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“Non song Viét Nam co tro nén twoi dep hay khong, dan toc Viét Nam co budoc toi dai vinh
quang dé sanh vai voi cac cwong quoc nam chdu dwoc hay khong, chinh la nho mot phéan lon ¢
cong hoc tap cua cac em”

(Trich thw Chii tich Hé Chi Minh).

“Nay hoa ban, mét nghin nam truwdée thi may cé tring thé khéng...
Nay hoa ban, mgt nghin nam sau thi may co trang thé khong...”

(Nhitng ngwoi the xé - Nguyén Huy Thiép).
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CHUYEN PE HE PHUONG TRINH - HE BAT PHUONG TRINH - HE HON TAP
LY THUYET GIAI HE PHUCNG TRINH CHUA CAN THTC (PHAN 1)

TRUNG POAN NGUYEN CANH CHAN - QUAN POAN TANG THIET GIAP

Trong khudn kho Toan hoc so cap noi chung va Dai s6 pho thong noi riéng, hé phuong trinh — hé bat phuong
trinh — hé hon tap 1a dang toan co ban nhung thu vi, c6 pham vi trai rong, phong phu, lién hé chat ché voi nhiéu bo
phan khac cta toan hoc so cép cling nhu toan hoc hién dai.

Tai Viét Nam, hé phuong trinh, n6i dung h¢ phuong trinh — h¢ bat phuong trinh — hé hdn tap 1a mot bo phan
hitu co, quan trong, dugc pho bién giang day chinh thirc trong chuong trinh sach giao khoa Toan cac 16p 9, 10, 11,
12 song song voi cac khéi luong kién thic lién quan. Pay ciing 1a klen thirc phd b1en Xudt hién trong cac ky th1
kiém tra kién thtrc thuong nién, ky thi chon hoc sinh gidi toan cac cép trén toan qudc, ky thi tuyén sinh 16p 10 hé
THPT va trong ky thi tuyén sinh dai hoc — cao dang hang niam, mot ky thi day cam go, kich tinh va bat ngd, n6 lai
1a mot cau rat duge quan tim cua cc ban hoc sinh, phu huynh, cac thay cd, gidi chuyén mén va dong dao ban doc
yéu Toan.

Yéu cau cua dang toan kha da dang, da chiéu, muc tiéu tim cic 4n thoa man mdt tinh chat nao dé nén dé thao
tac dang toan nay, cac ban hoc sinh can lién két, phdi hop, tong hop céc kién thic duoc hoc vé phwong trinh, hé
phuong trinh va bt phuong trinh, nhu vdy né doi hoi nang luc tu duy cua thi sinh rat cao. Tuy nhién "Triam hay
khong hay bang tay quen", cac phuong phap co ban déa dugc dugc cac thé hé di trude duc két va tan tuy cho thé hé
tuong lai, cac ban hoan toan du kha nang ké thira, phat huy va sang tao khong ngung, chuin bj du hanh trang nim
bat khoa hoc k¥ thuat, dwa dat nudc ngay cang viing bén, phon vinh, va hién nhién nhitng bai toan trong cac ky thi
nhét dinh khong thé 1a rao can, ma 1a co hoi thtr stc, co hdi khang dinh kién thire, minh chung sang ngoi cho tinh
than hoc tap, tinh than ai qudc !

Cac phuong phap giai hé phuong trinh — hé bat phuong trinh — hé hdn tap dugc luyén tip mot cach déu dan,
bai ban va hé thong sé rat hitu ich, khong chi trong bd mén Toan ma con phuc vu dic luc cho ciac mon khoa hoc tur
nhién khac nhu héa hoc, vat ly, sinh hoc,...Tai liéu nay mé man cho 16p hé phuong trinh chira can thuc st dung
phép thé, cong dai sb, phan tich hiang dang thic, phan tich nhan tir khong chira cin (khong sir dung lién hop) va
phéi hop cac k¥ ning nay. Tuy nhién ddy 1a hé phuong trinh chitra cin thirc nén doi hoi doc gia da ndm viing cac
phuong phép gidi hé¢ phuong trinh co ban, hé phuong trinh hiru ty va cac phuong phap giai phuong trinh chira can
n6i chung. Cac thao tac tinh toan va k§ nang trinh bay co ban dbi voi phuong trinh, hé phuong trinh xin khéng nhic
lai.

I. KIEN THUC CHUAN BI

KS/ thuét nhan, chia don thirc, da thiec, hﬁng déng thtrc, phan thtrc, can thic, gia tri tuyét doi.
Nim vimng cac phuong phép phan tich da thirc thanh nhan tir.

Nam viing cac phuong phap giai, bién luan phuong trinh bac nhat béc hai, bac cao.

Str dung thanh thao cac ky hi€u toan hoc, logic (ky hi¢u hdi, tuyen, kéo theo, tuong duong).
K¥ ning giai hé phuong trinh co ban va hé phuong trinh d6i xting, hé dong bac céc loai.

Nk v =
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I1. MQT SO BAI TOAN PIEN HINH VA KINH NGHIEM THAO TAC

A. PHUONG PHAP THAY THE

x+y=2

NPl P

Bai toan 1. Giai hé phuong trinh { x;yeR).

Loi gidi.
biéu kién x> -3;y >1. H¢ phuong trinh da cho tuong duong voi

y:Z—x y=2—x
=
Vx+3++41-x=2 4+2 (x+3)(1—x):4
y=2-x y=2-x
= = =(x;y)=(-3;5),(1;1
{(x+3)(1—x)=0 {xe{—S;l} (wy)=( )(11)
Két luan hé da cho c6 hai nghiém ké trén.
x+4y=35,
VX +x*+6x+8 =4y +8.
Loi gidi. ) )
biéu kién can thic xac dinh. Thé 4y = 5—x tor phuong trinh thir nhat vao phuong trinh thir hai ta duoc

PR x+320 x>-3
VX' +x"+6x+8 =x+3< 5 <9, Sx=1=y=I.

X +x+6x+8=x>+6x+9 x =1

Bai to4n 2. Giai hé phuong trinh { (xeR).

Viay hé da cho c6 nghiém duy nhét.

3 2 _ 2 2
Bai todn 3. Giai hé phuong trinh VA 4700+ Tx 42 =20 4 (x;yeR).
¥+ =1
Loi gidi.
Diéu kién can thirc x4c dinh. Thé x* + y* = 1 tlr phuong trinh thir hai vao phurong trinh thir nhét ta c6
5 > 2x+12>20 xz—l
Vax +7%° +Tx+2 =2x+1 < 4 5 g4t 1c> 2
X +7x"+Tx+2=4x"+4x+ A +3x% +3x41=0
1
1 _=
xz-= x>t ¥=73 1
= 2 = 2 = | <:>x:—1 ]
()c+1)3=—3x3 x+1=-3x |x=- *

bai chicu dicu kién ta thay hé cd cac nghiém

X =

1
1+%/§7y_

4yt =3.
Y (x;yeR).

Bai toan 4. Giai hé¢ phuong trinh
X+ +\/x3 +4x* —12x+3 =2x.

Loi gidi.

biéu kién can thirc xac dinh.
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Thé x* + y* =3 vao phuong trinh thtr hai ciia hé ta co

3 > 2x-320 )c>E 3
Vr 44’ —12x+3=2x-31" ) =1 T2 ox=6.
X4 —12x 43 =4 —12x+9 | 5

Két luan hé da cho c6 nghiém (x;) :(%;\/3—%),(%;—\/3—%).

Nhdn xét.

Pay la tai liéu mé dau cho toan b series hé phwong trinh chira can thirc cua tdac gia va 4 bai toan mo man chiing
thuc sy don gian, khong ai trong $6 cdc ban khong nhdn ro diéu do! Thuc té thi hé phwong trinh chira can thire la
sw ndng cao va phat trién cia hé phwong trinh dai s6, hé phwong trinh hiru 1y, voi mirc dg don gian nhdt ma cdc
ban biét la hé phwong trinh bdc nhat hai an véi phirong phdp thé (thay thé) va céng dai s6 truc thuéc pham vi
chuong trinh Pai s6 Hoc ky II 16p 9 THCS.

Phuong phap thé la mét phirong phép vé ciing co ban, don gian, c6 1€ ban hoc sinh hé THPT chinh quy ndo ciing
biét né la buéc quan trong trong khdu xik 1y cudi ciing ciia ‘hé phuong trinh trudc khi quy vé 5 phirong trinh mét an
hodc thir nghiém, loai nghiém. Sé la khach quan khi néi rang phwong phdp thé la mét phwong phdp co ban, don
gidn, nhung sé la sai lam khi néi rang phirong phép thé la mét phwong phdp cé tinh “tham mi”’ cao. Qua thwc, doi
lic nhitng phzm’ng trinh h¢ qua ching ta thu dwoc rdt cong kénh, dai dong, con tinh gidi dwoc hay chira thi con
phai “hy vong”, nhu"ng lic ay, cac ban hoc sinh thuwong quen goi voi ngon tir “phirong trinh khing bo”. Tuy nhién,
chinh vi cdi cam gidc “tam thwong” danh cho né nén ddi khi nhiéu ban hoc sinh cia minh t6 ra ling ting, xudt
hién tam ly e ngai tham chi la ky thi phwong phdp thé, vé hinh chung lam rao can déi véi nhitng 1o gidi tw nhién,
ngdn gon, tham chi la t6i wu.

Moi quy déc gid theo déi cdc bai todn tiép theo

Bi‘li’ toan 5. Trich luoc bai T4/408,; Dé ra ky nay; S6 408; Thang 6 nam 2011; Tap chi Toan hoc va Tudi tré; Nha
Xuat ban Giao duc Viét Nam.
Tac gia: Lai Quang Tho - Giao vién Truong THCS Tam Duong; Huyén Tam Duong; Tinh Vinh Phuc.

Gidi hé phuong trinh {x—Z y+i=3,
x3—4x2\/ﬁ—9x—8y:—52—4xy.
Loi gidi.
Diéu kién y >—1. Tir phuong trinh thtt nhat suy ra 2\/m:x—3<:>{ng’ , @{XZ?’ )
4y+4=x"-6x+9 4y =x"—6x+5

Thé ddng loat vao phuong trinh thir hai ta c6
¥ =2x7 (3—x)=9x—2(x" —6x+5) =52 —x(x* —6x+5) <> x* —4x 21 =0 > x e {-3;7}.
Loai truong hgp x=-3 = x =7 = y =3. Két luan hé da cho c6 nghiém duy nhat.

Xy —=2+xy=2x"+3x" +19,

Jy—2=x+1.

Bai to4n 6. Giai hé phuong trinh { (x;yeR).
Loi gidi.
x=-1

Piéu kién y > 2. Phuong trinh thir hai twong duong /y -2 =x+1< 5
y=x"+2x+3

Phuong trinh thir nhat cia hé tré thanh
x? (x+1)+x(x2 +2x+3) =2x"+3x* +19
502

<:>2x3+3x2+3x=2x3+3x2+19<:>x=?:>y: 5
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Két luan hé phuong trinh d cho c6 nghiém duy nht.

. 2942y —1=9x" +x+1,
Bai toan 7. Giai hé phuong trinh (x;yeR).
2y-1-1=x.
Loi gidi.
- 1 . . x2-1
biéu kién y >—. Phuong trinh tht hai cua hé twong duong véi 2y —-1=x+1< R
2 2y =x"+2x+2

Phuong trinh thir nhat ctia hé trg thanh
(x2 +2x+2)(x+1):9x3 +x+1<:>(x+1)3 +(x+1)=9x" +x+1

2
<:>x+1=x3/§<:>1=x(3/§—1)<:>x= ! :yZ%( ! +1j +l

Yo -1 o1 2

Két luan hé c6 nghiém duy nhat.

x—4yJy+1 :%,
4y+8(x—3)«/y+1+320.
Loi gidi.

Diéu kién y > —1. Phuong trinh thir nhat ctia hé di cho twong duong véi
2x-520 2x-520
4x* —20x+25 =4y+4<:> {4)& —20x+21=4y
Thay vao phuong trinh thir hai cua h¢ ta duoc
(4x” =20x+21)+(x-3)(2x=5)+3=0

Bai to4an 8. Giai hé phuong trinh (x;yeR).

2x-5=2 y+1<:>{

@12x2—64x+84=0c>3x2—16x+21=0<:>x€{3;%}

Loai truong hop x = % < % =>x=4y= % 1a nghiém duy nhat cua hé.

xX—yy-1=2,

y+2xry—4=2(2/x—1-x). (x:yeR).

Bai toan 9. Giai hé phuong trinh

Loi gidi.
biéu kién x >1;x+ y > 4. Phuong trinh thtr nhat cua hé twong duong voi
x=2 x=2
Jy-l=x-2& , = 5
y—1l=x"-4x+4 y=x"—4x+5

Phuong trinh thtr hai cua h¢ tr¢ thanh
X —Ax+5+20x? “3x+1=4Jx-1-2x =

S x —2x+5420x —3x+1-4fx-1=0

St =3x+1+420x7 =3x+1+1+x—-1-4Jx—-144=0

2 —_—
@(\/x2—3x+1+1)2+( x—1—2)2=0@{“€ =Tl o

Vx-1=2
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Két luan hé di cho vo nghiém.

Nhdn xét.

Tir bdi todn $6 5 tro di, mirc @6 cdc bdi todn dd khé hon 4 bai todn truée, mdc div van khéng nam ngodi pham vi
phép thé nhung dé thu dwoc phwong trinh hé qud, ching ta phai * ‘thé dong bo” — “thé triét dé”. Tai sao lai goi la
thé dong bé va thé triét dé. Cac ban co thé quat sdt thi du dién hinh la bai todn 5, phicong trinh thit hai ciia hé c¢é s

xudt hién cia hai dai lwong |y +1, ynén can phdi c¢6 phwong dn thé tron ven cho né, va dinh hwéng nhi sau
x>3 {x >3

o Ndng lity thira phwong trinh thir nhat 2y +1=x-3 < , =
4y+4=x"-6x+9

4y =x"—6x+5
o D6i véi phuong trinh thir hai, ché ndo c6 \y +1tathé 2,/y+1=x-3.
X’ —6x+5
I 4 4 .\
Cac bai toan 6, 7, 8, 9 ciing tuwong tu nhuw the, chi voi phép thé don thuan thoi nhung lua chon phuong trinh vo ty
kho xuwr Iy cac ban co thé dé dang tao ra nhitng bai todan kha thu vi.

o Poi véi phirong trinh thik hai, ché nao c6 y ta thé y =

6x% —11x+y+10=2xy/2—x,
Bai toén 10. Giai hé phuong trinh Y (x;y<R).
J2+y=x"+x
Loi gidi.
bicu kién x<2;y>-2.
X +x20

Phuong trinh thir hai ctia hé twong duong véi 2+ =x* +x <
y=x"+2x"+x" -2

Thé vao phuong trinh thtr nhat ta dugc
X2 = 24637 —11x+10=2xv/2—x
S A2+ 2 x—2xV2—x+ x> +5x° —=10x+5+1=0
2
<:>(\/2—x—x) +5(x—1)2 =—loxed

Két luan hé phuong trinh d cho vo nghiém.

Jy+l=x+2,
12421 —x =4y +1=Tx+5Jx+1+4—dx—y.

(x;yeR).

Bai toan 11. Giai h¢ phuong trinh {

Loi gidi.
Diéu kién x € [—1;1],4—4x—y >20;y>—1.
. x2>-2
Phuong trinh thtr nhat cta hé twuong duong \/y+1=x+2 < 5
y=x"+4x+3
Phuong trinh thtr hai cua hé tré thanh

124241 =4(x+2) - Tx+ 5V +1+4,[4—4x— (x* +4x+3)
S 4+ 241-x =3x+5Vx+1+1-x

bat V1-x =a;\1+x =b;(a,b20)tathudu’(yc 2a2—a(b+5)—b2+2b+3=0<:>(2a+b—3)(a—b—1)=0.
Truong hop 1

2a+b-3=02Vl1-x +Vl+x =3 4/1-x" =4-3x

3x<4 { 24}
& 0;,—
16—16x2:9x2—24x+16 25
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Truong hop 2

a-b-1=0=Jl-x=+l+x+12J1-x =2x-1
le \/§

= 2 @XZT
4—4x=4x" —4x+1
a1 o o 24 4851\ (3 15
Keét ludn h¢ phwong trinh da cho ¢6 cac nghiém (x;)=(0;3), E’E , 7;?+2\/§ )

Jy+l=x+3,
_ x;yeR).
1/2()’—1016—4)+32)61/1634—2=4\/2—x. ( )
X
Loi gidi.

Diéu kién xe(0;2],y-10x-4>0;y>-1.

Bai toan 12. Giai h¢ phuong trinh

x=>-2

y=x"+6x+9

Phuong trinh thir hai cua hé tré thanh /2(x2 —4x+5) +3_Tx‘/x3 +i =442 -x (1)
x

Ap dung bat dang thirc u +v > 2+/uv ta duge
2_ 3—X 3 i_ _ _ _ 2 2_x+1 3 l l l
1/2(x 4x+5)+ 3 /x +x—4\/2 x=2 [(2 x) +1}+ 5 X +x+x+)C
22 —x / ;111
>2./2.2.(2-x)+ w3’ ——.— =42 -
( x) 2 * X X X *

Dau dang thirc xay rakhi 2—x=1;x° = LI p 1; » =16. Két luan hé c6 nghiém duy nhat.
X

Jy—=3=x+1,

2y=3x—y—3+11=17/9x—8 +/13x— 4.

Phuong trinh thir nhat cta hé tuong dwong véi /y+1=x+3 < {

(x;yeR).

Bai toan 13. Giai h¢ phuong trinh {

Loi gidi.
R 8 . A L. y:x2+2x+4
bicu kién y>3;x > 5 Phuong trinh thtr nhat cta hé twuong duong voi /y-3 =x+1&< -
x =z —
Phuong trinh thtr hai cua hé tré thanh

2(x2+9)=17x/9x—8 +/13x—4 < 2x* +18=17/9x -8 +/13x — 4
S17x=17V9x -8+ x+2—/13x—4 +2x* —18x+16=0

<:>17(x—\/9x—8)+x+2—\/13x—4+2x2—18x+16:0

2 2
17 X TxH8 ¥ —Ox+8 +2(x*~9x+8)=0
x+V9x—8 x+2++13x—4

<:>(x2—9x+8)( 17 !

+ +2 (=0 (1
x++v9x—-8 x+2++13x—-4 j ()
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17 1
+
X+V9x—-8 x+2++13x—4
(1)<:>x2—9x+8:O<:>(x—l)(x—8)=0<:>x6{1;8}.
Két hop diéu kién ta thu duoc nghiém x=1;y=7vx=8;y=84.

x4+(21/4y—x—1)x3+4x2y:2x+9,
2
(x+«/4y—x) =5x+4y+6.
Loi gidi.
biéu kién 4y —x > 0. H¢ phuong trinh da cho twong duong véi

2
{x“+2x3w/4y—x+x2(4y—x):2x+9 (xﬁ—x\/ﬁ) =2x+9 (1)
=

Ta thiy +2>0,Vx > gnén

Bai toan 14. Giai hé phuong trinh (x;yeR).

2

x*+2xJ4y—x=6x+6 X 4y—x:3x+3—x— (2)
2
Thé (2) vao (1) ta dugc

P 2
£x2+3x+3—%j =2x+9c;>x4+12x3+48)c2+64x=Oc;>x(x+4)3 =Oc>xe{—4;0}.

x=-4 x=-4
Thr truc tiép vao hé taloai x=0. Vé&i x:—4:>y=£:> 289 & 225
M AR T Ly

Két luan hé ban dau c6 nghiém duy nhat.

Nhdn xét. ) . ) ) i

Bai toan so 14 tac gia xudt phat y tuwong tw bai 11.2; Dé thi tuyén sinh Pai hoc, Mon Toan,; Khoi B; Dé chinh thirc;

Mua thi 2008; B Giao duc va Dao tao nhu sau

et . x'+2x°y+x*y* =2x+9,
Giai hé phuong trinh (x;yeR).
2

X" +2xy=6x+6.

Phép thay thé an méi y ~ \J4y —x da lam bién doi toan bo hé, ddo Ion cdc dai lwong chiva x déc Idp ciing nhw gidu

di cdu tric san cé cia hé. i ) i

Sur dung y twong twong tu cac ban co té tqo ra rat nhiéu hé phuong trinh co do kho twong dwong.
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Bai tap twong tu.

x+y=1,

o Giai hé phuong trinh 2x+3y+25 x;yeR).

Sl N s (Emes e S R
xX+y+2

(x—yz—Z)(x—y):O

o Giai h¢ phuong trinh 1 1 5x (x;yeR).
i x 12y
,  9x _16,

o Giai hé phuong trinh y+l1 (x;yeR)
(|x|—«/6x+y—8)(x2+6x+y—7)=0.

o Giai h¢ phuong trinh

; R).
J2x- —\/x+ =2(y* +2y-2). (xiy k)
V2x+1=y+1,
2x 1 10 4x* +y* +2y=5.

y\/4x 1+3 =5y —J12x-3
2y > 3-2x =+/6.

o Giai hé phuong trinh (x;yeR).

o Giai h¢ phuong trinh (x; ye R).

. 2 x+1,
o Giai h¢ phuong trinh (x; ye R) .

y—x—T=~x+2.

108 +1=3(y+2) +3,

o Giai hé phuong trinh 2y—t=2x+l, (x;yeR).

Bx+l+/5x+4 4252 +2x+2=y+.2y 1.
o Giai hé phuong trinh 3 5 (x;yeR).

3+ 5 x+11lx+10=2y.
o Giai h¢ phuong trinh 5 2 (x;ye]R).
7- x+\/_ y—15x—y-5+31.
o o fx- ZJT 2y-32x-1,

o Giai hé phuong trinh y I—W) Y vy (x;yeR).
o Giai h¢ phuong trinh \/x +3y° 3+2\/2x ~2y+1=3y=0, (x;ye]R).

° Giéihéphuorngtrinh{ X H1=y+2, (x;yeR).

3+ )" =2y +2.
(4y- 28x+1)(x+2 y+1)=o,
o Giai h¢ phuong trinh 2 (x; yeR).

X
=3y—-28x-1.
(x+1)2
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B. KHAI THAC BAI TOAN NGHIEM CO PINH - PHAN TiCH CAP 1.
x—£1+gjﬁ=—3—3,
Bai to4an 15. Giai hé phuong trinh x x (x;y eR).
X =y =11-2J(x+5)(y+2).
Loi gidi. ,
biéu kién y >0;-5< x # 0. Phuong trinh thtr nhat cta hé twong duong voi
X —(x+2)y=-3x-2 2 +3x+2—(x+2)/y =0
X=—
+1)(x+2)—(x+2 =0 +2){x+1- =0
D)o 0 (1o )0
Xét truong hop x = -2, phuong trinh thtr hai cua hé tr¢ thanh

4-Jy=11-23(y+2) ©23(y+2) =y +7 =14y =11y-25

25
yz= 625 625
ey U Sy=mr= )=
121)% — 746y + 625 =0

Xét truong h 1=y x=-l
ét truon x+l=\y o
P Y y=x"+2x+1

Phuong trinh thtr hai cua hé tré thanh
X’ —x—12+2\/(x+5)(x2 +2x+3) =0 & +2x+3+ 2Jx+54x" +2x+3-3(x+5)=0.

bit Vx+5=u;Vx* +2x+3=v;u>0,v>0=u+3v>0. Ta thu dugc

u2+2uv2—3v2=0<:>(u—v)(u+3v)=0<:>{u:v Su=y
u+3v=0

Sx+5=x+2x+3ox+x-2=0xe{-21}=(xy)=(L4)
K&t luan phuong trinh da cho c6 hai nghiém (x;y)= (1;4),(—2;%].

x+§:(l+§]\/;—5,
X

Bai toan 16. Giai hé phuong trinh x (x;yeR).
V8—x +x—6 = x —14x* + 49,y - 96.
Loi gidi. ,
biéu kién y >0;6 < x <8. Phuong trinh thir nhat cua hé twong duong véi
x+5+§:(1+§j\/;<:>x2 +5x+6:(x+3)\/;
x x
X =

S (x42)(x+3)=(x+3)y & (x+3)(x+2-y) =0

-3
x+2= \/;

Loai truong hop x =-3.

V6i x+2=./y thi phuong trinh thé hai tré thanh +/8—x +/x—6 = x* —14x> + 49x + 2.

Picu kién 6<x<8.Taco
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12

(a=b)’ 20 a*~2ab+b* >0 a* +2ab+b* <2a* +2b*
c:>(a+b)2 S2(a2+b2):>a+b£|a+b|£4/2(a2+b2)
Ap dung bat ddng thire trén ta ¢6 V8—x +/x—6 < [2(8—x+x—6) =J4=2.

Mt khic x* —14x” +49x +2 = x(x* —14x+49)+2=x(x=7) +222,Vx [6;8].

L x—6=8-x
Do d6 phuong trinh da cho c¢6 nghiém khi cac dau dang thirc xay ra, tuc la { 70 Sx=7.
x—7=
Két luan hé phwong trinh c6 nghiém duy nhat x=7; y =81
. x+9+§:2[1+§j1/y 1,
Bai toan 17. Giai hé phuong trinh x x (x;yeR).

Vx—=1++/3-x+12y—24x=x" +42.
Loi gidi.

Diéu kién x [1;2]; > —1. Phuong trinh thir nhét cia hé twong duong véi

X 4+9x+20=2(x+5)\Jy+1 < (x+4)(x+5)=2(x+5)/y+1
x=-3
S (x+5)(x+4-2 y+1)=0<:>{
x+4=2y+1
Loai truong hop x =-3.
Xét x+4=2y+1=>x"+8x+16=4y+4 < x> =4y -8x—12.
Phuong trinh thit hai twong duong véi Vx—1++/3—x =x’ —3x* +6.
Piéu kién 1< x <3 . Ap dung bat dang thirc Bunyakovsky ta c6
(Va—T+43=x) <(B42)(x-1+3-x)=4=Jx—1+3-x<2.
Bén canh d6 x* —3x’ +6=x"~3x* +4+2=(x-2) (x+1)>2,Vxe[1;3].

x—1=3-x

Do d6 phuong trinh da cho c6 nghiém khi cac ddu déng thirc dong thoi xay ra, nghia 13 { a_g T 2.
X

Thir lai thiy thoa man dé bai, két luan nghiém duy nhat x=2.

x+5+i:2£1+ij‘/2— ,
X

Bai toan 18. Giai h¢ phuong trinh X

Vx—=3++5-x+10x+4y=25.

(x;yeR).

Loi gidi. ’
biéu kién y <2;3<x <5.Phuong trinh thir nhat cua hé twong duong véi
X +5x+4=2(x+4)2-y & (x+4)(x+1)=2(x+4){2-y
x=-4

<:>(x+4)(x+1—2\/ﬂ)=0<:>L+1=2\/E

Loai trudng hop x=—4. Xét x+1=22—-y & x> +2x+1=8-4y < x* =74y -2x.

Khi d6 phuong trinh thir hai ctia hé tré thanh v/x—3 ++/5—x = x> —8x+18.
Diéu kién 3<x<5.Taco
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(a=b)’ 20 a*~2ab+b* >0 a* +2ab+b* <2a* +2b*
c:>(a+b)2 S2(a2+b2):>a+b£|a+b|£4/2(a2+b2)
Ap dung bét dang thirc trén thi
Vx-3+5-x< 2(x-3+5-x)=4=2.

5 -3=5-

Mit khac x* —8x+18 = (x—4)2 +22>2. Do do phuong trinh ban dau c6 nghi¢m khi {x 40 x@ x=4.
17

Thr lai, két luan hé phuong trinh c6 nghiém duy nhat x =4;y = I

Nhin xét.

Tir bai todn sé 15, 16p hé phiong trinh ciia chung ta da buoc sang mot 16i ngodt mdi, do la hé phwong trinh sir
dung phan tich nhan ti. Ciing vi hinh thirc cong kénh ciia hé nén phép thé cia minh gan nhw la qud sirc, do do
chung ta nght den mét phwong phdp phia sau thé, dé la phai lam gon gang bang cdch chia nhé cdc khd nang the,
@6 chinh la bdc cau bang cach dira mét phirong trinh vé dang tich

f(xy)=0 {A.B.C.D...._o {A—O\/B=O\/C=0v...

=
g(xy)=0 " |g(xy)=0 g(xy)=0

Khi d6 chiing ta sé thu dwoc cac hé nhé hon bao gom

{:(ZX;OyFOv{j(:x;oy):ov{gc(z:)y):ov...

Tuy nhién, vi sao chiing ta lai c6 dwoc phép phan tich nhén tir nhw vdy. Poi véi cdc ban hoc sinh 16p 12 bigc THPT
co lé da qua quen thugc voi bai todan twong giao cac do thi ham so voi nhau, dac biét la twong giao do thi ham so
da thue voi truc hoanh.
Tac gia xin moi quy doc gia va cac ban dén vai bai toan thudc pham vi ham s6 nhu sau
Cau I (2,0 diém). Cho ham s6 y=x’—2x" +(1—-m)x+m (1);m la tham s6 thyc.

1. Khao sat sy bién thién va v& d6 thi ham sb (1) khi m=1.

2. Tim m dé d6 thi ham sb (1) cat truc hoanh tai 3 diém phéan biét c6 hoanh d¢ x,,x,,x,théa min diéu kién

XX +x; <4,

(Trich luge cau I;Dé thi tuyén sinh Pai hoc; Mon Toan; Khéi A; Dé thi chinh thirc; Pot 1; Mua thi 2010; Bo Gido
duc va Dao tao Viét Nam).
Loi giai (Danh cho 1.2)

e Phuong trinh hoanh d§ giao diém cua do6 thi ham s6 (1) va truc hoanh Ia
x=1

f(x)=x2 -x—-m=0 (2)
e D6 thi ham s6 (1) cat truc hoanh tai 3 diém phan biét khi (2) c6 2 nghiém phan biét khac 1.

X —2x2+(1—m)x+m=O<:>(x—l)(x2—x—m)=0<:>{

< s - , . A o . X, +x,=-1
e Dit x, =L x,,x;1a cdc nghiém cua (2), 4p dung hé thuc Viete
X,X; =m
A=1-4m>0 1>4m
\ 1
e Taduoc yéu cau twong duong § (1) =0 Se-m#20 o -——<m<Lm=#0.
Cdu hoi dat ra: Tai sao lai co phan tich thy duoc (2), t@u’c‘ ra dé la do tinh chat nghiém cua phwong trinh da thirc:
Mot da thirc c¢6 tong cac hé so bang 0 thi c6 mot nghiém bang 1.
Cdc ban c6 thé hiéu cach khac rang x =11a mét nghiém cé dinh ciia da thire P(x)=x"=2x" +(1=m)x+m . Mot

56 ban cé thé biét dén tinh chat nghiém thir hai twong tw nhw sau
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Mot da thirc ¢6 tong cac hé sé chin biang tong cac hé s6 16 thi c6 mdt nghiém bing -1.
Van de dat ra tié}) theo ld néu nguoi ta cho da thirc co nghiém o dinh khéc +1thi sao, chcfng han x=2;x=3;...
Thiee ra diéu nay khong qud khé, da la nghiém cé dinh ching ta hiéu la da thirc c6 nghiém véi moi gid tri thuc ciia
tham s6, ¢6 nghia la khi thay toi thiéu tir 2 gid tri tham s tré 1én chiing ta thu dwoc cing mot nghiém x
That vay, vi bai toan ham s6 trén céc ban st dung mdy tinh

m=5=x=1 o
= x =1c¢0 dinh.

P(x)=x>=-2x* +(1—-m)x+m;
( ) ( ) {m =6=>x=1
Chung ta hiy cing nhau quay lai 4p dung d6i v6i cac bai toan tir 15 dén 17.
Bai toan 15.

> Soluge x—£1+gj\/;=—3—g<:>x2 ~(x+2)fy=3x-2& x +3x+2-(x+2)/y =0.
X X

y=5S=>x=-2

> Gan y bat ky { = x =—21a nghiém cd dinh.

y=6=>x=-2
x=-2

x+l=\/;

> Bién d6i nhan tir (x+l)(x+2)—(x+2)\/;:0<:>(x+2)(x+1—\/;)=0<:>|:

Bai toan 16.
6 3 6 3 2
» Soluge x+—=|1+=|\/y-S5<x+5+—=|1+= |y &x +5x+6=(x+3)\/y.
X X X X

. =T=x=-3
» Génybitky {” g
y=10=>x=-3

L =_3
> Bién doi nhan tir (x+2)(x+3)=(x+3)1/y<:>(x+3)(x+2—w/y)=0<:>|:x ,
x+2=4/y

Bai toan 17.
> So luge x+9+§:2£1+§j«/y+1<:>x2+9x+20=2(x+5)1/y 1.
X X
. =7T=>x=-5
> Géanybitky | g
y=10=>x=-5

oy x=-3
> Bién doi nhan tir (x+4)(x+5)=2(x+5)y+1 < (x+5)(x+4-2 y+1)=0<:>|: 4o [
x+4=2\y+

2x+7+i=(2+1]«/y 1,
X

X

War 14272 g

X

Bai toan 19. Giai hé phuong trinh (x;yeR).

Loi gidi.
S 1 ; .
biéu kién x> E; y = —1. Phuong trinh thir nhat cia hé tuong duong véi
2x+1=0

2x° +7x+3=(2x+1){y+1 o (x+3)(2x+1)=(2x+1){y+1 &

x+3=4/y+1

Xét 2x+1=0<:>x=—%, loai. Xét x+3=4/y+1 < x>-3;x” +6x+8=y.Khi d6 phuong trinh thir hai tr& thanh
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W21 46=Tx4 L o 2x2x 1 =72 —6x+1c>2x(x/2x—1 —l)=7x2 —8x+1
X

4x(x—1) 4x
S ——t =(x-1)(Tx-1)ox=lv—o=—-=Tx—-1 (I
N2x—-1+1 (x )( g ) * v\/2x—1+1 ! ()
Ta co %S%z4x<7x—lﬁ’x2%:>(l) vO nghi¢m.

Vay hé phuong trinh d& bai c6 nghiém duy nhat x=1;y =15.

2x+3+§=£2+§j44— ,
X

Bai toan 20. Giai hé phuong trinh X

N7 +5x7 =y =+/1+8x +3.

(x;yeR).

Loi gidi.
A 1 ; )
biéu kién y <4; 3 <x#0;7+5x" —y>0. Phuong trinh thir nhat ctia hé twong duong véi

2x+3=0
2x2+5x+3=(2x+3)w/4—y<:>(2x+3)(x+1):(2x+3)1/4—y<:> xl 7
x+1=44-y
3 i x2>-1
Xét 2x+3=0< x=——,loai. Taco x+1=/4-y <1 |
2 X +2x-3=-y

Khi d6 phuong trinh thir hai cua h¢ tr¢g thanh

«/2(3x2+x+2) = J1+8x +3 < 6x> +2x+4=10+8x+6+/1+8x
S6xP—6x—6=68x+1 > x*—x—1=8x+1 = 4x* —4x—-4=4/8x+1

SAx* +4x+1=8x+1+4+/8x+1+4

2 2 \/8X—+:2x_1 (1)
< (2x+1) :(m_'_z) C{M+2x+30 (2)

(1) 2x-1=20 xZ% 3
O < < > X=5.
8x+1=4x"—4x+1 Ax® —12x=0

o Phuong trinh (2) v6 nghiém vi v/8x+1+2x+32> 2.[—%j+3 :%> 0,Vx 2> —%.

Déi chiéu diéu kién ta c6 nghiém duy nhat x =3.

2x+13+§:£2+§j«/5— ,

Bai toan 21. Giai hé phuong trinh X X

72 +4x—y -2 =2+/1+4x.

(x;yeR).

Loi gidi.
A 1 ‘ .
biéu kién 7 <x#0;7x" +4x—y—22>0;y<5. Phuong trinh thir nhat cua hé twong duong véi

2x+5=0

2x2+13x+20:(2x+5)«/5—y c>(x+4)(2x+5)=(2x+5)\/5—y = x+4=\/ﬂ
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Xét 2x+5=0c>x=—§,loai.

x>-4 x>—4
Xét x+4=\/5-y <

5 =
x +8x+16=5-y
Phuong trinh thtr hai cua h¢ tr¢ thanh

V82 +12x49 =2++1+4x < 8x> +12x+9=5+4x+4~/1+4x

S8 +8x+4=4J1+4x o 4x* +4x+2=2dx+1
<:>4x2+8x+4:4x+1+2\/4x+1+1<:>(2x+2)2 :(\/4x+1+1)2

& |2x+2|=[Vax+ 141 o 2x+2=Vax+1+1

1
xX2>——
SAVdx+1=2x+1< 2 =x=0
dx+1=4x"+4x+1

Pbi chiéu diéu kién ta thu dugc nghiém duy nhat x=0.

x3+4x2—x—4:(x2—1)\/_,
J&—12x+y—y =9 =24 x+1.

—y=x"+8x+11

Bai toan 22. Giai hé phuong trinh (x;yeR).

Loi gidi.
biéu kién x > —1; y > 0. Phuong trinh thir nhat cua hé twvong duong véi

(¥ =1)(x+4)=(x —1)\/_@{ .

Xét x* =1 xe{-1L1}, kéthop phucmg trinh thir hai cua hé ta duoc

x=-1 x=-1

{hﬂ@{ijﬂ—zho f/_1_1+\/_:>(Xy) (98”*/_]

Xét x+4 =,y & x>-4y=x"+8x+16. Phuong trinh thi hai cta hé tr6 thanh v2x* —5x+3 =2++/x+1.

C . 2x*—5x+3>0
Tabiéndéivéidiéukién{ XX x>y l<x<l

s=

x>-1 2

2:° =5x+3=(x+1)+4Vx+1+4 & 2" —6x -2 =4x +1

St -3x-1=2Jx+lox* 2x+1=x+1+2Vx+1+1
Nx+l=x-2 1

<:>(x—1)2:(x/x+1+1)2<:> (1)
Vx+1l=—x (2)

x>2 {xZZ 5+\/E

= X = .

x_
x+l=x*—4x+4 x*=5x+3=0 2

< )|
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) { x'—x-1=0 2
Déi chiéu diéu kién ta thu dugce cac nghiém cua hé gém

.98+2«/ﬁ] [1—6_43—9\5} [5+J§_77+16\/EJ
e : , : .

(50) (101, SRR B

x<0 {xSO 1-5
, &

x+1l=x

Véi bai todn sé 22 nay, ciing nhu viéc tim nghiém c6 dinh nhie cdc bai todn trude siv dung cong cu mdy tinh bo tili
Casio Fx — 570 ES Plus hodc tiwong dwong cé 1€ cdc ban déu thdy rang nghiém cé dinh da khéng con don thuan la
mot nghiém nita, vay nghiém 6 dinh chinh xdc nhw thé ndo, cdc ban hay sw dung mot loat phép gan voi két qua thu
dwoc nhw sau

T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
v 100 1000 50 200
X +1 *1 *1 *1
Nghiém ¢ dinh X =1 X =1 X =1 =1

Viéc khai ‘qudt hai nghiém co dinh nf;o’ tro thanh 9c2 = 1co Ié khong qua kho, da s6 cdce ban doc deu nhdy ra. Tat
nhién nhiéu bai? dung lai 0 nghiém co dinh thir nhat bang 1 tuy nhién phwong trinh hé qua cac ban phdai tiép tuc tim
thém nghiém co dinh thir hai la —1.

x3+2x2—4x—8=(x2—4)\/_,

(xe]R).
6x° —y+3x+9=5Vx" +x* +1.

Bai toan 23. Giai h¢ phuong trinh {

Loi gidi.
biéu kién y>0.
Phuong trinh thir nhat cua hé tuong dwong véi

(x2 —4)(x+2)=(x2 —4)\/;C>ECC

Xét x =+2, két hop phuong trinh tht hai ciia hé ta dugc
" x=2=64-y+6+9=5J16+4+1 < y=39-521.
s x=-2264-y-6+9=516+4+1 < y=27-521.
Xét y = x* +4x +4 thi phuong trinh thir hai ctia hé tré thanh 5x” —x+5=5vx* + x> +1.

Nhan xét x* +x* +1=x"+2x" +1-x7 :()c2+1)2—)c2 :(xz—x+1)<x2+x+1).

=4 x=12
&
+2=y y=x"+4x+4

Phuong trinh da cho twong duong véi 2(x +x+1)+3(x* —x+1) =5yx? +x+1a/x* —x +1
bat Vx’ +x+1=u;vx’ —x+1=v (u>0;v>0)thu duoc
2u2+3v2=5uv<:>2u(u—v)=3v(u—v)<:>(2u—3v)(u—v)=0<:>B:V3
u=3y

o u=vexX+x+l=x*—x+lex=0.
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13+\/@,13—@}
10 '

10

o 2u:3vc>4x2+4x+4=9x2—9x+9<:>5x2—13x+5=0c>xe{

Két luan hé di cho c6 4 nghiém bao g@)m

(x;y):(0;4),[13-1(\)/@{33—@]2],[134@;[33}?@}2},(2;395@),(2;275@).

10 10

20 +x7 =10x =5 = (x* =5) [y +1,
(4x—1)Vx? +1+2x7 +2x =y +1.

Bai toan 24. Giai hé phuong trinh (x;yeR).

Lo gid.
biéu kién y>-1.
Phuong trinh thir nhét ctia hé tuong duong véi
2 2
x°=5 x =5

(x2—5)(2x+1)=(x2—s)ﬁa{zﬁlzmc{y:w+4x
Xét x> =5 x=1/5 , két hop v6i phuong trinh thir hai ta duoc
. x=J§:>y=(4J§—1).J€+2.5+2J§—1=4\/@+2\/§—J€+9.
o x=—V5=y=(-45-1)16+25-25-1=-4130 - 25+ /6 +9.
Xét y =4x” +4x thi phuong trinh thir hai tré thanh
(4x—1)Vx? +1 =227 +2x+1 > 8(4x—1)Vx> +1=16x" +16x+8
& (4x-1) -8(dx—1)Vx* +1+16(x* +1)=162" ~24x +9
4x* =-3

2 20x*+1=1 4
<:>(4x—1—4\/x2+1) (4x—3)2©[\/_ | [2x2>1 <:>x:§.
2 fd pa—
A=l e s a ax

Két hop hé di cho ¢6 ba nghicm (x: 1) = (v/5: 430 + 245 — /6 +9).(—v/5:~44/30 =245 + /6 +9).[ £ |.
3

Nhdn xét.

Véi bai todn sé 24 nay, ciing nhw viéc tim nghiém c6 dinh nhie cdc bai todn trude siv dung cong cu mdy tinh bo tili
Casio Fx — 570 ES Plus hodac twong dwong co lé cac ban déu thay rang nghiém co dinh to ra kha “le”, diéu nay
buoc dau gay bat lpi cho chung ta. Két qua dwoc cho boi bang sau

T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
v 100 1000 50 200
x 2,236067978 2,236067978 2,236067978 2,236067978
-2,236067978 | —2,236067978 | -2,236067978 | —2,236067978
Nghiém cb dinh =5 x2=5 x2=5 x’=5
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Nhung cdc ban khoan héy véi chuyén huwéng, nghiém tuy 1é nhwng hai nghiém nay la hai nghiém déi nhau, diéu nay
khang dinh néu binh phirong thi két qua sé chung mét gid tri, va khéng qud khé dé thay x* =51a nhéan tir bao ham
cdc nghiém cé dinh. Néu sir dung phwong dn lam viéc véi ting nghiém nhé 1é cdc ban sé nhanh chong mat tinh
than va tat yéu dan dén nan chi hodc sai lam tinh todn do tinh chat vé ty ciia cac nghiém ¢ trén.

3x4+x3—6x—2:(x3—2)4/y+1,

Bai toan 25. Giai hé phuong trinh 3
4(x +1):(1+\/10x2 —yrdx+2).

(x;yeR).

Loi gidi.
Diéu kién cac can thirc xac dinh. Phuong trinh thtr nhat ctia hé twong duong voi

(XS_Z)(3X+1)=(X3—2)W®|:X3:2 @{)f:z

3x+1=4/y+1 y=9x° +6x
Xét truong hop x° =2 = x =32, phuong trinh thit hai tré thanh

3
4.3=(1+\/10.%/Z—y+4%/§+2) @y=10.3/1+4%/§+2—(%/§—1)2.

3
Xét trudmg hop thit hai, phuong trinh thir hai trd thanh 4(x° +1) = (1 X —2x+ 2) .

3 3
Nhan xét (1+\/x2—2x+2) :[1+ (x—1)2+1} >(1+1) =8=4(x’ +1)28=x>1.
Ta bién d6i phuong trinh vé dang

4(x +1)=1+3 x2—2x+2+3(x2—2x+2)+(\/x2—2x+2)3
& 4x° 33> +6x-3=3x* —2x+2 +(x2—2x+2)\/x2—2x+2
<:>4x3—3x2+6x—3:(x2—2x+5)\/x2—2x+2

3_ 2 _ 3_ 2 _ _
<:>4x 3x° +6x 3—x:\/m-x<:>3x X +x 3= 2x+2

x*—2x+5 X' —2x+5 N2 =2x+2+x

—1)(3x% +2x+3 - 2
@(x )2( X" +2x )+ 2(x-1) 0o (x-1) 3x +22x+3Jr 2 ~0
X" —2x+5 \/x2—2x+2+x (x—l) +4 \/x2—2x+2+x
3x7 +2x+3 2

> + >0,Vx>1nén ta thu dugc x=1= y=15.
(x—l) +4 \/x2—2x+2 +Xx

K&t luan hé c6 hai nghiém (%;10.%/Z+ 432+ 2—(2/5—1)2 ),(1;15).

2t +x’ —14x =7 =(x" = 7) 4y +1,
¥ —1=2xy+x.

Bai to4n 26. Giai hé phuong trinh { (x;yeR).
L gidi.
Pidu kién y> —i; J+x20. Phuong trinh thir nhit cia hé twong duong véi

(x3 —7)(2x+1)=(x3 —7)\/m<:>|:

=7

2x+1=\/4y+1

CREATED BY BINH PHUONG; GACMA1431988@GMAIL.COM TRUNG POAN NGUYEN CANH CHAN; QUAN POAN TANG THIET GIAP




LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 1) 20

Xét truong hop x° =7 = x =3/7 , phuong trinh thit hai tré thanh

%/@—1=2%/7.\/y+%/7©y=(%/j_39\/7_1]2—3/7~

x2>-1
Xét truong hop 2x+1=/4y+1 <:>{ 5
y=x +x

Thay thé vao phuong trinh thir hai ta duoc

¥ -1=2xVx*+2x &
{(x2 —l)x >0
=

(¥*~1)x20
xt =207 +1=4x (x° +2x)
(¥ =2)x20
3 8 427 —1=0  |(3x7 +2x+1)(x* +2x-1)=0
(x*-2)x20

= [2x2+(x+1)2}[(x+1)2—2]<:>

2
A 1A . ~ , o < 3 /49 -1 3
Vay hé phuong trinh da cho c6 nghiém duy nhat x =37 < y = —J7.

237

*-2)x>0
(x )x Sxed

xe{—\/z—l;x/z—l}

Nhdn xét.
Paéi véi bai todn sé 26, néu sir dung mdy tinh cam tay Casio Fx — 570ES Plus doi véi phwong trinh thir nhdt ciia hé
chung ta thu duoc bang sau

T6 hop phim —

|SHIFT | SOLVE|

|SHIFT | SOLVE)|

|SHIFT | SOLVE|

|SHIFT | SOLVE|

y 100 1000 50 200
X 1,912931183 1,912931183 1,912931183 1,912931183
Nghiém c6 dinh ¥ =7 $=7 ©£=7 ¥ =7

Mdac du nghiém c6 dinh thu dwoc khd 1é nhung néu thir nghiém binh phwong hodc lap phwong nghiém chung ta thu
dwge két qua kha quan x* =7, ddy chinh la co sé dé phan tich nhan ti trong 10 gidi trén.

X +xy+2x+4y =38

2Jx+3=9x"+y—6.

Bai toan 27. Giai hé phuong trinh { (x;yeR).

Loi gidi. )
biéu kién x > -3 . Phuong trinh thtr nhat cia hé twong duong voi
x=-4
x(x+y—2)+4(x+y—2):0@(x+4)(x+y—2)=0c>[ 5
y=<-x

Loai truong hop x =—4. V61 y =2 — xthi phuong trinh thir hai tr¢ thanh
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9x* —x-4>0
4x+12=81x" —18x" (x+4)+x’ +8x+16

2Ux+3 =9x2—x—4<:>{

Ox’ —x—4>0 9%’ —x~420 5++/97
. 5 R & ) ) S xesl;—
SIx* —18x° —71x’ +4x+4=0 (9x —7x—2)(9x +5x—2)=0 18

Déi chiéu diéu kién ta thu dugc hai nghiém.

xy2+4y2+8=x(x+2),
Bai toan 28. Giai hé phuong trinh (x;yeR).
x+y+3=3{2y-1.
Loi gidi.
Diéu kién y > % Phuong trinh th{r nhét twong dwong
2 _ .2 2 x=-4
(x+4)y =X +2x—8<:>(x+4)y :(x+4)(x—2)<:> 5
yi=x-2
>1
Xét x = —4thi phuong trinh tht hai trd thanh y—1=3,2y -1 1" < y=10+3410.
y°=20y+10=0

Xét x = y* + 2 thi phuong trinh thir hai tré thanh
2 _ 2 _
YV +y+5=32y-12y"+2y+10-642y-1=0
2

<:>2y—1—6\/2y—1+9+2y2+2=0<:>(«/2y—1—3) +2)y’'=2=ye®
Két luan hé di cho c6 nghiém duy nhét x = —4; y=10+3x/ﬁ .
Nhdn xét.
Ngoai loi giai nhie trén, phirong trinh hé qua dan y ciia bai todn so 28 chiing ta cé thé sik dung nhiéu cach dé chimg
minh v6 nghiém (tat nhién la trén mién y > %) nhw sau

> Nang lily thira tryc tiép
2 _ 4 3 2 _ 2 4 3 2
Y 4+y+5=32y-1<y +2y +11y —8y+34—0c>(y—4) +y"+2y"+10y" =-18.
RS rang (y—4)"+y* +2)° +10y* > 0,Vy Z%nén két qua vo nghiém.

> Danh gia — bt ding thic
Ap dung bat dang thtrc lién hé trung binh cong — trung binh nhan AM — GM ta c6
YAy +5=2y-l+4+(y - y+2)>2y-1+42 204 2y-1=42y-1>32y-1.

Luu y: édéycéc ban Iya chon cap 2y—1+4nh§1mtao lap 2.x/Z>3,hoeic chon 2y—1+k,4£k£%5.

6x” —3xy+x=1-1y,

2V2x—1=x"—4x+y—1.

Bai toan 29. Giai hé phuong trinh { (x;yeR).
Loi giii,

A1 1 . T S .
biéu kién x> 3 Phuong trinh thtr nhat cta hé twong duong voi
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3x=1

vy )y =00 (e )=o)

Tathdy x = % < % nén kha nang nay bi loai. Xét y =2x +1thi phuong trinh thtr hai tré thanh

2\/2x——:x2_2xc>{x(x‘2)20 @{x(x—2)>0

8x—4=x'—4x +4x |2 (X’ —4x+2)+2(x’ —4x+2)=0
x(x=2)>0
= {x2=—2 <:>x=2+x/§:>(x;y):(2+x/5;4+2\/5+1)
¥ —4x+2=0

Két luan hé da cho c6 hai nghiém.

Nhdn xét.

Bai todn nay dwoc manh nha y twéng tir phwong trinh thir nhat, bai todn sé 3; Dé thi tuyén sinh I6p 10 THPT: Mén
Todn; Dé thi chinh thire; T rwong THPT Chuyén Ngogai ngit; Dai hoc Ngoai ngit; Dai hoc Quéc gia Ha Noi; Qudn
Cau Gidy; Thanh pho Ha Néi; Nam hoc 2004 — 2005.

6x> —3xy+x=1-y,
Giai hé phuong trinh oo d (x;yeR).
X'+ =1
A= 20x° + y+2
Bai toan 30. Giai hé phuong trinh y+13 (x;yeR).

(x+1)Vx* =3x+3+y=x"+3x+1.
Loi gidi. )
biéu kién y # —13. Phuong trinh thtr nhat ciia h¢ tuong duong véi

4x(y+13)=20x"+ y+2 < 4x(y—5x+2)—(y—5x+2)=0

1
o (4x-1)(y-5x+2)=0e|" 4
y=5x-2

= 2=N37 _156\/5 . Xét y =5x—2thi phuong trinh thtr hai tr¢ thanh (x+ 1)\/)c2 —-3x+3=x"-2x+3.

1
Xét x=—=
4 y

Nhan xét x* —2x+3=(x-1)" +2>0,Vx € R. Phuong trinh di cho twong duong véi
x+1>0
(x* +2x+1)(x" =3x+3) =x* + 227 (3-2x) +4x° —12x+9

x>-1 x>-1

= =
X=X =2x* +3x+3=x"—4x* +10x* =12x+9 3x° —12x* +15x-6=0
x>-1 x>-1

& 5 = 2 Sx=Lx=2
(x=1)(3x*=9x+6)=0 " |(x=1)’(x=2)=0

1.29-5V37

Vay hé phuong trinh da cho c6 cac nghiém (x;y) = (4 T J,(l;3),(2;8) .

CREATED BY BINH PHUONG; GACMA1431988@GMAIL.COM TRUNG POAN NGUYEN CANH CHAN; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 1) 23

xt=2xy+x —Tx+14y =17,

Bai toan 31. Giai hé phuong trinh x;yeR).
{8)62—26x+7=\/4x—1+(2y—1)x/6x. ( )

Loi gidi. )

biéu kién cac can thirc x4c dinh. Phuong trinh thir nhat cia h¢ tuong duong voi

3 _
x3(x—2y+1)—7(x—2y+1):O<:>(x3—7)(x—2y+1):0<:> ¥ =7
x=2y-1

Xét truong hop x = 37 thi phuong trinh thr hai tré thanh
849 —263/7 + 7= R/7 -1+ (2y -1)V6/7
8349 — 2637 +7 /437 —1 e 8349 — 2637 +7 47T 14637
J6i7 2637

Xét truong hop x =2y —1thi phuong trinh thtr hai tré thanh
8x> —26x+7 = J4x -1+ x\/6x
S x—Vax—1+x> +x—x/6x+7x* —28x+7=0
& x—ax—T+x(x+1-6x)+7(x" —4x+1)=0

X’ —4x+1 X’ —4x+1

= +x. +7
x++4x-1 x+1+\/a

<:>(x2—4x+1)( !

X
+ +7 (=0
x++4x—1 x+1+\/§ J

+7>O,Vx2i nén thu duoc x2—4x+1:0<:>x:2+\/§;x:2—\/§.

S 2y-1=

(x2—4x+l):0

X
RO rang +
x+vV4x—1 x+1++/6x
boi chicu dicu ki¢n ta két ludn hé c6 nghiém

S(2"'\/533—1_\/?}(2_‘/5;32\/5}{%/7;8%263/74_7\/42/714_\/6%/7],

2 067

o . o 2xt =3y +x’ —16x+24y =8,
Bai toan 32. Giai hé phuong trinh (x;yeR).
9x® —11x> +5x+3y+1=+11x—1+~/23x +3.
Loi gidi.
Diéu kién x> % Phuong trinh thir nhét ciia hé tuong duong voi
3 3 x =8
X (2x-3y+1)-8(2x-3y+1)=0 < (¥ =8)(2x-3y+1)=0 <=

2x=3y-1

Xét x=2=3y=-21+7-39<y . Xét 2x =3y —1thi phuong trinh thir hai tré thanh

21-32
3
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Ox’ —11x° +7x+2=~/11x—1++/23x+3

S3x—V1lx=143x+2-~+23x+3+9x" =11x*+x=0
9x? —11x+1 9x* —11x+1

= +
3x++11lx—-1 3x+2++23x+3

+x(9x* =11x+1)=0

@(9x2—11x+1)( | ! +xj=0

+
3x++1lx—-1 3x+2++23x+3
1 1

+
3x++/11x—1 3x+2++23x+3

RO rang

+x>0,Vx2%néntacé 9x2—11x—|—1=0<:>{

11++/85 11
18

2

18

So sanh véi diéu kién di dén cac nghiém S = {{ >

xy=6y"+31y—5x+5,
Bai toan 33. Giai hé phuong trinh [ x;y e R).
x2—4x+6=M+\/11x+7. ( )
X
Loi gidi.
Diéu kién y > —i; x> —l;x # 0 . Phuong trinh thi nhét ciia hé tuong duong voéi

10 11

xy+5x=(y+5)(6y+1)<:>(y+5)(x—6y—1)=0@{

Loai truong hop y=-5< —% . V61 x = 6y +1thi phuong trinh tht hai tré thanh

VSx—

18 27

11+\/§,20+\/§J_£11+\/§'20—\/§

y=-5
x=6y+1

¥ —4x+6=

S x-Vx=2+x*+3x—xJl1lx+7+x =5x*+2x=0
o x—5x-2 +x(x+3—\/11x+7)+x3—5x2 +2x=0

x> =5x+2 X —=5x+2
x4+5x=2  x+3+11x+7

@(x2—5x+2)(

+x(x2—5x+2)=0

1 X j
+ +x|=0
x+V5x—2 x+3++/11x+7

X

2 +\V1x+7 & X —4x> +6x=+5x-2 +x/11x+7
X

5. 321-32

Ta thiy +x>O,Vx2§nén X =5x+2=0&x

1

+
X+V5x=2 x+3++11x+7
Péi chibu didu kién ta ¢6 hai nghiém S:{(5+Jﬁ-3+‘/ﬁj-(5_‘/ﬁ-3_‘/ﬁ]}.

b b b

2 12 2 12

2xy+6y° =5x+23y-20,
(4-3y) —6=1/37-21y —\Ox+14.

Bai toan 34. Giai hé phuong trinh {
Loi gidi.

Diéu kién y < %; x> —% . Phurong trinh th nhét tuong duong véi

_5+\/ﬁ_x
2 b

(x;yeR).

5-J17

2
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5
2y(x+3y—4)=5(x+3y-4) =0 (2y-5)(x+3y-4)=0| 2
x=4-3y

Tathdy y= % > %nén kha nang nay bi loai. Xét x =4 —3y thi phuong trinh thtr hai tré thanh

¥ —6=7x+9 —9x+14
<:>x+2—\/7x+9—(x+3—\/9x+14)+x2—3x—520

x> =3x-5 x*=3x-5

<:> —
X+2+7x+9 x+3+/9x+14
1 1
& (x?-3x-5 ( — +1j:0
( ) X+2+7x+9 x+3+/9x+14

2x+5
JOx+14 +/7x+9

1 1
0<x+24+V7x+9<x+3+V9%x+14 > - +1>0.
X+2+J7x+9 x+3++9x+14
3+\/14_3—\/14}
2 7 2

+x*=3x-5=0

Nhén xét 1++/9x+14 —J7x+9 =1+

>0,Vx 2> —% , dan d&én

Do d6 ta duge x> —3x-5=0<x¢€ { , két luan hé phuong trinh c6 hai nghiém.
x(x-y)=6-x-2y,

x;yeR).
(x+2)\/y2+4:y\/x2+4y+8. ( )

Bai toan 35. Giai h¢ phuong trinh {

Loi gidi. ) )
Diéu kién cac bien thuc. Phuong trinh thir nhat ctia hé twong duong véi
x2+x—6—xy+2y:0<:>(x—2)(y—x—3)=0<:> ¥=2
y=x+3
Xét truong hop 44 y” +4 = y /4y +12, vo 1y. Xét truong hop y = x + 3 thi phuong trinh thit hai tro thanh
(x+2)yJ(x+3)" +4 =(x+3)y(x+2) +16
(x+2)(x+3)20
< 2 2 2 2 2 2
(x+2) (x+3) +4(x+2) =(x+2) (x+3) +16(x+3)
(x+2)(x+3)20 x=>2-2vx<-3
oilx+6=x+2 < xe{_4;_§} & (xy)=(-4-1)
2x+6=—x-2

Két luan hé da cho c6 nghiém duy nhat.

¥ 4+x’y—y+4=4x" +x,

1/)c(2)c—3)+\/§=)c2—4.

Bai toan 36. Giai hé phuong trinh nghiém thuc {

Loi gidi.

Diéu kién x(2x—3)20;y <5. D& thdy hé c6 nghiém thi x* —4> 0. Phuong trinh thir nhét cia hé twong duong véi
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2
=1
x3—x+x2y—y—4x2+4=0<:>(x+y—4)(x2—1):0<:> * =>y=4-x.
x+y=4
Loai kha nang x* =1. Vi kha ning thit hai, phuong trinh thit hai tr& thanh
Jx(2x-3)+\5-y =x"—4 o Jx(2x-3) -3+x+1-2=x" -9
, x=3
N 2x —3x—9 +\/2x—6 =(x=3)(x+3) = 2x+3 2
Jx(2x=3)+3 x+l+2 ¥(2x-3)+3 Nx+l+2
2x+3 2 2x+3
+ <
Jr(2x=3)+3 Vx+1+2
Ddi chiéu diéu kién ta co nghiém duynhét x=3,h¢ codnghiém x=3;y=1.
Nhdn xét. ) . .
Thong qua mot so bai toan trén, co lé cac ban doc gia da phan nao thuc hanh dwoc voi cac phwong trinh hai an voi

nghiém co dinh, tir d6 phat hién, phat trién va cé thé xdy dung dwoc vo van cdac hé phwong trinh su dung bai toan
nghiém co dinh khdc voi mikc do phirc tap tuy theo y minh. Trén day tac gia chi dé cap toi mot lop bai toan dudi

=x+3 (1)

Do +1<x+3,Vx>—1nén (1) vd nghiém.

dang(x” —a).f(x;y) = OV(y” —a).f(x;y) =0, trong do f(x;y)chi ding lai & mikc @6 ham bdc nhat ciia hai an x

va y, tac gia tam goi no la phan tich nhdan tw cap 1; cac bai toan mirc do kho hon sé dwoc dé cdp o cdac phan sau.

CREATED BY BINH PHUONG; GACMA1431988@GMAIL.COM TRUNG POAN NGUYEN CANH CHAN; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 1)

27

Bai tap twong tu.

x—(1+3]\/§=—3—3,
e Giai hé phuong trinh x x (x;yeR).
Jy=x—2x* #3x+2-22x -1
Lam ngugc tr phwong trinh x* —2x* +2x+1=2/2x-1.
x+§:£1+éj\/;—5,
e Giaihé phuong trinh { * o (x;y€R).
6x> +4x+8 p
XS s+ fy—x+l.
x+1
2
Lam nguoc tir phuong trinh 6x+—4;c+8=5 2x% +3 (xeR).
x+
x+9+§=2(1+§]«/y 1,
e Giai hé phuong trinh x x (x;yeR).
4y —x—5x2x -3 +2y+1-28=0.
Lam nguoc tir phuong trinh x* —5x+/2x-3+4(2x-3)=0  (xeR).
x+5+i=2(1+ij«/2— ,
e Giai hé phuong trinh x x (x;yeR).
—4y+3x+14=TVx* +1.
Lam nguoc tir phuong trinh x° +5x+7 = 7x’ +1 (xeR).
ey
2x+T7+—=|2+— |y +1,
e Giai hé phuong trinh x x (x;yeR)
y—8Jy+1+20=2vx"—1.
Lam nguoc tir bit phuong trinh (x—1)" +3 < 2vx* —1 (xeR).
2x+3+§:(2+§}/4— ,
e Giai hé phuong trinh X X (x; yeR).
16— y+3Jx’ +2x -3 =11x.
Lam nguoc tir bat phuong trinh x* +13+3vx’ +2x-329x  (xeR).
2xy+6y° =5x+23y 20,
e Giai hé phuong trinh 8§ X +x+1_(x+1)(9x-4)Jx-2 (x;yeR).

37 Jx+1

4-3y

8 X 4x+l (x+1)(9x—4)vx-2

Lam ngugc tir phuong trinh

3 \/x+1

X

¥ +22° —dx-8=(x* —4) [,

Giai hé phuong trinh 1 (xeR)
2(x—3) y—4x+—-2+4+5x-1=0.
\ x

Lam nguoc tir phuong trinh 2(x-3),[x* Lioise-1-0.
x
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Giai hé phuong trinh

2x3+x2—10x—5:(x2 —5)«/y+1,
J4x° +4+y =1+4x> +4x+/x* = 2x+2.

(x;yeR).

3
Lam nguoc va cai bién tir phuong trinh 4(x3 + 1) = (1 /X = 2x+ 2) :

20
e (Gidi h¢ phuong trinh X

4x
e Giai hé¢ phuong trinh y+13

e Giai hé phuong trinh 4(2x2 +x+ 1)

45 —x+1

Lam ngugc tir phwong trinh

4x’ —x+1
xy2+4y2+8=x(x+2),

e Giai h¢ phuong trinh <3552 1385417 NI

2x+13+—:(

2x* —y—8x+16=7vx’ +x-10.

Lam nguoc tir bat phuong trinh 3x* +27 > 7+/x* + x—10

B 20x% +y+2

(x+4)\/x+2 =X +y-3x+2.
Lam nguoc tir phuong trinh (x+4)v/x+2 =x’ +2x.
6x> —3xy+x=1-1y,

=y+x+4.

4(2x2+x+1)

> +10x+21

35x* +38x+17

Lam ngugc tir phuong trinh

I11x+19
2x* =3x’y+x’ —16x+24y =8,

e (Gidi h¢ phuong trinh

=\1+x+7x

X —x*=2x-3y+5 B x*=3-1

X =2x*+x+6

Lam ngugc tir phuong trinh —

e (Gidi h¢ phuong trinh

Lam nguoc tr phuong trinh x+1=x+vx—-2 +

e Giai h¢ phuong trinh { ;2 _»,
X’ —dx+5

x?=2x

Lam ngugc tir phuong trinh —

x —4x+5

x3—x2—4x+4_ x*=3-1
X =2x"+x+6 '
x' =2y +x = Tx+14y =17,

x+1=(2y—1)\/x—2+

x2=2x+4

X -2x+4’
¥ =2y +x = TIx+14y =17,

2(y-1)(Vx-1-1).
= (x=1)(Vx=1-1).

(x;yeR).

(xeR).

(x;yeR).

(x;yeR).

(xe]R).

(x;ye]R).

(xe]R).

(x;ye]R).

(x;ye]R).

(x;yeR).
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C. PHAN TICH NHAN TU CAP 2.
17()6—)/)23)6)/—2)62 -y,

Vx+3+4/10—y =x> =Ty +11.

Bai toan 37. Giai hé phuong trinh { (x;yeR).

Léi gid ,
biéu kién x > -3;y <10 . Phuong trinh thtr nhat cia hé twong duong voi
2x* =3xy+)’ +17x-17y =0 (x— ) (2x—y)+17(x—y) =0 <= (x— y)(2x— y+17) =0.
Tacd 2x—y+17=10—y+2(x+3)+1>0,Vx >-3,Vy <10 nén ta loai kha ning 2x -y +17=0.
V6i hai bién bang nhau, phwong trinh d cho tro thanh
X =Tx+11-Vx+3-/10—x =0 5x* =35x+55-5x+3 -5:10-x = 0

<:>5(x2—7x+6)+x+9—5x/x+3 +16—x—5J10-x =0

2_ 2_
<:>5(x2—7x+6)+ ¥ —7x+6 P 7x+6 =0
X+9+5Vx+3 16—x+5V10—x
<:>(x2—7x+6)(5+ ! + ! ]=0
X+9+5Vx+3 16—x+5J10—x

Ta thiy 5+ >0, Vx e[-3;10].

1 1
+
X+9+5Vx+3 16—x+5J10-x
Ta duge x* —7x+6=0< xe{l;6} = (x;»)=(11),(6:6).
Nhgnxée | , N
Doi véi bai toan so 37, bai toan mo dau danh cho phdn tich nhan tir cap 2 cdc ban co the dé y tinh chat dong bdc
trong veé phai tryc thugoc phuong trinh thir nhat cua hé, diéu nay phuc vu ddc luc trong qua trinh phan tich nhan tu
ctia chiing ta. Chdc chén nhiéu ban doc da quen thuc véi phan tich nhan tir 2x* =3xy+y” =(x—y)(2x+y).
Do do phuong trinh thir nhat ciia hé dwoc viét lai dudi dang
2x* =3xy+y° +17x-17y=0< (x y)(2x y)+17(x y) =0 (x y)(Zx y+17) =0.
Ngodi ra cdc ban ciing cé thé coi phwong trinh thir nhat la phwong trinh béc hai an x tham sé y (hodc ngwoc lai),
s dung biét thirc delta va cong thirc nghiém suy ra moi quan hé giita hai bién x va y
e Bachaianxthamsdyla 2x* —x(3y—17)+)* -17y =0.

Biét thitc A=(3y—17) =8(y* —17y)=)" +34y+17° =(y+17)’.
17-3y+|y+17| 17-3y—|y+17| { 17—y}
X, = =D XEJY;—— .
4 4
e Bachaianythamsox1a y*—y(3x+17)+2x* +17x=0.
Biét thirc A=(3x+17)" —4(2x* +17x)=x* +34x+17 = (x+17) .
3x+17+|x+17| 3x+17—|x+17|

Suyra y, = 5 Y, = 5 = ye{x2x+17}.

Suyra x, =

A;A>0
—-A4A;A4<0
Do vdy khi tinh theo cong thirc nghiém, néu cdc ban viét nhuw sau la sai lam va dé dang gdy mat logic
17-3y+|y+17] 17—y = 17-3y—|y+17|
'xl = = ;x2 =
4 2 4

Quy ban doc heu ¥ khi sir dung phwong dn nay can hét sivc lwu y hang dang thirc N A* = |A| = {

:y‘

Dé y rang trong tdt ca cdc kha nang ching ta déu thu dwoc hai nghiém y; 172_ Y nén ta viét x e {y, 172 y}
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Hon nita, mot liéu phdp an toan hon tranh dwoc trinh trang nay la ching ta khong viét 19 ré qud trinh, chi sit dung
ket qua va lam nguoc lai theo kiéu phan tich nhan tw chwong trinh Pai so 8 THCS nhu sau
2x° =3xp+y° +17x =17y =0 2x" —xy +17x=2xy+y* =17y =0
Cx(2x—y+l7)—y(2x—y+17)=Oc(x—y)(2x—y+l7): 0
Mot cach lam khac dot pha hon nia, nhw da trinﬁ bay trong phcfn truoc cua tai liéu, bo qua ca tinh chat d‘éng bdc,
bo qua ca phwong trinh bdc hai dn nay tham sé theo an kia, do la chung ta sir dung mdy tinh bo tui Casio FX —
570ES Plus hodc cong cu twong dwong tim nhan twr chung. Cu thé ta co bang gia tri

T6 hop phim —

|SHIFT||SOLVE|

|SHIFT||SOLVE|

|SHIFT||SOLVE)|

|SHIFT||SOLVE|

y 100 1000 50 200
X 100 1000 50 200
Moi quan hé X=y X=y xX=y xX=y

Khi khang dinh dwoc nhdn tir x — y chiing ta men theo dwong mon nay dé di dén dich nhan tir cudi cing
2% =3xy+y° +17x-17y=0 < 2x(x—y)+ky(x—y)+17(x—y) =0.
RG rang tir hé s6 ciia y*ta cé k=-1=(x-y)(2x—y+17)=0. Mot van dé nhé dit ra nita dé la loai truong hop
2x— y+17 =0dé tranh nhitng bién doi dai dong khéng can thiét khi d6 cac ban hdy bam sdt cdc diéu kién xdc dinh
2x—y+17:10—y+2(x+3)+1>0,Vx2—3,‘v’y£10.

2x* +xy =y -3y+2,

—Jx+y-2+x"—x+1=+/5x+1.

Bai toan 38. Giai hé phuong trinh { (x;yeR).

Loi gidi.
A1 1 . .
biéukién x+y>2;x> 5 Phuong trinh thir nhat cta hé twvong duong véi

2x(x+y—l)—y(x+y—1)+2(x+y—l):O
y=2x+2
S(2x-y+2)(x+y-1)=0&
(@s-ys2)(xsy-)=0e T2
Tathdy x+ y =1<2nén trudng hop nay bi loai.
Vo1 y=2x+2. Xét truong hop x =0= y =2 . Ngoai kha nang do6 thi phuong trinh thir hai tré thanh

—Jx+y=2+x"—x+1=/5x+1 & —Jx+2x+2-2+x" —x+1=+/5x+1

2 2
<:>x—\/§+x+1—\/5x+l+x2—3x:0<:>x 3x+ X —3x 4 x?

-3x=0
x++3x x+1+\/5x+1

@(xz_sx)( L, 1

+1|=0
x++3x x+1++/5x+1 J

! +1>0,Vx > 0nén ta thu duge x(x-3)=0< xe{0;3}.

1
+
x++3x x+1++/5x+1
Tir day di dén hé c6 nghiém (x0)=(0;2),(3:8).
Nhdn xét.

RO rang
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Véi phicong trinh thir nhat ciia hé, ching ta khai thdc theo sw tro gitip ciia mdy tinh Casio Fx — 570 ES Plus hodc
twong dwong voi bang sau

To hep phim — | [SHIFT[SOLVE]

|SHIFT || SOLVE|

y

100

1000

X

49;-99

499; - 999

MOoi quan hé

y
x==-1lvx=1-
5 y

Y
x==-1lvx=1-
5 y

; o S y=2x+2
Duea trén co so do chung ta dw doan cap nhan tie (2x— v+ 2)(x+ y —1) =0« :
xX+y=

Theo thu nghiém thi hai nhdn tgi’ hop thanh phwong trinh thir nhat, cdc géng doqn khac theo do dwoc hoan thién.
Ngoai ra phwong trinh thir nhat cia hé dwoc manh nha tie bai 2.b; De thi tuyén sinh lop 10 THPT; Mon Todn
(Danh cho cdc thi sinh dy thi chuyén Todn, chuyén Tin hoc); Truong THPT Chuyén Tran Phi,; Qudn Ngo Quyén,
Thanh pho Hai Phong, Nam hoc 2013 — 2014.

2x° +xy=y" -3y +2,

Giai hé phuong trinh {7 20 T
x> -y =3.

X +xy+x—y—2y° =0,
9x2—y2—2y+1:\/x+2y +~/7x+1.

Bai toan 39. Giai hé phuong trinh { (x;yeR).

Lo gidi.
Diédu kién x+2y > 0;x > —%. Phuong trinh thir nhét ctia hé twong duong véi
X +xy=2y"+x-y=0(x—y)(x+2y)+x-y=0(x—y)(x+2y+1)=0.

Xét truong hop x+2y =-1<0, loai.
Vi x = y thi phuong trinh tht hai tr& thanh 8x® —2x+1=+/3x +4/7x+1.
Diéu kién x>0 va x = 0khong thoa man phuong trinh, ta bién doi
2x—3x + 2x +1-y/Tx+1+2(4x* =3x) =0
4x* —3x 4x* —3x

= +
2x+\/§ 2x+1++7x+1
<:>x(4x—3)( ! ! +2]:0

+
2x+\/§ 2x+1+7x+1

+2j>0,‘v’x>0d§m dén x=%:>x=y=%1a nghiém duy nht cua hé.

+2(4x* -3x)=0

1 1
+
2x+\/§ 2x+1+7x+1
Nhdn xét.

Phwong trinh thu nhat cia hé dwoc manh nha tir cu 2.2; Pé thi chon hoc sinh gioi lop 9 THCS; Moén Toan, Pé thi
chinh thire; So Gido duc va Dao tao Ha Néi; Nam hoc 2012 — 201 3.

RO rang x(

X Hxy+x—y-2y"=0,
Gidi h¢ phuong trinh yram Ty (x:yeR).
X —y +x+y=6.

O bai todn ndy cdc ban thao tdc véi phirong trinh thi nhdt theo bang gid tri Casio
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T6 hop phim —

|SHIFT | SOLVE)|

|SHIFT | SOLVE)|

v 100 1000
X 100; - 201 1000; - 2001
Mdi quan hé x=yvx=-2y-1 | x=yvx=-2y-1

2% +xy—y° =5x+y+2=0,

iy 24x(x +y-1)=4. (x;yeR).
Lo gidi.

Diéu kién 2x—y > 2. Phuong trinh thir nhat ctia hé da cho twong dwong véi
x(2x—y—l)—y(2x—y—1)+2(2x—y—1):0

Bai toan 40. Giai hé phuong trinh {

2x—y=1
S (x—y+2)(2x—y-1)=0&
(-3 +2)(2r-y-1) =0 | 2707
Xét truong hop 2x—y=1<2, loai. V&1 y = x+ 2 thi phuong trinh thtr hai tré thanh

V2x—x—-2-2 +x(x3 +x+2—1):4c>\/x—4 +x2+x'+x-4=0
S+ 2xx—4+x—4+x" =O<:>(x+\/x—4)2+x4 =0 (1)

2 I
RO rang (x +x— 4) +x* >0,Vx >4nén (1) vo nghiém. Két luan hé da cho vo nghiém.

Nhdn xét.
Véi bai todn sé 40, chiing ta khai thac phirong trinh thit nhdt ciia hé theo bang Casio nhw sau

T6 hop phim —

|SHIFT||SOLVE)|

|SHIFT||SOLVE)|

y

100

1000

X

50,5; 98

500,5; 998

Moi quan hé

2x-y=1lvy=x+2

2x—y=lvy=x+2

Lueu y khi tim nghiém, cdc ban can ghép cdc cap twong dong dé suy ra moi quan hé giita hai bién, cu thé nhw sau

y=100= x=50,5 y 1
. Sx==+—2x=y+1.
¥ =1000 = x =500,5 2 2

y=100= x =98

y=1000:>x=998:>
Néu cdc ban ghép coc cach, moi thir sé khong dong b, va moi quan hé hai bién tré nén mo mit, khong chung 1oi.
Ngodi ra, phwong trinh thir nhdt ciia hé dwoc manh nha tir cau 2; Dé thi tuyén sinh 16p 10 THPT: Pé thi chinh
thirc; Mén Todn (Danh cho cdc thi sinh die thi chuyén Todn, chuyén Tin hoc); Truong PHKHTN; Pai hoc Quoc gia
Ha Noi; Nam hoc 2003 — 2004.

x=y-2.
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2x> +xy—y> —5x+y+2=0,

Giai h¢ phuong trinh { (x; Ve R) .

X +y +x+y—4=0.

Bai toz:m 41. Trich lugc cau 11.2, Dé thi tuyén sinh Pai hoc — Cao déng; Moén Toéan, Khdi D; Dé thi chinh thuc; Ky
thi tuyén sinh nam 2008; B Gido duc va Pao tao Viét Nam.

xy+x+y=x" -2y,

x\/g—y\/x— =2x-2y.

Giai hé phuong trinh { (x; Ve ]R) .

Loi gid. ’
biéu kién x >1;y > 0. Phuong trinh thr nhat ciia h¢ tuong duong
=0
X+y=xt—xy—2)° @x+y=(x+y)(x—2y)c>(x+y)(x—2y—1)=0c{ii§y+l
RO rang loai truong hop x+y=0vi x>1;y>0.
Vi x =2y +1thi phuong trinh thir hai tré thanh
y@+@=2y+2©{@(y+l)=2(y”)
y=>0
2y -2)= -1;2
o |02y -2) Og{ye{ ;2)
y=0 y=0
Két luan hé phuong trinh c6 nghiém duy nhét (x:3)=(5:2)

Sy=2=>x=5

(x+1)(x+4y)+4y(y+1)=5—3x,

Bai toan 42. Giai h¢ phuong trinh
\/y+4(1+y\/y+4):2 x+ty-—y.

(x;ye]R).

Loi gidi. )

biéu kién y >—4;x+ y > 0. Phuong trinh thir nhat cua hé tuong duong véi
x2+4xy+4x+8y+4y2—5=0c>(x+2y—1)(x+2y+5)=0

Rorang y>—-4;x+y>20=>x+2y>-4>-5nén x+2y+5=0bi loai.

Véi truong hop x =1-2y thi phuong trinh thtr hai tré thanh

y(y+5)=0

Jy+4-21- *+5y=0
. yryEsy c>«/y+4+2«/

y=0
1

(\/m+2\/_+y+5J \/y+4+2\/1_y+y+5=0 (1)

+y+5>0,Vy e[-4;1]nén (1) vd nghiém. Vy hé c6 nghiém duy nhét x=1y=0.

<

R& 12
oTns Jy+a+2 -

2x* =y  —xp+x=y.

Bai toan 43. Giai hé phuong trinh nghiém thuc / +2)(x+3
p g g X+E+Z+W=15\/g.
X y y

Loi gidi.
biéu kién x > 0; y > 0. Phuong trinh thtr nhat ctia h¢ tuong duong véi
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2 S S _ _ x=y _
2 +xy+x-2xy—y’—y=0(x—y)(2x+y+1)=0< =x=y.
2x+y=-1

2
Phuong trinh thir hai tré thanh ‘fx+§+2+Lx+6=15<:> /x+é+2 +x+§+2=12.
X X X X
Pat ‘/x+§+2:t,t20 ta thu duoc
X

t>20 t>0 t>0 3
=
Pai—12=0" |(t=3)(t+4)=0" |re{-43 "

o x+é+2=3c>x+é=7c>x2—7x+6=0<:>xe{1;6}
x x

Két luan hé c6 hai cap nghiém x=y=Lx=y=6.

X' +xy+4y =2y +4x,

Bai toan 44. Giai hé phuong trinh nghiém thuc 24y
x\/x+2y—5 +\/3—2y =2 +2x 4

Loi gidi.
Didu kién x+2y>5;y < % Phuong trinh thir nhét ctia hé tuong duong
X +xy—2y —4x+4y=0 X" +2xy —4x—xy—-2y" +4y=0

X=Y)
S(x-y)x+2y-4)=0<
( y)( 4 ) L+2y:4
Xét truong hop x+2y =4<35, loai.

Ap dung bét dang thire Cauchy d6i v6i phuong trinh thir hai ciia hé ta c6
2 2
x\/x+2y—5+\/3—2y:x +x+2y 5+3 2y+1=x +x 4'

2 2 2
s =./ - =x— 2 _x+3=0
Dau dang thirc xay ra khi Y= rE2y 5<:> eV 3<::> o =>xed.
3-2y=1 y=1 y=1

Két luan hé vo nghiém.

2" =xy+y° +x+2y+1,

,/2x+y—1+1[2(2x2 +y) =x"+x+y+l.

Bai toan 45. Giai h¢ phuong trinh nghiém thyuc

Loi gidi.
Dicu kién 2x+y>1;2x> +y >0.
Phuong trinh thir nhat cta hé tuong dwong véi
27 —xy—y —x-2y-1=02x" +xp+x-2xp—y> —y-2x-y—-1=0
x=y+1
<:>(x y 1)(2x+y+1)—0<::>{ZJHL)}Z_1
Ta loai kha ning 2x+ y =—1<1. Ap dung bat dang thirc Cauchy v&i phuong trinh thir hai ctia hé ta co

_ 2
\/2x+y—1+1[2(2x2+y)£ 2x+y 1+1+2x tyt2 =x"+x+y+l.

2 2
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2x+y-1=1 2x>—2x=0
Déu dang thirc xay ra khi {2x*+y=2 ={2x+y-1=0=x=0;y=—1.
x=y+1 x=y+1

Két luan hé c6 nghiém duy nhat.

Bai toan 46. Trig:h luoc cau 3; Dé thi tuyén sinh Pai hoc; Moén Toan; Khdi B; Dé thi chinh thirc; Ky thi tuyén sinh
bai hoc — Cao dang; Dot 2; Mua thi 2013; Bo Gido duc va Bao tao Viét Nam.

2% +3* =3xy+3x—2y+1=0,
(x;ye]R).

Giai hé phuong trinh
4x2—y2+x+4:\/2x+y+\/x+4y.
Loi gidi.
biéu kién 2x+y>0;x+4y > 0. Phuong trinh da cho twong duong voi
x—y+1=0
2% +3* =3xy+3x-2y+1=0 (x—y+1)(2x—y+1)=0 <
Yy Y y ( y )( y ) {2x—y+1=0
Xét truong hop x — y +1= 0 thi phuong trinh thir hai tr¢ thanh
3x —x+3=~3x+1+/5x+4

@3()62—x)+x+1—\/3x+1+x+2—\/5x+4 =0

@3(x2—x)+ x X + x X =0
x+1+V3x+1 x+2++5x+4
1 1
S (X —x)| 3+ + =0
( ) x+1++/3x+1 x+2+\/5x+4j

1

1
+
x+1+3x+1 x+2++/5x+4

Xét truong hop y = 2x +1thi phuong trinh thtr hai tré thanh

3-3x=4x+1+V9x+4 < 3x+Vdx+1-1+/9x+4-2=0

4x 9x 4 9
& 3x+ + =0 x| 3+ + =0
Vax+1+1 9x+4+2 Vax+1+1 9x+4+2

4 9

+
Vax+1+1 9x+4+2

Két lufn hé da cho c6 nghiém (x;y)=(0;1),(1;2).

Ta thdy 3+

>O,Vx2—%néntaduch x(x-1)=0=xe{0;1}.

1
RO rang 3+ >0,Vx2—Znéntaduqc x=0.

(x—4)(x+l)=y(y+5),

x;y eR).
2Jx+y-3=x"—4x>+y’ +7. ( )

Bai toan 47. Giai h¢ phuong trinh {

Loi gidi.

bicéu kién x+y>3.

Phuong trinh thir nhat cua hé twong dwong véi
x2—3x—4=y2+5y<:>x(x+y+l)—y(x+y+1)—4(x+y+1):O
<:>(x—y—4)(x+y+1):Oc>x+y:—1vx:y+4

Xét truong hop x+y =-1<3, loai.

Xét truong hop x = y+4, phuong trinh thir hai tr¢ thanh
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2Jy+d4+y-3=x"-4x’+y  +llex' -4’ + )y’ +7-22y+1=0
x4+ 4+ 2y 142y +1-22y+1+1=0

2
& (2 =2) +(y-1) +(J2y+1-1) =0
x*=3
SxX2=y-1=2y+1-1y=2 & yed
y=0
Két luan hé phuong trinh vo nghiém.

Nhdn xét.
St dung may tinh Casio Fx — 570ES Plus hodc cong cu twong dwong ching ta di khai thac phwong trinh thir nhat

T6 hop phim — |SHIFT | SOLVE| |SHIFT | SOLVE|
y 100 1000
X 104; - 101 1004; - 1001
MOoi quan hé x+y=-lvx=y+4 | x+y=-lvx=y+4

Pay la co s6 lam ngwge dé dwa vé phirong trinh nhan tiv
¥ -3x-4=y"+5y x(x+y+1)—y(x+y+1)—4(x+y+1): 0
<:>(x—y—4)(x+y+1)=0<:>x+y:—1vx=y+4
Phuong trinh nay ciing 1a phuong trinh thi nhit cua cau I1.2; Dé thi thir Pai hoc; Mon Toan; Danh cho tat ca cac
khoi thi; Mua thi 2010; Truong THPT Chuyén Pai hoc Su pham Ha Ndi; Pai hoc Su pham Ha Noi.
(x—4)(x+1) = y(y+5),
Giai h¢ phuong trinh x—2 (x; yE R) .

log(H)y+2= 7

3x* +5)° =8xy+3y+2x—-2=0,

; R).
y— 3x—5y+1+(y2+2y—4)\/x— =0. (xye )

Bai toan 48. Giai h¢ phuong trinh {
Loi gidi.
biéu kién x >1;3x—5y+1>0. Phuong trinh thr nhat cua hé twong duwong voi
3x? —Sxp+2x-3xy+5y> -2y -3x+5y-2=0
<:>x(3x—5y+2)—y(3x—5y+2)—(3x—5y+2):0
3x-5y=-2
S (x=y-1)3x=-5y+2)=0<
(s-y-)e-sye2)=0es 0
Xét 3x—5y =-2 <—1nén bi loai.
Xét x = y+1thi phuong trinh thtr hai tr¢ thanh

Y +2y—4

1
V- 4—2y+(y2 +2y—4)\/;:0<:>y+— 4__2yJr(y2+2y—4)\/;:O<:>(yZ +2y—4)(m+\/;J:O.
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Y +2y-4=0
ye[0;2]

RO rang + y>0,Vye[O;2]néntaduqc{ =—1+/5=>x=45.

1
y+44-2y

Két luan phuong trinh da cho c6 nghiém duy nhét.
3x*+(4-T7y)x+2y’ =3y+1=0,

2y -9y +8=/3x—y—1.
Loi gidi.

Diéu kién 3x— y—1>0. Phuong trinh thtr nhat cta hé twong dwong véi
x(Bx—y+1)-2y(3x—y+1)+(3x—y+1)=0

Bai toan 49. Giai hé phuong trinh { (x;yeR).

x=2y+1=0
=2y+1)(3x-y+1)=0
< (x=2y+1)(3x—y+1) C{Sx—yﬂzo

Xét truong hop 3x—y =—1<1nén bi loai. Vi x =2y —1thi phuwong trinh thir hai tré thanh
—\/3(2y_1)_y_1+2y2—9y+8:0<:>y— /5y—4+2(y2—5y+4)=0

y2—5y+4 ) ) 1
— 2y — 4)=0 - 4)| ————+2 (=0
<:>yJr T—4+ (y Sy+ ) <:>(y Sy+ )(y+ 5y—4+ J

RO rang +2>O,‘v’y2%néntaduqc y2—5y+4:O<:>ye{l;4}.

1
y+4/5y—4
Tur day ta suy ra cac nghiém cua hé la (x;y) = (1;1),(7;4).
Nhdn xét.

