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§1 Bodé1- f(zx+A) =f(z)+B

R N
Bo del.1

Cho cac ham s6 f,g,h : Rt — R théa man

f(g(z) +y) =h(x) + f(y)

2

v6i moi s6 thyc duong x,y. Khi d6 ham % 13 ham hing.

- J

~—

Chitng minh. Ky hi¢u P(z,y) chi khang dinh f (g(x) +y) = h(z) + f(y),Vo,y > 0. T
P (z,y — g(x)) ta suy ra

fly—g(@)=fy) —h(x),Yz>0y>g(z).

Vé6i z,y > 0 va p,q € Z* sao cho pg (z) — qg (y) > 0, tit cic ding thiic trén ta dé dang
chiing minh dugce

f(z+pg(x) —aq9(y)) = f(2) +ph(z) —qh(y)

v6i moi z > 0. Néu ph (x) — qh (y) < 0, khi d6 ta thay (p,q) béi (kp, kq) v6i k nguyen
duong da 16n thi
f(z) + ph(x) — qh (y) <0,
vo 1. Nhu vay
pg (x) > qg (y) = ph(z) = qh(y) Va,y >0,
hay
9(@) _q_ h=x) _4q

L s s L > Vry > 0.
o) p hy) " p Y

khi d6 ta c6 thé chon p,q € Z* sao cho

—

h(z
(y)’

[

.2 2 &
Gié st e >

~
>

diéu nay mau thudn véi chitng minh trén. Vay

W)  g@) _ h() _ h(y)

= = = vx, y > 0.
hy) ~ g(y)  g(x) ~ g(y)
Thay ddi vai tro z,y trong danh gia trén ta thu duge % = % =c Va,y>0. O

Binh luan 1.2. Mot cach chitng minh khéc ctia ban Ngo Quy Ding: gid s ton tai

w,v > 0: D) =+ h(a:) a h(u) =a, A @) = b. Khong méat tinh tdng quat, gia sit a > b.
g(u) " g(x) g(u) 9(x)
Véi moi z > 1, hién nhién ton tai y > 0 théa
z—1
z=y+ {J -g(u). 1
| e 1)

Tt phuong trinh (1.1) suy ra

fly+ng(x)) = f(y) + nh(x),Vz,y > 0,n € N.
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Ta co

s+ 1 (v |2t ] o) = £0) + | 22| hiw) @)

Déng thitc trén ding v6i moi > 1 con y phu thuoce vao = theo quan he (1). Thay = béi
2 + ng(v) vao (2) suy ra

£(2+ ng(v)) = f@y) + LWJ h(w) > 0+ (”9%)“ _ 1) - h(w)

ng(v) +1
= f(2) + nh(v) > <g(u) - 1) - h(u)
f(2) +nbg(v) > a(1 + ng(v) — g(u))
= n(a —b)g(v) < f(2) + ag(u) — a,Vn € N*.

Diéu nay vo 1y khi cho n — +o0. Bai toan dugc chimg minh.

B6 dé nay sé 1d mot cong cu hiéu qua dé ta giai quyét cac bai toan phuong trinh ham cé
dang "ntta tuan hoan" f(z + A) = f(x) + B hoiic céc bai c6 thé dua vé dang nay.

Can Iuu ¥ rang cac ham g, h 1 cac ham s6 doc lap vé6i bién .

Dé thay ro thay sy hieu qua ctia bd dé, ta xét mot sd bai toan sau:

Bai toan 1.3 (VMO 2022)
Tim tat cd ham s6 f : RT — RT thoéa man

f<@+y> =1+ f(y)

v6i moi s6 thyc duong x, y.

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ap dung bd dé (1.1) ta suy ra ton tai sé thuc duong ¢ sao cho

f(x)

= =c= f(z) =cx Vz>0.

Thay lai vao phuong trinh ban dau ta suy ra

C(C+y)_f<f(;)+y> =l+cy=c=1

Nhu vay f(x) =2 Vz >0.
O

Binh luan 1.4. Ta ciing c¢6 thé gia st @ khong 1a ham hing. Khi d6 ton tai a,b > 0
phan bigt cho cho £ > S Khi do

f(fia)er):f(féb)wLy):f(y)Jrl vy > 0.

Pat K = {0 — S@ ypyvay f(2) = fle+ K) Vo> L9,

a
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Mzt khac, tir gid thiét, ta co
f <y+nfia)> =fy)+n>n

hay f(z) > n v6i moi z > n@ Vé6i z > 0 ¢6 dinh, ta chon n = | f(x)| +2 > f(x) va s6
nguyén duong m sao cho z + mK > n@, nhu vay f(z+mK) >n > f(z) = f(x + mK),
vo ly. Do d6 f(z) =cx Vz > 0.

Bai toan 1.5
Tim tat cd ham s6 f : Rt — R* théa man

fx+f(y) =2y + f(z)

v6i moi s6 thyce duong x, y.

