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GIAlI PHUONG TRINH HAM Bi-\NG PHUONG PHAP THEM BIEN
A. GIOI THIEU PHUONG PHAP THEM BIEN

Vao ndm 2012, t6i c6 viét chuyén dé "Giai phuong trinh ham bang phuong phap thém bién"
(tai liéu tham khao [1]). Trong qua trinh giang day tdi c6 suu tam thém mot s bai tap mdi, va
gén day c6 tham khao thém bai viét "Phuong phéap thém bién trong giai phuong trinh ham"
clia tac gid Vo Québc Ba Can (tai liéu tham khao [3]). Y tudng cua phuong phéap nay rat don
gian nhu sau: Khi gap nhung phuong trinh ham véi cap bién tu do x,y, bang cach thém bién
mdi z (hodc thém mot vai bién mdi), ta sé tinh mot biéu thirc nao d6 chira x, y, z theo hai cach
khac nhau, tir day ta thu dugec mot phuong trinh ham theo ba bién x, y, z, sau d6 chon z
bang nhiing gid tri dic biét hodc bién ddi, rit gon phuong trinh ham theo ba bién x, y, z dé
thu dugc nhitng phuong trinh ham mdi, hudng t6i két qua bai toan. Vé mat y tudng thi don
gian, vi thuc ra n6 1a phuong phap thé khi gidi phuong trinh ham. Tuy nhién cong dung cta
phuong phéap nay lai manh mé, gidi quyét dugc nhiéu bai toan; viéc thém mot vai bién mdi sé
gitip phép thé trd nén linh hoat, uyén chuyén va c6 nhiéu lya chon hon, tir d6 phét hién dugce
nhiéu tinh chat thu vi ctia ham sb can tim.

Bai todn 1. Tim tat cd cic ham s6 f : Q — Q thdéa man diéu kién

fUE) +y)=x+fy), Vxy Q. e

Giai. Gia st f 1a ham s6 thda man cac yéu cau dé bai. Ta thém bién méi z nhu sau: V6i moi x,
¥, z thudc Q, st dung (1) ta dugc

fUE) +y+z) =x+fly+2), Yy zeQ 2)

Mat khac cling véi moi s6 hiru t x, v,z thi f (f(z) +x) = z + f(x), do d6

fly+(z+f(x)=fy+f(f(2)+x)=f2)+x+f(y) ®)

T (2) va (3) suy ra
fly+z)=fy) +f(2), Vy,z € Q. (4)
Tuong tu nhu bai toan 4 & trang 3, suy ra f(x) = ax, Vx € Q. Thay vao (1) ta rut ra

i2=1ea=+1.

Thi lai thdy f(x) = x va f(x) = —x thda man cac yéu cau dé bai.
Chu y 1. Ciing c6 thé 1ap luan tuong tu nhu sau: D€ st dung lai dugce "kiéu truy hoi" trong
(1), ta thay x bdi f(x) + z (ttc 1a thém bién z € Q) va st dung (1) ta dugc

fx+y+f(2)=f(x)+fy) +z Yx,y,z€Q
=z+ f(x+y)=f(x)+f(y) +z Vx,y,z€Q
=f(x+y)=f(x)+fy), Vx,y €Q

va cling thu dugc két qua. Tong quat hon, khi dé bai c6 dang f(x + g(y)) thi ta co thé thém
bién béng cach thay y bdi y + ¢(z) va bién déi hai vé rdi so sanh. Bén canh d6, chung ta ciing
hay st dung tinh d6i xitng ctia cac bién.
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Bai todn 2. Tim tat cd cicham s f : R — R thda man

xf(x) —yf(y) = (x—y)f(x+y), Vx,y € R 1

Giai. Ta thém bién méi z nhu sau: Theo (1) ta c6

xf(x)—zf(z) = (x—2z)f(x+2z),Vx,z € R. )
xf(x) —zf(z) = [xf(x) —yf(W)] + [vf(y) — zf(2)]
=@x-y)flx+y)+y—-2)fy+2), Vr,y,z e R ©)
Tir (2) va (3) suy ra
(x—z)f(x+z)=x-y)f(x+y)+(y—2)f(y+2), Vr,y,z €R. (4)
V6i moi u elR,xéthé{ Ej{g:g & (vyz) = (u;rl;l;u;u;1).Dodé(4)tr6thénh

f(u)=fQ)u+f(0)(1 —u), Vu e R
hay f(x) = ax + b, Vx € R. Thay vao (1) thay thda man.
Bai todn 3. Tim cac ham s6 f, ¢ : Z — Z thdéa man: ¢ la don anh va

f(gx)+y)=g(fly) +x), Vxy € Z (1)

Giai. Ta thém bién mdéi z nhu sau:
f(g(x)+y)=g(f(y) +x), Vx,y € Z

sfgx)+y)+z=9(f(ly)+x)+z Vx,y,zeZ
g (f(gx)+y)+2)=g(g(fy) +x)+2), Vx,y,z€Z
=f(g(z) +8(x)+y) =g (f(y) +x) +2), Vx,yz€Z
=f(g(x)+8(z) +y) =g (f(y) +x)+z2), Vx,yz€Z
=g (f(gz)+y)+x) =g (g(fly) +x)+2), Vx,y,z€Z
=fgz)+y)+x=9(f(ly)+x)+2z Vx,y,zeZ
=g (f(y)+2)+x=g(f(y) +x)+z Vx,y,z€Z )
Tir (2) cho z = —f(y) ta duge
g0)+x=g(fy)+x)—fly), Vx,yeZ
<g(0) +x+f(y) =g (f(y) +x), Vx,y € Z. 3)

Tir (3) cho x = —f(y) + t ta duge ¢(0) + t = g(¢), Vt € Z. Vay
g(x)=x4c¢ Vx € Z.

Thay vao (1) ta duoc

frtyte)=fly) +x+c Yoy e Z 4)
Tir (4)lay x = —y —ctaduoc f(y) =y +d, Vy € Z (v6id = f(0)). Vay

gx)=x4¢, VxeZva f(x) =x+d, Vx € Z,

Vi ¢ va d 1a nhitng hang s6 nguyén tiy y. Thit lai thdy ding.
Chua y 2. Nhu vay, chi can trdi qua vai ba bai todn 1a ban doc da nam dugc phuong phap
thém bién khi giai phudng trinh ham. Tuy nhién trong chuyén dé nay t6i van dua vao mot s6
lugng 16n cac bai toan dé ban doc luyén tap, ctng co thém phuong phéap thém bién cung nhu

phuong phap giai phudng trinh ham néi chung Tt ca cac bai toan déu dugc gidi chi tiét, c6
bai dugc giai bang vai ba cach, trong d6 c6 cach thém bién.
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B. MOT SO KET QUA CO BAN

Trong muc nay ta sé phéat biéu va chitng minh mot s6 két qua (thong qua cac bai toan) sé
dugc st dung trong chuyén dé nay. Luu y rang day 1a nhitng bai toan rat co ban, can thiét cho
nhitng ai muén tim hiéu vé phuong trinh ham (ca két qua va 1di giai), chang han nhu bai todn
4,5, khi di thi hoc sinh gidi la dugc phép str dung ma khong can ching minh lai.

Bai toan 4 (Phudng trinh ham Cauchy).

Tim tAt cd cicham s6 f : R — R, lién tuc trén R va théa man

flx+y) = f(x)+ f(y),Vx,y € R. 1)

Giai. Gia st f 1a ham s6 thda man dé bai, khi d6 ta c6 (1). Trong (1) ldy y = x ta dugc
f(2x) =2f(x),Vx € R. (2)

Trong (2) iy x = 0 ta dugc f(0) = 0. Tir (1) va (2) va bang phuong phap quy nap ta ching
minh duoc

f(nx) =nf(x),Vx € R,Vn € N. 3)
Trong (1) lay y = —x va st dung f(0) = 0 ta dugc
f(—x) = —f(x),Vx € R. 4)
Baivay khin = —1,-2,..., st dung (3) va (4) ta c6
flnx) = f(=n(=x)) = —nf(=x) = nf(x),Vx € R. (5)
T (3) va (5) suy ra
f(nx) =nf(x),Vx € R,Vn € Z. (6)

Véimoin =1,2,..., st dung (3) ta co
flx)=f nlx =nf 1x = f 1x —1f(x)Vx€]R )
- m) n n ) w7 '
Véimoim,n € Zvan > 0,sttdung (7) va (6) ta c6

f(5x) =f (m-1x> — mf (%x) = mo f(x) = " f(x), ¥x € R

n n
Bai vay
f(rx) =rf(x),Vx € R,Vr € Q. (8)
Trong (8) lay x = 1 ta dugc
f(r) =rf(1),¥re Q. ©)
Véi méi x € R ton tai day s6 hiru ti {r,},* sao cho lim 7y = x. Vi flién tucnén
n (e}

f(x) :f< lim rn) = lim f(r,) = lim r,f(1) = f(1) lim r, = f(1)x.

n—-+4o00 n—-+4o00 n—-+4o00 n—+00

Vay
f(x) = ax,Vx € R (v6i C la hang s6 tuy ). (10)

Thi lai thdy thoa man. Ta két luan: tat cA cic ham sb can tim déu c¢6 dang nhu & (10).
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Bai todn 5. Tim cic ham s f : R — R, lién tuc trén R va thda man

flx+y)=f(x)f(y),Vx,y € R (1)

Giai. Dé thdy ham f(x) = 0 théa man (1). Tiép theo xét f(x) # 0. Khi d6 ton tai xg € R sao
cho f(xp) # 0. Theo (1) ta c6

f(x0) = f (x+ (xo— %)) = f(x).f(x0— x),¥x € R.
Suy ra f(x) #0, Vx € Rva f(x) = f (5 +5) = [£
Inf(x) = g(x) (f(x) =es)).

Khi d6 ham g lién tuc trén R va
e80HY) = p8(%) p8W) vy y e R
S8 HY) = 8(+8W) vy y e R
=g(x+y) =g(x) +g(y), Yxy € R.
Theo két qua bai todn 4 suy ra g(x) = bx,Vx € R (b lahang sb). Vay f(x) = e = a*, vé6i
a > 0 tuy y. Cac ham s6 thda man dé bai la

f(x) =0, f(x) =a* (alahang sd duong).

)]2 > 0,Vx € R. Vay dit

N =

Luu y. Phuong trinh ham (1) ctia bai toan 5 ciing dugc goi la phuong trinh ham Cauchy. Két
qua bai todn 5 dugc phép sit dung ma khong can chiing minh lai.

Bai todn 6. Cho ham s6 f la don anh va lién tuc trén mot khoang nao. Chitng minh rang ham

s0 f don diéu thuc sy trén khoang do6.

Giai. Gia st f don anh va lién tuc trén khoang (a;b). LAy hai gid tri c6 dinh &, 8 € (a;b) ma

a < B.V6imoix,y € (a;b),x < ytaxéthamso g : [0;1] — R dugc xac dinh nhu sau
gt)=f((1—-t)B+ty)— f((1—tHa+tx),Vt € [0;1].

Khi d6 g 1a ham lién tuc trén doan [0; 1] va
8(0) = f(B) — fla), (1) = f(y) — f(x).

(
i\\léu 2(0).¢(1) = [f(B) — f(a)] [f(y) — f(x)] < Othiton taiy € (0;1) sao cho g(7) = 0. Nghia

fA=7)B+7y)—f((1—7)a+7yx)=0
=f(1=7)B+7y) =f((1—7)a+7x).
Vi f la don danh nén
I=-7B+rw=>0-7at+rxe (1-7)(B—-a)=7(x-y).
Diéu nay 1a vo 1i vi vé phai &m con vé trai duong. Bdi vay
g(0).g(1) = [f(B) — f()] [f(y) — f(x)] > 0
Nhung néu [f(B) — f(&)] [f(y) — f(x)] = 0 thi f(B) = f(«) hodc la f(y) = f(x). Diéu nay

mau thuan vdi f la don énh. Boi vay

[f(B) = f()] [f(y) = f(x)] > 0.
Suy ra f(B) — f(a) ludn cung dau véi f(y) — f(x). Do d6 f don diéu thyc sy.
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Bai todn 7. Tim cic ham s6 f : R — R, don diéu trén R va théa man

f(x+y) = f(x)+ f(y),Vx,y € R. (1)

Giai. Gia st ham s f thdéa man céc yéu cau deé bai.
& Truong hop 1: f la ham tang. Tuong tu nhu bai todn 4 & trang 3 ta chiing minh duogc
f(x) =kx,Vx € Q. 2)
Véi x € Rty ¥, ton tai hai day s6 hitu ti {u,}7°, {v. )}, sao cho

U, <x<v,,Vn=1,2,...; lim u,= lim v, = x.
n—-400 n——+400

Vi f 1a ham tang nén két hop véi (2) ta co
flun) < f(x) < f(on) = kuy < f(x) <kv,(Vn=1,2,...).
Cho n — oo trong bat dang thtic trén ta dugc
kx < f(x) <kx = f(x) = kx.
Vay f(x) = kx,Vx € R (k 1a hang s6 bat ki). Thit lai thay théa man.

@ Truong hop 2: f la ham gidm. Tuong tu nhu bai toan 4 & trang 3 ta chiung minh dugc

f(x) =kx,Vx € Q. ()
Véi x € Rty ¥, ton tai hai day s6 hitu ti {u,} 7, {va}, = sao cho
Uup <x<v,,Vn=1,2,...; lim u,= lim v, = x.
n——4o0 n—-+oo

Vi f 1a ham gidm nén két hop vdi (2) ta co:
flup) > f(x) > f(vn) = kup > f(x) > kv, (Vn=1,2,...).
Cho n — o0 trong bat dang thic trén ta dugc
kx > f(x) > kx = f(x) = kx.
Vay f(x) = kx,Vx € R (k 1a hang s6 bat ki). Thit lai thay thda man.

Két luan: ham s6 thda man yéu cau dé bai la f(x) = kx, Vx € R (k 1a hang s bat ki).

Bai todn 8. Tim tat ca cac ham sb f : (0; +o0) — (0; 4+-00) théa man:

flx+y)=f(x)+ f(y), Vx,y € (0;+0c0). 1)

Giai. Gia str ham s6 f thoa man cac yéu cau dé bai. Tix (1) cho x = y ta dugc:
f(2x) = flx+x) = f(x) + f(x) = 2f(x), YVx € (0;+00).
Bang quy nap ta dé dang chiing minh duoc:
f(nx) =nf(x), Vx € (0;4+00), n € N*. (2)
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Péatc= f(1) > 0. Vdimoin =1,2,...,tacé:

1. do( 1\ 1 .
c=f(1)=f(n E) = nf( ) f<E>—c.E,VnEIN. 3)
Giasur e Q,r > 0,khi d6 dm,n € IN* sao cho: r = % Ta co:
1 o 1 0
70 =1 () =1 ()t (3) =5 = @

Tir gia thiét suy ra: f(x +1vy) > f(x), Vx,y € (0; +0), do d6 f la ham ting trén (0; +o0). Vi
moi s6 thuc x > 0, khi d6 ton tai hai day s6 hiru ti duong (a;), (Br) sao cho:

g <x< By, Vn=12,... va lim a, =x= lim B,.
n——+oo n—-4o00

Do (4) va do f tang nghiém ngat trén (0; +c0) nén:

Flan) < F(x) < F(Ba), Y =1,2,...
=cuy < f(x) < cBu, Vn=1,2,... (5)

Tir (5) cho n — 400 va sit dung nguyén li kep ta dugc:
cx < f(x) <cx, ¥x > 0.

Vay f(x) = cx, Vx > 0. Thit lai thdy thda man cac yéu cau dé bai.
Chu y 3. Tuong ty, ta ciing thu duge két qua: Néu ham s f : (0; +-00) — [0; +-00) thda man:

flx+y) = fx) + fy), Yx,y € (0; +o0)

thi f(x) = cx, Vx > 0, v6i c 1a hang s6 khong am.

Bai todn 9. Tim tit cd cic ham sb f : R — R thda man dong thoi hai diéu kién sau:

flx+y)=f(x)+f(y), ¥x,y € R. 1)
flxy) = f(x)f(y), Vx,y € R. )

Giai. Tix (1), tién hanh tuong ty nhu & 16i giai bai toan 4 § trang 3 ta chitng minh dugc cac két

qua sau:
{ f(rx) =rf(x), Vx e R, r € Q (3)
f(0) =0, f(=x) = —f(x), Vx e R. (4)
Tix (2) cho y = x ta duoc f(x?) = [f(x)]% Vx € R.Suy ra f(x) > 0, Vx > 0. Tir (2) va (3) ta

dugc: rf(x) = f(rx) = f(r)f(x), Vx € R, r € Q. ®)
Dé thdy f(x) = 0 thda man yéu cau dé bai. Xét f(x) # 0. Khi d6 ton tai xo € R sao cho

f(x9) # 0. Tu (5) cho x = xp, ta duoc
f@r)=r, VreQ. (6)
Tiép theo ta chiing minh f 1a ham dong bién. Gia st x < y. Khi d6

y—x>0= f(y—x) >0.
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St dung (1) ta duogc
fy) =f(y—x)+x) = fly—x)+ f(x) > f(x) = f(x) < f(y).

Vay ham f dong bién trén R. V6i x € R tity ¥, ta chon hai day s6 hitu ti {u,} 2%, {va},75] sao
cho

U, <x<v,,Vvn=1,2,...; lim u,= lim v, = x.
n——+00 n——+00

Vi f 1a ham tang nén két hop véi (6) ta co
flun) < f(x) < f(og) = uy < f(x) <v,(Vn=12,...).

Cho 1 — +oco trong bat dang thtic trén ta dugc

x < f(x) <x= f(x) =nx.
Sau khi tht lai ta két luan: C6 hai ham s6 thda man cac yéu cau dé bai la

f(x)=0, Vx e Rva f(x) =x, Vx € R.

