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CHUONG II: VECTO VA HE TOA PQ TRONG KHONG GIAN

BAI 1: VECTO VA CAC PHEP TOAN TRONG KHONG GIAN

A. KIEN THUC CO BAN CAN NAM
I. VECTO TRONG KHONG GIAN

Vecto trong khong gian 13 mot doan thang c6 hudng.
Chu y:

- Ki hiéu AB chi vecto c6 diem dau A4, diém cuoi B.

N = = > -

Vi du 1. Cho hinh t&r dién ABCD. Hay chi ra cac vecto co diém dau 13 B va diém cubi 1a cac dinh con lai
cua hinh tr dién.

Chii y: Trong khong gian, cho diém O va vecto @, ton tai duy nhat diém M dé OM =a.

Vi du 2. Cho hinh hop 4ABCD- A'B'CD’ (Hinh 3).

a) Gi4 cua ba vecto AB, AD, AA' ¢ cling ndm trong mot mit phang khong?

b) Tim cac vecto bang vecto AB.

¢) Tim céac vecto ddi cta vecto AD .

Hinh 3
II. TONG VA HIEU CUA HAI VECTO
1. Téng ciia hai vecto
Mot cach tong quat, ta co
Trong khong gian, cho hai vecto a@,b . Liy diém O bat ki va hai diém A, Bbsao cho OA=ad,AB=b.Ta £01
OB 1a téng ctia hai vecto @ va b , ki hiéu a +b.

Phép 13y tong cta hai vecto dugc goi 1a phép cong vecto.

Nhin xét: Phép cong vecto trong khong gian ciing co cac tinh chat nhu phép cong vecto trong mét phang.
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- Tinh chat giao hoan: d +b=b+a;

- Tinh chét két hop: (G+b)+¢=a+(b+7);

- V61 moi vecto a, ta ludn co: i+0=0+d=a.

Chii y: Tir tinh chat két hop, ta c6 thé xac dinh dugc tong cua ba vecto a,b,c la a+b+¢ = (a+ Z;) +C.
Quy tic ba diém, quy tic hinh binh hanh van dung véi cac vecto trong khong gian.

- V6iba diém 4,B,Cta co AB+BC = AC.

- Néu ABCD 14 hinh binh hanh thi ta c6 4B+ AD = AC.

A

a) b)
Hinh 7

Vi du 3. Cho hinh ling tru ABC - A'B'C’. Tim c4c vecto tdng BA+ A'C',BC + AA’ .

2. Quy tic hinh hjp
Cho hinh hop ABCD- A'B'CD’ . Ta co: AB+AD+ AA' = AC',

Hinh 10

Vi du 4. Cho hinh hop ABCD, EFGH . Tim céc vecto:
a) CB+CD+CG b) AB+CG+EH .

Hinh 11

Vi du 5. Cé ba lyc cung tac dong vao mdt vat. Hai trong ba luc nay hop véi nhau mot goc 100" va co do 16n
lan lugt 1a 25N va 12N. Luc thtr ba vudng gdéc véi mat phang tao bdi hai luc da cho va c6 do 16n 4 N.
Tinh dg 16n cua hop luc cua ba luc trén.

3. Hiéu cua 2 vecto

Trong khong gian, cho hai vecto a,b.Ta goi da+ (—l;) la hiéu cua hai vecto a va b, ki hiéu a ~b.
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Phép 14y hiéu cua hai vecto duoc goi 13 phép trir vecto.

Quy tic hiéu

Trong khong gian, vdi ba diém A, B, C ta co: AB—-AC =CB.

A

B
Hinh 15

Vi du 6. Cho hinh chép S.4BCD c6 day la hinh binh hanh. Tim cac vecto hiéu SD—SA,BS — 4D .

III. TiCH CUA 1 SO VECTO

Trong khong gian, cho s6 thuc & =0 va vecto @ #0.

Tich cua s6 £ voi vecto a 1a mot vecto, ki hi€u ka , cung hudéng véi @ néu £ > 0, nguoc hudng voi a@ néu
k<0 vacododaibang |k|.|a].

Phép lay tich ctia mot s6 v6i mot vecto dugce goi 1a phép nhan mot sé véi mot vecto.
Quy wée: 0.G=0 va k-0=0.

Nhén xét:

a) V6i hai vecto a va b bét ki, véi moi sb 4 va k, ta co:

k(a@+b)=ki+kb (h+k)d=ha+ka

(1)

QY
Il
|

N

h(kd)=(hk)a; 1.
b) kd=0<>d=0 hoic k=0.

c¢) Hai vecto a va b ( b khac 0 ) cing phuong khi va chi khi ¢6 s6 & sao cho @ = kb .
d) Ba diém phan biét 4, B,C thing hang khi va chi khi c6 sd k khac 0 dé 4B =k AC.

QU
Il
INY

Vidu 7. Cho tit dién ABCD . Goi M,N 1an luot 1a trung diém cua cac canh AD,BC;G la trong tdm cua
tam gidc BCD . Chimg minh rang:

Hinh 19
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o) MN = (4B + DC) b) 4B+ AC + 4D =34G.

Vi du 8. Theo d,inh luat II Newton (Vat 1i 10 - Chan troi sang tao, Nha xuat ban Gido dgc Viét Nam, 2023,
trang 60): Gia toc cia mdt vat co cung hudng véi luc tac dung 1én vat. BJ 16n cua gia toce ti 1€ thuan voi do
16n cua lyc va ti 1€ nghich véi khdi lugng cua vat: F =ma, trong d6 a la vecto gia tde (m / sz),l3 la vecto
luc (N) tac dung Ién vat, m(kg) la khdi luong cua vat. Muén truyén cho qua bong cé khdi luong 0,5kg mot
gia tbc 50m/s” thi cAn mot luc da co d6 16n 1a bao nhiéu?

IV. TiCH VO HUONG CUA HAI VECTO

1. Goc giira hai vecto trong khong gian

Trong khong gian, cho # va v 1a hai vecto khac 0. Lay mot diém 4 batki, goi B va C 1a hai diém sao
cho AB=ii,AC =v . Khi do, ta goi BAC 1a gdc gitra hai vecto u va v, ki hiéu (5,17).

Nhan xét:

0" <(u,v)<180;

Néu (i,v)=90" thitanéi # va ¥ vudng gbe véi nhau, ki hidu & L v .

Vi du 9. Cho hinh 1ap phuong ABCD- A'B'C'D'. Xac dinh goc (E,A'—D'),(E,A’—C') .

2. Tich v6 hudéng ciaa hai vecto

Ta goi AB- AC latich vo hudng cta hai vecto i,V . Trong trudng hop tong quat, ta co:
Trong khong gian, cho hai vecto u va v khac 0.

Tich v6 hudng ctia hai vecto # va v 1a mdt so, ki hi¢u i - v, dugc xac dinh boi cong thire
ii - =|ii || 9] - cos (i1, 7).

Chu y:

a) Trong truong hop i =0 hodc ¥ =0, ta quy wéc i-v =0.

b) - =i’ =ilu*20,u*=0<i=0.

v

—

d) Vi hai vecto @ va v khac 0,tacd i Lv < ii-v=0.

<y

¢) Vi hai vecto # va v khac 0, ta co cos(ﬁ,ﬁ) =

<)
<!

Nhan xét: Tuong ty nhu trong mit phing, tich vé huéng cta hai vecto trong khong gian ciing ¢ céc tinh
chat sau:
Véi ba vecto a,b,¢ vasd k, ta co:

- — —

a-b=b-d i-(b+é)=d-b+d-c (ka)-b=k(d-b)=a-(kb).

Vi du 10. Cho tir dién déu ABCD c¢6 canh bang a va M 14 trung diém ctua CD.
a) Tinh céac tich v6 hudng AB-AC,AB- AM . b) Tinh gbc (ZE,@) .

B. GIAI BAI TAP SACH GIAO KHOA
1. Cho hinh hop ABCD.A'B'C'D' . Chiing minh ring:
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a) AB+B'C'+DD' =AC'; b) DB'+DD'+BD' = BB'; ¢) AC+BA'+DB+C'D=0.
2. Cho hinh binh hanh ABCD. Goi S 1a mot diém khong thudc mit phang chira hinh binh hanh. Chirmg minh
ring SA+SC =SB+ SD.

3. Ba luc c6 diém dat tai mot dinh ctia hinh 1ap phuong, cing phuong véi ba canh va ciing ¢6 cuong d6 1a 5N
. Tinh cuong d¢ cia hop luc.

4. Cho hinh chop S.ABCD . Goi I la trong tdm cta tam giac ABC va J la trong tdm tam giac ADC . Chliing
minh rang 2SA+SB+2SC+SD = 3(S7+§]).

5. Cho hinh lang try tam gidc ABC.A'B'C' c6 AA =a; AB=b; AC =c. Chting minh rang B'C = c—a—b va
BC'=a-b+c.
6. Néu mot vat c6 khdi luong m (kg) thi luc hép dan P cua Trai Dat tac dung 1én vat dugc xéac dinh theo cong

thirc P=mg trong d6 & 1a gia téc roi tw do c¢6 d6 16n g =9,8 m/s* Tinh d6 16n cta luc hip din cua Tréi
Pit tac dung 1én mot qua tdo c6 khdi lugng 102 gam (Hinh 28).

1

4

P
Hinh 28

7. Trong dién trudng déu, lyc tinh dién F (don vi: N) tac dung 1én dién tich diém c6 dién tich ¢ (don vi: C)
duogc tinh theo cong thirc F = q.f? , trong d6 E la cuong do dién truong (don vi: N/C). Tinh do 16n cua luc
tinh dién tac dung 1én dién tich diém khi g =10"C va d6 16n dié truong E = 10°N/C (Hinh 29).

it

T

4‘”1- ¥ ¥ 1‘,:_,_

I

Hinh 29

8. Mot luc tinh dién F tac dong 1én dién tich M trong dién truong déu 1am cho M dich chuyén theo duong
gép khac MPN (Hinh 30). Biét g=2.10"C, vecto dién truong c6 dd lon E=1,810°N/C va

d = MH =5mm . Tinh cong A sinh boi lyc tinh di¢n F.

Hinh 30
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C. CAC DANG TOAN

DANG 1: CHUNG MINH MOT PANG THUC VECTO

1. Phwong phap
Van dung céc kién thuc sau.

Dinh nghia cac khai niém lién quan dén vecto;
Tinh chat hinh hoc cua céac da giac da hoc;

Céc quy tac tinh toan véi vecto;

O O 0o o

Mot sb hé thie vecto hay dung;
] Céc tinh chat cua céc hinh hinh hoc cu thé.
2.Vidu

— _— s, =

Vi du 1: Cho hinh chép S.ABCD c6 d4y 14 hinh binh hanh tim O. Pit SA—a, SB=b, SC—¢, SD=d.
Ching minh: d+¢ = b+d.

Vi du 2: Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tim O. Goi G la diém thoa man
E—I—@—I—@%—@—I—@zﬁ@hﬁngminh: GS=400G.

Vi du 3: Cho tir dién ABCD. Goi G la trong tdm cua ttr dién, M 12 mot diém trong khong gian. Chimg

minh: MG :%(MA +MB+MC + MD)

Vi du 5: Cho hinh hop ABCD.A'B'C'D’ tam O. Goi I 1a tim cta hinh hinh hanh ABCD. Chting minh:
a:_%(m+a+w+@).

Vi du 6: Cho tir dién ABCD, goi M, N lan luot 12 trung diém ctia cac canh AD, BC va G 1a trong tAm cla
tam gidc BCD ching minh rang:
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a) MN =E(AB+DC)

b) AB+ AC+AD =34G
Vi du 7: Cho hinh hop ABCD.EFGH. Ching minh rang :
a) AB+ AH +GC+FE = AD

DANG 2: PHAN TiCH MQT VECTO THEO CAC VECTO THANH PHAN

1. Phwong phap: Dé phan tich mot véc to theo hé cac véc to thanh phan thi phai két hop hinh vé& véi cac
quy tic véc to, dic biét 1a quy tic 3 diém.

2. Vidu
Vi du 1. Cho tir dién ABCD. Goi I va J 1a trung diém ciia AB va CD.
a) Hay biéu dién vec to IJ theo 3 vecto AB; AC va AD.
b) Goi G 1a trong tam tam giac BCD. Hay biéu dién vec to AG theo 3 vec to AB; AC va AD.
Vi du 2. Cho tir dién ABCD. Lay cac diém M va N lan lugt thudc AD va BC sao cho
AM =3MD; NB=-3NC . Biét AB=a va CD=b.
a) Hay biu dién vecto MN theo a va b .
b) Goi G la trung diém cta PQ, chimg minh rang G 1a trong tAm tr dién ABCD.
Vi du 3. Cho hinh hop ABCD.A'B'C'D’ . Biat BA=a; BB =b; BC = ¢ . Goi M va N lan luot 13 hai

diém nam trén AC va DC' sao cho MB//BD' . Tinh ty s6 %

DANG 3: GOC GIUA HAI VECTO. TiCH VO HUONG GIUA HAI VECTO

1. Phwong phap: Nam duogc dinh nghia goc giira hai vecto, cong thirc tich vo hudng cua hai vecto trong
khong gian
2.Vidu

Vi du 1. Cho hinh 1ap phuong 4BCD.EFGH . Hiy xac dinh goc giita cap vecto AB va DH ?

Vi du 2. Cho hinh l4p phwong 4BCD.EFGH . Hiy xac dinh goc giira cap vecto AB va EG ?

Vidu 3. Cho tordién ABCD cb6 AB=AC =AD va BAC = BAD = 60° . Hay xac dinh goc gitra cap
vecto AB va CD ?

— e~~~ -

Vi du 4. Cho hinh chop S.ABC ¢6 SA=SB=SC va ASB=BSC =CS4, BAC = BAD =60°. Hay xac
dinh goc giita cip vecto AB va SC 2

Vi du 5. Cho tit dién ABCD ¢6 AB = AC = AD va BAC = BAD = 60°, CAD =90°. Goil va J lin lugt
1a trung diém ciia 4B va CD . Hiy xac dinh goc giita cip vecto 4B va 2

Vi du 6. Cho tir dién ABCD c6 AB 1. AC va AB 1 BD . Goi P va Q lan luot 14 trung diém cta AB va CD.
Chting minh rang 4B 1 PO .

DANG 4. MOT SO BAI TOAN UNG DUNG VECTO GIAI TOAN THUC TIEN

Bén word d bai va 10 giai vui 1ong Ih Zalo Tran Dinh Cu: 0834332133




BAI GIANG TOAN 12-CHAN TRO1 SANG TAO WEB: Toanthaycu.com@

Vi du 1: Trong Hinh 2.2, luc cang day (dugc tao ra boi suc ndng cua kién hang) dugc thé hién boi cac
doan thang c6 miii t€én mau do.

ey
]

Hinfr 2.2

a) Cac doan thang nay cho biét gi vé hudng va d6 16n cia cac cac luc cing day?
b) Céc doan thing nay c6 cing nam trong mdt mat phang khong?

Vi du 2: M6t toa nha c6 chiéu cao cta cac tang 13 nhu nhau. Mot chiée thang may di chuyén tir ting 15
1én tang 22 cua tda nha, sau do di chuyén tur tang 22 1€n tang 29. Cac vecto bicu dién d¢ dich chuyén
cua thang may trong hai lan di chuyén dé c6 bang nhau khong? Giai thich vi sao.

Hinh 2.9

Vidu 3: Hinh 2.15 m6 td mdt 1o hoa duoc dat trén ban, trong luong cia lo hoa tao nén mot lyc tac
dung 1én mat ban va mgt phan lyc tir mdt ban lén lo hoa. C6 nhéan xét vé do dai va hudng cua céc vecto
biéu dién hai luc d6.

Foer

|

Hinh 2.15
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Vi du 4: Thang cudn tai cc trung tam thuong mai, siéu thi hay nha ga, san bay thuong c6 hai lan,
trong d6 mot 1an 1én va mot lan xudng. Khi thang cudn chuyén dong, vecto biéu dién van tdc cuia mdi
lan ¢6 1a hai vecto d6i nhau khong? Giai thich vi sao.

Vi du 5: Khi chuyén dong trong khong gian, may bay luon chiu tac dong cta bén lyc chinh: lyc diy
cua dong co, luc can cua kl}(”)ng khi, trong luc va lyc nang khi dong hoc (H.2.20). Luc cé’n cua khong
khi nguge huéng voi luc day cua dong co va c6 d6 16n ti 1€ thuén voi binh phuong van toc may bay.
Mot chiéc may bay tang van toc tit 900 km/h 1€n 920 km/h, trong qua trinh tang toc may bay giu
nguyén hudng bay. Luc can ctia khong khi khi may bay dat van toc 900 km/h va 920 km/h lan lugt
dugc biéu dién boi hai vecto F, va F, . Hay giai thich vi sao F, =kF, v6i k 1a mot s thuc duong nao
d6. Tinh gia tri cia k (1am tron két qua dén chir s thap phan thi hai).

Hinh 2 20

Vi du 6: Mot chiéc ban can dbi hinh chit nhat dugc dit trén mit san nam ngang, mat ban song song voi
mdt san va bon chan ban vuong géc véi mat san nhu Hinh 2.29. Trong luc tac dung 1én ban (biéu thi
boi vecto @ ) phan tdn déu qua bon chan ban va gay nén cac phan luyc tir mat san 1én cac chan ban
(bidu thi boi cac vecto b,c,d,é ).
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Hinh 2,28

a) Hay chi ra moi quan h¢ vé phuong va hudng cua cac vecto d,b,é,d va e .

b) Giai thich vi sao céc vecto b ,C ,c? ,e do1i mot béng nhau.

Vidu7.Tada biét trong tdm cua t dién 4ABCD 1a mot diém I théa man Al =31IG ,06do G latrong
tam cua tam giac BCD. Ap dung tinh chat trén dé tinh khoang céch tir trong tam ctia mot khoi rubik
(dong chat) hinh tir dién déu dén mot mat cua no, bict rang chi¢u cao cua khoi rubik 1a 8 cm (H.2.30).

Hint 2.30

Vi du 8: Ba soi day khong gian véi khéi luong khong dang ké duoc budc chung mot dau va duoc kéo
cang ve€ ba huéng khac nhau (H.2.31). Néu cac lyc kéo lam cho ba s¢i day ¢ trang thai ding yén thi
khi d6 ba soi day nam trén cung mot mat phang. Hay giai thich vi sao.

Hinh 2.31

D. TRAC NGHIEM 4 PHUONG AN

Caul: Cho trdién ABCD. Dat AB=a , AC=h , AD=c. Goi G la trong tam tam giac BCD. Déng
thirc nao sau day dung?

A. AG=a+bh+c. B. AG = (a+bec).

C. 4G=—(a+b+c). D. 4G=(a+h+c).

Cau2: Chotirdién ABCD . bat AB=a , AC=b , AD=c. Goi M 1a trung diém cta doan BC . Pang
thirc nao dudi day dung?
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Cau 4:

Cau 5:

Cau 6:

Cau 8:

Cau 10:

A DV =~ (a+5-2¢). B. DM = (a+25-¢).
C. DM =-(a-2b+¢). D. DIf = (a+25-¢).

Cho tir dién ABCD. Goi M va P lan luot la trung diém cta cic canh 4B va CD.Pit AB=b
,AC=c, AD=d. Khang dinh nao sau day ding?

A MP=2(c+d+B). B. MP=—(d+h-c).
C. MP=_(c+b-d). D. MP = (c+d-b).

_— _ _— _ —

Cho tir dién ABCD va diém G théamian GA+GB+GC+GD =0 (G 1a trong tim cta tir dién).
Goi G, 1a giao diém cia GA va mit phang (BCD) . Khing dinh nao duéi day dung?
A.GA=-2GG. B. GA=4GG. C. GA=3GG . D. GA=2GG.

Cho hinh chép S-ABCD ¢4 day ABCD 13 hinh binh hanh. Pat SA=a SB=b SC=c SD=d
. Khing dinh nao dudi day la dung?
A. a+c=b+d. B. a+b+c+d=0. C.a+d=b+c. D. a+b=c+d.
Cho hinh lang tru ABC.A'B'C' pst AA':‘Z, AB:b, AC=c, Goi G' 1a trong tdm cua tam
giac 4'B'C" vVécto AG' bang?
A. l(Zz+313+2). B. l(321+E+E). C. l(Zz+l§+32). D. l(;:+13+2).

3 3 3 3
Cho hinh lang tru ABC.A'B'C' pjt AA':a’ AB:b, AC=c, Hay biéu dién vecto B'C theo
a,b,c?
A.B'C=a+b-c. B. B'C=—a+b-c.
C.B'C=a+b+c. D.B'C=-a-b+c.
Cho hinh lang try ABC.A'B'C"'. Goi M la trung diém cua canh BB'. Pat CA=a, CB=0,
A—A':Z.Khéng dinh nao sau day dung?

A AM=d+e-15 B. M =hio—La.
2 2

— - -~ 1= - - - 1=

C. AM:b—a+Ec. D. AM:a—c+5b.

Cho hinh hép ABCD.A'B'C'D' tdm O.Goi I 1a tm cua hinh binh hanh ABCD . Pat AC' =u
,CA'=v, BD'=x, DB'= y Khi do:

A 201 =—(i+v+5+7). B. 201 = (i+v+3+3).
C. 200 = {u+v+3+7). D. 207 = (i+7+3+7),

- — - — —

Cho hinh lang try tam giac ABC.A'B'C". Dat AA'—a AB = b, AC=c, BD=d . Khing dinh
nao sau day la ding?
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Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cau 16:

Cau 17:

Cau 18:

A.a=b+c. B.a+b+c+d=0. C.b—c+d=0. D. a+b+c=d.
Cho hinh 1ap phuong A4BCD.A'B'C'D'. Goi O la tdm cta hinh lap phuong. Khing dinh nao
sau day la dang?

A. To’:l(E+E+AA'). B. TO:l(E+E+AA').
3 2

C. 40= (4B + 4D+ 4x). D. 40 =2(4B+ AD+ A1)
4 3

Cho hinh hép 4BCD.A'B'C'D'. Dat E=Zl, E=Z;, AA'=c . Phan tich vecto AC' theo

a,b,c?

A. AC'=—a+b+c. B. AC'=a+b-c.

C. AC'=a+b+c. D. AC'=a-b+c.

Cho tir dién ABCD. Piém N xéc dinh béi ding thie sau AN = AB+ AC — AD . Ménh d& nao
dang?

A. N latrung diém BD. B. N la dinh hinh binh hanh BCDN .

C. N la dinh hinh binh hanh CDBN . D. N=4.

Cho hinh hop ABCD.A'B'C'D'. Goi M 1a diém duoc xic dinh boi dang thac sau
MA+MB+MC +MD+MA'+MB'+MC'+MD'=0. Ménh dé nao diing?

A. M latam mat day ABCD.

B. M latammatday 4'B'C'D".

C. M la trung diém doan thang ndi hai tim cta hai mit day.

D. tap hop diém M 1a doan thang ndi hai tm ciia hai mat day.

Cho hinh hop ABCD.A'B'C'D' ¢6 thm O.Pit AB=a, BC =b.Piém M xéac dinh béi ding
—— L= o s

thirc OM = E(a - b) . Khang dinh nao sau day dung?

A. M la trung diém BB'. B. M 14 tim hinh binh hanh BCC'B".

C. M 1a trung diém CC'. D. M 14 tam hinh binh hanh 4BB'A".

Cho ba vecto a,b,c . Piéu kién nao dudi day khing dinh @,b,c¢ ddng phing?

A. Ton tai ba s6 thuc m,n, p thoamin m+n+p=0 va m5+nl;+p2:().

B. Ton tai ba sb thuc m,n, p théaman m+n+p =0 va m&+nl§+p2=().

C. Tdn tai ba sd thuc m,n, p sao cho ma +nb + pE =0.

D. Gia cta a,b, ¢ dong qui.

Cho ba vécto a,b,c khong ddng phing. Xét cac vécto x=2a+b va )7 —a-b-c va

z =-3b—-2c¢ . Khing dinh nao dudi day 1a ding?

A. x, ;,2 ddng phing. B. x,a cung phuong.

C. x,b cung phuong. D. ,;/,2 do61 mot cung phuong.

Cho ba vécto a,b,c khong dong phang. Khang dinh nao duéi ddy dung?
A. x=a+b+2c va y=2a-3b—6c¢ va z=—a+3b+6¢c dong phang.

B. x=a-2b+4c va y=3a-3b+2c¢ va z=2a—3b—3c¢ dong phing.
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Céu 19: Ménh dé nao sau day la sai?

A. a,b,c ddng phing néu mot trong ba vecto d6 bang 0.
B. a,b,c dong phang néu co hai trong ba vecto d6 cting phuong.
C. Trong hinh hép ABCD.A'B'C'D"' ba vecto AB',C'A',DA" ddng phing.
D. x=a+b+c ludng dong phing véi hai vecto avab.
Cau20: Cho hinh hép ABCD.A'B'C'D' va «cac diém M,N,P xac dinh boi

MA =kMB'(k #0),NB=xNC',PC = yPD'. Hiy tinh x,y theo k déba diém M,N,P thing

hang.
2+k 2 1+ 2k 1
Ao X=—,y=—— .x: 5 = ——
2—k k 1-2k 2k
1
—+k
2 1 1+k 1
C.x=%— y=—— D.ox=—" =
k0T ok Tt T

Cau 21: Mot chiée dén tron dugce treo song song véi mit phang nam ngang béi ba soi day khong dan xuat
phat tir diém O trén trdn nha va 1an lugt budc vao ba diém A4, B, C trén dén tron sao cho cac luc

cing F,F, F, lan luogt trén mdi day OA4,0B,0C d6i mot vudng goc voi nhau va

Fl=[7]-

E‘ =15 (N). Tinh trong lwong cta chiéc dén tron do.

A. 143(N). B. 15/3(N). C. 1743(N). D. 16+/3(N).
Cau 22: Mot chiéc dén chum treo c6 khdi luong m =5kg dugc thiét ké véi dia dén duoc giit bai bon
doan xich S4,SB,SC,SD sao cho S.ABCD 1a hinh chép tr gidc ddu co ASC =60 . Tim d6 16n

cua lyc cang cho méi soi xich. Lay g =10m/s>.

'

.-1‘; )(‘

D
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Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Cau 29:

Cau 30:

Cau 31:

Cau 32:

153 2043 2543 3043

A. ——N. B. ——N. C. ——N. D. ——N..
3 3 3 3

Cho a va b 1a hai vecto cung hudng va déu khac vecto 0. Ménh d nao sau day dung?

A. ab=|d [p]. B. ah=0. C.ab=-1. D. ab=—a|.|B|.
Cho hai vecto a va b khac 0. Xac dinh gbc a gilra hai vecto a va b khi ab=- &||I;|
A. a=180°. B. a=0". C. a=90°. D. o =45°.

Cho hai vecto a va b théa man |a| =3,

B| =2 va a.b =-3. Xéc dinh goc o gitra hai vecto a
va b
A, a=30°. B. a=45". C.a=60°. D. a =120°.

S

Cho hai vecto @ va b théa méan |a| = |b vuong goc voi

. L 2= - i 5_
zlvahalvectou:§a—3bVaV—a+

nhau. Xéc dinh goc @ giita hai vecto @ va b
A. a=90°, B. a=180°. C. =60 D. a =45°.
Cho hai vecto ¢ va b thoa min diéu kién |Zz| = |B| =1va ab=3. b6 dai vecto 3a+5b:

A. 5/5. B. /24, C.8. D. 124,

Cho a, b ¢6 (Zz+25) vuong goc vai vecto (55—45) va |;l| :|Z)| . Khi do:

A. cos(a,l;):ﬁ. B. cos(Zl,Z;)=90°. C. cos(a,l;)zﬁ. D. cos(a,l;)=l.
2 2 2

Cho hai vecto Zz,l; thoa man: |Zz| =4; l;| =3; Zz—l;| =4.Goi o la gbéc gitra hai vecto Zz,l;. Chon
khang dinh ding?
A. cosa:% B. o =30°. C. cosazé. D. o =60°.
- - . - - -2
u va v la 2 vecto déu khac 0. Khi do ‘u +2v‘ bang

—2 —2 —_— —2 —2 —_— —2 —2 —_ == =
A.u +2v —4duwv. B.u +4v +4uyv. C.u +4v . D. 4u~v(u —v).
Cho hai vecto a va b ¢6 |ﬁ| =5, l;| =12 va |Zi+l;| =13. Khi d6 cosincua goc gitta hai vecto

a—b vaa+b bang

2 B. 2. c. -2 p. 2.
13 12 169 169

Cho u = a+3b vuong goc voi v=Ta-5b va x=a—4b vuong goc véi )72722—213 . Khi do6 goc
gitra hai vecto avab bang
A. (a,b)=75°. B. (a,b)=60°. C. (a,5)=120°. D. (a,b)=45°.
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Cau 33:

Cau 34:

Cau 35:

Cau 36:

Cau 37:

Cau 38:

Cau 39:

Cau 40:

Cau 41:

Cau 42:

Cho hai vecto 21,5 thoa man: |Zz| =4, B| =3 a.b=10. Xét hai vecto y= a-bx=a —ZZ;, . Goi a

la goc gitra hai vecto ;c,; . Chon khing dinh dung.

A. cosa = —— . B. cosa:L. C. cosa:i. D. cosa =

2
J15 J15 J15 J15°
Cho hai vecto Zz,B théa man: |Zz| = 26; l;| =28;

A. 25. B. V616 . C. 9. D. v618.

Cho tir dién 4BCD ¢4 AB=AC=AD 3 BAC=BAD = 60" Hay xac dinh goc gitra cdp vecto

;z+l;| =48 . Do dai vecto a—b bang?

AB va CD9
A. 60° B. 45" c. 120°, p. 90°

Cho hinh chép S.ABC o4 SA=8B=SC 3y ASB=BSC=CS4 Hay xéc dinh goc gitra cap
vecto 94 va BC9

A 1207, B. 90" c. 60 D. 45"

Cho hinh chop S.ABCD ¢4 day 1a hinh vuéng ABCD ¢anh bang @ va cac canh bén déu bang
a.Goi M va N lan luot 1a trung diém ciia 4D va SD 8§ do cua goc (MN,5C) bang:

A. 45° B. 30° C. 90° D. 60°

Cho tir dién ABCD déu canh bang a . Goi O 1a tim duong tron ngoai tiép tam giac BCD . Goc
gitta 40 va CD bang bao nhiéu?

A0 B. 30", c. 90", D. 60"

Cho tir dién ABCD véi AB L AC, AB 1. BD . Goi P, Q lan luot 1a trung diém cta 4B va CD
. Goc gitta PO va AB 1a?

A. 90°. B. 60°. c. 30°. D. 45

Cho t& dién ABCD c6 AB = AC = AD va BAC = BAD =60°,CAD =90°. Goi I va J lan lugt
1a trung diém cia 4B va CD. Hiy xac dinh goc giita cip vecto AB va 1J?

A. 120° B. 90°, C. 60°, D. 45°,

Cho tir dién ABCD c6 hai mat ABC va ABD 1a cac tam giac déu. Khing dinh nio sau day ding
nhat.

A. AB va CD chéo nhau B. AB va CD vudng goc véi nhau

C. AB va CD ddng phang D. AB va CD cit nhau

Cho hinh ling tru tam gisc déu ABC.A'B'C' ¢c6 AB=a va AA' = J2a. Goc gitta hai duong
thing AB' va BC'bing
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A C

A. 60° B. 45°, C. 90°, D. 30°,

Cau 43: Cho hinh 1ap phwong ABCD.A4,B,C,D, c6 canh a.Goi M la trung diém AD . Gia tri B,M .BD,
la:
1. 2 3, 3,
A2 B. @ c.4 . D. 2
Cau 44: Cho hinh 1ap phuong ABCD.EFGH . Hay x4c dinh gbc gilra cdp vecto AB VAEG ?
A, 90° B. 60° C. 45° D. 120°

Céu 45: Cho hinh lap phuong ABCD.A'B'C'D' . Goi M , N lan luot 1a trung diém ctia 4D, BB'. Cosin
cua goc hop béi MN va AC' bang
NE] V2 Al V2
A 3. B. 3. c. 3. D. 4.
Cau 46: Cho hinh ling try ABC.A'B'C’ ¢b ddy ABC la tam giac déu canh a, tam giac A'BC déu ndm
trong mit phang vudng goc véi (ABC). M la trung diém canh CC'. Tinh cosin géc & giira hai
duong thang 44" va BM .

222 J33 JI1 J22
COSOf =———— CoOS =—— CoOSO =— COS = ———
A. 1T B. 1 C. 1T, D. 1

Cau 47: Cho tam giac ABC | thj cong thirc tinh dién tich ndo sau day 1a dung nht.

1 1 /— ——\2
S = %x/ABZACZ _BC? S = E\/ABZACZ +E(AB.AC)

A. B.
1 2 2 l——=—=\2 1 2 T
S =—|4B*AC* ~—(4B.4C) S =—\|AB’AC* ~(4B.AC)
C. 2 2 D. 2
Ciu 48: Cho hinh lap phuong ABCD.EFGH c6 canh bang a . Ta co ABEG bang?
a’\2
A @2, B.d c. a3, D. 2

Cau 49: Cho t dién ABCD véi AC %AD,C/IB = DAB=60°,CD = AD. Goi ¢ 1a géc giita AB v
CD . Chon khang dinh dung?
A. cosg0:%. B. p=60°. C. p=30". D. cosgo:%.

Céu 50: Cho tir dién déu ABCD, M 1a trung diém cua canh BC . Khi dé cos(AB,DM ) bing
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V2 V3 V3

A2 B. 6. D. 2.

0
N | —

E. TRA LOI DUNG SAI

Cau 1l: Chotirdi¢n ABCD c6 trong tam G . Xét tinh ding- sai cua cac m¢nh dé sau?

A. GA+GB+GC+GD=0
B. 0G = (04+ 0B+ 0C + 0D)

C. BG=GA+GC+GD

D. 4G=2(A4B + 4C+ 4D)
Cau2: Chottrdién ABCD.Goi M va N lan luot 13 trung diém cua AB,CD va G 1a trung diém MN
. Xét tinh diing- sai ciia cac ménh d¢é sau?

A. GA+GB+GC+GD =0
B. MA+MB+MC +MD = 4MG

C. MN = (4B-+CD)
D..2MN = AC + BD
Cau3: Cho hinh hop ABCD.A'B'C'D' tam O. Xét tinh ding- sai ctia cac ménh dé sau?
A. AC'=AB+ AD+ AA" .
B. AB+BC'+CD+D'A=0.

C. AB+ AA'= AD+DD".
D. AB+ BC+CC'=AD'+D'O+0C".

Cau4: Cho hinh hop ABCD.A'B'C'D'. Xét tinh dling- sai ciia cic ménh dé sau?
A. BC+BA=B'C'+B'A". B. AD+D'C'+D'A'=DC.
C. BC+BA+BB'=BD". D. BA+DD'+BD'=BC.
Cau5:  Xét tinh ding- sai cia cac ménh dé sau?
A. Tt gidc ABCD la hinh binh hanh néu 4B =CD.
B. T&t gidc ABCD 1a hinh binh hanh thi AB+BC+CD+CB=0.
C. Tt gidc ABCD 14 hinh binh hanh thi 4B+ AC = 4D .
D. Chép S.ABCD ¢6 SB+SD =SA+SC thi ABCD 1a hinh binh hanh.

Cau 6: Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh tim O. Goi G 1a diém thoa mian
GS +GA+GB+GC+GD =0. Xét tinh dung- sai ctia cic ménh dé sau?
A. AB+BC+CD+DA=SO
B..0A+OB+0C+0D=0
C. SB+SD=SA4+5C.
D. GS =30G.
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Cau7: Cho hinh 1ap phuong ABCD.A'B'C'D" c6 canh béng a.Goi I 1atam hinh vuéng ABCD, goi
G 1a trong tAm ciia tam gidc AB'C (tham khao hinh v&). Xét tinh dung- sai cta cic ménh dé
sau?

Bl#- Ao

A. AB+AD+AA'= AC".
B. GA+GB'+GC =2GI .
C. AB+AD=A'C".
D. BD'=2BG.
Cau8: Chotudién ABCD, goi M,N lan luot 1a trung diém AD, BC . Xét tinh ding- sai ciia cic m¢nh
dé sau?
. AB,DC,MN dong phang.
AB,AC,MN khong ddng phing.
. AN,CM ,MN dong phing.
. BD,AC,MN dbng phing.

oA w »

Cau9: Cho tirdién ABCD. Tréncanh AD va BC lan lugt léy cac diém M, N sao cho AM =3MD va
BN =3NC. Goi P,Q lan luot 1a trung diém AD va BC. Xét tinh dung- sai ciia cic ménh dé

sau?

A. PO=AC+DB

B. MN = MA+ AC + CN

C. MN =MD + DB + BN

D. BD, AC,MN dong phang.

Cau 10: X¢ét tinh dung, sai ciia cic m¢nh dé sau:
Ménh dé bung | Sai

A:“ AB+BC = AC .

B:“ AB+BC+CD=AD .

C:“AB+ AD = AC véi ABCD 1a ta giac ”.
D:“AB+ AD = AC véi ABCD 1a hinh binh hanh ”.

Cau 11: X¢ét tinh ding, sai ciia cic m¢nh dé sau:
Ménh dé Ping | Sai

A:“ AB-AC=CB ™.
B:“ AB-CB=AC "
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C:“ka=0<>a=0".

D:“AB =k.AC <> Ba diém phan biét 4, B,C thing hang .

Cau 12: X¢ét tinh ding, sai clia cic ménh dé sau:
Ménh dé Ping | Sai

A:“ MA+MB =2MI véi I 13 trung diém doan AB va diém M bétky ™.
B:“ MA+MB +MC =3MG véi G la trong tim AABC va diém M bitky ”.

C:“MA+MB+MC + MD =4MG véi G 1a trong tam t&r dién ABCD va diém
M batky ™.

D:“Néu SB+SD =S4+ SC thi chép S.ABCD ¢6 ABCD 14 hinh binh hanh ”.

Cau 13: Cho hinh hgp ABCD.A'B'C'D'. Xét tinh diing, sai ciia cac m¢nh dé sau:
Ménh dé Pung | Sai

A:*“ AB+CC'=A'B'+BB' .
B:“ AB=CD .
C:“AB-BC'=BD'”.
D:“AB+ AD+ AA'= AC" .

Cau 14: Cho hinh lang truy ABC.A'B'C". Xét tinh diang, sai ciia cac ménh dé sau:
Ménh dé Ping | Sai

A:“ BA+A'C'=BC .
B: “ Goc gitra (EE’,TA') = (E@,C_C“‘) = (E&ﬁ") 7,

C:“AB+AA'+B'C'= AC' .
D : “Goc gitra (ﬁ,ﬂ) = (Q,TA') 7,

Cau 15: Cho hinh hop chii nhat ABCD- ABC'D’ ¢6 canh AB = a; AD = a~[3; A4 =2a . Xét tinh dung,

sai cua cac khang dinh sau:

a)zg+a)—7:6 A.r D'

b) E+£:6 B ' /,

¢) | AB+ AD |=a+/5 .

d) [AB+ 4D +CC|=2V2a. Abooomooeoo ] b
B c

Cau 16: Cho hinh 1ap phuong 4BCD-AB'C'D’ ¢6 canh bang a . Xét tinh dung, sai cua cac khiang dinh

sau.
a) ﬁ—ﬁ:ﬁ Al D'
b) BA+BC+BB =BD. yd
_— —_ - | Clr
o) BA+BC+BB‘=ax/§. |
I aheed
d) ‘BC—BA+CA‘=a. p
B C
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CAu 17: Cho tir dién ABCD.Goi M,N lan luot 1a trung diém cua cac canh AD va BC,I 1a trung diém
MN. Xét tinh dting, sai ciia cac khang dinh sau:
a) AB—-CD= AC—BD A
b) AB+CD = AD+CB
c) AB+DC =2MN .
d) IA+IB+IC+ID=0

Cau 18: Mot chiée 6 t6 dugc dit trén mit day dudi cia mot khung sét c6 dang hinh hop chit nhat véi day
trén 1a hinh chit nhat ABCD, mit phiang (ABCD) song song vi mit phang ndm ngang. Khung
sit d6 duoc budc vao moc E cua chiée can ciu sao cho cac doan day cap EA,EB,EC,ED c6 d6
dai bang nhau va cung tao v&i mit phiang (ABCD) mét goc bang 60 . Chiée can cau kéo khung
sat 1én theo phuong thang dimg. Biét rang céc luc cing E,FZ,E,E déu c6 cuong do 1a 4700N
va trong luong ctia khung st 1a 3000N .

a) F+F=F+F,.

b) F+F=F+F,.

c) ‘Fl +F3‘ =8141N (l1am tron dén hang do
vi).

d) Trong luong cua chiéc xe 6 t6 1a 16282 N
(1am tron dén hang don vi).

Cau 19: Trong khong gian, cho hai véc-to a va b cung c6 d6 dai bang 1. Biét rang goc gitta hai véc-to
dola 45 .

2
TR

a) d-b=

2

b) (a+35)~(a—25)=—5+7.

o) |a+b|=2+2.
d) |a—2b]=0.

Cau 20: Cho tir dién déu ABCD c6 canh bang ava M la trung diém cia CD.
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a)m-C—Dzo.
b)AB-AC=2L.
C)Zg-aﬁ=0

d)ﬁ-ﬁ:—“?

2

2

2

Cau 21: Mot chat diém ¢ vi tri dinh 4 cua hinh 1ap phuong 4BCD-A'B'C'D’. Chét diém chiu tac dong

bo1i ba luc é,Z; ,¢ lan luot cung huong véi E,ZE va E nhu hinh vé. D0 16n cua cac luc Ez,l;
va ¢ tuong tmg la 10N,10N va 20N.

a)a+b=c¢. A B
b) |G +b |=20(N). o/

. = T = D P\?
c)|la+cl=b+c|. i \ C
d) |a+b+¢|=32,59(N) (lam tron két qud dén Y
N ~ .. A’)____\______
hang phan muoi). ) \ B

D' c’

F. TRA LOI NGAN

Cau 1:

Cau 2:

Cau 3:

Cau 4:

Cau 5:

Ciu 6:

Cau 7:

Cho hinh hop ABCD.A'B'C'D' . Cé bao nhiéu vecto bing vecto BC .

Cho hinh ling tru ABC.A'B'C’ biét AABC c6 canh bang 3. Tim vecto tong ‘@ +B'C’

Cho hinh 1ap phuong ABCD.A'B'C'D' . Tinh géc giita hai vecto AB va AC'.

Cho ttt dién S-ABC 5 SA=SB=SC = AB = AC =2, BC = 2/2 . Tinh SC.AB

Cho t&r dién ABCD. Goi E,F lan luot 1a trung diém coa AB, CD. Cho
AB=2a, CD=2b, EF =2¢c. Véi M 1a mot diém tuy vy, biét tong
MA® + MB® =k.ME* +1.a”. Tinh k+1.

Cho hinh hop ABCD.A'B'C'D" gjé MA= k-MC, NC'=I1.ND  gpi MN song song voi
BD' thi K+ ¢ gia tri 1a bao nhiéu?

Cho hinh chép S.ABC ¢6 SA=a, SB=b, SC =a va cic diém M, N lin luot 14 trung diém
ctia cac canh AB,SC . Cac diém P,Q trén cac duong thang S4, BN sao cho PQ//CM . Hay
bidu dién vecto PO theo ba vecto a,b,c. PO //CM . Khi biéu dién vecto PO theo ba vecto

- = = —_— m - - - .. m r . , ~ A As :a \
a,b,c, ta duqc:PQ:——a—£b+—c (voi —,E,— la cac phan so0 t6i gian va
n q z ngq z

m,n, p,q,r,z € Z.). Tinh ﬂ+£+£.
n o q z
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Cau 8: Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tim O, M 1a diém thay d6i trén SO . Ti sb

% sa0 cho P = MS> + MA> + MB® + MC® + MD? nhé nhit 14 bao nhiéu?

Cau9: Cho tt dién ABCD c6 cac diém M, N, P lan luot thudc cac canh BC,BD va AC sao cho

BC =4BM ,AC =3A4P,BD = 2BN . Mit phang (MNP) cit duong thang AD tai diém Q.
A0

Tinh ti s§ —=.
AD

Cau 10: Co6 ba lyc cung tac dong vao mdt cai ban nhu hinh vé. Trong do6 hai luc F], 172 tao vo1 nhau mot
goc 110° va c¢6 do 16n 1an lugt 1a ON va 4N, luc E vudng goc voi mit phang tao boi hai luc

E,E va cd do lon 7N . BJ 16n hop luc cia ba lyc trén 1a a(N) , tim gia tri cua a.

Cau 11: Cho hinh hop ABCD.A'B'C'D'. Tim gia tri thuc cua Ak thdéa man déng thic vecto
E+ﬂ+k(ﬁ+@)=6?

