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PHAN 1: DAI §0

CONG THUC LUQ'NG GIAC
1. P§ va radian:
0
0 T 180
180) =7 (rad); 1°=—— (rad); 1(rad)=| —
(180)" =7 (rad) 180()<>[EJ
2. Cac hé thirc co ban:
*tanq = (cosa;tO); *cotach)sa (sina;tO)
cosa sina
*sin“o + cos’a =L,Va;
2 ﬂ
*l+tan” o =— az—+kr, kel
cos” a 2
* 1+cot’ @ =— (a#kr, kelZ)
sin” o
km
* tana.cota =1 a;t?, kel)].
3. Cac hé qua cin nhé:
sin(a + k27) =sina; cos(a +k2r)=cosa
tan(a + k) =tanq; cot(ax + km)=cota

tana xac dinh khi a ¢%+k7r,k ez

cota xacdinhkhi a zkr,keZ
—1<sinax <1

—1<cosa<l1

) 1.
* sin* x +cos* x ZI_ESIHZ 2x

) 3.
* sin® x + cos® x ZI_ZSIHZ 2x

.~ GU: NGUYVEN THANH NHAN 34 @:0987. 503.911



"~ GIAO KHOA & PP GIAI TOAN 11

Ddu cadc gia tri lwong gidc:

Goc phan tu
GTLG P I 1 m | v
sinou + + - -
cosa + — — +
tano + - + -
cota + - + -

4. Cac cung lién két:

a. Cung doi: a va —«a

cos(—a)=cosa;
tan(—a) =—tana;

sin(—a) = —sina

cot(—a)=-cota

b. Cung bu: o va m —

sin(r —a) =sina;

tan(r —a) =—tanaq;

cos(r —a)=—-cosa
cot(r —a)=—cota

¢. Cung phu: a va %—a

. v/
SIn| —— o [=COSA;
T
tan| —— o |=cota;
2

v/ .
COS| —— o |=sS1Ina

(2
T
cot| ——a |=tana

d. Cung hon kém nhau n: a va 7 +a

tan(r +a) =tana;

sin(7 +a) =—sina;

cot(r +a) =cota

cos(r +a)=—-cosa

, T T
e. Cung hon kém nhau By Java —+ao

2

. v/

sSin| —+a |=Cos,
v/

tan(5+aJ =—cota;

T .
Ccos 5+a =—Smao

)

T
cot| —+a
(2
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5. Cac cong thirc bién doi:

a. Cong thirc cong:

tana * tanb
e tanatb)= ——
1 ¥ tanatanb
lFtanatanb
° cot(aib)=+—
tanattanb

sin(a £ b) = sina cosb * cosa sinb

cos(a £ b) = cosa cosb F sina sinb

b. Cong thirc nhdn doi:

e sin2a =2 sina.cosa

2 =2 2 .
cos2a = cos’a — sin“a = 2cos’a — 1 = 1 — 2sin’a

2tana cot’a—1
e tan2a= — cot2a = cor e’
I-tan" a 2cota
Pl r Id x
* Cong thirc tinh theo t = tanE
t . -1
tanx = —sinx = -1Co8x = 5
—t 1+1¢ 1+1¢
¢. Cong thire ha bdc:
2 1+ cos2a .2 1 —cos2a 2 1 —cos2a
cosa= ——; sin“a = ; tana= ———
2 2 1+ cos2a
Luwu y:
X
* 1+ cosx=2cos’ —
2
*1—cosx= 2sin2§
d. Cong thirc bién déi tich vé tong:
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sina.cosb = %[sin(a +b) + sin(a — b)]

cosa.cosb = %[cos(a +b) + cos(a—b)]

sina.sinb = —%[cos(a +b) — cos(a—b)]

e. Cong thirc bién doi tong vé tich:

) sinA+sinB=25inA+BcosA_B

2 2
e sinA —sinB= 2cosA+B sinA;B
° cosA+cosB=200sA+B cosA_B

2 2
e cosA —cosB =—2sinA+B sinA;B

i +
° tanaitanB=M a;ﬂ¢£+kﬂ,keZ
cosa.cosf3 2

Chii y:

* sinx+cosx=ﬁsin(x+%}=ﬁcos(x—%}
* sinx—cosxzﬁsin(x—%}z— 2005{x+%}
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f- Gid tri lwong gidc ciia cdc cung ddc biét:

0°] 30" | 45" | 60" [ 90" | 120" | 135° | 150" | 180°
Goc T bid Vs Vs 2r 3r St
0 = — — — — — = T
6 4 3 2 3 4 6
n |o| L] Y2 [ V3 32 L]
2 2 2 2 2 2
cos 1 ﬁ ﬁ l 0 —l \/5 _ﬁ -1
2 2 2 2 - 2
2
t 0| -2 1 B J3 1 ! 0
an — _ _ _
V3 V3
el 3| o Lo 1 L =B
co — —— - -
V3 V3
&0l
HAM SO LUO'NG GIAC
1. Cac ham sb lwong giac:
y= sinx y=C0SXx
-TXD: D=R -TXD: D=R
-La hamso 1€ - La ham so chan
- Ham tuan hoan véi chu ki 27 - Ham tuan hoan véi chu ki 27
-Tapgiatri: T = [—1;1] -Tapgiatri: T = [—1;1]
- Ham s6 dong bién trong - Ham sb dong bién trong
—£+k2ﬂ;£+k2ﬂ' (_ﬂ+k2ﬂ;k2ﬂ)
2 2
- Ham s nghich bién trong - Ham s0 nghich bién trong
k2w + k2
£+k2ﬂ;3—ﬂ+k2ﬂ ( i ﬂ)
2 2
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y=tanx y=cotx
Vid Via
- TXD: DZR\{5+]<7T} - TXDb: DZR\{5+I<7T}
- La ham s6 1¢ - La ham s6 1¢
- Ham tuan hoan véi chu ki 7 - Ham tuan hoan véi chu ki 7
-Tapgiatri: T=R -Tapgiatri: T=R,
- Ham s0 dong bién trong - Ham s0 nghich bién trong
—£+kﬂ;£+kﬂ (kﬂ;ﬂ-i-k”)