. PHUONG PHAP THEM BIEN DOI VOI PHUONG TRINH HAM CO TiNH POI
XUNG

Déi vdi nhitng phuong trinh ham ¢6 tinh d6i xing theo cip bién x va y, khi ta thay cap (x;y)
bdi cap (y; x) thi phuong trinh ham van khong déi, tic 1a ta khong thu duoc gi ca. Nhing
truong hogp nhu vy ta thudng thém bién z dé tao ra su bat dbi xiing va thu dugc nhing
phuong trinh ham khac.

Bai toan 10. Tim tit ca cdc ham s0 f : R — R théa man

flx+y) = f)fy)f(xy), Vo y € R. 1)

Giai. Gia st ham s6 f thoa man cac yéu cau dé bai. Str dung (1), ta thém bién méi z nhu sau:

flx+y+z)=fx)f(y+2)f(xy + xz)
= f(O)fW)f(2)f (y2) f (xy) f(x2) f(x*yz), ¥x,y,z € R. (2)
flaxty+z)=fy)f(x+2)f(xy +yz)
= f(O)fW)f(2)f (x2) f(xy)f(y2) f (xy°2), ¥x,y,z € R. (3)
T (2) va (3) suy ra
f(x2yz) = f(xy2), Vx,,z € R. @

Véix # 0,y # 0, tir (4) ly z = xl_y ta dugc f(x) = f(y), Vx,y € R\ {0}, hay f la ham hang
trén R\ {0}. Gia stt f(x) = ¢, Vx € R\ {0} (c 1a hang sb). Tir (1) iy x = y = 1 ta dugc
c=cece{0,1,-1}.

Tu(l)layy——x;éOtadudcf( ) = =c. Vay f(x) =c, Vx € R. Do d6 tht ca cac ham s
théa man yéu caudébaila f(x) =0, f(x) =1, f(x) = —1.
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Bai todn 11. Tim tit cd cic ham s6 f : R — R thoa man diéu kién

f(x+y) = f(x)cosy+ f(y)cosx, Vx,y € R.

Giai. Ta sé thém bién méi z nhu sau: Véi moi sb thuc x, Y, z, theo (1) ta c6

f(x+y+z)=f(x+y)cosz+ f(z) cos(x +y)
= [f(x) cosy + f(y) cos x] cosz + f(z) cos(x + )

= [f(x)cosy + f(y) cosx]cosz+ f(z) (cosx cosy —sinxsiny).

Mat khéc

f(x+y+z)=f(x)cos(y+z)+ f(y+z)cosx
f(x)cos(y +2z) + [f(y) cosz + f(z) cosy] cos x
f

Tix (2) va (3) thu duoc

[f(x)cosy+ f(y)cosx|cosz+ f(z) (cosxcosy — sinxsiny)
=f(x) (cosycosz —sinysinz) + [f(y) cosz + f(z) cos y] cos x

Dé dang rut gon dugc
f(z)sinxsiny = f(x)sinysinz, Vx,y,z € R.

Tir (4) ly y = g ta duoc

f(z)sinx = f(x)sinz, Vx,z € R

jiﬁca)c:é:(rf;' Vx #mm, z #nmw (m,n € Z)

=~ =c= f(x) =csinx.

Vay f(x) = csinx, Vx € R (c 1a hang s6). Thit lai thdy thda man.
Luu y. Dén (5) ta c6 thé 1i luan nhu sau: Tix (5) 1y z = g ta dugc

s

f(x) =csinx, Vx e R, c=f <E>

(x) (cosycosz —sinysinz) + [f(y) cosz + f(z) cosy] cos x.

1)

()

3)

(4)

(5)

va cling dugc két qua tuong tu. Tix 16i gidi bang phuong phap thém bién nhu trén ta suy ra

mot 16 gidi khdc, rt ngan gon nhu sau: Trong (1) ldy y = %T, ta duoc

f<x+g> :f<g> cosx, Vx € R.
bat x + g = t, thay vao (6) ta duoc
flt)=f (g) Cos <t — g) =f (g) sint, Vt € R

va ciing dugc két qua tuong tu.

(6)
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Bai toan 12 (Chon doi tuyén An Do ndm 2004).
Tim tAt cd cicham s6 f : R — R thoa man diéu kién

f(x+y)=f(x)f(y)—csinxsiny, Vx,y € R, (1)

trong d6 c 1a hang s6 16n hon 1.
Giai. Bang cach thém bien méi z ta c6

fx+y+z)=/f(x)f(y+2z)—csinxsin(y +z)
=f(x)[f(y) f(z) — csinysinz] — c¢sinx (siny cos z + cos y sin z)
=f(x)f(y) f(z) —cf (x)sinysinz — csin x siny cos z — ¢ sin x cos y sin z.

Tuong tu, ta co

fy+x+z)
=f(x)f(y)f(z) —cf (y)sinxsinz — csinysin x cos z — ¢ siny cos x sin z.

Maf(x+y+z)=f(y+x+z)nén
cf (x)sinysinz + csinxsiny cosz + csinx cosy sinz
=cf (y)sinxsinz + c¢sinysin x cos z + ¢ sin y cos x sin z.
Suy ra: sinz [f (x)siny — f (y) sinx| = sinz (siny cos x — cosy sin x).
A 7T A
The z = —, ta nhan duoc:

2
f(x)siny — f (y) sinx = siny cos x — cosy sin x. ()
Trong (2) 1y x = 7, ta dugc: f (1) siny = —siny. 3)
Trong (3), lay y = g, ta duoc: f (1) \/TE = _\/TQ & f(m) =-1.

Trong (1), lay x =y = g, ta duoc:

0= (3) s £ (D)=t () - 2T
Trong (1), ldy y = 7, ta dugc

flx+m)=f(x)f(n)=f(x+m)=—f(x) (4)
Tir (4) va (1) ta co

fE=fatm=f(x+5+7)
(4 (D) in(e+
:f<x—i—g>f<g> —CCosx = [f(x)f(%) —csinx]f(%) — CCOS X.

Suy ra

f(x) [fz (g) +1] =cf (g) sinx + ccos x
=cf (x) =cf (%T) sinx+ccosx = f (x) = f <g> sinx + cos x
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=f(x) = £Vc—1sinx + cosx.
Sau khi thtr lai, ta két luan: C6 hai ham s6 théa man cac yéu cau dé bai la
f(x) =+vc—1sinx+cosx, Vx,y € R; f(x) =—+vc—1sinx+cosx, Vx,y € R.

Luu y. Néu hai vé ctia phuong trinh ham déi xing gitra cac bién thi bang cach tang s6 bién,
ching ta c6 thé sit dung dugce tinh déi xing.

Bai todn 13. Tim tit cd cic ham f : R — R théa man £(0) # 0 va

flx+y)f(x—y) = fA(x) —sin’y, Vx,y € R. ©)

Giai. Trong (1) cho x = y ta dugc
f(2x)f(0) = f*(x) —sin’x, Vx € R. 2)
batb = f(0) # 0. Tir (1) va (2) suy ra

flx+y)f(x —y) = f(22)f(0) + sin*x — siny
= bf(2x) 4+ sin(x + y) sin(x —y), Vx,y € R. 3)
Datu = x+y, v = x — y, thay vao (3) ta dugc

f(u)f(v) =bf(u+v)+sinusino, Yu,v € R
<bf(u+0) = f(u)f(v) —sinusino, Yu,v € R. 4)

Véimoi u, v, w € R, sit dung (4) ta duoc

bf(u+v+w) = f(u+v)f(w)—sin(u +v) sinw
:1 [f(u)f(v) —sinusinv] f(w) — (sinu cosv + cos usinv) sinw

b

:%f(u)f(v)f(w) - %f(w) sinu sinv — sin 1 cos v sinw — cos u sin v sin w.

Mat khac
bf(u+v+w)=f(u)f(v+w)—sinusin(v + w)
:% [f(v)f(w) —sinvsinw] f(u) — (sinv cosw + cos vsinw) sin u
:%f(u)f(v)f(w) - %f(u) sin v sin w — sin 1 sin v cos w — sin # cos v sin w.
Suy ra

1 . . . .
Ef(w) sinu sinv + cos u sin v sin w

1
:Ef(u) sinvsinw + sinusinvcosw, Yu,v,w € R. (5)
. T
Tir (5) chov = > ta duoc

1 1
Ef(w) sinu + cosusinw = Ef(u)sinw—i—sinucosw, Yu,w € R
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& Bf(w) — cosw] sinu = [%f(u) — cos u} sinw, Yu,w € R. (6)

Trong (6) cho u = % ta dugc

1 1.y .
Ef(w) —cosw = Ef (E) sinw, Yw € R.
Vay ham f c¢6 dang f(x) = bcosx + csinx, Vx € R. Thay vao (1) ta duoc
[beos(x +y) + csin(x + y)] [bcos(x — y) + csin(x — y)]

=(bcos x + csin x)2 —sin®y, Vx,y € R, (7)

Trong (7) chox = 0,y = %T ta dugc —c?> = > —1 & b? +¢?> = 1. Thi lai thay ham sb

f(x) =bcosx+csinx, Vx € R, voib, ¢ la cac héng s6, b # 0va b? + c? = 1 thda man cac yéu
cau dé bai.
D. PHUONG PHAP THEM BIEN TRONG LOP HAM DON DIEU

Bai toan 14 (Dé thi Olympic 30/04/2011).
Hay tim tAt cA cdc ham s6 f : [1; +o0) — [1; +0o0) thoa man diéu kién

f(xf(y) =yf(x), Vx,y € [1;+o0). (1)

Giai. Gia st f 1a ham s6 thda man cac yéu cau dé bai. Ta thém bién mdi z > 1 nhu sau: Vi
moi x, y, z thudc [1; +00), st dung (1) ta ¢ f (xyf(z)) = zf(xy), mat khac

f(xyf(2)) = f(xf (zf(y))) = 2f () f ().
Do do
zf(xy) = zf(Y)f(x), Vx,y,z € [1; +00).
Tir day cho z = 1 ta duoc
flxy) = f(x)f(y), Vx,y € [1; +o0). ey

Trong (2) cho x = y = 1 ta duoc f(1) = (1) do J‘:(;)Zl

fFUW) =y, Yy € [1;+00). 3)
Vi f: [1;+00) — [1;+00) nénnéu f(y) = 1 thi
y=fUW) =) =1=y=1

Suyra f(y) > 1véimoiy > 1. Cho x > y > 1 thi tir (2) ta dugc

f(1) = 1. Trong (1) cho x = 1 dugc

£ = £ (5) " = )£ (3) > 5w,

suy ra ham f dong bién trén [1; +o0). Ta sé chirng minh

f(x) =x,Vx € [1;,+00).
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Gia st ¢6 xg € [1; +0) sao cho f(xg) # xo. Néu f(xg) > xo thi

f(f(x0)) > f(x0) = x0 > f(x0), mau thuan véi f(xp) > xo.
Néu f(x9) < xo thi

F(f(x0)) < f(x0) = x0 < f(x0), mau thudn véi f(xp) < xo.

Vay f(x) = x,Vx € [1;+00). Thit lai thay théa man.

Chu ¥ 4. Chéc han ban doc da va sé nhan ra su tuong tu trong mot s6 bai toan ma ta da trai
qua va sé dé cap tiep trong chuyén dé nay.

& DPbivéibaitoan 1 & trang 1: v4i phuong trinh ham
fUfx)+y) =x+f(y), Vx,y €Q

ta thdy rang vdi "phép toan cong" nay thi thém bién bang cach thay x bdi x + f(z); thay
xbdi f(x) + z.

@ Dbi voi bai toan 14 & trang 11: v6i phuong trinh ham
fxf(y) = yf(x), vy € [1;+o0)
ta thy rang vdi "phép toan nhan" nay thi thém bién bang cach thay y bdi yf(z); thay y
bdizf(y).
@ Ban doc hay lién hé hai bai toan néi trén véi cac bai toan 18, 19, 25 trong chuyén dé nay.

Bai todn 15 (D& nghi IMO 2005). Tim tat ca cac ham s6 f : (0; +00) — (0;+o0) thda man

diéu kién
f(x)f(y) =2f (x+yf(x)), Vx,y > 0. 1)

Giai. Gia st ham f théa man cac yéu cau dé bai. Ta sé thém bién méi z > 0 nhu sau: Voi moi
so duong x, y, z, st dung (1) nhieu lan ta duogc

F)fW)f(2) =2f(2)f (x +yf(x)) =4f (2 + (x +yf (%)) f(2))

=4f (z+ xf(2) + yf(2)f(x))
=4f (z+xf(2) +2yf(z + xf(2))

=2f (z+xf(2)) f(2y) = f(2)f(x)f(2y)- ©)
Do f(x) >0, f(z) > 0 nén tir (2) thu dugc
fly) = f(2y), ¥y > 0. 3)

Néu ton tai hai s6 duong x1, x2 sao cho x; > x, ma f(x1) < f(x7) thi ta xét s6 duwong
. X1 — X2
7 )~ fa)
Khi do
yf(x2) —yf(x1) =x1 —x2 = yf(x2) + x2 =yf(x1) + 11
S f (x4 yf(x2) = £ (+yf () “S ) f(y) = f(n) fW).
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Do f(y) > Onénsuyra f(xy) = f(x1), dén day ta gdgp mau thudn. Do d6 véi moi s6 duong x1,

X7 sa0 cho x1 > x; ta ludn ¢6 f(x1) > f(x2), két hop véi (3) ta sé chiing minh f 1a ham hang.

Gia st x1, x 1a hai phan tir bat ki ctia khoang (0; +o0) va x; < xp. Do lim 2"x; = 400 nén
n

— 400
ton tai s6 tu nhién n dd 16n sao cho 2"x; > x;. Vi thé, do (3) va do f la ham tang trén khoang
(0; +00) nén f 1a ham hang trén doan [x1;2"x1], lai do xo € [x1;2"x1] nén f(x1) = f(x2), suy
rasuy ra f la ham hang trén khoang (0; —|—oo) f(y) C,Vy > 0. Thay vao (1) dugc C = 2. Vay
c6 duy nhat mot ham s6 thda man cac yéu cau dé bai la

f(x) =2,Vx > 0.
Bai todn 16. Tim tit cA cic ham don diéu f : (0; +o0) — R thda man:
2020 1 2020 1
flx+y)=x7f 20 ) TY f 42019 , Vx,y > 0. 1)

Giai. Gia st ton tai ham sb f théa man cac yéu cau dé bai. Trong (1) cho y = x, ta dugc:

f(2x) = 2x20%0f < 23)19> , Vx > 0. ()

Do (2) nén (1) viét lai: f(x +y) = f(2x) ;—f(Zy)’ Vx,y > 0. 3)

Tix (2) cho x = 1, ta dugc: f(2) = 2f(1). Phuong trinh ham (3) 1a d6i xing, tir (3) ta sé tao ra
nhitng phuong trinh ham khong déi xiing bang cach thém bién z nhu sau:

f(4x) + f(4y)
dof@x+2)+f02) _— 5 %)
fe+y+2) 5 > = >
INBESTIES TR “
Tir (4) d6i chd y va z, ta duoc:
f(x—l—y~|—z):f(4x)+f(iz)+2f(2y),Vx,y,z>O. (5)
Tix (4) va (5) suy ra:
) (4y) +202) _ 080+ £) 12102
o f(ay) +27(22) = f(42) + 20 (2), Yy, > 0
<f(2y) +2f(2) = f(22) +2f(y), Yy, z > 0. 6)
Tir (6) chon z = 1, ta duoc: f(2y) = 2f(y), Vy > 0. )
T (7) va (3), taco: f(x +y) = f(x) + f(y), Vx,y > 0. (8)

Do ham sb f don diéu nén tir (8) ta dugc: f(x) = ax, Vx > 0. Thit lai, ta thay:

f(x) = ax, ¥x > 0 (ala hang s6).

MUC LUC



14 | Nguyén Tai Chung - GV THPT Chuyén Hung Vuong Gia Lai

Bai todn 17. Tim tat cd cic ham s6 f : R — R thoa man

fly) =f(x)f(y) — f(x+y)+1, Vx,y €R.

Giai. Tur (1) cho x = y = 0 ta dugc
2(0) —=2f(0) +1=0< [f(0) —1]* =0 < f(0) = 1.
Ta thém bién méi z nhu sau: Véi moi sb thuc x, y, z ta ¢6

flayz) = f(x)f(yz) = f(x +yz) +1
=) fW)f(2) = fly+2) +1] = flx+yz) +1
= f)fW)f(2) = f)f(y+2) + f(x) = flx+yz) +1.

Mat khac

fxyz) = f(2)f(xy) — f(z+xy) +1
=f@)f)f(y) — flx+y)+1] = f(z+xy) +1
=f()fW)f(z) = f)f(x+y) + f(z) = f(z+xy) + 1.

Tix (2) va (3) suy ra vi moi sb thuec x, v,z ta co

fOfy+2) = fx) + flx+yz) = fF(2) f(x +y) = f(2) + fz + xy).

