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TOM TAT SANG KIEN

Trong mot vai nam gan day, viéc sir dung ham dic trung dé giai phuong trinh,
bat phuong trinh va hé phuong trinh trong cac dé thi dai hoc, cao dang va
trong cac dé thi hoc sinh giéi dugc sir dung kha pho bién.

Sang kién kinh nghiém: "Khai thdc tinh chat ham dic trung dé giai phirong
trinh, bat phwong trinh va hé phwong trinh dai s6" nham giap hoc sinh nim
vitng phuong phap st dung ham dic trung trong giai toan va két hop phuong
phap ndy véi cac phuong phap khac, linh hoat trong cic cach xir i dé giai
quyét cac dang toan.

Trong phan 2, & muc 1 néu 1én co so 1i thuyét dé sir dung trong bai viét. Muc
2.1 1a ap dung khai thac tinh chat ham dic trung dé giai phuong trinh dai sb,
gém 12 vi du, muc d0 kho dugc tang dan, sau cac bai tap cu thé s& dua ra
dugc cac ki nang bién doi, tir d6 hoc sinh s& van dung linh hoat trong cac bai
tap khac. Muc 2.2 1a ap dung dé giai cac bat phuong trinh, gdm 8 vi du. Khi
da nam bat duogc cac ki nang & myc 2 thi sang muc 3, s€ gidi quyét duoc cho
cac bai tap vé hé phuong trinh, qua d6 ta sé thiy duoc viéc két hop, sang tao
gitra phuong phdp st dung ham déac trung véi cac phuong phap khéc nhu
phuong phap dua vé phuong trinh tich, phuong phap ham sb, phuwong phap
luong giac hoa, phuong phap danh gia, vv... nham hinh thanh cho hoc sinh
céc ki nang bién d6i, kha ning so sanh, phan tich va tong hop tot, dong thoi
c6 mot tu duy sang tao, linh hoat khi giai toan. Giap cac em c¢6 nhiéu hung
phan, say mé tim toi nghién ctru véi mon toan hoc. Va cubi cung, phan 3 1a

két luan va hudng phat trién cia dé tai.



Phan2
~ MO TA SANG KIEN
Ham dac trung to ra rdat hiéu qua trong viéc giai cac phuwong trinh hay hé

phirong trinh. Trude mét bai todn, thwong cé nhiéu cach xiv li khdc nhau,
nhung t6i nhdn thdy néu nhw dp dung dwoc phiong phdp siv dung ham ddc

trung thi nhiéu khi bai todn sé dwoc gidi quyét don gidn, ngdn gon hon.

Vi du, xét ham s6 f(t) =1’ +tdong bién trén R. Cho f(2x—3) =f(\3/3x—5),
khai trién va rit gon ta dwoc vi du 2, cho f (2x)= f (\/2x+1), ta dwoc
(2)(?)3 + (2x) =(\/2x + 1)3 +~2x+1, khai trién va rit gon ta dwoc vi du 5,

ciing van xét ham sé f{t) ¢ trén nhung thay bang f(3x—1) <f(x/x+1) ta
dwoc vi du 14. Hay xét ham sé f(t) =1 +1* +2t dong bién trén [O;+oo). Cho

f(\/ﬁ) =f(\/m), ta duoc (\/X_H)3 +x+1+2Jx+1 =(\/:c)3 +1—-x+2y1-x,

khai trién va rit gon ta duwocvidu 7 vv...

Nhue vdy ta thdy, vé phia gido vién ra dé, chi can xdc dinh mét ham sé luén
don diéu, va thay cac gia tri hop i, thi sé duwoc vo s6 bai tap. Vay van de dat
ra ¢ ddy 1, khi hoc sinh dimg tride mét bai todn, phdi lam thé ndo dé dinh
huéng dwoc cho cdac em cdch gidi bai todn dé hop Ii nhdt, cich dé cac em
phat hién dwoc ra mét bai todn cé thé gidi quyét bang phiong phdp ham dic
trung hay khéng va gidi quyét né nhw thé nao? D6 chinh la ndi dung ma
trong sang kién nay t6i muon truyén tdi dén ban doc.

1. Co sé li thuyét

Duea vao cdc két qud sau ta cé thé gidi quyét dwoc nhiéu phwong trinh, bt
phurong trinh va hé bat phwong trinh dai sé.

Két qua 1: "Néu ham sé y = f{x) luén dong bién (hodc luén nghich bién) va
lién tuc trén tdp D thi s6 nghiém trén D ciia phwong trinh f(x) = a khéng

nhiéu hon mét va Vu,veD:f(u)zf(v)@u:v.



Két qua 2: "Néu ham so y = f{(x) luén dong bién va lién tuc trén tdp D thi
‘v’u,veD:f(u)<f(v)<:>u<v.
Két qua 3: "Néu ham sé y = f{x) luén nghich bién va lién tuc trén tdp D thi
Vu,veD:f(u)<f(v)<:>u>v.
Khi dp dung trye tiép cho phwong trinh va bat phwong trinh, ta cé thé néu ra
phirong phdp gidi tong qudt nhir sau.
1.1 Dang 1 .
Phuong trinh da cho duoc dua vé dang: f(u)= f(v) trong d6 u=u(x),v=v(x).
Phwong phap: ‘
Budc 1: Bién d6i phuong trinh vé dang: f(u)= f(v), u,ve D.
Budc 2: Xét ham sd y = f(¢) trén mién xé4c dinh D.
* Tinh y' va xét dau y’.
* Két luan ham sd y = £(¢) 1a ham sé don diéu trén D.
Budc 3: Két lugn.
* Phuong trinh da cho c6 nghiém khi va chi khi u =v.
* Giai phuong trinh: u =v.
* Két ludn nghi¢m cua phuong trinh da cho.

1.2. Dang 2

Bit phuong trinh di cho duwoc dwa vé dang: f(u)< f(v) trong dé
u=u(x), v=v(x).
Phwong phap: ‘
Buoc 1: Bién doi bat phuong trinh vé dang: f(u) < f(v), u,ve D.
Budc 2: Xét ham sd y = f(¢) trén mién xé4c dinh D.
* Tinh y' va xét dau y’.
* Két luan ham sd y = f(£)1a ham sb don diéu trén D.
* Néu /(1) don diéu tang thi: f(u)< f(v) S u<v .
* Néu f(1) don diéu giam thi: f(u)< f(v) Su>v .
Budc 3: Két ludn nghiém cua bat phuong trinh d3 cho.

2. Khai thac tinh chat ham dic trung dé giai phwong trinh va bat phuwong
trinh

* Trong phdn nay, ¢ vi du 1 ta sé xét mot sé cach gidi cu thé. Nhung tir nhiing
vi du sau thi phan bai gidi tham khdo, ta chi néu ra cdch gidi dp dung ham
ddc trung ma khong néu cdc cach giai khac nita.

* Trong cdc vi dy dwoc dé cdp trong muc ndy, ta chii yéu xét cho cdc phwong
trinh va bdt phwong trinh vé ti, con cdc phwong trinh dai s6 khdc sé dwoc dé
cdp o muc 3.



2.1 Khai thac tinh chat ham dic trung dé giai phwong trinh
Vidu 1. (Dé thi thur dai hoc lan 1 truong THPT Hong Quang nam 2014)
Giai phuong trinh

2V2x+4 + 42 - x=49x" +16 (xeR).

= Nhdn xét:
Chiing ta da biét, véi mét bai todn thi ¢6 rat nhiéu huéng tw duy khéc nhau,
tir do sé hinh thanh ra cdc cdch giai khdac nhau. Voi bai toan nay, toi xin néu
ra mét s6 cach gidi sau, trong do c6 cach gidi ding ham déc trumg, dé chinh
la ngi dung ma t6i mudn trinh bay trong sdng kién nay.
Bai giai tham khdo
2x+42>0

Diéu kién o 2<x<2 (¥).
2—x20

2V2x+4 +442 — x =/9x% + 16

< 4Q2x+4)+16(2 —x) +16\/(2x+4)(2—x) =9x> +16

& 48-8x +16y2(4 - x*) =9x> +16 (1)

Cach gidi 1:
(1) 1624 —x") -8x=9x" -32 & 8(2\/2(4—x2) —x) =9x* —32 (la)

* Xét truong hop 1:

224 -x") +x=02{2(4-x") =—x & 4\/§<:>x:—£
3

Thay x = —# vao (1a) khong théa man.

* Xét truong hop 2: 2\/2(4—x2)+x¢0<:>x¢—ﬂ

3
8(2«/2(4 _ ) - x)(Z«/2(4 — )+ x)
224 = x%) +x

8[8(4—x")—x" | v e 8(32-9x7)

2\2(4-x") +x 2\2(4—-x") +x

. 9x2 —32=0
<:>(9x232){1+ ]:o@ 8

224 - x*) +x I+ =0
32 42

2204y +x
Xét phuong trinh 9x* —-32=0 x’ =< x=+t——.

3

(la) & =9x* - 32

= =9x* - 32




42

Két hop diéu kién x = 3 ta dugc x = % thda man.

Xét phuong trinh

1+ 8 =0224-x)+x+8=0=24/2(4—x") =—x-8.
2{2(4-x") +x

Vi -2<x<2=—x—8<0 nén phuong trinh 2,/2(4 - x*) =—x —8 vO nghiém.

42

Vay phuong trinh da cho c6 nghiém x = s

= Nhdn xét:

O cach gidi nay, khdc sdu dwoc cho hoc sinh khi dung phuwong phap nhan lién
hop dé giai bat phiong trinh vo ti. R6 rang la néu theo cdch giai nay, em nao
khéng xét truong hop biéu thire lién hop bang khéng la khéng hoan chinh.
Cach gidi 2:

(1) ©164/2(4 — x*) =9x” +8x — 32

—4-419
X——
9x? +8x—32>0 9 (*%)
=N ) ) , & —4+419
512(4 - x*) =(9x" +8x - 32) Xz ————
81x* —144x’ +512x-1024=0 (1b)
Giai phuong trinh (1b):
(lb)<:>81[x4—%j 144x(x2—3—92j=0<:>(x2—3—92j[81(x2 3;] 144x}—0

42

iT (Vi 81£x +392J 144x =81 — 144x +288=(9x—8)" +224>0, V)

Véi x = i% két hop diéu kién (**) ta dugc x = % (thoa man diéu kién

42

(*)). Vay phuong trinh da cho ¢6 nghiém x = s

= Nhdn xét:

O cach gidi nay, doi héi hoc sinh phdi ¢6 ki nang phén tich thanh tich cdc
nhdn tir khi gap phuong trinh bdc cao cting nhu giai phwong trinh vo ti bang
phép bién doi twong dirong.

Cach gidi 3:

(1) < 16y2(4 - x*) =9x* +8x =32 <> 4(8 - 2x* ) +16v8 - 2x° +16=x" +8x +16
2V8-2x* =-x-8 (2
@(2 8—2x2+4)2:(x+4)2<:> v =x-8 (2)
28 -2x" =x (3)
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Phuong trinh (2) vo nghiém vi -2<x<2=-x-8<0=VT(2)>0>VP(2).
Giai phuong trinh (3):

x>0 4\/5
’ /8—2)62 —x c){ 4\/5 <:>x—— (Thoa man diéu kién *)
x=

Vay phuong trinh da cho c6 nghi¢m x = T

= Nhdn xét:

O cdch gidi nay, ching ta da linh hoat dwa dwoc phwong trinh da cho vé dang
tong binh phwong & hai vé bang cdch thém bot dé xudt hién dang hang dang
thue.

Ciing véi phwong phdp thém bot, ta xét tiép cdch gidi sau.

Cach gidi 4:

(1) = 16322 +8 =9x +8x —32 <> 4(-2x" +8) + 16y -2x" +8 =x + 8x

2
© 4(-2x* +8) +16v-2x7 +8 =4(fj +16(fj
2 2
b 2
< 4(V2¢ +8] +16 —2x2+8=4(§) +16(§) (1c)

Tir didu kién —2< x<2 ta co ge [-1:1]

Xét ham s6 Xét ham sO f (1) =417 +16¢ voi t €[ 1;+00)
f(t)=8t+16; f'(t)=0<t=-2¢[-1;+x)
Ta c6 bang bién thién:

t |-o0 -2 -1 ~+o0

RO +

f(t)

T bang bién thién ta ¢ ham s6 f(t) luén dong bién trén [—1;+o0).
Mit khac f(t) 1a ham s6 lién tuc trén [—1;+0).

