NHOM TOAN VDC&HSG THPT BAT PHUONG TRINH MU VA LOGARIT- VD_VDC

BAI TOAN GTLN - GTNN BIEU TH(*C MU - LOGARIT HAI BIEN SO

PHUONG PHAP
Cach 1: Panh gia, ap dung BDT co’ ban da biét nhw BDPT Cosi va BPT BunhiacopxKi.
Cach 2: Ap dung phwong phap ham s6, ham dac trwng.
Théong thuong ta thye hién theo cac budc sau : ]
#+ Bién doi cac so0 hang chira trong biéu thirc vé cung mot dai lwgng giong nhau.
4+ Dua vio mot bién méi ¢, bang cach dat ¢ bang dai lwgng da duogc bién d6i nhu trén.
4 Xéthamsd f(¢) theo bién ¢. Khi d6 ta hinh thanh dwgc bai toan twong dwong sau: Tim gia
tri 16n nhat, gia tri nho6 nhéit caa ham s6 f'(¢) véi ¢ e D.
4 Luc nay ta sir dung dao ham dé tim gi4 tri 16n nhét, gia tri nhé nhit ciia ham sb f(¢) véi
teD.
Chu y : Ta chirng minh dwge:
o Néuham sé y= f(x) luén dong bién (hoiic luén nghich bién) va lién tyc trén D ma phuong
trinh f(x)=k c6 nghiém thi nghi¢m dé 13 nghiém duy nhit trén D
o Néuhamsd y= f(x) ludn dong bién (hoic luén nghich bién) va ham s6 y = g(x) ludén nghich
bién (hogic luén déng bién) va lién tyc trén D ma phuong trinh f(x)=g(x) c6 nghiém thi
nghié¢m d6 1a nghiém duy nhit trén D
e Néu ham sé y= f(x) luén dong bién (hodc luén nghich bién) va lién tuc trén D thi
f(x)> f(y) néu x>y (hodc x<y).
Cach 3: Ap dung hinh hoc giai tich.

1-2x

Caul.  Xét cac sd thuc duong x va y thoa man ln( J =3x+y—-1.Gia

xX+y

tri nho nhat cta biéu thuc g(x) = 1 + bang
X Xx+y
A.l. B. 8. C.l. D. 4.
8 4
Loi giai
Chon B

Piéu kién 0< x < %

Tacétfrgiéthiét:ln( xj:3x+y—1<:>ln(l—2x)+(1—2x)zln(x+y)+(x+y) (1).

x+y
Xétham so f(t)=Int+t trén khoang (0;+0). Ta co f'(t)=%+1>0 voimoi >0

Do d6 ham s f(¢) ludn ddng bién trén khoang (0;+c0).
Viy(l) ©1-2x=x+y< y=1-3x
2 1 4x—1

. _1 _ "N "N 1
Ta c6 g(x)_;+l—2x_x—2x2 =g (x)_—(x—2x2)2 =g (x)—0<:>x—4.

Khi d@o ta c6 BBT
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v 0 1 1
4 2
9’ - 0 +
g
8
A , N : 1 1
Vay GTNN cua g(x) la 8 khi x=z,y=z.
Cau2. Cho hai s thuc duong a,b théa man hé thic:
2log, a—log, b <log, (a+6b). Tim gi tri 16n nhat cua bicu thirc P= __ab=b’ :
a’ —2ab+2b*
2 1 2
A. PMang' B. PMaxZO' g. Pch:E' D. PMang'
Loi giai
Ta cé: 2log, a—log, b<log, (a+6b) < log, a’ <log, (ab+6b’) <> a* < ab+6b’
aY a a a
@(—j -——6<0< -3<—-<2.Do a,b duongnén 0 <—<2.
b b b b
2
pat1=2,0<1<2.Khids: p=— 220" ___ 7]
b a —2ab+2b~ t"—2t+2
s £ - . . —t* 42t
Xétham s6 f(1)=—5———= v6i 0<r<2.Taco: f'(1)=—— >0,V (0;2].
" =2t+2 (£ —2t+2)
I . . 1. .. . 1
Suy ra f(t)Sf(Z)zE voi Vi e(0;2]. Do do ]\({g]xf(t)ZE khi t=2.Vay P, =5

Cau 3. Cho hai sb thuc duong x,y théa min 2% +2” =4. Tim gia tri 16n nhat P__ cia biéu thic

P=(2x2 +y)(2y2 +x)+9xy.

A.P_ =22—7. B.P  =18. C.P, =27. D.P =12.
Loi giai
x+yY
Taco 4=2"+2"22V2"" < 4>2"" < x+y<2.Suyra xys(TyJ =1.

Khi dé P=(2x"+y)(2)" +x)+9xy =2(x’ + ") +4x"y" +10xp.

Z
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Cau 4.

Cau 5.

P= 2(x+y)[(x+y)2 —3)6)/}+(2xy)2 +10xy
<4(4-3xp)+4x’y’ +10xy =16+ 2x°y* + 2xy(xy—1)<18. Vay P, =18khi x=y=1.

Cho hai s6 thuc a,b>0 théa man log, (2a+1)+log, (3b+1)—6> 0. Gi4 trj nhé nhét ciia bicu

thirc 2a+3b 1a.
A. 12. B. 14 C. 16. D. 8.
Loi giai
Chon B
Ta c6 log, (2a+1)+log, (3b+1)-620 < log,[ (2a+1)(3b+1) |26 < (2a+1)(3b+1) > 64.

Ap dung bat dang thirc Co-si cho hai s6 duong 2a +1 va 3b+1, ta dugc
(2a+1)+(36+1)22/(2a+1)(3b+1) 2 2:/64 =16 < 2a+3b+2>16 < 2a+3b>14

Déau "=" xdy ra khi 2a+1:3b+1<:>a:%b.Véy min (2a+3b) =14 khi a=%;b=%.

Trong céc nghiém (x;y) thoa man bat phuong trinh
log. , . (2x+y)21. Khi d6 gid tri Ion nhét ciia biéu thie 7 =2x+y la

A.2 B. 9 C.g D.
4 -2

oo | o

Loi giai
Chon C
- Truong hop 1: x° +2y° >1
Bét phuong trinh log ., (2x+y)21e2x+y2x"+2y" = 2x+y2x" +2y° >1
Ap dung bit dang thirc Bunyakovsky, ta co
2(2X + y)2

2
[22+(%j ]()c2+2y2)2(2x+y)2:>x2+2y2 > 5
2
:>2x+y2@@(2x+y)(2x+y—%)£0:>2x+ye[l;%}

Gia tri 16n nhat cia T =2x+ y =—. Dau bang xay rakhi x=2;y =

NS NN}

1
2
- Trwong hop 2: 0<x”+2y° <1

Bit phuong trinh logxmy2 (2x+y) >l 2x+y<xi+2y° <1< %
A s ita L 9
Vay gia tri lén nhatcta 7 =2x+y = 5

Xét cac sd nguyén duong a, b sao cho phuong trinh aln’ x+bInx+5=0 co6 hai nghiém phan
biét x,, x, va phuong trinh 5log’ x+blogx+a =0 c6 hai nghiém phan biét x,, x, théa man
X,X, > x,x, . Tim gié trj nho nhét cia S =2a+3b
A. S =33, B. § . =30. C. S, =17. D. S, =25.

Loi giai
Chon B
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Diéu kién dé hai phuong trinh aln’ x+bInx+5=0 va Slog’ x+blogx+a =0 co hai nghiém
phan biét 1a: 5° -20a >0 .

lnxl+lnx2=—2 ln(xlxz)z_é _b
a

co 1t A . a xx,=e“
Theo gia thiét ta c6 5 = -
log x, +log x, =3 log(x3x4):—g xx, =103
b b

Ma x,.x, > x;x, = e * >10 *nénsuy ra —é>—éln10 =a >i: az=3.
a 5 In10

Theo diéu kién c6 b* —20a >0=b>>20a>60=5>38.
=3

Tudosuyra S=2a+3b>30= S =30 khi va chi khi {“

Cau7. Cho céc sb thuc a > %,b > 1. Khi biéu thtrc
log,, b+log, (a4 -9a” + 81) dat gia tri nho nhét thi tong a +5 bang

A. 9427 B. 3+9". C.3+32. D. 24942,
Loi giai
Chon B
Taco 3a>1,b>1 nén log,, b>0,log, 3a >0. Theo bat dang thirc Cauchy ta duoc

log,, b+log, (a* —9a” +81) 2 log,, b+log, (18a* ~9a” ) = log,, b +2log, 3a 2 232.

3a>1,b>1

; a=3
Déu “=" xdy ra khi va chi khi { a* =81 N - Vay a+b=3+9".
b=9"
log,, b=2log, 3a

2
Cau8. Cho céc sb thuc x,y thoamin 5+16.4° > £(5+16"2‘2y).72y'x2+2 va %2y+1. Goi M va m

lan luot 13 gia tri 16n nhit va gia tri nho nhét cta biéu thirc

p=10xH6yH20 i 46, gid tri cita bidu thite T = M +m bing

2x+2y+5
A. T=10. B.Tzﬂ. Q.T:Q. D. T=15.
2 2
Loi giai
Chon C
Pit t =x" —2y.

t+2 2t
fac et <(5047) 7 o 22

Xétham s6 f (u) 5;4 =5(%} +Gj ta ¢6 f'(u)=5[%j h%{éj ln§<O,VueR
Suy ra ham s6 f (u) ludn nghich bién trén R.
Khido (1)< f(1+2)< f(2t) = t+222t = 1<2.

2 2
Mat khéc %2y+1<:>x2—2y22<:>t22. Suyrat:2<:>y=x

. Thay vao P ta dugc

Z
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Cau 9.

Cau 10.

3x* +10x+20
P=m®(3—l))x2+2(5—P)X+20—3P=0 (2)

Khi P#3, vi P xac dinh nén phuong trinh (2) ¢6 nghiém.
Khi do A'>0 < (5-P) —(3-P)(20-3P)>0 & 2P +19P~35>0

<:>§£P£7. Vay T:M+m:§+7zg.
2 2 2
L, 2 N Z(xz—y+2) 4x+y+2 . . ., L, L2 ,
Xét céc sO thuc duong x, y thoa 2021 —ﬁ > 0. Tim gid tri nhé nhat cua bicu thirc
x+2
P=2y—-4x.
A. 2021. B. 2020. C. % D.2
Loi giai
Chon D
. Poypi2) 4 2 4 2
Tt gia thict, ta suy ra 2021277 5 Lyt = 2(x2 —y+ 2) > 108,05, Lyt (1).
(x+2) (x+2)

a=4x+y+2
bit , =b—a=x>—y+2thi (1) trd thanh

b:(x+2) =x" +4x+4
= 2(b—a)=10g,y,, a—10g,y,, b < log,,, a+2a>log,, b+2b (2).
Xétham sd f(t)=log,y, ¢t +2¢ trén (0;+00) tacod f'(¢)= +2>0,V1>0

tIn 2021

Suy ra ham s6 f(¢) ludn dong bién trén khoang (0;+o0).