T (1) chox =1vay = —1 duogc

® Truong hop f(—1) =0. Tu (4) choz = —1vax =1 dugc

fOfy=1)-f)+fl-y)=fly—-1), Wy eR
Tt (5) cho y = 2 duoc

1)

()

3)

(4)

(5)

e Xét f(1) = 0.Khi d6 (5) trd thanh f(1 —y) = f(y — 1), Yy € R. Tir day thay y bdi

y + 1 ta dugc
f=y) =fy), vy e R.
Tir (1) thay y boi —y va st dung (6) duogc

flxy) =f(x)f(y) — f(x—y)+1, Vx,y e R

(6)

(7)

T (7)va (1) suyra f(x +y) = f(x —y), Vx,y € R. Tu day cho x = y valuu y
f(0) =1 dugc f(2x) = 1, Vx € R, tir day lay x = 0,5 dugc f(1) = 1, mau thudn
voi f(1) = 0.
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o Xét f(1) = 2. Khi d6 (5) tré thanh

2f(y—1) -2+ f(1-y)=f(y—1), WWeR
efly—-1)=2-f(1-y), WWeR. (8)

Tir (8) thay y boi y + 1 dugc

fly)=2—f(-y), vy €R
©1-fy)=-1-f(-y)], WweR ©)

bat 1 — f(x) = g(x). Tir (9) suy ra ham s6 ¢ théa man g(—x) = —g(x), Vx € R va
(1) trd thanh

IL—glxy)=[1-gx)]1-gW)]-1+gx+y)+1, Vx,y € R
eg(xy) = g(x) +gv) —g(x)g(y) —g(x+y), Vx,y € R (10)

Tir (10) thay y boi —y dugc

—g(xy) = g(x) —g(y) +g(x)g(y) —g(x —y), Vx,y € R, (11)
Cong (10) va (11) ta dugc
glx+y)+gx—y)=28(x), Vx,y € R. (12)

Tir (12) cho y = x duge g(2x) = 2¢(x), Vx € R (do g(0) = 0), (12) trd thanh

gx+y) +g(x—y)=g(2x), Vx,y € R. (13)

u-+ov u—ov
:x’ 2

Vé&i moi s6 thue u va v, dat = . Khi d6 theo (13) ta duoc

g(u)+g(v)=gu+0), Vu,v € R
eg(x+y)=gx)+gy) Vx,y € R. (14)

Tir (10) va (14) suy ra
glxy) = —g(x)g(y), Vxy € R. (15)
Tix (14), tién hanh tuong ty nhu & 10i giai bai toan 4 & trang 3 ta chiing minh duoc:

g(rx) =rg(x), Vx € R, r € Q. (16)

Tix (15) cho y = x ta dugc g(x?) = —[g(x)]?, Vx € R.Suy ra f(x) <0, Vx > 0. T
(15) va (16) ta duoc

rg(x) = g(rx) = —g(r)g(x), Vx e R, r € Q. (17)

Dé thiy g¢(x) = 0 thoa man (10). Xét g(x) # 0. Khi d6 ton tai xg € R sao cho
2(xp) # 0. Tir (17) cho x = xo, ta dugc

g(r)=—r, Vr e Q. (18)

Tiép theo ta chiing minh ¢ 1a ham nghich bién. Gid stt x < y. Khidéy — x > 0, suy
ra g(y — x) < 0.Su dung (14) ta dugc

g) =8((y—x)+x) =gy —x)+g(x) <glx) = g(x) > g(y).
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Vay ham g nghich bién trén R. V&i x € R tly ¥, ta chon hai day s6 hitu ti {u,} 7,
{04} sao cho

U, <x<v,,Vvn=1,2,...; lim u,= lim v, = x.
n——+oo n—r—+00

Vi ¢ 1a ham gidm nén két hop véi (18) ta c6
§(un) = g(x) = g(vn) = —un 2 g(x) = —va(Vn =1,2,...).
Cho 1 — +oco trong bat dang thiic trén ta dugc:
—x>g(x) > —x=g(x) = —x.

Do dé: f(x) =1+ x.

~—_ =

& Truong hop f(1

fx)f
<f0)f

T (19) lay y = —1 duoc f(1 —x) =1, Vx € Rhay f(x) =1, Vx € R. Sau khi thtr lai ta
két luan: Cac ham s6 thoa man cac yéu cau dé bai la

flx)=1, f(x) =x+1.

=1.Tu (4) choz =1 duagc

y+1)—fx)+fx+y) = flx+y) -1+ f(1+xy), Vx,y € R
y+1)—f(x) =—-14+f(1+xy), Vx,y € R (19)

I~ I/~

Luu y. Néu dat f(x) — 1 = g(x) thi ta thu dugc

T+g(xy) =1+gx)]1+gy)]-1-gx+y)+1 Vx,y €R
eg(xy) =g(x) +g(y) +8(x)gly) —g(x +y), Vx,y € R. (10)

Ciang tuong tu nhu trén ta chirng minh duoc

{ g(x+y)=g(x)+8(y), Vx,y €R
glxy) = g(x)8(y), Vx,y € R.

Tir day, sit dung bai toan 9 d trang 6 ta duoc g(x) = 0va g(x) = x.

E. PHUONG PHAP THEM BIEN TRONG LGP HAM LIEN TUC

Trong muc nay chung ta sé xem xét mot s6 phu(dng trinh ham c6 gia thiét ham s6 lién tuc,
dugc giai bang phuong phéap thém bién. Luu y rang két qua bai toan 4 & trang 3 tiép tuc dugc
str dung nhiéu.

Bai todn 18. Tim tit cd cicham sb f : R — R, lién tuc trén R va théa man diéu kién

fx+fy) =2+ f(x), Vx,y € R. 1)
Giai. Gia st f 1a ham sb thda man cac yéu cau dé bai. Ta thém bién mdi z nhu sau: V6i moi x,
y, z thudc R, sit dung (1) ta dugc

fx+y+f(z)=2z+ f(x+y), Vx,y,z € R. (2)
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Mt khéac cling véi moi s6 thuc x, v, z thi

flaty+f@) =f(x+f(z+f(3))) =2[z+f (3)] +f ). ©)
T (2) va (3) suy ra

224+ f(x+y) =2 [z-i—f (%)] + f(x), ¥x,y,z € R

Sf(x+y) = f(x)+2f (%), Vx,y € R. 4)

Tir (4) cho x = y = 0 ta duge f(0) = 0. Tir (4) cho x = 0 va st dung f(0) = 0 ta dugc
fly) =2f (% , Yy € R. Vay (4) tr& thanh

flx+y)=f(x)+f(y), Vx,y € R. (5)

Tix (5), stt dung két qua bai toan 4 & trang 3 ta dugc f(x) = ax,Vx € R, v6i a 1a hang sb thuec.
Thay vao (1) ta duoc
a(x+ay) =2y+ax, Vx,y € R. (6)

Tir (6) chox =y = 1tadugca(l+a) =2 +a < a?> =2 < a = ++/2. Vay
f(x) =v2x, Vx € R; f(x) = —V2x, Vx € R.

Tht lai thay hai ham sb nay théa man cac yéu cau bai toan.
Bai toan 19 (D& nghi thi Olympic 30/04/2004).

Tim tAt ca cac ham lién tuc f : R — R théa man

f(xf(y) =yf(x),Vx,y € R. (1)

Giai. Gia st f la ham s6 thda man cac yéu cau dé bai. Trong (1) iy x = y = 0 ta duge £(0) = 0.
Ta thém bién mdi z nhu sau: V6i moi x, y, z thudc R, sit dung (1) ta c6 f (xyf(z)) = zf (xy),

mat khac
fxyf(2)) = f(xf (2f(y)) = 2f(y) f(x).
Do dé zf(xy) = zf(y)f(x), ¥x,y,z € R. Tir day cho z = 1 ta dugc
flxy) = f(x)f(y), Yoy € R. 2)

Tix (2) lay y = 1 dugc
f)[1=f(1)] =0, Vx e R. (3)

Néu f(1) # 1 thi tir 3) suy ra f(x) = 0, Vx € R. Thit lai thdy ham f(x) = 0 théa man yéu
cau dé bai. Tiép theo xét f(1) = 1. Tir (1) cho x = 1 dugc

f(fy) =y Yy eR

Tir day dé dang suy ra f 1a don anh, két hgp gia thiét f lién tuc suy ra f don diéu thuc sy. Tir
f(0) =0 < 1= f(1) suy ra f la ham tang thuc sy. Néu f(y) < y thi do f ting thuc sy nén

fFUW) <fly) =y <fy)
mau thudn. Néu f(y) > ythiy = f (f(y)) > f(y), mau thudn. Vay
fy) =y vy eR.
Thi lai thdy thoéa man. Ta két luan: c6 hai ham s6 théa man dé bai la

f(x)=0,Yx e Rva f(x) =x,Vx € R.
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Bai todn 20. Tim cac ham f,¢ : R — R thoa man diéu kién: ¢ 1a ham lién tuc trén R, ham f
don diéu thuc su trén R va

flx+y) = f(x)gy) + f(y), Vx,y € R 1)

Giai. Gia stt hai ham f va ¢ thoa man cac yéu cau dé bai. Ta sé thém bién méi z nhu sau: Véi
moi x, y, z, st dung (1) ta duogc

flx+y+z)=flx+y)g(z) + f(z) = [f(x)g(y) + fW)] g(z) + f(2)

= f(0)8(y)g(z) + f(y)g(2) + f(2). ©)
Mat khéc cting theo (1) ta ¢
flx+y+z)=f)gly+2z)+ fly+z) = f(x)g(y +2) + fy)g(z) + f(2)- 3)

Tir (2) va (3) suy ra voi moi s6 thuc x, v,z ta c6

f(x)g(W)g(z) + f(v)g(z) + f(z) = f(x)g(y +2) + f(y)g(z) + f(2).

Hay
f(x)g(y)g(z) = f(x)g(y +2), ¥x,y,z € R. )
Dé thay f(x) # 0, tirc 1a ton tai xg € R sao cho f(xg) # 0. Tir (4) lay x = x ta dugc
8y +2) =g(y)g(2), Y,z e R. ®)

Tix (5), stt dung két qua bai toan 5 & trang 4 ta dugc
¢(x) =0, g(x) = a* (a lahdng s6 duong).

& Néu g(x) =0, Vx € R thi tir (1) ta dugc f(x +y) = f(y), Vx,y € R. Tirday lay y = 1
suy ra f la ham hang, gdp mau thuan.

@ Néu g(x) = 1, Vx € R thi tir (1) ta duge
flx+y)=flx)+ fy), Vx,y € R. (6)
Do f don diéu thuc su nén ti (6), st dung bai todn 7 & trang 5 ta duoc
f(x) =kx, Vx € R (k la hang s6 khac 0).

& Néu g(x) = a*, Vx € R (v6ialahang sb,0 < a # 1). Thé vao (1) dugce

fx+y) = f(x)a’ + f(y), ¥x,y € R )
fly+x)=f(y)a + f(x), Vx,y € R. 8)

Tix (7) va (8) dan dén

f(x)a¥ + f(y) = f(y)a* + f(x), Vx,y € R
ef(x) e =1] = f(y) [¢" = 1], Vx,y € R. ©)

Tix (7) lay y = 0 duoc £(0) = 0. Tir (9) suy ra

flx) _ fly)
=T Vx #0,y #0.

a*—1 ay

1a ham hang, két hop véi f(0) = 0 ta dugc

vay 100

f(x) =b(a*—1), Vx € R (v6i b la hang s6 khac khong).
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Sau khi thit lai ta két luan: Cac cip ham f va ¢ théa man yéu cau deé bai la:

g(x) =1va f(x) = kx (klahangsd)
g(x)=a"vaf(x)=b(a*—1) (a,blahangsd0 <a #1,b #0).

Bai toan 21. Tim tt ca cdc ham sd lién tuc f, g,/ : R — R thda man

fx+y) —g(xy) = h(x) +h(y), Vx,y € R, (1)
Giai. Gia st (f, g, 1) 1a mot bo ba ham thda man céac yéu cau dé bai. Tir (1) cho y = 0 ta dugc
f(x) = h(x) +h(0) + g(0), Vx € R. Vi thé

(1) & h(x+y) +h(0) +g(0) — g(xy) = h(x) + h(y), Vx,y € R
s h(x+y) =h(x)+h(y)+k(xy), Vx,y € R, (2)

vdi k 1a ham s6: k(x) = ¢(x) — ¢(0) — h(0), Vx € R. St dung (2), ta thém bién mdéi z nhu sau:

W+ y+2) = hx+y) + h(z) + K(xz + y2)
= h(x) +h(y) + h(z) + k(xy) + k(yz + zx), Vx,y,z € R.

Tuong tu ta dugc:

hix+y+z)=h(x)+h(y)+h
=h(x)+h(y)+h

—

2) + k(yz2) + K(zx + xy)
z) + k(zx) + k(xy + yz).

~—~
~~
~—

Nhu vay, véi moi s6 thuc x, v,z ta co
K(xy) + k(yz + 2x) = k(yz) + K(zx + xy) = k(z) + k(xy + yz2). ©)

Gia st 4, b 1a hai sb thuc bat ki.

/ / [ab
& Truong hgpa >0vab > 0. Xétc > 0. Chon x = %,y: %,z: a?,thayvéo(3)

dugce
k(a)+k(b+c) =k(b) +k(c+a) =k(c)+k(a+b), Va,b,c > 0. 4)

Vi ¢ lién tuc trén R nén k lién tuc trén R, do do6 tir (4) cho ¢ — 07 ta dugc

k(a) +k(b) =k(a+b)+k(0), Va>0,b>0. (5)
. . , bc ca ab .
™ Truong hgpa <0vab < 0. Xétc > 0. Chon x = Y=\ EE thay vao (3)

duogc
k(a)+k(b+c) =k(b) +k(c+a) =k(c)+k(a+b), Va<0,b<0,c>0. (6)
Vi g lién tuc trén R nén k lién tuc trén R, do d6 tir (6) cho ¢ — 07 ta dugc

k(a) +k(b) = k(a+b) +k(0), Ya <0,b <0. )
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& Truong hgpa < 0vab > 0. Xétc < 0. Chon x = w/%,y: ,/%,z: \/a?b,thayvéo(3)

duoc

k(a)+k(b+c) =k(b)+k(c+a) =k(c)+k(a+b), Va<0,b>0,c<O0. 8)
Vi g lién tuc trén R nén k lién tuc trén IR, do do6 tur (8) choc — 0~ ta dugc

k(a) + k(b) =k(a+b)+k(0), Ya <0,b > 0. )

™ Truong hop a > 0va b < 0, tuong tu ta cing thu dugc
k(a) +k(b) =k(a+b) +k(0), Ya>0,b <0. (10)
& Néu it nhat mot trong hai s6 a, b bang 0 thi k(a) + k(b) = k(a + b) + k(0) cling dung.
Do d6 tix (5), (7), (9), (10) ta c6
k(a) +k(b) =k(a+0b)+k(0), Va,b € R. (11)
Xétham s t : R — R nhu sau: t(x) = k(x) — k(0), Vx € R. Tix (11) ta c6
tx+y) =t(x) +t(y), Vx,y € R. (12)
Do ham sb ¢ lién tuc nén tir (12), st dung két qua bai toan 4 & trang 3 ta thu dugc
t(x) = ax,Vx € R,

v6i a 1a hang sb thyc. Vi thé ham sb k ¢6 dang k(x) = ax + b, Vx € R, suy ra ham g c6 dang
g(x) = ax 4+ a, Vx € R. Thay vao (2) ta dugc

h(x+y) =h(x)+h(y) +axy +a, Vx,y € R

Shix+y) — g(x +y)? = [h(x) — gxz] + [h(y) — gyz} +a=0, Vx,y €R

2=—mx+n, Vx € R.

=h(x) — gx
Vay ham s6 h c6 dang h(x) = ;xz + mx +n, Vx € R. Tom lai:
X+ mx + m.

flx) = =x*+mx+p,g(x) =ax +b,h(x) =

Thay vao (1) ta duoc

NI
NI S

a
g(x+y)2+m(x+y) +p—axy—b= gx2+mx+n+§y2+my+n,Vx,y €R,
hay p — b = 2n. Vay cac ham s6 thda man yéu cau dé bai la

X szz—l—mx—l-b-i—Zn, x)=ax+b, h(x) = =x*+ mx +n.
5 8

N

Luu y. Trong mét s6 truong hop, phép thé

(cyz) = (\/%; \/%; \/?)

lam cho phuong trinh ham trd nén don gidn hon, quen thudc hon. Phép thé nay va phuong
phép thém bién da dugc thyc hién & bai toan ?? & trang ??.
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Bai todn 22. Tim tat ca cdc ham s lién tuc f : R — R thoéa man

flaty)+ fly) = f(0) + f(y) + flay +1), Vx,y € R, @

Giai. Gia str ham s6 f thoa man cac yéu cau dé bai. Xét ham s6 ¢ nhu sau:
g(x)=f(x+1)— f(x), Vx e R.
Khi do6 g lién tuc trén R va (1) trd thanh:

flx+y) = f(x)+ f(y) +g(xy), ¥x,y € R. 2)

Str dung (2), ta thém bién méi z tuong ty nhu bai toan 21, thu dugc két qua: Ham ¢ c6 dang
¢(x) =2ax + b, Vx € R. Thay vao (2) ta dugc

fix+vy)=f(x)+ f(y) +2axy +b, Vx,y € R

Sflx+y) —alx+y)?= [h(x) —axz} + [h(y) —ayz] +b=0,Vx,y € R

2—mx+n, VxR

=f(x) —ax
Thay f(x) = ax? + mx +n, Vx € R vao (1) ta dugc

a(x +y)? +m(x+y) +n+ax’y* + mxy +n
—ax®> +mx +n+ay? +my+n+a(xy+1)2+m(xy+1) +n, Vx,y € R.

Rat gon ta dugca +m +n =0 < n = —a — m. Vay ham sb théa man yéu cau dé bai c6 dang
f(x) = ax® + mx —a—m, Vx € R, v6i a, m 1a nhiing hang s tuy y.

F. BAI TAP
1. Bé bai
Bai todn 23. Tim tit cd ham s6 f: (0;+00) — (0; +00) thda man

f<x;y> RICIES T S

Bai toan 24 (Dé& nghi thi Olympic 30/04/2009).
Cho ham s6 f lién tuc trén R va théa man

f(xX)f(y) — f(x+y) =sinxsiny, Vx,y € R.
1 1 1

Chung minh rang T+ f(20) + 1+ f(4x) + 1— f(6x) > 2.