Théng qua 13 bai todn tir 37 dén 49, cdc ban doc da bugc dau quen thugc voi lop bai toan hé phuong trinh trong
dé c6 mot phicong trinh siv dung phdn tich nhdn tir dea vé dang tich. Tat ca cdc phicong trinh tich tac gla van dimng

lai o murc do don gian f(x,y).g( X,y )— 0trong do f(x,y), (x,y) déu la cdc da thike bdc nhdt hai an x va y, dam

bao cho phép thé dién ra thudn loi, tron tru. Tac gia xin dwoc goi ddy la 16p hé phwong trinh su dung phdn tich
nhan tir cap 2 (sau bai todn nghiém c6 dinh). Chia sé kinh nghiém xdy dung bai toan twong tu, cac ban nén sir dung
cong cu WolframAlpha dé khai trién da thirc hai an, thi du doi voi bai todan so 49
A e x=2y+1=0
o Lyachon nhan tir (x—2y+1)(3x-y+1)=0<
3x-y+1=0

e Lam nguoc bang phan mém WolframAlpha

3 +x(4-79+2y"-3y+1

y=

bl
bl

y=3x+1
e Dbi véi phuong trinh hai an thu duoc chung ta c6 nhiéu cach dé 4n gidu no, thi du cac ban c6 thé di theo cac
huéng nhu sau
37 +(4-7y)x+2y* =3y+1=0
3x*+(4-T7y)x+2y’ +1=3y

3x° +2y° +4x+1 1

Txy+3y
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Vén dé dit ra tiép theo 1a xay dyng phuong trinh thir hai (M) theo mdt an, phwong trinh nay ciing c6 rat
nhiéu hudng, c6 thé 1a phuong trinh bac cao, phan thirc hitu ty hodc phuong trinh chira can. Phuong trinh
(M) trong truong hop niy c6 thé thoa méan ca hai trudng hop thay thé, hoic don gian hon khi chi thoa méan
mot truong hop thé, thi du cac ban nén loai trudng hop 3x— y+1=0bang cach lya chon cin thirc ¢6 chira
diéu kién xéac dinh 3x—y >k >—1.

Lvwa chon can /3x—y—-1=3x—y>1=3x—y=-1bi loai.

Thay thé x=2y-1ta thdy /3x—y—1~./3(2y—1)-1~/5y—4, ta st dung phuong trinh gidi bing dai

lugng lién hop — tryc cén thuc
y=+5y—4+2(y* =5y+4)=0

2
oy 5y-4+2(y*-5y+4)=02 Sy +4

y+4/5y—4

O day ta co dam bao y++/5y—4 >0tacd y+./5y—4 >O,‘v’x2%.

+2(y =5y +4)=0

3x2+(4—7y)x+2y2 -3y+1=0,

J3x—y—-1+2y"-9y+8=0.

Ngoai ra cac ban c6 thé bién tau phuong trinh thi hai theo nhiéu hudng véi phép thé x =2y -1

3x—y—1+2y"+7

Hoan thién d¢ bai { (x;yeR).

=l PBx—y-1+2y"+7=x+7y

x+7y
3x—y—-1+2y" —(x+1)-Ty+8=0<3x—y—-1+2)* -9y +8=0
Bién tau hon nira khi str dung ty sd 2y—1:2 al lzlcé dugcthr x=2y-1
x y-
J3x—y-1
%+2y2—9y+8=0<:«/3x—y—1+2y2—9y+8=0.
y_

Nhu vay, voi yéu cau hé phuong trinh bat budc loai bo mot trudong hop, viée xay dung phuong trinh thir hai
tir mot bai toan gdc tré nén kha kho khin, néu bé qua sy may man, ching ta danh long xay dung mét bo
phan nho chita can thire cta nd, sau d6 dung cac phuong phap quen thudc nhu dai lwong lién hop; an phu;
bién doi twong duong hay tham chi 12 phuong phap danh gia dé thu duoc dé bai hoan chinh. Van dé nay
mudn hinh mudn vé va doi khi dé loai trir di truong hop 1a khong hé dé, tic gia mong ban doc dao sau, phat
hién, phat trién va tao ra nhiéu bai toan hay hon nira.

Trude khi budc sang cac bai toan hé phuong trinh ¢6 mdt phuong trinh phan tich nhan tir cAp 3 phuc tap hon, tac
gia moi quy ban doc tham khdo cac bai tap tuong tu cua phan tich nhan tir cap 2
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2% —y? —xp+5x-2y=-3,

x;yeR).
V2x =542y —2x* =-13. ( )
(Bai 3(98); Thi Giai toan qua thu; S6 98; Thang 4 ndm 2011; Tap chi Toan tudi tho 2 THCS; Nha Xuat ban
Giao duc Viét Nam).

o Giai h¢ phuong trinh {

2x* —x+2y =4dxy.
Ix+2+3/7-2y =3.
Lam nguoc tir phuong trinh /x+2 +3/7-2y =3.

(Bai 1a; Pé thi tuyén sinh 16p 10 THPT; Mén Toan; Danh cho cac thi sinh dy thi chuyén Toan, chuyén Tin
hoc; Truong THPT Chuyén Phan Boi Chau; Tinh Nghé An; Nam hoc 2010 — 2011).

o Giai hé phuong trinh { (x;yeR).

2x% —x+2y =4xy,
V2010 - x +4/2y —2008 = x” —4018x +4036083.

Lam nguoc tir phuong trinh /2010 — x +~/x—2008 = x> —4018x + 4036083 .
(Bai 5; Dé thi tuyén sinh 16p 10 THPT; Moén Toan; Dé thi chinh thirc; S& Gido duc va Dao tao Tinh Quéng
Ngai; Nam hoc 2010 —2011).

(x;ye]R).

o Giai h¢ phuong trinh {

Y —xy+2y-3x-3=0,
) (x;y € R).

V2x=3=(y*+2013)(5- ) +./y.

(Cau 8b; Pé thi thir stc trudc ky thi Pai hoc — Cao déng; Moén Toan; Lan thtr nhat; Mua thi 2014; Truong

THPT Quynh Luu 1; Huyén Quynh Luu; Tinh Nghé An).

2x% +y? +x:3(xy+1)+2y,

o Giai hé phuong trinh 2 s 2 9 (x;yeR).
34 2x—y 3+4-5x 2x-y+9

(Chu 8; D@ thi thr sirc trude ky thi THPT Quéc gia; Mon Toan; Lan thir nht; Mua thi 2016; Truong THPT
Bao Thang; Huyén Bao Thang; Tinh Lao Cai).

J6y—28+8(2x+1)=2\/2x+3=6y, ( R)
x;,yelR).

(x+y)(2x—y)+5y:2(2—x).

(Chu 8; D@ thi kiém dinh chét luong; Mon Toén; Khoi 12; Nam hoc 2015 — 2016; Truong THPT D6 Luong

s0 1; Huyén D6 Luong; Tinh Nghé An).

o Giai h¢ phuong trinh {

o Giai h¢ phuong trinh {

2x* —y* —xp+3x+3y-2=0,

(x2 —x+1)\/x—2y+7 +\/y—2 =x =2x"+x-2.
(Cau 8; be }hi kiém tra dinh ky khoi 12 IHPT; Mon Toan; Lan tht 2; Nam hoc 2015 — 2016; Truong THPT
Hi¢p Hoa s6 1; Huyén Hiép Hoa; Tinh Bac Giang).

3x° +2xy—y° +14x -2y +8=0,

; R).
Y=2x)x+y+3+(y—2x+3)3y—x+11=x"—-4y+13. HIe )
(2003 (200 )iy = -y o1, |

(Cau 4; Dé thi thir st trudce ky thi THPT Quéc gia; Mon Toan; Mua thi 2015; S¢ Gido duc va Pao tao Tinh
Ninh Binh).

(x;yeR).

o Giai h¢ phuong trinh {

o  Giai h¢ phuong trinh {

Xy +2x+5y+3=x"-2)7,
(x;yeR).
x\/2y+2—y\/x—1 :\/x—1+2x—2y—2.

(Cau 4; Dé thi thir stic trudc ky thi THPT Quéc gia; Mon Toan; Mua thi 2015; Truong THPT Tran Thi
Téam; Huyén Hai Lang; Tinh Quéang Tri).

o Giai h¢ phuong trinh {
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x+2y+1-2x=4(y-1),
o Giai h¢ phuong trinh 4 (y ) (x;y € ]R).
X +4y"+2xy=1.
(Cau 4; Dé thi thur stre trude ky thi THPT Qubc gia; Mon Toan; Lan tht nhat; Mua thi 2015; Truong THPT
bong PBau; Huyén Yén Lac; Tinh Vinh Phuc).

2—(x2+2)y+2x2 =0,

o Giai hé phuong trinh { (x;yeR).

Jx+d+/x—4-2y-10=2x-12.

(Cau 8b; D& thi thir stic truée ky thi Dai hoc — Cao dang; Mon Toan; Khoi A va B; Lan thir nht; Mua thi
2014; Truong THPT Chuyén Nguyen Dinh Chiéu; Thanh phd Sa Béc; Tinh BDong Thap).
3x+2y+4xy=3x" -4y,

x+y+4=2@¢}+2J;_¢5) (v yeR).

(Cau 8; Dé thi thir st trudce ky thi THPT Quéc gia; Mon Toan; Mua thi 2015; S¢ Gido duc va Pao tao Tinh
bak Nong).

o Giai h¢ phuong trinh {

x+y —3xy=2y" +x7,
42 —x +.J3—y =2x"—p* +5.

x+y -y= 2x+y)(y 1)

o Giai h¢ phuong trinh x;yeR).
s (reR)
x+y—12

X2y =y Bx+1=2(x-y),

o Giai hé phuong trinh (x;yeR).

o Giai h¢ phuong trinh (x; Ve R) .
3x* +2y* =Sxy+x—y=0.
o Giai hé phuong trinh (x;yeR).
— =1.
xp+1=x"+y,
o Giai h¢ phuong trinh (x; Ve R) .

—4x+4=+5x—

(x+21)+y(x-33)= 2(y2+50),

o Gidi h¢ phuong trinh (x; ye R) .

Jx 242 y+11=/(4y—x+14).

X +2y° —10xy+3x 5y+9=0,

o Giai h¢ phuong trinh (x; S ]R) .

X =2xy+y° +2x—2y+1=0

(x;yeR).
V5x* +11=3y—5+4/5y" —10x—1.
2x—l:2y—l,
o Gidi h¢ phuong trinh Y * (x; yeR).

X+ Y+ 2x—y— =,/3(y2 —2x—2).
2x° =5y =2y’ —5x,

o Giai h¢ phuong trinh {32 4 2x -8 (x;yeR).
m=(y+l)(\/x+2 —2)

o Giai hé phuong trinh

;
-
:
{2x2—3xy+y =y-2x,
-
{
e
;
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(@]

4x* =y +9=2(y-2x)(3-y),

(x;yeR).
-6+6=5y+2x+3.

Giai hé phuong trinh {

2x*+3= y V- 2) (y+5)

Giai h¢ phuong trinh x;yeR).
x-4=2(Vx=3-/y-10). ( )
x> +5y° —4xy—2x+8y+5=0,

Giai hé phuong trinh (x;yeR).
3\/x +xy+6)° 2+\/y +2x* -6 =5.

o 4x* +10x+6=y" +y,

Giai hé phuong trinh (x;yeR).
X —x+2=3y+2x—4.
3x* =3xy+3y° —9x+3y—-4=0,

Giai hé phuong trinh (x;yeR).
8x+21= 37 +3/)7 +5+24/8y 37,
6x° +x+4y=3y"+7xp+1,

Giai hé phuong trinh y=3y T (x:yeR).
x> =5x+6-2,/3y-2x-3=0.
¥ =y +3x+y+2=0,

Giai hé phuong trinh y 4 (x; Ve R).

6 x+y =y’ —4y+14.
o . ¥ =y +3x+y+2=0,

Giai hé phuong trinh (x; Ve ]R).

\/x+y+1+\/x+1+\/_ 2.
N 17( =3xy—2x" )7,

Giai hé phuong trinh (x;yeR).
2x2—x 2=2x—-y+1.
2x> +xy—y> —5x+y+2=0,

Giai h¢ phuong trinh x;yeR).

{2\/2x y-3=x"-3x. ( )
. X +xy+x—y—2y° =0,
Giai h¢ phuong trinh x;yeR).
{sz 6x+y+2=x+2y— ( )
xy+x+ x2 =297,

G hé phuong trinh XY =¥ =2 (:yeR).

—2y+1— x+y-2.
x+4 y(y 7)

Giai hé phuong trinh (x;yeR).
x+1 x+4y +4y y+1)=5-3x,

Giai hé phuong trinh ( ) (x; ye R) .

x+2y+2x xt=3x7 +1.
o 2x° — Y —xp+x=y.

Giai hé phuong trinh (x;yeR).

- 2x+y 2+x°-2x+2=0.

X +xy+4y =2y +4x,
Giai hé phuong trinh { y+ay=2y (x; yeR).

2Jx+2y—6=y>-Tx+9.
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2% =xy+ )y’ +x+2y+1,

—5y+2=42x+y-3.

o Giai h¢ phuong trinh { (x; Ve R).

2x7 +y? 3xy+3x 2y+1=0,

o Giai hé phuong trinh (x;yeR).
2\2x—y-5=y"-5y+3.

x+1 y(y+5)

o Gidi h¢ phuong trinh x;yeR).
4x+y-3=y"+6. ( )
3x*+5y” —8xy+3y+2x—-2=0,

o Giai h¢ phuong trinh y TR (x; ye R).
23x—5y—-1=y*-3y+4.

3x 1+42x+1 Jy—1+43y,
o Gidi h¢ phuong trinh SISy,

x+y 2x y+4——6x 3y.
x> —4y° —8x+4y+15 0,
oy ii=(e-2y)friayme, YR
X =5y +3+6yy’ —Tx+4 =0, (5y <)
yy x+2 3(x+1)

4x* +y° +2x 2y 7) 7y —-10,

o Giai h¢ phuong trinh

o Giai h¢ phuong trinh

|
s
|
o
¥
b
¥
{x +2y+¢— Vo =2x
M
o
|
i
e
|

o Giai h¢ phuong trinh (x; yeR).
¥ =9-8J5-2x.
o Giai h¢ phuong trinh (x; ye]R).
x+6+ y—1+1= .
3x* + 4 7y x+2y*=3y+1=0,
o Giai hé phuong trinh (x;yeR).
2(2+\3x—y— 5) x* —4x+5y.
x+1 =y(y+5
o Giai h¢ phuong trinh ( ) (x; ye]R).
Y H+y—4=3Jx+y.
2x*+y° —3xy+3x 2y+1=0,
o Giai hé phuong trinh x;yeR).
22x—y—4 =y +x-4y-1. ( )
X +xy+4y =2y +4x,
o Giai h¢ phuong trinh X -3y+2 (x;yeR).
x+2y +———=0.
x+1
- 3x  +x—44=12y" — 46y,
o Giai hé phuong trinh (x;yeR).
2 3x+6y 13+6x=x"+12y—15.
4x” +2 2y " +5y—x=3,
o Giai h¢ phuong trinh 2y Sy (x; ye]R).
24x-2y—-1+2=y* +6x.
4x+1)(x+y)+x +y° =2,
o Giai h¢ phuong trinh x;yeR).
{\/4x+1+x+4x =x+y. ( )
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D. PHAN TiCH NHAN TU CAP 3.

2
-2 10y i 4]y

Bai toan 50. Giai hé phuong trinh X +6

" (xyeR).
X +ax’y+2xy7 =7y,

Loi giii,
2

Y Cn +
Picu kién 1- y3
X+

Z >0;y>0;y” <1.Phuong trinh thi hai ctia h¢ twong duong véi

X +4xy+2xy° -7y :O<:>(x—y)(x2 +5xy+7y2)=0.

2
RO rang x* +5xy+7y° =O<:>(x+§yj +%y2 =0< x=y =0 (théa man h¢).

2
Véi x =y thi phuong trinh thtt hai trd thanh | [1— x3 +2 = 2/x +4/1-x* +]x].
X+

Diéu kign 0<x<1.
Ta c6 (\/l—xZ +|x|)2 =1+ 2[x|V1-x" 2 1= V-2 +[x]2 1= 24x +4/1-2" +[x|2 1.

2 2 2 — =
X +6 B +621<:>x(x 1)20<:>{x 0

Do vay ,|1- 2l 1
x21

X +6 X +6 X +6
Két hop diéu kién ta duge x = 0;x =1, th lai thu duoc nghiém duy nhat x=y=0.

X +2xy° =3y°,

Bai toan 51. Giai h¢ phuong trinh nghiém thyuc
\/x2 +x-1 +\/—x2 +x+l=x"—x+2.
Loi gidi. )
bicu kién cac can thirc xac dinh. Phuong trinh thir nhat tuong duong
¥ +x’y+3x7 —x’y-x" -3y’ =0

X=Yy

<:>(x—y)(x2+xy+3y2)=0<:> (x+lyj2+ﬂy2 :O<:>k21

2 4

Cip nghiém x = y = 0 khong thoa min hé. Véi x =y ta duge va’ +x—1+v—x> +x+1=x> —x+2.

Ap dung bat dang thirc lién hé giira trung binh céng — trung binh nhén ta co

e 4x—1 =\/l.(x2+x—1) < 1”22”_1 _ x22+x

_ 2 42
V=x" +x+ :1/1.(—x2+x+1)£1 X orxdl X Aad2
2 2

X HAx Xt 4Ax+2
+ =
2
Lai co x+1£x+1+()c—l)2 =x+1+x* —2x+1=x*—x+2.

Dindén Vx2+x—1+v-x2+x+1< +1.

Do d6 bit phuong trinh d3 cho c6 nghiém khi cac ddu déng thirc dong thoi xay ra, tirc 1a
Hx—l=-x*+x+1=1
S x=1.

X —x+2=x+1

Két luan bai toan c6 nghiém duy nhat x=y=1.
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5xp° +x° =6y,
- , _ (x;yeR).
3x*=Ty+14+2y" =8x+1=0.
Loi gidi.

Diéu kién can thirc xac dinh. Phuong trinh thtr nhat ctia hé twong duong voi

Bai toan 52. Giai hé phuong trinh {

X=Yy

xz(x—y)+xy(x—y)+6y2(x_y)zOQ(x_y)(xz+xy+6y2)=0<:> x*+xy+6y° =0

o ) 1Y 25, x=0
Vo1 x"+xy+6y =0 x+5y +7y =0< O(Khongthoamanhe).
y:

Véi x =y thi phuong trinh thtr hai ctia hé tro thanh +/3x* = 7x+1+2x* —8x+1=0.
Diéu kién cén thire x4c dinh.

x<0 41 —/41
Xét truong hop \/3x2—7x+1+x=0<:>{ <:>x=7+\/—;x=7 \/—

2x*=Tx+1=0 4 4

Phuong trinh da cho twong duong voi
2_
V3xT=Tx+1—x+2x* -Tx+1=0 & 2x —Txl +2x*=Tx+1=0

V3xP=Tx+1+x

1
(232 =Tx+1 +1|=0
( )[\/3x2—7x+1+x j

2x*=Tx+1=0

o (26 = Tx+1 (\/3x2—7x+1+x+1)20<:>
( ) V3x*=Tx+1=-x-1 (1)
_ —x—1>0 <1
:7+;/H;x:7 ;/H.Xét (1)<:>{ g @{x

5 5 R Sxed.
3x"=Tx+1=x"+2x+1 2x°-9x =0

Taco 2x*—Tx+1=0< x

Vay phuong trinh da cho c6 2 nghiém.

2x° +4x*y +5xp* =137,
(x;yeR).

Bai toan 53. Giai h¢ phuong trinh
\/5)62 —3x—y+2+y*—6x+2=0.

Loi gidi.
Diéu kién xy # 0. Phuong trinh thir nhét ctia hé tvong duong véi
2x* (x—y)+6xy(x—y)+13)? (x—y)=0<:>(x—y)(2x2 +6xy+13y2)=0.

2
v 2x2+6xy+13y2=0<:>2(x+%yj +%y2:0<:>x:y:0 (Loai).

v’ Véi x =y thi phuong trinh thir hai cia hé tro thanh +/5x° —4x+2 + x> —6x+2=0.

x<0
Xét 2x% —4x+2+2x =0 2x> —4x+2 =—2x<:>{ Sx=—1-42.

2x> +4x-2=0
Truong hop trén khong thoa man hé. Ngoai trudng hop do, phuong trinh an x twong duong véi

2_
Jox —dx42—2x4x—dx+2=0c 2 ZHFL 2 uvinog

V5xP —4x+2 +2x

1
<:>(x2 —4x+2)( +1 :O(:)(xz—4x+2)(\/5x2—4x+2+2x+1):O
N2xP —4x+2+2x ]
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Xét hai truong hop

1
-2x-1=20 <_—
> J5xP—4x+ :—2x—1<:>{ = x 2 Sxed.

5x° —4x+2=4x" +4x+1

—-8x+1=0
> X -4rx+2=0exe{2-42;2+42).
Két luan phuong trinh d3 cho ¢ hai nghiém.
L X+ X’y +4xy’ =12)°,
Bai toan 54. Giai hé phuong trinh (x;yeR).
X =2x+y=3x+y+2.

Léi gidi.
Piéu kién 3x+y+22>0
Nhan xét cip s6 (x;0)khong thoa man hé phuong trinh ban dau.
Dit x = ky thi phuong trinh thir nhat trd thanh
TEY +K°y +4ky’ —12y° =0 (7K + K +4k —12) = 0 < (k—1)(7k* + 8k +12) =0.
D@ thdy 7k +8k+12=0 vo nghiém vi A<0.
Khik =1= x =y, phuong trinh tht hai tr¢ thanh

ox=vax+2 & x+1-Vax+2+x*—2x-1=0
2
x —2x-1
oS —
x+1++4x+2
1
(P =2x-1)| —————+1 (=0
( ) x+1++4x+2

>0,Vx2—%nén thu duoc x2—2x—1:Oc>xe{1+x/§;1—\/5}.

+x2=2x-1=0

Ta thi !
a2

Két luan phuong trinh d4 cho c6 hai nghiém x = y = 1+/2;x = y =1-2.

Nhan xet.

Théng qua cdc bai todn tir 50 dén 54, chdc han nhiéu ban déc gia da phdn nao hinh dung duwoc dang thirc,
cdch thiee thue hién, xir 1y doi véi hé phirong trinh c6 chira yéu to dong bdc — dang cdp, cu thé la dong bdc bdc ba;
5 thi dy trén déu la cdc hé phirong trinh bao gom mét phirong trinh dong bdc bdc ba, phan con la phwong trinh vé
ty s dung phwong phdp dai luwong lién hop. Do do, dé tiép can mot cdch nhe nhang va hiéu qua doi hoi cac ban
can cé kién thirc nén tang vé 6 phuwong trinh vé ty, phwong trinh chira cdn, doi véi nhiéu ban dé lam dwoc tron ven
ciing la mét van dé khéng don gian.

Piéu kién tién quyét dé thao tac dwoc cdc dang hé phiong trinh quy vé dong bdc — dang cap la ndm viing kién
thirc vé da thire dong bdc, xit Iy tot doi véi nghiém phwong trinh bdc hai, phwong trinh bdc ba (truong hop nghiém
hitu ty). Khéng nam ngodi pham vi dy, doi véi phwong trinh dong bdc ba cdc ban thuwe hién thye hién tiwong tu.
Phuwong trinh dong bdc ba hai an tong qudt ax® +bx*y +cxy* +dy* =0 [*] (asb;c;d eR).

Yéu t6 dong bdc khang dinh luén tim dwoc méi twong quan "ty 16" giika x va y, diém ddc biét chinh la "ty 16" d‘ay la
mot truong hop riéng cho phép khai pha x = ky ( y= lcx) Chinh vi vy c6 khd nhiéu cdch trinh bay, nhung vé bdn

chdt thi khéng cé gi khdc nhau, qua quan sat 5 loi giai trén cdc ban ciing dé dang nhén ra diéu nay. Luu Y phwong
trinh bdc ba trén tdp hop sé thwc luén luén cé nghiém, & ddy ching ta tam xét cdc he voi phwong trinh an phu hé
qua c6 nghiém hiru ty, nghiém nguyén dé dam bdo cdc cap nghiém "dep dé, sang sia".
Quay tro lai phuwong trinh [*].

1. Phwong an 1.
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o Xét truong hop y =0, suy ra x, ti do két ludn cap 56 (x;O) tim dwoc co thoa man hé phuong trinh
ban dau hay khéng. Piéu ndy thuc hién twong tw véi cdp sé (O; y) tuy theo gu trinh bay. Chu y mot
$6 badi todn cé thé sir dung cac diéu kién xdc dinh xy#0;y#0;x# 0,...dé tranh sw ruom ra.

o Xt truong hop y#0(x#0), thuc hién chia hai vé cho s6 mii cao nhdt (y3 v x3) thu dwoc

3 2 3
a[ij +b[£j +c(£j+d =0 hodc a+b( j+c( j +d( j =0.
v y y X X X
Dit X =1 [\/Z =tj thu duoc at’ +bt* +ct+d =0 hodc a+bt+ct’ +dt’ =0.
v X
* Gidi cac phuong trinh an t & trén va xét tirmg kha nang két hop véi phuong trinh con lai cua hé, dua
vé mét dn, tlep tuc van dung cac phwong phdp giai phuwong trinh dai s6 bdc cao, phwong trinh phan
thire hitu ty dé thu dwoc két qua chinh xdc nhat.
o Cdc thi du dién hinh bao gom cdc bai toan 10, 15, 16.
2. Phuong an 2.

o Xét truong hop y =0, suy ra x, tir do két ludn cap 56 (x;O) tim dwoc co thoa man hé phuwong trinh
ban ddu hay khéng. Piéu nay thuc hién twong tw véi cdp sé (0; y) tuy theo gu trinh bay. Chu y mot
80 bai toan co thé su dung cdc diéu kién xdc dinh xy #0;y # 0;x #0,...dé tranh sy ruom ra.
e Dattruc tiép x =ky;x =ty;x =my,...hodc y = kx; y = tx; y = mx,... thu duoc
ak’y’ +bk’y’ y+cky.y’ +dy* =0 < y*(ak® + bk’ +ck+d) =0
Hodc ax’ +bx’ kx+cxJ’x’ +di’x* =0 < x* (a+ bk +ck” +dk*) = 0.
e Gidi cdc phwong trinh dn k ¢ trén, xét tung kha nang, ké't‘h_op voi phuong trinh con lai va van dung
cac phwong phap giai co ban di den nghiém ciua hé ban dau.
3. Phwong an 3.

o C6 thé coi ddy la cdch trinh bay "di sau vé truéce", sé di nhie vay vi ngdn gon, tranh dwgc cdc thi tuc
hinh thirc rueom ra, dong thoi khi quan sat loi giai kiéu nay nhiéu ban doc méi lam quen sé cam thdy
khé hiéu, khéng ré co so, don gidn vi né la két qua ciia qud trinh dinh huong dong bdc, qud trinh
nham nghiém nhw hai phwong dn 1 va 2, thay vi phép dat an phu nhiéu lan ching ta si dung phép
phan tich da thirc thanh nhan tir thong thuwong, tw nhién theo phong cach "lop 8§ THCS".

e  Pua phuong trinh ax’ +bx’y+cxy’ +dy’ =0 [*] (a;b;c;d € ]R) vé dang
mx—ny =0

(mx—ny)(px2+qu+ry2)=oc{pxz+qu+,y2:() (1)

Chii ¥ rang phirong trinh (1) ¢6 dang dang cdp bdc hai, thao tdc gidi tiép tuc co ban.

o Néu phuwong trinh pt* +qt+r=0 (t = ﬁ} vé nghiém thi cdc ban wu tién phan tich hang dang thirc

y
dan dén sw dic biét x = y=0, tat nhién "vu nay" can phai thi lai vao hé dé bai.
e Trong triong hop phirong trinh béc ba an t hodc k (¢ cdc phieong dn 1 va 2) c6 ba nghiém hitu ty thi
quy vé (mx—ny)(hx—ky)(sx—ty)=0, tir ddy ciing dé dang tim cdc nghiém ciia hé.
Sau day moi quy doc gia tiép cgn voi [op hé phiong trinh chira mot phwong trinh doing bdc bdc ba, tuy nhién yéu ‘to”’
dong bdc lai mon men theo kiéu lang man "khi tinh yéu den em khong nhdn ra, dé roi hom nay noéi nho nhu dam
trong tim” — Luwong Bich Hitu.

()c2+yz)(x+y)=3x3 +5°,

Xy=3x"+2x+y=+2x+y-2.
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Loi gidi. )

biéu kién 2x+ y > 2. Phuong trinh thtr nhat ctua h¢ tuong duong véi
XAxXy+x+y =30+ <2 —x’y—-xp> =0
<::>x(2x2 —xy—yz):0<:>x(x—y)(2x+y)=0

y20

Xét truong hgp x = 0 thi phuong trinh tht hai tré thanh y=./y -2 < { < yed, loai.

Y =y+2=0
Xét truong hop 2x+ y =0< 2, loai. Xét x = y thi phuong trinh thir hai tr¢ thanh
X =3x74+3x=V3x-2 & x—/3x-2 +x<x2 —3x+2)=0

x*=3x+2

<:>—
x++3x-2

2
+x>0,Vx2§néntaduqc x=y=Lx=y=2.

+x(x2—3x+2)=0<:>(x2—3x+2)(;+xj:0

x++3x-2

RO rang

1
x++3x-2

x’ (2x+y)=y2 (x+2y),
xy—6=\/7y+9—x/9x+14.

Bai toan 56. Giai hé phuong trinh { (x;yeR).

Lo i ,
biéu kién x;y € R . Phuong trinh thtr nhat ctia h¢ tuong duong vaéi
2%’ =2y’ +x’y-x' =0 2()c—y)()c2 +xy+y2)+xy(x—y) =0

X=Y)

— ) 2x* +3xy+23*)=0
<:>(x y)( X xy y) <:>|:2x2+3xy+2y2=0

2
Tacod 2x° +3xp+2)° :0c>2(x+%yj +%y2 =0< x=y=0 (Loai).

Khi x =y thi phwong trinh thir hai cia hé tré thanh x* —6=+/7x+9 —\/9x+14 .

, e 3o X v A 9 e 2. \ N A
Vi diéu kién x > L ta bién 61 phuong trinh & trén

x+2—x/7x+9—(x+3—\/9x+14)+x2 —3x=5=0
x> =3x-5 x> =3x-5

<:> —
X+2+V7x+9 x+3++9x+14
1 1
< (x2-3x-5 ( - +1j
( ) X+2+V7x+9 x+3+V/9x+14

2x+5
J9x+14 +/7x+9

1 1
0<x+2+V7x+9<x+3++V9%x+14 = — +1>0.
X+2+7x+9 x+3+/9x+14
3+4/14 3-414
2 72

} , két luan phuong trinh ¢6 hai nghi¢m

+x2=3x-5=0

0

Nhan xét 1++/9x+14 —7x+9 =1+

>0,Vx2> —% , dan dén

Do d6 ta dugc x2—3x—5=0<:>xe{

Nhdn xét.
Bang cdch lam nguoc cdc phwong trinh v ty va ké thiva cdc phwong trinh dong bdc cdc ban c6 thé tw xdy dung cho
minh rat nhiéu hé phwong trinh kha hay nhw sau
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x? (2x+y)=y2 (x+2y),
x* —2012xy+1012037y —+/2x—2011-1005 = 0.

Lam ngugc tir phuong trinh x° —2012x* +1012037x —+/2x—2011-1005=0.
(Bai 2 (95); Thi giai toan qua thu; S6 95; Théng 1 nam 2011; Tap chi Toan tuo6i tho 2 THCS; Nha Xuét ban

Giao duc Viét Nam).
JXy+124+5=2x+y+x> +5,

X 4y +2x)° =7y,

» Giai h¢ phuong trinh { (x; Ve R).

» Giai h¢ phuong trinh { (x;y € ]R) .

Lam nguoc tir phuong trinh v/x* +12 +5=3x++/x” +5.

(Cau 2.1; Pé thi chon hoc sinh gi6i 1op 9 THCS; Mon Toéan; S¢ Giao duc va Pao tao Thanh phé Ha Noi;
Nam hoc 2012 —2013).

X +2xp° =3y,

x;yeR).
x4+4y3+5x2+2y—10:12«/y2+2x+5. ( )

Lam nguoc tir phuong trinh x* +4x” +5x° +2x—10=12+x> +2x+5 .
(Bai 3 (96); Thi giai toan qua thu; S6 96; Thang 2 nam 2011; Tap chi Toan tudi tho 2 THCS; Nha Xuét ban
Giao duc Viét Nam).

» Giai h¢ phuong trinh {

5x° +x° =6)°,
x+2=3l-xy +/1+x.
Lam nguoc tir phuong trinh x+2=3v1-x" +1+x.

(Bai 3 (86); Thi giai toan qua thu; S6 96; Thang 4 nam 2010; Tap chi Toan tudi tho 2 THCS; Nha Xuét ban
Giao duc Viét Nam).

> Giai hé phuong trinh { (x;yeR).

2x° +4x*y +5xp* =137,

x> =3y+9=932x—y-2.
Lam nguoc tir phuong trinh x* —3x+9=9/x-2.
(Bai 3 (90+91); Thi giai toan qua thu; S6 90+91; Thang 8+9 nam 2010; Tap chi Toan tudi tho 2 THCS; Nha
Xuat ban Gido duc Viét Nam).

X+ X’y +4xy’ =12)°,

Giai h¢ phuong trinh x;yeR).
£ Ja+dx—y° +x1/y(6—x2)+3y=12+\/2—x. (xiy<R)
Lam nguoc tir phuong trinh /4 +4x — x° +x«/x(6—x2) +3x=12+J2—-x.

(Bai 2 (115); Thi giai toan qua thu; S6 115; Thang 9 nam 2012; Tap chi Toan tudi tho 2 THCS; Nha Xuat
ban Gido duc Viét Nam).
(x2 +y2)(x+y) =3x"+°,
» Giai h¢ phuong trinh - (x;yeR)
(1+xy) —4x’y =1-3y*.

> Giai hé phuong trinh { (x;yeR)

Lam ngugc tir phwong trinh (1 +x° )3 —4x* =1-3x".

(Bai 3 (111+112); Thi giai toan qua thu; S6 111+112; Thang 5 nam 2012; Tap chi Toan tudi tho 2 THCS;
Nha Xuat ban Giao duc Viét Nam).

(x+y)3 +x(3x2 +y2):12y3,

X ) - (x;yeR).
7x? =13y +8=2x ;/y(1+3x—3x ).
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Lam ngugc tr phwong trinh 7x* —13x+8 = 2x243/x(1 +3x —3x2) .

3x° +(x2 +y2)(x+2y)=9y3,

(x;ye]R).

» Giai hé phuong trinh
13\2x—y—1+9y+1 =16x.

Lam ngugc tir phuong trinh 13v/x—-1+9Vx+1=16x.

o (x+y)3+xy(x—y)=8x3,
» Giai h¢ phuong trinh (x;yeR).
{«/5x2+21y+16—4,/x+y+2\/xz—x—20‘
Lam nguoc tir phuong trinh v5x> +21x+16 —4y2x+2 =+/x> —x—20 .
h(x+y) =y (53 +457),
> Giai hé phuong trinh X () y( ¥ y) (x;yeR).

4x2—11y+10=(y—1)«/2xy—6x+2

Lam ngugc tir phuong trinh 4x” —11x+10 = (x - 1)\/ 2x" —6x+2.

. (x=y) +(x+y) =8,
> Giai hé phuong trinh (x;yeR).
{9y2\/1+x4 +13x°J1-y* =16.
Lam ngugc tr phwong trinh 9x°v1+x* +13x°1-x* =16.
2x7+ 9y )(x+y)=x"+5)°,
» Giai h¢ phuong trinh ( g )( y) g (x;yeR).

4=1-x+ 1+ y+21—-)*.
Lam nguoc tir phuong trinh 4 =+/1—x ++/1+x +2y1-x" .
x> +3y° _xy+5y2
> Giai hé phuong trinh { x+y 2x+y (x;yeR).
2x—y+3=\/l—x—\/l+y +3\/l—xy.
Lam ngugc tr phwong trinh x +3=+1-x —v1+x +3V1-x" .

3 3 3
2y) =35y,
» Giai h¢ phuong trinh (x+y) +(x+ y) d (x;ye]R).
Sx—y+3+6\l—y=12\1-xp.
Lam nguoc tir phuong trinh 4x+3 = —6+/1—x +12\/1—xy.
3 2 2 3
X+ +x(3x" + =12y",
» Giai h¢ phuong trinh ( y) ( y) g (x;ye]R).

x+l=2VT+x—/1-y —1-x%.
Lam nguoc tir phuong trinh x+1=2v1+x —+1-x —v1-x" .
x*(x+2y)=3)",
3y+1+2V1—x =41+ y —+1-x°
Lam nguoc tir phuong trinh 3x+1+2y1—x = 4/1+x —/1-x>.
x2(2x+y):y2(x+2y),
5—y=5\/1—x+3\/1+y—3\/1—xy.
Lam nguoc tir phuong trinh 5—x =5v1—x +3v1+x —=3J1-x" .

» Giai h¢ phuong trinh { (x; ye R).

(x;ye]R).

» Giai h¢ phuong trinh {
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¥ 4+x)-y=x"y+y’ —x,
Bai toan 57. Giai hé phuong trinh nghiém thuc 32X =P +7
SETRTE
Loi gidi. )
Phuong trinh thir nhat ctiia h¢ twong duong véi
x3+xy2+x—x2y—y3—y=0c>(x—y)(x2+y2+1)=0c>x=y.

2
Khi d6 phuong trinh thir hai tré thanh x+§:2)z +71)<:>(2x+2)\/x2+3z(x2+7)\/;.
X X+

Pit Vx> +3=u;Jx =v (u>0;v>0)ta thu dugc (2v2+2)u=(u2+4)v<:>uv(2v—u)=2(2v—u)c>[zv:2
v=u
" =2 x3+3x=2<:>x3+3x—4:0<:>(x—1)(x2+x+4):0<:>x:1.

x=1
. 2v=uc>x2+3=4xc>[
X

b

Phuong trinh an x co nghiém S = {1 3} dan dén (x;y) = (1; 1),(3;3) . Thur lai nghiém dung hé ban dau.

x3+xy2+x:y(x2+y2+1),

Bai toan 58. Giai hé phuong trinh nghi¢m thuc ; 2y+7 Tx-3

+ 12.
x=2 y=2
Loi gidi.
biéu kién 2y+720;y;«r&2.
x-=2
Phuong trinh thir nhat twong duong (x—y)(x2 +y° +1)=0<:{ 2_ DAY
¥ +y=—

Phuong trinh thit hai tré thanh 6 /2" LSRN
x=2 x=2
+7

X —

6 f2x—4+11+7x—3_7=5<:>6 /2+ 11 N 11
x—2 x—2 x—2 x-2
bat ‘/2+ 112 =t,t > 0ta thu duoc
x_

Diéu kién > 0;x # 2. Phuong trinh di cho twong duong véi

=5<:>6‘/2+ 1 +2+ 1 =7.
x—2 x—2

t>0 t>0 t>0 11
= = sSt=1 2+ =1
6t+t=7 |(t=1)(t+7)=0 " |te{-T:1} x—2
<2+ 1 =l H =-lox-2=-11<x=-9
x—2 x—2

Pbi chiéu diéu kién ta c6 nghiém duy nhit x = —-9nén hé c6 nghiém duy nhat x =y =-9.

X +x+2x=)" +y2+2y+xy(x—y),
VI—x+42x—y+,/x(y+1)=3.

CREATED BY BINH PHUONG; GACMA1431988@GMAIL.COM TRUNG POAN NGUYEN CANH CHAN; QUAN POAN TANG THIET GIAP

Bai toan 59. Giai h¢ phuong trinh nghiém thyuc {
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Loi giai.
Diéfkién 9—x20;2x—y20;x(y+1)20.Phuongtrinhtht’rnhét cta hé tuong duong véi
=y —xp(x—y)+x’ -y +2x-2y=0

xX=Yy
<:>(x—y)(x2+y2+x+y+2):0<:>£ 1)2 ( 1)2 3
x+—| +

*3) =3 0

RO rang (1) vo nghiém, khi x = y phuong trinh thir hai cia hé tr¢ thanh V9 —x + Jx+ x(x + 1) =3.

Ta c6 (\/EJM/}Y =9+2/(9-x)x29=VI-x+Vx 23 = VO x +x +[x(x+1) >3.

, . ) x(9—x)=0
Phuong trinh an x c¢6 nghiém khi &Sx=0=y=0.
x(x+1):0

Két luan hé c6 nghiém duy nhat.

X =y =2x*y+2xy" +xy+3x -3y =37,

x;yeR).
X’ + )" =5y +3=yJ5x-3. ( )

Bai toan 60. Giai h¢ phuong trinh {

Loi gidi. )
bicu kién can thirc xac dinh. Phuong trinh thir nhat ctia hé twong duong voi
X=Xy +xt +xy+3x-x'y+x° -y —y* =3y=0
<:>x(x2—xy+y2+y+3)—y(x2—xy+y2+y+3)=0
xX=y
S(x—-y) ¥ —xp+)y +y+3)=0
( y)( Ty ) X =xy+y +y+3=0 (1)
Coi (1) 12 phuong trinh bac hai 4n x tham sb y ta co
A=y —4()*+y+3)=-3y" —4y-12=—(y+2)’ -2)"-8<0,vy eR.
Diéu nay kéo theo (1) vo nghiém. Véi x = y thi phuong trinh th{r hai tré thanh

2x> =5x+3=xv/5x-3 <:>x(x—\/Sx—3)+(x—\/5x—3)(x+\/5x—3)=0

x=+5x-3
N R =i

x>0 {5+JB 5—\/5}
S xe ; .

RO rang 2x++/5x-3 >0,‘v’x2%nén ta dugc x =+/5x-3 <:>{

x> =5x+3=0 2 2
Ddi chiéu diéu kién ta két luan hé c6 hai nghiém x =y = > +2JE A=Y= 5_55 '

Nhdn xét.

Bat dau tir bai todn sé 57, khi dd quen thudc véi ky thudt phdn tich nhan tir théng qua mdy tinh bé tii Casio Fx —
570ES Plus hodc twong dwong, cdac ban hoan toan tim dwoc nhan tu, tuy nhién tac gia van trinh bay dé cac ban
theo doi

To hep phim — | [sgIFT|SOLVE] | [SHIFT|[SOLVE]

y 100 1000
X 100 1000
Moi quan hé X=Yy X=y
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Tuy nhién, mét van @é méi nay sinh tiv bai todn 59, dé la cdc hé phwong trinh ¢é mét phwong trinh phan tich nhan
tir khd quan da dwoc nang cap hon dwéi dang f(x;y).g(x;y) = 0trong do co mot da thirc M trong hai da thirc cua
chung ta.‘f(x;y),g(x;y) la da thirc hai dn bdc hai v6i hai dn x va y, chiing ta tam goi la hé phwong trinh phdn
tich nhan tir cdap 3. Ro rang M vé nghiém tao ra chuéng ngai vdt kho chiu, nhung ta van c6 mot s6 cach gidi quyét
tinh huong M nay cdc ban da quan sat dwoc trong hai bai toan so 59 va 60, cac buoc cu thé nhu sau

e Sir dung may tinh v6i td hop phim [SHIFT|SOLVE|dam bao 96,69% M v6 nghiém.

e Phan tich dang toan phwong M = (m)c—ny)2 +(px—a)2 +(qy—c)2 +k,k>0.

Luu y diéu nay doi khi 1a sir dung tong hoa diéu kién xac dinh 1ong — chat khai thac tir hé ban dau.
e Pua M vé dang phuong trinh bac hai 4n x tham s6 y (twong tmg an y tham s x) véi biét thic delta khong
duong (trudng hop hy hitu bang 0).
Luu ¥ xtr Iy A <0c¢6 thé sir dung kién thirc Dai s6 16p 8 THCS vé dang toan phuong hoic kién thirc dau tam
thirc bac hai trong chwong trinh Dai s6 16p 10 THPT hién hanh. D6i khi sir biét thirc chira hai an can sir
dung téng hoa diéu kién xac dinh 16ng — chit khai thac tir hé ban dau.
Hai l6i gidi cdc bai todn 59 va 60 dai dién cho hai sdc thdi xir Iy M, cdc ban tity nghi lwa chon theo gu trinh bay
ciia minh, ngodi ra doi véi phwong trinh hé qua dan x bai todn sé 60, chiing ta c6 thé dimg dai heong lién hop nhung
voi mot hinh thike khac nhw sau

2x* =5x+3=xv/5x-3 <:>x(x—\/5x—3)+x2—5x+3:0
x(x2—5x+3)

x++/5x-3

X
Nhéan xét ———
Xx++/5x-3

Bai toan 61. Trich’ luge cau 3; Pé thi thir st trudce ky thi tuyén sinh Pai hoc — Cao déng; Mbo6n Toan; S& Giao duc
va Dao tao Tinh Bac Ninh; Mua thi 2014.

(x—y)(x+y+y2):x(y+1),

= +x2—5x+3=0<:>(x2—5x+3)[;+1j20

xX++5x-3

+1>O,Vx2%...

Giai hé phuong trinh . (y + 2)2 (x;y € R) .
X +4x =1+
Loi gidi.
biéu kién x > 0. Phuong trinh thir nhat cia hé tuong duong véi
x=y+1
x(x—y—1)+y2(x—y—1):0<:>(x—y—1)(x+y2):0<:> y2
x+y =0

Loai trudng hgp x+ y* =0do x >0va x = y = 0khong thoa man hé.
Xét truong hop con lai, thay vao phuong trinh thir hai ta c6
3 x(x2 +4) =x’ +2x+4<:>31/x(x2 +4) :(x2 +4)+2x.
Dit Vx> +4 =u;x =v,(u>0;v>0)ta thu duoc
u=v

2 2 2:3 _ _2 :O
u’ +2v' =3uv < (u—v)(u—2v) ®[u:2v
P td=x xX’—x+4=0 (A<0)
<, = 5 =>x=2
X +4=4x (x—2) =0

Két luan hé co nghiém duy nhét x=2; y=1.
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2xy° =2y +3x =3y,

22y =3 +4x +3y—4=1/)> +19x-28.

Bai toan 62. Giai h¢ phuong trinh nghiém thuc {
Loi gidi.
Diéu kién yZ%;xz +3y—4>0;y*+19x—28>0.
Phuong trinh thir nhét ctia hé tuong duong véi
X
2xy2+3x—2y3—3y:0<:>(x—y)(2y2+3)=0<:>{ 5 Sx=y.

Phuong trinh thir hai cua hé tré thanh

22x =3 ++/x> +3x—4 =~/x* +19x—28

& 22x =3 +x? +3x—4 = [8(2x—3)+ x> +3x -4
bat V2x-3 =a;x’ +3x—-4 =b (a>0;b>0)thu dugc

2a+b=+8a*+b* < 4a* +4dab+b* =8a* + b* <:>a(a—b):0<:>[a
a:

° a=0<:>x=§.
2

. a:b@\rx_s:m@xz+x_1:oc>xe{_1;ﬁf”ﬁ}

2

A (94 A ‘A \ 5 <A A 4 3
Doi chiéu dicu kién va thur truc tiép suy ra nghiém duy nhat x =y = 3

Bai toan 63. Trich luge cau 1.1; Dé thi chon hoc sinh gi6i 16p 10 THPT; Mon Toan; Dé chinh thuc; S& Gido duc va
bao tao Tinh Thai Nguyén; Nam hoc 2013 —2014.

x> -8y’ =2xy(1—2y),

V¥ +4x :1+M.
3

Giai hé phuong trinh (x;yeR).
Loi gidi.
biéu kién x > 0. Phuong trinh thir nhat cia hé tuong duong véi
x=2y
x(x=2y)=4y*(2y—-x) = (x-2y)(x+4)’ )= 0=
(5240 @r-n) s (x-2) 0 45) -0 T
Loai trudng hop x+4y” =0vi x>0va x = y = 0khong théa man hé.
Xét x =2y thi phuong trinh thir hai tré thanh

31/x(x2 +4) =x2+2x+4<:>31/x(x2+4) :(x2+4)+2x.
biat Vx* +4 =u;\/;=v,(u >0;v>0)ta thu duoc
u=v

2,92 23 _ —20)=0
u +2v uv<:>(u v)(u v) @[uzzv

=>x=2

XX +4=x ¥ —x+4=0 (A<O)
= =
X +4=4x

(x-2)' =0
Vay h¢ da cho c6 nghiém duy nhat x =2; y=1.
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Nhdn xét.
Cdc ban c6 thé xir Iy phwong trinh an x phia cudi bai todn 63 bang cdch sir dung bat dang thire lién hé giita trung
binh cong va trung binh nhan ta dwoc

3,/x(x2+4) J4x x +4 3 4x+x 4 3():'_2) <x*+2x+4.

(x+y)(2x—y2)—5x+y:3—3y2,

(x+y)2+«/x—y2 =2x—y+7.

Diéu kién x > y*. Phuong trinh thir nhét ctia hé tvong duong véi
x(Zx—y2 4—1)+y(2x—y2 4—1)—3(2x—y2 +1) =0

Bai toan 64. Giai h¢ phuong trinh nghiém thyuc

Loi gidi.

2x—y*+1=0

25—y 11 ~3)=0
<:>( x—y + )(x+y ) <:>L+y=3

Vix-»"20=x20=2x—y +1=x+1+x-)">0.Véi x+y=3=x=3-y, thu duoc
<4 4
3-y-y' =4-3ye Y>3 S y¢3 @ye{l;g}.
3—y—y =(4-3y)  |(y-1)(10y-13)=0 10

Vay hé da cho c6 cac nghiém (x;y) (2 1) Gg igj

X +3x+xp" =y +3y+xp,

Bai toan 65. Giai hé phuong trinh x;yeR).
yz—zng/(xz—zx—z)z+\/1—x2+|x|+1. ( )

Loi gidi. )

biéu kién —1< x <1. Phuong trinh thir nhat cua hé twvong duong véi

2 3 2 2 X=Yy
x =y +x —xy+3x-3y=0= +x+3)(x—y)=0&=
o e mmeoe (e 0e (T

Ta thiy y2+x+3>O,Vxe[—1;1]:>x=y.

Phuong trinh thir hai tré thanh x* —2)6—2—13/(962 —2x—2)2 +1=+1-x +|x| .
Ta co (\/1—x2 +|x|)2 :14—2|x|\/1—x2 >l =>+1-x +|x|21.

t=0
Dit /x* —2x-2 =1 thu dugc z3—t2+1z1@z2(t—1)20@{ .
3 t=0<:>x2—2x—2=0<:>xe{1+\/§;1—\/§}.

>
ozl 2lex’ -2x-3206 (x=3)(x+1)20a |

1
(98]
U
=
I
|
L

Pbi chiéu diéu kién ta duoc nghiém duy nhat x =y =—1.
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X =x’y—6xy+4x+6y° -4y =0,

X' —6y+3=+/7x-3.

Bai to4an 66. Giai hé phuong trinh { (x;yeR).

Loi gidi.
Diéu kién x > % . Phurong trinh thi nhét ciia hé twong duong véi
x<x2—6y+4)—y(x2—6y+4)=0<:>(x—y)<x2—6y+4)=0c> x2=y
x"—6y=—4

Tur phuong trinh thir hai ta ¢c6 x* -6y +3>0= x> —6y = —4bi loai.
Véi x = y thi phuong trinh thir hai ctia hé ban dau tré thanh

X2 —6x+3=JTx-3 > x* -Tx+3+x-~7x=-3=0
2 _T7x+3 1
<:>x2—7x+3+x—:0<:> x2—=T7x+3 (1+—J:0
x++7x-3 ( ) x+7x-3
7+\/E'7+\/§}
2 7 ’

>O,Vx2%néntadu’(jc x2—7x+3=0c>xe{ 5

7+\/ﬁ.7+\/§J (7—@,7—@}

2 2 2 2

RO rang 1+

1
x++7x-3

Tir déy ta c6 cac nghiém ciia hé 1a (x;y) = (

x*—6x—y+3=29x-3,

x;yeR).
X +5xy+4x+yt =x7y+6x7 +4y. ( )

Bai toan 67. Giai h¢ phuong trinh {
Loi gidi.
Diéu kién x > % :
Phuong trinh thir hai cua h¢ tuong duong véi
x(x2 —6x—y+4)—y(x2 —6x—y+4) =O<:>(x—y)(x2 —6x—y+4) =0.

Tir phuong trinh thir nhitta cd x* —6x—y+3>0= x> —6x—y > -3 = x> —6x— y+4 = 0bi loai.
Véi x = y thi phuong trinh thtr nhat tré thanh

X2 —Tx+3=2J9x—3 <:>2(x—\/9x—3)+x2—9x+3=0
x> —9x+3

xX++9x -3

Déthéiy #+1>O,Vx2%nénta chi duoc x2—9x+3=0<:>xe{

x+49x-3
9-J69 9+/69

Két luan hé di cho c6 hai cip nghiém x=y = 5 X=y= S

o2 +x2—9x+3=O<:><x2—9x+3)(

;Hj—o

X++/9x-3

9—@_9+@}
2 '

2

5%+ +6y=5x"y+xy+6x,

x;yeR).
«/sz—y—7+x—i/x3—5y2+x+7:0. ( )

Bai toan 68. Giai h¢ phuong trinh {

Loi giii.
Diéu kién 5x* —y—7>0.
Phuong trinh thir nhét ctia hé tuong duong véi
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x(5x2—y—6)—y(5x2_y_6)=0<:>(x_y)(5x2_y_6):0<:>[:xzzj—/y:6

Ta loai kha ning 5x° —y=6<7.Vé4i x = y thi phuong trinh thr hai tré thanh
VS5 —x=T7+x-3x’ -5 +x+7 =0 \/5x2 -x=7 zé/x3 —5x" +x+7-x (1)
Diéu kién 5x*> —x—720, tir (1) ta co

I =5x"+x+7-x20 Y =5x"+x+7>2x o X -5 +x+7>2x ©5x* —=x-7<0.

' ; 5x*-x-7<0 ~
Kéthop didu kign taco |-~ 1 =057y 7=0es x| VAL 1ZVIAL L
5x°=x-7>0 10 10
Vay hé di cho c6 hai nghiém x:y:”l_ \/0141;)6:)/: 1—1J0141 |

Bai toan 69. Trich lugce cau IL.1; Dé thi thir sic trude ky thi Dgi hoc — Cao déng; Mén Toén; Dé th strc sb 6; Sb
405; Thang 3 nam 2011; Tap chi Toan hoc va Tudi tré; Nha Xuat ban Gido duc Viét Nam.
Téc gia: Do Ba Chu - Gido vién Truong THPT Dong Hung Ha; Huyén Hung Ha; Tinh Thai Binh.

¥ +2y* =xy+2xp,
2x* -2y 143y —14 =x-2.

Giai hé phuong trinh { (x;yeR),

Loi gidi.
Diéu kién x> —2y—1>0. Phuong trinh thir nhét cta hé twong duong
2
x =2y
P (s-0) =2 (a-) o -2 (xp) 0| T
Loai khd ning x* =2y vi diéu kién x> —2y—1>0. V&i x = y thi phuong trinh thi hai tré thanh
Wx —2x—1+3x — 14 =x-2=2Jx’ —2x-1=x-2-3Ix’ -14 (1).
Diéu kién x* -2x—1>0. Tur (1) taco
x=2-3x’ 1420 x-22x - 14 X’ —6x* +12x-82x’ 14 = x* —2x-1<0.
x*=2x-120
¥ —2x-1<0

Vay hé phuong trinh da cho co6 hai cdp nghiém x =y =1+\/§;x =y= 1-2.

Két hop didu kién ta duoc { @x2—2x—1=o@xe{1+ﬁ;1—ﬁ}.

4x° +2xy+7y+9 =4x"y+4x> +2y° +9x.

«/4x2+2y—11+x—1:%/x3—7x2+x+12.
Loi gidi.

Diéu kién 4x* +2y—11>0. Phuong trinh thit nhat cua hé tuong duong véi
x(4x2 +2y—9)—y(4)c2 +2y—9)—(4x2 +2y—9) =0

Bai toan 70. Giai hé phuong trinh { (x;yeR).

y=x-1
4x* +2y =9
Ta loai truong hop 4x® +2y =9 <11vi diéu kién 4x> +2y>11. V6i x = y thi phuong trinh thir hai tré thanh

Vax? +2x-13 +x—1:3/x3—7x2+x+12.

Diéu kién 4x* +2x—13>0. Tir phuong trinh trén ta c6

e (x-y-1)(4x’ +2y-9)=0<
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3/)c3—7)c2 +x4+12>2x-1a X =T +x+12>2x° =3 +3x -1 < 4x* +2x—-13<0.

4x* +2x-13<0 —1—\/5_—1+\/§}
4 '

4x* +2x-13>0 4

Két hop diéu kién ta duoc { :>4x2+2x—13=0<:>xe{

—1+\/§.x _—1—\/5

4 4

Vay h¢ phuong trinh da cho c6 hai nghiém la x=y = =
2x’ +3x+10y” =2x*y +10xy +3y,

x> =10y +1=+11x—-1.

Bai toan 71. Giai hé phuong trinh { (x;yeR).

Loi gidi.
Piéu kién x > 1—11 Phuong trinh thir nhit cua hé trong duong véi
x(2%" =10y +3) - y(2x* -10y+3) =0

x=
<:>(x—y)(2x2—10y+3):0<:>{2x2{10y+3:0 (1)
T phuong trinh thir hai ctia hé ta ¢c6 x> —10y+1>0.
Khi d6 2x2—10y+3=(x2—10y+1)+x2+2>0V6ix,yth(’)a man DKXD nén loai kha nang (1).
V61 x = y thi phuong trinh thtr hai tr¢ thanh
X =10x+1=~1lx—1 & x—Tlx-1+x> =11x+1=0
x*—11x+1

C>—
x++/llx—1

11+3\/B_11—3J§}
2 72

+x2—11x+1=0<:>(x2—11x+1)(;+1]=0

x+11x—1
1143413

- Vay hé co nghiém x =y =—— ;x:y:%.

RO rang x2—11x+1:Oc>xe{

Nhdn xét.
Phuong trinh hé qua cua bai todn s6 71 cdc ban c6 thé sir dung phwong phdp bién doi twong dwong véi ky thudt
nang lity thua tan cung ket hop Dinh ly Viete dao nhw sau

X =10x+1>0
x2—10x+1:\/11x—1<:>{

xt —20x° +100x2+2(x2—10x)+1=11x—1

X =10x+1>0 X =10x+1>0
< 4 3 2 = 2 2 2 2
x* =207 +102x% ~31x+2=0 | (& —11x+1)=9x(x’ —11x+1)+2(x* ~11x+1)=0

X’ —=10x+120 11+3V13 11-3J13
)=0<:>xe ;

< (x2—11x+1)(x2—9x+2 2 2

X +5x° +3y° =3xyp+x’y+5xp,

Bai toan 72. Giai hé phuong trinh { (x;yeR).

X =10y +1=2/5x+7y—1.
Loi gidi.
Diéu kién x > L

12

Phuong trinh thir nhat cua hé twong dwong véi
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X +5x" =3xy—x’y—5xy+3y° =0
@x(f+5x—3y)—y(x2+5x—3y)20

X=Yy

S (x—p) (x> +5x-3y)=0<
( y)( y) x*+5x-3y=0
T phuong trinh thir hai ctia hé ta c6 y* —10x+1>0, do d6 x2+5x—3y=<x2—10y+1)+(5x+7y—1)20.

X +5x-3y=0 1-5x

y
Truong hop x* +5x—3y =0kéo theo {x* —10y+1=0 < 7
Sx+7y-1=0  |7(x*+5x)-3(1-5x)=0

—25-/646 132+5646 ][—25+\/646 _132—5\/646J

Suyra (x;y):[ 7 49 7 49

V61 x = y thi phuong trinh tht hai tr¢ thanh

X —10x+1=212x—-1 <:>x2—12x+1+2(x—\/12x—1)=0

2_
<:>x2—12x+1+L2x+1:O<:>(x2—12x+1)(1+;j20

x++12x-1 x++12x-1

>O,Vx2%nén ta dugc x2—12x+1=0@xe{6+J§;6—\/§}.

RO rang 1+

1
x++12x-1

Két luan phuong trinh d4 cho ¢ hai nghiém x =y =6+ \/E;x =y= 6-/35.

2
Bai toan 73. Gidi h¢ phuong trinh {“” ey rl= 3 (x;yeR).
X +3x+4y° =x’y+4xy+3y.
Loi gidi.
Picu kién x> -4y +1>0;x>0.
Phuong trinh thtr hai cua h¢ tuong duong véi
(x—y)(x2—4y+3)=O<:>x<x2—4y+3)—y<x2—4y+3)20

x*—4y=-3

xX=y
Truong hop x* —4y = -3 bi loai do PKXD x* —4y+1>0. Vi x = y thi phuong trinh thir nhat trd thanh

x+1+4x* —4x+1 :3x/;<:>x+1+1/(x+1)2—6x =3Jx.

@(x2—4y+3)(x—y)20<:>[

bat x+1:u;\/;=vtadu(_yc

v>u
5 > v>u 3v>u
u —6v- =3v—u& 5 5 5 , & <<u=0
u —6v: =9’ —6uv+u u(2u—5v):O
2u=>5v
= 4=0&x=0= x=y=0, khong thoa min hé ban dau.
x>-1 1
. 2u=5vc>2(x+1)=5\/;c> ) @xe{l;—}.
4x° -17x+4=0 4

Két luan hé da cho c6 hai nghiém x=y=1x=y= %.
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Nhdn xét.
Déi véi hé phuong trinh sir dung phirong phap the dil truGe d6 phwong trinh thir nhdt dwge khai thac bang cong cu
gi di chang nita, binh thuong cdac ban déu xét tat cd cdc truong hop xay ra, tuy nhién thiét nght dé chi la phirong dn
bdt ddc di. Khi thay thé thu vé phirong trinh hé qua M, cdc ban phai dac biét chi y loai bo cac truong hop xdu, daé
gidm thiéu dai dong, phitc tap, tham chi la ngé cut khéng ddng cé doi véi M.
Chia sé vé phirong én xdy dwng bai todn twong tu, tdc gid xin ldy thi du bai todn s6 73 nhw sau

% Phuong trinh hé qua xuét phat tir cau 3; Dé thi tuyén sinh Pai hoc — Cao dang; Mén Toan; Khéi B; Dé thi

chinh thirc; Mua thi 2012; B6 Giao duc va Dao tao Viét Nam.

Giai bat phuong trinh x+1++/x” —4x+1> 3Jx.
Thay 4n x boi an y nham tao phwong trinh hai dnta c6 x+1++x* —4y+1= 3Jx.
Chu y diéu kién xac dinh x*> —4y+1>0;x>0, chiung ta dinh hudng tim kiém mot phuong trinh khai thac

e

*

e

*

chira dugce x va y sao cho x> —4y =k <1, khi d6 1ap tic x> —4y = k s& dam bdo bi loai do PKXD.

R/
°

Lwa chon kha ning x? —4y =3 = 0 chang han, sir dung WolfromAlpha khai trién

| e2yd) 8 |

(x—y(x*-4y+3)

Két qua

[ Stepbystep solltion |

©-xXy-4xy+3x+4y* -3y

-y +x(3-4y)+ydy-3)

1 (243
= — X"+
3!
+» Bién 361 biéu thirc thu duoc mot chit xiu s€ thu dugce hé hoan chinh

2 —
{x+1+«/x —4y+1—3x/;, (x;ye]R).

¥ +3x+4y* =x’y+4xy+3y.

4x* + 1’ +8y = xy” +4xy +8x,

Bai toan 74. Giai hé phuong trinh B e P \/m (x;yeR).

Loi giii,

Diéu kién x >1; y* —4x+8> 0. Phuong trinh thir nhét ciia hé twong duong véi

X=Yy

Y —4x+8=0
Tathdy y* —4x+8= (y2 —5x+8)+x >1> 0v6i DPKXD nén loai kha ning y* —4x+8=0.

x(y2—4x+8)—y<y2—4x+8)=0<:>(x—y)(y2—4x+8)=0c>{

V61 x = y thi phuong trinh tha hai tr¢ thanh

x=3+x—1= [2(x =5x+8) @ x=3+x—1 = [2(x=3) +2(x-1).
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bat x -3 =u;+x—1=vthi phuong trinh trén tré thanh

5 5 {u-i—VZO {LH—VZO
Uut+tv=~2u +2v- <

Su=v
u® +2uv+v: =2ut +20° (u—v)2 =0
x=>3 x>3
Sx-3=Vx-1&9 Sx=5=>x=y=5
X —6x+9=x-1 xe{2;5}

Két luan hé di cho c6 nghiém duy nhét x = y=5.

Bai toan 75. Trich luge cau 8; Dé thi thu stic trude Ky thi THPT Quéc gia 2015; Mon Toén; Lan tht ba; Truong
THPT Chuyén Hung Vuong; Tp.Pleiku; Tinh Gia Lai.

¥ -xly—y=2x"-x+2,

; R).
V2 +dx+2+J16-3y =2x" —4x +12. (xiy<R)

Giai hé phuong trinh {
Loi gidi.
Diéu kién x>-2;y < ? . Phuong trinh tht nhéat tuong duong véi

x*=-1

xz(x—y—2)+x—y—2:0<:>(x2+1)(x—y—2)<:> r=yi2

Loai trudng hgp x* =—1, v6i x = y + 2 ta ¢6 phuong trinh thir hai twong duong
X —4x+ 4+ A4x+2+[16-3(x—-2) =2x" —4x+12

S Afx+2+22-3x =x*+8
PN 4x;16—4\/x+2+143_x—\/22—3x+x2—x—2:O
@4(x+4—3\/x+2)+14—x—3\/22x—3+3(x2—x—2)=0

4(x*—x-2 2 _
( )+ X ox—2 +3(
x+4+x+2 14—x+3/22-3x

Rt xz—x—Z):O

@(xz—x—2)( 4 + 1 +3j=0
x+4+Jx+2 14-x+3422-3x

4 + ! +3>O,Vxe{—2;2}.
X+4+4x+2  14—x+34/22-3x 3
Két luan hé phuong trinh d cho c6 hai nghiém x=y=—lx=y=2.
Nhdn xét. ) 7 ’
Phurong trinh hé qua cua bai todn so 75 thuc ra ching ta co thé lam manh hon nita khi biéu thirc hé qua T sir dung
danh gia nguoc chiéu, thuc ra day la mot may man khi tdac gia thao tac nham lan doi voi mot dau trong loi giai, tuy
nhién, trong cdi rui co cai may, chung ta lai thu dwoc mot bai toan hay va kho hon

3722 -3x —124/x+2 +3x* +2x -4 =0

c>4x+16—12\/x+2—(14—x—3x/22—3x)+3(x2 ~x-2)=0
= 4x+16—4\/x+2—[14_x—\/22—3xj+x2 —x-2=0

3 3

<:>4(x+4—3@)—(14—x—3\/22x—3)+3(x2—x—2)=0

RO rang
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4(X2—x—2) xz_x_z
x+4+x+2 14—x+322-3x

N +3(x" —x-2)=0

W

4 1
2 -2 _ + =0
Q(x g )(x—|—4+\/x+2 14—x+3/22-3x ]
xe{2-1}
& 4 1

+3=
x+4++/x+2 14— x+3422-3x

(1)
Nhin xét x e {—2;%} ta co

14— x+322-3x :?+%(22—3x)+3\/22—3x z?

1 3

4
= <—<3<——+3
14-x+3J22-3x 20 X+4++/x+2
Do dé (1) vé nghiém. Két lugn hé phwong trinh da cho c¢é hai nghiém x=y=—-l;x=y=2.

Bai toan 76. Trich lugc cau 8; Dé thi khao sat chat luong 6n thi THPT Qubc gia Lan thtr 3; Mua thi 2015; Mén
Toan; Truong THPT Quynh Luu 1; Huyén Quynh Luu; Tinh Nghé An.
X=X +x—xy=y +y +y+1,

x;yeR).
x =97 +6x—18y—15=36x" +2. ( )

Giai hé phuong trinh {

Loi gidi. )
bicu kién x, y thyc. Phuong trinh thtr nhat cia h¢ tuong duong voi
3 3 2 2
x=y=l+x" -y =x"+xy+y
<:>x—y—l+(x—y)(xz+)cy+)/2)=)c2+xy+y2
<:>x—y—l+(x2+xy+y2)(x—y—1):0
<:>(x—y—1)<x2+xy+y2+l)20

2
Ta thdy x* +xy+ )* +1:£x+%yj +%y2+1>0,‘v’x,yeRnén loai kha ning x> +xy+)° +1=0.

Khi y = x+1thi phuong trinh thir hai tré thanh
X —9x" +18x—-9=6x—18x+18-15=3/6x" +2
&0 —9x +6x—6=3/6x" 12
& x =357 +3x—-14+3x-3=6x"+2+36x" +2
<:>(x—1)3+3(x—1):6x2+2+3\3/6x2+2

Xét ham s6 f(t)=F+3teR= f(r)lién tyc va ddng bién trén tap so thuc.

Ta thu duoc

F(x=1)=7(Yor' +2) o x-1=¥6r" +2 & ¥ =3¢ +3r-1=6x+2
V2 +1 2

<::>x3—9x24—3x—3=0<::>(x+1)3 =2(x—1)3 <:>x+1:(x—1)3/§<:>x:—:>y:

P2-1 P2 -1

Két luan hé phwong trinh d cho c6 nghiém duy nhét ké trén.
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Bai toan 77. Trich lugc cau 7; Dé thi khao sat chét lugng 6n thi Pai hoc; Mon Toan; Khéi 12; Truong THPT
Chuyén Vinh Phuc; Thanh pho Vinh Yén; Tinh Vinh Phuc; Mua thi 2013 — 2014.

¥ =4-x +\/;

Giai hé phuong trinh: .
3xt+y zx\/;(x2 +3)

Loi gidi.
Diéu kién y > 0;x €[-2;2]. Phuong trinh th hai cta hé twong duong véi

3x4—3x\/;:x3\/;—yc>3x(x3—\/;):\/;(f—\/;)

@(xz_ﬁ)(sx_ﬁ):o{;‘;g

o Xét truong hop x° = \/; = 0 < x <2, phuong trinh thtr hai tré thanh
4—x* :0<:>xe{—2;2}:>x:2;y:64.

2

o Xét truong hop 3x = \/; = 0 < x <2, phuong trinh tht hai tro thanh x° —3x=+4-x" .

RO rang y > 0;x €[-2;2]nén ddt x =2coss;t € [0;%} dan dén
2cos3t=2sint<:>t=£e O;E :>x=2cos£;y=36coszz.
8 2 8 8

Két luan hé d3 cho c6 hai nghiém x = 2cos%;y = 36c0s2%vx =2;y=64.

¥ +xp’ —x’y—y*t=3y-3x,

Bai toan 78. Giai h¢ phuong trinh nghiém thyuc 1 1
y=,|x——4,/1-—.
X X

Loi giai.
A qea x—lzl;l—lzl
bicu kién X x <©x>2Ly=>0.
y20

Phuong trinh thir nhat twong duong voi x* +x)° +3x—x’y—y* -3y =0 (x—y)(x3 +y +3) =0.

Ta loai truong hop x° +3° +3=0do PKXD. Khi x = y, phuong trinh thit hai tré thanh x = ,/x—l +, /1—l )
X X

Ap dung bat dang thtrc lién hé giira trung binh céng — trung binh nhén ta co

1
1 Ny 1o
LT I.Lx—;jﬁ > 1 [ rx—— —+x-l
:>,/x——+ 1-—< XX =x
1 b X 2 2

—+x-1
1 1
I-—=,—.(x-1) <&
\/ X \/x (x ) 2

Do d6 phuong trinh ¢6 nghiém khi cac ddu dang thirc xay ra dong thoi, tic 1a

11
l=x——;—=x-1 {xz—x—1=0 \/§+1
= .

X X =X =

>1 x>1 2
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\/§+1

Két luan bai toan c6 nghiém duy nhat x=y = S

Bai toan 79. Trich lugc cau I1I; De thi thir Dai hoc; Mon Toan, Khdi A — Al - B; Lan thir 2, Mua thi 2013; Trudng
THPT Dén I3p Luong Thé Vinh, Quin Cau Giy, Thanh ph6 Ha Noi.
2xX°+ yHx—y=x+xy+)°,

Jx—T+x+y=x"-1.

Giai hé phuong trinh { (x;yeR).

Loi giai. )

biéu kién x>1;x+ y > 0;x—y > 0. Phuong trinh thir nhat ciia h¢ tuong duong
2x° —xy—y +x—y :x—y<:>(x—y)(2x+y)+«/x—y =x-y
@(x—y)(2x+y—1)+\/x—y :O<:>Jx—y[(2x+y—1)‘/x—y +1]:O

; X2
Tur diéu kién xéc dinh { :>2x+y21:>(2x+y—1)«/x—y +1>0.

x+y=0
Viy thu duge /x—y =0 < x =y, phuong trinh thir hai cua hé tro thanh
Jr-l+\2x =x' -1 Jx—1-1+/2x -2=x* -4
x=2
=(x-2)(x+2) = 1 2

+
Jx=1+1 L2x+2

2 1+§=2<33x+2,wz1.

1
+ <
Jx—1+1 2x+2 1

Ta thu duoc nghiém duy nhat x=y=2.

x—2 2x—4

= +
Jr—1+1 2x+2

=x+2 (1)

Phuong trinh (1) v6 nghiém vi

Bai toan 80. Trich lugc cau 7; Dé thi thir SI'IC’ trude ky thi tuyén sinh Pai hoc — Cao déng; Moén Toan; Khdi A va B;
Truong THPT Chuyén Vinh Phac; Thanh phd Vinh Yén; Tinh Vinh Phiic; Mua thi 2013 —2014.

) x
X ——=y-—,

Giai hé phuong trinh x y (x;yeR).

Joy-1 —x\/; =1.
Lai giii.
Pidu kién y> %;x +0. Phuong trinh thit nhét ciia hé twong dwong véi
2

1 -
xz_y:__£<:>x2_y:y X
Xy Xy

<:>(x2—y)(xy+1):O.

Xét truong hop x* = y thi phuong trinh thir hai tr¢ thanh

\/5x2—1—x|x|=1<:>\/5x2— =x|x|+1<:>5x2—1=x4+2x|x|+1

{x4—3x220 =0
n ;C42_07x2=0<:> x=\3 = (xy)=(0:0),(v3:3).(~7:7)
{x<0 x=—\/7

Xét truong hop xy+1=0< xy =—-1= x <0, phuong trinh thr hai tré thanh
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y21

J 1—_1 N 1
el Sy =y @{5y2+2y+2\/;=1

Két luan hé da cho ¢6 3 cap nghlem (x:9)=(0; ),(\/_;3),(—\/_;7).

S yed.

Bai toan 81. Trich lugc cau 8; Dé thi thir sirc trude ky thi THPT Qudc gia; Lan thir nhat; Mua thi 2015; Mon Toén;
Truong THPT Quynh Luu 3; Huyén Quynh Luu; Tinh Nghé An.

2Jx+y+6=1-y,
Giai hé phuong trinh
OVI+x +xp/9+y° =0.
Loi gidi.
bicu kién cac can thirc xac dinh.
Xéttruonghop y20=>x+y+625=2/x+y+6>2/5>1-y.
Xét truong hop y <0 = x >0, phuong trinh thtr hai tuong duong véi

xy<0
OIWl+x =—xp\9+)" & 4
81+81x=9x*y* +x*y*

xy<0 xy<0
~ {(xy2 —9)(xy2 +9)+9x(xy2 —9) =0 ~ {(xy2 —9)(xy2 +9x+9) =0

RO rang xp”> +9x+9 > 0,Vx > 0,Vy < 0 nén ta thu duoc 2 [%+y+6+y=1<:>f(y)=
Y

Hamsé f(y)la ham s6 dong bién vatacd f(-3)=1= y=-3;x=1. Hé c6 nghiém duy nhat.

Bai toan 82. Trich luoc cau §; bPé Ehi thir strc trudce ky thi D,e_li hoc — Cao déng; Lén thtr nhat; Mua thi 2014; Mén
Toan; Truong THPT Chuyén Nguyén Quang Diéu; Thanh pho Cao Lanh; Tinh Bong Thap.

A’ +4xy+y° +2x+y =2,

8V1-2x+y* =09.

Giai hé phuong trinh {
Loi gidi.

s 1 . ) 2x+y=t 2x+y=t
Diéu kién x SE. Phuong trinh thir nhat trong duong (2x+y) +2x+y-2=0<

£ii-2=0 te{-2;1}
Xétt=1=38 y+y2:9©{\/;:u;u20©{\/;u;u>0 <:>u:1:>{x=0
Su+u*=9 (u—1)(u’ +1* +u+9)=0 y=1
Xétt="2=2x+y=-"21-2x=y+3=y+320. Thuduoc
2 y=-3
8yy+3+1°-9=0=8 y+3+(y+3)(y—3):0<:{8+(y_3) 30
Dit \/y+3=v,v>20=>v -6v+8=0 ().
Xéthamsd f(v)=v' —6v+8v20= f'(v)=3v~6.Taco f'(v)=0=v=+2.

Khdo sét ham s6 ndy ta ¢d £ (0) < £(N2)= £ (v)> f(0)=8-442>0.

Do d6 (1) v6 nghiém. Két ludn hé c6 c4c nghiém (x;y) = (0;1),(%;—3}
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Bai to4n 83. Giai hé phuong trinh r () (B 1) =2,
2x+1+57—y +6x(2—y)=x"+10.
Lo gidi.
biéukién x>-1;y<7.
Phuong trinh thir nhat cia hé twong dwong v6i x° + " +3xy(x+y)+x+y=2< (x+y)3 +x+y=2.
Pit x+y=t=1+t-2=0< (t-1)( +¢+2) =0t =1= y=1-x. Khi d6 phuong trinh thir hai tr¢ thanh
2x+1+5Jx+6+6x(x+1)=x"+10
o 2x+1-4+5x+6-15=x"—6x>—6x-9
& 2(Vr+1-2)+5(Vx+6-3) = (x=3)(x’ +3x*+3x+3)
20 3) ) ) (xery 42

Jx+1+2 Jx+6+3

x=3
< \/x_+21+2+\/ﬁ+3:(x+1)3+2 (1)
Dé ¥ ring \/x+1+2+\/x+56+3s%+\/§5+3<2,vx2—1 va (x+1) +222,Vx > -1,
Do d6 \/x_+21+2+\/%+3<(x+1)3+2,Vx2—1:>(1)v6nghiém.

Pbi chiéu diéu kién ta thu dugc nghiém duy nhat x =3, hé co nghiém x=3;y=-2.

y—2x+\/;—\/;+1:0

Bai toan 84. Giai h¢ phuong trinh nghiém thyuc \/E

\/x—S(\/;—«/Zx—y—Sf =2.
Loi gidi.

Diéu kién x >5;y>0;2x— y—5> 0. Phuong trinh thi nhat cta hé tuong duong

y—2x+\/5+x/;—\/;=0<:>(\/;—\/;)(\/;+2\/;)+\/;—\/;=0

@(\/5—\/;)(\/;”*/;_1):OQ{D;Jyrz\/}—hO

Vi x>5=/y+2vx 2245>1. Do d6 ta cé x =y . Phuong trinh tht hai tré thanh \/x—S(x/_—\/x—Sf =2.
Pat Vx =a;b =/x—5(a>b>0) ta co hé phuong trinh

{b(ab)3=2®{b(a—b)32 b(a-b) 2

@-b'=5  |(a-b)(a+b) =25 (a+b) 25

a=9b

@2((12 +2ab+b2)=25b(a—b)c>[
2a=3b

<:>(x—9)(16x—81)=0c>xe{9;%}

Két luan hé phwong trinh ¢ hai nghiém (x;y) = (959)’(%;%] :
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x*+ 3x2y2 = )c3y3 +3xy3,

x;yeR).
2y =143 +6x=2)y"+y+7. ( g )

Bai toan 85. Giai h¢ phuong trinh {
Loi gidi.
5 1 ; x’ ’ x’
Diéu kién y > > Phuong trinh thir nhat ctia hé twong duong voi [—] + 3(—J =x"+3x (1).
y Y
Xéthamso f(¢)=£+3tteR= f'(t)=3+3>0,VteR.
2

\ A A ‘A \ A < A A A X
Ham s06 trén lién tuc va dong bién trén R nén (1) s f (—
y

sz(x)@xzy.
Khi d6 phuong trinh thtr hai cua h¢ tr¢ thanh
V2x—1+x"+5x =T & 2x—1-1+x" +5x—6 =0 V2x—1-1+(x—=1)(x" +x+6) =0
2x-2

<:>—
V2x—=1+1

+(x—1)(x2+x+6):0<:>(x—1)( +x2+x+6]=0 (2)

2
V2x—-1+1

2

2 2 1\ 23 1
Pé y rang —+x2+x+6=—+(x+—] +T>O,Vx25nén (2)c>x—1=0<:>x=1:>y=1.

V2x—-1+1 V2x—-1+1

K&t luan hé da cho c6 nghiém duy nhat (x; y) = (1;1) .

. i X =3x+Nx+2 =y +2+4-x7,
Bai toan 86. Giai h¢ phuong trinh nghiém thyuc
(x—y)(x3 -y’ +3y—10) =0.
Loi gidi.
xX=y

Diéu kién x €[-2;2],» > -2 . Phuong trinh thit hai twong duong LS 23410 (1)

Taco y* —3y+10=) =3y +2+8=(y—-1) (y+2)+8>8,¥y>-2.
Khi d6 tir (1) suy rax® >8 = x>2 = x =2;y = 2. Cip s6 nay khong thoa man h¢, vay (1) bi loai.
Xét truong hop x = y ta thu duge x° —3x=+/4-x" .

Rdérang y>0;x € [—2;2] nén dat x =2cost;t [0;%} dan dén
2cos3t=2sint<:>t=£e O;E :>x=2005£;y=2005£.
8 2 8 8

Két luan phuong trinh da cho c6 nghiém duy nhéat x =2 cos%; y=2 cos% .

X x+x2\/;=y\/;+\/75,

Bai toan 87. Giai hé phuong trinh nghi¢m thuc 1 ( x— 1)2
3 f2x—y+—+—:2.
y X

Loi gidi.

Diéu kién x > 0;y > o;zx—y+lz 0.
y
Phuong trinh thir nhét tvong duong véi
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(x—y)x/§+(x2—yz)\/;:()@(x_y)[*/;"L(“y)\/ﬂ:OQD;T(H,V)\/;:O

x=0

Loai truong hop \/;+(x+y)\/;:0:>{ 0
y:

2
Los / 1 -1 5
Khi hai bién bang nhau, phuong trinh thi hai tr¢ thanh 3, [x +—+ (x ) =2.bicukién x>0.
X

X
2 2 _ 2 2
Phuong trinh da cho twong duong véi 3 al +1+x 2x+1=2c>3 al +1+x +1=4.
x x X X
x> +1 t>0 t>0 t>0
bat =t,t >0 thu duoc = & r=1.
x 3t+2 =4 |(t-1)(t+4)=0  |re{-41}

2

1
Suy ra =lox+l=xox —x+1=0 (1)

X
Phuong trinh (1) v nghiém do A < 0. Két luan hé phuong trinh da cho v6 nghiém.

X +y’ :x\/;—Bxy(x+y)

\/2x3—x+\/;:x3+ x+1.

Bai toan 88. Giai hé phuong trinh nghiém thuc

Loi gidi.
biéu kién can thirc xac dinh.

Phuong trinh thi nhat twong duong (x + y)3 = (2\/;)3 osx+y=2r o y=2Jx-x.

Phuong trinh tht hai tré thanh +/2x° —x +y/2vx —x = x* +/x +1.

Ap dung bét dang thirc Cauchy thu dugc

3_ —
\/2x3—x+\/2\/;—x32x x+1+2\/; x+1=x3+ x+1.

2 2
2x3—x:2\/;—x=1 {x=1
=

y= 2\/; —-Xx y=1

Két luan hé c6 nghiém duy nhét ké trén.

Nhdn xét.

C6 thé néi chii quan rang dang hé phwong trinh c6 sir dung phdn tich nhan tir cdp 3 da la mét dang hé phwong
trinh co tinh van dung cao, doi hoi cdac ban hoc sinh can ¢é cdc thao tdc phan tich nhdn tw thanh thao, kha nang
lién hé phan bién cdc trieong hop xdu, song hanh véi né la ndm viing phwong phép gidi phirong trinh vé ty, kj nang
trinh bay va tinh toan chinh xdc. Tac gia hy vong cac ban doc gia, cac ban hoc sinh yéu toan sé hiéu, vin dung,
sdang tao hon nita, phdt hién thém nhiéu kién thire bo ich, 1y thii véi dang hé sir dung phén tich nhan tir cdp 3 nay.
Truée khi bude sang dang hé phwong trinh phdn tich nhan tir cdp 4 phire tap hon, moi cdc ban tham khdo mét sé
bai toan twong tu, da tung xudt hién khd nhiéu tai cac dé thi hoc sinh gioi, thi thw Pai hoc — Cao dcfng, thi thur suc
trieGe ky thi THPT Quéc gia dang dén gan.

Dau dang thirc xay ra khi {
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Bai tap twong tu.

X rxyt =y 4y
3W7+2x7 +43-2y" =10.

(Cau 11.2; Dé thi chon hoc sinh gi6i 16p 12 THPT; Mon Toan; Dé thi chinh thirc; S& Gido duc va Pao tao Ha
No6i; Nam hoc 2015 —2016).

Giai hé phuong trinh { (x;yeR).

- x4+x2y2_y2:y3+x2y+x2)

Giai hé phuong trinh (x;yeR).
2y° —5-2x* -1=0.

(Cau 3; Dé thi tht stc trude ky thi Pai hoc — Cao déng; Moén Toan; Khéi D; Lan tht ba; Mua thi 2014; S&
Gié4o duc va Dao tao Tinh Vinh Phuc).

7 6 _ .14 8
X +xy =y 4y, ( ]R)

x;yeR).

Jy+6+x=7—y—1
(Cau 3; Dé thi tht stc trude ky thi Pai hoc — Cao déng; Moén Toan; Khéi D; Lan thir tu; Mua thi 2014; S&
Giao duc va Pao tao Tinh Vinh Phuc).
2)62y+)/3 =2x* +x°,
(x+2)\/y+1 z(x+l)2.
(Cau I1.2; Dé thi thir strc trude ky thi Pai hpc — Cao déng; Mén’ Toan; T4t ca cac khéi thi; Lan tha 2; Mua
thi 2010; Truong THPT Dan 1ap Luong The Vinh; Quan Cau Giay; Thanh pho Ha N¢i).
x -y —6)° +3(x—5y) =14,

x;y eR).

V3-x+4y+4=x"+y"-5. ( )

(Cau 9.a; De thi thir strc truée ky thi THPT Qudc gia; Mon Toén; Lan thir 4; Mua thi 2015; Truong THPT
Nguyén Xuan Nguyén; Huyén Quang Xuong; Tinh Thanh Hoéa).

X =y =3y* +3x-6y-4=0,
y(V2x+3+3[Ty+13)=3(x+1).
(Cau 8; D@ thi thur stre truée ky thi THPT Qudc gia; Mon Toén; Lan thir 2; Mua thi 2016; Truong THPT
Chuyén Nguyeén Hué; Thanh phd Ha Dong; Truc thude Thu dé6 Ha Noi).

2()c3 —y3)+xy(y—4x)=2y—x,
Giai hé phuong trinh (x; NS R) .

VA +x+6+4y =1+51+2y.

(Cau 9; D¢ thi khao sat chat lugng hoc ky I; Mon Toan; Khéi 12 THPT; Nam hoc 2015 — 2016; Sé Gido duc
va Pao tao Tinh Nam Dinh).

6x’ +3x* +y =y’ +xy(3x-2),

J4xP =y =2 ++x-1=y-1.
(Cau 9; D@ thi thir sire trude ky thi THPT Quéc gia; Mon Toan; Lan thir nht; Mua thi 2016; Truong THPT
Hong Quang; Thanh phé Hai Duong; Tinh Hai Duong).
2% +xpt +x =2y +4x*y+2y,

Giai hé phuong trinh < 22 —x—2y—1 1 x;yeR).

phuong Y —x-2y 6:(y+_j( /—x+1_3). (xyeR)

x =8y+1

(Cau 9; Dé thi thir stre trude ky thi THPT Qudc gia; Mon Toan; Lan tht hai; Mua thi 2016; Truong THPT
Minh Chau; Huyén Yén M¥; Tinh Hung Yén).
(y—x)(x2 +3y): Y+ y+1,

x2+3x+y:\/8y+1+\/22y—x.

Giai hé phuong trinh {
(x; yE R).

Giai hé phuong trinh {

Giai hé phuong trinh {

Giai hé phuong trinh { (x;yeR).

Giai hé phuong trinh { (x; Ve R) .

Giai hé phuong trinh { (x; NS ]R) .

CREATED BY BINH PHUONG; GACMA1431988@GMAIL.COM TRUNG POAN NGUYEN CANH CHAN; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 1) 69

(Cau 9; D& thi thir stic truée ky thi THPT Quéc gia; Mon Toan; Lén thir ba; Mua thi 2016; Truong THPT
Chuyén KHTN; DPHKHTN; Pai hoc Quoc gia Ha Noi; Quan Thanh Xuan; Thanh pho Ha No6i).

(8x° —13x).%:(x—1) /%—2 ~7x,
e Giai hé phuong trinh y y (x;yeR).

4\/E+xy 4+y* =0.
(Cau 9; Dé thi thir strc trude ky thj THPT Quéc gia; Mon Toén; Lan tht hai; Mua thi 2016; Truong THPT
Tan Yén; Huyén Tan Yén; Tinh Bac Giang).
x =y’ +8x—8y=3x>-3y7,
(5x° =5y +10)Jy+7 +(2y+6)Vx+6 =x* +13)” —6x+32.

(Cau 9; D& thi thir stre trude ky thi THPT Quéc gia; Mon Toén; Lan thir 2; Mua thi 2016; Truong THPT
Chuyén Vinh Phuc; Thanh pho Vinh Yén; Tinh Vinh Phuc).

Vx+x’y+x’+y—x—y-2=0,

—=(1—-x -2).
x*+2x+3 ( )(\/; )
(Cau 8; Dé thi thu stc trudce ky th@ THPT Quéc gia; Mon Toan; Lan thtr 2; Mua thi 2016; Truong THPT
Chuyén Lé Hong Phong; Thanh pho Nam Dinh; Tinh Nam Dinh).
{/4)c2 +4y :\/)c3 —2+x+4y+2,
2(2y3 +x3)+3y(x+1)2 +6x(x+1)+2 =0.
(Cau §; Dé thi thur stre trude ky thi THPT Qubc gia; Mon Toan; Lan tht nhat; Mua thi 2016; Truong THPT
Ly Tu Trong; Huyén Nam Tryc; Tinh Nam Dinh).
X =y +17x-32y =6x>-9y° - 24, (
(y+2)\/x+4 +(x+9)«/2y—x+9 =x"+9y+1.