Khi dé (2)@f(a)zf(b)@azb<:>4x+y+2z(x+2)2 S y>xt+2.
Thay vio P, taduge P>2x* —dx+4=2(x-1) +2>2.

Vay P. =2 khivachikhi x=1,y=3.

xX+y

Cho hai sd thuc duong x, y théa man ZH(T).SI"(X” ) =2 Gia tri nhé nhat cia biéu thic

P=(x+D)Inx+(y+1)Iny voéi %Sxé% va %Syﬁ% la m, khi d6 m thudc khoang nao sau
day
A.me[—%;Oj. B.me(O;l). C. me(l;2). D. me(2;4).
Loi giai
Chon A

x+y
Ta Cé: 2IH[T] 51n(x+y) — 21n5 o 2ln(x+y)—ln2 51n(x+y) — 2ln5 P 2ln(x+y) 51n(x+y) — 2ln5 2ln2

In(x+y) In10.log2

& 10" =2"" o In(x + y) =log(2"") < In(x+ y) =In10.log 2 & " = e
Sx+y=10" & x+y=2.Dodb P=(x+D)Inx+(y+DIny=(x+1)lnx+(3-x)In(2-x).

Xétham s6 f(x)=(x+1)Inx+3-x)In(2-x)

CHUYEN PE VDC&HSG 12 NAM 2021-2022 Trang 5



NHOM TOAN VDC&HSG THPT BAT PHUONG TRINH MU VA LOGARIT- VD_VDC

Cau 11.

3—x X 2-2x
=In + .
2—-x 2—-x x(2-x)

Taco: f/(x)=Inx+> " _n(2 —x)—
X

Laico: f"(x)= ) =
al CO f ( ) (2—)6)2 x (2x—x2)2 (2x—x2)2

2

_ 2_ —4(x-1)
2 2-x 2x —4x+4 _ (x )<O,Vxe[;%}

) . 1
Do d6 f'(x)=0 c6 nhiéu nhat mét nghiém trén {E,%} .
Ma x =1 1a mdt nghiém cta pt f’(x)=0 nén phuong trinh f"(x)=0 c6 nghiém duy nhét 1a

x=1. Tir d6 ta c6 bang bién thién nhu sau:
1

x — 1

3
2 2

Y T~

Dua vao BBT, ta suy ra mianirlliSr}lf(x) :f(lj :f(ij :zln%+§ln%e(—%;0}

2 2) 2

22
Xét cac s6 thuc khong 4m x va y théoa man x+3y.3"7"™* >4 Gia tri nho nhit cta biéu thirc

P=x"+y"+5x+4y bang

AL B. 2. c.® p.2L

— 8 4 8 8
Loi giai

Chon A

Tacod x+3y.3"7 >4 33" >4-x < 3y.37 > (4-x)3"" (¥)
Xéthamsd f(t)=13',Vt20,taco

f(1)=3(1+¢In3)>0 ,Vt> 0= f()dong bién trén [0;+00).
(*)@f(3y)2f(4—x),‘v’x,y20®3y24—x<:>x24—3y,Vx,yZO
Xét bidu thie P=x"+y* +5x+4y = P>(4-3y) +y* +5(4-3y)+4y

<:>P210y2—35y+362§

7
Vay min P =23 khi va chi khi YTy < (xy)= —3;1
8 44
x=4-3y
Cau 12. Cho 2 s6 thuc dwong x, y théa min phuong trinh sau:
x+y-3

1 N 1 _Xty-—e
V234 Ja iz 2(27 427

A3 s o 3 4 - & r m . N A A . mo.
Biét rang, gia tri cua x” +y" dugc viet duoi dang — vaoi m,n 1a cac s6 nguyén duong va — la

n n
phan s t6i gian. Hoi T =m+n c6 gia tri 13 bao nhiéu?
A. 149. B. 147 . C. 160. D. 151.
Loi gidi

Trang 6
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Cau 13.

Chon D
Bién doi gia thiét ta duoc:
1 1 x—y—e7 25427 2" +27 3

+ = = + =x—-y-e
Vo ezar Jar oz 2(27+27) 232y 2 a3

Dit 2" = a,2” = b thi theo bat dang thirc AM — GM ta co:

2Wa ,ath. b 2b :2(\/5+\5)<3+ a
Ja+3b a+b a+3b Ja+3b 2 a+3b Ja+3b 4 2(a+b)
b ,ath. 2a _ 2a :2(\/5+\5)<3 b
\/b+3a b+a b+3a \/b+3a 2" b+3a Vb+3a 4 2(a+b)

2(Vasyb) 2(Na\b) 3 avb _, Narb Narib_
Ja+3b Ja+3b 2 2(a+bd) Va+3b \/a+3b
25 +27 25 +27 \/;+f f+f

+
7132 o e3an Nardb Narsh
Mit khac theo mot bat dang thirc phu quen thudc ta co:

x+y—e 7 =(x+y-3)-e™ 7 +3<3-1=2

=

Suy ra

: 20 =27
Vay VT 22> VP . Dau “=" xay ra khi va chi khi <::>x=y=i
x+y-3=0 2
Khi d6 x3+y4:113—65:ﬂ:>T:m+n:151.
n

Cho hai s6 thyc x,y théa man %logﬁ Y +%log | (x3 +2) > logzé. Tim gia tri nho nhat ciia
2
X +x+2-4y 2 2
biéu thirc P:(lj - ;y +x(y+1)-
e

A. minP=0. B. minP=1. C. minP=2. D. minP=e.
Loi gidi
Chon B

s |¥>0 :
bicu kién { (*); Voi x,y thude (*) va thoa man

x>
llogﬁ Y +llog . (x3 +2)Zlog21(:>log2y—log2 (x3 +2)2—log23
6 2 5 3
<log, y+log,3>log, (x3 +2) <log, 3y >log, (x3 +2)
c>3y2x3+2<:>3(y—x)2x3—3x+2 (**)

Xét ham s6 f(x)=x"=3x+2 xéc dinh va lién tyc trén (—3/5 ; +oo)

Co f'(x)=3x"-3=3(x"-1). V&i f'(x):0<:>x2—1=0<:>[ |
xX=-

Va f(-)=4 f()=0; f(-32)=332>0

Bang bién thién
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X —i2 -1 1 +o0
(%) + 0 - 0 +
- 41 ¥ a0
f(x)
3342
"o

Do do (rjl_in)f(x):f(l)zonénsuyra 3(y-x)20=y-x20
—32;40

‘ 1 X+x+2-4y xz +y2 s x2 +y2
Ma P=|— - +x(y+l)-y=e T St x (1) -y
e 2 2
2 2
_ e(y—x)+3y—(x3+2) . (y —2)C) _(y —X) > e()’*x) _Q_(y —X)

. 1
Xét ham s6 (*) g(t)=¢€' _Etz —t xéc dinh va lién tyc trén [0;+00)

Do do g'(t) =€’ —t—1 xac dinh va lién tuc trén [0;+o0)

Va g'(f)=e'—1=¢"—1=0, Vs e[0;+0).

Do d6 ham s6 g'(¢) ddng bién trén [0;+0). Thcla t20= g'(r)> g'(0) =€’ -0-1=0,
Do d6 ham s6 g(¢) dong bién trén [0;+0). Tuc1a 1> 0= g(r) > g(0) =€’ —0-0=1
Suy ra [ror}jgol) g()=g(0)=1

x=y>0

. . . lx=y>0 x=y>0
Dau "=" x4y ra khi va chi khi

5 <9 s oqlx=1 ox=y=1.
3y=x"+2 x =3x+2=0

x=-2

Cau 14. : Cho céc sb thuc x, y théaman e > +e¥ (x> —xy+ 1> —1)—€e"™" =0 . Goi M,m 1an luot

1a GTLN, GTNN ciia biéu thirc P = .Tinh M —-m .
1+xy
A M-m=1. B M-m=2. C.M—m:%. D. M -m=3.
Loi giai

Chon A

1-¢—xy-¢—y2

, 24202 N 2,52 2
Taco e +e¥ (x> —xy+y° —1)—e =0 V(P —xy+y )= =0

S Y L —xyp+2yt = 41417 (1)
Xétham f(f)=é +t,teR.Taco f(t)=e +1>0 VteR nén f(¢) dong bién trén R .
Dodd (1) & f(x* —xp+2y) = fl+y ) e x’ —xp+2y’ =1+y o x’ —xp+y’ =1

. 1z(x—y)2+xy2xy -1
Khi do suyraleyZ?.

1= (x+y)2 —3xy>-3xy
1 1 1 1

1
Dod6 —<P= S— & —<P=
2 1+xy

S% Vay M —m=1

Z
A
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Cau 15. Cho cac sé thuc x, y théamin 5+16.4° 2 :(5+16*2*2«‘V).72%"2+2 .Goi M va m lin luot 1

i tri 16n nhit va gid tri nho nhét ctia bidu thire P =100V T20 e Mem.
2x+2y+5
21 |
A T=22, B. T=10. C.T=15. p.7-2,
2 2
Loi gidi
Chon D

Dit ¢ = x” -2y, khi d6 gia thiét tuong duong véi

t+2 2t
5+16.4'=(5+16).7" & 5;1 - 5;;‘ 1)

Xét ham sb f(u)=5(l + ij trén R. Taco: f'(u)=5 L mlefd lni<0, VteR
7 7 7 7 \7 7

Suy ra f (u) la ham sb nghich bién trén R.
Dodo ()= f(1+2)=f(2) = t+2=21t=2cx"-2y=2c2y=x"-2
10x+6y+26 3x”+10x+20

Khido P= =—
2x+2y+5 X +2x+3
4x> —22x-10 ¥=-
Tach P'=—2 al —=0& 1 . Bang bién thién nhu sau:
(x2+2x+3) x:_E
1
T =00 =3 == +00
2
Yy’ -0 + 0 -
3 7
y \ - / \
2 3
\ 5 . 5 19
TuBBT,tasuyra M =7, sz . Vay M+m:7+5:?.

Cau16. Cho a,b 1a hai s6 thyc thay doi thoa 1<a<b<2, biét gid tri nho nhit ciia biéu thirc
P=21log, (b2 +4b—4)+logi ala m+33n véi m,n1a s nguyén duong. Tinh S=m+n.

