SO GIAO DUC VA PAO TAO PE THI CHON HOQC SINH GIOI
NAM DINH NAM HOC 2023 — 2024
Mo6n: Toan — Lop: 11 THPT.
Thot gian lam bai: 150 phut.
be thi gobm: 02 trang.

Cau 1 (2,0 diém). C6 hai chung cu cao tang xdy canh nhau v&i khoang cach giira chung 1a HK =25m. Dé dam
béo an ninh, trén ndc chung cu thir hai nguoi ta lip camera & vi tri C. Goi 4, B 1an luot 1a vi tri thip nhét va
cao nhét trén chung cu thtr nhat ma camera c6 thé quan sat duoc (tham khdo hinh vé). Hiy tinh sb do goc ACB

(pham vi camera cé thé quan sdt dwoc & chung cw thir nhat) biét rang chiéu cao cua chung cu thi hai 1a
CK =37m,AH =4m,BH =26m (lam tron ket qua dén hang don vi theo don vi do).
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Cau 2 (2,0 dién}). Phong cham soc khach hang cua cong ty A lam viéc tir 8h00 sang dén 20h00 n,15i ngay.
Nhén vién truc tong dai lam viéc theo 2 ca, moi ca 8 tiéng, ca I tir 8h00 dén 16h00 va ca II tir 12h00 dén 20h00.
Tién luong cua nhan vién dugc tinh theo gio (bang duwoi day):

Khodng thoi gian lam viéc Tién lwong/gio
8h00 — 16h00 32 000 dong
12h00 — 20h00 30 000 dong

Pé cham soc khach hang tét nhét thi can tdi thiéu 2 nhan vién trong khoang tir 12h00 — 20h00, tdi thiéu
10 nhan vién trong gio cao diém tir 12h00 — 16h00 va khong qua 9 nhan vién trong khoang tir 8h00 — 16h00.
Do luong khach hang trong khoang 8h00 — 16h00 thuong dong hon nén phong chdm soc khach hang can sé
nhan vién ca I it nhat phai gép 1,5 lan s nhan vién cua ca II. Em héy giap cong ty A chi ra cach huy dong sO
luong nhan vién cho mdi ca sao cho chi phi tién luong mdi ngay 1a it nhét.

Céu 3 (2,0 diém). Giai phuong trinh luong gic: cos2x +2¢os x + 2 cos ( 20?” — x} =0.

Ciu 4 (2,0 diém).

a) Cho S, =442+ .+ Tinh lim(2Sn—\/n2+n+1).

n n n

b) Cho ham s bac hai y = f(x) c6 do thi la mot parabol dinh I(—%;—%j va di qua diém 4(0;1).

12>~ 2x-1
Tinh fim ¥/ () il
¥l (x+1)

Ciu 5 (2,0 diém). bBuong Von Kéc 13 mot hinh c6 tinh chét: toan bd hinh “dong dang” véi tung bo phan cua
n6. N6 dugc xay dung bang phuong phap lip nhu sau: Tir doan thang AB ban dau ta chia doan thang do thanh
ba phan bang nhau AC = CD = DB, dung tam giac déu CED rdi bo di khoang CD ta dugc dudng gip khuc

ACEDB ki hiéu 1a K,. Lip lai quy tac d6 cho cac doan AC, CE, ED, DB ta dugc duong gip khiuc K, (hinh
vé). Tiép tuc lap lai quy tac d6 cho timg doan clia K, ta dugc duong gap khic K;.... Lap lai mai qu4 trinh d6 ta




nhdn duoc day cac duong K, K,,K,,....K,, .... Goi u, 1a 40 dai duong gap khuc K,. Gia str doan thang AB
c6 do dai la 1 mét.
E
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n

Dudng Vén Kéc
a) Tinh d6 dai dudng gip khic K;.

b) Tinh ! + ! +...+ ! + !

U —u; U, —u, U —Ug  Ug — Uy

Cau 6 (4,0 diém). Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh ¢c6 S4 =2a, BC = a\/E . Goi E la
diém thudc canh SB sao cho SE =3EB, F 1a diém thudc canh AD sao cho AF = %FD.

a) Chimg minh ring duong thing EF song song v6i mit phang (SCD).

b) Goi M la diém di dong trén canh SB sao cho M khac S va B. Mit phang (a) qua M, song song
véi S4 va BC. Goi N, P, Q lan luot la giao diém cua AB, AC, SC véi mit phing (a). Tim gia tri
nho nhit cia MP? + NO* theo a.

