BAI GIANG GIGI HAN CUA HAM SO
A.LY THUYET
I. PINH NGHIA GIOI HAN CUA HAM SO TAI MOT DPIEM

1. Gi6i han hiru han tai mét diém.

Pinh nghia 1:

Cho (a;b) la mét khoang chira diém x, va ham sé y = f (x) xéc dinh trén (a;b) hoac trén

L.

(a;b)\{X}. lim f (x) =L < véi moi day s6 {x,} ma x, e(a;b)\{x,}, x, =X, taco limf(x,)

Nhan xét:

- Gi6i han cua ham sé duoc dinh nghia thong qua khai niém gidi han caa day sb.

- Ham sb khong nhét thiét phai xac dinh tai x,.

Pinh nghia 2 (Giéi han mot bén):

Cho ham so y = () xéc dinh trén khoang (%,;b). lim f (x) = L < véi moi ddy so {x,} ma

X, <X, <b, X, —>X, taco limf (x,)=L.

Cho ham s6 y = f (x) x4c dinh trén khoang (a; xo).XIerX} f (x) =L < véi moi day sb {x,} ma
a<Xx, <X, X, —>X% taco limf(x)=L.

STUDY TIP

X — X, nghiala X — X, va X > X,.

X — X, nghiala X — X, va X<X,.

Pinh il

lim f (x)=L < lim f(x)=XILr2f(x):L.

X% X%
2. Gigi han vo cuc tai mot diém.

Pinh nghia 3

Cho (a;b) la mét khoang chira diém x, va ham s6 y = f (x) xéc dinh trén (a;b) hoac trén

(& b)\{xo}.xliﬁrzl0 f (X) =400 < voéi moi day s6 {x,} ma x, e(a;b)\{x}, X, >x, tacd f(x,)=-+x.

Luuy:

Céc dinh nghia lim f (x)=—o0; lim f (X)=+o0; lim f (x)=—o0; lim f (Xx)=+c0; lim f(x)=—codugc
X—>Xo X—X¢ X—X§ X=Xy X=Xy

phét biéu hoan toan twong tu.

3.Luuy:

a) f(x) khong nhét thiét phai x4c dinh tai diém x,.



b) Ta chi xét gisi han cua f (x) tai diém x, néu c6 mét khoang (a; b) (du nhé) chira x, ma f (x) xac
dinh trén (a; b) hoac trén (a;b)\{x,}.
Chang han, ham s f (X) = \/; O tdp xdac dinh la D = [O; +oo). Do d6 ta khéng xét gi6i han ciia ham sé
tai diém X, =0, do khong c6 mét khodng (a; b) nao chiza diém 0 ma f (X) xdc dinh trén d6 ca. Tuwong
tw vdy ta ciing khong xét gioi han cua f (X) tai moi diém X, <0.
c) Ta chi xét gisi han bén phai cua f (X) tai diém x, néu c6 mot khoang (x,; b) (khoang nam bén phai
X,) ma f (x) xéc dinh trén do.
Tuong ty, ta chi xét giéi han bén tréi cua f (X) tai diém x, néu c6 mot khoang (a; x,) (khoang ndm bén
trai x,) ma f (x) xac dinh trén do.
Chang han, véi ham sé f (x)=+/x—1, tai diém x, =1, ta chi xét gisi han bén phai. Véi ham s¢
9(X)=+1-x, tai diém x, =1, ta chi xét gisi han bén tréi.
d) lim f(x) =+ < lim f(x)= lim f(x) =00

lim £(x) =—0 < lim f(x)= lim f(x) =

I1. PINH NGHIA GIOI HAN CUA HAM SO TAI VO CUC

1. Giéi han hiru han tai vo cuc.

Dinh nghia 4

Cho ham s y = f(x) x4c dinh trén khoang (a;+oo). lim f(x)=L < Vvéi moi day sb (x)

, X >a Va x, —+0 ta déu c6 lim f(x)=L .

LUU Y: Dinh nghia lim f(x)= L dugc phét biéu hoan toan twong tu.

2. Gioi han vo cuc tai vo cuc.

Dinh nghia §

Cho ham s y = f(x) xac dinh trén khoang (a; +oo). lim f(x) =+ < V&i moi ddy sb

(x ) X >a VA x —>+oo tadéuchd lim f(x)=+0.
n n n

LUU Y: Céc dinh nghia: lim f(x)=+o0, lim f(x)=—o0, lim f(x)=-o0 dugc phét biéu hoan toan tuong
tu.

111. MOT SO GIOI HAN PAC BIET

a) limx=x .

XA)XU
b) limc=c; liIPc=c( ¢ lahing sb)
X—>T00

XX
0

¢) lim % =0 (c lahing s6, k nguyén duong ).

x—>to0 X



X—>+00 X—>—00

‘ néu k la sb nguyén chin.
Nhan xét: lim f(x)=+o0 < lim [~ f(x) ] =—o.

IV. DPINH Li VE GIOI HAN HUU HAN
Pinh i 2

d) lim x* =400 V6i k nguyén duong; lim x* =—co néu k 1asé nguyén 1¢; lim x* = +o0
X—>—00

Giast lim f(x)=L va lim g(x)=M . Khi d6
a) lim| f(x)+g(x)|=LEtM.

b) lim [f(x)g(x)] =LM ; lim [cf(x)] =cL Vvéi cla mot 1a mot hang sb.

0 1imZ® - L 20y,
XX, g(x) M

STUDY TIP: Gidi han hitu han, gioi han cia tong, hiéu, tich, thuong cua hai ham sb tai mot diém bang
t6ng, hiéu, tich, thuong cac giéi han cua chiing tai diém dé (trong trudng hop thuong, gidi han cia mau

phai khac khong).
Pinh i 3

Gia str }1_{51 f(x)=L.Khido
@) lim| /] =c]

b) tim 3/(x) =L .

tim \/f(x) = VL .

¢) Néu f(x)>0 voi moi J\{xo} , trong d6 J la khoang nao do chira x_, thi L>0 va

+

LUU Y: Binh li 2 va dinh |i 3 van dtng khi thay x —x boi x >x ,x—>x" .

V. QUY TAC VE GIOI HAN VO CUC

Cac dinh Ii va quy tic dudi day duoc ap dung cho moi trudng hop:
XX ,X>X ,X—>X ,xXx—>+0 Va X —>—0.

Tuyén nhién, dé cho gon, ta chi phét biéu cho truong hop x — X,

Quy tic 1 (Quy tic tim gi6i han cia tich).

L =lim f(x) lim g(x) lim [ f(x)g(x)]
L>0 +00 +0
—0 —00
L<0 +00 —©
o +00

STUDY TIP: Giéi han cia tich hai ham sé



- Tich cia mot ham sé ¢6 gidi han hitu han khac 0 véi mot ham sb c6 gisi han vo cuc 1a mot ham sé cé
gidi han vo cuc.

- D4u cua gigi han theo quy tic diu caa phép nhan hai sé.

Quy tic 2 (Quy tic tim giéi han cia thwong)

L =1lim f(x) lim g(x) Dau cia g(x) i S
" " =5, g(x)
L macs) Tuyy 0
L>0 0 + 400
- —00
L<0 0 + —o0
- +00

(Déu cua g(x) xét trén mot khoang K nao d6 dang tinh gi6i han, véi x #x ).

STUDY TIP: Giéi han cta thuong hai ham s. Tt thic ¢6 giéi han hitu han khéac 0:

- Mau thire cang tang (dan dén vo cuc) thi phan thace cang nho (dan dén 0).

- Mau thirc cang nho (dan dén 0) thi phan thac c6 gia tri tuyét ddi cang 16n (dan dén vé cuc).
- D4u cua giGi han theo quy tic ddu cua phép chia hai sd.

V1. CAC DANG VO BINH: GOM 2. % 0.0 VA o0—oo.

0 o

B. CAC DANG TOAN VE GIOI HAN HAM SO

DANG 1: TIM GIG1 HAN XAC PINH BANG CACH SU DUNG TRUC TIEP CAC PINH NGHIA,
PINH LI VA QUY TAC.

Phwong phap:

Xac dinh dung dang bai toan: gidi han tai mot diém hay gigi han tai vo cuc? giéi
han xac dinh hay v6 dinh?

Vi giéi han ham s6 tai mot diém ta can luu y: Cho f(x) 1a ham s6 so cip xac
dinh trén khoang (a;b) chwa diém x,. Khi d6, lim f(x) = f(x,).

- Véi gigi han ham s6 tai vo cuc ta “xir 1i” twong ty nhu gidi han day sd.

Véi giéi han xac dinh, ta &p dung truc tiép dinh nghia giéi han ham s, cac dinh |i
vé gigi han hitu han va céc quy tic vé gisi han vo cuc.

STUDY TIP: Ding dinh nghia chitng minh ham sé y = f (x) khéng c6 giéi han khi x — X,

- Chon hai day sé khac nhau (a,) va (b,) théaman a, va b, thudc tap xac dinh cua ham sb

y = f(x) vakhac x,; a, > X;;b, =X,
- Chuang minh lim f (a,)=lim f (b, ) hodc ching minh mot trong hai gi¢i han nay khéng ton tai.

- Tudésuyra lim f(x) khong ton tai. TH x — X hoic x — +eo ching minh twong tu.



Vi du 1: Chon khang dinh dung trong cac khang dinh sau:

A. limsinx =1 B. lim sinx =—1 C. limsinx=0 D. lim sinx khdng ton tai.
Pap an D
Loi giai

Xét day sb (x,) voi X, :%+2n7r.
Tacd x, —>+o0 va limsinx, :Iimsin(%+2n7z]:1. (1)
Lai xét day s6 (y,) véi y, :—%+2n7r.

Taco y, —>-+oo va limsiny, = Iimsin(—%+2nﬂj=—l. (2)

Tur (1)va (2) suyra lim sinx khdng ton tai. Vay chon dap én D.

X—>+00

x?+1

2Jx

Vi du 2: Cho ham sé f(x) =

lim  (x) bang:

5.3

A. +oo. B.o. C.T. D.

N |-

STUDY TIP: Gi6i han tai mot diém

Néu f(x) xac dinh tai x, va ton tai mot khoang (a;b) thugc tap xac dinh ciia f(x) chua X, thi
}g{} f)=f(x,).
- Viéc st dung hay khong st dung MTCT dé tinh £ (x,) thy thuoc vao mirc do phuc tap cia f(x ) va
kha nang tinh toan cta doc gia.
Pap an C.
Lo giai
Ham s6 da cho xéc dinh trén (0;+o0).
Céch 1 (sir dung dinh nghia):
Giai sir (x,) 1a mot day sé bat ky, thoa man x, >0,x, #3 va x, —3 khi n—+o0. Taco
jim £ () = lim Xt 3L 53

2Jx, 23 3
53

. 3

(&p dung quy tac vé gigi han hitu han cua day s6). Do d6

Céch 2 (sir dung dinh Ii vé giéi han hitu han):

Theo dinh i 1 ta co:



Vidu 3:

Vidu 4:

2 lim(x2+1) limx?2+lim1 limxlimx+liml
|Imf(X)=|ImX +1: an< ): X-—>3 - >3 _ xa3- x—3 : x—3 :3'3+l:5\/§.
x—>3 x=3 2\/x Iim(zx/x) I|rr312.llrra1»\/x lim2. |IIT3]X 2\/§ 3

X—3 X—>. X—> -

X—2 X

Tuy nhién trong thuc hanh, vi 1a cau hoi tric nghiém nén ta lam nhu sau.
Cach 3: Vi f(x) la ham s6 so cip xdc dinh trén (0;+o0) chua diém X, =3 nén

fim £ (x) = £ (3) = 2L 53

x—3 2,\/§ 3

Do d6 str dung MTCT ta lam nhu cach 4 duéi day.

Céch 4: Nhap biéu thirc caa vao man hinh. Bam phim [CALC|, méy hoi X ? nhap 3 E May hién
thi két qua nhu hinh:

= Math &
AL
2 S5
=

Do dé chon dap an C.
Chon khang dinh dung trong cac khang dinh dudi day ?

Alim*t2 g B. lim**2 5.
X3 X —2 x->3 X —2
Cim*™ 21 D.Hamsé f(x)=""2 khong c6 gisi han khix —>3.
x-3 X —2 X—2
bap an B
Loi gidi
Hamsé f(x)= §+§xéc dinh trén céc khoang (—o0;2) va (2;+). Taco 3e(2;+x).
. 3+2
Cach1:limf(x)=f(3)=—=5.
im 1 (x)= 1(3)= 32

Cach 2 : Nhap biéu thirc cua ham s6 f (x) = % va man hinh MTCT. Bam phim CALC|, may

hoi X? nhap 3 . May hién thi két qua nhur hinh:

O] Math &

Vay limX*2 _s5.
X3 X —2

lim (~2x° +5x) bing:

X——00



A. 2. B. 3. C. +o0. D. —«o.
Pap an C.
Loi giai
Céch 1: Str dung MTCT tinh gid tri ciia f (X)=-2x°+5x tai mot diém ¢ gia tri &m rat nho (do

ta dang xét giéi han cia ham sé khi X ——o0), chang han tai —10%. May hién thi két qua nhu
hinh:

] Math &

—2= +5

2=l

D6 1a mot gid trj duong rat I6n. Vay chon dép 4n C , tirc lim (—2x°+5x) = +oo.

X—>—0

Céach 2: Taco —2x3+5x=x° (—2+%).
X

Vi lim x* =—0 va lim (—2+%j=—2<0 nén lim x3(—2+%j:+oo.
X—>—0 X—>—0 X X—>—00 X
S

Vay theo Quy tac 1, lim (-2x° +5x) = lim x° (—2+ .
X——00 X

X——0

J: +00. Do d@6 chon C.
Luuyl:

2 s X . - T 5 - - X / o A
- Pé hiéu tai sao lim x® =—o0 va lim (—2+—2j =—2 xin xem lai phan cac gidi han dac biét.
X

X—>—0 X—>—00

- Bai toan thuoc dang tinh giéi han ham sé khi x dan téi vé cuc, nhung 1a khi X ——o0. Do d6
khong thé &p dung ngay cac két qua da biét vé gisi han day s6, vi gisi han day sé duoc xét khi
N — +0. Ta chi c6 thé ap dung céac ki thuat da biét d6i véi gidi han day sé.

Luru y 2: C6 thé dé dang chimg minh duoc két qua nhu sau :

Cho ham sé f (x)=a,X" +a,_, X" +..+aXx+a, (a, #0) 1a mot da thic bac k .

X k a, Gidi han cua f(x)
ak>0 400
X—>+4o0 | Tuyy
ak<0 —00
ak>0 +00
k chan
X —>—00 ak<0 —o0

k 1¢ a, >0 —0




Vi du 5:

Vi du 6:

ak<0 400

k-1

Thatvay, tacé f(x)=x"|a, +M+...+i+%j.
X X X

Vi lim (ak+ﬁ+...+%+%j:ak va lim x* =400 véi k tiy y, lim x* =+ néu k chan,
X—>too - X X—>+00 X—>—00

X X
lim x* = -0 néu k 1¢& nén ta d& dang suy ra bang két qua trén.

