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1 Phan1

Bai 1 (Tp. HCM - Ngay thit 1).

Vi a, b, c la cdc s6 thuc cé tong bang 0. Tim GTNN ciia biéu thic:

P=(a®+1)"+ (0 +1)° + ( +1)* + 6V6abe

Lo1 GiArL
e Néeua=b=c=0thi P=3.

e Ngugc lai ta chi can tim GTNN ctia P trong trudng hgp c6 hai s6 duong va mot s6 am
(tai sao?). Khong mat tinh tdng quét ta gid st a,b > 0;c¢ < 0 khi d6 ta dat ¢ = —d véi
d > 0 ta dugc:
d=a+b
Vay
P=a"+0b"+d" +2(a*+ b +d?) — 6v6abd + 3
Theo BDT AM - GM ta lai co:

at+ bt +dt+2(a® + 0 + &)

16 lan 1213n

A

d* d4 2 2 2 2 2 2 7 1.
=t +br =+ ..+ — “a? 4+ Za? + 2d? iy Ry I —d? .+ =d?
a + +16+ —|—16—|— 3a+3a+3a + 3 +3 +3 +6 =+ +6

> 36 26 926 410H10,88 _ 36 a6 al0pl088 _¢ 36 318 10310488 _s 36 318.a10510d36.(d2)26
- 204 212 318 26426 318 234 - 234

V\l 2 2
<g) _ <“;b) > ab = d® > 22ab

Do do:

18 10510736 (,72)26 18 952 10710436 26 7,26
a4+b4+d4+2(a2+b2+d2) Z63\6/3 .a bQi (d) Z63§3/3 2 .a ;)34d .Q b

=6 V318.2%abd = 6v/6abd
P=a"+b" +d" +2(a®+ b +d*) — 6vV6abd +3 >3
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Cé hai truong hop ta duge P > 3 dang thic xdy ra khi vi chi khi @ = b = ¢ = 0 hoic
VG 206 .

a=>b= ?,c = va cac hoan vi cia n6. Tie GTNN cia P la 3. O

Nhan xét: Bai toan kiém tra ki nang chon diém roi khi dimg BDT AM - GM (day la ky nang

kha quan trong)?

Bai 2 (PTNK).

Tim so nguyén duong k nhé nhat sao cho BDT sau:
ghyk ok (x3 +of 4 z3) <3

diing vdi moi s6 thuc duong x,y, z théa man x + 1y + 2z = 3.

Lor GiAL
Cach 1: Chon z = y = 0.8, z = 1.4 dé dang kiém chiing k = 1,2 BDT trén khong ding. Ta sé
chiing minh k& nguyeén duong nhé nhat dé BDT dé bai cho luon ding la k = 3.
V6i k = 3 ta can chting minh:
a3y 23 (:1:3 + 4+ 23) <3
Khong méat tinh téng quat ta gid st @ < y < 2. Khi d6 luon ton tai m > n > 0 sao cho

xr=m —mn,y =m +n. Khi dé:

z=3—-2m
m:x;ygl

e Xét ham sb:

f(n)=(m—n)’(m+n)s (2 4+ (m — n)® + (m+ n)?’] = 2% (m* — n2)3 (2% + 2m® + 6mn?)

Khi do:
f'(n)=2" [—6n(m2 — n2)2 (z° +2m® 4+ 6mn®) + (m* — n2)3 (12mn)]
=z2*(m* — n2)2 [—6n (2° + 2m® + 6mn®) + (m* — n?) (12mn)]
=23 (m2 — n2)2 (—6n23 — 48mn3) <0
Do doé:

f(n) < f(0)=m°2" (2% +2m*) = m®(3 - 2m)* (38— om)® + 2m?)

e Xét ham sb:

g (m)=m5(3 —2m)? [(3— om)® + 2m”)

2Ta sé gip lai k§ nang nay qua dé thi ctia tinh Binh Dwong, Bén Tre
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Ta co:
g (m) = 18m5(3 — 2m)* (m — 1) (8m3 — 45m?2 + 63m — 27)
= 18m3(3 — 2m)* (m — 1) [(m — 1) (8m% — 3Tm +26) — 1] > 0 (v6i moi 0 < m < 1)
Vay nén: g (m) <g(1) =3
Tom lai:
a3y 23 (:1:3 + 4+ 23) <3
Cach 2:(Nguyén Van Huyén)
Lap luan tuong ty nhu cach 1. Ta can ching minh:
a3y 23 (:1:3 + 4+ 23) <3

r+y Vi

Khong mat tinh tong quat ta gia st z 1a s6 16n nhat trong ba s6 z,y, z. Dat t =
f(zy,2) =2y’ (a7 + 4 + 2°)
Ta sé ching minh f (x,y,2) < f (,t, 2). Ta c6:

f(tt,2)— flx,y 2) =2 [tG (2t3 + 23) — 23y? (ZL‘3 + 3 + 23)]

Ma:
£6.(213 4 23) — 233 (2% + P + 2%) = 23 (15 — 2393) + 269 — 23y (23 + ¢)
— .3 (t6 _ x3y3) 1210 — 238 (x4 y) ($2 Fy? o xy)
=23 (t6 — x3y3) + 2t7 — 2tady? (4t2 — 3:cy)
>t (t6 — x3y3) + 2t7 — 2tady? (4152 — 3a:y)
=3t (t2 — :L’y) [t6 + xy (2;1:3/ + t2) (t2 — xy)} >0
Vay

oy, 2) < f(tt2) = f(t4,3-2t) =103 = 2t)° [26° + (3 - 20)°]
Ta chi can chitng minh:

t9(3 —2t)* [263 + (3 —21)°] < 3
& 3(t —1)% (1 + 2t 4 3t + 4> + 5t* + 61° — 2361° 4 4947 — 3961° + 136t° — 16¢'°) > 0

BDT cubi luon ding véi ¢ < 1.3 Dang thic xdy ra khi vachi khiz =y=2=1

3Viec kiém chitng c6 thé thire hien bing khao sat ham s6. Hodc c6 thé lam tuong tu nhu cach 1.
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Cach 3:(luofangxiang) Ta dit:

.
m = TYz

8n = (x+y) (y +2) (z+ 2)

| P =2y (z+y) +yz(y+2)+zz(z+2)

Khi d6 ta c6:
2x+2y+22z 3
N G VN R I Gt P G ) MO
8 = 8
o p- WY tyzly o) ter(ete) (ety)ytz)(@+y) - 2oy

6 6

x + +z)(z+
><f+y“y+2“$*y”‘( S y):(x+yﬂy+zﬂx+y):n
- 6 8

o (xty+2)(z+y)(y+2)(z+1) > 2ayz (¢ +y* + 2°)

That vay, BDT trén tuong duong:
(@ +y+2)" (@ +y) (y+2) (= + ) — 24ayz (2% + y* + 2%) > 0

S @+y+2)’@+y) (y+2) (z+a) —8ayz] —8ryz [B(a? + 2 +22) — (x+y+2)°] >0
S@+y+2)?|zly—2)"+yz -2+ 22—y’ —dayz [(y—2)* + (z —2)* + (x —y)’] >0

S (@—y) [(w—y+2)"+4yz] +(y—2)" [(&+y—2)" +4z0] +
+(z—2)* [(—z+y +2)* + 4ay] >0
BDT cubi hién nhien ding. Vay ta dugc:
m(x2+y2+22) < 3n
Qua tré lai bai toan. Ta co:

By (18 P 4 24) < 3
S B3PS B3 @2 +y P+ 22—y —yz —x2) + 32yz] <3

& 23y (22 +y? + 2%) < 1+ 23228 (vy + yz + 22 — 2y2)

ryB—2)+yzB3-x)+2x@—y)
3

o 23y83 (3:2 ryt 4 22) <14 23y528

smd (22 +y*+2%) <1+2mp
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Theo danh gia thit 2 ta chi can chiing minh:
3m?n <1+ 2m’n
Dé chiing minh diéu trén, theo danh gia thi 1 ta chi can chiing minh:
3m?<1+2m® < (m—1°2m+1)>0

Bai toan dugce chiing minh.
Cach 4: (Nguyén Tang Vi)
Ta chi can chitng minh:
23358 (x?’ 8+ 23) <3
Khong mat tinh téng quét ta gid st z 1a s6 nhé nhét trong ba sé x,y, z. Khi d6 z < 1.
Ta co: 2® + 4 = (x +y)® — 3zy (x +y) = (3 — 2)° — 3zy (z + y). Khi do:
23328 (x?’ o8+ 23) <3
3
3 3
&S B-2)+2< m+3xy(:c+y)

1
&322 -92+9< —— +:cy+y;1:
zPysz

Ta lai c6:

+ 22y + P >3

1 5 .T3y3 §
234323 23y33 =
Vay nén ta chi can chitng minh:

3
322-0249< 222 —3243:-1<0e (2—-1)°<0
z

BDT cubi ciing hién nhién ding theo gia stt ban dau.
Vay k = 3 1a s6 nguyén duong nhoé nhat thoéa yéu cau bai toan. O
Nhan xét:

e Két qué tren chat hon bai toan trong Mathematical Reflections 5 (2013)- S280 va cach

giai trong Mathematical Reflections 5 khong dit manh dé chitng minh cho bai toan trén:

Vi ba so thuc duong x,y, z c6 tong bang 3. Chitng minh ring:

x4y4z4 <x3 +y3 +z3) <3

e Trong cach gidi thit 2 c6 thé danh gid f (x,y,2) < f (¢,t, 2) don gidn hon nhu sau:*
4
9
()
2

3

xyg(x3+y3)_$?/ffy$y($+y)(x —:Ey+y) (x+y) M

4

4C4ch danh gia tham khéo ctia luofangxiang
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e Ap dung cach giai 1,2 dé dang c6 duge 161 giai cho bai toan sau: Bulgarian TST nam
2010

Vi ba so thuc duong x,y, z c6 tong bang 3. Chitng minh ring:

rYz (:v2 + 92+ z2) <3

Bai 3 (Dé thi chon HSG 16p 12 - Ha Noi).

Vi ba so thuc dwong a,b, c théa man ab + be + ac + 2abe = 1. Tim gid tri nhé nhat cia biéu

thic sau: o1
P=-4+-4+=--2(a+b+c¢)
a b ¢

Lo1r GiArL
Cach 1:
Vi a, b, ¢ duong théa man ab + be + ac + 2abc = 1 nén ton tai x,y, z duong sao cho:
T Y z
Y+ z Z+x r+vy

a

Khi d6 biéu thitc P dugce viét lai 1a:

+z z+x x+ x z
SRR y—2( + )
T Y z y+z2z xT+z T+Y

P

Du dodn GTNN la 3 ta tién hanh phan tich SOS (tong cdc dai higng binh phuong)

Ta co:
P—3:(f+3—a)+(y+f—a>+(3+f—@-@( B —§>
Yy ox z oy r oz y+z x4+z x4+y 2
_ (ﬂf—y)Q_Z (z—y)’
Ty (z+2) (2 +y)

Y | eraeTy) 2

1
Vay nén GTNN cua P la 3 dat du’ockhix:y:ztﬁ_’ca:b:c:§
Nhan xét: Qua cach phan tich SOS trén ta dugc mot két qua sau:

aFZ Zard | a8 T z
o = 4= y>2( = o =+ >+3
Tty

T Y z y+z2z x+z2

Nhung thitc chat ta c6 két qua manh hon c6 thé giai quyét nhanh bai toan:

FZ  Zard®m & T z
0 = + y24( = J + )
T Y Z yt+z x+z x4y

Chiing minh:
Theo BDT Cauchy ta c6:
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r 4x
-+ -
Y z Y+ z

cong cac BDT tuong ty ta chiing minh dugc két qua tren.
Khi do:

P:y+z+z+x+x—|—y_2< T LY L _Z )22< T Y Lz )>3
x Y z y+z x+z x4y y+z x+z x4y

Cach 2: (Cao Dung)
Tu gid thiét suy ra:

1+1+1+2_ 1
a b ¢ ~ abe
1 1
batz=—y=—+,2=-
b c
Khi dé 5
x+y+z+2=xyzs(¥) Sz4y+r>6
Vay nén:
1 1 1 r+y+z)(r+ty+z+2)—2(xzy+yz+xz
P:x+y+z—2(—+—+—):( y+2) @ty ) = 2(zy +yz + 22)
roy = r+y+z+2

_xﬂuﬁ+%+2u+y+@AM;WG@+y+@—12

r+y+z+2 - r+y+z+2
=6 21 >6 24 =3
O ot ytzt2 T 64+2

) 1 A
Déngthﬁ’cxéyrakhiVachikhix:y:z:2tﬁ.’ca:b:c:5.DodéGTNNcﬁaPla3.5
O

Bai 4 (THPT chuyen KHTN - DHQG Ha Noi - Ngay tht 3).

Vi x,y la cdc s6 thuc duong sao cho 2x + vy, 2y + x # 2. Tim GTNN ctia biéu thic:

_ @ty (ety’)  @ta)(dy+a?) o
F= 2z +y —2)° - 2y +z —2)° 3@ty

Lo1r GiAL Ta cé:

(227 + y) (4x + y?) 1 (2zy — 62 —3y+2)°
(22 +y—2)°

Tuong tu cho hang tit con lai. Do vay ta dugc:

P>-1

5Mot bai véi gia thiét tuong tu 1a dé thi Olympic chuyén Khoa hoc Ty nhién 2016

8
THPT chuyén Nguyén Quang Diéu



Nguyén Tuan Anh

Ding thitc x4y ra khi v& chi khi:

(
20y — 6z — 3y +2 =10 B _9_\/@

IR
20y — 6y —3x +2 =10 =1

9+ 65

T=Y=

\2x+y—2;2y+x—2§£0
Vay nén GTNN cua P la —1. O

Bai 5 (THPT chuyen KHTN - DHQG Ha Noi - Ngay thit 4).

Vi a,b, ¢ la cde s6 thue duong cé tong bing 3. Ching minh rang:

a b c 9
>
b% (ca+ 1) +02(ab—|—1) +a2(cb—|—1) ~ (14 abc) (ab+ be + ca)

Lo1 GIAL
Cach 1: Theo BDT Cauchy ta c6:

a n b n c ca+1+ab—|—1+cb+1 S l+1+1 2
b2 (ca+1) c2(ab+1) a?(cb+1) a b c “\a b ¢

Do d6 ta can chiing minh:

1+1+1 2> ca+1+ab+1+cb+1 9
a b c¢) ~ a b c (abc + 1) (ab + be + ca)

(ab+ be + ca)? S 3abc + ab + bc + ca
9abc ~ (abc+ 1) (ab+ be + ca)

& (abe + 1) (ab + be + ca)® — 27(abe)® — 9abe (ab + be + ca) > 0

Ta thay vé trai BDT cudi cting 1a ham 16m theo abe nén theo phuong phap ABCS ta can chiing

minh 2 truong hop sau:

e TH1: C6 mot bién bing 0. Khong mat tinh tong quat ta gia sit @ = 0 khi d6 BDT trd
thanh:
(be)® >0

diéu nay 1 hién nhien.

6Tham khio "ABC Method abstract concreteness - Nguyén Anh Cudng"
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e TH2: C6 hai bién bang nhau. Ta gid stt b = ¢ = 3_?&. Khi d6 BDT can chitng minh

dugc viét lai la:

<a(3;a)2+1> <a<3_a)+ (3;)>

27

& %(3—(1)3(@— 1)? (a* —a® —9a®> +13a+4) >0

BDT cubi luon ding.
Bai toan dugc ching minh. Dang thic x4y ra khi va chi khia=b=c=1
Cach 2: (http://artofproblemsolving.com/) Theo BDT Holder ta c6:
a 3
ZmZ&b(C(I"‘l)ZCLb Z (a—l—b—l—c)

cyc cyc cyc
Do vay ta can ching minh:

9
(abc + 1) (ab + be + ca)

27 =(a+b+c¢)’> (3abc 4 ab + be + ca) (ab + be + ca)

BDT trén hién nhién ding vi:
ab +bc+ca < 3

Bai toan dugc ching minh. Dang thic x4y ra khi va chi khia=b=c=1 O

Bai 6 (HSG 10 - KHTN).

Vi ba so thuc duong a,b, c théa man a + b+ ¢ = abe. Chitng minh rang:

Va2 + 02+ V2 + 2+ Ve + a2 + 3vV6 < V8abe

Lo1 G1AL (Ngo Trung Hiéu)
St dung BDT Cauchy - Schwarz, ta co:

Va2 + 2+ V2ab < /2 (a2 + b2 + 2ab) = V2 (a + b)

Mot cach tuong tu, ta co:

VB + ¢ +V2bc < V2(b+¢)
Ver+ a2 +v2ca < V2 (b+c)

Cong theo vé cac BDT trén véi chti ¥ a + b + ¢ = abe ta co:

\/a2+b2+\/62+c2+\/c2+a2+\/§(\/%+\/5+\/5) < V/8abe

10
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Ta chi can chiing minh

Vab 4+ Vbe + ea > 33

Stt dung BDT AM - GM, ta c¢6
abc=a+b+c> 3v/ abe
Do d6 abe > 3v/3. Tt day theo BDT AM - GM, ta thu dugc:
Vab + Ve + /ca > 3Vabe > 3v/3
Phép chitng minh hoan tit. Dang thiic xay ra khi va chi khi a = b = ¢ = /3. O

Bai 7 (Dé chon doi tuyén chuyen Nguyén Du - Dak Lak lan 1 - 2016).

