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TAILIEU HOC TAPTOAN 12 TOM TAT Li THUYET TOAN 12

UNG DUNG PAO HAM
PE KHAO SAT VA VE PO THI HAM SO

1. SU PONG BIEN NGHICH BIEN CUA HAM SO

1. Dinh nghia

Ki hiéu K 1a khoang hodc doan hodc ntra khoang. Gia st ham s y = f (x) xac dinh trén K ta co:

e Hamsd y= f(x) duoc goila dong bién (ting) trén K néu: |Vx,,x, € K,x, <x, = f(x,) < f(x,)|-

e Hamsd y= f(x) duoc goila nghich bién (gidm) trén K néu: |Vx,,x,€ K,x, <x, = f(x,)> f(x,)|-

Ham s6"dong bién hodc nghich bién trén K dwoc goi chung la don diéu trén K.
= Nhan xét:

e Hamsd f(x) dong bién trén K @M>O Vx,x, € K, x, #x,.
X, =X

Khi d6 d6 thi ciia ham s6 di Ién tir tréi sang phai.

e Ham sd f(x) nghich bién trén K @M< 0Vx,x,eK, x, #x,. \

X, — X,
Khi d6 d6 thi cia ham s di xudng tir trdi sang phai.
e Néu f'(x) >0, Vxe (a;b) = ham so’ f(x) dong bién trén khoang (a;b).
e Néu f'(x)<0, Vxe (a;b)= ham sd f(x) nghich bién trén khoang (a;b).
e Néu f'(x)=0, Vxe(a;b) = ham s6 f(x) khong d6i trén khoang (a;b).
e Néu f(x) ddng bién trén khoang (a;b) = f'(x) >0, Vxe (a;b).
o Néu f(x) nghich bién trén khoang (a;b) = f'(x) <0,Vxe (a;b).
¢ Néu thay d6i khoang (a;b) bang mét doan hoic nira khoang thi phai bd sung thém gia thiét “ham
sO f (x) lién tuc trén doan hodc ntta khoang do”.
2. Quy tdc va cong thiic tinh dao ham
Quy tdc tinh dao ham: Cho u= u(x); U= v(x) ; C la hé“mg s0.
e Tong, hiéu: (uz v), =u'+v.

e Tich: (u.v)/ =uwv+vu :>(C.u), =Cu’.

¢ Thuong: {EJ: u.v—zv.u , (0750):> (EJ :_C'?
v v

e Dao ham ham hop: Néu y = f(u), u=u(x)=y. =y u .

3. Cong thiic tinh nhanh dao ham ham phadn thiic

ax+b , (ax+bj ad —bc
_ — :(

cx+d cx+d cx+d)2.
b a c b ¢
4 ’ /| 2+2 7 /x+ 4 /|
2 2 b
ax~ +bx+c , ax~ +bx+c a a c » . 12
° == S 2V =55 - | = 5 (anh ban-dn chdo-bo com)
ax"+bx+c ax"+bx+c (dx2 +ex+f)
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4. Bang cong thiic tinh dao ham

Ham so cap Ham hgp Ham so cip Ham hgp
, 3 3 . ’ 5 ’ ’ u
(C) =0 (C: hang sd). (x*) =ax*? (tanx) — (tanu) ey
’ _ ’ S ’ 1 ’ u
(xa) =ax™’ (ua) =au”. (CO’(X :_sin2 X (COtu) _sin2 u

Gj = (u=0)

’

(e” ) =u'.e"

-7

(u>0)

’

(sinx) =cosx

’

(sinu) =u’.cosu

’

(cosx) =—sinx

’

(cos u) =—u.sinu

5. Pao ham cdp 2

a. Dinh nghia: f"(x)= [f’(x)]/
b. Y nghia co hoc: Gia tdc ttic thoi ctia chuyén dong s= f(t) tai thoi diém t, 1a: a(t,)=f"(t,)-

c. Dao ham cp cao: f" (x)= [f("_l) (x)] ,(ne N, n>2) (chitng minh bang qui nap).

= Mot s6 cha y:
e Néu ham s6 f(x) va g(x) cung dong bién (nghich bién) trén K thi ham s8 f(x)+g(x) ciing

dong bién (nghich bién) trén K. Tinh chat nay c6 thé khong ding ddi voi hiéu f(x)—g(x).

e Néuhamsd f(x) va g(x) la cdc ham s6 duong va cing dong bién (nghich bién) trén K thi ham
s8 f(x).g(x) cling dong bién (nghich bién) trén K.Tinh chat nay cd thé khong ding khi céc
ham s6 f(x),g(x) khong la c4c ham s§ duong trén K.

e Cho ham so u =u(x), xac dinh vdi xe (a;b) va u(x)e (c;d) . Ham s6 f[u(x)] cting xac dinh voi
xe(ab).

= Ta c6 nhan xét sau:
o Gia sttham s6 u=u(x) dong bién véi xe (a;b).

] dong bién véi xe (4;b) & f(u) dong bién véi ue (c;d).

o Gidsthamso u=u(x

(
Khi d6, ham s6 f[u(x
nghich bién véi xe (a;b).
(

)
)
)
)

Khi d6, ham s8 f| u(x)] nghich bién véi xe (2;b) < f(u) nghich bién véi ue (c;d).
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TAILIEU HOC TAPTOAN 12 TOM TAT Li THUYET TOAN 12

6. Quy tic xét tinh don diéu clia ham s6

Gia st ham s f cd dao ham trén K

e Néu f'(x) >0 véimoi xe K va f'(x) =0 chi tai mot s& htru han diém xe K thi ham s§ f
dong bién trén K.

e Néu f'(x) >0 véimoi xe K va f'(x) =0 chi tai mot s& htru han diém xe K thi ham sd f

nghich bién trén K.

= Chi y:
o D6i véi ham phan thire hitu ti y = Z}’: Z (u—%} thi ddu "=" khi xét d&u dao ham 1/
khong xay ra.
o Gidsty=f(x)=ax’+bx* +cx+d= f'(x)=3ax* + 2bx +c.
% Ham s6 dong bién trén R % Ham s0 nghich bién trén R
(a>0 (a<0
ozt o
e f(x)20vreRe| (a=0 . e f(x)<0vreRe| (a=0 .
b=0 b=0
c>0 c<0

Trudng hop 2 thi hé s§ ¢ khdc 0 vikhi a=b=c=0 thi f(x)=d
(Puodng thang song song hodc trng véi truc Ox thi khong don diéu)
» Vi dang todn tim tham s6 m dé ham sé bac ba don digu mot chiéu trén khodng cé dé
dai bang | ta gidi nhu sau:
v’ Bubc 1: Tinh y'= f'(x;m) =ax” + bx +c.
A>0
a#0

(*)

v' Buéc 2: Ham s8 don diéu trén (x,;x,) © ¥ =0 ¢ 2 nghiém phan biét < {
v’ Budc 3: Ham s8 don diéu trén khoang c6 d6 dai bang I
elx —x,|=1 & (x +x,) —4xx, = &S5 —4P=1* (**)

v’ Budc 4: Giai (*) va giao véi (**) désuy ra gid tri m can tim.

II. CUC TRI HAM SO

1. Dinh nghia
Gia stham s6 f xac dinh trén tap K va x, € K. Ta noi:
e x, la difm cyc ti€u ctia ham s6 f néu ton tai mot khoang (a;b) chtta x, sao cho (a;b) cKva
f(x)> f(x,),vxe (a;b)\{x,}. Khi ddé f(x,) duoc goila gia tri cuc ti€u ciaham s3 f .
e x, 1a di€m cuc dai cia ham s§ f néu ton tai mot khoang (a;b) chtta x, sao cho (a;b)ché
f(x)< f(x,),vxe (a;b)\{x,} . Khi d6 f(x,) duoc goila gia tri cuc dai ctia ham s6 f .
¢ Diém cyc dai va diém cyc ti€u goi chung la diém cuec tri.
e Gia tri cyc dai va gia tri cuc tiéu goi chung la cuc tri.
e Diém cuc dai va diém cuec tiéu dwoc goi chung la diém cuc tri ciia ham s6 va diém cyc tri phai la
mot diém trong tap hop K.
Gv. Trdn Quéc Nghia (Suu tdm & bién tap) - DT: 098 373 4349 Trang 3




TAILIEU HOC TAPTOAN 12 TOM TAT Li THUYET TOAN 12

e Gia tri cuc dai va gia tri cuc tiéu duoc goi chung la gid tri cuc tri (hay cuc tri) ciia ham so.

e Néu x, la diém cyec tri ctia ham s0 thi diém (xo i f (x0 )) dwoc goi la diém cyc tri ctia d6 thi ham s&

f.
= Nhan xét:

o Gia tri cuc dai (cuc tiéu) f(x,)noéi chung khong phai la gi tri 1én nhat (nho nhét) ctia ham sd
f tréntap D; f(x,) chila gia tri 1én nhat (nho nhét) cia ham s§ f trén mot khoang (;b) nao
d6 chita x,hay néi cach khac khi x, diém cye dai ( cuc ti€u) sé ton tai khoang (a;b) chira x, sao
cho f(x,)1a gid tri 16n nhat (nho nhat) ctaham s f trén khoang (a;b).

e Ham sd f co thé dat cuc dai hodc cuc tiéu tai nhiéu diém trén tap K . Ham s6 ¢6 thé khong co
cuc tri trén mot tap cho trude.

3. Minh hoa d6 thi

Véi (a;b) la khoang chtra tat ca cac so thuc thoa a<x<b.

e) Ham s8 f ¢6 3 cuctri & y" d6i ddu 3 an.

y y
[0 —
X 19) c X
Ham sd f dat cuwc dai tai x=c. Ham sd f dat cuc tiéu tai x=c.
A A o« A? A , «A? . y ./ . . .
4. M¢t so diem can luu Diém cuc dai Gid trj cue 741 (Cf,fc dai)
\ o , ) s e A ctia do thi ctia ham s
a) Ham s0 f co6 cuc tri < y° doi dau. \
b) Ham s& f khong c6 cuc tri & y* khong déi dau. —{ Yep
c) Him s6 f chicd 1 cyc tri <y doi dau 1 lan. | » »
\ ~ , ) L . ! Diém cuec tiéu
d) Ham s6 f co 2 cuc tri (cuc dai va cuec tiéu) Diéin cuec dai : ciia him s6°
<y’ d6i dau 2 Tan. ctia ham so i
1
1

f) Chu y: Déi voi mot ham s6 bat ki, ham s6 chi co Xcp X
thé dat cuc tri tai nhitng diém ma tai d6 dao ham
triét tiéu hoac dao ham khong xac dinh. Gid tri cuc tié’u\@

g) Cach goi tén: cuc tri, diém cuc tri cia ham sg, (cuec tiéu) Piéin cuc
diém cuc tri ctia d6 thi ham so, ... ctia ham o’ tiéu ciia do

5. Diéu kién cin dé ham so dat cuc tri
Dinh li 1:
Gia sit ham s8 y = f(x)dat cuc tri tai di€m x,. Khi d6, néu y=f(x) c6 dao ham tai diém x, thi
f ,(xo ) =0.
= Chi y:
e Daoham f'(x) c6 thé'bang 0 tai diém x, nhung ham s§ f khong dat cuc tri tai diém x, .
e Ham s0 c6 thé' dat cuec tri tai mot diém ma tai d6 ham s6 khong c6 dao ham.
e Ham s8 chi c6 thé' dat cuc tri tai mot diém ma tai d6 dao ham ctia ham s8 bang 0 hoéc tai d6 ham

s0 khong c6 dao ham.
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TAILIEU HOC TAPTOAN 12 TOM TAT Li THUYET TOAN 12
6. Diéu kién di dé¢’ ham s6 dat cuc tri
Dinh li 2:

Giasthams6 f dat cuc tri tai diém x,. Khi d6, néu ham s6 f c6 dao ham tai diém x, thi f '(x0 ) =0.

e Néu f'(x)>0 trén khoang (x,—h;x,) va f(x)<0 trén khoang (x,;x,+h) thi x, la mdt diém cuc
dai cua ham s& f(x).
e Néu f'(x)<0 trén khoang (x,—h;x,) va f'(x)>0 trén khoang (x,;x,+h) thi x, 1a mot diém cuc

tiéu ctia ham so' f(x).

7. Quy tdc tim cuc tri
Quy tic 1:
* Buéc1: Tim tap xdc dinh. Tim f(x).
® Buéc2: Tim cac diém x, (i =1; 2;...) ma tai d6 dao ham ciia ham so bang 0 hodc ham s lién tuc
nhwng khong co dao ham.
* Buéc3: Lap bang bién thién hodc bang xét ddu f'(x). Néu f'(x) déi diu khi di qua x, thi ham
sO dat cuc tri tai x;.
Dinh li 3:
Gia st y = f(x) c6 dao ham c&p 2 trong khoang (x, —h;x,+h) voi h>0. Khi dé:
e Néu f'(x0)=0, f"(x0)< 0 thihams6 f dat cuc dai tai x,.
e Néu f'(x,)=0, f'(x,)>0 thihams3 f dat cuc tiéu tai x,.
Tir dinh li trén, ta c6 mot quy tic khic dé¢ tim cwec tri cia ham so’
Quy tdic 2:
* Buéc1: Tim tap xdc dinh. Tim f(x).
® Buéc2: Tim cacnghiém x, (i=1;2;...) caa phuong trinh f’(x)=0.
e Buéc3: Tinh f”(x) vatinh f”(x,).
v Néu f”(xi)< 0 ththams6 f dat cuc dai tai diém x; .

v Néu f”(x,)>0 thihamsg f dat cuc tiéu tai diém x, .

I11. MOT SO DANG TOAN LIEN QUAN PEN CUC TRI HAM SO

1. Cyc tri ctia ham da thiic bac ba y =ax® +bx” +cx +d

a. Tim diéu kién d€ ham sd c6 cuc dai, cuc tiéu théa man hoanh d6 cho truedc
¢ Bai todn tong quat:

Cho ham s6 y = f(x;m) =ax’ +bx* + cx+d. Tim tham s6 m dé& ham s& c6 cuc dai, cuc tiéu tai x,,
x, théa man diéu kién K cho trudc.
Phuong phdp:
* Buwoc1:
v’ Tap xac dinh: D=R.
v' Dao ham: y’=3ax* +2bx+c=Ax* + Bx+C

Gv. Trdn Quéc Nghia (Suu tdm & bién tap) - DT: 098 373 4349 Trang 5



TAILIEU HOC TAPTOAN 12 TOM TAT Li THUYET TOAN 12

o Buwoc 2:

Ham s6 ¢6 cuc tri (hay ¢d hai cuec tri, hai cuc tri phan biét hay ¢é cuc dai va cuc tiéu)

&y’ =0 cb hai nghiém phan biét vay’d6i ddu qua 2 nghiém dé

& phuong trinh y'=0 ¢6 hai nghiém phéan biét

A=3a#0 a#0
= =>meD,.

&
A, =B’ -4AC=4b"-12ac>0  |b* -3ac>0
® Budc 3:

B 2b
X, + X, = —Z = —3—
Goi x,, x, la hai nghiém cua phuong trinh y"=0. Khi d6: c a

XX, =—= £

A 3a

e Buwic 4.
Bién doi diéu kién K vé dang tong S va tich P. Ttr d6 giai ra tim dwoc me D,.
e Buwic5:
Két luan cac gia tri m théaman: m=D, N D,.
w Chil j: Him s6 bacba: y =ax’ +bx’ +cx+d(a#0). Tacd: y'=3ax" +2bx+c.
e Ham s8 khong co cuc tri: b* —3ac<0.
e Ham s0 c6 hai diém cuec tri:  b* —3ac>0.
< Diéu kién dé’ham s6 cé cuc tri cing ddu, trdi ddu.
» Ham s6'co 2 cuwec tri trai dau

& phuong trinh y"=0 c6 hai nghiém phén biét trai ddu & A.C=3ac<0 < ac<0.

s  Ham s cé hai cwec tri cung diu

A,>0
Yy
& phuong trinh y"=0 c6 hai nghiém phan biét cung dau < C
P=xx,=—>0
A
=  Ham s cé hai cwec tri cung didu dwong
A, >0

& phuong trinh i'=0 c6 hai nghiém dwong phan biét < <S=x, +x, = —% >0

P=xx,=—>0

1772

= Ham s cé hai cwec tri cung didu dm

A, >0
Yy

& phuong trinh y'=0 ¢6 hai nghiém dm phéan biét & {S=x, +x, = —% <0

P=x x, =%>0

x, <a@<x,
 Tim diéu kién dé ham s6 c6 hai cuc tri x,, x, théa man: { x, <x, <&

a<x, <x,

* Hai cuctri x,, x, thbaman x, <a<x,

Gv. Trdn Quéc Nghia (Suu tdm & bién tap) - DT: 098 373 4349
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& (x,—a)(x,-a)<0e x.x,—a(x, +x,)+a’ <0

* Hai cuctri x,, x, thbaman x, <x, <«

@{(xl —a)(x, —05)>0‘:}{x1.x2 —a(x,+x,)+a’ >0

X, +x, <2

* Hai cuctri x,, x, thbaman a<x, <x,

X, +x, <2

@{(xl —a)(x, —05)>0‘:}{x1.x2 —a(x,+x,)+a’ >0

X, +x,>2x

x, +x,>2¢

b. Tim diéu kién d€ d6 thi ham s6 c6 cac diém cuc dai, cyc ti€u nam cung phia, khac phia so véi

mot duong thiang

@

< Vi tri’ tuwong déi givva 2 diém voi duong thang:

Cho 2 diém A(x,;y,), B(x,;y,) va duong thing A:ax+by+c=0.

Néu (ax, +by, +c)(ax, +by, +c)<0 thihai diém A, B ndm vé hai phia so voi duong thing A.

Néu (ax, +by, +c)(ax, +by, +c)>0 thihai diém A, B ndm cung phia so véi duong thang A.

% Mot sé truong hop dic biét:

e Céc diém cuc tri cta do thi nam cung vé 1 phia ddi vdi truc Oy

& ham s6 ¢6 2 cyec tri cung ddu

& phuong trinh y'=0 ¢4 hai nghiém phan biét cing ddu

e Céc diém cuc tri cta do thi nam cung vé 2 phia ddi vdi truc Oy

& ham s b 2 cuc tri trdi dau

& phuong trinh y'=0 ¢6 hai nghiém trai dau

e Céc diém cuc tri caa do thi nam cung vé 1 phia d6i vdi truc Ox

& phuong trinh y'=0 ¢6 hai nghiém phéan biét va y_,.y., >0.

% Ddc biét :

o Céc diém cuc tri cta do thi nam cung vé phia trén doi véi truc Ox

< phuong trinh y'=0 c6 hai nghiém phan biét va {

Yep-Yer >0
Yep T Yer >0

e Céc diém cuec tri caa do thi nam cung vé phia dwdi doi véi truc Ox

< phuong trinh y'=0 c6 hai nghiém phan biét va {

Yep-Yer >0
Yep T Yer <0

o Céc diém cuc tri caa do thi nam vé 2 phia déi vdi truc Ox

& phuong trinh '=0 ¢4 hai nghiém phéan biét va y_,.y., <0

(ap dung khi khong nhidm dwoc nghiém va viét dwoc phurong trinh dwong thang di qua hai diéin cuc

tri cua do thi ham so)

e Hodc: Céc diém cuec tri cua d6 thi nam vé 2 phia d6i vdi truc

& d6 thi cat truc Ox tai 3 diém phan biét (khi nham dwoc nghiém)

& phuong trinh hoanh d giao diém f(x)=0 co'3 nghiém phan biét

c. Phuong trinh duong thing qua cac diém cuc tri

2c 2b° be
e PR
8(%) [3 9 Jx 9a|

g(x)=y-

’ 7

18a

hodc

g(x)=y-

y/. y//
3y///
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d. Khoadng cach giita hai di€m cyc tri cia d6 thi ham s6 bac 3 1a

3 2_
AB = /4e+16e voi e=b 3ac
a 9a

2. Cyc tri ctia ham bdc 4 tring phuong y =ax* +bx"+c, (a#0)

a. Mot so két qua can nhé
e Ham s6 cd mot cuc tri < ab>0.
e Ham s0 co ba cuc tri < ab<0.
a>0

e Ham s6 c6 diing mot cuc tri va cuc tri 1a cuc tiéu < {b 50"

a<0

e Ham s6 c6 diing mot cuc tri va cuc tri 1a cyc dai < {b <0’

a>0

e Ham s0 cd hai cuc tiéu va mdt cuc dai < {b 0
<

a<0

e Ham s6 cd mot cuc tiéu va hai cuc dai & {b o
>

b. M6t s6 cong thirc tinh nhanh

Gia st do thi ham s y=ax'+bx*+c c6 3 diém cuc tri la: A(0;c), B[— /—Zi;_ﬁlﬁ}
a a
b A . . , N
C Y ;—4— tao thanh tam gidc ABC thoa man diéu kién: ab<0.
a a
— a -V
Pit: BAC =« thi |cot’? ==—|.
2 8a
a>0,b<0 Cong thiic a<0,b>0

y f b f b
. X, == Y xX,= ~n A(0;c),
X /\ X2 B[—,/—Z%; AJ, C[ —i; AJ — : O: \

4a

\ 50 E )X
! ! - — A
A Diit BAC=a thi |cottZ =2

MOT SO CONG THUC GIAI NHANH
LIEN QUAN PEN BA PIEM CUC TRI CUA PO THI HAM BAC BON TRUNG PHUONG

A Cong thtec thdéa man
STT Dit kién .
ab<0 va c#0
1 | Tam gidc ABC vudng can tai A b’ =-8a
2 | Tam gidc ABC déu b> =-24q
3 | Tam gidc ABC c6 diéntich S,,,. =S, 32a%(S,)* +b° =0
5
4 | Tam gidc ABC c6 dién tich max(S,) S, = b_3
32a

Gv. Trdn Quéc Nghia (Suu tdm & bién tap) - DT: 098 373 4349 Trang 8
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b2
Y =
5 | Tam gidc ABC c6 ban kinh duong tron noi tiép r,,,. =1, 4| | 1+.1 v’
4 f v
8a
- S . \ o b®> —8a
6 | Tam giac ABC c6 ban kinh duong tron ngoai tiép R, ,,. =R - 8|a| b
7 | Tam gidc ABC 6 do dai canh BC =m, am; +2b=0

8 | Tam giac ABC

c6 d6 dai AB= AC=n,

16a’n; —b* +8ab=0

9 | Tam giac ABC

co cuc tri B,Ce Ox

b* =4ac

10 | Tam gidc ABC c6 3 gboc nhon b(8a+ b3) >0

11 | Tam gidc ABC c6 trong tam O b* =6ac

12 | Tam gidc ABC c0 truc tam O b>+8a—4ac=0
13 | Tam gidc ABC cung diém O tao thanh hinh thoi b* =2ac

14 | Tam gidc ABC c6 O la tam duong tron ndi tiép b> —8a—4abc =0
15 | Tam gidc ABC c¢6 O la tam duong tron ngoai tiép b>—8a—8abc=0

16 | Tam giac ABC

¢6 canh BC =kAB=kAC

b’ k> —8a(k* —4)=0

Truc hoanh chia tam gidc ABC thanh

17 :
hai phan c6 dién tich bang nhau

b= 4\/§|ac|

18 | Tam gidc ABC c6 diém cuc tri cach déu truc hoanh b* =8ac

b 4a b 4a

, . 2 A 2 A
19 | Phuong trinh duong tron ngoai ti€p AABC 1a x> +y° - (———+ ch + c(———} =0

IV. GIA TRI LON NHAT - GIA TRI NHO NHAT

1. Dinh nghia.
Cho ham s8 y = f(x) xdc dinh trén tap D .
- , N o <M,Vxe D
* S8 M goi la gid tri I6n nhdt caahams§ y = f(x) trén D néu: f) e .
dx,e D, f(x,)=M
Ki hiéu: M = n}%xf(x) .