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ap dung bd dé (1.1) ta suy ra f(y) = 2ay Yy > 0 v6i a > 0 1a hing sb.
Thay vao phuong trinh ban dau ta suy ra 4a? =2 = a = %

Vay f(z) = v2x Va > 0. Thit lai ta thay ham s6 nay théa man yeu cau.
]

Binh luan 1.6. Ta ciing c¢6 thé giai bing phuong phap thém bién. Ky hieu P (z,y) chi

khing dinh f (z + f(y)) =2y + f(z) Va,y > 0.
Gié stt a,b > 0 sao cho f(a) = f(b), tit P (z,a),P (z,b) ta suy ra

2a+ f(zx)=f(x+ f(a)) = f(x+ f(b) =2b+ f(z) = a=b.
Vay f 1a don anh. T P (z,y + z) ta suy ra

f@+fly+2)=2y+2)+ f(z)
=Qy+f(x)+22=f(x+ fly) + f(2)) Vz,y,2>0.

Ma f la don anh nén ta suy ra f (2 +y) = f(2) + f(y) hay f(z) = ax,Vx > 0. Thay vao
phuong trinh ban dau ta tim duge a = /2.

Bai toan 1.7 (Balkan MO 2021)
Tim tat cd ham s6 f : RT — RT théa man

fle+ @)+ f(y) =2f(2) +y

v6i moi s6 thuyc duong x, y.

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky higu P(x,y) chi khang dinh f (z + f (z) + f (y)) = 2f (z) +y Va,y > 0. Tt P(1,y)

ta suy ra
FA+FO)+fW)=2fD)+y Vvy>0.

Mat khac tit P (x,1+ f (1) + f (y)) ta suy ra
fl@+f@)+2f (1) +y)=Cf (@) +1+F1) + f(y) Vo,y>0.
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Ap dung b dé (1.1) ta suy ra ngay % =c¢ Vx>0 (v6i ¢ > 0 la hing s6) hay

(c=2)f(x) = —cx+ f(1) +2cf(1) + 1,V > 0.

Néu ¢ = 2 thi ta thay ngay diéu vo 1y, do d6 ¢ # 2. Suy ra f(z) =ax +b Vz > 0.
Thay vao phuong trinh ban dau ta tim dugc a =1 va b = 0.
Vay tat cad ham s6 théa man yéu cau bai toan 1a f(z) = z,Va > 0. O

Binh luan 1.8. O bai toén trén, ta da tinh dude f(C + f(y)) = D +y, tit d6 thay y bdi
C+ f(y) vao phuong trinh ham ban dau thi thu dugce phuong trinh dang f(y+A) = f(y)+ B
quen thuoc.

Bai toan 1.9
Tim tat cd ham s6 f : Rt — RT thdéa man

f(fx+f(x)+y) =22+ f(y)

v6i moi s6 thuc duong x, y.

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ap dung bd dé (1.1) ta suy ra

f(x+ f(z)) =2cx V>0
v6i ¢ > 0 1a hing s6. Thay vao phuong trinh ban dau ta thu duge
fQ2cx+y)=2x+ f(y) Va,y>0.
Ta thay = béi 5 vao déng thic tren thi duge
fe+y) =2+ fly) Voy>0.

Thay déi vai tro ,y trong phuong trinh trén vi déi chiéu vé6i chinh né ta thu dugce

Jety) ="+ 1) ="+ @) Yo.y>0,
hay f(z) = £ + a,Vz > 0. Thay vao phuong trinh ban dau ta tim duge f(z) = x.

Vay tat cad ham s6 théa man yéu cau bai toan 1a f(z) = z,Va > 0. O

Binh luan 1.10. Viéc st dung bd dé khong gidi quyét hoan toan bai toan nay, nhung né
da gitp dua bai toan vé dang don gian va quen thudc hon.

Bai toan 1.11
Tim tat cd ham s6 f : Rt — R* théa man

f(xz+ flz)+y)=2f(z) + f(y)

v6i moi s6 thyce duong x, y.
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Léi gidi. Ap dung bd dé (1.1) ta suy ra ngay
2f(z) =c(x+ f(z)) Ye>0= f(x)(c—2)=—cx V>0

v6i ¢ > 0 1a hing s6. Néu ¢ = 2 thi —2z = 0,Vx > 0, vo ly. Do d6 ¢ # 2, suy ra
f(z) = az,Vx > 0. Thay vao ta tim dugc a = 1. Vay f(z) =2z Vo > 0. Thi lai ta thay
ham s6 nay théa man yéu cau bai toan.

U

Binh luan 1.12. Mot huéng tiép can khac cho bai toan dé ban doc c6 thé thiy duge "do
manh" ctia bd dé:

Nhén xét 1.13 — f(z+ f(z)) = 2f(x),Vz > 0.

Chitng minh. Tit P (z,1+ f(1)) ta suy ra
fla+fle)+1+fQ)=2f(x)+fQ+f(1)) Vz>o0.
Mat khac, tit P (1,2 + f(z)) ta suy ra
fA+f)+z+ f(z)=2f1)+ f(x+ f(z)) Vz>D0.
Tit hai ddng thitc trén ta suy ra
flx+ f(z))=2f(x)+¢c Yz >0

véic= f(1+ f(1)) —2f (1) € R. Ta ching minh ¢ = 0. V6i z,y,z > 0 va y + ¢ > 0 tir
Px+ f(z)+2,y+c) tasuyra

fFE+f@E) +z+3f () +y+o)=Ffy+e)+2f(2) +4f (z).
Tit P (2,2 +3f (z) +y + ¢) ta suy ra
fe+fR)+x+3f(@)+y+e)=f(z+3f(x)+y+c)+2f(2).

