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Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

NOI DUNG CHUYEN PE

& ALl

- Phwong phap tim sd hang ctia day s6 cho bdi mot hé thire truy hoéi tuyén
tinh.

- Lién phan s6.

- Sai phan.

- Cac phwrong phap tim s0 hang cta day so.

- Céc khai niém day con, day tuan hoan va chu ki.

- M6i lién hé gitia tinh hoi tu ctia day sO va day con.

- Tim gidi han caa day so.

- C4c bai toan thwong gap vé day so.
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Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

PHAN I
XAC PINH DAY SO

A.XAC PINH DAY SO BANG PHUONG PHAP QUY NAP, PHUONG PHAP DOI BIEN.
1. Xac dinh day s6 bang phwong phap quy nap.
D& chitng minh ménh dé chita bién A(n) ding véi moi s6 nguyén duong n ( bang phuong
phap quy nap), ta thirc hién theo cac budc nhu sau:
Budc 1 (buoc co s6 hay buwdc khéi didu): Kiém tra A(n) dang véin=1.
Buoc 2 (buéc quy nap): Gia skt A(n) dung véi n=k (k>1,keN)
ta chitng minh A(n) dung vdin =k+1.
Budc 3: Két lugn: A(n) ding véi moi s6 nguyén duong n.

X =2

X g =+2+X,,VN=12,..

n

Bai 1: Cho day s6 (X,) nhu sau: {

a) Tinh X, X,, X,. b) Tim s6 hang tong quét ( sd hang thi n).

Giai

a) Taco X, =\/§=ZCOS%; X, =\}2+\/_ = /2(l+g} = /2(1+cos%j =2cos%
X, =2+X, = 2(1+cos%j =2cos%.

b) Ta suy ra :X, =2C05%,Vﬂ=l,2,...

Véin=1 X = ZCOS% =J2.n=1 cong thirc dung.

VA
2k+l !

Gia st cong thirc dang véi n=k (k>1,keN) nghia la X, =2cos vk >1

Ta chttng minh cong thitc dang véi n=k+1 (k>1,keN) nghia la X, ,, = ZCOSZL vk >1.

k+2 !
N T 7
Thay vay: Xk+1=«/2+xk = |2 1+COSF :ZCOSF

Vay cdng thic tong quat cua day so trén la: X, = 2€0S 27nT+1 ,Vn=12,..

X =13
Bai 2: Cho day s& (X,) nhu sau: . K +2-1 12 Tinh X0

n+1 1+(1_ﬁ)xn ’ y Ly
Giai
tan x + tan
Tt cong thire tan (X+ y) - XTIy .
l-tanx.tany
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Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

2tan” tan = =/2 -1
Ta cé:lztanz=tan2.§=—8ﬂ<:>tan2%+2tan%—1=0<:>
1—tan2g tan%:—l—ﬁ

Vi tan%>0 nén tan%:ﬁ—l,

/A T
T tan2 +tang T tan(3+8j+tan8 T AT
xlzx/§=tan§,x2= 37T 8ﬂ=tan(§+§),x3= :tan(§+2§j
1—tan§.tang 1—tan(”+7[j.tang

Suy ra cong thitc tong quat X, = tan (% +(n —1)%} ,vn=12,..
Véin=1 X =tan (% —0.%) =3, dung
Gia st cong thirc dung voin =k (k=1,keN) nghiala x, =tan (% +(k —1)%) ,Vk>1

Ta chitng minh cong thirc dang voin = k+1 (k>1,keN) nghia la X, , =tan (% +k %J ,Vk>1.

tan (Z+(k —1)Zj+tan”
Thiy vay: %, = £+(k—1)£+%j:tan(z+k%j,w21

:tan(
1—tan(”+(k—1)”j.tan” 3 8 3
3 8 8

Vay cong thiic tdng quat cua day so trén la: X, = tan (% +(n —1)%} ,vn=12,..

BAI TAP TUONG TU

Bai 1: Cho day s6 (X,) nhu sau: . Tinh X,
X X +2-3 vn=12,..

" 1+(J§ 2)X.

Hudng dan: ta co: tan % —2-3

Cong thirc tong quat ctia day soO trén la: X, = tan (% +(n —l)%j ,vn=12,...
X =1
Bai 2: Tim s6 hang tong quat ctia day s6 (X,) nhu sau: X + 3

X , =—"——
n+1 1—‘\/§.Xn
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Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

2. Xac dinh diy s6 bang phuong phap d6i bién (dit an phy)

Chu y:
\ A A . 2 I3 2 b . b \ ) b
1) Ham s0 bac hai f(x)zax +bx+c codinh Al —; f| — || thiddt X =x+—.
2a 2a 2a
\ A A 3 2 4 o« A? A b . b \ v b
2) Ham s6 bacba f (x)zax +bx*+cx+d cd diéfm udn A ——; f| — | | thi dat X =x+—.
3a 3a 3a
\ A A A 4 3 2 7 N A b . b \ v b
3) Ham sobacbonf(x):ax +bx® +cx* +dx+e cod diém uon Al ——; f| —— || thi dat X =x+—.
4a 4a 4a
CACVIDU
N n ~ A . A, 2 , b2_2b
Bai 1: Tim day s6 (X, )biét x, =a;X,,, =ax’ +bx+c,vn=12,... trong d6 a=0,c= 1

Huoéng dan: dat y, = X+ 2£
a

b b\ b
Ta duwoc: ——=a —— | +b —-— |+c,Vn=12,....
a uQC yn+1 2a (yn 2aj (yn Zaj

< LU, 2—by“+b—2 ibly -2 )+e
YT T Ty T2 T )¢

b b? b*> b’-2b
<:>yn+1—£=ayn byn+£+byn—£+ 1

Suy ra: y, =ay?, =a(ay’, )2 —..=a™ty yn=12,..

oy, =ayi,vn=12,..

2n-1
Vay x =a*" "ty — b aZ”‘l‘l(a +£j —E,Vn =12,...
2a 2a 2a

Tht lai bang quy nap.
X,

=L vn=12,..
T 2(2n+1)x, +1 =

Bai 2 (HSG QG 2000 - 2001): Cho day s& (x, ) nhu sau: X, ‘%

Hay tinh t6ng ctia 2001 s§ hang dau cta day s6 (X, )
Giai.
Ta thdy X, >0,Vn=12,...
X 1

Do dé X, , = n o =2(2n+1)+i,Vn=1,2,...
2(2n+1)x,+1 X X

n+1 n

Dat u, :xi Khi d6 U, =3 va u,,, =4(2n+1)+u, =u, =(2n+1)(2n-1),vn=12,...

2 2 11
u

= = — ,V :1,2,...
(2n+1)(2n-1) 2n-1 2n+1 "

Do dé X, + X, +...+ X (1 1j+(1—1j+ +(L—Lj 1- _L 4002
% 207{1 3) \3 5) 7 14001 4003 4003 4003
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Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020
3. Mot s6 phép bién ddi boi cong thirc lwgng giac.
Bai 3: X4c dinh day s& (y, )thoa dieu kién y, e Ry, ,, =2y;-1Vn=12,...
Giai.

*Neéu |y,| <1 thi ton tai ¢ sao cho COS@=Y,.

Khi d6 Yy, = 2c0s” ¢ —1=C0S24, Y, = C0S2°@,..., Y, =C0S2" " ¢.

*Néu |y,| >1 xét s8 thue B sao cho

f=yi+¥ -1

B=y,—yi -1

Vay: néu dat ﬁ:le”/yf—lth‘l yl=%[ﬂ+%j;%=yl_ Y12 -1

1 1 2 3
yl:E(ﬁJrEj@ﬂ 2y1ﬂ+10<:{

Ta co:

1 1\, o1, 1 PR E VA Y S TV
”*H’“zﬂ S T ‘“ﬁ“zﬂ -3

2
.2 2. 1 n-1 1 . 7 . 1 on-1 1 _ 1 on 1
Gia sur: yn = (ﬂz + j1 khi do yn+1 - ZI:E (ﬂ + FJ:| -1= —(,B + ’82n ]

2 i
A 1 n1 1
V?Yyn=5(ﬂ2 +E§T}Vn=L2WH
Bai 4: X4c dinh day s (y, ) thoa diéu kién y, e R;y,,, =4y -3y,,Vn=12,...
Giai.
*Néu |y,| <1 thi ton tai ¢ sao cho COS@=Y,.
Khi d6: y, =4cos’ ¢ —3cos¢ =cos3g, y, =c0s3’4,...,y, =c0s3" "¢ .

v+ N2
*Néu |y,|>1, xét s6 thue B sao cho yl_%(ﬁ+%J©ﬂ2_2ylﬂ+l—o<:>|:ﬂ_y1+ yr -1

B=y,—\¥%i-1
o A ax N 1 1)1
Vay: néu dit =y, +./y’ —1thi y1=5[ﬂ+_j;_=yl_ /yf -1

p) B

o[ o)
oy a2 a2 V2 e, 1),
y2:4y1_3y1_4{2[ﬁ+ﬂﬂ B{Z(Mﬂﬂ 2(/3 +ﬂ3j

Giast: y 1| g, 1 |
yn 2 ( ﬁ ﬁsnfl

khids: v a1l g L\ 2. 2 Y| 2 e, 1),
ido:y 4[2(ﬂ + ﬁylﬂ suﬁ +ﬂ3“ﬂ Z[ﬂ +ﬂ3nj
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Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

Bai 5: Xac dinh day s6 (U, ) nhw sau: X, =a;X,,, =axi +3x,(a>0),vne N’

Giai

bat X, = \/—ynkhl doy, = \/_ Yo =4y +3y,,¥YneN.

_ 2
Xét s thuee B sao cho Y, _l[ﬁ_i}Dﬁz—Zylﬂ—l—Oc{ﬁ_ Yityy: +1

A\ P
Vay: néu dat S = y1+«}y12+1th‘1 ylzl(ﬂ_lj;lz_(yl_ /y12+1)

2 B) B
sl
soaval M a2 )] s L),
yz=4y1+3y1—4{2[ﬂ ﬂﬂ +3Hﬂ ﬂﬂ z(ﬂ ﬂ3j

Gia st y :1[ Vi _LJ.

n 2 ﬂ3n1
Khi dé: Y :4l:%(ﬂ3nl _ﬁi_ﬂl ji| +3l:%[ﬂ3n1 _ﬂg_ﬂl }i| :%[ g ﬂ];,n j
Vay: xn=% (“—2""+,/“Tza‘+1] +(“—2a— “Tza+1j vn=12,..-
a

BAITAP AP DUNG
Bai 3: Cho day s0 (X, )xac dinh nhw sau: X, <—=;X,, = 4x? —%,Vn eN’
bat u, = b Tim s6 hang tong quat cua day sd (u )
X X, Xgu X,

Giai.
bat x, = ; y, ta dugc day s6 (y, ) thoa diéu kiény, =2x;= yn+l y? — L 5 Yo = 2y’ -1,vn=12,..

Theo két qua bai 3 trén, ta duoc: y - E[ Vi +Lj.
n 2 lBZn—l

Véi: B= yl+~/yl2 —1=2x+4x —1.Dit: z, =2y, =(,82“ +%]

o1
4

Khi dé Zn+1

GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 6



Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

1 2" i _i 2 i
) s b 1 *ﬁfj[ﬁ_g)ﬂw
_i i 2 i 2? 1 2"t 1 2"_i ,3 ﬂzm_l
55 ) WJ[ﬁ W]"'(ﬂ +/32“] [ﬁ ﬂZ”j

1-n
Vi: z, =2y, =4X nén fn } g A Hes
2,2,2,..2, A XXX X, XX XX,
A, n A? 4 2 ~ ~ \ 1 ﬂZ"*l +1 *
Vay: S6 hang tong quat cta day so (un)la u=lg-= S——,Vne N
n ﬂ ﬂ 1

Bai 4 (D& nghi OLYMPIC 30/04/1999): Xac dinh s6 hang tong quat ctia day s (u, ) nhw sau:
u=2u_,=9°+3u,vne N’
Giai.
=4x>+3x ,Vne N’

n-+1

Dat u, =§xnkhidé X =3;X

Theo két qua bai 5 trén, ta c6:

n-1

3 -t
11132 [34 32 (34 1 e ¥
X, ==|| ——+4|—+1| +|———4[—+1 =—|{3++10) +(3-+10 ,Vn=12,...
B I IR
Bai 5 (D& nghi OLYMPIC 30/04/2004): Xac dinh s6 hang tong quat ctia day s& (U, ) nhw sau:

3

U, =—=;U., =24u® —12/6u? +15u, —/6,vne N”

Giai

Dt u, =~/6x, —1khidé x, =2;x , =4x+3x ,¥neN"

n+1
Theo két qua bai 5 trén ta X, =%{(2+\/§)3 +(2-B) +2},Vn:1,2,...
Cach 2: Dat u, =/6x, -1
Khidé x, =2;x,,, =4x+3x,,Vne N’
Xét phuong trinh X2—4X—1:0<:>X=2+\/§;X=2—\/§
\ ; A XX =4
Phuong trinh c6 2 nghiém X, X, thoa {xl.xz _

Ta chtrng minh: U, = %(Xf’“ + XSH)

Suy ra: un_T((u\/_) +(2 \/_)3“+2j,Vn=l,2,...

GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 7



Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

B. Phwong phap lap.
Dé tim s8 hang tong quét ctia day s6 (u, ) bang phuong phép 13p ta thuong tim cac ham s

f(x) va h(x) sao cho f(u,)= h( f (unfl)) (*). Str dung (*) lién tiép ta thu duoc:

f (un) = h(f (ura)) = h(A(F (ur2))) = o (F () == (1 (u)) (%)

Tt (**) ta tim dwoc U,. Ham sd f dwoc goi 1a ham s phy, con ham s6 h dwoc goi la ham s&

v

lap.
CACVIDU

Bai 1: Tim s6 hang tdng quat ctia day s& (X, ) cho nhu sau: X, =3;X,,, =7X, —1,Vn=12,...
Giai:
Goi c la nghiém ctia phuong trinh f(x) = x trong do f(x) =7x — 1.

Tacod : 7c—1=c<:>c=%.

Xét: X, =7X, —1< xml—%:?xn—1—%,Vn:l,2,...
Ta duwoc: Xn+l—1:7xn—1:7(xn—1J,Vn:1,2,...
6 6 6
A 1 1 2 1 n-1 1 n-1 17
Vay: X, —==7{ X ,—= |=7"| X, ,—= |=..= 7 ——|=7""—=
ay: Aq 6 ( n-1 6) ( n-2 6) (Xl 6j 6
Suy ra: X, :£.7H+l,‘v’n:l,2,...
6 6
. . N (g oX, +4 .
Bai 2.Cho day s& (X, ) duoc xac dinh nhu sau: X, =5;X,,; =”—2,Vn eN .
X, +
Chting minh rang: X #4,Vne N .Tinh X,
Giai
o \ , oX, +4
Goi c la nghiém ctia phuong trinh f(x) = x, trong d6 f(x) = — >
X, +
c=-1
Xét: 5C+4:c<:>02—3c—4=0<:{ :
C+2 c=4
Taco: X, =5#4.
Giasu: X #4,Vne N,
Ta chitng minh: X, #4,Vne N’
x . ox, +4 A .
Néu X.,, =4 thi o =4 < 5x, +4=4x, +8 < X, =4 (mau thuan).
Vay: X, #4,vneN".
Taco: x,—4=2m ¥4 g Xoa=4 g X td g X tl
X, +2 X, ,+2 X, ,+2 X, ,+2

GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 8



Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

Suy ra: X”+1—6X”1+1 62 X“‘2+1:...:6“’1X1—+1:6”
X,-4 x_,—4 -4 X, — 4
Do d6: x, +1=6"(x,—4) < X, = 46 + ,VneN’
46" +1
Vay: Xaous = —ozm 7 -

Bai 3: Tim s6 hang tdng quat ctia day s6 (X, ) cho nhu sau:
=X’ —14x_+56,vn=12,...
Giai
Goi c la nghiém ctia phuong trinh f(x) = x, trong d6 f(x) = f (X) =x*—14x+56.
c=c’-14c+56<>c*-15c+56=0<>c=7;c=8
Xét: X, —7=x2, ~14x , +49=(x,-7) =..= (% -7) =(a-7)" ,¥n=12,.

X =aeR;X

n+1

Vay: S8 hang tong quét ctia day s8 (X, )1a X, =7+ (a - 7)2n7 ,Vn=12,..
Bai 4: Tim s6 hang tong quat ctia day s6 (u, ) cho nhu sau:
2
U =acRu,, =30’ +4u +§,Vn =12,..
Giai.

4 Ae 2
Ta bién d6i: U, =3u?+4u_ 3 3u,,, =9’ +12u_+2.

it u_ =,

3
L =X 44X +2,Yn=12,...
Xoq+2=X +4X, +4=(X +2) vn=12,...

n+1 n+1
Suy ra: X, +2= (X, +2) = (%, ,+2)° =..=(x+2)"

(3 + 2)2n_l —
3

Ta duoc: X, =3 € R; X

Vay: x, =(3a+ Z)Zni1 —2=u, =
o
b +c?x?
ax bd — ax + dc?x?
Taco: d—g(x)=d - =
9(x) b +c’x® b +c®x?
Ta can chon a, b, ¢, d sao cho bd —ax +dc*x* = (d — X)2 =d? —2dx + x?