2 2

. . cn A Vs ‘
- C6 cac duong tiém cén x = 5 +km - C6 cac duong tiém can x =k«

2. Tép xac dinh ciia ham sb:

a) y= 28 xéc dinh khi Q(x)#0

b) y=4/P(x) xéc dinh khi P(x)>0

) y= P(x) xéc dinh khi Q(x)>0
Jo(x)

d) y=sinf

(x y= cosf(x) xac dinh khi f(x)xéc dinh.
e) y= tanf(x xac dinh khi f(x) ¢§+ kr

);
)
f) y =cot f(x) xac dinh khi f(x)# kz
3. Tim gia tri nho nhat, gia tri 16n nhat ciia ham so6:
a) Ap dung cic tinh chat ctia bat déng thirc, va v&i moi x ta co:
—~1<sinx<1;—1<cosx<1;0<sin’x<1;0<cos’ x<1
b) Gié tri nho nhét, gia tri 16n nhat cia ham s y =asinx +bcosx +¢

Vx eR tacd —vVa® +b* <ainx+bcosx <\a* + b*
S c—Na*+b* <asinx+bcosx+c<c+Va*Fb?

4. Xét tinh chiin, 1é ciia ham s6:

Cho ham s6 y = f(x) x4c dinh trén D.

.~ GU: NGUYVEN THANH NHAN 39 @:0987. 503.911




"~ GIAO KHOA & PP GIAI TOAN 11

VxeD=-xeD
S(=x)=f(x)
VxeD=-xeD

fE0)==f(x)

* Ham s6 y = f(x) dugc goi 1a ham s6 chin néu {

* Ham s6 y = f(x) dugc goi 1a ham s6 1é néu {

R
PHU'ONG TRINH LUQO'NG GIAC

1. Phuwong trinh luwgng giac co ban:
a) Phwong trinh sinx =m

* Pidu kién co nghiém: |m| <1

* Tim géc a sao cho sina=m (st dung MTCT: a=sin"'m). Ta

dugc: sinx =sina va ap dung cong thirc:

) ) u=v+k2r
sinu =siny <

u=mw—-v+k2r (keZ)

néu trong phuong trinh ¢ cho do.
u=180"—v+k360°

* Truong hop dac biét:
osinu=0<u=kr

Hay {u — v +k360°

osinu=1<:>u=§+k2ﬂ

osinu=—1<:>u=—§+k27r

* Néu khong phai 1a gia tri dic biét thi co thé s dung cong thic:

. u=arcsinm+ k2w T ) T
sinu=m < ——Sarcsmmsz

u=rmx—arcsinm+k2r
—sinu =sm(—u); cosu=sin| ——u |; —cosu =sin| u ——
2 2
b) Phuwong trinh cosx =m
* Picu kién c6 nghiém: |m| <1

* Tim goéc a sao cho cosa=m (st dung MTCT: a=cos ' m). Ta
dugc: cosx =cosa va ap dung cong thirc:

.~ GU: NGUYVEN THANH NHAN 310 @ @:0987. 503.911



"~ GIAO KHOA & PP GIAI TOAN 11

u=v+k2r

COSU =COSV &
Lz—v+k2ﬂ (keZ)

=v+k360°
Hay w=vE néu trong phuong trinh cé cho do.
u=—-v+k360°

* Truong hop dac biét:
ocosu=0<:>u=§+k7f
ocosu=1l<u=k2n

ocosu=—-1<u=nr+k2r
* Néu khong phai 1a gia tri dic biét thi co thé s dung cong thic:

u=arccosm-+k2rx Vs ) T
cosu=m< ——Sarcsmmsz

u=—arccosm+ k2w

« . T . n
—COSMZCOS(ﬂ—u);SlnLt:COS o Tufmsinu=cos|u+ =

T
¢) Phuwong trinh tanx =m (x * By + kﬂJ
* Tim goc a sao cho tana=m (st dung MTCT: a =tan™
Ta duogc: tanx =tana va ap dung cong thuc
tanu=tanv<u=v+kzw

m)

Hay  u=v+k180° néu trong phuong trinh cé do.
* Pac biét:
otanu=0u=kr
n
otanu =11 u=i2+k7r

* Néu m khong phai 13 gia trj dic biét c6 thé sir dung cong thirc:

Vi3 Vi3
tanu =m < u=arctanm+krx (—5< arctanm <—J

T T
* —tanuztan(—u);cotuztan ——u |; —cotu=tan| —4+u
2 2

d) Phwong trinh cotx =m (x # kﬂ')

1
* Tim goc a sao cho cota=m (sit dung MTCT: a = tan® (_J)
1l
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Ta duogc: cotx =cota va ap dung cong thuc
cotu=cotveu=v+kn

Hay  u=v+k180° néu trong phuong trinh cé do.
* Pac biét:

T
ocotu=0<:>u=5+k7r

Vi3
otanu=*tl<u=*—+knx

* Néu m khong phai 13 gia trj dic biét c6 thé sir dung cong thirc:
cotu=m<> u=arccotm+kmw (O <arccotm < 71)

T T
* —cotuzcot(—u);tanuzcot ——u |;—tanu=cot| —+u
2 2

2. Phuong trinh béc hai d6i véi mot ham s6 hrgng giac:

Dang Dt Diéu kién
asinx+bsinx+c=0 t = sinx -1<¢t<1
acos’ x +bcosx+c=0 t = cosx —1<t<1
atan’ x +btanx+c =0 t = tanx x¢%+k7r(keZ)
acot’ x+bcotx+c=0 t = cotx x#kr (keZ)