Bai toan 25 (Gap g8 Toan hoc 2019).
Tim tat cd cicham s6 f : RT — R™ théa man

fx+f(y) =2y + f(x),Vx,y € R™.
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Bai todn 26. Tim tit cd cic ham f : R — R thoa man

f(f(x+y)) =fx+y)+ f(x)f(y) —xy,Vx,y € R.

Chu y 5. B6i véi nhiing phuong trinh ham ma c6 gia thiét f : R — R" thi phuong phap
thém bién to ra rat htru hiéu, loat bai todn sau day thé hién diéu dé.

Bai todn 27. Tim tit cd cic ham s6 f : Rt — R thoa man

f2x+2f(y)) = x+ f(x) +2y, Vx,y > 0.

Bai todn 28. Tim tit cd cic ham s6 f : Rt — R théa man
fx+f(y)) = f(x) —x+ flx+y), Y2,y > 0.

Bai toan 29 (Chon ddi tuyén Ha Nam 2019).
Tim tht cd cicham s6 f : R™ — R™ thoa man

fw)f (}Lf G)) —14+1©), Vx,y > 0.

X

Bai todn 30 (Romania 2014). Tim tit cA cic ham s6 f : RT™ — R™ thda man

flx+3f(y)) = f(x) + f(y) +2y,¥x,y € R,
Bai todn 31 (TST 2020 Dai hoc Vinh ngay 2).
Tim tAt cd cicham s6 f : (0; +00) — (0; +00) thoa man

f(f(xy) +2xy) = 3xf(y) +3yf(x), Yx,y € (0;+0c0).
Bai toan 32 (D& thi Olympic Ao nam 2018, vong chung két, phan 2, ngay 1).
Tim tt cd cac s6 thuc a # 0 sao cho ton tai ham s6 f : (0; +o0) — (0; +00) théa man
1
f(f(x)+y) =ax+ N Vx,y € (0;+00).
)

Bai todn 33 (IMO Shortlist 2007). Tim tat cd cic ham s6 f : (0; +o0) — (0; +o0) théa man:

fx+fy)=flx+y)+ f(y), Vx,y € (0;+c0).

Bai todn 34. Tim tit cA ham s6 f: (0;+o0) — (0; +00) thda man

flx+flx+y)=f2x)+ f(y), Vxy>D0.
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Bai todn 35. Tim tit cd cic ham s f : (0; +-00) — (0; +-00) thda man

flx+y)? = f(x)* +2f (xy) + f(y)?, Vx,y € (0 +00).

Bai todn 36. Tim tit cd cicham sb f : RT™ — R thda man

f(x—y) = flxf(x)) = f(xf(y)), Yx>y>0.

Bai todn 37. Tim tit cd cic ham s f : (0; +-00) — (0; +-00) thda man

f(xf() fy) = f(x+y), ¥,y € (0;+00).

Bai toan 38 (Turkish TST 2014). Tim tat cd cdc ham s f: R — R thda man

f (f(}/) —|—x2+1> +2x =y+ f2(x+1),Vx,y € R.

Bai toan 39. Tim cichamsé f : R — R, ¢: R — R théa man
fO+2y) + fx+y) = g(x+2y), Vx,y € R.

Bai todn 40 (Dé nghi thi IMO-2011).
Tim tAt cd cicham s6 f, ¢ : R — R thoéa man

g (flx+y)) = f(x) + (2x+y)g(y), Yx,y € R.
Bai toan 41 (APMO 2016, problem 5).
Tim tAt cd cicham s6 f : RT™ — R théa man

(z+1)f(x+y) = f(xf(z) +y) + f(yf(2) + x), Vx,y,z € RT.

Bai todn 42. Tim tit ca cdc ham s6 f : (1; +00) — R thda man

fx)—fy) =y —x)flxy), Vx> 1Ly > 1.

Bai todn 43. Tim tt cd cdc ham s lién tuc f : R — R thoéa man

fx+y)+flxy) +1=fx) + f(y) + flxy +1), Vx,y €R.

Bai todn 44 (Trudng Dong toan hoc - Trung Trung Bo (Da Nadng)-Nam hoc 2017-2018).
Cho f 1a ham s6 xac dinh trén tap cac s6 thuc va nhan gia tri trén tap cac s6 thuc théa man
diéu kién
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(i) Néua+b+c>0thif (a®) + f (b3) + f (¢®) > 3f (abc).

(i) Neua+b+c <0thif (a®) + f (b°) + f (c*) < 3f (abc).
Ching minh rang

(a) Néu f (0) = 0 thi f 1a ham 1¢;

(b) flaham tang;

© f(x)+f(y) =2f <x—£y) v4i moi x, y thuodc R.

Tir d6 hay tim tat ca cdc ham f (x) théa man diéu kién dé bai.

Bai todn 45. Tim tit cd cic ham s6 f : R — R thoa man

flx+f(y) = f(y*+3) +2xf(y) + f(x) =3, Vx,y € R.

Bai todn 46. Tim tat cd cicham s6 f : R — R théa man

x+y\ _ f(x)+fy)
f(x—y) o —fly) Y

2. Loi gidi, huéng dan
Bai toan 23. Gia st ton tai ham s6 f: (0; +o0) — (0; +o0) théa man

f<x42ry) _ f(x);rf(l/), Vx,y > 0. (1)

VGimoix >0,y >0,z >0, theo (1) taco

f(x+y+z>:f<x>+f<y+z>:f<x>+ 2
2 2 2
2f(x) + f(2y) + £(22)

= ; . @

Tix (2), ta ddo vi tri ctia x va y thi vé trai khong d6i, trong khi d6 vé phai thay d6i, nén ta thu
duoe 2f(x) + f(2y) = 2f(y) + f(2x), hay

f(2x) =2f(x) = f(2y) = 2f(y), Vx,y >0

Suy ra, ton tai hang s6 ¢ sao cho f(2x) — 2f(x) = ¢ v6i moi x > 0. Tir d6, phuong trinh ham
(1) da cho c6 thé dugc viét lai thanh

flx+y)=fx)+f(y)+c, Vx,y>0

hay
fx+y)+c]=[f(x) +c]+ [f(y)+c], Vxy>0.
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Dat g(x) = f(x) + c thi ta c6 g cong tinh. Tir d6, bang quy nap, ta chitng minh dugc
g(nx) =ng(x), Vx>0
v6i moi n nguyén duong. Do g(nx) = f(nx) +c¢ > cnén

g(x)>%, Vx>0, n=1,2,... 3)

Tix (3) cho n — o0, ta duge g(x) > 0 véi moi x > 0. Pén day, tuong tu nhu bai toan 8 (&
trang 5), ta thu dugc két qua g(x) = kx vdi moi x > 0 (k 1a hang s6 khong am). Suy ra
f(x) =kx—¢, Vx> 0. 4)

Do f(x) > 0 véi moi x nén tir (4) suy ra ¢ < 0 va k, ¢ khong cting bang 0. Sau khi tht lai, ta
két luan: ham s6 théa man céc yéu cau dé bai la

f(x) =kx—c, Vx>0,
v6i k 1a hang s6 khong am, ¢ 1a hang s6 khong duong, k va ¢ khong cting bang 0.
Chu y 6.
(D Ban doc hay so sanh, lién hé bai toan 23 nay véi bai toan ?? G trang ??.

(2) Loi gii bai toan 23 clng rat dién hinh, co ban, duoc lap lai nhiéu lan trong cudn sach
nay. Chang han nhu viéc ching minh

g(x) >0, Vx € (0;+00)
la tuong ty nhu viéc chung minh (6) trong 16i giai ctia bai toan 31 & trang 22.

(@ Ky thuat thém bién & bai toan 23 nay la tuong ty nhu ky thuat thém bién § bai toan 16 &
trang 13.

(@) Tirbai toan 23 nay, ta thu dugc két qua (két qua nay dugc xem nhu mot dang ctia phuong
trinh ham Jensen, ciing hay dugc st dung trong giai toan phuong trinh ham) sau: Néu
ham s6 f : (A; +00) — (0; +00) théa man

f(x+y> ORI

5 5 , Vx,y € (A;+)

thi f(x) =ax+b, Vx € (A;—i—oo),vc’ﬁavébléhéngsé,a >0,aA+b>0,a+b+aA > 0.
That vay, dat g(x) = f(x + A). Khido g : (0; +00) — (0; +00) va

() s en) s (25
fx+A)+fly+A)

_8(x) +8() .
=S Vx,y € (0;+00).

Vay ap dung bai toan 23 ta duoc
flx+A)=ax+c, Vx € (0;+0c0) (véia>0,c >0,a+c>0)
Tir day thay x bdi x — A ta duoc
f(x) =ax+c—aA, Vx € (A;+).
Patb=c—aA, khidéaA+b>0,a+b+aA > 0vatacodiéu phai ching minh.
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Bai toan 24. Gia si ton tai ham s6 f lién tuc trén R va thda man

f(xX)f(ly) — f(x+y) =sinxsiny, Vx,y € R.

1)

Tacé (1) & f(x+vy) = f(x)f(y) —sinxsiny, Vx,y € R. Tién hanh tuong ty nhu bai toan 12

0 trang 9 ta thu dugc
sinz [f (x)siny — f (y) sinx] = sinz (sinycosx —cosysinx), Vx,y,z € R
Thé z = g, ta nhan duoc

f(x)siny — f (y)sinx = siny cos x — cosysinx, Vx,y € R
< [f(x) —cosx]siny = [f(y) — cosy]sinx, Vx,y € R.

Trong (2) choy = g ta duoc f(x) —cosx = f <§) sinx, Vx € R. Vay f(x) c6 dang

f(x) =cosx+asinx, Vx € R (V(’xi a= f(§)> .
Thay vao (1) ta duoc:

cos(x +y) + asin(x + y)
= (cosx +asinx) (cosy +asiny) —sinxsiny, Vx,y € R.

Te(3)chox =y = %, ta duoc

a= <\/———|—£ ) <£+£a>_1@61:1(&4_1)2_%@&:0.

2 2 2 2 2

Vay f(x) = cosx, Vx € R, thit lai thay thda man (1). Ta c6
1+ cos2x+1+cosdx +1— cosb6x = 3 + cosdx + cos2x — cos 6x

=4 — 2sin?2x + 2 sin4x sin 2x

I 1(sin4x — 2sin2x)* — %Coszél g

2 2
Vi vay
(N SRR SR S S
1+ f(2x) 1+ f(4x) 1—f(6x) 1+cos2x 1+cos4x 1— cosbx
0 >2 o
T34 cos2x +cosdx —cosbx — 9
2

DA&u bang xay ra khi va chi khi

1+ cos2x =1+ cosdx =1 — cosb6x cos2x = cosdx = — cos b6x
sindx = 2sin2x = sindx = 2sin2x
cosdx =0 cos4dx = 0.

Dé thay hé nay vo nghiém, do d6 dau bang khong xay ra dugc, tir d6 suy ra
1 n 1 N 1
14+ f(2x) 1+ f(4x) 11— f(6x)

Luu y. Gia thiét ham s6 f lién tuc trong bai todn nay la khong can thiét.

> 2.

()

3)
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Bai toan 25. Gia st ton tai ham s6 f : Rt — R™ thoéa man
flx+f(y)) =2y + f(x),¥x,y € RT. (1)
Giastucoa > 0vab > 0saocho f(a) = f(b), khi do

20+ f(x) 2 f (x+ f(a) = f (x+ F(8)) D2b+ f(x) = a =b.

Vay f 1a don anh. Ta sé thém bién z > 0 nhu sau: tir (1) ta c6

flx+fy+z2)) =2(y+z)+ f(x)
=2y + f(x)] +2z

=fx+f(y)) +22
= flx+fly) +f(2), 2)
v6i moi s6 duong x,y,z. Ma f la don anh nén tir (2) suy ra
flz+y) = f(2) + f(y),Vz,y > 0. 3)

Tir (3), st dung bai toan 8 & trang 5, ta dugc f(x) = ax v6i moi x > 0. Thu lai, ta nhan
f(x) = v/2x 1am nghiém duy nhét ctia phuong trinh ham da cho.

Bai toan 26. Gia st ton tai ham s f : R — R thda man

f(fx+y) =f(x+y)+ f(x)f(y) —xy,Vx,y € R 1)

Cach 1 (phuong phap thém bién). Dé thay f khac hang. Data = f(0). Tir (1) choy = 0 ta
duoc
f(f(x)) = f(x) =af(x), Vx € R. (1i)
Tur do, ta co
af(x+y) = f(x)f(y) —xy, Vx,y € R. (2i)

Bay gig, tu (2i), voi moi s thuc x, y,z,taco

Pf(x+y+2z) =af(x)f(y+z) —ax(y +2)
= f()[f(y)f(z) —yz] —axy — azx
= F()f(y)f(2) — 2lyf(x) + ax] — axy.

Déo vi tri ctia x, y trong day bién déi trén va ddi chiéu ta dugc
yf(x)+ax =xf(y)+ay, Vx,y € R.

Tir day, choy = 1, ta dugc
f(x)=1[f(1) —a]x+a, Vx € R. (3i)

Tir day, 16 rang f(1) khac a vi néu khong f sé 1a hang. Suy ra f 1a song anh. Két hop véi (1i),
ta duogc
f(x)=(1+a)x, Vx € R. (4)

Déi chiéu hai két qua (3i) va (4i), ta dugc a = 0 va f(x) = x. Thit lai ta thAy ham s6

f(x) =x VxR
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thoa man cac yéu cau dé bai.
Cach 2. R rang f khong phai 1a ham hang. Trong (1) ldy y = 0 ta dugc

ff(x) =1+ £(0)]f(x), Vx € R. 0
Tir (2) thay x bdi x + y ta dugc

1+ fO)f(x+y)=f(f(x+y) = flx+y)+ f(x)f(y) —xy, Vx,y €R
=f0)f(x+y) = f(x)f(y) —xy, Vx,y € R ©)

T (3) choy =1 duoc: f(0)f(x+1) = f(x)f(1) —x,Vx € R. 4)
T (3) thay y = —1 va thay x boi x + 1 dugc

fO)f(x)=f(x+1)f(-1)+x+1,Vx € R. (5)
@ Néu f(0) = 0 thi tir (4) suy ra f(x)f(1) = x,Vx € R, dan tdi f(1) # 0 va f(x) = ax.

Thay vao (3) dugc axy = xy,Vx,y € R.Lay x = y = 1 dan t&i a = +1. Thit lai thay chi
o f(x) = x thoa man (1).

@ Xét f(0) #0. Tu (4) rutra f(x+1) = %, thay vao (5) dugc

FO) ) = T =X e gy vrer
£(x) = [F(0) — F(—1)] x + £(0), ¥x € R. ©)

Tix (5) ldy x = 0 duoc £2(0) = f(1)f(—1) + 1, két hgp vdi (6) suy ra két qua

f(x) =ax+Db, Vx € R.

Thay vao (1) duoc
ala(x+y)+b]+b=a(x+y)+b+ (ax+b) (ay +b) —xy,Vx,y € R
cala(x+y)+b=a(x+y)+ (ax+b) (ay+b) —xy,Vx,y € R. (7)
Tir (7) chox = y = 0 dugc ab = b>. Ma b = f(0) # 0 nén suy ra a = b, lic nay (7) trd
thanh
ala(x+y)+al=a(x+y)+ (ax+a) (ay+a) — xy,Vx,y € R. (8)
Tix (8) cho x = 1 vay = 0 ta dugc 2a% = a + 24> & a = 0, suy ra f(x) = 0, khong thda

man.
Vay c6 duy nhat mét ham sb théa man yéu cau dé bai la
f(x) =x,Vx € R.
Bai toan 27. Gia st ton tai ham s6 f : RT™ — R™ thda man
fQx+2f(y)) =x+ f(x)+2y, Vx,y > 0. (1)
Tir (1) thay y bdi 2y + 2f(z) ta duoc

fx+2f2y+2f(z))) =x+ f(x)+2 2y +2f(z)), Vx,y,z > 0. ()
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Do (1) nén

fQ2x+2f 2y +2f(2))) = f (2x +2(y + f(y) + 22))
=f(2x+2y+4z+2f(y))
=x+y+2z+f(x+y+2z)+2y.

Vivay (2) trd thanh

x+y+2z+f(x+y+2z)+2y=x+ f(x) +4y +4f(z), Vx,y,z >0
=224+ f(x+y+2z) = f(x)+y+4f(z), Vx,y,z > 0.

Tir day ddi vai tro ctia x va y ta thu dugce
f(x)+y=fy) +x %,y >0. 3)
Tix (3) choy = 1ta duge f(x) = x+¢, vdimoi x > 0 (c = f(1) — 1). Thay lai vao dé bai, ta

suy ra f(x) = x la nghiém duy nhéat ctia bai toan.
Luu y. Tir (1) ta c6 thé "dbi xtiing hda b phan" bang cach thay x bdi f(x) thi dugc

fF2f(x) +2f(y) = f(x) + f(f(x)) +2y, Y,y >0
=f() + f(f(x) +2y = f(y) + F(f(y)) + 2%, Vx,y >0
=f(f(x) + f(x) =2x = f(f(¥)) + f(y) =2y, Yx,y >0
=f(f(x)) + f(x) =2x =¢, Vx> 0.

Dén day, st dung 16i gidi ctia bai toan ?? & trang ?? ta cling thu dugc két qua.
Bai toan 28. Gia st ton tai ham s6 f : RT™ — R™ thda man

fla+fy) = f(x) =x+ flx +y),Yx,y > 0.
Thay x bdi x + f(z) ta duoc

fx+fly)+f(z)=f(x)—x+f(x+z)—x—f(z)+ f(x+y)—x—y
+f(x+y+z),Vx,y,z>0.

Doi vai tro cua y va z cho nhau ta ¢6

—f(z) —y=—f(y) —zVy,z>0.