(Céu 8; D& thi khdo sat chat lugng khéi 12 THPT; Mén Toéan; Khoi A, Al, B; Lan thir 2; Nam hoc 2014 —
2015; Truong THPT Chuyén Vinh Phuc; Thanh phd Vinh Yén; Tinh Vinh Phuc).

e Giai hé phuong trinh { (x;yeR).

e Giai hé phuong trinh {2 >, _¢ (x;y € R) .

e Giai hé phuong trinh (x; Ve ]R) .

e Giai hé phuong trinh { x;yeR).

X' =y +6x-3y=3x"+4,
(x;yeR).
X6y +9=23x+4+3,/5y+4.

(Cau 8; D& thi khao sat chat luong khoi 12 THPT; Mén Toéan; Khoi D; Lén thir 3; Nam hoc 2014 — 2015;
Truong THPT Chuyén Vinh Phuc; Thanh phé Vinh Yén; Tinh Vinh Phuc).
x -y =3x"+6y> =—6x+15y-10,
(x;yeR).
yWx+3 +(y+6)x/x+10 =y’ +4x.

(Cau 8; Pé thi thir sirc trude ky thi THPT Qubc gia; Mon Toan; Lan thir nhat; Mua thi 2016; Truong THPT
Binh Giang; Huyén Binh Giang; Tinh Hai Duong).

e (Gidi h¢ phuong trinh {

e Giai hé phuong trinh {

x5+xy4:y10+y6’

Jax+5+4y* +8 =6. (

e Giai hé phuong trinh { x;yeR).

‘+xy(2y-1)=2y’-2y* —x,

e Giai hé phuong trinh o (2y ) Yo (x;ye]R).
6\/x+1+y+7:4x(y—1).
12x2+2(5x—2y)+3_8

e Giai h¢ phuong trinh y —x o (x;yeR).

x> —3x-2=2y-3.
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2x(x2 +3)—y(y2 +3) = 3xy(x—y),
Giai hé phuong trinh P —5xty+d ., (x;yeR).
J5x—4 '
xy(x+1) =x+y +x-y,
Giai h¢ phuong trinh x;yeR).
3y(2+\/9x2+3)+(4y+2)(\/1+x+x2+l)=0. ( )
(Cau 8; Dé thi khao sat chuyén dé dinh ky khdi 12 THPT; Mén Toan; Lan thir nhit; Nam hoc 2015 — 2016;
Truong THPT Tam Dao; Huyén Tam Pdo; Tinh Vinh Phuc).
X +3x" +6x+4=y"+3y,

Giai hé phuong trinh (x; Ve R) .

¥ (3y=7)=1-|/(1+2*)"
(Cau 9; Pé thi thtr strc trude ky thi THPT Qudc gia; Mon Toan; Lan thtr nhat; Mua thi 2015; THPT Nguyén
Thi Minh Khai; Huyén DBuc Tho; Tinh Ha Tinh).
xty+yt =x" 410,

(x;yeR).
41+ x =241=x =-3x=1+/1-y.
(Cau 3; Dé thi thir stre trude ky thi THPT Qudc gia; Mon Toan; Lan tht hai; Mua thi 2015; Truong THPT
Chuyén Dai hoc Su pham; Pai hoc Su pham Ha Noi).
¥ +12y° +x+2=8y" +8y,

Jx*+8y° =5x-2y.

(Cau 8; Dé thi thir stre trude ky thi THPT Qudc gia; Mon Toan; Lan tht hai; Mua thi 2015; Truong THPT
Thuén Chau; Huyén Thuan Chau; Tinh Son La).

e 1y 1+
Gidi hé phuong trinh | (x+1)" X+1 ¥ " (xyeR).

J8y+9 =(x+1){/y+2.
(Qﬁu 8; Dé thi thir stic tmdc ky thi THPT Quéc gia; Mon Toan; Lan tht nhat; Mua thi 2015; Truong THPT
Hong Quang; Thanh pho Hai Duong; Tinh Hai Duong).
¥ —6x"+13x =y’ + y+10,
\/2x+y+5 —\/3—x—y =x’=3x" —10xy +6.

(Cau VII; Dé thi thu strc trude ky thi THPT Qubc gia; Mon Toan; Lan tht nhat; Mua thi 2015; Truong
THPT Ly Tu Trong; Thanh pho Nha Trang; Tinh Khanh Hoa).

Giai hé phuong trinh {

Giai h¢ phuong trinh { (x; NS ]R) .

(x;yeR).

Giai hé phuong trinh {

X =y +3y  +x-4y+2=0,

x;y € R).

X AHx-3=2Jx+2+y. ( )

(Cau VII; D& thi thir stc truée ky thi THPT Québc gia; Mon Toan; Lan thir nhat; Mua thi 2015; Truong
THPT Nguyén Hu¢; Huyén Krong Nang; Tinh bBak Lak).

4x’ -y’ —6x’y+3xy° +3x-3y =0,

Giai h¢ phuong trinh ¢ [, 2I—x 12y (x;yeR).
— :

X+ -8

Giai hé phuong trinh {

+x+(3x+1)y:2,
Giai hé phuong trinh {  x+y (x;y €R).

YV +3x=1+5y-4+7y-3.
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2y° —9y—i =-2,
Giai hé phuong trinh X (x; Ve R) .

Ax+1+xp4y* +4 =0.
2(4x° = ') +12%7 + 7 +2x(y* +3)+1=0,
e (Giai hé phuong trinh < ,3 2 x;yeR).
cp g X +6x +x+6y+4:2(x+2)_ (xyeR)
Jy+2
2x" +4x=y(4x* ~3x+6y+8),

4x’ +2y+6 5(2y+1-4y+1.

e Giai hé phuong trinh { (x;yeR).

2x° + 2 x +(2y-3)xy =5 +1
e Giai hé phuong trinh y ( y=3)a =5y (y+1). (x;yeR).
2 x 5 w/)c+y+ =3y.
Py 437 +4x—y+2=0,
e Giai h¢ phuong trinh (x; yeR).
13y —x* 49\ +x% (y-1) =16.

2y + y +3)(3x—2y)=9xy(3x—y),

e Gidi hé phuong trinh (x;yeR).
‘3/——x +—1/6y 2=1.

X +x’ -2x"y -2y +x-2y=0,
e Giai hé phuong trinh v y=2y’ 4 (x;yeR).
36y+5 X +3x7 +2y-3.

x =y +3 2x*+y )+3(5x—2y+6)=0,

e Giai hé phuong trinh (x;yeR).
P3x-2 +\/2y 4=3.
J+x+4J1-y =2,
e Giai hé phuong trinh (x; Ve ]R) .
¥ =y +9y= x(9+y y )
¥ =2x" +4 +4xy,
e Giai hé phuong trinh =y g (x; Ve ]R) .

yx 2+2xy l=x"+y*+y-2.

!
1o
g
{x ~3y* =¥’y + 507,
=
=
’

Giai hé ph trinh ;veER).
e Giai hé phuong trin 2( o 1) 7—11y+6\/m (x;yeR)

3

X+ +xy +x7y+3x+3y=3x"+3y" +3xy + 2,

3x—1-x>=2y-33f8—2y +5.

y* =14 =3x(2x-5)+3y,

e Giai h¢ phuong trinh (x; Ve R) .

e Giai hé phuong trinh (x;yeR).
Y =3x+8=/3y-2—y.
x —5x=y’ 5y,

e Giai hé phuong trinh x;yeR).
Jy=2++x-3=1. ( )

+5y—-2x —1)=4x*+10x,

e Giai hé phuong trinh yi+sy y(y ) (x;y € R) .

x> —62x+5+18=y.
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w1 +(x+1) =X +5x,
Giai hé phuong trinh (y ) ( ) 4 (x; yeR).
Ay +7x" +2x°y+1=2x+1.
X +2y* =xy+ 2y,
Giai h¢ phuong trinh (x; S R).
2P =2y 143y —14 =x-2.
X +2y+3+2y-3=0,
Giai hé phuong trinh (x;yeR).
2(x*+3y°)+3y(x+1) +6x" +6x+2=0.
x+y =12y°,
Giai hé phuong trinh (x;yeR).
Px+d—J2y+1=1.
Xy+x=12y°,
Giai hé phuong trinh |~ a (x:yeR).

\/x+2y+\/2x 3y=x+y.
¥ rxitx=y +x7y+y,
Y =5y+x+4=5x~

)cz(x2 2y+3 (y+1)(4—y),

\/x2 y+\/y —x=2.

;
:
3
|
;
*3
{x +5x=y" +5y,
B
-
=
:
:
s

Giai hé phuong trinh (x; Ve ]R) .

Giai hé phuong trinh (x;yeR).

Giai hé phuong trinh (x; Ve ]R) .

y —4y+x+1=+/4x-1.
1+3/x* (1+y) =2 ,
Giai hé phuong trinh y Y (x; NS ]R) .

x*y? +2x7y =2x +1.
Y —3x= x y)(3xy—2),

Giai hé phuong trinh x;yeR).
Y —4y+6=x+,6y-5. ( )
X =3x +6x—4=y"+3y,
Giai hé phuong trinh yi+3y (x;yeR).
=3.
X =y +3x° +6x-3y+4=0,
Giai hé phuong trinh (x;yeR).
24— x* —3\3+2y 1% —3x+2=0.
o ¥+’ =3x"—6x-3y+4,
Giai hé phuong trinh (x;yeR).
X+ 6x+y+\/4x+y \/y+5+10
7xX° +y* +3xy(x—y)-12x* +6x =1,
Giai hé phuong trinh (x;yeR) .
5 3x+2y 3+y(x —x+5)+2 0.
x Pt xy 4yt +6)+3(x7+y7) =38,
Giai hé phuong trinh (x- ) ( ) (x;yeR)
42x—y+7+62=x(3x+5)+y.

X =y +3x7 +4:3(y—2x),

y=1) —=6x+2=Tx-2.

Giai hé phuong trinh { (x;yeR).
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2(y3—x3):6x2+7x—y+3,

e (Gidi h¢ phuong trinh x;yeR
4 3—y+2\/2(1+y)=\/9x2+16. ( )
x —2x+4)=y3+3y,
e Giai hé phuong trinh (x;yeR).
2,/2x y+15=x"+5y.
hé ph [y =x(ye ), ( )
e Giai hé phuong trin x;y € R).
5\/)6 —1+\/x+ =3y-5/y+2.
22X+  +2x7 +y —xy(2x+3y+4)
e Giai hé phuong trinh { 42 41 y +1 10 (x;yeR).
x 3
x* =3xy+3y° ) 2y +3y" +7y—2x+2, ( )
e (Gidi h¢ phuong trinh x;yeR).
2,2 x+y+1)+4y(1+y) X’ —2x% +5x.
+ = 3 +1)(y+1)+1,
ey =) (x;yeR).

\/x+y+3\/x+3y+l9 +xy+y’ =105,

6

e Giai hé phuong trinh {
{x +3x°y* =x"y’ +3x)°,

e Giai hé¢ phuong trinh (x; ye]R).
1+3x +6x=2y"+y+7.
1_2y +3x*+8
-2 2
y x +3y° +4
e Giai h¢ phuong trinh x;yeR).
s 5% +8y° +3 X ( Y )

=X

WI0-x+2x>+4)*

X +xt 4+ 2xy+(x+y)(3xy+2) =7y  +3y% +4y,

e Giai h¢ phuong trinh 15 D513, -2 +6x°  x43y (x;yeR).
3 +x+2y+11 x+y

N X +5y° —11y+12=y" +2x* —4x,
e Giai hé phuong trinh (x; ye]R).
11 y+2+ xX+y-— 2) +4x’ =27.
(¥ +3y7 +5) = y(25* +3x° +10),
e Giai hé phuong trinh (x;yeR).
L JAx+2y—1+6x" =6x+2y+2.

e Giai hé phuong trinh (x;yeR).

4x+y 2+3x° =2=12x+4y.
¥ +xt+4x+16=y" -5y +12y,

; R).
3x* +3x+y—5=4(y+2){3x+y-5. (xiyeR)

2" =y +7y=2x" -y’ +7x,

(x;ye]R).
«/x Y Hx+6=2x—y+2.

e (Gidi h¢ phuong trinh

e (Gidi h¢ phuong trinh

{ 7x+3 +2xy(6x+3y+2)+y +3x° =x—y,
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Giai hé phuong trinh
\/x+y +\/x—2y =3.

e (Gidi h¢ phuong trinh {

2x" =(1+4y-3x")V2x +1.

2
\/2x+1+\/2y+1=(x_2y) :

e (Gidi h¢ phuong trinh

1 1
X——=y——,
e Giai h¢ phuong trinh X y
2Jxy—2=y"+x>—4y+2

e Giai hé phuong trinh

/ +1
. =8)" +8y+1,
e (Gidi h¢ phuong trinh

4(x’ -8y")
3x

l\.)

%)

24" =2x"+y-2,
y +1
o x—y+6y+2x7y
e (Gidi h¢ phuong trinh ( )

B

X3y 44yt =4(x-2y),

(x+y)(x+2y)+3x+2y=4.

7x +y’° +3xy x y) 12x% +6x =1,

YV +Ty—17= 9x+2(x+6)«/5—2y.

x+1) y +(x+2)\/m.

-12,

(x;yeR).

x =2y +3x—6y:3xy(x—y),

(x;yeR).

(x;ye]R).

(x;yeR).

(x;yeR).

(x;yeR).

—6(x" +4y”)+3(x-2y)-1=0.

(x;yeR).

(x;ye]R).

3 X++y— 3 x>+ —10x -5y +22.

e Giai hé phuong trinh

e (Gidi h¢ phuong trinh {

x(x +y ):y (y +1),
e Giai hé phuong trinh

y

e (Gidi h¢ phuong trinh

e Giai hé phuong trinh {

3y(1—J})+ 1-3)” =1.
2+\/9x2— :l[2+

e Giai hé phuong trinh | 9

79 +13x+ 8= 2y\/ 32 +3)° 1),

18x
9lx ' -2y+2

(x;ye]R).

4 2 x;yeR).
4 y—+4=1+3(f] +~/6x. ( )

3 2
x3—y3=3(x2+y)—2(3x—2),

x;yeR).
2x2[y+«3/5x—(y+1)3}=8x2—17y—9. ( )

X'y’ —6x"y’ +15x)° =14y’ + 3y +1=0,

(x;ye]R).

+25y |,
yj (x;yeR).

7x° +y* +3xp(x—y)—12x* + 6x =1.

e (Gidi h¢ phuong trinh {

24/3x—5+3/8)° —3x+9 =7.

X0 +2xp" 42y =x+2xy+4y°,

(x;ye]R).
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Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh {

Giai hé phuong trinh {

Giai hé phuong trinh

Giai hé phuong trinh

i/ al +2i/
y+1
3xT+xy+1=2x+y-1.
(x+) +57(Sy+2x) =3x',

22y —x—1+33x° +2y° +3 =2.
3 2

y+1

3,

X (x;yeR)

(x;yeR).

(x;ye]R).

y=2+1-x (x;yER)'

1-3y?

x;yeR).
' +4y =yt +4x ( )

X +xT+5x=y"+y +5y,

JX+2y° +1 =%X—2y+4.
=y +3y2+3(2y—x)+4,
JX+2y+x° =4x -2y +4.

(x+y)2 :4(xy+x—y),

X+ Y +3x =2x-2y+1.

x—2=\/y2—2x+6(2—y),

(x;ye]R).

(x;ye]R).

(x;yeR).

7 (x;yeR).
3xy+x+§y:8.

3/y+1 —23L=1,
X y+1

\/x+y+1+\/x—y+10:5.
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E. PHAN TiCH NHAN TU CAP 4.
Bai toan 89. Trich luoc cau 2.2; Dé thi tht stc trude ky thi tuyén sinh Pai hoc — Cao déng; Pé sb 3; Mua thi 2009;
S6 381; Thang 3 ndm 2009; Tap chi Toan hoc va Tudi tré; Nha Xuét ban Gido duc Viét Nam.

Tac gia: Nguyén Vian Thong — Gido vién Truong THPT Chuyén Lé Quy Pon; Thanh phd Pa Néng.

2xy

X+ + 1,
Giai hé phuong trinh x+y (x;y eR).

Jx+y=x>—y.
Loi gidi.

Diéu kién x+ y > 0. Phuong trinh thtr nhit cta hé twong dwong véi

(x2+y2)(x+y)+2xy:x+y<:>(x+y)[(x+y)2—2xy}+2xy:x+y

<:>(x+y)3—(x+y):2xy(x+y—1)
x+y=1
<:>(x+y—1)(x2+y2+x+y)=0c>[y2+x2+x+yzo (1)

RO rang y* +x* +x+y>0,Vx+y>0nén (1) bi loai. Véi x+ y =1ta thu duoc

x+y=1 y=1-x y=1-x
{XZ - = {xz rren {x ci2:1) < (%) =(10),(-2;3).
Két luan hé phwong trinh dé cho c6 hai nghiém ké trén.
Nhdn xét.
Bai todn trén da xday ra mét sé truong hop lay lai nhuw sau
e Bai 2.1; Pé thi tuyén sinh 16p 10 THPT; Mon Toan; Danh cho cac thi sinh dy thi chuyén Toan, chuyén Tin
hoc; Truong THPT Chuyén Pai hoc Su pham; Pai hoc Su pham Ha N§i; Nam hoc 2011 —2012.
e Cau 3.1; Bé thi chon hoc sinh gidi 16p 9 THCS; Mon Toan; S¢ Gido duc va Pao tao Tinh Hung Yén; Nam
hoc 2011 —2012.

X+t + 2 _

Bai toan 90. Giai h¢ phuong trinh nghiém thuc xX+y

4(y—1) +25y+5J7x -5 =6.

1,

Loi gid.

Diéu kién x> %;x +y # 0. Phuong trinh thi nhét ciia hé tuong duong voi

(x2+y2)(x+y)+2xy:x+y<:>(x+y)[(x+y)2—2xy}+2xy=x+y

+y=1
<:>(x+y)3 —(x+y):2xy(x+y—1)<:>(x+y—1)(x2+y2 +x+y)=0<::>[;i2 -:}y+x2 e x20 (1)

Coi (1) 1a phuong trinh bac hai an y tham sd x, ta c6 diéu kién c6 nghiém y la

~1-42 —1+42
2 2

A=1-4(¥" +x)204x° +4x-1<0 & <x< ,méuthuénvdixZ%;ery;tO.

Vay (1) vo nghiém x, y v&i diéu kién xac dinh. Xét truong hop x + y = 1thi phuong trinh thit hai tré thanh

4x> —25x+19+57x =5 =0<:>5(x+1—\/7x—5)=4(x2—5x+6)

2 506 ¥ =5x+6=0
o5 x—x=4(x2—5x+6)<:> 1 4

x+14+/7x-5 —=2 (2
g g x+1+47x-5 5 ()
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1

1
<
x+1+7x-5 §+1
7

Két luan bai toan c6 hai nghiém (x0)=(2:-1),(3;-2).

Ta thiy T A en (2) v nghiém. Thu duoc x* —5x+6=0< xe{2;3}.

2
X+t + % - 1,
Bai toan 91. Giai hé phuong trinh x+y (x;yeR).

y2+4:2(x+y)+x/4x—1+x/8x+3.

Loi gidi.

A1 1 . Y SR .
biéu kién x> 2 Phuong trinh thtr nhat cta hé twong duong voi

(xz+y2)(x+y)+2xy:x+y<:>(x+y)[(x+y)2—2xy}+2xy:x+y

x+y=1

<:>(x+y)3_(x+J’)=ny(x+y_1)<:>(x+y_1)(x2+y2+x+y)=0<:>L’2+y+x2+x:0 (1)

, 1 1 1Y 1 1
Pey y+y+xi+x=y"+ +—+x2+x——:£ +—j +xT+x——>0,Vx>—.
yy +y y ty 4 4 Y 5 4 4

Vay (1) v6 nghiém x, y voi diéu kién xac dinh. Xét trudng hop x + y = 1thi phuong trinh thi hai tré thanh
X —2x+3=+/4x—1+~/8x+3

Sx—Vdx—1+x+2-8x+3+x—4x+1=0

®x2—4x+1+ x*—4x+1 ? —dx+1=0
x++4x—-1 x+2++8x+3

<:>(x2—4x+1)( ! + ! +1j:0

x++V4x—-1 x+2++8x+3

! +1>O,‘v’x2%nén x2—4x+1=Oc>xe{2+x/§;2—\/§}.

1
+
x++4x-1 x+2++8x+3

Két luan hé da cho c6 hai nghiém (x;9)= (2+\/§;—1—\/§),(2—\/§;\/§—1).

Nhan xét

X’ =4y’ +2i——1,

Bai ton 92. Giai hé phuong trinh nghiém thuc x+y-1-
M+(x+2y)\/;:\/m+(3x—l)2.
Loi gidi.
Diéu kién 0< y s%va x+y # 1. Phuong trinh thir nhat ciia hé twong dwong véi
(x2—4y2)(x+y—1)+2xy:—1<:>(x+2y—1)(x2—xy—2y2+y+1):0.
Xét truong hop x> —xy—2y*+y+1=0 (1).

Coi (1) 12 phuong trinh bac hai 4n x tham s y ta c6 diéu kién c6 nghiém x

242410 2-210
5 vVy< .

B 9

A=y —4(-2y" +y+1)=9)" —4y-420 y>
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Hé qua nay mau thudn véi didu kién 0< y < %nén (1) vo nghiém x, y.

Xét trudng hop x+2y = 1thi phuong trinh thtr hai tré thanh \[1-2y +./y = 2(1-y) +(3x-1)".
Ap dung bat dang thirc Bunyakovsky ta c6 /-2y +4[y < \/2(1—2y+y) = \/2(1—y) < \/2(1—y) +(3x—1)2.

1-2y=y
Dau dang thirc xdy rakhi {3x-1=0 < x=y :§. Thr lai thay hé c6 nghiém duy nhat x =y :%.

x+2y=1

Nhan xét.

R6 rang doi véi cdc bai toan tir 89 dén 92, vé cdach lam thi c6 1€ van theo motip sir dung may tinh Casio Fx — 570ES
Plus hodc twong dwong, tuy nhién diém khé khan nam & phwong trinh hé qua (1), gia dinh rang (1) c6 diéu kién cé
nghiém x (hodc y) la mién K. Khi xdy dung bai todn twong tw, ching ta nén xdy dung phwong trinh thir hai dwegc
lam nguwoc tir mét phiong trinh c6 diéu kién xdc dinh L vi pham va hat phang K. Véi L thi khéng qud khé, nhung
véi K thi cdc ban phdi thao tac tim diéu kién theo phwong trinh bédc hai an x (tham sé y) nhw cdc phwong trinh trén.
Cdc ban cé thé quan sat cy thé

-1-V2 __-1+42
2

> Baitoan 89 va 90,91 ta c6 K theo x: A=1-4(x"+x)20 < 4x* +4x-1<0 < <x :
> Bélitoém92tac()Ktheoy:A:yz—4(—2y2+y+1):9y2—4y—420<:>y>2+29\/Evy32_29\/ﬁ.
x2+y2= 6xy +9,
Bai toan 93. Giai hé phuong trinh X=y (x;yeR).

V2 =3y 4244 Jx—y-2=5y—x.
Loi gidi. )
biéu kién x—y>3;5y > x. Phuong trinh thtr nhat cia h¢ tuong duong véi

2 -y-3
by =0<:>(x—y+3)(x—y—3)+M
xX=y X=y

<:>(x—y—3)[(x—y+3)(x—y)+2xy]:0

(x—y)2—9+2xy— =0

x=y+3
X +y +3(x—y)=0 (*)
RO rang x—y>2= x>+’ +3(x—y)>0=>(*)v0 nghiém. V6i x— y =3 thi phuong trinh tht hai tr¢ thanh

<:>(x—y—3)(x2 +y2+3x—3y)=0<:>{

y2 —4y+3

2 2
Yy —4y+3+y—J4dy-3 y —4y+3+——=0
y+44y-3

@(y2—4y+3)£1+ﬁj=0 (1)

RO rang 1+ >O,Vy2%nén () ey’ -4y+3=0ye{l;3} = (xy)=(41),(63).

1
y+44y-3

4
it Xy —4,

Bai toan 94. Giai hé phuong trinh x+y (x;yeR).
-2+ y+ 8 x+y—1=4y+3.

Loi gidi.
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Picu kién x+y>1y>-3.
Phuong trinh thir nhat cua hé twong dwong véi
) 2xy (x +y- 2)

Axy <:>(x+y—2)(x+y+2 =
X+y X+y

(x+y)2—4:2xy—

x+y=2
<::>(x+y—2)[(x+y+2)(x+y)—2xy]:0<:>LC2 f) 204220 (1)
Tathiy x+y>1= x’+»” +2x+2y > 0=>(1)vd nghiém.
V61 x+ y =2 thi phuong trinh thir hai tr¢ thanh
X2+ y+8=4y+3 oxt 2 +1+y+3-4 y+3+4=0
2
= (x2 —1)2 +(«/y+3 —2)2 =0 {x - = {xi{—l;l} = (x;)=(-1L1),(1;1)
y+3=2 y=1
Doi chiéu diu kién ta duge nghiém (x;») =(L1).
Bai toan 95. Trich lugc cau 1; Dé thi chon doi tuyén du thi Ky thi hoc sinh gioi Quéc gia lop 12 THPT; Mo6n Toén;
S¢ Gido duc va PBao tao Tinh Nghé An; Nam hoc 2011 —2012.

x2+y2+8xy =16,
xX+y
Giai hé phuong trinh (x;yeR).
2 3 2
X _ XXy
8y 3 3y 4 2
Loi gidi.

S 1 . )
biéukién x+y# 0;%4—1 > 0; y # 0. Phuong trinh thtr nhat cua h¢ twong duong véi
y

(x+y)2—2xy+ 8y :16<:>(x+y)2—16+2xy( 4 —1):0
X+y x+y

<:>(x+y—4)(x+y+4)—2xy.m=0
x+y

<:>(x+y—4)[(x+y+4)(x+y)—2xy]=0

x+y=4
<:>(x+y—4)(x2+y2+4x+4y):0©{x2+y2+4x+4y=0 (1)

Tt phuong trinh thir hai ta co
2

2 2
x_+§+120®3x +16xy+12y

20,Vy0=y>0
8y 3 2 24y 4 d

3x2+y2+4x+4y:x2+y2+4(x+%yj+y>0

Nhu vay (1) vo nghiém, voi x+ y =4 . Mit khac, ap dung bat dang thitc AM — GM v&i phuong trinh thir hai

2 2 3 2
X 2x vy, x_,(2_x+zj: XX
8y 3 2 \sy 3 2) \3y 4
2
Phuong trinh thr hai ¢6 nghiém khi ;‘— _2x +% , kéo theo hé
y
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2

x—:§+l x+y=4

8y 3 24, )
3x"—16xy—-12y" =0

24 4
S(xy)= —;—1,(-8;12).
() =( 2 (-s2)
x+y=4
Két luan hé phwong trinh d cho c¢6 hai cip nghiém ké trén.

2 8)’\/;_

x+y + =16,
Bai toan 96. Giai hé phuong trinh Vx+y (x;yeR).

\/\/; +ty=x-—y.
Loi gidi.
Pidu kién x >0;/x + y > 0. Phuong trinh thir nhét cua hé twong duong véi

x4 7+ 2% —16+ jl*/; —2y\/;:Oc>(\/;+y)2—16+2y\/;£\/_4 —1):0
x+y .x+y

2y\/;(\/;+y—4)

@(J}+y—4)(\/}+y+4)— N -0

& (Vr+p=a)[ (Ve +y)(Vx+y+4)-203x |0

Jx+ y=4

y’ +x+4(x/;+y)=0 (1)

R& rang (1) bi loai vi »° +x+4(&+y)>o,v&+y>o. V6i Vx +y = 4 ta thu dugc hé
\/;+y=4© y=x-2 C>{x=4
x—y=2 x+Jx =6 y=2

Két luan hé c6 nghiém duy nhat.

Nhin xét. , , . ,

Co thé thay cac bai toan 96 cua chung ta dwoc phat trién tie bai toan 95, nhw vdy néu thay thé cac an x va y trong

cdc bai todn tir 89 dén 96 béi cdc an méi phire tap hon sé thu dwege cdc hé phwong trinh hay va khé, tuy nhién cdc
ban phai bo tri thiet ldp diéu kién dé loai bo hé qua cong kénh tir phép phan tich nhan tw

x+y2+2y\/;=1,

e Giai hé phuong trinh Vx+y (x;y€R).
JVx+y=x-y.
x+y2+2y\/; =1,

e Giai hé phuong trinh Jx+y (x;yeR).
x+3=20x+y+B3y-2.

W mdy 2NV )

e Giai hé phuong trinh x+4y -1 (x;yeR).
X +2=x-2+2(1-2y).
x2+y2+2xy =1,

e Giai hé phuong trinh x+y (x;yeR).
Jx+y=x’—y.
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8xy

X+ + =16,

. xX+y
e (Gidi h¢ phuong trinh - x yeR
¥ -3x+5=Sx—d+ |
x+y-3

X+ + 8xy =25,

Bai toan 97. Giai hé phuong trinh x+y-1 (x;yeR).
Vi-y+x+l=\3y-2=25p-1.

Loi gidi.

Diéu kién y > %;x +y # 1. Phuong trinh thir nhat cia hé twong duong véi

2xy(x+y—5)
-5 il W |
x+y—1<:>(x+y )(x+y) x+y-1

(x+y)2—25:2xy—
x+y=35
x2+y2:x+y (1)
Gia str (1) 1a phuong trinh béc hai 4n x, tham sd y tacé x* —x+y*—y=0.

Biét thie A=1-4(y’—y)=2-(2y-1)’.

<:>(x+y—5)[(x+y)(x+y—1)—2xy]:Oc>

—J2+1 V241

Piéu kién co nghiémx 13 2-(2y-1)’ 20 = 2y-1|<2 & <y<=S—, mau thudn véi DPKXD.

Xét truong hop x + y =5 thi phuong trinh thir hai ctiia hé tr¢ thanh
Y =2y +6=25y—1+3y-2
S y=\By=2+2(y+1-By-1)+)’ ~5y+4=0
y —3y+2 2()’ —5y+4)

y+1/3y y+l+«/5y1
1 2
—1)(y-2 + +1|=0
@(y )(y )[y+\/3y—2 y+1+45y-1 j

1 2 2

+ +1>0,Vy>—né -1)(y-2)=0<= L2t =(x;v)=(41),(3;2).
i T W () () =0 e (i) = (50)= (81).(32)
Ddi chiéu diéu kién ta thu dugc nghiém (x; y) = (4; 1) , (3; 2) .
Nhdn xét. ) ) ) . . )
Cac ban co thé giai quyéet hé qua (1) cua bai toan so 97 bang cach phan tich hdng dang thuc nhw sau

(1)( _ljz_l:( _lj2<1 _1 LIS D DR S
2 7)) TR TV ~V f f 2 ‘JE 2

+y°=5y+4=0

RO rang

X +3’ +6xy=8,
U +3x+3+32x7 +3x+2 =637 =12+ 32.

Bai toan 98. Giai hé phuong trinh sau trén tip sb thuc {

Loi gidi. )
Phuong trinh thtr nhat ctia h¢ twong duong véi
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82

(x+y)3—8—3xy(x+y)+6xy:0<:>(x+y—2)[(x+y)2+2(x+y)+4}—3xy(x+y—2):0

, 2, ) d-o x+y=2
<:>(x+y— )[()H—y) —3xy+ (x+y)+ }— < xz—xy+y2+2x+2y+4=0 (1)
Ta co

(1)<:>xz—x(y—2)+y2+2y+4=0<:>4x2—4x(y—2)+4y2+8y+16:0
c>4)c2—4)c()/—2)+)/2—4y+4+3y2 +12y+12=0

2x—y+2=0 {y=—2
=

2 2
<:>(2x—y+2) +3(y+2) —0<:>{y+2=0

x=-2

Cip nghiém nay khong thoa man hé, loai. Vi x+y =2 ta thu duoe /x> +3x+3 +32x% +3x+2 = 6x> +12x +8.

3\ 3
X 4+3x+3=| x+=| +=>0,VxeR
o, 2 4
Nhan xét ,
2x2+3x+2:2£x+2j +%>O,Vxe]R

Ap dung bat déng thirc lién h¢ gitra trung binh cong — trung binh nhéan ta c6
2 4343 = i/1'1.()62 +3x+3) < X2 +3x+3+1+1 _ x> +3x+5
3

3
2 2
m={/l.l.(2x2+3x+2)ﬁzx P2 4lHl 20 +3xtd
3 3
2 2 2
Tir day diin dén x> + 3x+3 43227 1342 < T TOXFS X AIHA S0 HOxHI o hyig

3 3
Hon nita x* +2x+3<x" +2x+3+5(x+1)" =x" +2x+3+5(x" +2x+1) =6x° +12x+8.
Do d6 phuong trinh c6 nghiém khi cac dau dang thirc dong thoi xdy ra, tuc la
X +3x+3=2x"+3x+2=1
{x+1=0

S x=-1.

Két luan bai toan c6 nghiém duy nhat x=—1;y=3.

Bai toan 99. Trich lugc cau 1; Dé thi chon ddi tuyén du thi hoc sinh giéi Qudc gia 16p 12 THPT; Mon Toan; Dé thi

chinh thirc; S& Giao duc va Pao tao Tinh Binh Dinh; Nam hoc 2009 — 2010.
L + Z — & + 2
Giai hé phuong trinh Jroxoy (x;yeR).
y(\/)c2 +1 —1) =+/3x" +3.
Loi gidi. )
biéu kién x > 0; y # 0. Phuong trinh thtr nhat tuong duwong voi
Jx+ Y _ 20x +2 N
X

<:>\/;(y—2x)+y(y—2x):0<:>(y—2x)(y+\/;):0

y x+y2=2x\/;+2xy

2
Tir phuong trinh thir hai ta 6 ——2oe— =\3x2+3 = y>0= y+Jx > 0.

Vxi+1+1

Diéu nay kéo theo loai truong hop y + Jx =0. Vi y = 2x thi phuong trinh thi hai tré thanh
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2x(\/x2+1—1)=\/3x2+3 c>4x2(x2+2—2\/x2+1)=3x2+3.

bat Vx*+1=¢,t21=x* =1’ -1, ta thu dugc
(7 1) +5(¢ ~1)-3=8(F ~1) = 4 =87 37 +81—4=0 & (1-2)(4' =3¢ +2)

0.

D& thiy 41’ ~31+2=41(4-3)+2>0,Vi21nénco (=2 ¥’ +1=4 & ¥ =3 xe{3\3} = y=213.

Két luan hé ban dau c6 nghiém duy nhét.
Nhdn xét. , .
Doi voi phwong trinh hé qua cac ban co thé di theo hwong sau nhung khong may dé dang

2x(\/x2 +1 —1) =B 43 @ 20 41 =2x 4357 +3
& 4y (x2 +1) =7 +3+4xV3x% +3 < 4x* —3x7 =3 =4x/3x> +3

Néu ding mdy tinh Casio nham dwgc nghiém V3 thita dung lién hop va danh gia hé qua

Zx(\/x2 +1 —1) 313 Zx(\/xz +1 —2)+2x—2\/§ =32 +3-23

2x(x*=3 3(x* -3
\/(x2+1 )+2(x_\/§)= \/3x2(+3 +l\/§
(x2—3):0 xe{—\/g;\/g}

<

~ 2—x+2(x+ 3): 3 o> +x++/3= 3 (*)
VP +1 V32434243 [P 4l W3 +3+ 43
ROrang x>0= al +X+\/§>\/§>l> > nén (*) vd nghiém.
X+l 4 23 +3+43

Nhdn xét.

Phirong trinh thit nhdt ciia bai todn s6 99 la mét phwong trinh thong dung, méi quan hé y = 2x dwoc gidu di khd ky,
néu tinh y cdc ban ciing cé thé nhdn ra, tot hon la ching ta nén sit dung phép gdn gid tri théng qua may tinh Casio
Fx—570ES Plus hodc cong cu tuwong dwong.

To hep phim — | [sgIFT|SOLVE] | [SHIFT|[SOLVE]

v 100 1000
X 50 500
Moi quan hé y=2x y=2x

Chiing ta c6 thé tdi ngd phwong trinh thii vi nay trong cau 1b; Dé thi chon hoc sinh giéi 16p 10 THPT; Mén Todn;
So Gido duc va Pao tao Ha Tinh; Nam hoc 2014 — 2015 nhw sau
1y 2x
o —t+==—2,
Giai h¢ phuong trinh Jx o ox oy (x; Ve R) .
16x* —24x* +8,/3-2y -3 =0.
Dua trén co sé phirong trinh nay, cdc ban con c6 thé ché tac dwoc khd nhiéu bdi todn khdc, phirong trinh thir hai

déim bao diéu kién y+~/x >0, néi cach khéc chi can dam bao y >0, thi du
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R 2f

> Giai hé phuong trinh \/_ x (x;yeR).
4x° —2y+2:\/3y_—2.
1y 2Jx

> Giai hé phuong trinh Jx ;:74-2’ (x;yeR).
2y+1=Ty—6+,9y-5.

Bai toan 100. Trich lugc cau 3; D8 thi thir sire trude ky thi; D& s6 3; S6 437; Thang 11 ndm 2013; Tap chi Toan
hoc va Tuoi tré; Nha Xuat ban Giao duc Viét Nam.
Tac gia: Hoang Gia Hung — Gido vién Truong THPT DBong Hung Ha; Huyén Hung Ha; Tinh Thai Binh.
x  3x+ 3\/;
Giai hé phuong trinh {2x y  4x*+2y’ (x;yeR).

4x+y=+2x+6 —2\/;.
Loi gidi.
biéu kién y > 0;-3 <x # 0. Phuong trinh thr nhat cua hé tuong duong

y+22° _3x+3yy
2xy 4x* +2y

S 4x7y+2y7 +8x* +4x7y = 6x7y + 6xp,y

2\? 2
©8x4+2x2y+2y2:6xy\/;c>4x4+x2yﬂ“y2=3xy\/;<:>4(x_] PN (%)
v) vy
t—l 2
Déti=ttathuduoc4t4+t2—3z+1:0©(2t—1)2(t2+t+1)=o@ 2 3{y:4x
\/; £ +1+1=0 (A<0) x>0

Phuong trinh thtr hai cua h¢ tr¢ thanh

4x* +8x=+/2x+6 <:>{

4x(x+2)20
8x*+32x° +32x* —x-3=0

{4x(x+2)20 @xe{_?’-ﬂ/ﬁ'_l?’_m}

(2x2+3x—1)(2x2+13x+3)=0 4 4

—3+Jﬁ_13—3¢ﬁ}

Déi chiéu diéu kién ta thu duge nghiém duy nhét (x; y) = ( 2 ; 5
Nhdn xét.

Buée gidi phwong trinh hé qua mét an x (bwée thir hai) ¢é nhiéu phwong én, cdc ban cé thé thir sirc véi phiong
phdp phén tich hang dang thirc (nhdn thém hang sé dwa vé hiéu binh phwong), phwong phdp dai hwong lién hop —
truc can thire (lién hop voi 2 nghiém vo ty lé), phirong phap dat a an phu (ky thudt dat 2 an dua vé hé doi xung).

Buoc thir nhdt bai todan 100 sir dung phép bién doi twong dwong két hop cdi nhin dong bdc dwa dén phirong

trinh (*), néu khéng dé y thi ddy sé la mét bai toan khé doi véi nhiéu ban. Ngodi ra cdc ban cé thé tién hanh phép
an phu \/; = z ngay tir dau dé lam 19 chén tuéng dong bdc —1

mrm L 43y _ 1 x _ 3x+3z

2

2x y  4x*+2y 2x 22 A" 427
x  3x+3kx
Kx* 4xP +2k°x

1
Tiép tue dt ——+ © (k=2)" (K +k+1)=0.
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1 1
. . A R G
Bai toan 101. Giai h¢ phuong trinh nghi¢ém thuc X y

J7Ixy—6+7x* =y> + y+6.
Loi gidi.

Diéu kién xy > g Phuong trinh thir nhét ctia hé twong duong véi

1 1 X—)Y (.2 2
ey L =0
x—=y > T X-y=X y+x3y3 (x +xy+y)
2 2
@(x—y)(l%—WJ:O@(x—y)(ff+x2+xy+y2)=0
Xy

2
Tacd X’y +x° +xp+)° :x3y3+(x+5yj 4—%y2 >O,ny2§néntathu dugc x=y.

Phuong trinh thir hai khi d6 tré thanh 6x* +47x* =6 =x+6 < 7x* —6+v7x* =6 = x> +x.

5 s a=x
bit 7x* —6 = a dan dén a2+a=x2+x<:>(a—x)(a+x+l)=0<:>{ |
a=—-x-
. x20 x20
e a=x& R , &y, ox=L
TIx"—6=x x =1
—-x-120 x<-1
¢ a=—x-1 5 5 & 5 oS xed.
TIx"—6=x"+2x+1 6x"—2x-T7=0
Két luan hé da cho c6 nghiém duy nhat x=y=1.
1 1
X——=y——,
Bai toan 102. Giai hé phuong trinh * Y (x;yeR).

2 2
(1/2xy— —1) +x°=2y+1=0.
Loi giii.
Diéu kién xy > % Phuong trinh thir nhét ctia hé tuong duong véi

xX=y
xy=-1

x—y+x_y:0<:>(x—y)(xy+1)=0<:>{
Xy

Loai khd nang xy=-1< % . V61 x = y thi phuong trinh thtr hai tr¢ thanh

2 2 —
(Vax' =1-1) +(x-1) =0©{“2" =la o
x=1

Két luan hé c6 nghiém duy nhat x=y =1.
Nhdn xét.
Cdc bai todn s6 101 va 102 tdc gia manh nha tir phiong trinh thir nhdt, cau IL.2; Pé thi tuyén sinh Pai hoc — Cao
dang; Mén Todn; Khoi A; Dé thi chinh thire; Ky thi tuyén sinh BPai hoc ndm 2003 véi ndi dung

1 1

Giai hé phuong trinh x v (xyeR).

3

2y=x
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. 1 1 .

Mdac du phwong trinh thir nhat x —— = y —— la mot phuwong trinh khong qua kho, doi voi nang lwc mot hoc sinh lop
X y

10 THPT (hé phé théng 12 nam) thi khai thac phwong trinh ndy theo nhan tu sé rdt tw nhién nhi 101 gidi trén, fuy

nhién voi hoc sinh lop 12 THPT, kién thirc dao ham — khao sat ham s6 co ban da tao ra cdi bong quda lon khién

khong it ban lac loi vao con duwong lam dung ham don diéu

x—l:y—l@f(x)zf(y) trong do f(t):t—%;t¢0:>f'( )_1+t1 >0,Vt#0.
X y

Chiing ta khong thé phii nhdn tinh dong bién ciia ham sé trén, nhung, néu dé ¥ kj thi ham sé da bi gidn doan tai
diém t bang 0, tirc la khéng lién tuc dwoc, do vdy phwong dn ham bi logi b6, do ciing la Iy do dé hiéu khi dé xay ra
viéc mdt truong hop xy =—1, rdt déng tiéc.

C6 1é nhiéu ban dd timg hoc va biét dén thién truyén ngdn Bén qué ciia nha van Nguyén Minh Chdu, nhdn vt Nhi
sau da timg di khdp cdc x6 xinh trén trdi dat (theo tdc pham), tuy nhién thoi gian anh dm liet givong moi la la
quang thoi gian quan trong nhdt, so véi cd mét doi bén ba voi nhiing chuyén di dai lién tiép. Anh “nghi mét cach
buon ba, con nguoi ta trén dwong doi thdt kho tranh khéi nhitng diéu vong véo hodc chiing chinh, va lai no da thay
co gi dang goi la hdp dan ¢ bén kia Song ddu. Trong tam Ii nhan vat, day khéong phdi la trang thdi ndng nén ciia s
can riet eong tam ma chi la mét niém hoz tiéc pha chit an han: Sao trong nhitng ndm thing trai budc khap moi
phirong troi ta lai khéng mot lan ngodi vé dé nhin ra dwoc vé dep cia nhitng gi than quen, gan giii nhat. P6 la
bude nhdn thire cia tam hon va tri tué trén 16 trinh dai ddc quanh co cia dwong doi. Ciing chinh tir tinh hudng ndy
ma suy tu, chiem nghiém dwoc boc 1oi mot cach da chiéu va tham thia.

Péi véi cdc bai toan 101 va 102 ciing vdy, ching ta hdy di tir nhitng phiong phdp than thwong nhdt, gan giti nhat,
d6i khi né lai la loi gidi tw nhién va con toi wu nita, tc gia hy vong quy doc gid va cdc ban hoc sinh sé diic rit
dwge nhiéu kinh nghiém, tich liiy dwoc nhiéu ky nang, khéng nhitng trong viéc phan tich nhan tir ma con trong thao
tac sir dung tinh chat don diéu ham so, tranh dwoc nhing sai lam khong ddng cé, dé di dén loi gidi hoan thién dep
dé, “khéng hoi tiéc” cho méi bdi todn.

2 —_ —_ =
Bai todn 103. Gidi hé phuong trinh V2% *13 VIS -2v =N+, (x;y<R).
y4—2xy2+7y2:(x+1)(8—x).

Léi gidi.
Pidu kién —1<x < 1?5  Phuong trinh thit hai ciia hé trong duong voi

y2 (y2—x+8)—x(y2—x+8)—(y2—x+8):0

2
=x+1
<:>(y2—x—1)(y2—x+8)20<:> y2
y =x-8
Xét trudng hop y* = x +1thi phuong trinh thir nhét tro thanh
x>0

(15—2x)(x+1) = 4x*

V3x+16 -V15-2x =x+1 & |[(15-2x)(x+1) =2x<:>{
x=0 3o ) 4o e {220 = (ny) = (3:2).(32)
Pt S X=0= =4= €=, =X = 5 S\ 95—
6x* —13x-15=0 Y Y Y
Xét truong hop y* =x—-8<0,Vx < % , loai. Két luan hé da cho c6 hai nghiém (x;»)=(3;2),(3;-2).
Bai toan 104. Trich lugc cau 1; Dé thi chon hoc sinh gidi 1op 10 THPT; Mon Toan; Dé chinh thuc; Ky thi hoc sinh

gidi cac truong chuyén Khu vuc Duyén hai va Podng bang Bac Bo (C10); Lan thir 8; Nam 2015.
Don vi t6 chic THPT Chuyén Ha Long; Thanh pho Ha Long; Tinh Quang Ninh.
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Gidi 16 o N —2xp° +7y* =—x" +7x+8, ( R)
1a1 hé phuong trin x;yeR).
V3—x+4y +1=x"+x* -4y +3.
Loi gidi. )
biéu kién x < 3. Phuong trinh thir nhat cua hé twrong duong véi
yz(yz—x+8)—x(y2—x+8)—(y2—x+8):0
P=x+1
<:>(y2—x—1)(y2—x+8):O© y2
y =x-8

Xét truong hop »* = x+1thi phuong trinh th hai trd thanh v3—x ++/x+2 =x* + x> —4x -1
Diéu kién —2 < x < 3. Phuong trinh 4n x twong dwong véi
33-x+3/x+2 =32 +3x* —12x -3
& 3B3-x—(5-x)+3Vx+2 —(x+4) =32 +3x* ~12x - 12
9(3—x)—(x2—10x+25)+9(x+2)—(x2+8x+16)
3V3-x+5-x 3Jx+2+x+4

—x*+x+2 —x*+x+2

= +

3W3—=x+5—-x 3Jx+2+x+4
1 1

2 + +3(x+2)|=0 (1

){3\/3—x+5—x 3Wx+2+x+4 ( )} ()

(xe]R).

= =3x2(x+1)—12(x+1)

=3(x*—4)(x+1)

< (x+1)(x—

D@ thay 3x/3Tx1+5—x+3\/xT21+x+4+3(x+2)>O’vxe[_2;3] nén (1) c6 cdc nghiém x =2;x=—1.
Khi d6 (x;) =(~1;0),(2:+/3),(2:-V3). Xét truomg hop y* = x~8<0,vx <3, logi.

1:0),(23),(2-3).

Két luan hé phuong trinh dé bai co ba cap nghiém (x; y) = (—

Nhdn xét.

Mic dii bai toan s6 89 da mé man cho hé phwong trinh phdn tich nhéan tir cdp 4 khé hon cac cdp 1, 2, 3, nhung tinh
dén bai todn 102 thi cac nhan tir déu cé dang tam thirc bdc nhat hodc dé nhin nhén nhan tir. Céc phuong trinh chot
khai thac cia cac bdi toan 103, 104 trén thuc té la mét, chi khdc nhau vé hinh thire, van dé quan trong dat ra la cac
nhén tir X lic nay da tré nén phirc tap, néu tinh y cdc ban ciing cé thé xit Iy bai todn bang cdach dat an phu, nhung
néu ching ta sir dung phép gdn gid tri théng qua mdy tinh Casio Fx — 570ES Plus hodc c¢éng cu twong dwong thi
lam thé nao, moi cdc ban cing quan sdt

T6 hop phim —

|SHIFT||SOLVE)|

|SHIFT||SOLVE)|

|SHIFT||SOLVE)|

|SHIFT||SOLVE)|

v 3 4 100 50
x 8;17 15;24 9999;10008 2499;2508
Mbi quan hé X Khong ro rang | X Khong rd rang | X Khong 16 rang | X Khong ro rang

Cdc s6 liéu thu dwoc cho thay moi quan hé X khéong ré rang. Vin d‘e la ching ta khong thé bang quan, phai ban
khoan suy nghi xw Iy nhw the nao voi tinh trang “X khong ré rang” ndy, néu bo cugc thi coi nhu da that bai trong
phan tich nhan tie. Thuc té ching ta c6 rat nhiéu gia dinh vé X nhw sau (a, b, ¢, m, n déu la cdc hang s6).
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X, tax+by+c=0
X, :ax’ +by+c=0
X, ax+by’ +c=0
X,:ax’ +by’ +¢c=0
X;ixy=m
X, :x)' =n
Chu y xét cac kha nang khong nam trén cung mot cot dé tranh léch pha.
8a+3b+c=0
Xét X, tacé {15a+4b+c=0 = (a;b;¢) =(0;0;0), nghiém tam thuong.

99994 +1000b+c =0

8=a.3"-b {azl
=

15=a4’-b b=1

Men theo nhén tir y* —x —1nay ching ta cé

Xét X, ta co {

= x =y’ —1, nghiém tam thuong.

yz(yz—x—1)+‘?(y2—x—1)+8(y2—x—1)=0:>?5—x

:(yz—x—l)(y2 —x+8):O<:>

Bai toan 105. Giai h¢ phuong trinh

x’ —3x2+2x2y+(x3+x—4xy) X +x-9=0.

Loi gidi.

Y =x+1

y=x-8

xy(x—y)2 +4:2(x2 +y2+xy—x2y2),

(x;ye]R).

Diéu kién x’* +x—9>0. Phuong trinh thtr nhat cua hé twong dwong véi
xy(x2 —2xy+y2) =2x"+2y% +2xy—4-2x%)’

<:>xy(x2+y2—2)—2<x2+y2—2)=Oc>(xy—2)(x2+y2—2)=O<:>{

Tu diéu kién > +x-9>0= x° +x>%.

xy=2
x2+y2:2

Xét ham s6 f(x):x3+x—%;xeR:>f’(x):3x2+1>0,VxeR.

Ham sd nay lién tuc va dong bién trén tap sd thuc nén x° + x >%<:> f(x) >f[%j =N x>i: x’ 2. 2.

Do d6 trudng hop x* + y* =2 bi loai.

Xét truong hop xy = 2 thi phuong trinh thir hai tré thanh

x3—3x2+4x+(x3+x—8) X+x-9=0

<::>x(xz—3x+4)+(x3 +x—8) X +x-9=0 (1)

RO rang x > % = x(x2 -3x+ 4) >0, dan dén (1) vo nghiém. Két luan hé da cho v6 nghiém.

Nhdn xét.

Do véi bai todn ndy ching ta sir dung cong cu Casio Fx — 570ES véi bang nhu sau
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T6 hop phim —

|SHIFT | SOLVE)|

|SHIFT | SOLVE)|

|SHIFT | SOLVE)|

|SHIFT | SOLVE)|

v 1 4 100 50
x -1;1;2 0,25 0,02 0,04
M0i quan hé X Khong ro rang | X Khong rd rang | X Khong 16 rang | X Khong ro rang

“X khong 16 rang” chi mang tinh tam thoi, tuy nhién sau moét thodng quan sét cac ban déu thdy dwoc rang xy =2,
tir day chung ta co phép phdn tich

xy(x2 —2xy+y2) =2x"+2y" +2xy—4-2x")"
xy=2

<:>xy(x2+y2—2)—2(x2+y2—2)=0<:>(xy_2)(x2+y2_2):0<:>L2+y2 5

Xy+2x)° +x°—xy=x>+2)°,

xty—x—=5+Jx +x* +2x -5 =xy.

Bai toan 106. Giai h¢ phuong trinh { (x;y € R).

Loi gidi.
Diéu kién x* +x* +2x—5>0. Phuong trinh thi nhét ciia hé tuong duong véi
2 2 2 2 2 2 xy:1
xplx"+2y" =1)=(x"+2)y" -1) < -I)x+2y" -1)=0<
12 )2 ) v 2 )0 U
Tudidukién X +x* +2x-520= X + x> +2x> 4.
Xét ham s6 g(x)=x3+x2+2x;xeR:>g'(x):3x2+2x+2>0,VxeR.
Ham s6 lién tyc va dong bién trén tép s6 thyc nén x* +x° +2x >4 < g(x) > g(1) o x>1=x7 +2y° > 1.
Diéu nay dan dén loai truong hop x* +2)” =1.
Khi xy =1thi phuong trinh thir hai ctia hé ban dau tro thanh
X —x—6+ x3+x2+2x—5:0<:>(x+1)2+x+1=x3+x2+2x—5+\/x3+x2+2x—5.

Xéthamsd f(t)=£+6t20= f'(¢)=2t+1>0,Vt 20, ta thu dugc
f(x+1):f(\/x3+x2+2x—5)<:>x+1=\/x3+x2+2x—5

oxX+2x+l=r+x+2x-5x =6 x=36
Két luan hé c6 nghiém duy nhat x = ie; v 1

R

2

xy(x2+y2)+x2(y—3):3(y +x),

(x;ye]R).
X +4x’ +2x+xy—1:(x2y+lj‘/3x+l+l.
X X x
Loi gidi.

Diéu kién x > 0. Phuong trinh thir nhét ctia hé trong duong véi

Bai toan 107. Giai h¢ phuong trinh
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Xy+xy’ +x2(y—3)=3(y2+x)<:>xy(x2+y2+x)—3(x2+y2+x)20
xy=3

<:>(xy—3)(x2+y2+x)=0<:>[x2+y2+x=0

R rang x* +y* +x>0,Vx >0,y e R=> x + y* + x = 0bi loai.
Xét truong hop xy = 3 thi phuong trinh thir hai ctia h¢ tré thanh

x3+4x2+2x+2:(3x+lj /3x+l+l
X X X
., 1 1 1
S X +HAx +5x+2=| 3x+— |, [3x+—+3x+—
X X X
Sx+3x +3x+1+x +2x+1=| 3x+— |, [3x+—+3x+—
X X X
3 2 1 1 1
< (x+1) +(x+1) =] 3x+— | [B3x+—+3x+—
X X X

Xéthamso f(¢)=2 +1'¢>0= f'(¢t)=3>+2t>0,V¢>0. Ham sb lién tyc va ddng bién trén tap hop sé duong

1 1 x>0
x+1)= ‘/3x+— Sx+l= f3x+—<:>
f( ) f{ xj X x2+2x+1:3x+l
X

x>0 x>0 x>0
Rt 1< Rt o x=1

¥ —x+1= X =x+x-1=0 (x_l)(x2+1):0
x

nén thu duogc

Két luan hé phuong trinh da cho c6 nghiém duy nhat x=1;y =3.

y+x—6=+x+1-247—x

; R).
2x3—y3+(y2+3)x2:y(2x+3). (xye )

Bai toan 108. Giai h¢ phuong trinh {

Loi gidi.
biéu kién —1< x <7. Phuong trinh thtr hai cia hé twong duong voi
2 2 2 2 2 xX’=y
X (2x+3+y )—y(2x+3+y )=0c>(x —y)(2x+3+y ):O®[2x+3+y2=0
Ta thdy 2x+3+ )" >0,Vx €[-1;7],y € R nén truong hop 2x +3+y° =0bj loai.
Xét x* = y thi phuong trinh thir hai tré thanh
C4x—6=x+1+20T-x &’ +x-1242-Jx+1+4-2J7-x =0
3-x 4(x-3)

2idxtl d+2yT—x

0

& (x=3)(x+4)+

@(x—S)(x+4— ! - 4 ij
2+vx+1 2+247—x
x=3
x+4= 4

1
+ 1
24+x+1 24207 —x ( )
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4

2+\/x+ 2+2\/7 X

Déi chiéu diéu kién két luan hé da cho co nghiém duy nhét.

RO rang 1+4<3<x+4‘v’xe[ 17]nen(l)vonghlemdandenx 3;y=9.

(xy—2)2+6y=3(i—izj,
X x

6 9
Y —4y" +—= +( 1)‘/3)/ =—

X

Bai toan 109. Giai hé phuong trinh (x;yeR).

Loi gidi.
Diéu kién yzg;x;tO.Phuong trinh thir nhét ctia hé da cho twong duong véi

3

2 2
2
(xy—2)2+2(xy—2).§+£§j :0<:>(xy—2+ij =O<:>xy—2+§=O<:>y=——%.
x \x X X X Xx

Khi d6 phuong trinh thir hai tré thanh

y3—4y2+3y+(y—1)1/3y—2:O<:>y2—y—(y—1) 3y—2:y3—3y2+2y

S (r-1)(y-Br-2)-»(»"-3y+2)=0= (y_yli(yﬁ;;y;z)—y(yz—3y+2)=0

eql;2
feel

-1
<:>(y2—3y+2)|:y——y =0| y-1
- _— = 1
i P A
TfIy=z—itad5tl=l:>y=g—i=2t—3t2=—(t—1)2—2t2+1<1 din dén — 21 0<§gy.

x x x x X ’ y+3y-2 3

Phuong trinh (1) khi d6 v6 nghiém d@)ng thoita loai toan by y =2;y =1, két luan hé vo nghiém.

(x+y)2(x2+y2 —2):()c2 +y2)(xy+2),

(x;yeR).
x*+4x’ +6)° —37x-29+/6x+7 =53.

Bai toan 110. Giai h¢ phuong trinh {

Loi gidi.
Diéu kién x> —% . Phuong trinh thi nhét ciia hé tré thanh

x’ (x2 +° —4)+)cy(x2 +y° —4)+y2 (x2 +3° —4)20
X +y =4

c>(x2+y2—4)(x2+xy+y2)20<:> x2+xy+y2 o

1 2
Xét truong hop x2+xy+y2=Oc>(x+Eyj +%y220c>x=y=0.

Xét truong hop x° + y° = 4 thi phuong trinh thit hai tré thanh
xt+4x’ —6x7 —37x-294+6x+7 =0 x+2—-/6x+7 =x* +4x° —6x —36x—27
x*=2x-3=0 (1)

x*=2x-3 ) )
TS (2 —2x-3) (X +6x+49
<:>x+2+\/6x+7 (x g )(x g )<:> I =x’+6x+9 (2)

X+2++6x+7

Xét hai truong hop
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o (I)e(x+1)(x-3)=0< xe{-1;3}, loai kha ndng x=3=x=-1= )’ =3.
o Nhan xét
1

x+2+6x+7

x2+6x+9:x2+(6x+7)+2>2>§,Vx2—%

x+2+\/6x+72—%+2:%>0:> Sg

Do do6 phuong trinh (2) v6 nghiém voi DPKXD.
Két luén hé da cho ¢6 c4c nghiém (x;y) = (—1;«/5),(1;\/5) .
Nhdn xét.

Poi véi bai toan 110, khi nhan tir tré nén phitc tap, cdc ban hay binh tinh sir dung may tinh bé tii Casio Fx —

570ES Plus hodc cong cu twong dwong thu duoc bang sau

T6 hop phim —

|SHIFT | SOLVE)|

|SHIFT | SOLVE)|

|SHIFT | SOLVE|

|SHIFT | SOLVE|

v 1 4 0 2
X 1,732050808 %) -2;2 0
—-1,732050808
Moi quan hé X Khong ro rang | X Khong rd rang | X Khong 16 rang | X Khong ro rang

Piém lai mot s6 kha nang
cax+by+c=0

Xl

X,:ax’ +by+c=0
X, ax+by’ +c=0
X,:ax> +by’ +¢=0
Xsixy=m

X, :x)'=n

Qua quan sat cac ban co thé thdy cac kha nang X,,X,,X,,X,, X, khong thé xay ra dwoc boi vi voi cac kha nang

do, ta luén tim dwoc x véi y twong iing (va ngueoc lai). Nhue vdy con sét lai kha nang X, . Khong qud khé c6 thé thay

rang x* + y* =4 trong cd ba trwong hop ddc biét dd gan ¢ trén, men theo dwong mon nay ta c6 phan tich

xz(x2+y2—4)+xy(x2+y2—4)+y2(x2+y2—4):0
2 2 2 2\ _ x2+y2:4
<:>(x +y 4)(x +Xxy+y )—0<:> & txyt =0

x*+x)° +2:2(x3+y2)+x,

x(x—Zy)2 +y(\/ﬁ—1)2 =0.

Bai toan 111. Giai hé phuong trinh (x;yeR).
Loi gidi.

Piéu kién x >1. )

Phuong trinh thtr nhat ctia hé twong duong voi
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0

x4+xy2—x—2x3—2y2+2:0<:>x(x3+y2—1)—2(x3+y2—1)
xy=2

X4y’ =1 (1)

Xét (1) tathdy x* + )y’ =l x* =1-y* <1=x<1,kéthop x>1= x=1;y =0, khong thoa mén hé.

<:>(xy—2)(x3+y2—1)20<:>{

, 2
Xét truomg hop xy =2 => x, y cing ddu, do d6 x(x—2y)’ +y(\/x—1 —1) >0, hé c6 nghiém khi

x=2y=0 x=2y x=2
< <
Gioiot T =2 Tlha

Thir lai thiy thoa man hé nén hé c6 nghiém duy nhat x=2;y=1.

xz(x2+y3+y2)+y5+2:3x2+y(y2+y+2),

Y +5x" +5y=./5y -4 +10.

Bai toan 112. Giai hé phuong trinh { (x;yeR).

Loi gidi.
Pidu kién y> %. Phuong trinh thit nhét ctia hé da cho twong dwong véi
XXy Y Ay 2=y 437 1y 2y
+y° —2)+x2 (x2 +y° —2)+y(x2 +y° —2)—()62 +y° —2) =0

=2 (x2

X+ =2

@(xz+y2—2)(y3+x2+y_1)20®|:y3+x2+y_1=0 (1)

Xét ham s6 f(y):y3+y—l;y2%tacé f'(y)=3y"+1>0,VyeR.
Ham sb lién tuc va déng bién trén tap sb thuc nén ta duoc

4 39 4
Min =fl=|=—>0=y +x*+ 1>0,Vy>—.
Y f(sj 125 yiHxy Y5

>t
y5

Diéu nay kéo theo (1) vo nghiém. Khi x* + y* = 2 thi phwong trinh thtr hai tro thanh
¥ =5(2-x")+5y=Sy-4 =y -5y +5y =[5y -4

Y =5y+4

A A—— 2 _ —
i ,_Sy_4+y(y 5y+4) 0

S y- 5y—4+y(y2—5y+4):0<:>

(7 —5y+4)(ﬁ+1}z0

D@ thiy +1>O,‘v’y2%nén thu dugc y* -5y+4=0< ye{l;4}.

1
y+4/5y-4

Loai truong hop y=4=y=1= (x;y) = (—1;1),(1;1).

)cz()cy2 y)+6 x(3y+2),

x+1( x+3y— 2) y+1 «/x2y+x—4=0.
Loi gidi.

Diéu kién x’y +x > 4;x+3y > 0. Phuong trinh thir nhét ctia hé tuong duong véi

Bai toan 113. Giai hé phuong trinh (x;yeR).
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xy=2
x3y2—x2y+6—3xy—2x:O<:>(xy—2)(x2y+x—3)=0<:> J;
xy+x-3=0
Loai truong hop x’y +x =3 < 4 do diéu kién xéc dinh.
Xét xy =2 suyrax vay cung diu, lai co x+3y>0= x>0,y >0.Khi d6 ta duoc

(x+1)(m—2)2+(y+1)\/x2y+x—4 >20.

:>(x2—3)y:0<:> x=\/§

Phuong trinh thir hai cua hé c6 nghiém khi { ey = { 4

X’y+x=4 X’y+x=4
Loai khd nang y=0;x = —3do khong théa méan diéu kién. Véi x = NS y=—".

K&t luan hé phuong trinh da cho c6 hai nghiém.

x°y? +2x7y+3x)" =2x+3y+1.

x(\/ry—l—l)2+y(\/3xy—x2—l—l)2 =xy—1. (

Bai toan 114. Giai hé phuong trinh x;yeR).
Loi gidi.

s x+y=>1
biéu kién R

3xy—x"-120
Phuong trinh thir nhét ctia hé tuong duong véi
xy(xy+2x+3y+1)—(xy+2x+3y+1) =0

xy=1

-1 2x+3y+1)=0
@(xy )(xy+ R ) C:>[)cy+2x+3y+1=0

S x+y=>1 x+y=>1 x>0
Nhan xét diéu ki¢n = = = xy+2x+3y+1>0.

3xy—x> =120 3xp>x*+1>0 y>0
Do d6 ta loai truong hop xy+2x+3y+1=0. Vi xy =1thi phuong trinh thir hai tré thanh

x(,/x+y—1—1)2+y(\/2—x2 —1)2 =0 (1).
D@ thay x(\/x+y—1 —1)2 +y(\/2—x2 —1)2 >0, Vx,y>0nén (1) c6 nghiém khi
Jx+y-1=1 x+y=2
N2-x7 =1 St =1 Sx=y=1.

xy=Lx>0,y>0 xy=Lx>0,y>0

Thur lai thoa man hé nén ta c6 nghiém x=y=1.

x4y3+x3y+x2y:x+y+l,

(m—2)2 +(2x2y+x—l)(\/5—1)2 =0.

Bai toan 115. Giai hé phuong trinh (x;yeR).
Loi giii.
3x+y=0

biéu kién
xy =0
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Phuong trinh thir nhat cua hé tuong dwong véi
xzy()czy2 +)c+y+1)—(x2y2 +x+y+1):O
x’y=1

@(xzy—l)(x2y2+X+y+1):0<:> x2y2+x+y+1=()

=x Y +x+y+1>0=x"y* +x+y+1=0Dbi loai.

A rr 4t A 1A 3x+ y2 0 x>0
Nhan xét dieu kién =

xy=0 y=0
V6i kha nang x°y =1thi phuong trinh th hai trg thanh («/3x+ V- 2)2 +(x+ 1)(\/5—1)2 =0 (1)

RO rang ((3x+y ~2) +(x+1)(ypr—1) 20,Yx,y > 0nén (1) c6 nghi¢m khi

3x+y=2 3x+y=4
Jo=1 oiw=1 <:>(x;y)=(%;3j,(l;l).
x20;y20 x20;y=0

Thir lai, két luan hé di cho c6 nghiém duy nhat.
Nhdn xét.
Trong loi giai trén cdc ban sw dung cong cu may tinh Casio Fx — 570ES Plus hodc twong dwong thu dwoc bang

T6 hop phim —

|SHIFT||SOLVE)|

|SHIFT||SOLVE)|

|SHIFT | SOLVE)|

|SHIFT||SOLVE)|

y 100 4 10 2
X 1.1 1.1 0,316227766 0,707106781
107 10 27 2 -0,316227766 | —0,707106781
Moi quan hé X X Khong ro rang | X Khong rd rang | X Khong 16 rang | X Khong ro rang

Chung ta nhdn thay sw map mo doi voi cac nghiém lé kiéu vo ty, mao hiém liy thira lén may man thu dwoc moi

1
quan hé X chinh la x* == < x*y =1. Tir ddy men theo con dwong mon nay ta lai thu dwoc nhan tir dep dé. Tuy
Y
nhién dé lam dwoc tron ven bai fodn can gé Sw lil’l]:l hoat trong dié‘u’ kiép xac dinh, kha nang lién hé dinh ly Viete voi
hai nghiém dwong va ket hop dong bo diéu kién dang thirc trong bat dang thuec.

X+ +3xy =1,

(4-x)(13-y)

Bai toan 116. Giai hé phuong trinh _ 2x+3y+25 (x;yeR).

- 2x+y+2

Loi gidi.

Diéu kién (4—x)(13-y)>0;2x+y+2 0. Phuong trinh thi nhat cia h¢ twong duong véi
(x+y)3 —3xy(x+y)+3xy—1:0<:>(x+y)3 —1—3xy(x+y)+3xy:0
<:>(x+y—l)[(x+y)2 +x+y+1—3xy}:0<:>(x+y—l)(x2 —xy+y’ +x+y+1)=0

(x—y)z+(x+1)2+(y+1)2
2

Xét truong hop x* —xp+1* +x+y+1=0< =0« x=y=-1, khong thoa man hé.
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Xét y =1-—xthi phuong trinh thr hai tr¢ thanh
28—x
<9 x+3
x* +14x° +10x% —272x+352=0

20

28 —x
x+3

(4—x)(12+x) =

28—x>0

o] x+3 @xe{4\/§—4;ﬁ—3}
(x* +6x—22)(x* +8x—16)=0
Dbi chiéu diéu kién ta c6 nghiém (x;y):(4ﬁ—4;5—4\/5),(\/§—3;4—\/§).
Nhdn xét.

Madu chot cua bai toan la phan tich nhan tw trén co so phwong trinh thir nhat cua hé, néu dé ¥ mot chut cdac ban
thay chung ta co huwong nghi khac nhw sau

X4y -1-3xp =0 2 + 0 +(=1) +3x.(-1) =0.
Néu dat —1 =z ré rang ta dwoe x* +y* +2° +3xyz =0, dén day ta lién tuong dén hang ddng thirc

a3+b3+c3—3abc=(a+b+c)(a2+b2+c2—ab—bc—ca)

zé(a+b+c)[(a—b)2+(b—c)2+(c—a)2}
Do do
X4y -1-3x=0 X"+ ) +(- )+3xy( 1)=0

& (xry=n)[(x=3) (41 + (541 ] =0
C;{x+y:1 C;{x+y:1

x—y=y+l=x+1=0 x=y=-1
Sau do ta xét hai truong hop, trong do co mot truong hop khong thoa man hé.

()c+y+1)3+)c3 =9(x2+x+xy—3),

Bai toan 117. Giai h¢ phuong trinh nghiém thuc
12x> =19x ++/5x =1 = y.
Loi gidi.
Diéu kién x> % Phuong trinh thir nhét ciia hé tuong duong voi
(x+y+1) +x°+3 =3 (x+y+1)x3=0 (1).
Nhan xét @’ +b° +¢* —3abe =%(a +b+c)[(a—b)2 +(b-c) +(c—a)2}vé’i moi a,b,c thyc.

a+b+c=0

Nhu vaya’ +b° + ¢ —3abc=0<:>{
a=b=c

L, +y+1+x+3=0 2x+y+3=0
;déndén(l)@[x Y * @{ vy

x+y+l=x=3
Xét truong hop 2x+ y +3 = 0thi phuong trinh thir hai ciia hé tr¢ thanh
12x* —17x+3+/5x—1=0 < 2x —/5x -1 =12x> —=15x +3

x=3y=-1

43? — 541 4x* —5x+1=0
x° —5x

o= =3(4x*-5x+1) o 1
2x++/5x—-1 ( )

2x++/5x—1 = (2)
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1 1 5 1 1
Rorang — <~ => <3 Yx>—nén (2) v6 nghiém. Thu duge (x—1)(4x—1)=0<> xedl:=".
8 2x++/5x-1 2 2 5 @ s ( )( ) { 4}

5

Déi chiéu diéu kién va thir tryc tiép ta thu dugc cac nghiém (x;3)=(1; —5),[%;-9 :

X4y =2(3xy-4),

, (x;yeR).
5x% +4xy+3 =10x -1 +~/14x +3.

Bai toan 118. Giai h¢ phuong trinh{
Loi gidi.

Diéu kién xZ%;7x(x+y)+3ZO.

Nhan xét @’ +b° +¢* —3abc =%(a +b+c)[(a—b)2 +(b—c)2 +(c—a)1vdi moi a,b,c thuc.

Phuong trinh thir nhat cua hé tuong dwong
X+ =6xy-8x+y +2°-32xy=0
@%(sz)[(x_y)%(x_z)z+(y_z)2}:o

x+y+2=0 x+y+2=0
= =
x—y=x—-2=y-2=0 x=y=2
Xét truong hop x = y =2 khong thoa man h¢, voi x+ y = -2 thi phuong trinh thi hai tré thanh
X =8x+3=~10x—1++14x+3
S x—V10x—1+x+2—+14x+3+x* -10x+1=0
x> —10x+1 x*—10x+1

= +
x++10x—-1 x+2++/14x+3

<:>(x2—10x+1)( ! + ! +1j:0

x+v10x—-1 x+2++14x+3

+1>o,x2%d§mdén x2—10x+1:0<:>xe{5—2\/g;5+2\/8}.

+x*=10x+1=0

1 1

+
x+V10x -1 x+2++/14x+3
Tur day ta thay h¢ co hai nghiém.

RO rang

X+’ =9xy-27,

x;yeR).
X —dx+5=Tx+y+1+/12x+7. (syeR)

Bai toan 119. Giai hé phuong trinh {
Loi gidi.
Piéu kién xzé;13x+y+420.
Nhan xét @’ +b° + ¢’ —3abc = %(a +b +c)[(a ~b) +(b-c) +(c—a)2}véri moi a,b,c thyc
Phuong trinh thir nhét ctia hé tuong duong véi

¥+y' +3 -3x3=0s %(x+y+3)[(x—3)2 +(y—3)2 +(x—y)2J =0

x+y+3=0 x+y=-3
= =
x=3=y-3=x-y=0 x=y=3
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Truong hop x = y =3khong théa man hé, voi x + y = -3 thi phuong trinh thu hai tr¢ thanh
X —dx+5=6x-2+12x+7

S x—V6x=2+x"—6x+2+x+3-+12x+7=0

X' —6x+2 ) xP—6x+2
& ————=+x —6x+2+ =0
x++/6x-2 x+3+/12x+7
<:>(x2—6x+2)[ ! + ! +lj:0
x+\/6x—2 x+3+\/12x+7

1

1
+
X+N6x—-2 x+3+12x+7
Két luan hé c6 cac nghiém (x;y)=(3—\/7;\/7),(3+\/7;—\/7),

D@ thay

+1>o,vxz§nénthudugc x2—6x+2=0@xe{3—ﬁ;3+ﬁ}.

X+ + 242 =614/2,

x2—x+(x+y)2+2:[(x+y)2+1}/4x—2. (

Bai toan 120. Giai hé phuong trinh x;yeR).

Lo gii.
Piéu kign xZ%.Nhén xét @ +b* +¢’ —3abc=%(a+b+c)[(a—b)2 +(b=c) +(c—a)’ |vei moi ab,c thuc
Phuong trinh thir nhat cua hé twong dwong véi
X+ +(ﬁ)3_3,xy.\/§=0<:>%(x+y+\/5)[(x_y)2+(x_\/§)2 +(y—\/§)2}=0
l:x+y:—x/§ [x+y:—x/§

f— f—
x—y:x—\/zzy—\/iz() x:yz\/i
Truong hop x=y = V2 khong théda man hé. Xét x+y = —/2 thi phuong trinh thir hai tré thanh

2_

x+V4x-2

+1J=0:x2—4x+2=0<:>xe{Z—x/E;2+x/§}

+x°—4x+2=0

3
X++4dx-2
Tur day suy ra hé c6 nghiém (x;y) = (2—\/5;—2),(2+x/§;—2—2x/§).
Nhan xét.

R6 rang chiing ta cé thé tao ra rat nhiéu hé phwong trinh c¢é cdu triic twong tir xoay quanh mau chot dang thire

a+b+c? —3abc=%(a+b+c)[(a—b)2 +(b—c)2 +(c—a)2].

<:>(x2—4x+2)(

Cdc ban cé thé xdy dung mot loat hé nhu sau

X+ +1=3xy,

;veR).
(5x+y+1+3\/x+1)\/x+1:x\/x2+2x+2. (xye )

e (Gidi h¢ phuong trinh {

¥+ +6xy=8,
e Giai hé phuong trinh {(112x)(\/x+1\/2xy6):5. (x;yeR).
. X+ +3xy =1,
e Giai hé phuong trinh {x(x+y)+6\/lx2=2\/2(2x+y)+3. (x;yeR).
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x +3’ +9xy =27,

e Giai hé phuong trinh e 1 27 (xyeR).
—2+—=3x (x+y)—3x+—.
xX+y 2 4

x4+’ +12xy = 64,
Jax+2 +x> +5x+6 =/5x% +20x +15.
X’ + 3’ +15xy =125,

e Giai hé phuong trinh 1 (x; ye]R).
V4—x" +=+x-1=2x+y-3.
X 5 x X+y

(x;yeR).

e (Gidi h¢ phuong trinh {

xvx+3 xy+1:y\/;,

x4—3x3+3y:3x+6\/;+\/4—x+\/x+1.

Bai toan 121. Giai h¢ phuong trinh nghiém thuc {

Loi gidi. ’
biéu kién y >0;0 < x <4. Phuong trinh thtr nhat ctia h¢ twong duong véi

xx—y y+1=—3\/5©(\/})3 +(—\/§)3 +P =3x 1 (1).
Nhan xét @’ +b° + ¢ —3abc zé(a +b+c)[(a—b)2 +(b—c)2 +(c—a)2}vdi moi a,b,c thuc.

a+b+c=0_

b

a=b=c
\/;—\/;H:O@l:\/;ﬂ:\/;
Jr=—y=1

Phuong trinh thtr hai cua h¢ tr¢ thanh

x'=3x043=VA-x+Vx+l o X’ (x-3)=V4-x+/x+1-3
<:>x3(x—3):\/4—x—6_Tx+\/1+ _x+3

Nhu vaya’ +b° + ¢ —3abc=0c>[

= x+1:\/;c>y:x+2«/;+l.

Diéu nay dan dén (1) =
x,yed

3
<:>3x3(x—3)=3x/4—x—(6—x)+3x/1+x—(x+3)
—x* +3x —x? +3x

< 3x° (x2 —3x) =

+
3Wd—x+6—x 3Jl+x+x+3

0 (2

<:>(x2 —3x){3x2 + ! + ! }
3Wd—x+6—x 3Jl+x+x+3

1 1
+ >0,Vx €|-1;4[nén nén (2) c6 cac nghiém x=0;x=3.
3Wd—x+6—x 3Jl+x+x+3 [ ] @ s
Két luan phuong trinh ban dau c6 hai nghiém (x;y) = (0;1),(3;4 +2J3 ) .

D@ thay 3x” +

x\/;+(x—y)3 +3(x—y)\/azy ¥,
2x+3+\/;(y2 —|—x—2)=«/y+3 ++/3x+4.

Bai toan 122. Giai hé phuong trinh trén tap s6 thuc {

Loi gidi.
Diéu kién cac bién khong 4m. Phuong trinh thir nhat cua hé trong duong véi

x\/;—y )H—(x—y)3 =—3(x—y)\/5<:>(\/;)3 +(—\/;)3 +(x—y)3 =—3(x—y)\/;.\/;.
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Nhan xét @’ +b° + ¢’ —3abc zé(a +b+c)[(a—b)2 +(b—c)2 +(c—a)2}vc'ri moi a,b,c thuc.

a+b+c=0

Nhu vaya’ +b° + ¢’ —3abc=0 < [ : dan dén

a=b=c

J;—J;+x—y20¢>(x—y{}—l——ﬂﬂlzoc>x=y
[\/_=—x/;=x—y Vel LC

Xét truong hop hai bién bang nhau, thay vao phuong trinh thtr hai ta c6

2x+3+\/;(x2+x—2):\/x+3+\/3x+4
Sx+1-+x+3 +x+2—x/3x+4+\/;(x2+x—2)=0

2 2
X +x-2 N X +x-=-2 +\/;(x2+x_2):()
x+1+x/x+3 x+2+\/3x+4

1 1
S (P +x-2 ( + +\/;j:0
( ) x+1++x+3 x+2++/3x+4

:3x2+x—2=0¢3xe{—zn

x=y=0

Déi chiéu diéu kién va thir lai nghiém ta dugc x=y =1.

3
, P +(3y+1)Vx =L,
Bai toan 123. Giai h¢ phuong trinh trén tap so thuc X

X —7(y—J})2 +4y+1=4x +7x =2 +/9x 1.
Loi giii,
Diéu kién x > % :
Phuong trinh thir nhat ctia hé tuong duong véi
x3+3ny;+xJ;=)ﬁ¢3x3—y3+xJ_=—8xJ;y¢3x3—y3+(J;f::—3LJ;y (1).

Nhan xét @’ +b° +¢* —3abc =%(a +b+c)[(a—b)2 +(b—c)2 +(c—a)2}vdi moi a,b,c thuc.

x—y+J;:0¢>{x+J;:y
x=-y=x  [(5r)=(0:0),(-1)

a+b+c=

Nhuvéya3+b3+c3—3ah220¢3[
a=b=c

0o .
; dan dén l:

Xét truong hop x ++/x = y ta thu duoc
=T +4x+1=Tx -2 +/9x -1
S x-ANTx=24+x+1-V9x—1+x>=7x*+2x=0

XX =Tx+2 x> =Tx+2
+
x+V7x=2 x+1+/9x—1

<:>(x2—7x+2)( ! + ! +xJ:O
x+V7x=2 x+1+/9x—1

7+\/H_7—\/H}
2 b

+x(ﬁ—7x+2)=0

:3x2—7x+2=0¢>xe{ >
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2 2 2

T4l T+V4L 7+Jﬂ}

Doi chiéu diéu kién ta c6 nghiém duy nhat(x; y) = [

X+ (6x+y)\[y =8,

x+y+7=«/4x—\/;+\/7x—1. (

Bai toan 124. Giai hé phuong trinh x;y €R).

Loi gid.

Diéu kién 4x [y >0;x> % Phuong trinh thir nhét tuong dwong

X +y y+6x\/;=8c>x3+(\/;)3+(—2)3:3.(—2).x\/; (1).

Nhan xét @’ +b° +¢* —3abc =%(a +b+c)[(a—b)2 +(b—c)2 +(c—a)1vdi moi a,b,c thuc.

+b+c=0 , X+4y=2 x<2
Nhu vaya’ +b° + ¢’ —3abc=0 < ¢ ¢ ;dandén (1) < \/; :>x+\/;=2<:> ,
a:b:C x=\/—:—2 y=x —4x+4

Phuong trinh thir hai tré thanh
X =3x+3=~/5x-2+7x-1

Sx—V5x-2+x=5x+2+x+1-+7x-1=0

x*=5x+2 X' —=5x+2

o S xS+ 2+———— = =
xX++/5x-2 x+1++7x-1
<:>(x2—5x+2)( ! + ! +1j=0
x+/5x-2 x+1+/7x-1

1
+
x+V5x—2 x+1+7x-1

D& nhan thiy

+1>0,Vx2§néntaduqc x2—5x+2=0<:>xe{ 5

5+\/ﬁ_9+\/ﬁ] (5—@_9—@}.

5+Jﬁ_5—Jﬁ}
2 7 '

Tir day suy ra hé c6 cac nghiém (x;y) = [ : : : :

X+ (15x+p) [y =125,

y+10x-22=4/9-2\/y +/4x+3.

Bai toan 125. Giai hé phuong trinh (x;yeR).
Loi giii,
81

Diéu kién xZ—E;OSyS—.
4 4

Phuong trinh thit nhit tuong duong x* + y\[y —125 = ~15xy & x* + pfy +(=5) =3xy.(-5) (1).

Nhan xét @’ +b° +¢* —3abe =%(a +b+c)[(a—b)2 +(b-c) +(c—a)2}vé’i moi a,b,c thyc.

3 3 3 a+b+c=0 . X+4y=5 x<?2
Nhu vaya® +b° + ¢’ —3abc=0 < ;dandén (1) = Sx+y=5c

a=b=c x=\/_=—5
Khi d6é phuong trinh thir hai tré thanh
’ P43 =2x—1+Vdxr+3 @ x—V2x—1+x> —2x+1+x+2-4x+3 =0.
Tiép tuc st dung dai lugng lién hop

y=x>—-10x+25
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x*=2x+1 P oxals x2—2x+1 _0
x++/2x—1 x+2++4x+3
<:>(x2—2x+1)( L s ! ]:0
x++/2x—1 x+2++/4x+3
1 1 1 2
RO ran +1+ >0,Vx>—néntadugc (x—1) =0 x=1=(x;y)=(1;16).
e s == () =(E16)

()H—y)3 +(3x+4y)\/;=1,

;yeR).
\/x2+8x+2(y+\/;)+ [8x+2 4 x = x+y i1 (X,J/e )
-

Bai toan 126. Giai h¢ phuong trinh

Loi gidi. )
Diéu kién 0 < y #1. Phuong trinh thtr nhat ctia h¢ twong duong

(x+y)3+y\/;—1:—3(x+y)\/;<:>(x+y)3+y y+(—1)3:3.(—1).(x+y)\/; (1)
Nhan xét @’ +b° + ¢ —3abc 2%(a+b+c)[(a—b)2 +(b—c)2 +(c—a)2}vdi moi a,b,c thuc.

Ao 333 3 3 atb+c=0 .
Nhu vadya’ +b” + ¢’ —3abc =0 < 5 ; dan dén
a=b=c

x+y+4y=1
= 4 \/; :>x+y+\/;=1:>x=1—y—\/;:>x£1.
x+y=4y=-1

Phuong trinh thir hai tré thanh /x> + 6x +2 ++/8x+2 =2 — x vdi didu kién x e {—i; 1} . Ta bién d6i

\/x2+6x+2—(1—x)+\/8x+2—1:0

&x+1 8x+1
\/x2+6x+2+1—x V8x+2+1

@(gm)( : : ]:0

+
Jx +6x+2 +1—-x  N8x+2+1

1 N 1
VP +6x+2 +1—-x  N8x+2+1

RO rang >0,Vxe [—i;l} nén

13-2V22

8x+1=0<:>x=—%:>y+\/_:%:>y

8
K&t luan hé dé bai c¢6 nghiém duy nhat.
3
x—y) +(12x-4 =38,
Bai to4n 127. Giai hé phuong trinh (=) +( y)\/; (x;yeR).
\/x3 +y° -1 +2\/x+y2 =x-y.

Loi gidi.
Piéu kién x* +y* —1>1;x+ y* > 0; y > 0. Phuong trinh thir nhét cia hé twong duong véi

(x—y)3 +8y\/;+12(x—y)\/;28(:>()c—y)3 +8y\/;+(—2)3 =3.(—2).2\/;.(x—y) (1).

Nhan xét @’ +b° +¢* —3abc =%(a +b+c)[(a—b)2 +(b—c)2 +(c—a)2}vdi moi a,b,c thuc.
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Ao 333 3 3 atb+c=0_ .
Nhu vadya” +b” + ¢’ —3abc =0 < 5 ; dan dén
a=b=c

(el y+2fy=2
xX—y= 2\/_——
Phuong trinh thir hai dua vé \/x +y —1+2\/x+y2 =2—2\/;.

Pénh gia \x' +3° —1+2x+)> 2 J1+0-1+21+0=2>2-2,[y,Vx>1. Ddu déng thirc xdy rakhi x=1;y=0.
Thir lai thdy khong thoa mén hé, két ludn hé v nghiém.

Nhdn xét.

Thong qua cdc bai toan tir 116 dén 127 cdc ban djc gia co thé thay, mdc dit van khong nam ngoai pham vi phan
tich nhan tir cap 4, nhung, bai toan da dat dén mét mirc d¢ dn gidu ky cang. C6 thé quan sat thdy ngay cdc bai todn
121 dén 127, véi viéc két hop dang thirc va tang cuwong si phirc tap cdc dn a, b, ¢, néu khéng tinh y sé rdt dé bo
cudc ngay tir nhitng phan tich dau tién.

Cac ban dac biét luu y hcfng dcfng thirc va hé thirc

> a3+b3+c3—3abc:%(a+b+c)[(a—b)2+(b—c)2+(c—a)1 (a,b,ce]R).

:>x—y+2\/;:2<:>x:(\/;—l)2+1:>x21.

+b+c=0
> a3+b3+c3—3abc=0<:>{a ¢
a=b=c

Sau day tac gia xin gioi thiéu toi mot lop bai toan khac, sw dung mot hé thucc ciing rat quen thuoc, tung xudt hién
trong nhiéu ky thi cap THCS

2 1 1

—_—t =,
f y 2x+y

Bai toan 128. Giai hé phuong trinh (x;yeR).
St N YN YN (e
3\/5
Loi gidi.
\ . 1 1 1 1
biéu kién x > 0; y # 0. Phuong trinh thir nhat cia hé tuong duong —+—=+—=—-—7(1).
R Fadrey O
a+b=0
Nhanxét Lol oL avb, avb & (a+b)(a+b)(c+a)=0.
a b ¢ a+b+c ab (a+b+c)c (a+b+c)c+ab=0

x=0

—
y=-x

=—x, phuong trinh tht hai tr& thanh

Do do (1)@2\/;(\/;+y)2=0<:>[

1+1+Jzﬁ+3x+5:Jﬁ+5
3 x
x+3 x* +3x
+ =0
V22 43x+5 42 +5

<:>(x+3)(1 X j:o@r:_3

3% 22 +3x45+Vx2 45 V22 43545 +4x3 +5 = —3x2 (2)

D@ nhan thay phuong trinh (2) v nghiém nén thu dugc nghiém duy nhat x = -3, suy ra hé v nghiém.