Vi ba so thuc duong a,b, c théa man abc = 1. Chiing minh ring:

1 i 1 o 1 >
24+a 240 2+4c™
Lor GrAr
Cach 1:
v o111 1 o
St dung danh gia: = — +-=-> " - Khi do:
1(1+1+1)+1>1 1 n 1 n 1
240 24b 0 24¢e) 272 | (03 o 41) (53 40T 1) (7 T 41)

Stt dung Bo dé véi z,y,  duong thda xyz = 1 thi:

1 1
>1
x2+x+1+y2+y+1+z2+z+1_

ta dugc dieu phai chiing minh.
Céach 2: (Ngo6 Trung Hiéu)

BDT da cho tuong duong:

a+b+c>1
a+2 b+2 c¢+2

Theo BDT Cauchy - Schwarz, ta co:

a b c S <\/5+\/5+\/E)2

a+2+b+2+c+2_ 6+a+b+c

Do vay ta chi can chiing minh

<\/E+ﬁ+\/5)2

>1
6+a+b+c

11
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hay

Vab + Ve + v/ea > 3

Diéu nay hién nhién ding theo BDT AM - GM két hop véi diéu kién abc = 1 nhu sau:
Vab+ Vbe + vea > 3vabe = 3

Ta c6 diéu can chiing minh. Dang thic xay ra khi vi chi khia =b=c = 1.
Céach 3:

BDT dugc viét lai la:
1 N 1 N 1 <1
24+a 24b 24c¢—
o a n b n c S 1
4420 44+2b 44+2¢c 2

Vi s6 4 1a van deé tao nén kho khan neén ta thay

111
(a,b,c)—) (aagaz)

Khi d6 BDT tré thanh:
1 1 1 S

1
lat2 Hi2 der2-2
Vi abc = 1 nén ton tai x,y, z sao cho:

_yE Ay
2 ?7 ¢ = ?

Vay nén BDT can chiing minh la:
2 2 2

z Y z 1
+ + >
dyz + 222 dzw + 29?2 4oy + 222 T 2

Theo BDT Cauchy ta dugc:

x? y? 22 - (z +y+2)°

Iyz+ 207 | dzm 42 duy+ 22 © Aoyt yz+a2) 120 + 42 + 2)

Vay ta can chting minh:

(z+y+2)
4(xy+yz+axz)+2 (@22 +y?+ 22)

1
> -
-2
BDT trén la hién nhién vi né la déng thic.

Cach 4: (Quéc Hung)
BDT da cho tuong duong véi:

2(a+b+c)+ (ab+ bc + ca) + 12 <
(a+2)(b+2)(c+2) -

Sd(a+b+c)+ (ab+be+ca)+12 < abc+ 2 (ab+bc+ca) +4(a+b+c)+ 8

S 4 < ab+ be + ca + abe

12
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BDT trén ding theo AM - GM két hop véi abe = 1.
Cach 5:
Khong méat tinh téng quat ta gia st @ > b > ¢. Ta chiing minh:

1 N 1 N 1 _ 1 N 2
a+2 b+2 c+2 " a+2 Vbe+2

That vay, BDT trén tuong duong:

L1 2
b+2 c¢+2 = bc+2

& (b+c+4) (Voe+2) <2(be+20+ 2+ 4)
& (b4 ¢) Ve + 4vVbe < 2be + 2b+ 2¢

e Ve (Vb - ﬁ)z <2(Vi- ﬁ)Q

BDT trén hién nhién ding do be < 1.

Vay ta chi can chiing minh:

1 2
+ <1
a+2 \bc+?2
- be N 2 <1
14+2bc  Vbe+2 —
bevbe + 6be + 2 <1

=
(1 + 2be) <\/%+2)
& bevbe + 6be + 2 < 2 4+ Ve 4 2be + 4Vbe

& bevbe + 4be < 5v/be
BDT cudi hién nhién ding vi be < 1. O

Bai 8 (Dé chon doi tuyén Tinh Dak Lak lan 1 - 2016).

Tim so duong k lén nhat sao cho BDT sao luon ding

(a+b+c)(1 PR k>2k

atb bic cta

vdi moi a, b, ¢ la cdc so thuc khong am théa man a + b+ ¢ = ab + be + ca.

13
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Lo1 GrAL
e Véia=0=2c=0 ta dugc:
1
4<Z+1—k) >ke k<1
Ta sé chitng minh k& = 1 la s6 duong 16n nhéat théa dé BDT dé bai luén ding

e Ta can chiing minh:

1 1 1
(a+b+c) + + —1)>1
at+b b+c c+a

Dat p=a+b+c=ab+bc+ ca =q BDT dugce viét lai la:

o (o
[p +q— (pq 7’)]21
pqg—r
<:>p(p;rr>21
p—T

sSpz2p-—r
s r>0

BDT cubi cing 1a hién nhién vi a, b, ¢ khong am. Dang thtic x4y ra khi va chi khi a = b =

2,¢ = 0 va cac hoan vi cia no.
Vay k = 1 1a gia tri can tim. O

Bai 9 (Dé thi chon doi tuyén Nguyén Du (Dak Lak) vong 2).

Vi ba s6 thuc a, b, c thuge doan [0;1]. Ching minh rang:

a n b n c
b+c+1 c+a+1l a+b+1

+(1—-a)(1-0)(1—-¢) <1

Lor GIAL
Cach 1:(diendantoanhoc.net) BDT da cho tuong duong:

a b c
= 1—a)(1-0b)(1—-¢)—-1<0
f(a) b+c+1+c+a+1+a+b+1+( a)( )( C) -
Ta co:
2b 2¢
"(a) = + >0
/(@) (c+a+1)3 (a+b+1) —
Do vay:

f(a) <max{f(0);f(1)}

14
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b c be (be — 1)

SO =Tty TN =y <O
B 1 b c b +2)(b—1)+c(c—1)(c+2)
=T T e e YT T e oery S

BDT dugc chimg minh.
Cach 2:(diendantoanhoc.net) Khong mat tinh tong quat ta gia sit a > b > ¢ khi do:

a n b n c < a n b n c B 1—a
b+c+1 c4+a+1 a+b+1 " b+ec+1 b4c+1 b+ec+1 b+c+1
Vay ta can chting minh:
1—a
1-— 1-H)(l—-c) < ——
(-1 -8 (1) <

S(1-b)(1-c)b+c+1)<1

Theo BDT AM- GM ta lai co6:

1—b+1—c+b+c+1)3_

(1—b)(1—c)(b+c+1)§( 3 =1

BDT dugc ching minh xong. U
Nhan xét:
e Néu thuc hién tuong tu xét ham cho bién b, ¢ nhu da lam cho a thi ta chi can ching minh:
fley,2)—1<0
véi x,y, z la 0 hoac 1.

e K¥ thuat trén dya vao tinh chat ctia ham s6 16i, 16m. Ma don cit 1a ham s6 bac nhat
(ciing c6 tinh chat tuong tu vay mic dut khong 1a ham 16i hay 16m) va ham s6 bac hai
(Co thé tham khé&o bai viét ” Mot tinh chat thd vi ctia tam thiic bac hai va nhi thic bac
nhit - Vo Qudc B4 Can ” THTT - sb 444,).

Bai 10 (D& kiém tra doi tuyén toan chuyén Béo Loc lan 2-2016).

. 1 1 .
Voi ba so thuc duong x,y, z thoa man — + — + — = 3. Ching minh rang:
xr oy z

w

x y 2
< 2
x4—|—1—|—2:1:y+y4+1+2yz+z4+1+22x_4

Lo1 GIAL
Cach 1: (Ngo6 Trung Hiéu)

Ta co:
i + Y + = L R —
2+ 14+2zy  yr+1+4+2yz 2+ 1+2z0 = 222422y 22+ 2yz 222+ 2zx

_11+1+1<11+1+1<11+1+1_3
C2\z4y y+z z4+z) " 4\yTy Jyz Vexr) " 4d\z y z) 4

15
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Cach 2:
Ap dung BDT AM - GM ta dugc:

1 n 1 n 1 < 1 n 1 + 1 <1 1+1+1 3
a3+ <+ 2y y3+§+22 Brivor T A4y A4z Ve T 4A\e oy z) A4

Bai 11 (Dé kiém tra doi tuyén toan chuyén Bao Loc lan 3-2016).

Vi ba s6 thuc a,b,c € (0;1). Chitng minh ring:

(a—a®) (b—=10%) (c— ) > (a—bc) (b—ca) (c — ab)

LO1 GIAL Ta chi can chitng minh BDT trong trusng hop

a > be
b>ca
c>ab

Khi d6 BDT can chiing minh 1
a’b* + b’ + a® + abe (ab + be + ca) > abe (a® + b+ +a+ b+ c)
Bién ddi khéo 1éo ta thay 2 vé ghép lai la cac hiang dang thiic, do d6 BDT trén dugc viét lai la:
1

5 [a*(b— )+ c—a) +Fa— b)Q] > %abc [(a— b’ +(b—c)+ (a— 0)2}

@%[a(a—bc)(b—c)2+b(b—ca)(c—a)2+c(c—ab)(a—b)2} >0

BDT trén hién nhién ding. Dang thiic xay ra khi va chi khi a = b = c. U
Nhan xét: Qua bai giai trén bang phép bién ddi tuong duong ta thay bai toan sau ciing dang:

Vi ba 56 thuc duong a,b, ¢ l6n hon 1. Chiing minh rang:

(a* —a) (0> = b) (¢* — ¢) > (bc — a) (ca — b) (ab — ¢)

Bai 12 (D& chon doi tuyén Binh Duong 2016).

Cho x,y, z la cdc so thuc duong théa man x° + y?> + z = 2/3 + 1. Tim gid tri nhé nhit cia:

LO1 GIAL Ta sé chon diém roi gid dinh 1a = a;y = b; z = ¢ khi dé:

(3 23 4
x a* ~ ad
1 2 2
R T
Yy b b
1 3z> 4

(T ase

16
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:>1+1+1+ x3+y2+3z
x  yr 23 3a* v+ A

4 2 4

Vay ta can chon a, b, ¢ sao cho:

A+ +ce=2/3+1

Khi do

44/3
Vay GTNN cﬁaPlalJrT\/_ dat dugc khi:pzl;y:f/g;z:\/g.

Bai 13 (Dé chon doi tuyén chuyén Lé Quy Don Da Ning).

A <:>{a:1;b:{4/§;c:\/§

Véi bon so thuc a, b, c,d théa man ab = ¢ + 4d? = 4. Chitng minh ring:

8
(a—c)?+ (b—d)?> =
LoO1 GIAL (http://artofproblemsolving.com/)
Tu gia thiét ta duge:
- 4
o =-1<d<1
A=4(01-d%

Vay nén ta chi can chiing minh hai BDT sau luon ding:

1
a2+—§+4(1—d2)+d2+2a\/4(1—d2)—8—dz%
a a
1 d
a2+—g+4(1—d2)+d2—2a\/4(1—d2)—8—2%
a a

[ 5a* + 1242 — 15d2a2 + 20031 — &2 — 40da + 80 > 0

5a* + 12a% — 15d%a® — 20a*v/1 — d? — 40da + 80 > 0

3 11 3

3 3 11 3

\

( 10 2 d 4\? 16 2
3<a2+§a\/1—d2) +165<a———) +2<a2——) +

10 2 d 4\ 16\
3<a2——a\/1—d2) +165<a———) —|—2<a2——) +

128
99 —

128
99 —

>0

>0

Hai BDT cubi luon ding nén BDT dé bai dudce ching minh. Déng thiic khong thé xay ra tic

(a—c)2+(b—d)2>§

t
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Bai 14 (D& thi chon doi tuyén tinh Quang Binh - Ngay thit 2).

Cho a,b,c la do dai ba canh ciia tam gidc va a > b > c¢. Chiing minh rang:

\/a(a+b—\/%)+\/b(a+c—\/&)+\/c(c+b—\/@2a+b+c

Lor GIAL
Cach 1: (MathUniverse)
Dit a = 2%, b = 92, ¢ = 2% khi d6 BDT tré thanh:

fly) =22 —ay+y2+yva? —az+ 22+ 2y —yz + 22 —2* — 9> — 22 >0

Ta thay:

do do:

Vay f(y) 1a ham 16m thé nén:

fy) Zzmin{f(y=x),f(y=2)}
o f()=(v+2)Va?—xz+ 22— 2% 2?

Ta cb

(x+2) Va2 —xz + 22 > 2° + 2°
& (z+2)° (2 —zz+2%) > (x2+22)2
& (v+2)(2®+2%) > (x2+22)2
dovay f(z)=(z+2) Va2 —zz+22—2>—22>0
e Tuong tu f(2)=(r+2)Va2—zz+22—22—22>0

Vay bai toan dudc chiing minh.
Cach 2: (MathUniverse)

Vi a, b, c la do dai ba canh ctia tam gidc va a > b > ¢ nén ta co:

a—Vab+b>c—+eca+a>b—Vbc+c

18
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Khi do:
\/a(a—\/%+b)+\/b(a—\/%+c)+\/c(b—\/%+c)
> \/b(a—\/%+b)+\/c(a—\/@+c)+\/a(b—\@+c)
Do do:

2<\/a(a—\/%+b)+\/b(a—\/%+c)+\/c(b—\/%+c))

ZZ(\/E+\/5)m:Z\/(\/5+\/g> (a%+b%>

22(a+b):2(a+b+c)

Cach 3: V6 Qubéc Ba Can
Dit a = 2%, b = 9%, ¢ = 2% khi d6 BDT tré thanh:

o2 —ay + 2+ yVa? —xz+ 2+ 22 —yz + 22 > ot 4y 4 22

Theo BDT Cauchy ta c6:

N R G DI G B e

r+vy r+y

Vay ta chi can chiing minh:

x (22 + y?) +y(:1:2+22) +z(y2+z2)
Tty T+ z y+z

> a2 +yt+ 22

2 2\ _ .2 2 2\ _ .2 2 2\ _ .2
@x(x +y?) x(x+y)+y($ + 27) y(x+2)+2(y +2%) Z(y+2)20
T+y T+ z y+z

@xy(y—x) +ry(w—y)+yz(z—y)+yz(y—z) _-

Tty r+z y+z
vy(r—y)(y—2)  yz(y—=z)(x—y)

< r+y (x+2) (y+ 2)

BDT cubi hién nhién ding do z > y > z. O
Nhan xét: Qua loi gidi 1 va 3 ta thay bai toan ding v6i ba s6 thiyc duong a,b, ¢ thda man
a > b > c. Riéng cach 2 mot cach chitng minh rat tinh té nhung phai thém gia thiét a, b, ¢ 1a
ba canh clia tam giac (day la bai trong dé TST 2013 ctia Iran).
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Bai 15 (D& thi chon doi tuyén tinh Hoa Binh).

Cho a,b, c la cdc s6 thic duong cé tich bang 1. x,vy, z la cdc so thuc. Chitng minh rang:

3 (a+b) +y*(b+c) + 22 (c+a) > 2(zy + yz + 2x)

Lor GIAL
Cach 1: (diendantoanhoc.net)
Ap dung BDT Cauchy ta duge:

d 2?(a+b+1) Z# > (r+y+2)°
a+b+1

Vay nén ta chi can chitng minh:

1 1 1
<1
a+b+1+b+c+1+c+a+1 -

Ta lai c6: a + b > Va2b + vab? (tuong tu cho cic hang tit con lai) nén:
1 1 1 1 1 1

+ + < + +
a+b+1 btc+l c+a+17 Ja2b+ Va2 +1 V2c+Vb2+1 Vca+ Vea?+1

= ve + va + Vb =1
Va+Vb+ e b+ e+ Va Yo+ Ya+ Vb

Cach 2: Ta sé chiing minh mot BDT manh hon nhu sau:

Néu a,b,c,x,y, 2 la cic so thue duong the BDT sau luon ding:

b+ b
xQ(a+b)+y2(b+c)+z2(c+a)22(:cy+yz+xz)\/w

Do BDT la thuan nhét véi z,y, 2 va a, b, ¢ nén ta chuan héa nhu sau:

Yy +yz +xz =3
a+b+c=1

Khi d6 BDT can chiing minh la:

22 (1—c)+9y% (1 —a)+ 22 (1 —b) >2/3(ab + bc + ca)

2

T 2 2
2

2 >
2\/3(ab+bc+ca)+%+%+%

=

2
Y z
+ 2

)
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Ta co:

2 2 2
\/3(ab+bc+ca)+%+%+%

2 2
g¢3<ab+§c+ca>+¢3<ab+gc+m>WWWW@) ()

() ) () e () () ()

Vay ta chi can chiing minh:
2 2+ y? 2+ 52 2+3<x2+y2+z2
2 2 2 27 2 2 2

o oy P+ 2 >3

BDT cubi ciing hién nhién ding do zy + yz + zz = 3. Ta chting minh xong két qua trén.
Quay t16 lai bai toan: Khong mat tinh tong quét ta ching minh cho z, v,  1a cac s6 thuc duong.
Ta chi can ching minh: 1/ W > 1 BDT nay hién nhién dang do gid thiét bai toan
abc = 1.

