CHU DE 19: BAI TOAN CUC TRI SO PHUC
w Dang 1: Cho s phtic z théa man |z— z1| = |z - zz| . Tim s6 phirc thoa man |z —zo|nh6 nhét.

Phwong phdp: Dit M(z); A(z,); B(z,) 1a cac diém biéu dién s6

phirc z;z, va z,. Khi d6 tir gia thiét |z—z1|=|z—zz|suy ra 2 f\-' =

MA =MB, tap hop diém bidu dién sé phic z 1a duong trung e

truc A cua AB. A ' - _
Goi N(zo)1a diém biéu dién sé phuc z, [ H Mz

Ta c6 MN =|z—z|nh6 nhat khi MN_; khi M 1a hinh chiéu B =)

vudng goccua N trén d va MN_. =d(N;A)

Vi du 1: Cho s6 phiic z théa man |z—4—i|:|z+i|. Goi z=a+bi (a;beR) la s phiic théa min
|z—1+3i| nho nhat. Gia tri ciia biéu thire 7 =2a+3b la:

A. -4 B. 4 C.0 D.1

Loi gidgi
Dt M(z); A(4;1), B(0;—1) 1a cac diém biéu dién sé phiic z; 4+i va —i. Khi d6 tir gia thiét suy ra

MA = MB, tap hop diém biéu dién sb phirc z 1a duong trung

Niz.)
truc cua AB di qua I(2;0) va c6 VTPT Ila Atz
n=AB(-4;,-2) = A:2x+y—4=0

_a 23
Goi N(1;-3)1a diém biéu dién s6 phirc 1—3i H Mz

Ta c6 |z—1+3i| nhé nhat khi MN,; khi M 1a hinh chiéu vuong B
goccua N trén 4, suyra MN :x-2y+1=0

i |2x+y—-4=0 x=3
Giai hé =

= M (3;-2)=z=3-2i=2a+3b=0.Chon C.
x=2y-7=0 y=-2

Vi du 2: Cho céc s6 phic z thoa min |z—2i| =|z+2|. Goi z 1a s6 phic thoa man |(2—i)z+5|nh6 nhit.
Khi do :
A. 0<[7|<1 B. 1<|z|<2 C. 2<|7|<3 D. |z[>3

Loi gidi
Goi M (x;y); 4(0;2),B(-2;0)1a cac diém biéu dién sb phuc z; 2i va —2.

Tir gia thiét = MA = MB = M e trung truc cia AB c6 phuong trinh A:x+y =0

Lai co: P=|2-i)z+5|=[2i| , g0i N(=2;—1)1a diém biéu dién s6 phirc —2—i

z+%‘:\/§|z+2+i
—1

suyra P= \/gMN




Ta c¢6 P nhd nhét khi MN .. khi M 1a hinh chiéu vudng goc ctia N trén 4, suy ra phuong trinh

MN :x—y+1=0
x_—l
x+y=0 T - -
Gaing "7V ol 2omtl :>z=—1+li:>|z|=£.Ch9nA.
x—y+1=0 _1 22 2 2 2
2

. Dang 2: Cho s6 phic z thoa m§n|z—zo| =R . Tim s6 phuc théa man P = |z—z1|dat gia tri 16n nhat,
nho nhét.
Phuwong phdp: Dit M(z);1(z,); E(z,) 1a cac diém biéu dién s6

phic z;z, va z,. Khi d6 tr gia thiét |z—z|=R < MI=R

= M thudc duong tron tdm 7 ban kinh R. Ta c6: P=ME 16n T, T

r'r-| "
=

M,
nhit < ME__va P nh6 nhat < ME__ . Khi do:

P.=IE+ReM=M,va P, =[I[E-R|<M=M,

(Diém E c6 thé nam trong hodc ngoai duong tron).

Vi dy 1: Cho s6 phirc z théa man |iz—3+2i|=3. Tim gié trj nh6 nhat cia bicu thire: P =|z—1-1]

A.P_ =3 B.P_ =.13-3 C.P =2 D. P =10
Loi gidii
Ta co: |iz—3+2i|=3 < | z—3+2 =3 < [z+2+3i]=3= tap hop diém M bicu dién s6 phirc z la duong
1

tron tdm /(—2;—3) ban kinh R =3

Goi E(1;1) 1a diém biéu dién s6 phic 1+i= P=ME = P

min

=|EI-R|=2

Vi dy 2: Cho s6 phitc z thoa man |z+2—1=+/5. Goi z va z, lan luot 1a 2 s6 phirc lam cho biéu thire
P =|z—2-3i| dat gid tri nh6 nhét va 16n nhét. Tinh T =3|z,|+2|z,|

A.T=20 B. T=6 C.T=14 D.T=24

Loi gidi
Ta co: |z+2—i| =5 = tap hop diém M biéu dién sé phicc z 1a dudng tron tim 7(—2;1) ban kinh
R=+/5.Goi E(2;3)=P=ME

Phuong trinh dudng thang [E:x—2y+4=0

I
Dua vao hinh vétaco P, =IE+R < M=M, RN "M,
 [x-2y+4=0 M,(~4,0)= P, =345
Giai hé 5 5 = . M(z)
(x+27+(y=1"=5 | M,(0;2)=P,, =5




Do d6 T =3|z|+2|z,|=3.2+2.4=14. Chen C.

w Dang 3: Cho s6 phitc z théa man |z—z1| = |z—22|. Tim s6 phtrc thoéa man P = |z—z3|+|z—z4| dat gia
tri nhé nhét.

Phuwong phap: Dat M(z); A(z,);B(z,); H(z;);K(z,) 1a cac diém biéu dién sé phirc z; Z,5Z,;Z,va z,. Khi
do tir gia thiét |z — z1| = |z - 22| suy ra MA = MB, tip hop diém biéu dién sé phirc z 1a dudng trung truc A

ciia AB; P =|z—zy+|z—z,|=MH+MK

TH1: H, K nam khac phia so véi dudng thang A =
Ta c6: P=MH+ MK > HK
Diu bang xdy ra <> M =M, = HK N (A) A

Khi dé P, =HK

TH2: H, K nam cing phia so voi duong thing A K
Goi H’ 1a diém ddi ximg ciia A ;
Khi d6: P=MH+MK =MH'+ MK > H'K
Dau bang xay ra <>M=M =H'Kn(A) M (=)

Khidé P =H'K

Vi du 1: Cho s6 phtrc z théa man |z—l+2i|:|z+3—2i|.G(_)i z=a+bi (a;b e R) sao cho
P =|z-2—4i|+|z+1-i| dat gia tri nho nhat. Khi d6 a+b la:

A.3 B.5 C.8 D. 4

Loi giai
Dit M(z); A(1;-2),B(=3;2) tir gia thiét suy ra MA = MB nén M thudc duong thing trung truc ciia AB c6

phuong trinh  A:x—y+1=0, goi H(2;4)va K(-1;1) 1a cic diém

bidu didn s phitc 2+4i va —1+i ) A

Tacé P=MH +MK va 2 diém H, K cing phia so v6i duong thang A 1

Goi H’ 1a diém d6i xtmg ctia A:x—y+1=0 e o RE——
Ta c6: HH':x+y—6=0toa do trung diém cta HH’ 1a nghiém hé 4

-y+1=0
phuong trinh Y =1 (E,Zj
x+y—-6=0 22

Suy ra H'(3;3)
Lai c6: P=MH+MK =MH'+MK >H'K




Dau bang xdy ra < M = H'K nd. Phuong trinh dudng thang H'K 1a: H'K :x—2y+3=0

Suyra M,=H'KNA=M_(t2)=z=1+2.Khidé P, = H'K =2-/5. Chen A.

min

Vi du 2: Cho sé phtic z thoa méin |z—2+4z'| = |1'z—2| .Go1 z=a+bi (a;b e R) sao cho
P =|z—i|+|z+1+3i| dat gi4 tri nho nhat. Gié tri nh6 nhat ddy bang