Giai lay nghiém t thich hop sau d6 4p dung phwong trinh co ban.
Chuy:
0ocos2x=2cos’ x—1=1-2sin’ x
osin® x =1-cos” x
ocos’ x =1-sin’ x
3. Phwrong trinh bic nhit doi véi sinx va cosx:
a) Dang phwong trinh: asinx+ bcosx =c
b) Piéu kién cé nghigm: a* +b* > ¢’
¢) Phwong phap gidi:
Chia hai v& ciia phuong trinh cho Va® + b

. a ) b c
Ta dugc phuong trinh: ——sinx + ——=cosx =

Na> +b° Na* +b° N s
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: b
bit cosa = % —s§ina=—2_ . Ta dugc phuong trinh:

Va' +b° a’+b
C .
W@SIH(X‘FQ):

(*) 1a phuong trinh dang co ban.
4. Phwong trinh dang cap bac hai doi voi sinx va cosx

sinxcosa +sina cosx =

a) Dang: a.sin’x + b.sinx.cosx +c.cos’x =d (])
b) Phwong phap gidi:
* Kiém tra cosx = 0 c6 thod man hay khong?

Luru y: cosx =0 <:>x=5+k7r & sinfx =1 < sinx =+1.

* Khi cosx # 0, chia hai vé phuong trinh (1) cho cos® x # 0 ta dugc:

a.tan’ x + b.tan x + ¢ = d(1 + tan* x)
* Pit: t = tanx, dua vé& phuong trinh bic hai theo t:
(a-d)t* +bt+c—d=0
5. Phwong trinh déi xirng, phan doi xirng:
a) Dang: a.(sinx £ cosx) + b.sinx.cosx+c=0
b) Phwong phadp gidi:

*Dét:tzcosxisinxzx/acos[er j I < \/_

= t* =1+2sinx.cosx = sinx.cosx = iE(t2 -1).

* Thay vao phuong trinh da cho, ta dugc phuong trinh béc hai theo t.
Giai phuong trinh nay tim t thoa le < \/5 . Suyrax.
Chu y:

* cosx+sinx = \/Ecos[x—%j = \/Esin(x+%)
* cosx—sinx = \/Ecos[x+%J = —\/Esin(x—%)

6. Phuwong trinh lwgng giac khac:

Dé giai mot phuong trinh lugng gidc chwa phai 1a cac dang quen thude
ta cAn str dung cac phép bién d6i lugng giac dé dua phuong trinhi®yé dang queit
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thudc, co thé'phén tich phuong trinh da cho vé dang phuong trinh tich hodc ap
dung tinh chat bat dang thuc dé dua vé h€ phuong trinh dé giai.

Cac phwong phdp giai phwong trinh lugng gidc thuong sir dung:

* Bién d6i phuong trinh da cho vé mét trong cac dang phuong trinh co ban
da biét (dua v€ cung mot cung hodc cung mdt ham so lugng giac,...).
A=0
B=0
* Bién d6i phuong trinh vé& dang c6 thé dit an sb phu (d6i xung, dit

* Bién d6i phuong trinh da cho vé dang tich: A.B=0< {

X
t=tan—,...
5 )
o R6
PAI SO TO HOP
1. Phép dém:
a) Qui tic cong: )
Gia str d€ hoan thanh hanh dong (H) ta c6 thé thuc hién qua cac truong
hop A hodc B hoac C ... (moi truong hgp déu hoan thanh cong viéc) )
Néu A ¢6 m cach, B ¢c6 n cach, C c6 p cach thi c6 m+n+ p ... cach dé
hoan thanh (H).
b) Qui tic nhéin: .
Gia stir dé hoan thanh hanh dong (H) ta phai qua nhiéu cong doan (budc)
A, B, C lién tiép nhau.
Cong doan A c6 m cach, cong doan B c6 n cach, cong doan C co p
cach... Khi @6 d¢ hoan thanh (H) thi c6 m.n.p ... cach
2. Hoan vi:
a) Hodn vi: . . ) .
Cho tép A ¢6 n phan tlr, moi cach sap th ty n phan tr ciia A goi la mot
hoan vi.
b) S6 cdc hodn vi n phin tir: P, =n!
Chu y: Giai thua
*nl= n(n —1)...3.2.1
*Quiude: 0!=1
3. Chinh hop:

a) Chinh hop:
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Cho tdp A c6 n phan tir, mdi bo sip thir tw gdm k phan tir 1ay trong n
phan tir cua A (ke N,0< k <n) goi la mot chinh hgp chdp k ctia n.
b) S cdc chinh hop chip k ciia n:
n!

(n—k)!

a) Té hop: . N . .
Cho tdp A c6 n phan tr, moi tdp hop con gébm k phan tir cua A
(keN,0<k <n) goila mot to hgp chap k ctia n.

Afz =n.(n—1)...(n—k+l)

4. T hop:

n!

b) 8o cdc té hop chip k ciia n: C* = ———
" k(n—k)!

¢) Tinh chit: C°=C"=1  C‘=C"* Ct+C' =CH|

n n n+l

5. Cach phén biét t6 hop va chinh hop:

* Chinh hop c6 tinh dép thur tu cia k phe‘i‘n tur.
* To hop khong tinh dén thir tu cua k phan tir.
>R

NHI TH’C NEWTON
1. Khai trién nhij thirc Newton:
(a+b) =Cla" +Cla™'b+Cla" D +..+ Cta" b + ..+ C\ab"™ + C]b" S
hang tong quat thir k+1 cta khai trién: 7, =C*a""*b"

2. Tam gidc Pascal: (cho biét gid tri ciia C*)

n\k 0 1 2 3 4 5 6
0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 1 10 5 1

6 1 6 15 20 15 6 1

Muén tim C* ta tim s6 & dong n, cot k. Vidu: C} =20 (dong 67c6t3)
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3. Giai phuong trinh:

bé giai phuong trinh ta can dat diéu kién cho an sé va ap dung cong thuc
hoan vi, t6 hop, chinh hop dua vé phuong trinh dai s6 d€ giai.