O
Nhan xét:

e Két qua tren ta lien tudng dén mot BDT kha quen thuoc:

(c+a) > /3 (ab+ be + ca)

° (a+0b)+ J (b+c)+
Y+ z zZ+x T+y

Cach chitng minh tuong ty chi can chi ra:
Ty N yz N 2T
(+2)(z+2) (z+z)(@+y) (t+y)(y+2)
Say(@+y) +yz(y+2z)+z20(z+x) = 06ryz

3
> 2
4

e Qua bai trén ta dudge mot bo dé sau:

. . 3
Neu x,y, z,a,b,c la cic so thuc duong thoa man xy + yz + vz > 1 thi BDT sau luon
ding:

z(a+b)+y(b+c)+z(c+a)>/3(ab+bc+ ca)

e Ciing tur bai giai ta ciing ¢c6 mot BDT manh hon nita nhu sau:

Néu a,b, c,z,y, z la cic s6 thuc duong thi BDT sau luon ding:

22 (a+b) +y? (b+c) + 2% (¢ + a) > 24/(22y2 + y22% + 2222) (ab + bc + ca)
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Bai 16 (D& thi chon doi tuyén tinh Ha Tinh).

Cho a,b, c la cdc s6 thuc duong théa man a® + b> + ¢® = 3. Chiing minh rdng:

alh® + 5¢% + %a® < 3

Lo1 GiAL
Cach 1:
Vi ham 6 f (t) = v/t 13 ham 16m nén:

aSH5 + 160 4 b
ad+ b+

a®Va2b'2 + B>V b2c12 4 PV e2al? < (a5 + b0+ 05) \/

& Vabbb +b5¢6 + Bab < /3
& a%h% 4 5¢8 + bab < 3
Cach 2: (diendantoanhoc.net) Theo BDT AM - GM ta c6:
a®b’ (@ +b° +1+1+41) > 5a°°
Tuong tir cho b5¢%, c%a® ta duge:

5 (a°° + 0°c® + ®a®) < a®b® (a® + %) +°° (b° + °) 4 *a’ (¢ + a°) + 3 (a”b” + b°¢” + °a”)
=3 (a6b6 + 5565 4 c6a6) <3 (a5b5 +bH 4+ c5a5) + (a5b5 + S+ c5a5) (a5 +5 + 05) —3a°H°°
=3 (a6b6 + 5565 4+ c6a6) <6 (a5b5 +bH + c5a5) —3a°b°®

Do vay ta chi can chiing minh:
6 (a5b5 +0 + c5a5) —3a°b°c® < 15

(a® +b° + &) [4 (a®V° + b°c® + Pa®) — (a® +1° + 05)2]
9

a’b’c® >

& 4(a®’ + 0 + *a’) = 3a’6°” < (a® +b° + 05)2 =9
Vay nén ta chi can chitng minh
a’b’ +b°c® + ’a® < 3
Nhung day lai 1a két qua hién nhien do a® + b° + ¢® = 3.
Vay BDT dugc chitng minh. Dang thitc xay ra khi va chi khia =b=c = 1. U

Chiing ta con mot cach nita nhung trude hét 1a nhan xét vé bai toan
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Nhan xét:

e Mot bai tuong tu: Vasile Citoaje GM-A 2003

Cho a,b,c la cdc so thuc duong théa mdn a® + b® + ¢ = 3. Chiing minh ring:

a*bt + bt + et < 3

e Tdng quat hon:”

Cho a,b,c la cdc so thuc duong théa mdn a™ + b™ + c* = 3, vdin la so6 tu nhién lon hon
1. Chitng minh rang:
an+1bn+1 + bn+1cn+1 + Cn+1an+1 S 3

Qua tré lai bai toan. Ta co

f (k) =

1

akbk + bFek + Fak\
3

12 ham tang. Do d6 néu véi gid thiét cac s6 a, b, ¢ duong thoéa a® + b° + ¢® = 3 ta sé dit ra cau

hoi vay thi sé » 16n nhat dé

S Ie

<1lsdb +bcd+cad" <3

(a”br + b + crar)
3

sé ¢6 gia tri la bao nhiéu?
Cach 3:® Thay vi chitng minh bai toan ta sé di tim s6 7 16n nhat dé
a'b"+b'c" +ca" <3

3 3 N
\ 5,(): ¥ 5—5,0:\5/5tacan:

B G-)"@r- - =

Cho € — 01 ta can co:

e Viia=

S]]

w3

g <3&r< 751n3
4/ = "= 9 _In4
. . o 5In3 R )
e Ta sé chiing minh v6i r = —————— > 6 thi BDT sau luon dang:
In9 —1n4

a'b"+b'c" +ca" <3
Khong mat tinh tong quét ta gia st a > b > ¢ va dat

fla,byc)=a"b" +b'c" +c"a"

"Cach chiing minh hoan toan tuwong tu véi chi y:

4(a™" +b"c" 4 ¢"a") — 3a™"b" " < (a" + b+ ¢ =9
8Tham khao tit "Algebraic Inequalities - Old and New Methods - Vasile Cirtoaje”
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+ Ta chiing minh:

a® +bs
A"t U+ a” <27 <t =y ) )

arb” + brer + car S t2r + 2"

Ta lai co:

2t <0+ a”

Sab + (b 4a" -2 <t
2

o[ a®+ b < ar +br
2 2 - 2
= -

CT' S V CLrbT CT S ,/alrbT‘ Cr S /arbr

<a5+b5)g . ar v

BDT cudi luon ding do d6 ta can chiing minh:

a’b + (b +a =20 Varkr < ¥
& (t’” + W)Q > 24" + (" + a") Varb
o (14 vVaw ) = Val (Vo + Vi)

@tr+mzm(\/§+\/b7)

@(M—W) +tr—<ﬁ+\/b_r> >0

) 10 10

T (va)” + (Vb

. <¢a—+¢b—> . (v7)
2

BDT cubi dang do doé:

arbr+brcr+crar S t2r+2trcr

+ Ta can chiing minh:
[a® + bd In 3
t27’ 2t7’ T < 3 . t: 5 —
rere s 7( 2 " ln9—ln4)
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Vi a® + b° + ¢® = 3 nén

e (W4 5
3 = 3

42 <3 &
BDT trén la thuan nhat nén ta chuan héa t = 1 (khi d6 ¢ < 1). BDT can chiing

2r 2+ ¢ 1+ 2c¢"
=—1 —1 >
g(c) 5 n( 3 ) n( 3 >_O

Bing cong cu dao ham ta dé dang chitng minh duge g(c) 13 ham 16m, két hop véi
2 2 1
g(1)=0; lim g (c) = il In (—) —In (—) > (. Ta dugc:
c—0t 3

minh 1a:

3 3

2r 2+ ¢ 14 2c¢"
=—1 —1 >

> 6 1& s6 16n nhat dé BDT sau luon ding:

1
(ab —i—bgc —l—ca) <1

5In3

Vay r = In9 —1n4

Qua lai bai toan trong dé thi clia ching ta. Tt két qua trén ta dugc:

1 1
67,6 6 .6 6.6\ 6 rLr ror r T\ 7
(ab+b30+ca) S(abergchca) <1

Ta duge diéu phai chitng minh.

Bai 17 (Dé thi chon doi tuyen tinh Dong Nai).

Vi ba so thuc duong a,b, c cé tich bang 1. Chiing minh rang:
b 3vV3
= \/7 N v
b+c a-+c a+b " a3+ +c3+3
Lor GrAr

Cach 1: Theo BDT AM- GM, ta chi can chiing minh:

. 1 Y
@ ) brocta- VaiBiars
Thc 1a:
(a3+bg+c3+3)3 >27(a+b)(b+c)(c+a)
BDT tren 1a hién nhién vi theo BDT Schur ta co:

(@®+ b3+ A +3)° = (a® + b + & + 3abe)” > [ab(a + b) + be (b + ¢) + ca (¢ + a)]?

> [3y/@PE T 50+ 0 (c+a)]3 — 27 (a+b)(b+c)(c+a)
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Dang thitc xdy rakhia=b=c= 1.
Cach 2: Tuong ty nhu trén ta can chitng minh:

(@ + "+ +3)° > 27(a+b) (b+0) (c+a)

Ta co:
2 b2

—+§—|—1ZCL+Z)

do do:

(a2+62+02+3)3 2(a+b+c)? [3\/a+b b+c)(c+a)3:27(a+b)(b+c)(c+a)

Vay ta chi can chiing minh:
A+ 0+ >a® + b+
Theo BDT AM - GM ta c6:
(@®+a*+1)+ B+ 0>+ 1)+ (A + A+ 1) > 3a® + 30> + 3¢?

A+ +c2>3

Vay BDT dugc chitng minh déng thic xay ra khi a = b =c = 1.

Cach 3: Ta chiing minh mot két qua manh hon nhu sau:

e

Ap dung BDT Holder ta c6:

<\/; \/7 \/Z) b+ + b (c+a)+ (a+b)] > (a+b+0o)

Vay nén ta chi can chitng minh:

2 2 2
(a+b+e)> 270a* (b+c) +b*(c+a) + ? (a+b)]
a+b+c+3

sa+b+e) +3(a+b+¢)° >27[a>(b+c)+ b (c+a)+ A (a+Db)
Theo BDT Schur ta co:
(a+b+c)* -3 >4[a*(b+c)+ b (c+a)+ P (a+D)]
nén ta chi can ching minh:

27
(a+b+c)4+3(a+b+c)3zZ[(a+b+c)3—3]

Sdla+b+c) —15(a+b+¢)*+81>0
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Xét ham s6 f (t) = 4t* — 15t + 81 v6i t > 3 ta co:

[ (t) = 16t° — 45t =t (16t* — 45) > 0

do vay:
Aa+b+c) —15(a+b+¢)° +81>43"—153+81=0
Tom lai:
Vb Va+c a+0b Va+b+c+
Ap dung két qua vita ching minh ta dé dang hoan thanh bai toan. U

Nhan xét: Qua bai gidi trén ta duge két qua sau:

[fa_ [ b L= 3v/3 - 3v/3
b+c a+c at+b ™ Va+b+c+3 " 2(a+b+c)

> 3\/5 > 3\/5
T VR+P+P+3 T VR +BP+3+3

Bai 18 (Dé thi chon doi tuyen tinh Quéang Tri - Vong 2).

Vi ba so thuc khong am x,y, z cé tong bang 2. Chitng minh ring:

1
ﬁy+ﬁz+£m§xﬂuﬁ+f§1+§@#+¢+wﬂ

Lo1 GIAL
Cach 1:

e Ta chiing minh: 2%y + y?z + 222 < 2® + 93 + 23. Theo BDT AM - GM ta c6:

23+ 2%+ yP > 3ty
y3+y3+23 Z 3,!/22,
BB+ > 320

Cong theo vé ta duge diéu phai chitng minh. Dang thiic xay ra khi va chi khi 2 = y = 2.
e Ta ching minh: z* + y* + 2% +2 > 223 4+ 23 + 22°
Khong méat tinh téng quat ta gia st o >y > 2
+ Néuz < 1.

Khi d6 ham s6
f(z) =a* —22°

co6 f"(x) <0va(1,1,0) > (x,y, 2) do dé:
(z* —22%) + (v* = 2¢°) + (2" = 22°) > (-1) + (-1) + 0 = -2
BDT dugc ching minh.
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+ Néux >1. Khidétontaie >0saochor=1+evay+z=1—¢.

Ta lai ¢6 ham sb
fly)=y' =2
c6 f"(y) <0va (1l —¢,0) > (y,z) nén:
(v' —2¢%) + (2" —22%) > (1 —¢)' —2(1 —¢)°
Vay ta chi can chting minh:
(I4+e)' =21+ +(1—-e)'—2(1-¢)*+2>0
Thé nhung BDT trén I hién nhién vi:
(I+e) =200+’ +(1—-e)'—2(1—-e)’+2=2*>0

Vay khi x > 1 thi
ot oyt 2 2 > 228 + 28 + 228

BDT thit 2 dugc chitng minh. Dang thitc x4y ra khi va chi z =y = 1,z = 0 va cac hoan

vi cta nd.
Céach 2:
e Chitng minh 2%y + y?z + 22z < 2® + 9® + 2° nhu trén.

e Ta ching minh: z* + y* + 2% +2 > 223 + 23 + 223,
Ta dat:
q=xy +yz+ zx

r=xyz
BDT dugc viét lai la:
16 — 16q + 2¢* + 8r + 2 > 2 (8 — 6¢ + 3r)

=22 —4qg+2r+2>0
S 20q-1°+2r>0

BDT cudi hién nhién ding. Dang thiic xay ra khi va chi khi # =y = 1, z = 0 va céc hoan

vi cua no.
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Bai 19 (D& thi chon doi tuyén tinh Thanh Héa - Vong 2).

. 1 1 .
Vo ba so thuc duong x,y, z thoa man x +y + z = — + — + —. Ching minh rang:
i

y oz
1 o 1 n 1 - 3
(2zy +yz +22)°  Quz+zz+ay)’  (2zx+ay+yz)  1622y222
Lo1 GIAL
Cach 1:

Quan sat gia thiét bai toan ta thuc hién thay

111
(%Qa Z) — <_a K _)
Ty z

BDT can chitng minh dugc viét lai la:
1 1 1 3
7 + 7+ 2 1/
2x+y+2)° Qy+zt+az) 2z+ax+y)” 16

Ta lai c6:
1 n 1 . 1
Qe+y+2)’ (+z+z)’ (2z+z+y)]

1 1 N 1 N 1
dllet+y)(rt+z) W2+ (z+2)(z+y)

<

Vi vay ta chi can chiing minh:

1 1 1
Gty @t2)  Grawro)  (cta)(z+y)

<

] w

3@ty (y+2)(z+z) =28 +y+2)

& 3[(x+y+2)(zy+yz+2w) —ayz] 28 (z+y +2)

Ty +yz+ 2w

3 |(x+y+2)(vy +yz+z2x) — Tty

>8(x+y+2)

e 3(ay+yzt+er) [(z+y+2)7—1] >8@+y+2)
Ta lai c6:
[zyz(z+y+2) = (wy+yz+z22) >3ayz(x+y+2) =>ay+yz+ze =ayz(z+y+2) >3
nén ta chi can ching minh:

Iz +y+2)°—9>8x+y+2)°
S (zty+2°>9
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Diéu nay la hién nhién vi # +y + z > 3. Bai toan dugc chitng minh, dang thitc xay ra khi
r=y=z=1
Céach 2:°

Lap luan tuong ty nhu trén ta can chitng minh:
3(x+y)(y+2)(z+x)>8(x+y+2)

Theo BDT AM- GM ta co6:

22y 4+ 2%z + vz +ytr + P2+ 2%y > 6ayz

S9x+y) (y+z)(z+2)>8@+y+2) (vy+yz+ 22)
Vay nén ta chi can chitng minh
Yy +yz+zx >3

BDT trén hién nhién vi:
lzyz(x+y+2) = (y+yz+ 20 >3eyz(z+y+2) = ay+yz+ e =ayz(z +y+2) > 3

Bai toan dugce chiing minh.

Cach 3: Ta can chiing minh:

1 1 1 3
+ + <=
Qe+y+2)° Qy+z+a)’ (z+a+y)’ 16

Thutc hién bude dong bac héa nhu sau:

2 2 2

Tr+y+z rT+y+z T+y—+z 3 1 1 1
2 2 2

2z +y+ 2) (2y + 2 + ) (2z4+z+y) 16 r oy =z

Khi d6 ta chuan héa z + y + 2 = 1 BDT can chting minh la:

1 N 1 N 1 < 3 <1 Ly 1)
(1+2)? (1+y)°® (142> 16\ y =z
BDT tach bién nén ta c6 kha nhiéu huéng dé xi 1y

e Huéng 1: 1°
P N A "’E z
Xét ham s6 f () = ———— ¢6
(x+1)
2(x—2)
(z+1)"
9Sau khi bién ddi thi day 1a bai toan IMO Shortlist 2009 - Problem A2. Cach gidi 2,3 dugc trich dan trong

day.
10Tyich trong IMO Shortlist 2009 - Problem A2

/" (x) =

<0 (0<z <)
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Ap dung BDT Jensen cho ham 16m f(z) ta dugc:

x Y z

a + +c <(a+b+c¢c).——
(z+1)?  (y+1)° (z+1)2_( )(A+1)2
frong do A — XY ez
a+b+c
1 1 | 1 . s . .
Chona:—,b:—,c:—khuioA:g<1thoamandleukléndéapdungBDT Jensen
x Yy z
nén ta dudc:
L SRR <(1+1+1> 3 3(++)
<|l-4+-+-)——=—(@+y+=z
(+1)° (y+1)* (+1)? " \z oy 2/ (Ly1)® 16

Bai toan dugce chiing minh.

e Huéng 2: (Vdi cic bai todn BDT c6 dang tach bién thi phuong phdp Tiép tuyén, hé

56 bat dinh t6 ra khd hieu qud) Ta sé tim mot danh gia:

L 5 < +b
(x+1)> 16z =t

) b ) 1
Dé tim dugce a, b ta can chi § diem roi la z = 3 va ta dugc:

27
a=—

32
b=

32

Vay nén bang bién ddi tuong duong ta dé dang kiém tra duge:

1 3 27 9
<

(x+1)> 16z =32" 7 32

Lam tuong ti v6i y, 2z cong lai ta dude diéu phai chitng minh.