, I S A« ~ x)=zm,Vxe D
* S8 m goila gid tri nho nhdt chia ham s§ y = f(x) trén D néu: fx) .
dx,e D, f(x,)=m
Ki hiéu: m=mig1f(x).

2. Phuong phap tim GTLN, GTNN
a. Tim GTLN, GTNN ctia ham sé bang cach khao sat truc tiép
® Buéc1: Tinh f’(x) vatim cic diém x,,x,,...x,€ D ma tai d6 f’(x)=0 hodc ham s6 khong c6
dao ham.
e Buwdc?2: Lap bang bién thién va tir d6 suy ra gia tri 16n nhat, gia tri nho nhat cia ham so.
b. Tim GTLN, GTNN ctia ham s6 trén moét doan
* Buwdc1:
* Ham sd da cho y= f(x) xac dinh va lién tuc trén doan [a;b].
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# Tim cac diém x,,x,,...,x, trén khoang (a;b), tai d6 f(x) =0 hodc f(x) khong xac dinh.

e Bwédc 2: Tinh f(a),f(xl),f(x2),...,f(xn),f(b).
e Buoc 3: Khi do:

« max f(x)=max{f(x,), £ (x,) f(x,) £ (a) £ (0)}

* f[i;l’ll;ljlf(x)=77’Zin{f(x1),f(x2),---,f(xn),f(ll),f(b)}.

4.2.3. Tim GTLN, GTNN ctia ham s6 trén mot khoang
* Buéc1: Tinhdaoham f'(x).

e Bwéc2: Tim tit ca cdc nghiém x,e(a;b) cua phuong trinh f(x)=0 va tit ca cac diém
a e (a;b) lam cho f(x) khong xac dinh.
* Bubc3. Tinh A=lim f(x), B=lim f(x), f(x,), f().

e Buwdgc4. So sanh cac gia tri tinh duoc va két luan M = rpz;1)><f(x) , m= r(rulgl (x) .

Luu 1: Néu gid tri Ion nhit (nho nhit) la A hodc B thi ta két ludn khong co gid tri on nhdt (nho nhat).
= Chuay:

e Néu y=f(x) dong bién trén [a;b ] thi r[nilﬁlf(x):f(a) va rFﬁ(f(x)=f(b).

* Néu y= f(x) nghich bién trén [a;b:l thi r[mlﬁlf(x)zf(b) va IF?i(f(x)zf(a).

e Ham s6 lién tuc trén mot khoang cé thé khong c6 gid tri 16n nhat, gid tri nho nhét trén
khoang do.
* Ngoai phuong phap dung dao ham, ta c6 thé dung cac phuong phép: MGT, BDT, ...

V. PUONG TIEM CAN CUA PO THI HAM SO

1. Duong tiém cdan ngang
Cho ham so yzf(x) xac dinh trén moét khoang vo6 han (la khoang dang (a;+oo), (—oo;b) hoéc
(—o0;+00)). Dudng thang y =y, la duong tiém cin ngang (hay tiém cin ngang) ctia do thi ham sd

y = f(x) néu it nhat mot trong cdc diéu kién sau dwoc thoa man: lim f(x)=y,, im f(x)=y,.
X—>4o0 X—>—o0

2. Duong tiém cdn ditng
Puong théng x=x, duoc goi la duong tiém can ding (hay tiém can dung) cua d6 thi ham s6

y = f(x) néu it nhat mot trong cac diéu kién sau duoc thdéa man:
1ir¥1+f(x)=+oo, 1irnf(x)=—oo, hrgf(x)z—oo, 1irnf(x)=+oo

Liru : V6i 5 thi ham phan thic dang y =27

(c#0; ad—bc #0) ludn cé tiém can ngang la duong
cx+d

thang vy =2 va tiém can ding la duong thang x = _4 .
c c
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VI. KHAO SAT SU BIEN THIEN VA VE PO THI HAM SO

1. Khdo sdt mot s6 ham da thitc va ham phdn thiic

a. Him s6 bicba y=ax’ +bx* +cx+d (a#0)

Tap xac dinh: D=R
Tinh y" vacho y'=0. (y'=0 hodc cd 2 nghiém, hodc cé nghiém kép, hodc vé nghiém)

Tinh cé4c gi6i han Algpmf(x), AILIEGf(x)

Lap bang bién thién:

v’ Néu y' =0 c6 hai nghi¢m thi diu ciia y' la: “Trong trdi ngodi cing”.

v Néu y'=0 c6 nghiém kép thi didu ciia y" la: “Ludn cing dau vdi a ” (Ngogi trir tai nghi¢m kép)
v’ Néu y'=0 vé nghém thi ddu cia y' la: “ Luén cing ddau v6i a ”

Két luan:

v Tinh chat don diéu ctia ham so.

v Cuec tri cia ham s0.

Tinh y” vacho y”=0. Suy ra diém udn.

Chon hai diém dac biét cua do thi.

Vé d6 thi: D6 thi ¢d 6 dang va ludn ludn nhéan diém udn lam tam ddi xang.
y'=0 a>0 a<0

y y

C6 2 nghiém /0\ \\/ - \0/ //\ >

Cé6 nghiém /7 T\

kép / 9) X

y y
0
4 X

S
/
=

Vo6 nghiém

b. Ham s§ trung phwong y=ax* +bx’ +¢ (a#0)

Tap xac dinh: D=R

* Tinh y" vacho y'=0 (y =0 cd 3 nghiém, hodc cé 1 nghiém va ludén cé nghiém x=0)

= Tinh cac gi6i han lim f(x), lim f(x).
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4

» Lap bang bién thién: “Bén phdi bang bién thién, ddu y’ luén luén cing diu véi a
= Kétluan:

v Tinh chat don diéu ctia ham so.

v Cuec tri ctia ham so.
* Chon hai diém déc biét caa do thi.
» VE d6 thi: D6 thi c6 4 dang va luén luén nhan diém udn lam tam ddi xing.
y'=0 a>0 a<0
y

C6 3 nghiém \ /
/TN

phén biét \/ 0 \/ X

ab<0

-
D

—
S

]
=

™ -
S

S
—
=

C6 1 nghiém \0\ / > /

. N e e ax+b
c¢. Ham s6 nhat bién y =
cx+d

(c;tO, ad—bc;tO)

Tap xac dinh: D=R\ {—é}
c

ad—bc

* Tinh y'= ~ (v hodc ludn dwong, hodc luén &m Vxe D)

(cx +d )
* Duong tiém can:

v’ Tiém can dtng 1a duong thang x=_—d,vi lim y=..va lim y= ...
c

v' Tiém can ngang la duong thang y =2 Wi lim y =2
c

Xx—>too s}
A , A N ; . \ a
* Lap bang bién thién: Nho: Khi x — e, thi y ——
c

“Nghia la hai ddu ciia bang biéng thién la Qid tri ctia tiém can ngang”

= Kétluan:

v" Ham s0 ludn dong bién trén ting khoang xac dinh hoac ludn nghich bién trén tiing khoang

xac dinh.

v Ham s6 khong c6 cuc tri.
* Chon it nhat 4 diém déac biét cua d6 thi va phai ¢ toa do giao diém cua do thi véi 2 truc toa do.
» Vé do thi: D6 thi c6 2 dang va ludn ludn nhan giao diém cta hai duong tiém can 1a tam doi xing.

ad—bc>0 ad—-bc<0
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y j y
0 / X 0 \\ X
2. D0 thi ham chita ddu tri tuyét doi

a. Dang 1: (C'):yzf(|x|)
T d6 thi (C):y = f(x) suy ra do thi (C'):yzf(|x|).

o rea-{
vay= f(|x|) 1a ham chin nén dd thi (C’) nhan Oy lam truc d6i xtmg.
% Cach vé (C') ti (C):
* Giit nguyén phan dd thi bén phai Oy ctia d6 thi (C):y = f(x).
* B¢ phan do thi bén trdi Oy cua (C), 14y d6i xing phan db thi duoc giir qua Oy.
< Vidy:

N
1

ol 1 3 x 3 10| 13 X
(C):y=x"—6x"+9x (C'):y=|x|3—6x2+9|x|
b. Dang 2: (C'):y=‘f(x ‘

~  ~—

T d6 thi (C):y = f(x) suy ra do thi (C'):yz‘f(x)‘.
f(x)  khi f(x)20
—f(x) khi f(x)<0

% Cach vé (C') ti (C):

Ta co: y=‘f(x)‘={

o Giir nquyén phan do thi phia trén Ox cta d6 thi (C):y = f(x).
guyen p Yy

* B¢ phan d6 thi phia dudi Ox cua (C), 14y d6i xitng phan d6 thi bi bé qua Ox.
% Viduy:
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£(|x]) ta tan luot bien d6i 2 do thi y = f(|+{) va y=| ().

= Chiij voi dang: y=

c. Dang 3: (C’):yz‘u(x)‘.v(x)
T d6 thi (C):y=u(x).v(x) suy ra do thi (C'):y
) u(x)o(x)=f(x) khiu(x)20
facory :‘u(x)‘.v(x):{—u(x).v(x)= f(x) khiu(x)<0

=‘u(x)‘.v(x) .

% Cach vé (C') ti (C):
* Giit nguyén phan db thi trén mién u(x) >0 caa dd thi (C):y = f(x).

* B¢ phan do thi trén mién u(x)<0 cta (C), 14y d6i xtg phan dé thi bj bé qua Ox.

% Viduy
a) Tir (C):y = f(x)=2x"-3x"+1 suyra (C'):y =[x —1|(2x" —=x-1)

y

b) Tir (C):y =/ () =2 suyra(C'):y—f;C:i
y/ y
2 | —
— olil/2 X
| — TN {
0 1[2 X —2\
|
x—2 , x—2
(C) y:f(x):x—l (C) y:|x—1|

3. Mot s6 phép bicn d6i do thi

Cho ham s8 y = f(x) c6 do thi (C), hay suy ra do thi (C") ctia ham sé:
STT PO THI CACH VE
1 y=f(-x) L4y d6i xtmg (C) qua truc Oy
2 y=—f(x) L4y d6i xtng (C) qua truc Ox
* Giit nguyén phan do thi bén phai Oy ctia d6 thi (C):y = f(x).
3 y=f(4) e B6 phan db thi bén tréi Oy ctia (C), 14y déi xting phan db thi durgc
giir qua Oy.
4 y= ‘f(x)‘ * Giit nguyén phan do thi phia trén Ox cta do thi (C).

Trang 14
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* B¢ phan do thi phia dudi Ox ctia (C), 1dy déi xtmg phan do thi bj

bo qua Ox.
5 y=‘f(|x|)‘ Ta lan luot bién doi 2 d6 thi y=f(|x|) va yz‘f(x)‘
y :‘u(x)‘_y(x) * Giit nguyén phan db thi trén mién u(x) >0 caa dd thi (C).
6 véi * B¢ phan do thi trén mién u(x)<0 caa (C), 1dy d6i xieng phan do
(C):y=u(x).o(x) thi bj b6 qua Ox.
7 y=f(x)+p, p>0 | Tinh tién doi thi (C) lén trén p don vi
8 | y=f(x)-p, p>0 | Tinh tién ddi thi (C) xudng dudi p don vi
9 | y=f(x+q), >0 | Tinhtién ddi thi (C) sang trdi g don vi
10 | y=f(x—q), >0 | Tinh tién ddi thi (C) sang phai g don vi
11 y=f(kx), k>1 | Codbdthi (C) theo chiéu ngang hé s§ k

12 | y=f(kx), 0<k<1 | Gian db thi (C) theo chiéu ngang hé s§

x| =

13 y=k.f(x), k>1 | Gian do thj (C) theo chiéu doc hé s5 k

14 | y=kf(x), 0<k<1 | Codd thi (C) theo chiéu doc hé 56%

e V& dothi y=|f(x)

15 y= ‘ f (x)‘ +m
e Tinh tién d6 thi 1én hodc xuéng m don vi.
e Tinh tién d6 thi sang phai hodc sang trai m don vi.
= +
16 y=|f(x+m) e Sau d6 vé nhu cach vé db thi ham y=|f(x).
e Tinh tién d6 thi sang phai hodc sang trai m don vi.
= +
17| y=Fm) ] o 46 ve nhu cich ve do th ham y - ().
e V&dothi y=|f(x)
5 | umsleon) i o=l
¢ Tinh tién do thi sang phai hodc sang trai m don vi.
VIL. TIEP TUYEN

1. Tiép tuyén
Cho ham s8 y = f(x), c6 d6 thi (C) . Ti€p tuyén ctia d6 thi (C) tai diém M, (x,;y,)e (C) cb dang;:

y:f,(xo)(x_xo)"'yo

Trong do:
biém M, (x,;y,)e (C) duoc goi la tiép dién. (véi y, = f(x,)) va k= f'(x,) 1a hé s6 géc cua tiép tuyén.
% Viét phwong trinh tiép tuyén:
a. Dang 1: Tiép tuyén ctia d6 thi ham s6 y = f(x) tai di€m M(x,;y,)
> Viét phwong trinh tiép tuyén ciia do thi tai diéin cé hoanh do bang so' a
» GoiM(x,;y,) latiép diém.

* Taco: x,=a
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» Thé x=a Vao phuong trinh y = f(x) tim duoc y,

» Tinh f’(x), titdd tinh f'(x,)

» Phuong trinh tiép tuyén ctia (C) tai diém M c6 dang: y—y, = f'(x,)(x—x,)
> Viét phwong trinh tiép tuyén cua do thi tai diém cé tung do bang s6 a

= Goi M(x,;y,) la tiép diém

* Taco: y,=b

» Thé y=b vao phuong trinh y = f(x) tim duoc x,

= Tinh f'(x), ti d6 tinh duoc f'(x,)

» Phuong trinh tiép tuyén ctia (C) tai diém M c6 dang: y—y, = f'(x,)(x—x,)

b. Dang 2: Tiép tuyén ctia d6 thi ham s6 y = f(x) c6 phuong cho trudc
» Viét phuong trinh tiép tuyéh ciia do thi (C) biét hé s’ gdc ciia tiép tuyén bang k
» Goi M(x,;y,) la tiép diém.
» Heé s8 gdc tiép tuyén bang k nén f’(x,)=k. Giai phuong trinh nay tim duoc x, .
» Thé x=x, vao phuong trinh y = f(x) im duoc v, .
» Phuong trinh tiép tuyén cta (C) tai diém M c6 dang: y—y, = f'(x,)(x—x,).
> Viét phuwrong trinh tiép tuyéin ciia do thi (C) biét tiép tuyén song song véi duwong thing d:y=ax+b
» Goi M(x,;y,) la tiép diém.
» Tiép tuyén song song voi duong thiang d:y=ax+b= f’(x,)=a. Giai phuong trinh nay im
duoc x,.
» Thé x=x, vao phuong trinh y = f(x) im duoc v, .
» Phuong trinh tiép tuyén ctia (C) tai diém M c6 dang: y—y, = f'(x,)(x—x,).
= Chii y: nho kiém tra tinh cong song cua tiép tuyén cin tim dé'loai bé ddp dan.
> Viét phuwrong trinh tiép tuyéin ciia do thi (C) biét tiép tuyén vudng gc véi duong thing d:y=ax+b
» Goi M(x,;y,) la tiép diém.
» Tiép tuyén viong véi duong thang d:y=ax+b e f(x,)= —% . Giai phuong trinh nay tim
duoc x,.
» Thé x=x, vao phuong trinh y = f(x) im duoc v, .
» Phuong trinh tiép tuyén ctia (C) tai diém M c6 dang: y—y, = f'(x,)(x—x,)-

c. Dang 3: Tiép tuyén ctia do thi ham s6 y = f(x) di qua di€ém M(x,;y,)
» Goi k lahésd goc cua tiép tuyén d diqua M.
» Suyra:d:y-y,=k(x-x,) e y=ke—kx,+y,. (*)

f(x) =kx =k, +y, (1)
fx)=k (2)

» d tiép xtc vdi (C) khi va chi khi hé phuong trinh { c6 nghiém

» Thé (2) vao (1) d€ tim hoanh d¢ tiép diém x .
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» Thé x vao phuong trinh (2) dé tim hé s6 gdc k cua tiép tuyén.

» Thé k vao (*) tim duoc phuong trinh tiép tuyén di qua M.
Chil yj: Khi thé’ (2) vao (1) gid st thu dwgc phurong trinh dn s6'la x va dwgc ki higu la (1). Thong thuong
phiong trinh (1) cd bao nhiéu nghigm x thi qua diéim M c6 bay nhiéu tiép tuyén dén do thi (C). Tir do ta
gidi quyét dwgc bai todn “Tim diéu kign dé qua M cd thé've dugc dén do thi (C) n tiép tuyén”.
2. Diéu kién tiép xiic
Cho hai ham s8 (C):y = f(x) va (C"):y=g(x). D0 thi (C) va (C’) tiép xtic nhau khi chi khi hé phuong
x)=g(x
trinh: f,( ) g(, )
Fx)=g(x)

VIIL. TUONG GIAO PO THI

co nghiém.

Cho ham s8 y = f(x) 6 do thi (C,) va y=g(x) 6 do thi (C,).
Phuong trinh hoanh d¢ giao diém caa (C,) va (C,) 1a f(x)=g(x) (1). Khi d¢:
» S6 giao diém cua (C,) va (C,) bang véi s6 nghiém ctia phuong trinh (1).
» Nghiém x, ctia phuong trinh (1) chinh la hoanh dd x, cta giao diém.
» D€ tinh tung dd y, cua giao diém, ta thay hoanh dd x, vao y = f(x) hodc y = g(x).
» Diém M(x,;y,) 1a giao diém caa (C,) va (C,).
< Mot s6 bai toan thudng gap:
a

» Bai todn 1: Tim tham s6'dé'do thi (C):y = XIZ cit duwong thing (d) tai hai diém
cx

» Lap phuong trinh hoanh d¢ giao diém cua (C) va d:
g(x)=ax’ +bx+c=0. (*) (x#x,). (véi x, lan ghiém ctia mau s&)
» d cit (C) tai 2 diém phan biét
& Phuong trinh (*) c6 2 nghiém phan biét khac x, .

az0
S{A>0 & Tim dwoc tham s0.

8(x;) #0
» Bai todn 2: Tim tham s6'dé'do thi (C):y =ax’ +bx* +cx+d cit dwong thing (d) tai 3 diéin
» Lap phuong trinh hoanh d¢ giao diém cua (C) va (d). (*)
» Nham nghiém ctia phuong trinh (*) va gia st duoc 1 nghiém x=x,. Dung so d6 Hoocner
dé bién d6i phuong trinh (*) vé dang:

X=X

(x xo)(ax +Bx+C) e g x):ax2+BX+C=0 (1)

» (d) cdt(C) tai3difm <« Phuong trinh (*) c6 3 nghiém phan biét

& Phuong trinh (1) c6 hai nghiém phan biét khac x,
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az0
1A, >0  Tim duoc tham sO.

8 (xo ) #0
» Cht ¥: Cong thitc tric nghiém

= D5 thi ham s8 y=ax® +bx* +cx+d cat truc hoanh tai 3 diém c6 hoanh d6 1ap thanh cap s& cong

khi c6 1 nghiém la x - .
3a

= D5 thi ham s8 y =ax’ +bx” +cx+d cat truc hoanh tai 3 diém c6 hoanh d¢ 1ap thanh cap s6 nhan
. A1 d
khi c6 1 nghiém la x =—3—.
a

> Bai todn 3: Tim tham s6'dé'do thi (C):y=ax* +bx* +c cit dwong thing (d) tai 4 diéin
» Lap phuong trinh hoanh d¢ giao diém cua (C) va d:y=ax* +bx" +c=0. (*)
» Djt t=x7, t>0. Phuong trinh (*) tré thanh at® +bt+c=0. (1)
» d cdt (C) tai4 diém
& Phuong trinh (*) c6 4 nghiém
& Phuong trinh (1) ¢4 hai nghiém duong
A>0

1550 (V6i S=-L va P=C ) & Tim duoc tham s6.
P>0

» Cht ¥: Cong thitc tric nghiém
= D5 thi ham s8 y =ax* +bx® +¢ cit truc hoanh tai 4 diém c6 hoanh d¢ 1ap thanh cap s6 cong khi
& phuong trinh (1) ¢6 hai nghiém duong phan biét t,, t, (t, <t,) théa man t, =9¢,.

b* —4ac>0

9ab® =100a’c

» Bai todn 4: Tim tham s6'd¢’ @6 thi (C):y = f(x) cdt duong thing (d) tai n diém théa tinh chat nio dé
» Lap phuong trinh hoanh d¢ giao diém cuaa (C) va (d): g(x)=0 (*)
» (d) cdt(C) tai n diém ¢ Phuong trinh (*) ¢4 n nghiém.
» Khi d6 hoanh do giao di€ém ctia (C) va (d) la nghiém cua phuong trinh (*) va thong

thuong st dung dinh li Viete d€ giai quyét diéu kién cua bai toan.
IX. PIEM PAC BIET CUA HQ PUONG CONG

1. Bai todn tim diém c6 dinh ctia ho duong cong
Xét ho duwong cong (C,,) cd phwong trinh y = f(x,m), trong dé f la ham da thirc theo bién x v6i m la tham

s0'sao cho bdc cuia m khong qua 2. Tim nhitng diém cd'dinh thugc ho dieong cong khi m thay doi?
% Phuong phap giai:
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e Buwiocl: Puwa phuong trinh y=f(x,m) vé dang phuong trinh theo an m cd dang

sau: Am+ B =0 hodac Am* +Bm+C=0.
e Budc2: Cho cac hé sd bang 0, ta thu duoc hé phuong trinh va giai hé phwong trinh:
A=0
{AZO hodc < B=0.
- C=0
e Bwdc3: Kétluan:
v' Néu hé v6 nghiém thi ho duong cong (Cm) khong c6 diém ¢ dinh.

v' Néu hé ¢ nghiém thi nghiém do la diém 8 dinh cua (C,,).

m

2. Badi todn tim diém c6 toa do nguyén

Cho duwong cong (C) c6 phwong trinh (C, ):y= o )) (ham phdn thirc). Hay tim nhitng diém co toa d¢
x

nguyén cua dwong cong?

% Phuong phap:

P(x)
Q(x)

=H(x)+L, trong do H(x) la da thitc va

Q(x)

® Buwoc1: Thuyc hién chia da thitc, ta duoc: y =

keR.

e Bubc2: yelZ @H(x)+Le Z @Le Z < kiQ(x) e Q(x)e U(k)

Q(x) Q(x)
e Bwdc3: Lan luot cho Q(x) nhan gia tri (la cdc wdc ctia k) d€ tim gid tri cua x va y tuong ung.
= Luu y: Nhitng diém co toa 49 nguyén la nhitng diéin sao cho ca hoanh dg va tung dg ciia diém do6 déu la s’
nguyeén.
3. Badi todn tim diém c6 tinh chdt doi xiing
Cho duong cong (C) ¢ phuong trinhy = f(x). Tim nhiing diém d8i xting nhau qua mét diém, qua
duong thang.
a. Bai todn 1: Cho do thi (C):y=Ax’+Bx*+Cx+D trén do thi (C) tim nhitng cdp diém doi xirng nhau
qua diém 1(x;y,).
% Phuwong phap giai:
 Goi M(a;Ad’ +Ba®>+Ca+D), N(b;Ab’+Bb”+Cb+D) la hai diém trén (C) déi xting nhau

qua diém I.