Nhdn xét.

He¢ thire dwoc dung trong bai toan $6 128 chinh la mét hé thire rat doi quen thudc voi cac ban hoc sinh nho tuoi cd'p
THCS, né c6 nhiéu cach phat biéu ciing nhuw bién dang dién hinh nhw sau
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= Cho cic s6 a,b,cthéa min l+%+l:—;a+b+c:m. Chtng minh ring (a—m)(b—m)(c—m)=0dan
a c m

dén co it nhat mot trong 3 s6 a,b,c béng m.
= Trich luoc cau 1, Pé thi chon hoc sinh gioi 16p 9 THCS; Mén Toan; D¢ thi chinh thirc; Thanh phdé Ha Noi;
Nam hoc 2013 —2014.

Cho a,b,cla céac sb thuc khac 0 thoa mén a+b+c=2014;l+l+l=;.
a b c¢ 2014

1 1

+ + .
2013 2013 2013
a b c

Tinh gid tri M =

P 1
\/E \/;+\/;+1 2Jx+1

10y-9
—

Bai toan 129. Giai h¢ phuong trinh nghiém thuc
X —10xy+9y+1=
Loi gidi.

Piéu kién y > %;x > 0. Phuong trinh thir nhét ctia hé tvong duong véi

1 1 1 1 1 1 1 1
———+ = & —+ + = 1).
NN Y S S R Ry by v s v R sy oo sy RO
Nhan xét
b=0
1. 1,11 ath athb  _ @ < (a+b)(a+b)(c+a)=0.
a b ¢ a+b+c ab  (a+b+c)c (a+b+c)c+ab=0

Thé thi (1) < (Vx =y ).(2Vx +[y +1).(Vx+1)=0= x= . Phuong trinh tht hai ctia h¢ tr thanh

¥ —10x2+9x+1=—v10x_9c>x4—10x3+9x2+x=\/10x—9

X
x> —10x+9
+

x+~+10x-9

<:>(x2—10x+9)(;+x2]=0

x+~+10x-9

+x° >O,‘v’x2%nénta o x*—10x+9=0< xe{L;9}.

S x-J10x-9+x* 10X +9x* = 0 = xz(x2—10x+9)=0

1
RO rang —————
x++10x-9

Két ludn bai toan c6 hai nghiém (x;y)=(1;1),(9;9).

1 1 1 1

Bai toan 130. Giai h¢ phuong trinh { * T x—y+a2x-17 (x;yeR).
(x-y) +(M—y)2 =1.

Loi gidi.

Piéu kién x > %;xy #0;x—y+ 2x-120. Phuong trinh thir nhat twong dwong

l+;+L=; 1)

X 2x-1 -y x—-y++2x-1
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Nhan xét
+b=0
l+l+l: 1 @a+b+ atb = “ <:>(a+b)(a+b)(c+a)=0.
a b ¢ a+b+c ab  (a+b+c)c (a+b+c)c+ab=0

Do d6 (1)c>(x+\/2x—1)(x—y)(\/2x—1—y)zO trong d6 cht y x++/2x—1 >0,‘v’x>%.
Xét x = y thi phuong trinh tht hai tr¢ thanh

(m—xy:l@l:sz—l—le [\/2x—1=x+1

Pxl—x=—1 |2 —T=x-1
x4+ 2x+1=2x-1 x' =2
<l (x>l S| (x=22 <:>x=2+«/§
{2x—l=x2—2x+l {x2—4x+2=0

Xét y =+/2x —1thi phuong trinh thtr hai tré thanh |x - y| =l {

x—-y=1 - x—1=+2x-1
x+1=+2x-1

Két luan hé da cho c6 hai cap nghiém la (x;y):(2+\/§;2+x/§),(2+\/5;1+x/§).

x—y=-1

IR i |
Bai todn 131. Gidi hé phuong trinh {3% 2V J¥—y 3x+2y=Jx-y (1, cR).

3x—4/x—y =2(2y—\/Ty).

Loi gidi.
bicu kién cac can thirc xac dinh.

Phuong trinh thr nhét tuong duong L + L + ! = !
x 2y —\/x—y 3x+2y—\/x—y

(1).
Nhan xét
1 1 1 1 a+b a+b a+b=0
—t—4—= =N + =0
a b ¢ a+b+c ab (a+b+c)c (a+b+c)c+ab=0

Do d6 (1)< (3x+2y)(3x—x—y)(2y-x=y)=0.

y>0

y=0 .
5 & R 2 < y=0,loai.
36y"+y=x 36y +y:—§y

3x—x—-y=0
2y—yx—y =0

>0 x20 s
I PR I A LUt
Ox"—x=-y 9x x-2x 18

3x—yx—-y=0

2y—yJx—y =0

Xét truong hop 3x=-2y = Jx—y =6y<:>{

Xét truong hop 3x—«/x—y:0:>{ < 3x-2y =0, thu dugc

Xét truong hop 2y —/x—y =0 :{ < 3x-2y =0, két qua thu dugc tuong tu.

Két ludn hé c6 cac nghiém (x;y) = (%,%j

:>x=2+\/§.

< (a+b)(a+b)(c+a)=0.
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Bai tap twong tu.

1. Gidi hé phuong trinh

2. Giai h¢ phuong trinh

3. Giai hé phuong trinh

4. Giai h¢ phuong trinh

5. Gidi h¢ phuong trinh

6. Giai hé phuong trinh

7. Giai h¢ phuong trinh

8. Giai hé phuong trinh

9. Giai h¢ phuong trinh

10. Giai hé phuong trinh

11. Giai hé phuong trinh

12. Giai hé phuong trinh {

Vel A=2y +y5+2y-(x-1) =5,

(x;yeR).

3x4+(x—y)2=6x3y+y2.
X'+ + 2% =1,

xX+y (x;yeR).
JXx+y=x"+2x-3Jx+1.
X+t 2xy =1,

x+y (x;ye]R).
x2—3x+6:3(x+y)\/;+\/5x—4.
¥y 2

x+y-1 ’

N (x;yeR).

\/;+«/1—3y=T+(x+2y—5j .
X+’ = 6%y +9

x—y (x;yeR).

Jx—y-2 +)c4—()c+y—1)x2 +y°=2y+1=0

4
it Xy —4,

x+y (x;yeR).
Ix+y—1=x"+3x+1-2xy/3x+1.
X+ Sxy =16,

xX+y (x;yeR).

Ix+y-3=x"+2xp+ .
gy/x
=16,
\/;-I-y (x;yeR).

x> —4x y+4y:4(y+\/;).

x+ 7+

x4y +
x+y-1 (x;yeR)
y—2+(x+y—4) 4—y=x"—-4x+6
L zz&%
x Xy (x;yeR)

1 £_3x+3\/;
2x y_4x2+2y’ (x;ye]R).

y=4y" —4y\3x-2+3x-2.
—2xy° +2y° =—x" +2x+3,

(x;ye]R).
NV =X+ fx+y+2 =2,
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13. Giai hé phuong trinh x y (x;yeR).
ny—l +3x* =3y" +y+1.
2x x+\/_

14. Giai hé phuong trinh 3 3y 24y (x;yeR).
2x(1+y) = (2+fy ]V2x+1.

(Vo2 y =) (Vo +1=x)+x=0,
(x+1)(«/4—2 y +2%/ﬁ_1)=

15. Giai hé phuong trinh

X Hbx+xy=x -2y,

16. Giai hé phuong trinh ;yeR).
P s 13x+3y 4 1— (y+3). (xye )
— ( ~2y+3)
17. Giai hé phuong trinh Ixtvl=-x= 1+ x © (xyeR).

20+ 7y = (x+1)(8—x).
Y =2x* +7y" =—x" + Tx +38,

Giai hé phuong trinh x;yeR).
P s Y3+ x+(x+1)/5 :y(y —4y2+6)\/x+1. (5yeR)

18.

. 2xxy+x2)3x+1
19. Giai hé phuong trinh (x; Ve R) .

2xy x—=2y +2y(x+1) x+1.

20. Giai hé phuong trinh (x;yeR).

VAX? +42x—40 —\[8x—y =4/x— 1.

¥ =2x*y—15x= 6y(2x 5- 4y)

21. Giai h¢ phuong trinh x 2x_ x_ x_ y (x;y € R).
8y 3 \3y 4 2
+2 +1 +1 +y),
22. Giai hé phuong trinh (x g b (x y) (x;yeR).
3 2x— y+\/9+5x
=12 8,
23. Giai hé phuong trinh =S eR).
3x - 2y+10| |2x 3y|=10.
X (227 + ) =7 (16+2x°),
24. Giai hé phuong trinh (x;yeR).

x+y +\/_+1—‘/2x+2y+22

2 y x’ + 2 3y)x 5(y+1):0

B
”
>
o
{x P8 1227 = (45— ) 44y,
!
s
=
i
e

25. Giai hé phuong trinh (x; ye ]R) .
=3x% —ldx +4.
xy(x—y) +4=2(x +y  +xy—x*?),
26. Giai hé phuong trinh ( ) (x;yeR).
Jx—2+x= xy+(y+1) +y+1.
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

(x;yeR).

47+ y—x—9=+1+3x+/y+x’ +5x -8,
Gidi hé phuong trinh{ Yoy TENyTE s

x4’ —11x +x(xy+y—12):12—y.
(Cau 9; P& thi thir stre trude ky thi THPT Quéc gia; Mon Toén; Lan thir hai; Mua thi 2016; Truong THPT
Vi¢t Tri; Thanh phd Viét Tri; Tinh Pha Tho).

2% +xpt +x =2y +4x’y+2y,
Giai h¢ phuong trinh < 22 —x -2y -1 1 x;yeR).

p g y 2)c y 6:(y+_j(m_3). ( Y )
x =8y+7

(Cau 9; Dé thi thir strc trude ky thi THPT Qubc gia; Mon Toén; Lan tht hai; Mua thi 2016; Truong THPT
Minh Chau; Huyén Yén My; Tinh Hung Yén).
x =2y +3(x—2y) :3xy(x—y),
2x’ =(1+4y-3x")V2x +1.
(Cau 4; Dé thi thtr st trude ky thi tuyén sinh Pai hoc — Cao déng; Moén Toan; Lan thtr 6; Mua thi 2014;
Dién dan Nguoithay.vn).
2x° +x2y—2x\/;—y y=x" -y,
2x% +4x\[y —12x -y +1=0.

(Cau 9; Dé thi thur stre trude ky thi tuyén sinh Pai hoc — Ca}o déng; Moén Toan; Lan thtr nhat; Mua thi 2014;
Truong THPT Nguyeén Dang Pao; Huyén Tién Du; Tinh Bac Ninh).

x +8xy” =8y* (y2 +2),
VaAx+1+236y° +2 =2,

(Cau 9; D& thi thir sttc trude ky thi THPT Qudc gia; Mon Toén; Mua thi 2016; S¢ Gido duc va Pao tao Tinh
Lam DPong).

Giai hé phuong trinh { (x;yeR).

Giai hé phuong trinh { (x; NS ]R) .

Giai hé phuong trinh (x; Ve R) .

(x—y)(x2+xy+y2+3):3(x2+y2)+2,

(x3+y—4)\/m=x2(y+4)+y—4.

(Cau 4; Dé thi thir stre trude ky thi tuyén sinh Pai hoc — Cao déng; Mbn Toan; Lan thr nhat; Mua thi 2014;
Truong THPT Nam Khoai Chau; Huyén Khoai Chau; Tinh Hung Yén).

Giai hé phuong trinh (x;yeR).

2x*—y* —xp+3x+3y-2=0,
(xz—x+1)\/x—2y+7 +y-2=x-2x"—x-2.

(Chu 8; D¢ thi kiém tra dinh ky; Mon Toan; Lan thir hai; Nam hoc 2015 — 2016; Truong THPT Higp Hoa s6
1; Huyén Hiép Hoa; Tinh Bac Giang).
Xy+2xy +x" —xy=x"+2)°,
Giai hé phuong trinh 2 2 x;yeR) .
\/x3—7+x3—7xy=x—+ﬂ. ( )
4 2
xy(x2 +y2)+x2 (v-3) =3(y2 +x),
x+x° +%= x’y+3x—1.

X+ +13x+13y 5
Giai hé phuong trinh 10+3x +3)” (x;yeR).
2xy+2xyJy+1 +2\/(x2y+2)(2y+x+3) =4+2x"y.

(x;y eR).

Giai hé phuong trinh {

Giai hé phuong trinh (x;yeR).

CREATED BY BINH PHUONG; GACMA1431988@GMAIL.COM TRUNG POAN NGUYEN CANH CHAN; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 1)

109

2( 2 2 2 2
x+y) (x+y =2)=(x"+y )(xp+2),
37. Giai hé phuong trinh ( ) ( ) ( )( ) (x;yeR).
P +Ax +2+2 5x° +4+3x.
¥ +xpt 2= 2 x +y )
38. Giai h¢ phuong trinh , (x; NS R) .
£y (y-1) =0.
xy y +6 x(3y+2)
39. Giai hé phuong trinh (x;yeR).
Xy +x—6+x-3xy=4x".
x +(6x+ 8,
40. Giai hé phuong trinh (6x+) \/— (x; yeR).
x+5=+7x~- 1+\/;+ 13x+8
. x 15x+y y =125,
41. Giai h¢ phuong trinh (x; ye R) .
3x+\/_ 3=8x—1++/12x+3.
X+ 3x+4 =1,
42. Gidi hé phuong trinh ( NG (x;yeR).
2- 1+x —3x+y+\/_
x +4 3x— g,
43. Giai hé phuong trinh Y) \/_ (x;yeR).
x3—l+x\/y -2y+5=2x
X x+y\/;+3\/7—1
44. Giai h¢ phuong trinh x yeR).
\/2 x+y +\/1 X +\/_—1
45. Gidi g phuong rinh 1~ 7~ (x:y<R)
. Giai h¢ phuong trin x;yeR).
y—x’ —10,/y X.
+2 2 +y°,
46. Giai hé phuong trinh 2y =2 y (x;yeR).
Jr+4+2 =4.
X +y =4x" +4y +4+(x+y)(2xy—-1),
47. Gii hé phuong trinh ( ) ) (x;yeR).
{/x+3y+\/3x+y 4.
x+9= 4+y 3+x
48. Giai hé phuong trinh (x;yeR).
XA =Tx+5=y"+y =5y+3xy,
49. Giai hé phuong trinh x yeR).
{x y+2 y+ y+2 JXx—y =x+1+3xy—»". )
50, Gidi hé ol N X2 +2xp" 42y =x+2xy+4y°, ( ]R)
. Giai h¢ phuong trin x;yeR).
24/3x—5+3/8y° =3x+9 =7.

51. Giai h¢ phuong trinh {

:\/y(l—x)—

x—\/y(x+1)

YAy -x" =y —xy+x+2y-1=0,

(x;ye]R).
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x3+y3+2x+2y:x2y2+2(x2+y2)+xy+4,

52. Giai hé phuong trinh { (x;y € R) .

+2y x(x+1)
4x* +3x+3 = 4y\/y+3+2x/2x 1.

x+3y+3 xy+y =xy+ i x+y,

53. Giai hé phuong trinh (x;yeR).

54. Giai hé phuong trinh (x;yeR).

X +y +13 x+y)_2
x4y +10) ’ (x;yeR).

84+2— x+\/;+‘/x+y =X+ +12y" +2x* +5y.

55. Giai hé phuong trinh

V' +5y— 2xy 1) 4x* +10x,

56. Giai hé phuong trinh (x; Ve R).
X —642x+5+18=y.

57. Giai hé phuong trinh (x;yeR).
4’ y+7x" +2x*y+1=2x+1.
2 X +2x—y-1 y+1

58. Giai hé phuong trinh ) D). (x;yeR).

Jx+2+ =4.

V3x+7= +y+7,
x+y g (x;yeR).

3x° +19x-22 = y(y+2x+23)

59. Giai hé phuong trinh

x’ —2xy+1 (2y x+2)y,

-
o
i
1
{xy+1 ¥+ (x+1) = x’y+5x,
=
-
’

60. Giai hé phuong trinh (x;yeR).
Y2x+2y+4=(2y+5)1+2y +1.
XY +a4x’y+1=x"+xy+x-4y,
61. Giai h¢ ph trinh ;veR).
iai h¢ phuong trinh + Sy rdy 42y 6 5 (x;yeR)

Xy +2y+1
1,2 ey

62. Giai hé phuong trinh 3X 3y 2+ (x;yeR).

Jy+J;+x+2+v3x+1:5

2%’ =X’y +4xy* =2y’ +2x—y =0,

63. Giai hé phuong trinh 2 (x;yeR).
X+ %—1 —8—5x2 3y,

X+ +x + X7y +3x+3y =3x"+3y7 +2xp +2,

3Wx—1-x"=2y-33/8-2y +5.
X +2y+3+2y-3=0,

65. Giai h¢ phuong trinh x;yeR).
2(2y° +x°)+3y(x+1) = 6x(x+1)+2=0. ( )

64. Giai hé phuong trinh { (x; Ve R).
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66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

V3-x+vx+1=x"+2y" —9x -5,

(x;yeR).
xy+3y X + x> +3x+3.

Giai hé phuong trinh {

y +x’y+2xy°> =0,
Giai h¢ phuong trinh x;yeR).
x +y 8 x +y-— 8) (x —y—5) y—x" =4-x°. ( )
x'y—x*y —2=4x"y+3x> -2x* +y,
Giai h¢ phuong trinh (x; S R) .
Jx—1+ 3 y+1) 6—y.
Gidi hé oh N XA +x+1=x"y+y, ( R)
1d1 h¢ phuong trin x;yeR).
4y+2\/1 X -4y -1=0
x4+ x +5(x+y) 5,
Giai hé phuong trinh (x;yeR).
3\/1+2x +2,/40+9y% = 5J11,
Jx¥P=2y+2=2x—-y,
Giai hé phuong trinh g 4 (x;yeR).
X +2x% = x +3x—y).
8x’ —6xy(2x—y)+6x=2y3—6y2+18y—14,
Giai hé phuong trinh (x; Ve R) .
y2—6y+5+13/(y+1)(x2+8).
x3+y3+13x+13y_
Giai h¢ phuong trinh 10+3x* +3y° , (x;y € R).

x+2(x -y +8=8/2x+y—4+2.

xty—x?y' —2=4x"y+3x* = 2x* +y,
m+m=6—y. (x;yeR).
X Axt+x+l=x"y+y,
4y+21-x —4fy —1=0.

4y +3(y-1)(x-y)=2,
Giai hé phuong trinh (x— y)2 (x;yeR).

x+1+\/yT: 2

2y3+(4—x)y2+4y—x2—2x:0,

Giai hé phuong trinh 3[\/;+‘\‘/m}=(x+1)2—8(y—1). (x;y€R).
x’y—2x"=2y*+5y-2=0,

\/ﬁ+\/x— 2xy—x +\/x -2xy+y’ +1+\/; 0.
y+x+1:m+m,
2x3—y3+(y2+3)x2=y(2x+3).
x2—3x:(y—2)(y+1),

(x+3)\/x2—4x+5 +(x—2)\/x2+y2+2xy+1 =0.

Giai hé phuong trinh {

Giai hé phuong trinh { (x;yeR).

Giai hé phuong trinh { x;yeR).

Giai hé phuong trinh { (x; S ]R) .

Giai hé phuong trinh { (x; Ve R) .
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Giai cac hé phuong trinh sau trén tap hop s thuc

Vx-1+ y+1:4
1. Giai hé phuong trinh (x;yeR)
x* + y+1 (y+2)+xy+1

—2x"+9x—-6=x"y+3y,
e S e Y (xyeR)
J4-y +2J_
3y* +4x=2yx (y?+3).

x4y’ +6xy 8,

J— 1

X' +4y" —4xy+6x—2y+3=0,
\/y2+1 \/x +y* =x"-2x y+\/x -2x y+y2+1—\/;
x* =y’ +5x=y+6,

2x* —2xy+y>—-2= x/6x+7+2\/x+y+1
" 2(\/1+2x+\/l+2y+xy) X'+ )7,

2. Gidi hé phuong trinh

3. Giai hé phuong trinh (x;yeR).

4. Giai h¢ phuong trinh 3 (x; ye ]R) .

5. Giai hé phuong trinh

6. Giai h¢ phuong trinh (x; ye R) .

7. Giai hé phuong trin (x;yeR).

X +2y" +3xy+3x+2y =4
X +x’ y+1 +3x+2xy=y +(x l)y +3(y 1)

(x;ye]R).
3y 2x + w/ —1) —x+1=2y—x-2.

3x+1- x+y+x y=2,

:
i
5
;
;
|
s
o
:
e
|
=

9. Gidi hé phuong trinh (x; ye]R).
X +2y° +x 1)+y 2.
3x* +3x)> —6xy+4x=6)" +8y,
10. Giai hé phuong trinh y 4 v +8y (x; ye ]R) .
~2y+3=3x+4+ f4y+1.
¥ +2y* =xy+2xy,
11. Giai hé phuong trinh (x; ye]R).
2Jx* -2y -3+3y' —26 =x-2.
X 4+2x°y =x"y+2xy,
12. Giai h¢ phuong trinh (x; S ]R) .
X —y- 2+ y+1=2x-2.
6x° — 3xy+x+y 1,
13. Giai hé phuong trinh (x;yeR).
3x+y+ 3x+y =1.
x——
14. Giai hé phuong trinh (x; yE R) .
Vax— 1+«/4y -1=1.
X2 +2xp° 42y =x+2xy+4y°,
15. Giai hé phuong trinh x;yeR).
{2\/3x—5+88y3—3x+y=8. ( )

(x;yeR).
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16. Gidi hé phuong trinh {
17. Giai hé phuong trinh

18. Giai hé phuong trinh

20. Giai h¢ phuong trinh
21. Giai h¢ phuong trinh
22. Giai hé phuong trinh

19. Giai hé phuong trinh {

23. Gidi hé phuong trinh {

x*+2y" +3xy—4x-3y-5=0,

x;yeR).
J2y+1—x+y+2y"—x-9y-1=0. ( Y )
2 2x(y 1) _1
x+y-1 7 (xyeR).
x+y l=x’-y+1.
X =2y* =xy-x-2y, R)
x eR).
(y+l 3x+3y x+3 Jx—y=2. 4
\/2x+y 1- \/x+2y+2 y—x-—1, (x;ye]R).
x*+y? —2xy+4x 3y=0.
Wx—1-3x-13=0, (7 <R)
x + x+1 y +2y=y +(y+1)x +2xy. ’ '
-1,
-8/ =6’ (x;yeR).
x’y? +2xy 2xy" —6x” +6x+5=0.
3 (x =3y )+ p (Wx + 21y )+ 2(Vx +4fy) =0,
x+1 —11x* —10x+4 =0.
16x” —15xy+4y” —24x+12=0,
(x;yeR).

J=7% +12x+4xy +36 +/x* +8x+32 = 6.

(x;yeR).

(Cau 3; Dé thi khao sat trude ky thi tuyén sinh DPai hoc — Cao déng; Moén Toéan; Lan tht 6; Mua thi 2013;

Truong THPT Chuyén Pai hoc Su pham; Pai hoc Su pham Ha No¢i; Thu d6 Ha Noi).

24. Giai hé phuong trinh {

A’ +y—x-2=1+,2y-x-6,

; R).
x(2x—5y+1)+y(2y—5)=3. (xye )

(Cau 9; Pé thi khao sat cudi nam 16p 11; Mon Toan; Nam hoc 2015 — 2016; Trudng THPT Nguyén Pirc

Canh; Thanh phé Thai

25. Giai h¢ phuong trinh
26. Giai h¢ phuong trinh {

27. Giai hé phuong trinh {

28. Giai h¢ phuong trinh

29. Giai hé phuong trinh

Binh; Tinh Thai Binh).
xH(2xP+ %)=y (16+2x7),

rer)rioea)
2(x+y)+ x+1= 2(x+y+11).

Y +y=2x"—xp+x,
y=+2x-1.

267 —x—y+2=2x+2y+3 +/4x+2y+6,

(x;yeR).

x;yeR).
¥ =y +x-3y=2. ( )
x(x=2)+(y-1)" =2x(y-2), sy <R)

2% +1-1=x («/y+ —Jy- ) ’ '

x+1 )

— =8 8y+1,

2 yorerT (x;ye]R).

4<x —8y3) (x2+4y2)+3(x—2y):1.
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30. Giai hé ph e e (x:yeR)
. Giai h¢ phuong trin x;yeR).
J12x7 43y +84 =2x+2x+2 +./20— y.
2 3 2
V' +2y=x —x"y+xy+2x,
31. Giai hé phuong trinh , X (x;yeR).
Jy+1(3x7 +x+1)=3y" + 2y +1=0.
B b ) T N ) e
32. Giai hé phuong trinh (x;yeR).
—10x° =5x+12y —11=2x3/7%° = Ty+2x+7.
4x2z(\/x2+l+l)(x2—y3+3y—2),
33. Giai h¢ phuong trinh P (x;y € ]R) .
2 2 l_x
x*+(y+1) :2(1+ j
Y
X +4y" + 16 =16,
A . x+2y
34. Giai hé phuong trinh (x;yeR).

Jx?+16 +§ x+2y =2x+x*+7.

2x* —xy® =2xyp+y’ +2x—y*> =0,
35. Giai hé phuong trinh 2 _ 2 _ (x3y ER).
\/Zx 2xy+2y 4x+4+\/x2—xy+y2—2x—2y+4:2—y.

X+t 3
36. Giai hé phuong trinh x+y (x;yeR).
\/x+y(i/2x—y +{/6x+y)=i/3x—5y+5.

V122 + 2 44122 + 7 + x4+ y = 20+ 4410,

37. Giai hé phuong trinh x;yeR).
(xy—36)(x2+y2—x+l)=0. ( )
4(x+ +1)(y+1)=5xy+(x+y+1 3,
38. Giai h¢ phuong trinh (x y)(x )(y ) i (x Y ) (x;y € R).
J2=x)(x=1) =J(3-»)(y-1).
. x2+(y_1)2+mzlj
39. Giai hé phuong trinh x+y-1 (x;yeR).

2

Jx+y-l=x"—y+1.
18x )

{‘/x3y2—6x2y2+81+3.201\2/x2y2__9xy2+ [

40. Giai hé phuong trinh (x;y € R).
x(x4 +y4):y6(1+y4).

44—(5)62 +2y—1)x\/;= 5x° +y(2+3x2),

41. Giai hé phuong trinh 2(3x2 _5) Sy (x;yeR).

4x+5{y +———=

Jy y
x(y—l)+2y:x(x+1),
4x* +3x+3=4yJy+3+2J2x~1.

(x;yeR).

42. Giai hé phuong trinh {
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V4x -3 +y3—4y2—4y—5=\/;,

;veR).
y 2x+2 =6x+3. (xye )

43. Giai h¢ phuong trinh {

44. Giai hé phuong trinh
xy* +3xy+6x=1"+3y +6.
22x+9y*+33= 2y(9x+19)

X' +9x-22= 2y+1)\/12x —15y.

x> +2y" +3xy—4x-3y-5=0,

45. Giai hé phuong trinh

46. Giai h¢ phuong trinh

X +xy+2y=2y"+2x, (x;yeR).
VX — y+1+x 2.

_ )C+y
3x 3y 2y +y? (x;ye]R).
X +x—5=42y+20.

4y +8y+3= x(2y+3)

48. Giai hé phuong trinh

47. Giai hé phuong trinh {

49. Giai h¢ phuong trinh (x;y € ]R) .
Y +3= \/x+2y+\/x+4y+3
3 x2
- — | tX=—+—,
50. Giai hé phuong trinh [yj y oy (x;yeR).
2x—x*+3+x =xp’ — > +1.
+2)(x+1)+x°
1+x+x0} Jore1)+x =0,
51. Giai hé phuong trinh Y X (x;ye]R).
2y
x+ 7y 2y\/_ =0
Jx
o 4x* +2x(4-y)+3-3y=0,
52. Giai hé phuong trinh (x; Ve R) .
X +3= \/2x+y+\/4x+y+3
14+2x=2x" 1+ y =4x’y+7x°,
53. Giai hé phuong trinh g (x;y €R).
xy+1 x+1) = X"y +5x.
X 4+2y 4y =x"y+2xy+x,
54. Giai hé phuong trinh (x;yeR).
Syt —2y-2+3)> —2x—4 =4,
Nx+l—yl-y= l—l,
55. Giai hé phuong trinh X (x;ye]R).
L x —y2=x+y
x+y

¥ —1=y" -2y,

x;yeR).
3P +x-2+4y-17=2. ( g )

56. Giai hé phuong trinh {

(x;yeR).

;yeR).
2y +1=yx+y+2y"—x-9y-1=0. (xy )
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F. PHAN TiCH NHAN TU CAP 5 (PHAN TiCH 3 NHAN TU TRO LEN).

A3 g X+l
Bai toan 132. Giai hé phuong trinh nghiém thuc Vx v X —y+l

(x+y)2 ()c—y)+4()c2 —y2)+3x= 3.
Loi gidi.
Diéu kién x > 0;x* — y+1> 0. Phuong trinh th hai cta hé twong dwong véi
3x—3y+(x2 —yz)(x+y+4)=0<:> (x—y)[3+(x+y)(x+y+4)] =0
= (x—y)(x+y+1)(x+y+3):O
Tt phuong trinh thir nhat

A3 _ g, >4,Yx>0=3y+3>0

Jx Jxi—y+1

:>y>—1:>x+y>—1:>(x+y+1)(x+y+3)>0:>x=y

3x+3_, _ x+l . Didukién x>0.

\/; Vxt—x+1

Ap dung bat dang thtrc lién hé giira trung binh cng — trung binh nhén ta c6

%:3(&+%}232\/@:3.2:6.

Phuong trinh thir nhét try thanh

Lai c6
3(x—1) 20,vxeR
(x ) re 3x2+2x+ls4(x2—x+l)
X —x+1>0,vxeR
(x+1) x+1 x+1
o —-——<U ———<2=24+—+—<6
X’ —x+l VX' —x+1 VX' —x+1
o ‘ Je=—r
Do d6 phuong trinh da cho c6 nghiém khi cac dau dang thirc xay ra dong thoi, nghia la Vx ox=1.

(x-1)"=0
Két luan hé di cho ¢6 nghiém duy nhét x = y=1.
Nhdn xét. . .
Budc sang lop hé phuwong trinh phdn tich nhdn tir cap 5, ré rang phwong trinh chot khai thac cua ching ta, nhw da
biét, co dau hiéu phan tich khénNg qua kho. Tuy nhién, sau mot loat cac thao tdac voi cac hé phwong trinh quen thugc
hai nhdn tw, 10p bai toan nay dé lam cho chung ta ngé nhdan boi né da vieot qua pham vi
f(x:9).g(x;9)=0 (trong do gia dinh g(x;y)=0v6 nghiém).
Trong vu viéc nay, khong it ban lam tuwong rang g(x; y) = 0v6 nghiém nhw cdc bai todn trude, thuc té thi da thirc
hai bién nay c6 nghiém, nhuw vy né tré thanh phén tich nhan tir cap 1;2;3, tham chi cdp 4. Déi véi bai todn s6 132,
sau khi cac ban svr dung may tinh Casio Fx — 570ES Plus thu dwoc nhan tur x — y ta co
(x—y)[3+(x+y)(x+y+4)] =0
Hay ding lai mét chiit, quan sdt va tiép tuc thir nghiém véi dau ngodc vuéng sau khi ddt an phu x+y =t
[ |5 +4r+3=(r+1)(1+3)=(x+y+1)(x+y+3).
Cit tam thoi cho rang [...] vé nghiém, nhung dé xir 1y dwoc cum biéu thire ndy can cé danh gid bat budc déi voi t,
t0i thiéu phai co t>—1vt <-3. Chung ta dd co mot so co so tam thoi chuan bi cho diéu nay, xuat phat tir DKXD
déla x>0;x"—y+1>0.
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x>0

t>2-1vt<3

Hay liéu mang lwa chon truong hop t>—1,x>0, néu nhiwe ¢6 y>—1thanh thir diéu nay dwoc hoan tat ngay. Pé y
phirong trinh thit hai thi thdy ¢ may mdn

A3y, xHl >4,Yx>0=3y+3>0

:>y>—1:>x+y>—1:>(x+y+1)(x+y+3)>0:>x=y

Nhu vay muec do toi thiéu da dwoc co cum lai, nghia la chi can {

x +x2y+x(5x+6)=y3+xy2+y(5y+6),
(x;yeR).

Bai toan 133. Giai hé phuong trinh
X Hl=x+y+1+x+5y+5.

Lo gidi, ,
biéukién x+ y>—-Lx+5y+520. Phuong trinh thtr nhat ctia hé twvong duong véi
X +XYy+5x +6x=xp"+1 +5y> +6y
@(x—y)[(x+y)2+5(x+y)+6}=O<:>(x—y)(x+y+2)(x+y+3):O
Nhan xét (x+ y+2)(x+y+3)>0,Vx+y>—1Inén tadugc x=y.

Phuong trinh thtr hai cua hé khi d6 tr¢ thanh
1=\ 2x+1+/6x+5

Sx—V2x+1+x2-2x—14+x+2-V6x+5=0

2 2
X —2x 1+x2—2x—1+ x —2x-1 _0

Q—
x++2x+1 x+24++6x+5

<:>(x2—2x—1)[ ! + ! +1J=0
x+\/2x+1 x+2+\/6x+5

+1>0,sz—%, din dén

1 1

+
Xx+v2x+1 x+2++6x+5
x2—2x—1=0c>xe{1+\/§;1—\/§}:>x:y:1+x/§;x:y:1—x/§.

Két luan hé di cho c6 hai nghiém ké trén.

RO rang

20 + Xy + x> +x)0 +2y° =5xp+2)7,
, (x;yeR).
x+1—,/5(2x—y)+<x —3y+1) 3y—x=0.
Loi gidi.

Diéu kién 2x > y;3y > x . Phuong trinh thtr nhat ciia hé twong dwong véi

Bai toan 134. Giai hé phuong trinh {

x(2x2+xy—2y2+x+2y)—y(2x2+xy—2y2+x+2y):0
<::>(x—y)(2x2—xy+x+2xy—2y2 +2y):0<:>(x—y)(x+2y)(2x—y+1)
R rang tir diéu kién 2x—y >0 = 2x— y+1=0bi loai.

s i |2x=y20
Nhan xét dieu kién =>x+2y2>0.
3y—x2>0
. 2x-y=0 . o
Nhu vay x+2y=0< 3 O<:>x=y=0,khongthoamanh¢.
y—x=

Xét truong hop x = y thi phuong trinh tha hai tré thanh
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x+1—\/§+(x2—3x+l)x/§:0

2
©ﬂ+(x2 —3x+l)m:0

x+1++/5x
1
< (xP=3x+1)| ——————+/2x [=0
( )£x+1+x/5x J

RO rang ;4— 2x >0,Vx>0néntadugec x* -3x+1=0=x¢€ 3+\/g;ﬂ .
x+1++/5x 2 2
K&t luan hé di cho c6 hai nghiém 1a x=y=3+*/§-x= _3-V5

2, YT

x -4y +4xy xy® =2x>+2y° =0,
2414+ (y=1) L2y —1=Jx+y-1+2y.

Bai toan 135. Giai hé phuong trinh { (x;yeR).

Loi gidi.

Diéukién x+y-120;y z%. Phuong trinh thir nhét cia hé twong duong véi
X 4+4x7y=2x" —xp* -4y’ +2)° =0<:>x2(x+4y—2)—y2(x+4y—2)=0
c>(x2—yz)(x+4y—2)=0c>(x—y)(x+y)(x+4y—2):0

Ta thay x+ y =0 bi loai do PKXD.

Nhén xét x+4y—2=(x+y—1)+2y—1+y>O,VyZ%nénkhé nang x+4y—2=0bi loai.

Xét truong hop x = y thi phuong trinh tha hai tré thanh

—\/2x—1—|—(x2—2x+1)\/2x—1+x+1—2\/;=0

2_ 2_
©ﬂ+(x2—2x+l)~/2x—l+ﬂ:0

x++2x-1 x+1+2\/;

1 1
o (x-1) —+\/2x—1+—J:
(x=1) (}H—\/Zx—l x+1+24x

Rére‘mg;+\/2x—l >0Vx>1nentaduccx I=0ex=1l=>x=y=1.

x++2x-1 x+1+2x/_

Két luan hé da cho c6 nghiém duy nhat.

TxX + X"y +32x° +47x+22 =y +Txy” +4xp+12y° +9y,

x;yeR).
X +2x+4=Jx+y+1+/6x+10. (v <R)

Bai toan 136. Giai h¢ phuong trinh {
Loi gidi.
Diéu kién x+ y+120;x2—§. Phuong trinh thir nhat ciia hé twong duong véi
(x=y+D)[x(Tx+y+11)+y(Tx+y+11)+2(Tx+y+11)]=0
y=x+1
S (x—y+1)(x+y+2)(Tx+y+11)=0=| x+y+2=0

Tx+y+11=0
Ta loai truong hop x+ y+2 =0do BPKXD.
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Nhan xét diéu kién 7x+y+11=x+ y+1+6x+10>0, din dén hé thic
5
x+y+1=0

T3 (502
& 3:> ——;— |khong théa man hé.
6x+10=0 2 33

7x+y+11:0c>{
3
V6i y = x+1thi phuong trinh tht hai tré thanh x> +2x+4 =+/2x+2 +/6x+10..
R& rang x = —1 thoa man phuong trinh, néu x > —1ta c6
X+1-2x+2+x+3-v6x+10+x*-1=0
x> -1 x* -1

& +
x+1+42x+2 x+3+46x+10

+x*=1=0

) I I
<:>(x —1) + +11|=
x+1+4/2x+2  x+3++/6x+10
1

1
+
x+1+2x+2 x+3++46x+10

Két luan h¢ phuong trinh da cho 6 hai cdp nghiém (x;»)=(1;2),(-10).

D@ thiy +1>0,Vx>—Inén thu dugc x=1.

5 +x°y+dxy+y° =5x"+5x° +)°,
x2+3:\/x+y—l+\/7x—y+3.

Bai toan 137. Giai hé phuong trinh { (x;yeR).

Loi gidi. )
biéu kién x+ y >1;7x—y+3 >0. Phuong trinh thir nhat cua hé twong duong véi
x(5x2—4xy—y2)+y(5x2—4xy—y2)—(5x2—4xy—y2):0
xX=y
<:>(sz—4xy—y2)(x+y—1):0<:>(x—y)(5x+y)(x+y—1)=0<:> x+y—-1=0
S5x+y=0
Xét ruong hop x+ y—1=0< y =1-x, phuong trinh tht hai tr¢ thanh
X H3=Bxr2 o x +6x’ -8x+7=0x +4(x-1) +2x' =3 > xed.
Xét truong hop Sx+y=0
p 2 .. |x+y—-120
Két hop diéu kién =2>8x+2204x+120=>5x+y=x+y—1+4x+1>0.
Tx—y+320

x+y—-1=0 x:_l

Kéo theo 5x+y=0<<4x+1=0 = 54:>(x;y):(—%;%j,kh6ngth6a man hé.

Tx-y+3=0 =—
xX—=y y 4

Xét truong hop x = y thi phuong trinh thir hai tré thanh
22 +3=2x—1++/6x+3
S x—2x—1+x+2-6x+3+x>—2x+1=0

x*=2x+1 X2 =2x+1

= +
x++v2x—-1 x+2++V6x+3
1 1
o (x=1) + +1]=0
( ) (x+\/2x—1 xX+2+6x+3 j

+x2-2x+1=0
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1

1
+
x++v2x-1 x+2++6x+3

RO rang +1>0,Vx 2> %nén ta thu dugc x =1=> x = y = 114 nghiém duy nht.

X 4+2y+x0+y° zxy(3y+2),
X 4+3x+y=24Jx+2y—2+2xy +1.
Loi gidi.

Diéu kién x+2y >2;y > 0. Phuong trinh thir nhét ciia hé twong duong véi

Bai toan 138. Giai h¢ phuong trinh nghiém thyuc {

X =3x7 42y +x7 + )’ —2xy=0c:>(x—y)2 ()c+2y)+(x—y)2 =0
<::>(x—y)2 (x+2y+1):0<:>{i;;y::()_1:>x=y
Phuong trinh thtr hai cua hé tré thanh

¥+ 4x=23x 24 2xJx 41 3x—2-23x -2 +1+ x> —2xJ/x +x =0
Bx-2=1
<:>(\/3x—2—1)2+(x—\/;)2=0<:>{ x\/_ Sx=l=x=y=1

x=+/x
Két luan hé c6 nghiém duy nhét x = y=1.

Bai toan 139. Trich luge cau 9; Dé thi khao sat chét luong trude ky thi THPT Quéc gia; Mon Toan; Lan tht nhat;
Truong THPT Quang Xuong 4; Huyén Quang Xuong; Tinh Thanh Hoa.

-y’ +(x=3)y* +(2x-3)y+x-1=0,

x;yeR).
¥ +6y+6=(y+1)y/14y+13 +10x-9. (xiy<R)

Giai hé phuong trinh {

Loi gidi.

Diéu kién x> %; y > —5. Phuong trinh thir nhét ctia hé tuong duong véi
y=-1

x(y+1) —y(y+1) =(y+1) =0<:>(y+1)2(x—y—1)=0<:>[x:y+1

Truong hop y=-1< —% nén bi loai. V41 x = y +1thi phuong trinh thir hai tr¢ thanh

YV +6y+6=(y+1)14y+3+10y+1 (1)

Diéu kién yZ—%,ta bién d6i
(1)<:>(y+1)(y+4—1/14y+3)+y+2— 10y+1=0
(y+1)(y2—6y+3)Jr V¥ —6yt3
y+a4+Jldy+3  y+2+.10y+1

c>(y2—6y+3)( A - 1 ]:o (2)

y+d+J1dy+3  y+2+,/10y+1

y+1 1

+
s y+4+J14y+3  y+2+10y+1

Tir day kéo theo hé c6 hai cap nghiém (x;y) = (4—\/8;3—\/8),(4+\/g;3+\/g).

RS ran >O,Vy2—%nén (2)<:>y2—6y+3:0<:>ye{3—\/g;3+\/6}.
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2(4x+3)+1*(2y+3)=6 +1), A
x(x )J’(J’ ) xy(x ) (x;yeR),Sﬁ:adé.

Bai toan 140. Giai hé phuong trinh
3= PBxty 2+ x+y+L

Loi giii.
Diédu kién 3x+ y+2>0;x+ y+1>0. Phuong trinh thir nhat ciia hé twong duwong vai
4x(x2 —2)cy+y2)+2y(x2 —2)cy+)/2)+3()c2 —2xy+y2) =0

2 X=Yy
& (x— 4x+2y+3)=0<
( y)( 4 ) {4x+2y+3:0
. . o o  1B3x+y+220
Xét truong hop 4x+2y+3 =0. Nhan xét dieu kién =4x+2y+320.
x+y+120
. 3x+y+2=0 1 A L
Dod6 4x+2y+3=0< & x =y =——, khong thoa man h¢.
x+y+1=0 2

Xét truong hop x = y thi phuong trinh thr hai tré thanh
X +3=Ax+2+/2x+1
S x+1-1V4x+2+x+3-/8x+10 +(x2—2x—1):O

x*=2x—-1 x*=2x—-1

= +
x+1+V4x+2 x+3++/8x+10

<:>(x2—2x—1)( ! + ! +1j=0
x+1+/4x+2  x++/2x+1

1 1 1
+ +1>0,Vx>——néntadugec x> —2x-1=0< xe{1+/2;1-+/2}.
x+1+V4x+2  x+/2x+1 2 { }

Pbi chiéu diéu kién ta c6 hai nghiém x = y :1+\/§;x:y =1-42.

+(x* —2x-1)=0

RO rang

20 + X2y + X2 4207 + vt + P =4x7y + 2% + 2,

; R).
y2—5y+4=\/5y+2x—3+\/9y—2. (xye )

Bai toan 141. Giai h¢ phuong trinh {
Loi gidi.
Diéu kién yZ§;5y+2x—320.
Phuong trinh thir nhét ctia hé tuong duong véi

xz(y2+2x2+1)+y2(y2+2x+1):2xy(y2+2x+1)

2 2 x=y
< (x— +2x+1)=0<
( y) (y ) [y2+2x+1:0

Xét truong hop y* +2x+1=0.
Y =5y+4>0

= > +2x+1>0.
S5y+2x-32>0

Tur phuong trinh thir hai ta cd y* =5y +4> 0, két hop {

YV =5y+4=0  (}?_5p4+4=0

Do d6 y* +2x+1=0<1{5y+2x-3=0< 17 )y o> xyed.
9y—2-0 187779

Xét truong hop x = y thi phuong trinh thir hai tré thanh
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x2—5x+4=\/7x—3 +\/9x—2
Sx—VTx=-34+x+1-V9x-2+x*=7x+3=0

x*=Tx+3 x*=Tx+3

= +
x+v7x=3 x+1++9x-2

<:>(x2—7x+3)( ! + I +1j=0

+x*=7x+3=0

x+v7x-3 x+1++49x-2

+1>O,Vx2%nénthuduoc x2—7x+3:0<:>xe{

7++/37 7-37

;X=y= .

2 2

1

1
+
x+V7x-3 x+1+49x-2

Két luan hé phuong trinh d4 cho c6 nghiém x =y =

RO rang

7+ﬁ_7—\/§}
2 '

2

x’ (x+1)+y2(2y+1)=xy(3y+2).

x;veR).
x2+x—4y—2+2x\/x—y:2\/3y+l. ( g )

Bai toan 142. Giai h¢ phuong trinh {

Loi gidi.
x—y20
3y+1>0
Phuong trinh thir nhat cua hé twong dwong véi

Diéu kién {

X=Y)
C+x2 42y +12 =30 + 2 < (x—y) (x+2y+1)=0=0<
Y4y =30+ 2y e (x-p) (x+2y+1) 2y 4120
; \ X ) R x_yZO
Xét truong hop x+2y+1=0 ta két hop di€u kién 3 1>0:>x+2y+1:x—y+3y+120.
y+12
, x=y=0 Lo
Dodoé x+2y+1=0< < x =y =——, khong théa man h¢.
3y+1=0 3

V61 x = y thi phuong trinh tht hai tr¢ thanh

X2 =3x-2=23x+1 < x* =3x+1+23x+1+1

> (fTTa z<:> x—1=+3x+1 (1)
= () [—x—lx/3x+1 (2)

x—=1>20 x>1
o (1)@{ <:>{ o x=5.

X =2x+1=3x+1  |x(x-5)=0
—x-120 x<-1

e (2)e S xed.
X +2x+1=3x+1  |x(x-1)=0

Két luan hé da cho c¢6 nghiém duy nhat x=y =5,
Nhdn xét. ) ) ) )
Doi voi cac bai toan trén, diém mau chot trong cong tac xdy dung bai todn la thiet ldp phwong trinh thir hai c6 mot
kha nang bi loai trir. Cu thé phuwong trinh thir nhat bai toan so 142 co dang

X =

x3+x2+2y3+y2=3xy2+2xy<:>(x—y)2(x+2y+1):0:0<:> Y

x+2y+1=0
Chiing ta phai nghi ra phirong cdch logi b6 x+2y +1= 0théng qua diéu kién xdc dinh (t6i thiéu), hodc diéu kién cé
nghiém, hoac mot diéu kién hé qud vu vo dwoc suy ra tir phiwong trinh thir hai. Céc bdi todn trude tac gid tgo dung
phwong trinh so hai theo phuwong phap dai luong lién hop — truc can thirc — hé tam thoi, tuy nhién dé tao ra cdc
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phirong trinh theo hwdng ndy la khd khé. Tac gia chot nghi rang ching ta khéng nhat thiét phai “cho leo cdy”
truong hop x+2y+1=0, ma thay vao do la “tiep can” no theo mét che do hy hitu khac, do la sw xay ra dong thoi
cdc dau bang tai diéu kién xdc dinh, cé rdt cdp hai can cé tong bang x+2y +1nhw sau
A=\x—-y;B=3y+1
A=\/x-3y;B=,6y+1
A=x-4y-1;B=/6y+2
Thém chi tong hai can ¢é dang béi ciia x + 2y +1ciing khéng vin dé gi
A=\2x-y;B= \/SyT
A=3x—y;B=4Ty+3
A=JAx-5y-1;B=/13y+5
Phwong phap don gidan nhat danh cho bai toan lam ngugc dé la bién doi twong dwong kiéu hiéu — tong binh

phuong, van dam bao khong dong cham cdu triic hai can, trong khi dam bdo bai todn khéng qud khé va khéng qud
dé. Cu thé doi véi bai todn 142 tac gia da lam nguge

x2+x—4y—3+2x\/x—y :2\/3y+1
EX—y+2xx—y +x* =3y +2+23y+1+1
<:(Jx—y+x)2=(‘/3y+1+l)2 (*)

Poi véi phurong trinh (*), vé trdi trong ngodc don ¢6 x la dd hoi sa da vao ngé cut, tuy nhién moi quan hé x =y da

phad vo dwoc su kho khan nay, trong truong hop x =y khong dot pha dwoc can, thi du \/x— Y~ \/Zx— y+1thi
chiing ta nén ddin do, thay x béi hang sé d@é dam bdo (*) gidi dwge tron ven

c(WH’e)Z :(\/mﬂ)z ().

x2(x—2y)+x(x+y)+y(y—2x)=0,

(Vor—i-1) =a*+6{5=.

Bai toan 143. Giai hé phuong trinh (x;yeR).

Loi gidi.
Diéu kién x> y;x > é . Phuong trinh thr nhit cta hé twong dwong véi
x=-1
X =2x°y+xt+xy’ —2xp+ )’ :0<::>(x—y)2 (x+1):0<:>{
X=Y)

Loai truong hop x =-1< % V61 x = y thi phuong trinh thr hai tré thanh

x+1=v6x-1 (1)
l-x=+6x-1 (2)

@xe{2—\/5;2+\/§}.

(x/6x—1—1)2 -~ <:{

x2>-1 x>-1

2 < 2

X +2x+1=6x-1 x —4x+2=0

x<1 x<1
) o x=4-14.
x —8x+2=0

Tu day, ddi chiéu diéu kién ta thu dugc ba nghiém la x:y:2—\/§;x:y:2+\/§;x:y:4—\/ﬁ.

> (1)@{

> (2
( )®{x2—2x+1=6x—1
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X +5x" +8x+4=2x"y+8xy+8y,

;veR).
X’ =8x+3=(2y—x)V10x—1++14x+3. (57 <R)

Bai toan 144. Giai hé phuong trinh {
Loi gidi.

A 1 . .
biéu kién x> 0 Phuong trinh thtr nhat cta h¢ tuong duong véi

(x+2)2(x—2y+1)=0c>{x=_2
x-2y+1=0
Loai khd ndng x =-2, v6i x =2y —1thi phuong trinh thir hai tré thanh
x* —8x+3=~/10x—1++/14x+3
o x—V10x—1+x+2-14x+3 +x>-10x+1=0
x> —=10x+1 x*—10x+1
x+410x=1 x+2+~/14x+3

+x2=10x+1=0

<:>(x2—10x+1)( ! + ! +1j:0
x++410x—=1 x+2++/14x+3

RO rang ! + ! +1>0,Vx Zinén ta duoc
x++10x—1 x+2++14x+3 10
xz—10x+1=O<:>xe{5—2x/g;5+2\/g}:>(x;y):(5—2\/8;3—\/5),(5+2\/g;3+\/€).
Nhdn xét.

Chia sé vé kinh nghiém thiét lgp phwong trinh thir nhat cia hé, cu thé hon la cdc phuong trinh hai an véi nghiém
kép, trén thuc té cdc ban khéng can ton nhiéu cong sirc khai trién, triede tién hdy ldy mét cum nhéan tir tao nguon,

chang han nhu f(x;y)= (x+2) (x=2y+1), trong dé kha ning x =-2da dwoc gi6i han béi diéu kién xac dinh

trong phwong trinh thir hai. Str dung céng cu WorframAlpha cdc ban sé thay moi thir trén nén khéng qud khé khén
e Budc thtr nhat

3% WolframAlpha

|. (et 2200 2y+ 1) 8 |

1 I

e Budc thr hai

hore forms

X -2x y+5x -8xy+8x—-8y+4
(—2x-8)x-8)y+x(x(x+5)+8)+4

X(x(x—-2y+5) -8y+8)-8y+4

—2(x+ 2P y+x(x+2)® + (x + 2)
DPéi véi phwong trinh thir hai, ta tién hanh lam nguwoc

X’ =8x+3=10x—1++14x+3 <= x> —8x+3=(2y —x)10x—1 +V14x +3

—x—V10x-1+x+2-+14x+3+x>-10x+1=0

CREATED BY BINH PHUONG; GACMA1431988@GMAIL.COM TRUNG POAN NGUYEN CANH CHAN; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 1) 125

2x° +24xy +24x+16 =3x"y +15x” + 48y,

Bai toan 145. Giai hé phuong trinh _ x;yeR).
P s \/Z—x+(3y—2x)\/;=(x—1)2(4x—x2)+3y 1. ( g )
X
Loi gidi.
Picu kién 0<x<2.
: =4
Phuong trinh thir nhét ciia hé twong dwong véi (x—4)’ (2x—3y+1)=0|
2x-3y+1=0

Loai truong hop x =4, véi 2x -3y + 1= 0thi phuong trinh thtr hai tr¢ thanh
V2—x+x=x(x=1) (4-x)+2 ().

Ap dung bét dang thirc lién hé giira trung binh cong — trung binh nhén ta ¢
J2=x+x < 1+22_x+1+Tx=2Sx(x—1)2(4—x)+2,Vxe[0;2].

x=0
Do d6 (1) c6 nghiém khi cac ddu dang thirc xay ra tirc 1a L -1=0 < x=1.
2—-x=x=1
Két luan hé phwong trinh d4 cho c6 nghiém duy nhit x=y=1.

X +12xy+8=3x"y+2x" +4x+12y,

Bai toan 146. Giai h¢ phuong trinh x;yeR).
1—x+\/1+x=3y—x—%x2. ( )

Loi gidi.
Diéu kién x e[-1;1]. Phuong trinh th{r nhat cta hé trong duong

x=2

(x=2) (x-3y+2)=0s

x=3y+2=0

Loai truong hop x =2 ¢[-1;1], khi x—3y+2 = 0thi phuong trinh thir hai tr¢ thanh

2
x <8
\/l—x+\/l+x:2—lx2<:> 1
4 2+2 1—x2=4—x2+Ex4

X' <

8
= 2
—x4+(\/1—x2 —1) -

= x* <8
1 = < x=0
0
16

Tur day ta suy ra cac nghiém x=0;y = % .

3 2 2 2 2
X +xy +(y+1) =2x"y+x°,
Bai toan 147. Giai hé phuong trinh () Y (x;yeR).
x2—2x+y+5=\/3x—2+\/6x+y+3.
Loi gidi.
Diéukienxz§;6x+y+3zo.
. , Ay 0 1A L 2 x=y+1
Phuong trinh thir nhat ciia hé twong duong véi (x—y—1) (x+1)=0< |
X=-
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Loai truong hop x =—1, v6i x = y +1thi phuong trinh thtr hai tré thanh
X —x+4=3x-2+7x+2.

Sx—V3x=24+x"-3x+2+x+2-~7x+2=0

x*=3x+2 x*=3x+2

o T 342+ —— = =
X++3x-2 X+2+7x+2
@(x2—3x+2)( ! + ! +1j:0
x+V3x—2 x+2++/7x+2

1

1
+
X+V3x—-2 x+2+7x+2

X =3x+2=0=xe{l;2} = (xy)=(12),(23).

Ta thiy

+1>0,Vx zgnén thu duoc

X 4+x° +2y" +8y+8=2x"y+2x +4x,

(y+2) —8x+5=10x—3 +l14x+1.

Bai toan 148. Giai hé phuong trinh { (x;yeR).

Loi gidi.
A . 3 \ , A, » ~ ‘- 2 X=y +2
Diéu kién x > o Phuong trinh thir nhat ciia hé twong dwong véi (x—y-2) (x+2)=0< X
X=-
Loai kha nang x =-2, v&1 x = y+ 2 thi phuong trinh thir hai tré thanh
X =8x+5=10x-3 +14x+1

S x—V10x=3+x* —10x+3+x+2—-+/14x+1=0

2 2
X 10x+3+x2—10x+3+ x"—10x+3 _o

@_
x++/10x-3 x+2++14x+1

<:>(x2—10x+3)( ! + ! +lj:0

x+V10x-3 x+2++14x+1

! +1>O,Vx2%néntadu(yc x2—10x+3:O<:>xe{5—x/Z;5+\/Z}.

1
+
x+V10x-3 x+2++14x+1

Tu day ta suy ra cac nghiém (x;y):(5—@;3—@),(5+\/ﬁ;3+@).

D@ thay

4x’ —4x’y+xy° —2xy—3x+ )y +2y+1=0,

X+ y+5=413x-1 +(2x—y)\/l9x+8.

Bai toan 149. Giai hé phuong trinh { (x;yeR).

Loi giii.
Diéu kién x> % . Phuong trinh thi nhét ctia hé twong duong voéi
2x—y—-1=0
(Zx—y—l)z(x+1)=0<:>[ g
x=-1
Loai truong hop x =—-1, vo1 2x— y —1=0thi phuong trinh thtr hai tr¢ thanh
X’ +2x+4=+13x—1+/19x+8

< x—A13x—1+x>—13x+1+x+3-+/19x+8 =0
x> =13x+1 XX —13x+1

= +
x++13x—-1 x+3++19x+8

+x2=13x+1=0
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<:>(x2—13x+1)( ! + ! +1j:0.

x+13x =1 x+3+/19x+8

D@ thay 1 + : +1>0,Vx2inéntaduqc ¥ -13x+1=0&x¢ 13_‘165;13+“165 ,
x+13x-1 x+3++19x+8 13 2 2

Két lugn hé c6 céc nghiém (x;y)= (B_T “165;12—\/165J,[1‘?’+T 165 154 \/165].

9x’ —12x°y +3x% +4xy° —8xy—5x+4y* +4y+1=0,
Bai toan 150. Giai hé phuong trinh (x;yeR).
X +4x+2y+2+/2x+1+x-1=0.
Loi giii,
5 ' n 1 . , ., R ) 3X=2y+1
Dbiéu kién x > -7 Phuong trinh thir nhat cua hé twong dwong (3x—2y—-1) (x+1)=0< |
x=—

Loai truong hop x =—1, v6i 3x =2y —1thi phuong trinh thr hai tré thanh

\/x2+7x+1—(x+1)+\/2x+1—1+2x:O

Rt >x + 2x +2x=0

X2+ Tx+1+x+1 V2x+1+1

@x( > + 2 +2J—O
NP+ Tx+1+x+1 V2x+1+1

> +2>0,Vx2—%néntadu’(yc x:0:>y:—%.

2
+
VP +Tx+1+x+1 V2x+1+1

Két luan hé phuong trinh dé cho c6 hai nghiém.

D& nhan thiy

4 +y° +2y* +x+y =4x> +3xp” + 2y,
(x;yeR).
6x> —18x’ +13x=(2x—y)~/x+y—l.
Loi gidi. )
Diéu kién x+ y >1. Phuong trinh thir nhat ctia h¢ twong duong
(2x—y—1)2(x+y)=Oc>[

Loai truong hop x+ y=0<1, voi 2x = y+1thi phuong trinh thir hai twong duong

6x° —18x" +13x =3x -2 & x—Jx+y—1+6x° —18x> +12x=0

o x—Br-2+6x(x —3x+2)=0<:>ﬂ+6x(x2 ~3x+2)=0

x++3x-2

+6x]=0

Bai toan 151. Giai hé phuong trinh {

2x=y+1
x+y=0

1

X++/3x-2

R& rang ;+6x>0,‘v’ngnén X =3x+2=0xe{l;2} = (xy)=(11),(23).
x++3x-2 3

<:>(x2—3x+2)(

27x° =27x*y —18x" +6xy+3x+4y +4)y* +y =0,

; R).
Y2y +4=(2y-3x)J12y+8 +3x+y 2. (xiyeR)

Bai toan 152. Giai h¢ phuong trinh {
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Loi gidi.
Diéu kién 3x+y-2>0;y> -%. Phuong trinh thir nhét ctia hé tvong duong véi

3x-2y—-1=0
3x—2y-1)(3 -0
(3x=2y=1) (3x+2) ©[3x+y:0

Loai truong hop 3x+y =0. V6i 3x—2y —1=0thi phuong trinh thir hai ciia hé tr¢ thanh
y=3y=-1+y* =3y +1+y+3-/12y+8=0

2 _ 2 _
o2 3y+1 Ty 3ytl4 y =3y+1 _
y+43y-1 y+3+4/12y+8

<:>(y2—3y+1)( | ! +1J=0

y+\/3y—1+y+3+\/12y+8

3-5 3+45
2

<:>y2—3y+1=0<:>ye{ ; >

ﬂ'l—ﬁj (3+ﬁ-1+£].

Tir day ta suy ra cac nghiém (x; y) = [ 5 3 5 3
X +xpt +x7 Yy 207 42y =4xy +2x7y + 2x)°,

10V’ +1=3(3x"-2)" +2).

Bai to4n 153. Giai hé phuong trinh { (x;yeR).

Loi gidi. )
biéu kién x > —1. Phuong trinh thtr nhat cta hé twong duong voi
X +xp XY+t +2x7 42y = 4xy+2x7y +2x)°
S X =2y +xpt +x7 Y =2x0" +y +2x7 —dxy+2)y> =0
<:>x(x2—2xy+y2)+y2(x2—2xy+y2)+2(x2—2xy+y2)=0
2 2 x:y
& (x— x+y' +2)=0&
( y) ( 4 ) Lc+y2+2=0
RO rang x > —1=> x+ y*> +2 > 0nén chi xét trudng hgp x = y, khi d6 phwong trinh thir hai tro thanh
10vx" +1=3(x* +2) < 100x" +100 = 9(x* + 4x” +4) < 100x* +100 = 9x* +36x° +36
& 9x* —100x" +36x" =64 =0 <> 9x” (x* —10x —8)—10x(x* —10x—8)+8(x* ~10x-8) =0
x*—10x-8=0 (1)
9x* -10x+8=0 (2)
Phuong trinh (2) v6 nghiém, (1)< x = 5++33;x=5-/33.
Phuong trinh thir hai cua h¢ tuong duong véi
Nhdn xét.
e Ddi voi phuong trinh thir nhat, cho y =100ta c¢6
x* +100°x +x7.100* +100* + 2x* +2.100° —400x —200x* —2.100°x =0 = x =100 => x = y .
e Tiép tyuc str dung may tinh ta co
[SHIFT[SOLVE|(x* +100” x + x*.100” +100* + 2x + 2.100° — 400x — 200x” — 2.100°x ) : (x —100)

<:>(x2—10x—8)(9x2—10x+8):0<:>[

=>x=100=>x=y
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e K&t luan nhan tir (x—y)2 )

e Phén tich dua vé nhan tir (x— y)2 nhu sau.
XA+ X7y 207 42y  —dxy —2x7y—2x)° =0
<:>A(x2—2xy+y2)+B(x2—2xy+y2)+C(x2—2xy+y2)=0
Trong d6 A=x;B=y*;C =2, dua dén
x(xz—ny+y2)+y2(x2—2xy+y2)+2(x2—2xy+y2):0
2 2 x=Yy
& (x— x+y +2)=0&
( y)( g ) x+)y'+2=0
5% +x7 +12xy° +8)° =18x"y + 4xy,

x;yeR).
4y —3x+2=25x+2y—1+22x. (xiyeR)

Bai toan 154. Giai hé phuong trinh {

Loi gidi. )
biéu kién 5x+2y—1>0;x > 0. Phuong trinh thir nhat cua hé twvong duong voi
5x(x2—4xy+4y2)+2y(x2—4xy+4y2)+(x2—4xy+4y2):O
c>(x2—4xy+4y2)(5x+2y+1)=0c>(x—2y)2(5x+2y+1)20c>[x:2y

S5x+2y+1=0

Tacd S5x+2y>21=5x+2y+1=0bi loai.
Xét kha nang x =2y, phuong trinh thir hai cua h¢ tré thanh

X —3x4+2=26x—1+22x <= x> =3x+2=2/6x—1+22x =0
@xz—6x+1+2(x—\/6x—1)+x+1—2\/3=0

2(x2—6x+1) X2 —6x+1
+ =0
x+6x—1  x+1+22x

2 1 jzo (1)

S xi—6x+1+

+
x+V6x—1 x+1+22x
2 1

+ >0.
x+6x—1 x+1+22x

x=3+2V2= y=6+4/2
x=3-22=y=6-42
Két hop diéu kién di dén h¢ da cho 6 nghiém (x;y) =(3+2v2;6+442),(3-2v2;6-42).

<:>(x2 —6x+1)[1+

e g A 1A 1
Véidicu kién x>2—=1+

Do d6 (1)c>x2—6x+1=0<:>|:

Bai toan 155. Trich lugc cau 3b; Dé thi chon hoc sinh gioi 16p 9 THCS; Mon Toan; Pé thi chinh thic; S¢ Gido duc
va Pao tao Tinh Hung Yén; Nam hoc 2016 — 2017.

Y V2x—1+3 =5y* —J6x -3,

; R).
2y*(5x" ~17x+6) = 6-15x. (xiyek)

Giai hé phuong trinh {
Loi gidi.

Piéu kién x > % . Phuong trinh d3 cho twong dwong véi
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23 (x-3)(5v-2)=3(2-5x) e | F 2T
— — — — =
YAFTIRR T2yt (x-3)=-3
Xét5x—2=0:>x=z<l,loai.Xét2y4(x—3):—3:>x—3<0:>le<3;y2: 3 .
527 2 2(3-x)

Phuong trinh thir hai ciia hé tré thanh v2x—1++/6-2x =5—/(2x-1)(6-2x) ().

Pt V2x—1+36-2x=1,t>0= 1 =5+2,/(2x—1)(6-2x) , (1) tr& thanh
2(V2x—1+6-2x) =10-2/(2x-1)(6-2x) & 2 =10~ (£ =5) = £ + 2 =15 =0

< (t-3)(1+5)=0te{-53}=>1=3=¢ :9<:>5+2\/(2x—1)(6—2x)=9

o 2 1)(6-22) :2®—4x2+14x—1020®xe{l;§}

< Ut A |
RO rang hai gia tri nay déu thoa man E£x<3.

o le:yzz\/gzgzy:i,’g va xz%:yzzﬁ:y:ii‘/g.

Két hop diéu kién ta thu duoc nghiém cua hé 1a (x;9)= {l; ﬁ],[l;— ﬁ],(é,(‘/gj{é,(‘/gj

2 2 2 2

XY +2x° Y +xyT =2xy+4x+2y+4,
Bai toan 156. Giai hé phuong trinh x;yeR).
P s 3 /g+1+3\/x—1=4x+1. (yeR)
y
Loi gidai.

Diéu kién x> 1;3 +1>0. Phuong trinh thtr nhat cta hé twong duong véi
y

xyz(xz4—2x+1):2(x+1)(y+2)<::>xy2(x+1)2 :2(x+1)(y+2)

x=-1 x=-1 x=-1
< xyz(x+1):2(y+2)<:>{xy(xy—2)+y(xy—2)+2(xy—2):0<:>{ xy—2)(xy+y+2):0

Xét x=—1, loai. Xét xy+y+2:0c>x+£+1:0©(£+1]+x—1:—1,Vé nghiém do x21;2+120.
y y y
Xét xy = 2thi phuong trinh thir hai cua hé tr¢ thanh

3Wx+1+3Vx-1 =4x+1<:>x+1—3\/x+1+%+3(x—1—x/x—l+%j=0

32 1 \/x+1:§ 5 2
olrt1-2| +3(Vr-1-=| =0 2 ox=2my=2
2 2 1 4 5
x—1=—
2
e 1A 1A . . A z 5 8
Keét luan hé phuong trinh c6 nghiém duy nhat x:Z; y:§.
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Bai tap twong tu.

1.

10.

11.

12.

13.

14.

15.

X =2xXy+x+4y° =2xy+2y,

x;yeR).
X =2y—1+4y* -2y—-1=x"+x. ( g )

Giai hé phuong trinh {

xy 2x" +xy’ —xy—2y"+2=0,
x 35 (x;yeR).

\/ x° - 6)0’

Giai hé phuong trinh

3x3+4xy+12x Xy +12x* +4y,

. Giai h¢ phuong trinh x;yeR).
P 8 xX— 1+ x +3x— y)x/ 3=2/x-2. (yeR)

3 =5y +xp° + Y+ X7+ 7 =2xy,

; R).
x—=1+3x+y— —2J2x+y (xye )

Giai hé phuong trinh

5x° +x° +12xy> +8y° =18x"y +4xy,

Giai h¢ phuong trinh x;yeR).
{y —6x+y+2=/5x+2y-2 ( )
27x° =27x7y—18x" + 6xy +3x+4y’ +4y° + y =0,
Giai hé phuong trinh o a yomr T (x;yeR).
V =3x+4=5y—1+3x+y-3.
4+ + 2y  + x4y =4x" +3x1” + 2xy,
Giai hé phuong trinh yi+2y y- 4 4 (x;yeR).
S5x+y—x"—5=4\x+y—
Gidi hé oh N 4x’ +12xy +16x =3x"y+16x> +12y, R
1ai hé phuong trin x;yeR).
P s x— 1+ x +4x— 3y)\/ 3=2Jx-2. (5yeR)
Ox® —12x*y+3x* +4xy* —8xy—5x+4y* +4y+1=0,
Giai hé phuong trinh 4 4 4 4 4 (x; Ve ]R) .
3x+3y+1-3V3x+1=y%
X +12xp+8=3x"y+2x" +4x+12y,
Giai hé phuong trinh 4 o 4 (x;yeR).
3x+1=x+3y-2+2dx+1
X+ + +1) =2x"y+x7,
Giai hé phuong trinh < y ) d (x; Ve R).
Y +2y-2x+5= \/3x+y 2 +/6x-2.
X +xp’ +2y° +8y+8=2x"y+2x" +4x,
Giai hé phuong trinh _ x;y eR).
3\/2x+y+2x/2x 1_5x +x2 2x+1' ( )
x +1
4x° +2x)° +8xy+6x+1 + )’ =TxX’y+9x" + y+1,
Giai hé phuong trinh 4 4 vy 4 4 (xeR).
X —2x+3=24x+y -2 +5x-3.
12X +7xp” +10xy +3x =167y +12x* + > + 2y + y,
Giai hé phuong trinh{ 4 d a 2y (x; yeR).

Ay +1=23x—y—1+/3x+1.

Gidi hé phuong trinh 6x_xy_2+(xy_2)v7x+_ 6vx (x;y<R).

4x’y+xy +16x =4x’y +16x° + 4.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

27x° +9x% +2y° + y* =9x)” + 6xy,
Giai h¢ ph trinh ; 7ER).
e Pone (7y-18)(V2x—T+x+3)=3(4x-1). (yeR)

64x> +16x° +2y° +y* =12xy” +8xy,

Giai hé phuong trinh 3_ x;yeR).
Ay T3 2200 20 ( )
4x° —3x
16x7 —2x3/x -6
—43fx +432y -3
Giai hé phuong trinh 3x—2 Prrdifzy-3, (xeR).

4x* +12x° +y* +2y* =3xy° +12xyp.

2 2
R L Y s}

Giai hé phuong trinh 2x -1 {‘/; (xeR).
x’y? +xy(x+y):x+y+1.

3 2 2
4x” +3x" +2x"y+5 =44’2 +442x -1,
Y

Giai hé phuong trinh x+1
Xy +xy(x+y-1)=2(x+y+1).

4x +3x7 +4x+5=_+4 Vo1,
Giai hé phuong trinh x*+1 \/; (xeR).

x*y? +3x°y+2xy° +5xy =3x+2y +6.

x3—x3y+4x+5=44{/§+4\4/2x—1,
y

(xeR).

Giai hé phuong trinh (xeR).
x*y* +4x°y+3xy” +10xy =8x + 6y + 24.
1 2
4 3
X' ==X y+x+7 =44= 4+ 2xp32x -1,
Giai hé phuong trinh {27 ° \/; 4 (xeR).
Xy+x° Y +2x°y+xy° =2x" +xy+4x+2y+2.
Xy+x"y +2x°y+xy° =3x" +2xy+6x+3y+3,
Giai hé phuong trinh < 8x? +(xy+2)x —2+/x — xeR).
- (xyz)x1 & xy=443+4\4/3x—2. (xeR)
x_

he o N 2% +2xy+2x = X"y +4x" + y,
Giai hé phuong trin x;yeR).
P s xX— 1+ x —2x+y)\/ 3=2vx-2. (yeR)
4x y+y+4) 4’y +4x* +1,

x+3+4/x—1=2x"y+2x’y 1.

(x;ye]R).

12x° y+3xy+4x-12x y+4x® +1,

(x;yeR).
(3xy+1 Vx—=3 =5x4+6xy—2V6x—
9x’y +4xy+24x =12x"y +18x> +8,

4x — xy\/5x — 1+x/_(xy 2) =/x-1.

Giai hé phuong trinh

Giai hé phuong trinh (x; Ve R).

Giai hé phuong trinh {
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III. MOT SO TAI LIEU THAM KHAO

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Bii tdp ning cao va mot sé chuyén dé todn 8.

Bui Van Tuyén; NXB Gido duc Viét Nam; 2004.
Bii tdp ning cao va mot sé chuyén dé todn 9.

Bui Van Tuyén; NXB Gido duc Viét Nam; 2005.

. Ndng cao va phdt trién todn 8, tip 1 — tdp 2.

Vi Hiru Binh; NXB Giao duc Viét Nam; 2004.

. Néng cao va phdt trién todn 9, tip 1 — tip 2.

Vi Hiru Binh; NXB Giao duc Viét Nam; 2005.
Todn ning cao Pai so 10.
Nguyén Huy Poan; NXB Gi4o duc Viét Nam; 1999.
Bai tdp ndng cao va mot 6 chuyén dé Dai s6 10.
Nguyén Huy Poan; Pang Hung Thing; NXB Gido duc Viét Nam; 2006.
Tai liéu chuyén todn: Pai sé 10 — Bai tip Dai so 10.
Poan Quynh — Dodn Minh Cudng — Tran Nam Diing
— Ping Hung Thing; NXB Gido dyc Viét Nam; 2010.
Mt s6 chuyén dé Dai sé boi duwong hoc sinh gioi THPT.
Nguyén Vian Mau — Nguyén Van Tién va
mot s tac gia; NXB Gigo duc Viét Nam; 2009.
T uyén tdp cdc bai toan hay va kho Dai $6 9.
Nguyén Durc Tan — Pang Dtic Trong — Nguyén Cao Huynh
— Vi Minh Nghia — Bui Ruy Tan — Luong Anh Van; NXB Giao duc Vi¢t Nam; 2002.
Mt s6 phwong phap chon loc gidi cdc bai todn so cdp, tip 1 - tap 3.
Phan Dtrc Chinh — Pham Vian Diéu — B4 Vin Ha — Pham Vin Hap
— Pham Vin Hung — Pham Ding Long — Nguyén Vin Mau
— Db Thanh Son — Lé Pinh Thinh; NXB Pai hoc Qudc gia Ha Noi; 1997.
Bi gidng chuyén sau Todan THPT: Gidii todn Pgi sé 10.
Lé Hong Pic — Nhém Cy Mon; NXB Ha Nbi; 2011.
Phwong phdp gidi phwong trinh va bét phwong trinh.
Nguyén Van Mau; NXB Giao duc Viét Nam; 1994.
Todn boi dwiéng hoc sinh pho thong trung hoc — quyén 1; Pai sé.
Han Lién Hai — Phan Huy Khai — Pao Ngoc Nam — Nguyén Pao Phuong
— L& TAt Toén — Piang Quan Vién; NXB Ha Nai; 1991.
Phuwong trinh va hé phwong trinh khong mau muc.
Nguyén Birc Tan — Phan Ngoc Thao; NXB Gido duc Viét Nam; 1996.
Chuyén dé boi dwong Todn cip ba; Dai so.
Nguyén Sinh Nguyén; NXB Da Ning; 1997.
Gidi todn Pai s6 so cdp (Diing cho hoc sinh 12 chuyén, luyén thi dai hoc).
Tran Thanh Minh — Vii Thién Can — V& Anh Diing; NXB Gido duc Vi¢t Nam; 1995.
Nhitng dang todn dién hinh trong cdc ky thi tuyén sinh Pai hoc va Cao ding; Tap 3.
Bui Quang Truong; NXB Ha Noi; 2002.
On luyén thi mén Todn THPT theo chii dé; Tap mot: ai so va lwong gidc.
Cung Thé Anh; NXB Gido duc Viét Nam; 2011.
Phwong phap gidi toan trong tam.
Phan Huy Khai; NXB Dai hoc Su pham; 2011.
Cac bai giang luyén thi mon Toan; Tap 2.
Ptic Chinh — Vit Duong Thuy — Pao Tam — Lé Thong Nhat; NXB Gido duc Viét Nam; 1993.
500 Bai todn chon loc Pai so - Hinh hoc 10.
Lé Hoanh Pho; NXB Dai hoc Qudc gia Ha Noi; 2012.
Tam thirc bdc hai va vwng dung.
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Lé Si Déng — Lé Minh Tam; NXB Giao duc Viét Nam; 2003.
23. Chuyén dé Bit ding thirc va trng dung trong dai so.
Nguyén Pirc Tan; NXB Gido duc Viét nam; 2003.
24. 23 Chuyén dé gidi 1001 bai todn so cdp ; Quyén 1.
Nguyén Vin Vinh — Nguyén Dtrc Dong
va mot sd déng nghiép (NKTH); NXB Gido duc Viét Nam; 2002.
25. Phwong phdp gidi todn bit ding thikc va cuec tri.
Nguyén Vin Diing — V& Qudc Ba Can — Tran Quéc Anh; NXB DPHQG Ha Noi; 2011.
26. Cic bai gidng vé bét ding thirc Cauchy.
Nguyén Vil Luong — Pham Vian Hung — Nguyen Ngoc Thing; NXB PHQG Ha Nbi; 2008.
27. Cam nang luyén thi Dai hoc Ung dung ham sé Gidi todn Dai sé va Gidi tich.
Huynh Nguyén Luan Luu — Nguyén Thi Duy An; NXB DPHQG Ha Noi ;2014.
28. Tw duy logic tim toi loi giai H¢ phwong trinh.
Mai Xuan Vinh — Pham Kim Chung — Pham Chi Tuan
—DPao Van Chung Duong Van Son ; NXB DPHQG Ha Noi; 2015.
29. Béi dwong hoc sinh giéi todn Trung hoc co sé, Dai so.
Nguyén Thi Thanh Thay — Pham Minh Phuong
— Tran Vian Tan; NXB Gido duc Viét Nam; 2014.
30. 9 Chuyén dé Pai sé Trung hoc co sé.
Vi Hitu Binh; NXB Gido duc Viét Nam; 2014.
31. H¢ phwong trinh va phwong trinh chira cdn thirc.
Nguyén Vil Lwong — Pham Van Hing — Nguyén Ngoc Thiang; NXB DPHQG Ha Nbi; 2006.
32. Pé thi tuyén sinh vao lop 10 h¢ THPT Chuyén truc thujc dai hoc va THPT Chuyén cdc tinh thanh.
33. Pé thi tuyén sinh vao lop 10 h¢ THPT hé dai tra cdac dia phwong trén toan quéc.
34. Pé thi hoc sinh giéi mén todn khoi 8 dén khéi 12 cdc cdp.
35. Pé thi tuyén sinh Pai hoc — Cao ding mén Todn (chinh thivc — dw bi) qua cdc thoi ky.
36. Pé thi Olympic 30 thing 4 Todn hoc khoi 10, khoi 11 cdc tinh mién Trung va Nam bg (1995 — 2013).
37. Cdc tap chi todn hoc: Tap chi Toan hoc va tudi tré; Tap chi Toan tudi tho 2 THCS; Tap chi Kvant...
38. Cdc dién dan todn hoc: Boxmath.vn; Math.net.vn; Mathscope.org; Onluyentoan.vn; Diendantoanhoc.net;
Math.net.vn; K2pi.net; Mathlink.ro;...
39. Mgt sé trang mang hoc tdp théng qua facebook; twiter;...

CREATED BY BINH PHUONG; GACMA1431988@GMAIL.COM TRUNG POAN NGUYEN CANH CHAN; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 1) 135

THAN THE TAI NGUC TRUNG
TINH THAN TAI NGUC NGOAI
DUC THANH DPAI SU NGHIEP
TINH THAN CANH YEU PAI
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TAI LIEU CHINH THUC
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TAI LIEU THAM KHAO TOAN HQC PHO THONG

X

/A

CHUYEN PE )
HE PHUONG TRINH - HE BAT PHUONG TRINH - HE HON TAP

LY THUYET GIAI HIE PHUONG TRINE CHUA CAN THUC (PHAN §)

TRUNG POAN HOANG SA - QUAN POAN TANG THIET GIAP

CHU PAO: KET HQP SU DUNG PHEP THE, CONG PAI SO VA AN PHU (TIEP THEO)
GIAI HE PHUONG TRINH CHUA CAN THUC

PHOI HQP PHEP THE, CONG DPAI SO VA AN PHU.

SU DUNG TiNH CHAT PON PIEU HAM SO.

SU DUNG KET HQP PANH GIA - BAT PANG THUC.

TONG HQP CAC PHEP GIAI PHUONG TRINH CHUA CAN.

BAI TOAN NHIEU CACH GIALI.
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“Non song Viét Nam co tro nén twoi dep hay khong, dan toc Viét Nam co budc toi dai vinh
quang dé sanh vai véi cdc cuwong quoc nam chau dwoc hay khong, chinh la nho mét phan lén ¢
cong hoc tdp cua cac em”

(Trich thw Chii tich Hé Chi Minh).

“Mai nay, khi anh ldy v, cé quan tém em gdi nay suét doi dwoc khéng...”

(04.2014 - Viét An).

|Tai liéu danh tang riéng em, Viét An yéu thwong cua anh, nhén dip Mua thi 2015]
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CHUYEN DE N
HE PHUONG TRINH - HE BAT PHUONG TRINH - HE HON TAP

LY THUYET GIAI HIf PHUONG TRINH CHUA CAN TRHUC (PHAN §)

TRUNG POAN HOANG SA — QUAN POAN TANG THIET GIAP

Trong khuon khd Toan hoc so cip nédi chung va Dai s6 phd thong noi riéng, hé phuong trinh — hé bat phuong
trinh — hé hdon tap la dang todn co ban nhung tha vi, c6 pham vi trai rdng, phong phq, lién h¢ chat ché voi nhiéu b
phan khac cuia toan hoc so cép cling nhu toan hoc hi¢n dai.

Tai Viét Nam, hé phuong trinh, ndi dung hé¢ phuong trinh — h¢ bat phuong trinh — hé hon tap 1a mgt by phan
hiru co, quan trong, dugc phé bién giang day chinh thirc trong chwong trinh sach giao khoa Toan cac 16p 9, 10, 11,
12 song song vdi cac khdi lwong kién thirc lién quan. Day ciing 1a klen thirc phd blen Xudt hién trong cac ky th1
kiém tra kién thtrc thudng nién, ky thi chon hoc sinh gioi toan cac cap trén toan qudc, ky thi tuyén sinh 16p 10 hé
THPT va trong ky thi tuyén sinh dai hoc — cao dang hang nam, mot ky thi day cam go, kich tinh va bat ngg, no lai
12 mot cau rat duoc quan tim cta cac ban hoc sinh, phu huynh, cac thiy cd, gidi chuyén mon va dong dao ban doc
yéu Toan.

Yéu céu cua dang toan kha da dang, da chiéu, muc tiéu tim cac 4n thoa man mdt tinh chat nao d6 nén dé thao
tac dang toan niy, cic ban hoc sinh can lién két, phdi hop, tong hop cac kién thirc duoc hoc vé phuong trinh, hé
phuong trinh va bt phu:ong trinh, nhu vy né doi hoi ning luc tu duy cua thi sinh rat cao. Tuy nhién "Trim hay
khong hay bang tay quen", cic phuong phap co ban da dugc dugce cac thé hé di trude duc két va tan tuy cho thé hé
tuong lai, cac ban hoan toan du kha nang ké thra, phat huy va sang tao khong ngung, chuén bi dt hanh trang nim
bat khoa hoc k¥ thuat, dua dat nudc ngay cang viing bén, phon vinh, va hién nhién nhirng bai toan trong cac ky thi
nhét dinh khong thé 1a rao can, ma la co hoi thir strc, co hoi khang dinh kién thirc, minh ching sadng ngodi cho tinh
than hoc tap, tinh than ai quéc !

Céc phuong phap giai va bién luan hé phuong trinh — hé bat phuong trinh — h¢ hon tap dugc luyén tap mot
cach déu dan, bai ban va hé théng s& rat hiru ich, khong chi trong bd mon Toan ma con phuc vu déc luc cho cac
mon khoa hoc ty nhién khac nhu héa hoc, vat 1y, sinh hoc,.. .Tiép theo cac Ly thuyét giai hé phuong trinh chira can
(Phan 1, 2, 3, 4, 5, 6, 7), tai liéu chu yeu gioi thiéu dén quy ban doc Ly thuyet gidi hé phuong trinh chura can & cap
do cao, trlnh bay ch1 tiét cac thi du dién hinh vé hé giai duoc nho sur dung tong hop cac phép thé, phép cong dai s,
dai luong lién hop, str dung ddng bo tinh chat don diéu ham s c6 chin mién gia tri, cac phép udc lugng — danh gia
— bét dang thire phan tiép theo. Day la nodi dung c6 mirc do khé tuong d01 doi hoi cac ban doc gia can co kién thirc
vitng chéc vé cac phép giai phwong trinh chira can, ki nang bién ddi dai s6 va tu duy chiéu sau bat dang thirc.

Céc thao tac tinh toan va k¥ nang trinh bay co ban ddi voi phuong trinh, hé phuong trinh xin khong nhéc lai.

I. KIEN THUC CHUAN BI o
1. K¥ thuét nhan, chia don thuc, da thirc, hang dang thire.

2. Nim vitng cac phuong phap phén tich da thic thanh nhan tu.

3. Ném viing cac phuong phap giai, bién luan phuwong trinh bac nhat bac hai, bac cao.

4. St dung thanh thao cac ky hiéu toan hoc, logic (ky hiéu hi, tuyén, kéo theo, twong duong).

5. K§ nang giai hé phuong trinh co ban va hé phuong trinh dbi xtmg, hé phuong trinh déng bac, hé phuong
trinh chira can thong thuong.

6. K thuatdata an phu, sir dung dai luong lién hop, blen do6i tuong duong.

7. Kién thirc nén tang vé uéc luong — danh gia, ham s - d thi, bat dang thirc — cuec tri.
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II. MQT SO BAI TOAN PIEN HINH VA KINH NGHIEM THAO TAC

¥ +y'=1

Bai toén 1. Giai hé phuong trinh ’ x;yeR).
{(1x)«/1+y3 +(1+y)\/1—x3 =0. ( )
Loi gidi.
biéu kién y>-1;x<1.
. 0 o {xzél {
Taco x"+y " =1= =

1+x=>0
, :>{ (*).
y <1 l—yZO

Vi didu kién trén thi (1+x)y/1+y* > 0;(1-p)V1-x* 2 0= (1+x)y1+ " +(1-y)V1-x" 0.

(1+x)«/1+y3 =0 (1)
Do d6 hé da cho c6 nghiém khi va chi khi < (1-y)vI-x* =0 (2)
X+t =1
R& rang tir (1) thu duge x=—1;y =0v x =0; y =—1, déu khong thoa man (2).
Két luan hé phuong trinh da cho vo nghiém.
Nhdn xét.

Mau chét cua bai toan la tim ra diéu kién (¥). Tir d6 dé dang quan sat dwoc ddc tinh khéng am cia vé trai phirong

trinh thir hai cua hé ban dau.

x*<1 [-1<€x<1 [1+x20
= = ().

¥ <1 -1<y<l1 1-y>0

Tuy nhién céc dau dang thicc khéng xdy ra, nén hé dé bai vé nghiém.

Cac ban chii y danh gia quen thuéc x> +y* =1= {

- x2+(y+l)2:l,
Bai toan 2. Giai hé phuong trinh \ (x;yeR).
(2—x)\/2—x+3(3+y)(y+1) =1
L gidi.
bicu kién x<2.
) x* <1 ~1<x<1 ~1<x<1
Tt phuong trinh thtr nhat ctia hé ta co , & —
y+1) <1 -1<y+1<L1 -2<y<0

Dé ¥ ring
—1£x£1:>2—x21:>(2—x)\/2—x21
2<y<0=3(3+y)(y+1)' 20

Do d6 (2-x)V2—x+3(3+y)(y+1)' >1.

x=1

Hé c6 nghiém khi va chi khi cac ddu dang thuc xay ra, nghia la { .
y=-=

Két luan hé ban dau co nghiém duy nhat x=1; y=-1.

X’ +4y* =1,

(x+2)Vx+1+(2+y) -2y =0.

Bai toan 3. Giai hé phuong trinh { (x;yeR).

Loi gidi.
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Pidu kidn x> 1 1 T s d? =1 x> <1 —lsx<l (x+2)vx+120
reukign x2-Ly<—.1Tu x y =1= =4 1 1=

2 4y* <1 _ESXSE (2+y)J1-2y 20

x+1=0 x=-1

Dodé(x+2)\/x+1+(2+y)«/1—2yZO.Déudéngthfrcxéyrakhi{1 e 1

2

Cip gié tri nay khong thoa man hé ban dau. Két luan vo nghiém.

(x+1)2+(y+1)2 =1,

Bai toan 4. Giai hé phuong trinh (x;yeR).
V4—x+6(x+y+5) Y +1=2.

Léi gid

bicu kién x <4;y>-1.

: x+1) <1 (—1<x+1<1  [2<x<0  [Ja—x>
Tt phuong trinh thtr nhat ctia hé ta co ( ) & ¥ & * = 4-x=2
(y+1) <1 -1<y+1<1 -2<y<0 x+y+5>0
=0

Do d6 V4—x+6(x+y+5)4/y’ +1>2. Dau ding thirc xay ra khi va chi khi {

Két luan h¢ c6 nghiém duy nhét (x;»)=(0;-1).
Nhdn xét.