Két hgp hai ding thiic trén ta suy ra

fle+3f@)+y+e)=fy+eo)+4f(z).
Mat khac tit P (z + f(z),y) ta thu duge

fl@+3f(x)+y+c)=f(y) +4f(z)+2c
Do d6 f (z + ¢) = f(x)+2¢, Yz > 0 théa z+c > 0. Tt P (xz + ¢, y) tasuy raf (z + f(z) + y)+

6c=2f(z) + f(y) +4c=c=0.
O

Nhan xét 1.14 — f 1a don anh.

Chitng minh. Gia st ton tai a > b > 0 sao cho f(a) = f(b) = d.

Tt P(a,z) va P(b,z +a—b) tasuyra f(z+a—0b) = f(z) V&> 0. T day bing quy
nap ta ching minh duge f (z) = f (z +n(a—>b)) Vo >0véimoineZ. Véiz >0 va
n € Z* théa man n(a — b) > f(z), ttt P(z,n(a —b) — f (z)) ta suy ra

fle+n(a=0b))=f(n(a-0b)—f(z))+2f(z)
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hay
f(n(a=b)—f(x)+f(z)=0,
vo ly. Vay f 1a don anh.

Nhén xét 1.15 — f(x) = x v6i moi s6 thyc duong z.
Chitng minh. Ky hieu Q(z) chi khing dinh f (z + f(z)) = 2f(z) Vz > 0.
Tu P (z,z + f(z)) ta suy ra
f(2z +2f (x)) = 4f (z) , Yz > 0.
Tu Q (x + f(z)) ta thu duge
f(x+3f(z) =4f () Vx> 0.

Do do
flx+3f(z))=f(Q2x+2f(x)) Vx>0.

Két hgp vdéi f 1a don anh ta suy ra f(z) =z Vo > 0. O

Bai toan 1.16
Tim tat cd ham s6 f : RT — RT théa man

FUf @) F(f (@) +y)=2f(2) + f(y)

v6i moi s6 thuc duong x, y.

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(z, ) chi khing dinh f (f (2) f (f (2)) + 1) = 2 (&) + F (5) Va,y > 0.

Nhan xét 1.17 — f(f(z)) =2 Vz>0.

Chatng minh. St dung bo dé (1.1) ta suy ra
f@) f(f(@)=caf(x)=f(f(x) =cx V>0

vdi ¢ > 0 1a hing s6. T d6 ta suy ra f 1a song a4nh va

cf () = f(f(f (@) = f(cx) V&>0.
Chi § ring P(x,y) c6 thé viét lai thanh f(cxf(x) +y) = xf(z) + f(y) Vz,y > 0.
Tt phuong trinh ban dau, tac dong f hai vé ta thu dugc
Faf@)+ fy) = f(f(F @) f(f @) +y) =afe) +ey Yo,y >0,
Do f la toan 4nh nén tit dang thic trén ta thay y = f (%) véi z > 0 nao doé thi duge
f@f(z)+2) = caf(cx) + f(2) = [ (Caf(z) +2).

Tu day, do f la don &nh nén ta suy ra ¢ =1 hay f(f(x)) =2 Vz > 0. Khi d6 P(z,y)
viét lai thanh

fxf(x)+y)=af (x) + f(y),Vo,y > 0.
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Nhan xét 1.18 — f(y) >y —zf(z) Vz,y > 0.

Chatng minh. T P(z,y) bang quy nap ta ching minh dugc
Qz,y,n): f(y+naf(z)) =f(y) +nzf(z) Vr,y>0,neN.

Gia st ton tai x,y > 0 sao cho f(z) > f((y)) + 1. Khi d6 ton tai n € N* sao cho

y f(y)
of@ "7 af (@)

khi d6 y —nxf(z) > 0va f(y) < nxf(x). Tu Q (z,y — nzf(x),n) ta suy ra
fy) = [y —nef(z)) +naf (x) > naf (2),

) =
mau thuan. Vay f(:r) < xj;(( )) +1hay fly) >y —af(z) Vz,y>D0. O

Tt danh gia trén, ta thay y bdi f(y) thi duge

y= fly) —xf(x) Va,y>0.
Do doé
y+af(x) > fly) 2y—af(x) Vo,y>0. (*)
Chu y réng ta c6
0<yf(y) <y’ +ayf(z) Vo,y>0.
Tu day ta suy ra yllréi yf(y) = 0. Khi d6, tir (*) cho z — 07, suy ra f(y) =y, Yy > 0.

Thit lai ta thay ham s6 nay thoéa man yéu cau bai toan.
Vay tat cd ham s6 thda méan yéu cau bai toan la f(z) =z Vr > 0.

]
Bai toan 1.19 (Balkan MO 2022)
Tim tat cd ham s6 f: Rt — RT théa man
f (vf@?® +2) = 2*f(y) + (=)
v6i moi s6 thyce duong x, y.
Loi gidi. Gid st ton tai ham s6 théa man yéu cau bai toan.
K¢ hicu P(z,y) chi khing dinh f (yf(ac)3 + x) = 23 f(y) + f(z) Y,y > 0.
Nhan xét 1.20 — Ham f ting nghiém ngat.
Chatng minh. V6i hai s6 thuc y > x > 0, tit P < f( 3 ) ta suy ra
y—x
1) = (A5) + @) > 1(a),
f@)?
chitng minh hoan tat. O
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Nhan xét 1.21 — f(1) = 1.

