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Loi ndi dau
----000----

Bat dang thic 1a mot trong nhitng van dé hay va khé nhat caa chuong trinh toan
phd théng boi N6 cd mit trén hau khip céc linh vyc cua todn hoc va nd doi hoi
chding ta phai c6 mot von kién thirc twong ddi virng vang trén tat ca céc linh vuc.
MJi nguoi chiing ta, dic biét 1a cac ban yéu toén, du it di nhiéu thi ciing da ting
dau dau trudec mot bat dang thie kho va ciing da ting ¢ duoc mot cam giée tu hao
khi ma minh chiing minh dugc bat dang thac d¢6. Nham “kich hoat” niém say mé
bét dang thirc trong céc ban, toi xin gidi thiéu véi voi cac ban cudn sach “ chuyén dé
bat dang thirc” .

Séch gom céc phuong phéap chitng minh bat dang thic méi ma hién nay chua duoc
phd bién cho lam. Ngoai ra, trong sach gdbm moét sb luong én bat dang thirc do toi
tu sang t&c, con lai 1ado téi 1ay dé todn trén internet nhung chua co 1oi giai hoic co
16i giai nhung 1a1oi giai hay, la, dep mat. Phan [6n céc bai tap trong séch déu do toi
tu giai nén khong thé nao tranh khoi nhitng ngdé nhan, sai 1am, mong céc ban théng
cam.

Hy vong rang cudn sach s& gitp cho cac ban mot cai nhin khéc vé bt dang thirc va
mong rang qua Vviéc giai c&c bal toédn trong sach s3 gilp cac ban cb thé tim ra
phuong phép caa riéng minh, nang cao dugc tu duy sang tao. Téi khdng biét céc
ban nghi sao nhung theo quan diém cua ban than toi thi néu ta hoc tét vé bat dang
thire thi ciing c6 thé hoc tét cé&c 1inh vuc khéac cuatoan hoc vi nhu da ndi ¢ trén bat
dang thirc doi hoi ching ta phai c6 mot kién thic tong hop twong ddi virng vang.
T6i khdng néi subng dau, chic han ban ciing biét dén anh Pham Kim Hung, sinh
vién h¢ CNTN khoa toan, truong PHKHTN, DPHQG Ha Noi, ngudi da dugc tham
du hai ky thi IMO va déu doat két qua cao nhét trong doi tuyén VN. Ban biét
khong? Trong thoi hoc phd thdng, anh dy chi chuyén tam rén luyén bét dang thac

théi. (Céc ban luu y 1atéi khéng khuyén khich ban 1am nhu t6i va anh ay dau nhél)
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Mic du d& cb ging bién soan mot cach that can than, nhung do trinh do c6 han nén
khong thé tranh khoi nhitng sai sdt, mong cac ban théng cam va gop y cho toi dé
cubn sach ngay cang dugc hoadn thién hon. Chan thanh cam on.
Moi d6ng gop xin gui vé mot trong céc dia chi sau:

+ V& Québc BA& Can, C65 khu dan cu Phla An, phudng Phi Thir, quan
Cé Ring, thanh phé Can Tho.

( 071.916044
+ Email. babylearnmath@yahoo.com

Kinh tang céc thay Ping Bao Hoa, Phan Pai Nhon, Tran Diéu Minh, Huynh Biru
Tinh, cd Ta Thanh Thay Tién va toan thé céc thay cd gido trong to Toan Tin, than

tang cac ban cung 16p.


mailto:babylearnmath@yahoo.com

MOT SO BAT PANG THUC THONG DUNG

1. Bat ding thic AM-GM.
Néu a,,8,,...,a, lacac so thuc khdng am thi

14
~aa° Yas.a
i=1
Pang thic xay rakhi vachi khi a, =a, =...=a,.

2. Bat dang thic AM-HM.
Néu a,8,,...,a, lacac so thuc duong thi

14, 1
DR
N iz &

Pang thic xay rakhi vachi khi a, =a, =
3. Bt dar]g thirc Bunhiacopxki.
Cho 2n so thuc &, a,,...,a, va b,b,,....h,. Khi d6, taco

(a +ap +..+a))(bf +; +..+17) % (afy +ab, +..+ah,)°

Pang thirc xay ra khi va chi khi 4-% =... :&.
b b b,

a,.

4. Bat dang thirc Minkowski.
Cho 2n so thuc duong a,,a,,...,a, va bl,bz,...,bn. Khi d6 véi moi r 31, taco
1 1
a0 0 R
ga(ewh)- 8 gah-
5. Bat dang thicc AM-GM mé rgng. ’
Néu &, a,,...,a, lacac so thuc khdng &m va b,,b,,...,b, 1a cac so thuc khdng &m
co tong bang 1 thi

ba +b,a,+..+b.a 3 akal2.a’
6. Bat dang thirc Chebyshev.
Cho 2n sothuc a, £a, £...£a, vab,b,,...,b,. Khi d6

a)Néub £b, £..£Db, thi

naah3g ﬂgah—
a)Néub3hs3..3 bnthl
naahﬁg ﬂgah—



Pang thirc xay ra khi va chi khi ;

7. Bat dang thirc Holder.
Cho 2n s6 thuc khong &m a,,a,,...,a, va b,b,,....hb,. Khi d6 véi moi p,q>1 thoa
£+1 =1 taco
P q
1
n n p%‘l
é ah Eg ga b~

9:\1—\

8. Bat dang thirc Schur. o
Va&i moi bo baso khdng &m a,b,c va r 3 0, taludn cé bat dang thirc
a'(a- b)(a- c)+b'(b- c)(b- a)+c"(c- a)(c- b)3 0
Ding thuc xay rakhi vachi khi a=b=c hoic a=b,c =0 vacéc hoan vi.
9. Bat ding thirc Jensen. A
Gia st f(x) la mot ham loi trén [a,b]. Khi d6, voi moi X, X,,....x, 1 [a,b] va
a,,a,,..,a,3 0théaa, +a, +..+a, =1 taco bat dang thic
&y 0. ¢
feaax-s aaf(x)
i=1 g i=1
10. Bat dang thirc sap xép lai.
Cho 2 ddy don diéu cung tang a, £a, £...£a, va b £b, £..£b,. Khi d6, voi
iy,ip,...,0, 1AMOt hodn vi bat ki caa 1,2,...,n taco
ab +ab, +..+ahb,*ah +ahb +..+ah *ab +tah +..+tab
11. Bat dang thirc Ber nulli.
Voi x>-1,tacod
+Néu r3 1Ur £0 thi (L+x)" 3 1+rx
+Néu 1>r >0 thi (L+x)" £1+rx



BAT PANG THUC THUAN NHAT

1. Mé dau.
Hau hét céc bat dang thuc ¢ dién (AM-GM, Bunhiacopxki, Holder, Minkowsky,
Chebyshev ...) déu la céc bat dang thuc thuan nhat. Biéu ndy hoan toan khdng ngau
nhién. V¢é logic, c6 thé néi rang, chi ¢ cac dai luong cling bac méi c6 thé so sénh
voi nhau mot cach toan cuc duoc.
Chinh vi thé, bat dang thirc thuan nhat chiém mat ty 1 rat cao trong céc bai todn bt
dang thic, dic biét 1a bat dang thac dai s6 (khi cac ham sb 1a ham dai s5, 6 bac
hitu han). Béi voi cac ham giai tich (mi, lwong giéc, logarith), cac bat dang thirc
ciing dugc coi lathuan nhat vi cac ham sb ¢ bac ¥ (theo cong thirc Taylor).
Trong bai ndy, chiing ta s& dé cap téi cac phuong phdp co ban dé ching minh bat
dang thirc thuan nhat, ciing nhu cach chuyén tir mot bat dang thirc khéng thuan nhat
vé mot bat diang thic thuan nhat. Nam virng va van dung nhuan nhuyén céc phuong
phép ndy, ching ta cd thé chirng minh duoc hau hét cac bat dang thirc so cap.
2. Bat dang thirc thuan nhat.
Hamsd f (X, X%,,...,X,) caacac bién sb thuc x;, X,,..., x, duoc |aham thuan nhat bac
a néuvéi moi sd thuc t tacod

f (X, 0, X)) =0 £ (X, X,y X))
Bat dang thtc dang

f (X, %, %)% 0
véi f 1amot ham thuan nhat dugc goi 1a bat ding thie thuan nhit (bac a ).
Vi du céc bat ding thitc AM-GM, bit dang thuc Bunhiacopxki, bat dang thic
Chebyshev |a céc bat dang thirc thuan nhat. Bat dang thic Bernoulli, bat dang thac

sSinx < x voi x>0 lacéc bat dang thic khdng thuin nhit.



3. Chirng minh bat dang thirc thuan nhat.
3.1. Phwong phéap don bién.
bic diém caa nhiéu bat ding thirc, dic biét 1a cac bat dang thirc dai sd 1a dau bang
xay ra khi tat ca hoic mot vai bién sé bang nhau (xuat phét tir bat dang thac co ban
x? 3 0!). Phuong phép dbn bién dya vao dic diém nay dé 1am giam sd bién sb cua
bat dang thic, dua bat dang thirc vé dang don gian hon ¢6 thé chiing minh truc tiép
bang céch khao sat ham mat bién hoac chizng minh bang quy nap.
Pé chirng minh bit dang thirc

f (X, Xy %) 3 0 @

Tacé thé thir chirng minh

v v )
F (X, Xy X)) 3 fé‘e"l2X2,X12X2,...,xngj )

hoac

000 %) 7 (V0% ) 3

Sau d6 chuyén viéc chirng minh (1) vé viéc chirng minh bat dang thire

f O X0 %5000 X)) = 90X, X550, %) 2 0 (4)
tirc 14 mot bat dang thirc c6 sd bién it hon. Di nhién, cac bat dang thac (2), (3) ¢o
thé khéng ding hoic chi ding trong mot s diéu kién nao do. Vi ta chi thay do6i 2
bién sb nén thdng thuong thi tinh ddng din caa bat dang thirc ndy co thé kiém tra
duoc dé dang.
Vidu 1
Cho a,b,c > 0. Chang minh bét dang thirc

a’+b’+c®+3abc? a’b+b’c+c’a+ab”+bc® +ca’

Charng minh.
Xé hamsd f(a,b,c) =a®+b®+c®+3abc- (a’b+b’c+ca+ab® +bc? +ca?)

Taco

f(ab,c)- f?,b” b+co_ay . 580 oy

6 —_—
2 ' 2 5 & 45



Do d6, néu a=min{a,b,c} (diéu ndy ludn co thé gia sir) thi tacd

& b+c b+co
f a,b,C 3 f a’—l -
( ) &% o 3

Nhu vay, dé chirng minh bat dang thirc dau bai, ta chi can ching minh
f(a,b,n)3 0
Nhung bét dang thirc ndy tuong duong voi
a®+2b* +3ab’? - (a’b+a’b+b%a+b®+b%a+b®)3 0
U a®+ab*- 2a®h3 0
U a(a- b)?3 0
Vidu 2. (Vietham TST 1996)

Cho a,b, ¢ lacéc sd thuc bat ky. Chirng minh rang
F(a,b,c)=(a+b)* +(b+c)* +(c+a)’- ;’.(a4 +b*+c*)3 0

Loi gidi.
Taco

b+c b+cc'_j:
2 ' 2 g

F(a,b,c)- Fg%,

—(a+b)* +(b+0)* +(c+a)* - ;’.(a4+b4+c4)-

4 45
-2%—+b+09-(b+c)4+i1 a4+2@+09?
& 2 7é & 2 2 5
4 4 iy
=(a+b)*+(c+a)’- 28%+b+09 +ﬂ.g{b+c) bt t?
& 5 75 8 .
4..
=a(4b® +4c’ - (b+c)°) +3a’(2b® + 2% - (b+c)2)+§8%4+c4_ (b+c) O
7§ :

=3a(b+c)(b- ¢)%+3a%(b- c)? +5—36(b- €)2(7h? + 7¢? +10bc)

=3a(a+b+c)(b- c)? +5—36(b- c)?(7b® + 7¢? +10hc)



S6 hang 5—?;(b- c)?(7b* +7c? +10bc) ludn khdng am. Néu a,b,c cling diu thi bat

dang thac can chixng minh & hién nhién. Néu a,b,c khéng cuing dau thi phai ¢ it
nhat 1 trong ba sd a,b,c clng diu véi a+b+c. Khdng mat tinh tong quét, gia st
délaa.

& b+c b+co

T dang thic trén suy ra F(a,b,c)3 Fga, R Nhu vay ta chi con can
2

ching minh
F(a,b,b)3 0" abl R

0 2a+b)* +(2b)* - g.(a4+2b4)3 0"abi R
Néu b =0 thi bat ¢ang thirc 1ahién nhién. Néu b 0, chia hai vé cia bat dang thuc

cho b* rdi dat x :% thi ta duoc bat dang thic tuong duong

2(x+1)* +16- %‘.(x4 +2)3 0
Bit dang thie cudi cling ¢6 thé chirng minh nhu sau
Xét f(x)=2(x+1)"+16- %‘.(x4 +2)

Taco

f/(x) =8(x+1)3- 1—76.x3

f'(x)=00 x+l:§/g.x U x=-2929%4

fn = f(-2.9294) =0.4924>0
(Céc phan tinh todn cubi duoc tinh véi @ chinh xéc toi 4 chir sd sau dau phay. Do
f . tinh dugc 12 0.4924 nén néu tinh ca sai so tuyét ddi thi giatri chinh xéc caa

f ., vanlamot sd duong. Vi ddy 1a mot bat dang thac rat chat nén khong thé tranh



duoc céc tinh todn véi sb 1é trén d¢dy. Chang han néu thay ; bang ;—3 dé x. =-3

*

thi f . cogiatriam! Oday f (x)=2(x+1)*+16- ;.(x4+2) )

3.2. Phwong phéap chuan hoa.
Dang thudng gap cia bat dang thirc thuan nhat 1

LGP L e[ CAD IS &)
trong d6 f va g laha ham thuan nhat cing bac.
Do tinh chit cuia ham thuan nhit, ta c6 thé chuyén viéc chung minh bat dang thirc
trén vé viéc chirng minh bat dang thirc f (x, X,,...,X,) 3 A Vi moi X, X,,..., X, théa
man diéu kién g(x,%,,...,%,) = A. Chuan héamot cach thich hop, ta co thé 1am don
gian céc biéu thic cua bat dang thirc can chirng minh, tan dung dugc mot so tinh
chét dac biét cua cac hing sb.
Vi du 3. (Bit dang thirc vé trung binh liy thira)

Chobd n s thuc duong (X) = (X, X,,..., X,) . V&i mdi b thuc r tadat

[~

Q

Mr(x):ge(lr + 3G .+ X :'
e n 2

Chirng minh rang véi moi r >s>0 taco M, (x)3 M (x).
Loi gidi.
Vi M, (tx) =tM, (X) v6i moi t > O nén tachi can chang minh bat dang thirc ddng
cho céc sb thuc duong X, X,,..., X, thoa man diéu kien M_(x) =1, tac la can ching
minh M, (x) 3 1 v&i moi X;,X,,...,X, thoa mén diéu kién M (x) =1. DPiéu ndy co thé
viét don gian lai 1a
Chirng minh x| + X, +...+X,3 N VGi X +X +..+X =n,

Pé chirng minh bat dang thirc cubi cling, ta &p dung bét dang thic Bernoulli

X' = (%%)5 = (L+(x¢- D)s 3 1+is.(xs- D "i=1n

Cong cé&c bat dang thac trén lai, ta dugc diéu phai chiang minh.
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Vi du 4. (VMO 2002)
Chang minh rang véi X, Y,z 1acéc sd thyuc bat ky ta co bat dang thic

3

6(X+ Yy +2)(X% + y? + 22) £ 27xyz +10(x? + y? + 7°)2
Loi gidi.
Bat dang thirc ndy rat cong kénh. Néu thuc hién phép bién dbi truc tiép s& rat kho
khin (vi du thir binh phuong dé kha cin). Tathuc hién phép chuan héa dé don gian
hoa bat dang thiac da cho. Néu x? + y? + 22 =0, thi x=y =z =0, bat dang thac tro
thanh dang thirc. Néu x? + y? + z* >0, do bat dang thac d& cho |a thuan nhit, taco
thé gia st x>+ y? + z* =9. Tacan chang minh 2(x+ y+2) £ xyz+10 véi diéu kién
X%+ y? + 72 =9. Pé chung minh diéu ndy, ta chi can chitng minh
[2(x+ y+2) - xyz]* £100
Khong mat tinh tong quét, co thé gia st | £|y|£|7. Ap dung bat ding thuc
Bunhiacopxky, ta cd
[2(x+y+2)- xyZ)® =[2(x+y) +2(2- xy)]?
E[(x+Yy)* +Z°][4+(2- xy)°]
= (9+2xy)(8- 4xy +Xx°y?)
=72- 20xy + x*y? + 2x%y?
=100+ (xy +2)*(2xy - 7)
T [XE£]y|£|4P 223 3P 2xy£E X’ +Yy* £6, tacla (xy+2)*(2xy - 7) £0. T ddy,

két hop vai dénh giatrén day ta duoc diéu can ching minh.

IXx+ty_ z
DAu bing xay rakhi vachikhi | 2 2- xy.
1xy+2=0

T déy giai radugc x=-1L,y=2,z=2.

Ki thuat chuan héa cho phép chiing ta bién mot bat dang thiac phirc tap thanh mot
bat dang thirc c6 dang don gian hon. Diéu ndy gilp ta co thé &p dung cac bién doi
dai sO mot cach dé& dang hon, thay vi phai 1am viéc véi céc biéu thire cdng kénh ban
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dau. Bic biét, sau khi chuan hda xong, tavan cé thé &p dung phuong phép don bién
dé giai. Taduaraloi giai thtr hai cho bai todn trén

bat f(x,y,2) =2(x+y+2)- xyz.

Tacan chirng minh f(x,y,2) £10 voi x*+y?+2*=9.

Xét

e 2 2 2 20 - 2
féx,\/y ;Z ,\/y ;Z - f(x,y,z):z( 2y +22) - y- Z)_#
2

<] (o}
- .2
J2y +2) +y+z 2

+ Néu x,y,z>0, taxét ha truong hop

* 1EXE£YE£z. Khido

2(x+y+2)- xyz£ 2\/3(x2+y2+22) -1=6y3-1<10
* 0<x£1.Khi do

2(X+Yy+2)- xyz £ 2x+2\2(y* + 7%) = 2x+2,/2(9- x*) = g(X)
2(\/9- X2 - xﬁ)

2

Taco g'(x) = >0, suy ra g(x) £ g(1) =10.

9- x

+ Néu trong 3 s6 X,y,z c6 mot sb am, khdng mat tinh tong quét, ta co thé gia sir 1a

s 2 2 2 20 .
x<0.Khi dé féx,\/y ;Z ’\/y ;Z +3 f(X,y,2), nén tachi can chirng minh
@

& 2, 2 2, 20
f x,\/y tz ,\/y tZ L£10
CV 2 V2

2
0 2x+2,/2(9- x) - wmo

0 h(x) =x°- 5x+4,2(9- x?) £ 20
42
V9- X2

Taco h'(x) =3x*- 5-

11



Giai phuong trinh h' (x) =0 (v6i x<0), taduoc x =- 1. Pay 1a diém cuc dai cua
h, do d6é h(x) £ h(- 1) = 20.

Bang céch chuin hoa, ta co thé dua mot bai todn bat dang thac vé bai todn tim gia
tri I6n nhat hay nho nhat caa mot ham sd trén mot mién (chiang han trén hinh cau
X%+ y? + 2% =9 nhu ¢ vi du 4). Biéu ndy cho phép ching ta van dung duoc mot sb
ky thuat tim gia tri 16n nhat, gia tri nho nhat (vi du nhu bat dang thirc Jensen, ham
16i,...).

Vi du 5.

Cho a,b, ¢ lacéc sd thuc duong. Chirng minh rang

(b+c- a)? , (c+a- b)? , (@a+b- )’ ,3
a’+(+c)*> b*+(c+a)® c*+(a+b)® 5

Loi gidi.
Tachi can chirng minh bat ding thic cho céc sd duong a,b,c thoa a+b+c=1.
Khi d6 bt diang thirc c6 thé viét lai thanh

(1- 2a)? L (@ 2b)? L (@ 2¢)?
2a%- 2a+1 2b%- 2b+1 2c?- 2c+1
0 1 s 1 s 1 Eg

2a%- 2a+1 2b%- 2b+1 2c¢®-2c+1 5

O f(a)+ f(o)+ f(c)£2_57 (5.1)

3 3
5

1
Trongdd f(X)=————
g () 2x% - 2x+1

o 0
&35

dao ham cap hai cua f(X), taco

bé y rang % = 3f tathiy (5.1) c6 dang bat dang thac Jensen. Tuy nhién, tinh

4(6x% - 6x+1)
(2x? - 2x+1)°

f7(x) =

12



o3 - \/:_33+x/§

ham chi 16i trén khoang c + nén khong thé 4p dung bat dang thuc
e 2

Jensen mot céch tryc tiép. Ta chang minh f (a) + f (b) + f (c) £2—57 bang c&c nhan

xét bo sung sau

&l o
f =fa=2=2
max 82ﬂ

f (X) tang trén gf)%g vagiamtrén g%,lg

a3- /30 863+J§o 12
fg ——fg -
$ 6 6 4 7

863\/53@

Néu ¢ it nhat 2 trong 3 sd a,b,c nam trong khoang 9 5 +, chang han 1a
2

a, b thi 8p dung bat dang thtc Jensen ta co

aa+ bo - Co_ 4
f(a)+ f(b) £ 2f =2f
(a)+ f(b) ¢ o ¢ 5 el
Nhu vay trong truong hop ndy, ta chi can chirng minh
1 N 4 EE
2¢°-2c+1 c*+1 5

Quy déng mau sd varit gon ta duoc bat dang thirc twong duong
27¢* - 27¢® +18¢* - 7c+13 0
U (3c- 1)%(3c¢?- c+1)3 0 (fung)

Nhu vay, ta chi con can xé truong hop cé it nhat hai sb nam ngoad khoang

g% \/§,3+\/§— Néu ching han a3 3+4/8 thi rd rang bct 3 va nhu vay,
& 6 6 4 6
do nhan xét trén f (a) + f (b) +  (c )53_76 2_57

3- 43

Tachi con duy nhat mot truong hop can xét [acé hai s, chang han a,b £ =———.
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V3 V3.1

Luc nay, do a+b£1-— énc3 —>=,
3 3 2

Theo cac nhan xét trén, taco

o3- 30 ®/36_24 15+6/3 _27
f(a)+f(b)+f()£2fg 6 fg3;-7 3 5

Ghi chu.
Bai toén trén cd mot cach giai ngan gon vadoc d¢éo hon nhu sau
Bit dang thac c6 thé viét lai thanh

a(b+c) N b(c+a) N c(a+b) c 6

a’+(+c)*> b*+(c+a)® c*+(a+b)® 5

Khoéng mét tinh tong quét, co thé gia st a+b+c=1. Khi d6, bat dang thuc viét lai
thanh

a(l- a N b(1- b) N c(1- ¢ £§
2a’- 2a+1 2b*- 2b+1 2c¢®-2c+1 5

2 -
Taco 2a(l1- a)£(a b’ .Do d6 1- 2a+2a®3 1- (a+l)” _d a)A(fera).Tfrdc’)
a(l- a) a(l- a) _ 4a
2a*-2a+1 (1-a)(3+a) 3+a
4
Tuong tu
b(1- b) c 4b
2b°- 2b+1 3+b
c(1- ¢ c 4c
2c%- 2c+1 3+c
Vadé chang minh bat dang thirc dau bai, ta chi can chang minh
4a 4b 4c _ 6
+ + £—
3+a 3+b 3+c 5
A N , A < N , l 1 1 9
Bat dang thirc cuoi cung nay tuong duong Voi + — la hién

3+a 3+b 3+c 10
nhién (Ap dung BBT AM-GM).
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Chuan hoa la mét ky thuat co ban. Tuy nhién, ki thuat 6 ciing doi hoi nhitng kinh
nghiém va do tinh té nhat dinh. Trong vi du trén, tai sao ta lai chuin hoa
x?+y?+ 7> =9 ma khong phai 1a x*+y*+ 7% =1 (tu nhién hon)? Va ta cé dat
dugc nhitng hidu qua mong muén khéng néu nhu chuan héa x+y+z=1? D6 la
nhitng van dé& ma chding ta phai suy nghi trudc khi thuc hién buéc chuan héa.
3.3. Phwong phép trong sb.
Bit dang thuc AM-GM va bat dang thac Bunhiacopxki 1& nhitng bt dang thic
thuan nhat. Vi thé, chiing rat hitu hiéu trong viéc chirng minh céc bat dang thic
thuan nhat. Tuy nhién, do diéu kién xay ra dau bang cua céc bat ding thac ndy rat
nghiém ngit nén viéc p dung modt céch truc tiép va méay moc ddi khi kho dem lai
két qua. Pé &p dung tét cac bat diang thac ndy, ching ta phai nghién ciu ki diéu
kién xay ra dau bang va &p dung phuong phép trong sb.
Vi du 6.
Chtrng minh rang néu X, y, z 1a céc sb thuc khdng am thi
3

6(- X+ y+2)(X* + y? + 2°) + 27xyz £10(x? + y* + 7°)2
Loi gidi.
Str dung nguyén ly co ban “dau bang xay ra khi mot cip bién sb nao d6 bang nhaur”,
ta co thé tim ta dugc ddu bang cua bat dang thac trén xay ra khi y =z =2x. Diéu

nay cho phép ching ta manh dan danh gid nhu sau
3
100 + >+ 2)2 - (- x+y+2)(X +y* + 27) =
1 :

5 ) = 0
=<y )OOy Z) - Bl xey D)2

a
1 1 "
3 2 o
:(X2+y2+22)a__0.(xz+y2+22)2(12+22+22)2_ 6('X+y+2)i
E :
3 (X2+y2+22)8é—0.(x+2y+22)- 6(- x+y+2)°
&3 5
_ (X2+y2+22)(28x+2y+22) 6.

3
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Ap dung bat d¢ang thirc AM-GM, ta co

X +y* +72=x +497_+49—
a

&y’ 0 a0 9\/ 28”0 8&_9 _ g XY'Z
z e4ﬂ 4 5 4

28X +2y+22=T7.4x+2y+273 9{’/(4x)7(2y)(22) =994%x"yz

Nhan hai bt d¢ang thic trén vé theo vé, ta duoc
2 8

(O +y2 + 22)(28x + 2y +22) 3 99 Z 994X yz =81xyz (6.2)
T (6.1) va (6.2) ta suy rabat dang thiec can ching minh.
Trong vi du trén, ching ta d& sir dung ca bat dang thirc Bunhiacopxki va bat dang
thiec AM-GM c6 trong sb. Loi giai rat hiu qua va an tugng. Tuy nhién, sy thanh
cong cua loi giai trén ndm ¢ hai dong ngan ngai ¢ dau. Khdng co duoc “dy dodn”
d6, kho c6 thé thu duoc két qua mong mubn. Dudi ddy ta s5 xé mot vi du vé viéc
chon céc trong sd thich hop bing phuong phép hé s bat dinh dé céc diéu kién xay
radiu bang duoc thoa man.
Vidu7.
Chung minh rang néu O£ x £ y thi taco bt dang thic

1 1

13x(y? - x%)2 +9x(y? + x?)2 £16y?
Loi gidi.
Tass &p dung bat dang thic AM-GM cho céc tich & vé tréi. Tuy nhién, néu &p dung

mot céch truc tiép thi ta duoc

2.2 2 2, 24\ 2
vr g Y0 SR - gy (7.9

DPay khong phai 1a diéu ma ta can (T day chi co thé suy ra VT £ 20y?). So di ta
khong thu duoc danh gia can thiét [a vi dau bang khéng thé ddng thoi xay ra ¢ hai
1an &p dung bat diang thitc AM-GM. Dé diéu chinh, ta dua vao céc hé sb duong a,b

nhu sau

16



1

VT = 13@)(y7 - )2 | 9by)(y* + x*)?

a b
2,2 2 2 2,2 2 2
£13(ax +y-x)+9(bx +y° +X°) (7.2)
2a 2b

DPénh giatrén dlng voi moi a,b >0 (ching han véi a=b=1tadugc (7.1)) vatass
phai chon a,b sao cho

a) V& phai khong phu thuoc vao x

b) DAu bing c6 thé ddng thoi xay ra ¢ hai bat ding thac

Y éu cau ndy tuong duong véi hé

i 2 2
113@°- 9, 90"+ _
| 2a 2b

I .iazxzzyz_xz

:':$x,y.|
{ Tb2X2 — 2+X2
113@°-1) , 9 +1) _
Taclacohe | 2a 20 .
la?+1=b%-1
i 1
1472
Giai hé ra, taduoc | . Thay hai giatri nay vao (7.2) taduoc
ih=3
T 2
2 O 2 O
VT£13€ei+y2- x2++3g@i+y2+x2+=16y2
e4 g &4 2

Ghi cha.

Trong vi du trén, thuc chat ta d& cb dinh y va tim giatri [on nhat caa vé tréi khi x
thay doi trong doan [0, y].

4. Bat dang thirc thuan nhat déi xing.

Khi gap céc bat dang thuc dang da thirc thuan nhat ddi xéng, ngodi cac phuong
phap trén, ta.con co thé sir dung phuong phép khai trién tryc tiép va dung dinh ly vé
nhom céc sb hang. Phuong phép nay cong kénh, khéng that dep nhung d6i 10c to ra
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khé hiéu qua. Khi st dung bang phuong phéap ndy, chiing ta thudng ding cac ky

hiéu quy uéc sau dé don gian hda cach viét

é QO %00 X)) = é QX% 1y Xs 27+ % (n))
sym s

trong d6, s chay quatat ca cac hoédn vi cua{12,...,n} .
Viduvoi n=3vababiénsh x,y,z thi

A =23 +2y° +27
sym

[o]
a X’y = Xy + y?z+ 2°x+ X°z2+ 2y + y°Xx
sym

o]
& xyz=6xyz

ym
Péi véi céc biéu thirc khdng hoan toan ddi xing, ta co thé sir dung ky hiéu hoan vi
vong quanh nhu sau

A Xy =Xy + y2z+ 7%

oc
Phuong phép ndy dugc xay dung dua trén tinh so sanh duoc caa mot s tong doi
xung cuing bac - dinh 1y vé nhdm céc sb hang (hé qua caa bat dang thirc Karamata)
ma ching ta s& phét biéu va ching minh dudi day. Trong trudng hop 3 bién, ta con
c6 dang thirc Schur.
Néu s=(s,S,,..,S,) vat=(i,t,,..,t.) laha ddy so khdng tang. Tandi rang s la
troi coat néu }Sl+sz+ FHILTL T R

fs+s, +..+s3t+t,+..+t "1=1n

Pinh ly Muirhead. (“Nhém”)
Néu svat lacéc day sb thuc khdng &m sao cho s latroi caat thi

é Xlslxzsz S 3 a X11X2 n

sym

Charng minh.
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Pau tién ta chirng minh rang néu s latroi cua t thi ton tai cac hing sd khéng am
k., véi s chay quatap hop tat ca cac hoan vi caa {1,2,...,n}, c6 tong bang 1 sao

cho

ak(s WS @S m) = Wt t)
Sau d6, &p dung bat dang thac AM-GM nhu sau

é Xl% & Xz% (2)___Xn%<n) — é k Xl% t “”X? t (2»___X:s () 3 é Xf(l)xtzs (2)...)(:15(”)
S st S
Vidy, voi s=(5,21) vat=(332),taco

3 3 1 1
332 =-.(521)+-.+=-.(21L5+-.(1L2,5
( )8( )88(1)8(1)
Vataco danh gia
3X°Y?z+3X°y 2+ XPyZ° + xy? 7
8

Cong bét dang thirc trén va céc bat dang thuc teong tu, tathu duoc bat dang thirc

3 x3y3 22

[} [}
3 x5y223 3 x3y322
sym sym

Vi du 8.

Chang minh rang véi moi s thuc duong a,b,c taco

1 N 1 N 1 £ 1
a®+b*+abc b*+c*+abc c*+a’+abc  abe
Loi gidi.
Quy déng mau sb va nhan hai vé cho 2, taco

A (a° +b® +abc)(b® + ¢ + abc)abe £

sym
£ 2(a® +b® + abc)(b® + ¢ + abc)(c® + a® + abc)
U Q (a’bc+3a’b’c +4a°h?c? + a’b’c’) £

sym
£ q (a0’ +2a%" + 3a%b’c + 2°b’c? +a’hc)
sym
U § (2a°b°®- 2a°h%c?)3 0
sym

Bat dang thirc ndy ddng theo dinh Iy nhom.
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Trong vi du trén, chiing ta & gap may vi sau khi thuc hién cac phép bién di dai sb,
ta thu dugc mot bat dang thic tuong ddi don gian, cd thé &p dung truc tiép dinh |y
nhom. Tuy nhién, khéng phai truang hop ndo dinh Iy nay ciing du dé giai quyét van
dé. Trong truong hop 3 bién sb, ta cd mot két qua rat dep khéc ladinh Iy Schur.
binh ly. (Schur)

Cho x, Y,z lacéc s thuc khéng am. Khi d6 véi moi r >0

X (X- Y)(X- 2)+y'(y- 2)(y- X)+2'(z- X)(z- y)* O
Dau bang xay ra khi vachi khi x =y =z hay khi hai trong basd x,y,z bang nhau
con sb thir ba bang 0.
Charng minh.
Vi bét dang thirc hoan toan dbi xiing dbi véi ba bién sd, khéng mat tinh tong quét,

taco thé gia sir X3 y3 z. Khi d6 bat dang thirc cd thé viét lai dudi dang

(X- X' (x-2)- y'(y- 2)+Z'(x- 2)(y- 2% 0
vamdi mot thirasd & vé trd déu hién nhién khdng am.
Truong hop hay duoc s dung nhit caa bat ding thiec Schur [a khir =1. Bat dang

thirc ndy co thé viét lai dudi dang

a (¢ - 23y +xy2)? 0
sym

Pay chinh la bt dang thac & vi du 1.
Vidu9.

Cho a,b, ¢ lacéc sd duong. Ching minh rang

1 1 1o,

e
ab+bc+ca + +
( )%<a+b>2 (b+c)? (c+a)iy

9
4

Loi gidi.
Quy déng mau sd, khai trién varat gon, ta duoc

Q (4a°h- a’v?- 3a’°® +a’bc- 2a’h’c+a’bc?) 3 0 (9.2)
sym

Dung bat dang thirc Schur
X(X- y)(X- 2) +y(y- 2)(y- X) +2(z- X)(z- y)3 O
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Nhan hai vé voi 2xyz roi cong lai, taduoc

A (a’bc- 2a%’c+a’hc?)3 0 (9.2)

sym
Ngoai ra, & dung dinh Iy nhém (hay n6i céch khéc - bat dang thic AM-GM c6
trong sd) ta cd

Q (4a°h- ah?- 3a%%)3 0 9.3

sym
T (9.2), (9.3) suy ra(9.1) vado chinh ladiéu phai chirng minh.
NGi dén bat dang thirc thuan nhat ddi xang, khéng thé khéng ndi d¢én cac ham sd
ddi xting co ban. D6 1a c&c biéu thic S = %.S,= & %X, S, = XX X,

i=1 1£i<j€n

Véi cée bat ding thuc lién quan dén cac ham déi xang ndy, c6 mot tha thuat rat hiru
hiéu dugc goi 1a “tha thuat giam bién sb bang dinh Iy Rolle”. Ching ta trinh bay y
tuong cua thu thuat nay théng quavi du sau
Vi du 10.

Cho a,b,c,d lacéc s thuc duong. Ching minh rang

| =

1
asb+ac+ad +bc+bd +cd 62 , asbc+abd +acd +bcd

& 6 5 & 4

@

Q-

Loi giai.
bat S, =ab+ac+ad +bc+bd +cd,S, =abc+abd +acd +bcd . Xét dathtc

P(x) = (x- a)(x- b)(x- ¢)(x- d) =x*- (a+b+c+d)x’+S,x* - S;x+abcd
P(x) c6 4 nghiém thuc a,b,c,d (néu cé cac nghiém tring nhau thi d6 1a nghiém
boi). Theo dinh Iy Rolle, P'(x) ciing c6 3 nghiém (déu duong) u,v,w. Do P’(x)
c6 hé sb cao nhat bang 4 nén

P/ (X) = 4(x- u)(X- V)(X- W) =4x* - 4(u+V+w)x% +4(uv +w+wu)X - 4uvw
Mat khac

P'(x) =4x*- 3(a+b+c+d)x* +Sx- S,
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suy ra S, = 2(uv+w+wu), S, = 4uvw va bat dang thirc can chiing minh ¢ dau bai

cO thé viét lai theo ngdn ngir u,v,w |a
W W 1
guv v;v Wug 3 (tw)?
Bat dang thirc ndy hién nhién ding theo bat d¢ang thitc AM-GM.
5. Thuan nhat héa bat dang thicc khéng thuan nhat.
Trong céc phan trén, ching ta d& trinh bay céc phuong phép co ban dé chirng minh
mdot bat dang thic thuan nhat. D6 khong phai 1atat ca cac phuong phép (vadi nhién
khong bao gid ¢6 thé tim dugc tat cal), tuy vay cd thé gitp chiing ta dinh hudng tét
khi gap céc bat dang thac thuan nhat. Nhung néu gap bat dang thic khong thuan
nhat thi sao nhi? C6 thé bang céch nao d6 dé dua céac bat dang thic khong thuan
nhit vé céc bat dang thirc thuan nhat va &p dung céc phuong phéap ndi trén duogc
khdng? Cau tra 1oi 1a co. Trong hau hét céc trudong hop, cac bat dang thuc khdng
thuan nhat c6 thé dua vé bat dang thirc thuan nhit bang mot qué trinh ma ta goi 1a
thuan nhit hda. Chuing ta khéng thé “chang minh” mot “dinh Iy” dugc phét biéu
kiéu nhu thé, nhung c6 hai ly do dé tin vao nd: thi nhét, thuc ra chi co cé&c dai
lugng cling bac mai ¢6 thé so sanh duoc, con céc dai luong khéc bac chi so sanh
duoc trong céc rang budc ndo d6. Tha hai, nhiéu bat ding thirc khdng thuan nhat da
duoc “tao ra’ bang cach chuian hda hoac thay céc bién sd bang céc hang sb. Chi can
chiing ta di nguoc lai quatrinh trén 1a s3 tim duoc nguyén dang ban dau.
Mot vi du rit don gian cho Iy ludn néu trén 1a tr bat dang thic thuan nhat
X3+ vy + 223 X2y + y?z+ 72°x, bang céch cho z=1, ta dugc bat dang thac khéng
thuan nhat
Py +13 Xy +y* +x
Vidu 11. (England 1999)
Cho p,q,r lacéc sb thyc duong thoa diéu kién p+q+r =1. Chirng minh
7(p+q+r)£2+9par
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Vi du 12. (IMO 2000)

Cho a,b,c lacéc sd thyc duong thoa mén diéu kién abc =1. Chitng minh

& 16 16ee 16
a- 1+ % 1+ c-1+—=-£1

) & bie T cpE T ap
Huwong ddn

bat a= b Z.c=—1
y z' X

Vi du 13. (IMO, 1983)

Chtrng minh rang néu a,b,c 1a bacanh caia mot tam giéc thi

<
N

a’b(a- b) +b%c(b- c)+c?a(c- a)3 0
Huwoéng dan.
bata=y+zb=z+xc=x+y!
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Bai tap

Bai 1.
Cho x,y,z>0. Chirng minh rang

X Y” 2 +£ Z, Y, X
v 2y Xy
Bai 2.

Chang minh bat dang thirc sau véi moi sd thuc duong X, Y, z

9 X N y N z 2

3 3

4x+y+z) (x+y)(x+2) (y+2)(y+x) (z+x)(z+y) x+y+z

Bai 3.
Cho x,Y,z la céc sd thuc duong thoa man diéu kién 2x+4y+7z=2xyz. Tim gia
tri nho nhat caa biéu thirc

P=x+y+z

Bai 4.

Cho a,b,c lacéc s thuc duong thoa a” +b? +¢* + abc = 4. Chang minh rang
atb+c£3
Bai 5. (IMO 1984)

Cho x, Y,z lacéc sb thuc khéng am thoa man diéu kién x+ y +z=1. Ching minh

rang
-
O£ xy+yz+zx- 2xyz£ —
27
Bai 6. (Iran, 1996)
Cho a,b,c > 0. Ching minh rang
1 1 6,

(ab+bc-+ca) o % 9
e(a 4

+ +
+b)> (b+c)® (c+a)’y
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Bai 7. (VMO 1996)
Cho a,b,c,d lacéc sd thuc khéng &m thoa méan diéu kién
2(ab+ac+ad +bc+bd +cd) +abc+abd +acd +bcd =16
Chang minh rang
3(a+b+c+d)3 2(ab+ac+ad+bc+bd +cd)
Bai 8. (Poland 1996)
Cho a,b,c lacéc sd thuc thoa man diéu kién a+b+c=1. Chirng minh rang
a b c 9
2+l DAl +1£1_0

Bai 9. (Poland 1991)

Cho X, Y,z lacéc s thuc thoa man diéu kién x*+ y? + z* = 2. Chirng minh rang
X+y+zE£2+Xxyz

Bai 10. (IMO 2001)

Cho a,b,c > 0. Ching minh rang

a b C

+ + 31
JaZ+8bc +b?+8ca +/c?+8ab
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PHUONG PHAP DON BIEN

|. Mé dau.
Dic diém chung caa nhiéu bat dang thuc, dic biét |a céc bat diang thirc dai sb 1a diu
bang xay ra khi tat ca hoic mot vai bién sb bang nhau. Cé mot phuong phédp dénh
gidtrung gian cho phép ta giam bién sd cua bat diang thac can ching minh. Phuong
phép don bién dwa vao dic diém ndy dé [am giam sb bién sd cua bat dang thirc, dua
bat dang thirc vé dang don gian hon cd thé chirng minh truc tiép bang céch khao sét
ham mat bién.
Dé chiang minh bat dang thic dang (X, %,,...,X.) 3 0, tachirng minh

f (X%, %) 3 F (L., X))
Trong d6 t |a lugng trung binh caa x,,X,,... chang han nhu trung binh nhan hoic
trung binh cong. Néu duoc nhu vay thi tiép tuc sang buéc the hai caa phép ching
minh lachi rariang

F(t,tnx)3 0
Tat nhién, bat dang thirc ndy da giam sb bién sb di mot vathuong 1a dé ching minh
hon bat dang thac ban dau. Viéc lva chon lugng trung binh ndo dé don bién tiy
thudc vao dic thu caa bai toan, va déi khi lugng t khadac biét.
Thuong thi, budc thir nhat trong 2 budc chinh ¢ trén 1a khé hon ca vi thuc chat ta
van phai 1am viéc véi céc uéc lugng co it nhat [ ba bién sb. Sau day 1a mot vai
dang don bién thuong gap.
I1. Phwong phép don bién trong dai sb.
1. Dén bién ba bién sb.
Pay laphan don gian nhat caa phuong phap don bién. Vanguoc lai ciing ¢o thé noi

phuong phép don bién hiéu qua nhat trong trudng hop nay.
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Vidu 1.1

Cho a,b,c3 0 thoaman a’ +b® + ¢ = 3. Chirng minh rang
a+b+c3 a’v® +b’c® +c’a’

Lol gidi.

bit f(a,b,c)=a+b+c- a®b?- b’c?- c%a?

Giasir a=min{a,b,c} thi d& thdy a£1,b>+c?3 2P b+c3 /2

Xét hiéu

1

b? + b? +c? ‘?_ » &b +c)?
f(abc)-fé \/ > \/ =(b- C)é 2

o

2 1 o
3 (b- €)° o> - -
b e B2
Do d6
2 2,20
f(abc)3f§ \/b +C ’\/b +Ci
2 2 p

2 2\2
= a+ 207 +07) - a2(b? +c?)- L FC)

4

=a+,/2(3- @) - a%(3- a?)- @-a)

4
Ba+1)® 3 9
4 J2(3- a%) +3- aj

3 (a- 1)283_’3- §9_0

=(a- 1)?

P f(ab,c)30
Pang thirc xay rakhi vachi khi a=b=c=1.
Vidu 1.2
Cho a,b,c3 0 thoaman a+b+c =3. Chang minh riang
f(a,b,c) = (@’ +a+1)(b* +b+1)(c* +c+1) £ 27
Loi gidi.
Giasr aEb,cbP a£lb+c3 2. Xét hiéu

27
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a%b+c b+co_

f(a,b,c)- f a4, , -=
(a,b,c) 8 > 3
_(@*+a+1)(b- c)*(4- (b+c)*- (b+c)- 4bc) £0
16
b+c b+co
b f(a,b,c)£f§%\, R
a%Eb+Co  b+c '_'2
=(a® +a+1)§8 5 +1E
_ (a- D?*(a(a- 1)(a’- 12a+48) - 37a- 71) +97

16
£ 27

P f(ab,c)£27
Pang thirc xay rakhi vachi khi a=b=c=1.
Vidu 1.3.
Cho a,b,cT R. Chung minh ring

f(a,b,c)=a?+b”*+c?- ab- bc- ca® 0

Loi gidi.
Xét hiéu
& b+c b+co 3 2
f(a,b,c)- f , ==—.(b-0)°%0
(a,b,c) 8 > 2 5 4( )
b+c b+co Bd+cy b+cd
b f(abc)® f&a—— 2 ~%=a2_ ab+c)+ 0 =-%- 230
& 2 2 5 & 5 & 2 g
P f(ab,c)30
Nhan xét.

Chéc al ciing cam thay day 1a mot bat dang thac qua dé, qué co ban vatéi nghi chic
cling c6 nguoi khdng hiéu nodi tai sao tdi lai dwa vi du ndy vao. Nhung hdy cha y
rang nhirng céi hay trong nhirng bai toan don gian khéng phai 1a khéng c6 va bay
gio ti S3 trinh by ¥ tusng matéi cam thay thich thi nhat trong bai ndy ma minh
phét hién duoc (co thé khdng chi minh téi).

Vi f(a,b,c) laham ddi xang véi c&c bién a,b,c nén theo trén, taco
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& b+c b+co
f (a,b,c)3 f%’ > " 5
_fab+c b+09
€2 2
5 f@+c 2atb+c 2a+b+co
€2 4 4 5

:1.13 new
Vay tuong day sb bat dau xuat hién.
X ét céc ddy s6 (a,),(b,),(c,) dugc xéc dinh boi
a,=a,b,=b,c,=c

+C PN
a2n+1 = azn’ l':)2n+1 = C2n+1 :%, nl N
+ + +1 v T
a2n+2 = b2n+1’ l':)2n+2 = C2n+2 = w’ nl N
D@ thay
atb+c _

lIima,=limb =limc, =
n®+¥an n®+¥bn n®+¥ 1

Va

f(a,b,c)® f(a,b,c,)," nl N
Do ham f(a,b,c) liéntuc nén

f(a,b,c)3 f(r%rll an,nlqi)rll bn,nlérll c,)=f(tt)=0

P f(ab,c)30
Pang thirc xay ra khi vachi khi a=b=c.
Céch la trén 1a mot y tuong co thé ndi 1a khé doc déo vala co sd hinh thanh nén
céch thirc dén bién bdn bién s6 ma ching ta s xét ngay bay gio.
2. Don bién bon bién sb.
Khéc voi ba bién sd ddn bién bbn bién sb kho khan va phirc tap hon nhiéu. Trong
truong hop ndy kiéu don bién thong thudng ma chiing ta van 1am véi ba bién vo téc
dung. Va vi dy 1.3 chinh la tién d& dé xay dung nén duong 16i tong quét dé giai
quyét cac bai bat dang thire c6 thé giai bang don bién két hop day sb.

29



Vidu 2.1. (Dw tuyén IMO 1993)

Cho a,b,c,d 3 0 thoaman a+b+c+d =1. Chitng minh rang

abc+ abd + acd +bed £2—17+%6ab d

Léi gidi.
Dit
176
f(ab,c.d) =abc+abd +acd +bed -~ abed

—bo(a+d)+adB+c- 20 pcd
& 21 g

- ad(b+c)+bcT+d- 270 g
& 21 g

Véi moi bo bén s (a,b,c,d) thoaman a+b+c+d =1, néu ton tai hai s trong

bdn s ndy, chang han b,c théaman b+c- %.bcE 0 thi

f(ab,c,d) =bc(a+d)+adB+c- 270 ped
8 21 g
£bc(a+d)
£)+c+a+d(j3
Eoc————mm=
8 3 @
_1
27

Do d6, khéng mat tinh tong quét co thé gia st véi moi bd bdn sd (a,b,c,d) thoa
mén a+b+c+d =1 thi hai s bat ky trong bo bon sé ndy, chang han a,d, déu thoa

man a+d-£6ad3 0
27

Khi @6, taco

176 .0
f(a,b,c,d)=ad(b+c +bc a+d- —. d_
( )=ad(b+c) 8 T

o
ab+ Coae 176 .0
f£ad(b+c)+ +d-— d_
N T AT
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_ ¢ btc brc 46

& 225

X ét céc ddy (b,),(c,),(d,) duoc x&c dinh boi
b,=b,c,=c,d,=d

l':)Zn-'-CZn ’" nT N
2
_b2n+1 C2n+1 " " N
2

|a+bn+c +d =1"nl N
Khi d6, dethay| _ l a

limb,=limc,=limd, =——
1n®+¥ n® +¥ n® +¥ 3

d)"nl N

By = Uy, Copag = oy =

Byni2 = Coners Conep = Ao =

Tu cach dat, tacod f(a,b,c,d) £ f(a,b,,c

10

Do f liéntucnén

f(a,b,c,d) £ f(a, I|mbn lim c,, Ilmd)

n® +¥ n®

_ fa%l,l' a’l- a’l- ag

€ 3'3'3 g4
aéao aéao 1763éao

—33%&" <4 °. 0
2 8 3 g 27 8 3 9
_ a(4a- 1?(11a- 14) L1
729 27
1
27
P dpcm.
Pang thuc xay rakhi vachi khi (a,b,c,d) = a1 E lqaé. 1 2,09.
€4'4'4’4583'3'3 5
Ngoai céach trén ta co thé 1am don gian nhu sau
Taco thé gia st f(a,b,c,d) £ f?;d bc, 2T dgvm moi a,b,c,d 3 0 thoa man
2

diéu kién a+b+c+d =1 (vi trong trudng hop nguoc lai bai todn dugc giai quyét).

Vi tinh @i xang ciaham f (a,b,c,d) taco
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f(ab,c,d)£ f@’b’c’a"'dgE fae':l+d’b+c’b+c a+do
g 2 & 2 2 2 5

aa+d b+c 1 16

£f ’ y T oy —
& 2 "2 44y
6e’l. l 1 16_ 1

Céch l1am trén khé hay nhung chi c6 thé &p dung duoc voi mot s it bai toén dang
nay.
Vidu22.

Cho a,b,c,d 3 0 thoaman a+b+c+d =1. Chitng minh rang

f(a,b,C,d)=a4+b4+c4+d4+£8abcd3i
27 27
Léi gidi.
Xét hiéu
aa+b a+b 37
D=1f(ab,cd)- f ——,C ,d_ a-b a-b +3ab-—Cd_
@b,cd)- fe==== ( )8 (a- b)* -
Tirdo, néucé abs cd b D3 0P f(abcd)s 2P a*h 40
& 2 2 p
Giasr a3 b3 c3d.
Xét céc ddy b (a,), (B,).(C,) dugc x&c dinh bi
aO:a’bO:b’CO =C
:bZn—l’bZn :CZn = a2n—1;-czn-1 ! nT N*
+ -
a2n+1:b2n+1:a2n2b2naczn+1:CZn nl N

i
la +b +c,+d=1"nl N

s o .
De thay jab, ® c,d "nl N
i
W : atb+c_1-d
| = = - —
fima = limb = im6 ==—5—==

Va
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f(a,b,c,d)® f(a,,b,,c,d)"
Do f liéntucnén
f(a,b,c,d) £ f(Iim &, | Iim bn, Iim c,,d)

_.&g1l-d1-d1-do
_d ) )
' 3’ 3" 3 g

- dd, o 148 ad-d6

3 g 27 3 B
_d(4d-1)°(9d +20) , 1
729 27

N
\1|'—‘

P dpcm.

Pang thuc xay rakhi vachi khi (a,b,c,d) = dllioad 09.
2

11
84'4'445%3'3'3’
Vidu23.

Cho a,b,c,d 3 0 thoaman a+b+c+d =4. Chang minh rang

16+ 2abcd @ 3(ab+ac+ad +bc+bd +cd)
Léi gidi.
Taco
16+ 2abcd @ 3(ab+ac+ad +bc+bd +cd)
U 3(a®+b*+c*+d?) +4abed 2 16
bit f(a,b,c,d) =3(a? +b?+c? +d?) + 4abcd
Xét hiéu

D = f(ab,c,d)- fg%, ﬂ,czdo (c- d)zg—-ab_
a

Tur d6 nhan thiy néu 33 2abb D3 0b f(a,b,c,d)3 f%’b’c-'-d’c-'-dg

& 2 " 2 g
Pén day c6 thé sir dung ddy sb nhu bai trudc hoic c6 thé 1am nhu sau
Giasr aEbEcE£db ab£l
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b f(ab,cd)? fé‘%,b,%féd?
(%]

=3(a? +b2)+ (c+d)?+ab(c+d)?
= ((4- a- b)?- 6)ab+3(a+b)2+§(4- a- b)?
=(x®- 8x+10)y+%.x2 - 12x+ 24
=g(xy)
Trongdé x=a+b,y=ab.

Taco 2\/9 £ X£ 2. Xét céc truong hop

9 A8
12x+24:E ? 29 1163 16

+ Néu x*- 8x+103 0P g(x,Yy)3
3@

I\Jl@

+ Néu x%- 8x+10<0

2 o N2(y2
b g(xy)? (- 8x+10).°C + 22 - 12x + 24 = X A (X - 4X+8)
4 2 4
P dpcm.
Dang thirc xay ra khi vachi khi (a,b,c,d) = (1,1,1,2), ot 4 i‘,o?.
'€3'3'3" 5

Vidu 24. (Vasile Cirtoaje)

Cho a,b,c,d 3 0 thoaman a®+b? +¢? +d? =1. Chizng minh rang
(1- a)(1- b)1- c)(1- d)3 abcd

Léi gidi.

Taco Bo dé sau

B6 dé. (China TST 2004)

Cho a,b,c,d 3 0 thbamén abcd =1. Khi d6, taco

1 1 1 1

f(a,b,cd)= >+ >+ >+ 53
(1+a)” @+b)° (d+c) (1+d)

Ching minh.
D& thay, néu x,y >0 thoaman xy 3 1 thi
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1 1
@) @y (1+f)

Tirdétacé néu ab3 1thi f(a,b,c,d)3 f(@,@,c,d)

Giasir a3 b3 ¢3 d vaxét cac ddy sb (a,),(b,),(c,) dugc xéc dinh boi

a, = a, bO = b C,=¢C
Qoni1 = l':)2n+1 \/a2nb2n 1 Consr = CZn’" n
a2n+2 = l':)2n+2 = Y a2n+102n+1’ CZn+2 = b2n+1’" nT N

i

Tabcd=1"nl N
Déthdy fab,21 "nl N

;

I _ _ e 1

{lima, = limb,= limc, = Yabe = g7
Tu d6

f(a,b,c,d)3 f(a,,b, )"nTN

p f(ab,cd)3 f(I|man I|mbn cn,d)

n® +¥ n® +¥

691110

“eya a7 %
_3?/d7+1

(ﬁ/a +1)2 (1+d)
Jo? (¥d - 1)’ (290" + 20+ Ya? + 49d +3)
(¥ +1)" @+ dy?

+1

31
P f(ab,cd)s1l

Vay B6 dé duoc chirng minh.

Tro lai bai todn, tacd a® +b*+c®>+d? =1b a,b,c,d1 [0,1]
Néu abed =0 thi (1- a)(1- b)(L- c)(1- d)® abed .

Néu abcd >0.
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Pt x=1 a,y:l- b,zzl- C,t:l-dd b xvy,zt>0

1 1 1 1

Gia thiét a* +b*+c®+d* =10 -+ -+ -+ >=1
@+x)° (@+y)" @+2)° (1+1)

Vabiat d¢ang thirc cin chirng minh twong dwong voi

xyzt 3 1
Gia sir nguoc lai xyzt <1. Khi d6, dat t/ -1 xyzt' =1 vat<t'.
Xyz

Ap dung B6 dé, ta dugc
1 1 1 1
£ 2 + 2 + 2 + I\2
@+x)° @A+y)” @+2° @+t)
1 1 1 1
< + + + =1
@+x)? @+y)? @1+2)° (@1+1)°

Vay diéu gia st sal.
b xyzt?1
P dpcm.

Pang thirc xay rakhi vachi khi a=b=c=d :%.

Nhan xét.
Pay 1a mot bai toan hay va loi giai vira roi da sir dung hai cong cu la doi bién va
don bién (véi céc bién mai). Ngoai ra cd thé don bién truc tiép véi cée bién ban dau
(danh cho moi nguoi).
3. Don bién véi nhiéu bién sb hon.
Vidu 3.1
Cho a,b,c,d,e? 0 thoaman a+b+c+d+e=5. Chitng minh rang
f(a,b,c,d,e) = 4(a® +b? +c® + d? + %) + 5abcde 3 25
Loi gidi.
Xét hiéu

dte d+ed_ 4. ¢?B. 2 gncd
2 ' 2 g & 47,

36

D= f(ab,c,d,e)- fg%l,b,c,



Tir d6, taco néu abc£§b D3 0Pb f(ab,c,d,e)3 fa%l,b,c,dJre,dJre?.
5 & 2 ' 2 p

Giast aEb£c£d £ e vaxé cacdiy sd (c,),(d,),(e,) dugc xéc dinh boi
¢, =cd,=d, g =€

— ez n T *
Con1 =Con21 Uy 1 =€ 1 = % nl N
C + PO
G, =0,y O, =€, =201 ZeZn—l’u nl N
D& thay

a+b+c +d +eg =1"nl

aEb£Emin{c,d e} "nl P abanS "nl

Va

ctd+e_5-a-b
limc,=1limd,=1lime, =
n® +¥ n® +¥ n® +¥ 3 3

Tu do, taco
f(a,b,c,d,e)® f(ab,c,,d,,e)"n
Suy ra
f(a,b,c,d,e)3 f(a,b, Iim C,, I|m d,lime)

n® +¥

5ab5ab5abo

= f b , ’ 6
8 3 3 3 p
- _ 3
= 4(a? +12) + 2 (5- a- b2+ 220G~ a-b)
3 27
- _ 3
:4(a+b)2_ 8ab+ﬂ(5_ a- b)2+5ab(5 a b)
3 27
2 3 >
_5y" (6 X7 8y+l6x - 40x +100
27
=a(y)
Trongdc’) X:a+b’y:ab.
Taco
10y(5- x)°
g/(y) :L- 8

27
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10y(5- X)°®

+ Néu - 83 0 thi
27
- 40x+100 _16 56
3 9(0) = =2 % 290,953 25
a(y)® 9(0) = 2 38 13
_ 3
+ Néu m_8<0th‘l
27
&2 0
a(y)®d Z—
e" g
2K Yalo) o)
¢5¢, <(5- X° o+ ,
_¢c €e%g _8+.X_+16x - 40x+100
¢ 27 T4 3
g 5
_ (x- 2)°(- 5% +55x” - 135x+ 225) |
108

Dé dang ching minh
-5x° +55x% - 135x+2253 0 " x1 [0,2]

Do d6
a(y)® 25
P dpcm.
Pang thirc xay ra khi va chi khi (a,b,c,d,e) = (1,1,1,11), g ?1 % 209
2

Vidu 3.2

Cho %, X,,..., X, 3 0 théaman x, + X, +...+ X, =1. Tim giatrj Ién nhat cia biéu thirc

FOw X X) = & %% (6 +X)

Ifi<jEn
Léi gidi.
Taco f(4,%,..%)= & X'x+ & %X a>q B X2 a>q - %)
Ifi<jEn Ifi<jEn i=1 ji g i=1

Xét hiéu
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F O X X500 00X0) = F 0% X5 X0 X)) = 2% X (2 3(% + X))
Do d6, néu 3(X +xj)£ 2, thi f()g,...,)g,...,xj,...,xn)E f (X, % +xj,...,0,xn).
X ét tht ca cAC b SO (X, Xp,.r X,) SAO CHO T (X, %,,...,X,) dat max f .
Trong d6, chon rabd s (a,a,,...,a,) sao cho s phan tir dwong trong bo sd do lait
nhat (luén c6 thé chon dugc vi sd sd duong 1 hitu han).
Giasr a3 a,%..3a >0=a,=a,,=..=4a,.
Néu k 3 3 thitaco

+
l=a +a,+..+a,3 %+a2+a3:g.(a2+a3)b Ja,+a)E£2

Do do

f(a,a,,...,.a,) £ f(a,a, +a,,0,...,.a,) P f(a,a,+a,0,..,a,) =max f
Diéu nay vo ly do bo 6 (a,a, +a,,0,...,a,) ¢ sd s6 duong it honbo sd (a,,a,,...,a,).
Vay k£2.Do d6

1
fa,a,,...a,) =aa,(a +a,) =a(1- a) EZ

Do d6

1
f(xl,xz,...,xn)EZ

Pang thic xay ra chang han khi x, = X, =%,X3 =X, =..=X.

4. Céc kiéu don bién khéc.

Trong mdt sb trudng hop, cac kiéu don bién thdng thuong (dd néi & phan mé dau)
v tac dung (thuong do ddu bang khdng phai xay ra khi tat ca cac bién bang nhau).
Vi vay, xuat hién mot sb kiéu don bién khéc.

Vidu 4.1.

Cho x,y,z3 0 thbaman xy+yz+zx=1. Tim min cua

foy= b oo L, 1
Y X+y y+z z+X

Léi gidi.
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Khéc véi nhitng vi du trude, & vi du ndy co hai diéu khién viéc don bién khé khan
hon |a cyc tri dat duoc khdng phai khi ca ba bién bang nhau va biéu thirc diéu kién
cuabién hét sirc kho chiu. Sau day 1a mot trong nhitng 1oi giai cho bai nay.

Giasr x3 y,zvadiat a=y+zthi ax£1va 2x3 a. Xé hiéu

&, 10_ (1- ax)(2x- a+a’x) , 0

f (X’ Y, Z) - f 8 1 A (l+ X2)(1+a2)
P f(xY,2)3 {8, 10= (a- D*(2a’- at2) . 5,5
i & ap 2a(1+a?) 2 2

Pang thirc xay ra khi vachi khi (x,y,z) = (1,1,0).
Vay

minf(x,y,z):g

Vidu4.2.

Cho a,b,c3 0 thoaman a+b+c=1. Tim giatri lon nhit caa biéu thic
f(a,b,c)=(@+a+7)(L*+b+7)(c+c+7)

Loi gid.