Mé dau cac thi du gidi thiéu tai liéu, tac gia sé dao séu cac bai toan ¢ mire do don gian nhat véi hé hai phuwong
trinh, trong do mot phuong trinh cua hé co dang hiru ty, khuynh huéng chu yeu tim diéu kién, tim mién gia tri cdc
an theo dleu kién cé nghiém ciia phwong trinh béc hai hay phén tich hang dang thircc. Phuong trinh chira can con
lai ciia hé rat da dang, hinh thire cang phire tap bao nhiéu, cang khé quan sdt dé danh gid bay nhiéu, trieée hét xin
dé cdp dén cdc wéce heong thuan tiy, danh gid don gian, chira sie dung cdc tinh chat ham sé, bat dang thire, cuec tri.

X' +2x+y +1=2y,
Bai toan 5. Giai hé phuong trinh x;yeR).
(x2+1)\/4—x3+y3—3y20. ( )
Loi gidi.
Diéu kién x* <4. Phuong trinh tht nhat ciia hé twong duong véi

) . (x+1) <1 [(-1<x+1<1  [-2<x<0
(x+1) +(y-1) =1= (-1} 2V coit<1™
y—1) <1 —lsy—=1s

Phuong trinh thir hai ctia hé trer thanh (x* +1)V4-x" +(y=1)" (y+2)=2 (1).
R& rang voi didu kién trén thi(x* +1)vV4—x* 22;(y—1)" (y+2)2 0= (2 +1)V4-x" +(y-1) (y+2) 2 2.
x=0

y=1
Thir lai, két luan hé phuong trinh da cho ¢6 duy nhét nghiém (x;») =(0;1).

Khi d6 (1) ¢6 nghiém khi dau dang thirc xay ra, nghia la {

x*+4y° +8y+1=2x.

(5 + 2y +2) V12 =x +(y+1)' (x+2)Vx+6 =3. (xyeR).

Bai toan 6. Giai h¢ phuong trinh {

Loi gidi.
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Diéu kién —6 < x <12 . Phuong trinh thir nhat bién ddi vé

~1)" <4 2<x-1<2 —1<x<
(x—1)2+4(y+1)2=4:> (x=1) ) <:>{ * <:>{ X3
4(y+1) <4 -1<y+1<1 -2<y<0

[(y+1) +1}/12—x21.3=3,Vxe[—1;3]:>[(y+1)2+qm+(y+l)4(x+2)mz3_
(y+1)' (x+2)Vx+6 20,¥x e[-1;3]

Khi do

L =3
Do d6 phuong trinh thtr hai cua hé c6 nghiém khi dau dang thire xdy ra, nghia la {x .
y==
Tht lai vao hé ban dau, nghiém ding, két luan nghiém duy nhét (x; y) = (3; —1) .

Nhdn xét.
Péi véi bai toan 6, dé chdn mién gid tri ciia cdc bién, ngoai phwong cach sw dung hang ddng thirc ¢6 thé sir dung
diéu kién cé nghlem cua phwong trinh bdc hai theo tieng an x hodc v

e Tim mién gid tri ciia bién y théng qua phwong trinh bdc hai anx : x* —=2x+4y*+8y+1=0 (1)
Biét thire A'=1—-(4y" +8y+1)=—4y(y+2).
Piéu kién cé nghiém x la A'Z0<:>—4y(y+2)ZO<:>4y(y+2)S0<:>—2SySO.

e Tim mién gid tri ciia bién x thong qua phwong trinh béc hai any : 4y* +8y+x* —2x+1=0 (2)
Biét thire A'=16—4(x> = 2x+1) = —4x* +8x+12 =4 (x +1)(x-3).
Diéu kién c6 nghiém y la A'ZO<:>—4(x+1)(x—3)20<:>4(x+1)(x—3)£0c>—13x£3.

4(x+1) +9(y-2) =36,

(3—x)Vx? —4x+5+17p(4-x)fy-2=1.

Bai toan 7. Giai hé phuong trinh (x;yeR).

Loi gidi.
bicukién xeR;y>2.
: 4(x+1)° <36 |(x+1)°<9  (-3<x+1<3  [-4<x<2
Tur phuong trinh thtr nhat cua hé ta c6 , = s = =
9(y-2) <36 (yv-2) <4 -2<y-2<2

Vay ta co x €[—4;2],y €[2;4]. Phuong trinh thér hai ciia hé tuong dwong véi

(3-x)\(x=2) +1+17p(4-x)Jy-2 =1
(3—x)y(x=2)" +121.1=1,Vx e[4;2] = e 2P 11Ty (d—x) 72 5 1

17y(4-x)y—-220,vy €[2;4],Vx [-4;2]

x=2

y=2

Thir lai tryuc tiép, thoa man hé dé bai. Két luan tap nghiém S = {(2; 2)} .

RO rang

Do d6 (1) c6 nghiém khi déu dang thirc xay ra, tic la {

X' +2x+9y* =3,

(x*—4x+4)V17-x+6) (2y+5)=4.

Bai toan 8. Giai hé phuong trinh { (x;yeR).

Loi gidi.
bicu kién x <17 . Phuong trinh thtr nhat ctia hé bién doéi tr¢ thanh
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2 2<x+1L2 -3<x<1

> (x+1) <4
(x+1)" +9)y* =4= = R ) 2
9x* <4 —55)’35 —53)’35

D& thiy x* —dx+4=x" —22 +1422° ~dx+2+1= (> ~1) +2(x 1) +12 1L VxeR.

(x* —4x+4)V17-x 2 4,Vx e[-31]

2} = (x* —4x+4)V17-x+6y* (2y+5)= 4.

Do do 2
6y (2y+5) >0,Vye {—E;E

Phuong trinh thtr hai ctia hé c6 nghiém khi va chi khi ddu dang thic xay ra, hay x=1;y=0.
Cap gié tri ndy thoa man hé ban dau nén 13 nghiém duy nhat cta hé.

x’ +4(y2 —x):5,

Bai toan 9. Giai h¢ phuong trinh (x;yeR).
6(4-y"Nx—4=17y" (x+2)J4—y +24.
Léi gid
bicukién x>4;y<4.
3<x-2< —1<x<
‘ ’ . q . N , , (x_2)2S9 3_X 2_3 l_x_S
Phuong trinh thir nhat cta hé bién doi vé (x—2) +4)y° =9= &9, .9 &903 3
4y* <9 yos— —Ssys<
4 2 2
A~ A A 3 3 A s
Vay ta thu dugc diéu kién x e[4;5],y < —5;5 . Dé y ring

0<4-y° S4,Vy£{—%;%}\/x—4 <1,Vxe[45]=6(4-)" )Vx-4<24
17y° (x+2)\/4—y 20,‘v’xe[4;5],VyS[—%;%}:>17y(x+2)\/4—y +24>24

. =0
Do do6 phuong trinh thr hai cua hé c6 nghiém khi cac dau dang thuc xay ra, tuc la {y
X =

Thr lai, két luan hé phuong trinh di cho ¢6 duy nhat nghiém (x:3)=(5:0).
Bz‘liq toan 10. Trich lugc cau 3, Pé thi tuyén sinh Pai hoc; Mén Toan; Khdi A va khdi Al; Dé chinh thuc; Ky thi
tuyén sinh nam 2012.
x’=3x* —9x—-9x+22=7y"+3y* -9y,
Giai h¢ phuong trinh ¢ 1 (x;yeR).
X +y —x+y= 5

Loi gid.
bicu kién x;y € R. H¢ phuong trinh da cho twvong duong véi
¥ =3 +3x—1-12x+12=y’ +3)* +3y+1-12y 12

1 1

2 2

X =x+—+y +y+—=1
4 yry 4

(x=1) —12(x=1)=(y+1)’ =12(y+1) (1)

= (x—%j2+(y+%j2:1 (2)
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1 2
(’“5) <1 ¥—5 S D B EEE e A DN P
Chu y ring (2)= , = | ? i ? = f i
1
2 +—{<1  |[-1<y+=<1 |-Z<y<— |—=<y+l<=
(y+2j£1 y2 y2 2y2 2)’ 5

Xét ham s6 f(t):ﬁ—lzt;te{—%;ﬂthi f'(t)=3t2—4<o,w6{—%;ﬂ,ham s6 lién tuc, nghich bién.

Khi d6 (1)c>f(x—1)=f(y+l)c>x—1=y+lc>x=y+2. Phuong trinh thtr hai cua hé trd thanh

4x2—8x+3=O<:>xe{l;i}:(x;y):(é;_lj’(l;_ij_
2°2 20 2)\2 2

Két luan hé phuong trinh da cho c6 hai cap nghiém.

Nhdn xét.

Dé giai quyet bai toan trén, cac ban hoc sinh can nhdn ra sw dong diéu gitra hai an x va y trong phwong trinh thir
nhdt, cé gang thém bét tao ra sw twong dong ham sé kiéu f(u) = f(v) < u=v. Tuy nhién dé c6 dwoc diéu nay thi
cdc ham sé can don diéu (ciing dong bién hodc nghich bién trén mét mién xdc dinh). Két qua ciia chiing ta thu dwoc
ham s6 khéng cho phép diéu dé f(t)=t —12t!

Tuy nhién néu dé y mét chit, tir phwong trinh thit hai ciia hé ¢6 thé suy ra mién gid tri ctia x va y, ngoai cach phin
tich binh phwong nhuw loi giai trén day, cac ban hoan toan co thé sw dung diéu kién co nghiém cua phwong trinh
bdc hai nhu sau

. . ; 1
> Viét lai phwong trinh bdc hai dang én x, tham sé y: x° —x+y’ +y—§ =0=>A=-4y"-4y+3.

. 1
Diéu kién co nghiém —4y2—4y+320c>4y2+4y—3£0c>—%£yS5.

. ; ; 1
> Viét lai phwong trinh bdc hai dang én y, tham sé x: y* +y+x° —x 5 =0=>A=—4x>+4x+3.

Piéu kién c6 nghiém —4x2+4x+320<:>4x2—4x—3S0<:>—%£x£%.
X =1 +3x* +3y* =48(x—y)+100,
Bai toan 11. Giai h¢ phuong trinh 4 4 ( y) (x;yeR).
x(x=2)+y(y+2)=2.

Loi gidi. q
Diéu kién x;y € R . Phuong trinh th hai ctia hé bién ddi vé
(x-1) <4 (jx-1<2 {—29—132 {OSX+1S4
=
(y-1)' <4 ly+1]<2 2<y+1<2  [-4<y-1<0
Phuong trinh thir nhat cta hé tro thanh
¥ +3x° +3x+1-51x-51=3’ -3y* +3y—-1-51y+51
& (x+1) =51(x+1)=(y-1) =51(y-1) (1)
Xéthamsd f(t)=£'=51teR=> f'(t) =3 -51=3(¢* ~17) < 0,vt € [-4;4].

(x=1) +(y+1) =4= = x+Ly—le[-4;4].

Ham s06 trén lién tuc va nghich bién trén mién [—4; 4] nén

(1)<:>f(x+l):f(y—1)<:>x+1=y—1<:>x:y—2.

2

Phuong trinh thi hai tr thanh (y—3)" +(y+1)’ =4 < 2)* 4y +6=0 < (y—1)" =2 (V6 nghiém).
Két luan hé phuong trinh d cho vo nghiém.
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 9

(x+2)(x—14) _ (y+3)(y—13)

Bai toan 12. Giai hé phuong trinh { x+2+4 Jy+3+4 7 (xyeR).
x2+9y2:2(x+3y+1).

Loi gidi.
bicu kién x >-2;y > -3 . Phuong trinh thtr hai ctia hé bién doi vé

X9y 2x—6y=2 x> ~2x+1+9y* —6y+1=4 = (x—1) +(3y—1) =4
(x-1) <4 [jx-1<2 {—2§x—1£2 ~1<x<3

= = = =
(By-1Y <4 |By-ils2  [-2<3y-1<2 [-1<3y<3

—lsx<3 {x+2£5 {Oéx/x+2 <5
=

<91
—gsyél y+3<4 o< y+3<2

Phuong trinh tht nhat ctia hé tuong duong voi

(x+2)(Vx+2-4)=(y+3)(Jy+3-4)

o (x+2)Vx+2-4(x+2)=(y+3)Jy+3-4(y+3)

o (Var2) —a(x+2)=(Jr+3) ~4(y+3) ()
Xéthamsd f(r)=1'—4t’sr e 035 |= f'(t) =31 ~81 =1(3t-8) <0,V e[ 0:4/5 .
Suy ra ham s lién tuc va nghich bién trén mién [ 0;/5 |. Khi do

(1)@f(\/er—2)=f(\/yT3)<:>\/xj:\/yT3<:>x+2:y+3@x—lzy.

Thay thé vao phuong trinh thir hai lai c6

2 2 _ 2 _6y—3=
v +(By-1) =4  [10y"-6y-3=0 {3_ 39 34 /—39}
S ye ; :

=4 ;
——<y<l _Egygl 10 10

13-+/39 3—@} (13+@.3+\@j‘

Tir dy di dén cac nghiém ctia hé (x;y) = ( ; ;

10 10 10 10

Nhdn xét.

Bai todan s6 12, dang thirc ham sé ciia phuwong trinh con lai da tang cdp so véi motip phuwong trinh da thicc bdc ba
hai dn cia hé phwong trinh céu 3, Pé thi tuyén sinh dai hoc Khéi A va khoi Al ; Ky thi tuyén sinh nam 2012. Céc
can thirc da dwoc huy dong va ban chat da dugc an giau di théng qua céc phép bién doi dai heong lién hop, va ham
s6 can xét don diéu nghich bién trén mot mién han hep, khong nhitng diéu kién tir phuong trinh thir hai, ma con
long ghép ca diéu kién khéng dm ciia an ham can thire, bdt budc can xét diéu kién cdc bién dira vao phirong trinh
thir hai ciia hé (cé thé diwa vao phén tich hang ddng thire hodc diéu kién c6 nghiém cia phwong trinh bdc hai nhuw
da dé cdp), tac gia mong muén cdc ban déc gia hét sirc heu y.

4(x+3)\/m:4(y+1)\/ﬁ+15(x—y)+30,

x;yeR).
x2+y2+2(2x+3y)=—4. ( g )

Bai toan 13. Giai h¢ phuong trinh {

Loi gidi.
biéu kién x >-3;y > —1. Phuong trinh tht hai ciia h¢ twong duong
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 10

X +ax+4+)2 +6y+9=9 (x+2) +(y+3)’ =9

(x+2)'<9  [jx+2<3 {—33x+2£3 {—Sstl 0<VJx+3<2
= = = = =

(y+3)7 <9 [p+3<3  [B=y+3<3 [6<y<0  |0< fy+1<]

Phuong trinh thir hai ctia h¢ tr¢ thanh
4(x+3)\/x+3 —15(x+3):4(y+1) y+1—15(y+1)

o 4(Vxr3) —15(x+3)=4(Jr+1) ~15(y+1) (1)
Xéthamsd f(t)=4r —15¢%t €[0;2] = f'(¢) =126 =30t = 6t (2t —5) <0,V €[0;2].
Suy ra ham s6 lién tuc va nghich bién trén mién [O; 2] . Khi do
(I)Qf(M):f(\/m)@\/m:\/m<:>x+3:y+1<:>x+2:y.
Thé vao phuong trinh thir hai ta c6 ) +(y+3)2 =92y’ +6y=0< y(y+3)=0< ye{-3;0}.
boi chiéu diéu kién thu dugc nghiém y=0;x=-2.
x2+y2=2(1—x—y),

10y +5x+30+(y—x){y—x =3(y+2)3y+6.
Loi gidi.

Diéu kién y > x; y > —2. Phuong trinh thir nhét ctia hé bién d6i vé

Bai toan 14. Giai hé phuong trinh { (x;yeR).

X +y +2(x+y) =2 X +2x+1+)y +2y+1=4

(x+1)2 <4 {|x+1|$2 {_23x+132
=

1) 1) =4
=)+ 0) :{(y+1)2s4 p+l<2 |-2<y+1<2

{—3£x£1 {—13—x£3 —4<y-x<4 {0<«/yx<2
=

= =
-3<y<l1 -9<3y<3 -3<3y+6<9 0<.3y+6<3
Phuong trinh thir hai ctia hé tuong duong voi

(y—x)Jy—x—S(y—x)=3(y+2)\/3y+6—5(3y+6)
3 3
@(\/y—x) —S(x—y)z(w/3y+6) -5(3y+6) (1)
Xéthamsd f(t)=1—5¢t€[0;3]= f'(¢) =3¢ —10t =¢(3t—-10) < 0,Vt €[0;3].
Suy ra ham s lién tuc va nghich bién trén mién [0;3]. Do d6

f(\/y—x):f(\/3y+6)<:>\/y—x =\/3y+6 &S y-x=3y+6&—x=2y+6.
Phuong trinh thur nhét cua hé lai tré thanh

{(—2y—6+1)2 +(y+1) =4©{(2y+5)2 +(y+1) =4

y=-2 y=-2
517 +22y+22=0 —11+11 8+ 211
= S y=——"7-—"->>x=—
y=>-2 5 5
Déi chiéu diéu kién ta thu dugc nghiém duy nhat.
Nhdn xét.

Bai toan so 14, van xoay quanh motip tim diéu kién nghiém cua cdc bién x va y twong tw cdac bai toan mo dau tai
liéu. Khong qua kho cac ban déu bien doi quy vé dang twong dong ham so
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 11

f)=f(v)su=Jy—x;v=\3y+6.

Tuy nhién da co sw hién dién cua an ham can thirc mirc do phiec tap hon, no chira dong thoi hai an x va y, chdc
chan khong it ban hoc sinh to ra lung tung.
“Em di xa qua, em di xa anh qua”

(Chdc ai dé sé vé - Son Tiing MTP)
Pé danh gid an ham u = |y —x ¢é thé dién dat dai khdi, hiéu ném na kiéu nhw mét ngweoi ding im, mét ngueoi cir di
chuyén ra xa (hodc hai nguoi di vé hai con dwong déi ldp nhau) thi khoang cdch hai nguoi ngay cang lén, cir cam
thay cang xa cach.
., ooax g |0Sx<2 \ \ ., N S P .
Gia du xét diéu kién 0< <o = 0< x+ y <4la truong hop don gian khi hai bién dong bo di cing huong.
<y<
Mot céu héi ddt ra la trong trieong hop dé thi mién gia tri ciia cdc an ham da dag sé nhw thé na, thi du
X—y;x=2y;y—-x;3x =2y +Lx* —y+2; >+ x+3;...

Khi ma hai bién x va y trong can thicc chia ré hai bén ci{ién tuyén ? Kha don gian, chit ¥ thwe hién nhan hai vé bat
phwong trinh voi mét s6 dm thi bat phwong trinh doi chiéu

0<x<2 -2<-x<0

—
0<y<2 0<y<2
0<x<2 0<x<2 0<x<2
o = =

0<y<2 -2<-y<0 —4<-2y<0
Va nhiéu hon nita, ching ta co thé thuee hién ting cwong phire tap héa an ham, bang cach su dung cac phép bién
déi lién hop, hdang dang thicc, nang bdc da thicc phia trong can, tham chi co thé long ghép khdo sat ham sé bat buée
véi biéu thire dwéi dau can trong mét sé trieong hop kha thi, sé thu dwge nhitng bai toan thii vi.

=>-2<y-x<2.

= -4<x-2y<2.

)c(5962+)c+yz)+y2 :2x(xy+y+2),

(3x+7)\/3x+1 =(x—y+9)«/x—y+3 +9(x+%y—1j.

Bai toan 15. Giai h¢ phuong trinh

Loi gidi.
A 1 ; .
bicukién x—y+3>0;x > -3 Phuong trinh thtr nhat cia hé twong duong véi

x=-1

1)(5x° —2xy—4x+3*)=0
(x+ )( r ey x+y) ©{5x2—2xy—4x+y2=0 (1)

Loai truong hop x =—1. Ta nhan xét

(2x-1)" <1

()c—y)2 <1
{|2x—1|sl {—1£2x—1£1 {Oﬁxﬁl {1Sx/3x+lé2

f— R

=
|x—y|£1 —-1<x-y<1 2<x-y+3<4 J2 < [x—y+3<2
Phuong trinh thir hai ctia hé tuong duong voi

2(3x+7)\/3x+ =2(x—y+9)\/x—y+3 +18x+9y—-18
<:>2(3x+7)\/3x+ —27x—9=2(x—y+9)~/x—y+3—9x+9y—27
< 2(3x+1)\3x+1-9(3x +1)+1233x +1

=2(x—y+3){Jx—y+3-9(x—p+3)+12yx—y+3 (2)

(1)<:>4x2 —4x+1+x"=2xy+)° :lc>(2x—l)2+(x—y)2 =1=
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 12

Xéthamsd f(¢t)=26 -9 +126t [l;2] = f'(t) =6t —18t+12=6(t—1)(t-2) < 0,Vt €[1;2].
Nhu vay ham s6 lién tuc va nghich bién trén mién [1; 2] nén
( )@f(\/F) f(\/m)crm/&c-i-l:\/x—y+3<:>3x+1:x—y+3<:>y=2—2x.
Phuong trinh thtr (1) khi d6 lai tré thanh
5x2—2xy—4x+y2:0<:>5x2—2x(2—2x)—4x+(2—2x)2:0

S 5x P —Ax+4x" —4x+4x* —8x+4=0 <1347 —16x+4=0<:>xe{ 3

8+2\/§_10—4\/§] (8—2\/5.10+4J§]_

8+2\/§_8—2J§}
13

Tﬁdéydidéncécnghiémc&ahé(XQJ/):[ 3 13 13 13

Nhdn xét.
DPéi Voi bal toan 15, khong qua kho de khai thac nhan tir phwong trinh thie nhat ciia hé, cac ban heu y ) phuong trinh
hai an néu cé mét nghiém hang $6 ¢6 dinh véi mét an, gia du x =-2;x =1,y =1,y = 2;...véi moi gid tri ciia an con

lai, chiing ta c6 thé tinh triee tiép dwoc né bang cach gan gia tri nguyén bat ky va thao tdc giai phwong trinh.
Phuwong trinh thir nhdt c¢é dang x(sz +x+ y2)+ Y= 2x(xy+ v+ 2) . C6 hai phwong én nghiém cé dinh
e RO rang tim nghiém co dinh an y dé dang hon vi chi can giai phwong trinh bdc hai an y.
Xét x=1=1(5+1+y")+y’ =2(Ly+y+2) &2y’ —4y+2=02(y-1) =0 y=1.
Tuy nhién khi dé véi nghiém cé dinhy =1= x(Sx2 +x+ 1) #2x(x+1+2) (Logi).
e  Chuyén huong tim nghiém co dinh an x, bat bugc giai phwong trinh bdc ba an x. Xét
y=1=>x(5x" + x+1)+1=2x(x+3) < 5x’ —x* =5x+1=0

@(x—l)(x+1)(5x_1):0<:>xe{_m%}

Loagi truong hop x =1da xét o trén.
Véi x=—1:>—1(5—1+y2)+y2 =-2(-y+y+2).

1 1 1 1 2(1
Voi x=—=—|5.—+—+p |#=| =p+y+2|.
5 5( 25 5 yj S(Sy Y j

Sur dung chiéu tro nay cac ban cong pha dwoc nhan tue phuong trinh thic nhat, tuy nhién xin luu y né chi phi hop
khi ¢6 cdc nghiém cé dinh hang sé véi mét éan (truong hop nhdn tir nhi thire hai an khéng kha thi).

x=-1

5x° =2xy—4x+y> =0 (1)

Trieong hop x = —1 khéng théa man diéu kién xdac dinh nén bi logi ngay ldp tirc. Thuc ra né6 la mot tam nhiéu diéu
phii 1én phirong trinh thir nhat, muc dich an glau va gay lac huong va tao ra sy hung phdn nhat thoi cho céac ban
hoc sinh c6 tam Iy nong voi. Piém mdu chét nam ¢ phuwong trinh (1) hé qua. Mot so ban doc co xu hudng sw dung
phitong phdp thay thé véi phuong trinh (1) nhung rdt tiéc diéu nay qua phic tap, chdng 1é thé theo céng thirc
nghiém cua phwong trinh bac hai dn x (twong ung y), chuéng ngai vat da duwoc thiét lgp nham chan ding buée di
clia cdc ddi qudn vé té chirc, thiéu tinh than. 7 ‘

Van theg motip ci, thuc hién chan mién gia tri cua cdc an x va y theo diéu kién nghiém pﬁwong trinh bdc hai, hodc
hang dang thirc phuwong trinh (1), truong hop nay co mot cap do khac vi hién dién an ham hai bien kho chiu
X — y+3¢6 thi tai phwong trinh thir hai, nén quy chiéu theo hang dang thire sé t6 ra téi wu hon

(2x-1)" <1

()c—y)2 <1

Ta c6 phén tich (x+1)(5)c2 —2xy—4x+y2)=0©{

(1)<:>4x2 —dx+1+x>=2xp+y’ =1<:>(2x—1)2+(x—y)2 =l=
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 13

2x-1]<1  (-1<2x-1<1 [0<x<I 1<B3x+1<2
= = =
-1<x-y<1 2<x-y+3<4 | 2< fx—y+3<2

S6 di can thiee hién mién gid tri chdt nhiw vdy vi phwong trinh hai ¢6 dang ham sé
f(t)=20 -9 +12t;0 €[1;2] = f'(t) =61 =181 +12=6(r-1)(1 —2) <0,V €[1;2].

Thao tdc quy vé ham sé tac gia xin khéng nhdc lai. Vi ham sé nghich bién trén doan [1;2], dé thay da phan cdc éan

|x—y|£1

ham ta thwong lam cho no bi chan trén, chan dwoi, hodc bi chan (it khi chay trén hai khoang roi nhau).

. 1<u<?2

Truong hop don gian la cac bién théa man Suve [1; 2] .
1<v<2

1<u<?2

= u;ve(l;2].
l<m<v<n<?2

Do do chung ta dw dinh chan mién gia tri cac an sao cho {

m<u<n
Ddc biét co mot so tinh huong xay ra cac mién< p<v<q = u;ve [m;q] , 0ddy an ham u va v tuy y.
m< p;n<q

Sau khi da tién budc vé dang ham $6, néu ham sé dé khong don diéu trén tdp 56 thue hay mién xdc dinh co ban
(mién xac dinh ban ddu) thi bat buéc phai lién tuong toi thao tac chan mién gia tri chat cho cac an ham, sir dung
triét dé cac dir kién ciia hai phwong trinh, két hop tong hoa cdc kién thirc danh giG, bat dang thirc dé vweot qua cao
diém quyét dinh do.

214 (2x—y—8)y2x—y +1=6(x—y)+(y—1)/y+8,

Bai toan 16. Giai h¢ phuong trinh
2(x2 +y)+y2 =2xy+2x+1.

(x;ye]R).

Loi gidi.
bicukién 2x—y+120;y+8>0.
Phuong trinh thir hai ctia hé tuong duong voi
A +4y+2y° =4xy+4x+2 S 4x° —dxy + )’ —2(2x—y)+1+y2 +2y+1=4

(2x-y-1y <4 (px-p-1<2 {—2§2x—y—1£2

0<2x-y+1<4 0<{2x-y+1<2

=
5<y+8<9 J5< [y+8<3

Phuong trinh thtr hai cua hé twvong duong voi

214 (2x—y—8)2x—y+1=6(x—y)+(y—1)\[y+8
(2x—y+1)2x—y+1-3(2x - y+1)=9\2x—y+1=(y+8)/y +8 =3(y+8)-9/y +8
@(m)3—3(m)2—9\/2x—y+1=(\/y+8)3—3(\/m)2—9 y+8 (1)
Xéthamsd f(t)=1 -3 -9t €[0;3] taco f'(t)=3t"—6t-9=3(¢+1)(t—3)<0;Vt [0;3].
Ham sb dang xét lién tuc va nghich bién trén mién [0;3] nén
(1)®f(m):f(m)c>\/2x—y+l:\/y+8<:>2x—y+1:y+8<:>2x:2y+7.

Khi d6 (2x—y—1) +(y+1)" =4 (y+6)" +(y+1) =4 = 2> +14y +33=0;A <0 (V6 nghiém).
Viy hé phuong trinh dé bai v6 nghiém.

& (2x—y-1) +(y+1) =4=

Suy ra nhan xét

= 2x-y+1;y/y+8 €[0;3].
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(3x—2y+13)\/3x—2y+4 :2(2x+3)\/4x—3 +6(7—x—2y),

2x* —4dxy+4y° +7=8y.

Bai toan 17. Giai hé phuong trinh { (x;yeR).

Léi gidi.
Didu kién 3x—2y+4>0;x > % Phuong trinh thtr hai cua hé tuong duong véi
X —dxy+4y* +4(x-2y)+4+x" —dx+4=1 (x—2p+2) +(x-2) =1
y¥x2y+2f<lcj¥x2Y+ﬂ<1¢>{—1Sx—2y+2slcj{—1£x—2y+2§1
(x=2)° <1 lx—2|<1 ~1<x-2<1 1<x<3
Cj{—léx—2y+2£lcj{1£3x—2y+2£7Cj{3S3x—2y+4£9ZD{J§SJ§;:Z;:ZS3
2<2x<6 2<x<6 1<4x-3<9 1<JAx_3<3
Dan dén \3x—2y +4;v4x -3 €[1;3]. Mat khac, phuong trinh thi nhat ciia h¢ bién ddi vé
(3x—2y+4)3x—2y+4-6(3x—2y+4)+93x -2y +4
= (4x—3)V4x—3-6(4x-3)+94x-3 (1)
Xéthamsd f(t)=£ —6¢" +9tt €[1;3] f/(¢) =3t —12t+9=3(¢-1)(¢-3) < 0; V¢ €[1;3].
Suy ra ham ) dang xét lién tuc va nghich bién trén mién [1; 3] . Ta thu duoc
() f(Br-2y+4)=f(Vax-3) = Brx—2y+4 =ax-3

& 3x-2y+4=4x-32y=T—-x

Luc do
(x=2y+2) +(x-2) =1 (2x-5) +(x-2) =1
14 5)(14 21
& 5x'—24x+28=0=x€ {2;—} = (x;y) = (2;—),(—;—)
5 2 510
Két luan hé phuong trinh dé bai ¢6 hai nghiém ké trén.
Nhdn xét. ) ) ) . )
Lop bai toan hé phwong trinh chira 2 an ham can thirc, trong do it nhat mot an ham chira dong thoi hai bién x va y,
thao tac chan mién gjd tri cho no kho khan hqn VOi czn ham mot bién. Ap dung nhan xét tai bai toan s‘oA 14, ’bdi toan
16 va 17 chung ta van thuc hién twong tu, thiét lap tong binh phwong va danh gia chan, nhan thém hang so va cong
ting vé cdc bat dang thiec

—2y+2) <1 “2y+2l<1
(x2y+2)2+(x2)2—1:>{(x y+2) <:>{|x y+2

(x—2) <1 [x—2|<1
-1<x-2y+2<1 -1<x-2y+2<1 -1<x-2y+2<1
f— <
-1<x-2<1 1<x<3 2<2x<6

1<3x—2y+2<7 (3<3x-2y+4<9 [3<SBx—2y+4<3
®{2S)CS6 ©{1S4x—3ﬁ9 = 1<+/4x-3<3

Thiét nghi thiét Igp tong cdc binh phiong khéng phdi la phiwong cch duy nht, di né la t6i wu. Chiing ta khong thé

ctt bo buoc mai trong khuon kho kho khan do dwoc, boi doi khi gam binh phwong ciing khong dé dang gi. Neu su

dung diéu kién nghiém cia phwong trinh bdc hai 2x* —4xy+4y* +7 =8y thi sé nhu thé ndo, ching ta cing thir

nghiém voi bai toan 17 theo phwong an thu cong nay
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% Phuwong trinh béc hai theo an x: 2x* —4xy+4y* —8y+7=0
Biét thire A' =4y =2(4y* —8y+7)=—4y> +16y-14.
Diéu kién nghiém A'>0< 4> -16y+14<0=1,2< y<3.
% Phuwong trinh béc hai theo dn y: 4y* —4y(x+ 2) +2x*+7=0.
Biét thire A'=4(x* +4x+4)—4(2x" +7) = —4x> +16x-12.
Piéu kién nghiém A'>0< 4x” —16x+12<0 < 4(x—1)(x—3) <0< 1<x<3.
< Xudt phat tir 1< x<3=1<4x-3<9=1<+4x—3 <3, xit Iy xong an ham don gian. Tiép tuc
,L2<y<3 3<-y<-12 —-6<-2y<-2,4
= =
1<x<3 3<3x<9 3<3x<9
= -3<3x-2y<T=1<3x-2y+4<10,6 = 1< 3x -2y +4 <,/10,6
Ma J10,6 > J9 =3 do dé sé khéng c6 diém twa chdc chin |3x—2y +4 <3 . That bai.
R6 rang siur dung diéu kién nghiém phirong trinh bac hai cho chinh xdc mién gid tri cua tirng bién, tuy nhién khi ma
hai bién ching rang bugc voi nhau thi diéu nay lai dan dén chan mién khong chat che, pham vi rong, tham chi phan
tac dung, lam cho ham so6 phia sau don di¢u mot cach “lung lay, mo ao”, chwa ké c6 mot so ban hoang tuong theo
kieu 10,6 =9, dan dén danh bai cun, lam liéu an nhiéu nita co. Thong qua day, co thé thay mot bai toan nho rut ra
nhiéu bai hoc I6n, lién hé mét chiit trong cudc séng, trong tinh yéu, chiing ta khéng nén qud dé v, soi méi, cht ché,

chi ly, cieng nhdc, gido diéu, nguoc lai can nhe nhang, tinh cam, binh tinh, khoan dung méi tao ra sw can bang, hoa
thugn, gan bo lau dai, co thé lay dan chung cau tuc ngit “Lat mém budc chat” trong kho tang van hoc Viét Nam.

Bai toan 18.
(x+y+10)«/x+y+4+9x+9y+2—27:(3x—3y+13)«/3x—3y+7,

2x2+5y2+2(x+y—xy)=0.

Giai h¢ phuong trinh (x;yeR).
Loi gidi.
biéu kién x+y+4>0;3x—-3y+7>0. Phuong trinh thir hai cia hé tuong duong voi

2x% —2xy+5y° +2(x+y):0c>x2 +2xy+y° +2(x+y)+1+)c2 —dxy+4y° =1

(x+y+1)° <1 {|x+y+1|$1 {—1£x+y+1£1:>{—2éx+y30

1) +(x=2y) =1
(repad) +(x-2) :{(x—Zy)zsl x—2y[<1 —1<x-2y<1 2<2x—4y<2

= Jx+y+4;3x-3y+7 €[1;2]

{2£x+y+4£4 {2£x+y+4£4 {\/5<«/x+y+4<2
= =

—4<3x-3y<2  [3<3x-3y+7<9 | 3< Bx-3y+7<3
Phuong trinh tht nhat ctia hé tuong duong voi

2(x+y+10)Jx+y+4+9(2x+2y+3)=2(3x -3y +13)Bx -3y +7
S 2(x+y+4)Jx+y+4-9(x+y+4)+12x+y+4
=2(3x=3y+7)3x=3y+7-9(3x=3y+7)+12{3x-3y+7 (1)
Xét ham s f(t)=20 -9 +12t;0 [1;2] = f'(t) =61 =181 +12=6(1—1) (1 —2) <0,V €[1;2].
Nhu vdy ham s6 lién tuc va nghich bién trén mién [1;2] nén
(1)<:>f(\/m):f(\/3x—3y+7)<:>\/x+y+4 = Bx-3y+7

S x+y+4=3x-3y+7 < 2x=4y-3
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Khi do
2x° = 2xy+5y° +2x+2y =0 4x" —dxy+10y> +4x+4y =0

& (4y-3)" —2y(4y-3)+10y* +4y+2(4y-3)=0=18y* —6y+3=0,A<0

Phuong trinh an y ¢ trén v6 nghiém nén hé da cho v nghiém.

(x_2y+3)m+9(x+y—l):(4x+y)«/4x+y, (

x;yeR).
2x* =2xy+5y° +2x+2y=0.

Bai toan 19. Giai h¢ phuong trinh {

Loi gidi.
Diéu kién céac cin thirc xac dinh. Phuong trinh tht hai cua hé twong duong véi
X —dxy+4y° +x7+2xp+ YT +2x+2y+1l=1< (x—2y)2 +(x+y+1)2 =1

(x—2y)2£1 |x—2y|£l -1<x-2y<1 —-1<x-2y<I
= = = =
(x+y+1)° <1 x+y+1<1 - [I<x+y+1<T - [2<x+y<0
{2Sx—2y+3£4 {2£x—2y+3£4 {0<,/x2y+3<2
= =

-6<3x+3y<0 —4<4x+y<4 0<.4x+y<2
Phuong trinh thir nhat cta hé bién doi vé

(x—2y+3)x—2y+3-3(x—2p+3)=(dx+y)J4x+y -3(4x+y)
<:>(\/m)3—3(\/x—2y+3)2:(\/4x+y)3—3(\/m)2 (1)
Xéthamsd f(t)=1 =375t €[0;2] = f'(¢) =3¢ -6t =3t(t-2) <0,Vt €[0;2].
Ham sb dang xét nghich bién va lién tyc trén mién [0; 2] nén
(1)<:>f(M)=f(W)<:>\/x—2y+3:\/4x+y<:>x—2y+3:4x+y<:>x+y:1.

Lic nay (x—2y) +(x+y+1)" =1 (1-3y)’ = -3 (V6 nghiém). Vay hé phuong trinh di cho v6 nghiém.

Bai toan 20. Giai h¢ phuong trinh
2(x—y+26)Jx—y+8+15(x" +y-3)=2(x* + x+23)Vx’ +x+5, ( ®)
x;yeR).
2x° = 2xy+y° —2x-2y+1=0.
Loi gidi.
biéu kién céc can thuc xac dinh. Phuong trinh thtr hai cta h¢ twong duong véi
x2—2xy+y2+2x—2y+1+x2—4x+4=4<:>(x—y+1)2+(x—2)2:4
(x-y+1)' <4 (jx-p+1<2 {—2£x—y+1£2 {—3Sx—y£1
= , = = =
(x-2)" <4 [x—2|<2 —2<x-2<2 0<x<4

6<x—y+8<9 Jo< fx-y+8<3
= 5 4 = a :>«/x—y+8;\/x2+x+5€[2;3]
5<x " +x+5<25 \/§S~’x2+x+535

Phuong trinh tht nhét ctia hé twong duong
2(x—y+8) x—y+8—15(x—y+8)+36 x—y+8
:2(x2+x+5) x2+x+5—15(x2+x+5)+36 X +x+5

Xéthamsd f(t)=26 —15¢ +36t;¢t €[2;3] = f'(¢) =61 =30t +36=6(1—2)(t—3) < 0;Vx €[2;3].
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Vay ham ) dang xét lién tuc va nghich bién trén mién [2; 3] . Suy ra

f(«/x—y+8)=f(\/x2+x+5)<:>«/x—y+8 =X +x+5 o x-y+8=x"+x+5 y=3-x".
Khi d6 phuong trinh thir hai lai tré thanh
207 = 2x(3-x" )+ x* =657 +9-2x—6+2x" +1=0

o x' 4200 20 —8x+10=0 (x* ~1) +2x° ~8x+9=0 (1)

Taco f(x)=2x"—-8x+9;x[0;4]. Do d6 f’(x):6x2—8;f’(x):o@x2:f@xe{—i i}

3’3

32 £ (4)=105= Min f(x)= f [ij 9-2 0.

NG j NG e 3 33

Do vay (x’ —1)2 +2x° —8x+9 >0, Vx € [0;4], phuong trinh (1) v6 nghiém.

Khdo sat ham s6 ta thu duge £(0)=9; f (

Két luan hé phuong trinh d cho vo nghiém.

Nhdn xét.

Ngoadi phwong phép xdy dwng mién gia tri cdc an thong qua phwong trinh bdc hai, cac ban co thé sir dung mét
dang twong ty don gian hon, ma khong thong qua bién déi, d6 la phwong trinh chira an trong dau gid tri tuyét doi,
cu thé la téng cia cac gia tri tuyét doi. Chii y rang

4| <k
| A+ ||+ |As|+ ..+ |4, | = ks k> 0= 4|4, | <k

Két hop bién déi dang twong dong ham sé cia phirong trinh con lai, két hop chia truong hop gidi phiong trinh
chwra dau gia tri tuyét doi ta thu dwoc loi giai bai toan.

e —1+|y-1]=1,

2(x+1)\/x+1+9(y2+y—x+1):2(y2+y+2)\/y2+y+2.

Bai toan 21. Giai h¢ phuong trinh { (x;yeR).

Loi gidi.
biéu kién x > —1. Phuong trinh thtr nhat ctia hé twong duong voi

e-1<1 [~1<x-1<1  [0<x<2
x=1|+[y-1|=1= =
y-1<1  [-1<y-1<1 0 [0<y<2

1<x+1<3 1<Jx+1<43
= = =Sx+14y +y+2€(0;3
{2£y2+y+2§8 {\/Eéwly2+y+2éx/§ ( ]

Phuong trinh thtr hai tr¢ thanh

2(x+D)Vx+1=9(x+1)=2(y" +y+2){y" +y+2-9()" + y+2)
@2(M)3—9(\/ﬁ)2 :2(«/y2+y+2)3—9(\/y2 +y+2)2

Xét ham s f() 26 =975t e (0;3]= f'(¢)= 6" —18t =6t (1 —3) < 0,V €(0;3].

Dan dén ham sb dang xét lién tuc va nghich bién trén mién (0;3] . Ta thu duoc

f(*/x+1):f(\/y2+y+2)© x+l=yy +y+2 o x-l=y"+y.

Phuong trinh thir nhét khi d6 lai tré thanh
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{13)}32 [(1<y<2
2 2
y+y+1-1=1 y' +y-1=0
‘ryl+ly-ll=le Y +y+y-l=le & < y=0
‘y y‘ |y | S |y | 0<y<l1 0<y<l 4
i YV +y+l-y=1 ¥ =
Két luan hé d3 cho co nghi¢m duy nhat x=1; y=0.
. ¥ =y -3x+3y=2,
Bai todn 22. Giai h¢ phuong trinh § (x;yeR).
X +|y—1|:1.
Loi gidi.
Phuong trinh thir hai ctia hé ta suy ra
, x* <1 —1<x<1 0<x+1<2
X +|y—1|:1:> = & :>x+l;ye[0;2].
y-1<1 " [-I<y-1<1 7 |0<y<2

Phuong trinh thir nhit bién ddi x* +3x” +3x+1-3x* —6x-3=y* =3y* & (x+1)’ =3(x+1)" = y* =3y,
Xéthamsd f(t)=1-3t*te[0;2]= f'(¢) =3 -6t =3t(t-2) < 0,Vt €[0;2].

Ham sd trén lién tuc va nghich bién trén mién [O; 2] nén thu dugc f(x + 1) = f(y) Sx+l=y.

Phuong trinh thit hai tré thanh x° + |x| =le

{xZO
X +x-1=0 {—1+\/§ 1—\/5}
S xe ; )

x<0 2 2
X—-x-1=0

Tir day di dén hé co hai nghiém.

X +9y* +21y=y" +51x+117,

Bai toan 23. Giai h¢ phuong trinh {|x ofely-i|=2. (x;yeR).
Loi gidi.
Phuong trinh thir hai suy ra

=2 +[y 1] =2:>{|x+2|£2 {‘29_232

ly-1<2 = [2<y-1<2
0<x<4 I<x+1<5
= :>x+1;y—2e[—3;5]
-1<y<3 —3<y-2<I1

Phuong trinh thtr nhat lai twong duong
X =51x—47=3"-9y* =21y +70
<X +3x7 +3x+1-3x" —6x-3-45x—-45=)"—6)" +12y -8 -3y’ +12y —12-45y +90
& (x+1) =3(x+1)" =45(x+1)=(y-2) =3(y-2)" —45(y-2)
Xéthamsd f(t)=1 -3 -45t,t€[-3;5]= f'(t) =36 —6t—45=3(¢t +3)(t-5)<0,Vt €[-3;5].
Ham sb dang xét lién tuc va nghich bién trén mién [-3;5]. Ta thu dugc
f(x+1):f(y—2)<:>x+1:y—2<:>y—l:x+2.
Phuong trinh thit hai tré thanh |x—2|+|x +2|=2 < [x+2|+[2-x| = 2.
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Ap dung bét dang thirc |a| + |b| > |a +b| = |x+ 2| +|2 —x| > |x+ 2+2—x|=4>2, phuong trinh 4n x v nghiém.
Két luan bai toan da cho v6 nghiém.

2|x+1]+3[y-1]=6,

(e n(2T-3) =22 -), )

Bai toan 24. Giai h¢ phuong trinh {

Loi gidi.
bicu kién x >1;y > 1. Phuong trinh thtr nhat cta hé suy ra

2lx+1]<6  [|x+1|<3  [(-3<x+1<3
2x+1+3|y-1|=6= {

3y-1<6 ||y-1<2 [-2<y-1<2
-5<x-1<1 0<+vx-1<1 —
:{—39—231:{%@31: x—Liy=2e[0]

Phuong trinh tht hai bién ddi vé
2(x+1)\/x+1—3(x+1):2(y—2)\/y—2—3(y—2)
e 2(Vart) -3(Var1) =2(Jr—2) 3(Jr-2)

Xéthamsd f(t)=26 -3¢t e[0;1]= f'(t) =61 —6t=6t(t—1)<0.

Ham sb dang xét lién tuc va nghich bién trén mién [O;l] nén ta co

f( x—l)zf(\/y—2)<:>\/x— =y-2cx-l=y-2=y-1=x.
, x=1 x=1 x>1 x>1
Luc do lai co & & & S xed.
{2|x+1|+3|y—1|:6 {2|x+l|+3|x|= {2x+2+3x:6 {5x=4

Két luan hé phuong trinh dé cho vo nghiém.

‘x/l—x—1‘+y:1,
(x+3)\/x+3 :(y+l)«/y+l+3x—3y+6.

Bai toan 25. Giai hé phuong trinh { (x;yeR).

Loi gidi.

bicukién -3<x<1l;y>-1.

Tir phuong trinh thir nhat ta c6 yzl—‘\/l—x—l‘SI:OS\/y+1 <\2.
Mitkhic x<1=Vx+3<2=0<yx+3<2= [y +14/x+3 €[0;2].

Phuong trinh thir hai bién d6i vé
(x+3)Vx+3-3(x+3)=(y+1){y+1-3(y+1)
<:>(\/x+3)3—3(x/x+3) (\/y+1) —3(,/y+1)
Xéthamsd f(t)=1 =35t €[0;2] = f'(¢) =3¢ 6t =3t(t-2) <0,Vt €[0;2].
Ham s trén lién tyc va nghich bién trén mién dang xét, suy ra
f(\/x+3)=f(1/y+l)c>\/x+3=w/y+lc>x+3:y+lc>y:x+2.
Khi d6 phuong trinh thir nhét tré thanh ‘\/l—x—1‘+x+2=1@‘\/l—x—l‘+x+1=0.
Xét hai truong hop
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. {\/EZI <3{)&0 ~1-+/5 3_\/§.

X +x-1=0 2 2
Vi—x <1 x>0 x>0
O = =
Jl=x=x+2 x+2<l1 x<-1
—-1-J5  3-45

Két luan hé da cho c6 nghiém duy nhét x = 5 V= 5

S x= V=
VI—x=-x

oSxed.

2xx +3(y-x)=2(y-1)y/y-1+3,

|2x—3|+ 2

e (x;yeR).

Bai toan 26. Giai h¢ phuong trinh {

Loi gidi.
bicu kién x > 0; y > 1. Phuong trinh thir hai ctia hé suy ra

) 2x-3]<1 (-1<2x-3<1 [-1<x<2
2x-3|+(y-1) =1= = =
ly-1<1 —-1<y-1<1

:{lﬁxﬁ4 {03*/;52 = Vx;y-1e[0:1]

=
—I<y-1<1 o< y-1<1

Phuong trinh thtr nhét bién ddi vé

2xdx =3x=2(y-1)fy-1-3(y-1) = 2(Jx ) -3(Vx
Xéthamsd f(t)=26 =3¢t e[0;1]= f'(t) =6t -6t =6t(t-1)<0.
/(¥

=21 ()
)= () R =T ey

Ham s6 dang xét lién tuc va nghich bién trén mién [0 1 néntacod f

2x>3 )
2 e 3 1<:> 2 oSxed
x“+2x-3=
Thu duge 2x-3[+x” =1 X +2x-4=0
2x <3 2x<3
5 <9, Sxed
(T —2x+3=1 x =2x+2=0

Két luan hé phuong trinh da cho vo nghiém.

Bai todn 27. Trich lugc cdu 3, Dé thi tuyén sinh Dai hoc; Mon Toan; Khéi A va khdi Al; D& thi chinh thic, Bo
Gido duc va PBao tao Viét Nam; Ky thi tuyén sinh nam 2013.

Vx+1+3Ux-1-y*+2 =y,

x;yeR).
x2+2x(y—1)+y2—6y+1:0. ( )

Giai hé phuong trinh {
Loi gidi.
biéu kién x >1. Phuong trinh thtr hai cua h¢ tuong duong véi

x’ +2x(y—l)+y2 —2y+1:4y<::>(x—y+l)2 =4y=4y>20< y20.
Khi d6 phuong trinh thir nhat trd thanh

\/m+§‘/ﬁ:«/y4+2+(‘/74<:>\/:+(‘/T:\/y4+l+l+{‘/y4+1—1 [+].
Xétham s& f(¢)=~r+1+3r-1,e>1 thi f'(r) = Jr =+ \/
+1 4

>o,v:>1. Ham s6 dong bién véi 1 >1.
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D@ thay [*] < f(x)= f(y4 + 1) < x=y* +1. Thay thé vao phuong trinh thir hai thu duoc

y=0

g(y)=y"+2y" +y-4=0

Dé ¥ rang g'(y) =7y°+8y° +1>0,Vy>0= g(y)déng bién, lién tuc véi y > 0. Hon nita g(l) =0=y=1I.
Tur déy ta thu duoc hai nghiém (x;y)=(1;0),(2;1).

Nhdn xét. ) .

Day la nam thir hai dang toan h¢ phuong trinh su dung tinh chat don di¢u ham so xuat hién trong cau 3, ky thi
tuyén sinh Pai hoc mén Todn chinh thirc (khong ké cdu 5 Phén loi thi sinh trong. Dé thi tuyen sinh mon Todan Dai
hoc khéi A nam 2010). Mk dé mién gia tri cua bién cing twong tuw bai toan 1, Pé thi tuyén sinh khoi A nam 2012,
tuy nhién hinh thicc vo ty cua phwong trinh th,u’ ni{at khién nhiéu ban thi sinh té ra ling ting, e ngai, khé nhn} nhan,
chong pha. Kha nang tw duy linh hoat, két noi kién thirc la trong tam, song hanh voi né ky nang tinh toan can than,
chinh xdc dwoc xday dung ngay tir nhitng bai toan nho nhu thé nay. Trong cugc song, thanh bai la diéu thuong théy,
nhung khong vi thé ma chiing ta nan chi, chin buée, trdi lai can lac quan, tin twéng, cé gdng gii ldy 1é, manh dan,
téo bao, thang thdan bao vé chén Iy, lam chii mét phan bau troi khoa hoc! ) ,

Ngoai cach phan tich binh phwong nhu trén, cac ban co thé coi phwong trinh thir hai co dang an x, tham so y
x’ +2)c(y—1)+y2 —-6y+1=0.

Biét thirc A'=y2—2y+1—(y2—6y+1):4yvd diéu kién cé nghiém A'>0<4y>0< y>0.

(y4+y)2 =4y<:>y(y7+2y4+y—4)=0<:>

Bai toan 28. Trich luogc céu 8, Thur strc trude ky thi Pai hoc 2015, Pé sb 2, Tap chi Toén hoc va tudi tré, Nha xuat
ban Giao duc Viét Nam; So6 449, Thang 11 nam 2014. N .
Tac gia Pham Trong Thu — Gido vién truong THPT Chuyén Nguyen Quang Diéu, Tinh BPong Thap.

Vx+3+3x=2—y*+5=1y,

x;yeR).
x+2x(y-2)+y*-8y+4=0. ( )

Giai hé phuong trinh {

Loi gidi.
bicu kién x>2.
Phuong trinh thir hai ctia hé tuong duong voi

X 2x(y-2)+y —dy+d=dy o (x+y-2) =4y=y>0.
Khi d6 phuong trinh thir nhat tré thanh 4x—2 +Vx—-2+5 :\/y74+\/y4 +5

28
Vit +5
Nhu vay ham so trén lién tuc va dong bien trén mién ¢ > 0. Ta thu duogc

(e f(x-2)=f()efx-2=ye )y +x=2

Xéthamsd f(¢)=t+Nt*+5t20= f'(¢)=1+ >0,Vt20.

y=0
g(»)=r(’+1) =4 (1)
Ham s g(»)lién tuc va dong bién véi y20=g(y)=g(l) < y=1.

=y +y) =4y©y[y(y3 +1)2—4}—0c{

Két luan h¢ phuong trinh ¢6 cac nghiém (x;3)=(2;0),(3;1).

4x° +12x° +9x+1:(2—y),/2y—1,
2x> +5x 43442y +3y-1=0.

Bai toan 29. Giai hé phuong trinh { (x;yeR).
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Loi gidi.
2y-120

Diéu kién ) &
—2y"+3y-120

1

—<y<l1.

> Y

Phuong trinh thir hai cua hé twong duong (2x+3)(x+1)=—-2)’ +3y-1<0= —%S x<-1.

Suy ra —%x+l£0:>(x+1)2£% va0<2y—1<1=-1<—2y-1<0.

Phuong trinh thir nhat cta hé twong dwong voi
8x” +24x? +18x+2=(4-2y)2y—1 & (2x+2) —3(2x+2) = (1-2y) 2y —1+32y 1
Xétham sb f(1) =1 =3¢ trén [~1;1] ta c6 dao ham f'(1) =3 =3=3(¢* ~1)2 0.Vt e [-1;1].

Dan dén ham so lién tuc, dong bien trén mién [-1;1].

Thu duge f(2x+2)= f(—‘/2y—l)<:>2x+2:—,/2y—l . Thay vao phuong trinh tht hai ta dugc
—/2y—1 2y—-1=0
-2y 1)Y= = [2y-1)(1-y)
( ) 2 Gr=1)0-2) 1=42y-1+21-y

[2y-1=0 2y=1
1=2y-1+4-4y+4 (2y—1)(1—y)<:> y-1=2(2y-1)(1-y)

<~

2y =1 1

o {yZl B yZE:s(x;y):(—l;%j,(—%;lj

1<2y<2  [y=1

Vay hé da cho c6 cac nghiém (x, )= (—1;%),(—%;1).

X =y +3y° =3x+2,

Bai toan 30. Giai h¢ phuong trinh x;yeR).
{x2+\/l—x2+2=3 2y—y°. ( )

Loi gidi.
bicukién -1<x<1;0<y<2.
Tir diéu kién ta c6 x+1€[0;2],» €[0;2]. Phuong trinh thtr nhét ctia hé bién doi thanh

X 4+3x7+3x+1-3x" -6x-3=)' -3y’ & ()c+1)3 —3(x+1)2 =y’ -3y’ (*)
Xéthamsd f(t)=1 -3t = f'(¢t)=1(t-3)<0,V¢ €[0;2] . Ham s nghich bién, lién tuc trén [0;2].
Do do (*) = f(x+ 1) = f(y) & x+1=y . Thay thé vao phuong trinh thtr hai ctia hé

¥ +2=201-x S x'+4xr’ +4=4-4r & X (X +8) =0 x=0=y=1.
Céap gié tri ndy nghiém dung h¢ ban dau, két luan S = {(O; 1)} .
Nhdn xét. .
Hai bai toan 29 va 30 mo man cho [0p bai toan hé phwong trinh vé ty giai dwoc chi thong qua suw dung tinh chat
don diéu ham sé don thuan f (u) =f (v) trong do thao tic danh gid ddau dao ham cé dé khé dién tién theo xu
hieéng “vira tang, vira giam”. Cu thé giam mirc dé chdn mién gia tri bién, giam tir phiwong trinh bdc hai xuong diéu
kién xac dinh don gian, tuy nhién micc do phirc tap gia tang do chira can thirc ¢ biéu thirc chot chan.
Cac ban luu y tai liéu nay khong dé cdp dén lop hé phwong trinh c6 dinh huong.
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1. Phdn tich phirong trinh thir nhat, tim quan hé hai an.

2. Thay thé vao phwong trinh con lgi va sit dung cong cu ham s6 (phwong trinh mot an).
Trong tam tai liéu la sir dung tinh chat don diéu don thuan hodc khao sat ham s6, tim gia tri lom nhat — gia tri lén
nhat c6 sir dung chan mién gia tri bién, tong hoa céc kién thire dai sé, heong giac, bat dang thire, .. Dleu nay doi hoi
cac ban doc gia can tinh téo, nhay bén, tim diéu kién chinh xdc cho bai todn dé cé nhitng danh gid ngdn ngon nhdt,
t6i wu nht.

x—y+1=2vx-1,

x;yeR).
Y +12x* =8x" +3y+2. ( )

Bai toan 31. Giai hé phuong trinh {
Loi gid.
bicu kién x>1.
Bién dbi phuong trinh thtr nhdt ciahé y-1=x-1-2/x-1+1 < y—1:(Jﬁ—1)2 >0=> y>1.
Tu day dan dén y >1;2x—12>1. Phuong trinh thir hai ctia hé twuong duong

Y =3y =8x"—12x"+2

—3y=8x"—12x’ +6x—1—3(2x—1)

&y =3y =(2x-1) -3(2x-1)
Xétham s f(f)=1 =3¢ 1thi f'(1)=31 -3=3(£ -1)>0,vr>1.
Ham s6 lién tuc va dong bién trén mién dang xét. Thu duoc f(y) = f(2x — 1) < y=2x-1.
Phuong trinh thr nhat lai tré thanh

2—-x20 x<2
2-x=2x-1&1") e e x=4-22.
x —4x+4=4x-4 x =8x+8=0
Suy ra hé c6 nghiém duy nhat (x;y)= (4—2\/5;7—4\/5).
Bal todn 32. Gidi hé phuong trinh |* 2~ VX ¥ 7% (x1y€R)
ai toan 32. Giai h¢ phuong trin x;y eR).
3x—4) 3x—2=(y 3){Jy-L
Loi giii,
X +x-2>0
N x>1
biéukién {3x-2>20 <
y=1
y—120

Tir phuong trinh thir nhit y—2=vx’+x-2>0= y>2=/y—1>1. Dong thoi x>1=+/3x-2>1.
Phuong trinh thtr hai cua hé twvong duong voi

(3x=2)\3x-2-23x-2=(y-1)/y-1-2y-
@(\/3x—2) ~2\3x-2 :(\/y—l) N
Xétham sd f(t)=1¢—2t;t 21ta cd dao ham f'(¢) =3¢ —2>0,Ve 2 1.
Nhu vay ham sé £ (¢)lién tuc va dong bién trén mién dang xét.

Thu duoc f(\/3x—2)=f(ﬁ)@\/3x—2 = Jy-le3x-2=y-1< y=3x-1.

Véi diéu kién x > 1, phuong trinh thir nhat khi d6 tré thanh

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 24

3x-3=+x"+x-2 c:>9(x—1)2 =(x—l)(x2+x+2)
@{le @{le & xe{lia-5:4+5)

9x—-9=x>+x+2 x*—8x+11=0
Dén dén h¢ ¢6 cic nghiem (x; ) = (1;2),(4-/5:11-35),(4+4/5;11+375).
Nhdn xét.

Pé xdy dung cdc bai todn hé phirong trinh dang twong tir ciing khéng qua khé.
e Bai todn s6 32 cdc ban cé thé dé y phép danh gia mién gid tri y—2=vx’+x-220=y>2= \/ﬁzl,
la hoan toan tw nhién, twong g buée ngodt dau tién, co ban khi ching ta thiee hién binh phwong hai vé.
Péng thoi phwong trinh thir hai ciia hé ¢6 dang twong dong ham sé f(u) = f(v) dé dang thiét lgp. Chii ¥

rang cdc can thire an ham u = J3x-2;v= \/y—l déc lgp véi riéng lé timg bién nén thao tac danh gid dn
ham la hét sd’c thugn lm' né sé rat phire tap néu chd’a hai bién.

e Bai toan so 31 khéng nam ngodi pham vi chdn mién gia tri nhung cé mét sé yéu to @dy khé khan. Cu thé la
dwa trén nén tang diéu kién xdc dinh, ta tam yén tém véi x>1, khi manh nha tan céng phu”ong trinh thu
nhdt, y tu’O’ng don gzan nhdt la suy ra x—y+1>0 nhuw bdi todn 32, tuy nhién do ¢6 hai bién tham gia nén
khong tiép cdn dwoc an » khong toan dién.

o thong tao bao hon déi véi bai toan 31 la sur dung bién doi tuong duong (binh phuong hai ve) mire do xdu
nhat la phwong trinh bdc hai téng qudt hai an véi mét trong hai an x hodc y tré- thanh tham sé. Cu thé
x—y+120 x—y+1>0
2 2 A 2 2
X =2xy+y +2x-2y+1=4x-4 x —2x(y+1)+y -2y+5=0
Phuwrong trinh bdc hai én x, tham sé y ¢6 biét thirc A' = y* + 2y+l—(y2 —2y+5) =4y—-4.

Piéu kién ¢ nghiém la A'>0< 4y—4>0< y>1. Thanh céng.
2
e Mot phuong huong khac la y—lzx—l—Zx/x—1+1<:>y—1:(\/x—1—1) >0=>y=>1.

Py la ngu y ban dau cia tac gia, ciing chinh la co sé cho loi giai phia trén. Tuy nhién @é dam bdo yéu té
tw nhién, chac chan cac ban doc gia nén thuc hién tdp két hai bién vé hai bién chién tuyén
x—y+l=2x-1 y=x+1-24/x-1.
Thuee hién dat cfnphu Jx—=1=£t>0= x=¢*+1, dan dén biéu dién
y=0+1+1-2t=1>-2t+2= f(1).

Ham sé an t nay ¢6 nhiéu cach danh gia, ding hang dang thirc hodc khao sat ham sé bdc hai — parabol, déu
la nhitng ky nang co ban. Trong truong hop ham so co dang tong quat bdc hai hoac bac ba, phwong an toi
wu la nén sw dung cong cu dao ham — ham so

f(t)=at’ +bt* +ct

f(t)=ar’ +bt* +ct+d

Bai toan 33. Trich lugc cdu 3, Thir stre trude ky thi Dai hoc 2015, P& s6 2; Nam hoc 2013 — 2014; Tap chi Toan
hoc va tuoi tré, Nha X~uﬁt ban Gido duc Viéit Nam; S6 436, Thang 10 nam 2013.
Tac gia: Huynh Nguyén Luén Luu — Nguyén Thi Duy An.
Gido vién Trung tam Boi dudng van hoa Thang Long, Tp.H6 Chi Minh.
4x° =3x+(y-1)42y+1=0,

2x° +x+,/—y(2y+1) =0.

Giai hé phuong trinh (x;yeR).

Loi gidi.
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A 1 A 1 .
bicu kién —ESySO. Tu di€u kién ta co —53y3030£\/2y+1 <1. Tu phuong trinh thir hai cua h¢

) 1
o 2x +x:,—4/—y(2y+l)SO:>x(2x+1)£0<:>—§£x£O:>0£—2x£1.
Bién d6i phuong trinh thir nhat cua hé
—8x7 +6x=(2y-2)2y+1 & (-2x) =3(=2x) = (2y+1)\2y +1-32y+1 ().
Xéthamsd f(1)=1' =31t e[0:1]= f'(1) =3¢ =3=3(¢* ~1) <0,V e[0:1].
Ham s0 lién tuc va nghich bién trén mién dang xét dan dén
(1) £(-25) = f(J2r+1) o 2x =2yl o y =221

2
Phuong trinh thir hai tré thanh

x=0

x=0 1
2x° +x-xVJ2-8x* =0 < SN xe[——;O}
|:2x+1:\/2—8x2 2

4" +4x+1=2-8x"
x=0
1 ——;0
Rt xe[——;O} = xe{ }:xe —1;0 :>(x; )= 0;—l > —120
2 2 2 2

!

2

11
12x* +4x-1=0 XG{——;—}

2°6

Két luan hé da cho c6 hai nghiém ké trén.

Bai toan 34. Trich lugc cau I1.2; Bé thi chon hoc sinh gidi 16p 12 THPT; Mon Toén; Dé thi chinh thic; S& Gido

duc va Pao tao Tinh Hai Duong, Nam hoc 2012 —2013.

3= / ~J9(
Gii hé phuong trinh * (x:y€R).
l++x—-1=./y
Loi gidi.

Diéu kién y >1;x > 1. Phuong trinh thir hai cia hé dan d&én /y—1=1++x—-1>1.

Bién d6i phuong trinh thi nhat x* —3x = ‘/ -1) -3y-

Xéthamsd f(t)=1 -36t>1= f'(¢)=3>-3= 3(t —1)>0 Vi1,

Nhu vdy ham s trén lién tuc va dong bién trén mién dang xét, thu dugc (¥) < f(x)= f(\/y - 1) S x=4y-1.

x>1

(x—l)(x—2):0

Phuong trinh tht hai lai tré thanh 1+vVx-1=x < Vx -1 :x—1<:>{ o xefl;2}.

Két luan hé co6 hai nghiém (x0)=(12),(2;5).

M=(y—1)Jﬁ,

Bai toan 35. Giai h¢ phuong trinh y+1

X 4+2x =4y +1+2.

(x;ye]R).

Loi gidi.
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Diéu kién y # —1. Tir phuwong trinh thir hai cta hé ta c6
X 4+2x-2=4y"+12LVyeR=x"+2x-3>0
, 1 11
<:>(x—1)(x +x+3)20<:>(x—1) x+§ +Z 20 x2>1

Phuong trinh tht nhat ctia hé tuong duong voi

x3—2x=(y2—1)«/y2+1 <:>x3—2x=(y2+1)\/y2+1—2\/y2+1 (1).

Xéthamsd f(t)=£ -26t21= f'(¢)=37-2>0,Vt 2 1.

Ham sé trén lién tuc va dong bién trén mién ¢ >1. Thu dugc (1) < f(x)= f(\/yz +1) S x=+y +1.

Thay thé vao phuong trinh thir hai
x3+2x=x+2c>x3+x—2=0c>(x—1)(x2+x+2):0

2
<:>(x—1)|:(x+%j +%}20<:>x=1:>y2=0<:>y20

Két luan hé co nghiém duy nhat x=1; y=0.

Jy+3=vx—1+x"+3,

Bai toan 36. Giai h¢ phuong trinh S (x; Ve R).
x3+3(x+y)+1: (y+2x+l) .

Loi gidi.

bicukién x>1;y+2x+1>0;y>-3.

Tir phuong trinh thir nhat ctia hé ta co /y+3 =vx—1+/x? +3 20+\/Z:2,Vx21:>y+324<:>y21.

Kéth x>1 x>1 x+1=22
et = =
op y=1 y+2x+124 Jy+2x+12>2

Phuong trinh thir hai cua hé tuong duong
(2" +3x7 +3x+1)=3(x” + 2x+1) =[(y+2x+1) =3(y+2x+1)

& (x+1) =3(x+1)" =/(y+2x+1) =2(y+2x+1)  (*)
Xéthamsd f(t)=£-3tt=22= f'(t)=3—6t=3t(t-2)20,Vt 22.

Ham s0 trén lién tuc va dong bién trén mién ¢ > 2 nén thu duogc

(*)@f(x+l)zf(«/y+2x+1)<:>x+1=1/y+2x+1 SX+2x+l=y+2x+lex’ =y,

Phuong trinh thir nhat tr¢ thanh vx* +3 =vx—1++x* +3 ©Jx—-1=0< x=1;y =1. Hé c6 nghiém duy nhit.
Nhdn xét.

Bai todn s6 36 c¢6 hai an ham khé nhdn biét nuéi giau trong phwong trinh thir hai cuia hé. Van dé phat hién an ham
nay da dwoc trinh bay trong tai lieu H¢ phwong trinh chiwra can thirc phan thir 5. An ham thir nhat tam thoi chuwa thé

khai phd, khéng qua khé dé nhdn ra an ham thir hai v =]y +2x+1, van dé tiép theo la xdy dung dang twong dong
ham sé f(u) = f(v) nhu thé nao, va diéu nay cé kha thi hay khéng, déi véi bai todn trén.

Cdc ban déc gia can phdn biét ré rang hai truong hop xdy ra, manh nha cho cdc bude bién déi c6 Iy

o (y+2x+m)«/y+2x+l,(m;tl).
o (y+2y+1)3:(y+2x+l)w/y+2x+1
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Truwong hop thir nhat (y + 2x+m)«/y+ 2x+ 1,(m #* 1) khi d6 vé phai phicong trinh chiing ta khai trién ra c6 dang
(y+2x+1)\/y+2x+1 +(m—1)\/y+2x+1.
DPiéu nay khang dinh ham sé géc t6i thiéu c6 dang f(t) =at’ +bt* +ct, trong @6 ac#0. Hé s b c6 thé ton tai

hodc khéng, néu cé thi ham sé sé cang phirc tap, vi bt* khéng chira can nén nguwoi thiét lp bai todn sé sir dung
thém bot lam cho no an giau di rat dé dang.
Truong hop thir hai, chinh la bai todn sé 41, dam béo chdc chian ham sé f(t)=at’ +bt’,(c=0), diéu nay sé ting

cuong téc dé cho cdc thao tac ldp ludgn cua cac ban. Thiét lap ham $6 véi a=1
)cg'+3)c+3y+1=,/(y+2)c+l)3 <:,>(x+m)3 +b()c+m)2 = (y+2x+1)3 +b(y+2x+1)

< X 433 m+3xm+m’ +bx’ + 2bxm +bm* —b(y +2x+1) = (y+2)c+1)3

< X +(3m+b)x* +(3m+2bm—2b)x—by +m’ +bm* —b = (y—i-2x-|—1)3

3m+b=3
Déngmhdthesé 1 03 b=-3 ¥ =3(x+1) = 2x+1) —=2(y+2x+1)  (
ong nhathéso . o o0 2SN, = (x+1) =3(x+1) =y/(y+2x+1) =2(y+2x+1) (*).

m’ +bm* —b=1

xy+(3—x)\/2—x =x"+3y-3x,

4(y—x+1)\/y—x+1+4(2x—5)x/5—2x+12=3x+3y.

Bai toan 37. Giai hé phuong trinh { (x;yeR).

Loi gidi.
Diéu kién y—x+1>0;x <2 . Phuong trinh th&r nhit cta hé twong duong véi
(3—x)\/2—x:x(x—y)+3(y—x)<:>(3—x)\/2—x:(x—3)(x—y)
x=3
S(x=-3)y—x—V2-x)=0& =Sy-—x=+2-
(x )(y x—+/ x) L—x—JzT=o y-x=+2-x
x<2 {\/5—2)@1

=
y=x20 | /y-x+12>1
Phuong trinh thtr hai cua hé twong duong véi
4(y—x+1)w/y—x+ —3y+3x—3+15—6x=4(5—2x)\/5—2x
<:>4(«/y—x+1)3—3(y—x+1):4(\/5—2x)3—3(5—2x) (%)
Xéthamsd f(t)=48 =36t 21= f'(t)=126 -6t =6t(2t—1)> 0,V > 1.

Ham s0 trén lién tuc va dong bién trén mién dang xét, dan dén

f(wly—x+l):f(\/5—2x)c>\/y—x+l =\/5—2x<:>y—x+1=5—2xc>y:4—x.

Véi y—x=+2-x = y—-x>0.Két hop {

Khi do
x<2

4x* —16x+16=5-2x

x<2
7-J5 9445

x<2
= = T-5 T+J5 | @ x="-"7""=
{4x2—14x+1120 xe{—\/_; f} 4 Y 4

y—x=~5-2x <=4-2x=~5-2x <:>{

4 4

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 28

Két luan hé co nghiém duy nhét x = ’ _4 V=

Vr—1=2y+2y+1, : )
x;yeR).
J(x+2) =3x=/(y+4) -3y-6.
Loi gidi.

Diéu kién x >1;> 0. Tir phuong trinh thtr nhét ciia hé ta co Vx—1=2/y +\2y+121=x-121x>2.

Bai toan 38. Giai h¢ phuong trinh {

Kéih {x22 Jx+22>2
et hop =
y20 | fy+4=2

Phuong trinh thtr hai cta hé twong duong véi (x+2)3—3(x+2): (y+4)3—3(y+4).
Xéthamsd f(t)=£-3tt22= f'(t)=3" -6t =3t(t-2)20,Vt > 2.
Ham sb trén lién tyc va dong bién trén mién dang xét nén thu dugc

f(\/x 2):f(w/y+4)c>\/x+2=1/y+4<:>x+2:y+4c>x:y+2.
Khi d6 phuong trinh thir nhit tr¢ thanh [y +1 =2y +2y+1 (*).

Dé yring \Jy+1<2y +1<2y +\2y+1,vy>0.

Dan dén (*) c6 nghiém khiy=0=x=2= (x;y) = (2; 0) 1a nghiém duy nhét cta hé.

4(x+2)\/x+2 :4(y+1)\/y+1+9x—9y+9,

\/5x—1=\/y+2+\/y_2_ (x;yeR).

Bai toan 39. Giai h¢ phuong trinh {

Loi gidi.

A 1 .
biéu kién x > g; y 2> 2. Tu phuong trinh thir hai cua hé

VSx—1=y+2+y-22V2+2=2Vy>2=5x—-1>4 < x>1.

x>1 \/x+22\/§
Do d6 =
y=2 w/y+12\/§

Phuong trinh tht nhat cta hé tuong dwong voi
4(x+2)\/x+2—9(x+2):4(y+1)\/y 1—9(y+1)
o a(Var2) —9(x+2)=4(y+1) ~9(y+1) (%)
Xéthamsb f(r) =48 —9%;0 >3 taco f'(¢) =126 18t =61(2t—3) > 0,V1 > /3.
Ham s6 trén lién tuc va déng bién trén mién dang xét nén thu dugc hé thirc
f(\/x 2)=f(1/y+1)<:>\/x+2=1/y+lc>x+2=y+lc>x+1=y.

Phuong trinh thir hai ctia h¢ tr¢ thanh

J3y—6=\y+2+y-2<5y-6=2y+2y* -4
©3y-6=2{1 -4 =9(y-2) =4(y-2)(y+2)

<:>(y_2)[9(y_2)_4(y+2)]:0«:>(y—2)(5y—26):0<:>ye{2;%}

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 29

Tur day dan dén hé c6 hai nghiém (x;y) =(1;2), (— =

Nhdn xét.
Théng qua 39 bai todn mé dau tai liéu, cé 1€ nhiéu ban déc gia da dinh hinh ré rang hwéng di danh gid mién gia tri
cia cdc bién trong hé phwong trinh. Mot cau héi ddt ra la lam thé nao dé xdy dung cdc bai todn twong tw, vi mot
diéu ban khodn la phirong trinh chét chén (T) cia ching ta (phwong trinh phuc vu danh gié én) ¢é hai vai tro

o Ddnh gid an.

o Giai nghiém.
Vai tro thu nhat thi ¢é thé muén hinh van trang, da chiéu, ¢ day tac gia tam dung chan voi phwong trinh béac hai
téng qudt va phwong trinh chiva can bdc hai (hai an co ‘ban) trong pham vi bién déi twong dwong — ndng cao lity
thira, bdc trong can cao nhat la bic nhat hodc quy (T) vé mét trong cdc dang ddc thii

Z\/T:ZJg—x VOi Zﬁ X :Zgl. X
Y7 (x) = Xz (x) vei T17, (x) =TT e, ().

Sé di nhw vy vi khi thiét ldp ham sé, tim dwoc méi lién hé gita hai an, thay thé ngweoc lai phicong trinh (T) thi thao
tac giai nghiém tro nén don gian va kha thi. Trong cac trang tiép theo tac gia sé gioi thiéu cac bai toan voi can bac
ba, dwa trén co so phwong trinh (T) giai bang an phu dwa vé hé phwong trinh.
Nhan dip nay toi cing xin chia sé mot kinh nghiém trong viéc xdy dung ham so tai phuwong trinh con lai (A), lay
dién hinh bai toan so 39 nhé. Cac buoc dai khai nhw sau
% Lira chon nhi thite cho phwong trinh (T), Nax+b =\/y+2 +\/y—2 >2+42=2Vy22=ax+b>4.
Déu ding thire xdy ra khi y=2.

x21

y=>2

% Trén day lwu y chi can ¢é y “gia vo” nghiém dep y =2;x =1 ma théi, vi sau khi thiét lgp dwoe quan hé ham
6 déi véi phirong trinh (A), ddc biét lai ¢é dang nhi thirc bdc nhdt 2 an mx = ny + p, thay thé vao phwong
trinh (T) ching ta luén luon giai dwoc, mot khi van da dong thuyen hic @6 con quan tam gi dén nghiém xdu
hay dep lam gi nita, nghiém xau thi cang gidu dwoc ban chat, chong pha mé nghiém, dién hinh phi vu 39 cé

21 26)

5°5
% Burde tiép theo la liwa chon dang thire ham sé, tinh chdt don diéu la dong bién vi mién gia tri cia chiing ta

< Thanh thu lcfy nghiémdep y=2;x=1=ax+b=5x—-1v 6x—-2v 7x—-3... Nhuw vay ta thu duwoc {

cdp nghiém “ngodi gia thii” ma van théa man hé ban dau dé théi, ( y) (

, thay vi do phuec tap {al srsa > thirong ding cho triong hop don diéu nghich bién.
Bsy<p
% Néi téi van dé ham sé lai c6 nhiéu dang, co thé dang da thire, phdn thice hodc chira ca ham siéu viét, nhung
théi dé an toan nén sir dung ham s6 da thire, dam bao luén lién tuc, dw kién an ham la sé la hai can thirc
nhé xiu, sau khi trién khai sé xudt hién quan hé bdc nhat mx = ny + p, néu khéng thi xéi héng bong khéng.
Cdc phwrong dn diroc xem xét bao gom

X2
kha co ban {

u :\/a1x+bly+cl;v=\/a2x+b2y+cz
An ham |u=\ax* +by+c;v=1a,x’ +b,y+c,
u=\lax+by’ +c;v=\ax+by’ +c,

[ f(t)=at’ +bt+ct

. =at’ +bt* +ct+d
Ham so f()

f(t)=at* +br’ +ct’ +di +e
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Jx+2243
Jy+1243

Hién nhién con s6 3 la mét sé vé 1, lé tée loe, nhung chiing ta khéng nhat thiét xay dung ham sé ¢é dao
ham phai chira né. Lwa chon biéu thire dao ham f(t)=t(t-k)véi f'(t)=01t=0;t=k. Dé thdy rang
néu cé diéu kién 0<k <~3thi f'(t)=1(t—k)>0,Yt>3>k>0, theo Iy thuyét ddu cia nhi thirc bdc
nhdt, pham vi chwong trinh Pai sé 16p 10 THPT. Ham s6 ldp tirc dong bién.

< Chon ngay k—15——<\/_:>f() (t—%) pha hitu ty dwa vé f'(t):t(2t—3):2t2—3t.Khi s lay

, x>1
¢ Bai toan 39 tac gia lwva chon { S :>{

A \ » . «A A a \ A A 2 3 A «A A A
nguyén ham nguwoc tro lai, hién nguyén hinh ham soé goc j(2t2 —3t) :§t3 _Etz + C. Tat nhién khong nén
déo bong thém hang sé C i tat yéu hai vé ciia (A) déu cé C sé xay ra triét tiéu hoan toan. Tiép tuc pha hitu

1, ldy ham sé6 dang da thirc hé sé nguyén f(t) = (i r+ Z j 4 —9¢ .

% Trién khai phd tung héa mui theo hai an ham u =~x+2;v =y +1, titc la bién déi nguge 161 gidi
4(x+2)\/x+2=4(y+1)1/y+1+9x—9y+9

=4(x+2)Vx+2-9(x+2)=4(y+1)Jy+1-9(y+1)

ca(Var2) ~9(x+2)=4(Jy+1) ~9(y+1) (¥)
Ghép céc phwong trinh (T), (A) kién ldp dwoc dé bai theo ding y dé tiy y.

Trén déy tac gia mao mudi sir dung mét sé6 ngon tir nhay cam “gid vo”, “ngodi gia thi”, “van da déng thuyén”,

“déo bong”, ...toan nhitng ngén tir trong tinh yéu va hén nhan, gia dinh...Thiee ra ddy chi la long ghép chii y trong
qua trinh thzet ldp mét bai toan nho, mot bai toan vo tri vo gidc, c6 doi chut nét dep an chira trong tw duy phan
bién. Nhung, trong cudc song, trong tinh yéu, gia dinh va nhitng thir than thwong, ching ta khéng nén lam thé,
khéng dwoc lam thé, di trong suy nghi, vi bat cir Iy do gi, nhi nhitng méanh khée trén kia, hay sdng chan thanh, co
trach nhiém, nghia vu, khéng chéi bé, vu loi, luén luén gii viing va chay bong tinh cam, chu kién ven toan, trong
sang, thuy chung, ding dao ly lam nguoi, ding phong tuc, tap quan cua 16 tién, ciia dat nuwée Viét Nam nghin ndam
van hién. Oi, tan man mdt réi, chét mat théi.

(x+y+1),/x+y+ :2x—4y+(3y+1),/3y+1,
Ax—=1=4y-1+1.

Bai toan 40. Giai hé phuong trinh { (x;yeR).

Loi gidi.
bicukién y>1;x+y+12>0.
Tir phuong trinh thir hai cia hé Ix-1=y-1+1=21=>x-1>21<x>2.

x . |xty+124 NX+y+122
Dan dén =
3y+124 J3y+122

Phuong trinh thir nhat cta hé twong dwong voi

(x+y+l)m—2(x+y+l y+1\/3yﬁ 2 y+1
@(\/T)/-l-l)3—2(x+y+l):(\/3y—+) 2(3y+1) (%)

Xéthamsd f(t)=£ -25t22= f'(¢)=3 —4t=1(3t-4)>0,Vt > 2.

Ham s0 lién tuc va dong bién trén mién dang xét nén ta dugc
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(*)@f(«/x+y+1)=f(\/3y+l)(:)\/x+y+l=\/3y+1<:>x+y+1:3y+l©x:2y.
Phuong trinh thir hai cua hé khi do6 tré thanh 32y —-1=/y—1+1.
Dit 32y -1=a;\Jy-1=b=a’-2b* =2y—1-2(y—1)=1. Ta c6 h¢ phuong trinh

a=b+1 b=a-1 b=a-1 b=0
;v)=(1;2).
{a3—2b2:1© a3—2(a2—2a+1):1<:> (a_l)(az_a+3):0@{a:1:‘(x’y) (1:2)

Két luan hé d3 cho co nghi¢m duy nhat ké trén.

2(2x+2y+9)\/x+y+15(y—x+1):2(4y+11)\/2y+1,

Py+5=vx-2+2.

Bai toan 41. Giai hé phuong trinh { (x;yeR).

Loi gidi.
bicukién x>2;x+y>0.
Phuong trinh tht hai cia h¢ dan dén 33y +5=vVx-2+2>2=3y+5>8=3y>3 y>1.
y2l  [2y+123 [2y+1243
= =
x>2  |x+y>3 [x+y >3

Phuong trinh thtr nhét ctia hé twong duong

4(x+y) ++18Jx+y +15y—15x+15=4(2y +1)’ +18,2y +1

S d(x+y) —15(x+y)+18Jx+y =42y +1) —15(2y +1)+182y +1 (*)

Xétham f(t)=4¢ =15 +186¢ 23 tacd f'(t) =126 =30t +18=6(26" =5t +3) = 6(¢=1)(2t=3) > 0,7t 2 /3 .

Do d6 két hop {

Nhu vay ham sb trén lién tuc va déng bién trén mién tZ\/g . Ta co6 hé thirc
(*)@f(\/x+y)=f(\/2y+l)<:>\/x-i-y=\/2y+1<:>x+y:2y+1<:>x=y+1.

Phuong trinh thtr hai cta hé trd thanh J3x+2 =Jx—-2+2.

bit Vx-2=u,u>0=x=u’+2 thi

3> +8=u+2 3u +8=u+6u* +12u+8 w3 +12u=0
= =
u>0 u>0 u>0

u(u2+3u+12):0
= Su=0x=2=y=1

u=0

Két luan hé phuong trinh ¢6 nghiém duy nhat x=2;y =1,

ﬂ.\/x-ﬂ =\/2x—y+3,
Bai toan 42. Giai h¢ phuong trinh { 4x¥—2y—15 (x;yeR).

J2-y =20x-1+1
Loi gidi.
bicukién x>1;2x—-y+3>0;4x-2y—-15#0.
Tt phuong trinh thit hai cia hé ta co 32—1° =2Jx—1+121=2-1' 21y’ <l y<1<x.

<1 [—p>-2 (2x—yp+3>4 dr—yp+32>2
y :{ y :{x y :{\/ y

x>1 x>1 x+3>4 Jx+3>2
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Phuong trinh thtr nhét ctia hé twong duong

(2x—15)\/x+3:(4x—2y+15)\/2x—y+3
& 2(x+3)Vx+3-21Wx+3=2(2x—y+3)2x -y +3-212x -y +3
& 2(Va+3) —2Wa+3=2(\2x-y+3) ~212x-y+3 (%)
Xéthamsd f(1)=26'-215022= f'(1) =62 =21=3(2 =7) >0,V 2.
Ham s6 lién tuc va dong bién trén mién dang xét, dan dén
(*)c>f(\/x+3)=f(\/2x—y+3)c>x/x+3:\/2x—y+3

Sx+3=2x-y+3ox=y=>x=Ly=1
Két luan hé da cho c6 nghiém duy nhét.

m+3y:3x+m, (

Bai toan 43. Giai hé phuong trinh x;yeR).

Loi gidi.

biéukién x>1;3x—y+22>0.

Tu phuong trinh thit hai ciahé ta co 32— 1> =¥x +Jx-12122-1' >l ¥’ <l -1< y<1.
-1<y<l1 3x—y+22>24
—

x>1 2x+22>4

Kéthqp{ = B3x—y+222,\2x+2>2.

Phuong trinh thtt nhit cta hé trd thanh \/(3x -y +2)’ =3(3x—y+2)=4/(2x+2)’ =3(2x+2)  (*).

Xéthamsd f(t)=£-3tt=22= f'(t)=3 -6t =3t(t-2)20,Vt 2 2.

Ham s6 trén lién tuc va dong bién trén mién dang xét nén thu duoc
(*)<:>f(\/3x—y+2)=f(x/2x+2)<:>\/3x—y+2:x/2x+2<:>3x—y+2:2x+2<:>x=y.

X2

x=y<I

Khidé{ = x=y=1.He¢ co nghiém duy nhat x=y=1.
Jy—1=~x-2+1,

X +3x7 =5x+8y+1=(x" +2y +1){x" +2y+1.
Loi gidi.

Didu kién x > 2. Phuong trinh tht nhit cia hé ddn dén 3/y—1=vx-2+121= y-121< y22.

. >2 24294129 Jx >
Kétho‘p{x :{x+y+ _ W k2y sl

y22 x+12>3 x+1>3

Phuong trinh thir hai tuong duong véi
X 432 430+ 1-4(x7 +2x 1)+ 4(x7 + 2y +1) = (&7 + 2y +1)x" +2y +1

e (x+1) —4(x+1) =(x" +2y+1)yx* +2y+1-4(x* +2y+1)
Xéthamsd f(t)=£ —45t23= f'(t)=3" -8t =1(3t-8)>0,Vt > 3.

Ham s trén lién tyc va ddng bién trén mién dang xét nén ta dugc
f(x+l)=f(w/x2+2y+1)<:>x+1:w/x2+2y+1 S X +2x+l=x"+2y+lex=y.
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Thay thé vao phuong trinh thtr nhit lai c6 Jx—1=vx—2+1.Pat Vx—-2 =u,u>0= x=u’+2.
Jul+1=u+1 w+1l=u’ +3u” +3u+1 wW+2ut+3u=0 u(u2+2u+3):0

Suy ra & & & Su=0.
u>0 u>0 u>0 u>0

Tir day ta co nghiém duy nhat x=2;y =2.

Py+7 =x-1+2,

Bai toan 45. Giai hé phuong trinh ; (nyeR).
27x +27x° =21x+30y+1=/(9x* + 6y +1) .

Loi giii.
Piéu kién x > 1. Phuong trinh thi nhét ctia hé din dén 3/y+7 =J/x—1+2>2Vx>1= y+7>8 < y>1.
Kt oo dine thoi 1 ¥ 2! 3x+1>4 3x+1>4
ét ong thoi = =
e 21T Jow 46y 1216 | o + 6y 1124

Phuong trinh thtr hai cua hé twvong duong véi

27x° ~18x ~21x—4+5(9x> +6y+1) = /(92° + 6y +1)
©27x +27x +9x+1-5(9x + 6x+1) = (92’ +6y+1)3 ~5(9x° +6y+1)

& (3x+1) =5(3x+1) = (95> +6y+1) =5(9x> +6y+1) (%)
Xéthamsd f(t)=£-5t=4= f'(t)=3 10t =¢(3t-10)>0,Vt > 4
Ham sb da cho lién tyc va ddng bién trén mién dang xét, suy ra

(+) & f (3x+1)= £ (Vor' +6y+1) = 3x+1=ox’ +6y+1

S +6x+1=9x"+6y+lx=y
Khi d6 phuong trinh thr nhét cta hé tro thanh Yx+7 =vx—1+2.Pat Vx—1=u,u>0= x=u’+1.

U +8=u+2 w+8=u’+6u’ +12u+8 w+Su*+12u=0 x=1
Ta co hé & & Su=0=>
u>0 u=0 uz0 y=1

Két luan h¢ phuong trinh c6 nghiém duy nhét (x;»)=(L1).

J2—y+2V1-x =1,
(2—x)\/2—x+x+y:2+y\/;.