Lop ham ¢ (X) =

bd =d? b=d
=Ja=2d =><a=2d
dc? =1 » 1

GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 9



Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

Bai 5: Tim s6 hang tong quat ctia day s (X, ) cho nhusau: X, =a € RiX,,; =
Giai.
Néu o =-2 thi X, =-2,Vn=12,..
2 2(2-%,,)
Xét o #—-2.Tacod: 2—X, =2— 8X”’21 _ Py 8)2“’1 8 _ ( ;_l)
44X, 44X, 44X,
2
8x 2x2, +8X ,+8 2(2+X
24+ X = 2+ n—él — n-1 2n—l — ( 2—1)
44X, 44X, 44X,
Xétham sg: f(x)= ﬂ
2+X

Ta thay:

)= [i;ijjjz=[f<xn_l>12=[f<xn_2>f=

2—X _2-28

bat: = [f (a):lzn_l nén L=BSX, =

2+X 1+ p

n

Vay: S8 hang tong quat cua day s6 (X, )1a x,

x® + ax
Lop ham g(Xx)=
P 9(%) bx? + ¢
Tacé:g(x)—d:;(jaz_dzx bzxz+i1x cd
X"+ X +

8X

n

+ X2

n

(1)
(2)

Ta can chon a, b, ¢, d sao cho x® —bdx® +ax—cd :(X—d)3 =x*—-3dx?*+3d*x—d?®

bd =3d b=3
—ia=3d* =>{a=3d*.
dc=d® |c=d?
Bai 6. Tim s6 hang tong quat ctia day s& (X, ) xac dinh nhw sau:
3
x1:a>0;xn+lz%,Vn:1,2,...
Giai.

Chon c=2nén b=3,a=6,d =i\/§

\/—_x +6X, ke 3 _3J2x2 +6x, ZJ__(X —\ﬁ) 1)

3x +2 3x +2

GV: Nquyén Thanh Tam — Truwong THPT Tdy Ninh
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Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

X+ \/—_x +6x N 31 32x2 +6x, + 242 (X +*/_) (2)

3x +2 3x +2

Xét ham so f (X) =

i;j; ta thay
" i;ﬁ [iﬂilﬁ =[1(6)] =[F (02)] ==[F ()] =[1(@)] ()
N2 2028

Xn+\/§:ﬂ n 1-5

a-2)
J§%+[Q+VEJ ]
vn=12

Dat = [f (0{)]3 “nén

Vay: S6 hang tong quat ctia day sd (X, )1a y —

3n—1
L a—2
a+2
4 2
X" +ax-+b
Lop ham X)=——F—
P 9(x) cx® +dx
) x*+ax®+b x* —cex® +ax? —dex+b
Taco:g(x)— =——F—— &= .
cx” + dx cx” + dx

“ 4
Tacanchon a, b, ¢, d, e sao cho x* —cex® +ax* —dex+b = (x—e) =x* —4ex® + 6e’x* —4e* + ¢*

ce =4e c=4
a=6e’ a=6e’
= 3:> 2
de =4e d =4e
b=e* b =e*

Bai 7. Tim s6 hang tong quat ctia day s (X, ) xac dinh nhw sau:
X! +12x% + 4
4x° +8X,

Giai.
Chon: e =+/2 khidé a=12,b=4,c=4,d =8.

Ta thdy: X, >0,vn=12,...
Do do:

X, =a>0;X vn=12,..

nil

BN oo ‘42X 41268 82 +4 (% +2)

4x +8X, 4x +8X, 4x +8X,

4
2 X! +12x2 +4 \/—_x§—4\/§x§+12x§—8«/§xn+4_(Xn—\/g)

453 +8x. 4% +8x. A3 48X,

(2).

GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 11
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x—+/2
X+/2

Xét ham so f (X) =

Ta suy ra:

_Xn_\/i

Xna — \/E

)= xn+\/§:(xn_l+\/§

pat: B=[ f(a)]" .
X _\/E _
X +2 aliade

Nén:

\/5{1 (““E :
A QN o oo 1x . 2
Vay: S6 hang tong quat cua day so (Xn)la « - @ Vn=12..

J “[f(x)] =[f (anz)Tz :m:[f(Xl):IAn,l

Vx> 0.

J2++2p

1-5

n

a-2Y)"
[575)

BAI TAP TUONG TU.

Bai 1: Tim s6 hang tong quat ctia day s6 (u, ) cho nhu sau:

n+l

u=aecR;u , =-5u>—4u —g,Vn:LZ,...

[f()]" @)

Giai.
Djt u, = -2 Khi do. —lxn+1=—1xn2+fxn—§<:>xn+1:x§—4xn+6,Vn=1,2,...
5 5 5 5 5

Xy —2=X2—4x, +4=(x,—-2)",¥n=12,..

Suy ra: X, -2= (X, -2) =(%_,-2) =..=(x-2)"

Vay: X, =(3a + 2)2n71 +2=uU, = —%((50: + 2)2n71 + 2).

Bai 2: Tim s6 hang tdng quat ctia day s6 (u, ) cho nhu sau:

u=aeR;u

=25u°-15u’ +3u_,vn=12,...
Giai.

n+l

X
Dat u, :E” ta dugc X, =ba e R;X, =X> —3x* +3x.,Vn=12,...

X, —1=x>-3x*+3x —1=

n
3

Suy ra: X, —1=(x,_, —1)

Vay: x, =(5a-1)" +1=u

n+l —

(x,-1)*,vn=12,..

(%o == (6 -1)

n

32 3n -1

(5a-1)" +1
—

Bai 3: Tim s6 hang tong quat ctia day s6 (U, ) cho nhu sau:
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2
b =aeRuy,, = th=d on g5
u’ —6u, +5
x 8X
Huéng dan: Dat X, =3U, —1. Bién d6i duwa vé dang X, = 4—”X2 ,vn=12,..
+ n
Bai 4: Tim s6 hang tdng quat ctia day s6 (X, ) cho nhu sau:
3
X, +12X
=a>0x,,=—-——",Vn=12,..
& o3’ +4
Giai.

Chon c=4nén b=3,a=12,d =42
3 3y _ x —2Y
_xHl2x o x-6x+12x, -8 (X, )(1)

T 3X§+4 T 3X2+4 B 3X§+4
3 3
xn+1+2:)(n+2—12)(n+2 x> +6x% +12x +8 (x +2) (2)
3%, +4 3x, +4 3x; +4
Xét ham so f(x):x__z_
X+2
Ta thay:
3
X —2 Xn_ — 3t -1
RREEE ( RIS S O I RO

X“_2=ﬁ<:>xn=2+2ﬁ
X, +2

Dat = [f (a)] "nén

Vn=12,...

Vay: S6 hang tong quat ctia day s& (X, )la x, =

3n—l
1 (0[—2)

Bai 5: Tim s6 hang tong quat ctia day s& (U, ) xac dinh nhw sau:
3 —
Uu=au,, = W,Vn =12,..
3u; —6u, +7
X, +12x,

Huong dan: Dit X, =uU, —1. Bién doi duwa vé dang: X, m vn=12,..
Bai 6: Tim s6 hang tong quat ctia day s6 (U, ) xac dinh nhw sau:

4u, (4u? +1)
16U’ +24u° +1

Giai.

u=aeRuU, = ,VneN".

4 * A . ~ l N\
Tathdy Vne N tontai U,. Néu « =-3 thiu =——

GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 13
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14 1 7
Taxét o # —Eta co:

3203+8u, , _16u; +32u7 +24u7 +8u, +1 _ (2u, +2)° n

2 = =
P 16ur‘1‘+24u§+1Jr 16U’ + 2402 +1 16U’ + 2402 +1
32u2 +8u ~16u* +32u° —24u’ +8u, -1 —(2u, -1)’
2y 1= 1= " T 7. = 2 (2)
16u, +24u; +1 16u, +24u; +1 16u, +24u; +1
Xét ham so f(x)zzx_l.
2x+1
Ta thay:
4
2U _1 2U _1 4 42 4n-1 41
f(u)=——=-] —= =—| f(u,_)| =—| f(u, =.=—| f(u =—| f(a 3
()= 2 B ) 1 =[] =@
y g 2u -1 1-p
D = n = — =
at g I:f(a):l nén 201 p<u, 2125

Vay: S6 hang tong quat ctia day s& (x, )la:

4n—1
1_(20{ —le
o+ ,Vn=12,...

4n—1
2 1+(2a _1j
200+1

U =95
n-1 n-1 n-1
Upy = Ui +2"1 42,3, Wn=23,...

a) Tim s8 hang tong quat cua day sd (u,).

x 1., 1. 1 ..
Néu a=——thiu =—— Néua#-—thiu =

Bai 7. (HSG QG 2010)

Cho day s6 (u, ) xac dinh nhu sau:{

b) Chting minh rang (u, )1a day sd giam .
Giai
a) Theo gia thiét ta c6
Up=ung 42 2.3 = (U 270 23774 20 4 23T = + (20 4 20 ) 4 2(370 437 ) =
2(1-2"* 3(1-3"*
a-2) -3

+ =2"+3"
1-2 1-3

= u1+(2+...+2”’2 +2”’1)+2(?>+...+3”’2 +3”’1) =5+

vay U, =v2"+3",vn=2,3,...

b)Ta c6 U™ =Y2" +3" (2"+3")> Js_(z +3")=3(2"+3")=382"+3" > 2" +3", vn=23,..

n

vay U, >U.,,,Vn=23,... Hay (u,)la day s& giam.

n+1?

GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 14



Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

C. XAC PINH DAY SO BANG PHUONG PHAP SAI PHAN.
e Cho day s6 (X, ) . Xét phuwong trinh a X, + X, ; +...+aX, =0 (n) (1) Trong do g(n) la ham
s0 theo n, va 8,8,,...,8 la cdc hang s8. khi d6 phuong trinh 8gX,,, +aX, , +...+ 8%, =0 (2)
duoc goi la Phuong trinh sai phan tuyén tinh thuan nhat twong tng véi phuong trinh (1)
e phuwong trinh a,A* +a A" +..+a =0 (3) duwoc goi la Phuwong trinh ddc trung cua (2).
e Nghiém téng quét ctia phuong trinh (1) sé ¢6 dang X =X +X,Vn=12,... Trong d6 x_ la
nghiém tdng quat cia phirong trinh sai phan tuyén tinh thuan nhat (2), con X 1a nghiém riéng

cta phuwong trinh (1).

I/PHUONG TRINH SAI PHAN TUYEN TiNH BAC NHAT.
1/ phuwong trinh sai phan tuyén tinh thuin nhit bac nhat .
Dinh nghia:Phuwong trinh sai phan tuyén tinh thuan nhat bac nhat véi hé s8 hang 1a
phuong trinh ¢6 dang: ax,, +bx, =0, n=0,1,2,3...(1.1). Trong d6 a#0,b#0 la nhiing sd cho trude.

Phiong trinh ddc trung cua (1,1) ak+b=0 ,phwong trinh ndy cé nghiém la A = -g.

Viy nghiém tong quat ctia phwong trinh sai phan (1.1) ¢6 dang: x, =C.A",n=1,2,3...
Vidu: X, =2% va X =-3 n=0,1,23...c6 cong thikc tong quat x, =(-3).2"
2/ phuong trinh sai phén tuyén tinh khong thuan nhit bac nhat .

Dinh nghia : Phuong trinh sai phan tuyén tinh khong thuan nhat bac nhat la phuong
trinh c6 dang: ax,, +bx, =d, , n=0,1,2,3...(1.3). Trong d6 a#0, b la nhiing hé“mg s0, dn la cac sO
nao do.

Ta thuong viét dudi dang : X ., =0x, +d, n=0,1,23... (1.4) .

Vi du : Tim nghiém ctia phwong trinh x, =1, 5x. ., +3x, =2",n=12,3...
Giai
Phuong trinh dac trung 54 +3=0 cé nghiém A = —g .

Nghiém tong quat cua phuong trinh thuan nhatla x,=C (—gj .

Tim nghiém riéng cta phuong trinh khong thuan nhatla x =a.2".

Thay vao phuong trinh ta duoc 522" +3.a.2"=2"<a= % Do d6 x, = %.2”

g

Nghiém tong quat ctia phuwong trinh 1a x, = C(—gj+%.2”. Vi X, =1nén C +% =l1<C 13

Vay X, _123 +i.2“.
13\ 5 13
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Duéi ddy ta sé ta tim nghiém riéng ctia phwong trinh sai phan.
~ ~ ul - XO
DANG 1. Day so Yn>2.
u, =qu,_, +b
Néu q =1 thi (un) la cdp s6' cong c6 cong said=bnén :u, =u, + n—1Db .
Nghiém tong quat cta phwong trinh thuan nhat u,,, =u,la u,=C .
Nghiém riéng cua phuong trinh khéng thuan nhatla u, =cn.
Thay vao phuwong trinh ta dwoc u,,, =U, +d ta dwoc ¢(n+1)=cn+d=c=d
Nghiém tong quat ctia phuwong trinh 1a u =C+nd.
Vi U, =X, cho trudc thi U, =%,+nd hay u, =u,+ n—1Db
Day chinh la cong thirc tong quat cia cdp so’ cjng.
Néu g#1 Nghiém tong quat cua phuong trinh thuan nhat u,,, =qu,la u =Cq"

d =b 1a da thitc bac 0 v6i moi n nén phuong trinh ¢é nghiém riéngu, =c

b
Thay vao phuong trinh ta dwoc u,,, =qu, +bta dugcc=qc+b=c= m
Vay nghiém tong quat ctia phwong trinh lau, =C.q" +l
BAI TAP AP DUNG.
Bai 1 Xac dinh s hang tong quat ctia day so (un) duoc xac dinh boi :
a)uy=Lu,=u ,—2vn>2. b) u, =3,U, =2u, , Vn>2.
ou=2u=3u,,+2Vn>2 du, =—2,u, =3u, , —1Vn>2.
1 u
e)u,==,u,,,=—"—Vn>2.
) 1 2 +1 2un + 3
Giai

a)uy=lu, =u, ,—2 vn>2
Nghiém tong quat cta phuwong trinh thuan nhat u,,, =u la u, =C .
Nghiém riéng cua phuong trinh khong thuan nhatla u; =an.
Nghiém tong quat cua phuong trinh 1la u, =C+an.
C+a=1 C=3
Ci2a=-1"" {
Vay cong thic tong quat u, =3—2n, Vn>2.
b) y =3u,=2u,, Yn>2
Nghiém tong quat ctia phuwong trinh thuan nhat u_, =2u, la u =C.2" .

Vi U =1=u, =-1 thihé phuwong trinh { )
a=-—

u=3=3=c2=cCc= g Nghiém tong quat ctia phuong trinh 1a u, = 32",
ou=2u=3,,+2Vn>2.
Nghiém tong quat cta phuong trinh thuan nhat u,,, =3u,la u, =C.3" .
Nghiém riéng cua phuong trinh khéng thudn nhatla u, =a.
GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 16
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Nghiém tong quat ctia phuwong trinh 1a u =C.J3" +a.
C+a=2 C=1
j—t
9C+a=8 a=-1
Vay cong thic tong quat u, =3"—1, vn>1.
d)y=-2,u,=3u,,—-1vn>2.
Nghiém tong quat cta phuong trinh thuan nhat u,,, =3u,l1a u, =C.3" .

Vi u =2=U,=8 thihé phuwong trinh {

Nghiém riéng cua phuong trinh khong thuan nhétla u, =a.
Nghiém tong quat cia phuong trinh la u, =C.3"+a.

5
c=-2
Vi u, =—2=U, =—7 thi hé phwong trinh {3(: ta=-2 N 6
9C+a=-7 1
a==
Av o S : 5 a1
Vay cong thirc tong quat u, = —5.3 + >
) u L u _h Vn>2
e —_= - n = - .
P2t 2u 43
Ta c6:U, >0 bang quy nap ta dwoc U >0.
1 3
Tw gia thiét suyyra— =2+— .Dat v, = 1 khi do v, =3y, ,+2 ">2 véi v, =2
n+1 un un
Ap dung két qua cau c ta dugc U, = 3n—11 vn>1.
BAI TAP REN LUYEN.
Bai 1: X4c dinh s6 hang tdng quat cua day s6 (un) dwgc xac dinh boi :
a/ U =4u =u_,+2 Yn>2. bS: u, =2n+2.
b/u=2u =3u,_, Vn>2. DS: u, =2.3"".
o/ u=Lu =3u_,+6 Yn>2. PS:u, =4.3"" -3 ¥n>2.
4 2
d/uy=-1u =4u, ,+2 Vn>2. bS: U, =- 33 Vn>2.
Bai 2: X4c dinh s6 hang tdng quat cua day s6 (un) dwgc xac dinh boi :
u =3 u = \/5
a/ -u, n>1. b/ u n>1
un+1 = u 1— k
u,—1 "2u, +1
X =2
Bai 3 (Lang Son 2009 — 2010): Cho cta day so6 (xn) dwgc xac dinh béi: 3, n>1.

n+l

Tim cong thikc tdng quat cua day s6 (x») theo n
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U =X N ;
DANG 2. Day s6 P trong doé f(n) la da thitc bac k theo n, q 1a hang sé.
un+l = qun + f n
Néu q =1 ta tim nghiém riéng cia phuwong trinh khong thuan nhédtla u, =n.g(n).
vdi n.g(n) la da thire bic k+1 ciia n c6 hé s6'tw do bing 0.

