Nguyén Pht Khanh — Pa Lat Tai Liéu 6n thi Tu Tai Pai hoc theo cAu trac BGD.
Chuong 1 ] . ) ] )
UNG DUNG CUA PAO HAM DE KHAO SAT
VA VE PO THI CUA HAM SO

Bai 1: TINH PON PIEU CUA HAM SO
1.1 TOM TAT LY THUYET

1. Dinh nghia :

Gia st K 1la mot khoang , mot doan hodc mot nira khoang . Ham s6 f xac dinh
trén K dugc goi la

e Dong bién trén K néu v6i moi r,z, € Ko <1, = f(x ) (%)’

e Nghich bién trén K néu voi moi z,z, € K,z <z, = f(z,)> f(g,).

2. Diéu kién can dé ham so don diéu :
Gid st ham s6 f c6 dao ham trén khoang 1

e Néuham sé f ddng bién trén khoang I thi f'(a;) >0 véimoi z €[ ;
e Néuhamsb f nghich bién trén khoang I thi f' ( ) voimoi z e[ .

3. Diéu kién di dé ham sb don diéu :

Gia sir I 1a mot khoang hodc ntra khoang hoac mot doan , f1a ham s6 lién tuc
trén I va c6 dao ham tai moi diém trong cua [ (tuc la diém thuodc I nhung
khong phai dau mut cua I) Khi do :

e Néu f'(x) >0 v6imoi z € I thi ham s6 f ddng bién trén khoang T ;

e Néu f '(z) < 0 véimoi x € I thi ham s6 f nghich bién trén khoang T ;
e Néu f'(z) =0 véimoi z e I thi ham s6 f khong déi trén khoang I .
Chuy :

e Néu ham s6 f lién tuc trén [a;b} va c6 dao ham f'(m) > 0 trén khoang
(a;b) thi ham s6 f ddng bién trén [ a;b].

e Néuhamsb flién tuc trén [a;b} va c6 dao ham f'(:z:) < 0 trén khoang
(a;b) thi ham sb f nghich bién trén [ asb].

e Giastrham sd f lién tuc trén doan [a;b} .

* Néu ham sb f ddng bién trén khoang (a; b) thi n6 dong bién trén doan

[a;b} .
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* Néu ham sé fnghich bién trén khoang (a; b) thi n6 nghich bién trén doan

[a;b} )

*  Néuham sé f khong dbi trén khoang (a; b) thi khong d6i trén doan [a; b] .
4. Dinh ly mo rong

Gid stt ham s0 f c6 dao ham trén khoang I .

e Néu f'(z)>0 v6i Vo eI va f'(z) =0 chi tai mot s6 hiru han diém thudc
I thi ham s6 f ddng bién trén khoang I ;

e Néu f'(z)<0 v6i Vo eI va f'(x) =0 chi tai mot s6 hiru han diém thudc
I thi ham sé f nghich bién trén khoang I .

1.2 DANG TOAN THUONG GAP

| Dang 1 : Xét chi€u bién thién ctia ham so .

Xét chiéu bién thién ctia hamsé y = f (z)ta thuc hién cac budc sau:

e Tim tdp x4c dinh D cua ham so .

e Tinh dao ham y'= f'(x).

e Tim céc gia tri cia = thudc D dé f'(:c) = (0 hoac f'(z) khong xéac dinh
(ta goi do 1a diém téi han ham so ).

o Xétdiu y'= f'(a:)trén ting khodng z thudc D.

e Duya vao bang xét dau va diéu kién du suy ra khoang don di€u cia ham so.

Vi du 1: Xét chiéu bién thién cia cac ham s6 sau:
T+2 —2° + 2z -1

1. y = 2. y = u
r—1 T+2

Giai:

T+2

1. y=

Y z—1

*

Ham s d3 cho xéac dinh trén khoang (—oo; 1) U (1; +oo) .

*

Taco: y'= - <0, Vz #1

x—1)2

*

Bang bién thién:
r | —o 1 +00
!

y — -

y 1\ +w\1
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Vay ham s6 dong bién trén mdi khoang (—oo; 1) va (1; +oo) .
-z’ +2z -1
T+2
* Ham sb da cho xac dinh trén khoang (—oo; —2) U (—2; +oo) .

2. y=

p— 2_
* Tacory'= 200 vy o

(x+2)
) = 0<:>|:x:_5
r=1

* Bang bién thién :

xr | —©o =5 -2 1 4o
y' - 0 + + 0o -
+00 +00
—50 —00

Vay, ham s dong bién trén cac khoang (—5; —2) va (—2; 1) , nghich bién trén cac
khoang (—oo; —5)Va‘1 (1; +OO).
Nhan xet:

Lo e Z axr +b
*Poi véi ham so y =

(a.c # 0) ludn déng bién hogc luén nghich
) cr +d
bién trén tung khoang xac dinh cua no.
2

Lo aeia X ax” +br+c . ., .. \ =
*Poi voéi ham s6 y = T ludn c¢6 it nhat hai khoang don diéu.
a'r+
* Ca hai dang ham s6 trén khong thé luén don diéu trénR .

Bai tdp twong tu :
Xét chiéu bién thién cua cac ham so sau:

2z —1 3z
1. = 4. =
! z+1 Y 7 +1
 +4r+3 P-4z +3
2'y:— 5y:2—
T+2 22" -2z -4
z+1 2
3.y = 6.y:x +2z+2
3\/; 207 +r+1

Vi du 2: Xét chiéu bién thién ctia cic ham s sau:
1. y= —2° — 32> + 242 + 26 2. y=a'—62"+8z+1
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Giai:
1. y= —2° - 32" + 247 + 26
* Ham s6 d3 cho x4c dinh trén R.
* Tacd: y'=-32" —62+24
x=-4
y'=0 32" -6r+24=0<
r=2
* Bang xét dau cia y':
T ‘—00 —4 2 +00
y' | - 0 + 0 -

+ Trén khoéng(—4;2) :y' >0 = y dong bién trén khoang (—4;2) ,
+ Trén moi khoang (—oo;—4),(2;+oo) :y' < 0 = y nghich bién trén cac
khoéng(—oo;—4), (2;+oo) .
Hodc ta co thé trinh bay :
* Ham s0 da cho xac dinh trén R .
* Tacd:y'=-32" —62+24
) x=-4
y'=0 32" -62x+24=0<
T =2

*  Bang bién thién :

T | —oo -4 2 +00

y' - 0 + 0 -

+00
y \

—Q0

Vay, ham s dong bién trén khoang (—4; 2), nghich bién trén cac khoang

(—oo;—4) va (2;+oo).
2. y=a'—62° +8x+1
* Ham s d3 cho xéc dinh trén R
* Taco: y'=4r’ 122 +8 = 4(x — 1)*(z + 2)
) r=-2
y'=0=4(z-1)(z+2)=0< 1
xTr =
* Bang xét dau:
T |—oo -2 1 +00
y' | - 0 + 0 +
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Vay,ham s6 dong bién trén khoang (—2;+0) va nghich bién trén khoang
(—00;-2).

Nhan xét:

* Tathaytai x =1 thi y = 0, nhung qua d6 y' khong doi dau.

*  P6i voi ham bac bon y = az’ + bz’ + ca® + dz + e ludn c6 it nhat mot
khoang ddng bién va mot khoang nghich bién. Do vy v6i ham bac bon
khong thé don diéu trén R.

Bai tap twong tw :
Xét chiéu bién thién cua cac ham so sau:

_ 3 2
1. y= 27 -32" +2 5.y=—£$5+x3+8
2. y=2"+32" + 3z +2
_1 5 4 2
3-y=—i$4+2$2—1 6.y—5a: 423: +—2° -2z
4. y=2"+22" -3 7.y=9x7—7x6+§x5+12

Vi du 3 : X¢ét chi€u bién thién cua cac ham so sau:

1. y=+z’ -2z 3. y=aVl-2’
2. y=V3z" -1’ 4. y=z+1-242" + 32+ 3

Giai:
1. y=+z"-2x.
* Ham sb da cho xac dinh trén mdi nira khoang (—oo; 0] U [2; +oo) .

z—1

Nzt -2z

Ham s khong c¢6 dao ham tai cac diémz = 0,z =2.
Cach 1:
+ Trén khoang (—oo; O) :y' < 0 = ham sd nghich bién trén khoang (—oo; O) ,

* Taco: y'= ,Vxe(—oo;o)u(2;+oo).

+ Trén khoang (2; +oo) :y' >0 = ham s6 déng bién trén khoang (2; +oo) .

Cach 2 g

Bang bién thién :
z | —©

!

y —

y \
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Vay , ham s nghich bién trén khoang (—oo; O) va dong bién trén khoang (2; +oo)

2. y=+32" -2°

* Ham s6 da cho xac dinh trén nira khoang (—o0;3).
32z — %)

2V3z% —

Ham s6 khong c6 dao ham tai cac diémz = 0,2 = 3.

* Taco: y'= ,‘v’xe(—oo;O)u(O;3).

Suy ra, trén moi khoang (—oo;O) va (0;3): y'=0 =2

Bang bién thién:
T —00 0 2 3 400
y !

Ham s6 dong bién trén khoang (0;2) , nghich bién trén cac khoang (—o0;0) v

(2;3).

3. y=aVl-2°

* Ham s d3 cho xé4c dinh trén doan [—1; 1] )

1—22°

* Tacd: y'=—=—,Vz € (—1;1)
V1-2°
Ham s6 khong c6 dao ham tai cac diémz = —1L,x = 1.

V2

Trén khoang (—1;1): y'=0= 2= 17

Bang bién thién:
x

o iy 2 N2 Y x.
Ham s6 dong bién trén khoang {—7,7] , nghich bién trén moi khoang

10
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4. y=x+1-2V2> +32+3

* Ham so0 da cho x4c dinh trén R..

* Ta co: y'zl——2$+3

+3x+3

3
T2 ——
y'=0cV'+32+3=22+3 < 2 o r=-1

2 +3c+3=(22+3)

Béng bién thién :
T | —o -1 +00
y' + 0 -

! / \

Ham s6 d@)ng bién trén khoang (—o0;—1), nghich bién trén khoang (—1;+o0).

Bai tap twong tw :
Xét chiéu bién thién cua cac ham so sau:

1. y =2z — 2 5.y =(4-3z)V6a +1
2. y=z+1-vVa’—4x+3 N2zt — 1+ 3
3. y=33z-5 0=

T+ 2

y=—
Vil -z +3

4.y:3:1:2—2:1: 7.

Vi du 4 :Xét chicu bién thién ctia cdc ham s sau: y =| 2* — 22 — 3 |

Giai;
) 22 -2 -3 khi 2<-1 v >3
y=lz°-22z-3]| =
2 +2x+3 khi -1<z<3

* Ham s d3 cho xéc dinh trén R .

R— y':{Qx—Qkhi r<-1v z>3
2rx+2khi -1<z<3

Ham s6 khong ¢6 dao ham tai © = —1 va z = 3.

+ Trén khoang (—1;3):y' =0 r=1;

+ Trén khoang (—oo;—l):y' <0;

+ Trén khoang (3; +oo):y' >0.
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Bang bién thién:
T —00 -1 1 3 +00
y' - + 0 - o+

y\/\

Ham sb dong bién trén mdi khoang (~1;1) va (3;+00), nghich bién trén mdi
khoang (—o0;—1) va (1;3).

Bai tap twong tu :
Xét chiéu bién thién cua cac ham so sau:

1.y=x2—5x+4‘ 3.y=—x+1—2x2+5x—7‘
2. y=-3z+7+V2* -6z +9 4-y=z2+‘x2—7z+10‘
Vidu5:
Xét chiéu bién thién cua ham sb sau: y = 2sinz + cos2z trén doan [O; 7[].

Giai :
* Ham s d3 cho xac dinh trén doan[O; 7[]
* Ta co: y'=QCOSI(1—QSinI),IE[O;ﬂ'].

xe[O;ﬂ]
Trén doan [O;ﬂ]: y'=0< COS$:O©$=£V$=£V$=5—E.
2 6 6

1
2

sinx =

Bang bién thién:
x

!

Y

Yy

Dua vao bang bién thién suy ra : ham s6 dong bién trén cac khoang (O;%j va
T br . A A, \ T | |57
E;? , nghich bién trén cac khoang G ;E va | —;x|.

Bai tap twong tw :
Xét chiéu bién thién cua cac ham so sau:

12
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. N , T
1. y = sin 3z trén khoang (O;gj.

2.y = cotz

" trén khoang (0;72').

.y= %sin 4x —i(\/a - \/g)cos 2z trén khoang [0;%].

4. y = 3sin -2 |+3cos|z+Z trén doan [O;ﬂ].
6 3

Vi du 6: Chirng minh ring ham s0 y = sin” z + cos = dong bién trén doan

{0; %} va nghich bién trén doan {% ; 7[} .

Giai :
* Ham s d3 cho xé4c dinh trén doan[O; 7Z':|

* Tacé:y':sinx(Qcosx—l),xG(O;ﬂ)
1
Vixe(O;ﬂ):sinx>Onéntrén (O;ﬂ):y':0<:>cosx=—<:>x:£.
2 3
. ) T A s £ 2A £ A 4
+ Trén khoang [O;Ej :y' > 0 nén ham so dong bien trén doan {O;E} ;

+ Trén khoang (%;ﬂ'] ;' < 0 nén ham s6 nghich bién trén doan {%;7[} .

Bai tap twong tw :
1. Chimg minh rang ham s f(x) = (x —sin x)(;r —x —sin x) ddng bién trén

doan {O;E} .
2

2. Chiing minh rang ham sd y = cos 2z — 2z + 3 nghich bién trén R .

3. Chung minh rang ham sé y = ta ng ddng bién trén cac khoang (0; 72') va
(7[; 27[).

4. Chimg minh rang ham sb y = cos 3z + 37% ddng bién trén khoang [O;%j va

nghich bién trén khoang 1;2 .
18 2

13
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| Dang 2 : Tuy theo tham s6 m khao sat tinh don diéu ciia ham s .

Vidu : Tuy theo m khao sat tinh don diéu ctia ham so:
1 1

y=—a ——m(m+1)x2 +mlz+m®+1
3 2

Giai:
* Ham s6 da cho xac dinh trén R.

* Tacod y'=x2—m(m+1)x+m3 Va‘1A=m2(m—1)2

+ m=0thiy'=2°>0,VeeR va y'=0 chitai diém z = 0. Ham s dong

bién trén mdi nira khoang (—oo; OJ va [0; +oo) . Do @6 ham sb dong bién trén R.

2 5 7
+ m=1thiy'=(z-1) >0,vzeR va y'=0 chi tai diém & = 1. Ham s§
ddng bién trén mdi nira khoang (—oo; 1] va [1; +oo) . Do d6 ham sb ddng bién
trén R.
. r=m
+ m#0m=#1khido y'=0< 5 -
r=m
- Néu m < 0 hodc m >1 thi m <m?
Bang xét dau y':
z |—oo m m’ +00
y' | + 0 - 0 +

Dua vao bang xét dau, suy ra ham s6 dong bién trén cac khoang (—oo; m) va
(m2;+oo) , giam trén khoang (m; m2) .

- Néu 0<m <1 thim>m’

Bang xét dau y':

iy |—oo m? m 400
y' | + 0 - 0 +

Dua vao bang xét dau, suy ra ham s6 dong bién trén cac khoang (—oo; m2) va

(m;+oo) , giam trén khoang (mQ;m) .

Bai tap tw luyén: )
Tuy theo m khao sat tinh don diéu ciia ham so:

1 1
1. y=—2"——ma> +m’z+m -3
3 2

2. yz%(m—l)ﬁ—%(m—l):ﬁ+:L“+2m+3

14
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| Dang 3 : Ham s6 don di€u trén R .
Str dung dinh ly vé diéu ki¢n can

e Néu ham sb f(x)dorn di€u tang trén R thi f'(:z:) >0,VzreR.

e Néu ham sb f(x)dorn diéu giam trén R thi f'(:z;) <0,VzeR.

Vidu 1: Tim m dé€ cac ham s6 sau ludn nghich bién trén moi khoang xac
dinh .

:mx+3—2m —2x2+(m+2)x—3m+1

1.y

r+m Y=

z—1

mzr+3—2m
l.y=——

rT+m

* Ham s da cho xé4c dinh trén khoang (—oo; —m) U (—m; +oo)

2
* Taco: y':wm;g,x;t—m.
(z+m)
Cach1:
* Bang xét ddu y'
m | —oo -3 1 40
y' | + 0 - 0 +

Dua vao bang xét du ta thdy

Néu -3 < m <1 thi y' < 0 = ham s nghich bién trén mdi khoang (—oo; —m)

(—m; +oo).

Cach2: )

Ham s6 nghich bién trén tap xac dinh khi :

y' <0,V e(—oo;—m)u(—m;+oo) oSm +2m-3<0e 3<m<1
—2x2+(m+2)x—3m+1 1-2m

2. y= =-2z+m+

rx—1 r—1
* Ham s dé cho xé4c dinh trén khoang (—oo; 1) U (1; +oo) .

2m -1
+—

(e-1)"

* Taco: y'=-2 z#1

m <

1
+ =

2
(1; +oo).

2

= y' <0,z #1,dodd ham sd nghich bién trén mdi khoang (—oo;l) ,

15
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+ m> % khi d6 phuong trinh %' = 0 c6 hai nghiém z, <1<z, =ham s6 dong
bién trén mbi khoang (xl; 1) va (1; T, ) , truong hop nay khong thoa .

. | W
Vay m < 5 thoa man yéu cau cua bai toan.

Bai tap twong tw :
Tim m dé€ cac ham so6 sau luon nghich bién trén moi khodng xac dinh .

:x—m2+7m—11 (m—l)x2+2x+1

1.y 3.y =
z -1 Y r+1
(m—l)x+m2+2m—3 x2—2(m+2)x+m—1
2. y= 4. y =
T +3m z—3

Vidu2: Tim m dé cac ham s6 sau ludn nghich bién trén R |
1. yz—é:z;3 +22° +(2m+1)x—3m+2

3
2. y:(m+2)%—(m+2)x2+(m—8)x+m2—1

Giai:
1. yz—é:z;3 +22° +(2m+1)x—3m+2

* Ham s6 da cho xac dinh trén R.

*Tacd: y'=—-2"+4z+2m+1vaco A'=2m+5
* Bang xét dau A'
m | —oo 5 +00
2
Al - 0 +

2 .
+ m:—g thi y':—(x—Q) <0 voimoi z € R va y' = 0chitai diem z =2
Do d6 ham sb nghich bién trén R .

+ m< —gthi y' < 0,Vz € R. Do d6 ham sé nghich bién trén R.

9 .. Ly . \ £ X A A
T om> _Ethl y'=0 c6 hai nghi¢ém z,z, (xl < x2). Ham s6 dong bién trén

khoang (:B i T ) . Truong hop nay khong théa man .

1772
x3
2. y:(m+2)3—(m+2)x2+(m—8)x+m2—1

* Ham s6 da cho xac dinh trén R.

16
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*Taco y'=(m+2)z° —2(m+2)z+m -8 .
+m=-2,khidd y'=-10<0,Vz € R = ham sb luon nghich bién trén R .

+m# -2 tamthic y' = (m +2)2> —2(m +2)v +m -8 ¢c6 A'=10(m + 2)
* Bang xét dau A'

m ‘ —00 -2 +00

Al - 0 + ,
+ m <=2 thi y' <0 véi moi z € R. Do d6 ham so nghich bién trén R.

+ m > -2thi y'=0 c6 hai nghiém z ,x, (xl < %)- Ham sb dong bién trén
khoang (xl; x2) . Truong hop nay khong théa man .

Vay m < —2 1a nhiing gia trj can tim.

Bai tap twong tw :

Tim m dé€ cac ham so6 sau luon nghich bién trén moi khoang xac dinh .

l.y=z+2+ 3.y=—2"—m’z+1
r—1 3
m+4

4. y==—mz' —m’z> +m -1
T+2

2. y:(m—l)x—i%—

Vidu3: Tim a dé cac ham sd sau luén dong bién trén R .
1
1. yzgxg’ +azr’ +4x+3

2. y:%(aQ—l)x3+(a+1)x2+3x+5

Giai :
1 .
1. y=§x3+ax2+4x+3

* Ham sb d cho xac dinh trén R .

*Taco y'=2° +2ar+4 vaco A'=a* -4

* Bang xét ddu A'
a |—oo —2 2 +00
A + 0 - 0 +

+ Néu —2<a<2thiy'>0 véimoi z € R. Him s6 y dong bién trénR .

r 2
+ Néua:chiy':(:L"JrQ) ,taco:y'=0r=-2y'>0,z #—2. Ham
s6 y dong bién trén mdi nira khoang (—oo; —2] va [—2;+oo)nén ham sé y dong

bién trén R .
+ Tuongtunéu a =—-2 . Ham s6 y dong bién trén R .

17
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+ Néu a < —2 hodc a > 2 thi y' =0 c6 hai nghiém phan biét T, x,. Gid st
r, <x,.Khi dé ham s6 nghich bién trén khoang (xl; z, ) ,dong bién trén mdi
khoang (—o0;2;, ) va (,;+%0). Do d6 a < -2 hofc a > 2 khong thoa man yéu
cau bai toan .
Vay ham s6 y dong bién trén R khi va chi khi -2 <a <2.
_ 1/, 3 2
2. y—gr(a —1)3; +(a+1)x +3x+5
* Ham s6 da cho xac dinh trén R.
* Tach : y‘z(a2 —1)332 +2(a+1)z+3 va o A‘=2(—a2 +a+2)
Ham s6 y ddng bién trén R khi va chi khi < y'>0,vz e R (1)
+ Xéta'-1=0<a=1=1
3 . s A A 1a.
ca=1=y'=4x+3 :y'ZO@xZ—Z:a:I khong thoa yéu cau bai

toan.
ca=-1=y'=3>0 VzeR = a = -1 thoa min yéu cau bai toan.
+ Xéta’-120<a =+l
* Bang xét dau A'
a | —o -1 1 2 40
A - 0 + 0 -
+Néua<—1va>2thiy'>0v<’yim(_)ixeR.Ha‘1mséydéng bién trén R .

r 2
+ Néu a =2 thi y':3(:1:+1) Jtaco:y'=0< z=-1Ly'>0,z#-1. Him
s6 y dong bién trén mdi nira khoang (—oo;—l} va [—1; +oo)nén ham sd y

dong biéntrénR.
+ Néu —1<a<2,a#1thi y'=0 c6hai nghiém phan biét T, z,. Gid st
r, < x,.Khi d6 ham s6 nghich bién trén khoang (ml; z, ) ,dong bién trén mdi
khoang (—oo; l‘l)Vé. (m2;+oo). Do d6 -1 < a < 2,a # 1 khong thoa man yéu cau
bai toan .
Do d6 ham s6 y dong bién trén R khi vachikhi a < -1va > 2.
Vay v6i 1 < a <2 thi ham s§ y ddng bién trénR .
Bai tgp twong tw: . ) N
Tim m dé cac ham s6 sau luon dong bién trén moi khoang xac dinh .
1 5 m
l.y=—2"-—2’ +(m2 —S)x—l
3 2
IES
2. y="——ma’ +(m+2):1:+3
3
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3. y:(m+2)x——(m—1):p2+4x—1

3
3
T 2
4. y=\m-=2)——-(2m-3)z" +(dm -6 )z +2
y=(m=2)7-(2m-3)a’ +(5m -6)
Chuy:
Phwong phap:
*Ham s6 y = f(z,m) ting trénR < ' >0 Vz € R < min y'> 0.
zeR
*Ham s6 y = f(z,m) gidam trénR < ' <0 Vz € R & maz y'<0.
reR
Chii y:
1) Néu y' = az® + bz + ¢ thi
(a=b=0
c2>20
*y'>0VereR <
a>0
o
fa=b=0
c<0
*y'<0VeeR <
a<0
e
2) Ham ddng bién trén R thi no phai xac dinh trén R.
| Dang 4 : Ham s6 don diéu trén tip con ciaR .
Phwong phap:
*Hamsd y = f(z,m) ting Ve e [ < y'>0 Ve e < min y'>0.
xel
*Hamsd y = f(z,m) gidgm Vz e [ & y'<0 Vo e I < maxy'<0.
zel

Vidu1: Tim m d€ cac ham so sau
mx + 4

1. y= luon nghich bién khoang (—oo;1).
T+m
2. y=2"+32"+ (m + 1)x + 4m nghich bién trén khoang (—1;1).
Giai :
mr+4 ., . % .
1. y= ludn nghich bién khoang (—oo;l).
T+m

*

Ham sé dé cho xé4c dinh trén khoang (—oo; 1) .
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2
, m-—4
* Tacoy'=———,2#-m
(m + m)
y'< 0,V e (—oo;l)
-m & (—oo;l)

m>—4<0 2<m<?2 2<m<?2
Rt = = S -2<m<-1

Ham s nghich bién trén khodng (—oo; 1) khi va chi khi {

-m ¢ (—oo;l) -m =1 m < —1
Vay : véi —2 < m < —1 thi thoa yéu cau bai toan .
2. y=2a'+32" +(m+1)z+4m nghich bién trén khoang (~1;1).
*  Ham sb da cho xac dinh trén khoang (—1; 1) :
* Tacd: y'=32" +6z+m+1
Cach 1:
Ham s da cho nghich bién trén khoang (1;1) khi va chi khi
y'<0,Vz e (—1;1) hay.
Xét ham s6 g(z) = —(3:52 + 62 + 1),Vm e (-11)
N g'(m) = 61-6<0,Vze (—1;1) - g(:z:) nghich bién trén khoang (—1;1)
va lim g(z)=-2 glgi_)r{}g(x) =-10

*  Bang bién thién.
x | 1

-2

g(x) \

Vay m < —10 thoa yéu cau bai toan .

-10

Cach2:

f”(a;) =6x+6

Nghiém cta phuong trinh f"(x) =0 1a £ =-1<1.Do d6, ham sb da
cho nghich bién trén khoang (~1;1) khi va chi khi m < lim g(2) = -10.

1"

Vay m < —10 thoa yéu cau bai toan .
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Bai tap tw luyén:
Tim m dé cac ham so sau:

1.y = mt 1 luén nghich bién khoang (2; +oo).
T—m
2.y = L= 2m luén nghich bién khoang (1;2).
(Qm + S)x -m
’ -2m . . £ .
3. y = ——— ludn nghich bién khoang (—oo;O).
T—m

(m—l)ac2 +m

4. y = luén nghich bién khoang (0;1).

T+ 3m

Vidu2: Tim m d€ cac ham so sau

1. y=22"—2z* + mz — 1 ddng bién trén khoang (1; +oo) .

2. y=ma® —2* + 3z +m — 2 dong bién trén khoang (—3;0).

3. y= %mm?’ + Q(m - 1)x2 + (m — l)m +m ddng bién trén khoang (2;+oo) .

Giai :

1. y=22" —2z* + mz — 1 ddng bién trén khoang (1; +oo) .
*  Ham sd di cho xac dinh trén khoang (1; +oo) .
* Tacd:y'=6x" —4r+m
Ham s6 da cho dong bién trén khoang (1; +oo) khi va chi khi
y'>0,Vz e (1;+oo) = g(:z:) =62" —4r > —-m,x > 1
Xét ham sb ¢ (:B) = 62” — 4 lién tuc trén khoang (1; +oo) ,taco
g'(m) =12z -4>0,Vz >1< g(m) dong bién trén khoang (1;+oo)
va 111_131 g(x) = 111_131 (Gx2 - 4x) =2, rll)rﬂog(x) = 400
* Bang bién thién.

T -1 +00

|

-2
Dua vao bang bién thién suy ra 2 > —m < m > -2

—+00
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2. y=mz® —2* + 3z +m — 2 dong bién trén khoang (—3;0).

* Ham s dé cho xé4c dinh trén khoang (—3; O) )

* Tacd:y'=3mz’ -2z +3

Ham sd da cho ddng bién trén khoang (—3; 0) khi va chi khi y' > 0,

Ve (—3;0).

Hay 3ma® -2z +3>0,Vz e (—3;0) &S m 2 22
x

Ve (—3;0)

2 Y

Xét ham sd g(m) = 22

lién tyc trén khoang (—3; O) ,tacod
3x

2
g'(m) _ —62° f18$

o7 <0,Vz e (—3;0) = g(m) nghich bién trén khoéng(—?);())
x

va lim g(a:) = —i, lim g(aj) = —0

z—>-3" z—0"
* Bang bién thién.
T -3 0

g(a:) _% \ .

Dura vao bang bién thién suy ra m > —%

3. y= émx?’ + 2(m - 1)31:2 + (m - 1)x + m dong bién trén khoang (2;+oo) .
* Ham s di cho xé4c dinh trén khoéng(Q; +oo) .

* Taco: y'=ma’ +4(m—1)x+m—1

Ham s6 dong bién trén khoang (2; +oo) khi va chi khi

y'>20,Vx e (2;+oo) & ma’ +4(m—1)x+m—1 >0,Vz e (2;+oo)

<:>(:L"2+4:ﬁ+1)m24$+1,V:ce(2;+oo)<:>mZ%,Vze(?ﬁw)
Xét ham sb g(cc) = %,x € (2;+oo)
7’ + 4z +
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= g'(x) = M <0,Vz e (2;+oo) = g(x)nghich bién trén khoang
(:1;2 + 4z + 1)2
(2;+oo) va lirg g(x) = %,}gﬂog(m) =0
Bang bién thién.
T 2 +00

9 3 S
Vay m > T thod yéu cau bai toan .

Bai tap tw luyén: )
Tim m dé cac ham so sau:
mx2+(m+1)x—1 . y
1. y= dong bién trén khoang (1; +oo) .
2c —m

2. y=12"-ma’ - (2m2 —-Tm + 7):1: + Q(m - 1)(2m — 3) dong bién trén

khoang (2; +oo) .

3. y= émyc3 —(m —1)2* + 3(m — 2)z + 1 dong bién trén khoang (2; +oo) :

Vidu3: Tim m dé€ cac ham so sau :
_ ma’ + 6z —2

1.
Y T+ 2

nghich bién trén nira khoang [2; +00) .

2.y =2 —(m+1)z’ —(2m’ = 3m + 2)z + m(2m — 1) dong bién trén nira
khoang [1; +oo) .

Giai :
_ mz’ + 6x — 2

1.
Y T+ 2

nghich bién trén nira khoang [2; +oo) .
* Ham s da cho xac dinh trén nira khoang [2; +oo)

mz® + 4dmzx + 14

(z +2)

* Taco y'=
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Ham nghich bién trén nira khoang [1;+w0) < f(z) = mz® + 4mz +14 <0,
Ve [1;+oo) (*)

Cach 1: Dung tam thirc bac hai

e Néu m =0 khid6 (*)khéng thoa man.

o Néum =0 .Khidd f(z) co6 A=4m* —14m
Bang xét dau A

m —00 0 +00

7
2

A" + 0 — 0 +
e NéuO<mc< gthi f(z) >0 V2 e R, néu f(z)co hai nghiém z,,z, thi

f() <0 <z e(r;2,) nén (*) khong thoa man.

e Néu m < Ohodc m > g Khi do f(z) = 0 co hai nghiém

—2m +\ 4m? —14m _ —2m — \/4m2 —14m

X Ty =
1 m 12 m

7 Tz
Vim<0hodcm>—=z <z = f(z) <0< !
2 1 2 ZE>$

2

Do d6 f(z) <0 Ve[ L+n) < z, <1< -3m 2 Vdm’ —14m

m <0 14
SmS ——.
5m’ +14m > 0 5
. -14 .
Cach2: (*) & m< =g(z) Vze [1; +oo) < m <min g(z)
7’ +4x r21
Ta comin g(z) = ¢(1) = _u =>m< —E.
x>l 5) 5)

2.y =2 —(m+1)z’ —(2m’ = 3m + 2)z + m(2m — 1) dong bién trén nira
khoang [1; +oo) .

* Ham sb da cho xac dinh trén nira khoang [1; +oo)

* Tacod y'=32> —2(m + 1)z — (2m* — 3m + 2)
Ham ddng bién trén nira khoang [2;+oo) .o y'20,Vr e [2;+oo)
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S flz)=32" —=2(m+Dx—(2m* -3m +2) >0, Vre [2;+oo)

Vi tam thitc f(x) ¢6 A'=7m’> —=Tm+7 >0 Vm € R nén f(z) c6 hai nghiém

_m+1—\/;_ _m+1+\/E
N R Ty
r=z

Viz <z, nén f(z) < e>a,

Do d6 f(:E)ZOVme[2;+00)<:>$232<:>\/535—m

m<H m<H 3
& S -2<m<L—
A <(5-m) 2m* +m -6 <0 2

Bai tgp tw luyén :
Tim m dé€ cac ham so sau :
$2+(m—2)x—2 . y
l.y= dong bién trén nura khoang (—oo; 1] .
r+m

2.y = %:103 + (m - 1) 7’ — (m - l)z + 1 nghich bién trén nira khoang (—oo; —2} .

3. y= %mx?’ - (m - 1)3;2 + 3(m - 2)x + % ddng bién trén nira khoang

2; +oo) .

_2$2+(1—m):1:+1+m

4. y ddng bién trén nira khoang [1; +oo) .

r—m

Vidu 4 : Tim tit ca cac tham s6 m dé ham sé y = z* + 32° + ma + m nghich
bién trén doan c6 d6 dai bang 19.

) Giai :
* Ham so0 da cho x4c dinh trén R .
* Tacd: y'=32> +6x+m cd A'=9—3m
« Néu m >3 thi y' > 0,Vz € R, khi d6 ham sb ludn dong bién trén R, do d6
m > 3 khong thoa yéu cau bai toan .

» Néu m < 3, khi d6 y' = 0.c6 hai nghi¢m phan biét z,,, (z, < z,) va ham s§

nghich bién trong doan[ml; 152] voidd dai [ = ‘132 - :El‘

Theo Vi-ét, taco iz, +z, = -2,x7, = —
3
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Ham sb nghich bién trén doan c6 do dai béng lel=1

<:>(x2—:nl)2 =1®($1+:E2)2—4$1x2:1<:>4—§m=1c>m:%.

Bai tap twong tw :

1. Tim tét ca cac tham s6 m dé ham sd y = 2° — 3m*z® + © + m — 1 nghich
bién trén doan c6 d6 dai béng 1?2,

2. Tim tat ca cic tham s& m déham s y = —z° + m*z* + ma + 3m + 5 dong
bién trén doan c6 d6 dai bang 3 2.

Vidu5: Tim m déhamsd y = = + m cos z dong bién trén R .

Giai:
* Ham so da cho xac dinh trén R.
* Tacoy'=1-msinz.

Cach 1: Ham dong bién trén R
<y'20VereR < 1-msinz >20,Vre R < msinz <1,VreR (1)
* m =0 thi (1) luon ding

”‘m>0thi(1)<:>sin:n£i VreR <:>1£i<:>0<mél.
m m

* m < 0thi (1)<::>sina;2l Ve R <:>—1Zl<:>—1Sm<O.
m m

Vay —1<m <1 1a nhitng gi4 tri can tim.

Ciach 2: Him dong biéntrén R < y' >0 Vz e R
1-m=20

< miny'=min{l-m;1+m} >0 < < -1<m<1.
1+m=0

Bai tap tw luyén:

1. Tim m déhamsb y = :B(m —1) +mcosz nghich biéntrén R .

2. Tim m dé ham s y = x.sinx + mcosz dong bién trén R.

| Dang 5 : Sir dung tinh don diéu ciia ham s6 CM bit diing thirc.
o Dua bit ding thic vé dang f(:n) > M,x e (a;b) .

e Xéthamsd y = f(x),x € (a;b).
e Lap bang bién thién ctia ham s trén khoang (a; b) .

e Duya vao bang bién thién va keét luan.
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Vidul:Voéiz e (O;gj .Chtng minh rang :

1. sinz +tanzx > 2z sinz

<1

2.2<
VA X

Giai :
l. sinz+tanz > 2z

X . A A \ T
* Xét ham so0 f(x) =sinz + tanz — 2z lién tuc trén nura khodng [O;Ej.

* Taco: f'(z)=cosz+ L 95 cotr+— —2>0,Vxe(o;fJ
cos™ T cos T 2
= f( )laham sO dongblentren{ jva f( )> f(O), vz E(O;%j

hay sinz +tanz > 2z ‘v’xe( j(dpcm)

@ Tir bai toan trén ta co bai toan sau : Ching minh rang tam giac ABC c6 ba
goc nhon thi sin A + sin B +sinC + tan A + tan B + tanC' > 27

2 sinz
2. — <
T T

<1

* Voi 2> 0 thi 22 <1 (xem vidu?2)

T
sin x

*

Xét ham sb f (ZL‘) = lién tuc trén nira khoang [O;%} .