_ a+b=2x,
[ .
7o A@@®+b%)+B(a* +b)+C(a+b)+2D =2y,

¢ Giai hé phuwong trinh tim dwoc a, b tit d6 tim duwoc toa dd M, N.
b. Bai todn 2: Cho do thi (C):y=Ax"+Bx*+Cx+D. Trén do thi (C) tim nhitng cip diém doi xitng nhau

qua goc toa do.
% Phuwong phap giai:
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 Goi M(a;Ad’ +Ba>+Ca+D), N(b;Ab’+Bb”+Cb+D) la hai diém trén (C) déi xting nhau

qua gdc toa do.

_ a+b=0
[
T VA@ +b°)+B(a® +b7)+C(a+b)+2D =0

¢ Gidi hé phuwong trinh tim dwoca, b tir d6 tim dwoctoa do M, N.
c. Bai todn 3: Cho do thi (C):y=Ax’+Bx*+Cx+D trén do thi (C) tim nhitng cdp diéin doi xirng nhau
qua dwong thing d:y=Ax+B,.
% Phuwong phap giai:
* Goi M(a;Ad’ +Ba®>+Ca+D), N(b;Ab’+Bb*+Cb+D) la hai diém trén (C) déi xting nhau

qua duong thang d .

Ied 1 -
e Taco: «—— - 0 (voi I 1a trung diém cua MN va uq la vecto chi phuong ctia duong
MN.ua=0(2)
thang d).

¢ Giai hé phuong trinh tim dwoc M, N.
4. Bdi todn tim diém dic biét, khodng cdch

a. Ly thuyét:

 Cho hai diém A(x,;y,), B(x,;y,), suyra AB=\/(x2—x1)2+(y2—y1)2
e Cho diém M(x,;y,) va duong thing d: Ax+By+C=0, thi khodng cach tt M dén d la
xO+ByO+C|

A
S v

e Cho ham phan thic: y =0

~ tiép tuyén tai M it TCD, TCN & A va B thi M la trung diém
cxX +

cua AB. Thi dién tich tam giac MAB khong doi: S, ,,, =£2|ad —bc| .
c

b. Cac bai toan thwong gap
ax+b
cx+d

» Bai todn 1: Cho ham s6" y = (c#0, ad—bc#0) c6do thi (C). Hay tim trén (C) hai diém A va

B thudc hai nhdnh dé thi ham s6'sao cho khodng cich AB ngin nhit.
% Phuong phap giai:

7oy A A 7 d , ~, 2 \ A 7 N . M A . ’ )
e (C) c6 tiém can ding x=—— do tinh chat cia ham phan thitc, d6 thi ndm vé hai phia caa
c
tiém can dung. Nén goi hai s6 «, £ la hai sd duong.

e Néu A thudc nhanh trai: xA<—E:>xA=—E—a<—E; v,=f(x,).
c c c

e Néu B thudc nhanh phai: x, >—E:>x3:—é+,6>—£; vy = f(xy).
c c c

* Sau dé tinh: AB’ :(xB _XA)2 +(yB_yA)2 =[(a+ﬂ)—(a—a)]2 +(y3 _yA)z'

o Ap dung bat dang thixc Cauchy sé tim ra két qua.
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» Bai todn 2: Cho do thj ham s6' (C) c6 phuong trinh y= f(x). Tim toa dg diém M thugc (C) détong

khoang cdch tie M dén hai truc toa dg nho nhat.
% Phuwong phap giai:
» Goi M(x;y)va tdng khoang cach tit M dén hai truc toa do 1a d thi d =|x| +|y|.
e Xét cac khoang cach tt M dén hai truc toa do khi M nam & céc vi tri dic biét: Trén truc
hoanh, trén truc tung.
® Sau d6 xét tdng quat, nhing diém M c¢6 hoanh d9, hodc tung do 16n hon hoanh d¢ hodc
tung d6 ctia M khi nam trén hai truc thi loai di khong xét dén.
e Nhitng diém con lai ta dwa vé tim gia tri nhd nhat ctia d6 thi ham s6 dua vao dao ham roi
tim dwoc gid tri nho nhat cua 4.

» Bai todn 3: Cho do thi (C) cd phuwong trinh y= f(x). Tim diém M trén (C) sao cho khodng cich tir
M dén Ox bang k lin khodng cich tiv M dén truc Oy .
% Phuong phap giai:

Theo dau bai ta ¢ |y| = k|x| PN {V =kx - {f(x) =kx

y=—kx | f(x)=—kx

» Bai todn 4: Cho do thi ham s6' (C) c6 phuong trinh y= f(x)= ax+2
ox +

(c;tO, ad—bc;tO). Tim toa do
diém M trén (C ) sao cho d¢ dai MI ngin nhat (véi I la giao diém hai tiém cdn).
% Phuong phap giai:

A, - .. . a
¢ Tiém can ding x =—; tiém canngang y=—.
C Cc

. A L . —d a) A
¢ Ta tim dugc toa do giao diém I (—;—) cta hai tiém can.
c c

2 2
* Goi M(x,,;y,,) la diém can tim, thi: IM” =(xM +£J +(yM —EJ =g(xy)
c c
* St dung phuong phap tim GTLN - GTNN cho ham s6 ¢ dé thu duoc két qua.
» Bai todn 5: Cho do thi him s’ (C) cd phwong trinh y = f(x) va dwong thing d: Ax+By+C=0. Tim
diém 1 trén (C) sao cho khodng cdch tiv I dén d la ngin nhat.
% Phuong phap giai:
* Goi I thudc (C), suy ra I(x,;y,)va y, = f(x,).
_|Ax, + By, +C|

VA? + B?

¢ Khao sat ham s8 y = g(x) d€ tim ra diém I théa man yéu cau.

e Khoang cach tir I dén d 1a g(x,)=h(L;d)
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PHAN II. MU VA LOGARIT

. LOY THUA VA HAM SO LOY THUA

1. Khai niém lily thira
a. Liiy thira v6i s6 mii nguyén
Cho n 1a mdt s6 nguyén duong.
Vi a la s6 thuc tuy y, lay thira bac n ctia a la tich ctia n thtraso a.

n

a" =a.a.....a (n thtra s6).
H_J

n

Véia#0. thi a°=1, a"=—
a

Ta goi a lacosd, n lamiisd. Vachuy 0° va 07" khong c6 nghia.
b. Mot s6 tinh chét cua liy thira

Gia thuyét rang mdi biéu thite dugc xét déu c6 nghia:

a“ B
. aa.aﬁ:am—ﬁ . _:aa—ﬁ . (aa) :aa.ﬁ

B

a a -a a

a a b a
. (ab)a=a"’~b"’ ¢ -] == o | 2| =2

b b a b
¢ Néua>1thia“>d’ sa>p; ¢ NéuO<a<lthia“>a’ sa<p.
¢ Véimoi O<a<b,taco: X a"<b" &m>0 X g">b" om<0
= Chuay:

e C4c tinh chét trén ding trong truong hop s6 mi nguyén hoac khong nguyén.
e Khi xét lity thira v6i s6 ma 0 va s6 mit nguyén am thi co s6 a phai khac 0.
e Khi xét lity thira v6i s6 mi khong nguyén thi co s6 a phai duong.

2. Phuong trinh x" =b
Ta c6 két qua bién luan s6 nghiém ctia phwong trinh x" =b nhu sau:
e Truong hop n 1é: V6i moi s thuc b, phuong trinh ¢6 nghiém duy nhat.
e Trudng hop n chén:
v’ Vi b<0, phuong trinh v6 nghiém.
v’ V6i b=0, phuong trinh c6 mot nghiém x =0.
v V6i b>0, phuong trinh c6 hai nghiém trai dau, ki hidu gia tri duong1a /b, con gia tri Am 1a —4/b .
3. Mot s6 tinh chdt ciia cdn bdc n
Véi a,be R, ne N ta co:

N 2n/a2n =|a| Va 2n+1/ 2n+1 —a.Va 2\/7 \/7 \/7
2n+
2Yab =>"Va -2 Yb,Vab e 2 Vab 0,b#0 o 2n+\1f f ,Va,vb#0

o g =(¥/;)m ,Va>0, n nguyén duong, m nguyén ¢ ixfa =”T/;,Va20, n,mnguyén duong
o Nou =1 4/a7=<1/a7, Va>0, m, n nguyén duong p, 4 nguyen.

nom
+ Dacbiét: Ya="3Yam
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4. Ham s6'lity thira

a. Khai niém

Xétham s6 y=x“, v6i a la s6 thuc cho trude.

Ham s6 y=x", véi e R, duoc goi la ham s6 lay thira.

Chu .

Tap xac dinh cta ham s0 liy thtra y =x* tuy thudc vao gia tri cia . Cu thé.

* V6i @ nguyén duong, tap xac dinh la R.

* V6i o nguyén am hodc bang 0, tap xac dinh 1a R\{0}.

* V&i a khong nguyén, tap xac dinh (0;+c).

b. Khao sat ham sé liy thira y = x*

Tap xac dinh ctia ham s6 lity thtra y =x“ ludn chita khoang (0;+e) v6i moi @e R. Trong truong hop

tong quat, ta khao satham sd y =x“ trén khoang nay.

y=x%0>0.

y=x%a<0.

1. Tap xac dinh: (0;+oo).

2. Su bién thién

Tiém can: khong cé.
3. Bang bién thién.
x |0

y'=ax*'>0 Vx>0.
Gidi han dac biét:

Iimx® =0, lim x% =oo.
x—0* X—>+oo

s

y +

yo/

—+oo

1. Tap xéc dinh: (0;+0).

2. Sy bién thién
y'=ax"'<0 Vx>0.
Gidi han dac biét:

lim x% =+4e0, lim x* =0.

x—0* X—oo
Tiém can:

Ox la tiém can ngang.
Oy la tiém can ding.

3. Bang bién thién.

X 0 +oo

7

y —

0

D6 thi ctia ham so.

a>1

O<ac<l

a=0

a<(

Db thi ctia ham s8 lily thita y =x“ ludn di qua diém I(1;1).

1.5. Khdo sdt ham sé mii y=a*,

(a>0,a=1).

y=a",(a>1)

y=a",(a<1)

1. Tap xac dinh: R.
2. Su bién thién.

y'=a‘lna>0,Vx.

1. Tap xac dinh: R.
2. Su bién thién.

y'=a'lna<0,vx
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Ox la tiém can ngang.
3. Bang bién thién.

X —oo 0

Gidi han dac biét:
lima* =0, lima=-oo.
X—y—oc0 X—>+oo

Tiém can:

'

y + +

D6 thi nhw hinh sau.

7

y y= at

_|-—————

Gidi han dac biét:

lim a* =0.

X—>+o0

lim a* =+oo,

X——oo
Tiém can:

Ox la tiém can ngang.

. Bang bién thién.

X —oo 0 1

—+oco

'

y — —

D06 thi nhw hinh sau.

Y

II. LOGARIT

2.1. Khai niém Logarit

Cho hai s8 duwong a,b v6i a#1. S8 « thoa man dang thitc a* =b duogc goi la logarit co s§ a ctia b va

dwoc ki hiéu la log b.

a=log bea” =b.

Khong cé logarit ctia s6'dm va s6” 0.

2.2. Bdng tém tdt cong thitc Mii-loarrit thuomg gip

o a'=1,(a#0).

log,1=0,(0<a=#1)

log,a=1,(0<a=1)

log,a” =a,(0<a#1)
1

1 =—,(0 1

0g . a( <a#l)

log b* =a.log, b,(a,b >0,a# 1)

log , b =l.loga b

B
«
log , b =E.logab

log, b+log, c=log, (bc)

log b—log c=log, (EJ
c

1
log, a .

log b=
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III. BAT PHUONG TRiNH MU VA LOGARIT.

3.1. Bdt phuong trinh mii co bdn
Bat phuwong trinh mi co ban ¢6 dang a* >b (hodc a* 2b,a* <b,a* <b) v6i a>0,a+1.
Ta xét bat phuong trinh c6 dang a* >b.
® Néu b<0, tdp nghiém ctia bat phuwong trinh la R, vi a* >b,Vxe R..
e Néu b >0 thi bat phuwong trinh tuong dwong véi a* >a'*".
* V6i a>1, nghiém cua bat phuong trinh la x >log_b.
* V6i 0<a<1, nghiém cua bat phuong trinh la x <log_b.
Ta minh hoa bang do thi sau:
¢ Véia>1,tacod dd thisau: ¢ Vi 0<a<1, tacddo thisau:

e e

lyl o= ”-; lyl Iy = ”".
= 1) (a = 1)

i
(i

y==a y==b
1 1

| |
e e

log, b

3.2. Bdt phuong trinh logarit co ban

Bat phuong trinh logarit co ban c6 dang log x>b (hodc log, x>b,log x<b,log x<b)véi a>0,a=1.
Xét bat phuong trinh log_ x> b.

e Truong hop a>1, tacd: log x>b e x>a'.

e Truong hop 0<a<1,tacd: log x>be0<x<a’.

Ta minh hoa bang do thi nhu sau.
¢ Véia>1,tacod dd thisau: ¢ Vi 0<a<1, tacddo thisau:

-y y=log b
(== 1)

y=log,b ;
{a = 1) 0 i

LA
X y=b ; \

Quan sat do thi, ta thay rang;
* Truong hop a>1: log, x>b khi va chi khi x>a".
* Truong hop 0<a<1:log, x>b khivachikhi 0<x<a".
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IV. BAI TOAN LAI SUAT NGAN HANG

4.1. Lai don
4.1.1. Pinh nghia

Lai don la sd tién 1ai chi tinh trén so tién g6c ma khong tinh trén s6 tién 1ai do s6 tién gdc sinh ra, tic

la tién 1ai ctia ki han trudc khong dugc tinh vao von dé€ tinh 1ai cho ki han ké tiép, cho du dén ki han
nguoi gui khong dén rit tién ra.
4.1.2. Cong thirc tinh

Khach hang guii vao ngan hang A dong véi 1ai don 7% /ki han thi s0 tién khach hang nhan dugc ca

vonlanlaisau n kihan ( ne N* ) la:

S, =A+nAr=A(1+nr)

, S s dse o aaee g1 p T
Cha y: trong tinh todn cdc bai todn 1di sudt va cdc bai todn lién quan, ta nho r% la 100 °

4.2. Lai kép
4.2.1. Pinh nghia
Lai kép la tién 1ai ctia ki han trede néu nguoi giri khong rat ra thi duoc tinh vao von d€ tinh 1ai cho ki
han sau.
4.2.2. Cong thirc tinh
Khach hang guii vao ngan hang A dong vdi lai kép % /ki han thi s6 tién khach hang nhan duoc ca

vonlanlaisau n kihan ( ne N* ) la:

nzlog(m)(S—A”J S, =A(1+7)" r%=@—1 Az(lf—n)"
r

4.3. Tién gii hang thang
4.3.1. Dinh nghia
Tién gli hang thang 1a mdi thang gtri dting ciing mot 8 tién vao 1 thoi gian ¢§ dinh.
4.3.2. Cong thirc tinh
Dau mbi thang khach hang giti vao ngan hang s6 tién A dong véi 1ai kép r% /thang thi s& tién khach

hang nhan dwoc ca von 1an 1ai sau 7 thang ( ne N* ) ( nhan tién cudi thang, khi ngan hang da tinh 1ai)
1as .

Sn=é[(1+r)n—1}(1+7’) HZIOg(“")[Af{Ir)—HJ A:(1+r)[fln.:7’)n—q

4.4. Giki ngdn hang va rit tién giri hang thing
Cong thttc tinh

Gui ngan hang sd tién 1a A dong véi 1ai suat r% /thang. Mdi thang vao ngay ngan hang tinh 1ai, rat
ra s tiénla X dong. Tinh sd tién con lai sau n thang la bao nhiéu?

X = [A(1+r)n —SH}W

4.5. Vay vén tra gop
4.5.1. Dinh nghia
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Vay von tra gop la vay ngan hang so tiénla A dong voi lai sudt r% /thang. Sau dting mot thang ké ti

ngay vay, bat dau hoan no; hai lan hoan ng cach nhau ding mdt thang, mdi hoan no sd tién 1a X déng
va tra hét tién no sau dang n thang.
4.5.2. Cong thirc tinh

Céch tinh s6 tién con lai sau n thang gidng hoan toan cong thitc tinh gii ngan hang va rat tién hang

thang nén ta co

(1+7) -1

S, =A(1+r) -X
r

Dé sau dung n thang trahétng thi S =0 nén

o (1+r) -1 "~
A(1+r) —X&=O X:A(L:)r
r (1+7) -1

4.6. Bai todn ting luong
4.6.1. Dinh nghia

Bai toan tang luong duoc mo ta nhu sau: Mot nguoi dugc lanh luong khoi diém la A dong/thang. Ck
sau n thang thi lwong nguoi d6 duoc tang thém r% /thang. Hoi sau kn thang nguoi d6 linh duoc tat ca
sO tién la bao nhiéu?
4.6.2. Cong thirc tinh

Tong s6 tién nhan dugc sau kn thangla |S_ = Ak

4.7. Bdi todn tang trudng din sé

Cong thic tinh tang treong dan sd

X, =X, (1+r)"" ,(m,ne VAR n)

Trong do:
r% latilé tang dan s6 trnam n dén nam m

X, dansdnam m ; X danséndm n

/4 /4 A ’ 4 2 A ~ A ' \ X
Ttr d6 ta co cong thirc tinh ti 1€ tang dan so la |r% = m—n/ X’" -1

4.8. Lai kép lién tuc
Gui vao ngan hang A dong véi 1ai kép r% /nam thi s6 tién nhan duoc ca von lan 1ai sau n nam
(neN") 1a: S, = A(1+r)" . Gia stz ta chia mdi ndm thanh m ki han d& tinh lai va i sudt mdi ki han la
Lo thi s tién thu dugcsau n namla: S = A[1+Lj
m m
Khi tang s6 ki han cua mdi nam 1én v cuc, tic1a m — +oo goi la hinh thttc 1ai kép tién tuc thi nguoi

ta chiing minh dwoc s6 tién nhan duoc ca goc lan lai la:

( cong thitc tang treong mit)
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PHAN III. NGUYEN HAM - TICH PHAN
UNG DUNG TICH PHAN

1. NGUYEN HAM

1.1. Dinh nghia
Cho ham s@ f (x) xac dinh trén K (K la khoang, doan hay ntta khoang). Ham s6 F (m)

duoc goi la nguyén ham ctia ham sd f(x) trén K néu F'(m) = f(x) véimoi z € K .
Ki hiéu: .[f(x)dx = F(m)+C.
Dinh li:

1) Néu F(z) 1a mot nguyén ham ctiaf(z) trén K thi véi mdi hang s6 C', ham s§
G(z) = F(z)+C ciing 1a mot nguyén ham cta f(z) trén K.
2) Néu F(z) la mdt nguyén ham ctia ham s8 f(z) trén K thi moi nguyén ham cua f(z)
trén K déu cé dang F(z)+C, véi C la mot hing s6.
Do d6 F(z)+C,C e R laho tt cd cdc nguyén ham cta f(z) trén K .
1.2. Tinh chét cia nguyén ham
o ([#(z)ds) = 1(c) va [1'(a)do =1 () + C3 a(f () dx) = £(z) dx
¢ NéuF(x) c6 dao ham thi: [d(F(x)) = F(z)+C
o [kf(z)ds=k[f(z)dz voi k 1a hing s& khac 0.
o [[f(z)tg(z)]dn=[F(z)dwt [g(z)du
e Cong thirc ddi bién s6: Cho y = f(u) va u = g(z).
Néu [ f(w)dz = F(x)+C thi [ f(g(z))g'(@)dz = [ f(u)du = F(u)+C
1.3. Sy ton tai cia nguyén ham
Dinh li: Moi ham 8 f(z) lién tuc trén K déu c6 nguyén ham trén K .

1.4. Bang nguyén ham cac ham s thuong gip

1.]0(11:20 Z.Idx:x+0
3 Jxadx: 1 x“+1+C(0(¢—1) o ]_ (aff‘l‘b)gﬁ—l
' a+1 16. I(a:z:+b) dx =— +c,a#-1
a a+1
1 1 2
4 [Sdv=-=+C 17. [ade ==+ C
T T 2
5. Jldzzrzln‘:zr‘+0 18.'[ dx =lln|a:1:+b|+c
T axr+b a
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6. Ie”’d:n =e"+C

19 jea:1;+bd$ — lea:1:+b + O

a
N am fosh 1 ak‘m+b
7.Iadx= +C ZO.Ia dx = — +C
Ina klna

8. Icos:nd:n =sinz+C 21. Jcos(a:z:+b)d:z: =lsin(a:1:+b)+0
a

2. Isinxdz =—cosz+C 22. Jsin(a:z:+b)d:z: =—lcos(a:z:+b)+0
a

10. Itanx.daz= ~In|cosz[+C 23.'[tan(a:1: +b)dx = —lln|cos(a:1:+ b)| +C

a

11'ICOt zdz=In|sing | +C 24.'[cot(a:1: +b)dx = l1n|sin(0uz:+ b)| +C

a
12.I dr =tanz + C 25. I =ltan(a:1:+b)+0
cos” T cos’ a:1:+b a
1 1 1
13.J‘Sm2xdx=—cotx+0 26. Imdxz—;cot(ax+b)+0

14.'[(1+tan2 x)dx =tanz +C 27. J(1+tan2 (a:z:+b))d:z: =ltan(a:1:+b)+0

a

15. .[(1+C0t2 x)dx =—cotz+C 28.'[(1+cot2 (a:z:+b))d:z: =—lcot(a:z:+b)+0

a
1.5. Bang nguyén ham mé rong (dung cho trac nghiém)
dx 1 T . T . T
I > > = —arctg—+C '[arcs1n—dx::1:arcs1n—+\/a2—:1:2 +C
a +z a a a a
dx 1 a+z T T
I 5 5 =—1In +C Jarccos—dxz:z:arccos——\/f—:1:2+O
a —x 20 la—=x a a

Jm :L“+\/$ +a )+C Jarctanfdx=xarctan£—gln(a2+x2)+0

a a
_[ —arcsm +C Jarccotfdx=xarccot£+gln(a2+:L°2)+C

Ja® a a 2
IL—laICCOS£+C

Nzt —a* 0 a

dx 1. la+~Nz2+d? dx 1 ar +b

'[—:__111—+C J+:—1ntan +C

x'\,xZ + a2 a T Sln(alL’ + b) a
Iln(a:c+b)dx:(1:+2Jln(a:c+b)—x+0 s e (a cosbz + bsinbz)

a Ie cosbxrdx = +C

a* + b’

2 2 ZL’VG2—ZL’2 a2 . i (1,.1:( : )
IVa - dx=———+—arcsin—+C| [ aw .. _e“\asinbr —bcosbx
2 2 a Ie sinbr dx = e +C
a
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2. CAC PHUONG PHAP TINH NGUYEN HAM

2.1. Phwong phap d6i bién
2.1.1. Déi bién dang 1
Néu: [ f(z)de = F(z)+C vavéi u = ¢(t) 1a ham s8 c6 dao ham thi :

[ fwydu = F(gp(t)+ C

2.1.1.1. Phuong phap chung

Buwoc 1: Chon z = ¢(t), trong do ¢(t) la ham s6 ma ta chon thich hop .

Bugc 2: Ldy vi phan hai v€': dz = ¢' (t)dt

Butc 3: Bién d6i: f(z)dz = f| ¢(t) | @' (t)dt = g(t)dt

Buréc 4: Khi &6 tinh : [ f(z)dz = [g(t)dt = G(t)+C.