A. S=9. B. §=18. C. §=54. D. §=15.
Loi giai

Chon D

b-1>0

Taco: 1<b<L2=> 5
b°—4<0

= (b-1)(b*-4)<0

=D ~b -4b+4<0=b"+4b—42Db' ma a>1 nén log, (b’ +4b—4)>log, b’

Do d6 P>2.log, b’ +log; a=6logab+;2
a (log, b-1)
l<a<bh<2
bit ¢ =log, b, tir diéu kién < p | =t>1.
—#
a
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Khi d6 P>6.1+ 11)2:3.(t—1)+3(t—1)+ 112+6233/§+6
t— t—
Déu “=" xay ra khi 3(t—1)= ! > c>(z‘—1)3 =l<:>t:1+i/I.Véy m=6;n=9.
(t-1) 3 3

Cau17. Cho hai s thuc a,bthay ddi thoa man 0<2b<a<1. Gia tri nho nhit cia biéu thuc

2 . ,
S =log}, a.log, 2, log, (4b ~-a’ ) +log . b'"* bang m . Khang dinh ding la:
» a

A. me(0;1). B. me(1;2). C. me(2;3). D. me(3;5).
Loi giai

Chgn C

* Ta co:

S =log}, a.log, 2—b+logb (4b—a2)+log b :Eloga b+
= a “ 25

a

e b log}, a+log, (4b—a2)

log?, a+log, (4a2b - a4)

a

12
=—log, a’ +—log, b+
gb 25 ga
Taco: 0<2b<a<l=(a-2b) 20=>a"—4a’h+4b> >0 < 4a’b—a* < 4b’

1
Mamét khic 0<2b<a <1=0<b<—<I nénsuyra log, (4a’b—a") 2 log, (4b”)

Tur @6 ta co:
12 1 2b) 12 1
S=-log, a* +—log, b+ log3, a+log, (4b%)>2log, | — |+—log, b+ log3, a
g, @+ log, b logh, g,(4p%)=2log, AT LA e
. logzba . logiba
= + +—~— |[+—log, b=3; . ——+—log, b
log,, b log, b log,b | 25 log,, b log,, b log,b 25

2

log,, a
52 112 1 12
=33 ‘ . +—log, b=33]———+—log, b
log,, b | log,b 25 (log,b)” 25

= 3 +£logab22 L.Elogab:2 E:2
log, b 25 25 5

. . .12 12
Nhu vay gia tri nho nhat ctia biéu thire S bang ?Véi m=—¢ (2;3)

Céau 18. Cho 2 s6 thuc x, y théa man phuong trinh sau:
(1429 ) (1427 ) (1427 ) = (1+27)

3
2,2 2 2 \
Pit P=e" " +x’ +y7—(x—2y) . Hoi ménh dé nao sau day ding?
A. P=e-1. B. P=e. C.P, =¢. D. P=e-2.
Loi gidi

Chon B

’ D 3
MGt bat dang thire ma ta hay gap: (1+a)(1+b)(1+c¢)> (1+\3/abc)

Z
A
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C6 bé dé sau: Cho cdc sé thuc duong a,b,c,x,y,z,m,n, p khi do ta luon co:
(a3 +b’ +c3)(x3 +y° +z3)(m3 +n’ +p3) > (axm +byn +czp)’
Chirng minh: Theo bat dang thirc AM —GM ta co:

3 3 3

a m X 3axm
+ >

3 b3 3+ 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
a+tb+c m+n+p X +y +z \/(a +b’ +c )(m +n'+p )(m +n +p)
b’ n y’ 3bny
3 b3 3+ 3 3 3+ 3 3 3 3 3 3 3 3 3 3 3 3
a+to+Cc m+nw+p Xty +z \/(a +b’+c )(m +n'+p )(m +n +p)
3 3 3

c p N z S 3cpz

3 3 3+ 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
a+b+c mAn+p X +ytz \/(a +b’ +c )(m +n'+p )(m +n +p)
Cong 3 bat dang thirc trén c6 diéu phai chimg minh.

Quay lai bai khi d6 phuong trinh tro thanh: (1+a)(1+5)(1+¢) > (1+/abe )3

\%

3 3
Theo bt ding thirc Holder, ta c6 ]‘[H}Lj +(3Lj +(Va )3] > (1+abe )
o |[\¥2) 32

Vi bai toan nay néu dat 2 = a,2*** =b,2°¥ = ¢ = Jabc =2*, day chinh 13 dang trén.
Dau "=" xay ra khi va chi khi 2" =2 =2 & x=y=0.Vaykhid6 P=e.
Cau19. Cho 2 s thuc a,b khong Am théa mén log, (ab) € (0;1) dong

2a—b+1

thoi (log, ab) " +(1-log, ab) =" = e Biét ring a'h" dugc viét dudi dang
mn véi ab 1a cac sb nguyén duong. Hoi co tht ca bao nhidu bo sb (m;n) nhu vay?
A. me(0;1). B. me(1;2). C. me(2;3). D. me(3;5).
Loi gidi
Chon C

Biit ding thirc Jensen va tinh chit ciia ham 16i
Cho ham s6 f'(x) lién tyuc trén doan [a;b] va n diém tiy ¥ nén [a;b]. Ta ¢6

e Néu f£"(x)>0 thi Zn:f(xl)an(

X, X, ot X,
n

. Néu f'(x)<0 th Zn:f(x[)Snf(x‘-'_xz;"-'_x”j
Ngoai ra can chii y thém )
e Néuhamsd f(x) co f"(x)>0,Vxe[a;b] thi f(x) lam ham 16i trén [a;b]
e Néuhamsd f(x) co f"(x)<0,Vxe[a;b] thi f(x) lam ham 16m trén [a;b]
Trudc tién ta sé€ dat log, ab=x,1-log,ab=y=x+y=1.
Vé trai viét lai 1a x* + ).

f()+10), (5t
2 2
That vay ta co thé gia thiét 0 <a <b <1 va viét bat dang thic dudi dang

Hx;yj‘f(x)Hf(y)—f[x;yﬂgo

CHUYEN PE VDC&HSG 12 NAM 2021-2022 Trang 11
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V& tréi cua bat dang thirc nay c6 dang f'(a) 4

Trong do x<a<XY

<f<y,a<y<p.

Viln f(x)=xInx :>f'(x)=f(x)(l+lnx):>f"(x)=f(x)((1+lnx)2 +lj>0,Vxe(0;1)

X

Suyra f"(y)(a—p) y;x <0. Vay bat dang thirc (*) ding. Khi d6 4p dung ta c6

Xy =x 4 (1-x)” :f(x)+f(1_x)zzf@=ﬁ

a—b+1 a-b
Theo bat déng thirc AM — GM ta ¢6 \/I+T < \/1+L =2.
2 a +1 2 2207217

Vay VT > VP . Déu“="xayrakhi x=y =42 = x*)"° =128 =2./32 =4/8 =82
Cau 20. Cho 2 sb thuc x, y >1 thoa man diéu kién:

1+log, 3y +2log,3y(3—log, 3xy)=%logx2.

Dit P=x"+xy+y*. Hoi ménh dé nio sau day ding?
A. Pe[15;12]. B. Pe[12;13]. C. Pe[10:11]. D. P, =10.

Loi giai
Chon C

thong & bai nay la sé kiém mot diéu kién rang bugc gitra x,y roi sau dé chi ra gid thiét chi nhdn
duy nhdt 1 bg nghiém. Duéi ddy la cdch giai quyét ciia bai todn trén

Bién doi gid thiét ta duoc: 1+log, 3y +2log, 3y(3—log, 3xy) = %logx 2

< log, x+log, xlog, 3y +2log, 3y log, xlog, s.2
3xy 2
Ta nhén thy rang log, x+log, 3y +log, 3 =3.
3xy
log, x=a a+b+c=3

Dé don gian ta dat {log,3y=h .Luc nay ta cé 2 gia thiét 9.
a+ab+2abc = >

log 8 =c
23xy

Thé b=3-a—c vao gid thiét dusi ta dugc: (2c+1)a’ +(202 —5c—4)a+% =0
Coi vé trai 1a tam thirc bac 2 theo bién a véi ¢ 1a tham sb ta co:

A=(26 ~5c-4) ~18(2c+1)=(2c~1)’ (c* ~4c-2)

Chu y véi didu kién x,y>1 tasé cod a,b,c>0.Miatkhac a+b+c=3=c<3
Suy ra A <0, diéu nay dong nghia VT >0

a—i log, x 3
2 ? x=242
Déu “=" xdy rakhi va chikhi {b=1 =4{log,3y=1 < o)
Yy==
1
c=— log2i=l 3
2 3xy 2
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Cau 21.

Cau 22.

Tt day suy ra P:%e[lo;ll].

Cho ham s6 y = f(x)=(x+1)(x+2)(x+3)(x+4)+m . Khi do, gia
tri m dé gid tri cuc tiéu ciia ham s f(x) béng véi gia tri nho nhét cua biéu thire
P=log, (3b + 2) +log, (3a + 2) voi Va,b e (1; 2] nam trong khoang nao sau day
A. [3;4]. B. [5;6]. C. [7:8]. D. [9;10].
Loi giai
Chon C
Cach 1: Ta co:

3 1
4/ 3} _ 2 L
{3a+2=a+a+a+2>44/2a3:> logb(3a+2)zlogb(4 2a )—logb4+4logba+4logb2

3b+2=b+b+b+22 42D’ log, (3b+2)>1og, (44 2b° ) =log, 4+%logu b+%loga 2
Suy ra: log, (3b+2)+log, (3a+2) > (log, 4+log, 4) +%(logb a+log,b) +%(logb 2+log, 2)

> (log, 4+log, 4)+%2Jlogb a.log b +%(log2 2+log,2) (do Va,be(1;2])

=6 khivachikhi a=b=2
Tir d6 ta cling suy ra:

6=P :(x+1)(x+2)(x+3)(x+4)+m:(x+l)(x+4)(x+2)(x+3)+m

min

=6.Suyra P

min

=(x2+5x+4)(x2+5x+6)+m=(x2+5x+5—1)(x2+5x+5+1)+m=(x2+5x+5)2+m—1
Do phuong trinh x* +5x+5=0 ¢6 hai nghiém ¢ (1;2]) nén ta cling suy ra

P=(x*+5x+5) +m-12m-1=m-1=6m=7.Nhuviy m=7¢[78]

Cach 2: Nhin vao biéu thirc P trén ta du doan dugc di€fmroi a=b6=2

Taco: P=log, (3b+2)+log, (3a+2) 2 log, (b*+(2-b)(b+1)’ ) +log, (a* +(2-a)(a+1)’)
Xétham sé y = f(x)=(2-x)(x+1) véi Vxe(1;2] co f(x)>0 Vxe(12]
f(t)=0e1=1, f"(t)<0=(2-x)(x+1)" >0

Tirdé tasuy ra P> log, (b +(2-b)(b+1)")+log, (a* +(2—a)(a+1)’) 2 log, (b*) +log, (')

] 1
—3(log b+log, a)=3|log b+ >32 /10 h—— =6
(log, g, a) ( g, oz, b] g, oz b

=6 khivachikhi a=b=2
--Khuc sau lam tuong tu nhu cach 1 da trinh bay--
Lan luot cho hai sb thuc duong x, y thoa man phuong trinh sau day:

Suy ra P

min

logz( - 3x2+ 3y ] =x"+)" +xy—6(x+y)+2. Goi gia tri 1on nhat va gia tri nho nhat cta
X +y +xy+3

bidu thirc P=22"2Y"2 3y 1ot 1a M va m . Gid trj cia biéu thire (M +m) bing
x+y+l1

A% B. 12. c. 2. p. 2

=13 5 13
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Loi gidi
Chon A
, 3x+3y s o
Taco: log,| —— =x"+y +xy—6(x+y)+2
X +y +xy+3
<:>1+log2( - 3x2+3y j:x2+y2+xy—6(x+y)+3
X +y +xy+3
6(x+
<:>10g2£ > (f Y) j:x2+y2+xy—6(x+y)+3
X +y +xy+3

logz(x2+y2+xy+3)+(x2+y2+xy+3):10g2(6(x+y))+(6(x+y))