Do dé phuong trinh:
Z>0 0
X2
(1c)<:>f(\/—2x2+8):f(zj<:> e +8=2el? R
2 2 5 X Ox" =32
—2x +8:Z



x>0
4\/_

o 4 \/5 < x=—— (Thoa man diéu kién (*)).
x=t——

Vay phuong trinh da cho c6 nghiém x = #

= Nhdn xét:

R6 rang néu hoc sinh c6 ki ndng twong doi tot dé xir li dwa phwong trinh da
cho vé duwoc dang xét ham ddc trung thi bai todn tré nén don gian hon nhiéu.
Ciing véi cdch gidi 4, ciing van la xét ham sé, ta cé thé bién doi phwong trinh
(1) theo cach sau:

(1) 843285 =0x +8v-32 (V32 -85 ) +8.32-8x” =" +8x
Va khi dé sé dan dén viéc xét ham ddc trung ( ) = +8t Vi te [ 2;+oo).
Hodc, néu dé y rang tir diéu kien —2<x<2, ta c6 Ee[ 1 1] va

0<V-2x>+8<2V2 thi c6 thé xét ham sé & phuwong trinh (Ic) la
f(t) =4t +16t voi t e [—1;2\/5] nhung thit ra ta chi can xét ham sé f{t)
voi t xdc dinh nhuw o cdch giai 4. o ,
Tong quadt: Qua cach giai trén, ta co thé thdy, néu phuong trinh co dang
ax’ +bx+c=nNex+d ma cé thé gidi Qcing phuwong phap ham dac trung,
thi khi do ta sé duwa phuong trinh da cho vé dang
ax’ +bx+c=nAex+d <:>m(px+u)2 +n(px+u):m(ex+d)+n.\/ex+d
Voi ham dac trung f ( )—ml‘2 + nt luén don diéu trén mién can xét thi bai
todn cé thé dimg phirong phdap ham dac trung dé giai. Khi do cong viéc tiép
theo la phai xac dinh duoc cac h¢ 6 & trén bang cdch dong nhat dé tim cac
hé s6.
Sau ddy ta xét phwong trinh 6 dang ax’ +bx* + cx +d =ni/ex +vma cé thé
dung ham ddc trung dé giai thi cach lam sé nhuw thé nao? Chung ta xét tiép vi
du sau.
Vi du 2. Giai phuong trinh

8x' —36x" +53x-25=3x -5 (xeR).
= Nhdn xét:
Poi véi bdi tip nay, can dwa hai vé phwong trinh vé dang f ( g(x)) =f (h(x))

voi ham ddc trung f(t) =mt* +nt. Ta can dong nhdt sao cho biéu thirc ¢ vé
3 , r
phdai co dang m(%/?)x — 5) +nAi/3x—5 va so sanh vé phai do voi ve phdai cua

phwong trinh da cho nén ta chonn = 1.
Cong viéc con lai la tim nhitng hang twr 0 ve trai sao cho phwong trinh da cho
co dang



m(px+u)3 +1.(px+u)=m(%/m)3 +133x+5 ()

Dé thdy hé sé ciia x° trong khai trién trén la mp’ va so sanh véi hé sé cia x°
trong phirong trinh da cho ta dwegc mp® = 8, c6 thé xét cdc truong hop sau
xay ra

m=1,p=2hogcm=38,p=1.

Néum=1,p=2thi f(t) =1 +t. Do dé can viét phwong trinh vé dang:

1.(px+u)3 +1.(px+u):1.(\3/3x - 5)3 +:/3x -5
<:>(2x+u)3 +(2x+u)=3x-5+/3x -5
< 8x’ + (12u)x* + (6u2 + 2)x +u’ +u=3x-5+Y3x-5 (¥
Mat khac, ta co thé viet lai phwong trinh da cho nhw sau:
8x’ —36x" +53x —25="/3x—5 <> 8x’ —36x" +56x —30=3x—5+133x -5 (**)
Tw (*) va (**), dong nhdt voi hé so o vé trai cua phuwong trinh, ta dwoc hé:
12u =-36
6u’+2=56<u=-3
u +u=-30
Do truong hop nay thoa man nén ta khong xét truong hop sau nira.
Bai gidi tham khdao
TXD: D= R.
8¢’ ~36x7 + 535 -25=33x—5 & (2x-3) +(2x-3)=(Bx—5) +Bx-5(1)
Xéthamsd f(t)=1t +t véiteR
Tacé f'(t)=3t +1>0,VteR suy ra ham so f{z) dong bién trén R.

Mait khac f(?) 1a ham lién tuc trén R.

Do d6 phuong trinh

(1)<:>f(2x—3)=f(\3/3x—5)<:>2x—3=33x—5 <:>(2x—3)3=3x—5
< 8x’ —36x +51x—22=0

Siﬁ}

—2)(8x* —=20x+11)=0 22—
< (x-2)(8x x+11) @xe{, 7

5+4/3
Tt

Vay tap nghi¢m cua phuong trinh 1a 7' = {2;

Tuong tu, ta xét tiép vi du sau.
Vi du 3. Giai phuong trinh
x*=15x" +78x —141=53/2x -9 (x € R).
w Nhan xet:
Hoan toan twong tu bai trén, ta cting sé tim dwocn =5 m=p =1, u=73.
Bai gidi tham khdao
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TXDb: D= R.

X 155" + 78~ 141=532x -9 & (x=5) +5(x—5)=(2x-9) +53/2x-9 (1)
Xéthamso f(¢)=t" +5t voi teR.

Tacod f'(t)=3t+5>0,VteR suyra ham so f{¢) dong bién trén R.

Mit khéac f(?) 1a ham lién tuc trén R.
Do d6 phuong trinh

() f(x-5)=f(V2x-9) @ x-5=2x-9 & (x-5) =2x-9

< x’—15x +73x—116=0

<:>(x—4)(x2—11x+29):0<:>xe{4;

11+£/5
2

Vay tap nghiém cta phuong trinh la: 7' = {4; L 4_;/5} :

Tong quat: o

Qua hai vi du trén, ta co thé tong quat nhu sau. Khi gap phwong trinh dang
ax’ +bx’ +cx+d =niex+v (1) ma gigi dwoc bang phuong phdap ham dic
trung thi cach giai sé la:

Buoc 1: Xac dinh cdc hé so m, p, u sao cho

ax’ +bx’ +cx+d =nilex+v <::>m(px+u)3 +n(px+u)=m(ex+v)+nJex+v
Buoc 2: Xet tinh don diéu cua ham dac trung f(t) =mt’ +nt, chimg minh
dwroc ham s6 f{t) luén dong bién hodc nghich bién trén mién can xdc dinh.

Khi do ta co phwong trinh

(1)<:>f(px+u):f(\3/ex+v)<:>px+u=\3/ex+v (2)

Buoc 3: Tim cdch giai cho phwong trinh (2).
Vi du 4. Giai phuong trinh

x’ +3x° +4x+2:(3x+2)\/3x+1 (xeR).
= Nhdn xét:

s N ’ A A e 7N ’ ’ A A 2 . ’ A 3 A
- Nhin qua bai toan ta thay vé trai la da thure co bdc 3, vé phai co bdc 5 nén

c6 thé gdy cho ching ta khé khan khi dimg tinh don diéu ciia ham sé. Nhung
& vé phdi, néu ta xem y=3x+1 thi vé phdi ciing cé thé coi la mét da thirc
bdc 3 theo y, va khi d6 ta sé tach biéu thirc & vé phai nhw sau:

(3x+ 23+ 1=[(3x +1) 4 1]\Bx +1=(Vax+1) +Bx+1

vi vdy, ta sé nghi dén viéc phdn tich vé trdi dwoc thanh dang

m(px+u)3 +n(px+u), trong do sé xac dinh dwoc ngaym =1, n =1.

Liic nay, ta phdi tim p, u sao cho x* + 3x’ +4x+2:1.(px+u)3 +1.(px+u)
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S x+3x7 +4x+2=px° +(3p2u)x2 +(3pu2 +p)x+u3 +u

tir 46 dong nhat hé s6, ta ciing cé hé phwong trinh:

p=1

3pu=3 =1

P ) <127 po as x3+3x2+4x+2=(x+1)3+(x+1).
3pu+p=4 u=1

w+u=2

Bai giai tham khdo

Diéu kién: x > —% (*).

x3+3x2+4x+2:(3x+2)x/3x+1<:>(x+1)3+(x+1)=(\/3x+1)3+\/3x+1 (1)
Xéthamsd f(t)=1 +t véiteR.
Tacoé f'(¢)=3t +1>0,V¢eR suy ra ham so f(t) dong bién trén R.

Mait khac f(?) 1a ham lién tuc trén R.
Do d6 phuong trinh

(1)<:>f(x+1)=f(\/3x+1)<:> 3x+1=x+1<:>{

x+1=0
3x+1=(x+1)
x>-1
x>-1 x=0 i ..
<9, 1| x=0 (thdéa man diéu kién (*))
x —x=0 =1
x=1
Vay tap nghi¢m cua phuong trinh da chola 7 = {O;l} :
Ta xét tiép bai phwong trinh vo ti trong dé thi Cao dang nam 2012.
Vi du 5. (Dé thi Cao dang 2012) Giai phuong trinh
4x° +x—(x+1)\/2x+ =0 (xeR).
= Nhdn xét:
Biéu thirc 0 trong can bdc hai la 2x + 1, vi vdy ta se phaz bién doi dé sao cho
mét vé clia phuong trinh biéu dién dwoc qua 2x + 1, va vi vay dé thudn tién,
ta s€ nhan hai vé cua phuwong trinh da cho voi 2, khi do ta co 2(x + 1) = (2x +
1) + 1, va twong tw nhuw cach phdn tich o vi du trén, bai toan nay sé dwoc giai
theo cdch dung ham ddc trung.
Bai giai tham khdo
biéu kién: x> —% (*) .
4x° +x—(x+1)\/2x+ =0< 8y’ +2x:2(x+1)\/2x+1
( ) ( x)=[(2x+1)+1]y2x+1

2x) = (\/2x+1)3 2+l (1)

Xethamsof() £ +tvoiteR.
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Taco f'(t) =3 +1>0,VteR suy ra ham s f(t) dong bién trén R .
Mit khéac f(?) 1a ham lién tuc trén R.

Do d6 phuong trinh
2x>0
()= f(22)=f(V2x+1) 20 =2x+1 *
4x =2x—-1=0
x>0
1+/5 5
S = thoa man dicu kién (*)).
zli\/g X 2 ( théa man diéu kién (*))
4

: 1
Vay tap nghi¢m cua phuong trinh la: 7' = { +4\/§} :
Tong quat: Tir hai vi du trén, ta cé thé tong qudt nhuwr sau. Khi gip phuwong
trinh dang ax’+bx’ +cx+d=(ex+v,)Vex+v (1) ma gidi dwoc bdng
phuwong phap ding ham dac trung thi cach giai sé la:
Buorc 1: Xac dinh cdac hé so m, n, p, u sao cho

ax’ +bx’ +ox+d =(ex+v)Aex+v

e m(px+u) +n( px+u) :m(\/ex+v)3 +nex+v

Buoc 2: Xet tinh don diéu cua ham dac trung f(t) =mt’ +nt, chimg minh
ham s6 f(t) luén dong bién hodc nghich bién trén mién can xdc dinh.
Khi do ta co phwong trinh

(1)<:>f(px+u)=f(\/ex+v)<:>px+u=\/ex+v (2)

Buoc 3: Tim cdch giai cho phuwong trinh (2).
- Ciing voi huong suy nghi nhu trén, doi véi bdi todn sau, ta sé blen doi bang
cdach biéu dién vé phai qua 2x - 1 bang cdch thém bt dé lam xudt hién biéu
thure 2x - 1.
Vi du 6. Giai phuong trinh
x'+1=2:2x-1 (xeR).

Bai giai tham khdo
TXD: D= R.
X +1=22x -1 x* +2x=2x-1+2:/2x -1

3
& +2x=(2x 1) +232x-1 (1)

Xéthamsd f(t)=1'+2t véiteR.
f'(£)=3t +2>0,VteR suy ra ham s0 f{¢) dong bien trén R.

Mait khac f(?) 1a ham lién tuc trén R.
Do d6 phuong trinh
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()= f(x)=f({2x-T) e r=x-1ox =2x-1x - 2x+1=0
~1+4/5
S

<:>(x—1)(x2+x—l)=0<:>xe{l;

—1+4/5

Vay tap nghiém cta phuong trinh la: 7' = {1, 5 }

Tong qudt: Ta c6 thé thdy, déi véi phuwong trinh c¢6 dang
x' —b=ailax +b (1) v6i a > 0 (x la dn) ta uén dwa dwoc vé ham ddc
trung dé giai quyét bang cach nhw sau:

3
(1) x’+ax =ax + b+ allax + b < x’+ax = (%/ax + b) +3/ax + b
Voi ham dac trung f (t) =1 +at, phwong trinh dd cho dwoc bién doi vé

phuwrong trinh x=3Jax+b < x’ =ax +b.
Luwu y: bai todan (1) ciing gidi dwoc theo cich dwa vé hé phwong trinh doi
ximg logi 2, nhung trong pham vi bai viét, ching ta chi xét dén cdch gidi
bang phwong phdp ding ham déc trung.
- Trén ddy la mét sé bai todn ma ta da s dung phwong phdp ham ddc trung
dé gidi, nhung cdc phwong trinh dai sé thi rdat phong phii, da dang, khong
phdi bai nao ciing dwa dwoc vé nhitng dang trén, ma doi héi cdc em hoc sinh
phdi hinh thanh cdc ki ndng can thiét, linh hoat trong cdc cdch bién doi dé cé
thé tim ra dwoc ham ddc trung thich hop cho ting bai.
Véi vi du sau, ta xem cdach xir lf @é ap dung dwoc ham ddac trung cho bai toan
nay nh thé nao?
Vi du 7. Giai phuong trinh

(x+3). x+1 +(x—3).\/1—x+2x=O (xeR).
= Nhdn xét:
Piéu ddu tién nghi dén la sé biéu dién dwoc x + 3 va x - 3 theo hai biéu thirc
trong can bdc hai. Vay thi khi 6, con lai s6 hang 2x, ta ciing phdi biéu dién
dwoc ching qua (x + 1) va (1 - x), dé dang c6 dwoc: 2x = (x +1) - (I - x), va

véi dieu kién —1< x <1 thi ta viét dwoc )c—klz(\/x+1)2 va l—xz(\/l—x)z,

nhur vdy bai todn dé dwoc gidi quyét.

‘ Bai gidi tham khdao
bicu ki¢n: —1<x <1 (*).
Ta co: (x+3). x+1 +(x—3).\/1—x +2x=0

<:>[(x+1)+2].ﬁ+2x=[(l—x)+ZJ.E
@(ﬁf +(ﬁ)2 +24x +1 :(\/l—x)3 +(\/:)2 +241-x (1)

Xéthamsd f(t)=1'+1 +2t v6i t €[0;+00).