Clutng minh. Gia st f(1) < 1, khi d6 tit P (1, %) ta suy ra f(1) = 0, vo ly.

Nhu vay f(1) > 1.

Gid st f(1) > 1, tit P(1,1) suy ra f (1 + f(1)3) = 2f(1). Khi do tit P (1 + (1), 1) ta
dugc

£ (9700 +1) = FO) (710 +1)” 4 27(1).
Mit khéc, tit P(1,9) ta cing c6 f (9f(1)3 + 1) = £(9) + f(1). Nhu vay
70) = 10 (70 + 1) 410 = 10 (707 + 1) 1) > 1) (14 1%+) = 0510)
Tu P(1,y) suy ra f(y)+ f(1) = f (yf(1)3 + 1) > fly+1)= f(9) <9f(1), mau thuan.

Vay f(1) = 1.
O

| Nhan xét 1.22 — f(y+n)= f(y)+n Vy>0,neN.

Chitng minh. Tu P(1,y) tasuy ra f(y +1) = f(y) +1 Vy > 0. Tt day bang quy nap
ta ching minh duge f(y +n) = f(y) +n Vy > 0 v6i moi n nguyén duong. O

Nhén xét 1.23 — f (y—i— f(x)3> = f(y)+x3 Vz,y>0.

Chitng minh. Tu P(xz,y + 1) ta thu dugc

(0@ +a+1@)°) =2 f) + f2) +2° = f (3 (@) +2) +a® Va,y>o0.

Véi hai s6 thyc y > x > 0 ta thay y béi ;/(;;:3 thi dugc

fy+1@?) = ) +a*
Véi z,y > 0 bat ky, ta chon s6 nguyén duong n di 16n sao cho y +n > x, khi d6

flotnt @) =sw+m+o® = £ (y+ 1)) = f0) +a*
O

Ap dung b dé (1.1) ta suy ra f(z)® = k2® = f(z) = ax Yz > 0. Thay lai vio ta dé&
dang tim dugc f(x) =x Vx> 0, thit lai thay ham s6 nay théa man yéu cau bai toan.
]

Binh luan 1.24. Ban doc c6 thé so sanh véi cach giai 2 clia bai toan nay & phan 2 clia bai
viét.
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§2 Bodé2- f(x+ A +B=f(z+C)+D

R N
Bo de 2.1

Cho ham s6 g : Rt — R v cac s6 thyc duong a;, b;, ¢;, d; v6i i = 1,2 théa man

glx+a)+br=gx+c1)+dr

va,
g(CE + CLQ) + by = g(a? + Cg) + dg

véi moi & > 0. Khi d6 ton tai s6 thyc A > 0 sao cho d; —b; = A(a; —¢;) v6ii € {1;2}.
(G

Chatng minh. Néu a; = c1 thi by = di, ag = ¢ thi by = ds. Ta xét truong hop a; # ¢; véi
i =1,2. Khong giam tinh tdng quat, gid st a; > ¢; véii = 1,2.

Ta ching minh d; > b; v6ii=1,2.

Gia stt dy < by, tit gia thiét, bing quy nap ta chitng minh duge

gx+ N(ay —c1) =g(z) + N(by —dy) Vx>0, N".
C6 dinh * > 0 va cho N — 400 thi N(by — dy) — —oco diéu nay mau thuan véi
g:RT = RT.
Ta chitng minh bing phan chiing, khong gidm tinh tdng quat ta gia sit

di —b do — b
1 1> 2 220‘
al — C1 ag — Co

Néu dy = be thi g(x + a2) = g(z + c2) Vz > 0. Khi d6, bang quy nap ta chi ra duge
g(x) = g(x +N(CL2 — ag)) = g(x +N(CL2 — CQ) — M(a1 — 61)) —I-M(dl — bl) > M(dl — bl)

voi M, N 1a cac s6 nguyén duong sao cho = + N(ay — c2) — M(a; —¢1) > 0.
Chii ¥ réing v6i M > 0 thi ta c6 thé chon N dii 16n sao cho z+ N (ag—co) — M (ayz—cp) > 0.
Khi d6, ¢6 dinh z du 16n va cho M — +oo thi g(x) — +00, diéu nay mau thuan.
Nhu vay do > bs.
d1—by

. Pa z al1—cC1 . Pe X . P A ~
Lic do, ta c6 Db aros 0. Khi d6 ton tai cac s6 nguyén duong m,n sao cho

dl—bl m a1—01>0.

do—by n  az—c
Diéu nay dan dén v6i x > 0 du lén thi
9(x) = g(z+m(ag—c2))—m(d2—b2) = g(z+m(az—cz)—n(ai—c1))+n(di—b1)—m(da—b2).
Do u =m(az — c2) —n(ay — c1) > 0,v = n(d; — by) — m(da — b2) > 0 nén ta suy ra
g(x)=g(x+u)+v Vz>0.