Bai toan 46. Giai hé phuong trinh { (x;yeR).

Loi gidi.
bicu kién x <1;y > 0. Xuat phat tr phuong trinh thir nhat cua h¢

2-x+2V1-x=1<32-y=1-2J1-x <1< 2-y<l< y>1,

Két hop yl_pr=t ozl
o x=1 2—-x21 J2-x>1

Phuong trinh thir hai bién d6i vé (2—x)\/2—x —(2—x):y\/;—y (*)
Xéthamsd f(t)=£' —t*;t21= f'(¢)=3" -2t =1(3t-2)>0,Vt 2 1.
Ham s trén lién tyc va ddng bién trén mién 7 > 1nén (*)@f(\/2—x)=f(\/;)c> V2-x :\/;c> 2-x=y.
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Phuong trinh thir nhit khi d6 tro thanh I/x +2J1-x =1. Dat x =a;1-x=b,b>0=a’* +b*> =1.
Kéthop a+2b=1 dan dén hé

l1-a
p=—12 —a
a+2b=1 2 b=——
3 b2_1c> { ) & 2
a+b = a3+(7aj =1 4a +a* -2a-3=0
. a=1
= (a-1)(4a’ +5a+3)=0c| | Sa=lox=1=y=1
da - +5a+3=0;A<0

Két luan h¢ c6 nghiém duy nhét (x;»)=(L1).

2=y +Nx-1=1,

Bai toan 47. Giai hé phuong trinh 1 1 (x;yeR).
x

+ =y+ :
V2x—1 g 2y -1

Loi gidi.

A 1 .
biéu kién le;y>§. Tur phuong trinh thor nhat cuiahé tacod 32—y =1-Vx-1<1=2-y<l< y>1.

Kéth y21  [V2x-121
€ =
Pz J2y-12>1

=2y+— 2x— 1+L—2y—

2
V2x -1 A2 y— \2x 1/2y
r S A 2 2 ' 2 (t B )
Xét ham so f(t)zt +7;t21:>f (t):2t—t—2: 7 >0,V >1. Ham s dong bién trén mién ¢ > 1nén
(*)<:>f(\/2x—l):f(\/2y—l)<:>\/2x—1 = 2y-1e2x-1=2y-1x=y.
Phuong trinh tht nhét tré thanh 32—x =1-+/x—1.
Pit 2-x=a;x-1=b (b>0)= a’+b* =1. Phuong trinh da cho tr thanh a =1-5. Ta thu dugc hé

Phuong trinh tht hai bién doi 2x +

a=1-b b=1-a
{a3+bz:1<:>{a3+az_2a:Oja(a—l)(a+2)=0<:>ae{O;l;—2}<:>xe{2;1;10}_
Két luan hé c6 cac cap nghiém (x;y) - (1;1)’(2;2)’(10;10).

Nhdn xét.

Déi véi bai todn sé 47, nhin thodng qua phwong trinh thit hai cia hé, mot s6 ban déc gia voi vang két lugn hai bién
bang nhau la thiéu co s0, nguyén do néu khong c6 danh gia t 2 1thi ham s6 thu dugc khong hoan toan don diéu
trén mot mién. Yéu té danh gia chdn mién gid tri cac bién trong tiwong dong ham sé la vé ciing quan trong, bai todn

nay ngoai phwong an trén cdc ban cé thé sir dung dai heong lién hop — truc can thicc — hé tam thoi nhuw sau

1 1 1 1
EN TS BN T I Sy BN sy
@x_y_\/zx 1-42y - Lo 2(x-y)
V2x—1.2y-1 \/2x—1.\/2y—1(\/2x—1+\/2y—1)
x=y

= V2x =12y =1(V2x-1+2y-1)=2
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X Iy phicong trinh hai én \/2x—1.\/2y—1(\/2x—1 +\/2y—1):2 kha don gian so di

V2x =12y =1(N2x=T+\2y=1)>2 véi {yﬂ: vax—121

Tuy nhién néu dang thang xéng pha, khéng cé danh gia thi sé khé tim ra l16i thodt.

Bai toan 48. Trich lugc céu 4; Dé‘ thi d& nghi Olympic 30 thang 4 (Danh cho céc tinh Mién Trung — Tay Nguyén —
Nam Bg§); Mon Toan; Khoi 10; Lan thir 17; Nam 2011; Pon vi truong THPT Chuyén Hung Vuong; Tinh Gia Lai.

X =3x+2=4y+3)°,

Giai hé phuong trinh (x;yeR).
3Wx—2=4/y" +8y.
Loi gidi.
x22 x>2

A A 2 XZZ
biukién 1 )*(y+3)20=y=0vy>-3< }
y(y+8)=0 y20vy<-8 -

Kéih {x22 {x—lzl Jx-12>1
€t hop = =
y20  |y+323 | [y+323>1

Phuong trinh thir nhat cta hé twong dwong voi
=322 +3x-1-3x+3 =y +3 & (x -1 =3(x=1)=(y+3)Jy+3-3Jy+3 (*).
Xéthamsd f(t)=£-3tt21= f'(t)=3"-320,v¢ > 1.
Vay ham s6 lién tuc va dong bién trén mién dang xét. Dan dén
(*)@f(x—l):f(\/m)ex—lzW@x2—2x+1:y+3<:>y:x2—2x—2.
Thay thé vao phuong trinh thi hai ta c6
3Vr—2 =Vx* —4x’ +8x> —8x—12 <> x* —8x’ +8x> ~17x+6=0

x=3
X =x+5x-2=0 (1)
Xéthamsé g(x)=x"-x"+5x—2=0;x>2tacé g'(x)=3x"-2x+5>0,VxeR.

<:>(x—3)(x3 —x2+5x—2)=0<:>

Ham s6 nay lién tuc va dong bién trén toan truc s6 thuc nén Ming(x)=g(2)=12>0.

x22

Phuong trinh (1) v6 nghiém nén hé c6 nghiém duy nhat x=3;y=1.

Bai toan 49. Trich lugc cau 1, Dé thi d& nghi Olympic 30 thang 4 (cac tinh Mién Trung — Tay Nguyén — Nam B9)
Mon Toén; Khoi 10; Lan thtr 18; Nam 2012; Pon vi truong THPT Chuyén Tran Hung Pao; Tinh Binh Thuan.

X —12x-y’+6)y° -16=0,

x;yeR).
47 + 24— X =5J4y—* =0. ( )

Giai hé phuong trinh {
Loi gidi.
s . |4=x*=0 —2<x<2
bicu kién &
y(4-y)20 |0<y<4
—2<x<2 0<x+2<4
=
0<y<4 0<y<4
Phuong trinh thir nhét cta hé twong duong

Tur diéu kién {
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X +6x7 +12x+8—6(x" +4x+4) =)’ -6y’
<:,>(x+2)3 —6()c+2)2 =y’ -6y’ (*)
Xéthamsé f(t)=£ -6t €[0;4]= f'(¢)=3t"—12t =3t(t—4) <0,Vt €[0;4].
Nhu vdy ham s6 da cho lién tuc va nghich bién trén[0;4]. Ta thu dugce (*) < f(x+2)=f(y) < x+2=y.
Thé vao phuong trinh thir hai ta c6
4% +6=3J4—x < 16x* +48x* +36=36—9x°
e 16x" +57x° =0 & x* (1627 +57) =0 = x =0
Tur day suy ra hé c6 nghi¢m duy nhat x=0;y=2.

3y =5 =Jx=2+1,
(x+y2—3)«/x+y2+5 =(2x—3)\/2x+5.

Bai to4an 50. Giai hé phuong trinh (x;yeR).

Loi gid.
Piéu kién x>2;x+1y*-5>0.

Tt phuong trinh thtr nhit 33)* =5 =Vx-2+1>1=31’ =521 31?26 12 2.

Kéth x=>2 2x+529 V2x+523
€t hop =
V! >2 YV +x+529 Y +x+523

Phuong trinh thir hai cua hé tuong duong

(x+"+5-8)yx+ 3" +5=(2x+5-8)v/2x+5

& (x4 +5) x4y +5-8x+ 3 =5 =(2x+5)V2x+5-8/2x+5  (*)
Xéthamsd f(t)=£-8tt23= f'(t)=3"-8>0,Vt23.
Ham s6 lién tuc va dong bién trén mién dang xét. Thu duoc

(*)<:>f(«/x+y2+5)=f(\/2x+5)<:> x+y'+5=V2x+5 < x+y’+5=2x+5< ¥  =x.

Thay thé vao phuong trinh tht nhat lai c6 /3x—5=+x—2+1.Dat Jx-2=1,1>0=>x=1+2.
Taco

P3P +2)-5=t+1 B +1 =113 +1=+3 +31+1
<:>t3+3t:0<:>t(t2+3):0<:>t:0<:>x:2:>ye{—\/§;\/§}
Dén dén hé c6 hai cdp nghiém (x;y)= ( \/_) (2 \/_)

2, Jx(2-x)+1-)? 9+
Bai to4an 51. Giai hé phuong trinh (x;yeR).
xt+32)% +6441-37 =16(y +2x+1).
Lai gidi.
<A ‘n —lﬁyﬁl
biéu kién
0<x<2

Tacé 0</1-1” <1 va tir didu kién din dén 0 < % <1. Phuong trinh th hai ctia hé tuong duong voi
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4 4
f—6+2y2+4«/1—y2:y4+2x+1<:>ic—6—2x:y4—2y2+1—4«/1—y2

4 4 4
<:>f—6—2x:(l—y2)2—4 1—y2@(§j —4.%=(«/1—y2) —a1-y* (*)

Xéthamsd f ()=t —4nt<1= f'(t) =4 -4=4(£'-1)<0,Vt <1,

Ham sb nay lién tyc va nghich bién trén mién dang xét.
Thu duge (*) < f(gj - f(«/l—yZ ) o g ~J1-)7.

Khi d6 phuong trinh thir nhét ctia hé tro thanh

x 9+x’ 2 +2x+9  (x=1) +8
2ﬂ/x(2— )—5: 2 <:>24/x(2—x): 2 :( 4) .

Ap dung bat ddng thire lién h¢ trung binh cong — trung binh nhén thi 2,/x(2-x) <x+2-x=2.

-1) +8 =2-
NgOéira% §—2nendanden{x x<:>x=1:> 1—y2:l<:>y2:§:>ye{—£'£}.

4 x—1=0 2 4 272

Doi chiéu diéu kién ta c6 hai nghiém (x;y) = (1; —?][1?)
(x2 +1—\/;)\/x2 +1 :3(y—\/;),

Y —y=x"+1-x" +1.
Loi gidi.
bicu kién y > 0. Nhan xét phuong trinh thir hai

4 2 21
yz—y:x2+1—\/x2+l©y(y—1 = XX ZO,VxeR:{y<O:>{
y<

) P R )
RO rang m >1,Vx e Rva y =0khong thoa man h¢ phuong trinh da cho.
Véi y21,xéthamsd f(t)=1 -t;t21= f'(t)=2t—-1>0,Vt 21,
Ham s6 dang xét lién tuc va dong bién trén mién dang xét.

Phuong trinh thir hai ciia hé twong dwong f(y) = f(\/x2 +1) S y=vx’+1.

Bai toan 52. Giai hé phuong trinh (x;yeR).

y=>1
y=0

Thay thé vao phuong trinh dau tién, dat \/; =t;¢t>1thi
(3 =y )y =3(y=y) e yy-yfy-3y+3y =0
1= =30 +3t=0 (£ 1 =3t+3)=0
et(t-1) (F+20 +3+3)=0=1=1= y=Lx=0
Két luan hé da cho c6 nghi¢m duy nhat x=0;y =1.

Nhdn xét.
Bai todn sé 52 nay tdc gia nghi rang da sé cdc ban déc gia déu quan sat thdy sw twong dong ham sé tai phirong

trinh thie hai f( )—t —t. Tuy nhién dao ham cua no f( )—t —t=f ( ) 2t —1 chwea xéc dinh ddu ré rang. Pé
¥ thém mét chiit cé thé thay hién nhién N x*+1>1,Vx € R nhung dn ham y lai khéng dong bé vi mién chdn yéu
(diéu kién xdc dinh) y >0. Nhung lai ¢6 t* —t = t(t —1) >0,V >1do vin dung ddc tinh \x* +1>1,Vx e R, khi dé
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dan dén tinh trang y* —y>0< y>1v y<0, két hop y > 0chdng phdiy >1v y =0hay sao, va tiép tuc ldp ludn
mé ra canh ciea 1oi gidgi. Luu y doi véi truong hop téng quat cac ban nén ddt m =1,t >1chang han, déc ldp an
vé hai chién tuyén, danh gia g(t) =at’ +bt+c;t>1.

St dung dai lwong lién hop — truc can thiec nhw trén cting la mot phwong cach hay, doc dao, thu vi

M >1 >1
yz—y=x2+1—\/x2+1<:>y(y—1 = X X ZO,‘v’xeR:{y :>[y

) X7 #1427 +1 y<0 [y=0

V2x— =«/y—1+\/;,
2(x+1)\/x+1 =2(y+2)\/y+2+3x—3y—3.

Bai toan 53. Giai hé phuong trinh { (x;yeR).

Loi gidi.

A p 1 .
biéu kién x > 5; y >1. Phuong trinh thr nhat tuong duong

V2x—1=\y—1+Jx & 2x- —\/—_\/_usmw_ J-1=x-120x21.

Kich {le Jx+1242>1
ét hop =
2 Jy+223>1

Phuong trinh thtr hai cua hé twvong duong voi
2(x+1)\/x+1—3(x+1):2(y+2)w/y+2—3(y+2)
<:>2(\/x+1)3—3(x+1)=2(«/y+2)3—3(y+2) (%)
Xéthamsé f(t)=26 -3¢t >1= f'(t)=6t" -6t =6t (¢t —1)>0,V¢ > 1.
Ham sb trén lién tyc va dong bién trén mién dang xét nén thu dugc
(*)@f(\/x+l)=f(\/y+2)<:>\/x+l =\/y+2 Sx+l=y+2x-2=y-1.

Phuong trinh tht nhat tré thanh

V2x—1=Vx-2+/x © 2x—1=2x-2+2,/x(x-2)

x>1 J5 J5
<2 0x(x-2)=1< Sx=l+—=y=—1
*(x=2) {4x2—8x—1:0 R

V5o A5

Két luan hé da cho c6 nghiém duy nhat x =1+ 7 =3

Nhdn xét.

Sur dung dai heong lien hop — truc can thirc tim mién giad tri bién la mét cach danh gid don gidn, thuan tiy, trén
thue té né van la bién déi twong duwong, chi sur dung kién thire can thire so dang trong chicong trinh Pai sé 16p 9
THCS, thiét nghi né khéng qua khé dé dong dao cac ban ap dung.

Xét riéng truong hop bai todn sé 53, ¢é thé lip luin nhe nhang hon nhw sau

V2x-1-Vx=y-120=V2x-1>2Vx o 2x-12x o x>1.

Vx=2=\2y-1-/y,
X +4y+32y—1=1y> +2x+3Vx—1.

Bai toan 54. Giai hé phuong trinh { (x;yeR).
Loi giii,

Piéu kién x22;yZ%.
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Tir phuong trinh thir nhét ctia hé ta c6 0<x—2= \/2y 1- \/_ =y-120 y2>1.

mw

Kéih {x22 Jx-12>1
et hop =
yzl | 2y-121

Phuong trinh thir hai ctia hé tuong duong voi

X =2x+1-3Jx—1=4y* —4y+1-32y—-1
& (x=1) =3x—1=(2y-1) =32y -1 (*)
Xéthamsd f(t)=t'-3t;t21= f'(t)=4£ -3> 0,V =1.
Ham s f(¢)lién tuc va ddng bién trén mién ¢ >1. Dan dén h¢ qua
(*)<:>f(\/;)zf(\/ﬁ)c;\/;:m@x—1:2y—l©x:2y.

Chuyxét x=2y;y>1.
Khi d6, phwong trinh thi nhét try thanh

V2y—-2=2y-1-Jy @2y-2=3y-1-2y(2y-1) & y+1=2y(2y-1)
<:>y2+2y+1:4y(2y—1)<:>7y2—6y—1:0<:>(y—1)(7y+1) 0<:>ye{—% l}
Déi chiéu, két luan nghiém x=2;y=1.
V2x-2 =Jx+.3y-6,

Bai todn 55. Giai h¢ phuong trinh | [ 77 (x;yeR).

(x+y—11)=(x—5)\/2x+l.

Loi gidi.
bicukién x>1;,y>2.

Tir phuong trinh thir nhét ctia hé ta c6 \/2x—2—\/7:1/3y—6 @L:1/3y—6 20=>x2>2.
V2x—2++/x

x>2 {x+y24 JX+y 22
= =
y22  [2x+125 7 | 2xr124/552

Phuong trinh thir hai tuong duong
\/m(x+y—11):(2x—10)m
& (x+y)Jx+y —1LJx+y =(2x+1)V2x+1-11V2x+1 ()
Xéthamsd f(t)=£ -116t22= f'(¢t) =3 -11>0,Vt 2 2.
Nhu vay ham sb trén lién tuc va dong bién trén mién ¢ > 2. Thu dugc
(*)@f(\/m)zf(\/2x+l)©\/x+y:\/2x+1 Sx+y=2x+1< y=x+1.

Thay thé tr& lai phuong trinh th nhit ta co

Jz)c__z_[:m@{3x—2—21/x(2x—2) —3x-3

Két hop cac diéu kién {

x>2
1
2./x(2x-2) =1 2xr —2x =—
= x(x ) = x o 4 xed
x22 x>2
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Két luan hé phuong trinh ban ddu vo nghiém.

Bai toan 56. Giai hé phuong trinh (x;yeR).

Loi gidi.

biéu kién =N 2
x> +2x>0
2x+1>0

Tir phuong trinh thir nhatvx? +2x —v2x+1 =4y’ -1 <

x* -1 \/T 2
=4y —-120=>x"21=>x2>1.
VX2 +2x +4/2x +1

Kb {le V2xt—12>1
€t hop =
21 |22 -1>1

Phuong trinh thir hai ctia hé tuong duong voi
(2 —2)V2x* 1=(y? —2)y20* ~1 & (28 —4)V2x* ~1=(2)° ~4){2° -1
& (20 —1)V2x? —1-3v20 -1 = (202 - 1)y2) =132 -1 (¥)
Xéthamsd f(t)=£-3tt21= f'(t)=3"-3>0,Vt21.
Ham s6 dang xét lién tuc va dong bién trén mién tuong ung. Thu dugc hé qua
(*)@f(M):f(Jzyz —1)@\/2)& =2y 1 at =yt
Khi d6 phuong trinh tht nhét tré thanh

N2 +2x =2x+14+Vx* -1 o X +2x =x" + 2x + 22x +1A/x* -1 =0<:>xe{—%;—1;1}.

Két hop x >1ta ¢ hai nghiém (x;»)=(L1),(L-1).

V2x—1++/4x=3 +1=3y,
Bai todn 57. Giai h¢ phuong trinh < x4 3 41 2y+1-2 (x;yeR).

2y+1  fx+p+1-2
Loi gidi.
3
) >—;2y+1#0
Pidukién {4
O0<x+y+1+#4

Tir phuong trinh thir nhit ctia hé ta c6 3y =v/2x—1+/4x—3+> /2%—1+1=L+1:>yz 1++2

V2 W2

, Fy+1>42,32
Két hop yzHﬁ;sz: \/x d \/
W2 4T | 2y 213

Phuong trinh thtr hai cta hé tuong duong (x+y+1)(\/x+y+1 —2) = (2y+1)(\/2y+1 —2) ().
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Xéthamsd f(t)=1(t-2)=£ -2t = f'(t) =3 —4t=1(3t-4)>0,Vt > /2,13
Nhu vay ham s6 lién tuc va dong bién trén mién ¢ > \/ﬁ nén thu dugc
(*)@f(m) (\/2y+1)<:>\/x+y+l—\/2y+1<:>x+y+1—2y+1<:>x V.
Phuong trinh thir nhat tré thanh
V2x—1++/4x-3 =3x -1 242x—1+24/4x -3 =6x-2

S 2x—-1-2V2x-1+1+4x-3-2v4x-3+1=0

2 2 M:l
<:>(\/2x— —1) +(\/4x—3—1) =O<:>{m:1<:>x=l

Két luan hé phuong trinh d3 cho ¢6 nghiém duy nhit x =y =1.

Nhdn xét. ) o ) i

Cac ban c6 thé sw dung bat dang thirc lién h¢ trung binh cong — trung binh nhén voi diem roi dé xu Iy phwong trinh
hé qua an x thu dwoc nhu sau

\/2x—1+\/4x_3 < 2x—21+1+4x—23+1 _ 6X2—2 —3x—1.

Dau dding thitc xdy ra khi 2x—1=4x-3=1<x=1.

x’ —3x+2—i—3xy(y—x)=3y(3y2 +4y—1),

NS v

Bai toan 58. Giai h¢ phuong trinh { (x;yeR).

Loi gidi.
Piéu kién le;yzé.
Tur phuong trinh thir hai ctia hé ta c6 x—y-! 2y-120=>x-y2=1.
OSSP
x—y2>1 x—y=>1
=
y=1 2y+1>1
Phuong trinh tht nhat ctia hé tuong dwong voi
x3—3x+2+3xy(y—x):3y(3y2+4y—1)

Két hop dong thoi {

S X =3y +3x0° +3y =9y’ +12)* +3x -2
X =37y +3x7 -y’ =3(x—y) =8y’ +12y° + 6y +1-3(2y +1)
(x—y)3—3(x—y):(2y+1)3—3(2y+1) (*)
Xéthamsd f(t)=£-3tt21= f'(t)=3"-320,V¢ = 1.
Ham s dang xét lién tuc va dong bién trén mién ¢ >1. Hé qua

(*)c>f(x—y):f(2y+1)<:>x—y=2y+1<:>x=3y+1.
Khi d6 phuong trinh thtr hai tr¢ thanh

Vi-1-\y=\2y-1e By =y +2y-13y=3y-1+2y(2y-1)

1 1—\/5 1+\/§
=2 0v(2y-1) =12y —y-——=0< =
y(2y-1) e ye{ Z 2 }
1+\f 3J§+7

Déi chiéu diéu kién y > ; =>y= 2 2 12 nghiém duy nhét cua hé da cho.
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Nhdn xét.
Thodng qua bai toan 58, quan sat phuong trinh thir nhc,i't dét thdy sé xudt hién hai an ham déu khong chira can thirc,
trong do chac chan co an ham chira hai bién x va y. Bién doi mét chut cac ban dé dang dwa vé dang ham so
3 3
(x—y) =3(x—y)=(2y+1) =3(2y+1) (*).

~ N . A . A 1 .7 A \ , re A » A 5 \ A A ’ ’ .7
R6 rang do diéu kién x>1;y > > hai bién cung phe canh voi nhau nén sw dung nén tang nay thiét ldp cac danh gia

cho dai lwong x— yla bdt kha thi. Trong truong hop nay khéo 1éo sir dung dai lwong lién hop, thue ra la diéu kién
tién quyét cé nghiém ciia phwong trinh thir hai ching ta lai ¢é con dwong thudn loi, twéng ching khéng thé

Al 1y+\1/_ J2r—-120=x—y=>1.

(x+3)M-(y+1)W:%(x-y)+9,

Bai toan 59. Giai hé phuong trinh (x;yeR).

\/1+x+\/1—x:\/y+1.

Loi gidi.
biéukién —-1<x<1;y>—1.
Tur phuong trinh thir hai ctia hé ta c6

-120 >1
\/1+x+\/1—x=\/y+l©y+1=2+2\/1—x2 = y-1=2yJ1-x" :{y 1<2<:>{y<3
< y<

. -1<x<1 2<x+3<4
Kéth(_)p{ ¥ :>{ ¥ =>Vx+3 w/y+le[\/72]

1<y<3 2<y+1<4
Phuong trinh thtr nhét ctia hé twong duong

2(x+3)Vx+3-2(y+1)/y+1=9x-9y+18

& 2(x+3)Vx+3-9(x+3)=2(y+1)Jy+1-9(y+1)

& 2(Vxr3) ~9(x+3)=2({y+1) ~9(y+1) (¥)
Xétham sd f(1)=2 -9t €| 2;2 ] taco f'(r)=6r" 18t =6(1-3) <0,V e[ V2;2].

Dan dén ham s lién tuc, nghich bién trén mién dang xét.
Thu duoc f(\/x+3)=f(\/y+l)©\/x+3 =Jy+l e x+3=y+le y=x+2.Khido

Y+1=2+42J1-x* @ x+1=2J1-x"

x+12>20 x>-1 3
<9, , & 5 S xe—1=

X +2x+1=4-4x 5x°+2x-3=0 5
Két luan hé c6 hai nghiém (x;y) = (—1;1),(—%;9 :
Nhdn xét.
Cdc ban déc gia dé thdy toan bé cdc bai todn tir 52 den 60 déu sir dung ky thugt lién hop — truc can thirc doz VOi
mot trong hai phwong trinh cua hé, phuc vu chan mién  gid tri cua cac blen dan dén sw don diéu ciia ham sé trén
mét mién. Ngoai ra dé khai théac va ‘nang cao, phat trién ddc tinh chdn mién an ham cé thé sir dung lién hop phire
tap hon, danh gia — bat dang thire, an phu, ...van de nay sé duwoc dé cdp sau.

Quy doc gia heu y doi véi cong cu dao ham — ham sé, ngodi tinh chat don diéu f(u) = f(v) & u=v, chung ta con
c6 thé tim gia tri lon nhat — gia tri nho nhat ciia ham s6 thong qua khao sat sy bién thién hodc dé thi ham sé. Dudi
ddy la mot l6p bai toan moi dai dién cho nhdn xét trén, hy vong cac ban tiep can mot cach tot nhat.
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(x+1)2+(y+3)\/;=1,

X+ —4x" +3y* +5x+35y+34=0.

Bai toan 60. Giai hé phuong trinh { (x;yeR).

Loi gidi.
Piéu kién y>0.
Tir phuong trinh thtt nhét ta co (x+1)° =1-(y+3)y < 1= |x+1|< 1 -2<x<0.
Phuong trinh thir hai cia hé tr¢ thanh x° —4x* +5x+* +3)” +35y+34=0< f(x)+g(y)=-34.
Xétham sd f(x)=x"—4x*+5x trén mién [-2;0] tacod f'(x)=3x"-8x+5 f'(x)=0xe {1%}
Trén mién [-2;0]thi ham s6 £ (x)ddng bién, lién tuc, do d6 Min f(x)= f(-2)=-34.

xe[-2;0]

Xéthamsé g(y)=y’+3y> +35y;» 20, dé& thiy ngay ham s6 dong bién nén Ming(y)=g(0)=0.

20
Nhu vay Min[f(x) + g(x)] =-34 . Dau dang thirc xay rakhi x=-2;y=1.

Cap gia tri nay khong thoa man h¢ ban dau, két luan bai toan vo nghi¢m.
Nhdn xét.
Mau chot la cong viéc chan mién gia tri cua an ham, cting khong qua kho, twong tw danh gia tong binh phwong

(y+3)y20= (x+1) =1-(y+3)Jy 1= |x+1] <1 -2<x<0.
Tuy nhién phwong trinh thir hai khéng cé dang twong dong ham sé f(u)zf(v)@u =v. Thiee té né cé dang tong
hai ham sé déc ldp véi tirng bién x3—4x2+5x+y3+3y2+35y:5<:>f(x)+g(y):5.

Mot diéu may man vi ddy chinh la diéu kién dang thire khi cdc ham sé dat gia tri I6n nhdt véi mién twong iing
f(x) =x —4x* +5x;x € [—2;0] = Maxf(x) = f(—2) =-34

xe[-2:0]
g(y)=y3+3y2+35y;y20:>Maxg(y):g(1):39
20
VX +4+1=9"+2
Bai toan 61. Giai h¢ phuong trinh { * ey (x;yeR).
y3+x2+x+2=2x\/;+3y.
Loi gidi. ’
biéu kién x > 0. Phuong trinh thtr nhat cua hé tuong duong véi
2
\/xz+4—2:y3+2y—3<:>x——(y—1)(y2+y+3)

\/m-ﬂ_
=(y-1)(y+y+3)20 y-120< y21
Phuong trinh tht hai twong duong y3—3y+2+x2+x—2x\/;:0<:>f(y)+g(x):o.
Xéthamsd f(y)=»"-3y+2;y21thi f'(¥)=3)"-320,Vy=1= f(»)lién tuc, dong bién.
Dindén f(y)= f(1)=0.
Xét ham s6 g(x):xz+x—2x\/;;x20:>g’(x):2x+l—3\/;.
Ta co g'(x)=0<:>2x—3x/;+1=0<:>\/;e{%;l}cxe{%;l}.
1

Khdo sat sy bién thién ham nay véi mién dang xét ta c6 g(0) = O;g(%j = E;g(l) =0=g(x)>0.

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8)
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y=1
Vay f(»)+g(x)20. Dau ding thtc xay ra khi 2 & (xy)=(0:1),(L1).

x(\/;—l)
Thr lai thu duge nghiém cia hé 1a (x;y) =(0;1).
Nhdn xét.
Bai toan nay ngoai thao tac sw dung dai lwong lién hop — truc can thuce

2
VX +4-2=y"+2y-3 c:>x—=(y—l)(y2 +y+3).

NxP+4+2
Hoan toan cé thé danh gid thuan tiy y3+2y:\/x2+4+12\/Z+1:3@(y—l)(y2+y+3)20.

Ngodi ra cdc ban hoc sinh nhé tuéi cé thé khéng nhat thiét sir dung céng cu ham sé
2

y3—3y+x2+x—2x\/;+2:0©y3—3y+2+x(\/;—1)2 =0©(y—1)2(y+2)+x(\/§—1) =0.

(y=1) (y+2)20,vy>1 X ,
x(&_l)z s = (y-1)’ (y+2)+x(vx-1) =o0.

Ro rang
N3 =2 =3x-2+(y-1)" 2y -1,

(x;yeR).
x’ +x2+(x+7)\/;+ 2xy =11.

Bai toan 62. Giai h¢ phuong trinh {
Loi gidi.

3x722;x20 xz\/g
Didukién 13x—2>0 < 3

1
2y-120 >—
y y 5

Phuong trinh thir nhat cta hé twong dwong voi

B —2-Bx-2=(y-1) 2y-1o \/3)&%:;;——2 =(y-1) J2y-1.

x>1
20®3x(x—1)20©{
x<0

3x(x — 1)
V3x2 =2 ++/3x-2

Két hop véi diéu kién xz\E:stL Khi do x* +x? +(x+7)Vx +2xy 21+1+8.1+,/2.1.% =11.

Vi (y—1)"2y-1 zo,wz%:

1
x=Ly=— .
Phuong trinh thir hai ctia hé c6 nghiém khi 2 Sx=lLy= % (Thoéa man hé ban dau).

(y-1)"J2y-1=0

Két luan hé d3 cho co nghi¢m duy nhat x=1; y=

2

3y +1={2y+2+x°,

(x;yeR).
317 —4y? +x* +5Jx—1+64x = 6.

Bai toan 63. Giai h¢ phuong trinh {
Loi gidi.

Piéu kién le;yZ—%.
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y—1
3y +1+2y+2
Phuong trinh thir hai trong duong (3)/3 —4y2)+(x3 +5\/;+6\/;) =6< f(y)+g(x)=6.
Xéthamsd f(y)=3y"-4y*;y21tacod f'(y)=9y" -8y >0, Vy>1

Phuong trinh thir nhat ctia hé twong dwong =x"20=>y-1>20 y>1.

+—>O Vx>1.

2\/_ 2Jx

Hai ham s6 lién tuc dong bién trén mién tvong img dan dén f(y)+g(x)2 f(1)+g(1)=-1+7=6.

Xéthim sé g (x)=x*+5Vx—1+6Jx;x>1taco g'(x)=3x>+

Thtr 1ai nghiém khong théa man, hé vo nghiém.

x— +1/3x y =\Jx—y+1+],

Bai toan 64. Giai hé phuong trinh 19 (x;yeR).
Yy +2y° +x\/;+5y—?

Loi gidi. ,

biéu kién can thirc xac dinh x—y > 0. DPat x—y =¢ thi phuong trinh thtr nhat tr¢ thanh

42 43t =\t +1+1 42 —1+Bt =/t +1=0

2t -1 1
S (2t-1)(2t+ )+ ——=——7—==0(2t-1)| 2t +1 + ——=—F—=|=0
( )( ) V3t +t+1 ( )( V3t + t+1j
@tz%@x—yz%@x:y+%

Khi d6 phwong trinh thir hai tr¢ thanh 3’ +2y2+x\/;+5y:%<:>y3+2y2+(y+%j\/;+5y:%.
Xét ham s f(y):y3+2y2+(y+%j\/;+5y,hémsé lién tuc va dong bién.

Lai ¢ f(l)z%:y =1;x=%. Hé ¢6 nghiém duy nhat (x;y):(%;lj.

Nhdn xét.

Bai todn nay khéng qud khé nhén thdy phwong trinh thir nhat cé dang phwong trinh vé ty mét bién s6 x—y =t, gidi
bang phwong phap su dung dai lwong lién hop — truc can thicc. Thay thé vao phirong trinh thir hai thu dwoc ham sé
mot bién y, lién tuc va dong bién co ban.

Vx+2+2Jx+7=(y +1){/y-1+8,

Bai toan 65. Giai hé phuong trinh . (x;yeR).
(x—=1) +3y° + [y +5=x+8y.

Loi gidi.
bicukién y>1;x>-2.
Phuong trinh tht nhat ctia hé twong dwong voi

M—2+2(m—3):(y3+1)\/ﬁ@ X2 . 2(x-2) :(y3+1)\/ﬁ

Vx+2+2 Jx+7+3
1 1
& (x-2 + =(y’+1){y-120=>x-2>0=>x>2
( )L/x+2+2 \/x+7+3} (y )y
Phuong trinh thit hai ciia hé trg thanh x* —3x? +2x+3)" 8y +./y +4=0 f(x)+g(»)=0.
Xéthamsd f(x)=x"-3x"+2x;x22 tacd f'(x)=3x"—6x+2>0,Vx22.
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D@ thay ham s6 dong bién lién tuc nén Min f(x)= f(2)=0.

x22

Xéthamsé g(y)=3y’ —8y+.y+4y>0tacod g'(y)=9y —8+L>O,Vy21.

N

Ham s6 nay ciing lién tuc, dong bién suy ra Ming(x)=g(1)=0

y=1
Tom lai ta thu duge Min| f(x)+g(y)]=0, ddu ding thirc xay ra khi va chi khi x=2;y=1.
Cip gi tri nay thoa mén hé dé bai nén 1a nghiém duy nhat ctia hé.
Nhdn xét. ) . )
Doi voi bai toan s6 65 nay, ca hai hinh thirc cua cac phwong trinh mot va hai déu phic tap, to ra kha bat loi
cho chung ta. Tuy nhién mot so ban hoc sinh quen thugc voi ky thudt lién hop — truc can thiec trong phwong trinh vo

1y ¢6 thé dé dang nhdn ra cach pha dé, chi can chii y rang (y3 +1)w/y—1 >0,Yy >1sé tim mién gid tri cia bién x
chat hon so voi x> -2.
Nhiéu ban hoc sinh véi vang xét ngay cic ham sé déc lip f (x), g( y) € gdp phai tré ngai dau dao ham khéng xdc

dinh f’(x) =3x> —6x+2;x > —-2?. Ngodi ra cdc ban cé thé gidi bat phirong trinh sau d@é tim ra x >?2

Jx4+242U0x+7>8 < 5x+30+4/x* +9x+14 > 64

34-5x<0
S 4P +9x+14 >34 -5x & 16(x2+9x+14)225x2—340x+1156
5x<34
[ 34
XZ% XZ? xZﬁ
5
= 5 <34 < | |5x<34 = 34<:>x22
) 466 |2<x<—
9x° —484x+932<0 ZSXST 5

Hodc ¢6 thé xét ham sé dong bién g(x):\/x+2 +2\/x+7;g(2)=8;g(x)2g(2)<:>x22.

Bai toan 66, trich lugce Dé thi chon Poi tuyén du thi HSG Qudc gia Mén Toan; Truong THPT Chuyén PHSP, Tryc
thudc Pai hoc Su pham Ha Noi; Nam hoc 2010 — 2011.

2x* =3x+4)(2y° -3y +4)=18,
Bai toan 66. Giai hé phuong trinh ( )( yY ) (x;yeR).
X2+ Y +xy—Tx-6y+14=0.
Loi gidi.
bicukién x;yeR.
Coi phuong trinh thit hai cia hé 1an luot 13 phuong trinh bac hai an x va 4n y, ta c6

{xz +(y=7)x+y —6y+14=0 (1)

y =(x=6)y+x*-Tx+14=0 (2)

A A s o n , . . o A1=—3y2+10y—720 15)’55
biéu kién c6 nghi¢m cua hai phuong trinh trén la =

A, =-3x"+16x-2020 |, _ 10

<x<—

3

Xét ham s f(t):th—3t+4;teR:>f'(t)=4t—3;f'(t)>0©t>%.
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Do d6 cac ham s f(x)=2x" —3x+4; xe[ }Vaf( )=2 —3y+4;ye[l;%}déuliéntuc,déngbién.

Suy ra f(x).f(y)2f(2).f(1)z6.3:18.
Dau dang thirc xdy ra khi va chi khi x =2;y =1. Hé phuong trinh d¢ bai c6 nghiém duy nhat.
Nhdn xét.

Péi véi bai toan 66 nay, viec phan tich binh phuong phwong trinh hai da tro nén kho khan (khong phai thuc
hién dwoc), néu cé né twong ti viée tim gia tri nho nhat ciia tam thirc bic hai hai an x va y. Ro rang chung ta chon
phiwong an it chong gai hon, sw dung diéu kién c6 nghiém cua phirong trinh bdc hai an x va an y lan lwot. Sau khi
xie Iy triét dé mién gia tri ciia x va », dé y sw tuwong dong gitta hai biéu thirc o phwong trinh thir nhat. Trieong hop
hai biéu thirc khédc nhau, cdc ban van hoan toan cé thé sir dung kién thirc ham sé hodc cdc ky ndng khdc ciia bdt
dang thire dé timra x=2;y =1.

Gid du phirong trinh thir nhat c6 dang (x2 +4x+ 6)(y3 + 2) =54 hay thdm chi ¢6 dang khing bé dai khdi nhu
(2 +x7 +x+1) (¥ +3y+3)=105;(x* + x+1) () + y) =38.
Chiing ta van sir dung tich hai ham dong bién f(x).g(y) dé thu dwoc x=2;y=1.

—")+20x" + 2xy + 5% +39x =100,

3
Bai toan 67. Giai hé phuong trinh { ( (x;yeR).

x*+y* +xy+4=4y+3x.

Loi gidi. . 7 i

biéu kién x;y € R. Coi phuong trinh thir hai cua hé lan lugt 1a phuong trinh bac hai an x va an y, ta co
X +x(y-3)+)y'—4y+4=0
¥ +y()c—4)+)c2 -3x+4=0

Cac diéu kién c6 nghiém la

[S—
IA

<
IA

3> +10y-7>0
=

AZ0A 20
3x*+4x>0

o
IA
=
IA
wWlh W

Phuong trinh thir nhét ctia hé tré thanh
3%’ =3)" +20x° +2(4y+3x—4-x" = 37 )+ 5y +39x =100

& (327 +18x” +45x) -3y’ +3)* +8y =108 < f(x) + g () =108
Xét ham s6 f(x)=3x3+18x2+45;xe[0;§} thi f'(x):9x2+36x+45>0,Vxe[0;§}.

Ham sb lién tuc, dong bién trén mién d6 nén Max f(x)= f (gj = %
xe[O;ﬁ}
3

Xét ham sb g(y)=—3y3+3y2+8y;ye[l;;} thi g'(y)=—9y2+6y+8;g'(y)=0©ye{—%;g}.

Trén mién y € [l;g} :Max[gﬁy) = g(gj =%, suy ra Max[f(x)+g(y)] =108.
v tiz

Déu déang thirc xay rakhi x =y :g . Thtr lai, két luan hé d3 cho c6 nghiém duy nhét x = y = % .

Nhdn xét.
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Bai todn 3, diéu kién phwong trinh béc hai ciia hai an x, y ¢é 1¢ da tré nén quen thuée. Tuy nhién phuong trinh
thir nhat ciia hé cé hinh thirc kha mit mit, nhang nhit, khé chiu, nguyén do tich xy dinh vao nhau, muon sw dung
ham sé théng thuong chiing ta thiong cé ldp hai bién, xét theo ciing mét twong dong ham hodc hai ham khéc nhau,
nhung doi héi phai dong bé dé dat dwoe dau dang thire. Chii ¥ mét chit phwong trinh thir hai c6 thé sir dung phép
thé xy =4y +3x—4—x*—y*, tirdé suy ra

3x° =3)" +20x° +2(4y+3x—4-x" = 37 )+ 5y +39x =100
& (327 +18x” +45x) -3y’ +3)” +8y =108 < f(x) + g () =108

V2x—1-/x =71-3?,
2x* —4x’ +x° +2)c—1:(y3 —1)«/4—y.

2x=120;x>0 x2>0,5
=
V' <L4-y=0 [-1<y<I

Bai toan 68. Giai hé phuong trinh (x;yeR).
Lo gidi.
Diéu kién {

Phuong trinh tht nhét ctia hé suy ra =7J1-y* 20=>x2>1.

x-1
V2x—T++/x
Xét ham s6 f(x):2x4—4x3+x2+2x—1;x21:>f’(x):8x3—12x2+2x+2.
Taco f'(x)=2(x—1)(4x" —2x—1)=2(x—1)[ (x—1)(4x+2)+1]20,Vx>1.

Do d6 ham sb lién tuc va dong bién trén mién dang xét nén Min f (x)= f(1)=0.

x>1
Mt khic y e[-1:1]= y* <1=>(y’~1){/4-y <0.

x=1

5 Sx=y=1.

Do d6 phuong trinh thir hai ctia hé ¢6 nghiém khi cac ddu dang thirc xay ra, tic 1a { .
y —1=

Két luan hé c6 nghiém duy nhét ké trén.
Nhdn xét.
Ngoai phwong an sw dung ham so voi da thiec bdc bon bién x, cac ban co thé sw dung phan tich thuan tuy nhu sau

f(x)=2x" —4x" +x° +2x—1=(x-1)" (20" =1) 2 0,Vx 2]

e 1= —x+2)° Jy—1,
X =557 +8x+2(y+3)y2y-1=12.

Bai toan 69. Giai h¢ phuong trinh { (x;yeR).

Loi gidi.

. 3>1:9-x>0 1<x<9
Pidu kién {x S P

y-120;2y-120  |y>1

Phuong trinh thtr nhat ctia hé twong dwong vx* —1-v9—x =2y°/y— Hx 110 =2y’ Jy—-1.
+ X

Vi 2y [y-120,Vy21=x" +x-1020 < (x-2)(x* +2x+5) 20 x-220 < x 2 2.
Phuong trinh thir hai ctia hé twong dwong véi (x° = 5x” +8x)+2(y+3){2y-1=12 f(x)+g(y)=12.
Xéthamsd f(x)=x"-5x"+8x;xe[29] tacd f'(x)=3x"—10x+8=3(x-2)(3x—4)20,Vxe[2;9].

Ham sd nay lién tuc va dong bién trén mién dang xét nén Min f (x) =f (2) =4.
xe[2;9]
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Xétham sé g(y)=2(y+3)2y—1;»>11a ham lién tuc, dong bién nén Ming(y)=g(1)=2.4=8.

y>1
Do d6 phuong trinh thir hai c¢6 nghiém khi cac dau dang thirc xay ra, tic 1a x=2;y =1.
Cip gi tri nay thoa méan hé nén 1a nghiém duy nhét ciia hé.
Nhdn xét.
Ngoai cong cu ham 56 véi da thire bdc ba dn x cac ban doc nhé tuéi cé thé sir dung phan tich

X =50 +8x+2(y+3)y2y-1=12

& x’—5x" +8x—4+2(y+3)2y-1=8

& (x-2) (x-1)+2(y+3)y2y-1=8
()6—2)2 (x-1)=0

2(y+3)«/2y—1 >224=8

Chii Y thém rang {

J5-x =x+3 +5y\/2—y,

17x+6y+(y+1)y3y =2 +(x" +x+31)/x+8 =117,

Bai toan 70. Giai hé phuong trinh { (x;yeR).

Loi gidi.
5-x20;x+320;x+8>0 gSySZ
=

biéu kién
2-y20;3y-22>0

-3<x<5

Phuong trinh thir nhat cta hé twong dwong voi

VS—x—+x+3=5y2-y & 2-2x =5pJ2-y.

J5—x+/x+3
Vi Sy 2-y 20,‘v’ye{§;2}:>2—2x20<:>x£1.Nhu:Véy xe[—3;1];ye{§;2]

Phuong trinh thtr hai cua hé twvong duong véi

[63+(y+1)By=2 |+[17x+(x* +x+31)Vx+8 ]| =117 = /() + g (x) =117.

Xéthamsd f(y)=6y+(y+1) 3y—2;ye[§;2} vaham s g(x)=17x+(x* +x+31)Vx+8xe[-31].

D@ thiy cac ham don 1& 6y;y+1;4/3y—2 va 17x;x° + x+31;+/x +8 déu 1 cac ham s6 ddng bién, lién tyuc trén timg
mién tuong ng voi hai bién x, y. Cac ham ban dau 1a to hop tong — tich cic ham ddng bién nén déu ddng bién, hon
nira déu nhan gia tri duong trén mién xac dinh.
Dén dén Max f(y)=f(2)=18Maxg(x)=g(1)=99.

2 xe[-3i1]

el =33
"3

Khido f(x)+g(y)<Max f(y)+Maxg(x)=18+99=117.
}’{%;3} xe[-3:1]

Phuong trinh thir hai c6 nghiém khi cac ddu cuc tri xay ra dong thoi, tirc 1a x =1;y =2 (Thoa man hé).

2x° +4x+13=5x"+ )y’ +3py -1,

x;yeR).
17(2x+3)Yx—1+6x7 +y" +y* =2(4y +1). (xiy=R)

Bai toan 71. Giai h¢ phuong trinh {

Loi gidi. ) )
biéu kién y >1;x>1. Phuong trinh thir nhat cia h¢ bién doi thanh
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2%’ =5x" +4x+13=y" +3py—1

=y 43y fy—1=2x" -5x +4x—1+14=(x~-1) (2x-1)+14>14
3(y -yt -4
()

>0
Y y—1+2 -

&y’ =8+3yfy-1-620< (y-2)()* +2y+4)
3(y2+y+2)

< (y=-2)| Yy +2y+4+
(y )y 4 Y\ y—1+2

>0=y-220c y22

Phuong trinh thtr hai cua hé twvong duong voi
17(2x+3)x—1+6x7 +y* +y? =2(4y +1)
<:>17(2x+3)(‘/;+6x2+y3+y2—8y:2<:>f(x)+g(y)=2
Xétham sb f(x)=17(2x+3)¥x—1+6x>> f(1)=6.
Xéthamsé g(y)=y"+)"—8y;y=2tacod g'(y)=3y"+2y—8>0,Vy >2nén ham s6 dong bién, lién tuc.
Suyra g(y)=g(2)=-4= f(x)+g(y)=6-4=2.Déiu dang thirc xay rakhi y=2;x=1.

Thir lai ta thu dugc nghiém duy nhit ciia hé.
Nhdn xét.
Bai toan 71 c6 mure do kho nhinh hon mot chut so voi cac bai toan truce, khong sw dung dai lwong lién hop lién

hop don thuan, téc gia mao mudi sir dung ddc tinh khéng am ciia cdc biéu thire (f()c))2 g(x) trong do g(x) >0

voi diéu kién can thirc cua bai toan. Dé tim diéu kién cua biéen y, ngoai loi giai nhw trén co thé sw dung tinh don
diéu cua ham so nhw sau

2x° =5x% +4x+13= " +3y[y -1
= g(¥) =y +3pfy-1=2x"=5x" +4x—1= /()
Dé thay cac ham f (x),g(y)déu dong bien vii diéu kign y 2 1;x = 1nén

f(X)2f()=14=g(y)=y" +3pfy-1214=g(2)= y>2.

Jx—-1=+/3-x +(2x—1)(x—y)2,
x(207 —11x+20)++/y* -4y +5 =13,
Loi gidi.

Diéu kién 1< x <3 . Phuong trinh thi nhat ctia hé twong dwong véi

\/x—l—\/3—x=(2x—1)(x—y)2c>\/x__zlxj:jg:@x—l)(x—y)z.
RO rang (2x—1)(x—y)’ 20,vxe[1;3],Vy e R = 278 e 2420122,

Jx—1+/3-x

Bai toan 72. Giai hé phuong trinh (x;yeR).

Phuong trinh thtr hai cua hé twong duong véi
20 — 11> +20x++/17 =4y +4+1 =13 2x° =1 1x* +20x + (y—2)2+1:13.
Xéthamsd f(x)=2x"—11x" +20x;x €[2;3]taco f'(x)=6x"—22x+20=(x-2)(5x-3)20,Vxe[2;3].

Ham s lién tuc va dong bién trén mién dang xét nén Min f(x)= f(2)=12.
xel2;3]

Hon nita \/(y=2)" +1 21 2x° ~11x7 +20x +4/(y-2)" +1212+1=13.

Do d6 phuong trinh thir hai ¢6 nghiém khi cac déu dang thirc xay ra, tic 1a x=y=2.
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Thr lai, két luan hé c6 nghiém duy nhat ké trén.
Nhdn xét.

» Bude ngodt quyét dinh huéng di ciia cdc hé phirong trinh trong 16p bai todn nay la sir dung dai lwong lién
hop — chdn mién gia tri, théng thuwong chiing ta thiwong cé Idp bién theo huéng F(x) = G(y), tie do danh

gia cuc tri F(x)vG(y)dé bat nguwoc tro lai im dwoc mién gia tri bién con lai. Tuy nhién bai toan 72

khéng con don gidn nhw thé nita, khi viéc c¢é ldp bién la khéng thé, hoan toan cdc ban cé thé thay thé céc
ham F(x)=G(y)boi F(x;y)=G(x;y), thim chi con phirc tap hon nita F(x;y;z;...)=G(x;y;z;...), doi

véi hé khéng mau muec nhié‘u. an.
» Luu y co thé su dung bién doi thuan tuy thay cho phwong dn dao ham — ham so

2x° —11x% +20x ++/y” —4y+5=13

S22 — 11X +20x—12+/y> —4y+4+1 =1

& (2x-3)(x=2) +4/(y-2) +1=1
Chii ¥ tiép tuc 2x—3>0,¥x>2 = (2x-3)(x-2)" 20,vx>2.

Vo—x+2=1"+y+x+2,

Bai toan 73. Giai h¢ phuong trinh
(y2 +1)«/y3 —1—-4xy+4y° =x -8x* +16x—12.
Loi gidi.
N x+220;6-x20 —2<x<6
biéu kién 5 =
y' —-120 y=1
Phuong trinh thir nhat cta hé twong dwong voi

Vo—x—Jx+2=y"+y-2< 4-2x =y +y-2.

J6—x++/x+2

Xéthamsd f(y)=y"+y-2y21tacé f'(y)=3y"+1>0,Vy € Rnén ham lién tuc, déng bién.

o 4-2x
Din dén Mi =/(1)=0=
an dén lnfy(;) f(1) Jo—x+/x+2

Phuong trinh thir hai cua hé tuong duong
(y2 +1)\/y3 —l+x*—4xy+4y° =x"-Tx* +16x-12

e (VP +Y —1+(x-2y) =x’=7x +16x-12 (1)

Xétham sé g(x)=x’-7x" +16x-12;x [-2;2].

ZO<:>4—2x20<:>x£2:>xe[—2;2].

x—2<0
3x—-8<0

Ham s6 lién tuc va dong bién trén mién [—2; 2] = Max g (x) =g (2) =0.
xe[—2;2]

Trong khi d6 (y2 +1)\/y3 —1+(x—2y)2 >0,Vy>1;VxeR.

Taco g'(x)=3x>-14x+16=(x-2)(3x-8)>0,Vx e[-2;2]vi { Vxe[-2;2].

3
y =1=0
Phuong trinh (1) ¢6 nghiém khi va chi khi cac dau cyc tri xdy ra < {x -2y =0< {x -
y
x=2

Két luan hé c6 nghi¢m duy nhét ké trén.
Nhdn xét.

(x;yeR).
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Cdc ban déc gia nhé tuéi di chwa c6 trong tay céng cu dao ham — ham sé hoan toan cé thé xir Iy cdc bai todn
twong tw bang cach s dung phan tich nhan tur thuan tuy

< Thay thé khao sat f (y) =y’ +y—2;y > 1béi y3+y—2:(y—1)2(y+2)20,Vy21.
% Thay thé khdo sat g(x):x3 —7x2+16x—12;xe[—2;2] bang
(y2+1)\/y3—1+x2—4xy+4y2=x3—7x2+16x—12

<:>(y2+1)\/y3—1+x2—4xy+4y2=(x—2)2(x—3)

2 )y —1+(x=2y) 20,Vy>L;xeR
Chit (y +) y +(x y) y>1xe
(x—2)2(x—3)£0;Vxe[—2;2]

2x+l =l+l7(x—y)21/y—1,

Bai toan 74. Giai hé phuong trinh < Vx+3++v2-x (x;yeR).
X +2x° —6x+(y3 +y° —4y+7)\/2x—1 =2.

Loi gidi.
| ‘ .
biéu kién 5 < x <2;y2>1. Phuong trinh thtr nhat cua hé twong duong véi

Vx+3-V2-x=1+17(x-y) Jy-1
S Vr+3-241-2-x=17(x—y) Jy-1

x—1 x—1 2
+ =17(x—y) \[y-1
<:>\/x+3+2 1+42—x (x y) 4
1 1 2
-1 + =17(x—y) y-1
i )(\/x+3+2 1+\/2—xj (x=2)
1
Taco 17(x—y) y—-120,vy>1 va +
aco 17(x=y) Y Va\/x+3+2 1++/2—x
Xéthamsd f(x)=x"+2x"—6x;xe[l;2] = f'(x)=3x" +4x-6>0,Vx e[1;2].
Ham nay lién tuc va dong bién trén mién [1;2] = f(x) = Min f(x) = f(1)=-3.

x1

>0,Vxe[%;2}nén x-120=x2>1.

Xét ham s6 g(y):y3+y2 —4y;y21:>g’(y):3y2 +2y—-4>0,Vy>1.
Ham nay lién tuc va dong bién trén mién dang xétnén g ()= Ming(y)=g(1)=5>0.

y<l1
Lai 06 V2x—121,Vx2 1= x* + 22" =6x+(y’ + 7 —4y)V2x—12-3+5=2.
Phuong trinh thtt hai ctia hé c6 nghiém khi va chi khi x = y =1, hé ¢6 nghiém duy nhét.
Nhdn xét.

C6 thé nhén thcfy bai toan 74 thoat tién cé vé “dé thé™ hon so véi cdc bai todn trude vi hau nhw ban doc nao ciing
quan sat thay biéu thiec lién hop dwoc bo tri san voi phwong trinh dau tién

2x+1 2
=1+17(x— Jy—1.
Vx+3+42—-x (x y) 7

2x+1

Xong pha chung ta danh gia lién hoan 1+ 17(x—y)2 Jy-121= >1.
Jx+3+2-x
. . 2x+1
Tuy nhién den ddy xuat hién tam ly “mung hut” vi binh thuong su dung X >0 co ma.

Nx+3+42—x
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. . ‘ ey 2x+1
Tinh tée mot chut co thé nhan thay ngay viéc giai bat phwong trinh al >l Vx+3-v2-x21.

x/x+3 +\/2—x
Tiép tuc bien doi
Vx+321+V2-x < x+323—x4+2V2—-x &S x>242—x
x=>0 x>0
<9, = Sx>1
x +x-220 x>2lvx<-=2

Ngodi ra cé thé triét tiéu sé 1 bang cdch sir dung lién hop hang sé twong tw 161 gidi phia trén.

V2x—1+3x-2=y" -3y +4,
y =3y

; veR).
x3+y3+(y+1)x2+2«/y—1=(2y2—3)x+5. (iyeR)

Bai toan 75. Giai h¢ phuong trinh {

Loi gidi.
A 2 . .
bicéukién y>1;y > 3 Phuong trinh thir nhat ctia h¢ twong duong véi

V2x=1-1443x-2-1=y"-3y+2
2(x—1) 3(x—1) (v 1V (vs
Q\/2x—l+l+\/3x—2+1_(y ) (v+2)
2 3 2
0| i e Y e
3

+
V2x—1+1 3x-2+1
Phuong trinh thtr hai cua hé twvong duong véi

xzy—2xy2+y3+x3+x2+3x+2\/ﬁ=5
@y(x—y)2+2\/ﬁ+(x3+x2+3x):5

Taco y(x—y) 20\y—120,vy>1= y(x—y) +2,/y-120.

Ham sé f(x)=x"+x7 +3x;x > 11a ham lién tuc, ddng bién vi f'(x)=3x"+2x+3>0,VxeR; f(x)> f(1)=5.

Pé yrang (y—1)’ (y+2)>0,vy>1va >0,sz§ nén din dén x-1>0< x>1.

. ) -y=0
Phuong trinh thir hai c6 nghi¢m khi cac dau dang thuc dong thoi xay ra, tuc l1a {x i/ 0 . Sx=y=1.
y — | = ;x =
Két luan hé c6 nghiém duy nhit.
Nhin xét. ) .
Bai toan so 75 nay da co 6 lap hai ham so tai phwong trinh dau tién cua hé, chung ta thuc hién danh gia ngay lap
tiec. Ngoai phwong an sw dung lién hop hang so nhw trén
V2x—1+3x-2=p" -3y+4 = 2x—1-1+/3x-2-1=)* =3y +2
2()6—1) 3()6—1) 2
= + =(y-1 +2
N2x—1+1 ~3x-2+1 (v=1) (r+2)
2 3 2
< (x—1 + =(y-1 +2
( )(\/2x—1+1 \/3x—2+1j (r=1) (+2)
Cdc ban c6 thé sir dung phén tich thuan tiy @é thu dwoc ham én x 1ém hon bang 2.
V2x—143x-2 =y -3y+2+2=(y-1) (y+2)+2>2.
Pén day c6 thé giai bat phwong trinh V2x—1++3x—-2 =2 hodc xét ham sé déu kha thi, nhanh chong.
Xét ham t(x)=+2x—1+3x-2;3x>2 la ham dong bién nén t(x)>t(1)=2 < x>1.
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22 -7 +4/1-y> =0
Bai toén 76. Giai h¢ phuong trinh { vx* +3 +v/10—x’ ’ (x;yeR).

2x° +2x°y +xp” +3x+15{y" +1 =3x" +2xp +17.

Loi gidi.

L [Bxr <10 [—B<x<l0
biéu kién =
1-y>>0 -1<y<1
Phuong trinh tht nhat ctia hé twong duong voi
\/x3+3—\/10—x3+\/1—y2=0c>(\/x3+3—2)+(3—\/10—x3)zl—«/l—yz

x =1 x -1 ¥’

& + =
VX 4342 34410-x  1+41-)°

1 1 ¥’
o (x -1 + = 1
( )(\/x3+3+2 3+\/10—x3] 1+4/1-y? )
y—2>0 VyeR; 1 + !
I+ fl=y? V4342 3+410-4°

Phuong trinh thir hai ctia hé tuong duong voi

Ta co >0néntr(1)taco X’ —1>20=x 21 x>1.

2x° +2x° Yy + x> =3x" = 2xy +3x+15y> +1=17
S X2y +xp? =2x —2xp+x+x =X +2x+15\y* +1=17
<:>x(x2+2xy+y2—2x—2y+1)+x3—x2+2x+15 Yy +1=17

S x(x+y-1)+x -2 +2x+15))* +1=17 (2)
Xét ham f(x):x3—x2+2x;x21:>f'(x):3x2—2x+2>0,‘v’xe]R.

Ham s6 lién tuc, ddng bién trén toan truc sd nén f(x) > Minf(x) = f(l) =2.

x21

x(x+y=1)20,vx>1
Mat khac ( g ) :>x(x+y—1)2+x3—x2+2x+15 Y +120+2+15.1=17.
Y +1>1,VyeR

x(x+y—1)2 :Oc:){le

Phuong trinh (2) c6 nghiém khi cac déu cuc tri xay ra, nghia la { 0
y =

x=1y=0
Thir lai théa méin hé ban dau, két luan hé c6 nghiém duy nhit ké trén.
Nhdn xét. ‘
»  Voi motip twong tu, khi cac ham phuc vu chot chan da phoi bay, hoan toan co thé giai bat phwong trinh co
ban, mdc du co vat va hon

Vo 43 -410-x +4J1-17 =0 = V10-x* =¥ +3 =J1-y* <1
V10— SV 4341010 <P +4+ 20 +3 ©3-x <Jx* +3
3-x*<0 X >3
x >3
< [3=x>0 S|P <3 @{ sSx>laex>1
1<x*<3
xXb—6x +9<x°+3 xX-7xX*+6<0

= Mot chii y khdc la trai doc cde bai todn 73 dén 76, cdc phwong trinh phu ciia hé ban dau khéng con don
gidn nhi tree, tire la khéng con dang ham sé déc ldp d@é ching ta thao tac f (x) + g( y) =k, bao gom viéc
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tim cuec tri cua cac ham f(x),g(y), cho du f(x),g(y) c6 la 16 hop tong - tich cia cac ham don diéu véi

tirng bién. Pham vi méi ciia cde bai todn trén la ham sé lién két, tire la ham sé don diéu la 16 hop tong — tich
cua cac ham don diéu voi hai bién khac nhau.
= Cu thé la bai toan sé 74 véi ham téng céng x° +2x° —6x+(y3 +y° —4y+7)\/2x— =2. Cadc hé phuong

trinh 73, 75, 76 mitc d¢ cao hon khi da dwoc bé tri long ghép dai heong khéng am hai bién M(x;y).
= Bai todn s6 73 c6 M73(x;y)=(x—2y)2.
(1 +1)yy ~1-dxy +4y* =* 8> +16x-12
o (P +1)y —142° —dxy+4y =x* ~ 72 +16x-12
(P +1)y —14(x-2y) =x -7  +16x-12 (%)
= Bai todn s6 75 ¢é M75(x;y):y(x—y)2
X+ + y+1 X +2\/7 ( )x+5
S X y=2x"+ Y + X + X +3x+2y-1=5
<:>y(x—y)2+2\/ﬁ+(x3+x2+3x)=5 (*)
= Bai todn s6 76 c6 M76()c;y):x()c+y—l)2
2x° +2x°y + x> =3x" = 2xy +3x+15y> +1 =17
S X A2y +xp? =2xT —2xp+x+x — X" +2x+15\y* +1=17
<:>x(x2+2xy+y2—2x—2y+1)+x3—x2+2x+15 Yy +1=17

<:,>)c(x+y—1)2+x3 —x*+2x+15\y* +1=17 ()

(x+3) +(2y—1)\Jy—1+y=3x+8,

(x+») (y+2)+y(2x+2y+5)=x(x* - 7). (x;yeR)

Bai toan 77. Giai h¢ phuong trinh

Loi gidi.

Diéu kién y>1.

Phuong trinh thtr hai cua hé da cho tuong duong véi
(x+y)2(y+2)+2y(x+y)+4(x+y)+y+2:x3_3x+2
@(x+y)2(y+2)+2(x+y)(y+2)+y+2:x3_3x+2

<:>(x+y+1)2(y+2)=x3—3x+2

1

D2 théy (x+y+1)2(y+2)20,Vy21:>x3—3x+220<:>(x—1)2(x+2)20<:>[x ,
x>

v

Xét x=1thi (2y—1){/y—1=-53 (V6 nghiém).
Xét x> —2 thi phuong trinh thir nhat ciia hé tré thanh

X +9x° +24x+19+y+ 2y— \/ =0
<:>(x+2) (x+5 \/ I+y-1=0

Pé ¥ ring (x+2)2(x+5)+(2y—1)\/y—1+y—120,VxZ—2;Vy21.
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Phuong trinh (1) c6 nghiém khi va chi khi cac ddu dang thirc xay ra, nghia la x=-2;y =1.
Ciap sd x =—-2;y =1thoa min hé nén 13 nghiém duy nhét caa bai toan.
Nhin xét. o ) . )
Mau chét cua bai toan 77 la bien doi phwong trinh thir nhat, diéu nay co thé man‘h n’ha tie viéc chung ta phan
doan cap nghiém x =-2;y =1cua hé tuw phwong trinh thir hai. Ket hop cac kien thirc vé bat dang thirc AM — GM, tir

dé dwa ra huéng di thiét Igp hang tir x> —3x+2 = (x - 1)2 (x + 2) >0 dé thu dwoc loi gidi nhi trén.

VX +3 = pJ10—x% +42—x +1,
(»?+6)yy’ +y +17x3x’ —2x+9 =34,

Bai toan 78. Giai hé phuong trinh (x;yeR).

Loi gidi.
. x3+320;10—x220 _%/g<x<2
Piéu kién 2 oV ErE
2-x20,p(y*+1)20 |y 20
Phuong trinh thir nhat cta hé twong dwong voi

| x—1
e 43-2+41-2—x = W10-x? & 2 + = 10—
VP43 +2 1+42-x

X +x+1 1 5
S (x—1 —+ = 10—x
( )(\/x3+3+2 1+x/2—xJ g

x*+x+1 Lo
Je 1342 1442-x
Xéthamsd f(x)=x"-2x+9%xe[;2]= f'(x)=3x"-2>0,Vxe[L;2].
Ham s6 lién tuc va dong bién trén mién dang xét nén

f(x)ZMinf(x):f(l):8:>\3/x3—2x+9 >2=17x3x" —2x+9>17.1.2=34.

xe[1;2]

Honnita (3 +6)yy" +y 20,¥y=0= (3" +6)y/y" +y +17xx" —2x+9 2 34.

Phuong trinh tht hai c¢6 nghiém khi cac ddu dang thirc xay ra, trc 1a x=1;,y=0.

Ta 6 >0,xe| 32 |;yV10-x* 20,vy eRnén x-120 x>1=xe[12].

6(x*—2x+2)Vx’ +3x +17(y-1) \By-2=12,
N3xT+1=19973y° =3y +2 +~/3-2x +1.

Bai toan 79. Giai hé phuong trinh (x;yeR).

Loi gidi.
3
A  n x(x2+3)20;3x5+120 OS)CSE
Diéu kién -
3y-220;3-2x20 yzg
3

Phuong trinh thir hai ctia hé tuong duong voi

V3x  +1-2+1-+/3-2x =19973/y* =3y +2
3x* -3 2x-2 2
= + =19973/(y=1) (y+2
o r1+2 1432 =1y +2)
3(x4+x3+x2+x+1) 2 >
< (x-1 + =19973(y-1) (v+2) (1
(x )[ T Jr=1)"(y+2) (1)

V3 4142
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Ta thay (y—l)z(y+2)zO,Vyz§:>19973/(y—1)2(y+2)zo.

(xt+ 0+ +x+1
( ) 2 >0,Vxe[0;§]

+
V3 +1+2 1++/3-2x

Do do6 tr (1) thu duge x—-1>20=x>21=>x€ [1%} Xét dong thoi cac ham sd

Honnita x* +x° +x° +x+1>0,Vxe[0;%}:>

f(x):x3_2x+2;xe[l;%}:>fr(x):3x2_2>O,Vxe[l;%}

g(x):x3+3x;xe[l;§}:>g'(x):3x2 +3>0,VxeR

Hai ham s6 trén déu lién tuc va ddng bién trén mién twong tng.
Trong khi d6 £ (x)= 6(x3 —2x+ 2)\/x3 +3x =6f(x),/g(x) 1a t6 hgp hai ham ddng bién nén n6 dong bién, ngoai

ra ta co xe[l;%}:h(x)ZMinh(x)z6f(1).g(1)=6.2:12.

4

Thém nita (y—1)21/3y—2 ZO,VyZ§:>6(x3—2x+2)\/x3+3x+17(y—1)2«/y+4 >12.

Phuong trinh thir nhét ctia hé c6 nghiém khi cac ddu déng thirc dong thoi xay ra, tic 1a x=1;y =1.

S}

\/x7+8=\/2—x+6(x—y)2+2, ( )
x;yeR).
xt 45y +13\[x (3 +3) +/y—1 =227y +17.
Loi gidi.

Didu kién y >1;0 < x < 2. Phuong trinh thi nhét ciia hé tvong duong véi

7
Vi +8-3+1-2—x=6(x—y) Y Ul Gy
; =) e e S Ty )

X+ +x X+ +x+1 1 )
< (x-1 + =6(x- 1

Bai toan 80. Giai h¢ phuong trinh

Ta ¢6 x6+x5+x4+x3+x2+x+1+ 1
VxT+8+3 1+4/2—x

Tir (1) thu duge x—12 0 <> x >1=> x & [1;2]. Phuong trinh thir hai ctia hé tuong dirong
X =2y 4+ + 13 x (2 +3) + [y —T+4y* =17
<:>(xz—y)2+l3\/m+\/ﬁ+4y2 =17 (2)

RO ring (x* —y) 2 0:13,[x(3? +3) + [y 1 +4)> 213.140+4=17.

Phuong trinh (2) ¢6 nghiém khi cac ddu dang thirc ddng thoi xay ra, tc 1a x =y =1.

>0,Vx20;6(x—y)2 >0,Vx,yeR.

B +1+(2y—1)VB=2x = y* —2x +4,
x+ D)1 43+ (x+2) 1 =1+ P +8 =7,
(x+1)yy ¥y -l+y

Bai toan 81. Giai h¢ phuong trinh

(x;ye]R).

Loi gidi.
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Piéukién y>1;——=<x < E . Phuong trinh thir nhat cua hé twong duong véi

[
\/3x3+1—1—\/3—2x =y" =23 -2x+3-2x
o 3x +1-241-\3-2x=(y—3-2x)

Y L 22, oy

B 142 1+4/3-2x

@(x—l)!3(xz+x+l)+ 2 ] ( A 2x 2x) (1)

V3P +142 1+4/3-2x

3(x*+x+1
( )+ 2 >0‘v’ye]R‘v’xe{ 3}

V3 +1+2  14+/3-2x B2

Tu (1) taco x—lZO@le:xe{l;%}.Khi d6 (x+1)/y* +3 +(x+2)\/y3—l+y\/x3+822.2+0+1.3=7.

Taco (y-+3-2x) 20:

Phuong trinh tht hai cta hé c6 nghiém khi cac ddu dang thic xay ra, trc 1a x=y=1.

\/3x+1+(2y+1)\/2x =" +2x+1,
(x +3y+1)«/y +3+(y +3x+2)«/y+3+«/y =22.

Bai toan 82. Giai hé phuong trinh (x;yeR).

Loi gidi.

A 1 ; .
bicu kién x > E; y 2> 1. Phuong trinh thir nhat ctia hé twong duong véi

V3x+1+2x—1-2=3 —2p2x—1+2x -1

o Bxtl-242x -1 -1=(y—v2x-1)
3(x-1) .\ 2(x-1) (y m)z

Brx+1+2 2x-1+1

@(x—l)( ) 2 j(y Jax-1)

\/3x+1+2 J2x—-1+1

2 3 2 1
Tacod (y—+2x—1) >0; + >0,VyeR;Vx>— nén x—1>20< x>1.
( ) x+142 2x-1+1 2

Khi d6 cac ham s con x* +3y+1;4/y° +3;1° +3x+2:4/ v +3 déu la cac ham dong bién.

Do \Jy' =120 nén f (x)=(x" +3y+ 1)y’ +3+(y" +3x+2)y+3 4y ~12 1 (11)=

Dau dang thirc xdy ra khi x = y = 1. Hé phuong trinh c6 nghiém duy nhat.

X =35 + 4y +3y:(2 3y—2+1)x+2.

(2y+1)\/5x—4+3x" =2 =" +5x-2.

Bai toan 83. Giai hé phuong trinh (x;yeR).

Loi gidi.

Diéu kién x> %; y 2 % . Phuong trinh thr hai cua h¢ tuong duong voi
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VS5x—4 143 =2 -1=)" - 2yJ/5x—4 +5x—4
5(x—1 3(x° -1 2
(=1, (1) =(y—5x-4)

Vix—4+1 3x*—2+1
5 3(x2+x+1)

< (x—1 +
S )L/Sx—4+1 V3t -2 +1

| . 5 3(x2+x+1)
Ta co (y—M) ZO;MHJF B —241

Phuong trinh thir nhat cta hé twong dwong voi
=203y =2 +3y-2+x(x" =3x  +3x - 1=O<:>(x—\/3y—2)2+x(x—l)3=0 (1).

RO rang (x—y3y—2) 20ix(x-1)' 20:¥x2 vy e R = ’

|-

>0,Vye]R;Vx2%nén x-120=x21.

x—+/3y-2 +x(x—l 3 >0.

—

(O8]

y— 2

Do d6 (1) ¢6 nghiém khi cac ddu dang thirc xay ra, hay {
=1

Két luan hé da cho c6 nghiém duy nhéat ké trén.
Nhdn xét.
Cdc bai todn 78, 80, 81, 82, 83 déu ¢6 dang cé ldp ham sé dang phitc tap F(x;y) = G(x;y), trong do viéc phat

hién biéu thirc G(x; y) khéng con la diéu don gidn, yéu cau ban doc hét sirc chii y va khéo léo tich ghép.

(2y+5)\/x3+3 VA =3 =X+ +2y+11,
(x=1)" Jay—1+(2x—1)2x* = 2x+1 = x,

Bai toan 84. Giai hé phuong trinh { (x;yeR).

Loi gidi.

A 1 ; .
bicu kién x > %; y 2 h Phuong trinh thir nhat cia hé tuong duong véi

3(\/x 3 )+\/4x 1=y 2y +1-2(p+1)Vx 43427 43

3(x° —1) 4(x-1)
RN mﬂ (y+l \/x_+)

3(x +x+1) 4 2
-1 + :( +1- 3+3)
A NSt e el R CAR

X +x+1
Ta co (y+1 VX + ) ( ) 4 >0,Vx2%;VyeRnén x-120=x2>1.

TJx¥ 342 \/4x—3 +1

Phuong trinh thir hai ctia hé tuong duong voi

(x=1)" Jay—1+(2x—1)y2x> —2x+1 =
& (x=1) Jay—1+(2x-1)y(x-1)" +x* =x (1)
Khi do {(Xl) oiEh el = (x—1) 4y —1+(2x-1)(x-1)" +x* > x.

(2x—1) ()c—l)2 +x° Z(2—l).x=x,Vx21
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1

@lev(x;y)z(l;zj.

Phuong trinh (1) ¢6 nghiém khi va dau déng thirc xay ra, tirc 12

Xét trudng hop (x;y):(l;%jkhéng thoa man hé. Xét x:1:>(y+1—2)2 =0=>x=y=1.

Két luan hé co nghiém duy nhét ké trén.

(2y+7)Nx+2 +V4x+1 =y’ +x+19,
(x+\/;—2)i/x3 +y° —4y+4 :x\/;.

Bai toan 85. Giai hé phuong trinh (x;yeR).

Loi gidi.
A 1 ; .
bicu kién x > —Z; y 2 0. Phuong trinh thir nhat cua h¢ tuong duong voi

7(Vr+2-2)+ax+1-3= )" = 2px+2+x+2

7(x-2) 4x—8 2
+ =(y—-vx+2
<:>\/x+2+2 Vax+1+3 (y ¥ )

<:>(x—2)( 7 4 ]:(y_m)z

+
Vx+2+1 Jax+1+3

2
Tacc')(y—\/x+2)20; ! 4 >0,Vx2—i;VyeRnénx—220<:>x22.

\/x+2+1+\/4x+1+3
x+\/;—2:x—2+\/52\/;

{/x3+y2—4y+4:43/x3+(y—2)2 >3 =x>0

) s A A . x=2=0 x=2
Phuong trinh thtr hai cua hé c6 nghiém khi =
y—2=0 y=2

Két luan hé co nghiém duy nhét x = 2;y=2.

Khi do

:>(x+\/;—2)3/x3+x2—4x+42x\/;.

(17+6y)Vx +8 +v2x+7 = x+91” + 62,

52 = 2x+2y7 —1=2x—-1997x,/y’ - 1.

Bai toan 86. Giai h¢ phuong trinh { (x;yeR).
Léi gidi.
Piéu kién y>1;5x* —2x+2y* —1>0;x z-%.

Phuong trinh tht nhat ctia hé tuong duong voi

17(Vx+8=3)+v2x+7-3=9y> —6pJx+8 +x+8
V v v

l7(x—1) 2(x—1) B s 2
QMHWWH_(” \/—8)

17 2 2
< (x-1 + =(3y—x+8
( )(\/x+8+3 \/2x+7+3J ( 4 )
Ta c6 (3y—\/x+8)220; 7 2 0vr>—L:vy>inénthuduge x—120< x> 1.
Jx+8+3 2x+7+3 2

Phuong trinh thtr hai twong duong véi \/sz —2x+2y* —14+1997xy/y* =1 =2x.
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Taco x>1;y>1=>y5x° —2x+2)7 —141997xy3* —1 2 V/5x% = 2x+1 = \J4x* +(x—1)" >/4x* =2x.

Do d6 phuong trinh thir hai c6 nghiém khi ddu dang thirc xay ra, trc 1a x =y =1.

V5x+4+(2y+3)Vx+3 =y +2y+x+9,
Bai toan 87. Giai hé phuong trinh (x;yeR).
\/x3+y4+y2—2y+\/4y2—4y+x:y2+|2y—l|.
Loi giai.
bicu kién cac can thﬁc xac dinh.
Phuong trinh thir nhat cia hé twong duong véi
V5x+4-3+x+3-2=p"+2y+1-2(y+1)Vx+3+x+3
S5x-5 x—1 2
= + =(y+1-+x+3
N5x+4+3 Nx+3+42 (y )
5 1 2
< (x-1 + =ly+1-+x+3
( )(\/5x+4+3 \/x+3+2j (y )
Tacc')(y+1—\/x+3)220; > 1t >0,Vx2—i;VyeRnéndﬁndénx—lzo@x21.
Vox+4+3 Jx+3+2 5
o \/)c3+)/4+)/2—2)/2\/)/4+)/2—2y+1=,/y4+(y—1)2Z\/?:y2
Khi do
J4y? —dy+x >4 —4y+1=\(2y-1) =2y |
Suyra\/x3+y4+y2—2y+\/4y2—4y+xZy2+|2y—1|.
x:1 x:l
Phuong trinh thir hai ctia hé c6 nghiém khi va chi khi 5 =
(y=1) =0 (r=l
Dép s6 nghiém duy nhat (x;y)=(11).
2 3 2 2
X+ +4y+1=4x" —8x" +4xy+4xy°,
Bai toan 88. Giai h¢ phuong trinh H yz 4 yry (x;yeR).
x(x=1) +2y° +(y+4)y2y-1=)"

Loi gidi.

Diéu kién y> % Phuong trinh tht nhét cta hé tuong dwong voi
y(x—i—y)2 —4y(x+y)+4y =4x’ —8x% +5x -1
<:>y(x+y)2—4y(x+y)+4y:(4x2—4x+1)(x—1)
<::>y(x—i—y—2)2 =(2x—1)2(x—1)

RO rang y(x+y—2)2 20,Vy2%:>(2x—1)2(x—1)20© *

1
2
x=1

o 1 3Y 3 . ‘ L3 o
o Xét truong hop x=o=y\yo3 =0 ye 0;5 .Loai y=0va (x;y)= 355 khong thoa man hé.

o Xét )c21:>x(x—l)3 +2y° +(y+4)«/2y—1 >2y° =2y2.y22y2%:y2.
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y(x+y—2)2=0 x+y=2
Phuong trinh thir hai c6 nghi¢ém khi va chi khi 1 = 3=>xyed.

Két luan hé vo nghiém.

(y—l)3 X’ +4 =5x7 (x—l),

(x+1)yy’ =1+(x’ —2x+6)y2y” 2y +1=5).

Bai toan 89. Giai hé phuong trinh (x;yeR).

Loi gidi.
Diéukién y>1;x° > 4.
Tir phuong trinh thir nhat ctia hé (y—l)3 VX +420,Vy21=x° (x—l) 20 {xi
x>
Xét truong hop x=0= (y—l)3 2=0& y=1,cipsd (x;»)=(0;1)khong théa man hé.

Xét truomng hop x21:>(x+1)«/y3—1 20,Vy>21;Vx2>1.

Bén canh dé \/2y2—2y+1=\/y2+(y2—2y+1) — P +(r=1) 2 =y >0, vy =1
Xéthamsd f(x)=x"—2x+6;x21= f'(x)=3x"-2>0,Vx21.

Ham s6 lién tyc va dong bién trén [1;+0).

Do do thu dugc £ (x)= Min f (x)=f(1)=5suyra (x+1)yy’ —1+(x' —2x+6){/2)" =2y +120+5.y =5y
x>1
(x+1)\/y3—1:0

Phuong trinh thir hai cua hé c6 nghiém khi va chi khi { y—1=0 = { -
y

x=1

Két luan hé phuong trinh dé bai ¢6 nghiém duy nhit x=y=1.
Nhdn xét.
Théng thuong trwede ddy sau khi chdn mién gia tri cdc bién thanh céng, khi lam viée véi phwong trinh cudi ciing
chiing ta déu tim gia tri nho nhat, gid tri Ién nhat cia té hop cdc ham sé (dang déc lip va dang lién két), nhung van
giiF vitng tinh chat thuan tiy véi mét bén la hang sé

f(x;y)+g(x;y)+... = const .
Véi cong cu dao ham — khdo sat ham sé trong tay va cac danh gia co ban, thdm chi chi can phén tich nhén tit, tach
nhém thich hop, véi chii ¥ diém bién cdc gid tri nghiém cdc ban cé thé hoan toan xir Iy tét phan lém cdc bai todn
tuong tu.
So sanh voi cac bai toan truoc, cac ban doc gia co thé thdy cac bai toan 84, 85, 86, 87, 88, 89 da nang cdp do hon
mét bdc, s¢ di dang thire phire tap hon, khi vé phai khéng con la hang sé

f(xy)+g(xy)+. . 2F(xy)+G(xy)+..

f(ey)+g(xy)+. . <F(xy)+G(xy)+..
Ngueoi ta thuwong noi
“_..Tinh mat vui lic da ven cdu the.

Doi chi dep khi hday con dang do,

The viét dirng xong, thuyén tréi ché do,

Cho ngan sau lo ling voi ngan xua...”

(Ngdp ngitng — Ho Dzénh; 1943)

Py la nguyén goc ciia céu néi “Tinh chi dep khi con dang dé” ...
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La mét nguoi quan niém tinh véu dep la ngau hirng, ven todn, son sdc, thiy chung, gdn bé tinh nghia va trach
nhiém, nhung tac gia chot thdy nhitng phép so sanh danh gia lo limg trén ciing c6 phan dong diéu, khi ma ching ta
sir dung cdc dit kién va cde buée chét chan lic nao ciing mot nua, lic nao cing ho hing, hic thang hic giang,
khong dwong 16i ré rang, khong theo mot quy dao co dinh, cang lam cho bai toadn tro nén doc dao, dep de la ky, doi
héi it nhiéu su khéo léo, tinh té va mét chiit may mdn ciia ngudi gidi bai todn.

3x7 =2y +10)° +15x+2=4(3x +4y),
Bai toan 90. Giai hé phuong trinh (x;yeR).

63/y +17yy? =1 +19x* =97x - 72.
Loi gid.
Diéu kién y > 1. Phuong trinh thtr nhit ctia hé twong duong véi
3x° —12x" +15x-6=2)" -10y* +16y -8
©3(x'—4x’ +5x-2)=2(y" -5y" +8y-4)
& 3(x-1) (x-2)=2(y-2)"(y-1)
. =1
Chu § ring 2(y—2)2(y—1)2O,Vyz1:>3(x—1)2(x—2)20<:>{x>2
X2
e X¢ét truong hop x =1thi phuong trinh thir hai tré thanh 6\/; +17y* -1=6
DE thdy 6./y +17y/y* —1>6,¥y >1=> y =11a nghiém duy nhét, khi d6 (x;)=(1;1).
e Xét truong hop x > 2 thi phwong trinh thtr hai viét lai
6 y+17«/y2—1+19x3—97x+72:0c>f(x)+g(y)=0.
Xéthamsd f(x)=19x’—97x+72x 22 tacd f'(x)=57x" =97 >0,Vx >2nén ham s dong bién.
Suyra f(x)>f(2)=30,honnita g(y)=6yy+17/y’~1=6nén f(x)+g(y)=36>0.
Truong hop nay vo nghi¢m.
Két luan hé ban ddu c6 duy nhat nghiém (x;0)=(L1).

2x* +2y+1 -1-(x2 +y—4)«/y+3 =y +y" —y-1,
Bai toan 91. Giai hé phuong trinh v+ (x;yeR).

Vy2x+y-3 —i-\/Zx2 —i—y2 —2x+1=

Léi gidi.

2x+y-320

X 4+2y+120;y>-3

Phuong trinh thir nhat cta hé twong dwong voi

2(\/)52Ty+1—\/yj3)+(x2+y—2)\/yT3:(y+1)2(y—l)

2(x2+y—2) 5 2
—2)\y+3= 1 -1
<:>\/x2+2y+1+\/y+3Jr(x Fy 23 =( ()

Q(xz+y_2)[M+\/yT J (y+1) (y 1) (1)

Dé ¥ ring 2x+y—320:>x2+y—2:2x+y—3+(x —2x+1)=2x+y—3+(x—1)2 >0.

Diéu kién {
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=-1
Lai c6 2 +./y+3>0nén tir (1) ta duoc (y+1)2(y—1)20<:>{y
X +2y+1+4y+3 y>1
X +y-2=0 x* =3
> Xéttruonghop y=-1= o :>(x;y)=(«/§;—1),(—\/§;—l).
y=-1 y=-1
Céc cap sb trén khong thoa man 2x + y >3 nén déu bi loai.
2
< + ~ .
» Xét truong hop y>1. Xuat phélt(x—y)2 >0=>x"+y° 2%, dan dén
x+y x+ ]
2% +y° = 2x+1=4/x" + +xl X+ = .
J2xt + 2 \/ i v %
+
Mat khdc y>1= y/2x+y-3 ZO:>yw/2x+y—3+\/2x2+y2—2x+l2|x\/,—2y|.
(x—1)2=0
Phuong trinh thtr hai ctia hé c6 nghiém khi cac ddu déng thic xay ra, tirc 1a < x— y =0 <:>{x_1
drty-3=0 7

Thir lai, két luan hé c6 nghiém duy nhat ké trén.

Nhdn xét. ) . o )

Cac bai toan tir 88 den 90 cac phép chan mién gia tri dién tien thudn loi, khi ma danh gia dwoc dwa trén bo tri ham
s6 mét bién f(x) = g(y). Phép danh gid cuc tri ham sé f(x)v g(y)ld dé dang, chi can sir dung céc phéo bién
doi twong dwong — phdn tich nhén tir hodc cao hon la cong cu dao ham — ham sé néu can thiét.

Lueu ¥ nhé la don vi Q quyét dinh mién gid tri c6 dang thire A*B, téng qudat A*B, cu thé

1
X=—
O =(2x—1) (x=1);04, 20|~ 2
x>1
x>1
Oy =X (x—1);0 20 @{ _
0 =3(x-1) (-2):0, 20| "~
=3(x-1) (x-2);0,,20<=
90 90 x> 2
Tdc gia xdy dung loat bai toén ¢é dai lwong nhay cam nay d@é canh tinh ban doc truong hop
" A=0
A"B>0<
B>0
Tat nhién cdc truong hop may mdn la ngogi 1@ khi tdp nghiém ciia ching bao ham nhau, vi du

2 x=1 C 2 y:3
(x-1) (x+2)20c{x2_2©x2—2 hodc (y-3) (y—2)20<:{y>2

S y22.

Trong truong hop khong bao ham voi tap nghiém roi nhau, cac ban can hét siec tinh téo, can than va lat di lat lai,
bén khodn suy nghi tim toi dén cung. Mac du chi la nhitng kién thirc rdt don gian, co ban nhung rdt dé nham lan va
thiéu treong hop, dan dén tinh than bai todn bi tén hai nghiém trong do doi khi madt nghiém hay nghiém ngoai
lai...ma trong qua trinh gidi todn, lam viée, ké ca trong cudc song ching ta thuong vé tinh ngé nhdn, ké cd vé tém
quén di nhitng thir than thwong nhu thé.

Pdng chii y hon ca la bai todn sé 91, véi dai lu"ong quyét dinh chdn 0, = (y+1) (y—l), tuy nhién phép lién
hop thiét ldp dai lwong nay la bat nge, déc ddo va can khai thac nhiéu.
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2(\/x2+2y+1—\/m)+(x2+y—2)\/m=(y+l)2(y—l)
2(x2+y—2)

Oy P A MRS LRSI CAM S

@(x2+y2)[\/szyfl+m+ y+3} (y+1)' (»-1) (1)

Khéng giong cdc bai todn truée thiong dan dén x* +y—2 >0, nhung xui xéo la cho dit nhw thé thi van chwa cé gi
khéi sdc trong Idp ludn. Nét tinh té thé hién ¢ diéu ma it ai ngo téi
2x+y-320=x"+y-2=2x+y-3+(x’ ~2x+1)=2x+y-3+(x-1)" 20.

Hon nita phwong trinh hé qua ciing dwoc thiét ldp theo motip déanh gid lo lirng, doi héi tong hoa lién hé, phan bién
va chinh xac, tung budc tiém can dap so cuoi cung.

{3x° +2y+4+(2x2 +y—4)«/x2 +y+7=6)" (x—l),

Bai toan 92. Giai hé phuong trinh (x;yeR).

(3x2 —1)1/4x+y—5+ 3x° +2y° —1=x+y.