Néu q #1 ta tim nghiém riéng caa phwong trinh khong thuan nhatla u; =g(n).

voi g(n) la da thike bic k.
BAI TAP AP DUNG.
Bai 2: X4c dinh s6 hang tdng quat cua day s6 (un) dwgc xac dinh boi :
a/ U =2,u =U_,+2n+1 ¥n>2. b/ U =2,u,,=2u+3n-1 Vn>1.
Giai

a/ u=2uU,=uU,+2n+1 V¥n>2
Phuong trinh dédc trung 4 -1=0 cd nghiém 1 =1.
Nghiém tong quat cta phwong trinh thuan nhatla u, =C.
Tim nghiém riéng ctia phuong trinh khong thuan nhatla u, =n (an + b) .
Taphantich 2n+1=g n —g n—1 =an’4+bn—an—-1°—b n—1
n=1 {a+b:3 {a:l
= 2N
n=2 3a+b=5 |b=2
Nghiém téng quat cua phuong trinh lau, =C +n’ +2n
ViU, =2 thi 2=C+21°+21=C=-1. Vay: u_ =n*+2n—1.
b/ U =2,U_,=2u+3n—-1 VYn>1.
Phuong trinh dédc trung 4 —-2=0 c6 nghiém A =2.

=Uu =g n =n’+42n.

n+1

Nghiém tong quat cia phuwong trinh thuan nhatla u, =C.2".
Tim nghiém riéng ctia phuong trinh khong thuan nhatla u, =g(n)=(an+b).
Ta phén tich 3n—1=an +b—2[a n—1 +b]
n=1 :>{a—b22©{a:—3 g x—_31_5
n=2 —b=5 b=-5
Nghiém tong quat cta phuong trinh lau, =C.2" -5n-3
Viu =2 thi 2=C.2-51-3=C=5. Vay cong thtic tong quat u, =5.2" —3n—-5 Vvn>1

BAI TAP REN LUYEN.
Bai 3: Xac dinh s6 hang tong quat ctia day sO (un) dugc xac dinh boi:
a/ | bs: un:§n2——n+2.
Uy =U, +5n+2 2 2
u =1 2 1
b/{ , n>1 . PS: U, ==n*—n?4+>=n+1.
Uy =U, +2n 3 3
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u =1 2)'
c/ bS:u,=3.|=| +n—-2.
3u,,; =2u, +n+1 3

u =2 5
d/ \ ) bS:u, =2.3"—n
Uy =3U, +2n° —=9n° +-9n—3
, Yo =%
DANG 3. Day so a=0
u,.,=qu, +B n.o"

n

Néu q = a ta tim nghiém riéng ctia phurong trinh khong thuan nhatla u, =nQ,(n).a".
v6i NQ,(n) la da thirc bic k+1 ctia n ¢6 hé s6'tw do bing 0 .
Néu q #a ta tim nghiém riéng ctia phurong trinh khong thuan nhat la u; =Q,(n).a".
v0i Q(n)la da thikc bic k.

BAI TAP AP DUNG.
Bai 3: Xac dinh s6 hang tong quat ctia day s6 (un) duwgc xac dinh boi :
a/u =%u,=3u, ,+2" ¥Yn>2 b) u,=3,u, =u, ,+3.4" Yn>2

Giai
a/u =%u,=3u, ,+2" ¥Yn>2
Phuong trinh dédc trung 4 -3=0 c6 nghiém 4 =3.
Nghiém tong quat ctia phuwong trinh thuan nhatla u, =C.3".
Tim nghiém riéng ctia phuong trinh khéng thuan nhatla u, =g(n)=a.2".
Thay vao phuong trinh ta dugc a.2"" =3.a.2" +2"" = a=-2ta duoc. u, =g(n)=-2""
Vay nghiém tdong quat cua phuong trinh lau, =C.3" -2™

iy, =1 th‘11:C.3—22:C:2

Vay cong thiec tong quat u, =5.3"" —2""  wvn>1
b) u, =3,u, =u, ,+3.4" Vn>2
Phuong trinh dac trung 4 -1=0 c6 nghiém 2 =1.
Nghiém tong quat cta phwong trinh thuan nhatla u, =C.
Tim nghiém riéng cta phuong trinh khong thuan nhatla u, =g(n)=a4".
Thay vao phuong trinh ta dugc a.4™ =a4" +3.2"" = a=4ta duoc. u, =g(n)=4""
Vay nghiém tong quat cua phuong trinh lau, =C +4™
Viy =3 thi 3=C+4=C=-1
Vay: u =4"—1.
b) u, =6,u,,, =3u,+5.3" Vn>1
Phuong trinh dédc trung 4 -3=0 c6 nghiém 4 =3.
Nghiém tong quat ctia phuwong trinh thuan nhatla u, =C.3".
Tim nghiém riéng ctia phuong trinh khong thuan nhéatla u, =n.g(n)=a3".
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Thay vao phuong trinh ta dugca.(n+1)3" =an3"+5.3" = a= %
ta duoc u; = g n.3"=5.n.3""
Vay nghiém tong quat cua phuong trinh lau, =C.3"+5.n3""
Vi =6 thi 6=C3+51=C =%
Vay :u, =3 +5n3""

BAI TAP REN LUYEN.
Bai 4 Xac dinh s hang tong quat ctia day so (un) duoc xac dinh boi :
7
a/u =4u,,=2u,+75" vn>1 bS: u, = 2.2“ +§.3”
b) u, =4,u,,, =2u, +3.2" Vn>1 DPS: u, =4.2" +3n2""
17
ul - n 1 n
Q) 5 n>1 bS:u, =3"4+-.2
n 5
Uy, =—3U, +2
U =%
DANG 4. Diy s6 i vn>2
u,=au,_,+ba"+f n
Gia st d, = f (n)+b.a" khi d6 nghiém riéng ctia phwong trinh x; =X + x
BAI TAP AP DUNG.
Bai 3: Xdc dinh s8 hang tong quat cua day s& (un) dugc x4c dinh béi: U, =5,u,,, = 2u, +3.2"+n*.
Giai
, X, =2X,+3.2" 1
U, =2u,+3.2"+n° & ,
y,=2y,+n" 2

Tux = x —3.2"'43n2" "y =y, +6 2" — n*+2n+3 .
u = X +Yy,+32"7+3n.2"" — n®4+2n+3

Vay u, =2""?+3, 2" —% n*+2n+3

BAI TAP REN LUYEN.
Bai 1: Xac dinh s6 hang tong quat ctia day so (un) dugc xac dinh béi :

u =1
a){ n>1 PS: u, =—11.2"* 43" 4 n42
u,=2u,+3"—n

10

7
—+3n
3

U =4 n-1 n
b) >1 bS: u, = 2 +=5
u, 3

n
=2u,+75"+32"

Bai 2: X4c dinh s6 hang tong quat cua day s6 (un) dwgc xac dinh béi:
u=1u,,,=2u,+22"+n*> Vne N’
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DS:u, =52""+n2*>—n’-2n— 3,¥n=12,...
Bai 3: Xac dinh s6 hang tong quat ctia day s6 (un) duwoc xac dinh boi :
u =—-2,u =5u _,+2.3"— 6.7"+12 ¥Vn>?2
bS: u, =157.5"" - 3" 37"~ 3
I/ PHUONG TRINH SAI PHAN BAC HAL
I. Phuong trinh sai phan tuyén tinh thuin nhat bic hai .

Dinh nghia: Phuong trinh sai phan tuyén tinh thuan nhat bac hai véi hé s6 hang 1a
phuong trinh ¢6 dang: ax,,, +bx.,, +¢cx, =0,n=0,1,2,3...(1.1).Trong d6 a#0,b,c la nhitng s6 cho
trudce.

Néu c = 0 Phuong trinh nay la phwong trinh tuyén tinh bac nhat.

Truong hop 1: Phieong trinh dic trung a\’> +bA+c=0 cd 2 nghigm 1a A, 4, (A, #4,).

Thi nghiém tong quat cua phwong trinh sai phan (1.1) ¢6 dang: x, =C.A4" +C,A).

X, =7.%X =—6
Vi du : Tim nghiém ctia phwong trinh sai phan 0 %
Xn+2 = 3Xn+l + 28Xn
Giai

Phuong trinh ddc trung A*-31-28=0c62 nghiém A4 =44, =7.

Nén nghiém tdng quat ctia phuong trinh thuan nhét c6 dang x, =C,(-4)"+C,.7".
Véi diéu kién ban dau

n=0X=7,tacoX=C+C,=7;n=1,x=-6

tacox =-4C +7C,=-6.suyra C =5C, =2

Véy nghiém t6ng quat phuong trinh véi diéu kién ban dau 1a x, =5(-4)" +2.7"
LUU Y: Véi diéu kién ban dau X, =5,% =-9 thi X, =—(-4)" +7"".

BAI TAP REN LUYEN.
Tim nghiém tdng quat ctia phuwong trinh sai phan:

X, =8;% =3
a){0 5 pS: X, =5.3"+3. —4"

Xns2 = 12Xn — X1

= 2; = —8 n
b) % Xl bs: x, =1+ -9
Xor2 T 8Xn+l - 9Xn =0

Truong hop 2: Phurong trinh dic trung ah* +bA+c=0 c6 nghiémkép la A =4, .
Thi nghiém tong qudt ciia phwong trinh sai phan (1.1) cd dang: x. =C.A" +C,nA".

X, ==Lx =2
Vi du : Tim nghiém ctia phuong trinh sai phan < ° '
Xor2 = 10Xn+1 - 25Xn
Giai

Phuong trinh dic trung 2> ~104+25=0 c6 nghiém kép 4 =4, =5.
Nén nghiém tong quat ctia phwrong trinh thuan nhat c6 dang x, =(C,+nC,).5".
Vi diéu kién ban daun=0,X, =—1tacox,=C =-1;
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n=1X=2,ta Cc')xiz(C1+C2).5:25uyra C,=-1C, :%

Vay nghiém tong quat phuong trinh véi diéu kién ban dau la x, = (—1+ g nj.S"

BAI TAP REN LUYEN
Tim nghiém tong quat ctia phwong trinh sai phan:
X, =1,%, =16
b {xo =33;x, =162
X,o = 60X, —9X,

PS: x, = 1+3n 4"

bS: x,= 44+7n .3

=1x =3
q) {Xl e Ps: x =142

Xnso = 2Xn+1 _1Xn

Trudong hop 3: Phuong trinh dic trumg a\? +bA +c¢ =0 vd nghiém .
Thi nghiém tong qudt ctia phwong trinh sai phan (1.1) cé dang: x, =r"(C, cosng +C,sinng).

— A
Trong dé r =~ A’ + Bz;go:arctan%;A:—b;B :ﬂ;A: b® —4ac.

2a 2a
. . X =L5x = 1
Vi du : Tim nghiém ctia phuong trinh sai phan | ° 2
Xniz = Xop1 — %,
Giai

1+i3

2
Al 3 B 1
B=£=—;r:~/A2 B* =1¢ = arctan— = arctan —= =
2a 2 " 4 A NG

(Shift - mode 2 — %+ i - - Shift 2(cmplx) — 3 = mdy hién 1<%7z Thi r=1¢= 3

Phuong trinh dic trung A*—21+1=0 c6 nghiém 4, =

Ta co A:—E:E;
2

w|y

A A ~ fy o \ “ Ny s n .. N
Nén nghiém tong quat cua phwong trinh thuan nhat cé dang x, =C, Cos?ﬂ +C,sin ?ﬂ

Vi diéu kién ban dau X, =1ta c6 X, =C, =1;
1 7 1
=1,X,=—.tacox =C,cos—+C,.sin— ==
n X > a cox 1 3 2 373
suyra C, =1C, =0

A - A A? /4 \ s . AA - A A \ n7z—
Vay nghiém tong quat phuwong trinh vdi diéu kién ban dau la x, = COS?
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I1. Phuong trinh sai phén tuyén tinh bac hai .
Dinh nghia : Phuong trinh sai phan tuyén tinh bac hai khong thuan nhat la phuong
trinh c6 dang: ax,,, +bx,, +cx, =d, ,n=0,1,2,3...(1.2). Trong d6 a,b,c 1a nhitng hang s6, dn 12
ham s6 ctia bién s6 tw nhiénn. n=0,1,2,3... (1.4).
Uy = X, U = Yo

DANG 5. Day s6 VneN
au,,,+bu,,+cu, =d.a

* d ! n
e Néu phuong trinh (*) c6 2 nghiém phan biét khac a. Thi U, = 2—04
aa” +ba+c
N \ / [N A [N / [N - n'd 1oy i
e Néu phuong trinh (*) ¢6 2 nghiém phan biét cé 1 nghiém u=«a. Thi U, = ———.
2acc+b
. ‘ T coe_nn-1da™
e Néu phrong trinh (*) co nghiém kép u=a. Thi U, = 23
BAI TAP AP DUNG
Bai 1: Xac dinh s6 hang tong quat ctia day s6 (un) duoc xac dinh boi:
Uy =—Lu =3
a/ i Yne N
Uy, —4U, ,+3U, =5.2
Giai
Phuong trinh ddc trung AP —41+3=0 c62 nghiém 4 =14, =3.
Nghiém tong quat cua phuong trinh thuan nhat c6 dang u, =C,.3" +C,.
Nghiém riéng cua phirong trinh khong thuan nhat c6 dang u; = 1 5': 3= 2".
-8+

Nén nghiém tong quat ctia phuwong trinh ¢6 dang u, =C.3"+C, -5.2".
Véi U, =—1ta dwoc C, +C,-5=-1; Véi U, =3 ta duoc 3C,+C,-52=3

9
c.+C,—4 |©=3

=
3C,+C,=13 1
C,=—

Ta c6 hé phwong trinh {

Vay U, :% 32 _1 —52",

Up=—Lu =3
b/ vne N
ug,., —5u,,,+6u =5.2"

Phuong trinh dic trung 4> —51+6=0 c6 2 nghiém 4 =21, =3.
Nghiém tong quat ctia phuong trinh thuan nhat u, =C,.2" +C,.3"
5n.2""

n+2 n+1

=-5n.2"*

Nghiém riéng cua phuong trinh khéng thuan nhét:u; =
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Nén nghiém tong quét ctia phuong trinh ¢6 dang u, =C..2" +C,.3" —g n.2".

Véi U, =—1ta dugc C, +C, =—1; Vi U, =3ta duoc 2C, +3C,-5=3

C,+C,=-1 C=-11
Ta c6 hé phuong tr‘mh{ 1 @{ .

2C,+3C, =8 |C, =10
Vay u =-—11.2" +10.3" —5n.2"* =10.3"— 5n+22 .2"*..
U, =Lu, =3
c/ vn>2
u,—4u, ,+4u, ,=32"

Phuong trinh ddc trung A2 —42+4=0c62 nghiém 4 =4,=2.
Nghiém tong quat ctia phuong trinh thuan nhat ¢6 dang u, =(C, +C,n).2".

. . . 3n(n-1)2"?
Nghiém riéng cta phuong trinh khong thuan nhatu, = %

Nghiém téng quat ctia phurong trinh ¢6 dang u, =(C,+C,n).2" +3n(n-1)2"".

=3n.(n-1)2"°

c =1
Ta co 3(:)Cl:1;C2:l.Véy u = 3n°4+n+8.2"°
C,+C,== 2
2
U, =3;u, =0
d/ vn>2
u, —3u, , —28u, , =60
Phuong trinh X° —3X —28=0 ¢6 2 nghiém x=—4;x=7
Cong thiic tng quat u, =a. —4 " +b.7" —|—L —a —4"+b7" -2
1-3-28
a+b—2=3
Véi U, =3,u, =0 N sa=3b=2.vVayu, =3. —4" 427" -2
—4a+7b—2=0
BAI TAP REN LUYEN.
Bai 1: Xac dinh s hang tong quat ctia day s6 (un) duoc xac dinh boi :
U =-9u =45 U, =—9u, =45
a/ vn>2 b/3 , Vn>2
u,+2u ,—8u ,=275" u, —8u, ,+15u, ,=25""
U, =L u, =496 U, =5U, =8
c/ Yn>2 d/ n>2
u, —16u, , +64u ,=128.8" u,—6u, ,+9%, ,=23-4"
U, =6;u, =0 u, S5u, =-17
e/ Vn>?2 t/ vn>2.
u,—3u, ,+2u,,=5 u,—2u,,+u,, 1
U, =Lu, =2
Bai 2 (HSG Tinh LS 2008-2009): Day s& {U, } x4c dinh nhu sau: U, +2u
Ml 5
3

1,2,3,...). Tim U_
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fu=x5u,=y,
DANG 6: Day so b ° Vn >1 trong d6 f(n) la da thitc theo n bac k.
au,,+bu  +cu =fn

*Néu a+b+c#0 thi nghiém riéng cua phuong trinh khong thuan nhat la
u, =g, (n) la da thicc bac k cua n.