Khi d6, bang quy nap ta chi ra duge g(z) = g(x + nu) + nv > nv v6i moi s6 nguyen
duong n. T day, c¢d dinh > 0 vA cho n — +oo ta thay ngay diéu vo ly. Nhu vay, ton
tai A > 0 sao cho d; — b; = A(a; — ¢;) v6i i € {1;2}. Chiing minh hoan tat. O

Nhu vay, bo dé (2.1) cling mang "hinh dang" g(x + A) = g(z) + B va ¢6 cach ching
minh tuong ty nhw (1.1) khi phét hien duge s6 hitu tj duong 2 tit d6 van dung céc tinh

10
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chat ctia ham "ntta tuan hoan" (f(z + a) = f(x) + b). Trong céc bai todn phuong trinh
ham st dung bo dé nay, ta tap trung chi ra phuong trinh

flx+a)+b=f(x+c)+d
v6i a, b, c,d c6 the 1a biéu thitc theo y, 2, f(y), f(2), f(y + 2), ... Khi d6 4p dung bd dé ta
suy ra a — ¢ = k(d — b), day c6 thé 14 cong cu miy chét dé ta gidi quyét duge bai toan.
Dé chi ra phuong trinh ké trén thuong st dung phuong phap thém bién, cha ¥ tinh déi
xting, ban déi xtng,...
Ta xét mot s6 bai toan minh hoa:

Bai toan 2.2
Tim tat cd ham s6 f: Rt — RT théa man

flz+fy) =f(x)+y

v6i moi s6 thyc duong x, y.

Loi gidi. Gia st ton tai ham s6 thdéa man yéu cau bai toan.
Ky hieu P(z,y) chi khang dinh f(z + f(y)) = f(z) +y Vaz,y > 0.
Tw P(z,y) va P(x,z) ta suy ra

fatfy)+z=[fla+f(z)+y V,y,z>0.
Ap dung bd dé (2.1) ta suy ra ton tai s6 thyuc k > 0 sao cho

)= f(z) =kly—2) Vy,z>0.
Thay z = 1 ta suy ra ngay f(y) = Ay + B Vy > 0, v6i A, B la cac hang s6. Chua y rang
A >0va B >0 (vinéu khong thi f(xz) = B <0 khiz — 07).
Thay lai vao phuong trinh ban dau thi dé dang tim duge f(z) =« Vz > 0. Thi lai ta
thay ham s6 nay théa méan. O

Bai toan 2.3
Tim tat cd ham s6 f: Rt — RT théa man

f(f(@) +y) = f(z) + 3z +yf(y)

v6i moi s6 thyce duong x, y.

Loi gidi. Gia sit ton tai ham s6 thda man yéu cau bai toan. Ky hieu P(z,y) chi khing
dinh f(f(z) +y) = f(z) + 2 +yf(y) Ve,y>0.
T P(x,y) va P(z,y) ta suy ra

fly+ f@)+f(z)+2=fly+f(2)+ fla) +z Vz,y,2>0.

St dung bd dé (2.1) ta suy ra ton tai s6 thuc k > 0 sao cho

f@) = f(z) = k(f(z) + 2= f(z) —2) Vy,z>0.

Néuk =1thioa—2=0 Vz,z >0, voly. Do dé k # 1. Thay z = 1 ta suy ra
f(z) = Ax + B véi A, B 1a cac hang s6 khong am (vi néu A, B < 0 thi lan lugt cho
x — 0% va r — +o00 ta thay ngay diéu vo 1y).

Thay lai vao phuong trinh ban dau ta thiay khong ton tai ham s6 nao théa mén. O
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Binh luan 2.4. V6i hai bai toan trén, ta da thu duge phuong trinh mong muén chi véi
thao tac thém bién va cong dai s6 don gian.

Déi v6i Bai toan 2.2 ta c6 thé stt dung bd dé (1.1) dé suy ra ngay f(x) = kz. Tuy nhién, &
bai nay phuong trinh ban dau lai c6 dang f(y + A) = g(y) + B nén khong thé sit dung bo
dé & phan 1.

Mot cach tuong ty, ta ciing ¢6 thé giai cdc phuong trinh ham c6 dang

fzx+A)=g(x)+ B

v6i A, B 1a cac biéu thic theo bién v, 2.

Bai toan 2.5
Tim tat cd ham s6 f : RT — RT théa man

flz+ f(y) = flz+y)+2y

v6i moi s6 thiye duong x, y.

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hiéu P(z,y) chi khang dinh f(x + f(y)) = f(z +y) +2y Va,y > 0.
Tu P(z + z,y) ta thu dugce

fle+z+fy) =fle+y+2) +2y VYa,y,z>0. (1)
Thay ddi y, z trong phuong trinh (1) ta suy ra
fle+y+ f(2)=fle+y+2)+22 Vr,y,z>0. (2)
T (1) va (2) suy ra
fla+z+fy) +22=fle+y+ f(2) +2y VYa,y,z>0.
Ap dung bd dé (2.1), khi d6 ton tai k > 0 sao cho
(z+ () —y = f(2)) = k(2y = 22) Vy,2>0.

Thay z = 1 ta suy ra ngay f(y) = Az + B Vx> 0 véi A, B la cac hing s6. Chu y rang
A >0va B >0 (vinéu khong thi f(z) = B <0 khiz — 07).

Thay lai vao phuong trinh ban dau ta tim duge f(z) = 2x Va > 0. Thi lai ta thay ham
s6 nay théa man. n

Binh luan 2.6. Ta thiy ring néu tién hanh nhu Bai toan 2.2 thi khong thé tao ra phuong
trinh ¢6 dang f(z+a)+b = f(z + ¢) + d. Tuy nhién ta da gidi quyét dugc van dé trén bang
cach thém bién z méi dé tao ra biéu thitc déi xting f(z +y + z) (thudng dimg trong thém
bién), tit d6 tién hanh cong dai s6 dé thu dugc phuong trinh mong muén.