X—>—0

lim (3X4 —2x? +l) bang:

A. +o0. B. —o. C.3. D. 2.
Pap an A
Lai giai
Céach 1: Theo nhan xeét trén thi lim (3x4 —2x? +1):+oo (x—>—oo, k chdn va a,>0). That

X—>—0

vay, taco 3x* —2x* +1=x" [3—%+i4j.
X2 X

X—>—00 X—00 4 X—>—0

Vi lim x* =+ va Iim(B—%Jr L ):3> 0 nén lim (3x4 —2x? +1) = 400,
X2 X
STUDY TIP
- Gi6i han tai v cuc ctia ham da thuc 1a v cuc, chi phu thudc vao sé hang chita liy thira bac cao nhat.

- Gidi han ctia ham da thirc tai 400 phu thudc vao hé sb cua liy thira bac cao nhat. (Giéng véi
gidi han cua ddy sb dang da thuc).

- Gi6i han ctia ham da thirc tai —oo phu thudc vao bac va hé sb cua lity thira bac cao nhat.
Céch 2: Sir dung MTCT tinh gid tri ham s f (x)=3x"—2x* +1 tai x=-10%, ta duoc két qua
nhu hinh :

Math &

And -2 +1
E.’:-EZII]E“:I

Két qua 1a mot s6 dwong rat 1on. Do d6 chon dap an A,

Cho ham s§ f (X)=+/x*—2x+5 . Khang dinh nao dudi day ding ?

A. XILrEOf(x)=—w. B. XILrEOf(x)=+w.

C. lim f(x)=1. D. lim f(x) khong ton tai.
Pap an B.

Léi giai



Vidu 7:

Hamsé f(X)=vx*—2x+5 xac dinh trénR .
C6 thé giai nhanh nhu sau : Vi x? —2x+5 12 mot ham da thirc cia X nén cé gidi han tai vo cuc.

Ma v/x* —2x+5 >0 v&i moi x nén gi¢i han ciia f (x)=+x*—2x+5 tai —o chdc chin I3 +o.

That vay, ta c6 \/x* —2x+5 =\/X2£1—§+%j =|x| 1—g+£.

X X

X—>—0 X—>—0 X—>—00

Vi |im|x|:+oo va lim 1—3+%:1>0 nén lim yx? —2x+5 = +o.
\] X X

Hozc ta co thé sir dung MTCT dé tinh gia tri cua f (x) tai mot gia tri am rat nho cua x, chang

han tai x =—10% ta duoc két qua nhu hinh:

m Math &

IRE=28+5
1 =0

Két qua nay 1a mot s6 duong rat Ion. Do d6 ta chon dap an B. (D& thay két qua hién thi trén may
tinh nhu trén chi 1a két qua gan dung do kha ning tinh toan han ché caa MTCT. Tuy nhién két
qua do ciing giup ta lya chon dugc dap an chinh xac).

STUDY TIP

Taco lim[x|=+oo.

X—>to0

Khi x —>—o0othi x>0.

Vé6i x<0 taco «/x_zz—x.

Can dic biét luu y cac diéu trén khi tinh gisi han tai —o ctia ham chua cin thic.

Gi6i han ctia ham s f (x)=+/x? —x —\/4x?* +1 khi X —>—oo bing:

A. —o0, B. +o0. C. 1. D. 3.
Dap an A.

Loi giai
Cach 1: Taco:

X2 —x —+/4x? +1:\/x2 (1—ij —\/xz(4+i2j =|x| 1—1—|x| 4+i2
X X

A

Ma lim |X|:+oo va Iim[\/l—l—\/4+i2J=l—2=—1<O.
X X

X—>—0 X—0



Vay lim (Vi —x A +1) = {”(J‘"“J jg}}z_

Luuy:

- Doc gia nén doc lai phan gidi han day sé c6 chira can thirc dé hiéu hon tai sao lai c6 dinh huéng
giai nhu vy (ma khong di nhan chia véi biéu thirc lién hop).

- CO thé thiy nhu sau: Vi lim VX2 —X =+o0; lim v4x* +1=+o0.

X—>—0 X—>—00

Ma hé s6 cua x? trong 4x*+1 16n hon hé s6 cua x? trong x> —x nén suy ra

lim (\/x2 — X —+J4x? +1):_

X—>—00

Céch 2: Str dung MTCT tinh gia tri ham sé tai x = —10% ta dwoc két qua nhu hinh.

Math &

JHE =% — (452 +]

- 1 =10 10
Vay chon dap an A.
. 2017 .
Vidu8: lim——— ban

: i By By 8
A &317 B. —o C. +0 D.0
bap an D

Loi giai
Céch 1: Vi lim (3x° —5x° ) = —0 nén theo quy tic 2, lim 20—175: 0
X—>+00 X—>+00 3X 5x

Céch 2: St dung MTCT tinh gia tri ham s6 tai x =10 ta duoc két qua nhu hinh.

] Math &

F017
e e
-4, 0345 pds

D6 1a mot két qua rat gan 0. Do d6 chon déap 4n D.
STUDY TIP

Khi ham sé khong xac dinh tai X, thi ta thir 4p dung cac quy tac vé gidi han vo cuc. D6 la cac

quy tic ap dung cho cac dang L.o ; L ; % . Luu ¥ cach xac dinh diu cua gioi han.
0

- Dang L: giai han la 0.
e}



Vidu9:

Vi du 10:

- Dang Lo va %: Giai han la vo cuc.

Gi6i han bén phai ctia him sb f(x):3X_27 khi X —2 12
X_
7

A. 4o0. B. —o. C.3. D. s
Dap an B.

Loi gia

N z 3x-7 , . ~

Hamso f(x)= 5 Xic dinh trén (—oo;+o0)\{2}.

Cach 1: Taco Iirp(x—2)=0, x—2>0 véimoi x>2 va Iirg(Bx—?)=3.2—7=—1<O.Do do
theo quy tic 2 thi lim X7 _

x—2" X —

3 _27 tai X =2 tathiy may béo I5i Math Error

Céch 2: Sudung MTCT. Tinh gia tri cua f (x)=

(do f(x) khong xac dinh tai x=2). Quay lai tinh gia tri cua f(x) taix=2+10" (tuc

2,0000000001) la mét gié tri ciiax 16n hon 2 va rat gan 2. Két qua 1a mot s am rat nho.

= Math &
Sih="
H—Z
-9999999997
Do do6 chon dap an B.
2 J—
Xét bai toan “Tim lim M ”, ban Ha da giai nhu sau:

x>2" 2X° —5X 42

Buéc 1: Vi lim (2x2 —5x+2) -0.

X—2"
Budc 2: 2x* —5x+2>0 voi Xx<2 va x dugan 2,

Buéc 3: lim (3x2 + x—1) -13>0

X—2~

. , 3 +x-1
Budc 4: nén theo quy tac 2, lim —————=
x-2 2X° —5X+2

Hoi 10i giai trén cua ban Ha da sai tir budc tha may ?
A. Budc 1. B. Budc 2. C. Buéc 3. D. Buac 4.
Pap an B

Loi giai

Xét dau biéu thiuc g(x)=2x*—5x+2 tathdy g(x)<0 véi moi xe(12).



Vidu 11:

X +x-1

Vay i giai sai tir budc 2. (Loi giai dung cho ra két qua lim — —©).
x>2" 2X° —5X+2
STUDY TIP
X — X, nghialaXx — X, va X>X,;.
X — X, nghiala X — X, va X<X,.
Néu x — x; thi tinh gid tri ham sb tai x = x, +107*.
Néu x — x; thi tinh gia tri ham s6 tai x =x,—107.
Trong d6 k la mot s6 nguyén duong.
Gidi han lim—— 5 béng:
x—4 (X—4)
A. 0. B. -3. C. —o. D. 4o0.
bap an C.
Léi giai
Céch 1: Tacd lim(1-x)=-3<0, Iin}(x—4)2 =0 va (x—4)" >0 voi moi x#4 nén theo quy
tic 2, lim———— =—. Vay chon d4p 4n C.

=4 (x—4)

Céch 2: St dung MTCT tinh gié tri ham s tai x=4+10" hoic tai x=4-10" ra duoc céc két
qua nhu hinh

= Math &
1-x
ey s
-3 00000001 sgl=
= Math &
1-x
ey s
-2.99999999, 1%
Vay chon dap an C.
, 5x+2 khi x>1 .
Vidy 12: Cho ham so f(x)=1 , _ . Khing dinh nao duéi day 1a ding ?
X =3 khi x<1
A. lemf(x):f B. leirllf(x):—z.
C. lLrpf(x)=7. D. 1Lnl)f(x)=7.
Pap an D.

Léi giai



Vi du 13:

Vi du 14:

Taco lim f (x)=1lim(5x+2)=5.1+2=7. Vi chi c6 m¢t dap an dung nén chon dép an D.

x—1" x—1"

STUDY TIP
Can x4c dinh ding biéu thac cua f (X) khi x — x; vakhi x — ;.

Giai thich thém : Taco lim f (x) = lim (x*-3)=1°-3=-2,

x—1" Xx—1"

Vay lim f (x) = lim f (x) nén lim f (x) khdng ton tai.

x—1" x—1"
Céc dap an A, B, C déu sai.
STUDY TIP
lim f (x)=L< lim f (x)=lim f (x)=L.
X—>Xo X=X x—>xg

\Jx? =5 khi x>3 (1)

Cho ham sb f (x)=1 .2 .
=15 khi x<3  (2)

X+2

Trong biéu thirc (2) & trén, can thay s6 5 bang s6 nao d¢ ham so f (x) c6 gisi han khi x —3 2

A. 19. B. 1.
C. —1. D. Khdng ¢6 s6 nao thoa man.
Pap an C.

Loi giai

Ham s6 da cho cac dinh trén R\ {2} .

Céch 1: Tacé lim f (x)=limy/x? -5 =y3*~5=2.

x—3" x—3"

x> —m

khi x <3 (m latham s, m>0).
X+2

bat f(x)=

2 2 _
Taco lim f(x)=lm="""_3-m_9-m
X3 -3 X+2 342 5

béhamsé f(x) c6 gisi han khi x —3 thi lim f (x)=lim f (x)<:>9_—m=2<:> m=-1.
x—3" X—3 5

Céach 2: St dung MTCT tinh gid tri bidu thic /X2 —5 khi X =3 duoc két qua bing 2. Sir dung

2

MTCT tinh gi4 trj biéu thuc khi X =3 va lan luot nhan céc gié tri bang 19,1 va —1. Ta

X+2
thay khi A =—1 thi biéu thirc nhan gia tri bang 2. Vay chon dap an C.

Cho ham s6 f (x) 6 do thi nhu hinh du6i day:



_

1
1
|
|
1
1
|
|
1
1
} >
|
1
1
|
|
1
1
|
|
[

-3
A

N _lo
: —

Quan sat dd thi va cho biét trong cac gidi han sau, gidi han nao 1a +oo ?

A. lim f(x). B. lim f(x). C. Ii(m) f(x). D. lim f(x).
X—>—00 X—>+00 x—(=3)" X—3~
Pap an C.
Loi giai

Khi x — =3, d6 thi ham s6 1a mot dudng cong di 1én tir phai qua tréi. Do do lim f (x)=+0.
x—(-3)"

Tuwong tu nhu vay ta co xlirﬂof(x)leﬂﬂof(x):(); )!I_g]f(x)=—oo.

Do d6 chon dép an C.

DANG 2: TIM GIOI HAN VO PINH DANG %

STUDY TIP

+ Khi tinh gigi han ma khong thé ap dung tryc tiép cac dinh Ii vé giéi han hitu han hay cac quy tac vé gioi
han vo cuc da biét thi ta goi d6 1a cac dang vo dinh.

+ Ki hiéu cac dang vo dinh gom: g 2 0.0 VA o —oo. Pé tinh gisi han dang vo dinh ta phai bién ddi biéu
o0

thirc ciia ham sé vé dang ap dung duoc cac dinh Ii va quy tic da biét. Lam nhu vay goi 1a “khuir dang vo
dinh”.

Bai toan:
Tinh Xllngﬁ khi XIlrp0 f(x)=XI|r£10 g(x)=0, trongdo f(x) va g(x) la cac da thuc hogc can thic.

Phuwong phap giai (tu lugn)

v' Phén tich tir va mau thanh tich cac nhan tir va gian uéc. Cu thé, vi lim f (x)=1limg(x)=0 nén

X—>Xg X—>Xg

f(x) va g(x) cung c6 nghiém x=x,. Do d6 ta phan tich duoc f(x)=(x—x,)A(X) va



A(x)

e () (x=x)A(X) o
X)=(X—X,)B(x). Khi d6 ta cé: lim = lim ——~—~==lim ——= va cong viéc con lai
g( ) ( XO) ( ) X=X, g(x) XHXO(X—XO)B(X) X=X B(X)

—

e A(X
la di tinh lim

X=X, B(X

(

N—"

v Néu f(x) va g(x) co chira can thirc thi ¢ thé nhan tir va mau véi biéu thic lién hop truéc khi phan
tich chiing thanh tich dé gian uéc.
STUDY TIP
Phdn tich da thirc thanh nhan ti:
v Ap dung hing ding thirc dang nho.
v/ Khi da biét f (x) c6 nghiém x=Xx,, ta st dung luge d6 Hooc-ne hoac chia f (x) cho x=x, duoc
thuong A(x).Khido f(x)=(x—x,)A(x).

v Ap dung ké qua: néu phuong trinh ax*+bx+c=0 cO hai nghiém x,x, thi

ax’ +bx+c=a(x—x)(x=x,).

Tong quat: néu phuong trinh a x*+a X' +..+ax'+a,=0 cd cac nghiém thuc X, X,,.., X, thi
a X +a X+ t+ax +a, =a (x—x)..(x=x,)A(x), trong d6 A(x) la da thc bac k —m. Tuy nhién,

trong thuc té, ta dung két qua nay khi c6 du k nghiém thuc, tic m=k . Truong hop nguoc lai nén dung
lugce d6 Hooc-ne. (voi phuong trinh bac hai, bac ba c¢d thé ding MTCT dé tim nghiém)

2
Vi du 1: Tinh lim—* %
x>2 X —3X+2

Al B. 4. C.-2. D. 4.

Phan tich: Vi Iin;(xz —4)=1lim(x*~3x+2)=0 nén day la gi6i han vo dinh dang %. Ta thay

X—2

X2 —4 va x* —3x+2 déu triét tibu tai x=2 nén x=2 langhiémcua x*—4 va x> —3x+2. T
do ta c6 cach giai nhu sau.