Vay f(x) = x+¢,Vx > 0, trong d6 ¢ > 0 la nghiém cta phuong trinh da cho.
Luuy.

& Ngay tir dau ta thay f don anh (ky thuat ham tuan hoan).

@ Tiép theo, dung tinh don anh ta thu duoc f(x +vy) # x,Vx,y > 0 (vi néu nguoc lai thi
f(x+f(y)) = f(x) suy ra f(y) = 0, v ly). Nhu vay,

f(x) > x,Vx > 0.

& Tuy nhién sau d6 ta dung ky thuat thém bién thi moi viéc trd nén rd rang va khong can
dung dén 2 két qua manh vira thu duge & trén.
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Bai toan 29. Gid st ton tai ham s6 f : RT™ — R thoa man

fnf GHG)) 145 ey s

x 4
X .o 1
Tir (1), thay x bdi p ta duogc

1 1
f(ngf(x)) —x+]Ty), Vx,y > 0.

Giasucoa > 0,b > 0saocho f(a) = f(b), khi do

L@ (oY () 2o L
H/Ty)_f(y+f()) f(y+f(b)) "y
suy raa = b. Nhu vay f la don anh. Tir (2) thayxbéi%+f(%>,tadu’dc

(Gor s ))- 1y o

Tir day, lai sit dung (2) ta dugc

f(]l/—i_%—i_f%) :%—i_f(%)—i_’%y)’ Vx,y,z > 0.

Tir (3), d6i chd y va z suy ra

()27t~ () o7ty oo

1 1 1
Tir (4) cho z = 1 ta duoc (—) =——+4¢, voimoiy > 0,trongdoc= (1) — ——.
Nhu vay, v6i moi x > 0, st dung (5) ta ¢
1 1 f(x) f(x) +c+f(x)

f(x) = 1 te=— +C=m
f(5)

= f(x) +cf (1) = f(x) + e+ Pf(x) = ¢ (f(x) = cf(x) = 1) =0.

+e=

1+cf(x)

1)

()

)

(4)

(6)

Tt (2) choy =1taduge f (1+ f(x)) = x+ 1 — +00 khi x — +o00, suy ra ham f khong bi

f()

chan trén. Do d6 ton tai x > 0sao cho f(x)? —cf(x) — 1 > 0, két hop diéu nay véi (6) ta dugc

¢ = 0. Nhu thé (5) trd thanh
1 1
— | =—=, Vx> 0.
(3) =7
1
Tir (2) thay y boi v ta dugc

fly+f(x))=x+f(y), ¥x,y > 0.
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Tiép tuc thay y bsi y + f(z), ta suy ra
fy+f@)+f(x) =x+fly+f(2) =x+z+fy) = fly+ f(x+2)),
vi moi x > 0,y > 0,z > 0. St dung tinh don anh, ta suy ra
f(x)+ f(z) = f(x+2z), Vx,z > 0.

Nhu véy f cong tinh trén RT. Kéo theo f(x) = ax v6i moi x > 0 (do st dung bai toan 8 &
trang 5). Thay vao (1) ta suy ra f(x) = x 1a nghiém duy nhét ciia phuong trinh ham da cho.

Bai toan 30. Gia st ton tai ham s6 f : Rt — R™* thoéa man
flx+3f(y)) = f(x) + f(y) +2y,¥x,y € R™. (1)
Ta sé thém bién z bang cach thay y bdi y + 3f(z) vao (1), khi d6
f(x+3fy+3f(2)) = F(x)+ f(y+3f(2)) +2(y+3f(2) ) ¥x 2 €RT. ()
Str dung (1) ta co

x +3f(y) +3f(2) +6z)
x+3f(y) +6z) + f(z) +2z

f(x+3f(y+3f(2))) = f

= f(x+62) + f(y) +2y + f(z) + 2z
f@)+f(y+3f@) +2(y+3f(2)) = () + f(y+3f(2)) +2y +6/(2)
= f(X) + f(y) + f(2) + 22+ 29 + 6f(2).

Do d6 (2) trd thanh
f(x+6z) = f(x)+6f(z),Vx,z € RT. (3)

Tir (3) ta co
{ f(6x +62) = f(6x) +6f(2)
f(6z+6x) = f(6z) +6f(x),

suy ra f(6x) +6f(z) = f(6z) + 6f(x),Vx,z > 0; tir day lay x = 1 ta dugc
6f(z) = f(6z)+c, V2z>0 (c=6f(1)—f(6)).
Nhu vay (3) trd thanh

f(x+6z) = f(x)+ f(62) +¢,Vx,z2 >0
ef(x+z)=f(x)+ f(z) +¢ Vx,z > 0. 4)

bat g(x) = f(x) +¢, Vx > 0, thay vao (4), ta dugc:
glx+y) = g(x) +g(y), Vx,y & (0;+00). (5)
Tir (5), bang quy nap ta suy ra

g(nx) =ng(x), Vx>0, n=1,2,...
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Do dé g(x g(nx) f(nx)+c>£’ Vx>0, n=1,2,...

Sio
<E
\/
>
=
Il
—_

x)
Vay g(x) > 2,...Chon — 400 ta dugc

g(x) >0, Vx € (0;+00). (6)
Tix (5), (6), st dung bai toan 8 (& trang 5), ta dugc ¢(x) = ax, Vx > 0 (a la hiang s6 khong

m). Do dé f(x) =ax —c¢, Vx > 0.Do f(x) > 0v6imoi x > 0 va 11n01+ax—0nenc<0 Thay
X—r

vao (1), ta duoc:

alx+3(ay—c)]—c=ax—c+ay—c+2y, Vx,y >0
&ax 4 3a%y —3ac —c =ax + (a+2)y —2¢, Vx,y >0

(:){ 3a> =a+2 {:){ a=1
3ac+c=2c c=0.
Vay c6 duy nhat ham s6 thdéa man yéu cau dé baila f(x) = x, Vx > 0.
Bai toan 31. Gia st ton tai ham s6 f : (0; +-00) — (0; +-00) thda man
f (f(xy) +2xy) = 3xf(y) +3yf(x), Vx,y & (0;+00). (1)
Trong (1) thay x bdi xy va thay y béi 1, rdi két hop véi (1) ta thu duoc

Bxyf(1) +3f(xy) =3xf(y) +3yf(x), Vx,y € (0; +o0)

fECX) + f;y) _ f(;;y) _|_f(1)’ Vx,y € (0;—|—OO)

2g() +3(0) =g(w) + (1), ¥y < @) (500 =12 wrs0).

=

Tir (2) thay x bdi e* va thay y bdi e¥ ta duge

g( +g(e) =g () +g(1), Vry €R
<h(x) +h(y) =h(x+y) +¢(1), Vx,y € R (h(x) =g (e*), Vx € R)
< [h(x) —c]+ [h(y) —c] =h(x+y) —c, Vx,y € R (c=g(1))
Se(x)+oy) =¢(x+y), Vx,y € R (¢(x) =h(x) —¢c, Vx € R). 3)

V6i moi x € R, ta cod

¢(x) = h(x) —g(1) =g (") —g(1) = —f(1) > —f(1). (4)

Tur (3), bang quy nap ta dé - dang ching minh duoc: ¢(nx) = ng(x), véi moi s6 thuc x va véi
moi s6 nguyén duong n. Két hgp diéu nay vdi (4) ta dugc

np(x) = ¢(nx) > —f(1) = ¢(x) > —@, Vx € R,n € N*. ()

Tir (5) chon — 400, ta dugc ¢(x) >0, Vx € R. (6)
Tir (3) va (6), suy ra ham ¢ khong giam. Nhu vay ham ¢ khong gidm va cong tinh nén su
dung két qua bai toan 7 (& trang 5), ta dugc

p(x) =ax, Vx € R.
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Tir day két hop véi (6) ta cé ax > 0, Vx € R hay a = 0. Vay

p(x) =0, Vx e R
=h(x) =¢, Vx e R
X

=g(e")=¢c, VxeR
:f(e ) =c, VxeR
ex
=f(e*) =ce*, Vx € R. )

Ma {e*|x € R} = (0; +c0) nén tir (7) suy ra
f(x) =cx, Vx € (0;400).
Thay vao (1) ta dugc ¢ = 4. Vay ¢6 duy nhat ham s6 thdéa man cac yéu cau dé bai la
f(x) =4x, Vx € (0;400).
Luuy.
(D Dbi v6i nhitng bai toan phuong trinh ham c¢6 gia jchiét f:(0;+00) — (0; +o0) thi trong
qua trinh tim 16i giai, ching ta phai ludn chd y den diéu nay. Viéc sit dung gidi han da

giup ta nhanh chéng ching minh dugc (6), ky thuat nay ciing dugc sit dung & bai toan
23 & trang 21.

(2) C6 thé tim dugce (2) bang phuong phap thém bién nhu sau: Thay y béi yz ta dugc
f(f(xyz) +2xyz) = 3xf(yz) + 3yzf(x),Vx,y,z > 0.
D6i vai tro ctia x va y cho nhau thi dugc

3xf(yz) +3yzf(x) = 3yf(xz) +3xzf(y), Vx,y,z > 0.
Chia ca 2 vé cho 3xyz, phuong trinh trén trd thanh

flyz) | f) _ fG2) FO) g s,
Yz X Xz y

bat g(x) = f(xx), liac nay

8(yz) +8(x) = g(xz) +8(y), Vx,y,2 > 0.
Choy = 1thig(xz) + g(1) = g(x) + g(z), Vx,z > 0. Pay chinh la (2).

Bai toan 32. Gia st

f(f(x)+y) :zxx—k%, Vx,y € (0; 400). (1)
(3)

Néu a < 0 thi khi cd dinh y > 0, cho x dti 16n, vé phai nhan gia tri am, trong khi vé trdi nhan
gia tri duong, vo li, vay a > 0. Theo cach xac dinh ham f ta ¢6 f 1a mot don anh. Tir (1), thay
yboi f(y) ta duge

FUFG) + F(y)) = ax + — s, Yy >0 @
(7w)
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Thay ddi vai tro ctia x va v, ta suy ra

1 1

et
RE e
) "

= ax + c vao (2) ta dugc

ax + , Vx,y >0

= —ay =c, Vx,y > 0.

f(f(x)+ f(y)) =ax+ay+c, Vx,y > 0. )

Do (2) nén véi cac s6 duong x,y,z,t thbaman x +y = z + , ta c6

FUFG)+f(y) = f(f(2) + (1)
Theo tinh don dnh ta suy ra f(x) + f(y) = f(z) + f(t) véimoi x + y = z + t. Dac biét

fx+1)+fly+1)=f(x+y+1)+ f(1), Vx,y > 0.

bat ¢(x) = f(x +1) — f(1) thi ham sb ¢ bi chin du6i, cong tinh trén (0, +-00) nén g(x) = ax
(tham khao 10i giai bai toan 31 & trang 22, bai toan 23 § trang 21). Suy ra f(x + 1) = ax + b.
Do d6 f(x) = cx +d vdi moi x > 1. Thay vao (1), ta dugc

cl(cx+d) +y]+d=ax+ !
—+d
y
y

dy +c

=(dy+c) <c2x—|—cy+cd—|—d> =ax(dy+c) +y.

Sx+cey+ed+d=ax+

Do ca vé phai va vé trai déu la nhiing da thic nén dong nhat hé s6 hai vé ta dugc d = 0,
¢ = a = 1. Diéu nay ching t6 f(x) = x v6i moi x > 1. Mat khac, véi x < 1, ta c6

fx)+fB)=f(x+1)+ f(2) = f(x) =x, Vx > 0.
Vay sb thyc can tim 1a & = 1, Ildc d6 ham s6 théa man (1) 1a f(x) = x, Vx > 0.
Bai toan 33. Gia st ton tai ham sb f : (0; +o0) — (0; +00) théa man:
fxtf) = flx+y)+f(y), ¥,y € (0; +00). (1)

Cach 1. Trudc hét, ta sé chiing minh f(x) > x, Vx € (0;+00). Gia st ton tai y > 0 sao cho
f(y) < vy, khi dé tir (1) thay x bdi v — f(y), ta dugc 0 = f(2y — f(y)), mau thuan vdi gia
thiét f : (0; +00) — (0; +00). Néu ton tai z > 0 sao cho f(z) = z thi tir (1) ldy y = z, ta duoc
f(z) = 0, mau thuan véi gia thiét. Vay f(x) > x, Vx € (0; +o0). Tiép theo ta chiing minh
f(x) — x1a don anh. Gia st ton tai x > 0,y > 0, x # y sao cho f(x) — x = f(y) —y, khi d6

x+fly) =y+f(x) = fx+fy) = flx+ ),
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tur day st dung (1) suy ra
fety) +fy) = fx+y) + f(x) = fy) = fx) = x =y,
dén day ta lai gdp mau thuan. Vay f(x) — x 1a don anh. Tix (1) thay x béi f(x), ta dugc:

FUE)+ ) =f () +y)+ fy), Vxy € (0;+o0)
=f () +f(y) = fFx+y)+ f(x) + f(y), Vxy € (0;+00)
=f(f(x) +f(y) = (x) + fW)] = fx+y), Vx,y € (0; +00).

V6i cac s6 duong x,y,x',y' saocho x +y = x' +y/, tacé f(x +y) = f(x' +y'), suy ra:
fFU@+fW) =)+ fW]=f (&) + @) - &)+ )],
ma f(x) —xladonédnhnén f(x) + f(y) = f(«') + f(y'). Nhu vay:

X-I—y

£+ £ =2 (F32) ¥y € Oeo),

Tiép theo ta chitng minh f 1a don anh. Gia st ton tai s6 duong h sao cho f(x) = f(x + h). Khi
do:

f(x)+ fx+2h) =2f(x+h) =2f( )

=f(x)=f(x+2h)=f(x+3h)=---= f(x+mnh),Vn=1,2,...

Nhu vay:

0 < f(x+mnh)— (x+nh) = f(x) — (x + nh)
=f(x)—x—mnh,VYn=1,2,... ()

Ma lim (f(x) — (x +nh)) = —conén khin da16n thi f(x) — (x +nh) < 0, do d6 (2) 1a diéu

n——+oo
vo li. Nhu thé f 1a don anh. Bay gio, sit dung cac két qua & trén ta c6: Vi moi s6 duong x,y
thi

fUE)+f@) = f(F) +y) + fly) =2f f(2x>
FUFW) + F() = F(Fy) +0) + 1) = 2f (L2

:,f(f(zﬂ >f<f() )

ma f la don dnh nén

2

f(x) f(y) f(x) f)

T Y=y MYE T A=Y
Nhu vay:
f(zx) = f(zy) —, Vx,ye (O;—|—oo)
i@ —x=b,Vx € (0; +00) (b1a hang sd)
= f(x) = 2x +¢, Vx € (0; +0) (c la hang s6). 3)
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Thay (3) vao (1), ta duoc
2Qy+x+c)+c=2x+2y+c+2y+c, Vx,y € (0; +o0).
Nhu vay ¢ = 0, hay c6 duy nhat mot ham s6 théa man yéu cau dé bai la:
f(x) =2x,Vx € (0;4+00).

Cach 2 (phuong phap thém bién). Gia sttt > z > 0. Khi d6 ton tai x > 0, y > 0 sao cho
x+y+z =t Trong (1) thay y bdiy + f(z), ta dugc:

flatfly+f(2)) =flx+y+f2) +fly+f(2)
=f(x+fy+2)+f(2) = fx+y+2)+ f(2) + fly+2) + f(2)
=f(x+z+fly+2)) +f(2) = f() + fly +2) +2f (2).
Do do:
flt+z) = f((x+y+z)+2) = f((x+2) + (y +2))
=flx+z+fly+2) - fly+z) = f(t) + f(2).
Nhu vay ta da ching minh duge: Néu ¢ > z thi
ft+2z) = f(t) + f(2). 4
Vi x > 0, chon s6 duong y di nhé sao cho 2y < x, khi d6:
fO)=f(x=y)+y) =flx=y)+fy) = flx—y) = f(x) = fy).
Gia st x > 0, chon s6 duong y du nho sao cho 2y < x. Khi dé:
fx)=f(x+y)+(x—y)=flx+y)+flx—-y)
= f) +fy) + f(x) = fy) = 2f(x). ®)
Tir (4) va (5) suy ra:
flx+y) = f(x) + fy), Y,y > 0. 6)
Tir (6) suy ra véi x > y, ta co:
f) =f((x=y)+y) = flx—y) +fy) = flx —y) = f(x) = f(y)-
Ta sé chung minh f la don anh. Gid st c6a > b > 0sao cho f(a) = f(b), khi d6
fla—1b) = f(a) - f(b) =0,
mau thuan véi gia thiét f : (0; +00) — (0;+00). Vay f 1a don anh. Do
f(x) > x, Vx € (0; +00)
nén ta co:
fle+y)+ ) = F(x+ ) = F((+9) + (F) - v))
= fx+y)+ f(fly) —y), Vxy > 0.
Suyra f(y) = f(f(y) —v), Vy > 0. Ma f la don anh nén
fy)—y=y, ¥y >0
<f(y) =2y, ¥y > 0. )

Thi lai thay ham s6 f xac dinh bdi (7) théa man céc yéu cau dé bai.
Luu y. Sau khi ¢6 (6), c6 thé str dung két qua bai toan 8 (& trang 5) dé suy ra két qua.
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Bai toan 34. Gia st ton tai ham s6 f: (0; +00) — (0; +00) thoa man
fla+flety) = f2x) + fly), Yxy>0. 1)
Trong (1), thay ybdiy + f(y +2z) véiy >0,z > x > 0 ta dugc
flat flety+fy+2) =fQ)+fy+fy+2) = f(20) + f2y) + f(2),

ma
faty+fly+z)=flx+y+f(y+x) +(z-x)))=f2x+2y) + f(z—x)
flatflxty+fly+2)=f(x+f2x+2y)+fz—x)),
do do

fx+fx+2y)+ f(z—x)) = f(2x) + f(2y) + f(z), Yy >0,z>x>0.