Bang tinh toén truc tiép (hodc gia st ¢6 b=c), ta du dodn dugc max f =441 dat

duoc chang han khi a=1,b=c=0. T d6, din dén |oi giai nhu sau
o 2
Giasr aEb,cbh b+c3 3

Mit khac, do O£ a,b,c£1b b*+c*£b+c£LbcEL.
Xét hiéu
f(ab,c)- f(ab+c,0) =(a®+a+7)bc(b’c? +7(b* +c?) +1- 21(b+c))
20

£(a®+a+ 7)bc§_eL+ 7+1- 2122
a9

£0

P f(ab,c)£ f(a,b+c0)
=7(a’+a+7)((1- a)° +1- a+7)
=7a(a- 1)((1- a)(2- a®+a®)+19) +441£ 441
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bing thuc xay rakhi vachi khi (a,b,c) = (1,0,0).

Vay max f =441.

I11. DN bién trong tam giéc.

1. Dén bién lwong giéc trong tam giéc.

Trong tam giac phuong phép don bién dua bat dang thirc ¢4 cho ¢ truong hop tam
gi4c thuong vé truong hop tam giéc can.

Vidu5.1.

Cho tam gidc ABC khong t0. Cgirng minh rang

snB.snC snC.snA snAsnB_ 5
+ + 3 —

f(AB,C) = : : _
SinA sinB sinC 2
Loi gidi.
Giast A*BCb PR3 asP
2 3
Xét hiéu
&, B+C B+Co_ Sin 2 C;4S'n Asn® 2
f(AB,C)- f A : - : Nommr : -1-
8 2 2 g sin A ¢ sinB.sinC N
e o
sinzB'C
3 aEZ'lslné 2
SnA 8 2 g
30
sin2B+C
P f(AB,C)3 faeA,BJrC B+CO-2$|nA+—_ 2 :ZsinA+1cotgé
8 7] sinA 2 2

bat t :cothD t3 1.

Va

2
25inA+l.cotg£‘_i+ 1=t 1)(t2 4+5 ,5,5
2 72 t°+1 2 22+ 2 2

b f(A,B,C)3g
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P dpcm.

Pang thirc xay rakhi vachi khi A= % B=C= pz va cac hoan vi tuong tng.

Nhan xét.
Pay ladang luong gidc caavi du 4.1. D& thiy rang don bién ¢ bai nay dé chiu vadé
nghi hon bai kia rat nhiéu.
Vidu 5.2. (VMO 1993)
Cho tam gi&c ABC. Tim min caa
f(A,B,C) = (1+cos? A)(1+ cos? B)(1+ cos’ C)
Loi gidi.
+ Céch 1.

Giast AEB.Cb AE%D cosA3%

Xét hiéu

aeAB+C B+Co_

&€ 2 2 5

» B- C 6c0osA- cos(B- C)-1
' 2

f(AB,C)- f

= (1+cos’ A).sin

3 (1+cos? A).sin’ B-C3-1-1
2 2
30

b f(AB,C)? fgeA,B+C B+C 8

2 2 o
2
= (1+ cos’ A)?H co BYC 0
2
_ (L+cos* A)(3- cosA)2
- 4
_ (2cosA- )*(4(1- cosA)(4- cosA) +3) 125
64 64
, 125
64
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Pang thirc xay rakhi vachi kni A=B=C = % :

125
vay min f B,C)=—
ay (AB,C)= i

+ Cach 2.

C, 3

Giasr A3 B3CDb C£ID P cos—3 —
3 2 2

Taco

(1+ cos® A)(1+ cos? B) = (cos A+ cosB)? + (1- cos AcosB)?

:4sin29.cos;2 A =~ . 1- cos?=
2 i
:faec;o2A Bo
& 2 g
Taco
2 A BO_ 2 C R 2A B o coszgO
& 2 & 2 & o
= 2052 B+1 3COZCO
& 2
£0
Do doé
f Ro A" BOs gy a_9L+sn2C°
8 2 g 8 29
b f(AB,C)? f?“B AJZ’B c?
2

Dén day, 1ap luan hoan toan tuong ty nhu céch 1, tacd min f (A, B,C) = 1?2;5

Vidub5.3.
Cho tam gid&c ABC . Chirng minh rang

cos2 B i cosBC hcosE As i.(sinA+sinB+sinC)
2 2 2 3

Léi gidi.
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Giast AEB,Cb Af % Bat dang thirc can chiing minh twong dwong

B-C B-C _p-3A 2 4 A B-C
COSs + 2C0Ss 1 .COs SN A- —.COS—.CO0S

4 3 Ve

- 4 A0 B-C .0 B-C p-3A 2 .
0 H- = c0s22Bcog? - 12+ 2cos .COS -—_snA30
& 3 258 4 g 4 4 3
Xéthamsd f(x) :g[- %.cosAg(Zx _ 1)+ 2x.00s7= 3A_ 2

- —SnA
3 29 4 \/(_3
&J_
9

e u

30

Vol x= COS

Taco

£/(x) = 4x31- 4 0291 ocosP = 3A

8[3' 25

£4xa_e[ cos +Zcos
& xf 65

p_

4

P

p-3A

=-4x+ 2cos

- 3A

<- 4.% + 2Cc0s

<0

4 A p-3A 2 .
P f(x)3 f(1)=1- —.cos—+2cos——- —.InA=qg(A
(x)3 f(2) NE 5 2 73 g(A)

Taco

2 2 . A 3. p-3A
"(A) =- = .cosA+—.sn—+—.din
9 J3 V3T 2 2 4
. . é
:a%iné+cosé%sné-lf2 a%iné A(;) 3\/E:
€ 4 4 3E 4

£0m00<A£B)

P g(A)?3 98——: 0

b f(1)20



b f(x)30
P fpcm.
Nhan xét. Viéc sir dung cong cu dao ham trong phuong phép don bién rat co loi khi
viéc bién déi twong duong phuc tap.
2. Don bién theo cac canh.
Vi du.
Cho tam giac ABC théaman a3 b,c. Chiang minh ring

I, +m,+m, £§.(a+b+c)
Lot gidi.
Taco

Ia+n1J+m:—b£\/b+c) -at+ = (\/Za +2b2- ¢ ++/2a° - b2+202)

= f(a,b,c)

Tr60c het, ta chong minh

2a® +2 c? ++/2a%- b?>+2c? £2,[2a% + 1
J b?- 2 ++/2a% - b? ab+co )
& 2 g
That vay
(1)U (b- c)*(a+b+c)(b+c- a)3 0 (hien nhien fiung)
Mat khac, ta lai co
\/E 2 2 l 2 2
——4/(b+o)-a* £=4(b+c) - a 2
S bro?- & £+ @
To (1) va (2), ta co
1 2 .2 2 @*‘Cﬁz
f(a,b,c)EE.\/(b+c) -a +,/2a +8 S %
o
& b+c b+co
=f a, , - 3
& o g €)

Ta se chéng minh
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c b+co \@

fa%l, : £— atb+c 4
¢ > 5 ( ) (4)
That vay
40 %«/(b+c) - a° +\/2a2+§)209 ££(a+b+c)
@
0 \/8@ 2 -1+J8+8¢’ °0 ¢ 3D 00
Eag & ag

0 /3% - 1++/8+x2 £-/3(1+X) (trong fio x:bT P xI (1,2])

U (x- 2)*(x+2) £0 (hien nhien fiung)
Ket hop (3) va (4), ta suy ra iipcm.
Nang thdc xay ra khi va che khia=b=c.
Tuy darat cb gang nhung bai viét ndy ciing khong thé vét hét cac kiéu va dang bai
tap don bién ciing nhu néi vé tu duy va céch thirc hinh thanh phuong phép. Nhung
t6i nghi nd ciing da du dé céc ban hinh thanh nén phuong phép ndy trong dau, tir ¢6
céc ban s3 tu cam nhan dugc ca hay cua phuong phédp ndy ciing nhu céc kiéu don
bién khdc ma bai viét ndy chua dé cap dén. Cha y rang céc 1oi giai trén 1a dé pha
hop véi bai viét ndy nén ciing co thé co nhitng cach khéc hay hon.
VI. Bai tap.
Bai 1. (Vietnam TST 1996)

Cho a,b,cl R.Tim gia trd nho nhat cua bieu théc
P=(a+h)+(b+c)* +(c+a)’ - ;’.(a4+b4 r et

Bai 2. (China TST 2004)
Cho a,b,c,d >0 thoa man abcd =1. Chéng minh rang

_ 1 1 1 1,
- 2 + 2 + 2 + 2
(1+a)” @+b)® (@A+c)” (1+d)
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Bai 3.

Cho a,b,c? 0thoa man a+b+c=1. Chong minh rang
1

a3+b3+<:3+E.abc3 =
4 4

Bai 4.
Cho a,b,c,d ® 0thoaman a+b+c+d =4. Chong minh rang
abc + abd + acd +bed + a’bc? + a’’d? + a’c’d? +b°c’d* £8
Bai 5. (Pham Kim Hung)
Cho a,b,c? 0 thoa man a+b+c=23. Chéng minh rang
(@® +b)(b? +c)(c? +a) £13+abc
Bai 6.
Cho a,b,c,d® Othoaman a+b+c+d =4.
a) Chung minh rang
2(\E+\/5+\E+ﬁ)3 abc +abd +acd +bed +4
b) Tim min caa
P=7(va+b++c++d)- abc+abd +acd +hbad

Bai 7.
Cho tam giac nhon ABC . Ching minh rang

a@nBsmCo +ag;lnC son ag;lnAsmBo 3 9

8snAggsntgané4

Bai 8.
Cho tam gid&c ABC . Chirng minh rang

p£2R+(3\ﬁ3- 4)r

Bai 9.
Cho a,b,c,d,e? 0 théamén a+b+c+d +e=1. Chang minh rang

1845 .abcde?3 i

256 256

a+bP+cc+d +e +
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Bai 10.
Cho a,b,c3 0thoa man a+b+c=3. Tim gia tri I6n nhit va gid tri nho nhat cua
biéu thirc
P:(a2 + a+3)(b2+ b+3)(c2 + c+3)
Bai 11. (Pham Kim Hung)
Cho a,b,c >0 thoaméan abc =1. Chirng minh rang

a+3 N b+3 N c+3
(@a+D* (b+D* (c+1)?

3

Ba 12.
Cho x,y,z3 0 théaman xy + yz+ zx =1. Chang minh rang

1 1 1 ,,,1

+ +
Jy+z Jz+x x+y 2

Bai 13.

Cho a,b,c3 0thoa man a+b+c=1.. Ching minh rang
\/1+a \/1+b \/1+c

Cho a,b,c,d 3 0. Ching minh rang

Bai 14.

3a*+b*+c*+d?) +4abed 3 (a+b+c+d)(@ +b®+c+d?)
Bai 15. (Pham Kim Hung)
Cho a,b,c3 0thoa man a+b+c=3. Chirng minh rang
36(ab+bc+ca) 2 (a’h® +b’c® +c’a’)(a’ +b® +c°)
Bai 16. (V6 Qudc B4 Can)
Cho a,b,c® Othoaman a+b+c=1. Timmin

_ ab+bc+ca
(a4b4+b4C4+C4a4)(a4+b4+C4)
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DON BIEN KHONG XAC PINH

|. Ddn bién khéng xac dinh.

Cé tén nghe co vé la nhi? Bé tim hiéu phuwong phap méi mé nay ching ta hdy cing
ban dén hai bai toan quen thudc sau

Bai toan 1.

Cho n lasb nguyén duong Va x;, X,..., X, 1 cac sb thuc thudc doan [p,q] véi p,q
lahai sd thuc cho trugc. Tim gidtri 16n nhét caabiéu thac f (X, %,..., X,)

Bai toan 2.

Cho n lasb nguyén duong vala x,X,...,x, cac sd thuc khéng &m co tong bang n.
Tim giatri nho nhat caabiéu thac (X, %,...,X,)

(O ca hai bai trénthi f (x, X,...,X,) déu la cac biéu thac déi xiing caa x;, X,..., X, )
Théng thuong d6i voi cac Bai toan 1 chiing ta thuong sap thi ty c&c bién va don gia
tri cia bién v& hai bién dé so sanh tryc tiép chdng. Chang han so sanh
f (X, % X) VGI (P, X%,..., X,) VSi muc dich 1a dua bai toan vé truong hop don

gian véi sb lwong bién it hon. Con véi Bal todn 2 chic chan céc ban s8 nghi ngay

dén danh gid f (%, % X.) 3 f?‘l;XZ,Xlzxz o x. 9 hoac hi hiru 15m thi ching
(%]

ta cd danh gia f (X, %,...,x,) 3 f(0,X +X,,...,X,). CO thé thiy nhiing suy nghi nhu
trén |a v cing tu nhién nhung néi chung 1a khé thuc hién vi nhitng bai co thé giai
tryc tiép 1a twong d6i don gian. Vi vay chiing ta can mot bugc phét trién hon cho
phuong phdp ndy d6 1a don bién khdng xéac dinh. Vay don bién khéng xéc dinh 1a
gi? T6i co thé gigi thidu ludn tu twong chinh cia phuong phap ndy 1a“Don céc bién
tu do vé mot trong nhitng diém dic biét mata chua thé xéc dinh rd s3 don cu thé vé
diém dic biét nao”. CO vé hoi khé hiéu phai khéng? Ching ta s3 ciing quay tro lai

vGi 2 bal toan trén
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(i) Véi Bai toan 1, thay vi ching minh f (%, %,...,X,) £ f(p,X,,...,X,) ching ta s
chiang minh

f (X, %en X)) Emax{ f(p,%,...,%,), F (0, X%,,..., X,)}
(if) Vi Bai toan 2, thay vi danh gid dandi ¢ trén chang ta se chi radugc

] + X + X
f (X, %y X)) 3 mm%f?(lz 2,X12 2

e X 2 (0, % + Xy X )
p b

Poc dén day ban dirng voi cuoi vi nod chi tién bd hon phuong phép ban dau mot
chdt khi diéu kién don bién duoc ngi long matréng lai ¢d vé phic tap véi max, min
lang nhing! Ban hdy xem thr stc manh caa tu tuéng ndy théng qua vi du quen
thugc sau ddy nhung truge hét chiing ta hdy dén voi Bo dé co ban
Bo6 dé 1.
Cho a,b,clacéc sb thuc thoaman b3 c. Khi d6 it nhat mot trong hai bat dang thac
sau duang

(i) a®c

(i) a£b
Charng minh.
Gia sir ca hai bat dang thire trén déu sai tasuy ra c>a>b3 ¢ (Mau thuin).
H¢ qua 1.
Cho a,b lacéc sd thuc. Khi @6 it nhat mot trong hai bat dang thirc sau ding

(i) a3 b

(i) a£b
Céc ban dung nén xem thuong Bo dé 1, tuy day 1a mot B dé don gian theo duling
nghia cia né nhung lai 1a mot B6 dé cuc ky hiéu qua day. Sau day lamot vi du cho
thiy diéu d6
Vidu 1.
Cho p,q lahai s6 thyc duong, n 1asb nguyén duong va x, X,,..., X, 1&céac sb thuc
thugc doan [p,q] véi p,q laha sb thuc duong cho truge. Tim giatri 16n nhat cua

biéu thirc
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1 10
X0 X0 X)) = (X + X, + . +xn)g;—+—+...+_+

eX X X @
Loi gidi.
1 1 1
bat S= T=—+—+_.+=
a X, + X3 ..+ X, X2+x3+ +xn
f (X%, X, ) E T(P, %, X))
~ el 0 &l o]
U (x+9) —+T+£(|O+S) —+T-
& Qxl 8ID o
0 (%- p)aer-—_ﬁo
PX g
U TEi o))
PX
f (X%, X,) E (0, %,..., X,)
~ eel 0 =< o]
U (x+9) —+T+£(q+S) —+T-
& Qxl gq o
0 (%- q)aer-—_ﬁo
X g
UTs i (2)
0%

Do —> 2 > nén theo BS d& 1 & 6 it nhit mot trong hai bat dang thac (1), (2)
X, O

dung.

Suy ra f(X,X%....%.) Emax{ f(p,%,..., %), F(q,%,...., X,)}

Hoan toan tuong ty ta nhan dugc két qua sau

Tontai Yy, Y. Y, 1 {P, G} S30Cho f (X, %0 %) £ T (Y1 Yoo V)

Bai toan duavé tim giatri 16n nhat caa f(yy, Yo, ¥y) V6i Y1, Yoo Y1 {P,C} .

Khéng qua kho khan ching ta tim duoc
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n’(p+0q)’
4pq

+max f(y, Y., Y,) = v6i n chan khi trong tap { Yy, Y,,..., Y.} €O LIS

N

bang p vag sb con lai bang q.

(n*- D(p+q)®

voi n 1€ khi trong tap {v,, Y,,...,y,} cO
4pq

+max f(y,Y,,....Y,) =1+

n-1 , . N+l . 5 .
TSObang pvaTmconlal bang q hoac ngugc lai.

Tir ddy chiing tadi dén két luan cho bai toan,
Chac han céc ban da tirng giai quyét bai toan ndy bang céach sir dung phuong phép
ham 16i ciing rat nhanh gon nhung c6 1& chlng ta phai cdng nhan véi nhau rang
céch giai bang tu twang don bién khéng xac dinh trén rat dep va phu hop veéi trinh
d6 cua ca c&c ban Trung hoc co sd. Bang phép chang minh tuong tu, ching ta co
thé giai duoc bai todn sau
Vidu 2.
Cho p,q lahai s6 thyc duong, n 1asb nguyén duong va x, X,,..., X, 1&céac sb thuc
thudc doan [ p,g]. Tim giatri 1én nhat caa biéu thirc
x) = X X+t X

X Xp e X
Ca hal vi du trén déu da c6 trén tap chi Toan Hoc Va Tudi Tré cuing véi trudong hop

f (X%,

n=3,p=1q=2 tuy nhién cach ching minh theo t6i duoc biét rat thiéu tu nhién va
kho c6 kha nang giai tong quét.

Nhu vay 1a d6i véi céc bai toan bat diang thic c6 bién rd rang nhu Bai toédn 1 thi
ching ta ¢ c6 mot 16 giai hop 1y con voi Bai todn 2 thi sao? DU cé&c bién khong
nam trong mot gi¢i han ré rang nhung chiing ta co thé tam hiéu dwoc rang voi hai

bién x, X, thi ching ludn nam trong [0, x, + X,] va c6 nhitng cap diém dac biét can

chuy la (0,x +x,) va 29(1 ;XZ X ;XZ Q. Pé giai quyét triet dé Bai toan 2 ching ta
z

s& cu thé hoa tu tuong don bién khdng xéc dinh bang dinh 1y sau
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I1. Pinh ly don bién khéng x&c dinh U.M.V (Undefined Mixing Variables).
Pinh Iy U.M.V. Cho X, X,,..., X, 1& c&c sd thuc khong am co tong 1a mot hang sb
dwong cho trudc. f (X, X,,...,X,) 1a mot ham lién tuc, déi xtng cua (X, X,,..., X,)
thoéa man diéu kién

] + X + X
f (X, %peeer X)) 3 mln%'fgxlz 2,X12 2

xng f(0,x + xz...,xn)l'J
o b

v6i Moi (X, %,,...,X,) théaman diéu kién da cho.

Khi @6, gid tri nho nhit cia f(x,X%,...X,) la gia tri nhé nhat coa
C (t=0L12,..,n-1 trong d6 C, (t=012,..,n-1) lagiatri caa f(X,%X,...,;X,)
khi trong (X, X,,...,X,) Ot sbbang0va n- t s con lai bang nhau.

Charng minh.

Trudc hét, ta chung minh B6 dé sau

B6 dé 2. Cho mét bo sb thuc khong am (X, %,,...,X,) (N3 2) thuc hién phép bién
d6i D nhu sau

Chon X% =max(X;, Xy, %,) Va X; =Min(X, Xy, X,) -

.+ X. N
Gan x,X; boi X 5 L nhung van gitt nguyén vi tri caa ching trong (X, X,..., X,,) -
Khi ¢6 sau vé han lan thyc hién tadugc x =X, =...= X, = XX :'"+X” .

Ching minh.

Ky hiéu day ban dau la (X, X, ..., X}) .

Ta chizng minh bang quy nap.

Véi n=2 thi B6 d& hién nhién ding.

Gia sir b dé dung véi n:=n- 1 taching minh né ddng véi n:=n.

That vay, gia sir & 1an tht k nd&o d6 thuc hién phép bién ddi D ta s3 nhan dugc bo
(6, X5, X9 .

Goi m, =min{x, x,..., X}, M, = max{x, xs,..., X} .
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Dé thay {m} laday khong giam bi chan trén bsi M, nén $ll(i®rrg m. =m, con {M,}

|a d&@y khong tang bi chan dudi boi m nén $limM, =M .

k® ¥
Néu & buéc thir k nao dé thuc hién phép bién ¢di D ma x =m, hoic x =M, thi
x, duoc goi 1a co tham gia vao phép bién d6i D ¢ buéc tha k.
Goi U, <U, <..<U, latit ca nhitng 1an x, tham gia phép bién doi dusi vai tro so
nho nhat, con v, <v, <...<V, latit ca nhitng 1an x, tham gia phép bién d6i dudi vai
tro sb 16n nhat.
*) Néu s+t<¥, dat k, =max{s,t} suy ratir buéc k, tro di thi x s& khong tham
gia vao phép bién d6i D nira. Nhu thé ta chi 4p dung phép bién doi nay cho bo
0, %% %)
Ap dung gia thiét quy nap, ta nhan duoc bo

o 2 XE X xE
n-1

X0 = x50 =,

Do x,_ khong tham gia vao phép bién d6i D nao nita nén

ko — = = kO:X2k0-'-Xako-'-m-'-x”ko
X0 =xfo =, -

Tu déy taco dpem.
**) Néu s+t =¥ . Khong giam tong quét, gia st s=¥ suy ra lim Xk =m.

+ Trwong hop 1. t <¥
Do II(i@rrgm( =m, L'®r9 M, =M nén theo dinh nghiagidi han thi véi moi e >0 du nho
thi

$n, sao cho véi moi N >n, thi |my - m<e

$n, sao cho vsi moi N >n, thi [M - M|<e

Chon n; =max{v,,n;,n,}, suy ravéi mei u, - 1>n, thi

- m<e, M, - ] <e



+tM, . +
maxfi:Mnén X:t‘i_M m<e
.y _M+m
b limx =
. M +m
lim x =
Pimx ==

+ Truong hgp 2. t =¥ .

Hoan toan tuong tu ta suy ra

limyxi =M *m

i®¥X1 B

limxt = M *+m

i®¥X1

. +
Vi vay Lg@@ _M+m 5 m

Do d6 trong moi trudng hop ta déu co

+m . .
voi moi 1=12,...,n

Hoan toan twong tu ta nhan dugc két qua sau lim X< =

nén ta cé dpcm.

Chiérng minh dinh ly.

Thyc hién thuat toan b, voi t1 {0,1,2,....,n- 1 cho truong hop tap (X X5,.0, X,) d8
cOt O X =X, =...=% =0 nhu sau

Pé «cho gon ta quy udc f(X,%,...%X,)=f(x%,x;) trong do
X =max{x1,x2,...,xn},xj =min{X,X,,...,X,} théaman X >0.

) X X FX B
Tién hanh so sénh £ (x,%,) véi a0 202 va £(0,% +x,).
e

a
& +X; X +X

0
, =. Khi d6 ap dung
. 2 g

*) Néu f(x,x) < f(0,x+x) thi f(x,x)3 f

thuat todn D cho {X,;, X.0:en X,}. NEU trong mot budc nao d6 lai co
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f(x,%)3 f(0,x +x;) thi chuyén sang thuat todn b,,,. Néu khong co thi phép

bién doi D s& dugc thuc hiénvo hanlannén x%, =X, =..= X .

**)Neu f(x,x)® f(0,x +x;) tachuyén tryc tiép sang thuat todn by,;.

R6 rang thuat toan b, , dalathuat toan hang va do lakét qua cb dinh.

Vi vay dinh ly d& dugc chirng minh hoan chinh.

Trong Binh Iy U.M.V ta cd thé thay thé diéu kién tong céc bién bang céc diéu kién
khéc nhu tong binh phuong, téng 1ap phuong...va cd cach don bién twong ung thi
dinh ly van ddng va cach chitng minh khéng co gi khac.

Hé qui. Cho X, X,,..., %, la cac sb thuc khong am co6 tong 1a mot hang sb dwong
cho trugc. f (X, X,,..., X,) lamot ham lién tuc, dbi xang caa (X, X,,...,X,) théaman
diéu kign

‘:, FELTX a %
1 2 2

&

: f (X, Xpery X.) 3 MiN
? F(0, %, %5, %) 2 0

et Kty K0,
;f 8 n ! n T n @

xn9 f(O,x + x2...,xn)l'J
? b

VoI Moi (X, %,,..., X,) théaman diéu ki¢n dacho thi f(x,%,,....%,)3 0.
I11. M@t sb wng dung ciaa phwong phap don bién khdng xac dinh.
Dé sir dung phuong phap don bién khéng xé&c dinh r rang ta phai thuc hién theo
trinh tu hai buéc

Buwéc 1. X&c 1ap diéu kién don bién.

Buwéc 2. Giai quyét bai todn voi diéu kién da xac 1ap bén trén.
Han nhién Buéc 2 chinh 1andi dung cua Binh Iy U.M.V vada dugc giai quyét mot
céch hoan toan triét dé. Do d6, phan quan trong nhit caa chlng ta can phai 1am dé
lathuc hién dugc Budc 1. Mot diéu ki la 1a budc ndy thuong dugc xi 1y rat gon nhe
bang céch sir dung B dé 1, mot bd dé gan nhu hién nhién dua trén quan hé tha tu
ciia c&c SO trén truc sb thuce. Ching ta hdy tim hiéu rd hon qua cac vi du dic trung

Sau
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Vi du 3. (Phét trién tir mét bai IMO)
Cho n lasd nguyén duong va X, X,,..., X, lacac so thuc khéng am c6 téng bang n.
Tim sb thuc dwong k, tét nhat dé bat dang thirc sau luén ddng
L+ %)@+ %)...(A+ %) £ 2" + K .(%%,..X, - 1)
Loi gidi.
bat f (X, %,.., X,) = (@1+ %)@+ X%,)...A+ %) - 2" - K .(%X%.. % - D)
S=(Q+x)A+x,)...(A+x,)

T =XX%,...X,
;T XX 0
f Efo—=+—= ., - 3.1
(%%, %) & T = 5 = 3D
.2 .2
0 @+x)A+%)S- kxxT- B+X%7%0 g,y &TX0 g
& o} € 2 3
.2
N By %0
U ~-(kT-S)EO0
¢ > L.a(kn )
UKTES (3.2)
f (%%, %)) £ F((0, %+ %5,..., X)) (3.3
U (L+%)1+%)S- kX - (1+X% +%)SE0
UKkT3S (3.4)
T (3.2), (3.4) tacd ngay it nhat mot trong hai bat dang thire (3.1), (3.3) ding suy ra

a4 X% X1"'X2

f LX) E f 9 £ (0. )
(X, %500 X)) m8‘)(I 8 5 an (0,% + X, Xn)%/)

Theo binhly U.M.V tacd
max f (%, %,,...,x,) =maxC, (t=0,1,...,n-1)

=max{C,,C}

—max|0?nn lo

-2 kny
p
Vi vay dé bat dang thirc & dé bai thoa man thi
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a2n - 1@”’1

= -2"+k . £O

&En-1g N

.n-1

0 K £20- &N 10

&n-1g
an- 18"
Do d6 giatri tét nhat cia k. thoaman dé bai 1a k, = 2" - 1 °
n-1g

Vi du 3 thuc sy 1& mot bai toan rat kho da tirng ¢d mit ¢ dang ndy hay dang khéc
trong cac dé thi vo dich. Chic chin céc ban da ting cam nhan duoc biéu thirc dat
giatri tt nhat ngodi trudong hop n bién bang nhau thi con mat truong hop mot bién
bang 0 nhung van vé ciing tac tdi vi khéng co cach ndo ép né vé dugc 0. Gid day
U.M.V da cho ban mot hudng di kha sang sia.

Vidu 4. (Pinh Ngoc An)

Cho p £ n lacéc sb nguyén duong va X, X,,...,X, lacéac sb thuc khéng &m co tong

bang n. Tim giatri lon nhat caa biéu thic

F % %)= & (%X )

1£i,£i,£... £ £n
Trong d6 k lasd thuc khdng nho hon 2.
Lo gidi.
Pt
A= é_ (Xil)ﬁz"'xip»z)k

3 £iE..£iy. ,EN

[}
B= a (Xilxiz"'xim)k
3EirEipE.. £ip_1£N

c= A (%%, % )"

3Eiy£ipE.. £ £n

Ta st chirtng minh

f(xl,xz...,xn)Emaxi f ge(lJer,Xl;XZ
|

yoens X, 9 f (O, % + X,..., xn)l'J
o b

That vay
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+ + 0
F (X, Xy ) £ f g"l 2X2 ! 2X2 xng (4.1)

.2k K
0 XA+ (X +x)B- BT 0 A BT 0 e
& 2 7 & 2 5

2k
B *TX0 Ky k

- - XX
& 2 5 ? 3
69(1"')(26(
& 2 5
f (X, %0 X,) £ F(O X +X%...,X,) (4.2)
U X A+(q +X5)B- (% +X,) BEO
o B XX

U

>|w

XXk -2

3

z‘ (X1+X2)k' Xi(' X;
Pé it nhat mot trong hai bat dang thirc (4.1), (4.2) chic chin dung thi

& TX%0 k  k
L2 L XX
§ 2 5 L
K K ok ok
Kok 23 EX 0 (TX)T - X - X
X tXy - 205+
&€ 2 5
+ X .2k +x K
R RN e T:
.2k Lk
w(l+x22 ()(1+X2)k_2w(1+x22
08 2 g 3 8 2 g

>

(% + X2)2k 3 (2*- (% + Xz)k
2% 27HOa %) - - %)
O (3 +%) (4 +%)" - X - x5) 3 (2% - 2 x5

Piéu ndy hién nhién do

k
(% + %) 3 2%(%%,)? (theo bdt AM-GM)

k
(% + %) - X - X3 (2K 2)(x%,)2 Véi k3 2
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Vay taco

a4t X% X1"'X2

f £ f 0 ¢ )
(X, %500 X)) m8‘)(I 8 5 an’ (0,% + X, 1Xn)%/)

Vi thé theo Pinh Iy U.M.V tacd
max f (x,%,,...,X,) =maxC, (t=0,1,...,n-1)
kp

=maxc? 2" 0 (t=01..n-1)
8n'tﬂ

Véi n=3 tacd ba toan quen thuoc

Cho a,b,c,k 3 0 thoaman a+b+c=3. Ching minh rang

(ab)* +(b0) + (ca) £ max ? "
Ban thay c6 diéu gi ki la khéng? Hinh nhu U.M.V nay chang thém quan tam dén sb
bién n=3 hay n bét ki thi ciing thé.

Vi du 5. (tong quét tir bdt Turkervici)

Cho n la sb nguyén duong Va X, X,,..., X,, 1& c&c sb thuc khong &m. Chang minh

rang

[}
(N- DOG" +X5" +..+50) + N X%, 3 Q XX
1£i<j£2n
Loi gidi.

Bat dang thirc ¢ cho tuong duong Véi

(Zn'l)(xl +X2 t. +X2n)+2nX1X2 Xop 3 ?’EM +

..2

ag"
f(X1’X2""’X2n):(2n'l)(X1 +X2 +. +X2n)+2nX1X2 X2n gaxl -
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S=XX%

n+ n
t:n’%3 X1X2:S

Taco
X'+ 0
(X0 X000 %) 3 fé\/ \/ 2 Xgpoeey Xon T (5.1
@
U (2n- D07 + 35"+ 4 X50) + 2 X, . X, -
) 2
(0] aelyn nQ
- (2n- 1)(;266(1 X2+ +x2" + LA X - 2n M% X5 Xon 2 0
g P é 2 -
@ @
~ (K - X;)z NX3...%,
U —=—.2n-1)- E 3 0
2 gi ) t" !+t s+ .+ g
o 2 l.(t”'1+t”'zs+...+s”'1)3 Xg.. Xop

n
(X Xgyens Xopy) 3 f (O,{‘/x{‘ +x§,x3,...,x2n) (5.2

U (2n- D" + X" +.. 4 X0 + 2nX, X, %, = (20- D(() +X5)° +...+%57) 3 0
U xXx, ?3'")(2” Jan-t X 195 g

n 2
U X..%, 2 2n-1 x1 gt
vi 20 l.(t”'1+t”' s+...+s”‘1)3 -1 2 1xf X3! nén theo B4 dé 1 thi

n n
c6 it nhat mot trong hai bat dang thuc (5.1), (5.2) dung.
Vay

f (X Xy ey Xy ) 3 m|n|f ot X2 Y 2,x3,...,x2n2,f O,”xl"+x2,x3,...,x2nlr.'J
¥ : ;

%]

Theo Bat dang thuc Bunh|acopxk| thi
(2n- 1)(X2 +X3 ot in) (G +X5 +. +X2n)

nén f(0,X,, Xg,..., %) 3 0.
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Mit khéc f (ttpf) =0 nén theo H¢ qua ciadinh Iy U.M.V, tacd diéu phai chang

2nsoit
minh.
Pang thac xay ra khi va chi khi x, =X, =...=%,, hoic % =0,X, = X3 =...= X,, V&
cac hoan vi.
Vi du 512 bai toan tong quét caa Bat dang thic Turkervici (n = 4). Trén thuc té voi
truong hop riéng ndy, bai todn da rat kho va vai truong hop tong quét nd dathé hién
duoc gan nhu todn b vé dep cua phuong phép ndy... Ban thiy khéng? N6 ciing “dé

thuong” day cha?
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Bai tap wng dung

Bai 1. (binh Ngoc An)
Cho n 1a sb nguyén duong va x;, X,,..., X, 1acéc so thuc thuoc [1,2] . Tim giatri 16n
nhat caa biéu thirc

f O X0 X)) = (% + %, +...+xn)€;ei+i+...+i92
eX X 0y

Bai 2. (binh Ngoc An)
Cho a,b,c la céc sb thuc khéng am co tong bang 3, k,m 1a cac sb thuc thoa mén
k3 1,m3 0. Timgiatri I6n nhat caabiéu thuc

f(a,b,c) =a% +b* +c* + m(ab)* + (bc)* + (ca)¥]
Bai 3. (binh Ngoc An)
Cho p £ n lacéc sb nguyén duong Va x,, X,,..., X, lacéc sd thuc khéng &m co tong
bang n. Tim giatri lon nhat caa biéu thic

F % %)= & (%X )

1£i,£i,£.. £ £n

Trong d6 k 1asd thyuc bat ki.
Bai 5. (Pham Kim Hung)
Cho a,b,c,d lacéc b thuc khéng &m théa méan a+b+c+d =4. Tim gidtri Ion
nhat caa biéu thirc

f(ab,c, d) = (2+a2)(2+b?)(2+c2)(2 +d?)
Béi 6. (binh Ngoc An)
Cho n lasb nguyén duong va X, X, ,..., X, lacac so thuc khéng am c6 téng bang n.
Tim sb thuc m tét nhat sao cho bat dang thirc sau dung véi moi bo (X, X,,..., X,)
théa man dé bai

XU H Xyt XY XXX, 3 N+l
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Ba 7. (IMO Shortlist 1993)
Cho a,b,c,d 3 0 théaman a+b+c+d =1. Chitng minh rang

abc+abd +acd +bed £ = + 270 apod
27" o7

Bai 8. (Crux mathematicorum)

Cho a,b,c3 0. Ching minh rang

48a+ l+48b+ l+48c

b+c c+a a+b

1+ 315

Bai 9. (binh Ngoc An)
Tim thuc k tét nhat dé bat dang thirc sau ddng véi moi a,b,c3 0

k(ab+bc+ca)

2(a® +b*+c*) +
atb+c

+13 3(a® +b* +c?)

Bai 10. (Pham Kim Hung)
Cho n lasb nguyén duong va X, X, ,..., X, lacac so thuc khéng am c6 téng bang n.
Tim giatri nho nhat caa biéu thic

(X Xy X)) =X+ X2+ 0+ X2+ X K X gei +i+...+i2

eX X X, @

Bai 11. (Va binh Quy)
Cho n lasd nguyén duong va X, X, ,..., X, la cac sd thuc khdng am ¢ tong bang n.
Tim giatri tét nhat cua sd thuc k sao cho bat dang thirc sau lubn ding

1 1 +...+;+kx1x2...xn£l+k
n-1+x n-1+Xx n-1+Xx,
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PHOONG PHAP THAM SO HOA

1. Pt van deé.
Ddi v6i phan 1on céc bat dang thac dai sb khdng ddi xtng vai céc bién thi dau bing
trong céc bat dang thuc ndy xay ra khi cac giatri cac bién khéng bang nhau. Trong
chuog trinh phd théng thi cac bat dang thirc c6 dién nhu Cauchy, Bunhiacopski lai
duoc phét biéu dudi dang dbi xing, dau diang thic xay ra khi c&c bién bang nhau
hoic ti 16. Viéc &p dung céc bat dang thirc ¢o dién trén dé giai c&c bai todn cuc tri
khdng ddi xtrng can dugc quan tam mot céch thich dang. Quabai viét ndy, téi muén
néu mot phuong phép giai bai toan cuc tri khéng ddi xiing bang céach st dung céc
bét dang thirc c6 dién théng dung goi 1a phuong phéap tham sé hda.
Noi dung cha yéu cua phuong phép ndy nhu sau: tir viéc phan tich tinh khéng déi
xtrng caa céc bién co trong bai toédn cuc tri, thuong duoc cho dudi cac dang:

Dang 1. Hé sb céc bién trong biéu thirc can tim cuc tri 1a khdng bang nhau.

Dang 2. Céc bién thudc cac mién khéc nhau caatap s thuc.

Dang 3. Piéu kién rang budc caa céc bién trong gia thiét bai todn 1a khdng
ddi xung véi céc bién.
Ta dua thém bao cac tham sb phu can thiét thuong 1a cac hé sb hoic liy thira cia
céc bién b trong céc danh giatrung gian, sau d6 chon céc tham s phu dé tat ca cac
dau dang thirc xay ra, tir d6 nhan dugc 1 hé phuong trinh ma an 1a céc bién va céc
tham sd phuy, tham s phu duoc chon hop Ii chi khi hé phuong trinh tuong @ng c6
nghiém. Trong bai viét ndy ti néu mot 16p bai toan cuc tri khéng déi xang thuong
gap, téc gia nghi rang nhitng mé hinh cy thé nay that ¢ y nghia vi véi két qua caa
céc bai toadn ndy s3 cho ta mot [6p bai todn cuc tri khdng d6i xing cu thé mién 1a
xay dung dugc bo bién thoa man diéu kién rang budc tuong ng.
2. Mt sb bai toan dién hinh.
Bai toan 1.
Cho x,y,z la céac sb thuc duong thay d6i thoa man diéu kién xy+yz+zx=1 va

cho a lasb thuc duong khong ddi. Tim giatri nho nhat caa biéu thirc
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P=a(x*+y%) +Z°.
Lo gidi.
Phan tich. Biéu kién rang budc dbi xang voi Xx,y, z.
Biéu thuc P ddi xting véi X,y, vai trd cia z trong biéu thirc P 14 khdng ddi xing
véi X, Y.

2
, 2 oY L2 A . . Z
Do vay, ta co thé nghi rang diém cuc tri € dat duwgc khi x=y, va > —ax’=ay?.

Tt phan tich trén, ta cd thé trinh bay 101 giai caa bai todn nhu sau

Véi a >0 (chon sau), &p dung bat dang thic AM-GM cho 2 s duong, ta cd

2
ax2+%3 2\/%xz
via a
af+3325w
a 2 2 a
3y 25

Cong vé céc bt dang thic trén ta nhan dugc

5 ) 0
¢ +\E+<x2+y2>+223 2\E<xy+yz+zx):2 =
& 2 5 2 2

Chon a saocho a +\/%:a.

hay
a _ -1++1+8a

2 4
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Bai toan 2.
Cho a,b,c la céc s thuc duong théa mén diéu kién ab+bc+ca=1 va u,v lacéc
sd duong ¢b dinh. Tim giatri nho nhat caa biéu thic

P =ua’+vb?+c2

Loi gidi.
Mot cach tu nhién tir 161 giai cia Bai toan 1, ta phan tich
u=x+yv=z+t,l=m+n
trong d6 X, y, z,t,m,n lacéc sb duong s& chon sau.
Ap dung bat dang AM-GM cho 2 s duong, ta co
xa? +th? 3 2/xtab,
ya® +nc? 3 2,/ynca,
Zb? + mc? 3 2/ zmbc.

Cong vé céc bat dang thirc trén, ta nhan duoc

P2 2\/xtab+ 2,/ynca + 2y/zmbc.
i xa® =tb?
Dau dang thire xay rakhi vachi khi } ya? = nc?
% Zb* = mc’
hay
ix_ b
: t 2
-I- n a2
i—=— P xan=ytm ()]
.I. y
Tz ¢
===
im b

Chon X,Y,zt,mn sao cho xt = yn=zm=k? thoaman (1).
Taco

DU (x+y)(z+t)(m+n)=uv
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U (xz+xt+yz+ yt)(m+n) =uv

U xzm+ xtm+ yzm+ ytm+ xzn + xtn + yzn + ytn = uv
U (x+y+m+n+z+t)k?+2xan=uv

U (u+v+1)k*+2xzn =uv

Ma (xzn)(utm) = k° nén xzn = k>.
Do do
2k +(u+v+Dk?- uv=0 (2)
R6 rang (2) c6 nghiém dwong duy nhit k.
Vay minP = 2k, véi k, langhiém duong duy nhét cia phwong trinh (2).
Nhan xét.
Bai toan 1 va Bai toan 2 thuc su ¢ y nghia khi ta chon X,y,zhoic a,b,c lacac
bién dic biét, mién l1a diéu kién rang budc cua céc bién duoc thoa madn. Ching han,

khi ta chon mé hinh latam gidc ABC.
I A B C . ) A
Neu datx:th,y:th,z:th, tasé cO xy+yz+zx =1, 8 dung vao mod hinh

Bai toan 1 hoac Bai toan 2 ta s¢ thu dugc mot |6p cac bai toan cuc tri dang khdng
d6i xing trong tam giéc.

Hoac la x =cotgA, y = cotgB, z = cotgC, ta cing s c6 rang budc xy+yz+zx =1,
tuong ty ta ciing s3 c6 mot 16p céc bai todn cuc tri khdng ddi xang khéc ddi véi tam
giac.

NGi chung, tu tuang chinh caa Bai todn 1 va Bai toan 2 1a mubn xay dung mot [op
céc bai todn méi ta chi can x8y dung mot [6p céc bién dai s, hodc luong gidce thoa
man diéu kién rang budc twong tng. Thiét nghi rang tir tu twong ndy co thé xay
dung duoc rat nhiéu [6p bai toan nhu thé.

Bai toan 3.

Cho X,X,,..,X, la cac so thuc théa mén diéu kién x +x, +..+X =0 va

|%| +[%,| + ... #+[x,| =1. Tim giatri I6n nhat caabiéu thic

P= 6 ‘)g- xj‘.

I£i<jEn
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Lo gidi.

+ Truong hop 1. n =2 latruong hop tam thuong vi 1Gc ndy P = 1 khdng doi,
+ Truong hop 2. n =3, khdng mat tinh tong quét ta gia St X £ X, £ X,.

Ap dung bat ¢angthac AM-GM cho 3 s6 khéng am, ta cé

P %3')(16
— = (X, - (X - X
2 (2 Xl)g 2 g(3 2)
B5- X0
C06 - X) + & T2 (- %) 2
£¢ +
¢ 3 :
& 5
.3
B~ %0
&2 5
gl
8
Dodc’)P£1
4
‘| T
I+, +% =0 %77
Dang thic xay rakhi vachi khi i x| =pa|+[x[ +[x[=1 0 ix, =0 .
i i
. X3 - X |
| - =3 =X, - 3 | =—
sz X 5 X- %30 TX3 5
Vay
maxP:E.
4

+ Truong hop 3. n =4, mdt c&ch ty nhién tady dodn rang max P dat duoc khi
1% ==X
%Xz ==X
V6i gia thiét x £ X, £ X £ X,.
Nhu vay thi X, - x =X, - X;.
Néu xem higu x,- X, =X, - X, ladon vi vadat x,- x, =a, thi tass co by bién ma

biéu thirc P dat max can thoa man diéu kién
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X_XIZX_X:X3'X1:X3'X2:X4'X2:X4'X1
? T a+l a a+l a+2

Tur cach phéan tich trén, 161 giai caa bai toan trong treong hop n=4 s& nhu sau
Vi gia thiét x £ X, £ %, £ %,, tacod

P =(X- %)%~ %)(X3 = %) (%= %) (%4 = X)(X, - %)
Do do

P _
a(a+2)(a+1)?
(v 06- %) (X- %) G- %) (X- %)
= (X - %)- arl ai2 & " arl (X, - %)
v (et X)L %) L (am X)L (%t %) L O
Egixz W a+l * a+?2 * a ’ a+l % x3):
: ;
e a
) ) .6
Fs L 1o 1, 18, 40
:§x4 O ity E e ande W
6 T
¢ ;
Tachon a>0 sao cho
PR S S
a+tl a+2 a at+l
hay a=+/2- 1. Khi d6,
1+i+ 1 =- +1 i:ﬂ
atl a+?2 a a+l 2
vatathu dugc
a&3./2 ]
P EQ 2 (=% - X+ X+ X,) + 1
¢ s
(V2-1)(v2+2)(v2) ¢ 6 : 2
a
1
hay PE?

Pang thirc xay ra khi va chi khi
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i

:|;X1+X2+X3+X4:O

||X1 X2+X3+X4|:|X1|+|X2|+|X3|+|X4|:1

I T Kt R K % X X g

Tx, - =X,- X =
27N Hfl NN

Lo 2-02
} X=-X= 2

Giai hé phuong trinh ndy tanhan dugc | 73
iy 2

—_y =%

77Ty,

Két luan

maxP = 2—18
+ Truong hop 4. n=5.
Phan tich.

V6i gia thiét x £ X, £ X, £ X, £ X, tir 16 giai cia cac truong hop 2 va 3, mot cach
tw nhién, tanghii ngay rang b sé dé P dat max 1& X =- X, X, =- X,,% =0.

DO VAY Xs- X, =X, - X, X - X, = X, - Xg, tir d0 ta co thé dodn nhan rang néu xem
hiéu x,- x bang don vi va x,- x, bang a thi by sb dé P dat max can phai thoa
dieu kién

X=X _ XX KK _ K- X _ XX _
1 a a a+l a+l
X X=X X=X _X-X _%-X%
2a 2a+1 2a+l1l 2a+2 1

Tur cach phan tich trén, 161 giai caabai todn trong truong hop n=5 s& nhu sau

Khéng mét tinh tong quét, tagia s x £ X, £ X, £ X, £ X, tir d0 suy ra
P=(% - %)%~ %) (X, - %) (% - %)(% - %)X
X(X = %) (% = %) (X, - X3)(% - X5)(%s - X,)
X ét biéu thic
_ P
4a%(a+1)3(2a+1)?
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Viét Q duéi dang
Q_(Xz %) (5 %) (%= %) (%-%) (%-%)

1 ~ a+l 2a+l 2a+2 a
W %) (%- %) (%= %) (6- %) (X%- %)
2a 2a+l1 a  a+l 1

Ap dung bat d¢angthic AM- GM cho 10 s khéng am, ta co

of L @%- %), (%-%), (X-x), (% %) (%6-%)
10°& 1 a+l 2a+l1 2a+2 a

+(X4' X2)+(X5' X2)+(X4' X;) (Xs X;) (Xs X4)0

2a 2a+1 a a+l 1 g
.10
1 & o, 1 3 6 @&, 1 38
= - + + (X, - X)n-1+ +— -
10103()% Xl)g 2a+l 2(a+l) g O %)g 1t et 2a gy

Chon a >0 sao cho

1 3 1 3
+ + =-1+ + —
2a+1l 2(a+l) 2a+l 2a

hay a:%. Khi do,

i 1 3 1 ,3_5
-1+ + =-1+

I7 2a+1 2(a+1) 2a+1 2a 2
|

i~ 4P

lo=""

TQ 27

Tu day, tathu dugc

,10
1 & 1
£— X +X, +X) £—
Q 1010 82( X% 4 Xs) 2
, 27
Do do PE?

Pang thirc xay ra khi va chi khi
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IX+X X+ X% +X% =0

Hxl Xo + Xy + Xe| =[]+ |+ [X] +[xy| + |35 =1

; ) ) )

1 2(X3 Xl):X4 X1:X5 X1:2(X3-X2):

I x, - =
i X 3 5 3
| - -
1=X%,- Xzzx'5 =2 =2(X, - Xa):—Z(XS %) =%-%°0
| 2 3
i _ 3
'|'X1—'Xs—'§
I
Giai hé phuong trinh nay ta nhan duoc : Xp ==X, =~ :—é
i
% =0
{
Két luan
27
maXP:?
Nhan xét.

Bang phuong phép tuong tu s tim duoc 101 giai caa bai toan véi n> 6.
Bai toan 4. (V6 Quédc Ba Can)
Cho m,n, p ladd dai ba canh cia mot tam giac cho trudec vatam giac ABC nhon.
Tim giatri nho nhat caa biéu thic
P =tg™Atg"B.tg"C.

Léi gidi.
X ét biéu thuc

Q :% = cotg™Acotg"B.cotg”C .

Bai toan da cho tuong duong vai tim max caa Q.

Khi nhin thay biéu thirc Q, it nhiéu ta ciing nghi dén ding thic quen thuoc
cotgA.cotgB + cotgB.cotgC + cotgC.cotgA =1

Vatir ddy, tanghi ngay rang bai ndy cé thé ding bat dang AM-GM suy rong, do d6

ta dwa vao cac tham sb duong X, Y, z (chon sau) sao cho
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Q = (cotgA.cotgB)*.(cotgB.cotgC)”.(cotgC.cotgA)*
= (cotgA)***.(cotgB)**Y.(cotgC)>**.

Taphai chon X,y,z sao cho

:x—i(m+n p)
iXx+z=m j 2
[ R
pxty=nUiy=-.(-m+n+p).
1y+z=p : 1

—.(Mm- n+
i 2( p)
Tu déy, tacd

Q a;otgAcotho axotgB.cotgC o aeotgC. cotng
Xy & x & y g& oz o

Ap dung bét dang thirc Cauchy suy rong, ta co

Q
Xxyyzz
1 e&e ae;otgAcotho ya&:oth.coth(_i aeotgC. cotngO "
(X+y+2)V? g ¢ & X 50 & y 2 z o
_ 1
(x+y+2)*"
Xy\,Y 52
Dod6 QE— Y%
(x+y+2)"
Suy ra
pa (XHY+2)™7 (m+n+p)™"?
Xy'z’ (- m+n+ p) ™P(m- n+ p)™"P(m+n- p)™ P

Pang thirc xay ra khi va chi khi

cotgA.cotgB _ cotgB.cotgC _ cotgC.cotgA
X y z

Hay
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}.CotgA:J Xz _J<m-n+p><m+n- P)

: y(x+y+2) \(-m+n+p)(m+n+p)

f o[ xy  _ [-m+n+p)(m+n- p)
| cotgB
i z2(x+y+2) | (M- n+p)(m+n+p)

- [ [ reptm

i x(x+y+2) \ (m+n- p)(m+n+p)
Két luan
minP = (m+n+p)™"" :
(- m+n+p) ™ (m- n+ p)™ P (m+n- p)™TP

Bai toan 5. (Vietham TST 2001)
Cho a,b,c>0 va 21ab+2bc +8ca £ 12. Tim giatri nho nhat caa biéu thuc

Léi gidi.

A o , . 1 2 . . L s
Phan tich. bé don gian, tast dat x=—,y = B zZ= § thi ta nhan dugc mot bai toan
a C

tuong duong nhu sau
“X,Y,2>0 va 6x+12y+ 21z £ 6xyz. Tim giatri nho nhat caa biéu thic
P=x+y+z”
Nhan thay tir gia thiét 6x +12y + 21z £ 6xyz, ta co thé suy ra dugc
x"y"zP 3 k (m,n, p>0)

Do d6 tanghi ngay rang bai ndy co thé sir dung bat daing AM-GM suy rong duoc.

That vay
p:ml+nl+ pE
m n P
1
3 (m+n+ p)a%@(—ém.aef—én.aefép?mmp
égmb &ng &pg 5
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3 (m+n+ p)ae—k ?mmp
gmn"pP
Nhu vay, nhiém vu ciatabéy gio chi laphai tim m,n, p nitathdi.
RO rang, tachi can xét m+n+ p =1 ladu. Khi d6, taco
6Xxyz3 6x+12y+ 21z

= 6ml +12n.¥ + 21p.E

m n P
1
21p 06m+12n+21p
3(6m+12n+21p)8%ex ez _
égmﬂ 8nﬂ gpﬂ 5
i 6m _
: © 6m+12n+21p
|l 12n B
Pé tim m,n, p tacan phai giai hé sau : 6m+12n+21p
|
i1- 21p - kp
i 6m+12n+21p
{m+n+p:1
Hay
I, 6m _
: 6m+12n+21p
iy 12n _on |m 1-n-p
1™ B6m+12n+21p U |4n +10np+6n- 5p=2
:1 21p - 2p 15p?+2np- n+3p=1
i 6m+12n+21p
¥m+n+ p:j_
4n*+10np+6n- 5p=2
xéthe ()} P P=
i5p*+2np- n+3p=1
2t+5)p +(3-t 1 1
Bt n=tp (t>0). e (*) tro thanh | & TP+ G- 0P = @

T(4t2+10t)p +(6t-5p=2 (2
Lay (2)- 2x(1), taduoc
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p((4t* +6t- 10)p+8t-11) =0
Néu t =1 thi hé (*) vé nghiém, dodo t 1 1.

11- 8t
b p=——— — 3
P t2 +6t- 10 3

Do p>0,t>0 nén 1<t <l§l. Thay (3) vao (1) vathu gon, ta duoc

16t% - 123 - 146t% +30t +175=0
U (4t- 5)(2t+5)(2t*- 4t- 7)=0

0t=2 (dol<t<l—l)
4 8
m=

Tu do, tacod . Thir lai, tathdy thoa.

i
‘m=
i
|
in
T
| p=—
t" 15

Pang thirc ¢ trén xay rakhi vachi khi

¥6x+12y+21225xyz
1 5X 15z

L = =3y="C

0t2 "2
{6x+12y + 21z =5xyz

ix=3

(@)
— o ————
N <
I ]

s}
|

L)

—_—— = ——— — —
O
|

o
I
NIw alh wik N olg
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Tir c&c phén tich va chon tham sb trén, ta di dén mot 10i giai cuc ky don gian nhu
sau

Pat a:i,b:i,c:i, bai toan chuyén vé
3X Sy 2z

“X,y,2>0 va 3x+5y+7z£15xyz. Tim giatri nho nhat cia biéu thirc
l ”
= E'(6X+ 5y +4z).
Ap dung bat ¢ang AM-GM cho 15 s duong, ta co

15xyz3 3x+5y+ 723 15§ x°y°Z’
p 13X12y1028 3 l
U 9xy°z*31

Lai &p dung bat dang thixc AM-GM cho 15 sb duong, ta cé

P :%.(6x+5y+4z) 3 1—25.1\7x6y524 s 19

2
i 1
.I.a:_
i 3
2 , Y .S R . iX:y:Z ~ ~ 4
bang thic xay rakhi vachi khi | U x=y=z=1U jb=-—.
115xyz=3x+5y+7z i O
le=3
b2
Két luan
minP:E.
2
Bai toan 6.

Cho x,y,z3 0 va x+ y+z=3. Timgiatri nho nhat caabiéu thuc
P=x*+2y*+37

Lo gidi.

Véi moi sb duong a,b, ¢, theo bat dang thic Holder, ta.cé

P(a* + 2b* +3c*)*3 (a’x + 2b%y + 3c%2)*
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Chon a,b,c sao cho a*® =2b®=3c® = k3, khi do, taco

Ery+)t (@Y
(a4+2b4+3C4)3 (a4+2b4+3c4)3

3

Pé dang thuc xay rathi ta phai co

X_y_z_X+ty+tz_,
a b ¢ a+b+c

Do vay, taco
jatb+c=3
1a¥=20° =3¢ =k

2=k
jb=d2k
Uic=¥3k
: - 3
i 1+32+33
Tur day, tadé dang suy rakét qua caa bai toén.
Bai toan 7.

Chirng minh rang véi moi sb duong a,,a,,...,a, taluén cé

1 2 n &l 1 10
~+ +..+ <49—+—+...+—;

a a+a, atat..ta, Ea @ a, g
Ch#rng minh.

Ap dung bt d¢ang thirc Bunhiacopxki, ta co

B¢ L%, %0 2
(ta,+.+ta)c—+—=+.+53 (X +X+..+X)
fa a3 " ag
2 2 2 A
p a £ K %+ﬁ+,,,+ig

ata,t.ta (Tt A & | &g

C dinh C&C SO X, X,,..., X, vacho k chay tir 1 dén n, rdi lay téng, ta dugc
1,2 44 n £9:%,4 +&

& a+a arapt.ta, 8 a,
Trong d6
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o N U5 L g
(G +X + %) (G +X +ot Xy,)? (% + %+ ¥ X))

Taco thé chon x =k " k=1,n, khi d6

Ck:

_e® K . K+1 . n 6
& A+ 2+..+K)?2 (L+2+..+(k+D)? T (@+2+..+n)? g
_ ek k+1 n o]

=4k + tot—— >
ek2(k+D?  (k+D*(k+2? T n’(n+)’ g
e 1 1 1 0
:4k29kk 2+ 2+...+—2+
gk(k+D° (k+Dh(k+2) n(n+1)° g
ge®l @ 16, 1 el 16, 1 160
Sk+1'8k k+1lp k+2'8k+1 k+25 ~ n+1'&n n+lgy

LA 1 1 1 1 6
=K T A (k+1)? (k+2)? 7 (n+1)? 4

e (4]
e 1 1 1 1 6

§k n+l (k+D(k+2) (k+2k+3 ~ (+)(n+2)
_ge®. 1 10
Sk k+1 n+lg
<4k26é'—-i9
&k k+lg
4k
<
k+1
<4

Bat dang thirc dugc chizng minh hoan toan.
Bai toan 8.

Chitng minh bat dang thirc sau véi moi sd thuc X, %,,..., X,

2 .2
X12+89<1+X22+_._+39(1+X2+---+X”2£4(x12+X§+...+X§)
& 2 g & n 2

Charng minh.

Véi moi s6 duong c,,C,,...,C, tly Y, taco
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2 2 2 A
aa +ﬁ+...+ig(cl+cz+...+ck)3 (X% + X%+ ¥ %)

fo 6 oy
Do do
aa<1+x2+...+xk92£cl+c:2 totGo 2+Cl+02+"'+ck,x§+
k P, k’c, k°c,
GG+ +G o
+...+ .
k®c, X

Cho k chay tir 1 d&n n, rdi lay tong, ta dugc

2 2
+X, 6 +X, ...+ X
2+ TR0, BTN %0 fapd+ad+..+a X2

& 2 & n

Trong d6

_GtGratG GG Gy, GHGEtG .y gy
kG, (k+D%g, n°c,

Tachon ¢, =Jk-Jk-1p C,t+C, +...+C, =k

1@l 1 19
k Ck%k?:/Z (k+l)3/2 n3/25

ay

ba

Chay rang

1 1 16 16
k- = Jk+ H- =% +=0
J 2 2 J% 20 25
_ 1
1 16 1o 16
K+~ + k- —= (&% ~%%+=2
gJ 2\/ 2gJ8 20 2
, 1
2k¥?
1 1 1 1 1 1
P 3 - 3 + ot —07
3/2 3/2 3/2
Jk_l Jk_l J” 1 2k¥ 2(k+1) 2n
2 2 2
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2 2(\/E+\/E)

1 ) 1
afky s

Bat dang thirc dugc chizng minh hoan toan.

Paf £4

3. Bai tap dé nghi.
Bai 1. (Vietnam TST 1994)

Y U | .
Cho a,b,c,d lacéc sb thuc thoa man diéu kién EEa2 +b?+c?+d? £1. Timgiatri
nho nhat va giatri 16n nhat caa biéu thirc

P=(a- 2b+c)>+(b- 2c+d)?+(b- 2a)’ +(c- 2d)?

Bai 2.
Cho x,y >0 va x+y3 4. Tim giatri nho nhat caa biéu thirc
6 10

P=2x+3y+—+—
Xy

Bai 3.
Cho a,b,c>0 va a+2b+3c3 20. Tim giatri nho nhit cua biéu thirc

P:a+b+c;+§+i+ﬂ

a 2b c
Bai 4.
Cho a,b,c>0 va a+b+c=3. Timgiatri [6n nhat caa biéu thuc
P =2ab+4bc +3ca

Bai 5. (Toan Hoc Tudi Tré 2005)

a) Cho tam giac ABC. Tim giatri 16n nhat caa biéu thuc

P=sinAsin’B.sin’C

b) Cho tam gidc ABC, m,n, p la céc sb thuc dwong cho truéc. Tim gid tri

16n nhat cua biéu thirc

P=sin" Asin"B.sinC

82



Bai 6. (VMEO 2004)
Cho tam gi&c nhon ABC. Tim giatri nho nhat cia biéu thirc

P =tgA+ 2tgB + 5tgC
Bai 7. (VMEO 2005)
Cho a,b,c lacéc sb thuc duong cho truge va X, y, z 1a céc sb thuc duong thoa méan
ax+by +cz = xyz. Tim giatri nhé nhat cia biéu thirc

P=x+y+z
Bai 8.
Cho a,a,,...,a, 1a n sb thuc duong cho truéc va X, X,,...,, la n sd thuc duong
théa man é’ri ax = 6 x. Tim giatri nho nhat cia biéu thac
i=1 i=1
i=1

Bai 9. (bé chon ddi tuyén PHSP Ha Noi 2005)
Cho x,Y,z lacéc sb thuc duong théaman xy + yz+ zx = 7xyz. Tim gia tri nho nhat

cua biéu thirc

_8x*+1 108y°+1 162°+1
= + +

X2 y2 Z2

P

Bai 10. (Todn Hoc Tudi Tré 2005)

Cho x,y,z1 [0,1]. Tim giatrj I6n nhat caabiéu thic
P=(x- y)(y- D(z- X)(x+y+2)

Chirng minh rang véi moi ddy sb duong a,,a,,...,a, taco

1 1 1 el 1 10
—+ +..+ <2+t

a a+a, atat..ta, Ea @ a, g

83



PHOONG PHAP HE SO BAT NONH

Trong thoi cap 2, khi fioc 10i giai cua kha nhieu bai toan fiac biet la bat fiang
thoc, toi khong the hieu noi tai sao ngodi ta lai nghé ra fi6oc 16i giai fio va toi
cam thay fiol la mot 16i giai thieu t0 nhien nhdng toi cung cam thay voi cung than
phuc ng6di fia nghd ra 16i giai fio. Nhéng bay gib khi fia iddc lam quen vai tat ca
cac kien thoc toan s6 cap, toi mdi hieu i6dic fiay khong phai la mot cai gi méi la
ca ma no fia co mot phodng phap han hoi. Trong bai nay, toi xin gidi thieu voi
cac ban mot trong nhéing ph6dng phap fio: “Phédng phap he so bat fionh”. Phddng
phap nay tuy co mot so han che nhdng no van la mot ph6éng phap hay va kha
manh. Cac ban nen chu y fien no vi ngoai viec giup ta chéng minh mot bat fiang
thoc kho thi no con la 1 “lieu thuoc bo “ cho mot phoéng phap chéng minh bat
flang thdc coc manh: “Phddng phap phan tich binh phééng S.0.S” vi no giup ta
fida mot bat fiang thdc ve dang S.0.S nhanh chong hon cac kieu bien fioi thong
thooing.