Chu y chi lay nhitng nghiém thoa man di€u kién.

R
XAC SUAT

1. Tap hop 2 tat ca cac két qua co thé xay ra cua phép thir dugc goi 1a khong
gian mau.

a) Gieo n con stic sic thi |Q| =6"

b) Gieo n dong tién thi |Q| =2"

¢) Lay k vién bi trong hdp c6 n vién bi thi |Q| =

d) Hop 1 c¢6 m vién bi, hop 2 c6 n vién bi. Lay k vién & hop 1 va h vién &
hop 2 thi || =C!C!
2. M6t bién c6 A lién quan t6i phép thir T 1a 2, < €2 . Bién c6 A xay ra khi
va chi khi két qua cua T thuoc Q n Mdi phan tir ciia 2 ', goila két qua thuan
loi cho A. . .
3. Hai bién c6 A, B goi 1a xung khac néu A, B khong dong thoi xay ra.

4. Hai bién cb A, B goi 1a doc lap néu viéc xay ra hay khong xay ra cta bié cb
nay khong anh huong dén xéc suat xay ra cua bién b kia.

5. Xac suit clia A 1a P(A) = ‘QA‘
|
6. A ,A,,..., A, la cic bién cb doi mot xung khac thi
P(A/UA, U..UA )=P(A)+P(A,)+..+P(A)
7. A A,,...., A, la cac bién cb doc lap thi
P(AA,..A)=P(A)P(A,)..P(A,)
8. A 1a bién cb ddi cua bién ¢6 A thiz P(4)=1-P(A)

9. X 1a bién ngdu nhién roi rac voi tap gid tri 1a {x,,x,,....x, }

a) Ky vong ctia X la E(X)zzn:xipi voi p, :P(X:xi),i:1,2,3,...,n
i=1

.~ GU: NGUYVEN THANH NHAN 316 @:0987. 503.911



"~ GIAO KHOA & PP GIAI TOAN 11

b) Phuong sai cua X la V(X) -3 (xi - ,u)zpi hay

i=1
V(X)=Zn‘,x2pi — u’ trong d6 p, ZP(szi),i=1,2,...,n va u :E(X)
i=1
¢) Bo 1éch chuan: a(X): E(X)

IR

DAY SO
1. Tinh don diéu cia diy sé:
a) Pinh nghia: Cho diy sb (un) néu VneN* ta co:
*u <u  thiday sb (un) 1a diy sé ting.
*u >u  thiddy sb (un) 1a day s giam.
* Mot day ting (hay giam) goi 1a diy sé don diéu.
b) Cach xét tinh don di¢u ciia day so: i .
bé xét tinh don diéu ctia mot day so ta co thé ap dung tinh chat bat dang
thire dé suy truc tiép. Hodc xéthieu T=u_ —u

*Néu T>0,VneN* thi (un) 1a diy sé ting.
*Néu T <0,VneN* thi (un) 1a day s giam.

, , u
Néu u >0,VneN taco thé xét ——
u

n+l1

x oo thi (un) 1a diy sé giam.
u

n+1

x

<1 thi (u,) 1a ddy sb ting.
u

n+1

2. Tinh bi chin cia day so:
a) Pinh nghia: Cho day s (un) néu VneN* ta co:
*dM:u <M thiday ) (un) bi chan trén.
* 3m:iu, >m thi ddy sb (u,) bichin duoi.

* Day s6 vira bi chin trén vira bi chin dudi goi la day sb b1 ¢han.
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CAP SO CONG
1. Dinh nghia:
(un) la mot céip ) cong néu Vn e N* ton tai s6 d sao cho u. =u +d
d: cong sai
u: s6 hang téng quat thir n.
2. Tinh chit:
a) Sb hang téng quat thi n: u =u + (n - l)d
b) (un) 1a cép sb cong < u  +u  =2u,vn>1
3. Tong n s6 hang dau tién cia cp sb cong:
n(u1 + un) n[2u1 + (n— l)d]

S = =
" 2 2

IR

CAP SO NHAN
1. Dinh nghia:
(un) 14 mot cap sb6 nhan néu Vn e N* ton tai sb q sao cho u. =u.q
q: cong bodi
u: s6 hang téng quat thir n.
2. Tinh chat:

a) S6 hang tong quat: u, =u .q""

b) (un) 1a cép s6 nhan < u _u. = [un ]2 , Vn>1

3. Tong n s6 hang dau tién:

*g=1thi § =nu,

# gl thi S =u. )
qg—1
, u
* CSN liti vo han 1a CSN ¢ cong boi |g] <1 c6 tong §= L
-4

ol ReG
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GIO'THAN CUA DAY SO

1. Dinh nghia:

a) lim u =0 Vn,

un| nhé hon mot sé duong cho trude nho tiry ¥ ké tir
mdt s6 hang nao do tré di.

b) limu, =L eR < lim(u, —L)=0

¢) limu, =+ < Vn,u 16n hon mot s6 duong cho trudc tiry ¥ ké tir mot
s6 hang nao d6 tré di.

d) limu, =—o < Vn,u nho hon mot s6 duong cho trude tiy ¥ ké tir mot

s6 hang nao d6 tré di.
2. Tinh chat:

a) lim(u, +v,)=limu, +limyv, b) lim (u,.v, ) =limu,.limv,
¢) lim (ku,) = k.limu d) lim e = iM%, (limv, #0)
" ! v limv "
e) limu, =L eR = lim3fu, =3/L;lim Ju, =VL (L>0)
u(<v
ot r=limu, =0
limy, =O}

3. Mt s6 giéi han co ban:

a) limia=0 b) limn” =+ (a eN*)
n
0, <1 .1
¢) limg" = ‘q‘ e) im—=0
+00, g>1 In

4. Cach tim gi6i han:

a) Dt thira s6 chung n lily thira cao nhat trong ca tir s6 va mau sd, sau do
don gian thira sé chung d6 rdi 4p dung céc tinh chat va cac giéi han co ban dé
tinh.

b) Khi trong gidi han ¢ cin thirc ta ¢6 thé nhin chia cho bidh thuc Hén
hop.