Céau 12: Cho t dién ABCD, goi M, N lan luot 13 trung diém cac canh 4C, BD . Goi I 1a trung diém
doan MN va P 1a mot diém bat ky trong khong gian. Tim gia tri thuc cia & théa méin dang

)2

thitc vecto PI = k(PA+PB+PC+ PD
Cau 13: Cho hinh hop ABCD.A'B'C'D'. Goi M 1a diém trén canh AC sao cho AC =3MC. Léy diém
N trén doan C'D saocho C'N =x.C'D . Véi gié tri nao cia x thi MN song song BD'?
Caul4: Cho ti dién ABCD va cic diém M,N dugc xac dinh boi AM =24B-34C vi
DN = DB +x.DC . Tim x dé cac duong thing 4D, BC,MN cung song song voi mot mét phang.
Cau 15: Cho hinh hop ABCD.4BC,D,. Tim gia tri thuc cia k thoa man dang thic vecto
AB+B,C,+ DD, =k AC, ?

Céau 16: Cho tir dién ABCD, goi M, N lan luot 13 trung diém céc canh AC, BD. Goi I la trung diém
doan MN . Tim gia tri thyc clia & thoa man dang thirc 14+ (2k - I)E +kIC+ID=07?

Cau 17: Cho hinh hdp ABCD.A'B'C'D"' va cac s6 thuc m,n théa man MA'=mMC va NC'= nND.
Khi MN song song v&i BD' thi m+n bang bao nhiéu?

Ban word d& bai va 10i giai vui long Th Zalo Trén Pinh Cu: 0834332133 (D
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Ciu 18:

Cau 19:

Cau 20:

Cau 21:

- - -

Trong khong gian cho cac vecto a,b,c khéng dong phing théa man

(x—y)a+(y—z)l;:(x+z—2)2.Tinh X+y+2z?

Cho tt dién ABCD ¢6 BC=DA=a,CA=DB=b,AB=DC =c.Goi S 1a dién tich toan phan
A [N ’ A 5 , - ’ .7 s 1z A 5 1 1 1
(tong di¢n tich tat ca cac mat). Tinh gid tri 16n nhat ctia pEre + At

Cho hinh hop ABCD.A'B'C'D'. Mot dudng thang A cit cac dudng thing 44',BC,C'D' lan

luot tai M, N, P sao cho NM =2NP . Tinh %

Cho hinh chép S.ABC . Liy cac diém A',B',C' lan luot thudc cac tia S4,SB,SC sao cho
SA SB SC

=a, =b, =c, trong d6 a,b,c 1a cac sb thay d6i. Dé mit phang (A'B'C") di qua
s SB U SC! BED e Y phing (4'5'C") diq

trong tdm ctia tam giac ABC thi a + b+ ¢ bang bao nhiéu?

Ban word d& bai va 10i giai vui long Th Zalo Trén Dinh Cu: 0834332133 (LD
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CHUONG II: VECTO VA HE TOA PO TRONG KHONG GIAN

BAI 1: VECTO VA CAC PHEP TOAN TRONG KHONG GIAN

A. KIEN THUC CO BAN CAN NAM
I. VECTO TRONG KHONG GIAN

Vecto trong khong gian 1a mot doan thang c6 hudng.
Chuy:
- Ki hi¢u AB chi vecto ¢6 diém dau A4 , diém cubi B.

N - - —

Vi du 1. Cho hinh ti dién ABCD . Hiy chi ra cic vecto c¢6 diém dau 1a B va diém cubi la cac dinh con
lai cua hinh tir dién.

Loi gidi
A
B D
C Hinh 2

Ta c6 ba vecto BA, BC,BD c6 diém dau la B va di€m cudi la cac dinh con lai ctia hinh tr dién.

Trong khong gian, cac khai niém c6 lién quan dén vecto nhu gid cua vecto; do dai cua vecto; hai vecto
cung phuong, cung hudng, nguoc hudng, bang nhau, déi nhau; vecto-khong dugc dinh nghia tuong tu
nhu trong mat phang.

Chii y: Trong khong gian, cho diém O va vecto @, ton tai duy nhat diém M dé OM =3a.

Vi du 2. Cho hinh hop ABCD- A'B'CD' (Hinh 3).

a) Gia clia ba vecto 4B, AD, AA’ ¢ cing ndm trong mot mit phing khong?

b) Tim cac vecto bing vecto AB.

¢) Tim cac vecto dbi cna vecto AD .




a) Gia cua ba vecto AB, AD, AA’ 1an luot 1a ba duong thing 4B, AD, AA' . Ching khong cing nim
trong mot mat phing vi bén diém A4, B, D, A’ khong dong phing.

b) Do ABCD-A'B'C'D’ 1a hinh hop nén 4A'B'B 1a hinh binh hanh, suy ra AB//A'B' va AB= A'B’.
Ta c6 hai vecto AB va A'B' cung hudng va c6 do dai bang nhau, suy ra AB=A'B' .

Tuong tu, ta ciing c6 AB=DC va AB=D'C'.

c¢) Hai vecto AD va DA c6 d6 dai bang nhau va nguoc hudng, suy ra DA 1a vecto déi cua AD .

Ta c6 ABCD 1a hinh binh hanh, suy ra AD ¢6 cung do dai va ngugc hudng voi CB, suy ra CB la
vecto dbi cua AD .

Tuong tu, ta cling c6 D'A’,C'B’ 1a vecto d6i cua AD .

II. TONG VA HIEU CUA HAI VECTO

1. Téng ciia hai vecto

Mot cach tong quat, ta co

Trong khong gian, cho hai vecto @,b . Liy diém O bat ki va hai diém A, Bbsao cho O4 =a, AB=b.
Ta goi OB 1a tong cua hai vecto @ va b , ki hiéu a +b.

Phép ldy tong ctia hai vecto dugc goi 13 phép cong vecto.

{} -.“.-" N {_f i IFT
Hinh 6

Nhin xét: Phép cong vecto trong khong gian ciing ¢ cac tinh chat nhu phép cong vecto trong mit
phang.

- Tinh chat giao hoan: a +b=b+a;

- Tinh chit két hop: (G+b)+¢=a+(b+7);

- V61 moi vecto d, ta ludn co: i+0=0+d=a.

Chii y: Tur tinh chit két hop, ta c6 thé x4c dinh duogc téng cta ba vecto d@,b,¢ 1a
d+b+¢=(i+b)+C.

Quy tic ba diém, quy tic hinh binh hanh van dung véi cac vecto trong khong gian.

- Véibadidm 4,B,CtacéAB+BC = AC.

-Néu ABCD 14 hinh binh hanh thi ta c6 AB+ AD = AC.



a) b)
Hinh 7

Vi du 3. Cho hinh lang tru 4BC-A'B'C’. Tim céc vecto tong BA+ A'C',BC + AA' .

Loi gidi

Hinh 8

Ta c6 ABC-A'B'C' 12 hinh lang tru nén AA4'C’C 13 hinh binh hanh, suy ra A'C’' = AC .

_—

Do d6 BA+ A'C'=BA+ AC =BC.
Tuong tu, ta cling c6 4A4'B’B 1a hinh binh hanh, suy ra AA = BB’ .
Do d6 BC+ AA'=BC+BB' = BC'.

2. Quy tic hinh hjp
Cho hinh hop ABCD-A'B'CD' . Ta cb: AB+AD+ AA' = AC'.

A’ Ly
Hinh 10

Vi du 4. Cho hinh hép ABCD, EFGH . Tim céc vecto:
a) CB+CD+CG b) AB+CG +EH .



Hinh 11
Loi gidi

a) Theo quy tic hinh hop, ta c6 CB+CD+CG=CE.

—_—

b) Tac6 CG = AE,EH = AD . Suy ra: AB+CG +EH = AB+ AE + AD .
Theo quy tic hinh hop, ta co AB+ AE+AD = AG .
Vay AB+CG+EH = AG.

Vi du 5. C6 ba lyc cung tac dong vao mdt vat. Hai trong ba luc nay hop véi nhau mot goc 100° va co
do 16n lan lugt 1a 25N va 12N. Luc thr ba vudng goc voi mat phang tao boi hai luc da cho va c6 do
l6n 4 N. Tinh d6 16n cta hop luc cua ba luc trén.

Loi gidi
Goi F,F,, F, 14 ba lyc tac dong vao vét dit tai diém O lan lugt c6 do 16n 1a 25 N,12 N,4 N,
V& OA=F,,0B = F,,0C = F, . V& hinh binh hanh OADB va hinh binh hanh ODEC .

e

F,

0

E / 100°

B D
Hinh 12

Hop luc tac dong vao vat la F=0A4+0B+0C =0D+0C =OE.

Ap dung dinh 1i cosin trong tam giac OBD, ta cé :

OD? = BD* + OB*> —2-BD- OB -c0osOBD = 04> + OB> +2-OA- OB -cos1 00",

Vi OC L (0OA4DB) nén OC L OD, suy ra ODEC 1a hinh chi¥ nhat.

Do d6 tam gidc ODE vudng tai D.

Tacd OE* =0C?> +0D* =0C* + 04> + OB*> +2-0OA-OB -cos100° .

Suy ra OF =NJOC? + 04> + OB> +2-0A4- 0B -cos100" =~/4% +25% +12% +2-25-12-cos100° ~ 26.

Vay do 16n ctahgp lucla F =26 N.
3. Hiéu cua 2 vecto
Trong khong gian, cho hai vecto 5,5 . Tagoi a+ (—Z;) la hiéu cua hai vecto a va b , ki hiéu a —b.

Phép lay hiéu cua hai vecto duoc goi la phép trir vecto.



Hinh 14
Quy tic hiéu
Trong khong gian, v6i ba diém A, B, C ta c6: AB— AC = CB.

B
Hinh 15

Vi du 6. Cho hinh choép S.ABCD c6 day la hinh binh hanh. Tim céc vecto hiéu SD—SA,BS—AD.
Loi gidgi
Theo quy tic hi¢u, ta c6 SD—SA=AD.

Do ABCD 1 hinh binh hanh nén ta c6 BC = 4D, suy ra BS—AD=BS-BC.
Theo quy tic hi¢u, ta c6 ﬁ'—ﬁ’:ﬁ.Vay BS—-AD=CS.

Y

A B
Hinh 16

II1. TICH CUA 1 SO VECTO
Trong khong gian, cho s6 thuc k # 0 va vecto d@ #0.

Tich cua sO £ voi vecto a la mot vecto, ki hi€u ka , cung hudng véi @ néu k >0, ngugc hudng voi
d néu k<0 vacododaibang |k|.|a|.

Phép léy tich cia mot sd vai mot vecto duoc goi la phép nhan mot sb voi mot vecto.
Quy wée: 0.G=0 va k-0=0.

Nhan xét:

a) V6i hai vecto a va b bét ki, vi moi sb A va k, ta co:

k(a@+b)=ka+kb (h+k)a = ha+ka
h(kc?):(hk)c?; 1.
b) kd=0<ad=0 hoic k=0.

Q!
I
N

(-1)-a=-a.



¢) Hai vecto @ va b ( b khac 0 ) cing phuong khi va chi khi c¢6 s6 & sao cho @ =kb .
d) Ba diém phan biét 4, B,C thing hang khi va chi khi ¢6 sé k khac 0 dé 4B =kAC .

Vi du 7. Cho tit dién ABCD. Goi M, N lan luot 1a trung diém cta cac canh AD, BC;G 1a trong
tAm ctia tam giac BCD . Chimg minh rang:

Vi M 1a trung diém cua doan thang AD nén MA+MD=0.

Vi N 14 trung diém cua doan thing BC nén BN +CN =0.
Do dé MN = (4B + DC).
b) Ta co: AB=AG+GB,AC=AG+GC,AD=AG+GD. Suy ra
AB+ AC+AD=34AG+GB+GC+GD .
Vi G la trong tam cua tam gidc BCD nén GB+GC+GD=0.Do d6 AB+ AC+AD =34G.
Vi du 8. Theo dinh lu:;it II Newton (Vat li 10 - Chan troi sang tao, Nha xuét ban Gido duc Viég Nam,
2023, trang 60): Gia toc cua mot vat c6 cung hudng véi lyc tdc dung 1€n vat. B 16n cua gia toc ti 1€
thudn voi d6 16n cua luc va ti 1€ nghich véi khdi lugng cua vat: F =ma, trong d6 a la vecto gia tbe
(m /s* ),F 1a vecto lyc (N) tac dung 1én vat, m(kg) 1a khdi lugng cua vat. Muén truyén cho qua bong
6 khéi luong 0,5kg mot gia tbc 50m /s* thi cin mot lwe d4 c6 do 16n 1a bao nhiéu?
Loi gidi
Tacd F=ma,suyra |F|l=m|dl=0,5-50 =25(N).
Vay mudn truyén cho qua bong khéi lugng 0,5kg mot gia toc 50m/s® thi cdn mot lyc da co d6 1on 1a
25N.
IV. TiCH VO HUONG CUA HAI VECTO

1. Goc giira hai vecto trong khong gian



Trong khong gian, cho i va ¥ 1a hai vecto khac 0. Ldy mot diém A4 bat ki, goi B va C la hai

diém sao cho AB = Q,E =v . Khi do, ta goi BAC 1a gbc gitra hai vecto # va v, ki hiéu (ﬁ,ﬁ).
Nhan xét:

0 < (L?,T/) <180°;

Néu (i,v) =90 thi tandi i va ¥ vudng gbc véi nhau, ki hidu & L v .

Vi du 9. Cho hinh lap phuong ABCD- A'B'C'D’. Xac dinh goc (Zg,ﬁ),(ﬁ,fl—'@) .

Loi gidi

B C

Ta co E:W, suy ra(ﬂ?,m):(ﬁ,@):@:%".

Taco A'C' = AC, suy ra (@,A'C') = (E,E) — CAB = 45"
2. Tich v6 hudng cia hai vecto

Ta goi AB-AC la tich vo hudng cua hai vecto i,V . Trong trudng hop tdng quat, ta co:
Trong khong gian, cho hai vecto u va v khac 0.

Tich v6 hudng cua hai vecto # va v 1a mot s, ki hi€u u -v, dugc xac dinh boi cong thire
i-v :‘ﬁ|-|\7‘-cos(ﬁ,\7).

Chuy:

a) Trong truong hop i =0 hodc v =0, ta quy wéc i -v =0.

b)ii-i=iu =il 20,6 =0ci=

jel)

v

d) V&i hai vecto @ va v khac 0,tacod ii Lv<ii-v=0.

<Y

¢) Véi hai vecto @ va ¥ khac 0, ta cd cos(i, V)=

N
<

Nhin xét: Tuong ty nhu trong mit phang, tich vo hudng cua hai vecto trong khong gian ciing co
cac tinh chat sau:
Véi ba vecto a@,b,¢ vasd k, ta co:

i-b=b-d i-(b+é)=d-b+d-¢ (kd)-b=k(d-b)=a-(kb).



Vi du 10. Cho tir dién déu ABCD c6 canh bang a va M 1a trung diém ctia CD .
a) Tinh cac tich v6 hudng AB-AC,AB- AM . b) Tinh gbc (ZE’,@) .
Loi gidi

D
M
B
Hinh 26

2

a) Ta co: E~R‘=|E|-|E|-COS(E,E’) = AB-AC-cos BAC = a-a-cos 60’ :%.

I 2

Tuong tu ta cling c6 4B- A4 :%.Talaicé W=%(E+E),suyra:

2 2 2
AB- AM =AB%(AC+AD)=%(AB-AC+AB-AD) =%E%+“—j=“—.

b) Tacé AB-CD =(AM +MB)-CD = AM -CD+MB-CD.

Ma AM,BM 1a trung tuyén cta cac tam giac déu 4CD, BCDnén AM L CD,MB 1 CD.
Suy ra AM -CD=MB-CD=0.

Tir cac két qua trén ta co AB-CD=0. Suy ra (E,C—D) =90".

B. GIAI BAI TAP SACH GIAO KHOA
1. Cho hinh hop ABCD.A'B'C'D' . Ching minh rang:

a) AB+B'C'+DD' =AC'; b) DB'+ DD +BD' = BB'; ¢) AC+BA'+DB+C'D=0.
Loi gidi
A D
1
|
B I C
|
A)’L_____ D
/
/
B’ (o

—_— — —

b) DB'+DD'+ BD' = D'B'+ BD' = BB’



—_— _ —_ _ _ —_— _ _ _ —

¢) AC+BA'+DB+C'D=AC'+DA'+C'D=A'D+DA =0

2. Cho hinh binh hanh 4BCD. Goi S 1a mot diém khong thudc miat phang chira hinh binh hanh. Chimg
minh rang SA+SC=SB+SD.

Loi gidi

Do ABCD 13 hinh binh hanh nén AB = DC <> SB—SA=SC—SD < SA+SC = SB+SD

3. Ba lyc co diém dat tai mot dinh ctia hinh 1ap phuong, cling phuong véi ba canh va cung c6 cuong do
la SN . Tinh cudng do cua hop luc.

Loi gidi

B C

|
A |

=
I~
-

B}——-—:-
/

—

T

]

C!

/
/

A’ D'
Gia sir 3 lyc c6 diém dat 1a 4 va cac luc 1a 4B, AD, AA' .
Theo quy tic hinh binh hanh ta ¢6 hop luc AC' = AB+ AD + AA'.

Theo dé bai ta c6 |E| = |E| = |ﬂ| =5.

Ma AC' la dudng chéo ctia hinh 18p phuong nén AC' = VAB* + AD* + AA” =543
Vay cuong do cua hop luc la 5\/§N .

4. Cho hinh chép S.ABCD . Goi [ la trong tdm cua tam gidc ABC va J la trong tam tam giac ADC'.
Ching minh rang 2SA+SB+2SC +SD = 3(§+§) .

Loi gidi



Xét S.ABC do I latrong tam cua tam gidc ABC nén ta co:
IA+IB+IC=0< SA—SI+SB—SI+SC—SI =0 < SA+SB+SC =35I .

Xét S.ACD tacod ﬂ+§f+57):§+ﬁ+§+f+§]+ﬁ:3§+(ﬁ+ﬁ+f).

Vi J la trong tdm tam giac ADC nén JA+JC+JD=0. Suy ra SA+SC+SD=35J.
Ta co ﬂ+ﬁ+§‘+ﬂ+§‘+@=3§+3§]@2@+@+2§‘+@=3(S7+§])

5. Cho hinh ling tru tam gidc ABC.A'B'C' ¢b6 AA' =a;AB=b;AC=c. Chimg minh ring

B'C=c—a-bva BC'=a-b+c.

Loi gidi

— —

Taco BC=BA+AA+AC=-AB—-AA + AC= -a+b+c=c-a-b
BC'=BA+AC+CC'=—AB+ AC+ AA =-b+c+a=a-b+c
6. Néu mot vat co khoi luong m(kg) thi luc hép dan P cua Trai DAt tac dung 1én vat dugc xac dinh

theo cong thirc P= mg trong d6 € 1a gia toc roi tw do c6 46 16n g =9,8 m/ s> Tinh d6 16n cua luc hap
dan cta Trai Dat tac dung 1én mot qua tao co khdi lugng 102 gam (Hinh 28).



Hinh 28

Loi gidi
Po6i 102g =0,102kg .

D6 16n ciia luc hap dan cta Trai DAt tac dung 1én mot qua téo 1a |T)| =m |§| =0,102.9,8 =0,9996 N

7. Trong dién truong déu, lyc tinh dién F (don vi: N) tac dung lén dién tich diém c6 dién tich g (don
vi: C) dugc tinh theo cong thic F = g.E , trong d6 E la cuong dd dién truong (don vi: N/C). Tinh do
16n cua lyc tinh dién tac dung lén dién tich diém khi g =10"C va dd 16n dié truong E =10’ N/ C (Hinh
29).

Hinh 29
Léi gidi
D6 16n cua luc tinh dién tac dung lén dién tich diém la |F| = q.|E| =10°.10° =10 N..

8. Mot luc tinh dién F tac dong 1én dién tich M trong dién trudng déu 1am cho M dich chuyén theo
duong gap khiic MPN (Hinh 30). Biét ¢ =2.10"C, vecto dién trudong c¢6 do 1én E=1,8.10°N/C va

d = MH =5mm . Tinh cong A sinh boi luc tinh dién F .

Hinh 30
Loi gidi

DPbi 5mm=5.10"m.

Goi K la diém thudéc MH sao cho PK 1 MH , L la diém thudéc HN sao cho PL L HN



Ay = Ayp + Apy = F;.MPcosa, + F,.PN cosa, < A,,,, =qFE. cosa, +qFE.

cosq, cosa,

cosa,

& Ayyp =qE(MK + KL) = gE (MK + KH ) = gE.MH =2.10"".1,8.10°.0,005 =1,8.10" J

C. CAC DANG TOAN

DANG 1: CHUNG MINH MQT PANG THUC VECTO

1. Phuwong phap
Van dung céc kién thic sau.

1 Pinh nghia cc khai niém lién quan dén vecto;
1 Tinh chét hinh hoc cua cac da giac da hoc;

[ Céc quy tic tinh toan véi vecto;

(1 Mot s6 hé thirc vecto hay dung;

1 Céc tinh chit cia cac hinh hinh hoc cu thé.

2.Vidu

Il

ol
8
o

Vi du 1: Cho hinh chop S.ABCD c¢ day la hinh binh hanh tam O. Dat SA=3 SB
D =d. Ching minh: 8+¢ = b+d.

Loi giai
q SA+SC=2S50
Vi O la trung diém cua AC va BD nén ﬁ+_, e
SB+SD =280

Suy ra SA+SC=SB+SD hay @+¢=b+d.

Vi du 2: Cho hinh chép S.ABCD c¢6 day 1 hinh binh hanh tdm O. Goi G la diém thoa min

Taco GS+GA+GB+GC+GD =0



—0 (do O 12 tAm hinh binh hanh)

& GS+4GO+|0A+0B+0C+0D

=0

& GS+4GO0=0+« GS=400G.
Vi du 3: Cho tir dién ABCD. Goi G la trong tdm cua to dién, M 1a mot diém trong khong gian.
Chung minh: MG = %(MA +MB+MC+ MD)

—_— — — — —

Do G la trong tdm tir dién nén ta c6 GA+GB+GC+GD =0

- (GM +MA)+(GM +MB)+(GM +MC)+(GM +MD):6, "y

#WGz%(MAJrMBJr MC + MD).

_ B — — —_— —

Loi giai

Taco: AB+BC +CD+DA—0< (ﬁ+ﬂ3’+s_c")+@:6@ D'C' +CD=0: luén ding

Vidu 5: Cho hinh hop ABCD.A’B'C'D’ tam O. Goi | 1 tAm ctia hinh hinh hanh ABCD. Chting

minh:a:—%(m%—C—A;ﬁ—@%—@).

S
=g,

X

":_E__—‘
N
DN G S
e
\
\ =1
Q\i
AR
LY
N
B AR
N Y

_____________

AI
Goi M, N lan luot 1a trung diém cua AB, CD.

Suyra / 13 trung diém cia MN nén OM +ON =20

OA +OB=20M

Taco{_ | .
OC-+0D =20N

T d6 suy ra a:%(m+@+@+@)



1 1% 120 15~ 1==1) 1= = == ==
——|-—AC'——CA'——BD'——DB'|=——[AC' +CA’ + BD' + DB/|.
4| 2 2 2 2 ] 8( )

Vi du 6: Cho tt dién ABCD, goi M,N lan luot 1a trung diém cua cac canh AD, BCva G la trong tam
cua tam gidc BCD ching minh rang:
I
a) MN = 5(AB+DC)
b) AB+AC+ AD =34G
Loi giai

a) Ta co:

m=%(m+m>=%(m+@+m+z>—c’)zg@+0—c>+(m+m»=%@+m

b) Ta co:

AB=AG +GB

AC = AG+GC

AD = AG +GD

Cong cac dang thirc theo vé ta co: ZE+ZE’+Z§+(GB+GC+GD) 34G

Vi G la trong tam tam gidc BCD nén GB+GC+GD=0.
suy ra AB+AC+ AD =34G
Vidu 7: Cho hinh hop ABCD.EFGH. Chimg minh ring :

a) AB+ AH +GC+ FE = AD

— ——— —— e

b) AB+AD+ AE+GH +GB = 0
Loi giai

a) Ta co: E+E+@+ﬁ=(@+ﬁ)+(ﬁ+@)=6+(ﬁ+1ﬁ)=@

b) Ta co: AB+AD+AE+GH+GB:(@+E+E)+(@+@):E+@:ﬂ:()

DANG 2: PHAN TiCH MOQT VECTO THEO CAC VECTO THANH PHAN

1. Phuwong phap: Dé phan tich mot véc to theo hé cac véc to thanh phan thi phai két hop hinh v&
v6i cac quy tac véc to, dac bi¢t la quy tac 3 diem.

2. Vidu



Vi du 1. Cho tt dién ABCD. Goi I va J 1a trung diém cua AB va CD.

a) Hay biéu dién vec to IJ theo 3 vecto AB; AC va AD.

b) Goi G 14 trong tAm tam gidc BCD. Hay biéu dién vec to AG theo 3 vec to E; AC va 4D .
Loi gidi

a) Ta co: f]=(ﬂ+f]>, mat khac 14 :—Z:—%ZE
AJ = %(E’ + E) (tinh chat trung diém)

Do dé: I =— L~ 4B+ L ac+ L aD.
2 2 2

AB=AG +GB
b) Ta co: AC = AG +GC cong theo vé ta duoc:
AD = AG+GD

—_— — — — —

3AG+GA+GB+GC =AB+ AD+ AD

AB+ AC + AD
3

Vi du 2. Cho t&r dién ABCD. Ly céac diém M va N lan luot thudc 4D va BC sao cho

AM =3MD; NB=-3NC . Biét AB=a va CD=b.

Mat khac GA+GB+GC (do G 1a trong tam tam giac ABC). Do vay AG =

a) Hiy biéu dién vecto MN theo a va b .

b) Goi G la trung diém ctia PQ, chimg minh rang G 1a trong tim ti dién ABCD.
Loi giai

a) Ta c6: MN =MD +DC+CN(1).

Lai c6: MN = MA+ AB+BN(2).

Mit khic: MA+3.MD =0; NB+3.NC=0.

Lay (2)+3.(1) ta duoc 4.MN = AB+3.DC .

Dodé MN=ra-25.
4 4

b) Theo tinh chat trung diém ta co:

GA+GD=2GP  — —— 0 . .
" = GA+GB+GC+GD=2(GP+GO)
GB+GC =GO

Mit khic GP+GQ =0=> GA+GB+GC +GD = 0= G la trong tAm tir dién ABCD.

Vi du 3. Cho hinh hop ABCD.A'B'C'D' . Pt BA=a; BB =b; BC = ¢ . Goi M va N lan luot 13 hai

R .M
diém nam trén AC va DC' sao cho MB//BD' . Tinh ty s0 %

!



Loi gidai
Gia sur: ATCan;mszT).

Taco: BD'=BD+DD' =BA+BC+DD' =a+b+c.

Lai c6: MN = MC +CC'+C'N =nAC +b+mC'D
:n.(ﬁf—ﬂ)+5+m(ﬁ‘+@)

:n.(2—5)+5+m(—l;+21)=(m—n)21+(1—m)5+ng .

Khi d6 MN //BD' = MN = k.BD'

2

m=-—
m—nzl—_m:_:k<:> 3:>MN=k=l
1 1 B'D' 3

n=—

3

DANG 3: GOC GIUA HAI VECTO. TiCH VO HUONG GIUA HAI VECTO
1. Phwong phap: Nam dugc dinh nghia goc gitra hai vecto, cong thirc tich v6 hudng cua hai vecto
trong khong gian
2.Vidu

Vi du 1. Cho hinh lap phuong 4BCD.EFGH . Hiy xac dinh goc giira cap vecto AB va DH ?

Loi gidgi
E H
F |
1 G
1
i A
.a'jl-------
i D
B C

Vi DH = AE ( ADHE 14 hinh vuéng)
Nén (E;Hﬁ) = (ZE;ZE’) = BAE =90° ( ABFE 14 hinh vudng).

Vi du 2. Cho hinh 1ap phuong ABCD.EFGH . Hay xac dinh goc giira cap vecto AB va EG ?
Loi gidi

E H

".---.-




Vi EG=AC (AEGC 1 hinh vudng)

Nén (AB;EG) = (ﬁ) = BAC =45° ( ABCD la hinh vudng).

Vi du 3. Cho tit dién ABCD cb AB= AC = AD via BAC = BAD = 60° . Hay xéc dinh goc giita cip
vecto AB va CD ?

Loi gidi

Tacd AB.CD = AB(AD—AC)=AB.AD - AB.AC
(4B, [4D| cos (4B; 4D) - 4B, | €| cos (4B C)
~|4B|.[4D|cos 60° - [4B].[4C]cos 60°

Ma AC = AD = AB.CD =0=>(4B;CD)=90°.

—

Vi du 4. Cho hinh chép S.4BC ¢6 SA =SB =SC va ASB=BSC =CSA, BAC = BAD = 60°. Hay

xac dinh goc giita cap vecto AB va SC ?

Loi gidi

—_— —_—

Tacé SC.AB = §6(573 - EAT) — SC.SB-SC.54
=|§?:||§1§| cos(Sﬁ;STB)—|§6|.|Sﬁ|cos(SE;§2)
— SC.SB.cos BSC — SC.SA.cos ASC .

Ma SA=SB=SC va BSC=ASC——>SCAB=0



Do d6 (ﬁ;ﬁ):%o .

Vi du 5. Cho tit dién ABCD c6 AB= AC = AD va BAC = BAD =60°, CAD =90°. Goil va J
14n luot 12 trung diém cia AB va CD . Hay xéc dinh goc giita cap vecto 4B va IJ?

Loi gidgi
A
!
B '
J
i
Xét tam gidc ICD c6 J 1a trung diém
— 1 — —
CD = 1J =—(IC+1ID)
2
. AB=AC N
Tam giac ABC c6 ¢ = AABC déu = CI L AB
BAC =60°

Tuong tu ta c6 AABD déunén DI | AB

Ta o6 1.A4B =(IC+1D).AB =~ IC.AB+~ ID.AB =0
2 2 2
= IJ L AB=>(4B;1J)=90°

Vi du 6. Cho tir dién ABCD ¢c6 AB 1 AC va AB L BD . Goi P va Q lan luot 1a trung diém ctia AB
va CD. Ching minh ring 4B 1 PO .

Loi gidi




Vi AB L AC va AB 1 BD nén AC.AB=0;BD.AB=0.

Ta co P—Q=ﬂ+ﬁ+@ va P—Q=ﬁ§+@+D—Q

Do d6 2P—Q=E‘+@:>ZP—Q.E=(E+@).E=E.E+§)E=O
Hay P—Q.E:O.

Vay AB L PQ.

DANG 4. MOQT SO BAI TOAN UNG DUNG VECTO GIAI TOAN THUC TIEN

Vi du 1: Trong Hinh 2.2, luc cing day (duoc tao ra boi strc ning cua kién hang) duoc thé hién
bdi cac doan thang c6 miii tén mau do.

Hinh 2.2

a) Cac doan thang nay cho biét gi vé hudng va do 16n cua cac cac luc cing day?
b) Céc doan thang niy c6 ciing nam trong mot mit phang khong?
Loi giai
a) Cac doan thang nay c6 hudng 1én trén (vé phia moc can cau) va do dai cia cac doan thang thé
hién cho dd 16n cua céc luc cang day va dugc lay ti 1€ véi d6 16n cua céac lyc cang day.
b) Céc doan thang nay khong cting nam trén mot mit phang.

Vi du 2: Mot toa nha c6 chidu cao cta cac ting 1a nhu nhau. M6t chiée thang may di chuyén tir
tang 15 1€n tang 22 cuia tda nha, sau do di chuyén tur tang 22 1€n tang 29. Céc vecto bi€u dién do
dich chuyén cta thang may trong hai lan di chuyén d6 c6 bang nhau khong? Giai thich vi sao.



Hinh 2.9
Loi giai

Goi vecto biéu din d6 dich chuyén cua thang may tir ting 15 1én ting 22 ciia toa nha 1a G . Goi vecto
biéu dién d6 dich chuyén cua thang may tir ting 22 1én ting 29 cua toa nha 1a 5 .

Vi hai vecto @ va b déu dich chuyén tir tAng thap 1én ting cao nén hai vecto @ va b c6 cing huéng
(D.

P dai vecto @ la: [a|=7,d6 dai vecto b la: [b|=7 nén [a|5]=7 @)

Tir (1) va (2) ta c6: a = b . Vay céc vecto biéu dién do dich chuyén ciia thang may trong hai lan di
chuyén d6 co bang nhau.

Vi du 3: Hinh 2.15 md6 tad mot lo hoa duogc dat trén ban, trong luong cua 1o hoa tao nén mot luc
tac dung 1én mat ban va mgt phan lyc tir mat ban Ién lo hoa. C6 nhan xét vé do dai va hudng cua
cac vecto biéu dién hai luc do.

Hinh 2.15

Loi giai
Céc vecto bicu dién hai lyc d6 c6 d6 dai bang nhau va huéng cua chiing 1a ngugc nhau.

Vi du 4: Thang cudn tai cic trung tim thuong mai, si€u thi hay nha ga, san bay thuong c6 hai
lan, trong d6 mot lan 1én va mot lan xu6ng. Khi thang cudn chuyén dong, vecto biéu dién véan tdc
ctia mdi 1an c6 13 hai vecto dbi nhau khong? Giai thich vi sao.



Loi gidi

Vecto bic¢u dien van tdc cia moi lan ¢6 cung dd 16n va huéng nguoc nhau nén chung 1a hai vecto
d6i nhau.

Vi du 5: Khi chuyén dong trong khong gian, may bay ludn chiu tac dong ctia bon lyc chinh: luc
day ctia dong co, luc can cua khong khi, trong luc va lyc nang khi dong hoc (H.2.20). Luc can
ctia khong khi ngugce hudng véi luc day cua dong co va ¢ d6 16n ti 1 thudn voi binh phuong
van toc may bay. Mot chiéc may bay ting van toc tit 900 km/h 1én 920 km/h , trong qua trinh
tang tbc may bay gitr nguyén hudng bay. Luc can ctia khong khi khi may bay dat van toc

900 km/h va 920 km/h 1an lugt dugc biéu didn boi hai vecto F, va F, . Hiy giai thich vi sao
fl = kfz véi k 12 mot sb thue duong nao d6. Tinh gia tri cua k (lam tron két qua dén chir s6
thap phan thu hai).

Hinh 2 20

Loi giai

Vi trong qua trinh may bay tang van toc tir 900 km /h len 920 km/h may bay gilt nguyén
huéng bay nén vecto F va F c6 cung hudng. Do do, F kF v6i k 1a mot s6 thue duong nao
do(1). ’ ’

Goi v,,v, lan lugt 1a van toc cta cua chiéc may bay khi dat 900 km/h va 920 km/h.

Suy ra v, =900( km/h),v, =920( km/h)



vi lyc can ctia khong khi ngugc hudng vai luc day cia dong co va ¢ dg 16n ti 1€ thudn véi binh
phuong van toc may bay nén

1

1\ Vi 900 2025 = 2025|—
‘:2_122—2:' j‘E‘: Fz
Fz‘ v 9207 2116 2116
Tur (1) va (2) ta co: E:ﬁfz:kz 2025 0,96
2116 2116

Vi du 6: Mot chiéc ban can d6i hinh chir nhat duoc dat trén mat san nam ngang, mit ban song
song v4i mdt san va bon chan ban vuong goc vai mat san nhu Hinh 2.29. Trong luc tac dung Ién
ban (bicu thi boi vecto @ ) phan tdn déu qua bon chan ban va gay nén cac phan lyc tir mat san
Ién cac chan ban (biéu thi boi cac vecto b ,C ,c? ,€ ).

Hinh 2.28

a) Hay chi ra moi quan h¢ vé phuong va hudng cua cac vecto d,b,c,d va e .

b) Giai thich vi sao cac vecto b ,C, d ,e do1 mot béng nhau.
Loi giai

a) Cac vecto a@,b,¢,d va @ c6 cung phuong; cac vecto @,b,é,d cung huéng v6i nhau va nguoc
hudng voi vecto € .

b) Vi trong luc tac dung 1én ban phan tan déu qua bon chin ban va gy nén cc phan luc tir mat
san 1én cac chan ban nén cac vecto b ,¢,d,e c¢6do16n béng nhau. Ma cac vecto a ,l; ,C ,67 cung

huong voi nhau. Do d6, cac vecto b,c,d,é d61 mot bang nhau.

Vidu7.Tada biét trong tdm cua t dién ABCD 1a mot diém I théa man Al =3IG ,06do G la
trong tAm clia tam giac BCD. Ap dung tinh chét trén dé tinh khoang cach tir trong tim ctia mot
khéi rubik (ddng chit) hinh tir dién déu dén mot mit ciia nd, biét rang chiéu cao ctia khéi rubik 1a
8 cm (H.2.30).



& cm

Hinf 2.30

Loi gidi

C

Gia sir khdi rubik (ddng chat) hinh tir dién déu dwoc mé phong nhu hinh v&.
G la trong tam DBCD, I 1a trong tam cua tir di¢n

Vi ABCD 14 hinh ttt dién déu nén 4G L (BCD) va AG=8 cm.
vi Al =31G nén 3 diém A,L,G thing hang va IG = %AG .

Do d6IG L (BCD). Khid6 d(1,(BCD))=1G :iAG =2cm.

Vi du 8: Ba so1 day khong gian vdi khéi lugng khong dang ké duoc budc chung mot dau va
duoc kéo cang vé ba hudng khéq nhau (H.2.31). Néu cac !I_I‘C kéo lam cho ba sgi day ¢ trang thai
ding yén thi khi d6 ba sgi day nam trén cing mot mat phang. Hay giai thich vi sao.

Hinh 2.31

Loi giai



Gia st luc kéo trén mdi sgi day duogc biéu dién béi céc vecto @, @,% voi 1a dau chung cua
ba soi ddy. Khi ba soi ddy can bang thi O+ OB+0C =0.

V¢ hinh binh hanh OADB.

Theo quy tac hinh binh hanh thi OA+OB=0D.

Do d6 OA+O0B+0C =0 OD+0C =0« OC =-0D .
D. TRAC NGHIEM 4 PHUONG AN

Caul: Cho tordién ABCD. bat AB=a , AC=b , AD=c. Goi G 1a trong tdm tam gidc BCD.
Ping thirc ndo sau ddy dung?

A. AG=a+h+e. B. 4G =~(a+5+¢).
3
C. 4G=—(a+b+c). D. 4G = (a+h+c).
Loi giai
Chon B

+Goi M 1a trung diém cia CD—)Ez%W.
N JUN ) (A —
+AG=AB+BG=AB+§BM=AB+§.5(BC+BD)
~ 4B+ (AC - 4B + AD~ 4B)

:é@+ﬁ+ﬂ>):§(a+;}+z).



Cho tr dién ABCD . bat E=Zl, R=l;, AD=c. Goi M 1 trung diém cua doan BC.

Ding thirc nao dudi dy ding?
A. DM =2 (a+5-20).
2

C. DI = (a-2h+¢).

Chon A

Cho tt dién ABCD. Goi M va P lan luot la trung diém cua cac canh 4B va CD. it
AB = I;, AC = 2, AD=d. Khiang dinh nao sau day dung?

A MP =2 (c+d+5).

_— 1y~ - =
C. MP=§( +b—d).

Chon D

B T:-(&ué-é)
D. W:—(a+2l;—c)
Loi giai




P

2AM = AB

+ Vi M, P lan luot 13 trung diém cta AB,CD —> .
AC+ AD =2A4P

+ MP =M+ AP = ~AM + AP =~ 4B +_(4C-+ 4D)

Cau4: Cho tr dién ABCD va diém G théa min GA+GB+GC+GD =0 (G latrong tam cua ti
dién). Goi G, 1a giao diém ctia G4 va mit phang (BCD). Khing dinh nao duéi day dung?

A. GA=-2GG. B. GA=4GG. C. GA=3GG. D. GA=2GG.
Loi gidi
Chon C
A
B D
M
C

+Vi G, 1a giao diém cia AG va mit phang (BCD)
— G, la trong tdm tam giac BCD.

-G B+GC+GD=0.

+Ma GA+GB+GC+GD=GA+3GG, +G,B+G,C+G,D=0
—>@+3G—Q:6—>@=3@.

Cau5:  Cho hinh chop S-ABCD ¢ dsy ABCD 13 hinh binh hanh, it SA=a, SB=b_SC=c
SD =d  Khing dinh nao dudi day la dung?
A.a+c=b+d. B.a+b+c+d=0. C.a+d=b+c. D. a+b=c+d.
Loi giai



Chgn A

y-----°

N
\:b-
rd

rd

;-
\

\

\
\

+ Goi O la tam hinh binh hanh ABCD
SA+SC=280=a+c
*{S—B@:z@:m
Satiched
Cau 6: Cho hinh lang tru 4BC.A'B'C". bit A—A':Zz, E:B, AC=c. Goi G' la trong tdm cua
tam gidc 4'B'C'. Vécto AG' bang?

Af(a+3bre).  Bogf3arhec).  Coffavbe).  D.i(avhec).
Loi giai
Chon B

C
+Goi I la trung diém B'C'.

+ Vi G' 1a trong tam tam giac A'B'C'—)A'G'=§ 'I.

+ AG'=AA'+A'G'=A—A'+§W=TA+§(W+F)

— A"+ (4B -+ AC) = (344’ + 4B + AC) = (3a+bvc).

Cau7: Chohinhlangtru 4BC.A'B'C'.Dat AAd'=a, AB=b, R‘:E.Héybiéudiénvecto B'C

- - -

theo a,b,c?
A.B'C=a+b-c. B.B'C=-a+b-c.
C.B'C=a+b+c. D. B'C=-a-b+c.

Chon D



Ay r B’

oV
+ Vi BB'C'C la hinh binh hanh nén
—>B'C=B'C'+B'B=BC - AA'

=—AA"+BA+ AC =—AA'— AB+ AC

=—a-b+c.

Cho hinh lang tru ABC.4'B'C'. Goi M 1a trung diém cua canh BB'. Dit CA=a, CB=b
, AAd'=c. Khing dinh nao sau ddy ding?

A. m=a+z_%zs. B. m:m;_%a.

C.A_A/Y=B—Zz+%2. D.W=5—E+%B.
Loi giai

Chon C

+Vi M 1a trung diém BB'—)W:%B—B'.
—— e e e ] e ] - = 1-
+AM:AB+BM:—BA+EBB':—CA+CB+§BB':—a+b+5c

Cho hinh hp ABCD.A'B'C'D' tam O. Goi [ 1a tdm cua hinh binh hanh ABCD . Dit
AC'=u,CA'=v, BD'=x, DB'=y . Khi do:

AL 207 == i+ +3+3). B. 207 = {u+v+3+7).
C. 200 = {u+v+3+7). D. 207 = (u+v+3+3).
Loi giai

Chon A



Cau 10:

Cau 11:

+Goi M, N lan luot la trung diém AB,CD
OA+OB=20M
>3 .
OC +OD = 20N
+Vi I la trung diém MN — OM +ON =201 .
201 =04+ 0B + OC-+0D)
11— 1 11—

Y e ler lep-Llop
2\ 2 2 2 2

(v rrey).

Cho hinh lang try tam gidc ABC.A'B'C"'. Dat TA':Zz, E:Z;, R’:Z’, ﬁ):g.Khéng

dinh nao sau day la dung?

A.a=b+c. B. a+b+c+d=0. C.b-c+d=0. D.a+b+c=d.
Loi gidi

Chon C

+ BC=AC-AB<>d=c-b<b—c+d=0.

Cho hinh lap phuong ABCD.A'B'C'D". Goi O 1a tim cua hinh 1ap phuong. Khing dinh

nao sau day la ding?

A. 40=L(4B+ 4D+ 4. B. 40 = (4B + 4D+ A7)).
3 2
1l — — D .
C. AO:Z(AB+AD+AA'). D. AO:E(AB+AD+AA').
Loi giai
Chon B
A’I B’
D.- i (‘nf
e
A¥“-------4B
D C

+ AC'= AB+ AD + AA'



+ O 1a trung diém AC'—>25=%A—CT'=—(AB+ZB+AA').

Cau 12: Cho hinh hop ABCD.A'B'C'D'. Pat AB=a, AD=b, AA'=c . Phan tich vecto AC'

theo a,b,c?
A. AC'=—a+b+c. B. AC'=a+b-c.
C. AC'=a+b+c. D. AC'=a-b+c.
Loi giai
Chon C
D’ o4
A B
.| D]
C ’*-; _________ TTTE ('l
A 2 B

— —

Cau 13: Cho tr dién ABCD.DPiém N xéc dinh béi ding thic sau AN = AB+ AC — AD . Ménh d&

nao dung?
A. N latrung diém BD. B. N la dinh hinh binh hanh BCDN .
C. N la dinh hinh binh hanh CDBN . D.N=4.
Loi giai
Chon C

+Taco AN = AB+ AC~AD <> AN~ AB= AC~AD <> BN = DC .
— N la dinh tht tw ciia hinh binh hanh CDBN .