Sau fiay la mot soi vi du

Vidu 1. (USAMO 2003)

Cho a,b,c>0.Chong minh rang

(2a+b+c)> (2b+c+a)®  (2c+a+hb)?
2a” +(b+c)? * 2b” + (c+a)? * 2¢% +(a+h)?

Nhap.
Nhan xet rang dau bang xay ra khi va chz khi a=b=c.
Do ca hai ve cua bat fiang thdc fia cho fiong bac nen ta co the chuan hoa cho

a+b+c=3. Khifio, bat fiang théc can chéng minh tré thanh
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(a+3> _ (+3> . (c+3’

£8
2a°+(3- a)> 2b°+(3-b)? 2 +(3-¢)?

Ta se tim so thdc a sao cho bat fiang théc cho moi al (0,3)

(a+3)?
2a” +(3- a)®
U f(a)=3aa’+(7- %)a’+(15a - 22)a+15- % 3 0

8
fa(a-1)+—
( )3

Ta can tim a sao cho f(a)3 0" al (0,3)vaf(a)=0U a=1.Ne co fiddc fiieu

nay, ta can co
') =00 9% +2(7- %)+15 - 22=00 a :g

Vay nhiem vu cua ta bay gid la xet xem bat fiang thdc sau co fiung hay khong

2
(a+3) c4 .4

2a°+(3-a)” 3 3

VOi nhdng lap luan nho tren, ta fii fien mot 10i giai khong may tdi nhien nho sau
Loi giai.

Khong mat tinh tong quat, co thei gia s6 a+b+c=3. Khi fio, bat fiang théc can
chdng minh trd thanh

(a+3)? N (b+3)° N (c+3)?
2a”+(3- a)° 2b°+(3- b)? 2 +(3-¢)?

£8

Ta se chdng minh

(a+3)°
2a” +(3- a)®

4 4
£-a+— *
3273 (*)

That vay
*)U (a-1*(4a+3)2 0 (fung)
Vay (*) fiung.

TooNng to, ta co
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2
_0+y 44
2b°+(3-b)* 3 3

2
(c+3) EECJ’g

2c*+(3-¢)* 3

Do fio
2 2 2
2(a+3) >t 2(b+3) >t 2(C+3) 2£ﬂ-(a+b+c)+4:8
2a°+(3-a)° 2b°+(3-b)* 2c°+(3-¢)° 3
P fipcm.

Rieng foi voi bai toan tren con co mot cach tim a cdc nhanh la

(a+3®* 1 8a+6 1 8a+6_4 4
+ £—+ =—a+

2a2+(3-a)° 3 3@-1)°+6 3 6 3 3

AT A A

valy, toi fia col gang rat nhieu fie dung fid6ing loi nay fie: chong minh bat fiang thoc
sau nhong van bat l6c

(a+3>  (0+3> . (c+I’

£6
4a° +(3- a)®> 4b*+(3- b)* 4c®+(3- ¢)?

Vi a,b,c>0 thoa a+b+c=3.

Co the thay cach tim a ban fiau la cach tim hay nhat, nhong no fioi hoi kha nhieu
tinh toan rat bat 16i cho nhdng ban tinh toan khong fi6dic tot cho lam, va fioi khi
bieu thdc fiel bai cho qua phéc tap (chang han nhé qua nhieu can thdc). Vi nhding
li do fio, toi xin AG6ic gidi thieu voi cac ban mot cach tim a kha hieu qua dda
tren bat fiang thoc AM-GM, cul the la fioi voi bai toan tren

Tase tim a,b sao cho bat iang thdc sau fiung cho moi so dééng a,b,c

(2a+b+c)® _aa+bb+bc
2a” +(b+c)? at+b+c

Ap dung bat fiang thoc AM-GM (xin fi6dc 16u y vbi cac ban la trong cach tim

nay, ta khong can fie y: fien chieu bat fiang thoc, toi xin fiddic ky hieu ® fie thay
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cho dau bat fiang théc va ta cung khong can fiel y fien a,b am hay dédng vi fiay

che la nhap thoi), ta co
2 1 1
(2a+b+0)" g 8 43 be)s
2a°+(b+c) 3
aa+bb+bc® a+2b
a+b+c 3

a 1 b 1
aa+2b 3 (bc)a+2b 3

a

a

e

——? —

Ta chon a,b sao cho 3 Giai he nay, ta n6oc
ip =

—_— —

Vay nhiem vui cua chung ta bay gio/ la xet tinh fiung fian cua bat fiang thoc

(2a+b+c)? ¢ 16a+4b+4c
2a°+(b+c)>  3(a+b+c)

Ta co the chuan hoa cho a+b+c =3 roi chéng minh t66ng t6i nho tren, hoac bien
fioi toong AGoONg.

Vidu 2.

Cho a,b,c>0. Chong minh rang

a® b c?
3 3+ 3 3+ 3 331
a’+(b+c) b’ +(c+a) c’+(a+tb)

Nay la mot bai toan hay, toong fioi kho. Ta co thel giai bang cach lam t6ong to

Nhap.

nho tren, xin danh cho cac ban. O fiay, toi xin gi6i thieu mot cach giai khac nho
sau
Nhan xet rang dau bang xay ra khi va chg khi a=b=c.

Ta se'tim p sao cho bat fiang thdc sau fiung
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a® aP
a’+(b+c)® a’+bP+cP

Chung ta co 2 cach chon p s6 dung fiao ham hoac dba vao bat fiang thoc AM-
GM, vei phia toi, toi rat ngai tinh toan nen chg xin Ad4c trinh bay cach ddia vao bat
fiang thoc AM-GM, mong cac ban thong cam.

Ap dung bat fiang thdc AM-GM, ta co

3 4 .2
% ® E.a?’.(bc) 3
a’+(b+c) 3

aP 2P

1 F -
FETE T

P
3

Tol fay, bang cach fiong nhat he so, ta suy ra i6oc p = 2.

Vay nhiem vu cua chung ta bay giol la kiem tra tinh fiung fian cua bat fiang thoc

a3 . a2
a®+(b+c)® a*+b*+c?

VOi nhding lap luan nho tren, ta fii fien 16i giai nho sau

LOi giai.

Ta sel chdng minh

a® . a’ *)
a®+(b+c)’® a*+b*+c?

That vay:

1 ,  a
(a®+b*+c?)?3 a(@® +(b+c)®)
2a*(b? +c?) + (b* +c?)? 3 a(b+c)®
(b® +c?)((a* +b®) + (a® +¢?)) 3 a(b+c)’
(b* +c?)((a- b)? +(a- ¢)*) +2(b* +c?)a(b+c) 3 a(b+c)®
(b® +c?)((a- b)* +(a- ¢)*) +a(b+c)(b- c)*2 0 (fiung)

*)U

[N ar N ax TN G N e
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Vay (*) fiung.

TooNng to, ta co

\/b3+(c+a) a +b2+c2
\ c? +(a+b) a +b2+c2

Do ol

a b> ¢, a+b’+c?
a®+(b+c)P \b*+(c+a)?® \cC+(a+h)?® a’+b’+c?

P fipcm.
Nang théc xay ra khi va chz khi a=b=c.
* Nhan xet 1.
Ca hai vi dui tren fieu s6 duing fiang théc

:ap+bp+cp: 1 a(a+b+c)+b(a+b+c)
a’+b?+c? a+b’ at+tb+c

=1

Mot cau hoi fiat ra cho ta la khi nao thi ta phai tim p va khi nao thi ta phai tim

a,b ? Co le cac ban se héi lung tung 6 cho nay nhéng that ra thi ta che can nhin

bieu thoc 0 fie bai la biet ngay thoi, chang han nho 6 vi dul 1, xet bat fiang thoc

(2a+b+c)? 8aP
2a’+(b+c)>  aP+bP+cP

Khi cho a® 0,b=c=1 thi ta co VT ® LVP® 0 nen bat fiang théc nay khong

the fiung voi moi so doong a,b,c.
Vidu 3.
Cho a,b,c>0. Chong minh rang

a’ b’ ¢’ ,at+b+c

+ +
a’+b®> b’*+c® c?+a? 2

3

Nhap.
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Nhan xet rang dau bang xay ra khi va chz khi a=b=c.
Ta se'tim a sao cho bat fiang thdc sau fiung

2a°
2 + b2

Saa+(1-a)b
a

Ap dung bat fiang thoc AM-GM, ta co

2a°
a2+b2
aa+(l-a)b® a*b*?

a’b?

Td fay, bang cach fiong nhat hei so, taco a = 2.
Vay nhiem vu' cua ta bay gi6 la kiem chong tinh fiung fian cua bat fiang théc

2a®

10 32a-b

Ta fii fien 101 giai nho sau
Loi giai.
Ta co

2a°
a.2 + b2

3 2a-b *)

That vay
*)U b(a- b)*3 0 (fiung)
Vay (*) fiung.

3 3
22b 23 2b- ¢, 220 :
b +c c°+a

T6oNg t0, ta co 38 2c-a

Do ol

2a’ 2b° 2c?
2 2+ 2 2+ 2 2
a~+b® b°+c° c“+a

3 a+b+c (fipcm)

Nang théc xay ra khi va chz khi a=b=c.

* Nhan xet 2.
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Bang kinh nghiem ban thahn, toi cho rang fiieu kien can fie sé dung phé6ng phap
nay voi cac bat fiang thdc thuan nhat la

1) Dau fiang théc xay ra khi va chg khi cac bien so bang cac gia tro trong mot
tap héu han nao fio (thédng tap nay che gom co 1 gia tro, toi fia la 2 gia
tro).

2) Bat flang thoc fiel bai cho la tong cua mot day cac bieu thoc fioi xdng
nhau va ton tai mot cach chuan hoa fie moi bieu thoic chz con phu thuoc
vao mot bien so hoac cac bieu thoc la hoan vo lien tiep cua nhau.

Bay gi0i ta sel xet mot so: vi du ve! bat fiang thdc co fiieu kien
Vi du 4.
Cho a,b,c>0 thoa a’ +b* +¢® = 3. Chéng minh rang

1l A @b 7
a b c 3

Nhap.
Nhan xet rang fiang théc xay ra khi va chg khi a=b=c=1.

Taco a?+b*+c2=3b a,b,cl (O\@)

Ta seltim a sao cho bat fiang thoc sau fiung voi moi al (O\@)
1 4 ) 7
—+—asa(@ -+ *
213 (@-1 3 *)
Ta co
*)U f(a)=3a’- 4a*+(7- 3)a- 3£0
Ta can tim a sao cho f(a)£0 " al (O\@) vaf(a)=0U a=1. Ne co fi6dc
fileu nay ta can co
1

f')=00 %@ -8+7-3a =00 a =5

Bay gioi ta chz con phai xet tinh fiung fian cua bat fiang théc
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124 1.(a2- 1+t
a 3 6 3

Ta fii fien 101 giai nho sau
Loi giai.
Taco a®+b*>+c? =3P a,b,cl (O\/é)

Ta se chdng minh

1 4 1., 7

—+—-a3—-.(a" -1+ o

213 6( ) 3 (**)
That vay

¢*)U (a- D?(6- a)3 0 (fung do ~/3>a>0)
Vay (**) fiung.

TooNg to, ta co

1 8ps L]
b 3 6 3
1:86s E.(cz- 1)+Z
c 3 6
Do o
E+£+E+ﬂ.(a+b+c)3E.(a2+b2+cz-3)+:7
a b c 3 6
P fipcm

Nang théc xay ra khi va che khi a=b=c=1.

Xin fiddc 16u y voi cac ban rang khong phai luc nao ta cung l6a chon ham la
nhdéing ham tuyen tinh hoac ham luy théa khong thoi, ma fioi luc ta can phai I6a
chon ham phan théc, ham can, ... Vi du sau se cho chung ta thay rol flieu fio

Vi du 5.(APMO 2005)

Cho a,b,c >0 thoa abc =8. Chdng minh rang

a’ b’ c’ , 4

JGr )it Jarare) Jare)ara) 3
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Loi giai.
Ta co

1 3 22 ||X>O (*)
1+x°  2+X

That vay, ta co
()0 (2+x%)%3 41+ X°)
U x*(x- 2)*3 0 (fiung)

Vay (*) fiung.

Do fio
3 a’ s 8 4a° _ 2S(abc) _ 2
o \/(1+ a)1+0%) e 2+a%)(2+b*) 36+S(abc) 4, b
S(a,b,c)

trong fio S(a,b,c) = 2(a” +b? +c?) + a’b® + b’c? + c’a’
Theo bat fiang thoc AM- GM, ta co
a’®+b”+c?3 33(abc)® =12

a’b? +b%c® + c?a® @ 33/(abc)* =48
P S(a,b,c)3 72

Do fio
o a’ 2 2 4
a 3 3 =—b fipcm.
v @+a)a+b’) 14 B 4,363
S(a,b,c) 72

Nang thdc xay ra khi va che khi a=b=c=2.
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BAI TAP.

Bai 1. (IMO 2001)
Cho a,b,c>0. Chéng minh rang
a’ b? c?

+ + 31
Ja2+8bc +b2+8ca +/c?+8ab

Bai 2.

Cho a,b,c>0. Chéng minh rang

a’ b c? , atb+c

+ +
a’+ab+b®> b*+bc+c® c*+ca+a’ 3

Bai 3.

Cho a,b,c,d > 0. Chéng minh rang

a’ b* c’ d* , atb+c+d

(a® +b*)(a+b) * (b* +c?)(b+c) * (c® +d?)(c+d) * (d*+a®)(d +a) 4
Bai 4.

Cho a,b,c,d >0thoaa+b+c+d =1 Chong minh rang
6(@+b*+c*+d% 3 a®+b*+c? +d? +:—;
Bai 5. (Vo Quoc Ba Can)

Cho a,b,c>0. Chong minh rang

(b+c- a)? , (c+a- b)? N (a+b-c)? , 3@ +b*+c?)
2a’+(b+c)> 2b*+(c+a)® 2c?+(a+b)® 2(a+b+c)?

Bai 6.

Cho a,b,c>0thoaa+b+c=2 Timgia tro I6n nhat cua bieu thoc

P_l]b3- a® +llc3- b* +11a3- c?
ab+4b* bc+4c® ca+4a’
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Bai 7.

Cho a,b,c,d >0. Chdng minh rang

a b C C

+ + + 31
Ya®+630cd IYb®+63cda cd+63dab It +63abe

Bai 8.

Cho a,b,c>0thoa a® +b® +¢c® = 3. Chdng minh rang

Bai 9.

Cho a,b,c>0. Chéng minh rang

(a+b- 3c)? , (b+c- 3a)* , (c+a- 3b)? , 1
(a+b)®+2c® (b+c)*+2a® (c+a)*+2b® 2
Bai 10.
Cho a,b,c>0. Chéng minh rang

(3a+b+c)® s (3b+c+a)’ s (3c+a+h)® £ 375
(b+c)’*+3a® (c+a)’+3p® (a+b)*+3c® 11

Bai 11.
Cho a,b,c la fio dai ba canh cua mot tam giac. Chéng minh rang

1+1+£+ 9 346€l+1+19
a b c a+b+c 8a+b b+c c+ag

Bai 12.
Cho x,y,z>0thoa x+y+z=1. Tim gia tro 16n nhat cua bieu thoc

X y z
P= + +
X +1 y*+1 Z2+1
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Bai 13.

Cho a,b,c>0. Chéng minh rang

a..3 b..3 C..33
®ea 6 eb o ®c 0,

8b+c§ 8c+a5 8a+b5 5

Bai 14. (Moldova 2005)
Cho a,b,c>0thoaa*+b*+c* = 3. Chéng minh rang

1 1 1

+ + £1
4-ab 4-bc 4-ca

Bai 15.

Cho a,b,c>0. Chéng minh rang

(a+b-c)?  (b+c-a)P* (c+ta-b)® . 9@*+b*+c?)
+ + 3
(a+b)®*+3c®> (b+c)*+3a*> (c+a)’+3p* 7(a+b+c)?

Bai 16.
Cho a,b,c>0. Chéng minh rang

(a+b- ¢)? . (b+c- a)? s (c+a-b)* _ a’+b’+c?

7(a+b)?+17¢® 7(b+c)*+17a® 7(c+a)*+17b° 5(a+b+c)?
Bai 17.
Cho a,b,c >0 thoa abc =1. Chéng minh rang

a’+1 |[b*+1 [c?+1
> + > + > fa+b+c

Bai 18.
Cho a,b,c>0thoaa+b+c=3. Chong minh rang

1 N 1 N 1
Ja'+7 o' +7 Y +7

3 3
2
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Bai 19. (Vasile Cirtoaje)
Cho a,b,c,d ® Othoaa+b+c+d =4. Chong minh rang

1 1 1 1
+

+ + 3
a+1 b*+1 c*+1 d?+1

Bai 20.
Cho a,b,c,d ® Othoaa+b+c+d =4. Chéng minh rang
a b C d 1
+ +

+
5+3a® 5+3p® 5+3c® 5+3d®> 2

Bai 21. (Olympic 30 - 4 - 2006)
Cho a,b,c>0. Chong minh rang
a’ b* c’
+ +
a4+\3/(a6+b6)(a3+c3)2 b? +§/(b6+C6)(b3+a3)2 c4+§/(ce+a6)(c3+b3)2
Bai 22. (Japan 1997)

£1

Cho a,b,c>0. Chong minh rang

a’ b? c?
+ +
a’+(b+c)®> b*+(c+a)® c*+(a+h)?

3 3
5

Bai 23. (Pham Van Thuan)
Cho a,b,c>0. Chong minh rang

a’ b c? , 1

+ +
a®+(b+c)? b’+(c+a)? c+(a+h)?’® 3

Bai 22.
Cho a,b,c>0. Chong minh rang

a b c

+ + 31
JaZ+2(b+c)? (b2 +2c+a)’ P +2(a+h)?

Bai 23. (Pham Kim Hung, Vo Quoc Ba Can)
Cho a,b,c,d® Othoaa+b+c+d=4vak?3 2. Chéng minh rang

(8 + DB+ + DA +D 2 @ +Y(B* +D( +D(d* +]
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Bai 24.
Cho a,b,c>0thoa a+b+c=1. Chong minh rang

a+l b+1 c+l . 36
+ +

3

c(2-b) a(2-c) b(2-a 5

Bai 25. (Romania 2005)
Cho a,b,c>0thoaa+b+c=3. Chong minh rang

I a’+b?+¢?

a®> b® ¢
Bai 26. (Pham Van Thuan)
Cho a,b,c2 Othoaa+b+c3 3. Chong minh rang
1 1 1
+ +

2 2 2 £1
a+b+c b°+c+a c°+a+b
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PHUONG PHAP PHAN TiCH BINH PHUONG S.0.S

A.NOI DUNG PHUONG PHAP.

|. Bai todn mé dau va dinh ly.

Théng thuong, khi dung truéc mot bai toan quen biét, cach ching ta thuong bat dau
dé giai quyét khéng phai 1a thir md mam céc bat diang thiac da biét, khéng phai 14
tim ngay mét céch don bién ndo d¢6 ma thdng thuong nhat |a dua vé céc dang binh
phuong. Piéu ndy dua trén tinh chat co ban nhat cia sé thyc “ x?3 0," xI R”. C6
rat nhiéu bai todn, cho du ban chit dong hay vo tinh, déu ¢ s dung phuong phép
ndy trong chitng minh. Tuy nhién, rat c6 thé nhitng diéu ban sip doc duoc trong
muc nay s&€ lam ban thuc s ngac nhién...

Chlng ta s m& dau voi bat dang thic AM-GM, déy cd thé coi 1a bat diang thirc co
ban nhit trong nhitng bat diang thizc co ban. Nhung chiing ta chi tim hiéu bat diang
thirc ndy trong truong hop n rat nho. Véi n =2 chang han, ta co bat dang thuc
Vidu 1. Véi moi a,b3 0, taco bit dang thac a® +b® 3 2ab.

S& khéng c6 nhiéu diéu can phai ban téi ¢ bat dang thac trén, ngay khi cac ban hoc
vé sb thyc thi viéc chang minh bat dang thire d6 qua dé. Bat dang thuc twong duong
v6i (a- b)?3 0 mot diéu qua hién nhién. Bay gio, chiing taxét tiép khi n=3 vabat
dang thuc sau day

Vidu 2. Véi moi a,b,c3 0, taco bat diang thirc a® +b® +¢ 3 3abc,

Khi hoi vé& mot cach chitng minh that cu thé cho bét dang thirc ndy, chiing ta s& cam
thiy c6 mot chit bbi rdi! Tat nhién, bat dang thic trén khdng khd, 1oi giai chi trong

duy nhat mot dong...
VT - VP:%.(a+b+c)((a- b)2 +(b- )2 +(c- @)?)

Va chic chan déy |a cach 1am théng minh nhit, vi ching ta khdng phai qua mot

budc trung gian ndo ca. Ca hai vi du trén déu dugc ching minh bang phuong phép
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phan tich binh phuong nhung theo mot nghiia tuong déi hep. Thuan loi rat 16n trong
101 giai bai todn bang cach ndy 1a viéc s dung rat it kién thuac “cao cap”, tham chi
ban khdng can biét bat ky mot dinh |y ndo vé bat dang thirc ca. Ngodi ra, nd con la
mot phuong phép rat ty nhién theo suy nghi cia ching ta.

Néu doc ki c&c bai toan ¢ chuong trude, cac ban da gap khodng it nhitng bai todn st
dung phuong phép nady trong chirng minh. Con bay gio, chung ta s¢ khd quét hda
céch sir dung vadi tim ban chat caa mét phuong phép cuc ky hiéu qua.

Bai todn quan trong ma chiing ta phai xét dén trong muc ndy l1a mot bat dang thuc
ndi tiéng da duogc gidi thidu & chuong trude, bat dang thirc Iran 96.

Bai toan 1. (Iran 96)

Véi moi sb thuc a,b,c khéng am, ta co

(ab+be+ca)et 4L 4L 09
él@+tb)® (b+c)” (c+a)y'g 4

Pay ciing 1a bai toan c6 hinh thirc phét biéu rat don gian va dep mat. Ngoai ra, nd
con la mot bat dang thac rat khé khi ban chua dugc tiép can truge d6. Nhung trudc
tién, chiing ta hdy xem lai bat ding thirc trong ky thi IMO 2005 va tim mot ching
minh that tu nhién cho né.

Vi du 3. (IMO 2005)

X, Y,z lacéc sd thyc duong théa xyz3 1. Chirng minh

NI Voo Y2 25 2
5 2 2+ 5 2 2+ 5 2 230
XCHY +Z° YHZHX Z+HXH+Y

Charng minh.
Khong mét tinh tong quét ta chi can xét truong hop xyz=1 1a da (c&c ban hdy tu
tim hiéu ly do tai sao nhé!). Khi d6, ta co
-x2 -z x-xyz 2t (YR + 2
XCHY +Z2 X8 +(y2 + zz)xyz X*+(y2+Z)yz  2x*+ (Y + 2P)?

it a=x%,b=y? c=2z. Khi d6, tachi can chirng minh

100



o 2a°-a(b+c),
e 28° +(b+c)?

~ 2 2] a b 0
O A3@-b - =30
f}c( )‘éza2+(b+c)2 2b% +(c+a)’ 5
, c*+ac+bc+a’+b’- ab
"(2a® + (b+¢)?)(2b% + (c +a)?)

3 0 (fiung)

U & (a-b)
cyc

P dpcm.
Pang thirc xay rakhi vachi khi a=b=c0 x=y=2z=1.
Chang minh trén khéng phai 1a cach duy nhat, c6 thé con nhiéu ching minh doc
d4o0 hon. Nhung néu xem xét khéch quan thi chirng minh trén hoan toan rat ty nhién
vaco ban. N6i khéi quét, khi dung truéc mot bat dang thirc bat ky babién a,b,c ta
s& tim céch dwa chiing vé dang tong céc binh phuong ky hiéu

S,(b- ¢)*+§,(c- @)’ +S,(a- b)*3 0
Phan dua vé dang chinh tic trén 1& buéc dau tién trong céch sir dung phuong phép
S.0.S. Néu ban da kha quen véi bat dang thire thi viéc 1ap cong thic trén 1a tuong
dbi don gian, chi can biét quamot sb phép bién doi va hing dang thic, con néu ban
chua quen, thi céc thic mic s8 dugc giai quyét trong muc “Biéu dién co s& cua
phuong phép S.0.S vamot sd ki thuat phan tich”.
Tat nhién, néu trong biéu dién co s5 d0, cac hé b S,,S,, S, déu khdng am thi bai
toan dugc chirng minh. T trudc toi nay, ddy van la cach ban thuong lam nhung
day chi la trudng hop don gian nhat trong k§ thuat chitng minh caa phuong phép
S.0.S. Piéu quan trong hon, S.0.S gitp chiing ta giai quyét cac trudng hop ma theo
quan niém cii 1a khéng thé &p dung dwgc “coé mot hé s trong S,,S,,S, khong
duong”.
Théng thudng, trong céc bai todn ddi xang ta co thé gia st a3 b3 c¢. Vi céac bai
todn hoan vi thi phai xét thém truong hop a£ b £ c. Trong truong hop a2 b3 c, ta
c6 cac nhan xét sau

1.Néu S, 2 0,do (a- c)*2 (a- b)*>+(b- ¢)® nén

101



S,(b- c)*+§,(c- a)* +S.(a- b)*3 (S, +§)(b- ©)* +(S +S)(a- b)®
va phan con lai cia bai toan lachang minh S, +S, 3 0,S,+S. 3 0. Nhung hai bat
dang thire ndy luén cé thé chixng minh kha don gian, vi chiing khéng con phai nhan
thém véi céc binh phuong (a- b)?,(b- c)?,(c- a)?.

2.Néu S, £0, do (a- c)* £ 2(a- b)* +2(b- c)® nén

S,(b- c)*+S,(c- a)* +S.(a- b)*2 (S, +25)(b- ©)* +(S, +25,)(a- b)®
cling vay, viéc chang minh con lai S, +2S,3 0,S, +2S, 2 0. s& don gian hon rat
nhiéu.
Trong nhiéu trudng hop, ta can thém mot sé wéc luong manh hon, chang han wéc
lwong hay ding dén la

a-c? %.(b- ¢) (a% b3 ¢)

Chang han khi taco S,,S, 2 0 thi
2 RY:
S.0- O+ §(c- @2 §0- 7 +8, 5. 0- 9 = LT @', 47,

va nhu vay bai toan s dugc ching minh néu a’s, +b°S, 2 0.
Taco thé tom tat cac két qua trén thanh dinh 1y nhu sau
pinh Iy S.O.S.
X ét biéu thirc
S=f(ab,c)=S,(b- c)*+S,(c- a)* +S.(a- b)?
trong d6 S,,S,, S, lacac ham sb theo a,b,c.
1.Néu S,,S,,S. 2 0 thi S3 0.
2.Néua3b3cvas,S, +S,30S +S.20thi S30.
3.Néua2b3cvas,s,S +25,2 0,S +2S 2 0thi S3 0.
4.Néu a® b3 cvas,S,a’s +b°S, 3 0thi S8 0.
5.NéUS, +5+S°0vaSS +SS +SS,2 0thi S3 0.

Ngoai ra, & S3 0 véi moi a,b,c thi taphai co
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S,+§[.,305+S),_%0S+S|_20.
Trong d6, S, +S,|,_, 6 nghia la ta xét bicu thic S, +S, khi a=b. Véi cac bai
toan doi xang, tacongay S, =S, khi a=b. Nhan xé nay rat quan trong trong céc
bai todn tim hang s tét nhat.
Duong nhu dinh 1y ndy con c6 vé quéa don gian vanéd ndi rang nd ¢ tng dung Voi
hau hét cac bat dang thirc 3 bién thi that khd ma tuong tugng duoc. Nhung thuc té
S.0.S dalam duoc diéu ndy vaday 1a mot diéu rat ngac nhién.
Mot cau hoi nira dit ra la véi nhitng biéu thac ndo thi ta co thé chuyén vé dang
chinh tic S.0.S nhu vay? Cau tra 161 1& moi ham sb ddi xung f (a,b,c) théa man
diéu kién f(a,a,a)=0 va f cb thé chira cin thirc, phan thic cua a,b,c 1udn ludn
c6 biéu dién y. Ching minh diéu ndy ban xem trong phan tiép theo.
Béay gio lamot sd vi du cy thé dé chirng minh tinh hiéu qua caa phuong phép ndy,
vanéu co thé thi trugc tién ban hay thir ching minh chiing theo céch khéc.
Vidu 4.
Chang minh rang véi moi s thuc khdng am a, b, ¢ taluén co
a’ +b*+c? s 8abc
ab+bc+ca (atb)(b+c)(c+a)

3

Charng minh.

Tacht y d&én hai ding thuc sau day
a’+b’+c?- ab- bc- ca:%.((a- b)?+ (b- ¢)*+(c- a)?)
(a+b)(b+c)(c+a)- 8abc=c(a- b)* +a(b- c)* +b(c- a)’

Nhu thé sau khi thém bét 1 & mdi sé hang Vé tréi, ta co bat dang thirc twong duong

(a- b)®+(b- ) +(c- @)’ , 2c(a- b)*+2a(b- c)*+2b(c- a)’

ab+bc+ca (a+b)(b+c)(c+a)
Tatim duoc
Sa:(a+b)(b+c)(0+a)-2a:b+c-a- abc
ab+bc+ca ab+bc+ca
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:(a+b)(b+c)(c+a)_2b:c+a_b_ abc

S

ab+bc+ca ab+bc+ca
5 = @O0+, p oAb
ab+bc+ca ab+bc+ca

Do tinh d6i xirng nén c6 thé gia sir a3 b3 ¢, khi d6 dé thay S,,S. 2 0. Dya vao
tiéu chuan thir nht, ta chi can ching minh rang S, +S 3 0 la xong. Nhung diéu
nay rat hién nhién vi

2abc  _ 2c*(a+h) , 0
ab+bc+ca ab+bc+ca

S +S, =2c-

Vay bt dang thac d¢8 dugc ching minh.

Ding thirc xay ra khi vachi khi a=b=c hoic a=b,c=0 hoic c&c hoan vi tuong
ung.

Chuing ta hdy trg lai véi bat dang thic Iran 96.

Vidub5. (Iran TST 1996)

Véi moi sb thuc X, Y, z khdng am, ta cé

1 1 1o,

+ + 5
+y)? (Yy+2)? (z+X’g

(y +yz+ ) 2 9
(é(x 4

Charng minh.
bat a=x+y,b=y+zc=z+x. Taphai chitng minh

(2ab+ 2bc +2ca- a*- b*- cz)aei+i+i
g2 B A

0, 9
g 4

Bang bién d6i don gian, ta co thé chuyén bat dang thirc vé& dang

0 2&2 lO

a- by c—-=:3
3(.:( ) 8ab CZQ
=21

bc a

2 1

ca b?
=21

ab c
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Giasirang a3 b3 c thi S,,S, 3 0. Sir dung tiéu chuan 4, tachi can chirng minh
b’S, +¢*S. 2 0
U b®+c’3 abc
nhung bat dang thirc ndy hién nhién ddngvi agb+cb b +c®3 be(b+c) 3 abc.
Dang thirc xay ra khi vachi khi a=b = c hoic a=b, ¢ = 0 hoic c& hoan vi tuong
ung.
C6 mot vai chizng minh khéc cho bét dang thic Iran 96, cach thong thudng chiing ta
biét 1a khai trién va sir dung bat dang thac Schur (hoac ding dinh |y Muirhead),
hodc ding da thire ddi xing. Tuy nhién, ban doc s& dong y véi téi ring cac phuong
phap d6 chi co y nghia la chirng minh bat ding thic ding vé mat toan hoc, chu
khdng dé lai nhiéu an tugng. Viéc biét sir dung phuong phap S.0.S da lam cho bai
todn tré nén don gian hon rat nhiéu, day thuc sy 1a mot 161 giai dep va ngan gon,
thoa mén dugc my quan todn hoc cia nhiéu nguoi.
Phuong phép phan tich binh phuong ¢4 tirng xuat hién theo cach nay hay cach khéc
trong mot sd bat dang thic, vi né 1a mot hudng suy nghi rat tu nhién ddi véi bét
dang thirc. Nhung chic chan ddy s3 lalan dau tién ma phuong phép ndy duoc hé
théng va dugc coi 1a phuong phép chinh théng cho ching ta. N6 dem lai cho ching
tamot cach nhin chi dong va vo cung hiéu qua dbi véi cac bai todn ma chi mot thoi
gian ngan trugc con 1a nhirng bai toan vo cung khé khan. Bat ding thic Iran 96
duoc coi |a bai toan co ban tng dung phuong phédp ndy (mic di téc gia nghi dén
S.0.Stir mot bat dang thac cii hon). S.O.S1atén Iy tr chit cd dau tién caa cum tur
Sum of Square.
I1. Biéu dién co sé phwong phap S.O.S.
1. Mé dau.
Trong céc bai todn dugc din ra ¢ c&c muc trudce han cac ban da nhan thay s 1ap di
1ap lai cua biéu thirc dang F(a,b,c) =S,(b- ¢)®+S,(c- a)*+S.(a- b)®>. Céc dinh
ly sau d8y s& cho thay sy ton tai cuabiéu dién ¢6. Chiing tdi tu gi¢i han minh trong

céc 16p bat dang thirc 3 bién d6i xang, tuy nhién diéu d6 sé khéng |am han ché tam
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rng dung cua phuong phép ndy. Céac ban c6 thé sir dung céc vi du dé kiém chung
rang voi cling tu
tuong dudi ddy, hau hét cac bat dang thirc hodn vi ba bién ciing ¢ nhirng biéu dién
turong tu. Chiic c&c ban may man!
2. Céc khai niém co ban.
2.1. Tap xac dinh (TXD).
T day tro di néu khong co gi thay doi, dé cho bai toén rd rang va tréanh nhirng
phién phtic khéng dang c6, TXP cuatit ca cac ham sd va bt dang thirc s& giéi han
trong tap sd thuc RS, hon nita, d6i khi dé hop Iy chiing ta sé bo di diém (0,0,0).
2.2. Pinh nghia 1: Ham déi xirng ba bién.
Mot ham phan thic ba bién F(a,b,c) duoc goi 1& ddi xirng néu va chi néu dong
nhat thirc sau F(a,b,c) = F(x,y,2) dang véi moi hodn vi (x,Y,2) caa (a,b,c) .Hon
nita néu voi moi sd thuc duong x ma F(x,x,x) =0 thi F(a,b,c) dugc goi 1a ham
dbi xang babién chuan.
2.3. Pinh nghia 2: Ham nira ddi xing ba bién.
Mot ham phan thiee babién G(a,b,c) duoc goi laniraddi xirng néu va chi néu dong
nhat thirc sau G(a,b,c) = G(a,c¢,b) dling véi moi bo ba s thuc duong (a,b,c) . Hon
nita néu véi moi cap hai sb thuc duong x,y ma G(x,y,y) =0 thi G(a,b,c) dugc
goi 1a ham nira d6i xing ba bién chuan.
3. Cac dinh ly co so.
3.1. binh ly 1. Co sé cia phwong phap S.O.S.
Gia st F(a,b,c) lamot dathic ddi xirng ba bién chuan, thi ton tai mot da thic nia
dbi xang G(a,b,c) sao cho d¢dng nhat thirc sau ding

F(a,b,c) =G(a,b,c)(b- c)? +G(b,c,a)(c- a)*+G(c,a,b)(a- b)?
Trude khi dua ra mot chang minh caa dinh 1y ndy dua trén mot so hiéu biét don
gian vé khéng gian vecto chiing ti mudn nhan manh véi céc ban rang dinh ly trén
|adu dé &p dung ddi véi tat ca cac ham phan thirc ddi xtng babién. Boi vi dinh ly 1

han ché trong céc 16p da thirc ba bién nén cé thé ndi ti bac cua da thic. Trong da
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thiee ba bién a,b,c s& chira (vachi chiral) cac hang tir t,,, ,a"b"c? trong d6 m,n, p
|& c&c sb nguyén khong am.
Chiérng minh dinh ly 1.
Tachung minh dinh ly 1 cho 16p céc dathtc bac n. Ky hiéu S(F) latap hop tat ca
céc dathuc babién F(a,b,c) dbi xang chuan bac n, S(Q) latap hop tat ca cac da
thirc G(a,b,c) ddi xtng ba bién chuan bac n dang

G(a,b,c) =G(a,b,c)(b- c)* +G(b,c,a)(c- a)* +G(c,a,b)(a- b)®
& day G(a,b,c) ladathic niraddi xtng babién bac n- 2 (taxét n3 2 vivéi n=1
thi dinh Iy hién nhién dang).
Rd rang S(Q) la khdng gian vecto con cua khéng gian vecto F(a,b,c) . Vado do,
s6 chiéu cua S(Q) khdng vuot qua sd chiéu caa S(F). (*)
Véi céc sb nguyén khong 8m a,b,g xét cac dathirc dic biét sau day

(i) Fipq(ab,c) =g ab°c

sym
(ii) G, 4 (a/b,c)=a"b’c? +ab’c’
(iii) Q. p4(ah,0) =G, 4(ab,c)(b- c)* +

+G, , 4(b,c,a)(c- @)’ +G, , 4(c.a,b)(a- b)’

b.g
Ky higu f. latap hop tat ca cac bo sb (a,b,g) théaman cac diéu kién
a+b+g=nas3b3qg.

RG rang tap hop tat ca cac dathac F, , ,(a,b,c) véi (a,b,g)T f, lahe sinhdoclap

b9

tuyén tinh caa S(F) do d6 sb chiéu cia S(F) bang sb phan tar cia f,.(1)

Ky higu g, latap hop tat ca cac bo sb (a,b,g) théa man cac diéu kién
a+b+g=n-2a+23bs3g.

RO rang tap hop tat ca céc da thuc G, p4(ab,c) voi (@b )1 g, lahé vecto doc

1ap tuyén tinh caa S(Q) do d6 sd chiéu cua S(Q) khéng nho hon sd phan tir cua

G - )
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Tur c&c két qua (1), (2) véi chay la f. va g, cd clng sd phan tir ta suy ra sd chiéu
cua S(Q) khdng nho hon sd chiéu caa S(F). (**)

Vay tir cac két qua (), () suy rasd chiéu caa hai khong gian S(Q), S(F) labang
nhau, tir d6 suy ra moi phan tir caa khong gian S(F) déu cd thé biéu dién qua cac
phan tir cia khdng gian S(Q) . Pay lakét qua can phai chang minh.

Tur dinh Iy ndy c6 thé nhan thady mot thuat todn tim biéu dién co so, d6 1a tim ma
tran chuyén giira hai khéng gian vecto S(Q) va S(F). Duéi ddy |a mot thuat toan
so cap hon.

3.2 Pinh Iy 2: Thuit toan tim biéu dién co’ sb.

Gia st M (a,b,c),N(a,b,c) laha dathtc niradbi xing babién, hon nira véi moi sb

thuc duong X thi phan sb % lamot hang b t. Khi d6 tén tai ham sb nira
X, X, X

dbi xang babién G(a,b,c) sao cho dong nhat thac sau ddng

M (a,b,c) N M (b,c,a) N M(c,ab) 3t
N(a,b,c) N(b,c,a) N(c,a,b)
=G(a,b,c)(b- c)*> +G(b,c,a)(c- a)*+G(c,a,b)(a- b)?

F(a,b,c) =

Chiérng minh dinh ly 2.

Ddi voi ham nta d¢6i xaeng G(a,b,c) chiing ta tién hanh ghép cip céc hang ti nira
dbi xang a™"cP +a™bPc”. Sau d6, nhdm tat ca cac hang tir c6 cling bac vao mot
nhém. By s6 (n,n,,...,n) véi n >n, >..>n, gom tit ca céc gia tri bac coa da
thirc d6 sap theo thir tu giam dan goi 1a b chi thi cho da thirc d6. Khi d6, ta cé thé
viét

Cl’( o m /N n
G(a,bo)=a a Omn p-a" (D"c” +bPc")

i=1 m+n+p=n;,n® p

R rang diéu kién % la mot hang sd véi moi s thuc duong X teong duong
X, X, X

v6i su kién bo chi thi cua céc dathirc M (a,b,c), N(a,b,c) 1agidng nhau. Vado d6

taxét hiéu
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k
[} [e]
a a an,-a (b'c?+bPc")
M (a,b,c) Lt = JsLmenep=n e p i
N(a,b,c) N(a,b,c)

trongdo, a,,,, =My, - My, VAdodd &  ap,,=0"i=12..n

MmN+ p=n e p

Bay gio ddi véi mbi tong bén trong tuong ang véi mdi giatri n caata sb ching ta
tién hanh sip xép lai thir tu c&c hang tir trong tir sd cua phan sb trén sau d6 s3 ding
mot bién d6i nho dé 1am xuét hién cac nhante a- b,b- ¢,c- a.
Trudc hét ta chia c&c nghiém nguyén khéng am (m,n, p) thoa man n3 p cua
phuong trinh m+n+ p=n thanh n nhom theo c&c giatri m. Sap xép lai thir ty
c&c nhém theo do giam dan caa m. Trong mdi nhom thi giatri caa m lacé dinh, ta
sap xép lai cac nghiém nguyén khdng am caa phuong trinh n+ p=n - m theo do
giam dan caa n néu n - m |é vatheo do ting dan cia n néu n - m chan. Sau khi
d& sip thir tu xong, chiing ta c6 mot thir tw méi cua cac tap nghiém ban dau, mata
s& ky higu |a{(mj,nj, p,)| ] :1,2,...,|}, & day | 1amot ham sb phu thusc n. Dé
don gian taky hiéu

a; =a" (b"c” +b"c"), by =4, , ,
Khi d¢6 miu sb co thé viét lai mot cach don gian la

ab +ah, +..+ab, =

= (3~ )b, + (3, - )0 +b,) +...+ (8 ,- &)(B,+b, +..+h).
Su dung diéu kién b +b, +...+0h =0 va chia c&c hiéu a - a,,a,- a,,...,8_,- &
vao baloai sau

n-p p
b (b- ¢)?

(i) a™(b™cP +bPc™) - a™(b"cP* +bPc") = a™b"cP.—— z
(i) a™(b"c" +b"c") - a™(b™c" +b"c™!) = a™b"c"[(a- b)- (c- a)]
X ét biéu thirc
a™"c"[(a- b)- (c- a)] N b"c"a"[(b- c)- (a- b)] N c™a"b"[(c- b)- (b- ¢)]
N(a,b,c) N(b,c,a) N(c,a,b)
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Tién hanh ghép tirng phan trong ba hang ta trong biéu thirc ndy thanh ba cap theo
c&c nhantt a- b,b- c,c- a. M6t trong ba hang tir mai s [a

m-n bm- n

é a u
a- b)a"b"c" a - ~=(a- b)2.G(c,a,b
(a-b) EN(a,b,c) N(b.c,a)f (a-b)Glaab)

trong dé

c"a"o" a™".N(b,c,a)- b™".N(a,b,c)
N(a,b,c).N(b,c,a)’ a-b

G(c,a,b) =

& day, tada st dung N(b,c,a) = N(b,a,c). Do ca tir sd va mau sd caa phan sb trén
déu 1a nhitng da thirc nira d6i xtirng ba bién a,b,c va d6i xang hai bién a,b nén
G(c,a,b) 1aham naa déi xang ba bién.
(iii) a™*(b™c" +b"c™) - a™(b™ ™! +b™ ™) = a™p"c"[c(a- b) - b(c- a)]
X ét biéu thuc
a™b"c"[c(a- b)- b(c- a)] N b"c"a"[a(b- ¢)- c(a- b)] N
N(a,b,c) N(b,c,a)

N c™a"b"[b(c- a)- a(b- ¢)]
N(c,a,b)

Tién hanh ghép tirng phan trong ba hang ta trong biéu thirc ndy thanh ba cap theo
cacnhantt a- b,b- c,c- a. Mot trong ba hang tir mai s2 la

m-n bm- n

é a u
a- b)a"b"c" a - ~=(a- b)2.G(c,a,b
@-b) &N(a,b,c) N(bca)g a- bFeleab)

trong d6

c™ab" a™".N(b,c,a)- b™".N(a,b,c)
N(a,b,c).N(b,c,a)’ a-b

G(c,a,b) =

& day tada sir dung N(b,c,a) = N(b,a,c). Do ca tir sb va mau sb cua phan sb trén
déu 1a nhitng da thirc nira d6i xtirng ba bién a,b,c va d6i xang hai bién a,b nén

G(c,a,b) 1aham naa déi xang ba bién.
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Vay trong ca ba trudng hop ta déu chi ra cach bién dbi thich hop dé dua biéu thic
vé dang biéu dién can thiét. Piéu nay hoan thanh viéc chang minh dinh ly 2. Niém
tin vé& sy ton tai biéu dién co s& da duoc khang dinh.

B. CAC BAI TAP AP DUNG.

|. Bai tap cOloi giai.

Bai 1.

Cho a,b,c>0 thoa min{a,b,c} 3 %.max{ a,b,c} . Ching minh rang

® 1 1 1 6,9,1% (a- b)? 6
ab+b 2
(ab+ C+Ca)(é(a+b)2+(b+c)2+(c+a) AVRET: gf}c(am)

Charng minh.
Khdéng mét tinh tong quét gia st ¢3 b3 a3 %.C>O.

‘|b+c 2X ‘|a—-x+y+z
Dat|c+a 2y U |b X- y+z P XY,z lado da bacanh caamot tam giac
la+b=2z lc=x+y-z

Doc3 b3 as %.c nén x3 y3 z>0va4(-x+y+2z)3 x+y- zb 3y+5z3 5x
Bat dang thirc can chizng minh tro thanh

el 1 109 1890(xy)

o
(2xy +2yz+22x- X* - y* - 2°) + :
§ax? 4y 425 4 16% 2

O (2xy+2yz+2zx- X*- y?- zz)geiz+i2+i03 9+1aeo (x- y) 2
&° Y 2y 48 7 5
0 §1(><-y)2883-io 0
Xy 4z 17
=
bat S =—-
S = vz 4x28y ™ 4y25z Y iz

Bat dang thtrc can chizng minh twong dwong voi
S(y- 2°+S,(z- X)*+S,(x- y)*2 0
Do x3 y3 z>0va3y+5z3 5x nén S, >0 va8y?3 5xb S 30

Ta chirng minh
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y*S,+2°S,3 0
2_y2+2_223 §
Xz xy 2
U 4(y’+2°)3 5xyz
Ma 3y +5z3 5x nén tachi cin ching minh
4y*+2°)2 (3y+52)yz
U (y- 2)(4y* +yz- 42°)3 O (fiung)

([a)

Taco x- z3 %.(x- y)3 0.
Do do
S(¥- 2*+S,(z- X)*+S,(x- ¥)*® S (z- x)* +S,(x- y)°
* S, Ly (x- y)P +S,(x- y)

_(x- Y)’(y’S, +2°S))
Z2

30
P dpcm.

Pang thirc xay rakhi vachi khi x=y =2z hoic y=z :g.x.

Bai 2. (Vasile Cirtoaje)

a,b,c >0 thoa a® + b* + ¢ =1. Chirng minh rang

1 1 1 9
+ + £—
l1-ab 1-bc 1-ca 2
Charng minh.
Bat dang thirc can chizng minh twong dwong voi
3%._2 %
Cycg 1- abg
0 é l‘ 3a.b3 O
oc 1- ab
§ g 26, g
oc 1-ab
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o 2(a’®+b*+c?)- 6ab

U 0
o 1- ab
2 2 2 2
0 53(a-b) +§120 -a-b
o l-ab o 1-ab
2 2 2 2 2
0 53(a-b) +éc - a -éb “Csp
o 1-ab o l-ab g 1-ab
2 2 2 2 2
053(a-b)+éa-b_oa-b30
o 1-ab o 1l-bc o 1-ca
04 3a- b)* o (a- b)*(a+h)c, 0
o 1-ab ¢ (1- bc)d- ca)
U & (a- b)?(3- 4ac- 4bc+abc + ab’c +3abc?) 3 0

cyc

S, =3- 4ab- 4ac+ ab’c+abc® +3a’bc

S, =3- 4ab- 4bc+a’bc + abc® + 3ab’c

S. =3- 4bc- 4ac+ ab’c+ a’bc + 3abc?
Bat dang thirc can chizng minh twong dwong voi

S, (b- c)*+S,(c- a*+S.(a- b)*3 0
Taco

S, >3- 4ab- 4ac

=3(a®+b?+c?) - 4ab- 4ac

2 o) 2 0
:3?1+b2++3?1+02+' 4ab- 4ac
é?2 é2

o o
3 3/2ab +3./2ab- 4ab- 4ac
>0
Dodé S, >0

Tuwongty § >0,S,>0
b S (b- c)*+S,(c- a*+S.(a- b)*3 0
P dpcm.

Pang thirc xay ra khi vachi khi a=b=c.
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Bai 3. (Vietham Team Selection Test 2006)
Cho x,v,zl [1,2]. Chiang minh

a 1 106, & x O
(X+y+2z)c—+—+—-:3 6¢cq -
gX Y Zg gcyc y+25

Charng minh.

Tacé, bat dang thuc can chizng minh tuong duong

(X+y+2)(xy+yz+2) 93 35 ae 2X _12
Xyz cycgy+z (4]

o Z(x-Y)?, e (X-Y)?
A2 Y) 338 27 Y)
A7z T xeayro)

o ZZ+Xz+Yyz- 2xy )

a (X-y)30

o X (X+2)(y+2)

g (Zrxatyz- 29)2x+y) ( 2s g

o XYZ(X+ Y)Y+ 2)(z+X)

é (Z3X+Z3y+2XyZZ +X222 +y222_ 2X2yz_ 2Xy22)(x_ y)2 3 O

cyc

([an)

([a)

([a)

([a)

S, = Xy + X2+ 2X°yz+ X°y* + X°Z° - 2xy°z- 2xyZ°

S, = VIX+ Y32+ 2022+ XBY2 + Y27 - 2xPyz- 2xyZ

S, = 2x+ 22y + 2xyZ° + X°Z% + y°Z* - 2X°yz- 2xy°zZ
Khi @6 bat dang thirc can chiing tré thanh

S(y- 2°+S,(z- X)*+S,(x- y)*3 0

Khoéng mat tinh tong quét gia st x3 y3 z.
Do x,v,zl [1,2] nén y+2z3 x3 y3 z3 g

Taco
S, = Xy + X2+ 2X°yz+ X°y* + X°7° - 2xy°z- 2xyz?
=Xy +X°z+X(y + 2)(xy + Xz~ 2y7)
>0
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S, = VX + Y3z + 2xy27 + X2Y2 + Y2722 - 2xPyz- 2%yZP
= y(z+X)(y* +xy+ yz- 22X)
3 y(z+X)(Z2+xz+ 7% - 22X)
=yz(z+x)(2z- X)
30
S,+S, =x(Y’ +2) +yz(y+2)* +X*(y- 2)*- 2x’yz
3 xyz(y+2)+yz(y+2)*- 2x°yz
3 Xyz+x%yz- 2X°yz
=0
Do d6 theo tiéu chuan 2, ta cd dpcm.
bing thuc xay rakhi vachi khi (x,y,2) = (t,t,t),(2,11) (tT [12]).
Bai 4.
a,b,c>0. Chirng minh rang
o ab+bc+ca, 1
oe 8a’+hc
Charng minh.
Taco bat dang thirc can ching minh twong duong voi
o adb+bc+ca bc 0, 0
C.& 8a’+bc ab+bc+cap
(ab+bc+ca)’ - be(8a® +hbe) |, 0

~

U

[

g‘c 8a’ +bc
~ o a’b®+a’c?- 6a’bc+ 2ab’c + 2abc?
04 k 30

oy 8a“” +bc

2 _ 2 _

0 § 30", oancg RHC- 24

oc 8@ +bc oc 8a° +bc

2 )2
RO rang ta co é_a(?—c)3 0
oc 8@ +bc

Do d6 ta chi can chang minh
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o b+c-2a,

o 83 +hc

0 é_ c-a é_ a-b
o 832 +bc . 8a% +hbc

0 é. a-b ) é. a-b
o 8b*+ca . 8a” +hc

2

0 2 (a 2b) (8a+§b C), 0
oc (8a° +bc)(8b° +ca)

U 4 (a- b)?>(Ba+8b- c)(8c?+ab)3 0

cyc

3

3

Khoéng mat tinh tong quét gia sir a3 b3 ¢>0.
Pt
S, =(8o+8c- a)(8a” +bc)
S, =(8c+8a- b)(8b* +ca)
S. = (8a+8b- c)(8c” +ab)
Thé thitaco S,,S. >0.
Bat dang thtrc can chizng minh twong dwong voi
S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Taco a%(8b* +ca) 3 b?(8a® +bc)
Do do
a’sS, +b”S, = a*(8c+8a- b)(8b* +ca) +b*(8b+8c- a)(8a® +bc)
3 h?(8c+8a- b)(8a® +bc) +b?(8b+8c- a)(8a” +bc)

=b?(8a® +bc)(7a+ 7b +16c)
>0

Do d6 &p dung tiéu chuan 4, ta co dpcm.
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Bai 5.
a,b,c>0. Chirng minh rang

o (b+0)?
o & +hbc

30

Charng minh.
Khdéng mét tinh tong quét gia s a3 b3 ¢>0.
Tacé bat dang thirc can ching minh twong duong voi

o b%+c?- 2a°

2 *0
e @ +hc

2_ .2 2_R2
Uécza-éazbi*o
qc @ *thc ca’+bc

2 2 2 2
Uéa-b oa-b30

oeb?+ca oo a’+hc

U & (a- b*(a+b)(@a+b- c)(c?+ab)3 0
oye
S, =(b+c)(b+c- a)(a’® +bc)
S, =(c+a)(c+a- b)(b®+ca)
S =(a+b)(a+b- c)(c? + ab)
Thé thitacd S,,S, 2 0
Bat dang thtrc can chixng minhh tuong duong Véi
S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Ta chirng minh
b’S, +a°S 3 0 *)
U a?(c+a- b)(c+a)(b®+ca)3 b?(a- b- c)(b+c)(a+hc)
* Néu a£ b+c bat dang thic (*) hién nhién ding.
* Néu a>b+c
icta-b>a-b-c>0
Taco :'c+a3 b+c>0 nén (*) dung.
La2(b? +ca)3 b2(c? +ab) >0
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Tur ddy, &p dung tiéu chuan 4, ta suy ra dugc dpem.
Pang thirc xay ra khi va chi khi (a,b,c) = (t,t,1),(t,t,0) (t>0)..

Bai 6. (Crux Mathematicor um)

a,b,c lado dai bacanh cia mot tam giac. Chirng minh

(V- b)"+ (Yo~ o] +(4e- Vo)’ 4 2

. ¢ 29
(\/5+ b+ﬁ) 9¢r g
Charng minh.
Taco
E- 2= pat;C- 2
r 4S
_ 2abc 9
(a+b- c)(c+a- b)(b+c- a)
_ 3 (a- b)®

-a (c+a- b)(b+c- a)

Do d6 bat dang thirc can chizng minh tuong duong Véi

g (BB 4y @y
o (Va+yb+e) 9o (bFe-d)(e+a-b)

0 & (Va- %)z?§£+%)z(ﬁ+%+ﬁ)z- 9b+c- a)(c+a- b)gg?’ 0

Do a,b,c 1a do dai ba canh cia mot tam gidc nén /a,~/b,</c ciing 1a d6 dai ba

canh cua mot tam giac. Do dé
4(\/5+\/5)2(\/5+\/5+\/E)2- 9(b+c- a)(c+a- b)>16c? - 9c? =7¢? >0
Tuong tu
4(\/54‘\/6)2(\/54'\/54'\/6)2- 9(a+b- c)(c+a- b)>16a*- 9a’ =7a*>0
4(Je+a) (Va+yb+e) - ab+c- a)a+b- ¢ >160°- 9b =77 >0

Tu déy, tasuy radpcm.
Pang thirc xay rakhi vachi khi a=b=c.
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Bai 7. (Vasile Cirtoaje)

a,b,c la o dai ba canh cua mot tam giac. Khi fio, ta co
@ 9+EO A E+EO+3
8b cC ag 80 b ag

Chéng minh.

Taco

&§+b+£o &a+c+90+3
8b cC ag 80 b ag
aa b c s, C b

U 332 4+= +_-3_ +—-3;
8b c a 80 b a

U a (5a- 5b+3c:)(a- b)?3 0
oyc

Nat S, =5b- 5¢c+3a,S, =5¢c- 5a+3b,S =5a- 5b+3c.
Bat fiang thoc can chdng minh t66ng n6ong voi

S,(b- ) +S(c- @)?+S,(a- b)?2 0
+ Troong hop 1. a£b£c. Khifio,taco § 2 0 va

S, +§ =8b-2a>0(dob?3 a)

S.+§ =8c-2b>0

Do fio
S,(b- ¢’ +S,(c- a)*+S,(a- b)* 2 (S, +S,)(b- O’ +(S +§)(@- b)*2 0
P fipcm.

+ Troong hop 2. a2 b3 c. Khi fio ta co S,,S. % 0. Do fio neu S, 3 0 thi ta co

ngay fipcm, vi vay ta chz can xet tréong hop S, £ 0 la fiu.
+ Tréong hop 2.1. a+(\ﬁ3- 1)c£\@b U a- c£/3(b- ¢
Ta co
S, +3S =14b+10c- 12a3 12(b+c- a) >0
Do fio
S,(b- ¢)*+S,(c- @) +§(a- b)*3 (S, +35)(b- ¢)*2 O
P fipcm.
+ Trédng hop 2.2. a+( ) J3bU a- b3 (\/é l)(b- C)
+ Troédng hop 2.2.1. a3 %

Ta col
S, +2S, =11b+5c- 7a3 8(b+c)- 7a>0
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& 3o,

S +2§ =b+13c- 5a>b+13(a- b)- 5a:88a- —:30
a
Do o
S,(b- )’ +S,(c- a)*+S,(a- b)* 2 (S, +25,)(b- ¢)* +(§,+25,)(a- b)*2 0
P fipcm.

+ Troong hop 2.2.2. aE%

+ Troong hop 2.2.2.1. a+c3 2bb c3 %
Taco
S, +2§ =11lb+5c- 7a3 8(b+c)- 7a>0

S, +2S, =b+13c- 5a3 2—§‘+13.g- 5a=0

Do o
S,(b- )’ +S,(c- a)*+S,(a- b)* 2 (S, +25,)(b- ¢)* +(§,+25,)(a- b)*2 0
P fipcm.
+ Troong hop 2.2.2.2. a+c£2bU a- c£2(b- c)
Ta co

S, +45,+(v3- 1)’ 5 = (5a- 5b+30)(V/3- 1) +17b+15¢- 17a

Do a+(\ﬁ3- 1)03 /3b nen b£%+@

5a- 5b+3c? 5a- %- @
~ 5(\/:_3- 1)a+ (5- 2\/1_3)0
3 V3
5(+3-1)a

- J U S

V3

Suy ra

+3c

Do o
5(+/3- 1)3a
J3
3 5(+/3- 1)3a
V3
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5(@- 1)3a
T

-a>0
Do fio
S,(b- 0)2+S,(c- a)2+S,(a- b)?? g%a+4so+(ﬁs- 1)zscg(b- 023 0

P fipcm.
Bai 8.

X, Y, z>0. Chirng minh rang

X2+ Y2 + 22+ xy + yz+ 2x3 \/E(x\/yz + 2 + YR +X +z\/x2 +y2)
Charng minh.
Taco, bat dang thuc can chitng minh tuong duong véi
2(x* +y* +2°) - 2xy +yz+20) 3
3 2\/§(x\/y2 + 22 + YR+ X +z\/x2 +y2)- 4(xy + yz + 2X)

0 & (x- )2 28 (/2y' +7) - X(y+2))

cyc cyc
2
0 2 (x- W23 23 X(y- 2)
Sc( Y Sc\/Z(y2+zz)+y+z
" 2(x- y)?
0 & (x-v)?2 2§
oc oc 20C + Y2 +xX+y

Talai co

[]

2 2
2a 2x- ¥) £3 2x- y) (theo bfit Bunhiacopxki)
e 20C + YD) XY o XFY

Do d6 ta chi can chang minh

2
2 (- \)23 3 zZ(x-y)
glc( y) glc—xw

- z O
0 §cl- —2-2(x- )2 0
cycg XtYg

< X Yy y4
Pat =1- =1- =1-
S =1 -8 =1 8 Tl o
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Bat dang thtrc can chizng minh twong dwong voi
S(y- 2°+S,(z- X)*+S,(x- y)*2 0
Khong mat tinh tong quét gia st x3 y3 z>0.Khi d6 S,S, >0

Taco

2 2
W2S +Vv2S =2 + 2_Xy_i3xz+ 2_ 233 0
S +y°S Y1 e Y- 2xy

Do d6, &p dung tiéu chuan 4, ta co dpcm.
Pang thirc xay rakhi vachi khi x=y=z.
Bai 9. (Hojoo Lee)

a,b,c>0. Chirng minh rang

2(a®+b* +¢?) ,S@+b+ c)?

3
abc a’+b?+c? 33
Charng minh.
Taco
& 2 038, 20
3, p3 4 A3 2 a(a'b)fac(a'b)i
2(a’+b +c)+9(a+b+c) _ 3= 8or oye o
abc a’+b%+c? abc(a? +b? +¢?)
P dpcm.

Pang thirc xay rakhi vachi khi a=b=c.
Bai 10. (1M O 2005)
X, Y, z lacéc s thuc duong thoa xyz3 1. Ching minh

NI Vo -y 25 22
5 2 2+ 5 2 2+ 5 2 230
XCHY +2° YHZ X ZHX+Y

Charng minh.
Khdng mat tinh tong quét ta chi can xét trudong hop xyz =1 ladu. Khi d6, tacd

*-x2 X -xXxyz o x-xPyz 2t (YR + 2)
X+ Y2 + 22 x5+(y2+22)xyz X*+(y2+Z)yz  2x* + (Y + 2P)?

bit a=x%,b=y? c=2z. Khi d6, tachi can chirng minh
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o 2a°- a(b+c),
e 28° +(b+c)?