&R
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GIO'T HAN CUA HAM SO

1. lim(u - v) = lim u+ limv

X—>a X—a X—a

2. lim(u.v) =limu.limv

u limu
3. lim| % =Xﬁ—a(hmv¢o)
x—al p hmv x—a
4. limu = /limu(limuZO)

g(x) < f(x) < h(x)

> {hm g(x) = lim h(x) = 7 lm =L

=0

6. hm| f ()| =+0=lim

x—a f(x)

. Qui tic tinh giéi han:
lim f(x)=+o0
limg(x)=L

|

va L.
8. Ham s0 lién tuc:
Ham sb y=f(x) lién tyc tai a < lim f(x) = f(a)

= lim[ f(x).g(x) | = () (tity theo dAu ciia lim f(x)

9. Ham s6 y=f(x) lién tyc trong (a;b) va f(a).f(b)<0 thi phuong trinh

f(x)=0 co6 nghiém trong (a;b).
10. Gi6i han mét bén:
a) lirqf(x)<:>x>a; lim f(x) & x<a

x—a

b) Gidi han vo cuc:

f(x)

lim EACY) khi f(a)=0,g(a)=0. Phan tich Sx )
xoat g(x) 8(x)

Tinh M—M Ta co: hmf( X) =M .(+0)
) g(a) xa* g(x)
11. Mot s0 dang vé dinh:

a) Dang vé dinh %

S (r-a)g, ()
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f(

Phuong phap: Tim hm . ma f(a)=g(a)=0

Phan tich tir s6 va mau s6 thanh cac thira s6 trong d6 c6 chira (x —a)
sau d6 don gian tir va mau cho (x —a).
Chuy:
* Phuong trinh ax” + bx +c =0 c6 nghiém x, thi

ax’ +bx+c=(x—x0)(ax—iJ

Xo

* Cling co thé thuc hién phép chia da thirc cho (x—x,)
* Khi trong giéi han c6 cin thirc ta ¢6 thé nhan chia cho biéu thirc lién
hop.
. e 0]
b) Dang vé dinh —
e 0]
Phuong phap: Ap dung cac cong thirc
* limx“=+oo(aeN*) * limizo

0 +o0 4 &
x>+ Xk y

X—>=00

% 1o on_|Fo0néun chdn
lim x" = ! X
—o0 néu n lé

* Neu tinh gié1 han dang htru ty ta dat nhan tir x 10y thira cao nhit & ca
tir 6 va mau sd, don gian va ap dung cc cong thirc trén.
Chuy:

/ b ¢ .
Xola+—+— khi x — +o0
Néu a>0 thi Vax’ +bx+c = r X

b ¢ .
—Xla+—+— khi x —> —0
X x

Phuong phap: Thyc hién phép bién doi dua vé dang % hoac i
e8]

¢) Dang vé dinh ©— va 0.0

ol ReG
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HAM SO LIEN TUC
1. Xét tinh lién tuc ciia ham sé y = f(x) tai X,

*Tinh f(x,) (néu f (x,) khong ton tai thi ham s6 khong lién tuc)

*Tim lim f(x), khi can c6 thé tinh gidi han 1 bén.

*Sosanh f(x,) va lim f(x) dé két luan.
2. Tim m dé ham s y = fo(x) lién tuc tai diém di chi ra
Phwong phap:
*Tinh f(a) va tim lim f(x)
* Ham s lién tuc tai x=a < lxiiralf(x) =f(a). Tu diéu kién nay tim m,

khi can c6 thé tim gidi han 1 bén.
3. Chirng minh phwong trinh c6 nghiém:

Phuong phap:

*Pat f(x) 1a ve trai cia phuong trinh, f(x) lién tuc trong D.

* Tim hai s6 a, b €D sao cho f(a).f(b)<0 thi phuong trinh ¢6 nghiém
xe(ab)

&R

PAO HAM CUA HAM SO

1. Bang cac dao ham:

Hamsb y=f(x) Ham s0 hop y = f(u),u = g(x)

(C)'=0 C:hingsb /

o/ /
yx_yu'ux

(x) =1
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Ham sé y = f(x) Ham 0 hop y = f(u),u=g(x)

. /
sin x) =COSX

/ .
COSX) =-—-Smux

/ 1 ) / u
tanx) = =]+tan" x tanu) = 5
cos” x cos” u

/ 1 / "

cotx) =—— cotu) =—
sin” x sin” u

2. Cac qui tac tinh dao ham:
Cho cac ham so u, v, w lan luot c6 dao ham u’,v/,w' . Ta co:
/
a) (u+v—w) =u +v —w

b) (u.v)/ =u'v+uy’ Hé qua: (C.u)/ =C.u' (C: hang sb)

/ / /
u| uv—uv
c)|— =
% %

d) u=u(x) c6 dao hamtheox 1a u, y=f(u) c6 dao ham theoula y' thi
ham s y = flu(x)] c6 dao hamtheox 1a y' =y’ u/
3. Pao ham cép cao:

* Pao ham cta y' goi 1a dao ham cép 2, ki hiéu y”

* Pao ham cua y” goi a dao ham cép 3, ki hiéu y"’

* Pao ham cua dao ham cip (n - 1) goi 1a dao ham cip n, ki hiéu y™
4. Y nghia hinh hoc ciia dao ham:

- Pao ham ciia ham sb y = f (x) tai diém x, lahé s6 goc cua tiép tuyén
ctia 46 thi ham s6 6 tai diém M, (x,:, ).