2.1.1.2. Cic dau hiéu ddi bién thwong gip

Dau hiéu Cach chon
bat z = ‘a‘sz’nt; voi te {—Z;Z}.hoéc T = ‘a‘cost;
N 22
voi te [O;ﬂ'].
bat x = "i‘t'; voi t e {—g,%}\{O} hoac z = ‘i‘t
m sin cos
. _ T
voi te [0,7{] \ {2}
Pat z = ‘a‘tant; voi te [—Z;Zj.hoéc T = ‘a‘cott
Na© + 1’ 22
voi t e (0;75).
“re hoac 17T | D3t z = acos2t
a—z a+z
(x—a)(b—x) Dt z =a + (b a)sin’t
- 1 - Dat z = atant ; voi t e [—z;zj.
a +zx 2 2

2.1.2. D6i bién dang 2
Né&u ham s6 (x) lién tuc thi dit = = ¢(t). Trong d6 ¢(t) cling véi dao ham ctiané (¢'(¢) 1a
nhirng ham s6 lién tuc) thi ta duoc:

[ @)z =[fo(t)]o'(t)dt = [gw)dt = G(t)+ C.
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2.1.2.1. Phuong phap chung

Budc 2: Tinh vi phan hai vé&': dt = ¢'(t)dt.

Butc 3: Biéu thi: f(z)dz = f| p(t) ]| ¢'(t)dt = g(t)dt .

Budc 4: Khi &6 : 1 = [ f(z)dz = [ g(t)dt = G(t) + C

Buwéc 1: Chon t= go(:c) Trong doé go(:c) la ham s6 ma ta chon thich hop .

2.1.2.2. Cac dau hiéu d6i bién thwong gip :

Dau hiéu Cach chon
Ham s6 mau s6 ¢6 ¢ 1a mau s6
Ham s0 : f($;1/¢(:c)) t= (o(x)
Ham f(:c) _ a.-sm:c+b.cos:c . tanf;[cosf . Oj
c.sinr+d.cosx+e 2 2
Véi:z+a>0vaz+b>0.
Ham f(x) _ 1 Ol: z+a va zr
(x+a)(x+b) Dét:t=\/:c+a+\/:c+b

Véiz+a<0vaz+b<0.

bat: t=\/—1:—a+\/—:c—b

2.2. Phwong phap nguyén ham tirng phan
Néu u(x), v(x) la hai ham s6 c6 dao ham lién tuc trén K:
Iu(:c) p'(x)dr = uw(z).v(z) - Iv(:c).u'(:c)dz
Hay Iudv = uv — Ivdu (vOi du = u’(:c)d:c, dv = v’(:c)d:c )

2.2.1. Phwong phap chung

e Buc2: Dit: {u = f(x) {du = f' (2)dz

%
dv = f,(z) v= jé(m)dm
o Bwoc 3: Khi do: Iu.dv = UV — Iv.du

® Buwoc 1: Ta bién ddi tich phan ban dau vé dang : I = If(:c)d:c = .ffl(:c) Sy (x)d

2.2.2. Cac dang thwong gap

2.2.21.Dang 1
u = P(x) u'.du = P'(z)dx
sin z )
5 sin —Ccosz
I= .[P(x) cosz p.dr . Dat = _
i dv=<cosz;.dx v=<sinz
o
e.T e.T
—Ccosz —cosz
Vay: I = P(z)<sinz ;- .[ sinz .P'(z)dx
6.1? 6.1?
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2.2.2.2. Dang 2

u=Inzx q 1 q
1=[P(z).Inzde. Dit S
dv = P(z)dx v= [ P()dz = Q(z)

Vay I = an.Q(x) = jQ(m)%dm

2.2.2.3. Dang 3
. u=e' du = e'dx
|sinz
I = je”’ dr . Dat sin x = —CoST
CoS T dv = dz vV=19 .
COS T sin z
|—cosz —cosz|
Vay I = I:e“{, }-j{ }”’dm
sin sin z
—Cos T

Bang phuwong phap tuong tu ta tinh duoc j { }e”’dm sau do thay vao 1

sinzx

3. TICH PHAN
3.1. Cong thitc tinh tich phan

j f(z)dz = F(z)| = F(b) - F(a)].

b b
* Nhn xét: Tich phan ctia ham s8 f tira dén b 6 thé ki hiéu boi [ f(x)dz hay [ f(t)dt. Tich phan

d6 chi phu thudc vao f va cac can a4, b ma khong phu thudc vao cach ghi bién sé.

3.2. Tinh chét ctia tich phan
Gia st cho haiham s6 f (x) va g(x) lién tuc trén K,a,b,c laba s6 bat ky thudc K . Khi d6 ta co :

1. j f(x)dz =0 2. j flz)z = —I f(x)da .

3. j f(z)dz = j f(z)dx + j f(z)dz 4. j[ (@) % g(x) |do = j f(z)dx £ ’j g(z)dz .
5. .b[kf(x)dx = kj f(z)de .

6. Néu f(x) 2 0,Vx e [a;b | thi: j f@)dz > 0V e [a;b]

7.Néu Vze[a;b]: f(z) 2 g(z) = j f(z)dz = ’j g(z)dz .

8. Néu Vze [a;b| Néu M < f(z) < Nthi M(b—a)< .b[f(m)dx <N(b-a).
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4. PHUONG PHAP TINH TiCH PHAN

4.1. Phwong phap d6i bién

4.1.1. Phuong phap d6i bién s6 dang 1

4.1.1.1. Pinh 1i

Néu 1)Ham z = u(t) c6 dao ham lién tuc trén [a; ,b’}
2) Ham hop f(u(t)) dwoc xac dinh trén [0{; ,b’} ,
3) u(@) =a, u(f)=0b

b B
Khi d6: T = [ f(x)dz = [ f(u(t))/(t)dt .

4.1.1.2. Phwong phap chung

Buwoc 1: DBat z = u(t)

BuGc 2: Tinh vi phan hai v&: 2 = u(t) = dz = u'(t)dt

. r=>b
Doi can:
r=a

Bugc 3: Chuyén tich phan da cho sang tich phan theo bién t

b B B
1= [ ayda = ] £[utt)]u' )it = [ ol = Go) | = () - Glay

Va

<

(44

4.1.2. Phwong phap d6i bién dang 2
4.1.2.1. Pinh li

Néu ham s6 u =u(r)don diéu va c¢6 dao ham lién tuc trén doan [a;b] sao cho

f(z)dz = g(u(:c))u'(:ﬁ)d:c = g(u)du thi: I = Jf(x)dx

Il
—_—
=
<
SN—
IS
IS

4.1.2.2. Phwong phap chung

* Buwdc 1: Dat u = u(r) = du = u (v)dz

b)

a)

BuGe 3: Chuyén tich phan da cho sang tich phan theo u

b b u(b)
Vay: [ = Jf(x)dx = Jg[u(z)]u'(z)dz = J g(u)du
a a u(a)

z=0b

Pe A u
Buwoc 2: Poi can : =
U

u
rT=a u(

4.2. Phwong phap tich phan ting phan
4.2.1. Pinh 11
Néu u(x) va v(x) la cac ham s6 c6 dao ham lién tuc trén [a;b] thi:

u(z)v (z)dr = (u(:c)v(x)) - Jv(z)u(x)dx Hay judv = uv Z —j vdu

a
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4.2.2. Phwong phap chung
e Budc 1: Viét f(x)dx dudidang udv = uv'dz bang cach chon mét phan thich hop ctia

f(x) 1am u(x) va phan con lai dv = v'(z)dz
® Budc2: Tinh du =u'dx va v = Idv = Iv'(x)dx
b

b
e Buwéc 3: Tinh jvu'(x)dx va uv
a

* Cach dit u va dv trong phuong phap tich phan tirng phan.

Dat u theo tht ty vwu tién: | b b b
Léc-da-mii-luong .[P(x)e”’dx .[P(x) In xdx .[P(x) cos xdx je”’ cos xdx
u P(x) Inx P(x) e*
dv e“dx P(x)dx cosxdx cosxdx

Chii §j: Nén chon u la phan ctia f (x) ma khi 1dy dao ham thi don gian, chon dv = vdz la phéan

ctia f(x)dx 1a vi phan mot ham s6 da biét hodc cé nguyén ham dé tim.

5. TICH PHAN CAC HAM SO SO CAP CO BAN
5.1. Tich phan ham hitu ti

B s P
5.1.1. Dang 1 I = '[ By :lln‘ax+b‘ (voi a#0)
~ar+b aaax+b a Y
Chay:Néu [ = [————==|(az +b)".adr = (az +b) "7
Y '[ax+b) '[ a(l-Fk ( e
g dx
5.1.2. Dang 2 I :'[2— (a # 0) (azx’ +br+c#0 véimoi z € [a; ,[)’})
~axr” +br+c
Xét A=1b" —4ac.

—b+x/_ —b—\/Z

e Néu A >0thi z

1 1 N S S I
ar’ +br+c  a(lz—z)(r-z,) a(z, -z)\ -2 T-I '

1 4 1), 1 R P T
I—a(xl_%);[(x_xl—x_xjdx—a(xl_%)[ln‘x :Cl‘ ln‘:ﬁ %Hz_a(:ﬁl—%)ln‘m—x;‘z
* NéuA=0thi —; L = L - (xoz_—bj

ar” +br+c a(v-m,) 2a
tMI—f =—j L s
Yar’ +brx+c a (x—xo)”’
e Néu A< 0Othi [ = '[ :'ﬁ[ dz

“ar’ +br+c b 2 A 2
allz+— | +|4—
2a 4a”
Détx+i= itant:dle £(1+tan2t)dt
2¢  \4qg? 2\ q?
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5.1.3. Dang 3 [=[-2ern x|, (a # 0) .

Y azr’ +bx+c

(trong do f(z) = MEFN_ Jien tuc trén doan [0{; ,B])

ar’ + bz +c
e Bing phuong phap dong nhat hé s8, tatim A va B sao cho:

mz +n _A(ax2+bx+c)'+ B _ A2ax +b) N B
ar’ +br +c¢ az’ +bx + ¢ ar’ +br+c axr’+br+c ar’+br+c
B B B
¢ Tacol=| —MEdn g, A2rth) g 7B 4
. ar +br+c Y ar +br+c * ar” +br+c
A s
Tlchphan'[ de = Aln‘aac2 +br+c
Y oar’ +br+c a
B
Tich phan '[ ——— thudc dang 2.
Y az’ +br +c

5.1.4. Dang 4 z) dz| voi P(x) va Q(x) la da thirc ctia x.

e Néubic ctia P(x) 16n hon hodc bang bac ctia Q(x) thi dung phép chia da thic.
e Néubac ctia P(x) nho honbac ctia Q(x) thi cd thé xét cac treong hop:

a’thldatg(x)z 4, 4 A

e Khi Q(x) chi cé nghiém don ¢,

1’ 2’

e Khi Q(x)c6 nghiém don va vd nghiém

Q(fﬂ):(fﬂ—a)(fﬂ2+px+q),A=p2—4q<0th‘ldét P(:I:): A + Br+C )
() z-a 2*+pr+q

e Khi Q(x)cé nghiém boi

P
z)=(x— x — B) véi hi da =
Q(r) = (z - a)(z - B) voia#p thi dat 0@)

Q(z) = (z —a)’(z - B)’ v6i o #p thi dat

P(z) A B C D E
= + + + +

(z-a)@@-p) (@-a @-a) (@-p) @-p z-p

b
5.2. Tich phan ham vé ti I R(z, f(z))dz|, trong d6 R(x, f (x)) cd dang:

. R[m, a—x} Dit x = acos2t, te{o;z}
a+z 2

. R(:lc,\/a2 —552) bat 2 = ‘a‘ sint hoac z = ‘a‘cost

. R[x’nam+b} Détt:"am-l_b

cx + cx +d
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o R(zf(z))= . Vi (a2’ + pr+7y) = k(az+D)

(az +b)\az’ + Sz +y

Dat t = Jaz’ + fr + y, hodcDat t =

ar +b
. R(£,\/a2+z2)Dét$—‘ tant, te{—% g}

. R(z,m) Dit = :ﬂ, te [O;z]\{g}

COS T

. R(\l/_\/_ \/_) Goi k = BSCNN (n;ny;..;n;) . Ddt x=1"

B
1
5.2.1. Dang 1 [ =|——dx a#0
zNax® + bz +c ( )

b 2 A TH+H—=1u
Tk: f(x)=ax” +bx+c=a [m+%j "1 = \/72& < du=dz

2a B
Khi do ta ¢d :

J Né’uA<0,a>0:>f($):a(u2+k2)<:h/f($) = Ja~u? + K (1)

a>0

e Néu: A=0= f(x )—a£x+ij \/— \/;:z:+—‘ \/—‘ ‘(2)
e Néu: A>0.
v V6éia>0: f(z)= (x x -z, ) & 4f(z =\/_\/£L’—:L’ x—x (3)

\/Véia<0:f(x)=—a(xl—x x—x &\ f( \/—a\/ x—x (4)
Can ct vao phan tich trén, ta c6 mot s6 cach giai sau :
= Phwong phap :

* Truwong hop: A < 0,a > 0 = f(z) = a(u2 + kQ) & @) = Jaru? + 1
Khi d6 dat :vaz® + bz + ¢ =t —az

Ll 2
:{bx+c=t2—2\/g$ b+2\/_ (b+2f)
=a—->t=t,x=p—>t=1 —
T 0L IB 1 fm—t—ft ¢
b+2a
) 9 a>0
* Trueo :A=0 = P
rieong hop = f(z) a[$+2aj < f(x):\/;m+—‘=\/g.‘u‘
_iln(x+ij'6 +i>0
s s 2a )| 2
Khidé:f—j— = I e ' a
¥ “ ! b
ale + 2 ;p+— ——In|z+— r+—<0
%2 2 \/; a )|l 2a
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* Trwong hop : A > 0,a > 0.Dat: \/ax2 +bx+c :\/a($—$l)(x_%) :{(x_xl)t

* Trwong hop: A > 0,a < 0. Dat: Jaz® + bz + ¢ :\/a(xl —m)(m —x) :{Eml —x)t
T

B
+
522.Dang2 | =[———"" dz| (a#0)
zNax® +bx +c

» Phuwong phap :
e+ n A.d(\/ax2+bm+c)
e Buwoc 1: Phan tich f(z

B
(v) = [ 2 - [ 2 * [ 2 (1)
_ ar” +br+c ar” +br+c ar” +br +c
® Budc 2: Quy dong mau s, sau d6 dong nhat hé s6 hai tix s6 d€ suy ra hé hai an s6 A, B
e Buwgc 3: Giai h¢é tim A, B thay vao (1)

+Bf 1

# B
e Bubc4:Tinh I = 2A(\/w;2 b+ c) S S
« aNax’ +br+c¢
B
1
Trong d6 | —————dz (a # 0) da biét cach tinh o trén
I[\/axZ +br +c ( )
B
1
5.2.3.Dang3 | = dr| |a#0
?.[(mm+n)\/am2+bx+c ( )

= Phwong phap :
1 1

e Budc 1: Phan tich: \/7: (1
2
(mx+n) az” +bx +c m£x+nj\/ax2+bx+c
m
Yy = ! [t=£j%dy=— 1 dz
, o1 n T+ m T+t
e Buwéc2: Dat: —=z+—=

<
3

2
1 , 1 1
:E=——t:>ax2+bx+c=a£——tj +b[——tj+c
Yy Yy Yy

ﬁV
® Buwoc 3:_Thay tat ca vao (1) thilco dang: [ ==+ dy
2 AJLy? + My + N

. Tich phan nay ching

ta da biét cach tinh .

B B
5.24.Dangd I =[R(x;y)du :jR[x;,,,,/O;E : lgjdm
o 21 z

( Trong d6 : R(x;y) 1a ham s8 hitu ty ddi véi hai bién s8 x,y va @, 3,7,5 1a cdc hing s8 da biét )
= Phuong phdp :

e Bubcl: Dit: t = %2 E ()
yr+0

e Buwoc2: Tinh x theo t: Béng cach nang lay thtra bac m hai vé€ ctia (1) ta c6 dang z = (o(t)

e Bubc3: Tinh vi phan hai v&: dz = ¢'(t)dt va ddi can

e Buwoc4: Tinh: .ﬁ[R[x;m/C;xi’ngx=?R(¢(t);t)¢'(t)dt
o z o'
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5.3. Tich phan ham lwong giac
5.3.1. M6t s6 cong thirc lugng giac
5.3.1.1. Cong thitc cong

cos(a £ b) = cosa.cosbFsina.sinb sin(a £ b) = sina.cosb * sinb.cosa

+
tan(a + b) = tana = tanb
1F tana.tanbd

5.3.1.2. Cong thitc nhan doi

. . 1— tan®
COSQ&:COSZG*SIHZCLZQCOSZCL*l:l*QSanCL=¢2a
1+tan”a
2 2
sin2a:28ina.cosa=Lng ; tan2a=Lng
1+tan”a l1-tan"a
cos3a =4cos’ @ —3cosa ; sin3a = 3sina — 4sin’
5.3.1.3. Cong thitc ha bac
.2 1—cos2a 2 1+ cos2a 2 1—cos2a
sinfg=—— ; cosS a=—— ; tan a=——
2 2 1+ cos2a
.3 3sina — sin 3a 3 cos3a + 3cosax
sin” a = ; cos’ a =
4 4
5.3.1.4. Cong thirc tinh theo t
.. a .. —t 2t
Voéi ¢t =tan— Thi sina = ~ ; cosa = —~ 5 tana = -
2 1+t 1+1¢ -1

5.3.1.5. Cong thirc bién ddi tich thanh tong

cosa.cos ff = %[COS(O( + f) + cos(a — ,3)}
sin@.sin f = %[COS(OK — fB) — cos(a + ,3)]

sin at.cos ff = %[sin(a + ) +sin(a— )]
5.3.1.6. Cong thirc bién ddi tong thanh tich
o+ ﬁ . COS @ - ﬁ

cosa + cos B =2 cos

2
. o+ . a—
cosa — cos f = —2sin Q’B.sm 2’6
. . . o+ a—
sin@ + sin f = 2sin 'B.COS 2’6
. . o+ . a-—
sina —sin f = 2 cos 'B.Sln 2’6
i +
taun05+tabn,B:M
cosa cos
(g —
tana—tanﬁ:M
cosa cos
Cong thirc thwong dung:
4 . 4 3+ cosda
cos’ & + sin Q:T
6 . 6 5+ 3cosda
cos’ & + sin Q:T
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Hé qua:

cosa + sina=\/§COS£a—§J =\/§Sin[a+§j
Cosa'—sina'=\/5008£a'+§j = —\/Esin[a'—gj

5.3.2. Mot s6 dang tich phan lwong giac

b
e Néugap I:jf(sinx).cosxdx ta dat t=sinx.

b
e Néu gap dang I:jf(cosx).sinxdx ta dat t=cosx.

b
e Néu gip dang I:jf(tanx) di ta dat t =tanx.

COos X

dx

sin® x

b
e Néu gip dang I:jf(cotx) ta dat t = cotx.

5.3.2.1. Dang 1 I = I(sinx)n dx ; Izj(cosx)n dx
* Phwong phap
e Néu n chdn thi st dung cong thirc ha bac
e Néu n =3 thi st dung cong thitc ha bac hoac bién doi
e Néu 3n 1é (n=2p+1) thi thyre hién bién doi:

I = I(sinx)n dx = j(sinx)zpﬂ dx = '[(sin x)Zp sin xdz = —'[(1 — cos” x)p d(cosz)

= —.[ [C;’ - C’; cos T+ ...+ (—1)k C’;f (COS2 x)k +...+ (—1)p C’: (COS2 :E)p}d(COS )

k p
(1) C*(cosz)” ™ +..+ (-1)
2k+1 7

1
=—|C’cosz—=C'cos’z +...+
p 3 p

07 (cosz)”" |+ ¢
2p+1 7

I, = '[(cosx)n dx = '[(cosx)zpﬂ dx = J(cosx)h cos xdx = '[(1 — sin® x)p d(sinz)
[C;’ — C’; sinz+...+ (—1)k C’;f (sin? :E)k +..+(=1) C’: (sin? :L“)q d(sinz)

k
= {CO sinz —%C; sinz+...+ (1)

p
) + -1 +
c* (SiHIE)Zk 1 +...+ (1) Cc? (Sinx)Zp 1 +c
2k+1 7 2p+1 7

5.3.2.2. Dang 2 1= [sin” xcos” xdx| (m,n€N)

* Phwong phap
o Truong hop 1: m,n ld cdc sé nguyén
a. Néu m chdn, n chan thi stt dung cong thirc ha bac, bién ddi tich thanh tong.

b.Néu m chan, n 1é (n=2p+1) thi bién doi:

1= '[(sinx)m (cosx)2p+1 dx = '[(sin x)m (cos x)Zp cosxdx = '[(sin x)m (1 — sin’ x)p d(sinz)
= j(sinx)m [02 — C’; sinz +...+ (—1)k C’;' (sin? :L‘)k .. +(<1) C’;’ (sin? x)qd(sinx) =

(Sin :E)m+1 (Sin :E)m+3 L (Sin :E)2k+l+m ) (Sin x)2p+l+m
c C! R () | e LAY () o te

. +... e
Poom+1 P m+3 P2k+14+m P 2p+14m
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¢. N&u m 1& (m=2p+1), n chan thi bién d6i:

2p p

I= j(sinx)zpﬂ (cosx) dx = '[(cos ) (sing) " sinads = —'[(cos 2) (1-cos’2) d(cosa)

- —J(COS :E)n [C’S — C’; cos T+ ...+ (—1)]C C’:f (COS2 ZE)k +...+ (—1)p C’;’ (COS2 ZE)de(COS r) =

n+1 n+3 2k+1+n 2p+1+n
{CO(COM) aleosa)™ e leosa™™ s (eosa) }c

| P pn+3 ' P 2k+14n P 2p+1+4n

d. Néu m 1é, n 1é thi st dung bién ddi 1.2. hoac 1.3. cho sd mi lé bé hon.
o Néu m,n la cdc s6 hitu ti thi bién d6i va dit u = sinx

n—1 n—1

B = J‘sin’"’ xcos" xdx = J‘(Sin )" (cos’z) 2 cosadr = Ju"” (1-u?)? du )

Tich phan (*) tinh duwgc < 1 trong 3 s m+1 - 2_ L ; m; i la s6 nguyén

5.3.2.3. Dang 3 I = j(tan x)" dx ; I = j(cot x)" dx (nE€N).

. J‘(1+tan2:z:)d:v=.[ df :Jd(tan:v)ztanx+c
cos”

. I(1+cot2x)dxzj _df =—Jd(cotx)=—cotx+0
sin” z

dx = =—ln|cosm|+C

° jtanxdx :.[Sinm _J‘d(cosx)

COS T COST

dx = =ln|sinx|+C

. jcotxdmzjcosm jd(sinx)

sin z sin z

6. UNG DUNG TiCH PHAN

6.1. Dién tich hinh phing
6.1.1. Dién tich hinh phing gi6i han béi 1 dwong cong va truc hoanh
Dién tich hinh phéng gi6i han boi do thi ham s§ y = f(x) lién tuc trén doan [a;b] , truc

b
hoanh va hai duong thing = = a, z = b duoc xéc dinh: § = [|f(z)|dz

y=f(x) ;

(H) y=0 Szﬂf(x)‘dx
xX=a a4
x=b

6.1.2. Dién tich hinh phang gi6i han béi 2 duong cong
Dién tich hinh phfmg gioi han bdi d6 thi ham s6 y = f(z), y = g(z) lién tuc trén doan [a;b}

b
va hai dudng thing o = a, v = b duoc xac dinh: § = [|f(z) - g(z)dz
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y
A

(C)H:y=fi(x)
(H) (C):y=f,(x)

x=a

x=b

5 = [Jh@) - )z

b
- Néu trén doan [a;b/, ham s6 f(z) khong do6i dau thi: _Hf(x)‘ dr =

[ f(a)da

- Nam vitng cach tinh tich phan ctia ham s8 c6 chtra gid tri tuyét ddi
- Dién tich ctia hinh phang gidi han béi cac dwong z = g(y),

d
© = h(y) va hai duong thing y = ¢, y = d duoc xéc dinh: § = | \g(y) - h(y)\ dy

6.2. Thé tich vat thé va thé tich khdi tron xoay
6.2.1. Thé tich vat thé

Goi B la phan vat thé giéi han béi hai e 1
mat phang vudéng goc véi truc Ox tai cac m)\- y E
diém a va b; S(z) la dién tich thiét dién ctia RN !