Ax+y-520;3x>+2y° =120
XA y+720;3x +2y+4>0
Phuong trinh tht nhat ctia hé tuong duong voi

\/3x2+2y+4—\/x2+y+7 +(2x2 +y—3)\/x2+y+7 :6y2(x—1)
2x2+y—3 +(2x2+y—3)«/x2+y+7=6y2(x—1)

= U322y + 4P+ y+T

<:>(2x2+y—3)( ! +\/x2+y+7J—6y2(x—l)

Loi gidi 1.

biéu kién {

\/3x2+2y+4+\/x2+y+7
Ta c6 ! +x*+y+7>0.
342y + 4+ 4y +T
~ , 2 2 x Je 2 y:O
Bén canh d6 4x+y—-5>0=2x +y—3:4x+y—5+2(x—1) >0, dan dén 6y (x—1)20<:>{ o1
x>

2x*+y-3=0 P2 3 3

Xét truong hgp y=0= & 2<:>(x;y): \/:;0 , —\/:;0 ,loai vi 4x+y—-5<0.
y=0 y=0 2 2

Xét truong hop x>1=3x" —1> 0= (3x* ~1)J4x+y-520.
Nhan xét (x—y)* 20=>2(x’+y*) > (x+y) vaap dung |M|> M,VM ta co

J3x*+2y7 1 :\/2(x2 —i—yz)-i-x2 -1 2\/2(x2 +y2) 2|x+y|2x+y.
Két hop lai ta dugc (3x” —1)J4x+y—5+3x* +2)* ~1 2 x+y.

4x+y-5=0
X =
Phuong trinh thir hai ctia hé c6 nghi¢m khi va chi khi <x=y & { _1
x+y=>0 I
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Két luan hé phuong trinh dé bai c6 nghiém duy nhit x=y=1.
Loi gidi 2.

Ax+y-5>0;3x>+2y" =120

XA y+720;3x +2y+4>0

Xét truong hop x >1 tacod

x21=3x" -1> 0= (3x° - 1) JAx+ y-520
= xt+y=(3x7 1) fAx+ y=5+3x7 +2)7 ~12 327 +2)7 -1

x+y=0 x+y=20
<9, 5 5 , & 5 , =>-I<x<I=>x=1
X +2xy+y  23x" +2y° -1 I-x Z(x—y) >0

Khi d6 ddu déng thic xayranén x—y=0;x=1< x=y=1.
Xét truong hop nguoc lai, x<1taco 6y (x—1)<0<> \3x° +2y+4+ (207 + y—4){x*+y+7 <0.
Dit \3x’ +2y+4 =a;\[x* +y+7 =b,(a>0;6>0)= 2x* + y—4=a’ —b* —1. Thu dugc

a+(a’—b*-1)b<0&a—b+(a’~b*)b<0
< (a—b)+(a-b)(a+b)b<0< (a—b)[1+(a+b)b]<0

biéu kién {

=a-b<02x +y<3

2x* +y <3
TEVEY o ax+2<0e2(x-1) <0 x=1mx=y=1.

Két hop ddng thoi
P s {5—4x—y£0

Viy hé phuong trinh ban dau c6 nghiém duy nhat ké trén.

Bai toan 93. Trich lugc cdu 8; Thir sirc trude ky thi Dai hoc 2015; D& s6 2; Tap chi Toan hoc va tudi tré, Nha xuét
ban Giao duc ~Viét Nam; So6 450, Théng 12 nam 2014. ’ i
Tac gia Nguyen Tat Thu — Gido vién Truong THPT Chuyén Luong Thé Vinh; Tinh Pong Nai.

(m+x)(y— yz—l)zl,

N B IO
h% +8{yy—x+14 =17.

Giai hé phuong trinh

Loi gidi.
Diéu kién |y|>1.
Nhén xét y#+/y* —1,Vy e R = y—+/»* =1 # 0. Do d6 phuong trinh th&t nhit twong duong véi
\/x2+1+x:;2:y+\/y2—1<:>y—x=\/x2+1—\/y2—1 (1)
y=+y -1
Khi hai vé cung dau ta co6

202 2322 02002 ] 2_,2_1
y2—2xy+y2=x2+y2—2\/x2+14/y2—lc>{xy ryoaeny = yoor

xy =0 xy20

X =y 42 1 1
- S0 X2 +1+4y7 =1 = :
\/x2+1+\/y2—1 \/x2+1+\/y2—1 \/ y—x

Do \/x2+1+\/y2—121:>y—x>0;

Ngoairatir (1) talaicéo y—x=

2]1=>0<y—-x<1.
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Phuong trinh thir hai ctia h¢ tr¢ thanh >

+8y—x+4=17.Dit tzy—x;te(O;l]:>%2+8\/t+4:17 (2).
y—x

RO rang 0<t£1:>tl221;8\/t+4>8\/Z:16:>tl2+8\/t+4>17,(2) vO nghiém.

Két luan hé phuong trinh ban dau vo nghiém.
V3% +20 +(3x7 — 17y +13) 17y +6 = x*y -1,
(20 =1)6x" +17y” =5 =2 (x+2).

Loi gidi.

Diéu kién 6x> +17)y* =5>0;17y+6> 0. Phuong trinh th& nhat ctia hé twong dwong véi

V3% +20 =17y +6 +(3x* =17y +14) {17y +6 = x*Yy -1
3x* =17y +14

&
N3X*+20+4/17y+6

<:>(3x2 17y+14)(

Bai toan 94. Giai hé phuong trinh (x;yeR).

+(3x =17y +14) 17y +6 =x"y -1

1
+17y+6 [=x*3y—1
V3x2+20+4/17y+6 g ] T

Nhan thiy
6x—17y+1120=3x" 17y +14=6x-17y+11+3(x—1) 2 0.

=0
+J17y+6 >0=x*3y—-1 ZO@{X

Lai co
y=>1

1
V3x2+20+4/17y+6
x=0
-17y+14=0
 Xét y>1=2y"—1>1>0va 6x° +17y° =5>6x" +12>0.

Hon nita 4(x—1)" 20=4x" —8x+4 20 < 6x° +1222(x* +4x+4) =2(x+2)  din dén
V657 #1737 =5 23627 +12 2 2(x+2)" =2 [x +2|2 V2 (x+2).
Két hop ta duoc (2y° —1)y6x” +17y* =5 212 (x+2) =2 (x+2).

& Xét x=0= { o (xy)= (O; %) , khong thoa man hé.

x—1=0

Phuong trinh tht hai ctia hé c6 nghiém khi ddu ding thirc xdy ra, tic 13 {x+2>0<= x=y=1.
y=1

Viy hé phuong trinh da cho c6 nghiém duy nhat ké trén.

Bai toan 95. Giai h¢ phuong trinh

(x2 +3y—3)\/4x2 +y+l1=y"° (y3—1)+\/3x2 -2y+5,
PA2x7 437 —1+2x+3y—5+x" +x" +Jx—y :4(x+y)—xy—3.
x>y dxt +y+1

3x* =2y +5>0;2x" +3y° =1>0
Phuong trinh tht nhat ctia hé twong duong voi

(x;y € ]R).
Loi gidi.

biéu kién {
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(x2+3y—3)\/4x2 +y+1—\/3x2 -2y+5 =y2(y3 —1)

<:>\/4x2 +y+1—\/3x2—2y+5 +(x2 +3y—4)\/4x2+y+1 =yz(y3 —1)
x> +3y—4 +(x2+3y—4)w/4x2+y+1=y2(y3—1)

=
J4x2 +y+1+3x% =2y +5
1
< (P +3y-4 +4x*+y+1 =y (y -1
( ){\/4x2+y+1+\/3x2—2y+5 J (=)
Taco 2x+3y—-520=x"+3y—4=2x+3y—-5+(x—1)"20.

Lai co 1 +\/4x2+y+1>O:>y2(y3—1)20<:{y:

J4x2 +y #1435 =2y +5 y=1

y=0

* 40 < (x;7)=(2:;0),(-2;0), khong théa man hé.
x° =4 =

» Xét truong hop y:0:>{
/ \ X yZl )CZI
» Xét truong hop y >1, két hop =
xzy y=1
Khid()chﬁ}'/(x—y)220:>2(x2+y2)2(x+y)2taduo’c
2)c2+3)/2—1=yz—1+2()c2+yz)2(x+y)2

= y2x* +3)° -1 Z‘/(x+y)2 :|x+y|:x+y>0

y21>0= yy26° +3y° =12 y(x+y) =" +xy
=Yy 2x2+3y2—1+,/2x+3y—5 +X3+X2+«/x—y2x3+x2+y2 + Xy

Xét hiéu giita hai vé phuong trinh thi hai
¥ +xt+y’ +xy—[4(x+y)—xy—3]

Ngoai ra

=x3—1+[x2+y2 +2xy—4(x+y)+4}
=(x*-1)+(x+y-2)" 20,vx=1VyeR

A \ ey e A n C A a2 L, L x3:1;x+y—2:0 x=1
Nhu vay phuong trinh thir hai ctia hé c6 nghi¢m khi dau dang thue xay ra, tic la &

x=y;x=2ly>1

24x> +3y +(4x2+y—7)\/4x2+y—5 :(y—1)3,
8+ y =9 +(y+1)J4x? +3y+1 =22 (x+1).
Loi gidi.

Didu kién 4x* +3y>0;4x> + y-5>0;8x+y >9.
Phuong trinh thir nhat cta hé twong dwong voi

2(\/4)62+3y—\/2yi+5)+(4x2 +y—5)\/4x2+y—5 :(y—l)3

2(4x2+y—5) ) : X
4 ~5)\/4 ~5=(y-1
<::>\/4)c2+3y+w/2y+5+( Y ) Y (y )
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2 3
45 +y-5 Jax* +y-5|=(y-1
<:>(x+y ) \/4x2+3y+ 2y+5+ X +y ()’ )

Taco 8x+y—-9>0=4x’ +y—5=8x+y-9+4(x-1)" >0.

Két hop 2 4+ y=5>0=(y-1) 20 y>1.

J4x% +3y +.2y+5
RO rang yf8x+y—9 +(y+1)\J4x’ +3y+1>0,¥y21=> 242 (x+1)>0.
Lai co 2(x—1)" 20 2x* —4x+22 0= 4x +4 2 2(x* + 2x+1)=2(x+1) nén
y21= 47 +3y+124x> +4 zm=ﬁ|x+1|=ﬁ(x+1)

yH122>0= (y+1)Jdx> +3y+12 242 (x+1)
Ngodira y\f8x+y—9>0=> y\8x+y -9 +(y+1)/4x> +3y+1>242(x+1).

8x+y-9=0 {x=1
=
y=1

Phuong trinh thir hai ctia hé c6 nghiém khi
x—=1=0;y=1

Két luan hé phuong trinh dé bai c6 nghiém duy nhat ké trén.

\/x2+3y+3+(2x2+4y—5)w/y 6=(y—1)vx+6,
b% x+y—2+(2x2+5y—5)«/2y2—1=2x2y.

Bai toan 97. Giai hé phuong trinh (x;yeR).

Loi gidi.
1
. P> —x+y=22;x"+3y+320
Pidukign {7 “ 277 TV EST T
y=-6;x=2-6
Phuong trinh thir nhat cta hé twong dwong voi

VX 43y 43—y +6+2(x* +2y-3)/y+6 =(y—-1)Vx+6
x> +2y-3 5
= +2(x*+2y-3){y+6=(y—1)Jx+6
X3y +3+y+6 (x g ) g (=D

1
*+2y-3 2 6
@2y ){ x2+3y+3+\/yT6Jr YT

Taco x+y-220=x"+2y-3=2(x+y-2)+(x~1)" 20.

]—(yl)\/m

x =—6
Lai c6 : +2/y+6>0 din dén (y—l)x/x+620<:{x
2 >1
\/x +3y+3+\/y+6 y
x=-6 x==6
Xét truong hgp x=-6=1 & 33 (Loai vi khong thoa man hé).
x"+2y-3=0 y=——

2
Vx+y=220
’ \ 2 2 2 2 2
Xéttruong hop y21>0=12x" +5y—-522x> 2 0= pfx+y—-2+(2x" +5y-5)y/2)" =12 2x7y.

\/2y2—1 2\/)7:);

Phuong trinh thtr hai cua hé c6 nghiém khi va chi khi x=y=1.
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\2Y2+2x+5 +(6y2+3x—10)\/x+8 :(y—l)\/;,
—1)\/x+4y—5 +4/4x +y—1=2x.

Bai toan 98. Giai h¢ phuong trinh

Loi gidi.

x+4y-520;x>0

4x* +y—-1=0

Phuong trinh tht nhat ctia hé tuong dwong voi

V207 +2x+5 —x+8+3(2y” +x-3)Vx+8 =(y-1)Vx

2y° +x-3
29 +x=3)x+8 =(y-1)/x
\/2y +2x+5+Vx+8 ( ) ( )

4 x- 2 +3Vx+8 |=(y—1)vx
& (2y 3)[M+m 3J_8J (y-1)vx

Ta c6 nhan xét x+4y—520:>2yz+x—3:x+4y—5+2(y—1)2 >0.

2 x=0
Lai c6 +3Jx+8>0=(y-1 \/520@{
V2V +2x+5+/x+8 =Y y=1

x=0
v Xéttruong hop x=0= < < (xy)= Oé\ﬁ : 0;‘\ﬁ : khong théa man.
Sop {2y2+x—3:0 yZ:% ( y) ( 2)( 2) g
v Xét y21=2y-1>0=(2y—1)Jx+4y-520.

Ngoai ra \/4x +y- 1>\/4x —2x:> 2y w/x+4y 5+4x° +y—1>2x.

Phuong trinh thir hai ciia hé ¢6 nghiém khi cac ddu ding thirc xay ra, tic 1a x =y =1.

Jax' +y +(3x2+y—5) x> +4 =5x (y—l),

x+y+\/6x+y—7 +y\/6y+x—7 =2++x-1L

biéu kién {

Bai toan 99. Giai hé phuong trinh (x;y €eR).

Loi gidi.

4’ +y>0;x>1
6x+y=>7,6y+x>7

Phuong trinh tht nhat ctia hé tuong dwong voi

\/4x2 +y—\/x2 +4 +(3x2 +y—4)\/x2+4 :sz(y—l)

biéu kién {

3x2+y—4 2 2 2
+H(3x"+y—4)Vx +4=5x"(y-1
\/4x2+y+\/x2+4 ( ) ( )
1
< (3 +y—4 +x*+4 |=5x" (y-1
( )(\/4x2+y+\/x2+4 J ( )
Nhéan xét 6x+y—720:>3x2+y—4:6x+y—7+3(x—1)2ZO.
Lai co ! +\/x2+4>0:>5x2(y—1)20<:>{x:0
\/4x2+y+\/x2+4 y=1

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 71

x=0

" Xétx=0=>4 |
3x*+y—-4=0

0
& {x (Khong thoa man diéu kién).
y =

= Xét yZl>O:>y\/6y+x—7 :y\/6y—6+x—l >x—1.

Ngodi ra {6x+y27:>7x+7y214:>x+y22 va \J6x+y-720.
6y+x2>7
Két hop ta co x+y+\/6x+y—7+y\/6y+x—722+m.
6x+y—-7=0 vl
Phuong trinh thtr hai cua hé ¢6 nghiém khi va chi khi < x+y =2 <:>{y=1
y=1

Két luan hé phuong trinh ¢6 duy nhat nghiém.

VX +x+3y-5 +(x2 +y—3)\/x+2y—3 =x’ (y3 —1),

Bai toan 100. Giai hé phuong trinh (x;yeR).
«/x+2y—3+(2y—l)w/2x+y—3+x2+y2=2.
Loi gidi.
X +x+3y-5>0
Piéu kién {x+2y>3
x+2y2>3
Phuong trinh thir nhat cta hé twong dwong voi
«/x2+x+3y—5—«/x+2y—3+(x2+y—2)w/x+2y 3= ( )
X' +y-2 (x +y-— 2),/x+2y 3=x
\/x +x+3y-5+x+2y-3
<:>(x2+y—2) +fx+2y-3
X +x+3y— 5+«/x+2y
Tanhdn xét 2x+y—3>0=x’+y—-2=2x+y-3+(x-1)">0.
. 1 X 1x
Lai co - +Jx+2y—3>0dandenx —1 >0 { -
\/x +x+3y-5+x+2y-3 =
. x=0 x=0 \
e Neux=0=4 , & (Khong thoa man h¢ ban dau).
x+y-2=0 y=2
o Néuy21=2y-1>0=x+2y-3+(2y-1){2x+y-3>0.
o |x+2y=3
Taco =3(x+y)26=>x+y22.
2x+y=23
Ngoai ra (x—y) >0 x +y >2xy:>2(x +y) (x+y) >4=x"+y">2.
Vay «/x+2y—3+ 2y—1 J2x+y=3+x"+y? =22,
o [ X2y =204y =3 A %
Phuong trinh thir hai cua hé c6 nghiém khi : & x =y =1, nghiém duy nhat.

Nhdn xét.
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Cac bai toan tu 88 den 100 khong nam ngodi | pham vi [6p hé phicong trinh sur dung tong hoa danh gid — ham sé véi
diéu kién tién quyet chdn mién gid tri mot bién thong qua dai leong lién hop, di rang mire @6 con ding lai don

gidn véi mdt an ma théi. Binh thuong cdc bai todn truée dé ching ta bién déi vé dang f X,y [A X,y ] =g x,y).
A(x; y) >0

Sau do dung dac tinh f(x;y) > 0voi moi gia tri x;y thuoc tap xac dinh D, A (x; y) thwong la dang can thiec.
L (x2)=0

Tw bai toan so 91 tro di, moi thir khong con don thuan nita, ma dwa trén ket hop hai hoa cac dai lwong khong am

f(x%y)=U+h(x;y)

g(xy)=V+k(x;y)

Trong dé U, V la biéu thirc khéng am bat ky, con h(x;y);k(x;y) khong am voi moi gia trix;y € D . Cac ban doc

dua trén diéu kién xdc dinhD, véi vin phong {

gia dé thay rat khé khan hon khi dé bai sir dung hé sé tuyén tinh che gidu di ban chat
|:f(x;y) = m1U+nlh(x y)

g(x;y) =m,V + nzk(x,y)

Cdc ban heu ¥ véi bién doi f(x;y)[A(x;y):Izg(x;y), vai tro cua g(x;y),g(x;y) khéng binh dang, tam thoi

( _0n>0)

chung ta xét truong hop g(x; y) =0, don vi quyét dinh mién gia tri mét bién.

Co the lay cac dién hinh voi U;V va dai lwong quyét dinh mién gia tri Q nhu sau

Uy, =x>—2x+1

» Bai todn 91. {hy, (x;y)=2x+y-3 = fu(6y)=Uy +hy (x5y)=x"+y-220.
0,1 =8y (1:9)=(y+1) (y-1)

Hé s6 tuyén tinh 1;1.

Uy, =2(x-1)’

» Bai todn 92. {hy, (x;y)=4x+y-5 = [ (%) =Us, +hyy (x59) =2x" + y=320.
0y, =gy (x:7) =6y (x 1)

Hé s6 tuyén tinh 2;1.

Uy, =3(x—1)’

» Bai todn 94. {hy, (x;y)=6x-17y+11 = f,,(x;3) =Uy, +hy, (x;) =3x> =17y +14 > 0.
Oy = oy (139) =x*{y -1

Hé s6 tuyén tinh 3;1.

Uy =(x-1)

» Bai todn 95. {hy(x;y)=2x+3y-5 = fo5(6 ) =Uss + hys (x5¥) =x* +3y-420.
Oss = 8o (1:3) =17 (' -1)

Hé s6 tuyén tinh 1;1.

Uye =4(x-1)’

» Baitodn 96. {hy(x;7)=8x+y-9 = fi (x:¥)=Us +hy (x59)=4x" +y-520.

Oys = 8os (ny) = (y_1)3
Hé s6 tuyén tinh 4;1.
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Cdc bai todn tiép theo twong tw. Trén ddy tac gia da lay trwong hop don gian nhdt nghiém x =y =1, lya chon binh
phuwong U :(x—l)2 va ghép thém hé sé tuyén tinh, chwa da déng ti h(x;y), tam thoi h(x;y) la chinh bang mét
trong cdc biéu thire dwdi can bdc hai cia phirong trinh thit hai. Vé mat tham my, cdc hé sé tuyén tinh m;;n, nay viea
gidu di ban chat lién hop ban dau, vira giam thiéu sw cong kénh, tao ra sw gon gang, dep mdt cho f (x; y) ciing
nhu toan bg h¢ phwong trinh. ) ‘ 7 o

Chung ta hoan toan co thé dao sau, cai tién, phuc tap hoa bang cach thay doi nghiém bai toan va cac hé so tuyén
tinh m;;n,, cing nhw h(x; y) khéng con la mét trong cdc cdn thire nita, né dwoc thay thé béi sw long ghép hé sé

tuyén tinh voi cac biéu thirc dwoi dau can, khi do hé ban dau sé chiwra nhiéu dau can, dat an phu bi vé hiéu héa mdac
du chung co maoi lién hé voi nhau, tiec rang do la moi lién hé tuyén tinh ma khong phdi ai ai ciing de dang nhan ra.

JX°+3y +(x2+3y—4)\/x+3 =1+y°,

Bai toan 101. Giai hé phuong trinh
\/x+y—2+y\/x+2y—3 +\/y+1 =2.

(x;ye]R).

Loi gidi.

X +3y>0;x>-3;x+2y-3>0
x+y-320;y=>-1

Phuong trinh tht nhat ctia hé twong duong voi

\/x2+3y—2+(x2 +3y—4)\/x+3 =y’ -1
@M+(x2+3y—4)x/m=y3 -1

X2 +3y+2
<:>(x2+3y—4)(—m+ x+3J—y3—1

Tanhin xét x* +3y—4=(x—1)" +2x+3y-5=(x—1)" +(x+y-2)+(x+2y-3)>0.

biéu kién {

Hon nira ;4‘ x+3>0= ) -120 y>1.
JX2+3y 42

Y\ x+2y-320

Jy+122

Khi do y21:>{ :>\/x+y—2+y\/x+2y—3+\/y+12\/§.

¢ X =
Phuong trinh thtr hai c6 nghiém khi céc dau dang thirc xady ratirc la { y =1 @{
x+y-2=x+2y-3=0

Thir lai, két ludn hé c6 nghiém duy nhat.
Nhdn xét.

Bai todn sé 101 mé man chién dich hé sé tuyén tinh 1:1:1 véi binh phirong (x—l)2 cde biéu thire dwéi ddu can, tat
nhién tam dirng chan tai phép lién hop mét can thire véi hang sé, dong nghia dai hrong f(x;y) =x>+3y—41¢ liéu
ngay tai phwong trinh thir nhat cua hé. Cu thé
{Ulm =(x=13h(x5y)=x+y =20 (x;9) =x+2y -3
m=n=p =1

:>f()c;y)=(x—1)2 +[2x+3y—5]:(x—1)2 +(x+y=2)+(x+2y-3)20= f(x;y)=x"+3y—4
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Ngoai ra cac ban co thé lya chon hé sé tuyén tinh kiéu khdc, dam bao hé sé chira x (hodc hé 56 chira y) cua dai
lwo’ngf(x;y)suy bién bang 0, f(x;y) sé lgp tirc tré nén nhé nhdn, xinh twoi.
Upg =(x- l) sh(xy)=x+y-2h (x;y)=x+2y-3
m=2m =1p =3
= f(x)=2(x-1) +[4x+7y-11]=2(x-1) +(x+y-2)+3(x+2y-3)>0
:>f(x;y)=2x2+7y—9
Thdm chi thay déi U néu muén hé sé khéng chira y
U :(y—l)z;hl(x;y):x+y—2;h2(x;y):x+2y—3
m =2;n=2;p =1
= f(xp)=2(y=1) +[Bx+4y-7]=2(y 1) +2(x+y-2)+(x+2y-3)2 0= f(x;7) =2y* +3x -5

Nhung céc ban biét khéng, dé c6 thé cé dwoc lién két

x’ +3y—4:()c—1)2 +2x+3y-5 :(x—l)2 +(x+y—2)+(x+2y—3) >0.
Chiing ta can diéu kién tién quyét nhw thé ndo, béi vi cdi gi hé qua ciing can sw té chirc va bé tri tir trde do.
Khong qua kho chi can co su hién dién cua cac biéu thicc x+y—2;x+2y—3trong can thicc bdc hai tai phuwong

trinh thir hai, hodc chi can can thire bdc chan dai logi nhw {‘/x +y-— 2;$/x +2y—3sélam md'tphm)’ng hwong dat an
phu ciia da sé cdc ban quen véi thii phdp nay.

V) +x +\/§(y2 +x—3)+1=y2,
Jx+3y=4+(3y=2)x+y-2+2y-1=1

Bai toan 102. Giai hé phuong trinh (x;yeR).

Loi gidi.
1
. x>0y >—
Pidukien {7 TV )
x+y-220;x+3y=>4
Phuong trinh tht nhat ctia hé tuong duong voi

\/y2+x—x/§+(y2+x—2)x/§:y2—l

Y +x-2

RN
<:>(y +x—2)(\/m+\/_

Nhan xét 2y’ +2x—4=2(y—1)2+2x+4y—6=2(y—1) +(x+3y—4)+(x+y—2)20.
y=>1

+(y2+x—2)\/§=y2—1

e

Do dé y?+x-22>0,lai c6 ————+2>0= )* 1zo©{

NS +x+[ y<-l1
Kéth : 17220 3y—4+(3y-2)Jx+y—2+2y-121
cthopvéi y2—=y=>21= =X +3y—4+(3y-2){Jx+y-2+ -121.
op y 7 y \/ﬁzl y y y y
y=1
Vi vay phuong trinh thur hai ctia h¢ c6 nghi¢ khi Sx=y=1.
x+3y—-4=x+y-2=0

Két luan hé c6 nghié¢m duy nhét.
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VA X—Y +(2x—1)\/2x—y—1+\/4x+y—1 =2,

VY +4x-5 +(y2 —4y+3x—l)m=y—l.

x> y;2x—y—1>0;" +4x-5>0
4x+y-120;x+4y-5>0
Phuong trinh thtr hai tuong duong véi

Y +4x—-5—x+4y-5 Jr(y2 —4y+3x)«/x+4y—5 =y-1

_4 3
S v sy A UL NN

@(y2—4y+3x) ! +x+4y-5|=y-1.

\/y2 +4x-5 +\/x+4y—5
Nhan xét y* —4y+3x=(y—1)" +3x—2y-1=(y—1) +(x—y)+(2x-y-1)>0.

Hon nita ! +x+4y-5>0=>y-120 y>1.

\/y2 +4x—-5+x+4y-5

Bai toan 103. Giai hé phuong trinh (x;yeR).
Loi gidi.

biéu kién {

Khi d6 ta co
x2y=>x21=2x-1>0= yfx—y+(2x-1){2x—y-120
= yfx—y+(2x=1)2x—y -1+ Jdx+y-1>/4=2
. r 1AL o 1A g A Cx=yy=1
Phuong trinh thtr nhat cia hé cé nghiém khi Sx=y=1.
x—y=2x-y-1=0

Két luan bai toan cb nghiém duy nhat ké trén.

225" +7y +(207 +5y=9)2y+7 =3(y-1),

Bai toan 104. Giai hé phuong trinh (x;yeR).
xyfx—y+(2y° —1)fx+2y -3+’ +3 =2.
Loi gidi.
2x*+7y>0;2y+72>0
Piéu kién {x+2y-3>0;x>y
Y4320
Phuong trinh tht nhat ctia hé tuong dwong voi

2(\/2x2 +7y—«/2y+7)+(2x2 +5y—7)«/2y+7 :3()/—1)3

2 —
2(2x oy 9) +(2x2+5y—7)\/2y+7=3(y—1)3

Q\/2x2+7y+«/2y+7
2x* +5y-9
C:)( Y )(JZx +7y+2y+7

Nhan xét 2x> +5y—7=2(x—1)" +3(x+2y—-3)+x-y>0.

Lai c6 2 +2y+7>0=3(y-1) 20 y>1.

252 + Ty + 2y +7
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x2y=>1
Khido y21=12y ~1>0= xx—y +(20° ~1)Jx+2y -3 +)’ +320+0+2=2.
y +3>4
yv=1
Phuong trinh thtr hai ctia hé ¢6 nghiém khi va chi khi {2x* +7y =2y +7 Q{;ill

x—-y=x+2y-3=0

Thir lai két luan hé c6 nghiém duy nhat x =y =1.

(252 + ) 1722 +6y =3\/15x% +5y +3 = y* 1,

\/x+y—2+xy\/x—2y+1+\/2x2y—l =1.

Bai toan 105. Giai hé phuong trinh (x;yeR).

Loi gidi.
xX+y=22x-2y+12>20
Didu kién < 2x’y >1;17x* +6y >0
15x° +5y+3>0
Phuong trinh thir nhat cta hé twong dwong voi

3(\/17x2 16y — 1537 +5y+3)+(2x2 +y=3)17x +6y = ' -1

3(2x* + y-3)
o +(2x3+y=3)J17x* +6y =y -1
J175% +6y +415x% +5y +3 ( )
3
< (23 +y-3 +17x* +6y |=y —1

( )(\/17x2+6y+\/15x2+5y+3
Nhan xét 2x* + y—3=3(x+y—2)+(x—2y+1)+2(x—1) 2 0.
Hon nira 3 +J17x° +6y >0=> 1" -120 < y>1.

\/17x2+6y+\/15x2+5y+3

NXFY=2+xpx-2y+120
J2x7y—-12+2-1=1
Dan dén Jx+ y—2 +xpJx—2y+1++/2x*y—1>1. Phuong trinh thir hai c6 nghiém khi x =y =1.

Thir lai két luan hé c6 nghiém duy nhit x =y =1.

3P+ y+4 +(2xz+y—4)\/x2 +7 :(2x2—1)(y—1),

VA2x+y-3 +3\/x2 —1+\/x4+y3—1 =x’.

Két hop x>2y1:>x>1>0:>{

Bai toan 106. Giai hé phuong trinh (x;yeR).

Léi gidi.

2x+y>3xt =1

x4y —1203x" +y+42>0
Phuong trinh thir nhat cta hé twong dwong voi

Diéu kién {

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8)

77

\/3)62 +y+4—\/x2+7 +(2x2+y—3)\/x2+7 =(2x2—1)(y—1)
2 +y-3 +(2x2+y—3)\/x2+7:(2x2—1)(y—1)

&
\/3x2+y+4+\/x2+7
1
< (232 +y-3 +VX+7 [=(2x 1) (¥ -1
( ){\/3x2+y+4+\/x2+7 } ( )( )
Nhan xét 2x? +y—3=(x—1)" +x* 14 2x+y—-3>0,

! VX +7 >0:>(2x2—1)(y—1)20.

\/3x2+y+4+\/x2+7

Lai co

V2x+y-=320
\/x4+y3—12\/x74=x2
Dan dén y.2x+y-3 +3\/x2—1+\/x4+y3—12x2.

Phuong trinh thir hai c6 nghiém khi dau dang thirc xay ra tirc 1a {

Vi x21>0:>2x21>0:>y1>0©y>1:>{

2x+y-3=x"-1=0 {le
; =
vy =Lx-1=0 y=1

Thir lai két luan hé c6 nghiém duy nhit x =y =1.

3P +y-3 +(x2 +y—3)\/2x2 ~1=x(y-1),

Bai toan 107. Giai hé phuong trinh
S{yx+y-2 +y\/x3—1+\/x2 +y —1=x.

Loi gidi.
3x*+y>3 3x*+y>3

Diéu kién {2x* -1>0;x° —1>0 Sdx+y-220;x>1
X+y=220x>+)y'-1>0 x>+ =120

Phuong trinh thir nhat cta hé twong dwong voi

384y =3 V20 -1+ (5 4y =226 1= ()
2
X +y—2 +(x2+y_2)m:x(y_l)

=
Y3+ y—3+42x7 1

<:>(x2+y2)( 1 +~2x =1 [=x(y-1)

\/3x2+y—3 +\/2x2—1

Nhan xét )621:>)cz+y—2:(x—1)2 +x+y—2+(x—1)20.

Hon nira x > 1; 1 +2x° =1>0=x(y-1)20 y21.
32 +y=3++2x7 1
o ~120
Dan dén PNE =5 x+y—2+y\/x3—1+\/x2+y3—12x.
\/x2+y3—12\/x_2=x

+y-2=x+y-2=0
Do d6 phuong trinh thtr hai cua hé c6 nghiém khi {x Y Y Sx=y=1

x—1=0;y=1
Két luan hé phuong trinh c6 nghiém duy nhat ké trén.

(x;ye]R).
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Nhdn xét.
Bai todn sé 107 chiing ta ¢é x21:>f(x;y)=x2 +y—2:(x—1)2 +x+y—2+(x—1)20.
RO rang trén ddy co sw dung U =(x—1)2 s hy (x;y) =x+y-2;h, (x;y) =x-1, trong do h, (x;y) la biéu thirc duéi
can, con dai luong h, (x; y) = x—1tir trén troi roi xuong, ciing khéng am day chir nhung ma khai qudt dwoc né ra
Vé cting khé khan. Pé ti nhién hon cdc ban c6 thé xit Iy theo phwong dén sau
U=x(x-1)20;Vx2>1
xz+y—2:x2—x+x+y—2:x(x—l)+(x+y—2) voi ( )
h(x;y)=x+y-2

\/2x2+y +x/§(2x2 +y—4):\/§x(y3 —1),
4\/x—1+x\/2x+y—3 Xy +x+y-2=x

2x°+y>0;2x+y-3>0

x2Lx’y+x+y-2>0

Bai toan 108. Giai hé phuong trinh (x;yeR).

Léi gidi.
Diéu kién {
Phuong trinh thir nhat cta hé twong dwong voi

«/2x2 +y —x/§+(2x2 +y—3)\/§ =x/§x(y3 —l)

2x2+y—3 +(2x2+y_3)\/§:\/§x(y3_1)

= \/2x2+y+\/§
©(2x2+y3)(m+\/§]—ﬁx(ysl)

Nhén xét x>1=>2x* +y-3=2x(x—1)+2x+y-3>0.

5x(1* =1)20
Laico x>l 4 350> Vsx(y-1) Pl p>l,
\/2x2+y+\/§ x2>1

>1 X\2x+y-320
Khi do {x :{ d nén 4x/x—1+x\/2x+y—3+\/x2y+x+y—2Zx.

y=1 \/x2y+x+y—22\/x2+1+1—2:x.
. S A, o Clx=1=2x+y-3=0
Phuong trinh thtr hai cua hé c6 nghiém khi { Sx=y=1.
x:y:

VP42 +(F 407 =3) 1?2420 =14,

Bai toan 109. Giai hé phuong trinh (x;yeR).
y\/y2 (x—l) +\/y2 —2x+1+3y° -2y=1.

Loi gidi.
. 2(x=1)=0 =0vx=>1
Pidu kién {y (x=1)=0" [

Y =2x+120 [y -2x+1

Xéttru(mghqpy=0:>{ xed.

Vx4 (x* =3)V2 +2x =1 {\/x2+(x23)\/§+2x—1
= =
V1-2x =1 x=0

Xét truong hop x >1 thi phwong trinh thir nhat cua hé twong duong véi
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JxT+2y° +(x2+y2—3)\/y2+2 =y’ =2x+1
<:>\/x2+2y2 —\/y2+2+(x2+y2—2)\/y2+2 =y’ —2x+1

- ¥ f;;zyi:/iz +2 +(xz+y2_2)\/m:y3 —2x+1

<:>(x2+y2—2) \/x2+2y21+\/y2+2+m =y’ —2x+1
Nhan xét x>1=>(x+3)(x—=1)20, suyra x* +y* =2 =(x" +2x=3)+ )’ = 2x+1=(x+3)(x—1)+»’ —2x+1>0.
1
\/x2+2y2+\/y2+2
Ta c6 ngay y\/yz(x—1)+\/y2—2x+120.
Xéthamsd f(y)=3y"-2y;y21= f'(»)=9y"-2>0,Vy =1, ham s6 lién tuc va dong bién trén [1;+0).
Khao sat sy bién thién thu dugc Minf(y):f(1)=1:>y\/y2(x—l)+\/y2—2x+1+3y3—2y21.

y=1

Khi d6 két hop

+V 4250y -2x+120 )y’ 22x 121 y>1.

X +y =2

Phuong trinh thtr hai cua hé c6 nghiém khi va chi khi x=Ly=1 <<x=y=1.
Y =2x+1=0

Thir lai, két luan hé c6 nghiém duy nhat x=y=1.

x’ +\/2(x2+3y2 +x)+(2x2+3y2 —6)«/3y2+2x+5 =y,

29V = 143437 +2x =5 +4[x> —2x + 2y -1 =|x—1[.

Bai toan 110. Giai hé phuong trinh (x;yeR).

Loi gidi.
X +3y +x>0x7 =1
Diéu kién {3y% +2x+5>0;3)* +2x-520.
x> =2x+2y-1>0
Phuong trinh thir nhat cta hé twong dwong voi
2y —143y3y7 +2x =5 +4[x* —2x + 2y —1 2 |x ]

V202 4246y = \3y2 + 20+ 5 +(2x7 437 = 5) |37 +2x+5 = " -’
2% +3y" =5 —i—(2xz—i—3yz—5)\/3y2+2x+5:y3—x2

R
252 +2x 4637 +4J3)7 +2x+5

<:>(2x2+3y2—5) ! +/3y7+2x+5 =y’ —x°

\/sz +2x+6y° +\/3y2 +2x+5

| x=1 5 5 5
Nhan xét - :>2x(x—1)20:>2x +3y —5=2x(x—1)+3y +2x-52>0.
x__
Tir d6 két hop ! +317 4234550y X201’ 2l 21 p>1.

257 +2x+63% +4J3y7 +2x+5
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20X =1>0

\/)c2 +2x+2y-1 2\/x2—2x+1 :|x—1|

Khidé y>1=

Suy ra 2yv/x> -1 +3\/3y2 +2x-5 +\/x2 —2x+2y-12|x-1.

¥ —=1=3y"+2x-5=0 {le
2 2 At

y=12x"+3y*-5=0 y=1

Thr lai, két luan hé c6 nghiém duy nhat ké trén.

Nhdn xét. . . . .

Theo loi mon, chung ta van chu dao cong pha mot trong hai phwong trinh, tim mién gia tri mot bién theo bién con

lai voi sw luu tam sat sao diéu kién xac dinh. Khong giong nhw nhitng bai toan truoe, bai toan so 110 co diéu kién

xac dinh phuee tap hon, khi ma bién x cé tdp gia tri nam trén hai khoang roi nhau la x € (—00;—1] U [l; +OO) )

Phuong trinh thir hai ctia hé c6 nghiém khi {

Ta tha ( )( )>O<:> x= ( > ) Nhu va x= :>( )( )>0v [ ]
athay (x—p)(x—q)= . Nhu v x-p)x—q)=z ;q €|m;yn|.
y p q x<gq pP>q ay <n p q » VP q ;

Ngoai ra co thé lwa chon theo cach khéc nhw sau
207 +3y” =5 =(x" =1)+(x* = 2x+1)+3y" +2x-5 =(x-1) +(x* =1)+3y* +2x-5.

J3xP+y  +4y +(3x2 +y° +y—6)«/3y+5 =x’ -1,

Bai toan 111. Giai hé phuong trinh (x;yeR).

X +y-2 +(x+2)\/y2 +4x-5 +\/y2 +x—-1=y.
Loi giai.

Diéu kién céac cin thirc xac dinh. Phuong trinh tht nhat cia hé tuong dwong voi

3x? +y +y-35 +(3x2+y2+y—5)1l3y+5:)€3_1

\/3x +y° +4y +./3y+5
3x*+y*+y-5 V3 -1
<:>( R )[\/3x +y +4y+3y+5 T J

Ta c6 3x2+y2+y—5:2(x—1)2+x2+y2+4x+y—7=2(x—1) + x4y -2+ " +4x-52>0.

Lai c6 ! +3y+5>0=>x° -120 x>1.

\/3x2+y2+4y+«/3y+5
(x+2)y/y” +4x-5>0

7 ex=12y =2y

x=1
Do d6 phuong trinh thir hai cia hé ¢6 nghi€ém khi | 5 &
V' +4x-5=x"+y-2=0

Lac do = x2+y—2+(x+2)\/y2+4x—5+\/y2+x—1Zy.

Két luan hé phuong trinh ban dau c6 nghiém duy nhit.

VX +3y=3+2(x +2y-4)y +1=0,
2x\/x—y+\/2x+y—3 +(2y—l)«/x+y—2 =0.

Bai toan 112. Giai hé phuong trinh (x;yeR).

Loi gidi.
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X +3y-320;y>0
Diéu kién x—y20;2x+y—320<:>{
x+y—-22>0

x>y>0;x +3y-3>0
2x+y-320;x+y—-220

Phuong trinh thir nhat cta hé twong dwong voi

VX +3y=3+2(x*+2y-3)/y -2y +1=0
ex +3y-3-y+2(x*+2y-3)fy =y-1
\/x x+;:y2y3j\/—+2(X3+2y_3)\/;:\/;_1

@(x3+2y—3)(m+\/;+2\/}}\/}—1

Nhan xét x3—3x+2:(x—l)z(x+2)20,VxZOnén X +2y-3=x —3x+2+(2x+y—3)+(x+y—2)20.

Lai c6 ! +2y>0=>fy-120 y>1o y>1.

\/x3 +3y-3 +\/;
,{nyZl 2xy/x—=y 20
Vo1 =
y=1 (2y-1)y/x+y-220

Phuong trinh thir hai ctia hé c6 nghiém khi {x y=0 & {x =1
2x+y-3=x+y-2=0
Thr lai, két luan hé phuong trinh c6 nghiém duy nhat x=y =1.
Nhdn xét.
Sau mét thoi gian dai giao tranh, phwong dn sit dung chién thudt du kich thuan tiy doc theo chién tuyén 91 d@én 111
chi voi vii khi hang nhe dang nhi thirc bac nhat — tam thirc béc hai, vé co ban chung ta da xw ly dwoc phén lon cac
don vi trinh sat, tién tiéu cua dich quéan. Tuy nhién, cang di sdu vao chinh dién cudc chién, khi ma tinh hinh phirc
tap hon véi chién tranh quy wéc, véi cdc thanh lily kién co, cam bdy gidng nhw mang nhén, can sir dung vii khi
hang nang, kinh nghiém xwong mau tich lity, ap dao bién nguot va nhimg budc di khéo léo, can than.
Bai todn sé 112 mé man quy mé khi U ¢6 dang da thire mét an bdc ba, két hop sir dung hé sé tuyén tinh 1:1;1 véi
cde biéu thirc khéng am

:>2x\/x—y+\/2x+y—3 +(2y—1)«/x+y—2 >0.

U=x —3)c+2:(x—1)2 (x+2)>0,Vx>0
hl(x;y)=2x+y—320 (mlznlzplzl)
hz(x;y):x+y—220
= f(xy)=x"+2y-3=x"-3x+2+(2x+y-3)+(x+y—-2)20
Diém dang chu y hon la da thiec bdc ba khong co dac tinh khong am von coé nhw tam thiec bac hai, dé thiet lap diéu
nay cdc ban chii y bé tri diéu kién cho cdc bién truée do: (x— a)2 (mx +n) >0,Vx > _n

Vi du nhw

2

(x—2 ()C+1)ZO,V)CZ—1:>)C3—3X2 +2x+220,Vx>-1
(x=1)"(x+2)20,Vx> 2= x* ~3x+22>0,Vx > -2
(x=1)" (x+4)20,Vx> 4= x* +2x7 ~Tx+4>0,Vx >4
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Vif (x; y) ciia chiing ta yéu cau tham mi cao, hon nita céc biéu thire U va h, (x; y) chui vao trong cdn thire nén can
gon gang, dep mat, tranh cdng kénh, vi v@y nén chon lya hé 56 sao cho khuyét hang tir bac hai hogc bdc nhat dé tao
ra da thiec hinh thiec ba hang tir

(x—2)2(x+4):(x2—4x+4)(x+4):x3 ~12x+16
(x—3)2 (x+6)=(x2—6x+9)(x+6):x3 —27x+54
(2x—1)" (x+1)=(4x* —4x+1)(x+1) =4x’ =3x+1

Tw do ta co the mo rong U lén cac da thiec bdc bon va cao hon nita, kién ldp cac bai toan yéu cau tw duy tong thé.

VX 4357 17y + (2 +3x7 +13y—19) J4y +17 +/21 =0,

Bai toan 113. Giai h¢é phuong trinh
17x+4y—5+6pJ6x+y—7 + /4y +21 ++/x =5.

(x;yeR).

Loi gidi.
Diéu kién cac can thirc xac dinh. Phuong trinh thir nhat cta hé twong dwong voi

VX432 417y =4y +17 +(x° 4327 +13y —17) {4y +17 =\/4y+17 -

X+ 3 +13y-17 (432 +13y-17) JAy 117 = -

\/x +3x7 17y +-J4y+17 \/4y+17+v
1 4(y-1)
& (X +3x° +13y-17 +4y+17 |=
( ) X 43x7 17y + 4y +17

J4y+17 +/21
Nhan xét x* +3x* =9x+5=(x—1)" (x+5)>0,vx >0, din dén
X433 +13y—17=x"+3x" —9x+5+3(x+4y—5)+(6x+y—-7)>0.

4(y—1
Lai c6 1 L fAy 17> 0= -1) >0 y>1.

VX 437 +17y + 4y +17 J4y +17 +4/21

-7 2
Khi d6 {y OO rray =546y foxty—T+ JAyraixss.
J4y+212425=5
Vi dau ding thirc khong xay ra nén hé phuong trinh da cho vo nghiém.
Nhdn xét.
Péi véi bai todn nay ta thdy
F(xy)=x"+3x"+13y—17=x"+3x> =9x+5+3(x+4y—5)+(6x+y-7) =0

g(x:y)=g(y)=a4y+17-21

1
T(x;y)= +44y+17 >0
(x:7) \/x3+3x2+17y+«/4y+17

Cac dai lwong tham gia U = x* +3x° —9x+5;hl(x;y)=x+4y—5;h2 (x;y)—6x+y—7.

He 56 tuyén tinh f(x'y) =mU +nh, (x‘y)+p1h (x‘y)' =Ln =3;p =1.

Pai lwong khéng am mét bién U ¢6 dang da thirc bgc ba U = x S 4+3x% —9x+5, nhw dd néi ban doc cé thé xir Iy U
theo phan tich nhén tir hodc phirong phép ham sé néu muon

v’ Phén tich x* +3x° —9x+5:(x—1) (x+5)ZO,VxZO.
v Xét ham sé t(x):x3+3x2—9x+5,Vx20ta co t'(x)=3x2+6x—9;t'(x)=0c>xe{l;—3}.

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 83

Ro rang 1(0)=5;¢(1)=0=t(x) > Mint(x)=1(1)=0.

x20

VX 3y +5+(x0 +2y-11)fy+15 =4(y-1),

Bai toan 114. Giai h¢é phuong trinh
\/7x+y—15 +y\/5x+y—11 +\/x2 +y’x—4x+4 =x.

(x;yeR).

Loi gidi.

X A+3y+520;y+15>0;7x+y—-15>0
5x+y—1120;x" +y*x—4x+4>0;x >0
Phuong trinh tht nhat ctia hé tuong duong voi

VX +3y+5—Jy+15+(x* +2y-10) [y +15 =4(y-1)

x +2y-10 +( +2y-10)Jy+ 15 = 4(y 1)

Q\/x3+3y+5+«/y+15
1
+2y-10 Jy+15 |=4(y-1
Q(x g ) \/x3+3y+5+\/y+15+ o (y )

Vi x3—12x+16=(x—2)2 (x+4)20,‘v’x20 nén x3+2y—10:x3—12x+l6+(7x+y—15)+(5x+y—11)ZO.

biéu kién {

Lai co

1
+yy+15>0=4(y-1)20<= y=>1.
X 3y +5+y+15 (r=1)

VS5x+y—-1120

Suy ra 5 .
\/x2 +y’x—4x+4 =\/y2x+(x—2) Zy\/;Z\/;
T do \/Tx+y—15+ pf5x+y—11+x° + y’x—4x+4 2 x.

Tx+y—-15=5x+y—-11=0 5
Phuong trinh thtr hai cua hé c6 nghiém khi va chi khi {x—-2=0 = {x _1
y:
y=1

Két luan hé c6 nghiém duy nhat x=2;y=1.
Nhin xét.
Bai toan so 114 co cac dai lwong don gian hon
f(xy)=x"+2y-10=x"—12x+16+(7x+ y—15)+(5x+ y—11) >0

1
T(x;y)= +y+15>0
(59) VX +3y+5+4/y+15
g(xy)=g(y)=4(y-1)
Voi su tham gia cua U=x3—12x+16;h1(x;y):7x+y—15;h2(x;y):5x+y—11.

V8 +3y =3+ (8x +2y-5) [y =-1,
J2x+y-=2 +(x+y)\/4x+y—3 +i16xy+y° -1 =24/x.

Bai toan 115. Giai hé phuong trinh (x;yeR).
Loi giai.

Piéu kién cac can thirc xac dinh.

Phuong trinh thir nhat cia hé twong duong véi
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V8’ +3y =3+ (8x" +2y-3) [y -2y =-1
& 8x’ +3y-3—Jy+(8x’+2y-3)/y = Jy -1

8x’ +2y-3 3
8 2y=3)Jy =+y-1
it 8x3+3y—3+\/y+( ey ) g Y
,/ -1

@(8)63 +2y—3)

J8x} +3y— 3+\/_
Nhan xét 4x* —3x+1=(2x-1)"(x+1)>0,Vx >0, din dén
8x7 +2y—3=2(4x’ =3x+1)+(2x+y—2)+(4x+y-3)20.

Lai vi 1 +fy>0=fy-120e fy21ey21.
\/8x3+3y—3+\/;
C o [x20  [(x+y)Ax+y-320
Khi do =
vzl |4i6xy+y? 1= 416x =24/x
Thu dugc 2x+y -2 +(x+y)\/4x+y—3+\4/16xy+y2—1 >24/x .
8x’+2y-3=0 .
Phuong trinh thtr hai cua hé ¢6 nghiém khi 2x+y—2=4x+y—3=0©x=5;y=1.
y=1
Thir lai, két ludn hé c6 nghiém duy nhét ké trén.

Nhdn xét. .
Cac don vi tham gia lién hop bao gom

x + >0;g(x; 1
y {8 +3y— 3+\/7 g g y \/7
f(xp)=8x"+2y=3=2(4x" =3x+1)+(2x+y—2)+(4x+y-3) 20
Pdng chii y hon ca la hé sé tuyén tinh cia U da tang lén
U=4x"-3x+Lh (x;y)=2x+y-2h (x;y)=4x+y=3;m =2 = p, =1.

Khi viét dén bai todn sé 115 nay, ngay 15.04.2015, tac gia dang doc do dang mét truyén ngdn, ma khéng hic
xem lqi thi ra no la truyén dai 22 chuong, va cing ket hop xem dang do mot bo phim, bo phim chi c6 mot tap thoi:
Bong bong len troi. Bo phim san xudt béi Hang phim truyen hinh, Pai truyén hinh Viét Nam nam 1997, chuyén thé
twr tac pham cung tén cua nha van Nguyen Nhdt Anh viét nam 1991, khi téi con rat nhé, mai gio day khi khéng con
ngoi trén ghé nha truong toi moi biét dén tac pham hién thiee va dam chat nhén véin nhuw thé.

Hom nay la mot buéi chiéu thir 4 mia xuén nam 2015, tiét troi dau hé dep va co gio long vi vu, toi lam viéc tai
mét ngéi nha nhé khudt trong khu d@é thi méi Yén Hoa, qudn Cau Gidy, trung tém thi dé Ha Néi, ké bén dong song
Té Lich den ngom, xdu xi nhung quen thuéc va nhiéu ky niém doi véi nguoi tha hieong xir nguwoi. Mdc di bén kia la
con duong Lang xe c¢ ngun ngut, bon chen va dong diic nhung ching toi chang quan tam, héa ra giita cdi noi phén
hoa dé héi nay van cé nhing khu vang lang, thanh binh dén la ‘thuong.

Giita khong gian tinh mich ay, t6i ngoi mét minh, doc hét 22 chirong va xem tdp phim nhe nhang, long tran
ngdp nhiéu cam xuc. B phim Bong bong mua he dwoc chuyén thé, tuy noi dung khong sat voi chinh truyén va hroc
bé nhiéu chi tiét dang quy, ddt giG can thiét, lam t6i ban khodn xen lan tiéc nuéi. Trong phim tinh co ¢6 dién xudt
Vo cung hén nhién, tinh té, vé tw cuia anh dién vién Hoang Tung, téi chot nhdn ra do la mot nhan vat phan dién
trong loat phim D¢i dac nhiém nha C21 ma t6i rdt thich, hai anh em hay cung xem méi khi may man cé dip chiéu
lai trén séng VIVI Pai truyén hinh Quoc gia. Toi thich goi la Dai truyén hinh Quéc gia hon la Pai truyén hinh
Viét Nam vi né than thwong va duy nhat, chita dung mét phan thoi éu tho, bén gia dinh, bén nguwoi than.
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Qua thuc c6 khac biét voi nhitng kénh phim truyén chuyén nghiép va nhiing kénh da chiéu loan xa théng tin.
D6 la kénh thoi su chinh théng, kénh van héa, gidi tri, tin tirc tong hop truyén thong doi véi dong bdo ca nuée, véi
nhén ddn mién nii, hai ddo, véi cac chién st bién phong va cdc mién qué thén da. Chao 6i, nao la VIVI, VTV2,
VIV3 né...va Dai phat hinh truyen hinh Thai Binh théan yéu cia qué hwong téi nita. Bao nam thang véi chiéc man
hinh nhé xiu tir den trang chuyén sang mau véi nhitng khung gio phim quen thugc, t6i nho ldm. nhitng bo phim kich
tinh, chan thuc va dam tinh nhan van hay cing xem voi me ngay nho chiéu thir bay, chit nhdt... nao la Canh sdt
hinh s, Hoa co may, Phia trudc la bau troi, Séng ngam, Ving troi binh yén, Puong doi.... Khéng biét ¢é phdi vi
nhitng gia tri dy ma gio day toi tro nén suy nghi, hanh dong va mo wdc mot cach than trong hay khong ?

Tiep can voi tac pham nay, toi an twong sdu sdc vé nhan vit Nguyén Minh Thuong va gia dinh anh, vé bo
Phong, me Tué ciia anh, vé bé Nhi, vé c¢é bé Tai Khén va hon thé nita...Nghia cir cao dep ciia chii Phong — bé clia
anh Thuong ¢ dau tac pham, va ciia Thirong & cudi tae pham, tuong tw hanh dong viea bdt ddc di, vira dau thirong
cua anh gido lang tén Tri¢u trong Nhiing bai hoc nong thon (Nguyén Huy Thi¢p), hay viéc lam cao thuong cua c6
bé Thu trong Tam hon me (Nguyen Huy Thiép). Chdc nhiéu ban doc biét dén Tam hon me cung la bo phim dac biét
cung tén chuyén thé, dan dén tén tuéi cé bé Phing Hoa Hoai Linh, em bé Ha Noi — nit dién vién chinh xudt sdc
nhdt tai Lién hoan phim A — Phi nam 2011 khi méi 12 tuéi.

Vé “Bong bong lén troi”, tac phdm dwogc viét da trén khung canh mién Nam, khi tac gia da chuyén dén sinh
song tai thanh phé Hé Chi Mmh ngon ngit trong truyén mang dam nét Nam bé méc mac va co khac biét voi mién
Be, tuy nhién véi dién xudt dic sdc cia anh Hoang Ting va tdp thé anh chi hoc sinh 1ép 1241 truong THPT Phan
Pinh Phiing nién khéa 1994 — 1997, Quédn Ba Binh, nhitng con phé Qudn Thénh, Lé Dudn, doan dwong sdt Bic —
Nam bén Céng vién Théng nhat, Céng vién Thi Lé, ...tat ca déu lam todt lén vé dep dung di vén cé cia dat va
nguoi thi dé, cia tuéi hoc tro va nén van héa ddt nuée.

“Bong bong lén troi, nhitng qua bong da bay cao va dwong nhu sdp sira tan vao may trdng. Thé la chung da
dén noi dinh dén . Va chdng bao ldu nita, phiic lanh sé den V6i ai tin vao suw vinh hang cua nhitng dzeu tot dep. Bat
gidc Thuong mim cwoi véi y nghi ciia minh va vira déi mdt theo nhitng cham li ti in vao nén mdy trang, anh vira xiic
déng tw héi khéng biét trong co man nhitng mo wéc ma con ngudi ky thdc, nhitng qua béng lén troi kia dang mang
theo diéu nguyén wée nao cé ban nhé chan thanh vira giri gam cho anh”.

Va tdc gia chot thdy anh T hirong dwoc gap co bé Tai Khon (La), trong phim tén Lua — co bé mo Ol thong minh
dwgc me Tué cua anh cung nhat l6p da la mét diéu may mdn, mét diéu diéu ky ma nha van sdp xép. Cung la mot
tac pham danh cho thiéu nhi ciia nha vin Nguyén Nhdt Anh, ciing cé tinh tiét “An nhiéu keo sin rang”, nhung
khong phai la keo kéo nhu trong Bong bong lén troi dau, ma co bé trong Co gai dén tir hém qua (1989) bi sun rang
thuee suw, Viét An...mét cdi tén rat xinh xan, ddc biét ma téi Gu yém ddt cho mét cé gai 18 tuéi nhé nhdn, bé béng,
cing hoi hoi sin rang (treo tro) va tinh nghich khong kém Tai Khon co chit, ¢6 bé ma t6i yéu thuong nhat trén doi.

Moi ngueoi sinh ra déu cé quyén binh dang, co quyen séng va muwu cau hanh phiic...da la diéu wée, ching ta cé
quyén, mién sao né chdn chinh va khéng xdu, nhw thé la dep dé. Péi véi cdc bai todn tir 100 dén 115, thoat nhin
khéng it ban cam thdy méng lung, vé huedng vi hinh thire gon gang va khé bau viu ciia né, nhung vi thé liéu cé can
wée lam dwoc hay khéng, khéng, chi can chit ) mét chiit va khéo léo bién doi, can thdn trong cde lién két la cé thé
hoan toan xit Iy én théa véi mét 1oi gidi logic, chinh xdc.

3Yx' +8y=5+(x' +4y-10)/y =",

—1)\/x+y—2 +\/y3+2y2+2x2—1 =X+y.

Bai toan 116. Giai h¢ phuong trinh (x; Ve ]R) .

Loi gidi.
x'+8y-5>0;y>0

X+y>2y +2y°+2x" =120
Phuong trinh tht nhat ctia hé twong dwong voi

34/x? +8y-5 +(x4+4y—5)\/;—5\/;=y3
<:>3(«/x4+8y—5—2\/;)+(x4+4y—5)\/;:y3 ~Jy

biéu kién {
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3(x4+4y—5)
\/x4+8y—5+2\/;
4 3 3
<:>(x +4y5)(\/x +8y— 5+2\/7 f} g _\/;

Nhéan xét x* +4y—5=x"—4x+3+4(x+y—2)=0nén

<

+(x4+4y—5)\/;=y3—\/;

>0 y=20 =0
Lai c6 3 + y>0nény3—\/;20<:>y32\/;<:>{y6> @{ @[y>
Y2y

Jxt+8y—5+2y

s y=0 y=0
Xét truong hop y—O:{x4_5_O©{xe{%;%}
Tt ca cac cap s thu duoc khong théa man x+ y > 2, loai.
Xét truong hop y21:>{3j;_1>0:> (3y—1) 20
y'—120 \/y3+2y2+2x2—12,/2(x2+y2)

Mait khac (x ) >0<:>2(x +y) (x+y) :1/2(x +y )>|x+y|>x+y

Danden 3y \/x+y 2+\/y +2y? +2x* =1 > x+ y . Dau dang thirc <:>{

x+y-2=y"-1=0 [x=1
y y PN
x=y;x+y=0 y=1
Thr lai, két luan hé c6 nghiém duy nhat x=y=1.

Nhin xét.

Bai toan so 116 nay chung ta co cac don vi tham gia lién hop nhw sau

3
T(x;y)= +Jy>0,g(x;y)=g(y)=1" -y

f(xy)=x'+4y-5=x"—dx+3+4(x+y-2)20
Trong do U=x4—4x+3:(x—1)2 (x2+2x+3):(x—1)2 [(x+l)2 +2}20,VxeR,

Hé s6 tuyén tinh h, (x;y) =x+y-2;m =1;n =4.
Diém dang leu y la dai hwong khong am U dd,tdng cap tro thanh dq thirc bac bo”n? mot an. Pa phan cac ban doc
quen su dung bat dang thirc Cauchy déu biet den danh gia con voi diém roi x =1dién hinh nhu
X =2x+120,VxeR;x’ —3x+2>0,Vx>0
x*—4x+320,VxeR;x" —6x+520,Vx>0,...
Xur ly cac dai lwong nay co thé sw dung phan tich nhan tir hodc cong cu dao ham — ham so rat thugn tién
= Phan tich U=x4—4x+3:(x—1)2 (x2 +2)c+3):(x—1)2 [()chl)2 +2}20,‘v’xeR.
= Xét ham sé U=t(x)zx4 —4x+3;xeR.
Bao ham t'(x) =4x° —4;t'(x) =0 X’ =1 x=1 dan dén t(x) > Mint(x) = t(l) =1.

xeR
Ngoai ra don vi quyét dinh mién gia tri bién y cting c6 mot so diem chwong ngai du la kién thuc hét suc co ban

>0 =
0=y \/*>0<:>y >\/*<:>{Y>O {y> @{y—o

>y y(y5—1)20 y=>1
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Vi v@y can xem xét tong thé hai truong hop xdy ra, khuyén cdo nén dung triee tiép phwong trinh lién hop sé thu
dwoc ngay két qua khong thoa man diéu kién xdc dinh, chua ké théa méan hé ban dau (tinh theo da sé). Dé dc déc
hon nita, nguoi ra dé cé thé bé tri cho truong hop nghiém ddc biét ndy nghiém ding phwong trinh dan dén mdt
nghiém vén cé cia bai toan, diéu nay tan céng manh mé vao mét bé phin nhitng thi sinh véi vang, khéng can than.

2\xt +x*+2y +(x4+x2—5y),/7y— =-2,
VX +4x =5y +yTy+3+7y° -3 =2+4/10.

Bai toan 117. Giai hé phuong trinh (x;yeR).

Loi gidi.
' +x*+2y20
Diéu kién {x* +4x—5y>0
7y° >3
Phuong trinh thir nhat cta hé twong dwong voi

2x +x7 +2y +()c4+x2 —5y+3)\/7y—3—3\/7y—3 =-2
<:>2(\/x4+x2 +2y—«/7)/—3)+()c4+x2 —5y+3)\/7y—3 =\/7y—3 -2

2(x4+x2 —5y+3)

7(y-1)
=5y 43)Ty-3=——oL
Q\/x4+x2+2y+\/7y—3+(x H =Sy J7y=3+2

2 7(y-1)
Yex’-5y+3 J7y-3 |=——=—2—
<:>(x T )[\/x“+x2+2y+\/7y—3Jr g JT1y=3+2
Tanhgn xét x*' —4x+3=(x-1)" (¥ +2x+3) = (x=1)"[ (x+1) +2|>0,¥x e R.

Suyra x* +x° —5y+3:)c4—4x+3+(x2 +4x—5y)20.

2 +7y-3>0=y-120< y=>1.

\/x4+x2+2y +47y-3

J7y+32410
Khi do y>1>0:>{i}/3i :>\/x2+4x—5y+y1/7y+3+«/7y3—322+\/E.
7y =322

Lai do

x> +4x-5y=0
Phuong trinh thir hai ctia hé c6 nghiém khi cac ddu dang thirc xay ra tic 1a { x* —4x+3=0 < |
y =
y=1

Thir lai, két luan hé c6 nghiém duy nhat x=y=1.

«/yj’+x+y+(y3+x—3)«/y+2+2:2\/;,
Jx+3y—4+(y+1)y2x" +5y -3 =2|x+1].

Bai toan 118. Giai hé phuong trinh (x;yeR).
Loi gidi.

YV 4+x+y>0,y>0

x+3y-4>0;2x"+5y-3>0

Phuong trinh thir nhat ctia hé twong dwong voi

biéu kién {
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88

\/y3+x+y—\/yj+(y3+x—2)\/yj:2\/;—2

Y +x-2
e e MRS A e L

1
3 -2 Jy+2 =24y -1
Q(y o ) \/y3+x+y+«/y+2+ v ( g )

Nhan xét y3_3y+2:(y—2)2(y+2)20,Vy20:>y3+x—2=y3—3y+2+(x+3y—4)20-
1
+yy+2>0=>y-120y>1< y>1.
\/y3+x+y+w/y+2 \/7 \/7

Vithé y21>0=2x" +5y-422x" +22 7 +2x+1=(x+1)’ = 22 +5y -3 2 |x +1].

Bén canh do

Honnita y+122>0= (y+1)y/2x" +5y-322x+1| = x+3y—4+(y+1)2x* +5y -3 >2[x+1].

(x-1)"=0
=1
Phuong trinh thtr hai cua hé c6 nghiém khi x+3y—4:y3—3y+2=0<:>{x {
y:
y=1

Thr lai, két luan hé phuong trinh ban dau c¢6 nghiém duy nhat x=y=1.

\/y4+3x+1+(y4+2x—5)\/x+ =—\/§,
X2y =34/ 42 +1+Vx =y +2.

Bai toan 119. Giai hé phuong trinh (x;yeR).
Loi gidi.
x+2y-32>0
Diéukién {x>0
Y 4+3x+120
Phuong trinh tht nhat ctia hé twong dwong voi

\/y“+3x+1—\/x+4+(y4+2x—3)\/x+4 =Jx+4-+5

4 pa— pa—
y +2x-3 —i—(y“+2x—3)\/x-|-4:x—1

\/y4+3x+1+\/x+_4 Jx+4+445

x—1

1
+Vx+4 |=
V' H3x+1+4/x+4 Jx+4++5

Nhin xét y4—4y+3=(y—1)2(y2+2y+3):(y—1)2[(y+1)2+2]20.

<:>(y4+2x—3)

Dindén y*+2x-3=y"—4y+3+2(x+2y-3)20.
1

\/y4+3x+1+\/x+4
JXx+2y-32>0
Khix21:>{x ey — xJx+2y3+/x>1.

+Vx+4>0=>x-120<= x2>1.

Lai thdy

x2>1

Matkhic ' +2y* +122y* 422y 42 +1= (17 +1) =X +2 +12 2 +1.
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Két hop tong thé ta co x/x+2y -3 +«/x3+2y4+1+\/;2y2+2.

x+2y-3=y"+2x-3=0

X =
Phuong trinh thir hai cua hé c6 nghiém khi {x=1;y =1 & {

(1) =0
Két luan hé phuong trinh ban ddu c6 nghiém duy nhat x=y=1.

S5x+y=2+x=3x*+6x+3y=17,

(x+y) +2(x+1)=+2x-T+4x+3y.

Bai toan 120. Giai hé phuong trinh (x;yeR).

Loi gidi.

Diéu kién x+ y22;x2%. Phuong trinh thir hai ctia hé tuong duong véi
(x+y)2—3x—3y+2:\/2x—1+x—2\/;
<:>(x+y)2—3(x+y)+2:\/2x—1—«/;+x—\/;

x—1 Jr)c()c—l)

V2x—1+Jx  x++x

2 1 X
S(x+y) =3(x+y)+2=(x-1 +
(o) =3(xy)e2=( )(mw; xwﬂ
Xéthamsd f(t)=1-3t+2;t22= f'(¢)=2t-3>0,V¢ 2 2.

Ham s6 lién tuc va déng bién trén mién dang xét dan dén f(¢)= f(2)=

o (x+y) =3(x+y)+2=

Bén canh do6 >0Vx>1:>x 120 x>1.

J2x - 1+\/; x+x/_

Phuong trinh thir nhat cta hé twong duong véi
SYx+y—2+x =3x"+3x—1+3x+3y=6 5 x+y-2 +3(x+y)+(x—l)3 =6.
D& théy (x—1)’>0,Vx>1vaham g(¢)=5vr—2+36¢=x+y>2ddng bién, lién tuc.
Dodo g(t)=5vi-2+3r>g(2)=6=5x+y-2+3(x+y)+(x—1) 6.
X , - Cxt+y=2 , ~ 1A A
Phuong trinh ¢6 nghiém khi 10 <> x =y =1 (Théa man h¢ ban dau).
X—1=
Nhin xét. ) i .
Bai toan so 120 chung ta da su dung ky thudt lién hop véi bien x dé co ldp cac dai lwong x;x+ y. Tuy nhién can

hét sirc chii y chitng minh f(x+y) >0 voi f(x+y) = ()c+y)2 —3(x+y)+2. Khong qua kho khi nhan ra day la
tam thirc bdc hai mét an t = x + v;t>2do diéu kién xac dinh. Do dé c6 thé bién déi nhuw sau

(x+y)2_3(x+y)+2:(x+y—1)(x+y—2)20,Vx+y22,

2V2x—1+x+3 =4y =2y +2+3

Bai toan 121. Giai hé phuong trinh [ERRDYD (x;yeR).
x =2x+yt—4y+5 =1/2—.
3x"—2x+4

Loi gidi.
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A pea 1 . N VA .
bicu kién x > 3 Phuong trinh thtr nhat ctia hé twong duong véi

2x/2xi——2+x/xT—2=«/y2—2y+2—1
@2(\/ )+\/x+ —2=\y —2y+2-1

o206y w1 ()
V2x=1+1 ~x+3+2 /3?2y +2+1
1)
<:>(x—1)( 2 1 ]: (-1
V2x=1+41 Jx+3+2 \/mﬂ
2
RO rang 2 + 1 > 0; (y—l) >0néntadugc x-1>20<x2>1.

V2x=1+1 x+3+2 )2 —2p+2+1

Xét ham s f(x):x3—2x;x21:>f’(x):3x2—2>0,Vx21.
Ham s lién tuc va dong bién trén mién x=1= f(x)= f(1)=-

Laico y'—4y+3=(y—1) ()" +2y+3)20,VyeR=x’—2x+ ' —4y+52-1+0+2=1.

2
Mt khic 2(x—1) 2 0= 0<x® +2x 42 <36 ~2r 44 = |2 T EFZ
3x"=2x+4
y—1=0

Do d6 phuong trinh thir hai ctia hé ¢6 nghiém khi cac ddu dang thirc xay ra, tic la Jx=1 << x=y=1.
x—1=0
Thr 1ai ta thu dugc nghiém duy nhét cta hé.
Nhdin xét. ‘ .
Voi bai toan so 121, dé chan mién gia tri x >1, cac ban hoan toan co thé sw dung bat phwong trinh an x voi danh
gia giam theo hang dang thirc nhu sau

=2y +2+43=(y—1) +1+3>1+3=4 din dén 22x—1+x+3 >4,

Su dung dai heong lién hop — hé tam thoi ching ta sé quy vé loi gidi méi cung ban chat loi gidi trén.

= Sir dung phép bién déi twong dwong — nang lity thiea (binh phuong) trong trwong hop nay la chdc chan tuy
nhién cing kha dai dong, vi can giai phirong trinh chira can, phirong trinh bdc hai c6 kém theo diéu kién.

= Sir dung céng cu dao ham — ham sé (lién chwong trinh Pai sé - Gidi tich l6p 11 — 12 cap THPT) ciing la
hwong di tao bao, nhanh gon

Xét ham sé f(x)=2\/2x—1+ x+3;x2%taco’ f'(x)z 2 !

+
V2x—1 24x+3
Ham sé lién tuc va dong bién trén mién twong vng dan dén f(x) > f(l) =4 x2>1.

>O,Vxe(l;+ooj.
2

= Pdnh gid don thuan ciing rdt phit hop véi cac ban hoc sinh nhé tuéi

x=1=2J2x-1++x+3 =4

x>21=22x—1++x+3>4  dandén 2v2x—-1++/x+3>4 < x>1.

%Sx<1:>2\/2x—1+\/x+3 <4
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XV3x-24++x+3=5x+2y-4

Bai toan 122. Giai hé phuong trinh x;yeR).
P s XaJ2X+ Y =3 +4/x° + ) :%. (x5 eR)

Loi gidi.
2
T X2=—
bicu kién 3
2x+y-320

Phuong trinh thir nhat cta hé twong dwong voi
x(V3x=2-1)+4x+3-2=4x+2y-6

3x(x-1) x—1

= + =2(2x+vy-3
V3x=2+41 Jx+3+2 ( 7 )
3x 1
< (x-1 + =2(2x+vy-3
( )(\/3x—2+1 \/x+3+2j (2x+7-3)
Taco 2x+y—-32=0; 3 + ! >0Vx>%:>x—1>0©x>1
CBx=2+1 Jx+3+2° 73 - o

Do x21:>x2(x—1)20<:>x32x2:>x3+y22x2+y2.

2
(x+) e >|x+y|

2 2 \/5 '
Tu d6 dan dén \/x3+y22\/x2+y2ijiy>l+—y:>x1/2x+y 344X+ >y+1

2x+y—3=x—1:0

Lai co (x—y) >0:>2(x +y) (x+y) =x"+y’ >

L x=1
Phuong trinh thir hai cua hé c6 nghiém khi cac dau dang thuc xdy ra, hay <x=y = {
x+y=0

Thir lai, két ludn hé c6 nghiém duy nhét ké trén.
Nhdn xét. ) . ) )

Van voi motip sur dung dai luong lién hop chot chan mién gia tri mét bién, luu y bai toan nay khé co thé doc
lap giai bat phwong trinh an x nhu hé phwong trinh 122 vi da dwoc gam dai lwong khong am 2x+ y —3 > 0noi tai
phicong trinh thir hai, d6 la chieéng ngai vt can tré va chdc hdn da pha vé ké hoach ngdy tho ciia nhiéu ban doc.

(x—l)(\/?)x%Jrl+\/£+2j:2(2x+y—3)véivaitré F(ey)T(xy)=g(xy).

A

o f(x y) van con tré con voi dang f(x;O) = f(x) hon nita van con la nhi thirc.

Trong do

o g(x;y)con nhe nhang khi tring Idp biéu thirc dwdi can g(x;y) =2x+y-3.

3x
o Tl(x:
()= Bx-2+1 Jx+3+2

Sau khi khai pha diéu kién x>1, ré rang ddy khong phai méi quan hé hai bién, vi vdy khéng thé thay thé vao ma
ung dung giai nghiém, suy nghi thuong nhat la chuan bi tinh than danh gia phwong trinh thir hai, béi hinh thire né
cho thdy da dwoc bé tri vién binh dén long chan dimg da tién quén c6 vé manh mé ciia minh.

Khéng qud khé cdc ban déu nhdn xét x2x+y—3>0cho di x>a>0di chang nita, vi dd dw dodn truée dau
ddng thire danh cho nghiém xday ra khi x=1;2x+y-3=0=x=y=1.

buoc dau xuat hién bién trén tw thiec (mot bién).
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, , , +1 , ,
Chinh Vi thé chiing ta manh nha chuyén da tan céng theo huéng \x* +y* > y—,‘v’x >1, va may man da dén theo

V2
woc nguyén, boi vi 2(x3+y2)2y2+2y+l<:>2x3+y2—2y21<:>2x3+(y—1)2 >2.
Tat nhién khi thuwe hanh can khéo léo doi voi cac kién thire co ban
2)63+(y—1)2 Z2,V)CZI:>2()C3+)/2)2)/2Jr2y+1:(y+1)2

(y+1)°

2
:>x3+y22—2 =X+t > (y+1) =|y+1|>y+1

2 22
3+x(\/x+3 +\/2x—1)=y2 +5x,

Bai toan 123. Giai hé phuong trinh (x;yeR).
x\/y2+2x—3+\/x3—2x+2y2+3:y+1.
Loi gidi.
A le;y2+2x—320
bicu kién 2
X =2x+2y"+3>0
Phuong trinh thir nhat cta hé twong dwong voi
XV +3=2x+xv2x—1—-x=y>+2x-3
<:>x(\/x 3—2)+x(\/2x— —1):y2+2x—3
x(x=1)  2x(x-1)
& + =y +2x-3
Vx+3+42 N2x—-1+1
X 2x 5
& (x-1 + =y +2x-3
( )(\/x+3+2 \/2x—1+1j

X 2x

+
Nx+3+2 2x-1+1

Xét ham s f(x):)c3 —2)6;)621:>f’()c):3x2 -2>0,Vx2>1.
R rang ham lién tuc va ddng bién nén ta thu dugc f(x) > Minf(x) = f(l) =—1.

x=1

Suyra x’ —2x+2y° +3>-1+2)" +3=2y" +2> ’ + 2y +1=(y +1)

Tacod y*+2x-32>0;

>O,Vx2%:>x—120©x21.

2

Vi thé \/x3—2x+2y2+3 Z|y+1|2y+1:>x\/y2+2x—3 +\/x3—2x+2y2+3 >y+1.

y+120 {
Phuong trinh thtr hai cua hé c6 nghiém khi va chi khi { y-1=0< {x N {
y =
x=1

Thr lai, két luan hé phuong trinh c6 nghiém duy nhat x=y=1.
Nhdn xét.
X 2x

+ .
Nx+3+2 A2x-1+1

e Biéu thirc lién hop xudt hién bién trén tir thirc T(x;y) = T(x;O) =

o g(x;y) = y* +2x—31a da thirc hai bién khéng dm.
e Don vi quyét dinh mién gid tri bién x la O = f(x;y) = f(x;O) =x-1.

e Ddnh gid x> —2x > —1¢6 thé qua bién déi tirong dwong, khéng nhat thiét sir dung ham sé
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¥ =2x+120¢ (x=1)(¥ +x-1)20,Vx 21 vi ¥ +x-121>0,vx >1.
e Pdnh gia \J2y* +2 Z|y+l|2y+lco’ thé ding bat dang thirc phu 2(a2+b2)2(a+b)2.
22 +2=2(p"+1) 2 (y+1) =2y  +2 2|y +1| 2 y+1.

2 _ 3 _9 —

Bai tosin 124. Gidi hé phuong trinh ¥, T¥ 2TV FYm2=0 0 Ry
X +2=x"—xy+y+yi+3.

Loi gidi,

Diéu kién y3+y—220c>(y—1)(y2+y+2)20<:>y21.

Phuong trinh thit nhét cia hé suy ra x* +x-2=—/)’ +y-2<0 & (x-1)(x+2) <0< 2<x<1.
Phuong trinh tht hai bién ddi vé
1 (y-1(y+1)

Y = .
VY4342 y 4342

>0,Vy2Lx’+y>0,Vy>L,VxeR=>x-120=>x=1=>x=y=1.

X=X +xy-y= y2+3—2<:>(x2+y)(x—1)=

vy =D+

Y +3+2

Viy hé dé bai c6 nghiém duy nhat x=y=1.
Nhdn xét.
Khéng qua khé dé ching ta nhén ra diéu kién y* +y-2>0< (y—l)(y2 +y+2)2 0= ypy>1.
Diéu kién nay may man vi né déc ldp voi mot bién, khong bat loi nhw céc rang buoc hai bién.
Hon nita véi chii y d6, dé dang suy ra dwoc \Jy* +3 >\1+3 =2, vi thé
X=X Hxy-—y+222& (x2 +y)(x—1)2 0
Vi biéu thirc da dwoe bé tri san dai heong xdc dinh dwong x* + y nén tat yéu x—1>0& x>1=x=1.
Sw doi Idp nay dan dén loi giai ngan gon, nhe nhang.

X +xP+2x+4y +3y—4 =4,

Bai toan 125. Giai h¢é phuong trinh x;yeR).
x3—x2+2xy+6:2(y+«/y3+8). ( )

L gidi.

Diéu kién y3+3y—420<:>(y—1)(y2+y+4)20<:>y21. Phuong trinh tht nhat cia hé trong dwong

¥ 4x? 420 =4 ==y  +3y -4 <0= (x—1)(¥ +2xr+4) <O x<1.

Phuong trinh thir hai bién d6i
2(y*-1)

x’ (x—1)+2y(x—1):2(\/y3+8—3)<:>(x2+2y)(x—1):m.

2(y*-1)

Jy +8+3

Thir lai ta thdy hé c6 nghiém duy nhat x=y =1,
Nhdn xét.
Bai todn nay ciing khéng qua khé khai théc diéu kién y* +3y-4>0< (y—l)(y2 +y+4) >0 y>1.

Ma >0,Vy>1;x° +2y>0,VxeR,Vy>21=x-1>20x>1=>x=y=1.
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Can thitc chita y tai phwong trinh thir hai déc ldp nén ciing dé dang danh gid
x3—x2+2xy+6=2(y+«/y3+8):>x3—x2+2xy—2y=2«/y3+8—622\/§—6=0
:>x2(x—1)+2y(x—1)20c>(x2+2y)(x—1)20c>le

2% + X7 +2x+4/2Y° +3y -5 =35,

Bai toan 126. Giai hé phuong trinh (x;yeR).

XY +2X=y+Ay +y+2.

3 _ 2 . 2 2
2y +3y5>0<:>{(y 1)(2y +2y+5)20<:> (y 1)|:(y+l) +y +5]ZO
Y +y+220

Loi gidi.

Piéu kién{ o y>1.
V+y+220 V4 y+220

Phuong trinh thtr nhat ctia hé bién d6i

20" +x7 +2x=5=—2)" +3y -5 <0=> (x—1)(2x* +3x+5) <0< x <.
Phuong trinh thir hai ctia hé tuong duong voi

3
xy—y+2x—2=\/y3+y+2—2<:>y(x—1)+2(x—1): y ty-2

Yy +Hy+2+2

(y—l)(y2+y+2)

<:>(x—1)(y+2): m+2

20, y+2>0,Vy2l=>x-120=x21=>x=y=1.

(y—l)(y2+y+2)

YV +y+2+2

Két luan hé co nghiém duy nhét x = Ly=1.

Taco

x> =2x+3=2{5-)",
Bai toan 127. Giai h¢ phuong trinh ¢ 3573 (x;yeR).
+x—-—x=4y+2-1.

Lai gidi.
Didu kién y >-2;y* <5. Phuong trinh thir nhat bién doi
(x=1+2=2J5-1* 22/5-1* 225-)* > 1o )* <deo2<y<2.

Lai ¢c6
(x=1)"20=3x" +2x+322(x* + 2x+1)=2(x +1)’

2 2 2
:wz@c+l)z :>,/3x2+3+x Z|x+1|2x+1:> 3x2+3+x—x21

Tir phuong trinh thir hai cia hé dan dén (y+2-121<(y+222< y22=y=2.

=2
Y {x:l

Khi d6 cac dau dang thice ciing xay ranén {x—1=0 <

=2
4120V
Thur lai khong thoa man hé nén két luan h¢ v nghiém.
Nhdn xét.

Phuwong trinh thi nhat ctia hé da phdn ban doc déu nhén ra ddc diém
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(x=1+2=2J5-1* 22/5-1* 225-)* 21> <deo2<y<2,

2
/ 2
Tuy nhién phwong trinh thw hai co dai lvong w — x gay kho khan trong viéc danh gia.

Loi gidi trén sir dung la rat thuan tiy va co ban, nhung nghi dwoc nhw thé can mét sw linh hoat va khéo léo nhdt
dinh. Khong nhat thiét nhuw thé, cac ban co thé su dung cong cu dao ham — khao sat ham so nhu sau

. 3x2+2x+3 1 3x+1
Xéthamso f(x)=,|——-x= f'(x)=—F—=.————=-1.
o () Vo2 () V2 32 12543

Dé thay

3x+120
f'(x)=O<:>3x+1:\/6x2+4x+6<:>{ X

Ox* +6x+1=6x>+4x+6

1 xX>——
xX=>—— 3
= 3 = =Sx=1

5
3x2+2x-5=0 XE{;—E}

2
Ldp badng bién thién ham sé ta thdy Min f (x)= f(1)=1=, /w —-x>1.
xeR

Luc nay da co don bcfydéchdn miéngid tri biénycdn lai (y+2-121y+222y22=y=2.

X+ +2x-3=y"+y-1,

y\/x2+3x—3 +x\/y3+y+2 =2x+y.

Bai toan 128. Giai hé phuong trinh { (x;yeR).

Loi gidi.
X 4+2x=3>0 (x—l)(x2+x+3)20
Didu kién {x” +3x-32 0 { x> +3x3 @{x;l
Y +y+2>0 (y+1)(y2—y+2)20
Tir phuong trinh th nhat cta hé ta co
XV +2x-321=y’ +y-121< ) +y-22>0

& (y-1)(" +y+2)20 (y=1)| (29 +1) +7 |20 y=1

VX +3x-32>1 x*+3x-3>
Khi do = 4 y:>y\/x2+3x—3+x\/y3+y+222x+y.
Y +y+22>2 XY +y+2>2x

Phuong trinh thir hai ciia hé c6 nghiém khi va chi khi cic dau dang thic dong thoi xay ra, tic1a x=y=1.

Thir lai thdy thoa man, vay hé co nghiém duy nhét.

Nhdn xét.

Phuwong trinh thu nhat ciia hé dwoc cé lap bién nén tim diéu kién chdt ché cho toan thé hai bién khong mcfy kho
khan. Phwong trinh thir hai cia hé tuy cdc hang tir la té6 hop cédn thirc — don thire hai bién nhung do diéu kién tim
dwoc manh mé x > 1;y > 1nén dé dang danh gid nhe nhang.

25+ 1+ 1=x +x7 +4/x,

Bai toan 129. Giai hé phuong trinh (x;yeR).

x\/y3—1+\/x3+y3+2 +xy+3=4.
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Lo gidi.
‘ >1
Piéu kién 1~
x>0
Ta co (x2—1)2 20:>2x4+22x4+2x2+1:(x2+1)2 2t 12> 41,

Xét phuong trinh thir nhat ctia hé

1= 26 + P #1220 +2 2 X7 +1
=x +x°+ x2x2+2<:>x3+x/;22
Crr22 (=10 + 0+ 44 2)
=
t20 t>0

BatJ;:t;tZOdﬁndén{ 20 r-120t2lex21.

Xy =120
Khi dé {+/x’ +1° +2 Z\/Z:2:>x\/y3—1+\/x3+y3+2+«/xy+3 >4.
Xy +3 2\/222

Phuong trinh thir hai ciia hé ¢6 nghiém khi va chi khi cac ddu dang thirc xay ratirc 1a x=y=1.

Thir lai ta thiy thda man hé, két luan bai toan c6 nghiém duy nhét (x;3)=(L;1).

(x+1+\/x—2)2 +(x—7)2 =yt —4y+44,

Y +4x° +30x =21x> + 6y + 4.

Bai toan 130. Giai hé phuong trinh (x;yeR).

Loi giai. )
biéu kién x > 2. Phuong trinh thtr nhat cua hé tuong duong véi
x2+2x+1+2(x+1)\/x—2 +x—2+x" —14x+49=y* -4y +44

<:>2(x+1)\/x—2 +2x° —1lx=y"—4y—4
& 2(x+1)(Vr=2-1)+2x* =9x+9 = y* ~4y+3

@%+(X—3)(2x—3):(y—1)2 (y2+2y+3)

2(x+1) 2 2
-3) ——+2x-3|=(y-1 1) +2 1
e >{§t5+{kx } (=1 [y +2] ()
RO rang M+2x—3>0,‘v’x22néntﬁ’(l)suyra x-3>20<x2>3.

Vx—2+1

Xét phuong trinh thir hai ctia hé
Y0 =6y +5+4x’ —21x* +30x=9

e (y=1) (y+207+3y° +4y+5)+4x’ —21x° +30x-9=0 (2)
2 2
Taco y*+2y" +3y° +4y+5=y" +2y"+)* + 2" +4y+5=(y"+y) +2(y+1) +3>0,vy eR.
Hon nita xét ham s6 f(x)=4x3—21x2+30x—9;x23.
Pao ham f*(x)=12x" —=42x+30>0,Vx >3 = f(x)ddng bién, lién tuc nén f(x)= f(3)=0.

(r-1=0 _ [x=3
Phuong trinh (3) c6 nghiém khi va chi khi { Y JRRPEN { |
x=3 y=
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Thir lai cap gi4 tri thiy thoa man hé dé bai. Két luan nghiém duy nhat x=3;y=1.
Nhdn xét.
Phuwong trinh thir nhat ciia hé c6 vé phdi la mét dai heong mét bién f(y) = y* —4y+44. Théng thuong nhiéu ban
doc quen thudc véi bat dang thire déu dé dang nhdn ra mau chot van dé

M=y*—4y+44=(y" —4y+3)+41241v6i y* —4y+3>0,VyeR.
Thuee ra diéu nay dwoc tac gia xdy dwng tir bat dang thire lién hé trung binh céng — trung binh nhan véi bon sé thuc
khong am nhw sau

Y lel412 43yt 4]y 24y =y —4y+320.

Ngoai ban chat dang thire nhw trén cdc ban hoan toan sir dung phdn tich nhén tir twong tw 16i gidi hodc céng cu
dao ham — khao sat ham so

vy —dpe3=(r-1) (4 2043) = (v-1) | (1) +2]20.
v Xéthamsé f(y)=y'—4y+3yeR= f'(y)=4) —4.
Ta co f'(y)=0<:>y=1.Khdosdtswbiénthiéntadwac Minf(y)zf(l):O.

yeR
Sau céng doan nay nhiéu ban xéng pha tan céng bat phirong trinh an x dang 2(x + 1)\/x —2+2x*=11x+72>0.
Tuy nhién day la bat phwong trinh mot an chira tam thire bén ngodi cdn thirc nén khéng phai mét diéu don gidn, cé
thé noi phwong an lién hop o trén la toi uu. )
Phwong trinh hé qua thuc chat la hai ham doc lap mot bien
N=(y6 —6y+5)+(4)c3 —21x +30x—9) =g(y)+f(x).
v’ Véi ham sé bién y, thwe hanh phwong dn g(y) = (y—l)2 (y4 +2y° +3y° +4y+5) can heu Y phan tich binh
4 3 2 4 3, .2 2 2 2 2
phuwong v +2y" +3y " +4y+5=y"+2y"+y +2y +4y+5=(y +y) +2(y+l) +3>0,VyelR.
v Ngodi ra cé thé sir dung cong cu ham sé6 véi g(y)=6y"-6¢(y)=0y=1.
v’ Ham s6 bién x c6 thé sir dung phdn tich nhdn tir f(x) =4x’ =21x* +30x—9;x > 3.

2

Jax3+2p-1=2F1

Bai toan 131. Giai hé phuong trinh x (x;yeR).
Vax? =3 +4J6x7 +3y% =2x+y+1.