Céu 7 (2,0 diém). Cho hinh chép S.4BC c6 day la tam gidc ABC vudng can tai B, SA L(ABC). Goi D la
diém d6i xtmg v6i S qua 4, K 1a tryc tim cta tam gidc SCD. Trong mit phang (ABC ), ké duong thing A
vudng goc voi AC tai K vacat AB tai H.

a) Chimg minh rang dudng thang CD vudng goc voi mit phang (SHK).

b) Giasit S4=a/3, AC =3a. Goi ¢ 1a goc giita duong thang BC va mat phing (SHK ). Tinh sin¢?

Céu 8 (2,0 diém). Mot hop c6 25 chiée thé cung loai dwoc danh sb tir 1 dén 25. Hai ban An va Binh choi tro
choi rat thé trong hop nhu sau: hai ban lan luot rat thé, mdi luot rat ngﬁu nhién mot thé rdi ghi lai sb trén thé
vira rat sau do tra lai thé vao hop. An sé& thing néu rat dugc thé ghi sb chia hét cho 6, Binh sé& thing néu rat
dugc thé ghi s6 chia hét cho 5. Gia st An choi trudc, tinh xac suit dé Binh thang?

Ciu 9 (2,0 diém). Cho x, y 13 hai s thuc khéng am va khong ddng thoi bang khong thoa man:

P 2 x2+y2+10 _
log(x +y +25J _ 10x+210y2 25”2”2+9
x+y X +y
: e ; o I 4x+5y—-10
Tinh tong gia tri nho nhat va gia tri 1on nhat cua biéu thuc Q = amyz
x+y
Hét
Ho vatén thi sinh:.............ooooiiiiiiii e SE DO dANN: ..o



SO GIAO DUC VA PAO TAO DAP AN VA HUONG DAN CHAM
NAM DINH PE THI CHON HQC SINH GIOI
NAM HOQC 2023 — 2024
Mon: Toan — Lop: 11 THPT.
Cau Pap an Piém
1 Co6 hai chung cu cao tang xay canh nhau véi khoang cach gifra chung la HK =25m. Dé dam
( 20 bdo an ninh, trén néc chung cu thir hai nguoi ta lép camera & vi tri C. Goi 4, B 1an luot 1a vi
diém) | i thap nhét va cao nhét trén chung cu thit nhit ma camera ¢6 thé quan sit duoc (tham khdio
hinh vé). Hay tinh s6 do goc ACB (pham vi camera cé thé quan sat dwoc & chung cw thir
nhat) biét rang chi€u cao cua chung cu tht hai la CK =37m,AH =4m, BH =26m (lam tron
két qua dén hang don vi theo don vi dg).
c
B,
(A
H K
C
B E
A F
H K
Taco: CE =11, CF =33, BE=AF =25 0,25
—— BE 25
Do d6: tan BCE =——=—
CE 11 0,25
—— AF 25
tan ACF = —=—.
CF 33 0,25
25 25
.. ACR — RCF_Acr)—_11 33
Ta co: tanACB—tan(BCE ACE) 75 35 0.5

+ ==
11 33




_2%5 025
494
= ACB=29" 0,5
2 Phong cham s6c khach hang cua cong ty A lam viéc tir 8h00 sang d’én 20h00 mdi ngay. Nhan
(2;0 Vi,él’l truc téng‘de‘li lam viéc theo 2 ca, moi ca 8 tiéng, ca I tir 8h00 dén 16h00 va ca II tir 12h00
diém) | dén 20h00. Tién lvong ctia nhan vién dugc tinh theo gio (bang duoi day):
Khodng thoi gian l1am viéc Tién lrong/gio
8h00 — 16h00 32 000 dong
12h00 — 20h00 30 000 dong
Dé cham soc khach hang t6t nhat thi cép t6i thiéu 2 nhan vién trong khoang tir 12h00 —
20h00, toi thieu 10 nhan vién trong gio cao diém tur 12h00 — 16h00 va khong qué 9 nhan vién
trong khoang tir 8h00 — 16h00. Do lugng khach hang trong khoang 8h00 — 16h00 thuong dong
hon nén phong cham soc khach hang can s6 nhén vién ca I it nhat phai gap 1,5 lan s6 nhan
vién cua ca II. Em hady giup cong ty A chi ra cach huy dong s6 luong nhan vién cho moéi ca sao
cho chi phi tién lwvong moi ngay 1a it nhat.
Goi x 1a s6 nhdn vién can huy dong 1am ca I va y 1a s6 nhan vién can huy dong lam ca II
(x,yeN).
Theo gia thiét ta c6 hé bat phuong trinh sau:
0<x<9
y=>2
x+y>10 0,5
x=>1,5y
Biéu dién mién nghiém ctia hé bat phuong trinh ta dugc: 0,5
Mién nghiém cta hé bat phuong trinh la mién to giac ABCD trong do | 0,25

A(6;4), B(8;2), C(9:2), D(9;6).