N (7? o s N N -t [V =[S@ua
vat thé bi cat bdi mat phang vudng goc véi 0 . /Ib x )
truc Ox tai diém z, (a <z <b). Gia st S(z) /S( { — -
4 - A A x

1a ham sd lién tuc trén doan [a;b]. / /

6.2.2. Thé tich khéi tron xoay
- Thé tich kh&i tron xoay duoc sinh ra khi quay hinh phang gi6i han boi cac duong y = f(z)
, truc hoanh va hai duong thang = = a, z = b quanh truc Ox:

(C):y=f(x)
(Ox):y=0
x=a

x=5b

V.= nf[f(x)]zdx

- Thé tich khdi tron xoay duoc sinh ra khi quay hinh phéng gi6i han boi cac duong
z = ¢g(y), truc hoanh va hai duong théng y =c¢, y =d quanh truc Oy:

YA
e d--. C):x=g()
\ Oy):x=0 4 2
\ —
\| . v, —n![g(y)] dy
&E_:_:_C_— _ y= d
3] X

- Thé tich khoi tron xoay dwgc sinh ra khi quay hinh phéng gioi
han boi cac dwong y = f(z), y=g(z) va hai duong thang z=a, z=0 quanh truc Ox:

V= ﬁj fx)- gZ(x)‘ dz
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PHAN IV. SO PHUC

1. SO PHUC
1.1. Khéi niém sd phirc
e S0 phtrc (dang dai s6) : z = a + bi; (a,b € R) . Trong d6 : a 1a phan thuc, b 1a phan ao, ¢

la don vi o, i = —1.
Tap hop s6 phtrc ki hiéu: C.

2 1a s8 thuc < phan o ctia 2z bang 0 (b = 0).

* 2 1as8 4o (hay con goi la thuin a0) < phén thyc bang 0 (a = 0).

e SO 0 vtra la sO thuc vira la so ao.
1.2. Hai s6 phitc bang nhau

* Hai s0 phtic 2z, = a + bi (a, be R) va z, = c+di (c, de R) bang nhau khi phan thyce va
phan &o ctia chiing twong duong bang nhau.

a=«c

e Khi d6 ta viét z1:z2(:)a+bi:c+di(:){b_d

1.3. Bi€u dién hinh hoc s6 phirc A

S8 phitc z = a+bi (a, be R) dwoc biéu dién boi diém M (a;b)

M (asb)

hay boi u= (a;b) trong mit phiang phitc v6i hé toa dd Ozy . o x

1.4. S6 phirc lién hgp

S& phirc lién hop ctia z =a+bi (a, be R) la z=a—bi.

- 2 2
;o zzZ=a +b.

2 |2

Z

2

- - = — —— [z
® Z=z; zxz2'=z2%2"; zz2'=z22Y £—1J=
2

o zlasdthuc @ 2=7; 21as6ao0 2 =—-72.
1.5. Médun ctia s phirc
D dai ctia vecto OM duoc goi 1a mbdun céa s6 phirc 2 va ki hidu 1a [2|. Vay |+ = ‘074‘ hay
‘z‘:‘a+bi‘:‘O—M‘:\/a2 +b°.
M6t s6 tinh chat:

o Ll=va+p? =z =lom

° |z|20,‘v’ze@; /=0 2=0.

o =l

‘zl‘ zZ, 22
=7 —_— =
ZQ

!

“

o = e |2

- < + <
ol =lea] <[y £2] <]+ =]
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2. PHEP CONG TRU NHAN CHIA SO PHUC
2.1. Phép cong va phép trir s6 phirc

Cho hai s phtic z, = a + bi (a, be R) va z, = c+di (c, de R).Khidc'):

z, 2z, =(a+c)i‘(b+d)z'

® S0 d6i cta sO phttc z =a+bi la —z =—a —bi.

e TOng ctia mdt s8 phitc véi s6 phitc lién hop ctia né bang hai Ian phan thuc ctia s8 thuce
doé: z=a+bi,z+2=2a.

2.2. Phép nhéan s6 phtrc

 Cho hai s6 phitc z, = a + bi (a, be R) va z, = c+di (c, de R).
Khi dé: z z, = (a + bz’)(c + dz’) :(ac - bd) + (ad + bc)z’.

® V6i moi so thuc &k va moi s6 phtec 2z = a + bi (a, be R), ta co
k.z = k.(a +bi) = ka + kbi. Dic bigt: 0.z = 0 v6i moi s& phtic 2.

e Liythracuai:4i' =1, i'=4 i"=-1 i’ =i'di=-i
Z-4n — 17 Z-4n+1 — Z-7 Z-4n+2 — _17 Z-4n+3 — _Z-7 vn c Nx

2.3. Chia hai s6 phittc

S8 phic nghich dao cta » khac 0 a6 2 = — 7.
2|
, 2! 4 z'z 2'Z
Phép chia haisG phtrc z' va z #0 la = =2'z" =" =~——.

3. TAP HOP PIEM BIEU DIEN SO PHUC

Mot s8 tap hop diém biéu dién sd phiic z thuong gép:
e az+by+c=0=tap hop diém la duong thing
e 7 =0= taphop diém la truc tung Oy
e y=0= tap hop diém la truc hoanh Ox

(¢-a) +(y—b) < R* = tap hop diém 1a hink tron tim I (a;b),bén kinh R

(x—a)2+(y—b)2 =R

= tap hop diém la dwong tron c6 tam I (a;b),bén kinh
2 +y —2ar—-2by+c=0

R=+a*+b*-c¢
* x>0= tap hop diém la mién bén phai truc tung
* y < 0= tap hop diém la mién phia dwéi truc hoanh
* 7 <0 = taphop diém la mién bén trdi truc tung
e y>0 = tap hop diém la phia trén truc hoanh
® y=a1r’ +br+c= tap hgp diém la dwong Parabol

2 2
« Ly z_? = 1 = tap hop diém 1 dudng Elip
a
1?2 ?
« L z_Q =1= tap hop diém la duong Hyperbol
a
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4. PHUONG TRINH BAC HAI VOI HE SO THUC

4.1. Cin bac hai caa so thuc Am
e Cho s0 z, néu cd s phttc z sao cho 2z = z thi ta n6i z, lamot can bac hai cua 2.
e Moi s6 phtrc z # 0 déu co hai can bac hai.

* Can bic hai ctia 58 thure zam la +i,[|4|.
Téng quét, cac cin bac hai ctia s§ thye o am 1a +ifla| .

4.2. Phwong trinh bac hai v6i hé s6 thyc

Cho phuwong trinh bac hai az® +br +c =0,Va,b,ce R,a # 0. Xét biét s6 A =0>"—4ac cla

phuong trinh. Ta thdy:

e Khi A =0, phrong trinh c6 mot nghiém thye = = —Qi.
a

NN

¢ Khi A >0, phrong trinh c6 hai nghiém thyc phan biét z,, = 5
’ a

—bti ‘A‘

* Khi A <0, phwong trinh c6 hai nghiém phtc z,, = 5
’ a

5. BAI TOAN LIEN QUAN DEN MAX - MIN MO PUN SO PHUC

2 r
max‘z‘ =2+
, : Al el
® Cho s0 phttc z thoa man ‘zl.z+zz‘:r, (r>0)
. Z r
mm‘z‘ = -
Al el
® Cho s phttc z thdéa man ‘zl.z—zz‘=r1,(rl >0).
z T z T
max P =% -z |+ vaminP =|| 2 -z | -
2 1 R A 1k

e Cho s6 phtic z thoa man ‘zl.z + zQ‘ +‘zl.z —zQ‘ =k, (k > 0).

V=4[

ad

koo
max‘z‘ =—— Vva mln‘z‘ =
2]
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PHAN V. KHOI PA DIEN

1. KHOI LANG TRU VA KHOI CHOP

e Khdi lang tru (chép) la phan khong gian duoc gidi han boi mot hinh lang tru (chop) ké
ca hinh lang tru (chép) ay. Khoi chop cut la phan khéng gian duoc gidi han boi mot
hinh chép cut k€ ca hinh chép cut ay.

e Diém khong thudc khdéi lang tru (khdi chép, khdi chép cut) duoc goi 1a diém ngoai cua
khoi lang tru (khdi chép, khdi chop cut). Diém thudc khdi lang tru nhung khong thudc
hinh lang tru tng vdi khdi lang tru (khoi chop, khoi chdop cut) d6 duoc goi 1a diém
trong cua khoi lang tru (khoi chdp, khéi chdp cut).

B C
AL |
F g P
i___- - 1
-1 ’ C#\\
A D’
F’ E
Khoi lang tru luc gidc Khoi chop tur gidc

2. KHAI NIEM VE HINH DA DIEN VA KHOI DA DIEN
2.1. Khai niém vé hinh da dién
¢ Hinh da dién (goi tit 1a da dién) la hinh duoc tao boi mot sd hiru han cac da giac thoa
man hai tinh chat:
v Hai da gidc phan biét chi c6 thé hodc khong cé diém chung, hodc chi c6 mot dinh
chung, hodc chi c6 mot canh chung.
v/ Mbi canh ctia da gidc nao ciing la canh chung ctia dting hai da giéc.
e Mobi da gidc goi la mot mat

| A
ctia hinh da dién. Céc dinh, /! ~_
canh cua cac da giac dy theo : —
thit ty duoc goi la cac dinh, R . Comb ——4
canh ctuia hinh da dién. S .
’ Mat
2.2. Khai niém vé khéi da dién ' J

e Khoi da dién Ia phan khong gian dugc V€N ngoai biem trong '

gioi han boi mot hinh da dién, ké ca
hinh da dién dé.

e Nhitng diém khong thudc khéi da . /
dién duoc goi la diém ngoai ctia khdi biém ngoai
da dién. Nhitng diém thudc khoi da
dién nhung khong thudc hinh da dién d6 dwoc goi 1a diém trong cua khoi da dién. Tap
hop céc diém trong dugc goi la mién trong, tap hgp nhiing diém ngoai duoc goi la mién

M

ngoai ctua khdi da dién.

e MBoi hinh da dién chia cac diém con lai ctia khong gian thanh hai mién khong giao nhau
la mién trong va mién ngoai cta hinh da dién, trong d6 chi c6 mién ngoai la chita hoan
toan mot duong thang nao do.
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3. HAI DA DIEN BANG NHAU

3.1. Phép doi hinh trong khong gian

Trong khdng gian, quy tac dit twong ting mbi di€ém M véi di€ém M ' xac dinh duy nhat dugc
goi la mot phép bién hinh trong khong gian.

Phép bién hinh trong khong gian duoc goi la phép doi hinh néu né bao toan khoang cach
gitra hai diém tuy y.
* Mot sO phép doi hinh trong khdng gian:

3.1.1. Phép tinh tién theo vecto v

Noi dung Hinh vé

La phép bién hinh bién mdi diém M thanh M' sao cho / v
MM'=7. /

M

3.1.2. Phép d6i xttng qua mit phing (P)

Noi dung Hinh vé
La phép bién hinh bién mdi diém thudc (P) thanh chinh n,

M

bién méi diém M khong thudc (P) thanh diém M' sao cho

(P) la mat phang trung truc cia MM '. / L
Néu phép ddi xting qua mit phang (P ) bién hinh (H ) thanh )

M

chinh no thi (P ) duoc goi la mat phéng do6i xténg cua (H )

3.1.3. Phép d6i xitng qua tdm O
Noi dung Hinh vé

La phép bién hinh bién diém O thanh chinh né, bién moi
diém M khac O thanh diém M ' sao cho O la trung diém MM'

Néu phép ddi xting tam O bién hinh (H) thanh chinh né thi //()/*/M'

O duoc goi la tam déi xtng ctia (H )

3.1.4. Phép d6i xttng qua duong thang A (phép d6i xttng truc A)
Noi dung Hinh vé
La phép bién hinh bién moi diém thudc duong théng A A
thanh chinh né, bién mdi di€ém M khong thudoc A thanh diém
M " sao cho A la dwong trung triec cia MM '.
Néu phép d6i xting truc A bién hinh () thanh chinh né thi "

A duoc goi la truc d6i xting cua (H )
* Nhan xét:

e Thuc hién lién tiép cac phép doi hinh sé duwgc mot phép doi hinh.

e Phép doi hinh bién da dién () thanh da dién (H'), bién dinh, canh, mit cua (H)

thanh dinh, canh, mit twong tng cta (H ') .

3.2. Hai hinh bang nhau
Hai hinh da dién duwoc goi la bang nhau néu c6 mot phép doi hinh bién hinh nay thanh hinh kia.
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4. PHAN CHIA VA LAP GHEP CAC KHOI DA DIEN
Noi dung Hinh vé
Néu khdi da dién (H ) la hop cua hai khéi da dién (H, ), (H,)
sao cho (Hl) va ( H 2) khong c6 chung diém trong nao thi ta ndi A

c6 thé chia duoc khdi da dién (H) thanh hai khéi da dién (H, ) |
va (H ) hay c6 thé 1ap ghép hai khéi da dién ( ) va (H2) voi *
nhau dé dwoc khoi da dién ( ) :

5. KHOI PA DIEN LOI

c (N
5.1. Khéi da dién 16i ‘[LD ; /
Mot khéi da dién dwoc goi la khoi dadiénloi *° l
4 7 . A \ . o« A? \ \ 2 /4 \ B“:l
néu voi bat ki hai diém A va B nao cta no thi

moi diém ctia doan AB ciing thudc khdi do. F

Khdi da dién 16i Khdi da dién khong 16i

5.2. Khéi da dién déu
5.2.1. Dinh nghia
e Khoi da dién déu la mot khoi da dién 161 cd hai
tinh chat sau day:
» Cac mdt la nhitng da giac déu n canh. .
= MBbi dinh 1a dinh chung ctia dting p canh. e
e Khoi da dién déu nhu vay goi la khoi da dién déu loai {n, p}.

7O

¢ Dinh li: Chi c¢6 nam khdi da dién déu. Do la:
v Loai {3;4}: khoéi bét dién déu.
v Loai {5;3}: khoi 12 mat déu.

v Loai {3;3}: khdi tt dién déu.
v Loai {3;5}: khoi 12 mat déu.

v Loai {4;3}: khdi lap phuong.
5.2.3. Bang tom tit ctia nim loai khéi da dién déu

Loai | Hinh Tén goi S6 dinh | S6 canh S6 mat
{3;3} T dién déu 4 6 4
{43} | ||| |Lapphuong 8 12 6
{3;4} é} Bat dién déu 6 12 8
{5:3} Muoi hai mat déu 20 30 12
{3;5} {§$ Hai mwoi mit déu 12 30 20

= Chu y: Gia st khdi da dién déu loai {n, p} c6 D dinh, C canh va M mit:

|pD = 2C = nM | - “phdi Di = 2 Chén va = nudc Mit”
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5.3. Mot s6 két qua quan trong vé khdi da dién 16i
5.3.1. Két qua 1
Cho moét khoi tir dién déu. Khi d6:
e Cac trong tam cua cac mat cua né 1a cac dinh ctia mot khoi ti dién déu;

e Cac trung diém cua cac canh ctia nd la cac dinh cua mot khdi bat dién déu (khdi tam
mat déu).
5.3.2. Két qua 2
Tam ctia cac mat ctia mot khdi lap phwong 1a cac dinh ctia mot khdi bat dién déu.
5.3.3. Két qua 3
Tam ctia cac mat ctia mot khdi bat dién déu la cac dinh ctia mot khoi lap phuong.
5.3.4. Két qua 4
Hai dinh ctia mot khoi bat dién déu duoc goi la hai dinh déi dién néu ching khong cung
thudc mot canh ctia khdi d6. Poan thang ndi hai dinh ddi dién goi la duwong chéo ctia khdi bét
dién déu. Khi do:
e Ba duong chéo cit nhau tai trung diém ctia mdi duong
¢ Ba duong chéo doi mot vudng gdc véi nhau;

e Ba duwong chéo bang nhau.

6. THE TiCH KHOI PA DIEN
6.1. Thé tich khéi chép

Noi dung Hinh vé
Y
1 ‘
V = 5 de,y'

* §,,: Dién tich mat day.
e h:D0 dai chiéu cao khdi chép.

V zld S

S.ABCD 3 (S,(ABCD)) ABCD

6.2. Thé tich khéi ling tru

Noi dung Hinh vé
V — dey ,h :1; ;( A C
e S :Dién tich mjt day. [ [
wW [ |
e h: Chiéu cao cua khdi chop. ) N
Cc ‘ C
Luu y: |
Lang tru ding c6 chiéu cao chinh la canh bén. B B
6.3. Thé tich khéi hop chit nhat

Noi dung
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6.4. Thé tich khéi 1ap phuong

Noi dung Hinh vé

V=a
6.5. Ti s6 thé tich
Noi dung
Ve ywe  SA” SB” SC”
V. se SA SB SC

Thé tich hinh chép cut ABC.A'B'C’

Vv =§(B+B’+ BB’)

Véi B, B’,h 1a dién tich hai day va chiéu cao.

6.6. Mot s6 chu y vé do dai cac dwong dic biét
« Duong chéo ctia hinh vudng canh a 1a av2
e Puong chéo ctia hinh 14p phuong canh a 13 a3
e Duong chéo ctia hinh hop chit nhat c6 3 kich thude a,b,c 1a: Va* +b* +¢*
® Duong cao cua tam giac déu canh «a la: %

7. CAC CONG THUC HINH PHANG

7.1. Hé thitc lwgng trong tam giac

7.1.1. Cho AABC vuong tai A, dwong cao AH
e AB*+ AC?=BC? A
e AB’=BH.BC

AC? =CH.BC
AH.BC =ABAC

AH? = BH.HC B H C
1 1 1
= +
AH* AB> AC?
e AB=B(C.sinC =BC.cosB=AC.tanC = AC.cotB
7.1.2. Cho AABC c6 d9 dai ba canh 1a: a,b,c d dai cac trung tuyén 1a m,,m,,m_ ban kinh

duong tron ngoai ti€p R ; ban kinh dwong tron néi ti€p r nita chu vi p.
¢ Dinh li ham s cosin:

@’ =b>+c" -2bc.cos A; b =c*+a” —2ca.cosB; ¢ =a’ +b> —2ab.cosC

e Dinhli ham s§sin: —%— =0 _—_¢ __9p
sinA sinB sinC
, b2+ 2 2 2+ 2 b2 2+b2 2
e D9 dai trung tuyén: m’ = ¢ —a—;mfzc ¢ ——;mZ:a _c
¢ 2 4 ’ 2 4 ¢ 2 4
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7.2. Cac cong thirc tinh dién tich
7.2.1. Tam giac

° Szla.h =lb.hb =lc.h
2 ¢ 2 2 ¢

1 ) 1 ) 1 )
o S =")bcsinAd==casinB==absinC
2 2 2

_abe
4R
[ ] S:p’["

« 5=\p(p—a)(p-b)(p-c)

ABAC BC.AH
2

e AABC déu, canh a: AH=%, S=a2f

e AABCvubngtaiA: S =

7.2.2. Hinh vuéng
e S=a’ (a: canh hinh vudng)
7.2.3. Hinh chit nhat
o |S=ab (a,b: hai kich thuéc)
7.2.4. Hinh binh hanh
e S=day x cao = AB.AD.sin BAD
7.2.5. Hinh thoi

e S=AB.AD.sin BAD = %AC.BD
7.2.6. Hinh thang

o §= %(a + b)h (a,b: hai day, h: chiéu cao)
7.2.7. Tk giac c6 hai dwong chéo vuong goc AC & BD

o S= %AC.BD

8. MOT SO CONG THU'C TINH NHANH THE TiCH KHOI CHOP THUONG GAP

Noi dung Hinh vé
Cho hinh chép SABC véi cic mat phang
(SAB),(SBC ),(SA C ) vudng goc voi nhau titng do6i mot,

dién tich cac tam giac SAB,SBC,SAC lanluwgtla S ,S S, -

177927

sh
Khi do: V. — —\/2518283 /

S.ABC — 3
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Cho hinh chép S.ABC 6 SA vuédng géc véi (ABC),
hai mit phang (SAB) va (SBC )Vuéng goc voi nhau,
BSC = a,XSE =0.

Khi dé: V _ SB®.sin2a.tan S

S.ABC 12

Cho hinh chép déu S.ABC c6 ddy ABC la tam gidc déu
canh béng a, canh bén béng b.

Khidé: V. a’N3b® —a’
i do: =

S.ABC 12

Cho hinh chép tam giac déu S.ABC c6 canh day bang a
va mit bén tao v6i mit phang day goc o .

3
a’ tana
Khi do: V. =—
S.ABC 24

Cho hinh chép tam gidc déu S.ABC c6 cac canh bén
bang b va canh bén tao v6i mit phang day goc f.

Khi dé: V \/gbg.sinﬁcos2ﬁ
i do: =

S.ABC 4

Cho hinh chép tam gidc déu S.ABC cd cac canh day
bang a, canh bén tao véi mit phiang ddy goc .

3
Khidé: v, = 2tanf

S.ABC — 12

Cho hinh chép t& gidc déu S.ABCD c6 ddy ABCD la
hinh vudéng canh bang a, va SA=SB=SC =8SD =b.

Khi do. V _ a’\N4b* —2a°

S.ABC 6

Cho hinh chép tt gidc déu S.ABCD c6 canh day bang
a, goc tao béi mit bén va mat phang day la «.

3
Khido: v, =4 tana

S.ABCD
6
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Cho hinh chép t giac déu S.ABCD c6 canh ddy bang S,

2

Khi dé: V a*tan® ¢ —1
i do: =——

S.ABCD
6

a, SAB=a véiae [%;EJ

Cho hinh chép ti gidc déu S.ABCD c6 cac canh bén

b?mg a, goc tao boi mat bén va mdt ddy la a vdi

ace [O;ZJ.
2

Khi do: V, =

S.ABCD

4a® . tan o

3 (2 + tan’ 0{)3

Cho hinh chép tam gidc déu S.ABC c6 canh ddy bang
a. Goi (P) la mat phang di qua A song song véi BC va

vuodng goc voi (SB C), goc gitra (P) v6i mat phang ddy la

3
. 2y a” cota
a. Kl’lldo. VS<ABCD =T

Khéi tdm mat déu ¢ dinh la tdm cac mat cua hinh lap A B
phuwong canh a. |

Cl3

Khi @6: vV = —
6

Cho khoi tdm mat déu canh a. NoOi tAm ctia cidc mat bén s
ta duoc khdi lap phuong.