Trong phuong trinh nay, thay z = 3x, ta dugc

fla+ f(2x) + f(2x +2y)) = f(2x) + f(2y) + f(3x), Vx,y>0. 2

Thay y boi f(x + y + z) vao phuong trinh da cho, ta cing c6

fx+flx+fx+y+z))) = f2x) + f(f(x +y+2)),
hay
fx+f2x)+ f(y+2z)) = f2x) + f(f(x+y+2)), Vxyz>0.
Trong phuong trinh nay, thay z = 2x + y, ta duoc
flx+ f(2x) + f(2x +2y)) = f(2x) + f(f(3x +2y)), Vx,y >0. 3)

Két hop hai phuong trinh (2) va (3) lai, ta dugc

f(fBx+2y)) = f(3x) + f(2y), Vx,y>0.

Suy ra
flUf(x+y)]=f(x)+f(y), Vxy>0.
Thay x = y vao phuong trinh trén, ta dugc

f(f(2x)) =2f(x), Vx>0

Tir do, suy ra

FER) LU SR, g

Dén day, str dung bai toan 23 & trang 21 ta dugc nghiém ctia phuong trinh nay 1a
f(x)=ax+0b, Vx>0

Vi a, b 1a cac hang s6 thuc khong &m théa man a + b > 0. Bang cach thir truc tiép, ta tim dugc
a = 1. Do d6, cic ham s6 thoéa man yéu cau dé bai cé dang f(x) = x + b véi b > 0.

Luu y. Trong dé thi Truong Dong Toan Hoc Bac Trung Bo 2019-2020 ¢6 bai toan sau: Xét ham
6 f: (0;+00) — (0; +00) théa min dong thoi cdc diéu kién sau
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@ flt flxty) =f20) +fy), Yay>0;
(2) Khong ton tai cic sb duong x, y sao cho x <y < 2x ma f(x) = f(y).

a) Chitng minh rang f la ham sé don dnh;
b) Tim tat cd cic ham s6 théa man dé bai.

Qua 10i giai ctia bai toan 34, ta thay ngay rang dé giai bai todn ctia Truong Pong Toan Hoc Bac
Trung B 2019-2020 ta chi can gia thiét

flx+flx+y) =f20)+f(y), Yxy>0
la da.
Bai toan 35. Gia st ton tai ham s6 f : (0; +-00) — (0; +-c0) thda man
flx+y)* = f(2)* +2f (xy) + f(y)?, Vx,y € (0;+00). (1)
Tit (1) thay y bdi y + z, ta dugc

fx+y+2)®=f(x)?+2f(x(y+2)) + f(y +2)

= f(X)*+ f(y)* + f(2)* +2f (x(y + 2)) + 2f (y2), )
v&i moi s duong x,y, z. Tir (2) thay (x,y, z) bdi nhiing hoan vi cta no ta thu duoc
fx(y+2))+ flyz) = fy(z+x)) + f(zx) = f(z(x +y)) + f(xy), (©)

v6i moi s6 duong x,y,z. Gia st a, b, c 1a ba s6 duong bat ky. Chon

Y L L L
- a/y_ b/ - C,

thay vao (2) ta dugc

fla) + f(b+c) = f(b) + f(c+a) = f(c) + f(a+D), Va,b,c>0
=fla+c)—f(a) = f(b+c)— f(b), Va,b >0

=f(x+c)=f(x)+ (f(b+c)—f(b)), Vx,b,c > 0. 4)
Xét ham s6 ¢ : (0; +00) — R nhusau g(c) = f(b+c) — f(b). Tix (4) ta c6
flx+y) = f(x) +8(y), Vx,y > 0. ©)

Ta tiép tuc dung phuong phéap thém bién. Tit (5) ta c6

flx+ty+z)=flx+y)+g(z) = f(x) +g(y) +g(z), Vx,y,2>0
fx+y+z)=f(x)+gly+z), Vx,y,z > 0.

Suyra g(y +z) = g(y) +8(z), Vy,z > 0. (6)
Tir (6) bang quy nap ta dugc g(nx) = ng(x), Vx >0, n =1,2,... Nhu vay

ng(x) = g(nx) = f(b+nx) — f(b) > —£(b)
:>g(x)>%(b), Vx>0, n=12,... (7)
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Tir (7), cho n — o0 ta duge g(x) >0, Vx > 0. (8)
Tix (8) va (6), tuong tu nhu bai toan 8 (& trang 5), ta thu dugc két qua g(x) = kx véi moi x > 0
(k 12 hang s6 khong am). Nhu vay
f(b+c)— f(b) =kc, ¥Yb,c >0
sflx+y) = flx) +ky, Yx,y > 0. )
Tir (9) ta d6i vi tri ctia x va i voi nhau thi vé phai thay déi, trong khi d6 vé trai khong thay déi
nén ta thu duogc

f(x)+ky=f(y) +kx, Vx,y >0
=f(x) —kx = f(y) —ky, Vx,y >0
=f(x) —kx=C, Vx>0
=f(x) =kx+C, ¥x > 0. (10)

v6i C la hang sb. Do f : (0; +00) — (0; +00) nén C > 0. Thay (10) vao (1) ta dugc
(kx +ky + C)? = (kx + C)* +2(kxy + C) + (ky + C)?, Vx,y € (0; +0)
&2k xy = 2kxy +2C 4 C?, Vx,y € (0; )
k=0
k2 =k

Do f : (0; +00) — (0; +-c0) nén ta loai k = 0.

Vay c6 duy nhat ham s6 théa man yéu cau dé bai la f(x) = x, Vx € (0; +00).

Luu y. Tir (9) ta da sit dung mot ki thuat co ban, d6 1a: Sir dung tinh chat déi xing cta cac
bién (muc ?? & trang ??).

Bai toan 36. Gia st ton tai ham s6 f : RT™ — R™ thda man

F(52,) = Fef ) = flxf), ve>y >0 0

Néu céa > b > 0sao cho f(a) = f(b) thitacé

£(55) = Flar@) - fla(e) =0,

a

mau thuan. Do d6 f 1a don anh. Tir gia thiét, ta suy ra

F32) + rern =7 (

vdi moi x > max{y,z} > 0. Khong mét tinh téng quat, ta chi can xét y > z > 0. Trong phuong

X

)+ﬂﬁ@»=ﬂwu»

X —Z

1
trinh trén, chon x =z + —— thixf(y) = % Suy ra

fy)
£(3%) = rsfe.
Dofddnénhnéntacéxiy:xf(z)hayx:ynLj%.Tﬁ’désuyra
1 1
Z+JT1/) y+f(z)' Vz >y > 0.
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(c 1a hang sb thuc nao d6) véi moi x > 0. Vi f(x) > 0 véi moi

Nhu thé, ta c6 f(x) = P
x > 0nén ¢ > 0. Thay tré lai phuong trinh ham (1), ta dugc

x-y _ x+c  y+c
x+c(x—y) x+c(x+c) x+cly+c)

Vx >y > 0.

Cho x =y + 1, ta dugc

1 _ y+1+c _ y+c
y+1+c y+1+cly+1+c) y+1+cly+c)

Yy > 0.

Trong phuong trinh trén, cho y — 07, ta dugc
I
1+c¢ 14c+c2 14c%

1 )
Giai phuong trinh nay, ta dugc ¢ = 0. Tir d6 suy ra f(x) = < v6i moi x > 0. Th lai ta thay

thoa man. Vay c6 duy nhat moét ham sb théa man yéu cau la
1
f(x) ==, Vx> 0.
x
Bai toan 37. Gia st ton tai ham s6 f : (0; +-00) — (0; +-00) thda man
fxfw) f(y) = fx+y), Yx,y € (0; +o0). 1)

Cach 1. Gid st coy > Oma f(y) > 1. Khi d6, tir (1), chon x = f(y;/— 7 ta duge f(y) =1,

mau thuan. Vay véimoiy > 0tac6 0 < f(y) < 1. Tix dé:
fty) =f(xfW) fy) < fy), Vxy € (0;+00).
Suy ra f 1a ham khong giam trén (0; +o00) vivdi 0 < x < y thi
fy) = f((y—x)+x) < flx).
@ Truong hop 1: Ton tai a > 0 sao cho f(a) = 1. Khi d6:
fy) = £ (yf(a)) fa) = f(y +a), Vy € (0; +00). 2)
Tix (2), tién hanh tuong tu nhu bai todn ?? (& trang ??), ta dugc f 1a ham hang. Vay

f(x) =1, Vx € (0; +00).

™ Truong hop 2: 0 < f(x) <1, Vx € (0;400). VGi0 < x < y, ta co:

fW) =f(y=x)+x) = f(y—0)f(x)) f(x) < fx).
Suy ra f la ham giam thuc sy trén khoang (0; +o0). Pat f(1) = a. Tt (1) choy = 1, ta
dugc:

f(xa)a = f(xf(1)) fF(1) = f(x+1)
=flax+1+x—ax) = f(ax)f ((1+x—ax)f(ax)).
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Suy ra:
f((1+x—ax)f(ax)) =a= f(1), Vx € (0; +o0)
=(1+x—ax)f(ax) =1, Vx € (0; +c0) (do ham f giam thuc su)
1
<:>f(a.X) = m—_ax, Vx € (O, +OO)
Th lai thdy thoa man.

Cac ham s6 thda man yéu cau dé bai la:

f(x)=1,Vx e (0;,4+); f(x) 1 = Vx € (0; +00).

Tat(I-a)x
Cach 2 (Phuong phap thém bién). Trong (1) thay x bdi y va thay y bédi x ta dugc

fla+y) = f()f(yf(x), Vxy>0. 3)
Thay y bdi y + z vao phuong trinh (3), ta dugc

fx+y+z)=f)f((y+2)f(x), Yxyz>0
Thay x bdi x + z vao phuong trinh (3), ta duoc
fx+y+z)=f(x+2)f(yf(x+z)), Vxyz>0.
Tix hai két qua trén, ta suy ra
flx+2)fyf(x+2)) = fF(0)f(y +2)f(x), Yxy,z>0.

Gia str ton tai xg > 0, z9 > 0sao cho f(xg +z9) > f(x0). Trong phuong trinh trén, ta thay

zof (x0)
Xo + Zo) — f (xo)

flx+2z) < f(x), ¥x,z > 0.

X=2X0,zZ=2zpvay = thi duoc f (x9 + z9) = f (xp), mau thuan. Do d6
T

Hay f khong tang. Chi c6 cac truong hop sau la c6 thé xay ra:

& Truong hop 1: f gidm ngat. Thay y bdi fé/x) vao phuong trinh (3), ta duogc
y ) _
x+—= | =f(x)f(y), Vx,y>D0.
Fx+ 45 ) = P, Vo
Déo vi tri cta x va y trong phuong trinh trén véi chia y f giam ngat, ta duoc
y X
X+ —=—=v+—, Vx,y>0.
f& 7w
Thay y = 1 vao phuong trinh trén, ta duoc
1 X 1
14— -
x+f(x) +f(1) = f(x) Py Vx>0
trong do k = ]% — 1. Do f gidm ngat ttt R* vao R nén dé thay k > 0. Thit lai, ta thay
ham s6 f(x) = ﬁ, Vx > 0 thda man cac yéu cau ctia bai toan.
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@ Truong hop 2: Ton tai 0 < a < b sao cho f(a) = f(b). Lan lugt thay x = a va x = b vao
phuong trinh (3), ta dugc

fly+a)=f(a)f(yf(a)) = f(0)(yf(b)) = f(y+Db), Vy>D0.

T dé suy ra f(y) = f(y+b—a) v6i moi y > a. Do f khong gidm nén tir day, tién
hanh tuong tu nhu bai toan ?? & trang ??, ta suy ra f(x) = C (C la hing sb duong
nao do) véi moi x > a. Bay gio, trong phuong trinh ham (3), ta ¢6 dinh x > 0 va cho

a <
y > max {a,m} thi co
C=flx+y) = f)f(yf(x) = Cflx),

suy ra f(x) = 1 vdi moi x > 0. Ham nay thda man cac yéu cau ctia bai toan.

;1, Vx >0véik201?ahéng56

Tém lai, cdc ham s6 thoéa man yéu cau c6 dang f(x) = o
X

nao do.
Bai toan 38. Gid s ton tai ham s6 f: R — R thoa man
f (f(y) +x2+1) +2x =y+ f2(x+1),Vx,y € R.
Tir gia thiét, dé thly f la mot toan anh. Gia st ¢6 & va B sao cho f(a) = f(B), khi d6
at flx+1)2 = f (fla)+x2+1) +2x = f (f(B) +22+1) +2x = B+ f(x +1)?

suy raa = 8, do d6 f la don anh. Nhu vay f la mot song anh. Bata = f(0) vab = f(1). Thay
x = 0 vao phuong trinh da cho ta dugc

y=f(fy)+1) - b vy eR.
Thay két qua nay trd lai phuong trinh ta dugc
f (f(y) +1+ x2> +2x+ 0> =f(f(y)+1) + fA(x+1),Vx,y €R. *)
Do f la song anh nén {f(y) + 1|y € R} = R, do d6 tir (+) ta c6
f (P +y) + 20+ 02 = fy) + f(x+1), Vx,y € R 1)
Bay gio thay y = 0 vao phuong trinh (1), ta dugc
fla+1)=f(2)+2x+ PP —aVreR @)
Kéthop (1) va (2) ta dugc f (x* +y) = f (x?) + f(y) — a. T d6 suy ra

flaty) =fx) +fy) —a,Vx,y € Rx > 0. ®)

Ta sé thém bién z va st dung (3) dé thiét lap mot tinh chat tét hon (3). Gia st x,y € R, chon
z > 0 va du 16n sao cho x + z > 0, khi d6 st dung (3) ta c6

flz+x+y)=f2)+flx+y)—a
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flz+x+y)=fz+x)+ fly) —a=f(z) + f(x) + fy) — 2a.
Do doé
flx+y) =fx)+f(y) —aYx,y e R

Thay (x;y) boi (X2ﬂ ; xzﬂ> vao phuong trinh trén va di chiéu, ta suy ra ham f thda man

2

phuong trinh Jensen. Mat khéc, trong (2), xét x < M = min { 1 ;0} thi ta ¢

0< f2(x+1) :f<x2> +2x4+b*—a <f<x2>.

Nhu vay f(x?) > 0 vdi moi x < M. Véi x > 0, ta c6 sy tuong duong
x>Msx>(-M?e /x> -Ms —/x <M.
Do d6, néu x > M? thi —/x < M nén theo trén ta c6
2
f ((—\/E) ) > 0= f(x) > 0.
Nhu thé f(x) > 0 v6i moi x > M2 Do d6 ton tai cac hang s6 thyuc m, n véi m > 0 va
mM? +n > 0sao cho f(x) = mx + n vdi moi x > M2. Do f 1a don anh nén hién nhién m > 0.
Xét x > M? vay > M? & phuong trinh da cho thi ¢6
m <x2—|—1+my+n> +n+2x =y+ (mx+m—i—n)2,Vx,y > M2,
So sanh hé sb ctia y & hai vé, ta dugc m = 1. So sanh hé s6 ctia x & hai vé, ta duge n = 0. Do
do f(x) = x,Vx > M2 Dén day, 6 phuong trinh da cho, ta c6 dinh y € R va chon x > M? sao
cho x? + f(y) +1 > M? thi phuong trinh viét lai thanh
fy) +x? + 1420 =y + (x +1)%

Suy ra f(y) = y,Vy € R. Rd rang ham s f(x) = x, Vx € R thda man yéu cau ctia dé bai.
Bai toan 39. Gia st ton tai cichamsd f : R — R, ¢: R — R théa man

f(P+2y) + f(x+y) = g(x+2y), Vx,y € R. (1)
Cach 1. Nhan thay, néu cdp ham (f; ¢) thda man (1) thi cdp ham (f + ¢; g + 2¢) cling théa man

(1), do d6 c6 thé gia st £(0) = 0. Tir (1) cho y = 0 ta duge g(x) = f(x) + f(x%), Vx € R. Vay
(1) trd thanh

Ploy): SO +29) + flxty) = fr+2) +f (x4 29)), ey R @)
Tix (1) cho x = —y ta duge f(2y — y°) = g(y), Vy € R. Do d6
s(x+2y) = f (2(x +2y) ~ (x +29)°), Vry R
Thay vao (1) dan t6i

Qlx,y) : (& +2y) + flx +y) = f (2x +2y) = (x+29)°), Vx,y €R. ©
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Ta sé chiung minh f <x + %) = f(x), Vx e R. 4)

P (1,x _ %) = flr+5) = £ (@00) 5 PO.x) = fx) = £ ((20)%).

Vay (4) dugc chitng minh. Tiép theo chiing minh f(x) = 0, Vx € [0;1]. (5)
Xéty € (0;1]. Thuc hién Q(x, y — x) ta dugc
(2 —2x42y) + f(y) = f (2029 —x) = 2y = %)), Vxy € R (6)
Xét phuong trinh
X3 —2x 42y =22y —x) — (2y — x)° (7)
ox =2y — <8y3 — 12y%x + 6yx* — x3) & 8y° — 12y%x + 6yx? — 2y =0
2 2 2 11
4y —6yx+3x"—1=0& (x—y)" = 7 (8)

Dé thay rang véi y € (0;1] thi (8), tic 1a (7) ludn c6 nghiém. Vay véi x 1a nghiém cua (8)
thi tir (6) suy ra f(y) = 0, Vy € (0;1], do d6 (5) duogc ching minh. Tit (4) va (5) suy ra
f(x) =0, Vx € R, do d6 g(x) = 0, Vx € R. Vay cac ham so thoa man yéu cau dé bai la
f(x) =c, Vx € Rvag(x) =2¢, Vx € R, trong d6 ¢ 1a hang s thuc tuy y.

