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LGOI GIOI THIEU

6 hoc hay da thic déu la cac cha dé thudng xuyén xuat hién trong cac dé thi hoc

sinh gidi cap quoc gia, cac ki thi khu vuc ciing nhu quéc t€ véi cac bai toan kho

t6i rat kho dugc cac nudc ciing nhu cac thay co phat trién rat nhiéu. Pa thic la
mang ma chia dung trong né cac yéu td vé dai so, giai tich, hinh hoc va ca cac tinh
chat vé s6 hoc. Chinh vi thé ta cd thé xem da thdc co thé xem nhu 1a cac bai toan t8
hgp gitia cac mang khac clia Toan hoc ciing nhu dong vai tro lién két cac mang do lai
v6i nhau thanh mot thé thong nhat. Va ching ta ciing biét rang sé hoc khong phai tu
nhién rat nhiéu nha toan hoc, nhing ngudi lam toan goi no6 véi cai tén my miéu la Ba
chda cta toan hoc. Thé gidi cac con so rat quen thudc voi chiang ta trong cudc song
thuong ngay, |a mot thé gidi hét stc ki la day bi dn: loai ngudi da phét hién trong do
bao nhiéu tinh chat rat hay, bao nhiéu quy luat rat dep va bat ngd déng thoi ciing dang
chiu "b6 tay" trudc nhiéu su kién, nhiéu du doan. Diéu Ii thd 1a nhiéu ménh dé kho
nhat clia s6 hoc dugc phat biéu rat don gian, ai cting hiéu dugc ; nhiéu bai toan kho
nhung co thé gidi rat sang tao véi nhiing kién thic s6 hoc phé thong don gian. Khong &
dau nhu trong s6 hoc,ching ta lai c6 thé lan theo dugc dau vét clia nhiing bai toan c6
xua dé dén dugc voi nhing van dé moi dang con cho doi ngudi gidi — Trich to cuén
sdch S6 hoc — Ba chida cda toan hoc — Hoang Chang. Chinh vi th€ sy két hgp cha 2
mang kién thic nay sé mang t6i cho chang ta nhing bai toan dep nhung vé dep thi
khong bao gio 1a dé& dé chang ta chinh phuc c3, n6 ludn an chda nhing diéu kho khan
va “nguy hiém”. Trong ch dé cla bai viét nay, chang ta sé di kham pha ciing nhu

chinh phuc phan nao vé dep cta su két hgp do.

Nhém téc gid
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CAU CHUYEN TOAN HOC

]oseplz — Louis Lagrange

&u nhac si nguoi Ao Wolgang Amadeus Mozart (1756 — 1791) da dé lai cho doi sau

nhitng ban nhac tuyét voi thi hon hai tram nam sau, trong nhitng nam dau tién

cua thé€ ky 21, vdi long ton sung mot bac tai danh, nhiing ngwoi yéu am nhac c6
dién chi con biét lang nghe dé thuwong thiic om diéu ma théi. Nhung cuing thoi véi 6ng, &
Au chau con c6 mot thién tai khac cling litng danh, nhung tiéng tdim khong vang ra ngoai
nhan thé vi ¢ trong bd mon han hep la toan hoc. Tuy vay cong trinh cua éng dé lai, khong
nhtng duoc nguoi doi sau ghi chti hoc hoi, ma con dugce ap dung trong nhiéu by mon
khoa hoc thuc dung cho doi s6ng hang ngay, va ca trong nhiing chwong trinh tham hiém
khong gian va v tru d€ tim hiéu vé nguodn géc doi song ctia con nguoi va twong lai veé
sau. Nguoi duoc nhac dén trong bai nay 1a Joseph — Louis Lagrange (1736 — 1813), mot nha
todn hoc 16i lac nhat, ma ciing 1a nguoi that khiém ton, da duoc nhiéu bac veeong gia Au
chau trong vong vao cudi thé ky 18 va dau thé ky 19. D€ phé binh vé danh nhan nay, Dai
dé’ Napoléon da tling néi rang: "Lagrange thdt la mot kim ty thdp cao voi trong bé mon
todn hoc". Loi néi cta Hoang dé€ thuwong di doi véi viéc lam va 6ng da phong
cho Lagrange lam B4 twedc, cit dng lam Thuong Nghi si va con vinh ting ong Dé Nhit Ding
Bic Ddu Bgi Tinh. Nhiéu bac vuong gia khac & Au chau nhi Quéc vuong xt Sardinia va

Hoang dé€ Frederick cia Ptrc qudc ciing da hét muc ton vinh Lagrange.

foseplz — Louis Lagrange (1 736 - 1813)
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> Bdi dudng hoc sinh gi6i

Lagrange sinh ngay 25 — 1 — 1736 tai Turin (Italia), mat ngay 10 — 4 — 1813 tai Paris (Phap).
@ng dugc xem la mot trong nhiing thién tai toan hoc 16n nhat trong lich st toan hoc, dong
thoi cing 1la mot nhan vat dac sic trong thoi dai ong — mot thoi dai day xdo dong vé moi

mat: chinh tri, van hoa, xa hoi.

Ong 14 nguoi Phap, nhung c6 pha dong mau Y. TS phu ctia Lagrange 1a mot dai ty ky binh
Phap, da téi phuc vu dudi treéng ctia Quéc vuong dao Sardinia 1a Charles Emmanuel
II. Sau d6 vi si quan ky binh dién trai va anh diing nay téi dinh cue ¢ tinh Turin va duoc
nhéan vao lam ré ctia dong ho quyén quy Conti ctia nu6c Y. Than phu ctia Lagrange ciing
duoc huéng cai may man trong hon wéc nhue thé va da két duyén cting cd Marie — Thérése
Gros 1a ai ntt ddc nhat caa mot bac si giau ¢ ¢ tinh Cambiano. Cap tai tit va giai nhan nay
song vui hanh phuc va hai 6ng ba ¢ dén muoi nguroi con nhung tat ca déu ménh yéu khi
con tudi &u tho va chi vé sau méi may man dwoc thém cau ut 1a Joseph — Louis ra doi ngay
25 thang Giéng nam 1736 dé r6i 16n 1én va tré thanh mot nha bac hoc danh tiéng 13y Itng.
Than phu cta Lagrange cing 1a nguoi c6 tai tri, va da c6 thoi lam Tong Giam Ddc ngan
sach binh bi cho dao quéc Sardinia. Ong xay dung nén mot tai san khé 16n, lai cong thém
v6i ctia hoi moén ctia ba vo nén gia dinh dwgc vao hang giau ¢6 16n trong tinh. Nhung 6ng
lai ham mé dau tw nén theo véi nén kinh t& duong thoi & Chau Au, tai san ctia gia dinh bi
giam sut dan dan dén khanh kiét khi Lagrange budc vao tudi treéng thanh. Cau con at
duoc cung chiéu nay lai khong duoc thira ké chut di san nao cua cha me, vi that ra khong
con gi dang gia d€ lai. Trong cudc doi sau nay cta Lagrange, 6ng thuong cho su pha san do6
lai 1a mot diéu may cho minh va da néi rang: "Néu téi duoc huong mot gia tai I6n thi chdc

toi da khong dwa vao Todn Hoc dé xdy dung doi minh'".
Suw Nghiép Toan Hoc

Vao dau thé ky 18, nén khoa hoc néi chung, va toan hoc noi riéng, chua phai la mét moén
hoc chinh cho si t&, nén lac méi dau Lagrange theo vé van hoc cd dién. Nhung trong khi
nghién cttu vé van hoa Hy Lap, chang thanh nién dwoc biét dén nhiing cdng trinh vé Hinh
Hoc ctia nhitng vi nhan toan hoc doi triede nhw Euclid (330 — 275 tr. CN) va Archimedes (287
— 212 tr. CN). Tuy vay chang ciing khong chd y 1lam vé nhitng mon nay. Nhung sau
do Lagrange dugc doc mot bai tham luan cta nha thién van hoc Edmund Halley (1656 —
1742) ca tung mon Giai Tich Hoc méi dwoc xay dung va hoan bi boi nha bac hoc Isaac
Newton (1642 — 1727) va cho réng mon toan hoc nay vuot troi hon mon Hinh Hoc. Bai nay
goi tri to mo cua chang thanh nién va anh da don hét tam tri vao dé€ trong mot thoi gian
ngan hoc duoc hét nhitng gi da duoc cdng bs trén sach vo vé nhitng phép tinh vi phan va

tich phan trong mon giai tich hoc. Sy hiéu biét vé todn hoc cao cdp nay da lam
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cho Lagrange duoc bd nhiém lam gido su toan hoc tai Truwong Phio binh Hoang gia & tinh
Turin khi chang méi 16 tudi. Noi day, hang ngay Lagrange giang bai cho 16p sinh vién ma
nguoi nao cing 1on tudi hon minh. Tuy vay chang ciing thtra uy tin d€ chinh phuc duoc
moi ngwoi va cd nhiéu nang lwc d€ t6 chite dwoc mot Hoi Nghién civu Khoa hoc la khoi thay
cua mot Trung tam d€ sau nay tro thanh Vién Han lim Khoa hoc Turin. Chi may nam sau,
vao nam 1759, khi Lagrange méi 23 tudi, ma Hgi Nghién ciru do chang sang lap da xuat ban
dugc Tédp san dau tién. Nhung ta phai ndi rang véi mot tam dia tdt, ludn ludn nang d& cac
ban dong nghiép ma nhiéu bai khao ctru toan hoc déng trén nhing s6 dau tién cua tap san
nghién cttu, tuy ky tén nhiing tac gia khac, ma thuc ra la cong trinh cua Lagrange vi da
duoc chang stra chita va viét lai hoan toan. Trong nhitng truong hop nay, c6 mot tac gia
ctia mdt bai viét that dic sdc — sau khi da dwoc Lagrange stra lai — dwoc moi nguoi chu y va
ngoi khen, va khi chuyén tdi tai qudc veeong Sardinia, tac gia duoc voi t6i va giao cho
gitt B§ Hdi quin la mot chiee vu that quan trong vi Sardinia 1a mét dao quoc. Chi c6 mot
diéu la trong lich st mon toan hoc, nguoi ta thdy 6ng nay chi viét ra duwgc mot bai doc
nhat 1a bai ma do sy nang d& caa Lagrange da gitip cho éng duoc dia vi trong triéu. Ciing
trong thoi gian sang tac phong pht nay ma Lagrange da tao dung nén ly thuyét cho
mon Co hoc Gidi tich.

Mot bai toan dwoc biét tir thoi thuwong c8 1a bai todn dang chu (isoperimetric problem) khi
ngwoi ta tim mot hinh phéng c6 mot dién tich cuc dai cho mot chu vi cho san. Loi giai tat
nhién la hinh tron nhung phai doi dén thé ky 17 moi nguoi méi cha y dén nhitng bai toan
cwc dai hay cuc ti€u khi hai anh em toan gia Bernouilli, nguoi Thuy Si, éng anh tén
la James (1654 — 1706) va ngwoi em la John (1667 — 1748) thach thitc nhau gidi bai toan sau
day:

"Tie mot diém khéi dau O, thd troi mot cdi vong theo mot dwong gidy nhdn thin nam trong mdt
phing thing dirng, A& cho tudt xudng mot diém A ¢ dwéi. Phii udn dwong gidy theo hinh nao dé
cho thoi gian tudt diegc ngian nhat."

Di nhién hai anh em nha Bernouilli khong nhitng dua ra nhiéu 10i giai, nhung lai con dé ra
nhiéu bai toan khac nita thudc loai nay. Nhitng bai viét cia anh em nha Bernouilli da gay
phan khoi cho mot thién tai toan hoc khac ngwoi Thuy Si la Leonhard Euler (1707 — 1783) la
hoc tro cua John Bernouilli, va Euler da dua ra phuong phap tong quat dé giai nhitng bai
toan ma James Bernouilli & dé nghi khi xwa. Ong ciing dit tén cho phép tinh nay la Phép
tinh bién thién (Calculus of Variations). Nhung nguwoi thuce sy da dwa phép giai nhitng bai
todn dé tim ra nhitng truong hop t3i wu lai 1a Lagrange, 1ac d6 van chi con 1a mt gido su &

Turin. Tuy chang thanh nién, méi ¢ tudi 19 va ¢ thé hé sau, chi nghién cttu bai toan dang
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> Bdi dudng hoc sinh gi6i

chu sau nhiing bac tién bdi danh tiéng vang lting, nhung Lagrange da ¢ nhling nhan xét
tan ky dé giai bai toan, va da c6 can dam viét mot bire thu cho Euler, dang 1a Chu tich Uy
ban Todn hoc caa Vién Han ldm Khoa hoc Virong quéc Phé' & Berlin, d€ dwa ra mot 1oi giai ma
chang cho la c6 tinh cach tong quat. Cling may la Euler tuy la mot thién tai toan hoc thoi
dy, danh tiéng vang ling, nhung ciing la nguoi rong lwong, 6ng nhan ngay ra rang
phuwong phap cta Lagrange da giai toa duwoc mot vai thac mac cta chinh 6ng khi tim
phuong phap giai bai todn va Euler da nhuwong cho Lagrange cong b két qua ra trude. Hon
hai trdm nam sau, nhiing khoa hoc gia khong gian, khi tim nhitng qiiy dao t6i vu dé dwa
nhitng vé tinh tham sat lén nhitng hanh tinh xa voi trong Thai duong hé, déu phai viét
nhing phuong trinh ¢é tén chung la phwong trinh Euler — Lagrange. Khong may nguoi, du
chi trong mot khoanh khic, da nghi dén tai tri siéu viét ctia Lagrange va dtic tinh cao
thuong cta Euler, la nhitng nguoi dau tién da khai pha ra mon toan hoc nay. Trong nhitng
nam dau tién ctia mot cudc doi nghién ctru va sang tac toan hoc ctia Lagrange, nhiing bai
viét déu duoc dang trong nhitng tap san dé la Miscellanea Taurinensia tat ca tong cdng cd 5
Tap. Nhitng bai viét nay du la d€ tén nhitng hoc sinh hay nhitng nguoi cdng sy déu la do
chang gido su tudi méi ngoai hai mwoi dwa ra y kién va duyét xét cing stta d6i lai. Tuy la
0 mot thi thanh héo lanh noi c6 hoi todn hoc ma Lagrange sdng lap ma sau nay tro
thanh Vign Han ldm Khoa hoc Turin, nhung nhitng tap san toan hoc phat xuat tir noi day,
ma ngay ¢ s6 dau tién da néi vé Phép tinh bién thién, da duoc toan thé gidi khoa hoc & Au
chau chu y t6i va lam cho Lagrange dwong nhién tré thanh mét toén gia hang dau duwoc

moi nguwoi ngudng mo.

Ngoai toan gia Euler, Lagrange con dwgc mot tredng boi nguoi Phap la D’Alembert (1717 —
1783) nhiét tinh ting ho. Nhitng nguoi ban t6t nay déu nghi rang chi khi nao chang t&i mot
thu d6 van hoc va ti€p xuc v6i nhiing toan gia hang dau cua thé ky thi tai ndng
cta Lagrange moi dwgc ndy no toan dién. Trwdc d6 Lagrange da dwoc moi téi London,
nhung di dugc ntra duwong khi vira t6i Paris thi bi 6m. Noi day éng duoc tiép don trong
vong va vi stcc khoé chwa hoi phuc duoc nén danh phai trd vé Turin mot thoi gian dé cho
co hoéi khac. May nam sau thi dip may d6 t6i khi dai toan gia Euler nhan 101 moi cua Vién
Han ldm Khoa hoc St Petersburg d€ chuyén cu téi d6. Do dé nghi cua2 nha toan hoc
D’Alembert va Euler, Hoang d€ Frederick cia Pho Quéc da viét cho Lagrange mot bic thw
dai d€ néi 1a Hoang d€ Frederick vi dai nhat chdu Au mudn duoc toan gia litng danh nhat
cua thé€ ky t6i vueong triéu dé hang ngay cung nhau ban luéan. Lagrange da nhan 10i dé t6i
Berlin thé vao chd tréng ctia Euler va trong khoang 20 nam khi cu ngu 6 Phd Qudc dng da
viét hon mot trdm bai khao luan toan hoc dé dang trén cac tap san ¢ Turin va ¢ Berlin.
Clng trong thoi gian nay ma Lagrange hoan tat tac pham vi dai nhat ctia doi ong vé

mon Co hoc Gidi tich.
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Khi mat 6ng duoc chon cét trong dién Panthéon tai Paris.

Nguon néi dung: Dién dan todn hoc Viét Nam — VMF
Nguoén anh: Wikipedia
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> Bdi dudng hoc sinh gi6i

Clzuyén dd
PA THUC VA SO HOC

Tap chi va tw li_éu toan lzpc

Trong chu dé nay, thay vi viéc phan chia cac dang toan cu thé kem 10i phan tich chi tiét
ting dang thi minh sé mang téi cho ban doc mot tuyén tap cac bai toan hay va kho dé 6n
tap va nang cao kién thirc chudn bi cho ki thi hoc sinh gioéi cling nhw cac ki thi khac ma cac

ban tham gia. Nao chting ta cing bat dau nhé!

CAC KIEN THUC CO BAN

1. PA THUC.

Don thtkc theo bién x 1a biéu thitc c6 dang m.x" trong d6 m 1a hang s6 va n 1a s6 nguyén
khong am.
Da thtc la tong hitu han ctia nhiéu don thitc hay da thirc 1a biéu thitc c6 dang
P(x)=ax"+a_x""+. . +ax+a, (a,#0).
Khi d6
e g, duoc goi la cac hé sd cua da thurc.
Néu a, € Z,Vi thi ta goi da thitc P e Z[x] tc tap cac da thire hé s6 nguyén.

e 1 duogc goilabac ctia da thitc, ky hiéu la degP=n.

2. MOT SO TiNH CHAT CAN NAM.

Tinh chdt 1. V6i hai s6 nguyén a,b trong d6 b= 0, néu ton tai sd nguyén ¢ sao cho a=bc
thi ta goi a chia hét cho b hodc b chia hét 4 hodc b 1a wdc cua a hodc ciing hay goi a la
boi cta b.
Kij hiéu. a:b hodc b|a.
Tinh chit 2. V6i P e Z[x] va a,b 1a hai s6 nguyén khac nhau, ta lu6n c6
P(a)-P(b)i(a-D).
Chitng minh. Gia st P(x)=ax"+a, x"" +..+ax+a, (a,#0).
Str dung hang déng thitc a* —b" =(a—b)(a"" +a?b+..+b"") véi k=1 la s8 nguyén.

Khi d6 P(a)—-P(b)= (a—b)[an (a""+a" b+ 40" )+a, (a7 +a”‘3b+...+b"‘2)+...+a1]
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Ttr d6 bai toan duoc chirg minh.
Tinh chdt 3. Cho da thitc P(x) v6i hé s6 nguyén.
Khi d6 khong ton tai ba s6 phan biéta,b,c sao cho P(a)=b,P(b)=c.P(c)=a.

3. NHUNG PINH LY QUAN TRONG.

Hai da thie f(x),g(x) duoc goilanguyén t cing nhau néu wdc chung 16n nhat ctia hai
da thttc d6 1a mot hang sd.
Nhung vi wéc chung 16n nhat ctia hai da thiec chi khac nhau hang s nén néu hai da thic

nguyén t6 cung nhau thi ta c¢é thé xem wdc chung 16n nhat nhat ctia chang 1a 1. Nén ta ky
hiéu (f(x),g(x))=1.
Dinh Ijj Bézout. Cho hai da thite P(x),Q(x)eQ[x]. Goi d(x) 1a wéc chung 16n nhét cua
hai da thiec P(x),Q(x).

o Khi d6 ton tai hai da thic U(x),V(x) sao cho d(x)=U(x).P(x)+V(x).Q(x).

e Néu (P(x),Q(x)) =1 thi tén tai cac da thic U(x),V(x) sao cho

U(x).P(x)+V(x).Q(x)=1.

Dinh 1yj Schur. Cho P(x)eZ[x] 1a da thic khac da thitc hing. Khi d6 ¢ v6 han céc s8
nguyén t8 p thoa man tinh chat: Ung véi s6 nguyén to'p ton tai s6 nguyén m sao cho p‘P(m).
Chiing minh.
Ta xét cac treong hop sau
Truong hop 1. Hé s6 tu do bang 0. Khi d6 p|P(p) véi moi s6 nguyén t& p.
Truong hop 2. Hé s8 tu do bang 1. Técla P(0)=1.
Ta gia st tap cac sO nguyeén t6 thoa man bai toan 1a httu han. Goi p la s6 nguyén to 1on
nhat trong cac s6 d6. Ta xét P(p!)=1(modp!). Ta goi q>1 la s6 nguyén t& khac ma thoa
man p|P(p!) thi g>p vinéu g<p thi do g|(p!) nén tix g|P(p!) ta suy ra g|1 la vo li.
Nhung g > p thi lai mau thuan véi chuyén p 1a s& nguyén t& 1én nhat.

Trieong hop néu P(0)=a=1.
Ta xét da thieec Q(x)= 1P(ax) thi Q(x)eZ[x] va Q(0)=1. Theo trén ton tai vo han cic sd
a

nguyén t8 p sao cho tng v6i mdi sd p thi ludn ton tai s6 nguyén m dé cho p|Q(m).
Nhung néu p|Q(x)=> p|P(ax). Dinh li dwoc chting minh.
Dinh Ijj Dirichlet vé s6 nguyén t6. Cho a,b 1a cc s6 ty nhién véi a#=0,(a,b)=1. Khi d6 tap

hop {an+b,n e N} chita v6 han s6 nguyén té.
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> Bdi dudng hoc sinh gi6i

Dinh I vé day tudn hoan. Cho f, g 1a hai da thitc hé s& nguyén va nguyén t6 cung nhau.
Dit a, = gcd(f(n),g(n)),n =1,2,3.... Khi d6 day (4, ) tuan hoan.

Chitng minh — Nguyén Hitu Dién.

Do f,g lahai da thitc hé s6 nguyén va nguyén t6 cung nhau nén ton tai hai da thirc F,G
va s6 nguyén duwong a sao cho f.F+¢.G=a.Khidé6 do chia hét cho ca f(n),g(n) néntacé
f(n)

Ta chting minh rang a,|a

a,Vn.. Ta sé chitng minh 4, tuan hoan theo chu ki a.

n+a*

That vay ta cd f(n)= f(n+a)(moda) ma a,|a,a,|f(n)=a,|f(n+a).

n+a *®

Tuwong tw ta ¢6 a,|g(n+a). Nhw vay ta cé a,|a

Lap luan teong twtaco a,|a,,,. Vay a, =a,,,

n+a *®

Chit yj. Hai da thirc nguyén to cung nhau khi wéc chung Ién nhat cia chiing la mot da thiec hang.

Bé' dé Hensel. Cho da thic f(x) hé s6 nguyén va sd nguyén td p. Néu phuong trinh dong
du f(x)=0(modp) c6 ding r nghiém phan biét x\”,x{",...,x"" thudc doan [1;p]sao cho
f'(x ( )) #0(modp),i=1,7 thi phuong trinh dong du f(x)= (modp )cc’) dung r nghiém
nguyén phan biét thudc doan [1, pk] )

Chiing minh.
V6i k =1 hién nhién dung.
Gia st khang dinh dtng véi k>1. Diéu d6 cé nghia la trén doan [l,pk], phuong trinh

f(x)= O(modp") 6 dung rnghiém x\Y,x,.,x" va f'(x ( )7& 0(modp),i=
Ta can chimg minh f(x)= O(mod p! ) c6 dung r nghiém thudc [1 pk”]
Goi x, 1a mot nghiém ctua phuong trinh f(x)=0(modp) (1).

Xéts8 x, =x,+p't,t e[0;p—1] v6i t la nghiém duy nhét cia phuong trinh

LJIS‘J)+f'(xO)tEO(modp)

p
Ta sé chtmg minh x, 1a nghiém cua f(x)= (modpk”) (2).
| xO " xO ) (”) xO "
Ta co f(xl):f(xo)+%(xl—xo)+f2(! )5, ot n(! ) (x,-x,)
(%) & (%) 1 i\ (n)xo kp)"
f(xl):f(xo)+f§! )pt+fg! )(p t) +...+f n(! )(p t)

() (x
Suy ra f ()= f (x,)+ £ ()Pt (modp* ) vi L) o
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= f(x,)=p" [%+f’(xo)t}(modpk”) =0(modp"")
Vay phuong trinh (2) c6 it nh&t r nghiém.
Thit vy, gid sit x 12 nghiém ctia (2), goi x, 14 nghiém cta (1). Ta c6
f(x)EO(modpk”):f(x)sf(xo)(modpk):x =x, (modpk):wczxo +p't
f (%)

Theo chting minh trén thi ¢ la nghiém ctia phuong trinh =——=>>+ f'(x, )t =0(mod p).

Vay phuong trinh f(x)= O(mod pk”) co dang r nghiém.

Ttr cach chitng minh trén ta rat ra dwgc nhan xét sau.

Nhén xét. f(x0 +pkt) = f(x,)+ f'(xo)pkt(mod pk”)

Cong thitc ngi suy Lagrange.

Cho da thitc P(x) c6 badcnho hon (n+1) va (n+1) s6 thuc phan biét x,,i = 1,n+1.

n+1 n+1 — .
Khi d6 P(x) duwoc xac dinh duy nhat nhu sau: P(x)= ZP(xi)- I | - )
i1 =1 X —X;

j#i
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DE BAI

Cau 1. Tim cdc da thtic P(x) c6 hé s6 nguyén, khéng am, bac khong 16n hon 6 thoa

P(7) =102013.

Cau 2. Cho a,b,c € Z thdoa man cac da thite f(x)=ax’+bx+c va

g(x)=(a-b)x*(c—a)x+a+b cé nghiém chung. Chimg minh rang a+b+2c:3.

Cau 3. Ton tai hay khong da thiic f (x) =x* +ax+bvéi a,b nguyén thoa man a* -4b=0 va

nhan gia tri chinh phuong tai 2010 diém phan biét.

Cau 4. Chting minh rang khong ton tai da thitcc P v6i hé s8 nguyén, khac da thikc hang c6

bac khéng qua 4 thoa man: ton tai 5 s6 nguyén x,,x,,...,x; khac nhau sao cho

P(x,)P(x,)P(x5)P(x,)P(x5)=-1.

Cau 5. Ching minh x" —x -1 b4t kha quy trén Z[x],vn>2

Cau 6. Cho da thtec P la da thic hé sd va ton tai s6 nguyén dwong m sao cho

P(1);P(2);...;P(m) khong chia hét cho m. Chting minh rang P(a)#0 véimoi aeZ.

Cau 7. Cho P(x)=ax"+a, x"" +...+ax+a, la da thitc v6i ay,a,,...,a, 1a cac s6 nguyén

duong. Dit P, (x)=P(x) va B, (x)=P(P_(x)) v6i k >1.Ton tai hay khong M >0 sao cho

voi m=M tacéd m|Py,, (m)

Cau 8. Cho da thtrc P(x) la da thtrc hé s8 nguyén véi bac n>2. Chimg minh rang da

thite P(P(x))—x c6 nhiéu nhét n nghiém.

Cau 9. Tim t4t ca cdc da thite P hé s6 nguyén sao cho P(n)[2" -1 véi moi s& nguyén

duwong n.

Cau 10. Goi x,,x,,...,x, la cac s8 nguyén théa man x, > x, >--- > x, . Chitng minh rang mot

P(x,),-.|P(x,)

Cau 11. Gia st cac da thiec P(x),Q(x),R(x) va S(x) thoa man:
P(x5)+xQ(x5)+x2R(x5) =(x4 +x° +x° +x+1)S(x)

Chting minh réng khi d6 da thtrc P(x) chia hét cho x-1.

7

trong cac sd ‘P(XO) khong nho hon ;l—n' v6i P(x) la da thic bac n.

Cau 12. Tim tat ca cac da thiee P ¢d hé s6 nguyén sao cho v6i moi s6 nguyén td p va moi
cdp s8 tunhién (u,v) thdaman P|(uv—1) thita cd P|(P(u)P(v)—1) )

Cau 13. Tim tat ca cac da thiec P hé s6 nguyén sao cho véi moi sd ty nhién 4,b,c ta luén
c6 a+b+c|P(a)+P(b)+P(c).