X

*

2

Taco 'z xcosx—&nx’vxe 0;Z .
T 2

*

Xét ham sd g (a;) = z.cosz — sinz lién truc trén doan [O;%} va ¢o
. T ‘n \ . < A N
g'(x) =—x.sinz < O,Vzr € (O;EJ = g(x) lién tuc va nghich bién trén doan
Vs Ve
0;—|vataco glz)<g(0)=0,Vz | 0;—

* Tu do suy ra f'(x) = g'(x) <0,Vz e [0;%} = f(x) lién tuc va nghich

.T
T 2 T
:| taco f f[gj:;,VIE(O,EJ

bién trén ntra khoang [O,

w|.§)
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Bai tap twong tw :

, . Y L. . T A ,
Ching minh rang véi moi z € (O;EJ ta luon co:

1. tanz >z 3. 2sinz + tanz > 3z
3 3
2. tanx>x+$— 4. 9 <z
- +cotzx
sinz
Vi du 2 : Ching minh rang :
2 4
1. sinz <z ,Vme{@;z} 3 cosp <l E  Vr e Q;E
2 2 24 2
. x3 T . 3
: x 2
Giai :

1. sinz <z ,Vzxe {0;%}
* Xétham s6 f(z) = sinz — x lién tuc trén doan z € [O; %}
* Taco: f'(x)=cosz—1<0 ,Vze {0;%} = f(z) 1a ham nghich bién trén

doan {O;z} .
2

Suyra f(z) < f(0)=0 < sinz <z Ve [0;%} (dpcm).

3
9. sinz >z - — Ve 0;Z
3! 2
. z’ 7
* Xétham so f(z) =sinz —x + r lién tuc trén nira khoang =z € [0;5].

2
* Taco: f'(z) = cosx—1+% = f"z)=—-sinz+220 Ve {O;%J (theo
cau 1)

= f'(z)> f'(0)=0 Vz e {0;%} = f(z) = f(0) =0 Vz ¢ [O;%]

28



Nguyén Phia Khanh — Pa Lat Tai Liéu 6n thi Ta Tai Pai hoc theo cu trac BGD.

3

= sing > T — , Vo e O;Z (dpcm).
3! 2
2 4
3. cosz <1-2 42 , Vo € 0;z
2 24 2
: 2 2 r
* Xétham so g(z) =cosz —1+ 5 o1 lién tuc trén ntra khoang z € {O;EJ.
23 T
* Taco: g'(z) :—sinx+x—?ﬁ 0 Vz e 0;5 (theo cau
7T
2)= g(xz) < g(0)=0 Vz € {0; 5]

2 4

= cosz <1— 4L , Vo e O;Z (Ppcm).
2 24 2

. 3
4. (Smxj > cosx ,‘v’xe(o;ﬁj.
T 2
Ie xS T
Theo két qua cau 2, ta co: sinx>x—€ ,Vxe[O;EJ
3
sinx 7 sinx ’ 7 2 ozt 2°
= >l-—= >[1-=| =1-=—+= - =
x 6 x 6 2 12 216

. 3 2 4 4 2
ST P PO
2 24 24 9

2 . 3 2 4
Vize|lol|=>1-Z s |20 512 0
2 9 . 2 24

2 4
Mat khac, theo cau 3: 1_:1;_+x_ >cosz ,Vx € 0;z
2 24 2

sinx

3
j >cosx ,Vx e (O;zj (dpcm).
T 2

Suy ra (

sin z

Nhan xét: Taco 0 <sinz <z = 0 < <1 ‘v’xe(O;%) nén
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. a . 3
sin sin z . 1A o
[ j > ( j Va < 3. Do do, ta cé két qua sau
T x

Chimg minh rang: véi Ve < 3, ta ludn co: (smxj >cosz Ve (O;%) .
x

Bai tap twong tw :
Ching minh rang :
2 2 4

1
L1-Z ccosz<l-—+Z vzz0 2 gsin—>1-—vz>0
2 2 24 T 6z

Vi du 3 : Chiing minh ring L <i+1—i , VZ‘E(O;EJ
sin"z 2 7’ 2

Giai :

fe1a 4 1 . A , , T
* Xétham so f(x) = — — lién tyc trén ntra khoang z € | 0;— |.
sin®r 2’ 2

, 2cosx 2 2(—z’cosz +sin® z)
* Taco: f'(z)=- — = . :
sin"z x°sin” x

3
zj > cosz VT € (O;%j

x
3 .3 T T
= —x° cosz +sin’ z > 0 ,Vxe[();aj:f'(m)>0 ,Vxe(O;Ej

= f(z) < f(%j =1—i2, V1 e (0;%}

T

. sin
Theo két qua cau 4 - vidu 2, ta co: (

Do vay: < =S +1- 4 , Vo e (O;%j (dpcm).

sinz 2’ 7’

Bai tdp twong tu :
. : . 4 .
1. Chirng minh ring : sin® z < —‘/B(iz - x) véimoi x € (O;%J.

72_2

2. Chiig minh rang : sinz > zx +L(7z —4:102) véimoi x € 0;£ .
V4 127z 2

22.smx n Qtan:r > 92

Vidud: V6i0<z < % . Chting minh rang

Giai :

30



Nguyén Phia Khanh — Pa Lat Tai Liéu 6n thi TG Tai Pai hoc theo cu trac BGD.

2.sinzx tanzx 2sinz qgtanz ﬁnz+ltanx
* Taco: 2° +2 >2N2 2 =2.2 2

] ﬁnx+ltanx 3z 1 3 T
Ta chirng minh: 2 2 >2?2 osinz+—tanr>—z Vre 0;5 .

* Xét ham sb f(x) =sinz + %ta nx-— 3733 lién tyc trén nira khoang {O;%j.

3 . 2

2.cos’ 2 2cos’ &
~ (cosz —1)*(2cosz +1) S0 Voe [O'ZJ
2cos’ 2

= f(z) ddng bién trén

[0;2) = f(z) 2 f(0) =0 = sinz +%tanx > %x,VCL’ € [Q%j (dpem).

Vi du 5 : Chirng minh bét déng thirc sau véi moi s6 tu nhién n > 1

n n
7\l/1+£+7\1/1—£<2

n n

Giai :

n

n

* Pat x = e(O;l),VneN*.

n
* B4t dang thirc can chimg minh 1a: Y1+ 2z +¥1 -z <2 Vz (0;1)

* Xét ham f(x):\/"1+x +V1—-z, z€[0;1)

1 1 3 1

= f'(a;) ==
ey sy

Vay f(:z:) giam trén (0;1) nénf(x) < f(o) =2, Vr e (0;1).

<0,Vz e (0;1)

Vidu 6:
1. Cho:1;ZyZzzO.Chlﬁ:ngminhrzlmg:£+r3+£2£+g+i
z Yy T Yy 2z x

2. Cho z,y,2z > 0.Ching minh rang:

4 2

eyt 2 oy y 4 2) 2 ay(a? + o)+ ya(y? + 22 + (P + 2P)

Giai :
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1 Choz>y>2>0.Chimgminhring: ~+2+2>Z4+ Y4 2
z Yy T Yy zZ x
r2y2220
: Xéthamss:f@):Li#_(&sz.
z Yy x Yy z
* Tacs: f(e)=(E-2)-(L-Z)=(y-)(=-2)20Ve20

z Yy 2z Yz =z

= f(x)lél ham s6 déng bién Vz >0 = f(z) > f(y) = 0 = dpem.

2. Cho z,v,2z > 0 Ching minh rang:

eyt w2 a4y + 2) > ay(a? + 0P) + ye(y? + 2P + (2 + 2P
Khoéng mét tinh tong quat ta gia st z >y > 2> 0 .
* Xét ham 6

2

4 +ayz(z +y + 2) —a;y(xQ + y2) —yz(y2 + z2) —zz(z” +x

f@)y =zt +yt + 2
* Tacd f'(z) =42 —32%(y+2) + ayz + yz2(z +y + 2) — (y° + 2°)

= ["(z) =122% — 6x(y + 2) + 2yz

!

= f"z)>0 (doz2y>2)= f'(z)> f'(y) =22y — 2> = 2*(y —2) 2 0 nén

f(z) 1a ham s6 dong

bién.= f(z) > f(y) = 2* =223y + 4?2 = 22 (2 —y)* = 0 = dpem.

Vidu 7:
1. Cho a,b,c > 0. Chimng minh ring: — b ECENNCY
a+b b+c cH+a 2
2. Cho 0 <a <b < ¢.Ching minh rang:
N2
2a N 2b N 2¢ £3+(C a) .
b+c c+a a+b a(c+a)
Giai :
1. Cho a,b,c > 0. Chimg minh ring: —— + b 53
a+b b+c c+a 2

b (s
* Pat x=—,y =%,z SN xyz = 1va bat dang thirc da cho
a

1 1 1
+ +
1+z 1+y 14z
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(N S T oz
L+ 1+y_1+\/@ 14>

1 1 1 w1 94 1
n >

* Giasr 2 <1= zy > 1 nén co:

l+z 1+y 1+z 1+\/; 1+z 1+t 1442 f®
t=vz<1
* Taco: f'(t) = 2 ___ 2 SQ(l_t)SO
L+t A+ 1+
:f@zﬂp:%,vnq:wmm
2
2. Cho 0 <a <b < ¢.Chimg minh rang: 2 + 20 + 2 S3+(C 9)
b+c c+a a+b a(c +a)

. b c e 1AL a2 . A , . .
* Pt — =a,— =x,1 <a <z .Khidd bat dang thirc can chimg minh tré
a a

‘ 2 20 2z _ it +az+4
thanh + + <
a+zr 1l+z l+a z+1
@x2+z+12(2$+1+2a+w)
a+z 1+«
* Xét ham s6 f(x):x2+:c+1—(2x+1+2a+2x(x+1)) l1<a<uz
a+zx 1+«
* Tacs: fi()=20+1-228¥D 5 a-l
a+1 (z +a)
2x+1 2
f(@) = (@ -1)] 22— >0, 1<a<z
at+l (2 +a)
Nhu vay ham f(z) 1a dong bién do d6 f(:lﬂ)zf(at)zon—305+3—l
a

Nhung f'(a)=2a—3+i=a+a+i—3233/a.a.i—3=0
o o o

= f(z) > f(a) = f(1) = 0 = dpcm.
Bai tap tw luyén:

1.
Cho ham s6 f(x) =2sinz +tanx — 3z
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a) Chung minh rang ham sé dong bién trén nira khoang {0;%].

b) Chimg minh rang 2sinz + tanz > 3z véi moi z € {O;%j.
2.

a) Ching minh rang tanz >z véimoi z € {O;%j.

3
b) Ching minh rang tanz >  + % voimoi = € (0;%].
3.

Cho ham s f(a:) =£w—tanx véimoi z € {O;%}
Vs

. A - X N 5 \ XA v/
a) Xét chiéu bién thién ciia ham so trén doan {O;Z} .

. 4 .
b) Trdosuyrarang —z > tanz véimoi z € {0;%]
7

4.
Chtrng minh ring cac bat dang thic sau :
a) sinx <z véimoi z >0
b)sinz >z véimoi z < 0
x?
c) cosz > 1—? voimoi z # 0

3
d) SlIl:L’>IL'—E véimoi z > 0

. L
e)smx<x—€ voimoi z < 0

f)sinz +tanz > 2z véimoi x € {O;Ej :

Dang 6 : Dung don diéu ham so6 dé giai va bién luan phwong trinh va
bat phuwong trinh .

Chuyl:
Néuhamsd y = f (x) luén don diéu nghiém cach trén D ( hodc luén dong bién

hodc 1udn nghich bién trén D) thi s6 nghiém ctia phuong trinh : f (x) =k s&
khong nhidu hon mot va f(x) = f(y) khi va chi khi z = y.
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Chuy 2:

e Néuhamsb y = f (z) ludn don diéu nghiém cach trén D ( hodc ludn dong
bién hoic ludn nghich bién trén D )vahamsd y = ¢ (a:) luén don di€u nghiém
ngoic ( hodc ludn ddng bién hodc ludn nghich bién ) trén D, thi s6 nghiém trén
D cua phuong trinh f (:c) =g (:c) khong nhiéu hon mét.

e Néu hamsé y = f (:c) c¢6 dao ham dén cip m trén D va phuong trinh
F®)(z) = 0 c6 m nghiém, khi d6 phuong trinh =D (z) = 0 c6 nhidu nhét 1a
m + 1 nghiém.

Chuy 3:

Néu ham s y = f(z) xac dinh trén D va co f”(z) > 0 hoac f”(a:) <0 trén [
thi f '(z) dong bién hodc ludn ludn nghich bién trén I nén f '(z) = 0 nhiéu

nhat 1 nghiém trén I suyra f (a:) nhiéu nhat 2 nghiém trén I .

Vi du : Giai phuong trinh : vz + V32 11 =22 + 2+ 1 .

‘ Giai :
bicukién: z >0
Xét ham s6 f(x) = \/; +V3z +1 - (zQ +z+ 1) trén nira khoang [0;+oo).
3

C o 1
Taco: f(:c):%/;+2 3z+1_2$_1

1 9
4\/;3 4@/(3‘% + 1)3
f(z) = 0 nhiéunhét 2 nghi¢m va f(0)=f(1)=0=z=02=11a2

nghi¢ém cua phuong trinh.

Va f”(a:) = -2<0,Vz >0, suyraphuong trinh

Vi du 1 : Giai cac phuong trinh
1.32(2+V92° +3)+ (dz +2)(N1+z+2° +1) =0

2.$3—4x2—5x+6:37x2+9$—4

Gidi :
1.32(2+V92° +3)+ (4 +2)(N1+z+2° +1) =0 (1)

Phuong trinh (1) < (=32 )(2+/(-32)" +3) = 22 + 1)(2+/(2z + 1)’ +3) (2)
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bat v = -3z,v=22x+Lu,v >0
Phuong trinh (1) < u(2 + \/E) =02+ M) (3)

* Xétham so f(t) = 2t + Vt' + 3t* lién tuc trén khoang (0; +oo)

2t° + 3t

Vt' + 3¢

* Tacod f'(t)=2+ >0, Vi>0=> f(t) ddng bién trén khoang

(0; +oo).
Khi d6 phuong trinh (3) < f(u) = f(v) G u=ve -3z=2r+1 <z = —é
Vay z = —% 1a nghiém duy nhét ciia phwong trinh.

2.4 —4a® — 51 +6=~Ts + 97— 4.
Dat y=y=\3/7x2+9x—4.Khi d6 phuong trinh cho
2’ — 42 —5r+6=y
7'+ 9z -4 =19"
2’ — 42" -br+6=1y 2’ — 42’ ~5x+6 =y
o L e 3 i
Yy +y=2x" +3z° +4z+2 y+y=(x+1) +x+1(*)
(*) c6 dang f(y) = f(x+1) (a)
* Xétham f(t)=t"+t,teR
* Vi f‘(t)=3t2+1>O,VteR nén ham sé déng bién trén tap so thuc R .
Khi do (a)<:>y:x+1

. 1’ — 42" -5r+6=1y $3—4$2—6x+5:0(**)
He(I)«b{y:xH @{y::”l

Giai phuong trinh (* *) ta co tap nghiém : S = {5,

—1+\/3 1\/3}

2 2

Vi du 2 : Ching minh rang phuong trinh: 22°vz — 2 = 11 ¢6 nghiém duy nhét

Giai :
Cach1:
Xét ham sb y = 22°vz — 2 lién tuc trén nira khoang [2; +oo) .
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Ta co: y' =M>O,Vx e(2;+oo) lim y = lim

T—>+00 I—>+00
T —2

(2:102 x—2):+oo

Bang bién thién :

T 2 +00
y' +
+00
y /
0

Dua vao bang bién thién ta thiy d6 thi ctia ham sé y = 22>V z — 2 ludn cét
duong thing y = 11tai duy nhat mot diém. Do d6 phuong trinh

22°\/z —2 = 11¢6 nghiém duy nht .

Cach 2:

Xét ham sé y = f(x) = 22\ —2 — 11 lién tuc trén nira khoang [2; +oo) .

Taco f(2)=-11,f(3)=7.Vi f(2).f(3) =77 <0 = f(z) = 0 c6 it nhit

mot nghiém trong khodng (2; 3) .

f'(m) _ x(5x - 8)
T —2

(2;3).

Vay phuong trinh cho ¢6 nghiém duy nhat thudc khoang (2; 3) .

>0,Vz e (2; +oo) = f (a:) lién tuc va dong bién trén khoang

Vi du 3 : Giai bat phuong trinh sau :\/5x -1+ \/a: +32>4

Giai :
A en 1
biéukién: z > E

* Xétham sé f(z) = V52 —1++z+3 lién tuc trén nira khoang {éﬁooj

* Taco:f'(z)= > + L >0 ,Vx>1:>f(x)
N6z -1 20z -1 )

1a ham s6 ddng bién trén nira khoang {% ; +ooj va f(1) = 4 , khi 6 bat phuong

trinh cho < f(z) > f(1) @ z > 1.
Vay bat phuong trinh cho ¢6 nghiém 1a z > 1.
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5

N2z -1

-2 <6

Vi du 4 : Giai bat phuong trinh sau 3v3 — 2z +

Giai :
Diéu kién: 1 << 3
2 2
5
20 —1

5
N2z -1

- > <0,Vzx € l,ﬁ = f(x) 1a ham
)? 2 2

* BAt phuong trinh cho < 3v3 — 2z +
L A . a , 13
* Xétham so f(z) =3V3 -2z + lién tuc trén ntra khoang (5 ,5}

* Taco: f'(z)=

3-2r (J2z-1
A A 13
nghich bién trén nira doan (5 ,5} .

Ham s6 g(z) = 2z + 6 1a ham dong bién trén R va f(1) = g(1) = 8
e Néu 2z > 1= f(z) < f(1) =8 = g(1) < g(z) = (*) dung
e Néu z <1= f(z)> f(1) =8 = g(1) > g(z) = (*) v6 nghiém.

Vay nghiém ctia bat phuong trinh da cho 1a: 1 < z < g .

Vi du 5 : Giai bat phuong trinh sau
Ja+2)@z-1)-3Jz+6 <4—J(z+6)2x —1) + 3z +2

Giai :

Diéu kién: z > % .

Bt phuong trinh cho < (\/z +2 4z + 6)(\/2z -1-3)<4 (*)

eNéu V22 -1-3<0 < z<5= (*) luon dung.

eNéuz>5

* Xétham s f(z) = (Vo +2 + vz + 6)(¥2z — 1 — 3) lién tuc trén khoang
(5:+0)

* Ta co:

F(2) = (—e + — )(\/2x—1—3)+\/“2+\/“6>0,vg;>5
Nr+2 20x+6 N2z —1

= f(x) ddng bién trén khoang (5;+00) va f(7)=4 ,dodo
() e f@)<fNer<T.

<2246 < f(z) < g(z) (¥)
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Vay nghiém ctia bat phuong trinh da cho 1a: % <z <T.

Vi du 6 : Giai bat phuong trinh sau \/2:1;3 1307 +62+16 <23 +v4—

Giai :
o 227432 +62+1620
bicu kién: & -2< <4,
4—-220
Bét phuong trinh cho

<:>\/2x3+3:1;2+6m+16—\/4—x <23 & f(z) <23 (*)

* Xéthamsd f(z) = \/2553 +32” + 62 + 16 —\/4 — x lién tyc trén doan
[—2;4].

* Taco: f'(x)

3(z° +z+1) 1
= +
V2u® 4307 + 6z 416 24—z
ddng bién trén nira khoang (—2;4) va f(1) = 2\/5 , do d6

(*) = f@) < f) e z<1.

Vay nghiém ctia bat phuong trinh da cho 1a: 2 <z < 1.

Vidu7:Ching minhring z' -z+1>0, VzeR

Gidi :
* Xéthamsd f(z) = ' —z +1 lién tuc trén R .

* Taco f'(z)=42" -1 va f'(x)=0<:>$:i.

4
* Vi f'(z) d6i dau tir am sang duong khi z qua %, do d6
3
4
1 1 1
min f(z) = f(—=) = ——+1>0
" s Ya
Vay f(z) >0, Vz.
Vi du 8 : Chiing minh rang phuong trinh : z° + -2009 =0 co
z’ -2

diang hai nghiém duong phan biét.

Giai :

* Pidukién: z > 2 (do z > 0),

>0,Vz e (—2;4) = f(x)
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* Xéthamsd: f(z) =2 + 2009 véi = >+2.
)
" . 4 1
Taco f'(x)=bz" —
(:v2—2)3
= f'(z) = 202" + —2 = >0 Yo >A2

= f'(z)=0 co nhleu nhét mot nghiém = f(z) = 0 c6 nhiéu nhat 14 hai

nghi¢m.

Mi: lim f(z) = +o0, f(/3) < 0, lim f(z) = +0 = f(z) = 0 c6 hai nghiém
r—)x/i IT—>+00

J? e(\/_\/_)vax >\/_

Vi du 9 : Giai hé phuong trinh
. N2z +3+d4—y =4 (1) ; 2 —3z=y"-3y (1)
N2y +3+Nd-z =4 (2) ' 2y =1 (2)
0 :1;3+2:1::y(1)
y3+2y:x(2)
Giai :

, N2z +3+4d—y =4 (1)
2y +3+Va—z =4 (2

IA
8
IA

. 4
Diéu kién: .
4

N[ o | w
IA

<

IA

Cach 1:

Trur (1) va (2) ta dugc:
Vor+3-Va-az =2y+3-4-y (3)

* Xétham s6 f(t) = V2t + 3 —v4 — ¢ lién tuc trén doan {—g; 4]
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* Ta co:
1 1 3
() = + > 0, Vte(——; 4)
V2t +3  2V4 -t 2
= (3) = fla) = fly) &z =y.
Thay z = y vao (1) ,ta dugc:
N2z +3+Vd-z =4 z+7+2JQz+3)(4—-2) =16

9-2>0 z=3
o N-22+5r+12=9-2 1 = 1
92 =382 +33 =0 r ==
9
11
| _fz=3 |7=7
Vay h¢ phuong trinh c6 2 nghiém phan biét _ g 191.
y y=1

Cach 2:

Trir (1) va (2) ta dugc:

(Vor+3-+2y+3)+(Ja-y-Va-z)=0
2z +3) — (2y + 3) N 4-y)—(4-x) _0
Vor +3+42u+3 Ja-y+Vi-z

Q(fﬂ—y)( = : jzo(*).

+
\/2x+3+\/2y+3 \/4—y+\/4—:1:

Vi 2 + L
\/2x+3+\/2y+3 \/4—y+\/4—x

Thay z = y vao (1) ta dugc:

N2z +3+Vd-z =4 s+7+2JQz+3)(4—-2) =16

>Onén(*)<:>:1::y

9-2>0 z=3
o N-22+5r+12=9-2{ = 1
92 =382 +33 =0 r ==
9
11
| _fz=3 7=
Vay h¢ phuong trinh c6 2 nghiém phan biét _ g 191.
Y y_g

2.{3:3 +22 =y (1)

P +2y =1 (2)

Cach1:
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* Xéthamsd f(t) =t* +2t = f/() =32 +2>0, Vi e R,
f@)=y (1)

fly) =z (2)

+Néu z >y = f(z) > f(y) = y > z (do (1) va (2) dan dén mau thuin).
+Néu z < y = f(z) < f(y) = y < x (méu thuan).

Suyra z =y, thé vao hé ta duoc

* Heé phuong trinh tré thanh {

x3+:1;=0<:>w(x2+1):0<:>x:0 w2 +1>0.

z=0

Vay hé c6 nghiém duy nhét { 0
y =

Cach 2:
Trir (1) va (2) ta duoc:

-y +3r-3y=0 (z-y)(@® +y* +a2y+3) =0
2 2
@(x—y)[[x+gj +3%+3}—0<:>x—y

Thé z = y vao (1) va (2)taduoc:z® +z = 0 & ZE(:E2 +1) =0 1=0

. =0
Vay h¢ phuong trinh c6 nghiém duy nhat {x 0
y =
' =3x=y"-3y (1)
' +y =1 (2)
T (1) va (2) suyra -1 <2,y <1
(1) & flx) = f(y) (%)

* Xéthamsé f(£) =t° — 3t lién tuc trén doan [—1;1], ta co

f')=3t"-1)<0Vvte[-L1]= f(t) nghich bién trén doan [—1;1]

3.

r=y==

1
5

Vi du 10 : Giai hé phuong trinh
1oy 1oy L
1 x Y 2. x Y
20 —xy—1=0 (2) 2y =2 +1 (2)
Gidi :
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Picukién: z # 0, y # 0. Ta co:

(1)@(x-y)(1+ij:o@ y_xl
Ty y=-—

« y =z phuongtrinh (2) < 2 -1=0 < 7 = #1.

o« Y= 1 phuong trinh (2) v nghiém.
T

r=1 |z =-1
Vay h¢ phuong trinh c6 2 nghiém phan bi¢t { 1; { .
Y Y

Binh luin:
1 1
e Jam—=y-— (1)
Céch giai sau day sai: x Y .
272 —zy—-1=0 (2)
Piukién: 2 %0, y 2 0.
* Xét ham sb

f(t):t—%, teR\{O}:f/(t)=1+tlQ>o, Vie R\ {0}.

Suyra (1) & f(z) = f(y) & = =y! »
Sai do ham s0 f(¢) don diéu trén 2 khoang roi nhau (cu thé
F(=1) = f(1) = 0).
1 1

g-—=y-= (1
N — =y y()

2y =2 +1 (2)
Cach 1:
biéukién: z =0, y = 0.

_ =Y
(1)<:>x—y+x yzO@(m—y)(1+ij:0<:> 1
xy

« z =y phuong trinh (2) < _1++5
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1 ) 4

¢ y = —— phuongtrinh (2) & z* +z+2 = 0.
x

Xéthamsd f(z) =a2* +2+2= f/(z) =42 +1=0 = z =

SN
ytlr—‘

-1 3
—|=2-—_>0, lim = lim =+
/ (ﬁ} P A

= f(z) >0, Vz e R = z' + z + 2 = 0 v0 nghiém.
Cach 2:
biéukién: x # 0, y # 0.

_ =Y
(1)<:>x—y+x yzO@(m—y)(1+lj=0© 1
Ty Ty

=1
« = y phuong trinh (2) < 1445

r=—"

2

.y = 1 phuong trinh (2) < z* + 2 +2 = 0.
T

-Véri‘:v‘<1:>x+2>0:>x4+x+2>0.

-Véi‘x‘zlzx‘l2‘x‘2—x:>x4+a;+2>0.
Suy ra phuong trinh (2) v6 nghiém.
Vay hé phuong trinh c6 3 nghiém phén biét

“1++/5 ~1-+/5
z=1 |¥=—5  |*TT 5
\Y4 Vv .
{y=1 _—1+\/3 _—1—\/3
Y 2 Y 2
Bai tap tw luyén:
1. Giai phuong trinh:

a. N3z +1+\z+N72+2 =4 b. V5x® —1+322-1+z3=4

2. Giai phuong trinh: 81 sin'’ z + cos'’ z = ﬂ("‘)
256

3. Giai bat phuong trinh:
Ja+2)@2z-1) - 3Jz+6 <4—J(z+6)2x —1) + 3z +2

Dang 7 : Dung don diéu ham so6 dé giai va bién luan phwong trinh va
bat phwong trinh chira tham so.

Cho ham s f(:z:;m) = 0xéac dinh véimoi = € (*)
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e Bién d6i (*) vé dang f(:z:) = f(m)
e Xéthamsd y = f(:z:) lién tyc trén [

e Dung tinh chat don di¢u ctia ham so va két luan.

Vi du 1: Tim tham s thuc m dé ptrinh = + v/3z° +1 = m 6 nghiém thyc .

Giai :
* Xét ham sb f(:z:):x+\/3:n2+1 vay=m
* Ham s f(x):x+ 32" +1 liéntuc trén R .

3¢ N32®+1+3z
\/3m2+1_ V3z® +1
x <0

32° +1=92"

* Taco: f‘(x):1+

fl(z)=0s 3:1;2+1=—3x<:>{

S 4 e :

T=—fF=—— 6

Jo 6

Bang bién thién : suy ra f(x) > ?6 ma f(x) =mdodé m > @thi phuong

v ff{ IJ s

trinh cho c6 nghiém thuc .

Vi du 2 : Tim tham s6 thuc m dé phuong trinh : ¥z +1 — \/_ = m(l) co

nghi¢m thuc .

Giai :
* Xét ham sb f(x) =z’ +1- \/; lién tuc trén nira khoang [0; +oo).

1 z

* Tacc'):f'(:v)z— (m +1)3 \/,

\[w +1 \/_ \/_ (x +1)3 \/_

f! (a;) < O,Vw >0=> f(x) nghich bién trén ntra khoang [O; +oo) va

< 0 nén

lim f(z)=0 ,nén 0 < f(z) <1, Vz e [O;+oo).

T—>+ 0

Vay, phuong trinh (1) c6 nghiém thyc trén nura khoang [0; +oo) & 0<m<1
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Vi du 3: Tim tham s6 thuc m dé phuong trinh :

(4m - 3)\/:1; +3+ (3m - 4)\/1 —r4+m-1= 0,(2) ¢6 nghiém thuc.

Giai :
bicu kién: -3 <z <1.

Wz +3+4Nl-1 +1

* Phuong trinh (2) & m = o33 )
T+3+ -x+

* Nhan thiy rang:

(Jm)2 +(\/E)2 YN {\/“”Q?JQ +[m]2 _1

2

* Nén ton tai goc @e{O;%},tztang;te[O;l} sao cho:

NV +3 =2singp =2

Wr+3+4V1-12+1 ST 4126+ 9
: o= TR
WNr+3+3V1-z+1 5t +16t+7

72 +12t+9
—5t* + 16t + 7

2
f'it) = o2 8t~ 602 <0,Vt e [0;1] = f(t)nghich bién trén doan [0;1]

(—5t2 + 16t + 7)
7

va f(0) = g;f(l) -2

2t va Vl—x:QCOS(p=21

1+t 1+

—
e

* Xétham so: f(t) = lién tuc trén doan ¢ € [0;1] .Taco

* Suy ra phuong trinh (2) c6 nghiém khi phuong trinh (3) c6 nghiém trén

doan ¢ e[o;1] khi va chi khi: gg még.

Vi du 4: Tim tham s6 thue m dé bat phuong trinh
Vo' =2z + 24 < 2° — 22 + m c6 nghiém thyuc trong doan [—4; 6] .

Giai :

Pt t =Va’ -2z +24, Vo e[ -46]| =1 e[0;5]

Bai toan tré thanh tim tham sé thuc m dé bat phuong trinh t* + ¢ — 24 < m ¢6
nghi¢m thuc t € [0;5]

46



Nguyén Phia Khanh — Pa Lat Tai Liéu 6n thi Ta Tai Pai hoc theo cu trac BGD.
* Xét ham s6 f(t) = t* +t—24 lién tuc trén doan [0;5] .

* Taco:f'(t)=2t+1>0Vte[0;5]= f(t) lien tuc va dong bién trén
doan [0;5]

* Vay bat phuong trinh cho ¢6 nghiém thuc trén doan [0; 5] khi

max f(t)<m < f)sm<6<meom=26

Bai tap tw luyén:

1. Tim tham s6 thuc m dé phuong trinh : mz + (m - 1) x4+ 2 =1 c6 nghiém
thue trén doan [O; 1] .

2. Tim tham sb thuc m dé bat phuong trinh: Vaz® — 42 +5 > 2* — 4z + m ¢6
nghiém thyc trén doan [2; 3] .

| Dang 8 : Dung don diéu ham s6 dé chirng minh hé thirc lwong gidc

Vi du : Chiing minh rang : néu tam gidc ABC thoa man hé thirc
cos A+ cos B+ cosC + ! = 13 thi tam giac ABC déu.
cos A+ cos B+ cosC
Giai :

A. B
* Dét:t:cosA+cosB+cosC:1+4sin—sin—sing:>1<tsé.
2 2 2 2
s £ 1. ST A , 3
* Xét ham so f(t):t-i-; ham s0 lién tyc trén ntra khoang 0;5 .

* Taco: f'(t) =1 _ti? >0,Vte (O;;} = f(t) dong bién trén nira khoang

[O;g} suyra: 2 < f(t) < %

Ping thuc f(t) = % xay rakhi ¢t = cos A+ cos B+ cosC = g hay tam giac
ABC &,

Bai doc thém : HE HOAN VI VONG QUANH
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Pinh nghia: La hé c6 dang:

flz,) = g(z)
Pinh li 1: Néu f, ¢la cac ham cung ting hodc cing giam trén A va
(z,,2,,...,z )langhiém ciah¢ trén A thiz =z, =...=x

Pinh li 2:Néu f, g khac tinh don digu trén A va (z,z ..,z ) 1a nghiém cua

177727

h¢trén A thi 2, =z, =...=z néun l¢va LT T ndu n chin .
" T, =T =..=1T
Vi du 1: Giai cac hé phuong trinh
) = 2z Y —92° +272-27=0
1-2° 2.2 =9y +27Ty 27 =0
2y 3 2
1.9z = 5 =92 +272-27=0
-y
- 2z
1-2°
Giai :
y = 2z
1-2°
2
1.4z =—2
l-y
- 2z
1-2°
Giastz>y >z
Xét hamso : f (t) ——xacdinhtrén D = ]R\{ }Ta co

f(t) (1(t2 +)1) >0,VeeD = f( ) ludn ddng bién trén D .

Do d6: x>y>z:>f(a;)>f(y)>f(z):>y>z>x.Méuthu5n,dod()diéu
gia su sai .

Tuong ty z < y < z khong thoa .

Viyrz=y==z

H¢ cho c6 nghiém : (m;y;z) = (0;0;0)
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y* — 92 +272-27=0
2.92° =9y +27y—-27=0

' =92 +272-27=0

3 2 _ 3 _ 2

Yy =92 +27x-27=0 Yy’ =9z" + 27z - 27

22—y +2Ty —27=0 < 42° =99° + 27y — 27

*—92° +272-27=0 2’ =92 + 272 - 27
Xét ham s6 ddc trung : f(t) = 9t* — 27t +27 = f'(t) = 18t — 27

3

f'(t)>0,vt>§

f‘(t)=0<:>18t—27=0<:>t=;:> 3
"t)<0,Vt<—
7'(¢) 5

Ham sb dong bién trén khoang (% ; +ooj va nghich bién trén khoang

(—oo;gj Ham sé dat gid tri nho nhat tai ¢ = ; = f(éJ = 27

2 4
Véf(t)2§<:>9x2—27w+272§
4 4
27 3 3 ngi>;
Sy y>2—>=-= Ja
4 g 2 3 3
22— >—
Yo 2
flz)=y
Vay ,, z thudc mién dong bién, suy ra hé phuong trinh  { f(y) = z 1a h¢ hoan
flz)=x

vi vong quanh.

Khoéng mét tinh tong quat gia st
r2y=fla)2 flyy =9y’ 22" =>y>2
S fy)2f) =222
DST2Y222Tr=>Tr=Y=2

Thay vao hé ta cé: 7° —92” +272-27 =0 = 7 = 3.

Suyra: z=y=2=3
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Vi du 2: Giai hé phuong trinh :
sinz —siny = 3z — 3y (1)
l.iz+y= z (2)
z,y >0 ° (3)
5 {logQ(l +3cosz) = log, (siny) +2
log,(1+ 3siny) = log_(cosz) +2

Giai :
sinz —siny = 3z — 3y (1)
1. x+y=§ (2)
2,y >0 (3)

Tir (2),(3) = 2,y € (o;gj

(1) & sing — 3z = siny — 3y (* )

)
Xét ham sd f(t) =gint — 3t,t € (O;%j taco

f'(t) =cost—3<0,te [O;%j f(t) 12 ham nghich bién trén khoang

te(O;%)nén (*)@f(x)zf(y)@xzy

Véi x = y thay vao (2)ta tim dugc z =y = %

Vay (m;y) = [%,%} la nghi¢m cua hé.

5 log,(1+ 3cosz) =log (siny)+2
log,(1+ 3siny) = log (cosz) +2
cosz >0

Diéu kién :
siny >0
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log,(1+ 3u) = log_(v) + 2(1)

bat u = cosz;v = siny, ta cd hé:
log, (1+ 3v) = log_(u) + 2(2)

trir vé theo vé ta dugc
log (1+ 3u) +log, u =log (1+3v)+log, v < f(u) = f(v) (*)
Xét ham sb f(t) = log,(1 + 3t) + log, ¢, d& thay f(t)1a ham dOng bién nén

(*)@uzv.