Cau 14: Cho hinh hép ABCD.A'B'C'D'. Goi M la diém dugc xac dinh bai déng thirc sau
MA+MB+MC +MD+MA'+MB'+MC'+ MD' = 0. Ménh d nao dung?
A. M latam mat day ABCD.
B. M latam mat day A'B'C'D".
C. M la trung diém doan thang ni hai tim ctia hai mit day.
D. tap hop diém M 1a doan théng ndi hai tAm cta hai mat day.
Loi giai

Chon C
OA+OB+0C+0D =0
O'A'+O'B'+O'C'+O'D'=6.

+Goi O=A4ACNBD va 0'=A'C'mB'D'—>{

MA + MB + MC + MD = 4MO + OA+ OB +OC + OD = 4MO
— .
MA'+ MB'+ MC'+ MD'=4MO'+O'A'+O'B'+0O'C'+0'D'=4MO'
—>4MO+4MO"'=0¢> MO+ MO'=0—> M 1a trung diém cua 0O".



Cau 15:

Cau 16:

Cau 17:

Cho hinh hop ABCD.A'B'C'D' ¢c6tdm O.DPit AB=a, BC=b.Diém M xéc dinh boi

dang thic OM = %(5 —Z)) . Khang dinh nao sau dy dung?

A. M 1atrung diém BB'. B. M 1a tdm hinh binh hanh BCC'B".

C. M latrung diém CC'. D. M 14 tdm hinh binh hanh 4BB'A".
Loi giai

Chon A

+ Goi 1,1' 1an luot 13 tAm cac mit day ABCD, A'B'C'D".

— O latrung diém 17'.

+ OM =1(a-b)=~(4B-BC)=+(DC+CB) =1 DB =18
2 2 2 2

— M 1a trung diém BB'.

Cho ba vecto a,b,c. Piéu kién nao duéi day khang dinh a,b,c dong phang?
A. Tn tai ba sb thuc m,n, p théamin m+n+ p=0 va ma+nb+ pc=0.
B. Ton tai ba sb thuc m,n, p théaman m+n+ p#0 va ma+nb+ pc=0.
C. Ton tai ba s thuc m,n, p sao cho ma+nb + pZ‘ =0.
D. Gi4 cua a,b,c dong qui.

Loi giai
Chon B
+Xétm=n=p=0talubnecdo m+n+p=0 va mZz+nI;+pE=6 nhung khong thé suy ra
duoc a,b,c dong phang.
+Xét m+n+ p#0 thi chic chan c6 mot trong ba s m,n, p khac 0.

- p- -

S . T 2
Giast m#0—>ma+nb+ pc=0<>a=——>b—"c— a,b,c dong phang.
m m

Cho ba vécto a,b,c¢ khong ddng phing. Xét cac vécto x=2a+b va ;:Zz—l;—g va

=-3b—2¢ . Khing dinh nao dudi day 1a dang?

z

A. x,y,z ddng phing. B. x,a cing phuong.

C. x,b cung phuong. D. x,y,z d6i mot cung phuong.
Loi giai

Chon A



+ Gia st ba vecto x, y,z dong phing khi d6 — x=my +nz.
m=2
.o - - - m=2
<—>2a+b:ma—(m+3n)b—(m+2n)c<—> m+3n:—1<—>{ {
n=-
m+2n=0
Vay x,y,z ddng phing.
Cau 18: Cho ba vécto a,b,c¢ khong dong phiang. Khing dinh nao du6i day ding?

A x=a+b+2c va ;/=221—3l;—62 va z=—a+3b+6¢ dong phang.

B. x=a—2b+4c va y=3a-3b+2¢ va z=2a-3b—-3c ddng phing.

C.x=a+b+c va ;/=221—3l;+2 va z=—a+3b+3c ddng phang.

D. x=a+b—c va }:2&-13+32 va z=—a—b+2c ddng phang.
Loi giai

Chon A

+ X, y,z ddng phing khi va chi khi 3m,n:x=my+nz.
X=a+b+2c

Vi ;=za_3;;_6zﬁ;=g;+§;%;,;,; ddng phing.
z=—a+3b+6¢c

Céu 19: Ménh dé nao sau day 13 sai?
A. a,b,c ddng phang néu mot trong ba vecto d6 bang 0.
B. a,b,c dong phang néu c6 hai trong ba vecto d6 cling phuong.
C. Trong hinh hop ABCD.A'B'C'D" ba vecto AB',C'A',DA' ddng phing.
D. x=a+b+c ludng ddng phang v4i hai vecto avab.
Loi giai
Chon D
+ Gid stir cho hinh hop ABCD.A'B'C'D" va goi M la trung diém C'D' khi do:
AB+ AD+CM = AM — AM khong dong phang voi AB, AD .

Cau20: Cho hinh hop ABCD.A'B'C'D' va cac diém M,N,P xic dinh boi
MA=kMB'(k#0),NB=xNC',PC = yPD'. Hiy tinh x,y theo k dé ba diém M,N,P

thang hang.
Ax2tk o, 2 Bt 1
2—k k 1-2k 2k
1
—+k
) 1 1+k 1
C.x: 5 = - D.x:_’ [
kYT ok Y "k

Loi giai



C!

A
c
N
Chon D
Dit AD=a,AB=b,AA'=c.
N e ko - —— X (= =
Tur gia thict ta co: AM_E(b+C) (1), AN—b+E(a+c) (2)

,ﬁ:a+5+yy_l(z-13)(3).

T&détacé:m:m—mz X a— ! b+ r k c+ Y c.
x—1 k—1 x—1 k-1

MP=AP—AM =a— (2L ype| 2 __F |2
yv=1 k-1 yv=1 k-1

Ba diém M, N, P thing hang khi va chi khi ton tai A sao cho MN = AMP (*).
Thay cac vec to MN,MP vio (*) valuuy a,b,c khong dong phang ta tinh dugc
1+k 1

X =——.

1ok T Tk

Cau 21: Mot chiéc dén tron dugce treo song song voi mit phing ndm ngang boi ba soi day khong
dan xuét phat tir diém O trén tran nha va lan lugt bude vao ba diém A, B, C trén dén tron

sao cho céc luc cang E, 172,?3 lan luot trén mbi day OA4,0B,0OC d61 mot vudng goc voi

nhau va ‘fl‘ = ‘E‘ = ‘E‘ =15 (N). Tinh trong lugng cua chiéc dén tron do.



Cau 22:

A. 143(N). B. 153(N). C. 17/3(N). D. 16\3(N).
Loi giai

Chon B

Goi 4,,B,,C, 1an lugt 1a cac diém sao cho O4, =F,,0B, =F,,0C, = F,. Liy cac diém
D,,4,B,,D, sao cho OA,D,B, -C,A D,B, 1 hinh hop (nhu hinh bén). Khi d6, ap dung quy
tac hinh hop ta co

04 +0B,+0C, =0D..

Mat khac, do cac lyc cang ]71,?’;,173 do6i mot vudng goc va ‘Fl‘ = ‘F’z‘ = ‘E‘ =15(N) nén
hinh hop OA,D,B,-C, A D,B, c6 ba canh O4,,0B,, OC, d6i mot vudng goc va bang nhau.
Vi thé hinh hop d6 14 hinh 1ap phuong c6 d¢ dai canh bang 15. Suy ra d6 dai duong chéo
OD, cua hinh 13p phuong d6 bing 1543 .

Do chiéc dén ¢ vi tri can bing nén F, + F, + F, = P, 0 d6 P 1a trong lyc tac dung 1én chiéc

=15V3(N)

dén. Suy ra trong lwong cua chiéc dén 1a | Pl= ‘O—D1

Mot chiée dén chum treo c6 khdi lwong m =5kg duogc thiét ké vé6i dia dén duge gilr boi
bdn doan xich S4,SB,SC,SD sao cho S.ABCD 1a hinh chop tir giac ddu co6 ASC =60

Tim d¢ 16n cua luc cing cho mdi soi xich. Liy g =10m/s’.



Cau 23:

153 2043 25\3 303

A—N B—N C—N D—N

Loi gidi

Chon D

-Taco P=mg nén |Pl=m-|g|=5-10=50N.

Vay d¢ 16n cua trong luc P tac dong 1én chiéc dén chum 1a 50N .

- Goi O 1a trong tdm cua chiéc dén chum ciing 1a chan dudng cao hinh chop déu S - ABCD

. V& OP biéu dién trong lyc tac dong 1én dén chum voi

OP 1 (ABCD).

Khi d6 lyc cang mdi sgi xich s& 1a A—S,B—S,ﬁ,D—S .

Chiéc dén chum dung yén nén AS+BS+CS+DS+0P=0.

Cho @ va b 1a hai vecto cuing hudng va déu khac vecto 0. Ménh d& nao sau day dung?

aab=fil  mab=o. C.ab=-1. . a5 =[al[f|
Loi giai

Chon A

Do a va b 14 hai vecto cung hudng nén (Zz,l;) =0° —>cos(21,l;) =1.

Vay ab=fil i



Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Cho hai vecto @ va b khac 0. Xac dinh goc o gitra hai vecto a va b khi ab=-— Zz||5|

A. a=180°. B. a=0°. C. a=90°. D. o =45°.
Loi giai

Chon A

Ma theo gia thiét ab= —|Zz|.

b|, suy ra cos(a,l;) = —1—)(5,5) =180°

Cho hai vecto a va b théa min |Zz| =3,

l;| =2 va d.b =-3. Xéac dinh géc o gitta hai vecto

a vab

A. a=30°. B. a =45°. C.a=60°. D. a=120°.
Loi giai

Chon D

Ta co Zz.B=|Zz|.|Z;|.cos a b)—)cos(a b) |5T.TE| =§=—%—>(Zx,5)=120°

: = h a7 |7 s 2= e S —a4h oA
Cho hai vecto @ va © thoa méan |a|:|b|:1Vahalvecto’u:ga—% vav=a+b vuong

goc voi nhau. Xac dinh goc @ giira hai vecto ¢ va b.

A. a=90°. B. a =180°. C. a=60°. D. o =45°.
Loi giai
Chon B
Ta 6 ﬁﬂ—>ﬁ.§=o@@5—313j(a+b) 0@? —%ab 35 =0
RN S
Suy ra cos(Zl,/;) = ﬁ% = —1——>(Zl,[;) =180’
al.

Cho hai vecto 9 va b théa min diéu kién |Zz| = |l;| =1vaab=3. b0 dai vecto 3a+5b:
A. 545, B. \/24. C.s. D. 124.
Loi giai
Chon B
- —\2 - —_-— =
(3a+5b)==mf+30ab+2ﬂf —94+90+25=124,
= |3Zz + 513| =

Cho a, b ¢6 (a+2b) vuong goc voi vecto (Sa 4b) va | | |b| Khi do:



A. cos(a,l;)=g. B. cos(a,z)z%o. C. cos(a,l;)=§. D. cos(a,g)z

N | —

Loi giai
Chon D
+Vi (Zz + 2]3) vuong goc voi vecto (521 —413) nén:

-2 -2
-5a +8b

(Zz+213).(55—413)=0@5212 _8h +6ab=0=ab= -

-2
2

-2

b| .Suyra 21.1323%

Ta cd ‘a‘:‘b‘ la

+ cos(Z,l;)=|g|'|l;;|= 2162 =%.

Cau 29: Cho hai vecto Zz,l; thoa man: |Zz| = 4;|B| = 3;|Zz—l;| =4.Goi a la gbc gilra hai vecto Zz,l;.

Chon khang dinh dang?
A. cosa=%. B. o =30°. C. cosa=§. D. o =60°.
Loi gidi
Chon A
@a~by =|af +[p[ ~2a5= @b =§.
Do d0: cosa = qa'bﬂ =E.
] 8

- - . - - 2.
Cau30: u va v 12 vecto déu khac 0. Khi do [u +2v| bing

—2 —2 —_— —2 —2 —_— —2 —2 —_ == =
A.u +2v —4u.w. B.u +4v +4uyv. C.u +4v . D. 4u~v(u —v)

Loi giai
Chon C
— —2 - -\2 =2 —2 —_—
Ta co |u +2v| :(u+2v) =u +4v +4uwv.
Ciu31: Cho hai vecto a va b co [a|=5, [f|=12 va |a+5|=13. Khi d6 cosincua goc giita hai
vecto a —b va a +b bang
12 B 5 C 119 D 119

aE. 012. o_@. o@.



Chon C

Nhan thay v5°+12° =13 suyra a L b

g

Mt khac: cos(a, )= — = a,=cos ' —.

W:w 13

Do d6 goc giita hai vecto a —b va a+b bang a, +a, =2a, =2.cos™ %

Vay cos(Zz —Z;,ZHB) = cos(Z.cos1 i) = —2.
13 169

Cau 32: Cho u=a+3b vudng goc voi v="Ta—5b vi x=a—4b vuéng goc v&i y =Ta—2b. Khi

d6 goc giira hai vecto a va b bang

A. (a,b)=75°. B. (a,0)=60°. C. (a,b)=120°. D. (a,b)=45°.
Loi giai

Chon B

Ta co:

{;;:0 . {(&+3B).(72¢51§)=0© 70af 15[ =-16ab |5 =2a

xy=0 (a—4b).(7a-25)=0 7|Z,|2 +8|z§|2 —30a.b - |Zz|2 =2ab
B =2ab
=9 _ .
o|=[p
Tir do, ta c6: cos(a,b) = |E|LTB| = ;f__é :% = (a,5)=60°
al. b

Cau 33: Cho hai vecto Zz,l; thoa man: |Zz| =4;\b :3;21.13 =10. Xét hai vecto }:&—13 ;c:Zz—Zl;,.

Goi a la goc gitra hai vecto ;c,;/ . Chon khang dinh dtng.

A. cosa:_—2. B. cosa:L. C. cosa:i. D. cosa =

Jis Jis Jis

S‘N
W



Cau 34:

Cau 35:

Loi giai
Chon D

Tact 55—(3-25)(a-5)(a) +2(5] -3 -4
=y = -2 J<a>2+4<z>2—4az=m.
51~ 5) = (a8 = (@) (3 ~2ab 5.

Xy 4 2
COSo = _.x y_.

x.y:2\/§.\/§=\/g

Cho hai vecto 21,5 théa man: |ZZ|=26;|B|=28;|ZI+B| =48 . b dai vecto a-b béng?

A. 25. B. /616 C.9. D. J/618.
Loi giai

Chon B

a8 =(a=5) =a’+b ~2ab=2(a" +5’)(a+B)

:2(|a| +|b| j—|&+13|2 =2(26” +287)-48” =616

:>|5—E|:W.

Cho tir dién ABCD ¢y AB=AC=AD vy BAC=BAD = 60" . Hay xac dinh goc gitra cap
vecto 4B va CD?

A. 60° B. 45", c. 120°. p. 90°.
Loi giai
Chgon D
A
A
B D
C

Ta c6



AB.CD = E.(E—E) = AB.AD — AB.AC
= AB.AD.cos60° — AB.AC.cos60° =0
— (E,CT)) —90°

Cau 36: Cho hinh chop S-ABC g SA=SB=S5C 3 ASB=BSC=CSA Hay x4c dinh goc giita

cap vecto S4 vy BCo

A. 1200. B. 900. C. 600. D. 450.
Loi giai
Chon B
S
A C
B
Ta co

SA4.5C = 51(SC - 55) = SA.5C - 5158
— SA.SC.cos ASC — SA.SB.cos ASB = 0
— (@,B?) —90°

Cau 37: Cho hinh chép S.ABCD ¢ day 1a hinh vudng ABCD canh bang @ va cac canh bén déu

bang 4. Goi M va N 1an luot 1a trung diém cia 4D va SD | S§ do cua goc (MN, SC)
béng:
A. 45° B. 30° C. 90° D. 60°

Loi giai

Chon C



Ta co: AC = a\/i
= AC* =2a* = S4* + SC*

= ASAC yyong tai S .
Khi do: NM.SC == 545C =0 & (NM,5C) =90° = (M, 5C) =90°

Cau 38: Cho tir dién 4BCD déu canh bang a. Goi O la tim duong tron ngoai tiép tam giac BCD
. Goc giita A0 va CD bang bao nhiéu?
A0, B. 30°. c. 90 D. 60”
Loi giai

Chon C

 46.CD = (CO-CA)CD
Ta co



Cau 39:

Cau 40:

=CO.CD—CA.CD = CO.CD.cos 30" — CA.CD.cos 60°

Suy ra A0 LCD

Cho tir dién ABCD véi AB 1 AC, AB L BD . Goi P, Q lan luot 1a trung diém cua AB
va CD. Goc gitta PO va AB 1a?

A. 90°. B. 60°. c. 30°. D. 45°.
Loi giai

Chon A

AB.PO = AB 1 PQ

Cho ttr dién ABCD ¢6 AB = AC = AD vi BAC = BAD = 60°,CAD =90°. Goi I va J 1in

luot 12 trung diém cia 4B va CD. Hay xac dinh goc giita cip vecto AB va 1J ?

A. 120° B. 90°, C. 60°, D. 45°,
Loi giai
Chon B
A
1
B D
J
C

Xét tam gidc ICD ¢6 J 1a trung diém doan CD.
— 1l — —
Ta cé: 1J = —(1C+JD)
2
Vi tam gidc ABC ¢6 AB = AC va BAC =60°

Nén tam gidc 4BC déu. Suy ra: CI L AB

Twong tu ta c¢6 tam gidc ABD déunén DI 1 AB.
[ | (PG
Xét 1J AB = E(IC + JD).AB - EIC.AB +-IDAB = 0.

Suy ra 1J 1L AB. Hay goc gifra cdp vecto AB va IJ bang 90°.



Cau 41: Cho tir dién ABCD c6 hai mit ABC va ABD la cic tam giac déu. Khang dinh nao sau

day dung nhat.
A. AB va CD chéo nhau B. AB va CD vudng gbéc véi nhau
C. AB va CD déng phang D. AB va CD cit nhau
Loi giai
Chon B

Dat AB=A4AD=AC=a

Tacd CD.AB = (E—A—C)ﬁ
= |AT?||E| cos 60° —|EHE| cos60° = a.a.l— a.a.l =0
2 2

Vay ABLCD.

Cau 42: Cho hinh ling try tam giac déu ABC.A'B'C' ¢c6 AB=a va AA' =2a. Géc gitra hai
duong thang 4B’ va BC'bang
A C

A’ L old

A. 60° B. 45°, C. 90°, D. 30°,
Loi giai
Chon A
A C
B
A r - T -—"—-—"—"—"———- - - - - == lC"'
B'

Tacéd AB.BC = (E+ﬁ)(FC+C—C) = AB.BC + AB.CC' + BB'.BC + BB'.CC’

2 2
:ER+@.@+@R+BB@=_%+0+0+za2:%.



- 3a’
AB' BC' RN

_ Ab _ —~ = (A4B',BC")=60°.
|AB’ BC'| aB3ad3 2 ( )

Suy ra cos(ﬁ,ﬁ)

Ciu 43: Cho hinh 1ap phuong ABCD.AB,C,D, cb canh a. Goi M 1a trung diém A4D. Gia tri

B.M BD, la:
1. 3, 3
A2 B. @’ c.4 . D. 2
Loi giai
Chgn A
A B
D
1 Cl
v A B
D C

Ta co: BI—M.B—DI=(ﬁ+ﬂ+W)(ﬂ+E+D—D1)

~BBDD, +BA +AM.AD

2

= +d+ L
2
_&
2
Cau 44: Cho hinh 13p phuong ABCD.EFGH . Hay xac dinh gbc gitra cdp vecto AB vAEG?
A. 90° B. 60° C. 45° D. 120°
Loi giai
Chon C
E
H
F G
4 D
B C

Ta co: EG/IAC (do ACGE 13 hinh chit nhat)



Cau 45:

Cau 46:

. (4B, EG) = (4B, 4C) = BAC = 45°

Cho hinh lap phuong ABCD.A'B'C'D' . Goi M , N lan luot 1a trung diém ctia AD, BB'.
Cosin ctia goc hop bdi MN va AC' bang

V3 V2 V5 V2
A 3. B. 3 . Cc. 3. D. 4 .
Loi giai
Chon B
B C
|
A (M D
~ Ty
1~
~
| \\\
Y R
s B (o
/
&
A’ D'

* Xét hinh 1ap phuong ABCD.A'B'C'D' canh 4.
=B, b= D, ¢~ A = [i| <[ =[¢| = ab =i -ai=o0
* Pat .

* Ta cO:

S ——— 1, 1 a3
4 4 2

—Na*+d’*+a* =a3

W=E+E+TA’=&+B+E:>|A—C’

AC N = & _%aulaz g

MN.AC| f2
T3

cos(MN; AC") = ‘cos(mg A—C’)

pafac]

Cho hinh ling try ABC.A'B'C’ ¢6 ddy ABC 1a tam giac déu canh a, tam gidc A'BC déu
nam trong mit phang vuéng goc voi (ABC ) M 14 trung diém canh CC’. Tinh cosin goc

a giita hai duong thang 44" va BM .

2322 J33 Ji1 J22
CoOSf =—— CoOS¥ =—— COS¥f = —— cosa =——
A. 1 B. 1 C. 1T D.

Loi giai



Chon B

a\3

Ta co: AH:A'H:T va AH L BC,AH 1 BC = BC 1 (AA'H)= BC L AA' hay

BC 1 BB'.Do @: BCC'B’ 1a hinh chir nhat.

Khi d6: CC'= 44" =

a\/g.f:a\/g:B
2 2

M = |a” +
16

2
Xét: AA.BM = AA’.(BC + CM) — 0+ AA'CM = 3% .

s
4
Suy ra cos(AA',BM)=a\/g T =\/13173.
2 4

Cau 47: Cho tam giac ABC | thj cong thirc tinh dién tich nao sau day 1 ding nhat.

—_———\2
S:l\/ABZACZ—Bc2 Szl\/ABzAc%rl(AB.Ac)
A. 2 B. 2 2
1 PSR Y-ty 1 e
S==_|4AB*AC ——(AB.AC) S==.|AB*AC —(AB.AC)
C. 2 2 D. 2
Loi giai

Chon D

_ 1 . _ 1 2 2 .2 _ 1 2 2 2
SABC—EABACsmA—E\/AB AB? sin A—E\/AB AC? (1-cos’ 4)



- l\/ABzAC2 —(E.E)Z
2 .

Ciu 48: Cho hinh lap phuong 4BCD.EFGH c6 canh bang a . Ta ¢6 ABEG bang?

22
AL @2 B. c. @3, D. 2
Loi gidi
Chon B
A B
D ] c
E« - -]l -7~~~ -~~~ ° . F
H - G

AB.EG = AB.(EF + EH = AB.EF + ABEH _ " ; 754D (EH = AD) — 4 Wi
AB 1 AD)
Ciu49: Cho tir dién ABCD véi AC = %AD, CAB = DAB =60°,CD = AD . Goi ¢ 1a gbc giita AB
va CD. Chon khang dinh dang?
A. COS(p:%. B. p=60°". C. p=30°. D. COS(pZ%.
Loi giai

Chon D



C

Ta c6 cos(ﬁ,@) = |Ai;B||C;£D| _ ﬁgs

Mat khac

AB.CD = E(E—R) — ABAD - AB.AC

= AB.AD.cos60° — AB.AC.cos 60°

= AB.AD.l— AB.EAD.l = —lAB.AD = —lAB.CD.
2 2 2 4 4

L AB.CD

—— 1
Do co cos(AB,CD):4—:——. Suy ra cosgp =—.
AB.CD 4 4

Ciu 50: Cho tir dién déu ABCD, M 1a trung diém cua canh BC . Khi d6 cos(AB,DM) bang

V2 V3 1 V3
A 2. B. 6 . C. 2, D. 2 .
Loi giai
Chon B
A
B D
M
C

Gia st canh cua tir dién la 4.



__ . JBDM _4BDM

cos(AB,DM)= ‘ZEHD—]\Z‘ = ) &
Ta co 2
Mat khac

AB.DM = AB (m - TD) — ABAM — AB.AD = AB.AM .cos30° — AB.AD.cos 60°

Do co cos(A—B,W) =€. Suy ra cos(AB,DM) 3



F. TRA LOI DPUNG SAI

Cau 1:

Cau 2:

Cho tir dién ABCD c6 trong tam G . Xét tinh ding- sai cua cac m¢nh dé sau?
A. GA+GB+GC+GD =0

B. 0G =1(0A+OB+OC+OD)
4

C. BG=GA+GC+GD
D. 4G =2 (4B +AC-+ D)

Loi giai
A. D |B.D C.D D.S
"1 Theo cong thuc vi G la trong tam tu dién ABCD — GA+GB+GC+GD=0 nén 4
ding
'] Taco:

—_— — — —

ﬁzi(%+ﬁ+@+@) i(OA+AG+OB+BG+OC+CG+OD+DG>
=%(5;1+5§+56+515) nén B ding
1 GA+GB+GC+GD=0<> GA+GC+GD =-GB =BG pngn C ding

o — 1) — — —

0 AG=AO+OG=A0+Z(OA+OB+OC+OD)=A0+Z(4OA+AB+AC+AD).
— 40+ 0d+~(4B+ AC + AD) =+ (4B + AC+ AD) — D sai
4 4

Cho ttr dién ABCD.Goi M va N lan luot 1a trung diém cia AB,CD va G la trung diém
MN . Xét tinh ding- sai ctia cic ménh dé sau?

A. GA+GB+GC+GD=0

B. MA+MB +MC + MD = 4MG

C. MN = (4B + D)
2

D..2MN = AC + BD
Loi gidi




Cau 3:

N

C

GA+GB =2GM

) Vi M,N lan lugt 14 trung diém AB,CD — .

GC+GD =2GN
GléltrungdiémMN—>W+§V=6(—>@+@+@+@:().VéyAdl'mg
0 Khid(’)m+m+MC+MD:4MG+(@+@+@+@)=4A_/[5

Vay B dung

1 D& ching minh duge MN = %(E + ﬁ?) nén C sai

[1 Taco:

MN = MA+ AC +CN

MN = MB +BD + DN

Do do: 2M—N=E’+@.Védeﬁng
Cho hinh hép ABCD.A'B'C'D' tim O. Xét tinh ding- sai ctia cdc ménh dé sau?
A. AC'=AB+AD+ AA'.
B. AB+BC'+CD+D'A=0.
C. AB+AA4'= AD+DD'".
D. AB+BC+CC'=A4AD'+D'0+0C".

Loi giai

A. D B.D C.S D.b

[] Theo quy tic hinh hop thi AC'= AB+ AD+ AA' ding. Do d6 A dung
] Tac6 AB+CD=0 va BC'+D'A=0

_ _ _ _ —

Do d6: AB+BC'+CD+D'4=0.Do d6 B dung



D C

AB+ AA' = AB’ ,
O Vl{ ma AB'# AD' = AB+AA'# AD+DD’ vy C sai

AD+DD'=AD"
'] Taco
®AB+BC+CC'= AC'
@®AD'+D'O+0C'= AC'
Vay AB+BC+CC'=AD'+D'0+0C". Do d6 D ding

Cho hinh hép ABCD.A'B'C'D'. Xét tinh dling- sai clia cic ménh d¢ sau?

A. BC+BA=B'C'+B'A". B. AD+D'C'+D'A'=DC.

C. BC+BA+BB'=BD". D. BA+DD'+BD'=BC.
Loi giai

A. D B. P |C.D D.D

] Taco
BC+BA=BD
B'C'+B'A'=B'D'
Ma BD =B'D' nén A dung

[1 Tacd

AD+D'C'+D'A'=AD+D'B'=A'D'+D'B'=A'B'= DC
Vay B dung

[1 Ta co:

BC+BA+BB'=BD+BB'=BD' vay C ding



Cau 5:

—_—

Xét tinh dung- sai clia cac ménh dé sau?

A. Tt gidc ABCD 1a hinh binh hanh néu 4B =CD.

B. Tt gidc ABCD 1a hinh binh hanh thi AB+BC+CD+CB=0.

C. Tt gidc ABCD 1a hinh binh hanh thi AB+ AC = AD.

D. Chép S.ABCD c6 SB+SD =SA+SC thi ABCD 1a hinh binh hanh.
Loi giai

A. S B.D C.S D.D
1 TG gidc ABCD 1a hinh binh hanh khi va chi khi 4B =DC nén A sai

Tt gidc ABCD 1a hinh binh hanh thi AB+BC +CD+CB = AD+CB =0 nén B ding

J

Tt gidc ABCD 1a hinh binh hanh thi AB+ AD = AC nén C sai

J

"I SB+SD=SA+SD <> SB—SA=SC~SD <> AB=DC — ABCD 1la hinh binh hanh
nén D dung
Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh tim O. Goi G 1a diém thoa
man GS +GA+GB+GC+GD =0. Xét tinh dung- sai clia cac ménh dé sau?
A. AB+BC+CD+ DA = SO
B..0A+OB+0C+0D =0
C. SB+SD=S4+5C.
D. GS =30G.
Loi giai

_——

AB+BC+CD+DA=AA=0 nén A sai
Goi O 1a tAm hinh binh hanh ABCD — OA+ OB +O0C +OD =0 nén B dung

[1 Tacd

SB+SD =250

~ ____ mnén SB+SD = SA+SC . Do d6 C ding
SA+S8C =250

[1 Tacd



_ _ _ E—— B — —

GS+GA+GB+GC+GD=0
<GS +4GO+0A+0OB+0C+0D =0
& GS+4GO=0
<GS =40G nén D sai
Cau7: Cho hinh lap phuwong ABCD.A'B'C'D" ¢ canh bang a . Goi / 1a tim hinh vuong ABCD
, 201 G la trong tam cua tam gidc AB'C (tham khdo hinh v€). Xét tinh dung- sai ctia cac
m¢énh dé sau?

: .
D
A VO
* . | ;‘\ o D
\\ :f‘r /)‘/
A R '
Al ‘D;
A. AB+AD+AA'= AC".
B. GA+GB'+GC =2GI .
C. AB+AD=A'C".
D. BD'=25G.
Loi giai
A. D B.S C.D D.D

] Theo quy tic hinh hop thi AB+AD+AA'= AC" nén A ding
1 G latrong tam cua tam gidc AB'C nén GA+GB'+GC =0. Do di B sai

0 Taco
E+E=%=T(J'nén€dﬁng

[l Taco
ABIG ~AD'B'G —» 59 _ BL _1
D'G D'B' 2

BG _1

- =——> BD'=3BG nén D sai
BD' 3

Cau 8: Chotudién ABCD, goi M,N lan luot 1a trung diém AD, BC . Xét tinh ding- sai cua céac
ménh dé sau?

. AB,DC,MN dbng phing.

AB, AC,MN khong dbng phing.

. AN,CM ,MN dbng phing.

. BD,AC,MN dbng phing.

>

S A ®

Loi giai

A. D B.D C.S D.D




e MN-= (ZE+E@)—)ZE,5@,A—4N dong phang — 4 dung.

1
2
e AB,AC,MN khong dong phang vi MN khong nam trong
(ABC)— B ding.

e AN,CM,MN ddng phang saivi AN khong nam trong (MNC)

_—

o MN=%(§5+A_5)—>§5,A_5,A7]V dong phang — D dung.

Cho t& dién ABCD. Trén canh AD va BC lan lugt léy cac diém M,N sao cho
AM =3MD va BN =3NC . Goi P,Q lan luot 1a trung diém 4D va BC . Xét tinh diing-
sai ciia cic ménh dé sau?
A. PO =AC+DB
B. MN = MA+ AC +CN
C. MN =MD + DB+ BN
D. BD,AC,MN dbng phéng.
Loi giai

A. S

1 D& chimg minh dugc 2P0 = AC + DB nén A sai
] Theo gia thuyét ta c6 M, N 1a trung diém cua PD,0C



. Nén B va C dung

MN =MD + DB+ BN
] Taco
MN = MA+AC+CN
{3]\7\/:3%%1@%5\/

{W:Wm—mﬁv

—> 4MN = AC —3BD +%R’ — BD, AC,MN khéng ddng phing. Do d6 D dung

Cau 10: X¢t tinh dang, sai ciia cdc ménh d¢ sau:

Ménh dé Pung | Sai

A:“ AB+BC=AC ™.

B:“ AB+BC+CD = AD ™.

C:“AB+ AD = AC véi ABCD la ttr gic ™.

D:“AB+ AD = AC v6i ABCD 14 hinh binh hanh ™.

Loi giai

A.D | B.D C.S D.D

+ Ménh dé A4 dang: Quy tic ba diém.

+ Ménh d@é¢ B dang: Quy tic da giac.

+ Ménh dé C sai: Vi ABCD la tir gic.
+Ménh dé¢ D dung: Quy tic hinh binh hanh.

Cau 11: X¢t tinh dang, sai ciia cdc ménh d¢ sau:

Ménh dé Pung | Sai

A:“ AB—AC=CB .

B:“ AB-CB=AC

C:“ka=0<>a=0".

D:“AB =k.AC <> Badiém phan biét 4, B,C thing hang .

Loi giai

A.D | B.P | C.8 D.S

+ Ménh dé A4 dung: Quy tic trir vecto.
+ Ménh dé¢ B dang: Quy tic trir vecto.
k=0 - -

+Meénh dé C sai: Vi { .. —>ka=0
a#0

+Meénh & D sai: Vik=0<> AB=0<> A=B.

Cau 12: X¢ét tinh dang, sai cua cdc m¢nh dé sau:



Ménh dé Dung | Sai

A:“ MA+MB =2MI véi I 1a trung diém doan AB va diém M batky .
B:* MA+ MB +MC =3MG véi G la trong tim AABC va diém M bat ky

2

C:“MA+MB+MC +MD =4MG véi G 1a trong tam t& dién ABCD va
diém M batky .
D:“Néu SB+SD = SA+ SC thi chép S.ABCD c¢6 ABCD 14 hinh binh hanh

2

Loi giai

A.D | B.P C.D D.D
+ Ménh dé A4 dung: Vi taco

—_——

TA+1IB=0<> MA—MI + MB - MI =0 <> MA+ MB =2MI .

+ Ménh dé B ding: Vi ta co

GA+GB+GC =0< MA—MG +MB—MG+MC-MG =0 < MA+MB+MC =3MG

+ Ménh d¢¢ C dung: Vitaco

GA+GB+GC+GD =0< MA—MG +MB—MG +MC —MG +MD—-MG=0.

> MA+ MB+MC+ MD =4MG .

+Ménh d& D dang: Vi SB+SD = SA+SC <> SB—SA=SC—SD <> AB = DC nén

ABCD la
hinh binh hanh.
Cau 13: Cho hinh hop ABCD.A'B'C'D". Xét tinh diang, sai ciia cac ménh dé sau:
Ménh de Pung | Sai
A:“ AB+CC'=A'B'+ BB'”.
B:“ AB=CD .
C:“AB-BC'=BD"”.
D:“AB+ AD+ AA'= AC"”.
Loi giai

A.D B.S C.S D.b




A B

D C

+ Ménh d& A4 dung: Vi AB=A'B'va CC'=BB'.
+Ménh dé B sai: Vi AB=DC.

+Meénh dé¢ D dung: Vi

AB+ AD+ AA'= AC + AA' = AC" (Quy tic hinh hop).

Ciu 14: Cho hinh ling tru ABC.A'B'C". Xét tinh dving, sai ctia cac ménh dé sau:

Ménh dé

Dung

Sai

A “BA+A'C'=BC ”.

B: “ Goc gitra (E@,H) = (E(jf@) = (?5,373‘) 7,

C:“AB+ AA'+B'C'= AC"”.

D : “Goc gitra (E,TA') = (ﬂ,ﬂ) 7,

Loi giai

Ay ' B’

C¥

+Ménh d& A dtng: Vi A'C'=AC - BA+A'C'=BA+ AC =BC.

+ Ménh dé¢ B dang: Vi A4'=BB'=CC".

+Ménh dé C dang: Vi AB+ AA'+B'C'= AB+BB'+B'C'= AC".

+Ménh dé& D sai: Vinéu o = (E;H) thi (EI;TA') =180° —a.




Cau 15: Cho hinh hop chii nhat ABCD-AB'C'D c6 canh AB= a;AD =a~/3; A4 =2a . Xét tinh

dang, sai cua cac khang dinh sau:

a) AB +CD =0. A’ D'
b) AD+CB =0. s 4
¢) | AB+AD|=av/5.
& [4B+ 4D +C| =242, Aromoremmoney &
B : C
Loi giai
A.S B.D C.S D.D

a) AB va cD’ khong d6i nhau nén AB +CD #0 nén A sai
b) A'D va CB dbinhaunén AB +CD =0 nén B diung

¢) | AB+ AD|=| AC |= AC = AB* + AD* =2a nén C sai

d) 4B+ 4D +cC :‘@+E+ﬂ‘:AC’ —JAB* + AD* + AL = 22a nén D ding

Cau 16: Cho hinh lap phuong ABCD-A'B'C'D' ¢6 canh bang a . Xét tinh dung, sai ciia cac khing

dinh sau:
a) FB—EZE).. Al D'
b) BA+BC+BB =BD. e
_ _— — I C'r
o) ‘BA+BC+BB‘:a\/§. |
R Y S --Jp
d) ‘BC—BA+CA‘:a. p
B C
Loi gii
A.D B.S C.S D.b
a) Ta co

ﬁ—ﬁ:ﬁ+(—m):ﬁ+B—Dzﬁ. nén A dung

b) Ap dung quy tac hinh hop ta co BA+BC+ BB = BD . Nén B sai
5 ‘ﬂu?mﬁ‘:‘ﬁ‘:mj — g3 nén C sai

d) Ta co BC-BA+C A=AC+C A=CC.

Do d6 ‘B—C—ﬂ+a‘=C'C=a nén D ding



Céau 17: Cho tir dién ABCD.Goi M, N lan luot 13 trung diém cta cac canh AD va BC,I 1a trung
diém MN. Xét tinh dang, sai cua cic khang dinh sau:
a) AB—CD=AC-BD A
b) AB+CD=AD+CB
c) AB+DC =2MN .

d) IA+IB+IC+ID=0

Loi giai

A.S | B.D | C.D D.D
a) Str dung quy tic ba diém va quy tic hiéu, ta c6

AB—CD =(AC+CB)—~CD = AC+(CB—-CD)= AC + DB = AC - BD.
b) Theo quy tic ba diém, ta co AB = AD+ DB . Do d6
AB+CD =E+ﬁ+@=@+(@+ﬁ) = AD+CB.
¢,d) Dé ching minh
Cau 18: Mot chiée 6 t6 dugc dat trén mit day dudi c1"17a mot khung st ¢6 dang hinh hop c7h1~1 nh@t
véi day trén 1a hinh chit nhat ABCD, mat phang (ABCD) song song voi mat phang nam

ngang. Khung sit d6 dugc budc vao méc E cia chiéc can ciu sao cho cac doan day cap
EA,EB,EC,ED c6 do dai bang nhau va cing tao voi mit phing (ABCD) mét goc bang

60" . Chiéc can ciu kéo khung sat 1én theo phuwong thiang dimg. Biét rang cac luc cing
FI,FZ,E,E déu c6 cuong d6 1a 4700N va trong luong ctia khung sat 13 3000N .
a) R+ F,=F+F,.
b) F+F=F+F,.
c) ‘Fl +F3‘ =8141N (lam tron dén hang do
vi).
d) Trong luong ctia chiéc xe 6 t6 12 16282 N
(1am tron dén hang don vi).




Cau 19:

Léy cac diém M, N, P,Qlﬁn luot trén cac tia EA, EB, EC, ED sao cho

EM - F,EN —F.,EP—F.,EO—F.

Do cic luc cang F,F,,F,,F, déu  c¢o cuong do 1la 4700N nén
EM =EN =EP=EQ=4700.

a) Ta co

-F,+F, =EM + EN =2EH , vbi H 1a trung diém ciia MN
F,+F,=EP+EQ=2EK ,v6i K latrung diém cua PQ.

Suy ra FI+I72¢F3+F4

b) Ta céd

F,+F,=EM + EP=2EO, v6i O la trung diém ciia MP

F,+F, = EN + EQ =2EO, vé6i O la trung diém ctia MP.

Suy ra 171+173=F;+F:.

) |F, + F|=2E0 |=2E0.

Theo gia thiét, goc gitta EAvoi (ABCD) bang 60°, suy ra goc gitta EM v6i (MNPQ)
ciing bang 60" hay SMO =60".

Xét aEMO ¢6 EM = 4700, SMO = 60 . Suy ra EO = EM sin60° =2350~/3 .

Tir day, ta tinh dugc |, + F| =260 =814IN.

Trong khong gian, cho hai véc-to a va b cing c6 d6 dai bang 1. Biét rang goc gitta hai
vée-to do 1a 45
2

a) G-b=—=.
) 2



V2

b) (a+35)-(a—21§)=—5+7.

C) |d+5\:2+\/§.

d) |a—~2b=0.
Loi giai
A.D | B. P | C.S D. S
a) &-E=|&|.|E|cos(&,5)=%.
V2 2

b) (@+3b)-(@—2b)=al +-ﬁ-5—6]5\2:1+-7—6:—5+7.

©) (G+b)=a>+2d-b+b> =1+2.g+1=2+\/5. Suyra |d+b =242 .

d) (@—+2b)* =a* +22a b +2b> :”2*/5'%”:2' Suyra |G —~/2b =2

Céu 20: Cho tir dién déu ABCD c6 canh bang ava M la trung diém ctia CD.
a) AM -CD =0.

2

b)E-Z?:%.

¢)AB-CD =0
2

d)ﬁ-ﬂa:-%.

A.D B.D C.b D.S

a) Tam gidc ACD déu, suy ra AM vudng goc véi CDnén AM -CD =0.

2

b) Tacoé AB-AC = AB|-| AC|-cos(AB,AC)= AB- AC-cos BAC =a-a-cos 60’ :%.

¢) Tacé AB-CD=(AM +MB)-CD = AM -CD +MB-CD.
Ma AM , BM 1a trung tuyén cta cac tam giac déu 4CD,BCDnén AM 1 CD,MB 1 CD.
Suy ra AM -CD=MB-CD=0.

Tur cée két qua trén ta cd AM -CD =0. Suy ra (4B,CD)=90" .



Cau 21:

d) Tacod m=%(25+213),suy ra

2 2 2

AB-AM = AB-(AC + AD) = - (4B-AC+ AB- AD) = | &+ & |- &
2 2 202 2

Mot chit diém & vi tri dinh 4 cua hinh 1ap phuong ABCD- A'B'C'D’. Chét diém chiu tac
dong boi ba luc 5,5 ,¢ lan luot cung hudng vaéi E, AB va E nhu hinh v&. B0 16n cua

cac luc Zz,l; va ¢ tuong ing la 10N,10N va 20N.

a) a+b==¢. A B B
b) |d+b|=20(N). a/

- D 1 g
o) |G+C=b+E|. : \: ¢
d) |a+b+¢|=32,59(N) (lam tron két qua dén Y
. s Y/ S R
hang phan muoi). L N B'

D' c'
Loi giai

A.S B.S | C.D | D.D

. ~ — 1 —~ — 1
Tr gia thiet, ta coé a L b;cos(a,c)=cos DAC =—=;cos(b,c)=cos BAC =—.

NG 5

a) Gia st @+b =d . Theo quy tic hinh binh hanh thi d cung huéng véi AC . Suy ra
a+b#¢

b) |a+b|= 1042 (dudng chéo hinh vudng canh bang 10).

c) Taco

(@a+c)y’ =al +2a-5+|5|2:102+2-10-20-L+202 =500+402ﬁ.

J3
Suyra [d+¢ |:,/500+ 4°2ﬁ .
| 4004/3

b+3) =|b P +2b-¢+|¢[P=10*+2.10.20-— + 20> =500 + .
3

NE)
Suy ra |b#+5|=1/500+40(:)):/g .

Vay |a+¢ | b+¢].

d) Gia str lyc téng hop 1a 71, tirc 1a m=a+b+¢.



i=d+b+¢o|mf=(G+b+¢)’

P=a>+b*+¢*+2a-b+2b-¢+2¢-a
| m =10 +102+202+0+2-1o-20-L+2-10-2o-i
NG NG

o) i =107 +102+202+0+2-10-2o.%+2.10.20,

tol-

| |+ 32,59,

F. TRA LOI NGAN

Cho hinh hop ABCD.A'B'C'D'’ . Cé bao nhiéu vecto bing vecto BC .

Cau 1:
Loi giai

Tra loi: 3

Cac vecto bang vecto BC 1a: AD, AD', B'C'. Vay ¢6 3 vecto bang vecto BC .
Cau2: Cho hinh ling tru ABC.A'B'C" biét AABC c6 canh bang 3. Tim vecto tong ‘Ei +B'C’
Loi gidi

Tra loi: 3

A’ C’

Bf

B

:@‘:3.

Ta co: B'C'=Rj:>a+B'C'=a+B—(5=ﬂ:>‘a+B'C'

Cau3: Cho hinh lap phuong ABCD.A'B'C'D' . Tinh goc giira hai vecto AB va A'C' .




Loi giai

Tra loi: 45

D! C'

A B!

-
-
-
-
-
=

-
Pt
-
-
-
-
. -
-
* -
-
-

-

-

Taco: AC=AC'.
Do dé: (ZE,A’C') - (ZE,ZE) — BAC = 45°
Cau4: Cho tirdien S-ABC ¢4 SA=SB=SC= AB = AC =2, BC =22 . Tinh SC.AB
Loi giai

Tra loi: -2

B

Co: BC® =SB +SC* (2.2 =2° +27) = ASBC vuong can tai § .