Xét ham dic trung y=f(t):log2t+t:>f’(t)=$+1>0 Vt>0.
n

Suy ra ham sb f () dong bién trén (0;+0) = x* +»” +xy+3=6(x+ )

pit: {x:a+2:>(a+b)2+(a—b)2+(a+b)(a—b)+3:6(a+b)+6(a—b)
y=a-
a=\/§COSZ+2

&3(a-2) +h* =9=3". Pit: .
b=3sint

Suy ra biéu thirc

C2x+3y+2 2(a+b)+3(a—b)+2 _Sa—-b+2 5(x/§00$t+2)—3sint+2

P = —
x+y+1 (a+b)+(a—b)+1 2a+1 2(\/§cost+2)+l
=5J§cosr_351nt+12©<2J§P—5\/§)cost+3sint:12—5P
2\/§cost+5
Piéu ki¢n c6 nghiém (23P—5V3) +92(12-5P) 30_123*/% <p<? 0+123\@
P =M = 30+123J% 60
Nhu vay suy ra: >M+m=—
30-24/30 13
Pmin :m:T

Cau 23. Cho hai sb thuc duong, tinh gia tri 10n nhat ctia biéu thic sau déy:
P=2022-(16y° +10* = 24y)+12.10""**
A. 2046 B. 2048. C. 2050. D. 2038.
Loi giai
Chon A
Tacé: P=2022—(16y°+10% —24y)+12.10""*" =2022—(16y" +10** —24y ) +12y.10"

Ap dung bét ding thitc Cosi ta c6: 2.(2y).10" <(2y)’ +(107) =4y +10

Dau bang xay ra khi va chi khi: 2y =10*

Suy ra:

P=2022-(16y" +10" —24y)+3.2.(2y).10"

<2022-(16y° +10™ =24y)+3(4y* +107) =2022+4(-4y’ +3)” +6y) +(-10" +3.10™")

Khao sat cac ham so sau:

Z
A
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(y) 4y’ +3y° +6y Vye(O +oo)
( ta co:

g(x)=(-10"+3.10") Vxe(0;+)

(y) () — Déu bang xay ra khi: {yZI
g(x)=(-10"+3.10") == +3¢ = h(r) < h(2) = 4 x=logt =log2
Suy ra:

P =2022+4(-4y" +3y* +6y)+(-10" +3.10™)
<2022+4f(y)+g(x)<2018+4.5+4=2046
10" =2 x=log?2
=
2y=2 y=1
Cau24. Cho 2 s thuc x,y thay déi théa man x+y+1:2(\/x—2 +,/y+3).

Nhu vay P

max

=2046 khi va chi khi {

Ay o a 1:R , X+ y— —x— . a . .k
Gia trj 16n nhat cta biéu thite S =3"""*+(x+y+1)2""? =3(x*+y*) 1a — vdia,b la cac sb
Y Y b

nguyén duong va % t6i gian. Tinh P=a+b
A. P=8. B. P=141. C. P=148. D. P=151.
Loi giai
Chon A
Day chinh la dé thi THPT Quéc Gia 2016 da dwoc bién tiu dé tré thanh 1 ciu héi tric nghi¢m
r 2
Tir gia thibt ta co (x+y+1)’ :4(\/x—2+ y+3) :4(x+y+1+2\/x—2,/y+3)
Ap dung bét dang thirc AM — GM cho 2 s6 thyc khong am ta cé:
2Ux—=24y+3 Sx+y+1:>(x+y+l)2 S8(x+y+l):>—1£x+y£7
Mat khac ta lai co:

(x+y+1)2 :4(x+y+1+2\/x—2w/y+3)24(x+y+1):{x+y23 :{3Sx+y£7

x+y<-1 x+y=-1
/ \/ —2 :O :2
Néu x+y=-1= * y+3 g :Sz—%
x+y:—] y= -3 243

Néu 3<x+y<7.Pat t=x+y(te[3;7])
Xéthamsd f(¢)=3""+(r+1).2"" (r€[37)])
= f'(1)=3"In3+2"" —(¢+1)2"" In2
= f"(t)=3"*In"3-2""In2-n2(2"" ~(¢+1)2""In2)
=3I’ 3+((t+1)In’ 2-2In2)2"" > OVz €[3;7]
Vi f'(3)<0,/'(7)>0 nén ton tai s6 ae(3;7) sao cho f'(a)=0.Suy ra f(¢) nghich bién
trén (3;a) va dong bién trén (a;7). Mat khéc

F()=251 (7)=35= £(1)= £ () =13 vee[37]

Ta sé& di ching minh x* + > >5 v&i x+ y >3,x>2. Nhén thiy rang khi:
+ xe[2;3]:>y23—x20:>y2 >x —6x+9=x"+y’ Z2x2—6x+9=2(x—2)(x—1)+525

+x>3=>x"+y*>9
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~148
Vay ¥+’ 255> 5< 88 _a_ J4TI% _ hoist,
3 b |b=3

Céu 25. Cho céc s thyc a,b théa man a>b>0 va log,(a—b)=log,(a+b)Khi biéu thic
=log, a+log, b+2log, (a+b)-2log, (a2 +b° ) dat gia tri 10n nhat, gia tria —b thudc khoang

nao sau day?

A. (3;4). B. (5;6). C. (4:5). D.(2;3).
Loi giai
Chon D
2 2 9+ 4
_ |0<a-b=2 a’—2ab+b* =4 @ +b"= b
bat: = =
O<a+b=3 a’+2ab+b* =9 ab_9'—4t
4
P=log2ab+210g3(a+b)—210g2(a2+b2)
=log, 4 +2t—210g29 4 zlogzg;élz+log24’zlog236;l62
(9'+4') (9'+4')

bat §=

9 ’_1
36' —16' 4 k-1 » (9)
= voi k=| —

2= 2 T2 =

L4t k™+2k+1

(9+4) (9j +2(9j 1
4 4

P dat gia tri 16n nhat khi va chi khi S dat gia tri 16n nhét.

Gid sir S c6 gié tri 16n nhat. Suy ra phuong trinh Sk” +(2S—1)k+S+1=0 c6 nghiém.

=(25-1)"-4S(S+1)>0 @SS%.

S f
Suyra S datGTLNbéngg khi k:3:(%j =3 t=log,3.

4

. 1 .
Do d6 P dat GTLN bang logzgz—?) khi ¢ =log, 3.
7
log23
Khi d6 log, (a—b)=t=log,3<a-b=2 * =2,56.
n
Céu 26. Cho hai sé thuc x va y théamén:x+y=\/x+2+\/2y—4. Khi 4y,

x+y

+x>+y” +6xy twong tng la:

gi4 tri nho nhét ciia biéu thie P =

In2
A 2 _og B. 2 _4 c. S 46 D. -+
In2 In2 In2 In2
Loi giai

Chon A

x=>-2
bK:

{y >2

Taco:x+y= x/x+2+\/2y 4:> x+y (\/er2+\/2y—4)2
(x+y) =x+y+y-— 2+2\/ x+2 2y 4)2x+y:(x+y)2—(x+y)20:>x+y21(1)
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Ap dung BPT Bunhiacopki ta co:

(x+y)2 =(x/x+2 +\/2y—4)2 S3(x+y):>(x+y)2 —3(x+y)£0—>0£x+y£3(2)
Tu (1)&(2):>1£x+y£3

Lai co: {xi;2:(x+2)(y+2)20:>xy2—2(x+y)—4
Y=

X+y xX+y

:>4xy2—8(x+y)—16:>P: +(x+y)2+4xy2 2 +()c+y)2 —8(x+y)—16
n

In2
it u=x+y(1<u<3) khid():Perzlu2+u2—8u—l6
f(u):lrzlu2+u2—8u—l6(1£u£3); f'(u)=2"+2u-8=0=>u=2
Ta c6 BBT ham s6 f (u)nhu sau:
u |1 2 3
7 (u) - 0+

f(u) i—23 i_gg

In2 \ /ln2
4

— —28
In2

=-2
Tl‘IBBtsuyra:PZi—28<:>t=2.VéyGTNNcﬁa P:i—28<:> * .
In2 In2 y=4

CHUYEN PE VDC&HSG 12 NAM 2021-2022 Trang 17



NHOM TOAN VDC&HSG THPT MU - LOGARIT - VD_VDC

BAI TOAN GTLN - GTNN BIEU THU’C MU - LOGARIT NHIEU BIEN SO
Caul. Cho x,y,zlan luwot 1a cac sd thuc duong va théa mian hé phuwong trinh sau
3log, (3y)=3log,, (27z) =log,,, (81yz)>0 . Khi biéu thirc P = x"y*z dat gid tri nh nhat thi
gia tri cua 1000P nam trong khoang nao ?
A. (18;20). B. (20;22). C. (22;24). D. (24;26).
Loi giai
Chon B
Ta c6 h¢ phuong trinh sau: 3log, (3y) =3log,, (27z) =log,,, (81yz)#0 (*)
Tl phuong trinh (*), ta c6: 3log, (3y)=3log,, (27z) =log,,, (81yz) =k >0

k
bat: <3log, (27z)=k =(3x)3 =27z >z = 21—7(3x)3

(3xy)k =81yz (*)

1 & g 1 Y1 k 3Nk 2k
Thay nghiém y, z theo x vao (*):[3x§x3j =81(§x3].5(3x)3 <:>(x 3 J =333

L k —2k-3
Pk k2 k) ok Pk 0 y:E 3 330ken) T _ g3k
oSx P =3yl ex 3 =33 <:>(xk”) =33 o ¥ =3 x =3k = s
1 x 3(k+1;
z=—(3x)3 =3
27( )

Thé cac nghiém x, y,ztheo k vao bicu thirc can tinh, suy ra:

LN 2630\ R -Tk-o 5 8k+12 K -7k=9 k*-15k—6
P=x5y42=[3k”J .[33(“1)} 3 3(k+1) — 3k 3(k+1) " 3(k+) _3 3(k+1)

k> =15k—6 k* =15k —6
Khi P, | “—22"0  Xetham y=f (k) =20 vk >0
Himn ( 3(k+1) jmm ham =S 0)= =0y
2 = —
Fik)=0e K229 g | K=V o
9(k+1) k=-1-+/10

N 2\/_ 17 2410-17
D& dang suy ra min f (k)= f(~1++/10) = =1000P,, =1000.3 >  ~20.052698

CAu 2. Cho céc sb thuc khong am a,b,c théa man 2° + 4b +8=4.Goi M,m
lan luot 13 gia tri 16n nhét, gia tri nho nhét cta biéu thic S = a+2b+ 3¢ . Gia tri cua biéu thirc
4" +log, m bang

A 20 B. 281 c. 2% p. 12
500 50 - 729 25
Loi giai
Chgn C

bat a =log, x, 2b=log, y, 3c =log, z. Taco S =log,(xyz).