*Néu a+b+c=0 va 2a+b =0 thi nghiém riéng cua phuong trinh khong thuan nhat
la u;=ng,(n)

*Néu a+b+c=0 va 2a+b=0 thi nghiém riéng cua phuong trinh khong thuan nhat
la u;=n’g,(n)

BAI TAP AP DUNG.
Bai 1: Xac dinh s6 hang tong quat ctia day s6 (un) dwoc xac dinh boi :
U, =—%Lu, =3
a/ ) Yn>2
u,—>5u, ,+6u, , =2n°+2n+1

Giai
Phuong trinh dic trung 2> —51+6=0 c6 2 nghiém 4, =2;4, =3.
Nghiém tong quat ctia phuwong trinh thuan nhat u, =C.2" +C,.3".
Nghiém riéng cua phiong trinh khong thuan nhat c6 dang u; =kn” +In+t.
Thay vao phuong trinh ta duoc:
20 +20+1= K I+t =5k n-1"+1 n=1 +1] 46k 12" +1n-2 +1

Cho lan lwot n=0,n=1,n=2 ta c6 hé phuong trinh

19k —-71+2t=1 k=1

7Tk—5l+2t=5 <{1=8  tadugcu, = n’+8n+19

—k-3l+2t=13 |t=19
Nén Nghiém tong quét ctia phwong trinh ¢6 dang u, =C,.2" +C,.3" +n’ +8n+19.
Véi U, =—1ta duwgc C, +C, +19=-1; V6i U, =3ta duoc 2C, +3C, +1+8+19=3
C,+C,=-20 - {Cl =—-35
2C,+3C,=-25 |C,=15
Vay u, =15.3" —35.2" +-n* +8n+19.
b/ {uo =Lu =4

u, —3u, ,+2u, , =2n+1

Ta c6 hé phwong trinh {

vYn>2

Giai
Phuong trinh dic trung 4> —34+2=0 c6 2 nghiém 4 =11, =2. (a+b+c=0)
Nghiém tong quat cta phuong trinh thuan nhat u, =C,.2" +C,.
Nghiém riéng cua phuwong trinh khong thuan nhét c6 dang u, =n(kn+1).
Thay vao phuong trinh ta dwoc:
2n+1=nkn+l —5n-1[k n—1 +1|+6 n—2 [k n—2 +I|
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Cho Ian luwot n=0,n=1 ta c6 hé phuong trinh
5k - I = 1 *
& k=—1L1=—6 suyra U, =-n*—6n
{Bk “1=3 Y
Nén nghiém tong quét cia phwong trinh ¢6 dang u, =C,.2" +C, —n*—6n.
Véi U, =1ta duoc C +C, =1; Véi U, =4ta duoc 2C, +C, -1-6=4

C,+C,=1 C,=10
Ta c6 hé phuong tr‘mh{ 1% (:){ '

2C,+C,=11 |C,=-9
Vay u, =5.2"" —n* —6n—9.
BAI TAP REN LUYEN.
Bai 1: Xac dinh s6 hang tong quat ctia day s6 (un) dwoc xac dinh boi :
U, =8;u, =3 Uy =3;u, =—2
a./ Vn>2 b/ >
u,+u,,—12u, , =3n+2 u,+4u, , —5u, ,=12n48

II1. Phwong trinh sai phan tuyén tinh bac ba

, Uy =X U, =V, U, =2
DANG 8. Diys6 { ° Yorth = Yol = % vn>3

u,+au, , +bu ,+cu ,=0

Dé tim cong thitc tong quat cia day s U, talam nhu sau:

Xét phuong trinh ddc trung x3+ ax*tbx+c=0.(*)

* Néu phuong trinh (*) ¢6 3 nghiém phan biét X, X,, X; .Thi u, = p.x| +0.X; +Kk.X3 .

* Néu phuong trinh (*) c6 2 nghiém phan biétX, =X, =X, . Thiu, = p+agn X +Kk.X; .

* Néu phurong trinh (*) 6 nghiém boi 3X, =X, = X;.Thi U, = p+nq+k.n® X

Bai 4: X4c dinh s6 hang tdng quat cua day s6 (un) dugc xac dinh boi:
U, =0u, =Lu, =3
{un —7u,,+11u, , —5u, , =0
Phuong trinh X° —7x* +11Xx—5=0 ¢6 2 nghiém X, =X, =1, X, =5
Cong thuic tong quat u, = p+qn+k.5"

vn>3

1 3 1
Cho n=0,n=1,n=2 va giai hé phuong trinh ta duwgoc p=——,0=—,k=—.
gal i PAtons P= 1697 T 16
1 3 1
Vay u, =——+-n+-—5".
Y 16 4 16
Cu, =% u, =y,u, =z
DANG 9. Day s6 | ° Yorth = Youll; = % vn>3
un + aun—1 + bun—z + Cl"In—3 = dn

Truong hop dacbiét d, = f n la dathicback ctan.Timg n la da thitc cung bac f n

* Néu phuong trinh (*) c6 3 nghiém phén biét X, X,, X, .Thi x, =g n

* Néu phwong trinh (¥) ¢6 2 nghiém phan biétX, =X, =X, .Thi X =ng n .
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* Néu phuong trinh (*) c6 nghiém bdi 3X, =X, =X,.Thi X, =n®g n

Bai 5: X4c dinh s6 hang tdng quat cua day s6 (un) dwgc xac dinh boi :
U, =4;u, =26;u, =74
Vn>3

u —6u,_,+11u _, —6u _,=6n*—4n—8

Phuong trinh X* —6x* +11X—6=0 c¢6 3 nghiém X, =L X, =2;X, =3
Nghiém riéng X, =g n =n an’ +-bn+c thay vao phuong trinh ta dugc

gn=nan®+bn+c -6 n-1 [a n—1°+bn-1 +c}+11 n—2

an-2°4+bn-2 +c}:—6 n—3 [a n-3°+bn-3 +c]

S5a+2b—c=4
lan lwgt cho n=0,n=1,n=2 ta dwgc hé phuong trinh {8a—Cc=3 =a=1lb=2c=5
S5a—2b—c=-4

nénx, =g n =n°+2n*+5n
Nghiém tdng quat ctia phuong trinh da cho ¢6 dang X = p+q.2" +k.3" +n°® +2n° 4-5n
Thay vao diéu kién ban dau X, =4, X, =26;X, =74suyra p=-5,0=—-Lk =1
Vay s6 hang tong quét ctia day s61a u, =n® 4-2n* +5n—-5—-2" 4-3"
Truong hop dicbiét d. =p n ."

* Néu phuong trinh (*) c6 3 nghiém phan biét X, X,, X;khac o .Thi X, =p n .a"
* Néu phuong trinh (*) ¢4 3 nghiém phan biét co X, =« .Thi X, =p n na" .

* Néu phuong trinh (*) c6 nghiém boi 3% =X, =X, =«.Thi X, =n’p n .a"

Bai 6: Xac dinh s hang tong quat ctia day s6 (un) duoc xac dinh boi :
u, =3;u, =20;u;, =89

vn>3
u —6u _,+1lu _,—6u _,=-—2"724+23"?

Phwong trinh x> —6X° +11x—6=0 c6 3 nghiém X =L X, =2;X, =3

Phuong trinh d3c trung cé nghiém x=2 nén Nghiém riéng x> =cn.2" thay vao phuong
trinh u, —6u, , +11u_, —6u,_, =—2" ta duoc 3¢.2° —12c.2° +11c.2=—-1=c=1

Do d6 X2 =n.2".

Phuong trinh d3c trung cé nghiém x=3 nén Nghiém riéng x° =dn.3" thay vao phuong
trinh u, —6u, , +11u_, —6u_, =2.3" ta duoc 3¢.3° —12¢.3* +11c.3=6=c=1

Do d6 X2 =n.3".

Nghiém tong quat ctia phuwong trinh da cho ¢6 dang X, = p+0.2" +k.3" +n.2" +n.3"

Thay vao diéu kién ban dau U, =3;U, =20;u, =89suyra p=Lq=—Lk= —%

Vay s6 hang tong quat ctia day s6lau, =1+ n—1 2"+ 3n—1 3"
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IV. HE PHUONG TRINH SAI PHAN TUYEN TiNH VOI HE SO HANG.
X, =a; X, =ax, , +by, ,
=By, =cx,_,+dy ,
Mot trong cac cach giai hé ndy la dwa vé phuong trinh sai phan tuyén tinh bac hai
To X,y =ax, + byn = X =t an+1 va byn = Xy — X,
T Y,,, =CX, +dy, = by,,, =bcx, +bdy, (b= 0).

DANG 10: Day s§ Xx_ , V. :{

Vay X,,, =ax,,, +bex, +bdy, =ax,,, +bex, +d(x,,, —%,)=(a+d)x,,, +(bc—ad)x,

n+1

Phuong trinh: X ., — a+d X,,, + ad —bc X, =0 chinh la phwong trinh sai phan tuyén

n—+1
tinh bac hai véi diéu kién X, =a; X, =a.X, +b.y0 ttr d6 ta xac dinh duoc X, thay vao hé da

cho ta duoc Y, .

X =0;X,,, =3X, +V,

L B

Bai 1: Tim cOng thitc tong quat ctia 2 day s6 X, , Y {
" " Yo =6; Y = 5%, — ¥,

Giai

Ta cb X,,, = 3%, +5X, — Y, =31 + 5%, — (X0 —3X, ) = 2X,,, +8X,..

n+1 n+1 n+1
Phuwong trinh déc trung: \> —2A—8=0<\A=-2;A=4
Do d6 cong thitc tdng quat X, = a(—Z)" +b4" vi X, =0;y,=6=>x =6
a+b=0 a=-1
=
—2a+4b=6 b=1
tir d6 suy ra: =y, =U, , —3U, = 2(-2)" +4.4" —3(4n —(—2)“) — 4" +5(-2)"

nén ta co: {

, , X, =—(-2)" +4"
Vay s0 hang tong quat )
y, =5(-2) +4"
2; X, = 2X
Bai 2: Tim cong thitc tong quat cia 2 day sd x, , y, : %= n1 T Yoo
l _1’ yn = Xn—l + 2yn—1
Giai

X, = 2Xn—l + Xt 2yn—z = 2Xn—l +X,t 2 Xo1— 2Xn—2 =X, :4Xn—l _3Xn—2 va X = S

ttr d6 ta xac dinh duoc X, = 1 1+3" =y =x ,—2X = 1 3 -1
2 2

BAI TAP TUONG TU.

%o =L Xy = 4%, =2y,

Yo=LYu =X +Y,

DS: s6 hang tong quat X, =2"y =2"1,Vn=12,...
X, =3X, =4X, , +2Y,

Y1 =1 Yo = X1 +3yn71

Bai 1: Tim cOng thitc tong quat ctia 2 day s6 X, , Y, {

Bai 2: Tim cOng thirc tong quat cia 2 day s6 x, , y, : {
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u =o
DANG 11. Day s6 phan tuyén tinh y = AU +b Vn>2
" cu,_,+d

D€ tim cong thitc tong quat cua day s0 U, talam nhu sau:

X =0 X, =aX, 4

e A \ + byn_l . 7 Xn \ N 2
Giai hé phuong trinh khi d6 u, = — la nghiém cua phuwong

yl = B’ yn = an—l + dyn—l yn
X
b a n-1 + b b
X ax au
trinh da cho .That vay ta ¢ —* = —"- Ty Yo _au, Db _ u,
Yn CXpo1 dyn—l C Xn-1 +d CU,_, + d
yn—l
u, =2
Bai 3: Xac dinh s hang tong quat ctia day s6 (un) duoc xac dinh boi : u - 2u, ,+1 vn>1
"ou,,+2
Giai
=2:X. =2X
Xét hé phuong trinh % " SRR
Yo=LYs =% 1+2Yo
theo bai 2 dang 10 hé c6 nghiém la:
_ 1 n+1
Xn_E 3 +1 Xn 3n+1+1
PR R o
yn = 3n+l ‘|’1 yn
2
. 3n+1 _|_1
vay U, = i _q
u =1
Bai 4: Xac dinh s hang tong quat ctia day s6 (un) duwoc xéc dinh boi : u,+2 vn>1
Nl
2u, +3
Giai
=Lx,., =X, +2Y,
Xét hai day s6 (x,) va (y, )nhu sau: {Xl . Y n>
y1 :11 yn+1 = 2Xn +3yn
vn=12,...
Ta €0 : Xyy = Xy +2Yn0 = Xt +2(2%, +3Y, ) = X, +4X, +3(2Y,)

= X1 + 4%, +3(X — X, ) = 4X
Vay day s6 (x,)thoa diéu kién X, =1 X, =3, X, —4X , —X, =0,n>1,
Phwong trinh dac trung: /\2—4)\—1:O<:>/\:2—\/§;/\:2+\/§

Do d6 cdng thirc tong quat X, = a(2—\/§)n +b(2+\/§)n

+X, .

n+1
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vi X =1X, =3
a:_\/§+3
nén ta co: arb=t & 2\/5
' (2—\/§)a+(2+\/§)b=3 3-5
hp=2>"Y°
2./5
nén xn:—%f(z )+ f(zw) vnt.
J5+1 J5-1

ter dosuyray, :ﬁ(z_ﬁ) +ﬁ(2+\/§)n,Vn >1.
S () (e

Vay u, = 245 25 ,Vn>1
o ) g
25 25
BAITAP TUONG TU
Bai 3: Xac dinh s hang tong quat ctia day so (un) dugc xac dinh boi
u =1
a/ 2u,, VvYn>1 bS: u, = 7;1
u=—""— 52" -3
ou, , +4
u, =2 .
b/l Bu -1 vn>1 ps;u =111
U, = n+3
U, ; +3

V. PHUONG PHAP TUYEN TINH HOA.
1) Phwong phép biéu dién nghiém dwéi dang tuyén tinh .
4 =X%=1
Bai 1: Cho day s6 . M ¥n>3. Chting minh rang moi s6 hang ctia day s6 déu la s8 nguyén.
"y
Giai
Tim s6 hang tong quat cta day s6 dudi dang X, =ax, , +bx,_, +c (*)
Chon =345 ta duoc X, =3; X, =11, X, =41
thay vao (*) ta dwoc
a+b+c=3
3a+b+c=11 =a=4b=-1Lc=0suyra x,=4X, , —X, ,
lla+3b+c=41
Bang quy nap ta chitng minh duwocX, =4X_, —X__, 1a dang tuyén tinh cta day s6 da
cho.
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Do X, =X, =Inguyén nén X, =4X, , —X, ,cua day s da cho déu la sd nguyén.
Bai 2: Cho day s6 L — Vn>1. Chting minh rang moi s6 hang ctia day s déu
X1 = 2%, +4/3X; —2
la s6 nguyén.
Giai
Tim s6 hang tong quat cta day s6 dudi dang X, =ax, , +bx,_, +c (*)
Cho n=3,4,5 ta dugc X, =3;X; =11, X, =41 X, =153 thay vao (*) ta duwoc
Jat+b+c=11
lla+3b+c=41 =a=4b=-1Lc=0
4la+11b+c =153

suyra X, =4X _, —X
Bang quy nap ta chirng minh dwoc X, =4X,_, —X_, 1a dang tuyén tinh cta day s& da cho.
Do X, =1 X, =3nguyénnén X =4x , —X ,cua day s6 da cho déu la sd nguyén.
BAI TAP REN LUYEN
Bai 1: Tuyén tinh hoa phuong trinh X, = 0; X, = 5x, +/24x2 +1.
ta duoc X, =1 X, =10;X, =99; X, =980 nén x, =10x , —X ,

DS: S6 hang tong quat ctia day s X, = gl 5+2.6 "5 2./6 ’
Bai 2: Tuyén tinh hda phuong trinh X, =1,% = 2;X,,, = X2 ,X:.

n+2

2 3
x> < Inx,_, =2Inx,_, +3Inx,

Huong dan: 14y 16garit cos6 e 2 v€& X, = X7,

Dit v, = Inu, khi d6 phuong trinh tré thanh v, ., =2v, , +3v,
4 A? 4 2 ~ A X
Bai 3: Tim s6 hang tong quat ctia day s6 X, =L, X ,, = —F——
243+ X2

< 243+ X%
Huong dan X, = al = ! _ct X+ n :)%4_ %—Fl.

2-‘- 3+ Xr? Xn+1 X

n

Patv, = ikhi dé phuong trinh tré thanh v, ,, = 2v, + JBVE +1

2) Phuong phéap dit an phu.

Xac dinh cong thuac tong quat cua day s6
" 3u,._,—-2u
Ta thay U, =0 Vn vinéu U, =0nao dothi u,_, =0;u._, =0suyra u, =0;u, =0.

1
Dit v, =—khidé v. =3v,_, —2V. _,. Cong thiic tong quat v, =1+2""*
u

n
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Vay U, = ———.
¢ y n 2n—1 + 1
3) Phuong phap bién ddi twong dwong.
Tim nghiém cua phuwong trinh U, =2;uU, =6+ J33;u Uy =3U, + J8uZ 41,
Giai
Chuyén vé va binh phuong 2 vé ta duoc.

—6u,,,U, +9uZ =8u? +1 hay u?, —6u
Thay n +1 bdin ta dugc un —6u.u, , + uml =1.

n+1 na1Un -|—U =1

Cong theo ting v€ ta duwoc u,,, —u, U, —6u, +u, , =0.

e —3U, =/8U2 +1>0nén u,,, >3, >%, ,>U ,>0u, =0.
Suy ra U, —6U, +U, , =0. Phuong trinh d4c trung X* —6X +1=0c6 nghiém x =3+ 22

Viu

SO hang tdng quat cta day s6 dudi dang U, =K 3+ 22 T3 22 ’

B+VB6 ., _8-VB6
-

8

Tir cac gid tri ban dau U, =2;u, =6++/33 suy ra k=

8-+/66
8

34242 +
Nhin xét: Phuong trinh da cho 1a bac nhat nhung phi tuyén (c6 chira can) nén khi bién déi tuwong
duong , né tro thanh phuong trinh tuyén tinh bac hai.
BAI TAP REN LUYEN
u, =1

Bai 1: Tim s6 hang tong quat ; U, : .
Uy,q = 5U, ++/24%7 —8

Ry 1 642 -1
BS: Uy === 5 —26" o3 5+246

Bai 2: Xac dinh s0 hang tong quét cua day sO (un) duoc xac dinh bai :
a/ U, =Lu,=2u,,=Uu hd: dat v, =Inu, tacod v, =2, +3v,.