A. V53 B. 37 C. 4 D. V41

Loi gidi

Ta c6:|z—2+4i| =|iz— 2| & |z — 2+ 4i] =|i] |z 2| = |z + 21
1

Goi M(z); A(2;—4),B(0;—2)tir gia thiét suy ra M4 = MB nén M thudc dudng thang trung truc cia AB ¢o
phuong trinh A:x—y-4=0, goi H(0;1)va K(-1;-3)1a

céc diém biéu dién sb phuc iva —1-3i E:

Ta c6: P=MH+MKva 2 diém H, K cing phia so véi H Ve |

duong thang A L / |

Goi H’ 14 diém d6i xting cia A:x—y—5=0 A \ _

Ta c6: HH':x+y-1=0 toa d¢ trung diém cia HH’ la [ / M. Mz
H

. . x—y—4=0 5 3
nghiém hé phuong trinh =1 ———
x+y—-1=0 2

Suy ra H'(5;-4)
Lai c6: P=MH+MK = MH'+ MK >H'K =+/37 . Chen B.
w Dang 4: Cho sb phiic z théa min |z—z1| :|z—zz|. Tim sb phirc thoa méan P =|z—z3|2 +|z—z4|2 dat

gia tri nho nhat.

Phuwong phap: Dt M(z); A(z,); B(z,); H(z,); K(z,) 1a cac M(z) M, A

diém biéu dién sé phic 722,27, va z,. Khi do ti gia i %

thiét |z—z1| = |z—zz| suy ra MA = MB, tap hop diém biéu / \x .

din s6 phic z 1a dudng trung truc A cua AB; 7 —_— ﬂ;ﬁ::\&%

P=|Z—Z3|2+|z—z4|2=MH2+MK2 I y. Y
MH®+MK® HK® HK*

= P=MH?*+MK? =2MI* +

Goi I 1a trung diém cua HK = MI* = >

nhé nhat khi MI_. <> M 1a hinh chiéu vudng goc ctia I xudng A .

Vi du 1: Cho sd phic z théa min |z+2—4i|:|z—2i|. Goi z 1a s6 phuc thoa man biéu thirc




P= |z —i|2 +|z -4+ i|2dat gia tri nho nhat. Tinh|z|2.

Al =12 B. |z[ =10 C. |7 =2 D. |z =5

Loi gidi
Goi M(z); A(-2;4),B(0;2) 1a cac diém biéu dién sd phirc z;—2 +4i va 2i

Khi d6 |z+2-4i|=|z-2i|< M4 =MB = M thujc trung tryc

cua AB c6 phuong trinhA:x—y+4=0

: 2 2 2 HK’
Goi H (0;1),K (4-1)= P= MH? + MK* =2MI* +~——

(voi 1(2;0) l1a trung diém cta HK)

Do do P

min

< ME_. hay M la hinh chiéu vudng goc cua I xudng A, khi dé

IM:x+y-2=0=M=IM "A= M (~1;3)=|z] =OM*=10. Chen B.

Vi dy 2: Cho s6 phirc z théa méan |z —1+3i|=|z+2+i|. Gi4 tri nho nhét cta bicu thirc

P=|z-2+4if +|z+24 la:

A. P =8 B. P, =9 C.P, =16 D. P, =25
Loi gidi
Goi M(z); A(1;-3),B(~1;—1) 14 cac diém biéu dién sb phirc z; 1+3i va —1—i
Khi d6|z—1+3i|=|z+1+i|<> MA=MB = M thudc trung tryc
M(z}) L A
cua AB c¢6 phuong trinhA: x—y—-2=0 ~—t .
. 2 2 2 HK2 -‘III n
Goi H (2;-4),K (0;—2) = P=MH* + MK* = 2MI’ + [\
/ A\ .
9 e B .
(v6i1(1;-3)1a trung diém cta HK) H e "‘;*———1'_ N

Do d6 P

min

< ME_ hay M la hinh chiéu vudng goc cia I

2
xubng A, khido P, =2[d(1;4)] +% =8. Chon A.

w Dang 5: Cho sb phiic z théa mén |z—zo| =R . Tim s6 phtc théa man P = |z—zl|2 +|z—z2 |2 dat gia tri
16n nhét, nho nhat.

Phuwong phdp: DitM(z);A(z,);B(z,);1(z,) 1a cac diém bicu dién sb
phic z;z,;z, va z,.

Khi d6 tir gia thiét |z—z,|=R < MI=R = M thujc dudng tron tam I

ban kinh R.




2

Goi E 1 trung diém ctia AB ta c6: P=2ME” + A5 16n nhat <> ME__va P nho nhit< ME, , .

Khido P, <> M=M, va P

min

SM=M,.

Vi du 1: Cho s6 phic z thoéa man |z—1+2i|=2. Goiz =a+bi(a;b€R) la sb thuc théa man biéu thic

P=|z-2-3i +|z-5i dat gi4 trj 16n nhat. Tinh T'=a+b

A. T=1 B.7T=3 C.T=-1 D.T=-3

Loi gidi
Goi M (z);1(1;—2) khi d6 MI =2 < M thudc duong tron tdm
1(1;-2) ban kinh R =2
bat 4(2;3);B(0;5)= P=MA* + MB®

Goi H (1;4)1a trung diém ctia AB ta c6 :

5 M(z)

P:ZMH2+A§ 16n nhat < MH__ /
Do MH <MI+IH < MH, < M=M, Z : o
A d
Taco: IH :x=1
Lo ] ¥ =l M, (1;0)
Giai h¢ 5 , = .Dodbéa+b=-3.Chon D.
(x—l) +(y+2) =4 Mz(l;— )

J13

Vi dy 2: Cho s6 phirc z théa mén |z —3+i|= - Goi z=a+bi(a;beR) 1a sb thirc théa man biéu thirc

P= |z—2—i|2 +|z—3z'|2 dat gia tri nho nhét. Tinh T=a+5b

AT=2 B.T-2 c.r-b D.7-2
2 2 2 2
Loi gidi
Goi M (z);1(3;—1)khi do MI =¥ < M thudc dudng tron tim

J13

1(3;—1) ban kinh R = -
bat A4(2;1);B(0;3)= P=MA’ + MB’

Goi E(1;2)1a trung diém cia AB ta co :

2
P=2ME*+ ATB nho nhite ME,




Do ME >|MI - IE| < ME,,, < M =M,

1
3x-2y-7=0 Ml(z;zj 5
Taco: IE:3x+2y—7=0.Giai h¢ 5 , 13> .Dodbéa+b=—. Chon A.
(x=3) +(y+1) =— =5 2
M e s

= Dang 6: Cho hai s6 phuc z,;z, thoa man |z1 —ZO| =Rva |22 —w1| = |22 —W,|;

trong d6 z,w,;w, 1a cac sO phirc d biét. Tim gié trj nho nhat cia biéu thirc P = |z1 - zz|
Phwong phap: Dat M(Z1)5N(Zz) 1an luot 14 cac diém biéu dién
s6 phiic z,va z,.