Bai toan 2.7
Tim tat cd ham s6 f : Rt — R* théa man

f(f(z) +2y) = f(2z +y) +2y

v6i moi s6 thyce duong x, y.
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Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(z,y) chi khing dinh f(f(z) +2y) = f(2x +y) + 2y Vz,y > 0.
TUfP( ()—I—x)tasuyra

fRx+ f(2)+ f(y) =f (x+22+f(2y)> + f(y) +2z Vz,y,z > 0.

Thay doi vai tro clia ¥, z trong phuong trinh trén va doi chiéu véi chinh né, ta suy ra

f<x+2z—|—f(2y)) +f(y)—f<w+2y+f(2z)> + f(2) Va,y,z>0.

Ap dung bd dé (2.1) ta suy ra ton tai k > 0 sao cho

fz

oy + I o T ki) ) iz >0

Thay z = 1 ta suy ra ngay f(y) = Az + B Vx> 0 véi A, B la cac hing s6. Chu y rang
A >0va B >0 (vinéu khong thi f(z) — B <0 khi z — 07).

Thay lai vao phuong trinh ban dau ta tim duge f(z) = 2x Va > 0. Thi lai ta thay ham

sO nay thoéa man. O

Binh luan 2.8. O bai nay, mot 1an nita ta lai stt dung ki thuat them bién dé tao ra vé déi
xing f(2x + f(2) + f(y)), tit d6 thu duge phuong trinh mong mudn.

Ta hoan toan cé thé giai bai nay bing phuong phap thém bién nhung kha phtc tap. Ngoai
ra, ciing c6 thé khai thac tinh chat f(x) > = dé gidi quyét bai toan theo huéng sit dung tinh
don diéu ctia ham sb.

Bai toan 2.9 (Balkan MO 2022)
Tim tat cd ham s6 f : Rt — RT thoéa man

f (4 @) +2) =2*f(y) + £(=)

v6i moi s6 thyce duong x, y.

Loi gidi. Gid st ton tai ham s6 théa man yéu cau bai toan.
Ky hiéu P(z,y) chi khang dinh f (yf(x)3 + x) =23f(y) + f(z) Va,y>0.
T P(1,y) suy ra f (yf( 13+ ) = f(y) + f(1) Vy > 0. Néu f(1) < 1 thi ti day, ta

thay y bdl ( P thi duge f(1) =0, vo ly. Vay f(1) > 1

Tu P (a:,yf( ) + z) va P(z,y) ta suy ra véi moi s6 thyc x,y, z thi

(0P F @) +2f@) +a) = 2 f () + 2 F(2) + f (). &)
T (1), ta thay ddi vai tro z, z thi duge

I (@£ + 0f () + 2) = 202 F(y) + 2 f(2) + £(2). (2)
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Tit hai dang thite (1), (2) ta suy ra v6i moi z,y, z > 0 thi
I (uf @I+ 2f (2 4 2) 42 F ()41 (0) = | (0P F@) 4 2f(2)° + 2) +2° F @)+ £(2)

tu day thay y bdl 3 thi dugce

oy
f@)Pr(z)3
fly+zfz >+x3f fa)=f|y+2f@)’+z|+25f(2)+ f(2).

c d

Ap dung bd dé (2.1) ta suy ra ton tai sb6 thuc a > 0 sao cho
(1) + £(2) = (22 f(2) + f@) = (2f(2)° + 2 = 2f(@)* —2)  Va,z>0. (3)

Néu o = 0 tir (3), thay z = 1 ta duge f(1) —23f(1) =0 Va >0, vo ly. Nhu vay a # 0,
khi d6 dat a = 1 va thay z = 1 vao (3) ta suy ra v6i moi z > 0 thi

af(1) —af()2’ = zf(1)* +1 - f(x)’ -z

= f@) =af (e +2 (F)° = 1) +1 - af (D).
Gia st 1 — af(1) < 0, khi d6 cho z — 0T thi f(z)®> - 1 —af(1) < 0, vo ly. Vay
1—af(l) >0va hm f(z) = /1 —af(l) = k. Hién nhien f lien tuc R, tit P(z,y) ta
c6 dinh > 0 va cho Y — 0+ thi duge f(x) = 23k + f(x) hay k = 0. Nhu vay af(1) =1
Thay vao ta duge f(z)* = 23 + (f(1)3 - 1) ¢ Vx>0 Dat f(1)=b>1. T P(1,1)
suy ra f (1 + %) = 2b. Cha ¥ réng ta ciing c6

FA+6%) = b9+ 465 + 367,

khi d6
b? 4+ 4% +3b° = 8b* < b® (B° +4b° —5) =0 b= 1.

Diéu nay dan dén f(2)® = 23 hay f(z) =2 Vz > 0. Thit lai thédy ham s6 ny thoa man.
Vay tat cd ham s6 can tim 1a f(z) =z Vz > 0. O

Binh luan 2.10. O bai toan trén, bing viec van dung khéo léo cac thao tac thém bién va
khai thac tinh dbi xting, ta da thu duge phuong trinh dang f(xr +a) +b = f(z +b) + c.
Viéc a4p dung bé dé 1 mau chét dé gidi quyét hoan toan bai toan. Tuy nhién, ta vin chua
chi ra ngay dugc ham f ma phai qua nhiéu buéc tinh toan, 1ap luan dé tim cac hé sb.