-Néuhamsé y=f (x) c¢6 dao ham tai diém x, thi tiép tuyén ctia db thi
ham s tai diém M, (xo; yo) c6 phuong trinh la:

y=y=F(%,)(x = x,)
o6
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TIEP TUYEN CUA PUONG CONG

Viét phwong trinh tiép tuyén véi do thi (C) chia ham sb y = f (x) :
Co 7 dang sau:
Dang 1: Tiép tuyén tai diém M(xo;yo) € (C) (voiy, = f(xo ))
Phuong trinh tiép tuyén c6 dang: y— Vo= f'(xo)(x - xo)
Dang 2: Tiép tuyén tgi diém cé hoanh @ x = x, thugc (C)
- Tim y, :f(xo) va f'(xo)
- Viét phuong trinh tiép tuyén dang: y— Vo= f'(xo)(x - xo)
Chii y: Néu bdi todn yéu cau viét phiong trinh tiép tuyén tai giao diém cia
(C) va truc tung thi x, =0
Dang 3: Tiép tuyén tai diém c6 tung dj y = Y, thugc (C)
- Giai phuong trinh f ( ) , tim x =x,
- Tim f'(xo)
- Viét phuong trinh tiép tuyén dang: y— Vo= f'(xo)(x - xo)
Chii y: Néu bdi todn yéu cau viét phiwong trinh tiép tuyén tai giao diém cia
(C) va truc hoanh thi y, =0
Dang 4: Tiép tuyén c6 hé so géc k cho trude
- Tinh y':f'(x). Giai phuong trinh f'(x) =k timnghiém x = x,
- Tinh y, :f(xo)
- Viét phuong trinh tiép tuyén dang: y— Vo= f'(xo)(x - xo)
Dang 5: Tiép tuyén song song véi dwong thing d: y=ax +b
- Do tiép tuyén song song voi dudng thing d nén hé sé goc k cua tiép
tuyén bang a (tuc la k. =a, viét nhu dang 4)
Dang 6: Tiép tuyén vuong goc véi dwong thing d: y=ax +b

(94 A A r e \ < A ]-
- Do ti€ép tuyen vudng goc voi duong thang d nén &, .a =1k ===
a

(viét nhu dang 4)
Dang 7: Tiép tuyén tgo véi dwong thing d: y=ax+b mét géc

0, 0<p<90
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- Goi a,f lan luot 1a goc hop bai tiép tuyén (d), dudng thing (A) voi
chidu dwong truc hoanh. Goi k 1a hé sé goc cua tiép tuyén, khi dé ta
co: = |a —ﬂ| suy ra:

_| tanq —tan 8 |_| k—a|

_|1+tanatanﬂ|_|l+ak|

- Giai phuong trinh (1) tim dugc hé so goc k cua ti€p tuyén (nhu dang 4)

tangoztan‘a—ﬂ‘:‘tan(a—ﬂ)‘ )]

ol ReG
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PHAN 2: HINH HOC

CAC PHEP BIEN HINH TRONG MAT PHANG

I. Cac phép bién hinh:

1. Phép tinh tién theo vecto v :
a) Dinh nghta va ki hidu: T.(M)=M' & MM’ =v
b) Biéu thirc toa do: M(x;y),M/(x';y'),\j =(a;b). Ta co:
" +
T.(My=M' =] ~*7¢
' y'=y+b
2. Phép déi xirng truc d:

a) Dinh nghia va ki hi¢u: B, (M)=M' < d la duong trung tryc cua

MM'.
b) Biéu thirc toa dj:

* M(x;y),M'(x";y") qua phép ddi ximg truc Ox: {x' -
y

* M(x;y),M'(x";y") qua phép dbi xtmg truc Oy: {x'
y

3. Phép déi xirng tam I:

a) Dinh nghia va ki hi¢u: D,(M)=M' < 11a trung diém ctia MM’

b) Biéu thirc toa d6: M (x;y),M'(x";y"),1(a;b) . Ta co:

|:2 _

p(M)y=M {* "7
y'=2b-y
4. Phép quay tam O, géc quay o :

DPinh nghia va ki hiéu:
Q0 (M)=M' < (OM.OM') =0 (a la géc dinh huong)

5. Phép vi tw tim I, ty s6 k:
a) Dinh nghia va ki hi¢u:

Y Y
V, (M)=M' & IM =kiM
b) Biéu thirc toa d6: M (x;y),M'(x";y"),1(a;b) . Ta co:
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x'—a=k(x—a)
Vo M)=M' @{

y=b=k(y-Db)
Chu y:
M—L5M
(H)—L—>H')Y=>M' e(H)
Me(H)

IL. V& anh ciia mt hinh qua phép bién hinh:
1. V& anh ciia mjt diém:
a) Qua phép tinh tién: Ldy M’ sao cho MM = v
b) Qua phép Péi xtmg truc d: Liy M’ sao cho d 1a duong trung truc cia
MM’
¢) Qua phép Pdi xtmg tam I: LAy M’ sao cho I 1a trung diém MM’
d) Qua phép Vi tu V,,, : Trén dudng thing IM 1dy M’ sao cho doan
M’ =|k|.om

* M,M' cung phia di véiInéu k>0
* M,M' khac phia dbi v6il néu k<0
2. V& anh cia tam giac: Lan lugt v€ anh cua cac dinh.
3. Vé anh ciia dwong thing d: Trén d lay hai diém A, B; v& anh A’,B’
ctia A,B. Anh ciia d 1a duong thing A'B’
4. V& anh ciia m¢t duwong tron:
* V&I’ 1a anh cta tdm / qua phép bién hinh.
* V& duong tron tim I’ c6 ban kinh bang R (néu 1a phép tinh tién, phép
dbi xtmg truc, d6i xtng tim, phép quay), ban kinh bang |k| R (néu 1a phép
vi ty)
III. Tim phwong trinh cta dnh:
Phuwong phap:
Cho hinh (H) c¢é phuong trinh f(x;y) =0, viét phuong trinh (HfY4ananh
cta (H) qua phép bién hinh F c6 biéu thuc toa do {x' =u(x)
y'=v(y)
Cach gidi:
*Goi M(x;y),M'(x";y") = F(M)
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* Khi do: {x' =X b x theo x°, y theo y°
y'=v(y)
* M(x;y)e(H)< f(x;y)=0 thay x,y vua tim dugc vao phuong trinh
f(x;y)=0 ta dugc phuong trinh g(x';y")=0. M'(x";y")e(H') nén phuong
trinh ctia (H') 1a g(x";y")=0.