Cau 14. Cho m,n la cac s§ nguyén duong. Chting minh rang nim khi va chi khi
P(x):Q(x), trong d6 P(x);Q(x) la cac da thirc hé s6 nguyén duoc xac dinh:
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i)
—_
=
~
Il

X"+ Clx" L+ O

Q(x)=x""+Cox" +..+C)"
Cau 15. Tim tat ca cac da thiec P hé s6 nguyén thoa man tinh chat: Véi m,n 1a hai s6
nguyén t& cung nhau thi hai s6 P(m);P(n) cting la hai s6 nguyén t& cing nhau.
Cau 16. Cho P(x),Q(x)e Z[x] la hai da thiic monic bat kha quy thoa man vé6i n du 16n thi
P(n),Q(n) cé cing tap wéc nguyén t. Chimg minh réng P=Q.
Cau 17. Goi da thic P(x)eZ[x] khéac da thtrc hdng va goi 1,k 1a hai s8 nguyén duong.
Chting minh rdng ton tai s& nguyén dwong a sao cho mdi f(a), f (a+1),.., f(a+n-1) c6
it nhat k wéc nguyén td phan biét.
Cau 18. Cho da thitc P(x),Q(x) la hai da thiic ¢6 hé s6 nguyén nguyén t6 cung nhau. Dat
a,=(P(n),Q(n)). Ching minh day {a,} tuan hoan.
Cau 19. V6i hai da thic c6 hé s6 nguyén p(x),q(x) ta viét p(x)=q(x)(mod2) néu
p(x)—g(x) cb tat ca cac hé s6 déu chia hét cho 2. Cho day da thtiic p,(x) thoa man
pr(x)=p,(x)=1va p,,(x)=p,. (x)+xp, (x)(1), véimoi n 1asd tw nhién.
Chting minh rang Py (x)=1(mod2).
Cau 20. Gia st p,, (x)=1 la haisd te nhiénlénhon 1va p,(x)=p,.
Day s6 vo han n=1,2,3... dwgc xac dinh nhu sau

pn+4 = pn+3 +xpn+2 :(pn+2 +xpn+1)+xpn+2 = (x+1)pn+2 +xpn+1
Chting minh rang trong day s& néi trén chita vo han s8 d6i mdt nguyén td ciing nhau.
Cau 21. Vi mdi s tw nhién 7, ta ki hiéu f(n) la tdng cac chit s8 cua né biéu dién trong

hé thap phan. Ta xay dung day s6 nhu sau
uy (n)=f(n);uy(n)=f(f(n));su,(n)= f(f(f (n)))

k

Chiing minh réng vdi moi s twe nhién 71, ton tai sO tw nhién d sao cho
u (n)=u,(n),vk=d (1).
Cau 22. Cho abc 1a mét s& nguyén 3.
Chting minh rdng phuong trinh ax® +bx +c =0 (1) khong c6 nghiém hitu .
Cau 23. Cho da thitc P(x) = (x2 —2)(x2 —3)(x2 —6) . Chttng minh réng véi moi sd nguyén t&
p déu tim duoc s6 nguyén duong 1 sao cho P(n)ip.
Cau 24. Chting minh rang véi moi s§ nguyén p ta cd thé tim duoc s§ nguyén duong

f(x) sao cho n khong phai la s6 chinh phuong.
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Cau 25. Cho da thite P(x)=x>" —x' +1. T6n tai hay khong cac s& tu nhién a,,4a,,...
, s S0 cho tich P(ai).P(aj)Eaiaj véimoi i#j.
Cau 26. V6i moi s6 tie nhién m,n, chitng minh ring (n!) chia hét cho m khi va chi khi tén

tai da thttc hé s6 nguyén f(x)=> ax" théa man (ay,a,,...a,,m)=1,m|f(j) véi moi j
k=0

nguyén duwong.
Cau 27. Cho da thtc f(x)=2009x" —x* —x° —x* —2006x +1. Chitng minh rang véi 1 1a sd
nguyén tiy y thi cacs8 f(n), f(f (1)), f(-.f (n)...) d0i mOt nguyén t8 cling nhau.

n+1\)"
Cau 28. Goi P(x) la da thitc bac n théaman véi k=0,1,...,n thi P(k)z{ ¢ J

Dinh da thitc P(n+1).

1, =1990, 1, = 1989, u, = 2000

Cau 29. Cho day {u,} duoc xac dinh nhu sau )
u,,=19% +u,+1991,n=1,2...

+9u

n+2 n+1

a) V6imoi n goi r, 1a s6 dw caa phép chia u, cho 1992. Chimg minh rang day {r,} 1a mot
day tudn hoan.
b) Chting minh réng ton tai v6 s6 s8 x ctia ddy {u,} sao cho

5x7 + 5x™ + 4x ™ 48 4+ 22" +11x% + 48
chia hét cho 1992.
Cau 30. Chttng minh rang ton tai hang s6 dwong ¢ sao cho véi moi s& nguyén duong n
va cac s6 thuc a,,4,,...,a,, néu P(x)=(x—a,)(x—a,)---(x—a,) thi

g}g\ﬁ P(x)| <c" I;Iel[oaﬁ P(x)|

Cau 31. Tim t4t ca cac da thiec P(x)eZ[x] va meZ" sao cho m+2"P(n) la s6 chinh
phuong vdi moi s6 nguyén duong 7.

Cau 32. Cho P(x)eZ[x],p lasd nguyén td va x =a( mod p). Chting minh rang
P(x)=P(a)+(x-a)P'(a)(modp’)

Cau 33. Véi p la s6 nguyén t6, dit h(x) la da thtic c6 hé s6 nguyén sao cho

1(0),h(1),....h(p*~1) 1a mdt hé thing du ddy du modulo p?. Ching minh ring

1(0),h(1),....h(p* -1) 1a mot hé thing du day du modulo p’.

Cau 34. Vi s6 nguyén n>3, dat f(x),g(x) 1a da thiic v6i hé s§ thyc sao cho céc diém

(f(1),8(1)).(f(2).8(2)),--,(f(n),g(n)) trong tap R* Ia cac dinh cua da gidc n canh
theo thit tw nguoc chiéu kim dong ho. Chitng minh rang it nhat mot trong cac da thiec f, g

c6 bac khong nho hon n—-1.
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Cau 35. Cho p la mot s6 nguyén t§ 1é. Chiing minh rang c6 it nhat pTJrl gia tri

p—1
ne{0,1,2...,p—1} sao cho Zk!nk khéng chia hét cho p .
k=0

Cau 36. C6 ton tai hay khong mot day s thue va khac 014 a;;4,;...,4, thoa véi mdi neN
thi da thic a, +a,x+...44a,x" c6 ding n nghiém trén R .

Cau 37. Cho P(x)eZ[x] thoa man P(x) la s6 chinh phuong véi moi x nguyén thi
P(x)=Q%(x) v6i Q(x)eZ[x].

Cau 38. Tim tat ca cac da thitc s6 hé s6 nguyén théa man a+b 1a s6 chinh phuong thi
P(a)+P(b) cling la s6 chinh phuong, trong d6 a,b la cac s6 tw nhién.

Cau 39. Gia skt m,p 1a cac sd nguyén t8 khac nhau. Chiig minh rang néu cé mot s3 tw
nhién x nao dé ma p la wéc cua P(x)= (x’”‘1 +x"? +...+1) thitacé p=1 (modm).

Cau 40. Cho da thtrc P(x) c6 bac n va cé n nghiém phan biét x,,x,,...,x,.

Chting minh rang;

D) D) P
P'(x;) P'(x,) P'(x,)
b) 1 + 1 +...+ 1 =0

() Pl )
Cau 41. Cho f la mdt da thitec ¢6 hé s6 hitu ti va bac khong nho hon 2, va day (an) chi
gom cac s6 hitu ti thoa man f(a,,,)=a, v6i moi s6 nguyén duong n. Chiing minh rang

day (a,) tuan hoan.

Cau 42. Cho P(x) la da thtic bac n véi hé s6 thue sao cho P(-1) khéac 0 va —

Chting minh rdng P(x) luén c it nhat mot nghiém x, sao cho |x,|> 1.
Cau 43. Gia st ton tai da thitc hé phite P,Q,R théa man P*+Q" =R (a,b,ceN).

Chting minh rang 1 + 1 + 1 >1
a c

Cau 44. Cho da thtrc P(x) va Q(x) v6i s6 thee k bat ki thoa man B, = {Z eC|P(z)= k} va
Q. ={zeC|Q(z) =k} . Chuing minh rdng B, =Q, va P, =Q, suy ra duoc P(x)=Q(x).

Cau 45. Cho da thitc P(x)eZ[x],deg P >2 . Chitng minh rang ton tai meZ* d& P(m!) la
hop s6.

Chinh phuc olympic todn| 13



> Bdi dudng hoc sinh gi6i

Cau 46. Cho f(x) la da thixc voi hé s6 hitu ti bac 16n hon hodc bang 2. Xét day {a,} cacsd
hitu ti théa man diéu kién f(a,,)=a,,n>1. Ching minh rang ton tai k>1 dé
., =a,(n>1).
Cau 47. Tim t4t ca da thic P € Z[x] sao cho P(p)‘ 2" —p,Vp la s6 nguyén t&
Cau 48. Xét da thiee T (x)=x" +17x* =1239x +2001. D4t
T, (x)=T(x),T,(x)=T(T, (x)),...,T,,, (x)=T(T,(x)) vé6imoi n=1,2,3...
Chting minh rédng ton tai s6 nguyén n >1sao cho T, (x)-x chia hét cho 2003 véi moi s&
nguyén Xx.
Cau 49. Tim t4t ca cac cdp sO nguyén a,b sao cho ton tai da thitc P(x)e Z[x] sao cho tich
(xz +ax+ b) . P(x) la da thic duoc viét dudi dang:
X" +c, X" 4o x 4, VO ¢y ,Cy,...,C, , bang 1 hodc 1
Cau 50. Cho hai da thirc hé s6 nguyén
P(x)=ax"+a, x"" +...+ax+a,
Q(x)=bx"+b, X" +...+bx+b,
Biét rang a, —b, 1a mot s6 nguyén t6 va a,_, =b, ,. Goi m la la mot nghiém hitu ty chung
ctia hai da thitc. Chting minh rang m 1a mot s6 nguyeén.
Cau 51. Hoi ¢6 tat ca bao nhiéu da thite P, (x) bac n chan thoa man cac diéu kién
e Céachésdcua P,(x) thudctap M={0;-1;1} va P,(0)=0.
e Tbn tai da thitc Q(x)co cac hé s& thudc Msao cho P, (x)= (x2 - 1).Q(x).

Cau 52. Cho day s nguyén (4, )::1 thoa man m—n|a, —a, voi moi s6 ty nhién m,n phan
biét. Gia str ton tai da thitc P(x) sao cho |a,| < P(n),Vn. Chitng minh rang ton tai da thtc
Q(x) sao cho a,=Q(n),Vn.

Cau 53. Cho n la sd nguyén duong va a,,4,,...,4, 1a cac s6 thuc duwong.

Tadat g(x)=(x+a,)(x+a,)..(x+a,).

Goi 4, 1a mot s& thye bat ki va dat f(x)=(x—a,)g(x)=x""+bx" +...+bx+b,,,.

Chting minh rang b,,b,,...,b,,, déula s6 am khi va chi khi a, >a, +a, +...+a,.

Cau 54. Cho F la tap cac da thiic T’ ¢6 hé s& nguyén va phuwong trinh T'(x)=1 c6 nghiém
nguyén. Cho trudc mot s6 nguyén duong k, tim gia tri nho nhat cia m>1 theo k thoa

man ton tai I' e F sao cho I'(x)=m ¢6 dung k nghiém nguyén phan biét.
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Cau 55. Cho hai da thitc P(x),Q(x) e R[x] nguyén t§ ciing nhau va khac da thitc hang.
Chting minh rang khong c6 qud ba s8 thuc A thoa man P(x)+AQ(x) la binh phwong ctia
mot da thie.

Cau 56. Chiing minh rang néu da thitc f(x)eR[x] c6 bac n va nhan gia tri nguyén tai
n+1 gia tri nguyén lién tiép tir a > a+n,acZ thi f(x)eZ, vxeZ.

Cau 57. Tim tat ca cac da thic P(x)eZ[x] sao cho véi moi a,b ma a khong la nghiém
cta P(x)thi P(a)‘P(LHb)—P(b).

Cau 58. Xét da thic P(x)=x"+a, X" +..+ax+a, v6i n22,neN. Gia st P(x) ¢6 n

nghiém la x,,x,,..,x,. Ki hiéu max(x;) la s6 lon nhét trong cac sd x,,x,,..,x,. Ching

minh rang P(x+3) Zn:
i=1 X —X;

>2n%8"", Vx> max(x;) v6i §>0.
Céau 59. Gia st R la nghiém cta phuong trinh x" —a,x" "' —...—a, ;x—a, =0 va dat
A=Y"a,B=Y"ja,. Khido thitacé A" <R".

j=1 j=1
Cau 60. Cho da thiic P(x) la da thitc monic bac n>1 ¢é n nghiém thuc la x,,x,,...,x,
phan biét va khac 0 . Chttng minh rang:
1 1 1 (_1)n+1

x,P'(x,) ’ x,P'(x,) et x,P'(x,) B XXy X,

n k
%. Chting minh rang phuong

k=0 V-

Cau 61. Cho n>2 va da thitc P(x) xac dinh boi P(x)=

trinh P(x)=0 khong c6 nghiém httu ti.

Cau 62. Cho p la mot s8 nguyén 3. Tim tét ca cdc da thite f(x)v6i hé s8 nguyén sao cho
voi moi s8 nguyén duong n, f(x) 1a wéc cta p" -1.

Cau 63. Cho s6 nguyén duong 7 va s8 nguyén t3 p 16n hon n+1. Chting minh rang da

X x? x?

thc P(x)=1+ + +...+ khong c6 nghiém nguyeén.
(x) n+l 2n+1 pn+1 8 ghiem ngty

Cau 64. Cho da thitc P(x)=x"-11x* —87x+m(m e Z). Chtting minh rdng véi moi m ton tai
s6 nguyén n sao cho P(n):191.
Cau 65. Cho m 1a s8 nguyén duong, tim s8 nghiém cta phuwong trinh x* = x(modm).
Céau 66. Cho p 1as6 nguyén t& (p>3). Xét da thiic
f(x)=(p-1)x"2+(p-2)x" +3x% +2x +1.
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Biét rang hé¢ A = {al,az,. : .,ap} la mot hé thang du day du modulo p. Chttng minh rang khi
déhé B= {f(al),f(az),...,f(ap )} cling 1a mot hé thing du day du modulo p.
Cau 67. Xét da thirc P(x)=x"+14x* —2x+1. Chtng minh rang ton tai s6 nguyén duong n
sao cho véi moi sd nguyén x ta cé 101|P(P...P(x)...)-x.
Cau 68. Cho tap S={p,,p,,...,p;} 1a tdp hop k s6 nguyén t6 phan biét va P(x) la da thtc
v6i hé sd nguyén sao cho véi moi s6 nguyén duwong n déu ton tai p, trong S sao cho
p;|P(n). Chtng minh réng ton taii sao cho p,|P(n),VneN .
Cau 69. Cho da thtrc P(x)=x"+153x" -111x+38.
a) Chiing minh rang trong doan [0 ;320‘)0] ton tai it nhat mot sd nguyén duong a sao cho
P(a):3%.
b) Hoi trong doan [0 ;32000] cd tat ca bao nhiéu s6 nguyén duong a sao cho P(a) chia hét
cho 3*%.
Cau 70. Tim t&t ca céc da thic f v6i hé s8 nguyén sao cho f(n)| f(m)= n|m.
Cau 71. Cho a,b,c,d, e, f 1a cc s6 nguyén dwong. Gia st rang S=a+b+c+d+e+ f la wéc
clia cac s8 abc +def va ab+bc+ca—de—ef — fd. Chiing minh rang S 1a hop sd.
Cau 72. Tim tat ca cac da thiee P véi hé s6 nguyén thoa man

P(n)|2557" +213.2014, ¥n e N'
Cau 73. Cho P la da thirc hé s6 nguyén, c6 bac n>1 va k la s6 nguyén duong bat ky. Xét
da thitc Q(x)=P"(x) véi P dugc tdc dong k Tan. Chirg minh rang cé nhiéu nhat n s&
nguyén t sao cho Q(t)=t.
Cau 74. Cho A la tap vo han cac s6 nguyén duong. Tim tat ca cac sd nguyén duong n
thoa man v6i moi a 1a phan tir cua A thi

T+a+a*+..+a" |1+a" +a*+..+a"

Cau 75. Cho P,Q 1a hai da thitc hé s8 nguyén khong am, khac da thtc hang. Xét day s&
x, =2016"" +Q(n),n>1. Chiing minh ring ton tai v han s§ nguyén t§ p thoa man: tng
v6imoi p, ton tai s8 nguyén duong m sao cho p|x,, .

Cau 76. Tim t&t ca cac da thitc P hé s6 nguyén thoa man P(p)|2” —p, v6i moi s nguyén
to p.

Cau 77. Cho P(x),Q(x) 1a cdc da thic hé s8 nguyén khac da thiic hang. Gia st rang da
thitc P(x).Q(x)—2009 c6 it nhat 25 nghiém nguyén phan biét. Chtiing minh réng bac cta
moi da thirc P(x),Q(x) déu khdong nho hon 3.
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Cau 78. Goi d(n) la wéc nguyén t6 nho nhat ctia s6 nguyén n, voi n#={-1,0,1} va ta ki
hiéu d(-1)=d(0),d(1)=0.
Tim t&t ca cac da thite P(x) v6ihé s§ nguyén thoa man P(n+d(n))=n+d(P(n)).
Cau 79. Tim tat ca cac sO nguyén dwong k thoa man ton tai da thic f(x) voi cac hé sd
déu nguyén, c6 bac 16n hon 1 sao cho vdi moi sd nguyén t& p va moi s6 ty nhién a,b ma
plab—k thi p|f(a) f(b)-k.
Cau 80. Cho P la da thitc hé s6 nguyén thoa man P(0)=0 va (P(0),P(1),..)=1. Ching
minh réng c6 vo han s6 n sao cho (P(n)—P(O),P(n+1)—P(1),...) =n.
Cau 81. Cho p la sd nguyén t6 va P(x) la cac da thizc bac d hé s& nguyén thoa man

e P(0)=0,P(1)=1

» Vo6imoi s6 nguyén dwong n thi s6 du trong phép chia P(n) cho p 1a 0 hoac 1.
Chting minh rang d>p-1.
Cau 82. Chitng minh rang khong ton tai da thitc P hé s6 thuc deg P=n21 sao cho P(m)
la s6 nguyén t6 véi moi sd nguyén duwong m.
Cau 83. Cho neN,n>3va da thitc f(x)=x"+a, x"" +...+a,x+a, € Z[x] thoa man g,
chin, a, +a,, chin véimoi k=1,n-1.
Gia st thém rang ton tai hai da thiic g(x),h(x)eZ[x] thoa man degg<degh, moi hé s6
cta h(x) déuléva f(x)=g(x).h(x),Vx.
Chting minh rdng f(x) c6 it nhat mot nghiém nguyén.
Cau 84. Cho da thtcc f(x) monic, hé s& nguyén, bat kha quy va f(0) khong phai la s&
chinh phwong. Chtting minh rang g(x)= f (xz) cting 1a da thiic bat kha quy.
Cau 85. Cho da thirc hé s6 nguyén f(x)=a,x"+a, x"" +...+a,x+a, thoa man diéu kién
|ag| > |a,|+|ay| +...+|a,| va |a,| 1a s6 nguyén t& thi f(x) bat kha quy.
Cau 86. Tim t4t ca cac da thic P(x),Q(x) hé s6 nguyén thoa man véi day sd (x, ) xac dinh
boi x,=2014,x,,,, =P(x,,),%,,, =Q(x,,,, ), ¥n e N thi mdi s8 nguyén dwong m la wdc
ctia mot s6 hang khac 0 nao d6 cua (x,, ).
Cau 87. Chiing minh rang khong ton tai da thikc

P(x)=ax"+a, x"" +..+ax+a,eZ[x] bac n>1

sao cho P(0),P(1),... déu la s6 nguyén t6.
Cau 88. Cho da thttc P(x)=x"+a, X" +..+a,x+4a,,P(x)eZ[x] v6i a, chn va a, , +a,

chdn, véi moi k=1,n-1. Gid st P(x)=Q(x)R(x), v6i Q(x),R(x) la cdc da thirc hé s6
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nguyén khac hing, deg(Q(x))<deg(R(x)) va tit ca cdc h¢ s6 cuia R(x) déu lé. Ching
minh rang, da thic P(x) c6 nghiém nguyén.

Cau 89. Chiig minh réng véi moi s8 nguyén duong n thi da thic P(x)= (x2 +x)2n +1 la
da thirc bat kha quy trén Z .

Cau 90. Gia st 7 1a s8 tu nhién 16n hon hogc bang 2 va P(x)=x"-a,x" " +. . +ax+1 1a
da thizc hé s nguyén duong. Gia st a, =a, , véi moi k=1,n—1. Chitng minh rang ton tai
y[P(x) 0

x[P(y)

Cau 91. Chtmg minh rdng, véi mdi s6 nguyén duong 7 ton tai da thic P(x)eZ[x] bac n

v0 han cap s6 nguyén duong (x,y) sao cho: {

sao cho P(0),P(1),.., P(n) phan biét va tat ca cac s6 d6 déu c6 dang
2.2019"+3,keZ".
Cau 92. Chtiing minh réng ton tai tap vo han cac diém
{.,P,,P,,P,,P,P,P,P,.}
trong mat phang théa man tinh chit: V6i ba s§ nguyén a,b,c phan biét thi cac diém
P,,P,,P. thang hang khi va chi khi a+b+c =2014.
Cau 93. Cho x, <x, <..<x, la n,n>3 s& thuc thoa man:
Xy =X, <Xy =X, <X, =Xy <. <X, —X, 4
Gia st da thite P(x) ¢6 n nghiém thuec 1a cic gid tri x,,x,,...,x,. Chttng minh rang gia tri
16n nhat caa ‘P (x)‘ dat dugc tai mot diém x, €[x,_,,x, |.
Cau 94. Cho P(x)=a,x"+a, x" "' +..+a,x+a, la da thiec hé s nguyén thoa man diéu kién
P(r)=P(s)=0 trong do6 r,s la cdc s6 nguyén thoa man diéu kién 0<r <s. Chiing minh
rang ton tai k e {0,1,2,..,,n} sao cho a, <-s.
Cau 95. Cho P(x),Q(x) 1a cac da thikc hé s6 nguyén. Dat a, =n'+n. Ching minh rang néu
P

%eZ,Vn thi WZ%EZ,V?I va Q(n)=0.

Cau 96. Cho P(x) la da thitc bac n>5 v6i hé s6 nguyén va
P(x)=ax"+a, x"" +. . +a,x+a,
Gia st P(x) c6 n nghiém nguyén phan biétla 0,a,,...,a,. Tim tat ca cac sO nguyéen k sao
cho théa mén P(P(k))=0.
Cau 97. Tim s6 nguyén duwong n nho nhat sao cho ton tai da thitic P(x) béac n c6 hé sd
nguyén thoa man: P(0)=0,P(1)=1 vavéimoi Ae N thi
(P(x)-2)(P(r)-1)P(%) labdicua p véi p la s6 nguyén t&
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Cau 98. Chting minh rang véi moi m e N ton tai da thiec P, (x) c6 hé s6 hitu ti thoa man
v6imoi ne N’ thi 1" +2%" 4 +n>"" =P, (n(n+1))
Cau 99. Cho P(x),Q(x),R(x) laba da thitc hé s& thyec thoa man:
P(Q(x))+ P(R(x)) =c,VxeR vbi c=const eR
Ching minh rang: P(x) la hing s6 hodc (Q(x)+R(x)) la hing s6.
Cau 100. Chting minh rang ton tai cac da thtc hé s8 nguyén S,,S,,... twong téng véi cac

bién x,,x,,...,Y,,Y,,... thda man vdi moi s6 nguyén n>1

Véi ham tong chay qua cac wéc nguyén duwong d cta n.
Chii . Luu y réng ta chi xét dén cc da thiic trong treong Z[x]. Vidy, xétham S, =x, +y,
va S, =x, +y, —x,y, trong treong hop n=2 ta duoc

SF+2S, = (xf + yf)+ 2-(x,+y,) laham (*) thoa man yéu cau bai toan.
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HUGNG DAN GIAI

Cau 1. Tim c4c da thitc P(x) c6 hé s6 nguyén, khéng am, bac khong 16n hon 6 thoa
P(7)=102013.
Dé chon d¢i tuyén DakLak 2014
Loi gidi
Tacod P(x)=ax"+a, x"" +.. . +ax, +4a,
=>P(7)=a,7"+a,, 7" +..+a,7+a,= P(7)=a,a,,...a,,

Lai c6 102013 =6.7° +3.7° +2.7* + 6.7 +2.7° =603262(7) = P(x) = 6x° +3x° +2x* + 6x+2.
Nhdn xét. Y tuong cac dang bai toan nay la ta dwa vé viéc xtt ly dit kién dé bai dudi dang
chuyén d6i linh hoat cac hé co s6 dé€ don gian hda cach lam cho bai toan.

Cau 2. Cho a,b,c € Z thdéa man cac da thiie f(x)=ax’+bx+c va
g(x)=(a-b)x*(c—a)x+a+b cé nghiém chung. Chirg minh rdng a+b+2ci3.
Loi giai
Tacd f(x)-g(x)= (a+b—c)(x2 +x —1). Gia st x, la nghiém chung cta 2 phuwong trinh
f(x)=0va g(x)=0.Khidé
e Néua+b-c=0thido a+b+2c=a+b-c (mod3) nén a+b+2c:3
e Néu a+b-c=#0,thido x, langhiém chung cia f(x) va g(x) nén x, la nghiém
cta phuong trinh (x2 +x - 1) =0. Theo dinh ly vé phép chia véi s6 du, ta cd
f(x)= a(x2 +x—1)+r(x) (*)

trong d6 r e Z[x],degr <2. Trong (*), thay x =x, ta duoc

0=f(x))=a(x; +x,—1)+r(x,) = x, :#,r(xo)zo

Tir d6, do r e Z[x],degr<1,r(x,)=0 va x, ¢ Q nén r(x)=0 VxR suy ra

f(x):a(x2 +x—1)

Vadoddé b=a,c=—a suyra a+b+2c=0:3.

CAu 3. Ton tai hay khong da thtic f (x) =x” +ax +b voi a,b nguyén thoa man a” —4b#0
va nhan gia tri chinh phuong tai 2010 diém phan biét.
Loi giai
Ton tai da thitc bac hai c6 tinh chat nhw vay. That vay:
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Xét f(x)=x*+ax+b, tacod 4f(x)=4x"+4ax+4b=(2x+a) +4b—a*

Gia st ton tai xl,x2,...,x2mo;y1,yz,...,yzmo,(xi ;tx].,VlSi;tj;tZOlO)lé cac s6 nguyen thoa
— 2 2

man | 4/ (%)= (22 +a) +4b=a" oy 3551
4f(x)=4y,

Suy ra 4b—a® =(2y, —2x,—a)(2y, +2x, +a) Vi=1,2..2010

a:4
4b—a* =16P.P,..P,,,
2y, —2x,—a=4P,

Chon a,b thdéa man { (P, 1a cac sd nguyén t6 phan biét)

Xét hé phuong trinh 2y, +2x, + _4PP,..Py, ,Vi=1.2..2010
l
y, =P+ Plpz-l;szo c 7"
Giai hé, thu duoc PP._P i . , thoa man.
=12 p foyg
P. 2

RO rang x, ¢xj(V1£i¢j)

Vay ton tai da thitc thoa man yéu cau.

Cau 4. Chttng minh rang khong ton tai da thitc P véi hé s& nguyén, khéac da thiic hang
c6 bac khong qua 4 théa man: ton tai 5 s6 nguyén x,,x,,...,x; khac nhau sao cho
P(x,)P(x,)P(x;)P(x,)P(x;)=-1.
Loi giai
Khong mat tinh tong quat, ta chi xét ba treong hop sau:
e Truonghop 1. V6i P(x,)=P(x,)=P(x,)=P(x,)=P(x;)=-1.
Khi d6 da thiic P(x)+1 c6 bac khéng qua 4 ma c6 dén 5 nghiém nguyén khac
nhau. Diéu d6 dan dén: P(x)=-1 (loai vi da thic P can tim khac da thtc hang).
P(x,)=P(x;)=-1LP(x,)=P(x;)=1.Khido:

)
(
{ P(x,)=P(x;)=P(x,)=P(x;) = P(x,) - P(x,)
2=P(x;)=P(x;)=P(x;)=P(x,) =P (x;) - P(x;)

Ta co 2 1abdi ctia cAc SO X, —X,;X, —X,;X, —X3; X5 — X, ;X5 — Xy 5 X5 — X5 .

e Truong hop 2. V6i P(x,)
4=

biéu nay la khong thé.
e Truong hop 3. V6i P(x,)=P(x,)=P(x;)=P(x,)=1LP (x;)=-1.
Khi d6 da thtic P(x)—1 6 bén nghiém la x,;x,;x,;x, phan biét.
Do d6 P(x)-1=K.(x—x,)(x—x,)(x—x,)(x—x,) véi K 1a mot hang s8 nguyen.
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Diéu nay dan dén —2 =P (x;)-1=K.(x5 —x, ) (x5 —x, ) (x5 —x; ) (x5 —x, ) -

biéu nay lai khong thé. Nhu vay khong ton tai da thitc thoa yéu cau bai toan.

I Cau 5. Chting minh x" —x -1 bat kha quy trén Z[x],vn>2
Loi giai
B¢’ dé. Véi moi nghiém phtic z ctia da thirc P(x)=x"-x -1 ching ta cé bat dang thtc

sau.

Chiing minh. Ta dat z=r.e", bat déng thirc tuong duong (1+2rcost)(r*~1)>0 va doné

la nghiém ctia P(x) nén r*" = |z|2" = |z+1|2 =1+2rcost+r’> =1+2rcost=r>"—r*

Bét déng thic tro thanh (r*" —7%)(r* ~1)>0 (dting)
Giastt P(x)=f(x)g(x) trong d6 deg f >1 va f,geZ[x], goi cdc nghiém phtic cua P(x)

£ 1 L1
la z,,2,,....z,, st dung bo dé, ta co 22(; ——) > ZW_k
i=1 Z; i=1 |Z;

1

k
Trong d6 ta da gia st f(x)=][(x-x,).
i=1

1

k
Lai theo Viete ta c6 [ [|z|= ‘f(O)‘ =1.
i=1

k
Theo bat déng thitc AM —GM ta c6 Z% -k>0.
i=1 Zi

k
Ttr d6 kéo theo ZRe(zi —lj >0.

i=1 Z;

1

i=1 Z;

1

k
Mic khac f monic va hé sd nguyén nén ZRe[zi —l] >1.

i=1 Z;

1

Ly luan tuong tu véi g, cdng lai thu duoc Re(Z[ z, —lD >2.