A s ] a b 0]
U - a-b - .3
‘E}C( )‘éza2+(b+c)2 2b% +(c+a)’ 5

c?+ac+bc+a?+b%- ab

5 > 5 >-3 0 (Aung)
(2a° +(b+c)")(2b" +(c+a)7)

U 4 (a- b)2
oc
P dpcm.
Pang thirc xay rakhi vachi khi a=b=c0 x=y=2z=1.
Bai 11. (Moldova 2006)
a,b,c 1ado da bacanh ciamot tam gidc. Chizng minh rang

a2® 10 +b2 £ 19 +c —-1_ 0
c a &b

Charng minh.
+ Céch 1.
Tacé bat dang thirc can ching minh twong duong voi

a a%(b- c)3 0
cyc
o1

N

A c*(b+c- a)(a- b)?3 0 (fiung)
cyc

P dpcm.
Pang thirc xay rakhi vachi khi a=b=c.
+ Céch 2.

Tacé bat dang thirc can ching minh twong duong voi

123



_3 a
a c SC
0 ag—b+bc 2ab2 13 (a- b
cyce [4/] chc
~ o b(c- a)?
cyc
0 a(a b)zg‘_’-lg 0
DtS_E_lSﬂ_E_lSC:E_E
b 2 a 2

Bat dang thtrc can chizng minh twong dwong voi
S,(b- ) +S(c- @)?+S,(a- b)?2 0
+ Trwong hgp 1. b+c>as3 b3 c. Théthitacd S,,S, > 0.

Tacd
b ¢
SD+SC_E+5- 1>0(dob3 c>0)

Do d6, p dung tiéu chuan 2, ta co dpcm.
+ Trwong hop 2. a£b£c<a+b. Théthitacd S, S >0.

Taco

- Z:M

E 30
b bc

c b
Do d6, p dung tiéu chuan 2, ta co dpcm.

§+S _9+E-1>b+C b-1:9+
c b c

Tom lai, trong moi truong hop, ta luén co

S,(b- ¢)*+S§,(c- @)’ +S.(a- b)*3 0 (dpcm)
Pang thirc xay rakhi vachi khi a=b=c.
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Bai 12.
X, Y, z lacéc s thuc duong. Ching minh rang

x2+yz+y2+zx+22+xy3§
(y+2?* (z+x)* (x+y)® 2

Charng minh.
Pit a=y+zb=z+x.c=x+y.Khi do, tacd bat ding thic cin chirng minh tuong

duong véi

2 e
ég@bc cazab+a _1230
oc e a @
0 o ab(c-a) c(a- b)o
2
8 a’ @ 5

é_ b(c-2 a) é_ c(a-2 b) ,

oc & coyc

c(a-b c(a-b
3 (b2 ) 3 ( : ) 5
cyc cyc
o c(a- b)?(a+b)
a a2b2
cyc

w P dpcm.
bang thic xay rakhi vachi khi a=b=c.
Bai 13. (Gabriel Dospinescu)

([an)

(=)

([an)

3 0 (fiung)

a,b,c>0. Chirng minh rang
(@ +b?)(b? + c?)(c® + a*)(ab + bc + ca)? 3 8a’b’c?(a® +b? +c?)?
Charng minh.
Taco
(@ +b?)(b? + c?)(c® + a%)(ab + bc + ca)? 3 8a?b’c?(a® +b? +c?)?
U  a°(b- c)?(b? +bc+c?) + 2abc(a?b? +b%c? + c?a? )ga c(a- b) 3 0 (fung)

oy 2

P dpcm.
Pang thirc xay rakhi vachi khi a=b=c.
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Bai 14. (Old And New | nequalities)
a,b,c>0. Chirng minh rang

oa b3
a a+b

cyc

£4a( - b)?

Charng minh.

|b+c 2X |a—-x+y+z
bat |c+a 2y U |b X-y+z b XV,z ladoé da ba canh caia mot tam giac.
la+b=2z lc=x+y-z

Khi d6, bat dang thirc can chirng minh twong duong voéi

(X )’ £Q (x-y)°
Q/C cyc
Taco
8 (x- y2- & & y)® =g (- Y (Y+z-%, g
cyc cyc ZA cyc ZA
_ 3
b & (x-y)?s § XN (1)
cyc cyc
Talai co
8 (x- yy+ 8 KW _g (X VEEx-y)
cyc cyc z cyc z
b & (x- o - &N @
cyc cyc
Tu (1) va(2) tasuy radpcm.

Pang thirc xay rakhi vachi khi a=b=c.

126



Bai 15. (USA Team Selection Test 2004)

a,b,c>0. Chirng minh rang
a+b+c- 3{”/%£3max{(\/5- \/5)2(\/5 \/6)2(\/6 JE)Z}

Charng minh.
pat a=x°,b=y% c=2° (xy,2>0). Khi d6 bt ding thirc can chirng minh tuong
duong véi
X2+ yo+ 2% - 3xy?Z% £3max{ (x*- ¥*)%,(Y®- 22)*(Z* - x)%}
Do d6, ta chi can chirng minh
X +y+22- 3PV E(XC- V)P + (Y- )P+ (- X

0 & (x- V)20E+y? +xy)%- (C+y? +22)(x+Y)?)3 0

cyc

S =AY+ +y2)?- (X +y +Z°)(y+2)°
=y + 2P +4y* 2 + 2y 2+ 2y73 - XPyP - X272 - 2XPyz
S, =2AZ2 +x*+20%- (X +y* + Z°)(z+ X)?
=7+ X+ 48X + 232+ 2x2° - XPyP - yPZE - 2xy*z
= (x+2)%(X* - y?) +32°x* + 2x2°
S, =2(x* +y* +xy)* - (X +y* + Z°)(x+Y)?
Bat dang thirc can chizng minh twong dwong voi
S(y- 2°+S,(z- X)*+S,(x- y)*2 0
Khong mat tinh tong quét gia s x3 y3 z>0.Khi d6, rérangtacod S, S, >0.
Taco
S +S, =(X*- y°)? +2Z2°(x+y) +2z(x + y)(X- ¥)* >0
Do d6, &p dung tiéu chuan 2, ta suy radpcm.

Pang thirc xay rakhi vachi khi x=y=z0 a=b=c.
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Bai 16. (Pham Kim Hung)
a3 b3 ¢>0. Chang minh rang

o a' _atb+c

a
o 32+ 20° 5

Charng minh.
Taco
3 a® _ atb+c
o 33° +20° 5
- 25a*
U3 -2 _s5@+b+c
2‘03a3+2b3 ( )
N ®e 4 0
08022 . 11a+6022 0
Cyce3a +2b 4]
_h\2(. Aa2 2
0 éZ(a b)( :fa +:;ab+6b)30
o 3a®+2b
Dt Sa:-4b2+bc+602’S[):-4cz+ca+6a2’sc:-4a2+ab+6b2
3 +2¢3 3c® +2a° 3a® +2p°

Bat dang thtrc can chizng minh twong dwong voi
2S.(b- c)*+2S (c- a)*+2S.(a- b)*3 0
RGrangtacod S, 2 0. Tasé chirng minh rang
S, +25.30 M
a’s, +2b°S, 3 0 2)
* Chirng minh (2).
Taco bat dang thire (1) twong duong voéi
2a’(a? + 2ab+3b? - 6¢°) +12a%(ab® +b* - 2¢°) +
+2(a’0® +a'c- 4b%c?) +a'c+2ab’c+6abc® +36b%c3 3 0
Piéu ndy hién nhién dingdo a3 b3 ¢>0. Vay (1) dung.
* Chirng minh (2).
Taco
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(2 U f(a) =a?3p®+2c%)(6a® +ac- 4c?) +
+2b?(3c® + 2a°)(6¢* +bc- 4b%) 3 0
f/(a) = 24a°(3ab® + 2ac®- 2b*) +
+ac(3b?(7ab + ac- 8bc) +16c(ab® - ¢®) +53ab’c) >0 (do a3 b3 c>0)
b f(a) dong bién.
b f(a)3 f(b)=b?(b?*(2b*+ 7bc+3bc? - 12¢®) +9b°c? +8bc?* +28¢%) 3 0
P (2) ddng.
Tré lai bai toan chata
Tacd
2S,(b- c)*+2S,(c- a)*+2S.(a- b)*3

(b- 0)*(a’S, + 20°S,)
b2

3 (S, +2S.)(a- b)2+ 30 (doa- c3 %.(b- ¢)3 0)

P dpcm.
Bai 17. (Pham Kim Hung)

Cho cac so khong am a,b,c. Chdng minh rang
3

a’ b° ¢’ ,at+b+c

+ +
2a>+b? 2b%*+c? 2c?+a’ 3

Chéng minh.
Ta col bat flang thdc can chong minh t66ng 66Nng VoI
2b- a 2 2c-b ,» 2a-c 2
———.(a-b)+——.(b-c)’+———.(c-a)“30
2a” +b? (a-b) 2b? +c? (b-©) 2¢% +a° (c-a)
Co 2 tr66ng hop xay ra
+ Troong hop 1. a3 b3 c¢3 0. Khi fio, ta co

I
2a%?+b? 2c?+a?
-2a 2a

30

+
2a’+b?> 2c®+a?
4bh- 2a N 2a-c
2a’+b®> 2c¢®+a?
4b- 2a 5
—2a2 e (a-b) +

30

2a-c
m.(C' a)2 30 (1)
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(4c- 2b)b? . (2a- c)a?

30
2b? + ¢? 2¢% + a2
4c- 2b
P (b- ©)* Yot al (C a)*3 0 2
Cong cac bat fiang thoc (1) va (2) ve theo ve roi chia ca hai ve cho 2, ta i6oc
2b- a 2, 2c-b 2a- C 5
— (b- + - 30
2a® +b?’ (a- by 2b? +¢? 2l c2+a?’ (c-a)

+Trodng hdp 2. ¢ b3 a3 0.
+ Troong hop 2.1. 2b3 c+a. Khi fio, ta se chdng minh
2b-a  42a-c),
+
2a®+b* 2c¢%+a’
That vay, de thay ve trai lar ham tang cua c nen ta chz can chéng minh khi ¢ =b,
toc la chdng minh
2b-a  42a-b),
+
2a®+b®* 2b%+a’
U 4b®+2a’h- 2ab®+16a°- 8a’b+8ab’ - 4b° 2 0
U 3a(5a®- 2ab+2b%) 3 0 (fiung)
2b-a  42a-c),
+

Do ol
2a?+b? 2c?+a?
Vay
2b- a 2c-b , 2a-cC 2
(b-c)+———.(c-a)°3
2a? +b2( b)* + 2b2+cz( ) 202+a2( )
2b- a 2 2a-c 2
35— (c-a)+ (c- a
4(2a2+b2)( ) 202+a2( )
30

+ Troong hdp 2.2. 2b £ c+a. Khi fio, ta se chdng minh
222 +22 " 26; +?;Cz 3 )
That vay, de thay ve! trai la ham tang cua ¢ nen chg can chong khi c=2b- a.
Bat fiang thoc (3) trd thanh
2b- a 9a- 6b
+
2a”+b*  8b*+3a*- 8ab
U 100%- 15b%a+2a’b+15a°3 0 (fiung)
Tiep theo, ta se chdng minh
2c-b N 3 2a-c
2b? +¢*  2°2¢% +a’

3

*0 (4)
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That vay, vi ve trai la ham giam theo a nen ta chz can chéng minh khi a=b, bat
fiang thoc tro thanh

4c- 2b N 6b- 3c |

2% +c® 2% +b°

U 5¢® +2c?h- 2b%c+100b%3 0 (fiung)
Neu c £ 2a thi ta co bat fiang théc can chéng minh ﬁung Neu c3 2a thi td 2 bat

flang thoc tren, voi chuy rang (c- a)? £3(b- a)* += (c b)?, ta col

2b- a 2, 2c-b 2 Za'C 2
—_— (b-c) + (c-a)3
2a’® +b2( o)+ 2b% + 2( ) 202+a2( )
,eb-a +3(2a c)ob anC b +3 2a-Cc 0O b)2
€2a2+b? 282 +a’ g( &)+ o2 +c2 2 2¢2 +a2_( )
30
Tom lai, ta luon co
2b- a 2c-b 2a- c
sarv? &7 g (07 O g (07 @72 O (e

Nang thdc xay ra khi va che khi a=b=c.
Bai 18. (Pham Van Thuan)

a,b,c>0. Chirng minh rang

a’ +b? +c? s 8abc
ab+bc+ca (atb)(b+c)(c+a)

3

Charng minh.

Tacé bat dang thirc can ching minh twong duong voi

2 & 1 C 0]
gz(ab +bc+ca) (a+b)(b+c)c+a)y

U é (a- b)*((a+b- c)(ab+bc+ca)- abc)3 0

cyc

23

a(a-b
cyc

S, =(-a+b+c)(ab+bc+ca)- abc
S =(a- b+c)(ab+bc+ca)- abc
S.=(a+b- c)(ab+bc+ca)- abc

Bat dang thtrc can chizng minh twong dwong voi

S,(b- c)*+§(c- @) +S(a- b)*2 0
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Khéng mét tinh tong quét gia sir a3 b3 ¢. Théthitacd S,,S, 2 0.
Taco
S +S =2c%(a+h)3 0
Do d6, &p dung tiéu chuan 2, ta co ngay dpcm.
Ding thuc xay rakhi vachi khi a=b=c hoic a=b,c =0 vacéc hoan vi.
Bai 19. (Pham Van Thuan)
a,b,c>0. Chirng minh rang

(a+b+c)?
a’+b’ +¢?

abc ab+bc+ca g

1ad+b*+c® a?+b’*+c? 0
2'¢
Charng minh.

Tacé bat dang thirc can ching minh twong duong voi

4 a+b+c 1 o)
-b + - =3
ga( ’ Qéa +bh2+c? abc ab+bc+cag

+b+c;3 9
abc ab+bc+ca

Bit dang thic ndy ddng do a

P dpcm.
Pang thirc xay ra khi vachi khi a=b=c.
Bai 20. (Pham Kim Hung)
a,b,c>0. Chirng minh rang
2a° +5bc | 2b® +5ca  2c®+5ab , 21
(b+c)> (c+a)®> (a+h)®> 4

Charng minh.
Tacé bat dang thirc can ching minh twong duong voi
é_ a2a’ +5bc 7 0,
cyc e (b + C) 4 ﬂ

0 A 8a? - 7b®- 7c* +6bc

2 *0
o (b+c)
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2 _ K2 2_ .2 PRY
A4éa b2-4§_C a2_3é(b c:)23
o (BD+C)" g (btc)® g (btc)

o8 . me@atb)(at+tb+2c) 3 0,
YA e G rbror  (arb)
0 a(a- b)2(4(a+b)3(a+b+20)- 3a+c)’(b+c)®)3 0

cyc

S, =4(b+c)*(b+c+2a)- a+b)’*(a+c)?
S =4(a+c)’(a+2b+c)- 3(a+b)*(b+c)?
S. =4(a+b)’(a+b+2c)- 3(a+c)’(b+c)’
Bat dang thtrc can chizng minh twong dwong voi
S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Khoéng mét tinh tong quét gia s a3 b3 ¢>0.
Khi d6, tadé dang nhanthdy S,,S.3 0.
Taco
S, +S =4c+a)’(a+2b+c)- a+b)’(b+c)* +
+4(b+c)®(b+c+2a)- 3(a+b)*(a+c)?

=8c(a+b)((a+c)®+(b+c)?) +(a- b)?(a®+b®+4ab+ 2ac+ 2bc- 2¢?)
30

Do d6, p dung tiéu chuan 2, ta co dpcm.
Pang thirc xay rakhi va chi khi (a,b,c) = (t,t,1),(t,t,0) (t > 0).
* Chii .

ciing la hang sb tét nhat cia bat dang thirc

N o

a2+kbc+b2+kca+c:2+kab33(k+1)
(b+c)® (c+a)® (a+b)? 4
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Bai 21.
a,b,c>0. Chirng minh rang

2 2 2 2 2 2
3@ +b°+

a_+b_+c_+a+b+03 a’+b C)

b ¢ a a+b+c

Charng minh.

Tacé bat dang thirc can ching minh twong duong voi

2 O 2 2 2 O
é?i+b- 2223 228(a tOHC) ap-
cyceb (4] e a+b+c (4]
- al 2 0
U 3 (a- b)2S=- 230

‘E}C( ) & arbrcs
Pits =t-— 2 g=1._2 g1 _2
c a+b+c a a+b+c b a+b+c

Bat dang thtrc can chizng minh twong dwong voi
S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Taco
1 11 6 9 6

3

S+§+S=—+—-+—- 3

a b ¢ a+b+c a+b+c a+b+c a+b+c

Talai co

 a(a+b- c)(a- b+c)
$$+5$5+S8S ="

abc(a+b+c)?
g & +3abc- § ab(a+b)
— o cyc
abc(a+b+c)?
g a®+3abc- § ab(a+b)
3 oy cyc
abc(a+b+c)?

3 0 (theo biit Schur)
Tur ddy, p dung tiéu chuan 5, ta co dpem.
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Bai 22. (Pham Kim Hung)

Cho cac so dédng a,b,c. Ch(‘jng minh rang

2 2 3,13 4 3
8%1+b— a% co ae 0_9312(a+b+c)
e, & ag e b 4 a+tb+c
Charng minh.
Ta co
& po % 28 @ cO , 12(a° +b® +¢°)
—_— +Q +—= +Qa+
& Cg & ag @ bﬂ atb+c

2 4 3 3
0 gate2g X ig Lo 2@
e e oc D at+b+c

U 2a?£+ac 2ab_+ag—+b2 20! o

gce C (] CyCe 1]
O 3
+2 aab- 12(°+b°+C%) a2 2 42
g - at+b+c
2 e
o}
0 & (b- 2o +— 2 +2(a+b)-4+3 0
oy gc” a+b+c c o
Nat
2
Sa:b2 4a 2(a+b) 4
c© at+b+c C
c? 4b 2(b+c)
=—+ + -4
. a’ a+b+c a

_a? 4c 2(c+a)
= — + + -
b’ a+b+c b
Bat fiang thoc can chdng minh t66ng n6ong voi
S,(b- ) +S,(c- @)?+S,(a- b)?2 0
Co 2 tr66ng hdp xay ra
+ Troong hop 1. ¢ b3 a>0. Khifio,taco § 2 0.

Ta col
2 2
Sa+SD:b—2+C—2+4(a+b)+2(a+b)+2(b+c)-83O
a- a+b+c c a
2 2
V|b_+C_3 2§ 20342_b32
c® a? cC a a
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a® ¢ 4b+c) L 2(a+0) , 2(b+c)

S+ —+— -830
%= a’ a+b+c b a
2
vi& .o 2§ D3y,
b? a2 b a a
Do fio

S,(b- ©)° +§,(c- @)*+S(a- b)*3 (S, +§)(b- )’ +(§ +§)(a- b)*2 0
+ Troong hop 2. a2 b3 ¢>0. Khifio,taco S, % 1,S.3 -1.

Ta co
2 2
Sa+280:b—2+202 +8b+4a+2(a+b)+4(b+¢)_1230
Vi 4a+8b34§ 2b34§ 2a, 3 4
a+b+C C a a c
2 2
Sa+430=b—2+402 +16b+4a+2(a+b)+8(b+c)_ 20
2 2
3b_2+4c:2 +8b+4a+2(a+b)+8(b+c)_16:f(b)
C a“~ atb+c c a

De dang kiem tra f (b) la ham fiong bien. Do fio
2
f(0)3 f(c)="C + % 28 93 232- 9>1
a’

+ Khanang2.1. a+c£2bU 2(b- c)® a-c3 0Ub-c3 a-bs 0.
Neu S, 2 0O thi ta co ngay fipcm. Neu § £0, thi
S,(b- )2 +S,(c- a)?+S.(a- b)*? (S, +4S,- D(b- ©)*3 0
+ Kha nang 2.2. a+c? 2b.. Khi fio, ta se chdng minh S, +2S 2 0. That vay,
ta co

2 2
a2 8ordc +2(a+c)+4(b+c)-12:9(0)
a

S+25 ==
A b a* a+b+c b
+ Kha nang 2.2.1. a® 2b. Khi fio, do g(c) la ham tang nen

a> 8o 4, 2a
3 =__ = 3
g(c)® g(0) +a+b . b 123 0

vi 24 9% 358, 4b34_ 234 -b ;-1
b atb b a 'b> b “a+b 3

+ Kha nang 2.2.2. a£ 2b. Khi fio, do g(c) la ham tang nen
a® 8b* 4b 4a 14

9(c)* g(20- @)= 5+—5+——-o-- 30 (do2b* a b

Vay
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S,(b- )’ +S,(c- @)*+S,(a- b)* 2 (S, +28)(b- 0)*+(S, +2))(a- b)°2 0
Tom lai, trong mai trddng hop, ta luon co

S,(b- ¢)*+S,(c- @)’ +S,(a- b)*3 0 (fipcm)
Nang thdc xay ra khi va che khi a=b=c.
Bai 23.

a,b,c>0. Chirng minh rang

3 3
ézgazl—b£4(a+b+c)
oc 6a” +ab

Charng minh.

Taco bat dang thirc can ching minh twong duong voi

3 3 e

- o]
éaegazl—b_ 4a-£0

oc @ 6a” +ab a

3 2 3
0 2 b° +4a‘b- 5a 3 0

oe 6a’+ab
0 2 (b- a)(5a2+ab+b2)3 0
2‘0 6a’ +ab
_ 2 _ 452
0 3 A 8 g
qc 0a”+ab oy
2
0 3 (b 6:2 szg b) 5 0 (fiung)
cyc
P dpcm.

Pang thirc xay rakhi vachi khi a=b=c.
Bai 24.
a,b,c>0. Chirng minh rang

o 4a°+5b’- 3a%b+10ab?

3 5(a’ +b?+c?)- ab- bc- ca
3a+b

cyc
Charng minh.

Tacé bat dang thirc can ching minh twong duong voi

3 3_ a2 2 A
0 geﬂfa +5b° - 3a’b +10ab” (a2 +4p? - ab)23 0
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3 4a° +5b° - 3a’h+10ab” - (3a+b)(a’+4b’ - ab) , 0
3a+b

([a)

o
o a’+b’- a’h- ab® |
oy 3a+b
o (b- a)2(a+h)
3a+b

([a)

0

>

3 0 (fiung)

o
P dpcm.
Pang thirc xay rakhi vachi khi a=b=c.
Bai 25.
a,b,c>0. Chirng minh rang
o 3a’+7b°

3 3(@?+b?+c?) - ab- bc- ca
2a+3b

cyc

Charng minh.

Taco bat dang thirc can ching minh twong duong voi

3 3 e
o &Ba”+7b” (a2 +2p? - ab)93 0
aqce 2a+3b 2
0 A 3a°+7b°- (2a+3p)(a’®+2b° - ab) , 0
2a+3b
0 & a’+b’- a’b- ab’® |
2a+3b

cyc

0 3 (b- a)’(a+b)
2a+3b

g

0

3 0 (fung)

cyc
P dpcm.

Pang thirc xay rakhi vachi khi a=b=c.
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Bai 26.

a,b,c>0. Chirng minh rang

4
: 32a s%a+b+c
qc @ +b
Charng minh.
Taco bat dang thirc can ching minh twong duong voi
4
3 :'j -3 2(a+b+c)
oc &
. o & 4a* 0
- Q%' 5a+3p=3 0
oyc ea +b 7]
) - b)2(3h2 + ah- a2
0 é(a b) (33b 3ab a)30
oy a’+b
Pt
s _ 3¢’ +hc- b’
a b3+C3
S0:3a2+ac-cz
c+a’
s _ 3’ +ab- a’
C a3+b3

Bat dang thtrc can chizng minh twong dwong voi
S,(b- ¢)? +S,(c- a)* + S (a- b)?3 0
+ Truong hgp 1. a£b£c. Khi d6, dé thiy S, S, 2 0. Ngoai ra, ta ciing dé dang
ching minh dugc S, +2§ 3 0,S, +25, 2 0.
Do d6 ép dung tiéu chuan 3, ta suy radpcm.
+ Truwong hep 2. a3 b3 c. Khi d6, déthay S, 2 0.
Ngoai ra, taciing dé dang chirng minh dugc
§+2530
a’s,+2b°S,3 0
Do do
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2S (b- c)?+2S (c- a)’+2S,(a- b)?3
(b- ¢)?
b2

3(S,+2S)(a- b)*+ (a’S, +2b°S))

30 (do a- ¢3 %.(b- c)3 0)

P dpcm.
Pang thirc xay rakhi vachi khi a=b=c.
Bai 27.
X, Y,z >0. Chirng minh rang

Charng minh.
Tacé bat dang thirc can ching minh twong duong voi

0 4X2 0 422

3
ﬁwz ac YTZ
2 2
082 ax+y+2)® § 2 - 2Ax+y+2)
cycy+ cyc
~ o B4X? 47 o]
Ua y+2)+* y- 3z)+
cycgy-'-z ( )ﬂ cycgy-'-z ( )ﬂ
2_ 2. 52 o Y
0 §4X y -z 2y23a(y 2)
cyc y+Z cyc y+Z
N o AXP-2y?-27% o (y-zZ i
0 8227 a2, g (v 2
cyc y+Z cyc y+Z cyc y+Z
2 2 2
0 o4x-2y-2230
cyc y+Z
2 2 2
0 2 2X°- Yy -2 3 0
cyc y+Z
2_\2 o 2.2
0 éx y ¥y Z°- X 3 0
cyc y+Z cyc y+Z
2 \2 2_\2
ELSS A L oL

o YTZ g XtZ
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0 & X WxX+y) .
o (Y+2)(x+2)

Pay ladiéu hién nhién ddng. Vay bét dang thiac dugc chirng minh hoan toan.
Pang thirc xay rakhi vachi khi x=y=z.

Bai 28.

a,b,c>0. Chirng minh rang

o 4a(b’® +c?)
e (b+c)(2a° +b* +¢?)

Charng minh.
Taco bat dang thirc can ching minh twong duong voi
o 4a(b®+c®) o 2a(b+c)? 33 2a(b+c)?
o (D+0)(28% +b* +¢%) o (b+c)(2a° +b? +¢?) o0 (D+0)(2a% +b* +¢?)

~

2a(b- c)? ¢ 3 (a- b)? +(a- c)?
o (b+C)(2a° +b° +¢?) 5o 2a*+b*+c?

Qo

V 30(""' °) Ot A+ AP+ (atb) @b +2c2);3
bat
_ 1 N 1 i 2a
P at+2b%+c®? at+b?+2c? (b+c)(2a®+b?+c?)
S = 1 N 1 i 2b
2a’+b*+c?  a?+b*+2c® (c+a)(a’+2b’+c?)

_ 1 N 1 i 2C
© 2a%+b’+c? a’+2b’+c® (a+b)(@®+b*+2c%)

Bat dang thtrc can chizng minh twong dwong voi

S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Khoéng mat tinh tong quét gia s a3 b3 c.
Taco

B 1 . 1 ) 2b
2a’ +b? +c*  a’+b*+2c® (c+a)(a’+2b’+c?)

S
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1 1 2b 1

3 + - =
2a°+b?+c® a’+b*+2c®> a a?+2b%+c?

e 1 b 1 6. 1 b 1 6
T&2a2+b?+C2 a @ +20P+C0 gy &a’+bP+2c2 a al+2b’+c g
(a- b)(@®+b®+c?- ab) L2 1 b 1 o
T a2a’+b2+ ) (@2 + 2% +¢%) &2 +b2+2c?7 aal+2b’+C0 g
, 1 b 1
a’+b’>+2c* a a®+2b%+c?
., 11
a’+b’>+2c? a®+2b%+c?
30
_ 1 N 1 i 2C
° 2a%+b*+c? a’+2b%+c® (a+b)(@®+b*+2c?)
N S
2a°+b*+c?  af+2b*+c? at+b*+2c?
3 4 i 1
3a?+3b?+2c® a’+b*+2c¢?
_ a’ +b? + 6c?
(@2 +b% +2¢%)(3a% + 307 + 2¢7)
>0
D0dé S,,S, 2 0.
Talai co
S.,S._ 1 . 1 ] 2 .
a’? b? a?(a®+2b*+c?) a’(a®+b*+2c?) a(b+c)(2a®+b?+c?)
. 1 . 1 ] 2
b?(2a® +b*+c?) b?*(@®+b*+2c?) b(c+a)(a®+2b? +c?)
. 1 . 1 _ 2 .
a’(a®+2b*+c?) a?(@®+b?+2c?) ab(2a®+b?+c?)
. 1 . 1 ] 2
b?(2a® +b*+c?) b?(@®+b*+2c?) ab(a®+2b’+c?)
e 1 1 2 o]

= + - -+
Ka%(@+207 +c?) Db2(aZ+b?+2c?) ab(a+2b% +c?) 4
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& 1 1 2 0

.3

+ + - -
ga?(a® +b?+2c?) Db?(2a2+b%+c?) ab(2a®+b? +c?) 4

P a’§ +b°S,2 0.
Do d6, &p dung tiéu chuan 4, ta co ngay dpcm.
Pang thirc xay rakhi vachi khi a=b=c.
Bai 29.
a,b,c>0 va ab+bc+ca=1. Ching minh ring

a’+b? +¢? +§abc3 "

Charng minh.

Bat dang thtrc can chizng minh twong dwong voi

4(a® + b +c?)(ab+bc + ca) + 3abc,/3(ab + b + ca) 3 5(ab +bc + ca)?
0 43 a’h- 53 a%?- 6(a+b+c)abc +3abc,/3(ab+bc+ca) 2 0

sym cyc

Ap dung bat d¢ang thirc AM-GM, ta co

gé a’h3 53 a’b?

sym oye

Do d6, ta chi can chirng minh

g.é a’b +3abc,/3(ab+bc +ca) * 6abc(a+b+c)

sym

U § a’b+2abc,/3(ab+bc+ca) 3 4abc(a+b+c)

sym

0 2abc(a+b+c- \/3(ab+bc+ca))£é a’h- 2abc(a+b+c)
sym

abc.d (a- b)?
U oye £ 3 (ab+ac)(b- c)?
a+b+c+./3(ab+bc+ca) 30( )b~
" & 0
0 & (b- ¢)®pab+ac- abe 23 0
o g a+b+c+,/3(@+bc+ca) 4

Piéu ndy ré rang ddng vi
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abc
a+b+c+./3(ab+bc+ca)

<min{ab,bc,ca}

P dpcm.
Pang thirc xay rakhi vachi khi a=b=c.
Bai 30. (Vasile Cirtoaje)

a,b,c>0 va a+b+c=3. Chang minh ring

o) a . 3
a —
qcatbc 2

Charng minh.
Tacé bat dang thirc can ching minh twong duong voi
Zé_ a(b+ca)(c+ab) 3 3(a+bc)(b+ca)(c+ab)
cyc
- 0]
U 3abc+g a%? 3 3a%b’c? + abcaeé_ a’+
o Y
- 0
U 3abc +%§_ c?(a- b)?3 3a%0?c? +abcaeé a’- § az

oye oyc oc @

X 0
U 9abc+g.é c?(a- b)? 3 9a’b?’c? +abcg§1 (a- b)*z

oc a
2
~ (o}
0 & (a- by’ abc 2, 3C_abeo, g
cyc 2 2 ﬂ
2 2 2
Pt Sa:azbc+3%- ahe So—abzc+3%- %,sczabc%i- %

Bat dang thtrc can chizng minh twong dwong voi

S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Khéng mét tinh tong quét gia sir a2 b3 ¢. Khi d6, dé thay S, > 0.
Taco

2

S +S, >¥- abc3 3bc- abc=be(3- a) >0
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Do d6 &p dung tiéu chuan 2, ta co dpcm.
Pang thirc xay rakhi vachi khi a=b=c.
Bai 31. (Nguyé&n Anh Cudong)

a,b,c>0. Chirng minh rang

o a’+b’+c*+ab+bc+ca,

5 6
2a° +bc

cyc
Charng minh.

Tacé bat dang thirc can ching minh twong duong voi

3 a2(a’ +b”* +c” +ab+bc+ca) 46_)3 0
Cycg 2a’ +bc g

3 - 6a” +2b” +2¢” +2ab- 2bc+2ca
o 2a” +bc

é (3a- b+2c)(c- a)- (3a+2b- c)(a- b) , 0

o 2a° +bc

é (3a-b+2c)(c-a) o (3a+2b-c)(a-b), 0

o 2a’° +bc o 2a’ +bc

é (2a+3p-c)(a-b) o (3a+2b-c)(a-b), 0

o 2b” +ca o 2a’ +bc

U & (a- b)?(4a® +4b% +c? + 6ab- 5bc- 5ca)(2c? +ab) 3 0

cyc

0

([a)

(&)

([a)

(-

S, =(a® +4b* +4c” +6bc - 5ab - 5ca)(2a’ + bc)
S, = (4a” +b® + 4¢® + 6ca - 5ab- 5bc)(2b® + ca)
S, = (4a® + 4b” + c* + 6ab - 5ac- 5bc)(2c® + ab)
Bat dang thtrc can chizng minh twong dwong voi
S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Khéng mét tinh tong quét gia sir a3 b3 c¢. Khi d6, dé thdy §,,S. 3 0.
Taco
a’s, +b”S, =a’(4a” +b® +4c® + 6¢ca- 5ab- 5bc)(2b” +ca) +
+b?(a? +4b? + 4c? + 6bc - 5ab- 5ca)(2a +bc) 3 0
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Vi
a’(2b? +ca) 3 b?(2a? +bc) >0
va
(4a® +b? +4c? + 6ca- 5ab- 5bc) + (a? +4b? + 4c® + 6bc - 5ab- 5ca) 3 0
Do d6, &p dung tiéu chuan 4, ta c6 ngay dpcm.
Pang thuc xay rakhi vachi khi a=b=c hoic a=b,c =0 vacéc hoan vi.
Bai 32.
a,b,c>0 thoa ab+bc+ca=1. Chirng minh rang

g a2 3B
o 2+b?+c* 8
Charng minh.
Ap dung bat ¢ang Bunhiacopxki, ta cé
3 z;\ I az . (a+b+c;)o2 . (a+b+c)?
aqc 2tb°+c” o 2a+ab”+ac® 2(a+b+c)+g a’b 3(at+b+c)- 3abc

sym
Do d6, ta chi can chirng minh

(a+b+c)? . 33
3(a+b+c)-3abc 8
8(a+b+c)?+9/3abc? 9/3(a+b+c)
8(a+b+c)?Jab +bc+ca +9/3abc ? 9/3(a+b+c)(ab+bc+ca)
8(a+b+c)M(a+b+c- M)3

3((a+b+ c)(ab +bc+ca)- 9abc)
8(a+b+c)vab+bc+ca 8eo

o o© O

0 (a- b)%= 3\@ c(a- b)%=
a+b+c+,/3(ab+bc+ca) écyc ) ga ( )

- & . 0

0 é(a- b)? 8(a+b+c)vab+bc+ca -\/1_30130
o a+b+c+./3(@b+bc+ca) P

Pit

_ 8(a+b+c)vab+bc+ca
a+b+c+\/3(ab+bc+ca)
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_ 8(a+b+c)Yab+bc+ca 3
a+b+c+,/3(ab+bc+ca)

_ 8(a+b+c)vab+bc+ca
a+b+c+\/3(ab+bc+oa)

Bit dang thire can chang minh tuong dwong véi

S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Khéng mét tinh tong quét gia sir a3 b3 c¢. Khi d6, dé thdy §,,S. 3 0.
Ta chirtng minh

a’s, +b°S, 2 0

U 4(a’b+b’c+ab?+ca’+a’ +b’)J/ab+bc+cas3

3 J3(a+b+c)(@®h+ab?) +3(a%+ab®)\ab+bc+ca
U 4(b’c+ca?+a’+b*)Jab+bc+ca+
+(a?b+ab®)v/ab+bc+ca ? /3(a+b+c)(a’h+ab?)

Tadé dang chitng minh duoc

4(a® +b%)yab + (a%b + ab?)v/ab >+/3(a+b)(a’b +ab?) o))
Va

4a’c\/ab +bc+ ca > +/3c(a’b + ab?) )
Tur (1) va(2), tasuy ra a°S, +b’S, 3 0.
Tur ddy, &p dung tiéu chuan 4, ta co ngay dpcm.
bing thuc xay rakhi vachi khi a=b=c.
Bai 33.
X, Y,z >0 théa xyz=1. Chirng minh rang

é y*z, \/;+\/§+\/E+3
cyc \/;

Charng minh.
bit x=a%,y=b?z=c? (a,b,c>0) thi abc=1 va bit ding thic cin ching minh

tuong duong voi
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o b2+02

a Sa+b+c+3
oc @
2 2
0 é_b *C  2a-2b-2¢33-a-b-c
cyc

St dung bat dang thac AM-GM, ta c6 03 3- a- b- ¢. Do d6, ta chi can chang
minh

2 2
N I A

cyc
2 2 2
~ o b"+c™-2a
0321 sy
cye a
~ o C-a® o a-b%,

U - 0
2 2 2 2

0 éa b 8 a-b 30

cyc b oc &
2

U3 (a-b)’(a+b), 0 (fiung)
cyc ab

P dpcm.

Pang thirc xay rakhi vachi khi a=b=c=10 x=y=2z=1,
Bai 34.(Vasile Cirtoaje)
a,b,c>0. Chirng minh rang

o a’+hbc

_2 T 5
b? +bc+c?

oyc
Charng minh.
* B dé. Néu a,b,c,x, y, z 1asau sd thuc khdng &m thoa man diéu kién a3 b3 ¢ va
x3 y3 z (hoac Xx£y £ z) thi

x(a- b)(a- c)+y(b- c)(b- a)+z(c- a)(c- b)2 0
Chizng minh.
+ Trwong hgp 1. x3 y3 z3 0.

Taco
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a-c3®b-c3*0(doa3b3c)
P x(a-c)3 y(b-c)2 0
Ma a- b3 0 nén
X(a- c)(a- b)3 y(b-c)(a-b)2 0
U x(a- c)(a- b)+y(b-c)(b-a)20
Mat khéc, do a3 b3 ¢ va z3 0 nén
z(c- a)(c-b)2 0
Do dé
x(a- b)(a- c)+y(b- c)(b- a)+z(c- a)(c- b)2 0
+ Trwong hgp 2. 0OEXE Y £ z.

Taco
a-c®a-b3*0 (doa3b3c)
P z(a-c)3 y(a-b)2 0
Mab- c3 0 nén
z(a- c)(b- c)® y(a- b)(b-c)2 0
U z(c- a)(c- b)+y(b-c)(b-a)2 0
Mat khéc, do a3 b3 ¢ va x3 0 nén
x(a- c)(a- b)2 0
Do dé
x(a- b)(a- c)+y(b- c)(b- a)+z(c- a)(c-b)2 0
B6 dé dugc chang minh hoan toan.
Tré lai bai toan chata
Khoéng mat tinh tong quét gia st a3 b3 c. Khi d6, taco
0<b®*+bc+c* £a’ +ac+c” £a° +ab+b’
1 1 1

3 3 S
b2+bC+C2 a2+aC+C2 a2+ab+b2
A A 3A A . l l
Ap dung Bé dé trén véi x = y=

0

] - ’Z:—
b? +bc + c? a’+ac+c? a’+ab+b
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o (a-b)(a-c), 0

o b”+bc+c?
° a’ o ab+ac- bc
P a 2 23 2 2
oqc D" +bc+c™ . b*+bc+c
b g _@athe ;o abtac
b* +bc + ¢ b* +bc + ¢

cyc

cyc

Do d6, ta chi can chirng minh

o

cyc

U

()

([a)

U

b* +bc+c?

ab+ac 3 9

o & ab+ac 2a 0,
C.&b2+bc+c? a+b+cg

é_ ab(a- b)- ca(c- a) , 0

o b*+bc+c?

o ab(a-b) o cafc-a) 3 0
o D> +bc+c® oo b*+bc+c?

o abla-b) o aba-b) ,

oe PP +bc+c? o a’ +ac+c?

o ab(a- b)’(a+b+c)
oe (b7 +bc+c?)(a® +ac+c?)

P dpcm.

Pang thirc xay rakhi vachi khi a=b=c.

Bai 35.

a,b,c>0. Chirng minh rang

3 0 (fiung)

Charng minh.

2 2 2 2 2
\/3(a2+b2+02)£é_ a +b £3(a +b +C)
o athb atb+c
Trudc tién ta chirng minh bét dang thirc
2 b2
2+b2+c?) £ 2T
N JEA ¢

Taco

cyc
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o a2+b2

2 2 2\ —
b J3(@ +0% +¢?) =
cyc
o &% +Db? (a+b)0 ( 5 )
= a“+b“+c%)-a-b-c
g‘cg a+b 2 g \/3( -
(a- b)®
-3 (a- b)* 2}
oc 2(@+h) \/3(a2+b2+cz)+a+b+c
1o 2 0
:—a(a b) +
2 & a+b J3(@ +b2+c)+a+b+cﬂ
1o 22 1 1
s =-ala-b = (theo biit Bunhiacopxki
22‘0( )8a+b atb+cg S Pxki)
30

P (*) ddng.
Pang thirc xay rakhi vachi khi a=b=c.
Tiép theo, ta chirng minh bat dang thic

o¥+ﬁ£%¥+ﬁ+§)
a+b at+b+c

cyc
+ Céach 1.

Taco

o a’+b? £3(a2+b2+cz)

oc athb atb+c
2
U (a+b+c) b7 9 —£3(a +b? +¢?)
4
2
0 2 Mﬁa2+b2+c2
qc atb
0 A %Z_Mgs
cyc e a+b (1]
0 2 ca(c-a) o be(b-c),

P a+b o a+b
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g ab(a-b) g aba-b),

([a)

qc Db*C qc Cta
y § @b 0 (fiung)
o (DFC)(C+a)
P dpcm.
+ Céch 2.

Taco

o a’+b? £3(a2+b2+cz)

oc athb atb+c

0 3 o’ +b® (a+b)6_3(@°+b’+c%)- (a+b+c)?
C.& a+b 2 5 a+b+c
Q 2
a (a-b)
] (a- b)ZECYC

a
oc 2(@+b) a+b+c

()

o 2R 2 l O
a-b - =3
2‘0( ) ga+b+c a+bg

0 2 (a- b)’(a+b-c), 0
a atb

cyc

([a)

Pt S, = b+c- a’S0 _cta- b,SC _atb-c
b+c c+a a+b
Bat dang thtrc can chizng minh twong dwong voi
S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Khéng mét tinh tong quét gia sir a3 b3 c¢. Khi d6, dé thdy §,,S. 3 0.
Taco

2 2 2 2
ab ) ab >a2+b2_%_%:(a_ b)230

b’S, +a°S, =a’+b*-
a+c b+c

Tu ddy, 4p dung tiéu chuan 4, ta suy ra dpcm.
Ding thuc xay rakhi vachi khi a=b=c hoic a=b,c =0 vacéc hoan vi.
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Bai 36. (Hojoo L eg)

a,b,c>0. Chirng minh rang

o 8.2 o bc
a 1 a
o & +2bc o & +2bc
Charng minh.
* Chizng minh
bc
13 A *
2‘0 a®+2bc ©)

* B dé. Néu a,b,c, X, y, z 1asau sd thuc khdng &m thoa man diéu kién a3 b3 ¢ va
x3 y3 z (hoac Xx£y £ z) thi
x(a- b)(a- c)+y(b- c)(b- a)+z(c- a)(c-b)2 0

Chizng minh.
+ Trwong hgp 1. x3 y3 z3 0.
Taco

a-c3b-c30(doas®bsc

P x(a-c)3 y(b-¢c)2 0
Ma a- b3 0 nén

x(a- c)(a- b)3 y(b-c)(a-b)2 0

U x(a- c)(a- b)+y(b-c)(b-a)2 0
Mat khéc, do a3 b3 ¢ va z3 0 nén

z(c- a)(c-b)2 0
Do dé

x(a- b)(a- c)+y(b- c)(b- a)+z(c- a)(c- b)2 0
+ Trwong hgp 2. 0OEXE Y £ z.
Taco

a-c®a-b3*0 (doa3b3c)

P z(a-c)3 y(a-b)3 0
Mab- c3 0 nén

z(a- c)(b- ¢)2 y(a- b)(b-¢c)2 0
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U z(c- a)(c- b)+y(b- c)(b-a)3 0
Mat khéc, do a3 b3 ¢ va x3 0 nén
x(a- c)(a- b)2 0
Do dé
x(a- b)(a- c)+y(b- c)(b- a)+z(c- a)(c- b)2 0
B6 dé dugc chang minh hoan toan.
Tré lai bai toan chata
Taco

~ o e bc bc 0
*)U - =30
) glcgab+bc+ca a’+2bcg
0 bc(a- b)(a- ¢)

U 30
2}(ab+bc+ca)(a2+2bc)
0 abc é (a- b)(a- o), 0

ab+bc+ca'g, a’+2abc
Khoéng mét tinh tong quét, gia sir a3 b3 c. Khi do, taco

a®+2abc3 b®+2abc3 ¢ +2abc>0

1, 1,1,

c+2abc b®+2abc a®+2abc

1

VY = ,Z= tasuy raduoc
a® +2abc Y b® + 2abc ¢ +2abc Y

Ap dung bb dé trén voi x =

o (a-b)(a-c), 0

oe & +2abc

Vay (*) dang.
* Chizng minh
2
o a 3
l **
g‘c a’ +2bc &

Taco

o & a’ a o0

* % 0 - -
¢ g‘cga2+2bc atb+cy

30
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a(ab+ac- 2hc) , 0
a’+2bc

([a)
g o

o ca(a-b) o ab(c-a),
a—_ B 2 0
qc @ t20C . a”+2bc

([a)

>

o ca(a-b) o bc(a-b), 0
o & +2bc o b?+2ca

U 4 (a- b)?c(2bc+2ca- ab)(c?+2ab)3 0
cyc

S, = a(2ab + 2ca- bc)(a® +2bc)
S, =b(2ab+ 2bc - ca)(b* + 2ca)
S. =c(2bc + 2ca- ab)(c® + 2ab)
Bat dang thtrc can chizng minh twong dwong voi
S,(b- c)’+S,(c- @)’ +S.(a- b)*3 0
Khéng mét tinh tong quét gia sir a3 b3 ¢. Khi d6, déthdy S,,S 2 0.
D& thay b(b* + 2ca) 3 c(c® +2ab) 3 0 nén
VS, + S, 3 ¢c(c® + 2ab)(2ab + 2bc - ca+ 2bc +2ca- ab)
= ¢(c?® + 2ab)(ab + 4bc + ca)
30
Do d6, &p dung tiéu chuan 2, ta suy rangay dpcm.
Bai 37. (Hojoo L eg)
a,b,c>0. Chirng minh rang

o a“+bc
b+c

3Sa+b+c

cyc
Charng minh.
Taco

o A~ +bc
b+c

3Sa+b+c

cyc
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o &’ +bc (b+c)0

08¢ 3 0
cyc e b+c 2 ﬂ
0 o] 2a2-b2-C 3
oy b+c
2_ K2 2_ .2
0 éa b _éc a; g
qc D+C oo b+cC
2_ K2 2_R2
0 éa b _éa b 30
qc D+C o atc
2
0 3 (a- b) (a+b)30(ﬁung)

oc (bHC)(a+c)
Pang thirc xay rakhi vachi khi a=b=c.
Bai 38. (Gabriel Dospinescu)
X, Y,z >0. Chirng minh rang
o 1 3

+ 3é
oe X1 X+y+z+1l o

1
2x+y+1

Charng minh.
Data:x+},b:y+},c:z+1.
3 3 3
Khi d@6, bat ¢ang thirc can chizng minh tuong duong Véi
o 1 3 1
a—+
.3a atb+c 2a+b

0 a 1 1 1 o, 0
83a a+b+c 2a+b 2a+cCg
o (4a+tb+c)((2a+b)(2a+c)- 3a(a+b+c))

*a
sym

U a 30
oy a(at+b+c)(2a+b)(2a+c)

0 2 (a-b)(a-c) o (a-b)(a-c),
oc a(2a+b) oc  a(2a+c)

08 (a-b)(a-c) o (b-a)b-c),
oc a(2a+b) oc D(a+2b)

- 2bc +2ca- ab

3

Y 30(6" O b2a+b)a+ D)
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Pit S, = 2ab+2ca- bc S = 2ab+2bc- ca S - 2bc+ 2ca- ab
% be(2b+c)(b+2c) ca(2a+c)(a+2c)’ ° ab(2a+b)(a+2b)
Bat dang thtrc can chizng minh twong dwong voi
S,(b- c)’+S,(c- @)’ +S.(a- b)*3 0

Khéng mét tinh tong quét gia sir a3 b3 ¢. Khi d6, dé thdy S,,S 2 0.

Do b3 ¢ nén
b(2a+b)(a+2b)3 c(2a+c)(a+2c)>0
1 5 1 >0
c(2a+c)(a+2c) b(2a+b)(a+2b)
b S+S = 2ab+2bc- ca N 2bc+2ca- ab
ca(2a+c)(a+2c) ab(2a+b)(a+2b)
2ab+2bc- ca N 2bc+2ca- ab
ba(2a+b)(a+2b) ab(2a+b)(a+2b)
_ ab+4bc+ca
ba(2a +b)(a+ 2b)
30

3

Do d6 ép dung tiéu chuan 2, ta cé ngay dpcm.
Bai 39. (Iran 1996)

a,b,c>0. Chirng minh rang
1 1 1 o,

e
ab+bc+ca + +
( )%<a+b>2 (b+c)? (c+a)iy

9
4
Charng minh.
* Céch 1.
Khdng mét tinh tong quét gia s ¢3 b3 a>0.
ib+c=2x Jja=-x+y+z
bat :'c+a:2y0 :'b:x- y+z b XY,z lado da bacanh chamét tam giéc.
la+b=2z ‘dc=x+y-z
Doc3b3a>0nén x3 y3z>0

Bat dang thtrc can chizng minh tro thanh
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1 109

2Xy +2yz+ 22~ X° - y*- 2 +
(2yr2yz Y )§4x 4y’ 475 4
U(2xy+2yz+22x-x-y-z)g—2+ +—:39
&y Zg
] 2&2 lO
a(x-y)g—-—5=20
cyc 8Xy Zzﬂ
1 2 1 2 1
Dt = - = - —, = -
SX yZ XZSV X yZSZ Xy Z2

Bat dang thtrc can chizng minh twong dwong voi
S(y- 2°+S,(z- X)*+S,(x- y)*3 0
Do x3 y3 z>0vay+z>xnénS3*0vaS 30
Ta chirng minh
y’S, +2°S,3 0
U y’+2°2 xyz
Ma y+ z > x nén tachi can chirng minh
y'+Z°% (y+2)yz
U (y- 2*(y+2)? 0 (fung)
Tur ddy, 4p dung tiéu chuan 4, ta suy ra dpcm.
* Céch 2.
Bo dé. Néu a,b,c,x,y,z 146 sd thuc khdng amthoa a3 b3 ¢ va x£ y £ z thi
x(b- c)?(3c+ca+ab- a?)+y(c- a)’(3ca+ab+bc- b?)+
+z(a- b)?(3ab+bc+ca- c?)3 0
Chung minh Bé dé.
Do a2 b3 c nén
3ca+ab+bc- b*3 0
3ab+bc+ca- ¢*3 0
Do do

+ Néu 3oc+ca+ab- a®3 0 thi bo dé hién nhién ding.
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+ Néu 3oc+ca+ab- a®£0 thi

(b- c)’(3bc+ca+ab- a®) £0
P x(b- c)’(3bc+ca+ab- a®)3 y(b- c)?(3bc+ca+ab- a?)

Lai c6 z3 y nén
z(a- b)?(ab+bc+ca- ¢?) 3 y(a- b)?(3ab+bc+ca- c¢?)
Do do

A x(b- c)?(3c+ca+ab- a%)3 yaeé (b- c)*(3bc+ca+ab- az)g

cye oye %

5
= 4y¢R ab(a- b)’s

oye @
30
B6 dé dugc chang minh.
Tré lai bai toan chata
Taco
~ o &(ab+bc+ca 0
(*)Ua(;( - )_3+30
w& (at+b) 2
~ o &3a+h)(c-a) (3a+c)(b- ),
a 2 —=> 0
& (ath) (a+h)?® g
~ o (3atb)(c-a) o (B3a+c)(b-c)
a -a 0
o (@b’ S (a+by
- é (3a+ b)(cz- a) o (3a+c)(a2- b) , 0
o (atb) o (@atc)
~ o 3ab+bc+ca- ¢?
U a- b)2. 3
@ D oar oy
U & (a- b)*(a+b)*(Bab+bc+ca- c?)3 0
cyc

Khoéng mét tinh tong quét gia st a3 b3 c. Khi d6, taco
(a+b)?3 (c+a)?3 (b+c)®*>0

Ap dung B dé trénvéi z=(a+b)?,y=(c+a)?,x=(b+c)?
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tasuy raduoc

A (a- b)*(a+b)?(3ab+bc+ca- c?)3 0

oc
P dpcm.

Bai 40. (Komal)

a,b,c >0 thoa abc =1. Chang minh rang

£+£+£- 3 3&1 +i+:|'(.j 2

a b c atb+c &2 b’ c2gai+b®+c?

Charng minh.
Taco

E+£+}- 3 3 &i+i+ié—2

a b c a+b+c &2 b2 cPgal+bi+c?

3abc , 2(a’b®+b’*c® +c’a’)

a+b+c a’+b? +c?

9abc , 2(a’h®+b’c* +c’a’)  6ahc
a+b+c a’+b? +c? a+b+c
3 c(a- b)? , o c(a- b)*(c’ +bc+ca- 2ab)

oe @atb+c oo (@ +b*+c’)(a+b+c)

a c(a- b)%(a®+b? +2ab- bc- ca)3 0

cyc

U ab+bc+ca-

U ab+bc+ca-

([an)

([a)

Pit

S, =a(b®+c® +2bc- ca- ab)

S, =b(c*+a’ +2ca- ab- bc)

S. =c(a® +b? +2ab- bc- ca)
Bat dang thtrc can chizng minh twong dwong voi

S,(b- 0’ +S,(c- a)*+S.(a- b)*3 0
Khéng mét tinh tong quét gia sir a3 b3 c¢. Khi d6, dé thdy §,,S. 3 0.
Taco

a’S, +b’S, = ab((a- b)*(a+b)+2c(a® +b*- ab) +c(a’ +b?)) >0
Tur ddy, 4p dung tiéu chuan 4, ta suy ra dpcm.
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|1. Bai tap dé nghi.
Moi céc ban giai céc bai toan sau dé 1am quen véi phuong phép trén va néu co thé
céc ban hdy thtr giai c&c bai todn ndy bang phuong phéap khéc nhé!
Bai 1.
a) (Old and New Inequalities) a,b,c >0 va a+b+c=1. Ching minh rang
o & +b,
oc D*C

2

b) (V& Qubc BaCan) a,b,c>0 va a+b+c=1. Chang minh rang

o a2+5b3
b+c

cyc
¢) (V8 Qudc B4 Can) Vi nhitng diéu kién nhu trén, hdy tim hing sd k I6n
nhat cho bét dang thirc

o a2+kb3 3k+1
b+c 2

cyc
Bai 2. (V& Qubc B4 Can)
a) a,b,c>0. Chiang minh rang

3 2a’ +5bc 21, 59(a- b)?(b- c)?(c- a)?
o (B+0% 4 4@+b)’(b+c)’(c+a)’

b) V&i nhitng diéu kién nhu trén, hdy tim hiang sd k lon nhat cho bat dang
thuc

o 2a”+5bc 21 k(a- b)%(b- c)*(c- a)?
g‘c (b+c)?> 4 (a+b)’(b+c)*(c+a)?

Bai 3. (V& Qubc B4 Can)

a) a,b,c>0. Ching minh rang

o @’ +2bc, 3(a+b+c)
b+c 2

cyc
b) V&i nhitng diéu kién nhu trén, hdy tim hiang sd k lon nhat cho bat dang

thac
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3 a’+kbc, (k+1)(a+b+c)
oqc DtC 2

Bai 4. (V& Qubc B4 Can)

a,b,c>0 va ab+bc+ca=1. Ching minh ring

2 2 2
A @b +c?)3 3 2
b ¢ a

Bai 5. (V& Qubc Ba Can)
a,b,c>0. Tim hang sb k 16n nht sao cho bat dang thirc sau ddng

(a+b+c)a§+l+}9+k(612b+20+c;a)
a b cg a*+b°+c

3 9+k
Bai 6. ( V& Qudc B4 Can)
a,b,c>0. Chirng minh rang
4(a* +b* +c*) +3abc(a+b+c) 3 7(a’+b’c+cia)
Bai 7. (Mathlinks)

a,b,c>0. Chirng minh rang

o & , 3@ +b*+cd)
aeb+c 2% +b*+c?)

Bai 8. (Mathnfriends)

a,b,c>0. Chirng minh rang

o 1, 21
oe & +ab+b®  2(a®+b?+c?)+5(ab+bc+ca)

Bai 9. (Olympic 30 - 4 - 2006)

a,b,c>0. Chirng minh rang

o alb+c) 6
2 2£
gc@ +(b+c)” S
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Bai 10. (Mathlinks)

a,b,c>0. Chirng minh rang

é_ a2 35 8.2
qcat2b . 2a+b

Bai 11. (Stronger than Vietnam TST 2006 - V& Quéc Ba Can)
a) x,Y,zl [1,2]. Chang minh ring

we we 2 2 2
(x+ y+z)?+£+ig3 62X L Y 2 03X y)(y- (2= X)

X Y zZg &y+z z+x x+yg xyz(x+y)y+2)(z+X)

b) Véi céc diéu kién nhu trén, hdy tim hang s k tot nhat cho bat dang thirc

we we 2 2 2
(x+ y+z)?+1+ig3 62X L Y 2 O kx-y)(y-29°(z- )

X Y Zg &y+z z+x x+tygy xyz(x+y)y+2)(z+X)
Bai 12. (Mathlinks)

a,b,c>0. Chirng minh rang

é_ b2+C2 ) é_ a 3§
oc a(b+c) cb+c 2

Bai 13. (Diendantoanhoc)

a,b,c>0. Chirng minh rang

o 1 9

a - 7° 2
gc @ tab+b” (a+b+c)

Bai 14. (Gabriel Dospinescu)

a,b,c>0 . Ching minh rang

27+§+2—299692+b—2?§+c—223 6(a+b+c)6e1'—+£+}9
& bcgl cagl abgy & b cg
Bai 15. (Belarus 1997)

a,b,c>0. Chirng minh rang

o atc

oc D+C

g Qo
olo
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Bai 16. (Belarus 1998)

a,b,c>0. Chirng minh rang

9 a, a+b b+c

+1
b b+c a+b
Bai 17. (Mathlinks)
a,b,c>0. Chirng minh rang
o d, o b+c
a_
qc D gea@tc
Bai 18. (Mathlinks)
a,b,c>0. Chirng minh rang
o b+tc, &K a 0
a 4% +
oyc acD+Ch

Bai 19. (Mildorf)
a,b,c>0. Chirng minh rang

2§ a® +16Q a’b®3 9] a’b?(a® +b?)

cyc cyc oyc
Bai 20. (Vasile Cirtogje)
a,b,c>0. Chirng minh rang

o 7(a°+b*+c?)
oe 4b% - be+4c?

Bai 21. (Mathlinks)
a,b,c>0 va ab+bc+ca=1. Ching minh ring

o 1+a’h® | 5

a
o (@+h)* 2

Bai 22. (Diendantoanhoc)
a,b,c>0va ab+bc+ca:%. Chang minh rang

0 1

———£3
oc @ - bc+1l

164



Bai 23. (Japan 2004)

a,b,c>0 va a+b+c=1. Ching minh ring

263 25 3 112
bB qcl-a

Bai 24. (Vasile Cirtogje)
a,b,c>0, dit E(a,b,c) = § a(a- b)(a- c). Chang minh ring

cyc
a) (a+b+c)E(a,b,c)? § ab(a- b)?
cyc
b) aé+1+—;E(abc)3 qa’-3ab
& b v o

Bai 25. (Vasile Cirtogje)
X, Y,z >0,xyz =1. Ching minh ring
(X+y)y+2)(z+Xx)+73 5(x+y+2)

Bai 26. (Vasile Cirtogje)

a) X,Y,z>0. Chang minh rang

368 X'+ & y5? & 2(x- Y
cye e g oc

b) Chizng minh rang bat dang thuc trén ciing ding cho x,y,zl R.

