac c6 tinh chat déi xiing trong bat dang
thiic, tam gidc deéu la truong hop dac biet khi dau bang xdy ra. Giéi han
trong luan van nay ching toi xin trinh bay phuong phap bién doi dang thic
dé nhan dang tam gidc déu. Sau day ta xét mot s6 bai toan tiéu biéu cé tinh
chat nhu trén.

5.1 St& dung bién d6i ding thidc nhan dang tam giac déu

Bai toan 5.1. Cho tam giac ABC' thdéa man hé thiic

, B-C , C-A , A-B
a~ Ccos a~ Ccos a~ Ccos

2 | 2 2 =P
2sin — 2sin — 2sin —
2 2 2
Ching minh ABC' 13 tam giac deéu.
Giai
Thuc hién bién doi dai dién ta co:
B-C B-C
a? cos 2R sin A cos
2 _. 2
2 si A 2 si A
sin — sin —
2 2
B+C B-C
= aR2sin —2l_ coS 5

47



= aR(sin B 4 sin ')

ab + ac

5

T d6 hé thitc da cho c6 dang sau:
ab+ac ba+bc ca—+ch 5 .9 9
+ + =a" +b +c
2 2 2
sSa+bP+cE—ab—bc—ca=0
s (a—b2+(b-c) 4+ (c—a)?=0

S a=0b=c.

Vay ABC' 1a tam giac déu. Dpem.

Bai toan 5.2. Cho tam giac ABC' thdéa man hé thic
1 n 1 n 1 B 1
sinfA  sin?B  sin?C 94 A B  C
sin 5 sin 5 sin 5

Ching minh ABC' 13 tam giac deéu.

Giai

Do sin A sin Bsin C' > 0 nén dang thic dicu kién da cho tuong duong véi
1 1 1 ) sin Asin BsinC

+ +
sinA  sin?B  sin?’C 9 i A B  C
Sln§ Sln; Sm;
sinBsinC+SinAsinC+sinAsinB_4 A B C (1)
sin A sin B sinC (OB Sy esy

(sin Asin Bsin C) (

Do

A B
4008500850085 =sin A +sin B + sin C,

nén ap dung dinh 1y ham s6 sin suy ra
bc ca ab
()& —+—+—=a+b+c
a b c
& b+ a’c® +a*b’ = abe(a + b+ c)
& (ab — be)* 4 (be — ca)* + (ca — ab)* = 0

ab = be
< 4§ bc=ca
ca = ab
Sa=b=c
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Vay ABC' 1a tam giac déu. Dpem.

Bai toan 5.3. Cho tam giac ABC' thdéa man hé thic

acosA+bcosB+ccosC 2p
asin B +bsinC +csinA  9R’
Ching minh ABC' 13 tam giac deéu.
Giai
Ap dung dinh dinh 1y ham sb sin, vd cong thic sin A = %, dua dang

thiic diéu kién vé hé thic tuong duong sau:
R (sin2A +sin2B +sin2C)  2p

25 2 2 T 9R
a—-i—b—S—l—c—S ok
ac ab bc
4RsinAsinBsinC_a—|—b—|—c (1)
1 1 1\  9R
%(_+—+—)
a b ¢

Ap dung cong thitc S = 2R?sin Asin Bsin C, ta thiy:

(n¢>m+b+@<l+1+1>:9

a b ¢

¢><%+§—2>+<Z+§—2>+(2+%—2):0
0= b=  (c—a

= 0. 2
< ab + be + ca (2)

Do vé tréi ctia (2) 1a tong ciia ba s6 khong am nén

Vay ABC la tam gidc déu. Dpem.

Bai toan 5.4. Cho tam giac ABC' thdéa man hé thic
(a4 D)(b+)cta) R

4abe r
Ching minh ABC' 1a tam giac deéu.
Giai
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Ap dung dinh 1y ham sb sin, dua gia thiét da cho vé dang tuong duong
sau

(sin A + sin B)(sin B +sin C)(sinC' +sin A) R
4 sin A sin B sin C N . A B  C
4Rsm§sm§sm§
A+ B A-B_ . B+C B-C_ . C+A C—-A
2sin CcoS 2sin coS 2 sin coS
o 2 2 2 2 2 2
48 A . B . C A B C
. 81112 sin 5 sin 5 COS 5 COS 5 COS 5
B 1
_4. A. . B C
sin — sin — sin —
2 2
N A—B B-C C_A—l (1)
COS 5 COoS 5 COoS 5 — L
Vi0 < cos — < 1,0 < cos ; < 1,0 < cos _ < 1 nén
( A—-B
cos =1
Bic
(1) & 4 cos 5 =1 < A=B=C.
C_A—l
| cos 5 =

Vay ABC 1a tam giac déu. Dpem.

Tuy nhién tam giac ABC déu khong nhat thiét trong déng thitc 6 dé bai
cac goc hodic cac canh phai c6 tinh chat déi xing. Vi du bai toan sau.

Bai toan 5.5. Cho tam giac ABC' thdéa man hé thic
V3h, + g =b+ec

Ching minh ABC' 13 tam giac deéu.

Giai
Ta co
2S  4R2%sin Asin Bsin C
h, = — = = 2R sin BsinC.
- SR s A Rsin BsinC
Vay

\/§ha+§:b+c
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& 2v/3sin BsinC +sin A = 2sin B + 2sin ¢
1
& \/gsinBsinC’+§sin(B+C’) =sin B +sinC

3 3 1 1
& gsinBsinCnLgsinBsinCwL isinBcosCJrisinC’cosB =sinB +sinC

1 1
& sin B 1<£sin0+50080> +sin C 1<§sinB+§cosB> =0

2

& sinB |1 —sin (C+ )| +sinC [1—sin (B+2)] =0
, T

& zizEZj_%;Zi (Vil—Siﬂ(B—l—%)ZOVal—sin(C—l—%)ZO)
_ T "

=173
=3

Vay ABC' 1a tam giac déu. Dpem.

5.2 Nhan dang tam giac déu tir hé diéu kién

Bai toan nhan dang tam gidc déu tur he diéu kién c6 phuong phap giai
chung nhu sau: tt mot hé thic ta chitng minh duge tam gif%c do6 can va tu
hé thitc con lai ta ching minh tam gidac d6 c6 mot géc bang 3 hoac tam giac

can mot trong hai dinh con lai.

Bai toan 5.6. Cho tam giac ABC' thda man hé thic

5 a’ — b — 3
@ =—
a—b—c
a = 2bcosC.

Ching minh ABC' 1a tam giac deéu.
Giai
T gid thiét thd nhat suy ra
a>— b —c=a®—a*(b+c)
& (b+c)(b* —be+c*) = a*(b+c)

eV —be+ A =d?

o1



SV —be+ =0+ —2bccos A

1
& A=—
COS 5

@A:g. (1)

T gid thiét thi hai ta c6
sin A = 2sin B cos C
& sin A =sin(B + C) +sin(B — O)
& sin(B—C) =0 (do sin(B+C) =sinA)
& B=C. (2)
Tu (1) va (2) suy ra ABC la tam giac déu. Dpem.

Bai toan 5.7. Cho tam giac ABC thdéa méan hé thiic
sin B4+sinC =2sin A
cos B+ cosC = 2cos A.

Ching minh ABC' 1 tam giac deéu.
Giai
T gid thiét thit nhat va thi hai sau khi binh phuong hai vé roi cong lai
ta co:
2+ 2(cos BecosC +sin BsinC) =4

& cos(B-C)=1

s B=C. (1)
Thay (1) vao hé diéu kién da cho ta c¢6

sinB =sin A

cos B =cos A

~

& B=A (2)
Tu (1) va (2) suy ra ABC la tam giac déu. Dpem.

Bai toan 5.8. Cho tam giac ABC thdéa méan hé thiic
sin B+sinC =2sin A
tan B + tan C' = 2 tan A.
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Ching minh ABC' 1 tam giac deéu.

Giai
T gid thiét thit nhat ta co
. B+ C B-C A A
2sin CcoS — 4s8in — cos —.
2 2 2
B+ C
Vi sin i :cos§>0,néntacé
B-C B+ C
CcoS = 2 cos
2 2
N B C’+,B,C_2 B 02,3,0
COS 5 COS 5 sin 5 sin y = coS 5 cos 5 sin 5 sin 5
= 3l si ¢ COSBCOSC
n — sin — = — —
2 2 2 2
=t t C—l
an2 an2 =3
T gid thiét tha hai ta c¢6
tan B + tan C'
tan B +tanC = —2tan(B + (') =2 .
an b+ tan an(B + C) tan BtanC — 1
Do
tan B +tanC # 0 = tan BtanC' = 3
B
2tan — 2tan€
- 2 2 __3
=
1 —tan? =1 — tan? —
2
4tan§tan5
~ 2B 20 2B 2023'
1 — [ tan®— + tan® — | + tan® — tan® —
2 2 2 2

Do

2 2

, B , C B > B C
tan®* — +tan*— = (tan— +tan— | — 2tan— tan —.