2a3\/§

Khi d@é: V =
27
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9. CAC CONG THUC PAC BIET THE TiCH TU DIEN

Céng thic Diéu kién ti dién
Cong thirc tinh khi biét 3 canh, 3 géc & dinh 1 tit dién {SA =a,SB=b,5C=c
— ASB = 0, BSC = 3,CSA =
/g =a%cx/1—ajsza'—oosz,3—oosz @+2008 0aos foos @ b 4

Cong thic tinh khi biét 2 canh d6i, khoang cach va goc 2 AB=a.CD=b
canh dé { ’

d(AB,CD) =d,(AB,CD) =«

VABCD = éabd sin &

ASAB 177 ASAC

((54B),(4C)) = @

Cong thitc tinh khi biét mot canh, dién tich va goc gitra 2 { S -5.S =S SA=a
27
mat ké

v _ 25152 sin o
SABC 3&

Cong thitc tinh khi biét 3 canh, 2 goc & dinh va 1 géenhi | [SA = @5B=b.5C=c¢

dién ((s4B).(sC)|=a

S.ABC — %bcsinasinﬁsin () ASB=[(3,ASC =

o3 \/5 Tk dién déu
ABCD ~ 9 tat ca cac canh bang a

T& dién gan déu
AB=CD =

:g\/(a2+b2—02)(b2+02—az)(a2+02—b2) AC=BD=CIL)

AD=BC=c

‘/ABCD
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PHAN VL. MAT NON - MAT TRU - MAT CA+

1. MAT NON TRON XOAY VA KHOI NON

1.1. Mat non tron xoay

Noi dung Hinh vé
buong théng d,A cit nhau tai O va tao thanh goc B
voi 0° < B<90°, mp(P) chtra d,A. (P) quay quanh truc

Avédi goc B khong ddi = mat non tron xoay dinh O.

)

Ve
| LL,;,_Vﬂi_
1

* A goilatruc.
* d dugc goila duong sinh.
* GOc 2f goila goc o dinh.

1.2. Khoi néon

Noi dung

La phan khong gian duoc gidéi han boi mot hinh nén
tron xoay ké ca hinh nén d6. Nhitng diém khong thudc
khoi nén goi la nhitng diém ngoai cua khoi non.

Nhiing diém thudc khdi non nhung khong thudc hinh
nén tuwong tng goi la nhiing diém trong ctia khdi ndn.
Dinh, mdt ddy, duong sinh ctia mdt hinh nén ciing la dinh,
madt day, duong sinh cua khoi nén tuong ting.

Cho hinh nén c6 chiéu cao i, duong sinh / va ban kinh dayr.

* Dién tich xung quanh: ctia hinh nén: |S, = 77l|

e Dién tich day (hinh tron): |5, = 7’|

day

e Dién tich toan phan: cua hinh nén: S, =wrl+ zr?|

e Thé tich khéi nén: |V = %ﬂ'r?h .

1.3. Thiét dién khi cat béi mit phing

biéu kién Két qua

Cat mat nén tron xoay béi mp (Q) di qua dinh ctia mit nén.

e mp(Q) cit mitnén theo 2 duong sinh. e Thiét dién la tam giac can.
o mp(Q)ti€p xtc véi mit nén theo mot duong | © (@) la mat phing tiép dién cta
sinh. hinh non.
Cat mat nén tron xoay béi mp (Q) khong di qua dinh ctia mit nén.
* mp(Q) vudng gdc vai truc hinh non. e Giao tuyén la 1 duong parabol.
* mp(Q) song song vdi 2 duong sinh hinh non. e Giao tuyén la 2 nhanh cua 1
o« mp(Q) song song vdi 1 dwong sinh hinh non. hypebol.

e Giao tuyén la mgt duong tron.
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2. MAT TRU TRON XOAY
2.1. Mat tru

Noi dung Hinh vé

Trong mat phang ( P) cho hai duong thang A va [
song song véi nhau, cich nhau mot khoang bang r . Khi
quay méat phang ( P) xung quanh A thi duong thang [
sinh ra mOt mat tron xoay duwoc goi la mat tru tron xoay,
goi tit 12 mat tru.

— — —

\

VY

\
-
H

e Duong thing A goi la truc.

e Duong thang ! la duong sinh.

A
¢ r la ban kinh ctiia mat tru do.
2.2. Hinh try tron xoay va khdi try tron xoay
Noi dung Hinh vé

Ta xét hinh chit nhat ABCD . Khi quay hinh chit nhat
ABCD xung quanh duong thang chita mot canh nao d6,
chang han canh AB thi dwong gap khtic ADCB sé tao
thanh mot hinh goi 1a hinh tru tron xoay, hay goi tat la
hinh tru.

e Khi quay quanh AB, hai canh AD va BC sé& vach ra hai hinh tron bang nhau goi 1a hai
day cta hinh try, ban kinh ctia chiing goi la ban kinh ctia hinh tru.

e Do dai doan CD goila do dai duong sinh cta hinh tru.

e Phan mat tron xoay dugc sinh ra béi cac diém trén canh CD khi quay xung quanh AB
goi la mat xung quanh cta hinh tru.

e Khoang cich AB gitta hai mit phing song song chita hai day la chiéu cao ctia hinh tru.

Khéi tru tron xoay hay khdi tru la phan khong gian duoc giéi han boi mét hinh tru tron xoay
ké ca hinh try tron xoay d6. Nhiing diém khong thudc khoi tru goi 1a nhitng diém ngoai ctia
khoéi tru. Nhiing diém thudc khéi tru nhung khong thudc hinh try twong tng goi 1a nhing
diém trong cua khdi tru. Mdt day, chiéu cao, duwong sinh, ban kinh ctia mot hinh tru cting 1a mat
ddy, chiéu cao, duwong sinh, ban kinh ctia khdi tru twong Gng.Hinh tru ¢ chiéu cao h, duong
sinh / va ban kinh d4y r.

* Dién tich xung quanh: |5 = 27ri|

* Dién tich toan phan: |S, =277l + 271%|

t
e Thétich: [V = z1°h|
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3. MAT CA+ - KHOI CA%
3.1. Mit cau

Noi dung Hinh vé

Ki hiéu: S(I; R).Khi do:

Cho diém I ¢d dinh va mot s6 thye duong R.
Tap hop tat ca nhitng diém M trong khong gian cach I
mot khoang R duoc goi la mat cau tam 7, ban kinh R.

$(,R)={M|IM = R}

3.2. Vi tri twong d6i gitta mit ciu va mit phang

Cho mat cau S (I ;R) va mat phéng (P) Goi H la hinh chiéu vudng goc cta I 1én (P)

= d = IH la khoang cach ttr

[ dén mat phéng (P) Khi dé:

d>R

d=R

d< R

M3t cau va mat phang
khong c6 diém chung.

Mit phang tiép xic mat cau:
(P) 1a mit phéng ti€p dién cua

mat cau va H : tiép diém.

Mit phang cit mat cau theo
thiét dién la duong tron cé tam
I va kinh

r=~R—IH’

ban

,,,,,,,,,

Luu y:

Khi mt phing (P) di qua thm / ctia mat cAu thi mat phang (P) duoc goi 1a mat phiang

kinh va thiét dién ltc d6 dwoc goi la dwong tron 16n.

3.3. Vi tri tuong d6i giita mit cau va duong thang

Cho mit cau §(I;R) va duong thang A. Goi H 1a hinh chiéu ctia 7 1én A . Khi d6:

IH > R

IH =R

IH < R

A khdng cat mat cau.

A tiép xtc véi mat cau.

A cat mat ciu tai hai

A : Tiép tuyén cua (S ) diém phan biét.
H : tiép diém.
- ,,,,

H 4 / \
| P : \
TN Y N ?r i \\)

S — R Ny

Luu y:

Trong truong hop A cat (S) tai 2 diém A, B thi bankinh R ctia (S) dwoc tinh nhu sau:

d(I;A)=IH

2
R=~IH*+AH® = ,|IH? +(A7Bj
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3.4. Duong kinh tuyén va vi tuyén ctia mit cau

Noi dung Hinh vé

Giao tuyén ctia mat cau véi nira mat phang cé bo la
truc cua mat cau duoc goi la kinh tuyén.

Giao tuyén (néu cd) ctia mit cau véi cac mit phang
vuong goc voi truc duoc goi la vi tuyén ctia mat cau.

Hai giao diém cua mat cau voi truc duoc goi la hai

cuc cia mat cau

*

Mt cau noi tiép, ngoai ti€p hinh da dién:

Noi dung Hinh vé
Mit cau ndi tiép hinh da dién néu mat cau do tiép s
xtic vi tat ca cac mat cta hinh da dién. Con néi hinh da -1
~ ! g
dién ngoai tiép mat cau. i\; *:%\::;':/;7
/ PSR TP M

Mit cau ngoai tiép hinh da dién néu tat ca cac dinh
ctia hinh da dién déu ndm trén mit cau. Con néi hinh
da dién ndi ti€p mat cau.

Mit cau tam O ban kinh r ngoai ti€p hinh choép
S.ABCD khi va chi khi

OA=0B=0C=0D=0S8=r

Cho mat cau S(I;R)

e Dién tich mat cau: |S = 47R?|.

e Thé tich khoi cau: |V = = zR?|.

4. MOT SO DANG TOAN VA CONG THUC GIAI

4.1. Bai toan mat non

4.1.1.Dang 1. Thiét dién caa hinh nén cit béi mét mit phang

Noi dung Hinh vé

Thiét dién qua truc ctia hinh nén 1a tam gidc can.

A B
S
Thiét dién qua dinh ctia hinh nén la nhitng tam giac
can co6 hai canh bén la hai dwong sinh cua hinh non.
A B

Thiét dién vudng goc véi truc ctia hinh nén 1a nhitng

dwong tron cod tam nam trén truc ctia hinh nén. é
A B

Gv. Trdn Quéc Nghia (Suu tdm & bién tap) - DT: 098 373 4349 Trang 57



TAILIEUHQC TAPTOAN 12 TOM TAT Li THUYET TOAN 12
4.1.2. Dang 2. Bai toan lién quan dén thiét dién qua dinh caa hinh nén

Cho hinh nén ¢6 chiéu cao la &, ban kinh day r va dwong sinh /.

Mbt thiét dién di qua dinh ctia hinh nén c6 khoang cach tlr tam ctia ddy dén mit phang chira
thiét dién la d.

Noi dung Hinh vé
Goi M la trung diém cta AC. Khi dé:
o AC L(SMI)

* Géc gitra (SAC) va (ABC) 1a gbc SMI .
e Goc giita (SAC) va SI la goc MSI .
e d(I,(SAC))=1H =d.

Dién tich thiét dién

S, =8, =~ SMAC = ~\SP + 1M 2V AL — D1
4 = Pasao " 2

h2d 12
_ 2 2
_\/r Iz —dQ'\/h Tl g

4.1.3. Dang 3. Bai toan hinh nén ngoai ti€p va ndi tié€p hinh chép

Noi dung Hinh vé
Hinh nén ndi tiép hinh chép S.ABCD déu la hinh nén Hinh chép ti& gidc déu
c6 dinh1a S, day la duwong tron ngi tiép hinh vuéng ABCD

Khi d6 hinh nén c6:

e Bankinh day r = IM =A7B,

* Duong cao h = SI, duwong sinh [ = SM.

Hinh nén ngoai tiép hinh chép S.ABCD déula hinhnén | Hinh chép t&¢ gidc déu
c6 dinh la §, day la duong tron ngoai ti€p hinh vudng | S.ABCD

ABCD.

s
Khi d6 hinh nén co:
AC  ABW2
» Bénkinh day: r = [A=" = 2*/_. / .
e Chiéu cao: h = SI. B C

¢ Duong sinh: [ = SA.

Hinh nén ndi ti€p hinh chép S.ABC déula hinh nén cé | Hinh chép tam gidc déu
dinh la $, day la duwong tron ndi tiép tam giac ABC. S.ABC

Khi d6 hinh nén co

5
AM  ABW3
L Bél’lkil’]hdéy r=IM :T :T\/_.
e Chiéu cao: h = SI. A ¢
e Duong sinh: I = SM. M
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Hinh ndn ngoai ti€p hinh chép S.ABC déu la hinh nén | Hinh chép tam gidc déu
c6 dinh 1a §, day 1a duwong tron ngoai ti€p tam giac ABC. S.ABC
Khi d6 hinh noén cé:

2AM _ABV3

e Ban kinh day: r = IA =
3 3

e Chiéu cao: h = SI.
Puong sinh: [ = SA.
4.1.4. Dang 4. Bai toan hinh nén cut

Khi cit hinh nén boi mdt mat phéng song song voéi day thi phan mat phéng nim trong hinh

nén 12 mot hinh tron. Phan hinh nén ndm gitta hai mat phéng noi trén dwoc goi la hinh nén cut.

Noi dung Hinh vé

Khi cat hinh nén cut béi mdt mit phang song song véi day thi

duwoc mat cdt 1a mot hinh tron.

Khi cat hinh nén cut béi mot mat phiang song song véi truc thi
dugc mat cat 1a mot hinh thang can.

kinh ddy nho va chiéu cao.

Cho hinh nén cut c6 R, r, h lan lwgt la ban kinh day 16n, ban

5
I
A ’ 7 N \ . S,;myl = ETZ 2 2
Dién tich day (hinh tron): S R = ZSJ@ = 7[(7‘ +R )

Dién tich xung quanh ctia hinh nén cut: |S = 7l (R + r) .

day2

Dién tich toan phan ctia hinh nén cut:

S =7Zl(R+7’)+7[7“2+7[R2.

tp

Thé tich khdi nén cut: |V = %ﬂ'h (32 +r g Rr) .

4.1.5. Dang 5. Bai toan hinh nén tao boéi phin con lai ctia hinh tron sau khi cit bé di hinh
quat

Noi dung Hinh vé
Tir hinh tron (O;R) cdt bo di hinh quat AmB. DO dai

cung AnB bang x. Phan con lai ctia hinh tron ghép lai duoc

mot hinh nén. Tim ban kinh, chiéu cao va d6 dai duong _,,,

sinh cua hinh nén do.
=R A o ? yA=B

Hinh nén duwoc tao thanh ¢6 27r =2z = r = 2—7[
z

h=~I -7
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4.2. M6t s6 dang toan va cong thirc giai bai todn mat tru

4.2.1. Dang 1. Thiét dién cta hinh tru cit boi mot mit phing

Noi dung

Hinh vé

Thiét dién vuong goc truc la mot duwong tron ban kinh R

Thiét dién chira truc la mot hinh ch nhat ABCD trong
d6 AB=2R va AD =h. Néu thiét dién qua truc la mot
hinh vuong thi h =2R.

Thiét dién song song véi truc va khong chixa truc la hinh
cht' nhat BGHC ¢ khoang cach toi truc la:

d(OO';(BGHC)) = OM

4.2.2. Dang 2. Thé tich khéi t& dién c6 2 canh 1a dwong kinh 2

day

Noi dung

Néu nhe AB va CD la hai duong kinh bat ky trén hai

déy cia hinh try thi: V,,,,, = < ABCD.OO sin(4B,CD)

ABCD

*Pacbiét: Néu AB va CD vudng gbdc nhau thi:

V = %AB.CD.OO'.

ABCD

4.2.3. Dang 3. Xac dinh goc khoang cach

Noi dung

Goéc gitta AB va truc 00": (AB,OO' =A'AB

T

Khoang cach gitta AB va truc 0O":
d(AB;00')=0M .

Néu ABCD la mét hinh vudong ndi ti€p trong hinh tru
thi dwong chéo ctia hinh vudng ciing bang duong chéo ctia
hinh tru.

Nghia 1a canh hinh vudng: ABv2 = VAR? +4? .
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4.2.4. Dang 4. Xac dinh mdi lién hé gitta dién tich xung quanh, toan phan va thé tich khéi tru

trong bai toan t6i vu

Noi dung Hinh vé

Mot khéi tru ¢ thé tich v khong doi.
e Tim bén kinh day va chiéu cao hinh tru d€ dién tich toan phan nho

po iV N
nhdt: S, min < Az N
Lp V 1
V47Z' : 1
1
1

e Tim bén kinh day va chiéu cao hinh tru dé€ dién tich xung quanh

\
- -
-

=

I

N (=

> |_
/,
\

cong voi dién tich 1 ddy va nho nhat: S min <
=il
P4

4.2.5. Dang 5. Hinh tru ngoai tiép, néi ti€p mot hinh lang tru ditng
Cho hinh lang tru tam giac déu ndi ti€p trong mot hinh tru. Thé tich khoi lang tru la v thi

the tich kh6i tru 1a V, = v

Cho hinh lang tru t& gidc déu ABCD.A'B'C'D' ngoai ti€p trong mot hinh tru. Dién tich
25

xung quanh hinh try la S, thi dién tich xung quanh ctia hinh lang trula 5 =
"oz

5. MOT SO DANG TOAN VA CONG THUC GIAI BAI TOAN MAT CA+
5.1. Mt ciu ngoai tiép khdi da dién
5.1.1. Cac khai niém co ban
Truc caa da giac day: 1a duong thing di qua tam duong tron ngoai tiép ctia da giac ddy va
vudng gbc voi mit phing chita da gidc day = BAt ki mot diém nao nam trén truc ctia da giac
thi cach déu cac dinh cta da giac do.
Duong trung tric cia doan thang: 1a duong thing di qua trung diém cta doan thang va
vudng goc véi doan thang do.
= Bat ki mot diém nao nam trén dwong trung triec thi cach déu hai ddu mat ctia doan thang,
Mit trung tric cia doan thang: 13 mit phing di qua trung diém cta doan thing va vudng
g6c voi doan thang do.
= B4t ki mot diém nao ndm trén mit trung truc thi cach déu hai dau mut ctia doan théng.
5.1.2. TAm va ban kinh mit ciu ngoai tiép hinh chdp
Tam mat cau ngoai tiép hinh choép: 1a diém cach déu cac dinh cta hinh chép. Hay noi cach
khac, n6 chinh la giao diém I cta truc duwong tron ngoai tiép mat phang ddy va mat phang
trung triec cia mot canh bén hinh chép.
Ban kinh: la khoang cach ttr I dén cac dinh ctia hinh chép.

5.1.3. Cach xac dinh tAm va ban kinh mit ciu ctia moét s6 hinh da dién
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5.1.3.1. Hinh hgp chit nhat, hinh lap phuwong

Noi dung

Hinh veé

Tam: trung voi tam doi xténg ctia hinh hop chir nhat
(hinh 1ap phwong) = Tam la 7, 1a trung diém ctia AC'"'.

Ban kinh: bang nita d§ dai duwong chéo hinh hop chit
nhat (hinh lap phuong).

]
= Ban kinh: R =%.

5.1.3.2. Hinh ling tru ding c6 day ndi tiép duwong tron

Noi dung

Xét hinh lang tru ding AAA,..A A1A2A3An, trong do
6 2 day AAA.. A vaAAA..A nditiép duong tron (0)
va (0'). Ltc d6, mat cau ndi tiép hinh ling tru dimg c6:

e Tam: I véi I latrung di€ém cta 00"
e Bankinh: R=1A =JA =..=IA .

5.1.3.3. Hinh chép c6 cac dinh nhin doan thang néi 2 dinh con lai dwéi 1 goc vuong

Noi dung

Hinh vé

Hinh chép S.ABC ¢6 SAC = SBC =90°.
e Tam: / la trung diém ctia SC'.
e Ban kinh: R:%:IA:IB:IC’.
Hinh chép S.ABCD c6
SAC = SBC = SDC = 90°.
e Tam: I la trung diém cta SC'.

e Ban kinh: R:%:IA:IB:IC’:ID.

5

I=

J
}C .D
B Bt

5.1.3.4. Hinh chép déu

Noi dung

Hinh vé

Cho hinh chép déuS.ABC...
e Goi Olatam ctia day= SO]la truc ctia day.
e Trong mat phéng xac dinh béi SO va mot canh
bén, chang han nhu mp (SA 0) , ta vé duong trung
truc cia canh SA 1a A cit SA tai M va cit SO

tai / = I 1a tAm cua mat cau.
Ban kinh:

Ta co: ASMI%ASOA:S—M:ﬂ
SO SA
2
R=15=M5 _SY _ 1y ip_j0-=.
= Ban kinh: SO 250
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5.1.3.5. Hinh chép c6 canh bén vudng goc voi mit phang day

Noi dung Hinh vé

Cho hinh chép S.ABC... ¢6 canh bén SA L (ABC...) va day
ABC... ndi ti€p dugc trong duong tron tam O .
Tam va ban kinh méat cadu ngoai tiép hinh chép S.ABC... dugc
xac dinh nhuw sau:
e Tu tdm O ngoai ti€p cua duong tronddy, ta vé duong

thing d vubng goc voi mp(ABC...) tai O.
® Trong mp (d, SA), ta dung duong trung truc A ctia canh
SA, cidtSAtaiM, cidt dtai I =1 1a thm mit cau ngoai
tiép hinh chdp va ban kinh
R=IA=IB=1C=1S=..
¢ Tim ban kinh
Ta c6: MIOB la hinh chit nhat. Xét AMAI vudng tai M co:

2
R=AI =~\MI* + MA* = AOQ+[%AJ )

5.1.3.6. Hinh choép khac

- Dung truc A cua day.

- Dung mit phang trung truc (a) ctia mot canh bén bat ki.

- (a’) N A =1 = I latam mdt cau ngoai tiép hinh chép.

- Ban kinh: khoang cach tit I dén cac dinh cta hinh chop.
5.1.3.7. Duong tron ngoai tiép mot s6 da giac thuwong gip

Khi x4c dinh tAm mat cauy, ta can xac dinh truc ctia mit phang ddy, dé chinh la duwong thang
vudng géc véi mit phang day tai tam O ctia dwong tron ngoai tiép day. Do d6, viéc xac dinh
tam ngoai O la yéu t6 rat quan trong cta bai toan.

N S

Hinh vuong: O la giao Hinh ch nhat: O la giao A déu: O 1a giao diém cua 2
diém 2 duong chéo. diém cta hai duong chéo.  duong trung tuyén (trong tam).

O

Avudng: O la trung diém A thuong: O 1a giao diém ctia hai duong
cua canh huyén. trung truc ctia hai canh A.
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5.2. Ky thuat xac dinh mit ciu ngoai tiép hinh chép
Noi dung Hinh vé

Cho hinh chop S.AA,...A (thod man diéu kién ton tai
mat cau ngoai ti€p). Thong thuong, dé€ xac dinh mat cau
ngoai ti€p hinh chop ta thue hién theo hai budec:

* Budc1:
Xéc dinh tam cuia duwong tron ngoai ti€p da giac day.
Dung A: truc duwong tron ngoai tiép da giac day.

* Budc 2:

Lap mit phing trung triec (@) ctia mot canh bén.

Lac do

v Tam O cta mdt caw: AN mp(a) = {O}

v Béankinh: R = SA(= S0). Tuy vao timg truong hop.

5.3. Ky ning xac dinh truc duwdng tron ngoai ti€p da giac day
5.3.1. Truc duwong tron ngoai tiép da giac day

Noi dung

Hinh veé

Dinh nghia
Truc duong tron ngoai tiép da giac day la duong thang di
qua tam dwong tron ngoai tiép day va vudng goc voi mat
phang day.
Tinh chat

VMeA: MA=MB=MC

Suy ra: MA=MB=MC < MeA
Cac budc xac dinh truc
* Budc1:

Xac dinh tdam H ctia duong tron ngoai ti€p da giac day.
* Budc 2:

Qua H dung A vudng géc véi mat phang ddy.
Mot s6 treong hop dac biét

e Day la tam gidc vudng
e Ddy la tam gidc déu

e Day la tam giac thuwong

5.3.2. Ky ning tam giac dong dang

Noi dung

Hinh vé

50 _sM

ASMO dbéng dang vdi ASTA = .
SA S

5.3.3. Nhan xét quan trong

2M.S MA=MB=MC
T |SA=SB=5C

= SM 1a truc duong tron ngoai ti€p AABC .
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5.4. Ky thuat st dung hai truc xac dinh tim mit cau ngoai tiép da dién

Noi dung

Hinh veé

Cho hinh chép S.4 4,...A (thda man diéu kién ton tai
mit cau ngoai tiép). Thong thuong, d€ xac dinh mat ciu
ngoai tiép hinh chép ta thuc hién theo hai buwdc:

* Budcl:
Xéc dinh tam ctia duwong tron ngoai ti€p da giac day.
Dung A: truc duong tron ngoai ti€p da giac day.
e Buoc 2:
Xéc dinh truc d cua duong tron ngoai ti€p mot mat bén
(dé xac dinh) ctia khéi chép.
Lic dé:
e Tam I ctamatcau: And = {I}

e Bk: R= IA(: IS). Tuy vao ting treeong hop.