3
4:x+y+2233xy2:>xyz£(%j <:>S£310g2[§)
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MaxS:M:3log2[gj,khix:y:z:§

Goi z:min(x,y,z):lgzgi.

3
Do (x—l)(y—1)20:>xy2x+y+1=3—z :>xyzZz(3—z)22 (vi ze[l;%}

Suyra §>21,dodd m=minS=1khi x=z=1,y=2

_ 4096
so(4) 729

Cau 3. Cho ba s6 thyc thay d6i a,b,c >1 thoamin a+b+c=6.Goi x,,x, la

o 3logz(§)
4" +log,, m=4 +log 1

hai nghiém cua phuong trinh (log, x)2 —(2+log, b+3log, ¢)log, x—2022 =0. Khi do6 gid tri 16n
nhét ctia x,x, 1a
A. -2022. B. 216. C.12+6log,3. D. 108.
Loi giai
Chon C
Do phuong trinh (log, x)* —(2+log, b +3log, ¢)log, x—2022 =0 c6 hai nghiém x,,x, nén ta suy
ta hé thirc Viét nhu sau: (log, x,)+(log, x,) =log, (x,x,)=2+log, b+3log, ¢

2+log, b+3log, c 273
xXx,=a" "% = a he

2 3
Ta lai c6 tiép 6:a+b+c=3+ﬁ+b+£+£+£266/3.3]).2.2.2=66 a’be
2 2 3 3 3 22 333 108

Suy ra x,x, = a’bc’ <108 . Nhu vay gié tri 16n nhat cua x,x, la 108

Cau 4. Cho ba sb thuc khong am x, y,z théa man 2% 13" 457 =6.Gia tri
16n nhét cia biéu thirc 7 = x + 3y + 4z ndm trong khoang nao sau day
A. (4;5). B. (5;6). C. (6;7). D. (7;8).

Loi giai
Chgn C

Tacd: 6=2" +3” +57 >332 3" 5" =237 5 <8
Loga co s6 2 cho hai vé ta co: log, (2"2.3y2.522 ) <3< x*+y’log,3+z°log,5<3

Ap dung bt dang thic Bunyakovsky, ta c6:

2
3 4
\/10g73y log23+\/log752‘/10g25J
2 2

<142, 10 .(x2+y210g23+2210g25)
log,3 log,5

T =(x+3y+4z) :(1.x+

=T <(1+9log,2+16log, 2).(x* + " log, 3+ 2" log, 5) = 3.(1+9log, 2 +16log, 2)

=T7T< \/3(1+910g3 2+16log, 2) ~ 6,38 ¢ (6;7)
Cau 5. Cho ba sb thuc a,b,cnhan nhirng gia tri duong 16n hon 1. Khi do6 gia tri

3
210834 (2a+3b+c)- log

Al B. 2. C.3. D. 4.
Loi giai

r 9 3
nho nhét ciia biéu thire T = log,,,,,., (4a” +9b* +¢*) [ + S

3ab+4)

Trang 2 TAI IAII?]U ON THU THPT ()l'(;)(l GIA
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Cau 6.

Cau 7.

Chon D
Ta co:
3 3
T=|1 4a® +9b* +¢°
|10y (40" 490 ) | "2log,,,., (2a+3b+c)—log, 3
3 3
=|lo 4a* +9b* +c*) | +
[ gGabM)( )} (2a+3b+c)2
10g(3ab+4)f
=[ logy . (40” +96" +° )T +3log,,, . (3ab+4)
3
Theo Bunhia, ta co:
2 a2 2 2 s s oy (2a+3b+c)
(1+1+1)(4a’ +9b” +¢*) 2 (2a+3b+c) < (4a* +9b* +c )zf
3
2a+3b+c) . 2a+3b+c)
Suy ra:TZ{log@aM) (—)} +3l0g, .0 (3ab+4). Dit t=log(3ab+4)%
3

Khi éy, T7>x +§=x3+l+l+lz4‘{/m=4-\/ay T, =4
X X X X X X x

Cho ba s6 thyc x, y,z €[1;4] va dong thoi thoa diéu kién xyz =16. Gid
tri 16n nhat cta biéu thire T =2x+2y +2z-3(log, x +log, y +log, z) tuong tng la:
A. 3. B. 6. C. 6433, D. 4+26.
Loi giai
Chon D

Dau tién, ta khao sat ham sb f(x)=x-3log, x—1 trén doan [1;4] nhu sau:

Co: f'(x)=1-

:0<:>x:i.Tacc')tiép:
xIn4 In4

33 S ) .l
f(l)—f(4)—0,f(ln4j—ln4 310g4(1n4j 1~-0.51

Suyra f(x)=x-3log, x—1<0,Vxe[l;4] va diu bang xay ra khi [x
, -3lo -1<0,Vye|l;4
Tuong tu nhu the ta ciing thu dugc 4 Sa 4 [ ]
z—310g4z—1S0,Vze[1;4]
Suy ra T:2x+2y+2z—3(log2x+log2y+log2 z):2(x+y+z—3(log4x+log4y+log4 z))
=2((x—3log, x—1)+(y—3log, y—1)+(z-3log, z—1)+3)<2.(0+3)=6. Vay T, =6
Cho ba s6 thuc x, y,z €[1;3] va dong thoi thoa diéu kién xyz =9. Gia
tri 16n nhét cia biéu thirc T:(x2 +y’ -1-22)—2(x10g3 x+ylog, y+zlog, z) tuong tng la:
A. 33, B. 7. C. 8+343. D. 9.
Loi giai
Chon B
Déu tién, ta c6: x* —2(x+1)log, x+1=(x+1)(x-2log, x—1)
Xétham sb sau: y = f(x)=x—-2log,x—1 Vxe[L3]

2 2
Co: f'(x)=1- =0 x=—.
f() xIn3 In3
Ta co tiep:
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2 2 2
f(1)=f(3)=0;f(Ej=E—2log3[Ej—1z—o,27
Suyra y=f(x)=x-2log,x—1<0 Vxe[l;3]
Va ta ciing suy ra dugc x> —2(x+1)log, x+1=(x+1)(x—2log,x-1)<0 Vxe[L;3]
= x’ —2xlog, x<2log, x+1 Vxe[L;3]
¥’ —2ylog, y<2log, y+1 Vye[l;3]

Tuong tu, ta ciing dé dang ching minh duoc:
2" —2zlog,z<2log,z+1 Vze [1;3]

Suy ra: T:(x2 +y° +zz)—2(xlog3x+ylog3y+zlog3z)

:(x2 —2xlog, x)+(y2 —2ylog, y)+(z2 —2zlog, z)

<(2log, x+1)+(2log, y+1)+(2log, z+1) =2(log, x +log, y +log, z)+3
=2log, (xyz)+3=2log,9+3=7

Viy T =7

Cau 8. Chobasd thuc a>1, b>1, ¢ >1. Biét réng tdn tai s6 thuc duong
x #1 thoa min hé thirc ¢"%* =% Khi do, biéu thirc T = log,(ab)+log, (azbc) dat gi tri

nho nhit tuong tmg bang
A 11. B. 7. C. 8. D. 5.
Loi giai
Chon A
Véibasothuc a>1, b>1, ¢>1, taco:

log, a
log, ¢ log, c.logya _ (alogac) S5 _ Clogba )

a =da

log, x

Do tOn tai s6 thuc x >0, x #1 thoa man hé thic a — b= nén ap dung tinh chét trén ta

duoc: alogbx _ bloguxg PN xlogba _ x910gab
<:>.logb a=9log, b < log,a=3.

Do 6, T =log, (ab) +log, (a’bc) =log, b.log, (ab) +log, a’ +1+log, c
=log, b.(log, a+1)+2log, a+1+log, c =4log, b+log,c+7.
Via>1,b>1,c>1nénlog. >0, log,c>0.

Theo bat dang thuc Cauchy, ta co:

4log, b+log, c > 2,/4log, b.log, c =4.

4log, b=1log, c {c =b’
=

Suyra T >11. Pang thtrc xay ra khi
log,a=3

Vay gia tri nho nhét cia biéu thuc 7 bang 11.

Cau 9. Cho a,b,c e [%, 1}. Tim gia tri nho nhat cua biéu thire sau:

1 1 1
P=log,| b—— |+log,| c—— |+]log,.| a——
e, (0= 10w, e~ | +toe. (a5

A. 6. B. 7. C. 8. D.S.
Loi giai
Chon A
Ta co: (x—ljz:xz—x+120<:>x22x—l:>10g (xz)élog (x—lJ Vye{l'l}
2 4 4 Y Y 4) 4’
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Suy ra 2log, (x)<log, (x—%),‘v’ye[%;l}
log, | b——|=2log, b Va,be[%;l}

T dotasuyra <log,| c—— |>2log, c Vb,ce{%;l}

1
log,| a——|=2log, a Vc,ae[z;l}

Suy ra

1 1 1
P=log, (b—z +log, (c—zjﬂogc (a—zj

>2(log, b+log, c+log, a) =2.33/log, b.log, c.log, a =6
Viy P. =6

min

Cau 10. Cho a,b,ce[0;1]] théa log,’a+log,*b+log,’c<1. Khi d6, biéu thic

T=a+b+c —3(log2 a‘ +log, b” +log, c“) dat gia tri 16n nhét la:

A. 4. B.7. C. 8. D. 5.
Loi giai

Chon A
Ta xét ham: y:f(x)zlogzx—x+1 Vxe[1;2] co

, 1 1 _—
f(x)_xln2 1—O<:>x—E.Talalco.
f(l):f(z)zo;f(ijzlogz(ij_Lﬂ>o

In2 In2) In2

Suy ra

y=f(x)=log,x—x+120 Vxe[l;2]=log,a>a-1 Vae[l;2]

log,’ a+log,’b+log,’ c=x"+y’ +2° <1

x=log,a
bat: yzlogzb:{

as<x+1;b<y+lc<z+1
z=log,c
Ta co:

T:a3+b3+c3—3(log2 a“+log2bb+logzc")

<| (e 1)+ (p1) 4 (z41) =3[ (x41) 4 p(p+1)+2(z41)]

=x+y +2°+3<1+3=4

=1 khi va chi khi (a;b;¢)=(1;1;2) va céc hoan vi

Cau 11. Cho «x,y,zlan luot 1a cac sd nguyén duong théa man hé thiac sau day

log,? (x+2y)+log,’ (2y+3z)+log,* (x+3z) =3. Khi d6 bidu thic T:%+§+§ c6 gi tri

Suyra T

max

nho nhit 1a:

A B. 8. C. —. D. —.