2 2 2

2 2

. i . B C 1 . B
Thay vao (2) v6i chi § tan — tan — = 3 ta sé co tan; + tan —

B C B C  2V3
Vitan E—Ftang > ( suy ra tan——l—tanE = T\[

B
T (1), (3) thi tan X tan 5 l& cac nghiém ctia phuong trinh

93

2

C
2

)2_

(2)



2v/3 1 V3
2_ == —=0s (x——)2=0.
x 3x+3 (x 3)
B C V3 ~ ~ 7
T\d/ —_— = _ = — B: = —.
u otam2 tan2 3 = C 3

Vay ABC' 1a tam giac déu. Dpem.

Bai toan 5.9. Cho tam giac ABC thdéa méan hé thiic
Tq = 37
Mgy = 37

Ching minh ABC' 1a tam giac deéu.
Giai Ta co

Tq = 37

S S
& = 3—

p—a p
& p=3(p—a)
& Ja=2p

S 3a=a+b+c
& b+ c=2a.
Lai c6
Mg = 37

& ma2 — Op?
2% + 2¢2 — a2 52

4 _9?
20 +2¢ —a® _ p(p—a)(p—b)(p—¢)
4 N p?
20* + 2¢% — a? _9(b+c—a)(a+c—b)(a+b—c)

4 4(a+b+c)
Thay (1) vao (2) ta c6

9ala® — (b — c)?]

20° + 2% — a® =
3a
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& 2% + 26 — a® = 3a* — 3(b— ¢)?
& 5b% + 5c” — 6be = 4a”

& (b—c)?=0

S b=c

Tu (1) va (3) tacéa=0b=rc.
Vay ABC' la tam giac déu. Dpem.

5.3 Bai tap dé nghi

Bai toan 5.10. Cho tam giac ABC' thoa méan hé thrc
a b c

me  my M
Ching minh ABC' 1a tam giac deéu.

Bai toan 5.11. Cho tam giac ABC' thoa méan hé thic
sin 24 + sin 2B + sin 2C' = v/3(cos A + cos B + cos C).
Ching minh ABC' 1 tam giac deéu.

Bai toan 5.12. Cho tam giac ABC' thoa méan hé thic
1 1

2 — = B .
sinB+SinC V3 cot B + cot

Ching minh ABC' 13 tam giac deéu.

Bai toan 5.13.Cho tam giac ABC' théa man hé thic

sinAsinB = —

5 a® — b3 — 3

Q= —,
a—b—rc

Ching minh ABC' 13 tam giac deéu.

Bai toan 5.14. Cho tam gidc ABC thoa méan hé thic

sinAsinB = —
3 3 43
, a’—b’—c
Q- = —.
a—b—rc

Ching minh ABC' 1a tam giac deéu.

95



Chuong 6

Heé thidc lugng trong cac tam giac
dac biét khac

6.1 CAac yéu tb trong tam giac dudc cho dudi dang mot cap sb

Trong muc nay ta xét cac bai toan ma cac géc hoic cac canh c6 tinh chat
ddc biet nhu lap thanh mot cap s6 cong hodic cap s6 nhan.

6.1.1 Diéu kién cho duéi dang cap sbé cong
Bai toan 6.1. Cho tam gidc ABC c6 ba canh a, b, ¢ theo thit tu lap thanh

mot cap s6 cong. Chiing minh rang:

A c 1
1) tan —tan — = —,
2 2 3

2) sin Asin C' = 3 sin® g,

3) Cong sai d ctia cap sb cong duge tinh bang he thic d = gr (tan % — tan é) :
4) hy = 3r,

5) hy =1,

2
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Giai
1) Theo gia thiét ta c6 a + ¢ = 2b, hay

A+C A-C B B
sin A +sinC' = 2sin B < 2sin —g cos — :2.2811&50085(1)
A+C B
Vi sin il :COSE%O,néntfi(l)tacé

A_C\_,. (A C
COS 5 5 = 4 COS 5 5

A ¢ A C A C . A C
= COS — €OS — + sin — sin — = 2 cos — cos — — 2sin — sin —
2 2 2 2 2 2 2 2

C A C

= 3sin — Sin — = COS — COS —
2 2 2

2) Ta c6

B
sin A sin C' = 3 sin® 2 (2)
B
3.4 sin? — cos? B

& sin Asin C =
4cos? =
coS 5

3sin’ B

2(1 + cos B)
b2
a c 3 s

o 2 _ AR?
2R 2R ( a2—|—02—62>

214+ —mm—
2ac

& sinAsinC =

3ach?
(a+c)? =12
& (a+c) —b* =3b°
& (a+c)? = 4b?

< ac =

< a+c=2b (do a, b, ¢ 1a 3 canh tam giac).

Diéu nay dung theo gia thiét suy ra (2) ding. Dpcm.
A B . C

3) Ap dung cong thic r = 4Rsin§sm§sm§, ta co
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Cc—-A

3 (ianC —tanAY — Bupan Ain B o ¢ sin
— n— —tan — | = =4Rsin — sin — sin ————%——
S TN B S i B Nt S OB |
COS — COS —
9 7%
B C-A
:6Rtan§tan§sin§sin 5

Ap dung phan (1), nén tit (3) ¢6

§7" (tang—tané> IQRCOSC+ASinC_A
2 2 2 2

2
) . c—a
= R(sinC —sin A) = = d. Dpcm.
4) Ta c6
hb:37" (4)
B
& 2Rsin AsinC = 3.4Rsingsin§sin%
C A C A B C
& 8Rsin§sin§cos§ cos; = 12Rsin§sin§sin§
&2 A 3 si B
COS — COS — = 3 sin —
2 2
&2 A 0—3 A—I-C
00820082 = 3 cos 5 5
o 92008 o0 = 3c0s 2 eos C — 3sin B sin
coS 5 CoS 5 = CoS 5 CoS 5 sin 5 sin 5
o 3 A C A C
sin 5 sin 5 = coS 5 coS 5
C 1

& tan —tan — = —
an2 an2 3
< a+ ¢ = 2b.

Dicéu nay ding theo gid thiét suy ra (4) dung. Dpem.

hb =Ty (5)

B
< 2Rsin AsinC :ptan§
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B

_ A C C A B ¢Sy
< 2R.4s1n 3 cos B} sin 5 cos 5 = 4R cos 2 cos B CcoS 5 )
CcOS —
2
& 2si ¢ B
Sin — sin — = sin —
2 2
< 28 S ¢ cos 4. ¢
in — sin — = — 4+ —
2 2 2
< 28 S ¢ COSACOSC Si AS' ¢
in —sin — = — — — sin — sin —
2 2 2 2 2
& 38l Si ¢ COSACOSC
in —sin — = — —
2 2 2 2
1
tan — tan — = —
= an2 an2 3
< a+c=2b.

Dicéu nay ding theo gid thiét suy ra (5) dung. Dpem.

6) Ta co
B
2ac cos —
hy=— 2
a—+c
Vi thé
B
22 2
2 4a”c cos PRl 2a2c*(1 + cos B)
b (a+c)2 (a+ c)?
2a2c? a’® + 2 —b? ac
(a—l—c)2( i 2ac ) (a+c)2[(a+c) |
Tt d6 do a, b, ¢ lap thanh cap s6 cong nén
ac(4b* — b?) 3
G+C:2b<:>lg:T<:>lg:ZaC
3 28 2, .
N 1D &S = glf, sin B. Dpcm.

A B C
Bai toan 6.2. Cho tam giac ABC trong dé6 tan g,tan E’taDE theo thit

tu trén lap thanh mot cap sd cong. Chitng minh cos A, cos B, cos C' ciing lap
thanh mot cap s6 cong.
Giai
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T gid thiét ta co

t +t =2t B
an2 an2— an2
A+ C . B
sin 5 smE
>~ ¢ &
cos2cos2 cos2
= cos’ 2SI BCOSACOSC
2 2 2 2
$1+COSB__B A+C’+ A-C
5 —sm2 cos 5 coS 5
B A+C A-C
:>1—|—COSB=2811125—|—2COS —g cos 5

= 14+cosB=1—cosB +cosA+ cosC
= 2cos B = cos A + cos C.

Vay cosA, cosB, cosC lap thanh mot cap s6 cong. Dpcm.