Ta c6 chi phi tién luong mi ngay 7 (x;y)=256x+240y (nghin dong).
Khi d6 gia tri nho nhat cua T (x;) s& dat tai mot trong cac dinh cua tir gidc ABCD .

0,25

Ta co: T(9;2)=2784, T(6;4)=2496, T(8;2) = 2528, T(9;6) = 3744.

Do d6 chi phi tién lwong mdi ngay it nhat khi huy dong 6 nhan vién ca I va 4 nhan vién ca II. 0.5
3
2,0 Gidi phuong trinh lugng giac: cos2x+2cos x + 2cos£20237[ - x} =0.
diem)
0,5
0052x+2005x+2cos(2023ﬁ—xj:O
< cos2x+2cosx—2sinx =0
< (cosx—sinx)(cosx+sinx+2)=0 0,5
cosx—sinx=0 0,25
< .
cosx+sinx+2=0
Vi sinx>—1, cosx>—1 voi moi xeR nén cosx+sinx+2>0. Diu bﬁng xay ra khi | 0,25
sinx=cosx=-1 (v0 li) = cosx+sinx+2 =0 v0 nghi¢m.
. . b 0,5
Do do: cosx—s1nx:0<:>tanx:1<:>xzz+k7z, kel.
4
2
(2,0 a) Cho S =~+24 +™ Tinh lim(2S —\/n2+n+l).
diem) " n " n
b) Cho ham sé bac hai y = f(x) c6 dd thi 1a mt parabol dinh 1(—%;—%} va di qua
. Jf(x)+1=2x" —2x -1
diém A(0;1). Tinh lim /(%) . )
¥l (x+1)
4a 1+2+..+4n n(n+l) n+l 0,25
S = = =
(1,0 ’ n 2 2
diem) n
lim(2S, —vVn* +n+1) =lim(n+1-vn’ +n+1) =lim
n+l+n*+n+l
0,25
i 1
- T 1 0,25
1++\/1++2
n n on
1
T 0,25
4b | Pat f(x)=ax’+bx+c (a#0).
1,0 . .2
ci{iém) Parabol di qua diém A4(0;1)=c=1
Parabol c6 dinh I(—%;—%):a =5b=6
:>f(x):5x2+6x+l. 0,25
o ANS() =2 =21 5 4 6x 2+ 2x+1-2x7 —4x—2
Ta co: lim 5 = lim >
x—>—1 (x+1) x—>-1 (x+1) 0,25




2 2
~ lim V5x +6x+22+2x+1_2 lim : X +2x+1 5 0,25
S (x) I ) (Vo b2 -20-1)
= lim 1 -2 :—E_ 0,25
2N V5x7 +6x+2-2x—1 2
5 Puong Von Kéc 1a moét hinh c6 tinh chét: toan bo hinh “dong dang” voi timg b phan cua no.
(2,0 | N6 duoc xdy dung bang phuong phap lap nhu sau: Tir doan thang 4B ban déu ta chia doan
diem) | thang do6 thanh ba phan bang nhau AC = CD = DB, dung tam giac déu CED 161 bo di khoang
CD ta duoc duong gip khuc ACEDB ki hiéu la K,. Lap lai quy tic d6 cho cac doan
AC, CE, ED, DB ta duoc duong gap khiic K, (hinh vé). Tiép tuc lap lai quy tic d6 cho timg
doan cua K, ta dugc duong gap khuc K,.... Lap lai mai qué trinh d6 ta nhin dugc day cac
duong K ,K,.K;,...K ,.... Goi u, la d§ dai duong gép khic K,. Gia sir doan théng AB cod
do dai 1a 1 mét.
E
KJL m
A ' D B
Kmﬁm Km
Pudng Vén Kéc
a) Tinh d¢ dai duong gap khuc K.
b) Tinh ! + ! +...+ ! + ! .
u—u; u,—-u, Uy —Uyy U — Uy,
Sa. 4 4 2 0925
(1,0 | Taco:u =§,u2 :(EJ
diém)
. g . \ 2
Do do6 (u,) la cap s6 nhan c6 s6 hang dau u = %, cong bdi ¢ :§ 0.25
4\ 65536 0,5
Su =|—| =———.
3 6561
Sb. 1 N 1 - 1 N 1
dglé,n(;) Uy—us; U, ~u, Uy —Uyy  Upg — Uy,
_ 2[l+L+...+L+L] 0,5
I=g"\u, u, Uy Uy
18
. 4 0,25