Thay vao (1) ta dugc : log (1+3u)—log, u=2< 1+3u =9<::>u:l
3 3 U 6
. 1 y=a+k2r
siny = —
Vay hé da cho < ? &<y =7 —a+k2x, trong d6
cos:z;:g r=x2f+m2x

sinazcosﬁz%.

-z 2t +1

Vi du 3: Giai hé phuong trinh : o+ 1

3log, (7 +2y +6) =2log (v +y +2) +1

Gidi :
2_ 2 2
ey - :I +1
Y +1
3log,(z +2y +6) =2log,(z +y+2)+1
o T+2y+6>0
biéu kién :
r+y+2>0
. . 2 2 2
Liy In 2 vé ciia phuong trinh: ¢/ % =2 +1,ta duge
Y’ +1
2
yQ—x2=1nx +1=ln(x2+1)—ln(y2+1)
Yy +1

= +1+1n(:1:2 +1) =9’ +1+1n(y2 +1)(*)
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Phuong trinh (*) c6 dang f(a;2 + 1) = f(y2 + 1)(* *)
Xét ham s6 : f(t) =1Int + ¢ lién tuc trén nira khodng [1; +oo) ,taco
, 1 A A, ,
f (t) = p +1>0,Vi>21=> f(t) dong bién trén nira khodng [1; +oo) .

Do d6 (**)®x2+1=y2+1<:>:n:iy.

® Véi x = —y thay vao phuong trinh 3log,(z + 2y +6) = 2log, (z + y +2) +1
, ta duoc
T <6

10g3(6—x)=1<:>{6 3<:>:B=3:>y:—3 thoa man bai toan .
—r =

® Véi x =y thay vao phuong trinh 3log, (v +2y +6) = 2log (v +y +2) + 1,
ta duoc

3log,(z +2) =2log,(z +1),2 > 1.

T+2=3"

bat 3log,.(z +2) =21 +1) =6u= [
it 3l0g, (v +2) = 2log, (v +1) = 6u {m_w

=1+2" = 3" o 1 + 8 =1
9 9

u u
Xét ham sd g(u) = (;J + (Sj 12 ham s ddng bién trén R va g(l) =1 nén

u =1 12 nghiém duy nhit ciia phuong trinh (éj + (Sj =1.

Voiu=1= (m,y) = (7;7) thod man h¢ phuong trinh .

Vi du 4: Hiy xac dinh tit ca cac nghiém ctia hé phuong trinh (an (x; y)) sau:

’+1y’ =29 (1)
log, v.log, y =1 (2)

. Hoc sinh gioi Qudc Gia nam 2008 .

[

log, z.log, y =1 (2)
Dé théy, néu (:E;y)lé cac nghiém cda h¢ cho thi z > 1Ly >1 (3)
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1

Pt log, z = t,t > 0 (do(S)). Kidé, = = 3' va tir phuong trinh (2) coy=2".

Khi d6 phuong trinh (1) <> 9' + 87 = 29 (4) .

S6 nghiém cua hé bang sb nghiém dwong cua phuong trinh (4)
r \ A t 1729 LN A 3 r
Xét ham so f(t) =9 +8" lién tuc trén khodng (0; +oo) . Tacod
1

P(i)=0.mo- S8

1 .
Trén khoang (0; +oo) ,y=8LIn8 va y = % la cac ham nghich bién va chi nhan

gia tri duong.
1

8.In8
t2

Do d6 trén khoang (O; +oo) , Y= 1a ham dong bién. Suy ra, f' (t) la ham

s6 dong bién trén khoang (O; +oo) .
Vi f'@ S'(1)=18(In9 - In2*")(In27 —In16) < 0 nén 3¢, € (0; 1) sao cho
£'(t,)=0.

Do d0, ta c6 bang bién thién ctia ham s6 f (t) trén khoang (0; +oo) .

t 0 t 1 +00

Ttr bang bién thién ta thdy phuong trinh (4) c6 dung hai nghiém duong. Vi vay,

hé phuong trinh cho ¢6 tit ca hai nghiém.

Bai 2: CUC TRI HAM SO
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L
y= i)

4 T
.z aEd : D
cye tign e dad i

2.1 TOM TAT LY THUYET

1. Khai niém cue tri ham s6 :
Gid sir ham s6 f xéc dinh trén tap hop D (D < R) va z, € D

a) z,dugc goi la mot diém cuc dai ciia ham sb f néu ton tai mot khoang (a;b)
(a; b) cD

f(z) < f(z,) Vze (a;b) \ {xo}

goi la gia tri cwe dai cua ham so f.

chua diém z, a0 cho: .Khido f (mo) duoc

b) z, duge goi la mot diém cuc tiéu cua ham sb f néu ton tai mot khoang (a; b)
(a; b) cD

f(z) < f(z,) Vze (a;b) \ {xo}
goi 14 gia tri cwe tiéu ctia ham sb f .

Gié tri cuc dai va gia tri cuc tiéu duge goi chung 1a cuec tri

Néu z,la mot diém cuc trj ctia ham s6 f thi nguoi ta noi réng ham s f dat cuc

chua diém z, a0 cho: .Khido f (iBO ) duoc

tri tai diém z,.

Nhue vy : Diém cyc tri phai 1a mot diém trong cta tap hop D (D c R)

Nhéin manh : T, € (a;b) c D nghiala z; 1a mét diém trong ctia D :

Vidu: Xéthamsé f(z) = \/; xéc dinh trén |:0; +oo) .Tacod f(x) > f(())
v6i moi > Onhung x = 0 khong phai 1a diém cyc tiéu vi tap hop [O; +oo)

khong chira bat ki mot 1an can nao cua diém 0.
Chii y :

54



Nguyén Pht Khanh — Pa Lat Tai Liéu 6n thi Tu Tai Pai hoc theo cAu trac BGD.

e Gia tri cuc dai ( cuc tiéu) f(:l:o) no6i chung khong phéi 1a GTLN (GTNN) cua
f tréntap hop D.

e Ham sb c6 thé dat cuc dai hodc cuc tiéu tai nhiéu diém trén taphop D.
Ham s0 cling c6 thé khong c6 diém cuc tri.

o, lamot diém cue tr cia ham s6 f thi diém (7, f(x,))duoe goi la diém
cwe tri ciia do thi ham sb .

2. Piéu kién cin dé ham sé dat cuec tri:

Dinh Iy 1: Gia sir ham sb f dat cuc trj tai diém r,. Khido, néu fco dao ham
tai diém z, thi f'(z,) =0

Chuy:

e Daoham f'co thé béng 0 tai diém r, nhung ham ) f khong dat cuc tri tai
diem z,.

e Ham sd c6 thé dat cuc tri tai mot diém ma tai d6 ham s khong c6 dao ham
e Ham sd chi cé thé dat cuc tri tai mot diém ma tai d6 dao ham ctia ham s

bang 0, hodc tai d6 ham so khong c6 dao ham .
e Ham s6 dat cyc tri tai z, va n€u d6 thi ham s c¢ ti€p tuyén tai diém

(Io‘ f (xo)) thi tiép tuyén d6 song song véi truc hoanh.

Vidy:Himsé y = o| vahamsé y = 2’

3. Piéu kién da dé ham s dat cuec tri:

Dinh Iy 2: Gia sir ham sd f lién tuc trén khoang (a;b) chta diém z,va co dao
ham trén cac khoang (a;xo) va (zo;b) . Khi do :

f'(mo) <0,z e (a;xo)
f'(xo) >0,x € (azo;b)

cach khac , néu f' (x) dbi dau tir 4m sang duong khi z qua diém , thi ham s6

a) Néu thi ham so dat cuc tiéu tai diém . N6i mot

dat cyc ti€u tai diém z.

x a z b

f'(x) - 0 +

f(2) o /
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. f'(x0)>0,xe(a;$0)
b) New {f'(wo) <0,z € (mo;b)

cach khac , néu f' (x) ddi dau tir duong sang 4m khi z qua diém z, thi ham sO

thi ham s6 dat cuc dai tai di€ém z,. N6i mot

dat cyc dai tai diém .

T a T b

f‘(m) + 0 -

/()
flz
; o T

Dinh Iy 3: Gia sir ham s6 f c6 dao ham cAp mét trén khoang (a;b) chira diém

z,,f"(z,) = 0va fco dao ham cép hai khc 0 tai diém 1.

a) Néu f"(:z:o) < Othi ham sé f dat cyc dai tai diém z,.

b) Néu f"(mo) > Othi ham s6 f dat cyc tiéu tai diém .

Chii y:

Khéng can xét ham sé f c6 hay khong c6 dao ham tai diém = = r,nhung khong
thé bo qua diéu kién " ham s6 lién tuc tai diém z,"

1—2 kht <0
x khi x>0

ham s khong lién tuctai z =0.

Vidu:Hamsb f(z) = khong dat cuc tritai z = 0. Vi

2.1 DANG TOAN THUONG GAP.

| Dang 1 : Tim cic di€ém cuwe tri ciia ham so .

Quy tic 1: Ap dung dinh Iy 2

e Tim f' (x)

e Tim cac diém T, (z =12, 3) tai d6 dao ham br:ing 0 hodc ham sé lién tuc
nhung khong c6 dao ham.

e Xétdiucua f'(x). Néu f'(z)ddi du khi xqua diém ,thi ham s6 c6 cuc

tri tai diém z, .
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Quy tic 2: Ap dung dinh 1y 3

e Tim f' (x)

e Tim cac nghiém z, (z =1, 2,3...) ctia phuong trinh f'(a;) =0.

e V6imdi z, tinh f" (x7)

- Néu f ”(%) < 0 thi ham sd dat cuc dai tai diém T, .

- Néu f ”(%) > (0 thi ham sb dat cuc tiéu tai diém T,.

Vidu 1 : Tim cyc tri ctia cac ham s6 :
l.y=2*+32>+3z+5 2. y=—z'+62" -8z +1
Giai :

l.y=2"+32>+3z+5

* Ham s6 d3 cho xac dinh va lién tuc trén R .

* Tacod: y'=3z" + 62 +3=3(z+1)° >0 Vo = Ham s6 khong co cuc tri.
Chit y: o

*Néu y' khong doi dau thi ham s6 khong cé cuc tri.

* P6i voi ham bac ba thi y' = 0 ¢6 hai nghiém phan biét 13 diéu can va du dé
ham c6 cuc tri.

2. y=-2'+62" -8z +1

* Ham s d3 cho xé4c dinh va lién tuc trén R .

* Taco:y'=—4z’ +122 — 8 = —4(z - 1)*(z + 2)

y'=0 -4z -1 (z+2)=0z=1vz=-2

* Bang bién thién

T —00 -2 1 400
y' + 0 + 0 -
25
—0o0 —0o0

Vay, ham dat cyc dai tai = = —2 véi gid tri cuc dai ciia ham s6 1a y(-2) =25,
ham sb khong c6 cuc tiéu.
Bai tap tw luyén:
Tim cuc tri cta cac ham s6 :
4z° - 3z 4z° + 4z -1
= 2. y=— "~

1. y =
r—1 22° + 42 + 3

Vidu 2 : Tim cyc tri ciia cadc ham s0 :

1. y=azVv4d -2’ 4. y=2z+1-+22" -8
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2.y=2r -z’ -3 5.y:%(m—\/12—3x2}
3.y =V-12" + 32

Giai :
1. y:f(:n)::n\/4—x2

* Ham s d3 cho xéac dinh va lién tuc trén doan [—2; 2]

4-22°
* Tacd y'=——,x €(-2;2
V4 - z? ( )
Ham s6 khong c6 dao ham tai cac diemz = —2,2 = 2.

Suy ra, trén khoang (—2;2):y' =0 2x= —\/5,3: = \/5
Bang xét dau y'

r | 2 V2 2

y‘| - 0 + 0 -

y' ddi du tir 4m sang duong khi = qua diém —/2 thi ham sé dat cuc tiéu tai

diém z = —\/5, y(—\/g) =-2;

y' ddi dau tir dwong sang 4m khi = qua diém \/5 thi ham s6 dat cuc dai tai

diémxzx/a, y(\/§)=2.
2. y=2rx-Vz’ -3

* Ham s d3 cho xac dinh va lién tuc trén (—oo; —\/5 } U [\/g : +oo) )

W' -3 -z
* Taco:y'=2- '_x = —_ (—OO'— ) ( ;OO).
aco:y 3 3 , X E ,\/gu\/§+

Ham s6 khong c6 dao ham tai cac diémz = — 3,x = \/g .
Suy ra, trén moi khoang (—00; —\/g),(\/g; +OO) y'=0
velmB)o(iies) fo<s <

= S x=2
N2 -3 =z 4(z* -3) =1

fe—g

Twong ty trén suy ra ham sb dat cuc tiéu tai diém z = 2, y(2) = 3, ham s6
khong co cuc dai.

3.y =N-2° + 32

* Ham s6 d4 cho xéac dinh va lién tuc trén nira khoang (—o0; 3].
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—3(2” - 27)

-z + 32° 7

Ham s6 khong c6 dao ham tai cac diemz = 0,2 = 3.

* Taco:y'= r<3,x#0

Suy ra, trén mdi khodng (—00;3) y'=0 =2
* Bang bién thién:

r | =0 0

y !

+ 0 -
+00 2 \

Y

\0 / .
Ham s dat cuc dai tai diém z = 2, y(2) = 2 va dat cuc tiéu tai diém
z=0, y(0)=0.
Chui y:
* 0 bai 2 vi du 2 miic i 7 = +/3 13 diém ma tai d6 ham s khong c6 dgo ham
tuy nhién ham so6 lai khong xac dinh trén bat ki khoang (a; b) nao cua hai diém
nay nén hai diém nay khong phai 1a dlem cuc tri ciia ham sb.

* Tyong ty vay thi = = 3 cta ham s6 ¢ cau 3 cing khong phai 1a diém cyc tri
nhung 2 = 0 lai 1a diém cyc tri cia ham sb.

4. y=2r+1-+22" -8

*  Ham s di cho x4c dinh va lién tuc trén nira khoang (—oo; —2} , [2; +oo).

[\
— |

2z

* Tacod: y'=2—-——=,1 € (—oo;—2) U (2;+oo).
N2z -8
Ham s6 khong c6 dao ham tai cac diémzx = —2,2 = 2.

Suy ra, trén cac khoang (—oo;—2),(2;+oo) y'=0

:L“e(oo;2)U(2;+w)©{0<x<2©x_2\/_

N2zP -8 ==z 7’ =8

f—

* Bang bién thién:
T 2 2 242 o0
Y

!
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Trén khoang (2; 2\/5) :y' <0, trén khoang (2 2;+oo) cy' > 0diém cuc tiéu 1a

(2\/5;3x/§+1).
5. =%($—\/12—3x2j

*  Ham s6 da cho xac dinh va lién tuc trén doan [—2; 2] .

_ 2
 Tach: y' =~ 223 ¥3T ] o (-2:2)
V12 - 3427
Ham s6 khong c6 dao ham tai cac diémz = —2,x=2.

Suy ra, trén khoang (—2;2) y'=0

e(—2;2) - 2<z<0
3z z

) S r=-1
V12 - 32% = -

* Bang bién thién:

T | —o —2 —1 2 +00

y !
Trén khoang cy' <0, trén khoang :y' > 0 suy ra diém cyc tiéu
la (-1; —2) .

Bai tap twong tu :
Tim cuec tri cua cac ham so :

Ly=z+1+V22° -8 .y=z+20Nr’+1+1
2-y=§+\/x2+3 4.y:x\/16—:c2+(x—1)\/;

Vidu 3 : Tim cuyc tri cua cac ham so :

Giai :
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* Ham s d3 cho xé4c dinh va lién tuc trén R .

x khi >0
Y2V khi z <0

1 khi x>0

" Taco y':{—l khi 2 <0

Trén khoang (—oo;O) :y' < 0,trén khoang (O; +oo): y'>0.

* Béng bién thién

r | —o© 0 +00
v - N
Y | 40 00

Ham sb dat diém cuc tiéu tai diém z = 0, f(O) =0.

xlx+2) khi x>0
> y_f(x)_‘m‘(xﬂ)_{—f;(m)z) Khi <0
* Ham s6 d3 cho xac dinh va lién tuc trén R .
* Tach y‘={2x+2>0 khi x >0
—2x—2 khi x<0
Ham s lién tuc tai z =0, khong c6 dao ham tai =z = 0.
Trén khoang (—oo;O):y' =0 < z = -1 ,trén khoang (O; +oo): y'>0.

* Béng bién thién

r | =% -1 0 +00
y' + 0 - H +
Y

_oo/ \0 /+OO

Vay ham sb dat cuc dai tai diém z = -1 f (—1) =1, ham sb dat cuc tiéu tai diém
7 =0, f(o) =0.

3.y =1(2) = lel (= - 3)

* Ham s6 d3 cho xac dinh va lién tuc trén R .
oy Ne(e=3) khi 220
v=I(z)= V(2 -3) khi 2 <0’
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3($—_1) khi x >0

* Tacoy'= N
3= % khi 2 <0
2N -z

Trén khoang (—oo;O):y' > 0 ,trén khoang (O; +oo):y‘ =0 =1

* Bang bién thién
T | —o© 0 1 +00
y' - 0 +

o
y _oo/o \2/00

Ham sb dat diém cuc dai tai diém z = 0, f (0) =0, ham sb dat diém cuc tiéu tai

diém z = 1,f(1) =-2.

Bai tap twong tw :
Tim cuec tri cia cac ham so :

1.y=\w+1\+x 4.y:‘2x—4‘+\/2x2—8

2.y=x2+w—x2—4‘ 5.y:‘x+3‘+m
3.y=‘$‘+2 4-2 6.y=2‘—x+1‘+w—2+\]w—x2

Vidu 4 : Tim cyc tri ctia cac ham s6 sau
1. y=2sin2z -3 2. y=3—-2cosz —cos2x

Giai :
1. y=2sin2z -3
* Ham s6 d3 cho xac dinh va lién tuc trén R .
* Taco y'=4cos2z

y'zO@costzO@x:%+kg,keZ,

y" = —-8sin2x

-8 khi k=2n
uz /{:Z = —8si Z k =
y(4+ 2] Sm(2+ ”J {8 Whi k=2n+1

A \ A e e R T T .
Vay ham s6 dat cuc dai tai cac diém z = 1 + nr; y[z + nﬁj = —1 va dat cuc

dai tai = :%4-(271 +1)%;y(%+(2n +1)%J =5
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2. y=3-2cosx —cos2x

* Ham s6 d3 cho xac dinh va lién tuc trén R .

* Taco y'z25inx+281n2x:QSinx(1+QCosx)
sinz =0 x=kr

y'=0< 1 or & 2 kel.
COS$=—§=COS—E x=i§+k27z

y" =2cosz + 4cos2x

2 2 : . 2
y"[i§+k27zj = 6COS?7[ = -3 < 0. Ham so dat cuc dai tai z = i?”+k27z,

Y i2—7[+k27z =4l
3 2
y"(kﬂ) =2coskr +4 > 0,Vk € Z . Ham sb dat cuc tiéu tai

x =kt , y(lwz) :2(1—Cosk7z)

Bai tap twong tu:
Tim cuyec tri ciia cac ham so :

1.y =z —2sin’ z. 5.y=uxz-2sin’z.
2.y=xtancz. 6. y=xtancz.
3.y=cos2x. 7.y:cosza;.
4.y=3(:osx+\/§sina:. 8.y:3cosx+\/§sinx.

.,y £ . N 73
Vi du 5: Tim cuyc tri cia ham s0 : y = cos zv/sinz trén doan |:0; } .
2

Giai:

. . s T
* Ham s6 da cho xac dinh va lién tuc doan {O; } .
2

1 - 3sin?
* Tacd: y'=—sinzvsinz + cos T .cosx:ﬂ
2+/sin x 2+/sin x
. xe(O;Zj 1
Trén khoang | 0;— |: y'=0 < @sinx:T(*)
2 sian:% 3

Tén tai gbc B sao cho sinﬂzi,khid() (*)<:> r=p.

J3
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4
Vi sin f = % thi cos :g va y(,[i’) = cos f+/sin B = \/;?
3

Bang xét dau y":

X T
0 —_
p 2
y‘| + 0 -
2

Ham s6 dat cuc dai tai z = f,y(8) = ~5~ V6isin = =
V3

Bai tdap twong tu:

Tim cuec tri cta cac ham s6 :

T
1.y = (COS2{L’+1) sin 2z trén khoang —2;2)

N—

2.y = 26082 + 3COS§ trén khodng (0;207z .

R T 7
3. y =cotx +4x trén doan | - —;— |.
4 4
_cosz+2sinz+3 , ( _ )
4. y = Y p— trén khoang | -7;7).

Vi du 6: Tim cuc tri cia ham s6 : y = |cos® z+sin® z| + 3sin 2z .

Giai:

y = |cos® z+sin®

+ 3sin2z = ‘(COS T+sin x)(l—cos T.sin x)‘ + 3sin 2z

Vil—-cosz.sinx = %(Q—QCosx.sin:v) = %(Q—SiHQZE) >0

Nén y = |COS x+sin:1:| (1 — COS 7. sin :E) + 3sin 2z

< . . t*~1
batt = |cosx+smx| = cosz.sinzx = 5 ,0<t < \/5

Coa _ s 3. 3, 3
Taco: y'z%(—t2 +2t+1):g[2—(t—1)2} >O,Vte[0;\/§},suyrahémsé

0<t<+2

khong c6 cuc tri .

Vi du 7: Tinh dao ham ctia ham s6 tai diém = = 0 va ching minh ring ham
s dat cyc tiéu tai = 0, biét rang ham s6 f(z) x4c dinh béi :

64




Nguyén Phia Khanh — Pa Lat Tai Liéu 6n thi TG Tai Pai hoc theo cu trac BGD.

1+ zsin’z —1

f(:v)= - y ZIZ'?'—'O.
0 , =0
Giai :
— 3 1 2 —
f'(O)zlim f(z)— £(0) _ lim 1+zsin"z -1
z—0 T z—0 .’L’z
rsin®
f O lﬁlilol
1+xsm :1; +\/1+J;Sln z+1
f'(O)—hmsmx sin @ L =0

z—0 €T . 2 .
\/(1+:L“Sln2:1:) +31+zsin’z +1

Mit khac = # 0, tacod:

F(r)= s = f(«)20=1(0).
i/(1+xsin2x) + 1+ zsin®z +1

Viham s f (x)lién tuc trén R nén ham s6 f (z)dat cuc tidutai £ = 0.

.1
r’sin— ,z#0

Vidu 8 : Cho ham s6 f(z) = T . Chimg minh ring
0 , =0
£'(0) = 0 nhung ham s f(z) khong dat cuc tri tai diém 0.
Giai :
f(@)=f(0
Ta co —() = :L“sinlvdi moi x #0.
T x
o 1 - . J@)-r(0) ,
Véimoi z #0: |zsin—| < ‘:Jc‘va hngx =0 nén lm%— =0.Dodo
T T T T

ham s6 f(z) c6 daohamtai =0 va f'(0) = 0.

Lay mot day = :L,khi dé f(z )=
n 2”72- n

> sin2nz =0,Vn.
2nw

Gia sir (a;b) 1a mot khoang bt ky chira diém 0.

Vilimz =0nénvéi n dulén z e(a b) vado f(z )=0 :f(O),Vn,theo

z—0

dinh nghia cyc tri cia ham s6,2 =0 khong phai 1a mot diém cuc tri cuia f(z).

| Dang 2 : Tim di€u kién dé ham so co cuec tri. |
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Phwong phap: St dung dinh 1i 2 va dinh 1i 3
Chu y:

* Ham sb f (xac dinh trén D) ¢ cuc tri < Jz, € D thoa man hai diéu kién
sau:

1) Tai dao ham cua ham s tai z, phai triét ti€éu hoac ham ) khong c6 dao ham

tai x,

i) f'(z) phai d6i dau qua diém =z, hodc f"(z,) # 0.

*Néu f'(z) 1a mot tam thirc bac hai hodc triét tiéu va cing ddu v6i mot tam
thire bac hai thi ham c6 cyc tri < phuong trinh f'(z) c6 hai nghiém phan biét
thudce tap xac dinh.

Vidu1:Tim mdé y = ma® + 32° + 12z + 2 dat cuc dai tai diémz = 2.

Giai :
Ham s6 da cho xac dinh va lién tuc trén R

Taco: y'=3ma® +62+12 = y" = 6mz + 6

\ £ TP y‘<2):0
Ham so6 dat cuc dai tai diém z =2 <
y"(2)<0
12m+24 =0 L
< m = —2 la gid tri can tim.
12m+6 <0

Chii y : Ta c6 thé giai bai toan trén theo cach khac nhu sau
D¢ ham s6 dat cuc dai tai diém = =2thi y'(2) =0 < m =-2.
Voim=-2tacod y'= 3(—2:32 +2z+4) ta thdy ham s6 dat cuc dai tai diém
T=2.
Bai tap twong tw :

, . e, . e F O e [L’2 +mx+1 ..
1. Xéc dinh gia tri tham s6 m dé ham s6 y = f(x) = —— dat cuc dai tai

T+m

T =2.
2. Xéc dinh gia tri tham sb m dé ham s6 y = f(x) =2’ + (m + 3)x2 +1-m

dat cuc dai tai x = —1.

Vidu 2 : Vi gia tri ndo cia m , ham so

Y= 2(m2 —3)Sin:1: —2msin2z + 3m — 1 dat cuc tiéu tai diém z = %?.

Giai :
* Ham s0 da cho xac dinh va lién tuc trén R .

* Taco: y' =2(m2 —3)Cosm—4m0082x,
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y" = —2(m2 - 3)Sin:1: + 8msin 2z .

Diéu kién can dé ham sé y dat cuc tiéu tai diém z = % la f'(%] =0

oSm +2m-3=0m=-3vm=1.

Pidu kién du dé ham sé y dat cuc tiéu tai diém z = % lay" (%] >0.

That vay, y" (%j = —\/g(m2 —4m — 3)

+ m=-3,tacod y"(%} < 0. Do d6 ham sb dat cuc dai tai diém z 2%
r
3

VA 4 2 a0 R
+ m=1,tacod y"(§J>O. Do d6 ham s6 dat cuc tiéu tai diém z = —.

Vay ham 6 f () dat cuc tiéu tai diém z = %khi va chikhi m =1.

Bai tap twong tw :

2
; \ X1 a £ r+mr-2 .
Vidu3: Tim m e R dehamsoyz—1 c6 cuc tri .
mz —

Giai :

L e . s e . 1
* Ham s6 da cho xac dinh va lién tuc trén R\ {—}
m

+ Néum=0 thiy:x2—2:> ham sb c6 mot cuc tri

A \ A , . 1
+ Néu m # 0 ham s0 xac dinh Vz = —
m

2
, mx” =2x+m . oz, i )
* Tacod y' = —— . Ham s0 ¢6 cuc tri khi phuong trinh

(mz —1)°

. . . 1
mz® — 2z +m =0 c6 hai nghiém phan biét khac —
m
1-m*>0
= 1 & -l<m<1.

m——=#0
m

Vay -1 <m <1 lanhiing gia trj can tim.
Bai tap twong tw :
Tim m dé d6 thi ciia ham so6 sau co cuc tri :

1. y=$3—3mx2+(m+2)x+3m+4 3.y:x4—2(m—4)x2+2m—5
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Z.y:xQ—(m+1)x—m+2 4‘y:mx2—(m—2)x—1

z—1 T+ 2

Vi du 4: Chimg minh rang voi moi gi tri cia m € R , ham s6
z’ —m(m+1)x+m3 +1

Y = ludn ¢6 cuc dai va cuc tiéu .
T—m
Giai :

* Ham s d3 cho xéc dinh va lién tuc trén D:]R\{m}.
* Ta co:

2 2

- —-2mr+m -1 g\z
y' = — () g;;tm,g(x):x2—2mx+m2—l

(=m)  (o-m)
Déu cua g(x) ciing 14 ddu cua y' va Al = m’ —(m2 —1) =1>0, Vm.
Do d6 Vm thi g(x) =0 Iuon c6 2 nghi¢m phan biét z, =m -1z, =m +1

thudce tap xac dinh .
* Bang bién thién:
z |- m-1 m m+1 4o
y' - 0+

NN

y' d6i dau tir duong sang am khi z qua diém x, = m — 1thi ham s6 dat cuc dai

tai diém z, = m -1
y' doi dau tir 4m sang duong khi z qua diém z, = m + 1 thi ham s0 dat cuc ticu
tai diém z, =m +1

Bai tdp twong tu :

Vidu 5: Tim m dé ham s6 y:(m+2)x3 +32° + mz +m c6 cuc dai, cuc

tiéu .

Giai:
* Ham s d3 cho xé4c dinh va lién tuc trén R .
* Taco y'= 3(m+2):1;2 +6x+m
Ham s6 ¢6 cuc dai va cuc tiéu khi phuong trinh ' = 0 ¢6 hai nghiém phan biét

m+2#0 m # —2 m # —2
hay < = ) =
A':9—3m(m+2)>0 3(—m —2m+3)>o B3<m<1
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Vaygiatri m cantimla -3 <m <1m # 2.

Bai tap twong tw :
Tim m dé€ d6 thi ciia ham so sau c6 mot cuc dai va cuc ti€u :

(m—l)ac?—(m—l)mwtm

z—-1

l.y= 2~y:%(m+1)$3+(m+1)x2+2m+1

Vidu6:Tim mdédiém M(2;0) la diém cuc dai cia dd thi ham s6

y=-2"+ma’ —4.

Giai:
* Ham s0 da cho x4c dinh va lién tuc trén R.
* Tacd y'=-32"+2mz, y"=-6x+2m.

Diém M (2; o) 1a diém cuc dai cta d6 thi ham sd khi va chi khi :

y'(2)=0  [-1244m=0 _,
y"(2) <0< {-12+2m <0 @{mZG@mz?)
y(2)=0  |-S+dm-4=0 "

Bai tap twong tu :

1. Tim mdéhamsd y = z* + (m + l)x2 +m —1c6 diém cuc tiéu (—1;1).

, , x2+(m—1)m+m—2
2. Tim mdéhamso y =

c6 diém cuc dai (2; —2) )
z+1

Vi du 7 : Xac dinh cac gi4 tri ciia tham s6 k dé d9 thi ctia ham s6
y=kz'+ (k - 1) z* +1 -2k chi c6 mot diém cuc tri.

) Giai:
* Ham s0 da cho x4c dinh va lién tuc trén R.
* Taco y'=4ka’ —2(k-1)z
y'=0< r=0
2k’ +k—-1=0 (¥)
Ham s6 chi c6 mot cuc tri khi phuong trinh y' = 0 ¢6 mot nghiém duy nhét va

y' d6i ddu khi z di qua nghiém d6 .Khi d6 phuong trinh 2kz® +k—1=0 (*)
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v nghiém hay c6 nghiém kép z =0
k=0
k=0 k<0
=R EX = =
k<Ovk=>1 k>1
A'==2k(k-1)<0

Vay k< 0vk>1 1agid tri can tim .
Bai tdp twong tu :

Vidu8:Chohamsb y = 2" +4ma® + 3(m + 1)z” +1. Tim m e R dé:
1. Ham s ¢6 ba cuc tri.
2.Ham s c6 cuc ti€u ma khong c6 cuc dai.

) Giai:
* Ham so0 da cho x4c dinh va lién tuc trén R.
* Tacod y'= 42 +12ma’ + 6(m + 1)z = 22(22° + 6maz + 3(m + 1))
z=0

y'=0& )
f(x)=2z"+6mzr+3m+3=0
Nhan xét:
*Néu y c6 hai nghiém phan biétz ,z, # 0, khi d6 y's& di dau khi di qua ba
diém 0,z,, 2, khi d6 ham c6 hai cyc tiéu va 1 cyc dai.
*Néu y co6 1 nghiém = = 0, khi d6 y' chi d6i ddu tir — sang + khi di qua mot
diém duy nhét nén ham chi c6 mot cuc tiéu.
*Neu y c6 nghiém kép hodc vo nghiém thi y' chi doi dau tir - sang + khi di
qua z = 0 nén ham dat cuc tieutai z = 0.
T trén ta thay ham so ludn c6 it nhat mot cyec tri.
1. Ham s0 c6 ba cyc tri khi va chi khi y c¢6 hai nghiém phéan biét khac 0

{A'—3(3m22m2)>0 m<1_\/?um>1+\/;

g 3 3
y(0) =0 m # —1

2. Theo nhan xét trén ta thay ham chi c6 cyc tiéu ma khong c6 cuc dai

1-7 147

= hémsékhéngcébacuctri = 3 <m< -
Chu y:
1) B6i voi ham tring phuong y = az’ + bz® + ¢ (a # 0)

. z=0
Tacod y'=4ax’ +2br = z(daz” +b) = y'=0 & )
daz” +b=0 (1)
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b#0
* Ham c6 ba cuc tri <> (1) c¢6 hai nghi€ém phan biét khac 0 < { b<0
a

Khi d6 ham c6 hai cuc tiéu, mot cuc dai khi @ > 0; ham ¢6 hai cuc dai, 1 cuc
ticu khi a < 0.
* Ham c6 mot cuc tri khi va chi khi (1) ¢6 nghiém kép hoac vé nghiém hodc co

A<O ab >0
y(0) =0 |b=0

va chi co cuc dai khi a < 0.

1 nghiém z =0 < { . Khi d6 ham chi ¢ cyc tiéu khi a > 0

2) B6i v6i ham s6 bac bdn y = az® + ba® + ez’ + d,
) =0
Tacéd: y'=4az’ +3bz° +2cr = y' =0 & ,
daz” + 3br +2c =0 (2)
* Ham s c6 ba cuc tri khi va chi khi (2) c6 hai nghiém phan biét khac 0
{9172 —32ac >0
=

0 . Khi d6 ham c6 hai cuc tiéu, mot cuc dai khi a > 0 ; ham c6
C #

hai cuc dai, 1 cuc tiéu khi a < 0.
* Ham c6 mot cuc tri khi va chi khi (2) c6 nghiém kép hoac vé nghiém hodc co
A <0 9> — 32ac < 0
&
y(0)=0
khi a > 0 va chi ¢6 cuc dai khi a < 0.
Bai tdp twong tu :

I nghiém z =0 < { . Khi d6 ham chi ¢6 cuc tiéu

c=0

; Lo L P Z 1 3 2 .
Vidu 9 : Xac dinh m d¢€ do thi cia ham soy:§x4—mx2+§co cuc tiéu ma

khong c6 cuc dai.

* Ham s d3 cho xéc dinh va lién tchtlraéln. R.
* Tacd y' =2z’ —2mx

z=0

e ()

Ham sb ¢6 cuc tiéu ma khong c6 cuc dai khi phuong trinh ' =0 c6 mot
nghiém duy nhat va y' doi dau khi x di qua nghiém d6 Khi d6 phuong trinh

y'=0<

P =m (*) v nghiém hay c6 nghiémkép 2 =0 < m <0

Vay m < 0 1a gid tri can tim.

Bai tap twong tw :
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1. X4c dinh m dé d6 thi cia ham s6 y = ' — ma® + 3 ¢ cuc tiéu ma khong c6
cuc dai.

Vidu 10 : Tim m dé ham sé y = ma® + 3ma® — (m — 1)z — 1 khong ¢ cuc tri.

Giai :
* Ham s0 da cho x4c dinh va lién tuc trén R.

* Tacod: y'=3mz’ +6mr—m+1 (*)
* m =0 khido (*)tré thanh y'=1> 0 Vz € R suy ra ham khong c6 cuc tri.

* m = 0 khi 6 dé ham khong c6 cyc tri thi ' = 0 c6 nghiém kép hodc vo

nghiém@A':Sm(4m—1)SOc>0<mSi.

1 . .
Vaiy 0 <m < Z thi ham s6 khong ¢ cuc tri.

Bai tap twong tw :

2
. Z 1.2 X mx- +x+m R i . .2
1. Tim m dé ham s6 y = — khong ¢6 cuc dai , cuc ticu .

r+m

2. Tim m dé ham s6 y = ma® + 3ma® — (m — 1)z — 1 khong co cuc tri.

Vidu1l:Tim m ddhamsd y = 22+ 2+ mV2’ —4z +5 ¢6 cuc dai.