Bai toan 6.3. Cho tam giac ABC trong dé cot A, cot B, cot C' 1ap thanh
mot cap s6 cong. Ching minh a?, b?, ¢® ciing lap thanh mot cap sbé cong.
Giai
T gid thiét ta co
cot A+ cot C = 2cot B (1)
Ap dung dinh 1y ham sb cot, tit (1) ta c6

b2+02—a2+a2—|—b2—02_2a2—|—02—b2
48 48 B 48
= 20 = 2a® + 2¢% — 2b°

= W =a’+c

Suy ra a?,b?, ¢? lap thanh mot cap sb6 cong. Ppem.
6.1.2 Diéu kién cho dudi dang cap s6 nhan

Bai toan 6.4. Ba goc A, B, C' cua mot tam giac theo thit tu lap thanh
mot cap s6 nhan véi cong boi ¢ = 2. Chiing minh réng:

1) hy = hy + he,
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2) a* + 0+ = TR,

3) OH = R+/2,  day O va H tuong tng la tam dudng tron ngoai tiép va
tryc tam tam giac ABC,

4) be = a(b+ c);be = & — a?,

1
5) cosAcosBcosC’:—é,
6) sinAsinBsinC’:g,
2 2 9 5
7) cos” A+ cos” B + cos C:Z’
b 1
8) COSA—FCOSB—I—CosO:__i,
a

A
9) I, = 2a cos 7

Giai
T gid thiét ba goc A, B, C' lap thanh cap s6 nhan véi cong boi ¢ = 2 suy ra
2 4
B=2A:C=4A=>A=_.B="20="" Tacs
7 7 7
1)
25 25 28
ho=hy+hes = =224 22
a b c
1 1 1
& S=— 4=
a b ¢
1 1 1
~

= . 1
sinA sinB + sin C (1)
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“Q>
I
N
)
\|%
)
I

Theo gia thiét ta c6 B = 2A
Tu do

VP =t = or _dn
Sm7 sm7 3m7 sm7
281113—7TczosZ
7 7 1 _ 1 _
ZSinzcosEsin%T Sinz sin A

7 7

Vay (1) ding, suy ra dpem.
2)

a’+ b+ =TR?

7

4

< 2(1—cos2A+1—cos2B+1—cos2C) =7

1
& cos2A + cos2B + cos 20 = -5
2m 47 8T 1

& COS— 4+ COS— + COS — = ——.
7 7 7 2

& sin? A +sin? B +sin?C =

S 2 4 8
Ta can ching minh (2) diung. Dat S = cos 77T + cos 77T + cos 77T

Ta co

2 8
2Ssin§ :2SiD§COS7ﬂ+2SiD§COS7ﬂ—|—281H§COST7T

3w ) 7r+ Y i 37r+ ) Y
= 8in — — sin — + sin — — sin — + sin 7T — sin —
7 7 7 7 7

. T
= — Sl —.

7
1

Twu do suy ra S = —5
Vay (2) ding, suy ra dpem.
3) Theo két qua da biét ta ¢
OH? = 9R* — (a® + b* + ).

Vi vay tit phan (2) suy ra OH? = 2R? hay OH = RV/2.
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be = a(b+ ¢) < sin Bsin C' = sin A(sin B + sin C)

27 A w0 2w Ar
& sin — sin — = sin — | sin — 4+ sin —

7 7 7 7 7
& sin 2—7 sin 4—7T = 2sin T sin S—WCOSE
7 7 7 7 7
2 Anw 2 . 3«7
= sm7sm7 = sm7sm7
& sin 477 = sin 377T (3)

Vi (3) ding, suy ra dpcm.
Ding thic be = ¢ — a? ching minh tuong tu.

5)
s 2 4 1
A B C=——& — — — = ——
cos A cos B cos Cos 7Cos - Cos - S
o 8si T T 2 4 T
SIN — COS — COS — COS — = — Sin —
7 7 7 7 7
o Asi 2 2 A T (4)
sin — €cos — cos — = — sin —.
7 7 7 7
2 2 4 47 4 8
Ta co6 VT'(4) = 4sin — — —— — 2sin — . — §in— =
a coﬂ (4) i —- €08 —- oS — sin —- cos — sin —
—sm?.

Vay (4) ding, suy ra dpcm.
) 2r 3
6) Ta nhan thay %, 77T, 77T la cac nghiém ctia phuong trinh
cos? 4 = cos® 3. (5)
Dit y = cos’x > 0 thi (5) trd thanh
(8y” — 8y +1)* = y(4y — 3)*

& 64yt — 14497 + 104y* — 25y +1 =0

5, 3 1
& 64(y — 1) (yg——y2+—y——> =0

4 8 64
2 3 2 4
Do cos? E, cos? %T, cos’ %T khac nhau va khéc 1 nén suy ra cos? g, cos’ %T, cos? %T
Chi ¥ cos? 77T = cos’ %T la 3 nghiém cta phuong trinh
5! 3 1
3 2
— - —y——=0. 6
LA Ay (6)
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Ta co

sin’ T sin? — 27 sin’ 4—7
7 7 7
= <1 — cos? g) (1 — cos? 2;) (1 — COoS 4%)
=1- (cos = + cos? 2—7 + cos 4—7T> + (0082 T COos 27T+
7 7 7 7 7
2w 4w 6 T 4T o T 9 2m 4w
coS - cos - + cos - coS -~ coS - coS i cos’ -
Vi thé theo dinh 1y Viet v6i phuong trinh (6) suy ra
81112E8111227Tsim4—7T—1—§+§—i /
7 7 7 48 64 64

T 2r . 4m 7

= sin Asin Bsin(C = SID?SIIl?SIIl? = 3

5
cos® A + cos® B 4 cos* C' = 4
N 9 T 4 27T 4 47'(' 5
cos® — + cos® == + cos® — = =
7 7 7T 4
o 1+ cos T 414 cos T 41 4cosok =0
COS — COS — COS — = —
7 7 7T 2
o 27 n 47 N 7 1 )
COS — + coS — + cos — = ——.
7 7 7 2
T (2) suy ra (7) dang, suy ra dpem.
b 1
cos A+ cosB +cosC = — — 5
a
.2
COS = + €cOS — + cos — = _
7 7 7 sin T 2
7
o ™ n 2T n 47 5 T 1
COS = + oS — + cosS— — 2¢0s — = ——
7 7 7 7
o 2T N 4 s 1
COS — + COS — — COS — = ——
7 7 7 2
o 2 N 4 N s 1
COS — + COS — + Ccos — = ——.
7 7 7 2

Theo (2) suy ra dpcm.
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9) Ta co

2D —

B ccos 3

¢ b+c
Theo phan (4) thi be = a(b+ ¢).

Tu do suy ra l, = 2a cos 5 suy ra dpcm.

6.2 CAac yéu td trong tam giac dudc cho duéi dang hinh hoc

Trong muc nay ta st dung cac cong thic luong gidc két hop véi hinh
hoc dé chitng minh hé thitc lugng trong tam giéc.

6.2.1 Hé thiic luong trong hinh hoc phang

Bai toan 6.5. Cho ABCD la t1 giac 16i va khong c¢6 goc nao vuong.
Chting minh réing:

tan A +tan B +tan C + tan D
tan A. tan B.tan C. tan D

Giai

Ta xét hai kha nang sau:

= cot A + cot B + cot C + cot D.

- .3
—1. A+ B # g (hoic A+ B # 7”), Khi d6 tan(A+ B) va tan(C + D)

c6 nghia
(A+B)+ (C+ D) =2n
tan(A + B) + tan(C' + D) =0
tan A + tan B N tanC +tan D
l—tanAtanB 1 —tanCtanD
(tan A+tan B)(1—tan C tan D)+ (tan C+tan D)(1—tan Atan B)

=0
= tan A+tan B+tanC+tan D = tan A tan B tan C'+tan A tan D

+ tan B tan C' tan D+tan A tan B tan D
tan A +tan B +tan C + tan D 1 1 1

tan A tan B tan C tan D ~ tanD + tan B + tan A +

[@N

LR R

tan C'
= cot A+cot B+cot C+cot D.
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~ = ~ ~ 3
— 9. A+B:g (khi doc+D=§).

~ ~ 3w R

DoC+ D = o) va khong ¢6 gbc nao vudng va ABC' D la t giac 1oi
PN . oA T A

nénsuyra§<D<7T(VinéuD< §$C’>7TV61§7V1ABCD151
t1 gidc 161 nén moi goéc ciia né nhod hon 7).
Do

~ ~ 37
= —<A+D< —.
2 + 2

Ap dung phan (1) vé6i A+DvwB+C suy ra két luan ctia bai toan la
ding. Suy ra dpcm.

=
=

A\+§:— O<E<

)
y NI

Bai toan 6.6. Cho ABC' D la tit giac vita noi tiép vita ngoai tiép. Goi S
va p tuong tng 13 dién tich v nita chu vi cla ti gidc. Chiing minh rang

A B C D
S = pQ(taHE + tan = + tan o + tan 5)_1.

Giai
Goi O 1a tam hinh tron noi tiép ctia ti giac va r 14 ban kinh ctia né.

Ta co

A B C D
p:AM+BN+CP+DQ:r(cot§+cot5+cot§+cot§). (1)
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Vi ABCD la tit giac noi tiép nén ta co:

A+C=B+D=180"
A C B D
= 4+ —==+—==90"
2+2 2+2
A C B D B
= cot — = tan —; cot — = tan —; cot — = tan —; cot — = tan —.
2 2 2 2 2 2 2 2
Thay vao (1) ta c6
—r(tan £ tanZ 1 tan S 4 tan 2 (2)
p=r(tan— +tan an an—-|.
Do S = pr, nén tut (2) suy ra
) A B C D\ !
S=p tanE—l—tanE—l—tanE—i—tanE . Ppem.