1

8 16 32
Loi gii

Chgn A
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. L x 22 2 (x+y+z)
Ap dung bat dang thirc Svac-Xo (hay goi la cdng mau): P AR u , ta co:
a c a+b+c

log,” (x+2y) . log,” (2y+3z) . log,” (x+3z)
1 1 1

3=log,’ (x+2y)+log,’ (2y+3z)+log,” (x+3z) =

g [log2 (x+2y)+log, (2y+3z)+log, (x+ 32)]2
B 1+1+1

= -3 <log, [(x+2y)(2y+3z)(x+32)] <3

= S(x+2y)(2y+3z)(x+3z)£8

0| —

Mit khac: (x+2y)(2y +32)(x+3z) < (x+2y+2y+3z+3z+x)3 _ 8(x+2y+3z)3

27 27
8(x+2y+3z)3 1 8(x+2y+3z)3 1
Nén ta suy ra >(x+2y)(2y+3 +3z)>2—-< >—
y 57 (x+2y)(2y+32)(x+32) 22 57 .
27 (3Y 3
= (x+2y+3z)' 2= 2| = x+2y+3z22
(re2ye3z) 20, (4) ATy
SuyratT:£+l+£:m:l.(x+2y+3az)Zl.izl.nyTmm:l
6 3 2 6 6 64 8 8

Chu 12. Cho c4c s6 thuc a,b,c16n hon 1 théa log, (abc) =1 +8_4ab. Kni dy, gia tri nho nhét cia biéu
c

, 1 1 1 X
thac T :EIngaz 2+§log2b3 2+glog266 2 bang

c. $2. D.

Loi giai

A. B

1
>

N | W

1
-

Chon A

Déu tién, ta c6: log, (abc) =1+ 8 _4abe log, (4ab)+(4ab) =log, (§j + (ﬁj
C C

c

Xéthamsd y=f(t)=log,t+t, f'(t)= +1>0,V¢e R= f(t) dong bién trén R

tIn2

8 8

= f(4ab)= f| — | 4ab=— < abc =2 = log, a+log, b+log, c =1

c c

bit x=log,a;y=log,b;z=log,c=>x+y+z=1

2+llog62=l. ! 2+l ! 3+l. ! c
6 2 log,2a”> 3log,2b’ 6 log,2c

1 1 1 1 | 1
= - + = + +
2+4log,a 3+9log,b 6+36log,c 2+4x 3+9y 6+36z

( 1 2+4xj 1 349y ( 1 6+36zj (2+4x 3+9y 6+36zj
= + + + + + - + +
2+4x 16 3+9y 36 6+36z 144 16 36 144

1 2+4x I 349y 1 6+36z (2+4x 3+9y 6+36z
>2 . +2. . +2. . - + +
2+4x 16 3+9y 36 6+36z 144 16 36 144
1_(2+4x+3+9y+6+36zj 3 x+y+z 3 1 1

.t 3 _xFy+z 3 1.1
236\ 16 36 144 ) 4 4 4 4 2

2b°

1 1
Taco: T=—log_,2+—1lo
> g,, 3 g
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Vay T, .. =% khi va chi khi x=%;y=

%;z=%:>(a;b;c)=(\/5;€/5;9/5)

Cau 13. Cho cac s6 thuc x, y,z thoa 4° +9” +16° =2* +3” +4°. Khi 4y, gia tri 16n nhét cua biéu thirc

T =2""4+3"14+ 4" bing
9+\/§' B C. 7+\/§' D. 3+\/§.

I
2 T4 2 2
Loi giai

A.

Chon A
DAu tién, ta co: 4* +9” +16° =2° +3" +4°

PN Y D I T S [ (FE VN )
2 4 2 4 2 4

2 2 2
ofe-A] 3] e
2 2 2 4

Khi do, ta suy ra

VAT LI CE RTINSO Y (S Y Y
2 2 2) 2

2 2 2
< (224324 4). (y—lj +(3X—lj +(4X—lj +2=\/3(22+32+42)+—=9+*/ﬁ
2 2 2) |72 Va4 2 2

-3

3
4

4
Vay T = 9+ ;/ﬁ
Cau 14. Cho céc s6 thuc x, y,z. Tinh gi4 tri nh6 nhat cta biéu thirc sau:

P=x3+2011"""2 £/3+201172 £/3420117%
A. 4. B. 5. C.6. D. 7.
Loi gidi
ChonA
Ap dung bat dang thirc Bunyakovsky, ta co:

P=3+2011"% 43420112 434201177

_ \/(ﬁ)z +[2011W222 Jz +\/(\/§)2 +(2011y+222x ]2 +\/(\/§)2 +(2011”x22y Jz

x+y-2z y+z-2x z+x-2y Jz

z\/(\/5+\/§+\/§)2+{2011 > 42011 2 +2011 2

x+y-2z y+z-2x z+x-2y 2 i/ x+y-2z y+z-2x z+x-2y 2
=,[27+| 2011 2 +2011 2 +2011 2 jz 27+(3V2011 % 2011 2 .2011 2

min

i/ x+y-2z I y+z-2x I z+x-2y
= |27+|3V2011 ?2 2 2 =6.Vay P. =6

Cau 15. Cho céc sb thuc duong thoa min 5log? a+16log2b+27logic=1.
Khi d6 gia tri 16n nhét ctia biéu thic S =log, a.log, b +log, b.log, ¢ +log, c.log, a bing
1 1 1 1

A, —. B. —. C. —-. D. —.
12 6 9 8
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Cau 16.

Loi giai
Chon A
Cach 1:

x=10g2a
Dit: y:logzb:{510g§a+16log§b+27log§c:5x2 +16)* +272% =1

S =log, a.log, b+log, b.log, c+log, c.log, a =xy+ yz+zx
z=log,c

Mit khac: 1=5x+16y” +272" = (3x* +12)% )+ (2x* +182 ) +(4y” +927)

> 235712y + 232521827 + 24432922 =12(xy+ yz +2x) = 12(xp+ yz + 2x) <1

1 1
Nénsuyra S=xy+yz+zx<—.Vay S, =—.
y Y+ 2 LY O ax D
Cach 2:
=log, a Slog; a+16logs b+27log; c=5x" +4y* +3z° =1
bat: {y=2log, b= xy vz
2=3log, c S= logzalog2b+log2blogzc+logzclogza—7+ p + 2 3

Suyra 65 =3xy+ yz+2zx

Tacé: 1=5x"+4y* +32° < 1-128 =(5x° +4y” +327 ) -2 (3xy + yz +22x)
:(3x2—6xy+3y2) ( 2yz+z) ( 4xz+222)=3(x—y)2+(y—z)2+2(z—x)2ZO
1

- 12
Cho céc s6 thuc a,b,c 16n hon 1 théa méan

Suyra 1- 12S>O:>S<é Vay S,

log, a>(1-log, blog, c)log, 2. Tim gié tri nho nhat ctia biu thirc sau:
S =10log; a+10log; b+log; ¢
A 4 B.S. C.6. D.7.
Loi giai
Chon A
Bién doi gia thiét ta dugc log, a > (1-log, blog, c)log,, 2
< log, a.(log, b+log, ¢)>1-log, blog, ¢ < log, alog, b+log, alog, c+log, blog, c > 1
x=log,a
bat {y=log,b . Tiép theo, ta can tim gia tri nho nhat cia S =10x* +10y? + 2°
z=log,c
By gio ta can tim s0 k duong sao cho 10x” +10y” +2° > 2k (xy + yz + xz)
<10x° +10y* +2° +k(x2 +y° +zz) Zk(x2 +y° +22)+2k(xy+yz+xz)
< (k+10)x* +(k+10)y* +(k+1) 2’ k(x+y+z) = xlz + ylz + le 2k(x+y+z)2

o _k+10 k+10 k+1
Str dung bat dang thiac Cauchy — Schwarz dang cong mau ta céd

x’ y? z (x+y+z)2

>
* B R 1 1
+

1 1 1
+
k+10 k£+10 k+1 k+10 k+10 k+1

Dén day sir dung duogc gia thiét ta sé chon k sao cho ] 11 = ke k=2
+ +
k+10 k+10 k+1

Nhu vay suy ra 10x” +10y° +z° > 2.2(xy+yz+xz) = 4(xy+yz+xz)

Trang 8
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Cau 17.

Ma mat khéac log, alog, b+log, alog, c+log, blog,c=xy+yz+zx>1
Nén suy ra 10x> +10y° +2° > 4(xy+yz+xz)=4.1=4. Vay S, =4

Cho 3 s6 thuc duong a,b,c théa man ) ) 7
logalogb+logblogc+3logcloga =1. Biét gia tri nhd nhat cia biéu thuc

P=log>a+log>b+log’c 1a ? v6i m,n, p 1an luot 13 cac s6 nguyén duong va % 1a

phan s t6i gian. Tinh m+n+ p?
A. 64. B. 16. C. 102. D. 22.

Loi giai

Chgon D
Luwu y: Véi bai todn nay néu dat (logalogb;loge) —(x,y,z) = xy+yz+3xz=1 thi ta sé
khéng thé dp dung phwong phdp lam cia bdi trén, khi d6 ta sé can phdi nghi ra cach dit khdc.
Cach 1:
bat (loga;logb;logc) — (ix, jy,kz) = ijxy + jkyz +3kixz =1

Tim i, j,k sao cho théa man ij:kj:3ki:>i:k=é. (Cén bang hé sd)
Chon j=3=i=k=1
Khi d6 ta duoc (loga;logb;logc)—)(x,3y,z):>3xy+3yz+3xz:1:>xy+yz+xz:%

Khi do ta c6 dugc danh gia nhu sau:
log” a+log’b+log’c=x"+9y> +z° > 2k(xy+yz+xz)

S X +9y + 27 +k(x2+y2+zz)22k(xy+yz+xz)+k(x2 +y° +22)

< (k+1)x* +(k+9)y* +(k+1)z° 2k(x+y+z)2

2 2 2 2
. B . X y z xX+y+z
Miit khéc ta co: (k+1)x* +(k+9)y* +(k+1)z° = T > : ( : ) :

+ +
k+1 k+9 k+1 k+1 k+9 k+1

bén day su dung dugc gia thiét ta s& chon k sao cho : i —= ke k= —9+317
+ + 4
k+1 k+9 k+1
Mait khac ta c6: xy+ yz + xz =%nén suyra P=x>+9y” + 2> > 2%.[_91?@} _ —3+2\/ﬁ

Viay P =

min

—3+\/ﬁ
2

Cach 2:
Chu y rang o gia thiét va yéu cau cua bai toan vai tro cua 2 bien a,c la nhw nhau nén dau

"

=" séxdy ra tai a=c, ddy chinh la diém roi mdu chot ciia bai todn trén. Khi dé ta c6:
{P =2x"+)°

s 1:>P(3x2+2xy):2x2+y2<:>(3P—2)x2+2pyx—y2=0
x"+2xy =

2
< (3P- 2)(£J +2P (KJ —1=0. Sir dung diéu kién c6 nghiém cuia phuong trinh bac 2 theo
y y

ps 30V

2 vay %s#
pgﬂ

2

in (i}tacé: AN=P +3P-2>0<
y
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Cau 18.

Cau 19.