Theo Viete, ta lai c6 Z[zi —lJ =1
i-1 Z;

Tt day suy ra mau thuan, vay ta c6 P bat kha quy trén Z[x].
Cau 6. Cho da thtec P 1a da thic hé sG va ton tai s6 nguyén dwong m sao cho
P(1);P(2);...; P(m) khong chia hét cho m. Chttng minh rang P(a) =0 véi moi a e Z.
Beijing 1967
Loi giai
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Gia st ton tai a € Z sao cho P(a)=0.
Ta viét a dwéi dang a=qgm+n v6i q,n la cacsé nguyénva 0<n<m.
o Truong hop 1. V6i n=0.Khi d6 gm—P(m)=P(a)—P(m):(gm—m)im.
Diéu nay dan dén P(m) chia hét cho m (mau thuan).
o Truong hop 2. V6i 1<n<m.Hiénnhién a¢{1;2;..;m} nén q=0.
Khi d6 P(n)=P(a—gm)—P(a)iqm.
Diéu nay dan dén P(n)im (mau thuan gia thiét).
Vay bai toan duoc chitng minh.
Cau 7. Cho P(x)=ax"+a, x"" +..+ax+a, la da thic véi a,,4a,,...,a, 1a cac s6
nguyén duong. Dit P, (x)=P(x) va B (x)=P(P_(x)) v6i k>1. Ton tai hay khong
M >0 sao cho v6i m2 M taco m|Py,, (m)

S.T.E.M.S Cat A/B P4

Loi giai — AoPS
Bo dé. Néu Q(x) la da thitc v6i hé s6 thuc thi khi do:
x=y(modm)=Q(x)=Q(y)(modm)
Ta sé chiing minh M khong ton tai. Gia st diéu nguoc lai rc:?mg M tbn tai.

Do m=0(modm), 4p dung b3 dé trén ta duoc B, ,, (m)= Py, (0)(modm).

P
Vivay vm>M,m|P,,, (0).

Goi ¢ la sd nguyén t6 16n hon max{M,a,} .

Dit t, 1a s8 nguyén duong nho nhét sao cho q| P, (0), nhu vay ¢, ton tai va t, <P(q) vi
cac diéu kién & trén.

Yéu ciu 1. Néu q| P, (0) thi t |7

Chting minh. Ta dung chung y tuwong trong viéc chting minh ord, (x)|¢(n)

Chitng minh phdn chiing. Dat r =t x+y voi 0<y <t , khi dé:

P, (0))=P_, (0)(modgq)

Lap lai céc thao tac trén, ta thu duoc P, (0)=0(modg), mau thuan véi diéu t8i thifu cta ¢ .

0=P,(0)=P_, (
Yéu ciu 2. t,| P(1)
Chting minh. Ttr cac diéu kién da cho va tir yéu cau 1, t | P(q) suy ra duoc gt ¢,.
Mat khac gq|a, —voly vi g>a,>0.
Vay gcd(tq,q) =1 dan dén ton tai s6 ti nhién k sao cho gk = 1(mod tq)

Tir nhing diéu kién trén ta c6 q|qgk| By, (0)
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Tir yéu cau 1 suy ra duoc rdng £, | P(gk), nhung theo bS dé ta c6 P(1)= P(qk)(mod tq)
Vay t | P(1).
Quay tro lai bai toan

Xét cacs6 P, (0),P,(0),......P

»1(0). Ta chon s8 nguyén t6 p d 16n sao cho p khong chia
hét cho t4t ca cac s trén va p > max{M, P(l)}
Khi d6, theo cach chon p, t, > P(1).
Nhung theo yéu cau 2 thi ¢_| P(1), diéu nay dan t6i P(1)=0, vd ly vi tit ca cac hé sd déu
duong.
Vay M khong ton tai.
Cau 8. Cho da thitc P(x) 1a da thitc hé s8 nguyén véi bac n>2. Chitng minh rang da
thtte P(P(x))-x c6 nhiéu nhat n nghiém.
Romani TST — Gh. Eckstein
Loi giai
Ta chting minh bang phan chtng.
Gia str ton tai cic s6 nguyén a, <a, <...<a,,, sao cho P(P(a,))=a, v6imoi i.
Theo tinh chat trén ta co:
a,—a, |‘P(a/)—P(ai)‘|‘P(P(a].))—P(P(ai))‘ =a,—a;V1<i<j<n+1
biéu d6 kéo theo ‘P(aj)—P(a,. )‘ =a;—a,. Tt d6 ta duoc:

Z[P(ai+l)—P(ai)]‘ =|P(,.1)=P(a,)| =8, ~a, =3 (a., —a,-)zl;‘P(aM)—P(ai)‘

i=1

Nhu vay tat ca cac gia tri P(a,,,)—P(a;) c6 cung d&u, nén ton tai A, B sao cho:
P(a))—a,=A;Vi=1,2,.,n+1 hodc P(a,)+a,=B;Vi=1,2,..,n+1.

Tuy nhién nhién diéu trén 1a khong thé vi deg(P(x)+x)=n khong thé nhan cing mét gia

trinao d6 voi n+1 gia tri khac nhau ctia x . Bai todn dugc chitng minh.

Nhin xét. Voi P(x) la da thiic co bacla n>1.

Chttng minh rang phuwong trinh P(P((P(x)))) = x ¢ nhiéu nhit n nghiém.

k

IMO - 2006

Cau 9. Tim tat ca cac da thiecc P hé s6 nguyén sao cho P(n)|2" -1 voi moi s6 nguyén

duwong n.
Polish Olympiad
Loi giai
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Dé dang kiém tra duoc rang néu P 1a da thiec hang thi P=1;-1.

Ta gia st P khac da thitc hang. Khong mat tinh tdng quat, ta c6 thé gia st hé s§ cao nhat
ctia da thitc P(x) la s6 nguyén duong.

Xét n sao cho P(n)>1 vaxét p lasd nguyén td trong phan tich caa P(n).

Khi d6 p|P(n)

2" —1 va theo tinh chat bén trén, ta duoc:

p=((n+p)—n)‘P(n+p)—P(n):>p|P(n+p)
Diéu d6 ta c6 p|(2".27 2" +2" 1) =[ 2 (2" ~1)+2" 1] = p|2" -1

271+p _ 1

Diéu trén la trai véi dinh ly Fermat.

Cau 10. Goi x,,x,,...,x, la cac s nguyén thoa man x, >x, >--->x, . Chitng minh rang

P(x,),--|P(x,)

v
mot trong céc sO ‘P (x,) khong nho hon % v6i P(x) la da thiec bac n.

7

Dé xudt 1977 IMO - Vietnam

.....

Dinh f,, f,,..., f, bang x,,x,,...,x, .

Theo cong thirc ndi suy Lagrange ta c6 P(x)=)_ P(x,)

i=0

=
—
=

N—

Vi ca hai v€la da thirc bac n va bang nhau tai cac gid tri x,,x,,...,x

7 7 A ~ ? n C P (xl )
So sanh cac hé so cua x" ta duwoc 1= Z—

= fi(x;)

Do x,,x,,...,x, la cac s6 nguyén, giam nghiém ngdt, ta c6

= =TT = 2= 7

j=i+1 TL! l
P(x,)

ne

Dit gid tri 1on nhét cua ‘P (x,)

s |P(x,)| 1 |P(x,)-

» n P . P P
Theo bat dang thirc tam gidc ta duwgc 1< Z ‘ (% )‘ < ‘ (%) (x, )‘

()
i=0||fi(xi)| n! S\ - n!

7

Vay [P(x)|2 2

Cau 11. Gia st cac da thie P(x),Q(x),R(x) va S(x) thoa man:
P(x5)+xQ(x5)+x2R(x5):(x4 +x° +x° +x+1)S(x)
Chttng minh rang khi d6 da thtrc P(x) chia hét cho x-1.

USAMO -1976

.....
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Gia st S(x)=s,x"+s, X" +..+5,x+s,. Khi d6:
(x—l)P(x5)+x(x—1)Q(x5)+x2 (x—l)R(x5) (x5 —1)S(x)
<:>(x—1)P(Jc5)+x(x—1)Q(3c5)+x2 (x—l)R(x5):(x5 —1)[51 (x)+5,(x)]

V6L S, (x) = 8 + 60 4ot 50,21 = [g} va S,(x)=5(x)-5,(x). Khi d6 ta duoc:

XP(XS)+X(X—1)Q(X5)+JC2 (x—l)R(x5)—(x5 —1)52 (x):(x5 —1)S1 (x)+P(x5)

Vi vé& phai ctia dang thiec trén 1a da thite mii boi 5 trong khi vé trai thi khong.

Diéu nay xay ra khi va chi khi ca hai vé&'la hai da thitc c6 tat ca caché sd1a 0.
Diéu d6 dan dén P(x°)=-(x*-1)S,(x)=P(1)=0. Do d6 P(x)=(x-1).G(x)véi G(x) la

mot da thirc nao do.

Cau 12. Tim tat ca cac da thitc P cd hé s6 nguyén sao cho v6i moi s6 nguyén t6 p va
moi cdp s6 tw nhién (u#,v) thoéa man P|(uv-1) thita cd P|(P(u)P(v)—1).
Iran TST 2009

-----

Ta xét cac treong hop sau.
o Truong hop 1. V6i P 1a da thirc hang. Dé dang kiém tra duoc P(x)=1;P(x)=-1.

o Truong hop 2. Goi n=degP>1. Ta dat G(x)= x”P(lj thi G(x) cling la da thic hé
X

sO nguyén.
Ttr gia thiét bai toan, ta c6 duoc p|(P(u)P(u‘l)—1) vi moi s6 nguyén duong u sao
cho (u,p)=1 vatrong d6 u™' la chi s8 nguyén duong v sao cho uv=1(modp).
Tt d6 ta duoc p|(u"P(u)P(u’1)—u") hay néi cach khac p|P(u)G(u)-u" voi moi sd
nguyén duong u sao cho (u,p)=1.
Ta ¢6 dinh u va ldy p du lon, thi tinh chét trén chi dung khi va chi khi
P(u)G(u)=u". Hon nita G(x)P(x) la cac da thic nén diéu d6 kéo theo
G(x)H(x)=x".Ma degP=n nén G la da thtic hang. Tirc 1a P(x)=ax", bdng cach
th lai ta dwoc a=1;a=-1.

Vay ta ¢6 bén ham da thitc thoa man P(x)=1;P(x)=-1;P(x)=x";P(x)=—x".

Cau 13. Tim tat ca cac da thiec P hé sO nguyén sao cho véi moi s6 tye nhién a,b,c¢ ta ludn
c6 a+b+c|P(a)+P(b)+P(c).

.....
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Giastt P(x)=ax"+a, X" +..+ax+a,v6i a, eZ.

Véiba s6 tu nhién a,b,c>1 tuy y, ta 6 2P(0)+ P(c) =34, (modc)

Ttc ¢|3a,, ma ¢ 1a s8 tw nhién tir y nén diéu trén dung khi va chi khi 4, =0. Ttr 46 béng

cach cho ¢ =0ta duoc tinh chat a+b|P(a)+ P(b) dung véimoi a,beN.

Dé dang chiing minh dwoc tat ca cac hé s6 ctia don thikc bac chan déu bfing 0. Do do:
(a+b+c)| [P(c)+P(a+b)]

Két hop v6i gia thiét ctia bai toan, ta dwoc P(a)+P(b)—P(a+b)=0(moda+b+c)

Ma P la da thitc va a,b,c 1a cac sO ty nhién tuy y nén P(a)+P(b)=P(a+b).

Ttc P cong tinh, mot lan nra vi P la da thitc nén ta duoc P(x) =k.x. Thir lai ta dwoc két

luan cho bai toan.

Cau 14. Cho m,n 1a cic s§ nguyén dwong. Ching minh rang nim khi va chi khi
P(x):Q(x), trong d6 P(x);Q(x) la cac da thirc hé s6 nguyén duwoc xac dinh:
P(x)=x""+Cx"?+..+Ci"
Qx)=x""+Cx"* +..+Co

Loi giai

Theo cac dinh nghia ctia hai da thttc ta duoc:
xP(x)=(x+1)"-L;xQ(x)=(x+1)" -1
Do dé P(x):Q(x) < | (x+1)" =1 ]| (x+1)" -1 | ((x+1)"=1,(x+1)" 1) =(x+1)" -1
o (x+1)(m’") ~1=(x+1)"-1<(mn)=m<nim
Bai todn duoc chitng minh.
Cau 15. Tim tat ca cac da thiec P hé s6 nguyén thda man tinh chat: Véi m,n 1a hai s6
nguyén t& cung nhau thi hai s P(m);P(n) cing la hai s6 nguyén t6 cung nhau.
Iran TST
Loi giai
Dé thay P khong thé la da thiic hang,
Gia st v6ip la s6 nguyén t6 du 16n sao cho p khong la wéc ctia P(p).

Khi dé (p,p+ P(p)) =1 dodé P(p) va P(p+ P(p)) 12 hai s& nguyén t6 cing nhau.

Tuy nhién ta thiy P(p)=[P(p)+p-p] [P(p+P(p))—P(p)] = P(p)|P(p+P(p))
Nhu vay, d€ dtng véi gia st bén trén ta can|P(p)| = 1hodc P(p)=0.
Diéu nay 1a khong thé vi P 1a da thitc khac da thitc hang va p 1a s8 nguyeén t& du 16n.

T6m lai, v6i p 1a s nguyén t6 du 16n thi p| P(p), theo tinh ch&t bén trén, ta lai co:
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p=p=01P(p)-P(0)=p|P(0)
Mt khéc p 1a s6 nguyén t6 du 16n tuy y nén P(0)=0.
Ttr d6 ta dwoc P(x)=x.G(x) voi G(x) la da thikc hé s6 nguyén thoa man tinh chét giong
nhu P(x) nhung cé bac nho hon.

Thuc hién teong tu nhu vay két hop véi phuong phap quy nap theo béc cuia da thic ta

dugc: P(x)=+x" véineN .

Cau 16. Cho P(x),Q(x)eZ[x] la hai da thitc monic bat kha quy thoa man véi n da 16n
thi P(n),Q(n) cé cung tap wéc nguyén t8. Chirng minh rang P=Q .
Loi giai

Ta chiing minh bang phan chting bang cach gia s¢ P=Q. Khi d6 P,Q 1a hai da thtic
nguyén td cung nhau do ching déu bat kha quy va la da thirc monic.
Theo dinh li Bézout thi ton tai hai da thiee f, g c¢d hé s6 nguyén va s6 nguyén duwong a sao
cho P(x).f(x)+Q(x).g(x)=a. Lai theo dinh 1i Schur thi ton tai v6 han s6 nguyén t& p sao
cho tng v6i mdi s8 p dang xét thi ta c6 ton tai s6 nguyén n sao cho p|P(n). Nhung vi
P(n),Q(n) c6 cung tap wdc nguyén td nén ta c6 pla. Nhu vay sd @ co chira v6 han cac

wéc nguyeén t& cua nd 1la diéu vo ly. Vay Q=P.

Cau 17. Goi da thtc P(x)e Z[x] khéc da thitc hing va goi n,k 1a hai s6 nguyén duong.
Chting minh rang ton tai s6 nguyén duong a sao cho méi f(a), f(a+1),..., f(a+n-1)

6 it nhat k wdc nguyén t6 phan biét.

Bulgaria Olympiad

Loi giai
Bai nay goi ta nghi dén dinh li thang du Trung hoa.
Theo dinh 1i Schur ton tai vd han s& nguyén t& p sao cho ting véi mdi p sé& ton tai s6
nguyén m sao cho p|P(m). Ta goi A la tp s6 nguyén t& d6 thi |A| = +w.
Goi p, (1<i<n,1<j<k)la cic s nguyén t& thudc tap A.
Ta 8 dinh mi i. Theo dinh Ii Schur thi ton tai s§ x, € Z sao cho P(xij) = O(mod P; )
Theo dinh 1i thing dw Trung Hoa thi ¢ mdi i c§ dinh sé ton tai s3 a sao cho
a+i-1=x;(modp,) véi j=1;k. Khid6 véimdi i c& dinh thi ta déu 6
f(a+i-1) Ef(xij)EO(modpij) véi j=1,k

Nén f(a+i-1) chia hét cho tit ca cdc s6 nguyén t6 p, (j=1,k) véimoisd i =1;n.
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Cau 18. Cho da thitc P(x),Q(x) la hai da thiic c6 hé s6 nguyén nguyén t6 cing nhau.
bit a, =(P(n),Q(n)). Chung minh day {a,} tuan hoan.
Theo dinh 1y Bézuot ton tai hai da thitc R(x),S(x) va hang sd a nguyén théa man
P(x).R(x)+Q(x).S(x)=a,VxeR.Suyra P(n).R(n)+Q(n).S(n)=a,vnekZ.
Tur gia thiét a, =(P(n),Q(n)), ta suy ra a,|a,Vn. Do tap cac wdc la hitu han nén cac s3 a,
lap lai. Ta can chiing minh la a,,, =a,.
Taco P(a,+a)=P(a,)(moda).Ma a,|P(n),a,|a= a,|P(n+a).
Ayiq-
Mt khéc ta lai c6 P(a,+a)=P(a,)(moda). Ma a
Q(n).Do do a

Hoan toan tuong tu ta c6 a,|Q(n+a)=a,

n+u|P(n +a)’an+a

la=a,.|P(n).

n+a |

Lap luan teong twtacd a,,,

a,.Tedotacda,, =a,.

n+a

Cau 19. V6i hai da thitc ¢6 hé s6 nguyén p(x),q(x) ta viét p(x)=g(x)(mod2) néu
p(x)—q(x) co tat ca cac hé s6 déu chia hét cho 2. Cho day da thic p,(x) thoa man
p(x)=p,(x)=1va p,,(x)=p,.. (x)+xp, (x)(1), véimoi n 1a s6 tw nhién.

Chtmg minh rang p,, (x)=1(mod2).
Ta quy wdc viét p, (x)=p,,n=1,2,3...
TI'LI’GC hé’t ta Xét pn+4 = pn+3 + xpn+2 = (pn+2 + xpn+1 ) + xpn+2 = (x + 1)pn+2 + xpn+1

= (x + 1)pn+2 +x(pn+2 _xpn ) = (2x + 1)pn+2 _xzpn = pn+2 + xzpn (mOdZ)(*)
Phan tiép theo ta chtiing minh p,, = p; (mod2) v6imoi n.
That vay véi n=1 tacd p, =p, =1 nén khang dinh dtng.
Gia st khang dinh ding véi n=k>1.
Khi d6 két hop véi (*) ta cd pyy,s = Py + X Pay_r (Mod 2)

2

=pi +x°piy (mod2)=pi+x"p, +2pap,, (mod2)=(p, +ap,) =pj,s (mod 2)

Nhw VAY P, =P, 1 =P = Pars =P; =1(mod2).

Cau 20. Gia st p,, (x)=1 la hai sd te nhiénlén hon 1 va p, (x)=p,.
Day s6 vo han n=1,2,3... duoc xac dinh nhw sau

pn+4 = pn+3 +xpn+2 = (pn+2 +xpn+l)+xpn+2 = (x+1)pn+2 +xpn+l

Chting minh rang trong day s6 néi trén chita v han s6 d6i mot nguyén td cing nhau.

.....
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béylaa>1nén (a,a-1)=d>1.
Gia st tir day (x+1)p,., +x(p,., —xp, ) ta trich ra day con hitu han
(2x+1)p,,. —X°p, =P,.n +x°p, (mod2)
Ma hai sd bat ki trong day nay thi nguyén t6 cung nhau, do day ban dau v6 han nén luén
trich dwoc nhu vay.

Dat p,, =p2. Xét n s6 sau n=1.Khi d6 ludn ton tai hai s6 dong dw modulo g.

Ttkc 12 ton tai hai s6 n=k>1 sao cho p,,,, =P, + X’ Py ,- Do d6 =p; +x°p; ;.

Do =p? +x°p? , +2p,xp, , nén tasuy ra =(p, +xp,)’ = p’.,, nén ta ciing suy ra
(axt,q) =1(3)

Tt (1),(3) tacd x*" =1(modg)=x""=Ig+1,VIeN.

Xétso u, =a(lg+1)—a+1=alg+1(4).

Tiy

k
Viu, :alq+1:al.Hui/ +1 nén (uim,uij):l, vi=1,2,..,k.
j=1

Hé thitc (5) chiing t6 ta c6 thé b6 sung vao day u, ,u, ,...,u, cic bd s6 méi ma bd s6 nay

van thoa man hai s0 bat ki nguyén t6 cung nhau. Ching té ¢ vo han sd nhu vay.

Cau 21. V6i mdi s6 tu nhién 7, ta ki hiéu f (n) 1a tong cac chit s& cua né biéu dién trong
hé thap phan. Ta xay dung day sd nhu sau
w, (n) = f(n);u,(n)=f(f(n));iu, (n)= f(f(f(n)))

k

Chting minh rang véi moi s6 twe nhién 7, ton tai s& tu nhién d sao cho
u, (n)=u,(n),vk=d (1).

Loi giai
a) Gia st rdng n = a,a,...a, 1a s6 dwoc biéu dién trong hé thap phan véi a, # 0.
Khi d6 ta c6 biéu dién n=4,.10"" +4,.10"* +...+a, ;.10+a,.
Ta ludn c6 bat déng thic n>a, +a, +...+a, = f(n).
Dau dang thitc xay ra khi va chi khi s& ¢ 1 chir s8.
Ta thay rang day {u,} 1a ddy giam thuc sw cho dén khi ta thu dwoc s8 c6 1 chit s6 thi day
tro thanh day dimg boi vi f(n)2 f(f(n))2...2 f(f..f(n)). Goi d 1a s c6 mot chit s6 dy.
Khi d6 ta ¢6 u, (n)=u,(n),vk>d (1).
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b) Ki hiéu S, ={x:f(x)=k}1a tap hop cdc s§ x ma trong biéu dién thap phén thi tap

S, =0 vi Chéng han s6 11...1 thudc S,.Véi mdi s6 te nhién k thi tap S, la httu han nén
k

trong mdi tap S, déu ton tai sd bé nhat.
Céu 22. Cho abc 1a mdt s8 nguyén t3.
Chting minh rdng phwong trinh ax® +bx+c=0 (1) khong cé nghiém hitu ti.
Loi giai
Do abc 1a nguyén td nén a=0,c#0. Ta chiing minh bing phan chiing.
Gia st phuwong trinh c6 nghiém hiru tinén A=b>—4ac=d*,deN.
Do dd b*-d* =4ac>0=b>d.
Mt khéc ta co 4a.abe = 4a(100a+10b+c)=(20a+ b)2 - (b2 - 4ac) =(20a+ b)2 —d?
=(20a+b+d)(20a+b—d).
Vi abc 1a s6 nguyén t8 nén suy ra abe 1a wéc ctia (20a+b+d) hodc (20a+b—d).
Tuy nhién ta ¢ (20a+b+d)<100a+b+d <100a+10b+d = abc .
Tuong tw (20a+b-d)<100a+b—d <100a+10b+d = abc .

Nhu vay ta suy ra diéu vo li.

Vay phuong trinh khong thé c6 nghiém hiru ti.

Cau 23. Cho da thtc P(x)= (x2 —2)(3(2 —3)(x2 —6) . Chttng minh rang véi moi s6 nguyén
t0 p déu tim dugc s& nguyén duong n sao cho P(n)ip.
Loi giai
RO rang voi p =2 thi ta tim dwoc n =2 thoa man bai toan.
Véi p =3 ta tim duoc n =3 cling théa man.
Bay gio ta xét cac s6 nguyén to p > 3.

-1
Truéc hét ta c6 nhin xét la néu (a,p)=1 va n> #a(modp),Vn. thi a > =-1(modp).

Chiing minh.
V&imdi k e {1,2,...,p—1} thi ton tai duy nh&t mot sd k'e{1,2,...,p—1} sao cho

kk'=a(modp).

Vi n* #a(modp),Vn nén k#k'. Ta d€y la p-1 1a s6 chan nén ta sé cd duoc

p=1
ca
2 P
tuong tng gitta k vdi k'.
p-1
2

T d6 ta suy ra (p—1)!=(1.1')(2.2")...(kk")=a 2 (modp). O day ta hiéu 1' 1a s§ twong

ting v6i 1 d€ 1.1'=a(modp).
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p-1
Mit khéc theo dinh If Wilson ta c6 (p—1)!=-1(modp). Vay néntac6 a 2 =-1(modp).
Nhan xét duoc chitng minh.

Tro lai v6i bai toan. Gia sit P(n) khong chia hét cho p véimoi n.
Vi P(n)=(n*-2)(n* -3)(n* —6) nén n’ khong chia hét cho 2;3;6.

r-1
2

Theo nhén xét & trén tasuy ra 2 > =-1(modp);3 2 =-1(modp);6 2 =-1(modp).

p-1 p-1 p-1 N
Nhung vi 2 2 =-1(modp);3 2 =-1(modp)=6 * =1(modp) la diéu mau thuan.
Chting to rang gia thiét phan chiing 1a sai.

Cau 24. Chttng minh rang véi moi s6 nguyén p ta cé thé tim dugc s§ nguyén duong
f(x) sao cho n khong phai la s6 chinh phuwong.
Loi giai
Dat f(n).Néu p" -1 la s6 chinh phwong thi p—1 hodc f(x)=b,beA.
Gia st ton tai b s6 nguyén Vn e N*,(p” —1)5(;9 —1):b sao cho v6i moi s6 nguyén duong
f(x) thi neN" déu la s6 chinh phuong. Khi d6 g déu la cac s6 chinh phuong. Ta ¢6
f(n); f(n+q)=f(n)i(n+q-n)=q= f(n)iq (1)
Mt khac do tinh chét ctia s6 chinh phuong nén ta suy ra f(n+4q)iq.
Kéthop véi (1) tasuyra f(2)— f(4)=0(mod4).
Suyra p # q,(pq —1)5q (2).
Bay gio ta lai xét p? =p (modg).
Lap luan nhu trén ta suy ra p’ —1—(;7‘7 —p) =p-1:q (3).
Kéthop (2),(3) tasuyra ne N’ la diéu vo 1i.
Chting to gia thiét phan ching la sai.

Cau 25. Cho da thtic P ( x)=x*" —x" +1. Ton tai hay khong cac s6 tw nhién a,,4a,,...
, Ay sao cho tich P(a (a]) aa; véimoi i+ j.
Loi giai

.2 2 A . s ~ 7 . . . . s .
Gia str ton tai cac sO a,,4,, ..., 4,y sa0 cho véi moi i# j ta co P(ai).P(aj):aiaj.
Dé thdy rang (a,,P(a,))=1. T d6 suy ra P(a,)ia, va véimoii#j.

2017

Ta suy ra ( a;"" +1)§aj, tir d6 suy ra (ai,aj)zl vOoimoi i # j.

Khong mat tinh t6ng quat ta co thé gid s rang a, <a, <... <y -
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\ . y 2017
Tl P(a;):a; tasuy rarang P(a, ):a,.a,...00,5 > a;

Nhung ttr P(x) tasuy ra P(a,)<a”” la diéu mau thuan.
Cau 26. V6i moi s6 tw nhién m,n, chimg minh rang (n!) chia hét cho m khi va chi khi

ton tai da thirc hé s8 nguyén f(x)=) ax" théa man (ay,a,,..,a,m)=1,m|f(j) véi
k=0

moi j nguyén duong.

Loi giai
Ta chting minh tinh hai chiéu
Gia st ta ¢6 m|(n!). Ta xét da thtec sau f(x)=(x+1)(x+2)...(x+n) thi f 1a da thitc véi hé
s0 nguyén. Ta ciing c6 f(j)=n!C,,;. Do m|(n!) nén ta co f(j)im.Mat khac do hé s6 bac
cao nhdt cta f la1nén ta c6 diéu kién (ao, ay, ..., an,m) =1 duoc thoa man. Nhu vay ton tai
da thiec f(x)=(x+1)(x+2)..(x+n).

Nguoc lai gia st ta co ton tai da thic f(x ( ) akxk hé s6 nguyén thoa man diéu kién la

(ay,a,...,a, ,m) 1,m|f(j).
Taxétdangcua f 1a f(x)=b,+bx+bx(x—1)+..+bx(x—1)(x-2)..(x—n+1)

=b, +Zbkx(x—1)...(x—k+1).

V6i mbi da thitc f hoan toan xac dinh thi cdc s6 b, xac dinh duy nhat véi moisd k=0,n.
Tiép theo ta cé nhan xét 1a (by,b,,...,.b,) =(a,,a,,...,a,).

That vay. Ta gia p 1a mot w6c cua (by,by,...,b,), thikhi d6 p laudc cua f(j) véi moi s
nguyén j . Do d6 khi va chi khi pla mot woc cta (a,,4,,...,a,). Do d6 ta c6

(by,by,..0b,) = (ay,a,,...,a,).

m)

Do m|f(j) nén f(j)=0(modm) véimoi j=0,1,2,..., n. Nén dic biét ta c6
b, = f(0)=0(modm) ; by +b, = f(1)=0(modm)=>b, =0(modm) .
Tuwong tu f(2)=b, +2b, +2b, =0(modm)= 2b, =0(modm) .
Béng cach tuong tu ta cd khang dinh 1a j1.b; =0(modm).
Do (b,,b,,....b,,m)=(a,,a,,...,a,,m)=1 nén ton tai cac s nguyén c,,c,,...,c,,D sao cho
coby +¢,b, +...+c,b, + Dm=1=n!(c,by +c;b, +...+¢,b,)+n!Dm=n! (1) .

Nhung do j!.b; =0(modn) nén tir (1) tasuy ra n!im (6 bén vé phai).
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Cau 27. Cho da thtic f(x)=2009x" —x* —x* —x* —2006x + 1. Chimg minh rdng véi n 1a
s6 nguyén tity y thi cac s8 f(n), f(f(n)),..., f (.f (n)...) d6i mOt nguyén t3 cing nhau.
Loi giai
Nhin xét. Néu a=b(modq) thi h(a)=h(b)(modg).
bat £, (x)=f(f..f(x)..) v6i f cémit k Tan voi k>1.
Goi p, la mot udc nguyén t8 tiy y cua (P, (x)) thitacd f,(n)=0(modp,)
Ta 6 (B,(x)); fun ()= £(fun (m)= F(1)=1 (modip)
Bing quy nap ta ching minh duoc £, (n)=1(modp) véi moi (P,(x)), tic la f,(n) va
f,, (1) nguyén t8 cing nhau véi moi s§ m > k. Vi néu khong nhuw thé thi( £, (n), f,, (1)) =4d.
Goi p la mot wéc nguyén t6 ctia d thi p la wdc chung cua ca f,(n), f, (n)la mau thuan

v6i chiing minh néu trén. Ta hiéu la la khi ma k thay doi thi s6'nguyén to" p dwoc diéu chinh
2015
thay doi theo chi s6 k. Do k 1a s8 tly nén ta c6 P(x)=] [(x—x;)—1do6i mot nguyén t6 ciing

i=1

nhau.