Léi giai

2 —
Céch 1- Ta co |im2)(—_4:|imw:|imﬂ2:£:
o2 X2 -3x+2 2 (x-2)(x-1) »2x-1 2-1

X2 —

X —3x+2
Math Error (do ham sb khong xéac dinh tai x =2). Quay lai tinh gia tri ham s tai 2,0000000001
ta dugc két qua nhu sau:

Cach 2: Dur dung MTCT tinh gia tri ham s6 f (x)= tai X =2 ta thay may bao 15i

Hz_d Math & E. I:II:II:II:II:II:II:II:II Math & Hz_d Math &
we —3:-=:+2| 5 KE—SK+E s

Lai quay lai tinh gié tri ham s6 tai 1,9999999999 ta dugc két qua nhu sau:



Vidu 2:

Vidu 3:

m Math A m Math A m Math A
HE—d i 1.999999999Y HE—d
HE_SH+Z HE_SH+Z
i 4

Vay chon dap an B.

. X" =x" o
Tinh gioi han Ilrrll . (m, neN¥*), ta duoc két qua:

X—. X_
A. 400, B. m—n. C. m. D. 1.
Loi giai

Céch 1: Ta 6 lim X —jim| X =1 X =1]
ol x-1 1 x-1 x-1

m-1 m-2
X" -1 (x 1)(x +X"% 4+ +x+1) i m ~
Lai c6 lim =lim _Ilm(x X +...+x+1)_
x>l X=1 x—1 X=1 x—1
x" -1
Tuong tu: IIm =n.
x—1 X__’]_

X"-x" o (x"-1 x"-1) . x"-1 x" -1
Vay lim 2 =lim - =lim —lim =m-n.
x>l x-1 =« x-1 x-1 x>l x=1 x21 x-1

Céach 2: Cho m va n cac gié tri cu thé, chang han m=3 va m=7. St dung MTCT tinh
37 3 7

. X . . X=X
lim ta duoc ket qua lim =—4. Vay dap an ding la B.
x>l x—1 x>l x—=1

STUDY TIP

o X" —1:(x—1)(xm’1+xm’2 +...+x+1)

.ox"-1

+ |im =m
x>l X—=1
.o x"-1

* [im =n
x>l Xx—=1

Chon khang dinh diing trong céc khang dinh sau:

\/x+ -2 \/x+ -2
=0

. =+00.
Hlx —-3x+2 X—>lx —3X+2

C. lim¥X*+3=2_ mIX+3=2 }hang tdn tai,
Hlx —3X+2 Hlx —3X+2

Phan tich: Vi lim(Jx+3-2) =0 va lim(x° ~3x+2) = 0 nén day la dang v dinh g Tuy nhién

ta chwa thé phan tich ngay +/x+3—2 thanh nhan tir ma phai nhan ca tir va mau véi biéu thac
lien hop ciia VX+3—-2 12 Vx+3+2.

Léi giai



Vi du 4:

Sra-2  (Vx+3+2)(Vx+3-2)
X'=3x+2  (Jx+3+2)(x-3x+2)

Cach 1: Taco

x—1 1
(Vxr3+2)(x-1)°(x+2) (\/x+ +2)(x-1)(x+2)
Ma lim ! ; lim ! = +00.
O (Vx+3+2)(x- )(x+2) O (Vx+3+2)(x-1)(x+2)
Do d6 lim ! khong ton tai
X1 (\/x+3+2)(x—1)(x+2) a
Suy ra lim x“ 3x 22kh6ng t6n tai. Vay chon dap 4n D.
X—. +

¢x+3—2

X —3x+2
Error. Quay lai tinh gié tri biéu thurc tai x =1,000001 va tai x =0,999999 ta duoc két qua:

Céch 2: Sir dung MTCT tinh gia tri biéu thic tai x=1 ta thdy may bao 13i Math

C Math & C Math &
{R+E —Z {R+E —Z
A —SE+E A —SE+E
Baaad. i3 -Baaa3d. o
Hai két qua trén 1a mot s6 dwong rat 16n, mot s am rat nhé. Do d6 c6 thé két luan I|rr11 X 3 22
x-1 X% —3x+
khong ton tai.
Nhdn xét:

- Néu chi tinh gia tri biéu thirc tai mot diém thi rat dé chon dap an sai.
2 n . 2 i e 0 . ... L
- O day ta da chuyén dang vo dinh 2 vé dang xac dinh k

- Dung MTCT tim nghiém cta phuong trinh x*—3x+2=0 ta dugc X =1, X, =—2. Nhu vay
phai c6 mot nghiém la nghiém kép do 1a phuong trinh bac ba. Trong truong hop nay, theo Tip
trén da néu, ta nén dung luoc dd Hooc-ne dé phan tich da thuc x* —3x+ 2 thanh nhén tu.

—_— _3 —_—
Gii han limY2X—1=¥3x-2

bang:
x—1 X—=1 g

A. 1. B. 0. C. +oo. D.%.

Phan tich: Iirrll(\/Zx—l—i/3x—2) =0 va lim(x-1)=0 nén day la dang vé dinh %. Ta chua

thé phén tich f(x)=+v2x—1-33x—2 thanh nhan ti. Ma f(x) lai Ia hi¢u cua hai can thic



Vidu 5:

khéng ctng bac. Ta dé y thdy v2x—1 va $/3x—2 déu dat gia tri bang 1 tai x =1 nén ta bién doi
nhu sau: () =(v2x=1-1)+(1-/3x—2) rdi tién hanh nhan chia véi biéu thirc lién hop.

Loi giai
Cach 1- Ta c6 V2x-1-%3x-2 _2x-1 1.1 Y3x-2
x-1 x-1 x-1
3 2X—2 N 3—3X
(V2x=1+1)(x-1) (1+\3/3x—2+§/(3x—22))(x—1)
2 3
V2x-1+1 1+«3/3x—2+§/(3x—22)
Tac co: lim 2 - 3 =0.
o1l J2x-1+1 1+€/3x—2+g/(3x—22)
p— _3 p—
Do g6 lim¥2X—1=¥3%=2_
x—1 X=1
— _3 —_— r ~
Cach 2: Sir dung MTCT tinh gié tri bidu the Y2X=1 *1/3’( 2 tai x=1 ta thy may bao I3i
X_

Math Error. Quay lai tinh gié tri biéu thuc tai x =0,99999999 va tai x =1,00000001 ta dugc két
qua:

O] Math &
e oy
=1
1]
—_— —_— 3 J—
Do 6 chon dip 4n B tic Ia lim Vax-1 *1/3X 2 _o.
X—. X_
STUDY TIP

,/A -3B .
Cho f(x)= (XX) . () (chtra hai can khac bac) trong d6 A(X,)=B(x,)=m thi ta bicn

doi nhu sau: f(x)= m—mm—g/%.

X=X
3 — p— —
Tinh gici han lim 46X =5 fo 3
x—1 (X—l)
A 0. B. 2. C. +oo. D. —o.

Léi giai

Cach 1: bat t=x-1 thi x=t+1, Iin}tzo va



Yox—5-4x—3 Yer+1-at+1 Y6t+1-(2t+1) (2t+1)-4t+1
(x-17 {2 B {2 ’ {2

6t+1—(8t° +12t° +6t+1) (4t° +4t+1)— (4t +1)
= +

tz[3(et+1)z+(2t+1).g/m+(2t+1)1 Clatstoa o)

—8t-12 4
+ .
%/(6t+1)2 +(2t+1).o\3/6t+1+(2t+1)2 2t +1+/4t+1

Vav %/6x—5—\/4x—3_|.m —8t-12 4

e L e = YA PE W s |
(x-1) Y(6t+1)° +(2t+1)3f6t+1+(2t+1)° 2041+

Ma lim 8l B gime Ay

o 3;’(6”1)2+(2t+1).%/6t+1+(2t+1)2 3 50 2t +1++/4t+1 2

3 — J— —_—
Viy “m\/GX 5—4x—-3

5 =—4+2=-2.
x—1 (X—l)

3 — J— —
Cach 2: Sir dung MTCT tinh gia trj bidu thic V6x—5-4x-3 tai x=0,9999999 VA tai

(x-1)

x =1,0000001 ta déu duoc két qua:

O] Math &
e
(¥—112

-2

Do d6 chon dép 4n B.
Luu y:

- Trong céch tht 2, néu ta tinh gié tri biéu thirc tai x =0,999999999 hoic tai x =1,000000001
thi ta duoc két qua:

= Math &
[
(H—112

Do vuot qué giGi han tinh toan ciia may. Do d6 néu khong thir lai véi cé tri 16n hon thi c6 thé ta
s€ chon déap an A.

& bai nay c6 nhiéu van dé can phan tich thém. Néu 1am nhu vi du 4 thi ta s& bién doi
Y6x—5-/4x-3 _3/6x—5—1+1—\/4x—3 Y6x—5-/4x-3
(x-1) (x-1°  (x-1)° (x-1)

6(1+\/4x—3>—4(,3/(6x—5)2 +3/6x-5 +1)

:(X—l)(W+M+1)(1+M)

roi nhan lién hop dé thu duoc




Vi du 6:

- Ta thay giéi han méi thu duoc van con 1a dang vo dinh % nén van tiép tuc phai khir dang vo dinh.

Ma viéc khtr ndy s& rat phuc tap do biéu thac mai thu dugc kha cdng kénh. Bé giai quyét kho khan
d6 ta thay trong 1oi giai trinh by & trén, ta tién hanh doi bién dé cho mau gon lai va khéng thém
bot 1 trén tir thirc ma thém bét nhi thic 2t +1. VAy co so nao dé tim ra nhi thirc d6?

Ta mong mudn sau khi thém bt tir thirc véi mot luong A(t) nao do rdi tach ra thanh hai phan
thire dé nhan lién hop thi trén tir thire xuat hién nhan tir t? dé gian woc véi t? dudi mau
Yor+1-—Jar+1 Yot+1-A(t) A(t)-4at+1
2 - "

t t? " t?

Vay taphai cé A?(t)—(4t+1)=kt* = A*(t)=kt* +4t+1=k =4
va A%(t)=(2t+1)° = A(t)= 2t +1.

- O nhiéu bai toan gigi han, ta thay viéc st dung MTCT la nhanh hon giai thong thuong. Tuy
nhién ching t6i van khuyén nghi doc gia nén nam viing phuong phap giai thong thuong (theo
hinh thirc ty luan), vi nhiéu bai tap khdng chi don thuan Ia tinh gii han ma ngudi ra dé ¢ thé
hoi bang nhiéu hinh thirc khac nhau, dic biét ¢6 nhiéu cach ra dé han ché viéc st dung MTCT
dé tim ra dap an.

STUDY TIP

Trong nhiéu bai toan, khdng nén chi tinh gié tri ham sé tai mot diém ma nén tinh lai mot sé diém
tir I6n dén nho va tir ca hai phia tréi, phai caa x,.

X’ —(a+2)x+a+l

Gisi han cuaham s f (x) = ) khi x =1 bang
X —
A -2 B. 2. c. 22 D. 222
3 3 3 3
Loi gidi
X’ —(a+2)x+a+1 . (x-1)(x-a-1) .. x-a-
Cach 1: lim ( +3) ar :|Im( ) ) =I|mX2—al=—E
X1 x° -1 OL(x=1)(X* +x+1) =X +x+1 3
Cach 2: (bic biét hoa dé sir dung MTCT) Cho a mét gia tri bat ki, chang han a=1, thi
2 2_
f(X)zw. Dung MTCT ta tim dugc Iimw=—l=—g.
x° =1 ol X7 =1 3 3
Vay chon dap an A.

Giai thich: phuong trinh X* —(a+2)x+a+1=0 c6 tong cac hé¢ s6 bang 0 nén ta cé mot nghiém
bing 1, nghiém con lai bing a+l. Do d6 ta phan tich duoc
X’ —(a+2)x+a+l=(x-1)(x-a-1).

STUDY TIP

» Néu da thuc c6 tong cac hé s6 bang 0 thi da thirc ¢6 mot nghiém bang 1.



» Néu da thirc c6 téng cac hé s6 cua cac lily thira bac chin bang tong céc hé sé cua liy thira bac
& thi da thuc ¢ mot nghiém bang —1.

Vidu7: Giasu |in3—“1+;°‘_1= L. Hé sé a bing bao nhiéu dé L =3 ?
X X
A. 6. B. 6. C. —12. D. 12.

Loi giai

Cach 1: Taco lim yl+ax—1 =1lim X “lim——2

a
02 oox(VIrax+l) 02(VLrax+1) 4

Vay L:%.Dod() L=3<:>%=3<:>a:12.DépéndﬁnglaD.

Céch 2: Sir dyng MTCT tim Iirrg—‘le;‘X_1 lan Iuot v6i a bang -6, 6, —12, 12. Ta thiy voi
X—> X
a=12 thi |ing—“1+;x‘1 bang 3. Vay chon dép an D.
X—> X

STUDY TIP
Mot trong cac ki thuat giai bai toan trac nghiém 1 thir 1an luot cac dap an va chon ra dép 4n thoa
man yéu cau bai toan.
2. Cac bai toan lién quan dén giéi han dic biét

Trong sach gido khoa dai s6 va giai tich 11 c6 néu mét gidi han dic biét dang %

. sinXx . .
Do la lim—— =1. Sau day ta xét mot so vi du ap dung két qua nay.

x—0 X
Vidu 8: Cho a va b la cac sb thyc khac 0. Khi d6 lim— bang
x-0 Sin bx
A a. B.b. c 2 p. 2.
b a
Loi giai
Papan C.
. ax ) bx a a,. bx
Cach 1: Taco lim— =lim— —=—lim—
x>0sinbx x»0sinbx b b x»0sinbx
boi bien t =bx tathay khi X — 0 thi t > 0. Do d6 lim— =lim—=1

x>0 sinbx  x>0sint

Vay lim—2_ -2
x-0sinbx b

Cdch 2: Cho a va b cac gia trj cu thé, chang han a=2,b =3.

St dung MTCT tim gigi han lim—
x-0 §in 3X

. .2 .
ta dugc ket qua bang § tuc la bang %.

Vay chon C.



STUDY TIP
sin x

) . X

im—=1=Ilim——=1

Xx—0 X Xx—0 SIN X

. sin A(x .