Piém M thudc duong tron tam / (zo) ban kinh R, N thudc trung
truc A cia AB v6iA(w,); B(w,)

min

Lai c6: P=MN = P, =|d,,..,~R| BE

Al

- —L S

N

Vi du 1: Cho s6 phuc z, théa man |z—2|2 —|z+i|2 =1 va s phtic z, théda man |z—4—z'| =+/5. Tim gia tri

nho nhat ctua |z1 - zz|

A. 25 B. \5 C. 25 D. ENG)

5 5

Loi gidi
Goi M (z;y)la diém biéu dién s6 phite z,. Khido |z -2 ~|z+i =1

SE-2 +y - -+ =l 4x-2y=-2(A):2x+y-1=0
Goi N(a;b) a diém biéu dién s phirc z,. Khido |z—4—i| =5 < (a-4)* +(b-1)* =5

Hay tap hop diém N trong mit phang Oxy 1a duong tron (C): (x—4)* +(y—1)* =5

Taco d(I,,:(A))= S >5=R,

V5
= (A) khong cit duong tron (C).
. ' )

Lai cO MN = |z1 - zz| = duya vao hinh vé ta thay | !,-"'
MN,. < MN=d ( I(C);(A)) ~R, o)

W

3 _ (A):2x+1-1=0.
Hay|z, —z,| 8\/— f——3\/_ Chon D. b m; :




Bai toan c6 thé hoi thém 1a tim sb phirc z, hoic z, dé|z1 —zz| thi ta chi cn viét phuong trinh duong

M =(A)nMN

thang MN L (A d6 tim giao dié :
ang (A) sau d6 tim giao lem{N=(C)mMN

Vi du 2: Cho hai s6 phitc z;z, théa min |z1 +5| =5 va |22 +l—3i| = |22 ~3—6i]. Tim gia trj nhé nhit cua

biéu thirc P=|z, -z,

AP, =2 B.p -2 C.P, =3 D. P =10
2 2
Loi gidgi
Goi M (z,);N(z,)1an luot 1 céc diém biéu dién cac sb phircz, vaz, .
Diém M thudc duong thing tron tam /(-5;0) ban kinh R=5.
Piém N thudc duong thing trung truc A cia AB voi
35
A(—1;3);B(3;6):>A:4x+3y—7=0 - 47
Laico: P=MN = P, :‘d, —R‘=§.Ch9nA. v — 3
min (1:8) 2 1A Ax 43y —-—=0
M -

w Dang 7: Cho hai s6 phitc z,;z, thoa man |z1 —w1| =R, va |22 —w1| =R, trong dow,;w, 1a cic sd
phirc da biét. Tim gia trj 16n nhat, nho nhat cia bicu thic P=|z, - z,|.

Phuwong phdp: Dt M(z,);N(z,)1an lugt 1 céc diém biéu dién s phtc z,va z,.

Diém M thudc dudng tron tam (C,) tim 7(w,) bankinh R, va N thudc dudng tron (C,) tam K (w, )

ban kinh R, = P = MN . Dua vio céc vi tri tuong ddi ctia 2 dudng tron dé tim MN, ; MN

Vi du 1: Cho hai sé phitc z;w théa mén zz=1 va |[w=3+4i|=2. Tim gia tri 16n nhat cia biéu thirc

P:|Z—w|
A.P =5 B. P_ =8 C.P_ =10 D. P =5+2

Loi gidii
Tacé:zz=1c |z =1
Goi M (z);N(w) lan luot 1a cac diém biéu dién céc s6 phic z

va W. TN \/‘

P
L
Y
L
-




Diém M thuge duong tron tim (C,) tim O(0;0) ban kinh R =1 va N thudc dudng tron (C,) tdm
K(3;—4) bankinh R, =2 = P=MN.

Dé thdy OK =5> R +R, nén (C,) va (C,) nim ngoai nhau suy ra MN,, =OK +R, +R, =8. Chon B.

Vi dy 2: [Pé tham khio B) GD & DT 2018] Xét céc sb phicz=a+bi(a,beR) théa man diéu kién
|z—4-3i]=+/5. Tinh P =a+bkhi gia trj biéu thirc |z+1-3i|+|z—1+1] dat gia tri lon nhét

A. P=10 B. P=4 C. P=6 D. P=8

Loi gidi

GoiM (x;y)la diém biéu dién s6 phic z

Tir gia thiét, ta c6 [z—4-3i]=5 < (x-4)" +(y-3)" =5=M thuoc dudng tron(C)tam7(4;3), ban
kinh R =+/5. Khid6 P=MA+MB,vdi A(-1;3),B(1;-1).

Tac P’ = MA* + MB®> + 2MAMB < 2(MA* + MB* ).

MA* + MB? ~ ABR?
2 4

Goi E(0;1)1a trung diém 4B = ME* =

2 2
Do d6 P> <4.ME>+ AB> ma ME <CE =35 suyra P> < 4.(3\6) +(2\B) =200.
Véi C 1a giao diém ctia dudng thang EI voi dudng tron(C).

MA=MB

:>M(6;4):>a+b=10.Ch9nA.
M=C

Vay P<10~/2 . Ddu"=" xay ra{

Vi du 3: [Pé tham khao Bé GD & PT 2017] Xét cac s6 phitc z théa man diéu kién:

|2+ 2~ +|z—4~7i| =652 . Goi M, m 1an luot 1a gia tri 16n nhdt va gi4 tri nho nhat ctalz—1+4. Tinh

P=M-+m
A. P=13+73 B.P:M C. P=5V2+J73 D.P:@
Loi gidi

bat z:x+yi(x,ye]R) va goi
M (x;),4(=2;1),B(4;7) suyra AB=62 .
Taco AB=(6;6)= n=(1;—1) = phuong trinh duong thang

ABla x-y+3=0.

Tt gia thiét, ta c0 MA+MB = 672 —> MA+ MB = AB 4 H AYs "3
suy ra M thudc doan théng AB.




|z—1+4 =MN,,
|z=1+i] =MN,,

Goi N(1;=1)=> |z =141 =J(x=1) +(y+1) =MN:>{
* Do dai doan thang MN nho nhat khi va chi khi M 14 hinh chiéu cta N trén AB.
I-(-1)+3] 52 52
= = _) m=———
Je+(-y 2 2

* Do dai doan thang MN 16n nhit khi va chi khi M = A hodc M =B.

Hay MN,,, =d(N;(4B))

M =A4—MN=AN =13
Tacé{ ” \/_:MNmM:\/ﬁ—)M:\/%.

M =B — MN =BN =73

B.

Viy gia tri biéu thitc P=M +m = M Chon

Vi du 4: Xét cac s6 phirc z thoa man didu kién: |z —1—i|+|z—7—4i| =35 Goi M, m 1an luot 1a gia tri 16n

nhét va gia tri nho nhat cta |z -5+ 2i| .Tinh P=M +m

A. P:\/§+\/ﬁ B. P:M C. P=2(\/§+\/ﬁ) D. P=5\/E+\/E

2 2

Loi gidi
bat z=x+yi(x,yeR) vagoi M(x;y),A(1;1),B(7;4)
suyra AB = 345 X7
Tac6 AB =(6;3)= n,,, =(1;,-2) = phuong trinh dudng

thing AB 1a x—2y+1=0.

Tur gia thiét, ta c6 MA+MB =3~/5 —> MA+ MB = AB

suy ra M thudc doan thing AB. 4™ o by =B
|z=5+2i] =MN,

Goi N (5;-2) = |z~ 5+2i|= MN = "
|z-5+2i| =MN,,
* Do dai doan thang MN nho nhat khi va chi khi M 14 hinh chiéu cia N trén 4B.
5-2(-2)+1
Hay MN,,, =d(N;(4B))= p-2(2)+ =25 5m=25
12 +(-2)
* D6 dai doan thang MN 16n nhit khi va chi khi M = 4 hodc M =B.
M=A—MN=AN =5
Tacé{ = MN,, =210 - M =2./10.

M =B —> MN = BN =210

Vay gia tri biéu thitc P=M +m =2(£+Jﬁ). Chon C.




Vi du 5: Biét s6 phitc z théa man ddng thoi hai didu kién |z -3 —4i| =/5 va biéu thac M =|z+2[ —|z—4[’
dat gia tri 16n nhat. Tinh modun ciia sé phirc z+i .

A. |z+i|=241 B. |z+i|=3V5 C. |z+i=52 D. |z+i| =41

Loi gigi

Goi z=x+yi(x,yeR)

Ta c6: |z-3-4i|=/5 = (x=3)" +(y-4)" =5= tap hop diém biéu dién s phuc z 1a duong tron (C)
tam 1(3;4) va R=+/5.