. ) . ) n+1)"
Cau 28. Goi P(x) la da thitc bac n thoaman véi k=0,1,...,n thi P(k)z L

Dinh da thiec P(n+1).

Dé xudt 1981 IMO - Romanian

Loi giai
n+1)" kl(n+1-k)!
Véi k=0,1,...,n, dat wk:k va C, = -\ - )
k (n+1)!
: 4 s n—k . (1’[+1)'
Pinh cdc gid tri cho f,, f,,.... f,, ta duoc f, (k)=(-1)" k!(n-k)! va fk(n+1):m
n+1-

Theo cong thitc ndi suy Lagrange ta c6 P(n+1) ch J kfn(+)1) Zn:(—l)mk
k=0 k k=0

Bang 0 néu n 1é va bang 1 néu n chan.
Nhdn xét. Trong mot s bai toan vé da thuc, ta doi lac sé bt gdp mot sd cong thirc nhu noi
suy Lagrange, khai trién Taylor,... viéc hiéu va van dung linh hoat cac cong thtrc trén sé

giup bai todn tré nén gon gang va it ruom ra hon.
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1, =1990, 1, =1989, 1, = 2000

+u, +1991,n=1,2...

Cau 29. Cho day {u,} duwoc xac dinh nhu sau { .
+9u

u, =19

n+2 n+1
a) V6i moi n goi r, 1a s6 dw caa phép chia u, cho 1992. Chitng minh réng day {r,} la
mot day tuan hoan.
b) Chting minh réng ton tai v6 s6 s8 x cta day {u,} sao cho

x4+ 507 4+ 4™ 4+ 8x™ 4+ 20 +11x% + 48
chia hét cho 1992.

Loi giai
a) bay la day truy hoi tuyén tinh cdp ba. Goi r, la s6 du khi chia u, cho 1992. Ta thay chi
c6 t6i da 1992 s6 duw khac nhau. S bd ba cac s6 dw c6 ké thir tir khac nhau c6 thé'la A, .
Xét cac bo ba s6 du ctua phép chia u, cho 1992 la ( vi ta can truy hoi téi ba s6 hang phia
triede nén ta xét cac bd ba s6 (r,,7,,7); (12,75, )5 0005 (0 ¥ T )i (Tad s Tian s Tz )54, SO éC DO
s0 lap theo cach trén la vo han. Tuy nhién chi ¢6 hitu han s6 du ( t6i da 1a 1992 s6) trong
phép chia u, cho 1992 nén chi c6 hitu han cc bo ba khac nhau. Téi da la Aj,, bd. Do dé

ludn ton tai cac s6 nguyén dwong m,s sao cho

nn ::ﬁm+s
(rm 4 7/‘m+1 4 Tm+2 ) = (rn7+s 4 rm+s+l 4 rm+s+2 )’ tu’c la rm+1 = rm+s+1 (1) *
rm+2 = rm+s+2

Nhu vay cé nghia la ton tai k =m,m+1,m+2 saochotacéd r, =1, (2),Vk>1
Ta s& chttng minh bang quy nap réng r, =r,,, (2),vk>1.
Tadacér =r, voik=mk=m+1,k=m+2.

Gia str ta c6 (2) ding véi m<k<p trongd6é p>m+2.Taxét k=p+1 .

Taco u,,.,—u,, = 19(up+s —u, ) + 9(up+s_1 —U, ) + (up+5_2 —up_2)

= 19(rp+s -, ) +9 (rp+5_1 —1 ) + (rp+s_2 —1, ) =0(mod1992).

T,

Nhu vay ta co 7, oy

454l
Vaytaco r, =r,, ,Vk=m

Cudi cling ta phai chitng minh khang dinh 7, =7, _,Vk>1.
Néu m=1 thitacé r, =1, .
Néu m >1, ta phai chtng minh r, =1, ,1<k<m-1.

Ttr cach xac dinh day ta truy nguoc ¢ u,., —19u, , -%u, , -1991=u, .
metes ~ U1 = (Ui = Un ) =19 (g = 1h00) =9 (8, 14, )
(rm+2+s Va2 ) - 19(”m+1+s T ) -9 (rn7+s T ) =0.

Ct thé sau m—1 budc lui chi s6 ta thu dwoc 1, =1, , 1<k<m—1.

Chonéntaco u
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Kéthoplaitaco r, =7, (2),Vk>1.

Nhu vay day {r,} la day tuan hoan voichu ki s>1 (taivi r, =-2#r, =-3)

b) Dat P(x) =522+ 52 + 4x™ 4 819 1 2 4 1152+ 48.

Ta thdy day {u,} la day tang khi n>2.

Do d6 ta cling suy ra voi chu ki s >1 ¢ trén thitaco (chuky s>1 vir, #1,).
Uy <l <o <y <Upg gy <o

Day la day tang thuc sy nén c6 vo han phan tw.

Ta chi can chiing minh P(u,,):1992,vk>1.

Ta 6 tir cach xac dinh day ta suy ra p(x) q(x).

Do d6 p(x)=4g(x) (do p(x)—g(x))ma p,(x),laido p,(x)=p,(x)=1 nén suy ra

Puea (X) = P () + 2, (%)

Vay ta c6 diéu phai chitng minh!

Cau 30. Chting minh rang ton tai hang s§ duong ¢ sao cho véi moi s6 nguyén duong n
va cac s6 thuc a,,4,,...,a,, néu P(x)=(x—a,)(x—a,)---(x—a,) thi
max P(x)[<c" max P(x)|

Dat S 1a gia tri I6n nhét caa | P(x)|vx €[0,1]. V6i i=0,1,2,...,n, dat b, =L va

fi(x)=(x=by)(x=biy)(x=by,y)-+(x-b,)
. fi(x)

Béng cong thirc ndi suy Lagrange, voi moi s8 thuc xta cd P(x)=> P(b;)

i=0

Y
—_
&
N—"

Véi cac gid tri wel0,2],|w—b,|<[2-b,|Vk=0,1,2,...,n nén

£ (w)| <|£:(2) =ﬁ(2_ij= 2n(2n-1)(2n-2)---(n+1) _(2n)!

n B "

D n n'n

n

n

Lai c6 |P(b;)|<S va ‘fl(bl)‘=M

Theo b4t dang thiic tam giac ta c6 ‘P(w)‘ < i‘P(bi )‘_“? E:;} < Si[zinj(znn_ij
i=0 i\Yi i=0

Suy ra g(zinJ(znn_iJ ) z(zlnj [2:) o [2:) .

Vay max]|P(w)| <2"5=16" ma>§|P(x)| :

we[O,Z xe[O,l
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Cau 31. Tim t4t ca cac da thic P(x)eZ[x] va meZ" sao cho m+2"P(n) la s& chinh
phuong v6i moi s6 nguyén duong 7.
Nguyen Song Minh
Loi giai
Loi gidi sau ddy ctia thity Nguyén Song Minh — Admin Mathscope.
Gia st P(x) va m lala da thitc va s& nguyén duwong thoa man, ta ¢6 2 nhan xét sau:
Nhdn xét 1. Néu p 1a wdc nguyén t8 1é ctia m+2"P(n) thi p| P (n)
Chitng minh. Ta c6 v, (m +2" P(n)) >2, theo bd dé Fermat bé thi:
m+2"P(n) Em+2"+”(p_l)P(n+p(p—1))( modp)
Vi thé ta lai 6 o, (m+2"""VP(n+p(p-1)))22, theo bé dé tiép tuyén va dinh I Euler ta
c6 0 Em+2”+p(p_l)P(n+p(p—1)) Em+2"P(n)+2”p(p—1)P'(n)(m0d pz).
T day c6 p|P'(n).
Nhdn xét 2. Néu p 1a wdc nguyén td 1é cia m+2°P(n) véi KeZ" thi p| P (n).
Chirng minh. Theo dinh ly thiang du Trung Hoa, sé ton tai s6 nguyén duong N sao cho
N=K(modp-1) va N=n(modp), tit day co p|(m+2NP(N)).
Do d6 theo nhan xét 1 thi p|P'(N) nhung P'(x)eZ[x] nén tit N =n(modp) ta cé:
pIP'(n)

Quay lai bai toan, véi mdi n e Z* du 16n, sé c6 v8 s6 sd nguyén t6 p c6 dang 8k +3 dong
thoi p>max{m, P(n)}. Lacnay ta d€ y rang [gj =-1 nén 2 la cdn nguyén thuy modulo p
p

khi d6 sé ton tai K sao cho p|(m+2KP (n)) (ta chon K=ind, (—ml_j) v6i P 1a nghich dao
cua P(n) theo mod p, theo nhéan xét 2 thi p|P'(n).
Do d6 c6 v6 s6 s6 nguyén t& p nhu thé, va gid tri ctia chliing 6 thé 16n tity y nén P'(n)=0
Tt day ta thdy rang phuong trinh P'(x)=0 c6 v6 s8 nghiém, nén P(x)=C (véi C la hang
s0), tlr day ta dé dang chirng minh dwoc P(x)=0 con m la s§ chinh phuong.
Nhdn xét. Bai toan trén yéu cau ta phai van dung linh hoat cac tinh chat s6 hoc ctia da
thirc, ngoai ra c6 mot s6 bo dé nho ta can phai quan tam nhw bd deé tié€p tuyén dugc phét
biéu va chting minh ngan gon nhu sau.
Cau 32. Cho P(x)eZ[x],p 1as8 nguyén td va x = a( modp). Chimg minh ring
P(x)=P(a)+(x—a)P'(a)(modp’)
B0’ dé tiép tuyén

Loi giai
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V6i moi da thitc P(x) va a=b nguyén thi a—b|P(a)—-P(b)
’ g g P() VSV
Néu P(x)eZ[x] va keZ" thi 7 © Z N'x, €Z, do tich ctia k s0 nguyén lién ti€p chia

hét cho k!, ma dao ham cap k thi chita cac tich do.
Khai trién Taylor ctia da thic tai x = x,:
P (x P'(x 2 P" (x "
P(x)= P(x0)+¥(x—xo)+%(x—xo) +---+%(x—x0)
Tt nhitng diéu trén, xét x =a+pt véi t e Z thi dé dang co:

P(x)=P(x)+ P'(x,)pt + P"(x,)(pt)” +-=P(x,)+P'(x,) pt(mod p*)

12

P

Nhdn xét. BS dé trén la co s& cho bo’ dé Hensel (Hensel lifting lemma) dung d€ chiing minh
ton tai hodc dém s nghiém cua phuong trinh dong du v6i modulo 1a lay thira ctia s6

nguyeén to.

Cau 33. V6i p la s6 nguyén t6, dat h(x) la da thic cé hé s6 nguyén sao cho
h(0),h(1),...,h(p>~1) la mot hé thing du day du modulo p*. Chimg minh ring
1(0),h(1),...,h(p’ —1) la mot hé thang du day da modulo p’.

Putnam 2008 B4
Loi giai
Duwdi day xin gidi thiéu véi ban doc 10i gidi chinh thitc ctia cugc thi.
o ey ' (x)
Ta x4c dinh da thtic véi khai trién Taylor hi(x+y)= zo .
g ( x)
i!

i

Yy

Trong khai trién nay, la da thirc theo bién x véihé s6 nguyén.

Véi x=0,...,p—1, tasuy ra duoc h(x+p)= h(x)+ph'(x)(modp2)
Diéu nay c6 thé suy ra duoc truc tiép bang cach stt dung khai trién Nhi thitc Newton
Vi thé ta gia sit h(x) va h(x+p) phan biét véi modulo p?, ta két ludn duoc
h'(x)#0(modp). Do h'la da thitc v6i hé s6 nguyén, ta c6 h'(x)=h'(x+mp)(modp) voi
moi s6 nguyén m, vi thé h'(x)#0(mod p) véi moi s6 nguyén x .
Véi x=0,...,p° -1 va y=0,...,p—1, ta viét duoc da thitc h dwdi dang:

h(x +yp2) =h(x)+ pzyh'(x)(modp3)
Do d6 h(x),h(x+p2),...,h(x+(p—1)p2) chay qua tat ca cac 16p gia tri dw ctia modulo p°,
dong dang véi h(x) theo modulo p*.
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Vi da thitc h(x) da chay qua cac 16p gid tri dutheo modulo p?, chitng minh nay da dan t6i
1(0),h(1),...,h(p* ~1) phan biét véi modulo p’.

Cidch 2.

Trudc hét ta chiing minh P'(x) khong chia hét cho p véi moi x nguyén.

That vay gia st ton tai x ma P'(x)=0(mod p), khi d6 ta chon ysao 0<y<p va
y=x(modp). Theo cach chiing minh dinh 1i Hensel ta c6

P'(y)=P'(x)(modp)= P(x+p)=P(y)+p.P'(y)(modp)= P(y)(modpz).
Ma ta lai 6 0<y<y+p<p’-1.Diéu ndy mau thudn véi hé {P(O),P(l),...,P(p2 —1)} la
hé thang du day du modulo p.
Phin tiép theo ta chimg minh h¢ {P(0),P(1),...,P(p>~1)} 1a mot h¢ thang duw day du
modulo p°.
Gia str ton tai hai s§ 0<a<b<p® va P(a)=P(b)(modp’).
Ta dat a=a, +p’a,;b=b, +p°b, véi (O <ay,by,,a,b,<p*0<a,b <p) :
Ta can chtrng minh khi d6 a=b.
Tt cach dat va gia st ta c6 cac diéu kién ta suy ra
P(a)=P(a,)(modp?),P(b)=P(b,)(modp*);P(a)=P(b)(modp®)

Tasuy ra P(a,)= P(bo)(modpz) . Tt d6 suy ra a, =b,.
Lai theo phan chitng minh trong dinh 1i Hensel ta c6

0=P(a)-P(b)= P(a0)+p2a1P'(u0)—[P(b0)+p2blP'(b0)] =p*P'(a,)(a, —bl)(mod;f’)
= a,—b, =0(modp), do ta da chitng minh P'(x)/p.
Tedétacd a=b=P(a)= P(b)(mod p3) < a=b.Ta co diéu can chitng minh.
Nhan xét.

o Mot cach tdng quét hon, bang cach chiing minh tuong tw nhuw trén ta c6 thé chi ra
rang véi s6 nguyén d, e >1 bat ky, da thitc 1 hodn vi cho cac 16p gia tri de modulo
pd khi va chi khi n6 hoan vi cho cac 16p gia tri du modulo p°. Lap luan trén duoc
thé hién quen thudc trong két qua chirmg minh ctia b dé Hensel.

e Khai niém vé 16p gia tri du — Residue class — AoPS: Trong cac bai toan sd hoc vé
modulo, phéan con lai cia mét s6 nguyén a theo modulo 7 la gia tri duy nhat cua
0<r<n-1, vdy a=kn+r. Lép gia tri du la tdp cac sO nguyén dong dang theo
modulo n v6i mot vai gia tri nguyén dwong n. Trong modulo 7, c6 chinh xac n
16p gia tri dw phan biét, twong tng v6i n gié tri con lai {0,1,2,3,...n-2,n-1}. Mdi

16p gia tri dw chira tat ca cac s6 nguyén dang kn+r véi r la phan du twong tng.
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Cau 34. V6i s6 nguyén n>3, dat f(x),g(x) la da thic voi hé s6 thue sao cho cac diém

(f(1),8(1)).(f(2).8(2)),---.(f(n),8(n)) trong tap R la cac dinh cua da gidc n canh
theo thit tu ngureoc chiéu kim dong ho. Chiing minh rang it nhat mot trong cac da thikc
f,g c6bac khong nho hon n-1.

Putnam 2008 A5

Loi giai
Ta biéu dién cac diém trén dudi dang da thl'rgc hé s6 phitc P(z)= f(z)+ig(z). Khong kho
dé chiing minh rang deg P >#n-1, khi d6 mdt trong cdc ham f,¢ phai c6 bac khong nho
hon n-1.
Thay P(z) béng aP(z)+b véicacsd a,beC thich hop, ta bién ddi cac dinh cua da gidc n

n

canh trén thanh dang ¢,,¢2,...,¢! véi €, :exp(@) Dé kiém tra rang khong ton tai da
n

thirc P(z) c6 bac khong vuot qua n—2 sao cho P(i)=§ﬁ1 véii=1,...,n.

Ta chting minh rang véi moi s§ phic t¢{0,1}, véi moi s6 nguyén m>1, moi da thtrc
Q(z) sao cho Q(i)=t v6ii=1,...,m ¢ backhong bé hon m-1.

Néu degQ=d va c6 hé s6 cao nhét 1a ¢, khi d6 R(z)=Q(z+1)-tQ(z) c6 degR=d va c6
hé s& cao nhét la (1—t)c. Tuy nhién, theo gia thiét trén, R(z) c6 cac nghiém phan biét
1,2....m-1nén d>m-1.

Nhdn xét. Ta cé thé giai bai toan trén bang cach stt dung ma tran Vandermonde hodc cong
thirc ngi suy Lagrange d€ tinh toan hé s6 cao nhat ctia Q .

A A AN 12 ’ . M s ~ 1 .7 .
Cau 35. Cho p la mot s6 nguyén to 1é. Ching minh rang co it nhat % gia tri

p-1
ne{0,1,2...,p—1} sao cho Zk!n" khong chia hét cho p.
k=0

Putnam 2011
Loi giai

p-1
bat f(x)= ;k!xk eF, [x] 1a tap hop céc da thikc bac p cd hé s6 thudc truong F, .

Ta phan hoach Fp:ZUZ',trongd(’) Z:{aer;f(u):O};Z':{aer;f(a);tO}
Tathdy f(0)=1=0eZ'=|Z|>1.D4t |Z|=p-r,|Z]|=r=1
Xét da thic s(x) =] [(x—a)=degs(x)=r.

aeZ'

Dua vao cach ta dinh nghia thi da thikc s(x) f(x) triét tiéu (ludn bang 0 ) tai moi diém ctia

truong F,.

40 | Tap chi va tu liéu todn hoc

EU TOAN HOC

A TU LIE

z

TAP CHI VAT




z

CHINH PHUC OLYMPIC TOAN

Da thtc va sb hoc 4

Do d6 s(x) f(x)= (x” —x)h(x) trong d6 degh=r-1 va thudc F [x] , luu y dén bac ctia hai
v€ + dinh lyj Fermat nho. Trong nhiing tinh todn tiép theo c¢6 sit dung dén dao ham hinh

thic. Ta co
xdix(xf(x))=x%:z_(;k!xk+1 =xz_0(k+1)‘xk =Z_1k'xk =f(x)-1
= f'(x)+xf (x)=f(x)-1=x"f'(x)+(x=1) f(x)+1=0

Lay dao ham hinh thuc s(x) f(x) = (x” —x)h(x) ta duoc:
5'(x) f(x)+s(x) f'(x) = (2" —x)h'(x) = (x)
Chii 3j. Loai bo cdc s6 hang triét tiéu trén truong F,
Ttr cac két luan trén ta thé’y
x?s'(x) f (x”— )xzh' x)=x’h(x)=s(x)x*f'(x)
(x”—x) h'(x) xzh(x +5(x)((x=1) £ (x) )
=(x”—x) h'(x)=x*h(x)+(x (x” x)h (x)
= (" =) (' (x) = (x = 1)k (x)) =2 (x) +5(x)
Ta thdy vé trdi triét tiéu trén ZU{O},x’” —x triét tiéu trén F, nén da thic —x*h(x)+s(x)

triét tiéu trén zU{0}.
Ta thay r+1:deg(—th(x)+s(x))2|Z|+1:p—r+1:>1’2p7+1.

Cau 36. C6 ton tai hay khong mot day s6 thuwe va khac 0 1a a;;a,;...,a, thoa vdi moi
neN thida thtc a,+ax+...+a,x" c6 dung n nghiém trén R

.....

Ta chitng minh day trén ton tai bang cach xay du’ng né bang quy nap.

Chon g, =-1,4, =1 sao cho théa man tinh chéat trén véi n=1.

bat P Zakx voi n nghiém phan biétla r, <r, <...<r,.
k=0

Chon x, <r,.Cho x, €(r,;7,.,); Vke[1;

‘ )| dat gia tri 16n nhat.

Cho x,>1,,cé P,(x,)#0;Vke[0;n] va ta co thé chon a>0 sao cho

n+1

a|xk|

;Vk e[0;n].

Néu P, (x,)>0, dat a,,, =—a

Néu P,(x,)<0, dit a,,,=a, 6 alx,|"" <|P,(x,)| chiing to rang P, (x,)=P, (x,)+a,,x""
ludn khac khong va 6 cung ddu véi P, (x, ) va lim P, , (x) c6 daukhac P, (x,).

Do ddé P

n+1

(x) ¢6 1 nghiém thudc (x,;x,,,);Vk €[0;7—-1] va 1 nghiém 16n hon x, .
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Cau 37. Cho P(x)eZ[x] thoa man P(x) la s6 chinh phuong v6i moi x nguyén thi
P(x)=Q%(x) v6i Q(x)eZ[x].
Loi giai
Ta chting minh bang phan ching. Gia st P(x)zQ(x)2 Py (%) pa (%)...pi (%) v6i p,(x) 1a
cac da thirc bat kha quy bac 16n hon 1
Do p,(x) bat kha quy nén p,(x) va p,'(x).p,(x)...p,(x) nguyén t6 cing nhau nén theo
dinh 1j Bézout thi ton tai hai da thixc R(x),S(x) vo6i hé s6 nguyén sao cho
R(x)-p, (x)+S(x)p, (x) -1y (%) (¥) =11 (neZ)
Chon p>n nguyén t8 sao cho ton tai a dé€ p,(a) chia hét cho pt hi p,(a)p,(a)...p,(a)
khong chia hét cho p, ludn ton tai p theo Schur.
Néu p, (a) khong chia hét cho p? ta suy ra vo 1y vi khi d6 v, (P(a)) le.
Néu p, (a) chia hét cho p* ta xét p,(a+p)=p,(a)+p-p,'(a ((modpz) thi p, (a+p) khong
chia hét cho p°.
Chttng minh twrong tw nhu trén ta suy ra mau thuan
Vay P(x)=Q"(x)
Nhan xét.
e Bai todn c6 thé tong quat cho truong hop P(x) la lay thira bdc n cua mot sd

nguyeén voi cach chitng minh hoan toan twong tu.

e Bidng bai todn nho trén ta cé thé giai bai toan dudi day véi loi giai ngan gon hon.

Cau 38. Tim tat ca cac da thirc s6 hé s6 nguyén thoa man a+b 1a sd chinh phuong thi
P(a)+P(b) cling la s6 chinh phuong, trong d6 a,b la cac s6 tw nhién.
Loi gidi — Nguyén Tién Khadi, Pham Khoa Bang — THPT chuyén KHTN
B4 dé. Néu P(x)eZ[x] 1a s6 chinh phuong véi moi x thi né la binh phwong ciia mot da
thitc khac
Quay trd lai bai todn nhan xét rang a+b chinh phwong thi (a+b)x* chinh phwong.
C8 dinh a,b, ta xét da thirc Q(x)= P((ax2 ) + P((bxz) la s6 chinh phuong véi vo sO x nén la
binh phuong cua da thite G(x) nao do.
bat G(x)=g,x" +... va P(x)=p,x" +...,
Pong nhat hé s6 bac cao nhat ta suy ra p, ((a” +b" ) = g2 nghia la véi moi a+b chinh

phuong thi ta c6 diéu trén
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Cap (1,0) c6 1+0 chinh phwong suy ra véi moi a+b s6 chinh phuong thi a"+b" la s&
chinh phwong véi n>1
V6i n=0 chota P(x)=2k>.
Véi (2,2) tasuyra 2.2" = 2" suy ra n 1é. Chon (a,b)=(3,1) tacod
3"+1=u’ hay 3" =(u-1)(u+1)
Taco (3,2)=1 va ged(u+1,u-1)|2, ma3nguyén tdnén u-1=1hay u=2=n=1
Dat P(x)=kx tacan co k chinh phuong
Vay cac da thirc can tim: P(x)=k*x;P(x)=2k".

Cau 39. Gia st m, p 1a cac s6 nguyén t& khac nhau. Chting minh rang néu c6 mot sd tw
nhién x nao dé ma p la wéc cta P(x)= (x"’fl +x"? +...+1) thitacd p=1 (modm).
Loi giai

Giastt p=mk+r(0<r<m-1),tacanchirala r=1 thikhidé p-1=mk.
Gia st ton tai sd ty nhién x sao cho (xm*1 +x" P4+ 1)3;9 = p|(x'" —1) = x" =1(mod p)(1)
Do d6 x khoéng chia hét cho p nén (x,p)=1.
Ta sé chting minh x"" =1(modp).

e Néup<m=r=p lasénguyéntdnén x' =1(modp)(2) ding do dinh li Fermat.

e Néupzm.Tacé k=L"". Trong (1) tanang liy bac k hai vé, ta duoc
m

v =1(modp) ()
Nhung theo dinh Ii Fermat thi "~ =1(modp).
Do d6 trtr v& theo vé&'ta suy ra " (x”l —1) =0(modp)= x"" =0(modp) do ta da c6 (*).
Cudi cung ta chira r=1. Nguoclainéu r >1.Khi d6 (m,r—1)=1 vi m la s6 nguyén té.

Do d6 (x'" -1,x"* —1) =" 1=y -1, Nhung tir (1),(2) tacod p x'-1,do

x"-1vap

dé p|x—-1=x=1(modp), diéu nay do wéc chung 16n nhat thi chia hét cho moi udc. Dan

dén P(x)=m(modp), diéu nay trai vdi gia thiétla p|P(x).Vay r=1 nén p=1 (modm).
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n

Cau 40. Cho da thitc P(x) c6 bac n va cdé n nghiém phan biét x,,x,,...,x

Chting minh rang;

g 2m) Pm), PiE) g
P'(x;) P'(x,) P'(x,)
E + L +...+ L =0

b) P'(x;) P'(x,) P'(x

=
N—

-----

X, <X, <...<X

ne

TacéP'(x)=P(x)[ LENRE S j:P(x)Zn: L

X=X, X—X, xX—x,

Do P(x,)=0,i=1,n nén theo dinh lij Rolle ton tai
Ci/ChyevesCpqiXy <Cp<X,<C,<...<C, ;<X

Sao cho P'(c;)=0,i=1,n-1 (2)

1 1 1

Lai c6 P"(x)=P'(x)[

Tt (1),(2) suy ra:

1 1 1 2 1
P! =P =P =0
(@)=Pe)| o P P
1 1 1 o1
P! =P =P =0
(CZ) (Cz)[cz Xy +C2 Xy +C2_xn} ( 2);‘32_7(1
1 1 1 u 1
p! =P =P =0
(C”_l) (C"_l)( n—l_xl +Cn—l_x2 " +Cn—1_an (C”_l);“cn—l xi
Do P(c;)#0,i=1,n—1 nén ta co:
1 1 1 o1
= =0
c x1+cl—x2+ +c1 X, ;cl—xi
1 1 1 1 1
= =0
C,—X, C,—X, c,—X, ; C, — X;
! + L +...+ Ly ! =0
Chn =X Cq—X% Co1 =Xy, i=1 € =X,

1

Suyraznll;"'((zi)zzn: 1 +Zn: 1 +...+Zn: 1_ =0
i=1 i i i

N—"
i
N

o
=
|
=
i
N
o
N
|
=
Wi
N
o
=
N
=
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b) Xét phan tich P(x)=(x—x,)(x—x,)...(x—x,) = n (x—x,).
i=1

Pat P(x)= [] (x_xj):p'(x):gg(x).

j-1,j#i

Ngoai ra R(xj):O,Vj;ti;Pi(xi)io,Vi:1,_n:>P'(xi):Pi(xi),Vi:1,n.
, , S P(X) L ,
Xét da thie Q(x) = Z P )—1 c6 bac khong vuot qua n-1.
i-1 X;
Ta cé Vi:171:>Q(xi):0.

Suy ra da thitc nay c6 n nghiém thuc, ttec Q(x)=0 va hé s cao nhat cua Q ciing bang 0.

Dodc’>1+1 1

P(x,) Pl(x) P(x,)

Cau 41. Cho f 1a mét da thiee 6 hé s& hitu ti va bac khong nho hon 2, va day (a,) chi
gom céc s6 hitu ti théa man f(a,,,)=a, véi moi s8 nguyén dwong n. Chtitng minh rang

day (a,) tuan hoan.

Loi giai
D&y vi P(x) c6baclén hon 2 nén limM =0
x

o Tasé chiraday (a,) labichan.
Vi f c6backhong nho hon2nén f c6 tinh chat la khi [x| da 16n thi [f(x)] - +e.

f(x)

Diéu d6 c6 nghia la ton tai s6 M >0 ma néu |x|>M va déng thoi lim=—— = thi ta c6
X

‘f(x)‘ >|x|> M. Ta chon duoc s8 M nhu vay ma M >|a,| vido a, € Q.

Taséchirala |a,|<M,VneN'.

That vay. Gia st phan ching ton tai s6 n d€ |a,|> M.

Khi d6 |f(a,)

>

>

a,|=a,|>|a,| > M. Tiép tuc nhu vay ta di dén |a,|> M 1a mau thudn voi
cach chon ban dau. Nhu vay day (a,) bi chan.

e Tiép theo ta can chira day (a,) chi nhan hitu han gi4 tri.
Dé lam viéc do ta can chi ra la ton tai mot s6 nguyén duong N dé€ N.a, 1a sd nguyén voi
moi 7. Nhu thé thi di dén day (Na,) chi cé hitu han phén tk. Va di dén day (a,) cling chi
c6 hitu han phan tu.
That vay. Goi k la s6 thoaman g(x)=k.f(x) lamét da thirc c6 hé s& nguyén.