Lai c6: SA=AC = SC =2 = ASAC 1a tam giac déu.

2

SC.AB = ﬁ(S_B’ —57) — SC.SB—SC.SA=0-SC.SA.cos ASC =—2.2.c0s 60° = —27 -2

—_—

Vay SC.AB =-2.



Cau5: Cho to dién ABCD. Goi E,F lan luot 1a trung diém cta AB, CD. Cho

AB=2a, CD=2b, EF =2c. Vé6i M

la mot diém tay y, biét tong
MA* + MB* = k.ME’ +1.a* . Tinh k +1.

Loi giai
Tra loi: 4
A
E
B D
F
C
Ap dung cong thirc d6 dai dudng trung tuyén, ta co:
MA® + MB*  AB’ ?

ME* = :>MA2+MB2:2ME2+AB

> =2ME’ +2a’.

Vay k+1=2+2=4.

Cau 6:  Cho hinh hop ABCD.A'B'C'D" it MA= k-MC, NC'=I1.ND  gnhi MN song song
v6i BD' thi K+ ¢6 gia tri 1a bao nhidu?

Loi giai
Tré 1i: -4
D! C'
A B’
b s -
A// B

Pit AB=a,AD=b, A4 =¢.



Cau 7:

L —k(&+l§)+2
cammewmmczmwfmwzugc—mwy:A -\

1—k
(%:NC:LNDcsANzgi%i%:@
Suy ra: MN = AM — AN = SIS U A TS /S B S S
-k 1-1 1-k -k 1-1
Ma: BD=AD — AB=-a+b+c.
. oA T T 3k+1
Vi MN //BD nenMN//BD<::>l =2 k=-3=[=-1.

Vay k+1=-4.

Cho hinh chop S.ABC c¢o SA = Zl, SB = B, SC = a va cac diém M, N lan luot 13 trung
diém cua cic canh AB,SC. Cac diém P,Q trén cac duong thang SA,BN sao cho

PQ//CM . Hay biéu dién vecto PO theo ba vecto a,b,c. PQ//CM . Khi bidu dién

PO -7 oh_ M- > r- ..mpr .
vecto PO theo ba vecto a,b,c, ta duqc:PQz——a—£b+—c (voi —,£,— la cac
n q z n q z
phan so toi gian va m,n, p,q,r,z € Z.). Tinh LY S
n o q z

Loi giai

bat PA :x@,ﬁzyﬁ\f

Suy ra:



P—Q:ﬁ+ﬁ+@:xS—A+S—B—S—A+yW=(x—1)S—A+S—B+y(§7—S—B)

Z(x—1)21+(1—y)5+§2.

Lai c6: CM = SM ~SC =~ (SA+ SB)~SC =2a+~+5-¢
2 22

11— v=3

PO//CM & PO=kCM XY _Y o] 3

0,5 0,5 -2 4

Y73
1. 1. 2-
Viay PO=—-—a—-—-b+—c
ay PO 3273°73

Cau8: Cho hinh chop S.ABCD c6 day 14 hinh binh hanh tam O, M 1a diém thay di trén SO .

Ti s6 Z—]g sao cho P = MS? + MA* + MB? + MC?* + MD? nho nhit 13 bao nhiéu?

Loi giai

Tra loi: i
5

Goi I 1 diém théa man SI =410 .

RN —\2 - —\2 —_— —\2 —_— —\2 —_— —\2
Suy ra: P:(M1+IS) +(M1+IA) +(M1+IB) +(M1+1C) +(M1+1D)
:5M12+IS2+IA2+IBZ+IC2+ID2+2A7](E+I71+I_B+E”+IT))
:5M12+152+1A2+132+ICZ+IDZ+2W(TS+41_(')+@+@+0—C+O_D')

=5MI*+1IS* + IA* + IB* + IC* + ID?



Vay P, khi mM=r=M_4
SO 5

Cho tir dién ABCD c¢6 cac diém M, N, P lan lugt thudc cac canh BC,BD va AC sao
cho BC =4BM,AC =3AP,BD =2BN . Mit phang (MNP) cat duong thing AD tai
A0

diém Q. Tinh ti s6 —=.
AD
Loi giai

Tra loi: i
5

Pit AB=a,AC=b,AD =c,AQ =kAD = kc

—

. — 3=~ 12— 1/~ -\ —
Theo dé bai, ta co: AM:—a+—b;AN:—(a+c);AP:—b.
4 4 2 3

MN-AN A =L 15,1z
47 42

. 3. -

Ta co: W):ﬁ’—AM:——a+—b
4 12

VQ:TQ—W:—%&—%B+kE

Vi M,N,P,Q dong phing nén

=
I

0,25x+0,75y =0,75

XMN + yMP = MQ & 0,25x—%y=0,25 =

0,5x=k

b
I

<
[l
N W n|w |



. 3— 40 3
Viy AO=>AD =2 _°
Wy AQ =3 AD 5

Cau 10: Co ba lyc cung tac dong vao mdt cai ban nhu hinh v€. Trong d6 hai luc E, ]?2 tao v&i nhau
mot goc 110° va c6 d6 16n lan lugt 1a 9N va 4N, luc }73 vudng goc voi mat phang tao
boi hai luc F},F, vacodo1on 7N . Do 16n hop luc cua ba luc trén 1a a(N), tim gid tri

cua a.

Tra loi: 10

Theo dé bai ta ¢6 hinh vé sau:

D

Hop luc tac dong vao ba vat la 17:?1+172+F3:@1’+@+0—C:@+%=0_E’
Ap dung dinh 1y cosin trong AOAD , ta co:
OD? = 04> + AD* —=20A4.4D.cos OAD = 9* + 4> —2.9.4.c0s80° = 97 — 72 cos 80° .

Vi OC L (OBDA) nén OC L OD = ODEC la hinh chir nhat.



Cau 11:

Cau 12:

Do d6 AOCE vuong tai C nén:

OE* =0C* +EC? =4>+97-72¢c0s80° =113 —72cos 80°

= OE =+/113-72c0s80° ~ 10

Suy ra d¢ 16n cua hop luc cta ba lyc trén khoang 10N .

Vay a=10.

Cho hinh hép ABCD.A'B'C'D'. Tim gia tri thuc cia A thoa méin dang thic vecto
E+E47+k(5§+c—'5) =09

Loi giai

Traloi: £ =1

Ta co

AC+BA'= AC+CD'= AD'
{ﬁ+c7)=ﬁ—DC'=C'B:D'A'
—>AD'+kD'A=0<>(k-1).D'A=0<k=1.

Cho ti dién ABCD, goi M, N lan luogt 13 trung diém cac canh 4C, BD . Goi I 1a trung
diém doan MN va P 1a mot diém bat ky trong khong gian. Tim gia tri thyc ctia & thoa

mén dang thirc vecto Pl = k(ﬂ +PB+PC+ P—D)V
Loi gidi

Tra loi: £ :l
4




Cau 13:

Cau 14:

+ Vi M, N, I lan luot 1a trung diém cta AC, BD, MN
JA+1C =2IM
S {IB+1ID=2IN —>B+173+Ff+17):6.
IM +IN =0
+ Khido PA+PB+PC+PD=4PI +IA+IB+IC+1D=4PI
“Ma PI =k(PA+PB+ PC+PD) > Pl =k P > 1=4k > k=

Cho hinh hop ABCD.A'B'C'D"'. Goi M 1a diém trén canh AC sao cho AC =3MC . Lay
diém N trén doan C'D sao cho C'N = x.C'D . Véi gia tri ndo cua x thi MN song song
BD'?

Loi giai

Tra loi: E
3

+ Goi O 1a tAm hinh binh hanh ABCD .

+ Goi I 1a trung diém DD,

+Nb6i C'D cat CI tai N'— N' la trong tam ACDD".

+ Tacé OI la duong trung binh cia ABDD'— OI || BD'.

CN' CM
+Laico —=——->>MN"||OI — MN'|| BD"'.
aied — =0 |0 — I

2 2
+ Theo bai ta co MN||BD'<—>N'EN—>C'N=§C'D<—>X=§
Cho tir dién ABCD va cic diém M,N dugc xac dinh boi AM =2A4B-3AC va
DN =DB+x.DC . Tim x dé céc duong thang 4D, BC,MN cung song song v&i mot mat
phang.

Loi giai

Tra loi: -2
+ bai toan twong duong im x dé MN, AD, BC ddng phéng.



Cau 15:

Cau 16:

+ W:zﬁ—3(ﬁ+%)=—ﬁ—3ﬁi.
+
ﬁ\/=ﬁ+xﬁ‘<—>ﬂ\/—ﬁ=E—E+x(ﬁ+@+ﬁ‘)<—>Wz(l+x)ﬂ3—x@+xB—C

—)Wzm—mz(2+x)ﬁ—xﬁ+(x+3)ﬁ'.
+Dé MN, AD,BC ddng phing <>2+x=0>x=-2.

Cho hinh hép ABCD.AB,C,D,. Tim gia tri thuc cia k thoa min dang thirc vecto

AB+B,C,+ DD, =k AC, ?
A. k=4, B. k=1. C. k=0. D. k=2.

— ————— s e e e

+Taco AB+B,C,+DD, = AB+BC+CC, = AC,

— AC, =kAC, & k=1.

Cho tr dién ABCD, goi M,N lan luot 1a trung diém cac canh AC, BD.Goi I 1a trung
diém doan MN . Tim gi4 tri thuc clia & thoa min déng thirc 14+ (2k-1) IB+kIC+ID=0
9

Loi gidi

Tra loi: 1

+Vi M,N,I lan luot 1a trung diém cua AC, BD, MN
IA+1C =2IM
—>{IB+ID=2IN - IA+IB+IC+ID=0.
IM +IN =0
+Taco IA+(2k—1)IB+kIC+ID
=H+ﬁ§+ﬁ+ﬁ)+(2k—2)ﬁ§+(k—l)ﬁ=6
— (k-1)(21B+1C)=0.

+Ma2IB+IC#£0 k-1=0ck=1.



Cau 17:

Cau 18:

Cau 19:

Cho hinh hdép ABCD.A'B'C'D' va cac s6 thuc m,n théa man MA' =mMC va
NC'=nND.Khi MN song song v6i BD' thi m+n bang bao nhiéu?

A.m—n:—%. B. m+n=-3. C. D.m+n=-2.

Loi giai

Traloi: 4

+Dit x=BA, y=BC, z=BB".

+ MN =MC+CD+DN =

m_l(;_;+;)+;+ﬁ(_;+;)

1 1 \- 1 - 1 1 -
=1+ + x— y+ + z
m—-1 n-1 m—1 m—1 1-n

+BD'=x+y+z.

+Vi MN ||BD'—> 1+ ! + =-— = + ! om=-3,n=-1.
m—1 n-1 m—1 m-1 1-n

- - -

Trong khéng gian cho cac vecto a,b,c khong ddéng phang théoa min
(x—y)21+(y—z)l; =(x+z—2)2 .Tinh x+y+z?
Loi gidi

Tra loi: 3
+Co (x—y)Zz+(y—z)l;—(x+z—2)E =0.Do ZZ,B,E khong dong phang nén mdi vecto
duoc
phan tich duy nhat qua ba vecto ndi trén.

x—y=0

y—z=0 ©x=y=z=l->x+y+z=3.

x+z-2=0

Cho tr dién ABCD ¢6 BC=DA=a,CA=DB=b,AB=DC =c.Goi S la dién tich toan

A A LN ’ A 5 r o ’ e s 1z A 5 1 1 1
phan (tong di¢n tich tat ca cac mat). Tinh gid tri I6n nhéat cia ——+ + .
a’h’ bt lfa’

Loi giai



Cau 20:

Tra loi: %

C

Do tir dién ABCD co BC=DA=a,CA=DB=b,AB=DC=c nén
ABCD =AADC = ADAB = ACBA . Goi S' ladién tich va R 1a ban kinh dudng tron ngoai
tiép mdi mat do thi S=48'= aTl?c , nén bat dang thirc can ching minh

1 1 1 9
2 +bzcz . SFQ a’+b*+c* <9R*.

Theo cong thiic Leibbnitz: V&i diém M bat ki va G 1a trong tdm cia tam giac ABC thi

MA* + MB* + MC?* = GA®> + GB* + BC* +3MG" =§(a2 +h+c? +9MG2)

Cho M tring v6i tdm dudng tron ngoai tiép tam gidc ABC ta duoc
OR> =aa’ +b’ +c* +90G* > a’ +b* +¢’.

Cho hinh hép ABCD.A'B'C'D'. Mot dudng thang A cit cac duong thang 44", BC,C'D'
lan luot tai M, N, P sao cho NM =2NP . Tinh ﬂ
MA'
Loi giai

Tra loi: 2

oV

|

|

]

I

| D’
AgQ — — | =
'+




Cau 21:

Pat AD=a,AB=b,A4'=c.
Vi M € AA' nén AM =kAA'=kc
NeBC=BN=IBC=la, PeC'D'=C'P=mb
Tacd NM = NB+BA+ AM =—la—b+kc
NP=BN+BB'+B'C'+C'P=(-1)a+mb+c
Do NM =2NP = —la—b+kc=2[(1-1)a+mb+c]
_1=2(1-1)
&Sa-1=2m <:>k=2,m=—5,l=2.
k=2
Vay M—A:2.
MA'

Cho hinh chép S.ABC . Liy cac diém A4',B',C' lan luot thudc cac tia SA4,SB,SC sao
sA_ SB_, SC , o
cho —= ——=¢, trong d6 a,b,c 1a cac sO thay doi. P& mat phing

a, —=>,
S4' SB' SC!
(A'B 'C ') di qua trong tim ctia tam gidc ABC thi a + b + ¢ bang bao nhiéu?

Loi giai

Tra loi: 3

B
+ Goi G la trong tdm AABC — GA+GB+GC =0.
—3GS+SA+SB+SC=0.
SA=aSA'
+Ma {SB=bSB" - §
SC =c¢SC'

_asr b ese
3 3 3

+Vi (4'B'C") di qua trong tim A4BC nén:
— GA',GB',GC" ddng phing

> 3L,m,n saocho > +m* +n*#0 va IGA'+mGB'+nGC' =0



el(ﬁ+@)+m(@+§“)+n(@+§):6

H(l+m+n)§é:lg+mﬁ;+nﬁ9§é: SA'+ " SB'+ " SC'
l+m+n [+m+n [+m+n
42 2+£ ! m " <—>a+b+C=1<—>a+b+c=3.

= +
3 3 3 Jl+m+n [+m+n I[+m+n 3



BAI GIANG TOAN 12-CHAN TRO1 SANG TAO WEB: Toanthaycu.comf

CHUONG 2: VECTO VA HE TOA O TRONG KHONG GIAN

BAI 2: TOA PQ CUA VECTO TRONG KHONG GIAN .........cooimiiiiiiieeeieeeeeesee e 2
A. KIEN THUC CO BAN CAN NAM......oooomiiiiiinineeeeeeeeeseesees s sessessessassaesaes s ses s s sassassassasssssasssssssanes 2
B. GIAI BAI TAP SACH GIAO KHOA ........oooomimieeeeceeeeeeeee e ssassassess s assses s 3

BAI 3: BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO .......oovoeeeeeeeeeeeeeeeeeeeeeeeen. 6
A. KIEN THUC CO BAN CAN NAM.......ooooiiiiininieeeeeeeeeeeseesses s ses s saesaesaesses s sassassassaesses s snsanes 6
B. GIAI BAI TAP SACH GIAO KHOA ........ooomimeeeeeeeeeeeeeee e ssassassass s assss s 7
C. CAC DANG TOAN ...ttt s st s st s s s et sees s eesaseesasessassesesassasaaes 8
DANG 1: TQA PO CUA PIEM VA VECTO ..o ses s sasnaes 8
DANG 2: XAC PINH TQA PQ CUA VEC TO, VA PO DAI CUA POAN THANG........................... 9
DANG 3: XAC DINH TQA DO PIEM .........ooomimieieeeeeeeeeeeeeeeeeeeeeaeeeee s s ssassasssssses s sssnns 9
DANG 4: XAC PINH TICH VO HUONG VA UNG DUNG ......cooooooimeeeeeeeeeeeeeeeeeeeeeees s 10
DANG 5: UNG DUNG GIAI CAC BAI TOAN THUC TIEN........cccoooivimiiiieeeeeeeeeeeeesesseseseenenes 11
D. TRAC NGHIEM 4 PHUONG AN .......ooomiimimiieeeeeeeeeeeeeeeseseessese s ssassessassasssssassses s sssasonns 14
E. TRA LOTDUNG SAL .....ooooiieeoeeeeeeeeeeeee e ees s aessas s s sass s s sassasssns s sassasnns 18
F. TRA LOTNGAN ..ottt s st ssssassassassass s sas s sassan 28

Ban word d& bai va 10i giai vui long Ih Zalo Trén Dinh Cu: 083433213 3NE D



BAI GIANG TOAN 12-CHAN TRO1 SANG TAO WEB: Toanthaycu.comf

BAI 2: TOA PQ CUA VECTO TRONG KHONG GIAN

A. KIEN THUC CO BAN CAN NAM
I. HE TQA PO TRONG KHONG GIAN

Trong khéng gian, cho ba truc Ox, Oy, Oz d6i mot vudng goc. Goi i, /,k 1an luot 1a ba vecto don vi trén
cac truc Ox,0y,Oz . H¢ ba truc nhu vay dugc goi 1a h¢ truc toa do Descartes vudng goc Oxyz trong
khong gian hay goi don gian la h€ to 46 Oxyz .

Nhén xét: )

a) biem O duoc goi la goc toa do.

Céc truc Ox,0y,0z dugc goi la cac truc toa do.

Céc mit phang (Oxy),(Oyz),(Ozx) doi mot vudng goc véi nhau duge goi 1 cac mitphing toa do.
Khong gian vdi h¢ toa dd Oxyz con dugce goi 1a khong gian Oxyz .

b) Vi 7,j,k 1abavecto don vi d6i mot vudng goc v6i nhau nén ta co

iP=j =k*=1vai-j=j-k=k-i=0.

Vi du 1. Cho tit dién OABC c6 OA4,0B,0C 361 mot vudng goc va co do dai béng 1. V& hé truc toa do
Oxyz c6 gocla O, cac diem 4, B,C lan lugt nam trén cac tia Ox,Oy, Oz va chi ra cac vecto don vi trén
cac truc toa do.

II. TQOA PQ CUA PIEM VA VECTO
1. Toa dj cia diém

Ta c6 dinh nghia sau:
Trong khong gian Oxyz , cho diém M . Néu OM = xi + yj +zk thi ta goi b ba sb (x;;z) 14 toa d¢ ciia
diém M ddi véi hé truc toa dd Oxyz va viét M =(x;y;z) hodc M (x;y;z); x lahoanh do, » 1a tung

d9o, z la cao dd cua diém M .

___________
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Vi du 2. Cho hinh hop chir nhat OABC-O'A'B'C’ ¢6 canh OA =4,0C =6,00' =3 . Chon hé truc toa do
Oxyz co géc toa d0 O; cac diém 4,C,0’ lan lugt ndm trén cac tia Ox, 0y,0z . Xac dinh toa do céac diém
A,B,B'".

2. Toa do cua vecto

Ta c6 dinh nghia sau:
Trong khong gian Oxyz, cho vecto a. Néu a = alf + azf +a,k thi ta goi bo ba so (algaz;a3) la toa @0
cua vecto a doi v6i hé toa dd Oxyz vaviet a =(a;;a,3a,) hoac d(a;ay;ay).

Nhan xét: Trong khong gian Oxyz , ta co:

Toa d6 cua diém M 1a toa do cua vecto oM ,tucla M = (x;y;z) < OM = (x; y;z).
Piéu kién dé hai vecto bang nhau:

’
X=X

Cho d=(x;;z),b=(x;);2'). Khidd: d=b <= {y=y'
z=7

Vi du 3. Trong khong gian Oxyz , cho hinh hop chit nhat ABCD- A'B'C'D’ ¢ dinh A4 tring véi goc O,
céc vecto AB, AD, AA’ theo thir ty cing huéng véi 7, j,k vaco AB=8,AD=6, A4'=4. Tim toa do
cac vecto AB, AC, AC" va AM véi M 1a trung diém cta canh C'D’ .

B. GIAI BAI TAP SACH GIAO KHOA
1. Trong khong gian Oxyz , biét:

a) a=5i+ 7;’—31;, b =2i+4k . Tim toa do cac vecto a,b.

b) OM =4i— j+3k,ON =8/ —5j . Tim toa do cac diém M, N .
2. Trong khong gian Oxyz , biét:

a) a = (—2;5;—7),[3 =(4;0;1). Tinh a,b theo cac vecto i, j,k .
b) A(7;-2;1),B(0;5;0). Tinh 04, 0B theo céc vecto i, j, k.

3. Cho tir dién S.4BC c¢6 ABC la tam giac vudng tai B,BC =3,B4=2,S4 vudng goc voi mit phang
(ABC) va c6 do dai bing 2 (Hinh 13).

a) Xac dinh mot hé toa d6 dua trén goi y cua hinh v& va chi ra cac vecto don vi trén cac truc toa do.
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b) Tim toa d6 cac diém 4, B, C, S.

4. Cho hinh chép S.ABC c6 ddy ABC 1a tam giac déu canh bang 2, S4 vudng goc voi day va S4 bang 1
(Hinh 14). Thiét 1ap hé toa do nhu hinh v€, hdy v€ cac vecto don vi trén cac truc Ox,Oy,Oz va tim toa do
cac diém 4,B,C,S .

5. Trong khong gian Oxyz , cho hinh chop S.ABCD c6 ddy ABCD 1a hinh thoi canh bang 5, giao diém hai

duong chéo AC va BD tring voi gbe O. Cac vecto OB,0C,0S lan luot cung huéng vé6i i, j,k va
OA = OS =4 (Hinh 15). Tim toa do cac vecto AB, AC, AS va AM véi M 1a trung diém cua canh SC .

6. Mot chiéc xe dang kéo cing soi ddy cap AB trong cong truong xay dung, trén d6 da thiét 1ap hé toa do
Oxyz nhu Hinh 16 v6i d§ dai don vi trén cac truc toa do béng 1 m. Tim toa dd cua vecto AB.

E H

(@] ° 3
K 15 B / ’
P

Hinh 16

7. O mét san bay, vi tri ctia may bay dugc xac dinh boi diém M trong khong gian Oxyz nhu Hinh 17. Goi
H 1a hinh chiéu vuéng géc cia M  xuéng mit phing (Oxy). Cho biét

OM = 50; (?;@) = 64°; (@;W) = 48° . Tim toa do cta diém M .
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* Hinh 17
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BAI 3: BIEU THUC TOA PQ CUA CAC PHEP TOAN VECTO
A. KIEN THUC CO BAN CAN NAM '
I. BIEU THUC TQA PO CUA TONG, HIEU HAI VECTO VA TiCH CUA MOT SO VOI MOT
VECTO
Trong khong gian Oxyz , cho hai vecto d@ =(a,;a,;a,) va b =(b;b,;b,) vasé thuc k.
Khi dé:

a+b=(a +b;a,+b,a,+b,)
ﬁ—l;:(al b;a, —b,;a;,—by) ka = (ka,; ka,;ka;) .

Nhén xét: Cho hai vecto @ =(a,;a,;a,) va b= (b3b,5b;), b +0.Hai vecto G va b cing phuong khi va

a, = kb,
chi khi ton tai s6 k sao cho {a, = kb, .
a, = kb,

Vi du 1. Trong khong gian Oxyz, cho ba vecto p=(3;-2;1),G =(6;—4;2),7 =(2;1;-3).
a) Tim toa dd cia vecto ¢ =2p—3g+7 .
b) Tim hai vecto cung phuong trong cac vecto da cho.

IL. BIEU THUC TQA PQ CUA TiCH VO HUONG
Trong khong gian Oxyz tich vé hudng cua hai vecto d =(a;;a,;a,) va b= (bl;bz;b3) dugc xac dinh boi
cong thiic @-b = a,b, + a,b, + a,b,.

Nhén xét:
a) @ Lb < ab +a,b, +ab, =0(G,b khac 0);

b) |5|:w/a12 +a; +a;

-\ a-b a,b, +a,b, +a;b,

cos b (*,Z; khac 0).
c) (a ‘ ||b‘ a +022+a32'\/b12+b22+b32 a ac 0)

Vi dy 2. Cho ba vecto @ =(3;0;1),b = (1;-1;-2),¢ = (2;1;-1).
a) Tinh @-b,b-¢ .

cos(a b)
¢) Cho d = (1;7;—3). Chitmg minh d L a.

I1I. Van dung
1. X4c dinh toa dd ciia vecto khi biét toa d§ diém diu va diém cudi

Trong khong gian Oxyz, cho hai diém A(x;y,5z,), B(x,30532,) -

Tacod: AB=(X,—X,5v, =¥ ,32,—2,)-
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Nhin xét: 4B =[B=(x, ~x, ) + (v, -2, ) +(z,-2,) -
Vi du 3. Cho ba diém A4(2;0;2),B(1;2;3),C(2:1;2).

a) Tim toa dd cta cac vecto E,R,@’ .
b) Tinh cac d dai AB,BC,CA .

2. Toa d9 trung diém ciia doan thing va trong tAim ciia tam giac

Trong khong gian Oxyz :

Cho hai diém A(x;5,24).B(xy5552,) . Toa do trung diém M cua doan thing 4B 1a:

M Xy+tXpg YV, +)Vp Z2,1T2Zp .
2 7 2 72

Cho tam gidc ABC ¢6 A(x,;¥:2,),B(x5555525),C(xXc5ye52c ) - Toa dd trong tim G cla tam giac

X +Xp+Xe YV +Vp+Ve Z,+z5+2
5 5 M
3 3 3

ABC la: G{

Vi du 4. Cho tam gidc ABC ¢6 A(1;-1;1),B(0;1;2),C(1;0;1). Tim toa do:
a) Trung diém M cia AB;

b) Trong tdim G cua tam gidc ABC.

Vi du 5. Cho tam gidc ABC c6 A(7;3;3),B(1;2;4),C(2;3;5).

a) Tim toa d6 diém H 1a chan duong cao ké tir 4 clia tam gidc ABC .
b) Tim do¢ dai canh 4B va AC.

c) Tinh goc 4.

Vi du 6. Mot chau cdy duoc dit trén mot gia dd c6 bon chan voi diém dat S(0;0;20) va cac diém cham
mit dat ctia bon chan lan luot 1a A4(20;0;0), B(0;20;0), C(=20;0;0), D(0;—20;0) (don vi cm ). Cho biét
trong luc tac dung 1én chau cdy c6 d 16n 40N va dugc phan bd thanh bdn luc F{ , 132,]73, 174 c6 d6 10n bang
nhau nhu Hinh 4. Tim toa do ctia cac luc néi trén (mdi centimét biéu dién 1N ).

B. GIAI BAI TAP SACH GIAO KHOA
1. Tinh: a) ab voi a=(52-4), b=(4-2;2).

b) cd v6i c=(2;-3;4), d =(6;5-3).

2. Cho hai veto a = (0;1;3) va b= (—2;3;1). Tim toa dd cua vecto 25—%5 )
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3. Cho ba diém 4(2;1;-1); B(3;2;0) va C(2;-13).

a) Ching minh rang 4,B,C 1a ba dinh cta tam giac. Tinh chu vi tam gidc ABC.

b) Tim toa dg trung diém cua cac canh cta tam giac ABC.

¢) Tim toa dd trong tdm G cua tam giac ABC.

4. Cho diém M (1;2;3). Hay tim toa d0 cuia cac diém:

a) M,,M,, M, lan luot 1a hinh chiéu vuéng goc ctia M trén cic mit phang toa do (Oxy),(Oyz),(0xz).
b) M',M",M" 1an luot 1a cac diém thoa man:

- O la trung diém cua MM';

- MM" vudng gbc va cit mat phang (Oxy) tai diém H sao cho H 1a trung diém cia MM".
- MM "vudng goc va cit truc Oy tai diém K sao cho K 14 trung diém cua MM " .

5. Cho ba diém 4(3;3;3); B(L;1;2) va C(5;3;1).

a) Tim diém M trén truc Oy cach déu hai diém B,C .

b) Tim diém N trén mit phang (Oxy) cach déu ba diém 4,B,C.

6. Cho cac diém 4(-1;-1,0), B(0;3;-1), C(~114;0), D(-3;6;2). Ching minh ring ABCD la hinh
thang.

7. Cho hinh hop ABCD.A'B'C'D" ¢6 A(1;0;1); B(2;1;2); D(1;-1;1); C'(4;5;—5). Tim toa do cac dinh
con lai cta hinh hop.

8. Tinh cong sinh boi lyc F= (20;30;—10) (don vi: N) tao bdi mot drone giao hang (Hinh 7) khi thyc hién
mét do dich chuyén d = (150;200;100) (don vi: m).

C. CAC DANG TOAN

DANG 1: TQOA PO CUA PIEM VA VECTO

1. Phwong phap: St dung khai niém
2.Vidu )
Vi du 1: Trong khong gian véi hé toa do Oxyz, biét:

a) d= 2i+ 3}'—5?{, b= —3}'+4l€, ¢ = —f—2}'. Tim toa d0 cac vecto Zz, b, c.
b) OM =5i — j +2k,ON =i —3k. Tim toa d¢ cc diém M, N.

Vi du 2: Trong khong gian v6i hé toa do Oxyz, biét:
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a) a= (—3;2;—1),5 =(3;0;12). Tinh é,l; theo cac vecto 7,]‘, k.

b) A(=5;-2:1), B(0;4;—11). Tinh OA, OB theo céc vecto 7, j, k.

Vi du 3: Trong khong gian Oxyz, cho hinh hop chit nhat ABCD- AB'C' D’ ¢6 dinh A trung véi gbe O,
céc vecto AB, AD, AA theo th ty cung hudng véi 7, .k vico AB=5,AD=6, A4 =9 . Tim toa do
cac vecto ﬁ,E,A—C va AM véi M 1a trung diém cta canh C'D'.

Vi du 4: Cho tir dién SABC c6 ABC la tam giac vudng tai B,

BC =3,BA=2,54 vudong goc voi mat phéng (ABC) vaco do

bf?mg 2.

dai

a) Xac dinh mot hé toa d6 dua trén goi y cua hinh vé.

b) Tim toa d6 cac diém 4, B, C, S.

B

DANG 2: XAC PINH TQA PQ CUA VEC TO, VA PQ DAI CUA POAN THANG

1. Phwong phap: Ap dung biéu thirc toa do ctia cac phép toan véc to.
2.Vidu
Vi du 1: Trong khong gian véi hé truc toa do Oxyz, cho ba vecto

a= (1;2;3);[; =(2;2;—1);¢ =(4;0;—4). Tim toa d6 cua vecto d=d-b+2¢

Vi du 2: Trong khong gian v6i hé toa d6 Oxyz, cho a = (2;-3;3), b= (0;2;-1), c= (3;—-1;5) Tim toa
do cua vecto u=2a+3b-2c.

Vi du 3: Trong khong gian Oxyz, cho hai diém A(1;-2;-1), B(1;4;3). Tinh do dai doan thang 4B

Vi du 4: Trong khéng gian Oxyz, cho a = (-2; 2;0);7) = (2;2;0);2 =(2;2;2). Tinh gia trj cua |Zz +b+ E| .

Vi du 5: Trong khong gian v6i hé toa dd Oxyz , cho céc vecto a = (3;m+ 1;3),5 =(1;-3;2n). Tim m,n dé

cac vecto a,b cung hudng.

Vidu 6: Trong khong gian v6i hé toa dd Oxyz , cho hai vecto m = (4;3;1), n= (0;0;1). Goi p la vecto

cung hudng véi [n?, ﬂ (tich c6 hudng cuia hai vecto m va n ). Biét |E| =15, tim toa dJ vecto

—

p-.

DANG 3: XAC PINH TQA PQ PIEM

1. Phuwong phap:
Dung cong thirc biéu thirc toa do trung di€ém, toa do trong tdm cuia tam giac...
2. Vidu

Vidu 1: Trong khong gian Oxyz , cho hai diém A(2;—4;3) vaB (2; 2; 7) . Tim toa d¢ trung diém cua doan
thang AB .

Vidy 2: Trong khong gian v6i hé toa do Oxyz cho tam gidc ABC biét A(5;-2;0),B(-2;3;0), C(0;2;3)
. Tim toa d9 trong tim G cua tam giac ABC .

Vi du 3: Trong khong gian véi hé toa dd Oxyz , cho cac diém A(1;0;3), B(2;3;—4), C(-3;1;2). Tim toa
do diém D sao cho 4BCD 14 hinh binh hanh.
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Vi du 4: Trong khong gian voi hé toa 4o Oxyz, cho céc diém 4(2;-5,0), B(-1;13), C(3,3,0). Tim toa
do diém D trén truc hoanh sao cho AD = BC.

Vidu5 Trong khong gian véi hé truc toa 30 Oxyz , cho hinh hop ABCD.A'B'C'D’ . Biét toa d6 cac dinh
A'(-3;2;1),C(4;2,0),B'(-2,1,1),D(3;5;4) . Tim toa do diém A’ ctia hinh hop.

Vidu 6: Cho hinh chép S.ABCD biét A(—2; 2;6),B(—3;1;8),C(—1;0;7),D(1; 2;3) .Goi H latrung diém
cua CD, SH 1(ABCD). Bé khéi chép S.4ABCD c6 thé tich bang % (dvtt) thi c6 hai diém

S,,S, théa man yéu cau bai toan. Tim toa d9 trung diém I cta S,S,

DANG 4: XAC PINH TiCH VO HUONG VA UNG DUNG

1. Phwong phap: Ap dung biéu thirc toa do ctia tich c6 hudng va cong thirc tmg dung cua tich ¢6 hudng.
2. Vidu
Vidu 1: Trong khong gian vdi hé toa do Oxyz , cho vecto U= (3;0;1) va v= (2;1;0). Tinh tich v6 huéng

uv.

Vi du 2: Trong khéng gian véi hé truc toa d0 Oxyz, cho hai vecto 2= (2; 1;2) va E= (1; 0; —2). Tinh

cos(Z,E) :

Vi du 3: Trong khong gian véi hé truc toa dd Oxyz, cho hai véc to u = (2;3;-1) va v= (5;—4;m). Tim m

déulv.

Vi du 4: Trong khong gian Oxyz, cho A4(2;1;-1), B(3;0;1), C(2;-1;3) va D nidm trén truc Oy va thé
tich tir dién ABCD bang 5. Tim toa d6 cua diém D.

Vidu 5: Chobadiem A4(5;-1;2), B(1;-3;7) va M (x;y,1). Véi gid tri ndo clia x,y thi ba diém 4,B,M
thang hang ?

Vidu 6: Cho u = (2;—1;1),; = (m;3;—1),§ =(1;2;1). Timm dé ba vecto trén dong phang.

Vi du 7: Trong khong gian vdi hé toa d0 Oxyz cho AABC co6 A(4;0;2), B(l;—4;-2) va C(2;1;1). Tinh
dién tich S cua tam gidc ABC.

Vi du 8: Trong khong gian v6i hé truc toa &6 Oxyz, cho hinh binh hanh ABCD . Biét A(2;1;-3),
B(0;-2;5) va C(1;1;3). Tinh dién tich hinh binh hanh 4BCD.

Vi du 9: Trong khong gian toa 46 Oxyz cho ba diém A(2;5;1),B(—2;-6;2),C(1;2;-1) va diém

M (m;m;m) . Tim gid tri m dé|MB —2ﬁ‘| dat gia tri nho nht.

Vi du 10: Trong khong gian toa 6 Oxyz cho ba diém A(2;5;1),B(-2;-6;2),C(1;2;-1) va diém
M (m;m;m), Tim gid tri m dé MA?> = MB* - MC? dat gié tri 16n nhét.
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Cau 1. Trong khong gian chon hé truc toa do cho trudce, don vi do léy kilomét, ra da phat hién mdt may

bay chién dau cua Nga di chuyén voi van toc va huéng khong déi tir diém M (500;200;8)dén diém
N(800;300;10) trong 20 phut. Néu mdy bay tiép tuc giit nguyén van toc va huéng bay thi toa do cia may

bay sau 5 phut tiép theo bing bao nhiéu?

Cau 2. Trong khong gian chon hé truc toa do cho trudce, don vi do léy kilomét, ra da phat hién mdt may
bay chién dau ctia My di chuyén véi vén tdc va huéng khong doi tir diém M (1000;600;14) dén diém N
trong 30 phait. Néu may bay tiép tuc giit nguyén van toc va hudng bay thi toa d6 ctia may bay sau 10 phut

tiép theo bang O(1400;800;16). Xdc dinh toa do vi tri diém N .

Cau 3. Mot chiée khinh khi cau bay lén tai diém. Sau mot thoi gian bay, chiéc khinh khi cau cach diém
xuat phat vé phia Dong 10(km) va vé phia Nam 5(km), dong thoi cach mat dat 400(m).

Chon hé¢ truc toa d§ Oxyz, véi géc dat tai diém xuit phat cta khinh khi céu, mat phéng (Oxy) trung véi
mit dat, truyc Ox hudng vé phia Nam, truc Oy hudéng vé phia Pong, truc Oz hudng thang ding 1én troi,

don vi do 13y theo kilomét (xem hinh v&).
a) Tim toa d6 cta chiéc khinh khi cau dbi véi hé truc toa do da chon.

b) Xac dinh khoang céch cua chiéc khinh khi cau vai vi tri tai diém xuat phat cua no.
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Cau4. Mot chiéc may bay khong ngudi l4i bay 1én tai diém. Sau mot thoi gian bay, chiéc may bay cach
diém xuat phat vé phia Bac 50(km) va vé phia Tdy 20(km), dong thoi cach mat dat 1(km).

Chon h¢ tryc toa d0 Oxyz, véi géc dat tai diém xuit phat cia chiéc may bay, mat phéng (Oxy) trung voi
mat dat, truc Ox hudng vé phia Béc, truc Oy hudng vé phia Tay, truc Oz hudng thang dtng Ién troi, don

vi do lay theo kilémét (xem hinh v&).
a) Tim toa d6 cta chiéc khinh khi cau dbi véi hé truc toa do da chon.

b) Xac dinh khoang cach ctia chiéc may bay vai vi tri tai diém xuat phat cua no.

R |

Cau 5. Hai chiéc may bay khong nguoi lai cing bay 18n tai mot dia diém. Sau mot thoi gian bay, chiée

mdy bay thir nhat cach diém xuét phat vé phia Béc 20(km) va vé phia Tay 10(km), ddng thoi cach mit
dét 0,7(km). Chiéc méy bay thtr hai cach diém xuét phét vé phia Dong 30 (km) va vé phia Nam 25 (km)

, dong thoi cach mét dét 1(km). Xac dinh khoang cach gita hai chiéc may bay.
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CAu 6. Hai chiéc khinh khi cau cung bay lén tai mdt dia diém. Sau mot thoi gian bay, chiéc khinh khi

cu thir nhét cach diém xuat phat vé phia Pong 100(km) va vé phia Nam 80(km), dong thoi cach mit dat
1(km). Chiéc khinh khi cdu thtr hai cdch diém xuat phat vé& phia Bac 70(km) va vé phia Tay 60(km),

ddng thoi cach mat dat 0, 8(km).

a) Xac dinh khoang cach cua chiéc khinh khi cau thi nhat véi vi tri tai diém xuat phét ciia nd.

b) Xéc dinh khoang céach giita chiéc khinh khi ciu thtr nhat va chiéc khinh khi cu thi hai.

Ciu 7. Ba chiéc may bay khong ngudi 1ai cing bay 1én tai mot dia diém. Sau mot thoi gian bay, chiéc
mdy bay thtr nhét cdch diém xuat phat vé phia Dong 60 (km) va vé phia Nam 40(km), dong thoi cach mit
dét 2(km). Chiéc mdy bay thir hai cdch diém xuat phat vé phia Bic 80(km) va vé phia Tay 50(km), dong
thoi cach mat dat 4(km) Chiéc may bay thir ba nim chinh giira ctia chiéc may bay thir nhat va th hai,

ddng thoi ba chiéc may bay nay thang hang.
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a) Xac dinh khoang cach giita chiéc may bay thir nhat va chiéc may bay thir hai.
b) Xac dinh khoang cach cta chiéc may bay thir ba v6i vi tri tai diém xuat phat cta no.

D. TRAC NGHIEM 4 PHUONG AN

—

Cau 1: Trong khong gian véi hé truc toa do Oxyz, cho g = —i+ 2}‘ —3k . Toa do cua vecto @ la
A. (-1;2;-3). B. (2;-3;-1). C. (2;-1;-3). D. (-3;2;-1).

Cau2: Trong khong gian Oxyz véi ;,;',l; lan luot la cac vecto don vi trén céc truc Okx, Oy, Oz. Tinh
toa do cua vecto i+ ; —k.
A. i+ j—k=(-L-LI). B.i+)-
C.i+j—k=(L-0). D.i+/-

=(-LL1).

=(L-11).

Céu3: Cho hinh chép S.ABCD c6 déy 1a hinh vudng canh bang 3, S4=4 va SA L (ABCD). Chon h¢
tn_zc Oxyz co géc toa dd tai A; cac diém B,D,S lan lugt trén céc tia Ox, Oy, Oz. Xac dinh toa do
diém C?
A. (3;0,0) B. (0;0;3) C. (0;3;3) D. (3;3;0)

Cau4: Cho hinh hop chir nhat ABCD.A’B’C’D’ ¢6 AB =2;AD =3; AA'=4. Chon h¢ truc toa d¢ Oxyz
cod géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa dg cua C’ la:
A. (2;3;0). B. (2;3;4). C. (0;3;4). D. (2;0;4).

Cau5: Cho hinh hop chir nhat ABCD.A’B’C’D’ ¢6 AB =8; AD =6; AA' =4 . Chon h¢ truc toa d¢ Oxyz
cod géc O trung véi A, cac diém B; D; A’ lan lugt thudc Ox; Oy; Oz. Goi M 1a trung diém D’C’.
Toa d6 diem M la:
A. (4,6;0) B. (0;6;4) C. (4:6;4) D. (4;0;4)

Cau6: Trong hé toa dd Oxyz, cho u=i+3j~-2k va v=(2;—1;1). Tinh u.v.

A uv=-3. B. uv=1. C.uv=2. D. uv=5J2.
Cau7: Trong khong gian Oxyz, cho hai diém A(l;l;— 2) va B(2;2;1). Vecto AB c6 toa do la

A. (-,-1;-3) B. (3;1;1) C. (L13) D. (3;3;-1)
Cau 8: Trong khong gian Oxyz, cho diém A(2;2;1) . Tinh d6 dai doan thiang OA .

A. 04=A/5. B. 04=5. C. 04=3. D. 04=9.
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Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cau 16:

Cau 17:

Cau 18:

Cau 19:

Cau 20:

Trong khéng gian Oxyz, cho hai vecto @ = (1;2;3),b =i + j —2k. Tinh toa d vecto i = a +b.
A. (0;=1;-95). B. (2;-L1). C. (2;3;1). D. (0;-L1).

Trong khong gian Oxyz, cho ba vecto ad = (1; 2;3);[5 =(2;2;-1);¢ =(4;0;,—4) . Toa d cua vecto
d=d-b+2¢ 1a

A. d =(=T7;0;,-4). B. d =(-7;0;4). C. d =(7,0,-4). D. d =(7;0;4).

Trong khong gian Oxyz, cho d 2(2;3;2) va b = (1;1;—-1). Vecto @—b 6 toadd la

A. (3:451). B. (-1;-2;3). C. (3;5:1). D. (1,2;3).

Trong khong gian Oxyz, cho ba vecto a =(2;-3;3), b= (0;2;-1), é=(3;-15). Tim toa dd
clia vecto ii =24 +3b —2¢ .

A. (10;-2;13). B. (-2;2;-7). C. (-2;-2;7). D. (-2;2,7).

Trong khong gian Oxyz, cho vecto G = (—2;1;3). Vecto cung phuong véi vecto a 1a

A. b= (—4;1;3). B. ¢ =(2;—1;—3). C.d= (—4;2;3). D. é= (—4;—2;3).

Trong khong gian Oxyz , cho ba diém A(1;-2;3),B(-1;2;5),C(0;0;1). Tim toa do trong tdm G
cua tam giac ABC.

A. G(0;0;3). B. G(0;0;9). C. G(-1;0;3). D. G(0;0;1).
Trong khong gian Oxyz, cho hai diém 4 (1;-3;1), B(3;0;-2). Tinh d¢ dai doan thang 4B .
A. 26. B. 22. C. 26 D. J/22.

Trong khong gian Oxyz, cho cac vecto a = (2;m—1;3),l; =(1;3;—2n). Tim m,n dé céc vecto
a,b cung hudng.

3 4
A.m=7;n=—z. B. m=4,n=-3. C.m=1n=0. D.m=7;n=—§
Trong khong gian Oxyz, cho hai diém A(-1;5;3) va M (2;1;—2). Tim toa do cua diém B, biét
M 1a trung diém cua AB.