Vay SO hang tong quat cua day sd la u, =

8—5/@ 3_2ﬁ“
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PHAN 2
XAC PINH GIOI HAN CUA DAY SO.
L. St dung dinh nghia gi¢i han diy Sé.
1. Dinh nghia gi6i han diy Sé.
Dinh nghia 1: Ta ndi day s6 (X, ) gidi han hitu han 1a a (ky hiéu lim x, =a ) néu voi
moi s& dwong € cho truede (nho bao nhiéu tly y ) ton tai moét sd tw nhién N sao cho :
X, —a| <&, vn=n,.

DPinh nghia 2: Day s6 (Xn) duoc goi 1a hdi tu néu ton tai @ € R sao cho lim x, =a. Khi

N—-+o0

dd6 ta con noéi day so (Xn ) hoi tu vé a. Mot day s6 khong hoi tu goi la day sd phan ky.

Dinh nghia 3: Ta ndi day s6 (x,) dan téi dwong vo cye (ky hiéu lim X, = +o0) néu véi

n—+0

mdi s6 dwong M (16n bao nhiéu ciing duwoc ) ton tai mot s& ty nhién N, sao cho: X, >M,Vnxn,.

Dinh nghia 4: Ta ndi day s6 (X,) dan téi am vo cyc (ky hiéu lim x, = —0) néu v6i moi

n—+o

s0 am m (nho bao nhiéu cling duoc ) ton tai mot sO tw nhién Ny sao cho : X, <M, Vn=n,
2. Gidi han riéng, day con.
Dinh nghia 5: Cho tap hop A#@ va Ac R.

S6 x duoc goi la can trén ctia tap A néu v6i moi a € A ta cé a < x. Lacnay ta ndi tap A bi
chan trén.
S6 x duoc goi la can dudi cuia tdp A néu véimoi a € A ta céd a> x. Lacnay tandi tap A bi
chan dudi,
Can trén bé nhat (néu cd) ctia tap A duoc goi la can trén dung caa tap hop A, ky hiéu: supA.
Can dwdi bé nhét (néu cd) cua tdp A dugc goi la cdn dudi dung ctia tdp hop A, ky hiéu inf A.
Luu y: sup A c6 thé khong thudc A. Néu sup A thudc A thi d6 chinh 1a gia tri 16n nhat cua

A, ky hiéu Max A.
Twong ty: inf A c6 thé khong thudc A. Néu inf A thudc A thi d6 chinh la gia tri nhé nhat
caa A, ky hiéu min A.
Dinh ly 1: Tap con khac rong A ctia R néu bi chan trén thi c6 sup A, néu bi chan dudi thi co
infA
Dinh Iy 2: (Ddc trung ctia can trén dung, can dudi dung)
M >x,VxeA
M =supA=
Ve>0,dJacA:a>M —¢.
: m<x,vVxe A
m=inf A
Ve>0,JacA:a<m+e.

Trong thurc hanh ta thwong ap dung dinh ly sau:
Dinh lyj 3: Cho tap hop A#p va Ac R.
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Néu tap hop A bi chin trén thi ton tai day s& (X, ) trong A sao cho lim x, =supA.

N—>+o0

Néu tap hop A bi chin dudi thi ton tai day s8 (X, ) trong A sao cho lim x, =inf A.

N0

Pinh nghia 6: Day con (Xnk ) cua ddy s6 (X, ) la day ma céc phén tix cia n6 duogc trich tir
day s6 (X, ) ra, trong d6 cac chi s§ N, thoa man diéu kién kILer N, =+oo,N <N, <...<N <N, <.
Vi du : Xét day s6 (x,)

Day s6 (X,, ) (tttc1a day s& X,, X,, Xs,...) 1a day con ctia day s (X, ).

Day s6 (XZH) (tcla day s6 X, X;, Xs,...) la day con cua day s8 (X, ).

Hai day (X,,) va (X,,,) dwoc goila2 day con ké nhau cua day s6 (X, ).

Dinh nghia 7: Day con (Xnk ) ctia day s6 (X, ) la hoi ty thi gi6i han ctia nd dugc goi la gioi
han riéng ctia day s6 (X, ).
Vi du : Xét day s6 (x,)voi X, = (—1)n ,VN=1,2,3,... khi d6 day s6 nay khong cé gidi han, tuy
nhién 1 va -1 la cac gidi han riéng ctia day s& (X, ) vi nlirl’]w X,, =1va nllrll Xpnq =—1.

Dinh nghia 8: Gi6i han riéng 1én nhét ctia day s& (X, ) dwoc goi la gidi han trén ctia né va
ky hiéu la @x (hay lim supx, ).

Gi6i han riéng bé nhat cua day so (Xn ) dwoc goi la giéi han dudi ctia no6 va ky hiéu la
nlirﬂoxn (hay nILrEO inf x,).
QTy uwdc:

N&u sup{X,, X,,y,...} = +00 vOi moin thi Exn = +00,

Néu inf {X,,X,.;,...; =—o0 v6imoin thi limx =—co.

’ ’:
n N+l N—+o0

Dinh ly 4: (Cantor) Cho [al; bl],[aQ;bz],...,[an;bn],... la day doan thit dan (ttcla
[aml;bml] c [an;bn],Vn =1;2;3,... va nlirpw(bn — an) = 0. Khi d6 ton tai mot diém a thudc moi
doan [an;b ]

Dinh lyj 5 : (Bolzano — Weierstrass) Ttr mot day so bi chdn bat ky (xn ) déu cé thé trich ra
mot day con (Xnk ) hoi tu.

Dinh Ij 6 : Moi day s& thuc (X, ) déu c6 gi6i han trén va gidi han dudi.

H¢ qud 1: Moi day bi chan (X, ), Néu x la gi6i han trén ctia day thi.

Ve>0,an,eN":x <X+&Vn>n, .

H¢ qud 2: Moi day bi chin (X, ),

Neéu x la gioi han trén cua day thi Ve>0 va VkeN, ton tai 3n, >k:x, >X—e&.

Neéu x la gioi han dudi cua day thi Ve>0 va VKeN, ton tai In, >k :X, <X+e&.
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Pinh Ij 7 : day s8 () hoi tu khi va chi khi nd bi chin va limx, = limx,

Dinh 1y 8 : day s6 (x,) co gidi han (hitu han hodc +e0) khi va chi khi
limsupx, = liminf x,. Khi d6 limx, = limsupx, = liminf x,.

n—+o0 N—+o0 N—o0 N—+o0 nN—+o0
3. Tiéu chuin Cauchy.

Dinh nghia 9: Ta ndi day s6 (x, ) la day Cauchy hodc day co ban néu véi moi s§ duong e
cho trredce ton tai s6 tw nhién no sao cho |Xn — Xm| <& vVn,m=n,.

Chuy:1) limx, =a< lim(x,—a)=0< lim|x, —a/=0

nN—+o0 N—+o0 nN—+o0

2)Néu lim x, =a thi lim|x,|=|a|.

N—+o0 N—+o0

3) lim x, =conghia la |X,| c6 thé 16n bao nhiéu cling dwoc mién la n du 16n.

Dinh 1y 9 (Tiéu chudnCauchy): day s6 (x, ) hoi tu khi va chi khi day s& (x, ) la day
Cauchy.
4. Mot s6 bai toan ap dung.
Bai 1. Cho day s& (x,) 1a day s6 bi chin trén va thoa man diéu kién

S 1
X2 2 Z X

lén vO han.

- % X,,¥n=12,..(1). Chitng minh rdng day s& (X, ) c6 gidi han hitu han khi n ting

Giai

Dét yn =X n-+1

n+1 n+2

+§xn vn=12,.Doddy, , =X +%xn+12x +%xn:yn vn=12,..(2)

suy ra day so (y, ) la day sd tang.
Vi day s6 (Xn) bi chan trén nén ton tai s6 M sao cho X, <M,Vn=12,...

dodo vy, =Xn+1+gxn < M+%M=¥ vn=12,..(3) day s& (y,) labichan trén

Tw (2) va (3) day s& (Y, ) la day s6 hoi tu.

bdt limy, =b va 4—b:a Ta chtng minh lim x, =a .Ve>0

N—>+o0 7 N—>+o0
hY H A A . 8 4 /& . 4
vi limy, =bnén ton tai N, € N :|yn—b|<§,Vn2nO Do d6 véimoi N=n, ta cd
N—>+00
3
:‘(xn+1—a)+z(xn—a)

—a|<%|xn —a|+§,Vn2no.(4)

3 7a
+—=X, ——

X
n+1 4 4

§>|yn_b|:

3
> (X —a|—z|xn -2

Suy ra |X

n+1

Trong (4) lan luotlay n=n,n=n,+Ln=n,+2,...

3
Xy —a < 2

&
-l
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+

Mo

? 3
X —a\+z.

£,f
8 8

& (3 “ 3)“ 3 (3 ‘ &
X, —a|+—=.[|=| +|=| +..+=+1|=|=| X, —a‘+—.
g 8|\4 4 4 4) "= 8
3) el, (3)) (3)
xn+k—a‘< — | IX, —a‘+— 1-| = [<| =
° 4 ° 8 4 4

biéu nay c6 nghia la |x, —a| < &, véin du 1o, ticla lim x, =a.

N—+o0

g 7. ? 4
Xy, —a‘+5<5 voi k da lon.

Vay day s6 (x, ) la day s hoi tu.
Bai 2. (D¢ thi v dich Matxcova). Ching minh rang day s6 (X, ) voi X, =sin (n2 ), khong tién t6i 0

khi n — 400
Giai
Ta c6 ‘sin(x —~ y)‘ = |sin xcos y —cos xsin y| < [sin x||cos y| +]sin yl|cos |

e - . o i cim (2
Do dé: [sin(x—y)| <|sin x| +|sin y| Gia str nI|%r+r<1)osm(n )—0.

Khi d6 véi ¢ :%sin 2,3n, e N’ :‘sin(nz)‘ <& vn>n,

V6i N>y taco:fsin(2n+1) = ‘sin[(n +1)" - nz]

< ‘sin(n +1)2‘+‘sin nz‘ <2¢
[sin2|=|sin[ (2n+3)—(2n+1) | <[sin(2n+3)|+[sin(2n+1)| < 26 + 25 = 4¢
Do d6: [sin2| < 4e = 4.%sin 2= %|sin 2| biéu mau thudn nay chimg t6 day s6 da cho
khéng tiéh t6i 0 khi N —>-+oo.
Bai 3.(D? thi v6 djch toin Lién X6). Cho day sc'(a,),Biét lim (aml - %) = 0. Chitng minh

rang : lima =0.

nN—>-+o0

Giai
A H an N * . an—l
ve>0,vi lim|a,,,—— |=0nén dn,eN :|a, - <&, vn>n,.
nN—+0o0 2
Véi €50 ton tai k € N sao cho ' < ¢ . Khi d6 véi moi s8 te nhién m> n, +K taco:

2k
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‘1+l|a |<g+l|a |
2 m-1 2 m-1

<g+1(5+1|a |j:g+£+i|a |<g+£+i(3+1|a |j:g+£+£+i|a |

2 2" 2 220m? 2 2?2 2" 2 2 2203
1

3 1- 2m—n0 N a.no B 5 1 N ‘ano

¢ 1 2k =& 2m—n0—1 2k

1-=
2

Nhu vay ta chitng minh dugc: Ve >0,3n, =(n, +k) e N": vn>n, ta c6 |an| <3¢ co nghia
la lima, =0.

N—-+o0

& & 1
<g+ +—+..

2 w1 o <2e+e=¢
2 2 2 o 2M o

a

No

Mo rong Bai 3 dwgc thé hién qua bai 4 sau day.
Bai 4.Tim tat cd cdc s6'thiee t sao cho v6i moi ddy s6(X, ) théa man lim (tx, —X,.,) =0, ta suy ra

N—-+c0

lim x, =0.

nN—+o0

Giai Tacé lim (tX, =X, ) =0 lim (X1 —t%,)=0(1)

Xét day s6 (x,) véi x, =t",¥ne N.Khi d6 day s& (X, ) thoa man (1).

n+1

Néu lim x, = limt" =0 thi |t| <1. Nguoc lai,gia st |t| <1.Ta chitng minh rang véi moi

nN—+o0 nN—+o0

day s6 (x,)sao cho nllrp( tX,)=0 taludn cé lim x, =0. Vi I|m(

nN—+o0

o o tXn) =0 nén voi moi
e >0,ton tai Ny € N sao cho |x
Do d6 Vn > nyta c6: |X

‘txn

—tx | <&, Vn=n,.

n+1

—tx|<e

n-+1

Xl <t|€

n-n, n—n+1 n-n
t"x, -t ’

Suy ra [X,, —t" "X, =‘( L —1x ) (tx —tzxn,l)+...+(t”‘“°xno+l—t”‘”o“xno)
<| nel —t? Xn tn_noxno+1_tn_nOJrano
_ n—ng+1
(l+|t|+|t| TR e P .
1= 1l
Vi |t| <1nén ton tai ny, € N” sao cho '[n_n"ﬂxno

Tk (2) va (3) suy ra VNn=n, +n, ta co:

_ ‘(Xn+1 _tn—n0+l )+tn No+ly —tn_n0+lX

tn—n0+1
n+1 Ny

|X <Ix

+ X

n+1|

no

A e W s x 1
Vay voimoi e >0,ton tai n, e N :n, =n,+n, sao cho |Xn+1| < [1—|t| +1J5,Vn >N,
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nghiala lim x, =0. Vay tat ca cac s& t can tim la [t| <1.

N—+0

Bai 5. (Dé nghi Olympic 30/4/2000) Cho day s&(x, ) thoaman 0<X, . <X +X,,Vnm=12,...,
Chting minh rang day sd (ﬁj cd gidi han hitu han.
n
Giai

Goi A:{%,%“_qﬁ,xﬂ_“l,,,} Khi d6 tap A bi chdn dudi boi s6 0 nén ton tai inf A Ta
n n+

. - X - s . . 14 7 A, ? A s . ’ A .
chiing minh lim — =inf A véi moi € >0 cho trude, theo tinh chat ctia can dudi dung, ton tai m
n—>+o N

sao cho inf A <2 <inf A+§(1) .
m
Véin la s6 tu nhién bat ky,khi d6 ton tai hai s& nguyén dwong q va r sao cho
Nn=mg+r,0<r<m-1Khidd X, =X, <X,+X,+..+X,+X =0X, +X (xem X, =0)

mg-+r

< Pt X _X

Do d: inf A< In P (X cinfars ()

n_ gm+r mgm+r r 2 N
Dat max{X,X,,... X, =a véi 0<r<m-1thi X <o do d6 véi ns 2%
&
tacéOSﬁ<a.i:£.
n 200 2
. X . . 2
Boi vay tir (2) ta suy ra inf A <" <inf A+§+g =inf A+g,Vn>—a(3)
m &

—inf A< lim 22 <inf Ate Ve>0

n—+o N

Vay lim 22 =inf A,

n—>+o N
Bai 6: Cho day s6(X, ) théa man 0< X, <X .X,,Vn,me N",Chimg minh rang lim {/X, ton tai va
N—+00
httu han.
Giai

Véimoin=1,23...tacé 0<X, S(Xi)n SOSQ/ZS X,. vay day sO (Q/Z) bi chan.

Goi L= WQ/Z . khi d6 ton tai day con (m{/% ) cua day so (T/Z ) sao cho

m—+o0

lim m/x, =L

M—>-+o0

V&i méin ¢ dinh tly y ta co thé viet m, = I’l|k +I, trongdo r, {O,l, 2,...,N —1} do do

. 2 - A, V4 k
theo gia thiét ta cé X, =X, ., <X, X, < (x,)" X, -
K 1 k 1 1 1

Boi vay voi moi k=1,2,..., ta c6 /X, < (%, )m (%, )™ = (%, )k ()™ = (%, ok (%, )™
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! S
= "%, s(xn)ﬁ(xrk)mk ,Vk=12,... cho k — +oota duoc Lg(xn)% = x,,vn=12,...

Suyra limgx, < limyx, = limyx, = limyx, .

m—>+oo m—+oo m—>+oo m—+oo

Vay day sd («”fxn )héi tu.
A v . ~ ~ X \ . A .
Tuong tw cach giai bai nay ta chitng minh dwgc day s6 (—”j bai 5 hdi tu.
n
Bai tap tuong tuw
Bai 1: Cho day s6 (X, ) la day s6 bi chan trén va thoa méan diéu kién

>1
Xnp2 25 X

a % X,,¥N=12,...(1). Chitng minh rang day s& (X, ) c6 gidi han hitu han khi n ting
lén vO han.

Bai 2: (Dé thi HSG QG 1988) Cho day s& (u, ) la day s6 bi chan, thoéa man diéu kién

2u ., <u +un;|un| <M,Vn=12,.. cbnhat thiét hoi tu khong ?.

n+2 — “n+l

Bai 3: Gia st céc s6 hang ctia day s3( X, ) thoa man:

n+m —

1| <L, %, + X, 1< X S X, + X, +L,Vn,me N7,

a) Chting minh rang day s§ (ﬁj o gidi han hitu han.
n

b) Chiing minh réng néu lim % o aeRthi na-1<x <na+l1vn=12,..