Mat khic: M =|z+2] |z =i = (x+2)" + 37 = (¥") +(y=1)" | =4x+2p+3 & d 14+ 2p+3-M =0
Do s6 phirc z théa méan dong thoi hai diu kién nén d va (C) c6 diém chung

23-M

<:>d(l;a’)SR<:>—5|£\/§<:>|23—M|310<:>13£M£33

= z+i=5-4i=|z+i=+41.ChenD.

4x+2y-30=0 x=5
=>M,, =33

(13 +(y=a) =5 Ly==3

Vi du 6: Cho hai sb phitc z, va z, thoa man z,+z,=8+6i va |z —z,|=2. Tim gi4 tri 16n nhét cta
P=|Zl|+|22|?

A. P=46 B. P=5+35 C. P=226 D. P=34+32

Loi gidi

Dit A(z);B(z,)theo gia thiét ta co: OA+OB = (8;6);

O—A—@|:2;P=0A+OB

104=(0A+0B) +(0A-0B) =2(04" +0B*)>(04+0B)’ = P* = P <104 =226 Chen C.

Vi du 7: [Pé thi thir chuyén Pai hoc Vinh 2018] Gia st z,,2Z, la hai trong céac s6 phirc z thoa mén
iz+32 —i| =1 va |z, — 2| = 2. Gié tri 16n nhdt cia |z |+|z, | bing

A.3 B. 23 C. 32 D.4

Loi gidi
Tacc'):‘iz+x/§—i‘=1<:>‘i(x+yi)+\/§—i‘=1 (véiz=x+yi(x;y eR))

(:)(x—l)2 +(y—\/§)2 :1:>M(x;y) biéu dién z thuc duong tron tém[(l;\/z) ban kinh R=1.
Gia st A(z,);B(z,) do |z,—z,|=2= 4B=2=2R nén AB la dudng kinh ctia duong tron(/;R)

Lai co:|z|+|z,| = 04+ OB




0A* + OR? ~ AB?
2

= 0A> +OB* =8

Mit khéc theo cong thic trung tuyén ta c6: OI* =

Theo BDT Bunhiascopky ta c6: 2(04’ + OB*)> (04 +OB) = 0A+OB<4. ChenD.

Vi du 8: Cho z,,z, 1a hai trong céc s6 phirc z thoa man diéu kién |z —5-3i[=5va |z, —z,|=8. Gia tri nho
nhét ctia biéu thirc |z1 + zz| la:

A. 6-+/34 B. 24/34 -6 C. 2\34 +6 D. 34 +6

Loi gidi

Gidsu w=z+z,

W=z, =53 . . .
bat suyra w,+w, =2z +2,—-10-6i=w—-10-06i <:>|w1 +w2|:|w—10—6z|
W, =2,-5-3i

= :5
Ma {"“' vl ma fw, +w, |+ w, —w, [ = 2(|w [+ fw, )= fw, +w,f =36,
|w1 —w2| =|z1 —zz| =8

Vay |w—10-6i = |w, +W,| =36 = 6 = w thudc duong tron tam 7(10;6), ban kinh R=6.
Céch 2: Goi A(z,);B(z,) biéu dién s6 phitc z,; z,

Ta c6: tap hop z 1a dudng tron tdm 7(5;3) ban kinh R=5,4B =8

Goi H 1a trung diém cta 4B = w =z, +z, =04+ OB =20H (1)

Mit khac IH =~/ 14> — HA* =3 = tap hop diém H 1a duong tron (x—5)” +(y—3)" =9(C).

Gid sir w(a;b),(l):H(%;%)E(C):(%—sz +(§—3)2 =9 (a—10)" +(b—6) =36.

Do d6 tap hop diém biéu dién w thugc duong tron tim 7 (10; 6) ,bankinh R=6.

Ta co:|w| =|0I —R| =234 -6. Chen B.

Vi du 9: Cho z,z, la hai nghiém cua phuong trinh |6—3i +iz|:|22—6—9i , thoa man diéu kién
8 Ao o
|z1 —zz| =3 Gi4 tri 16n nhat cua |z1 +zz|

A. % B. 20 C. 42 D. 5

5

Loi gidgi
6-3i+iz=6-3i+i(x+yi)=6—y+(x—-3)i

bat z=x+yi(x;yeR) suyra
( ) 2z—6—9i:2x+2yi—6—9i:2x—6+(2y—9)i

Khi d6, gia thiét < (x—3)" +(y—6)" =(2x-6) +(2y-9) = (x-3) +(y-4)" =1 (C).




Tap hop z la duong tron tém1(3;4) ban kinh R=1,4B = %

Pit w =z, +z, goi H 1a trung diém clia AB = w =z, + z, :@+@:20—H(l)
Miit khac IH =~ I4* — HA? :%3 tap hop diém H 1a duong tron (x—3)2 +(y—4)2 :% (C)

b 9 36

2 2
Gia su w(a;b),(l):H(%;%je(C):(%—3J +(E—4j :2—5<:>(a—6) +(b— 8) P
Do d6 tap hop diém biéu dién w thudc duong tron tim 7 (6;8), ban kinh R :g

Ta co: [w| _OI+R_10+g:5?6

Chon B.

Vi du 10: [P@ thi thir chuyén Pai hoc Vinh 2018] Cho s6 phtic z thoa man z khéng phai 1a s6 thuc va

w=——1a s6 thyc. Gid tri 16n nhat cuia bicu thirc M =|z +1-i[1a
+z
A. 2 B. 242 C. V2 D. 8
Lai gidi
Taco w=——=w=—=—"—(1). Viwla sb thuc nénw = w(2).
+z 2+z° 924

‘ oz oz -\ - EET
Tur (1), (2) suyra W—2+Zz—2+;2<2>2(2+2 )—Z(2+Z)<:>2(Z z)-z,z(z Z)

& (z-2)(|d ~2) =0 |z =2 ||=2 (vi zkhong la s6 thuc nénz -2z #0).
Dit w=z+1-i< z=w-1+i nén [w-1+i|=v2=|w| =v2+I’+1* =22 . Chon B.

. 1 2 ,
Cach 2: Ta co wla s0 thuc nén — =z +— 1a so thuec.
W z

( ) 2h b:O(kot/mycbt)
Batz_a+bz:>——a+bz+ 1a s6 thuc khi b— =0
w a +b a +b a2+b2:2:>|2|=

Tap hop diém biéu dién z 1a duong tron O(0;0); R =2

Pit M (z);4(~1;1)= MA,, = AO+R =22 . Chon B.

Vi du 11: Cho s6 phirc z théa mén |z| =1. Goi M va m 1an luot 1a gia tri 16n nhat va gia tri nho nhat cia

biéu thirc P =z +1|+|z” — z+1|. Tinh gid tri cia M.m




A. # B. 2 C. 33 D. %

Loi gidi
Goi z:x+yi;(xe]R;yeR).Tacé:|z|:1<:>z.;:1.

Dit 1=|z+1

,taco 0=|z[-1<|z+1|<|z|+1=2=1¢€[0;2].

)

Ta co ¢ :(1+z)(l+;):l+z;+z+;:2+2x:>x:

Suyra |22 = z+1|=|2* = 2+ 22| = ||z~ 1+ 2| = (22 =1)" =[x 1] = |¢* - 3]

Xétham sb £ (¢) =t +[¢* =3

,t €[0;2]. Bang c4ch dung dao ham, suy ra

maxf(t)=?;minf(t)=«/§:>M.n=¥.

Chon A.