&R

PUONG THANG VA MAT PHANG
1. Tim giao tuyén ciia hai mit phing:

a) Cdch 1: D& tim giao tuyén cua 2 mt phang (P) va (Q) ta tim hai diém
chung phan biét A,B. Giao tuyén la duong thang AB.
* Ae(P),Ae(Q)= A la di€ém chung thir nhat.
* Be(P),Be(Q)= A la diém chung tht hai.
Vay (P)n(Q)=AB
b) Cach 2: (Khi da hoc xong chuong quan hé¢ song song)
* Tim mot diém chung S cia (P) va (Q) = (P)N(Q) = Sx
* Chirng minh Sx song song voi 1 duong thing cho trude.
Ae(d),(d)c(P)= Ae(P)
A=(d)Nn(a)= Ae(d) vaAe(a)
A=(d)"(P)= Ae(d) va Ae(P)
(d)=(P)N(Q)=(d)=(P)va(d)<=(Q)
2. Tim giao diém ciia dwong thing d va mit phing (P):
a) Cach 1: i
* Tim mdt mat phang phy (Q) chtra d
* Tim giao tuyén a cua (P) va (Q).
* Trong mat phang (Q) tim M =and.Suyra M =dn(P)
b) Cdch 2: Tim trong mit phiang (P) dudng thinga ma and =M
Mea,M e(P)
=
Med
3. Chirng minh 3 diém thing hang:

—M=dn(P)

Ta ching minh 3 diém d6 cung thudc 2 mit phang phan biét nao do.
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Ae(P),Ae(Q)
Be(P),Be(Q) = A,B,C thing hang.
Ce(P),Ce(Q
4. Tim thiét di¢n:
Pé tim thiét dién tao boi mot mat phang vai mot khdi da dién ta tim cac
giao diém cua mit phing d6 véi cac canh cua khéi da dién (néu c6). Céac giao

diém d6 chinh 1a dinh cua thiét dién. Ta ciing c6 thé tim cac doan giao tuyén
ctia mit phang d6 v6i cac mit cua da dién.

&R

QUAN HE SONG SONG
I. Cac dinh nghia:
1. Hai dwong thing song song: a// b < a, b cing nim trong mot mét
phang va khong c6 diém chung. )
2. Puong thang song song vdi mdt phang: al// (P)& an(P)=9
3. Hai métphcfng song song: (P)// (Q) < (P)n(Q)=J
II. Cic tinh chat:

Llelte
bl

C

) {aIIC;(P)ﬁ(QFb:m”b”C

ac(P);cc(Q)
3. Ba mit phing ‘cét nhau theo 3 giao tuyén phan biét thi 3 giao tuyén do
song song hoac dong qui.

. {anb;acz(mja”(m
bc(P)

s {aII(P);ac(Q):m”b
(P)N(Q)=b

6. {an(P),an(Q)ja”b
(P)N(Q)=b

7. {“C(Q) — al||(P)
OII(P)
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8. Trong mat phing (P) c6 hai dudng thing a, b cit nhau ciing song song
mat phang (Q) thi (P)[(Q)
(P)II(R)
= (P)II(Q)
{(Q) I (R) ¢

(P)I1(Q)
10. <(P)Nn(R)=a=al|b
QN (R)=Db
II1. Chirng minh hai dwong thing song song:

Pé chirng minh hai dudng thing a, b song song ta c6 thé ap dung mot trong
cac phuong phap sau:

1. {“”C allb

z{aII(P)aC(Q) allb
(P)N(Q)=b

N {aC(P)CC(Q) allb
alle.(P)N(@)=b

4{aI|(P)aII(Q) allb
(P)N(@)=b
P)I©Q)

5. «(P)n(R)=a=allb
@N((R)=b

6. Chirng minh ba mit phang cét nhau theo 3 giao tuyén phan biét va 3giao
tuyén khong dong qui thi chung song song nhau.
7. Str dung céc tinh chit hinh hoc phing: Pudng trung binh, dinh 1i Ta Iét,
tinh chat hinh binh hanh,..
8. Chtmg minh {“ L@ b

b1 (P)

IV. Chirng minh dwong thing song song mit phing:

allb
1. P
{bC(P):wII( )
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2. {“C(Q) — al|[(P)

DII(P)

alb

3.4bL(P)=all(P)

az (P)

al(Q)

4. «(P) L(Q)=all(P)

az(Q)

V. Chirng minh hai mit phing song song:

a,bc(P),anb=1
1. p

{GH(Q).bH(Q) = (P)[1(Q)
(P)II(R)

= (P
i@Mm PND
(P)

= (P
{(Q)J_ = (P)I(Q)

VI. Chitng minh hai dwong thiang chéo nhau:

Chirng minh bang phuong phap phan chirng:
Gia sir a, b khong chéo nhau suy ra a va b cing nim trong mit phang. Tir
cac diéu kién da cho dan dén diéu trai voi gia thiét.
R

QUAN HE VUONG GOC
I. Chirng minh hai dwdng thing vudng géc:
1. Str dung cac phuong phap cua Hinh hoc phing: Goc nét tiép, dinh li
Pitago
2.albs goc giita 2 duong thiang a, b bang 90°
3.albeab =0

g 1Ne 1
blc
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5. {“(P):aua

bc(P)

6. {“”(P) —~alb
b1 (P)