Bai toan 6.7. Cho ABCD la tit giac nai tiép v6i AB = a, BC = b,
CD =c¢, DA =d va p la nita chu vi. Chiing minh

Giai

Ap dung dinh 1y ham sb cosin trong cac tam gidc ABD, BCD ta c6

BD? = a> 4+ d®> — 2adcos A = b? + ¢ — 2bccos C = b? + ¢® + 2bccos A,
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do A+ C = 180",
Tu do suy ra

a’> +d*> — 2adcos A = b? + % + 2bccos A
a’+d>— b — 2

A= . 1
= o8 2bc + 2ad (1)

tcmé _ 1= cosA
2 1 + cosA

VP4 &+ 20c — (a* 4 d* — 2ad)

Va2 +d? +2ad — (b2 + ¢ — 2bc)

\/(b+c) — (a— d)>?

(a+d)?—(b—c)?
(b+c+a—d)(b+c+d—a)
(a+d+b—c)la+d+c—b)

T (1) ta o

Do a+ b+ ¢+ d = 2p nén tu (2) ta c6

A \/<2p—2d><2p—2a> \/(p—a)(p—dx

NS =\ (2p = 20)(2p — 20)

Bai toan 6.8. (Cong thitc Heron cho dién tich tit giéc)
Cho ABCD la tt giac nai tiép v6i AB =a, BC =b,CD =c¢, DA=d
va p 1a nita chu vi, S 1a dién tich tit giac. Chitng minh rang
B+ D
5

5= /o= a)(p— Blp— )p — ) — abedcos
G:iéi
Ap dung dinh 1y ham s6 cosin trong cac tam giac ABD, CBD ta c6
BD? = a®> + d* — 2ad cos A = b* + ¢ — 2bc cos C
= a’+ d* — 2adcos A = b* + ¢ — 2bc cos C
= a’ +d* —b* — ¢* = 2adcos A — 2bccos C. (1)
Binh phuong hai vé ctia (1) ta c6
(a® + d* — b* — ¢*)? = 4(ad cos A — bccos C)2. (2)
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Ta c6
1 , 1. .
S = Supp + Spcp = §adsmA + ibcsmc
= 165? = 4(adsin A + besin C)? (3)

Cong timg vé (2), (3) ta dugc
(a® + d* — b* — *)? 4+ 165% = 4[a’d® + b*c* — 2abcd(cos A cos C' — sin Asin C)]

= 4[a*d* + b*c* — 2abed cos(A + O)]

A
=4 [a2d2 + b%c* — 2abed (2 cos” _; ¢_ 1)]

A+C

4 [(ad + be)? — dabed cos® ] .4

T (4) suy ra

A+C
165% = 4(ad + be)? — (a* + d* — b* — ) — 16abcd cos® ATC

= (2ad + 2bc + a* + d* — V¥ — *)(2ad + 2bc — a* — d* + b* + ?)

A
— 16abed cos? %C

A+C

= [(a+d)* — (b—c)F[(b+ ¢)* — (a — d)?] — 16abcd cos®

=(a+d+b—c)la+d+c—b)(b+c+a—d)(b+c+d—a)

A+C
— 16abcd cos® +

A
= (2p — 2¢)(2p — 2b)(2p — 2d)(2p — 2a) — 16abcd cos® _g ¢

(5)
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Vi

B+ D A+C
:1800:>0082%:(3082 +

_|_

A+C B+D
2 2
nén ti (5) suy ra

B+ D
2

= S = \/(p—a)(p— b)(p — ¢)(p — d) — abed cos? B;D.

Nhan xét.

S? = (p—a)(p—b)(p— ¢)(p — d) — abed cos’

1) Ta biét rang v6i tam gidc c6 cong thitc Heron quen biét dé tinh dién
tich tam giac

S=p—a)p-bp--c).

o) day a, b, ¢ la ba canh cua tam giac, con p la mi¥a chu vi ctia noé.
Chinh vi thé cong thiic va chiing minh & trén goi 1 cong thiic Heron
suy rong dé tinh dién tich t@ giac.

2) Xét mot vai trudsng hop dic biet sau
a) Néu ABCD la tit giac noi tiép. Khi do
B+D

E+6:§+f):1800:>cos = 0.

Trong trucng hgp nay ta co

S=+yp—a)p—b)p—0c(p—ad.
b) Néu ABC' la tut gidc ngoai tiép. Khi d6 ta c6

at+c=b+d=p
=p—a=c,p—b=dp—c=ap—d=0b.
Trong trucng hop nay ta co
S = \/abcd— abcd cos? B _; D = \/abcdsim2 # = sin B _; D\/M.
¢) Néu ABCD vira la tit gidc noi tiép vira la ti gidc ngoai tiép, thi
B+ D — 1, nén trong trudng hop nay ta ¢6 S = vabed.

do sin
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Bai toan 6.9. (Dinh ly Pto-lé-mé)
Cho tit giac ABC'D noi tiép trong duong tron véi hai duong chéo 1a AC,
BD. Chitng minh rang

AB.CD + BC.AD = AC.BD.
Giai
Céach 1.
Trén AC lay diéem E sao cho ABE = 7.

A

=

B
Xét hai tam giac ABE va DBC ta ¢6

BAE = BDC = 8, ABE = DBC = 7.

Vay AABE dong dang véi tam giac ADBC'. Do d6

AB AF

—=—=AB.DC = DB.AFE. 1

DB~ DC ¢ ()
Mzt khac dé thay ACBE dong dang véi tam giac ADBA, nén

CB C(CF

B = DA = BC C (2)

Cong timg vé (1) va (2) ta co
AB.DC + BC.DA = DB(AE + CE) = DB.AC.

Céach 2.
Gia st ABCD noi tiép trong dudng tron ban kinh R.
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D

Pat ABD = ACD = o, ACB = BDA = 8, CAD = CBD = ~. Ap

dung dinh 1y ham s6 sin trong cac tam giac ABC, BAD, va CAD (v6i
cht ¥ dudng tron ngoai tiép cac tam giac nay ciing chinh 1a duong tron
ngoai tiép tam giac ti giac ABCD) ta co:

AB =2Rsin3; AD = 2Rsina; CD = 2Rsin 7.
Tuwong tu ta co
AC =2Rsin(a +v); BD = 2Rsin(a + 3);

BC = 2Rsin BAC = 2Rsin(a+ +7) (vi BAC + (a+ +7) = 180%),
Ta c6

AC.BD = 2Rsin(a + v)2Rsin(a + 3)
= 2R*[cos(B — ) — cos(2a + B + ). (1)
Mat khac
AB.CD+ AD.BC

=2Rsin f.2Rsiny 4+ 2Rsin a.2Rsin(a + § + )

=2R*[cos(B — ) — cos(B + ) + cos(B + ) — cos(2a + B + )]

=2R*[cos(f — 7) — cos(2a + B + ). (2)
T (1) va (2) suy ra dpem.
Bai toan 6.10. (Hé thic Ole) Cho tam gidc ABC. Goi I va O la tam

duong tron noi tiép v ngoai tiép tam gidc. Ki hieu d, = IO. Ching
minh hé thic sau:

d’. = R?> — 2dR.
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O day R, r tuong ting 1a ban kinh dudng tron ngoai tiép va noi tiép tam

giac ABC.
Giai
Theo cong thitc tinh phuong tich, ta cé
A
) I
0]
B C
AI
Pi(0)=10* - R* = d* - R~ (1)

Gia st duong phan giac trong clia goc A cat duong tron ngoai tiép clia

tam giac ABC tai A’. Ta cung c6

PO = —IAIA = ——— A" 2)

sin —

2

— —_— _ 121\ 5 P <. .. <
Ta c6 AIC = TAC + ICA = B} + 5 (gbc ngoai tam giac AIC), mat
_—— A+C / /
khac ICA" = il (tinh chat géc noi tiep).

T d6 suy ra [A'C' 1a tam giac can dinh A’ nén [A' = A'C. (3)

T (1), (2), (3) ta co:
2 2 T /
R* —d; = AA C. (4)

Sin —
2

Ap dung dinh 1y ham s6 sin trong tam gidec AA'C, c6:

A
A'C = 2Rsin§. (5)



(Vi tam gidc AA'C' va ABC' chung dudng tron ngoai tiép).
Thay (5) vao (4) va ¢6

A
R —d? = 5 =d:=FR —2Rr

r
A
sin —
2
Bai toan 6.11. Cho tam g1ac ABC. Gia st D va F la hai diém trén
canh BC sao cho BAD = CAE. Duong tron noi tiép cac tam giac ABD,

ACE tiép xtc véi canh BC' tuong ting tai M, N. Ching minh rang:

1 N 1 N 1
MB  MD NC NE

Giai
Theo tinh chéat ctia hai tiép tuyén xuat phat tit mot diém, ta co:

A

BM =p,— AD; DM = p, — AB.

o) day pp la ntta chu vi cua tam gidc ABD.