O
Mot sy trung hop ngau nhién dé chon doi tuyén tinh Ba Ria - Ving Tau cing cé dang tuong
tu.

Bai 20 (Dé thi chon doi tuyen Tinh Ba Ria - Viing Tau).

Voi x,y, 2 la cdc so thue duong théa man xyz = 1. Chitng minh rang:

1 1 1 3
+ + < —
2z+y+2)" (y+z+2)’ (2z+z+y)’ "~ 16
Lo1 GI1AL Ap dung cach giai 1 va 2 ta dé dang c¢6 dudce 1o giai. O
31
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Bai 21 (Dé thi chon doi tuyén Tinh Ba Ria - Viing Tau).

Vi .y, z la cde so thiuc khong am théa man x? + y? + 22 = 1. Chitng minh rang:

(2+2+2) 1 4 1 4 1 <§
ryYyryzrz=x \/1+$2 \/1+y2 \/1+22 - 92

Lo1 GiAL
Cach 1: Ta co:

(ny + 9%z + zQx)2 < (£E2 +y° + 22) (nyQ +y%2% + 22902) = (nyQ + %22 + zQxQ)

1 1 1 1
+ + +
Vi+a?  J1+y2 V1422 \/1—1—3:1:23/222

2 2 4
< + <
\/1 + /2%y \/1 + /22 /22222 1+ {/a?y?2?

1 1 1 3
= + + <
VIda? Ity V2T e

Do vay ta chi can chiing minh:

3\/x2y2 + 9222 + 2202

1+ /x?y?2?

3
<2
-2

& 1+ v/22y?22 > 4 (2P + y?2° + 2%27)
Theo BDT Schur ta c6:
14+ 92%y%2% > 4 (a2 + %22 + 2202

Do vay ta can chiing minh:

Y ay222 > 9x?yP 2

1
2,22

R < —
ryz 9

BDT cubi hién nhién ding vi

3
1 (x2+g§+z2> S 222

) 1
Bai toan dugce chitng minh. Dang thic xay ra khi va chi khi v =y =2 = ﬁ

Cach 2: (artofproblemsolving.com & diendantoanhoc.net)
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Ta c6: 22 4+ xy? > 22%y; y> + y2? > 22, 25 + 22 > 2%
Do doé
t+y+z=(x+y+2z) (®+y*+2°) >3 (2y + v’z + 2°x)

e Huéng 1: Ta lai c6:

1 1 1 1 1 1
+ + <4/3 + +
Vaz+1 /2 +1 \/22—1—1_\/ <x2+1 y2+1 z2+1)
Vay nén ta can ching minh:

1 n 1 n 1 < 27
w2+1 41 22417 da+y+2)°

P A 27
2?2+1 P +1 241 Az+y+2)°

>3

Theo BDT Cauchy ta co:

x? N y? N 22 - (a:+y+z)2 _(:c—l—y—l—z)2
w241 241 2241 T a4 242243 4
Do d6 ta can: )
27
(x+y+2) n >3
4 4 +y+ 2)
BDT la hién nhién vi:
((z+y+2)? 9 .3
4 Hoty+z)’ 2
18 3
22_
( Az +y+2)° 2

Bai toan dugc chiing minh.

e Huéng 2: Ta can chiing minh:

rT+y+z 1 n 1 N 1 < 3
3 Vi+a?  J1+y2 V1+22) 7 2
T gid thiét ta c6: 0 < z, 1y, 2z < 1 nén ta dé dang chiing minh duge danh gia sau:

1 3 5V3

< Zay
V1i+a2z 8 8

Vay nén ta can:

r+y+ =z 3 15v/3 3
- J Tz < Z
3 8(:1:+y+z)+ g =5

2
+y+ 5V 3 3
PRC ‘lé ) g_(x+y+z)§§

BDT cubi luon dang do = + y + 2z < v/3. Bai toan dugc ching minh.
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Cach 3: (artofproblemsolving.com)

Theo BDT Vasc!! va BDT Cauchy ta c6

2’y + 2 + 2P < V(@Y + Pz + 2 (vy + yz + 2x)

<\/(az2+y2+z2)2(:cy+yz+zx) _ |wytyz+zx
- 3 — 3

Mat khac ta co:

1 1 1 1 1 1
+ + <4/3 + +
V14 22 \/1+y2 \/1+22_\/ <1+x2 1492 1—|—z2)

1 1 1
<\ - -+ )
Ty +yz +zr+x Y + Yz +zxr+vy Yy +yz+zr+ 2

1 1 1 B 6(r +y+2)
S\/3<<:c+y><sc+z>*<y+z><y+:c>+<z+x><z+y>) \/<x+y><y+z><z+x>

S(@ty+z)(ey+yz+ 2x) 2y Fyz + 2z

S\/ 6(z+y+2) 33

Vay nén ta chi can chitng minh:

[y + yz + zx 3v3 <§
3 2ty tyz+zx T 2

Diéu d6 1a hién nhién. Bai toan duge chitng minh. U

Bai 22 (Dé thi chon doi tuyen THPT chuyén Dai hoc Vinh ngay thi 1).

Tim tat cd cac soé thue k sao cho bat d(fng thiic sau ding vdi moi so thuc a,b, c

(a+b+c)

ab + bc + ca < 3

+kmax{(a—b)2,(b—c)2,(c— a)2} <ad+b+¢°

Lo1r GiArL
Cach 1:

e Dicu kién can: Chon a = 3,b = 2,c¢ = 1. BDT da cho tré thanh:

1 1
<1244k < e g2 k> —

1V6i moi s6 thuc x,y, z ta ludén co:

(1:2 +y? + z2)2 >3 (acgy + 3z + zgac)
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N - , 1 1 . S
e Dieu kién di: V6i moi k thoa man 3 >k > 1 ta sé chiing minh BDT deé bai luon ding.
Khong méat tinh téng quat ta gia st a > b > ¢. BDT dugc viét lai la:

(a+b+c)

3 +k(c—a)’ <a®+0*+¢

ab+ bec+ ca <
& 3(ab+be+ca) < (a+b+c)’ +3k(c—a)® <3 (a® +0° + )

(a+b+c¢)* + 3k(c
(a+b+c)* + 3k(c

a)® > 3 (ab+ be + ca)
a)’ <3(a®+ 0>+ )

Ta lai c6:

Nén ta chi can ching minh:

. 1 1
Hai BDT cuoi luén ding vi 3 >k > T

1 N
Vay 5 >k > —1 la cac gia tri can tim.
Cach 2: (diendantoanhoc.net)
e Diéu kién can: Chon a = 3,b = 2,c¢ = 1. BDT da cho tré thanh:
1 1
11§12+4k¢§14<:>52k2—1
S | r ... N s 1A
e Diéu kién du: V6i moi k théa man 3 >k > —1 ta sé chtitng minh BDT de bai ludn ding.
Khong méat tinh téng quat ta gia sit a > b > ¢. BDT dugc viét lai la:

(a+b+c)

3 +k(c—a)’ <a® 40>+

ab+ bec+ ca <
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a=c+zx P
Dat ;(x >y >0) BDT trén dugce viét lai la:
b=c+y

v —ay+ Bk+1)z? >0

3
yZ—xy+(1—§k)x220
( 1 1
y2—xy+—x2+3<k+—)x220
4 4
=
2 15 3 2
Yy —axy+ -+ —-(1—-2k)z*>0
\ 4 4
( 1\? 1
(y—éx) +3<k+1>:€220
=
! 2+3(1 2k) 2% > 0
\ Yy 2:6 1 z° >
} 2. , o1 1
Hai BDT cuoi luén dang V1§2k2—1
1 oo,
Vayasz—Z la cac gia tri can tim. O

Bai 23 (Dé thi chon HSG cap Tinh - Bén Tre).

Vi ba s6 thuc duong a, b, c. Tim GTNN ciia biéu thic:

134 2016
a+vVab+ Vabe Va+b+c

LoO1 GIAL (Nguyén Minh Thanh)

Ta co:
1 1
Za+b2\/% ZCLJFZ)Z\/%
4
& :>a+\/%+\/3abc§§(a+b+c)
1 1 b 4
—a+b+4c> 3vVabe —a+ -+ —c > 3vabc
4 12 3 3
Do doé:
p_ 1344 2016 S 2016( 1 1 )
a+Vab+ Vabe Va+b+c 2(@+b+c¢) Va+b+c
Ta lai c6:
1 1 +1_1—2\/a+b+c+(a+b+c)_(\/a+b+c—1)2>0
2(a+b+c) atbtce 2 2(a+b+c)  2(a+b+c) T
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. 16 4 1
Vay ta duge P > —1008. Dang thic xay ra khi va chi khi a = o7 b= o ¢ =57 hay néi cach

khac GTNN ctia P la —1008. U

Bai 24 (Dé thi chon HSG Tinh Quéng Ninh - Ngay 1).

Vi ba s6 thic duong a,b,c théa man (a +b) (b+c)(c+a) = 1. Tim GTNN ciia biéu thic:

Va2 —ab+b Vb —bc+c2 /2 —ca+ a?

P= + -
Vab + 1 Ve + 1 Vea+1

Lo1 GIAL

Ta co:

VETBTE _ B @) (3@ )y
Vab+1 Vab+ 1 ~ Wab+1 T a+b+2

Dé don gian ta diit t =a + b,y = b+ ¢, z = ¢+ a. Khi d6 ta co:

Tr+2 y+2  z2+2

(z,y,2 > 0;0yz = 1)

e Huéng 1: Ta duy doan
ST AR |
r+2 y+2 z+27

That vay:

x+y+z>1
r+2 y+2 z+2

2(zyz +xy +yz+x2 —4) >0
(z+2)(y+2)(z+2)

BDT cubi hién nhien vi zyz = 1. Ding thic xay ra khi va chi khi z = y = 2z = 1 hay
1
a:b:c:§ nén GTNN cta P la 1.

e Hudng 2: Ta co:

x 1 (a —1)%d®

- = & > 0; (a:x%)
T+2 25 42541 (@—a+1)(@®2+a+1)(a+2)

Ap dung tuong tu cho y, z nén ta duoe:

1 1 1
— —2 + = —2 +— =)
3 +x3 +1 y3 +y3 +1 23 4273 41

P>

Ta stt dung B6 dé Véi x, y, z 1a cac sé thuce duong c6 tich bing 1 thi BDT sau luon ding:

1 1 1
>1
x2+x+1+y2+y+1+z2+z+1_

Ta thu duge:
P>1

—_

Dang thitc x4y ra khi vachi khiz =y =2=1haya=b=c = — nén GTNN ctia P la 1.

[\]
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e Huéng 3: Ta duy doan

x+y+z>1
r+2 y+2 z+27

Theo BDT Cauchy ta co:

x Yy z >(\/§+\/§+\/5)2

_l’_
r+2 y+2 2427 x4+y+2+6

Vay nén ta can co:
VI+y+vz>3

Diéu trén 1a hién nhien vi zyz = 1.
e Hudng 4:'2 Dy doan GTNN 1a 1 va ta can chiing minh:

- + J + = >
r+2 y+2 z+2

Vi zyz = 1 nén ton tai cic s6 thyc duong k, m,n sao cho:

k m
T=—y=—;z=
m n

n
k
Khi d6 BDT dugc viét lai la:

k m n

> 1
k+2m+m+2n+n+2k -

Theo BDT Cauchy ta dugc:

k m n (k4+m+n)?
+ + > 3
k+2m m+2n n+2k (k+m+mn)

=1

Tu d6 dé dang hoan thanh bai toan.

Bai 25 (Dé thi chon doi tuyén Tinh Bac Ninh).

Vdi ba s6 thuc duong a,b, ¢ théa man a + b+ c=9. Tim GTLN cia biéu thic sau:

P ab n bc n ca 1
~ 3a+4b+5c  3b+4c+5a 3c+4a+5b  \/ab(a+ 2¢) (b+ 2¢)

LO1 GIAL Ta sé chia P thanh 2 phan va danh gia nhu sau:

e Ta co:

1 9 1 1
> >3 —
Vvab(a+2c)(b+2c) — \/3a.3b. (@+2c)(b+2c) — (a+b+c)t 27

12Pay 1a cach déi bién thuong gap khi cac bién cé diéu kien tich bing hing sb.
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e Ta lai co:

ab . be N ca
3a+4b+5¢ 3b+4c+5a  3c+4a+5b

ab

<
o 64/(a+5) (b + (e + a)’

b. ) (ab)
_6Z a+b

+¢)’(c+a)”

1 ab 3ab 2ab 1 1
< — —— )
_36§(a+b+b+c+c+a) 36Za+b(c(a—|—b)+a(b+c))

cyc

1 a(b+c)
— |1 Sl
36[8_'_62% a-+b

Ta lai c6:

alb+c) blc+a) c(a+Db)
+ +
a+b b+c c+a
That vay BDT trén tuong duong:

<a+b+ec

ab® 4 bc® 4 ca® > abe (a + b+ c)

BDT nay dung vi:
ab® + ab’c + abc® > 3ab’c

(tuong tu cho céc hang tit con lai)

Vay:
1 1 7
P<—(1 - =—
36( 8+9) 27 108
7
Dang thitc xay ra khi v& chi khi a = b= ¢ = 3. Do d6 GTLT ctia P la 108

Bai 26 (D¢ thi chon doi tuyen Tinh Thai Nguyen).

Vi ba s6 thuc duong a,b, ¢ théa man ac > 12;bc > 8. Tim GTNN ctia biéu thic sau:

1 1 1 8
P=a+b+c+2|—+—+—|+—
ab  bc ca abe
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Lo1 GiAL Ta du doan diém roi a = 3,b = 2, ¢ = 4 va sit dung BDT AM - GM nhu sau:

1 1 1 8
P=a+b4+c+2(—+—+—|+—
ab  bc ca abe

b 1 1 1 1
— 792 48— 96.-= 8— 6.— +4.— + 8 —
72 + 48 + 96 + dab + 3bc + 2ca + abce
249 a72 b48 096 249 a52 b26 C78
= 242 \/7272.4848.9696.48.36.24.a20.b22.018 =242 7272 .48%8 9696 48 36 24

72724848 969 48 36 24 — 7272 488 9696 48 36 24

[ 1 121
= 242. %% = —
24242 12

121

Ding thitc x4y ra khi va chi khi a = 3,b=2,¢ = 4. Do d6 GTNN cua P la T O

> 242, \/ (a0 (o)™ . \/ (12)™(8)*

Bai 27 (Dé thi chon doi tuyén Tinh Thai Nguyeén).

Vi ba s6 thuc duong a,b, c. Chiing minh rdang:

L +3(b+b N )>21
— a C ca —
(14+a)? @140 (1+4¢° 32 = 32

Lo1 GIAL (http://diendantoanhoc.net/) Ta sé dimg bd dé

1 N 1 S 1 - (z3y + y2x — 222y?) + (zy — 1)°
(@+1)?  (y+1)° " ay+l (4 1D)*(y+1)° (zy + 1)
Ta co:
I 3
(1+a)°8 2(1+a)

Khi do:

1 3 3 1 3 3
=N —— 2 (ab+b > 2 b+ b _ 2
Z(1+a)3+32(a + C+Ca)_8czy;ab+l 3 (ab + bc + ca) 6

cyc

Vay nén ta can chiing minh:

3 21
e (ab+ b 2 s =
Zab+1 (ab+be+ ca) = 6= 55
927
2 (ab+b > 2L
Zab+1 (ab + bc + ca) 2
40
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Theo BDT AM- GM ta lai c6:

—g ab+1 ab+bc+ca+3)
3 36 3 36
— b+0b > —
3 3+ab—|—bc—|—ca+32(a thetcat3) 32

27
= — Zm+—ab+bc+ca)_3—2

Bai toan duge chiing minh. Dang thitc x4y ra khi v chi khia =b=c = 1. U

Bai 28 (Dé thi chon doi tuyén Tinh Thai Nguyen).