Loi gidi.
A pea 3 . N T 0
bicu kién x > N Phuong trinh thir nhat cia hé twong duong véi

xNax -3 +2xy—x=y’ +1c>x(\/4x—3 —1)+x2—1=x2—2xy+y2
x(x—1)

<:>—,_4)6_34_1+(x—1)(x-|—1)=(x—y)2 @(x—l)(ﬁ*ﬂﬁ‘lj:(X—yy

Ta co (x—y)ZZO; +x+1>0,VxZ%:x—120c>x21.

X
Va4x-3+1

Lai ¢co
(X_J’)z >0 x’ —2xy+ 1" 20 2x" —4xy+2y> >0

= 6x> +3y” > 4x" +4xy+y’ :(2x+y)2 = \J6x7 +3y% 2[2x+ y[ = 2x+y

Hon nita x> 1=>v4x* =3 2 1= V4x> =3 +./6x% +3)> 2 2x+ y+1.
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x-y=0
Phuong trinh thtr hai c6 nghiém khi va chi khi { )1} Sx=y=1.
X =
Két luan hé phuong trinh dé bai c6 nghiém duy nhit x=y=1.
Nhdn xét. . o o
= Sau khi thuc hién quy dong chung ta quy phwong trinh thu nhat vé phwong trinh hai an hon tap can thuc,

hon nita hai an dinh vao nhau géy tam Iy hoang mang x\4x—3 +2xy—x=y>+1.

Trong trwong hop nay can hét sire binh tinh thiét ldp dai heong khéng am, khéng qua khé nhdn thay dé la
hang ddng thirc g(x;y) = (x—y)z, ciing la don vi quyét dinh M(x;y) quen thugc. Biéu thire con lai chira
déc bién x nén sir dung lién hop gidi bat phwong trinh la phit hop

x(\/4x—3 —1)+x2 —l=x"=2xyp+)’
x(x—l) 2
&S ———+(x-1)(x+1)=(x—-
JAr—3+1 ( )( ) ( J’)
= Khi dd xuat hién mién gid tri x>1=>\4x* -3 >1la diéu tat yéu. Vin @é tiép theo la hai dai hrong twong
vng lot lai \6x> +3)° ~2x+y, ré rang la bat dang thirc la chirng minh thu@n chiéu lén hon nén ta cam
quan theo huéng |6x> +3y> >2x+y.
Sir dung bién déi twong dwong twong tir 167 gidi
(x—y)2 >0 X’ —2xp+1’ 20 2x" —4xp+2y° >0
= 6x” +3y” > 4x" +4xy +y’ =(2x+y)2 = \J6x7 +3y% 2[2x+ y[ = 2x+y
Sir dung bat dang thirc Bunyakovsky hai b s6 véi diém roi
2
2 1 4 1
2x+y ? 2[—.x/gx+—.\/§yj S(——i——j 6x> +3y° ) =6x" +3)°
(24 3) =| Folore o L (6 3y)
:>2x-|—yS|2x-|—y|£~/6x2+3y2

VBx-2+2x 2y -1+ x*Jx =2x> +2,

\/3x2—2 +\/3x4+2y2—1 =x+y+1.

Bai toan 132. Giai hé phuong trinh { (x;yeR).
Loi gidi.
Diéu kién xz\E; yZ%;3x4+2y2—120.Phuong trinh thtr nhét twong duong véi
x/3x—2—1+x2(\/;—1)=x2—2x«/2y—1+2y—1
3(x—1) xz(x—l) 2
= + =(x—42y-1
Bx-2+1  Jx+1 ( v-1)
3 x’ 2
& (x-1 + =(x—42y-1
( )(\/3x—2+1 \/§+J ( y-1)

, 2 . 3 xz 2 x X
Ta c6 (x—1/2y—1) 20,\/3x_2+1+\/;+1>0,Vx2§danden x—120x>1.

Khido x>1= x> >1= x* > x> va /3x =2 >1,Vx >1. Ta co cac nhan xét
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3x4+2y2—123x2+2y2—1:2(x2+y2)+x2—122(x2+y2)

(x—y) >0:>2(x +y) (x+y) :>3)c4+2)/2—12()c+)/)2

T d6 /3x* +2y° -1 2|x+y|:x+y:>\/3x2—2 +\/3x4+2y2—1 >x+y+1.

, - . . = /2 —1 X = 1
Dau dang thure xdy ra khi va chi khi * Y = {
x—1=x-y=0 y=1
Két luan hé phuong trinh da cho ¢6 nghiém duy nhit x =y =1.
Nhdn xét. ) ) ) ) )
Bai toan s6 132 vi phwong trinh thir nhat co cac dai lwong bdc thap hon nén ta sé chuyén trong tam tan cong doi
twong nay. Thoat tién quan sat chung ta thay lai co yeu to dinh kép gay bat loi cho viéc cé lap bién, nhung chu y

mét chiit sé thdy né phuc vu cho hang ddng thitc — dw kién don vi quyét dinh dau M (x; y)

\/3x—2—1+x2(\/;—1):x2—2x1/2y—1+2y—1
3(x—1) xz(x—l) 2
=(x—2y-1
T Br2+1 dx+l (x g )

Q(x_l)(\/—32+1 \/_+1j (s=2=1)

Tong the biéu thirc bzen x ta sur dung phép lien hop cong pha, mot dzeu chii ¥ hon la biéu thire lién hop xudt hién
bién s6 trén tir thirc, van chi la mét bién, sé phirc tap hon rdt nhiéu néu cé sw tham gia cia hai bién

T(x;y)ET(x;0)=\/3x—32+l+\/;z+l.
V3xr -2 ~1 (1)

3xt 42y -1 ~x+y (2)

R6 rang (1) tat yéu do mién gid tri x—1>0 << x>1. Vi bat dang thirc ciing chiéu nén can 3x* +2y* —=1>x+y.
Bién doi tuwong dwong

3t +2y' —12x+ye3xt+2)y° —12x + 20+ & 3x - X+ " = 2xy—-120
x4—1+2x4—2x2+(x—y)220

Tuwong tw bdi todn sé 131, tach twong dong danh gid

S3xt 20+t 2xp+ Y 120 ,
3x4—2x2—1+(x—y) >0

Hai huéng di nay déu khd quan vi
xt—1+2x* —2x° +(x—y)2 =x'—1+2x° (x2 —1)+(x—y)2 20,Vx =1

3x =20 — 1+ (x—p) 2 0=(x" =1)(3x" +1)+(x—y) 2 0,Vx 21

VXt +3 +(x+2y)\/3x—2 =y’ +4x,
X +4xy+3 (x;ye]R).
5 .

Bai toan 133. Giai hé phuong trinh
Jy=2+ (¥ +2)(y+2) =

Loi gidi.
Diéu kién y > %; x> 3 Phuong trinh thir nhat ctia hé twong duong véi

[\
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\/x2+3—2+x(\/3x— —1):y2—2y\/3x—2+3x—2

x* =1 3x(x 1) )
= —3x-2
VP +3+2 \/3x 2+1 ( )

@(x_l)( x+1 3x J(y m)z

S 1312 a2+l

2
Nhan xét (y-3x-2) >0; ¥+l 3 >0,Vx2§nénx—120<:>x21.

Jxl+3+2 V3x-2+1

Khi d6 ap dung bét dang thirc 1ién hé trung binh cong — trung binh nhan ta co

Do d6 phuong trinh thir hai ¢6 nghiém khi ddu déng thic xay ra tic la {

3y-2+1 X +24+y+2 _x2+4y+3 x> +4xy+3
1/3y—2+\/(x2+2)(y+2)S St 5 = 5 < 5 .

3y-2=y=1 x=1
=
X +2=y+2 yv=1

Két luan hé ban diu c6 nghiém duy nhat x=y=1.
Nhdn xét.

)
°e

Lueu ¥ dang phwong trinh chét chén svr dung lién hop — truc can thire f(x;y).T(x; y) = g(x; y) .
Voi tap xac dinh D, ta co T(x;y) >0,Vx;yeD.

Pon vi quyét dinh mién gid tri mét bién c6 thé xoay chuyén quanh f(x;y),g(x;y) = {
g

Mot trong hai don vi f(x;y) , g(x; y) khéng am dé phuc vu don vi O phat huy hiéu qua.
f(x§Y) =mU +nh (X;y)+p1h2 (x;y)

g(xy)=mU +nh (x;3)+ phy (%)

Trién khai mitc @ phire tap dwoc tity nghi hea chon.

Cdc ban déu c6 thé nhén thdy bai todn sé 133 c6 phwong trinh thir nhdt dwoc xdy dung khéo léo, trude hét
la hinh thirec ngan gon nhung sw gan ket can thirc hon tap dap tan hy vong co lap hai bién x;y. Voi tu tuong

Chiing ta da biét hic dé

ap dat nghiém dep déx =y =1, dai lwong khong dmg(x;y) dwa trén tw tuwéng thuan tiy véi binh phwong
hiéu k(a —b)z, dam bao dau ddng thire xay ra khi a=b < x =y =1. Chia sé vé phwong cdch thiét lgp don

Vi g(x;y), ban doc 6 thé c¢é nhiéu lwa chon

2 2 )
g(x'Y):( —\/2)/—1) ;g(X'y)z(xH— 3y+1) ;g(x~y):(y+1_ [x+3 ) :
Va hon thé nita. Tuy nhién dé y rang phuwong trinh thir nhdt von da can céc can thicc mot bién x dé phuc vu

lien hop danh gia mién gid tri x, néu chon lwa nhu thé vé tinh lam cho xudt hién 3 can thiec tro lén, hinh
thire bai todn cong kénh ma khé gidu dwoe ¥ dé ban dau cia ching ta, nhw bai todn sé 132. O day tac gid

2
da lva chon trung lap can thuec thu hai tiec la g(x;y) = (y —~/3x— 2) cting vi nhitng ly do nho nho do.
Déi véi phwong trinh thir hai ciia hé, y twong danh gid bat dang thire la hoan toan tw nhién vi hai vé cé sw
xudt hién ciia x* twong iing trong can, ngodi can. Sw bang nhau ciia hai nhdn tir x* +2;y+2 goi y dén bt

dang thire lien hé trung binh cong — trung binh nhin (AM — GM hay Cauchy), tuy nhién la danh gia tro,
nghia la vé trai nhé thua vé phai, buée dau da thodt khéi kim ham danh gia giam vé trdi phirong trinh

/3y—2_+ 242 (y+2)£3y—2+1+x +2+y+2:x +4y+3£x +4xy+3.
2 2 2 2
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x> +4y+3 x> +4xy+3

< Sau khi xi Iy dén bude thay sai khdc chit it véi , hiic nay mién gid tri x >1phat huy

2
tac dung, khi ma 4y§4xy,Vle;Vy2§> 0.

y(3x+43)=10,(7y +4)(3x+4),

(3x—7y)\/3x+4 :(3x—6y—5)«/7y+4.

Bai toan 134. Giai hé phuong trinh (x;yeR).

Loi gid.
bicéukién 7y+4>0;3x+42>0.
Phuong trinh thir hai ctia hé tuong duong voi

(3x—7y)m:(3x—7y)\/m+(y—5)\/m
@(3x—7y)(\/3x+4—\/7y+4):(y—5)\/m

(3x—7J/)2 :(y_s)\/m

V3x+4+\7y+4

(3)6—7y)2
V3x+4+\7y+4
Khi d6 ap dung bét dang thirc 1ién hé trung binh cong — trung binh nhan ta co
10\(7y+4)(3x+4) =5.2/(7y+4)(3x +4) <5(3x+4+ Ty +4)
=5(3x+7y+8) =53x+35y+40< y.3x+35y+8y =y(3x+43)

3x=Ty 35

Phuong trinh thtr hai cua hé c6 nghiém khi { s S x= ?; y=5.
y =

Vi >0;\/7y+420=>y-520.

Nhdn xét.
Bai todn s6 134 tac gia trich lwge trong mét tai liéu, khong ré tac gia, khi nhdn thay sw twong dong y twong voi tai
liéu nay, thuéc l6p hé phwong trinh sir dung chdn mién gia tri — bat dang thitc — ham sé. Cdc ban cé thé c¢6 mét sé
quan sat nhuw sau

o Phuwong trinh thir hai cua hé goi y twong lién hop

(3x—7y)\/3x+4 :(3x—6y—5)«/7y+4
< (3x-T7y)V3x+4=(3x-Ty+y—-5)Ty+4

o Hiéu hai can thire thiét ldp binh phwong hiéu

(3x=7y).(3x-7y) (3)6—7)/)2
Vx+d4+JTy+4  Brra+ [1y+4’

(3x—7y)(V3x+4—Ty+4)=

o Diém muit y—520<:>y25:>(x;y):(33—5;5jkhi 3x=Ty.

o S xudt hién cia 3x tai hai vé phwong trinh thir nhat dan dat bat dang thire AM — GM
10y(7y+4)(3x+4) =5.2/(7y+4)(3x+4) <5(3x+4+ Ty +4) =5(3x+ 7y +8).

Luwu y néu voi vang su dung ap dat diéu kién tim dwoc y > 5 sé bi vieong vi

5(3x+7y+8)£y(3x+7y+8) va can chitng minh 3x+7y+8 <3x+43 < y <5, nguoc.
Can khéo 1éo va nhe nhang chia cdt cac don vi doi phirong
5(3x+7y+8) =53x+35y+40< y.3x+35y+8y :y(3x+43).
S6 di nhw thé vi can d@é y triét tiéu hai dai heong trimg Idp 3xy . Cé thé théng qua béc cau
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5(3x+7y+8):15x+35y+4033xy+35y+40
3xy+35y+40<3xy+43y < 8y2>240<= y=>5

(x—2y)\/3x+y =(x—2)\/x+5y,

x;yeR).
4 y3+3+2\/(x3+1)(10y—1):x3+y3+18y. ( )

Bai toan 135. Giai hé phuong trinh {
Lai gidi.
3x+y20;x+5y>0;)° +3>0
(x* +1)(10y-1)20

Phuong trinh thir nhat cta hé twong dwong voi

(x—2y)«/3x+y =(x—2y)«/x+5y +2(y—1)1/x+5y
<:>(x—2y)(\/3x+y—\/x+5y):2(y—1)\/x+5y

o (x—2y).2(x—2y) :2(y—1) (—x+5y

biéu kién {

\/3x+y+\/x+5y
2()6—2)/)2
=2(y—1)yJx+5
<:>\/3x+y+\/x+5y (y ) ey
. 2(x-2y) , :
Ta co >20,\/x+5y20=>y-120<= y>1,dodo 10y—-1>0=x"+1>0.
\/3x+y+\/x+5y

Ap dung bét dang thirc lién hé trung binh cong — trung binh nhan AM — GM ta ¢6
4y’ +3<y’ +4+4=1"+8

2(x' +1)(10y-1) <x* +1+10y 1 =x +10y

Két hop 1Sy:>4«/y3+3+2\/(x3 +1)(10y—-1) <x* +)* +10y+8<x’+ 3y’ +10y+8y =x* +* +18y.
Y +3=4
. xX=
Phuong trinh thit hai ctia hé c6 nghiém khi cac dau ding thirc xay ra tirc 1a {10y —1=x" +1 @{
Y
y=1

Thur lai trén toan bd h¢ ta thu duge nghiém x=2;y=1.
Nhdn xét.
e Tong quat danh cho phwong trinh quyét dinh mién gia tri, motip hé phwong trinh so 134

mx ny [,/ —\/g } [ (x)théamdn f(x)—g(y):k(mx—ny).
h(x; y) 2(»)

(mx ny) [h(x J’) f( )

Jf +Jg / )

e Rorang la h(x; y) thién bién van héa, tam du"ng chén véi mét an. Péi véi bai todn sé 135 nay, ban dau tac

Khi d6 sé xudt hién hé qua

gia lya chon h(x;y) = y —1théi, nhung ma chot thay nhw thé hoi 16 liéu vi x—2y ~x—y nghe chirng né
“than thiét” qua
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(x—2y)(\/3x+y—\/x+5y):(y—1),/x+5y

<:>(x—2y)1/3x+y =(x—2y)w/x+5y +(y—l)1/x+5y =(x—y—1)«/x+5y

e Rdp tim lam cho né khéng ngée dau ddy dwoe, khuynh hwéng gon gang triét tiéu an y, mao mudi chon lya

da thiec h(x;y)zZ(y—l)

(x—2y)(\/3x+y—\/x+5y)=2(y—l)m

<:>(x—2y)«/3x+y =(x—2y)«/x+5y+2(y—1)1/x+5y =(x—2)«/x+5y

Cdc ban c6 thé doa ma chodn tém 1y bang bién déi

(x—2y)1/3x+y =(x—2),/x+5y @%.\/:ﬁjﬂz =\/x+5y.
x—

.\/3x+y :\/x+5y <:>( —Ej.\ﬁx—i—y =\/x+5y.

; -2-2y+2
Hodac tiép tuc e e
x=2

e Déi v6i phiong trinh thir hai ciia hé, @é dp dung dwoc bat dang thire lién hé trung binh céng — trung binh
nhén nhat thiét cdc ban can ¢6 10y —1> 0= x> +1>0, don gian vi diéu kién tién quyét la cdc hang tir tham

gia khong am, dang thiec 2Jab < a+b khi a;b>0.
Pon cir chiing ta ¢ 2\2 =242.1<2+1 diing va 2 (-2).(-1) <(-2)+(-1) sai.

2B3x-2+3V2x—1=(y+4)x,

Bai toan 136. Giai hé phuong trinh (x;yeR).
7\/y2 —4y-5 +\/x3 +° +2xy+y\/;=3.
Loi gidi.
U xXz— Xz—
biéu kién 3 & 3

Y —4y-5>0 yzlvy<-=5

Tir phuong trinh thir nhit cta hé ta c6 2+/3x—2 +3+/2x -1 >0,Vx2%:>y+4>0<:>y>—4.

Két hop diéu kién thu duoc y >1, luc nay bién ddi phwong trinh thir nhat
23x-2+3V2x—1-5Vx = (y-1)Vx
& 2(V3r=2-Vx)+3(V2r-1-x)=(y-1)Vx

4(x—1) 3(x—1) 3
T Br—2+vx rlix = (1)

4 3
Q(x_l)[&x—z +\/§+\/2x—1+\/§j:(y_l)\/;

4 3 (y-D)Vx20,Vy21=x-120c x21.

Vi + >0;
Bx=2+Jx L2x—1+Jx

. x>1>0 JX+y 420y >4 =2

Két hop LNy 224 =7y —4y—5+x + 3’ + 20y + x 23.
>
y2150 |y s

Toan bd cac dau dang thic xay ra khi va chi khi x = y =1, cip sé nay thoa man hé ban dau.
Nhdn xét.
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Doi voi bai toan so6 136 nay, cam giac dau tién la hai bién da may man dwoc bo tri cho chung ta dang co lap.

. . 2
Thanh thu khong phan doan dwoc nghiém x =1dé tien hanh lién hop, mot so ban dwa trén co so x > E chia ca hai

vé phwong trinh thir nhat cho Jx , dwa vé dang

2V3x-2+3y2x-1 =(y+4)&@2\/3—3+3\/2—1 =y+4,
X

X

. , . . 1
Sau do tat yeu dat an phu va hy vong tan cong theo loi mon — =t = 23—t +3J2—-t =y +4.
X

Mot diéu khéng may xay ra, diéu kién xdc dinh y ciia minh la hai tdp hop roi nhau y >1v y <=5, nhuw vdy danh gia
theo mét chiéu la khé khan va khéng toan ven. Dé y mét chiit ¢é thé théy gian lwoc di dwoc diéu kién nay, bang

. +4>0
cach suw dung diéu kién co nghiém ngay chinh phwong trinh trén {y &S y>1.

xNx+3=3(x+1)+ (y -x- 4) 4x-3,
Bai toan 137. Giai hé phuong trinh (x;yeR).
X +y+2+(x+y 2) ¥ -1=2.
Loi gidi.
X +y+2>0
Diéu kién 3
yZl;xZZ

Phuong trinh thir nhat cta hé twong dwong voi

xa/x+3 = 2x+(x+3)VAx -3 -x-3=()’-1)V/4x -3
& x(Vxr3-2)+(x+3)(Var-3-1)=(y* - 1)v/4x-3

x(x-1) Jr4()c+3)(x—1) =(y3—1)\/m

Vx+34+2  4x-3+1

X 4(x+3)
@(x—l){m+2+m+l} (»*~1)V4x-3

4(x+3 ~
Lai c6 (y3—1)x/4x—320,Vy21; * (x+3) >o,v)czi dindén x-1>0< x>1.
Jx+3+2 Jax-3+1 4

i x>1 x+y-220
Khi do =

yo1 x3+y+2>4:> x3+y+2+(x+y—2)\/y3—122.

Phuong trinh tht hai cta hé c6 nghiém khi ddu dang thic xay ratic1a x=y=1.

2x +\Bx+1=(y+1)Vx+3,

JU“4Xy+4)+Jxﬁhf+2yz:x+y (xyeR).

Bai toan 138. Giai hé phuong trinh

Loi giii.
x20 x>0
Diéu kién (y—l)(y+4)20<:> yzlvy<—+4
X 4+x+2y° 20 X +x+2y° 20
Tir phuong trinh thir nhat cia hé tacé y+1>0 < y>—1, két hop diéu kién ta dwoc y>1.
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2Wx—x+3+Bxrl-Jx+3=(y-1)Jx+3

3(x-1) 2(x-1) .
QZ\/;+\/x+3+x/3x+1+\/x+3_(y l)m

3 2
Q(x_l)(2«/;+x/x+3 +\/3x+1+\/x+3j=(y_1)\/m

Ta co 3 + 2 0,(y- ) x+3>0,Vy>1dindén x—1>0< x>1.

2% +/x+3 \/3x+1+\/x+3

Khidotadéy x° +x° —2x* = x* (x +x-— 2) 0=x" +x° +2y° >2x> +2)°.

Hon nira (x - y) >0=2x"+2y’ >(x+y) = J2x7 +2)° >|x+y|>x+y dan dén

X+ 2y 22X 2y 2 x+y = y— y+4 + XX +2y" > x+y.
Ve N N '

Phuong trinh thir hai ctia hé c6 nghiém khi va chi khi { o x=y=1.
xX=y

(y3+6)\/;+2m+\/ﬂ=0,

¥ —1+\/x2+3xy+5y2 =4

Bai toan 139. Giai hé phuong trinh { (x;yeR).
Loi giii,

Piéu kién 0<x<2;y>1;x* +3xy+5y°>0.

Phuong trinh thir nhat twong duong véi

67x = 2x+8 ++/x =2 -x =(y’ ~1)Vx
& 2(3x —Vx+8)+x —2-x =y’ ~1)Vx

2(x-1) 2(x-1) s W3
RN o v S o et G

Q(x_1)£3\/;+2\/x+8 +J§+32—xj:(y3_l)\/;

Ta co 2 + 2 >0;()*-1)Vxr20,vyz1=x-120x21.

Wrx+Vx+8 Jx+2-x
Khidd x>1;y>1= x* +3xy+5)° 29:\/)/3 -1 +\/x2 +3xy+5y> >3,
Phuong trinh tht hai ¢6 nghiém khi cac ddu dang thtc xay ra, tirc 1a x = y =1. Hé c6 nghiém duy nhét.
Nhdn xét.
Dang thirc f(x;»).T(xy)=g(x;y).

0= 1 (153) =T (127) = =t i ()= (y -1
X 4(x+3)

Qm:f(’“y):x—kT(X;y)=\/m+2 Tt xy)=(y -1)V4x -3

) LT (x 2 . W
Q13g=f(x,y)— LT( ,y) 2\/_+\/x+3 \/3x+1+\/x+3 ( y) (y l)m

Q139=f(x;y)=x—1;T(x;y)=3\/;+\/x+8+\/;+\/2_x;g(x;y)=(y3—l)\/;
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Trai doc theo tuyén dwong 136 — 139, cdc ban cé thé thdy dai lwong quyét dinh mién gid tri mét bién Q la don gidn
duwéi dang nhi thire bdc nhdt, tuy nhién don vi g(x‘y)co‘n lai phu tro Q van xudt hién véi hai bién nhung tréng rdt

tro' trui va khé bau viu, khong con la dang binh phwong quen thugc, can hét sirc heu tam dén diéu kién xdc dinh cia
bai toan, thdm chi la diéu kién cé nghiém dé xvr 1y bang duworc.

x\/x3+2x—2+(x+1)\/ x—1= (y-i—l)x/_

2(r=1)(v* +5) +427(22" +1) = 2x+1.

Bai toan 140. Giai hé phuong trinh (x;yeR).
L gidi.
1

. X2=—

bicu kién 2
()/—2)()/3 +5)ZO
Tir phuong trinh th nhat cta hé ta co
Vx4 2x =2 +(x+1)v2x—1 >O,Vx2%:>(y+l)\/;>0<:>y>—l.

Két hop diéu kién (y—1)(»*+5)20=> y>1. Phuong trinh thtt nhat twong dwong

(\/xS +2x—2—\/;)+(\/2x———\/;)=(y—1)\/;

- (x +x- 2) ( )\/;
VX +2x— 2+\/— V2x - 1+\/—
x(x +x+2) 1 B
= \/x3+2x—2+\/;+\/2)€—1+\/; =1
(x +x+2) 1

Vi 0(y-DVx20=>x-120x21.

VX +2x— 2+\/_ V2x— 1+\/_

Nhan xét x> —2x+1>0=>2x" —4x+2>0 & 6x> +3>4x* +4x+1=(2x+1)".

Ap dung bét dang thirc Bunyakovsky ta lai co

(6x*+3)" =(3v2+/2¢° +3.1)2 <(18+9)(2x* +1)=27(2x" +1)

= 6x° +3£1/27(2x4 +1) = 2x+1</6x% +3 3,4/27(2)5‘ +1)

Do d6 2,/(y—1)(y* +5) +/27(2x* +1) 2 {27 (2x* +1) 2 2x+1,

Phuong trinh thr hai ciia hé ¢6 nghiém khi cac ddu dang thirc xay ratic 1a x= y=1.

Bx=2+(2y-1)JVx =y +1,
Jy+J2x+1)(y+2) =3x+y.

Bai toan 141. Giai hé phuong trinh (x;yeR).

Loi gidi.
x>0

y=0
Phuong trinh thir nhat cta hé twong dwong voi

biéu kién {
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V3x— \/;+2y(f ) Y =2y+1

x—1 +2y(x—1)

S Eaan Y
1 2y Yo e
Q(x_l)(J3x—2+\/§+\/§+1j_(y 2

20,Vy20=>x-120=x21.

- . 2 1 2y
R& rang (y-1) 20,\/3)6—_2+\/;+\/;+1

Ap dung bt dang thtc lién hé trung binh cong — trung binh nhén ta c6
\/;+,/(2x+1)(y+2)£y;1+2x+l+y+2=2x+§y+4=x+y+2§x+y+2x=3x+y.

2
x=1
Do d6 phuong trinh thir hai c6 nghiém khi ddu dang thirc xay ra tirc 12 { y =1 & {x =1
axiloyi2 T

Két luan hé phuong trinh c6 nghiém duy nhat ké trén.
Nhdn xét.
Péi véi cdc ban déc gia chiea lam quen véi 16p hé phwong trinh sir dung lién hop chdn mién gid tri bién két hop bat
ddng thirc — danh gia thi bai toan nay thuc sw khé. Ciing véi motip cac bai todn trwde, hé phwong trinh sé 141 ¢6
dai lwong tham gia lién hop T (x; y)bcft dau xudt hién hai an, trong khi don vi quyét dinh mién gid tri va don vi con
lai khéng qua khé dé nhén ra

1

T(x;y)= + 2y
Br-2+Jx  Jx+1

>O;Vx2§,Vy20 va g(x;y):(y—l)z.

xx/Zx—1+y«/4x—3 =(y2—y+x+1)\/;,

Bai toan 142. Giai hé phuong trinh (x;yeR).

2
,/2y—l+\/2—x2 +\/x(2—y) = y—2x +2x.

Loi gidi.
Didu kién %smﬁ;%gsz.

Phuong trinh tht nhat ctia hé twong duong voi

x(\/2x— —\/;)+y(\/4x—3—\/;)=(y2—2y+1)\/;

(x 1) 3y(x 1) 2
~ Jox- 1+f Jax =3 ++/x = (1)

‘:’("‘”(mm*mm}“

Ta ¢6 ———= >0 Vxer’ ﬁ},Vye{%ﬂ}(y—l)z\/;ZO nén x—1>0&x>1,

\/2x—1+\/; \/4x 3 +J_

Ap dung bt dang thic lién hé trung binh cong — trung binh nhan khi d6
cy-lal 2-x*+1 x+2-y
J2y—1+42-x* + [x(2- +
- Vr(2-y) <= 2 >
_—x2+x+y—i-3<—x2+y-|-4x_y—x2
2 B 2 2

~1)’Vx.

+2x
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2y—-1=2-x" =1
Phuong trinh tht hai c6 nghiém khi dau dang thirc xay ratiac1a {x=2—-y=1 Sx=y=1.
y—=1=0;x=1

So sanh véi diéu kién ta c6 nghiém duy nhat x =y =1.

(x—y)\/2x+y+y\/2y+l =Xyx+2y,
\3y=2 +4/x(2y—1) =2x"+y-1.

Bai toan 143. Giai hé phuong trinh (x;yeR).

Loi gidi.

Diéu kién yZ%;xZO.Phu(mg trinh thtr nhét twong duong véi
(x—y)«/2x+y—(x—y)\/x+2y=y(\/x+2y—\/2y+l)
<:>(x—y)(\/2x+y—\/x+2y):y(\/x+2y—\/2y+l)

C—y)—y) _ y(x-1)
P =
\/2x+y+\/x+2y \/x+2y+\/2y+l
(=) y(x-))
P =
\/2x+y+\/x+2y \/x+2y+\/2y+l
() v 2
T >0; 0,Vy>— -1>0 >1.
1o \/2x+y+\/x+2y \/x+2y+\/2y+1> 4 3nenx =

Khi d6 2x(x” —1)20,vx > 1= 2x < 2x", két hop bét déng thirc lién h¢ trung binh cong — trung binh nhan thi

3x-24+1 x+2y—-1 4x+2y-2 3
3y—2+.x(2yv-1) < + = =2x+y—-1<2x"+y-1.
J3y Jx(2y-1) > y y

2 2

3y-2=1

Phuong trinh thir hai ctia hé c6 nghiém khi déu dang thirc dong thoi xay ra, nghiala {x=2y-l<x=y=1.
x=1

So sanh véi diéu kién ta ¢ nghiém duy nhat ctahé x=y=1.

. _ =y 3y =(5v-29-3),
Bai toan 144. Giai h¢é phuong trinh x sV E R) .
J3x2 -2 +\/x +yt+x0 +1 —1+2\/_

Léi gidi.
y=0 2
Y A X2 ,[—
biéukién x>0 < 3
3x*22  (¥20
Phuong trinh thir nhat cta hé twong dwong voi

(r=y)+3y=2(x=y)Jy =3(x-1)J»

@(x y(w/x+3 2\/7) x— lfcmj;f 3(x 1)\/;
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(x=»)

1/x+3y+2\/;

Khi d6 ap dung bét dang thirc 1ién hé trung binh cong — trung binh nhan ta co

eyt Aty H 1124y Ay = Yty 0 4 22\/5.
Lai c6 V35 2 2 1= 32 =2 +x* + y* + X +1 21+ 2/xy .

Phuong trinh thtt hai c¢6 nghiém khi cac ddu dang thirc xay ratic 1a x=y =1.

(x+2y)\/7x—6 :x\/;-i-(yz +1)\/2x—1,

Bai toan 145. Giai hé phuong trinh (x;yeR).

X+ 232 - X +2\/;=2xs+y2 +y+1.

Ta c6 >0,\[y20=>x-120= x>1.

Loi gidi.
Diéukiengs)cs%;yzo.
Phuong trinh tht nhat ctia hé tuong duong voi
x(V7x =6 =x )+ 2y (VTx =6 —v2x =) = (y-1)" V2x -1
- 6x(x—1) N 5p(x-1) _
VIx—6+x Tx-6+2x-1

6x Sy —(v—1V or1
Q(x_l)(\/7x—6+\/;+\/7x—6+\/2x—1j_(y 1) V2x-t

X 1 A 6x 5y 6 2
D2 th4 n >0,Vx e —;%},v >0:(y—-1)V2x-1>0.
Y JIx—6+Jx JIx—6+2x-1 {7 y20(y-1)

Tur d6 x—1’2Q©x21:>x5 >1.
Ap dung bat dang thurc 1ién h¢ trung binh cong — trung binh nhan lai c6

29V2-x Y7 42X = X0 +2p42-x° < yT + 2.

Honnita 2,/y < y+1;2<2x° = * + 2932 -x* + 2y < p? +2x° + y+1.

(y—1) V2x-1

y—1=0
Phuong trinh thtr hai ctia hé ¢6 nghiém khi cac ddu dang thirc xay ra, tirc 1a {x=y=1 < x=y=1.
y=2-x
Déi chiéu diéu kién ta thu duoc cac nghiém duy nhat x=y=1.
y(\/3x—2 +J2x—1)+1 =% +2x,
Bai toan 146. Giai hé phuong trinh (x;yeR).

(y=1) L2y-1+x =¥ +T/x =7.
Lo gidi.
Diéu kién x > %; y > % Phuong trinh thir nhat cta hé twong duong véi
y(VBx=2-V2x=1)=y* ~2y2x—T+2x-1
2
@y(\/3x—2 —\/2x—l):(y—\/2x—l)

y(x—l) _(y_m)z

Px—2+2x-1
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, y 1 2
Ta co >20,Vy>2—;ly—-~+2x-1) 20=>x-120<= x2>1.
3x—2+/2x-1 2 ( )

, 7
Khi d6 xétham so f(x :x3—x2+7\/;;x21:> "(x)=3x"-2x+——=
/) /) 25 NE

Ham s0 lién tuc va dong bién trén mién [1; +oo) dan dén

f(x)ZMinf(x):f(l):7:(y—1)2w/2y—l+x3—x2+7\/;27.

x=1
Phuong trinh thir hai ctia hé c6 nghiém khi cac ddu dang thirc xay raticla x=y =1,
Két luan hé co nghiém duy nhét ké trén.

242x— =£+y,

Bai toan 147. Giai hé phuong trinh y (x;yeR).
22y —1+3y32x~1=5xy.

Loi gidi.
o) . 1 1 4 .
biéu kién x > 5; y= 5 Phuong trinh thir nhat ctia h¢ twong duong véi

29\2x-1=x+y" & 2y(\/2x—1 —\/;)zyz —2y\/;+x

o (BT =(p) o 2D (s

, 2
Ta thiy >0, vy>1 (y \/E) >0=>x—120x21.

N

Khi d6 ap dung bét ding thirc lién hé trung binh cong — trung binh nhan ta co
22y =1+3p2x =1 <2y —1+1+y(2x—1+1+1) = 2xy +3y < 2xp +3xp = 5xy.
Phuong trinh thir hai ciia hé c6 nghiém khi va chi khi ddu dang thic xdy ratc1a x=y=1.

Viy hé phuong trinh dé bai c6 nghiém duy nhat x =y =1.
Nhdn xét.

—x(3x—2)+L>0,Vx21.

Déi véi cdc bai todn 141 dén 147 la I6p hé phwong trinh sir dung phép lién hop linh hoat xir Iy mién gia tri bién x,

khéng cé ldp dwoc hai bién déc ldp, trong dé biéu thirc lién hop T (x; y)déu chita hai bién, di rang con don djc

mot phan thirc nhung thuc sw kho phat hién, dé lam dwoc diéu nay cac ban can tw duy cao do, bcfng moi gia lam

xudt hién cac dai heong khéng am g(x; y)nhu” binh phwong, lily thira bdc chan, can thire, nhan tir, ...tuy theo diéu

kién xac dinh, tham chi diéu kién cé nghiém cua phwong trinh nhu cac ban da thcfy.

Riéng déi véi bai todn sé 147, ngoai phirong én lién hop cdc ban c6 thé sir dung bat dang thirc lién hé giita trung

binh c¢éng — trung binh nhdn AM — GM véi diém roi may mdn 2+2x—1 = Xy y=>2 [i.y =2x.
y y

Tiép tuc sir dung bdt phwong trinh di dén 2\2x—1 >nx eoV2x-12Jx o 2x-12x o x>1.

V3x—2+2yJ2x-1=3" +x+\/;,
3x7 —3x+y:2x\/;—5\/;+4.

Bai toan 148. Giai hé phuong trinh { (x;yeR).
Loi giii,

Diéu kién x > %; y > 0. Phuong trinh thir nhat ctia hé twong dwong voi
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\/3)6—2—\/;4-2)/‘\/2)6— =y’ +x
<:>\/3x—2—\/;+2y(\/2x— —\/;):yz—Zy\/;+x

2(x-1) 2y(x-1) 2
T Br—24x Jrx—T+x =(r =)

2 2y N x2
@(x_l)(\/%c—l+\/;+\/2x—1+\/;j_(y \/_)

2 ~ ’
>0,vyzo;(y—\/§) >0 néndindén x—120< x>1.

Ta thiy

2 2y
+
\/3x—1+\/; \/2x—1+\/;

Phuong trinh thtr hai tuong duong véi

(x2—2x y+y)+2x2 —3x+5\/;:4<:>(x—\/;)2+2x2 —3x+5J/x =4 (*).

Khi d6 xét ham sb f(x)=2x2—3x+5\/;;x21:>f'(x)=4x—3+i>0,‘v’x21.

2x

Ham s0 lién tuc va dong bién trén mién dang xét nén

f(x)ZMinf(ic)zf(l)=4:>(x—\/;)2 +2x° —3x+5Jx > 4.

Vi vay phuong trinh (*) c¢6 nghiém khi va chi khi {x = vy =¥ ox=y=1.
x=1

Két luan hé phuong trinh da cho ¢6 nghiém duy nhit x =y =1.

4’x3+3x :M

Bai toan 149. Giai hé phuong trinh y+2 (x;yeR).
x3x 41+, 2(x" +1) =4[y,
Loi giii,

Piéu kién x > 0;y > 0. Phuong trinh thir nht cua hé twong duong véi

(y+2)\/x3+3x:4\/;+y2+x<:>(y+2)\/x3+3x—2(y+2)\/;=y2—2y\/;+x

<:>(y+2)(\/x3+3x—2x/;)zy2—2yx/;+x<:> \(/%i;j% =(y—x/;)2

A y+2 2 3 2 x21
Ta thdy >0,vy20;(y-+/x) 20> x —x>0 x(x* -1 zo@{
\/x3+3x+2\/; ( ) ( ) —1<x<0

Dai chiéu diéu kién di dén hai kha nang x=0v x>1.

= x:0:4\/;=x/§<:>y:%,cép $6 (O;%jkhéngthéaménhé.

. x21:>x\/3x+122.Khid()nhénxét2x4+22x4+2x2+1=(x2+1)2:> 2xt 422 )7 +1.
Din dén xvBx+1+,2(x* +1) 2 y* +3=y* + 141412487 =4,y .
(xz—l)zzx— =0

Phuong trinh tht hai ctia hé c6 nghiém khi cac ddu dang thuc xay ra tirc 1a
y=Jx=0;y" =1

Doi chiéu diéu kién ta dugc nghiém duy nhat (x;y)=(L1).
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' +8x +(3y+4)\/x+8—x:y2+4y+12,

/72x y 49 /—y 13 4x° +3x+3y

Bai toan 150. Giai hé phuong trinh (x;yeR).

Loi gidi.
x(x2+8)20 £>0
Diéu kién x(2x—y)20<:> 2x>y
y(x+3)=0 y=0

Phuong trinh thir nhat cta hé twong dwong voi

y(\/x3 +8x +\/x+8):y2+4y+4—2(y+2)\/x+8 +x+38

y(x3+7x—8) _ ——\2 y(x—l)(x2+x+8) _ ——\2
<:>\/x3+8)c+\/)c+8_(JhLz_ x+8) = \/x3+8x+\/x+8 —(y+2— X+8)

Xét truong h Y @{y :>( )—( O)b.I i
§ ng hop X, —4; 1 loai.
' y+2-+x+8=0 x=—4 Y

y(x2+x+8)

2 ~ p
Xét y>0=> >O,Vy>0;(y+2—\/x+8) >0dindén x—120< x2>1.

VX +8x ++/x+8

Ap dung bt dang thuc lién hé trung binh cong — trung binh nhan ta lai c6

5
\/x(zx_y)+2\/y(x+3)Sx+22x—y+4y+2x+3:4x+;y+3s4x +3x+3y do x<x’,Vx>1.

x=2x-y
o x=1
Phuong trinh thir hai cua hé c6 nghiém khi cac dau dang thuc xdy ra hay {4y =x+3 = {
y=1
x=1=y+2-+Jx+8=0
Két luan hé ban dau co nghi¢m duy nhat.

. R . 2x_1+6y2+8=3x+§+y4+8y,
Bai toan 151. Giai hé phuong trinh X X (x;y € R) .
26° +3y+4=3x>+6y.

Loi giii.
Diéu kién x > %; y > 0. Phuong trinh thir nhat ctia hé twong dwong voi
1 2\/2x
3l x+—-2
X

—6y"+8y-2=0

3(x2—2x+1) 25— 22x—1

& + —1+y"=6y"+8y-2=0
X 2x
— 2
3(x—1)2 ( 2x—1—1) 4 2
= + +y =6y " +8y-3=0
X 2x
2
3(x—1 Vv2x-1-1
& ( . ) +( ™ ) =(1—y)3(y+3)
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2
2, 3 3(x_1)2 (“2x—1_1) 1 3
Dé y rang + 5 20,Vx25:>(1—y) (y+3)20< y<1.
X X
Phuong trinh thir hai cta hé tr¢ thanh 2x° —3x° +3y—6\/;+420<:>f(x)+g(y)=0.
x=0

x=1

Xéthamsé f(x)=2x"-3x%x Z%thi f(x)=6x>—6x;1"(x)=0 @{

Lap bang bién thién ham f(x) , 13 rang trén mién x € [%ﬁoo} = Minf(x) = f(l) =-1.

XE|:l;+oo
2

3 -1
Xét ham s6 g(y):3y—6\/;+4;ye[0;l]thi f'(y)z%SO,Vye(O;l].
y

Ham sb nay nghich bién nén Ming(y)=g(1)=1.Nhu vy f(x)+g(»)20.
ye[0:1]
Déu dang thire xdy ra khi x =y =1. Thir lai vao hé ban dau ta c6 cdp nghiém (x;»)=(L1).
Nhdn xét. o ) ) . i )
’ Thao tac bién doi ‘phwgng’trinh thir nhat cua hé het suc {hLZ Vi, viéc tgo ra cdc hang dang thirc nhw thé trén thyc
té khong phai mot diéu dé thay, né manh nha tw cai nhin bat dang thirc AM — GM (BPT Cauchy, lién hé giita trung
binh cong va trung binh nhan). Xeét phwong trinh thir nhat cua hé

V2x -1

+6)y° +8= 3x+3+y +8y

& 2x—1=3x —8x+3+x(y -6y’ +8y)
& 2x - =3(x—1)2+x(y4—6y2+8y—2)
Khi do ro rang
2x—-1+1 2 4 )
\/2x—1ST:x:>3(x—l) +x(y -6y +8y—2)£x

= ' =6y +8y—2<1-———— <l (y-1) (y+3) <0 y<I

3(x-1)

X +y +(y+2)«/x+y=y2+3y+x+1,

«/x(2y—l)+\/2x—1+1=%x4+y.

Bai toan 152. Giai hé phuong trinh (x;yeR).

Léi gidi.
Diéu kién x> %; y 2 % Phuong trinh tht nhat ctia hé trong dwong voi
y x3+y—y\/m:y2+3y+x+1—2(y+1)\/m
@y(\/m—\/m)zyz+2y+1—2(y+1)\/m+x+y
3
ey )
Ta thiy (erl—\/m)2 20;m+m>0,‘v’x2%,‘v’y2%.
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x2>1

Dan dén x3—x20<:>x(x2—1)20<:>
-1<x<0

7 ) . 1
Két hop diéu kién x2§:>x21:>x£x4.

Ap dung bt dang thtc lién hé trung binh cong — trung binh nhan cho phuong trinh tht hai
Jx(2y-1)+2x-1< x+22y_1 +1+22x_1 = 3x+iy_2 =37x+y—ls%x4 +y-1.

x=2y-1
. 4 I4 2 X = y =
H¢ c6 nghiém khi tat ca cac dau dang thirc xdy ra tic la {2x—-1=1 = {

y+l=4x+y

Két luan hé ban du vo nghi¢m.

yx°+3y +(2x—y+2)1/x+3y =x"+3x+3y+1,

Bai toan 153. Giai hé phuong trinh (x;yeR).

3+ (2y-1)(3x=2) ++/5x—4 =4x/x + .

Loi gidi.
Diéu kién x > %; y > % Phuong trinh thir nhat cta hé twong duong véi
y(\/)c2 +3y —1/)c+3y)=)c2 +2x+1-2(x+1)\Jx+3y +x+3y
- y(xz—x)
X3y +4x+3y

2 s s >1
Vi(x+1—yx+3y) >0;4x" +3y + x+3y>0;‘v’x2i.‘v’yzl dindén x* — x>0 x(x-1)20 < *
5 2 <0
x <

:(x+1— x+3y)2

Két hop diéu kién x2§:>x21:>\/;21:>xéx\/;.
Ap dung bét dang thirc lién hé trung binh cong — trung binh nhan véi phuong trinh thir hai ta co
\/(2y—1)(3x—2)+ 5v—4 < 2y—1+3x—2+ Sx—4+1

2
_8x+2y-6
2

:4x+y—3é4x\/;+y—3

2y—-1=3x-2 {le

H¢ c6 nghiém khi toan bd cac dau déng thirc xay ra tic la =
Sx—4=+x=1 " (y=1

Thr lai, két luan hé ban dau c6 nghiém duy nhat x=y=1.

2yx’ +x—y :y—l+3—x,
y
V2x—1+4x +x—y -1-\/;=2x3 +1.

Bai toan 154. Giai hé phuong trinh (x;yeR).

Loi gidi.
biéu kién xZ%;y>0;x3+x—y20.

Phuong trinh tht nhét twong duong véi
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2y +x—y =y +3x—y
<:>2y(«/x3 +x—y—,/2x—y):y2 —2y2x—y+2x—-y

2y(x3—x) _ 2
Ty )

Tathéy( 2x - ) 2 05/ +x - J’+m>0 vy >0nén x’ —x>0<:>x(x _1) 0< [XIZI

; A e 1
Két hop dicu kién x2§:>x21:>x§x3:>x3+3x§4x3.

Ap dung bt dang thue lién hé trung binh céng — trung binh nhan cho phuong trinh tht hai

_ 3 _ 3 3
Tela+ ,—x3+x—y+\/;ﬁl+22x 1+x +x y+l+y+1:x +3x+2£4x +2:2x3+1.

2 2 2 2
2x—1=x"+x-y=1

Hé c6 nghiém khi tat ca cac ddu dang thirc xay ra tirc 1a { y =1 Sx=y=1.
y=42x-y
Thir lai, két luan hé ban dau c6 nghiém duy nhit x =y =1.

(x—y—l)w/3x+y =(x—y)\/2(x+y)—\/y+3,

\/x3 —-2x+5 +\/y4—4y+x+3 =3.

Bai toan 155. Giai hé phuong trinh (x;y eR).

Loi gidi.
3x+y20;x+y 20
Didu kién { y>-3;x° —2x+5>0
V' —4y+x+3>0
Phuong trinh thir nhat cta hé twong dwong voi

(x—y) 3x+y x y,/ x+y \/3x+y \/y+3

<:>(x—y (\/3x+y—\/2x+2y)=\/3x+y—\/y+3

(x-y)  _ 3(x-1)

\/3x+y +\/2x+2y \/3x+y +\/y+3

f—

2
Ta thy (x-y) > 0,35+ +y+3>0=x-1> 0 x>1.
\/3x+y +\/2x+2y

Vi phuong trinh thtr hai cua hé

Xéthamsd f(x)=x"-2x+5x21= f'(x)=3x"-2>0,Vx21.

Ham sé lién tyc va dong bién trén mién dang xét din dén f(x)= Min f(x)=f(1)=4=>Vx' —2x+522.
x21

Lai c6 y* —4y+x+3> ' —4y+4. Xéthamsd g(y)=4)’'-4¢'(y)=0c)y’ =1 y=1.

Khao sat ham sé nay ta cé g(y)=Ming(y)=g(l)=1=y*' -4y +x+32>1.

yeR

Nhu vy v/x* —2x+5 +\/y4—4y+x+3 >3 . Dau dang thirc xay rakhi x=y=1.
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y(y2 +43x+y +6):3(x+4),

\/x2—2xy+y3+l+\/3x2+5y2+1 :1+|x+2|.

Bai toan 156. Giai hé phuong trinh (x;yeR).

Loi gidi.
3x+y2=>0

2

Diéu kién .
X =2xy+y +120

Phuong trinh tht nhat ctia hé tuong dwong voi
Y +4y3x+y+6y=3x+12
S3x+y—4p3x+y+4y° =y +4y" +7y-12

<:>(\/3x+y—2y)2 =y’ +4y" +7y-12

2
R& rang 3’ +4y2+7y—1220<:>(y—1)(y2 +5y+12)20<:>(y—1)|:(y+§j +?}20<:>y21.

Tuday y>1=y’ >y :>x2—2xy+y3+12x2—2xy+y2+1:(x—y)2+121:>\/x2—2xy+y3+1 >1.
Lai c6 (x—1)20=2(x—1)" 20 3x* +6> x* +4x+4, nén

212302 452 41237 +6 222 +dx+4=(x+2) =322 +5) +1 >|x+2].
X S A, - Y S L L o |x=1=0y=1
Phuong trinh thir hai cua hé c6 nghiém khi cac dau dang thuc xdy ra tac 1a Sx=y=1.
x—y=0;x+22>0
Két luan hé ban dau c6 nghiém duy nhat x=y=1.
Nhdn xét. ) , . x e
Tren day cac ban viea tiép can voi mot loat cac bai toan hé phirong trinh vo ty ket hop danh gia — ham so - bat dang
thiee (tee thi du 120 dén thi du 155), yo"i hwong di chan mién gia tri cua mot trong hai bién bang cach su dung dai
luwong lién hop — truc can thiec voi day du cac hinh thiec da dang, phong phu.
Phuwong trinh chét chan sir dung lién hop — truc cdn thire f(x;y).T(x; y) = g(x;y) .

Voi tap xac dinh D, ta co T(x;y) >0,Vx;yeD.
Pon vi quyét dinh mién gid tri mét bién c6 thé xoay chuyén quanh f(x;y),g(x;y) =

Mot trong hai don vi f(x;y) , g(x; y) khéng ém @é phuc vu don vi Q phét huy hiéu qua.
f(xp)=mU+nmh (x;9)+ phy(x;y)
g(x:y)=mU+nh (x;9)+ phy(x;y)

Biéu thitc tham gia lién hop T (x; y) tir dé dén khé, tir xudt hién hang sé trén tir thirc tién dan dén mét bién, hai bién

Chiing ta da biét lic dé {

nam trén tir thirc. D6 la chwa ké dén f (x; y), g(x; y)xoay chuyén khéng ngirng qua binh phwong, lily thira bdc

chan, c¢an thire tuy theo diéu kién xac dinh.
Tir bai toan 156, chung ta tam roi xa thién huong lién hop, quay tro lai khai thac tinh chat khong am dya trén cac
tong binh phuwong, ciing la mot manh dat quen thuoc nhung khong kém phan mau mao.

3()/—%—2):x3 +2(x+1)\/x+3y,

%/x4 +3x°y+3x% "+’ +\/2y2 +4y+10x" =x+2y+3.

Bai toan 157. Giai hé phuong trinh { (x;yeR).

Loi gidi.
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Diéu kién 2)* +4y+10x> > 0;x+3y > 0.
Phuong trinh tht nhat ctia hé twong duong voi

3y+6=x3+2(x+1)1/x+3y

<:>x2+2x+1—2(x+1)«/x+3y +x+3y=x+x"+3x-5
2
<:>(x+1— x+3y) =X +x"+3x-5

RS rang ta phai co x” +° +3x =520 & (x=1) (" +2x+5)2 0 & (x=1)[ (x+1)' +4 |20 x>1.

4

xt>x’
Khi d6 { ) :>i/x4+3x2y+3xzyz+y3 Zi/)c3+3x2y+3xy2+y3 :,3/(x+y)3 =x+y.

X =2x

Hon nita 2y* +4y+10x* >2y* +4y+10> y* +6y+9=(y+3)’ :>\/2y2 +4y+10x* >|y+3|> y+3.

Do do %/x4 +3xX°y+3x°y* +y° +\/2y2 +4y+10x° 2 x+y+y+3=x+2y+3.

x=1Ly-1=0 {

C X=
Phuong trinh thir hai ¢6 nghiém khi cac dau dang thuc xady ratirc1a < y+3>0 = { :
y =

x+1=4x+3y
Két luan bai toan c6 nghiém duy nhat x=y=1.
Nhdn xét. . , . 2
Dé thiet ke lop hé phwong trinh nay khong qua kho, diéu quan trong la giau dwoc cac ban chat tong binh phuwong
va lam gon phwong trinh khai trién cua chung ta. Lay thi du bai toan so 157, an dinh nghiém dep x=y=1, gia
dinh sir dung binh phwong d@é lip phirong trinh chét chin mién gia tri ciia timg bién theo dang thirc

k(x+1— x+3y)2 =t(x) (1)

k(xr1-Jxe3y) =1(y) (2)

Cdc ban tam thoi ldy truong hop don gian nhdt k=1. Néu sie dung (1) thi muc tiéu chan mién gid tri bién x va st
dung (2) la muc tiéu chan mién gia tri bién y. Tat ca ban doc déu biét néu khai trién binh phirong vé trdi nhu trén
€ xudt hién phan lén da thire chira x.

2
(x+1— x+3y) :x2+2x+1—2(x+1),/x+3y+x+3y=x2+3x+3y+1—2(x+1)«/x+3y.
Vi thé sir dung (1) sé t6i wu hon (2) khi bé tri t(x) = ax® +bx* +cx+d dé triét tiéu (tat nhién chi triét tiéu mét bién)

dwoc dai eong M = x> +3x+3y+1. Mét cau héi dat ra la vi sao ching ta lai lwa chon da thicc bdc ba thay Vi tam
thire béc hai, mét kha nang quen thuée va cang lam gon gang phwong trinh chét.
» Truoc tién moi cac ban quan sat cac dién hinh sau

(x+1— x+3y)2 =x2—2x+1;(x+1— x+3y)2 =3(x2—4x+4)

(x+1— x+3y)2 22(4x2—4x+1)'(x+1— x+3y)2 =9x* —6x7 +1;..

Voi dang thicc trén chuing ta khong khai thac dwoc diéu gi trir dang nhan tir phiic tap.
Hon nita hai vé déu c6 dang binh phwrong, ddc tinh khéng ém la hién nhién.
> Tiép theo la cdc thi du

(x+1— )c+3y)2 =x’ +3x—4;(x+1— x+3y)2 :3(x2—4x+3)

(x+1— x+3y)2 =2(2x? —5x+2);(x+1— x+3y)2 =5x* —6x7 +1;...

Voi cac thi du thugc muc 2, ching ta khai thac dwoc mién gia tri bién x.
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Ngodi ra con triét tiéu dwoe dai hrong M dwa vé phirong trinh hét sirc dep mat
(x+1— )c+3y)2 =x"+3x—4
& ¥ +3x+3y+1-2(x+1)/x+3y =x* +3x— 4
©3y+5=2(x+1)/x+3y

x21

x<—4

Mién gid tri bién x thugc hai tap hop roi nhau nén gay bat loi cho qua trinh danh gia tiép theo.
Pé co cum dwge mzen gid tri trén bat budc can c6 thém yéu té tai phirong trinh thi hai.
Thi du nhur sw xudt hién cia cdc can, hodc mét phwong trinh danh gia tao ra mién doi lap nhu

xi2x—1;x+3:43x+4;...

N* =x-2=x>2;N* =2x—1:>x2%;N2k :3x—2:>xZ§

Tuy nhién x° +3x—420c>(x—1)(x+4)20<:>{

> Van dé nay tac gid sé xin dé cdp sau. Thay doi theo huwdng da thirc bic ba bat ky ¢6 nghiém hitu ty
2 2
(x+1— x+3y) :x3—6x2+11x—6;(x+1— x+3y) :3(x3+4x2—5)

(x+1— x+3y)2=2(x3+2x2—7x+4);(x+1— x+3y)2:x3—9x;...
Khai thac mién gia tri

>3
P _6x" +11x—62>0 D) (x=2)(x=3)20 |
X —6x*+11x & (x-1)(x-2)(x-3) C{lﬁxﬁ2

¥’ +4x° —520©(x—1)(x2+5x+5)20
X +2x" —Tx+42 0 (x—1)(x* +3x-4) 20

Cdc mién déu roi nhau va té ra phire tap, khi khéng cé sw hé tro diéu kién nao sau do.
» Dua trén nhirng thir nghiém trén buoc dau chiing ta sir dung da thirc bdc ba véi nghiém duy nhat va cé céc
hé s6 thich hop nhat muc tiéu triét tiéu dai lvong M

(x+1— x-i—3y)2 =x2+3x+3y+1—2(x+1)\/m:>t(x)zax3 +x°+3x+d.
Do nghiém an dinh bang 1 nén a va d dwoc xdc dinh kha don gian
t(x)=ax’+x’+3x+d
a=Lf(1)=0d=-5
a=2f(1)=0=d=-6
a=3f(1)=0d=-7

Lueu ¥ qud trinh chon a va d ciing can chinh xdc, khéo léo, tranh tao ra da thirc hai nghiém.

\/y2 —2y+2x+\/x2—x+4y =1+\/;,

X 4+2x2x—y =4—y.

Y =2y+2x>0;x" —x+4y >0
2x-y20;y20
Phuong trinh thir hai ctia hé tuong duong voi

X =2x2x—y +2x—y=x +x2+2x—4c>(x—w/2x—y)2 =X +x +2x-4.
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biéu kién {
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RO rang x°+x" +2x=42 06 (x=1)(x*+2x+4) 20 & (x=1)[ (x+1) +3| 20 x>1.

Khi do le:>x2—x:x(x—l)ZO:>x2—x+4y24y:>\/x2—x+4y Z\/@:Z\/;.
Lai c6 x>1=)? =2y +2x 2/y? =2y +2 = /(y =1 +1 21 din dén \[y* -2y +2x +x* —x+4y > 1+[y.

Phuong trinh thtr nhét c6 nghiém khi cac dau ding thirc xdy raticla x =y =1.

Bai toan 159. Giai hé phuong trinh {

Loi gidi.

X 4+2x3x =2y =4x> =2y +1,

Y +Tx=2y3x =2y +2y+4.

Diéu kién 3x—2y > 0. Phuong trinh thi nhat cia hé trong dwong voi

(x;ye]R).

X =2x3x =2y +3x-2y=x" —-3x" +3x— 1<:>(x—\/3x 2 )

D& thiy (x—\3x-2y) 20=(x-1) 20 x-120& x21,

Phuong trinh tht hai trd thanh y* —2y./3x -2y +3x -2y +4x=4 <:>

—3x— +4x 4.

Lai co (y—«/3x—2 ) +4x >4,Vx 21 nén phuong trinh thir hai c6 nghiém khi 3x— 2y Sx=y=1.

Két luan hé c6 nghiém duy nhat x=y=1.

Bai toan 160. Giai hé phuong trinh {

Loi gidi.

Diéu kién 2x — y > 0. Phuong trinh thir nhét cua hé twong duong véi

y2 —2y\2x—y +2x—y=y3
<::>(y—\/2x—y)2 =(y—1)3

Y +2y2x—y =4y" —4y+2x+1,

2" =6 +5y+x" +2x=2x2x -y +2.

(x;ye]R).

-3y +3y-1

2 ) 3
RS rang (y— 2x—y) >0=(y-1)’ >0« y>1. Bién ddi phuong trinh th hai

x’ —2x\/2x—y+2x—y+2(y3—3y2 +3y—1)=0

<:>(x—,/2x—y)2 +2(y—1)3 =0

D@ thiy (x—«/2x—y)2 +2(y—1)3 20,Vy2>1.
=\2x—-y

X =
Phuong trinh thir hai c6 nghi¢m khi { y—1=0 & {

y=dq2x-y
Thir lai, két luan hé ban dau c6 nghiém duy nhit ké trén.
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xpt +3x7+y° = 2xy(\/2x—l +1)+x+y—l,
Bai toan 161. Giai hé phuong trinh o3 (x;yeR).
1/x(2y—l)+d3y—2 :T+3y.
Loi gidi.
Diéu kién xzé; y 2%. Phuong trinh tht nhat cta hé trong dwong voi
x(y2 —2yVJ2x -1 +2x—l)+x2 —2xy+y’=y-1

<:>x(y—\/2x—1)2 -1-(x—y)2 =y-—1

RO rang x(y—«/ﬁ)2+(x—y)2 20,Vx2%:>y—120<:>y21.

Khi d6 ap dung bét ding thirc lién hé trung binh cong — trung binh nhan ta co
Sy 1)+ 3y—2 < x(2y—1) + [y(By—2) < 22271 +y+32y_2 E x;3

Phuong trinh tht hai cta hé c6 nghiém khi va chi khi cac ddu dang thic xay ra, nghia la

x=2y-Ly=3x-2 {
y=Lx-y=0 @{x-

y=1
y=~2x-1

Thr lai, két luan hé phuong trinh dé bai c6 nghiém duy nhat x=y=1.

5% +2x2x—y =8—y,
¥ —i—(1—2)/)\/2x3 —1+2x° =2.

Bai toan 162. Giai hé phuong trinh (x;yeR).

Loi gidi.

Didu kién 2x > y;x’ > % . Phuong trinh thir nhat cta hé twong dwong vai

2
X =2xy2x—y +2x—y =5x" +x° +2x—8<:>(x—«/2x—y) =5x+x"+2x-8.
RG rang 5x’ +x° +2x-82 0 (x—1)(5x" +6x+8) >0 <> x> 1.

Khi d6 phuong trinh thtr hai tuong duong voi

2 22 —142x 14420 —1 =1 =24 —1+( BN )2=1.
Lai thiy x>1=>2x —1>1=2x° —1+( N ) >1,

x=1
. s x=1
Phuong trinh thir hai c6 nghiém khi cdc dau ding thirc xay ra tic 1a < y =+/2x° -1 & {

=\2x—y

Thir lai, két luan hé phuong trinh dé bai c6 nghiém duy nhat x= y=1.

X' 2=y +2x 4y -3,
2x° +5y=3+4x2y-1.

Bai toan 163. Giai hé phuong trinh { (x;yeR).

Loi gidi.
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A 3 ; .
bicu kién y > 7 Phuong trinh thur nhat ctia hé twong duong véi

-2y =3 +4y-3=y* +4y-5 o (x-fAy—3) =) +4y-5.

y+4y-5>0 (y—l)(y3+y2+y+5)20

Nhu vay 1 & 1 &S y-120< py>1.
2 2
2
Phuong trinh th hai cua hé twong duong véi 2(x2—2x‘/2y—1+2y—1):1—y<:>2(x—«/2y—1) =1-y.
y=1
L x=1
Rorang 1-y >0« y<I1. Cac dau dang thuc xay ra khi x=\/2y—1<:>{ {
y:
x=44y-3

Két luan hé phuong trinh c6 nghiém duy nhat x=y =1.

X —4x? +2(x+1)y3x+y =2x+y+2,
(y+1)(2y+1—2«/3y+x):—2x.
Loi gid.

Diéu kién 3y +x > 0;3x+ y > 0. Phuong trinh thi nhit cta hé twong duong véi
X +2x+1-2(x+1){3x+y+3x+py=x"=3x" +3x-1

Bai toan 164. Giai hé phuong trinh (x;yeR).

o (x+1- 3x+y)2 = (x-1y’
Taco (x+1— 3x+y)2 20:>(x—1)3 >(0 < x> 1. Phuong trinh thir hai tvong duong voi
25> 43y +1-2(y+1)\B3y+x =2x
oy +2y+1-2(y+1)By+x+3y+x+)y 2y +l=1-x
@(y+l—\/3y—+x)2+(y—1)2=l—x
RO rang (y+l—\/3yi+x)2+(y—l)2 >0=>1-x>20 x<1.

y+1=3y+x

Hé c6 nghiém khi toan bd cac dau ding thirc xdy ra, tic 1 {x+1=./3x+y <

=1
x=1 Y

Két luan hé phuong trinh ban dau c6 nghiém duy nhat x =y =1.

Y +2xp+7=x +y+2(x+y)w/5x— ,

\/W'FWZS_XS_ (x;yeR).

2

Bai toan 165. Giai hé phuong trinh

Loi gidi.

Sx-y20;3-2xy>0

2y—x"20

Phuong trinh tht nhat ctia hé twong duong voi

biéu kién {
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x’ +2xy+y2—2(x+y)1/5x—y +5x—y=x+x"+5x-7
<:>(x+y— 5x—y)2 =X +x*+5x-7
RS rang chiing ta c6 ' +x” +5x =720 & (x=1)(x* +2x+7) 20 & (x=1) (¥ +1) +6 |2 0= x>1.

Str dung diéu nay va ap dung bat dang thirc lién hé trung binh cong — trung binh nhan ta co

\¢3—2xy+q2y—x2 S1/3—2xy +WS3_2;);+1+2W_X3+1 :5_)63 .

2 2

. . . . 3-2xy=12xy—-x =1
Phuong trinh thir hai c6 nghiém khi cdc dau dang thirc xay ra tirc 1a Sx=y=1.
x+y=45x-y;x=1

Két luan hé ban dau c6 nghiém duy nhat x=y=1.
y2+y+3=2(x y+yx/;)+x2,
(x+y)3
X +3y° +1/y(3x2+y2)= +2.
4
Loi gidi.

Diéu kién y>0;x > 0. Phuong trinh thir nht cua hé twong duong véi

Bai toan 166. Giai h¢ phuong trinh (x;yeR).

x2+y2+x+y=2(x y+y\/;)+x3+x2+x—3
o x-2x y+y+y2—2y\/;+x:x3+x2+x—3
@(x—\/;)2+(y—x/;)2=x3+x2+x—3

Taco X' +x° +x-320< (x—1)(x" +2x+3)2 0 x 21,

Ap dung bt dang thte lién hé trung binh cong — trung binh nhén véi phuong trinh thit hai

\/4(x2+3y2) S\/4x(x2+3y2) S%

2 3

Thu duoc

3
i3] a3y ) s E1200eA Syeated_(v0))

3
& AxP+3y° +1/y(3x2+y2):(xj;y) +2

Phuong trinh tht hai cta hé c6 nghiém khi cac ddu dang thuc xay ra tirc 1a {

y=xix=\y

Sx=y=1.
¥ +3y? =3x"y+y’ =4

Két luan hé phuong trinh c6 nghiém duy nhat ké trén.

3 4 2x\2x—y +y =" —2xp+7,

, (x;yeR).
J17x=6y =10 +2x,3y—5x+3 =(x+2) -2,

Bai toan 167. Giai hé phuong trinh {

Loi gidi.
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2x2y;3y—5x+3>0

17x-6y—-10=0

Phuong trinh tht nhat ctia hé tuong dwong voi

X =2xy+ 0 X =2x2x =y +2x—y =3x" +2x* +2x -7

<:>(x—y)2+(x—1/2x—y)2 =3x +2x7 +2x -7

RO rang ching ta ¢6 3x° +2x° +2x—720<:>(x—1)(3x2+5x+7)20c>x21.

biéu kién {

Khi d6 ap dung bét ding thirc lién hé trung binh cong — trung binh nhan cho phuong trinh thit hai
JTx=6y—10 < Jx(17x—6y—10) < X010 g, 5, 5

2
2x43y—5x+3<x*+3y—-5x+3
Dan dén 17x—6y —10 +2x3y —5x+3 <x’ +4x-2=(x+2)" - 2.

[7x-6y-10=1Lx=1
Phuong trinh thir hai c6 nghiém khi va chi khi < x =./3x—-5y+3 &

X—y=x—+2x-y =0
Két luan hé phuong trinh ban ddu c6 nghiém duy nhat x=y=1.

2x y+1=%+y,
x

21/2x(y2 +1) =2+ +x

Bai toan 168. Giai hé phuong trinh (x;yeR).

Léi gidi.
biéukién x>0;y>0.
Phuong trinh thir nhat cta hé twong dwong voi

2x\/;—y+1=%<:>x(2x\/;—y+l)=2c>2x2 y+x=xy+2
X

<:>x(x2 —2x y+y):x3 —i—x—2<:>x(x—\/;)2 =x +x-2

RS rangtacd x’ +x-220¢ (x—1)(x" +2x+2) 20 x>1.

Ap dung bét dang thirc lién hé trung binh cong — trung binh nhan ta co

2 3 2
xéx3:>1/2x(y2+l)£2x+; +1£2x +2y +x'

2x=y"+1
Phuong trinh tht hai ctia hé ¢ nghiém khi cac du déng thirc xay ra nghia la { x = \/; Sx=y=1.
x=1
Dbi chiéu va thir lai ta dugc nghiém duy nhit ciahé x=y=1.
X =3y—6xy +4,
Bai toan 169. Giai hé phuong trinh (x;yeR).

J3x=2 +J§=2x4+y7_1.

Loi gidi.
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A 2 ; .
bicu kién x > 5; y 2 0. Phuong trinh thtr nhat cia hé twong duong véi

3xty-2fay) =2t +3x-4 o 3(Vx -y ) = +3x-4.
x>1
x<—4

Két hop diéu kién ta duoc x>1= x < x*. Ap dung bat dang thirc Cauchy thu duoc

V3x-2 +@S1+3;—2+x;y =2x+y2_1 s2x4+y7_1.

RO rang x’ +3x—420<:>(x—1)(x+4)20<:>{

3x-2=1
Hé c6 nghiém khi d4u ding thirc xay ra hay < x =y Sx=y=1.
x=1

Dbi chiéu va thir lai ta dwgc nghiém duy nhit ciahé x=y=1.

5x° +442x —xp +2y =11,

Bai toan 170. Giai hé phuong trinh (
x> =y+y°+3 :x+l+2y«/2x—y.
x

x;yeR).

Loi gidi.
bicu kién 2x—y>0;x>0.
Phuong trinh tht nhat ctia hé tuong duong voi

2[3x-y=2[x(2x-y) | =55 +6x-11
@2[x—2,/x(2x—y)+2x—y}=5x3+6x—11
& 2(Va-y2x—y) =52 +6x-11

R& rang 5x°+6x—1120 < (x—1)(5x* +5x+11)20 < x21.

Phuong trinh thir hai ctia hé tuong duong voi
X —xy+ x> +3x=x" +2xp2x -y +1
c>x(2x—y—2y«/2x—y erz)+)c3—3x2 +3x-1=0

c>x(d2x—y—y)2+(x—1)3 =0
Vi )CZI>0:>)C(«/2)c—y—y)2+(x—1)3 >0.

2x—-y=y
Phuong trinh trén c¢6 nghiém khi ddu dang thtrc xay ra, nghia la {x =1 &

\/;zw/Zx—y

y=1

Ddi chiéu va thir lai ta duge nghi¢m duy nhét ctiia hé x = y=1.

Bai toan 171. Giai h¢ phuong trinh < x

x4+ y? =2p3x-2.

E+1:2y+2\/3x—2 , (

x;yeR).

Loi gidi.
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A 2 ; .
bicu kién x > 5;3x > 2y . Phuong trinh thir nhat cua h¢ tuong duong voi

3x—2y—23x—2y +1:3x—§<:)(‘/3x—2y—1)2 BEWEES
X

X

, - >

Ta thiy 3x—§20<:>w20<:>{x :
X X -1<x<0

Két hop diéu kién x > % = x >1. Phuong trinh thi hai tr¢ thanh
3x—2-2y3x =2+ " +x’ =3x+2=0

& (Var—2-y) +(x-1) (x+2)=0
R rang (\/Sx—2—y)2+(x—1)2(x+2)20,Vx2§.
V3x=2-y=0
Phuong trinh thir hai 6 nghiém khi dong b cac dau dang thirc xdy ra nghiala { x—1=0 Sx=y=1.
\3x=2y =1

Dbi chiéu va thir lai ta dwgc nghiém duy nhit ciahé x=y=1.

E:y+2x«/2x2 -y,

Bai toan 172. Giai hé phuong trinh < x (x;yeR).
2x% +2y° +x:1+2y\/;+2xy.

Loi giii,

Didu kién 2x* > y;x > 0. Phuong trinh thi nhét ciia hé tvong duong véi

3_
2x% —y—2xy/2%" =y +x* =3x" —§<:>(42x2 —y—x)2 =3x’ —22—3()6 1) .

X X X

3(x3 —1)

X
Phuong trinh thtr hai twvong duong voi

RO rang >0 x>1vx<0.Kéthopvéi x>0=x>1.

2x2+2y2+x=1+2y\/;+2xy
S x=2px+y+2x* —2xp+y* =1

<:>(\/;—y)2+(x—y)2+x2 =1

2 , , D
Vix>l= (J} - y) +(x—y) +x*>>1. Hé c6 nghiém khi tt ca céc ddu déng thirc xéy ra.

Jx—y=x-y=0
=1
Nghiala {4/2x" -y =x @{x )
y:
x=1

Dbi chiéu diéu kién ta dugc nghiém duy nhit x =y =1.

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 126

Xy/5x—4y +2y:§,

Bai toan 173. Giai hé phuong trinh X (x;yeR).

2x+4/2x7 — )7 = (2y+1)\/2x—y2.

5x>4y;2x* —y* 20  [5x=4y;x>0

A 2 2 2
2x—1>>0;x#0 2x” > % 2x—p" 20
Phuong trinh thir nhat cta hé twong dwong voi

x’ —2x\/5x—4y+5x—4y:x2+5)C—E<::>(«/5x—4y—x)2 :x2+5x—E
X

X

Loi gidi.

biéu kién {

3 2_ x—1)(x*+6x+6
R6réngx2+5x—§20<:>LX620<:>( )( )zo.
X X X
S A A X +6x+6 R
Chu y diéu kién x >0 = — > 0nén thu dugc x—-1>0< x>1.
X

Phuong trinh thtr hai cua hé twvong duong voi

2x =y =2p42x— > +° —i-\/2x2 -y’ —\/2x—y2 =0
<:>(\/2x—y2 —y)z+\/2x2—y2 —\/2x—y2 =0

<:>(«/2x—y2—y)2+ 2x(x—1) =0

\/2)62 -y +\/2x—y2

Lai c6 (sz—yz—y)zz 2x(x-1) >0,Vx>1.

0;
\/2x2 -y’ +\/2x—y2

V2x—yt =y

o x=1
Phuong trinh thtr hai ¢6 nghiém khi cac dau dang thirc xdy ra tirc 1a < x =1 = {

Jix—4y=x

Dbi chiéu diéu kién va thir lai ta dugc nghiém duy nhat x =y =1.

y3 +x? +2y\/2y—x2 :i,

Bai toan 174. Giai hé phuong trinh y (x;yeR).
y+(1—x)\/2y—x2 =22,

Loi gidi.

2y > x’ y>0
DPicukién {2>x* =4{2y>x’

y#0 2> x’
Phuong trinh thir nhat twong duong véi

4
2y—X" =29\ 2y—x" +y* =y’ +)’ +2y—;

2
@(\/2y—x2 —y) =y +)° +2y—%

Nhén thay rang khi d6
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AR et SR (y—l)(y3+2y2+5y+4)20

y y

y3+y2+2y—i20<:>
y

Y +2y*+5y+4

y
Phuong trinh thtr hai tuong duong véi

y—x\/2y—x2 Jr\/Zy—x2 —\/Z—x2 =0

&2y —xt—2x2y—x Jr)cz+2\/2y—x2 —2\/2—)62 =0
2
<:>(«/2y—x2 —x) 122y -3 —242-x" =0

<:>(\/2y—x2 —x)2+ 4(y—1) =0 (1)

\/2)/—x2 +\/2—x2 -
~ 2 : 4()/—1) N , . T S .
RO rang (\/2y—x —x) >0; >0,Vy >1nén (1) c6 nghiém khi cac dau dang thuc xay ra.
\/2y—x2 +\/2—x2
J2y—-x" =x 2y—x'=x’

_1
Nghia la { y =1 e lx>0y=1 @{x

B 2 2.2 y=1
N2y—x" =y y-—Xx =Yy

Déi chiéu diéu kién va thir lai ta dwgc nghiém duy nhat x =y =1.

L 2yy2x° = y* +3x(3x+2),

Bai toan 175. Giai hé phuong trinh { x (x;yeR).
\/2x3 -y +\/2y4 +y°=2x =yt +x"

Chu ¥ diéu kién y >0 =

>0y-120< y2>1.

Loi gidi.
s |2 = yhx#0 2x° > y% x>0
bicu kién =
2y +32=2x >0 29"+ =2x" >0
Phuong trinh thir nhat cta hé twong dwong voi

2x° = y* =2p42x° =7 + 7 =2x° +9x° +6x—1—7

X
2
<:>(«/2x3—y2 —y) =2x3+9x2+6x—£
X
2
Vi («/2x3—y2—y) >0 nén
4 3 2 x=1)(2x +11x* +17x+17
20 1 9x% 4 6x— L5 ey 2 FOX +6x 1720@( )( )_
X X X
2 + 112 +17x+17

Lai co6 diéu kién x>0= >0,dandén x-1>0<= x>1,va 1<x*.

x
Ap dung bét dang thirc lién hé trung binh cong — trung binh nhan AM — GM cho phuong trinh thir hai
3 2 4 2 3
\/2)63 -y +\/2y4 +y?-2x' < 2 2y +l + 2y +y2 2x ¥l =y +1<yt+x7,
Hé c6 nghiém khi cac ddu déng thic xay ra, nghia 1a ta c6 hé diéu kién sau
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2x3—y2:1 2x3—y2:1
2yt +yt -2 =1 |2pt4y’ -2 =1 [x=1
= =

x=1 x=Ly=>0 y=1

V2 =y' =y 2x* -y =y
Déi chiéu diéu kién va thir lai ta duoc nghiém duy nhat x=y=1.

2 3
—2xXy+5=x"+2x2x—y +y,
Bai todn 176. Gidi hé phuong trinh {~ YTR O (hyeR).
\/2x—y +\/3x—3y+1 =x" +3x-2y.

Loi gidi.
2x—y =20
3x-3y+1=>0
Phuong trinh tht nhat ctia hé tuong duong voi
22X+ +2x=2xy —y—2x2x -y =x" +2x" +2x -5

S2x—y—2x2x =y + X +x"=2xp+y =X +2x" +2x-5

2
<:>(\/2x—y—x) Jr(x—y)2 =X +2x" +2x-5
Khi d6 rd rang x° + 2x° +2x—520c:>(x—1)(x2 +3x+5)20c>x21.
Str dung diéu nay, két hop bat dang thirc lién hé trung binh cong — trung binh nhan cho phuong trinh sau

\/2x—y g\/x(zx—y) < x+22x—y+3x—3y+1+1

Phuong trinh thir hai cua hé c6 nghiém khi toan bd cac dau déng thirc xay ra, tac la
2x—y=3x-3y+1=1

x=1
«/2x—y—x=x—y:0<:>{

y=1

biéu kién {

=3x-2y+1<3x-2y+x°.

x=1

Déi chiéu diéu kién va thir lai ta dwgc nghiém duy nhat x=y=1.
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Loi ket.

Bai todn s6 176 cing la bai toan cudi cing ciia tai ligu Ly thuyét giai hé phirong trinh chira can phcfn thir 7, chu
dao két hop phép the an phu, tinh chdt don diéu ham sé véi ky thudt lién hop — phdn tich chdn mién gid tri, ddnh
gid thuan tity va tong hoa toan bo cdc ky nang giai phwong trinh vo ty, tuy nhién né chi la chit chia sé phan nao
ciia tac gia. Kién thirc ham sé, do thi ham sé va cdc ky thudt giai phwong trinh bdc cao, vo ty khac chdc han céc
ban hoc sinh da thuan thuc, ding luu y hon hét la cach tim mién gid tri cua cac bién, day la mau chét va la diém
nhdn cua timg bdi todn, la don quyét dinh tinh don diéu cia ham s6 dang xét trén mot mién, va tat nhién diéu nay
khéng don gian, nhw cdc ban da thdy, né doi héi quan sdt tinh té, mot chit tw duy, lién hé, bién doi dai sé va mot
chiit bdt dang thirc — cuec tri vira dii! Mong muon cdc ban doc gia chii ¥ kj ludng va rit diege nhiéu kinh nghiém quy
bau cho ban thdan minh.

Tac gia chuc cdc ban hoc sinh, cac thcfy co gido va toan thé cac ban doc gia swc khoe, vui vé, binh tinh, ty tin,
birt phd, danh bat dé thi, dat két quad cao trong cdc ky thi twong lai sdp tdi, chiic cho cé bé t6i yéu thirong nhat dat
diém 10 t6i da mén Todn trong ky thi THPT Qué'c gia nam 2015 va hon thé nira.

‘Hoc, hoc nita, hoc mai”
(Vladimir Ilyich Ulyanov)

Nguoi ta thwong néi “Hoc dé biét, hoc dé lam viéc, hoc dé cing chung song”. Tuy nhién véi con nguoi hoc la
chwa dii, quan trong la séng, diéu nay la vé cing khé. Sinh ra va 1ém 1én trén dat nwée nhiéu dau ‘thuong, suc soi
dong mau chdy trong minh khong thay doi duoe, thira huong ché dg y té va gido duc dé phat trlen do la an hué
ciia cha me, cia thé hé trude, cia non _song ban tang cho moi cong dan. Tw twong cd nhdn luon ton tai trong moi
nguwoi, dé la sw phan cong xd héi va tat yéu nay sinh do ban ndng, vi thé né thwong vieot qua nguwdng cira tdp theé,
dé lam dwong lac 16i. Thiét nghi séng tot, hitu ich, ding dao 1y, khoan dung, khéng dam dap dong bdo, diét trir dc
déc, hon nita dé an toan va thodi mdi can chiém linh khoa hoc, ciing nhau viing buéc lam chii tri thire, lam chii
twong lai, cung nhau mang sicc tré va y chi kién cwong xdy dung birc twong thanh bao vé me gia, vo dai, con tho
trueée sw dom ngé ciia ngoai bang. Quyét tam xdy dwng t6 quoc Viét Nam hoa binh, cong chinh, dan chu, viing ben
giau manh, sanh vai cung cdac nuwoc trong khu vuc, nhu Lién Bang Nga, Cong hoa Hoi gido Iran, CHDCND Triéu
Tién, hay it nhdt la CHND Trung Hoa ling giéng chdng han.

Facebook Méau Thudn — Yéu Thuong.
Thu do Ha N¢i, ngay 09 thang 05 nam 2015.
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III. MQT SO TAI LIEU THAM KHAO

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Bai tdp néing cao va mét sé chuyén dé todn 8.

Bui Van Tuyén; NXB Gido duc Viét Nam; 2004.
Bai tdp néing cao va mét sé chuyén dé todn 9.

Bui Van Tuyén; NXB Gido duc Viét Nam; 2005.

. Ndng cao va phdt trién todn 8, tdp 1 — tip 2.

Vi Hiru Binh; NXB Giao duc Viét Nam; 2004.
Niéng cao va phdt trién todn 9, tip 1 — tdp 2.
Vi Hiru Binh; NXB Giao duc Viét Nam; 2005.
Todn néng cao Pai so 10.
Nguyén Huy Poan; NXB Gi4o duc Viét Nam; 1999.

. Bai tdp ndng cao va mot s6 chuyén dé Dai so 10.

Nguyén Huy Doan; Dang Hung Théng; NXB Gido duc Viét Nam; 2006.
Tai liéu chuyén todn: Pai so 10 — Bai tdp Dai sé 10.
Poan Quynh — Doan Minh Cudng — Tran Nam Diing
— Pang Hung Thiang; NXB Gido duc Viét Nam; 2010.
M@t 56 chuyén dé Pai sé boi dwong hoc sinh giéi THPT.
Nguyén Vin Mau — Nguyén Vian Tién va
mot s6 tac gia; NXB Gido duc Viét Nam; 2009.
Tuyén tip cdc bai todn hay va khé Dai sé 9.
Nguyén Dirc Tan — Ding Dirc Trong — Nguyén Cao Huynh
— Vi Minh Nghia — Bui Ruy Tan — Luong Anh Van; NXB Gido duc Viét Nam; 2002.
Mt 56 phwong phdp chon loc gidi cdc bai todn so cép, tip 1 — tip 3.
Phan Pirc Chinh — Pham Vin Diéu — D4 Van Ha — Pham Vian Hap
— Pham Van Hung — Pham Dang Long — Nguyén Vin Mau
— P Thanh Son — Leé Dinh Thinh; NXB Pai hoc Quéc gia Ha Noi; 1997.
Bai gidng chuyén sau Toan THPT: Gidi todn Dai sé 10.
Lé Hong Ptrc — Nhém Cy Mon; NXB Ha Noi; 2011,
Phwong phdp gidi phwong trinh va bit phwong trinh.
Nguyén Vin Mau; NXB Gi4o duc Viét Nam; 1994.
Todn boi dwéng hoc sinh phé théng trung hoc — quyén 1; Pai sé.
Han Lién Hai — Phan Huy Khai — Pao Ngoc Nam — Nguyén Pao Phuong
— Lé Tat Ton — Dang Quan Vién; NXB Ha Noi; 1991.
Phwong trinh va hé phwong trinh khong mau muc.
Nguyén Dirc Tan — Phan Ngoc Thao; NXB Gido duc Viét Nam; 1996.
Chuyén dé boi duing Todn cip ba; Pai sé.
Nguyén Sinh Nguyén; NXB Pa Nang; 1997.
Gidi todn Pai 56 so cdp (Ding cho hoc sinh 12 chuyén, luyén thi dai hoc).
TrAn Thanh Minh — Vii Thién Can — V& Anh Diling; NXB Gido duc Viét Nam; 1995.
Nhiing dang todn dién hinh trong cdc ky thi tuyén sinh Pai hoc va Cao ding; Tép 3.
Bui Quang Truong; NXB Ha Noi; 2002.
On luyén thi mén Todn THPT theo chii dé; Tap mét: Pai sé va lieong gidc.
Cung Thé Anh; NXB Gido duc Viét Nam; 2011.
Phwong phap gidi todn trong tam.
Phan Huy Khai; NXB DPai hoc Su pham; 2011.
Cac bai giang luyén thi mon Todn; Tap 2.
Duc Chinh — Vii Duong Thuy — Dao Tam — Lé Théng Nhét; NXB Giao duc Viét Nam; 1993.
500 Bai todn chon loc Pai sé - Hinh hoc 10.
Lé Hoanh Pho; NXB Dai hoc Quéc gia Ha Noi; 2012.
Tam thirc bac hai va wng dung.
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Lé Si Dong Lé Minh Tam; NXB Gido duc Viét Nam; 2003.
23. Chuyén dé Bt ding thirc va irng dung trong dai so.
Nguyén Durc Tan; NXB Gido duc Viét nam; 2003.
24. 23 Chuyén dé gidi 1001 bai todn so cip ; Quyén 1.
Nguyén Vin Vinh — Nguyén Dtic Pong
va mot s déng nghiép (NKTH); NXB Giao duc Viét Nam; 2002.
25. Phwong phdp gidi todn bt ding thirc va cuc tri.
Nguyén Vian Diing — V5 Qudc Ba Can — Tran Qubc Anh; NXB PHQG Ha Noi; 2011.
26. Cic bai gidng vé bét ding thirc Cauchy.
Nguyén Vii Luong — Pham Van Hung — Nguyen Ngoc Thing; NXB DPHQG Ha Noi; 2008.
27. Ciam nang luyén thi Pai hoc Ung dung ham sé Gidi todn Pai sé va Gidi tich.
Huynh Nguyén Luan Luu — Nguyén Thi Duy An; NXB DPHQG Ha Noi ;2014.
28. Tw duy logic tim toi loi giai H¢ phwong trinh.
Mai Xuan Vinh — Pham Kim Chung — Pham Chi Tuén
—Dao Van Chung Duong Van Son ; NXB DPHQG Ha Ngi; 2015.
29. Béi dwing hoc sinh gidi todn Trung hoc co sé, Dai so.
Nguyén Thi Thanh Thuy — Pham Minh Phuong
— Tran Van Tén; NXB Gido duc Viét Nam; 2014.
30. 9 Chuyén dé Pai sé6 Trung hoc co sé.
Vi Hiru Binh; NXB Giao duc Viét Nam; 2014.
31. Hé phwong trinh va phwong trinh chira can thirc.
Nguyén Vii Luong — Pham Vin Hung — Nguyén Ngoc Thing; NXB DHQG Ha Nbi; 2006.
32. Pé thi tuyén sinh vao 16p 10 hé THPT Chuyén truc thuéc dai hoc va THPT Chuyén cdc tinh thanh.
33. Pé thi tuyén sinh vao I6p 10 hé THPT hé dgi tra cdc dia 1 phwong trén toan quéc.
34. Pé thi hoc sinh gioi mon todn khéi 8 dén khoi 12 cdc cp.
35. Pé thi tuyén sinh Pai hoc — Cao ding mén Todn (chinh thirc — du bi) qua cdc thoi ky.
36. Pé thi Olympic 30 thing 4 Todn hoc khoi 10, khoi 11 cdc tinh mten Trung va Nam b¢ (1995 — 2013).
37. Cac tgp chi todn hoc: Tap chi Toan hoc va tudi tré; Tap chi Toan tudi tho 2 THCS; Tap chi Kvant...
38. Cdc dién dan todn hoc: Boxmath.vn; Math.net.vn; Mathscope.org; Onluyentoan.vn; Diendantoanhoc.net;
Math.net.vn; K2pi.net; Mathlink.ro;...
39. Mgt sé trang mang hoc tdp thong qua facebook; twiter;...

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN HOANG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 8) 132

THAN THE TAI NGUC TRUNG
TINH THAN TAI NGUC NGOAI
DUC THANH DAI SU NGHIEP
TINH THAN CANH YEU PAI
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