Dit g(x)=k.f(x)=bx"+b_x"" +...+bx+b, thi b, la cdc s6 nguyén.
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Goi N la s6 nguyén duong dé cho N.a, € Z.
Khi d6 ta thdy néuNa, € Z thi Na,,, € Z(*).
Chéng minh (*).

Ta thdy Na

n+1

x 3\
la nghiém ctia da thac f (ﬁj —a, . Ta tao ra da thifc monic bang cach xét da

.1 lam nghiém nén nghiém nay

bS
phai la nghiém nguyén. Vi vdy Na,,, €Z. Tir d6 theo nguyén ly quy nap ta c6 (Na,)

thie h(x)= kN (f(%j—anj thi da thtic nay nhan Na

nguyén v6i moi s6 s6 nguyén duong n. Lai vi (a,) la day bi chan nén (Na,) cting bi
chan. Vi thé day (Na, ) chi c6 hitu han phan tu.

e Cudi cung ta can chi ra su ton tai cua chu ky.
Gia str day trén cé tat ca m gia tri phan biét.
Xét cac b gobm m+1 so cua day la a,,4a,,,,..,4,,,.
Vi bd nay ¢4 tinh thit tw nén s cac bd khac nhau t6i da la m™"".
biéu nay c6 nghia la sé c6 mot loai bd xuat hién vo han lan trong day.
Trong mdi bd m+1 s8 nay ludn co hai s6 bang nhau theo nguyén lj Dirichlet .
Ta gia st hai s6 d6 la a; = a, . Nhuw thé Iuén ton tai k nguyén dwong sao cho v6i j du lon
sao cho a,=a;,. Tt a,=a,, tasuyra a,=a,, véimoi i<j do cdu trc cta ham s6 cho
ban dau. Mat khac vi ta luén chon dwgc j du 16n dé€ c¢6 duoc diéu trén nén ta suy ra

a=a.,,VieN.

i~ itk

\ \ o A x o P(-1) _n
Cau 42. Cho P(x) la da thiic bac n v6i hé s thiee sao cho P(—1) khac 0 va — E) SE
Chting minh rdng P(x) ludn cd it nhat mdt nghiém x, sao cho |x,|> 1.

Loi giai
Gid st x;,i = 171 la cadc nghiém phtic ctia da thiecc P, khi d6 ta xét voi a#0:
n P'(x) n 1 P'(—l) i 1
P(x)= —x = — =
(x) al;l(x %)= P(x) izlx—xi = P(-1) ;1+xi
&Wrap(4)+g:g_" L1 1) 1g(x-1
P(-1) 2 2 Hi+x, 2 1+x) 25(x+1
1 (x,=1)(x,+1 _ P
Theo tinh chét cua s6 phic — 1:( : )( 12 ):Re(xi 1J=|x’| 1,i:1,n
x;+1 lx, +1] X +1) |x, +1
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1 " _ n 2_
Mit khic N o g PED n 135 Bl s fo 1o )21
P(-1) 2 P(-1) 2 25||x+1]

Vay ta c6 diéu phai chitng minh.
Cau 43. Gia st ton tai da thitc hé phite P,Q,R théa man P*+Q" =R (a,b,ceN).

Chting minh rang 1 + 1 + 1 >1
a c

The IMO Compendium
Loi giai
Bé dé. Néu A,B,C 1a céc cdp da thiic “nguyén t6 cling nhau” (coprime) theo dang
A+B=C, khi d6 bac cia mdi da thitc nhod hon s8 leong cac da thiec khac 0 ctia da thtic
ABC.

k [ m
Chiing minh. Ta dat A(x)=[[(x-p,)",B(x)=][(x- q.)".C :H x—r)
i=1

i=1 i=
Viét lai diéu kién A+B=C dudi dang A(x)C(x B +B(x)C(x) " =1, dao ham hai v& bidu

thitc theo bién x ta duoc:

N P Y N P e

11x Pl 11x 7’1 11x ql 11x t;
A(x)

B(x)

qué k+1+m—1, tl day ta suy dugc rang A va B “nguyén t§ cing nhau”

Ta thdy r?mg 6 thé viét dwgc dudi dang thuong ctia hai da thiee ¢d bac khdng vuot

Ap dung bd dé trén véi cac da thize P*,Q", R ¢ cac bac clia chiing la
adeg P,bdeg Q,cdeg R Tan luot nhé hon deg P+degQ+degR, tir d6 suy ra duoc rang:
1 deg P
a degP+degQ+degR
Cong lan luot vé theo vé cac bat dang thirc, ta c6 diéu phai chirng minh.
Nhan xét.

o Trong bai toan trén ta bat gip mot khai niém méi vé “cip da thiic nguyén t& cing

nhau” (coprime polynomials) duoc phat biéu twong tw nhu d6i véi cap s6 nguyén
t6 cing nhau, 1a khi céc da thite p(t),q(t) thoa man ged(p(t),q(t))=1

e Bai toan ta vira thiec hién la mé rong cho dinh ly 16n Fermat cho da thtc.

Céu 44. Cho da thitc P(x) va Q(x) véis8 thuc k bat ki thoa man P, ={zeC|P(z)=k}
va Q, ={zeC|Q(z)=k}.Chtng minh rdng P, =Q, va P, =Q, suy ra dugc P(x)=Q(x)

Loi giai
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Khong mat tinh tong quat, gia st n =deg P >degQ.

Dat B, ={z,,2,,...,z,} va P, ={2,,1,Zis2/---1 Zgom } -

Hai da thiec P va Q trung nhau tai k+m diém z,,z,,...,z,,,, .
Ta can chting minh k+m>n

Ta Cé P(x) :(x_21 )ou "'(x—Zk )uk =(X—Zk+1 )(Xk+1 "'(x_Zk+m )akw +1
Véi a,,...,0,,, lacacso te nhién.

Xét P'(x), ta biét da thitc nay chia hét cho (x—2,)"" véii=1,2,..., k+m.

k+m

Suyra [ [(x-z ) P(x)

i=1
k+m
Vi vay 2n—k—m:degl_[(x—zi)m"_1 <degP'=n-1, hay k+m>n+1.

i=1

Vay ta c6 diéu phai chitng minh.

Cau 45. Cho da thitc P(x)eZ[x],degP>2. Chttng minh rdng ton tai m e Z* d& P(m!)

la hop s6.
IMO Shortlist 2005

Xét s6 nguyén t& p va s6 tw nhién chan k < p. Theo dinh ly Wilson ta c6

(p=k)!(k=1)=(-1)(k=1)-(p~1)!=1(mod p)
Do d6 (k—l)!P((p—k)!):gai [(k-1)1]" [(p—k)(k-1)!] Egai [(k=1)]"" (modp)
Suy ra (k—l)!P((p—k)!)ES((k—l)!)(modp) voi S(x)=a,+a, x+...+a)x"
Tir d6 suy ra p|P((p—k)!) < S((k-1)!)ip
Chui y rdng S((k-1)!) la da thtrc phu thudc vao k.
(k=1)!

a

n

Xét k>2a,+1 ta duwgc s= la s6 nguyén duong chia hét cho moi s6 nguyén t& nho

hon k.

Tac6 S((k—1)!)=a,b,,b, =1(mods).

Suy ra b, chi chia hét cho cdc sd nguyén td 16n hon k.

Cho k canglén thi S((k—1)!) cang16n. Véi k dulén thi |b,|>1.
Do d6 ton tai wéc nguyén t6 p cua b, ma p|P<(p—k)!).
P((p=k)1)>p-

Xét sd nguyén té g dulénma k=(q-1)!

Ta can chon k sao cho du lén dé
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Nhan xét réng k+ilahopsovéii=1,...,q-1

Khi d6 p 1a s6 nguyén t0 16n hon k ma P((p—k)!):p nén p>k+q-1.

Suyra p=k+q+r,r>0

Véisd nguyén td g dulon, do deg P >2 nén
‘P((p—k)!)‘:‘P((q+r)!)‘>(q+r)!>(q—1)!+q+r:p

Vay ta cé p|P((p—k)!) va p# P((p—k)!) nén ta cd diéu phai chttng minh.

Cau 46. Cho f(x) la da thirc v6i hé s& hitu ti bac 16n hon hodc bang 2. Xét day {a,} cac
s8 htu ti théa man diéu kién f(a,,,)=a,,n>1. Chiing minh rang ton tai k>1 dé&
a,, =a,(n>1)
Loi giai
Phan dau ta ching minh day {a,} la giéi noi (bi chan), nghia la ton tai s6 M sao cho

|a,|<M,vneN.

That vay, do deg f >2 nén IimM =0,

X—>0 X

Do d6 ton tai s8 M sao cho khi [x|> M = ‘f(x)‘ > |x

, chang han c6 thé 1dy M > |a,|.
V6i M chon nhu thé ta chira |a,|<M,VneN.

> M . Khi do >la |>M.

=|f(a,)

Gia st ton tai s6 1 dé€ cho

- ‘f(an—l)‘ 2

Bang cach tuong tw ta 6 |a,|=|a,|>...>|a,|> M, trdi v6i cdch chon M >|a,| nhuw trén.

an an—l ﬂ”

Twong tu |a,_, a |>M,...,

a|>M .

Vay |a,|<M,VneN nénday {a,} la day bi chan.

Phan tiép theo ta chiing minh rang ton tai k>1 dé a a,(n>1).

n+k

\ 7. A A ~ » A A , A? N bxd+...+b
Vi f(x) la da thitc v6i hé s6 hitu ti nén ta ludn c6 thé viét f(x)=-4+—"--2

, trong do
by,...,b,,c 1a cac s6 nguyén.

. ~ A \ 4 ~ ~ 2 A .2 ? r . \ 4 ~ A
Lai do day {a,} gom toan cdc s6 hitu ti nén ta gia st a, == v6i r,s la cac s nguyén.

Ta can chon ra s ty nhién N dé€ cho ta c6 N.a, la sd nguyén véi moi n .

Ta dt N =s.b,, ta chtng minh bang quy nap N.a, la s6 nguyén. That vay
Tacéd N.a, = sbd.z =r.b, nguyen.
s

Giasttla N.a, cingla sd nguyén véi n>1. Taxétsdé N.a,,, .

Chinh phuc olympic todn| 49



> Bdi dudng hoc sinh giéi

x d
— | +..b,

o d
Ta c6 f(ij = \NJ Nén ta xét da thic P(x)= N f(ij —a, | thi da thic
N c b, N

P(x) lahé s6 nguyén véi hé sd bac cao nhatla 1.

d
Ma tacé P(N.a,,, ) :%[

d

f(an+1)_an:|:0 (dO f(anﬂ):an/nZl)'

Nén N.a,,, la nghiém hitu ti ctia da thice P(x) nén né cling 1a nghiém nguyén.
Véy N'an+1
Day {a,} la day bi chidn va do N.a

la s6 nguyén, do dé6 N.a, la s nguyén véi moi 7.
.1 la cac s nguyén nén moi phan tir dé la mot boi s6

PP |
nao do cua —.

N

Do d6 day chi nhan hitu han gié tri khac nhau véi v6 han s6 hang ctia né.
Chang han ta gia sit day chi nhan m gia tri khac nhau.
Ta xét m+1 s0 hang ctia day la a,,4,,...,a,,,. Khi d6 ton tai hai s6 nguyén duong i,,k, sao
cho 1<i, <i, +k <m+1 va a, =a, , . Teong tw ton tai cic s6 k; cho moi doan (m+1) s6
hang tiép theo. Do cac k ; chi nhan htru han gia tri nén ton tai sO k = k; v6i vo han gia tri
khacnhau j .
Ta sé ching minh k chinh la chu ki cta day {a,}, ticla a,,, =a,,Vn .

Nguoc lai, gia st c6 chi s6 n, nao dé ma a, ., #a

ny+k ny *

Do day {a,| chinhan hitu han phan t(t nén ta c6 thé chon n, dulén (n > nO) d€ c6 thé xay
ra a4, =a, . Khi do theo gia thiét ta co Ay 1 = f (‘ln,+k) =f (anj ) =a, . Tiép tuc qua trinh
trén sau nhiéu Ian ta sé lui chi s6 n; vé toi n, vataco a, , =a, lavoli

Vay a,,=a,Vn.

Bai todn duoc chitng minh.

Cau 47. Tim t4t ca da thic P € Z[x] sao cho P(p)‘ 2" —p,Vp la s6 nguyén t6
IMOTC 2016 — Senior Batch
Loi giai

Ta 6 P(2)2,P(5)[27 va 3|P(5)-P(2) nén P(2)=P(5)=1 hodc P(2)="P(5)=-1

Khéng mat tinh téng quét, gia st P(2)=1, ta thay P(0)=1 boi néu ton tai 1 wéc nguyén
td1é ctia P(0) 1a g thi q|P(q), hay q|27 (voly)

Xét p nguyeén t6 bat ky, goi g 1a 1 wéc nguyén t6 bat ky caa P(p) thi 2" —p

Goi m=ord,(q), gia st m>2 ¢ (m,q)=1 nén theo dinh ljj thing du Trung Hoa thi:
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{ x=p(modg)
x =p+v(modm)

voi v 1a1s6 théa man v khong chia hét cho m va (p+v;m)=1, hoan toan chon dugc, do
m>2 nén ¢(m)=2), c6 1 nghiém x(mod gm)

Dé thay do P(0)=1 nén (p;q)=1 va (p+v;m)=1 nén (x;qm)=1

Theo dinh lj Dirichlet, ton tai 1 s6 nguyén t6 t d€ t = x(modgm).

Taco q|t—p nén q|73(t)—7?(q):>q|73(t):q‘2t —t :>q‘2” (2“” —1)+p—t:> g|2"7-1,vo
ly do t—p khong phaila boi ctua m.

Suy ra m=2 hay q=3, vay P(p) c6 dang 3' v6i moi p nguyén t& (1)

C6 dinh p#3 va t, theo dinh Ii Dirichlet thi ton tai vd han s6 nguyén td g théa man
g=p(mod3"").

Co 3" |g—p nén 3™ | P(q)-P(p).

Két hop véi (1) tacd P(g)=3" c6 v s8 nghiém nén da thirc 1a da thiec hing.

Thtt lai thady P(x)=1 hodc P(x)=-1 thoa man.

Cau 48. Xét da thire T (x)=x" +17x* =1239x +2001. D4t
T, (x)=T(x),T,(x)=T(T,(x)),...,T,,, (x) =T (T, (x)) véimoi n=1,2,3...

Chting minh réng ton tai s6 nguyén n >1sao cho T,(x)-x chia hét cho 2003 véi moi s6

nguyén Xx.

Lé Quang Nam - TPHCM
Loi giai
Trudc hét ta cd cdc nhan xét sau:
Nhdn xét 1. x = y(mod 2003) < x° = y* (mod 2003).
D& thuéan tién trong qud trinh viét, ta ki hiéu lax = y thay cho x = y(mod2003).
Hién nhién ta c6 x=y = x° =y° (do 2003 1a s nguyén t3)
Ta can chimg minh x° =y’ = x=y.
Néu x=0thi y=0 do x’ =y® ma 2003 1a s6 nguyén té.
Néu x khong chia hét cho 2003 thi suy ra x° khong chia hét cho 2003, suy ra y° khong
chia hét cho 2003. Suy ra y khong chia hét cho 2003.

Theo dinh Ii Fermat nho thi x*” =x, y** =y = x*? =y*? =1.

3 _.3 2001 __ _,2001 2001 __ ..2002 __ ., 2002 __ 2001 _
Do x’ =y’ =x"" =y~ =xy~ =x" =y =yy  =x=Yy.

Nhin xét 2.T (x)=T(y) < x=y (mod2003)
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Ta phén tich T (x)=(x-662)" +2003(x* —657x)+2001 + 662’
Do d6 T(x)=T(y) = (x-662)’ =(y-662) <x-662=y-662=x=Yy.
Tro lai voi bai toan. Ta dat A={0;1;2;...;2002}. Khi d6 voi mdi x e A ta xét day cac da
thiee T, (x), T, (x),.... Ty () . Theo nguyén Ii Dirichlet sé ton tai hai s6 1<a<b<2004 ma
T,(x)=T,(x), vi khi chia cho 2003 thi c6 t8i da 2003 s dw. O day cac T, (x)nay gio la cac
s8) = T,(x)=T,(T,.,(x)) =T, (x)=x, theo nhin xét 2.
Nhu vay véi mdi x € A thi ton tai mot n, e N” sao cho T, =x, vi theo trén ta co thé xét mot
day 2004 da thirc khdc, tirc la mot vong mdi ma cé chi so tang lén. Goi n>1 la mot bdi chung
caa ny,M,,My,...,1 5. 1a sé chitng minh 7 thoa man bai toan.
e NéuxeAthitacd T, (x)=x=T,, (x)=T, (x)=x Vi T,, (x)=T, (T (x))
Tuong twtacd T,, (x)=T, (x)=x,VkeN .
Do nin, ticla n 1abodi cua n, néntasuy ra T, (x)=x=>(T,(x)-x):2003.
e Néux¢A thitontai ye€A saocho x=y.Dodd T,(x)=T,(y)=y=x.
Vay (T, (x)-x):2003.

Cau 49. Tim tat ca cac cdp s6 nguyén a,b sao cho ton tai da thicc P(x)eZ[x] sao cho

tich (x2 +ax+ b) . P(x) la da thic duoc viét dudi dang:

x"+c, X"+ o x+¢,VOi ¢y, Cy,...,C, , bang 1 hodc -1

Polish MO 2006

Loi giai
B4’ dé. Cho da thite P(x)=c,x" +¢, ,x"" +--+¢,, néu x, la nghiém cta P(x) thikhi do:

|%,| <1+ max|— Ci
i=0,n- 1C

Chiing minh. R5 rang chung ta chi can phai xem xét truong hop |x,|>1:

n-1
n_ CO +c1x0 +---+Cn_1x0 |

n __ n-1
—C, Xy =Cy+CiXg+ -+ +C, Xy =

Cu
n—1 -1 C
;):C ZO |x0| <max 10111C |x | |x0|<1+lrr013)(1c

Quay tro lai bai toan ta c6 b-P(0)=c, = be {—1,1} )

Hon thé nita, néu x, la nghiém cua x" +c¢, ,x"' +---+c,x+¢, thi khi ay ta co

|| <1+ max |- Slo2

10n1c
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Nhu vay, véi x, la nghiém cta phuong trinh x* +ax +b, ta c6:

. E{—a+\/a2—4b —a—\/a2—4b}
0 2 ’ 2

va |x,|<2

Két hop véi dir kién b e {-1,1}, ta cd thé tim dwoc gia tri ctia a voi a e {—2,—1,0,1,2} )

Cau 50. Cho hai da thirc hé s6 nguyén
P(x)=ax"+a,_x"" +...+a,x+4a,
Q(x)=bx"+b, x"" +...+bx+b,

Biét rang a, —b, 1a mot s6 nguyén t8 va a,, =b, ,. Goi m la la mot nghiém hiru ty

chung ctia hai da thitc. Chting minh rang m 1a mot s8 nguyén.
Loi giai

bit m zz(r,s €Z,ged(r,s) = 1).
s

a,. Twong tw r|b,, s

. o7
Ta c6 P(—):O:ﬂao,s b,.
S
Tirddétacd s|a,—b,, ma a, —b, 1a mot sd nguyén t6 nén s=1 hodc s=a,—b,

Néu s=1 thi m=_=reZ, tacé diéu phai chtrng minh!
s

Néu s=a,—b, thitaco P(Z)—Q(zjzo
S S

-

< (a, —bn)(gjn +(a, , —bn_z)[zjnz +..+(ay _bl)'g

< (a,=b,) " +(a,,=b,,)r"+...+(a,—b)r-s"" +(a,—by)s" =0

+(a,—b,)=0

s +(a,,—b, )"+ 4 (a,=b, )" + (g, = by )s" =0 = s | 1"

Lai ¢6 s nguyén t6 nén s|r, mau thuan voi ged(r,s)=1.

Vay ta c6 diéu phai chitng minh!

Cau 51. Hoi 6 tat ca bao nhiéu da thitc P, (x) bac n chdn thoa man cac diéu kién
o Céachésocaa P,(x) thudctap M={0;-1;1} va P,(0)=0.
e Tbn tai da thitc Q(x)co cac hé s& thudc M sao cho P, (x)= (x2 —1).Q(x) )

Nguyén Viét Long — THPT Chuyén Lam Son — Thanh Héa
Loi giai
Dit deg P, (x) =n=2m.Xét da thiecc Q(x)=byx" > +bx" > +...+b, ,x+b,_,.

Tl gia thiét ta c6 P, (x)= (x2 —1).Q (x) nén suy ra
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P, (x)=byx" +bx"" +(b, by )x"* +(by —b, )x"> +..+(b,, =b,_, )x* =b, ;x=b,_, .

Tt d6 suy ra s6 cac da thitc P, (x) bang s8 day sd (b,,b,,....b, ,) trong d6 cac s& hang cta
day {b,} thoa man diéu kién la b, €{-1;0;1} voi moi 0<k<n-2 va b, -b, e{-1;0;1}
véimoi 0<k<n-4 dongthoi b, , #0.

e DE&yringnéu b, =-1 thi b,,, €{0;-1}.

e Dé&yrangnéu b, =0 thi b,,, €{-1;0;1}.

e DEyringnéu b, =1 thi b, €{0;1}.
Goi x, 1as8 cac day chi s6 chan (by;b,;...;b,, ) théaman b,, e M,0<i<k va
b.,—b eM,0<i<2k—2
Goi y, 1as6 cdc day chisd1é (b,;b;,;..;b,, ) thoaman b, , e M,0<i<k va
b.,—beM,0<i<2k-3
Tacod x,=2;x, =4 va x,,, =x, +2x,_, vinéu b, #0 thi b,,,, €{0;b,,} vanéu b,, =0 thicd
ba cach 18y b,,,, € M, s6 day (b;b,;...;b,,) ma b,, =0 bang x, , .

(1+J§)k+(1—ﬁ)k.

Bang cach sit dung phuong trinh déc trung ta tim duoc x, = N

Tuwong twtacd v, =3,v,=7,y,,, =2y, +V,,, Vk > 1.
Do d6 s8 cac day so (b,,b,,....b, ,) bang

B o ey
()2 ) (1))

B 2 - 2 (1)

Cau 52. Cho day s8 nguyén (a,)  théa man m-n|a,—a, v6i moi s§ tw nhién m,n
n

=1

< P(n),¥n. Chtrmg minh rang ton tai

phén biét. Gia st ton tai da thitc P(x) sao cho

da thiec Q(x) sao cho a,=Q(n),Vn.

an

Loi giai
Dt degP=d. Ton tai da thiec Q duy nhét g;(’) bac cao nhat 1a d sao cho Q(k)=a, véi
k=1,2,...,d+1.Ta chitng minh Q(n)=a, véimoi n.
bat n>d+1.Pa thtic Q co thé khong phai la da thiec hé s6 nguyén nén ta khong thé truc
tiép suy ra n—m|Q(n)-Q(m), nhung chac chan rang Q la da thikc cé hé sd hiru ti, khi d6
ton tai s& tw nhién M sao cho R(x)=MQ(x) la da thitc hé s6 nguyén. Ttr diéu kién dé bai
ta co M(an —Q(n)) =M(a, —ak)—(R(n)—R(k)) chia hét cho n—k véi k=1,2,...,d+1. Vay
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v6i moi 88 n ta c6 a,=Q(n) hodc L, =lem(n-1,n-2,...,n-d-1)<M(a,—Q(n))<Cn"

véi C 1a hang s6 khong phu thudc vao 7.

Gia stt rang a, # Q(n) ¢ mot vai gia tri n.

Luu y réng L, khong nho hon tich (n-1)---(n—-d-1) duoc chia boi tich P ctia s§

ged(n—i,n—j) trén tat ca cac cdp (i,j) phan biét 1ay tir tap {1,2,...,d+1}.

Do ged(n—i,n—j)<i-j, tacd P<12*"...d. Ttr d6 ta duoc:
(n-1)(n-2)---(n—-d-1)<PL, <CPn*

Diéu nay sai v6i n di1én vi vé trai cd bacla d+1.

Vay a,=Q(n) cho mdi gia tri n du16n, ta goitamla n>N .

Néu n<N, tir diéu kién dé bai M(an—Q(n)):]\_/I(an—ak)—(R(n)—R(k)) chia hét cho

m—n voéi moi gia tri m > N, vay chung phai béng 0.

Vivay a,=Q(n) véimoi n.

Cau 53. Cho 7 la sd nguyén duong va 4,,4,,...,a, la cac s6 thuc duwong.

Tadat g(x)=(x+a,)(x+a,)..(x+a,).

Goi 4, 1a mot s& thuc bat ki va dat f(x)=(x—a,)g(x)=x""+bx" +...+bx+b,,,.
Chting minh rang b,,b,,...,b,,, déula sd am khi va chi khi a, > a, +a, +...+a,.

n+1

VMEF - Dién dan Todn hoc
Loi giai
Chiéu suy ra.
Thi theo dinh 1y Viete ta c6 b, = a, — Zak, tir d6 thi ta c6 diéu phai chirng minh.
k=1
Chiéu nguoc lgi.
Véi x =0 thitacéd —aOHak =b,,, nénsuyrab,,, <0.
k=1
Ta gia st rang —a, <—a, <...<-a, <4,
Matacod g(x)+(x—a,)g'(x)=(n+1)x"+...+b,_x+b,.
Lai theo dinh lyj Lagrange thi ta thdy ton tai cac sO duong y,,i=0,n-1 sao cho

—a, <y, S—a, <y, <..<-a, <y, <a, va f'(y,)=0,Vi=0,n-1

n

()= (=) [T+ 30).

i=1

Do do ta c6

n-1 n
A A, A A~ 2 n— \ n
Dong nhat hé s ctia x" " thi ta thu dwoc y, — E Y, = 1 (ao - E aij >0.
i=1 n+ i=1

Tt y twdng trén ta sé€ dung phwong phap quy nap dé chi ra cac hé s0 b, déu la s6 am.
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Cau 54. Cho F la tap cac da thitc T c6 hé s6 nguyén va phuong trinh I'(x)=1 ¢6
nghiém nguyén. Cho truedc mét sd nguyén duong k, tim gia tri nho nhat cua m>1 theo
k thoa man ton tai I' e F sao cho I'(x)=m c6 dung k nghiém nguyén phan biét.

VMEF - Dién dan Todn hoc

Do I'(x)=m ¢6 k nghiém nguyén phan biét nén ta co:
[(x)=(x—x)(x=x,)...(x—x,)Q(x)+m
V6i cac s6 nguyén khac nhau x,,x,,...,x, va Q(x)eZ[x]
Goi t la nghiém cuia phuong trinh I'(x) =1 khi d6 ta co:
(t—x )(t—x,)...(t—x,)Q(t)=1-m
= [1—m| =t —x||t—x,|..[t—x,||Q(¢))
=>[1-m>123. k1=>m-12kl=>m>kl+1
Vay tt day ta suy ra gai tri nho nhat cta m la k!+1.
Vano xay ra khi va chi khi I'(x)=(x-1)(x-2)..(x —k+1)(x+k)+k+1.

Cau 55. Cho hai da thitc P(x),Q(x)eR[x] nguyén t6 cung nhau va khac da thitc hang.
Chting minh rdng khong c6 qud ba s6 thuc A théa man P(x)+AQ(x) la binh phwong

cua mot da thirc.

USA December Team Selection Test 2016

Kihiéu (A(x),B(x)) la wdc da thitc monic c6 bac 1én nhat cua A(x),B(x).

Trudc hét, ta phat biéu mot bo dé sau day:

Bé' dé. Néu ab # cd = max(deg (aP (x)+cQ (x)),deg (bP (x)+dQ (x))) =max (P (x),Q(x ))
Chiing minh

Dt n=max(P(x),Q(x)) thi ta c6 v& trdi rd rang khong 16n hon 1.

Xét hé s6 ctia x" trong hai da thitc aP(x)+cQ(x),bP(x)+dQ(x) sé c6 mdt da thirc co hé s6
khac khong va dé dang suy ra vé trai bang n nén ta c6 diéu phai chitng minh.

Quay lai v6i viéc chitng minh bai todn

Gié st £on tai ba s8 thuc phan biét A,,4,, %, P(x)+4,Q(x) =R, (x)’

Theo bd' dé trén thi ton tai da thic R, (x)2 c6 bac bang max(P(x),Q(x)) giaswla R, (x)2
ST AR) =R (x) R (), B(x)

=R, (x)+R,(x),C(x)=R,(x)—R,(x),D(x)=R, (x)+R;(x)

Ta dat A=
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Khi d6 thita cd A(x)+B(x)=C(x)+D(x)=2R,(x),A(x)B(x)
AC(x)D(x),1 1L, (A(x), B(x)) =(C(x), D(x)) -1
Va A(x)B(x) c6 bacbang max(P(x),Q(x)) .
Bay gio ta sé ddt P, ., (x) = (A(x)’c(x))’PA(x)D(x) (x)=(A(x),D(x)),
Pyer) (x)= (B(x) ,C(x)), Pyypx) (x)= (B(x) ,D(x))
Thi ta c¢6 cac da thitc trén nguyén t8 cung nhau. Gia st x, la nghiém bdi n cta A(x) thi
no ciing la nghiém boi 72 clia duy nhat mot trong hai da thie P, (x),PA( 90 ( ) hay
cling 1a nghiém bdi 7 cta da thite Py (%)-Pyoypp (X)-
Tuong tw thi ta cing c6 diéu nguoc lai.
Vay A(x)=aP, (%) -Pyypm (X) v6i a 1a hdng s6 nao do.
Twong tu thi ta cling duwoc:
B(x)= DBy ) (x) Pricr) (x),C(x)= Py (x) Praicr) (x),D(x)= APy o) (x) Pape) (x)
Matacé A(x)—C(x)=D(x)-B(x).
Gia stt x, la nghiém bdi 7 ctia P, (x).PB(x)D(x) (x) thind ciing 12 nghiém boi 7 ctia mot
trong hai da thtc P, (x),PB(X)D(x) (x) nén la nghiém boi it nhidt n cua da thtc
A(x)—-C(x).
Gia st x, la nghiém bdi n ctia A(x)—C(x) thiné la nghiém ctia nhiéu nh&t mét trong hai
da thitc P, (%), By (¥), gid st Py, (x) khong c6 nghiém x, va x, nghiém boi m
c6 thé bang khong cua P, (%)-
Gia sit m<n thita dao ham A(x)-C(x)=D(x)-B(x) tt 0 dén m+1 Ian.
Thay x =x, thita co
AY(x)=C"(x)=0,v0<i<m, A" (x)=C""(x)#0,B(x)=D(x) 0.
Dao ham A(x)B(x)=AC(x)D(x) (m+1) Ian, thay x =x, vao thita c6
A" (x)B(x)=1C" (x)D(x), d& thay dieu vo ly.
Vay ta phai c6 m >n nén tir day ta co

A(x)=C(x)=D(x)-B(x)= P, e (x)'PB(x)D(x) (x)

= aPA(x)D(x) (x)- bPB(x =aP

)C(x) B(x)D(x)”

Thay P, (%), Py (¥) thita cod
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ab
A(x)B(x)= Pl P, yp) (x) Peopi) (x) (“PA(X)D(X) (x)- Py (x)) (dPA(x)D(x) (x)- Py o) (x))

2R, (x)= i(“dPA(x)D(x) (x)- bCPB(x)C(x) (x))
Ap dung b6’ dé trén thi ta dwoc
max(deg (o (¥)) deg (Byoy (1)) 2 2deg (R, (%))
> deg(Q(x))=deg(A(x)B(x))
> deg (P o () deg By (1)) max( deg Py () deg (o (4))

Tt day ta suy ra deg(PA(x)D(x) (x)) = deg(PB(x)C(x) (x)) =0.