N—+0 n
Giai.
a) Goi Yn :1+Xn va Zn :1_Xn/ khi do6 Ynim =1+ Xoemt Znim =1- Xoim va
O0<Yiim =1 X 24X X, =Y, + Y, VN, M=12,...
0<z,,=1-X,, <1+(1-X,—X,)=2,+2,,Vn,m=12,...

n+m n+m —

Theo bai 5, suy ra day s6 (ﬁj hoi tu va day s6 (ij hoi tu .
n n

oo X X —(1-X%) 1 7S N S
Mataco -2 = L ( “):— In %4 nén day s6 | — | hoi tu.
n 2n 2\n n n
oo Y, e Yo oo X+l oox 1
b)néu lim-"=aeRthi lim-="= lim =lim—+Ilim==a

Nn—-+o00 n Nn—+o0 n Nn—+o0 n N—+o0 n N—-+o00 n

Do d6 theo 1oi giai bai 5 tacs a<ln —a< ™ — x >na-1vn=12..(1) .
n

n
. .. 7 . 1-x T ¢ .
Mat khac: lim -2 = lim L= [|im=-lim—==-a nén
n—+o0 n N—+00 n N—+00 n N—+o00 n

Lashoax Xl X, <na+1vn=12,..(2)
n n

Tu (1) va (2) suy ra na—1<x <na+1vn=12,....
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IL. XAC PINH SO HANG TONG QUAT ROI TINH GIOI HAN.
1) Phuwong phéap. D& tim lim X ta thyc hién nhw sau:

N—>-+o0
Budc 1: tim s6 hang tong quat ctia day so X .
Budc 2: St dung cac cong thire sau tim lim X .

N—+w
2) Cac két qua thwong dung .
. sinx . In(1+x at-1
o I|m—=1,I|mM=1,I|m
Xx—0 X Xx—0 X Xx—0 X

e lim (1+1j =¢e; lim (1+1j =g
X—>+00 X X—>—00 X

1 1
e lim(1+x)x =g lim(1+x)x =e.

x—0" x—0"

=lna .

e Néu |g| <1 thi limg"=0.

e Néu f(x) 1a ham s5 lién tuc trén K thi lim f (x,) = f ( lim xn)vXn e K vaday s8 X, hoi tu

N—>+0 N—>+o0

dén aeK
3. Cac bai toan.
Bai 1: (Dé HSG Ha ndi nim hoc 2011 - 2012 ) Cho day s& (u, ) duoc xac dinh boi:
u =1 . u
! .Tim lim —
un+1 = un +n n+ee un+l

Giai

Cong thitc tong quat u, = %(n2 -Nn+ 2)

1 1+ 2
X =i
. u . nN°-n+2 . 2
Nén lim — = lim ———— = lim —1-1_ =1
Nty o Mot +n+2 n»+ool+1+£
n n
Bai 2: (D¢ Olympic Toan SV -2013) Cho day s& (X, ) duoc xac dinh boi:
X, =aeR _
) , .Tim lim x,
(n+1)"x,,, =n°x, +2n+1,vn=12,... N—>-0
Giai

Ta phan tich 2n +1:(n +1)2 —n?
Tacé: (N+1) X, =n°x, +2n+1 (n+1)° x,,, = n’x, +(n+1)° —n?

& (n+1)" %, —(n+1)" =n’x, —n’

Do dé: n’x, —n?=(n-1)"x, —(n-1)" =...=1’x -1*=a-1
) e , a-1+n’
Suy ra cong thitc tong quat X, = T
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2
nén lim x, = lim 22270 jim (1+ 2 1):1

N—>-+oo N—>-+oo n2 N—-+o0 n2
Bai 3: (B¢ Olympic 30/40/ 2013 ) Tim day s6 (X, ) dugc xac dinh boi:
>0
& ) ) nx=1
3(n+2)x2,, =2(n+1)x; +(n+4).
Giai

Ta c6: 3(n+2)x2, =2(n+1)x} +(n+4) < 3(n+2)x}, =2(n+1)x; +3(n+2)—2(n+1)
&3(n+2)x, -3(n+2)=2(n+1)x} -2(n+1) = 3(n+2)(x%, -1) =2(n+1)(x? -1) ()
2(n+1)

Dat = x? —1 thay vao (*) ta duoc =
. yn n y ( ) v yn+1 3(n +2) yn

2(n +l) 2n
3(n+2) 3(n+1)’
Vay lim x, =1(x, >0).

N—+00

Dodo y,,, =

gy —[gjmiy suyra limy =0
3NTZ) a2t

Bai 4: (Dé Olympic 30/40/ 2013) Cho day sd (Xn) dwoc xac dinh boi :

x =1

_ —14x,-51 Tim X,y, va lim x,.

Xn+1——,vn:1,2,... N—+o0
5x, +18
Giai.
N L , 34-33.3"% . 34 _ 33,302
Cong thirc tong quat X, = m nén X,y = (11 20 _10)
_ n-1
Nén lim x, = lim 2333 _ 3

N—>-+0 Nn—>-+o (11_3”‘1 _10)
Bai 5: (D& dé nghi Olympic 30/4 nim 2015 Chuyén An Giang) Cho day s6 (u,) duoc x4c dinh

u, = 2010 L u
boi : Tinh lim —2
u =7u._,+7",vn>2. N0 N7
Huwéng dan: Cong thiic tdng quat U, =2003.7"* +n.7",¥Vn>1 nén
. u . 2003.7"*+n7" . (2003
lim —-= lim =lim| —+1|=1
n—+o .7 N—>+o0 n.7" n>+o\ 7N
Bai 6: (D& Olympic Toan SV 2012 ) Cho day s6 (a, ) dwoc xac dinh boi :
& =a
- =n—+1an —E,Vn =12,..
n n
Tim o d€ day sd (@, ) cd giéi han hitu han.
Giai
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2
n(n+1)

Day s& (X, )nhu sau : X, =%,Vn =12,..Tacd X,,;, =X, — ,vn=12,..(2)

2
X —— X=X o X =X,
T UMY ' n(n+1)

X, = —2—£+JL+m+ 1 :@—2@—1+1—M+JL—1J
: n(n-1) 2 2 n-1 n
1 2(n-1)

=X =2|1-=|=X~—

21120

Do d6 day s6 (a,)co gidi han hituhan ¢ —2=0=a=2.
Bai 7: (Dé HSG Gia lai 2012 - 2013) Cho day s8 (a, ) dwoc xac dinh boi:
a=aeR
(n+1)a, +2013
, V
n
a) Tim s6 hang tong quat cua day sd (a, )

cong theo tirng vé ta duoc

Nhuw vay a, =nx, =nx, —2(n—1)=(a¢—2)n+2,¥Yn=12,...

n=12,...

n+1

b) Tim o d€ day s& (a, ) c6 gidi han hitu han va tinh giéi han trong truong hop do.
Giai

(n+1)a, +2013 a

n=12.. < 4 2013

n+1l n

(n+1)(n+2) n(n+1) n(n+1)(n+2)

a)Taco a,, =

Xét day s0 (X, ) nhw sau: X, = n(r?:tl) ,Vn=12,..khi dé x :%

Lam tuong tw bai 6

Nhu vay
a,=n(n+1)x, =n(n+1)x, +%(n2 +n—2) - (n2 +n) a, 2013} 2013,Vn -12,..
4 2 4 2
Do d6 day s (a, ) c gidi han hitu han %+$=0©a:—¥
b) Lacnay lima_ = lim _2013)_ 2013 :
N—>+w0 N—>+w0 2 2
Bai 8: (Dé HSG Bunggari 2000) Cho day s6 (Xn) duoc xac dinh nhu sau:
X =Lx,=a X
a la hang s0 duong.
X ., =YX X, vn=12,..

Chtmg minh rang day s& (X, ) hdi tu va tinh giéi han ctia day s nay.
Giai
N N 2 .\ 2 1
Ta thdy X, >0,YN=12,... néntir X, =(X3,X, )* < Inx,, = S+ 2Inx, ¥ =12,..
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u, =0;u, =Ilna

bat U, =Inx, ta dwoc day s (u, ) nhu sau :
" " <8 (W) un+2=gun+l+1un,Vn=1,2,...
3 3
Xét phuong trinh dic trung :31> —21-1=0< A=11= —%
N A-B_o p-3na
Dodé u,=A+ B(——j vi U, =0;u, =Inanén 4
3 9Ina

A+E=Ina B=——
9

Nén Un=3t¥+95¥(—%) ,vn=12,..suyra lim un:3I vi Im( j

n 3
lim u, -

Vihams8 f (x)=e” lién tuc trén R nén ta c6: lim x, = lime" =e~~ " =e :(e'm")“za4 .

Bai 9: (D€ nghi Olympic 30/4/ 2012) Cho day s& (Xn) dwoc xac dinh nhu sau:
X, =1 x, =2012
X ., =YX X, ¥n =12,...
Chtmg minh rang day s& (X, ) hdi tu va tinh giéi han ctia day s nay.
Day truwong hop riéng ciia bai 8.
. Ao o % =Lx =5
Bai 10: Cho day s6 (x,) duwoc xac dinh nhw sau :
X, =6X —X ,,vn=12.
Hay tim lim x, {y2x,| ky hiéu:{a} =a—[a] chilay phan I¢ cta a.
Giai

Cong thirc tong quat

=575 (V2 +1)(3+242) + (V2-1)(3-242) o n, = o (V2 1) (V2 1)

o2, =2 (V2+1)" +(V2-1) " | vn-0z2..
Do d6 v2x, ~(v2-1) " = [(J— )" (V2 —1)2n+1],Vn ~01,2..
Ma 0<(+2 <1¥n=012,..nén V2%, =(v2-1) ,¥n=012..

[1+(J_ 1) " },‘v’n:O,l,Z...suy ra

4n+2 1
L im +(2-1 }:—,Vnzo,l,Z...
2 na+ooli ( ) 2\/5

)
Do d6 X, { x}
)=

Iim(

N—>-+o0
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Bai 11: Tim gi6i han ctia day s& (X, ) dugc xdc dinh boi: X, = 2”\/2—\/2+\/2+...+\/§ Vn=12,..
n+1
Giai

Dat u, :\/2+\/2+...+\/§ ,¥n=1,2,...Bang quy nap ta Chttng minh duoc

n+l

T

U, =2c0s—,vn=12,..
Ta co X, =2",/2—2cos 27nz+l = 2”\/2(1—005 ZT‘Z”j = 2”,/2.25in2 212 =2""sin 212
sin
i i n+2 . sinXx
Vay lim anzllm 22" _ % (do Ilms—zl)
N—>+0 2 n—>+o T 2 x>0 X
2n+2
Bai 12: Tim gidi han cta day sd (Xn) duoc xac dinh boi:
2 2 2
X, =—F=. vn=12,...
V2 2442 \/2+\/2+...+«/§
Giai
1 1 1
Theobai10tacd X, = —— vn=12,...
V4 V4 V4
COS 7 COS5  COS g
. 1.
Theo cong thitc nhan doi sina.cosa = =sin2a nén
. T .
« = sin 22n+1 _ Sin 22n+1
n V4 V4 T . 1 T V4 T . T
€08 7.C08 5....CO8 oy SIN 5y 008 5008 J5...008 o SiN
sin—— sin— -
2n+1 2n+1
— 2“ = = 2“ ,Vn=1,2,...
1 T T T . T 1
57 008 008 5....C08 5y SN oy oo
sin 2n+1 in x
vay limx =2 lim —2°" =7 (g0 imX"X =1),
N—>+w0 2 N>+ T 2 x=>0 X
22n+1
BAI TAP TUONG TU

Bai 1 (Dé HSG Tay Ninh nam hoc 2014 - 2015 ) Cho day sd (Xn) dwoc xac dinh boi :
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S .Tim lim X,
(n+1)"x, =, +(4n+2) %, ,.x,, ¥n>LneN

n+1""n?
Giai
Dung quy nap ching minh X, >0,Vn>=1LneN
2 2
(n+1)" n

X, ta duoc —:—+(4n+2),Vn >1neN
X X

n+1 n

Chia 2 v€ cho X

2
n
Pat y, = ot 6 (n +l)2 Y. =N’y +4n+2

Ta phan tich 4n+2=2(n +1)2 —2n? do do:
(n +1)2 Yo =N7Y, +2(N +1)2 -2n*<(n +1)2(yn+1—2): n*(y,—2)
=(n-1)°(y,,~2)=..=22(y,~2)=3

3 3+2n° 1 n?
=n’(y,-2)=3cy, =—+2= =S X =——
(v,-2) = n? X " 3+2n’
vay lim x = lim L
Y Noto 1 Nosto 3_|_2n2 2
Bai 2: (Dé HSG Tp H6 Chi Minh nam hoc 2012 - 2013 )
1
u1=g
Cho day so (Un) dwoc xac dinh boi : U +4 )
U, = ,Vhe N
2u, +1

Chting minh rang day s (Un ) c6 gidi han hitu han va tim gidi han d6

, . 3.(—1)n +45"
¥, nén limu, = lim — —2
3.(—1) + 2.5n_1 N—>-+o0 N—>+o0 3_(_1) i 5n—1

Hd: Cong thtrc tong quat U, =

1 4 5
Bai 3: Tim gi¢i han cta day s8 U, > 0;u, > O;u, ., = (Uju,, ), Vn=1,2,... Két qua limu, =ugu? .

n+2 —
nN—+o0

III. SU DUNG DINH LI WEIERSTRASS DE CHUNG MINH DAY SO CO GIOI HAN.
1) Mot s6 kién thirc thuong dung.
Dinh nghia 10 : Cho day s6 (X, ), ta néi day s& do:
Don diéu taing néu X , > X.,Vn=12,...
Pon diéu giam néu X , <X ,Vn=12,...
Pon diéu tang thuc sy néu X, > X ,Vn=12,...
Pon diéu giam thyc swnéu X, <X,,VN=12,...
Day s6"don di¢u tang va don diéu giam goi chung la Day s6 don digu.
Dinh nghia 11 : Cho day s6 (X, ) ta ndi day s6
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Bi chdn trén néu ton tai s6 M sao cho X, <M,Vn=12,...
Bi chén duwdi néu ton tai s6 m sao cho X, 2m,Vn=12,...
Bi chdn néu né bi chan trén va bi chan dwai.
Dinh ly 9: (dinh Iy Weierstrass) Néu day s6 (u, ) ting va bi chin trén (hodc giam va bi
chan dudi) déu hoi tu .
Chuay:
i) Néu day s0 (X, ) tdng va khong bi chin trén thi lim x, = +eovakhidé lim 1 0.

nN—+oo nN—>+o00 ¥
n

Néu day s& (X, ) giam va khong bi chin dudi thi lim x, = —ova khi d6 lim 1 0.
N—+o0 N—+o0 Xn

ii) Day s6 tang (giam) hoi tu khi va chi khi né bi chdn trén (bi chan dudi)

iii) Cho 2 day (x,),(y,) khid6 X, <Vy,,vn=12,... thi limx <limy, .

Pinh 1y 10: Moi day hoi tu déu bi chan.
Phwong phap :
Budc 1:Xét xem day s da cho tang hay giam.
— Néu ting thi chiing minh X, <L,Vn=12,... d¢ suy ra day bi chdn trén.
— Néu giam thi ching minh X >L,¥n=12,... d€ suy ra day bi chan dudi.
Budc 2:Str dung két qua budce 1 d€ chitng minh day s6 don diéu.
Budc 3:Str dung dinh 1y Weierstrass dé chirng minh day s6 da cho hoi tu.Sau d6, Gia str
day s6 da chohditu ve L, tir X, = f (X, ),Vn=12,... khi N —+o0va st dung tinh lién tyuc cua
ham f ta dugc L = f (L) .Vay gi6i han cua day s§ da cho la nghiém ctia phwong trinh x = f ().

BAITAP AP DUNG.
\ e 7 . M ~ A 20 A 7 ul = \/E &) 7 ) o
Bai 1. Chiing minh rang day so (Un ) cho boi cong thirc vOin=1 co gidi han va tim
un+1 =2+ un
gidi han dé.
Giai

Taco u, =+2vau,,, :m nén U, >0VneN.

* Ta ching minh U, <2 VneN(1).

Vé6in=1Ta c6 U, =~/2<2 thi (1) dung .

Gia st bat dang thiic ding véin =k thi U, <2ta chitng minh bat dang thirc ding véin = k+1 thi
U,s <2 That vay U, =2+U, <~/2+2=2 vayu, <2VneN.

Chting minh day s6 (u, )tang .