1 1
A. 8(5;3;5} B. B(—4;9;8). C. B(53-7). D. B(5;,-3;-7).
Trong khong gian Oxyz, cho ba diém A(2;-1;5),B(5-5;7),M (x; ;1). V6i gia tri nao cla
x,y thi 4,B,M thing hang.
A . x=4,y=7 B. x=-4;,y=-7 C.x=4y=-7 D. x=-4,y=7
Trong khong gian Oxyz , cho cac véc to u = 2i — 27+ k, V= (m; 2;m+ 1) v6i m 13 tham s6 thuc.
C6 bao nhiéu gia tri cua m dé |&| = |;| .
A. 0. B. 1. C.2. D. 3.
Trong khong gian Oxyz, cho vecto 1(2;0;-1). Tim vecto v biét v cung phuong véi u va
v =20
A. (4;0,-2) B. (-8;0;4) C. (8,0;-4) D. (8,0;4)
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Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Cau 29:

Cau 30:

Cau 31:

Trong khéng gian Oxyz , cho hai vecto @ =(2;1;0) va 5 =(—1;0;—2). Tinh cos(a,b).
L2 2 L2 L2

A. cosla,b)=—— B. cosla,b)=—— C. cosla,b)=— D. cosla,b)=—
@2 Besh= 2 Conlad)-Z D)=

Trong khong gian Oxyz cho ba diém M (2;3;-1), N(-L1;1) va P(lm—1;2). Tim m dé tam

giac MNP vudng tai N .

A m=2 B. m=-6 C.m=0 D. m=-4

Trong khong gian Oxy, cho tam gidc ABC biét A4(1;3;0), B(~2;-2;0), C(3;1;0). Tinh cosin

gbc A cua tam giac.

A cosA—i B cosA—L C.cosd=— 2 D. cos4=- !

Trong khong gian Oxyz , gbc giita hai vecto i va U= (—\/5 ; 0; 1) la

A. 120°. B. 60°. C. 150°. D. 30°.

Trong khong gian Oxyz, cho a =(~3;4;0), b =(5;0;12). Césin cia goc giita a va b bing

3

.C—. > D 3
13

B.2. c.-2. L2
6 6 13

Trong khong gian Oxyz cho cac diém A(5:1;5); B(4:3;2); C(-3;-21). Piém I(a;b;c) 1a tam

dudng tron ngoai tiép tam gidc ABC . Tinh a+2b+c?

A. 1. B. 3. C. 6. D. -9.

Trong khong gian Oxyz, cho ba diém A(L1;1),B(5-1;2),C(3;2;—4) . Toa dd diém M thoa
man MA+2MB-MC =0 1a

A M 4;—2;2 ) B. M 4;—3;—2 . C. M 4;3;2 . D. M —4;—2;2 .
2°2 22 2 2°2

Trong khong gian véi hé toa dd Oxyz cho cac véc to u=2i—2+k, y= (m;2;m + 1) voi m la
tham s thyc. Co bao nhiéu gia tri ciia m dé |ﬁ| = |\7| .

A. 0. B. 1. C. 2. D. 3.

Trong khong gian véi hé toa dd Oxyz , cho hinh hop ABCD.A'B'C'D' ¢é A(O; 0;0) , B(a;O;O);
D(0;2a;0) , A'(0;0;2a) v6i a #0. Do dai doan thang AC" 1a

A. |a|. B. 2|a|. C. 3|a|. D. %|a|.

Trong khong gian véi hé truc toa do Oxyz, cho a = (2;3:1), b= (-15:2), c= (4,-1;3) va
X = (=3;22;5). Pang thirc nao diing trong céc dang thirc sau?

B. x=-"2a+3b+c.

D. x=2a-3b+c.

Trong khong gian véi hé toa dd Oxyz, cho céc vecto a =(2;m—1;3), b= (1;3;—2n). Tim m, n

de cac vecto d, b cung hudng.
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Cau 32:

Cau 33:

Cau 34:

Cau 35:

Cau 36:

Cau 37:

Cau 38:

Cau 39:

Cau 40:

Cau 41:

A.m:7;n=—%. B.m:7;n=—§. C.m=4;n=-3. D.m=1;n=0.

Trong khong gian Oxyz , cho hai diém 4(2;-2;1), B(0;1;2). Toadd diém M thudc mét phang
(Oxy) sao cho ba diém 4, B, M thang hang l1a

A. M (4;-5;0). B. M (2;-3;0). C. M (0;0;1). D. M (4;5;0).

Trong khong gian v6i hé toa do Oxyz, cho cac diém A(l; 0;3) , B(2;3;—4) , C(—3;1;2). Tim
toa d0 diém D sao cho ABCD 14 hinh binh hanh.

A. D(—4;,-2;9). B. D(—4;2;9). C. D(4,-2;9). D. D(4;2;-9).

Trong khong gian voi hé toa 4o Oxyz, cho 2 diém B(1;2;-3), C(7;4;-2). Néu diém E thoa

mén dang thirc CE =2EB thi toa do diém E la:

A. 3;§;—§ B. §;3;—§. C. 3;3;—§ D. 1;2;l
373 3 3 3 3

Trong khong gian véi hé truc toa d§ Oxyz, cho hai diém A4(0;1;-2) va B(3;-L1). Tim toa d¢
diém M sao cho AM =3A4B.

A. M(9;-5;7). B. M (9;57). C. M (-9;5;-7). D. M (9;-5;-5).
Trong khong gian v6i hé truc toa do Oxyz , cho hai diém A4 (1; 2;—1) , AB = (1;3; 1) thi toa do cua
diém B la:

A. B(2;50). B. B(0;-1;-2). C. B(0;1;2). D. B(-2;-5;0)

Trong khong gian Oxyz, cho hinh binh hanh A4BCD. Biét A:(I;O;l), B=(2;1;2)V2‘1
Dz(l;—l;l). Toa do diém C la

A. (2;0;2). B. (2;2;2). C. (2;-2;2). D. (0;-2;0).

Trong khong gian vai hé toa 6 Oxyz cho hinh hop ABCD.A'B'C'D' . Biét A(2;4;O) , B (4; O;O)
, C(-L4;-7)va D'(6;8;10). Toa do diém B’ la

A. B'(8;4;10). B. B'(6;12;0). C. B'(10;8;6). D. B'(13;0;17).

Trong khong gian Oxyz, cho hinh hép ABCD.A'B'C'D' ¢b A(I;O;l), B(2;l;2), D(l;—l;l),
C'(4;5;—5). Tinh toa do dinh A’ cua hinh hop.

A. 4'(4,6;,-5). B. 4'(2;0;2). C. 4'(3;5;-6). D. 4'(3;4;-6).

Trong khong gian vdi hé toa d§ Oxyz, cho ba diém A(1;2;—1) , B(2;—1;3) , C(—4;7;5). Toa do

chan duong phan giac trong géoc B cua tam gidc ABC la

A. —E;E;l ) B. E;—2;1 . C. g;ﬂ;l . D. (-2111).
3°3 3 3'3°3

Trong khong gian véi h¢ toa d0 Oxyz, cho hinh hop ABCD.A'B'C'D', biét rr:ing A(—3;O;O) ,
B(0;2;0), D(0;0;1), 4'(1;2;3). Tim toa d¢ diém C".
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Cau 42:

Cau 43:

Cau 44:

Cau 45:

Cau 46:

Cau 47:

A. C'(10;4;4). B. C'(-13;44).  C.C'(13:44). D. C'(7:4:4).

Trong khong gian Oxyz, cho véc to u = (L1;-2), v= (1,0;m). Tim tt c4 gid tri ciia m dé goc
gilta i, v bang 45 .

A m=2. B. m=2+/6. C.m=2-/6. D. m=2++6.

Trong khong gian v6i hé toa do Oxyz, cho hai diém A(l;l;O),B (2;0; —3). DPiém M chia doan

AB theo ti sb k = —% co toa do la:

o220 mu(2) cu(lod) moufile)
373 373 33 33

Trong khong gian vi hé toa dd Oxyz , cho vecto u(2;0;—1). Tim vecto v biét v cung phuong
v6i u va uv =20,

A. (4;,0;-2). B. (-8;0;4). C. (8;0;,-4). D. (8;0;4).

Trong khéng gian véi hé toa do Oxyz, cho hai vecto a = (2;m—l;3),l; =(1;3;-2n). Tim m,n
dé cac vecto a,b cung hudng.

A.m=7;n=—%. B. m=4,n=-3. C.m=1n=0. D.m=7;n=—§.

Trong khong gian voi hé toa d0 Oxyz, cho A(I;O;O), B(O;I;O), C(O;O;l), D(l;l;l). Goi M,N
1an luot 1a trung diém cia AB,CD . Toa d6 diém G 1a trung diém MN la:

111 111 222
A | ——— 1. B.| ——— 1. C.|—=——1. D.
(333j (222) (333) (

Trong khong gian Oxyz, cho bon diém O, A, B, C sao cho O, A, B khong thang hang.

-l>|>—‘

L
4’

-bl»—‘

Tap hop nhitng diém M sao cho W(m—zm +1\ﬁ) =0 la

A. moOt mat phéng. B. mot diém.
C. tap hop rong. D. mot dudng thang.
Chu 48: Trong khong gian véi hé toa d6 Oxyz, cho ba diem A4(-2;3;1), B(2;1;0), C(-3;-L1). Tim tat
ca cac diém D sao cho ABCD 1a hinh thang c6 diy AD va S ., =3S, e
D(-8;,-7;1 D(8;7,—1
A. D(8;7;-1). ( ) C. ( ) . D. D(-12;-1;3)
D(12;1;—3) D(—12;—1;3)
E. TRA LOI PUNG SAI

Cau 1:

Cho hinh hop ABCD.A'B'C'D'. Biét A(1;0;1),B(2;1;2),C'(4:5;—5),D(1;—1;1). Céc khang
dinh sau dung hay sai?

A. AC'+CA'+2C'C =0

B. C(2;0;4)

C. B'(4;6,-5)

D. D'(4;4;6)
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Cau 2:

Cau 3:

Cau 5:

Cau 6:

Trong khong gian Oxyz, goi i, j,k 1a cac vecto don vi, diém M(2;0;1),N(3;2;4). Cac khéng
dinh sau ding hay sai?

A. MN =2i+j+k

B. OM =2i+k

C. ON =2i+3+4k

D. [NO|=+27

Trong khong gian vdi hé toa do Oxyz gia st u=2i+ 3}' —k . a=—i+2j—3k. Cac khing dinh
sau ding hay sai?

A. u=(2;0;-1)

B. a=(-1;2-3)

C. u+v=(1;23)

—_ —

D. uv=-1

Cho hinh chép S.ABCD c6 d4y 1a hinh vudng canh bang 3, SA=4 va SA L (ABCD) . Chon hé¢
truc Oxyz co géc toa do tai A; cac diém B, D, S 1an lugt trén céc tia Ox, Oy, Oz. Cac kh'fmg dinh
sau ding hay sai?

A. 4(0;0;0)

B. B(0;3;0)

C. C(3;0;0)

D. 5(4;0;0)

Cho hinh hop chir nhat ABCD.A’B’C’D’ ¢6 AB =2;AD =3; AA'=4. Chon h¢ truc toa d§ Oxyz
co géc O trung voi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Cac khéng dinh sau ding
hay sai?

A. AA'=—4k

B. AB=2i

C. AD=3i

D. C'(2;3;4)

Cho hinh chop S.ABCD c6 day ABCD Ia hinh vuong canh 3; SA vudng goc véi day vaS4=4.
Chon hé truc Oxyz sao cho géc O trung vo1 A; cac diém B; D; S 1an luot thudc Ox; Oy; Oz. Cac
khing dinh sau ding hay sai?

A. AD=3i+0/+0k

B. AS=0i+0/+4k

C. AC=3i+3j+0k

D. SC=3i+3+4k

Trong khong gian v6i hé toa do Oxyz , cho hinh hop ABCD.A'B'C'D' ¢6 A(0;0;0), B(a;0;0);
D(0;2a;0), A'(0;0;2a) v6i a # 0. Céc khang dinh sau ding hay sai?
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A. AB= (a;0;0)
B. A4 = (0;0;a)
C. AC' = (a;2a;2a)
D. AD = (a;2a;0)
Cau 8: Trong khong gian Oxyz, cho hai diém A(L;-1;2) va B(-1;3;0).
A. Toa dg trung diém cua doan théng (0;1;1).
B. Toa do vecto AB = (2;,—4;2).
C. Toa dd vecto OA=1i + j +2k.
D. Toa d6 vecto OA+OB = (—2;4;-2)
Cau9: Trong khong gian Oxyz, cho a=(2;3;2) va b=(L;1;-1).
A. Toa do vecto a—b = (1;2;3).
B. Tich v6 hudng cua hai vecto @ va b bang 6.

C. Hai vecto @ va b khong cung phuong.

V51

D. Cosin goc gilta vecto a va b bang =

Cau 10: Trong khong gian Oxyz, cho hai vécto a= (-2;1; —3),13 =(-1;-3;2) va diém A(4; 6; —3).
A. Toa do vecto a—2b= (0;1;—-1).
B. Toa do diém B(2;7;-6) thi d = AB.
C. Hai vecto G va b cung phuong hudng.
D. Goc gitra vecto a va b bang 120°.
Cau 11: Trong khong gian Oxyz , cho ba vecto a = (—1;1;0),13 = (1;1;0),2 =(LL1).
A. D§ dai vecto @ bang /2.
B. Vecto b vudng goc voi a.
C. Vecto b vuong goc voi ¢ .

D. Toa do vecto 3a + 2b-¢ béng (=2;4;-1).

Cau 12: Trong khong gian Oxyz, cho ba vecto a = (-1 1;0),5 = (1;1;0),2 =(L;1;1). Xét tinh dung sai ciia
cic ménh dé sau?
A.la|=+2.
B.bla.
C.hlc.
D. 2| =6..
Cau 13: Trong khong gian Oxyz, cho ba diém A(4;2;1), B(2:1;3), C(-1;3;-2).

A. Toa d6 trong tdm tam gidc ABC bang (%, 2;%).
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B. Toa d¢ trung diém doan th:fmg AB b?lng (3;%; 2)

C. Tt giac ABCD 1a hinh binh hanh thi toa d6 diém D = (1;4;-4).
D. Ba diém A4,B,C thing hang.

Céu 14: Trong khong gian Oxyz , cho ba diém 4(3;5;-1), B(7;x;1), C(9;2;).
A.Badiém 4,B,C thing hang thi x+y=>5.

B. Piém G(?;gﬁj la trong tdm tam giac ABC thi x=1;y =3.

C. Tam giac ABC vuong tai 4 thi x=13,y=-1.
D. Tich vb huéng cia AB.AC =—3x+2y+41.
Cau 15: Trong khong gian Oxyz , cho ba vecto a = (1;2;3); b= (2;2;-1), c= (4;0,—4).
A. 3d =(1;6;9).
B. d+b=(3;4;2).
C.d-2=(3%-2-7).
D. a—b+2¢=(7,0;—4).
Céu 16: Trong khong gian Oxyz, cho hai vecto G =—i +3 +4k; b =2i +4] +k.
A. Toa d6 vecto a =(—1;3;4).

B. Cosin goc giira hai vecto d@,b bang 5

C. Tich vd hudng ctia hai vecto @,b bang 14.

D. Hai vecto d,b vudng goc voi nhau.

Cau 17: Trong khong gian Oxyz, cho ba vecto a =(2;1; —2),5 =(1;2;-4),¢ =(-1;,-3;3).

A. G=2b.
B. [a|=3[p|.
C.ib=12

D. 2G—3b+5¢ = (—4;-19;23).
Céu 18: Trong khong gian Oxyz , cho bbn vecto @ = (2;3; 1),5 =(-1;5;2),¢ =(4;—-1;3) va x =(-3;22;5).
A. ¥=2a+3b-¢.
B. Hai vecto @ va b cing phuong.
C. Hai vecto a@ va ¢ khong cung phuong.
D. Hai vecto d@,b vudng goc voi nhau.
Cau 19: Trong khong gian Oxyz , cho hinh binh hanh 4BCD . Biét A(-1;1;2),B(1;0;3),C(0;2;-2).
A. Toa d¢ vecto BC = (-1;2;-5).
B. Toa d0 vecto AB = 2;—}'+7c .
C. Toa dd diém D la D(-2;3;-3).
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D. Toa d0 vecto AD =—i+ 2}' +5k.
Cau 20: Trong khong gian voi hé toa d0 Oxyz, cho hinh hdp ABCD.A'B'C'D', biét ring
A(2;1;0),C(0;3;0),C'(-1;2;1),D'(0;-2;0)..
A. Toa d0 cac diém 4", B' 1a A'(1;,0;-1),B'(0;4;2).
B. Toa do céc diém B,D 1a B(1;5;1),D(1;-1;-1).
C. Toa do vecto AB 1a AB=i+ 4}'+7c.
D. Toa do vecto AB 1a B'D=i—-5;-3k.
Cau 21: Cho hinh chép S.ABCD day la hinh thang vudngtai 4 va B, AD =2A4B =2BC = 2a, canh bén

SA vudng gbc véi mit phing day (ABCD), SA=2a.Goi H 1a hinh chiéu diém C trén canh
AD.

Ve
A. Toa do cac diém 4,B 1a 4(0;0;0), B(a;a;0).
B. Toa 9 céc diém C,D 1a C(a;a;0),D(24;0;0).
C. Toa d¢ diém S 1a §(0;0;2a).
D. Toa do diém H 1a H(a;0;0).
Céu 22: Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng cé cac canh bang 1, SAD 13 tam giac déu

va nam trong mit phang véi day. Goi O,M va N lan luot 1a trung diém ciia 4D, BC va CD.
Thiét 1ap hé truc toa do Oxyz nhu hinh v&.
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A. Toa d6 cac diém 4,B 1a A(O;—%;OJ,B(I;—%;OJ.
B. Toa do cac diém C,D la C(l;%;Oj,D(O;%;Oj.

NG

C. Toa do diém S 1a 5(0;0;7}
D. Toa d¢ cac diém M, N la M(l;O;O),N(%;%;Oj.

Cau 23: Trong khong gian Oxyz, cho vecto a =(2;-2;-4), b= (L-1;1).
A. G+b=(3;-3;-3)
B.avab cung phuong
C. [p| =3
D.Ga=2i-2j-4k
Cau 24: Trong khong gian véi hé truc toa d6 Oxyz, cho a = (2; —5;3), b= (0;2;—1), ¢ = (1; 7;2) .
A ii=3d-b+5¢ véi ii =(11;22;18).
B. i=td-25-2¢ voi x=| -1, T,
2 3 6 6
C.v=a+b v6i v=2i-3j+2k.
D. y=b—c vdi y=—i+5j-3k.
Cau 26: Trong khong gian Oxyz, cho 5=7+3l€—4] va b#:(m—n;4m—6n;n2 —3m+2), vol mynla

tham s0.
a) Toa do a =(1;3;-4).

b) Dung diém 4 thoa OA=a thi A(1;—4;3).

-

¢) Ton tai gid tri cia m va n dé b=0.
d)Néu d=>b thi m+n=9.

Cau 27: Trong khong gian Oxyz, cho d =(2;2;0),b = 27 +2k . Dung OA=id va OB=b.

z

a) a=2i +2k .
b) Toa do b =(0;2;2).
c) Toa do AB = (—2;2;0)

d) Goc AOB =45°.
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Cau 28: Trong khong gian Oxyz , cho hinh hop OABC.O'A'B'C’ ¢6 A(L;1; —1),B(O;3;O),B—C' =(2;-6;6)
. Goi H,K lan luot 13 trong tAm cta tam giac 04’0’ va CB'C'.

a) Toa do diém C' 1a (2;-3;6) o o

b) Toa d6 diém O’ 1a (3,-55). A B

¢) Toa d véc to AB = (-2;3;-6). I‘

d) Toa dd véc to ﬁ:(—l;Z;—l). 0’ """"" ¢
A B

Cau 29: Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat, AB =1, AD =2,S54 vudng gdc véi mat
day va S4=3.V&ihé toa dd Oxyz dugc thiét 1ap nhu sau: Gbc toa dd O trung voi diém 4, cac
véc to AB, AD, AS 1an luot cung hudéng véi 7, va k . Xét tinh dung sai cua cac khang dinh
sau

a) Toa do D(0;2;0).
b) Toa do C(1;2;3).
c) Toa do S(2;0;0)
d) Toa do 1(1;1;0).

Cau 30: Cho hinh 1ap phuong ABCD- A'B'C'D' c¢6 canh béng 2. V6i hé toa dd Oxyz duoc thiét lap nhu
hinh bén (gdc toa dd O tring v6i tim hinh vuéng 4BCD ), hdy xét tinh dung sai ciia cac khang
dinh sau:

a) Toa do A(-1,0;0).

b) Zﬁ:(zﬁ;o;z).
c¢) Toa do D’(O;x/E;Z).
d) BD'=(0;0;2).

Cau 31: Cho hinh ling try 4BC-A'B'C’ ¢6 day ABC la tam giac déu canh bang 2 nhu hinh v&. Hinh
chiéu vudng goc cua A’ 1én (ABC ) tring voi trung diém canh AB, goc A 40 =60". Véi hé toa
do Oxyz dugc thiét 1ap nhu hinh bén (géc toa d O trung véi trung diém cua doan BC ), hay

x¢ét tinh dung sai cua cac khang dinh sau:
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a) Toa do diem A4(-1;0;0). :
b) Toa do diém C(0:43:0). A ¢
¢) Toa do diém A'(o,—l,ﬁ ) -
d) Toa do diém C’ (1,\/§,\/§)
___________ ¥y
4 - -7 g C
[#)
B

Cau 32:

Cau 33:

Cau 34:

Cho céc diem A(1;-2;3),B(-2;1;2),C(3;-1;2).
a) AB=(-3;3;-1).

b) AC =(-2;-1;1).
¢) AB=3AC.
d) Ba diém 4, B,C khong thing hang.

Cho ba diém 4(3;3;-6),B(1;3;2) va C(-1;-3;1). Goi M,N,K lan luot 14 trung diém cia
AB,BC va CA.
a) Toa do M (2;3;2).

b) V6i G la trong tdm tam giac ABC thi GC = 25
¢) Trong tim tam giac MNK 1a E(L;1;-1).

d) Véi D(-3;-3;9) thi tr gidc ABDC 1a hinh binh hanh.

Cho hinh hép ABCD-A'B'C'D', biét diém A(0;0;0), B(1;0;0),C(1;2;0),D'(~1;3;5). Goi
M, N latam cua cac hinh binh hanh ABB'A’, ADD'A’.
a) Toa dd D(0;2;0).b) Toa dd 4'(-1;1;5).

¢) Toa do m:(—l;l;O). d) ‘E+E+@‘:@.
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BF

Céu 35: Hai chiéc khinh khi cau bay 1én tir cing mot dia diém. Chiéc thtr nhat cach diém xuit phat 2 km
v¢ phia nam va 1 km v¢ phia dong, dong thoi cach mat dat 0,5 km . Chiéc thir hai nam cach diém
xudt phat 1 km vé phia bac va 1,5 km vé phia tiy, dong thoi cach mat dat 0,8 km .
Chon hé truc Oxyz véi géc O dit tai diém xuat phat cua hai khinh khi cAu, mat phéng (Oxy)
tring véi mat dat véi truc Ox hudng vé phia nam, truc Oy hudng vé phia dong va truc Oz

huéng thang démg 1én troi (Hinh bén duéi), don vi do 14y theo kilomet.

’
Bae .7

_______________

a) Vi hé toa do da chon, toa d6 khinh khi cau thir nhat 1a ( 2:1;0,5).

b) V&i h¢ toa d§ da chon, toa do khinh khi cau tht hai 1a (—1,5; -1;0, 8) .

¢) Khoang cach tir diém xuét phat dén khinh khi ciu th& nhit bing 21 km .

d) Khoang cach hai chiéc khinh khi cau 1 3,92 km (Két qua lam tron dén hang phan trim).

Cau 36: Cho ba vec-to d=(-110),b =(1;10) va ¢ =(L;1;1).
a) |d|=2.

b) |e|=~13.

¢) cos(a,5)=i.

J5

d)bLE.
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Cau 37: Cho hai vécto i =(0;2;3) va v =(m—1;2m;3).

a) |ﬁ|=\/ﬁ
il e m=—2
b) ‘u|—|v‘<:>m— 5
u=vem=1.
d) ﬁJ_\7<:>m=2.
4

Cau 38: Cho tam gidc ABC c6 A(1;2;0),B(0;1;1),C(2;1;0).
a) Tam gidc ABC vudng tai 4.

b) Chu vi tam gidc 1a 7 ++/3 +2 .
¢) Dién tich tam giac ABC la J6.
A \ . L . . 1
d) Tam duong tron ngoai ti€p tam gidc ABC 1a [ (I;I;E) .
Céu 39: Hinh minh hoa so d6 mot ngdi nha trong hé truc toa &6 Oxyz , trong d6 nén nha, bdn buc tudng
va hai mai nha déu 1a hinh chit nhat.

Q(2;5;4)

----------------- G(4:5:3)

E(0;0;3)

I
i
I
1
I
)
1
1
I
|
1
CF---mmmm - ----) B(4:5:0)

O{0; 0;0) A x
a) Toa do cta cac diém A(5;0;0).
b) Toa d6 cua cac diém H(0;5;3).

¢) Géc nhi dién c6 canh la dudng thang FG , hai mat 1an luot 1a (FGOP) va (FGHE) goi la
goc dbc ctia mai nha. S6 do cua goc dbe ctia mai nha bang 26,6° (1am tron két qua dén hang

phan muoi cua dg).

d) Chiéu cao cua ngdi nha 1a 4.
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F. TRA LOI NGAN

Cau 1:

Cau 2:

Caiu 3:

Cau 4:

Caiu 5:

Ciu 6:

Cau 7:

Cau 8:

Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Trong khong gian Oxy, cho hai vecto d@ = (3;2;5) va b = (3m+2;3;6—n). Tinh gia tri biéu thuc
6m+2n dé hai vecto d,b bang nhau.

Trong khong gian Oxyz, cho tam gidc ABC c6 ba dinh 4(1;2;3), B(-1;2;0),C(3;2;-3) va
G(a;b;c) 1a trong tAm ctia tam giac ABC. Tinh gié tri biéu thic P=a+b+c.

Trong khong gian Oxyz, cho tam giac ABC c6 A(I;O;O) , B(O;O;l) , C(Z;l;l) . Dién tich ctia tam
giac ABC bang:

Trong khong gian Oxy, cho hai diém A(1;2;3) va B(2;1;1). Cho diém M (X595 2,) thudc mat
phing (Oyz) sao cho ba diém A4, B,M thang hang. Tinh gia tri biéu thirc X+ Yo+ 2o

Trong khong gian Oxy,cho ba diém A(;-1;1),B(3;1;2) va C(—1;0;3). C6 bao nhiéu diém D
sao cho tr gidc ABCD 1a hinh thang c6 2 canh ddy AB,CD va c6 goc tai D bang 45°.

Trong khong gian Oxy, cho tam gidc ABC, biét 4(2;0;0), B(0;3;1),C(=3;6;4). Goi M 1a diém
trén canh BC sao cho MC =2MB. Tinh d0 dai AM .

Trong khong gian Oxy, cho ba diém A(1;2;-1),B(2;-1;3),C(-2;3;3). Piém M (a;b;c) la dinh
thir tu cta hinh binh hanh ABCM. Tinh gia trj cta biéu thac P =a’ +b* — .

Trong khong gian Oxy, cho hai diém trén tryc hoanh ma khoang cach tir 46 dén diém M (-3;4;8)
bang 12. Tinh tong hai hoanh d6 cua chiing.

Trong khong gian Oxy, cho hai vecto d@ = (2;5;-3),b = (0;—4;0). Tinh tich v6 huén ciia hai vecto
a,b.

Trong khong gian v6i hé toa dd Oxyz, cho cac diém OA=i+0j+3k, OB=2i+3j-4k,
OC =-3i+ j+2k . Diém D(x;y;z) sao cho ABCD la hinh binh hanh. Tinh P=2x+y—z.

Trong khong gian véi hé toa d6 Oxyz, cho a=2i+3k ; bh=3i+ 3}' . Toa @0 vec to a= (x; 0;3) ;
b=(3;»;0). Tinh P=x"+)".

Trong khong gian véi hé toa do Oxyz, cho OM = 2;—3}' +4k ; ON =—i+ 3}' —k . Toa d6 diém
M (2;-3;a);N(=1;b;-1). Tinh T =2a-3b.

Trong khong gian véi hé toa d6 Oxyz ,cho a = (3;-5;2); b= (2;1,-1). Vecto a=3i-yj+2k;
b=2i+ j+zk.Tinh P=y*—2*

Trong khong gian voéi  hé toa d0 Oxyz, M(1;0;-2),N(51,-6). Tinh
OM =i+yj-2k;ON =xi+ j—6k.Tinh P=x*+°.

Cho hinh chép S.ABCD c6 day 1a hinh vudéng canh bang 5, SA=2 va S4 L (ABCD) . Chon hé
truc Oxyz co géc toa d0 tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz. Toa do diém

C(x;y;z). Tinh P=x"+y’ +2°.

Ban word dé bai va 1oi giai vui 1ong 1h Zalo Tran Dinh Cu: 0834332133
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Cau 16:

Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Cho hinh hop chit nhat ABCD.A’B’C’D’c6 AB =2;AD =3; AA'=4. Chon h¢ truc toa dd Oxyz
co géc O trung véi A, cac diém B; D; A’ 1an lugt thudc Ox; Oy; Oz. Tim toa d0 cua C'(x;3;z) )
Tinh P=x-z.

Cho hinh chép S.ABCD c6 d4y 1a hinh vudng canh bang 3, SA=4 va SA L (ABCD) . Chon hé¢
truc Oxyz c6 goc toa do tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz. Goi M 14 trung

diém SC. Tim toa d6 diéem M (x;y;z). Tinh T = x+y—%z.

Cho hinh hép ABCD.A'B'C'D'. Tinh |A—C'+C—A'+2C—C' .

Cho hinh hp chit nhat ABCD.A'B'C'D' ¢6 AB =8; AD =6; AA'=4. Chon h¢ truc toa d0 Oxyz
¢6 gbe O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa d diém C'(x;y52).
Tinh P=x-2y+z.

Trong khong gian véi hé truc toa d6 Oxyz , cho ba diém A(1;2;-1), B(2;—1;3),C(-2;3;3) . Piém
M (a;b;c) 1a dinh th tu clia hinh binh hanh ABCM , khi d6 P=a’ +b* —c* c6 gid trj bang
Trong khong gian Oxyz, cho ba vecto 21:(—2;2;0);[7:(2;2;0) va 2(2;2;2). Gia tri cua
|Zz +b+ E| bang

Trong khong gian voi hé toa d6 Oxyz, cho tam giac ABC co A(I;Z;—l), B(2;—1;3) ,
C(—4;7;5). Goi D(a;b;c) la chan duong phan giac trong géc B cua tam giac ABC . Gia tri
cia a+b+2c bang

Trong khong gian v6i hé toa dd Oxyz , cho ba diém A4(2;-3;4),B(1;y;-1)C(x;4;3) . Dé ba diém
A, B, C thang hang thi tong gia tri 5x +yla:

Trong khong gian Oxy, cho ba vecto a = (I;m;2),b = (m+1;2;1),¢ = (0;m—2;2). Tong cac gia
tri thuc cta tham sb m dé |¢7 +l;| = |E|

Trong khong gian Oxy, cho hai vecto a = (1;—1; 0),5 = (2;2¢ —1;0). Xac dinh gid tri ¢ d¢ hai vecto
a,b cung phuong.

Trong khong gian Oxy, cho hai vecto a = (1;2;-2),b =(-1;—1;0). Sé do d6 cua goc giira hai
vecto d,l; ?

Trong khong gian voi hé toa d Oxyz, cho hai diém A4(0;2;-2), B(2;2;—4). Gia st I(a;b;c)
1a tim duong tron ngoai tiép tam gidc OAB. Tinh T =a’ +b” +c”.

Trong khong gian véi hé toa dd Oxyz , cho ba diém A(-2;3;1), B(2;1;0), C(-3;—1;1). Gia sur
diém D(a,b,c) sao cho ABCD la hinh thang c6 ddy AD va S, =38, ,,c. Tinh a+b+c

Ban word d¢ bai va 1oi giai vui 1ong 1h Zalo Tran Dinh Cu: 0834332133
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Cau 29: Trong khong gian véi hé truc toa d0 Oxyz cho hinh thang 4BCD vuodng tai A va B. Ba dinh

A(;2;1), B(2;0;—1), C(6;1;0) Hinh thang c6 dién tich béng 62 . Gia st dinh D(a;b;c) . Tinh
a+b+c

w | oo

Chu 30: Trong khong gian toa do Oxyz cho hai diem 4(2;2;1), B(— ,g,gj Biét I(a;b;c) 1a tim

duong tron noi tiép cua tam giac OAB . Tinh S=a+b+c.
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BAI 2: TOA PQ CUA VECTO TRONG KHONG GIAN

A. KIEN THUC CO BAN CAN NAM
I. HE TOA PO TRONG KHONG GIAN

Trong khong gian, cho ba truc Ox, Oy, Oz d6i mot vudng goc. Goi 7, /,k 1an luot 1a ba vecto don
vi trén cac truc Ox,Oy,Oz . HE ba truc nhu vay dugc goi 1a hé truc toa dd Descartes vuong goc
Oxyz trong khong gian hay goi don gidn 1a h¢ to d6 Oxyz .

Hinh 2

Nhan xét: ’

a) biém O duoc goi la goc toa do.

Céc truc Ox,0y,Oz dugc goi la cac truc toa do.

Cac mit phang (Oxy),(Oyz),(Ozx) doi mot vudng goc véi nhau duge goi 1a cac mitphing toa do.
Khong gian véi hé toa d0 Oxyz con dugc goi 1a khong gian Oxyz .

b) Vi 7,7,k 1aba vecto don vi d6i mot vudng goc v6i nhau nén ta co

= =k*=1vai-j=j-k=k-i=0.

Vi du 1. Cho tit dién OABC c6 OA4,0B,0C d6i mdt vuong goc va cd do dai bﬁng 1. Véhé truc
toa dd Oxyz cb géc 1a O, cac diém A4, B,C lan luot ndm trén céac tia Ox, 0y, 0Oz va chi ra cac vecto
don vi trén cac truc toa do.

Loi gidi

Hinh 3

Véi O la géc toa dog, ta v€ duogc cac truc Ox,Oy,Oz nhu Hinh 3. Ba vecto don vi trén ba truc lan
luotla i =0A, j = OB,k =OC.
II. TOA PQ CUA PIEM VA VECTO

1. Toa d cia diém



Ta c6 dinh nghia sau:
Trong khong gian Oxyz, cho diém M . Néu OM =xi + yj + zk thi ta goi bo ba s6 (x;y;2) latoa
d6 cta diém M dbi voi hé tryc toa dd Oxyz va viét M = (x;;2) hodc M (x;y;z); x 1a hoanh do,

y latung d9, z 1a cao do cua diém M .

Vi du 2. Cho hinh hdp chit nhat OABC-O'A'B'C" ¢6 canh O4=4,0C =6,00" =3 . Chon hé truc
toa dd Oxyz cé géc toa d0 O; cac diém 4,C,0' lan lugt ndm trén cac tia Ox, 0y, Oz . Xac dinh toa
do cac diém 4,B,B’.

Loi gidi

x /A4 B
/ I Hinh 8

Taco: OA=4i +0] +0k , suy ra A(4;0;,0);
OB =04+0C =4i +6] +0k, suy ra B(4;6;0); 0B’ = 04+ OC + 00 = 4i +6]j +3k, suy ra B'(4;6;3)

2. Toa do cua vecto

Ta c6 dinh nghia sau:

Trong khong gian Oxyz, cho vecto d. Néu @ =a,i +a,; +a,k thita goi bd ba s6 (a;a;a,) latoa
do clia vecto a@ dbi véi hé toa do Oxyz va viét G =(a;;a,;a;) hodc d(a;;a,;a;).

Nhan xét: Trong khong gian Oxyz , ta co:

Toa d6 cua diém M 1a toa dd cua vecto oM ,tecla M = (x; y;z) < OM = (x; y;z).

biéu kién dé hai vecto bang nhau:

Cho ﬁz(x;y;z),l;:(x';y’;z’).Khi d6: a=b<iy=y



Vi du 3. Trong khong gian Oxyz , cho hinh hdp chit nhat ABCD- A'B'C'D’ ¢6 dinh A trung véi
gbe O, cac vecto AB, AD, AA’ theo thir ty cing huéng véi 7, j,k vaco AB=8,AD=6, A4’ =4.

Tim toa do cac vecto AB, AC, AC’ va AM v&i M 1a trung diém ctia canh C'D’.

Loi gidi

Dé tim toa dd cua vecto AB , ta can biéu dién AB theo ba vecto i, ,l; .

J
Do AB clng huéng véi i va \ZE|: AB=8= 8|f‘ nén AB=8i hay

B=8i +0j+0k .
Twong tu, ta ciing c6: AD =0i +6j +0k, A4’ =0i +0 + 4k .
Trong hinh binh hanh ABCD, ta c6: AC = AB+ AD =8i + 6/ +0k .
Trong hinh binh hanh 44'C'C, tacé: AC'= AC+ A4 =8i +6 +4k Suyra
AB =(8;0;0); AC =(8;6;0); AC" =(8;6;4).
Vi AM :l(A—C’+A—D'):l(A—C'+E+ﬂ):1(87+6]+4l€+6]+41€):4f+6]+4l€nén
2 2 2
AM =(4;6;4).
B. GIAI BAI TAP SACH GIAO KHOA
1. Trong khong gian Oxyz , biét:
a) a=>5i+ 7}' —3k, b=2i+4k. Tim toa d cac vecto a,b.
b) OM =4i— j+3k,ON =8i—5 . Tim toa do cac diém M,N .
Loi gidi
a) a=5i+7j-3k=(57,-3), b=2i+4k =(2;0;4)
b) OM =4i—j+3k=(4-1;3) = M (4-1;3); ON =8i-5; =(8;5,0)= N(8;5;0)
2. Trong khong gian Oxyz , biét:

a) a= (—2;5;—7),5 =(4;0;1). Tinh a,b theo cac vecto i, j, k.
b) A(7;-2;1),B(0;5;0). Tinh 04, 0B theo céc vecto i, j, k.
Loi gidi

a) a=(-25-7)=-2i+5;-Tk,b=(40;1)=4i +k



b) OA=(7;-2;1)=Ti-2j+k, OA=(0;5,0)=5]
3.Cho tirdién S.4BC c¢6 ABC latam giac vudng tai B, BC =3,BA=2,S4 vubng goc véi mit phang
(ABC) va c6 do dai bang 2 (Hinh 13).

a) Xac dinh mot hé toa do dua trén goi y cua hinh vé va chi ra cac vecto don vi trén céc truc toa do.

b) Tim toa d6 cac diém 4, B, C, S.

Cac vecto don vi trén ba truc Ox,Oy,0z lan luot 13 i }';7{ v6i do dai i }';7{ lan lugt bang

lBC; lBA; lSA
3 2 2

b) Vi B tring véi goc toa do nén B(0;0;0).
Vi j va BA cung huéng va BA=2 nén BA=2.Suyra A(0;2;0).
Vi i va BC cung huéng va BC =3 nén BC =3i . Suy ra C(3;0;0).

Goi E 13 hinh chiéu ctia S 1én tryc Oz. Tacd BE=AS=2.Vi k va BE cung huéng va BE =2
nén BE =2k . Theo quy tic hinh binh hanh ta ¢6 BS = BA + BE =2 +2k . Suy ra §(0;2;2).

4. Cho hinh chép S.4BC c6 didy ABC la tam gidc déu canh bang 2, SA vudng goc véi day va SA4
bang 1 (Hinh 14). Thiét lap h¢ toa do nhu hinh v&, hay v€ cac vecto don vi trén céc truc Ox,0y,0Oz
va tim toa do cac diém 4,B,C,S .



Céc vecto don vi trén ba truc Ox, Oy, Oz lan luot 1a i= W?; } = ﬁ; k=0OH vé6i E 1a diém thudc
tia Oy sao cho OF =1 va H 1a diém thudc tia Oz sao cho OH =1.

Vi AABC déuva 40 L BC nén O la trung didm ctia BC.Ma BC =2 nén OB=0C =1 va 04=-/3

Vi j va OA cing huéng va 0A4=+/3 nén @:ﬁ} Suy ra A(O;\/g;()).

Vi i va OC cing huéng va OC =1 nén OC =i . Suy ra C(1;0;0).
Viiva @ngu()’c huéng va OB =1 nén OB=—i. Suy ra B(—I;O;O).
Theo quy tic hinh binh hanh ta c6 OS = 04+ OH =\/§}'+l;. Suy ra S(O;\/ggl).

5. Trong khong gian Oxyz, cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thoi canh bang 5, giao
diém hai duong chéo AC va BD tring véi gbc O. Cac vecto OB,0C,0S lan luot cung huéng véi
i,j,k va O4=0S =4(Hinh 15). Tim toa d cac vecto AB, AC,AS va AM véi M la trung diém
cua canh SC.



Loi gidi

Vi ABCD 14 hinh thoi canh bang 5, O 1a giao diém ctia 4C va BD nén O la trung diém ctia AC
va BD.

Xét aOAB vudng tai O, cé OB =~ AB* — 04> =~/25-16 =3

ViOA4 va i cung huéng va OB =3 nén OB =3i.Vi O4 va j cung hudéng va O4 =4 nén OA =—4;

Taco AB=0B-0A=3i+4j.Dodo AB=(3;4;0).

C6 AC=204=8 va AC va j cing huéngnén AC =8;. Do d6 AC =(0;8;0).

C6 OS va k cing huéng va OS=4 nén OS=4k.Co SB=0B-O0S =3i—4k. Do d6 SB =(3;0,-4)
Lai ¢6 E:EH?S=(3?+4})—(3?—4/€)=4}+4/€.Do d6 AS=(0;4;4). Vi M 1a trung diém cua
SC nén AM = (AS+ AC) = (4]+ 4% +8]) =6+ 2k Dods AM =(0:6:2).

6. Mot chiée xe dang kéo cang soi diy cap AB trong cong truong xdy dung, trén d6 da thiét 1ap hé
toa dd Oxyz nhu Hinh 16 véi d0 dai don vi trén cac truc toa do bf‘mg 1 m. Tim toa dd cua vecto AB

10m

0 L 30° ¥
15 m B / s

Hinh 16

"
x®
X

Loi gidi

Vi 04 va k cung hudng va O4 =10 nén 04=10k .

1543

Xét AOBH vuong tai H ¢c6 BH =O0B.sin30°=7,5m; OH = OB.cos30° :Tm



1543 .

Vi OH va j cung huéng va OH = nén OH :#}

.C6 BH=0K=17.,5.

Vi OK va i cung huéng va OK =7,5 nén OK =7,5i .

1543
2

Vi AB=0B—-0A=0H +0K —0OA4=17,5i +

15V3 J

j—10k . Vay AB =[7,5;T;—10

7. O mt san bay, vi tri cia may bay dugc xac dinh boi diém M trong khong gian Oxyz nhu Hinh
17. Goi H la hinh chiéu vuéng goéc cua M xudng mit phing (Oxy). Cho biét

OM =50; (;,O—H> =64°; (O?,W) =48° . Tim toa d6 cua diém M .

Loi gidi

Giasa M (x;y;z). H €(Oxy)= H(x;y;0). Vi OBHA 12 hinh binh hanh nén BH = 04.Vi OCMH
1a hinh binh hanh nén OC = MH .

Xét AMHO vuodng tai H ¢c6 OH = OM .cos48° =50.cos48° ~33,46;
MH = OM .sin48° =50.sin48° = 37,16.

Xét AOAH vudng tai 4 ¢c6 BH = OA4 = OH .c0s64°=33,46.c0s64° ~ 14,67

Xét sOBH vuéng tai B c6 OB =+OH* — BH* =+/33,46* —14,67* ~30,07

Vi 04 va i cung huéng va O4 =14,46 nén OA=14,67i .

Vi OB va j cung huéng va OB =30,07 nén OB =30,07; .

Vi OC va k cung huéng va OC =37,16 nén OC =37,16k .

Ap dug quy tic hinh binh hanh ta c6: OM = OH + OC = OA+ OB+ OC =14,67i+30,07 j + 26,16k
Vay M (14,67; 30,07; 26,16).

BAI 3: BIEU THUC TOA PQ CUA CAC PHEP TOAN VECTO
A. KIEN THU'C CO BAN CAN NAM

I. BIEU THUC TQA PO CUA TONG, HIEU HAI VECTO VA TiCH CUA MOQT SO VOI
MOT VECTO



Trong khong gian Oxyz , cho hai vecto a@ =(a,;a,;a;) va b= (b;b,5b,) va s thuc & .
Khi do:

a+b=(a +b;a,+b,a,+b,)
a—b=(a,—bsa,—b,;a,-b,) kd = (ka,;ka,;kas) .