13



Ta c6 f'(t)=3t+2t+2>0,Vte[0;+0) suy ra ham s f{¢) dong bién trén
[0;+00). Mat khac f{#) 1a ham lién tuc trén [0;+0).
Do d6 phuong trinh
(1)<:>f(\/x+1):f(\/l—x)<:>\/x+1 =Jl-xox+l=1-x&x=0
(thoa man diéu kién (*)). ,
Vay phuong trinh c¢6 nghiém duy nhat x = 0.
Vi du 8. Giai phuong trinh
P2 +dx+1=22 +1432x> (1) (xeR).

= Nhdn xét:

O vi du nay, néu nhin ki thi ta thay cac biéu thuc duoi dau can ¢ hai vé co
chung mét méi lién hé la x+2=(x+1)+1 va 2x* +1=2x*) +1, do vdy néu dit
u=3x+1 va v=32x> thi phwong trinh da cho tré thanh:

Ju +1+u=3IV’ +1+v, khi d6 ta thdy phwong trinh sé dwoc gidi bang
phuwong phap dung ham dac trung, trong do ham dac trung o day la

f(@O) =t +1+¢.

Tap xac dinh D=R.
DPit u=3x+1 va v=-/2x" khi d6 phuong trinh da cho tré thanh:
Jud +1+u=3dv’ +1+v (la)

Xéthamsd f(t)=r' +1+¢ véiteR.

Bai giai tham khdao

2
f'(t) :t—2 +1>0,VteR suy ra ham s f{z) dong bién trén R.
J(£ +1)
Mit khéac f(?) 1a ham lién tuc trén R.
Do d6 phuong trinh (la) < f(u)= f(v) < u=v.

Véiu=vtaco Jx+1=2x" ©2x* —x-1=0& 1

Vay phuong trinh c6 tdp nghiém: T = {—%; 1} .

Twong tu, ta xét tiép vi du sau xem ki ndng bién doi nhw thé nao?
Vi du 9. Giai phuong trinh

(2x+3)\/4x2 +12x +114+3xV9x" +2 +5x+3=0 (1) (xeR).

= Nhdn xét:
Vi phwong trinh nay chira hai biéu thirc cé can, nén dau tién ta sé nghi dén
viéc chuyén moi cin & mét vé ciia phwong trinh, do dé phwong trinh (1) cé thé

viét lai nhw sau: (1) (2x+3)\/4x +12x+11+5x+3=-3xv9x" +2 (1)
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O biéu thirc trong cdn ¢ vé trdi phwong trinh ta thdy cé thé viét nhw sau

JAX #12x + 11 = (25 +3) +2

va o vé phai cua phuwong trinh co thé viét lai nhw sau

—3x3/9x” +2 =(-3x)/(-3x) +2

Vay thi con lai so hang 5x + 3 ta thay ciing co thé biéu dién duoc qua 2x + 3

va -3x, khi do ta co loi giai cua bai toan nhu sau.
Bai giai tham khdao

9x> +2>0,VxeR
Ta co )

4x’ +12x+11:(2x+3) +2>0,VxeR
Do d6 tap xac dinh D=R.
()= 2x+ 3)J(2x +3) +2 +2x+3= (-3x)y/(-3x)" +2 +(-3x) (la)
Xéthamsd f(£)=tN* +2 +¢ voi teR.

217 +2
f(t)=

N +2
Mit khéac f(?) 1a ham lién tuc trén R.
Do d6 phuong trinh (la) & f(2x + 3) = f(—3x) S2x+3=-3xx= —%.

+1>0, VteR suy ra ham s f{z) ddng bién trén R.

Vay phuong trinh c6 nghiém x = —%

Vi du 10. Giai phuong trinh
X’ —4x> —5x+6=7x" +9x — 4 (xeR).
w Nhgnxét:
Ta thay, vi¢c bieén doi dé dwa ra dugc ham dac trung ¢ vi du ndy khong phai
la don gifin, de tao ra sy c:z'o”ng bac, deotién de deé dwa dwoc vé hc‘mg ddc trung
thi ta thay, co tfzé nghi dén viéc dat biéu thirc can bdc,ba la mot an moi. Khi
do cach su li tiép theo la gi? Chung ta cung theo doi tiép.
Bai giai tham khdao

TXD: D= R.
bat y=%/7x2 +9x —4,tacod hé:
{X3 —4x* -5x+6=y {X3 —4x* -5x+6=y

e

Yy =7x> +9x -4 x> +9x —4=y’
Cong vé voi vé cua hai phuong trinh v6i nhau ta duoc phuong trinh
X +3x° +4x+2=y’ —l—y<:>(x+1)3 +(X+1):y3 +y (1)
Xéthamso f(t)=1" +t véi teR.
Tacod f'(t)=3t+1>0,VteR suy ra ham s f(t) dong bién trén R.
Mit khéac f(?) 1a ham lién tuc trén R.
Do do6 phuong trinh (1)<:>f(x+1):f(y)<:>y:x+l
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V6iy =x +1 ta c6 phuong trinh:

X+1=%/7X2+9X—4<:>(X+1)3=7X2+9X—4<:>X3—4X2—6X+5=O
x=5

<:>(X—5)(X2+X—1)=0<:> —1++/5

X =
2

e NIV 145
Vay tap nghi¢m cua phuong trinh da chola 7 = 5;— :

Véi cach suy ludn twong tie bdi trén, thi ching ta ciing cé thé giai quyét duoc
bai toan duoi ddy, nhung doi hoi mot chut sang tgo khi bién doi.
Vi du 11. (Dé nghi Olympic 30/4/2009) Giai bat phuong trinh

X —6x% +12x =7 =-x* +9x* =19x +11 (xeR).
Bai giai tham khdo

TXDb: D= R.
bat yzi/—x3 +9x* —19x +11,taco hé:
X’ —6x>+12x-T7=y 2x° —12x* +24x —14 =2y
{y3 =—x’ +9x° 19x+11©{x3 +9x* —19x +11=y’
Cong vé voi vé cua hai phwong trinh v6i nhau ta duoc
¥ =3x* +5x-3=y’ +2y<:>(x—1)3 +2(x—1):y3 +2y (1)
Xéthamsd f(t)=1'+2t véiteR.
Tacoé f'(t)=3t +2>0,VteR suy ra ham so f(t) dong bién trén R.
Mait khac f(z) 1a ham lién tuc trén R.
Do dé phuong trinh (1)<:>f(x—1)=f(y)<:>y=x—1
Véiy=x -1 tacd phuong trinh:
I +9x2 —19x +11=x 1 —x* +9x° —19x +11=(x - 1)’
& X -6 +11x-6=0 < (x-1)(x* -5x+6)=0=xe{l;2;3}
Vay tap nghiém cta phuong trinh da cho la 7' = {1; 2; 3} :
Vi du 12. Giai phuong trinh

(Vaxt =120 4947 +16 - 26" +3x)(V+3 + V¥ —1)=8 (xeR).

. Nhdn xét:
Véi bai ndy ta chwa nhin ngay ra dwoc ham déc trung can xét, khi dé ta phai
tim cdch bién doi dé lam sao xudt hién ra ham ddc trung. Vi vdy ta sé nghi
dén sir dung phiong phdp dat an phu, nhung ddt nhuw thé nao?

Bai giai tham khdo
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x+320 x=>-3
Diéu kién: {x—1>0 Jx>1 S x>1 (%)

4x* —12x* +9x* +16>0 (2x2 —3x)2 +16>0

bit u=x" — 3%, v=+/x—12>0. Phuong trinh da cho tr& thanh

( 4u2+16—2u)(\/m+v):8<:>(\/m—u)(\/m+v):4

Rt u2+4—u=—%4+v<:>\/uz+4—u=\/v2+4—v (1)

Xéthamsd f(t)=Vt' +2+t véi teR,

- t NP4 VO 4
Tacof(t)z
\/t2+4 NEE +4 \/t +4 \/t +4

ham sb /() ddng bién trén R.
Mit khéc f(z) 1a ham lién tuc trén R.
Do d6 phuong trinh (1) & f(u) = f(v) SSu=v

Tacod x=v>+1.Do dod

>0,VteR suyra

u=v<:>(v2+1)2—%(V2+1):v<:>2v4+v2—2v—1=0

v=1
2 + 212 +3v+1=0 (2)

Véiv>0tacod 2V’ + 20 +3v+1>0+0+0+1>0 do d6 (2) vo nghiém.
Véiv=1tacox =2 (tha man diéu kién (¥)).
Vay phu’cmg trinh c6 ngh1em duy nhit x = 2.
Qua cdc vi du trén, phan nao ta di c6 dwoe mot sé kinh nghiém khi dp dung
tinh chat ham ddc trung dé gidi cho cdc phwong trinh. Ti uong tw, cling van
khai thdc tinh chét ciia ham ddc trung, ta sé xét tiép viéc dp dung doi véi bt
phuwong trinh.
2.2 Khai thac tinh chat ham diic trung dé glal bat phuong trinh
O phdn phuong trinh, ching ta da dwa ra mgt so dang tong quat dé gidi quyét
cdac bai todn bang phwong phdp ham déic trung, ciing theo cdch phan tich
twong tw nhw ¢ muc 2.1 ching ta ciing xét cdc bdt phirong trinh sau theo
huéng dia vé phwong trinh ddc trung nhir & muc trén.
Vi du 13. Giai bat phuong trinh

4x’ +18x" +27x +14<4x+5 (xeR).

<::>(v—1)(2v3 + 20 +3v+1)=0<:>

= Nhdn xét:

O vi du nay, néu giir nguyén bdt phiwong trinh va dong nhdt hé s0 thi ta cung
van tim dwoc két qua nhwng qud trinh bién doi sé ° phitc tap, cong kénh, dé cho
dé dang trong viéc tinh todn, ta nén nhén hai vé ciia bat phwong trinh véi 2,
Vi ta dé ¥ (2x)° = 8x°. Va khi d6 ta tim dwoc n=2,m=1,p=2,u=3.
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Bai giai tham khdo

TXD: D= R.
4% +18x" +27x +14 < Y4x +5 < 8x’ +36x” +54x +28<23/4x +5

3
S (2x+3) +2(2x+3)<(Vax+5) +28/ax+5 (1)
Xéthamso f(¢)=t" +2t v6iteR
Tacoé f'(t)=3t"+2>0,VteR suy ra ham so f{¢) dong bien trén R.
Mat khac f(z) 1a ham lién tuc trén R.
Do d6 bat phuong trinh
()= f(2x+3) < f(Vdx+5) o 2x+3<Yax+5 < (2x+3) <4x+5

<:>4x3+18x2+25x+11<0<:>(x+1)(4x2+14x+11)<0

.—7—\/5 7+\/_ 1
& x e —oo; 1

4

Vay tap nghiém cta bat phuong trinh 1a: 7 = [ i 1 \/_j [ il Z\/_ 1}

Tong quat: o

- Qua vi du trén, ta co thé tong qudt nhu sau. Khi gap phwong trinh dang
ax’ +bx’ +cx+d <nilex+v (1) ma gigi dwoc bang phuong phdap ham dic
trung thi cach giai sé la:

Budc 1: Xac dinh cac hé so m, p, u sao cho

ax’ +bx’ +cx+d <nilex+v <::>m(px+u)3 +n(px+u)<m(ex+v)+nex+v
Buoc 2: Xet tinh don diéu cua ham dac trung f( ) mt’ + nt, chirng minh

dwoc ham so 5 f(1) luon dong bién hodc nghich bién trén mién can xdc dinh.
Khi d6 néu ham sé f(t) dong bién trén mién xdc dinh thi bdt phwong trinh

()<:>f(px+u)<f(\/ex+v)<:>px+u<\/ex+v (2)
néu ham sé f(t) nghich bién trén mién xdc dinh thi bdt phwong trinh
(1)<:>f(px+u)<f(\3/ex+v)<:>px+u>\3/ex+v (2')

Buoc 3: Tim cdch giai cho phu’o‘ng trinh (2) (hodc (2').
- Hoadn toan twong tw doi véi cdc bdt phwong trinh

ax’ +bx’ +cex+d <nilex+v
ax’ +bx’ +ex+d >nilex +v

o axX’ +bx tex+dzniex+v
Sau day, ta xét tiep den vi du 2.
Vi du 14. Giai bat phuong trinh
27x° = 27x* +12x -2 < (x +2)/x +1 (xeR).
= Nhdn xét:
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\ ) ’ A A 7o 7 ’ ’ A A 2. 7 A 3 A ’
Nhin qua bai todn ta thay vé trai la da thirc co bdc 3, vé phdai co bac 5 nén co

thé gdy cho chiing ta khé khan khi dimg tinh don diéu ciia ham sé. Nhung ¢
vé phai, néu ta xem y =~ x+1 thi vé phdi ciing cé thé coi la mét da thirc bdc
3 theo y, va khi dé ta sé tich biéu thirc & vé phdi nhu sau:

(x+2)\/xT:[(x+1)+l]\/x+1:(\/x+1)3+\/x+1

Vay thi liic nay ta cé thé gidi quyét bdt phwong trinh dé cho theo hudng giong
nhu o bai todn trén.
Ta dé dang xdc dinh dwoc n =1, m = 1, tir do, bang cdch dong nhdt hé sé, ta
tim tiép dwoc p =3 va u = -1.

Bai giai tham khdo

Diéu kién: x> -1 (¥).

27x° ~ 272 +12x-2< (x+ 2+ 1 (3x=1) +3x—1<(Vart 1) +3a+1 (1)
Xéthamso f(¢)=1 +t véi teR.

Ta co f'(t) =3¢ +1>0,VteR suy ra ham séf(t) dé)ng bién trén R.

Mat khac f(z) 1a ham lién tuc trén R.
Do d6 bat phuong trinh
3x-1<0
x+1>0
3x-12>0

x+1>(3x-1)

(1)<:>f(3x—1)<f(ﬁ)<:> x+1>3x-1< {

—1£x<l
3

xXz=— -
3 3 lSx<—

i 9x* —7x<0 O<x<g

Két hop diéu kién (*) ta duoc —1<x <g

Viy tdp nghiém cua bat phuong trinh 13: T = {—l; g) .