IImA:Lvdi diéu kién limA(x) =0

x—0 A(X) x—0

. X2 .
Vi du 9: Cho s6 thuc a khac 0. Khi d6 lim———— bang
x>0 1 —cosax
A-%- B. 2. C. 2a°. D. 2a.
a a
Loi giai
Pap an A
Cach 1: Taco:
2 2 -

. X . X . 2 2 . 2 2

I|ng—: I”T(]—aX: |II’T(;I 2 ax —2 :—2“”3 2ax :—2.12 :—2.

x>0]1—cosax x> Zsinzz 0| in? : a ar o0 o A a a

Cdch 2: Cho a la mot gia tri cu thé, chang han a =2 (khdng nén lay a =1, vi khi d6 gia tri cua
\ 2 ~ M ) , - . X2 ,\ Ll
— Vva 3 ciing bang nhau). St dung MTCT tinh gigi han lim————— ta duoc ket qua bang

a x>01 —C0S2X
1 . e 2 . .
E,tuc la bang —-. Vay chon dap an A.
a
STUDY TIP
=k
. SIn® A(X
|Imk—()=l
x—>0 A (X)
diéu kien Iing A(x)=0
X—>
. sinx—=sina . .
Vidy 10: lim=—=—"= bin
X—a X_a_
A. tana. B. cota. C. sina. D. cosa.
Loi giai
Pap an D
2cos X F2gip X -2 sin X~ 2
. sinx-sina . ) X+a
Cach 1: Tacd lim—————=1im 2 2 =lim 2 .COS
x—a X—a x—a 2x—a x—a X—a 2
S 2 2
. X—a
SIn—— X+a
Ma lim——2 =1 (xem STUDY TIP trén), limcos>~ < =cosa.
x»>a X—a x—a 2

2



Vi du 11:

Vi du 12:

sinx—sina

Vay lim—————— =cosa. Do d6 chon dap an D.
X—a X_a
. . sinx—sinl .
Cdch 2: Stir dung MTCT tinh giGi han Im;% (tng voi a=1).
X—>! X_
. . . . sinx—sinl
So sanh két qua voi tanl, cotl,sinl, cosl ta duoc Im;% =cos].
X— X_

Vay chon dap an D.

3. Poc thém
\ \ ’ A A H eax - 5 7 r A A =/ DTN A \
Cho a va b la cac so6 nguyén duong. Img "3 Tich ab co thé nhan gia tri bang so nao
x=0 SN DX
trong cac s6 dudi day?
A. 15, B. 60. C. 240. D. Ca ba dap an trén.
Loi giai
Pép 4n D
ax ax
Taco lim& —L—jim[ &= X _a)_,,28_2
x>0 sinbx  x»0( ax sinbx b b Db
A 'SR eax _1 5 . a 5 \ \ \ Az J4 A A
Vay dé lim— =—thi ===.Vi a va b lacac so nguyén duong nén suy ra a = 5k,b = 3k
x>0sinbx 3 b 3
véi k nguyén duong. Do do ab =15k .
+15k* =15k’ =1=k=1=ab=15.
+15k* =60 < k* =4 =k =2 = ab =60.
+15k?* =240 =k’ =16 = k=4 =ab =240
Vay ca ba dap an déu dang. Do d6 chon dap an D.
STUDY TIP
o . sinX L, I . NP
Ngoai gidi han Ilng— =1, Sach giao khoa giai tich 12 nang cao chuong 2, 5 con gidi thiéu
X—> X
thém cac gidi han:
X
lim&—L_1,
x=0 X
. In(1+x
Ilm—( ) =1
x—0 X
, In(1+x°)-1 , , _
Cho ham so f (X) = v , trong do k la mot s6 nguyén duong. Tim tat ca cac gia tri
cuak dé f(x) co gi¢i han hitu han khi x dan t6i 0.
A keZ,k>3. B.keZ,0<k<3. C.keZk=>3. D. keZ,0<k<3.

Léi giai
Pap 4n D



Vi du 13:

_In(1+x)-1  [In(1+x°)-1 1
Cach 1: Taco lim————=1im 5 —
x—0 X x—0 X X
_In(1+x%)-1 7 o o ,
Ma ImgT =1 néndé f(x) co gioi han hitu han khi x dan t6i 0 thi ham s6

g(x)= k173 phai c6 giGi han hitu han khi x dan téi 0. Muén vay thi kK —3<0<k<3.Vik
X

nguyén duong nén dap an la D.
N _ _In(1+x%)-1
Cdch 2: Sir dung MTTCT tim gi6i han khi k =3, ta duoc Img— =1

X3

Vay ta chi xét dap an C hoic D. Chang han véi dap an C, ta sir dung MTCT tim giéi han khi
In(1+x°)-1
X3

*** Trong chuong trinh 16p 12 s€ dugc hoc khai niém can bac n.
Pinh nghia
Cho s6 thuc b va s6 nguyén duong n (n > 2). S6 a duoc goi la can bac n caasé b néu
a"=b
Véi n chan va:
+b < 0: Khéng ton tao cin bac n cua b .
+b=0: C6é6 mdt can bac n cua b lasé 0.
+b > 0: C6 hai can trai dau, ki hiéu gia tri duong 13 Yo, con gia tri am 13 —Ub
Sau day ta xét mot vai vi du lién quan dén can bac n.

STUDY TIP

k =4. Ta duoc Iin;n = —o0. Do d6 loai dap an C. Vay dap an dung la D.

a=l¢b=a"=b

-Moi s thuc déu c6 mot can bac 1é va chi co6 mot can bac 1é

- Chi ¢6 s6 khdng &m méi ¢6 can bac chan.

S6 0 c6 mot can bac chan 1a 0.

Cac sb duong c6 hai can bac chin dbi nhau.

Cho a la mét s6 thuc khac 0 va n la mot s6 nguyén duong, N> 2. Chon khang dinh diang

trong cac khang dinh sau.
Yl+ax-1
X

Yl+ax-1 a
— T n

A. lim B. lim n
x—0 n x—0 a
n/ _ ‘n/ -
C. ||mM:1 D. ||mM:1
x—0 X n x—0 X a
Loi giai
Pap an A.
. . . . 1+3x-1 3
Cach 1: St dung MTCT tim gidi han véi n=5 va a =3, ta dugc két qua Ilrrol— = g
X X
vay dap an dung la A.
n
. -1
Cdch 2: Pdibiéndat t={1+ax =>t"=1+ax = x = ¢
a

Tacokhi x—>0thit—>1va



Weax-1__ t-1 t—1 a

X t"-1 (t—l)(t“’1+t”*2+...+t+1)_t“‘1+t”‘2+...+t+l
. . Yl+vax-1 a

Ma lim—; _2a _a nénsuy ra lim————=—.Vay chon A.
LTt 4+ +t+1 N x>0 X n

STUDY TIP

. Yl+ax-1 a

lim——=—

x—0 X n

a"—b" = (a—b)x(a“ +a"+..+ab"? +b”’1)

a" —1=(a—1)><(a”‘1+a“‘2 +...+a+1)

X+1-3x+19 a a T ‘
v J = — trong do b la phan so toi gian, a va b la cac so nguyén duong.

Vidu 14: Biét lim =
) =8 Yx+8-2 b
Toéng a+b bang
A. 137. B. 138. C. 139. D. 140.
Loi giai

Pap an C.
Véi nhitng bai dang nay, s& khé sir dung MTCT dé tim dap an dang.
bat t=x—-8.Suyra x=1+8. Iirr81t =0 va

1+L

t
X+1-3x+19  Jt+9-3t+27 :3\/1+9_3i/ 27

4 _ T4 _
Yx+8-2 Yt+16 -2 241+i_2
\l 16
,/1+£—1 ‘3/1+L—1
9 27
_3_ t

2
4{/1+t
16 4

g(t)

t
JX+1-3x+19

Do d6 lim
=8 {x+8-2

= Ith g(t) . Ap dung vi dy 13 Ta co:

S
<
£3
le)
—
N

Il
N | W
|_\
N
\l



Vi du 15:

Vi du 16:

3
Do ds Iime+1 Jx+19=112
-8 {x+8-2 27

.Vay a=112,b=27 va a+b =139

*** Tinh gidi han v6 dinh dang % bang dao ham (Quy tic L’Hopital).

STUDY TIP
*Quy tic L’Hopital

Trong d6 f(X) va g(x) xac dinh trén khoing (a;b), X, €(a;b)
lim f (x)=limg(x)
X—Xq X—Xg
Va Iimw ton tai
= g'(X)

Trude khi doc phan nay xin doc chuong dao ham trong chuong trinh I6p 11

=0 (Hozc lim f (x)=1limg(x) =)

X—>X%g

Ta xét lai vi du 9 da néu & trén.
X2
Cho so thuc a khac 0. Khi d6 lim——— bang
x-01—cosax

2 2
A = B. —. C. 2a’. D. 2a.

a a

Loi giai

Pap an A
Ngoai hai loi giai da néu ¢ trén ta con mot cach ap dung Quy tic L’Hopital nhu sau:
i X2 . 2X . 2 2
lim——=1lim =lim———=

x01—cosax *0asinax x0a’cosax a’
O day ta 4p dung Quy tiac L Hopital 2 1an. Cach str dung Quy tic nay rat hitu dung khi giai cac
bai toan trac nghiém. Tuy nhién khong ap dung Quy tic nay cho cac bai toan ty luan do Quy tic
L’Hopital khong dugc trinh bay trong chuong trinh THPT.

STUDY TIP
C6 thé ap dung quy tic L Hopital nhiéu lan dé tinh gigi han
Dé nghi: Boc gia hay van dung quy tac L’Hopital dé giai cac vi du di néu ¢ dang 2 nay.
bai tap dang trac nghiém. Néu 1 bai tap dang tu luan thi cac em can trinh bay chi tiét theo
phuong phap da néu trén. Riéng A va B, ta giai ty ludn nhu sau:

Xx—1 . 1
——=Ilim— = 1lim—=0
x>0 X< =1 o (X=1)(X+1)  xoe x+1

x=5__ . (x=B)Wx+5) = lim (/x+/5) =+

lim

LN A L N

3_ N
Gigi han tim X —>**1 pan

x> 5—2X



A.0 B. % C. +© D. —©

Pap an D
3
Céch 1: Theo két qua dd néu o trén thi lim LX+1:—1 lim x? = —0
x>0 H_2x% 2 x>0
Céch 2: St dung MTCT
2 T , A crms . X3—3X+1’, . , ., L.
Bo6 sung: Néu la bai toan tu luan ‘Tim lim —————— " thi ta ¢4 hai cach giai nhu sau:
X—>—00 —ZX
1
3 X2 -3+=
Cach1: Taco lim X _lim X Ma lim (¢ =3+ 2) = 400
x>—0  B_ 9% X—>—0 § _9 X—>—o0 X
X
.5 R .y X =3x+1 XZ_SJF;
lim(—-2)=-2<0 néntheoquitac 2, lim ——=Ilim ———2 =-w
x—-o " X X—>=0 —2X X—=0 §_2
X
1 3 N 1
X3 =3x+1l L T2 : 3 1 .5 2
Cach2:Tacd lim————==lim —2—X* Ma lim(@l-=+=)=Llim(=-=)=0 va
x—>—0 B_ 2% X—>—0 i_i XA)—oc( X2 X3) xa—oo(xe’ XZ)
x> X
1 3 N 1
. L R .2 . = 1 . T2 3
lim %—% <0 véi moi x <0 nén theo qui tac 2, lim X3 X X
Xx—=>-o| X X x>=o  5—2X Xomee i_i
X X
[ STUDY TIP
k a | limax*
Chin | + +00
- -0
Leé + -0
- + 00
Vi du 17: Trong cac giéi han sau, gisi han nao bang —w ?
X HXC+T . 1-3x°=x° _ x*-3x"+5 .3 =x°
lim ———— lim ———— lim ————— lim ———
A, X 2X"=3X"+1 B. x> 4x°+1 C. ™ X=x"+1 D. x> 14+ X—-5X
Dap an C
Loi giai
Céch 1 : Theo cach ghi két qua o trén thi
XX+ 1., 13- 1, _
lim ——— == lim x* =+, im —————=—-=1lim X° =+4o0;

o 26 =3x2 41 2% o A4x7+1 4 x>



. X*=-3x"+5 . o3 -xt 1
lim —— =3 1lim X = —o0; lim — === lim X = +00,
x>0 X —X°+1 X—>—00 x>0l 4 X — 5X B x—>—o

Céch 2 : str dung MTCT tinh lan luot cc gii han

x*—3x*+5 : = o .
Khi dén C thay lim —31—3 lim X =—0 nén dung lai va chon dap an C
x>0 X —X° 4 X—>—00
2
Vidu4: Gigihan lim Y2 =X+ pang
xo—o X +1
A.2 B.-2 C.1 D.-1
bap an B
Loi giai :
Céch1:
Jak —x+1 x| / = —X f4——+— —~ /4—1+12
lim ~———= = lim N x X iy XX _ Jim X X _ 2
X—>—00 X—> X—>—00 X+ X—>—00 =
Vay chon dap an B
Céch 2 : Sir dung MTCT
2 2
Vi du 18: Gigi han lim X x4 bing :
X0 2X+3
A. —l B. l C. - D. +o0
2 2
Dap an B
Loi gidi :

Céch 1 : Theo vi du da trinh bay & dang 1 thi lim (vX2 —X —v/4x2 +1) =

2 NERSR Y . 2o A 2 .
Ta dua X° ra ngoai can roi chia cd tr va mau cho x. Cu thé nhu sau :

1 1
lim X —x —ax? +1 _ lim Myt X M4+ X2
X0 2X+3 X0 2X+3
—x\/1—1+x\/4+12 —\/1—1+\/4+12 1
= lim X X_— lim X X =
X0 2x+3 X0 5.3 2
X
Vay d4p an ding 1a B
Céch 2 : Sir dung may tinh tinh gia tri ham s6 tai x=10"" ta duoc két qua nhu hinh bén. Vay
chon dép én B

Céch 3 : Ta c6 thé giai bai nay bang phwong phép loai trir nhu sau :

Vi lim (\,/X2 — X —4x +1) = —o0; lim (2x +3) = —o0 nén giGi han can tim phai mang diu

X—>—0
duong. Mat khac bac tir va bac mAau bang nhau nén gidi han can tim 13 hitu han.
bap an can tim 1a dap an B
STUDY TIP



Vi du 19:

Vi du 20:

® Math &
AFE =3 =g d B +1
TR

0. 5000000001

Biét lim x 32X_+21 J_ trong d6 a, b 1a cac s6 nguyén duong. Gia tri nhé nhit cua tich
x>+ \3X"+X°+2 b

ab bang :

A. 6 B. 12 C.18 D. 24

Dap an C

Loi gidi ;

Taco: I|mxf 2x+1 2X X \/6
i B4 X242 Hm 3 +x+2 3

Ja

Vay Y = ? Dé dang suy ra dugc tich ctia ab 1a 18.