Xét U, , >U, <> f2+U, >U, < U2 —U —2<0<-1<u, <2ma 0<u <2nén u_ ,>U .

n+1 n+l

Vay day s6 (u, ) ¢ gi6i han.
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bat limu, =a thi0<a<2va u,,; =2+u, = limu, =lim2+u,
—a=+2+a=a’-a-2=0=a=-1va=2viu, >0nénlimu,=a>0 vaylimu =2.

u =2
1 n>2 c6 gidi han va tim gidi

u

n

Bai 2: Chttng minh rang day s& (u,) cho boi cong thire B

n+l

han dé.
Giai

Cong thitc tong quat u,,, = ta chiing minh day s (u,) giam va bi chdn boi 1

va limu, —Ilmi—llm(l—ij 1.vaylimu, =1
n+1 n+1

Bai 3: Cho day s& (X,) duoc xac dinh boi X, —g =43%,,-2,Yn=23,..
Chttng minh réng day sd (Xn) c6 gidi han khi N — +o0, tim gidi han do.
Huéng dén :
Cach 1: Bang quy nap chttng minh g <X <2,vVn=12,..
X2 +3x, —2 3 }
Xét X, —X, =4[3%, —2—X, =—=2= = >0 vi X, €| =;2
! J3X, 2+ X, [2

Vay day s6 (Xn) tang va bi chdn trén nén hoi tu

bdt lim x, = a khi d6 aeB 2} T X, =4/3X,, —2,Vn=2,3,...cho N —>+wota dugc

N—-+o0

lim x, = lim \/3x,,—2 = [3limx,,—2hay a=+3a-2 < a=2.

N—>+o0 N—>+o0 >0

Vay lim x, =2.

N—-+o0

Nloo

Cach 2: Bang quy nap chiing minh 2,vn=12,...

Xét ham s f( ) 33X —

<E

XE

Tacéf'(x): >OVx {

} Khidéx,,, = f(x,),vn=12,..

l\)loo le

} do d¢ f(x) la ham tang tren{g 2}

Tacd X, = (% )=4/3%—2 ,/ g \/7>——Xlsuy ra day s6 (X, ) tang.

Bai 4: (HSG QG nam 2012) Cho day s6 (X,) dugc x4c dinh boi
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X =3
:ner]Z(xn_ﬁz),Vn =23,

Chttng minh rfmg day sd (Xn) c6 gidi han hitu han, tinh gidi han do.

n

Huéng dan

Bz‘ing quy nap chttng minh X , > nLi,‘v’n =3,4,...
n —

n-1 =—

suy ra day s6 (x, )bi chan dudi boi s 0.

n+2 2ln+2—-(n-1)x, .
Véi n=3 tacod X, =X, =—— (X4 +2) =X, 4 = [ (n-1) Jso
3n 3n
Vay day s6 (X, ) giam va bi chin dudi nén c6 gi6i han hitu han.
bdt lim x, =a cho N —+oota duoc
lim x, = lim " 2(x_, +2) = lim [1+3j lim (x,., +2)hay a=~(a+2) < a=1.
N—>+o0 n—>+o 3N N—>+o0 3n Jno+e 3
Vay limx =1.

n—-+oo
2

Bai 5: Cho tredc >0, xét day s6 (x, ) thoa man diéu kién 0<X <a va x, (a—x )>%'vn eN

n+1

Chttng minh rang day s6 da cho c6 gi6i han va tim giéi han dé.
Huéng dan: ta c6 0< X, <a day s6 (u, ) bi chan.
Ap dung bat dang thiic cauchy

2
X, + (2%, )= 2%, (a—X,.,) 22\/§=a:> X,, <X, VneN

suy ra day s6 (X,) giam va bi chan dudinén cé gidi han hiru han
a’ a’
bat limx, =x(x>0)tacd X,(a—X,,,)> 7 limx.,,(a—X%,.,)> "

2 2
@X(l—X)Z%@(X—%) SO:X:%.vay"an:g.

Bai 6: Cho day s8 (x,) duoc xéc dinh boi x, = 0;X, =% va X :%(1+ X, +%X04),VN=23,..

Chtmg minh rang déy s (X, ) c6 gi6i han hitu han, tinh lim x,

nN—+w
Giai

Ta chtirng minh 0< X, < ,vn=12,..(2)

\/52_1 Giastt 0< X, < \/52_1,03 X < ‘/52_1

J5-1
2

Tacd 0<X,X, <
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3
Khi dé 0< X, :%(l+ X, +x§1)<%[l+£\/§2_lj+(\/§_l] J:J_S__l

2 2

Theo nguyén ly quy nap (2 ) dung. Ta chitng minh day s6 (X, ) tang.
Ta co: x, =0;%, = ; (1+ +0) %:> X, X, <Xy Glastr X, , <X 4, X3 <X,

Khidé X ., —X = %[(H X + xﬁ_l)—(1+ X+ xﬁ_z)] = %((xn - xn_1)+(x§_l — xﬁ_z)) >0

Vay X, <X
bat lim x, =a cho n—+oota dwoc

nN—+o0

V1,2,..nén day s (X, ) c6 gidi han.

n+1?

:%(1+a+a3)<:>(a—1)(a2+a—1):0<:> 1 f5=a="—"o—.

Vay lim x, = J_ 1

N—+o00

4 A - A \ l
Bai 7: Cho day s6 (X,) thoa man diéu kién x >0,a>0 va x,, = Z(X +—J vne N’
Xn
Chting minh rang day s& da cho c6 giéi han va tim giéi han d6.

Hudéng dan:
4 1 a I4 M \ n g l
Tacod X, = E(Xl + —j >./a do d¢ bang quy nap va bat dang thitc cauchy ta suy ra
%

x >a,vn=2,3.. Mitkhdc e =2, & 1,8 4y oy wn=23.
X 2 2x; 2 2a

n

Vay day s6 (X, ) giam va bi chan dudi boi Ja nén hoi tu.

Pat lim x, =1 cho n— 4oota dugc I=%(I+%J<:>2I2:I2+a<:>l=\/5(I2\/5).

nN—+c0

Vay lim x, =a.

Bai 8: Cho day so (Xn) dwoc xac dinh bdi X, =2n+ ad8n’®+1,vn=1, 2,3,...(a € R)
a) Tim a sao cho day s& (X, ) c6 gi6i han hitu han.
b) Tim a sao cho (X, ) la day s6 tang (k& tit s6 hang nao do)
Giai
a) Néu a=—1thiday s6 (X,) cd gidi han hitu han vi :
lim x, = lim (2n— 8n® +1 )_ lim
e R Ry o repe
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Gia st day s6 (X, ) c6 gidi han hitu han vi X, =2n - Yan® +1+ (a+1)§/m ma day so
(X,) <6 gidi han hitu han nén day s6 (y, ) véi ¥, =(a+1)8n°+1,vn=12,... cling c6 gi6i han
httu han . Ma nlimwm =+00 nén tir day so (yn) c6 gidi han httu han suy ra
a+l=0<a=-1

Vay day s6 (x,) c6 gidi han hitu han khi va chikhi a=-1

b) Day s6 (x, ) la day sd ting (k€ tir s hang nao d6) khi va chi khi ton tai s6 nguyén dwong N,
sao cho X , =X ,Vn=n, .Tacd

Xy 2 X, < 20+ 2+a§/8(n +1) +1>2n+¥8n* +1 = a(3 8(n+1)’ +1-38n’ +1) >-2

a| 8(n+1)"+1-(8n°+1)]

=S (m)z +(W)(3/8n3 +1)+(§/8n3 +1)2 > -2

a(24n’ +24n +8)
= > > =2
(3/8(n +1) +1) ¥ (sls(n +1y +1)(€/8n3 +1)+(Yfon* +1)
a(24n2 +24n+8) 24a

—2&a>-

< lim > -2 2<:>m2
(38(n+1)3+1) +(,3/8(n+1)3+1)(5/8n3+1)+(3/8n3+1) A

Vay day s6 (x, ) tang (k& tir s6 hang nao d¢6) khi va chi khi a>-1
BAI TAP TUONG TU

u

, 1 2
Bai 1: Cho day s (u, ) cho boi cong thtic U, , :Elun +—j va U, >0
a) Chting minh rangu, > J2,vn>2
b) Chting minh rdng day s6 (U, ) c6 giéi han va tim giéi han.
Bai 2: (Pé HSG Tp H6 Chi Minh nam hoc 2012 - 2013)
3u, +4 «
= * ,Vne N
2u, +1
Chting minh rang day s& (u,, ) c6 gidi han hitu han va tim gi6i han d6
Bai 3: (HSG Gia Lai nam 2004)

Cho day s3 (u, ) dwoc xac dinh boi : u, = % va u

2n+1

3n+1
Chting minh rang day s (Xn) c6 gidi han hitu han, tinh gidi han do.

Cho day so (Xn) dugc xac dinh boi X, =2004 va X, = (X +1),Vn =123,...

n

Huong dan: trong tw bai 4 trén.
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O<u, <1
Bai 4: Chiing minh rfmg cho bdi cong thirc (1 ) 1 (n 21) c6 gidi han va tim gidi han do.
u -u )>—
o4

n+1

Huwéng dan: twong tu bai 5 trén

Bai 5: Cho day s6 (Xn) duwoc xac dinh boi X, :g va X, = \/Xg -12x, +20n—+121,Vn eN”
n+
Chttng minh rfmg day sd (Xn) c6 gidi han hitu han, tinh gidi han do.
Hud6ng dan.
- Chting minh : X, >2,vne N".
- Chting minh X, <X, V1 2,..nén day s6 (X, ) c6 gidi han.
bdt lim x, =a cho n—+oota duwoc Vay lim x, =2.
Bai 6: Cho day s0 (Xn) duoc xac dinh béi X, = 2011 va X, = XE —2X, +M,Vn eN”
2010 n+2499

Chttng minh réng day sd (Xn) c6 gidi han httu han, tinh gidi han do.
Hudng dan.

- Chting minh : X, >1,Vne N".

- Chttng minh X, <X

bat lim x, =a cho N —+oota duwoc Vay lim x =1.

N—+o0 N—-+o0

V1, 2,...nén day sd (Xn) 6 gidi han.

n+l?

, o in . 1 R
Bai 7: Cho day s6 (X,) thoa man diéu kién x, >0,a>0 va x,, = 5(2Xn +%j,Vn eN
n
Chiing minh rang day s& da cho c6 giéi han va tim gi6i han d6.
x 1 a
Huwong dan: Ta c6 X, = é(xl + X, + —2] >3/a teong tu bai 7 trén
X
Bai 8: Cho day s& (Xn) duoc xac dinh boi X, =n+ayn®+1,vn=1, 2,...(a € R)
a) Tim a sao cho day s6 (X,) ¢ gi6i han hitu han.
b) Tim a sao cho (X, ) la day s6 tang (k& tir s& hang nao do)
twong tw bai 8 trén
20n+21
n+1

Bai 9: (T10/404) Cho day s6 (X, ) xac dinh boi X, = g va X, = \/xﬁ —12x, + . Chting minh

day s6 (x, ) c6 giéi han va tim gidi han do.

1 5 )
Bai 10: (HSG Tay ninh 2014) Cho day s6 (u, ) xac dinh boi U, =2 va U, :E[un +—j VneN
u

n

Chttng minh réng u, > «/g(n > 2) Tim Iimun.
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IV. GIOI HAN CUA DAY TONG.

a
Bai 1. Cho day s6” xdc dinh boi neN". Tim lim> — n=12:3...
yso (@) ' {aml =a’-a +1 Z_;‘a

D¢ tién hanh giai bai toan trén ta tién hanh theo cac budc sau.

Budc 1: Chira lima, =+o0.

L1
Budc 2: tinh tong Z—

i1
Budc 3: Tim lim Zn:i
i1 &
Giai

Do g =2>1va a,,,—a, =(a, —1)2,n =1,2;3..nén 1<2=a <a,<a; <...
tiec la day s6 nay tang (1).
Ta chitng minh day s6 (@&, ) khong bi chan trén (2).
That vay, néu day s6 (an) bi chan trén thi(an) héi tu Gia st lima, = a(a > l)
khi d6 a=a+(a-1)" < a=1 (mau thuan).
T (1) va (2)suy ra lima, =+o0.

1 1 1

Tacéd a,,—1=38(a —1)=>—= - i=12;...
a a-1 a,-1
suy ra Z Z L =1- L —1 khi n—+o0.
T a g\ 1 a,, -1 a,, —1

Vay Ilmz =1khi n — +oo.
l

: X X
,  n=1,2,3; Tim lim LA T B
X, = 2008 +X, X, X X
Giai
Tacd X,,, —X, =2008%; >0,n=1,2;3...nén day s& (X, ) la day sd ting va duong .Ta

n+1

Bai 2 : Cho day s6' (X, ) xdc dinh béi {Xl

chiing minh (X, )khéng bi chdn trén.
That vay, néu day s6 (Xn ) bi chan trén thi(xn ) hoi tu Gia st limx, = a(a > 0) khi &6
a=2008a° +a<>a=0 (voly).suy ra Iimxn =+00.

Bién doi x,,, =2008%; + X, < [ j
xk+1 T 2008\ X, X,

X X% X
suyra —+—+..+——= —_—
X, X X 2008

n+1

GV: Nguyén Thanh Tam — Truwong THPT Tdy Ninh Trang 52



Chuyén dé : Ddy s6 va gidi han cia ddy sé - Boi duéng hoc sinh gidi, Olympic 2020

Vay Iim{ﬁ+§+...+iJ:L

X, X X ., ) 2008
1
% = 5
Bai 3: Cho day s6" (X, ),n=1,2,... xdc dinh bgi
50 () X HAX, +X,
g ==
2

. N1 )
Chttng minh rang day (yn)vc'yi y, = Z_z’ n=1,2;3...co gidi han hitu han. Tim lim Y, -
i=1 7\
Giai
Tw giai thiét ta thdy X, >0 Vn>1nén

2 2
. _an+4xn+xn 1/xn+4xn—xn 2X,

= —X = = >0,vn21

n+1 n n
2
2 2 an +4X, +X,

Do d6 diy so' (x, ) tang.
: Jva’+4a+a
Gia s limx, =a(a>0) khidéazf@azo (vo 1y).

Suy ra limx, =-o0.

\ JE+4x, +x,
Tt X,,, = =X, =X, (X, +1) =

n+l — 2 X2

n+1

-2 Loz
X, X

n n+1

Suy ra y ii__ R U I T B VO S N S
y " ’ ; Xl X2 XZ X3 h Xn Xn+1 Xl Xn+1 Xn+l

Do d¢ Yy, <6 Vn>1va day s6 (y, )tang viy,,, =Y, + 1 —>Y,
n+1

Vay day s (Y, )6 gidi han hitu han va limy, =6
a =1
a =\/an (a,+1)(a, +2)(a, +3)+1

*

neN

Bai 4 : Cho diy s6'(a, ) xdc dinh béi {

n

dat y, =,

i=1 Xi

,N=12;3.. Tim limy..

Giai
Tw cong thitc xac dinh day suy ra &, =5va a, >0 Vn=12;3... ta bién déi .
Ja (a, +1)(a, +2)(a, +3)+1=\/(an2 +3a,)(a? +3a, +2)+1

=\/(an2 +3an)2 +2(a? +3a,)+1=a’ +3a, +1 véin=1.
a,=a+3a +1>3a >3Fa _ >..>3a=3"
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Bang quy nap ta chira duoc a, >3"" ¥n>2.Nén lima, > lim 3" = +oota lai c6
a,,=a;+3a,+1=a,,+1=a>+3a,+2=(a, +1)(a, +2) nén

n+1

1 1 1 1 1 1 1
= = — :> — —
a,,+1 (a,+1)(a,+2) a,+1 a,+2 a,+2 a,+1 a,+1
Dodéy, =y + -yt .t 1 1 1 1
T X +2 T\x+1l x,+1) x+1 x,.,+1 2 x,+1 2
Vay limy, :%khi n — +o0.
x =a(aeR)

Bai 5. Xét day sd thuc (X, )(n=1) xédc dinh boi {XM o0 5 44 Vn21. Tim t4t ca cac gia tri
ctia a d€ day s6 (X, )c6 gi6i han hitu han. Hay tim giéi han cua day s6 (X, ) trong cac truong
hop dé.
Giai
Xétham s6 f (t)=2t° —5t* + 4t .Khi d6 day s6 da cho c6 dang X,,, = f (X,)Vne N taco
f'(t)=6t>-10t+4=2(3x—2)(x-1)va f(x)—x=x(x—1)(2x—3). Tix dd suy ra f (x)=xkhi

3 3
X =0hoic x=1hoécx:§v;‘akhix<0 thi f(x)<x,khix>§ thi f(x)>x.

. 3
Bang cach 1ap bang bién thién ciia ham s§ f (X)ta c6 khi0 < x < > thi 0< f (x)< g :

Ttr cac nhan xét trén ta thu duwoc:
(i) Véi x e (—oo; O) luén ludn c6 f (X) e(—o0;0

).
Ta xét cac treong hop cu thé':
Truong hop 1: a<0 theo (i) thi moi X, <0 va x,,, —x, =X, (x, —1)(2x, —3) <0 do d¢ day

(
s B 3
(il) Véi X e (O, Ej luon ludn c6 f (X) € (0, Ej
)

e 3. ., 3
(iii) Voi X e E,+OO ludn ludn cd f(X € >

: 3 <
s0 (X, )la day giam nén c6 gi6i han limx, =bkhidé be (0;1; E] va b<a mau thuan vi a<0. Suy

ra day s6 (x, )khong c6 giéi han hitu han ting véi a<0.

Truong hop 2: a=0. Khi d6 day s8 (x, )1a day hang va limx, =0.

Truong hop3: 0 < a<gtheo (ii) thi moi0 < X, <§ va |Xn+l —1| <(x, —1)2 |Xn —1| <|Xn —1|
do X, e(@%j nén ‘(Xn —l)(ZXn —1)‘ <1.
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Bang phuong phép quy nap t1‘r| X1 —]4 < | X, —]4 suy 1ra|xn+1 —]4 < |a —]4 vOi moi n nguyén

duong.