Bai 27. (Mathlinks)

a,b,c>0va ab+bc+ca:%. Chang minh rang

o a 1
a :
qc @ -bc+l a+b+c

Bai 28. (V& Qubc B4 Can)
a) a,b,c>0. Ching minh rang
o 2a°+bc, 9
2 2
oqc D°+CT 2
b) Véi céc diéu kién nhu trén, tim hang sé k tét nhat cho bat ding thuc
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o @’ +kbc, 3(k+1)
o B2 +C? 2

¢) V&i céc diéu kién nhu trén, tim hang sb k tét nhat cho bét dang thire

o 2a°+bc, 9 k(a- b)*(b- c)’(c- a)?
T2 5t 2\(R2 4 ~2\( A2 2
oc D7+C 2 (a+b)(b“+c%)(c” +a“)

Bai 29. (Mathlinks)

a,b,c>0. Chirng minh rang

é_ 1 35_ 2a
aeb+c e 3a%+be

Bai 30.
a,b,c>0. Chirng minh rang

o) 8.2 o) a

a ‘a

qeb?+c® Sob+c

Bai 31. (VMO 2006B)

a,b,c>0,abc=1. Tim k max sao cho

1 1 1

—+—=+—=+3k3 (k+)(a+b+c
2t (k+1)( )
Bai 32. (V& Qubc B4 Can)

a) a,b,c>0. Chiang minh rang

2
g (0+0” 4
oc @ +20C

b) Véi céc diéu kién nhu trén, tim hang sé k tét nhat cho bat ding thac

o (b+c)? k(a- b)®(b- c)?(c- a)?
a 2 3 4+ 2 2 2
oc @ +2bc (a” + 2bc)(b” + 2ca)(c” + 2ab)

Bai 33.
a) (Mathlinks) a,b,c>0. Chang minh riang
2
8 e
oc (2a+b)(2a+c) 3
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b) (V8 Qubc B& Can) Vi céc diéu kién nhu trén, tim hang s6 k tot nhat cho
bét dang thirc

o a’ 1 k(a- b)*(b- c)?(c- a)?
2‘0(2a+ b)(2a+c) 3 (2a+b)(2b+c)(2c+a)(2a+c)(2c+b)(2b+a)

Bai 34. (Mathinks)
a,b,c>0 va p3 3++/7. Chang minh ring
o 1 9

3

o Pa®+bc  (p+1)(ab+bc+ca)

Bai 35. (Mathlinks)
a,b,c>0 va p>-2. Chang minh ring

o ab+(p-Dbc+ca, 3(p+])
oe  b?+pbc+c? p+2

Bai 36. (Stronger than Schur - Nguyén Anh Cudng)

a,b,c>0. Chirng minh rang

a®+b%+¢® +3abc® aby/2(a® +b%) +bey2(b? +c?) +cay/2(c? +a’)
Bai 37. (JBMO 2002)

a,b,c>0. Chirng minh rang

Bai 38. (Mathlinks)
a,b,c>0. Chirng minh rang
. -
2‘0 a’+b’+3c® 5
Bai 39. (Pham Kim Hung)
a) a,b,c>0. Chiang minh rang
aa +aa3b3 2 aab =
- £
b) Chirng minh rang bat dang thuc trén ciing dung cho a,b,cl Ru.
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Bai 40. (Diendantoanhoc)
a,b,c>0. Chirng minh rang

é a* +\/§% a3bgs (\/§+1)ga a_b -
cyc

v g
Bai 41. (V& Qubc B4 Can)
a) a,b,c>0. Chiang minh rang

o 2a’+3bc

2 2 3 5
oc D +bc+c
b) Véi céc diéu kién nhu trén, tim hang sé k tét nhat cho bat ding thuc

o a+khc .\ .
oe P2 +bec+c?
C) V&i céc diéu kién nhu trén, tim hang sb k tét nhat cho bét dang thirc

o 2a°+3pc 5+ k(a- b)®(b- c)?(c- a)?
oe b? +bec+c? (a® + ab+b?)(b? +bc + c?)(c? + ca+a%)

Bai 42. (Vasile Cirtogje)
a,b,c>0, pl R. Chung minhring

a (a- pb)(a- pc)(a- b)a- )2 0

cyc
Bai 43. (Mathlinks)

a,b,c>0. Chirng minh rang

3 b+c, 3+(a2+b2+c;2)(ab+bc:+ca)
qc & abc(a+b+c)

Bai 44. (Diendantoanhoc)

a,b,c>0. Chirng minh rang

o b+c ab+bc+ca
+ 3 +1
\/2‘0 a a+b’+c? ve
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Bai 45. (Mathlinks)
a,b,c>0. Chirng minh rang

o ab+bc+tca 3

oe Ab+bc+ca+3a® 2

Bai 46. (Mathlinks)
a,b,c>0 va a+b+c=3. Chang minh ring

1 1 1 2
4+ + -3 g%2+ph%+¢?
a®> b* ¢

Bai 47. (Mathlinks)
a,b,c>0. Chirng minh rang

3 a’+bc 18 a®+b’+c’
@ +(b+c)®> 5 (a+b+c)’

Bai 48. (Mathnfriend)

a,b,c>0. Chirng minh rang

1 N 1 0915(a b)?(b- c)*(c- a)?

(@b+bctca) 1 4
&@+b)? (b+c)? (c+a)’y 4 4 (a+b?(b+c)’(c+a)’

Bai 49. (Mathnfriend)

a,b,c 1ado da bacanh cia mot tam gidc. Chixng minh rang

1 1 1 0947(ab)(b c)?(c- a)?

(ab+he+ca) o + _+
&@+hy’ (b+c)® (c+a)’y 4 4 (a+b)’(b+0)’(c+a)’

Bai 50. (Vasile Cirtogje).
a) a,b,c>0. Chiang minh rang

o b?+c?- 4a?
a(b+c)

+33 0

cyc
b) Vi céac diéu kién nhu trén, tim hang sd k tét nhat cho bat dang thuc

o b?+c?- ka? L3k-2), 0
a(b+c) 2

cyc

169



Bai 51. (Toan Hoc Tubi Tre 1998)

a,b,c>0. Chirng minh rang

1 a’+b*+c®. a b c 1 ab+bc+ca
+ 3 + + 3 2-

2 ab+bctca b+c c+a a+b 2 a2 +b2 +c2
Bai 52. (Mathlinks)

a,b,c>0 va a+b+c=1. Ching minh ring

6, 8(a+b?+c?)?

5 (1- a)(l- b)(l- c)

o adl

3F >

o 82
Bai 53. (Mathlinks)

a,b,c>0. Chirng minh rang

3 iy
0 b, O
28 a°+93Q a2b+aeé ax 3128651 a’:cq ax

cye cye oc @ cye oc @
Bai 54. (Mathlinks)
a,b,c>0 va a+b+c=1. Ching minh ring

3

1 N 1 10
abc a’+b’+c®> ab+bc+ca

Bai 55. (Mathnfriend)
a,b,c>0. Chirng minh rang

0 a®> _ at+b+c

a
e 2a° +b? +¢? 4

Bai 56. (Mathlinks)

a,b,c>0. Chirng minh rang

° 1 2 1
a 2 3 + 2 2 2
oc @ +2bc ab+bc+ca a“+b"+c

Bai 57. (Mathlinks)

a) a,b,c>0. Chiang minh rang

 ava? +2bc 3 +/3(ab+bc +ca)
cyc
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b) a,b,c>0. Ching minh rang
Q ava?+3bc 3 2(ab+bc+ca)

cyc

¢) a,b,c>0. Timhang s5 k tét nhat cho bt diang thirc

 ava? +kbc 3 Jk +1(ab+bc +ca)
cyc

Bai 58.

a,b,c>0 va a+b+c=1. Ching minh ring

ab+bc+ca+g.((a+b)\/£+(b+c)\/E+(c+a)ﬁ)£2

Bai 59.
a) (Mathlinks) a,b,c > 0. Ching minh rang
o b+c 6

3
2‘0 2a’+bc a+b+c

b) (V& Qubc Ba Can) Véi céc diéu kién nhu trén, tim hiang s k tét nhat cho
bét dang thirc

b+c 0O, 6+ k(a- b)%(b- c)?(c- a)?
2a’ +bc (2a® +bc)(2b? + ca)(2¢? + ab)

(a+b+c)§é
cyc

Bai 60. (Mathlinks)

a,b,c>0. Chirng minh rang

o) 1 0 bc

£
2‘0 a(b+c) 2‘0 a’(b+c)

Bai 61. (Mathlinks)

a,b,c>0. Chirng minh rang

2

2§

408 L2 53 @ +p2+?)
gcycb"'cﬁ
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Bai 62. (Japan 1997)

a,b,c>0. Chirng minh rang

o (b+c-a)’ 3

e & +(b+c)® 5
Bai 63. (USA 2003)
a,b,c>0. Chirng minh rang

o (2a+b+c)?
o6 28+ (b+c)?

Bai 64. (Poland 1992)
a,b,cl R. Chirng minh rang
(a+b- c)’(b+c- a)’(c+a- b)?3 (a? +b?- c?)(b? +c? - a?)(c* +a®- b?)
Bai 65. (Mathlinks)
a,b,c>0. Chirng minh rang

1 1 1 3

3

+ +
x/lla2+bc \/1]b2+ca \/11(;2+ab 2Jab+bc+ca

Bai 66.
a) (Mathinks) a,b,c>0 va ab+bc+ca=1. Chirng minh rang

1+a%®  1+b’c® 1+c’a’, 5

(a+h)? " (b+c)* (c+a)} 2

b) (V& Qubc Ba Can) Véi céc diéu kién nhu trén, hdy tim hang sé k tét nhat
cho bat dang thirc
1+ a?b? L1 b%c? L1 c’a’ 5, k(a- b)%(b- c)*(c- a)?
(a+b)? (b+c)* (c+a)?® 2 (a+b)’(b+c)’(c+a)?
Bai 67. (Pham Kim Hung)

a,b,c>0. Chirng minh rang

o a abc 5

a + S -
gebtc 2@ +b°+c’) 3
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Bai 68. (Pham Kim Hung)
a,b,c>0. Chirng minh rang

ad+bi+c? . bdabc
abc (a+b+c)®

3

Bai 69. (Pham Kim Hung)

a,b,c>0. Chirng minh rang

4 4 4

a’+b*+c N 3abc 33( 2 L2 +c?)
ab+bc+ca a+b+c 3

Bai 70. (Pham Kim Hung)

a,b,c>0 va ab+bc+ca=1, k3 2++/3. Chang minh ring
1+bc l+ca 1+ab 12
+ +

3

ka’+bc kb*+ca kc?+ab k+1
Bai 71. (V& Qubc B4 Can)

a) a,b,c>0. Chiang minh rang

o 1 9

a 4b? - be + 4c? i 7(a® +b? +¢?)
cyc

b) Vi céac diéu kién nhu trén, tim hang sd k tét nhat cho bat dang thuc
1 9

é 3
oo PP +Koc+c?  (k+2)(a®+b? +¢?)

Bai 72. (VMO 1991)
x3 y3 z>0. Chang minh ring

2 2 2
X Z Z°X
y,Yz,

3 2+ y2 + 22
z X y

Bai 73. (Mathinks)
a,b,c>0. Timhing sb k tét nhit cho bat dang thirc

o a +k(ab+bc+ca)3§+

k
gebtc a+p’+c® 2
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Ba 74.

a,b,c>0. Chirng minh rang

\/abc(\@+ b +\E)+(a+b+c)2 3 4,f3abc(a+b+0)
Bai 75. (Pham Kim Hung)
a,b,c>0. Timhing sb k tét nhit cho bat dang thirc

a+b*+c?  Kk(@+bc+ca) , 3 k
(a+b)(b+c)(c+a) (a+tb+c)* 8 3

Bai 76. (Vasile Cirtogje)

a,b,c,k > 0. Ching minh ring

o ab+(k-3J)bc+ca, k-1
o (b-c)?+Kbe K

Bai 77. (V& Qubc B4 Can)
Chang minh rang véi moi a,b,c >0,k 3 1 taluén co

o alb+c) 6

3
oe P? +Koc+c?  k+2

Bai 78. (V& Qubc B4 Can)
a,b,c>0. Timhing sb k tét nhit cho bat dang thirc

o a(2a+b+c), 12
o ka®+bc  k+1

Bai 79. (Toan Hoc Tudi Tré 2002)
a,b,c>0. Chirng minh rang

(a+b+c)*(a+b- c)(a- b+c)(b+c- a) £ 27a’w*c?
Bai 80. (Manlio Marangelli)

a,b,c>0. Chirng minh rang

3(a’h +b’c+c?a)(ab® +bc? +ca?) 3 abc(a+b+c)?
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Bai 81. (V& Qubc B4 Can)
a,b,c>0. Chirng minh rang
b*+c®-a® c®+a’- b’ a’+b’-c?,
a® +2bc b? + 2ca c?+2ab
Bai 82. (Toan Hoc Tubi Tré 2005)

a,b,c>0. Chirng minh rang

1 1 1. b+c c+a a+b
—+=+=3 + +

a b c a’+bc b*+ca c®+ab
Bai 83. (V6 Qudc B4 Cin)
a,b,c>0. Timhing sb k tét nhit cho bat dang thirc
(a+b)(b+c)(c+a) . kabc
(a+b+c)(ab+bc+ca) a®+b®+c?
Bai 84. (V6 Qudc B4 Cin)

a,b,c>0. Timhing sb k tét nhit cho bat dang thirc

3§+5
9 3

a b c kabc
+ + +

33+
b+c c+a a+b a*+bpi+c® 2

LS
3
Bai 85. (Mathlinks)

a,b,c>0. Chirng minh rang

0 1 1

a 2 23 2 2 2
oc 02" - ab+5b” a“+b’+c
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MOT TiM TOI NHO VE BAT PANG THUC

Vo Quoc Ba Can

Bat fiang théc la mot trong nhdng linh voc hay, kho va loi cuon nhat cua toan
hoc. Ban co the del dang kiem chéng fiddic fiieu nay qua cac trang web toan hoc,
trong forum bat flang thdc cua cac trang web nay, luon chiem soi 166ng bai viet
nhieu nhat. Bai viet sau iay, toi xin gidi thieu mot ph6dng phap hay, kha hieu
qua fie chéng minh bat fiang thoc fioi xdng ba bien ma toi tinh cd tim fddc qua
viec giai toan. Do trinh fiol con han hep va fiay chz la mot tim toi nho cua toi nen
kho long tranh khoi nhéing sai sot, mong ban fioc thong cam.

Phodng phap nay rat idn gian nhdng kha hieu qua va no fia giup toi giai N66C

kha nhieu bai toan kho ma nhdng phddng phap manh khac nhé S.O.S, don

bien... fanh bat l6c.

Xin fi66ic noi sO qua ve cb sd cua phodng phap nay, no iddc xay déng hoan toan

dda tren 2 Bo fiei rat c6 ban sau

* Bo fie 1. (bat fiang théc Schur) " a,b,c? 0 thi

cs 4pa- p°
9

trongio p=a+b+c,q=ab+bc+ca,r =abc.

*Bo fie 2. " a,b,cl R thi ton tai cac so thdc X, Yy, %, ¥, sao cho
p=atb+c=2x+y,=2x+y,
q=ab+bc+ca=x;+2xY, =X +2%Y;

Xy, £r =abc £ Xy,
Ngoai ra, neu a,b,c3 0 thi x,,x,Y, 2 0. Trong fio
+ Neu p 3 4q thiy, £0

+ Neu p® £ 4q thiy, 3 0
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Cac ket qua tren chdng minh t06ng fioi Aidn gian, cac ban nen tdé chong minh lay,
xem nho la bai tap.
Ne hieu rol hon tinh hieu qua cua phéong phap nay, cac ban hay cung theo doi
cac vi du sau
Vidu 1. (Vasile Cirtoaje)
Cho a,b,c >0 thoa a®+b? +c? =a+b+c. Chéng minh rang
ab+bc+cad a’v® +b’*c® +c’a’
Loi giai.
Ta col bat flang thdc can chong minh t66ng AG6Ng vOi

2

2 2 2 A

a&® +b°+c° 0
(ab+bc+ca).c———+ 3 a’b? +b?c? + c?a?

& atb+c 4

Do ca 2 ve cua bat fiang thoc nay fiong bac nen khong mat tinh tong quat, ta co
the gia sd a+b+c=1. Nat g=ab+bc+ca,r =abcb O£ q£:—13. Khi fio, bat fiang

thdc can chong minh trd thanh

q- 29)*3 g*- 2r
f(r)=18r +9g(4q9- )(q- )3 0 *)

* Troong hop 1. 4q £1 thi (*) hien nhien fiung.

* Troong hép 2. 4q3 1, the thi theo Bo fiel 1, ta co

r3

f(r)=18r +9q(4q- 1)(9- D) * 2(4g- 1) +9q(4q- 1)(q- I
=(49- D(2- 39)(1- 30)* 0

P (*) fiung.

P fipcm.
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Vidu 2. (Vasile Cirtoaje)
Cho a,b,c>0thoaa+b+c=3. Chdong minh rang

P(a,b,c) = a_, b , ¢ .3
a+bc b+ca c+ab 2

Loi giai.
Nat q=ab+bc+ca,r =abcP O£ g£ 3. Ta co bat fiang thic t66ng fivdng voi:
3I2+2r(6-q)- g*£0
ToiBo fie 1, ta co
3r*+2r(6- 0)- q° £3(xy,)" + (X ¥1)(6- 0)- o
Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh
306 Y0)* + (X Y1)(6- a)- q° £0
0 P0x%0)° 2

02+y13

2 4y, 3

3

+ J—
Y +1 y12' 2y, +9 2

U (y,- D*(3- y1) 2 O (fiung)
P fipcm.

U

Nang théc xay ra khi va che khi a=b=c hoaca=3,b=c® 0 va cac hoan vi.
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Vi du 3. (Pham Kim Hung)
Cho a,b,c3 0 thoa a+b+c=1. Chdng minh rang
ab+bc+ca3 8(a’b® +b?c? +c?a?)(a® +b? + c? +16ahc)
Loi giai.
1aq,rs0

Nat q=ab+bc+ca,r =abc b |l c 1 the thi theo bat fiang thdc Schur, ta co

f9%3

4q-1

rs3 . Td cach Aat, ta co

a’b® +b*c® +cfa® =g’ - 2r
a’+b>+c?=1- 2q
Do fio, bat fiang thdc can chéng minh trd thanh
q3 8(q*- 2r)(16r +1- 2q)
U f(r)=8(2r- g*)(16r +1- 2q)+q3 0
Taco f/(r) =6(32r - (49- 1)(29+1))
Col 2 tr6Gng hop xay ra
* Troong hop 1. 13 4qb f/(r)3 0p f(r) la ham fiong bien " r 3 0.
*Troong hop 2. 493 1b r3 4qT-l3 0. Do fio
11(r) =6(32r - (49- D2 +1)* 63 0 (4q- H(2q+)

_ 2(4q- 1)(23- 18q)
3

50
p f(r) laham fiong bien " r 3 0.
Tom lai, trong moi trodng hop, ta luon co f(r) la ham fiong bien " r 3 0. Do fio

f(r)® f(0)=a(4q-1°3 0
P fipcm.
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* Chu y.
Cac ban nen chu y rang phddng phap nay chz fiac biet co hieu qua foi vi nhding
bat fiang thé.c ma dau bang xay ra khi a =b = c hoac trong ba so a,b,c co mot so

bang 0, hai soi con lai bang nhau.
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BAI TAP

Bai 1. (Iran 1996)
Cho a,b,c >0. Chdng minh rang

1 1 1o,

+ +
+b)> (b+c)® (c+a)’y

x 9
ab+bc+ca —
( )(é(a 2

Bai 2. (Pham Kim Hung)
Cho a,b,c la cac so thdc doéng thoa man abc =1. Chéng minh rang
64(1+a’)(1+b*)(1+c®) £ (a+b+c)®

Bai 3.

Cho a,b,cl R thoa a® +b?+c? =9. Tim gia tro 16n nhat cua bieu théc
P=2(@+b+c)- abc

Bai 4.

Cho a,b,c >0. Chdng minh rang
abc 2, ab+bc+ca
a®+b’+c® 3 a’+b’+c?
a3+b3+C3+13@2+b2+C2(?2
4abc 4 Eab+bc+cag

a)

b)

Bai 5.

Cho x,y,z>0. Chéng minh rang

\/ X4+y4+24 +\/2(xy+yz+zx)31+\/§

X2y2 + y222 + Z2X2 X2 + y2 + Z2

Bai 6. (Vietham TST 1996)
Cho a,b,cl R. Chéng minh rang

(a+h)" +(b+c)" +(c+a) ® g.(a4+b4+c4)
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Bai 7.

Cho a,b,c >0. Chdng minh rang

E+1+1+ 9 3ael+l+16

a b c¢c at+b+c 8a+b b+c c+aE

Bai 8.

Cho a,b,c >0 thoa ab +bc + ca =3. Chéng minh rang
1 1 1
+ +

£1
2+a®> 2+b®> 2+4c?

Bai 9. (Vasile Cirtoaje)
Cho a,b,c >0 thoa ab +bc + ca =3. Chéng minh rang
1 1 1 3
+ + 3 —

1+a? 1+b®> 1+c® 2

Bai 10. (Kvant 1993)
Cho a,b,c,d >0thoa a+b+c=1.Chdng minh rang

a®+b*+c®+abcd 3 min

-b||—‘
©|I—‘

Ldu
g

_>__A

Bai 11. (Mihai Piticari, Dan Popescu)

Cho a,b,c>0thoa a+b+c=1.Chéng minh rang
5(a?+b*+c?)£6(a®+b*+c%) +1

Bai 12.

Cho a,b,c>0. Chong minh rang

a’ +b? +c? s 8abc
ab+bc+ca (atb)(b+c)(c+a)

3

Bai 13.
Cho x,y,z>0thoax+y+z=1. Chdng minh rang
AR | S S 1
Wy+yz Jyzrx Joxexy V2
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Bai 14. (Pham Van Thuan)

Cho a,b,c>0. Chong minh rang

(a+b+c)? ! &’ +b’+c® a’+b*+c” 0,
Z+b2+c® 2§ abc ab+bc+ca g

Bai 15. (Toan Hoc Tuoi Tre 2002)

Cho a,b,cl R thoa a®+b®+c? =1. Tim gia tro 1dn nhat cua bieu théc:
P=3(a+b+c)- 22abc

Bai 16. (Vo Quoc Ba Can)

Cho a,b,c>0thoaa+b+c=3. Chong minh rang

L+a“h)@+ b @+ch) 3 (1+a)@+b)@+c) " k31
Bai 17. (Vasile Cirtoaje)
Cho a,b,c3 0thoa a®+b? +¢? = 3. Chéng minh rang
12+9abc? 7(ab+bc+ca)

Bai 18. (Vasile Cirtoaje)

Cho a,b,c3 0thoa ab+bc+ca=3. Chéng minh rang
a’+b®+c’+7abcs 10

Bai 19.

Cho a,b,c2 Othoa a+b+c=3. Chong minh rang

1 1 1
+

3
+ £—
6-ab 6-bc 6-ca 5

Bai 20. (Vasile Cirtoaje)
Cho a,b,c3 0thoa a®+b? +¢? = 3. Chéing minh rang

5(a+b+c)+i3 18
abc
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HAM LOI (LOM),

HAM NOA LOI NOA LOM VA BAT NANG THOC
Vo Quoc Ba Can

I. Cac fionh nghda.

1. Nonh nghéa ham loi (lom).

Ham so f(x) fiddc goi la loi tren tap [a,b] 1 R neu voi moi x,y1 [a,b] va vai

moi cap so khong am a,b co tong bang 1, ta fieu co
f@x+by)3af(x)+bf(y)

Ham so f(x) fiddc goi la lom tren tap [a,b] 1 R neu véi moi x,y1 [a,b] va voi

moi cap so khong am a,b co tong bang 1, ta fieu co
f@x+by)£af(xX)+bf(y)

Ket qua sau fiay chung ta th6ong dung fie: nhan biet mot ham la loi hay lom

Neu f(x) kha vi bac hai tren [a,b] thi f(x) loi (lom) tren [a,b] khi va chz khi

f7)£0 (f"(x)3 0) " x1 [a,b].

2. Nonh nghta ham néa loi nda lom.

Ham so f(x) fiédc goi la nda loi nda lom tren [a,b]I R neu ton tai duy nhat

hang so c (a<c<b) sao cho f(x) loitren [a,c] va lom tren [c,b] (hoac ngtdc

lai).

I1. Mot so tinh chat.

1. Tinh chat 1.
N b3 3 3 3
Neu f(x) la mot ham lom tren [a,b] thi vdi moi : AT e Y4 ta co
iXty-z3a
fO)+1(y)2 f(+f(x+y- 2
Chéng minh.
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Taco " hthoa O£ h£ x- y thitontai al [0,1] sao cho h=a(x- y)
Do fio x- h=(1- a)x+ayl [a,b] nen theo fionh nghta ham lom, ta co
f(x- hy=f(1-a)x+ay)E@-a)f(x)+af(y)
Toong t8, ta co y+h=ax+(1L- a)yl [a,b] nen theo fitnh nghéa ham lom, ta
cung col
f(yth=flax+(l-a)y)Eaf(x)+(1-a)f(y)
Do fio
f(x- h)y+f(y+h) £ f(X)+ f(y) *)
Rorangtaco O£ x- z£ x- y nen ap dung (*) véi h=x- z, ta fiddc
fF)+1(y)® f(D+f(x+y- 2
Tinh chat 1 fié6'c chéng minh hoan toan.
T6 tinh chat 1 ta suy ra fi6dic tinh chat 2 nho sau
2. Tinh chat 2.
Neu f(x) la mot ham lom tren [a,b] thi vbi moi X,X,,...x, 1 [a,b] thoa man
X +% +...+X,- (n-Dafb thitaco
f(x)+f()+. . +f(X)EM-Df(@+F(X+X+..+X,-(n-Da)
Chéng minh.
Ta chéng minh bang quy nap theo n.
De thay khang fionh fiung cho 1 bien so.
Gia s6 khang fionh fiung cho n bien so, tdc la ta co
f(x)+f()+. . . +f(X)EM-Df(@+F(X+X+..+X,-(n-Da)
Ta sel chéng minh khang fionh fiung cho n+1 bien so, toc la chéng minh
f(x)+f(%)+...+f(X)Enf(@)+f(X+X+..+X,, - na)
Khong mat tinh tong quat, ta co the gia s6 X, = max{x, %,,..., X.,;} . Ap dung gia
thiet quy nap, ta co
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f(x)+f()+. . +f(X)EM-Df(@+F(X+X+..+X,-(n-Da)
Do fio, fie chong minh khang fionh fiung cho n+1 bien so, ta chz can chéng minh
f(x+X%+..+x -(n-Da)y+f(x,)Ef(@+TFT(+X+...+X,,-na)
Do X ,, = max{X,%,,...,X,} va b3 x 3 a"i=1n nentaco
b3 x +x, +..+X,,-na3 x,,°%a
Do fio theo tinh chat 1, ta co
f(@+ f(x+x+..+Xx,-na)s

S (g +X%+..tX - Na)+a- X, )+ F(X,)
= +% +..+ X% - (n-Da)+ f(X,,)

Vay khang fionh fiung cho n+1 bien so. Theo nguyen ly quy nap, khang fionh
fiung voi moi n3 1.
Tinh chat 2 fi6d'c chdng minh.

3. Tinh chat 2’.

1%,%,...% 1 [ab
Neu f(x) la mot ham loi tren [a,b] thi v&i moi :Xl X % | [2,0]
PX+X+..+X, - (n-Dakb

thi

ta co
f(x)+f()+..+f(x)3(n-Df(@+F(x+X+..+X,-(n-Da)
4. Tinh chat 3. (He qua cua fionh ly Larange)
+ Neu f(x) kha vi bac 2 tren [a,b] va lom tren [a,b] thi voi moi x,x,1 [a,b] ta
co
FOO3 F/00)(x- %) + f (%)
+ Neu f(x) kha vi bac 2 tren [a,b] va loi tren [a,b] thi voi moi x,x,1 [a,b] ta
co
FOYE £/ 00)(x- %) + f (%)
Toi tinh chat tren, ta suy ra fiodc bat fiang thoc Jensen noi tieng. Cac ban hay tho

chdng minh lai bang cach s6 dung tinh chat 3 xem nhd la bai tap.
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I11. Ong dung vao bat fiang thoc.

Cac fionh ly sau fiay co the: xem nhd la mot phédng phap chdng minh bat fiang
thoc kha hieu qua. (ban cung nen t6 chong minh lay xem nho la bai tap, 16u y la
fie. chdng minh chung, ta chz can dung cac tinh chat tren la fiu).

1. Nonh ly 1.

X, Xy, X, 1@ N soithdc thoa man

DX EXE.EX
iiyx T [a,b] "i=1n
i) x, +x, +...+ x, =C (C la hang so)

va f lasmot ham tren [a,b] thoa man f loi tren [a,c] va lom tren [c,b] .
Nat F = f(x)+f(x)+..+f(x)
Khi fio
F Aatminkhix, =X, =%, =..=X_; =a,%,, =..=x 1 [ab] (k=12,...,n)
F fat max khix, =X, =...= X ;1 [,b], %, =Xy =-.= %, =b (k=12,...,n)
2. Nonh ly 1°.
X, %o, X, 1@ N soithdc thoa man

DX EXE.EX
iiyx1 [ab] "i=1n
i) x, +x, +...+ x, =C (C la hang so)

va f lasmot ham tren [a,b] thoa man f lom tren [a,c] va loi tren [c,b] .

Nat F = f(x)+f(x,)+...+ f(x)

Khi fio
F Aat max khix, =X, =%, =..= X, =&, %, =..= X1 [ab] (k=12,..,n)
F Aat min khi x, =X, =...= X ;1 [@,b],%. = Xp =.. =X, =b (k=12,...,n)
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3. Nonh ly. 2.

X, %o, X, 1@ N soithdc thoa man

DX EXE.EX
iiyxT (-¥,+¥) "i=1n
i) x, +x, +...+ x, =C (C la hang so)
va f lasmot ham tren [a,b] thoa man f loi tren (- ¥,c] va lom tren [c,+¥).
Nat F = f(x)+f(x)+..+f(x)
Khi fio,
F fat min khi x, £ X, =X, =...= X,
F fat max khi x, =x, =...= X, £ X,.
4. Nonh ly 2’
X, %o, X, 1@ N soithdc thoa man

DX EXE.EX
ii)xT (-¥,+¥) "i=1n
i) x, + %, +...+ x, =C (C la hang so)
va f lasmot ham tren [a,b] thoa man f lom tren (- ¥,c] va loi tren [c,+¥).
Nat F = f(x)+f(x)+..+f(x)
Khi fio,
F fat max khi x, £ X, =X, =...= X,
F fat minkhi x, =%, =...=X _; £X,.
IV. Mot so ap duing.
Vidu 1. (VMEO 2004)

Cho tam giac nhon ABC. Tim gia tro nho nhat cua bieu théc
P =tgA+2tgB +5tgC

Loi giai.
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N[O

Xet ham so f(x) =tgx voi x1 gf)

Ta co
f/(x) =tg®x +1
f7(x) = 2tgx(tg®x+1) >0

P f(x) laham lom tren gﬁ%g
a

Do o, theo tinh chat ham lom, ta co
f(A) 3 f(arctg3)+ f'(arctgd)(A- arctg3) =3+10(A- arctgd)
TooNng to, ta co

f(B)3 f(arctg2)+ f'(arctg2)(B- arctg2) = 2+5(B - arctg?)
P 2f(B)3 4+10(B- arctg?)

f(C)3 f(arctgl) + f'(arctgl)(C - arctgl) =1+ 2(C - arctgl)
P 5f(C)3 5+10(C - arctgl)

Do o
P=f(A)+2f(B)+5f(C)
312+10(A+B+C- arctg3- arctg2- arctgl)
=12 (vi A+ B+C =arctg3+arctg2+arctgl=p)
!
I'A=arctg3

Nang théc xay ra khi va chz khi : B =arctg2.
i

ic=t

I 4

Vay
minP =12.
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Vidu 2.

Cho cac so dodng a,b,c thoa 21ab+2bc+8ca £ 12. Tim gia tro nho nhat cua bieu

thoc
3
=+ —+—
C
Loi giai.
Nat X:E,y:g,z::—a, bai toan chuyen ve

a b c
X,¥,z2>0 thoa 2x+4y+7z£ 2xyz. Tim gia tro nho nhat cua bieu théc
P=x+y+z
Khong mat tinh tong quat, ta chz can xet trodng hdp 2x+4y+7z = 2xyz la fiu (tai

sa0?). Nat x:ﬁm,y:g.n,zzz—f.p thi ta coo m+n+ p=mp. Do fio, ton

tai tam giac nhon ABC sao cho m=tgA,n=tgB, p =tgC. Khi fio, ta co

37

P= —7.(l4tgA+ 7tgB + 4tgC)
14
Xet ham so f(x) =tgx voi x1 8%39
& 25
Ta col
f/(x) =tg®x +1
f7(x) = 2tgx(tg®x+1) >0
P f(x) laham lom tren 8%39
& 25
Do o, theo tinh chat ham lom, ta co
376

e o] e Ose
f(A)?3 fgarctg£++ f’garctgﬂﬁgA- arctg——-=
e 7 g e [ 7 g
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370

e
+1—6.9A- arctg——+
78 7 g

5

e 0]
b 14f(A)3 6ﬁ+32§A- arctg¥+
e %]

TooNng to, ta co

& o] & Oee o]
f(B)3 fgarctgﬂﬁ f’garctgﬂ&B- arctgﬂ+
e g @& [ 7 g
& o]
:—Sﬁ +g.gB- arctg—5ﬁ+
7 7 & 7 5
70
b 7f(B)3 5ﬁ+3298 arctgi
a

09 1) (s i)
=7 +8(C- arctgﬁ)
b 4f(C)? 47 +32(C- arcigy/7)

Do o
P :g.(l4f(A)+7f(B)+4f(C))
& @ 60
3 ﬂ 15ﬁ+329A+ B+C- arctgﬂ- arctgﬂ- arctg/7 ==
14 & 7 7 %
1—25 (ViA+B+C= arctgi +arctgi +arctgy7 =p)
i .
i A= arctgﬂ [
i 7 im=3 | 3
% I ]
Nang théc xay ra khi va chz khi } B= arctg¥ U ! n :g 0 tb :g.
' ' ;
IC=arctg7  fP=2 T._3
| 7

Vay
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minP:E.
2

Vi du 3. (Pham Kim Hung)
Cho a,a,,...,a, >0 thoa aa,...a, =1. chdng minh rang voi moi k >0 thi

t 1 +..+ 3min}1 v
W+a) @+a) " @+a) 12

Chéng minh.
Neu n=1 thi bat fiang thoc fia cho hien nhien fiung.
Neu n=2

+ Neu 0<k <1 thita co

1 1 ., 1 1 1 1
T k + B * 1 =1
@+a)" (+a)" 1l+a 1l+a, 1l+a 1+ =
a
+ Neu k3 1 thita co
k

L -+ 1 == & +1k 3 kl_l (theo bat iang thoc Holder)

1+a)" (@A+a)" (a+D)" 2

Xet n3 3
Ta chdng minh bat fiang thdc fiung cho gia tro tdi han 1:2—2 U k=log,n.

Do n3 3nenn-1>k>1.
Khi fiol

+" m3 k, taco

d 1 1 & 1 o6k, 1 aencj% n
a m3 m Qa k™ 3 m 8_k ~om
s (1+a) npleizl(l"‘ai) @ 182°g 2
+" mEK, taco
k
n OTI n n
g 1+a)" g 5 (1+a) iz (1+a)
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Khong mat tinh tong quat gia s0 O<a £a, £...£a,.

IXEXELEX,

Nat x =Ina,x, =Ina,,..,x, =Ina, thi
AT TN % =G, I}xl+x2+...+xn=O(doa1a2...an=1)

Xet ham so f(x) = ;k
(e'+)
Ta col
£1(x) = ke™.(ke k-+21)
(e"+1)

f7(x)=00 x=-Ink
Td fo, taco f loitren (-¥,- Ink] va lom tren [- Ink,+¥)

P Theo Nonh ly 2, ta co

3 1 3 . :
P=4 =a — flat min khi x, £, =%, =...= X,
a(Lra)s et i
. .1 n-1 1 u
P minP3 minj + 7 (t3 0
,:\(et +l)k (e-(n-l)t +1)kg ( )
1 _ (-Dk
=minj n lk+ >n(-l -y (x=¢€'31) )
D (TR
. L n-1 Xk
Tiep theo, ta se/tim min cua ham so: g(x) = + voi x3 1

(X+1)k (Xn-l+1)k

e xmikt 1 6
Taco g'(x) =(n- Dk - -
g (9 =( ) (é(xn-l+1)k+1 (X+1)k+lb

g/(X) =0 U X(n-l)k-ll(x+1)k+l — (Xn-l +1)k+l

(n-1)k-1

U x ¥ (x+])=x""+1 (2)

1
Nat t = xk*1 p t3 1. Khi fio, ph66ng trinh (2) trd thanh

t(n-l)k-l.(tk+l+l) :t(n-l)(k+1) +1
0 t(n-l)(k+1) _ tnk _ t(n-l)k-l+1:0
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Xet ham soi h(t) = ™Dk _ gk _ (DL 19 v t3 1

Taco W (t) =t P2 ((n- D(k +Dt" - nkt“* - (n- Dk +1)
hWt)=0U0 (n- D(k+Dt" - nkt**- (n- Dk +1=0

Xet tiep ham so m(t) = (n- D(k +Dt" - nkt*"*- (n- Dk +1vdit3 1

Taco n (t) = n(k +Dt*((n- Ht™**- k)

Chuy rang n- 1>k nen m' (t) 3 n(k +)t“((n- 1)- k) >0

P m(t) la ham fiong bien tren [1,+¥)

Talaico m1) =(n- )(k+D- nk- (n- Dk+1=n(1- k) < O,tgrﬂé m(t) = +¥

Nen phddng trinh m(t) =0 co nghiem duy nhat t, >1

P Phoong trinh W (t) =0 co nghiem duy nhat t, >1

Bang bien thien cua h(t)

t |1 ty +¥

Nl - o o+

h(t) O\ /

Can c6 vao bang bien thien, ta co

h(t) =0 co 2 nghiem phan bietlalvat >t,>1
Do fio g’(x) = 0 co 2 nghiem phan biet la 1 va t/* > 1.

Bang bien thien cua g(x)

X |1 £ +¥
g’ (x) + 0 -
1 1

Can c6 vao bang bien thien, ta suy ra
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9092 minfg@,limg(¥} =1 "x2 1 3

To (1) va (3), ta suy ra fipcm.
Vidu 4. (Vasile Cirtoaje)

Cho n3 3,nl N,0<kE (2n-1)12 va a,a,,...,a, >0 thoa aa,...a, =1. Chéng minh
n_
rang
1 1 1 n
+ +..+ £
Jl+ka, /1+ka, Jl+ka, Jk+1

Loi giai.

o _ . n A 2n-1 o ,
Nat y =ka (i=1Ln)P yy,..y, =kK" vOi k=1y,y,...y, EW . Khi fio, bat

fiang thoc can chdng minh trd thanh

1+1++1£n
JIry, vy, Ly, VKl

Khong mat tinh tong quat gias6 O<y, £y, £...£Y,.

N X EXELEX,
Nat x, =Iny, %, =Iny,,..., X, =Iny, thi j
P X% +X% +...+x, =nlnk (do aa,..a, =1

1

Xethamso f(X)=——~
(9=

e".(e"- 2) fU

Taco f/(x)=—2*~ =/.
) 4e* +1)*?

(x)=00 x=In2

Td fio, taco f loitren (-¥,In2] valom tren [In2,+¥)
P Theo Nonh ly 2, ta co

1 g
A 1+y)? " A e

fat max khi X, =X, =...= X ; £ X,.

I n-
P max P £ maxi n-1 + !
T\/et +1 \/enlnk-(n-l)t +1
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—max| (x=€ £k) (]
Jx+1 ‘Jxﬂl+kﬂy
n-1
. s ‘ 1 X 2 e
Tiep theo, ta se tim max cua ham so g(x) = voi X £ k
J +1 Jx K"
n 1ae kW%§ 1 2
Taco g'(x) = & .- o
S00 ek (x40
n-3 3
g(x)=00 k”xz(x+1)2—(x”1+k)2
2n n-3
U k3x3 . (x+D)=x"1+k" (2)
N 2 2
Nat t =x3 b t £ k3. Khi fio, ph66ng trinh (2) tr thanh
n 3,3 g5 3D
k3t 2 .9t2+1+:t 2 +k"
e a
_ 3y 2.0 2,03
Ut 2 -k3t2-k3t2 +k"=0
3(n-1) 2n n 2n n-3 2
Xethamso h(t)=t 2 - k3t2- k3t 2 +k" voi t £k3
1 ™ 2n 3 "G
Taco h'(t) ==t 3 .e3(n- Dt"- nk 3t2- (n- 3)k3 -
2 & ;
A 2n 3 2n
h(t)=00 3(n- Dt"- nk3t2- (n- k3 =0
2n 3 2n 2

Xet tiep ham so m(t) =3(n- Dt"- nk 3t2 - (n- 3k 3 voi t £k3

1 2n-3

1 2n-3 io
Taco,m((t):@ta 2(n- Dt 2 - k3 =
2 & p

2

3 —_—

mt)=00 t,=¢ K2 -

éZ(n-l);

(%]
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2n-1 2

Do 0< k£W nen t,<k3. Qua t, thi m'(t) foi dau t& am sang déong nen
n_
L ‘ " _ ~é 29
m(t) nghoch bien tren (0,t,] va fiong bien tren &, k3 +.
e 7]

2 ; §
Talaico m(0) =3- n£0,mgk3+=nk 3 (2- k) >0 8%0 2> 2N 123 2
€& - & " (n-Y)

2

Nen phddng trinh m(t) =0 co nghiem duy nhat 0<t, < k.

2

b Phoong trinh K (t) =0 co nghiem duy nhat 0<t, <k3

Bang bien thien cua h(t)

t |0 t k?3
W) - o+
h(t) k\ /O

Can c6 vao bang bien thien, ta co

h(t) = 0 co 2 nghiem dé6ng phan biet la k?° va t, <t, .
Do fio g'(x) =0 co 2 nghiem dédng phan biet la k va t3? <t¥? <k.
Bang bien thien cua g(x)

X |0 t32

=~

g'(x) - 0 + 0

9(¥) \ /'

Can c6 vao bang bien thien, ta suy ra

9(x) £ max{ g(0), g(k)} = Jk”—ﬂ " XEK )

To (1) va (3), ta suy ra fipcm.
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Vi du 5. (Vo Quoc Ba Can)

xy.l (-3.3)

Cho cac so thoc x,y,z thoa
Ix+y+z=1

. Tim gia tro 16n nhat va gia tro

nho nhat cua bieu thoc

P(x,Y,2) = X + Yy + z

X +1 y*+1 Z2+1

Loi giai.

Khong mat tinh tong quat, ta co the gia s6 X£ Y £ z

Xet ham so f(x) = 2X voi x1 (\@\@)
x“+1

Ta co

I _ X(X2 -3)
P=terye

f/(x)=00 x=0Ux=1+/3
Qua 0 thi f”(x) fioi dau to d66ng sang am nen f(x) lom tren ( \/5,08 va loi
tren 80\@)
Do fio, theo Nonh ly 1, ta co P(x,y,2) = f(X)+ f(y) + f(2) fiat max khi

IX=y=2z Ui’x:-\/g,y:zuixzy:-\/é
| | |
PXty+z=1 fx+y+z=1 fx+y+z=1

Hay
Ix=- .
x—y—z—lU"’.X \/5\[ Utxzyz-@(loai)
=y=z==Uj |
3 jy=z= 3+1 TZ:l+2\/§
|
Ta lai co
ad 116_9
%3'3'35 10
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J§+1J§+1o 5+4./3
\/é 2, 4(4+43) E

Do iol

9
P(x,y,z) =—.
max P(X, Y, 2) 0

Cung theo Nonh ly 1°, ta co P(x,y,2) = f(X) + f (y) + f (2) Aat min khi

Ix=y=z Ix=yz @13/2[3

:x+y+z l Tx+y+z 1 Tx+y+z 1

Hay
i N
l,]‘x:y:ﬂ,tx—l_ \/é .
x:y:zzéui Uj Ve (loai)
{z:\/g fy=z=+3
Ta lai co
ad 116_9
&3'3'35 10
&-31-V3 26 5-43
P(; ) ) -
§ 27 27 5 aa-3
Vay
. 5- 443
mnP(X,y,2) =—F——.
4(4- 3)
Ket luan

9
P(x,y,z) =—
max P(X, Y, 2) 0

5- 443
4(4- 3)

minP(x,y,z) =
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Vi du 6. (Crux mathematicorum)

Cho cac so khong am X, X,,...,X, (n3 2) thoa x + X, +...+x, =1. Chong minh

p= 2Ny %, X002
1+x  \1+x, 1+ X, J3
Chéng minh.

Xet ham so f(x) = |~—% vai xT [0,1].
1+x

Ta co

rang

f //(X) — (1+ X)z(l- 2X)
1+ X)3(A- X)L+ %30~ X)

~ 1

f’"(x)=00 x==

(x) >
o N : . ; e lu ..
Qua > thi f7(x) fioi dau té dé6ng sang am nen f(x) lom tren 80’56 va loi tren

él

gilé Do fio, theo Nonh ly 17, taco P = f (%) + f (X,) +...+ f (x,) fiat max khi

1|,'X1:X2:---:szo,xm+1=xm+2=...:xn (m=0,n-1)
Tx+X+.+x,=1

Hay
-\I-X1:X2:'":szo

|
Txm+1:Xm+2:'":Xn:

+ Neu m=n- 1 thi ta co
P=10q)+f(x)+..+ (X, )+ f(X)
E(n-1)fO)+ ()
=n-1

<n- 2+i @

NE
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+ Neu m<n- 1 thitaco

P = 10+ £ () %ot F(,)+ (%)
£mf(0)+(n- myf &1 9
&n- mg
n-m-1
n- m+1
-1

=n- t+t,|—
t+1

=m+(n- m)

=g(t)
Trong fiot=n- mi [2,n].

Ta co

L GG
JE+D3(t- 1)

_ th- (t+D3(t- 1)
JE+D3(t-1) (t2 +J(t +2)3(t - 1))

_ -2+ 2t +1
JE+D3(t-1) (t2 +J(t +D)3(t - 1))

<0 (dot3 2

P g(t) la ham nghdich bien tren [2,n].

b g(t)£g(2)=n- 2+-2 " 11 [21]

V3
b PEN- 2+-2 (2)
V3
To (1) va (2) suy ra trong moi trodng hdp, ta luon co
2
PE£n- 2+ NG
P fipcm.
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Vidu 7.
Cho cac so thdc déoéng a,b,c thoa abc=1. Chéng minh rang
1 1 1

+ +

£3
a’-a+1 b?-b+1 c?-c+1

Nhan xet.

Ta co the fat a=e*,b=¢",c=¢€” (x,y,zI R) thi ta co x+y+z=0. Nen fiay,
| Il l ~ I
neu lam theo cach lam tren, ta se xet ham so f (t) :2t—tl fie xem f(t) co
e’ -e+

la ham noa loi néa lom hay khong. Nhong rui thay, f(t) lai khong phai la ham

€' (4e” - 3e* - 3¢ +1)
(e - € +1)°

nda loi nda lom. That vay, ta co f”(t) = . Del thay f”(t)

co 2 nghiem phan biet nen f(t) khong phai la ham nda loi néa lom. Vay phai
lam sao bay gi6? Lam the nao fiel véot qua no fiay? Sau fiay giai phap cua toi cho
van fie tren

Chéng minh.

Ta co Bofieisau

Bo fie. V6i moai so théic dodng a,b,c thoa abc =1, ta co

P(a,b,c) =— CHE 5 L > 1 5y
a“+a+l b°+b+1 c +c+1l

Chdng minh.

Do a,b,c>0 va abc=1 nen ton tai x,y,zI R sao cho a=¢e*,b=¢€",c=¢*. Khi

fio, taco x+y+z=0 va P(a,b,c) = f(x)+ f(y)+ f(2) voi f(t)=%-
e +e +1

Ta co

e'(4e® +3e* - 3¢ - 1)
(e2t +et +1)3

() =
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Del thay f”(t) =0 co duy nhat mot nghiem t, va qua t, thi f”(t) fioi dau 6 am
sang dodng nen f(t) loi tren (- ¥,t,] va lom tren [t,,+¥) nen theo Nonh Iy 2, ta

co P(a,b,c) fiat min khi x£ y =z. Do fio, ta chz can chdng minh

f(x)+2f(y)2 1
0 1 2

+ 31 *
eX+ef+1 eV +e'+1 ®)
Voi x,yI R thoa x+2y=0.
Ta co
()0 2 et 51 (m=e)
m-+m+1 e
m. m
4
0 2 2 + 4 m2 31
m+m+l m+m +1
4
0 2 m 5

+
m’+m+1 (m?+m+2)(m?- m+1)
U 2(m*- m+)+m'3s m*+m*+1
U (m-1)%3 0 (fiung)

To nay, ta suy ra N6c
P(a,b,c)3 1
Bo fie iddic chdng minh hoan toan.
Nang théc xay ra khi va che khi a=b=c=1.

Tré lai bai toan cua ta

ToIBoiie tren, thay a,b,c lan 160t bdi 2 ta N6OC
a c

1 1 1
1 1 .71 1 .1 1
gt ol g+ o+l

a’ a b b c’ C

4 4
0 a b C

+ +
at+a’+1 b*+b*+1 c*+c?+1

31

+1

4
31
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([a)

a’+1 b?+1

2
c°+1 £

>

+ +
a*+a’+1 b*+b’+1 c*+c’+1
2(a” +1) . 2(b® +1) . 2(c% +1)

£4

a*+a?+1 b*+b®+1 c*+c?+1

>

(@®+a+l)+(a- a+l s (b* +b+1) +(b*- b+1) s

(@®+a+1)(a’- a+l)  (b*+b+1)(b*- b+1)

1 6

)

a a

a a+1g

Lai ap dung Bo fie tren, ta co

0 1

2 51
oc @ ta+l

Nen to (**), ta suy ra N6oc

0 1

a’- a+1£3
cyc

P fipcm.

. (C®+c+D+(c*- c+1)
(c? +c+l)(c2 - c+1)

L Oy (**)
a +a+1‘

Nang théc xay ra khi va che khi a=b=c=1.
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Bai tap.

Bai 1. (VMEO 2005)
Cho a,b,c la cac so thdc dédng cho trodc va x,y,z la cac so théc dodng thoa
man ax+by+cz=xyz Tim gia tro nho nhat cua bieu théc
P=x+y+z
Bai 2. (Pham Kim Hung)

Cho a,b,c la cac so thdc khong am. Chéng minh rang

K ..K K < ..
& a 2+&b 2+$C 23mini2,— k30
&b+cy &ctapg sa+thg L2

Bai 3. (Crux mathematicorum)
Chéng minh rang véi moi so khong am a,b,c ta co

\/1+ 48a +\/1+ 48b +\/1+ 48c 4 1o
b+c c+a a+b

Bai 4.

Cho tam giac khong tu ABC. Chdng minh rang

cos’A  cos’B  cos’C .1
+ + 3 —

cosA+1 cosB+1 cosC+1 2

Bai 5.

Xet cac soithdc khong am x, X,,..., X, thoa man

X+ X .+ X, _r3 n-1

n n
Chdng minh rang
1 1 1 n
+ +..+ 3
1+x 1+ 1+x2 1+r?
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Bai 6.

Xet cac soithdc khong am x;, X,,..., X, thoa man

X X .+ X, n-1
=rf, | >——
n n“- n+l

Chéng minh rang

1 1 1 n
>+ >+t > £
1+x 1+X% 1+x7 1+r

2

Bai 7.

Xet cac soithdc khong am x, X,,..., X, thoa man

1
XX X, = pErl

Chéng minh rang

1+1+...+1£n

1+x 1+ 1+x, 1+p

Bai 8.

Xet cac soithdc khong am x;, X,,..., X, thoa man

n
n WX =pE, ) —-1
X, = PE |

Chong minh rang
1 1 1 n
+ +..+ £
L+x)* (1+%)°  (@+x)* @+p)’

Bai 9.

Cho tam giac ABC. Tim gia tro nho nhat cua cac bieu théc
P=sinAsin’B.sin’C

Q=sin" Asin"B.sin? C (m,n, p la cac so thdc dodng cho trodc)
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CAC BAI TOAN CHON LOC

----000----

Bai toan 1. (Pham Kim Hung)

Cho a,b,c la cac so thdc khong am. Chéng minh rang

ab N bc N ca ca +b+c
a+4b+4c b+4c+4a c+4da+4b 9
Loi giai.
* Cach 1.
Ta col bat flang thdc can chong minh t66ng AGGNg VoI

9§ ab(4a+4b+c)(4a+b+4c) £

cyc
£(atb+c)(4a+4b+c)(da+b+4c)(a+4b+4c)
U 4§ a*+16§ ab®3 11§ a’b+3Q a’h® +6§ a’bc
cyc cyc cyc cyc cyc
U 4§ a*+11(a- b)(b- c)(c- a)(a+b+c)+58 ab®3 3 a’h?+68 a’bc
cyc cyc cyc cyc
Khong mat tinh tong quat, gia s6 a =min{a,b,c}
Nat b=a+x,c=a+y
Khi o, ta co
& a* =3a" +4(x+y)a’ +6(x +y?)a’ + 4(< + y)a+ X' +y*
cyc

4 ab’® =32 +4(x+y)a’ +3(x* +y* +xy)a’ + (X* + ¥’ +3xy*)a+ xy’
cyc
Q a’b? =3a* + 4(x+ y)a® +2(x? + y? + 2xy)a® + 20Cy + xy?)a + x°y?

cyc

4 a%bc=3a" +4(x+ y)a® + (% + y* +5xy)a’ + (X’y + xy*)a
cyc

(@- b)(b- c)(c- a)(a+b+c)=-xy(x- y)Ba+x+y)
=-3xy(x- y)a- X’y +xy’
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Do fio, bat fiang thdc can chdng minh t6ong fiddng voi
27(x* +y? - xy)a® + (21x% + 21y° - 45x%y +36xy*)a+
+4x" +4y* - 11y - 3x°y* +16xy°3 0
U 27(x* +y* - xy)a® + (21x + 21y® - 45x°y + 36xy*)a+
+(x- 2y)*(4x" +5xy + y*)3 0 (fiung)
P fpcm.

Nang thoc xay ra khi va chz khi a=b=c hoac a=0,b = 2c va cac hoan vi tddng

ong.

* Cach 2.

Ta co
82 20 00 gasbrof—o
C.&atdb+ic g O a+ab+4c

Do fio, bat fiang thdc can chdng minh t6ong fiddng voi

a N b N c c 1 *)

Aa+4b+c 4b+4c+a 4c+da+b 3

Khoing mat tinh tong quat, ta co the gia s6 a+b+c=3. Khi fio, ta co

M0 24P, C g
4-c 4-a 4-Db
U & a(4- a)(4- b) £ (4- a)(4- b)(4- ¢)

cyc
U a’b+b’c+c’a+abcf 4

Nho vay, fie chdng minh bat fiang thoc fia cho, ta can phai chéng minh
a’b+b’c+c’a+abcf 4 (**)
Khong mat tinh tong quat, ta co the gia s6 b nam gida a va c.
Do fio
c(a- b)(c-b)£0
U b’c+c*af£bc’ +abc

~

U a’b+b’c+ca+abc £ a’b+bc? + 2abc = b(a+c)?
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Mat khac, ap dung bat fiang thoc AM-GM, ta co

ab+(a+c)+(@a+c)

2b(a+c)? :2b.(a+c).(a+c)£8 3 =8
.

P b(a+c)’ £4
Vay

a’b+b’c+cla+abcE 4
P fipcm.

Nang thdc xay ra khi va chz khi a=b=c hoac a=0,b=2c va cac hoan vi tddng
ong.
Bai toan 2. (Pham Kim Hung)
Cho a,b,c la cac so thdc khong am thoa man a+b+c =3. Chéng minh rang
36(ab+bc+ca) 3 (a®+b®+c®) (@ +b’c® +ca’)

Loi giai.
Nat f(a,b,c) =36(ab+bc+ca)- (a°+b*+c®)(@’d’® +b%c® +c*a®)
Khong mat tinh tong quat, gia sé a3 b3 c3 0
Khi fio, ta co

ab+bc+casd a(b+c)

a®+(b+c)33a+b*+c*3 0

a’(b+c)® =a’®’® +a’c® +3a’h’c+3a’nc® 3 a’b* +a’cd +b’c®3 0

b (a®+(b+c)*)a’(b+c)° ? (a®+b*+ %) (@’ +a’c’ +bc)

b 36(ab+bc+ca)- (a®+b®+c®)(a’h® +a’c® +b’c®) 3

3 36a(b+c)- (a’+(b+c)’)a’(b+c)’

Do fio

f(a,b,c)® f(a,b+c,0)
=f(a,3- a,0)
=36a(3- a)- a’(3- a)°(@* +(3- a)°)

=9a(3- a)(a’- 3a+2)?*(a(3- a)+13 0
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b f(a,b,c)3 0 (fipcm)
Nang théc xay ra khi va chz khi (a,b,c) =(2,1,0).
Bai toan 3. (Pham Kim Hung)
Cho a,b,c,d? 0 thoa man a+b+c+d =4. Chong minh rang
(1+a)(L+b")(L+c)(A+d?) 3 (Lr &)L+ D)L+ )L+ o)
Loi giai.
+ Cach 1.
Khong mat tinh tong quat giasé a3 b3 c3d=3 0

*Troong hdp 1. a® 3b b+c+d£1b O£b£],0£c£%,0£d£%.

P (1+a*)l+b*)@+ch)(@+d?)- @+a®)@+b*)(A+c’)(1+d®)3

*® .3 Bee 30
3 (L+a%)- (1+a’)+2%) +B0 5, B0 +
él &2 %‘: &35 P

33a’- —a’- =
3

2, 3
=—(a’-2)>0
3( )

7 4
3

P 1+a’)@+bY)(1+ch)(@+d*) 3 1+a®)(1+b*)@1+c)(1+d®)
*Troong hdp 2. 33 a2 b3 c3ds 0
Ta col bat flang thdc can chong minh t66ng AG6Nng vOi

4 (2n@+a*)- 2in(+a%)2 0
cyc

Xet ham so f(x) =2In(1+x*) - 2In(1+ x®)- x+1voi O£ x£3
Ta co

8x>  6x° l_(x-1)(-x6+x5+x“+7x2+x+1)
xX*+1 x*+1 (x* +1)(x° +1)
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De thay f’(x) = 0 chz co 2 nghiem dé6ng phan biet la 1 vax,1 (2,3).
Qua 1 thi f/(x) fioi dau to am sang dé6ng, qua X, thi f '(x) fioi dau t6 doong
sang am nen

f(x)3 min{ f (D), f (3} =min{0,2(In41- In14- 1)} =0 " xI [0,3]

P 2In(1+x*)- 2In(1+x%) 2 x- 1" x1 [0,3]

b & (2n(+a’)- 2n1+a%))? § (a- =0

oyc oyc

P fpcm.
Nang thdc xay ra khi va che khi a=b=c=d =1.
* Nhan xet.
Bang cach lam hoan toan t6éng t0, ta co ket qua sau
Choa,b,c,d 3 0 thoa man a+b+c+d =4. Khi fio, ta co

@+a“Y @+ bY@+ )@+ d*y 2 @+a)A+b)@A+c)@a+d*) " k3 2.

+ Cach 2.
Ta sel chdong minh bat fiang thdc fia bang phdong phap phan chong.
Gia sd ngddc lai ton tai bon so khong am (a,b,c,d) thoa a+b+c+d =4 sao
cho

(1+a*)(1+b*)(L+c)(1+d?) < (@+a)(1+b )L+ )(1+d)
Khong mat tinh tong quat, ta co the gia s a£b £ c £ d.
Nat F=(@+a*)(1+b*)1+c*)(1+d"). The thi theo bat fiang théc Bunhiacopxki,
ta co

F,.F,3 F/,F,.F, 3 F2 F,.F,3 F? )
Theo gia thiet phan chdng thi

F, <F; 2
To (1) va (2), ta suy ra fidoc

F,<F,<F,<F <F,=16 ©)
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Toi(3),taco d<2.
Ne dan tdi mau thuan voi (3), ta sel chéng minh
F3 R (4
That vay
(4 U (1- a+a®)(l- b+b?)@- c+c?)(1- d+d?)3 1
a3 (2a 1)0863 (2b 1)° Gees MOB&B Mol

U ~=
€4 "94 "94 4 %4 4
o 5, (2a-)°0% (20-176% (2c-1° 0% (2d 1)an40
9 _9 _9 g 83g
4
. e o)
U (1+x2)(1+yz)(1+22)(1+t2)3g1+ +y+z+t21 (5
9 g
Trong fio X:2a-l y:2b-l Z:2c:-1t 2d-1
To o, xet bat fiang thoc
..2(32
<1+A2><1+B>3§1 ABO: (6)
S 2 51

U é.(A- B)?(8- A*- 6AB- B%)3 0

Ta thay neu A+ B £ 2 thi bat fiang thoc tren fiung.

X+t<2
To aEb£cf d<2 tade dang chéng minh A66c Iy+z > Do fio, theo (6), ta
co
5 2
+tp O
(1+X)(1”)3§“8 2t
2 2 5
2('52
b
A+ Y+ 2)e e 20D
£ €255

212



P (1+X°)(1+y*) L+ Z°)(1+1%)3 %“875 5

L IXFt<2 X+t +z
TO | tac:o.—+y
Ty+tz<2 2

< 2. Do fio, theo (6), ta lai co

axX+t 0o 69 +y+z+t

£'e 2

Do ol

&-I-ON

O&i %/"‘ZO
; 2 o

&IIO:

L+ X)L+ )L+ Z)(LH 1) 3 §1+

P (5) fiung
P (4) fiung.
Tofiay dan fien mau thuan.
Vay ta phai co
(L+a")(@+b")@+ch)a+dh) 3 (1+a’)(1+b%)(L+c)(L+d°) (fipem)
Nang thdc xay ra khi va che khi a=b=c=d =1.
* Ghi chu.
Ngoai 2 cach chéng minh tren, ta con co mot cach chéng minh néa lai.chdng minh
bat fiang thé.¢c manh hon nho sau
Cho a,b,c,d ® 0 thoa man a+b+c+d =4. Khifio, ta co
(1+a*)(1+b*)(1+c*)(1+d?) 3 (L+a)(l+b)(1+c)(L+d)
Chéng minh.
Ta col bat flang thdc can chong minh t66ng A66Nng vOoi
f(a,b,c,d) = (1+a*)1+b?)(1+c*)(1+d?) - (L+a)d+b)(L+c)(1+d)3 0
Ta co Nhan xet sau

Nhan xet. Neu a+b£2vaas3 x3 bthi
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f(a,b,c,d)® f(x,a+b- x,c,d)

That vay

f(a,b,c,d)- f(x,a+b- x,c,d)=

=(a- X)(x- b)((c+1(d +1) - (c?+1)(d* +D(ab- x*+ax+bx- 2))
Tol fay, so dung gia thiet, ta de dang chéng minh 00

f(a,b,c,d)?® f(x,a+b- x,c,d)
Nhan xet Aiddc chdong minh.
Tro lai bai toan cua ta

a+b+c

Khong mat tinh tong quat, ta co the gia s6 aEb£c£d va fiat x= the
thitaco a+c£2vac? x3 a. Do fio, theo Nhan xet tren, ta co
f(a,b,c,d)® f(a+c- x,b,x,d) ()]
- min{x,b,a+c- X
Chu y rang x:(aJrC X)+b+xnen neugX { 3 thitaco x=b=
3 &x=max{x,b,a+c- x}

=a+c- xnen f(a+c- x,b,x,d) = f(x,x,x,d)
Gia s6 ng6dc lai, khi fioico 2 trddng hdp xay ra
b<x<a+c- X (2
b>x>a+c- X ©)
Lai sO dung Nhan xet, ta N00C
()b f(a+c- xDb,xd)3 f(x,a+b+c- 2x,x,d) = f (X x x,d)
B P f(at+c- x,b,x,d)3 f(a+b+c- 2x,x,x,d) = f(x,x,%d)

Tom lai, trong moi trédng hdp, ta luon co

f(a+c- x,b,x,d)3 f(xx,xd)
b f(ab,c,d)3 f(xxx,d) (4)

Mat khac, ta co
f(xxxd)=

ae4d4d4d
) ] d—
83 3 ' o

214



:téég(d-:bz(de- 22d° + 223d* - 1268d° +4210d? - 7564d + 6364)
30
Nen toi (4), ta suy ra AidoC

f(a,b,c,d)3® 0
P fipcm.

Bai toan 4. (Pham Kim Hung)
Cho x,X,,..., X, la cac so thoc d6ong thoa man

n n
o

o 1
ax=d-_-

i=1 i=1

Chong minh rang

Loi giai.
Neu n=1,n=2 thi bat fiang thdc fa cho tré thanh fiang thoc.