Vi du 12: Cho s6 phirc z théa min |z| =1. Tim gia tri 16n nhit cua biéu thic T = |z + 1| + 2|z - l|

A. MaxT=2./5 B. MaxT=210 C. MaxT=3/5 D. MaxT=3+2

Loi gidi

T=|z+1|+2]z-1]< \/(1 +2°)(Jz+1] +|z —1|2) = \/5.2(|z|2 +1) =2+/5 (BDT Cauchy-Swart)

Chit 3z |z +1f +[z =1 =207 +2)7 +2=2(|2f +1) v6i 2= x-+ yi

Céch 2: Dat z=x+yi. Taco: T =|x+yi+1|+2x—yi—1|=J(x+1)? + 37 +2J(x—1)* + )7

Laico x>+ =1= T =\2x+2 +2J-2x+2 = f(x)

! 2 _0ox=5-7 —2J5. ChonA.

Taco: f'(x)= -
aco:/(x) V2x+2 N2-2x o "™

Vi dy 13: Cho s6 phitc z théa min |z —4|+|z+4|=10. Gié tri 16n nhat va gia tri nh6 nhét cta |z| 1an luot
la:

A.10va4 B.5va4 C.4va3 D.5va3

Loi gidi

bat z=x+yi;(x;yeR)= M(x; ) biéu dién z

4
Taco: [z—4|+|z+4|=10 < |z + yi—4|+|x+ yi +4|=10 /‘
Goi F,(-4;0);F,(4;0) = MF, + MF, =10 / i \
5 i ) 71




Khi d6 diém biéu dién z 1a Elip c6 truc 16n

2a=10=>a=5FF,=2c=28

=c=4=b=va’-c’ =3.Dod6 3SOM <5=3<|z|<5. Chen D.



BAI TAP TU LUYEN
Cau 1: Trong mit phing toa do, hiy tim sé phitc z c¢6 modun nho nhét, biét ring s6 phirc z thoa man diéu
kién |z—2—4i|=+/5
A z=—-1-2i B. z=1-2i C.z=1+2i D. z=-1+2i
Céu 2: Cho s6 phirc z théa man |z —3+4i|=4. Tim gid tri 16n nhat cta bicu thiuc P =|z|

A.P,_=9 B.P_=5 C.P,_=12 D.P,_=3

Ciu 3: Cho s6 phirc z thoa min |z -2+ 2i| =1. Tim gi tri 16n nhét cua |z|

A. 422 B. 242 +1 C.2+42 D. 342 +1

Cau 4: Trong cac s6 phiic z thoa man |z +3+ 4i| =2.Goi z,la sO phirc cia modun nho nhat. Tim modun cta

s6 phiic z,

A. |z |=4 B. |z,|=2 C.lz|=7 D. |z, |=3
Cau 5: Cho sb phirc z thoa man |z—2—3i| =1. Tim gi4 tri 16n nhat cua P:|;+1+i|

A N13+2 B. 4 C.3 D. V13 +1

Cau 6: Cho s6 phitc z thoa man diéu kién |z —3|=2]z| va max|z—1+2i|=a+by2 . Tinh a+b

A. 4 B. 442 C.3 D.

W |

Ciu 7: Cho s phirc z c6 |Z| =2 thi s phirc w=z+3i ¢6 mddun nho nhét va 16n nhét lan luot 1 bao nhiéu?
A.2vas B.1vaé6 C.2va6 D.1vas

Ciu 8: Trong tt ca cac sb phirc co dang z=m—3—(m—2)i véi me R, hiy tim s6 phitc z c¢6 modun nho
nhat ?

A. z:l—li B. z:—l+li C. z:—l—li D. z:l+li
2 2 2 2 2 2 2 2

Céu 9: Cho sb phiic z=(m—1)+(m—2)i,meR. Tim gia tri cia m dé modun cia sb phirc z co gia trj 16n

nhat 1a /5
m<-=3 m<—6
A. 3<m<0 B.0<m<3 C. D.
m=>0 m=2
Céu 10: Cho s6 phirc z=m+(m—3)i,m € R. Tim m dé |z|dat gi4 tri nh6 nhat?
A.m=0 B. m=3 C.mzi D.m=—3
2 2

Chu 11: Cho sé phiic z théa mén |z—-2-3i|=|z—i|. Goi z=a+bi(a;beR) 1a sb phic théa man

|z +2+2i| nhé nhét. Gia trj cta biéu thirc a+3b la:



A.4 B.3 C.6 D.0
Chu 12: Biét s0 phic z=a+bi(a,beR) théa man didu kién |z—2—4i|=|z—2i| c6 médun nhé nhat cua.
Tinh M =a’ +b’
A M =38 B. M =10 C. M =16 D. M =26
Cau 13: Cho sb phic z c6 diém biéu dién nam trén dudng thang 3x—4y—3=0. Tim gi4 tri nho nhat cia
i
At B. 2 c.2 D.2

5 5 5 5

Céu 14: Xét sé phic z = a+bi,(a,b € R) théa min |z -2 —4i| = |z —2i| . Tim gi4 tri nh6 nhét cua |z|

A. 4 B. 22 C. 10 D.8

Chu 15: Cho sb phirc z thoa man |z—1+i|=|z—2-i|. Goi z=a+bi,(a,bR) la s phic thoa min |z i
nho nhit. Gia tri ctia biéu thirc a+5 1a:

AL B. c.=> . .
10 10 10 10

Céu 16: Cho céc s phitc z,@ théa man |z +2-2i|=|z-4i|. Goi z=a+bi,(a,beR) la s phic théa man
liz +1| nho nhét. Tinh gié trj cta biéu thirc a” +b°

5
A.4 B. 2 C.5 D.2

Ciu 17: Cho sb phtic z théa man |z+1| = |z+i| . Tim gi4 tri nho nhét caa |z—1—2i|

A L B. 3 c. L D. V2

V3 V2
Céu 18: Cho s6 phic z=x+ yi(x,y € R) théa man |z—1|=|z+i|. Biét |z—2i| nho nhét, tinh §=x+2y
A. §=2 B.S=3 C.S=1 D. S=4
Céu 19: Xét cac s6 phic z=a+bi,(a,beR) théa man |z—1+2i|=|z—i|. Tinh P=2a-b" khi |z| dat gi&

tri nho nhat

A P=L B. p-2 c.p--2 . P14
25 25 25 25

Céu 20: Cho céc s6 phirc z,@ thoa man |z +2—2i|=|z—4i| va w=iz+1. Tinh gié trj nh6 nhat cia |w|

32
2

A. |w

=242 D. |w

=2 B. |w

L =— C. |w
min 2

min min min

Céu 21: Cho s6 phirc z thoa man |2* —2z+ 3| = |(z =1+ 2i)(z +3i—1)|. Tinh min|w| , biét w=2z-2+2i




A. min|w| :% B. min|w| =2 C. min|w| =1 D. min|w| :%

Cau 22: Cho s6 phuc z thoa méin |z—3| =2|z| va max|z—1+2i|:a+b\/§. Tinh a+b

A. 4 B. 42 C.3 D.

w |

Ciu 23: Cho s6 phirc z thoa man z khong phai sé thuc va w=

T 1a s6 thue. Biéu thirc |z+1—z'| dat gia
+z

tri 16n nhat khi z = a+bi,(a,b €R). Tinh P=a*-2b

A. -2 B. 1 C.3 D. -5
Chu 24: Cho s6 phirc z théa man |z—1+i|=|z+1-i|. Goi z =a+bi,(a,b €R) sao cho
P =|z—1-5i|+|z +2+i|dat gi tri nh6 nhat. Khi d6 a+b bing

AL B. =2 c.2 D.
5 5 5

W | W

Céu 25: Cho sb phic z thoa man |z—2+i|:|;—3i|. Goi z=a+bi,(a,beR) sao cho P=|z—i|+|z—2| dat

gi tri nho nhat. Khi d6 2a —b bang

A. 1 B. .l C. -1 D.
5 5 5

W | W

Chu 26: Cho s6 phirc z théa man |z—1-2i|=|z+1|. Goi z=a+bi,(a,b € R) 1a s6 phitc théa man bicu thic
P= |z—1+2i|2 +|z—i|2 dat gia tri nho nhéat. Tong a+b1a