7. Ap dung dinh 1i 3 duong vudng goc: ' 1a hinh chiéu cua a 1én (P),

bc(P)albebld
II. Chirng minh dwong thing vudng géc mit phing:
albalc
1. {b,cc(P) =al(P)
bne=1
Q) L(P)
2. :(R) L(P) =al(P)
@N(R)=a
(P)L(Q)
3.:P)n(Q)=b =al(P)
ac(Q),alb

4. {a”b —al(P)
b1 (P)

5. {M(Q) —al(P)

DII(P)

II1. Chirng minh hai mit phing vudng géc:

al(P)
1. {ac Q):>(P)J_ (O)
al(P)
2.0 L(Q)=>(P)L(Q)
alb
3. Chirng minh géc giita (P) va (Q) bang 90° .
&0l
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P

GOC
1. Géc ¢ giira hai dwong thing a, b:

Tir mot diém O tay y dung o' ||a, b’ ||b (thuong chon O trén a hoidc b) thi
@ bang goc gitra hai duong thing o’ va b’ .
2. Géc ¢ giira dwong thing a va mit phing (P):

* Néu a vudng goc vé6i (P) thi ¢ =90°

* Néu a khong vudng goc véi (P) thi ¢ = goc giita ava o ; trong d6 o' 1a
hinh chiéu cua a 1én (P) (Tim M =an(P), trén a ldy diém A khic M, H la
hinh chiéu ciia A lén (P) thi ¢ = AMH )
3. Gée ¢ giira hai mit phing (P) va (Q):

a) {Z i Eg; = ¢ = goc giira hai duong thing a, b.
(P)I1(Q) 0

b =¢=0

)Lms@> ’

¢) Khi (P)n(Q)=d, trong (P) dung a L d, trong (Q) dung b L d thi ¢p=
goc gitra hai duong thing a, b.
Cha ¥:
*Véi ¢ 1a goc gitra a va b, a va (P), (P) va (Q) thi 0° < <90°
* Cho hinh chop S.ABCD c6 SH 1a duong cao thi ta co:
- SAH la goc gilta canh bén SA véi (ABCD).
- M 12 hinh chiéu ciia S 1én AB ta c6 MH L AB nén SMH la gbc giita
(SAB) vi (ABCD).
ol R6

KHOANG CACH
1. Khoéng cach tir diém O dén duong thing a:
H 13 hinh chiéu cua O 1én dudng thing a thi d(0,a)=0H
2. Khoang cach tir diem O dén mat phiang (P):
H 13 hinh chiéu cua O 1én mit phing (P) thi d(O,(P))=0H

.~ GU: NGUYVEN THANH NHAN 3 33 @ @:0987. 503.911



"~ GIAO KHOA & PP GIAI TOAN 11

3. Khoang cich giira dwong thang a va mit phing (P) song song nhau:

|| (P)
{g e d(a,(P))=d(0,(P))

4. Khoang cich giira hai mit phing (P), (Q) song song nhau:

P _
{ 00 = d((P),(Q))=d(0,(P))

5. Khoang cach giira hai dwong thing chéo nhau:

a) Duong vudng goc chung: cua hai duong thing a, b 1a duong thing ¢
vuong goéc voi a, b va cat a, b tai hai diém A, B. AB goi 1a doan vudng goc
chung cua a, b. d(a,b) =AB.

b) Cach dung:

* Dung (P) chira b va (P) song song a.
* Dyng ' 1a hinh chiéu cua a 1én (P).
*Dung B=bNa'.Qua B dung c vudng goc voi (P), ¢ cit a tai A.
Cht §: d(a,b)=d(a.(P))
Ddc biét: Khi a L b
* Qua b dung (P)Lla, dung A=an(P), trong (P) dung c qua A va
cLlb,ccith taiB.
ol Re

HE THU’C LWONG TRONG TAM GIAC

1. Pinh li ¢o sin:

Trong tam giac ABC bt ki v6i BC=a, CA=b, AB=c, ta co:

.~ GU: NGUYVEN THANH NHAN 3 34 @:0987. 503.911



"~ GIAO KHOA & PP GIAI TOAN 11

o a*=b*+c*-2b.c.cosA

o b*=da*+c*-2ac.cosB

o (*=da*+b*-2ab.cosC

H¢ qua:

b+’ -a a+ct-b a+b-c’

COSA=——;co0SB=————;cosC =
2bc 2ac 2ab

@ Ap dung: Tinh d6 dai duong trung tuyén ciia tam giac.

Cho tam gidc ABC c6 cic canh BC=a, CA=b, AB=c. Goi m ,m, ,m lan
luot 13 do dai cac duong trung tuyén lan luot v& tir cac dinh A, B, C cia tam

giac. Ta co:

, 2B +cH)-d
m=—————

“ 4
. mZ:2(a2+c2)—b2

4
2 2 2
o gpol@+b)-c

‘ 4

2. Pinh li sin: Trong tam gidc ABC bat ki vdi BC=a, CA=b, AB=c va R 1a

. ; \ \ PRy , a b C
ban kinh duong tron ngoai tiép, ta c6: ——=——=——=
sinA sinB sinC
3. Cong thirc tinh dién tich tam giac:

° Szla.h =lb.hh=lc.h
2 42 2

1 : 1 i 1 .
o S=—absinC=—bcsinA =Ecas1nB

[ ] S:a—bc
4R
[ ] S:pr
° S:\/P(P—a)(p—b)(p—c) (Hé — rong)
véi p= a+b+c
2
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4. Cac hé thirc lwgng trong tam giac vudng

B” H M c
* Cac hé thirc lwgng giac:
AB
sinB=cosC=A—C cosB=sinC=—
BC BC
A AB
tanB=cotC=—C cotC=tanC=———
. AB ) AC
* Cac hé thirc vé canh, dwdng cao, hinh chiéu:
AB’ + AC* = BC? (Pi ta go) ABAC=BCAH=2S,,,.
12+ 12= 12 AB?> =BH.BC
AB AC AH
AC*=CH.BC AH? =HB.HC MA=MB=MC=R
ol R
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