Twr day thi ta cd R, (x),Q(x) la cac da thirc hdng nén P(x) ciing la da thitc hang, diéu nay
1a vo 1y do gia thiét bai todn néi da thitc P(x) khéc da thikc hing.

Vay ttr day suy ra ton tai nhiéu nhat hai s6 thdéa man diéu kién dé bai, nén tir d6 ta suy ra

diéu phai chitng minh.

Cau 56. Chttng minh rang néu da thic f(x)eR [x] c6 bac n vanhan gia tri nguyén tai
n+1 gia tri nguyén lién tiép tir a > a+n,aeZ thi f(x)eZ,Vxel.
Trudc hét, ta can ¢ cong thitc ngi suy Abel — Newton duoc phat biéu nhu sau:
Cho f(x)eR[x] c6bac n va n s6 thuc a,,4a,,...,a, khi d6 ton tai duy nhat n+1 s6 thuc
b,,b,,...,b, sao cho:
f(x)=by(x—a,)(x—a,)...(x—a,)+b, (x—a,)(x—a,)..(x—a, ) +..+b,_, (x—a,)+b,
Céng thikc nay c6 thé chiing minh rat 1a don gian bang phuong phap quy nap Toan hoc.

Quay tro lai bai todn

Ta ap dung cong thitc noi suy Abel — Newton cho n s6 thuc a, =a+ieZ,Vi=1,n.
f(x)=by(x—a-1)(x—a-2)..(x—a—n)+b,(x—a—-1)(x—a-2)
w(x—a-n+1)+..+b,_ (x—a-1)+b,

f(a+1)=b,eZ

f(a+2)=b,,1+b,eZ=b,  €Z

Tur day suy ra f(a+3):bn72.2!+bn71.1!+bneZ:>bH.2!eZ.

f(a+n)eZ=b,.(n-1)eZ
f(a)eZ=bynlel

Ta sé viét lai da thitc f(x) nhwsau f(x)= ik!bmk (x;aj :
k=0
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Trong dé thi [x;ajz(x_a_l)(x_ak_'z)m(x_a_k)eZ,VerVébn_kk!eZ,chl'rng minh

trén.
Vay tir d6 ta duoc f(x)eZ,VxeZ.

Cau 57. Tim t4t ca cac da thicc P(x)eZ[x] sao cho v6i moi 4,b ma a khong 1a nghiém
cia P(x)thi P(a)|P(a+b)-P(b).
MYTS 2016

Ta sé lam viéc trén cac s& nguyén 16n hon nghiém thwc 16n nhat cia P(x),nghia la ta

khong can quan tam dén viéc P(a)=0.

D&y rang P(x)=c =const 1a mot da thiic thoa man yéu cau dé bai, xét deg(P(x))=1.

Ta nhdn xét thdy.

Néu P(x) la mgt da thirc thoa man yéu ciu bai todn thi —P(x) ciing thoa man yéu ciiu dé bai

Khong mat tinh tdng quat, ta cd thé gia st hé s6 cao nhét ctia P(x) la duwong.

Ta co }LIEO P(x) =+00 nghia la tir mét 1ic nao do, da thic cua ta chi nhan gia tri dwong, 16n

hon hén P(1).

P(x+1)-P(1 P(x+1)-P(x)-P(1
( P()x) (1) _ 5 P )P(x()) (1)

bat Q(x)=P(x+1)-P(x)

Truong hop 1. deg(P(x))>2 khi d6 thi deg(Q(x))=deg(P(x))-1=1.

Theo dé bai thi ta c6 eN.

Khi d6 thi M e N. Mat khic, ta lai c6 lim M =0.
P(x) s> P(x)

Hay ttr mét chi s6 x, nao dé tréd di thi
Q(x)-P(1)_,_ Q(x)-P(1)
P(x) P(x)
Nghia la mot da thic ¢6 degQ(x)—P(1)=degP(x)-1>1 va cd vo sd nghiém, vo ly.
Truong hop 2. Ta c6 deg(P(x))=1 thita dit P(x)=ax+b,a>0.

=0,Vx>x,=Q(x)-P(1)=0,Vx>x,

Khi d6 —&

e Z=b=0 hay P(x)=ax,a>0 thilai thdy thoa man yéu cau dé bai.
ax +

Vay tét ca cac ham sd thoa man yéu cau dé baila P(x)=c=const va P(x)=ax,a>0.
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Cau 58. Xét da thicc P(x)=x"+a,_, KT rax+a, véi n22,neN. Gia skt P(x) c6 n

nghiém la x,x,,...,x,. Ki hifu max(x;) la s6 16n nhét trong cac s6 x,,x,,..,x,. Chiing

minh rfmg P(x+8)zn:
i=1 x_x,'

>2n%8"", Vx >max(x;) v6i §>0.

VMF - Dién dan Todn hoc

Loi giai
n
Do P(x) bac n vacé n nghiém la x,,x,,...,x, nén P(x)=] [(x—x,)
i=1

V6i x >max(x; ), Vi ~1,n thi x—x,>0,Vi=1,n
Tt d6 ta ap dung bit ddng thitc Cauchy — Schwarz thi ta dwoc:

P(x+8)Y ——> P(x+8)myl] [— :ndﬁw

i1 X —X; i=1 X —X; i=1 X=X

Do vay ta can chitng minh rang

n;i/ﬁm > 27126” -1 & H

i=1 x_xl i=1 x_xl

x X; +8) 2(21/1)” Sn(nil)

Ta sé chitng minh (x—x, +38)" 22n8" ' (x—x;),Vi=1,n.

Tong quat, véi moi sO thwe khong am x,y va n>2,neN.

(x+y zckxn kyk >chxn kyk — X"+ nx" y+ (n_l)xn—zyz

-1
> 2\/n(nT) x" X"y’ "y > 2nx" Ty

-1
Do 2 n(nz ) >n,¥n>2 nén tir ddy ta suy ra duoe (x—x,+38)" 218" (x-x,), Vi=1,n.

Hay bat dang thitc ban dau dwoc chitng minh.

Ciu 59. Gia st R la nghiém cua phuong trinh x" —a,x""' —...—a, ,x—a, =0 va dat

A= Za B= Z]a Khi d6 thi ta c6 A* <R".

j=1

VMEF - Dién dan Todn hoc
Loi giai
a, n
bt ¢, ZZ] suy ra c; >0 va ZC]. =1
j=1
Do ham s8 y=-In(x) 1a ham 16m trong khoang tit (0,+x) nén theo bédt ding thiic Jensen
thi
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(—ln(%D[gch—ln(gcj%]: (21; J:—lnf (R)=-In1=0

Suyra 3(c, In(R')c,In(A)) 20 va (ln(A))[Zn:cj] < (ln(R))(jZ::ij

j=1 j=1
1 & 1. a.
Hay 32 (1n(4)) 5 3o (In(R)), do ¢, =%, 4>0.
j= =

Véy nén ta duoc: In(A*)<In(R")= A" <R
Hay ttr day ta duoc diéu phai chitng minh.

Cau 60. Cho da thitc P(x) la da thitc monic bac n>1 ¢6 n nghiém thucla x,,x,,...,x,
phan biét va khac 0 . Chting minh rang:
1 1 1 (_1)n+1
+ +..+ =
x,P'(x,) x,P'(x,) x,P'(x,) xx,..x,

VMEF - Dién dan Todn hoc

.....

Tabd sung x, =0 va véimoi j#0 thita co:

Z H X—x;)=x, P'( ) | 4(xj—xi):4H'(xj—x,.)
j=1i=1;i#j Z:l;l¢] i=0;i#]
Q(xj)=1,v]=1,n
Ta xét da thirc Q 1+H x— x n

Q(O):1+P(O):1+(—1)"Hxi

i=1
Ta dé thay deg(Q(x))=n nén ta ap dung céng thiic ndi suy Lagrange cho Q(x) tai n+1

n

; H (x-x,)

diém x; thita duwoc Q(x)= ZQ(XJ‘)L
=0

n

[1 (x/‘xi).

_leol,(x ) L 0(0) S i-l(;[:tj(x_xi)+(—1)”Q(o)P(x)
=1 xP’( ) (—1)nlilxi =1 ij'(xj) lli[xi

So sanh hé s cua x" & hai vé thi ta duoc:
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1000y 1 [ Ty
j=1 xjpl(xj) ﬁx, j=1 ij'(x].) ﬁxi ﬁxi

i
i=1 i=1 i=1

1=
Va tir day ta c6 diéu phai chitng minh.

Cau 61. Cho n>2 va da thic P(x) xac dinh boi P(x):zg. Chting minh rang
k=0 -

phuong trinh P(x)=0 khong cé nghiém hiru ti.
VMF - Dién dan Todn hoc

Loi giai
Néu a € Q langhiém ctia P(x) thi a cling la nghiém cua phuong trinh:

_ n!
X" +nx" +...+ka +.+n!=0

_ n!
= o" +no"! +"'+Fak +..4n1=0 (1)

Vi P(x) la da thitic hé s6 nguyén c6 hé s cao nhat la 1 va cé nghiém o eQ thi a la s6
nguyeén.

Goi p 1a mdt wdc nguyén t6 bat ki cua n

Véi k=1,n ta dit r, =v, (k)= ={EJ+{%J++{2J :

Pl LpP p
Trong d9, s la s6 ty nhién thoa man p* <k <p™'
=1, £E+£+...+£S:k. 17p <k=r-r>r -k

p p P 1-p

nl.  _
=>r-r2r—-k+1=>—ip" ki
k!

n

| -
ok Wk=1,n
k!

A r,+1 A X _ A A . A, r,+1
Do (1) nén p"*' |n!, mau thuan do r, =v,(n!) nén n! khong chia hét cho p"*'.

Lai c6, do p|n nén tix (1) = pla= pk‘ak =p"t!

Vay diéu gia st la sai hay da thitc P(x) khong cé nghiém hiru ti.

Cau 62. Cho p 1a mot s8 nguyén t8. Tim tat ca cc da thic f(x)voi hé sd nguyén sao
cho v6i moi s6 nguyén dwong n, f(x) la wde cta p" 1.
THTT Thang 12 - 2014
Loi giai
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Ky hiéu A 1a tap cac u6c s6 nguyén ctia p—1. Khi d6 tat ca cdc da thiec hang

f(x)=b,be A déu thoa méan bai toan, vivne N, (p" -1)i(p-1)ib.

Ta sé chitng minh d¢6 cling la tat ca cac da thirc thoa man bai toan.

That vay. Phan ching gia st ton tai da thitc f(x) ma deg f(x)>1 thoa man bai toan.

V6i neN' vagia st q 1a wdc s6 nguyén t8 bat ky cua f(n).

Tacod f(n+q)-f(n)i(n+g—n)=q .Ma f(n)iqg néntirdétacod f(n+q)iq.

Nhu vay ta c6 p" —1:f(n)iq,p"" -1: f (n+q)iq.

Nén suy ra p"* —1—(;9” —1) =p" (pq —1)§q .

T cdc sy kién trén ta suy ra p#q (Vi qf(n), f(n)p"-1=qlp" —1)vé1 p'—1ig.

Theo dinh lyj Fermat ta lai c6 p’ =p(modq), suy ra p"—1-(p" —p)=p-1iq.

Bay gio ta xét cdc 8O tu nhién neN" ma n-1:p-1. Ta biét s& cdc sd n thoa man 1a vo han,

trong khi tdp A ta xét 1a httu han. Suy ra ton taisé n ma f(n)=A.

Mit khéc p" -1=(p—1)B voi
B=p"'+p"?+..+p+1=n(modp-1)=1(modp-1)=(p-1,B)=1.

Do f(n)# A suy ra c6 udcsdnguyéntd q cia f(n) ma Big=p-1iq.

Mau thuan véi gia thiét quy nap.

Cau 63. Cho s6 nguyén duong 7 va s& nguyén td p 16n hon 7+ 1. Chiing minh rang da
x 2 i
thie P(x)=1+——+ +o..t
n+l 2n+1 pn+1

khong c6 nghiém nguyén.

Loi giai

(n+1)(2n+1)...(pn+1)
kn+1

1a cac s& nguyén ( cht y 1a ta quy dong hét nén trén t&r chita ca nhan tie dwdi mau).

Taviétlai P(x)=a,x"+a, ,x"" +..+a,x* + a,x+ 4, trong d6 a, =

Do p 1a sd nguyén t8 16n hon n+1 nén (p,n)=1.

Vithé'tap A={1n+1;2n+1;...;pn+1} la hé thing du day du modulo p.

Do d6 ton tai duy nhat ke{1,2,...,p} sao cho kn+1=0(modp).

Talaicd k#1,0<kn+1<p® nén kn+1/p>. Nhu vay véisd k d6thi a4, /p (vinhan ti
kn+1 da bi rat gon), dong thoi cac hé s con lai déu chia hét cho p ké ca cac hé sd a,,4,
nhung khong chia hét cho p*.

Bay gio ta st dung lap luan dé dé€ chiing minh phuong trinh trén khong c6 nghiém
nguyeén.

Nguoc lai gia st rang phuong trinh c6 nghié nguyén 1a ¢ thi khi d6 ta c6
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P(c)=0=a,c’ +a, " +...+a,c* +ac+a, =0
Theo lap luan trén thita cé g, ip,Vie {0,1,2,...,;0},1' zk,k=0;1.
Do d6 dan dén a,c*:p (do p la s6 nguyén td).
Suyra c*ip=cip=acip® véimoiie{2,3,...p}.
Ta cling ¢6 a,cip® vica a,,c déu chia hét cho p.

Vi P(c)=0:p® = a,ip* la diéu vo 1i.

Cau 64. Cho da thtrc P(x)=x"-11x* —87x +m(m € Z). Chting minh rang véi moi m ton
tai s6 nguyén n sao cho P(n):191.
Loi giai
Tac6d P(n)=n’-11n"-87n+m.
Dai voi bai nay ta sé chiing to voi ne A= {1,2,...,191} la hé ddy dit modulo 191 thi ta cé hé
A" ={P(1),P(2),..,P(191)} ciing 1a hé day da modulo 191.
Nhu thé thi khi d6 ton tai ne A d€ P(n)=0(mod191). D€ chitng minh dwgc A" 1a hé diy
dii modulo 191 thi ta can chira n,,n, € A va n, #n,(mod191) thi
P(n,)# P(n,)(mod191).
That vay.
Gia st ta c6 P(n,)=P(n,)(mod191) < 27P(n,)=27P(n,)(mod191) , vi (27,191)=1.
& (31, -11)’ —=18.191n, +11° +27m = (3n, —11)° ~18.191n, +11° +27m(mod 191)
& (3n, ~11)’ =(3n, - 11)’ & n, =n, (mod 191)
Dé hoan thanh dwoc budc cudi, ta can c6 bo dé sau
Bé'dé. Gia stt p 1a SNT va p=2(mod3) thi x> =’ (modp)= x=y(modp).
Chitng minh bo’ dé
e Néu x=0(modp)=x’=0=1y’=0=y=0(modp). Vay x=y(modp).
e Néu x#0(modp) thi dé thay x° #0(modp)= y’ #0(modp)= y #0(modp).
Do nén theo dinh li Fermat ta co
' =1(modp)=x** =1(modp),y"" =y>*! =1(mod p).

3k+1 3k+1 (

Tir dé suy ra x> =y modp)<:>x-(x3)k Ey-(x3)k(modp)c>xzy(modp) do (x,p)=1

B6 dé dugc chiing minh nén ta cling két thac bai toan.
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I Ciu 65. Cho m 1a s8 nguyén duong, tim s8 nghiém cta phuwong trinh x* = x(modm).

Ta gia st phan tich m ra s6 nguyén t6 la m=p;" -py>...pY* trong d6 p, la cac s6 nguyén to.
Khi d6 phuong trinh x* = x(modm) < x* = x(mod p;* ), Vi = 1;k.

Taco x* = x(modpf"’ ) Sx’-x= O(modpi“f ) o x(x-1)= O(modpf" ) :

Vi (x,2-1)=1 nén phuong trinh twong duong x =0(mod p;" ) hodc x =1(mod p" ).

Theo dinh li thang du Trung hoa thi voi mdi bd a,,a,,...,a, thi hé phuong trinh

{x =aq, (mod pi )

ludn cé nghiém duy nhat theo modulo m = pi* - p3> ---p;* .
1=1;k

Do mdi phuong trinh x* —x = O(mod pi ) ludn c6 hai nghiém theo modulo p}* nén

phuong trinh da cho ¢4 tat ca 2" nghiém.

Cau 66. Cho p 1as6 nguyén td (p>3). Xét da thiic
f(x)=(p-1)x"2+(p-2)x"> +3x% +2x +1.
Biét rang hé¢ A= {al,a2,...,ap} 1a mot hé thang dw day du modulo p. Chiing minh rang

khi do hé B={f(a),f(a,),.., f(a,)} ciing la mot hé thang du day du modulo p.

-----

Néu x#1 thitacd f(x)= "
x_

Do d6 (x-1) f(x) =(p—1)(x”’1 —x”’2)+(p—2)(x”’2 —x*”3)+...+2(x2 —x)+x—1
Suy ra (x-1) f(x)=(p-1)x"" —(x”’2 +xP7 +...+1) :
Ap dung cong thiic tdng ctia cdp s6 nhan va quy dong ta suy ra

(x=1) f(x)=(p-1)(x-1)x"" —(x’”_1 —1) =1-x(modp) (1).
Ta can chi ra bang phan chiing
Gia st B khong phai la hé thang du day da.
Khi d6 ton tai a;,a; € A(1<i<j<p) saocho f(a,) Ef(aj)zm(modp).

m(a,~1)" =1-a, (modp)

T (1) tasuy ra m(aj _1)2 Cioa (modp) (m e[O;p—l]).

Néu m=0 thittrhé tasuy ra a,=4a; = 1(mod p) la diéu vo 1i.
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Néu m¢0:>f(ai)zf(aj)$_0.Nhu’ng f()ip=a,#1,a =1,
Do a,a; € A nén (1—ai,1—aj) =1. Nén nhan phuong trinh trén va phwong trinh dwdi ctia
hé lan luot voi 1-a; va 1-a, ta thu dwoc

m(a; —1)2(1—11].)5711((1]. —l)z(l—ai)(modp)cl—ai =1-a;(modp) < a, =a; (vo li).

Cau 67. Xét da thirc P(x)=x"+14x* —2x+1. Chtng minh rang ton tai s6 nguyén duong
n sao cho v6i moi s6 nguyén x ta c6 101|P(P...P(x)...)-x.

Théng du binh phuwong — Nguyén Duy Lién

Ta sé chttng minh rang x = y(mod101) < P(x)=P(y)(mod101).
Taco P(x)-P(y)=(x—y)(x* +xy+y* +14x+ 14y - 2)

Do d6 4[ P(x)~P(y)]=(x~y)| (2x+y+14) +3(y-29)"|
y(mod101)

X =

Vi (4;101)=1 nén P(x)=P(y)(mod4) = '
1 ( )=1nén P(x) (mo [[ (2x+y+14) +3(y—29)150(m0d101)
).

Xét | (2x-+y+14) +3(y-29) } 0(mod 101

Néu (y—29,101)=1 thi khi d6 (—%) =1 nén 101 =1(mod6), vo li.

Néu 101(y-29)=101|(2x+y +14)= x =y =29 (mod 101) .

Nhu vay ca hai truong hop ta co x = y(mod101). Nhan xét duoc ching minh.

Xét 102 da thitc nhw sau P(x),P(P(x)),...,P(P(...P(x)...)).

Theo nguyén ly Dirichlet phai ton tai hai s m,n € {1;2;...;102},m > n sao cho

P(P(...P(x)...))=P(P(...P(x)...))(mod 101).

m n

Tl nhén xét trén ta suy ra P(P(...P(x) )) = x(mod101) véi moi s& nguyén x.

m-n

Cau 68. Cho tap S={p,,p,,...,p,} 1a tap hop k s6 nguyén t& phan biét va P(x) la da
thirc voi hé s6 nguyén sao cho véi moi sd nguyén duong n déu ton tai p; trong S sao cho
p;|P(n). Chting minh réng ton tai i sao cho p,|P(n),VneN .

.....

Ta chitng minh phan chitng bang cach st dung dinh li thing dw Trung Hoa.
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Gia st khong ton tai i sao cho p;|P(n),VneN' .
Suy ra véi moi i =1,k , ludn ton tai a4, sao cho p, [ P(a,).

1

1=1;

x=a;(modp,)

Theo dinh li thang du Trung Hoa ludn ton tai x sao cho {

=

P(x)=P(a;)(modp,)
i=1;

Do do ta co {

=

Hay ta c6 p, [ P(x),Vi=1;k.Diéu nay mau thuan véi gia thiét.

Cau 69. Cho da thtrc P(x)=x"+153x" -111x+38.
a) Chttng minh rang trong doan [0 ; 32000] ton tai it nhat mot s6 nguyén duwong a sao cho
P(a):3%®.

b) Hoi trong doan [0;32000] cd tit ca bao nhiéu s nguyén duong a sao cho P(a) chia

hét cho 3*".
Loi giai
Ta xét phuong trinh dong du P(x)=0(mod3*).
Ta d€ y rdng P(x)=0(mod3) <> x’ +153x* —~111x + 38 =0(mod 3).
< x> +38=0(mod3) < x=1(mod3).
Pt x=3y+1(0<y<3""-1).
Vay P(x)=P(3y+1)=27(y’ +52y° + 22y +3)(mod 3*).

< Q(y)=y’ +52y° +22y+350(mod31997), suy ra {y (1St£31998 _1).

y=3t+1’
Néu y=3t+1 thi phuong trinh y° +52y° +22y +3 khong chia hét cho 9, nén khong chia
hét cho 3.

Néu y =3t thi y° +52y° +22y +3 =3(9¢ +156t* + 22t +1).

Nén suy ra P(x)=0(mod3™" )< G(t) =9t +156t* +22¢t+1=0(mod3"").

Bay gio ta xét da thite G(t)=9¢° +156¢> + 22t +1.

Ta nhan thay G(t)=0(mod3) < 22t+1=0(mod3).

Trong doan [0;3] phuong trinh 22¢+1=0(mod3) c6 nghiém duy nhét =2, va cd thém
diéu kién 1a G'(2)=22=1(mod3) suy ra G'(2)#0(mod3) nén 4p dung dinh li Hensel
thi phuong trinh G(#)=0(mod3'**) c6 nghiém duy nhat ¢, [ 0;3"* |.
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Vi teZ,te[1;3"™],G(t)=0(mod3™) khi va chi khi ton tai heZ,0<h<8 sao cho
t=t,+3"°.h. Vay phuong trinh dong du G(t)= O(mod 31998) c6 dung 9 nghiém nguyén
thudc doan [1;31998 —1]. T d6 suy ra trong doan [1;32000] c6 dung 9 s6 a sao cho P(a)

chia hét cho 3*%,

Cau 70. Tim t4t ca céc da thic f v6i hé s8 nguyén sao cho f(n)| f(m)=> n|m.
Iran TST
Loi giai
Ta du doan rang da thitrc thoa man sé 1a ax*. Nén ta dit f(x)=x".g(x) véi g(0)=0.
Ta s& chimg minh g(x) la da thitc hang.

k k

Ti gia thiét f(n)| f(m)=>n|m, ta suy ra n*g(n)|m"g(m)= n|m. Nén d€ phan chimg g(x)
khong phai da thiic hang thi ta ¢ thé chon n*g(n)|m'g(m) nhung khong suy ra duoc njm
T d6 ¢6 mau thuan. Van dé ta chon thé nao ?

Néu chon ca nk‘m" va g(n)|m" thi dan dén n|m, viéc chon nhu vay khong c6 y nghia gi.
Vay liéu ta c6 thé chon nk‘mk va g(n)| g(m). Ta sé theo doi lap luan sau.

Xét da thitc h(x)eZ[x],h(0)#0. Ta sé ching minh v6i moi k ton tai m,p>h(0) sao cho
pk‘h(m). That vay, gia st h(x)=h,(x).h,(x)..h,(x), trong do h (x) bat kha quy va
h;(0)=0. Do d6 thay vi chon /i (x) bat ki ta ¢4 thé chon ludn (x) bat kha quy.

Khi '(x) nguyén t& cing nhau véi h(x) thi tho dinh Ii Bézout ta c6 ton tai hai da thiic
P,Q sao cho ton tai s6 nguyén a ta cd h.P+h'Q =a . Khi d6 theo dinh Ii Schur ludn ton tai

sd nguyén td p duldénsaocho p>a,p

h(n), p khong la wée ca 1'(n).
Ap dung dinh 1i Hensel ta thay pk‘h(m).
Dit f(x)=x"g(x),k>0,4(0)=0. Gia st rang g(x) khac da thitc hdng. Theo chiing minh
trén thi ton tai s6 nguyén t8 p sao cho p > g(0) va pk‘ g(m) véim nguyén duong.
Dé thay p khong la woc ctia g(p) nén theo dinh Ii thing du Trung Hoa thi ton tai n sao cho
n=m(modp")
{” =p(modg(p))
Khi d6 p*|g(n) va g(p)|g(n) nén dan dén f(p)| f(n).
Do d6 p|n ma p|g(n) nén p|g(0) la vo Ii.
Do d6 g(x) 1a da thirc hing. Vay f(x)=a.x*.
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Cau 71. Cho a,b,c,d,e, f 1a cic s8 nguyén duong. Gia st rang S=a+b+c+d+e+ f la
w6c ctia cac s8 abe +def va ab+bc+ca—de—ef — fd. Chtiing minh rang S 1a hop s8.
IMO Shortlist 2005
Loi giai
Xét da thtre P(x)=(x+a)(x+b)(x+c)—(x—d)(x—e)(x—f)=Sx*+Qx+R.
Trong d6 S=a+b+c+d+e+f; Q=ab+bc+ca—de—ef — fd; R=abc+def .
Vi theo gia thiét S|Q; S|R nén S|P(x),VxeZ.
Tac6 S|P(d)=(d+a)(d+b)(d+c).
Néu S la s6 nguyén t6 thi mot trong 3 s6 d+a,d+b,d+c chia hét cho S. Nhung diéu d6 la
voly vi S>max{d+a,d+b,d+c}.

Do d6 S 1a hop s6.

Cau 72. Tim tat ca cdc da thiec P véi hé s6 nguyén thoa man
P(n)|2557" +213.2014,Vn N’
Thailand 2014
Loi giai
Dé thdy P(n)=1,VneN vaP(n)=-1,VneN la nhitng da thtrc thoa méan diéu kién bai
toén. Gia st P 1a da thikc thoa man bai toan va 3n, e N :|P(n,)[22.
Goi p la w6c nguyén t8 ctia P(rn,).
Ta c6: P(ny)|2557" +213.2014 va P(n, +p)| 2557"" +213.2014.
Do d6 p|P(n, +p)—P(n,)|2557" (2557" —1).
Mat khéc, vi p|P(n,)|2557" +213.2014 nén p ¢ {2,3,19,53,71,2557} .
Do d6 p|(2557"~1). Hon nita, theo dinh Ij Fermat nho ta c6 p|(2557" —2557) nén
p|2556. Suy ra pe{2,3,71}, vo ly.
Vay chi ¢6 hai da thitc P(n)=1,VneN va P(n)=-1,VneN thoa man bai toan.

Cau 73. Cho P la da thtec hé s6 nguyén, cd bac n>1 va k la s6 nguyén duong bat ky.
Xét da thite Q(x)=P"(x) véi P duoc tdc dong k lan. Chiing minh rang cé nhiéu nhat
n s nguyén t sao cho Q(t)=t.

IMO Shortlist 2006

Loi giai
B6'dé. Néu t 1a s6 nguyén théa man Q(t)=t thi P*(t)=t.

Chinh phuc olympic todn| 69



> Bdi dudng hoc sinh giéi

That vay. Ta c6 P(t)—t|P* (t)—P(t)]...|P* ()= P (¢)|P* (£) - P (t).
Ma P (t)=P*(t)=P(t)~t nén [P(t)—t|=|P* (t)-P(t)|=...=|P* (t)-P*" (¢)
Dit d=P(t)-t.Néu d=0=P(t)=t= P*(t)=P(t)=t.
Néu d#0. Gia st i 1a chi s8 nho nhat ma d = P'(t)-P" (t)],2<i<k khidd
P ()P (t)=P"" (t)-P'(t)
Suy ra P'(t)=P"?(t) nén P*(t)=t.
Nguoc lainéu d=P(t)—t=P*(t)-P(t)=...=P"(t)-P""'(t) thi P*(t)=t+kd #t, diéu nay
mau thuan.
Quay lai bai toan, gia st rang 6 (n+1) sd nguyén t, <t, <...<t, <t,,, théa man

Q(t)=t,1<i<n+1

n+1

Khi d6 theo bd dé trén, ta cé P*(t,)=t,1<i<n+1.