Binh luan 2.11. Ta vAn c6 thé st dung b6 dé (1.1) trong bai toan nay (da trinh bay 1vi
gidi ¢ phan truge). Du phuong trinh ham ban dau da c6 dang f(z + A) = f(z) + B nhung
ta khong thé suy ra A = kB do A, B § day 1 céc ham s6 theo bién z, y.

V6i y tudng tuong tu, ta xét bai toan sau duge mé rong tit VMO 2022:
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Bai toan 2.12 (Mé rong VMO 2022)
Tim tat cd ham s6 f: Rt — RT théa man

/ (a:y ¥ fg”) — @) ) +1

v6i moi s6 thuc duong x, y.

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
K¢ hieu P(x,y) chi khing dinh f (wy n %) — f(@)f(y) +1 Y,y > 0.
bat g(z) = @ Vz > 0. Khi d6 P(z,y) tré thanh

fley+g(y) = f@)fly) +1 Vo,y>0.
Tw P(xz + g(2),y) vd P(x, z) ta suy ra

flyz +yg(2) +9(y)) = (f(@)f(2) + Dfy) +1  Vo,y.z2>0

hay
flzyz + (yg9(2) + 9(v))) = f(@) f(y) f(2) + f(y) +1 Va,y,z>0.

Thay déi vai tro vy, z trong dang thiic trén thi duge

flzyz + (29(y) +9(2))) = f(2)f(y)f(2) + f(2) +1 Va,y,2>0.

Két hop hai déng thic trén, suy ra v6i moi z,y, z > 0 thi

Fl w2z + (wg(2) +9(y)) | +1(2) = F | (w2)z + (29(y) +9(2)) | + /().
—— — ~~ —_——— ~—~
a b c d
Thay x bdi .- vao déng thiic trén va 4p dung b6 dé (2.1), khi d6 ton tai A > 0 sao cho

Fy) = 1(2) = AM(yg(2) + 9(v) — (29(y) + 9(2))) = A(g(z)(y = 1) + g(y)(1 - 2)) .
Thay z = 1 vao dang thitc trén va thu gon thi dudc
fly) =Af(My = Af(1) + f(1) Vy>o0.
Dén day ta dé dang tim duge f(x) =z Va > 0. Thi lai ta thiy ham s6 nay thoa man.
Vay tat cd ham s6 can tim la f(z) =2 Vz > 0. O
Binh luan 2.13. V6i ¥ tudng hoan toan tuong ti, ta c6 thé gidi cdc phuong trinh c6 dang

f(A(y)z + B(y)) = C(z)f(x) + D(x),

v6i A, B,C,D : RT — R*. Tuy nhién, viéc tim ra ham f cu thé doi khi sé rat phitc tap tiy
thudc vao cac ham A, B,C, D.
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Bai toan 2.14
Tim tat cd ham s6 f: Rt — RT théa man

fy+ f)?) = f@)f(y) +yf(y)

v6i moi s6 thyc duong x, y.

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky higu P(z,y) chi khing dinh f(zy + f(y)*) = f(2)f(y) + yf(y) Va,y > 0.
T P(zz + f(2)%,y) va P(x,z) ta suy ra

Flmz+ F(2))y + f(W)°) = (F(@) f(2) + 2f(2) f(y) + yf(y) Yaz,y>0

hay

Fly2)z+ (fFW)? +yf(2)) = FW) F ) f (@) + wf) + 2f(2)f(y) Va,y,2>0.

Thay doi vai tro y, z trong dang thitc trén thi duge

Fy2)z+ (f(2)° +2fW)%) = (FW) F(2) (@) + (2f(2) + yf (W) f(2) Ya,y,2>0.

Két hop hai déng thiic trén, suy ra véi moi z,y,z > 0 thi

f ((yz)x +(f(y)* + yf(z)Q)) + (zf(z) + yf(y)f(z))

a b

=/ ((yZ)w +(f(2)* + Zf(y)Q)) + (yf(y) + Zf(Z)f(y)> :

d

C

Thay  béi ;> va ap dung b6 dé (2.1), khi d6 ton tai A > 0 sao cho

WF )+ 2F ()W) = (=F () + yf W) () = A ((FW) +0f(2) = (£ + 2FW)))

v6i moi y, z > 0. Thay z = 1 vao phuong trinh trén va thu gon thi dugc

AFDDy + (F(1) = Af(1)?)
(1= f(W)y+ f(1)

Trudng hop L. f(1) # 1, A # 0. Khi d6 cho y — +oo thi f(y) — L= 205 £ 0. Tur
P(z,y) ta ¢6 dinh x > 0 va cho y — +o0, khi d6 do L #2 0 nén VT — L va VP — o,
diéu nay mau thuan.

Trudng hop 2. f(1) # 1,A = 0. Khi d6 f(y) = %

P(z,y), chox =y — 400 thi VI - 0va VP — 1i5c1()1) #£ 0, diéu nay khong thé xay ra.

Trudng hop 3. f(1) = 1. Thay vao ta suy ra f(z) = Az + (1 — ) V> 0.

Tu P(1,1) suy ra f(2) =2, khi d6 2 =2A+(1—X) hay A = 1. Tom lai f(z) =2 Va > 0.
Tht lai ta thiy ham s6 nay théa man.