Vi ba s6 thuc duong x,y, z théa man xyz > 1 va z < 1. Tim GTNN ctia biéu thic sau:

oz o Y o 4— 23
S 14y 1+z 3(1+ay)

LoO1 GIAL Ta sit dung b6 dé quen thuoc sau:

T . Y S 2\/xy
14y 1+2 = 14 /xy

That vay,
2
vy A (Vi V) VEa ) ety - @ y) VEy
l+y 1+z 14,7y 1+z)(1+y) (1+/7) B
Do do: ,
x 4—z 2\/x 1
= + 2 > .
l+y 1+z 3(Q+4zy) 14+ Jzy 1+ay
Ta lai c6:
2\/xy . 1 3 (,/:cy—l)3 S
1+yry l+ay 2 2(1+3y) (1+ay)
Do dé6:
p>?
-2
) 3
Dang thic xay ra khi va chi khi x =y = 2 = 1. Vay GTNN cua P la 3 U

Bai 29 (Dé thi chon doi tuyén Tinh Ha Nam).

Vi ba so thic khong am a, b, ¢ va khong cé hai s6 nao dong thoi bang 0. Tim GTNN cia
biéu thic sau:
a b c
pP= +q/——+
b+ c c+a a+b

41

THPT chuyén Nguyén Quang Diéu



Nguyén Tuan Anh

Lor GiAL

Céach 1:

Khong mat tinh tong quat, ta tim GTNN ctia P véi dieu kien a + b + ¢ = 3. Khi d6 P dugc
viét lai la:

P = + +

Ta lai c6:

Danh gia tuong tu cho b, ¢ ta dugc:

(\V]

Dang thiic xay ra khi va chi khia =b = = 0 va cac hoan vi cia n6. Do d6 GTNN cua P

l\DICO

la 2
Cach 2: (http://diendantoanhoc.net/)

Ta co:

2
”b—?—cz a+g+c<:>a[(a+b+c)2—4a(b+c)} >0 ala—b—c)?>0
Danh gia tuong tu cho hai hang tit con lai ta dugc:
P>2

Ding thitc x4y ra khi va chi khi a = b, ¢ = 0 va céc hoan vi ciia n6. Do d6 GTNN ctia P 1a 2.
Cach 3: (http://diendantoanhoc.net/)

Khong mat tinh tong quat ta gia sit ¢ 1a s6 nhé nhat trong ba s6 a, b, c. Ta c6 danh gia sau:'®

\/ \/ a+b

b+c - a+b+2c
[ a+b _ 9
a+b+20 a+b 1—i—a+b

13Panh gia nay c6 nhidu khai thac rat thd vi ¢6 thé tham khéo qua bai viét "Ung dung mot bé dé hay trong
chting minh BDT - Ngo Trung Hiéu, Cao Minh Quang - THTT 469"

Do do:

42
THPT chuyén Nguyén Quang Diéu



Nguyén Tuan Anh

2c
a+b

Dat z = khi d6 x € [O; \/g}, xét ham s6:

[ 1

flx) = f(0) =2
Tic P > 2. Déng thiic xay ra khi va chi khi @ = b, ¢ = 0 va cac hoan vi ctia n6. Do d6 GTNN

cua P la 2.

Béang khéo sat ham s6 ta dugc:

U

Bai 30 (Dé thi chon HSG Tinh Ninh Binh).

Vi ba so thic duong a,b,c, cé tong bang 3. Chiing minh rang:

1 1 1 1 1 1
+ + >4 + +
Va+vbh Vb+e Veta T (a—l—? b+7 c+7)

Lor GIAL
Céach 1:
Ap dung BDT Cauchy két hop véi AM - GM ta dugc:
1 1 4 8 8
\/5+\/5+\/5+\/52 \/a+ﬁ+ﬁ+\/52 at2b+c+d b+7

Danh gia tuong tu cho hai cac dai luong con lai va cong lai bai toan dudce ching minh. Dang
thitc xay ra khi va chi khia =b=c=1.
Cach 2: (http://diendantoanhoc.net/)

Ta co:
1 1 2

> =
Va+vh T S+ at b2

Danh gia tuong tir cho hai hang tit con lai. Vay nén ta can chiing minh:

1 N 1 N 1 1 N 1 N 1 S 2 N 2 N 2
a+b+2 b4+c+2 c¢+a+2 5—a 5—-b 5S5—c a+7 b+T c+7
Ta lai c6: ,
1 B 2 zia—i@ (a—1)"(a+3) >0
5—a a+7 32 32 32(6—a)(a+T7)
Vay nén:
1 1 1 2 2 2 3 9
— — - > — b ——=0

5—a 5.0 5-c ax7 bi7 ciiim@titdog

Bai toan duge chiing minh. Dang thitc x4y ra khi v chi khia =b=c = 1. U
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Bai 31 (Dé thi HSG cap Tinh - Pha Yen).

Vi bon s6 thuc duong x,a, b, c théa man x* = a® + b* + 2. Chitng minh rang:

a n b i c 3
x+2a z+2b x—|—2c V342

L1 GIAL Truée tien ta thuan nhat héa BDT lai nhu sau:

+ b + <
a2+ b2+ 2+ 2a a? 4+ b2+ c2 4+ 2b A+ +24+2 " V3+2

Va chuan héa:
A+ +3*=3
Vay nén ta can chiing minh:

a b c 3
+ +
V3+2a V3+2b \f+2c V342

Ta co6:

\[+2a ( 12+7f) (a—1)+

2(2v3-3)(a—1)* <0
(2+3) (20+v3) -

Danh gia tuwong tu cho b, ¢ nén ta duge:

V3+2

a b c 3 3
+
VAt2a VBrab VBize o Vii2 o VBie
BDT trén ding vi a + b + ¢ < 3. Bai toan dugc chiing minh. Dang thiic xay ra khi va chi khi
a=0b=c. O

< 12+7\f> (@a+b+c—3)+

Bai 32 (D& thi chon doi tuyén Tinh Lang Son ngay thit 1).

Vi ba so thuc duong x,y, z c6 tich bing 1. Tim GTLN ciia biéu thic sau:

1 1 1
x2+2y2+3+y2+2z2+3+z2+2x2+3

Lo1 GiAr (http://diendantoanhoc.net/)

Ta co:
1 2
>
22 +22+3 T axy+y+1
Do do:
2 2 2 2z 2 2

> + + = + + =

zy+y+1 yz+2z+1 zz+x+1 z4+yz+1 yz4+24+41 zz+zxz+1
Dang thiic xay ra khi va chi khi 2 =y = 2z = 1. Do d6 GTNN ctia P la 2. U
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Bai 33 (Dé thi chon doi tuyén Tinh Quang Nam).

Véi bon so thuc khong am a,b, c,d. Chitng minh rang:

(a+b+c+d)’ <4(a®+b°+c+d®) + 24 (abe + bed + cda + dab)

LoO1 GiAL Khong mat tinh tong quat ta gid st a > b > ¢ > d.

Ta co:
4(a®+ b + A) + 24abe > (a +b+¢)®

& a4+ b+ A+ 6abe > ab(a+b) + be(b+c) +ca(c+ a)
BDT trén hién nhién ding theo BDT Schur.
Ta thay ¢ := ¢+ d ta dugc:

4[a® + %+ (c+d)°] +24ab(c+d) > (a+b+c+d)°

& 4(a®+ 0+ A+ d®) + 12¢d (¢ + d) + 24abe + 24abd > (a + b+ ¢+ d)°
Vay nén ta chi can chitng minh:
2cd(a+0b) > cd(c+d)

Diéu trén I hién nhieén. Bai toan dugc chiing minh. Dang thitc x4y ra khi va chi khi a = b, ¢ =

d = 0 va cic hoan vi cia nob. O

Bai 34 (D& thi chon doi tuyén Tinh Nam Dinh - Ngay thit 2).

Vi ba s6 thuc duong a, b, ¢ cé tong bang 3. Chitng minh rang:

2
(+V5) 04y _er @,
Vaz—ab+b VB2 —bc+c2 VAR —ca+a

Lot GiAr (http://diendantoanhoc.net/)

Ta co:
(a+ V) (arvB) 2fasvB) [ (W)
mg\/%_b)?%(aw)?: T D i

Tuong tu cho hai s6 hang con lai cong lai ta dugc diéu phai chiing minh. Déng thtc x4y ra khi
vachikhia=b=c=1 O

Bai 35 (Dé thi chon HSG Tinh Binh Thuan).

Vi ba s6 thuc duong a,b, c. Ching minh rang:

a? b? c? a+b+c ab be ca
+ + > > - +
b+c¢c c+a a-+bd 2 at+b b+c c+a
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Lo1 GIAL

e Theo BDT Cauchy ta dugc:

a? N b2 N e >(a+b+@2_a+b+c
b+c ct+a a+b = 2(a+btc) 2

e Theo BDT AM - GM, ta lai cé:

ab+bc+ca<ab+bc+ca
a+b b+c c+a T 2Vab 2Vbc  2+v/ca

~ Vab \/E+\/@< 2(@+b+c) a+tb+tc
— o <

2 + 2 4 N 2

Bai toan dudc ching minh, dang thic x4y ra khi va chi khi a =b=c

U
Bai 36 (Dé thi HSG Tinh Binh Dinh).
Vi ba so thiuc duong a,b,c cé tich bing 1. Tim GTNN ciia biéu thic sau:
1 1 1
P =
ad(b+c) i b3(c+a) T A(a+0b)
Lo1 GiAr (http://diendantoanhoc.net/)
Ta co:
1 n 1 n 1
adb+c) b(c+a) Ala+bd)
(be)? N (ca)? N (ab)? (ab + be + ca)®
Calbdce) blcta) cla+b) ~ 2(ab+ be + ca)
Ta lai c6:
(ab + be + ca)® 3_(ab+bc+ca)(ab+bc+ca—3)>0
2(ab+bc+ca) 2 2 (ab + bc + ca) -
Vay nén:
P2
-2
. 3
Dang thiic xay ra khi va chi khi a = b =c =1, titc GTNN cta P la 7 U

Nhan xét: Ap dung két qua bai toan tren két hop BDT Nesbitt ta dé dang c6 dude 161 giai
cua bai toan sau: Hong Kong TST 2016
Vi ba so thic duong a,b,c cé tich bing 1. Tim GTNN ciia biéu thic sau:

_ a*+38 N b’ + 8 N 48
ad(b+c) B(c+a) Ala+b)

46
THPT chuyén Nguyén Quang Diéu



Nguyén Tuan Anh

Bai 37 (D& thi chon doi tuyén Tinh Hai Phong).

. 1 o s .
Vai ba so thuc duong a,b,c > 5 co tong bang 6. Chiing minh rang:

ab + be + ca > 3vabe + ab + be + ca — 4

Lo1 GiA1. Khong méat tinh téng quat ta gia sit ¢ > a > b.

Tru6e tien ta khang dinh biéu thiic trong cin luon duong. Ta cé:

1 1 1 1 1
ab + be + ca + abe — (a—l—c—§) <b+§) —56—5 <a+c—§)b

:i(Qa—l)(Qc—l)(b—l—l)ZO

P I PRI N P (A DA
areTy 2) TP T4y 2

1 1 1 1 1 13 3
(6 b 2)<b+2)+2b+2(6 b 2)b 5 4(6 )(5—0)>0

13 R } v e . e
Do do6 ab + be + ca + abc > 5 tic can thitc ton tai. Quay tré lai ching minh bai toan.

Véi cac gia st thit tuy nhu trén sé ton tai hai s6 m > n > 0 sao cho:
a=m-+nb=m-—n

Doa+b+c=6nénc=6-—2m > 2 tiucm < 2.
Khi d6 BDT dugc viét lai 1a:

(ab+ be + ca)® + 36 > 9 (ab + be + ca) + 9abe
& (m* —n® + (6 — 2m) (2m))2 +36>9 (m* —n*+ (6 —2m) (2m)) + 9 (m* — n*) (6 — 2m)
& 9m* — 54m® 4+ 6m°n® + 117m* — 42mn® — 108m + n* + 63n” + 36 > 0

& 9(m—2%m—1"+n*[6(m—2)°+18(2—m) +3+n? >0

BDT cubi hién nhién ding. Dang thiic x4y ra khi va chikhia =b=c=2hoica=b=1,c =4
va cac hoan vi ctia né. O
Nhan xét: Gia thiet a,b,c > 3 nham dé can thic ton tai chua tham gia vao 16i giai do do ta

c6 thé manh gia thiét len chi can ab + be + ca + abe > 4.
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Bai 38 (Dé thi HSG cap Tinh Quang Ngai).

p 1 ,
Vai ba so thuc x,y, z € {5, 1} . Tim GTNN cta biéu thic:

P:x5y+xy5—|—

—3(z+y) — 20162

x2 4 y?

Lo1r GiAL Ta cé:

P =2y 4y’ + —3(z +y) — 2016z > 2°y + xy° + —3(x+y)—2016

x2+y2 «T2+y2
Xét ham so:
6
f(x):x5y+xy5+x2 y2—3(x+y)
Ta co:
12 12
") =bxty— ——— 49" —-3<5-—"4+1-3=0
f( ) Yy (x2_'_y2)2 Y = 1
Do dé:
P> > —3(1 — 2016
= A vy (1+y)
Tuong tu nhu trén ta dugc:
P> 5 -3(1 — 2016 > —2017
>y+vy +1+y2 (1+y) >
Dang thitc xay ra khi # = y = z = 1, nén GTNN ctia P 1la —2017 O

Bai 39 (Dé thi chon doi tuyen Tinh Quang Ngai).

Vi ba so thiuc duong a,b, c théa a + b+ ¢ = 3. Chitng minh ring:

1, 1,1, a+l b4l ekl o 8 8 8
a b ¢ 140 14c2 14a2~ “—a24+b2+2 b2+c24+2 c24+a24+2

Lo1 GIAL

11 1 1 b+1 1
oTauchfl_’ngminh:—+—+—+aJr + ¢t
a

> 6 Ta co:
b ¢ 1+H 1+c¢2 1+4+a2— o

a+1 _ (a+1) a+1 ab+b (a+1)b(b—1)"
> b—1 = >
R Ul A > T sy =

Danh gia tuong tu cho cic s6 hang con lai, ta chi can chitng minh:

1 1 1 ab be ca atbte
a b ¢ 2 2 2 2 -

<:>1+1+1+ab+bc+ca 9
a b ¢ 2 2 2 2

BDT cudi ding theo AM - GM.
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1 + 4 + 4 < 3. Kho At tinh t6 At
. ong ma mn on ua
a2+ 4+2 V2+c2+2 2+a?+2 & &4
ta gid stta > b > c.

e Ta chitng minh:!4

Dat
1 1 1

a2+b2+2+b2—|—c2+2+c2+a2+2

f(a,b,c) =

Ta co:

f<a,¥,b;rc) — f(a,b,c)

(b—c)? 1 1

2 @t (2 + %) (44 2a% + b2 + 2) (4 + 202 + —(”;)2)

Ta lai c6:

b+ c)? b+ c)?
(62+02+2) (2+< ;C)><(4+2a2+b2+c2) <4+2a2+< —;C)>

Do do:

f(a,%,b;rc) > f(a,b,c)

Ta can chitng minh:

F(3=2t,t1t) = 2 L 3
U B2 4242 22427 4
That vay, BDT trén tuong duong:
3(t—1)72 (52 —2t+1)
4(t2+1)(5t2 — 12t + 11) —
Bai toan dugce chiing minh. O

Bai 40 (Dé thi Olympic chuyén Khoa hoc Ty nhién 2016).