Véimoi i, j thoaman 1<i<j<n+1tacd t~t|P(t)-P(t,)

P (t)=P(t))-
Nén ‘P (t)- P(t. )‘ = t,—t,. Theo bat ding thtic vé gid tri tuyét doi, ta co:
ton =t =|P(t,0) = P(t)|<|P(t,) = P(t,)|+|P(t,) = P(t, )|+ +[P(t,) - P(t,)| =t —t,
Do do, tat ca cac hiéu P(t,,)—P(t;) déu cing dau.
Gia s tat ca cac hiéu P(t,,)—P(t;) déu cuing ddu duong, khi d6
P(t.,)-P(t)=t,, —t,V1<i<n
Suy ra P(t,,)—t,, =P(t)-t,V1<i<n.
Do d6, da thirc P(x)—x—(P(t,)—t) c6 (n+1)nghiém phanbiét t, <t, <...<t, <t,,,, dieu
nay 1a vo 1y vi P(x)-x—(P(t,)-t,) la mot da thiic bac n.
Tuong tu cho truong hop tat ca cac hiéu P(t,,)—P(t,)déu cung d&u am.

Vay ta c6 diéu phai chitng minh.

Cau 74. Cho A la tap vo han cac s6 nguyén duong. Tim tdt ca cac s6 nguyén duong n
thoa man véi moi a la phan ti ctia A thi

l+a+a®+..+a" 1+a" +a* +...+a"

Serbia MO 2010

Xét mot s§ n théa man yéu cau bai toan.
Tadit: P(x)=T+x+x>+...+x", Q(x)=T+x"+x*+. . +x"

Theo két qua trén, tir gia thiét P(a ‘Q vOivo han a tasuyra P(x ‘Q
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Ta thdy rang x""' =1(mod P(x))
Do vay, goi f, la sd du trong phép chia i! cho n+1 vdii<n thi
Qx)=x"+x" +..+x" = S(x)(modP(x))
Vi cac t; déu khong vuot qua n+1 vaca P(x),S(x) déula tong ctia n—1 don thirc nén dé
P(x)‘Q(x) thi P(x)=5(x)
Nhu vay, ta can c6 {0,11,...,n!} 1ap thanh mot hé thang du day du theo mod n+1
Trudc tién, trong n+1 s6 trén chi c6 mot s chia hét cho n+1 la 0 nén ta suy ra n! khong
la bdi ctia n+1, diéu nay chi xay ra khi n+1 la s6 nguyén t0.
Véi n>2 thi n!=-1=n(mod n+1) theo dinh lyj Wilson
Suy ra (n—1)!=1(mod n+1) nén hé {0,1!,...,n!} khong lap thanh mot hé thing du day du
mod n+1.
Va nhw vay ta phai c6 n<2, kiém tra truc tiép ta thdy n=1 va n=2 déu thoa man.

Vay tat ca cac gid tri ctia n thoa man yéu cau bai todanla n=1 va n=2.

Cau 75. Cho P,Q 1a hai da thitc hé s& nguyén khong am, khac da thitc hang. Xét day s6
x, =2016"" +Q(n),n>1. Chimg minh ring ton tai v6 han s& nguyén t6 p thoa man:
tmg v6i mdi p, ton tai s6 nguyén dwong m sao cho p|x,, .

Ukraine 2016

Loi giai
Ta ¢6 x, =2016"" +Q(n) = 2016"" —2016"" + Q(n) +2016"" = 2016"" ~2016"" + R (1)
Trong d6 R =Q+2016"" 1a mot da thitc hé s8 nguyén, khac da thiic hang va R(0)>0.
Theo dinh lij Schur, £on tai v6 han s8 nguyén t8 p,p >max{R(0),2016} thoa man tng véi
mdi p, ton tai s8 nguyén duong n sao cho p|R(n).

Néu p|n thi p|R(n)—R(0) nén p|R(0), vdly nén (p,n)=1.

Mit khéc (p,p—1) =1 nén theo dinh lyj thing du Trung Hoa, ton tai s6 nguyén m sao cho
m=n(modp);m=1(modp-1)

Vi p|R(n) vam=n(modp) nénp|R(m).

Hon nita m=1(modp—1) nén P(m)=P(1)(mod(p—1)) do d6 theo dinh lj Fermat nho ta

6 p|2016"™ —2016"" . Suy ra p

X, -

Vay ta c6 diéu phai chitng minh!
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Ciu 76. Tim tat ca cac da thirc P hé s6 nguyén thoa man P(p)‘Z” —p, v6i moi s6 nguyén

to p.

Loi giai
Dé thdy néu P la da thtic hang thi P =+1 thoa man diéu kién bai toan.
Xét P khong phai la da thirc hang. Theo dinh Iyj Schur, ton tai v han sd nguyén t& p thoa
man: Ung véi mdi p ton tai s6 nguyén n sao cho p|P(n).
Néu p|n thi p|P(n)-P(p) nén p|P(p)[2" —p, vdly nén (p,n)=1.
Theo dinh ly Dirichlet vé s6 nguyén t5, ta c6 thé chon s6 nguyén k sao cho g=n+kp la sd
nguyén t8. Khi d6 p|P(q)—P(n) nén p|P(q)|2" —q=2"" —(n+kp). Két hop dinh ly
Fermat nho suy ra p|2"* —n.Dat h=ord,(2).
Néu c6 cac sd nguyén k,, k, théaman p|2"" —n va p|2"" —n thi k, =k, (modh).
Do d6, ta chi c6 thé chon k theo mot 16p thdng du nao d6 d6i véi modul /1 .
Nhung, theo dinh ly Dirichlet, ta c6 thé chon k sao cho sO nguyén td q =n+kp nguyén

t& cung nhau v6i h. Khi d6, vi h|p-1 nén (n+k,h)=1, nghiala ta cd ¢(h) cach chon lop
thang dw d6i véi modul i cho k. Vo 1y .
Vay chico P=+1 lanhiing da thitc thoa man bai toan.

Cau 77. Cho P(x),Q(x) 1a cac da thitc hé s8 nguyén khac da thiic hang. Gia st rang da
thitc P(x).Q(x)—2009 c6 it nhat 25 nghiém nguyén phan biét. Chting minh rang bac
ctia mdi da thte P(x),Q(x) déu khong nho hon 3.

Belarus 2009

Loi giai
Giasue T ={a;,1<i<25,ieZ}la tap hop gom 25 nghiém nguyén cta da thic
P(x).Q(x)—2009.
Khi d6 P(a,)Q(a;)=2009,v1<i <25,
Suy ra P(a,)[2009;Q(a,)[2009,V1<i<25.
Vi 2009 =77 -41 nén 2009 ¢4 tat ca 12 wdc sd nguyén.
Do d6, mbi s8 P(a,),P(a,),...,P(ay) sé bang véi 1 trong 12 wdc s3 nguyén caa 2009, va
theo nguyén 1yj Dirichlet, phai co it nhat 3 trong s8 25 s6 P(a,),P(a,),...,P(a,) o gia tri
bang nhau. Khdng mat tong quét, gia st P(a,)=P(a,)=P(a,)=m.
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Khi d6, da thitc P(x)—m ¢ it nh4t 3 nghiém phén biét nén c6 bac khong nho hon 3, va do
do, da thic P(x) c6 bac khong nho hon 3.
Tuong tu, da thic Q(x) cling ¢ bac khong nho hon 3. Ta cd diéu phai ching minh.

Cau 78. Goi d(n) la wdc nguyén td nho nhat cia s6 nguyén n, véi n#{-1,0,1} va ta ki
hiéu d(-1)=d(0),d(1)=0. Tim tat ca cac da thixc P(x) v6ihé s6 nguyén thda man
P(n+d(n))=n+d(P(n))
Turkey MO 2014

Loi giai
Trudc tién, ta cd mot ddnh gia chung cho hai vé& ctia dang thiic & dé bai.
Ta da biét d(n) la u6c nguyén t6 nho nhat cua n thi d(n)<«/n hodc d(n)=n.
Do vay ta dw doan, néu P(x) c6 baclénhon 1 thichon n du1én sé co
P(n+d(n))>n+d(P(n))
That vay, gia st P(x) c6 bac khong nho hon 2.
Chon n =g nguyén t6 thi d(n) =g thay vao phuong trinh ban d4u ta duogc

|P(29)|=|g+d(P(q))|<q+|d(P(q)|<q+|P(q)

P9 g .,
P(q)|" P(q)

« A7 A \ \ ~ \ A N A d P \ A e e A A A SA
Cho g tién ra vO cung, thi ro rang vé trdi tién vé 2 es( (x)), con v€ phai tién dén 1 nén diéu
q

Suy ra

nay la vo ly.
Dé thay, P(x) 1a hdng sd thi khong thoa méan yéu cau bai toan.
Cubi cung, ta xét P(x) c6 bac béng 1 thi ta viét P(x)=bx+c;b,ceZ,b+0.
Thay n =g la s6 nguyén t6 mét [an nira, thi ta dwoc:
2bq+c=q+d(bg+c)
Ta thay rdng g+d(bg+c)>q nén chon g du 16n thi ta suy ra phai c6 b 1a s6 dwong, hay
b>1.
Mt khac talai c6 (2b—1)g+c=d(bg+c)<bg+c nén b<1.
Tt day ta phai c6 b =1, thay lai vao phuong trinh dé bai thi ta duoc
n+d(n)+c=n+d(n+c)
Suy ra d(n+c)=d(n)+c,VnelZ".
Tt day ta suy ra voi moi n du lén néu n+c la sO nguyén to thi n cling la sO nguyén td va

nguoc lai. Ta chiing minh chi ¢ ¢ =0 thoa man tinh chat nay.
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That vay, gia st ¢ # 0 thi ta chon duge A >2+|c|

Xét r 1a s6 nguyén t0 nho nhat 16n hon Al+2

Khi d6 r> A +|c|+2 do tdt ca cAcsO tir A+2 dén A+|c|+2 déulahop sd.

Ta can ¢6 r+c va r—c déu la sd nguyén td, diéu nay khong thé xay ra vi mot trong hai s
nay la r—|c| valahop sd theo cach chon r.

Vay chicé c =0 thoa man, khi d6 thi P(x)=x, thit lai thay thoa man yéu cau bai toan.

Vay tét ca cac da thitc thoa man diéu kién bai toan la P(x)=x.

Cau 79. Tim t4t ca cac s6 nguyén duong k thoa man ton tai da thiec f(x) voi cac hé s6
déu nguyén, c6 bac 16n hon 1 sao cho véi moi s6 nguyén t6 p va moi sd tw nhién a,b
ma plab—k thi p|f(a) f(b)—k.
Loi giai
Véi k=1 thi khong khé dé thdy rang ta chon dugc f (x)=x" v6i n>1 la da thikc thoa
man.
Ta chitng minh cac gid tri con lai cia k khong thoa man yéu cau bai toan.
Gia str ¢6 k >1 thdéa man yéu cau bai toan.
Xét da thitc f(x) bac n batki, gid st f (x)=a,x" +a, x"" +..+a,x+4a,

Ta lap da thic g(x)= x"f[kj =ak’x" +ak'x"" +..+a k"
X

Véi mdi s8 nguyén duong a va sé nguyén t& p ma (a,p)=1 thi ta chon duoc b
sao cho ab =k(modp).
Khi d6 thi ta thdy g(a)=a"f(b)(mod p)
Nhu vay, ta ¢6 v6i moi s6 nguyén t& p ma (a,p)=1 thi
$(a) £ (a) =" £ ()£ (a) = ko' (ot )

V1 tap cdc s6 nguyén t6 la vo han nén ta cé thé ¢ dinh chon p da 16n dé

p> max{‘g(a)f(a)‘ +‘ku”
Khi d6 thi ta suy ra g(a) f (a)—ka" =0,¥a=1,3n
Mat khéc, da thite f(x)g(x)—kx" chi c6 bac 2n ma lai nhan dén 3n gia tri phan biét 1a

}+3n,Va:ﬁ

nghiém nén dong nhat véi da thiec khong.

Két hop véi f(x) cdbac n tasuy ra g(x) phaila hang sd.

Ttr cong thitc ctia g(x) tasuy ra g(x)=a,k".

Ta can c6 g(1) f(1)=k nén g(1)[k tuy nhién diéu nay khong thé xay ra khi n>2 hay v
Iy.
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Vay k=1 la sd nguyén duwong duy nhat thdéa man yéu cau bai toan.

Cau 80. Cho P la da thic hé s§ nguyén thoa man P(0)=0 va (P(0),P(1),..)=1.
Ching minh rang ¢6 v6 han s§ 1 sao cho (P(n)-P(0),P(n+1)-P(1),...)=n.
USA TST 2010
Loi giai
Tt diéu kién P(0) = 0,(P(O), P(l),...) =1 suy ra P khac da thic hang.
Khong mat tinh tong quat, gia st P'(1)#0.
Ta chitng minh rang néu p 1a mot s8 nguyén t& bat ky sao cho p khong la wéc ctia P'(1) thi
n = p* thoa diéu kién bai toan.
Vi pk|P(pk+i)—P(i) véimoi i nén pkKP(pk)—P(O),P(pk+1)—P(1),...).
Mat khac theo nhan xét trong chitng minh bé dé Hensel, ta co
P(p*+1)-P(1)=P'(1)p" (modp*")
Ma P'(1) khong chia hét cho p nén P(pk +1)— P(1) khéng chia hét cho p**'.
Cudi cling ta chi ra rang, khong c6 s8 nguyén t8 p #q 1a wdc s8 cta
P(p*)-P(0),P(p" +1)-P(1),...
Gia st nguoc lai véi moi i, ta cé ¢ | P(p" +i)—P(i).
Mt khéc ta cling ¢6 q|P(q+i)—P(i) suy ra P(i +ap* + bq) = P(i)(modq) véi moi s&
nguyén a,b. Vi (pk,q) =1nén ton tai cdc s6 nguyén 4, b sao cho ap* +bg=1.
Do d6 q| P(i+1)-P(i).
Ma P(0)=0 nén g|P(i) véimoii, mau thuan véi gia thiét.

Vay p* = (P(pk)—P(O),P(pk +1)—P(1),...). Ta c6 diéu phai chiing minh!

Cau 81. Cho p las6 nguyén té va P(x) la cic da thirc bac d hé sd nguyén thoa man

e P(0)=0,P(1)=1

e V6imoi s6 nguyén dwong 7 thi s6 du trong phép chia P(n) cho p la 0 hodc 1.
Chting minh rang d>p-1.

Italian Proposal to 1997 IMO
Loi giai
Gia st d <p-2. Ap dung céng thitc ndi suy Lagrange v6i (p—1) mdc ndi suy

x;=1,i=0,p-2 ta dwoc

1
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= P(p-1)=-) P(i)(modp)= D P(i)=0(modp)
=0 0
-1
Nhung tir 2 diéu kién ¢ gia thiét ta lai co pZP(i) =k(modp) véi ke{1,2,...,p-1}.

i=0

Diéu nay mau thuan, suyra d>p-1.

Cau 82. Chitng minh rang khong ton tai da thitc P hé s6 thuc degP=n>1 sao cho
P(m) la s6 nguyén t6 voi moi s6 nguyén duwong m .

Gia str ton tai da thitc P thoa man diéu kién dé bai.

Trudce hét, ta ching minh n!P(x)e Z[x].

=
=
=
|
~

That vay, theo cong thiic ndi suy Lagrange, ta c6: P(x)=> P(i)[[—=.

i=0 =0 1—
i

~.

Nen mP(x)=x(x-1)..(r-n) 3 PUSL V" ez,

i=0 —1
Chon 2 sd nguyén tS p,q,p,q >n sao cho P(a)=p,P(b)=q,a,beN .
Theo dinh lij thing dw Trung Hoa thi ton tai ¢ € N” sao cho

cza(modq):> n!P(c)En!P(a)EO(modp):n'P(c)EO(moqu)
c=b(modg) ~ |n!P(c)=n!P(b)=0(modg) ~
Diéu nay v6 Iy vi P(c) la s6 nguyén td va (n!,pg)=1.

Vay ta c6 diéu phai chitng minh.

Cau 83. Cho neN,n>3va da thtc f(x)=x"+a, x""+...+a,x+a, € Z[x] thoa man a,
chin, a,+a,, chdnvéimoi k=1,n-1.

Gia st thém rang ton tai hai da thtc g(x),/(x)eZ[x] théa man degg<degh, moi hé
s6 cua h(x) déuléva f(x)=g(x).h(x),Vx.

Chting minh réng f(x) cé it nhat mot nghiém nguyén.

Romani TST 2007

.....

Giastt degg=j,degh=k,1<j<k,j+k=n va
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g(x)=by+byx+...+bx) h(x)=c,+cx+...+cx"
Taco f(x)= (bo +blx+...+b].xj)(c0 +c1x+...+ckxk). Dong nhat hé sé, ta co
by+by+...+b,=a,, vab +..+b =a.,
Gia stv j—1>0 khi d6 theo gia thiét a,, +a,,, chdnnén b, =b, =1(mod2).
Ma a, chdn nén ¢, chdn (mau thuan gia thiét). Do d6 j=1 ma b, =+1 nén g(x) c6
nghiém nguyén. Suy ra f(x) cling c6 nghiém nguyén.

Vay ta c6 diéu phai chitng minh.

Cau 84. Cho da thitc f(x) monic, hé s6 nguyén, bat kha quy va f(0) khong phai la s6
chinh phwong. Chting minh rang g(x)= f (x2) cting 1a da thiic bat kha quy.
Romani TST 2003
Loi giai
Gia st ta ¢6 phan tich g(x)= f(x2) =p(x).g(x) véi p(x),q(x) 1a 2 da thitc monic 6 hé sd
nguyén va bac khong nho hon 1.
Goi a 1a mot nghiém ( thwe hodc phtec ) ctia f(x) thi p(JE) .q(\/a) = f(a)=0.Khdng mat

tong quat, gia st p(J&) =0.
k k

bat p(x)=>ax',a, €Z thi D aa' =0,
i=0 i=0

Do d0, ton tai cac da thitc hé s8 nguyén t,u thoa man #(a)++/o-u(a)=0.
Do f 1a da thiic bat kha quy va degu <deg f nén theo dinh 1y Bézout, ton tai sd nguyén

m va hai da thitc hé sd nguyén s,r sao cho s(x)u(x)+r(x)f(x)=m,VxeZ.

s@u(e) _ _[s(e)u(@)]

5 —m nén o, = - Rl A
uy ra s(o)u(oa)=m nén Ja " -

bat a,,a,,...,a, la cdic nghiém cua da thiec f thi

- s(OLl)2 t‘(ocl)2s(0L2)2 t£?2)2...s(an)2 t(ocn)2

m

o0, ...0

la binh phuwong ctia mdt s6 hitu ti.
Mit khéc |f(0) =|o,0, ...,

la s6 nguyén nén f(0) 1a s6 chinh phuong, trai gia thiét.

Vay tir d6 suy ra diéu phai chitng minh!
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Cau 85. Cho da thirc hé s& nguyén f(x)=a,x"+a, x"" +...+a,x +a, thoa man diéu kién

|ag| > |ay |+ |ay | +...+

a,| va |a,| 1a s6 nguyén t& thi f(x) bat kha quy.
Tiéu chudn Perron
Loi giai

, mau

Giastt f(x) cd nghiém z thoa |z|<1thi |q,|= ‘anz” +a, z"7 alz‘ <|a|+...+]a,
thuan. Do d6 tat ca cdc nghiém ctia f déu cé module 16n hon 1.

Giastt f(x)=P(x).Q(x) v6i P,Qlahai da thitc hé s6 nguyén c6 bac khéng nho hon 1.
Vi || =|£(0)]=|P(0)]|Q(0)| ma |a,| 1a s8 nguyén t& nén |P(0)[=1 hodc |Q(0)|=1.
Khong mat tinh téng quat ta gia st |P(0)[=1.

Goi b la hé s6 caonhatcua P va z,,2z,,...,z, 1a tat ca cac nghiém cua P .

Khi d6 |z,z,...z,| <1, mau thuan vi tat ca cac nghiém cua P ciing la nghiém cua f .

_1
i

Vay da thuc f(x) batkha quy.

Cau 86. Tim t4t ca cac da thice P(x),Q(x) hé s6 nguyén thoa man véi day so (x,) xac

dinh boi x, =2014,x,,,, = P(x,,), %2 =Q(X5,,,), V7 € N thi mdi s6 nguyén duong m la

uwdc ctia mot s6 hang khac 0 nao d6 cua (x,).

Viét Nam TST 2014
Loi giai
Ta sé chirng minh rdng néu cac da thitc P(x),Q(x) théa man dé bai thi chiing déu c6 bac
bang 1. That vay:
Xét treong hop mot trong hai da thirc P(x),Q(x) 1a da thitc hang.
(1) Néu P(x)=a,VxeZ thi (x,) c6 dang:

x, =2014,x, =a,x, =Q(a),x, =a,...
Va dé thdy moi s8 hang ctia day chi nhan mot trong ba gié tri {2014,4,Q(a)}.
(2) Néu Q(x)=a,VxeZ thi (x,) co dang:

x, =2014,x, = P(2014),x, =a,x, = P(a),...

Va dé thay moi s8 hang ctia day chi nhan mot trong bon gié tri {2014, P(2014),a, P(a)}.
Ca hai diéu nay déu khong thda man diéu kién dé bai do mdi s6 nguyén duong m phai la
udc ciia modt s& hang khac 0 nao d6 cta day s6 (x,,).

Tiép theo, néu mét trong hai da thitc P(x),Q(x) cd béac1én hon 1.
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Khong mat tinh tdng quat, ta gia st d6 1a Q(x) thi rd rang khi d6 Q(P(x)) cling c6 bac
16n hon 1. Ta thdy néu R(x) la da thitc c6 bac 16n hon 1 thi véi moi k>0 16n tuy y, ton

tai x c6 gid tri tuyét doi du 16n sau cho |R(x)| > k|x|, diéu nay 1a dé thay do khi x —+oo thi

ta <6 ei6i han tim R _
gidi han lim +00

x>+ |x|

X

Ta sé chting minh rang ton tai N dt 16n sao cho ‘Q(P(x))‘ >|P(x)|+

x|, Vx> N.

Ta chi can xét hai truong hop. Néu P(x) 1a bac 1 thi dé thdy ton tai k du l6n sao cho
k|P(x)|>

x|, voimoi x € Z.

Suy ra ton tai N du 16n sao cho:

Q(P(x))| > (k+1)|P(x)| =|P(x)|+ k|P(x)| > |P(x)|+[x| v6imoi x>N
Nhan xét duwoc chitng minh.
Theo gia thiét thi trong day sd da cho, phai ton tai s6 hang |x,| 16n tiy y va rd rang ta cling
phai c6 j >0 sao cho ‘xz ].‘ >N+1 va x,; c6 gia tri tuyét ddi 16n nhat trong 2j s6 hang dau
tién cta day (x, ).
That vay, ta thay rz‘?mg, ton tai vo sd sd hang x, ; théa man diéu kién

‘xzj‘:maxﬂxk },vk=0,2j

Goi T 1a tap hop cac chi s6 théa man. Néu nhu trong cac s6 hang nhu thé, khong cd s6
hang nao théa man |, [> N +1 thi véi moi te T
Ta cd |x|<|x|<N+1 véimoii<teT.
Tuy nhién, do |T| v0 han nén diéu gia st ¢ trén 1a v ly va nhan xét duoc chiing minh.
Véi x,; 1 s8 hang thoa man diéu kién trén, chon m =|x,,, —x,,| thi ta thay

m= ‘Q(P(xzf‘))_xzj > ‘Q(P(xzf))‘_‘xzj‘ > ‘P(xzj‘) =|Q(x20.1)
Do d¢, trong 2j+1 s6 hang dau tién ctia day, khong cé s6 hang nao chia hét cho m.
Mait khac ta co:

Yorea ~Xok = (Q(P(ka))—Q(P(kafz )))E(P(ka)_P(xzk—z))z(xzk —Xyp) =M

Va tuong t thi x5 =X, =(P(xy., )~ P(xy ))E(xzj —Xy 5 ) =m

> |x2n+1

> ‘xzj“ va [x,,.,

Tt day suy ra véi k2 j thi x,,,, =X, Va X,,,; —X,;,,; déu chia hét cho m, tuy nhién x,,, va
X,;., déu khong chia hét cho m nén x, khong chia hét cho m véi k>2j+2.

Do d6, trong day da cho khong c6 s6 hang nao chia hét cho m.
biéu méu thuan nay cho ta thdy nhan xét ban dau la dung va deg(P(x))=deg(Q(x))=1.
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Dat P(x)=ax+b v6i |a|>1 va Q(x)=cx+d v6i a,b,c,deZ va ab=0 thi ta co:

{x2n+l = ax2n + b

,Vn=0
Xoppg = Xy g +d

Suy ra x,,,, =cax,, +bc+d va x,,,, =cax,,,, +ad+b véimoi n>0.
Ca hai day nay déu c6 cong thirc truy hoi dang v,,, =ky, +h voi k=ac,h e Z.

n

Gia st k=1 thi cong thirc tong quat cua day nay la y, =k"y, +h (I;{

] vOi moi 7.
RS rang néu k =-1 thi day s6 tuwong ting khong thoa man, ta xét k = —1.
e Neéu h=0 thitacod y, =k"y,, rdo rang khong théa man diéu kién.

e Né&u h=0 thido (kkk -1

J= 1 véi moi n nén gia st ¢ la s6 mi 16n nhat ma k'|h
thi cac s6 nguyén duong c6 dang k° v6i s>t déu khdng la wéc ctia bat ct s6 hang
nao cua day, khong thoa man. Tt day, suy ra k=1 hay ac =1.

Cudi cung, ta chi can xét hai truong hop:

Truong hop 1. Néu P(x)=x+a va Q(x)=x+b voi a,beZ thi bdng quy nap, ta ching
minh duoc x,, =2014+k(a+b) va x,,,, =2014+a+k(a+D)

Dé thay rang néu a+b =0 thi day nay khong thoa man.

Néu nhv a+b#0 thi goi S,T,R lan luot 1a tdp hop cac wdc nguyén cua a+b,2014 va
2014 +a.

Ta xét cac truong hop sau:

Véi meS thigia st a+b chia m du t vdi t#0 do do khi k chay qua mot hé thang duw
day du mod m .thi ton tai mot s6 hang ctia day chia hét cho m va sO luong cac s hang
nhuw thé 1a vo han. RS rang s8 cac s& hang bang 0 cta day la hitu han, khéng qua hai nén
ton tai s6 hang khac 0 ctia day chia hét cho m.

Vé6i meS vameT,R thiday s twong tiing khdng thdéa man.

Véi meS van meT hodc me R thi twong ting, moi s6 hang c6 chi s8 chdn hodc moi s&
hang c6 chi s6 1é ctia day déu chia hét cho m va dé thdy, ton tai sd hang khac 0 caa day
chia chét cho m. Do d6, cdc s6 a,b phai théa man (S\T)N(S\R)=2 hay mdi udc cua
a+b phaila wdc ctia 2014 hodc la wéc caa 2014 +a.

Truong hop 2. Néu P(x)=-x+a va Q(x)=—x+Db thi cing c6 lap luan twong tu vi cac s6
hang cta day twong ting khi d6 la x,, =2014—k(a-b) va x,,,, =—2014+a+k(a-b).

Diéu kién ctia a,b 1a a—b =0 vamdi wéc ctia a—b phai la wdc ctia 2014 hogc la wdc ctia
a—2014.

Vay tét ca cac da thiie P(x),Q(x) can tim la:
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e P(x)=x+a,Q(x)=x+b trong d6 a,beZ thoa man a+b=0 va moi wdc ctia a+b

phai la wdc cua 2014 hoac la wdc ctia a+2014.
e P(x)=—x+4a,Q(x)=—x+b trong d6 a,beZ thoa man a-b=0 va mdi wde ctia

a—>b phaila woc cua 2014 hodc la wdc cua a—2014.

Cau 87. Chitng minh rang khong ton tai da thiic
P(x)=ax"+a, X" +..+ax+a,eZ[x] bac n>1
sao cho P(0),P(1),... déu la s6 nguyén té.
Loi giai

Gia st ton tai da thitc thoa man yéu cau bai toan.
Khi d6, a,=P(0) la sd nguyén to.
M3t khéc, ta cd a,|P(ka, ), Vk =0, .
Nhung vi P(ka,) la s6 nguyén t6 nén P(ka,)=a,,Vk >0.
Diéu nay suy ra da thicc Q(x)=P(a,x)—a, c6 vo han nghiém.
Dan dén Q(x)=0 hay P(a,x)=a,, mau thuan vdi viéc da thitc P(x) c6 bac it nhatla 1.
Vay gia str phan ching 1a sai nén ta suy ra khéng ton tai da thic thoa man yéu cau bai

toan.

Cau 88. Cho da thtic P(x)=x"+a, x""+..+ax+a,,P(x)eZ[x] voi a, chdn va a,_, +4a,
chdn, v6i moi k=1,n-1. Gid stt P(x)=Q(x)R(x), v6i Q(x),R(x) la cac da thirc hé s§
nguyén khéc hing, deg(Q(x))<deg(R(x)) va tat ca cic hé s& cua R(x) déu 1é. Ching

minh rang, da thitc P(x) c6 nghiém nguyen.

Loi giai

Dinh nghia: P(x)=x"+a, x"" +..+ax+a, voi a,=a,(mod2),Vi=1,n.