5.5. Tong két cac dang tim tim va ban kinh mit cau
5.5.1. Dang 1

Noi dung Hinh vé
Canh bén SA4 vuéng géc ddy va ABC=90°  khi d6
S
R= % va tam la trung diém SC'.
A
B
5.5.2. Dang 2

Noi dung

Hinh vé

Canh bén SA vudng gbéc day va bat ké day la hinh gi,
chi can tim dwoc ban kinh duong tron ngoai tiép ctia day

SA?

la R, khid6: [R* = R} +

abe

-4

e Néu A ABC vudng  tai A thi:

(p: nira chu vi).

R, :i(ABz +AC? + AS?) .

a2

e Day la hinh vudng canh a thi R, = T

a3

e néu ddy la tam giac déu canh o thi R, = 5
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5.5.3. Dang 3
Noi dung Hinh vé
Chép c6 cac canh bén bang nhau: SA =SB = SC = SD : s
2
R = 54 .
250

e ABCD la hinh vuong, hinh ch nhat, khi d6 O la
giao hai duwong chéo.

e AABC vudng, khi d6 O la trung diém canh
huyén.

e AABC déu, khi d6 O 1a trong tam, truc tam.

5.5.4. Dang 4

Noi dung

Hinh veé

Hai mit phang (SAB) va (ABC) vuong goc voi nhau
va c6 giao tuyén AB . Khi do ta goi R, R, lan lwot 1a ban

kinh duong tron ngoai ti€p cac tam giac SAB va ABC.

Ban kinh mat cau ngoai tiép:

AB
R*=R'+R’ -

5.5.5. Dang 5

Chop S.ABCD c¢6 duong cao SH, tam duong tron ngoai ti€ép ddy la O. Khi do6 ta giai

phuong trinh: (SH - z)2 +OH’ =2° + R} . Voigid tri # im duocta co: |R* = 2" + R |.

A A . - A 3V
5.5.6. Dang 6: Ban kinh mat cau noi ti€p: |r = —|.

tp

6. TONG HOP CAC CONG THUC PAC BIET VE KHOI TRON XOAY

6.1. Chom cau

Noi dung

Hinh veé

S =27Rh=x(r’+1)

14 :;th[R—%j :%h(if +3r%)

e

6.2. Hinh tru cut

Noi dung

Hinh veé

hy

\

h>
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6.3. Hinh ném loai 1

Noi dung Hinh vé

V=§R3 tana

6.4. Hinh ném loai 2

Noi dung

6.5. Parabol bac hai-Paraboloid tron xoay

Noi dung Hinh vé
3 3 K \
S _4 Rh: S'" Vx| fa)| | TR
parabol - g 9 ? — Z = E \ - . / |
ve=lrrn=1y \ f /
= 2 - 2 tru \ﬁa a
\x :
6.6. Dién tich Elip va Thé tich khdi tron xoay sinh bai Elip
Noi dung Hinh vé
Sclip = mab /;\
4 a 4
4
zoay quanh 2b = g ECLQb

6.7. Dién tich hinh vanh khan
Noi dung Hinh vé

S =r(R*-r)

6.8. Thé tich hinh xuyén (phao)
Noi dung Hinh vé

EEa N ¢

Gv. Trdn Quéc Nghia (Suu tdm & bién tap) - DT: 098 373 4349 Trang 67




TAILIEU HOC TAPTOAN 12

TOM TAT Li THUYET TOAN 12

1. HE TOA PO KHONG GIAN

PHAN VIL HE TRUC TOA PO
TRONG KHONG GIAN OXYZ

1.1. Cac khai niém va tinh chat

1.1.1. Khai niém mé dau

Trong khong gian cho ba truc Ox,0y,0z phan biét va vudng goc tirng ddi mot. Goc toa do O,

truc hoanh Ox, truc tung Oy, truc cao Oz, cdc mit toa do (Oxy),(0yz),(0zx).

1.1.2. Khai niém veé hé truc toa d6

Khi khong gian c6 hé toa do thi goi la khong gian toa dd Oxyz hay khong gian Oxyz.

-2
17 =

-2

Chay: a =

—-.2
J

a

-2

=k

2

=1

zy—zk—]k 0

1.1.3. Toa do véc to

1.1.4. Toa d6 diém

1.1.5. Cac cong thirc toa do cin nhé

Cho u = (a;b;¢),

v = (a0

a=a'
U=v&ib=>'

c=c¢

ku— (ka; kb; kc)
uv—‘ H‘cosuv =aa +bb" +cc
- wo _ aa "+ b0 + e
cos(u,0) = == =
ul. v ul.|v

M(z;y;2) & OM = i + y}+zl::

u = (z;y;2) & ;(x;y;z) o u =i+ y}+zl::

u¢€1=(aia"bib';cic')

- -2
‘u‘z Vu =+a* +b° +¢

uJ_v<:>uv—0

AB:(

AB :‘E‘ :\/(:Z:B _:Z:A)2 +(y3 _yA)2 +(ZB _ZA)2

1.1.6. Chu y
Goc cua 2 véc to (;, ;;) la g6c hinh hoc (nhod) gitta 2 tia mang véc to co, gia tri trong [O;ﬂ'] la:

sin(u,v) =

Tp =T Y ~Yui%p _ZA)

1 — cos” (1:,;1) >0
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1.1.7. Chia ti 1€ doan thfmg

M chia AB theo ti s k nghia 1a MA = kMB . Cong thitc toa d6 ctia M 1a :

1.1.8. Cong thixc trung di€ém Néu M la trung diém AB thi MA+MB=0=

1.1.9. Cong thitc trong tam tam giac

:L“A+:L“B+
A
“ 3
. \ .~ e R Yty t
Néu G latrong tam cta AABC thi GA+GB+GC =0= Y, = .
ZA+ZB+
Z =
“ 3

1.1.10. Céng thttc trong tam tw dién

Néu G la trong tim ctia tirdién ABCD thi GA+GB+GC+GD=0= |y, =

1.1.11. Tich c6 huéng 2 véc to

_ 1, —kzy
v T T
_yA_kyB
v =T
_zA—sz
T T
_{L’A+1’B
{L’M— 2
Yty
Yy, 5
_ZA+ZB
ZM— 2
:EC
Yo
ZC

Cho 2 véc to u = (a;b;¢) va v = (a’;b;¢") ta dinh nghia tich c6 hudéng cua 2 véc to dé la mot véc

a b
a b

. - - c a
to, ki hiéu [u,fu} hay u A v co toa do: [u,v} = {

’ q

bc-

b le

Y

1.1.12. Tinh chat tich c¢6 hwong 2 véc to
o [i,V] vudng goc véi i va ¥
o [&.5]=lalFlsin a7
e [i,7]=0x i,V cing phuong
1.1.13. Ung dung tich c6 huéng 2 véc to
e Dién tich hinh binh hanh ABCD : § = ‘[E,E]

e Dién tichAABC : S = %‘[E,R]

e Ba véc to u,v,w_dong phang: [;,;J; =0

e Thé'tich khéi hop c6 ddy hinh binh hanh ABCD va canhbénAA™: V = ‘[TB,E].AA’

e Thé tich khéi t dién S ABC: V = é.‘[ﬁ,fa} .571‘

J = (bc’ —b'c;ea’ —ac’jab’ — ba')
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1.2. Phuong phap giai 1 s6 bai toan thwong gip

1.2.1. Cac phép toan veé toa do ctia vecto va ctia diém
Phuong phap giai
e St dung cac cong thitc vé toa do ctia vecto va cta di€ém trong khong gian.
e St dung cac phép toan vé vecto trong khong gian.
1.2.2. Xac dinh di€m trong khong gian. Chitng minh tinh chét hinh hoc. Dién tich — Thé tich
Phuong phap giai
e St dung cac cong thitc vé toa do ctia vecto va cta di€ém trong khong gian.
e St dung cac phép toan vé vecto trong khong gian.
e Cong thirc xac dinh toa dd cua cac diém dac biét.
e Tinh chat hinh hoc ctia cac diém dac biét:

v ABCD la hinh binh hanh & AB = DC
v Cho AABC ¢6 cac chan E, F ctua cac duong phan giac trong va ngoai ctia goc A

— AB — — AB —
ha AABC trén BC'. 5: EB=—-—-FEC FB=—-FC
cua trén Ta co e G

7

v' A,B,C,D khong d6ng phang < AB,AC,AD khong dong phang
& [AB,AC)AD #0
2. MAT PHANG
2.1. Cac khai niém va tinh chat
2.1.1. Khai niém veé véc to phap tuyén
n khéc 0 va c6 gid vudng goc mp(P) duoc goi la véc to phap tuyén cta (P).
2.1.2. Tinh chét cta véc to phap tuyén
Né&u n 1 véc to phap tuyén cta (P) thi ki, (k = 0) ciing la véc to phap tuyén cta (P).
2.1.3. Phuong trinh tong quat caa mp(P)
Phuong trinh tong quét ctia mp(P)qua M(z,;y,;2,) va cd véc to phap tuyén n = (4;,B;C) la
Alx—z)+Bly—y,)+C(z—2,)=0
2.1.4. Khai trién cia phwong trinh tong quat
Dang khai trién cua phuong trinh tong quat la: Az + By + Cz + D =0 (trong d6 A, B,C khong
dong thoi bang 0)
2.1.5. Nhitng trwong hop riéng cia phwong trinh tong quat
* (P)quagdctoadd < D=0
. song song hodc trung (Oxy) < A=B=0
. song song hodc trung (Oyz)< B=C=0

)
)
P) song song hodc trung (Ozx) < A=C=0
) song song hodc chtta Ox < A=0

)

)
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2.1.6. Khoang cach tir 1 diém dén mit phing

) = ‘A:z:o + By, + Cz, +D‘

NA + B + C*

Cho M(xo;yo;zo)vé (P): Ax+ By+Cz+ D =0; d(M,(P)

2.1.7. Chim mit phang

Noi dung Hinh vé

Tap hop tat ca cic mit phang qua giao tuyén ctia hai

mat phang (a') va (B) dwoc goi la mot chum mit phing /
Goi (d) la giao tuyén ctia hai mit phang v
(a'):A1x+Bly+Clz+D1:0Vé d

(,3):142x+32y+022+D2 =0.
Khi d6 néu ( P ) la mit phing chtta (d ) thi mat phang

(P) <6 dang: /\é
m(Ax+By+Cz+D,)+n(Ax+B,y+Cz+D,)=0

Véi m*+n* =0

S

[

2.2. Viét phuong trinh mjt phang

Dé1ap phurong trinh mit phang (a') ta can xac dinh mot diém thudc (a') va mot VIPT ctia nd.
2.2.1. Dang 1

(@) di qua diém M (59,2, ) ¢6 VIPT n = (4; B;C) thi

(a): A(m—x0)+B(y—y0)+C(z—zo) =0

2.2.2. Dang 2

(«) di qua diém M(xu;yo;zo) c6 cdp VICP G,b thi 7i = [6,b]1a mot VIPT cia (a)
2.2.3. Dang 3

(«) di qua diém M(mu;yu;zo) va song song voi (3): Ax+ By +Cz=0 thi

(a): A(m—x0)+B(y—y0)+C(z—zo) =0

2.2.4. Dang 4

(a) di qua 3 diém khong thang hang A, B,C .

Khi d6 ta c6 thé xac dinh mot VIPT cta (a) la: 71 = [E, R]
2.2.5. Dang 5

(a) di qua mot diém M va mot duong thang (d) khong chita M .

e Trén (d) ldy diém A va VTCP 4.
e Mot VTPT ctia (@) la: 7i = [ AM, 3]

2.2.6. Dang 6

(a) di qua mot diém M, vudng gbc véi duong thing (d ) thi VTCP i ctia dwong thang (d )
1a mot VTPT ctia (a).
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2.2.7. Dang 7

(a) chita dudng thang cit nhau d,, d, :
e Xéc dinh cac VTCP G,b ctlia cac duwong thing d,, d,.
e Mot VIPT ctia (a) la: 7 =[a,b .
e Ly mot diém M thude di hodc d, = M e (a).
2.2.8. Dang 8
(a) chtta duong thang d, va song song voi duong thang d, (d,,d, chéo nhau) :
* Xdc dinh cac VTCP d,b ctia cac dwong thang d,, d,.
e Mot VIPT cta (o) la: i =[a.b .
o Ldy motdiém M thudc d, = M e (a).
2.2.9. Dang 9
(a) di qua di€ém M va song song véi hai duong thang chéo nhau d,,d,:
e Xac dinh cdc VTCP @b ctia cac duong thing d,, d,.
e Mot VIPT cta (@) la: i =[a.b .
2.2.10. Dang 10
(a) chtta mot duong thang d va vudng goc véi mot mit phang ( B ) :
* Xéc dinh VTCP @ ctia d va VTPT 7, cta ().
Mot VIPT cta (@) la: 7 =[d,7, |-
o Liy motdiém M thudc d = M€ (a).
2.2.11. Dang 11
(a) di qua di€ém M va vudng géc véi hai mit phang cit nhau ( B ), (}/) :
* Xéc dinh cac VTPT ii i cta (B) va (7).
* Mot VIPT cta (@) la: i =i, ii, |
2.2.12. Dang 12

(«) chita dudng théng d cho trudce va cach diém M cho trude mot khoang & cho trudc:

e Gia str (a) c6 phwong trinh: Az + By + C2+D = 0 (A* + B>+ C” % 0).

Ldy 2 diém A, Be (d)= A, Be (a) (taduochai phuong trinh (1),(2))

Tir diéu kién khoang céch d(M,(@)) = k, ta dugc phuong trinh (3).

Giai hé phuong trinh (1),(2),(3) (bang cach cho gid tri mot dn, tim c4c dn con lai).
2.2.13. Dang 13
(a) la tiép xtic véi médt cau (S)tai diém H :
e Gia str mit cau (S) c6tdm I vabankinh R.

e Mot VTPT cua (a) la: 7 = IH
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2.3. Vi tri twong d6i ctia hai mit phing
Cho hai mit phéng (P): Ax+By+Cz+D=0 va (P’): Ax+By+Cz+D =0,
Khi do:
o (P) cat(P) & A:B:C#A":B:C"
A B C D
* PVIP) e p=g=C* D
B D
L =
) ﬁ(P).ﬁ(P,) =0« AA'+ BB +CC’=0.

¢ (P)=(P) oG =p=Cm

1

~

]
Ny

o (P)L(P) & (r)

2.4. Khoang cach va hinh chiéu
2.4.1. Khoang cach tit 1 diém dén 1 mit phang
Khoang cach tir diém M, (:L‘U; Yy zo) dén mit phang (a): Az+By+Cz+D=0 la

~ ‘AZL’U + By, + Oz, + D‘
VA* + B> +C°

2.4.2. Khoang cach giita 2 mit phang song song

d(M,,(e))

Khoang cach giita hai mit phiang song song bang khoang cach tir mot diém bat ki trén mét
phéng nay dén mat phéng kia.
2.4.3. Hinh chiéu ctia 1 diém 1én mit phang

. o T . M—H, i cung phuong

biém H la hinh chiéu ctia difm M trén (P) & .
He (P)

2.4.4. Diém d6i xitng ctia 1 diém qua mit phang

biém M' di xting v6i diém M qua (P) < MM’ = 2 MH
2.5. Goc giita hai mit phang

Cho hai mit phang (a'), (,b’) c6 phuong trinh: (a) cAz+By+Cz+D =0
(,B):AQ:L“+BQy+C’2z+D2 =0

Goéc gitra (), () béng hodc b1 véi goc gitta hai VIPT 7i,,7,.

‘nl.n2‘ _ ‘AIA2 + BB, + 0102‘
|- |7, JA + B2+ C* A + B +C°

Chiy:  0"<((a),(3)]<90"; (@) L(B) e AA +BB +CC, =0

cos((@),(B)) =

2.6. Vi tri twong déi giita mat phang va mit ciu. Phwong trinh mit phing tiép xtc mit ciu
Cho mit phing (cﬁ : Av+ By+C2+ D=0 va mat cau (S) (z—a) +(y—bF +(2—¢ =R cdtdm [
* (@) va (S) khong c6 diém chung < d(I,(@)) > R

o (@) tiép xtc véi (§) & d(I,(@) = R véi(a) 1a tiép dién
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D€ tim toa d¢ ti€p diém ta cd thé thuc hién nhu sau:

= Viét phuong trinh duong thang d di qua tam I cta (S) va vuong goc voi (a').
* Tim toa d giao diém H cua d va (a'). H la tiép diém cta (S ) voi (a').
o (a') cat (S) theo mét duong tron < d(I,(«)) < R
D€ xac dinh tam H va ban kinh 7 ctia duwong tron giao tuyén ta cé thé thye hién nhu sau:
= Viét phuong trinh duong thang d di qua tam I cta (S) va vudng goc voi (a).
* Tim toa d¢ giao diém H cta d va (a). V6i H 1a tam cua duong tron giao tuyén cua
(5) véi ().
* Bankinh r ctia duong tron giao tuyén: r = R* - [H*

3. PUONG THANG

3.1. Phuong trinh ctia deong thang
3.1.1. Vecto chi phwong ctia dwong thing
3.1.1.1. Pinh nghia

Cho duong thang d. Néu vecto a#0 vaco gia song song hodc triing véi duwong phang d thi
a duoc goi 1a vecto chi phuong ctia duong phang d. Ki hiéu: @ = (a

3.1.12. Cha y

130,30,)
e 4 1aVTCP cta d thi ka (k # 0) ciing 1a VICP cta d
e Néu d di qua hai diém 4, B thi AB la mot VICP cua d
e Truc Oz co vecto chi phwong a=i= (1;,0;0)
e Truc Oy co vecto chi phrong a= ; =(0;1,0)
e Truc Oz cd vecto chi phrong a=k= (0;0;1)

3.1.2. Phuong trinh tham s6 cia dwong thing

Phuong trinh tham s8 ctia duong thang (A) di qua diém M, (z,;y,;2,) va nhan a= (a;a,;a,)

17727

lam VTCP Ia : ¢ L4 —
(A)
/M.O/ M(x,y,2) y T =1z, +ta,
) (A):qy =y, +1a, (tG]R)
z =2z +ta,
X 0 3

3.1.3. Phuong trinh chinh tic cia dwong thing

Phuong trinh chinh tac ctia dwong thang (A) di qua diém M, o(z,11,32,) va nhan a= (a;a,;a,)

lam VTCP 1a (A): —2 = -

al a2 a3

T YT 2T (g g a) 0)

17727773
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3.2. Vi tri twong d6i
3.2.1. Vi tri twong d6i clia dwong thang va mit phang
M 4)

N
/< \M i M ~ (A)
a a a a

3.2.1.1. Phwong phap hinh hoc
Pinh ly

Q

r=z,+at (1)
Trong khong gian (Oxyz) cho duong thing (A):{y =y, +a,t (2) 6 VICP a = (a ;a,;a,) va
z=z +agt (3)
qua M, (z,;y,;2,) vamét phing (): Az +By+Cz+D =0 c6VIPT n=(4B;C)
Khi dé :

J & an=0< Aa, + Ba, +Ca, =0
an=0 Aal+Ba2+Ca3:O . 7
) {M Z(P) Ax0 + By, +Cz, =0
an=0 Aa1+Ba2+Ca3:O
’ { P Ax0+By0+CZ0:0
Dac biet
(A) L () avan cung phuong < a,:a,:a0,=A:B:C
3.2.1.1. Phwong phép dai sd
Mudn tim giao diém M cua (A) va (a) ta giai hé phuong trinh: {ZE?{; tim z,y,2. Suy ra:

M(:c,y,z).

Thé (1),(2),(3) vao phuwong trinh mp (P)v‘a rit gon duwa vé dang: at +b = 0 (*)

d cit mp(P) tai mot diém < pr(*) c6 mot nghiém 1.

d song song v6i (P) < pt(*) v nghiém.

d nam trong (P) & Pt (*) c6 vO sO nghiém ¢ .

d vudng goc (P) savan cung phuong

3.2.2. Vi tri twong d6i ctia hai dwong thang

M,
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3.2.2.1. Phwong phap hinh hoc
Cho hai duong thang: A, di qua M va cé mdt vecto chi phuong i, .

A, diqua N vacé mot vecto chi phwong i,.

« A=d, o[a,6,]=]i, MN|=0.
i, |=0

s AR %al Aﬁl}té'
17
(4,1, |#0

A, cht A S
et (i, i1, |- MN =0

A, va A, chéonhau & |ii,ii, |.MN #0.
3.2.2.2. Phwong phép dai sd

pt(A))

tim x,y, 2.
pi(A,

Mudn tim giao diém M cta (A,) va (A,)ta giai hé phuong trinh :{
Suy ra: M(l‘, y,z)
3.2.3. Vi tri twong d6i giita duong thing va mit cau
=1 +at (1)
Cho duong thang d: <y=y, +at (2) va mit cau (S ):(@—af +(y—b)’ +(z—cf =R’ c6 tam
z=z +at (3)
I(a;b;c), ban kinh R.
3.2.3.1. Phuong phap hinh hoc
e Budc1:
Tinh khoang cach tx tdam [ cta mat cau (S ) dén duong thang d la
‘[IMU.a]

h=d(I,d) =

a

e Buwdc 2:
So sanh d(I,d) v6iban kinh R cua mat cau:
= Né&u d(I,d) > R thi d khong cat (S)
= Néu d(I,d) =R thi d tiép xtc (S)
= Néu d(I,d)<R thi d cit (S)tai hai diém phan biét M, N va MN vudng gbc vdi
duong kinh (ban kinh) mat cau
3.2.2.2. Phuwong phép dai sd
The (1), (2), (3) vao phuong trinh (S )V‘a rut gon dua vé phuong trinh bac hai theo ¢ (*)
e Né&u phuong trinh (*) v nghiém thi @ khong cat (S)
e Néu phuong trinh (*) c6 mot nghiém thi d ti€p xtc (S)
e N&u phuong trinh (*) ¢6 hai nghiém thi d cat () tai hai diém phéan biét M, N
Chi y:
Dé tim toa d6 M, N ta thay gid tri ¢ vao phuong trinh duong thang d
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3.3. GOc trong khong gian
3.3.1. Géc giita hai mit phang
Noi dung Hinh vé
Dinh ly m =(4;:B,:C)

Trong khong gian (Oxyz) cho hai mt phing a, S xac
dinh boi phuwong trinh :
(@): Az +By+Cz+D =0
(B):Ax+By+Crz+D,=0
Goi ¢ la goc gitra hai mat phéng () & (B) ta c6 cong thirc:
|44, + BB, + C,C,|

COS¢: 2 2 2 2 2 2
\/A1 +B1 +C’1.\/A2 +B2 +C2

3.3.2. Géc giita duong thang va mit phang

Noi dung

Hinh veé

Toxy Y=Y 2%
a b c
va mit phang (@): Az + By +Cz+ D =0

Cho duong thang (A):

Goi ¢ la goc gitta hai mit phang (A) & (@)ta c6 cong
|[Aa + Bb+ Cdf

thite: sing = VA B +C*Na? +02 + ¢

3.3.3. Goc giita hai deong thang

Noi dung

Hinh vé

Cho hai duong thang :

T
a b c
Goi ¢ la goc gitta hai mit phing (A) & (A,)ta c6 cong
‘aa' +bb + cc"

\/a2 +b° + 02.\/a'2 +b%+c?

thitc: cos g =

a, = (a: b:c)

3.4. Khoang cach

3.4.1. Khoang cich tir mét diém dén mot mit phang

Noi dung

Hinh vé

Cho mit phing (@):Az+By+Cz+D=0 va diém
M (2;9y32,)
Khoang céch tir diém M, dén mat phang (@) dugc tinh

~ ‘AZL’O + By, + (2, + D‘

d(M ;A) =
’ NA + B2+ C*

boi :

M, (x4:¥5:2,)
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3.4.2. Khoang cach tit mot diém dén mot deong thang

Noi dung Hinh vé

Cho duong thang (A) di qua diém M (z,;y,;2,) va c6 M,
VICP = (a;b;c) . Khi d6 khoang cach tir diém M1 dén (A) /L u  (A)

Mo(xp; Vo:2o) H

duoc tinh bdi cong thitc:

‘[MoMﬁuJ

d(M ,A) =T

17

3.4.3. Khoang cach giita duong thang chéo nhau

Noi dung Hinh vé

Pinh ly:
Trong khong gian (Oxyz) cho hai duong thang chéo
nhau :
(A) co VICP u= (a;b5¢) va qua M (7;,:2,)
(A,) co VICP u = (a;b5¢) va qua M (z;y,:2,)
Khi d6 khoang cach gitta (A,) va (A,) duoc tinh boi

Ll |M M,

o]

cong thicd(A,A)) =

3.5. Lap phuwong trinh dwong thang
Dé 1ap phuong trinh duong thang d ta can xac dinh 1 diém thuoc d va mot VICP cta nd.
3.5.1. Dang 1

r=x +at
d di qua diém M (z;y,;2,) vacd VICP @ = (a;a,;a,) la(d):qy=y +at (t€R).
z=z +at
3.5.2. Dang 2
d di qua hai diém A, B: Mot VTCP ctia d 1a AB.
3.5.3. Dang 3

d di qua diém M (z,;y,;7,) va song song voi duong thang A cho trudc: Vi d / /A nén VTCP
ctia A cling la VICP cta d.
3.5.4. Dang 4

d di qua diém M (z;y,;2,) va vudng goc voi mat phang (P) cho trude: Vi d L (P) nén
VTPT ctia (P) ciing la VTCP cta d.