— —

Nhén xét: Cho hai vecto @ =(a,;a,;a,) va b =(b;;b,;b,),b #0. Hai vecto @ va b cing phuong

a, = kb,
khi va chi khi ton tai sb k sao cho {a, = kb, .
a, = kb,

Vi du 1. Trong khéng gian Oxyz, cho ba vecto p =(3;-2;1),4 =(6;—4;2),7 =(2;1,-3).
a) Tim toa d6 ctia vecto ¢ =2p—3g+7 .
b) Tim hai vecto cung phuong trong cac vecto da cho.

Loi gidi
a) Ta c6: 2P = (6;—4;2),-3G = (~18;12;—6),7 = (2;1;-3). Suy ra & =25 —3G +7 = (~10;9;~7).

b) Tacd 2p=(6;—4;2) =g, suy ra hai vecto p,g cung phuong.
3 -2 L . . o= A .
Do 5 # T nén p,r khong cung phuong. Tuong tu, hai vecto ¢,7 khong cung phuong.

Chii y: Tir nay trd di, cac bai tap lién quan dén toa d6 déu duoc xét trong khong gian Oxyz.

IL. BIEU THUC TQA PQ CUA TiCH VO HUONG

Trong khong gian Oxyz ,tich vo hudng cua hai vecto d = (al;az;a3) va b= (bl;bz;b3) duogc xac dinh
bdi cong thitc d-b = a,b, +ab, +ab,.

Nhén xét:
a) aJ_b<:>ab +a,b, +a.b, =0(a, b khac 0);

b) |c7|=\/a1 +a; +a;
~ b a,b, +a,b, + a;b,
\ ||b\ @+ +a b} + b+ b

(d,b khac 0).

Vi du 2. Cho ba vecto @ =(3;0;1),b = (1;-1;-2),¢ =(2;1;-1).
a) Tinh d-b,b-¢ .

cos(a b)
¢) Cho d = (1;7;—3). Chtmg minh d 1 d.

Loi gidi

Il
w

a)Taco: @-b=3-140-(-1)+1-(-2)=1; b-¢ =1-2+(-1)-1+(-2) (-1)



b) Ta co: |d|=~/3" +0 +1? =/10;

ab 1 A5
~lal{s| 106 30

15\ = PP +(=1)* +(-2) =+/6.

cos([i,l;)

c) Taco 6?-5:1~3+7-0+(—3)-1:0, suy ra dla.

II1. Van dung
1. Xac dinh toa dé ciia vecto khi biét toa dé diém diu va diém cudi

Trong khong gian Oxyz , cho hai diém A(x3y,52,4).B(x55525) .

Tacod: AB=(X,~X,3y, =¥ 32,—2,)-

Nhin xét: AB=[4B|=(x, ~x,)' +(r,~3.) +(z-2,)

Vi du 3. Cho ba diém A(2;O;2),B(l; 2;3),C(2;l;2) .

a) Tim toa do cta cac vecto AB,BC,CA . b) Tinh cac do dai 4B, BC,CA.
Loi gidgi

a) Taco

AB=(1-2;2-0;3-2)=(-1;2;1);BC=(2-1;1-2;2-3)=(L;-L,-1); CA=(2-2;0-1;2-2) = (0;-1;0)

b) Ta co:

AB:‘E‘:\/(—1)2+22+12 :ﬁ;BC:‘FG‘:Jﬁ +(=1)? +(=1) :ﬁ;m:@‘:w/oz (=1 +0% =1

2. Toa @) trung diém ciia doan thing va trong tim ciia tam giac

Trong khong gian Oxyz :

Cho hai diém A(x3v,52,).B(xy5¥5:2;) . Toa do trung diém M cua doan thing 4B 1a:

M XytXg YVy+)Vp 2,124 .
2 7 2 72

Cho tam gidc ABC ¢6 A(x,;¥,:2,),B(x3555525).C (X5 ve52¢ ) - Toa do trong tim G cua tam

xA+xB+xC.yA+yB+yC.ZA+ZB+ZCj

3 ’ 3 ’ 3

giac ABC lé:G(

Vi du 4. Cho tam giac ABC ¢6 A(1;-1;1),B(0;1;2),C(1;0;1). Tim toa do:
a) Trung diém M ciua AB; b) Trong tam G cua tam gidc ABC.

Loi gidi

a) Toa d6 trung diém M cia doan thang AB la M(l—;O;l;lgl-;Zj hayM(%;O;%j.



b) Toa do trong tam G cua tam giac ABC 1aG 1+0+1 ; _I—H—FO;I-F2+1 hay G g;O;i .
3 3 3 33
Ta co ’thé’ véan dung cac biéu thic toa do ctia cac phép toan vecto trong giai toan hinh hoc hoic trong
mot sO van deé thuc té.
Vi du 5. Cho tam giac ABC ¢6 A(7;3;3),B(1;2;4),C(2:3;5).
a) Tim toa d6 diém H 1a chan duong cao ké tir 4 cta tam gidc ABC.
b) Tim do6 dai canh 4B va AC.
c¢) Tinh géc 4.

Loi giai

B t' H
Hinh 4

a) Ta co ﬁz(l;l;l). Vi H la chan duong cao ké tor 4 cua tam giac 4BC nén H € BC va
AH 1 BC.

Goi (x;32) la  toa  do cua H, ta ¢b BH = (x—Ly-2;z—-4).
Vi BH cung phuong véi BC néntdntai r € R saocho BH =¢BC;dodé x—1=1; y=2=t;z—-4=t
, suy ra H(1+62+64+1).
Ta ¢6 AH =(t-6;t-1;¢+1). AH LBC < AH - BC=0&t-6+t-1+1+1=03t=61=2.
Suy ra H(3;4;6).

b) Ta co AB = (—6;—1;1);% =(-5;0;2), suy ra

AB =J(=6)? +(=1)? + 1> =38, AC = \(-5)* + 07 + 27 =29

AB-AC 30+0+2 32

AB-AC 3829 <3829

Vi du 6. Mot chau cay duoc dat trén mot gia d& co bon chan véi diém dat S(0;0;20) va cac diém
cham mit dat cta bdn chan lan luot 1a 4(20;0;0), B(0;20;0), C(-20;0;0), D(0;-20;0) (don vi cm
). Cho biét trong luc tac dung 1én chau ciy c6 6 16n 40N va dugc phan bd thanh bdn luc ]7“, , 172,173, E

suyra A~15,43".

c) cosAd=

c6 d6 lon bang nhau nhu Hinh 4. Tim toa d§ cta cac luc noéi trén (mdi centimét biéu dién 1N ).



Hinh 5

T gidc ABCD c6 hai dudng chéo bang nhau va vudng goc v6i nhau tai trung diém ciia mdi duong
nén la hinh vudng.
Ta co SA=(20;0;-20),SB = (0;20;-20), SC = (~20;0;-20), SD = (0;-20;-20) , suy ra

SA=SB=SC=SD=20y2.Dodé S-ABCD 14 hinh chép tir gidc déu.

Cac vecto ]71,_17;,}:3,]7: c6 diém dau tai S va diém cudi lan luot1a 4", B',C',D'.
Taco SA'=SB'=SC'=SD' nén S-A'B'C'D’ ciing 14 hinh chép tir giac déu.
Goi F la trong luc tac dung 1én chau cay va O’ 1a tdm cua hinh vuéng A'B'C'D’.

Taco: F=F +F,+F,+F,=SA'+SB' +SC' +SD' = 450’

1

Ta c6 |F| =40, suy ra ‘S—O’ =50'=10=_50.

Do d6 O’ 14 trung diém ctia SO. Suyra A’ 1a trung diém cta SA. Suy ra
F =54 =%ﬂ =(10;0;-10).
Chung minh tuong tu, ta cling co:

F, =%§ =(0;10;-10),F, =%§5 =(-10;0;-10),F, =%§1§ =(0;-10;-10).

B. GIAI BAI TAP SACH GIAO KHOA
1. Tinh: a) ab voi a=(52-4), b=(4-2;2).

b) cd v6i c=(2;-3;4), d =(6;5-3).
Loi gidi

a) ab=54+2.(-2)+2.(-4)=8;b) c.d =2.6+(-3).5+4.(-3)=-15



2. Cho hai veto a = (0;1;3) va b= (—2;3;1) . Tim toa do cua vecto 21;-%21 .
Loi gidi
Taco: >a :[o;i;g); 2b=(-4;6;2).
2 2°2
Toa dd cua vecto 25—221 = —4—0;6—2;2—2 = —4;2;—2
2 2 2 202
3. Cho ba diém 4(2;1;-1); B(3;2;0) va C(2;-13).
a) Chirng minh rang 4, B,C 1a ba dinh cta tam giéc. Tinh chu vi tam gidc ABC.
b) Tim toa d6 trung diém ctia cac canh cua tam gidc ABC.
¢) Tim toa d¢ trong tdm G cua tam giac ABC .
Loi giai
a) Ta co E:(l;l;l);R:(O;—2;4);R":(—1;—3;3). Vi 4B va AC khong cung phuong nén
A,B,C khong thang hang. Do d6 4, B,C 14 ba dinh ciia tam giéc.
Ta c6 chu vi tam giac la:
AB+AC+BC =~ +1*+1° +\/02 +(-2) +4 +\/(—1)2 +(-3)" +3* =3 +2J5+419

b) Goi M, N, P lan luot 14 trung diém cua canh AB, BC,CA .

Toa do diém M 1a M(2+3;1+2;_1+0] hay M(i;i-_lj.

2 2 2 22 2
Toa do diém N 1a N[2+3;2_1;0+3 hay N i,l,ij
2 2 2 2°2°2

Toa do diém P la P(2J2r2;1;1;—12+3j hay P(2;0;1).

c¢) Toa do trong tam G cua tam giac ABC la G(2+§+2;1+§_1;_1+30+3j hay G(%,%,%j

4. Cho diém M (1;2;3). Hay tim toa d¢ cta cac diém:

a) M, ,M, M, lan luot 13 hinh chiéu vuong goc cua M trén cic mat phfmg toa do
(Oxy),(OyZ),(Oxz).

b) M',M",M" 1an lugt 13 cac diém thoa man:

- O 1a trung diém ctia MM';

- MM" vudng goc va cit mat phiang (Oxy) tai diém H sao cho H la trung diém cia MM" .

"

- MM "vudng goc va cit truc Oy tai diém K sao cho K 1a trung diém cua M.



Loi gidi
a) Taco M, (1;2;0); M,(0;2;3); M,(1;0;3).

Xy =2X, =Xy, X, =2.0-1 X, =-1
b) Vi O 1a trung diém ctia MM' nén 4y, =2y, —y,, <1V, =2.0-2 4y, =-2.

Zyy =22,—2, Z,y =2.0-3 Zy =3
Vay M'(-1;-2;-3).
Vi H e(Oxy) nén H(x;;0). Taco MH =(x-1;y-2;-3).

MH 1Ox |MHi=0 ([x-1=0 (x=1
ViMHJ_(Oxy):>{ { :,»{ {

= - = .
MH 1 Oy MH.j=0 y=2=0 y=2
Do do H (1;2;0).

Xy =2X, — X, X, =2.1-1 Xy =1
Vi H la trung diém cia MM" nén {y,. =2y, =y, <y, =2.2-21y,,. =2 .
Zy =22, — 2, Zyn=2.0-3 Zyr =3
Vay M"(1;2;-3).
Vi K € Oy nén K(O;y;O):m:(—l;y—Z;%).

Vi MK L Oy nén HK.j =0 y-2=0< y=2.

Do do K (0;2;0). Vi K la trung diém cua MM " nén
Xym = 2X — Xy, Xy =2.0-1 Xy =—1
Vyr =2V =V 3V =22-23y,»=2 .
Zyn =22y — 2, Zyn=2.0-3 Zym =3

Vay M"(-1;2;-3).

5. Cho ba diém 4(3;3;3); B(L;1;2) va C(5;3;1).

a) Tim diém M trén truc Oy cach déu hai diém B,C .

b) Tim diém N trén mét phang (Oxy) cach déu ba diém 4,B,C.
Loi giai

a) Vi M € Oy nén M (0;y;0).

Vi M cach déu hai diém B,C nén MB = MC hay

MB*=MC* & P +(1-y) +2° =5 +(3—y) +1’ ©4y:29<:>y:%.Véy M(O;?;Oj.



b) Vi Ne(Oxy) nén N(x;»;0). Vi N cach déu ba diém A4,B,C nén NA=NB=NC hay

3ox) +(3=y) 43 =(1=x) + (1= y)* +22 _ _13
N = NB = NG e | F O+ 3 =1 +(1m0) @{4x+4y 2 Jr="
(3-x) +(3-y) +3 =(5-x) +(3-y) +1? 4x=38 =2

Vay N(2;%;Oj.

6. Cho céac diém A(-1;-1,0), B(0;3;—1), C(~1;14;0), D(-3;6;2). Ching minh ring ABCD 1la
hinh thang.

Loi gidi
Ta c6 AB=(1;4;-1); AC=(0;150); DC =(2;8;-2). Vi DC=(2;8;-2)=2(1;~4;~1)=24B nén

DC va AB cung phuong. Mit khac AB va AC khong cung phuong nén CD//AB . Do d6 ABCD
1a hinh thang.

7. Cho hinh hép ABCD.A'B'C'D' ¢6 A(1;0;1); B(2;1;2); D(L,-1;1); C'(4;5;—5). Tim toa do cac

dinh con lai cua hinh hop.

Loi giai
D C
|
I B
A
[
|
1 -
/D
Ve
rd
A’ B'

Do ABCD.A'B'C'D’ 1a hinh hdp nén cac mat I1a hinh binh hanh.

1-1=x.-2 X, =2
Tacd AD=BC <1-1-0=y, -1y, =0. Vay C(2;0;2).
I-1=z.-2 zZo=2
2-1=4-x, Xy =3

Taco DC=D'C' = 1=5-y, <<y, =4 .Viy D'(3;4;-6).
2-1=-5-x, Zy =—0

I-1=3-x, x,=3

Taco AD=AD & {-1-0=4-y, =1y, =5 . Viy 4(3;5-6).
I-1=-6-2z, z,=—6
3-3=4-x, xy =4

Taco AD'=B'C' < {4-5=5-y, <y, =6 .Viy B'(46,-5).
—6+6=-5-z, Zp=-5



8. Tinh cong sinh bdi lyc F= (20; 30; —10) (don vi: N) tao bdi mét drone giao hang (Hinh 7) khi thyce
hién mot do dich chuyén d= (150;200; lOO) (don vi: m).

S

I

Hinh 7
Loi gidi
Cong sinh béi luc F 1a A =F.d =20.150+30.200+(-10).100 = 8000 .

C. CAC DANG TOAN

DANG 1: TQA PQ CUA PIEM VA VECTO

1. Phuwong phap: St dung khai niém
2. Vidu )
Vi du 1: Trong khong gian vdi h¢ toa do Oxyz, biét:

a) d= 2i+ 3}'—512, b= —3;‘+4l§, ¢ = —;—2}'. Tim toa dd cac vecto a, b, c.
b) oM =5?—j+2l€,m=f—3l} Tim toa d6 cac diém M, N.
Loi giai
a) d=(23-5), b=(0;,-3;4), ¢ =(-1;,-2;0).
b) M(5-12), N(1;0; -3)
Vi du 2: Trong khong gian véi hé toa 46 Oxyz, biét:

a) a=(-3;2;—1),b =(3;0;12). Tinh @,b theo céc vecto
b) A(-5;-2;1), B(0;4;—11). Tinh OA OB theo c4c vecto
Loi giai
a) a=(-3%2%-)< a=-3i+2j-1k
b=(3;0;12) < b =3i +12k.

b) OA=-5i-2+1k

OB=4j-11k.

Vi du 3: Trong khong gian Oxyz, cho hinh hop chit nhat ABCD-A'B'C'D’ ¢6 dinh A trung véi gdc
O, cac vecto E, E,H theo thir tu cung hudng véi f,],lg vaco AB=5,AD=6, A4 =9.
Tim toa do cac vecto AB,AC,AC va AM v6i M 1a trung diém ctia canh C'D’.

Loi giai




A r

Dé tim toa do cua vecto AB , ta can biéu dién AB theo ba vecto 17,],1; .
Do AB cung huéng v6i i va | AB|= AB=5=5|i | nén AB=>5i hay AB=>5i +0j +0k .
Tuong tu, ta cling co: E:07+6J+O/€,H:Of+0]+9l€.
Trong hinh binh hanh ABCD, ta co: A_C’:ZE+A_15:57+6]+01€.
Trong hinh binh hinh 44'C'C, taco: AC = AC+ A4 =57 +6] +9k .
Suy ra 4B = (5;,0;0); AC = (5:6;0); AC = (5;6,9).
Vi W=%(E+E)=%(E+E+H)
| - - T - " 5~ - -~
=§(51 +6j+9 +6j +9k)=51 +6j+9%
— 5
= AM =(=;6;9).
2
Vidu 4: Cho tor dién SABC c6 ABC la tam giac vudng tai B,

BC =3,BA=2,54 vudng goc voi mit phing (ABC) va cb do
dai bang 2.

a) Xac dinh mot hé toa d6 dua trén goi y cua hinh vé.

b) Tim toa d6 cac diém 4, B, C, S.

Loi gidi
a) Quan sat hinh anh xét day 1a Aé truc toa do Oxyz voi diém B = O.

b) Vi B=0= B(0; 0; 0)

Do BC cing huéng véi i va |BC|=BC=3=3|i| nén AB=3i hay
BC=3i +0j +0k < OC =3i + 0 + 0k < C(3;0,0).



Tuong tu, ta cling co:

BA=0i +2] +0k < OA=0i +2j +0k < 4(0;2;0)

BH =00 +0j +2k < OH = 0i +2 +0k <> H(0;2;0)

Trong hinh binh hanh BASH , ta c6:

BS=BA+BH =0i +2j +2k < 0S =0i +2 +2k < §(0;2;2).

Vay 4(0;2;0), B(0;0;0), C(3;0,0), S(0;2;2).

DANG 2: XAC PINH TQA PQ CUA VEC TO, VA PO DAI CUA POAN THANG

1. Phwong phap: Ap dung biéu thirc toa do ctia cac phép toan véc to.
2.Vidu
Vi du 1: Trong khong gian v6i hé truc toa dd Oxyz , cho ba vecto

a :(1;2;3);5:(2;2;—1);5 =(4;0;—4). Tim toa d6 cua vecto d=d-b+2¢

Loi gii
Taco: c_i:(i—lg+25:(1;2;3)—(2;2;—1)+2.(4;O;—4):(1—2+8;2—2+O;3+1—8):(7;0;—4)
Vi du 2: Trong khong gian v4i hé toa 0 Oxyz, cho Zz:(2;—3;3), 5:(0;2;—1), 2:(3;—1;5)

Tim toa do cua vecto u=2a+3b-2c.
Loi giai

Ta c6: 2a =(4;-6;6); 3b =(0;6;-3); —2c = (~6;2;-10).
Khi d6: u =2a+3b-2c=(-2;2;-7).

Vi du 3: Trong khong gian Oxyz , cho hai diém 4(1;—2;-1), B(1;4;3). Tinh d6 dai doan thing 4B

Loi giai

Taco AB=1(1-1) +(4+2)" +(3+1)" =213

Vi du 4: Trong khoéng gian Oxyz, cho 21:(—2;2;0);5:(2;2;0);2:(2;2;2). Tinh gia tri cua
)

Loi gidi
Tacd: a+b+c=(-2;2;0)+(2;2;0)+(2;2;2) =(2:6;2).

Vay |ZZ+B+E|=\/22+62+22 =211

Vi du 5: Trong khong gian véi hé toa 46 Oxyz , cho cac vecto a = (3;m+ 1;3),[3 =(1;-3;2n). Tim
m,n dé cac vecto a,b cung hudng.
Loi gidi



3=k k=3
o o 1
avab cung huong< a=kb (k>0)< m+1=-3k < {m=-10. Vay m=—10;n=5
3=k2n

n=

1
2
Vidu 6: Trong khong gian véi hé toa dd Oxyz, cho hai vecto m = (4;3;1), n= (0;0;1). Goi p la
vecto cung hudng véi [%,ﬂ (tich c6 hudng cua hai vecto m va 71). Biét |E| =15, tim
toa do vecto ; .
Loi giai
Taco: [n?,ﬂ =(3;-4;0)

Do p la vecto cing hudng voi [E,ﬂ nén ; = k[ﬁ,ﬂ , k>0

Mit khic: |p|=15 @k.‘[}%,ﬂ‘:ls & k5=15ck=3.Vay p=(9-12;0).

DANG 3: XAC PINH TQA PO PIEM

1. Phwong phap: i

Dung cong thirc biéu thirc toa dd trung di€ém, toa do trong tdm ctia tam gidc...

2. Vidu

Vidu 1: Trong khong gian Oxyz , cho hai diém A(2;—4; 3) vaB (2;2; 7) . Tim toa d¢ trung diém cua

doan thang AB .

Loi giai
_l_
x,:—xA Y5 9
2
. N 4 Y , A « R \ _yA+yB_
Goi 7 la trung diém ciia AB, ta c6 toa d6 diem 7 1a y,—T——l.
+
ZIZZA s
2

Vay 1(2;-1;5).
Vi du 2: Trong khong gian véi hé toa dd Oxyz cho tam giac ABC biét 4(5;-2;0),B(-2;3;0),
C(0;2;3). Tim toa do trong tim G cta tam giac ABC.
Loi giai
Goi G(x,y,2).

Vi G 1a trong tdm cua tam gidc ABC nén




_ Xyt Xp X X= =1
3 3
:yA+y3B+yc© y:#ﬂ Vay G(L:11).
z,+zp+z, Z_0+O+3_1
3 3

Vi du 3: Trong khong gian véi hé toa d6 Oxyz , cho cac diém A(1;0;3), B(2;3;-4), C(-3:1;2).

Tim toa d6 diém D sao cho ABCD 1 hinh binh hanh.
Loi giai

Goi D(x;y;z). D& ABCD 1a hinh binh hanh
x=-4

= AB=DC = (1,3;-7)=(-3-x1-y;2-z) &1 y=-2
z=9

Vay D(-4;,-2;9).
Vi du 4: Trong khong gian vdi hé toa dd Oxyz, cho cac diém A(2;—5;0) , B(—l; 1;3) , C(3,3,0).

Tim toa d6 diém D trén truc hoanh sao cho AD = BC.
Loi giai

Vi D eOx nén D(x;0;0)
Taco: AD = BC & J(x—2) +25 = J(3+1) +(3-1) +(0-3)".
x=0

J(x=2) +25=29 & x> —4x=0
= (x )+ J29 & x X <:>L:4

Vay D(0;0;0), D(4;0;0)
Vidu5 Trong khong gian v6i hé truc toa do Oxyz , cho hinh hop ABCD.A'B'C'D’. Biét toa do céc

dinh 4'(-3;2;1),C(4,2,0),B'(-2,1,1),D(3;5:4) . Tim toa d¢ diém A’ ctia hinh hop.

Loi giai
4 LB
T ]
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e ‘“]'x -
DeZ L r v f
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Vi du 6:

Goi [ latrung diém cua AC :I(%ﬂ;%).
) . R e T 1 .5
Goi J la trung diém cua B'D 3](5;3;5)

Taco IJ =(0;1;2).

x,+3=0 X, =-3
Taco A =1J =y, -2=1=1y,=3 .

z,—1=2 z,=3

Vay 4'(-3;3;3).

Cho hinh chép S.4BCD biét A(-2;2;6),B(-3;1;8),C(~1,0,7),D(1;2;3). Goi H la trung

diém cia CD, SH L (ABCD). bé khoi chop S.ABCD c6 theé tich bang 77 (dvtt) thi c6

hai diém S,,S, théa man yéu cau bai toan. Tim toa d0 trung diém / cua S5,

Loi giai
33
2

Taco AB=(-1;,-1,2),4C =(1,-21)= S, = %‘[E,R‘]‘ -

DC = (—2;—2;4),@ =(-L-1;2)= DC =2.AB = ABCD 1a hinh thang va

93

SABCD = 3SABC =

2

1
Vi Vi e =5 SHS spcp = SH = 33

Laic6d H la trung diém cua CD = H(O;l; 5)

Goi S(a;b;¢)= SH :(—a;l—b;S—c):fﬁ:k[ZE,Z(?J =k (3;3;3) = (3k;3k;3k)

Suy ra 3v3 =9k +9k> +9k> = k = £1
+) Véi k=1= SH =(3;3;3) = 5(-3;-2;2)
+) V6i k=—1= SH =(-3;-3;-3) = 5(3;4;8)

Suy ra 1(0;1;3)

DANG 4: XAC PINH TiCH VO HUONG VA UNG DUNG

1. Phwong phap: Ap dung biéu thirc toa do cta tich c6 hudng va cong thirc tng dung cua tich c6
hudng.

2. Vidu




Vi du 1: Trong khong gian véi hé toa do Oxyz, cho vecto u= (3;0;1) va v= (2;1;0). Tinh tich vo
hudng uy.

Loi gidi
Tacd uv=32+0.1+1.0=6.

Vi du 2: Trong khong gian v6i hé truc toa d6 Oxyz, cho hai vecto ;z (2; 1;2) va Ez (1; 0; —2).
Tinh cos (2,5)
Loi giai
-\ ab 21+1.0+2.(-2 2
Ta co: cos(a,b): ab +10+2(2) = J5

A T O

Vi du 3: Trong khong gian véi hé truc toa dd Oxyz, cho hai véc to u = (2;3;-1) va v= (5;—4;m).
Tim m dé u Lv.
Loi giai
Tacoulv ©uv=0 <10-12-m=0 < -2-m=0 <m=-2.
Vi du 4: Trong khong gian Oxyz , cho 4(2;1;-1), B(3;0;1), C(2;-1;3) va D nam trén truc Oy
va thé tich t dién ABCD bang 5. Tim toa do cta diém D .
Loi gidi
Vi D e Oy nén D(0;y;0)
Taco: AB =(;-1;2), AC=(0;-2;4) = [E,R] =(0;—4;-2), AD=(-2y-11)

AB.AC | AD =-7
Visco =%‘[AB’AC]AD‘ :é|2_4y|' Vay Vigep =3 <:>|2—4y| =30<:>{y

Vay D(0;-7;0) ; D(0;8;0)

Vi du 5: Cho ba diém A(S;—l;2) , B(l; —3;7) va M(x; y;l) . V6i gié tri ndo cua x,y thi ba diém
A,B, M thiang hang ?

Loi giai

Taco AB=(-4,-2;5), AM =(x-5;y+1,-1).

29
L 9 ~5 y+l -1 |77 s
Dé ba diém A4, B, M thang hang thi LA N .
4 2 5 3
Y 5
Vi du 6: Cho u = (2;—1;1),\7 = (m;3;—1),§ =(1;2;1). Timm dé ba vecto trén dong phang.

Loi giai

Tacs: [uv|=(-2m+2m+6), [uv|w=3m+8



&,G,Q dong phang < Ft,ﬂ@ =0eom=——

Vi du 7: Trong khong gian vdi hé toa d0 Oxyz cho AABC c6 A(4;0;2), B(1;—4;-2) va C(2;1;1).
Tinh dién tich § cua tam giac ABC'.

Loi giai
Céch 1: Tacd AB=(-3;-4;-4);
AC =(-2;1;-1); BC =(1;5;3).

Vi BC.AC =-2+5-3=0 nén tam giac ABC vuong tai C.

1 1 \/21
Vay dién tich tam gidc 4BC 1a S _EAC BC = 5 —J6435 =

Céach 2: Taco ‘[E,A—C}‘ = (8; 5,-1 1) )

_ 1 T _ 1 2 2 2 210
SABC_E‘[AB,AC]_E\/S 51 =20

Vi du 8: Trong khong gian véi hé truc toa dd Oxyz, cho hinh binh hanh 4BCD . Biét 4 (2;1;-3),
B(O;—2;5) va C(1;1;3) . Tinh dién tich hinh binh hanh ABCD .
Loi giai

Tacé: AB=(-2;-3;8) va AC =(~1;0:6)=| 4B, AC | =(~18;4;-3).

Vay dién tich hinh binh hanh 13 5,0, = [ 4B, 4C || = |(~18)" +4* +(=3) =349,

Vi du 9: Trong khong gian toa dd Oxyz cho ba diém A(2;5,1),B(—2;-6;2),C(1;2;-1) va diém
M (m;m;m) . Tim gia tri m dé |Ml§ —2ZE| dat gi4 tri nho nhét.
Loi giai

AC(-1;-3;-2),MB(-2—m;~6—m;2—m)

[MB ~2AC| = \m* +m* +(m~6) =3m* ~12m+36 =\3(m~2)’ +24 224,

Déu “=" xay ra khi va chi khi m—2=0

Vaym=2 thi|m - ZZ,’| nho nhat.

Vi du 10: Trong khong gian toa 46 Oxyz cho ba diém A(2;51),B(-2;-6;2),C(1;2;-1) va diém
M (m;m;m), Tim gid tri m dé MA* —MB* —MC” dat gi4 tri 16n nht.
Loi gidi



Ta co:
MA=(2-m;5—m;1—m),MB =(-2-m;~6—m;2—m),MC = (1-m;2 —m;~1—m)

MA?> —MB*> — MC* = -3m* —24m—20 = 28—3(m—4)2 <28

Vay m = 4 thi MA®> — MB* — MC” dat gia tri 16n nhat.

Cau 1. Trong khong gian chon hé truc toa dg cho trudc, don vi do léy kilomét, ra da phat hién mot
mdy bay chién d4u ctia Nga di chuyén véi van toc va hudng khong doi tir diém M (500;200;8) dén
diém N (800;300;10) trong 20 phut. Néu mdy bay tiép tuc giit nguyén van toc va huéng bay thi toa

d6 ciia may bay sau 5 phit tiép theo bang bao nhiéu?

Loi giai

Goi O(x;y;z) 1a toa dd cia mdy bay sau 5 phut tiép theo.
MN =(300;100;2)
NQ = (x—800; y—300;z-10)

Vi may bay gilt nguyén hudng bay nén MN va N—Q cung hudng.

Do may bay tiép tuc gitt nguyén van toc va thoi gian bay tr M — N gip 4 lan thoi gian bay tir
N — Q nén MN =4NQ

300=4(x—800) (x=875
Suy ra MN =4NQ < {100 =4(y-300) < { y =325 = 0(875;325;10,5)
2=4(z-10) z=10,5

Toa d6 ciia may bay sau 5 phut tiép theo 1a (875;325;10,5)



Cau 2. Trong khong gian chon hé truc toa do cho trudc, don vi do léy kilomét, ra da phat hién mot
mdy bay chién d4u cia My di chuyén véi vén toc va huéng khong doi tir diém M (1000;600;14) dén
diém N trong 30 phut. Néu may bay tiép tuc giit nguyén van toc va hudng bay thi toa do ctia may

bay sau 10 phut tiép theo bang Q(1400;800;16). X4c dinh toa d0 vi tri diém N .

Loi giai

Goi N (x; y;z) 14 toa d6 ctia méay bay sau 10 phut tiép theo.
MQ = (400;200;2)
NQ = (1400 - x;800 - y;16 - z)

Vi may bay giir nguyén hudng bay nén MQ va ﬁé cung hudng.
Do may bay tiép tuc giit nguyén véan tdc va thoi gian bay tr M — Q gap 4 lan thoi gian bay tir

N — QO nén MQ =4NQ

400 = 4(1400 - x) ¥ =1300
Suy ra MO =4NQ <> 1200=4(800—y) <1y =750 = N(1300;750;15,5)
2=4(16-2) z=15,5

Toa d¢ vi tri diém N 1a (1300;750;15,5)

Ciau 3. Mot chiéc khinh khi cau bay 1én tai diém. Sau mot thoi gian bay, chiéc khinh khi cau cach
diém xuat phét vé phia Dong 10(km) va vé phia Nam 5(km), dong thoi cach mat dat 400(m).
Chon hé truc toa d§ Oxyz, voi gbc dit tai diém xuat phat cta khinh khi ciu, mit phang (Oxy) trung

v6i mit dat, truc Ox hudng vé phia Nam, truc Oy huéng vé phia Dong, truc Oz hudng thing dimng

1én troi, don vi do 1dy theo kildémét (xem hinh v&).

a) Tim toa d6 cua chiéc khinh khi cau doi véi hé truc toa do da chon.



b) Xéc dinh khoang cach cua chiéc khinh khi cau véi vi tri tai diém xuat phat ctua no.

A -9

o

Marm

Loi giai
a) Chiéc khinh khi cau c6 toa d¢ (5;10;0,4).

b) Khoang céach cua chiéc khinh khi cau véi vi tri tai diém xuat phat la:

5> +102+(0,4) ~11,2(kom)

Cau 4. Mot chiéc may bay khong ngudi 14i bay 1én tai diém. Sau mot thoi gian bay, chiéc may bay
cach diém xuat phat vé phia Bic 50(km) va vé phia Tay 20(km), dong thoi cach mat dat 1(km).
Chon h¢ truc toa d§ Oxyz, voi géc dat tai diém xuét phat cua chiéc may bay, mat phéng (Oxy) trung

v6i mit dat, truc Ox hudng vé phia Bic, truc Oy hudng vé phia Tay, truc Oz huéng thing dimg 1én

troi, don vi do 1ay theo kildmét (xem hinh v&).
a) Tim toa d6 cua chiéc khinh khi cau ddi voi hé truc toa do da chon.

b) Xéc dinh khoang cach cua chiéc may bay vai vi tri tai diém xuat phat cia no.

[ 3
]
]
[
[
o : — Tiv
:
]
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Loi giai

a) Chiéc may bay c6 toa do (50;20;1).

b) Khodng cach ctia chiéc may bay véi vi tri tai diém xuat phat 1a: v/50° +20° +1° ~ 53,9 (km)

Ciau 5. Hai chiéc may bay khong ngudi 1ai cting bay 1én tai mot dia diém. Sau mot thoi gian bay,
chiéc mdy bay thir nhat cach diém xuat phat vé phia Bic 20(km) va vé phia Tay 10(km), dong thoi
cach mit dat 0,7(km) . Chiéc méy bay thér hai cach diém xuat phat vé phia Dong 30(km) va vé phia

Nam 25(km), dong thoi cach mat dat 1(km). X4c dinh khoang céch gitra hai chiéc may bay.

Loi giai
Chon hé truc toa d¢ Oxyz , voi géc dat tai diém xuat phat cta hai chiéc may bay, mat phfmg (Oxy)

trung voi mat dat, truc Ox hudng vé phia Bic, truc Oy hudng vé phia Tay, truc Oz hudng thing

dung 1én troi, don vi do 1dy theo kilomét (xem hinh v&).

Bac

Chiéc may bay thtr nhat c6 toa do (20;10;0,7).

Chiéc may bay tht hai co toa do (-30;-25;1).



Do @6 khodng céch giita hai chiéc méy bay 1a: |/(20+30)° +(10+25)’ +(0,7-1)" ~61(Jkm)

Ciu 6. Hai chiéc khinh khi cau cing bay 1én tai mot dja diém. Sau mot thoi gian bay, chiée khinh
khi cau thir nhét cach diém xuat phat vé phia Dong 100(km) va vé phia Nam 80(km), dong thoi
cach mat dt 1(km). Chiéc khinh khi cau th hai cdch diém xuét phat vé phia Bac 70 (km) va vé phia

Ty 60(km), dong thoi cach mat dét 0,8 (km).

a) Xac dinh khoang cach cua chiéc khinh khi ciu tht nhit véi vi tri tai diém xuét phat cia no.
b) Xac dinh khoang cach giita chiéc khinh khi cau thtr nhat va chiéc khinh khi cau thir hai.
Loi giai
Chon h¢ truc toa do Oxyz , voi géc dat tai diém xuét phat cua hai chiéc khinh khi céu, mat phéng
(Oxy) tring véi mit dat, truc Ox huéng vé phia Béc, truc Oy huéng vé phia Tay, truc Oz huéng

thang dimg 1én troi, don vi do 14y theo kilomét (xem hinh v&).

R
.

Chiéc khinh khi cau thir nhat c6 toa do (—100;-80;1).



Chiéc khinh khi cau thr hai c6 toa do (70;60;0,8).

a) khoang cach cua chiéc khinh khi cau thir nhat véi vi tri tai diém xuat phat ctia no6 la:

J(=100)" + (=80’ +1* ~ 128 (km)

b) khoang cach giita chiéc khinh khi cau thtr nhat va chiéc khinh khi cau thtr hai la:

J(=100=70)’ +(~80—60)’ +(1-0,8)" ~220(km)

Cau7. Ba chiéc may bay khong nguoi lai cung bay lén tai mot dia diém. Sau mét thai gian bay,
chiéc méy bay thtr nhat cdch diém xuat phat vé phia DPong 60(km) va vé phia Nam 40 (km), dong
thoi cach mét dat 2(km). Chiéc may bay thir hai cach diém xuat phat vé phia Bic 80(km) va vé phia
Ty 50(km), dong thoi cach mit dat 4(km). Chiéc may bay thir ba ndm chinh giita cia chiéc méay

bay thir nhat v thtr hai, dong thoi ba chiéc may bay nay thang hang.

a) Xéc dinh khoang cach giita chiéc may bay thir nhat va chiéc may bay thir hai.
b) Xac dinh khoang cach cta chiéc may bay thir ba v6i vi tri tai diém xuat phat cta no.
Loi giai
Chon hé truc toa &6 Oxyz , voi gbe dit tai diém xuét phat ctia hai chiéc may bay, mit phing (Oxy)

tring véi mat dat, truc Ox hudng vé phia Béc, truc Oy huéng vé phia Tay, truc Oz hudng thing

dung 1én troi, don vi do 14y theo kilémét (xem hinh v&).



Bic

Chiéc may bay thtr nhat c6 toa do (—60;-40;2).
Chiéc may bay thi hai c¢6 toa do (80;50;4).

Do chiéc may bay thir ba ndm chinh giita ctia chiéc may bay thir nhét va thtr hai, dong thoi ba chiée
méy bay ndy thing hang nén & vi tri trung diém, suy ra chiéc may bay thir ba c6 toa do

—60+80;—40+50;2+4 :(10;5;3).
2 2 2

a) khoang céch giita chiéc may bay thir nhat va chiéc may bay thi hai:

J(-60-80)’ +(~40—50)" +(2-4)" ~166,4(km)

b) khoang cach ctia chiéc may bay thir ba voi vi tri tai diém xuat phat cua n6 la:
V10® +5° +3% 11,6(km)

D. TRAC NGHIEM 4 PHUONG AN
Cau 1: Trong khong gian voi hé truc toa dd Oxyz, cho d =—i + 2;‘ —3k . Toa dd cua vecto d 1a
A. (-1;2;-3). B. (2;-3;-1). C. (2;-1;-3). D. (-3;2;-1).
Loi giai
Chon A
d=-i+2j-3k=ad=(-1;2-3).
Cau2: Trong khong gian Oxyz voi i, }',7{ lan luogt 1a cac vecto don vi trén céac truc Ox, Oy, Oz.

Tinh toa do cua vecto i+ } —k.

A. i+ j—k=(-L-L1). B. i+ j—k=(-LL1).
C.i+j—k=(L-1). D. i+j-k=(1-11)
Loi gidi

Chon C



Cau 3:

Cau 4:

Cau 5:

u=i+j—k=u=LL-1).

Cho hinh chép S.4BCD cé day 1a hinh vudng canh bang 3, SA=4 va S4 L (ABCD).
Chon hé truc Oxyz c6 gdc toa do tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz.
Xac dinh toa do diém C?

A. (3;0;0) B. (0;0;3) C. (0;3;3) D. (3;3;0)

Loi giai

Chon D

/
Taco: AC= AB+ AD =3i+3j+0k . Suy ra: C(3;3;0)

Cho hinh h¢p chit nhat ABCD.A’B’C’D’ c6 AB =2; 4D =3; AA"'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung voi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa dd cua C’
la:

A. (2;3;0). B. (2;3;4). C. (0;3;4). D. (2;0;4).
Loi giai

Chon B

Ta co:

AB=2i+0j+0k; AD=0i+3/+0k; AA'=0i+0; +4k
AC'= AA"+ AC+ AD = 2i +3j +4k ; suy ra C'(2;3;4)

Cho hinh hgp chir nhat ABCD.A’B’C’D’ ¢c6 AB =8; 4D =6; AA'=4. Chon hé truc toa do
Oxyz c6 géc O trung voi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Goi M 1a trung
diém D’C’. Toa d6 diém M la:

A. (4;60) B. (0;6;4) C. (4;6;4) D. (4;0;4)
Loi giai

Chon C

Ta co:

AB=8i+0/+0k; AD=0i+6j+0k; AA'=0i+0/ +4k
Trong hinh binh hanh ABCD: AC = AB+ AD =8i+6j + 0k
Trong hinh binh hanh ACC’A’: AC'= AC+ AA'=8i+6 +4k



ViM la trung diém cta D’C’ nén:

AM =1(AC'+AD')=1(AC'+ZB+TA)=4?+6}'+47c
2 2
Vay M (4;6;4).
Cau 6: Trong hé toa dd Oxyz, cho ;l=;+3}—2]; va ;:(2;—1;1). Tinh w.v .

A uy=-3. B.uv=1. C.uv=2. D. uv=5v2.
Loi gidi

Chon A

To u=i+3j-2k=u=(1;3-2).

Do do, uv=1.2+3.(-1)+(-2).1=-3.

Cau7: Trong khong gian Oxyz, cho hai diem A(1;1;—2) va B(2;2;1). Vecto AB cbtoa dd 1a
A (-1-1;-3) B. (3;11) C. (L1;3) D. (3;3;-1)
Loi gidi
Chon C
AB=(2-1;,2-1;1-(-2)) hay 4B =(1;1;3).
Ciu 8: Trong khong gian Oxyz, cho diém A(Z; 2;1) . Tinh d6 dai doan thang OA.
A. 04=A/5. B. 04=5. C. 04=3. D. 04=9.
Loi gidi
Chon C

OA=~2"+2"+1" =3,

Cau9: Trong khong gian Oxyz,cho hai vecto a@=(1;2;3),b =i + j —2k. Tinh toa do vecto

u=ad+b

A. (0;-1;-5). B. (2;-1;1). C. (2;3;1). D. (0;-11).
Loi giai

Chon C

d=(1;2;3),b = (;1;-2).

i=da+b=(2;3))

Cau 10: Trong khong gian Oxyz, cho ba vecto a = (1;2;3);5 =(2;2;-1);¢ =(4;0,—4). Toa do cua
vecto d =d—b+2¢ 1a
A. d =(-T7;0;-4). B. d =(-7;0;4). C. d=(7,0,-4). D. d =(70;4).
Loi giai
Chon C
Taco: d=d—b+2¢=(1-2+2.42-2+2.0;3+1+2.(-4)) =(7;0;,-4).



Cau 11: Trong khong gian Oxyz, cho d 2(2;3;2) va b = (1;1;—1). Vecto @—b 6 toa dd la
A. (3:4:1). B. (-1;-2;3). C. (3:5:1). D. (1;2;3).
Loi giai
Chon D
Taco: a-b=(2-1;3-1;2+1)=(1;2;3).
Cau 12: Trong khong gian Oxyz, cho ba vecto d = (2; —3;3) , b= (0; 2;—1), ¢ =(3;—1;5). Tim toa
do cua vecto & =2aG +3b —2¢ .
A. (10;-2;13). B. (-2;2;-7). C. (-2-2,7). D. (-22:7).
Loi giai
Chon B
Ta co: 2d =(4,-66), 3b =(0;6;,-3), —2¢ =(-6;2;-10)
=i =2a +3b-2¢ =(-2;2;-7).

Cau 13: Trong khong gian Oxyz, cho vecto a = (—2;1;3). Vecto cung phuong véi vecto a 1a

A. b=(-41;3). B. ¢=(2-1-3).
C. d =(-4;2;3). D. & =(-4-2;3).

Loi giai
Chon B

Ta co: ¢ =(2;-1;,-3)=—d = d,¢ cung phuong.

Céu 14: Trong khong gian Oxyz, cho ba diém A(1;-2;3),B(-1;2;5),C(0;0;1). Tim toa do trong
tim G cuatam gidc ABC.
A. G(0;0;3). B. G(0;0;9). C. G(-1;0;3). D. G(0;0;1).
Loi giai
Chon A

Toa d6 trong tim G cua tam giac 4BC bang

)CG =xA+xB+xC :1_1+0=0
3 3
= Yat stV 22RO o Gi0.0;3)
3
. _z4tZptze :3+5+1:3
3 3

Céau 15: Trong khong gian Oxyz, cho hai diém 4 (1;-3;1), B(3;0;-2). Tinh d¢ dai doan thang 4B .

A. 26. B.22. C. J26. D. \22.
Loi giai



Cau 16:

Cau 17:

Cau 18:

Chon D
AB=(2;3;-3)= AB=2* +3* +(-3)’ =
Trong khong gian Oxyz, cho cac vecto &:(2;m_1;3)j, =(1;3;—2n). Tim m,n 4 chc

vecto a,b cung hudng.

A.m=7;n=—%. B.m=4,n=-3. C.m=1Ln=0. D. m=7;n=—§
Loi gidi
Chon D
2=k k=2
avab cﬁnghuc’mg@&=k5(k>0)<:> m—-1=3k <{m=7 .Vay m:7;n:—%
3=k(—2n)
n=——

Trong khong gian Oxyz, cho hai diém A(-1;5;3) va M (2;1;—2). Tim toa d6 cua diém

B, biét M 1a trung diém cta 4B .