27 3 18 0,25
=—||=| -1].
7|
6 Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh c6 S4 =2a, BC = av2. Goi £ Ia
(40 | q
diém) diém thuoc canh SB sao cho SE =3EB, F la di€ém thudc canh AD sao cho AF :éFD.
a) Chimg minh ring dudng thing EF song song voi mit phang (SCD).
b) Goi M la diém di dong trén canh SB sao cho M khac S va B. Mit phing (@) qua
M, song song voi SA va BC. Goi N, P, Q lan luot 1a giao diém cta AB, AC, SC
v6i mit phang (a). Tim gia tri nho nhét cia MP? + NO* theo a.
6a.
(2,0
diem)
. BK AF 1 0,25
Trong mat phang ( ABCD) dung FK song song voi CD,K e BC = —=—=—. ’
g mat phang ( ) dung g song 3C - D3
2
Xét ASBC c():ﬁzﬁzl:EK//SC. 0.25
BC BS 4
FK//CD 0,5
Taco: { FK & (SCD)= FK //(SCD).
CD c (SCD)
EK //SC 0,5
EK ¢ (SCD)= EK //(SCD).
SC = (SCD)
Ma EK,FK cétnhau va cing ndm trong mit phing (EFK) nén (EFK)//(SCD). 0,25
0,25

Co EF c (EFK)= EF //(SCD),




6b.
(2,0
diem)

S4//(a)
Ta c6: | SA < (SAB) — MN //SA.
(SAB) ()= MN
Tuong tu: NP//BC, MQ//BC, PQ//SA= MNPQ la hinh binh hanh.

0,25

Ta co: MP* + NO®
—MP +NO

2 —\2
= (MN+MQ) +(NM +NP)
= MN? +2MN.MQO + MO? + NM?* + 2NM .NP + NP*

:2(MN2+MQ2)+2MQ(MN+NM)
=2(MN* + MQ*).

0,5

Détsﬂ:x(0<x<l):>@=l—x.
SB SB

Ta co: i—A;:A;—g:x:MQ:xBC:axﬁ.

0,25

MB _ MY o —x= MN =(1-x)S4=2a(1-x).
B~ s4

0,25

2
Do dé: MQ® + MN® =2a’x” +4a’ (1-x)’ =2a" (3x* - 4x+2) = 6a’ Kx%j +3}.

0,25

2 2 2 2
Ta thiy: (x—gj +323:> 6a’ (x—g) +g 24i hay MP2+NQ228L.
3 9 9 3 9 3 3

0,25

2
Do d6 MP” + NO* dat gi tri nhé nhat bing 8% khi x =§ hay SM = %SB.

0,25

(2,0
diém)

Cho hinh chop S.ABC c6 day la tam gidc ABC vuodng can tai B, SA4 J_(ABC ) Goi D la
diém doi ximg véi S qua A4, K la tryc tm ciia tam gidc SCD. Trong mit phang (ABC), ké

duong thang A vudng goc voi AC tai K vaciat AB tai H.
a) Chung minh: CD L (SHK).

b) Gidsu S4= a3, AC =3a. Goi ¢ 1a goc giita duong thang BC va mit phang (SHK).

Tinh sing?




D

7a | Tacd SA L (ABC)= SA L HK .
(1,0 SA L HK
diem) A 0,5
Vay SHK 1 AC = HK 1 (SAC).
ACNSA=A4
— CD L HK(l).
Lai c6: CD 1 SK(2), SK "HK =K (3) . 0,5
Tu (1), (2), (3) = CD L (SHK).
173 Ta c6: SC =~ AC? + SA4* =23a, SD =254 ="23a. 025
g,l.’e;m ) Ma ASCD can tai C = ASCD déu. ’
Trong mit phang (4ABC), goi E = HK N BC .
Goi [ 1a trung diém CD = CI 1 (SHK).
Suy ra EI 13 hinh chiéu vuong goc ctia CE trén mit phang (SHK) . 0.25
(BC,(SHK)) = (EC,(SHK)) = (EC, EI) = CEI (vi CEI <90").
ASCD déu nén K 1a trong tim ASCD .
2 1
CK = 4C=2a, CIZECD:\/ga. 0.5
AECK vudng can tai K = EK = CK =2a = EC ==22a.
.~ cI 6
= sing=sinCEl =——=—.
4 CE 4 0,25
8 Mot hop c6 25 chiec thé cung loai duge danh so tir 1 dén 25. Hai ban An va Binh choi tro
(29,0 choi ,I'l'lt thé trong hdp nhu sau: hai ban lan luot rat thé, m(:)’i luo’t’rﬁt ngau nhién mot thé roi gl}i
diém) | lai soO trén thé vira rat sau d6 tra lai thé vao hop. An s€ thang néu rat dugc thé ghi so chia hét

cho 6, Binh sé théng néu rat duoc thé ghi s6 chia hét cho 5. Gia st An choi trudc, tinh xac
sudt dé Binh thing?