Vi du 15. Giai bat phuong trinh
8x° +2x>(x+2).\/x+l (xeR).
‘ Bai gidi tham khdo
bicu kién: x>-1 (*).
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8x’ +2x>(x+2).\/m<:>(2x)3 +2x>[(x+1)+1]\/m
<:>(2x)3 +2x>(ﬁ)3 +Vx+1 (1)

Xéthamso f(t)=1" +t véi teR.
Tacod f'(t)=3t+1>0,VteR suy ra ham sd f{2) dong bién trén R.

Mat khac f(7) 1a ham lién tuc trén R.
Do d6 bat phuong trinh

\/_ 2x2>0
(1)< f(2x)>f( x+1)<:> x+1<2x < x+1<(2x)2
x>0
x2>0 _Xj<1_\/ﬁ 1+\/ﬁ
g 4)cz—x—1>0<:> 8 =2 8
1+/17
x>

++/17

Két hop voi diéu kién (¥) ta duoc x > ! .

1+\/ﬁ ]
;+00 |.

8

Tong quat: Tir hai vi du trén, ta cé thé tong quat nhur sau. Khi gip phiwong
trinh dang ax’ +bx’ +cx+d <(ex+v,)Nex+v (1) ma gidi dwoc bdng
phuong phdp ding ham ddc trung thi cach giai sé la:

Buorc 1: Xac dinh cac hé s6 m, p, u sao cho

ax’ +bx’ +ex+d <(ex+v)Nex+v

e m(px+u) +n( pxe+u) <m(\/ex+v)3 +nAex+v

Buoc 2: Xet tinh don diéu cua ham dac trung f(t) =mt’ +nt, chimg minh

Vay tap nghi¢m cua phuong trinh 1a: 7' = [

ham s6 f(t) luén dong bién hodc nghich bién trén mién can xdc dinh.
Khi do néu ham so f(t) dong bién trén mién xac dinh thi bat phuong trinh

(1)<:>f(px+u)<f(\3/ex+v)<:>px+u<\3/ex+v (2)
néu ham sé f(t) nghich bién trén mién xdc dinh thi bdt phwong trinh

(1)<:>f(px+u)<f(\3/ex+v)<:>px+u>\3/ex+v (2')
Budc 3: Tim cdach giai cho phwong trinh (2).
- Hoan toan twong tu doi voi cac bat phuwong trinh
ax’ +bx’ +ex+d <(ex+v,)Jex+v
ax’ +bx’ +cx+d>(elx+vl)m

ax’ +bx’ +ox+d 2(ex+ )wlex+v
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- Ciing giong nhir phwong trinh, cdc bat phirong trinh ciing vé ciing phong
phil, va khéng phdi khi gidi bat phirong trinh ta chi gdp nhitng dang néu trén.
Do dé6 doi héi nguoi hoc phdi biét tim t0i, sang tao,linh hoat khi dimg trude
mét bai todn. Chiing ta xét cdc vi du tiép sau.

Vi du 16. Giai bat phuong trinh

X =2x+3 - —6x+11>3-x—/x—1 (1) (xeR).

w Nhan xet:

O ddy ta phdi dé y thay Vx* —2x+ :«/(x—l)2 +2 va Jx* —6x+1 :\/(3—x)2 +2

va tir do sé nhan ra dwoc ham dac trung.
Bai giai tham khdo
x—120 x21
‘ 3-x20 x<3
biéu kién: I<x<3 (%*).
i€u kién x2—2x+320<:> (x—1)2+220<:> X ()

XX —6x+11>0 (x_3)2+220

(e J(x=1) +2+Vx=1>JB3-x) +2+3-x (la)
Xéthamsé f (1) =Nt +2 +t v6i t €[0;+0).
t 1

Taco f'(t)= +

() Je+2 24t
trén (0;+00).
Mait khac f(z) 1a ham lién tuc trén [0;+0).
Do d6 bat phuong trinh (1) < f(x—1)> f(3-x) o x—1>3-x < x> 2.
Két hop diéu kién (*) ta dugc 2<x<3.
Vay tap nghiém cua bat phuong trinh da cho 1a 7'=(2;3].
® Nhdn xét: 7 )
- O vi du trén ta ciing co thé nhdn thay cach giai khdc la dung phwong phdp
nhdn lien hop, nhung nhw da noi tw vi du 1, trong cac vi du ching ta chi noi
den phwong phap ap dung trong sang kién la khai thac tinh chat cua ham dac
trung.
- O'vi du trén ta cé thé thay ham f(t)=t +2 ++t boi ham g(t)=Nr*+2 +1

3

2t
Vit +2

>0, V¢ €(0;+00) suy ra ham sd f(1) dong bién

voi t €[0;+00), va khi do g'(1) = +1> 0,V e[0;+).

Vi du 17. Giai bat phuong trinh

X +x
(x2 +x+ 1)(3x2 +3x+ 1)

\/x2+x+1—\/3x2+3x+1< (xeR).
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= Nhan xét:
Dé thdy ¢ vé phdi ta c6 thé tich ra thanh hai biéu thire c6 lién quan véi vé
trai, va tw do ta co dwoc cdch giai sau.

Bai gidi tham khdo

1Y 3
5 x+—| +=>0
S X +x+1>0 2 4
biéu kién: & &S VVxelR.
3x7 +3x+1>0 1V 1
3 x+—| +—>0
2 4
2
i+ x+1 =3 +3x+1< - al +)§
(x +x+1)(3x +3x+1)
1 1 1
o +x+l V3 +3x+ 1<~ —~
2(x2+x+1 3x2+3x+1j
<:>\/x2+x+1—l.2;<\/3x2+3x+1—l.2; (1)
2 x +x+1 2 3x"+3x+1
Xétham sb f(t)= \/_——— Vi e (0;400).
Ta c6 f’(t):ﬁ+ll>0 Vt € (0;+) suy ra ham so f{#) dong bién trén
(O;+oo).
Mt khac f{#) 1a ham lién tyc trén (0;+).
Do d6 bat phuong trinh

(e f(x +x+1)< f(3x° +3x+1) o x> +x +1<3x" +3x+1

< 2x* +2x> 0 x e(—0;—1) U (0;400).
Vay tap nghiém cua bat phuong trinh da cho 1a 7' = (—o0;—1) U (0;+00).
Vi du 18. Giai bat phuong trinh

—Bx—2<49x% —6x —xy/x* +2 (1) (xeR).

= Nhdn xét:
Quan sat bat phuwong trinh dia cho, ta c¢6 thé nhém x vaxx* +2,
V3x =2 va\9x? — 6x véi nhau ( Vi Vi diéu kién dé phirong trinh c¢é nghia
thi N9x* — 6x = \3x(3x — 2) =Bx — 2.4/3x ).

Bai gidi tham khdo

Diéu kién: xZ% (*)
(1) & x+xVx” +2 <435 =2 +/(3x - 2)3x
S x+xyx’ +2<3x -2 +\/3x—2.\/(\/3x—2)2 +2
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Xéthamso f(¢)=t+tNt* +2 véi teR.

t2
Tacd F'(t)=1+~t +2 +
f(1) Jr+2
trén R.

Mait khac f(z) 1a ham lién tuc trén R.
Do d6 bét phuong trinh (1) < £ (x) < f(V3x-2) @ x<B3x-2 (2)

Véi diéu kién (*) ta c6: (2) < x’ <3x -2 x" —3x+2<0< 1<x<2

>0,VteR suy ra ham sd f{z) dong bién

Két hop diéu kién (*) ta dugc 1< x<2.
Vay tap nghiém ctia bat phuong trinh d cho 1a 7' = [1; 2].
Vi du 19: Giai bat phuong trinh:

35244007 +3)+ (4x +2) (VI x+2° +1)20 (xeR). (1)

= Nhdn xét:
Quan sdt ta c6 thé thay biéu thirc N9x* +3 ¢4 thé biéu dién qua 3x bang cdch
VOx* +3 =, /(3x)2 +3, vdy thi véi N1+ x + x* sé bién doi nhw thé nao?

Bai gidi tham khdao

TXD: D = R.
Bét phuong trinh (1) < 3x.(2 +ox + 3) > _(4x + 2)(\/1 Fx4x 4 1)
 23x+3xa)(3x) +322(-2x — 1) + (-2x — 1)(\/(—2x 1)+ 3) (2)

Xéthamsd f(£) =2t + it +3 v6iteR.

2

t
JEE+3

Ta co f'(t)=2+~t +3+ >0, VteR suy ra f(¢)1a ham dong bién

trén R.
Mit khéc f(z) 1a ham lién tuc trén R.

Do d6 phuong trinh: (2) < f(3x)2 f(-2x-1)<3x22x-1< x> —%

Vay tap nghiém cta bat phuong trinh: |:—%;+00j.

Vi du 20:

Gidi bat phuong trinh: 42x —1|(x* —x+1)>x’ —6x” +15x-14 (1)
Bai gidi tham khdo

TXP: D= R.

Ta c6 BPT (1) < |[2x—1|[ (2x—1) +3]> (x—2)’ +3x—6
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& 2x =1 +32x 1> (x=2)" +3(x=2) (¥
Xétham so: f(t)=£ +3t,VteR, tacé f'(¢)=3t+3>0,VteR suy raf(t)
12 ham ddng bién trén R.
Mit khac f{#) 1a ham d6ng bién trén R .
Do d6 bat phuong trinh (*) < f(2x—1)) > f(x—2) < [2x -1 >x -2

1 (1
xX2— x> —
2 2 1
2x—1>x-2 x>-1 |[¥Z3
= | | | = 1<:>VxeR
xX<— x<— X< —
2 2 2
i 2x—1<—x+2 i x<l1

Vay bat phuong trinh nghiém ding VxeR.

Qua cdc vi du o trén, chung ta da "thu sic” voi cdc phwong trinh va bt
phuong trinh dai s6 duwa dwoc vé gidi quyet theo phwong phdp ham ddc trung,
thdy dwoc hiéu qud cia phwong phdp nay. Nhu’ng sé la khong toan dién néu
chung ta bé qua viéc khai théc tinh chdt nay déi voi hé phu’ong trinh dai s6
néi riéng va hé phwong trinh néi chung. Viy, chiing ta ciing xem xét tiép muc

ba nhe.
3. Khai thac tinh chit ham diic trung dé giai hé phwong trinh dai s6

Déi véi nhitng hé phwong trinh sie dung dwoc phirong phdp ham ddc trung dé
gidi, ta sé thdy dwoc sy da dang, phong phii khi két hop phirong phdp nay voi
cdc phuwong phap khac.

Truoc tién, ta xét cac hé phwong trinh ma sau khi sw dung ham dac trung sé
dira vé duwoc cac phwong trinh don gian hon va sau dé ding cdac phép bién doi
co ban nhw bién doi twong dwong, dwra vé phirong trinh tich dé gidi.

Vi du 1. Giai h¢ phuong trinh

{x3+x—2:y3+3y2+4y (1)

X+ +1=0 (2) (xy k).
. Nhan xét: Trong nhitng nam truoc day, viéc s dung ham dac trung chua
la phwong phdp thong dung, phé bién, do dé6, hoc sinh phan ndo sé gap kho
khan trong bién doi néu nhw chira dwoc trang bi kién thirc dé gidi quyét cdc
bai tap dang nay. Nhung khi da co phuwong phap dira vé ham déc trung thi cé
thé néi bai tdp nay khéng con la tré ngai voi cac em nika.
Voi hé phuwong trinh trén, chung ta thay tir phuong trinh (1), bang phuong

phdp thém bét hodc phan tich, ding dong nhat hé so, ta sé tim dwoc biéu thirc
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lién hé gitta bién x va y thong qua ham ddc trung f(t) =1 +1t. Va sau do, thé
vao phwong (2), ta dé dang dwa dwoc phwong trinh da cho vé tich hai nhédn tiv
va giai quyét dwoc bai toan.
‘ Bai giai tham khdo
bicukién: xeR, yeR.
Ta co (1)<:>x3 +x=(y+l)3 +(y+1) (la)
Xéthamso f(¢)=1" +t véi teR.
Tacod f'(t)=3¢+1>0,VteR suy ra ham sd f{2) dong bién trén R.
Mit khéac f(?) 1a ham lién tuc trén R.
Do do6 phuong trinh (1a)<:>f(x)zf(y+1)<:>x=y+l<:>y:x—l.
Thay y = x - 1 vao phuong trinh (2) ta dugc phuong trinh:

2
X +x =3x +3x:0<:>x(x4 +x° —3x+3):0<:>){x4 +(x—%) +%}<:>x:0

2
Vi x* +(x—%j +%>O,VxeR.

Véix=0tacoy=-1.

Vay hé phuong trinh c6 nghi¢m (x; y) = (0;—1).

Ta xét tiép vi du sau, xem diéu dang phdn tich ¢ ddy la gi?
Vi du 2. (Pé thi Pai hoc khéi A nam 2012)

X' =3x"=9x+22=y"+3y" -9y (1)

Giai hé phuong trinh 1 (x,yeR).
x2+y2—x+y=§ (2

= Nhdn xét:
- Ta thay o phuong trinh (1), bdc cao nhdt cua hai an x, y déu la bdc ba nén

kha néng sir dung tinh dong bién, nghich bién la rdt cao. Mdt khéc, do hai vé
déu c6 hang tir bdc hai nén ta can tim nhitng sé théa man
m(px+u)3 +n(px+u) =m(qy+v)3 + n(qy+v) (1')
Hé s6 trude x’, ¥’ trong khai trién (1) la mp’, mq’
Hé s6 trude x’, v’ trong khai trién (1) la 1. Do d6 ta chonm =1,p =1, q = 1.
Luc do (1') <::>(x—i—u)3 —i—n(x—i—u)z(y+v)3 +n(y+v) (2')
Ldp ludn twong tw ta lai c6 hé s6 cia x° trong khai trién (2') la

3u=-3 u=-1

=

3v=3 v=1

Luc do (2') <::>(x—1)3 —i—n(x—l)z(y—i—l)3 +n(y+1) (3')

Ldp ludn twong tw ta lai c6 hé sé cia x trong khai trién (3') la
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3+n=-9
Sn=-12
3+n=-9

Dodé (3') < (x—1) —12(x=1)=(y+1) =12(y +1)

(Sau khl; phdn tich dwoc nhu trén, ta nén khiém tra lai mét lan nita bcfng cach
khai trién ra xem co dung la phuong trinh (1) hay khong).