ChU y : Néu sir dung MTCT tinh gia tri ham s6 tai x=10" thi ta thu duoc két qua nhu hinh

bén. Do @6, néu khong c6 kién thuc vé gidi han ham sd, rat kho tim ra duoc dap an ding néu

chi dung MTCT. Ngugc lai néu c6 kién thire virng vang, ban doc s€ nhanh chong tim ra dap an,

tham chi 14 trong chép mit | Vi vy, t6i xin nhic lai, toi khuyén nghi cac ban doc nén giai bai

tap theo kiéu ty ludn mot cach cin co dé co thé ddi mit véi cac bai toan ’chéng MTCT”
STUDY TIP

O] Math &

ﬁf ZE 1
SHS 4 HE4F

0. 5164965509

Dang 4 : Dang vo dinh 0.0
Bai toan : Tinh gigi han lim[u(x)v(x)] khi lim[u(x)]=0 va lim[v(x)] =+
X—Xg X=Xy X=Xy

()

Phuong phép : Ta c6 thé bién doi I|m [ux)v(x)] = I|m dé dua vé dang % hoac

V(X)
( )

lim [uGOV()] = lim =77 ¢ dua vé dang z
o0

v(x)

Tuy nhién, trong nhiéu bai tap, ta chi can bién d6i don gian nhu dua biéu thirc vao trong/ ra
ngoai dau cin, quy ddng mau thic .... La dwa duoc vé dang quen thudc.

Gidi han lim = (——1) bang :
x>0 X X+1
A0 B.-1 C.1 D. —©
bép an B
Phén tich : Ta co Iirgl % = —o0; IIT (ﬁ—l) 0 nén chua c6 thé ap dung cac dinh 1i, qui tic dé
x—0" Xx—0" —+
tinh gi41 han.
Loi giai :
Céch1:Tacd lim= (——1)_ im =D i X im L o

= 1m —
x>0 X X+1 -0 X(X+1)  x0 X(X+1) -0 x+1



Céch 2 : St dung MTCT tinh gié tri ham s6 tai —0,00000001 ta dwoc két qua nhu hinh bén. Do

d6 chon dap an B, tuc lim = (——1)—
x>0 X X+1

STUDY TIP

m Math &
%=1
- 1. 00000001

Vidu 21: Gidi han Ilm(x 2) bang

A. +© . C.0 D.1
Pap an C

Phan tich : Vi lim(x-2) =0; lim , [—

x—2" x—=2" \| X° —

=400 nén chua c6 thé ap dung cac dinh 1y va qui tic

dé tinh gioi han.

Loi gidi ;
— 2 —

Cach1:Véimoi x>2taco: (Xx—2) 2X :\/(XXZW:\/(XX 22)X
\/ - +

Do 6 lim (x~2),| (x=2)x
x—2* X+ 2

Céch 2: St dung MTCT

Vi du 22: Gidi han lim (x+1) /ﬂ bang:
X0 5X% + X +2

7z Jio N5

A 2 B. 5 c. 5 D. -2
Dap an B

=0. Vay chon dép an C

Phan tich: Vi du twong ty da duoc nghién ctru trong phan dang v6 dinh -

2x+1 .
Tuy nhién vi |'m (X+1) =%, X'Lnl XD 0 nén gi6i han nay ciing ¢6 thé coi nhu dang

0.0
Loi giai

Cach 1: V6i X<—1taco X+1<0 pan x+1=—/(x+1)* po d6

2
Iim(x+1), 32x+1 _lim (x+? (2x+1) _ +10
X0 OX” +X+2 x>—o \ - 5X" 4+ X+2 5

Vay chon dép an B

Cach 2: St dqu MTCT. Tinh gié tri ham s6 tai X= 107 ta duoc két qua nhu hinh bén. So
sanh cac dap so A, B, C, D ta chon dap an ding la B.
STUDY TIP

, , 3 , 2 2. . a2
Ta chi quan tAm dén lily thira bac cao nhéat1a X . Hé s cua X trong (X+1)"1a 1" do

2 2 P . 3 2 )
(x+1)"=x"+2x+1 Ha s§ cia x trong 2x + 1 142 nén hé s cia X trén tir la 12, G day

R . T S X S A A 3
khong nhat thiét phai khai trién tich thanh da thirc dé tim hé so cua X .



Math &

[ EZ¥+1
(A+1) S 4T

-0, B32455532
N
Vi du 23: Gigi han lim (xsin ;) bang
A.0 B.1 C. +© D. Khong ton tai
Pap an B
1 1
Phan tich: Vi I'mm; =0 nen I'm S'n; =0 Tac6 dang 0°. Loi giai nhu sau :
Loi giai :
sin —
Céch1:Taco: lim (xsm—) = lim TX
;
sint

1
pat t=— va Ilmt 0 thi I|m(xsm—)_XILrDOT_1

Céach 2: Str dung MTCT ( Luu ¥ chuyén may vé ché d6 Radian)
STUDY TIP
sinx

by |

0
do ta lién tuong dén gi6i han dic biét I'm x

O vi du 4 ta da chuyén dang 0-° thanh 0

Gigi han lim (——x)tanx bang

Vidu 24:
H[E]
Al B.0 C. D. Khong ton tai
Dap an A
_ sinx
Phan tich: vi |'m (——X) 0; lim tanx= lim —— =+ ngp ta ¢4 dang 0-°
X—= = x| Z X—| cos X
; ]
Loi gidi :
, lim t=0 3

V4

T
cmhlfmﬂ=§—XﬂnX———t ()
xai

T

- sin(=—t)

(z—x)tanx=ttan(=—t) =t =——CoSt Do d6
cos(z—t) sint
2
lim (——x)tanx—llmicost 1
NE t—o" SINt
2
Céch 2 : Stir dung MTCT
STUDY TIP

lim tanx=+oo; lim tanx=+o0 1 m y d8 tranh nhdm 14n giita hai gioi han nay
T V3
xX—| =

X—| =
¢ :

Dang 5 : Dang ®—*®
Bai toan : Tinh M [U(X)=V(X)] khi limu(x) =+ 3 IMv(x) =+ Hozc tinh

lim [u(x) +Vv(X)] khi XIinx10 u(x) =+ 3 XIirrx10v(x)



Phuong phéap : Nhan hoic chia vai biéu thirc lién hop (néu c6 can thuc) hodc qui dong dé dua
vé cling mét phan thac ( néu chira nhidu phan thuc).

Vidu25:  Gi6ihan X'Lrgo(\/xz+x—\/><2+1) bing

l l 400 —00
A 5 B. % C. D.
Pap an A
Loi giai :
Céch 1:

lim VX* +1 =+ nan pai nay thuoc dang ®°— . Tuong

X—>+0

Phan tich: Ta thay lim VX* +x =+o0;

tu nhu gigi han ddy s, ta nhan chia vai biéu thuc lién hop. Loi giai cu thé nhu sau:

1
. . x-1 . - 1
Taco: lim (\/X2+X—\/X2+1)=I|m = = = lim - - =3
«/x +x+\/x +1 14~ + [l
X X
Céch 2: St dung MTCT
Vidu26:  Gigihan im (VX' +x+1+3x) bing
2 _2 1 1
A3 B. ° c.© p. ©
Pap an D
Loi giai:

Phan tich: Ta c6 liM VOX”+X+1=-+00; lim (3X) =0 nen bai nay thude dang vo

dinh co—co (mac du biéu thirc cua ham sb 13y gidi han ¢ hang tong). Ta tién hanh nhan chia
véi biéu thirc lién hop. Loi giai cu thé nhu sau:

Taco: Iim(«/9x2+x+1+3x):lim x+1 =lim x+1

2
9x® + x+1-3x x ,9+1+i2—3x
X X
1+1

= lim X = ! :%1. Vay chon déap an D.

X—>+00 _3_3
- }9+1+%—3
X X

Céach 2: Str dyng MTCT tinh gié tri ham sé tai x = —10" ta dugc két qua nhu hinh bén. Sir

dung ki thuat tim dang phan s6 ciia mét s thap phan vo han tuan hoan ta dugc —0,1(6) = %1

(xem lai phan gigi han day s6). Vay chon déap 4n D.

0 Studytip:



Math & Math & Math &

19R= +H+] +38 190+ ] +3 ITHE 45+ ] +30
-[. 16EEEEEET -(. 16EEEERET -0. 166BEEEEY

Vi du 27. Gigi han lim (\/4x2 +3x —38x3 + 2% +1) bang:

X—>+00

Al B o p. L
24 - 12 24 12

Loi gidi
Céch 1: Phan tich:

Vi lim V4x2 +3x = +oo; lim ¥/8x° +2x? +1 = +00 nén déy ciing 1a dang vo dinh co—oo. Tuy

X—>+00 X—>+00

nhién vi 13 hiéu cua hai can thirc khéng cting bac nén ta chua thé nha chia vai biéu thac lién

hop ludn dugc. Nhan thdy x>0 thi v/4x? =3/8x® =2x nén ta thém bt 2x rdi nhan chia lién
hop.

Vi x>0 Jax2 +3x — 38X +2x% +1 = (\/4x2 +3x —2x)+(2x—\?’/8x3 +2x2 +1)

J4x% +3X + 2X

4+ 238+ ++\/8+ +—

Do d6 lim («/4x2 Fax— 3B+ 2% +1)

X—>+00

2 1
~ lim | —> T 8 2 7
x>t 3 2| 242 4+4+4 12
\/4+x+2 4+23’8+2+1+§/(8+2+1j
X X X x°
Do d6 chon B.

Céch 2: Sir dung MTCT tinh gia tri ham s tai x =—10" ta dwoc két qua nhu hinh bén. St

dung ki thuat tim dang phan sé caa mét sb thap phan vo han tuan hoan ta duoc —0,58(3) = é

(xem lai phan gigi han day s6). Vay chon dap 4n D.

O Studytip:
ranp Wath & Y
[+ - Taw3eop || 0.583 0.5033333333333h
0. 583333337 = -

Luwu y: Ta xem lai mot Vi du da trinh bay ¢ dang 1 nhu sau:

Vi du 28. Gi6i han ciia ham s6 f (x) = X2 =X —4x2 +1 Khi X —> +o0 bing:




A —o B. 400 C. -1 D. 3

Phan tich: Vi du nay ciing thuoc dang o —oo nhung lai khdng phai la dang vo dinh. Bang céc
dinh Ii va quy tic, ta tinh duoc gidi han ham sé ma khéng can phai nhan chia véi biéu thuc lién
hop. Ta xem cach giai cho tiét duoi day.

Lai gidi

e T e T
=IXI(J(1—$J—J(4+¢N-
iy im [\ a *1)—JL*I‘{|X|£J[13\/(“%m:‘”‘

00 Studytip:
Ciling 1a o —oonhung khi nao 1a xac dinh, khi nao la vé dinh? Khi nao phai nhan chia lién hop,
khi nao thi dwa x" ra ngoai can roi dat nhan tir chung nhu Vi du 4?2 Dé ¢6 cau tra loi moi quy
doc gia hay doc lai phan gigi han dy sb c6 chira can.

Vi du 29. Trong cac gidi han sau gigi han nao la hitu han:

A. lim (\/4x2 +4x+3+2x). B. lim (\/2x2 +x+1—3x).

X—>+00 X—>—00

C. Iim(x—\/1+x+2x2). D. Iim(x+\/x2+3x+2).

X—>+00 X—>—00

Loi giai

Céch 1: Vi cac két qua da biét phan gidi han diy s6 c6 chira can, ta thdy ngay dap an 1a D. That
Vay:

) Jim AX? +4x-+3 =00 lim (2x) = 00> lim (V4x +4x+3 +2x) =

0 lim 2% + X+1 = +oo; lim (-3x) =+ = lim (\/2X2+X+1—3X):+oo

X—>—0 X—>—00 X—>—0

[] Iim(x—x/1+x+2x )— lim x(l— /i+1+2]
X—>+00 X—>+00 X X

do lim X =+o0; lim (1— /i+ +2j 1-/2 <0.
X—>+00 X—>+00 X X

3+
Iirp(x+x/x2+3x+ )_Ilm\/ﬂ = lim ——=—— >
X +3x+2-X 1+3+72_1
X X



Vi du 30.

Vi du 31.

Céach 2: Str dung MTCT dé tim lan luot cac gidi han.

Gii han Iim( 1 —ij bing:
x>\ X°—4 X-2
A. +oo B. —» C. -3 D. -2
Loi giai
Cach 1: Vi lim —— = +o0; |imi=+oo nén ta c6 dang co—oo,

x-2" X° =4 x—>2" X —

Theo phuong phap di néu tir dau, ta di quy dong mau sé cac phan thuc.

Taco Iim( ! —ijzlim{ ! Y it

o2\ X =4 x=2) 2| (x=2)(x+2) (x-2) _Hz*(x—Z)(x+2)'
L. —Xx-1 -3 . \ e R 2
Vi lim =—<0,lim(x-2)=0 va x—2>0 v&i moi x> 2 nén theo quy tac 2,
x—2* (X + 2) 4 x—2*
nm(%_ij: im— "L Dod6chonB
o2 (XP =4 x=2) =2 (x=2)(x+2)

Céch 2: Str dung MTCT tinh gia tri ham sé tai x = 2,00000001 ta dugc két qua nhu hinh bén.

Do d6 chon dap an B, tuc la Iim( ! —ij:—oo.

-2\ X2 =4 x-2
Math &
1 1
T
- 5000000, 0&
Cho a va b 1a céc sé thuc khac 0. Tim hé thac lién hé gira a va bdé gigi han:
Iim( _a b jlahfruhan:
-2\ X“—6X+8 X —-5x+6
A. a-4b=0. B. a-3b=0. C.a-2b=0. D. a-b=0.
Loi giai
a b a b
Cach 1: Taco — = —
X’ —6x+8 Xx°—5x+6 (x-2)(x—4) (x-2)(x-3)
a(x-3)-b(x-4) g(x)

(x=2)(x=3)(x-4) (x=2)(x-3)(x—4)

Taco lim(x—2)=0;lim(x-3)=-1lim(x-4)=-2;lim g(x)=2b-a.

X—2~ X—2~ X—2~ X—2~

Do d6 néu lim g(x)=0<>2b—a=0 thi gisi han can tim la vo cuc theo quy tic 2.

X—2~
Tt d6 chon dugc dép an ding 1a C.

(That vay, néu lim g(x)=2b—a=0thi



a b bx —2b b

X2 —6x+8 X’—5x+6 (x=2)(x=3)(x=4) (x-3)(x—4)

_ lim—0o -2
x> —6X+8 Xx*—-5x+6 XLT‘(X—3)(X—4) 2

Va do d6 Iirgl( a b j:' b b

Céach 2: Sir dung MTCT. Vi mbi dap an, 14y cac gia tri cu thé cua a va b, thay vao ham sé
roi tinh gidi han.
Tir d6 chon dugc dap an 1a C.

C. BAI TAP REN LUYEN KY NANG

DANG 1. BAI TAP TINH GIO1 HAN BANG CACH SU DUNG PINH NGHIA, PINH Li VA CAC
QUY TAC.