Cho cac sb thuc duong x, v,z khi biéu thirc

P =log? (10x* +7y +1522)—2log[ﬂ+%+2—;+ 2(x+y+ z)j —~2log(xyz) dat gid tri nho
z
nhat thi gia tri xyz gin véi gid tri ndo nhét trong cac gia tri sau
A. 4. B. 7. C.5. D. 6.
Loi giai
Chon D
Cach 1:

* Viétlai P =log’ (IOx2 +7y° +1522)—210g(x2y2 +y2% + 2% +2xyz(x+y+z))

=log’ (10x2 +7y° +1522)—2log(xy+yz+zx)2 = log’ (10x2 +7y° +1522)—4log(xy+yz+zx)
* Ta can chi ra 10x* +7y* +15z> 2 m(xy + yz+ zx) dé dua P vé mot bién ta bién doi nhu
sau: 20x” +14y° +30z" > 2m(xy+yz+ zx)

<::>(20+m)x2+(14+m)y2 +(30+m)z2 Zm(x2 +y + 2 +2xy+2yz+2zx)

x’ ¥ z’ (x+y+z)
> .
ST T Tt T

20+m 144+m 30+ m m
Mit khéc theo bat dang thirc Svac-Xo (hay con goi 1a cong mau) thi:

x’ y? z (x+y+z)2
>
T R 1
20+m 14+m 30+m 20+m 14+m 30+m

1 1 1 1
+ + =—<m=10.
20+m 14+m 30+m m

bén day ta chi viéc chon m théa man
Vay ta duge 10x” +7y* +15z° 210(xp + yz + zx) dlu bang xay ra khi va chi khi

%:L:i©15x=12y=202

o
30 24 40
Cich 2:

Ngoai ra ta ciing ¢6 thé dung phuong phép can bang hé sb trong bt dang thixt CAUCHY dé
chirng minh

?)ﬁ +4y” >10xy
15 , 20

?x +?z2 >10xz p cong cac vé ta duoc 10x* +7y* +15z° 210(xy+yz+zx).

2

3y +§22 >10yz

Tir d6 taco P> log’ (IO(xy +yz +zx))—4log(xy +yz+zx) = (log(xy+yz+ zx)—l)2 >0

5 3
A1k , y=—Xz=—X 15 ; 600 (10
Dau bang xay ra 4 47 oxpz=—x ==, |—~=
16 47 \ 47

xy+yz+zx=10

Cho biéu thirc sau:
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1245y4z-y°
3 .
y|>1 thi P dat gia tri nho nhat bang b khi a =a, va (x;y;z)=(x;¥,2 ) hodc

P =log; (xy)+log . (y4)+ log (x‘sy4 +x° 20+ 2x4yzz) +

Véi a>1,

(x:3:2) =(x33,52,). Hay tinh S = 21a; —22b% +8(|x,,2,| +|x,3,2,]).

A. —42. B. -37. C. 42. D. 44.
Loi giai
Chon D
xy >0

2

Coqz> y? ;0 +x27 +2x Ny 2 = X0t X2 Xty z e a2 > 4N = 4xty 2

y=>1
1 d6 2 2 4 2 5 4-Z—y2
Khi do: PZloga(xy)+loga(y )+loga(4x y z)+4+—
2
PZlogfl(xy)+4loga(xy)+4+loga4z+54i
2
Pz(loga(xy)+2)2+loga4z+5 42—y >0

1
2_— =
loga(xy):—Z a _xy a \/5

1 1 1
- L Sl
Suyra P. =0 khi 4 = 4 & 2 2
_4z y=11 y=lvay=-i

1 1

6.4 _ 2.2 S =

x°yt=x"z xzi% z 1 z 1

S =21a% — 226 +8(|x vz, |+ e, v,z ) = 21.2-22.0 48[ L4 1 | =44
0 1171 2272 8 8

Ciu 20. Cho a,b,c 1a ba sd thuc duong d6i mot phan biét. Co bao nhiéu bd (a;b;c)thoa man
ab+2 Sba+2;bc+2 Scb+2;ca+2 Sac+2 )
Al B. 3. C.6. D. 0.
Loi gidi
Chon D
a’ b <ab+bc+ca

Tacod Va,b,c thbaman a+b+c=1thi { ,
a“b’c’ <ab+bc+ca

a e < (abc)2 (ab +bc+ ca) (1)
P
atp e < (abc)2 (ab +bc+ ca) (2)

Cong vé voi vé cua (1) va (2) ta duoc 252 + a2 b2 "2 < 2(abc)2 (ab+bc+ca) (*)
Ma b > a"?;c"? > b ;a" > ¢**? nén tir (*) suy ra

2(abc)2 (ab +bc+ ca) > (a’”z.bc+2 o )2 = abc\/2 (ab +bc+ ac) > gt per? ot

<:>\/2(ab+bc+ac) > a" pet o Z(b+1)a+(c+l)b+(a+1)c
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Cau 21.

Cau 22.

<:>\/2(ab+bc+ac) 2(ab+bc+ca)+a+b+c <:>\/2(ab+bc+ac) Z(ab+bc+ca)+1

2
<:>(\/ab+bc+ac)2—\/2(ab+bc+ca)+130 <:>(Vab+bc+ac—ij +%SO (vo ly)

V2
Vay suy ra khong c6 by (a;b;c¢)nao thoa man

Hoi ¢6 tht ca bao nhiéu bo sb thue (a;b;c) voi a,b,c€[0;1], thoa man a+b+c=2va dong

thoi 1am cho biéu thire 7 =3%"*" +16"" +3¢ +8a® +4b*> — 6a — 2b dat gid tri 16n nhét ?
A 4. B. 18. C.6. D. 6.
Loi gidi
Chon A
Dé 1am duoc cau hoi trén, ta can 4p dung bat dang thire: a* <1+(a—1)x véi Vx e[0;1] va du

bang xay ratai{ . Khi d¢ ta suy ra:
5 a=0
4a-44> 2 £ N , . |4a—-4a =0
3 sl+2(4a—4a ):Daubangxayratal , a=1
4da—-4a =1 1
a=—
L 2
b=0
. . s 4b—4b> =0 -
16" <2 <1+(4b—4b’) = Déu bing xay ra tai o |P=]
4b—4b* =1 1
b=—
2

=0

‘ N C
- 3°<1+42c¢= Dau bang xay ra tai [
Suyra T =3%"*" +16"" +3° +8a* +4b> —6a—2b

<[1+2(4a—4a’) [+[1+(4b—4b") |+ (1+2¢)+8a" +4b* —6a—2b
=2(a+b+c)+3=22+3=7

a
a

| = = O

Nhu vy diu bang xay ra khi va chi khi:
b=

a=

|- =

cung voi a+b+ ¢ =2 ta thu dugc cac bo sb (a;b;c) = {(1;1;0);(0; 1;1);(1;0;1);(%;%;1)} tirc co

tat ca 4 bo s thuc (a;b;c) thoéa man

Xét cac s0 a,b,c>1 théa man log, b+2log, c+3log. a=8. Khi do gia tri 16n nhat cua bicu

thitc 2log, ¢ +3log, b+12log, @ nam trong khoang nao ?

A. (15;20). B. (25;30). C.(20;25). D. (30;35)
Loi giai

Chon D
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TAI IAII?]U ON THU THPT QU 0C GIA



NHOM TOAN VDC&HSG THPT MU - LOGARIT - VD_VDC

Cau 23.

x=log, b
L . log, b+2log, c+3log.a=x+2y+3z=8
Dau tién, ta dit: < y =log, c =
log, b.log, c.log . a=xyz =1
z=log, a

log, c=log, b.log, c = xy
Talai co: {log, b =log, a.log, b =xz = Tim gia tri 16n nhat ctia P =2xy+3zx+12yz

log, a =log, c.log.a=yz

SuyraP=£: P :2xy+3zx+12yz:£+z+g:£+2y+3z
1 xyz xyz X y z X vz
X+2y+3z=8—>2y+3z=8-x
Do 1 :>p=£+8__x=£+x(8_x) (*)
xyz=1—yz=— X 1 X
o X

Talai c6: 8=x+(2y+32)>x+2,2y.3z =x+2\/§:>x+2\/§—8£0<:>5—\/ﬁﬁx£6
X X

%/_/
Cauchy

Suy ra ta khao sat ham sé (¥) y=f(x)=£+x(8—x) Vxe[S—«/ﬂ;q
X

Pao ham + Lap bang bién thién, ta d& dang suy ra

P _ = max f(x)=f(5—\/i)=9+5\/ie(30;35)

[s~izie]

x:5—\/i
x=5-+21 3430
Vay P =9+5421 khi va chi khi {2y =3z e1y= +4
x+2y+3z=8
yrE Z_3+\/i
6

Cho cac sb thuc x, y,ze[0:1]. Biét rang gia tri nho nhdt cua biéu thic

P= (2X +27+2° )(2”‘ +27 + 2*2) duogc viét dudi dang 7 i m,n 13 cac sd nguyén khong 4m
n

LT O S 2s TR ‘n
va — la phan s6 toi gian. Ho1 m +n c6 gia tri bang bao nhiéu?

n

A. 86. B. 87. C.88. D. 89
Loi giai

Chon D

Pt (2:2":27) > (a.b,c)(1<a,b,c <2).

Ta co lSa32:>(a—l)(a—2)30<:>a+gﬁ3.Chﬁ’ngminhtu’o’ngtu b+%$3,c+2£3
a c
Cong 3 bit ding thirc trén vé theo vé ta duoc

9Z(a+b+c)+2(l+l+lj22\/2(a+b+c)(l+l+lj :%2(a+b+c)(l+%+lj
a

a b c a b c c

s . 81
Vay gia tri lén nhatcta P 1a P 2? tuc m+n=81+8=89

max

Tir d6, ta cé tong qudt cho dang nay nhw sau:
Cho n so x;;x,5...;x, €la;b],c>1. Khi dé ta luén co
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y [n (c“ +c’ )T

(cx‘ +c? 4.4+ )(c_)cl +c™™ +....+cf"")_
4ca+b

Cau 24. Cho a,b,c.d la cac sb thuc duong co téng bﬁng 1. Tim gia tri nho nhét cua biéu thire sau:

Cau 25.

P:(1+a2+b2+a2b2)(1+c2+d2+c2d2)

4
A 2. B. 4ln1—7. C. 7 . D. lnl—7
16 — 16 16
Loi giai
Chgn C
Tt gia thiét ta co:

P:(1+a2 +b° +c12l92)(1+c2 +d? +czdz):1_[(a2 +1):> InP= Zln(oﬂ +1)
Ta c6 danh gia sau ln(t2 + 1) > mt+n, dé tim duge hai s m,n ta s& st dung t&i bat déng thire

tiép tuyén, day 1a mot phuong phap rat hay dé chig minh céc bét dang thirc ddi xing véi cac
bién doc lap nhau.
Co so cua phwong phap

o Néu duong thing y =ax+b la tiép tuyén ciia dé thi ham s6 y = f(x) tai diém

A(xy3v,), A khdng phai diém udn thi khi d6 ton tai mét khodng D chira x, sao cho
f(x)=ax+b hodc f(x)<ax+b. Ding thic xdy ra khi x = x,
e Néu duong thiang y=ax+b la tiép tuyén ciia do thi ham s6 y = f (x) tai diém
A(xy3¥,) thi ta luén phan tich dwoc f(x)—(ax+b)=(x—x, )k g(x),k>2
Sau day ta ap dung 1y thuyét trén vao bai toan trén. Chi y ta c6 ZIn(a2 + 1) 1a mot biéu thirc
do1 xtmg theo bon bién a,b,c,d dong thoi gia thiét cling 1a do1 xung nén ta sé du doan dau "="

xay ra khi azb:c:d:%.