A. B(%;S;%). B. B(—4;9;8). C. B(53;-7). D. B(5;,-3;-7).
Loi gidi

Chon D

Gia sir B(x,;532;) -

Vi M la trung diém ctia AB nén ta cé:

. X, X, 2__1+x3
M 2 2 x, =5
B
Mz_yA;yB@) 1:“% 1y, =-3. Vay B(5:-3,-7).
ZA+ZB 3+ZM ZB=_7
Zy=—"——" —2=—
b} 2

Trong khong gian Oxyz, cho ba diém A(2;,-1;5),B(5,-5;7), M (x; y;1). V6i gia tri nao
ctia x,y thi 4,B,M thang hang.
A x=4y="7 B. x=-4;,y=-7 C.x=4y=-7 D. x=-4,y=7
Loi gii
Chon D
Taco AB=(3;-4;2),AM =(x-2;y+1;-4)
x=2 y+1 -4

, S — =—4
A,B,M thang hang < 4B, AM cung phuong < —— — s g .
3 -4 2 y="7



Cau 19: Trong khong gian Oxyz , cho cac vécto u=2i—2j+k, v= (m;2;m + 1) v6i m 13 tham sb
thuc. C6 bao nhiéu gié tri cia m dé |;t| = |\7| .
A. 0. B. 1. C.2. D. 3.
Loi giai
Chon C
Taco u =(2-2;1)

Khi do [u] =22 +(-2)° +1 =3 va [§| = Jm? + 22 4 (m+1) =\2m* +2m+5

m=1

Do dé |&|=|§|@9=2m2+2m+5 @m2+m—2=0@[
m=-2

Vay c6 2 gia tri cia m thda y€u cau bai toan.

Cau 20: Trong khong gian Oxyz, cho vecto u(2;0;—1). Tim vecto v biét v cung phuong voi u

va uy =20

A. (4,0;-2) B. (-8;0;4) C. (8,0;,-4) D. (8;0;4)
Loi gidi

Chon C

Viv cung phuong véi u nén v=kau= (2k;0;—k), v61 k>0.
Taco uv=4k+k=5k=20< k=4
Vay v=(8;0;-4)
Cau 21: Trong khong gian Oxyz , cho hai vecto a =(2;1;0) va b=(-1;0;—2). Tinh cos(a,b).

- 2 - - 2 - = 2 - = 2
A. =—— B. =—= . =— D. ==
cos(a,b) > cos(a,b) s C cos(a,b) >s cos(a,b) s
Loi giai
Chon B
-~ ab 2
T oK ,b :;=—=——
aco cos(a ) - 545 5

Ciu 22: Trong khong gian Oxyz cho ba diém M(2;3;-1), N(-LL1) va P(,m—1;2). Tim m dé

tam giac MNP vuodng tai N .
A.m=2 B. m=—6 C.m=0 D. m=-4

Chon C
MN (=3;-2;2); NP(2;m-2;1).

Tam giac MNP vuong tai
N& MNNP=0&—6-2(m-2)+2=0m-2=-2m=0.



Ciu 23: Trong khong gian Oxy, cho tam giac ABC biét A(1;3;0), B(-2;-2;0), C(3;1;0). Tinh

cosin goc A cua tam gidc.

2 1 2 1

A. cosAd=—— B. cosA=—— C.cosd=—— D.cosd=——

J17 J17 J17 17

Loi giai
Chon B
Ta co: @:(—3;—5;0), E:(2;—2;0).
Khi d6: cos 4 =cos(E;A—C) = AB.AC = —3.2+5.2 = ! .
AB.AC 3422 17
Cau 24: Trong khong gian Oxyz , goc gilra hai vecto ivau= (—\/3 ; 0; 1) la

A. 120°. B. 60°. C. 150°. D. 30°.

Loi giai

Chon C

Taco i=(1;0;0).

Viy: Cos(z ﬁ) i 1( \/5)+0'0+O'1 =_\/§
(I I G e

:(?,&)=150°.

Cau 25: Trong khong gian Oxyz, cho 21:(—3;4;0), l;=(5;0;12). Cosin cua goc gilra a va b

bang
=N B.2. c.-2. D. -2
13 6 6 13
Loi giai
Chon D

b)- ~3.5+4.0+0.12 _3
|||b| J(B)Y +#+02 52107 4122 13

Ciu 26: Trong khong gian Oxyz cho cac diém A(5:1;5); B(4:3;2); C(-3;-2:1). Piém I(a;b;c)

Ta co: cos(a

1a tim dudng tron ngoai tiép tam giac ABC . Tinh a+2b+c¢?
A. 1. B. 3. C. 6. D. -9.
Loi giai

Chon B

AB ( 1 2,—3) - ) )
Taco 3 . = AB.BC =0 = tam giac ABC vudngtai B.
BC =(-7;-5;-1)

= tam / cia duong tron ngoai tiép tam giac ABC 14 trung diém cta canh huyén AC .



Cau 27:

Cau 28:

Cau 29:

= I(l;—%;f&j. Vay a+2b+c=3.

Trong khong gian Oxyz, cho ba diém A(L1;1),B(5;-1;2),C(3;2;-4) . Toa dd diém M
théa man MA+2MB—-MC =0 1a

A. M 4;—3;2 . B. M 4;—3;—2 .
2 2 22
C. M 4;3;2 . D. M —4;—3;2 .
22 2 2
Loi gidi
Chon C

Goi M (x;y;z),taco:
. . R
MA+2MB—MC=O<:>2MB+CA=O<:>2MB=AC<:>MB=EAC

1

S—XZE(?)—I) X=4
1 3 39
ey=s(2-1 eyl
o f-toy=1(-) e =2 o M(4-27]
1 9
2—z=t(ay 2
2= (4= 7=

Trong khong gian vdi hé toa d6 Oxyz cho cac véc to u= 2;—2;’ +k, v= (m;Z;m +1) VOl
m 1a tham sb thuc. C6 bao nhiéu gia tri cia m dé |&| = |\7| .

C.2. D. 3.
Loi giai

A. 0. B. 1.

Chon C
Ta co ﬁ:(2;—2;1)
Khi do [u] =22 +(-2) +12 =3 va [§| = Jm* 422 4 (m+1)’ =2m +2m+5

m=1

Do d6 |&|=|§|@9=2m2+2m+5 <:>m2+m—2=0c>{m:_2

Vay ¢6 2 gia tri cia m thoa yéu cau bai toan.
Trong khong gian voi hé toa d0 Oxyz, cho hinh hop ABCD.A'B'C'D' ¢6 A(0;0;0),
B(a;O;O); D(O;Za;O) , A'(O;O;Za) v6i a #0. Do dai doan thing AC" 1a

A ld. B. 2[d]. C. 3ld. D. 2Jd]

Loi giai
Chon C



A D’

B/

B (o]
Tacod @:(a;O;O); E:(O;Za;O); A—A:(O;O;2a).

Theo quy tic hinh hop ta c6 AB+ AD+ A4 = AC' < AC =(a;2a;2a).

Suyra AC = |R’| = \/a2 +(2a)2 +(2a)2 =3d|.
Véy do dai doan thang AC'=3|al.

Cau 30: Trong khong gian véi hé truc toa do Oxyz, cho = (2; 3;1) , b= (—1;5;2) , ¢ = (4;—1;3)
va x = (—3;22; 5) . Pang thirc nao ding trong cac dang thic sau?

A. x=2a-3b-c. B. x=2a+3b+c.

C. x=2a+3b—-c. D. x=2a-3b+c.

Loi giai
Chon C
bat: ?:m.;+n.3+p.?, mn,peR.
2m—-n+4p=-3
= (-3;22;5) =m.(2;3;1) + n.(-1;5:2) + p.(4,-1;3) =< 3m+5n—p =22 (I).
m+2n+3p=>5
m=2
Giai h¢ phuong trinh (/) ta duge: {n=3
p=-1

Viy x =2a +3b-c.
Cau 31: Trong khong gian v6i hé toa dd Oxyz, cho cac vecto d@ =(2;m—1;3), b= (1;3;—2n). Tim

m, n dé cac vecto @, b cung hudng.

A.m:7;n=—%. B.m:7;n=—§. C.m=4;n=-3. D. m=1; n=0.
Loi giai

Chon A

Céc vecto @ , b cung hudng khi va chi khi tdn tai sb thuc duong & sao cho a = kb

2=k 2=k 2=k
Sam-1=3k ©<m-1=6 <<im=7 .
3:k(—2n) 3:2(—2n) n:_—3

4




Cau 32:

Cau 33:

Cau 34:

Cau 35:

Trong khong gian Oxyz , cho hai diém A(2;—2;1), B(0;1;2). Toa dd diém M thudc mat

phang (Oxy) sao cho badiém 4, B, M thing hang la

A. M (4:-5:0). B. M(2;-3;0). C. M (0;0;1). D. M (4:5:0).
Loi gidi

Chgn A

Tacd M e(Oxy)= M (x;y;0); AB=(-2;3;1);AM =(x-2;y+2;-1).

x-2_y+2 -1

Dé 4, B, M thing hang thi AB va AM cung phuong, khi do: 5 3 "

x=4
& :
y==5

Vay M (4;-5;0).

Trong khong gian véi hé toa dd Oxyz, cho céac diém A(l; 0;3) , B(Z; 3;—4) , C(—3;1;2).
Tim toa d6 diém D sao cho ABCD 1a hinh binh hanh.
A. D(—4;,-2;9). B. D(—4;2;9). C. D(4,-2;9). D. D(4;2;-9).

Loi giai
Chon A

Goi D(x;y;z). D& ABCD 1a hinh binh hanh

x=-4
& AB=DC < (,3;-7)=(-3-x;1-y;2-2) & {y=-2< D(-4-2;9).
z=9

Trong khong gian voi hé toa dd Oxyz, cho 2 diém B(1;2;-3), C(7;4;-2). Néu diém E

thdéa man d'fmg thitc CE =2EB thi toa do diém E la:
A. 3;§;—§ B. §;3;—§ . C. 3;3;—§ D. 1;2;l
373 3 3 3 3

Loi giai
Chon A

Goi E(x;y;z)

Tacod: CE =(x-7;y—42z+2);2EB =(2-2x;4—2y;—6-2z)

x=7=2-2x
CE=2EB<{y-4=4-2y < {y=
z+2=-6-2z

Trong khong gian v6i hé truc toa d0 Oxyz, cho hai diém A(O;l; —2) va B(3;—l;1). Tim
toa do diém M sao cho AM =34B.



Cau 36:

Cau 37:

Cau 38:

A M (9;-57). B. M (9;5;7). C. M (-9;5-7). D. M(9;-5;-5).
Loi giai
Chon A
Goi M(x;y;z). Ta co: m:(x;y—l;z+2); E=(3;—2;3).
x=9 x=9
AM =34B & {y—-1=-61y=-5.Vay M (9;-5;7).
z+2=9 z=7
Trong khong gian voi hé truc toa d Oxyz, cho hai diém A(1; 2;—1),@ =(1;3;1) thi toa
do cua diém B 1a:
A. B(2;50). B. B(0;-1;-2). C. B(0;1;2). D. B(-2;-5;0)
Loi giai
Chon A
GQiB(x;y;z),ta cod Zﬁz(x—l;y—Z;erl)
x=2
ma 4B =(1;3;1) =1y =5= B(2;5,0)
z=0
Trong khong gian Oxyz, cho hinh binh hanh ABCD. Biét 4 :(1;0;1) , B =(2;1;2)V2‘1
D:(l;—l;l). Toa do diém C la
A. (2;0;2). B. (2;2;2). C. (2;-2;2). D. (0;-2;0).
Loi giai
Chon A
Goi toa do diem C 1a (x;y;z)
Vi ABCD 14 hinh binh hanh nén DC = 4B
Taco DC=(x—1;p+1;z-1) va 4B =(1;1;1)
x—1=1 x=2
Suyra<y+l=1=<y=0
z—1=1 z=2

Vay toa d diém C 1a (2;0;2).

Trong khong gian voi hé toa dd Oxyz cho hinh hop ABCD.A'B'C'D'. Biét A(2;4;0),
B(4;0,0), C(-1;4;—7)va D'(6;8;10). Toa do diém B’ 1a

A. B'(8;4;10). B. B'(6;12;0). C. B'(10;8;6). D. B'(13;0;17).

Loi gidi
Chon D



Cau 39:

Cau 40:

A’ B’

| c
D'(6; 8; 10)|
|

_ /1;“(21_“’1)—:—_—_: — — 2B 0;0)
/— _—— ~
b C(-1545-7)
Gia st D(a;b;c), B'(a’;b';c")
. . a=-3
Goi O=ACNBD = 0(5;4;_7j —={b=8
c=-7
Vay DD’ =(9;0;17), BB =(a'~4;b';c'). Do ABCD.A'B'C'D' 13 hinh hop nén
a' =13
DD'=BB ={b'=0 . Vay B'(130;17).
c'=17

Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D' ¢ A(1;0;1), B(2:1;2),
D(1;-1;1), C'(4;5;—5) . Tinh toa d6 dinh A’ cta hinh hop.

A. A'(46,-5). B. 4'(2;0;2). C. 4(3;5-6). D. A'(3;4;-6).
Loi gidi

Chon C

Theo quy téc hinh hdp ta co: AB+ AD+ A4 = AC' .

Suyra A4 = AC'— AB—AD .

Lai c6: AC'=(3;5,-6), 4B=(1;1;1), AD =(0;~1;0).

Do d6: H:(2;5;—7).

Suy ra A4'(3;5;—6).

Trong khong gian v6i hé toa dd Oxyz, cho ba diem A(1; 2;-1), B(2;-1;3), C(—47;5).
Toa d6 chan duong phan giac trong goc B cua tam giac ABC 1a

A. (—z 1, lj B. (E -2; lj C. (E,E,lj D. (-2;1L1).
33 3 333
Loi giai
Chon A
Ta c6: BA = ‘BA‘ J26;BC =(~6;8,2) = ‘BC‘ 226

Goi D la chan duo’ng phan giac trong ké tr B 1én AC cua tam giac ABC
- B4 . bC--2Di= D(—% 1—31 1}

DA
Suyra: —
DC BC



Cau 41: Trong khong gian voi hé toa do Oxyz , cho hinh hop ABCD.A'B'C'D’, biét rﬁng A(—3; 0; 0)
, B(0;2;0), D(0;0;1), A4'(1;2;3). Tim toa d¢ diem C".
A. C'(10;4;4). B. C'(-13;4;4). C. C'(13;4;4). D. C'(7;4;4).

Loi giai

Chon C

Goi C'(x;y;z). Taco E=(3;2;0); E:(3;0;1); A—A’:(4;2;3).
x=10+3
Ma A—C’:@+TD+H:>A—C’:(IO;4;4):> y=4-0 =C'(13;4;4).
z=4-0
Cau 42: Trong khong gian Oxyz , cho véc to ﬁ:(l;l; —2), ;:(1; O;m). Tim tat ca gia tri cua m dé

goc gitra ii, v bang 45°.

A m=2. B. m=2++/6. C.m=2-+6. D. m=2++6.
Loi giai
-~ - ~ o W2 uv 2 1-2m 1
+|lu,v)=45° < cos|u,v)|=— & —F7m=—=———=
(5 )= SEH2 o
1
1-2m>0 <=
= 3(m2+1)=l—2m = 2m , & " 2 <:>m=2—\/g.
3m +3=1-4m+4m 2
m —4m-2=0

Cau 43: Trong khong gian véi hé toa dd Oxyz, cho hai diém 4(1;1;0),B(2;0;-3). Piém M chia

doan 4B theo ti sb k = —% co toa do la:

A. M i;g;—l ) B. M g;E;—2 .
33 33
C. M l;—2;1 . D. M 2;—2;—2 .
33 33
Loi giai
Chon A

Gia stt M (x;y;z) 1a diém can tim.



Cau 44:

Cau 45:

Cau 46:

Vi M chia doan AB theo ti s6 k = —% nén ta co: MA = —%m .

l—xz—%(Z—x) x=%

1 2
l-y=—+(0- =—
=1l-y=—2(0-y) e qy=7.
—Z:—l(—:’a—z) z=-1

4 2
Vay M(—;—;—lj .
33

Trong khong gian vdi hé toa dd Oxyz, cho vecto u (2;0;—1). Tim vecto v biét v cung
phuong voi u va uy=20.
A. (4;,0;-2). B. (-8;0;4). C. (8;0;,-4). D. (8;0;4).
Loi giai
Chon C
Vi v cung phuong vadi u nén v=ku= (2k;0;-k), voi k>0.
Taco uv=4k+k=5k=20k=4.
Vay v=(8;0;-4).
Trong khong gian vdi hé toa d6 Oxyz, cho hai vecto a= (2;m —1;3),13 = (1;3;—2n). Tim

m,n dé cac vecto a,b cung hudng.

A.m:7;n:—%. B. m=4;,n=-3. C.m=1Ln=0. D. m:7;n:—§
Loi giai
Chon A
Ta co:
2=k k=2
avab cinghuéng a=kb (k>0)<m-1=3k <im=7 .Véym:7;n:—%.
3:k(—2n)
n=-——

Trong khong gian voi hé toa do Oxyz, cho A(I;O;O), B(O;I;O), C(O;O;l), D(l;l;l). Goi
M, N lan luot 13 trung diém ctia 4B,CD . Toa d6 diém G 1a trung diém MN la:

111 111 222 111
A | === 1. B.| ———|. C.|=——]|. D.|—;—;—|.
(333} (222) (333) (444)



Loi gidi
Chon B

: 11
Vi M 1a trung diém cua 4B nén M[E;E;Oj .

. 11 111
N la trung diém cia CD nén N| —;—;1|. Do d6 G| —;—;—|.
2°2 222

Cau 47: Trong khong gian Oxyz, cho bén diém O, 4, B, C sao cho O, A, B khong thang
hang. Tap hop nhitng diém M sao cho M—C(M—O—2m +m) =0 la

A. mdt mat phfmg. B. mot diém.
C. tap hop rong. D. mdt dudng thang.
Loi gidi

Goi / 1a trung diém ctia OB

Ta co:

MC (MO —2MA+MB)=0 < MC (MO —~MA+MB—~MA) =0 < MC(A0+ AB)=0
< 2MC.Al =0 < MC L Al .

Vay tap hop nhimng diém M 1a mit phing qua C va vudng goc véi Al .

Cau 48: Trong khong gian vdi hé toa do Oxyz, cho ba diém A(—2;3;1) , B(2;1;O) , C(—3;—1;1) .
Tim tit ca cic diém D sao cho ABCD 1a hinh thang c6 ddy AD va S ;) =3S, e

D(-8;-7;1 D(8;7;—1
A. D(8;7;-1). B. ( ). C. ( ) . D. D(-12;-1;3)
D(12;1;-3) D(-12;-1;3)
Loi giai
Chon D

Taco: S e =%(AD+BC).d(A,BC) =S e =%(AD+BC).—2‘ZA£§C |

(AD+BC).S, 5
BC
Ma ABCD la hinh thang c6 ddy AD nén AD=2BC (1).

&3S, e = <3BC=AD+BC < AD=2BC.

BC=(-5-21), AD=(x,+2y, -3z, -1).
Xp+2=-10  [x,=-12
(1) ©4y,-3=-4 <qy,=-1 .Vay D(-12;-1;3).

z,—1=2 z, =3



E. TRA LOI PUNG SAI

Cau 1:

Cau 2:

Cau 3:

Cho hinh hép ABCD.4'B'C'D'. Biét A(1;0;1),B(2;1;2),C'(4;5-5),D(L;-1;1). Cac
khing dinh sau dung hay sai?
A. AC'+CA'+2C'C=0
B. C(2;O;4)
C. B'(4;6;,-5)
D. D'(4;4;6)
Loi giai

A. Dung

Taco: AC'=AC+CC'; CA'=CC'+C'A va C'4'=CA
Suy ra: AC'+CA'+2C'C=2CC'+ AC+CA+2C'C=0 (dpcm)
B. Sai
C(2;0;2)
C. Dung
D. Sai
D'(3;4;-6)

Trong khong gian Oxyz , goi ;,}',7( 1a cac vecto don vi, diém M(2; 0;1),N(3; 2;4). Cac
khing dinh sau dung hay sai?
A. MN =2i+ } +k
B. OM =2i+k
C. W:2§+3}-+41}’
D. [NO|=+27
Loi giai
A. MN =1i+2j+3k nén A Sai

B. bung
C. bung

D. |N—0’| — /22 432 + 4% =/29 nén D Sai

Trong khong gian voi hé toa do Oxyz gia st u=2i+ 3}' —k : a=—i+2j—3k. Cac khing
dinh sau ding hay sai?

A u= (2;0;—1)

B. a =(-1;2;-3)

C. u+v=(1;2;3)



Cau 5:

D. uv=-1
Loi giai
A. Duing
B. Duing
C.u+tv= (1;5;—4) nén C sai
D. uv=2.(-1)+(~1).(-3)=1 nén D Sai

Cho hinh chép S.4BCD c6 déy 1a hinh vudng canh bang 3, S4=4 va S4 L (ABCD).
Chon h7é truc Oxyz c6 gbc toa do tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz.
Céc khang dinh sau ding hay sai?
A. 4(0;0;0)
B. B(0;3;0)
C. C(3;0;0)
D. 5(4;0;0)

Loi giai
A. Duing

B. Ping
C. Sai

Taco: AC = AB+AD =3i+3/+0k . Suy ra: C(3;3;0)

D. Sai
S(0;0;4)

Cho hinh hdp chit nhat ABCD.A’B’C’D’ ¢c6 AB=2;4D =3; A4"'=4. Chon h¢ tryc toa do
Oxyz co géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Cac khéng dinh
sau ding hay sai?
A. AA'=—4k
B. AB=2i
C. AD=3i
D. C '(2;3; 4)
Loi gidi
A. Sai
AA' = 4k
B. bung
C. Sai
AD=3]
D. Ding
Ta co:



Cau 6:

Cau 8:

AB=2i+0j+0k; AD=0i+3j+0k; AA'=0i+0/+4k
AC'= AA"+ AC+ AD = 2i+3 j + 4k ; suy ra C'(2;3;4)

Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh 3; SA vudng goc vdi day va
SA=4. Chon h¢ truc Oxyz sao cho géc O trung véi A; céac diém B; D; S lan luot thudc
0Ox; Oy; Oz. Cac khang dinh sau dung hay sai?
A. AD=3i+0/+0k
B. AS=0i+0j +4k
C. AC=3i+3j+0k
D. SC=3i+3+4k
Loi giai
A. Sai
AD=3i+3j+0k

B. bung
C. Dung
D. Sai

SC=AC—AS =3i+3j -4k
Trong khong gian véi hé toa dd Oxyz, cho hinh hop ABCD.A'B'C'D' ¢6 A(0;0;0),
B(a;0;0); D(0;2a;0), 4'(0;0;2a) v6i a#0. Céc khang dinh sau ding hay sai?
A. 4B =(a;0;0)
B. A4 = (0;0;a)
C. AC' = (a;2a;2a)
D. AD = (a;2a;0)
Loi giai
A. Dung
B. Sai

A4 =(0;0;2a)

C. Dung
D. Sai

AD =(0;24;0)

Trong khong gian Oxyz , cho hai diém A(1;-1;2) va B(-1;3;0).
A. Toa d6 trung diém cua doan thang (0;1;1).

B. Toa do vecto AB = (2;—4;2).

C. Toa dd vecto OA=1i + j +2k.



D. Toa d6 vects OA+ OB = (—2;4;-2)

Loi gidi
X, =xAZxB %:0

A. Ping. Vi 1y, =24 ;yg - _1;3 =1. Vay toa ¢ trung diém Ia (0;1;1).
ZO_ZA-;ZB :2-;-0:1

B. Sai. Vi 4B =(-2;4;-2).
C.Sai. Vi Od=i - +2k.
04 =(1;-1;2)

OB =(-1;3;0)

D. bung. Vi { = OA+OB =(-2;4;-2)
Cau9: Trong khong gian Oxyz, cho a = (2:3;2) va b= (L1;-1).
A. Toa do vecto a—-b= (1;2;3).
B. Tich v6 hudng cua hai vecto a va b bang 6.
C. Hai vecto @ va b khong cung phuong.
D. Cosin goc gitta vecto a va b bang g
Loi giai
A.Plng. Vi a—b=(2-1;3-1;,2—(-1)) = (1;2;3).

B.Sai. Vi ab =2.1+3.1-2.1=3
C.Dﬁng.Vig;ti;ti.
1717 -1

2.1+3.1-2.1 3
N IR SO N ]

D. Sai. Vi cos(a; I;)

Cau 10: Trong khong gian Oxyz , cho hai vécto a= (—2;1;—3),[3 =(-1;-3;2) va diém A(4; 6; —3).
A. Toa do vecto a-2b= (0;1;-1).
B. Toa do6 diém B(2;7;-6) thi d = AB.
C. Hai vecto G va b cung phuong hudng.
D. Goéc gitra vecto a va b bang 120°.
Loi giai

A. Sai. Vi a—2b=(0;7;-7).

—2=x,—-4 Xy =2
B.Ding. Vid=AB < {1=y,-6 <y, =7 = B(2;,7;-6).

-3=z,+3 zy,=—6



C.Sai Vi 22l o3
1737 2
D. Bling. Vi cos(d:h) = ———2CDHEDIEED2 1G5y 1a00
J2 AP +(BP P +(32 422 2

Cau 11: Trong khong gian Oxyz, cho ba vecto a= (—1;1;0),5 =(1; 1;0),2 =(LL1).
A. Do dai vecto @ bang V2.
B. Vecto b vuong goc voi a.
C. Vecto b vudng goc voi ¢ .
D. Toa d6 vecto 3d+2b—¢ bang (—2;4;-1).
Loi giai
A. Pung. Vi ‘21‘ = J=1)>+12+0 =+2.
B. Pung. Vi ab =(-1).141.1+0=0
C.Sai. Vi bé =1.1+1.1+0.1=2.
D. Sai. Vi 3G +2b —¢ = (—2;4;-1).
Cau 12: Trong khong gian Oxyz, cho ba vecto a = (—1;1;0),[; =(L 1;0),2 =(L;1;1). Xét tinh dung
sai cua cac ménh dé sau?
A la|=+2.
B.bla.
C.bhLlc.
D. 2| =6..

Loi gidi

| B.D C.S D.S

A.D |
] Ta cé: H=,/(—1)2+12 +0% =+/2 nén A dung

[ ba=0nén b L 4. Suy ra B dung

1 be=1.1+1.140.1=2 = b khong vudng gbc vdi c.
2|c| =23
[] ‘C‘ 3 nén D sai

Cau 13: Trong khong gian Oxyz, cho ba diém A(4;2;1), B(2;1;3), C(-1;3;-2).

A. Toa d¢ trong tam tam giac 4ABC béng (%, 2;%).

B. Toa d¢ trung diém doan théng AB béng (3;%;2)

C. Tt giac ABCD 14 hinh binh hanh thi toa d6 diém D = (1;4;-4).
D. Ba diém 4,B,C thang hang.
Loi gidi



A. Ping. Toa dg trong tdm tam giac ABC (4+§_1;2+;+3 ; 1+§_2j =(§;2;§j‘

B. Ding. Toa do trung diém doan thang 4B (4;2;231;1;3j:£3;%;2}

C. Bung. Tt gidc ABCD 14 hinh binh hanh:
2-4=-1-x, x, =1
AB=DC <{1-2=3-y, <1y, =4 = D(;4;-4).
3-1=-2-2z, z,=—4
AB =(-2;-1;2 2 -1 2 :
. 2L ).Tacé:—;t—;t—:>A,B,C khong thang hang.

D. Sai. Vi
AC =(-5;1;-3) -5 1 3

Céu 14: Trong khong gian Oxyz, cho ba diém A(3;5;-1), B(7;x51), C(9:2;y).
A.Badiém 4,B,C thing hang thi x+y=5.

B. Piém G(?;g;?aj la trong tdm tam giac ABC thi x=1;y =3.

C. Tam giac ABC vuong tai 4 thi x=13,y=-1.
D. Tich vo hudng cua AB.AC = -3x+ 2y+41.

Loi gidi
A. Dung.
Ta c6: AB =(4x—5;2), AC =(6;—3;y+1)
2
4=k6 k=3
Pé ba diém 4, B, C thing hang < AB=k.AC & {x—5=k(-3) o {x=3.
2=k(y+1) y=2
Vay x+y=35.
3+7+49 19
3 3
=1
B. Ding. Taco: 5+x+2=§ = * .
3 3 y=3
—1+1+y:3
3

C. Dlng.
Ta co: A_B':(4;x—5;2), R:(6;—3;y—|-1)
AB.AC =24+ (x=5)(-3)+2(y+1)

y=-1
D. Dung. Vi AB.AC =24+ (x—5)(=3)+2(y+1) =—3x+2y +41.

lx=13  —
Vi = AB.AC=0

Cau 15: Trong khong gian Oxyz , cho ba vecto a = (1,2;3); b= (2;2;-1), c= (4;0,—-4).



Cau 16:

Cau 17:

Loi giai
A. Sai. Vi 3a =3(1;2;3) =(3;6;9)
B.Ding. Vi G+b =(1+2;2+2;3-1) = (3;4;2).
C.Sai. Via—-c=(1-42-0;3+4)=(-3;2;7).
D.Dung. Vi a—b+2c=(1-2+2.4:2-2+2.0;3—(=1)+2.(-4)) = (7;0;-4).
Trong khéng gian Oxyz , cho hai vecto a =—i +3 +4k; b =2i +4] +k.
A. Toa d6 vecto a =(—1;3;4).

B. Cosin goc giira hai vecto d@,b bang 5

C. Tich v6 hudng ctia hai vecto @,b bang 14.
D. Hai vecto a@,b vudng goc voi nhau.
Loi giai
A. Dung. Dya theo dinh nghia suy ra a = (-1;3;4).
—1-2+3-4+4-1 /546

B. Sai. Vi cos(ﬁ,b):\/(_l)z+32+4z NCERWENRD 39

C.Dlng. Vi a-b=-12+3.4+4.1=14.

D. Sai. Vi tich v huéng cua hai vecto a,b khac 0.

Trong khong gian Oxyz, cho ba vecto G = (2;1;—2),5 =(1;2;-4),¢ =(-1,-3;3).

A. d="2b.
B. [d|=3[p|.
C.da-b=12

D. 24 —3b+5¢ = (—4;-19;23).
Loi giai
A. Sai. Vi d@,b khéng cung huéng.
|a|=~27 + 1" +(-2)* =3 N
e T aTa 4
|b|:\/1+2 +(—4)? =21
C.DPung. Vi G-b=2-1+1.2+(-2).(—4) =12.

D. Dung.
Tacé 2a =(4;2;-4),-3b=(-3;-6;12),5¢ = (-5 -15;15)

B. Sai. Vi

Vay 2a-3b+5c = (~4;-19;23).



Ciu 18: Trong khong gian Oxyz, cho bén vecto ad= (2;3;1),5 =(-1;5;2),¢ =(4;—-1;3) va
X =(=-3;22;5).
A. ¥ =2d+3b—C.
B. Hai vecto @ va b cung phuong.
C. Hai vecto @ va ¢ khong cung phuong.
D. Hai vecto @,b vudng goc v6i nhau.
Loi giai
A. bung.
2m—-n+4p=-3 m=2
bat )?zm-&+n-l;+p-5<:> 3m+5n—p=22 <<n=3 .

m+2n+3p=>5 p=-1
Vay X =2d+3b—¢.
B.Sai.Viizgzl.
-1 5 2
C.Sai.vi 2=3-1
-1 5 2

D. Sai. b =2-(-1)+3-5+1-2=15
Cau19: Trong khong gian  Oxyz, cho hinh binh hanh  4BCD. Biét

A(-11;2),B(1;0;3),C(0;2;-2).

A. Toa do vecto BC = (-1;2;-5).

B. Toa do vecto AB = 2;—}'+7€ .

C. Toa dd diém D la D(—2;3;—3).

D. Toa do vecto AD = —i + 2}' +5k.

Loi giai

| AD | B.P C.D D.S

1) BC=(~1;2;-5) nén A dung
1 AB=(2;-1;1) nen B ding
'] Goi toa do diém D 1a (x;y;z)
AB=(2;-11)
DC =(-x;2-y;—2-z)

Vi ABCD 1a hinh binh hanh nén DC = 4B



—x=2 x=-2
Suyra{2—y=-1l<<y=3
—2—-z=1 z=-3

Vay toa do diém D 1a D(-2;3;-3) vay C dung

] AD=—i+2j-5k ngn D sai
Cau 20: Trong khong gian vdi hé toa d0 Oxyz, cho hinh hop ABCD.A'B'C'D', biét rﬁng
A4(2:1;0),C(0;3;0),C'(-1;2;1),D'(0;,-2;0).
A. Toa d6 cac diém A", B' la A'(1,0;-1),B'(0;4;2).
B. Toa do cac diém B, D la B(1;5;1), D(1;—1;-1).
C. Toa d6 vecto AB la ﬁ=f+4j+7c.

D. Toa d6 vecto AB 1a B'D :f—S}'—37c.
Loi gidi

A. S

"1 Goi toa do diem A' 1a (x;y;z)
A'C'=(~1-x2-y;1-z)
AC =(~2;2;0)
Vi A'C'CA 14 hinh binh hanh nén 4'C"= AC

Suyrai2—y=2 <<<y=0= 4'(1;0;1) nén A sai
1-z=0 z=1

Lam tuong ty ta c6: B'(0;4;2)
1 B(1;5;1); D(1;-1;—1) nén B dung
[ ZE:(I;4;1):>ZI§:;+4}'+I;nénCd{mg

" B'D=(1;-5-3)= B'D=i-5/-3k nén D dung



Cau 21: Cho hinh chép S.ABCD day la hinh thang vuéng tai 4 va B, AD=2A4AB=2BC =2a,
canh bén S4 vudng géc v6i mét phang ddy (4BCD), SA=2a.Goi H lahinh chiéu diém

Cau 22:

C trén canh 4D .

J
A. Toa d6 cac diém 4,B la A(00;0),B(a;a;0).
B. Toa dd cac diém C,D la C(a;a;0),D(2a;0;0).
C. Toa do diem S 1a S(0;0;2a).
D. Toa do diém H 1a H(a;0;0).

A.S | B.P C.Db

B Al
7y ¢

Dé tinh dugc AB=BC=AH =a

Gén hinh chop vao hé truc toa dd Oxyz véi O= A, AB=1,4AH = j,AS =2k

Khi d6 ta c6 4(0;0;0),B(a;a;0),C(a;a;0),D(2a;0,0),5(0;0;2a),H (a;0;0)
Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vudng c6 cic canh bang 1, S4D 1a tam
gidc déu va nam trong miat phang véi day. Goi O,M va N lan luot 1a trung diém cua

AD,BC va CD. Thiét 1ap hé truc toa d0 Oxyz nhu hinh vé.



A. Toa db cac diém A,B 1a A(O;—%;Oj,B(l;—%;O] .
0

B. Toa do cac diém C,D la C(l;%;Oj,D ;

3

C. Toa d6 diém S 1a S(O;O;Tj.
D. Toa d6 cac diém M, N 1a M(I;O;O),N(%;%; j

Loi giai

A.D B.P |

Chon h¢ toa o Oxyz nhu hinh vé.




Cau 23:

Cau 24:

SAD 1a tam giac déu c6 canh bang 1 nén SO = ?

3
4l 0:-Li0].8[1-2:0| c[1:L:0].0[0:2:0] s 0;0;£ , M (1;0;0), N LLo
2 27 )72 27 ) 2 2°2

Trong khong gian Oxyz, cho vecto a =(2;-2;-4), b= (L-11).
A. G+b=(3;-3;-3)
B.dvab cung phuong
C. |b|=
D. G=2i-2j-4k
Loi gidi

AD | B.S C.D D.D

® Xétdap an A: d+b =(3;-3;-3) ding.

® Xétdap an B:a=2(1;-1;-2)#b =(1;-1;1). Suyra d va b khong cung phuong. Pép

an B sai.
. |5| -3 dang.
®G=2i—2j—4k dung.

Trong khong gian v&i hé truc toa dd Oxyz, cho a =(2;-5;3), b =(0;2;-1), ¢ =(1;7;2) .
A. ii=3i-b+5¢ v6i ii =(11;22;18).

Nl»—
o> wl.b

A. ii =3G—b+5¢ véi ﬁ:(11;22;18).DI'JNG
34 =(6:-15:9)

+ Ta co: B:(o;—z;l) :35—1%55:(11;22;18):&
5¢ =(5;35:10)



B.f:la—iz?—zz VGl ¥ = 1—£ 7 .PUNG
2 3 6 6

lafr2.3
2 T 272
+ Ta co: il;= 0;§;—i 31&—i5—25= —,—E;—Z =X
3 373 2 3 6 6
26 =(2:14:4)

+b voi v =2i-3j+2k . DUNG
v=a+b=v=(%-3%2)>v=20-3j+2k
D. y=b—c véi y =—i+5/-3k.SAI
y=b-c=y=(-L-53)= y=-i-5j-3k
Cau 26: Trong khong gian Oxyz, cho 5=f+3l€—4] va l;:(m—n;4m—6n;n2—3m+2), voi
m,n la tham so.

a) Toa d0 a =(1;3;-4).
b) Dung diém A thoa OA=a thi A(l;—4;3).

c) Ton tai gi tri ctia m va n dé b=0.
d)Néu a=b thi m+n=9.
Loi giai
Dap an: a sai; b dung; c sai; d dung
a) Toa do a =(1;—4;3).
b) Khi OA=3a thi toa d0 a cling la toa do diém 4. Suy ra A(l; —4;3) .

m—n=0 m=0
) b=0={4m-6n=0 <{n=0 . (vO nghiém).
n*=3m+2=0 n =3m+2=0

Vay, khong ton tai m,n ¢ b=0.

m—n=1
R m=>5
d)a=b=dm-6n=-4 < .
5 n=4
n° -3m+2=3

Suyra m+n=9.



Cau 27:

Trong khéng gian Oxyz, cho @ =(2;2;0),b = 27 +2k . Dung OA=id va OB=b.

a) a=2i +2k. :
b) Toa dd b =(0;2;2). ,
c) Toa do AB = (—2;2;0) A

d) Goc AOB = 45" /

Loi gidai
F4
L B
l‘\) [
A wom-m- - AN :
k 1
AN i ;
i LK
. =+ 1 ¥
F 0 J !
______________ o
H M

Pap an:a sai, b dung, ¢ dung, d sai
a) Tacod a=(2;0;2)=a=2i +2k.
b)Taco b =2 +2k = b =(0;2;2).

c) Tacod OA=a thi toa d0 véc to a cling chinh la toa dd 4. Suyra A(2;0;2). Tuong tu
B(0;2;2) . Tix day, ta tinh duoc AB = (=2;2;0)

d) Nhan xét OHMK . PANB 1a hinh 1ap phuong. Suy ra aO4B déu. Vay AOB =60".

Cau 28: Trong  khong  gian Oxyz, cho  hinh  hop OABC.O'A'B'C’ co
A(l; L —1), B(O; 3; 0) ,I?C’ = (2; —6; 6) .Goi H,K lan lugt la trong tam cua tam giac OA4'0’
va CB'C'.
a) Toa do diém C' 1a (2;-3;6) o &
b) Toa do diém O' 1a (3;-5;5). AT B

¢) Toa d0 véc to AB = (-2;3;-6).
d) Toa do véc to HK =(-1;2;-1

) o “




Cau 29:

Loi gidi
bép an: a ding; b dung; c sai;d sai
x—0=2 x=2

a) Goi C'(x;y;2). Taco BC' =(2;-6;6) =1 y-3=—61{y=-3
z—0=6 z=06

Vay C(2;-3;6).
x—1=2 x=3
b) Goi O'(x;y;z).TheohinhVéthiA—O’:B—C’Q y-l=—6<y=-5
z+1=6 z=35
Vay 0'(3;-5;5).
¢) Theo hinh vé& thi 4B"=0C"=(2;-3;6).
d) Taco HK = AB=(-1;2;1).

Cho hinh chop S.ABCD c6 day ABCD 1a hinh chir nhat, 4B =1,4D =2,54 vudng goéc
voil mat ddy va S4=3. Véi hé toa d6 Oxyz dugce thiét 1ap nhu sau: Gbc toa do O trung
véi diém A4, cac véce to E, E, AS 1an lugt cung hudng véi f,] va k . Xét tinh dang sai

cua cac khang dinh sau

a) Toa do D(0;2;0).
b) Toa dd C(1;2;3).
c¢) Toa do S(2; O;O)

d) Toa do 1(1;1;0).

Loi gidi

Dap an: a ding; b sai; ¢ dung; d sai



Cau 30:

Vi hé truc da chon nhu hinh vé thi

a) Piém DeOy va AD =2 nén D(0;2;0).

b) Diém C e (Oxy) va ¢ hinh chiéu 1én Ox,Oy lan lugt la diém B va D.Do AB=1 va
AD =2 nén C(2;2;0).

¢) Piém S €Oz va A4S =3 nén S(0;0;3).

d) Biém I € (Oxy) va va c6 hinh chiéu 1én Ox,Oy lan luot 13 trung diém ciia AB va
AD nén 1(0,5;1;0).

Cho hinh l1ap phuwong ABCD- A'B'C'D’ c¢6 canh béng 2. Véihé toa dd Oxyz duoc thiét lap
nhu hinh bén (gbc toa dd O tring véi tim hinh vuéng 4BCD ), hdy xét tinh dung sai cia
cac khang dinh sau:

a) Toa do A(—l; O;O).

b) AC = (2\5;0;2).

c¢) Toa do D’(O;x/i;2).

d) BD'=(00;2).

Loi gidi

Dap an: a sai; b diang; ¢ dung; d sai

b dai AC = 2«/5 . V&1 hé truc Oxyz da chon nhu hinh vé thi



B.l'

A [ n'

a) DPiém A4 e Ox, nam nguoc chiéu duong va OA4 = \/5 nén A(—\/E; 0;0) .

b) Toa d6 C’(\/E;O;Z). Suy ra A—C':(Z\/E;O;Z).

¢) Piém D’ ¢6 hinh chiéu vudng goc xudng ( Oxy) 1a diém D(O; 2 ;O) va DD'=2 nén

D’(O;x/i;2).

d) Toa do B(o;—ﬁ;o),D'(o;ﬁ;z). Suy ra B—D':(O;2\/5;2).

Cau 31:

Cho hinh lang try ABC-A'B'C" ¢b ddy ABC 1a tam giac déu canh bang 2 nhu hinh v&.

Hinh chiéu vudng goc cua 4’ 1én (ABC ) trung v6i trung diém canh 4B, goc AA40 =60

. V&1 hé toa d§ Oxyz duoc thiét 1ap nhu hinh bén (géc toa dd O trung véi trung diém cua

doan BC ), hiy xét tinh dung sai ctia cac khang dinh sau:

z

a) Toa d diém A4(-1;0;0).
b) Toa d6 diém C(O;\/g;O). A ¢
c) Toa do diém A’ (O,—l;\/g). o
d) Toa d¢ diém C’(l,\/g,\/g)
___________ y
4 - -
0
B
Loi gidai

D4p 4n: a ding |b ding |c sai |d ding

[

bodai OC=2-—

trén thi

=/3-04' = 04-tan60" = /3 . Véi hé truc Oxyz da chon nhu hinh vé



a) Diém 4 e Ox, nam nguoc chiéu duong va O4 =1 nén A4(-1,0;0).
b) Piém A’ € Oy, ndm cing chiéu duong va OC = V3 nén C(O; x/g;O).
¢) A'e Oz, nam cing chiéu duong va 04’ = J3 nén A’(O;O;\/g) .

x—0=1 x=1
d) Goi C'(x;y;z).Tacé AC =4AC = y—0=\/§<:> y=\/§.

Z—\/§:0 sz/g



Céu 32: Cho cac diém A(-2:3), B(=2; 1;2)’C(3;_l;2)‘

a) AB=(-3;3;-1).

b) AC=(-2;-L1).

¢) AB=3AC.

d) Ba diém 4, B,C khong thing hang.

Loi giai

Pap an: a ding; b sai; c sai ;d ding
a) A—B:(XB_xA;yB_yA;ZB_ZA):(_3;3;_1)~
b) E:(xc—xA;yC—yA;zC—zA)=(2;1;—1)

¢) AB=(-3;3;-1),AC =(2;1;-1). Hai vec to nay khong ciing phuong nén khong ton tai
sb thuc k dé AB=kAC.

d) Hai vec to AB va AC khong cing phuong nén ba diém 4, B,C khong thang hang.

Cau 33: Cho ba diém A4(3;3;-6),B(1;3;2) va C(-L-3;1). Goi M,N,K lan lugt 14 trung diém
ctia AB,BC va CA.
a) Toa do M (2;3;2).

b) V6i G 1a trong tm tam gisc ABC thi GC =245 .
c) Trong tdm tam giac MNK 1a E(l;l;—l) .

d) Véi D(-3;-3;9) thi tr gidc ABDC 1a hinh binh hanh.