Cau 1: Tim tat ca cac gia tri ciia tham s6 thuc mdé B >7 voi B=Iin‘ll(x3+3x+m2—2m).
X—>"

A. m<lhoac m>3 B. m<-lhoiac m>3 C. -1<m<3 D.1<m<3.
2
. , X+ohix<t ‘
Cau2: Chohamso f(x)=< 1-x . Khi d6 lim f (x) bang:
X—1"
\J2x—2 khi x>1
A 0 B.2 C. —o D. 4+
Cau3: Trong cac him s6 sau, ham s nao c6 gidi han tai diém x =17?
1 1 1 1
A f(X)=—— B. g(X)=—/— C. h(x)= D. t(x)=—
(=5 (=pr  ChN== D)o
Cau4: Chon khang dinh dang.
A Iimcoslzo B. Iimcoslz—l C. Iimcosizl D. Iimcos1 khong ton
x—0 X x—0 X x—0 X x—0 X
tai.
Cau5: Trong cac gi6i han sau, giéi han nao bang —o0?
A. lim (5x3—x2+x+1). B. lim (2x4+3x+1).
C. lim (4x2—7x3+2). D. lim (3x—x5+2).
Cau 6: Trong cac gidi han sau, giéi han nao bang —o0?
A. lim (x/4x2+4x+3+2x). B. Iim( 4x2+4x+3—2x).
C. lim (\/4x2+4x+3—x). D. lim (x—\/4x2+4x+3).
Cau7: Trong cac gi6i han sau, giéi han nao bang +o0?
2 _ _ 3 3 _
A lim 22X B. lim Y=2X ¢ jim 2= D. lim 2X =4
x-(-3)" 9+ 3X x=>(-1)” 9+5X =2 (x-2) = (x+1)

Céu 8: Trong cac gidi han sau, gidi han nao la vo cuc?



Cau 9:

Céu 10:

DANG 2.

Céu 11:

Cau 12:

Céu 13:

Céu 14:

Céu 15:

Céau 16:

Cau 17:

X —x+1 : Py 2x?
A. I|m13/2—+. B. lim X+—2X2
x>2 \ X" +2X H(_z)+(xz_x+6)

. 2_ x*(2x-1
C. lim [— X=X D. Iim#.
X3 (2x—1)(x4—3) ol x4 x+1
Trong cac gioi han sau, gidgi han nao 1a vo cuc?
_ _ (x=2)*+8
A. lim 3 B Ilmﬁ.

M o e ax L
c lim VX +Xx+2—-+3=x 5

x—(-1)° X"+ X x>0 4X° — X + 2

Tim tat c4 céc gid tri clia tham s6 thuc M sao cho ham s6 f (X)=mx+v/9x* —=3x+1 c6 gi¢i han

hiru han khi X — +oo.

A . m=-3 B. m#=-3 C. m>0 D. m<O0
G101 HAN VO PINH DANG %

. [3x+6|

lim——
GiGi han X2 X+2
A.Bing 3 B. Bang -3 C.Bang 0 D. khong ton tai

, , xt—a* .
Cho a la mdt so thuc khac 0. Két qua ding ctua lim bang:
X—a X_a
A. 3a° B. 2a’ C.a’ D. 4a°
2

Cho C :Iirr}%—’_lml,m 14 tham sé thuc. Tim m dé C =2.

X—>. X —_
A . m=2 B. m=-2 C.m=1 D.m=-1

2
Cho @ va P 1a cac sé thuc khac 0-Néu Iin’zlLax;b:G thi a+b bang:
X— X_
A 2 B. 4 C. -6 D. 8
Cho a va b la céc sb thuc khac 0.Gi6i han Iingl__— “""g”béng:
x>0 sinbx
A2 B. -2 c 2 p. -2
2b 2b b b

Cho a,b,c 1a cac sb thuc khac 0,3b—2c = 0. Tim hé thirc lién hé giira a,b,c dé:
tan ax 1

lim ==
-0 J1+bx —31+cx 2
a1 B2 _1 c.—2 1 D& _1
3b-2c 10 3b-2c 6 3b-2c 2 3b-2c 12
sin(x-1)

Cho m va n 1a cac so nguyén duong phan biét. Giéi han lim————= bang:

x>l X7 —X



Céu 18:

Cau 19:

Céu 20:

Céu 21:

Cau 22:

Céau 23:

Cau 24:

A. m—n B. n—m cC. — D. ——
m-n n—m
Pé tinh gi6i han Iin} Vox-4 _;/ZX —1 , ban Binh da trinh bay bai gidi nhu sau:
X—>. X_
Buéc 1: Ta co:
mYSX—4-V2x-1_ . Bx-4-1 . \2x-1-1
x—1 X—=1 x—1 X—=1 x—1 X=1
 Bx—4-1 . S5(x-1 .
Budc 2: lim X4 1:Ilm ( ) =lim > :E
x—1 X—-1 X_)l(X—l)(\/SX_—4+1) x—1 /5)(_4_'_1 2
«/ -1- 2(x-1
Busc 3: im¥2X 171 yim D m2 g
x—1 X—=1 xal(x_l)( ,2X—1+1) x—1 /2)(_14_1
Busc 4: lim¥X=4-V2x-1_5 ;3

x-1 x-1 2 2

Hoi 16 giai caa ban Binh da méc I5i sai ¢ budc nao?

A. Buéc 1. B. Budéc 2. C. Budéc 3. D. Budc 4.
3 —_— r r r
Biét lim \/SXerll VXA _m trong do M 13 phan s6 toi gian, m va n la cac so nguyén duong.
x>2 X —3X+2 n n
Téng 2m+n bang:
A. 68 B. 69 C. 70 D. 71
— —_— 3 —_— r r r
Biét lim Vx—9 2\/27)( >4 :m, trong do m la phan so6 toi gian, m va n la cac sO nguyén
X3 (x—3)(x +3x—18) n n

duong. Khi d6 3m+n bang:

A. 55 B. 56 C. 57 D. 58
— _3 — \
Gioi han lim ¥3X=2=Y5X =4 o
x—1* (X—l)
A. —oo B. +o0 C.0 D.1
Trong bon gidi han sau day, giéi han nao bang 0?
_ 2 _ —x2 x> —Xx—6
A lim XL B. lim —X 1 . c. lim 2 X¥0 im y 2)
x-1 X —1 x>(-2)" X“—=3X+2 x> X°+3X x>-2 X7+ 2X
Trong bdn gi6i han sau day, gidi han nao khac 0?
2 2 _
A, lim X352 B. lim—2
X—>2 2—X x—3 (XZ +1)(3—X)
2 3
C. lim X =¥*+2 D. lim X2

o) X+ 2x+1 o X -1

Trong bdn gidi han sau day, giéi han nao khong ton tai?



) 3 _ (x+3)’=27 A3 X! ) X|X+2
A I|m2X—+8. B. I|m¢. C. Ilmﬂ. D. lim 2|—|
x>-2 X" +11x+18 x->0 X x>0 2X x>(-2)" X°+3X+2
Céu 25: Trong cac gidi han sau day, gidi han nao khong hiru han?
2 _ 2 _ _ .
A limZXX0 gy X TS e X222 p i iYX22
x—2" X°—8 x—3" X —6X+9 x—2" ,XZ +5-3 x>3~ X =9
DANG 3. GIG1 HAN VO PINH DANG Z.
o0
Cau 26: Trong bdn gidi han sau day, giéi han nio bang —1?
2 3 2 2
A lim X =2 B. lim XX *3 ¢ |im 23 D. lim 2 X1
x>0 X+1 x>+ By x x—>—0 X —Bx x—>+0 X4+ X
Cau 27: Trong cac gidi han hitu han sau day, giéi han nao 1a 16n nhat?
x+1)(3-2x-5%° 2x% +1)(2x% +x
A, tim 02 ) 5. tim (20 (2]
X400 x(xs—l) X0 (2x4+x)(x+1)
X?+1)(2x° —x+4 3 +1)(2-x°
c. tim DEH(2Cx+4) b, im (2224
X X* (3x+1) x40 (2x4+x)(x+1)
Cau 28: Trong cac gidi han sau day, gidi han nao 1a —oo?
9y _ 2 - - 24
A lim 22X XL g XEXES o 13X g XX
x>=o 34X x>0 142X x>+0 54 X —2X x>0 2 — X—X
2
Cau29: Tinh gidi han lim 22X 3%
o JAXE 41— X +2
A.l. B.g. C. —g. D. —1.
2 3 3 2
Cau 30: Cho a,b,c 14 cic sb thuc khac 0. Tim hé thic lién hé giita a,b,c dé
_ax—bvox*+2
lim =5.
X0 cx+1
A a—3b:5. B, a—3b:_5_ c a+3b:5_ D. a+3b:_5l
c c c c
R . . s .| 4x? 1 .
Céu 31: Cho a va b la cac tham s6 thyc . Biét rang lim [)(C-'_—le-'_—(ax-i-b)} =0,a va bthoa man
X—>+00 X+
hé thirc nao trong cac hé thuc dudi day ?
A. a+b=9. B. a+b=-9. C.a-b=09. D. a-b=-9.
Cau 32: Trong cac gidi han sau , gidi han nao la —o0?
4 2
A lim 2 X1 B. lim X —2X*2
x>0 X% 4 X+ 2 o= 142X

X +x-11 Y +2x2+1
C. lim ——=—. D. lim ————=——
x>0 2X° + X+1 o J-2x

Cau 33: Tim gi6i han nho nhét trong cac giéi han hitu han sau.

[16 2
A. lim Y 2. B. lim ,3/22)‘—’(.
x>— 3x° -1 x>0 || 8X° —X+3



Cau 34:

Céau 35:

DANG 4.

Céu 36:

Cau 37:

Cau 38:

Céau 39:

Céau 40:

DANG 5.

Céau 41:

. X\/; . 2|X|+3
C. lim——. D. Iim ——.
erlzoxz_X+2 XLrpoo ,X2+X+5

Trong cac gioi han hitu han sau , gio1 han nao 1a 16n nhat?

A. lim #(ZX_S)(l_X)Z B. lim (2x—1) X2_3.

X—>-+00 3X3 —-x+1 . X—>—c0 X —SXZ

4 2 —
C. lim [ XtX*2 . lim =2
X300 (x +1)(3x—1) 2 X +1-x

Trong cac gioi han hitu han sau , gi6i han nao la nho nhét?
2 J—

A. lim YX ZX+2X B. lim (1-2x),[—

X—>—0 3-— 4|X| X—>—00 X° —

U —x—/4x2 +1

. X +4x°+2
D. lim,[————>—.
X0 2X+3 x>+ | OX” +5X" +4

C. lim

GIO1 HAN VO PINH DANG 0.0

Cho a 1a mét sé thuc duong. Tinh gi6i han Iim(l—lj ! 5
x—»al X a (X—a)

. 1 \
A.bang ——. B. la +oo. C.la —o0. D. khong ton tai.
a

Trong cac gidi han sau , gidi han nao 1a hiru han ?

. / X3 . 3x
A 1), /————. . .
A xLTo(XJr) 2x* +x2+1 5 XILTOO(XH) x* -1
. x—1 . 5 X
C. Jim (x+2),/—— D. lim (x*+1) /—2x4+x+1'

Trong cac gidi han hitu han sau , gigi han nao 1a nhd nhat?

] 2X+1 ) 3x-11
Al 1 /— B. lim (1-2 / .
erpw(x+ ) X2+ X+2 erPw( x) x*+1
C. lim(x®-1),[—*— . D. lim(2-3x).|— X"t
lim (¢ ~1) (7 Jim (234,55 2ot

Tinh gi6i han lim xz( fXLZ _3/X_+3J .
X—>+00 X X
B. 0.

A. % C. +oo. D. —o
Tinh gidi han Iin)r tan 2x tan (%— xj .
X_)Z
A 2. B. 0. C.l. D.l
2 4

DANG VO PINH w0 - |

; F . n 1
Cho n la mot s6 nguyén duong. Tinh gidi han lim ——— .
©1(1-x" 1-X

A B.”T_l. c. M2 p. 1*<

n
T



Cau 42:

Céu 43:

Cau 44:

Céu 45:

Céau 46:

Cau 47:

Céau 48:

Céau 49:

Céu 50:

1 3

— — khix >1 .

Chohamsé f(X)=1x-1 x*-1 . V6i gid tri ndo ciia mthi ham s6 f (x)co6 gidi han
mx + 2 khix<1

tai diém x =1

A. 2. B. -1. C. 1 D.3

1 A 5 ’ s . 5 A . 7. - 1 \ ~
Tim tat ca cac gia tri ciia tham so6 thuc K sao cho gi6i han lim(—— — ) 1a hiru han.
X

SUix -1 x*-1
A k=2. B. k=2. C. k<2. D. k>2.
Trong cac gidi han sau day, gidi han nao 1a —1?

A. lim (Vx> +2x —X). B. lim (X2 +2Xx+X).
C. lim(\/X? +2x +X). D. lim(Vx*+2x—Xx).

X—>+00

Gidi han lim (Vx* —3x+5+ax) =+ néu.
X——0

A. axl. B. a<l. C.a>1. D. a<l.
Cho a va b 1a cac s6 thuc khac 0. Biét lim (ax—+/x* +bx+2) =3, thi tong a+bbang
A 2. B. 6. C. 7. D. -5.
Cho a va bla cac s6 thuc khac 0. Biét lim (ax+b-vx* —6x+2) =5 s6 16n hon trong hai s6
a va b 1a sb nao trong cac sé dudi day?
A 4. B. 3. C. 2. D. 1.
Trong cac gioi han dudi day, gidi han nao 1a vo cuc?
A lim (V2X2 +x —+/2x° +3). B. lim (V4x* +x+1+2Xx).
C. lim (v9x* +3x+1+5x). D. lim (v3x% +1—+/3%° +5x).
L - 2 3 3 2 m , m N ~ oK. . \ \ ,
Biét lim (\/9x +2X + 3273 + 4x +5) =—— trong d6 — la phan so toi gian, m va n la cac
X—>—0 n n

s6 nguyén duong. Tim boi sb chung nho nhét cia m va n.
A. 135. B. 136. C. 138. D. 140.

Cho a va b 1a cac s6 nguyén duong. Biét lim (VOX%+ ax + 327 +bx2 +5) = % ,hoi ava b

théa man h¢ thie nao dudi day?
A. a+2b=33. B. a+2b=34. C.a+2b=35. D. a+2b=36.

D. HUONG DAN GIAI CHI TIET

DANG 1. BAI TAP TiNH GIOI HAN BANG CACH SU DUNG PINH NGHIA, PINH LY VA CAC
QUI TAC.

Cau 1. Pap an B.

Céch 1: Taco B = lim (x? +3x+m? —2m)=m? —2m+4.

x—-1

Dodé B>7 & m?-2m+4>7< m<-1hay m>3.

Cach 2: Str dung MTCT tinh B khi m=4 va m=0.



Khi m=4 thi B=12>7, do d6 chi xét A va B.
Khi m=0thi B=4<7,dodo A saivay B dung.
Céau 2. Pap an D.