Giai :
* Ham s0 da cho xac dinh va lién tuc trén R .
T —2 . m

——y =.
Va? —4x +5 \/(x2—4:1:+5)3
Cach 1:

+ Néum =0 thiy=-2<0 VzeR nénham s6 khong co cuc tri.
+ m #0 vidiucaa y"chi phu thugc vao m nén dé ham c6 cuc dai thi trude

* Tacoy'=-2+m

hét y" <0 < m < 0.Khi d6 ham sb c6 cuc dai < Phuong trinh y' =0 ¢6
nghiém (1).

Taco: y'=0< 2((x -2 +1=m(z-2) (2).
Dit t = z — 2 thi (2) trd thanh :

mt—E 1] ) 1) c6 nghié
= 5 1 = (1) c6nghiém

=
(m? -4yt =1" |#* =

c>m2—4>0<:>m§—2 (Do m < 0).
Vay m < -2 thi ham s6 ¢o6 cuc dai.
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Cach 2:
Ham s6 dat cuc dai tai =1,
_2 .
= e Fe [
y"(mo)<0 0 0 0

m <0 m <0
Véi m < 0thi (1) = 2, <2.

o T — 4z, +5
Xethamso:f(:z:o):— <2

,T
T, —2 0
\ri =4z +5 \zi —4z +5

li =1l Yo 0 =-11 =1 2 =
LLI’EOf(ZEO) JILIE}C L, -2 ’J:I—g}f(xo) TLI? Z, -2 ”
Ta c6 f'(mo)z . 2 <0,Vz, e(—oo;2)

(mo —2) «/iﬂg -4z, +5
Bang bién thién :

x —o0 2

Phuong trinh (l)cé nghiém z, <2 < % <-lem< -2

Vidu12:

1. Tim cac hé sd a,b,c¢ sao cho ham sb f(:z:) =2* + az® + bz + ¢ dat cuc tri
bang 0 tai diém z = —2 va dd thi cua ham sb di qua diém A(l; 0).

2

. . .z . Z ar” +bx + ab .

2. Tim cac hé s0 a,b sao cho ham so f(:n) = —b dat cuc tri tai
ar +

diémz=0vazxz=4.

Giai :
1.
* Ham s0 da cho xac dinh va lién tuc trén R .

* Taco f'(m)=3x2+2a:n+b
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Ham s6 dat cyc tri bang 0 tai diém 2 = —2 khi va chi khi

{f’(—Q)—O©{4a—b—12

f(-2)=0 4a—2b+c:8(1)
D0 thi cua ham sé di qua diém A(1;o) khi va chi khi
f(l):0<:>a+b+c+1:0 (2)

Tu (1),(2)suyra a=3b=0,c=—-4.

2.
* Ham s6 d3 cho xac dinh khi az + b # 0

a*z? + 2abx + b — a’b

(ax + b)2

* Taco dao ham y' =

e Dibu kién can :
Ham so6 dat cuc tri tai diém x = 0 va z = 4 khi va chi khi
b> —a’b

{y@_o "

= 2 2 2
y'(4)=0 16a +8ab+b2 ab:O
(4a+b)
b2 —a’b =0 b 22
=q
= =<8 (a+2)=0<=
16a” +8ab+b* —a’b = 0 ot d® %0 b=4
+a° #
da+b#0 ara
e Dbibukién du :
{a:—ij'_ I2—4$ y'_oc{ =
Béng bién thién
T —00 0 2 4 40
y' - 0+

NN

Tur bang bién thién :ham sb dat cuc tri tai diém z =0 va z = 4. Vay
a =-2,b =41agid tri can tim.
Bai tap tw luyén:
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Vi du 13: Tim cac hé sé a,b,c,d sao cho ham sb f(x) =az’ +02" +cx +d

dat cuc tiéu tai diém z = 0, f(O) = 0 va dat cuc dai tai diém z = 1,f(1) =1.

) Giai :
* Ham s0 da cho x4c dinh va lién tuc trén R.
* Tacod f'(m) =3ar’ +2bx +c , f"(a;) = 6azx + 2b

+ Hamsé f(z)dat cyc tidu tai 2 = 0 khi va chi khi
£1(0)=0 [e=0 _[e=0

{f”(o) 0" {21) >0 {b 2o (-

» Hams6 f()dat cyc dai tai = = 1 khi va chi khi

{f'(l)—o @{3a+2b+c:o )

f"(1)<0 6a +2b < 0

f(0)=0_[d=0 d=0
{f(l)_l:{a+b+c+d—1©{a+b+c—1 (3)

Tl‘I(l),(Q),(S)suyraa:—2,b:3,c:0,d:0.
Takiém tra lai f(z)=-22" + 32°

Tac f'(z)=-62" +6z , f"(z)=-120+6
£"(0) =6 > 0. Ham s6 dat cyc tidu tai z = 0

f"(l) = —6 < 0. Ham sb dat cuc daitai z =1

Vay: a=-2,b=3,c=0,d =0.
Bai tap tw luyén:

Dang 3 : Tim dié€u ki€n dé cac diém cwe tri cia ham so théa man dieu
kién cho trudc.

Phwong phap:

e Trudc hét ta tim diéu kién dé ham s c6 cuc tri,

e Biéu dién diéu kién cua bai toan thong qua toa do cac diém cuc trj cia do thi
ham sd tir d6 ta tim duoc diéu kién cta tham sb.

Chu y:

* Néu ta gap biéu thirc d6i xung cua hoanh do céac diém cuec tri va hoanh do cac
diém cuc tri 1a nghiém cua mot tam thirc bac hai thi ta st dung dinh 1i Viét.

* Khi tinh gia tri cuc tri ctia ham s6 qua diém cuc tri ta thudong dung cac két qua
sau:
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Dinh li 1: Cho ham da thiicy = P(:B) ,gldsa y = (a:z: + b) P’(m) +h (x) khi d6
néu z, 1a diém cuc tri cia ham s6 thi gia tri cuc tri cia ham s 1a:

Y (xo) = h(xo) va y = h(m) goi 1a phuong trinh quy tich cua cac diém cuc tri.
Ching minh: Gia st 2, 1a diém cyc trj ciia ham s0, vi P(z) 13 ham da thic

nén P'(xo) =0 = y(xo) = (am, +b)P'(m0) + h(mo) = h(xo) (dpcm) .

u\x ‘ ,
Dinh li 2: Cho ham phéan thuc hiruti y = ( ) khi do néu z, la diém cyc

o()

tri ciia ham so thi gia tri cyc tri cua ham so6: y(z,,) =

w'(2)
v'(z)

Ching minh: Tacéd y' =

Vay = 1a phuong trinh quy tich cua cac diém cuyc tri.

=y'=0< u'(m)v(m) —v'(x)u(x) =0 (*). Gid s xulédiém cuc tri cua

o) uln)
o) vl V)

ham sb thi z, 1a nghiém cua phuong trinh (*) =

. .1
Vidu 1: Tim m dé d6 thi ctia ham so y=§$3—m:n2+(2m—1):n+2 co 2

diém cuyc tri duong.

Giai :
* Ham s d3 cho xé4c dinh va lién tuc trén R .
* Tacod y'=2" —2mz +2m -1
y'=0 2" -2mz+2m-1=0 (¥
* Ham s6 c6 hai diém cuc tri duong <> (*) c6 hai nghiém duong phéan biét

A'=m®> -2m+1>0 1
=S<85=2m>0 = m>3
P=2m-1>0 m # 1
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Vay m> 9 la nhitng gia tri cAn tim.
m # 1
Bai tap twong tw :
1. Tim m dé d6 thi cia ham sé y = 2° — ma® + (m + 6)3; +5 ¢o 2 diém cuc tri
duong.

22 —mx +m —2

2. Tim m dé€ do thi cia ham s6 y = co 2 diém cuc tri am.

mz + 1

2
, \ 2 Ak a1 o 1a £ mx- +3mr+2m+1 .
Vidu 2 : Tim m dé€ do thi cia ham s6 y = N co cuc dai,
x_

cuc ti€u va 2 diém d6 nam v¢ hai phia voi truc Oz .

Giai :
* Ham s da cho xac dinh va lién tuc trén R \ {1} :
ma® —2ma —5m —1
(z 17
y'=0 mz’ —2mz—-5m—-1=0 (x;él) (*)

* Taco y'=

Ham s6 ¢6 hai diém cuc tri < (*) c0 2 nghiém phan biét z ,z, = 1

m # 0 1

< amdm+1) >0 < ms 6 -
~6m—1%0 m >0

Hai diém cuec tri cua dd thi ham sb ndm vé hai phia truc Oz

& y(xl).y(xZ) <0.

Ap dung két qua dinh i 2 ta co: y(xl) = Zm(xl — 1) , y(:L“Z) = Qm(:zs2 — 1)
= y(ml)y(%) = 4m’ [mle —(ml + xQ) + 1} = 4m(—2m - 1).

y(xl)y(%) <0< 4m(-2m-1)<0< ms 9.

m >0

< —— e, e A .
Vay 9 la nhiing gia tri can tim.
m >0

Bai tap twong tw :
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X i o La A 1 , .
1. Tim m dé d6 thi ctia ham s6 y =%x3 —EmQ +(m—1):1:+3 cod cuc dai, cuc

tiéu va 2 diém do nam vé hai phia véi truc Oz.

R . (m + 1) ‘
2. Tim m dé do thi ctia hAm so y = —Taz“ —maz® +3m —1 cod cuc dai,
cuc tiéu va 2 diém d6 nam vé hai phia véi truc Oy .

2
3.Chohémséy:mx +3mz +2m +1

1 1 A \ A , .
,m # —. Tim m dé ham so co6 cuc dai,
z—1 6
cuc ti€u va hai diém cyec tri d6 nam vé hai phia cua truc hoanh.

Vidy 3 : Tim m dé d6 thi cia ham s6 (C ) : y = 22° + ma® — 122 — 13 ¢6

diém cuc dai, cyc ti€u va cac dieém nay cach déu truc Oy .

Giai:
* Ham s d3 cho xéac dinh va lién tuc trén R
* Tacd y'=2B"+mz—-6)=y'=0<32"+mz-6=0 (2)
Vi (2) luon ¢6 hai nghi¢m phan biét nén dd thi ham s6 ludn c6 hai cuc tri. Goi
z,,z, la hoanh d¢ hai cyc tri, hai diém cuc trj cach déu truc tung
@‘xl‘ 2‘332‘ Sr =-z, <z +r, =0z #1,)
-b  -m

a

Vay m = 0 1a gia tri can tim.
Bai tdp twong tu :

A oaX s oo pa K 1.
1. Tim m dé do thi cia ham so (C ): y = _§$3 + (2m - 3):1:2 — (2m — 3):5
¢ diém cuc dai, cuc tiéu va cac diém nay cach déu truc Oy.

xZ—(m—l)x+m+1

2. Tim m dé do thi ciia ham sb (C.):y= N c6 diém cuc
x f—

dai, cuc ti€u va cac di€m nay cach deéu truc Ox.

Vi du 4 : Tim m dé d6 thi ctia ham s

y =z’ - (2m + 1)x2 + (m2 —3m + 2)3; +4 c6 hai diém cuc dai va cuc tiéu

nam vé hai phia truc tung .

Giai :
* Ham sd cho xac dinh va lién tuc trén R
* Tacd: y'=32" —2(2m+ 1)z +m’ —3m +2
Ham s6 6 hai diém cuc dai va cuc tiéu nam vé hai phia tryuc tung khi va chi khi
phuong trinh y' =0 c6 hai nghi¢ém phan bi¢t z ,z,thod man z, <0<z,

<:>3.y'(0)<0c>m2—3m+2<0<:>1<m<2
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Vay gia tri can tim1a 1< m < 2.

Bai tdp twong tu :

1. Tim m dé d6 thi ciia ham sé y = 2° — ma® + (2m2 +7m —9):3 —1 c6 hai
diém cuc dai va cuc tiéu nam vé hai phia truc tung .

2. Tim m dé 6 thi cta ham s6 y = —a* + (4m = 3)2” + (m” + Tm + 10):1; +3

c6 hai diém cyc dai va cyc tiéu nam vé hai phia truc hoanh .

Vi du 5 : Xac dinh gié tri tham s6 m dé ham s6
y=1z"—6z" + 3(m + 2) z —m — 6 dat cuc dai va cuc tiéu déng thoi hai gia tri

cuc tri cung dau.

Giai :

* Ham s d3 cho xéac dinh va lién tuc trén R

* Taco:y'=32" —12z+3(m +2).
Ham s6 ¢6 cuc dai , cuc tiéu khi y' = 0 c6 hai nghiém phan biét

S A'=36-9(m+2)>0 & 2-m >0 m<2
y=%(z—2).[3x2—12m+3(m+2)]+2(m—2)x+m—2
yz%(m—Q).y'+2(m—2)x+m—2
Goi A(:El;yl),B(mQ;yQ) 1a c4c diém cuc tri cua dd thi ham sb thi T, T,
la nghiém cta phuong trinh g(:z:) =32" - 12z + S(m + 2) =0.
Trong d6 :

Y =%(x1—2).y'(x1)+2(m—2):1;1+m—2

y'(w)=0

:>y1:2(m—2)xl+m—2
l(xl—Q).y'(x2)+2(m—2):c2+m—2

:>y2=2(m—2)x2+m—2
Theo dinh 1y Vi-ét,taco: z, +z, = 4,22, =m +2
Theo bii toan : y,., > 0 < | 2(m = 2)z, +m =2 ][ 2(m—2)z, +m-2]>0
& (m—-2) (20, +1)(22, +1) > 0
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2
= (m - 2) [4x1x2 + 2(:1:1 + xQ) + 1] >0

& (m=2) [4z2,+2(s, +2,)+1]> 0 (m-2) (4m +17) > 0

TN o i A
So véi diéu kién bai toan , vay —Z<m<2 la gié tri can tim .

Bai tdp twong tu :

) o ) , , mQ—(m+1)x+3m+2
Vidu 6 : Xac dinh gi4 tri tham s6 m dé ham s6 y = ! co
w_

hai diém cuc dai va cyc tiéu cung dau .

Gidi :
*  Ham sd da cho xac dinh trén D = R\ {1}

_ *—2r-2m -1

(z-1)
Cach 1:

Ham s6 c6 cuc dai va cuc tiéu khi f' (m) = (06 hai nghi¢m phan biét

* Ta co dao ham f'(x) T £ 1

z # 1 hay phuong trinh g(m) =12" =22 —2m —1=0 co hai nghiém

A'>0 2m+2 >0
{ s m>-1 (1)

phénbiétx;tl,khid(){g(l)iO@ oM —2%0
Goi A(ml;yl),B(:BQ;y?) 1a c4c diém cuc tri cua dd thi ham sb thi T,
la nghiém cta g(:z:):()

r,=1-V2m+2 =y =1-m—-2v2m +2
r,=1+N2m+2 =y, =1-m+2v2m +2

Hai gia tri cuc tri cung dAu khi

Y4, >0<:>(1—m—2\/2m+2)(1—m+2\/2m+2)>O

& (1-m) ~4(2m+2)>0

Khidé: y' =0 <

om -10m-T>0om<5-42vm>5+42 (2)
Tir (1)va (2) suyra -1 <m<5-432vm >5+ 42
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Cach2:
Ham s6 d4 cho x4c dinh trén D = R\ {1} va c6 dao ham

f'(x)z :E2—2:E—2m—1

(o1

Ham s0 ¢6 cuc dai va cuc tiéu khi f' (x) = 0 cd6 hai nghiém phan biét

,x#1

x # 1 hay phuong trinh g(:z:) =12° -2z —2m —1=0 co hai nghiém

A'>0 {2m+2>0
S m > —1

phén biét < =4
g(1)#0 7 |-2m-2#0
Hai gia tri cyc tri cung d4u khi dd thi ciia ham sé y=0 cit truc hoanh tai
hai diém phén biét z # 1 hay phuong trinh
7" =(m+1)z+3m+2=0 (x#1)c6 hai nghiém phan bi¢t o 1.

Tacla <

Az(m+1)2—4(3m+2)>0 m? —10m—17>0
< 2m+2 =0

1—(m+1)+3m+2¢0

m<5—4\/§
= m>5+4\/§

m %= —1

—1<m<5—4\/5

1a gia trj can tim .
m>5+ 4\/5

So voi diéu ki¢n suy ra

Bai tdp twong tu :

2 2 2
, . £ IO r+mz+2m° -5m+3
Vidu 7 : Tim tham s6 m > 0 dé ham s0 y = dat
x

cuc tidu tai z € (0;2m).

Giai :

* Ham s d3 cho xac dinh va lién tuc trén khoéng(O; 2m)

2 o2 45m—-3 9(z
* Tach:y' == m25m S _ (2),x¢0,g(:n):x2—2m2+5m—3
T T
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Ham sb dat cuc tiéutai = e (O;Qm) &g (m) = 0 c6 hai nghiém phan biét

m > 0
xl,x2(ml<x2) thoa z, <0<z, <2m < 1.g(0)<0
1.g(2m)>0
m >0
m >0 m <1 —<m<1
S{-2m*+5m-3<0 < 3 <
>_
9m® +5m —3 > 0 "7y m> g
m < -3
m > =

Vay gia tri m cﬁntimlé%< m<lvm >§.

Bai tdp twong tu :

1. Tim tham s6 m dé ham s y = 2° — m*z® — 2z + 3 dat cuc tiéu tai
T € (m;Zm) .

2. Tim tham s6 m déhamsd y = z* — (m - 1):32 —1 dat cuc dai tai

:L“e(l;erl).

Vidu 8 : Tim tham s6 thuc m dé do thi ciia ham sb :

Yy = %mx?’ + 3ma’ +(3m +1):1; —2 codcucdaitai z e (—3;0).

Giai :
* Ham s d3 cho xé4c dinh va lién tuc trén R .
* Tacd y'=ma’ +6mz +3m+1
+ Néum=0thi y'=1>0,Vz € R = ham s6 ludn ting Vz € R, do d6 ham
sb khong ¢o cuc tri.
+ Néum#0,tacé A'=m(6m—1).
* Bang xét ddu

m —0 +00

o=

A + 0 -
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. Néu0<m<%thiy'>O,V$eR:>hémséluénténg VreR,dodo
ham s khong c6 cuc tri.
£ 1., 1, 3 1 2 \ A
e Neum=—thiy'==z +m+—:—(m+3) >(0,Vz € R = ham so luon
6 6 2 6
tang Vz € R, do d6 ham s6 khong c6 cuc tri.
« V61 m < 0hoac m >%,khi do6 tam thuc y'co hai nghiém phan biét

!

z, =—3i—A (ml <ZE2).

m
+ m < 0. Ta cé bang xét dau
€ ‘ —0 T, , +00
y' - 0 + 0 -

Dua vao bang xét dau, suy ra z, 13 hoanh d¢ cuc dai ciia ham so.

!
Theo bai toan, ta c6 -3 < =, <0®—3<—3—£<0©\/§<—3m
m

<:>m(6m—1)<9m2<:>3m2+m>0<:>m<—%(d0 m<0)

1
+ m>g,tu:ongtu.

Bai tap tw luyén:
\ £ 2 A L1c n \ £ mz’ + . .
1. Tim tham s6 thuc m dé do thi chtahamso: y = 1 c6 cuc dai tai
-+
T € (0;1) va co cuc tiéu z & ngoai khoang do.
z° +m (iL‘ + 1)

2. Tim tham sb thuc m dé dd thi ciahamsd: y = c6 cuc dai tai

T+2
T € [0;1} va ¢b cuc tiéu z & ngoai doan do.
3. Tim tham sb thuc m dé d6 thi ciahamsd: y = (m + 1) z° +ma® —z comot

cuctri tai z € (—1;1).

, zt + m(:z: + 1) ) , )
Vidu9: Cho ham so y = , hay tim tham s6 m dé ham so dat

T+ 2
cuc dai , cyc ti€u tai cac diém c6 hoanh d¢ z,z,thoa mén h¢ thirc :

xf+m2=—6 i+L .

2
:El :EZ
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Giai :
* Ham sb da cho xac dinh va lién tuc trén (—oo; —2) ) (—2; +oo) )
* +4z+m
2
(ZE + 2)

* Pé ham s6 dat cuc dai , cuc tiéu tai cac diém cd hoanh d6 z,,x, thi phuong

* Taco y'= T~ —2

trinh g(z) = 2* + 42 + m = 0 c6 hai nghi¢m phan bi¢t khac —2 khi do

A=4-m>0
o m<4.
g(-2)=(-2) +4.(-2)+m =0
) ) x +x =12
Theo dinh 1y Vi-ét, taco: 4 ' 2
T,.L, =m
T 4T
xf+m§=—6 L+i c>(:1:1+x2)2—2.x1.x2=—6 —
r T.T

0¢m<4m 0-m<4

24 ) m =2
16 —2m = — m —8m+12=0
& & 6 <o m=2
0
Bai tap twong tw :
s 2 aX 1. o \ A 1 3 1 2 5
1. Tim m dé do6 thi cua ham s6:y = gaz —5(3m - 1)35 + 2(m - 1)mx cO cuc
dai, cuc tiéu déng thoi hoanh d6 cuc dai, cuc tiéu z,,x,thoa mén h¢ thue :
)
T =z, +3.
\ X aX i1 . \ 4 1 3 2 9 m ., .
2. Tim m @€ do thi ciia ham so:y :§x —mzx” +|m” —1)x —— cb cuc dai,
cuc tiéu déng thoi hoanh d6 cuc dai, cuc tiéu z,,z,thoa mén h¢ thic :
2 _
T = :L“l.(x2 - 5) +12.
2
o , (m-1) .
3. Tim m @€ do thi cta ham s6:y =z +m +1+—1;m # 1 ¢co cuc dai,
’1; _—
cuc tiéu déng thoi hoanh d6 cuc dai, cuc tiéu T,T, thoa mén hé thic :

_ 2 _
T, — T, =m 1.
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4. Tim m < 5,m € Z d& @6 thi cia ham sé:

Yy = %J;“ — (m — 1) 2+ 3(m — 2):1; + % ¢6 cuc dai, cuc tiéu dong thoi hoanh d6

cuc dai, cuc ti€u T,T, thoa méan hé thirc: 2 < ‘xl - xZ‘ < 2\/;.

5. Tim m € Z"* dé d6 thi cuia ham so:

y =22° —3(2m+1)az2 +6m(m +1)x +(m+1)206 cuc dai A(xl,yl), cuc tiéu

B($2,y2) thoa man h¢ thtc : (y1 —yZ)(6—5m) > m” (:1:2 —xl).

Vi du 10 : Tim tham s6 m dé ham s6 y =(x—m)(x2 —3x—m—1) co cuc

CB'xCT‘ =1

dai va cuc ti€u thoa ‘IE

Giai:
* Ham s d3 cho xé4c dinh va lién tuc trén R .
* Tacé y'= 32> —2(m+3):1:+2m—1

y'=0<:>3x2—2(m+3):1:+2m—1:0 (1)

Ham s6 c6 hai di€m cyec tri thoa man ‘xCB .xCT‘ = 1< (1) 6 hai nghiém z,z,

m =2
c

. m=-1

A=m’+7>0

thdéa man: ‘xl.:nZ‘:l@ ‘ ‘ 2% —1 1@{
3=

Vay m =2 hodc m = —1 1a gié tri can tim.

Bai tdp twong tu :

a

1. Tim tham s6 m dé ham sb y = 3z* — ma® —2 c6 cuc dai A(O; —2)V2‘1 cuc

m> +4m — 4

tieu B,C sao cho ‘x i ‘<
C B 6

2. Tim tham s8 m dé ham sb y =z —4ma® +1 cb cuc dai A(O;l) va cuc tiéu

B,C sao cho ‘xc.xB‘ > Q(m2 +8m + 10).

Vi du 11 : Tim tham s m dé ham s6
1 1 . 24 .
y = gmx?’ - (m - 1)3;2 + 3(m - 2):1; +§ c6 cuc dai , cuc tiéu dong thoi

hoanh d9 cyc dai cuc tiéu z ,z, thoéa x + 2z, =1.

Giai:
* Ham s0 da cho x4c dinh va lién tuc trén R.
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* Tacod y'=ma’ —2(m—1)x+3(m—2)

Ham s6 ¢6 cuc dai , cuc tiéu khi y' d6i dau hai 1an qua nghiém z, tirc 1a

phuong trinh maz® — 2 (m - 1) T+ S(m - 2) = 0 ¢6 hai nghiém phén biét z ,z,
m # 0 {m =0

A'=(m—1)2—3m(m—2)>0® =2m*+4m+1>0

m#0
< 12-+6 2+ 6
<m<
2 2
Theo dinh ly Vi — ét va yéu cau bai toan, ta co:
r +2r, =1 (gt) xl:3m—4
m
2(m—1) 29— m
T AT, =——" ST, =———
m m
3(m—2) [3m_4j[2_mJ 3(m-2)
$1.ZE2:— =
m m m m
_2
©3m’ -8m+4=0(m=0)s|" 3
2

So voi diéu kién bai todn , vdy m = — v m = 2 la gid tri can tim .

wlrn I3
I

Bai tap twong tw :

1. Tim tham s6 m dé ham sé y = 3z" — ma® —2 ¢6 cuc dai A(O; —2)Vé cuc

tiéu B,C sao cho ‘xc — ZEB‘ < [6(m2 — m) :

2. Tim tham s6 m déham sd y = z* — 4ma® +1 ¢6 cuc dai A(O;l) va cuc tiéu

B,C sao cho ‘:1;0 —a;B‘ > f2(2m—m2).

22 +3x+m —2

Vidu 12: Tim tham s6 m dé ham s6 y = co diém cuc dai

z+2
va cyc tiéu tai cac di€ém c6 hoanh d¢ z ,z, thoa man ‘y (xQ) — y(:z:l) =8
Giai :
22" + 3z +m —2 m
= =2r—-1+
T+2 T+2
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* Ham s6 d3 cho xac dinh va lién tuc trén D :R\{—Q}
* Voixz#-2m=#0,taco
2z +2) —
y'=2-—— = 2+2) = g(m)zag(fﬂ)ﬂ(fﬁ”f—m
(x+2) (x+2) (x+2)
D6 thi ham s ¢ cuc dai , cuc ticu khi y' = 0 c6 2nghiém phan biét va y'ddi

dau khi z qua cac nghiém d6 , khi d6 phwong trinh ¢ (a;) =0 c6 hai nghiém
. 2z+2)°=m>0
phén biét khic -2 < ) < m >0
20=2+27-m=0
Khi d6 ta co

{y(%) TR () - u(s)

y(%) =4z, +3

y(z.)- (=)

ey 9t 9]

=8 < 4‘:1:2 —:El‘ =8 & (7, +1,) —dzz, =4 (1)

Tir (1) v (2) suyra (-4)° —4(8_77”}4 —0 o m=2

Bai tap twong tw :

1 A A \ A ]- y « R . .
1. Tim tham s6 m dé hamso y = gazg + (m - 2)x2 — 2 ¢6 diém cuc dai va cuc

<2.

ti€u tai cac di€m c6 hoanh d¢ z,z, thoa man ‘y (:1:2) - y(zl)
2. Tim tham s6 m déhamsb y = (m + 1) - 2(m -~ 1):]62 c6 2diém cuc tiéu

khéc O(O;O) va hoanh d6 z,z, cia cuc tiéu thoa mén ‘y(:vg) + y(xl) >1.

2
\ £ L £ 20 =3z +m , ..; . .2 .
3. Tim tham s0 m dé ham s6 y = ——  ¢6 di€m cuc dai va cuc tiéu tai

r—m
> 8.

cac diém co6 hoanh do z,, T, thoa man ‘y (x2) — y(ml)

4.

Vi du 13: Tim tat ca cac gia tri ciia tham s6 m thi ham sb
2+ (m+2)z+3m+2 o L, 1
Y= 1 co gia tri cyc tri , dong thoi y,, + vy, > 5

Giai :
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* Ham sb da cho xac dinh trén D = R\ {—1} :

* Tacé:y':x2+2m_2m= g(z) x# -1 g(x):x2+2x—2m

(a+1)  (e+1)

Ham s c6 cuc dai , cuc tiéu khi phuong trinh ¢ (m) =0,z # —1¢0 hai

. . A'>0 2m+1>0 1
nghi¢m phan biét x ,z,khic -1 < = &S m>——
g(-1)=0 7 |-2m-1#0 2

Goi A(azl;y1 =2z, +m+ 2),B(x2;y2 =2x, +m+ 2) 1a cac diém cuc tri cua
dd thi ham sb thi z,,z, 1a nghiém cua phuong trinh g (m) =0,z # -1

Theo dinh Iy Vi- ét o, + 3, = -2, 2.z, = -2m

Theo bai todn : g2 +32, = 4° + 47 = (22, +m+2) +(2c, +m+2)
vi oyt =4} +a?) +a(m+2) (g, +x) +2(m+2)

Y2+ :4[(3;1 va,) —2x1xz}+4(m+2)(xl va,)+2(m+2)

v +yl =4(4+4m)~8(m+2)+2(m+2) =2m’ +16m +8

Xét f(m)=2m* +16m +8m > —% f1(m)=4m+16 >0,Ym > —%

Do d6 ham sd f(m) ddng bién trén khoang m e (—%;+ooj va

f(m)> f(—%j Lme (_%;mj

‘ 1 1
Vay yéﬂ +yQCT > E,m € [—§;+ooj

x2+(m+1)x+m+1

Vidu 14 : Cho ham sb y = . Goi A, B1a hai diém

z+1
cuc tri , dinh m dé dién tich tam gidc OAB bang 2. V&i gia tri m vira tim
dugc , tinh khoang cach tr O dén duong thang AB .

Giai :
*  Ham sb da cho xé4c dinh va lién tuc tréen D = R \ {—1} .
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* Taco y'z@,x;ﬁ—l
(:1;+1)
« V6i Ym € R ham sb di cho c6 diém cuc dai A(—2;m - 3)Vé diém cuc tiéu
B(0;m +1).
e Taco:
OA(~2m ~3) = 0A =m* ~6m +13,0B(0:m +1) = OB =|m +1] va

OAOB = 2.0+ (m = 3)(m +1) = (m—3)(m +1). cos AOB = gj:gg

2

— J—

\/(OA.OB)2 _ (O—A.O_B')
= sin AOB =V\1-cos* AOB =

OAOB

o —_ e 3\ 2
. Dién tich di - %OA.OB. sin AOB = %\/(OA.OB)2 _ (OA.OB)

(r04B)

m=-3

dt
m=1

(s0aB) = = ‘m + 1‘ = dt(

A()AB)

=2@\m+1\=2@{

. Goi d 13 khoang céch tr O dén duong thing AB khido AB = 245 va
‘m + 1‘

5

dt

(a04B)

:%d.AB: d=

+ m=—3:d:%.

+m=1=>d=——-.
5
Bai tap tw luyén:
1. Dinh m dé dd thi cia ham sb y = —%mx?’ + (3m - 1):]62 — 4z —2 ¢b cuc tri
A, B sao cho tam giac MAB dién tich bang 1, biét M (0;1).

2. PBinh m dé d6 thi ctia ham s6 y = z* —2m’2* + 1 ¢6 cuc trj A, B,C sao cho
tam giac ABC dién tich bang 4.

Vi du 15 : Tim tham s6 m dé hamsé y = ' — 2m*z® +1 ¢6 3 diém cuyc tri
la 3 dinh cua mét tam gidc vudng can.

Giai:

*  Ham so da cho xac dinh va lién tuc R .

* Taco y' =42 —4m’s = 4z(2” —m®).
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Véi m # 0 ham sb co ba cuc tri .Khi d6 toa d6 cac diém cuc trj cia d6 thi ham
s6 1a: A(0;1), B(m;1—m?), C(-m;1—m?).

D& thiy AB = AC nén tam giac ABC vudng can < AB* + AC* = BC?

& 2m” +m®) =4m’ o m =+1

Vay m = +1 1a nhiing gia tri can tim.
Bai tap tw luyén:

, . ‘ 1 . .2 :
1. Tim tham s6 m dé ham so y :gaz“ — +(m—1)x+m cod 2 diém cuc tri
A, B sao cho ABO mot tam gidc vudng can , v6i O1a gbe toa do.

. : . 1, 1 .2 .
2. Tim tham s6 m dé hamso y = Z$4 —E(m — 1)x2 +m —2 c6 3diém cuc tri

la 3 dinh cua mét tam gidc vudng.

Vi du 16: Tim m dé dd thi ciia ham s6 y = z* — 2ma® + 2m + m* ¢ cuc dai ,
cuc tiéu déng thoi cac diém cyc tri 1ap thanh tam giac déu.

) Giai :
*  Ham so da cho xac dinh va lién tuc R .
* Tacod y' =42’ —4dma = 4x(m2 —m)
z=0
¢ ()

D6 thi ham s ¢o cuc dai , cuc ticu khi y' = 0 ¢6 3 nghiém phan biét va y'doi

y'=0<

dau khi = qua cac nghiém d6 , khi d6 phuong trinh (*) c6 hai nghi¢m phan bi¢t
khic 0 & m >0
r=0= A(O;m4 + Qm)
Khido: y'=0< B —\/;;m4—m2+2m)
T = i\/a = ‘
C’(\/E;m4 -m’ + Qm)
Ham s6 ¢6 3 cuc tri 4, B,C 1ap thanh tam giac déu

AB=AC _p _ e toy
= AB:BC© = Sm+m =4m

& m(m’-3)=0 e m=33(m>0)

Vay m = i;/g 1a gi4 tri can tim .
Bai tap tw luyén:

U 1, 1 , .
1. Tim m dé d6 thi cia ham s6 y = Zaf —E(m - 1)x2 +m —m® c6 cuc dai,
cuc tiéu déng thoi cac diém cuec tri lap thanh tam gidc déu.
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2

B A A . 5 \ A : 3 < , . R
2. Tim m dé d6 thi cia ham s6 y = —z* + Emzx co cuc dai A, cuctiéu B

ddng thoi cac diém ABC cuc tri 1ap thanh tam giac déu, biét C (—2; 3) .

Vidu 17: Tim a dé db thi cia ham sé y = 2* — 32° +2 (C)cc') diém cuc dai
va diém cuec tiéu cta do thi (C’ ) & vé hai phia khac nhau ciia dudng tron (phia

trong va phia ngoai): (C’ ) 2’ + 1y’ —2ar —4ay+5a° -1=0.

a

Giai :
*  Ham sb da cho x4c dinh va lién tuc R.
* Tacd:y'=32" -6z

Cach 1:
D4 thi ham sb ¢6 hai diém cuec tri A(0;2) B(2; —2) . Hai diém
A(O;2) ,B (2; —2) & vé hai phia cua hai duong tron (C’a ) khi

PPy <0 (50° —8a+3)(50° +4a+7) <0

<:>5a2—8a+3<0<:>§<a<1
Cach 2 :
(Ca) : (:B—a)2 +(y—2a)2 =1 c6tam I(a;Qa) vaban kinh R =1

Ta c6 : ]Bz\/(a—2)2+(2a+2)2 = J50% + 4a + 8

5 5 5

do d6 diém A nam trong dudng tron

() e IA<1 e o +(2-2a) <lebi-8a+3<0e 2 <a<l
5

Bai tap tw luyén:

2
IB—\/S(a+zJ +§ >£>1:R:> diém B nam ngoai (Ca),

\ A A . 5 \ A 3 y « R . .
1. Tim m dé d6 thi cua ham s6 y = —2° + ExQ +1 (C) c6 diém cuc dai va
diém cyc tiéu cua do thi (C ) & vé mot phia khac nhau ctia dudng tron (phia

m

trong hodc phia ngoai): (C ) 2ty +mz+2my+m’ -2=0.
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2. Tim m dé db thi caa ham s6 y = z* + ma® + 2m —1 (C )cé diém cuc dai

m

va diém cyc tiéu cua do thi (C ) & vé hai phia khac nhau ctia dudng tron (phia

m

trong va phia ngoai): (C’) 4y =4,

Vidu 18 : Tim m dé @b thi ctia ham sd: y=z' —2maz® + m —1cé ba cuc tri.
Pdng thoi cac diém cuc tri A, B, C ciia do thi tao thanh mot tam giac co
béan kinh dudng tron ngoai tiép bang 1.

Giai :
* Ham so0 da cho x4c dinh va lién tuc trén R.
* Tacod:y =4z® —dmz = 4x(x2 —m)
‘ x=0
y'=0& 2
Vi m>0: y'=0 cb banghiém phan biét va y' doi dau khi = di qua cac
nghi¢m do.