A.a+b=0 B. a+b=1 C.a+b=2 D.a+b=3

Chu 27: Cho s phic z théa man |z—3—i|=|z+1+i|. Goi z=a+bi,(a,beR) la s phic théa man bicu
thuc P= |z—1—i|2 +|z+2+i|2 dat gia tri nho nhat. Téng a+b 1a

A.a+b:E B.a+b=L C.a+b=1 D.a+b=2
10 10

Céu 28: Cho sé phic z thoa man |z—1+2i| =/5va w=z+1+i c6 mddun 16n nhit. Tinh mddun cia sb
phtic |z|

A. |=2V5 B. |z|=3v2 C. ||=+6 D. |2|=5V2

Cau 29: Cho s6 phuc z thoa méin |z| =1. Tim gi4 trj 16n nhit ctia T = |z + 1| + 2|z —1|

A. maxT =245 B. max T =210 C. maxT =35 D. max T =32

Céu 30: Cho s6 phirc z thoa man |z* -2z +5| =|(z—1+2i)(z +3i ~1)|.. Tinh min|e

, VOl w=z-2=2i



A. min|a)| :% B. min|a)| =2 C. min|a)|:l D. min|a)| :%

Cau 31: Cho s6 phuc z thoa méin |22 —i| =1. Tim gia tri 16n nhét cia |;|

A5 B.2 C. 22 D. 2

Cau 32: Cho sd phtc zthdéa man |iz + 12 .|+ iz+ .21| =4.Goi M, m lan luot 1a gia tri 16n nhét va nho nhét
|Z|. Tinh Mm.
A. Mm=2 B. Mm=1 C. Mm=22 D. Mm =23

z—2i

Ciu 33: Cho sb phtic z théa man 1a s6 0. Tim gi4 trj 16n nhat cua P = |z - 1| + |z —i|

z-2
A. 52 B. 3\2 C. 25 D. 3.5
Ciu 34: Goi S 1a tap hop tat ca cac gia tri thuc cta tham sb m dé ton tai duy nhat s6 phic z théa mén
zz=1va ‘z—\/g—i—i‘ = m. Tim s6 phan ti cua S.
A.2 B.4 C.1 D.3
Ciu 35: Biét rang ton tai hai s6 phitc z thoa man |2z + 1| = |z +z+ 3|Ve‘1 |z —8| dat gia tri nho nhét. Tinh tong
hai phan thuc cta hai s6 phirc d6.
A.7 B.0 C.14 D. 8
Cau 36: Cho sb phirc z = x+ yi(x,y € R) thay d6i thoa man |z| =1. Hay tinh tong gia tri 16n nhat va gia tri
nhé nhat cia biéu thic P=x—y
A.0 B. 12 c. 5 D. 245

Céu 37: Cho s6 phuc z théa méan |z|=1. Tim gié tri 16n nhét cua biéu thitc T =|z+2|+2|z -2

A. 245 B. 210 C. 35 D. 542



LOI GIAI BAI TAP TU LUYEN
Céu 1: Tap hop diém M biéu dién s6 phirc z 1a duong tron (C)tdm 7(2;4)ban kinh R =5

Ta c: |z| = OM , mat khdc OM dat gia tri 16n nhat va nhé nhat khi M =OI N (C)
Phuong trinh dudng thang OI : y = 2x , phwong trinh dudng tron (C): (x—2)> +(y—4)> =5

y=2x {ysz

Giai hé phuong trinh: =
7P & {(x—2)2+(y—4)2=5 (x=2)+(y—4) =5

suyra z, =1+2i la s6 phirc thoa man diéu kién |z -2- 4i| =5

{x:13y22 OMlzx/g
= =
x=3=>y=6 0M2:3\/§
Va c6 modun nho nhét, z, =3+ 6i1a s6 phirc c6 modun 16n nhat. Chon C.

Céu 2: Tap hop diém M biéu dién s6 phirc z 1a duong tron (C) tdm 7(3;—4)ban kinh R =4

Ta co: |z|=OM ,khido P

max

=OM, =OI+R=5+4=9.Chon A.
Céu 3: Tap hop diém M biéu dién sb phirc z 1a duong tron (C) tdm 1(2;-2)ban kinh R =1
Taco: |z|=OM ,khid6 || =OM,, =OI+R=2v2+1.ChenB.

Céu 4: Tap hop diém M biéu dién s6 phirc z 1a dudong tron (C) tdm [(—3;—4)ban kinh R =2
Ta co: |z2|=OM ,khido |z| =OM,; =|0I-R|=|5-2|=2.ChenD.

Cau5:Dit z=x+yi (x,yeR),tacod:|z-2-3]=1<(x-2)*+(y-3)* =1

Tap hop diém M biéu dién sb phirc z 1a duong tron (C)tdm 1(2;3) ban kinh R =1

Lai c6: P=|x—yi+1+i=J(x+1)> + (1= ) = J(x+1) +(y=1)’

Goi K(-;1)=P=MK —>P__ =IK+R=+/13+1. Chon D.

Cau6: bat z=x+yi (x,yeR),taco: |z—3|=2|z|<:>|x+yi—3|:2|x+yi|
Sx-3)+y =4+ )3 +3)° +6x-9=0=x"+ )" +2x-3=0
& (x+1)* + y* =4 = Tap hop diém M biéu dién s6 phirc z 1a duong tron tim 7(-~1;0) ban kinh R =2

=2
Goi K(1;2) =|z—1=2i|= MK — MK, =1K+R=2+2\/§:>{a =a+b=4.

Chon A.

Cau 7: Tap hop diém M biéu dién sb phirc z 1a duong tron tim O(0;0) ban kinh R =2
Goi K(0;-3) = |w|=|z+3i| = MK

Taco: MK,, =Ol+R=5MK, =|OK—R|=1.ChonD.

5

2
Céu 8: |z|2=(m—3)2+(m—2)2=2m2—10m+l3=2(m—5j +—2>

| —
N |~



Do do |z| =L©m=§:>z=—%—%i. Chen C.

NG

Cau 9: |Z|2=(m—1)2+(m—2)2=2m2—6m+5S5<:>2m2—6m£0<:>0£m£3.Chan.
3 9.9
Cau 10: |Z|2=m2+(m—3)2:2m2—6m+9:2[m—5j +525

Do d6 |z| =S em=3, Chon C.
min \/5 2

Cau 11: Dat M (z); A(2;3),B(0;1)1a cac diém biéu dién sd phuc z;2+3i

va i. Khi d6 tir gia thiét suy ra MA = MB, tap hop diém biéu dién sb

phtic z la duong trung truc cia AB di qua I(1;2) va c6 VTCP la ™ A

n;)=>d:x+y-3=0

Goi N(=2;-2) 1a diém biéu dién s6 phitc —2—2i |

Ta c6 |z+2+2i|nho nhat khi MN,_;, khi M 1a hinh chiéu vudng géc cua
N trénd, suyra MN :x—y=0
x—y=0

Giai h¢ =
x+y-3=0

3235222 4 3h=6.ChenC.
272 2

Céu 12: Tap hop diém M biéu dién s6 phirc z 1a trung truc A ciia AB v6i A(2;4),B(0;2)
Trung diém cua AB 1a I(l;3);ﬁ = —%E =LD)=>A:x+y-4=0

Mit khéc |z| = OM nhé nhét khi M 1a hinh chiéu vuéng géc ctia O xubng A

=2
Khi d6 OM:x—y=0:>Mo=OMmA=(2;2):>{Z — M =8. Chen A.

Céu 13: Ta ¢6 |z| = OM nh6 nhét khi M 1a hinh chiéu vudng géc cua O xudng A:3x—-4y—3=0

Khido |2| =OM,, =d(O;A)= ﬁ = % . Chen B.