- Van deé gap phadi tiép theo la khi phwong trinh (1) da bien doi dé nhin ra
dwoc ham ddc trung la f(t) =t =12t thi ham f(t) nay la ham khong don diéu
trén R, do d6 ta phai quan sdt tiép dén phwong trinh (2).

2 2
Ta thdy (2)@(x—%] +(y+%] =1

Do do ta co
—lﬁx—lﬁl —Eﬁx—lﬁl
el
—1<y+—<1 ——<y+1<—
Ty VT

Liic nay ham sé f(t) =1 —12t sé nghich bién trén {—%,%}

. Bai giai tham khdo
bicukién: xeR, yeR.

X3¢ —9x+22=y 4352 =9y |(x=1) —12(x=1)=(y+1) —12(y+1)(la)

X +y —x+y 1 = ) N 1 (2a)
— == X——= |+l y+—-| = a
2 2) T2
Tw phuwong trinh (2a) ta suy ra
—lﬁx—lﬁl —éﬁx—lﬁl
R
—-1<y+—=<1 ——<y+1<—
a 27T

Xéthamso f(t)=1 —12t véi te {—%,%}

Taco f'(t)=3r"-12t<0,Vte [—3,3} suy ra ham s f{?) nghich bién trén

2°2
[_E.E}
2°2 |

Mat khac f(z) 1a ham lién tuc trén doan [—%,%} :

Do d6 phuong trinh (1a)<:>f(x—1):f(y+1)<:>x—1:y+1<:>y:x—2.
Thay y = x - 2 vao phuong trinh (2a) ta dugc phuong trinh:
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2 2 = — —_—
(x—lj +(x—%j Cledy —8x+3=0c| 2 2

2 2
Vay hé phuong trinh ¢6 nghiém (x;y)= (l —EJ (i —lJ
22 22

Vi du 3. (Pé thi Pai hoc khéi A, AI nam 2013) Giai hé phuong trinh

{\/x+1+4/x—1—\/y4+2=y (1)

X +2x(y-1)+y'—6y+1=0 (2)

(x,yeR).

= Nhdn xét:

- Khi nhin qua h¢ phuong trinh, da s6 hoc sinh sé nght co gang gidi phuong
trinh thit hai trude vi nghi rang né don gidi, co thé dwa vé phwong trinh tich
bang cdch dat nhan tir chung, hodc dwa dwoc vé phwong trinh tich bang cdch
coi (2) la phuwong trinh bdc hai an x, nhung khi bdt tay vao tinh todn theo
huéng nay thi biét thirc denta lai khéng phdi la sé chinh phirong.

- Ciing ¢6 nhitng hoc sinh nhin ra viéc bién doi dwa phwong trinh thir nhat vé
dang ham sé f(u) = f{v) bang viéc thuc hién ngay phép bién doi

\/x+1+<‘/x—1—\/y4+2:y<:>\/(x—1)+2 +4/x—1:\/y4+2 +{/?

Dén ddy, cac em da mdc sai lam la chi dwoc phép thay y=3y* néu y=>0 va

thay y=-3y* néu y < 0. Nhu vdy phép bién doi trén da khong xét dén dau
cua y, va do do la mot phép bzen doi khong dwoe chdp nhdn.

Néu hoc sinh phat hién ra vin dé va diéu chinh lai bang cdch xét hai truong
hop y>0 vay < 0 thi cac em lai gap kho khan trong truong hop xu li voi y <

0
- O bai nay, cdi hay la viéc khai thac hi¢u qua phwong trinh thir hai dé ding
né gidai quyét cho phu"O'ng trinh thir nhat.
Voi nhitng hoc sinh c6 ki nang va tam li lam bai 10t, cdc em sé gidi quyét
dwoc bang cach dat ra cau hoi, lieu phwong trinh thi: hai c6 giup cho viéc
gidi quyét truong hop y < 0 hay khong? Va khi do, neu dé y ki déen phwong
trinh hai thi ta sé thay né da dwoc viét dudi dang 2 s6 dau ciia mot tong binh
phurong, va khi dé viéc thém b6t dé dwa dwoc vé dang tong binh phwong la
hoan toan co kha nang thyc hién dwoc. Va khi do vin dé vueéng mdc sé dwoc
gidi quyét triét dé.

Bai giai tham khdo
Piéu kién: x>1,yeR (¥).
(2)ex? +2x(y—1)+(y—1)2 =4y<::>(x+y—1)2 =4y = y>0.
Khido (1) J(x-1)+2+x-1=y" +2+¢* (la)

Xét ham s f(t)=\/t+1 +4/t voi te[0;+oo).
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>0,V¢>0 suy ra ham s f{#) ddng bién trén

1 1
Ta co f'(t)= +
acs (1) NS
(O;+oo).
Mt khac /{#) 1a ham lién tuc trén nira doan [0;+0).
Do d6 phuong trinh (la) < f(x—1)=f(y*) e x-1=)y' o x=y" +1.
Thay vao phuong trinh (2) ta dugc:
y=0=>x=1 (tmdk(*))
y(y3 + 1)2 =4 (2a)
Giai phuong trinh (2a):
(2a) =y +2y4+y—4:O<::>(y—1)(y6+y5 +y'+3y° +3y° +3y+4):0
y=1:>x=2(tmdk(*))
=S
V+Y Y 43y 43y +3y+4=0 (2b)

(y4+y)2=4y«t{

Phuong trinh (2b) v6 nghiém vi véi y >0 thi vé trai cta (2b) ludn 16n hon 0.
Vay h¢ phugng trinh c6 hai nghiém (x; y) = (1; 0), (2; 1).
Vi du 4. (Dé thi hoc sinh gioi tinh Hai Dwong nam hoc 2012 - 2013)

¥ =3x=+(y=17 =9y -1) (1) (y<R)
Lex—T=yy-1 ()

Bai giai tham khdao

Giai hé phuong trinh

x>1 (*)

y21

Tu phuong trinh (2) suy ra \/ﬁ -120&y>2

Do x -3x=ly-1y -3./y-1 (la)

Xét ham sb f(t) = -3t Vvéi te [l;+oo) :

Tacod f'(t)=3t"-320,Vt =1 suy raham s6 f{¢) dong bién trén [1;+).
Mt phéc f{z) 1a ham lién tuc trén nira doan [1;+00).

Do d6 phuong trinh (la) < f(x) = f(\/ﬁ) S x=4y-1

Véi x = \/ﬁ thay vao (2) ta dugc phuong trinh:

Jx=1=0 -1
l+Vx—-1l=x& x—l—( x—1)2=0<:>[\/x_ @[x X
x—-1=1 X=

biéu kién: {

Véix =1 tacody=2. (thoa min diéu kién (*)).

Véix =2 tacody=5. (thoa min diéu kién (*)).

Vay h¢ phuong trinh c6 hai nghiém (x; y) = (1; 2), (2; 5).
Vi du 5. Giai h¢ phuong trinh
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(x,yeR).

4x/8x—4 —12)" =5=4y" +13y +18x -9 (1)
4> —8x+4V2x—-1+2y" +7y* +2y=0 (2)
. Nhan xeét:
Sé bien doi dwoc phuwong trinh (1) nho viéc dwa vao ham dac trung
f (t) =4 +t. Khi d6, phwong trinh (2) dwoc gidgi quyét dwa vao phuwong
phap dwa vé phwong trinh tich.
Bai giai tham khdo
Piéu kién: x > %; yelR (*) :
Ta co:
(1) & 8xV2x—1=4y" +12)° +13y +5+3y2x -1
e [42x-1)+1]V2x—1=4(y+1) +(y+1)

<:>4(\/2x—1)3 +V2x—1=4(y+1) +(y+1) (la)
Xét ham s: f(t) =4 +¢t trén R |
Tacoé f'(1)=12¢* +1>0,Vs e R suy ra ham s6 f{2) dong bién trén R.

Mait khac f(?) 1a ham lién tuc trén R.
Do d6 phuong trinh

(la) = f(N2x=1) = f(y+1) = 2x - :y+1<:>{

Thay (1b) vio (2):
(1 +2v+2) —4()* + 2y +2)+4(y+1)+ 20" + 75> +2y=0

y=>-1 (**)
2x=y"+2y+2 (lb)

&y 6y’ +11y° +6y=0< (3’ +6)> +11y+6)=0

=0
2 y=-1
<:>y(y+1)(y +5y+6)=0<:> e
[ y=-3

Déi chiéu diéu kién (**) ta dugc y=0; y = -1.
Véiy=0tacd V2x—1=1<2x—1=1< x=1 (thda man diéu kién (*¥)).

Voiy=-ltaco V2x—-1=0=2x-1=0< x:%(th()a min diéu kién (*)).

Vay h¢ phuong trinh da cho c6 nghiém (x,y) = (1;0),(%;—1).

Vi du 6. Giai h¢ phuong trinh
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3x° —2x—5+2x x2+1:2(y+1)\/y2+2y+2 (1) ( R)
x,yeR).
X' +2y=2x—4y+3 (2)
= Nhdn xét:

O vi du nay, néu xét déc lip tirng phwong trinh thi vi¢c dan dén ham ddc
trung sé gap kho khan. Vi vdy ta sé phai tri Vvé véi vé ciia hai phirong trinh,
khi do ta sé thay xudt hién dwoc ham ddc trung.

Bai giai tham khdo
Piéu kién: xeR, yeR.
Trir vé v6i vé tuong Gmg cua hai phuong trinh ta dugc phuong trinh:

x4+ xvx? + —1:y2+2y+(y+1) (y+1)2+1
<:>x2+xx/x2+1:(y+1)2+(y+l) (y+1)2+1 (la)

Xét ham sb f(t)zt2 +tAP +1 trén R,

2
, ; ¢ UANP 1426 +1 ("tz“ﬂ)
f(t) =20+ +1+1. = =
Nt +1 V' +1 £ +1
suy ra ham so f(?) dong bién trén R.
Mit khac f(?) 1a ham lién tyc trén R.
Vi vay ta co (la)<:>f(x)=f(y+1)<:>x=y+1<:>y:x—l
Thay y = x - 1 vao phuong trinh (2) ta duogc:
x=-1
3x* —2x-5=0& 5

X==

3
Voix=-1tacdy=-2.

>0,VteR

Véi x=é ta co y:%.
3 3

Vay h¢ c6 nghiém (x;y) ( I; 2) (z ij

Vi du 7. Giai h¢ phuong trinh

{f 1 +x2-932-30=28y (1)

(x, Ve R) .
V2x+3+x=y (2)
= Nhdn xét:
Viéc dwa phwong trinh (1) vé dang dp dung dwoc ham ddic trung f (t) = +t
sé la khong con khé khan nita, khi dé ta dwa dwoc vé phiong trinh x* =y +3
va tw phwong trinh (1) ta sé chi ra dwoc y+32>0.
Bai giai tham khdo

Piéu kién: x > —%; yelR (*)
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Twr phuong trinh (1) ta c6

X4t =y 49" 428y +30 < x7 (xt 1) =(y+3)[ (y+3) +1|= y+320
Xéthamsb f(t)=t(£ +1)=1 +1 v6i t €[0;+00).

Tacoé f'(t)=3¢ +1>0,VteR suy rahams6 f(¢) dong bién trén [0;+).
Mit khac f(?) 1a ham lién tuc trén [0;+oo).

Do do6 phuong trinh (1)<:> f(xz)zf(y +3) o x’=y+3 (la)

Thay vao (2): V2x+3=x>—x-3
xX*=x-3>0 x*=x-3>0

= =
2x+3=x"-2x"-6x*+6x+x°+9 x'=2x =5 +4x+6=0

x'—x-320 x=3
c’{(m)(xs)(xz 2):Oc{x=—\/§
V61 x = 3 thay vao (1a) ta dugc y = 6 (thoa man dicu kién (*)).
Véi x=-+2 thay vao (1a) ta dugc y = - 1 (théa min diéu kién (*)).
Vay hé phuong trinh ¢6 nghiém (x;y)= (3;6),(—\/5;—1).

Ta thdy, dé tim dwoc ra cdc ham ddc trung dp dung gidi quyét cho cdc
phu’O'ng trinh khong phai la don gian, n6 doi hoi ki nang, kinh nghiém, su tinh
Y, su két hop khéo léo cua nguoi lam toan, nhung sau khi da giai quyet dwoc
van dé nay, thi mét van dé ddt ra tiép theo la vi¢c giai quyét tiép cdc phiong
trinh sau d6 nhw thé nao? Chiing ta xét tiép cdc vi du sau, xem xem cdu trd 101
la gi nhe?

Vi du 8. (Dé thi Pai hoc khoi A ndm 2010)

(45 +1)x+(y-3)5-2y=0 (1)

45 +y* + 243 -4x =7 (2)

Giai hé phuong trinh { (x,yeR).
= Nhdn xét: , ’
Qua cac vi dy da xét o muc giai phwong trinh, bat phwong trinh ta sé thay
dwoc la phai nhan hai vé cua phuong trinh (1) voi 2, sau do dwa dwoc
phuong trinh (1) vé dang ham dac trung voi ham dac trung la ham
f(t):t3 +t voi teR. Sau khi rit dwoc y tir phwong trinh (1) va thé vao
phuong trinh (2), ta dwgc mot phwong trinh an x, va sau do tiép tuc phai dp
dung tinh chat cua ham so ta sé tim dwoc nghiém cua hé phuwong trinh.