X% +1

Céch1: Taco lim f(x)= lim

x—>-1" x—>-1 ]1—X

Vi lim (X2 +1)=2; lim (1-x)=0 va 1-x > 0; ¥x <1

X—-1" X—-1"
2
n , . . X°+1
nén theo quy tac 2: lim f(x) = lim = +00,
X—>—1" x>-1 1—X
x? +1
Céach2: Taco lim f(x)= lim
X—>—1" x»>-1 1—X

Str dung MTCT tinh gi4 tri ham s6 tai x = 0,99999999 ta duoc két qua 199999998.

NATURAL-LIP.A.M.

I m Math A&

HWE 41
11—~

1333999995

Vay chon D.
Céau 3. Pap an A.

ili AT . 1
Vi 1liT11|X—]J=O, x—1>0,Vx=1nén 1!311 f(x):lﬂlm:+w_

Giai thich thém:

+Ham s g(x) = xac dinh trén khoang (L+o0) nén khong tdn tai gisi han bén trai tai x =1

1
Mx=1

, do d6 khong ton tai gidi han tai x=1.

+ Ham sé h(x) = xac dinh trén khoang (- ;1) nén khdng tdn tai gisi han bén phai tai

1
V1-X
X =1, do d6 khong ton tai gigi han tai x =1.
+Vi Iim(X—l):0, X—1>0,vx>1,x-1<0,¥x<1

x—1

nén lim #(x)= lim L =—o0 , lim #(x)= lim L =+00,
x—>1" x—1 X— x—1" 1 x—1

Vay lim t(x)# lim t(x) nén khéng ton tai lim t(x) .
x—1" x—1" x—1

Cau 4. Pap én D.
Xét day s6 (x, ) véi x, = .Tacod x, —0va lim cos—L = lim cog(2n +1)z]=-1 (2).
X

n

(2n+1)z



Caub.

Cau 6.

Cau 7.

Céau 8.

Cau 9.

Lai xét day sb (y, ) véi x, = ZL .Tacod y, —0va lim cos— = lim cos(2nz)=1(2)

nz ,

Tur (1) va (2) suy ra lim cost khong ton tai.
X—> X
Pap an C.
Cach 1: Taco lim (5x® —=x* + x+1) =40, lim (2x* +3x+1) =40

lim (4x? —7x° +2) =—co; lim (3x—X° +2) = +o0.

Céch 2: Sir dung MTCT tinh lan luot c4c giGi han cho dén khi tim duoc gigi han bing — oo.
Pap an D.
Cach 1: Tacé

+ lim (\/4x2 +4X+3+2X):+oo, lim (\/4x2 +4X+3—2X):+oo

X—>+00 X—>—00

+ lim (\/4x2+4x+3—x): lim x[ /4+ﬂ+%—1j:+oo
X—>+00 X—>+00 X X

Do do Iim( —\/4X2+4X+3)=—oo.

Céch 2: Str dung MTCT tinh lan lugt cac gidi han cho dén khi tim dwoc gigi han bang — .
Pap an C.

Céach1: Taco lim (6—x?)=-3<0; lim (9+3x)=0 va 9+3x >0, vx > -3.

x—-3* x—-3"

6 — x>

Vay theo quy tic 2, lim =—00
x>-3" 9+ 3X
. 1-2x . 5-3x° . 2x3 -4
Tuong ty: lim =—00; lim ———— =+o0; lim - =—00
x>-1" 5+ 5X X2 (x + 2) =1 (x+1)

Do d6 dép an dtng 1a C ( That ra ta chi can tinh dén C Ia chon dugc dép an ding).
Céch 2: Sir dung MTCT tinh lan luot c4c giGi han cho dén khi tim duoc gidi han bang +oo.
Pap 4n B.

Céch 1: Cac ham sb trong A, C, D déu xac dinh tai cac diém diém tinh gigi han. Do d6 dap an 1a

o ) . x4 2x?
That vay, ta tinh dugc bang MTCT: lim —————— = +o0,
X—>—2 (XZ —X— 6)
Céch 2: Str dung MTCT tinh 1an luot cac gidi han cho dén khi tim duoc giéi han vo cuc.
bap an C
Cach 1: Taco lim (VX +x+2—~/3—x)=+/2-2<0;

x—(-1)"



lim (x*+x)=0; (x*+x)=x(x*+1)>0,vx<-1.

x—>(-1)"
VXZ+X+2-43-X _

Vay lim —
;y x>(-1)° x* + X

B0 sung:

+ lim (V5%* + X+ 2 +4x) = lim x(- /5+1+%+4):—oo nén lim -3 =0.
X—>—c0 X0 X X x> \/m +4x

(x-2)"+8 _ . x*—6x"+12x-8+8

+ lim lim =lim(x* —6x+12) =12.
x—0 X x—0 X x—0

+ lim (4X3 —x? +2) =—00= lim %:0.
X—>—00 X—>—00 4X —X° + 2

Céch 2: St dung MTCT tinh 1an luot cac giéi han cho dén khi tim duoc giéi han vé cuc.
Céau 10. Pap an A

Céch 1: St dung MTCT tinh toan khi m = -3 ta duoc két qua leo(_?’x +4/9x* —3x+1) = 1
. Vay ta chi xét cac dap an A va D.
Lai sir dung MTCT tinh todn khi m = -1 ta dugc két qua XILFP@(—X +V9%x? —=3x+1) = +o0. Vay

loai dap 4n D. Do d6 dap an ding 1a A.
Cach 2: lim f(x) = lim (mx++/9x* —3x+1).

+Néu m>0thi lim f(x) = lim (mx++v/9x? —3x+1) = +o.

+Néu m<O0thi lim (mx+x/9x2—3x+1j: lim x[m+ /9—§+LJ.
X—>+0 X—>+00 X x2
Ta thay néu m=—3thi lim (m+ /9—§+i2}t0 vadodé lim (mx++v9x*> —=3x+1)=oo.
X x

X—>+00 X0

Nguoc lai néu m=-3 thi lim (=3x+v9x? —3x+1) = —% . Vay dap an dung 1a A.

X—>+00
0

DANG 2. GIOI HAN VO PINH DANG 0"

Cau 1l. Pap anD.

o 3X+6 . X+2 L 3X+6 o —3(x+2
Taco lim u: lim 3(—WL)z?)va lim u: lim M
x>(=2)" X+2  x>(-2" X+2 x>(-2)7 X+2  x>(-27 X+2
o +6 . Px+6 . [Bx+6
Vay lim ———=# lim —— nén lim ——
x>(-2) X+2 (-2 X+2 x>-2 X+ 2
Céau 12. Pap an D.

=-3.

khong ton tai.

4

3 2 2 3
, , . o XT—a .. (x=a)(X’+x‘a+xa-+a
Cach 1: Taco |Im—=|lm( ) )

=lim(x® + xa® + x’a+a®) =4a°.

X—a X —_ a X—a X —_ a X—a
Céch 2: Cho amdt gia tri cu thé rdi tinh gidi han bang may tinh cim tay. Chang han véi
4 o4
a=2taco lim =32=4.2°. Do d6 chon dap 4n D.

x>a X —2

NATURAL-L.P.A.M.




Cau 13. Dap 4n B.
2
Cach 1: C = fim X =MXEM=1_ (=D& MED _ x=m+l_2-m
x—1 X< =1 x—1 (X—l)(X+1) -1 x+1 2
Viy C=2om=-2.
Cach 2: Thay lan luot cac gia tri cia mvao, roi tim C cho dén khi gap ket qua C = 2 thi dung
lai.
Céu 14. Pap an C

g()

Pit g(x) = x* +ax+Db. R rang 1a néu g(2) = 0thi IIm khf)ng thé hiru han. Do d6 diéu

kién dau tién 1a ¢(2)=0< 2a+b=—4

Khi d6 g(x) = (x—2)(x — ) va lim g(_;_lxiinz(x—g):Z—g.

Vay lim =—= 903 =6=2

X—2 X_

Céau 15. Pap an B.

_g=6:>b=—8:>a=2:>a+b=—6.

Céch 1: lim i V&HL _py doyex+l  bx 1
x—0 sinbx x—0 X sinbx b
Ma lim YL 2y DX g e iy I VAX¥D _—a,
x—0 sinbx 2 x=0 sin bx x>0 sinbx 2b

Céch 2: Cho ava b cac gia tri cu thé, thay vao rdi tinh gii han. Chang han voi a=b =1, st

1-Jx+1 1

dung MTCT ta tinh dugc Img Sin = re Tur d6 chon dép an ding la B.
X IN X
Céu 16. Pap an D.
Cach 1: fan ax =a. fan ax : X
J1+bx —31+cx ax  /1+bx —31+cx
Lai co lim 20 _jipn& 1 y_4
x>0 ax x>0 ax  cosax
i YAHDX —rox «/1+bx 1 %/1+cx L _b_c_3-2
x—0 X xao 2 3 6
tan ax 6a
y lim :
x>0 \1+bx — 31+ cx T 3b-2c
1 a 1

Do do hé thuc lién hé gitra a,b,cla

=— & =
3b-2c 2 3b-2c 12
Céach 2: Sir dung MTCT. V&i mdi dap an, chon cac gid tri cu thé cua a, b, ¢ théa méan hé thuc

roi thay vao dé tinh gigi han. Néu gidi han tim dugc bang Ethi do 1a dap an dung.

Chéng han, v6i dap an A, chon a=1b=4;c=1, st dung MTCT tinh dugc
tan x 3

\/1+ ax—3fex 5

NATURAL-LIP.A.M.

7] Math &

Lanix]

fTvas-1n
0. 6000006792

Vay A khong phai 1a dap an dung.
Tuong tu vay B va C cling khong phai 1a dap an ding. Vay dép an ding 1a D.



Cau 17. Pap an C.
sin(x-1) sin(x-1)  x-1

Cach 1: Tacé
x™ —x" x—-1 X" —x"
e XM =x" . sin(x-1 . sin(x-1 1
Ma lim =m-n; I|m¥=1 nén lim m( n) =
x—1 X—l x—1 X-=1 x>l XM —X m-—n

Cach 2: Cho m va n cac gia tri cu thé, thay vao rOi st dung MTCT tinh gi6i han. Chéng han véi
. sin(x-1) 1 1
m = 3;n =1ta tinh dugc lim 3( )1 :

ol X% —X 2 m-n

[ WEE T Ly PNy ¥ TS

Math

F:|
sinllx=111]

T
A=A 1
Z

Vay déap an ding 1a C
Cau 18. Dap an A.

Vi ta chua thé biét duoc cac gi6i han lim /5% -4 _1; lim V2X —i -1

x—1 X—1 x—1 X

nén chua thé viét dugc: Iim\/5X_4_\/2X_l —lim V5X—i—1 _“m\IZX—4—1
X—

c6 hitu han hay khéng

x—1 X—1 x—1 x—1 X—1

Do d6 16i giai da méc 15i sai ngay ¢ budc dau tién.

Ta sua lai nhu sau:
Budc 1: Tacod lim V5x -4 —2x -1 _ "m(d5x—4—1_\/2x_1_1)
x—1 x-1 x—1 x—1 x—1

Céau 19. Pap an A.
 PBx+11-x+7 _ Bx+11-3  x+7-3

Taco > =— >
X —3X+2 X°—3X+2 X —-3x+2
_ X—=2 B X—2
(x=2)(x-D(F/(8x +11)* +3¥8+11+9) (X=2)(X-D(VX+7 +3)
8 1

) (x-1)(3/(8x +11)% +3¥/8+11+9) C(x=)(x+7+3)

Taco lim

8 8 .. 1
=—1 =
2 (x-1)(3/(8x +11)° +33/8+11+9) 27 o (X—D(/x+7 +3)

3 —
Dodo limI&HL7 8 17
x>2  X°—3X+2 27 6 54
Vay m=7;n=>54va 2m+n=68.
Céau 20. Pap an C.

 6x—-9-327x-54 [6x—-9-3/27x-54

1
6

Tacé =
(x—3)(x* +3x-18) (x—3)*(x+6)
Str dung MTCT ta tinh duoc:
— f— 3 -
jim Y6x -9 «/E7x54 R S
X3 (x—3) 6’ 3x+6 9
— f— 3 -
nén Iim%X 9-327x 54=i.vay 3m+n=>57.

3 (x—3)(x* +3x-18) 54
Giai tu luan: bat t = x—3thi |ingt =0va



Céau 21.

J6x-9-327x-54 Jet+9-327t+27 6t+9—(t+3) (t+3)-327t+27
= = +
(x—3)? t? t? t?
2 £3 4942

+
¥ (V6f+9 +f+3) £ [(t +3)2 +(t+3)327t 427 et +27)2}

-1 t+9
= +

(«/Gt +9+t+ 3) (t+ 3)2 +(t+ 3)%”/27t +27 + \3/(27t +27)?

Tacé lim 1 —Lim £+9 1

f—>0(\/6t+9+t+3) 6 t_>0(t+3)2 +(t+3)§/m+§/(27t+27)2 3

“9-3orx-51 -
Viy iy N6x—9-R27x-54 _ 1 1 _
x—3 (x_3)2 6 3

1
-

—9_3o7xz
won Tim VO —=9-327x-54 _ 1
X

Mat khac Tim —— = 1 : L
> (x-3) (¥ +3x-18) O

x—>3x+6 5

Luu y: Néu sit dung MTCT tinh gié tri ham s tai x =3,00000001 va tai x =2,99999999 ta
déu thu dugc két qua bang 0 hodc may bao 15i ( tiry theo loai may). Diéu nay la do vuot qua
kha ning tinh toan cua méay. Ta thay ddi tinh gia tri ciia ham s6 tai x =2,99999 thi ta duoc két

qua nhu sau

0] Halkh &
e o
(¥-8) (KE2+3%~-15)
1, 01851568355

Két qua hién thi trén may nhu vay rat kho dé ta tim ra gigi han chinh xac caia ham sé. Tuy
nhién néu phan tich ki mot chut rdi bién d6i nhu trong 1o giai trén thi ta van co thé tim ra dap
an dung chi bang MTCT.

bap an A

Bai tap nay co dang twong tu nhu bai tap trén. Bang MTCT, khong khé dé tim ra dap an dang la

A. Tuy nhién néu giai tu luan thi c6 mot s6 van dé can ban. Dat t=x—1 thi x=¢+1, lim =0
x—1t

va
J3x—2-35x—4 _ J3t+1-35t+1 _ «/3t+1—1+1—«3/5t+1
(x—1)2 t2 t2 t2

3t

5t
+
tQ( ‘3t+1+1) t (1+x3/5t+1+«3,(5t+1)2}




Cau 22.

Cau 23.

Céau 24.

Céau 25.

DANG 3.

Cau 26.

[1+\/5t+1+«/ (5t+1) j 3t+1+1)

t(x/3t+1+1 [1+\/5t+1+§’>/ (5t+1) j

(1+«/5t+1+«/ (5t+1) ] 3t+1+1)
Taco lim =

0" t(%ﬂ)(H%er]

= —00

— _2 —
Vay lim J3x—2-35x 4_

x—1" (x — 1)2

Ta thiy sau khi d6i bién cho gon, ta thém bét tir véi hang sb 1 rdi tach ra thanh hai phan thic
va nhan chia lién hop ma khéng thém bét da thire. Vay khi nao thi thém bot hiang sb, khi nao
thi thém bt véi da thac? Quy doc gia hay nghién ciru ki hai bai tap trén va tu rat ra nhan xét.