Luu y. Nhan xét néu cap ham (f; ¢) thdéa man (1) thi cdp ham (f + ¢; ¢ + 2¢) cling thda man
(1), tir nhan xét nay ta c6 thé gia sit f(0) = 0. Day la mot ki thuat rat hay, ta con st dung ki
thuat nay & bai toan ?? ¢ trang ??, bai toan ?? & trang ??.

Cach 2 (Phuong phap thém bién). Tir gié thiét, ta ciing 6

f(Z+2) +fz+1) =gz +2t), VzteR )

Ta sé chitng minh rang, véi moi a, b € R, hé phuong trinh sau luén c¢6 nghiém (x,v,z,t) véi x,
y,z,t e R:

X+2y=a

z4+2t=0

X342y =z+t

x+y=2z>+2t

Tir cac phuong trinh thit nhat va thit hai, ta 1an lugt 6 x = a — 2y va z = b — 2t. Thay vao
phuong trinh thit ba, ta duge (a — 2y)® +2y = b —t, suy ra

t=b—2y— (a—2y)°.
Thay x =a —2y,z = b —2t,t = b — 2y — (a — 2y)> vao phuong trinh thit tu ctia h¢, ta dugc

a—y=(b—2t>°+2t= (b—Z[b—Zy—(a—Zy)?’]>3+2[b—2y—(a—2y)3}.

Day 1a phuong trinh da thirc bac 9 (bac 1€) &n y nén ludn c6 it nhat mot nghiém thuce yo. Tir d6
suy ra hé luén c6 it nhat mot nghiém thuc (xo, yo, zo, to) voi

XO:a—ZyQ,ZQZb—Zto, tQZb—Zyo—(ﬂ—2y0)3.

Khang dinh duge ching minh. Tir khang dinh vira chiing minh va cac phuong trinh (9), (1),
ta dé dang suy ra g(a) = ¢(b) véimoia, b € R. Do d6 ¢(x) = C. Thay trd lai (1), ta dugc

f<x3+2y) +f(x+y)=C, VxyeR
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3

Thay y = x — x° vao phuong trinh trén, ta duoc

f<2x—x3) :%, Vx € R.

Do 2x — x3 ¢6 thé nhan moi gia tri trén R (do 2x — x3 1a da thitc bac 1é) nén tir day, ta co

f(x) = % véi moi x € R. Tht lai, ta thay f(x) = % va ¢(x) = C théa man yéu cau. Vay c6

duy nhat mot cdp ham sb f, ¢ théa man yéu cau la f(x) = % va g(x) = C (C 1a mot hang s6
thuc nao do).

Bai toan 40. Gia s ton tai cdc ham s6 f, ¢ : R — R thoéa man

g(f(x+y)) = f(x) + (2x +y)g(y), Vx,y € R. 1)
Cach 1. Trong (1) thay y bdi —2x ta duge: g (f(—x)) = f(x), Vx € R. (2)
Do (2) nén (1) trg thanh: f(—x —y) = f(x) + 2x +y)g(y), Vx,y € R. 3)
Tir (1) thay x bdi y va thay y bdi x ta duoc
g(f(x+y)) = fly) + 2y +x)g(x), Vx,y € R. 4)
Lay (1) trix (4) theo vé ta dugc
f(x) = fly) = @y +x)g(x) — (2x +y)g(y), Vx,y € R. (5)
Trong (5) lan luot lay (x;y) = (x;0), (x;v) = (1;x), (x;y) = (0;1) ta duoc
f(x) = f(0) = xg(x) —2xg(0), Vx € R. (6)
f() = flx) = (2x+1)g(1) — (x +2)g(x), Vx € R. (7)
Cong (6) va (7) ta duoc
f(1) — f(0) = —2¢(x) —2xg(0) + (2x + 1)g(1), Vx € R. 8)

Tix (8) suy ra ham g c6 dang ¢(x) = Ax+ B, Vx € R, v6i A va B la hang s6. Bat C = £(0).
Trong (3) thay (x;y) bdi (0; —y) ta duge

fly)=C—yg(~y), Wy eR
=f(y) =C—-y(-Ay+B), "y € R
=f(x) = Ax* = Bx+C, Vx € R. ©)

Thay (9) vao (2) va so sanh hé sb ctia x> & hai vé ta dugec A2 = A < ﬁ i )

@ Néu A = 0thi g(x) = B, f(x) = —Bx + C, thay vao (2) dugc
B=—-Bx+C, Vx € R,
dod6B=C=0,suyra f(x) =0, g(x) = 0. Thi lai thdy thoéa man.
& Néu A = 1thi g(x) = x+ B, f(x) = x?> — Bx + C, thay vao (2) dugc
x*+Bx+C+B=x"—Bx+C, VxR,

hay 2Bx + B =0, Vx € R, nghiala B = 0.
Vay f(x) = x> 4+ C, g(x) = x. Thit lai thdy thda man.
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Két luan: fx)=0vag(x)=0;f(x) = x? + Cvag(x) =x.
Cach 2 (tiep noi tur (6): Phuong phap thém bien. Pat f(0) = b, g(0) = a. Tu (6) ta c6

f(x) =xg(x)+b—2ax, VxeRR.

Bay gio, thay x bdi x + z vao phuong trinh ham (1), ta dugc

(f(x+y+z))=flx+z)+ 2x+2z+y)g(y)
=(x+2z)g(x+z)+b—2a(x+2z)+ (2x+2z+y)g(y)-

Thay y bdi y + z vao phuong trinh ham (1), ta cting c6
fx) + 2x+y+2)8(y +2)
xg(x)+b—2ax+ 2x +y +z)g(y + 2).

g(f(x+y+z))

Déi chiéu hai két qua trén, ta dugc
xg(x)+b—2ax+ 2x+y+z)g(y+z) = (x+2)g(x+z)+b—2a(x+2z)+ 2x+2z+y)g(y).
Trong phuong trinh nay, cho x = y va rut gon thanh
xg(x+z) = (x+2z)g(x) —az, Vx,zeR.
Trong phuong trinh nay, thay x = 1va z = x — 1, ta dugc
g(x) =xg(1) —a(x—1) =Ax+B, VxeR.

Dén day ta lam tuong tu nhu cach 1.
Bai toan 41. Gia st ton tai ham s f : R* — RT thdéa man

(4 1)f(x+y) = F(XF(z) + )+ F(yf(z) +3), Vrp,2 € R, 1)
Ta cho x = y = 1 vao (1) ta duoc

(z+1)f(2) =2f(f(z) +1), Vz € RT. ()

Do lim (z+1)f(2) = +conén ti (2) suy ra ham f khong bi chan trén. Ta sé ching minh

zZ—+00

fa)+ f(b) = f(c) + f(d) ®)

vdi moi sb thuc duong a, b, ¢, d thoa man a + b = ¢ + d. That vay, xét bdn sb thuc duong a, b,
c va d bat ki théa man a + b = ¢ +d. Vi f khong bi chan trén nén ton tai s6 thuc duong e sao
cho

abcd
f(e) > max{l,E,E,E,E} .

Khi d6, ta c6 thé tim dugc cac sd thuc duong u, v, w, t thoa man

flelu+v=a
u+fle)o="=
fle)lw+t=c
w+ fle)t=d
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ofle) b, _ble)=a ,_cfle)=d,_dfe)—cy
Ferp—1° " fer—1" " fep—1" " fep-1/;

Tia+b=c+d,tasuyrau+v=w+t.Tachox =u,y=vvaz=evao (1) ta dugc
(e+1)f(u+v) = f(a) + f(b).

Con khi chox = w, y =t vaz = evao (1), ta lai dugc
(e+1)f(w+1t) = fle) + f(d).

Tir 46, ta thu dugce f(a) + f(b) = f(c) + f(d), nghia 1a khang dinh (3) dugc ching minh. Tiép
theo, ta thay x va y bai g trong (1) thi dugc

(thuc vay: u =

C+VfE) = f(5£@)+3) +f (/=) +3), ¥xz e RE, @

Theo (3) ta ¢
f(GF@+35) +f (5@ +5) = FxFE) + f(x), v,z € R, ©)
Két hop (4) va (5) ta duoc zf(x) = f(xf(z)) v6i moi s6 thyc duong x, z. (6)
bata = f <}%1)) Tachox =1vaz = j% vao (6) thi thu dugce két qua f(a) = 1. Cho

x = z = avao (6) ta dugc

af(a) = faf(a)) = a=1= f(1) =

Tix (6) cho x = 1 ta dugc z = f(f(z)) voi moi s6 thuc duong z. (7)
Mt khdc, tur (3), ta thu dugc

fx+y)+f(1) =f(x) +fly+1), Vx,y €eRT

flu+1)+f(1) = f(y) + f(2), Yy € R™.
Do dé f(x+y) = f( )+ f(y )+Cv01m01sothucduongx y(C f(2) =2). (8)
Thayx—y f(2)vi0 6) o due £21(2) ~2/(2) + 9)

Tir (6) va (7) ta thu dugc { = 2f( ) =2(C+2)

Tir (9) va (10) tac62(C+2) —4+C$C—O Do d6 (8) trd thanh
flx+y) = f(x) + fly), Yxy eRT

Vi vay, f(x) = x v&i moi s6 thuc duong x. Thit lai ta thdy ham s6 nay thoéa man cac yéu cau
dé bai. Vay bai todn c6 nghiém ham duy nhat la

f(x) =x, Vx,y € RT.
Bai toan 42. Gia st ton tai ham s6 f : (1; +o0) — R thda man
f) = fly) = (y—x) f(xy), Vx> Ly > 1. (1)

Loi giai 1. Bat g(x) = f(x) — 2f( ) , Vx> 1.Khidé: g(2) =0va

¢(x) — g(y) = f(x) — F(y) — 2f(2 >(——§)
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- —x)f(xy)—M

Nhu vay g(x) — g(y) = (v — x)g(xy), Vx,
Tir (i) choy = 2, ta dugc: g(x) = (2 — x)

Tir (i) cho y = zx, ta dugc:

== |fo) = L2 | = =gt
% 2x), Va > 1. (21)

g(x) — glzx) = (zx —x) g (22?) , ¥x,z > 1.
Do do:
(x —2) g(x) — (x —2) g(zx) = (x — 2) (zx — x) g (zx2> ,Vx,z > 1
= (x—2) g(x) — [8(z) —8(x)] = (x—2) (zx —x) g (22?), Vx,2 > 1
= (x—z+1)g(x) —g(z) = (x—z2) (zx — %) g <2x2> , Va2 > 1.

Nhu vay véix > 1,z > 1,ta co

<x2 - z> [(x—z+4+1)g(x) —g(z)] = (x —z) (zx — x) (xz - z) g (zxz)
= (x—2) (zx — x) |3(2) — g (¥*)]. (3i)
Tir (3i) cho x = 2, ta duoc:

(4-2)(=8(2) = (2-2) (22 -2) [8(2) —g(4)], V2 > 1
=4—-2)g(z)+22—-2)(z—1)g(z) =2(2—-2)(z—1)g(4),Vz > 1
:><4—z—222+6z 4)g():2(2 z)(z—1)g(4),vZ>1

=g(z) = 22~ 2()5( 2Z§)g(4) Vz>1,z 7é 5
=g(2z) = (2- 221—'5224_2)1)g(4) Vz > E’Z 7& ri
I G 2255224—2)1) ) ves1,z22 ()

Néu g(4) # 0 thi két hop véi (2i) ta dugc:

22—2z)(z—1)g(4) _2(z—-2)(2-2z) (2z —1)g(4)
z(5—2z) 2z(5 —4z)

1 22-1 5 5 .
S5 2 54y PO VEFpEA AL 1)

Ma (5i) la diéu vo linén g(4) = 0,do d6 g(z) =0,Vz > 1,z # ;
Tir (2i) c6 g <g) = 0. Do do:

g(z)=0,vVz>1
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ef(x) = %, Vx >1 (véia =2f(2) lahang so). (61)
Thi lai ta thy ham s6 xac dinh bdi (67) théa man cac yéu cau dé bai. Vay cac ham sb can tim
la f(x) = g,\m > 1, v6i a 1a hing sé.

Loi giai 2. Gia st ton tai ham s6 f thda man cac yéu cau dé bai. Ta c6:
(1) = f(x) _f(y)

r—y
Ta thay néu ham s f(x) théa man (1) thi ham s6 —f(x) cling théa man (1) nén khong mét

tinh tong quat, gid st f(2) = g, a > 0. Gia st ton tai xg € (1;400) sao cho f(xp) > xi' (3)
0

& Truong hop 1: xp > 2. Ta c6:

=—f(xy), Vx>1y>1x #y. 2)

a a
flxo) = f2Q) P x 2 _ —a a
_f(2x) = - o fe N 4
f( XO) X()—2 > XO—Z 2XO f( xo)<29(f() ()
a a
, 2x0) — f(2)do (W) 2xy "2 —a
Ta c6: —f (22 = f (2% 0 = .
acs: —f ( x0> 2x9 — 2 < 2x0 — 2  22xg
) a
Suy ra f (2 xo) > Py’
a a
22x0) — f(2x0) _ 2Zxg 2xy _ —a@
Lai c6: — 23 2\ _ f( 0 0 _ )
atco f( xo) 22x0 — 20 - 22x9—2x9  2%x3
a
Suy ra f (23x%> < g2 ®)
0 a a
22x0) —f(2) _ 22xy 2 -—a
Laico: —f (23 _ f( 0 — )
ai s —f (2°%) Pxg—2  2x-2  Px
a
Suy ra: f (23x0> < Py (6)
a a
2%x0) — f(xp) do (3) Bxy %y —a
Lai c6: — 23 2\ _ f( 0 0 _ )
arco f ( XO) 23x0 — X0 < 23XO — X0 23x%
Suy ra f (23x%> > %, mau thuan vdi (5).
*0
& Truong hop 2: xp < 2. Ta cé:
a a
flo)=f2) _x 2 _ 4 \
f (2xp) o <x0—2 2x0(0x0 <0va (3))
Suy ra f (2xg) > %. bat x; = 2xp > 2, khi d6: f (x1) > xi' Dén day, st dung két qua
0 1

& truong hop 1, ta ciing dan t6i mau thuan.

Tiép theo gia st ton tai xg € (1; +00) sao cho f(xq) < xi' (7)
0
Néu xg > 2 thi
a a
flo)=fQd D xy 2 _ —a
—f(2x0) = — 2 i
f( Xo) XO—Z x0—2 ZXOif( X())> X0
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v . s a ? s A 2 2 A X ) A X A
bat a = 2xp > 1, khi d6 f(a) > 5 51 dung cac ket qua & trén ta dan téi mau thuan. Neu
1 < xp <2thi

a a
o) = LSOOI R 2 o 2

bat B = 2xp > 2,khidé f(B) < %, stt dung cac két qua & trén ta dan t6i mau thuan. Nhu vay

tat ca cac truong hgp déu dan t6i mau thuan. Do d6 f(x) = ;, Vx > 1 (a la hang sd). Thi lai
thay thoa man.
Luuy.

& Céc phép thé "thong dung" nhu x = y, y = 0, y = 1 trong bai todn nay hodc dan dén
diéu hién nhién, hoac khong duge phép. Trong nhitng tinh huéng "han ché" nhu vay,
thém bién 1a mot giai phap kha di ma ta c6 thé nghi dén.

& C6 mot 1oi gii ciing bang phuong phap thém bién kha 1a ngan gon. Viéc nhan xét vé
tinh dung sai cta 16i gidi nay xin nhuong cho ban doc. Xétx >y >z > 1. Tacé

f(x) = f(z) = (2= x0)f(xz) = [(z —y) + (y — ¥)] f(x2)
= (y —x)f(xz) + (z = y) f (x2).

Mat khéc thi
f(x)=f(z) = f(x) = f(v) + fly) — f(z2) = (y — x) f(xy) + (z — y) f(y2).
Tir day suy ra
(y—x)f(xz) + (z—y)f(xz) = (y —x) f(xy) + (z — y) f (y2)

Sy —x)[f(xz) = fxy)] = (z = [f(yz) — f(xz)]

oy - oy - (P52) = (2 - )z - y2)f ()

Sy —0)x(y—2)f (¥Pyz) = G- y)z(x - y)f (w?)

@xf( ) (xyz )

Suy ra x*yzf (x?yz) = xyz? ) véimoix >y >z > 1.

5
Gidstra > b > 1. Datx—\/ =Y = :8b—.Khidé

s SR
xPyz = = a,xyz* = =bzx=y
\/TL
8_
b

zf

Sx(xyz)f < ) z(xyz)f (xyzz>.
(
b

Ta co

X

NI <R
@‘Q
%%

b>1
= x >y >z > 1. Theo trén ta c6
> 1

= 4:

af(a) = xPyzf <x2y2> = xyz*f <xyzz) = bf (D).
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Nhu vay af(a) = bf(b), ¥a > b > 1. Tir d6 suy ra f(x) = ; Vx > 1 (c la hing s8). Thix

lai thdy thoa man.

Bai toan 43. Gia st ton tai ham s6 lién tuc f : R — R thoéa man

flat+y) +flay) +1=fx) + f(y) + fxy +1), Vr,y € R 1)
Xét ham s ¢(x) = f(x +1) — f(x) — 1 lién tuc trén R. Ta c6
(1) & flx+y) = f(x) + fy) +g(xy), Yx,y € R. 2)

Vay ta thém bién mdéi z tuong tu nhu bai toan 21, thu dugc két qua: Ham ¢ ¢6 dang
g(x) =2ax+10b, Vx € R.
Thay vao (2) ta duoc
f(x+vy) = f(x)+ f(y) +2axy + b, Vx,y € R
sfx+y)—alx+y)? = [h(x) — axz} + [h(y) — ayz] +b=0x,yeR

= f(x) — ax?