Bai giai tham khdo

=
IA
oo AW

Pidu kién

(*)

IA

Yy
Taco (1)< (2x

’ +2x:(\/5—2y)3 +5-2y (la)
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Xéthamsd f(t)=1 +t véiteR.
Tacé f'(¢)=3t+1>0,V¢eR suy ra ham so f(t) dong bién trén R.
Mait khac f(z) 1a ham lién tuc trén R.
Do d6 phuong trinh
x>0

(1a)<:>f(2x):f(«/5—2y)<:>2x:«/5—2y<:> y:5_4x2

2

2
Thé vao phuong trinh (2) ta duoc: 4x° + (% —~ 2x2) +243-4x-7=0 (2a)
A A . 3. e A
Nhan thay x =0 vax = 2 khong phai 1a nghiém cua (2a).
e o (5 ,) e (0.3
Xétham g(x)=4x" + E—Zx +2+/3—4x -7, trén khoang O;Z .
L 4x(4x -3) -

o 3o caee(o)
3—4x 3—4x 4

suy ra ham g(x) nghich bién trén khoang (O;%j :

g'(x) =8x — 8x(§ - 2x2j -

Mit khac ng =0, do d6 phuong trinh (2a) c6 nghiém duy nhit x =%, suy
ra y =2 (thda man diéu kién (¥)).
Vay hé da cho c6 nghiém: (x;y)= (%;2).

Pén day, nguoi doc da biét dwoc phwong phdp ma t6i mudn néi dén khi két
hop véi phwong phdap ham ddc trung. Do chinh la sy két hop lai mot lan nita
phwong phdap ham so, su dung tzep tinh don di¢u cua ham so cho cdac phuong
trinh, bat phwong trinh. C6 thé néi phwong phdp nay dwoc sir dung khd nhiéu
va khd hiéu qud. Chiing ta xét tiép cdc vi du sau.

Vi du 9. (Pé thi hoc sinh gidi tinh Hii Dwong ndm hoc 2013 - 2014)

3xy(1+\/9y +1) Jﬁ—f (1)

POV +D)+4 + V=10 (2)
‘ Bai gidi tham khdo
bicuki¢n: x>0; yeR (*).
Nhan xét x = 0 khong théa man hé phuong trinh.
Xetx>0

Giai hé phuong trinh (x; NS ]R) :
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Jx+1++/x
X

Phuong trinh (1) < 3y 439y +1 =

2
111
& 3y+3yJBy) +1=—+ +1 (la
y+3yy@3y) NP [\/;j (1a)
Tu (1) vax>0tacoy>0.Xéthamsd f(t)=t+tNt* +1 véi t €(0;+).

2
Ta c6 f'(t)=1+Vi’ +1+

>0, Vt e (0;+0) suy ra ham s0 f{z) luon

£ +1
d6ng bién trén khoang (0,+o0).
Mait khéc f{z) 1a ham lién tuc trén khoang (0;+).
1 1

Do dé phuong trinh (1a) < f(3y =f£—] S3y=—x=

=17 T
Thé vao phuong trinh (2) ta duogc:
A4+ DA =10 X + X2 + 4> +1D)AJx —10=0
bat g(x) =X +x +4(x" + 1).\/; —-10,v61 x e (O;+oo)
1
2Jx
suy ra ham sb g(x) 13 ham sb dong bién trén khoang (0,+o0).
Mt phéc g(x) 1a ham lién tuc trén khoang (0;+o0).
Taco g(1)=0. , ‘
Vay phuong trinh g(x) = 0 c6 nghiém duy nhat x = 1 (thdéa man dicu ki¢n (*)).

Taco g'(x)=3x" +2x+4{2x\/;+(x2 +1) }>O, Vx € (0;+0)

Véi x=1=y =%. Viy hé c6 nghiém duy nhét: (x; y) = (1;%).
Vi du 10. (Dé thi hoc sinh giéi tinh Vinh Phiic ndm hoc 2012 - 2013)
2y +y+2xJl-x=3J1-x (1)

22y +1+y=4+J4+x  (2)
‘ Bai giai tham khdo
bicu kién: -4<x<1, yeR (*).

Giai hé phuong trinh { (x,yeR).

Taco
(e 2y +y=2J1-x—2xJl-x ++/1-x
<:>2y3+y=2(1—x)x/1—x+\/1—x (la)

Xéthamsd f(t)=2 +1 véiteR.
Tacod f'(t)=6t +1>0,Vr e Rsuy ra ham s0 f{¢) dong bién trén R.
Mit khéc f(z) 1a ham lién tuc trén R.
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y=0

2

Do do6 phuong trinh (1a)<:>f(y)=f(ﬂ)<:>y ﬂ@{y N

Thé vao (2) ta dugc phuong trinh:

VB-2x+l-x=4+J4+x o B3-2x+Vl-x —J4+x=4 (2q)

Xétham sé g(x)=+/3-2x ++/1-x —v/4+x lién tuc trén [-4;1], ta co
(x)=— | |

ST P3-2x 21-x 24+«

suy ra ham sb g(x) nghich bién trén (—4;1) :

Mat khac ta co g(-3) =4.

Do d6 phuong trinh (2a) < g(x)=g(-3) < x=-3=y=2 (thoéa man dicu

kién (*)).

Vay hé phuong trinh c6 nghiém (x; y) = (—3;2).

Vi du 11. Giai hé phuong trinh

F(a ) e2(F 1V =6 ()
xzy(2+2\/W):x+m ) (x,y€R).

Bai gidi tham khdo

<0,Vxe (—4;1)

bK: x>0;yeR (*).
Nhan thay (0; y) khong 1a nghiém ctia hé phwong trinh.
Xeét x>0.

T phuong trinh (2) ta co 2y + 2y+/4)° +1——+—,/—+1 (2a)

Xéthamsd f(t)=t+tNe* +1 véi teR, tacd f{2) 1a ham lién tuc trén R,

t2
Ve +1
Do d6 phuong trinh (2a) < f(2y)= f(l) &2y = 1

X X

Thay vao phuong trinh (1) ta dugc phuong trinh:
x +)c+2()c2 +1)\/;:6<:>x3 +x+2(x2 +1)\/;—6=0

Taco f'(¢)=1+V +1+ >0,V¢eR suy ra ham so f(t) dong bién trén R.

Xét ham s6 g(x)=x’ +x+2(x2 +1)\/;—6 voi xe(0;4%), ta co g(x) 1a

ham lién tuc trén (0;+00).

2
Taco g'(x)=3x"+1+ ¥+l +4x/x >0 voi x €(0;+00) suy ra ham s6 g(x)

NS

dong bién trén khoang (0;+0).
Mt khac g(1)=0.
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Do d6 phuong trinh g(x) =0 < g(x) = g(l) S x=1

Véix=1tacod y :% (thoa man diéu kién (*)).

Vay hé phuong trinh c6 nghiém (l;%) :

Vi du 12. Giai hé phuong trinh
x(4x” +1)=p2y-1=0 (1)

(x,yeR).
—2x2+xy+3x—,/§+2=0 (2)

Bai giai tham khdo
PK: x2—4;y2% (*).
Ta co
(1) & 2x(42 +1) = 204/2y ~ 120 (22)' + (22) =(Y2y—1) 4251 (la)
Xét ham sb f(t)=t3 +t voiteR.
Tacd f'(t)=2¢*+1>0,V¢eR suy ra ham sb f{z) dong bién trén R.

Mait khac f(?) 1a ham lién tuc trén R.
Do d6 phuong trinh

(1a) = f(2x)= f(J2y—1) = 2x =2y -1 @{
Thay vao phuong trinh (2) ta dugc phuong trinh:
2% + xp +3x— ,/§+2 — 0 <> —4x> + x(2y) + 6x—~2x +8 =0

<:>—4x2+x(4x2+1)+6x—x/2x+8=0<:>4x3—4x2+7x—\/2x+8:0

x>0 (**)
4x* +1=2y

Xét ham s g(x) =4x° —4x" +Tx —2x +8 vébi xe[0;+oo), ta c6 g(x) la
ham lién tuc trén [0;+0).

| ) 2 5v2x+8 -1
g'(x)=12x2—8x+7—\/7=4x +2(2x—1) + ———>0,Vx20
2x+38 V2x +38

nén ham s6 dong bién trén khoang [0;+).
Mit khac d& thay g(%j =0. Do d6 phuong trinh g(x) = 0 c6 nghiém duy nhat

1
X=—.
2
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Véi x = % ta co y = 1 (thoa man diéu kién (*) va (*¥*)).

Vay hé phuong trinh c6 nghi¢m (%, 1) :

Vi du 13. Giai hé phuong trinh

\/2x+1—\/2y+1:x—y (1)
x'=12xy+9y° +4=0 (2)

(x,yeR).

= Nhdn xét: ,

RO rang, tw phwong trinh (1), ta thay ngay dwoc phuwong trinh dac trung

f(t) =2t +1—1t, nhung khi d6 ta lai gdp tré ngai la ham sé khéng ludn

dong bién hodc nghich bién trén tdp xdc dinh da chi ra. Vay ta phdi lam gi?
Bai gidi tham khdo

Didu kién: ? (%).
2 R
4 2
Tt phuong trinh (2) néu h¢ phuong trinh c6 nghiém (x; y) thi x.y >0 (*%*)

Ta co (1)<:>\/2x+ —x=42y+1-y

Xét ham sb f(t):\/2t+1 —t voi te[—%ﬁooj, f(t) 1a ham lién tuc trén

1
——;+0 |.
e
1

Taco f'(¢)= N

Bang bién thién:

_1:1_— "2t+1; f'(t):0<:>z‘:O
V2t +1

t -

F(t)

+ 0

Do (**) nén xay ra cac truong hop sau:
Truong hop 1: x,ye[—%;Oj: f(x)zf(y)@xzy

Truong hop 2: x,y €(0;+0): f(x)=f(y)=x=y
Do d6 phuong trinh (1)< f(x)=f(y) = x=y.

1
E 0 400
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Thay x =y vao phuong trinh (2) ta dugc phuong trinh: x* =2 < x = +/2..
Két hop didu kién (*) ta dugc x =y =+/2.

Vay hé phuong trinh ¢6 nghiém(x;y)= (\/5 2 )

Qua cdc vi du trén, ta thdy ching c6 mét’die;m chung la déu tir mét phwong
trinh, phat hi¢n ra viéc khai thac tinh chat ham dac trung, dwa phwong trinh
do vé mot phwong trinh don gian hon, sau do dung phwong phap the, két hop
voi phwong trinh con lai, ta sé giai quyét duoc bai todn. Vdy cdu hoi dat ra la
co truong hop nguoc lai hay khong? Ta xét tiép vi du sau.

Vi du 14. Giai hé phuong trinh:

{\/3x T+4(2x+1)=Jy—1+3y (1)

(x+y)(2x_J’)+4=—6x—3y (2) (v.y€R).

= Nhdn xét:
O vi du nay, ta chua nhin ra ham dac trung ngay cho ca hai phuwong trinh,
nhung néu tinh ¥, ta sé thdy phwong trinh (2) c6 thé dwa dwoc ve phuong
trinh tich bang cdch coi phuong trinh (2) la phuong trinh bdc hai an y (hodc
x), va sau dé ta moi xét tiép dén phwong trinh ().

Bai giai tham khdo

Diéu kién: x z%; y =1 (%)

2) ey’ —(x+3)y—(2x2 +6x+4)=0; A:(3x+5)2
y+x+1=0

Vay phuong trinh (2) c¢6 hai nghiém:
2x-y+4=0

y+x+1=0 v6 nghiém vi xZ%;yZl

2x—-y+4=0& y=2x+4, thay vao phuong trinh (1) ta co:
V3x—1+4(2x+1)=~2x+3+3(2x +4)
< 2(3x—1)+V3x—1=2(2x+3)+v2x+3 (la)

Xéthamsd f(t) =2t +1 véi t €[0;+).

Ta c¢6 f'(t)=4t+1>0,Vte[0;+0) suy ra ham s6 f(¢) dong bién trén
[O; +oo) .

Mit khac f{z) 1a ham lién tuc trén [0;+00).

Do d6 phuong trinh (1a) < +/3x—1=v2x+3 < x=4= y=12. (théa min
diéu kién (*)).

Vay hé phuong trinh da cho c6 nghiém (x,y)=(4;12).

Chu y: Phuong trinh
3x—1+4(2x+1)=v2x+3+3(2x +4) & /3x—1 -/2x +3 =8 - 2x ciing

c6 thé giai bang phuong phap nhan vii biéu thuc lién hop.

37



Twong tu, ta xét tiép vi du sau.
Vi du 15. Giai hé phuong trinh

ety =y +x’y —x° (1)
(x,ye]R).
—10x° = 5x+12y —11=2x23(7x" =Ty +2x+7 (2)
= Nhdn xét:

- Tir phwong trinh (1) ta sé bién doi dugc vé phirong trinh tich.
- Sau khi dwa dwoc phuong trinh (1) vé dang tich va ket hop voi phuong trinh
(2) thi viéc chi ra dwoc ham dac trung o phwong trinh nay khong hé don gian.