Vi ba so thuc duong a,b, c théa man ab + be + ac + 2abc = 1. Chitng minh rang:

ala+1) b(b+1)  clc+l) 9
(2a+1)*  (204+1)°  (2c+1)° ~ 16

IN

Lor GrAL
Cach 1:
Vi a, b, ¢ duong théa man ab + be + ac + 2abc = 1 nén ton tai ba s6 thuc duong x,y, 2 sao cho:
x Y z
= s b s C =
y+z z+x r+y

a

4Tham khao trong "Inequalities Theorems, Techniques and Selected Problems - Cvetkovski, Zdravko"
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Khi d6 BDT dugc viét lai la:

z(z+y+2) y(w+y+2)+2(x+y+2)
Qe+y+2)° (@+2y+2)° (r+y+22)° " 16

Ta chuan héa x 4 y + 2z = 3 khi d6 ta can chiing minh:

LA L S
B+2)? (B+y)? (3+2)7> 16
Khi d6 dat f(x):ﬁtacé:
" _2(1‘—6)
f (37)— <3+x)4 <0

Theo BDT Jensen cho ham 16m f(x) ta duge:

r+y—+=z
x Y z 3 3
<3. = —
310 3+y2+ 3427~ t+y+2\> 16
3+ ———
3
1

Déngthﬁ’cxéyrakhivachikhix:y:z:1tﬁ.’ca:b:c:§
Cach 2: (diendantoanhoc.net)

Lap luan nhu trén ta can chting minh:

vletyts) yletyte)  zltyts) 9
Qe+y+2)° (@+2y+2)° (r+y+22)° " 16
Ta co:

z(xt+y+z) ylaty+z)  zl@t+yt+z)
Qe+y+2)’ (2+2y+2)° (z+y+22)°

T Y z
i@+ (@+e) Ayt wta) Azta)(z+y)

<(x+4+y+2)

(2 (y+2)+y(z+2)+z2(x+y)
S @) T ) b o)

Do vay ta chi can chiing minh:

V(@ +y)(y+2)(z+z)>8(r+y+2)(vy +yz+ 2z)

9@ +y)(y+2)(z+z) >28(r+y)(y+2) (2 +2)+8ryz

& (@+y) (y+2) (s +2) > Sayz
BDT cubi hién nhién ding theo AM -GM.
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Cach 3:
BDT da cho tuong duong:
1 1 1 3
at1? @1 er1fo1
Ta c¢6 danh gia sau:
4 3 (2a —1)°

— = >
(2a+1)? 4a®+2a+1 " (2a+1)%4a®+2a+1)

Do vay:

4 4 4 1 1 1
+ + >3 + +
(2a+1)*  (20+1)° (2c41)° ~ <4a2 +2a+1 42 4+20+1 42 +2c+ 1)
Theo gia thiét ta c6 8abe < 1 nén ton tai a’ > a sao cho 2a’.2b.2¢ = 1 thé nén ta dudc:

1 1 1 1 1 1
>
&ﬂ+2a+1+4W+20+1+4@+20+1—4w%+&u+1+4W+ab+1+4§+Qc+1

Ap dung B6 dé: z, vy, z duong théa man zyz = 1 thi:
1 N 1 n 1 S 1
?4+rx+1 2 4+y+1 2242417

Ta dugce:

1 1 1 1 1 1
&ﬁ+2a+1+4W+2b+1+4§+2c+1Z4m0+2w+1+4W+2b+1+4§+2c+121
Vay neén:

1 1 1 3
Qa1 i1 erp o1
Cach 4:(diendantoanhoc)
Ta can chitng minh
1 1 1 3
o+ 1P @2+ 17  (2e+ 17 =1

Ta sé chitng minh mot két qua manh hon la:

1 1 1
Qe+ D241 @+De+D)  erD2atl)

>3
— 4

That vay:
1 1 1 3
+ + > =
(2a+1)(2b4+1) (2b+1)(2c+1) (2¢+1)(2a+1) — 4

2(a+b+c)+3
(2a+1)(2b+1) (2c¢+ 1)

3
> 2
4

2(a+b+c)+3
44+2(a+b+c)+1

>

1w

[\RGV]

Sa+bt+c>
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BDT cudi 1 hién nhién vi theo BDT AM - GM két hop véi gia thiét ta cé:

(a+b+c) +2(a+b+c)3

l=ab+b 2abe <
ab 4+ bc + ca + 2abc < 3 57

=a+b+c>

[\R GV

. 1
Bai toan dugce chiing minh dang thiic xay ra khi va chi khia =b=c = 3

Cach 5:(diendantoanhoc)
Ta can chiing minh
1 n 1 . 1 S 3
(2a+1)>  (264+1)%  (2c41)* — 4

Vi a, b, ¢ duong théa man ab + be + ca + 2abc = 1 nén ton tai x,y, 2 duong sao cho:

x Yy z
a= b= ,C=
y+z zZ+x T+y
Vay nén BDT dugc viét lai la:
(y+2)° (z+2)° (x +y)* .3
(z+y)+@+2)]  (w+a)+@+2) [+a)+E+y)) 4

Ta lai c6:

(y +2)? (2 + 2)? (z+y)?
(z+y)+@+2)] [y+2)+@+a)* [(z+2)+(z+y)

1 (y +2)° (z +2)* (z +y)*
21 (z+y)>+@x+2)° W+2)+w+2)° (+2)°+(E+y)’

>

Theo BDT Nesbitt thi:

(y+2)° (2 +2) (v +y)?
@+y)’+@+2)? W+2)’+w+a)? (z+2°+(z+y)°

3
> 2
-2

Bai toan dugc chiitng minh. O
Nhan xét: Dén day ta thay c6 su lién két gitta cac de thi: Tinh Ba Ria - Viing Tau, Thanh
Hoéa, Olympic chuyén Khoa hoc Ty nhién va Problem A2 - IMO Shortlist 2009. Mac du dang
BDT giéng sau vai budc bién déi 1d nhu nhau nhung gid thiét manh yéu khac nhau vi vay cho
ta rat nhiéu 16i gidi hay (véi 1oi gidi bang phép bién ddi tuong duong thi chiing gan nhu 1a mot
bai).

Bai 41 (Trai he Hung Vuong lan XII Bic Giang 2016, Lép 10).

Vi ba so thuc a, b, c théa man (a +b) (b+ ¢) (¢ + a) # 0. Chitng minh ring:
a 2+ b 2+ c 2+ 4abc S @ n b n c 1
a+b b+c c+a (a+b)(b+c)(c+a) " a+b b+c c+a 4
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Lo1 GIAL Bai toan c6 dang kha cong kénh mot thao tac hay ding khi gap nhitng BDT nhu
vay la dat lai an.
Cach 1: Ta dat

2r=a+0b a=x+2z—y

2u=b+c & b=x+y—=z
2z=c+a c=y+tz—=x
BDT da cho tuong duong véi

Z<1+Z;y)2+2<1+%) <1+x;2> <1+y;x> 22<3+Z’2;y)—1
PR () e () e () () () o0

2
@(z ypr—=,4 x) >0
x Y z

Zz—y__ z—y T —z y—x
r x Y z
Dang thiic xay ra khi va chi khi @ = b = ¢ hoiic a = b,¢ = 0 va cac hoan vi clia né.

Cach 2: (Pap an cta BTC)
Ta dat:

vi

a b c
= z =
Y b+c’ c+a

Tr =
a-+b

Khi doé:

(1=2)(1-y)(1-2)=ayz
Slt+rytyz+ze=2zcyz+ar+y+=2

24 (@+y+2)° =dzyz+2@ +y—+2) + a2 +y°+ 22

9 1 1
= doyz +2(@+y+2)+al+y*+ 27 = (x+y+2)2+1 —ZZ3|$+?/+Z|—Z

91 1 1
=dayz+2@+y+2)+at +y' 4+ 27 = (:1:+y+z)2+1 —1Z3@+y+2) -

1
:>x2+y2+z2+4:cy22x+y+z—i

Vay nén ta dugc:

2 2 2
a n b n c n 4abc S G n b n c 1
a+b b+ c c+a (a+b)(b+c)(c+a) "a+b b+c cH+a 4
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O
Bai 42 (Trai he Hung Vuong lan XII Bac Giang 2016, Lép 11).
Vi ba so thuc khong am ,y, z ¢ tong bang 3. Tim GTNN va GTLN ciia biéu thic sau:
2 2 2
P:\/503——x2+4+\/y3——y2+4+\/z3——22+4
3 3 3
LoO1 GIAL Ta sé chitng minh:
2 2 2
\/@SP:\/x3—§x2+4+\/y3—§y2+4+\/z3—522+4§9
2 2 2
oP:\/x3—§x2+4+\/y3—§y2+4+\/z3—§z2+42\/39
Ta co:
2 5v/3 9 5v3 7v39
x3——x2+42—9(x—1)+\/3_: 9x+ V39
3 78 3 78 26
@x3—gx2+4>i(5x+21)2
3 — 156
1 2
<:>5—2(:c—1) (52z+61) >0
Do do:
2 2 2 5v/39 21v/39
\/:c3—§:c2+4+\/y3—§y2+4+\/z3—§z2+42 = @y )+ 2\2_:\/3_9

Dang thitc xay ra khi va chi khiz =y =2 =1

2 2 2
. P:\/x3—§:c2—|—4+\/y3—§y2+4+\/z3—§z2+4§9
Ta co:
,/x3—§x2+4§x+2
®x3—§x2+4§(x+2)2

Sa-3)(z+2)<0
BDT cubi hién nhién ding do z < 3. Do dé:

2 2 2
P:\/x3—§x2+4+\/y3—§y2+4+\/23—§zz+4§(:p+y+z)+6:9

Dang thitc xay ra khi va chi khi # =y = 0, 2 = 3 va cac hoan vi clia né.

Vay GTNN cta P 1a v/39 dat duge khi 2 = y = z = 1 va GTLN ctia P 1a 9 dat dugc khi
r=y=02=3. O
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Nhan xét:

e Danh gia

5 5v/30 V39 530 730
5_ 22 g2V 0 _
?ogrttdz — e (r - Dt s T o

c6 duge nhd phuong phap tiép tuyén dua vao diem roi z = 1 12,

2
\/x3—§x2+4§x+2

phuong phap tiép tuyén khong ding duge nita vi diém roi ciia z,y, z lech nhau. 0 day

e DGi v6i danh gia thit hai:

diing hé s6 bat dinh tic tim mot danh gia dang:

2
\/x3—§x2+4§(w+b

Ta tim a, b sao cho danh gia trén dung v6i moi = € [0; 3.

Bai 43 (Dé thi Olympic GGTH 2016 - Khéi 11 & 12).

Cho a,b,c la cic s6 thuc khong am. Chiing minh rang:

(3a+2b+¢)’ > 6V3(a+b+c)(ab+ be + ca)

Lor GiAL
Cach 1: (diendantoanhoc.net)
bat r =a+by=a+cthida+20b+c=2zx+y; (r,y >0). Ta lai co:

at+b+c<2a+b+c=ax+y

ab+bec+ca < a*+ab+bc+ca=(a+b)(a+c)=uay
Vay nén ta chi can chitng minh:
(22 4+ y)* > 6V/3zy (x +y)
Ta chuan héa y = 1 va chi can chitng minh:

(22 4+ 1)° > 63z (1 + z)

& (az— \/32_1> <x+\/§4+2> >0

V3-1
2

BDT cubi la hién nhién. Dang thitc x4y ra khi a = 0,b =

C.

15Mot vai danh gia trong bai ciing dimg phuong phap tiép tuyén dé lam danh gia trung gian.
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Cach 2: (Nguyén Van Huyén)
Dit F' = (3a+2b+ ¢)® — 6v/3(a + b+ c)(ab + be + ca)
Khi do:

F=6vV3[2a(a+b+c)+bda

+79_3§ﬁ [33a+4(6—\/§)b+<9+4\/§>0] [ﬁa+(1+¢§)b—c}220

U

Bai 44 (D& thi Olympic GGTH 2016 - Khéi 10).

Cho AABC ¢6 do dai khong vugt qud 1. Goi p, R,r lan lugt la nia chu vi, ban kinh duong
tron ngoai tiép, ban kinh duong tron noi tiép cia AABC. Ching minh rang:

p(l—2Rr)<1

Lo1 GIAL Goi a,b, ¢ 1a ba canh ciia tam giac. Khi d6 ton tai céc sd thuc duong z, v, z sao

cho:
a=x+y
b=y+=z
c=z+uw
Khi do:
rt+yt=z d/zyz (x+y + 2)

Do d6 BDT duge viét lai la:

<1

(x+y+2) {1_ (x+y)<y+z)(z+x)}

2(x+y+2)

(z+y)(y+z2)(z+71)

Sr+ytz— 5 <1
Dén day ta tra vé an cii va nhan dudc 15i gian kha don gin:
by @ENEEICED)

2

(:)a+b+20—abc§

1

Sa+b+cec<2+ abe

& (14+ab—a—10b)+ (abc —ab)+ (1 —¢) >0

sl-a)(l-b)+(1—c)(l—ab)>0
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BDT cuéi hién nhién ding do gia thiét cac canh ctia tam giac khong vuot qua 1. Déng thiic
xay ra khi va chi khi a = 1,b =1, ¢ va cac hoan vi ctia né. 0

Nhan xét:

e Budc chuyén ddi a, b, ¢ thanh z, 7, 2 trén thuong duge goi 1a phép thé Ravi. Duong nhien
v6i bai toan nay thi chua can diing dén vi biéu thitc can chiing minh c6 thé bién doéi nhu
sau:

p(1 —2Rr) :p—QRpT:p—QRS:p—%bC = a+b+20—abc

Tuy nhién véi cac bai toan c6 bicu thitc tuwong doéi phiic tap thi phép bién déi Ravi té ra

kha hiéu qua.

e C6 thé tham khéo cach dbi bién nay qua bai viét: "Useful substitutions in triangles

inequalities - Daniel Sitaru ”
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2 Phan 2

Ngoai nhitng k§ thuat co ban (sit dung BDT c¢6 dién, bién ddi tuong duong,...) ta con mot sb
k¥ thuat, phuong phap ma tinh hiéu qua ciia né da duge khang dinh qua rat nhiéu bai viét véi
nhitng 151 gidi dep. Tai lieu sé diém lai mot s6 k§ thuat d6. Trude hét 1a ki thuat ciing 1a yéu
cau dau tién khi ta hoc vé BDT.

2.1 Ky thuat chon diém roi

Trong chiing minh BDT viéc ddm bao dau bang luon xay ra qua cac bude danh gia 1a vo cling
quan trong. Bdi néu trong cac bude danh gia ma mdi bude c6 dau bang xay ra véi bién z xay
ra khac nhau thi qua céc bude danh gia do ta chi thu duge BDT ma dang thitc khong thé xay
ra, ¢6 nghia ta da lam yéu BDT di va viéc khong ching minh dugc 1a diéu tat yéu. Vi du don

gian nhu sau:

Vidu 1.

V6i moi so thuc x. Chitng minh rang:

24+ 2+

>5
242 — 2

Phan tich va 18i gidi Néu ta van dung BDT AM - GM nhu sau:

1 2+ 2
2 /

2 >/ — =2
T Jra:2+2_ 2 + 2

Dau bing khong thé xay ra vi:

vt 42 = s1°+2=1 (VN)

2 4+ 2

1 2+ 2
2 /

2 > 2 =2
v +562—1—2 2 + 2

BDT da yéu di qua budc danh gia trén d6 1a 1y do khong thé ching minh dude bai toan.

vay nén ta chi dugc:

Vay lam sau dé c6 duge mot danh gid hop 1y? Trude tien ta phai doan néu dang thic xay ra
thi z =? Sau dé mdi bude danh gia ta luon nhé phai dam bao ding thitc sé xay ra. Cu thé véi
bai toan trén khong khé dé doan ding thic xay ra khi 2 = 0 do d6 ta danh gia khéo 1éo hon

2 9, 1 —x2+2+ 1 +3(:c2+2)>2 22 +2 L85
v 2+2 4 212 1 “Ni1@2v2) 12

58

nhu sau:

THPT chuyén Nguyén Quang Diéu



Nguyén Tuan Anh

Tém lai khi lam viec véi BDT cai nhin dau tien 13 hay diy doan dau bang ctia BDT sé xay ra
khi nao.

Néu bude du doan khong dé dang hay noi cach khéac diém roi la s6 rat xau khong thé doan
dudc thi thé nao?

D6i véi mdi dang c6 gia thiét khac nhau sé c6 cach danh gid khac nhau, hai vi du sau day hy

vong ban doc nam dude ¥ tudng khi gap cac BDT ma dau bang khé doan.

Vi du 2.

Vi ba s6 thuc duong a, b, c théa man a + 2b + 3¢ = 4. Tum GTNN ctia biéu thic sau:

P=ad®>+V+¢

Phan tich va 16i giai Khong kho dé nhan ra ta can mot danh gia dang:
2,12, 4
a®+ b+ ¢ >k(a+2b+3c)

Va bude danh gia dé 1a ding BDT AM- GM. Tuy nhién rat khé dé c6 thé biét GTNN cta P
x4y ra khi a, b, ¢ c6 gia tri 1a bao nhieu dé ap dung AM- GM hgp 1y. Ta gia st khi P dat GTNN

thia = x,b=1vy,c =z va sé tién hanh nhu sau:

(
a’ + % > 2xa

b3+ 4% > 2yb =a+bP 4+t + (x2+y2+223) > 2xa + 2yb + 32%¢c

\ 4223 > 32%¢

Vay la ta can chon z,y, z sao cho:

(22 1 . ( _E
2% 2 y =2z Y= %5
4

Q_le = z =2z = z ==
322 3 o
fo 8

Nhung khi trinh bay 15i gii ta c6 thé lam ngin ngon nhu sau:

( 2, (8 2>16
“T\2) = 25"
192 128

16\% _ 32 16
2 (=) >y =d 0P +E > 2W+3¢) — — = —
" (25) > o5 ARz gs (a2 3 = or = 1o

4\ 48
3190 2) > =
\c+(5)_25c

Ta co:
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) 8 16 4 128
D3 hitc x4 khi va chi khi a = —;b= —;¢c= =. Do d6 GTNN cta P la —
ang thic xay ra khi va chi khi a 25,6 25,0 5 odé G cua a125

Vi du 3.