3.5.5. Dang 5
d 1a giao tuyén ctia hai mat phang (P),(Q):
e Cachl:
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Tim mot diém va mot VICP.

(véi viéc chon gia

. P
* Tim toa d0 mot diém A e d : bang cach giai hé phuwong trinh {E 0)
tri cho mot an)
= Tim mot VICP cta d : d = [, |
e Cach2:
Tim hai diém A, B thudc d, roi viét phuong trinh duong thang di qua hai diém d6.
3.5.6. Dang 6
d di qua diém M, (z;y,:7,) va vudng goc véi hai duong thang d,.d, :

Vidld, dld, nénmét VICP cta d la: @ =|d,.d, |

3.5.7. Dang 7
d di qua diém M, (z,;y,:2,), vudng géc va cat duong thang A.
e Cachl:
, HeA
Goi H la hinh chi€u vuong goc ctia M, trén duong thang A. Thi {MO i Khi d¢6

duong thang d 1a duong thang di qua M,, H.

o Cach2:
Goi (P) la mat phang di qua A va vuong goc véi d ; (Q) la mat phang di qua A va
chtra d. Khidé d =(P)n(Q)

3.5.8. Dang 8
ddi qua dieém M (z;y,;2,) va cat hai duong thing d.d, :

e Cachl:
Goi M, e d, M, e d,. Ttr diu kién M, M,, M, thing hang ta tim duoc M,, M,. Ttx d6
suy ra phuong trinh duong thang d.

o Cach2:
Goi (P)=(M,.d,), (Q) = (M,.d,). Khi &6 d =(P)(Q). Do d6, mot VICP ctia dcd thé

0771
chonla @ =[i,, i, |.
3.5.9. Dang 9
d ndm trong mat phang (P) va cat ca hai duong thang dy,d, :
Tim cac giao diém A =d N (P), B=d,n (P)
Khi d6 d chinh 1a duong thang AB.
3.5.10. Dang 10
Viét phrong trinh mat phang (P) chtta A va d, mat phang (Q)chl’ra A va d,

Khi d6 d = (P)n(Q).
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3.5.11. Dang 11

d 1a dudong vudng goc chung ctia hai duong thang d,, d, chéo nhau:

e Cach1:
: o JMN Ldo el s g
Goi M, e d, M, e d,. Tk diéu kién , ta tim dwoc M, N. Khi d6, d la duong
MN 14,
thang MN.
e Cach2:

* Vidld vadLld, nénmdt VICP cta dco thé'la: d =a,,q, |-
= Lap phuong trinh mét phang (P) chttadva d,, bang cach:

v Lay mot diém A trén d.

¥ Mot VTPT cua (P) c6 théla: 7i, =@, |.

= Tuong tu 1ap phuong trinh mit phing (Q) chitadva d,. Khidé d = (P)n(Q).
3.5.12. Dang 12
d 1a hinh chiéu ctia dwong thang A 1én mit phang (P) thi ta Lap phuong trinh mat phang
(Q) chtta A va vudng gdc véi mit phang (P) bang cach:
o Liy MeA.
e Vi (Q) chita A va vudng gdc voi (P) nén 71, = [dA,ﬁ ]
e Khidé d=(P)n(Q).
3.5.13. Dang 13
d di qua diém M, vudng géc véi d, va cat d, :
e Cach1:
Goi N la giao diém ctiadva d,. Tt diéu kién MN L d, ta tim duoc N. Khi do, dla
duong thang MN.
e Cach2:
= Viét phuong trinh mit phang (P) qua M vavudng gbc vdi d,.
= Viét phuong trinh mit phang (Q) chtta M va d,.
= Khidé d=(P)n(Q).

3.6. Vi tri twong d6i
3.6.1. Vi tri twong d6i giita hai duong thang
D& xét VITD gifta hai dwong thing, ta c6 thé stt dung mot trong cac phuong phap sau:
¢ Phwong phdp hinh hoc:
Dua vao m6i quan hé gitta cac VTCP va cac diém thudc cac duong théng.

e Phuong phap dai so:

Duta vao s8 nghiém ctia hé phuong trinh cac duong thang.
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3.6.2. Vi tri twong d6i giita dwong thang va mit phang

D& xét VITD giita dueong thang va mit phang, ta c6 thé sit dung mot trong cac phuong phép
sau:
¢ Phwong phdp hinh hoc:

Dua vao méi quan hé gitta VTCP ctia duwong thang va VTPT ctia mgt phang.

e Phuong phap dai sd:

Dua vao s6 nghiém ctia hé phuong trinh duong thang va mit phang.
3.6.3. Vi tri twong d6i giita dwong thing va mit cau
D& xét VITD gifta duong thang va mit cau ta c6 thé stt dung cac phuong phap sau:
¢ Phwong phdp hinh hoc:

Dua vao khoang céch tlr tam mgt cau dén duong thang va ban kinh.

e Phuong phap dai so:
Duta vao s8 nghiém ctia hé phuirong trinh dwong thang va mat cau.
3.7. Khoang cach
3.7.1. Khoang cach tir diém M dén duong thang J

e Cach1:
| [vip7.a]
Cho duong thang d di qua M, va c6 VICP a thi d(M,d) = T
a
e Cach2:

= Tim hinh chiéu vudng géc H ctia M trén duong thang d.
= d(M,d)= MH.
e Cach 3:
* Goi N (3:; Y; z) € d. Tinh MN’theo ¢ (¢ tham s trong phuong trinh duong thang d).
* Tim ¢t d€ MN* nho nhat.
= Khidé N = H.Dodé d(M,d)=MH.
3.7.2. Khoang cach giita hai dwong thang chéo nhau
Cho hai dwong thang chéo nhau d, va d,. Biét d, di qua diém M va ¢6 VICP a,, d, di qua

) ‘[61’62]‘M1M2
didm M, va c6 VICP , thi d(d,,d,) =

1772

Chuay:

Khoang cach gitta hai duong thang chéo nhau d,, d, bang khoang cach gitta d, véi mat
phang (a’) chita d, va song song voi d,.
3.7.3. Khoang cach giita hai dwong thang song song

Khoang cach giita hai duong thang song song bang khoang cach tit mot diém thudc duong
thang nay dén duong thang kia.
3.7.4. Khoang cach giita mot dwong thang va mot mit phang song song

Khoang cach gitta duong thang d véi mit phang (Ot) song song v&i nd bang khoang cach tir

mot di€ém M bat ki trén d dén mét phang (0! ) .
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3.8. Goc

3.8.1. Géc giita hai dwong thang
Cho hai dwong thing d,, d, Tan lwot ¢6 cac VICP a,,d, .

Goc gitta d,, d, bang hodc bu vdi goc gitra d,,a, la: cos( i’ 2) =

3.8.2. Goc gitta mot dwong thang va mot mat phang

Cho duong thang d 6 VICP G = (a

17727

(11.(12‘

el

q)

;a,;a,) va mat phang (Ot) c6 VIPT 7 = (4;B;C).

Géc gitta duong thang d va mit phang (a’) bang géc gifta dwong thang dvéi hinh chiéu d'

cta no trén (a’) la: sin(cf(Z)):

4. MAT CAU

4.1. Phwong trinh mat cau
4.1.1. Phuong trinh chinh tac

|Aa1 + Ba, + Ca3|

\/A2+BZ+C2\/a12+a22+a32

Phuong trinh cia mt cau () tam I (a;b;c), bankinh R la:
(S):(x—a)+(y-b+(z—c) =R (1)

Phuong trinh (1) duoc goi 1a phwong trinh chinh tic ctia mt cau

Dac biét:
4.1.2. Phuong trinh tong quat

Khi I=0thi (C):2°+y°+2* =R’

Phuong trinh : z* +y° + 2* —=2az —2by —2cz +d =0 v6i o’ +b° +¢* —d > 0 1a phuong trinh

ctia mit cAu () ¢6 tam I (asbic), bankinh R =a® +9* +¢* —d.

4.2. Giao cia mit ciu va mit phang

Cho mt phang () va mat cau (s ) c6 phuwong trinh :
(): Ax+By+Cz+D =0

(S):(z—a) +

(y=b) +(z—c) = R*

Goi d(I;a) 1a khoang cach tir tam mat cau (S ) dén mat phéng a

Cho mét cau S(I;R) va mat phang (P).

Goi H 1a hinh chiéu vudng goc cua I 1én (P) =d=IH=d(I,(P)).

d>R

d=R

d<R

M3t cau va mat phang
khong c6 diém chung.

Mit phang tiép xdc mait cau:
(P) 12 mit phang tiép dién ctia

mat cau va H : tiép diém.

Mit phang cit mat cau
theo thiét dién la duong
tron c6 tdm I’ va ban kinh

r=+R’> - IH"
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4.3. Mgt s6 bai toan lién quan
4.3.1. Dang 1

(S) c6tam I (a;b;c) vabankinh R thi (S):(z—a)’ +(y—b)' +(z—c) = R’

4.3.2. Dang 2

() c6 tam I(a;b;c) va di qua diém A thiban kinh R = IA.
4.3.3. Dang 3

($) nhan doan thing AB cho trudc lam dudng kinh:

e Tam I 1a trung diém ctia doan thang: AB: z, = g =Ty A

e Bén kinh R:IA:A7B.

4.3.4. Dang 4
(S ) di qua bon di€ém 4, B,C, D (madt cau ngoai ti€p tit dién)
e Gia sit phuong trinh mt cau (§) c6 dang: o° +y” + 2° +2az +2by +2cz +d = 0 (*).
e Thay [an luot toa d§ ctia cac diém A, B,C, D vao (*), ta dwoc 4 phuong trinh.
e Giai hé phwong trinh d¢, ta tim dwgc a,b,¢,d = Phuong trinh mat cau (S ) )
4.3.5. Dang 5
(S ) di qua ba diém A, B,C va c6 tam I nam trén mit phang (P ) cho tredc thi giai tvong tw
dang 4
4.3.6. Dang 6
(S ) co tam [ va tiép xtc voi mdt cau (T) cho trudc:
e Xacdinhtam I vabankinh R' ctia mat cau (T )
* St dung diéu kién ti€p xuc ctia hai mat cau dé tinh ban kinh R cua mat cau (S ) (Xét
hai treong hop ti€p xuc trong va ngoai)
w Chay: Vi phuong trinh mat cau (S) c2t +yt + 2" + 208+ 20y +2c2+d =0

véia® +b” +c*—d >0 thi (S) ¢ tam I(—a;—b;—c)v‘abénkl’nh R = \/&2 +0*+c* —d.
Dac biet:
Cho hai mat cau S| (Il, Rl)v‘a S, (IQ, RQ).

e II < ‘Rl —RQ‘ & (Sl), (SQ) trong nhau

II,>R +R < (Sl), (SQ)ngo‘ai nhau

Il = ‘Rl — RQ‘ =3 (Sl), (SQ)tié'p xuc trong

II,=R +R, & (Sl), (SQ)tié'p xuc ngoai

‘Rl - RQ‘ <II, <R +R & (Sl), (52 ) cat nhau theo mdt dwong tron (dwong tron giao

tuyén).
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4.3.7. Dang 7

Viét phwong trinh mdt cau (S) co tam [ (a;b; c), tiép xtic véi mat phang (P) cho trudc thi
ban kinh mét cau R = d(I;(P))
4.3.8. Dang 8
Viét phuong trinh mat cau (S ) co tam [ (a;b;c), cat mat phang (P) cho trudc theo giao
tuyén la mot duong tron thoa diéu kién .
e DPuong tron cho trudc (ban kinh hodc dién tich hodc chu vi) thi ttr cong thitc dién tich
duong tron S = zr* hodc chu vi duong tron P =277 ta tim dugc ban kinh dwong tron
giao tuyén 7.
e Tinh d = d(I,(P))
e Tinh ban kinh mat cau R =d* + r*
e Két ludn phurong trinh mat cau.
4.3.9. Dang 9
Viét phuong trinh mat cau (S) tiép xtic véi mot duong thang A cho truwdc va cd tam
I (a; b; c) cho trudc thi duong thang A ti€p xtic véi mat cau (S) taco R= d([,A) .
4.3.10. Dang 10
Viét phuong trinh mat cau (S) tiép xtc véi mot duong thang A tai tiép diém M (g:o,yo,zo)

thudc A va cé tam I thudc duong thang d cho trwedc thi ta Jam nhuw sau:

Viét phrong trinh mat phang (P) di qua diém M va vudng goc véi duong thang A

Toadotam I = (P) N A la nghiém cua phuong trinh.

Béan kinh mit cdu R = IM = d(I,A).
e Két luan vé phuong trinh mat cau (S )
4.3.10. Dang 10
Viét phuong trinh mat cau (S) co tam [ (a; b; c) va cat duong thang A tai hai di€ém A, B thoa
man diéu kién:
e DO dai AB la mot héng sO.
e Tam gidc JAB la tam giac vudng.
e Tam giac IAB la tam giac déu.

Thi ta xac dinh d(I,A) =JH,vi AIAB cantai I nén HB = ATB va ban kinh mat cau R dwoc

tinh nhw sau:
e R=AIH*+ HB’
= IH
sin 45°
.« R= IH
sin 60°
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4.3.11. Dang 11

Tap hop diém la mit cau. Gia str tim tap hop diém M thoa tinh chit (P) nao do.
v" Tim hé thiic gitra cac toa do =, y, 2z cua diém M.
(z—a)l +(y—-0P+(z—c? =R* hodc: z°+y*+2"+2az+2by+2cz+d =0
v" Tim gidi han qui tich (néu co).
4.3.12. Dang 12
Tim tap hop tam mat cau

z = f(t)
v' Tim toa d0 cua tam I, ch?;‘mg han: <y = ¢(¢) (*)
z = h(t)
v Khtt ¢ trong (*) ta c6 phuong trinh tap hop diém.

v' Tim gidi han qui tich (néu co).

5. MOT sO DANG GIAI NHANH CUC TRI KHONG GIAN
5.1. Dang 1
Cho (P) va hai diém A,B. Tim M € (P)dé (MA+MB) ?
Phuong phap
e Néu A va B trdi phia so véi (P) = M, A, B thang hang= M = AB N (P)
e Néu A va B cung phia so véi (P) thi tim B' la d6i xiing cia B qua (P)
5.2. Dang 2

Cho (P) va hai diém A,B. Tim M e (P)dé ?

max

MA - MB

Phuong phap
e Néu A va B cung phia so v6i (P) = M, A, B thing hang= M = AB N (P)
e Néu A va B trdi phia so véi (P) thi tim B' la d6i xting ctia B qua (P)
= |MA - MB'|= AB"
5.3. Dang 3
Cho diém M (1: iU zM) khong thuQc cac truc va mat phéng toa dd. Viét phuong trinh (P)
qua M va cit 3 tia Oz,0y,0z Tanluot tai A, B,C sao cho V nho nhat?

0.ABC

Phuong phap (P) : 3§ + 3;/ + 35 =1
M

M

M
5.4. Dang 4
Viét phrong trinh mat phang (P) chtta duong thang d, sao cho khoang cach tir diém M ¢ d
dén (P) 1a 16n nhat?
QuaAed
Phuong phap (P) : ;(P) _ [[;d’m]’;d}
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5.5. Dang 5
Viét phrong trinh mat phang (P) quaA vacach M mot khang 16n nhat ?
Phuong phap (P) : {QU&A e
nr) =AM

5.6. Dang 6
Viét phrong trinh mat phang (P) chtta duong thang d, sao cho (P) tao véi A (A khong
song song voi d) mot goc 1on nhat la 16n nhat ?
QuaAe d

Phuong phap (P) 19 S
n(p) = [[u(z, ’UJAJ,’ZM}
5.7. Dang 7
Cho A// (P) Viét phuong trinh duong thang d nam trong (P) song song véi A va cach A
mot khoang nho nhat ?
Phuong phap

Qua A’
Ldy Ae A, goi A’ la hinh chiéu vudng goc ctia A trén (P) thi d: {~ -
Ud = UA
5.8. Dang 8
Viét phuong trinh duong thang d di qua diém A cho triedc va nam trong mat phang (P) cho
truede sao cho khoang cach tir di€fm M cho trude dén d la 16n nhat (AM khong vudng goéc voi

(P))?

QuaAe d
Phuong phap d

N = [&p),ﬂﬂ

5.9. Dang 9
Viét phirong trinh duong thang d di qua diém A cho trude va ndm trong mét phang (P) cho trude
sao cho khoang cach ttr diém M cho trudc dén d la nhoé nhat (AM khong vudng goc voi (P) )»?

QuaAe d
Ph ha d:<- NI
uwong phap Ug = [[H(P), AMi|7n(P)i|

5.10. Dang 10
Viét phuong trinh dueong thang d di qua diém Ae (P) cho trwedc, sao cho dnam trong (P)
va tao v6i duong thang A mot géc nho nhat (A cat nhung khong vudng goc voi (P) )?

Phuong phap
QuaAe d

S = [ 43 | i |
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MUC LUC

PHAN L. UNG DUNG PAO HAM DE KHAO SAT VA VE PO THI HAM SO..1

I. SUDONG BIEN NGHICH BIEN CUA HAM SO ... 1
I CUC TRIHAM SO oo s e e e s s s s se s s e ses s s s es s s s esseseesesons 3
1. MOT SO DANG TOAN LIEN QUAN DEN CUC TRIHAM SO ... 5
IV. GIA TRI LON NHAT - GIA TRINHO NHAT ... e s s s 9
V. DUONG TIEM CAN CUA DO THIHAM SO oo s e s es s 10
VI. KHAO SAT SU BIEN THIEN VA VE DO THIHAM SO ..o 11
VL TTE P TUY BN oo, 15
VIIL TUONG GIAO DO THI .o ses e s e s s s s s e s s s s e see s sseseres s 17
IX. DIEM DAC BIET CUA HO DUONG CONG ..o s res s es e s s s 18
PHAN IL MU VA LOGARIT ceeeeeeeeeeeeeeeevee e vesvsssessessessesessessessssssssssssssssssssssassasens 22
LLOY THUA VA HAM SO LUY THU A oo, 22
L LOGARIT oo, 24
IIL. BAT PHUONG TRINH MU VA LOGARIT ... oo, 25
IV. BAI TOAN LAT SUAT NGAN HANG .o, 26
PHAN III. NGUYEN HAM - TiCH PHAN UNG DUNG TiCH PHAN.............. 28
L N GUY BN H A oo e e, 28
2. CAC PHUONG PHAP TINH NGUYEN HAM ..o 30
B TECH PHAN oo e e e e 32
4, PHUONG PHAP TINH TICH PHAN . ... oo e, 33
5. TICH PHAN CAC HAM SO SO CAP COBAN ..o, 34
6. UNG DUNG TICH PHAN ... e e v s s s s see e e sesesesesesesesesasaesesesessenns 40
PHAN TV. SO PHUC aeeeoeeeeeeeeeeeeveeveevesvseesssssssssssssssssssssesssssessessessssssssssssssssssssssasssens 42
L S0 PHUT C oo 42
2. PHEP CONG TRU NHAN CHIA SO PHUC ..o s s s s s s 43
3. TAP HOP DIEM BIEU DIEN SO PHUC oo 43
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4. PHUONG TRINH BAC HAI VOT HE SO THUC ..o 44
5. BAI TOAN LIEN QUAN DEN MAX = MIN MO DUN SO PHUC ..., 44
PHAN V. KHOT DA DIEN .oooeoeeeeeeeeeeeseeessesssesssesssesssessssssssssssssssssssssssssssssssssssssssees 45
1. KHOI LANG TRU VA KHOI CHOP.....ooooeeoeeeeeeeeeeeeeeee oo s e ee s es s s s e 45
2. KHAI NIEM VE HINH DA DIEN VA KHOI DA DIEN .oooooeoeeoeoeeeeeeee e 45
3. HAT DA DIEN BANG NHAU. ..o e oo s oo s oo 46
4. PHAN CHIA VA LAP GHEP CAC KHOI DA DIEN ..o, 47
5. KHOT DA DIEN LOL ... s eee e e s e v sesses e s s s e ses s s e s s s ssesseses s s eres s 47
6. THE TICH KHOIDA DIEN ..o e e s s s e ses s s s s s s sss s s s 48
7. CAC CONG THUC HINH PHANG oo, 49
8. MOT SO CONG THUC TINH NHANH THE TiCH KHOI CHOP THUONG GAP........... 50
9. CAC CONG THUC DAC BIET THE TICH TU DIEN ..o 53
PHAN VL. MAT NON - MAT TRU = MAT CAU.eooeeeeereeseeeseesssesssesssssssesssessssssees 54
1. MAT NON TRON XOAY VA KHOTINON . .....oeooeeeeeeeeeeeee oo ee e e s e s e sesesses s 54
2. MAT TRU TRON XOAY .ot e et e e e e e see e s s eseseseeeeeseeeeseeasesesesesseseseseseseseen. 55
3. MAT CAU = KHOT CAU ..o e e s s s e s s s s s s s s e s sseseres s 56
4. MOT SO DANG TOAN VA CONG THUC GIAT ..o oo es e res s 57
5. MOT SO DANG TOAN VA CONG THUC GIAI BAI TOAN MAT CAU....ovovoveeeeeerens 61
6. TONG HOP CAC CONG THUC PAC BIET VE KHOI TRON XOAY .ooeoveeeeeeeeeeeeeeren, 66
PHAN VIL HE TRUC TOA PO TRONG KHONG GIAN OXYZ...onveneerrreerrenn. 68
1. HE TOA DO KHONG GIAN ... e oo sesesee e aesesesesesesesesesesseseseseseseseseseseseesees 68
D MAT PHANG oo e e s e e s 70
3 D UONG THAN G oo, 74
B MAT CAU oo e e e s e s e st s e s e s s e s e s s s e s s s s s e s e s s s s e s s s ses e res s 82
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