20 7 o A A \ ’ A 1 N ’ s s A A
Ta phai bién doi duwoc phwong trinh do theo an t =—, va sau do moi bien doi

) X
tiep duoc.
‘ Bai gidi tham khdao
bicuki¢n: xeR;yeR.
. s o o X+ =0
Taco (1)<:>(x +y ) (x +1-y)=0&
X’ +1-y=0
. s x=0
Truonghop 1: x"+y " =0 0
y:

Thé vao phuong trinh (2) trong hé khong thoa man.
Truong hop 2: y=x> +1 thé vao phuong trinh (2) trong hé ta duoc
—10x° +12x% = 5x+1=2x23/7x° = 7x* +2x  (3)

Vi x = 0 khong 1a nghiém cta phuong trinh (3) nén chia ca hai vé ciia (3) cho
x* ta duoc phuong trinh

—10+2—%+i3=2.3,/7—1+32 (3")
X X X X X

it 1=, phuong trinh (3) tr& thanh: £ —5¢* +12¢—10=232* =7t +7 (4)
X

£ =52 +12t-10=2.a (5
bita= 2t -7t +7 tacc’)hésau{ ()

200 =Tt +7 =a’ (6)
Cong vé véi vé ciia (5) va (6) tadua vé (t—1)° +2(r—1)=da’ +2a (7)
Xéthamsd f(¢t)=1"+2t véiteR.
Taco f'(t)=3r"+2>0,VteR suy ra ham s6 f(t) dong bién trén R.
Mit khéac f(?) 1a ham lién tuc trén R.
Do d6 phuong trinh (7)< f (1 —1)= f(a) =t —-1=a
Thay a=t - 1 ta dugc phuong trinh
V262 =Tt +T=t-128 =Tt+7=t -3 +3t-1<1t =5 +10t —8=0

2
e (t-2)(F -3t+4)=0c1=2(Vi£ —3z+4=(r—§j +%>O,VteR ).
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Voéit=2tacod x:lvéyzé.
2 4

Vay hé phuong trinh c6 nghi¢m (x; y) = (%,%) :
Sau ddy ta xét cdc vi du két hop gitta phwong phdp ham ddc trung va phwong
phap nhan lién hop.
Vi du 16. Giai hé phuong trinh

x3—y3+6y2+2(x—7y):—12 (1)

(x,y € ]R) :
V3-x+4y=3=x>+)"-10x-5y+22 (2)

w Nhdn xét: Trong hai phwong trinh di cho, ta dé dang dwa dwoc phwong
trinh (1) vé dang xét ham ddc trung f(t) =t +2t. Khi dé thay y theo x vao
phuong trinh hai ta dwoc mot phuong trinh vo ti, va voi phwong trinh vo ti
nay, dé thay x = 2 la mgt nghiem, do do sé tim ra_cdach giai la su dung
phwong phap nhan lién hop bang cach thém bot mot hang so thich hop.
Bai giai tham khdo
S x<3
bicu kién: { (*).
y=>3
Taco: (1) x* +2x=(y-2) +2(y-2) (la)
Xét ham s: f(t) =£ +2t trén R |
Tacé f'(1)=3t"+2>0,VreR suy ra ham so f{¢) dong bién trén R.
Mait khac f(?) 1a ham lién tuc trén R.
Do do6 phuong trinh (la)<:>f(x):f(y—2)<:>x:y—2<:>y:x+2 (lb)
Thay (1b) vao (2):
B—x+x—1=x"+(x+2) —=10x = 5(x +2) +22

SB-x+x-1=2x"-11x+16
P ) B ) I P

+
N3—-x+1 Jx—-1+1
x—2=0 (2a)
= 1 1
— + =(2x-7) (2b
N3I—-x+1 ~x-1+1 ( )( )
(Za)c>xz2:>y:4(th6amﬁndiéukién(*)).
1 1
2b) <= (7 -2x) - + =0
( ) ( ) N3—-x+1 Jx-—-1+1
1
Vix<3nén 7-2x2>21va ————«<1
V3-x+1
1 1
T do | (7—-2x)— + > (0. Hay (2b) vO nghiém.
{( ) \/3—x+1} Jx—=1+1 y (2b) shis
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x=2

Vay hé da cho c6 nghiém duy nhat { A
y =

Vi du 17. Giai hé phuong trinh

(X+ VX +2x+2 +D)(y++y* +1) =1 (1)
Jy=xy+9+2013=4/y> +2y+4 +2014x (2)

Bai gidi tham khdao

(x,ye]R).

S y=xy+920
bicu kién: (*).
xeR;yeR

1
Phuong trinh (1)< (x +1)+4/(x+1) +1=———— (Vi y++/)* +120)
= (el 1= e
o (x+1)+ (x+1)2+1=(—y)+ (—y)2+1 (la)

Xét ham sb f(t):t+\/t2+1 trén R

t :\/t2+1+t>\/t_2+t: 1|+
JE+1 NP+l NP+ P+
suy ra ham s f(t) dong bién trén R.
Mait khac f(?) 1a ham lién tuc trén R.
Do doé phu’orngtrinh(1a)<:>f(x+1)=f(—y)<:>x+1=—y<:>y=—x—1

Taco f'(t)=1+

>0,VteR

Thay y = - x - I vao phuong trinh (2) ta dugc:
Jx? +8 —V/x? +3=2014x-2013 (2a)
VxeR taco

X +85 435>0V +8 >Vt +3>0=2014x-2013>0= x>0

Do do (2a) & (Vx* +8=3)=(Va* +3 -2) - 2014(x =1)=0

@(x—l){ X+ X+ —2014}=0<:>x:1

VXX +8+43 AxP+3+2

Vitaco

(x+ (Vo +3 - +8-1)
x+1 x+1 2014 )

\/x2+8+3_\/x2+3+2 (\/x2+8+3)(\/x2+3+2)

Véix=1tacody=-2 (théa man diéu kién (*¥)).
Vay h¢ co nghiém (x;y) =(1; - 2).
Vi du 18. Giai hé phuong trinh

(17 =3x)3/5-x +(3y—14)/4-y =0 (1)
2\2x+y+5+33x+2y+11=x"+6x+13 (2)
. Nhdn xét:

-2014<0,Vx>0

(x,yeR).
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Pé gidi dwgc bai tap nay, ta thd'y, ngoai phwong phap sw dung ham dac trung,
s dung cda ham so ta con phdi két hop ca phwong phap nhan lién hop.

Bai giai tham khdao
x<5
y<4
2x+y+520
B3x+2y+1120
Taco (1)< [3(5-x)+2|V5-x=[3(4-y)+2]J4-y (la)
Xéthamso f(1)=(3 +2)r =3¢ + 21 v6i t €[0;+0).
Taco f'(1)=9 +2>0,Vse[0;+00) suy ra ham s0 f{t) dong bién trén [0;+0).
Mt khac £{#) 1a ham lién tuc trén [0;+00).
Do do6 phuong trinh
(1a)<:>f(m)=f(\/m)<:>x/5—x=\/4—y SS5-x=4-yy=x-1
Thay y = x - 1 vao (2) ta dugc phuong trinh:
2V3x+4+3V5x+9 =x" +6x+13 (2a)

<:>2(\/3x+4—2)+3(x/5x+9 —3)=x2 4 6x

6x 15x

= +
V3x+4+2 J5x+9+3

6 15
S X + —-6—x (=0
(\/3x+4+2 NV5x+9+3 j
x=0
= 6 15

+
V3x+4+2 J5x+9+3

Véix=0tacdy=-1(Thoa min diéu kién (*)).

biéu kién:

(*)-

=x(x+6)

~6-x=0 (2b)

. 6 15
Giai phuong trinh (2b): Xét ham so g(x)= + —6—x
V3x+4+2 J5x+9+3

n . 4 ,
lién tuc trén —5;5 ,taco

g'(x)

- 9 ) 75
B Brra(Var+d +2)2 J5x+9(\5x+9+2)

. —1<0,‘v’xe(—g;5j

suy ra ham s g(x) nghich bién trén [—%;5} .

Mit khéc ta c6 g(-1) = 0.
Do d6 phuong trinh (2b) < g(x)=g(-1) < x=-1=> y =-2 (théa méan dicu
Kién ().

41



Vay hé phuong trinh c6 nghiém (x;y) = (O;—l), (—1; —2).

Nhan xét: o
- Khi gap phuong trinh vo ti, mot trong cdac phwong phap hay dwoc nhac den
do la phwong phap nhan lién hop. Ta thuong tim ra biéu thirc lién hop dua
vdo viéc nham nghiém cua phwong trinh, thuong nhitng nghiém do la nghi¢m
duy nhat. Va vi thé, khi xdc dinh lwong lién hop cua biéu thirc vé ti twong doi
don gidn, vi du nhw & phirong trinh trén, ta chi can phdt hién ra x = 0 la mot
nghiém cua phwong trinh (2a) thi khi gap 3x+4 thi ta sé thém bot mot
hang sé dé xudt hién dang \3x+4 —2, khi gdp 5x+9 ta cing chi can
thém bot mot hcfng s6 dé xuat hién dang \5x+9 —3, khi do sau khi nhdn va
chia voi lwong lién hop thi sé xuat hién nhan tir chung la x.

- Doi voi | phwong trinh (2a), hoc sinh ciing c6 thé gidi tiép bang phu’o’ng phap
nhdn véi biéu thirc lién hop. Pau tién dimg hé tro ciia mdy tinh, c6 thé tim

dwoc nghiem x = -1 cua phwong trinh (2a), va vi vy, theo hudng phan tich o
trén, ta sé tach tiép dwoc nhu sau:

6 15
+ —-6—-—x=0
V3x+4+2 J5x+9+3

e e
2(1-3x+4) 3(2-5x+9)

S hrrarz | asoas !
o 2(-3x-3) . 3(=5-5x) o
(\/3x+4+2)(1+\/3x+4) (\/5x+9+3)(2+\/5x+9)_

< (x+1) - ° - w —1]=0
(Varra+2)(1+axr4) (fx20+3)(2+3x+9)

S x=-1

. 6 15 4

v (m+z)(1+m)‘(m+3)(z+m)‘1<°’Vxe(‘§’5j)

- Nhw vdy theo cdch gidi trén, trong trieong hop néu nham thdy phuong trinh
o hai nghiém thi ta da dung phwong phdp lien hop hai lan dé xudt hién nhan
tur chung. Vdy ngoai cdch thém bot hai lan nhw vay, ta c6 cach nao dé chi can
mot lan thém bot la da xudt hién dwoc nhéin tir chung hay khong?Khi do cach
lam xudt hién biéu thirc lién hop thé nao? Ta xét tiép vi du sau.
Vi du 19. Giai hé phuong trinh
¥ =x +3(3y" —x7)+32y=8x-36 (1)
(x, S ]R) :

4x+2 416 -3y =x" +8 (2)
= Nhdn xét:
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O'vi du nay ta ,cc”in chi y ¢ ca hai phuong trinh da cho. ‘

- Thir nhat, doi voi phuong trinh (1), ta thdy béc cao nhat cua x vay deu la 3,
vay thi nhiéu kha nang sé dwa dwoc vé ham déc trung. de, thi ;rwo“c hét ta de
¥, do cac x va y do lap voi nhau, nén viéc dau tién la ta bién doi phuwong trinh
di cho vé dang (1) < x* +3x* +8x=)"+9y" +32y+36 (1").

O vé trai cia (1) ta lai dé y tiép c¢6 thé dwa dwoc vé
x+3x" +3x=x" +3x7 +3x+1+5x—1:(x+1)3 +5(x+1)-6

Vay thi liic nay vé phdi sé nghi dén viéc biéu dién qua (py + u)3 + 5.(py + u)
Va khi dé sé xudt hién dwoc ham dic trung f(t) =1 +5¢t .

- Thit hai, sau khi thé y tir phuong trinh (1) vao phwong trinh (2), ta nhan thdy
day la mot phuong trinh vo . DPoi véi mét phuwong trinh vé ti, phwong phdp
hay ding nhat @6 la nhan véi lwong lién hop, tuy nhién dé tim ra dwoc lrong
lien hop ciing doi hoi mot chut ki thudt. Poi véi bai nay, nham hodc ding
mdy tinh cam tay ta thdy phwong trinh ¢6 nghiém la x = - 1 va x = 2.

Daz vOi phwong trinh co hai nghiém tro lén thi cach thém bot hang 56 vao

méi cin va lién hop la khong phu hop. O ddy ta khong thém bot hang $6 ma
phdi thém mét biéu thirc ax + b ndo dé. Vay tim biéu thirc nay nhi thé ndo?

Trude hét ta xét \x +2 nhé

Véix = - 1 thay vao can cé gid tri bang 1, thay vao biéu thirc thém ta cé
-a+b=1.

Véix =2 thay vdo cin cé gid tri bang 2, thay vao biéu thirc thém ta cé
2a +b=2.

—a+b=1 “=

=
2a+b=2

Giai hé {
b=

WA W]~

Do dé biéu thirc can thém vao dé la: ax +b = %x + g

Tuwong tw xét 22 —3x, biéu thire can thém vdo dé la: —%x + %

Bai giai tham khdao
Diéu kién: _16 (*).

Ta co:
(1)<:>x3 +3x° +8x=3" +9y° +32y +36

<:>(x+1)3 +5(x+1):(y+3)3 +5(y+3) (la)
Xétham so: f(t)=¢ +5t trén R.
Tacoé f'(¢)=3t>+5>0,Vt e R suy ra ham s6 f{¢) dong bién trén R.
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Mait khac f(?) 1a ham lién tuc trén R.
Do do6 phuong trinh (1a)<:>f(x+1)=f(y+3)<:>x+1=y+3<:>y=x—2
Thay y = x - 2 vao phuong trinh (2) ta dugc

4\/x+2+\/22—3x:x2+8<:>4(\/x+2—x—+4j (\/22 14— xj—x —x=2

9(x+2)—x2—8x—16 9(22—3x)—x2+28x—196 5

9(\/x+2+x;4j 9[\/22—3“143”)

=4

2 4 1 x:_l
<:>(x —x—z) 1+ st = —0o _,
9(\/x+2+x3 j 9(\/22—3x+ 3xj =
(Vitacod 1+ 4 + ! >0, Vxe[ 2232}).

9(\/x+ 2+ x;“j 9(\/22 “3x + 143_xj

Véix=-1tacdy=- 3. (thoa min diu kién (*)).