Do do
BM:AB+%f+BD_AD:AB+€f—AQ
AB + AD + BD AD + BD — AB
DM = + + — AB = + .
2 2
T do
1 N 1 2 2
MB MD AB—-AD+ BD AB— AD — BD
ABD

" BD?— (AB — AD)?’ (1
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Theo dinh 1y ham sé cosin trong tam giac ABD, ta c6
BD? = AB?* + AD? — 2AB.AD cos a (6 day BAD = EAC = Q).

Thay vao (1) va c6
1 1 2BD
+ = : (2)
MB MD AB.AD(1 — cosa)

Tuong tu co
L S 2EC 3)
NC NE AE.AC(1— cosa)’

Hai tam giac ABD va AEC c6 cung chiéu cao ké tit A nén

1 .
BD B SunD iAB.AD.Smoz AB.AD

EC Sapc %AE.AC’Sina AE.AC
_ _BD _ EC n
AB.AD  AE.AC’

T (2), (3), (4) suy ra

1 n 1 N 1
MB MD NC NE
6.2.2 Hé thic lugng trong hinh hoc khéng gian

.(Epcem.

Bai toan 6.12. Tt dien SABC ¢6 géc tam dién dinh S 1a tam dién
vuong (tic la SA, SB, SC déi mot vudng goc v6i nhau). Day ABC c6
bagécB/E:a,@:B,A/C'\Bzv. biat SA=a, SB=0, SC =c.
Chting minh réng:

a’tana = b?tan f = ¢® tan .

Giai
Theo dinh 1y ham s6 cot trong tam gidac ABC, co:
AB? + AC? — BC? 4Sapc
cota 1S ap0 wa = T ace—per

Mat khac theo dinh ly Pitago, ta co
AB* 4+ AC? — BC* =a* + V* +a* + & — b — ¢ = 2a°. (2)

5



c
A
B
Thay (2) vao (1) va co
25
tana = AQBC = a’tana = 25, BC. (3)
a
Lap luan tuong tu co
b tan 3 = ¢ tany = 2S4pc. (4)

T (3), (4) suy ra dpem.

Bai toan 6.13. Cho ti dien OABC ¢6 tam dién dinh O 1a tam dién
vuong. Vé chiéu cao OH cua tit dien. Dat:

A=CAB,B=ABC,C = BCA,a = AOH, 3 = BOH~ = COH.

Chting minh réng:
sin? o B sin’ B B sin? vy
sin2A  sin2B  sin2C

Giai

Ké OH 1 (ABC) suy ra H la tryc tam tam gidc ABC.

AH N BC = {A;}, thi AA; L BC. Tu d6 OA; L BC (dinh Iy ba dudng
vuong goc).

Trong tam gidc vuong AOA;

OA2 = AH.AA;, (1)
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A c
Ay
B
sin‘a = gil]j (2)
Thay (1) vio (2) va c6
sin’a = j—z (3)

Vé dudng tron ngoai tiép tam giac ABC, va goi I 1a tam dudng tron ngoai
tiép tam gidc nay. Khi d6 H, I, G thang hang, é day G 1a trong tam tam
giac (theo duong thang Euler). Ta ciing c6 HG = 2GI = AH = 2IM
(M 1a trung diem canh BC).

Ta co

A=CAB=BIM,

sin2A:QSinAcosA:2sinmcosm
BM IM _QBC AH B BC.AH )
BI "BI “2BI'2BI  2R?

T (3), (4) suy ra
sin? a 2R? R?

sin2A  BC.AA, S

é dﬁy S - SABC’-

Tuwong tu co
sin? 3 B sin? ~y B R?
sin2B  sin2C S’

Vay

7



sina sin?p sin? 7y

sin2A  sin2B  sin2C"

Dpcm.

Bai toan 6.14. Cho hinh chép D.ABC), trong d6 goc tam dién dinh
D 1a vuéng. Goi H la trong tam tam gidc ABC. Dat a« = DAH, (5 =
DBH,v= DCH,p = AHB. Chiing minh rang:

_ sin 7y
singp = ————:cosp = —tanatan S.
cos v cos 3

Giai
Do D.ABD la tit dién c6 goc tam dién dinh D 1a vudng nén néu H 13

A

<>

truc tam tam giac ABC, thi DH 1 (ABC).
Gia st AH N BC = Hy, thit AH, 1 BC va DH, 1 BC.

Trong tam gidc vudong ADH, dinh D, theo hé thiic lugng ta c6
DH?* = HA.HH,. (1)
Trong tam giac vuéng BH Hy, ta co
HH, = BHcos BHH, = BH cos(180° — ) = —BH cos . (2)
Thay (2) vao (1) va c6

DH DH
DH? = —AH.BH cos ¢ = cos p = “ AT BH = cos = —tana. tan f.
(3)

) sin
Bay gio xét hé thic sin ¢ = —’Y
coS (x cos (3
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Gia st CHNAB = K. Do CDL(DAB) (i CDLDB,CD1AD ), ma

CK1AB (do H la tryc tam tam giac ABC'), nenDK L AB (dinh 1y ba
duong vuong goc) = DKC la goc tao bdi hai mat phang (ADB) va
(ABC). Dé thay tam giac HAB la hinh chiéu ctia tam gidc DAB trong
phép chiéu vuong géc mit phang (DAB) xuéng mat phang (ABC). Tt
do ta co

SHAB:SDABCOSl)/f(\C. (4)

Trong tam gidc vuong K DC' dinh D, ta c6 cos DKC = sin y.
Thay vao (4) va ¢

1 1
—HA.HBsinp = iDA.DB sin 7y

2
. DADB . siny
Y= gagp®™) T HAHB
DA DB
. sin 7y
= sSmy = ———.
cos (v. cos (3

Dpcm.

Bai toan 6.15.

1. Cho tt dien ABCD ¢6 AB = a va chan cac duong cao ké tit mot dinh
déu ndm beén trong mat déi dien. Goi Si, So 1a dién tich hai mit cla ti
dién c6 chung canh a va « la géc nhi dién gitta hai mat ay. Goi V' 1a thé
tich tit dien. Chitng minh rang:

25152 sin av

V:
3a

2. Chiing minh rang trong tit dién, tich ciia cac cap doéi dién chia cho
tich clia sin cac nhi dién ctia ting cap canh dé 1a bang nhau.

Giai

1. Kée CH1(ADB) va CK 1 AB (dinh Iy ba duong vuong géc). Tt d6
suy ra C'/K?[ — o la goc phang nhi dién canh AB.

Theo gia thiét ta c6 S; = Sapc, So = Sapp. Vay

1
V = gCH.SQ. (1)
Ta co
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2 251 si
CH:CKSina:ésina:m. (2)
AB a

25155 si
Thay (2) vao (1) suy ra V = i M ;Sma
a

2. Gid st AB = a,CD = ¢, o la goc nhi dién canh AB, § 1a goc nhi

A

dién canh C'D. Dat
S1 = Sapc,S2 = Sapp, S3 = Spcp, S4 = Saco.

Theo phan (1) néu goi V' 1a thé tich tit dien ABCD ta c6
25152 sin av . 28354 Sinﬁ

V p—
3a 3¢
N V2 _ 451525354 sin av. sin@
9ac
ac o 451325354
sina.sinfg  9V2

Vé phai ctia (3) 1a biéu thiic hoan toan binh dang véi cac canh va sin
clia cac goc nhi dién tuong ing, nén né 1a gia tri chung cho ti s6 ctia tich
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cac cap canh déi cia ti dién véi tich cac sin clia cac nhi dién ciia ting
cap doéi do.

6.3 Bai tap dé nghi

. A C
Bai toan 6.16. Chiing minh ring trong tam giac ABC thi cot oL cot X cot 3

theo thit tu trén lap thanh mot cap s6 cong khi va chi khi a, b, ¢ theo
thit tu trén cling lap thanh mot cap s6 cong.

Bai toan 6.17. Chitng minh rang trong tam giac ABC' thi cot A, cot B, cot C
L b?
lap thanh mot cap so cong khi va chi khi cos B = San
ac
Bai toan 6.18. Ba goc A, B, C' cia mot tam gidc theo thiu tu lap
thanh mot cap s6 nhan véi cong boi ¢ = 2. Chitng minh rang:

! 1 L,
cosA cosB cosC
2) L + L -+ L _ 8
sin?A  sin?B  sin?C
1 1 1
3) + + — 416.

cost A costB  cost(C

Bai toan 6.19. Cho tit gidc ABC'D théa méan diéu kién
cos A+ cos B+ cosC 4+ cosD = 0.

Ching minh cot A + cot B + cot C' + cot D = 0.