Xet n3 3

Nat vy, =1 (i=1n)thidy =34 i Khi fio, bat fiang thoc can chdng minh t66ng
X

i=1 i=1 Yi
fidong Vvoi
2

2y
—El

A (n- Dy +1

~ 1

U 5‘—31
%0v3ﬁ+l

Gia s6 ngodic lai a — <1
= (n- Dy’ +1

1-a .
<lvay = I=1n
1a1 (n-Da

930:

N&tai:mozl,n) th|a1>0 1, I
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[¢}

asa,
Nat b =-—— i

n_

Y o b ..

. <1b 1-a,>g a =(n-Yb " |—LnDy, —"|:Ln
iazla1 Jaii : \)(n 1)31 \Ja1

Y ¢ |b
P y, > B

a¥=ay,

Ta chéng minh

'5] _3'5] i *
e 8

That vay, ta co

. i? ¢ (n-1b - (n-Da
13 ( ﬁa a am-0n

|
5|
s}
|
Qo
o))

'u‘

Ta co

n aaj'(n'l)ai
- R
2 Ja@-a)
- 8 (a-a) 1 O
_1£2£na1 é\/a (a- q) \/a1(a a1)g
2 (a-a)’ a &
1£.<,£n\/a,a(a a)(a- a)(\/a,(a q)+\/a (a- a))
30
o (a-a)*(a-a- a)

a
1£.<,£n\/a,a(a a)(a- a)(\/a,(a a)+./a(a- a))

Q- O

U
I Qo5
»E S
=iy

ﬁ.
SN

1v)

Qos

Qo5
o |

P (*) fiung.
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Vay a yv>a -3 a4 258 1 Rieu nay trai voi gia thiet.
i= a1 i=1 b i=1 y
Vay ta phai co a —— —— 3 1(fipcm).
iz (N- l)yi +1

Bai toan 5. (Pham Kim Hung)

Cho a,b,c la cac so théc dédng thoa man abc =1. Chéng minh rang

i. 81(1+a*)(1+b*)(1+c?) £8(a+b+c)*
ii. 64(L+a’)(L+b*)(1+c®) £ (a+b+c)°

Loi giai.
i. Nat f(a,b,c)=8(a+b+c)*- 81(1+a?)(1+b*)1+c?)

Trooc het ta chéng minh rang

1 Bx, =% 0
&y
U 8892x+ --81(1+x) a_‘AL+— 30
& 2 5 & X'y

([a)

8(2x® +1) - 81X (1+ x*)*(1+xH)3 0
U (x- D?(47x° +94x° - 21 +120x" +
+99x° + 78x° + 87x* + 96x° + 24x* +16x +8) 3 0 (fiung)

Vay

1B,x 29 0 *)
& g

Tiep theo, khong mat tinh tong quat gia s6 a3 b3 c. Ta chéng minh
f(ab,)? f(ab,ab,c)
U 8(a+b+c)*- 81(1+a*)(1+b*)(1+c?)3
s 8(2vab +c) - 81(1+ab)*(1+¢?)
) 2 2 2 2 O
8(J5 \/5) §a+b+c) +(c+2\/£) g£+%) +2053

3 81(a- b)*(1+c?)
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([an)

8§?a+b+0)2+(C+2@)Z%§T£+ﬁ)z+2c%
- 81(\/5+\/B)2(1+02)3 0
U] 8§§fﬁ+\£)2+c- 2@g+(c+2@)zg§f\@+ﬁ)2+m%
- 8]_(\/5+\/B)2(1+CZ)3 0 (**)
at t=(va+vb) b t3 4/abs 43 4c
Xet ham sol g(t) =8§ft +c- ZJE)2 +(c+ 2@)%« +20) - 81t(1+c?)

Ta can chong minh g(t)2 O
Taco

g'(t) :8§‘ft+c- 2:/ab)’ +(c+2@)zg+16(t+2c)(t+c- 2/ab)- 81(1+¢?)
° 84vab +c- 2:/ab)’ +(C+2@)2%+
+16(4\/£ + 2(;) (4@ +c- 2@) - 81(1+¢?)
=3§36(C+ 2Jab) - 27(1+¢%)2
(7]
=3(64ab- 27+ 64cy/ab - 11c%)3 0
P g(t) fiong bien.

P g()° f (4Vab)=4%(c+2Vab) - 811+ c)Vabd

=482 + 20 g1+ 19 (t=vabs 1)
é &t o2 €t 2y
9 _ 7 6 _ 3
_ 464t - 81t :3& 33°+1) 0"t31
P g(t)20
P (**) fung.

b f(abc)? f(Jab,Jab,c)= f?%,@,igs 0 (do (*))
a
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P fpcm.
Ii. Tr60c het xin 6o nhac lai khong chding minh ket qua sau

Cho cac soi thdc doong a,b,c. Khi fio, ton tai cac so thdc Xy, Yy, X, ¥ (X, X, ¥, 2 0)

sao cho
2%+t Y, =2x +y,=a+tb+c
X + 2%y, = X + 2%y, = ab+bc+ca
X5Yo £ abc £ X7y,

Ngoai ra

+ Neu (a+b+c)*3 4(ab+bc+ca) thi y, £0
+ Neu (a+b+c)® £ 4(ab+bc+ca) thi y, 2 0

Tré lai bai toan cua ta

Ta col bat flang thdc can chong minh t66ng AG6Nng vOi

2] 0
64cl+ g a®+§ a¥b’+a’h’c’ £ (a+b+c)°
€ o or o

~ 2 0
U 64c2+3 a°+g ab’+£ (a+b+c)°
€ o o g

N & o]
U 64¢2a’b’c’ +abcg a°+g a¥b’+£ (a+b+c)’
e oy oy a
Khong mat tinh tong quat gia s6 a+b+c=1. Nat q=ab+bc+ca,r =abc. Khi

fio, bat fang thdc can chéng minh t6ong A6ng VO

2r2+r(1- 3q+3r)+q°- 3gr +3r? £6_l4

U f(r)=8r?+(1- 6q)r+q°- 6—l4£0

Ta co
f/(r) =16r +1- 6q
f/(r)=16>0
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p f(r)laham lom.

*Troong hop 1. 493 1b y,2 0P OEXOE%

b f(r)£ max{ f(XYo), f(><12y1)}
Taco
fOQYo) =
=8%Yg *+ (1- 6(%5 +2%,Yo))Xs Yo + (%5 +2%,Y,)

s, 1

64
) 5 4 3 2
_ (2%~ (1024 - 368 +264 - 606 +2%,+D) ¢ (4 0c, ¢ Ly
64 2
TooNg 6, ta co f (xy,) £0
b f(r)£0 @

* Troong hop 2. 49£1
b f(r)£ max{ f (0), f(><12y1)}

Theo tren, taco f (x°y,) £0

1 o 1
Talaicof(0)=qg®- —£5~ - — =
©)=a 64 %45 64

b f(r)£0 (2

0

ToI (1) va (2) ta suy ra iipcm.
Bai toan 6. (Greece 2002)

Cho a,b,c >0 thoa a’ +b* +c¢* =1. Chéng minh rang

b2a+1+ czb+1+ a2C+13 :_jf'(a a+byb +C\/E)2

Loi giai.

Ap duing bat fiang Bunhiacopxki, ta co
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o a o as 3 (a a+b\/B+C\/E)2
30 b2+1 30 a’b? + a2 A (% +a%?)
cyc

(a a+bvb +C\/E)2
1+ g a’h?

a a+:\;5+c\/6 ’
A )

1+:lg.(a2 +b? +¢?)?

(a a+bJ/b +c\/5)2

1+
3

2
:§.(a a+b\5+cﬁ)
4
P fipcm.
Nang théc xay ra khi va che khi a=b=c= %
Bai toan 7. (Vasile Cirtoaje)
a) Cho a,b,c>0. Chdng minh rang

1 1 1 0O

+ + ..'3
a+b) b(b+c) c(c+a)gy

(ab+bc+ca)§ea( g

b) Cho a,b,c,d >0. Chdng minh rang

1 1 1 1 O
+ + + L3
a+b) b(b+c) c(c+d) d(d+a)g

(ab+bc+cd + da) gea(

Loi giai.
a) Ap dung bat fiang thoc AM- GM, ta co
1 1 1 3

3

a(a+b) * b(b+c) * c(c+a) 3abc(a+b)(b+c)(c+a)

Do fio, ta chz can chdng minh
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2(ab+bc+ca)s 3§/abc(a+b)(b+c)(c+ a)
U a(b+c)+b(c+a)+c(a+b)3 3§/a(b+c).b(c+a).c(a+b)

Nieu nay hien nhien fiung theo biit AM-GM.
P fpcm.
b) Ap dung bat fiang thoc AM- GM, ta co
1 1 2 8

3 3

a(a+b) +c(c+d) \/ac(a+b)(c+d) (atc)(atb+c+d)

Toong to, ta co

1 1 8

3

blo+0) dd+a) (b+d)@a+b+c+d)

Do fio
1, 1,1 1,
a(a+b) b(b+c) c(c+d) d(d+a)
5 8 N 8
(atc)(atb+c+d) (b+d)(atb+c+d)
_ 8
(a+c)(b+d)
_ 8
~ab+bc+cd +da

Suy ra

(@+bctcd+da)et + 1 1 1 O gmem)
8a(a+b) b(b+c) c(c+d) d(d+a)g

Bai toan 8. (Vasile Cirtoaje)

Cho a,b,c >0 thoa abc? 1. Chéng minh rang

a b ¢

abbecasl
Loi giai.
Do a,b,c>0 va abc3 1 nen fiat a=ka',b=kb',c=kc¢' voi k3 1,a’,b’,c' >0 va
a'b/c’ =1. Khi fio, bat fiangthéc can chéng minh tédng fivéng VoI
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a o ¢ al b/ d

ko' ¢ gt p'd ¢l s
Do k3 1 nen ta chz can chdng minh
a b/ c
av bldcds
Do fio, khong mat tinh tong quat col thel gia s6 abc =1. Khi fio, bat fiang thoc can
chdng minh t66ng 6ong VoI

alna binb cInc
+ + 3
b C a

0

Co 2 tr66ng hop xay ra
*Troong hop 1. a® b3 cbh Ina3 Inb3 Inc

+ Troong hop 1.1. 0<b£1b %3 b,

o |
oo

P Theo bat fiang thoc Chebyshey, ta co

alna+ blnb+clnc3 1 8@+E+Eg(|na+lnb+lnc) =0

b Cc a 3& c ag

+ Troong hop 1.2. b3 1P Inb3 0

Ta col bat flang thdc can chong minh t66ng AGGNng VoI

alna binb clInc
+ +
b c a
(a- b)Ina+(b- c)Inb+(c- a)lnc 0
b c a
ana Inco anb Inco

@By ey 9% s O

(a- b)(alna- binc) N (b- c)(alnb- clnc) 0
ab ac

3 Ina+Inb+Inc

([an)

([an)

([an)

ilnc£0
Chuyrang as b3 cvaabc=1nencf£lvaas b3 1lp :
i7lna3® Inb3 0

jalna- binc3®* 0
|
ialnb-clnc3 0
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b (a- b)(alna- binc) N (b- c)(alnb- cInc) 0
ab ac

*Troong hdép 2. aEb£ch c3 1% a>0

Theo tren, ta co bat fiang thdc can chdng minh t6ong fddng voi

(a- b)(alna- binc) +(b- c)(alnb- clnc) , 0
ab ac
0 (b- a)(blnc- alna) +(c- b)(clnc- alnb) , 0
ab ac

Do aEb£cnen lnaflnb£Ilncva Inc? 0.
iblnc- alna3® alnc- alna=a(lnc- Ina)3 0
}clnc- alnb? alnc- alnb=a(lnc- Inb)3 0
b (b- a)(blnc- alna) +(c- b)(cinc- alnb) , 0

ab ac

Tom lai, ta luon co

alna binb cInc
+ +
b C

3 0 (fipcm)

Nang thdc xay ra khi va chz khi a=b=c=1.
Bai toan 9. (Pham Kim Hung)
Cho a,4,,...,a, >0 thoa a,a,...a, =1. chdng minh rang voi moi k >0 thi

1 + 1 + ...+ K
@+a)" (@1+a)" (1+a,)

3 min}ll, zkg
Loi giai.

+ Cach 1.

Ta co Bo fiel sau

Bo fe. x,X,,...,X, la n so thdic d6ong thoa man

DX EXE..EX
i)y x T (-¥,+¥) "i=1n
i) x + %, +...+x,=C
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va f lamot ham tren (- ¥,+¥) thoaman f loi tren (- ¥,c] va lom tren [c,+¥)

Nat F = f(x)+f(x,)+..+ f(x)

Khifio, F flat min khix £ X, =X, =...=X,.

Chdng minh.

Gia sd X, X%,,...x 1 (-¥,c],dof loitren (-¥,c] nen
FO)+HTF()+..+f(X) (-Df(C)+ f(x +X +..+% - (i- Ic)

Mat khac do f lom tren [c,+¥) nen

(- DT+ () + f () ot F(x) 2 (n- D R DEEXaF XK #0450
& n-1 o]

Do ol

F :é f(xk)s (n_ 1)f%|' 1)C+)§+1+Xi+2+'"+xn.:c_.)+ f(X1+X2+'"+Xi - (I- 1)C)
k=1 8 n'l 7]
e

Boifie iddc chdng minh.

Tro lai bai toan cua ta

Neu n=1 thi bat fiang thoc fia cho hien nhien fiung.
Neu n=2

+ Neu 0<k <1 thita co

1 1 ., 1 1 1 1
T K + B * 1 =1
(+a)" (1+a)" 1+a 1+a, 1+a ,,1
a
+ Neu k3 1 thita co
k
! -+ 1 - = a1+1k3 iL_l (theo bat iiang thoc Holder)
1+a)" (A+a)" (a+l)" 2
Xet n3 3

Ta chdng minh bat fiang thdc fiung cho gia tro tdi han 1:2—2 U k=log,n.

Do n3 3nenn-1>k>1.
Khi fiol
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+" m3 k, taco

m m
3 1 1 &) 1 0ok 1 aen ok n
3 . 3 -
Aaray "R @ray, "iEFs 2

+" m£Kk, taco

k
& 1 o g 1 . 8 1
1b 31
@Qara)yy, Lara)y - Lara)y

Khong mat tinh tong quat gia s0 O<a £a, £...£a,.

|&£@£ E X

Nzt =| , = yeery | thi
at X, =ina;, X, na, X, =Ina, i X1+X2+ X = O(doaiaz a, = 1)

Xet ham so f(x) = %
(e +1)
Ta col
="l
(e°+1)

f7(x)=00 x=-1Ink
Td fo, taco f loitren (-¥,- Ink] va lom tren [- Ink,+¥)

P Theo Bo fieitren, ta co

3 1 3 . :
P=4 =a — flat min khi x, £ x, =%, =...= X,
o L+a)< G (Lreh)" i
I n-1 1 u
P minP3 minj 7 (t30
,I\(e +1) (e-(n-l)t +1)kg ( )
] | n-1 X(n Dk
II n-1 ( = et 3 1) (1)
T G Ty iﬁ
. ) ‘ n-1 x(n- Dk _
Tiep theo, ta se tim min cua ham so g(x) = + voi x3 1

(+DF T (¢
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e xmkt 1 6
(é(xn-l+1)k+1 (X+1)k+15

Taco g'(x) =(n- Dk

g/(x) — O 0 X(n-l)k-l.(x+l)k+l — (Xn-l +1)k+l

(n-1)k-1

U x % (x+D)=x""+1 (2)

1
Nat t = xk*1 p t3 1. Khi fio, ph66ng trinh (2) trd thanh

t(n-l)k-l.(tk+l+l) :t(n-l)(k+1) +1
0 t(n-l)(k+1) _ tnk _ t(n-l)k-l+1:0

Xet ham so h(t) = ™Dk _ gk (DL 19 v t3 1
Taco W (t) =t P2 ((n- D)(k +Dt" - nkt“* - (n- Dk +1)
hWt)=0U (n- D(k+Dt" - nkt**- (n- Dk +1=0
Xet tiep ham so m(t) = (n- D(k +Dt" - nkt*"*- (n- Dk +1vdit3 1
Taco m (t) = n(k +Dt*((n- Ht™**- k)
Chuy rang n- 1>k nen m' ()3 n(k +)t“((n- 1)- k) >0
P m(t) la ham fiong bien tren [1,+¥)
Talaico m1) =(n- )(k+D- nk- (n- Dk+1=n(1- k) <O,tl(ér+rgé m(t) = +¥
Nen phddng trinh m(t) =0 co nghiem duy nhat t, >1
P Phoong trinh W (t) =0 co nghiem duy nhat t, >1

Bang bien thien cua h(t)

t 1 t() +¥
Nl - o o+
0 +¥
ht) \ /

Can c6 vao bang bien thien, ta co
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h(t) =0 co 2 nghiem phan bietlalvat >t,>1
Do fio g’(x) =0 co 2 nghiem phan biet la 1 va t}* > 1.

Bang bien thien cua g(x)

X 1 tjl_(+l +¥
g + 0 -
1 1

Can c6 vao bang bien thien, ta suy ra
9092 min{ g limg(0} =1 " x*1 3

To (1) va (3), ta suy ra fipcm.
+ Cach 2.

1
(t+D"

Ta co boi fieisau

Nat f(t) =

Bofie. Neu O<a£b£c£dvaad =bc thi
f(a)+ f(d)3 min{ f(b) + f(c),]}

Chdng minh.

-k
Nat m=+/ad =bc va g(t) = f(mt)+f8—_—(mt+1) +§ar_n+1_ vOi moi so

C d
doong t.Natt, =—,t, =—.Taco1£t £t,.
g t = m m LEL

Ne chong minh Bol fie, ta can chong minh g(t,) * min{g(t,).3}

De thay tl(érg g(t) =1.
Xet tinh fi6n Aieu cua ham g tren khoang [L +¥) , ta co
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k-1

e
g'(t) = mkg. (mt+1) L+ = ENyg
e g

0
)

k1
gt)>00 (mt+1)<*> tz.g%n +1°
@
2 1- k

Otk - mt+mtt* - 1<0

2 1- k
Xet ham so h(t) =t - mt + mt¥*k - 1vQi t3 1.

Ta co
h(1) =0

k-1 - 2k
(1) =—kil.t"+1 : m+—i;i.mtk+1
2k &l 0]

—_— - m
k+1'&k g

1+3k
(Zl(ik‘;z 1R (- mk)

h @) =

h// (t) —

Tuy thuoic vao cac gia tro cua mva k, ta co cac trédng hép sau

* Troong hop 1. k=1,m£1. Khi fio, ta co h(t)=(1- m)(t-1)2 0 "t>1, do fio
h3 0 tren khoang (1, +¥).

* Troong hop 2. k=1,m>1. Khi fio, ta co h(t)=(1- m)(t- 1) <0 "t>1, do fio

h<0 tren khoang (1, +¥).

* Troong hop 3. k<],m£%. Khi fio, taco h" >0 "t>1 vih'(2)3 0 va t >1,
nen h' >0 tren khoang (1, +¥). Vi h(1) =0 nen h>0 tren khoang (1, +¥).

* Troong hop 4. k <Lm>%. Khi fio, ta co h (1) <0vah” <0tren (1, mk). Do

fio suy ra h'<Otren (Lmk). Vi h()=0 nen h<Otren (Lmk|. Tren khoang

(mk,+¥), ta co h” >0, conghta h la ham lom tren (mk,+¥). Vi h(mk) <0 va
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tl(én; h(t) = +¥ nen ton tai duy nhat mot so théc p>1saocho h<O0 tren (1, p) va

h>0 tren (p,+¥).
Trong cac tréong hdp nai tren
+ Neu h(t,)3 0 thi h3 O tren (t,,+¥), toc la g’ £0. Suy ra ham g fi6n

fileu giam tren khoang [t2,+¥) va g(t,) 3 tl(érr; g(t) =1

+ Neu h(t,) £0 thi h3 0 tren khoang (Lt,), hay g’ 3 0. Vay g la ham
fion fiieu tang, suy ra g(t,) £ g(t,).
Bo fie iddic chdng minh hoan toan.
Trd lai bai toan cua ta
Ta sel chong minh bat fiang thoc fia cho bang quy nap theo n.
Neu n =1 thi bat fiang thdc fia cho tré thanh fiang thoc.
Xet n3 2. Goi m la trung binh nhan cua a,,a,,...,a, thi ta co m=1. Ta co, bat
fiang thoc can chdng minh t66ng n66ng vOoi

f(a)+ f(a,)+..+ f(a,)® min{nf(m),3

Neu n=2 thi taco min{2f (m),}} :minl%, f/)
|
+ Neu O<k <1 thitaco
1 1,1 1 1 1
-+ ) + = + 1_1
(1+a)" (1+a) 1+a 1+a, 1+a 1,1

3
+ Neu k3 1 thi ta col

1, 1 _ a+l
@+a)< (1+a) (a+D

Vay khang fionh fiung khi n=2.

zkl_l (theo bat fiang théc Holder)
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Gia s0 khang fionh fiung cho so cac bien be hén n (n3 2). Ta se chéng minh
khang fionh fiung cho so bien bang n. De thay rang trong day a,;,a,,...,a, luon
choda it nhat mot so khong 16n hén m vai it nhat mot sot khong nho hén m. Khong

mat tinh tong quat, ta co the gia sé a, £ m£ a,.

Ky hieu x, =minj mair?% X, = maxlmﬂl’l
|

|
Khi fio, taco a £ x £ X, £ a, va XX, = aa,. TO fiay, theo ket qua cua boi iiel tren,

ta co

f(a)+ f(a,) 3 min{ f(x)+f(x)1 = min} f(m) + f ?ﬂolu
|

Trung binh nhan cua

A48 2 5,...,8, CUNg bang m va so bien la n- 1<n nen theo
m

gia thiet quy nap, ta co
FE2 01 1 (ag) +..+ 1 () minf(n- D1 (m).

Suy ra

o)+ @)+t 1 (a)°
3 minj f(m)+f?fg g+f<a3>+ +f(ay)

-mm.f(m>+f?1—a2°+f(a3>+ + (@) 1+ f (a) +. +f(an>g

3 minj f(m)+f?1—a20+f(a3)+ +f(a), 1%

3 mln{ f(m)+min{(n- 1 f(m),3},3

3 min{nf (m),1}

p f(a)+f(a)+..+ f(a,)® min{nf(m),}
P khang fionh fiung vGi so bien so: bang n.
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Theo nguyen ly quy nap, ta suy ra khang fionh fiung voi moi n. Nay chinh la fiieu
ta can phai chdng minh.
Bai toan 10. (Moldova 1999)
Cho a,b,c>0. Chéng minh rang
ab bc ca a b o
+ + 3 + +
c(c+ta) a(a+b) b(b+c) c+a a+b b+c

Loi giai.
a b c
Nat x=—,y=—,z==thitaco x,y,z>0 va xyz=1.
b'" ¢ a
Khi fio, ta co
b
8 ore~8 So=d),
acC(Cta) g4 C 1+z
a
é a _é 1 _a 1
gcCta Cycl+C <1+ 2z
a

Do fio, bat fiang thdc can chdng minh t60ng fiddng voi

X y z 1 1 1
+ + 3 + +
y+l z+1 x+1 x+1 y+1 z+1

a @+x@+y)
~ O X 3 oc

AV @+ y)a+2)
3+2§1 x+é Xy

~ X
U o} 3 cyc cyc
Ayl 2+4x+axn
cyc cyc

Ap duing bat fiang thoc Bunhiacopxki, ta co

2

® 6 & O

e gax+ gaX+

3 -3 s Eoe @ _ € o
cycy+l o XXy a(X"‘XY) ax+axy

cyc cyc cyc

232



Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

& 0
ga X+  3+23 x+a Xy
eoc G 4 cyc cyc

[« [«] [« [<]

axtrax 2+gx+gxy

cyc cyc cyc cyc

6@ o 0B o o O

ga X 92+a X+a, xy=? ga X+a xy:¢3+2a x+a X+

€yx GE& o o G eoc  oc @O o o g

L O @ Oa 0 o o & 0B 0 & 0
U ¢a X+ *ead X+ ¢ W+ 3a Xx+3a xy+3§a X+cd Xy++cd XY+
eoc @ €eoc geoe G oo cyc eoc geoc @ e€eoc @

S0 dung bat ifang thoc AM-GM va gia thiet, ta del dang chéng minh fiddc cac bat
fiang thoc sau

ax33

cyc

a3

cyc

2 .

& 0 & O

¢a X+ * 3ca X+

ey g eoc @

Do fo, ta co

O @ O; O & Om 0
ca X+ =cad X=¢ad X+ 3ga X+ca X+
€oc g Eeoc Peor G Eeoc gGeox g

.3 .. .
& O & 0% (0]
p 3ga X<+ 3 9ga Xscd X+ @
€oc @ Eoc geoc @
5 & O
ga X+ ca xy——ga X—ga X—ga xy=3 93 X 2)
€oc Peoc @ eoc @geoc geoc G oo
.2 ..
& Oa 0 o
¢a X+ cad Xy+° 9a Xy ©)
€oc Geor @G o
L 2
O o (0]
ga X+ ¢a Xy+2 3ga Xy— (4)

eaoc geoc @F eoc g
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Cong cac bat flang thoc (1), (2), (3) va (4) ve theo ve, roi chia ca hai vei cho 3, ta

thu n6dc
B 0 @ 0@ O o o ® Om 0@, O
¢d X+ +cad X+ cad Xy+2 3a x+3Qq Xy+3¢ad X+¢d X++cad X+ (fipcm)
eoc @ €oc geoc G oc oy eoc @geoc @ eoc @

Nang thoc xay ra khi va che khi x=y=z=10 a=b=c.
Bai toan 11.
Cho a,b,cl R thoa (a- b)(b- c)(c- a)* 0. Chéng minh rang

(- a)(- b%)  @-b*)A- ), @-c)@-a),
(a- b)* (b- 0)* (c- &)’

Loi giai.
Ta col bat flang thdc can chdng minh t66ng doong vOoi

o H1- a?)(1- b?) .0

+1.3 2
o (a-b)? &
. o - abg
- P39 *
aga_bb *)

~ _1-ab zl-bc ~1-ca

b-c’ c-a
(x+D(y+1)(z+1) =(x- D(y- D(z- 1)
P xy+yz+zx=-1

thi ta co

Khi fio
()0 X*+y*+2°3 - 2(xy + yz+ %)
U (x+y+2)?3 0 (fung)
P fApcm.

234



Bai toan 12.
Cho a,b,c>0. Chéng minh rang

2a+b 2b+c 2c+a

Loi giai.

Khong mat tinh tong quat co the gia so a =max{a,b,c}
Co 2 trodng hop xay ra

*Troong hdp 1. a3 b3 ¢

o i2a+b3 2b+c>0 .
Khi fio, ta col | . Do ol
12a+b3 2c+a>0

%-%+%'%+%'%3 %-\3/5_'_\3/5'\3/5_,_\3/5'%:0

2a+b 2b+c 2c+a 2a+b 2a+b 2a+b

*Troong hdp 2. a3 c3 b

o j2c+as 2b+c>0 .
Khi fio, ta col | . Do ol
12a+bs3 2b+c>0

%-%+%'%+%'%3 %-\3/5_'_\3/5-\3/5_,_\3/5'%:0

2a+b 2b+c 2c+a 2b+c 2b+c 2b+c

Tom lai, ta luon co

2a+b 2b+c 2c+a * 0 (fipem)
Nang théc xay ra khi va chz khi a=b=c.
* Nhan xet.
Bang cach lam hoan toan t66ng to, ta co

c'- a" +a”- b" +b”- c", 0 "abcn>0

2a+b 2b+c 2c+a
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Bai toan 13.
Cho a,b,c>0. Chéng minh rang

o 2a"-b"-¢"
b? - bc+c?
o D7-bc+c

3

trong filoin > 0 la hang so cho tréoc.

Loi giai.

Khong mat tinh tong quat gia sé a3 b3 ¢>0.

Ta col bat flang thdc can chong minh t66ng AG6Ng VoI

2 1 1 3
-bc+c® a’-ac+c® a’- ab+b’gy
: 2+ 2 : 2~ 2 2 2230
-bc+c® a“-ac+c” a‘- ab+b°g

(@ - b“)gebz

+ (bn _ Cn)g:)2

_fa’- ab+b’3 b*- bc+c®>0
Do a3 b3 ¢c>0nen | , y ,
fa"-ac+c°3b°-bc+c” >0

2 1 1,
b?>- bc+c® a’-ac+c? a’- ab+b?

Do fio, ta chz can chdng minh
1 N 1 i 2
b’-bc+c® a®-ac+c® a’- ab+b?
gt 1 4 1 1
b’- bc+c® a’-ab+b® a’- ab+b’ a’- ac+c’
U (a- c)(a+c- b)(a®- ac+c?)3 (b- c)(a- b- c)(b*- bc+c?)

3

+ Neu a£ b+c thi ta co ngay fipcm.
la-c3b-c20
+ Neu a>b+c thitaco :'a+c- b3 a-b-c>0
la%- ac+c?3 b?- bc+c? >0

b (a- ¢)(a+c- b)@*- ac+c?) 3 (b- c)(a- b- c)(b*- bc+c?)
P fipcm.
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Nang théc xay ra khi va chz khi a=b=c.

Bai toan 14. (Toan Hoc Tuoi Tre 2006)

k k _
Cho a,a,,...,a, la cac so théc doong thoaman § a £ i(i +1) " k=1,n. Chong

i=1 i=1
minh rang
1 1 1 n
—+—+.+ =3 —
a & a, n+l
LOi giai.

Trodc het, ta chéng minh bo! fiel sau

Bo fie. Cho n2 3,nT N. Khi fio, véi hai day so thoc (x.) va (y,), ta co
éxxeﬂxxdam+&ax
i=1 =1

Chdng minh.

Ta co

2 (x - mﬁam+&ax

i=1
i n-1 i n
:axlay] aX|+layJ+Xnay|
i=1 j=1 i=1 j=1 i=
S S ' g
:X1y1+a )ﬁ-a yj - a Xi+1-a. y] Xna Y, +Xna Yi
i=2 j=1 i=1 j=1 i= i=1
Bt o4 Bt o6t &y 5L 0
:X1y1+a )ﬁ-a yj - a Xi-a y] +Xn ga Yi - a Y+
i=2  j=1 i=2  j=1 i i= (%]
3loa oo
=xyta Xga Yi-a Y+t XY,
i=2 @j=1 i1 @
rgl
ita Xy + XY,
i=2
=a Xy,
i=1
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Vay § xV, = a (% - >q+1) a Y, * X, a y,. Boi fie iddc chdng minh.

i=1 i=1 =1

Tr0 lai bai toan cua ta
+ Neu n =1 thi hien nhien ta co 1, % (do gia thiet a, £ 2) (¢D)
2

2 iy £2
1a€2 13

+ Neu n=2 thi theo giathiet, ta co i i
iaqat+ta,£8 1a,£8-4a

Do fio
1 1.1 1
4+ -3 4
8 & & 8-3
-8
(8- a)
-8
- & +8a
_ 8
-(a- 2 +4a +4
; OB
42+4
2
:g (2)
+ Neu n3 3

Ap duing bat fiang thoc Bunhiacopxki, ta co

2 N 2
&1l 0 & 1 O

$1_2 &g 38a_1i<i+1>5: n? 1
in& a® a O é’ri (n+)? & a
§iCi+)’y |2<|+1> 2123 +1)?
Ap dung bo fiei voi x = n +1);yi =a "i=12,..,n, taco
§ & _
A1
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%l 1 ) 1 Oc'> . 1
_iaz'lgiz(i +1)% (i+D%(@ +2)° Bja:-l I n (n+1)2 a &
blee 1 1 1
£iazlgiz(i +1)° (| +1)2(i +2)? gl_lj(J D+ n?(n 1)2 a i(i+2) (gt)

Ladiapduw‘ngboiﬁezvéix— 1 Y =i(+D)"i=12..,n, taco
i%(i+1)
¢ 1 3 1 ..
(1 +1
el|(|+l) ,a_‘1|2(i+l)2( )
Tlee 1 1

1 3.
8 S o e 0 g A

2! dg 1 _ n
D £ =
Ono6_11|2(|+1) fa:li(i+1) n+1

Suy ra
d 1, n 1 , n 1 n
a— .
La  (n+1? éii a (n+D? & n o n+1
023 +1)° &n+1p
3 n
Vay § —3 3
yia:-lai n+1 (3)

To (1), (2) va (3), ta suy ra fipcm.

Nang théc xay ra khi va chz khi a=ii+)"i=12,..,n
* Nhan xet.

Bang cach lam hoan toan t66ng t0, ta co ket qua sau

iQE@E EDb,
l
b)) la hai day so thoc dodng thoa man | &
(a,).(b,) y g | a £ 8 b =1n

I i=1 i=1
Khi fio, ta co
1,41
i=1 a1 |=1h
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Bai toan 15. (Pham Kim Hung)
Cho n3 4,nl N va a,a,,..,a, >0 thoa aa,...a, =1. Chéng minh rang

i+i+...+i+ 3n 3 n+3

a & & a+tat.+a,

Loi giai.
+ Cach 1.
1 3n

o 1 1 .
Nat f(a,a,,...,a,)=—+—+..+—+ . Tacan tim min f.
aQ 9 a, atat..+a,

Gia s6/ vOi boi soi (X, %,,..., X,) thoa X %,..x, =1thi f(x,X,,....x,) =minf.

Khong mat tinh tong quat gia s6 0<x £ x, £...£ X,.
Ta chéng minh rang fie f(x,X,,...%,) =minf thi x, =x, =...= X,
That vay, gia so X =X, =...= % (LEi £n- 3). Tachong minh X,, =x =...=X,.

Gia s6 ngddc lai x,, > x . Ta se chong minh

(X Xt %) > F (X X1 XK KK X000, )

~ 1 1, 1 1 3n 1 1
U =+ +—+—— . +—+ > 4+
X X X Xo X FotX Xy ttX, X X1
2 1 1 1 3n

+ + +..+—+

+
DiXa Xz Xus Xy Xt X 20X X F X et X,

(W) 5 - )

XXt (et X et ) [t X 2K Xt )

>

O (X + ot X+ Xy ot ) (Xt X+ 20X + X ot X ) > B

O (0% + Xun + Xp ot ) (- DX+ 2% + %, 04 X, ) > 300X,
Ta co

‘:,Xn3 Xp12 e Xy >X =%, =..=%>0
11£1£n-3
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TIX X+ X ot X, 3 iX +(N-1)X > (- )%, 2 3%, >0
.
T(I'l)xi+2\/)§Xi+1+xi+2+"'+xn>nxi >O
B (X + X1+ X+t ) (- DX+ 2XK00 + X 0 %,) > 30X%,,

Vi f(X,%,...X,) =minf.Vay taphaico X,, =% =..=X.

Bang lap luan t60ng to, ta fii fien ket qua sau fiel f(x,X,,...,.x,) =minf thi ta
phaico X, , =X, 3=...=X,.

Tiep theo, ta se chong minh X, =X, , =...= X.

Gia s6 ngodc lai x, , > X, ,

Khi fio, ta se chong minh

0 (0= 2%, 5+ %1+ %) (0= 3%, + 2% %, +%,)>3m%, .,

Do X,3 X1 > X, =X, 3=...=% >0 nen
1(N- 2%, + % +%,% 2%, +(n- 2)X,,>0
(0= 3%, + 2%, %, > X,y + (1= DX, , >0
B ((n- 2)%, 5+ %, +%)((0- 3%, , + 2%, %, +%,)>
> (2%, + (- 2)%, 5)(%, 1 +(N- D)X, 5)
Do fio, ta chz can chdng minh

(2%, 1+ (N- 2%, ,) (%, +(N- DX, ,) >3nX 31X, 5
U 2xC,- 4%, %, +(n*- 3n+2)x. , >0 (fiung)

Vay ta co (X, Xy, X5, X 1, X ) > f(xl,x2 ..... xn_g,\/xn_zxn_l,\/xn_zxn_l,xn).
Nieu nay vo ly vi f(x,X,,..,X,) =min f . Vay ta phai co x,; =X, , =...= X
Nho vay, ta fii fien ket qua

Ne f(X,Xy,...x,)=minf thi x 3 x ;=X _,=..=X%.
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P minf(a,a,,..,a,)3

a1l 1 ..0

Sminfgs=,—,..,—, X "£(x%1])
8xx X 17}

:mini(n-l)x+ 1 + L
|

X"t X" +n- lk/) D W

Tiep theo, ta se tim min cua ham so g(x) =(n- )x+ nl_l + n:inx 1 voi x3 1
X X" +n-

(n- D(X"- D" - (n+2)x" +(n- 1)?)

Taco g'() = X"(X" +n- 1)2

Theo bat fiang thoc AM-GM, ta co

X"+ (n- 1?3 2(n-1)x" 3 (n+2)x" (don3 4)

P g’'(x)30 "x31

b g(x) flong bien tren [1,+¥).

P g(X)® g)=n+3 "x31 2
ToI (1) va (2), tasuy ra

min f (a,a,,...,a,)3 N+3

P i+i+...+i+ 3 2 n+3 (fipcm)

a & a, atat..ta,
Nang thoc xay ra khi va che khi 8 =a, =...=a, =1.

+ Cach 2.
Ta sel chdong minh ket qua manh hén nho sau
Cho n so thoc doong & ,a,,...,a, thoa aa,...a, =1. Khi fio, ta co

1 1 1 Kk K
—+—+ . +—+ 3 n+—

a & g gtat..ta, n
Voi k =4(n- 1) (noi rieng neu n3 4 thi k3 3n)

Ta se chdng minh bang don bien. n=1,n=2 la cac tr6dng hdp tam thodng nen o

fiay ta se khong xet t0i. Ta se xet tréong hop n3 3.
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Ta co Nhan xet sau

(i) Neu :a1£x£a2 thi
Tad, £1

f(a,a,,..,a) 3 f?(,% Z

(i) Neu (1- a)(1- &) ka3, - Bt A Zéa a +aa, +1%° O thi
e A0

f(a,a,,..a)3 flaa,...a,)
Chdng minh Nhan xet.

n
Ne tien viec trinh bay xin fiséc ky hieu A=§ a.
i=3

(i) Taco

_1.1.1 x . ok k
a & X ax a1+a2+A X+a1a2+A

(x- a)(a, - x)g(a1+a2+A)a§<+ﬁ+A9- kaiazg
_ € & X 2 u
a,(a +a,+ A(X + Ax+aa,)

Ap dung bat fiang thoc AM-GM, ta co
(a,+a, +A>§(+ﬂ+/*93 n*3 4(n- 1) =k3 kaa,
X 2

Do ol

f(a,a,,... an)3f§<,a17 ..... ang

(1) "66c chéng minh.
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(i1) Khai trien t66ng t6' nho tren, ta co
fa,a.a)- flaa,a,...a)=

_ (- a)(1- a,)[(a +a,+ A1+aa,+ A)- kaa,]
aa,(a +a, + A)(l+A+aa)

30
P fla,a,..a,)° flaa,a;....a,)
(i1) N66c chdng minh.
Nhan xet iddc chdng minh hoan toan. Lou y rang cac bien a,a,,...,a, binh fiang
nen a,a, trong Nhan xet co theithay bang a,a; (i* j) tuyy.
Trd lai bai toan cua ta
Ta se chong minh rang luon co the fida ve trédng hop trong n bien co n- 1 bien
khong 16n hén 1.
That vay, gia s6 trong n bien co nhieu hon 1 bien 16n hon 1, khong mat tinh tong

quat, ta co the gia so/ la a,a,. Xet 2 trédng hop
* Troong hop 1. kaa, 3 g éa a +aa, +1_ Khi fio, theo Nhan xet (ii), ta

co
f(a,a,,...a)? f(Laa,,a,...a,)
Nho vay, ta co the thay bo so (a;,a,,....a,) bdi bo so (Laa,,a,...a,) fie f

khong tang. Khi fio, so bien bang 1 tang len it nhat la 1.
* Troong hop 2. ka,a, E% Z'ga a +aa, +l_

Khi fio, voi moi a; <1£ a, (a; luon ton tai vi aa,...a, =1) ta fieu co

kaiang ga a +aa, +l—
i= i11,it ] g

That vay, ta co
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a a+aa +l Ja+aa +l-a-3

11t _ iz

kaya,

ka,a.

I

aa+l-a-a
— =1 +1
ka,a.

I

aa+tl-a-a
3 =1 +1

kaya,

aa+aa+l
— i=3
ka,a,

p kaiang éa a +aa, +1—
i= i11,it | g

Do no (1- &)(@- aj)gkaia Qa a1 a a +aa, +1—u3 0. S6 dung Nhan xet
e €i=1 L0t | @

(i), ta co the thay boi soi (a,a,,..,a,) bdi bo so (La,,...,aa,..,a,) fie f khong
tang. Khi fio so bien bang 1 cung tang len it nhat la 1.

Tom lai, neu van con 2 bien 16n hon 1 thi ta luon co the thay boi so fiang xet boi
mot boi soi khac ma so bien bang 1 tang len it nhat la 1 fie f khong tang. Viec
thay the nay chz col the fidc thoc hien khong qua n lan (vi co khong qua n bang
1). Do fio, sau mot so bodc héu han (khong qua n), ta se fida bai toan ve tréong
hOp trong n bien co n- 1 bien khong 16n hon 1.

Tiep theo, ta sel chéng minh co the thay n- 1 bien khong 16n hon 1 bdi trung binh

nhan cua chung. That vay, khong mat tinh tong quat, giasé a, £a,£...£a, _, £1.

Nat x=rJaa,..a,, £1. Neu a =xUa, , =x thi a =a,=..=a,; =x Neu ton

tai a; (1< j<n-1) saocho a; * x thitaco a <x<a, . S6 dung Nhan xet (i), ta
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co the thay boi so (a,,a,,...,a,) boi bo so ?,%,...,%,%9 fie f khong tang.
X [}

Khi fio, so bien bang x tang len it nhat la 1. Ta cung chu y rang CLS] £ﬁ £1
X

X
nen viec thay nho tren van fiam bao trong n bien co n- 1 bien khong 16n hon 1,
fileu fio cho phep viec thay the nho tren co the thdc hien lien tiep. Tuy nhien,
viec thay the nay chz co the fi66c thdic hien khong qua n lan (vi co khong qua n
bang x). Do fio, sau mot so: lan thay (khong qua n), ta iida AdGc ve trodng hdp
trong n bien co n- 1 bien khong 16n hén 1 bang nhau.

Cuoi cung, fie chéng minh bat fiang thoc fia cho, ta ch: can chng minh

1% x..—~ % g0<xe
& X'

‘o
U g(x):Ll+x”'1+Ll- n- Ks 0(0<x£1)
X X+ —— n
X
Ta co
2
- n. -1Dx"-10 -
g’(x):(n 1)(;( 1)lzé{n l)Xn 19 0 xi (0,
X g(n-Dx" +1y

P g(x) nghoch bien tren (0,1].
P g(x)? g®=0"xI (0
P fipcm.

Nang thoc xay ra khi va che khi a, =a, =...=a, =1.
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Bai toan 16.
Cho a,b,cl R thoa (a- b)(b- c)(c- a)* 0. Chéng minh rang

(a- 2b)* +(a- 2¢)? L (- 2¢)? +(b- 2a)* L (c- 2a)’ +(c- 2b)?

2 2 2 322
(b- ) (c-a) (a- b)

LOi giai.
Ta co

o (a- 2b)*+(a- 2c)?
oy (b- ¢)?

o 2a’- 4(b+c)a+4b® +4c® |
o (b- ¢)?

o a’- 2(b+c)a+2b”*+2¢%
oy (b- ¢)?

3 a’- 2(b+c)a+(b+c)®+(b- c)?
o (b- ¢)?

~ o abtc- ac_j23

U -
A c ;5

322

([an)

22

([a)

11

([a)

311

~ . _b+c-a _c+a-b __a+b-c
Nat x = VY = JZ=
b-c c-a a-b
(X- 2)(y- 2)(z- 2 =(x+2)(y+2)(z+2)
P xy+yz+zx=-4

thi ta co

Ta col bat flang thdc can chong minh t66ng A66Nng vOi

x> +y?+2°3 8

([an)

X+ y?+27°3 - 2(xy +yz+ )
U (x+y+2)*3 0 (fiung)
P fipcm.
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Bai toan 17. (APMO 2005)
Cho a,b,c >0 thoa abc =8. Chdng minh rang

a’ b’ c’ , 4

Ja+ad)a+bd) ' Ja+03)(a+cd) ' Ja+cda+ad) 3

LOi giai.
Ta co
2

l 3
V142 2+%

That vay, ta co

" x>0 (*)

(*)U (2+x)2 41+X°)
U x*(x- 2)*3 0 (fung)
Vay (*) fiung.
Do o

o a’ o 4a° _ 2S(a,b,c) _ 2

3

?}c J@+a%)(1+b°) 2: (2+a%)(2+b?) 36+S(a,b,c) 14 36
S(a,b,c)

trong fio S(a,b,c) = 2(a” +b? +c?) + a’b® + b’c? + c’a?
Theo bat fiang thoc AM-GM, ta co
a’+b’+c?3 33(abc)® =12

a’b? +b%c® +c?a® @ 33/(abc)* =48
P S(a,b,c)3 72

Do fio
o a’ . 2, 2 _4
a 36 3% 3
oe (1+27)A+b%) 14 1436 3
S(a,b,c) 72
P fipcm.

Nang thdc xay ra khi va che khi a=b=c=2.
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Bai toan 18. (Vasile Cirtoaje)

Cho a,b,c3 0. Chong minh rang
a’ N b? N c? s 2
30*+3c®- 2bc 3c*+3a’- 2ca 3a®+3b°-2ab 3

LOi giai.
Ap duing bat fiang thoc Bunhiacopxki, ta co

o) 8.2 o) 8.4

a =a
o0 D7 +3c?- 2bc g, a*(3b? +3c? - 2bc)

(a2+b2+02)2
a a(3v? +3c? - 2bc)

cyc

3

_ (a2 +b2 +CZ)2
6(a’b® + b’c? + c?a?) - 2abc(a+b+c)

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

(a2+b2 +CZ)2 . Z
6(a’b® + b’c? + c’a?) - 2abc(a+b+c) 3
U 3(a®+b? +c?)? 3 12(a’h® + b’c? + c’a?) - 4abc(a+b+c)

0 3;?4+b4 +C4+abC(a+b+C)' 2(a2b2+b202+02a2)EI+abC(a+b+C)3 0

Theo bat fiang thoc Schur thi
a*+b*+c* +abc(a+b+c)3 § ab(a® +b?)
cyc
3 2(a’b® +b*c? +c?a?) (theo AM-GM)
Vay ta co
3ga* +b* +c* +abc(a+b+c)- 2(a%” +b°c* +c*a®)f+abc(a+b+c)3 0

P fipcm.

Nang théc xay ra khi va chz khi (a,b,c) = (t,t,0) (t >0).
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Bai toan 18. (Vasile Cirtoaje)

Cho a,b,c2 0. Chéng minh rang
a’ b? c?
+ + 3
b?-bc+c® c*-ca+a’® a’- ab+b?

LOi giai.
+ Cach 1.

Ap duing bat fiang thoc Bunhiacopxki, ta co

o a’ _ 9 a*
‘:?}c b? - bc+c? "‘:‘}c a2(b? - bc+c?)
(a2+b2+C2)2
Q a’(b?- bc+c?)

cyc

3

_ (aZ +b2 +C2)2
2(a’b® + b*c? + c’a?) - abc(a+b+c)

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

(a2 +b2 +C2)2 .
2(a’b? +b?c? + c%a?) - abc(a+b+c)

U (a?+b?+c?)?3 4(a’b? +bc? +c%a?) - 2abc(a+b+c)

~ ,

ga* +b* +c’ +abc(a+b+c)- 2(a’h® +b’c® +c’a’)f+abc(a+b+c)3 0

Theo bat fiang thoc Schur thi
a*+b*+c* +abc(a+b+c)3 § ab(a?+b?)
oy
3 2(a’b® +b*c? +c”a?) (theo AM-GM)
Vay ta co
ga’ +b* +c* +abc(a+b+c)- 2(a%h® +b°c® +c*a’)f+abc(a+thb+c)3 0
P fipcm.

Nang théc xay ra khi va chz khi (a,b,c) = (t,t,0) (t >0).
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+ Cach 2.
Khong mat tinh tong quat col the gia s6 O£ a£b£c.

1a-ac£0 10£c ca+a’£c’?

Khi fo, ta co | s
Ta-ab£0 TOEa ab+b"£Db

Do ol
a’ b2 c? a’ b?> c?
+ 2+ 2 23 2 2+_2+_2
b?>-bc+c® c*-ca+a’? a’-ab+b®*> b?-bc+c® c® b
2 2
3 2 1C 5 2 (theo AM-GM)
¢ b?
P fpcm.

Nang théc xay ra khi va chz khi (a,b,c) = (t,t,0) (t >0).

Bai toan 19. (VMEO 2004)

Cho x,y,z>0 thoa x+y+z=1. Chdng minh rang

(y- 2)° (z- %)° (x- y)?
\/X+ 12 +\/y+ 12 +\/Z+ 12 EV3

LOi giai.
Khong mat tinh tong quat col the gia s6 x3 y3 z>0
P OEXx- yEX+y-2z=1-3z

Ta se chdng minh

XHU2 +4]y+V2 £4J2(x+y) + (U +V)? *)
trong fio U = =X 2

| \/_ =75
That vay

*)U x+y+2uv3 2\/(x+u2)(y+v2)

U (x- y)?+4(u- v)(xv- yu)2 0
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0 (x- y)*- é(x- Y (x+y- 2)3 0
U (x- y)*(3+z- x- y)3 0 (fiung)

Vay (*) fiung. Do fio

8 J“(yizz)z . JZ(X+y)+<x+y- 22)° | JH(x- )’

cyc 12 12
£J2<x+y)+%+J d 132) =3 (fipem)

Nang théc xay ra khi va chz khi x=y =z ::—13.
Bai toan 20.
Cho x,y,z3 O thoa x+y+z=1. Tim gia tro 16bn nhat cua bieu thoc
f(xy,2)=x"y+y"z+ z"Xx
trong io n3 2,nT R la hang so cho trédc.
LOi giai.
Gia so vOi bo S0 (X, Yo, Zy) thi (X, Yo, Z,) = MaxX f.
Khong mat tinh tong quat co the gia 6. X, = max{X,, Yo, Z} -
Khi fio, neu y, £ z, thi ta co
(%020 Yo) = T (X0 ¥0:2) =(Z5- ¥o)Xo + (Yo = Z0)% * YoZo - YoZ = 9(X)

Ta co

9'(%) =N(Zy- Vo)X "+ Yo~ 22 N(Z- Yo)Z "+ Yo~ 2 =(n-1(z5- ¥5)2 O
P g(x,) fiong bien.

P d(%)?® 9(z)=0
P (%2 Y0) % T(X:Y0:2)

Do fio, khoing mat tinh tong quat, ta chz xet x3 y3 z3 0 la fiu.

Theo bat fiang thoc Becnulli, ta co
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(x+2)" :x”.ai+59 3 x”.a?L+E9:x” +nx"'z3 0
€ x5 € xg
Do fio, ta co
f(x+2zy,0) =(x+2)"y
3 (x"+nx"'2)y
3 (x"+2x"'2)y (don3 2)
- Xny+xn-1yz+xn-lyz
3 x"y+y"z+2"x (dox3 y3 z30)
=f(x,Y,2
Ta lai co
f(x+2zy,0)=(x+2)"y
=(1-y)"y
1 n
=—.(ny).A- y)
n
cLay+nd- y)6™

ng n+l g

n

S L
(n+l)n+l
Do fio
nn
f(XY.2)E—z
Nang théc xay ra chang han khi x = n y= 1 z=0
| n+l” n+1’
Ket luan
nn
max f = e
(n+1)
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Bai toan 21. (Vo Quoc Ba Can)
Cho a,b,c>0thoaa+b+c=3. Tim gia tro nho nhat cua bieu thoc

a b C
= + +
bJab+2 cbc+2 aca+2

LOi giai.
Ta col
0 % 2a 0 o
—_— a-+g a
abx/_+2 Ag ez 05 o
3/2b3/2
=38 g

2P =

) é. a”b”
33/a1/2b3/2

-3.1 8 a"
cyc

2 4/31.4/3
3 3- %.é a +2ab;’3a b™ (theo biit AM-GM)
cyc

33

(theo biit AM-GM)

=3- 1 3 (2% +2ab)- %.é a¥%p??

cyc cyc

=3- L (a+b+0)?- 1§ a%p?
62

O)ll—‘ owll—\ olr &lr Blr
g o

- § _ é 4/3b4/3
2 o
=218 apatin®
2
5 g é_ ab(a ; b+1)
cyc
=>. 1 8 aba- ¢
2 18 o
5 1
= > 18 (4(ab +bc +ca) - 3abc)

Mat khac, ap dung bat fiang thdc Schur, ta co
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a®+b°+c®+3abc?® § ab(a+h)
cyc
b a®+b%+c®+3] ab(a+b)+6abc3 48 ab(a+b)+3abc

cyc cyc

U (a+b+c)*3 4] ab(a+b)+3abc
cyc

U 273 4§ ab(3- c)+3abc
cyc

U 273 12(ab+bc +ca) - 9abc

P 4(ab+bc+ca)- 3abc£9

pops>. L

2 18

op 3 (4(ab+bc+ca)-3abc)sg-i.9:2

18
b P31

Nang théc xay ra khi va che khi a=b=c=1.

Vay minP =1.

Bai toan 22. (Vo Quoc Ba Can)

Cho a,b,c > 0. Chdng minh rang

2.2 An2 o2 A 2142 o) .
71 B I Y 0, ggma b, o o
e a ge b g C @ &+c c+a a+bg

LOi giai.
Ta co Bofieisau
Boi fie. x,y,z>0. Khi fio, ta co
(X +2)(y* +2)(2° +2) 3 I(xy + yz+ 2X)
Chdng minh.
Theo nguyen ly Dirichlet, ta co trong 3 so x*- 1, y*- 1va z*- 1 luon ton tai it
nhat 2 so cung dau. Khong mat tinh tong quat co the: gia s6 x*- 1va y?- 1 cung
dau.

P (X*-1(y*-130
p X2y23 X2+y2_l
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P xPy? +2x% +2y? +43 3(X° + y* +1)
U (x*+2)(y*+2)3 3(x*+y* +1)
Do o
(X*+2)(y* +2)(Z° +2)3 3(x* +y* +1)(2° +2)
=3(x* +y* +1)(1+1+ 2°)
3 3(x+ y+2)® (theo bfit Bunhiacopxki)
3 9(xy +yz+ )
Bo fie iddic chdng minh hoan toan.
Nang thdc xay ra khi va che khi x=y=z=1.

Tré lai bai toan cua ta

Ap dung Boi fie tren voi x:b—g,y: >.Z2=—,taco
a b (o
ab’c? _Oela’® sz 0, abcca caab abbco
+2- 2 +2:3 90— S+ S +t—.—==
Ca* E0* Tgc s 8a2b’ b2'c? A’y
Do fio, ta chz can chdng minh
3 3 3 '
27+ M D HC) g gq@a , b, €0
abc 8b+c ct+ta a+bg
3 3 3 '
03+M34aea + b + c 9
abc 8b+c c+ta a+tbg
Chu y rang
(a+b+c)a(a b)?
3 3 3
a“tb +c” _ o ‘3
abc 2abc

@a , b c6_g (a- b)?
&b+c c+a a+by o (@+c)(b+c)

3 3
3+a +ph%+¢3 i 4a _
abc b+c
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(a+b+0).q (a- b)?

- b)? 0
=3+3+ oce _2%&+3+
2abc doc (@t+C)(b+c) 4
_1 é (a- b)?((a+b+c)(a+c)(b+c)- 4abc)
2 o abc(a+c)(b+c)
. 1 é (a- b)*((a+c)*(b+c)- 4abc)
2 o abc(a+c)(b+c)
s 19 (@ b)"(4ac(b+0) - 43bC) o st AM-GM)
2 o abc(a+c)(b+c)
_5 38 c(a- b)?
o D@+ c)(b+c)
50
3 3 3 L
p3+a+b+034aea L
abc 8b+c c+a a+tbg
P fipcm.
Nang théc xay ra khi va chz khi a=b=c.
Bai toan 23. (Vo Quoc Ba Can)
Cho O£ x,y, ZE% thoa x+y + z=1. Chdng minh rang
1 9

SEX+HY + 2 +Axyz £ —
4 y’ Xyz 3

LOi giai.
Trooc het, ta chéng minh

x3+y3+z3+4xyz3%

U 4x3+4y° +47° +16xyz3 (x+y+2)°

0 X4y +2+ 29 & xy(x+y)
3 oy

Theo biit Schur thi

Xy + 2 +3xyz3 Q xy(x+Y)

cyc
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P (*) fiung.

Tiep theo, ta se chong minh

x3+y3+z3+4xyz£3

32
- 23
U 3(xy+yz+zx)-7xyz3§
- 23
U 3x(y+2)+yz(3- 7x)3 —
32
: I | e 1 1
Khong mat tinh tong quat gia s0 x3 y3 zb :—3£x£§
Co 2 tr66ng hop xay ra
* Troong hop 1. E£x£§l:> Of z£ y£§
3 7 7
B8 08 _0
P co-Yic;-2:20
& "®&7 o
9 3 9 3 12 3
P yz3-—+—-(y+2)=- —+-(1- X)=—- =X
vz 497(y 497( )497

Do ol

62 3 6_36_23
49~ 32

3x(y+2)+(3- 7x)yz?3 3x(1- x)+(3- 7x)84—9- ;x+—
%)

* Troong hop 2. §£ XE%. Khi fio ta co
3x(y+2)+(3- 7X)yz3 3x(1- x)+%(y+ 2)2(3- 7X)  (theo biit AM-GM)

=3x(1- x)+%(1- x)2(3- 7X)

2. 2 oxed)
2 32

1 2
=—(1- 2x)(28x° - 6x+1) +
32( )( ) >

Tom lai, ta luon co
les v +7z +4xyz£g (fipcm)
4 32
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Bai toan 24. (Jack Grafunkel)

Tim hang so k nho nhat sao cho bat fiang théc sau fiung voi moi x,y,z3 0

X y z EkJx+y+z

\/x+y+\/y+z+\/z+x

LOi giai.
Ta se chdng minh bat fiang thoc fia cho fiung khi k :% Naly chinh la hang so tot

nhat cua bat fiang thdc fia cho vi ta co fiang thoc xay ra khi x=0,y =3,z=1.
Nat x+y=c? y+z=a? z+x=b?(ab,c3 0) b a?b?c? lafio dai ba canh cua
mot tam giac (co the suy bien).

Bat fiang thoc can chdng minh trd thanh

2 2 2 2 2 2 2 2 2
el el W S e

C a b

Khong mat tinh tong quat, ta co the gia s a2 b,c.
Ap duing bat fiang thoc Bunhiacopxki, ta co

/2 2
%E\/a2+bz+c2

Do fio, fie chong minh (1), ta chz can chéng minh

2 2 2 2 2 2 2 2 2
-a“+b“+c +a -b“+c +a +t;)-c £§.(a+\/m)
C a

0 a+b+C+(a+b+c)(a- b)(a- c)(c- b) £§.(a+m)
abc 4

U 4abc(a+b+c)+4(a+b+c)(a- b)(a- c)(c- b)£5abc(a+\/b2+cz)

T6 fay suy ra khong mat tinh tong quat, ta che can xet troéng hdp a2 c3 b la fiu.
Ta co

4abc(a+b+c)+4(a+b+c)(a- b)(a- c)(c- b)£5abc(a+\/b2 +cz)
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U f(a)=4a%c- b)- a’bc+4bc(c? - b?) +
+ a(4b3 +4b%c + 4bc? - 4c® - Sbeyb? +c? ) £0

Do a?,b?,c? la fio dai ba canh cua mot tam giac (co the suy bien) nen ta co
a£+/b?+c? . Do fio, ta can chdng minh f(a) £0 voi b£c£ afVb?+c?(2).
+ Neu b=c thi

f(a) =- ab’§a- b) +(5v2- 7)bl£ 0

+ Neu b<c thi f(a) la mot ham fia théc bac ba co he soi cao nhat va thap nhat
déong. Ta co

i f@=-¥

f(0)>0
lim f(a) =+¥

a® +¥

Ta lai co
f(c):-bcz(S\/m- ap- 3c)<o
Vi 25(b? +¢?) - (3c+4b)? =(3b- 4¢)? >0
Ngoai ra,
f (W) - 2bc(4bW- 5p? - cz)
-. zm(m i 2b)2

£0

Do fio f co ba nghiem phan biet (1 nghiem am, 1 nghiem thuoc (0,c) va 1

nghiem khong nho hén vb?+c?). Do c£ a£+b*+c? nen f(a)£0.

P fipcm.
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Nang thdc xay ra khi va chg khi fa=vb®+c?
| | |
V' — i i
f/b? +c? = 2b (o3 Tze1
Vay
_9
kmin_4-

Bai toan 25.
Cho a,b,c >0 thoa abc =1. Chéng minh rang

b+c c+a a+b 1 1 1
+ +

a®+bc b*+ca ct+ab a®? b? c?