*  Khi d6 ba diém cyc tri clia d thi ham s6 1a: A(0;m — 1),

B(—\/E;—m2 +m—1), C(\/E;—m2 +m—1).
AB =AC =m" +m, BC = oJmva S, ise =%‘y3 —yA‘.‘xC —xB‘ = mJm

_ABACBC _ (m* +m)2vm
= —ls

R =leom’-2m+1=0
4SAABC 4m2\/;
m=1
< \/g—l
m = 9

Bai tap twong tw :
2 ad e e s Z 1 , 1 , .
Tim m d¢ d6 thi cia ham so:y = Z$4 —meZ +m+1cobacuctri A, B, C

sao cho tam giac ndi tiép dugc trong dudng tron c6 ban kinh R =1.

Vi du 19: Tim m dé do thi cia ham s6 y = 2° — 32° + m°z + m ¢é cuc dai,
cuc tiéu va céac diém cuc dai, cuc tiéu cua do thi ham s6 doi xing nhau qua

, 1 9
duong thang :d : y = —x ——.
g g ) 9 9
, Giai :
* Ham s0 da cho xac dinh va lién tuc trén R .

Cach1:
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* Tacoy'=32"-6r+m° =y'=0< 32" -6z+m” =0 (1).

ham s6 ¢6 cuc tri < (1) ¢6 2 nghiém phan biét z,, z,

SA'=338-m*)>0s - 3<m<\/§.
phuong trinh duong thang d' di qua cac diém cuc tri 1a :
2

1 2 o
y= (ng -2)x Jrgm2 +m = cac di€m cuc tri la :

A(azl;(%m2 -2)z, +%m2 +3m), B(xQ;(gm2 —2)z, + %mZ +3m).
Goi I 1a giao diém cta hai duong thing d va d'
2m* + 6m +15 11m* + 3m — 30

15—4m?  15—4m?

= I(

A va B dbi xtmg qua d thi truéc hét d L d" @§m2 ~2=-2< m =0 khi
do6 1(1; —2)va A(xl;—2xl); B(xQ;—QxQ) = 11a trung diém cia AB = A vaB
d6i xtmg nhau quad . .

Vay m =0 la gia tri can tim.

Cach 2 :

* Ham sb da cho xac dinh trén R va c6 dao ham y' = 32° — 6z + m?

Ham s ¢ cuc dai , cuc tiéu khi phuong trinh y' = 0 ¢6 hai nghiém

phan bigt z,,z, < A'=9-3m’ >0 < —3 <m <+3.
Vi-ét, tacod r, +z, =2 T,.r, =— .

Goi A(:L“l;yl),B (:102; yQ) 1a cac diém cyc tri cua d6 thi ham sb va 7 1a

trung dién} cua doan 4B .
Duong thang AB c6 hé s6 goc
3 3 2 2 2
. Y=Y _ T, — T, —3(:52 —x1)+m (IE2 —xl)

AB
T, — I, T, =T,

2
_ _ _ 2
k:AB—(a:l+x2) T, 3(xl+x2)+m

m? 2m* — 6
kAB :4—?—64'777/2 =

2 1 5 14 1
Puong than =—x——(A) cohésogoc k=—
gthing y =z ——(A) cohésd g 5

Hai diém A (ml;y1 ) ,B (xQ; y2) dbi xtmg nhau qua dudng thang (A)
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. |AB LA
khi va chi khl{
I eA

2_
. ABLA@kAB.k=—1@%.(%]:—1@m:o
em=0=7y'=32" -6z
x1:O:>y1:O:>A(O;O)

v, =25y, =—4= B(2-4) 1(1:-2)

y'=0< [
DE thdy T(1;-2) € A
Vay m = 0 thoa man yéu cau bai toan .
Bai tdp twong tu :
Tim m dé d6 thi cua ham sé y = z° +(m —4)ZB2 —4(m —1):1: +4m +1 c6 cuc
dai, cuc tiéu va cac diém cuc dai, cuc tiéu cua dd thi ham sé d6i xung nhau qua
duong thang :d : y = .

2

, \ 24X 1 o \ Je r +mxr . )
Vi du 20: Tim m dé d6 thi cia ham s6 y = ., co cuc tri va khoang
-

cach giira hai diém cyc tri bang 10.

Giai :
* Ham s6 d4 cho xé4c dinh va lién tuc trén D =R\ {1} )

—22 +2x+m

* Taco y'=
(1-2)
y'=0 2" -2r-m=0 (1) (z=1)
L . . A'=1+m>0
D6 thi ham s6 ¢o cuc tri < < m > -1,
1-2-m=0

Pudng thing di qua cac diém cuc tri ¢ phuong trinh y = 22 — m = céc diém

cuc tri la: A(z;—2x, —m), B(z,;-2z, —m)

= AB* =5(z, —z,)" =100 < (z, + x,)° — 4z, =20 = 0
<4+4m-20=0m=4 .
Vay m =4 la gia tri can tim.
Bai tap twong tw :
ma® +x—m+1

1. Tim m dé do thi cia ham s6 y = N c6 cuc tri va khoang cach
x —

giira hai diém cuc tri bang \/g .
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2. Tim m dé db thi cia ham s6 y = 2° — ma® + x — 5m + 1 ¢6 cuc tri va khoang

cach gitra hai diém cuec tri bé hon \/5 .

2
’ \ cr e 24X i1t 1a e - +2mx+2
Vi du 21: Tim gia tri cia m dé do thi ham s6 y = f(x) = —ICO
T+
diém cuc dai, diém cuc tiéu va khoang céach tur hai diém do dén duong théng

A:z+y+2=0 bing nhau.

Giai :
* Ham s6 d3 cho xac dinh va lién tuc trén D:R\{—l}
2 —
* Tacd y':w +2x+22n 2,$¢—1
(m+1)

Ham s6 ¢6 cuc dai , cuc tiéu khi f'(a;) dbi dau hai 1an qua nghiém z hay

phuong trinh ¢ (a;) = 12" + 21 +2m — 2 = 0 c6 hai nghiém phén biét khac —1
A'>0 3-2m >0 3
= = S m<—
g(-1)#0 7 |2m =320 2
Goi A(:z:l;y1 =2r + Qm),B(:BQ;y2 =2z, + Qm) 1a cac diém cuec tri cta dd thi
ham sb thi T, z, 1a nghiém cta phuong trinh g (:B) =0,z # 1. Theo dinh 1y Vi
etz +z,=-2 z.x,=-2m
‘xl + Y, +2‘ B ‘:1:2 + 9, +2‘

V2 V2

2
& [3a, +2m +2| = 33, + 2m + | & (32, +2m +2) = (3z, +2m +2)

Theo yéu cAu bai toan d(A, A) = d(B, A) N

2

& (32, +2m+2) —(3z, +2m+2) =0

= (wl —xQ)[S(xl +x2)+4m+4} =0

<:>3(:L’1+:E2)+4m+4=0 1¢x2) <:>3(—2)+4m+420<:>m:%

So véi dieu kién, vdy m = — 1a gia tri can tim .

(

1

2

Bai tdp twong tu :

> +2mz —3m +1
9 9 9 7 T = 2 D

diém cuc ti€u va khoang cach tir hai diém d6 dén duong thang A: 2z -y =0

1. Tim gié tri cia m dé do thi ham s y = c6 diém cuc dai,

bang nhau.
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2. Tim gia trj cua m dé do thi ham sb y = 2° — (Sm + 1) z* —2m + 3¢ diém
cuc dai, diém cuc tiéu va khoang céch tur cuc dai dén duong théng
(d) 22 3y = 0 nhd hon V11.

2
, e 2k s s A rAmr+2 , ..
Vidu 22: Tim gia tri cia m dé do thi ham s6 y = ——  ¢6 diém cuc

z—-1

tiéu nam trén Parabol (P) cy=a"+r—4

Giai :

* Ham sb d4 cho x4c dinh va lién tuc trén D = R\ {1}

2
* Taco y‘:x 20— m 2,x¢1.Détg(m)=m2—2m—m—2.

(o)

Ham sb ¢o cuc dai , cuc tiéu khi phuong trinh ¢ (m) =0 c6 hai nghiém

. A'=1-(-m-2)>0 [m+3>0
phén biét khic 1 <

g(l):—m—?);t()

Khi dé '~ 0 r=l-vm+3 =y =m+2-2ym+3
1do:y' =0
r,=1l+Vvm+3 =y, =m+2+2Vym+3

Bang xét dau :
x ‘ —00 b 1 T +00

y + 0 - | - 0 o+

!

Dua vao bang xét ddu suy ra A(1 cm+3m+2+20m+ 3) Ia

diém cuc tiéu cta d6 thi ham sé .
2
Ae(P)<:>m+2+2 m+3 =(1+\/m+3) +14+Vm+3 -4

SVm+3=1<m=-2
So véi diéu kién bai todn, ta c6 m = —2 1a gia tri can tim.
Bai tap twong tw :

o o .1 1 y
1. Tim gié tri ctia m dé db thi ham s y = 55’53 —=ma’ +2(m—2)z c6 diém

< R M A \ M 5
cuc tiéu nam trén duong thang (d) Ty = 5 x.
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2. Tim gi4 tri cia m dé dd thi ham sé y = 2° — 3(m + 1)3;2 +3m —2 c6 diém

cyc tiéu nam trén Parabol (P) Ly =2,

Vi du 23: Tim gi4 tri cua m dé d6 thi ham sb

y=-2" + S(m +1)x2 —(i’»m2 + 7m—1)x +m?® —1 co6 diém cuc tiéu tai mot

diém c6 hoanh d6 nho hon 1.

, Giai :
* Ham s0 da cho xac dinh va lién tuc trén R ..
* Tacod y'= -3z +6(77’L+1):1c—(3m2 +7m—1).
Ham s6 dat cuc tiéu tai mot diém c6 hoanh do nho hon 1
©y'=-32"+6(m+1)z —(3m’ +7m —1) = 0 ¢ hai nghiém z,,z, thoa
méan diéu kién :
(1) = -3'(1) <0

z, <1<z, (1) A'>0
<z <1 (2) 7 [(2) e {-39'(1)20
S
—<1
3(3m* +m-4)<0 (4
9(m+1)2—3(3m2+7m—1)>0
- o||-3m+12>0
3(3m2+m—4)20 G 4> 0
m+1<1 m < 0
_—£<m<1
4
m < 4 ——<mx<l1
Rt 4 = 3 =sm<l
m<—-—vmz21 m<—=
3 3
m <0

Bai tap twong tw :

1. Tim gid trj ciia m dé dd thi ham s6 y = ma’® — 3ma” + (m + 1)z — 4 c6 diém
cuc tiéu tai mot diém co hoanh do am.

2. Tim gié tri ctia m dé dd thi ham s6 y = %(m —~ 1)x3 —%(m —~ 1)x2 +2m + 3

co diém cuc ti€u tai mot di€ém cd hoanh do 16n hon 2.
| Vi du 24: Tim gia trj cia m dé do thi ham sb \
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xz—(m+1)x—m2+4m—2 o _ o
Yy = N . ¢6 cuc tri dong thoi tich céc gia tri cuc
'1; _—
dai va cuc tiéu dat gia tri nho nhét.

Giai :

* Ham sb d4 cho x4c dinh va lién tyc trén D = R\ {1} )

x2—2x+m2—3m+3: 9(5’3)

e )

g(x)=x2—2x+m2—3m+3

z#1

* Taco y'=

Ham s ¢6 cuc dai , cuc tiéu khi phuong trinh ¢ (:1;) =0,z #1
¢6 hai nghiém phén bi€t =,z khac 1.
A'>0 -m*+3m—-2>0
N
g(l) =0

Goi A(xl;yl),B (xQ; yQ) 1a cac diém cuyc tri ciia d6 thi ham sb thi T,T,

) Sl<m<2
m —3m+2+0

la nghiém cta phuong trinh g(:z:):(),x?&l.
) T =1- —m2+3m—2:>y1=1—m+2 -m® +3m —2
Khido y'=0 <
x2:1+\/—m2+3m—2:>y2:1—m—2 —m® +3m — 2
yl.y2=(1—m+2 —m2+3m—2)(1—m—2 —m2+3m—2)
Yy, = (1—m)2 —4(—m2 + 3m—2)
2
2 7
Yy, =5m —14m+9=5(m—€j -
. 4 . 7
:>m1nyl.y2:—g khi m:g

;e 2o X . A 7 N .y . A \
So véi diéu kién , vay m = g la gié tri can tim .
Bai tdp twong tu :

1. Tim gia tri cia m dé d6 thi ham s6 y = z° — 32° + m® + 4m — 2 ¢b cuc tri
déng thoi tich cac gia tri cuc dai va cuc tiéu dat gia tri nho nhéat.

\ .y . 5 A A . \ A 3 , .
2. Tim gia tri cua m dé d6 thi ham s6 y = —2° +§x2 +m’ —m+1 c¢b cuc tri

déng thoi tich cac gia tri cuc dai va cuc tiéu dat gia tri 16n nhat.
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Vi du 25: Vi gia tri ndo ctia m thi d6 thi cua ham sd
mx2+(m2+1)x+4m3+m .
y = tuong trng c6 mot di€m cuc tri thudc goc
r+m

phan tu thir (U ) va mot diém cyec tri thudc goc phan tu thir (I V) clia mit phing

toa do.

Gidi :
* Ham sb d4 cho xac dinh trén D = R\ {—m}
maz® +2m’z — 3m’

* Taco:y'= T # —m
2
(:L“+m)

Goi A (:z:1 Y, ) ,B (xQ; yQ) 1a cac diém cuc tri cua dd thi ham sb thi

T, (xl < :1:2) la nghiém cta phuong trinh
g(m) =mz’ +2m’z —3m® =0,z # -m
Do thi cta ham sb c6 mot diém cuc tri thude gdc phén tu thir (U ) va
mot diém cuc tri thudc goc phﬁn tu thir (I V) cuia mat phéng toa do khi
(1) & mg(0)<0= -3m' <0=m=0 (a

(2) < PO thi cta ham s khong cit tryc

Oz < ma’ Jr(m2 +1)x +4m’ +m =0 (x # —m) vO nghiém

m # 0 {m =0

< A:(m2+1)2—4m(4m3+m)<0© ~15m* —2m* +1<0

1
m?>=

1
(3)<:>m<0 (c)

m#0 m< ——=
& & \/g (b)

Tu (a) (b) (c) suy ra m < —% 13 gia trj cAn tim.

Vi du 25: Ching t6 rang chi c6 mot diém A duy nhat trén mit phang toa do sao

xZ—m(m+1)x+m3+1

cho né 1a diém cuc dai cua dd thi f (x) = ung voi

r—m
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mot gia tri thich hop cta m va ciing 1a diém cuc tiéu cia do thi tng v6i mot gia
tri thich hop khac. Tim toa dd ciia A.

Gidi :
* Ham sb d4 cho x4c dinh trén D = R\ {m} :

2 2
, - =2mx+m- -1
* Tacd y'= T E M

(o)

Tam thuc g(x):x2—2mx+m2—1 6 A=1>0Vm.

o xlzm—l
Dodo y'=0<

(=)

y(x2):—m2+m+2:>N(m+1;—m2+m+2)

x2:m+1

—m2+m—2:>M(m—1;—m2+m—2)
=

Pt A(,;y,).Gia sir img voi gid tri m =m, thi A la diém cyc dai va (mg véi
gid tri m =m, thi A ladiém cyc tiéu cia dd thi ham sé
xU:m—l xO:m2+1
_ o) 2 '
Yy, =—m +m —2 |y, =-m; +m, +2

‘ m—1=m2+1
Theo bai toan , ta co : ) )
-m, +m1—2=—m2 +m2+2

m, —m, =2 m —m. =2
ol o[

(ml—mQ)(ml+m2—1)=—4 ml+m2:—1
m, =— z ——l
= ' = 0 2 A _l _Z
3 7 2 4
(I

1 2 L 5 :
Vay A(—E ; —%j la diém duy nhat can tim thod yéu cau bai toan .

| Dang 4 : Ung dung cuec trj cia ham so trong bai toan dai so . \

Vi du : Tim tat ca cac gia tri thuc ciia m dé phuong trinh sau c6 mot s6 1
nghiém thuc: (32" — 14z +14)" =43z - 7)(z = 1)(z = 2)(z —4) = m.
Gidi :
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flz) = (m—l)(m—Q)(x—él) =12’ -T2 +14z2 - 8
g(x) = (32" ~ 14z + 14) —4(32 - 7) f(2)

z) 14 da thiic bac 4 voihésd cua ' 1a 3.

g
f'(z) = 32" — 14z + 14
g
g

(
'(z) = 2(32” 14z + 14)(62 - 14) = 12f(z) - 4(3x = 7) f (2) = ~12f(x)
(

) =0 x=1L2x=2 =4
9(1) =9; ¢g(2) = 4; g(4) = 36.
Bang bién thién cta g(z).
T —00 1 2 4 +00

9'(z) + 0 - 0

9 : 36(3) -
9(z) / \4 \

Tir bang bién thién cho thay phwong trinh g(z) = m c6 mot sb 1¢ nghiém

khi va chi khi: m =4; m =9; m = 36.
Bai 4 : GIA TRI LON NHAT
GIA TRI NHO NHAT CUA HAM SO.

4.1 TOM TAT LY THUYET

1. Pinh nghia: Cho ham sb xac dinh trén D
e S6 M goila gia tri 16n nhat (GTLN) ctia ham sé y = f (x) trén D

. |fle) <M VzeD ki hicu M
néu Sa, € D fa) = M a ki hi¢u —I;leagf(x).

Chii y: Néu f(z) < M Vz € D thita chua thé suy ra M = max f(z)
zeD
o S6 m goila gid tri nho nhat (GTNN) ciia ham sé y = f (1’) trén D

. |fle)>mVzeD ki )
eu Sa, €D f(a)=m’ a ki 1eum—£ré1£1f(m).

Chiiy : Néu f(z) > m Yz € D thi ta chua thé suy ra m = min f(z).
z€D

2. Phwong phap tim GTLN, GTNN ciia ham sb
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Phuong phip chung: D¢ tim GTLN, GTNN ciia ham s6 y = f(z) trén D ta
tinh y', tim céc diém ma tai d6 dao ham triét tiéu hodc khong tdn tai va lap bang
bién thién. Tir bang bién thién ta suy ra GTLN, GTNN.

Chu y:

e Néuhamsd y=f (x) ludn tang hodc luon giam trén [a;b]

thi max f(z) = max{f(a), f(b)}; r[ﬂlﬁf f(z) = min{f(a), f(b)} -

e Néuhamsd y = f (:B) lién tuc trén [a; b] thi luén c6 GTLN, GTNN trén
doan d6 va dé tim GTLN, GTNN ta lam nhu sau
* Tinh y' va tim cac diém z z, mataido y' tri¢t tiéu hodc ham )

X

10 Loy

khong c6 dao ham.
* Tinh céc gid tri f(z,), f(z,),.--, f(z,,), f(a), f(b) Khi d6

+ max f (o) = ma{ (a)of (7). £ (3,)-f ()£ ()}

+ min f(a) = min{f(a).f ()4 (3,)-f (2. ).4 (o)

e Néuhamsd y=f (1’) 1a ham tudn hoan chu ky T thi dé tim GTLN, GTNN
c1:1a n6 trén D ta chi cAn tim GTLN, GTNN trén mét doan thudc D c¢6 do dai
bang T'.

* Chohamsd y = f (1’) xac dinh trén D . Khi d3t 4n phu ¢t = u(zx), ta tim dugc
teFE vol VzeD,taco y= g(t) thi Max, Min ciia ham f trén D chinh la
Max, Min cua hamg trén F'.

* Khi bai toan yéu cau tim gid tri 16n nhat, gia tri nho nhat ma khéng noéi trén tap
nao thi ta hiéu la tim GTLN, GTNN trén tap x4c dinh ctia ham so.

* Ngoai phuong phap khao sat dé tim Max, Min ta con dung phuong phap mién

gia tri hay Bét dang thic dé tim Max, Min.
* Ta can phan biét hai khai niém co ban :

+ Gi4 tri 16n nhét ctia ham s y = f (m) trén D véi cuc dai ctia ham s .
+ Gi4 tri nho nhét ciia ham sb y = f (x) trén D véi cuc tiéu ciia ham s6 .
Gia trj 16n nhat va gia tri nho nhét cia ham sé y = f (a;) trén D mang tinh toan

cuc, con gia tri cyc dai va gia tri cuc tieu cia ham so chi mang tinh dia phuong.

4.2 DANG TOAN THUONG GAP
Pé tim gid tri I6n nhdt va nhé nhat ciia ham s6 y = f (m) trén D ta cé thé sir

dung dao ham va két hop voi viéc so sanh gia tri cuc dai, cuc tiéu voi gia tri dac
biét (ta goi do la cac gia tri toi han ) . Gia tri toi han nay thwong la cac gia tri
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tai cac dau mut cua cac dogn hodc la gia tri cua ham so tqi cac diéem ma khong
ton tai dao ham.

Vi du 1 : Tim gié tri 16n nhat va nho nhat cta cac ham so:
3r—1

1.y trén doan [0;2].

-
2.y =(x—6Wa” +4 tréndoan [ 0;3].
3.y=2"+ 4(1 -2’ )3 trén doan [—1;1]

4. y =~ —2" + 5z + 6 tréndoan [-1; 6].

Giai :
3r—1
-3
Ham sb dé cho xéac dinh va lién tuc trén doan [O; 2] .

1. y=

* Tacd y'= ﬁ <0,Vre [0;2]
Bang bién thién
T 0 2

!

y —

1
5

Tir bang bién thién suy ra :

r&)gf(m)z%khisz r[r&;gﬁlf(x):—5 khi © =2

2.y=(z—-6Wz’ +4

* Ham s6 d3 cho xac dinh va lién tuc trén doan [O; 3] .

2
* Taco: y':%,xe[&ﬂ
y'=0< -
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y(1) = 55

y(0) = -12 maxy = —3\/E
— .1:6[0;3]

y(2) = -82 miny =12

y(3) = -3313 |

Vay m[axjy:—?)\/ﬁ khi z =3, min y =—-12 khi 2 =0.

203 2 03]
3.y=a'+4(1-2")

* Ham s d3 cho xéac dinh va lién tuc trén doan [—1; 1} .
Pt t =a’,we|-L1]=te[01]

Ham s da cho viétlai f(¢) = +4(1-¢) ,t e[0;1]

* Taco ['(t) =3 ~12(1-t) =3(-3¢ +8t—4)

2 4
SORE) -5)3
=2
f(0)=4af(1)=
* Bang bién thién
t 2
0 — 1
3
0]
4 1

/
\

Ttr bang bién thién suy ra :
maxf(x):4 khi z =0 min (m):—khixzig
Eh En

4. y=~—-2"+5x+6

* Ham s6 da cho xéac dinh va lién tuc trén doan [-1; 6].
-2z +5

N-22+5z+6

* Taco y' =
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y'zO@x:ge[—I; 6]
y(-1) = y(6) = 0, y(g} = g

Vay: min y =0 khi z =-1,2 =6 Vémaxyzgkhixz

xe[—l:ﬁ] Jre[—l;(}]
Twong tu: )
1. Tim gia tri 16n nhat va nho nhat ciia cac ham so:
a. f(:z:) =g —22° + 3 trén doan [—3;2}

2

b. f(x) _ 3%2 + 10z + 20

7' +22+3
2. Tim gia tri 16n nhat va nho nhat ciia cac ham so:

a. f(x) = Nz* — 4z + 5 trén doan [—2;3].

b. f(x) = 1% — 32" +%x2 +i trén doan [—1; 1].

T +V1+ 927

Vi du 2 : Tim gia tri 16n nhit cia cac ham s: y = W,x >0.
x” +

Giai :
* Ham s dé cho xac dinh va lién tyc trén khoang (0; +oo)

y_x+\/9:1:2+1_ 92 +1—2° 1

82" +1 (8% + 1)(\/9:1;2 +1- :1;) V9z* +1 -z

Ham s6 dat gia tri 1on nhat trén khoang (0; +oo) khi ham s

f(z) =V92* +1 — z dat gia tri nho nhét trén khoang (O; +oo).
9z

' =—-1
d (x) NIz +1

f'(z)=0e 9x2+1=9x<:>{x>0 L

, o r=—F
2z =1

62
NI 1

2V2 1 1
min f(z)=—— khi 2 = —— = maxy = ——==—— khi z=—+.
(=) 3 G2 =0 oo 4 62

3

Vi du 3: Tim gi4 tri 16n nhat va nho nhat cua cdc ham so:

1. y=x++V4 -2 trén doan [—2;2] :
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z+1

Vo' +1

2. y= trén doan x € [—1;2].

Giai :
l.y=z+vV4-2°

* Ham s dé cho xac dinh va lién tyc trén doan [—2;2] :

R

\ {4:1;—3:— {4:1;

* Tacoy'=1-

£B€ 2,2

O<x<?2 O<x<2
<:>{ ) @{ c>:z:=\/5

4-2" =2 ’ =2
Béng bién thién
v | -2 2 b
- 0 + |
Yy -2 2
\ /
~ak |

Tir bang bién thién , ta duoc

max f(:z:)=2\/§ khi x:\/g min f(:z:):—Q khi x = -2

xe[—Z;Q] xe[—Q;Q]

z+1

y:
Vo' +1

2. trén doan x € [—1;2].

* Ham s d3 cho xéac dinh va lién tuc trén doan [—1;2] .
* Taco y':LH:y':()@le
3
(ZB2 + 1)
* Bang bién thién .
x | -1 1 2
y' + 0 -
BNy
Yy
0 5
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Tt bang bién thién , ta duoc
maxyzx/akhile min y =0 khi z=-1

ze| -1;2 ze[—l;?]

Vi du 4 : Tim gié tri 16n nhat, gia tri nh6 nhét ciia ham sb

trén doan |:—2; 1:|.

y:‘x3—3x2+1

Giai :
* Ham s6 d3 cho xac dinh va lién tuc trén doan [—2; 1] .
bat g(x) =2’ -3 +1,z e [—2;1}
g'(x) = 32" - 6.
z=0
g'(,ﬁl}) =0 {’E _9g [_2’1}

9(—2) = —19,9(0) = 1,9(1) =-1,suyra r[n?f]gg(x) = 17%1{19(%) - _19.

I
x € [—2;1] = g(m) € [—19;1} = f(:n) = ‘g(m)‘ € [0;19}.
g(O).g(l) <0=dz e (O;l)saochog(xl) =0.
Vay r[n?f]if(x) = 19’F121ﬁf(x) =0.
Twong tu:
1. Tim gia tri 16n nhat ciia cac ham so: f (m) =
[-5:5].
2. Tim gia tri 16n nhét, gia tri nhé nhét cua ham sé f (1’) = ‘:z:3 — 3z + 2‘ trén

doan [73; 2] .

* +32° -T2z + 90‘ trén doan

Vidy 5:

1. Tim adé gia tri lon nhét ciia ham sb Y= ‘mQ +2x +a— 4‘ trén doan
[—2; 1} dat gia tri nho nhat .
2. Tim giatri p,q dé gia tri 16n nhit cia ham sé y = ‘xQ + px + q‘trén doan

[—1; 1] 1a bé nhét .

Giai :
1.
* Ham s d3 cho xéac dinh va lién tuc trén doan [—2; 1] .
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= x2+2x+a—4‘: (x+1)2+a—5

it t=(v+1) o e[-21] =t c[04]
Taco f(t)=[t+a-5|,te[0:4]

nﬁ%ﬁy@nﬁoﬂf() maxx{7(0). {4}} = mas{Ja - 5].]a -1

a— 5‘ ‘a 1‘<:>a<3:>f1%?iﬁf(t):‘a—5‘:5—a
( a-1

a— 5‘ ‘a 1‘<:>a>3:>maxft):‘

- ‘za—l
te 04]

5-a25-3=2Va<3
Mat khac = maxf(t)ZQ,Va eR
a—-123-1=2,Va =23 te 0:4]

Vay gié tri nho nhét ciia max f ( ) 2 khi a=3

1 0:4]
2. Xéthamsd f(x )::g +pr+q
* Ham s da cho xac dinh v lién tuc trén doan [ ~1;1] = y = ‘ f(:z;)‘
F(-1)=1-p+qf(0)=qf(1)=1+p+q
Gia sit maxy = f(a)

= ||+ [70)] 2 [V - £0) = [t+ p|. [f-D] + |70 2|71 - O = [t p

1
\‘21‘\ 3=l
>

0p>0:>‘1+p‘>1:> 3

f(=1) >

1
2
1
op<0:>‘1—p‘>1:> 12:>f(a)>%
f(O) 5

Fiafof

=05 f(z) =7 +q,f(0)=f(—§] 0 f ()= £(1) =144

H[laX] Y = max {

Gi4 tri 16n nhit cua y 12 mot trong hai gid tri ‘q‘ ;‘1 + q‘
1
‘ >—= fla)>=

0q>—%:>‘1+q‘>— ‘f 5 5
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<=y =ll> 5 =li0)> 5= @
oq=—%:>‘f(x)‘:x2—%S%:maxf(x)z%@xzo;xzil

ciing 12 gi4 tri nho nhat cua f (a) .

Vay p =0,q = —% thoa man bai toan .

, \ ST \ A ar+b , ., ., A
Vidu 6 : Tim céc gia tri a,bsao cho ham so y = ) c6 gia tri lon nhat
x° +

bang 4 va co gia tri nho nhat bang —1.

Giai :
* Ham s6 d3 cho xac dinh va lién tuc trén R .
e Ham s6 c6 gia tri 16n nhat bang 4 khi va chi khi

ax + b
x2+1£4,‘v’xeR 42" —ax +4-b>0,Vz e R
&
3 eR: ax, +b_4 4x02—ax0+4—b=O:COIinghieé1xo
T, +1

{A—a ~16(4-b)<0
SN ) ©a’ +16b-64 =0 (*)
A=a"-16(4-b) 20

e Ham s co gia tri nho nhét bang 1 khi va chi khi

ax +b
>
2+1 LvzeR 2’ +ar+b+1>0,VzeR
= =
Iz eR:axUer:—l z,’ +az, +b+1=0: coighieén x,
’ :1;02+1

ea-4b-4=0 (**)

=4
3 b=3

A:a2—4(b+1)£0
A:a2—4(b+1)20

Tu (*) v (**)ta c6 hé
a2+16b—64=0(*) a
a’>—4b—4=0 (**)C’@ @ b

4
3

\ a=-4
VA oid (i a.b cin fim 12
ay gia tri a,b cantimla: {b 5 {b

| Vidu 7 : Tim gia tri 16n nhat va nho nhat ctia cac ham so:
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1. y=sin' z + cos’ z + 2

2. y = x —sin 2z trén doan {—%;ﬂ':|

sinx +1
3. y=— 5 :
sin“z+sinz +1
sin® z ‘COS x‘ + cos’ x‘sin x‘
4. y = :
‘sm :1;‘ + ‘cos x‘
Giai :

1. y =sin’ z + cos’ z + 2

y =sin'z +cos’z+2=sin'z —sin’z + 3

* Ham s d3 cho xé4c dinh va lién tuc trén R .
bit t =sin®2,0<t <1

Xét ham sd f(t) =t* —t + 3 lién tuc trén doan [0;1]

Ta co f'(t) =2-1,te [0;1]

1
"t)=0=t=—
0 >
4
minyzminf(t)z =2§ maxyzmaxf(t)zf&
4 tE[O;l:I
. . T
2. y =z —sin 2z trén doan {—5;7[}
* Ham s d3 cho xéc dinh va lién tuc trén doan doan [—g : 7Z'j|

Taco: f'(x) :1—200323;,—% <r<7m
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d?fj=5f+i§m{—§j=—fﬁpﬂ=n

6 6 2 2
Vay:

54 \/g ) 57

max y=—+— khi v =—
6 2 6

min y:—Z khi ©=-=
TE| — T 2 2
2
sinz +1
3.y = — :
sin“z+sinx +1
t+1
batt =sinz = f(t) = , tel-1; 1
' f() 2 +t+1 | |
f(t)z t+1 lién tuc trén doan [-1; 1]
4+t+1
—t* -2t
Nt)= — =
/ ( ) (t* +t+1)

[ (t)=0et=0e[-1 1]
feD =0, £(0) =1 £(1) =3

Vay:

minf(x):tgﬁ]f(t):O kha sinxz—l@xz—g+k2ﬁ, kelZ
maxf(a;):trel[ljal?lc]f(t):l khi smz =0< x=kr, ke Z.

sin’ z ‘COS x‘ +cos’ x ‘sin x‘
4. y =

‘sin x‘ + ‘cos x‘
< . ) 2
Vi ‘sm ZB‘ + ‘COS IE‘ >sin“z+cos" =1V

5 5
- 6 6 .
S1n .ﬁU‘COS IL" + Ccos T ‘Sln ZE‘ ‘Sll’l T €o8s x‘ OSIH LE‘ + ‘COS x‘ )

Nén y =

‘sm x‘ + ‘cos x‘ ‘sm x‘ + ‘cos x‘
. . .2 2

Y= ‘smx cos ZB‘ (1 - ‘smxcos IE‘ —sin” z cos :z:)

-1

« 3 2
y=—Isin" z ‘
8

- l‘sin 2x| + l ‘sin 2:1:‘
4 2

Dmtzkm24mSt31
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Xétham sb @ f(t) = oLl gien tuc trén doan [0;1} :
8 4 2

-3 1, 1 2
Taco: f'(t)=—t' ——t+—,Vte|0l| va flt)=0t==
f)=—t-gtrvie[o] va 1) ;

f(0)=0;f(§j=%;f(1)=%

Vay : miny = min f(¢) = f(0) = 0 khi ‘sian‘ =0z =%T
te[O;l]

max y = mazf(t) = f(g
tef0;1] 3

. 2 Vs
‘sm2x‘:§<:>cos4m= & r=t—arccos—+—
Bai tap twong tu:
Tim gia tri 16n nhat va nho nhat cia cac ham so:
1. y =sin’ z + cos’ z 2. y=-2sin’ z + 3cos2z — 6sinz

Vidu 8 : Tim gid tri l6n nhat va nhd nhat ctia cac ham so:

1
y:
Vsinz +Vcosz

2. y:\/1+sinm +\/1+COSZE

Giai :

1
y:
Vsinz +Vcosz

Xét ham s6 g(z) = Vsinz + vcosz lién tuc trén doan [O,—}

N

2

C CoS T sinx cosx\/cosx—sinx sin x /4
Tacod:g'(x) = = ,te€|0

2Vsinz  2Vcosz 2\/sin z.cos x

cosx =sing
s T
() =0, 0;— | < &S ==
ro-eeloflot, foz] <o
2
9(0)=1;g(§)=3/§;g(%)—1=>1<g <\/_:>— <1

{3
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2. y:\/1+sinx +\/1+COSZE
1+sinz >0

Ham s6 d3 cho xac dinh khi
1l+cosz >0

y>0= 1y’ = SinT + o8z + 2+ 2Vsin g + cosz + sinzcosz + 1 (*)

-1

bat t =sinx + coszx =\/§Sin[x+%j,—\/5£ t S\/§:> sinxcosx =

Khi do (*) viét lai f(t):t+2+2‘/%(t2+2t+1) :t+2+\/§‘t+1‘

(1—\/5)t+2—\/5, ned -2 <t<-1
f(t)_ (1+x/§)t+2+\/§, neé—létéx/g

1-42 <0, neda—2 <t<-1
-

1++/2 >0, neé—1<tS\/§
Ham sb f(t) khong c6 dao ham tai diém ¢ = —1

I?E&%Xf(:n)z 4+2\/§ rgleiRnf(:n):l

Vidu 9: g(z) = f(sin’z)f (0052 :Jc) trong d6 ham f thoa man:
f(cotz) = sin2x + cos 2z Vx € [0;7]. Tim gia tri 16n nhat va nhé nhét cia
9(z).

Giai :
batt =cotz
. 2tanz 2cotx 2t -1

= sin2z = = = ; cosS2r =
l+tan’z 1l+cot’z 1+1¢ £ +1
t+2t -1

= f(t)=——
t?+1

= g(2) = (sin® z +2sin” z — 1)(cos’ z + 2cos” x — 1)

(sin® 2 +1)(cos z +1)

. 4 4 .« 2 2 2
sin“xcos  r+8sin“zcos"z—2 u +8u-—-2

g($) <4 4 e 2 2 2 h(U)
sin“xcos z—2sin"zcos"z+2 u —2u+2
’ 2 2 1
trongdd w =sin"xcos"x; 0<u<—.
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:h'(u)=2M>0 Vue{o;l}
(u* = 2u + 2)* 4

= ham s6 h(u) ludn ting trén {O;i} nén max _h(u) = h(l] _ L
ue{O;ﬂ

Vay max g(x) = %; min g(z) = -1

Vi du 10: Tim gi4 tri 10n nhét va nho nhat ciia cac ham sb trén : [—1;2] , biét

{f(o)—l

f? (x)f'(x) =1+2z+ 327

Giai :

3
fZ(x)f'(x) =1+ 2z + 32 @¥=x+x2 +2° + ¢, ¢ :hang sb.

f(O)zl:c:%

Do do f(z) = /3a° +32% + 3z +1

Xét ham sb g(a;) = 32° + 32 + 3z + 1 lién tuc trén doan z € [—1;2].