Khi d6 thi ta 6 P(x)=Q(x).R(x)
Pt deg(Q(x)) = r,deg(R(x)) =s,r<s va Q(x)=x"+..+bx+b,.
Khi dénéu r>1 thi

x"+a, X"+ ax+a, = (x’ +b,_x"" +...+b1x+bo)(xS +x7 +...+x+1)

w I

r+1 b_
b, +

wI TI

Dong nhat hé s ctia ™ va x* thi ta duoc {

b—\

Via,, =a_, nén b,=1 hay Q(0) las51é vi R(0) 1a sS 1é nén d§n dén P(0) la s8 1é, ma
P(0)=a, 1a s6 chdn, diéu nay dan dén vd ly. Vay r =1 chimg to P(x) cé nghiém nguyén.

Chinh phuc olympic todn| 81



> Bdi dudng hoc sinh giéi

Cau 89. Chttng minh rang véi moi s8 nguyén duong n thi da thic P(x)= (x2 +x)2n +1

la da thic bat kha quy trén Z .
Romanian Team Selection Test 1998

-----

Véi n=0 dé dang kiém tra 1a ding. Do d6 ta gia stt 1 > 1. Ta lién két mdi da thiec
G(x)=ax"+a, x"" +..+ax+a, e Z[x]

V6i mot da thie G(x)=a,x" +a, X" +..+a,x+a, € Z, [x]

Véi cac hé s6 1ay trong treong Z, modulo 2.

—\2" 2 - 2 T =
Ma do <x2 +x+1) =[(x2 +x) +1} :[(x2 +x) +1} =...:(x2 +x) +1
- D"
Nén suy ra P(x)= (x2 +x+1)
Bay gio gia st P(x) kha quy, tiec la c6 thé phan tich duoc P(x)=G(x)H (x) véi
G(x),H(x)eZ[x].

Tir day ta suy ra P(x)=G(x).H(x),lai vi x> +x+1 1a da thirc bat kha quy trén Z, nén suy

ra G(x) (x +x+ i) x):(x2+x+i)2n_p,13pﬁ2"—1

~ (x2+x+1)p+2U(x)

biéu nay dan dén "
)=(x*+x+1) "2V (x)

Vé6i U(x),V(x) 1a cac da thirc hé s6 nguyén. Goi a la mot nghiém ctua phuong trinh

X +x+1.

Thay x béi a trong dang thic:

P(x)= (x2 +x)2n +1= [(x2 +x+1)p +2U(x)}[(x2 +x+1)2n7p +2V(x)}
Thi ta nhan dugc 2=2U(a).2V(a)=U(a)V (o) = %
Nhung ta nhan thay rfang U(x).V(x) la da thitc hé s6 nguyén va o’ =—-a—-1 nén
U(a)V(a) la modt s6 phirc c6 dang a+ba,a,b e Z.

Do d6 déng thirc U(a)V (o) =% khong thé xay ra.

Vay diéu gia st 1a sai va tit d6 ta ¢6 diéu phai chitng minh.
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n

Cau 90. Gia st 7 1a s6 tw nhién 16n hon hodc bdng 2 va P(x)=x"-a, x"" +..+ax+1

la da thiic hé s6 nguyén duong. Gia stt a, =a, , v6i moi k=1,n-1. Chiing minh rang
y|P(x)
x|P(y)

*

ton tai vo han cdp s6 nguyén duong (x,y) sao cho: {
Trudc tién, ta nhan thay rang (1, P(1)) 1a mot cap s6 thoa man (*).
Gia st ¢ mot s& hitu han céc cdp s6 nguyén duong (x,y) thoa man yéu cau bai toan, ta

chon cap (x,y) voi x<y va y 6 gia tri 16n nhat.

P
Ta chiing minh cap [y,Mj cling thoa man (*)
x

P P
o (x,y) thoaman (*) nén cd M€Z+ hién nhién M‘P(y)
x

X

)

Do y|P(x)=>(x,y)=1 suy ra ton tai z sao cho xz=1(mody).

o[ W) r (i) 2

X

Ta can chitng minh y

Theo tinh chat a—b‘P(a)—P(b) thi ta co M—ZP(]/)
z

Nhung do %y)_zp(y): P(y)—;czP(y)

Vi xz=1(mody) nén y|P(y)-xzP(y).Ngoaira x|P(y)-xzP(y) do x|P(y)
|P( —sz(y)

Ma (x,y)=1néntacod y

Tir d6 theo (2) thi ta duoc P[P(y)JEP( P(y))=P(z)(mody),do P(y)=1(mody)
P

X
X

P P
P(ﬁj . Vay cap (y,—y)j thoa man yéu cau bai toan.
X X

Via,=a,, néntasuyra x”P(lj
x

Hay y

P
Ngoai ra thita c6 P(y)>y"+1>y° Zyx:M>y
x

Mau thuan véi cach chon y 1a 16n nhat.

Vay diéu gia st la sai va tit d6 ta ¢6 diéu phai chitng minh.
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Cau 91. Chiing minh rang, véi mdi s6 nguyén duong 7 ton tai da thicc P(x)e Z[x] bac
n sao cho P(0),P(1),..,P(n) phan biét va tit ca cac s d6 déu c6 dang
22019 +3,keZ".
Loi giai
Bai toan chitng minh ton tai da thitc, do d6 phai chi ra da thitc thoéa man. Hay d€ y dén
yéu cau P(0),P(1),..,P(n) nhan gia tri ddc biét, do d6 bai toan nay mang tu tudng cua
néi suy Lagrange. Tuy nhién khong hoan toan la ndi suy Lagrange, vi cac gia tri cia chung

chi c6 dang cht khong co gia tri cu thé. Do d6 ta sé 1ay da thirc don gian nhat cua ndi suy

. X X X .
la P(x)=a,+a [Jwtaz (2j+...+an[ j,ai eZ,Ni=1,n
n

Luu y rdng da thtc P(x) trén nhan gia tri nguyén, nhung hé s§ cua ching 1a hitu ti. R&

rang mudn két qua ctia ching c6 dang 2.2019" +3, d4t a=2019 thi dang 24" +3. Do d6
viéc dau tién 1a cho cac s6 P(i) c6 dang 4" da. Dan dén cac hé s8 ay,a,,...,a, 1a hang s
duwoc khong? Néu chiing 1a hang s6 thi P(x)=k.2" lai khong duoc dang mong mudn.
Nhung y trén cho ta suy nghi, d€ cdc hé s6 a, cung tham gia vao khai trién Newton. Do d6
ta sé chon a, = (ak —1)i .

Khi d6, véi x =0,n thi ta duoc:

0 1(x n(x n

P(x)= (ak —1) +(ak —1) [1]+...+(ak —1) (nj = [(ak —1)+1] =a"
bén day thi ta gan thu dwgc két qua mong mudn. Vi khi d6 ta chi can chon da thtc
Q(x)=2P(x)+3 thisé c6 dugc da thiic thoa man bai toan. Tuy nhién da dung chwa? Hay
leu y rang da thitc P(x) hé s8 hitu ti nén da thic Q(x) cling c6 hé sd hitu ti. vay ta phai
cai tién d€ da thitc Q(x) c6 hé s6 nguyén. Luu ¥ rdng da thitc P(x) hé s8 hitu ti, véi cac
hé s6 ¢ mau 16n nhat 1a n,. Do d6 ta sé phai nhan vao, nhung khong lam thay ddi mot
lwong. Luu y cac hé s6 ctia P(x) déu c6 nhan thém (ak —1). Vay phai chon k nhu thé
nao? Chon lam sao dé (ak —1) chia hét cho n!. Viéc nay qua to tat, khong thé duoc? Tuy
nhién ta sé chon duwogc k dé (ak —1) chia hét cho mot phan t* nao do6 caa n!. Lién quan
dén lay thwra ta nghi ngay dén dinh ly Euler. Phan tich n!=n,.n, trong d6 n, 1a wéc
nguyeén to 16n nhat ctia 7! ma nguyén t6 cung nhau véi a, khi d6 tat nhién n, va a cling
c6 chung wéc nguyén to.
Khi d6 thi ta c6 a*™) =1(modmn,)
Do d6 ta chon k =¢(n,) thi n, ‘ak -1.
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Tiép dén ta phan tich n, = p* .py>..p/"
Dat s =max{a,,a,,..,a,} thi n, va a c6 chung uécnguyén to p,,p,,...,p; nén n,|s.
a (a" —1)

Dén day thi bai todn dugc sang t6, bang cach 18y Q(x)=2a’P(x)+3

Tt day dan dén n!

(X i “ \

Véi P(x)= ZL j(ak —1) 1a da thite chiing ta can tim.
i—o \

Cau 92. Chttng minh rf”mg ton tai tap vO han cac diém {, Pf3,P72,P71,P0,Pl,P2,P3,...}

trong mat phang théa man tinh chat: Véi ba s6 nguyén a,b,c phan biét thi cac diém
P, P,,P. thang hang khi va chi khi a+b+c =2014.

USA MO 2014 Problem 3

.....

Trudc hét, ta c6 thé déat a, =a—671,b, =b—671,c, =c—671 ta c6 thé dua diéu kién bai toan
vé thanh a+b+c=1.

Mot diém P (f(i),g(i)) gom hai thanh phan hoanh d6 va tung d6. D& ching minh ton tai
day vo han, y tuéng tu nhién la di tim bi€u dién twong minh cho hai ham £ (i) va g(i).

Va tim sy biéu dién hop ly nhat, don gian nhat chinh Ia tim trong 16p ham da thiec.

Trudc tién, ta sé im diéu kién d&€ P,, P,, P. thang hang.

Tacd F,(f(a),8(a)). 2, (f(2),&(0)). B (f(e).8(c))

PP, =(f(b)-f(a),8(b)-g(a))

PP =(f(c)-f(a),8(c)-8(a))

Khi d6 ba diém P,,D,, P. théng hang khi va chi khi ]{(C)—;(a) = g(c)—g(a)

Khi d6 thi ta duwoc {

Dan dén f(b)g(c)-f(b)g(c)—f(a)g(c)+ f(a)8(a)
= f(c)g(b)=f(c)g(a)=f(a)g(b)+f(a)g(a)
bén day ta dat:
F(a,b,c)=f(a)g(b)+f(b)g(c)+f(c)g(a)-(f(a)g(c)+f(c)g(b)+f(b)g(a))
Khi d6 F(a,b,c) la da thiec ba bién va F(a,a,c)=F(a,b,b)=F(a,b,a) dan dén
F(a,b,c)=(a-b)(b—c)(c—a)G(a,b,c)
Mit khac ching ta mudn ba diém P, F,,P, thing hang khi va chi khi a+b+c=1 hay ta
dich qua ng6én ngit cua da thiecla F(a,b,c)=0 khiva chikhi a+b+c=1.
Diéu nay cho ta thém mét nhéan ti caa F(a,b,c) khi d6 thi

F(a,b,c)=(a+b+c—-1)(a-b)(b—c)(c—a)G(a,b,c)
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D& da thirc nay don gian nhat thi ta chon G(a,b,c)=1,khi d6 thi
F(a,b,c)=(a+b+c-1)(a-b)(b—c)(c—a)
Khai trién da thitc nay, dan ta dén tim da thirc f(x) va g(x) sao cho
f(a)g(b)-f(b)g(a)=ab’ —a’b+a’b—ab* =a(b’ —b*)-b(a’—a’)
Ddng nhét thi ta chon f(x)=x,g(x)=x>-x?,khi d6 thi cdc diém P, ctia dé bai ban dau c6

toa dd 1a P, =(i-671,(i-671) ~(i-671)’)

Tl day ta dé dang suy ra rang, ton tai tap vo han diém thoa man dé bai.

Cau 93. Cho x, <x, <..<x, la n,n>3 s0 thic théa man:
Xy =Xy <Xy —Xp <Xy —X3<...<X, —X, 4
Gia st da thitcc P(x) c6 n nghiém thuc la cic gid tri x,,x,,...,x,. Ching minh rang gia

tri 16n nhat cta ‘P(x)‘ dat duoc tai mot diém x, €[x, ,,x, |-

Russia All — Russian Olympiad 2010
Loi giai

Vi da thitc P(x) ¢6 n nghiémla x,,x,,...,x, nén P(x)=a(x—x,)(x—x,)...(x—x,)

Do d6 bai todn quy vé tim gia tri 16n nhat ctia A =|x—x,||x —x,|..]x—x,|,Vx e[x,,x, ]
Gia st phan chiing A dat max tai x, €[x_,,x;] véi i=2,n-1. Khi d0 ta tinh tién gi4 tri
nay vé {=x, , +x,—x, thi
e (>x,, vix,—x,20 do x,e[x_,,x].
o (<x, Vix,  +x,—-x,<x, <X —x,<x,—x,, diéunay dang do gia thiét thi
Xp =X SX; =Xy <X, —X, 4
Tacd x,—x, <{—x,,Vk=1,i-2.
Vix,—x, <x,—x, (x,<x;)<C—x, (x;<x,, <C)
Ta co |x, —x, | =%, —x, <C—x, Vi {—x, , =, —x,.
Tuong tu thi ta c6 |x, —x,,|=x, , —x, <{—x,,
ViC—x, , =X, —X, ,+X,—Xy>X,,; —X) < X, , — X, , >X,,, -, ding theo gia thiét.
Tiép tuc nhu vay thi ta ¢ |x, —x, 5| =x, 5, —xy <C—x;,5,...
wrvik — % 20,Vk=i,n-1
Cuéi cung thi (x, —C)(C—x,; ) > (x, —xy) (%, —x:y) (¥)
That vay (*) khai trién ra thi duoc:

Tong quat ludn thi ta dwoc {—x, > x
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() x,0—x,x,_ —C+Cx,, >x,X) =X, X —Xg + XX,
S x, (C-x,)>8—x5—x, (§—x,)
<x, >C+x,-x,, dol—x,>0
SX, >X, X~ X, +X, =X,
< x,—x, . >x;—x._, (True)
Két hop tat ca cac diéu trén thi ta duoc:
(€ =) (6= ) (6= 2,0 )- (G =) (6= 2,0 ) (€= x,)
=(C—x;) (=2 ,)(E—2, ) (E—2,)(C— 2,y ) (%, —C)
> (g = ) ( =2, ) (2, =% ) (3, =20 ) (30 =2 ) (3, = X))
=|(25 =2, ) (g =2 )| (%0 =2,y ) (30 =) |(0 = %120 ) e (0 = %)

biéu nay mau thuan véi gia st A dat gia tri 16n nhat tai x,

Vay diéu gia st 1a sai hay tir d6 ta suy ra duwoc diéu phai chtiig minh.

Cau 94. Cho P(x)=a,x"+a,_ x"" +..+ax+a, 1a da thitc hé s6 nguyén thoa man diéu
kién P(r)=P(s)=0 trong do r,s la cdc s6 nguyén thoa man diéu kién 0<r <s. Ching
minh rﬁng ton tai k{0,1,2,...,n} sao cho a, <-s.
Do P(s)=0 nén P(x)=(x—s)Q(x),Q(x)e Z[x],deg(Q(x)) =n-1
bat Q(x)=x'R(x),véi R(0)#0,teN,R(x)eZ[x],deg(R(x))=n—t-1 v&i biéu thuc
tudng minh cua R(x) la R(x)=b, ,_x"""
Khi d6 thi 0=P(r)=(r—s)r'R(r)=R(r)=0

+..+bx+b,

Chting t6 R(x) cd nghiém nguyén dwong r khi d6 bat budc cac hé sd ctia R(x) phai ddi
dau.
e Truong hop 1. Néu b, >0 thikhi d6 P(x)=(x—s)x' (b, x""" +..+bx+b,)
bén day thi a, = —sb, < s, tiic a, chinh 1a hé s6 can tim.
e Truong hop 2. Néu b, <0 do cic hé s6 cua R(x) phai d6i ddu nén sé ton tai
ie{0,1,..,n—t-2} sao cho: b, <0<b,,

n—t-1

Ta viét lai nhw sau: P(x)=(x—-s)x' (bn_f_lx +ont b X +bx L+ X+ bo)

Khi d6 thi ta dwoc a,,,,, =b, —sb,,, <—s hay a

g < . chinh la hé s& can tim

t+i+

Vay trong moi truong hop déu ton tai k €{0,1,2,.., n} sao cho g, <-s.
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Cau 95. Cho P(x),Q(x) la cac da thirc hé s6 nguyén. Dt a, =n'+n. Chimg minh ring

né'uM Z,vn thi (n)eZanaQ()

Q(a,) Q(n)

Canadian Mathematical Olympiad 2010
Loi giai
R(x)
Q(x)
Trong d6: A(x),R(x) la cac da thitc hé s6 hiru ti va R(x)=0 hod
deg (R(x)) <deg(Q()).
B(x)

Quy dong tat ca cac hé s6 ctia da thicc A(x) thi ta c6 thé viét A(x) = b

Chia da thiic P(x) cho Q(x) thi ta duoc y =A(x)+

Véi B(x) la da thtrc hé s8 nguyén, con b 1a boi chung nho nhat cta tat ca cidc mau s6 ctia
cac hé s6 trong A(x),b>0.
Néu R(x) khong dong nhat 0 thi, véi chd y néu k nguyén thi hodc A(k)=0 hoac

A2,

@‘lb—\

R (k
(k)|
P(a,)
Q(a,)
Khi d6 thi % = ? biéu dién nay véi nhiing gia tri x ma Q(x)=0.

x
Bay gio vdi n, 1a s6 nguyén cho trude, khi d6 ton tai vé han s6 nguyén dwong k sao cho:

a, =n(modb)

~—

Nhung v6i |k| du lén thi0 <

@‘P—\

N—"

Dan dén véi n du 16n thi khong thé la s nguyén nén ta phai c6 R(x)=0.

Co thé 1ay cac gia tri k=tnb+n,,teZ",voi t nguyén duong du 16n thi k 1a s6 nguyén

duong.

Khi d6 thi (b ) la s6 nguyén hay b‘B a,)

P(n)
Q(n)

Vay tur day ta c6 diéu phai chitng minh.

Tir 46 suy ra b|B(n) dan dén 1a mot s6 nguyén.
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Cau 96. Cho P(x) la da thiic bac n>5 v6i hé s nguyén va
P(x)=ax"+a, x"" +...+a.x+a,
Gia sit P(x) c6 n nghiém nguyén phan biét la 0,a,,...,a,. Tim tat ca cic s6 nguyén k
sao cho thoa man P(P(k)) =0.
French Team Selection Test 2005

Néu s8 nguyén k ma P(P(k))=0 thi ching to P(k) la mét nghiém cua P(x).Nhung cac
nghiém nguyén ctia P(x) dachola 0,a,,...,a,.Do d6 phai c6 P(k)e{0,a,,...,o,}.Ta phan
tich P(k) dwdi dang:
P(x)=ax(x—a,)..(x—a,)

e Néu P(k)=0 chiing to k 1a mot nghiém cta P(k) khido6 ke{0,a,,...,a,}.

e Néu P(k)=a, khidé thi a,k(k—o,)...(k—a,)=0a, (*).
Tt (*) thi k#0,k#a,,.. k#a, tacling cé k—a, #k—o; véimoi i # j
o, | =a, |-k -k — o, |. [k — oy .. k=, |
2|k|. |k — o, ||k — o | [k — o, ||k — 05| = 4 =1.1.2.|-1|.]-2)

Mat khac vi k>5 nén

Vik—o, #k—a, #k—o, # k-0 va k| c6 thé bang véi mot trong s6 |k—o,| véii=1,5

Tir d6 |o,| >4 mat khac tir (*) thi ta duoc |OL2|E|k|.|k—OL2|:>{ ,
oty 2|k = a1,

Mit khéc |k|#|o,| va [k—a,|#]o,| dang thitc néu cé xay ra thi k=20, tuy nhién lai mau

thuan véi (*) do do ta phai cd 2|k| <|a,|, 2|k —a,| <o, |

oa] ), | Jeal
Nhung tir day ta suy ra |k|.|k—a2|=T=|oc2|.TZZ|a2| do |o,|> 4
Nhung tir day theo (*) thila, (k—o,)(k-0a,)..(k—a,) =%£1

Nhung ciing theo (*) thi |a, (k—o,)(k—a,)...(k—o, )| 2 [k —o,|. [k — o, |- [k — s
>2=112=1J-1].]-2|=1.]-1].2=1.1.]-2]
Hai két qua trén 1a mau thuan véi nhau.

Chtng to6 khong ton tai s6 nguyén k dé€ P(k)=a,.Hoan toan tuong tu, ta cling chiing
minh dwoc khong ton tai s6 nguyén k d& P(k)=a,,Vi=2,n.

Ttr d6 suy ra cac s6 nguyén k can timla ke{0,a,,..,o,}.
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Cau 97. Tim s nguyén dwong n nho nhét sao cho ton tai da thitc P(x) bac n cd hé s6
nguyén thoa man: P(0)=0,P(1)=1 vavéimoi Ae N thi
(P(2)-2)(P(x)-1)P(1) labdictia p véi p la sd nguyén t&

Dodn Quang Tién

Ta sé chtiing minh 12 p—-1 théa man yéu cau bai toan.
Ta s& gia stt phan ching rang 1<n<p-2 va ton tai da thirc P(x) thoa man bai toan.

Tw day, ta st dung cong thiic ngi suy Lagrange thi ta dugc:

x—i
() =S e [ 2
k=0 i20,izk
P2 R A~ k1
T day ta suy ra P(p—-1)=) P(k) —=>(-1)" P(k)C,, (1)
k=0 0,k K—1 k=0

Bay gio, ta sé di chitng minh mot két qua sau C; , = (-1)" (modp),¥k=0,p—2

Ta sé& chttng minh mot cadch nhanh chéng bang phuwong phap quy nap nhu sau:

Véi k=0 thi C), =1=(-1)’ =1(mod p) diéu nay la hién nhién.

Gia st ménh dé dung véi k ticlata co C; = (-1)" (mod p), ta sé& ching minh ménh dé
cling diing voi k+1.

kel

p-1

€l =C -CL, =0-(-1) =(-1).(-1)" =(-1)"" (mod p)

Ma ta c6 két qua co ban ctia hé s6 nhj thire nhw sau: C;7) =C;™ —C;_; nén tir d6 ta suy ra:

Vay tir d6 theo nguyén ly quy nap toan hoc thi két qua trén duoc chirng minh.
Tt day, két hop vé6i két qua cta (1) thi ta duoc:

P(p=1)= 5 (1) PUIC = 3 (1) P(4) 1)
- S (" P(K) =~ () (modp) = 3 P(K) =0(mod ) (2)
Nhung ma ta 6 3" P(k)= P(0)+ P(1)+3 P(k)=1+3 P(k)

p-1 p-1
Do d6 ta suy ra dwoc Y P(k)=1+> P(k)=1,p-1,2p-3£0(modp)
pary P

Ta thay diéu nay 1a hoan toan mau thuan véi (2)
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Vay gia st phan ching la sai nén ta phaico n>p-1.
Véi n=p-1 taxét P(x)=x"" thoéa man yéu cau bai toan.

Do d6 gid tri nho nhat cua n la p—1 va ta hoan tat bai toan.

Cau 98. Chtrng minh rang véi moi m e N ton tai da thtrc P, (x) c6 hé s6 hitu ti théa man
v6imoi neN' thi 17" +2"" 4+ _+n*"" =P, (n(n+1))

Dé chon d¢i tuyén VMO Da Ning 2017

.....

e V6i m=0 thita chon duogc da thiic P, (x) :g

e V6i m=1 thita chon duwoc da thitc P, (x)= xz

o Gia st khang dinh dting dén m -1 thi ta xét da thic:
o(x)= x(x2 -1 )(x2 -2° )...(x2 - mz) =x""—a X" —a x"" - —ax

2m-1 2m-3 _ 2m+l
< o(x)+a, X" +a, 0"+ ax =x

Thay x lan lwot boi 1,2,..., n thi ta duoc:

m—1 n

> o(i)+ Zap (n(n 1) =3 (7

i=1

Matacod @(x)=x(x—1)(x+1)..(x—m)(x+m)=(x—m)(x—m+1)..(x+m—1)(x+m)

Lai c6 ¢(x)= x+m+1)—(p(x)(x—m—1)]

2m +2[(P
Bay gio ta dat:
d(x—m)= (x+m+1) (x)=(x—m)(x—m+1)..(x +m+1)
=>d(x-m-1)=(x—m-1)(x—m)..(x+m)=(x—m-1)¢(x)

= 9(x) =5 [d(x-m)-d(x-m-1)]

Z 1
Do d6thitad )=——|d(n-m)—d(-
o d6 thi ta duoc ;(p(z) 3 (n—m)—d(-m)]

_ ! d(n—-m)= !
2m+2 2m+2
Ma ta co (n—i)(n+i+1)=n2 —i*+n—i=n(n+1)-i(i+1),vi=0,m

(n—m)(n—-m+1)..(n+m+1)

T day suy ra Zan:(p(i) H[n n+1)-i(i+1)]=Q, (n(n+1)).

2m+2
Khi d6 Q, la da thitc c6 hé s6 hitu ti va tir (*) ta chon:

P,(x)=Q, (x)+a, P, (x)+a, P, ,(x)+..+a,F(x)
Va tir day ta c6 diéu phai chiing minh.
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Cau 99. Cho P(x),Q(x),R(x) laba da thitc hé s& thyee thoéa man:
P(Q(x))+P(R(x))=c,VxeR v6i c=const e R
Ching minh rang: P(x) la hing s6 hodc (Q(x)+R(x)) la hing s6.
Dé chon déi tuyén VMO Ha Nam 2017

Bo qua trudong hop tam thuong P(x) 1a hang so.
Bay gio ta xét
P(x)=ax"+a,_x""+.+ax+aya, #0121
Q(x)=b,x"+b, x" " +..+bx+b,
R(x)=cx" +c, X+ +cx+c,
Gia st ta c6 m>k thi tw:
P(Q(x))+ P(R(x)) =c,VxeR véi c=consteR (*)
Dong nhat hé s6 bac cao nhat cua (*) thi ta duoc: a,b), =0.
Do d6 hodc b, =0 suy ra deg(R(x))=deg(Q(x))=0 hodc m=k.
Khi m =k thi a, (b}, +c},)=0=b, =—c, véi n lasd1e.

Khi @6 thi ta dwoc:

m-1

Q(x)=b,x" +b, x" " +..+bx+b,,b, #0
R( +.tCx+Cy,b, %0

x)==bx" +c, x
Bay gio xét da thicc H(x)=a, (Q” (x)+R" (x)) =a,(Q(x)+R(x))S(x), trong do
S(x)=Q" " (x)-Q"*(x)R(x)+Q" > (x)R*(x)—...—Q(x)R"?(x)+R" " (x)

m(n-1

Xét hé 58 ctia ¥ trong S(x) thi ta duoc:
bt b2 (<b) 4.~ b(-b)" " +(=b)" =nb"" %0
Do d6 deg(S(x))=m(n-1).
Ta sé gia st phan ching rang deg(Q(x)+R(x))=1.
Khi do thita cé deg(H (x))=m(n-1)+1

n-1

Ta xét da thire T(x)=P(Q(x))+P(R(x))-H(x)=a,(Q"(x)+R’ (x))
=0

Nhan thdy rang: deg(T (x))<m(n-1) rd rang diéu nay la vo ly.

Tt d6 ta phai c6 deg(Q(x)+R(x))=0 hay (Q(x)+R(x)) la hang s.
Vay tur day ta suy ra diéu phai chitng minh.
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Cau 100. Chitng minh rang ton tai cic da thitc hé s8 nguyén S,,S,,... twong ting véi

cacbién x,,x,,...,Y;,Y,,... thoa man véi moi s6 nguyén n>1

Vi ham tong chay qua cac wéc nguyén duong d cua n.
Chii . Lwu y rang ta chi xét dén cac da thic trong truong Z[x]. Vi dy, xét ham
S, =x,+y, va S, =x, +y, —x,y, trong treong hop n=2 ta duogc

S:+2S, = (xl2 +y; ) +2-(x, +y,) laham (*) thoa man yéu cau bai toan.

2018 Brazil 4th TST Day 2
Loi giai
Ta chiing minh rang S, c6 hé s6 nguyén bang phuong phap quy nap
V6i n=1 ta duoc hién nhién dung
Gia st diéu ta can chirng minh van ding dén n -1, tiic cac da thie S,,S,,...,S, , déula da
thirc c6 hé s6 nguyén
Goi p 1a s6 nguyén t& thoa man v, (1) =k >0, tir day ta c thé nhan thdy ring:
pk‘Zd-[x,; +y§J— Z d.S;
dln dln, d#n
Dit n=pm, suy ra véi mdi gia tri d khong phai 1a wdc s6 cia m sé bi triét tiéu trong tong
trén khi 14y modulo p*, do d6 du d€ ta thay duoc diéu sau:
ESTEI B
dlm dm
Dt T, (x,,%,,..., Y1, Yase) =S, (xf,x’z’,...,yf,yg,...),w
Ap dung gia thiét bai toan cho T,,x",y’, tdng triedc d6 trd thanh:

S xf vl |- Zas? 31 -7
dlm

Ta s& chitng minh p* c6 thé chia cho mdi phan trong tong nay.

1 1+1
rq Pq
Td - Sd

That vay, dit % = p'q véi ptq, d? dang thay duoc p™!

Theo gia thiét quy nap: A=S}" la da thirc hé sO nguyén, theo tinh chat ctia ty dong cau

Frobenius (Frobenius Endomorphism), ta c6 duoc T] = A+Bp v6i ham B c6 hé sd nguyén,

(arip) - = 3 ()7

1<i<p 1

vay ta cé duoc diéu sau p'!

1

Lai cé p'™" chia hét cho mdi phan trong tdng nay vi
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1 1 1
i|Pl_ i plp -1 . . . .
UP(P [i D_Up[p -T[i_lD21+l—vp(z)zl+l<:>zva(z)+1,

biéu nay dung véi Vi>1, ta ¢ diéu phai chirng minh.
Nhdn xét. Bay la mot bai toan khé véi viée st dung ly thuyét vé ham ty dong cau rat it
gap trong cac bai toan dy thi Olympic, tw dong cdu Forbenius sé dugc tim hiéu rd hon

trong chwong trinh dai hoc.
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