Vay tat cd ham s6 can tim la f(z) =2z Vz > 0.

fly) =

Yy > 0.

— 0 khi y — +oo. Tir
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Binh luan 2.15. Ta ciing c6 thé tiép can theo hudéng sau: Dit ¢ = f(1). Tit P(z,1) ta suy
ra

f(z+c®) =cf(x)+c V>0 (1)
Tu P (:1: + c—;,y> suy ra

2

flay+f@2+) =1 (x . y) Pl aile) Yy =0

Mit khic, tit ding thitc (1) ta ciing c6
fzy+ f)* + ) = cf (xy + f(y)*) +c = cf(@)f(y) +cyfly) +¢ VYa,y>0.

D6i chiéu hai ddng thic trén ta suy ra

c? &
f(x+y) :cf(z)+(cfl)y+m Y,y > 0.

Ky hiéu ménh dé tren 1a Q(z,y). T Q (z + ¢%,y) thu duge

f <x+ C; +02) =cf (x+02)+(c—1)y+% :c2f(x)+c2+(c—1)y+ﬁ Y,y > 0.
Mit khac, tit (1) ta cling ¢

2 2

2
f(x+0y+c2) =cf<:c+cy)+c=02f(w)+(02—0)y+fc(y)+c Va,y > 0.

So sanh hai ding thiic trén ta suy ra

2

czf(x)+02+(c—1)y+%:czf(x)+(c2—c)y+ﬁ+c Va,y >0
Suy ra (c—l)Qy—i—“;(;)C =c®—c Vy > 0. Néu c # 1 thi (c—l)y—i—ﬁ = ¢ hay

fly) = m Yy > 0. Thit lai ta thdy ham s6 nay khong théa man yéu cau bai toan.
Do d6 ¢ = 1. Khi d6 Q(z,y) tré thanh

R(x,y) : f(:c—i-;) =f(m)+ﬁ Va,y > 0.

Tit R(1,y) két hop véi ding thic (1) ta thu duge f (%) = 745 ¥y > 0. Thay lai vio
R(z,y) thi dugc (x—i— %) =flx)+ f (%) hay

fz+y)=f2)+ fly) Va,y>0.

Suy ra f(z) =z Vo >0 (cha ¥ rang f(1) = ¢ = 1). Thit lai ta thady ham s6 nay théa mén.

§3 Bai tap ren luyén
Bai toan 3.1. Tim tat cd ham s6 f: RT — RT théa méan

flz+2022f(y)) = f(z) + 2022y Vz,y > 0.
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Bai toan 3.2. Tim tat cd ham s6 f: R™ — R théa man

f(x—l—fé/y)> — f(x)+1 Va,y>0.

Bai toan 3.3. Tim tat cd ham s6 f : RT™ — RT théa man

flz+f(y) = flx+y) +; Y,y > 0.

Bai toan 3.4. Tim tat cd ham s6 f : RT — RT théa man

flay+ fW)°) = f@)fy) +yv*fly) Va,y>0.

Bai toan 3.5. Tim tat cd ham s6 f : RT — RT théa man

flay+yfy) = f@)fly) + fy)* Yo,y >0.

Bai toan 3.6. Tim ham s6 f: RT — R va da thic P(x) hé s6 khong am théa man

Bai toan 3.7. Tim tit cd ham s

flzy+ f(z)) = f(z)f(y) + P(z) Vz,y>0.
6 f:RT — RT thoa man
):

flz+yf(z)) = f(z)+zf(y) Va,y>D0.

Bai toan 3.8. Vi n € ZT cho trude, tim tit cd ham s6 f : RT — RT théa man

fle+yf(x)") = flx)+2"f(y) Va,y>0.

Bai toan 3.9. Tim tat cd ham s6 f : Rt — RT théa man

flzy + f(x)) = xf(y) + f(z) Va,y >0.

Bai toan 3.10. Tim tat cd ham s6 f: RT — RT thoa man

Faf) + fW)?) =yf(x)+ fy)* Yo,y >0.

84 Tai liéu tham khao

Tai licu

1]

2]

Dién dan Art of Problem Solving.
https://artofproblemsolving.com/community

Nhém Huéng téi Olympic VN.
https://www.facebook.com/groups/vmo.tst

Mot géc nhin tdng quat cho bai phuong trinh ham thi HSG QG 2022 -
Nguyén Huy Trung.

https://drive.google.com/file/d/198Zpm2mFCKH1 jkNuXY1ulznGWfC3zLSQ/
view?7usp=sharing.

Hai b dé trong bai toan phudng trinh ham trén tap sé6 thuc duong -
Poan Quang Dang.
https://drive.google.com/file/d/11zjZr1d35aC_mha997ibycwd4KcQyVt9/
view?fbclid=IwAR2Q09UmGQyCRMeUFFs1KR6s0UwfT0OjXcKhn3x3KWM6GYyizD5er YFPxmhU.

Vietnamese Mathematical Competitions 2022 Booklet.
https://drive.google.com/file/d/1-QjNSyvEz18jq1h5Rx-5UhN6S4fmOBSZ/
view?fbclid=IwARO-AIYwlOhJw3AUCuhyIOxtXyYvqPR8mn5wPOfKJOPVYVCt1Nw6jCpgXAO
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