Taco g'(x)=9:1;2 +6x+3

r=-1
g'(x)=0c> x:—l
3

g(—l) = —2,g(2) = 40,g(—§] = % = Trrel[legﬁg(x) = 40,z£1[1j£]g(x) =2

maxf(x)=% khi x =2

.1:6[—1;2]

min f(:z:):%/—_Q khi x = -1

zel —1;2

Vay

| Vi du: Cho z,y 1a cac s6 khong 4m thoa minz + y = 1.Tim gid tri 16n nhat va
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nhé nhat ciia biéu thire P = —— +—Y
y+1 x+1
Giai :
2
po_T Y _:E2+x+y2+y_($+y) —2$y+$+y_2—2xy
y+1 z+1 ay+z+y+1 ry+r+y+1 2+xy
2
+ 1
(Vix+y=1).Bétt=xy:>OStS(x2yj =7
. 2-2t 1 - 1
Xét ham sb f(t):—,te{O;—}.Tacé £(t)= 6 2 <O,Vte[0;—}
2+t 4 (2+t) 4
Béng bién thién.
t 1
’ 1

R0 -
(t) 1 \g

Vay min f(1) :f(l)zg,maxf(t) ~/(0)=1

OSL‘S1 4 OSL‘S1
4 4

mian%khixzy:%Vémaxle khi £ =0,y =1 hodc z =1y =0

Vidu 11 : Cho a,b 14 cac s6 duong thoa ménab + a + b = 3. Tim GTLN cua

3a 3b ab

biéu thic: P = + +
b+1 a+1 a+b

—a’ —b” (Du bi Pai hoc- 2005 ) .

Giai :
(a+b)
4

Trab+a+b=3=3-(a+b)=ab< Sa+b2>2.

3a(a + 1)+ 3b(b +1) N ab
(b+1ﬂ1+a) a+b

Tacod: P = —(a+b) +2ab

(a+b)2—2ab+(a+b)+ ab
ab+a+b+1 a+b

}3zgﬁa+®2+$a+®—6}+§€§5?ﬁ

P=3 —(a+b) +2ab
—(a+b)’ +6—2(a+b)
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p-L —(a +b)’ +(a+b)+ 12 1ol
4 a+b

, 12 :
Dit t = a +b > 2. Xét ham s6 g(t):—t2+t+7+2 v6i t > 2

Ta co: g'(t)=—2t+1—2<0 Vt22:>maxg(t)=g(2)=§.
£ t>2 2

Vay maxPz%datduqckhi a=b=1.

. .z . 3 s
Vidu : Cho z,y,z1a cac s6 thuc duong thda man x + y + z < 5 Tim gia tri

, , 1 1 1
nho nhat cua biéuthic P=2+y+2+—+—+—.
T Yy =z
Giai :
Tacé:(m+y+z)(l+l+lJ29:>l+l+lZL,
T Yy z r Yy z xt+ty+z

11 1
P=x+y+z2+—+—+—-2z4+y+2+—-—
T Yy =z T+y+z

Datt:x+y+z:>0<t£g.KhidéP2t+%,0<ts;
Xétf(t)=t+9,te 0;§ .Ta co f'(t):1—3<o,we 0;§
¢ 2 t? 2
Béng bién thién.
t
0 —_
7(1) -
+00

Va minft:f§:E:>PZE:>minP:Ekhi:L“:y:z:l
Y 2 2 2 2 2
O<t£§

Vi du 12: Cho z,y,z 1a sb thuc thoa manz® + y* + 2° = 2 Tim gi4 tri 16n

nhét, nho nhét cua biéu thiec P = 7° + 9 + 2° — 3zyz.
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Giai :
Tu cac déng thic 2° +y° + 2" +2(zy +yz + 22) = (v + y + 2)°
2yt + 20 = Bayr = (x+y+2)(a” + 9 + 2 —ay — yz — 2z) va didu kién ta

co: P=(z+y+2)(z°+y" +2° -y —yz — 21)

_(x+y+z){2—(x+y+z)2_2}

2

Pitt =z +y+2= 6 <t<6

2 3
Taco: P =121 2):—%+3t—f()
Xét ham so f(t) voi —/6 <t<+6.

3

(-t +2) = f'(t) 0 t=12

X [ = f(N2)=2v2; min _f(t) = f(N2) = 242
3[_%%}( f(N2) [—%;%]f() f(=V2)
Vay maxP:2\/§ dat duoc khi a;:\/g;y:z:O
minP:—Q\/gdatduqckhi:nz—\/g;y:z:O.

Taco: f'(t) = 5
)=

| Vi du:

Vi du 13: Cho hai sé z,y # 0thay d6i thoa méan (:1; + y)xy =2 +y° —ay

Tim GTLN cita biéu thitc : A = — + ( Pai hoc Khéi A — 2006 ).
3 3

z Y

Giai:
Cach1:
bat: u=x+y,vzmy:>(:v+y)xy:x2+y2—:L“y<:>uvzu2—3v

2

<:>(u+3)v=u2<:>v= Y (d0u¢—3).

u+3
2
R 1 1 22+¢y v’ 3w u(u _31]) @ (u+3Y
VayA=—3+—3= :Z = ; = 3 :—2: »
oy (:L“y) v v v
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2 J—
Visdvosw > o 1ol (odaytatmuyu=0)
U+ 3 U+ 3 U+ 3
Su2lvu<-3 :>u+3>O.Xéthémf(u)=u+3:>f'(u):_—3<0
u u u2
Lap bang bién thién, ta thiy f(u) < f(1) =4 = A <16.
Ding thirc xay ra < z = y :%.Véy GTLN ciia A = 16.

Cach2:

1 1 T S
bat a = —;b = —. Khi do6 gia thiét cta bai todn trd thanh
Z Y

a+b:(12erQ—abZi(a+b)2 < 0<a+b<4
VaA=a"+b"=(a+b)(a® +b> —ab) = (a +b)’ <16
Déngtht’rcxéyra@azsz@xzyz%.

Twong tu :

Vi du 14 : Cho hai sb thyc z,y thay d6i va théa min hé thic 2° + y* = 1.
2(2* + 6zy)

1+ 2zy + 2y
(Pai hoc Khoi B — 2008).

Tim GTLN, GTNN cua biéu thic: P =

Giai:
Cach1:

2 2
Taco: P — 2(z” +6ay) _ 2z +6ay)

1+2zy+2y°  o° +2zy + 3y°
*Néuy=0=P=1.
2 2 2 2
Néu y = Othidat: z =ty = P = Aty +6ty) = 2+ +6t) :Qf(t)
Py’ +2t° +3y° P +2t+3

Xét ham s6 f(t), taco
—4t* + 6t + 18 3
t)=—————,f'(t)=0 =t =3,t =—=, lim f(t)=1
P =S ) 0 <as =<2 ()
(t +2t+3)
Lap bang bién thién ta dugc: GTLN P =3 va GTNN P = 6.

Cach2:

118



Nguyén Phia Khanh — Pa Lat Tai Liéu 6n thi TG Tai Pai hoc theo cu trac BGD.

2(z” +6zy) 22 +12zy

P =
1+ 2xy +2y°  2° +2xy + 3y°
2 (o 2
S p_3_ 2" + 12zy a3 (z - 3y) <0
z* + 2zy + 3y° 2+ 2zy + 3y
3
. g;:gy Tr=x—
= P <3.Dbangthicxdayra <4 , | = 2
2 +yt =1 _ .1
y=t=
2
2 2
Pt 22" + 12xy L6 2(2x + 3y) >0
z° + 2zy + 3y z° + 2zy + 3y
3
3 T=F—F—
, T =——=
= P > —6. Dang thtc xdy ra < 2y = \/21_3
+yt =1 y=t—

Vay max P =3; minP =—-6.

Tuy nhién cach 1am céi kho 1a chung ta 1am sao biét cach danh gia P — 3 va
P+67?

Tuwong tu :

Cho hai s6 thuc z,y thay ddi va thoa man hé thirc z° + > = 1. Tim GTLN,
GTNN ciia biéu thirc:

2:1;y+y2 xz—xy+y2

A: B:

2% + 2zy + 1 20 +xy+ 1yt —1

Vi du 15: Cho bdn s6 nguyén a,b,c,d thay ddithéa: 1<a <b<c<d <50

Tim GTNN cia biéu thie P = % + 3 (Dw bi Dai hoc - 2002).

Giai:
Vil<a<b<c<d<50vaab,cdlacicsdnguyénnén ¢ > b +1
a c¢_1 b+1
Suyra:—+—2>—-+——=f(b).
yrai ez =1(0)
D& thdy 2 < b < 48 nén ta xét ham sb : f(x):l+le,xe[2;48]
i
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Taco /() =~ +=-= f'(z) =0 0 =532,
T

Lap bang bién thién ta dwoc min f (x) =f (5\/5)
[2;48]

Do 7 va 8 13 hai s6 nguyén gan 5\/5 nhat vi vay:
. . . |93 61 53
min f(b) = min {f(?),f(S)} = mln{175 ; 200} = T

[2;48]

Vay GTNN P _ 3
175

Vi du 16: Cho a,b,c 1a 3 s6 thuc duong va thoa min

b c >3\/§.

, . N a
a’ +b* + ¢* = 1.Ching minh ring : Sttt 5 2
b"+c¢ a +c a +b 2

Giai :
Pé khong mat tinh tong quat , gia st 0 < a < b < ¢ va thoa man hé thirc
a2+b2+02:1.Dod(')0<a£b£c£i.
3
a b c a b c
2 2+ 2 2+ 2 2 2 2 2
b + ¢ a” +c a” +b l1-a 1-b l1-¢
B a’ N b N c
a(l—aZ) b(l—bZ) 6(1—62)

. . 1
Xétham so : f(z) = x(l - {L‘Q) lién tuc trén nira khoang (0;

5

1 . ) 4
Tacod: f'(z)=-32"+1> 0,z € (O;T} = f(x) lién tuc va dong bién trén
3
, , 1
ntra khoang (O;—} .
J3
1

2 2
Va li =i 1-2°)=0, =———=0 <—— h
@ lim £0) = lim 2 {1.- ') f(@] IR
, 2
0<z(l-2")<——.
<ofi-) 3V3
2

r > 3\2/5352,‘#:1; G[O; !

x(l—x2)23\/§®1—$2_ ﬁ}

Hay
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a 3\/52
>—0a
R 5
Suy ra bzzﬁbQ: a2+ b2+ 62233(a2+b2+02).
1-5 2 1-a¢° 1-b0 1-c¢
C 3\/52
> —-20c
1-¢? 2
Vay L b T Zgﬁ.Xéyrakhia:b:c:i.
V+cd at+c P+ 2 \/5

Chii y : Dé khong mat tinh tong quat , gid sit 0 < a < b < ¢ va thoa min hé thic
o> +0*+c¢*=1. Tacothésuyra 0<a<b<c<l1.
Khi d6 xét ham s6 : f(z) = x(l — xz) lién tuc trén khodng (0;1).

F(z )_—3x +1xe( )Vaf() 0<:>a;=i

J3
1

. ; % 1
o f(z)>0,z e ( ,—] ( ) lién tyc va dong bién trén khoang (0;

3 %
o f'(z )<0xe(

&)

Va lim f(z) = lim f(z) = O,f(%] 3\2/5 =0< f(z) < ? Phan con lai

20" 21"

,1] =>f (:1:) lién tuc va nghich bién trén khoang

-

tuong tu nhu trén.

Vi du 17: Xét cac s6 thuc khong 4m thay ddi 2, Y, 2 thoa diéu kién:
Z 4+ y + 2z = 1. Tim gia tri nho nhét va gia tri 16n nhat cua:

S:\/l—x+ 1—y+\/1—z.
1+2z 1+y 1+2

Giai :
Tim MinS§ :
Khong mat t inh tong quat gidsu: 0 <z <y <z <1.

r+y+z=1

Véi 2> 0 :>x,y,ze[0;1]'
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Vi@—xﬂ1+x):1—x2£1n&u1;i2(1—@2:>J1;z21—x.

Dau dang thic xay ra trong truong hop = = Ohodc z = 1.

Khid(')Sz\/l_x+ 1_y+\/1_z 21—;1;+1—y+1—z hay S>2.
1+2 1+y 1+2

Ping thic xayrakhi £ =y = 0,2 =1thi §=2.
Vay: min§ =2.

Tim MaxsS:
Khong mat t inh tong quat gidst: 0 <z <y <z <1.

Luc do: zzl; x+y£g<é.
3 3 5

S:J1—x+ 1—y+\/1—zS

1+2z 1+y 1+2

1+ 1—(w+y)+\/1—z=1+\/ z +\/1_z
l+x+y 1+2 2-2z 1+2

1- ) e ‘
bat h (z) = \/ & + \/ & . Bai toan tr¢ thanh gié tri 16n nhat ctia
2—2 1+ 2

h(z) trén doan {%, 1} .
1

"(2) = _1 axh(z)=Max 1), s hl = =—F4
h(z)—0<:>z—2. Mazh(z)=M {h(?)j’h(l)’h(?j} 5

Do d6 : S:\/l_z Y +\/1_Z <142
1+2z 1+y 1+2 \/g

. . 1
Dang thire xdy ra khi x:O,y:z:E thi S=1+l .

J3

Vay: mazS = 1+l

V3

Vi du 18: Cho ba sb thuc duong a,b,cthoda man: abc+a+c=0.
Tim gi tri 16n nhét cia biéu thie: P = —=— ——2 49
a“+1 b +1 S +1

Giai :

122



Nguyén Phia Khanh — Pa Lat

Tai Liéu 6n thi Tu Tai Pai hoc theo cAu trac BGD.

x 2 1
Taco: a+c:b(1—ac)>O.Déthéy ac#z1l=>0<a<-—

nén b = are = P= 2

c

_ 2
2(1 - ac) N 3

1—ac a’ +1

(a+c)+(1—-ac) +1

2
P 2 N 2(a +¢) B 3
a’+1 (a> +1)(c* +1) c+1
2
Xet fo)=— st 3
r+1 (27 +1)(c"+1) " +1
2(z” +2 2¢° +1 1
f(:z;): (:1;-21- cx+20+) 23 90<z<t
(" +1)(c” +1) c+1 c
e 2 —
= f(z) = 45@ EQCf D) ,O<:¢n<1
(° +1)°(c” +1) c

Trén khoang [0;1] : f'(x) =0 conghiémz, = —c+ Vi +1 va f'(x)
c

ddi dau tir duong sang am khi x qua T, suy ra f (3:) dat cuc daitai x = z,

2 3 2c 3

1
=>Vre|0—|:flz)< +
[ Cj () c+1-cVe® +1

Xeét g(c): 2 + 23
Vel 41 ¢ +1
2(1 - 8¢?)
g(c) =
(¢ +1*(We* +1+ 3¢)
, 0 c>0
=0 o
8 () 1-8c =0

= Vc>0:g(c) <

:PS?.Daﬁu "=" xdyrakhi <b =

() =2+
02 3

9 =

- +
¢ +1 Je2 41 & +1

,c>0

C = ——

1
212
24
2
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Vay gié tri 16n nhat cua P 1a % .

Vi du 19 : Cho tam giac ABC khong ti. Tim GTLN cua biéu thic:
P =cos2A + 2\/5(008 B+cosC) (Daihgc Khoi A—2004).

Giai:
Ta cb AS90:>COS2A=2COS2A—1S2008A—1=1—4Sin2§

Ding thirc ¢ < cos® A = cos A (1).

2

cosB+cosC=ZSin%.cos SQSin%

Ding thirc xay ra < cos =1 (2).

Détt:sin§:>0<t£g.Tacé: P£—4t2+4\/§t+1:f(t)

v | &

Xét ham sb f(t), te{o;g}, co f'(t):—8t+4\/§:>f'(t):() St=

Lap bang bién thién ta co: f(t) < f[g} =3= P<3.

cos A = cos® A
B-C A=90Y
=1 & 0
2\/_ B=C=45
2

sin— = —

2

Ping thic xdy ra < { cos

Vay max P = 3.

Vi du 20: Cho tam giac ABC c¢6 A > B > C'. Tim gia tri nh6 nhét ciia biéu

thre - M:\/x—smAjL\/m—smB_l‘

z —sinC z—sinC

Giai :
Biéu thirc xéc dinh khi D = (—o0;sin C') U [sin A; +oo).

. ’x—sinC sinA-sinC 1 |z-sinC sinB-sinC N
M= z—sinAd . 2 +2 r—sinB ' —>0,Vze D= M lién
(x—smC) (x—smC)

tuc va dong bién trén mdi khoang (—oo; sin C ) ,[sin A; +oo)
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Do do minM:M(sinA): S?Dj;s%ng_l
sin A —sin

Vi du 21: Cho mdt tam giac déu ABC canh a . Ngudi ta dung mot hinh chir
nhat MNP(Q c6 canh MN nam trén canh BC, hai dinh P va () theo thu tu
nam trén hai canh 4 C va AB cua tam giac . Xac dinh vi tri diém M sao cho
hinh chit nhét c¢6 dién tich 16n nhét va tim gia tri 16n nhét do.

Giai :
Pt BM=w,O<x<%:>NM=BC—2BM=a—2x
Trong tam giac vuong BM (@) cod

tan QBM =g—%: QM = BM.tan QBM = 2/3

Dién tich hinh chi¥ nhit MNPQ 1a §(z) = MN.QM = (a —2z) a3

Bai toan quy vé : Tim gid tri 10n nhét cta S(z) = (a - Zx)x 3,z € (O;%]
S'(x)=—4\/§x+a\/§,xe(0;gj 5"(9[;)=0<:>:1::2

2 4
Béng bién thién cua S (a:) trén khoang (0;%}

z 0

a a
4 2
S'(x) + 0

5(a) a*\3
BN,

Vay dién tich hinh chit nhat 16n nhat 1a

2
4

S hiz=2
4

Bai 3 :TIEM CAN HAM SO
3.1TOM TAT LY THUYET

1. Pwong ti€ém can ding va duwdong ti€ém can ngang:
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e Dudng thing y = y, duoc goi 1a dwong tiém cdn ngang ( goi tat 13 tiém can

ngang) ctia do thi ham sé y = f(x) néu lim f(a:) =y, hodc }Eif(x) =Y,

T—>+w0

e DPuong thing z = z, duoc goi 1a duwong tigm cdn dirng ( goi tat 1a tiém can

dung) cua d6 thi ham sb y = f(x) néu lim f(x) = +o0 hodc

l‘—).?fo

lim f(x) = +oohoac lim f(x) = —ohodc lim f(x) = —00,

z%a:[f T, z%a:[f
2. Puwong tiém can xién:

Puong thang y = az + b (a # 0) duogc goi 1a dwong tiém cdn xién ( goi tit 1a
tiém c4n xién) ctia d0 thi ham sd y = f (x) néu
}Lrgof(x) = [f(x)—(ax+b)} =0 hoac }Lrgof(x) = [f(x)—(ax+b)} =0

Trong d6 a = lim f(m) , b= lim [f(x)—ax] hoac

T—>+0 x T—>+0

(z)

0= m == b= Jim () e

Chuy: Néu a = 0 thi tiém can xién tré thanh tiém cin ding.

3.2 DANG TOAN THUONG GAP

Vidu 1: Tim ti¢m can cua do thi ham sb :
1.2/:2:['_1 3 _\/3724-1
T +2 Y= T
2
g yotzotl 4. y=1++1-2
z—1
Giai :
2z -1
1. y=
Y T +2

* Ham s6 da cho xéc dinh va lién tuc trén D = R\ {2}

1
2z -1 2=
* Taco: lim y = lim 5 = lim ;=2 va
T—>—00 T—>—0 x + T—>—00
1+~
T
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1
, . 2z-1 . 2_; e NPT U
lim y = lim = lim =2 = y =2 la tiém can ngang cua do thi khi
T—>+0 z+0 p 4 9D T—>+0 2
1+—
x
T —> —00 va T —> 40,
. . 20 —1 \
lim y= lim = —o0 va
io(-2) () T2
. . 2z —1 R n , B A . .
lim y= lim =+ = r = —2 la tiém can ding cua do thi khi
+ +T+2
.T—)(—?) .T—)(—?)
T + . Yy . 2z -1 \ e A
17—)(—2) Va:c—>(—2) ; lim == lim ———=0= hamso fkhong

I—>—0 T  IT—>—0 SE(IL'+2)
co tiém can xién khi x — —0.

1
Y 2¢ -1 2-—
lim == lim — = lim L

=0 = ham s6 y khong c6 ti€ém can
T—+0 T T—>+00 ;g(x + 2) T—>40 T + 2

xién khi £ — +o0.
9 y:x2—:c+1
z-1

* Ham s6 da cho xdc dinh va lién tuc trén D = R\, {1

* Taco:y=uz+

z—1

. . 1 N
:>hmy:hm(x+ =400 va
z—>17 z—o17 L=

limyzlim(:vvL )
:L‘_

J = —o00 = ¢ =1 14 tiém can dung cua do thi ham so6
1" 1"

. . - . . 1 .
khiz >1"vaz —>17; lim y= lim |z + = 40 Vi
T—>+00 T—>+00 xr —

. . 1 « Aiia A A
lim y= lim |z + = —o0 = ham s6 khong c6 ti€ém can ngang
T—>—00 T—>—00 T —

1
lim (y —z)= lim =0va lim (y—z)= lim =0
T—>+00 z—>40 x — 1 T—>—o0 z—>—0x —1

= y = x la ti€ém cén xién cua d6 thi ham so6 khi x - +0w va z > —©.

Vz' +1

X

3.y =
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* Ham s6 da cho xac dinh va lién tyc trén D = R\ {0} :

—x1/1+—
lim y = lim ——— = —lim ,/1 + — =-1,= y = -1 latiém can ngang

T—>—0 T—>—0 T—>—0

ctia d6 thi ham sd kh1 T —> —0 |

x,fl+—
lim y = lim ——— = lim 1f1+— =1,= y =1 1a tiém cén ngang cta do

T—>+00 T—>+00 T—>+00

thi ham sd khi z — +o0 .

, . Nz +1 , . N2t +1 .
limy=lim———=-0 , limy=lim——— =+ = 2 =0 latiém can

0" 0" T 20" z—0" T

dung cua d6 thi ham s khi  —» 0" va z — 0°

\/— z 1+1
2 - i)
hm— lim x2+1:hm—23;

T—>—00 'T T—>—0 'T T—>—0 x

= 0 = ham s6 y khong c6 tiém can

xién khi z — —o0

f T 1+i
.1'2+1 . 1’;2

lim £ = lim = lim = 0 = ham s0 y khong c6 tiém cén xién
T—>+00 x T—>+0 x2 T—>+00 ’1-
khi z — +o0

4. y=1++v1-2°

-1<z<1

y=1+Vl-2" & y>1
z° +(y—1)2 =1
Do d6 d6 thi ham s6 1a nira duong tron tim I(O;l), ban kinh R =1.

Vay dd thi ham s khong c¢6 tiém can.

Chii y :

Cho ham phan thic f(z) = u@) :

v(z) =0
u(z) =0

b) D6 thi ham s6 co tiém can ngang < degu(z) < degv(z), trong d6 deg la
bac cua da thurc.

a) SO ti€ém céan ding ctua do thi ham so6 1a s6 nghi¢m cia hé¢ {
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¢) D6 thi ham s6 co tiém cén xién < deg u(z) = deg v(z) + 1 Khi d6 dé tim

u (2)

tiém can xién ta chia u(z) chov(z), ta dugc:y = ax + b +
degu, (v) < degv(x)

) ul(x) . Ul(x)
= lim —— = lim ——
zo+0 v(z)  zo-o v(z)

, trong do

=0 =y =az+b 1a TCX ctua do thi ham sb.

* Néu do thi ham so0 ¢6 tiém cén ngang thi khong c6 tiém can xién va ngugc lai.

Bai tap tw luyén:
Tim ti€m can cia do thi ham so :

y:3x—2 .y=a+VN2* +4x+5
3r+4
24% + 37 — 4 Nz’ +5x+1

2.y =
—5x—2 Y T+2

2.y

Vi du 2: Tim ti¢m cén cua cac do thi ham s6 sau:

1.y=vaz’ -2z +2 2. y=x+Vr’ -1

Gidi :
1.y=v2" -2z +2

* Ham s0 da cho xac dinh va lién tuc trén R.

2

Va2 =22 +2 2 2

* Tacora= lim L= lim 4~ 7% _ |im 1-2+2 =1
T—>+0 I T —>+00 €T T —>+0 T x?

b= lim (y —az) = lim (Vx2—2x+2—xj

T—>+0 T—>+%0
_2+g

- lim 20+2  _ im A |
T P

= y =z —1 la tiém can xién cta do thi ham s6 khi x — +o0 .

No? -2z +2 2 2
s

a = lim Y_ lim

=-—lm [1-—+—=-1
T>—0 T  T>—0 T—>—00 Tz
b= lim (y —az) = lim (\/x2 -2z +2 +l’j
T—>—w0 T—>—00
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2
_2_‘_7
lim 242 = lim L =1
T—>—00 'x2_2x+2_x ZL’—)—OO_ 1_2 1_1
T g2

= y = —x + 1 la tiém can xién cua do thi ham s6 khi z — —o0.

2. y=x+Vaz’ -1

* Ham s6 d3 cho xac dinh va lién tuc trén D = (—oo; —1] U [1; +oo) )

2
o= lim Y= qim 2V L iy oL oo
T—>40 I T—>+00 T T —>+00 xZ

. . [ . -1

= y = 2z la ti€ém can xién cua do thi ham s6 khi z — +o0.

J 2
a= lim y_ lim “—“: lim [1— fl—iJ:O
T—>—0 I T—>+00 T T—>4o0 £L'2

b= lim y= lim (Vm2—1+$j: lim _—1:0

T —>—00 T—>—0 T—>—00 2
zo-1-z

= y = 0 1a tiém can ngang cta d6 thi ham sé khi z — —o .

Nhéan xét:

1) Xétham s6 y = Vaz® +bz +c¢  (a #0).

*Neéu a < 0 = d06 thi ham s6 khong c6 ti¢ém can.
% N4 A 1A A oA A ia \/_ b . \
Néu a > 0 do6 thi ham s6 c06 tiém can xién y = Va(xz + —) khi £ — +o0 va

2a

b :
y=-—a|z+—|khiz—> —o0.
2a
2) Db thi ham s6 y = mz +n + pVaz® + bz + ¢ (a > 0) co tiém can 1a duong
, b
théng:yzmx+n+p\/;|$+2—|.
a

Bai tap tw luyén:
Tim ti€ém can cua do thi ham so :

1 z-2 _ 3.y=\/m—\/x2+2x+3

a z+4
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Vi du 3: Tuy theo gia trj ciia tham s6 m . Hiy tim tiém c4n cta do thi ham s6

rz—1
sau: y =

; .
mz” —1

Giai :

*m=0=>y=-2+1= dd thi ham s6 khong co tiém can.

v -1 = lim f(z)= lim f(z)=0= y =0 latiém can
x° — 1 T —>+00 T —>—00

*m=1= f(z)=

ngang cua do thi ham s6 khi x — +oo va z — —o0.

1 ) . r .
Vi lim f(z) = lim =— = d6 thi ham s0 khong c6 tiém can dung
zo1t z—>1" 3

me T

Puong thiang y = 0 14 tiém cén ngang ciia do thi ham sb.

m # 0 . ) 1
* ) = ham so xac dinh trén D =R \ < —

Puong thing = = BL 1a dudng tiém can dimg ctia do thi ham sd.
Im
Bai tap tw luyén:
Tuy theo gia tri ciia tham s m . Hay tim tiém can ctia @6 thi ham sb sau:

(m—l)x2+m+2
y= ., .
mx +4

, \ A1 A 1 ) N 5 , \ < A
Vidu 4: Tim m d€ ham s6 y = mxz + — ¢0 cuc tri va khoang céach tir diém
T

IS 5 \ A ~ A \ ‘A A A 5 y M 2
cuc tiéu cia ham so da cho dén dudng tiém can xién cia n6 bang T .
17

Giai :
* Ham sb da cho x4c dinh va lién tuc trén (—oo; O) v (0; +oo) .
* 14 ! 1
Tacod: y :m——Z,x:&O.
T

Dé ham s6 di cho ¢o cuc tri thi phuong trinh ' = 0 ¢6 hai nghiém phén biét
khac 0.

. . 1 Iz
Vé6im>0thi y'=0om-—=012 =———<=x :T va diém cuc
m

9 1 / 2
z m

tiéu cia ham sb 1a A [L,%/Ej )

Jm
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N | .1 R \ 4 A n
Vi lim —= lim — =0 nén (d) :y = mz la duong can xién.

r—>—0 T T—>+0 T
1
‘m —24m

Theobe‘litoéndAd=2© n _2 o Jm __2
m =4
V17m =2m’ +1 & 4m* —1Tm +4 =0 < 1-
m=—
4

Bai toan twong tu :

2
mz° —mx+m-—1

N c6 cuc tri va khoang cach tir diém
'T f—

Tim m dé ham sé y =

cuc tiéu cia ham so6 da cho dén duong tiém can xién cuia n6 bang

€
5

) mx2+(m2+m+2)x+m2+3 )
Vidu5:Chohamso y = ! . Tim m dé
xr +
khoang cach tu géc O dén tiém can xién hodc ngang 1a nho nhét .
Giai :

* Ham s6 d3 cho xac dinh va lién tuc trén (—oo; —1) U (—1; +oo)

mx2+(m2+m+2)x+m2+3
Y= =mx+m’ +2+
z+1 z+1

,x # —1

Vi lim 1 = lim
to—-or+1 zot+ox+1

=0 nén (d):y:mx+m2+2
= (d) :ma —y +m” +2 = 01a dudng can xién hoic ngang cia ham sb.
‘m2+2‘
Taco: d(O;d):—:\/m2 +1+;22
‘m2+1‘ m”+1
Vay d(0;d) nho nhét bang 2 khi Vm’ +1 = ——— < m =0.

Khi d6 ham sb ¢6 tiém can ngang 1a y = 2.
Bai toan twong tu :

x2+(m+2)x+m2—4m+3

Cho ham s6 y = . Tim m dé khoang cach tir gbc

mx + 1
O dén tiém can xién hoac ngang la nhd nhat .
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ma’ + (3m® - 2)x —2

Vi du 6: Cho ham s6 y =
T+ 3m

(C’m),véi meR .
1. Tim m d& goc giira hai tiém can cia do thi (C’m ) bang 45°.

2. Tim m dé d6 thi (Cm ) c0O tiém can xién tao cit hai truc toa d0 tai A, B sao

cho tam gidac AAOB c6 dién tich bang 4.

Giai :

6m —2

T+ 3m

Taco: y=mxr -2+

X s 1y IO A 1
DO thi ham s6 co hai tiém can << 6m —2 # 0 < m # — .

Phuong trinh hai duong tiém canla: A :z=-3m < 2 +3m =0
VaA :y=mz-2ome—-y—-2=0.

Véc to phap tuyén ciia A va A, lan lugt 1 : nT =(,0), n, = (m;-1)

1.Géc giita A, va A, bang 45" khi va chi khi

n, .1 B ‘m‘ \/5

cos45” = cos= —\/7=—<:>2m2=m2+1<:>m=i1
2
m” +1

n
Vay m = +1 1a nhitng gia trj cAn tim.

.n

1 2

m # 0 9
2.Ham s6 c6 tiém can xién < 1 - Khi do: A(0;-2), B [— : O]
m # —

N 1 1 2
Taco: S, 1p0 :EOA.OB:4<:>5.\—2\.— =4 m=4%2

Vay m = +2 1a nhitng gia trj cAn tim.

Bai toan twong tu :

(m—l)x2+(m+1)w—2m+3

Cho ham s6 y = (C,)voimeR.

T —2m

1. Tim m dé goc giira hai tiém can ciia d6 thi (C’m ) bang 45°.

2. Tim m dé d6 thi (Cm ) ¢0O tiém can xién tao cit hai truc toa d0 tai A, B sao

cho tam gidac AAOB c6 dién tich bang 4.
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+r+1

Vi du 7: Cho ham sb y = ¢6 do thi 1a (C) . Chtrng minh rang;

z—1
1. Tich khoang cach tir mot diém bat ki trén (C’ ) dén hai tiém can khong ddi

2.Khong c6 tiép tuyén nao cua (C’ ) di qua giao diém cua hai tiém can.

Giai :
* Ham s6 d3 cho xac dinh va lién tuc trén D = R \ {1} .

1.Taco: y=x+2+ ! — hai tiém can cta d6 thi ham sb 1a Ax-1=0
x_

vaA iz-y+2=0

GQiMe(C):MLxU;wU+2+ j:dlzd(M,Al):‘:cU—l‘

z,—1
x0—$0—2—w3_1+2 ;
— — 0 =
ERR ) 5 B, 1
= d,d, = ‘xo —1‘\/5‘; _1‘ = 3\2/5 dpcm.
0

2.Goi I =A NA, = I(1;3)
Gia sirA 14 tiép tuyén bat ki cua d6 thi (C) = phwong trinh ciia A c6 dang

3 3
—2J(x_$0>+x0+2+x —

Ary=y'(z)(z-=)+y, [1—
(‘To_l) 0

LJO_‘”O)‘“’% +2+
(z, = 1)°

3

xo—l

=3

:IeA@[l—

+I,+2+ 3 -3=0&

1:0—1 xo—l T, —

nay vo nghiém. Vay khong co tiép tuyén nao ciia d6 thi (C) di qua I .

< l-z + = 0 ta thdy phuong trinh

Bai 5 : PHEP TINH TIEN
VA TAM POI XUNG
5.1 TOM TAT LY THUYET
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1. Diém udn ciaa db thi :

Gia str ham sb f c6 dao ham cAp mét lién tuc trén khoang (a; b) chta diém T, va

c6 dao ham cip hai trén khoang (a; z, ) vi (%5 b) Néu f"db6i diu khi z qua diém

z, thi I (:1:0; £ (=, )) la mot diém ubn cta dd thi ctia ham sé y = f(z).

Néu ham s f c6 dao ham cép hai tai diém z, thi T (xo; f (iL‘O )) 12 mot diém uén
. EREN A1 oo .

cua do thi ham so6 thi f (:co) =0

2. Phép tinh tien hé¢ toa do :

x:X+:cU

Cong thirc chuyén hé toa do trong phép tinh tién theo vecto OI la { Voy
y=Y +y,

I(:L“O;f(:no)).

5.2 DANG TOAN THUONG GAP

Dang 1 : Chuyén hé toa d trong phép tinh tuyén theo vecto OI .

Vi du 1: Tim tham s6 thuc m dé diém I thudc do thi
(C) sy =2 +3ma” + (m + 2) £ + 1 nam trén truc hoanh , biét rang hoanh

d6 cta diém I nghiém ding phuong trinh f ”(x) =0.

Giai :
* Ham s d3 cho xac dinh va lién tuc trén R .
* Tacd: y'=3z> +6ma+m+2
y"=6xr+6mvay"'=0 2 =-m.

D@ thay y" doi ddu khi z qua diém z, = —m . Suyra
I (—m;2m3 —m?—2m+ 1) 1 diém udn cua dd thi di cho.

Vi]er<:>2m3—m2—2m+1=0<:>(m—1)(2m2+m—1)=0

< m =1 hodc m = -1 hoac m =

1
2

Vi dy 2:Cho ham s f(z) N GRS
37 2
1. Giai phuong trinh f '(sin :c) =0

2. Gidi phuong trinh f "(cos :c) =0

3. Viét phuong trinh tiép tuyén cta d6 thi ham s da cho tai diém c6 hoanh
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do 1a nghiém cua phuong trinh f" (3:) =0.

, Giai :
* Ham so da cho xac dinh va lién tuc trén R.
1417
5
Ca hai nghiém z déu nam ngoai doan [—1; 1] . Do d6 phuong trinh

1. f'(x)zxZ—x—4:>f'(x)=O<:>x:

f'(sin x) =0 vO nghiém.

2. f”(x):2x—1:>f”(x)=0<:>x= . Do d6 phuong trinh

1
2

Sr=*x—+Rkrkel.