Véix =2 tacody=0. (thoa min diéu kién (*)).

Vay hé da cho c6 nghiém (x;y)=(-1-3),(2;0).

Chii y: Déi véi phirong trinh & trén, ta ciing cé thé nhdn thém véi biéu thirc
lién hop hai lan dé lam xudt hién hai nghiém x = -1 va x = 2, nhung vi da
trinh bay cach nay & vi du 18 réi nén ¢ ddy téi khéng trinh bay thém cach gidi
nay nia.

Ngoai phu’o’ng phdp ham sé, phwong phdp nhdn lién hop, thi phuwong phap
lwong gidc hoa ciing la mot phiwong phap 1o ra rdt hiéu qua trong nhiéu bai
tdp. Sau ddy ta tiép tuc thdy dwoc viéc két hop giita phiwong phdp diing ham
ddc trung va phuwong phdp lwong giac hoa qua vi du sau.

Vi du 20. Giai hé phuong trinh

2y° +2x1-x=31-x-y (1)
2% + 21+ x =y +1 (2)

(x,yeR).

w Nhan xeét:
Sé bien doi dwoc phuwong trinh (1) nho viéc dwa vao ham dac trung
f(t) =2 +t. Khi d6, phwong trinh (2) ¢6 dang 2x* +2xy1—x" =J1—x +1,
Vv&i phwong trinh ndy, ta sé ding phiwong phdp lwong gidc héa dé gidi quyét.
Bai giai tham khdao
P e S 5. |
bicu kién: (*).
yelR

Ta cé: (1) <2y +y=[2(1-x)+1]VI-x ©2)° +y=2(\/ﬁ)3 +4/1-x(3)
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Xéthamso: f(t)=2r +t trén R,

Tacod f'(t)=6t+1>0,VteR ham sd f{¢) dong bién trén R.

Mat khac f(?) 1a ham lién tuc trén R.

Do do6 phuong trinh (3)<:>f(y)=f(\/1—x)<:>y=x/1—x (4)

Thay (4) vao (2): 2x* +2xy1—x* =J/l—x + 11 —x =2x% =1+ 2xy1 — &

bat x =cost, 7 €[0; 7], phuong trinh (2) tré thanh:

. R A
2cost’ —1+2costn1—cos®t =+/1 —cost <> cos2t + 2costsint :\/Esmz

< 082t +sin 2t = \/Esiné = \/Esin(% + %) = \/Esin% = sin(2t + %) = sin%

2t+£:£+k27r t:—£+k4—”
o 4 2 = 36 43 (k,k'eZ)
%+ Z g Likon Ay il
4 2 10 3

Két hop diéu kién ¢ e [0;72'] ta duoc t = ?l’—g thoa man.
a, 3z . RY/1 . 3 P R
Khi d6 x = cosﬁ va y=,[1- cosﬁ = x/zsm% (théa man diéu kién (*)).

Vay h¢ phuong trinh da cho c6 nghiém ( X, y) = (COS% J2sin 2_7;)

O vi du trén ta thdy, tir diéu kién cia an ta c6 thé tw duy dén viéc ding
phwong phap luong gidc hoa, tuy nhién voi vi dy sau thi sao? T hu’ong thi
ngay tur diéu kién cua an, ta cé thé dinh hinh dwoc bdi todn da cho cé thé gzal
quyét dwoc nho phwong phdp lwong gidc héa hay khéng, nhung ciing cé
nhitng bai doi hoi phai biét chia truong hop, nhiwe vi du sau chang han.

Vi du 21. Giai hé phuong trinh

X' =3x=4y+3 (1)
x3+2y2+7(2x—y):y3+5(x2+2) (2)
Bai gidi tham khdao

(x,yeR).

xeR

*
(2)<:>(x—1)3—2(x—1)2+7(x—1):y3—2y2+7y (2a)
Xéthamsd f(t)=1 -2t +7t véi teR.

2
Taco f'(¢t)=3¢ —4t+7:3(t—§] +1?7>O,VteR suy ra ham sb f{z) dong

biéu kién: {

bién trén R.
Mit khéc f(z) 1a ham lién tuc trén R.

45



Do d6 phuong trinh
(2a)<:>f(x—1)=f(y)<:>y=x—1
Thé vao phuong trinh (1) ta duge: x* —3x=+x+2 (la)

Giai phuong trinh (1a):

Néu x > 2 thi x’—3x=x+x(x’—4)>x>x+2 nén phuong trinh (la)
khong c6 nghiém véi x > 2.

Néu —2 < x <2 thi dit x = 2cost, v6i ¢ € [0; 72'] .

Khi d6 phuong trinh (1a) tré thanh:

8cos’t — 6¢cost =+/2cost + 2 < 2(4cos3t —3cost) = J2(cost +1)

&> 2c083t = 2.20052% &> cos3t = cos%

=Ly ko (=i 3
2 5

= = (k,meZ)

3t=—£+m27z t=m4—7z
2 7

dr.,_ 4z
7 b

Do ¢ €[0; 7] nén ta dugc cac gid tri t thoa man 1a: 1 =0;¢ = 5

Véit=0tacox=2 =>y=1.

Voi t:47” ta co x:2cos47ﬂ:>y:2cos47ﬂ—l.

Voi t:% ta co x:2cos4?ﬂ:>y:2cos4?ﬂ—l.
Vay hé phuong trinh da cho c6 nghiém
(x;y):(2;1),(200547”;200547”—1},(20054?”;20054?”—1).

Ta xét tiép mot vi du sir dung sw két hop giita ham ddc trung va phirong phdp
danh gid.
Vi du 22. Giai hé phuong trinh
x4yt —6x? +15x+3y-14 (1) R
x,yeR).
Gesediagi=s (@) "7F
= Nhdn xét:
Véi hé phwong trinh nay, ta sir dung dwoc ham ddc trung doi véi phuwong
trinh (1), con phuwong trinh (2) sé la phwong phap gi day nhi?
Bai giai tham khdao
Diéu kién: x>0,y>0 (¥).
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Ta co:

()= (2-x) +3(2-x)=»*+3y (3)

Xét ham sd: f(t) = +3t trén R |

Tacoé f'(1)=3t"+3>0,VteR suy ra ham s0 f{¢) dong bién trén R.
ta co f(t) 1a ham lién tuc trén R.

Do d6 phuong trinh (3)<:>f(2—x)=f(y)<:>2—x=y (4)

Thay (4) vao (2): x+2-x+¥x+32-x=4 (5)

Diéu kién: 0 < x<2. Ap dung bat ding thirc Cosi ta c6:

\/;SH_x; oy SM;(‘/;31+1+1+X;4'—2—)531+1+1+(2_x)

2 X 4 4
Tur do suy ra:
\/;+\/2—x+<‘/;+\4/2—x31;x+3;x+31x+5;x:

Déu bang xay ra khi va chi khi x = 1.

Do d6 phuong trinh (5) ¢6 nghiém duy nhat x = 1 (thoa man diéu kién (*)).
Véi x = 1 thay vao (4) ta c6 y = 1 (thoa man diéu kién (¥)).

Vay hé phuong trinh da cho c6 nghiém duy nhat (x; y) = (1; 1).

Nhue vdy, qua cdc vi du trén, ta thay dwoc sw phong phii ciia sw khai thdc tinh
chat ham ddc trung vao gidi h¢ phu’o‘ng trinh. Tuy nhién sé la khong hoan
thién néu ta thiéu di sw két hop gitta cdc bién trong hé. Cu thé, & cdc vi du
trén chung ta thdy viéc tim ra ham ddc tru’ng chi dwa vao sy doc lap gitta hai
bién x va y trong phwong trinh. Cdc vi du sau sé cho chung ta thdy ré hon
viéc di tim ham ddc trung trong moi quan hé giita x va y.

Vi du 23. Giai h¢ phuong trinh

{xy 2x* —xy+5y-2=0 (1)

Y +Hl+x—y=2xy—x +\/x —2xy+y° +1+\/7 2

Bai giai tham khdo

xyeR).

A 1A X2y
biéu kién: (*).
y=0

2)<:>\/y2+ —\/;—yzle(x—y)z+1—«/x—y—(x—y)2 (2a).
Xét ham s6 f(t)zx/m—\/;—tz, Vi e (0;+00).

L gl t 1 1
Tacod f (t)_MZJ?2t_{ﬁ2j IV
ham s0 £{?) nghich bién trén (0;+0).
Mait khac f£{#) 12 ham lién tuc trén (0;+00).
Do d6 phuong trinh (2a) < f(y)=f(x—y)ex=2y

<0, Vt>0 suyra
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Thay x = 2y vao phuong trinh (1) ta c6
4y’ —10y* +5y -2=0<(y-2)(4y* -2y +1)=0

y—2=0 o 1Y 3
<, <y=2Vidy -2y+1=|2y——| +—>0,VxeR).
4y =2y +1=0 2 4

Véiy =2 tacod x =4 (tha man diéu kién (¥)).
Vay h¢ c6 nghiém (x; y) = (4; 2).
Vi du 24. Giai hé phuong trinh

0 (Vo 4 141) =37 49+ 3y (1)
(3x—1)\/x2y+xy—5 —4x’ +3x’y-7x=0 (2)

Bai giai tham khdo
‘ y+xy=5
Pidukign: {7 V=Y (),
xeR;yeR
Xét phuong trinh (1):

3 y2+9+3y>3‘y‘+3y20,Vy; yz(\/x2+1+x)20,Vx;y:>x>O

(x,yeR).

Ma x y+xy>5<:>y(x + X >5:>y>0

Khi d6 ta c6: (1) < xvx? +1+x—— /1+ +— (la)

Xét ham sd: f() > +1+1¢ trén O+oo
, ' —]42 tz
Tacof(t)— 4 +1+m

bién trén (0;+00). Mt khéc f{#) 1a ham lién tuc trén (0;-+oo

+1>0,V¢ €(0;+%) suy ra ham s f{z) dong

Do d6 phuong trinh (la)cf(x):f(ij@x:i@y:
Y

Thay y= 3 vao phuong trinh (2) ta c6
X

(3x—1)V3r—2 42’ +9x* = Tx =0 (3r—1)(V3x—2 - x) =4x’ ~12x +8x

—x?+3x-2 ( 3x—1 J
SBx—1)—— =4 - 12X +8x = (x> = 3x+2)| dx +—— |=0
( )\/3x—2+x ( ) V3 x—2+x

3x—1 2
Sx*-3x+2=0(Vidx+—0w—>0,Vx>=
( V3x—-2+x 3)

{le
=
x=2

Véix =1 tacdy=3 (théa man diéu kién (*¥)).
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Véix=2tacod y= % (thoa man diéu kién (*)).

Vay hé phuong trinh da cho c6 nghiém (x; y) = (1; 3), (2;%).

4. Bai tap tu luyén ,
Bai 1: Giai cac phuong trinh sau trén tap so thuc

a) 2x° +x° —3x+1=2(3x—1)\/3x—1.
b) x* +3x* =33/3x+5=1-3x.
c) 4x° +18x" +27x+14>3/4x +5.

d) Y6x+1=8x" —4x—1.
e)x3—2x2+§x—2:\3/81x—8.
p vx+3  N2x+2
I+V1-x 1++2x+2
@) (24 1)(2+V4x +4x-+4)+35( 24402 +3) =0

Bai 2: Gidi cac h¢ phuong trinh sau

=x-1.

X —y—-1=22x-1
a) 3 y3 2 (x’yER)'
y —=8x +3y " +4y-2x+2=0
2
X+—=y+=
b) y X (x,yeR).

Vx+8-2y+2=3y-2
2(y3— 3)—6x2+7x—y+3

243 y+1/2 1+y ,f—x +4

q) {7x -y’ =24x° +25x—3xy(x+y)—y—10=0

C) 1 xye]R

, , (x,ye]R).
7x"+4xy—10x+y" -2y+3=0

{x+\/x —2x+5=3y+4y’ +4

x =y =3x+3y+1=0

(x,yeR).
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Phan 3
KET LUAN

Pé tai dugc thue hién tir ndm hoc 2010 - 2011 dén nay, qua qua trinh
giang day ning cao cho hoc sinh, t6i nhan thdy hoc sinh rat himg khoi khi
dugc lam quen véi viée giai quyét bai toan bang cach tiép can thong qua s
dung tinh chat ctia ham dic trung.

Pa s6 cac em ndm duoc cach lam va khoang 70% hoc sinh kha gioi giai quyét
t6t cac bai toan gido vién dua ra. Phan bai tdp ndy nam trong cac cau hoi dé
dat duge diém cao trong cac dé thi dai hoc nén cac em rét himg thu, dac biét

la cac em hoc sinh gidi toan.

Hudng phat trién thém cua dé tai 1a: Tiép tuc bd sung khai thac tinh
chat ham dic trung dé giai phuong trinh va bat phuong trinh, hé phuong trinh
khac vi du nhu déi v6i cac ham s6 mil, logarit... bén canh d6 ciing phat trién
tiép dbi v6i cac phuong trinh, bt phuwong trinh va hé phuong trinh chia tham

bién.

Thong qua sang kién kinh nghiém nay, t6i mong mudn dugc dong gop
mot phan nho bé cong sire trong viée hudng dan hoc sinh tng dung va khai
thac cac phuwong phap khi 1am toan, rén luyén tinh tich cuc, phat trién tu duy
sang tao cho hoc sinh, gay hung thu cho cac em khi hoc toan. Tuy nhién, do
thoi gian c6 han, trinh do ban than con han ché, nén toi rat mong dugc su
dong gop bd sung ctia Hoi dong khoa hoc cac cp va cua cac ban déng nghiép
dé kinh nghiém cua t6i dugc hoan chinh hon, ddng thoi ciing gitp d& toi tién

bo hon trong giang day.

T6i xin trdn trong cam on!
Joai Duong, thang 03 nam 20714

Tée gid
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