LOi giai.
Trooc het, ta chdng minh cac Bo iie sau

Bo fiel 1. Xx,y,z>0. Khi fio, ta co

(y(x+y) +yz(y+2) + 2X(z+X))* 3 Axy +yz+ 2)(X°Y* + y*Z* + Z°X°)
Chdng minh.
Ta co

OY(x+Y) +yz(y+2) + 2(z+X)* - 40y + yz+ 2)(XY* +y°Z" + 2°x%) =
=4 X7 (x- y)? +2xyz(X° + Y’ + 2 +3xyz- Xy(X+Y)- yz(y+2)- 2X(z+X))

cyc
18 Cy2(x- y)?3 0
D0|l cye
I+ vy + 22 +3xyz- xy(x+y)- yz(y+2)- zx(z+X)? 0 (theo bfit Schur)
Nen
(Y(x+Y) +yz(y+2) + 2X(z+X))* - Axy +yz+ 2)(X°y* + y°Z° + 2°X°) 3 O
P (xy(x+Yy)+yz(y+2)+2x(z+X))* 3 4xy + yz+ 2)(X*y* + y°Z° + Z°X°)

Bo fie 1 fiddc chéng minh hoan toan.
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Bo fie 2. X,y,z>0. Khi fio, ta co

><2()/+Z)+ y2(z+x) z (x+y) 2(x*+y? +7%)
X2 +2yz y2+22x z+2xy X+y+2z

Chdng minh.
Ta co
X(Yy+2) _,, . 2yAy+2)
X2 +2yz X2 +2yz
Y(z+x) (z+x) —— 22X(z+ X)
yZ +22x yZ +22x
z (X y) _ X+y- 2xy(X+y)
72+ 2xy 72+ 2xy
Do fio
o 6
aX(y )—2(x+y+z) yz(y+z)
X" +2yz g cyc +2yzﬂ

o x(y+z) 2(x% + y? + )
o X +2yz X+y+z

0 (x+y+2)- yz(y+z)£x ty'+Z
Cyc +2yz X+y+z

([an)

2 2 2
- —yzz(y+z)3 x+y+z-—x ty rz
oc X*+2yzZ X+y+z
3 yz(y+2) , 2(xy+yz+z)
o X +2yz X+y+z

>

Ap duing bat fiang thoc Bunhiacopxki, ta co

0 yz(y+z) _ (xy(x+y))?
¢ X H2yz oo (22+2xy)xy(><+y)

, Oy(x+y)+yz(y + 2) + 2x(z+ X))?
a (22 +2x)xy(x+Y)

cyc

262



_ Oy(x+y) +yz(y + 2) + 2x(z+ X))
2(x+ y + 2)(X°y? + y?Z% + 7°X?)
s 20+ Y2+ 2 (theo Bo fie 1)
X+y+z

Bo fie 2 fiddc chéng minh hoan toan.
Boifie 3. a,b,c > 0. Khi fio, ta co

b+c c+a a+b 1 1 1

+ + £—2+—2+—2

f+be 2 pPrca S Piap. 3 & b
Ya+lb+lc Ya+lb+lc Ya+l/b+lc

Chdng minh.

y:l,zzlb X,y,z>0. Khi fio, ta co
a b c
b+c _ X(y+(x+y+2)
T o3 3 2 2
Pibe S 2XCH(CH+YZ +yZ+Xy2)
Ya+1lb+1c

3
g XWH2X*Y*2) 66 biit AM-GM)
2X° +4xyz

_Xty+z X*(y+2)
2 X*H+2yz

TooNng to, ta co

c+a g Xtytz v (z+X)
b? 3 2 y?+2x:

+ Ca.—]/a+]/b +]/C

a+b f Xty+z Z2(x+Y)
3 3 2 Z2+2xy

"o s bl

3 b+c:3 g XtytzZ g x22(y+z)
2 oc X°+2yzZ
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th

XTy¥ 2.2(X2 +y'+7) (theo Boi fie 2)
2 X+y+z

:X2+y2+22

.11

a® b* ¢

Bo fie 3 fiddc chéng minh hoan toan.
Tr0 lai bai toan cua ta

Ap dung bat fiang thoc AM-HM, ta co

3 3 3 3 3 _ =
3/abc ]/a+]/b+]/cpl TPYET e (do abc =1)

Do o
- S+C £3 b+c £i2+i2+i2 (theo Bo fiel 3)
o & +DC G 23 4 e 3 a> b* ¢
Va+lb+lc
P fipcm.

Nang théc xay ra khi va che khi a=b=c=1.
Bai toan 26. (Vo Quoc Ba Can)
Cho a,b,c?3 Othoa (a+b)(b+c)(c+a)>0. Chong minh rang

\/a(b+c)+ b(c+a) c(a+b)3\/2+2\/1+4\/ abc(a+b)(b+c)(c+a)

a’+bc \b?*+ca Vc?+ab (a? +bc)(b? + ca)(c? + ab)
LOi giai.
Nat x = /a(2b+c) Y= b(20+a) ,Z= /c(2a+b) . Khi fio, bat fiang théc can chdng
a“ +bc b° +ca c”+ab
minh t60ng fiddng voi
X+y+z3 \/2 + 2\/1+Txyz

Ta sel chdng minh

X +y*+7°3 2 o)
X2y? + Y272 + 2223 1 )
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Khi Ao, ta co

(X+y+2)? =X +y* + 22+ 2(xy + yz+ )
3 2+2(xy+yz+ )

:2+2\/x2y2+y222+22x2+2xyz(x+y+z)
32+2
=4

P x+y+2z32

Va do ol

(x+y+2)?%3 2+2\/x2y2+ V272 + 22X% + 2xyz(x + y + 2)

32+ 2\/x2y2 + Y272 + 7% + 4xyz
3 2+2/1+ 4xyz
P x+y+z3 \/2+2«/1+4xyz

Naly chinh la fiieu chung ta can phai chong minh.

Vay nhiem vui cua chung ta bay gié chz la chéng minh tinh fiung fian cua cac bat
fiang thoc (1) va (2) noa thoi.
* Chdng minh (1).

a(b+c) N b(c+a) +c:(a+b) 3 9

1)U
) a’+bc b?+ca c’+ab
Ta co

o ab+c) ,_(a- b)?(b- c)’(c- @)’ +abc(a+b)(b+c)(c+a) , 0
o & +he (a® +bc)(b® + ca)(c? + ab)

o a(b+c),

— 2
oc @°+be

Vay (1) fiung.
* Chdng minh (2).

ab(a+c)(b+c) N bc(b+a)(c+a) N ca(c+b)(a+b) 51

(2) 0 2 2 2 2 2 2
(a“+bc)(b®+ca) (b°+ca)(c-+ab) (c”+ab)(a®+bc)
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Ta co

o ab(a+c)(b+c) 1= 2abc(a+b)(b+c)(c+a) |
o (8% +be)(0? +ca) (a® +bc)(b? + ca)(c? + ab)
o ab(a+c)(b+c) ,
o (8% +Dbe)(0? +ca)

Vay (2) fiung.
P fipcm.
Nang thoc xay ra khi va chz khi (a,b,c) = (t,t,0) (t > 0).
Bai toan 27. (Vo Quoc Ba Can)
Choa,b,c® Othoaa+b+c=1va (a+b)(b+c)(c+a)>0. Chdng minh rang

a’+5b b?+5c c®+5a
+ + 3
b+c c+a a+b

LOi giai.
Ta co Bofieisau
Bo fie. X,Y,z la cac so thoc thoa | X+y+z®0 . Khi o, ta co
Txy+tyz+zx3® 0

x(b- )*+y(c- a)®+za- b)>’32 0 "ab,cl R
Bo fiel tren chong minh rat fién gian (ch: can dung tam thdc bac hai la fiédc) nen
0 fiay ta khong nhac lai chdng minh cua no.
Tro lai bai toan cua ta

Ta col bat flang thdc can chong minh t66ng AG6Nng vOi

- 3 30
g aa+b 2
Chu y rang
_ 2
é_ 2a° —a+b+c+a(a b)’(a+b+c) _ _14+ 2 (a-b) (theo gt)
oeD+C o (atc)(b+c) o (@t c)(btc)
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o 2a° o (a- b)2

P -l= ————

g‘cb+c S‘C(a+c)(b+c)

a (a- by’
é_ 2a —a. oyc
oc ath 3(a+b)(b+c)(c+a)
a (a- by’

p§ 2 .3z.__ o

oc @th 3(a+b)(b+c)(c+a)

Do fio, bat fiang thdc can chdng minh t60ng fiddng voi
58 (a- b)®
g _(a-b® at?
o (@tc)(bt+c) 3(at+b)(b+c)(cta)
U & (a- b)*(4b- a)3 0

cyc

3

Nat S,=4c-b,§ =4a-c,S =4b- a. Khi fio, bat fiang thoc can chdéng minh
t0ong iodng voi
S,(b- ¢)? +S,(c- a)* +S(a- b)?3 0
Col 2 tr6dng hop xay ra
*Troong hop 1. a3 b3 c3 0b S, 3 0. Khi fio, ta co

S,+§ =4a-b+3c3 0
§+S.=3a+4b-c30

Chuy rang (a- ¢)?3 (a- b)?>+(b- c)?. Do fio

S,(b- ©)?+5,(c- )2+ S(a- b)?2 (S, +S)(b- ©)*+(S,+S)(@- b)?2 0
*Troong hop 2. 0OEa£b£cbkb S,,S 2 0. Neu § 3 0 thi ta co ngay fipcm, do
fo ta chz can xet §, £0 la fiu.

+ Troodng hdp 2.1. 2b3 c. Khi fio, ta co:

S, +2S,=8a- b+2c3 0
S, +2S =6a+4b- 2¢3 0
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Mat khac, theo bat fiang théc Bunhiacopxki, ta co
(c- a)> £2(a- b)?+2(b- c)?
Do fio
S,(b- ©)? +S,(c- a)*+S(a- b)?3 (S, +2)(b- ©)*+(S, +25,)(a- b)*2 0
+ Trodng hdp 2.2. c3 2b
- Tro6ng hop 2.2.1.a+(\ﬁ3- 1)03 J3 0 3(b- c)?3 (c- a)?.
Khi fio, ta co
S,+35 =12a- b+c3 0
Do fio

S,(b- 02 +S,(c- @) +S,(a- b)23 (S, +35)(b- )22 0

\@-103 2c
J3 5

- Troong hop 2.2.2. a+(\@- 1)c£ J3bb b3

Khi fio, ta co
S, +S +S =3(@+b+c)2 0
S S +SS +S.S, =(4c- b)(4a- c)+(4a- c)(4b- a)+(4b- a)(4c- b)
=13(ab+bc+ca) - 4(a® +b*+c?)
3 13bc- 4(b* +¢?)

o]
3 13§c 4§c +§@20
% 5

_¢
5
30
Ap dung bo fie tren voi x=S,,y=§,z=S,, tasuy ra
S,(b- 0*+S,(c- )’ +S.(a- b)*2 0

Tom lai, trong moi trédng hdp, ta luon co

S,(b- ¢)*+S§,(c- @)’ +S.(a- b)*3 0 (fipcm)
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Nang théc xay ra khi va che khi a=b=c :%.

Bai toan 28. (Pham Kim Hung)
Cho a,b,c? Othoa (a+b)(b+c)(c+a)>0. Chdng minh rang

a(b+c)+b(c;+a)+c;(a+b)3 5
a’+bc b*+ca c*+ab

LOi giai.

Ta co 2 cach giai

* Cach 1. (tham khao 10i giai bai toan 26)

* Cach 2.

Khong mat tinh tong quat co the gia s a3 b3 c.
Bat fiang thoc can chdng minh t6éng n6ong VoI

(a- b)(a- ¢) N (b- c)(a- ©) c b(c+a)

a’+bc c®+ab b% +ca
Ta col
(a- E)(a- C) +(b- 2c:)(a- C) - (a- C)ae?- b N zp c 9
a“+bc c - +ab 8a +bc c“+abg
aa-b b-co
£(a-c +—0=
( )8 a2 a.b ﬂ
_(a- ¢)(2ab- b°- ac)
a’b
£2ab- b%- ac
ab

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

2ab- b%- ac ¢ blc+a)
ab b?+ca
U (2ab- b?- ac)(b® +ca) £ ab®*(c +a)
U (a- b)’b*+a’c*3 2(a- b)bac (fiung theo bfit AM-GM)
b

fipcm.
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Nang thoc xaly ra khi va chz khi (a,b,c) = (t,t,0) (t >0).
Bai toan 29. (Pham Kim Hung)
Cho a,b,c3 Othoaa+b+c=2. Tim gia tro I16n nhat cua bieu thdc
P =(a?- ab+b?)(b?- bc+c?)(c?- ca+a?)

LOi giai.
Khong mat tinh tong quat gia sé a3 b3 c¢3 0. Khi fio, ta co

0f£a’- ac+c’ £a’

0£Db’- bc+c? £b
Do fio

P £ a’b?(a®- ab+b?) =v?(u®- 3v) (trong fio u=a+b,v=ab)

Ap dung batfiang thoc AM-GM, ta co

&V N, o, .8
—+_+tUu"-3v> 6 6 6
P£v2(u2-3v)£ﬂ.gz 2 T A0 _4@+b)’ 4@+b+o)’ 2
99 3 = 243 243 243 243
e @
R " Lo : 4 2 | \
Nang théc xay ra khi va chz khi a :§’b :§’C =0 va cac hoan wo.

Vay
3
max P =——
243
Bai toan 30. (Vo Quoc Ba Can)
Cho x,y,z>0 thoa xy + yz+ zx + xyz = 4. Chdng minh rang
1,1, 1,1

5x+1 5y+1 5z+1 2

LOi giai.
Ta co
1 1 1
+ + =
2+X 2+y 2+z
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_(2+X)(2+y)+(2+Yy)(2+2)+(2+2)(2+X)

) (2+X)(2+y)(2+2)

_ 12+4(x+y+2)+(Xy+yz+ )

_8+4(x+y+z)+2(xy+yz+zx)+xyz
8+4(x+y+2)+(Xxy+yz+zx)+4

_8+4(x+y+z)+2(xy+yz+zx)+xyz

:8+4(x+y+z)+(xy+yz+zx)+(xy+yz+zx+xyz) (theo gt

8+A(X+y+2)+2(xy+yz+2X) + xyz

_8+4(x+y+27)+2(xy +yz+ 2X) + Xyz

B+A(x+y+2)+2(xy+ yz+ 2X) + XYz

=1

1 N 1 N 1 _1

2+XxX 2+y 2+z

Vay

-:-O<a,b,c<E
2

i
= b= ,C= L thitaco ja+b+c=1

2rx. 2ty 2%z ' 122 1-2b _1-2c
Ix= Y= 2=
| a b C

1 _ 1 _ a
5x+1 5(1-2a) ., 5-9a
a

TooNg to, ta co

1 a
5y+1 5-9%
1 ¢
5z+1 5-9c
1 1 1 a b (o
+ + = + +
5x+1 5y+1 5z+1 5-9a 5-9 5-9c

1% 9b 9% o
=_, + + <
9'%5-9a 5-9b 5-9cy
_laf9a-5)+5 (9-5)+5 (-5 +50

"9'% 5-0a 5- b 5-9c g
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1 1 1 06
+ + e
5-9a 5-9b 5-9cg
9
"(5- 9a) +(5- 9b) +(5- 9)
5
15- 9(a+b+c)
5

+
8

DO

w
1

+
ol oo

+

+

Wik Wik Wik Wik

[ I
(6)]
1
(]

N

Vay

1 1 1 1,
+ + 3 = (fipcm)
5x+1 5y+1 5z+1 2

Nang thdc xay ra khi va che khi x=y=2z=1.

* Nhan xet.

Co the fiay la mot bai toan khong kho nhong fiieu fiac sac cua no chinh la 6 cho
to gia thiet xy + yz+ zx+ xyz = 4 ta co the suy ra fid6c fiang thoc

1 1 1
+ + =1
2+X 2ty 2+z

Va chinh nh6 fiang thdc nay ma bai toan cua ta fia trd nen coc ky fién gian. Bang
cach s0 duing fiang thdc nay, ta co the de dang chdng minh i60c cac ket qua sau
@D x+y+z3 xy+yz+x

(2 1m+ 1m+ 1m£ 1n+ 1n+ 1n"m>1>n>0
2+Xx° 2+y 2+z7" 2+x 2+y 2+z
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Bai toan 31. (Vo Quoc Ba Can)
Cho a,b,c>0. Chong minh rang

(b+c- a)? , (c+a- b)? N (a+b- ¢)? , 3@ +b*+c?)
2a’+(b+c)> 2b*+(c+a)® 2c?+(a+b)® 2(a+b+c)?

LOi giai.

Do ca hai ve cua bat fiang thdc fia cho fiong bac nen khong mat tinh tong quat, ta
co the gias6 a+b+c=3.

Khi fio, bat fiang thdc can chong minh t66ng A66ng VoI

_ 2 _ 2 _ 2
(23 2a) . (23 2b) . (23 2¢) s 1.(a2+b2+c2)
2a°+(3-a) 2b°+(3-b)* 2c°+(3-¢)° 6
o 26 2a)? L 23- 2b)? L 23~ 2¢)?
a’-2a+3 b’- 20+3 c?-2c+3

3 a2 +b?+¢?

Ta sel chdng minh

23- 2% , > "o

———3 x°- 6x+6 "xI (0,3 *

X% - 2x+3 ©3 )
That vay

(*)U 2(3- 2x)?3 (X*- 6X+6)(X*- 2x+3)
U x(x- 1?(6- x)3 0 (fung do 0< x<23)

Vay (*) fiung.
Do o, ta co

2(3- 2a)®
a’- 2a+3
2(3- 2b)? |
b%- 2b+3
2(3- 2¢)*
c’- 2c+3

2 2 2
b 2(3- 2a)* | 2(3- 2b)* | 2(3- 20)° o2
a’-2a+3 b?-2b+3 c?-2c+3

3 a%- Ga+6

b%- 6b+6

c’- 6¢c+6

+b?+c?- 6(a+b+c)+18
:a2+b2+C2
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2(3- 2a)? L 23- 2b)? L A3~ 2¢)?
a’-2a+3 b’-20+3 c?-2c+3

3 a% +b? +c? (fipcm)

Nang théc xay ra khi va chz khi a=b=c.
Bai toan 32. (Vo Quoc Ba Can)
Cho a,b,c>0. Chdng minh rang

a’+b%+c? ! aéai”+b3+c3+2(a+b+c)2§33

arvrt 4= 3 4
ab+bc+ca 3§ abc a’+b*+c? 4

LOi giai.
Do hai vei cua bat fiang thoc fia cho fiong bac nen khong mat tinh tong quat, ta co

the gia s a® +b?+c*=3. Nat p=ab+bc+ca thitaco 0< p£ 3.

Kbhi fio, ta co

@G | 1o e Aarbeo)l_
ab+bc+ca 3% abc a’+b’+c? 4
:§+}.@-+b+0_(3_ p)+3+mg

P 3'& abc 3 o
3,1l 1,105 p®Pis?

p 3&ab bc cap 3 g
33,18 5 )4 4P g0

p 3'&p o
:l_2+ﬂ_ﬂ

p 9 3
:§+4ﬂ_+£2-ﬂ.

P &p 95 3
38,421 P2 (theo biit AM-GM)

3 p9 3
=4

Zabt+c 1@+’ +c 2atb+Po, ,

2o +————>5+3 4(fipcm)

ab+bc+ca 3§ abc a“+b°+c’ g4

Nang théc xay ra khi va chz khi a=b=c.
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Bai toan 33. (Vo Quoc Ba Can)
Cho a,b,c>0. Chong minh rang
1 1 1 3

3

+ +
av3a+2b by3b+2c cJ3c+2a +/5abc

LOi giai.
1

Nat le,y:%,z:— thi ta co x,y,z>0. Khi fio, bat fiang thoc can chéng minh
a c

t0ong fdodng voi

X y z 3

3

+ + =
J3x+2yz  \Bxy+2zx  \[Byz+2xy /5

- X y z 3
U + + 3 —
V5z.[3x+2y /5x.[3y+2z .[Sy.3z+2x 5

Ap duing bat fiang thoc AM-GM va bat fiang théc Bunhiacopxki, ta co

X y z
+ + 3
J5z./3x+ 2y \/5.«/3y+22 \/57y.\/32+2x
s 0% X N y N y 9
83x+2y+52 5x+3y+2z 2x+5y+3zyh

. 2(x+y +2)?

X(3x+2y+52) + y(5x+ 3y + 22) + z(2x + 5y + 32)
_ 2(x+ y + 2)?

3(X*+ Yy +2°) + T(xy + yz+ 2)
2(x+ y+2)?

3(x2+y2+z2>+§.<xy+yz+zx>+230.<xy+yz+zx>

. 2(x+y+2)?

B0 +y2+ E)+ (8 + Y+ 2) + 20y +y2 42

3x+y+2)° 3

502+ Y+ 22+ 2xy +2yz+22X) 5

X y z 3
) + + 3 —
J5z.3x+2y  /5x./3y+2z \/57y.\/32+2x 5
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P fpcm.
Nang thoc xay ra khi va che khi x=y=zU a=b=c.
Bai toan 34. (R. Stanojevic )

Cho a,b,c >0 thoa abc =1. Chong minh rang

1 1 1 .5
\/ 1.1 \/ 1 1 \/ 1.1
a+—+= c+—+= c+—+=

c 2 b 2 b 2
LOi giai.
Do abc =1 nen ton tai cac so X,y,z>0 sao cho azé,bzz,c:
y X

x =3ca?,y=3bc?,z=3ab?. Khifio, ta co
1 1 2y

\/ 1 1 [x z 1 \2x+y+2z
a+—+- [Z2+f4+=
c 2 y y 2

TooNng to, ta co

1 B 22
\/ 1 1 \2x+2y+z
C+—+=
b 2

1 B 2X
\/b+l+l X+2y+ 27
a 2

Khi fio, bat flang thdc can chéng minh trd thanh

X y y
+ + 31
\/x+2y+22 \/y+22+2x \/z+2x+2y

Ap dung bat fiang thoc AM-GM, ta co

X B 2X 5 2X X
X+2y+2Z  2/x.Jx+2y+2z X+(X

+2y+22) X+ y+z

TooNng to, ta co
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y 3 y
y+2z+2X X+ty+z
z 5 z
Z+2X+2y X+y+z

X y y
+ + 3
\/x+2y+22 \/y+22+2x \/z+2x+2y

X Z
3 + y + =1
X+Yy+z X+y+zZ X+y+z

L)

P fpcm.
Bai toan 35. (Taiwanese Mathematical Olympiad 1992)
Cho n2 3,nl N va x,X%,,...x, 3 0thoax +X, +...+ x =1. Chdng minh rang

XX, +x§x3+...+x§x1£2i7
Lai giai.
Nat (X, X0 X,) = XXy + XoXg .0+ XX
Khong mat tinh tong quat, co the gia s6 x = maxx (i =1,n).

Goi x, =maxx (i =2,n).

Khi Ao, ta co
F(L- % %0 O a) = T4+ + oot Xy + Xeig ¥ %0, X, O )
n-2so 0 n-2so 0

= (X e Xy F Xy Tt X)) 2%
3% + 2% (% ot X g X ot X)) X
3 XX + XX+ A X% (dO X ® X =maxx (i =2,n))
= (X, %, X,)

Ta lai co

1 a@x +2(1- xk)c_jBZi
2% 3 5 27

- %X O = (- %)% = .(2X).0- %) E

n-2so 0
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4
Vay f(xl,xz,...,xn)EE(npcm).

Bai toan 36.

Cho a,b,c2 Othoa a+b+c+abc=1. Chong minh rang

bt bot g £ (2 8DO)(1+2ab0)
7- abc

LOi giai.

Nat m= atb+c b 3m+ abc =1. Khi fio, ta co

A= (2+abc)(1+ 2abc) _ (8- 3m)(3- 6mM) _ 3(1- m)(1- 2m)

7- abc 6+3m 2+m
3 3
b A- 37 :3(1- m)1- 2m) an? :3(1- 3m- m°) :3(abc- m°)
2+m 2+m 2+m
3
p A=A M), 50
2+m

Do fio, bat fiang thoc can chdng minh t66ng AG6Nng vOi

3(abc- m’)

+3m?3 ab+bc+ca
2+m

(a+b+c)®- 27abc
2+m
U 3(2+m)((a+b+c)*- 3(@b+bc+ca))3 (a+b+c)’- 27abc

U 3@+b+c)?- 9(ab+bc+ca)3

/(@a+b+c), 4a+b+c)
3 3

Do 3m+abc=1nen m£:—lgl:> 2+m3 7/m=

Do fio, ta chz can chdng minh

4a+b+c)((a+b+c)?- 3@ +bc+ca))3 (a+b+c)d- 27abc

~ a) 3 O [o] 3 ]
U 4¢cQ a - 3abc:® g a” +3q ab(a+b)- 21labc

cye g oc cyc
U 33 a®+9abc? 3§ ab(a+h)
cyc cyc
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U § a®+3abc? § ab(a+b) (fiung theo Schur)
cyc cyc
P fipcm.

Bai toan 37. (Vo Quoc Ba Can)

Cho a,b,c > 0 thoa abc = 2+/ab + bc + ca + 4. Chéng minh rang
a’ b’ ¢’ 128

+ + 3
1+ab® 1+bc? 1+ca® 3

LOi giai.
Ap duing bat fiang thoc Bunhiacopxki, ta co
a’ b’ ¢ _ ac b'a c’b
2 + 2 + 2 - 2 + 2 + 2
l1+ab® 1+bc® 1+ca” c+ab’c a+abc® b+ca®hb
, (a7/2.C1/2 +b7/2.a]/2 +C7/2.b]/2)2
a+b+c+a’bc+ab’c+ abc?
(a7/2.C]/2 +b7/2.a]/2 +C7/2.b]/2)2
- (a+Db+c)(1+abc)

Ap dung bat fiang thoc AM- GM, ta co
23a”%.c¥? +11b"? a¥? +9c”? b2 3 43a’hc
23072 a¥? +11c"?b¥? +9a”2.c"? 3 43ab’c
23c72 pY? +11a"2.c¥? +9b"?.a"? 3 43ahc?
b 43(a”?c'? +b"2.a"? +c? b¥?) 3 43abc(a+b+c)
U a”2c¥2+b"2a¥?+c"2bY2 3 abc(a+b+c)

a’ . b’ . o7 3(a7/2.cl/2+b7/2.a’/2+c7/2.b1/2)2
1+ab® 1+bc? 1+ca? (a+b+c)(1+abc)
(abc(a+b+c))?
(a+b+c)(1+abc)
_a’’c’(a+b+c)
~ l+ahc

3

Ta co
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abc = 2\ab +bc +ca+4 3 \/4%abbcca s = 4%2abc

p abc3 8
Do o
a’b’c’(a+b+c), a’h’c®.3¥abc
1+abc 1+abc
, 6a%’c’
1+abc
6.8 t? : ‘
3 do f (t) =—— fong bien tren (0, +¥
1+8 ® 1+t J ( )
_128
3
7 7 7 2 2.2
b a - b - C a’b’c’(a+b+c), 128 (Fipem)
1+ab” 1+bc 1+ca 1+abc
Nang théc xay ra khi va che khi a=b=c=2.
Bai toan 38. (Pham Kim Hung)
Cho a,b,c >0 thoa abc =1. Chéng minh rang
) 12+ 1 - l2+ 2 31
(l+a)° (@+b)* (@+c)° @L+a)(@+b)d+c)
b) at3 _ b+3 c+3 ,
(1+a)* (1+b)?* (1+0)’
LOi giai.
2 2 2
a) Nat x=—- == - 1z=—""-1b x,y,zl 1]
) va WY Y. y.zl [-1]]

P 1-x1- y)1- 9= g 1+a;§: 15b§2_1T202

_ 8abc
(1+a)1+b)1+c)

~ 8

~ (L+a)(1+b)(1+c)

=1+ x)1+y)1+2)
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P Xx+y+z+xyz=0
Do fio, bat fiang thdc can chéng minh trd thanh

(x+1)? +(y+1)* +(z+1)* + (x+(y+1)(z+1)3 4
x2+y2+22+xy+yz+zx+3(x+y+z)+xyz3 0
x2+y2+22+xy+yz+zx- 2xyz3 0
2(x* +y*+2°) +2(xy + yz+ 2x) - 4xyz® O
X2 +y?+ 722 +(x+y+2)%- 4xyz3 0

2\,252

U X*+y?+ 722 +x%y?Z% - 4xyz3 0

» O O O O

Ap dung bat fiang thoc AM- GM, ta co

X+ Y2+ 2+ Xy 77 3 AYXCyP 2 XPyP 7 = A|xyz|® Axyz

P X+ y?+ 7%+ x?y?Z* - 4xyz3 0 (fipcm)

< 2 2 2 -
b) Nat x=——- =—-1z=——-1b x,v,zl [-11]
) l+a 1y 15b 1, Tre y,zl [-1]]

b (- 00 Y- 9= 1+2a§ 2 ey 20

1+bgs  1+Cg

_ 8abc
(1+a)@+b)+c)

_ 8
T (L+a)(1+b)(1+c)
=1+ XA+ y)1+2)

P x+y+z+xyz=0

Bat fiang thoc can chdng minh t66ng n6ong voi
(x+D(x+2)+(y+D(y+2) +(z+1)(z+2)% 0
U X®+y*+72°3 -3(x+y+2)
U x®+y*+27°3 3xyz
Ap dung bat fiang thoc AM- GM, ta co
X2+ y? + 723 33x%y?Z% 3 3xyz (dox,y,zl [- 1))
P x?+y?+27?3 3xyz (fipcm)
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Bai toan 39. (Vo Quoc Ba Can)

Cho a,b,c2 0. Chdng minh rang

\/a(b+c)+ b(c+a) , [c(@a+bh) ,
b? +c? c® +a? a’ +b?

LOi giai.

Ta se chdng minh

o a(b+c),
cyc b2 + Cz ? (l)
o ab(a+c)(b+c) | )

o (@2 + ) (b*+¢?)

Khi Ao, ta co

88\/a(b+c) N b(c+a) N c(a+b) {52: 0 a(b+c)+20 ab(a+c)(b+c)
g b2 + 2 +al a2 + b2 g c b2 + 2 (@2 +c?)(b? + )
ab(a+c)(b+c)
3 2+28
3(-:\/(a2+02)(b2+c2)
o ab(a+c)(b+c) | 4

32428
o (@2 + ) (b*+¢?)

cyc

R e
Nay chinh la fiieu ta can phai chéng minh, vay nhiem vu cua ta bay gid chz la
chdng minh tinh Aiung fan cua cac bat fiang théc (1) va (2) nda thoi.
* Chdng minh (1).
Ta co

Ao éc ab(a- b)*(a’ +b® +2¢%) +8a%h’c?

o B2+ (a2 +b?)(b? + c?)(c* +a?)
b é‘ﬁiﬁ?

cyc

P (1 fung.

3

32
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* Chdng minh (2).
Ta co

o abatc)b+c) _ 2abc((a+b+c)(a® +b® +c?) - abc)
o (8% +C°) (b + ) (& +b%)(b” +c%)(c® +a°)

P (2) fiung

P fipcm.
Nang thdc xay ra khi va chz khi (a,b,c) = (t,t,0) (t >0).
* Nhan xet.

Ngoai ra, ta con co mot bat fiang thdc manh hén nho sau

Cho a,b,c3 0. Khi Ao

\/a(b+c) N b(c+a) N c(a+b) , 242 144 abc(a+b)(b+c)(c+a)
b2 +CZ CZ +a2 a.2 +b2 (aZ +b2)(b2 +C2)(CZ +a2)
Bai toan 40. (Vo Quoc Ba Can)

Cho a,b,c>0thoaa+b+c=1. Chdng minh rang

by/c .\ c/a .\ avb
a(zﬁw@) b(2@+ 3bc) c(2JB+J£)

31

LOi giai.

Ta col bat flang thdc can chong minh t66ng AG6Ng vOi

ELE__E
a\/§+2\F bf3+zf f3+2F

Natx-\/@ _\/c:a —\/:tmtac iX%Yy,z>0
Xy+yZ+ZX 1(doa+b+c=1)

Bat fiang thoc can chdng minh trd thanh

X N y N z 5
2y + yz\/:_’a 27+ 263 2x+ nyé
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Ap duing bat fiang thoc Bunhiacopxki, ta co

X y z X2 y? i

+ + = + +
2y+yz\/§ 27+ 24/3 2x+xy\/:_3 2X)/+Xny/§ 2yz+xy2x/:_’> 22x+xyz\/:_’>

(x+y+2)°
2(xy + yz+ 2x) + 3xyz\/3
5 3(xy + yz + zx)
2(xy + yz+ 2x) + 3xyz/3
-3
- 2+3xyz/3

3

3

3
.3
2433 ngywmxe

3 )

=1

X y z

+ +
2y + yz\@ 27+ 23 2x+ xy\@
P fipcm.

p 31

Bai toan 41. (Vo Quoc Ba Can)
Cho x,y,z lafio dai ba canh cua mot tam giac (co the suy bien). Tim hang so k
I6n nhat sao cho

(X+y+2)8—+1+£0 N LY .z 0, K(x- ¥)*(y- 2°(z- %)

y Zg 8y+z 24X X+YE yz(x+y)(y+ Dz +X)

LOi giai.
Ta col bat flang thdc fia cho toong fdong voi

a (x- VA2 +xz+yz- 2x)Zx+Yy)?

cyc

3 k(x- y)X(y- 2%(z- %)? @
Do x,Y,z lafio dai ba canh cua mot tam giac (col the suy bien) nen ton tai cac so
khong am a,b,c saocho x=b+c,y=c+a,z=a+b.

Thay vao (1), ta co bat fiang thoc (1) tro thanh
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A (a- b)*(a® +b*- c®>+ab)(a+b)(a+b+2c)3

cyc

3 §.<a- b)2(b- c)%(c- a)? @

Cho c® 07, ta fi6oc (2) tro thanh
2(b*(b* - a*)(2a+b) +a’(a’- b*)(a+2b) +
+(a- b)*(a® +b* +ab)(a+hb)®) 3 g.azbz(a- b)?
U 2((a- b)*(a+b)* +(a- b)*(a® +b’ +ab)(a+b)?) 3 ka’v*(a- b)?
U 2((a+b)*+(a’® +b* +ab)(a+b)?) 3 k.a’h’
Cho a=b=1, tasuy rafiddc: k £ 56.
Ta se chdng minh k.., =56, téc la chéng minh

A (a- b)?(a®+b?- c® +ab)(a+b)(a+b+2c) 3 28(a- b)*(b- c)?(c- a)?

cyc
Khong mat tinh tong quat gia s6 a3 b3 c2 0.
Ta col bat flang thoc tren toong AGONg VoI
((b- ©)?(b?- a®)(b+c)(2a+b+c)+(a- c)?(a’- b?)(a+c)(a+2b+c)) +
+(a- b)?(a® +b* +ab)(a+b)(a+b+2c) +
+((ac+c?)(a- c)’(a+c)(a+2b+c)- c*(a- b)>(a+b)(a+b+2c)) +
+(bc+c?)(b- c)?*(b+c)(2a+b+c)3
3 28(a- b)?(b- c)*(c- a)?
Do a® b3 c3 0 nen
(bc+c?)(b- c)*(b+c)(2a+b+c)3 0 (3)
(ac+c?)(a- c)’(a+c)(a+2b+c)- c?(a- b)?(a+b)(a+b+2c)3
3 2¢%(a- b)*(a+c)(a+2b+c)- c*(a- b)’(a+b)(a+b+2c)
=c?(a- b)?(2(a+c)(a+2b+c)- (a+b)(a+b+20))
=c?(a- b)?(a® +2ab- b*+2c(a+2b+c)- 2bc)3 0
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b (ac+c?)(a- c)’(a+c)(a+2b+c)3
3 ¢?(a- b)’(a+b)(a+b+2c) (4)

Laido a3 b3 c30nena-c?3 %.(b- 030
P (b- c)?(b?- a?)(b+c)(2a+b+c)+(a- c)?(a®- b*)(a+c)(a+2b+c)3

3 (b- c)?(b*- az)(b+c)(2a+b+c)+2—2.(b- c)?(a’- bH)(a+c)(a+2b+c)

_ (b- 0’(a*- b*)(@*(a+c)(a+2b+c)- b*(b+c)(2a+b+c))

b2
_ (b- ©)’(a% - b*)((a" - b") +2ah(a’ - b*) +2c(a’ - b’) +2abc(a- b) +c*(a’ - b%))
b2

, (b- c)?(a?- b)((a* - b*) +2ab(a? - b?))

b2
_(b- 0)’(a- b)*(a+h)’
= =
s (b C)z(agzb)z'mazbz (theo bfit AM-GM)
=16(a- b)*(b- c)?a®
3 16(a- b)’(b- c)?(a- c)? (5)

Ta lai co

(a- b)?(a® +b? +ab)(a+b)(a+b+2c) 3

3 (a- b)*(a®+b* +ab)(a+b)?

3 (a- b)?(2ab+ab)4ab (theo bfit AM-GM)
=12(a- b)*a’v?

3 12(a- b)?(b- c)?*(c- a)?

To(3),(4),(5) va (6), ta suy ra

A (a- b)*(a®+b*- c® +ab)(a+b)(a+b+2c) 3 28(a- b)*(b- c)?(c- a)?

cyc

Vay K., =56.
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Bai toan 42. (Poland 2005)
Cho a,b,c1 [0,1]. Chéng minh rang

a N b N C £
bc+1 ca+l ab+1

LOi giai.

a £ a

Do a,b,cl [0,1] nen bc+13 abc+1>0p
bc+1 abc+1l

TooNng to, ta co
b c b
catl abc+l
c o C
ab+1 abc+1

a N b N C a+b+c
bc+1 ca+l ab+1 abc+1

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

a+b+c
abc+1
U a+b+c£ 2(1+abc)

Do a,bT [0,1] nen (1- a)(1- b)2 0P a+b£1+ab
P atb+cf£l+ab+c
Lai do a,b,cl [0,1] nen (1- ab)(1- ¢)3 OPb ab+c£1+abc

P a+b+c£1l+ab+c£ 2+abc£ 2(1+abc)
P fipcm.

Bai toan 43. (China 2006)

Cho x,y,z>0thoax+y+z=1. Chéng minh rang

Y, o yz X N2
XYYz (Jyzrxo (Jxtxy o 2

LOi giai.
Ta col bat flang thdc can chong minh t66ng AG6Nng vOoi
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Wy , wz zlx 2
Vz+x Ix+y (Jy+z 2

Ap duing bat fiang thoc Bunhiacopxki, ta co

Va5 (Vzrx) >0
Xy xJy
NN

Tobng to, ta co

Yz Yz
NGNS
z\/x z/x
\/yTE\fﬁ+f
xf N z\/x £\/_ f Jz zJ/x 0

\/z+x \/x+y Jy+z §ﬁ+f \&+\f \/§+xf
Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

xf Jz N zJ/x 1
\/E+\/_ \/§+\/7 \/§+\/_ 2

og\/_( \/7 +a\/7£_

g oc

0 2a\/7£1+2raﬁ+\f

0 2af£ax+2J_aﬁ+J_ *)

Nat a=+/x,b=./y,c=+/z thitaco a,b,c>0. Khi fio, bat fiang thdc (*) trd thanh

22+ +2abcEt 4Lt 4 1 O 2(ab+bc+ca)  (**)
8a+b b+c c+ag
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Do ca hai ve cua bat fiang thoc tren fiong bac nen khong mat tinh tong quat, co

the gia sd a+b+c=1. Nat g=ab+bc+ca,r =abcp OEqE%. Khi fio, ta co

a’+b?+c?=1- 2q
1 1 1 _1+q
+ + =
at+b b+c c+a q-r

Do ol

()0 1- aq+ 2195
g-r

U (- 4q)(g- r)+2r(l+q)3 0
U g@- 4q)+r(1+6q)3 0

Co 2 tr66ng hop xay ra

*Troong hop 1. 0£q E%f. Trong trodng hdp nay, bat fiang thoc tren hien nhiein

fiung.

* Troong hop 2. %E q E%.

Ap duing bat fiang thoc Schur, ta co r 3 49-1, 0.

Do iiol

(L 4a) +r(1+60) q(1- 4q) + {H DL - (EG= D=5

Tom lali, ta luon co
q@l- 4g)+r(+6qg)2 0
P fipcm.

Nang théc xay ra khi va chz khi x=y =z ::—13.

289



Bai toan 44. (Pham Kim Hung)

Cho a,b,c,d 3 0. Tim gia tro nhol nhat cua bieu thdc

2
aeaoaeb oaeC oaedo

“Sa+b+cy 8b+c+dg 8c+d+ag 8d+a+bg

LOi giai.
Ta sel chdong minh rang minP = 3

Trong cac so a,b,c,d, goi p la so I6n nhat, so 16n nhat trong 3 so con lai la q,
so 16n nhat trong 2 so con lai la r va s la so nho nhat.

ip®qg3rs

. I
Khi o, t o
o,acoi 1 c 1 £ 1 c 1
| p+g+r p+q+s p+r+s q+r+s

Do fio, theo bat fiang théc sap xep lai, ta co

2
aeaoaeb oaeC oaedo

“&atb+cy §b+c+dg §c+d+ag §d+a+bg

& P oaeq oaer oaes &
"Spratry Sprarsy Sprress Sarr+ss

Khong mat tinh tong quat, co the gia s6 p+qg+r +s=1. Khi fio, fie chdng minh

ps g ta chz can chéng minh

2 2 2 2

P + 9 + r + S
1-9° @-n* @-a° @ p°

2 4
9

2 2

p +
@- 9% (- p)?

m?- 2n- 2m® +6mn+m* - 4m?’n+ 2n?
(1- m+n)?

thitaco O£ m£1 va

Nat m=p+sn=pst=

t=
P n?(2- t)- 2n(m- 1)(2m- 1- t) + (M- )*(m*- t) =0 *)
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+ Neu t 3 2 thi hien nhien ta co

2 2 2 2

p . o s ;4
@-9* @-r? @t-a® @ p* 9

sm=1n=0 2
+ Neu em 5 thitacot3 1 vi P 5
&=2 1- 9

=1. Do fo

2 2 2 2

p q r s ,4

+ + +
@-s* @’ @ @ p* 9

+ Neu t<2,m<1. Xem (*) la ph6dng trinh bac hai fioi voi n. Do n luon ton tai
nen ta phai co

D =(m- D3(2m- 1- t)?- (2- t)(m- D*(m*- t)3 0

U (2m- 1- t)*3 (2- t)(m? - t)

, -2 +4m- 1

bt >
(2- m)

Toong to, fat | =q+r b | =1- m. Bang lap luan t66ng to/ nho tren, ro rang ta chs

2 2
can xet troong hop | <1 va — +—' <2 lafiu. Khi fio, ta co
@-r)° @-0
q° N 2, -2%+4-1_1-2m°
a-n* @9 (- @rm?
Do o
P + g + r’ + s, -2m°+4m- 1.1 2m?
- @-r° @-o @ p’  @-m’ @y
_(2m- 1)°(11+10m- 10m") , 4
9(2- m)*(m+1)° 9
s 4
9
b psd
9

Nang théc xay ra khi va chz khi a=b=c=d.
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Vay minP:g.

Bai toan 45. (Pham Kim Hung)
Cho a,b,c>0thoaa+b+c=3vakl R lamothangso cho trédc. Tim hang so
C, nho nhat sao cho
C(a“ +b“+c)2 ab+bc+ca
Lai giai.
Ta co Bofieisau

Bo fie. a,b,c>0thoaa+b+c=3. Khifo, taco

(ab)* + (be)* + (ca) £max|3,:;tg kI R

Chdng minh.
Ta chdng minh bat fiang thdc fiung cho gia tro tdi han
2k
3=2 gk=_ M _
2 2In3- 2In2
Khi fio

+"m3 k, taco

2k 2m
(8b)" + (be)" + (ca) " £ ((ab)* + (bo)" + (ca)*) ﬁf;i% i =2

o
b (ab)™ +(bc)™ + (ca)” £max|3,22mg
+ "'m<k, taco

k k k k
((@b)™ +(bc)™ + (ca)™™ £3 ((ab)" +(be)" +(ca)*) £3 .3=3"
b (ab)™+(bc)™ +(ca)™ £ 3
b (ab)™ +(bo)" +(ca)" £ max‘| 3 f;:g
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Khong mat tinh tong quat, co the gia s6 a£ b £ c. Ta chéng minh ve! trai fiat max
khi b=c.
That vay, iat b+c=2z,c- b=2tb z3t3 OUaf£ z- t. Khifio, ta co
VT =a((z+0) +(z- 1)) +(2- 1) = £ (1)
Taco f/(t)=ka((z+t)*t- (z- 1)) - 2tk(Z2 - t2)?
Xet ham so g(x) = X vdi x3 0.
Ta co
9'() = (k- Yx?
9" () =(k- D(k- 2)x*3£0
b theo fiinh ly Larange, ta co g(x)- g(y) £ (x- y)g'(y) "O0£yEx
Apdung choy=z- t,x=z+t, tafiodc (z+t)“*- (z- t)*- £2t(k- )(z- t)* 2
Do fio
f/(t) £ 2tk(z- 1) %@ (k- 1) - (z+t)“(z- 1))
£2tk(z- )@ (k-1 - (z+t)*") (doaf z-t)
£2tk(z- )@ - (z+t)“Y£0 (doaf z- t£z+t)

P f(t) la ham nghdich bien tren [O, +¥)
b f(t)£ f(0)=2b{3- 2b)* +b*

Bay gid ta con phai chdng minh

g(b) = 2b¥(3- 20)- 2F £3 1£b<:_'23
Ta co

A o LK _ k-1 u
g/(b) — 2kb2k—1 % 2b9 _ 2@ 2b9 +1|:|
2 b g b g g
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Nat x :3-—b2b (*) thi 0< x £1 va ro rang éng vdi moi x1 (0,1] thi ta co duy nhat

bi §L§9 thoa man (*).
2g

Xet ham so h(x) = x* - 2x**+1voi xT (0,1]
Ta co
h' (x) = X 2(kx- 2(k - 1))

b h(X) co toi fia 1 nghiem
P h(x) co toi fia 2 nghiem (theo fionh ly Rolle)

. do_8-15 do_2¢-3
Talai co h(1) =0,hg=== >0,hp=== <0
) &8y & &2y 2
P h(x) co fiung 2 nghiem la x, 1 @,ié,le
&8'25
. 3
b g’(b) co fiung 2 nghiem la b, = b=1
g'(b) g2ng by Y +2
Bang bien thien cua g(b)
3 3
b 11 Xo+2 2
goo - o +

a(b) \ /

Can cG vao bang bien thien, ta thay
a(b) £ max| (), 02X =3 " bi §L§9
I 82% 29

Bo fie iddic chdng minh hoan toan.

Tré lai bai toan cua ta
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* Neu k3 1UK£0 thi ta co a“+b*+c*3 33 ab+bc+ca va dau bang fat tai
a=b=c=1nen hien nhien C, =1.
* Xet k1 (0,2)

Cho a=b=c=1tasuyra C 3 1.

3 32—k
Cho a=b® —,c® 0, tafiddc C, 3 ——.
2 2
2- k U
Ngooc lai, ta sel chong minh C, = max.'],ﬁg thoa man fiieu kien cua fe bai,
i

nghéa la ta phai chéng minh
C (a“ +b*+c)(a+b+c)** 3 3 ¥(ab+bc+ca) 1)

Ap dung bat fiang thoc Holder, ta co

- k
k k k 2-k &32k 2 2k
(@"+b"+c")(a+tb+c) 3ga +b*

Q- O

Do fio, (1) la hel qua cua
- K

3 37k (ab+bc +ca) (2)

O
a3k+b3 c3k

Q- O3,

Q)
mmpB

2 2

= 3-
Nat A=a%k B=b3k C=c%k

val _Tk thi (2) t66ng AGONQ VoI

aeA+B+Co , (AB)' +(BC)' +(CA)
kg 3 g 3

Do ca hai ve cua (3) fiong bac nen khong mat tinh tong quat, co the gia so

©)

A+ B+C =3. Khi fio, (3) tr6 thanh
(AB)' +(BC)' +(CA)' £3C,

0 (AB) +(BC) +(CA)' £ max 1. ?9 4 (4)

“b
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Ap dung ket qua cua Boi fie tren, ta suy ra (4) fiung.
P fipcm.
Ket luan
+ k3 1UKEOP C, =1
i, 3%k0
+ 0<k<1lp C = max%],ﬁg.
Bai toan 46.
Cho a,b,cl R Tim tat ca cac so nguyen dééng n sao cho
a(a+b)"+b(b+c)"+c(c+a)"2 0
LOi giai.
Nhan xet rang n phai le.

Neu n3 6 thi cho a:%,b:- %,czl. Khi fio, ta co

@én—Z
&4

Do io n£5 ma nlenenn=1Un=3Un=5. Ta se chéng minh fio la tat ca

a(a+b)" +b(b+c)" +c(c+a)" =13. -2"?2<0 "n3 6

nhding gia tro can tim, toc la chdng minh

a(a+b)+b(b+c)+c(c+a)2 0 @
a(a+b)®+b(b+c)*+c(c+a)*3 0 (2)
a(a+b)’+b(b+c)>+c(c+a)’3 0 ©)

* Chdng minh (1).

Ta co

@U %-((a+b)2+(b+c)2+(0+a)2)3 0 (fiung)

* Chdng minh (2).
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|22 atb |a—-x+y+z
Nat|2y c+aU |b X-y+z
{ox=b+c lc=x+y-z

Ta co
(2 U 8(x4+y4+z4+xy3+yz3+zx3- xX*y- y*z- °x)3 0
0 4¢3 (¢~ v2- 0)? +a><y2 30 (fiung)
Eor - 5
* Chdng minh (3).
|22 a+b |a—-x+y+z
Nat|2y c+aUl |b X-y+2z
{ox=b+c lc=x+y-z
Ta co
R U 320 +y°+ 2 +xy° +yZ® +2C - X°y- y°z- °X)3 0
0 163 (¢ +y*)(¢ - y*- xy)** 0 (fiung)

oyc
Vay tat ca cac giatrd n cantimla n=1,n=3,n=5.

Bai toan 47.

Cho a,b,c,d >0thoaa+b+c+d=4.Chong minh rang

a2 s b2 s CZ . d2
b’+3 c*+3 d?+3 a’+3

31

LOi giai.

Ap duing bat fiang thoc Bunhiacopxki, ta co

a’ b? c? d* |
+ + +
b’+3 c*+3 d?+3 a%+3
a’ b* c’ d*

= + + +
a’h®+3a® b’c®+3p® c’d*+3c® da’®+3d?
(a2+b2+02+d2)2
3(a2+b2+C2+d2)+a2b2+b202+Czd2+d2a2

3
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Ap dung bat fiang thoc AM-GM, ta lai co
a’v® +b’c® +c?d? +d%a® = (a® + c?)(b* + d? )£ (2% +b% +c? +d?)?
Do fio, fie. chong minh bat fiang thoc fia cho, ta chz can chdng minh
(@ +b?+c?+d?)?3 3(a?+b? +c? +d? )+ (a® +b?+c?+d?)?
U a®+b’+c”+d?3 4
U a?+b?+c*+d?3 %.(a+ b+ c+d)? (fung theo bfit Bunhiacopxki)
P fipcm.

Bai toan 48.

Cho a,a,,...,a, la n so thoc doong thoa é % =1. Chéng minh rang

i=1

\/7 (nl

|| Q.)OJ

LOi giai.
Natxi:i(i:ﬁ) thi taco x >0 (i 1n)ax| =lvaa = l—x'(izjjl).
1+4q i=1 %

Khi fio, ta co bat fiang thdc can chéng minh t66ng n6ong vOoi

g |1- X, g
‘/— (n-1) ‘/

el X |a 1- %

é’,‘l 1- nx

i=1\/>§(1' X)
& X +X,+..+X - NX

U a 30
i=1 JX(@- x)

ae 1 ('j
D) s
o 05 x)(Yx@ %) - P x))

" %% @ %)(- %))

3

([a)

([a)

a(x-

([a)
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0 é (Xi'xj)z(l'xi'xj)
i (@) + @) ) e @ 0@ x)
P fipcm.

3 0 (fiung)

Bai toan 49. (Poland 1990)
Cho n3 3 va X, X,,...,X, >0. Chéng minh rang

én_ X—z En-1
ER R
trong fio. X,,; = X Va X ., = X,.
LOi giai.
Ta chéng minh bang quy nap.

+ n =3 Khi fio, bat fiang thdc can chong minh t66ng N66ng vOi

2 31
o X2+ Y2

Ap duing bat fiang thoc Bunhiacopxki, ta co
é Yz _a yzzz
o X HYZ o XyzHy°Z°
; (xy + yz+2¢)°
X2y2 + y222 + 22X2 + X2y2+ Xy22+ Xy22
_ (xy +yz+ 20’
(xy +yz+ 2% - X*yz- xy°z- Xyz’

2
(xy2+_y22+ Z>_<) ——71dofio 2 ZYZ 31
Oy + yz+ 207 - Xyz- Xy’z- Xyz o X2+ yZ

Nhong ta lai co

Vay khang fionh fiung khi n=3.
+ Gia s6 khang fionh fiung cho n bien so, ta se chéng minh no cung fiung cho

n+1 bien so.
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Khong mat tinh tong quat, ta co the gia soi X,,; = max{x,X,,...,X,.} .

Ta can phai chdng minh

rz)+1 Xi2
a—-————=E£n *)
21 %+ X4 %s
n 2
Theo gia thiet quy nap, ta co é ZX—'£ n- 1. Do fio, fiechéng minh (*), ta
i=1 X| + )§+1Xi+2
chg can chéng minh
X§+l + er + er—l _ er . er—l £1
X P XX XXX XXX XXX XXX
R & 2 e e
Ugl'#g Xr?'zezl T2 . 2+
e XutXXg eXn TXX X+t XuX g
e o]
+X§_1.g > 1 1 -3 0

e X% K+ XK g
g _ %% 2 a - %) L XX (Xt X) 0 (fiung)

Xr X% O +X0) 06 +%0X) (X1 X0X) (%01 + X X)
Vay khang fionh fiung cho n+1 bien so. Theo nguyen ly quy nap, khang fionh

fiung cho moi n3 3.

P fpcm.
Bai toan 50.
Cho a,b,c,d la cac so théc thoa man a?+b*+c?+d? £1. Tim gia tro 16n nhat
cua bieu théc

P=(a+b)*+(a+c)*+(a+d)*+(b+c)*+(b+c)* +(c+d)*

LOi giai.
Ta co

(a+h)* £ (a- b)* + (a+h)* = 2(a* +b* + 6a%?)

Tobng to, ta co
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(a+c)* £2(a* +c* +6a’c?)

(a+d)* £2(a*+d* +6a%d?)

(b+c)* £ 2(b* +c* + 6b*c?)

(b+d)* £ 2(b* +d* + 6b%d?)

(c+d)* £2(c* +d* + 6c%d?)

Do o

P£6(a*+b* +c* +d* +2a’b? + 2a°c? + 2a’d? + 2b%c? + 2b%d? + 2¢?d?)
=6(a’ +b*+c?+d?)?
£6

Nang théc xay ra khi va che khi a=b=c=d = i%.

Vay max P =6.
Bai toan 51. (Pham Kim Hung)
Cho a,b,c > 0. Chéng minh rang
1 1 1 4

3

+ +
Vda?+bc V4b®+ca +aci+ab atb+c

f(a,b,c) =
LOi giai.
Khong mat tinh tong quat, co the gia sé a3 b3 ¢ >0.

Ta se chong minh f(a,b,c)3® f(t,t,c), trong fiot = ath, C.

That vay, ap dung bat fiang thoc AM-GM, ta co
1 1 2

3

+
J4aZ+bc  +J4b? +ca ‘\‘/ (4a® + bc)(4b? + ca)

Mat khac, ta co

2
- 2 o
228+bd  (a+bjc? (4a” +bc)(4b” +ca) =

§€25 2 4

CZ

- (a- b)2§512+b2+6ab+2- 3ac- 30c23 0 (doas b3 ¢>0)
e a9
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b1 .1 . 2 2

J4a2 +bc  \4b%+ca (‘/(4a2 +be)(4b? +ca)  V4t2 +tc

Cung theo bat fiang thoc AM-GM, ta co
1 1 1

3

Vac? +ab \/402 aea+bo \/4cz+t2
8 2 ¢

Do ol

1 1 1
+ +
J4aZ+bc 4b?+ca +4c? +ab
2 1
+
VatZ +tc \ac? +t2
= f(t,t,c)

f(a,b,c) =

3

Vay fiei.chdng minh f(a,b,c) 2 , ta chz can chdong minh
a

b+c

4
f(t,t,c)3
(t,t,c) AT

3

+
Jat2 +tc Jack +t2 2t+c

0 2 1 4

0 i 1_0 & 1 10 e 4 20
9\/4t2+tc g\/ 242ty &A+C tp
e 0
N G 2 1 4c +

30

C. - = -
gt(Z‘HC) \/4t2+tc.(2t +\/4t2+tc) t 402+t2.(t+\/4c:2+t2)é
(4]

. 2 1 4c

0 - -
t(2t+c) \/4t2+tc.(2t+\/4t2+tc) t\/4cz+t2.(t+\/4cz+t2)

30

® 0
o 1 1 -

- .+
§3t(2t +C) 42 +tc.(2t ++/4t? +tc) +
(1]

>
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- 0
+(; 5 4c -

§3t(2t +0) 1ac? +t2.(t +/4c? +t2)§ °

Nho vay, fiel chong minh f (t,t,c) 3

4 , ta chg can chéng minh
c

1 1
Aq(2t+c) | gt? +tc.(2t ++/4t? +tc)

5 i 4c
3(2t+c) 4cz+t2.(t+ 4cz+t2)

30 @)

30 )

* Chdng minh (1).
Ta col

1 1

Aq(2t+c) (/g2 +tc.(2t ++/4t? +tc)

30

- 1

1
Y a@re) Vatre (2 + /v o)
0 Vat+c. (2t +at+c)? 32 +c)
U 2V4t? +tc+4t+c3 6t +3c
0 Jat? +tc3 t+c (filung do t 3 c)
P (1 fiung.

30

* Chdng minh (2).
Ta co
5 4c

- 3 O
3(2+0)  ty4ac? +t2.(t ++/4c? +t2)

0 5 i 4c 3 0
3(2t+c) \/4Cz+t2.(t+\/402+t2)

U 5V4c? +t2.(t ++/4c? +t2)3 12c(2t +¢)
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U 5tv4c® +t? +5(4c® +12) 3 12¢(2t +¢)

U 5ty4c? +t2 +8c? +5t% 3 24tc

U 25t3(4c® +t?)3 (8c* +5t% - 24tc)?

U 4c(60t® - 139t%c +96tc? - 16¢%)3 0 (fung dot? c)
P (2) fung.

P fipcm.
Nang théc xay ra khi va chz khi a=b,c =0 va cac hoan vi tddng ong.
Bai toan 52. (Vasile Cirtoaje)

Cho x,y,z>0. Chéng minh rang

0 e o]
\/(x+y+z)?+£+£23 1+\/1+\/(x2+y2+zz)gx—j‘2+i2+i2+

X Yy Zg Y Zg
LOi giai.

Nat a® = x+ y+zb? = xy+ yz+zx,c* = xyz (a,b,c>0) thitaco ab3 3c>0.

Khi Ao, ta co
1 1 1 b?
4 — _:_2
X 'y z c

X*+y*+2°=a*- b

1. 1 1 _b*-2a%?
St otz = —7—

X° Yy oz c

Do fio, bat fiang thdc can chdng minh t60ng fiddng voi

ab, ., \/1+ \/(a“- 2b)(b* - 2a°C?)

c c*

ab- c3 ch +(@*- 20%)(b* - 2a%c?)
(ab- ¢)?3 ¢ +4/(a* - 2b?)(b* - 2a°C?)

([a)

([a)

~

0 a%?- 2abc? y/(a*- 2b%)(b* - 2a°c?)
U (a%h?- 2abc)?3 (a*- 2b%)(b*- 2a’c?)
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U 2(b*- ac)?3 0 (fung)

P fipcm.
Nang théc xay ra khi va che khi x=y =z
Bai toan 53. (Mildorf)

cho a,b,c>0,k1 R. Chéng minh rang

Q max(a,b“).(a- b)?3 2§ a*(a- b)(a- ¢)3 § min(a,b").(a- b)?

oyc oyc oyc
LOi giai.

Khong mat tinh tong quat, co the gia'sé a3 b3 ¢ >0.
Co 2 tr66ng hop xay ra

* Troong hop 1. k3 0b a3 b3 c¢* >0

Trooc het, ta chéng minh

& max(ak,b).(a- b)?3 2§ a“(a- b)(a- ¢

cyc cyc
U a“(a- b2 +a“(a- c)> +b*(b- c)?3 2§ a“(a- b)(a- c)
cyc
Chu y rang (a- b)*+(a- c)>=(b- c)*+2(a- b)(a- c), nen bat fang thdc tren
t0ong fddng voi

a“(b- ) +b*(b- c)?+2a"(a- b)(a- )3 2§ a“(a- b)(a- c)

cyc

U a“(b- c)?+b*(b- c)?3 2b*(b- a)(b- c)+2c(c- a)(c- b)
a“(b- c) +b*(b- c)+2b*(a- b)- 2c*(a- c)3 0

U (@ +b*- 2c*)(b- c)+2(b*- c*)(a- b)3 0 (fiung)

([a)

Tiep theo, ta se chong minh

28 a“(a- b)(a- )3 § min(a“,b“).(a- b)?

cyc cyc

0 23 a“(a- b)(a- c)3 b*(a- b)® +c“(a- c)? +c*(b- c)?

cyc
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Chu y rang (a- c)®+(b- c)® =(a- b)>+2(c- a)(c- b), nen bat fiang théc tren
toong voi

2§ a“(a- b)(a- c)3 b*(a- b)? +c*(a- b)?+2c*(c- a)(c- b)

cyc

U 2a“(a- b)(a- c)+2b*(b- a)(b- c)3 b*(a- b)*> +c*(a- b)?
U 2a“(a- c)- 2b(a- b)(b- c)3 b*(a- b)+c*(a- b)

U 2(a*- b)(a- b)+(2a" - b*- c*)(b- c)3 0 (fiung)

Vay trong trodng hép nay, ta co

 max(a,b“).(a- b)?3 2§ a“(a- b)(a- ¢)3 § min(a*,b").(a- b)?

cyc cyc cyc
* Trodng hop 2. k<0p a* £b* £c,
Lap luan t66ng to trodng hdp 1, ta cung co

Q max(a,b“).(a- b)?3 2§ a*(a- b)(a- ¢)3 § min(a,b").(a- b)?

cyc cyc cyc
Tom lai, trong moi trédng hdp, ta luon co

Q max(a“,b).(a- b)?3 2§ a“(a- b)(a- ¢)3 § min(@“,b").(a- b)?
cyc cyc cyc
P fipcm

Bai toan 54. (Vasile Cirtoaje)
Cho DABC. Chéng minh rang

S S S

2- COSA 2-cosB 2-cosC

LOi giai.
Ta col bat flang thdc can chong minh t66ng AG6Nng vOi

é (2- cosA)(2- cosB) 3 2(2- cosA)(2- cosB)(2- cosC)

cyc

U 48 cosA- 2Q cosA.cosB+3cosAcosB.cosC - 43 0
cyc cyc

U 4cosC +8$in%.t- GSin%.cosC.t- 3t? +30052%+
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+2cosC.t? - Zcoszg.cosc- 430 (*)

i ) N )
trongﬁo‘t:cosA B ] % % A-B . A*B _pod

2 2 24
Nat VT (*) = f(t)
Ta co

f/(t) =2(2cosC- 3) <0

P f(t) la ham loi tren gsin%,la.

] . Co u
f(t)3 i f —=, F Dy
P f(t)3 min % g%ln ¥, (1)¥)

Ta col
fa%inggz%osc +8$in29- GSinZE.cosC- 35in29+
& 25 2 2 2
+300§%+2003C.sin2%- Zcoszg.cosc- 4
:4cosC+55in29+3coszg- 4sin29.cosC- ZCOSZE.COSC- 4
2 2 2 2
. 2C . 2C
=4cosC +29n“—+3- 2sn“—.cosC - 2cosC- 4
2 2
=2cosC + ZsinZ%.(l- cosC) - 1
=2c0sC + (1- cosC)?- 1
=cos’C
30
Ta lai co

f (1) =4cosC +8sin%- GSin%.cosC- 3+3c;052%+
,C
+ 2cosC - 2cos E.cosC- 4

= 6cosC +8sin%- SSinZE- 6sin%.cosC- Zcoszg.cosc- 4
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2

Ea% E ga% smgof“o
M e 25
vaytaco f &inS0 ovat(): op minj brayy —9,f(1)u30
& 2p 8 29 {)

b f@)2 minl f &nS0 t@¥e o0
i & 25 k’)
P fipcm.
Nang thdc xay ra khi va chz khi A= B:C:% hoac A=B® IDE,C® 0 va cac

hoan vi t66ng 6ng.
Bai toan 55.