N | =
w |y

f"(cosx)=0<:>cosx=

1 1 47 1 17

3. f"[z)=22-1= f"(z)=0a=—f|—|=—,f'|=|=——

f() f() 2f{2j 12f(2j 4
Phuong trinh tiép tuyén can tim 14 :

Y 4 2 12 v 4 24

Vidu 3 : Cho ham sb f(x) = 2 — 32° + 1¢6 dd thi 1a (0)
1. Xéc dinh diém I thuc d6 thi (C') cita ham s da cho , biét réng hoanh
d6 cta diém I nghiém dtng phuong trinh f ”(x) =0.

2. Viét cong thirc chuyén hé toa do trong phép tinh tuyén theo vecto OI va
viét phuong trinh dudng cong (C’ ) dbi véihé IXY . Tir do suy rarang I 1a

tam ddi xung ctia duong cong (C’ ) .

3. Viét phuong trinh tiép tuyén cua dudng cong (C ) tai diém I d6i v6i hé
toa 40 Ozy .Ching minh ring trén khoang (—oo; 1) duong cong (C’ ) nam
phia dudi tiép tuyén tai diém I cia (C ) va trén khoang (1; +oo) duong cong

(C’ ) nam phia trén tiép tuyén do.

, Giai :
* Ham s0 da cho xac dinh va lién tuc trén R ..
1. Taco f'(x)=3$2—6$ , f"(z):6:c—6 f"(x):()<:>x:1.

Hoanh d6 diém I thudc (0) az= 1,f(1) = —1.Vay 1(1;—1) = (0)

2. Cong thirc chuyén hé toa do trong phép tinh tuyén theo vecto OI la
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r=X+1
y=Y -1

Phuong trinh ctia (C') d6i véi h¢ toa @ IXY la:

Y—lz(X+1)3—3(X+1)2+1<:>Y:X3—3X.

Vi day la mot ham s6 1& nén do thi (C ) cua nd nhan géc toa d0 I 1am tam d6i
xung .

3. f'(x)=32" -6z = f'(1) = -3. Phuong trinh tiép tuyén cta dudng cong
(C’)tai diém I déi voi hé toa do Ozy
y=f'(1)(z-1)+f(1)=-3(z-1)-1<y=g(z)=-32+2.

Xetham h(z) = f(z) - g(2) = (2" = 32* +1) = (-3z +2) = (2 - 1) tén R
h(x) <0,z<1

. biéu nay chimg t6 trén khoang (—o0;1) dudng con
(z)> 0.0 > 17 DU Y chime g (~oeit) duomg cong

D& thay {

(C’ ) nam phia dudi tiép tuyén tai diém I cuoa (C’ ) va trén khoang (1; +oo)

dudng cong (C’ ) nam phia trén tiép tuyén do.

Vidu4: Chohamsd y =2’ —(m+3)a’ +(2+3m)z - 2m c6 dd thi Ia
(C’m) , m 1a tham sb thuc. Goi I 1a diém c6 hoanh do 1a nghi¢m ding

phuong trinh f ”(x) = (.Tim tham s6 m dé do thi ctia ham sd co cuc trj va

diém I nam trén truc Oz .

Giai:
Ham sb dé cho xéac dinh va lién tuc trén R.
Tacod: y'=32" —2(m+3):c+2+3m va y”:6x—2(m+3)

Db thi ciia ham s6 ¢6 cuc tri va diém I nam trén truc Oz
2
A >0 (m+3) =3(2+3m)>0
= Y = 3 2
Uy =0 T[22 ] (e 8) | 22| (2 8m) [ 22 | —om = 0
3 3 3

{m2—3m+3>0
=

3 ) <:>m=0vm:3vm:§.
2m” —9m” +9=0 2

| Dang 2 : TAm doi xirng ciia do thi. |
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Vidu1:Chohamsd y = z* —ma® + 4z + m +2 . Tim tat ca tham s thyc
m dé ham sé da cho ¢6 3cuc tri A,B,C
va trong tim G cia tam gidc ABC trung véi tAm ddi xing cta do thi ham sb

A
Y 4o —m
Giai
Do thi cia ham s6 y = c6 tam ddi xtmg 1a I (ﬂ ;1)

dx —m
Hamsb:y = 2* —ma® + 42 + m + 2, lién tuc trén R.
Tacod:y' =4z’ —3ma® +4
Ham s0 da cho c6 3 cuec tri khi va chi khi phuong trinh y' =0 c6 3 nghiém
phan biét , nghia 1a phuong trinh 42* — 3maz® + 4 = 0 c6 3 nghiém phan biét.

Xétham s g(z) = 42" - 3ma” + 4 lién tuc trén R va

lim g(x) = +o , lim g(z) = —o©

T—>+00 T—>—00

z=0,90=4>0
Taco: g'(z) =122° —6mz = ¢'(z) = 0 < m om. 16 —m?

r=—,g\—)=
595 1

g' x) ddi du 2 1an qua nghi¢m , vag(z) =0 c6 3nghiém phan biét khi

m>0
2 5 <:>m>2{3/§

—m <0
4

Gia sir A(z,;y,), B(w,;9,),C(z,;y,) latoadd 3 cuc tri thoa man dé bai, khi d6

1

D

T m 3m’z? om
=y (=—-—)+ (- +3r+—+2
y y(4 16) ( T 1 )
3m’z’
=y =- ";6:”1 +3x7;+57m+2,y7;':0 (i=1,23) .

)

Vi G la trong tam tam giac ABC', nén G[xl . .

+£L'2+£L'3 .%"'%""%]

T 4T, 4+ ’
G(—l 32 2 ;—T—G(xf+x22+x§)+(x1+x2+x3)+5—m+2J
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Doz, z,,z, la nghiém cia phuong trinh 42° — 3ma’® + 4 = 0, theo dinh ly Vi-

3m
Dl +x, ., = —
ettaco< ! 2 3

Tz, + T,T, + T,T = 0
T +T,+T,  m

N 3 4

2 2 2 2
T, + T, + T, = (z, +z, + SC3) - 2wz, + T,T, + x3xl) =

9Om?

16

Y Bm

+ v + 2] va trong tam G cua tam giac ABC' trung voi

Khido | ™. - 2m
4 16

4x

khi va chi khi

tam doi xung cua do thi ham s6 y =
4dr —m

m I9m*  5m m
G| —;—- +—+2=1(—;1)
4 16° 4 4

Y Bm

i’; +o 2 =16 (m = 4)(Om’ +36m° + 14dm + 64) = 0
S m=4 .
Vay m = 4 théa man dé bai . 7
Chu y : Ngoai cach giai trén ta c6 thé trinh bay :
Ham s6 da cho c6 3 cuec tri khi va chi khi phuong trinh y' =0 c6 3 nghiém

phén biét , nghia la phuong trinh 42* — 3ma® + 4 = 0 c6 3 nghiém phan biét.

. d2° + 4 . . .
Khi d6 phuong trinh ° —— =3m ¢6 3 nghiém phan biét khac 0. N6i khac
x
, L . A +4 | .
hon duong thang y = 3m cat do thi cia ham so6 A (m) = :1:_2’ tai 3 giao
x

diém . Bén day da dé dang.

Vidu2:Chohimsb: y = okl oy thi la (C'). Goi (C") 1a dd thi
z—1
d6i xtmg voi (C’ ) qua diém A (3; 4) . Tim phuong trinh d thi (C’ ').
Giai :

Goi M (z,y) e (C)va M'(z',y') e (C") ddi ximg qua d thi (C')qua diém
A(3;4).
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!

Tr+x
5 =3 r=6-2'
Tacd =
y+y' y=4-y'
;4

2
A 6_:E' - 6_117' +1 12 _ 1
Thay vao do6 thi (0)38—y':( ) ( ) _z 11z'+ 31
6—z'-1 5— g
$'2—11$'+ 31 B 9+3$'—(['2

5—z' 5-z'

Hay y'=8 -

—x2+3x+9_x2—3x—9

Vay phuong trinh do thi (C ') Ly = - -
—T + €T —

Bai tap:
Xét duong cong: (C) cy = ma® —na® —ma +n.Tim cac cap sb (m,n) sao cho
trong cac giao diém cua (C’ ) v6i truc hoanh c6 hai giao diém cach nhau

1995 don vi va khoang cach tir tim d6i xtg ciia (C ) dén tryc hoanh 1a
2000 don vi.

Bai 6: KHAO SAT SU BIEN THIEN
VA VE PO THI HAM SO

6.1 TOM TAT LY THUYET

Ham s6 bac ba f(:c):ax?’+bx2+c:c+d (a;t())

Dang di¢u dd thi ciia ham s6 f(x) =az’ +bx* +cx+d (a # O)
Ty Ty

pu s

s

24

4t

Mot s6 tinh chat thuong gap cta ham s6 bac ba
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1. Do thi cat Oz tai 3 diém phan biét
{f’(aj) =0 :c6 2 nghiem phan biet z,z,
f(a,)-f(z,) <0
2. Gi? swa>0taco:
a) DO thi cat Oz tai 3 di€ém phéan biét c6 hoanh d6 > o
f'(x) = 0 c6 2 nghiem phan biet a <z <=z,
< fla)<0
f(z,)-f(z,) <0

b) D6 thi cat Oz tai 3 diém phan biét c6 hoanh d6 < «

f'(x) =0 c6 2 nghiem phan biet z, <z, <«
< fla)>0
f(2,) f(z,) <0

Tuong tu cho truong hop a < 0.

Vi du 1:Khao sat su bicn thién va v& do thi ciaham so y = 2° + 32 +1 .
Giai:

* Ham s6 d3 cho x4c dinh trén R
* Gidihan: lim y = —0 lim y = +o0 ham sb khong c6 tiém can.

T—>—00 T—>+0

* Paoham: y'= 32" + 62

v=-2f(-2)=5

z =0, f(o) =1

Ham sb dong bién trén cac khoang (—oo; —2) va (0; +oo) , nghich bién trén

khoang (—2; 0)

y'=0<

Ham so0 c6 diém cuc dai tai x = -2, f (—2) =5 va co diém cuc ti€u tai

z=0,f(0)=1

* Bang bién thién :
T —00 -2 0 +00
y' + 0 -
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f"(x) =0 zx= —l,f(—l) = 3,f"(x) d6i ddu mot 1an qua nghiém z = -1
nén [ (—1; 3) 13 diém udn cua do thi .

* D6 thi
Do thi ham s6 di qua cac diém

(—3;1),(—2;5),(—1;3),(0;1),(1;5) va
nhén diém / (—1; 3) 1a diém udn ctia dd
thi .

Vi du 2: Cho ham sé y = —2° — 32% + ma + 4, trong d6 m 1a tham sd thuc.
1. Khao sat su bién thién va v& do thi ctia ham sb da cho, voi m = 0

2. Tim tat ca cac gia tri ctia tham sb m dé ham s6 di cho nghich bién trén
khoang (O; +oo).

Giai :
1.Véim=0,tacohamsd y = —z* — 32° + 4
* Ham s d3 cho xéc dinh trén R
* Gidi han : lim y = -0 lim y =+ ham s6 khong co tiém can.
* DPaoham: y'=-32° — 62
x = —2,y(—2) =0
z =0, y(O) =4
Ham s6 dong bién trén khoang (—2; 0) , nghich bién trén cac khoang
(—oo;Q)Vd (0; +00)
Ham s6 c6 diém cuc dai tai z = 0, y(O) =4 va ¢6 dim cyuc tiéu tai
x = —2,y(—2) =0
*  Bang bién thién :

z —00 —2 0 +00
y' - 0 +
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| | o ~

* PO thi:

Giao diém cua do thi véi truc

Oy A(0; 4)

Giao diém cua d6 thi véi truc

Oz B (—2;0),0 (1;0)

N
>

-3 -2 0 1\ x

2. Tim tat ca cac gia tri ctia tham sb m dé ham s6 di cho nghich bién trén
khoang (O; +00).

Ham s6 di cho nghich bién trén khoang (0; +oo) khi va chi khi
y'=—3x2—6:c+mSO,V:c>O©m£3x2+6:E:f(:n)

Ham sb f(fﬁ) = 32" + 62 lién tuc trén (O; +oo)

Taco f'(x)=62+6>0,Ve>0va f(0)=0.

Bang bién thién

x 0 +00
y' +
+00
y /
0

Tur do tadugc: m <0.

Bai tap tw luyén

1. a) Khéo sat sy bién thién va v& b thi (C') cta ham sb
f (x) = -1’ + ng + 62 — 3.Ching minh rang phuong trinh
—z* + ng + 62 — 3 = 0c6 ba nghiém phan biét , trong d6 c6 mdt nghiém duong

nhé hon l
2
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b) Khao sit s bién thién va v& dd thi (C') cia ham s

1 3 2 1 7 , . N \ I3 [N
f(x) = gx —-2z7 + 3 .Chiing minh rang phuong trinh f (:c) = 0¢6 3 nghiém

phéan biét.

¢) Khéo sat sy bién thién va v& d6 thi (C') ctia ham s6

f(x) = —z* + 32” + 92 + 2. Viét phuong trinh tiép tuyén cta do thi (C’) tai
diém c6 hoanh do =, , biét rang f"(z, ) = 6 . Gidi bét phuong trinh

f '(SE - 1) >0

d) Khao sat sy bién thién va vé& do thi ham s6 f(x) = 2° — 62° + 92 .Tim tat
ca cac duong th'fmg di qua diém M (4; 4) va cit do thi (C ) tai 3 diém phan biét.
2. Tim hé sb a,b, ¢ sao cho dd thi cua ham sb f(a:) = 2° + az® + bz + ¢ cét truc

tung tai diém c6 tung
do bang 2 va ti€p xtc véi duong thang y = 1 tai diém c6 hoanh dg 1a —1. Khao
sat su bién thién va v€ do thi cia ham s6 véi gia tri a,b,c vira tim dugc

3 ’ A A \ A 1
3. Tim céc hé s6 m, n, p sao cho ham so6 f(x) = —gx?’ +ma® + nz + p dat cuc

dai tai diém z =3 va dd thi (C)tiép xtc véi duomg thang (d) cy =3z — %tai

giao diém cua (C’ ) vdi truc tung .

Huéng dan :

1. a) Tur bang bién thién ta thay phuong trinh cho c6 ba nghiém phan biét
f(0)=-3<0 , ,

r, <-l<z,<2<m, va f(%]i>0:>f(0).f(§j<0:>xe[0;§j.

b) f(—2) f (O) < 0.Ham sb flién tuc trén doan [O;QJ va theo dinh 1y vé gia tri
trung gian cua ham s6 lién tuc , ton tai mot sb thuc o e (—2; 0) sao cho

f(a) = 0.S6 « 1a mot nghiém ciia phuong trinh f (:c) = 0. Mat khac ham s6
f ddng bién trén khoang (O; +oo) nén phuong trinh ¢6 nghiém duy nhét

a e(—Q;O).
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f(O) f (4) < 0.Ham sb flién tuc trén doan [0;4] va theo dinh 1y veé gia tri

trung gian cua ham s6 lién tuc , tdn tai mot $6 thuc f e (0; 4) sao cho

f (ﬂ) =0.S6 f1a mot nghiém cta phuong trinh f (:c) = 0. Mat khac ham s6

f ddng bién trén khoang (O; 4) nén phuong trinh ¢6 nghiém duy nhit g € (O; 4) .

Twong ty phuong trinh c6 nghiém duy nhat thudc khoang (4; +oo) .

Db thi cit truc hoanh tai 3 diém phan bi¢t , do d6 phuong trinh f (x) =0

c6 3 nghiém phan big¢t.

¢) f"(z)=—6z+6=z =2F(2)=24=(t):y=92+6

fiz=1)=-3(z-1) +6(zr 1) +9=-32" + 120

:>f‘(x)>0<:>0<a;<4

2.

2=c a=3
f(-1)=-1+a-b+c=1e{b=3
f'(-1)=3-2a+b=0 c=2
3.

(d)mOy={A(0;—%]} 1
f(O)zp:—% = n=33
£'(0)=n=3 =
f'(3)=6m-6=0

Ham s trung phwong f(:c) =ax' +bx’ +c (a # O)

Déng di¢u do thi ciia ham s6 f(z) = az* + b2’ + ¢ (a #0)
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1y A
T y

| x \/\

Mot s tinh chit thuong gip ciia ham s tring p_liuorng

1. DO thi cta ham s f(x) =ax' +bz” +c (a #0) cat truc hoanh tai 4

diém phan biét 1ap thanh cdp s6 «cong khi phuong trinh:
aX® +bX +c = 0,(X =2 > 0) ¢6 2 nghiém duong phan biét théa X, = 9X, .

2. Phuong trinh tring phuong: az* + bz’ +c =0 (1)

bit t=2">20& 2z = i\/g, ta c6 phuong trinh: at’ + bt +c =0 (2)M6t
nghi¢m duong ctuia (2)1'Ing vo1 2 nghiém cua (1)

Vay diéu kién can va da dé phuong trinh (1) c6 nghiém la phuong trinh (1) co it

nhét mot nghiém khong am.

A>0
(1)0(’) 4 nghiém < (2) c6 2 nghiém duong < <P >0
E >0
2
P=0
(1)0(’) 3 nghiém < (2) ¢6 1 nghiém duong va 1 nghiém bang 0 < S 0
- >
2
P <0
(1) , ‘A . n A=0
c6 2 nghiém < (2) c6 1 nghiém duong <
S >0
2
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q<0=g

S

(1)0(’) I nghiém < (2) c6 nghiém thoa L=t =0 = i _
5
2

A>0
P>0

§<0
2

(1)V6 nghi¢m < (2) vO nghi¢m hodc ¢6 2 nghi¢m am <

( N W , 0<t <t, N
1)c6 4 nghiém tao thanh cap sO0 cOng < . Ta giai hé pt:
) g p 8= sl T P

t, =9t
S =1 +1,
P=tt,

3. Phuwong trinh bac 4 c6 tinh d6i xtng: az’ + bz’ + cz> +br +a =0 (1)

e Néu a =0, ta cé phuong trinh: z(bz”> + cz +b) =0
e Néu a # 0, ta co6 phuong trinh twong duong:

a(mQ +%j+b[m+lj+c =0
x x
batt=z+ é , phuong trinh duoc viét thanh:
a(t® =2) +bt+c =0t =2 (2)
Chu y:
Khi khao sat ham s ¢ = x+%,tacé:
* Mot nghiém 16n hon 2 cua phuong trinh (2)tu0’ng ung voi 2 nghiém duong
cua phuong trinh (1) .
* Mot nghiém nhd hon 2 cua phuong trinh (2)tu0’ng ung voi 2 nghi¢m am cua

phuong trinh (1)
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* MOt nghiém ¢ = —2 cua phuong trinh (2)tu0’ng ung véi nghiém z = -1 cua
phuong trinh (1)

* MOt nghiém ¢ =2 cua phuong trinh (2)tu0’ng ung v6i nghiém z =1cua
phuong trinh (1)

* Phuong trinh ¢ = x +é vO nghiém khi ‘t‘ <2

4. Phuong trinh bac 4 c¢6 tinh d6i xtmg: az’ + bz’ +ca® —bz +a =0 (1)

e Néu a =0, ta co phuong trinh: z(bz® + cz —b) =0
e Néu a # 0, ta co phuong trinh twong duong:

a(mQ +%J+b(m—lJ+c=0
z z

batt =z - l, phuong trinh dugc viét thanh:
x
alt® +2)+bt+c=0,teR (2)

1 . . .
Chu y: Phuong trinh ¢t = 2 — — c6 2 nghiém trai dau véi moi ¢
x

5. (z+a)(z+b)(z+c)(zr+d)=e,v0ia+b=c+d.
Diatt=12"+(a+b)z.

6. (:1;+a)4+(:1:+b)4=c,véia:aT_b.Détt::1:+aT+b, teR

Vi du 1:Khao st sy bién thién va v& d6 thi cia ham s6 y = 2* — 22° - 3 .

Giai:
* Ham s0 da cho xac dinh trén R
* Gidihan: lim y = lim y = +oo ham s6 khong c¢6 tiém cén.

* Pao ham : f'_(x) =4z’ — 4z = 4:10(:52 - 1)
z=0,f(0)=-3
flz)=0e|z=-1f(-1)=—
z=1f(-1)=-4
* Bang bién thién :
z | o -1 0 1 +o0
y' ‘ - 0 + 0
- 0 +
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v T~ 3\A—AJL/Y ”
Ham s6 dong bién trén cac khoang (—1; O) 3 (1; +oo) , nghich bién trén khoang

(—o05-1) v (0;1)

Ham s6 ¢6 diém cuc dai tai z = 0, f (O) = —3 va c6 diém cuec tiéu tai
v=-1f(-1)=-4 v 2= 1,f(1) =4

* () =122" -4

NERNE 5
1T T T | T —33
f"(z)=0s ’ ’ f"(x) ddi ddu hai lan qua nghiém
V3 [3 5
7, =~ f| — = -3=
3 3 9
T=x = —ﬁ v T =1, =£ nén U, —ﬁ;—SE va U, é;—3E la
3 3 3779 3779
hai diém udn cua do thi .
* Po thi : ‘
Giao diém cta do thi véi K ot ats

truc Oy A(O; —3)
Giao diém cua d6 thi vai
truc

Oz B(—\/g;O),C(\/g;O) — )

3 6 4 2 2 4 6 3
Do thi 1a ham s6 chan nén

nhan truc Oy lam truc
dbi ximg

[
]
T

Vi du 2: Chimg minh rang phuong trinh: ' -2 (m2 + 2):162 +m'+3=0
luon c6 4 nghiém phan biét X, %y, Ty, T, vOi MOI gid tri ctia M.

e 2 2 2 2 _
Tim gid tri m saocho 2, + 2, + T, + =, +x -2, -z, -z, =11,

Giai:
z’ —Q(m2 +2)3:2 +m’ +3:0(1)
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Pit:t =22, taco: 1 —2(m2 +2)t+m4 +3=0(2) (t20)
Ta chung to (2)lu6n 6 hai nghiém : 0 < <1{,.
2 2 4 2 . .
A'=(m +2) —(m +3)=4m +1>0 voimoi m.
Vay (2)1uén c6 hai nghi¢m phan bigt #,t, va t, £, =m* +3 > 0
t +1, =2(m2+2)>0

Do d6 phuong trinh (1) c6 4 nghiém : _\/E, \/E, _\/g,\/g

AR A A R AR A )
() o) o (T (T ) =51
xf+x§+x§+xi+xl'x2'x3-x4 :4(m2+2)+m4+3:m4+4m2+11

xf+x§+x§+xi+xl-x2-x3':r4:11<:>m4+4m2+11:11<:>m4+4m2:O<:>m:O

Ham sb hiru ty y:aa:+b
cx +d
ar +b ad —bc
f(x):(jx+d (CiO,ad—bciO)Sf'(x)zm
, S S z _ar+b B
Dang diéu do thi cui ha:m sO f(x) = rid (c # 0,ad ic # O)

Vi du: Khdo sat sy bién thién va vé do thi cia ham s6 y =

Giai :
* Ham s6 da cho xéc dinh D = R\ {1}
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* Gi6i han :

limy=-0 limy=+00 = x = 1la tiém can dung
1" 1"

limy = limy=2= y =2 latiém can ngang.
T—>—0 T—>+00

* Paoham: y'= <0,z #1.

(z-1)°
D) thi cia ham s6 nghich bién trén cac khoang (—oo; 1) va (1; +oo) .

* Bang bién thién :

T —00 1 +00
y' — -
2 +00
—0 2

* P0 thi : Giao diém ciia do thi
v6i truc Oy A(O;l)
Giao diém cua d6 thi véi truc
1
Ox B(—;Oj
2

Do thi cua ham s6 nhan

I (1;2) giao diém hai duong

tiém can lam tdm doi xung.

_ax2+bx+c _aa'x2+2ab'x+bb'—ca'

a'z+b' v (a':c+b')2

Ham s6 hiru ty

ax’ + bz + ¢

Dang diéu dd thi ciia ham s y =
a'z+b'

-

15

10

- ™~

w >~

-5
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Dang diéu ham s6 chira gia tri tuyét doi

(o)== () f(a)-

z—1
.
Jd
Jd

y=xt
y=-xt
X=- x=1
/ \ N
2 2
f(a:) - ‘;7_ 1‘ (04) ‘f(a:)‘ - xx_l (05)
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. N
6T s
o
T y=xt1 i y=xtl
A
y:-x-l N ! ! ! ! x>
2 4 6 8
ol
X
! ! ! ! ! ! N 41+
s 3 2 2 51
o
X= =1
24 ST
101
2
p . .4 CA N moaX s \ £ =3z +6
Vi du 1: Khéo sat sy bién thién va vé do thi cia ham s6 y = 1
‘/B —
Giai :
* Ham s6 da cho xéc dinh D = R\ {1}
* Gi6i han :
limy=-0 hmy=+0 limy=—w lim y =+ = x =1 latiém can
z—>1" 1" T—>—00 T—>+00
dang

tim [u=(e=2)] = tim = =0 fim [y = (+-2)] = tm = = o

= y =z —2 tiém can xién.

2_ —
* Pao ham : y':LxQS,x;tl.
(z-1)
S0 r=-1f(-1)=-5
z=3f(3)=3
* Bang bién thién :
T | —oo -1 1 3 +00
y' + 0o - - 0+

N N

Ham s6 dong bién trén cac khoang (—oo;—l) va (3;+oo) , nghich bién trén

khoang (~1;1) va (1;3)
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Ham s6 ¢6 diém cuc dai tai = = -1f (—1) = -5 va co diém cuc tiéu tai

T = 3,f(3) =3
* PJ thi : Danh cho ban doc

2
ma +@m=Dr =1 s il (€, ),m1atham

Vi du 2: Cho ham s6 y =
x+2 "

s .
1.Chuirng minh rang véi moi m > 0 ham so6 ludn c6 cuc dai , cuc ti€u .

2.Khdo sat su bién thién va v& dd thi (0) ctia ham sé véi m = 1.

3.Viét phuong trinh tiép tuyén véi do thi (0) ctia ham sd biét tiép tuyén di

qua A(l;O).

Giai :

y=mzr—-1+ .HémséchoxécdinhD:R\{—Q}

T +2
1 m(x + 2)2 -1
lL.y'=m - > = .
(:c + 2) (:c + 2)
Véi m > 0thi phuong trinh y' = 0 ¢6 hai nghi€ém phan biét khac —2. Vay ham
s6 ludn co cuc dai va cuc tiéu khi m > 0.

2Véim=1lLy=x—-1+ !
z+2
*  Ham s6 cho x4c dinh D =]R\{—2}

* limy =-o0 va lim y = +o0

T—>—00 T—>+00
Vi lim y=-w va lim y =+ nén dudng thing = = —21a tiém cin dlng
x—>(72)7 .1:—)(72)+

cua do thi ham so.

Vi lim [y ~(z- 1)} = lim

T—>+00

. ) 1
=0 va hm[y—(w—lﬂ=hm =0
T>+0 p 4 D T—>—0 z—>—0 p 4 9

nén duong y = = — 11a tiém can xién cua do thi ham so.

2
o1 1 :(x+2) —1’H_2
(:c+2)2 (:L'+2)2

2 T
y'=0(z+2) —-1=0e )
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*  Bang bién thién

T —00 -3 -2 -1 +00
y' + 0 - - 0 +
-5 +00 +00
—o0 —o0 -1

D6 thi ctia ham s6 dong bién trén cac khoang : (—oo; —3) , (—1; +oo) va nghich
bién trén cac khoang (—3; —2),(—2;—1)

Do thi cia ham s6 dat diém cuc dai tai = = -3,y (—3) = -5 va dat diém cuc tiéu
tai z = —l,y(—l) =—1.

Do thi: Hoc sinh tur v€

3.Xét (d) di qua A(1;0)vaco hé s6 goc k. Nen (d):y = k(x—1)

(d) tiép xtc voi do thi (C’ ) ctia ham s khi hé sau co nghi¢m:

r—1+

=k(z-1)
T +2 5 A - £ A 1+ 5
1 =k =§.Vay tiep tuyen la: (d) ty = §(z -1)

1- 2=k
(m+2)

, N X Z2+3
Vidu 3: Choham s6 y = (1)
x—1

1. Khao sat va v& do thi cia ham s6 (1)
2. Tim trén dudng thing y = 4 cac diém ma tir 46 ké dugc ding 2 tiép tuyén
dén do thi ham sd.

Giai :

2
R TR U £ +3
1. Khéao sat va vé do thi cia ham s6 y = L N (1)
x_

Ham s6 cho x4c dinhD = R \ {1}
($_1) < r=3y(3)=6

Ham sd nghich bién trén cac khoang (—1; 1) , (1; 3) dong bién trén cac

khodng (—oo;—l),(3;+oo) .

155



Nguyén Phia Khanh — Pa Lat Tai Liéu 6n thi Ta Tai Pai hoc theo cu trac BGD.

Db thi ciia ham s6 dat diém cuc dai tai (—1; —2) va dat diém cuc tiéu tai (3; 6).

* limy = —oo,lim y = +o0 = z = 11a tiém can dung.

1" 1"

* lim [y—(g;+1)}:o, lim [y—(m+1)}:0:>y=x+1létiémcanxién.

=0 T—>+00

* Bang bién thién Do thi y
z | 0 -1 1 3 4o
y' + 0 - - 0 + y i

-2 +00 +00 '

NN\ A

D0 thi : Nhan 1(1;2) lam tAm déi

xung.
2.Tim trén duong thang y = 4 cac diém ma tr d6 ké duoc dung 2 ti€p tuyén
dén d6 thi ham sd.
Goi M(a;4) c (d) :y =4 1a diém can tim .
Khi d6 tiép tuyén véi (C) ké tr M c6 phuong trinh : (A) ty = k(w - a) +4.
2
° +13 zk(x—a)+4 (1)
Pé () tiép xte véi (C) & {2 9, 3 c6 nghiém z # 1

(z-1) - )

Tir (1),(2) = (3-a)2” +2(a = 7)z +3a+7=0(3)

Bé tir M ke dugc ding 2tiép tuyén dén dd thi ham sé. Khi phuong trinh (3) 6
2 nghiém phan biét x # 1

3—a=#0 a+3
o Az(a—?)Q—(3a+7).(3—a)>O<:> a2—4a+7>0<:>{ZZf
B3-a+2(a-T7)+3a+T#0 a1

Vay tap hop cac diém can tim 13 duong thing (d ) :y =4 bo di cac diém

(1 4),(3; 4).
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Bai 7: GIAO DIEM CUA HAI DO THI

Phuong phap :
e Lap phuong trinh hoanh d¢ giao diém ciia hai d0 thi (C ) cy=f (x) va

(©):=ola) ()= 0(2) ().
e Bién luan s6 nghiém ciia phuong trinh (*) , 6 nghiém phuong trinh (*) la

s6 giao diém cia (C’) va (C‘).

€T —

3 r A 1N \ A 5 A
c6 do thi la (C’ ) . Tim tat ca tham so thuc
'T —

Vidu1:Chohamsb y =

m dé duong thang (d) y = mz + 1 cat d6 thi ctia ham s tai 2 diém phan

biét.

Giai :
6 thila (C) cét (d) tai 2 diém phan biét khi va chi khi phuong trinh :
z—3
T —2

=mz + 1 ¢6 2 nghiém phan biét khi d6 phuong trinh

g(x) =ma® —2mz +1=0 c6 2 nghiém phan biét = # 2 hay

m#0

m # 0 m <0
N=m’>-m>0=<m<0vm>1 <
m > 1
g9(2) # 0 dm —4dm+1=0

Bai tap twong tu:
1. Tim t4t ca tham s6 thuc m dé dudng thing (d) :y =mx +4 citdo thi cua

2
T

tai 2 diém phan biét.

ham so y =
x_

2. Gid st (d) 1a duong thang di qua A(—3;1) va c6 h¢ s6 goc m . Tim tat ci
tham sb thuc m dé dudng thing (d) cit d6 thi cia ham s6 y = 2° + 32% +1 tai

3 diém phén biét.

Vi du 2 :Cho ham s y = c6 dd thi (C'). Goi (d, ) 1a duong thang di

m

x+1
qua diém A(—2;2)Vé c6 hé s6 goc m . Tim m dé dudng thang (d ) cat d6

thi (C) m
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e Tai hai diém phan biét?.
e Tai hai diém thudc hai nhanh cta do thi ?.

(d ) +2(m+1) o
(d) ( ) ():mx2+3mx+2m+320,x¢—1(*)

( ) ( ) tai hai diém phén biét khi phwong trinh (*) c6 hai nghi¢ém

m %0
. . m <0
phan biét khac —1. Khidotacohé: <A >0 &
m > 12
g(—l) =0

e D& (d,)(C) tai hai diém thuc hai nhanh khi phuong trinh (*)c6 hai
nghi¢m phan biét z, < -1 <z, < mg(-1)<0< m <0.

Céch khac : D¢ (d, ) " (C) tai hai diém thudc hai nhanh khi phuong trinh
(*) ¢6 hai nghiém phén bi¢t z, < -1<z,. Pat x =t —1 khi d6 phuong trinh

(*) trd thanh tim m dé phuong trinh mt® + mt + 3 = 0 ¢6 hai nghiém trai dau.

Vi du 3 : Tim tham s6 m dé duong thang (d ) y=m (a: + 1) 2 cat do thi

ham s6 (C ) Ly = v+l tai hai diém phan biét A, B sao cho hai diém A, B

rz—1

d6i xtmg nhau qua M (1; 0).

Giai :
e Diéu kién can: duong thang (d ) cit d6 thi ham s (C ) tai hai diém phan
biét A, B sao cho hai diém A, B d6i xtrng nhau qua M (1;0) thi diém M thudc
duong thang (d, ), dod6 0 =m(1+1)-2 < m=1.
e m =1 thi (dm) = (d) .y = z — 1, phuong trinh hoanh d6 giao diém (d)vé

x:0:>y:—1:>A(0;—1)
x:3:>y:2:>B(3;2)

z—1

(0)1@“1_:1;—1@:1;2—33;_0@!
\ R \ 3 1 A A A 7
Vi trung diém AB la (E’EjiM nén A, B khong doi xiing qua M .

Do do6 khong c6 gia tri nao cua m thda man y€u cau bai toan.

Vidu 4: Cho ham s6 y = 2* - 3m’z + 2m c6 dd thi la (C, ). Tim m dé
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(C,,)cét Oz tai ding 2 diém phan bigt.

, Giai:
* Ham s0 da cho xac dinh trén R .
* Tacd:y'=32"—3m’
Pé (C,, )cit Ox tai ding 2 diém phan biét khi (C,, ) ¢6 2 cyc tri dong thoi
Yop =0 hodc y,, =0.
* (C,) c62cuctri < y'=0 c6 2 nghi¢m phén bi¢t <> 32" —3m’ =0 ¢6
2 nghiém phan bi¢t . Khi m # 0thi y'=0& 2 =+m.
Bang xét dau y':

:v‘ -m m

y' ‘ + 0 - 0 +
Yp = y(—m) =0 < 2m® +2m =0 < m =0 (loai)
yCT:y(m):O<:>—2m3+2m:O<:>m:Ovm:il

Véy,m = *1thi (C, )cét Oz tai ding 2 diém phan biét.

Vi du 5: Tim m dé do thi (C’m):y:x3 —3mz® =3z +3m +2 céttruc Ox

tai 3 diém phan biét c6 hoanh d§ 13 z,,z,,x, théa madn z” + z + 27 > 15.

Gidi :
(C’m) cittruc Oz : 2° —3ma> =3z +3m+2=0
(=Dl (G-l —3m -0 |,
< (z-1Dz" =Bm -1z -3m-2]=0 <
2 -Bm-1)r-3m-2=0 (2)
(C,,) céttruc Oz tai 3diém phan bigt c6 hoanh d6 1a z,,,, 2, véi z, =1
thi z,z, la nghiém khéc 1 cta phuong trinh (2).Theo dinh ly Vi-et ta c6:
T +x,=3m-1
Tx, =—3m—2
A) >V Om? +6m+9> 0
Theo bai todn ta co : 412 = (3m —1).1-3m -2 %0 < Jm = 0

o+ +al 215 9m’ -920

o me (—oo;—l] U [1; +oo).

Vi du 6: Tim céc gia tri ciia tham sé m sao cho (d) cy=x+4 citdd thi
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(C’m) cy =2 +2mz’ + (m + 3)z + 4 tai ba diém phan biét A(O;4) ,B,C

sao cho tam gidc KBC' c¢6 dién tich bang 8\/5 (dvdt), biét K (1; 3).