Bai toan 6.20. T giac ABCD noi tiép. Duong tron véi tam trén
canh AB tiép xtic v6i ba canh kia. Chting minh ring AD + BC = AB.

Bai toan 6.21. Cho A, B,C, D 1a bon dinh lién tiép ciia mot da giac
déu n canh théa man diéu kién
1 1 1
b=
AD AC AB

Chiing minh n = 7.
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Bai toan 6.22. Cho hinh thang ABCD (BC//AD) ngoai tiép trong
dudng tron ban kinh r. Gia st BC = b, DA =4d (d > b) va AMD = «
¢ day AB cat CD tai M. Chitng minh rang

db o

tan —.

d—>b 2

T =
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Phu luc

Trong phan nay chung toi sé trinh bay phuong phap st dung dinh 1y
Viet déi v6i nghiém ctia phuong trinh bac ba dé giai bai toan phu tro
2.5.

Bo6 dé 6.1. Cac canh a, b, ¢ ctia tam gidc ABC' la cac nghiém ctia phuong
trinh bac ba

23 — 2px® + (p* +1r? + 4Rr)x — 4pRr = 0.

Ching minh
Ap dung dinh 1y ham
Z . t _ N A a
s0 sin ta co sin A = —.
2R
Ta lai c6
(p—a)tan 2 = tan 2 = —"
= (p—a)tan — an — = :
rewTd 2 2 p—a

T hé thuc

2tan —
1—|-ta1r12é
2
2r
a p—a
= — =
2R m 2
(p—a)?
a 2r(p — a) ) )
= ﬁ:ﬁ-i—(p—a)? ia(p_a) +r a—4R7"(p_a):O
= a3_2pa2-|-(p2—|—7~2_|_4R7“)a—4pR7a:0_ (1)

He thic (1) chiing minh réng a 1a nghiém ctia phuong trinh bac ba.

x® — 2pr* + (p* + 1> + 4Rr)z — 4pRr = 0. (2)
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Lap luan tuong tu véi b, ¢ cing théa méan (2) suy ra dpem.

Bo6 dé 6.2. sinA, sinB, sinC la ba nghiém ctia phuong trinh bac ba
4R*13 — ARpx® + (p* + r* + 4Rr)x — 2pr = 0.

Ching minh
. t
Thay bie = —, thi
ay bien z = _—, thi
4R?x® — 4Rpx* + (p* +r* +4Rr)x — 2pr =0
3 pt? 5 o t
& — — — 4Rr)— — 2pr =0
B R +(p°+r°+ 7")2R pr
o 38— 2pt? + (p* + 1P +4Rr)t — 4pRr = 0. (1)
s a b ¢
Th o de (1) thi la ca hiém cta (1). Do d6 —, —, — 1a ¢4
eo bo deé (1) thi a, b, ¢ 1a cdc nghiém cua (1). Do 0 5p op g 2 c4c

nghiém ctia phuong trinh da cho, tic 1a sin A, sin B, sin C' la ba nghiém
cua phuong trinh

4R*13 — ARpx® + (p* + r* + 4Rr)x — 2pr = 0.

Suy ra dpcm.

Bo6 dé 6.3. cos A, cos B, cos Clbanghimcaphngtrnhbeba
4R*23 —AR(R+ )22 + (pP? +r? —4R?)x + 2R +1)? — p* = 0.

Chting minh
Ta c6

A
p:a+(p—a)<:>p:2RsinA+7“cot§. (1)

A
Do trong moi tam gidc ABC thi sin A > 0, cot 3 > (0 nén

/14 cos A
(1)@p—QR\/(l—COSA)(l‘FCOSA)"_T m

& p*(1 —cosA) = (1 +cos A)[2R(1 — cos A) + 1]
& p? —pPcos A= (1+cosA)(4R*cos® A — 8R*cos A + 4R*+
1?2+ 4Rr — 4Rrcos A)
& 4R*cos® A — AR(R +r)cos* A+ (p* +1r? — 4R*) cos A
+(2R+7)*—p*=0. (2)
Tt (2) suy ra cos A 1a nghiém ciia phuong trinh bac ba
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4R*23 —AR(R+ )22 + (P> +r? —4R?)x + 2R +1)? — p* = 0.

Tuong tu cos B, cos C' cing la nghiém cua phuong trinh trén. Suy ra dpcm.

1 1 1
sin A’ sin B’ sin C
2pra® — (p? +r? + 4Rr)x? + 4Rpx — 4R?* = 0.
Chting minh
Dat x = %, khi d6

B6 dé 6.4.

la ba nghiém ctia phuong trinh bac ba

2pra® — (p? + 12 + 4Rr)a® + 4Rpx — 4R* =0

2pr 9 9 1 1 9
& ARt — ARpt® + (p* + 1 + 4Rr)t — 2pr = 0. (1)

1 1 1
sin A’ sin B’ sin C'

Theo bo dé (2) thisin A, sin B, sin C 14 cac nghiém ctia (1). Do d6
la ba nghiém ctia phuong trinh bac ba

2pra® — (p? +r* + 4Rr)x* + 4Rpx — 4R* = 0.
Dpcm.

1 1 1

cos A’ cos B’ cosC
[0 — QR+ 17)?23 — (p* +1? — ARY)2* + 4R(r + R)x — 4R* = 0.

B6 dé 6.5.

la ba nghiém ctia phuong trinh bac ba

Chiing minh tuong tu bo de 4 bang cach thay bien z = n roi ap dung bo de 3.

N B
Bé6 dé 6.6. sin® X sin? 5 sin? 5 la ba nghiém ctia phuong trinh bac ba
16R*1® — 8R(2R — r)z* + (p* + r?> — 8Rr)z —r* = 0.

Chiting minh
1—1
Dat z = — khi do

16R*2® — 8R(2R — r)a* + (p* +r* — 8Rr)x —1* =0
(1- 1

— 8R(2R — 7“)(1%

& AR*(1—1)? —4RQ2R—7)(1 —t)*+ (p* +1* = 8Rr)(1 —t) —r* =0
& AR —AR(R+7)t* + (p* + 1> — 4Rt + 2R +71)* — p* = 0. (1)
Theo bo dé (3) thi cos A, cos B, cos C' 1a cac nghiém ciia (1). Do d6

1—t¢
& 16R? + (p* +1* — 8Rr) —2r? =0

85



1—cosA 1—cosB 1—cosC
2 ’ 2 ’ 2
la cac nghiém cta phuong trinh
16R*1® — 8R(2R — r)z* + (p* + r* — 8Rr)z —r* = 0.
yA ., B

Suy ra sin 5 sin §,sin2 3 la ba nghiém ctia phuong trinh trén. Suy ra

dpcm.

R A B
Bo dé 6.7. cos® X cos’ 3 cos’ 5 la ba nghiém ctia phuong trinh bac ba

16R%*1® — 8R(2R + r)x* + [p*(4R + )]z — p* = 0.
Ching minh
va diing bo dé 3. Suy ra dpcm.

Thay bién z =

N 1 1 1
Bo6 deé 6.8. R o c la ba nghiém ctia phuong trinh bac ba
.2 .2 .2
sin® — sin® — sin® —
2 2 2
r?x® — (p* +1r? —8Rr)z? + 8R(2R — r)x — 16 R? = 0.

Chiting minh
1
bat x = e khi do

r’z® — (p* +r* — 8Rr)z* + 8R(2R — r)x — 16R* = 0
> p*+r*—8Rr S8R(2R-—r)

& — - — 16R*=0
t3 t2 i t
& 16R*t — 8R(2R — r)t* + (p* + 1> — 8Rr)t —r* = 0 (1)
23X s 2 A 2 B 2 C N (PN 3 N
Theo bo de (6) thi sin o 8in” o, sin” o 14 ba nghiém ctia phuong trinh (1).
o 1 1 o _—
Do do6 A ,B _,C 12 ba nghiém cua phuong trinh bac ba
sin” o sin” - sin® o

r2x3 — (p? +1r? — 8Rr)a® + 8R(2R — r)x — 16 R* = 0.
Suy ra dpcm.

U 1 1 1 R o, . -
B6 deé 6.9. A 2 o la ba nghiém cua phuong trinh bac ba

2 2 2
COS® — COS” — COS” —
2 2 2

86



p*ad — [P + (4R +r)?2? + 8R(4 + r)x — 16R* = 0.
Chiting minh
1 v as
Dat x = 7 va dung bo de 7. Suy ra dpcm.

Bé6 dé 6.10. cot A, cot B, cot C' 1a ba nghiém ctia phuong trinh bac ba
2prad — (p* —r? —ARr)x® + 2pra + 2R+ 1r)? —p* = 0.
Chting minh
Ta c6
a+p—a=p

, A
& 2R81I1A+rcot§ =p
2R

r
& + —
V1+cot?A sinA
2R

=
V1 + cot? A

& [2R 4 (1 + cot? A)]? = (1 + cot? A)(p — r)*

& (2R + 71 +rcot? A)? = (14 cot? A)(p* — 2prcot A +r? cot? A)|

& 2preot’® A — (p* —r? — 4Rr) cot? A4 2prcot A+ (2R +71)* — p* = 0.
(1)

+rcotA=p

+7rvV1+cot?A=p—rcotA

Tt (1) suy ra cot A 1a nghiém ctia phuong trinh
2pra® — (p* —r?* — 4Rr)x? + 2pre + (2R +1r)? — p? = 0.