Vi a,b, c la cic s6 thic thay doi sao cho ab+ be+ ca = 1. Tim GTNN ctia biéu thic sau:

P =a*+ b+ 3

Phan tich va 18i gidi Tu gid thiét bai toan goi cho ta chon cach danh gia:
a® +b* + 3¢ > k (ab + be + ca)

Tuwong tut nhu vi du 2, ta khong doan duge diém roi khi GTNN dat duge. Ta gia sit khi do

a=1x,b=y,c=ztacodanh gia sau:

( 2 2
b

vy < L)+ (br)

ot < 2 (@)

2 2
swae < (W) F(ex)”

2
\
Van dé con lai 1a chon z,y, z thich hop sao cho c¢6 thé tan dung dugce ab + be + ca = 1. Do dé

ta diéu chinh lai nhu sau:
)

2(ay)? + z(bx)’

xyzab <

(b2)° + 2(cy)”

xyzbe < T

2 2
ryzac < V%) ;ry(cx)
\

Vay nén:
2 (y + 2)] @® + [za (2 + 2)] 0 + [zy (z + y)] ¢ > 2xyz (ab + be + ca)

Ta sé chon z,y, 2z sao cho:

(
yly+a=eira) -
— — 4 .
YTV
zy+z)=x(z+y) <
V33—-3 /1
2= ——/—
\xy+yz+zx:1 Ny 2 297
Phan trinh bay lai gidi danh cho ban doc. O

Dé két lai phan nay ban doc nén xem lai trong phan mot cac bai Bai 1 (Tp. HCM - Ngay
thit 1),Bai 12 (D& chon d6i tuyén Binh Duong 2016),Bai 26 (Dé thi chon doi tuyén
Tinh Thai Nguyén)
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2.2 Phuong phap tiép tuyén
Y tudng ctia phuong phap c¢6 thé gidi thich nhu sau:

e Giai tich: Trong chuong trinh toan THPT ta thuong xét dén dao ham cap 1,2 do do
néu f”(z) khong doi dau thi trong khai trién Taylor

f' (o) f" (o)
1! 21

f(x) = f(z0)+ (x — xo)+ (x — o) +.. 41—

ta dudgce:

Néu f"(x) > 0;Vz € [a;b] thi f(x) >
Néu f"(x) < 0;Vz € [a;b] thi f(z) <

(Chatng minh don gidn bing cdch khai trién dén cap 2.)

e Hinh hoc: Ta biét ring tiép tuyén ctia do thi ham s6 tai mot diém (trit diém uén) luon

nam trén hosc nam dudi do thi ham sé trong mot khodng 16i - 16m tiic 1a

f (@) > f'(x0) (x — x0) + f (w0) ; V& € (a;b)

Hoac 1a
f(z) < f (o) ( — 20) + f (w0) ; V& € (a;0)

(Trong d6 (a;b) 13 mot khodng ma ham s6 16i hodc 16m)
Chinh vi vay ta thudng chon né lam mot danh gia phu dé chiing minh BDT.

Vi du 4 (BDT Nesbitt).

Vi ba so thic duong a,b,c cé tong bang 3. Chiing minh rang:

DN o

T,

Phan tich va 15i giai Trudc tien ta nhan xét dudge dang thic x4y ra khi va chi khi a = b =

c=1.

Ta lai thay tiép tuyén ctia ham s6 f(x) = luon ndm phia dudi do thi véi moi 0 < z < 3.

3—=x

1 7
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Trén co s6 dé ta manh dan duwa ra danh gia phu:

a 3
> -
3—a 4

(a—l)#—%

ma viéc kiém ching rat dé dang bang phép bién doéi tuong duong.
Lam tuong tir cho cac bién b, ¢ cong lai ta duge dieéu phai chiing minh. O
Mot bai niia dé ban doc tap dot

Vi du 5 (Baltic Way 2011).

Vdi bon so thuc a,b, ¢,d khong am cé tong bang 4. Chiing minh rang:

a i b i c i d <§
at+8 B+8 A+8 d3+879

Phan tich va 1oi giai Ta st dung danh gia:

a <6(a—1)+1
a’+8 92 9

O
Diém manh ciia phuong phéap tiép tuyén la st dung ducc cho cac BDT cé diéu kien tong la
hiing s6 va biéu thitc tach bién. Néu diéu kien khac di hosic biéu thic khong c6 dang tach bién

c6 thé stt dung duge phuong phap khong? Hai vi du sé tra 16i cho cau héi do.

Vi du 6 (All-Russian Olympiad 2002).

Vi ba so thic duong a,b,c cé tong bang 3. Chiing minh rang:

Va+ Vb4 /e > ab+be+ ca

Phan tich va 15i giai BDT khong ¢ dang tach bién khong thé 4p dung phuong phap tiép

tuyén. Tuy nhien néu ta diéu chinh lai biéu thitc nhu sau:
@+ 2va+ 0 +2Vb+ A+ 2> 2(ab+be+ca) +a> + b2+ =9
Dén day van dé tré nén don gidn rat nhiéu bang cach st dung danh gié sau:
a’®+2va>3(a—1)+3=3a
Ta c¢6 dugce 161 giai cho bai toan. O

Vi du 7 (Toan hoc tudi tré).

Vi cic so thuce duong théa man ab + be + ca = 3. Tim GTNN ctia biéu thitc sau:

P:5(a3+b3—|—c3)+2(a2b+620—|—02a)
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Phan tich va 18i gidi Xét ham so:
f (a) = 5a® + 2a°b
Ta du doan cho danh gia:

fla)z f/(1)(a=1)+f(1)
& 5a® + 2a%b > (15 4+ 4b) (a — 1) + (5 + 2b)

& (a—1)°(5a+2b410) >0
Vay nén:

P>(15+4b)(a—1)+ (5+2b) + (15+4c) (b— 1)+ (5+2¢) + (15 + 4a) (c — 1) + (5 + 2a)

& P>4(ab+bc+ca)+13(a+b+c)—30>21

Dang thiic xay ra khi va chi khi a = b= ¢ = 1 nén GTNN ciia P la 21. U
Nhan xét: Vi du nay mudn néi lén néu biéu thiic can chiing minh khong & dang tach bién ta
van c6 thé diing phuong phéap tiép tuyén bang céch xét ham va xem céc bién con lai la tham
s0.

Dé hiéu hon vé phuong phéap tiép tuyén ciing nhu khang dinh lai tinh hiéu qua ctia né ban doc
c6 thé doc lai cac bai gidi clia cac dé thi Thanh Héa - Vong 2, Hd Nam, Ninh Binh, Pha
Yén, Quang Ngai, Trai he Hung Vuong lan XII

2.3 Phuong phap pqr

Céc BDT déi xting ba bién z,y,z déu c6 thé quy vé BDT v6i cac bién p = o +y + 2,¢ =
xy +yz+ zw,r = Yz, nhu vay thay vi chitng minh BDT véi ba bién z,y, 2 khong c6 mdi quan
hé v6i nhau ta quy vé chiing minh BDT vé6i ba bién méi p, ¢, ¢c6 mdi quan hé mat thiét véi
nhau do6 chinh la ¥ tudng chinh ctia phuong phap.

Dé thuan lgi cho viéc 4p dung phuong phép ta can nhé mot s6 phan tich co ban va mot sb

danh gia don gian nhu sau:'

2.3.1 Mot sb6 phan tich co ban
e a2+ b2 +ct=p*—2
o o+ b3+ =p3—3pg+3r

o ot + b+t =pt — 4p?q + 2¢° + 4pr

6Tham khao ” BDT schur va phuong phap bién ddi p, ¢, - V6 Thanh Vin 7.
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o a?b? + b2 + *a® = ¢* — 2pr

e ab(a+b)+bc(b+c)+ca(c+a)=pg—3r

e (at+b)(b+c)(cta)=pg—r

e (at+b)(at+c)+(b+c)(b+a)+ (c+a)(c+d)=p*+qg
o ab(a®+b?) + be (b? + ¢2) + ca (¢* + a®) = p*q — 2¢* — pr
o a’b® + b3 + 2a® = ¢ — 3pgr + 3r?

o a'tt + bt + ctat = ¢t — dpgPr + 2p*r? + dqr?

2.3.2 Mot sé6 danh gia don gian

e 2p° +9r > Tpq

o p’q+ 3pr > 4q?

o p*+3¢% > 4p’q

o p' +4¢> + 6pr > 5p’q
o p? +9r > 4pq

o ¢+ 9r2 > dpgr

o p’r+q* > 6pgr

4g — 2
o’eraX{O;]w}
4o — 2 2
oeraX{O;<q p) (p q)}
6p
Chiing minh:
e p* > 3q

BDT tuong duong véi:
a?+ b2+ >ab+be+ca
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p® > 27r

BDT ding theo AM - GM ba bién.
q* = 3pr
BDT tuong duong véi:
(ab)? + (be)® + (ca)® > abe (a + b+ ¢)
pq = 9r
BDT ding theo AM - GM ba bién.

2p® + 9r > Tpq

BDT tuong duong véi:
2 (a3 + 03+ 03) > (azb + b2+ cza) + (ab2 + b + ca2)
BDT nay dang theo BDT AM - GM ba bién.

p*q + 3pr > 4¢?

BDT tuong duong véi:
a’b+bc+ Pa+ ab® + bc® + ca® > 2 (a’b? + b7 + *a?)
BDT nay dung theo AM - GM ba bién.
P +3¢% > 4p’q
BDT tuong duong véi
a* 4+ b 4t + a4 b2 4 Pa® > 2abe (a4 b+ c)
BDT nay dang theo BDT AM - GM.

p* +4¢* + 6pr > 5p’q

BDT tuong duong:
a*(a—b)(a—c)+b*(b—a)(b—c)+c*(c—a)(c—b) >0
BDT 1a BDT Schur bac 4 nén hién nhién ding.

p® + 9r > 4pg

BDT trén tuong duong véi:
ala—b)(a—c)+b(b—a)(b—c)+c(c—a)(c—b)>0
BDT la BDT Schur bac 3 nén hién nhién ding.

65
THPT chuyén Nguyén Quang Diéu



Nguyén Tuan Anh

o ¢+ 9r% > dpqr
BDT trén tuong duong véi:
(x+y+2)° +9zyz >4 (x +y+ 2) (xy + yz + x2)
Trong d6 & = ab,y = bc, 2 = ca. BDT thu dude hién nhién ding vi né la BDT Schur bac
3.
o pPr+q® > 6pgr
BDT tuong duong véi:
pr(p® —3q) +q(¢* —3pr) >0

BDT nay hién nhién ding theo chitng minh tren.

2
° erax{O;%}

Ta can chitng minh: r > . BDT nay tuong duong vdéi:

p(4q—p?)
9
ala—b)(a—c)+bb—c)(b—a)+c(c—a)(c—=0)>0

BDT nay hién nhién ding vi day 1a BDT Schur bac 3.

(49 —p*) (> = q) }

6p

o> max{();

(49 —p*) (0* —q)
Gp
a?(a—b)(a—c)+b*(b—a)(b—c)+c*(c—a)(c—b) >0

Ta can chitng minh: r > . BDT nay tuong duong vdéi:
BDT nay hién nhién ding vi day 1a BDT Schur bac 4.
Ta thay trong qua trinh chting minh cac danh gia don gidn trén ta dung rat nhieu BDT Schur.
Day 1a cong cu hitu hieu khi két hop véi ki thuat phan tich pgr trong chiing minh BDT."
2.3.3 BDT Schur
Vé6i méi s6 thie duong a, b, ¢, k. BDT sau luon dung:
a"(a=b)(a—c)+bF(b—a)(b—c)+cF(c—a)(c—b)>0

Chiing minh:
Do tinh ddi xing ctia BDT nén ta gid stt a > b > c. Khi do:

a”(a—b)(a—c)>b"(a—b)(b—rc)

Vi vay:
a*(a—0b)(a—c)+b*(b—a)(b—c)+c*(c—a)(c—b)

>cF(c—a)(c—b) >0

"Ban doc c6 thé tham kh&o bai viét " BDT Schur va ting dung - Tran Xuan Dang - Toan hoc tudi tré "
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2.3.4 Vidu minh hoa

Vi du 8.

Vi cdc so thuc duong x,vy, z. Chitng minh rang:

oyt 4+ 2t > ayz( oy + 2)

Phan tich va 16i giai Dé don gian ta chuan héa p = 2 +y+2 = 1 va dit ¢ = sy +yz+ 22,7 =
xyz. Khi d6 BDT trén tuwong duong véi:

1—49+2¢4+3r>0

Ta lai c6:
7q
3

Or+2>79< 3r >

Wl N

Do do6 ta chi can chiing minh:

q 2 1
1—4q+2q2+?q—§ZO<:>§(3q—1)(2q—1)20

BDT trén luon dang vi ¢ <

Wl

Vidu 9 (Iran - 1996).

Vi cic so thuc duong x,vy, z. Chitng minh ring:

S B
e+’ (W+2)° (z+2)

>

| ©

(zy + yz + 22) {

Phan tich va 16i giai Ta chu ¥ rang:
2

—d(zx+y+2)(r+y) (y+2)(z2+2x)

d w+y)ly+2)’ = [Z(:c+y)(y+z)

cyc

cyc

Do d6 BDT da cho tuong duong:

. ((p2+Q)2—4p(2pq—r)> > 9
(pg — 1) 4

& dptq — 17p*¢* + 4¢° + 34pgr — 9r* > 0

< pg (p3 + 9r — 4pq7“) +q (p4 + 4q2 + 6pr — 5p2q) + 7 (pg—9r)

Theo cac danh gia trén bai toan dugce chiing minh. O
Mot khé khin khi diing phuong phap pgr dé 1a khdi luong tinh toan kha nhiéu. Tuy nhién néu
thanh thao thi day chi 1a k§ niang co ban giong nhu k§ ning cho phuong phap SOS. Tiép dén
ta dén véi hai vi du dé ta thay tinh hiéu qua ciing nhu vé dep khi ta két hop pqr va BDT Schur.
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Vi du 10 (BDT schur va phuong phap bién doi p, q, r - Vo Thanh Van).

Vi cdc so thue duong x,vy, 2 ¢6 tong bing 1. Ching minh ring:

1 1 1 247
+ + =
r+y y+z z+x 54

Phan tich va loi giai Tacha y x +y + 2 = 1. BDT da cho tuong duong:

1 1 1 TYZz 247
+ + +2 > —
r+y y+z z+x rt+y+z 54

Theo BDT Schur ta dugc:

TYZ 1
Y [4(xy+yz+zx)—(x+y+z)2}:

S 4 —1
Az 4oy +yz+20) — 1]

O| =

Nén ta can ching minh:

1 2(4q — 1 247
o 20g—1) AT
q—r 9 54

& 48¢% 4 259r + 54 > 48qr + 205¢

1\2 146
o 48 ¢—3 +r(16—48q)—|—243r—173q+?20

Lai theo BDT Schur ta lai c6: )
o> PUg—p7)  4g-1
- 9 9

Do d6 ta chi can ching minh:

2
1 146
48<q—§) 7 (16 —48¢) +27(4g = 1) = 173g + —- > 0

1\2 65
48(q— 3 +16r(1—3q)—|—§(1—3q)20

. 1
BDT trén la hién nhién vi ¢ < 3

Vi du 11 (Tran Nam Diing).

Vi cac s6 thuc duong x,y, z. Chiing minh ring:

2@+ +F)+abc+8>5(a+b+c)

Phan tich va loi giai Ta co:
9abe

4(a®+b* 4 ¢%) +2abc+ 16 > 4 (a* +b° + ) + ———— + 15
a+b+c

>4 (p* —2¢) +4g—p° + 15
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Do vay ta can chiing minh:

4(p®—2q) +4g—p°+15>10p

& 3p? —10p+15—4¢g >0

2
Ma q < % do vay ta can co:

2 4p? ) 2
Bai toan dugc ching minh. Dang thic x4y ra khi va chi khi a =b=c = 1. O

Ta da thay r6 tinh linh hoat khi ta thay ba bién z,y, z thanh ba bién mdi p, ¢,r c6 mdi quan
hé mat thiét v6i nhau, ciing nhu vé dep clia bai chiing minh khi két hgp véi BDT Schur. Hon
nita v6i nhitng bai kho hon ta khong don thuan la bién ddi va diing Schur ma con két hop véi
chia truong hop dé xit 1y bai toan - D6 1a cad mot ky thuat, bai viét sé khong trinh bay & day

maoi ban doc xem trong tai liéu muc 8.

2.4 Phuong phap don bién

Trong chitng minh BDT ta thudng gap cac BDT c6 dang: f(z,y, z) > 0 dé danh gia cho vé trai
ta thuong tim mot chan dudi cho n6 bang cach ap dung cac BDT phy, ham s6. .. Mot trong s6
d6 1a tim chan duéi ting véi cac bién “it lech” hon (suy nghi nay rat tu nhién vi hau hét cac
dang thiic xay ra trong chiing minh BDT la khi cac bién bing nhau). Tity vao médi bai mdi gia
thiét ta c6 mot so6 cach khac nhau nhu:

r+y :E+y‘

P2 1 (55T ) ) 2 £ (i Vi)

2 2 2 2
f(w,y,2)2f<\/x ;y ;\/x ;y ;Z)

Khi d6 thay vi chiing minh ta chuyén vé ching minh cac chin dudi do 1én hon hodc bing 0 véi

s6 bién it hon (vi vay phuong phap c¢6 tén 1a don bién).