Giai
Phuong trinh hoanh d¢ diém chung ctia (C, ) va (d) la:

2’ +2ma’ +(m+3)r+4=2+4 (1)c>x(x2+2mx+m+2)=0

=0
Ql:g(x)::f +2mr+m+2=0 (2)
(d) cit (Cm) tai ba diém phan biét A(0;4) , B,C < phuong trinh (2) co 2
nghiém phan biét khac 0.
A=m’-m-2>0 m<—-lvm=>2 .
{9(0)=m+2¢0 {m;&—Q ()

1-3+4
Mgt khac: d(K,d) = -3+ V2

V2

Do do: S, . =82 &1 BCA(K.d)= 8v2 < BC =16 < BC” =256

& (z,—z,) +(y, —y.) =256 v6i z,,z,1a hai nghiém cua phuong trinh (2).
o (2, —x,) +((x, +4) - (z, +4))° =256 < 2z, —z,)" = 256
& (z, +z,) —4da,x, =128 < 4m® —4(m +2) =128

@mQ—m—34=0@m=%(théa ().

Vay m = HT V137 thoa yéu cau bai toan.

Vi du 7 :Cho ham sé y = 2210

z—1
1. Tim a,b dé dd thi ham s cét tryc tung tai A (0; —1) va tiép tuyén cia dd
thi tai A c6 h¢ s6 goc bing 3. Khao st sy bién thién va v& dd thi (C') cta
ham so0 véi a,b vira tim duoc .
2. Cho duomg thang (d) c6 h¢ s6 goc m va di qua diém B(-2;2). Tim m
dé (d) cét ((J) tai hai diém phan biét M, M, . Cac dudng thang di qua

M, M, song song v&i cac truc toa do tao thanh hinh chir nhét . Tinh cac canh
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cua hinh chit nhat d6 theo m , khi nao hinh chir nhat nay tr¢ thanh hinh
vuong.

Giai :
A(O;—l)ey:ax+b
] r—1 a=2 2z +1
. — — = =Y =
ek b=1 Y721

(e 1)
2. (d) di qua diém B(—2;2) c6 phuong trinh y = m(:c + 2) +2
Bé (d) cat (C')tai hai diém phan biét M,, M, khi phuong trinh

2c+1

m (x + 2) +2= c6 hai nghi¢m khéc 1, hay phuong trinh

'T_

maz® + ma —2m — 3 = 0 c6 hai nghiém phan biét khac 1, tirc 1a
m £ 0 m # 0
A=m?+dm(2m+3)> 00 lm< -2 |m T3 (¥

ml® +ml—2m -3 # 0 m >0 m >0

Giasit M, (z,;9,), M, (x,;y, ), hai canh hinh chit nhat M,PM,Q c6 d dai la
VIm® +12m

MP = ‘xz - xl‘ = T,MIQ = ‘yz - yl‘ =\VoOm’ +12m

Hinh chit nhat M, PM,@Q tr¢ thanh hinh vudng khi va chi khi

M.P=MQ o YIm 2o om m| =1 m=1(do(*))

m

Bai tdp twong tu :

1. Cho ham sé f(z) =22° + 32% + 1¢6 dd thi (0) va parabol

(P) : g(:c) =22 +1

a) Khao st sy bién thién va v& d6 thi cta ham sd. Tuy theo gid tri ciia m , giai
va bién luan phuong trinh 22° + 32> —m =0

b) Chimg to rang trong sd tiép tuyén cua do thi (C ) thi thiép tuyén tai diém
ubn I ¢6 hé s6 goc nho nhit . Viét phuong trinh tiép tuyén d6. Chimg to I 1a
tam d6i x(ng cita @ thi (C).
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¢) Goi A,Bla giao diém cia do thi (C ) va parabol (P) . Viét phuong trinh tiép
tuyén ctia (C ) va parabol (P) tai cac giao diém cila chiing .

d) Xac dinh trén khoang do (C ) nam phia trén hodc phia dudi (P) .

Huéng dan :

c) A{—l;éj,B(O;l). Tiép tuyén (C’)tai ABlay= —§x +§,y =1 .Tiép
2°2 2 4

tuyén (P)tai A Bla y=-2z +%,y =1.
d) Xét h(z)=f(z)-g(z)=22" + 2. Lap bang xét ddu :

h(a:) <0,z € (—oo;—%} = (C)ném phia dudi

(P).h(z)> 0,z e (—%;0],(0;+oo) = (C) ndm phia trén(P).

2. Cho ham sé f(x):x3—3x+1

a) Khao sat sy bién thién va v& do thi ciia ham s6 . Viét phuong trinh tiép
tuyén ctia d0 thi tai diém udn I cta né . Chimg minh rang trong sd tiép tuyén
cua do thi thi tiép tuyén tai I c6 h¢ s6 goc nho nhat .

b) Goi (d )1:;1 duong thang di qua diém I c6 hé sb goc m . Tim cac gia tri m

sao cho duong thang (dm) cit do thi da cho tai ba diém phan biét.

Huéng dan :

a) y=-3z+1 b) m>-3

3. Cho ham sd f(x) =z —(m +1)x2 +m

a) Khao st sy bién thién va v& do thi ctia ham sé v6i m = 2. Viét phuong
trinh tiép tuyén tai diém ubn cua do thi .

b) Tim céc gia tri cia m sao cho d6 thi cua ham s6 cat truc hoanh tai bon diém
, tao thanh ba doan thang c6 d6 dai bang nhau .

Hudng dan :

b) —(m+1):c2 +m=0< (:1c2 —1)(562 —m) = 0. Dé db thi ctia ham s cét

truc hoanh tai 4 diém phan biét , tao thanh ba doan thang c6 do dai bang nhau
khiO<m=#1.

e m>1m-1=1-(-1) & m=9
. 0<m<1,1_JE:JE_(_JE)@m:$
Ngoai cach giai trén cac ban c6 thé dung cap sb cong (16p 11) dé giai .
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4.
a) Vi gia tri ndo ctia m , dudng thang y = m cat dudng cong
y = 2" —22° — 3 tai 4 diém phan biét?.
b) Chig minh ring véi moi gia tri cia m , duong thing (dm) Dy =z — mcat
2
-z +2 Dy aeR A A
dudng cong y = :c—lx tai hai diém phan biét.
x —
2’ +4z+3 i

¢) Tim k dé duong thang y = kx + 1 cat d6 thi ham s y = 5 ai 2
T+

diém phén biét A, B . Tim quy tich trung diém I cua AB.

5. Cho ham sb y = M,(C).

z—1
a) Khéo sat va v& 4 thi ham s6 (C').
b) Tim m dé phuong trinh sau c6 2 nghiém phan biét : 2° — 2z = m ‘x - 1‘ -2.

¢) Tim m dé duong thing (d) .y =—x +m citdd thi (0) tai 2 diém A, B

d6i xtng v6i nhau qua duong thang y = = + 3.
d) Ching minh rang qua diém F (1; 0) ta khong thé ké dugc mot tiép tuyén

nao dén do thi ham so.

6. Cho ham s f(:c) = ; al 21
T+

a) Khao sat sy bién thién va v€ do thi ctia ham so.

c6 db thi (G)

b) Ching minh ring duong thing (dm) :y = ma + m — 11udn di qua diém cb
dinh cua duong cong (G) khi m thay d6i .

¢) Tim cac gia tri ciia m sao cho duong thang di cho cit dudng cong (G ) tai
hai diém thudc ciing mot nhanh cua (G ) .

Huéng dan:

b) M (—1; —1) 1a diém cb dinh ma (dm) di qua khi m bién thién va

M(—l;—1) e(@).

2 1
c) (dm)ﬂ(G):m(x+1)—1: Qxx++1’x¢_§
<:>(:c+1)(2mx+m—3)=0,x¢—%
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:c:—1<—l
= 2

k(x)=2mx+m—3=0
Hai nhanh cua (G ) nam vé hai bén cua tiém can dung z = —% . Puong thang
(dm) N (G ) tai hai diém thudc cung mot nhanh ctia dd thi khi phuong trinh

k() =2mz+m-3=0 cénghiémx<—%vé z # —1, khi d6 ta ¢6

m # 0 m # 0
3—m 1 3 -3<m<0
r=—<———<0 = & -3#zm<0
2m 2 2m m < -3
k(-1) %0 -m—=3%#0

Bai 8 :SU TIEP XUC CUA HAI PUONG CONG

Bai toan 1 :
Hai dudng cong (C'):y = f(z) va (C"): y = g(«) tiép xtc nhau khi va chi khi

hé phuong trinh sau: {f (x) -9 (m) c6 nghi¢m.

f'(z)=9'(x)

Vi du 1 : Tim tham s thuc m dé duong thang (d) ty = m(w - 3) tiép xtic

v6i 0 thi (C’) ty = —%xg + 3z.

Giai :
, —lx3+3x=m(x—3)
()tiép xtic véi (C') khi h¢ sau:{ 3 (*) c6 nghiem.
-*+3=m
r=3 _ __
20° —92° +27 = 0 ) r=3=>m=-6
(") < \ oi20'-32-9=0c 3 3
m=-x"+3 ) rT=——=>m=—
m=-x +3 2 4

Vi du 2 : Tim trén truc hoanh nhimg diém ma tir d6 c6 thé ké dén do thi cta
2

hamsb : y = hai tiép tuyén tao v6i nhau 1 goc 45°.

Giai :
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Goi M € Ox = M(xO;O) , duong thing di qua M ¢ hé sé goc 13 k , phuong
trinh c¢6 dang : (d) Ly = k(:c - xo) .

N =k (:v — :vo)
. . N x —
(d ) 1a tiep tuyen cua do thi khi hé sau c6 nghi¢m : | ;2 _ o,

xf[?_lzz' _f)i.(x—xo)C)Z|:($0+1)x—2x0:|:0
T —

z=0
At 2z,

:E:x 1 Ty # 1

0
‘fEZOjk’:x?_zZ:O.
(=-1)

* = 27, :k:i

z, +1 (x0+1)2

2

e Tiép tuyén qua M tao véi do thi cia hamsé: y = hai tiép tuyén tao

x —
véinhau 1 goc 45° khi va chi khi

tan 45" = | b~k | = 42,
‘ (:co + 1)2

1+ k f,
Vay M(3 —2&;0),(3 +2\/§;0)

—1= 2, =3+2V2.

Vi du 3 :Tim tit ca cac diém trén truc hoanh nhitng diém M ma qua do6 v&
duoc dang 3 tiép tuyén dén d6 thi (C): y = 2* + 32° ma trong d6 c6 2 tiép

tuyén vudng goc voi nhau .

Giai :
Goi M(a;O) e Oz, duong thing (t) di qua M va cb hé sé goc
k:(t):yzk(x—a).
) 2 +32° =k(r-a) (1)
(t) tiép xuc véi (C') khi hé sau c¢6 nghiém :
37° + 6 =k (2)

T (1),(2) suyra: 2°+ 32" = 32" + 62(v —a) & 22° +3(a - 1)2° — 6az = 0
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=0
@x[sz—S(a—l)x—Ga]:Oc )
22° - 3(a — 1)z —6a =0 (3)
e £ =0=k=0= 1tiép tuyén.
Qua M ké dugc 3 tiép tuyén dén dén d6 thi (C') ma trong d6 c6 2 tiép tuyén
vuong goc voi nhau .
Khi d6 (3)c6 2 nghiém phan biét z,z, # 0va kk, = -1

a#0 a#0
e IA>0 o 9(&—1)2+48a>0

(39512 + 6:51J(3x22 + 6x2j =-1  |9(zz,) +18z2, (2, +1,)+ 3622, = -1

a<-3v a>—% vag a= 0

< 181a° —81a(a—1)—108a+1=0

(vi rr,=-3a ; T, +x,= 3(2_1)j
1
a<-3v a>-— vaga #0 1
& 3 S a=—
—27a+1=0 21

Vay M (%,Oj € Ox thoa bai toan .

Bai toan 2 :
Phuong trinh tiép tuyén ctia d6 thi (C) ty = f(x) tai diém M(mo;f(xo)) co

dang: y = f'(xo)(:c—zo)+f(zo).

Vi du 1 :Tim toa d¢ tiép diém ciia do thi (C):y = °- N v6i tiép tuyén (t),
x f—

biét rang tiép tuyén () tao v6i dudng thang (d) : y = -2z + 2010 1 goc 45°.

Giai :
« D=R\{1

o Tacoé: y'=
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e Goi M(q;o; f(q;o)) la toa d¢ tiép diém cin tim thi hé sé goc tiép tuyén (¢) la

3

h=—"—z #1.
("To_l)
k+2 k——l
e Vi (t)va(d)tao nhau 1 goc 45° khi tan45’ = |3
1-2k _
k=3
* k= —EQL _ 1 diéu nay khong xay ra .
23
(xo_l)
Fh=3e—5 —3eal-2 =0 % (0:4)
(:1:0—1) x0=2:>y0:—2:>M(2;—2)

+3

m dé duong thang (¢) : y = 2z + m cat (C)tai hai diém phan biét ma hai tiép
tuyén tai d6 song song véi nhau.

, 9 . , ,
Vidu2:Chohamso y = 272 ¢ dbd thi (C) . Tim tat ca cac tham so

Giai :
Puong thang (t) : y = 2z + m cat (C)tai hai diém phéan biét ma hai tiép tuyén tai
. . . 2 .
do song song véi nhau khi va chi khi phuong trinh z +23 = 2x + m co hai
’I' —

nghiém phén biét z,z, théa man diéu kién y'(xl) = y'(:cQ). Khi d6 phuong
trinh g(:c) =27" + (m - 6):1c —2m — 3 = 0c¢6 2 nghi¢ém phan biét z ,z, khac 2
vi thoa man diéu kign ——— —=- ! — o+, =4

(xl —2) (x2 —2)
A=(m-6) +8(2m+3)>0
N 9(2)=2.22 +(m—6).2—2m—3¢0©m:2.

Vi du 3: Cho ham s6 ¢ = c6 d6 thi 1a (C). Tim trén d6 thi (C') nhiing

z+1
diém M , sao cho tiép tuyén tai M cit hai truc toa d0 Oz, Oy tai hai diém

phan biét A, B sao cho dién tich tam gidc A OB c6 dién tich bang i .

Giai :
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. 2
Goi M(xo;yo) € (C) =y, = xO?I =y, :ﬁ
0

2 2x°
+

0

(1 o) (1)

Phuong trinh tiép tuyén (t) cta (C) tai M 1a: Y, =

Tiép tuyén (¢) cét hai truc toa d O, Oy tai hai diém phan biét A(-a;0),

927 ‘
B 0;—=2 | sao cho dién tich tam gide AOB 6 dién tich bing — khi do
(xo + 1) 4
1 1 227 1 2
~0AOB =~ 0A0B =~ oz —— =~ 42} —(z,+1) =0
2 4 (xo + 1) 2

2$§+:c0+1:0 xoz—l:M—l;—Q
= 2 2 .

20, =@ =1=0 1, =1= M(1;1)

. g2 5 . 1
Vay c6 hai diém thoa man yéu cau bai toan M (—5 ; —2] , M (1; 1) .

Vi du 4 : Chirng minh rang néu céc tiép tuyén (d), (t) ctia d6 thi (C) :

y = 2° —62° + 9z song song v4i nhau thi hai tiép diém A, B d6i xting nhau
qua M(2;2).

Giai ;
Goi A(z,y(z,) =] —627 +92,),B(z,y(z,) =2} —62] +9z,)latoadd
tiép diém cta (d),(t) va dd thi (C). (d) va(t) song song véi nhau khi
y'(z,)=v'(s,) =32 —120, +9=32] —12z, +9 1 +1, =4.
1, =2-t=y(z) =1t -3t+2

Vé6iz, +z, =4thitdntai t > 0: s
T, =2+t:>y(m2):—t +3t+2

T, + 1,
. . To = =2
D¢ thay trung diém doan AB c¢6 toa do 2 .
y(z)+v(s)
yO = 2 = 2

Do d6 hai tiép diém A, B d6i xting nhau qua M (2;2).
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2

Vidu 5 : Cho ham s6 y = ==

x—1
M (1 + sin;9) nam trén d6 thi (C'). Ching minh rang, tiép tuyén cta

Tim o € (0;%) sao cho diém

(C)tai diém M cit hai tiém can cua (C)tai hai diém A, B d6i xtig nhau qua
diém M .

Giai :
Vi M (1+ sina;9) nam trén d6 thi (C)nén:
2(1+si ? simo:—l
MzQ@QSiHQa—5sina+2:O© 2
l+sina —1 sing =2

Viae Lo;fj nén sing === g = % = M(—;Q)
9 2 6

Tiép tuyén cta d6 thi (C) tai diém M la: y = y'@j(x -~ gj +9

hay (d):y=—6z+18.
Tiép tuyén (d) cat tiém can dung = = 1tai: A(1;12)

Tiép tuyén (d) cit tiém can xién tai diém B co toa do 1a nghiém

y =—6x+18 =2
(sy)hephuong tinh: | e = B(26)
T, + g §_xM
Dé thay: 2 2
A+yB_9_
s

Suyra, A, B dbi xtmg nhau qua diém M (dpcm).

Vi du 6: Goi (d)1a tiép tuyén ciia dd thi (C): y = 20

-2
tiém can tai hai diém phéan biét A, B. Tim toa do diém M sao cho duong
tron ngoai tiép tam giac TABc6 dién tich nho nhit , véi I 13 giao diém hai
tiém can .

tai M cat cac duong

Giai :
2330 -3 1

!

ety

Goi M(:vo;yo) € (C) =y, =

169



Nguyén Phia Khanh — Pa Lat Tai Liéu 6n thi Ta Tai Pai hoc theo cu trac BGD.

- 2¢ — 3
—12(x—$0)+ %
T, —2

(xO—Q) 0

Phuong trinh tiép tuyén (d) cua (C)taiM :y =

x0—2

< . \ I ~ . . 40 R n Cn 2z —2
(d) cat hai duong tiém cén tai hai di€ém phan biét A| 2;— , B (2x0 — 2;2) .

D& thdy M 1a trung diém AB va I (2;2) 1a giao diém hai duong tiém cén.

Tam giac IABvudng tai I nén dudng tron ngoai tiép tam giac JAB co dién tich

S=xIM*=r (x0—2)2+{2x0_3—2] =7r|:(x0—2)2+ﬁ}227z

T, —2 T, —2

. ) ) 1 r,=1=y, =1
Dau dang thire xdy rakhi (7, —2)" = —— <

(z, —2)° Ty =3=y,=3

Vay M(1;1) M (3; 3) théa man bai toan.

Bai todn 3 :

Phuong trinh tiép tuyén ctia d6 thi (C ) cy=f (x) di qua diém M (:cl; yl)
Céch 1:

e Phuong trinh dudng thing (d) di qua diém M c6 hé s goc 1a k c6 dang :

y:k(:v—xl)+yl.

o (d)tiép xtic v6i @6 thi (C ) khi hé sau ! ( ' ¢6 nghiém.
fl

—_
8
~—~—
Il

x5

Cach 2:

e Goi N(z,;y,) 1atoa ¢ tiép diém cia dd thi (C') va tiép tuyén (d)qua diém
M , nén (d) cling c6 dang y = y'O(a: - xo) +9,-

. (d) di qua diém M nén c6 phuong trinh : Y, =y, (a:l - wo) +9, (*)

e Tu phuong trinh (*) ta tim dugc toa do diém N (xo; Y, ) , tr day ta tim dugc

phuong trinh duong thang (d) .

4
X

. 5 .
Vi du 2: Cho ham s : y=?—3x2 7 €6 dd thi la (C). Gid su

M e (C) c6 hoanh d a . Véi gia tri nao ctia a thi tiép tuyén cua (C) tai M
cat (C) tai 2 diém phan biét khac M .

Giai :
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1
Vi M € (C) nén M[a;yM =%—3a2 +g]

Tiép tuyén tai M c6 hé sb goc y,, = 2a” — 6a
Tiép tuyén tai M c6 dang :
| a’ )
y=y, (x—z,)+y, = (d) Ly = (2a° —6a)(x—a)+?—3a2 +§
Tiép tuyén (d) cta (C) tai M ct (C) tai 2 diém phan biét khac M khi
phuong trinh sau c6 3 nghi¢ém phan biét :
4 4

% - 32" + g = (2a° —6a)(z —a) + % -3a” + g hay phuong trinh

(r —a)’(z” + 2az + 3a® —6) = 0 c6 3 nghiém phan biét , nghia 1a phuwong trinh
g() = #* +2az + 30’ - 6 = 0 c6 hai nghi¢m phan biét va khac a..

Ny =a'=(3a=6)>0 [a'=3<0 [ld<+3
=t & <

g(a) =6a” =6 =0 a’ =1 a#+1

5 <+3
Vay gia tri a can tim ‘a‘ \/—
a#*1

Bai tdp twong tu :

1. Tim m dé tiép tuyén di qua diém M (2;m +2) ciia 46 thi ham s6

y = 2° — 3z + m phai di qua gdc toa dd O.
Bai 8 :SU TIEP XUC CUA HAI PUONG CONG
Bai toan 1 :
Hai duong cong (C) Ly = f(x) va (C") Ly = g(a:) tiép xtic nhau khi va chi khi

1) =(2

hé phuong trinh sau: {f'(m) B g'(x) cO nghiém.

Vidu 1 : Tim tham s thuc m dé duong thing (d) ty = m(rc - 3) tiép xtic

v6i dd thi (C) Ty = —%xB + 3.

Giai :
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1
(dﬁépmkv&(C)thému:_§$3+3x:nwx_3)ﬁjcémm@m.
2> +3=m
2t —0atv2r=0 ||°° r=3=>m=-0
(") < s oi2e'-3r-9=0] 3 3
ne m=-2"+3 ‘T__Ejm_i

Vi du 2 : Tim trén truc hoanh nhing diém ma tir d6 c6 thé ké dén do thi cua
2

hamso: y =

n hai tiép tuyén tao v6i nhau 1 goc 45°.

Giai :
Goi M € Ox = M(xO;O) , duong thing di qua M ¢ hé sé goc 13 k, phuong
trinh c6 dang : (d) Ly = k(:c - xo).

. . 5 -1
(d ) 1a tiép tuyen cua do thi khi hé sau c6 nghi¢ém : | ;2 _o..

xf[?_lzgc _f)i.(x—xo)C)Z|:($0+1)x—2x0:|:0
T —

z=0
g 2z,

$:x+1 r, # -1

0
.IE:O:]{:ZQ_ZQ;:O.
)

P T

x0+1 (x0+1)2

2

e Tiép tuyén qua M tao véi do thi ciahamsé: y = hai tiép tuyén tao

x —
véinhau 1 goc 45° khi va chi khi
4z,

(xo + 1)2

tan450:|k1_k2§: :1:>:50:3i2\/§.

|1+ k
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Viy M(S —2\/5;0),(3 +2J§;0)

Vi du 3 :Tim tat ca cac diém trén truc hoanh nhitng diém M ma qua do6 v&
duoc dang 3 tiép tuyén dén d6 thi (C): y = 2* + 32° ma trong d6 c6 2 tiép

tuyén vudng goc voi nhau .

Giai :
Goi M(a;O) € Oz, duong thiang (t) di qua M va cb hé sd goc
k:(t):y:k(w—a).
) 2 +32° =k(zr-a) (1)
(t) tiép xuc véi (C') khi hé sau c6 nghiém :
32° +6z =k (2)
T (1),(2) suyra: 2°+32° = 32" + 62(v —a) & 22° +3(a - 1)2° —6az =0
z=0
@x[sz—S(a—l)x—Ga]:Oc )
22° —3(a — 1)z —6a =0 (3)
e £ =0=k=0= 1tiép tuyén.
Qua M ké dugc 3 tiép tuyén dén dén d6 thi (C') ma trong d6 c6 2 tiép tuyén
vudng goc voi nhau .

Khi d6 (3)c6 2 nghiém phan biét z,,z, # 0va kk, = -1

020 a#0
o IA>0 o 9(&—1)2+48a>0

(33512 + 6:51)(3%2 + 6:52) =-1  |9(z2,) +18z2, (2, +1,)+ 3622, = -1

a<-3v a>—% vag a= 0

< 181a° —81a(a—1)—108a+1=0

(vi rr,=-3a ; T, +x,= 3((;_1)j
1
a<-3v a>—-— vaga #0 1
= 3 &S a=—
—27a+1=0 27

Vay M (%,Oj € Ox thoa bai toan .
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Bai todn 2 :
Phuong trinh tiép tuyén cua do thi (C) ty = f(z) tai diém M(a:o;f(azo)) co

dang: y = f'(:vo)(x—xo)+f(x0).

Vi du 1 :Tim toa d¢ tiép diém ciia dd thi (C) : y = =
1;’_

biét rang tiép tuyén () tao v6i dudng thang (d) : y = -2z + 2010 1 goc 45°.

Vv6i tiép tuyén (t),

Giai :
« D=R\{1
3
(o)
e Goi M (mo; f (xo )) 14 toa d tiép diém can tim thi hé s6 goc tiép tuyén (¢) 1a
3

z#1

o Taco: y'=

k=—" o #1.
(7, -1)
k+2 k——l
e Vi (t)va(d)tao nhau 1 goc 45" khi tan 45’ = s 3
1-2k| | _3
3 1oy N .
* k=-—«< ——— =—— diéunay khong xay ra .

(7 -1)

* k—3<:>%—3<:>m§—2x0—0<:>[
(2,-1)

z,=0=y, =4= M(0;4)
1, =2=y, =—2=> M(2%-2)

ViduZ:Chohémséy:%JrS
x_

m dé dudng thang (¢) : y = 2z + m cat (C)tai hai diém phan biét ma hai tiép
tuyén tai d6 song song véi nhau.

,c6 @6 thi (C) . Tim tat ca cac tham sb

Giai :
Puong thang () : y = 2z + m cat (C)tai hai diém phan biét ma hai tiép tuyén tai
d6 song song véi nhau khi va chi khi phuong trinh 2r+;3=:zz+7n ¢6 hai
x —
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nghi¢m phan biét z,, 2, théa man diéu kién y'(x,) = y'(z, ). Khi d6 phuong
trinh g(:c) =22" + (m - 6):1c —2m — 3 = 0c¢6 2 nghi¢ém phan biét z ,z, khac 2

o m atA 1sa 7
va thoa man dieu kién — =— Sr t+r, =4

o (m-2)
A=(m—6) +8(2m+3)>0
e {g(2)=22"+(m-6)2-2m-3#0cm=2.

Vi du 3: Cho ham 86 y = c6 d6 thi 1a (C). Tim trén db thi (C') nhiing

r+1
diém M , sao cho tiép tuyén tai M cit hai truc toa d0 Oz, Oy tai hai diém

phan biét A, B sao cho dién tich tam gidc A OB c6 dién tich bang i .

Giai :
. 2z, 2
GQlM(xO;yo)e(C):yoz 1:>y0——2
Ty + (xo + 1)
\ X £ , ) . 2 2x°
Phuong trinh tiép tuyén (¢) cua (C) tai M la: y, = T+ .

(2,+1)  (a,+1)

Tiép tuyén (t) cét hai truc toa d6 Oz, Oy tai hai diém phan biét A (—xj; 0) :

27 .
B O'L sao cho dién tich tam giac A OB c¢6 dién tich bang i khi @6

(x + 1)2

22
—OAOB—lc>OA.OB:leg.%:lczle)—(x0+1)2:0
4 2 (:c0+1) 2
2 1 1
20, +x,+1=0 xoz—E:M—g;—Q
= .
2:63—:100—1:0

z, =1= M(11)

. 42 5 . 1
Vay c6 hai diém thoa man yéu cau bai toan M (—5 ; —2] , M (1; 1) .
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Vi du 4 : Chirng minh rang néu céc tiép tuyén (d), (t) ctia d6 thi (C) :

y = 2° —62° + 9z song song v4i nhau thi hai tiép diém A, B d6i xtng nhau
qua M(2;2).

Giai :
Goi A(z,y(z,) =] —627 +92,),B(z,y(z,) =2} —62] +9z,)latoadd
tiép diém cta (d),(¢) va dd thi (C). (d) va(t) song song véi nhau khi
y'(z,)=v'(s,) =32 —120, +9=32] —12z, +9 1 +1, =4.
7, =2-t=y(z) =1t -3t+2

Véiz, +z, =4thitdntai ¢ > 0: s
T, =2+t:>y(m2):—t +3t+2

T, + 1,
. . To = =2
D¢ thay trung diém doan AB c¢6 toa do 2 .
y(o)+v(s)
yO = 2 = 2

Do d6 hai tiép diém A, B d6i xting nhau qua M (2;2).

2

Vidus: Cho ham sb y = ==

I —
M (1 + sin;9) nam trén d6 thi (C'). Ching minh rang, tiép tuyén ctia

Tim o € (O;%j sao cho diém

(C)tai diém M cit hai tiém can cua (C)tai hai diém A, B d6i xtg nhau qua
diém M .

Giai :
Vi M (1 + sina;9) nam trén do thi (C)nén:
2(1+si ? simo:—l
MZQ@QSiHQa—5Sina+2:O© 2
l+sina —1 sing =2

Viae Lo;fj nén sing === g = % = M(—;Q)
2 2 6

Tiép tuyén cua d6 thi (C) tai diém M 1a: y = ¢ (gj (x - ;) +9

hay (d):y=—6z+18.
Tiép tuyén (d) cat tiém can dung = = 1tai: A(1;12)

Tiép tuyén (d) cit tiém cn xién tai diém B co toa do la nghiém
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y =—6x +18 =2
(sy)hephuong tinh: | e = B(26)
T,+z 3
~ , A2 . =§_xM
Dé thay:
A+yB _9_
9 =Jd=Yy

Suyra, A, B dbi xtmg nhau qua diém M (dpcm).

Vi du 6: Goi (d)lé tiép tuyén cua do thi (C):y = 22 tai M cat cac duong

tiém can tai hai diém phéan biét A, B. Tim toa do diém M sao cho duong
tron ngoai tiép tam giac TABc6 dién tich nho nhit , véi I 13 giao diém hai
tiém can .

Gidi :
. 2, -3
o Wan)o(0) 2o, =B =
Phuong trinh tiép tuyén (d) cla (C)taiM 1y = ﬁ(x — )+ 2;0__23
z, — 0

. , 2v. —2
() cét hai duong tiém can tai hai diém phan biét A (2%—2J B(2z, - 2:2).
x p—
0
D& thady M 1a trung diém AB va I (2;2) 1a giao diém hai duong tiém can.

Tam giac JABvudng tai I nén dudng tron ngoai tiép tam giac IAB co dién tich

S=xIM’=r (x0—2)2+[2$0_3—2J :7r|:($0—2)2+ﬁ}227z

x0—2 x0—2

L2 . 5 1 r,=1=y =1
Dau dang thuc xdy rakhi (7, -2) = ——— <

(;1;0—2)2 $0=3:>y0=3
Vay M (1; 1) M (3; 3) théa man bai toan.

Bai todn 3 :

Phuong trinh tiép tuyén cua do thi (C ) cy=f (x) di qua diém M (a:l; yl)
Cach 1:
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e Phuong trinh dudng thang (d ) di qua diém M c6 hé s6 goc 1a k c6 dang :

yzk(x—:cl)+yl.

. (d)tiép xuc v6i do thi (C)khi hé sau {; '( “ocs nghiém.

—_
8
~—~——
Il

ol

Cach 2 :

e Goi N(z,;y,) 1atoa ¢ tiép diém cia do thi (C') va tiép tuyén (d)qua diém
M , nén (d) cling c6 dang y = y'o(:c - xo) +9,-

. (d) di qua diém M nén c6 phuong trinh : y, =9, (:cl - xo) +9, (*)

e Tu phuong trinh (*) ta tim duoc toa do diém N (xo; Y, ) , tr day ta tim duogc

phuong trinh duong thang (d) .

4
X

. 3 .
Vi du 2: Cho ham sb : y=?—3x2 7 €6 dd thi la (C). Gia sir

M € (C) c6 hoanh d a . Véi gia tri nao ctia a thi tiép tuyén cua (C) tai M
cat (C) tai 2 diém phan biét khac M .

Giai :

4
Vi M € (C) nén M[a;yM :%—3a2 +g]

Tiép tuyén tai M c6 hé s6 goc y,, = 2a’ —6a
Tiép tuyén tai M c6 dang :

| a’ )
y=y, (x—z,)+y, = (d) Ly = (2a° —6a)(w—a)+?—3a2 +§
Tiép tuyén (d) cta (C) tai M cét (C) tai 2 diém phan biét khac M khi
phuong trinh sau c6 3 nghi¢ém phan biét :

% - 32" + g = (2a° —6a)(z —a) + % - 3a” + g hay phuong trinh

(r —a)’(2” + 2az + 3a® —6) = 0 c6 3 nghiém phan biét , nghia 1a phuwong trinh

g() = 2" +2az + 30’ - 6 = 0 c6 hai nghi¢m phan biét va khac a..

{A'M =a>—(3a> —6)> 0 {a2—3<0 {\awg
= ) = =

gla)=6a" =6 %0 a’ #1 a#+ %1
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Al g A ‘a‘ < \/5
Viay gia tri @ can tim
a#*1
Bai tdp twong tu :
1. Tim m dé tiép tuyén di qua diém M (2; m + 2) ctia d6 thi ham s

y = 2° — 3z + m phai di qua gdc toa dd O.

BAI TAP TU LUYEN
1.

ar’ = b 5

a) Tim a,b biét ring 46 thi ciia ham sb f(z) = ? & qua didm A(_l;ij

x—1
va tiép tuyén tai 0(0;0) c6 h¢ s6 goc bing —3. Khio st s bién thién va v& d
thi img v&i gia tri a,b vira tim dugc.

b) Tim a,b biét rang dd thi cia ham sb f(x) = 22" + az + b tiép xtic v6i

hypebol @) Tim a,b biét ring do thi ctia ham s y = 1 tai diém M (%;2)
T

2.

a) Viét phuong trinh ctia dudng thing di qua diém A (1; —2) va tiép xuc véi
parabol y = z° — 22
b) Chimg minh hai dudng cong y = 2° + %:c —2,y = 2’ + z — 2tiép xtc nhau

tai M , viét phuong trinh tiép tuyén chung cta hai duong cong d6 .
¢) Chung minh rag cac do thi cia ba ham so6

f(x) =2’ + 3z + 6,g(z) =2’ —2° +4, h(w) = 2” + Tz + 8tiép xtic nhau tai
diém A(—1;2).
d) Ching minh rang cic do thi ciia ai ham s6

>3 3
fe)=gr5meld) =5

phuong trinh tiép tuyén chung ciia hai dudng cong tai diém d6 .

tiép xtc nhau . Xac dinh tiép diém va vict

e) Chimng minh rang cac do thi ctia ai ham s6 f(:c) =12’ -1, g(rc) = 2° — 1tiép

xtc nhau . Xac dinh tiép diém va viét phuong trinh tiép tuyén chung cua hai
duong cong tai diem do .
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3. Cho ho dudng cong (Cm) cy=2"—-32"+mz+4—m (m la tham sb).
Puong thang (d) :y =3 -z cat mot duong cong bat ky (C’) cua ho (Cm ) tai 3
diém phan biét A, B,C (theo thu tu), tiép tuyén tai A va tiép tuyén tai B cua
(C’ ) lan luot cat duong cong tai diém thtr hai 1a M va N. Tim m dé to giac
AMBN 1a hinh thoi.

4. Cho duong cong (C) cy=—2'+42"° -3 .Tim mva ndé duong thang
(d) .y = mz +n cit dudng cong (C’) tai 4 diém phan biét A, B,C,D ( theo thir

tu ) sao cho AB =CD :%BC.

Hudng dan
1.
o) -(-1) 5 { -
a) 1-1 290 - 3
'(0)=-3
b) a:—6,b=g

¢) f(—1) = g(—l) = h(—l) = 2,f'(—1) = g'(—l) = h'(—l) = 5, chimg t0 tai
A (—1;2) cac do thi cia ba ham sb c6 tiép tuyén chung , n6i khac hon 1a cac d6

thi ctia ba ham sb tiép xtic nhau tai diém A (—1;2) .

d) O(O;O),y = g:c

Cam on cac ban da doc tai liéu va gép y dé tai liéu hoan chinh . Tai liéu dai
500 trang, trén day la phan rut gon va la nhirng dang toan phu hgp hoc sinh
moi mien. Tai liéu mlen phi hoan toan , khong c6 muc dich thwong mai.

Thuw tir gop y goi vé Email: phukhanh@moet edu.vn cam on.
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