Tur 1 dén 25 ¢4 s6 chia hét cho 6 va 5sb chia hét cho 5.
Goi A 1a bién co rut dugc thé ghi so chia hét cho 6, B 1a bién co rat dugc thé ghi so chia hét
cho 5.

= P(A4)= 1

4 = 21 1 —
—,P(A)==-,P(B)=—,P(B)=—.
55 D) ==, P(B) =, P(B) =

0,5

Gia str Binh thang ¢ 1an rat th », suy ra An da rat » 1an va déu rat dugc thé khong chia hét
cho 6. Ttrlan 1 dén lan n—1 Binh déu rut dugc thé khong chia hét cho 5.
Vi céc lan rat 1a doc 1ap voi nhau nén xac suat dé Binh thang ¢ 1an rut tha # 1a:

n n-1 n
po[2)(4) 1_1(34}
! 25 5 5 4\125

0,5

Do d6 xac suat dé Binh thing la:

1(8 ) 1(84Y 1(84Y 1|( 84 84 Y 84 Y
P=—|—|+=| — | +ot=| — | +o==|| — |+| — | +. 4| — | +...
4'\125) 4125 4\ 125 41125 ) 125 125

0,5

2 3 n
i 84 , 84 , 84 yeees 84 ... 1ap thanh mot cip s6 nhan 1ui vo han voi s6 hang dau
125\ 125 125 125

. .. 84
——, cong bodi E nén

0,25

84
_1 s 21

4'1_ﬁ 41
125

0,25

(2,0
diem)

Cho x, y 14 hai s6 thuc khong 4m va khong dong thoi bang khong thoa mén:

2 2
5 +x"+y° 49

) ) xz+y2+10

log| X +y +25 _10x+10y-25
8 x+y X +y
4x+5y-10

xX+y

Tinh tong gid tri nho nhat va gia tri 16n nhit cta biéu thie O =

Ta co:

2 2 2 x2+y2+10 1 1 _2
log[w 10xr10y=25 o
x+y X ‘|'y

2 2
—+x +)y +10-1

2, .2 _
@(x2+y2+10)10g[x +y +25]:10x—|—10y 25

xX+y 4y

10x+10y-25
R -

y

& (X +y° +10)[log(x* + y* +25) ~log(x+ y)—1]= 1

0,25

10x+10y —(x* +y* +25)
2 2

X +y

& (X + 3" +10)[log(x* + y* +25)—log(10x+10y)] =

0,25

Ta thay vé6i diéu kién cta x, y dd cho thi x>+ >0,x* +»* +10>0
+Néu x* +y* +25>10x+10y thi

0,25




10x+10y —(x* + y* +25) <0
x*+y°
(x> + y* +10)[log(x* + y* +25) —log(10x +10y)]> 0

= vo li.

+Néu x>+ y* +25<10x+10y thi
10x+10y —(x* + y* +25)
— >0
X +y

(x> +y* +10)[log(x* + y* +25) —log(10x +10y)] < 0 0,25
= voli
Do d6 x>+ +25=10x+10y < (x—=5)* +(y-5)> =25.
Syl 4 0y (5-0)y—10=0.
x+y
Duong tron (C):(x—5)" +(y—5)* =25¢6 tm 1(5;5), bankinh R=5.
Ton tai cip (x;y) khi va chi khi dudng tron (C):(x—5)* +(y—5)* =25 va duong thing 0,25
A:(4-Q)x+(5-0)y—-10=0 co giao diém.
54-0)+5(5-0)-10
@d(LA)SR<:>| - - |S5. 0,25
J@-07+(5-0)
<1<0<L4. 0,25
_ 2 _ 2:2 :2
1 V6i O =1thi (x:y) la nghiém cua he {0 T TI=25 =2 0.5
3x+4y-10=0 y=1 ’
_ 2 _ 2:2 :5
1 V6i O =4thi (x:y) 1anghiém cia he {0 TOTIE2 =S
y—10=0 y=10

Vay tong gid tri 1on nhét va gia tri nho nhit cia Q bang 5.
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