Pap an D
2
2 2 2 2
(x —x—6) -3 +2 -3 +2
Tacs lim i BT (28 (x2)
x>2 x5 4 2x? x>-2 2 (x+2) X—>-2 X2
Pap an C
P 43x+2 o xPa3x+2 . Pa3x+2 L (x+1)(x+2)
lim ————= lim ~————= lim ————= lim ——~—————~
x-(-1) Va2 +2x+1 x>(-1) (x+1)2 x-(-1)" ‘x+1‘ x-(-1) (x+1)
=— lim (x+2)=—1¢0.
x—>(—1)_
Papan C
. 1. \/3x +x? —X 3+x2 \/g ) \/3x it xx/3+x2 x/g
Taco lim —— ——————=———va lim =—
x—0" 2 x—0" 2x x—)O+ 2x 2
/ / [.2 4
Viy fim VB N e NS o tai
x—0~ x—>0+ x—>0 2x
bap an B
2_ ~1)(x-3 _
lim 43 M: lim XL o
13" x2 —6x+9 xo3° (x_3)2 x—3"x—3
GIGI HAN VO PINH DANG 2.
o0
Pap an B
2 3.2
+ lim 1:—00; + lim x—x+3=_1;

x——0 X+1 x40 BxZ — 3



Céu 27.

Céu 28.

Cau 29.

Cau 30.

Céau 31.

Cau 32.

Cau 33.

2x+3 ] 2x% +x -1

+ lim =0; + lim —2=2,'
X—>=0 x% —5x X—>+0 3x+x
Papan C
(x+1)(3-2x-5x") (2% 1) 227 +)
+ lim =-5. + lim =0.
X—>+00 x(x3—1) X—>—00 (2x4+x)(x+1)
(x2+1)(2x2—x+4) ) (3x2+1)(2—x3) ;
+ lim 2 =—.+ lim =——.
X—>—0 X (3x+1) 3 x> (2x4+x)(x+1) 2
Pap an B
) ) | ) 3x% +x+1
+ lim ——— =400, + lim ——— =—x.
X—>—00 3+x x——0 1+2x
) 1—3x3+x2 ) 3x2—x4+1
+ lim ————— =+, + lim ———— =+,
x40 B4 x —2x° X—>—0 9y — x2
Pap an C
2 2
. \lx2+2x+3x . —x\/1+;+3x . \/1+;+3 -1+3 2
lim = lim = lim = -
X—>—00 f4x2+1_x+2 x—>—oo_x 4+i2_x+2 X—>—00 4+%_1+g -2-1
X X X
Pap an C
2
o 5 ax +bx /9+— a+b 9+—2 %
Tacd lim - o = lim = lim X _ A% .
X—>—00 cx+1 X—>—00 cx+1 X—>—0 1 c
x
_ 2
Dodé lim ax —b\N9x +2:5<:>a+3b:5.
X—>—00 cx+1 c
bap an A
2
lim {w—(mﬁb)} = lim {(4x+5)+£—(ax+b)}.
X—>0 x+2 X—>00 x+2
2
Do @6 lim {M—(axﬂy)}:O:>a:4;b:—5:>a—b:9.
X—>0 x+2
Pbap an D
. 2t —x—1 x? 5x+2 ) x2—5x+2
+ lim ———— =40, + lim ———— - — =
x>0 x2 Ly 49 x>0 1+2 ‘x‘ x>0 1-2x
) \/x +x-11 ) \/3x3+2x2+1
+ lim =400, +lim ————__ ~ —_
x>0 x4 x+2 x>0 \[1-2x
Pap an D



6 —X 1+76
) 2 )
+ lim X e lim — Y\ X _
x>0 3x3 1 x>0 3x3 1]

2 2
lim ?/?—x:?\)/hm 2;—9‘:3/_1:_1.
x>0\ 8x° —x+3 \*¥>08x°—x+3 g8 2

xx

+ lim 2—:0.
X=>=0 x% —x+2

—l. Taco

2\x\+3 ~ 2\x\+3

lim
x—>+oo 2 +x+5 x—>+oo‘x"

Cau 34. PapanB

i 3J<2x—5><1—x>2

x>0\ 3x% —x+1 3

(2x—1) ’x2_3 (2x—1)|x| 1—72 9
+ lim 5 = lim 5 X _=Z,
x>0 x5y X0 X —bHx d
. 3-2y 3-2[x]
+ lim ———= lim ————=1.

X—>—0 ,x +1—x x—)—oo‘x‘ 1+i2_x
X

Cau 35. PapanA

, 1
2 —x,[1——+2x
+ lim Vx“—x+2x 1i X 1

X——00 3—4‘x‘ " X0 3+4‘x‘ 4

1 2x X
+ lim 1 2x , hmﬂ’ =2 (do 1-2x>0, Vx<—)
x—)oo X—>—0
/3x4+4x5+2 2
+ lim | [—/——F—
x—>+0\ 9x° 4 5x* 14 3

DANG 4. GIOI HAN VO PINH DANG 0.c.
Céau 36. PapanD

Céchl:Tacé[l—lj 1 _a-x_1 __ -

X a x—a)2 ax (x—a)2 ax(x—a)'
Do d6 lim (Llj U gim = to0;
x—>a \X 4 (x_a)2 x—a~ ax(x—a)
[1 1) 1 1
lim | ——= = lim =—00;
x—=a \X a4 (x a) x—a" ax(x—a)



Viy lim (1—1] L iim (Llj L nén lim (l—lJ L Khong ton tai.
x—=a \ X a (x_a)2 x—at (x—ﬂ)2 x—a\ X a (x_a)Q
Céch 2: Cho a mét gia tri cu thé, ching han a =1, thay vao ham s6 rdi sir dung MTCT dé tinh
gidi han. Tur d6 ta tim dugc dap an dang la D
Cau 37. PapanC

. x+1

+ lim (x+1) — 5 = lim

X—>+a0 x4 xt+1 oo\ 2xh a2 +1
+ lim (x+1) 3x = lim «’(—:+oo.

X—>+00 2 -1 x>t

2
xX+2

+ lim (x+2) = lim \/( )

X—>+00 X—>+00 3
+ llm (x2+1) %: hm ﬁ

X—>+00 2x +x"+1 ¥+ 2x +x7 +1

Cau 38. PapanB

+ lim (x+1) ﬂ: lim \/(2x+1)(x+1)2 =—«/§.

X0 X3 4x+2 x>0 X3+ x+2
2
— 3x—-11)(1-2
+ lim (1—2x) sxzll_ lim ( . )( x) =23
X—>+00 x2 +1 X—>+00 x2 +1
+

Jx
Npes

=0.

lim \/; lim (x2+x+1) (x—l)

3 X _ T 2 1y N
x—>+oo(x 1) x2_1 xligloo(x +x+1)(x 1)«/x_1~/x+1 X—>+00
x+1 , \/(x+1)(2—3x) :3\/5

+ lim (2—3x) — = lim .
X—>—00 5x3+2x+1 X—>—00 5x3+2x+1 5

Cau 39. PbapanA
Cach 1: Str dung MTCT.

Cach 2: bat t—1 thi x—1 Iim t=0 va

I x—+w0
[x+ [x+ 1+t ﬂ3/1+3 \/1+2 (t+1) (t+1)-31+3t
#2 t2
_ -1 t+3
\”*2”(”1) (t+1) +(t+1 \/1+3t+«3/1+3t

Do d6

) ( xX+2 X+ ] 1
lim x 1/—— =lim ’
X—>+o0 =0 1+2t+(t+1) (t+1) t+1 \/1+3t+3 1+3t

Cau40. bapancC



DANG 5.
Cau 41.

Céau 42.

Céau 43.

Cach 1: Sur dung MTCT.
Céch2: Pat t =2 —x thix="~f,lim t=0 va
4 4 T

x—>—
4

tan 2x tan(g —xj = tan2(§ —t}tant = tan(g —QtJtant

2 1 2 1 2
= cot2ttant = =22 t sint 2t sint cos2t

sin2t ‘cost sin2t t 2cost
Do dé: lim tan2xtan| = —x |=lm .Qt .smt.cos2t :1.
4 t—>0sin2t t 2cost 2

i
x—>—
4

DANG VO PINH co—co,

Pap an B
Cach 1: St dung MTCT tinh gigi han vai mét gia tri cu thé cia # rooif so sanh voi dap an.

Chang han n=3 tacé lim( 3 —L]:L
x—1 ]__x3 1-x

1 n—(1+x+x2+...+x"_1) 1

Cach 2 _ B Clex+l-x 4 +1-x"
1-x" 1-x 1—x" 1—x"
1+(1+x)+(1+x+x2)+....+1+x+x2+...+x”_2
T+x+x2 +..+x"1

Do d6 lim| —*— 1 |-7-1
=1\ 1" 1-x 2

Luu y: lim[ " n—ll j:n_l.
—X

x>\ 1 —x 2

bap an B

R . ) 1 ) 1
Theo cdu 41, tacé lim f(x)= lim (—— 3 j: lim [ 3 __j —1.
x—1t o\ x=1 3 1) o1 P o1 x-1

Laicé lim f(x)z lim (mx+2):m+2. pé f(x) c6 giGi han tai diém x =1 thi
x—1 x—1"

lim f(x): lim f(x)<:>m+2:1<:>m=—1.
x—1" x—1*
Pbap an A

1 k _x+1—k' Ma lim(x+1—k):2—k; lim(x2—1)=0 nén dé

Tacod — =
x—1 x2 -1 x2 -1 x—1 x—1

lim(L— K jIéhﬁuhanthidiéukiéncénlé 2-k=0=k=2.

Thatvay, khi k=2,————2 = X711 Nantim| % |_jim—L -1
x—1 x2_1 x2_1 x+1 x—1 x—1 x2_]_

. 1
Luuy: hm(—— K Jh&u han < k=n.
-1l x—1 xn_]_



Cau44. bapanB
Céch 1: Sir dung MTCT tinh lan luot cac giGi han. Bén y B ta duoc gigi han bang —1. Vay dap
an dang 1a B.
Cach 2: Ta thdy ngay A va C la cac gigi han v cuc, B va D la dang v6 dinh co—oo, Ta xét gidi
han &y B.

lim (\/xQ +2x —xj %X | VaydipanlaB.

o x, /1+z -1
X
B6 sung:

+ lim (\/x2+2x—x):+oo + lim (\/x2+2x+xj:+oo

X—>—0 X—>+00
+ lim (\/xQ +2x —x) = im ————= lim

X—>+00 X—>+0 x +2X+X X—>+00 { 7+1
Céau45. PapanD

Cach 1: Sir dung MTCT tinh gi6i han khi a=1va' a=0, ta dugc

lim [x/x2 —3x+5 +x) :g; lim VaZ —3x+5 = +oo. Tl d6 suy ra dap n dang la D

X——0 X—>—00

Cach 2: lim (Vx2—3x+5+axj: lim x(a— /1—§+i}
X—>—00 X—>—00 X x2

Vi lim =-o néndé lim (\/x2—3x+5+axj:+oo thi a—1<0<a<l.

X—>—00 X—>—00

Céau 46. Pap anD

Taco lim (ax—\/x2+bx+2): lim x(a— /1+é+i].
X—>+00 X—>+00 X x2

Do d6 néu a=1 thi lim (ax—\/x2+bx+2j:oo. Vay a=1. Khi do

X—>+00

lim (x—\/x2+bx+2j= lim —bx—2 =—E.
X—>+00 X400 ,x2+bx+2 2

Vay: —g:3<:>b:—6. Do d6 a+b=-5.

Cau 47. PapanC

lim (ax+b— x2—6x+2j: lim x(a— 1—§+%J

X—>+00 X—>+00

Do donéu a=1 thi lim (ax+b—°\/x2—6x+2)=oo. Vay a=1. Khi do taco

X—>+0
6x—2 6

lim (x+b— x2—6x+2j: lim +b=—+b=b+3.

X—>+00 x—>+oox+ fx2—6x+2

Vay: —b+3=5<>b=2. DO d6 s6 16n hon trong hai s6 a va b 13 s6 2. Chon dap an C.
Cau48. bapancC



Céau 49.

Cau 50.

Ca bdn gidi han déu c6 dang oo —oo, tuy nhién chi c6 giéi han ¢ y C, hé s6 trong hai s6 hang la
khac nhau.Theo két qua da biét thi gisi han & y C chic chin 1a —o . Do d6 dap 4n dung la C,
That vay:

+ lim (\/Qx +x— \/2x +3j— lim = lim

X—>—00 X—>—00 X—>—0
\/Qx +x+\/2x +3 [/2+ n /24_}

+ lim (\/4x2+x+1+2xj— lim X+l = lim :——

X—>—00 X—>—00 >0 4'
Vax? +x+1-2x Ly 4+l+i+2
X y2
+ lim (\/9x2+3x+1+5xj= lim x(— /9+§+i+5j=_oo,
X—>—00 X—>—00 X x2

+ lim (\/Bx +1-— \/3x +5xj— lim 1-ox = lim 1-5x = g =5—\/
X—>—a0 xX—>— OO\/?)X +1+\/3x LBy XO® (\/3_’_12_’_\/34_5} 2\/§ 6
X X
bap an A

Cach 1: St dung MTCT tinh gid tri ham sé tai x =—10'" ta dwoc két qua

[i] Hath &
5@ 400+ 2B
-0, 1Eh1ER1Eh

Ap dung ki thuat tim dang phan sé cua sé thap phan vo han tuan hoan ta cé 0,(185) = % Vay

m 5

no 27
Tur d6 chon dap an dung la A.

Céch 2: \/9x2 +2x +%”/27x3 +4x% 45 = (\/9x2 +ox + 3xj+(\3/27x3 +4x% +5 —3x)

B 2x B 4% +5
2 2 '
Vox? +2x -3 3\’/(27x3+4x2+5) +3x27x% + 4x% +5 +92°

2 4 5
—6 9+9+9 27

Suyra lim (\/Qx +2x+\/27x +4x +5)

X—>—00

Tur d6 chon dap an dung la A.

bap an B

Lam tuong ty nhu cau 49, ta c6: lim (\/93(2 +ax +%)’/27x3 +bx? +5j = —_a+£ = 2b—9a.
X—>—00 6 27 54

Do d6 2b—9a =14. Suy ra a 1a s6 chin. Vay a+2b la sé chin. Tir d6 loai dugc dap an A va C.

. a+2b=34
Giai hé duogc a=2;b=16.
2b—9a=14



a+2b=36
2b-9a=14
Vay B la dap an dang.

Giai he { duoc a=% (l0ai).
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