Tai licu sé diém qua 3 vi du dai dién cho ba cach don bién thong dung trong chitng minh BDT.

Vi du 12 (BDT Nesbitt).

Vi cdc so thuc duong x,vy, z. Chitng minh rang:

x Y z 3
- + > =
y+z z4+zxz z4+y = 2

Phan tich va 18i giai Do BDT c¢6 dang tong nén ta chon cach don bién:

x+y':p+y'z
2 7 2

= o
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Xét
oz Y Z _§
f<x’y’z)_y+z+z+x+x+y 2
Ta hy vong c6 danh gia sau luon dung:
r+y x+y x Y 2(z+y)
_ . . — o >0
foma) -1 (TG TR ) = oy L 2O

That vay:
2
vy @ty 2@ty
y+z z4+zx 2xy+arz4yz 2z24+x+vy

Do vay thay vi chitng minh bai todn véi 3 bién z,y, 2z gio ta chi chitng minh BDT véi 2 bién

t,z:

O
Nhan xét: Néu ta két hop chuan héa thi ta chi can ching minh BDT véi 1 bién khi d6 cong

viéc trd nén dé dang hon.

Vi du 13 (MOSP-2001).

Vi cac s6 thue duong x,y, z théa man xyz = 1. Chitng minh rang:

(+y)y+2)(z+z)>4(z+y+2z—1)

Phan tich va 18i giai BDT c6 diéu kién tich ba bién 13 hang s6 nén ta sé chon cach don bién:

f(x,y,2) > f(Vry, /oy, 2)
Xét
flx,y,2)=(r+y)ly+2)z+z)—4lz+ty+z-1)

Ta can danh gia sau day 1a ding:

f(2.y.2) — £ (3T, /77 2)
=ay (z+y—2y7y) + 2 (2 + > + 22+ yz — 20y — 22/7Y) — 4 (z+y — 2,/77)
—ay(va - i) + 2 @ -y’ + 2(va - )| - 4(vE - i)’
= (VE=VI)" [+ oyt 2(VE+ i) 4]
= (VE = Vi)’ [z +2)(= +y) + 22 /75 — 4]
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Ta lai c6:

(z+2)(z+y) = 4/ 2P0y =42

vé trai cia BDT trén sé 16n hon hodc bang 4 néu z > 1. Diéu nay hoan toan c¢6 duge bang cach
sap lai thi tu cac bién trong BDT (vi BDT la dbi xting).

Toém lai ta chi can chiing minh:

2(t +2)° —4(2t+ 2 —1) > 0; (t = /77)

1\2 1
so(tt ) —4(2+5-1)>0

t— 1223 1 — ¢2
=

t3 =0

BDT cudi luon ding vi ¢t < 1. O
Nhan xét: Phuong phap don bién sé trd nén hiéu qui hon néu ta biét ap dung két hop véi
cac ky thuat khac: S&p tht tu bién, chuan hoan, dao ham,...

Bay gio ta lai xét lai mot vi du ct bén trén nhung vdi cach nhin mdi hon.

Vi du 14 (All-Russian Olympiad 2002).

Vi ba s6 thuc duong a,b, ¢ cé tong bang 3. Chiing minh rang:

Va4 Vb + /¢ > ab+be + ca

Phan tich va 15i giai Dé thuan tién trong phép chiing minh ta sé dat /a = ; Vb = y; /¢ = 2.
Khi d6 gia thiét bai toan sé la:
?+y’+22=3

Neén ta chon cach don bién:

f<:c,y,z>zf<\/‘” REEN ,z)

VOi f(x,y,2) =a +y+ 2z — 22y* —y?2? — 222?
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Ta hy vong

et (EEAETE ) - (rornEEE) o (232)]

2
1
= (z—vy)’ (xzy) - —| >0

Déanh gia trén khong phai lic ndo ciing ding, do dé ta can sip lai thit tu cac bién va hy vong

khi d6 no6 sé dung.
Khong mét tinh téng quat, ta giad st z >y > 2. Khi dé 2z < 1;2 +y > /2 v

—_

(56+4y)2_ 1 Sl

P S )
vy 2y 2 2+ V2

Vay ta chi can chiing minh:

2 2 2 2 2 2
f<\/x +Y \/x +y z) — ot VB2 1t -2 (3 2) > Opveit = | =L > 1

2 2 2
Ma
2t + V3 — 212 — t* — 2t (3 — 2¢7)
:3754_61t2+21t+\/3—2t2:3(752—1)2+2(t—1)+M >0
V3—-22+1
Bai toan dugce chiing minh. O

Trén 1 ba cach don bién thong dung. Duong nhién tity moi bai toan khac nhau ta sé chon céch
don bién khac nhau '8

Dé két lai phan don bién ban doc hay diém lai cac bai gidi trong dé thi cia Phé théng niang
khiéu, Piak Lak lan 1, Thai Nguyén.

Ngoai ra ban doc hay xem vi du sau day dé c6 mot huéng nhin khac vé cach don bién - khong

don thuan la cac phép bién déi tuong duong.

Vi du 15 (IMO-1984).

18Ban doc nén xem quyén " Sang tao BDT - Pham Kim Hung " dé thiy dugc nhiing cach don bién rat dac
biét.
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Vi ba so thuc khong am .y, z cé tong bang 3. Chitng minh ring:

7
O§$y+yz+xz—2$yz§2—7

Phan tich va loi giai
Y tudng: Gia st ta cAn danh gia flzyy,2) > ft;t;2) 5t = %er khi d6 ta sé khdo sat ham
sO:
gle) = ft+et —g2)
v6i € > 0. Ta chitng minh day 13 ham tang (béng cong cu dao ham) vi vay:

€r —

Fewa) =9 (52) 2 00) = F )

Qua trd lai bai toan, ta chiing minh:

7
xy+yz+axz—2xyz < —

27
Xét
7
f(:c,y,z):xy+yz+:cz—2:cyz—2—7
~ P 1 1
v6i gid st ¢ >y > z . V6i mdi (x,y, z) ¢6 dinh ta dit 3 gt:x;y < 5

e Xét ham sb:

gle) = f(t+e,t—e,2)=(t+e)(t—e)+2t (1 —2t)—2(t+¢e)(t —¢e) (1 — 2t)—2—77;(5 >0)

co
gle)=—-2e+4e(1-2t)=e(2—-8t) <0
Vi vay:
g(e) < g(0)

e T trén ta dudc:

g (x;y) < g(0)

7 7
Saytyzrt+azr—2ayr— — <2+ 2t(1—2t) - 26> (1 —2t) — —
27 27
Ma
7 1
421 —2t) =202 (1—2t) — == = =3t —1)*(12t = 7) <
F20(1—20) 2 (1 20) — o= = (3 — 1 (120~ 7) <0
Bai toan dugce chiing minh. O
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2.5 Phuong phap SOS

SOS 1a viét tit ctia Sum of Square. Y tuéng phuong phép 1a dua bai toan ching minh BDT vé
phan tich thanh tong cac dai lugng binh phuong. Vi du:

1
a® +b* +c* — 3abc = §(a+b+c) [(a—b)2+(b—c)2+(c—a)2] >0
Vay la ta ching minh duge BDT AM - GM ba bién.

Vi du 16 (Moldova MO 2006).

V6i a,b,c la do dai ba canh cia tam gigc. Chitng minh rang:

o) v () e i)

Phan tich va loi giai BDT trén tuong duong véi:

a’b? + b° + a® > abe (a® + b° + &)

sdla—b+e)b—c)+P(a+b—c)la—c)’+E(b+c—a)la—b)>>0

Nhan xét: Loi gidi trén rat dep tuy nhién c6 2 van dé phat sinh:

e Dé bién doi thu duge BDT cudi khong phai la chuyen dé dang, vay c6 mot cach thic nao

cho viéc phan tich nay?
e Néu cac phan
Se=a*(a—b+c);Sy=b(a+b—c);S.=c(b+c—a)

trong mot bai toan khéac chiing khong dam bao la khong am vay c6 chiing minh duge

BDT hay khong?
Chinh hai van dé trén la dong lyc dé phuong phap SOS xuat hien.

2.5.1 Cac phan tich co ban

Mot s6 phan tich sau sé gitip ching ta rit ngan thoi gian khi stt dung SOS ciing nhu ¢6 dinh

huéng cho cac phép bién ddi

o a’+ 1% —2ab= (a—b)*

o a® + b —ab(a+b) = (a+b)(a—b)?
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1
a2+b2+02—ab—bc—ca:§

1 1
a2+b2+02—§(a+b+0)2:§

(a —b)’

[(a — b)2 +

1
a3+bg+cg—3abc:§(a+b+c) [(a—b)2

[(a — b)2 + (b— 0)2 + (¢ — a)Q]

(b= + (c - a)’]

(a+b)(b+c)(c+ a) — 8abc = a(b — ¢)* + b(c — a)® + c(a — b)?

+ (b— 0)2 + (¢ — a)Q}

22+ 0?) — (a+b) =

2(a®+0?)+ (a+ )

a b c

(a—b)’

. + + —§—Z
b+c c+a a-+b Z_Sme(a+c)(b+c)

Ta+b+c

(a+b+c)® —27abe =

2.5.2 Dinh Iy SOS

Xét biéu thic

b
(b— )+ atiotec

a+b+7c

5 (c—a)” + 5 (a —b)°

S = f(a,b,c) = S,(b—c)? + Sy(a — ¢)* + S.(a — b)*

trong d6 Su; Sp; S, 1a cac ham s6 theo a, b, c
1. Néu Su; S8, > 0thi S > 0.
2. V6ia>b> cva:
Sy >0
. Sy + S, >0 thiS>0.
Sp+S.>0
M¢ rong:
Sa Z Sb Z Sc
thi S > 0.
Sp+S.>0

SaSSbSSc
thi S > 0.
Sy +S,>0

Sa;Se >0
° S,+25,>0 thiS>0.
S.+2S, >0

Sb; Sc Z 0
° thi § > 0.
a2Sb + bQSa Z 0

75

THPT chuyén Nguyén Quang Diéu



Nguyén Tuan Anh

. Sa+Sp+5.>0
3. Néu ot thi S > 0.

SaSb + SbSc + ScSa Z 0
Chitng minh:'°
1. Néu S,; Sp; Se > 0 thi S > 0. (hién nhién)

2. V6ia>b>cva:
Sy >0
e Ta co: Sy +S,>0
Sy +5S.>0
Via>b>c= (a—c¢)* > (a—b)*+ (b—c)® nén

S = Sa(b—c)* +Sy(a—c)*+S.(a—b)?>(Sy+S) (b—c)*+(S. +Sp) (a—b)?>*>0

Sa;Sc >0
e Taco: ¢ S, +25,>0
Se+25,2>0
Néu Sy, > 0 két hop véi Su; S. > 0 ta duge dieu phai chiing minh. o) day ta chi xét
v6i Sy < 0.

Vi (a —¢)* < 2(a —b)* + 2(b — ¢)* nen:
S = Sa(b—¢)*+Sy(a — c)?*+S.(a — b)* > (Sa +25,) (b — ¢)*+(S. +2S) (a — b)? > 0

Sb; Sc Z 0
a’Sy + %S, >0

e Ta co:

ViaZchnénZ Cz%khid():

—C

Sa(b—¢)* + Sy(a —c)* = (b—¢)?

2
a—c Y a\?
Sa+Sb.(b_C)]2(b ) [Sa—i—Sb.(b)]
SbaScZO

2
Vi va, thi S > b—c2[5a+s. a4 ]+Sca—6220
Y a2Sy, + b2, > 0 (b=c) b<b> (a—b)

Sa+ Sy +S5.>0

3. Ta co:
SaSb + SbSc + ScSa Z 0
_ ] Sa <0
Ta chiing minh khi cac truong hgp khac tuong tu.
Sp+S.>0

.....

bi mét didm.
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Ta co:

(S + Se) [Salb—¢)* + Sy(a — ¢)* + S.(a — b)°]
= (S + S.)?a® — 2(Sy + S.) (bS. + cSy) a+ (Sy + Se) [2Sy + B2S. + Su(b — ¢)°]

= [(Sy 4 S.) a — (bS. + ¢Sy))* + (SuSy + SpS. + S.S,) (b—¢)> >0

2.5.3 Vi du minh hoa

Vidu 17 (BDT Schur).

Véi a,b, c la ba s6 thuc khong am. Chitng minh rang:

a® + b + ¢ + 3abe > ab(a + b) + be(b+ ¢) + ca(c + a)

Phan tich va 16i giai Khong mét tinh tong quat ta gid st a > b > ¢
BDT trén tuong duong:

& a® + b + ¢ — 3abe > ab(a + b) + be(b + ¢) + ca(c + a) — 6abe

& S(a b4 (=4 (- +(e— )] > alb— o) +be—a) +ela—b)

- b —b b—
M(b_C)Q i u(c_af i u(a_bf >0
2 2 2
Khi d6 ta thay:
( JE—
S, — a—b+c >0
2
—b — b
I AR e e s A
2 2
_b b
Sb—i-Sc:a +c+a—|— c:aZO
\ 2 2
Do d6 theo dinh 1y SOS ta dugc diéu phai chiing minh. O
Vi du 18.
[ Ve a,b,c la ba so thuc duong. Chitng minh rang:
> a?
be )
sym
+2)) —= >
> ab gﬂ; (b+ 0)2 2
sym

Phan tich va 16i giai Khong méat tinh tong quat ta gia st a > b > c.
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BDT tuong duong véi:

be 1

sym

o 142) —~|l>0
> ab {(b+c)2 4]_

sym

5> (a—b)°

sym (b—C)2
& e+ 2 -~
> ab %; A(b + ¢)?
sym
1 1 9
& — a—0b">0
gn; 2% ab  2(a+b) (a=by" =
sym

Vay nén:

1 1 1 1

a — ,S: ;
2 (ab + be + ac) 2(b—i—c)2 b 2 (ab + be + ac) 2(c—|—a)2

1 1

© 2(ab+bc+ac)  2a+b)

Ta thay rang 0 < S, < S. do d6 theo dinh 1y SOS ta can b*S, + a%S, > 0

That vay,
a’® + b? b2 a?

V’S, +a’Sy = — —
@ 2(ab+bc+ac)  20b+c¢)  2(c+a)’

adc + b3c — a’be — ab*c + ab + b*a — 2a*b? AM;GM

2 (ab + bc + ac) (b+c)2(c+a)2 -

Bai toan dugc chiing minh. O
Bai viét sé khong liet ke ra cac vi du 4p dung dinh ly SOS nita (vi nhu vay sé qua dai) ma de
ban doc tir trai nghiém né 2°. Do6i khi ¥ tudng clia phuong phap ciing mang mot gia tri quy

khong kém gi phuong phéap, vi du cudi ciing sau minh ching cho diéu do.

Vi du 19.

Vi ba so thuc duong a,b, c. Chiing minh rang:

a n b n c <g+
b+c c+a a+b b

+

b, c 3
c 2

Cc
a

Phan tich va 15i giai Khong mét tinh tong quat, ta gia st ¢ 1a s6 nhé nhat trong ba sé a, b, c.

20Hay chon mot BDT dbi xitng ba bién va c6 gang phan tich dé st dung dinh ly SOS.
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Ta co:
a n b n c < a+b+c 3
b+c c¢c+a a+b " \b ¢ a 2

2a 2b 2c a b ¢
& + - —3<2(-+-+--3
b+c c+a a-+bd b ¢ «a

(a —b)? a+b+2c

(a—b)2 (a—c)(b—rc)
b+cta) " brolctralath) +

(a—c)(b—c)§2[ 2

ac

2 1 , [2 a+b+2c
ab (b+c)(c+a)] (a=b)"+ {%_ (b+c)(c+a)(a+b)] (a=c)(b=e) 20

Vé trai la biéu thic ctia nhitng s6 hang khong am do d6 bai toan duge ching minh. O
Két lai phuong phap SOS ban doc hay em lai bai gidi ctia cac dé thi HSG 16p 12 - Ha Nai,
Bao Loc lan 3, Pai hoc Vinh ngay thi 1

N

-HET i
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Tai licu
[1] http://diendantoanhoc.net/
[2] http://artofproblemsolving.com/
[3] https://nttuan.org
[4] https://www.facebook.com /groups/110865909255110/
[5] Sdng tao BDT - Pham Kim Hung
[6] Bat dang thitc suy luan va khdm phd - Pham Van Thuan, Lé Vi.
[7] Sit dung AM - GM dé chaing minh BDT - Vo Quéc Ba Can, Tran Qudc Anbh.

[8] Bat dang thitc schur va phuong phdp bién doi p,q,r - Vo Thanh Vin
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