=mx+n,Vx € R.
Thay f(x) = ax? + mx +n, Vx € R vao (1) ta dugc

a(x+y)> +m(x+vy) +n+ax’y* + mxy +n+1
—ax®> +mx +n+ay? +my+n+a(xy+1)>+m(xy+1) +n, Vx,y € R.

Rit gontadugca+m+n =1 < n = 1 —a— m. Vay ham s6 thda man yéu cau dé bai c6
dang f(x) = ax®> + mx+1—a—m, Vx € R, v6i a, m la nhitng hang sb tuy y.

Bai toan 44. Ta khang dinh moi nghiém c6 dang f (x) = cx +d v6i ¢ > 0 nao d6. Dé dang
kiém tra cdc ham s6 nay thoa man dieu kién vi ta c6 hang dang thic

a3+b3+c3—3abc:%(a+b+c) ((a—b)z+(b—c)2+(c—a)2).

a) Theo gia thiét ta c6 f(0) = 0. Chu y rang tir diéu kién dé bai suy ra: “Néu ba s6 thuc g,
b,cthéaa+b+c = 0thif(a) + f (b%) + f (c®) = 3f (abc)”. Ta goi khang dinh nay la
P (a,b,c). Khang dinh P (/a, —/a,0) cho ta f (a) + f (—a) = 0 véi moi sb thuc a, suy ra f
la ham lé.

b) Néu a > 0 thi /a + 0+ 0 > 0 nén diéu kién (i) suy ra f(a) > 0.

Bay gionéu a > b thi /a > v/b.Suy ra /a + v/—b+0 > 0.
Do dé f (a)+ f (—b) > 0,suyra f (a) > f (b). Vay f la ham tang.

c) Bay gioxét P (a,b, — (a+Db)). Vi f 1 nén ta c6 thé bién ddi thanh

f(a®) + £ (0) +3f (ab(a+b) = f ((a+D)°)

Ap dung dang thitc nay nhiéu lan, ta ¢6

flatb+eP) =f(@@+6)°) +f () +3f ((a+b)c(a+b+c))
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= (@) + £ (%) +3f (@b (a+b) +f () +3f ((a+b)c(a+b+c)).

Hoan toan tuong tu, thay dé6i vai trd cta b va ¢, ta duge

f<(a+b+c)3) =f<a3> -|—f(b3> +f(c3> +3f(ac(a+c))+3f((a+c)b(a+b+c)).
So sanh hai dang thic cubi cling, ta thu dugc
flab(a+b))+f((a+b)c(atbtc))=flac(@atc))+f((at+c)b(a+btc)). ()
Déy rang
cla+b)(a+b+c)—b(a+c)(a+b+c)=(a+b+c)(ca+cb—ba—bc)
=(a+b+c)(c—Db)a
=a(c®—b?) +a*(c—D)
= ac® + a*c — (ab® + a®b)
=ac(a+c)—ab(a+D). (2%
Véi hai s6 thyc duong x < y bat ki, ta xét hé phuong trinh sau
a*c — abc = a’b +ab* (1)
a*b + ab® = x 2)
a*c +ac* =vy. (3)

~~

Ta khang dinh rang hé c6 nghiém thuc a # 0, b #, ¢ # 0. That vay, dat b = ga, ¢ = ra thi
(1) trd thanh
q+7°
r—rg=q+¢*=>r=-1—1,
g=q+4 =
Tir (2) va (3) suy ra

2
Ham s6 h(q) = (1=4q) lién tuc trén doan [0;1] vah (0) = 1. Vi g € (0;1) nén ton tai g

14 42
thuoc [0;1] sao cho h (g) = 5 Chon g nay va tuong ung r = % Nhan g var cho a

dé nhan dugc b, ¢ théa man (2); con (3) va (1) sé tu nhién duogc théa man. Vay ton tai a, b,
c; 16 rang la a # 0. Nhu vay ta da chon dugc 4, b, ¢ thich hgp. Chd ¥ rang

a*c —abc = a*b+ab* = b(a+b+c) =ac
=b(a+c)(a+b+c)=ac(a+c)=y

vaab(a+b) = x.Tudoé
cla+b)(a+b+c)=b(a+c)(a+b+c)+ac(a+c)—ab(a+b) =2y —x.
Str dung nhitng diéu nay va (*), ta suy ra

fQRy—x)+f(x) =2f(y)

MUC LUC



53 | Nguyén Tai Chung - GV THPT Chuyén Hung Vuong Gia Lai

Xx+z ..» NP
voimoi0 <x <y.Datz=2y—x &y = %, diéu nay trd thanh

F)+ =2 (257)

voimoi 0 < x < z.

Vay f théa man phuong trinh ham Jensen trén tap s6 duong. Nhu chitng minh & trén, f la
ham s6 ting, suy ra f (x) = cx (trong diéu kién f (0) = 0) v6i x > 0 (v6i c > 0). Do ham f 1é
nén ta c6 f (x) = cx v6i moi x € R. Va bo diéu kién f (0) = 0 thi ta dugc nghiém ctia bai toan

laf(x)=cx+dvdic>0.
Luuy.

(D Dé thay rang néu f 1a ham sb thda man diéu kién thi (i) va (ii) thi ham s f + k v6i k la
hang s6 ciing théa man hai diéu kién nay. Vi thé ta c6 thé gia st f (0) = 0. Nhu thé gia

thiét (a) (gia thiét f(0) = 0) 1a khong can thiét.

2 O loi giai trén, ta da ding tinh chat ctia ham lién tuc dé ching minh hé phuong trinh c6
nghiém. Sau day ta sé dung mét cach khac, so cap hon dé chiing minh hé phuong trinh
c6 nghiém. Gid stt 0 < x < y bat ki. Ta sé chitng minh hé phuong trinh sau c6 nghiém

(a,b,c) véia > 0,b >0, c > 0 (thdm chi 1a ta con chi ra duge nghiém cu thé):

cla+b)(a+b+c)=y

ab(a+b) =x
{ ac(a+c)=b(a+c)(a+b+c).

ab(a+b) =x
Hé nay tuong duong véi ¢ c(a+b)(a+b+c)=y
ac="b(a+b+c).
Tir phuong trinh thi hai va thi ba ta co
y ac

_ ac _ 2
c(a+b)_b:>by ac“(a+b).

Két hop v6i phuong trinh thir nhat ta duoc

ab  ac? b 2 y

vOi k = \/g . Tir phuong trinh thir nhat va phuong trinh thi hai ta ¢6

X

x y INE ab B kac
ab  cla+b+c) "y cla+b+c)  clatke+ec)
ka a

_ ck(k+1)
o 1-k

Thay b = kcvaa = @ vao phuong trinh thit nhét, ta dugc
k2 (k+1) (ck(k+1) Ak2(k+1)  2ck
1—k (1—k +kc)_x@ 1-k 1-k

(3%
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5| (1—k)%x

3.3 12 _
20k (k+1)=(1—-k)x<c WE+ D)

Nhu vay véi moi 0 < x < y thi ludn ton tai cac s6 duong a, b, c théa man hé (3x). Do do,
ket hgp dieu nay vdi dang thuc (2x) ta thu duoc ket qua

f(x)+f(y):2f<x;y),Vx>0,y>0,x<y. (4%)
Dé thay rang f(x) + f(x) = 2f (xerx) , Vx> 0. (5%)

Tir (4%) va (5%) taco f(x) + f(y) = 2f <x—2|—y> , Vx> 0,y >0. (6%)

Mat khéc, d b) ta da chung minh f(a) > 0, Va > 0. Két hop diéu nay voi (6x), lap lai
quy trinh cta 16i giai bai todn 23 (6 trang 21) ta dugc

f(x)=4x, Vx>0
v6i £ 1a hang s6 khong &m nao d6. Ma f 1a ham 1é nén suy ra
f(x) =4x, Vx € R.
Vay cac ham s thda man yéu cau dé bai la
f(x) =t¢x+C, Vx € R

voil, Cla héng s6, ¢ > 0.

Bai toan 45. Gia sir ton tai ham s6 f : R — R thoa man
fr+f) = f (2 +3) +2xf(y) + f(x) =3, VryeR (1)

Dé thay f(x) = 0 khong thdéa man phuong trinh da cho nén ton tai iy € R sao cho f(yo) # 0.
Thay y = yo vao phuong trinh (1), ta dugc

£+ f (o) = fx) =2xf (o) + f (¥ +3) =3, VxeR.

Vé phai ctia phuong trinh trén la mot ham bac nhat 4n x nén né cé thé nhan moi gia tri trén
R. Tix d6 suy ra hiéu f(u) — f(v) c6 thé nhan moi gia tri trén R. Bay gid, thay x boi x — f(y)
vao phuong trinh da cho, ta duoc

flx=fW) = f@) ~ f (P +3) =20 FW)f W) +3, VxyeR

Trong phuong trinh trén, ta thay x boi x + f(z) thi duge

flx+f(2) = f(y))

fla+f(2)) = f (P +3) —2[x+ f(2) = )] f(y) +3
f@) + £ (2+3) +2xf(z) — f (¥ +3) —2[x + £(2) - W) W)
) +2x[fz) = F)] + £ (2 +3) = F (P +3) +2f W) - f(2)].
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Ddo vi tri cia y va z trong phuong trinh trén rdi cong phuong trinh thu duge va phuong trinh
trén lai theo vé, ta dugc

fle+f(2) = f() + fx + fy) = f(2)) = 2f (x) +2[f (y) - f(2)].
Do hiéu f(y) — f(z) c6 thé nhan moi gia tri trén R nén tir day ta c6
flx+y)+fx—y) =2f(x)+2% VxycR.
bat f(0) = ava g(x) = f(x) —x*> —athitacd g(0) =0 va
glx+y)+8(x—y) =2(x), VxyeR.
Thay x = y vao phuong trinh nay, ta dugc g(2x) = 2g(x) v6i moi x € Rnén ta c6
glx+y)+8(x—y) =g(2%), VxyeR.

Lan lugt thay x, y bsi ;Ly Y

vao phuong trinh trén, ta suy ra ¢ 1a ham cong tinh. Tiép
theo, thay x = 0 vao phuong trinh (1), ta dugc

f(f(y))zf(y2+3)+a—3, vy € R. )
Thay f(y) = g(y) + y? + a vao (2) va rit gon véi chii y ¢ cong tinh, ta dugc

0=F(fy) ~f (s +3) —a+3
:g(f(y))+f2(y)+ﬂ—g(y2+3)—(y2+3)2—a—a+3

=g (fW) +f*(y) - g(y +3) (y2+3)2—a+3

=g (sly +y2+a)+( +y2+a>2—g(y2+3>—(y2-|—3>2—a+3

= 3(3)) +8 () +8(0) + ) +2 (P +a) 3) + (v +a)

g<y2 3) <y2+3> —a+3

g(8y)) + (y2> y)+2 (y —|—a) e(y) + <y2 +a)2
-2 (1) —30) - (¥ +3) —a+3
=2 (W) +g () + W) +2 (v +a) )

+ <>o

g

(y2+a) (v +3) }+[g(a)—g(3)]—g<y2)—a+3

g(8W) + &) +2 (v +a) gv)
+@-3)2*+a+3)+[g(a) —g(3)] —a+3

= 2 (3W) + &) +2 (12 +a) gy) + (a=3) (27 +a+2) +g(a) — 2(3).

Thay y = 0 vao phuong trinh trén, ta duoc

(a—3)(a+2)+g(a)—g(3) =0.
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Tir d6 suy ra

$8W) + &) +2 (v +a)gly) +2(a-3)y* =0, WyeR.

Thay y boi ny (n € IN*) vao phuong trinh trén va st dung tinh cdng tinh cua g, ta dugc
ng(g(y)) +n*g*(y) +2n (n2y2 - a) g(y)+2n2(a—3)y* =0, VyecR,ncN*.

Ta xem vé trdi la mot da thitc 4n 1. Da thitc nay c6 gia tri bang 0 tai v6 han gid tri ctia n nén né
phai dong nhat bang 0. Tir d6 suy ra hé s6 ctia n° phai bang 0, hay ta ¢6 2y?¢(y) = 0 v6i moi
y € R. Két hop vdi g(0) = 0, ta suy ra g(y) = 0 véi moi y € R. Tir day véi cha y

(@ —=3)(a+2)+g(a) —g(3) =0,

ta tinh dugc a = 3 hodca = —2.Suy ra f(x) = x*> + 3 v6i moi x € R hodc f(x) = x> — 2 véi
moi x € R. Thit lai, ta thiy chi c6 ham f(x) = x% 4 3 thda man yéu cau. Vay c6 duy nhat mot
ham s6 thda man yéu cau la

f(x)=x*+3, Vx €R.

Luu y. Ban doc hay xem thém bai toan ?? & trang ?? (Day dd hon, c6 thé xem ca muc ?? & trang
??: St dung da thiic) dé tim hiéu va ciing c6 thém phuong phép van dung da thic vao viéc
giai phuong trinh ham).

Bai toan 46. Gia st ton tai ham s6 f : R — R thda man

x+y\ _ f)+f)
P = gy W
Tir (1) ta thdy ngay rang, néu x # y thi f(x) # f(y). (2)
Tir (1) cho y = 0 ta duogc
f(x) + f(0)
T =5~y ™ 7°
=f()f(x) = f(1)f(0) = f(x) + f(0), Vx #0
=f(x) [f(1) =1] = f(0) [f(1) +1], Vx #0. ®)

Néu £(1) # 1 thi tir (3) suy ra f 1a ham hang, mau thuan véi (2), do d6 f(1) = 1, tir day suy
ra f(0) = 0. Tu (1) thay y bdi x — 2 ta dugc

_ f)+fx=2)

flx—1) (4)

f) = flx-2)
Tir (1) thay x boi x — 1 va thay y bdi 1 va st dung f(1) = 1 ta dugc
x \ _ f(x=1)+1
(+5) - ©
Thay (4) vao (5) ta dugc
x \_ _f)
(+53) = ©
Tir (5) va (6) suy ra
Fx) = flx—2)- FE= @)
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Tir (5) cho x = 3 ta dugc f(3) = ;Eg j 1 Tix (6) cho x = 4 ta dugc f(4) = f(2)2. Tix (7) cho

x = 5 ta duogc

H+1_f@+1 @ +1_ f@°+1

Mat khac, theo (1) ta ¢6

£(5) :f(ﬂ) e+ _fy-1? 2R 41
3-2)  f(3)—f(2) ;E;;ti_f(z) —f(2)* +2f(2) +1

Nhu thé
F2)~ 1P = ~@P+22) +1 4 2f(2P ~47(2) =0 & | }3

Do f(0) = 0vado (2) nén f(2) # 0. Vay f(2) = 2. Tu day ta co ngay f(3) = 3va f(4) = 4.
Gia st f(k) = k v6i moi s6 tu nhién k < n, véi n 1a s6 ty nhién cho trude. Tix (7) cho x = n ta
duoc

0
2.

f(n+1):f(”—1)'f(n)+1=(n—1)-ZJ_r1

Nhu vay theo nguyén ly qui nap ta dugc

=n+1.

f(n) =n, Vn € N. (8)

Tir (1) cho y = —x ta duoc

_ fx) + f(=x) ) = Fx), Yy
f(O)—f(x)_f(_x):>f( ) = —f(x), Vx € R

hay f 1a ham s6 1 trén R. Do d6 két hop véi (8) ta duge
f(n)=mn,VneZ. 9)
Tiép theo, ta thém bién z bang cach thay y bdi zx ta dugc

() =i ey

. x+xz\ L (14+z\ 1+f(z) .
Maf(x—xz) _f(l—z) T1-fz) "
14 £(z) _ f(x)+f
1-f(z)  flx)—f
Thuyc hién nhan chéo réi rit gon ta dugce
f(x2) = F(x)f(2), ¥x # 0,z £ 0.
Két hop véi £(0) =0, f(1) = 1 ta dugc

f(xz) = f(x)f(z), Vx,z € R. (10)
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Giasun € Z*, khi do

1= =f(n ) Crm e (5) = ()= £ (5) =3

.2 2 N A ~ ? . , m P N A A N ~
Gia st r1a so hiru ti, khi d6 r = — véi m, n 1a so nguyén va n # 0. Ta c6
n

m

f) = £ (3) = )£ () =

n

Nhu vay f(r) =r, Vr € Q. (11)
Tir (10) cho z = x ta dugc

f <x2> = f(x)> = f(x) >0, Vx > 0.

Két hop véi f(0) = 0 va (2) ta duge f(x) > 0, Vx > 0. Tiép theo ta chiing minh ham f ting
nghiém ngat. Gia st x > y, khi d6 chi 6 cac trudng hop sau c6 thé xay ra:

@ Truong hop 1: x > y > 0. Khi d6
OESTIEE

JAR) TIAT) Ty

f(x) = f(y)

™ Truonghop 2:y <0 < x.Khid6 f(x) >0, f(y) <O0nén f(x) > f(y).

) > 0= f(x) > f(y).

@ Truong hop 3: y < x < 0. Khi d6
O0<—x<—y=f(=x) <fl=y) = —f(x) < —fly) = f(x) > f(y).

Nhu vay, néu x > y thi ta luoén c6 f(x) > f(y). Gia stt x € R. Khi d6 ton tai hai day sb hiru ti

[}, {00}, sao cho

up, <x<v,,Vn=1,2,...; lim u,= lim v, = x.
n—r+o00 n——4o00

Vi f 1a ham tang nén f(u,) < f(x) < f(v,). Két hogp véi (11) ta dugce
up < f(x) <oy, Vn=1,2,....
Cho 1 — oo trong bat dang thtic trén ta dugc
x < f(x) <x= f(x)=nx.

Vay f(x) = x,Vx € R. Thit lai thiy thda man.
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