Cau 14: Tap hop diém M biéu dién s6 phic z 14 trung truc A ciia AB véi A(2;4),B(0;2)
Trung diém cta AB 1a I(1;3);n = —%E =(L)=A:x+y-4=0

Mit khac |z| = OM nhé nhét khi M 1 hinh chiéu vudng goc clia O xudng A

4

Khi d6 OM,, =d(0;A)=—=2+2. Chon B.

S

i



Ciu 15: Dat M (z); A(1;—1),B(2;1) 1a cac diém biéu dién sd phirc z;1—i va 2+i. Khi d6 tir gia thiét suy ra

MA = MB, tap hop diém biéu dién sb phuc z 1a duong trung truc ciia AB

di qua 1@;0) va ¢6 VTCP 1a n(1;2) = d:x+2y—%:0

_n\ ¥
Goi N(0;1) 1a diém biéu didn sb phuc i }{

Y

Ta c6 |z—i|nh6 nhét khi MN,;, khi M 1a hinh chiéu vudng géc cua N trén \
d,suyra MN :2x—y+1=0 N

3 X=—
+2y——=0 - - ]
Giaihe \* TV 737 1O:M(—1~4j:> L, 4

;— z:—+—:>a+b:l.Ch9nD.
4 10°5 10 10
2x—-y+1=0 yzg

Céu 16: Goi 1I(x;y); M(=2;2),N(0;4) a diém biéu dién cac sé phirc z;—2 +2i;4i

Tir gia thiét = IM = IN = I etrung truc cia MN 13 d : x+y—-2=0

Khi d6 iz+1=—y+xi+1=|iz+1|=x"+(y—1)* = NM v6i N(0;1)

Ta co |iz + 1| nho nhat khi MN . khi M la hinh chiéu vudng goc ciia N trén d, suy ra MN :x—y+1=0
X =

+y-2=0
Gigihe 177 - :M(l;i]:>2=l+ii:>a2+b2=§.Ch9nB
X—y+1=0 22 272 2

W N =

Cau17: Goi z=x+yi (X,yeR)

y
:|x+l+yi|:|x+(y+l)i| d
SE+r)+y = +(y+1)} S x—y=0 .

= M (z) ¢6 quy tich 1a duong thing d : x—y =0

Vi z'=1+2i= N(z') = (1;2) e

Taco |z| < NM,, < NM Ld

=z =d(N;d)= L Chenc.

2
Cau 18: Goi z=x+yi (x,yeR)
:|x—1+yi|:|x+(y+1)i| ""?

<:>(x—1)2+y2=x2+(y+1)2<:>x+y=0 \(/

= M (z)cb quy tich 12 duong thang d : x+y =0

Vé6i z'=2i = N(z') = (0;2)

=Y

Taco |z| < NM, < NM Ld=MN:x-y+k=0



Ma MN qua N(0;2)=>k=2=MN:x—y+2=0
Toa d0 M la nghiém cua h¢

x-y+2=0
x+y=0

=-1
:>M(—l;1):>{x | =S5=1.ChenC.

y =
Cau 19: Dat M (z) = M (a;b)va A(1;-2),B(0;1) = MA = MB
Suy ra tap hop diém biéu dién sé phuc z 1a dudng thiang trung truc cia AB = (d):x—3y—-2=0
Goi H 14 hinh chiéu ctia O trén (d) = Phuong trinh duong thang OH :3x+y =0
Ta ¢6 |z| = OM > OH . Dau bing xay ra khi va chi khi M = H = M =(d)"OH

_1

L o . i .. la=-3b-2=0 5 ) 1
Khi do, toa do diem M la nghiém cta hé = . Vay P=—_Chgn A.
3a+b=0 po 3 25

5
Cau 20: Dat M (z) =M (a;b)va A(-2;2),B(0;4) = MA = MB
Suy ra tap hop diém biéu dién sé phuc z 12 duong thing trung truc cia AB = (d):x+y—2=0

Taco w:iz+1@|w|:|iz+1|@%:|iZ|T|

i i
Goi H 14 hinh chiéu ctia C trén (d) = CM >CH .Diu=xayra < M =H
0.1+1.1-2] 2

VE+12

Céu 21: |2° =22+ 5| = |(z— 1+ 2{)(z+ 3i-1)| < (2 = 1+ 20)(z — 1 - 20)| =|(z— 1 + 2i)(z+ 3i-1)|

< |w= 2+ X =McC véi ;1)
1

Vay W =CH =d(C;(d)) = . Chon B.

|z—1+2i[=0 - z=1-2imw=-1- =1
|z-1-2i|=|z-1+31] ||]z—1-2i|=|z-1+3i] (%)
Dit M(z) =M (a;b)va A(1;2),B(1;-3) = (*) & MA = MB
Suy ra tap hop diém biéu dién sé phirc z 1a duong thang trung tryc ciia AB = (d):2y+1=0
Tacod w=z—-2+2i < |w=|z-2+2i|=MC, véi C(2;-2)
Goi H 14 hinh chiéu ctia C trén (d) = CM >CH .Dau=xayra <M =H

o 2.0+2.(-2)+1 3 .
Khido [w| =CH =d(C;(d))= ==.Vay min|w|=1. Chen C.
" 0% +2° 2

Céu 22: Pit z=x+yi (x,y e R)khi d6 |z-3|=2|c| = |(z-3)’| =47
Sx=-3)+y =4 +y )+ +2x-3=0 (x+1)°+y° =4 (C)
= Tép hop diém M biéu dién sé phuc z 1 dudng tron (C) tim I(~1;0), ban kinh R =2

Goi A(1;—2) = I4=2/2 > R = A nidm ngoai duong tron (C) = MA,_=IA+R=2+22



Mait khac max|z—1+2i|=a+b\/§—>a=b=2.Véy a+b=4.Chgn A.

A <\ A 1 2"‘22 2 . X 2 — 2
Cau23: Vi w laso thucsuyra —= =z+= 1a s6 thyc <:>z+—:z+—©|z|:\/§
w z z z zZ

1(0;0)

R=12

Suy ra tap hop diém M biéu dién sb phirc z 1a duong tron (C) : x> + y* =2 véi {

Goi A(-L;1)= |z+1-i|=MAva IA= V2 = R = Anim trén dudng tron (C)

Khi d6 MA = IA+ R =2+/2 . Diu bing xéy ra khi I 13 trung diém MA = M (1;—1)
A P . a=1 2
Vay z=1-i thi |z+1-i|=22 > y__ = P=I'-2(-)=3.ChenC.

Ciu 24: Goi M(z);A(l;—1); B(-1;1) tir gia thiét suy ra MA = MB nén M thudc dudng thang trung truc cta
AB ¢6 phuong trinh y = x(d).

Goi H(1;5); K(-2;—1)= P =MH + MK , 2 diém H, K ciing phia so v6i duong thang d

Goi H’ 1a diém ddi xtmg cta d: y=x

Tacd: HH':x+y-6=0=1(3;3) = H'(5;1)

Laicoé: P=MH+MK =MH'+MK > H'K

Dau bang xayra < M = H'K Nd

Phuong trinh duong thang H’K 1a: 2x—7y-3=0

Cau 25: Ta cd: [z=2+1]= [z =31 = 2= 3i| = |- + 3]

Goi M (z);A(2;-1); B(0;—-3) suy ra MA = MB nén M thudc

H K

- /?
duong thang trung truc ciia AB ¢6 phuong trinh z+ y+1=0(d). l /’/.-"'
Goi H(0;1);K(2;0)= P=MH + MK , 2 diém H, K cing phia so , Y Pl /

| 7 — 1 i
v6i duong thing d u M
o , T __ﬂ'"

Goi H’ 1a diém d6i xtmg cua d : z+y+1=0 Fﬁf’i.. G
Tacod: HH'":x—y+1=0=1(-1;0) = H'(-2;-1) H