Tuong ti cot B, cot C' cling 1a nghiém cua (*), suy ra dpcm.

B6 dé 6.11. tan A, tan B, tan C' 1a ba nghiém ctia phuong trinh bac ba.
[p? — (2R + r)?|x3 — 2pra® + (p* — 4Rr — r?)x — 2pr = 0,

Chiting minh

bat x = % Khi d6

[p> — 2R+ )% — 2pra® + (p* — 4Rr — r¥)x — 2pr = 0

(2R+71)>  2pr N p* —4Rr —r?
t3 t2 t

& 2prtd — (p* —4Rr — r*)t* +2prt + (2R +1)? — p* = 0. (1)

2 _
(:)p —2pr =20
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Theo bo dé 10 thi cot A, cot B, cot C' 1 ba nghiém ctia (1). Diéu d6 nghia 1
tan A, tan B, tan C' la ba nghiém phuong trinh bac ba

[p? — 2R +7)%a23 — 2pra® + (p* — 4Rr — r?)x — 2pr = 0.
Suy ra dpcm.

R B
Bo6 dé 6.12. tan X tan o> tan B la ba nghiém ctia phuong trinh bac ba

pr® — (AR+r)z* +pr —r = 0.

Ching minh
Ta c6

a+(p—a)=p

, A
& 2RsmA—|—7“cot§ =p

A
4Rtan§ r B
- 1+t 2A+t A~"
an® — an —
2 2
, A s A A 3 A
& 4Rtan® — 4+ r +rtan” — = ptan — + ptan® —
2 2 2 2
A A A
<:>ptan3§—(4R+T)tan2§+ptan§—r20. (1)

A
Tu (1) suy ra tan 3 la nghiém ciia phuong trinh bac ba
pr® — (AR +r)x? +pr —r =0. (%)

B C
Lap luan tuong tu tan X tan; ciing la nghiém phuong trinh bac ba (*),

suy ra dpcm.

R A B C
Bo6 dé 6.13. cot 2 cot o> cot 5 la ba nghiém ctia phuong trinh bac ba

ra® —pr?+ (AR+r)x —p=0.
Ching minh
1

rae® —pr® + (4R+71)r —p =0
r p  (4R+r)

& -5 +t———=—-p=0
Bty b

& pt* — (AR +1r)t* +pt —r = 0. (1)
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B C 1 1 1

Theo bo dé 12 thi tan oY tan X tan 5 14 cac nghiém ctia (1). Do d6 , ,
tan 5 tan B tan

A B
hay cot 5 cot 5 cot 5 la cac nghiém cua phuong trinh bac ba

rad —px? + (4R +1r)x —p = 0.

Suy ra dpcm.

Bo dé 6.14. r,, 1, r. 14 ba nghiém ciia phuong trinh bac ba
23 — (4R + r)a® + p*x — p*r = 0.
Ching minh
bat x = pt ta co:
2® — (4R + 1)z + p’x — p°r =0
& Pt — (AR +r)p*t? + pPt — p*r =0
& pt — AR+ 1)t +pt —r = 0. (1)

;o A B O o )
Theo bo de 12 thi tan —, tan X tan 3 1a cac nghiém cta (1). Do d6

r, = ptan E,Tb = ptan 5 re = ptang la cac nghiém cua phuong trinh
bac ba

3 — (AR + r)2z* + p*x — p*r = 0.

Suy ra dpcm.
PN 11 1 . , .
B6 dé 6.15. —, —, — la ba nghiém cua phuong trinh bac ba
Ta Ty Tc
pira’ — p*r®’ + (4R +r)r — 1 =0.
Ching minh

1 s ax
Dat x = n va dung bo de 14. Suy ra dpcm.

Bb6 dé 6.16. hg, hy, he 13 ba nghiém ctia phuong trinh bac ba
2Rx3 — (p? + r? + 4Rr)x? + 4p°ra — 4p*r? = 0.
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Ching minh
2
bat x = %, ta co

2Rx® — (p? + 12 + 4Rr)a® + 4p*rax — 4p°r* = 0

& 723(152;”“)3 — (P’ + 4RT)(2§272T)2 - 4p2r2];l —4p*r? =0

& Pt — 2p%r? 4+ pPr*(p° + 12 + ARr)t — 4RpPr® =0

& 13— 2t 4+ (p* + 12+ 4Rr)t — 4Rrp = 0. (1)
Theo bd dé (1) thi a, b, ¢ 1 cac nghiém ctia (1). Do dé h, = 2];%,
hy = QLZ;T, h, = 2]%7" la cac nghiém cta phuong trinh bac ba

2Rx3 — (p* +1r? + ARr)2? + 4p*rx — 4p*r* = 0.
Suy ra dpcm.
Bé6 dé 6.17. hi’ hib’ hi la ba nghiém ctia phuong trinh bac ba
4p*r?z® — 4p*ra® + (p? +r? + 4Rr)x — 2R = 0.
Chiting minh
Dat v = % va diing bo dé 16. Suy ra dpcm.
Ta &4p dung cac bo dé trén dé giai bai toan phu tr¢ nhu sau: Theo bo dé
2, sin A, sin B, sin C' la ba nghiém ctia phuong trinh bac ba
4R%*x3 — 4Rpa® + (p? + r® + 4Rr)x — 2pr = 0.

Ap dung dinh 1y Viet v6i phuong trinh tren ta c6

. . . ARp _p
A B C=—==.
sin A +sin 5 + sin o, 2 . 2
4
1) sin Asin B + sin Bsin C +sin C'sin A = L 4R72"+7" .
. . . pr
2 Asin BsinC' = —.
) sin Asin Bsin 52
Do
sin? A + sin? B + sin® C' = (sin A + sin B + sin C')? — 2(sin Asin B
+sin Bsin C' + sin C'sin A)
neén ta co

.92 .2 9~ (PN
3) sin” A + sin” B + sin C’-(R) 2

p®> + 12+ 4Rr B p? —4Rr —r?
AR? B 2R?
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Ta lai co
sin*A + sin*B + sin*C
=(sin? A + sin® B + sin® C)? — 2(sin? Asin® B + sin® Bsin® C + sin” C'sin® A)
=(sin® A + sin® B + sin”* C')* — 2 [(sin A sin B + sin Bsin C + sin C'sin 4)°
—2sin Asin Bsin C'(sin A 4 sin B 4 sin C')].
Ap dung céc tinh chat trén di dén

6)
sin* A + sin* B + sin* C
p? —4Rr — r? 2 p? + 4Rr +r? 2 prop
2R? 4R? 2R?2 R
2(p* —4Rr —r?)p* — (p® +1r* + 4Rr)* + 16p°rR
B SR
_p4 — (8Rr + 61?)p* + r?(4R + r)?
B 8R4
Ta co

sin® A + sin® B 4 sin® C
—(sin A + sin B + sin C)* — 3sin A sin B(sin A + sin B) — 3sin BsinC
(sin B +sinC) — 3sin C'sin A(sin C' 4 sin A) — 6sin Asin Bsin C.
—(sin A + sin B + sin C)® — 3(sin Asin B + sin Bsin C + sin C'sin A)

(sin A+ sin B 4+ sinC') + 3sin Asin Bsin C
Vi thé ap dung cac phép tinh trén ta dugc
4)
sin® A + sin® B + sin® C
P’ Y (p2+4R7"—|—7"2> N 3pr
R3 R 4R? 2R?
p* —3r’p — 12pRr + 6pRr)  p(p* — 6Rr — 3r?)

- AR? AR?

Sau hét ta co
5)
(sin A 4 sin B)(sin B + sin C)(sin C' + sin A)
=2sin Asin B sin C' + sin Asin B(sin A + sin B)+
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+sin Bsin C'(sin B 4 sin C') 4+ sin C'sin A(sin C' + sin A)
=2sin Asin Bsin C' + (sin Asin B + sin Bsin C' 4 sin C'sin A)
(sin A+ sin B 4 sin C') — 3sin Asin Bsin C
=(sin Asin B + sin Bsin C' + sin C'sin A)(sin A 4 sin B + sin C')

—sin Asin Bsin C'
_p2+T2+4Rr D pr

TR
_p(p® + 1 +2Rr)
4R3
Vay hé thic 1-6 duge chitng minh.
Lap luan tuong tu bang cach 4p dung b6 dé 3 va dinh 1y Viet cho phuong
trinh bac ba ta suy ra hé thac 7-11.