1 :
do ae(o;gj nén |a—1l <Esuy ra I|mxn =1
\ 3 . 7 ~ A~ \ ~ M N H 3
Truong hop 4: a=EKh1 do day so (Xn)la day hang va limx, =§.
. 3 N 3. : ke \
Truong hop 5: a>§ theo (iii) thi moi X, € E,+oo va X, —X, >0 do dé day s6 (x, )la
: 3
day tdng. Néu ton tai gidi han hitu hanlimx =bthi b E(O;l; Ej vab>0 (vo ly).

. , 3
K&t luan: Day s& (X, )c6 gi6i han hitu han khi va chi khi ae [0; E} :

Khia=0thi limx, =0.
Khi 0<a<1thi limx =1.

Khi 1<a£§th‘1 limx, :E
2 2

X, =
Bai 6. Xét day so’ (Xn )(n =1.2; 3) xdc dinh boi A 1 .Voin=1;2;3...va a’la s6 cho trwdc
X, = [l+——
m X +1

16n hon 1. TimlimX_ .
Giai
Nhén xét: voi X, =a >1thi X, >1 véin=1;2;3.....

f 1 .
Xétham sd f (t) = l+ﬁ.Khi d¢6 day s6 da cho c6 dang x,,, = f (x,)¥VneN
+

taco f '(t)z -1 <0va ‘f '(t)‘ <% voi x>1
2(t+1) i+ T
t+1

Vi f(1)>1 va £(2)<2 nén phuong trinh f (X) = Xc6 nghiém duy nhat trong (l; 2) . Goi

nghiém dolaL
Theo dinh ly Lagrange thi vi moi L#x>1 ton tai c>1 sao cho

%: £(c)= | f (x)- 1 (L)‘<%|X—L| va |t (x)-f (L)\<%|Xn -

n+1
Hay |Xn+1—L|<%|Xn —L|<...<(%J X, =1 suy ra limx, =L

Ta can xac dinh L. giai phuong trinh
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3
f(x)=xe 1+i:x<:>(x+1j —2(x+1j:§
X+1 3 3) 27
43 \/17 43 J177 1
ta dwoc L= 54

~3 3 trong khoang (1;2).

18 54 18
Vaylimx, = J&_Jm . \/43__J17 1
54 18 54 18 3
X =21
Bai 7: Xét diy s6'(x, )(n=12;3...) xdc dinh bdi X —2+.[x2+8x —4 -Voimdisonguyén
Xn+1: : . :
2
. - 1
dwongn, dity, = > Timlimy, .
i=0 Nyl
Giai
Nhan xét: ta co X=2+ ); +8x—4 ©X2—4:(X—3)(X—2).

Phuong trinh khéng c6 nghiém khi x>2. Do d6 2,1< X <X, <X, <... (1).
Mit khac tir cong thite truy hoi cia day (X, ) ¢ gia thiét bai toan ta suy ra
(2%0 =X, +2)" = X2 +8%, —4=> 42, + X2 +4—4x, X, +8%,., —4%, =X’ +8x, —4.
=X, —4=X X, — 2%, +3%X, -6 = X2, —4=(X,, +3)(X, —2)
1 X, +3 xn+1+2+1_ 1 1 1 1 1

— — + p— = — 2
x -2 x,-4 X2, -4 x,-2 X2,-4 xXi,-4 x -2 xn+1—2()

n+ n+1 n+1

. ) . . 1
Tt (1) va (2) ta thay ton tai limX va lim =1lim —lim =0 suyra
( ) ( ) Y ‘ X” X§+l_ Xn -2 Xn+1_2 Y
limx, =+o0.
n 1 n 1 1 1 1 1
Dodd y, =) — = - - _ ~10—
i=1 Xng S = X, -2 X1 -2 X -2 Xos1 -2 X1 -2
Vay limy, =
3125
Bai 8. Cho day sé’(xn) xdc dinh boi 2 n=12..
" al-a +1

a) Chting minh rang day s& (&, ) c6 gi6i han hitu han va tim gi6i han do.

b) Dit b, =a, +a, +...+a, voi mdi s§ nguyén duong n.Tim phan nguyén [b, ] va gi6i han
limb, .

Giai
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2
Taco a’ —a, +1:(an —%) +%>0:>an >0 vn>1,

a2 -a, (a, -1)’

Miétkhéc a,,, —a, =————-a,=———<0(1).
a,—a, +1 a,—a, +1

1

Do d6 chitng minh quy nap ta dwoc: 0<a, <a, 3 <..<a =—

Vay day s6 (a, ) ld day gidm bi chdn dudi béi 0, suy ra ton tgilima, =a va (1) s

nN—oo

a, a, -1 1 1 1 1
b)Taco a,, —1= -1=— = =a + =a, = —
a’-a, +1 a-a+1 a, -1 a, -1 a,-1 a -1

do d6 b, 231 Z 1 1t ! =2- 1
—1 a,-1 a+1—1 a -1 1-a ,

>1=1>b,>0= Db, =0 va

1
vil<a, <-=2>
2 —an4
lima, =0=limb, =2-1=1.
a S
Bai 9: Cho diiy s6' (@, ) xic dinh béi 8, =a, =1va a =4, +(”—11),n =2,3,... Chttng minh rang
nin+

day s6 (a, ) c6 giéi han hitu han.

Giai
Ta thdy a,>0,vne N do dé suy ra day s& (&, )la day s6 tang. Theo gia thiét ta cd:
a, =—1 _yg = G ) %o g |
" n(n+1) " n(n+l) |[(n-)n
an—l an—2 an 3 a_ i
n(n+1)+(n—1) (n-2)(n-1) VP M
an—l an—2 an—S + o+ i + i + 1(*)

n(n+1) (n-Dn (n-2)(n-1) 34" 23
Bang quy nap ta chitng minh an<2,Vn=3,4,...

a 1 7 5

Taco =, +—==1+—=—=<—
2.3 6 6 3

Gia st a, <g,VkeN :3<k <n khidd ti (*) ta co:

° ! + 1 + 1 +ot— |+—+—+1
" 3| n(n+l) (n-1)n (n-2)(n-1) T 45| 34 23
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5((1 1 1 1 1 1 1 1
=—|| —— + —= [+ =—= —+—+1
BKn n+1) (n—l nj (4 SH 12 6

5(1 1 5 51 5 20_5
3(Z_n_+lj 2532727 1273

day s6 (an)tang va bi chdn trén nén day s6 (an)cc') gidi han httu han.
Luu y: Gia st 8, <a,VKk e N:3<k<ntachitng minh a,, <o

1 1 1 1 5
k(k+1)  (k-1)k +(k—2)(k—1)+'"+ﬁ}rz

tie (*) ta co: @, < {

1 1 S a+b a+5 5
=a|=——— |+—<——Dbé€ a, , <athi —aa=—.
4 k+1) 4 4 4 3

BAI TAP REN LUYEN.

Bai 1. Cho day s& (X, ) xac dinh boi X, =3 va.Tim lim L + L +..+ L
-1 x,-1 X, -1

, (o , e \ . . X X
Bai 2. Cho déy s6 (X, ) xdc dinh boi X, =a>1va x,,, =x;.Tim lim B SR S
X, -1 Xx-1 X, —1

1 n
Bai 3. Cho day s6 (x,) xac dinh boi X, =2 vaX,,=-(X +1) n=12,... D4t S, = Tim
2 e X +1
A & [82008] 3 i
phan nguyén vatim lim§S, .
Bai 4. Cho day s8 (X, ) xac dinh boi X, =a>1va 2003x,,, =X +2002x, (n>1) Tim hmZ =L
k=1 k+1
y o e \ X, +%, -1
Bai 5. Cho day so (Xn) xac dinh boi X, =a>1va X, :—(n >1)T1m IImZ wh
Xn k=1 Xk
1
Bai 6. Cho day s (X, ) xéc dinh boi X, =8 va X,., :é(xﬁ ~7%,+25)(n=12,.) Tim Ilmz >
k=1 X —
Bai 7. Cho day s (X, ) xdc dinh boi X, =2009 va X, =X, (y%, +1) Tim hmZ -
X, +
y o e . Xxtl U
Bai 8. Cho day s& (X, ) xac dinh boi X =2 va X, = 3—1( >1) Chting minh day s3 (y, )
X -X +

xac dinh boi Yy, = Z 3

k=1 Xy
Bai 9. (HSG Gia Lai ndm 2011 - 2012) Cho diy so' (@, ) xdic dinh béi 8, = 24,8, =60va

6 gioi han va tim gidi han dé.

a,=4a + m n=2,3... Chtng minh rang day s& (a,) c6 gidi han hitu han..
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V. PHUONG PHAP SO SANH DAY SO .

1) Dinh ly 11 (Nguyén ly kep) Néu ba day s6 (X, ),(Y,).(z,) thoa diéu kién
Y, <X, <z,vn=n,va limy, =limz =L thi limx, =L.

CAC BAI TOAN.
Bai 1: (D¢ Olympic toan SV toan qudc 2003) Cho day s& (X, ) xac dinh boi
1 2 k
X, _5+§+'"+(k+ D ,Vk =1,2,...Hay tinh nILrEo\/Xl + X5 F et X
Giai
. k+1
VI X — X, :(k )] >0 nén 0<X <X, <... < Xoppp < Xopgz <
+
Ta co : k _(k+1)—1_1 1

(k+1)! (k+1)! k! (k+1)!

. 1 2 k 1 1 1 1 1 1
Dodd x, ==+—+..+ :(1——j+(———j+...+ —— =1-
20731 7 (k+1)! 21) (21 ar kI (k+1) )7 (k+1)!

L.oyn n n n n
Ta co: Xygps <X + X5 + .+ Xyp0s < 2003X005-
1
n n n n
SUY ra X,m; < Q/ X Xy + et Xog03 < 2003 Xy03-

A 1
nen 1— Xy X 2003" | 1—- ———
2004|<\/x1+ Fet Xy < ( 2oo4lj
1
Vi fim [ 1-—2 | =2003" fim [1-—+|=1-_%
woin( - 20041 woinl - 20041) 20041
1

Suv ra lim +X) + oot Xy =1———.
y am \/X1 2003 20041

Bai 2: (D& Olympic 30/4/ 2011) Cho day s& (u, ) xac dinh boi U, =a>0 va

u,, =u, +£,Vk =1,2,... Tim gidi han cua day (u—”j .
u n

Giai

2
Ta ¢ U, =U, + — > 2+/2 > 2.Gia st U, >N, VN >2
ul

Khi d9, u,,, —(n+1)= (n;rl)u +n (un_ll(u”_n)>0

n n

Theo nguyén ly quy nap suy ra U, >N,Vn=2, do d6 Y >1,vVn=23,....

n
R n
Tur day ta duoc Uy, =U, +— <U, +1<u , +2<..<U,+(n-1)
un
u, U, n- 2 u, u,—-2
suyral<—L<24——=1<D <142 (%)
n n n n n
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Tt (*) cho N —+oo va st dung gidi han kep ta dwoc lim Y 1.

n—>+o N

Bai 3 (Dé Olympic 30/4/ 2001):

N—-+oo

, 1 2 .
Cho dy 56 (u,) xéc dinh boi Uy = va u, —u, + 2 vk =12,..,n.Tim limu,.
n

Giai
Tuwr giai thiét ta c6: n(u, —U,_,) =Ug , < NU, —NU,_; +U U, —UZ, =UU,
u, —u 1 1 1 1
< (U —u ) (n+u ) =uu,, =>—+—* = === (1)
Ul NHUG Uy U DU
1 o o 1 11
Do = =U, <U, <U, <... nén ti (1) ta suy ra ———<—,Vk =l,2,...n(2)
2 ke Uoon
Tir (2) thay k=1,2,... n.
Roi cong cac bat dang thitc ta duoc:
i—i<1<:>l<i<:>un <l=u, <1 vk=12,..n(2)
uO un un
1 1 1
Nén ti (1) tasuyra — ——>——,Vk =1, 2,...n(3)

u, u  n+l
Trong (3) thay k=1,2,... n. r6i cong cac bat dang thirc ta duoc
1 1 n 1 n n+2 n+l n+1

———>— & —<2- = = <u,<lvneN Ma lim——=1
u u, n+l u n+l n+l n+2 N>+ ) + 2

n n

Vay limu, =1

N—+o0

Bai 4 (Dé Olympic 30/4/ 2006):

2
Cho day s6 (Un) xac dinh boi 1< X <2 va X,,, =1+X, +X—2",‘v’n:1,2,...Tim lim x.?

Giai

2
Tacd X, =1+X, K —l(xﬁ —2X —2) = —l(xn -1y’ + 3 §,Vn =12,...

2 2 2 2 2
Bang quy nap ta chimg minh X, >1,¥n=12,...
Theo gia thiét ta c6 X, >1
Giast X, >1,

2 2 X

Khi d6 tir 1< X, <2=> x> —3xX, +2<0 hay X—Z"—gx +1<O<:>xn—X?”>1—?”.

n

2

Do d6 X,,, =1+ X, & |>1+1-20 =220 22 121 vi (x, <2)
2 2 2
Vay theo nguyén ly quy nap ta suy ra X, >1,Vn=12,...

Nhu vay ta chitng minh dwoc 1< X, < g,Vn =23,...
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2

Dit a=+/2 khi dé a=1+a——a2 .
a2
1+xn—x§—(1+a—?J

l—%(xn +a)

Do d6, ta co: |Xn+l — a| =

(%, —a)—%(xﬁ -a’)

1
=|x, —al. :|xn—a|§.|2—a—xn|

ma [2-a-x| <1

nén [x,., —a| < 2|x, —a| < =[x, —a<...< ~|x,—a|
n+1 2 n 22 n-1 2n

Vay 0<|x, —a|<

= X 2|,V =23,..

.1 :
vi nILrEoF =0 nén theo nguyén ly kep ta duoc nlLer X, =a= V2 .

BAI TAP TUONG TU
Bai 1 (D& vo dich Singapore 1997): Cho day s6 (u, ) xac dinh boi uj :% va

2
\ 1 ]
U =U_, +L vk =1,2,..,n—1. Ching minh ring 1— = <u_<1. Huéng din: xem bai gidi bai 3.
n n

Bai 2 (HSG Gia Lai 1996): Cho day s& (x, ) xac dinh boi x, = % va X, =?—1,Vn =12,
Chting minh rang day s& (a, ) c6 gidi han hitu han va tim gidi han do.
Huéng dan:
Bang quy nap ta chitng minh —1<x. <0,Vn=2,3,...
Giaste lim x, =L khi n—+o0
E L=1++3
Ta giai phuong trinh: L=—-1< \/_:> L=1-3.
2 L=1-+3
n-1
3
Ta chttng minh O£|Xn+1—L|<£§ |X2—L|,Vn:2,3,...
g , o Axe o S : B a_ X
Bai 2: Cho trude a e[0;1], xét day s (X, ) xac dinh boi x, = 2 va X, = E—?”,‘v’n =12,...

Chting minh rang day s (Xn ) c6 gidi han hitu han va tim gidi han do.
Huéng dan :
Bang quy nap ta chitng minh —% <X, < %,Vn =23,..
Gia st: lim x, =L khi n—+o0

N—+0
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Ta giai phwong trinh: L=2 >~ & =L=vyl+a*-1.
2 L=—V1+a? -1

L2 L=+v1+a*-1
2

n-1
Ta chttng minh: |Xn - L| < (%j

E—|_‘,Vn=2,3,...
2

Vay: lim x, =1+ a® -1.

Bai 3: Cho trudc a e (0;+0), xét day s6 (X, ) xéc dinh boi X, :% X =X, (2—ax,),Vn=12,....

Chitmg minh rang néu X, >0,vn=12,... thi ddy s& (X, )cd gidi han hitu han va tim gi6i han d6.
Huéng dan:
Ta co X, =% (2—ax)>0,2—ax, >0,1-ax, >—1.Nhung vi X, >0,a>0 nén 1-ax <1 suy
ra |1—ax1|<1,Vn eN’

Ta co:
Xn+1_§ = Xn(z_axn)_g :>|axn+1_1|:‘l_axn( - ) :‘azxg —ZaXn +:|.‘=|:|.—8,Xn|2
= o= f e f e

Vay: I|m(|1 ax |)— I|m|1 ax| 20 do 1-ax|<1vneN"

nN—+0

Do dé: lim (1-ax,)=0= lim ax, =1= lim x, =a™

N—+o0 N—+o0 N—+o0

% =3
Bai 4 (HSG QG nam 2012): Cho day s6 (X,) duoc xéc dinh boi n+2
X, =—— (X4 +2),Vn=2,3,...
Chtrng minh réng day sd (Xn) 6 gioi han hitu han, tinh gidi han do.
Giai
Ta co:

[ ~1=

n+2 2l n+2 2 2 5
3n (Xn—l_1)+ﬁ SS—n|Xn_1—]J+ - < 5(|xn_1—1|+HJ,Vn >10.

Dit y, = max{|xk —1|;E},Vk >10,vn>11

*Neu yn |X _]'I thl yn - (| n-1 1|+ ) 2yn—l 5 yn—l'

*Néuy, = 5 th1 A <il_yn_1

Vay : (yn) la day giam, bi chdn dudi boi s6 0 nén ¢6 gidi han hiru han.
Ta chitng minh: a=0.
Suy ranén lim|x,-1=0.Do d6 lim x, =1

N—+o0 N—+o0
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