Laico: P=MH+MK =MH'+ MK > H'K
Dau bang xayra < M = H'K Nd
Phuong trinh duong thang H'K la: x—4y—2=0

Suy ra M:(—g;—E :2a—b:—l. Chon C.
55 5

Cau 26: Goi M (z); A(1;2),B(~1;0)



Khi 6 |z —1-2i| =|z+1| < M4 = MB = M thudc trung tryc ctia AB ¢6
phuong trinh x+y—-1=0 (d)

2
Goi 1(1;-2);J(0;1) = P = MI*+ MJ* = 2ME* +%

(voi E (%,;j 13 trung diém cua 1))

Do d6 P, < ME . hay M la hinh chiéu vudng goc ciia E xudng d, khi d6 EM :x—y—1=0

=M =EM nd =M (1;0)=a+b=1.Chon A.
Cau 27: Goi M (2); A(3;1), B(~L;—1)

Khi d6 |z—3—i|=|z+1+i| < M4 = MB = M thudc trung tryc cia AB ¢6 phuong trinh 2x+y—2=0 (d)

2

Goi 1(1;1);J(=2;-1)= P =MI*+ MJ* = 2ME” +% ,
(vo1 E (%;OJ 1a trung diém cta 1)) I.'I ¥ I".
Do d6 P, <> ME,, hay M la hinh chiéu vuéng géc ctia E xudng d, khi Y e ",
do EM:X—2y+%=O _|'I

7 3 13
>M=EMnNnd=>M|—;—|=a+b=—.Chgn A.

1075 10
Cau28:Tacod w=z+l+i>z=w-1-inén z—1+2i=w—1—-i—1+2i=w—2+i
Khi dé [z-1+2i|=/5 & |o-2+i=V5nén |o| =25 0=4-2i
Suyra z=w-1-i=4-2i—1-i=3-3i >|z[ =3’ +(-3)’ =342 . Chon B.
Cau 29: X¢ét hai cach giai: i
Cach 1: Goi z=x+yi(x,yeR)= M(x,y) O
Vi A(-1;0),B(1;0). Taco |z|=1=>|x+ yi|=1& x* +y* =1 1 N\,

4 I __.+..': &

= M thudc duong tron duong kinh AB.
= MA®* + MB* = AB* =4 . Khi d6, theo Bunhiacopxki, ta c6 o

T = MA+2MB < (I + 22)(MA*> + MB*) =J5.4 =2./5
Vay gié tri 10n nhat ciia biéu thirc maxT=2+/5 . Chon A.

Cach 2: Dit z=x+yi (x,yeR) = |z+1|=/(x+1)> + )’ va [z-1| =y (x=1)" + )’

Mat khéc |Z|:l<:> ¥+ =1 x*+y” =1, khi do



T =+ 17 +57 + 2 =17+ )7 < @242 [ e+ )P+ )7 +(x— 1) +37]

=J10(x* + 17 +1) =102 =2/5 = max T = 24/5

Cau30: 2 —2z+5=(z=1)Y +4=(z-1) = (2i)’ =(z =1+ 2i)(z—1-2i)

z=1-2i

Khidé,giéthiét<:>|(z—1+2i)(z—1—2i)|:|(z—1+2z')(z+3i—1)|<:>| 12— |+ 31
Z—1—411=|Z 1—
THL. V6i z=1-2i,taco w=z—2+2i=1-2i-2+2i=—1=|w|=1

TH2. V6i |z -1-2i|=|z+3i 1| (*), dat z=x+yi (x,yeR), taco

(M) =1+ (y=2)i|=|x—1+(y+3)i| & (x =1’ + (y-2)’ = (x—1)* + (y+3)° @y:—%

Do do6 w=z—2+2i:x—li—2+2i:x—2+ii:>|w|:‘/(x—2)2+2 >3
2 2 42

So sanh hai truong hop, ta duoc gia tri nhd nhét cua |a)| bang 1. Chon A.
Céu 31: Pt z=x+yi (x,yeR)nén |2° i =1 |(z+yi)’ -i| =1

Sy +Qxy-Dil=le(xX* =) +Q2xy -1’ =1 x* +y* =2x
| y y y Y y Y

o x' ) =2y <xty <267 +37) @ x'+y? <2 o[/ <V2. Chon D.

2 |

|
—

Cau 32: Taco . 1| =
l_

iz+ iz +

4o liz+i+l|+|iz—i-l|=4 < |z+1-i]+|z-1+i]=4

Goi A(-11), B(1;—1) co trung diém 1a O(0;0) . Piém M biéu dién sb phirc z

MA* + MB? ~ AB?

Theo cong thirc trung tuyén thi |z|2 =0OM* =

2 4
2 2
Ta c6 MA® + MB’ 2(MA++B)=47=8.D066 |z|22§—§=2<:>|z|2\/§

Lai c6 4=|z+1—i|+|z=1+i[>|z+1-i+z-1+i|=2|z| = |7 <2
Vay M:2;m=\/§—>M.m:2\/§.Ch()nC.

z=2i x+(y-2)i _ [x+(y—2)i][x—2—yi]
z=2  x=24yi (x—2)"+y’

Cau33:bat z=x+yi (x,yeR), khido

B X'+t =2x-2y-2(x+y-2)i
(x=2)"+)*

lasbao < x*+)* —2x-2y=0= x>+ =2(x+)

Sx+y) —4x+y)<0x+y<4

2
Suyra 2(x+y)=x"+y’ 2%



Ta cod P:|Z—1|+|z—i|=\/(x—1)2 +y? +\/x2 +(y-1)7° =\/x2 +y2—2x+1+\/x2 +y7=2y+1

=2y +1+2x+1<2x+ y+1=2J4+1=25.Vay P =2/5. Chen C.
Cau 34: zz=1< |z|=1 nén tap hop biéu dié s6 phic z la dudng tron (C,) tim O, R = 1

Lai co ‘z -3+ i‘ = m nén tap hop biéu dién s phirc z 1a dudng tron (C,) tam [ (\/3_; -1),R'=m

=
O[+R=R'

A A 1ai. s g, T .. Ol =R+R' m=1
Yéu cau bai toan < (C,),(C,) tiép xuc trong hodc tiép xic ngoai < 3
m =

Chon A.

Cau35: Dit z=x+yi (x,yeR), taco 2z+1|=|z+z+3[ < [2x+1+2yi| =[2x+3

2 2 2
& 2x+1)2 +(2y) = (2x +3)? <:>x:y7—1:>|z—8|2 = (x—8)* +)? :[%—9} 17

2

2
Xét ham s6 f(x) :[%—9) +3° =%y4 —8y? +81z%(y2 ~16)* +17 =17

. S , .2 y=4->x=7
Suy ra min f(y)=17. Dau bang xay ra khi y° =16 <
y==-4->x=7

Vay tong hai phan thuc ctia hai s6 phirc 1a 14. Chen C.

Ciu 36: |z =[x’ +4)> ma |z| =1 x> +4)7 =1 (%)

Laic6 P=x—y < y=x—P thé vao (*), ta dugc x* +4(x—P)* =1
& x*+4x° —8Px+4P° =1 5x> —8Px+4P*—1=0 (**)
Phuong trinh (**) c6 nghiém <> A'=(—4P)* —=5(4P* —-1)>0

5 N5 J5 V5

&5-4P° 20 ——<P<-— > minP=———;max =——. Chon A.
2 2 2 2

z—2|=\/(x—2)2 +y°

Cau37: Pit z=x+yi (x,yeR)=|z+2/=(x+2)*+)*;

Mat khéc |Z|:l<:> ¥+’ =1l x*+y° =1,khi do

T=\J(x+2)° +1* +2(x=2)* +* S\/(12+22)|:(x+2)2 +y +(x=2)+) ]

= J10(x> +y* +4) =/10.5 =542 = max T = 5v/2

Vay gi4 tri 16n nhat cua biéu thic T 1a T =5+/2 . Chon D.
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