N 111
Theo bo dé 4 thi —, —, — la ba nghiém ctia phuong trinh bac ba
2prad — (p? +r? + 4Rr)x® + 4Rpx — 4R?* = 0.

Ap dung dinh 1§ Viet cho phuong trinh nay ta duge:

1 1 p® + 124+ 4Rr
12 = )
) sin A + sin B * sin C 2pr
) L1 1 2R
sinAsinB  sinBsinC  sinCsinA 1’
1 AR 2R
sinAsin BsinC ~ 2pr  pr’
14)
1 1 1

sin2A+sin2B +sin20
_(1+1+1>2_2<1 P S 1)
sinA sinB  sinC sin AsinB  sinBsinC  sinC'sin A
(PP +1?+4Rr\? AR
_< 2pr ) o
(p? +r? + 4Rr)* — 16p°Rr
4p2RQ )

15)
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sin Asin B n sin B sin C' N sinC'sin A
sin C sin A sin B
1 1 1
:(sinA+sinB+sinC)( + )—3

sin A + sinB  sinC
_ pp*+ri+4Rr
"R 2pr B
PP+ r?+A4Rr
N 2pr B
N p?> +1r>—2Rr
N 2pr '

3

3

Bang lap luan tuong tu ta chiing minh dude cac hé thitc 16-20.
Theo b6 dé 6 thi sin2§, sin?—

5 , sin’— 1 ba nghiém ctia phuong trinh bac
ba

16R?*1® — 8R(2R — r)z* + (p* + r* — 8Rr)z —r* = 0.
Ap dung dinh 1y Viet cho phuong trinh trén ta cé

21)
2 2 2  16R? 2R
A B B C C A 2+ R? -8R
Sin2 5 Sin2 5 + Sin2 5 Sin2 5 + Sin2 5 + Sin2 5 = p + 16R2 r
.2 A . ,B . ,C r?
sin” — sin” — sin“ — = )
2 2 2 16 R?
Ta co
22)
A B C
sin* 5 + sin® 5 + sin* 5
A B c\? A . ,B B .,C
= <Sin2 5 + sin? 5 + sin? 5) -2 (sin2 5 sin? 5 + sin? 5 sin? 5
C A
—+ Sin2 5 Sin2 5
(2R —r 2 p?> —r? — 8Rr
~\ 2R 8R?
_832 + 72 —p?
B 8R2 '

Nhu vay cac hé thic 21-23 duge chiing minh.
Lap luan tuong ty (ding bo dé 7), thi hé thitc 24-26 dugce chiing minh.
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Dumng bo dé 8, 9 va két hgp vé6i dinh 1y Viet suy ra hé thitc 27-32 duge chiing
minh.
Theo bo dé 10 cot A, cot B, cot C' 1a ba nghiém ctia phuong trinh bac ba.
2pra® — (p? — r* — ARr)z? + 2prz + 2R+ 1)* — p* = 0.
Ap dung dinh 1y Viet cho phuong trinh bac ba trén ta duge

2 1?2 — 4R
33) cot A+ cot B+cotC =2 " iy
2pr
2 _ 2R 2
34) cot A cot Beot O = L ( +T).
2pr

(Ta kiém tra lai he thiic
cot Acot B+ cot Bcot C +cotCcot A = 1.

That vay theo dinh ly Viet thi
2pr B

cot Acot B + cot Beot C' + cot Ccot A = 5
pr

1).

Ta thay
35)

cot’ A + cot? B + cot> C

—(cot A + cot B + cot C')? — 2(cot A cot B + cot B cot C' + cot C cot A)

(p2 —r?_ 4RT)2
- 4p?r? -2

Do

(cot A + cot B)(cot B + cot C')(cot C' + cot A)
=(cot A cot B + cot B cot C + cot C cot A)(cot A + cot B 4 cot C') — cot A cot B cot

Ap dung két qua tren di dén

36)
(cot A 4 cot B)(cot B + cot C')(cot C' 4 cot A)
_p2 — 7> —4Rr  p*— (2R +71)? 5
B 2pr 2pr
_4R?
- 2pr
_2R?
=
St dung hing ding thiic quen biét ta thay
37)
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cot3 A + cot® B + cot® C' = (cot A + cot B + cot C)?
—3(cot A+cot B+cot C')(cot A cot B+cot B cot C+cot C cot A)+3 cot A cot B cot C.
T do6 theo cac tinh toan trén suy ra

cot® A + cot® B + cot> C

(PP =1 —ARr)? 3p2 — 1% —4Rr N 3p2 — (2R +7r)?
8p3r3 2pr 2pr

(PP +r*—4Rr)? — 12p*r*[p* — r* —4Rr — p* 4+ (2R + 1)?]

o 8p27'3

_(p*+r*—4Rr)? — 48p*R*r?

o 8p27n3
Vay cac hé thic 34-41 dugce ching minh.
Biang lap luan tuong tu va st dung bo dé 11 suy ra hé thic 42 ciing dude
chiing minh.

N A B
Theo bo de 12 tan X tan 5 tan 5 la ba nghiém ctia phuong trinh bac ba.

prd — (AR +r)z* +pr —r =0.

Ap dung dinh 1y Viet cho phuong trinh trén ta dugc

A B C 4R+
tan — + tan — + tan — = ,
2 2 2 D

tan S tan Btan g T
an — tan —tan — = —.
g Aty =y

(Ta ciing kiem tra dugc he thic
A B B C C A p
tan — tan — + tan — tan — + tan —tan — = — = 1).
2 79 2 7 2 2 T )
St dung hing ding thic ta c6
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42)

A B C
tan® — + tan® — + tan® —
2 2 2

=1t A+t B+t Cy’ 21t At B+t Bt ¢
= an2 an2 an2 an2an2 an2an2
tan — tan —
+ an2 an2
4R 2 AR+ 1) — 2p? A B C
= tr —2:( JH”) P tan3—+tan3—+tan3—
P p? 2 2 2
=1t A+t B+t Cy’ 3t A+t B+t ¢
= an2 an2 an2 an2 an2 an2

A B B C C A A B C
tan — tan — + tan — tan — + tan — tan — | + 3tan — tan — tan —
2 2 2 2 2 2 2 2 2

(4R+1r)* _4R+r

SRCLLER LY K
p p p
(AR+7)’ = 3p* (AR + 71 —7)
p3
(4R +71)* — 12p°R

e
Ap dung bd dé 13 va dinh 1y Viet suy ra he thic 43 - 46 duge ching minh.
St dung bd dé 14-17 va ap dung dinh 1§ Viet cho phuong trinh bac ba suy
ra cac hé thic 47-75.
Sau hét xét hé thiic ) s

16R

76) Lyl = tp
p? + 2Rr + r?
Ap dung cong thiic tinh dudng phan giac trong ta c6

Lalpl,

C

2D A 2 2ab
_ ccos o 2accos o 2abcos 5

b+c  a+c  a+b
A B
8(abc)? cos — cos — cos ¢
_ 2 "9 P
(a+b)(b+c)(c+ a)
B C

8(abc)? cos 5 Co8 5 cos o

— 2 (*)
(a+ b+ c)(ab+ bec + ca)abe

Theo b6 dé 1: a, b, ¢ 1a ba nghiém ctia phuong trinh
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23 — 2px? + (p* + 4Rr — +r*)z — 4pRr = 0.
Ngoai ra theo cac hé thic trén ta co

A B C 1
CO8 7 CO8 - CO8 o = Z(sinA +sin B +sinC) = ﬁ%

Thay vao (*) ta dugc:

2.9 P
llbl _ 816R7"p AR _ 16RT2]92

2p(p? + 4Rr +12) — 4pRr  p> +2Rr +1r?

Suy ra dpcm.
Nhu vay bai toan phu trg duge giai xong.
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Két luan

Luan vin Cdc bai todn vé hé thic luong trong tam gidc da thu
duge mot s6 két qué chinh sau day:

1. He thong hoa va phan loai cac bai toan vé hé thic lugng trong tam giac
thuong, tam giac vuong, tam gidc can va tam gidc déu. Véi mdi dang luan
van dua ra vi du tiéu biéu diic trung cho phuong phap giai.

2. Luan van ciing dua ra bai toin vé hé thic lugng trong cic tam giac
dic biet khac nhu: Cac yéu td trong tam gidc dugc cho dudi dang mot cap
s6 cong, cap so nhan; Céc bai toan vé hé thic lugng trong hinh hoc phang,
hinh hoc khong gian.

3. Dic biet luan vin da dua ra gan 80 hé thic luong giac tinh theo cac
dai lugng R, 7, p va phuong phap chiing minh cac hé thiic nay theo dinh Iy
Viet vé nghiém ciia phuong trinh bac ba. Day 14 cai nhin kha méi vé he thiic
lugng trong tam giac.

Mac dit da hét stc c6 gang nhung luan van khong tranh khoi sai sot. Tac
gia rat mong su déng gop ¥ kién ciia thay co va céc ban dé luan van dudc
hoan thién hon. Tac gia xin chan thanh cam on!
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