A
M K
B /\/\ C
N
Loi giai

Dap an: a sai; b sai; ¢ dung; d ding



a) M 1a trung diém cua AB, suy ra M(xA X ;yA s 2 +ZB) hay M (2;3;-2).

2 2 2

b) Taco G(L;1;-1). Suy ra GC = /(~1-1)> +(=3-1)> +(1+1)* =26 .
c) Hai tam gidc ABC va MNK c6 cung trong tam. Suy ra E trung voéi G(l;l;—l).

d) Taco AC = (—4; —6;7),@ = (—4; —6;7) ,suy ra AC=BD. Vay ABDC 1a hinh binh
hanh.

Chu 34: Cho hinh hop ABCD-A'B'C'D', biét diem A(0;0;0), B(1;0;0),C(1;2;0),D'(-1;3;5).
Goi M, N 1a tdm cua cac hinh binh hanh ABB'A', ADD'A’ .
a) Toa dd D(0;2;0).b) Toa dd 4'(-1;15).

c) Toa dd M_N=(—1;1;0).d) ‘E+E+@‘:@

A.F.-

-

B."

Loi gidi

Pap an: a diang;b diang ;c sai; d sai

I
1

/]

a) Theo qui tdc hinh binh hanh, ta c6 AD=AC—-AB = (O; 2;0) = D(O;2;0).

b) Tacé A4 =DD =(-1;1;5) = 4'(-L15).



Cau 35:

¢) Theo hinh v& MN = BC =(0;2;0).
d) Tacd AC'= AB+ AD+ A4 =(0;3;5). Xét

W‘=x/02+32+52 =34

AB+ AD+CC'

=‘E+E+ﬂ‘=

Hai chiéc khinh khi cau bay 1én tir ciing mot dia diém. Chiéc thir nhat cach diém xudt phat
2 km vé phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 km. Chiec tha hai
nam cach diém xudt phat 1 km vé phia bac va 1,5 km vé phia tay, dong thoi cach mat dat
0,8 km.

Chon hé truc Oxyz vé6i gbc O dit tai diém xuét phat ctia hai khinh khi cau, mit phang
(Oxy) tring voi mat dat voi truc Ox hudng vé phia nam, truc Oy hudng vé phia dong

va truc Oz hudng thang dung 1én troi (Hinh bén dudi), don vi do 1dy theo kilomet.

* Tay

,
Bae .7

a) Vi hé toa d6 da chon, toa do khinh khi cau thtr nhét 1a ( 2;1;0,5).
b) V&i hé toa do da chon, toa do khinh khi cau thi hai la (-1,5;,-1,0,8).

¢) Khoang cach tir diém xudt phat dén khinh khi cdu thir nhit bang V21 km.

d) Khoang céach hai chiéc khinh khi cau 1a 3,92 km (Két qua 1am tron dén hang phan

tram).
Loi gidi
Dap 4n: a ding |b sai |c sai |d diing
a) Chiéc khinh khi cau tht nhat c6 toa do 1a (2;1,0,5).
b) Chiéc khinh khi cau thr hai ¢6 toa d¢ 1a (-1;-1,5;0,8).

¢) Khoang cach tir diém xuét phat dén khinh khi cau thtr nht bang

22 +17 40,5 :@( km)
2



Cau 36:

Cau 37:

d) Khoang cach hai chiéc khinh khi cau 1a
JE1-2 +(1L,5-1) +(0,8-0,5) =4/15,34 ~ 3,92( km).

Cho ba vec-to @ =(-1;1;0),b =(1;1;0) va & =(L;1;1).
a) |d|=2.

b) |¢]=+3.

-

Loi gidi

DP4p 4n: asai |b ding [c sai |d sai

a) [d| =J(-1)?+1* =v2.b) [¢] = VI + 1" + 1 =43

o)

a-

all

c) cos(d,c)=

(o)}

Cho hai vécto 4 =(0;2;3) va v =(m—1;2m;3).

a) |17t|=\/B
=5 e m=_2
b) ‘u|—|v‘<:>m— 5
)u=vom=l.
d)ﬁJ_17<:>m:2.
4

Loi gidi

D4p 4n: a ding |b.sai |c dung |d sai

a) |if] =~/0* +27 +3% =13

b) \ﬁ|=|v\@JB=\/(m—1)2+4m2+9 < 5m*—2m-3=0< m=1 hoic m:—i

c)khi m=1 thi v=(0;2;3).Suyra i =7 .

=0d)b-¢=2,suyra b khong vuodng ¢ .



d) ﬁLﬁ<:>4m+9:O<:>m=—%.
Cau 38: Cho tam gidc ABC c6 A(1;2;0),B(0;1;1),C(2;1;0).
a) Tam gidc ABC vudng tai 4.
b) Chu vi tam gidc 1a /7 ++/3 +2 .
c) Dién tich tam gidc ABC la J6.
d) Tam dudng tron ngoai tiép tam giac ABC 1a I (1;1;%} .
Loi gidi
DP4p 4n: a dang |b sai [c sai |d ding
Tacod AB=(-1;-1;1)= 4B=+/3,4C =(1;-1;0)= AC =2,
BC =(2;0;-1)= BC =A/5.
a) AB-AC =0 dodd AB L AC,tam gidc ABC vuongtai 4.
b) Chu vi cua tam giac la AB+AC+BC=-3+V2++5.

c) Dién tich la S=%‘AB~AC=§

A 2 1
d) Tam dudng tron ngoai ti€p 1a trung diém cua BC c6 toa do [ (I;I;Ej .

Cau 39: Hinh minh hoa so d6 mot ngodi nha trong h¢ truc toa do Oxyz, trong do nén nha, bon buc
turong va hai mai nha déu 1a hinh chir nhat.

Qi2:5:4)

————————————————— G(4:5;3)

E(0D;0;3)

CF--mmm - ----) B(4:5,0)

00 0;0) A *



a) Toa dd cua cac diém A(S; 0;0).
b) Toa do ctia cac diém H (0;5;3).

¢) Géc nhi dién c6 canh la dudng thang FG , hai mt 1an luot 1a (FGQOP) va (FGHE)
goi 1a goc dbc ctia mai nha. S6 do cua goc dc ctia mai nha bang 26,6° (1am tron két qua
dén hang phan mudi cua do).
d) Chiéu cao ctia ngdi nha 1 4.

Loi gidi
Pap an: a sai ;b sai ;c sai ;d sai

a) Vi nén nha 1a hinh chir nhat nén tr gid<c OABC 14 hinh chit nhat, suy ra

X, =X, =4,y.=y,=5.Do A nim trén truc Ox nén toa d6 diem A4 1a (4;0;0).

b) Tuong nha Ia hinh chit nhat, suyra y, = y.=5,z, =z, =3.Do H nam trén mat

phang (Oyz) nén toa d¢ diem H 1a (0;5;3).

c) Dé tinh goc dbc cua mai nha, ta di tinh s6 do gdc nhi dién c6 canh 1a duong théng FG,
hai mat phang lan luot 1a (F GQP) va (F GHE ) . Do mit phang (Ozx) vuong goc voi hai
mit phang (FGOP) va (FGHE) nén goc PFE 1a gc phang nhi dién mg véi géc nhi
dién do.

Tacod FP=(-2;0;1),FE =(-4;0;0).

Suy ra cosfﬁ:cos(ﬁ’,ﬁ;)— IP-FE (=2)-(-4)+0-0+1-0 2.5

- [FP||FE| CJ2 0+ a0 0 S

Do d6, PFE ~26,. Vay goc déc clia mai nha khodng 26,6°.

d) Chiéu cao bang cao d6 cta diém P. Suyra h=4.

F. TRA LOI NGAN

Cau 1:

Trong khong gian Oxy, cho hai vecto @ =(3;2;5) va b = (3m+2;3;6—n) . Tinh gia tri biéu
thitc 6m +2n dé hai vecto @,b bang nhau.
Loi giai

Tra loi: 2



Cau 2:

Cau 3:

Cau 4:

Trong khong gian Oxyz, cho tam gidc ABC c6 ba dinh A4(1;2;3), B(—1;2;0),C(3;2;-3)
va G(a;b;c) la trong tAm cuia tam gidc ABC. Tinh gia trj biéu thitc P=a+b+c.
Loi giai
Tra loi: 3
Do G la trong tam tam gidc ABC nén

a:1+(—1)+3:

1
3

b:2+§+2 —2  =G(1;2;0)

c:3+0;r(—3) _0

Vay P=a+b+c=1+2+0=3.

Trong khong gian Oxyz, cho tam gidc ABC cb A(I;O;O), B(O;O;l), C(2; 1;1). Dién tich
ctia tam giac ABC bang:

Loi giai
Tra loi: @

Ta co: E:(—l; O;l),E’:(l; 1;1) :>(—1).1+O.1+1.1:O:>ABLAC.

Nén dién tich tam gidc ABC 1a S = %AB.AC = @
Trong khong gian Oxy, cho hai diém A(1;2;3) va B(2;1;1). Cho diém M (x,;y,;z,) thudc
mit phing (Oyz) sao cho ba diém 4, B, M thing hang. Tinh gia tri biéu thirc Xy + Vot 2,
Loi giai
Tra loi: 8
DPiém M e (Oyz) = M (0;y;z)
Tacd: AM =(=1;y—2;z-3), AB =(1;—1;-2)
bé A,B,M thang hang thi AM , AB cung phuong

_ _ _ =3
e Y2 X3 1T 0035
1 -1 =2 7 z=

Suyra x,+y,+z,=8.



Cau 5:

Cau 6:

Trong khong gian Oxy, cho ba diém A(L;-1;1), B(3;1;2) va C(—1;0;3). C6 bao nhiéu diém
D sao cho tir gidc ABCD 14 hinh thang c¢6 2 canh day AB,CD va c6 goc tai D bang 45°.
Loi giai

Tra loi: 2
Goi D(x;y;2)
AB = (2;2;1),D—C =(-1-x;—-y;3-2)
Ta giac ABCD 1a hinh thang c6 2 canh day 4B,CD nén AB,DC cung phuong.
~1-x -y 3-z x=2z-7
== j— .
2 2 1 y=2z-6
AD=(x-Ly+1l;z-1) |AD=(z-82z-5z—1)
. = —
CD=(x+1;y;z-3) CD=(2z-6;2z—6;z-3)
2
cos(AD, CD) = 2z-3) = z 3 = L
SO =62+10)9(z=3) 2 —6z+10 2
z=4 {x =ly=2
=

:>2(z2—6z+9)=22—6z+10<:>{ 5
z =

x=-3y=-2

Vay D(1;2;4) hoac D(-3;-2;2).

C6 2 diém D thoa diéu kién.

Trong khong gian Oxy, cho tam giac ABC, biét A(2;0;0),B(0;3;1),C(-3;6;4). Goi M la
diém trén canh BC sao cho MC =2MB. Tinh do dai AM .

Loi gii
Tra loi: 5,39
A
B Y " C

Goi M (x;y;z)

m:(—3—x;6—y;4—x)

MB =(x;y-3;z—-1)

-3-x=2x x=-1

Theo dé ta co, CM =2MB < {6—-y=2(y-3)<{y=4 = M(-1;4;2)
4—z=2(z-1) z=2

AM = J(-1-2)* + 4 +2> =29 ~ 5,39



Cau 8:

Cau 10:

Cau 11:

Trong khong gian Oxy, cho ba diém A(1;2;-1), B(2;-1;3),C(-2;3;3). Piém M (a;b;c) 1a
dinh tht tu cta hinh binh hanh 4ABCM. Tinh gia trj cta biéu thic P =a’ +b* —c*.

Loi giai
Tra 10i: 44

W:(—2—a;3—b;3—c)
AB =(1;-3;4)
Tt gidc ABCM 13 hinh binh hanh < 4B = MC
—2—-a=1 a=-3
&13-b=-3<b=6 = P=44,
3—c=4 c=-1

Trong khong gian Oxy, cho hai diém trén truc hoanh ma khoang cach tir d6 dén diém
M (=3;4;8) bang 12. Tinh téng hai hoanh d6 cta ching.

Loi giai
Tra loi: -6

N(x;0;0)

2 42, Q2 2 x=35
MN =12 J(x+3) +4 +8° =144 & (x+3) =64<:{ .
X=-
Téng hoanh do cia chung bang —6

Trong khong gian Oxy, cho hai vecto d@ = (2;5;-3),b = (0;—4;0). Tinh tich v huén cia hai
vecto &,I;.
Loi giai
Tra loi: -20
G-b=2-0+5-(—4)+(=3)-0=-20

Trong khong gian v6i hé toa 36 Oxyz , cho cac diém 5171=;+0}'+3/;, 5l§=2;+3}'—41;,
7C=—3§+}'+27c. Diém D(x;y;z) sao cho ABCD 1a hinh binh hanh. Tinh
P=2x+y-z.

Loi giai
Tra loi: -ql9
Goi D d¢ ABCD la hinh binh hanh.
AC = 4B+ 4D <> AD = AC— 4 = OC— 04 ~(0B - ) = OC - OB = ~5i- 2+ 6k
& OD—0A=-5i~2j+6k < OD = —4i—2j +9k < D(—4;-2;9)
P=2x+y-z=2.(-4)-2-9=-19

Trong khong gian véi hé toa dd Oxyz, cho a=2i+ 31?; l;:3f+3}'. Toa dd vec to
Zz=(x;0;3); Z;=(3;y;0). Tinh P=x"+)".



Loi giai
Tra loi: 13
a=(2;0;3); b=(3;30). P=x*+)y*=2"+3" =13

Cau 12: Trong khong gian véi hé toa 40 Oxyz, cho OM = 2;—3}' +4k ; ON =i+ 3;’ —k. Toa d6
diém M (2;-3;a);N(~1;6;—1). Tinh T =2a-3b.
Loi giai
Tra loi: -1
M (2;-3;4),N(-1;3;-1). T=2a-3b=2.4-33=-1

Cau 13: Trong khong gian véi hé toa dd Oxyz,cho a= (3;-5;2); b= (2;1,-1). Vecto
a=3i—yj+2k; b=2i+ j+zk.Tinh P=)* -2
Loi giai
Tra loi: 26
a=3i-5j+2k; b=2i+j—k. P=y*—2* =(=5)* +(=1)> =26
Cau 14: Trong Kkhong gian v6i hé toa do0 Oxyz, M(l; 0; —2),N(5;1; —6) . Tinh
OM =i+yj—2k;ON =xi+ j—6k.Tinh P=x’+".
Loi giai
Tra loi: 125
OM =i-2k; ON =5i+ j—6k. P=x'+)'=0"+5" =125
Cau 15: Cho hinh chép S.ABCD c6 day la hinh vudng canh bang 5, SA=2 va S4 L (A4BCD).
Chon h¢ truc Oxyz co géc toa do tai A; cac diém B, D, S lan luot trén céc tia Ox, Oy, Oz.
Toa d6 diem C(x;y;z). Tinh P=x’+)’+2°.
Loi giai
Tra loi: 250
Ta co: AC = AB+ AD =5i+5j +0k . Suy ra: C(S;S;O).
P=x+y'+2=5+5+0=250
Cau 16: Cho hinh hop chit nhat ABCD.A’B’C’D’ c6 AB=2;AD =3; AA'=4. Chon h¢ truc toa do
Oxyz co géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Tim toa d§ cua
C'(x;3;z). Tinh P=x-z.
Loi giai
Tra loi: -2

Ta co:

AB=2i+0j+0k; AD=0i+3j+0k; AA'=0i+0; +4k



Cau 17:

Cau 18:

Cau 19:

Cau 20:

AC'= AA'+ AC+ AD =2i+3j+4k;suyra C'(2;3;4). P=x—z=2-4=-2.
Cho hinh chép S.4ABCD c6 day 1a hinh vudng canh bang 3, S4=4 va S4 L (ABCD).
Chon h¢ truc Oxyz c6 géc toa dd tai A; cac diém B,D,S lan lugt trén céc tia Ox, Oy, Oz.
Goi M 14 trung diém SC. Tim toa d6 diém M(x;y;z). Tinh T = x+y—%z .
Loi giai
Tra loi: 0
Ta co: AC=AB+AD =3i+3)+0k .
ViM la trung diém SC nén:

- 1= ==\ 1= = - = = 3= 3= -
AM:E(AS+AC):E(OHOJ+4k+3z+3]+0k)—51+51+2k

=M i,i’ . T:x+y_32=§+i_é_2=0
272 272 2 2
Cho hinh hop ABCD.A'B'C'D". Tinh |AC'+CA'+2CC'|.
Loi giai
Tré 10i: 0
Ta co: A—C'=E+C—C'; CA'=CC'+C'A va C'A'=CA

Suy ra: AC'+CA'+2C'C=2CC'+ AC+CA+2C'C=0
:>|R‘+C71'+2@|:0

Cho hinh hop chir nhat ABCD.A’B’C’D’ c6 AB =8; 4D =6; AA'=4. Chon h¢ truc toa do
Oxyz c¢6 gbc O tring v6i A, cac diém B; D; A’ 1an luot thude Ox; Oy; Oz. Toa do diém
C'(x;y;z). Tinh P=x-2y+z.
Loi giai

Tra loi: 0
Ta co:
AB=8i+0j+0k; AD=0i+6j+0k; AA'=0i+0/+4k
Trong hinh binh hanh ABCD: AC = AB+ AD =8i+6j +0k
Trong hinh binh hanh ACC’A’: AC'= AC+ AA"'=8i+6 +4k

= C'(8;6;4). P=x-2y+z=8-2.6+4=0

Trong khong gian voi hé truc toa do Oxyz , cho ba diém A(1;2;-1), B(2;-1;3),C(-2;3;3)
.Diém M (a;b;c) 14 dinh tha tu cia hinh binh hanh ABCM ,khi d6 P=a’ +b> - c* c6 gia
tri bang

Loi giai



Cau 21:

Cau 22:

Cau 23:

Tra loi: 44
M(x;y;z) , ABCM 1a hinh binh hanh thi

x—1=-2-2
AM =BC={y-2=3+1 = M(-3;6;—1) =P =44.

z+1=3-3
Trong khong gian Oxyz , cho ba vecto a = (—2;2;0);5 =(2;2;0) va 2(2;2;2) . Gia tri cua
|Zz+Z)+E| bang

Loi giai
Tra loi: 2411

Ta c6: 5+5+E:(2;6;2).
Vay |Zz+l3+2|:2\/ﬁ.
Trong khong gian vdi h¢ toa d0 Oxyz, cho tam giac ABC c¢6 A(l; 2;—1), B(2;—1;3),
C(—4;7;5). Goi D(a;b;c) la chan duong phan giac trong goc B cua tam giac ABC . Gia
tri cia @ + b+ 2c¢ bang

Loi giai
Tra loi: 5
B
A b c
Taco AB=+/26, BC =~/104 =226 .
. DA BA 1 — 1 —
Goi D(x;y;z), theo tinh chat phan giac tac6 — =——=—.Suyra DA=——DC (*).
' ( 4 ) phan e DC BC 2 Y 2 ()

Ta co E‘lz(l—xﬂ—y;—l—z) va D—C:(—4—x;7—y;5—z).

l—x:—%(—4—x) xz—%
Do d6 (*)= 2—y:—%(7—y) & y:% :D[—%;%;l]#a%—b—k%:&
—l—ZZ—%(S—Z) z=1

Trong khong gian vé6i hé toa @6 Oxyz, cho ba diém A4(2;-3;4),B(1;y;-1)C(x;4;3) . Bé
ba diém 4, B, C thang hang thi tong gia tri 5x +yla:

Loi giai



Tra loi: 41
C6 AB=(-1;y+3;-5); AC =(x-2;7;-1).

-1 _y+3_—_5

Dé ba diém 4, B, C thang hang thi AB cung phuong AC < > - R
x f— f—

9
=S>x=—;y=32
5 y
= S5x+y=41

Vay Sx+y=41.

Cau 24: Trong khong gian Oxy, cho ba vecto a = (1;m; 2),5 =(m+1;2;1),¢c =(0;m—2;2). Téng cac
gia tri thyc cia tham sd m dé |c7 + I;| = |E|
Loi gidi
Tra loi: -12
d+b= (m+2;m+2;3)
- -2
a@+5|=le| = |a+b] =[]
S m+2} +(m+2) +9=(m-2)"+4
Sm*+12m+9=0
om=-6% \/g
Téng cac gia tri cia m bang —12.
Cau 25: Trong khong gian Oxy,cho hai vecto a = (1;—1;0),1; =(2;2t—1;0). Xéc dinh gia tri ¢ dé
hai vecto G@,b cung phuong.
Loi gidi
Tra loi: -0,5
Hai vecto @,b cung phuong thi
1=2k

o 1= 2k pot
a=kb < —1:(2t—1)k<:>{ 1—(2 le 2
0= 0k “I=@=DE L sk

1
Véi ¢t = % = 2 (vd nghiém.

1
Véit¢5:> oS —-=

Vay t =-0,5.



Cau 26:

Cau 27:

Cau 28:

Trong khong gian Oxy, cho hai vecto @ = (1;2;-2),b = (-1;—1;0). Sb do do cua goc giita

hai vecto a,b ?

Loi giai

Tra loi: 130

cos(a;b) = 1(ED+2-(D+(=2)-0 =_L.
JE+2 (2P (20t V2

= (G;b) =135°

Trong khong gian voi hé toa do Oxyz, cho hai diem A(0;2;-2), B(2;2;-4). Gid su
I(a;b;c) 1a tim duong tron ngoai tiép tam giac OAB . Tinh T =a’ +b* +¢”.
Loi gidi
Traloi:8
Taco OA4=(0;2;-2), OB =(2;2;-4). (O4B) ¢6 phuong trinh: x+y+z=0

Ie(0OAB)=a+b+c=0.

E:(a;b—2;c+2), E:(a—2;b—2;c+4), &z(a;b;c).

o (A1=BI |&+(c+2) =(a=2)" +(c+4) [(a—c=4
Ta c6 hé = , , =
AI=0 " |(p-2) +(c+2) =b* +¢ ~b+c=-2
a—c=4 a=2
a-c=4
TacohE {-b+c=-2 <:>{ =b=0 .
—b+c=-2
a+b+c=0 c=-2

Vay 1(2;0;-2) =T=a"+b"+c¢* =8

Trong khong gian véi hé toa dd Oxyz, cho ba diém A(-2;3;1), B(2:;1;,0), C(-3;-11).
Gié str diém D(a,b,c) sao cho ABCD la hinh thang c6 ddy AD va S,., =35, ,c. Tinh

a+b+c

Loi giai
Tra loi: -10
.. 1 1 2SAABC
Taco: S0 = 5(AD+Bc).az(A,Bc) &8 pep = E(AD+BC).—.
(AD+BC).S, 5c
& 38, 50 = % < 3BC=A4D+BC < AD=2BC.

Ma ABCD 14 hinh thang ¢6 ddy AD nén AD =2BC (1).
BC=(-5-21), AD =(x, + 2y, -3z,-1).



Cau 29:

Cau 30:

x,+2=-10 x,=-12
(1) @<y,-3=—4 <iy,=-1.

z,—1=2 z, =3
Vay D(-12;-1;3).
Trong khong gian véi hé truc toa do Oxyz cho hinh thang 4BCD vudng tai 4 va B . Ba
dinh A(1;2;1), B(2;0;—1), C(6;1;0) Hinh thang c6 dién tich bing 672 . Gid st dinh
D(a;b;c). Tinh a+b+c

Loi giai

Tra loi: 6
Ta co ﬁz(l;—2;—2):>‘ﬁ‘=3; BC=(41;1)= ‘BC‘ 2.

Theo gia thiét ABCD 1a hinh thang vudng tai 4 va B va co6 dién tich bang 672 nén

%AB(AD+BC):6x/§ @%.3.(AD+3\/§)=6\/§ = AD=+2 :AD:%BC.

Do ABCD 1a hinh thang vuong tai 4 va B nén AD :%%

4 7
a—1l=— a=—
3 3
- e , 1 7
Gia st D(a;b;c) khi d6 ta co b—2:§<:> b= §:>a+b+c—6
c—1:l c=i
3 3
. . A 4R 8 48 T
Trong khong gian toa d0 Oxyz cho hai diém A(2;2;l), B _E;E 3) . Biét I(a b; c)

tam duong tron ndi tiép cua tam gidc OAB. Tinh S =a+b+c.
Loi giai

Tra loi: 2

Taco: OA=(2:2:1), OB = (—g?gj:OAOB——?+§+§—O:>OAJ_OB

Laicé: O4=3, OB=4—= AB=5.

Goi D la chan duong phan giac trong goc AOB=D thudc doan 4B .



Theo tinh chit ctia phan gi4c trong ta co:

DA_04 3  pi- 3Dp—p=[0'2.12)
DB OB 4 4 77
Tam gidc OAB c6 dién tich S =%.OA.OB — 6, nira chu vi p :W:6
=>r =§ =1 1a ban kinh dudng tron noi tiép; chiéu cao OH = OI:'ZB =%.
p

Goi [ la tam duong tron nodi tiép tam giac OAB = I thudc doan OD .

a=0
Taco: 2L 2 . pi=>D0 = 1=(0;1;1) hay {b=1.
DO OH 12 12 |

C =

Vay S=a+b+c=2.



BAI TAP CUOI CHUONG 2
PHAN 1. GIAI BAI TAP SACH GIAO KHOA

CAU HOI TRAC NGHIEM
Chon phwong an dung

1. Cho diém M thoa min OM =2i+ ;. Toa dd cua diém M 1a:

A.M(0;2;1). B. M (1;2;0). C. M(2;0;1). D. M (2;1;0).

2. Cho hai diém A4(-1;2;-3) va B(2;-1;0). Toa do cta vecto 4B la

A. AB=(1;-1;1).  B. 4B=(3;3;-3). C. 4B=(1;1;-3).  D. 4B=(3;-3;3).

3. Cho hai diém 4(3;-2;3) va B(-1;2;5). Toa d¢ trung diém / ciia doan thing 4B 1a

A 1(-2;2:1). B. 1(1;0;4). C. 1(2;0;8). D. 1(2;-2;-1).

4. Cho ba diém A(1;3;5); B(2;0;1); C(0;9;0). Toa d¢ trong tim G cua tam gidc ABC la:

A. G(3;12;6). B. G(1;52). C. G(,0;5). D.G(1;4;2).

5.Cho A(1;2;-1); B(2;1;-3);C(~3;51). Piém D sao cho ABCD la hinh binh hanh c6 toa d9 1a
A. D(—4;6;3). B. D(-2;2;5). C. D(-2:8;-3). D. D(—4;6;,-5).

6. Goi @ 1a goc giira hai veto u = (0;-1;0) va v = (\/_ 1; 0) Giatricia o 1a

A.azz. B.azz. C.a=—. D.azﬁ.
6 3 3 2

7.Cho A(2;-1;1); B(-1;3;—1);C(5-3—4). Tich v6 huéng AB.BC c6 giatri 1a
A. 48. B. -48. C. 52. D.-52

8. Cho hai diém A(-1;2;3),B(1;0;2) . Toa do didm M thoa man AB=2MA 1a
A. M(—2;3;%j. B. M(—2;—3;%). C. M(-237). D. M(-4:6,7).

BAI TAP TU LUAN
9. Trong khong gian Oxyz , cho hinh hop chit nhat O4ABC.O'A'B'C’ nhu Hinh 1, biét B'(2;3;5).

a) Tim toa dg cac dinh con lai ctia hinh hop.

b) Tinh d¢ dai duong chéo OB’ cua hinh hop chit nhat do.



Hinh 1

10. Tim toa d6 cta diém P duge biéu dién trong Hinh 2 va tinh khoang cach OP .

= |

4
3
.

P

Hinh 2
11. Cho u = (2,-5;3); V= (0;2;-1); W= (1;7;2). Tim toa do cua vecto a=u—4v-2w.
12. Cho ba diém A(0;1;2);B(1;2;3);C(1;-2;,-5) . Goi M 1a diém nam trén doan thang BC sao cho
MB =3MC . Tinh 36 dai doan théng AM .
13. Cho hai vecto u va v tao véi nhau goc 60°. Biét rang |;t| =2 va |\7| =4. Tinh |ﬁ +\7|
14. Cho hai diém 4(1;2;-1); B(0;-2;3).
a) Tinh d6 dai duong cao AH ha tir dinh A4 cia tam gidc OAB véi O 1a gc toa do.
b) Tinh dién tich tam gidc OAB.

15. Cho biét méy bay 4 dang bay véi vecto van toc a =(300;200;400) (don vi: km/h). May bay B

bay ciing hudng va c6 téc do gap ba lan toc do cia may bay A .
a) Tim toa d6 vecto vén tdc b cua may bay B.

b) Tinh téc d6 cia may bay B .



Hinh 3

16. Cho biét bon doan thing ndi tir mot dinh cua tir dién dén trong tim mat ddi dién ludn cit nhau tai
mot diem goi la trong tdm cua tur di¢n do.

Mot phan tir metan CH, dugc ciu tao boi bdn nguyén tir hydrogen & cac dinh ctia mot tt dién déu
va mQt nguyén tir carbon ¢ trong tam cua tr dién.

Goc hen két 1a goc tao boi lien két H-C-H la gdc gitra cac duong nbi nguyén tu carbon véi hai
trong sb cac nguyén tir hydrogen. Chimg minh ring goc lién két nay gan bang 109,5°.

3.

Hinh 4




PHAN 2. DE KIEM TRA KET THUC CHUONG

PE KIEM TRA KET THUC CHUONG 2

PHAN 1. TRAC NGHIEM 4 PHUONG AN

Cau 1:

Cau 3:

Cau 4:

Cau 5:

Cau 6:

Cau 8:

Cau 9:

Cau 10:

Trong khong gian Oxyz, cho i =(-1;3;2), v =(-3;-1;2) khi d6 .V bang

A. 10. B. 2. C. 3. D. 4.

Trong khong gian Oxyz, cho ba vécto Zz:(—l;l;O), l;:(l;l;O) , Ez(l; 1;1). Trong céc
ménh dé sau, ménh dé nao sai?

A.ble. B.|E|=\B. C.|Zz|=ﬁ. D.5la.

Trong khong gian Oxyz, cho vecto a biéu dién cua céc vecto don vi la a=2i+k— 3} .
Toa d0 cua vecto ala

A. (1;2;-3). B. (2;-3;1). C. (21;-3). D. (1;-3;2).
Trong khong gian Oxyz, cho diém 4(1;2;3). Tim toa d¢ diém 4, 1a hinh chiéu vuéng goc
ciia A 1én mit phang (Oyz).

A. 4,(1;0,0). B. 4,(0;2;3). C. 4,(1;0;3). D. 4,(1;2;0).
Trong khong gian v6i hé toa d Oxyz , cho hai diém A(1;-2;-1) va B(1;4;3). D dai doan
AB la:

A. 213 B. 24/3. C. 6. D. 3.

Trong khong gian véi hé toa dd Oxyz, cho tam gidc ABC voi A(1;0;2), B(L;1;4),
C(1;-4;0). Trong tim G cuia tam gidc ABC ¢ toa do 1a

A. (L-12). B. (-1;-1;2). C. (L12). D. (1;-1;-2).

Cho hinh binh hanh 4BCD véi A(-2; 3;1),B(3; 0;-1),C(6; 5; 0). Toa d6 dinh D la
A. D(1; 8;-2). B. D(11;2; 2). C. D(1;82). D. D(11; 2;-2).

Trong khong gian véi hé truc toa 6 Oxyz , cho cac diem A(0; —2; —1) va A(l; —1; 2)
. Toa do diém M thudc doan AB sao cho MA=2MB la

A. M(g;—i; lj. B. M(l;—é; lj
33 2 2
C. M(2; 0; 5). D. M (-1;-3;-4).

Tim toa d diém M trén tryc Ox céch déu hai diem 4(1;2;-1) va diém B(2;1;2).
1 1 3 2

A. M(—;O;O). B. M(—;O;Oj. C. M(—;O;Oj. D. M| —=;0;0|.
3 2 2 3

Trong khong gian vi h¢ truc toa d0 Oxyz , cho hai vecto a= (0;3;1) , b= (3;0;—1) . Tinh



Cau 11:

Cau 12:

PHAN 2 :
Caul:

Cau 3:

cos(Zz,l;).
1

A. COS(EI,Z)) = —m .

- = 1 - = 1 - = 1
B. cos(a,b):ﬁ, C. COS(G,b)=—E. D. cos(a,b):w
Trong khong gian v6i hé toa dd Oxyz, cho hinh hop ABCD.A'B'C'D" c6 A(0; 0; 0),
B(3;0,0), D(0;3;0), D'(0; 3; —3). Toa d¢ trong tam tam giac A'B'C 1a
A (1 -2). B. (2;1;-2). C. (1;2;-1). D. (2;1; -1).

Trong khong gian véi hé¢ toa dd Oxyz, cho ba diém A(1;2;—1) , B(2;—1;3) , C(—4;7;5).

Toa d6 chan duong phan giac trong goc B cua tam giac ABC 1a

A. —%;E;l]. B. (E;—2;1j. C. (E,E,lj D. (—2;11;1).
3°3 3 3 3°3

TRAC NGHIEM PUNG- SAI
Cho hinh chop tt giac déu S.ABCD c6 do dai tat ca cac canh déu bang a .
a) Tu giac ABCD 1a hinh vudéng
b) Tam gidc SBD vudng can tai S'.
¢) (SB,BD)=45".
d) SB-BD=—d".
Trong khong gian Oxyz cho cac diém A(1;-2;3), B(-2;1;2), C(3;-12).
a) AB=(-3;3;-1).
b) AC=(-2;-1L;1).
C) AB=3A4C.
d) Ba diem A4, B, C khong thang hang.
Trong khong gian Oxyz, cho hinh binh hanh ABCDc6 A(2;-1;-2),B(3;1;2), C(1;-1;1)
va D(xD;yD;ZD).
a) AB =(1;2;4).
b) DC=(1-xp;~1-yp31-2,).
C) DC=AB.
d) Toa do diem D la (0;3;3).
Hinh minh hoa so d6 mot ngdi nha trong hé truc toa dd Oxyz , trong d6 nén nha, bon b

tuong va hai mai nha déu 1a hinh chir nhat.



0(2:5:4)

Hlooofoooe3 G4 1513)

z4 PQ2:0:4)

E0:0:3) L (o
ol L . B(4:5:0)

00:0:0) A X
Xét tinh diing sai cua cac ménh dé sau:

a) Toa do diém F 1a (4;0;3).
b) Toa d6 AH =(4;5;3)

c) AH AF =3

d) Goc dbc cia mai nha, tirc 1a s6 do ciia goc nhi dién ¢ canh 1a duong thing FG , hai
mat 1an luot 1a (FGOP) va (FGHE) bang 26,6  (lam tron két qua dén hang phan mudi

cua do)

PHAN 3. TRA LOI NGAN

Cau 1:

Cau 2:

Cau 3:

Cau 5:

Cho hinh 1ap phwong ABCD-AB'C'D'. Goi M, N lan lugt 14 trung diém ctia A D va C'D
. Goi ¢ 1a goc giira hai vecto MN va AB. Sé do ciia goc ¢ bang bao nhiéu d6?

Cho hinh 1ap phuwong A4BCD-AB'C'D’ ¢ canh bang a. Goi M, N lan luot 1a trung diém
cia AD va C'D'. Tich vo huéng MN -C B = na® ( n 1356 thap phan). Gia tri ciia n bing
bao nhiéu?

Trong khong gian Oxyz, cho tam gidc ABC c6 A(1;3;5), B(1;1;3),C(4;-2;3). Sé do cua
gdc ABC bang bao nhiéu d6?

Trong khong gian véi hé toa dd Oxyz, cho ba diém M (3;2;8), N(0;1;3) va P(2;m;4).
Tim m dé tam giac MNP vudng tai N .

Mot ngudi dimg & mat dat diéu khién hai flycam dé phuc vu trong mét chuong trinh cia
dai truyén hinh. Flycam I & vi tri 4 cach vj tri diéu khién 150m vé phia nam va 200m
vé phia dong, dong thoi cach mat dat 50m. Flycam II & vi tri B cach vi tri diéu khién
180m vé phia bic va 240m vé phia tiy, dong thoi cach mat dat 60m.

Chon hé truc toa do Oxyz véi gbc O 1a vi tri ngudi didu khién, mat phang (Oxy) tring
v6i mat dat, truc Ox c6 hudng triung v6i hudng nam, truc Oy c6 huong tring v6i huéng
dong, truc Oz vuong goc voi mat dat huodng lén bau troi, don vi trén mdi truc tinh theo

mét. Khoang cach giira hai flycam d6 bang bao nhiéu mét (1am tron két qua dén hang don
vi)?



Cau 6:

Mot chiée xe dang kéo cing soi ddy cap AB trong cong trudng xdy dyng, trén d6 da thiét
1ap hé toa @0 Oxyz nhu Hinh véi do dai don vi trén cac truc toa do bang 1m . Tim duoc

toa do cia vecto AB =(a;b;c),khid6 a+c=?




BAI TAP CUOI CHUONG 2

CAU HOI TRAC NGHIEM
Chon phwong an ding

1. Cho diém M thoa man OM = 2f+}'. Toa do cua diém M la:

A.M(0;2;1). B. M (1;2;0). C. M(2;0;1). D. M (2;1;0).
Loi gidi

Chgon D

2. Cho hai diém A4(-1;2;-3) va B(2;-1;0). Toa dd cta vecto 4B la

A. AB=(1;-1;1).  B. 4B=(3;3;-3). C. 4B=(1;1;-3).  D. 4B=(3;-3;3).
Loi gidi

Chon D

Taco AB=(2+1;-1-2;0+3)=(3;-3;3).

3. Cho hai diém 4(3;-2;3) va B(-1;2;5). Toa d¢ trung diém / ciia doan thing 4B 1a

A 1(-2;2;1). B. 1(1;0;4). C. 1(2;0;8). D. 1(2;-2;-1).
Loi gidi

Chon B

Toa d6 trung diém 7 1a 1(3;1;_2;2;3;5J hay 1(1;0;4).

4. Cho ba diém A(1;3;5); B(2;0;1); C(0;9;0). Toa dd trong tim G cua tam giac ABC la:
A. G(3;12;6). B. G(1;5;2). C. G(1;0;5). D.G(1;4;2).

Loi gidi
Chon D

Toa dd trong tAm G cua tam gidc ABC 1a G(1+§+0;3+2+9.5+;+0

j hay G(1;4;2).

5.Cho A(1;2;-1); B(2;1;-3);C(~3;5;1). Piém D sao cho ABCD 1a hinh binh hanh ¢6 toa d 1a
A. D(—4;6;3). B. D(-2;2;5). C. D(-2:8;-3). D. D(-4;6;-5).
Loi gidi

Chon A



2-1=-3-x, x, =—4
ABCD 1a hinh binh hanh <> AB=DC < {1-2=5-y, <1y, =6 .Vay D(-463).
3+1=1-z, z,=3

6. Goi @ 1a goc giira hai veto u =(0;-1;0) va v = (\/_ 1; 0) Giatricia a 1a

A.a=£. B.a=£. C.a=—. D.a=£.
6 3 3 2
Chon C
wy  043+(-1).1400 1

Ta co cosa= =
RN

7.Cho A(2;-1;1);B(-1;3;-1);C(5-3—4). Tich v6 huéng AB.BC c6 giatri 1a

A.48. B. -48. C. 52. D.-52
Loi gidi

Chon D

C6 AB=(-3;4;,-2); BC =(6;-65). C6 AB.BC =(-3).6+4.(~6)+(-2).5=-52

8. Cho hai diém A(-1;2;3),B(1;0;2). Toa do didm M thod man AB=2MA la
7 7
A. M(—Z;S;EJ. B. M(—2;—3;Ej. C. M(-2;3;7). D. M (—4;6;7).
Loi gidi
Chgn A

Giasit M (x3y;2). Taco AB=(2-2;-1) va MA=(~1-x;2-y;3-2).

2:2.(—1—)6') x=-2
Vi AB=2MA<1{-2=2(2-y) < 1y=

. Vay M(—2;3;%).
-1= 2(3—2)

z =

3
7
2
BAI TAP TU LUAN

9. Trong khong gian Oxyz , cho hinh hop chit nhat O4ABC.O'A'B'C’ nhu Hinh 1, biét B'(2;3;5).

a) Tim toa dd cac dinh con lai ctia hinh hop.

b) Tinh d6 dai duong chéo OB’ ctia hinh hdp chir nhat do.



Hinh 1
Loi gidi
a) Dya vao Hinh 1 ta co:
0(0;0;0); A(2;0,0); B(2;3;0); C(0;3;0); O'(0;0;5); 4'(2;0;5); B'(2;3;5); C'(0;3;5)
b) Tacéd OB =+/22 +3>+5% =/38.

10. Tim toa d6 cua diém P dugc biéu dién trong Hinh 2 va tinh khoang cach OP .

=

X .

Hinh 2
Loi gidi
Tacé P(2;3;3). Khidé OP=~2"+3 +3* =422
11. Cho u=(2;-5;3); v=(0;2;-1); w=(1;7;2). Tim toa do ciia vecto a=u—4v—2w.
Léi gidi
Taco 4v=(0;8-4); 2w=(2;14;4).
Taco a=u—4v—2w=(2-0-2; —5-8-14; 3+4-4)=(0;-27;3).

12. Cho ba diém A(0;1;2);B(1;2;3);C(1;-2;,-5) . Goi M 1a diém nam trén doan thang BC sao cho
MB =3MC . Tinh d6 dai doan thing AM .

Loi gidi



Vi M ndm trén doan thing BC nén MB,MC nguoc huéng. Ma MB =3MC nén MB =-3MC.

Goi M (x;y;z). Co m:(l—x;Z—yﬁ—z) va mz(l—x;—Z—y;—S—z).

l—X:—3(1—X) x=1
Vi MB=-3MC & {2-y=-3(2-y) o 1y=-1.
3—z=-3(-5-2z) z=-3

Vay M (I;-1;-3). Khi d6 ta c6 AM =1J(1-0)’ +(~1-1)’ +(-3-2)’ =/30.

13. Cho hai vecto # va v tao véi nhau géc 60°. Biét ring |Z{| =2 va |§| =4. Tinh |& +$|.
Loi gidi

Ta co |&+$|2 —u +2uv+y =22 +2Juf [v]-cos(u,v) +4? =2° +2.2.4%+42 =28.

Do d6 [u+v| =28 =247

14. Cho hai diém 4(1;2;-1); B(0;-2;3).

a) Tinh d0 dai duong cao AH ha tirdinh 4 cia tam gidc OAB véi O 1a gbe toa do.

b) Tinh dién tich tam giac OA4B .

Loi gidi

O H B
a) Goi H(x;y;z) la chan dwong cao ha tr A4 xuéng OB. Ta
ﬁ:(x;y+2;z—3); B—O:(O;Z;—3).
x=0 x=0
Vi H € OB va BH va %cfmgphuongnén BH =kBO < y=2k-2 ©y=2k-2 .
z=-3k+3 z=-3k+3
Dod()H(O;2k—2;—3k+3).SuyraE=(—1;2k—2—2;—3k+3+1)=(—1;2k—4;—3k+4).

_20

Vi AH L BO nén AH.BO =0 (~1).0+(2k —4).2+(-3k+4).(-3)=0= k= =

co



Suyra H O;E;—2 ;E: —1;—2;—i .
137 13

2 2
b6 dai duong cao AH 1a |E| =\/(—1)2 +(__12) +(_§) :_*'377_

15. Cho biét may bay A4 dang bay véi vecto van tbc a= (300; 200; 400) (don vi: km/h). May bay B

bay cting hudng va c6 téc do gip ba lan tbc do ctia may bay A .
a) Tim toa do vecto van toc b cua may bay B.

b) Tinh téc d6 cia may bay B .

Hinh 3

Loi gidi

a) C6 b=3a=(900;600;1200).

b) Tc do clia may bay B la |13| =900 + 6007 +1200% ~1615,55 km /

16. Chg biét bén doan thang ndi tir mot dinh cua tir dién dén trong tam mat ddi dién ludn cat nhau tai
mot diém goi 1a trong tdm cua tir dién do.

Mot phan tir metan CH, dugc ciu tao boi bdn nguyén tir hydrogen & cac dinh ctia mot tt dién déu

va mdt nguyén tir carbon ¢ trong tam cua tir dién.

Goc lién két 1a goc tao boi lién két H —C — H 1a goc giira cac duong ndi nguyén tir carbon véi hai
trong so cac nguyén tu hydrogen. Chirng minh rang goc lién két nay gan bang 109,5°.



Hinh 4

Loi gidi

Goi G 1a trong tim cua tir dién déu ABCD . Pat a=GA, b=GB, c=GC, d=GD.
Taco o =[B|=[f| =[] vé ab=ac=hs=cd.

_ — —— —— > 2

Ta c¢6 E¢+B+Z+3:GA+GB+GC+GD:O<:>(Zz+l§+2+3) 0

= Zzz + 52 + 22 + 32 +2ab+2ac+2ad+2bc+2bd+2cd =0

o 4a +12.ab=0< ‘;—‘f’ - —% & cos(a.b)= —% & (a.b)=109.5°

Vay goc lién két gan bang 109,5°.
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