Quay lai bét d'fmg thirc phu ma ta dang di tim hé ) ln(t2 + 1) >mt+n,tasétim m,n sao cho

c 2A 1 A s A , [PTYS r \ A 1
hai d6 thi ham s6 y = ln(t2 + 1),y =mt+n tiép xuc nhau tai diém c6 hoanh dg ¢ = 2 ta dugc

8
m=—
17
2 17
n=——+In—
17 16
A ) A N , Y 2 8 2 17 X A A 2 , \ A
Vay ta c6 bat dang thac phu la ln(t + 1) > ﬁt —ﬁ+ lnE , dé thay bat dang thuc nay luén

dang, khi d6 ap dung vao bai toan ta co:

4
1nP=21n(a2+1)z§2a+4(—3+m1—7j=§—§+4ln1—7=41n£:>132(1—7j
17&- 17 16) 17 17 16 16 16

Cho cac sb thuc a,b,ce[2;3]. Biét gia tri 1on nhdt cua biéu thic
a b ¢ 1 3. m . K n . mo_ A K LK. s
S=4+4"+4 —Z(a+b+c) la — v&i m,n 1a céc s6 nguyén duong va — la phan s6 toi gian.
n n
Tinh P=m+2n
A. P=257. B. P=258. C.P=17. D. P=18
Loi gidi
Chon D
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Cau 26.

Vi dang toan nay ta s& xét ti bat dang thirc phu 4' <mt+n,Vt €[2;3]
16=2m+n m =48
=
n=-80
Gio ta can chi ra bat dang thirc 4' <48/-80 dung véi moi ¢ <[2;3] 1a bai toan s& dugc giai

quyét. Taxét f(t)=4'-48:+80= f'(¢)=4' 1n4—48;f‘(t):0<:>t:10g4%.
n

Thay t =2,¢ =3 ta dugc hé phuong trinh
64=3m+n

Nhan thay rang f(2)=f(3)= O;f[log4 %) <0 nén bat ding thire ludén dang.
n
Déu "=" xdy ra khi va chi khi ¢ € {2;3} . Khi d6 ta duoc

(a+b+c)3 £

S=4"+4" +4° —%(a+b+c)3 <48(a+b+c)- ~240 = +48-240<16

Nhuvay S =16 khi t=2 véi t=a+b+c=>m+2n=16+2.1=18
Cho bdn sb thuc duong a,b,c,d 16n hon 1 thay ddi thoa man
a+b+c+d=2021.Goi x,,x, 1a hai nghiém cua phuong trinh

2020 — 0. Tim gia tri biéu thirc

(log, x).(log, x)—(1+2log, b+3log, ¢ +5log, d).log, x—log, a

S=a+2b+3c+5d khi x,.x, dat gia tri l6n nhét.

A S=8084. B. S=22231. C. S=78819. D. S:78819.
11 4 4 11

Loi giai
Chon D
Ta co (log, x).(log, x)—(1+2log, b+3log, c+5log, d).log, x—log, a** =0
< log, b.(log, x)2 —(1+2log, b+3log, c+5log, d).log, x—log, a** =0 (1).
bit log, x =t , phuong trinh (1) c6 dang:
< (log, b)r* —(1+2log, b+3log, c+5log, d)t—(logb az‘m) =0 (2).

2020

Tt phuong trinh (2) tacd A= (1 +2log,b+3log, c+5log, aV)2 +4.log, b.log, a

=(1+2log, b+3log, c+5log, d)’ +4.2020> 0.

Suy ra phuong trinh (2) luén c6 hai nghi¢m phan biét . Tt do ta c6 h¢ thirc Vi-ét nhu sau:
t,=lo

Pt { | g, X, — 1,11, = log, (x.x,) = 1+2log, b+3log,c+5log, d

t, =log, x, log, b
< log, (x,.x,) =log, a.(1+2log, b+3log, c+5log, d) =log, a+2+3log, c+5log, d

< log, (x,.x, ) =log, (ab’d’ ) = x,.x, =ab*c*d’ =2*3'.5 | a—— — = === ==,
ACEY g”( ) 2 2233355555

bbcccecddddd (a+b+c+d

11
Taco x,.x, :22.33.55(a.—.—.—.—.—.—.—.—.—.—JS337500 j (BDT Cosi)
2233355555

11 11
& XX, < 337500.(%) . Vay biéu thirc x,x, dat gid tri 16n nhat bang 337500.(%] khi

va chi khi
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2021
11

d b 22021
5

C
E = 11 :>a+2b+3c+5d=@.

a+b+c+d=2021 c=3.——

b
a=—=
2

J—s. 2021
11

Cau 27. Lan luot cho hai sb thuc duong a,b,c thoa méin phuong trinh sau

a+b+c .

day:log,| ———— |=a(a-2)+b(b-2)+c(c—-2). Goi gia tri 16n nhat va gia tri nho

yitog, (- 2)+b(b-2) re(e-2). Goi id gid

A, o 1R , a+2b+c \ \ I , s
nhat ciia biéu thic P=———— lan lugt la M va m . Gia tri ciia biéu thic (m+3M) bang

a+b+c+l1
A 16+246 B 8+J€_ c 26 DL 16—2#3_
5 5 5 5
Loi gidi

Chon A
Pidukien: 2 0FC L0 atbies0

a’+b*+c’+1
Ta co: logz(%jza(a—2)+b(b—2)+c(c—2)

a+b+c

<:>1+10g2(m]:a(a—2)+b(b—2)+c(c—2)+1

< log (Mj:a2—2a+bz—2b+c2—2c+l
2 2 2 2
a +b"+c +1

@log2(2a+2b+2c)+(2a+2b+2c):logz(az+b2+c2+1)+(a2+b2+c2+1)
Xét ham dic trung y=f(t):log2t+t:>f'(t)=ﬁ+l>O Vt>0.

Suy ra ham s6 f(¢) dong bién trén (0;+0) = 2a+2b+2c=a’+b*+c’ +1>0
= (a=1) +(b=1)" +(c-1)" =2

2
Ta co: P:a+—b+c:>P(a+b+c+1):a+2b+c

a+b+c+1
< (P-1)(a-1)+(P-2)(b-1)+(P-1)(c—1)=4-4P

Suy ra (4-4P)° <((P-1)(a~1)+(P-2)(b~1)+(P~1)(c-1))
= (4-4P) <((P=1) +(P=2)"+(P=1)")((a=1)"+(b=1)" +(c-1))

=2

<:>(4—4P)2S2((P—1)2+(P—2)2+(P—1)2)<:>5P2—8P+2£0<:>4 V6 p s4+5‘£
4+6
B =M =5 4-6  4+VJ6 16+2V6
= =>m+3M = +3. =
4-J6 5 5 5
Pmm:m:T
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Cau 28.

Cau 29.

Cho x, y,z1a cac sb thuc duong véi x, y,z € [1;2]. Tim gia tri I6n

nhit ctia biéu thuc P = log, x.log, £+ log, y.log, 2 +log, z.log, 2
y z X

Al B.%. C. 3. D.

W |

Loi giai
Chon A
Ta co:

P=log, x.log, 2 +log, y.log, £+ log, z.log, 2
h% z X

=log, x(1-log, y)+log, y(1-log, z)+log, z(1-log, x)
a=log, x
bat: {b=log,y=>P=a(l-b)+b(1-c)+c(l1—-a)

c=log, z

A

C

Xét tam giac déu ABC canh béng 1,trén cac canh AB,BC,CA lan luot léy cac diém M,N,P
a=MA

voi < b= PC )khi d6 ta c6 bat ding thitc : S, ;0 + Saver + Sy < Sausc
c=BN

B

= la(l—b).sin 60’ +lb(l—c) sin 60° +lc(l—a) sin 60° < ~—
2 2 2 4
< a(l-b)+b(l-c)+c(l-a)<1

a=1
Vay P, =1.Dau“="xayrakhi {b=0 vacac hoan vi cua no.
0<c<l1

Cho ba sb thuc x, y, z thoa: 2log, z+log, y =log, x.log, y.log, z. Gia tri nho nhit cua biéu
thte P =3log, i+410g2 l+510g2 6 dang m\/; Tinh gi4 tri cua biéu thic
Yz X2 Xy

2018m+2019n
A. 14129. B. 16147. C. 10092. D. 16149.
Loi giai

CHUYEN PE VDC&HSG 12 NAM 2021-2022 Trang 17



NHOM TOAN VDC&HSG THPT MU - LOGARIT - VD_VDC

Cau 30.

Chon A

P=3log, - +4log, Y- +5log, =>4 4,3
vz X

: Y log, = log,™ log,
X y
_ 3 N 4 . 5
log, y+log, z—log,x log,x+log,z—log,y log,x+log,y—log,z
3 4 5
= + +
b+c—a a+c-b a+b-c

Xy
zZ

a=log, x

bat: <b=log, y=

c=log,z

2log, z+log, y =log, x.log, y.log, z < 2c¢+ b =abc < 4c+2b=2abc

Ap dung BPT i+lz
m n m+n
3 4 5
+ +
b+tc—a a+c-b a+b-c

1 1 1 1 1 1
P= + +2 + +3 +
b+c—a a+c-b b+c—a a+b-c at+tc—b a+b-c

Dau “="xdy rakhi m=n.

Taco:P=

2i+2.i+3.i=3+i+g=2b+4c+é=2abc+§=2a+§22 2a.g=4\/§
2c 2b 2a ¢ b a bc a bc a a a
a=b=c
Dau “=" xay ra khi: 5 6 <:>a=b:c:\/§
a=—
a

Suyra: m=4;n=3=2018m+2019n =14129

Cho hai cac s6 thuc a, b, ¢, d, e duong thdéa man
a+b+c+d+e=1000 va
a-b+c—d+e>0

a+b—c+d—-e>0
—a+b+c—d+e>0
a-b+c+d—-e>0

—a+b—c+d+e>0
Tim gia tri 16n nhit cua biéu thie M = (a +c)b+d
A. 499*7 B. 500™. C. 500" D. 499°”.
Loi giai
Chon A
a-b+c—d+e=h
a+b—-c+d—-e=k
Dit {—a+b+c—d+e=1 tathdyrang h+k+n+m+Il=a+b+c+d+e=1000 va dong thoi

a-b+c+d—-e=m

—a+b—-c+d+e=n
2a=h+k2b=k+1,2c=1+m,2d =m+n,2e=n+h. T d6 suy ra h,k,I,m,n déula cac sb
chan.

Bén canh d6 ta suy ra dugc a+c:%(h+k+l+m):%(IOOO—n),b+d :%(IOOO—h).
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Pé M = (a +c)b+d dat gié tri 16n nhét thi n va & co gia tri nho nhét, ma n,h chia hét cho 2 nén
h=n=2= max M =499"" .
k=9974 -2t
[=2,4,..,2t

(1
l+m=2+2t
k+1+m=996

Diéng thirc xdy ra khi =1,496).

TOANMATH.com
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