Cho a,b,c > 0. Chdéng minh rang

O 2
a+b+c —+ +— a“+b“+c
(a+b+o)gh+—+—20 3)3(@" +b%+ <)

LOi giai.

Ta co

(a+b+c)8—+ +—O 3,3(a% +b? +¢?)

0 éa—+§1—+a+b+c3 3(3(@% +b? +¢?)
qc D e C
2
U é?i+b 2a + a—-a b- c-3 3(\/3(a +b*+c?) - a- b- c)
acé b g 1
33 (a- b)?
4 & (@-b)° 1o c(a-b)’ S'c( )
Uua a 3
oc D ab 3@ +b?+c?) +a+h+c
Ap duing bat fiang thoc Bunhiacopxki, ta co
33 (a- by’ a (a- by’

o T LA
J3(@®+b?+c?) +a+b+c 2 atb+c
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Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh
o 2
(a- b)
o (a- b)? +1 2 ca- b)?, §§'C
b 2 ab 2 a+b+c

cyc cyc
ol 2
a (a- b)
0 28 @& b)? Y b)” 5 5o
oy oqc ab a+b+c
- a 1 06, 29 aecC 1 6
0 23 (a- b)?S=- s+ (a- b)? G- L3
f}c( V& arbrcs f}c( Y Sab " arbrcy
2
oo 2@, 1 8 (s p)?(c+actbe- ab)? 0
oc P(@+b+c) abc(at+b+c) g
_ 2
De thay 2§_ (a-b)j(a+c), 0. Do fio, ta chz can chéng minh
oc b(@+b+c)

A (a- b)’(c? +ac+bc- ab)3 0

cyc
Khong mat tinh tong quat, gia sé a3 b3 ¢c>0pb a-c® a- b3 0.
Khi fio, ta co

A (a- b)?(c? +ac+bc- ab) =
cyc

=(b- c)*(a®+ab+ac- bc) +(a- c)?(b’>+ab+bc- ac) +
+(a- b)?(c®* +ac+hc- ab)

3 (a- c)’(b*+ab+bc- ac) +(a- b)?(c? +ac+bc- ab)
3 (a- b)?(b® +ab+bc- ac) +(a- b)?(c* +ac+bc- ab)

=(a- b)*(b+c)’
20

Vay g (a- b)?(c?+ac+bc- ab)3 0

cyc

P fipcm.

Nang théc xay ra khi va chz khi a=b=c.
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Bai toan 56. (Le Trung Kien)

Cho a,b,c > 0. Chdéng minh rang

alb+c) , blcta)  clath) ., 2a- b)?(b- c)*(c- a)?

a’+2bc b?+2ca c®+2ab (a? + 2bc)(b* + 2ca)(c? + 2ab)

LOi giai.

Ta col bat flang thdc can chong minh t66ng AG6Nng vOi

o 3a(b+c) £G4+ 6(a- b)®(b- c)?(c- a)?

cyc

~

([a)

([a)

([a)

([an)

([a)

(&)

([an)

([an)

0 3%

a’+2bc (a? + 2bc)(b* + 2ca)(c? + 2ab)
o % 3ab+c)o, 6(a- b)?(b- c)’(c- @) 0

C.& a’+2bcy (a?+2bc)(b? + 2ca)(c? + 2ab)
3 2a” - 3a(b+c) +4bc . Ba- b)?(b- c)?(c- a)?

3

o a’+2bc (a? + 2bc)(b* + 2ca)(c? + 2ab)
o (a- 20)(a- b)- (a- 2b)(c-a) . 6(a- b)’(b- ¢)’(c- @) 0
2‘0 a’+2bc (a® + 2bc)(b? + 2ca)(c? + 2ab)

o (- 2c)(a-b) o (a-2b)(c-a), 6(@a- b)’(b- c)’(c- a)* 0
o & +2hc o & +2bc (a® + 2bc)(b? + 2ca)(c? + 2ab)

o (- 2c)(a-b) o (b-20)(a-b), 6(a- b)’(b- ¢)’(c- a)® 0
oe a +2bc o Db?+2ca (a® + 2bc)(b* + 2ca)(c? + 2ab)

o (a- b)(-4c* +4c(a+b)- ab) ,  6(a- b’(b- o(c- @),

o (a? + 2bc)(b? + 2ca) (a? + 2bc)(b* + 2ca)(c? + 2ab)

A (a- b)?(- 4c? +4c(a+b) - ab)(c? +2ab) +6(a- b)?(b- c)?(c- )3 0
cyc

38 ab(a- b)?(c? +2ab) + § (a- b)?(- 4c? +4c(a+b) - 4ab)(c? + 2ab) +

cyc cyc

+6(a- b)?(b- c)’(c- a)*3 0
33 ab(a- b)?(c? +2ab) +4(a- b)(b- c)(c- a).§ (a- b)(c?+2ab) +

cyc cyc

+6(a- b)?(b- c)’(c- a)*3 0
38 ab(a- b)?(c? +2ab) - 12(a- b)?(b- c)?(c- a)®+

cyc

+6(a- b)%(b- c)?(c- a)?3 0
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U § ab(a- b)?(c?+2ab)- 2(a- b)?(b- c)(c- a)*2 0

cyc
Khong mat tinh tong quat, gia s6 a3 b3 ¢ >0. Khi fio, ta co
é_ ab(a- b)?(c* +2ab) 3 ab(a- b)*(c® + 2ab)
cyc
3 2a%b?(a- b)?
3 2(a- b)*(b- ¢)%(c- a)?

Vay
Q ab(a- b)?(c® +2ab) - 2(a- b)%(b- c)%(c- a)?3 0

cyc
p ab+c) b(cta) cla+b) ., 2a- b)%(b- c)*(c- a)?
a’+2bc b?*+2ca c?+2ab (a? + 2bc)(b? + 2ca)(c? + 2ab)
Nang théc xay ra khi va chz khi a=b=c hoac a=b,c =0 va cac hoan vi.

(Apcm)

Bai toan 57.

Cho a,b,c > 0. Chdéng minh rang

J20+a2)(1+b?)(1+c%) ® (1+a)(Ll+b)(L+c)- 2(1+abc)
LOi giai.
* Cach 1.

Ta col bat flang thdc can chong minh t66ng AG6Ng VoI

\/2(1+ a®)1+b*)(1+c?) 3 -1+a+b+c+ab+bc+ca- abc
U 2(1+a?)(1+b*)(@1+c?)3 (-1+a+b+c+ab+bc+ca- abc)?
Chuy rang (1+a®)(1+b?*)(@+c?) =(- 1+ab+bc+ca)® +(a+b+c- abc)?
Do fio, bat fiang thdc can chdng minh t6ong fiddng voi
2(- 1+ab+bc+ca)?+2(a+b+c- abc)?3 (-1+a+b+c+ab+bc+ca- abc)?
U (-1+ab+bc+ca- a- b- c+abc)?3 0 (fiung)

P fipcm.
* Cach 2.

Ta col bat flang thdc can chéng minh t66ng A66Nng vOoi

311



\/2(1+a2)(1+ b?)(1+c?) 3 -1+a+b+c+ab+bc+ca- abc

U 2(1+a®)(1+b*)(1+c?) 3 (-1+a+b+c+ab+bc+ca- abc)?

Nat a=tgAb=1tgB,c=tgC g%< A B,C <%9 Khi fio, bat flang théc can chdng
]

minh t60ng fiddng voi

.2
2 ;€. o SNA o sinAsnB sinAsinB.sinC O

2 2 2 -1+a + - T
cos” Acos” B.cos"C g oc COSA ¢ coOsAcosB  cosA.cosB.cosC

U 23 gé_ sin A.cosB.cosC - sinAsinB.sinC +
cyc

2
6
+Q sin AsinB.cosC - cosA cosB.cosC +

cyc (4]
Chu y rang
sin(A+B+C) =g sinAcosB.cosC - sinAsinB.sinC
cyc
cos(A+ B+C) =cosAcosB.cosC - é_ sin AsinB.cosC

cyc
Do fio, bat fiang thdc can chdng minh t6ong fiddng voi

23 (sin(A+B+C)- cos(A+B+C))? (hien nhien fiung)
P fipcm.

Bai toan 58. (France 2004)

Cho a,b,c,d,e, f1 Rthoaa+b+c+d+e+ f =0.Chéng minh rang
ab+bc+cd +de+ef + fa£%.(a2+b2+cz+d2+e2+ f?)

LOi giai.

* Cach 1.

Taco(a+c+e)(b+d+f)=-(a+c+e?£0

Mat khac, ta co
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(atc+e)(b+d+ f)=(ab+bc+cd +de+ef + fa)+(ad +be+ fc)

Do ol
ab+bc+cd +de+ef + faf -ad- be- fc
a?+d? b?+e® 2+ 12
+ +
2 2 2

:%.(a2+b2+cz+d2+e2+ f2)

£

A=a’+b+c?+d?+e*+ 2
B=ab+bc+cd+de+ef + fa
C=ac+bd +ce+df +ea+ fb
D =ad +be+cf
Khi fio, fie chéng minh bat fiang théc fia cho, ta can chéng minh A3 2B
Theo gia thiet, ta co
(a+b+c+d+e+ )’ = A+2B+2C+2D =0
Ta lai co
(a+d)*+(b+e)?+(c+ f)>=A+2D
(a+c+e)?+(b+d+f)>=A+2C
Vi tong cac binh phééng luon khong am nen ta co

(a+d)?+(b+e)?+(c+ f)’+(a+c+e)’+(b+d+ f)>=2A+2C+2D3 0
Theo tren, taco A+2B+2C+2D =0
Do o

2A+2C+2D3 A+2B+2C+2D

P A3 2B

P fipcm.
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Bai toan 59. (Vo Quoc Ba Can)
Cho x,y > 0. Chéng minh rang

4y%J(32 +3y?)(y? +3x%) +8x2yy /X% +3y? +
+4X(X% + Y)Y +3x% £3(x% +3y?)(y* +3xX°)

LOi giai.
Ta co Boifieisau

Bo fie. " xT 20,29 thi

&' 25
33

sinx+1.sin2x£—
2 4
Chdng minh.

Xet ham so f(x) = smx+£ sin2x voi x1 a%p(.).
2 & 25

Taco f/(x)=cosx+cos2x =2cos” x+cosx- 1= (L+cosx)(2cosx - 1)

'O

f'(x)=00 x=
(x) = 3

Qua % thi f/(x) foi dau t& dédng sang am, nen

F(XE f P 6_3V3 . g ®pY
&35 4 &' 25

Bo fie iddic chdng minh hoan toan.

Tr0 lai bai toan cua ta

Ta col bat flang thdc can chong minh t66ng AG6Ng vOi

V3 2°W3 L X% +y)N3 3f3
JO& +3y?)(y? +33) ey 2 )¢ +3y? (3¢ +3y?)\y? +3x

Chu y rang
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y*V3 s y
JO2 +3y2)(y? +30) X2 +3y° [y +3x¢

2x2y~/3 - y? | 2xy
(y2 +3x2)y/x2 +3y? Y +3CJ(x +3y?)(y? +3x2)
X(C+yN3 \/l- Ax2y? X
(x* +3y*){ y* +3%° (X +3y*)(Y* +3x%) [x? +3y?
Mat khac 0< y 2y 1.

) ) <
X +3y2 Y233 (6 +3y?)(y? +3x)

Do fio, ta co the Aat

X
X% +3y?

trong io 0< A B,C <%.

cosC = 2y

Yy
JY2+3¢ JOG +3y?)(y? +3%)

COSA= ,Co0SB =

Khi fio, bat fiang thdc can chong minh t66ng A66ng VoI

3V3

sin A.cosB+sinB.cosC+snC.cosA£ T

Mat khac, td cach fat, ta co
cos? A+ cos?® B + cos? C +2cos A.cosB.cosC =1
P A+B+C=p.
Do % > A,B,C>0nen (sinA,sinB,sinC) va (cosA,cosB,cosC) la 2 day fibn

fileu ngddc chieu.
P Theo bat fiang thdc sap xep lai, ta co
sin AcosB+sinB.cosC +sinC.cosA£ sin AcosC +sinB.cosB +sinC.cosA
=sinB +%.sin 2B

3V3

ET (theo Bo fie tren)

P fpcm.
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Nang théc xay ra khi va che khi A=B=C = F;)g U x=y.

Bai toan 60. (Pham Kim Hung)

Cho a,b,c>0. Tim hang so k nho nhat sao cho bat fiang thé.c sau fiung

®a o aebo aeCo33

Sbh+cy 8c+ag 8a+bé oK

LOi giai.
In3

Cho b=c=1,a® 0", tasuyra k3 2 1=n.
n

Ta se chong minh k., =n, toc la chdng minh

®a o aebo aeCo 3

Sbh+cgy 8c+ag 8a+b5 2"

i0<afbfc 1
Khong mat tinh tong quat, co the gia so { P O<af—.
1at+b+c=1 3
‘|b t- m
~ 1Cc+b=2t
Nat | P |C t+m
1C-b=2m
lt>ms 0

t+m) (- m)”

(t- m+a)” (t+m+a)" vor m 0.

Xet hamso f(m) =

& (t+m"! (t-m™ 6
e(t-m+a)”+1 (t+m+a)™

Taco f/(m)= n(2t+a)

Ta se chéng minh f/(m)3 0 " m3 0.
That vay
fi'(m30
U @- n)(Int+m)- Int- m)) £ (n+2(In(t+m+a)- In(t- m+a))

1+n 1 ‘ . .
Do T > 2 nen ta chg can chéng minh
-n
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In(t +m) - In(t- m) £ 2(In(t + m+a) - In(t- m+a))

Xet ham so g(m) =In(t +m) - In(t- m)- 2In(t + m+a) +2In(t- m+ a)

/ 1 1 2 2
Taco g (m) = - - -
m+t t-m a+t+m a+t-m

P g(m) larham nghdich bien tren [0,+¥).

P gim£g(0)=0"m30

P In(t+m)- In(t- m)£2(In(t+m+a)- In(t- m+a))
b f'(m3o0

P f(m) la ham fiong bien tren [0,+¥).

aeto aelao

P f(m)3 f(0) —2& s 81+ag

"m30

Do iiol

£0 (do aEb£c)

16

— - 1>==

ea o Laeb 9 ,&ec o_ (t+m)" N (t- m" . xea o
&b+cg 8c+ag 8a+bg (t- m+a)" (t+m+a)" 81 ag
3 ,8-30 ®a 0
§l+ag &l-ap
=h(a)
*® n-1 _ n—1('j
Taco h(a)=n¢ a - Al a)n+1 s
&(1- a) A+a)"™ 4
h'(a)=0
U In4=(n+1In(l+a)- 2niIn(l- a)+(n- 1)Ina
Nat j (a) =(n+1)In(l+a)- 2In(l- @)+ (n- 1)Ina
Tacolj ,(a):n+l+ 2n 1- n:(3n+1)a+2n-l
l+a 1l-a a a(l- a%)
/ o iaa o 1I-n 1 & In3
a) co 1 nghiem doong duy nhat la a, = <— clon=
@ : J A P 31 3§ In2
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Qua a, thi j '(a) foi dau t6)am sang dodng va I|mJ (a) =+¥ ?9 In4 nen

phodng trinh j (a) =In4 co 2 nghiem déong phan biet la :_13 va 0<a <:—13.
b phédng trinh h' (a) =0 co 2 nghiem dédng phan biet la :_13 va a,.

Qua a, thi h'(a) foi dau t6 doébng sang am, qua :—13 thi h'(a) fioi dau té am sang

déong nen ta co

5 adaol_ 3
h(a) m|n|h(0) h83 % o

ea o aeb 0 Lec o 3
8b+ca 8c+ag 8a+bg 2N
Vay k., =n

Bai toan 61. (Tran Nam Dung)

Cho x>0. Tim hang so' s d6éng nho nhat sao cho

2?( +—+1_ 3?+

X@
LOi giai.
Ro rang vbi x =1 thi bat fiang théc fia cho tré thanh fiang thoc. Do fio, khong mat

tinh tong quat, ta chz can xet x >1 la fiu. Khi fio, ta co

+—+ 19
2? x° 1 3? X g

2(x° - 1)? 5 3(x- 1)?

U
x> X
s1
3 XS- 13 §X7
x-1 2

Theo fionh ly Lagrange, ton tai y1 (1,X) sao cho
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3 st

U sy®i3 |[=.x

2

Cho x® 1" thi y® 17, ta suy ra fio6c s3 \E Ta sel chong minh fiay la gia tro

-1
N P ~ . - XS = l Si " ~
can tim. Ne co fiieu nay, ta chz can chéng minh 1 3 sx2 "xs>1lafiu.
X_
Ta co
S s 1
X1 5x2
x-1

s+l s-1

U f(x)=x°-1-x2 +x2 3 0

“Soget ¢ -1)0
Taco f/(x)=sx?2 é X2 -1z wi
: o 2.5
Theo fionh ly Lagrange, ton tai zl (1, x) sao cho

s+l s+l J s-1
22 (x-1)= 22.(s+1)2(x- 1 S (s+1)2(x- 1 (dos.z>1)

%]

X 2 -1:éz

b f/(x)>0"x>1

P f(x) la ham fiong bien tren (1, +¥).
3 1 = "

P f(x) Ix|(gr}f(x) 0"x>1

3
Vay sy, =\E-
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Bai toan 62. (Bulgaria 2003)

Cho a,b,c>0 thoa a+b+c=3. Chdng minh rang

a b c 3
P+l 41 @+l 2
LOi giai.
* Cach 1.
Bang cach quy filong mau so va thu gon, ta co bat fiang thoc can chéng minh
t0ong f6odng voi
2(a’b®* +b’c* +c’a® +a’ +b* +c* +a’b+b’c+c’a+a+b+c) 3
3 3(a’b’c® +a’h® +b’c® +c’a’ +a’ +b* +¢?)
U 2(a®b’®+b*c®+c?a®+a’ +b® +c* +a’b+b’c+cfa+93)3
3 3(a’b’c? +a’b? + b’c® +c?a® + a® +b? + ¢?)
Ap dung bat fiang thoc AM-GM, ta co
g.(azb3 +a’h) 3 3a’b’

g.(bzc:3 +b?c) 3 3pc?

g.(cza3 +c?a) @ 3c’a’

D—gaa2b3+aa2b 33aa 22 0
g éoc P
Lai ap dung bat dang thoc AM-GM, ta co
2a®+13 3a
2b* +13 3b
2¢®+13 3¢
b 2(a®+b*+c®)+33 3(a+b+c)=9
b 2(a®+b*+c*)3 6 )

Tiep tuc ap dung bat flang thoc AM-GM, ta co

320



%.(azb3 +b%c® + c%a® + a’b + b’c + c?a) 3 3a**p¥3c*?

_ 3a?b’c?

. 3a%h’c’

aea+b+cc_32
& 3 g

- 3a2b2C2

= %.(azb3 +b?’c® + c’a’ + a’b + b’c +c%a) 3 3a’b*c’

Cong cac bat fiang thoc (1),(2) va (3) ve theo ve, ta fi6oc

2(a’b® +b*c® +c”a’ +a’ +b® +c® +a’b + b’c+ c’a+3)3

3 3(a’b’c?® +a’b? + b’c? +ca’ +a® +b? + ¢?)

P fApcm.

* Cach 2.

Ta col bat flang thdc can chong minh t66ng AG6Nng vOi

& a 0 e&eb 0 e C
o1 %5 el g Gl
g écc+l g ga“ +1
-~ ab®  bc? ca® _3
U 2 + 2 2 n
b*+1 c°+1 a“+1 2

Ap dung bat fiang thoc AM-GM, ta co

2 2
b*+1 2b 2

TooNg to, ta co

bc?
2

1
cc+1 2
1
>

Ca2

a’+1
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2 2 2
?b + E’C + c;‘a ££(ab+bc+ca)£§
b*+1 c°+1 a“+1 2 2

P fpcm.
Nang théc xay ra khi va che khi a=b=c=1.
Bai toan 63.
Cho n3 4,nl N va a,a,,..,a,3 0 thoa man a +a,+...+a, =2. Tim gia tro nho
nhat cua bieu thoc

p=—3 4+ % , %
G+l &+l A+l

LOi giai.
Ta co Boifieisau

Bo fie. n3 4,n1 Nva a,a,,...,a, % 0. Khifio, ta co

Aag, +a,3, +..+aa) £ (3 +a, +..+a,)’
Chdng minh.
Nat f (a,a,,..,a,) =4aa, +a,a,+..+aa)- (8 +a,+..+a,)*. Ne chéng minh
Bo fiei tren, ta se chong minh bang quy nap theo n rang
f.(a,a,..,8,)£0
+ n=4, taco
fa(a,8,85,8,) = 4(aa, + 8,3, + 2,3, +8,3) - (8, +3, +a,+,)°
=4(a +a,)(8, +a,)- (a, +8,+8;+a,)’
=-(a- 8, +3;- a,)°
£0
P f,(a,8,,8;5,a,)E4

Vay khang fionh fiung khi n=4.
Gia s0 khang fionh fiung cho n- 1 bien so (n23 5), ta se chéng minh khang fionh

fiung cho n bien so.
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Khong mat tinh tong, quat co the gia s6 a, = max{a,,a,,...,a,}. Khi fio, ta co

fo(@, 8y, @,) - T 0(80,8y08, 3,8, 5,8, +8)) =
=4aa, taa, taa - a (@, ta)- (@, +a,)a)

=4(a, 13, - &,,8,- &, ,&)
£0

b f.(a,a,..a)E f (a,8..8,,,8,,&,)
Theo gia thiet quy nap, ta co
f.(a,8,..,8, ,a ,+ta)E0D
Do fio
f.(a,a,..,a,)£0
Vay khang fionh fiung cho n bien so. Theo nguyen ly quy nap, khang fionh fiung
vai moi n3 4,
Bo fie iddic chdng minh hoan toan.
Trd lai bai toan cua ta
Ta co

P:a1+a2++f‘n

2l a2l e

o
-a++3a
g i=1

I
i Qo=
DO
_QJI\.)
:
+
[HEN

2

aiai+l +2

I
1
I Qo
o
TN
i
+
[EEY

2
4341 45 (theo biit AM-GM)
2.,

w
1
| Q)o:

¥

w

(a +a,+..+a,)”+2 (theo Bo fie tren)

Wik N

N w
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Nang théc xay ra chang han khi a, =a,=1,a,=a, =...=a, =0.

Vay
minP:§
2

Bai toan 64.
Cho a,b la cac soithéc thoa a+b?! 0 va X,y >1 la cac hang so dé6ng cho tréoc.
Tim gia tro nho nhat cua bieu théc

+D)"(b° +1)’
(a+by

f(ab) = (2

LOi giai.

Ap duing bat fiang thoc AM-GM mod rong, ta co

2 X _ xél&Z 1 0 x-1 X+y-2 l‘JX
(@ +1)* =x‘g-.ca’ + St 0
ax'&  x+y-lg x (x+y-D(x-g

3y (x+y- 2** X2 1 0O

) ca -
(x+y-D¥Yx- DTE  x+y-1g

TooNg to, ta co

-2t 1 6
b?+1)Y3 Y. (x+y ~b? + -
( 7Y (x+y- ) Yy- g x+y-1g

Do ol
(x+y-2)"* y
(X Y- DM E(x- )y - )Y
1 e, 1 0O
x+y-1p8  x+y-1g

(@ +1)*(b* +1)¥ 3 X*yY

e
Xed +
&

Ap duing bat fiang thoc Bunhiacopxki, ta co

2

a%2+1¢a%2+16?38% 1 L 1 o0_ 1
g X+y-lE§ x+y-15§' Xx+y-1 '4/x+y-1g X+y-1

(a+Db)?
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XY xky- 9
(Y= D Ay - )T

b f(ab)? X'y (x+y- 2"
(Y- D (x- )y - )

(a® +1)*(b* +1)¥ 3 +b)?

o= s

i (x+y-D(x-1
x-1

(x+y-1(y-1)

Nang thoc xay ra khi va chz khi hb\ :\/
:i: ab>0
:

Xy (x+y- 2*

Vay minf(@.b) = (- 1

* Ghi chu.
Ne: co fiddc mot 1di giai ngan gon nho tren, ta phai trai qua mot bdéc chon fiem
roi nho sau
Giaso M (ay,h,) la fiiem cdic tro cua ham so f (a,b) thi (a,,b,) la nghiem cua he
ph6dng trinh

if/=0

a
/

if, =0
0 1(x Na®+xab-1=0
1(y- Db? +yab- 1=0
~ J(x-Da*+xab-1=0
%(X- Da’ +(x- y)ab- (y- Db* =
~ 1(x-1a®+xab-1=0
P (@+b)((x- Da- (y- Db) =0

i(x-Da’+xab-1=0
|
T(x-Da=(y- b

([an)
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:|a|_\/ y-1

i (x+y-D(x- 1)
h b= \/ x-1

i (x+y-D(y-D
Iab>0

T

Tol fay, ta fii ien mot 16i giai hoi “choang” nho tren.

Bai toan 65. (Vasile Cirtoaje)
2n-1

Cho n3 3,ni NO<k£( > Vva a,a,,..,a, >0 thoa aa,...a, =1. Chdng minh

rang
1 1 1 n
+ +. £
Jl+ka, 1+ka, Jl+ka, Jk+1

LOi giai.
Ta co bo fiei sau
Bofie. &,a,,...,a, la n so thdc dodng thoa man
Nafa,£..£a,
ial (-¥,+¥) "i=Ln
iii)a +a,+..+a, =C
va f la mot ham tren (- ¥,+¥) thoaman f loi tren (- ¥,c] va lom tren [c,+¥)
Nat F = f(a)+ f(a,)+..+f(a)
Khifio, F hat maxkhia =a,=..=a, _,£a,.
Chdng minh.
Giasd a,a,q,...,a 1 [c,+¥),dof lom tren [c,+¥) nen
f@)+f(a,)+..+f(@)E@l-Yf(c)+f(a +a, +..+a, - (i- )c)

Mat khac do f loi tren (- ¥,c]nen
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(- DI+ @)+ f(@)+.+f(@a)E(n-nf R DFare*..+a,0
& n-1 @

Do ol

F=8 f(a)Em-nf R -Deratat..+a,0,
k=1 8 n-1 7]

+f(a +a,+..+a,- (i- o)
Boifie fiddc chdng minh.
Tro lai bai toan cua ta
o . — o A 2n-1 - |
Nat y =ka (i=Ln)P yy,..y,=k" voi k=y,y,...y, EW . Khi fio, bat
fiang thoc can chdng minh trd thanh
1 N 1 - 1 g N
Ity vy, Ly, Jk+l

Khong mat tinh tong quat gia s6 O<y, £y, £...£Y,.

N X EXELEX,
Nat x, =Iny, %, =Iny,,..., X =Iny, thi j

X +X% +...+x, =nlnk (do aa,..a, =1
1

Xethamso f(X)=———
(0= e

e’.(e"- 2) cu

—= 2L f"x)=00 x=In2
4(e* +1)%? )

Taco f"(x)=

Td fo, taco f loitren (-¥,In2] valom tren [IN2,+¥)

P Theo bo fie tren, ta co

1 g
A 1ry )2 " e

fat max khi X, =X, =...= X _; £ X,.

I n- u
P max P £ maxi n-1 !

+ 7 (t£1Ink
T/e +1 \/enlnk-(n-l)t +l¥)( )
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y (x=¢ £K) )

Tiep theo, ta se tim max cua ham so g(x) = voi X £ k

P22 n3 0
n-1c¢ k"x 2 1 =
3 =

Taco g'(x) = B 3 7.
é(x”'l+k”)2 (x+1)2 5

n-3 3 3
g'(x)=0U Kk"x 2 .(x+1)2 = (x"*+k")?2
2n n-3

U k3x3 (x+1) =x"t+K" 2)

2 2

Nat t = x3 b t £ k3. Khi fio, phoong trinh (2) trd thanh

33 gAY
k3t ? .9t2+1+:t 2 +k"
e (4]
3(n-1) 2n n 2n n-3

Ot 2 -k3t2-k3t2 +k"=0

3(n-1) 2n n 2n n-3 2

Xethamso h(t)=t 2 - k3t2- k3t 2 +k" vdi t £ k3

%5$ 2n 3 2n

13 .23(n-Dt"- nk3t2- (n- k3
g
2n 3 2n

h'(t)=00 3(n- Ht"- nk3t2- (n- k3 =0

Taco h (t) =

N

Q- O:

2n 2

2n 3 2n 2
Xet tiep ham so m(t) =3(n- Ht" - nk 3t2 - (n- )k 3 vait £ k3

1l -3 2ng
Taco m®)=""t2. M-t 2 - k3=
2§ 5
2
® 2 s
3 —_—
m)=00 t, =% K2 -
éZ(n-l);
2
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2
(2n '1)12 nen t, <k3. Qua t, thi n(t) fioi dau t6 am sang dééng nen
n_

Do O<k£

é 20
m(t) nghach bien tren (O,t,] va fiong bien tren at,, k3 .
& 9

> ?
Ta lai co m(0) =3- n£0, mgk3

- O

o .
=k 3 (2- k) >0 o 2> 2L 5 0
& (-

N

2

Nen phddng trinh m(t) =0 co nghiem duy nhat 0<t, < k3.

2

b Phoong trinh K (t) =0 co nghiem duy nhat 0<t, < k3

Bang bien thien cua h(t)

t |0 L K?3
Nl - o o+
h(t) k\ /o

Can c6 vao bang bien thien, ta co
h(t) = 0 co 2 nghiem dé6ng phan biet la k?° va t, <t.
Do fio g'(x) =0 co 2 nghiem dédng phan biet la k va t32 <t¥? <k.

Bang bien thien cua g(x)

x |0 t3? k

g'(x) - 0 + 0

909 | N -

Can c6 vao bang bien thien, ta suy ra
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9(x) £ max{ 9(0), g(k)} = Jk”Tl " XEK )

To (1) va (3), ta suy ra fipcm.
Bai toan 66.
Cho a,b,c la fio dai ba canh cua mot tam giac. Chdng minh rang

a-b N b-c L. C-a
b(b+c-a) c(cta-b) ala+b-c)

3

LOi giai.

Do a,b,c la fio dai ba canh cua mot tam giac nen ton tai cac so théc doong
X,¥,Z sao cho a=y+zb=z+x.c=x+y.Khifo, bat fiang thdc can chong minh
t0ong f6odng voi

3

y-x  X-z _ Z-Yy
X(z+x) zZy+z) y(x+y)
Nen fiay, ta co hai cach chong minh cho bat fiang théc tren
* Cach 1.
Co 2 tr66ng hop xay ra
+ Troong hop 1. x3 y3 z>0. Khi fio, ta co
y-x  X-z _ Z-Yy
X(z+x) zZy+2) y(x+y)

- e 1 1 0O
U (x-y)

3

Z)ae 1 ] 1 9
S2(y+2) y(x+y)g

3

Sy+d Xy

Bat fiang thoc nay fiung do x3 y3 z>0.
+ Troong hop 2. z3 y3 x>0. Khi fio, ta co
y-x  X-z _ Z-Yy
X(z+x) zZy+2) y(x+y)

0 (y- 0 =t Ozt 0
X(z+x) 2y+2)g Sy(x+y) z(y+2) g

3

3
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Bat fiang thoc nay fiung do z3 y3 x>0.
Tom lai, trong moi troong hop ta luon co
y-x  X-z _ Z-Yy

X(z+x) zZ(y+tz) y(x+y)
P fipcm.

3

* Cach 2.

Ta co
y-X  X-z _ z-Yy
X(z+x) z(y+2) y(x+y)
le+y1+zl xl+y£+zl

3

3

Y+2 Z Z+X X X+Yyy y+zZ X z+Xy X+y z

o ~ ~ " Lo e X z O
Nieu nay fiung theo bat fiang thoc sap xep lai do8 et Z o = va
y+z z+X X+Yyg

o 1&9 la hai day ng6dic chieu nhau.

&x'y'zp

Vay ta co fipcm.

Nang théc xay ra khi va khi x=y=zU a=b=c.
Bai toan 67.

Cho k3 a,b,c,d >0. Chong minh rang

a*+b*+c'+d* | (2k- @) +(2k- b)* +(2k- ¢)* +(2k - d)*
abcd (2k - @)(2k - b)(2k - c)(2k - d)

LOi giai.
Khong mat tinh tong quat, co the gia s6 k3 a3 b3 c3 d >0. Khi fio, bat fiang
thdc can chdong minh t66ng AGONg VvOi

(a®- b?)? s (c? - d?)? s 2(a’p® +cd?) | ((2k - a)* - (2k - b)?)?
abcd abcd abcd (2k - @)(2k - b)(2k - ¢)(2k - d)

((2k- ©)°- (2k- d)*)*  2((2k- @)’(2k- b)*+(2k- ©)*(2Kk- d)°)
(2k - a)(2k - b)(2k - ¢)(2k - d) (2k - a)(2k - b)(2k - ¢)(2k - d)
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Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

(@®- b%)? ((2k - a)* - (2k - b)*)?

abcd  (2k- a)(2k- b)(2k- c)(2k- d) @
(c*-d*)?,  ((2k-0)°- (k- d)*)? @
abcd  (2k- a)(2k- b)(2k- c)(2k- d)
2(a’h? +c’d?) , 2((2k- @)*(2k- b)* +(2k - ¢)*(2k - d)?) 3

abcd (2k - a)(2k - b)(2k - c)(2k - d)
Ta col

(a®- b%)? ((2k- a)*- (2k- b)*)?
abcd  (2k- a)(2k - b)(2k - c)(2k- d)

0 (a- b)*(a+b)?(2k- a)(2k- b)(2k - c)(2k - d)? (a- b)2(4k - a- b)?abcd

U (a+b)?(2k- a)(2k - b)(2k - c)(2k - d) 3 (4k - a- b)*abcd

Do k3 c3d>0nen (2k- c)(2k- d)3 cd >0. Do fio, fie chong minh (1), ta chz

can chdng minh
(a+b)*(2k - a)(2k - b) 3 (4k - a- b)*ab

2

ae‘:l+bé26%92 a+b(§2 aa-b

([a)

aa-boRe, a+tbs aa+bo O

([an)

& 2 aé
Vay (1) fiung.

9 g

Chong minh t66ng t0, ta co (2) fiung.
Tiep theo, ta se chdng minh (3) fung.
Ta sel chdng minh

ab, (2k- o)(2k- d)
cd  (2k- a)(2k- b)

That vay

ab, (2k- o)(2k- d)
cd  (2k- a)(2k- b)
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§2 588 25 82558 258245 &2

= - = +30 (fungdo ks a3 b>0)
& 25 &2 5

2
0
g

I-l- O
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>

a(2k-a) b(zk-b) ,
c(2k- c) ‘d(2k- d)

k?- (k- @)® k- (k- b)?
k?- (k- ¢)? k?- (k- d)?

>

31 (flungdo ks a3 b3 c>0)

Vay

ab, (k- o)(2k- d),
cd  (2k- a)(2k- b)

Do hamso f(x) = x+l fiong bien tren [1,+¥) nen ta co
X

aeabo aE(2k c)(2k- d)6
"Scdp @ S(2k- a)2k-b)g

Mat khac, ta co
&ﬁb 6_a ’h? +c2d?
8Cd 7} abcd

(2K - O)(2k- d)O_ (2k- a)*(2k- b)° +(2k- ¢)*(2k- d)?
3(2k a)(2k-b)y (k- a)(2k- b)(2k - c)(2k - d)

Do ol

2(a’b? +c2d?) | 2((2k - a)2(2k - b)? +(2k - ¢)*(2k - d)?)
abcd (2k - a)(2k - b)(2k - ¢)(2k - d)

Vay (3) fiung.

ToI fay, ta suy ra iieu phai chdng minh.
Nang théc xay ra khi va chz khi a=b=c=d.
Bai toan 68.

Cho x,y,z>0 thoa x+ y+z=1. Chong minh rang

\/x2+xyz+\/y2+xyz+\/22+xyz3 \/x2+y2+22+xy+yz+zx+24/3xyz
LOi giai.

Ta col bat flang thdc can chong minh t66ng AG6Nng vOi
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(\/x2+xyz+\/y2+xyz+\/22+xyz)23 x2+y2+22+xy+yz+zx+2\/@

O 2/xy(x+y2)(y + 2X) + 2|/ yz(y + 2)(z+ xy) + 2/ 2X(z + Xy)(X + Y2) *

3 (Xy+yz+ zx- 3xyz) + 2,/3xyz
Ta co

2xy(x+ yz)(y + 2¢) = 2\ xy(X(X+ Y+ 2) + y2)(y(X+ Y + 2) + 2X)
= 2(x+ Y Xy(z+X)(z+Y)
= 2(x+ y)yX°y* + xyz
3 (x+ y)(xy+«/3xyz) (theo biit Bunhiacopxki)
=Xy - Xyz+(X+y)\/3xyz

TooNng to, ta co

2\yz(y+24)(z+xy) 3 yz- Xyz+(y +2)/3xyz
2J2X(z+ Xy)(X+ y2) 3 2X- Xyz+(Z+ X)y/3xyz
P 2Jxy(X+ yz)(y +2¢) + 2/yz(y + 2)(z+ Xy) + 2,/ 2X(Z+ Xy)(X + y2) ®
3 (xy+yz+2x- 3xy2) +2,/3xyz

P fpcm.

Nang théc xay ra khi va chz khi x=y =z ::—13.

Bai toan 69. (USAMO 1999)

ja +ta, +..+ta 3n
Cho cac so'théc a,a,,...,a,(n>3) thoa }alz a22 anz )
fa+a;+..+a 3 n

max{a,,a,,...a,} 3 2.

. Chdng minh rang

LOi giai.

* Cach 1.

Gia s6 ngodc lai a <2 " i =1,n. Khi fio, ta co
a+ta,+..+ta-2i-1)<2"i=1n

Do a <2 "i=1n nen
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(2-8)(2- a))>0

P 4-2(a +a;)+aa; >0

U 8- 4(a +a;)+2aa; >0

0 (2°- 43 +a)+(a+a))+2>a +a)
U (g+a-2°*+2°>a>+a

(a+a,- 9*+2°>af +a;
(a+a,+a,- 227 +2*>a’ +(a +a,- 2)°

(a,+a,+..+a,- 2(n- D)’ +2*>a  +(a +a, +...+a,, - 2(n- 2))*
Cong n- 1 bat fang thoc tren lai ve theo ve, ta NGOC

(@ +a,+..+a - 2(n- D)’ +4(n-)>a’+a’ +..+a’
Doa<2"i=lnvaa+a,+..+a, 3 nnen

2>a +a,+...+a,-2(n-13 2-n
Do n3 4nenn-23 2. Do fio

n-2>a+a,+..+a -2(n-1)3 2-n

P (n-2°>(a+a,+..+&,- 2(n- 1)*
P (n-2%+4(n-1)>(a +a,+..+a, - 2(n- 1)*>+4(n- 1)

Do fio
n“=(n-2°+4(n-)>a’+a’+..+a’
Nieu nay trai voi gia thiet &’ + a2 +...+ a2 3 n’.
Vay ta phai co max{a,,a,,...,a,} 3 2.
* Cach 2.
Gia so ngooc lai a <2 " i=1,n.
Nat bh=2-a (i :ﬁ),S: é’ri bvaT= é’ri b,z. The! thi, t6i gia thiet, ta co

i=1 i=1
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i(2-b)+(2-b)+..+(2-Db)2%n
1(2- 1) +(2- )" +..+(2- B)*?
. 1SEn
U i )
1T3n°-4n+4S
Td nay, ta co
T3 n?- 4n+4S
=(n- 49n+4S
3 S(n- 4)+4S (don3 4)
=nS @

Doa<2"i=Lnnenh>0"i=1L,nP h<n"i=1n (doS£n). Do fio

T=4b<&nh=ns @
i=1 i=1

Toi (1) va (2), ta suy ra mau thuan. Vay ta phai co
max{a,,a,,...,a,} 3 2 (fipcm)

Bai toan 70. (Toan Hoc Tuoi Tre 2006)

Cho cac soithdc a,b,c,a,b,c (aa, * 0) thoa

w 8 @ bobs-be
ed g ed ag a3

Chong minh rang hai phodng trinh ax’ +bx+c=0 va ax*+bx+c =0 fieu co

hai nghiem phan biet va cac nghiem nay nam xen ke nhau khi bieu dien tren truc

SO.

LOi giai.

Khong mat tinh tong quat, ta chz can xet a=a, =1 la fiu.

Khi fio, bai toan chuyen ve
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“Cac so thoc b,c,b,c thoa (c- ¢)®+(b- b)(bc, - bec) <0. Khi fio, cac phoong
trinh f(x)=x*+bx+c=0 va g(x)=x*+bx+c =0 fieu co hai nghiem phan
biet va cac nghiem nay nam xen ke nhau khi bieu dien tren truc so.”

Ne chéng minh hai phdong trinh nay co hai nghiem phan biet, ta can phai chong
minh 1.'.Df =b’- 4c>0

TDg:blz'4C1>O

Trodc¢ het, ta chong minh (b - 4c)(bf - 4¢) >0

212
Gia sd ngooc lai (b - 4c)(b? - 4c) E0P b’c +b’c- 2cc 3 b fl +2cc,. Do fio

(c- ¢)?+(b- b)(bc, - be) =(b’c +bic- 2cc) +c* +cf - bb(c+c)

212
s T84 206+t 4t - Biy(c+)

= 40 - 2(c+¢))°

30
Nieu nay trai voi gia thiet.
Vay ta phai co (b® - 4c)(b? - 4¢) >0 *)
. i jb*-d4c>0 i .
Tiep theo, ta sel chong minh | ) . Gia s0 fiieu nay khong fiung. Khi fio,
b - 4c >0
) ib*- 4c<0 i
to (*), tacoj . Do fio
b - 4c <0

(c- c)?+(b- b)(bc, - be) =(c- ¢)*+b’c, +b’c- bb(c+c)
3 (c- ¢)° +2byJec, - bby(c+c)

=(c- &)~ b (Ve o)
SCNET TS
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* (Vo o) (4o, - bi)
5 (Ve- @)Eﬁ@- Db+

=0

Nieu nay trai voi gia thiet.

| . ib*-4c>0
Vay ta phaico j :
fb - 4c >0

Toc la cac phoong trinh f(x) =x*+bx+c=0 va g(x) =x*+hx+c, =0 fieu co
hai nghiem phan biet.
Goi x,X%, la cac nghiem cua phoong trinh f(x) = x* +bx+c=0 thi theo fitnh ly
Viet, ta co x, +x, =-bvaxx, =c. Ne chéng minh f(x) vag(x) co cac nghiem
nam xen ke nhau khi bieu dien tren truc so, ta chz can chong minh
9(x)-9(x;) <0
Ta co
Puabyre=0 dx=-bx-c 1g(x)=(b-bx+q-c
ix+bx,+c=0 X =-bx,-c 79(%)=(-b)x, +c-c
Do o
9(%).9(x) = ((b - b)x, +¢, - ) (b, - b)x, +¢; - €)
=(q,- ©)* +(q- o)(B - b)(x + %) +(B; - b)*xx,
=(q,- ¢)*- b(c,- c)(b - b) +c(b, - b)*
=(c,- ©)*+ (b - b)(c(b, - b) - b(c - €))
=(c,- ©)*+(b- B)(be, - be) <O (theo gt)
P 9(x).9(x) <0

Vay f(x) va g(x) co cac nghiem nam xen ke nhau khi bieu dien tren truc so.

Toi cac chdng minh tren, ta suy ra fipcm.
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Bai 71.

Cho cac so dodng a,b,c thoa 21ab+2bc+8ca £ 12. Tim gia tro nho nhat cua bieu

thoc

3
=+ —+—

C

Loi giai.

+ Cach 1.

Nat x :E, y :E,z :§, bai toan chuyen ve

a b C

X,¥,2>0 thoa 2x+4y+7z£ 2xyz. Tim gia tro nho nhat cua bieu théc
P=x+y+z
Khong mat tinh tong quat, ta chz can xet trodng hdp 2x+4y+7z = 2xyz la fiu (tai

J7 27

sao?). Nat x:ﬁm,y:7.n,z:7.p thi ta coo m+n+ p=mp. Do fio, ton

tai tam giac nhon ABC sao cho m=tgA,n=tgB, p =tgC. Khi fio, ta co

J7

= — . (14tgA+ 7tgB + 4tgC
14 (14tg g gC)
Xet ham so f(x) =tgx voi x1 a% P c.).
&' 25
Ta co
f/(x) =tg®x +1
£7(x) = 2tgx(tg®x+1) >0
P f(x) laham lom tren a% Po
&' 25
Do o, theo tinh chat ham lom, ta co

3.7 ee 3J70

f(A)?2 fgarctggﬁf garctg—-gA arctg—
a (%
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370

e
+1—6.9A- arctg——+
78 7 g

5

e 0]
b 14f(A)3 6ﬁ+32§A- arctg¥+
e %]

TooNng to, ta co

& o] & Oee o]
f(B)3 fgarctgﬂﬁ f’garctgﬂ&B- arctgﬂ+
e g @& [ 7 g
& o]
:—Sﬁ +g.gB- arctg—5ﬁ+
7 7 & 7 5
70
b 7f(B)3 5ﬁ+3298 arctgi
a

09 1) (s i)
=7 +8(C- arctgﬁ)
b 4f(C)? 47 +32(C- arcigy/7)

Do o
P :g.(l4f(A)+7f(B)+4f(C))
& @ 60
3 ﬂ 15ﬁ+329A+ B+C- arctgﬂ- arctgﬂ- arctg/7 ==
14 & 7 7 %
1—25 (ViA+B+C= arctgi +arctgi +arctgy7 =p)
i .
i A= arctgﬂ [
i 7 im=3 | 3
% I ]
Nang théc xay ra khi va chz khi } B= arctg¥ U ! n :g 0 tb :g.
' ' ;
IC=arctg7  fP=2 T._3
| 7

Vay
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minP:E.
2

+ Cach 2.
Pat a:i,b:i,c:i, bai toan chuyén vé
3X Sy 2z

“X,y,2>0 va 3x+5y+7z£15xyz. Tim giatri nho nhat caabiéu thic

= %.(6x+5y+4z).”

Ap dung bat ¢ang AM-GM cho 15 sb duong, ta cd

15xyz 3 3x+5y+723 15§ x°y°Z’

p 13X12y1028 3 l

U 9xy°z*31

Lai &p dung bat dang thiecc AM-GM cho 15 s duong, ta co

P :%.(6x+5y+4z) 3 1—25.1\7x6y524 3 1—25

Dang thic xay rakhi vachi khi

Két luan

minP:E.
2

IX=y=z 0
115xyz =3x+5y+7z

341

N W ald wlik



Bai toan 72.

Cho a,b,c>0. Chéng minh rang

0 \/ a \/ abc
a 32 +1
oc VO+C (atb)(b+c)(c+a)

LOi giai.

Ta co bat fiang thoc can chdng minh t66ng 6ong voi

a Ja(a+b)(a+c)? 2\/(a+b+c)(ab+hbc+ca)

cyc

U § a(a+b)(a+c)+2Q (a+b)\/ab(a+c)(b+c)? 4a+b+c)(ab+bc+ca)
cyc cyc

U a®+b*+c®+23 (a+h)/ab(a+c)(b+c) 3 3§ ab(a+b)+9abc

cyc cyc

2
Ap duing bat fiang thoc Bunhiacopxki, ta co (a+c)(b+c) 2 (x/% + c)

Do fio, fie chéng minh bat fiang thdc fia cho, ta chz can chéng minh

a®+b+c3+28 (a+b)(c+@)@3 38 ab(a+b) +9abc
oyc oyc

U a®+b’+c®+2/abc.d (a+b)vc? § ab(a+b)+9abc

cyc cyc
Ap dung bat fiang thoc AM-GM, ta co
2\/abc. (a+b)v/c 3 12abc
cyc

Do fio, theo bat fiang théc Schur, ta co

a®+b°+c® +2Jabc.d (a+b)J/c 3 a®+b®+c® +12abc

cyc
= (a® +b* + ¢ + 3abc) +9abc
3 § ab(a+h)+9abc
cyc
b a®+b®+c®+2J/abc.g (a+b)Jc3 § ab(a+b)+9abc
cyc cyc

P fipcm.
Nang thdc xay ra khi va chz khi a=b=c hoaca=b,c® 0 va cac hoan vi.
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Bai toan 73. (Pham Kim Hung)

Cho a,b,c3 0 thoa a+b+c=1. Chéng minh rang
ab+bc+ca3 8(a’b? +b’c? +c?a?)(a® +b* + ¢? +16ahc)
LOi giai.
1aq,rs0
Nat q=ab+bc+ca,r =abcp -Il-q 1 the thi theo bat fiang thdc Schur, ta co
"3

49-1

rs3 . Td cach Aat, ta co

a’b® +b*c* +cfa® =g - 2r
a’+b*+c’=1- 2q
Do fio, bat fiang thdc can chéng minh trd thanh
g3 8(q*- 2r)(16r +1- 2q)
U f(r)=8(2r- g*)(6r +1- 2q)+q3 0
Taco f/(r) =6(32r - (4q- 1)(2q+1))
Co 2 tr66ng hop xay ra
* Troong hop 1. 13 4qb f/(r)3 0b f(r) la ham fiong bien " r 3 0.

4q-1

*Troong hop 2. 492 1b r3 3 0. Do fio

11(r) =6(32r - (49- D2 +1)* 60— (4q- H(2q+)

_ 2(49- 1(23- 189)
3

30
P f(r) laham fiong bien " r 3 0.
Tom lai, trong moi trodng hop, ta luon co f(r) la ham fiong bien " r 3 0. Do fio

f(r)® f(0)=q(4q-1°3 0
P fipcm.
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* Nhan xet.

Co the del dang chdng minh fiddc 16 la hang so tot nhat cho bat fiang thoc
ab+bc+ca3 8(a?h? +b’c? +c?a?)(a® + b* + ¢ + kabc)

Bai toan 74. (Vo Quoc Ba Can)

Cho a,b,c >0 thoa abc =1. Chdng minh rang

a . b ¢ ;3
c+1 a*+1 b*+1 2

LOi giai.
Ta col bat flang thdc can chong minh t66ng AGGNg VoI
28 a(a® +1)(b°+1) 3 3@ +1)(b* +1)(c® +1)
cyc
U 23 a*h®+28 a*+28 ab*+2§ a3 33 a®b°+3§ a®+6
cyc cyc cyc cyc cyc cyc

Ogééa +§ ab®- 33 a%’ §2aa+aab 38 a°= 223 a a- 330
5

cye cye cye Y cye %)

N & o] o]

U 2§ ab’(a- D?(2a+1) +¢c2g a*+Q ab®- 3§ a’++ 2895 a-3:2 0
oy g oye oy oc @ oy %)

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

28 a*+q ab®- 33 a%2 0 )
cyc cyc cyc

é_ as 3 (2)

cyc

* Chdng minh (1).
Ta col

23 a*+3Q ab®- 33 =23 a*+J ab*- 3¥abc.] a°
a a a a a a

cyc cyc cyc cyc cyc cyc
328 a*+Q ab’- (a+b+c).g§ a® (theo AM-GM)
cyc cyc cyc

=a*+b*+c*- a®v- b’c- c’a
=1 8 @a*+b*- )
4 e
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|_\

=.4 (a- b)?(3a%+2ab+b?)

cyc

.b

30
P (1) fiung.
* Chdng minh (2).
Ta col

éa-S:éa-%——(\/ah/Bh/_) (\/5_%)23

oyc
P (2) fiung.

To (1) va (2), ta suy ra fipcm.

Nang théc xay ra khi va che khi a=b=c=1.

Bai toan 75. (Vasile Cirtoaje)

Cho a,b,c>0thoaa+b+c=3. Chéng minh rang

1 N 1 N 1
2ab’+1 2bc?+1 2ca’+1

3

LOi giai.
Ta co
1 1 1
2 + 2 + 2 =
2ab-+1 2bc+1 2ca“+1
_e 1 l2 lo @& 1 lo e 1 1943
82ab +1 g 82bc +1 g 820a +1 g
ab2
=3- 2.3
a . 2ab® +1
ab2

3
Y

33- 23 (theo biit AM-GM)

o
-a
cyc

o

a+2b

w

wIN ooI|\>

3- (theo biit AM-GM)

cyc
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+ + 31 (Apcm
2ab’+1 2bc®+1 2ca’+1 (fpem)

Nang théc xay ra khi va che khi a=b=c=1.
Bai toan 76. (Vasile Cirtoaje)
Cho a,b,c3 0. Chéng minh rang
(@2- bc)vb+c+(b?- ca)c+a+(c®- ab)Wa+bh3 0
LOi giai.
Ta col bat flang thdc can chong minh t66ng AG6Ng vOi

a (2a%- 2bc)b+c3 0
cyc

U é ((a+c)(a- b)- (a+b)(c- a)vb+c30
cyc

([a)

3 (a+c)(a- byvb+c- § (a+b)(c- a)Wb+c2 0
cyc cyc

([an)

3 (a+c)(a- byWb+c- § (b+c)a- b)a+cs 0
cyc cyc

([a)

& (a- b(a+c)b+o).(Va+c- vb+c)2 0
cyc

2
0 é (a- b)*y/(a+c)(b+c) 2 0 (fung)
cyc \/a"'C +\/b+C
P fipcm.

Nang théc xay ra khi va chz khi a=b=c.
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Bai toan 77.
Cho a,b,c>0vak la hang so dédng cho trédc. Tim gia trd nho nhat cua bieu
thoc

b+c c+a a+b kabc
+ + +

f(a,b.c)= b ¢ (a+b)(b+c)(c+a)

LOi giai.

Nat x = a’b+b?c+c?a+a’c+c’b+b?a, y =6abc. Khi fio, ta co

f(a,b,c):%+ ky =6t + K
y ©6x+2y 6t + 2

trong fio t =X 1.
y

Nat g(t) =6t + 6tifr > vOi t 3 1, ta can tim gia tro nho nhat cua g(t).

Co 2 tr66ng hop xay ra
* Troong hép 1. k £64. Khi fio, ta co

o(0)- 6. K =30 D(8t- k+16) ;o
8 8(3t +1)

k
P g(t)26+—
9(t) 3

b f(ab,c)3 6+§

Nang théc xay ra khi va che khi t =10 a=b=c.
Vay trong tr6dng hop nay, ta co
min f (a,b,c) = 6+§

* Tréong hdp 2. k3 64. Khi fio, ta co

6(6t+2- \/E)(6t+2+\/E)
(6t + 2)?

g'(t) =
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k-

g/(t):OU t:tO:TZ

Qua t, thi g’(t) foi dau té am sang d6dng nen ta co
9(t)® glty) =2k -2 "3
b f(ab,c)?® 2Jk - 2

Nang théc xay ra khi va chz khi

t:\/76 2 -~ 2b+bZC+C a+aC+C2b+b2 (\/E'Z)abc(*)

Ta chz can chdng minh rang ton tai bo so d6dng (a,b,c) thoa man he théc (*) la
bai toan A00C giai quyet hoan toan.

That vay, cho b =c =1 thi he thdc (*) tré thanh

5
f(a)=a’- Q{% 2-a+1=0
& 2 @
Ta co I|mf(a) 1>0,f() = 4-££4-£—0 Do fio, ton tai al (0,1] sao

cho f(a)=0. Vay ton tai boiso (a,b,c) thoa man he thdc (*).
Do fio, trong tr6dng hop nay, ta co

min f (a,b,c) = 2Jk - 2
Ket luan

+ Neu k £ 64 thi min f (a,b,c) = 6+g

+ Neu k3 64 thi min f(a,b,c) =2Vk - 2
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Bai toan 78. (Vo Quoc Ba Can)
Cho a,b,c >0 thoa abc =1. Chéng minh rang

a b C

+ + 31
Ject+1 +f8a+1 /8b®+1

LOi giai.
Ta co nhan xet sau
1 1

3 "X>O *
8+l 2X°+1 *)

That vay
()0 2x2+13 8x° +1
U (2x*+1)?3 8x3+1
U 4x*(x- 1)*2 0 (flung)
Vay (*) fiung.
Do fio

3

+ + +
V8P +1 fBaP+1l o+l 207+l 227+l 207+1

Nho vay, fie chdng minh bat fiang thoc fia cho, ta chz can chéng minh

a b C a b C
+

a b C
+ +
2c+1 2a’+1 2b’+1
U  a(2a®+1)(2b% +1) 3 (2a% +1)(2b? +1)(2c? +1)

3

cyc
U 43 a®b?+28 a®+2§ ab*+§ a® 9+2] a2 +4§ a’b?
cyc cyc cyc cyc cyc cyc

- 0] 0]
U Zaeé_ a®b?+§ ab?- 2§ a2b2¢+28% a’- qa’z+23ab’+§ a9

oyc oc oye 7] oye oc @ oc cye

([a)

Zé_abz(a-l)2+2gaa aa +2aa 2+ a39  (**)

cyc cyc cyc

Lai col theo bat fiang thoc AM-GM thi
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28 a’b?+Q a? 63a’°c® +3¥abc =9
cyc

cyc
Do fio, fie chong minh bat fiang thoc (**), ta ch can chdng minh

8- § a0 (+*)

cyc cyc

Nhdéng fiieu nay hien nhien fiung vi

qas- aa } - 3¥ab caa—

o B ;
aeo &
3a a aa aa—(theobntAl\/I GM)
gcy goc g

=4 (a- b)*(a+b)
cyc

o ooll—\ ooll—\

w

Vay (***) fiung.

Td nay, ta suy ra fipcm.

Nang théc xay ra khi va che khi a=b=c=1.

* Ghi chu.

Ngoai ra, ta con co mot cach khac fie: chong minh bat fiang théc

a N b N C
2¢’+1 2a%+1 2b%+1

3

Cu the nho sau

Do a,b,c>0,abc =1 nen ton tai cac so thdc dédng X,y,z sao cho a=

~<|><

z - - " N
¢ =—. Khi fio, bat fiang thoc tren trd thanh
X

X3 . y? . z
Y222 +X°)  z(2xX* +y%)  x(2y* +7°)

3

Ap duing bat fiang thoc Bunhiacopxki, ta co
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X3 . y3 . 23 _ X4 . y4 . Z4
yRZ2+x)  z(2XC+y?) x(2y*+Z%) x(2Z+X%) yz(2x*+y?) 2X(2y*+7°)
(X2 + y2 + Z2)2
Xy + Y2z + 22X+ 2xyz(x + y + 2)
Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

3

(X2 + y2 + 22)2
Xy + y3z+ 22X+ 2xyz(X + y + 2)

3

- 0 o]
U aeé x*- & Xyt Zaeé_ x’y* - & x°yzz2 0

cye oye 7] cye cye 7]

0 38 (x- Y3 + 2y +y") + & Z(x- y)*2 0 (fung)

cyc cyc
P fipcm.
Bai toan 79. (Ninh Ngoc An)
Cho a,b,c3 Othoa a+b+c=ab+bc+ca. Tim gia trd nho nhat va gia tro 16n nhat
cua bieu thoc
1 1 1
= + +
a+b b+c c+a

LOi giai.
Ta se chdng minh rang max S :g va khong co minS.

That vay, t0 gia thiet, ta co

_ab+bc+tcaaxe 1l 1 1 6_ 1 eeab bc ca o
= ) + + —=1+ ) + + -
a+b+c 8a+b b+c c+ag a+b+08a+b b+c c+ag

Do fio S>1.

Cho CZO,b:il (a>1) thitacungco a+b+c=ab+bc+ca. Khifio, ta co
a_

S:l+Ll
a

P IimS=1

a®1"
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Vay khong ton tai minS.
Mat khac, ap dung bat fiang théc AM-GM, ta co

S=1+ 1 .aeab+bc+ca9
a+b+08a+b b+c c+ag

a6l > 1 > 1 20
—.(a+b “(b+c “(c+a):
G @t 0 eray’s
g a+b b+c cta -
e 2

1
a+b+c

£1+

N w

Nang thdc xay ra chang han khi a=b=c=1.
Vay max S= g

Bai toan 80. (Ninh Ngoc An)
Cho a,b,c,d 3 0 thoa ab+bc+cd +da=1. Tim gia tro nho nhat cua bieu thoc
f(a,b,c,d) = a® +b?+c? +d? + 2abcd
LOi giai.
Ta co
ab+bc+cd+da=10 (a+c)(b+d)=1
Neu ac? 1 thide thay f(a,b,c,d)3 2.
Neu ac £1. Khi fio, ta co

f(a,b,c,d)- fa%’b+d c b+d2: (b-d)@- ac), 0
& 2 2 g 2

b f(ab.cd)? fé‘%x,b;d,c,md@

2 o
2 .
Bay gi0, neu (b+d)”, 1 thi del thay fg%l,b;d,c,b;dgs 2.
2

(b+d)*

Do o f(a,b,c,d)3® 2. Neu £ 1 thi bang lap luan t6dng t6 nho tren, ta co
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& b+d b+do aea\+c b+d a+c b+do
fga’ 2 1C1

82’ "2 T 2 g
Do o

f(a,b,c,d)? fge 3 D*d  b*dd
2

2 5
s fEBFC b+d atc b+do
8 2 22" 2 5
:(a+c) +(b+d)2+(a+c)2(b+d)2
2 2 8
31+}
_9
8

Tom lai, trong moi trédng hop, ta luon co f(a,b,c,d) 3 g

Nang théc xay ra khi va che khi a=b=c=d :%.

Vay min f (a,b,c,d) =—

Bai toan 81. (Ninh Ngoc An)
Cho a,b,c,d3 0 thoa ab+bc+cd+da+ac+bd =1. Tim gia trd nho nhat cua
bieu thoc
f(a,b,c,d) = a® +b?+c? +d? + 2abcd
LOi giai.
Xet so théic khong am y thoa man
y’+ab+2y(a+b)=10 (a+b)(c+d- 2y)=y*- cd *)

(chuy rang y luon luon ton tai)

Khi o, ta phai co y£ % That vay, gia st ngooc lai y > c+d . Khi fio, ta co
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.2
y2+ab+2y<a+b>>§@;d2 +ab+(a+b)(c+d)
[4/]

3 cd+ab+(a+b)(c+d)
=ab+bc+cd +da+ac+hbd
=1

Nieu nay mau thuan vi y*+ab+ 2y(a+b) =1.
1 . c+d S Mn D .o
Vay, ta phai co y£T. Do fio, t0 (*), ta suy ra iddc y- 3 cd. Khi fio, ta co
f(a,b,c,d)- f(ab,y,y)=(c- d)?+2(1- ab)(y*- cd)3 0
P f(ab,cd)3 f(ab,y,y)
Bang lap luan t6ong td, ta dan fien
f(ab,c,d)3 f(xXxY,Y)=2(x*+y* +x°y?)

Vi x,y3 0 thoa man x?+ y? +4xy =1.

Nen
2 2 2.,2 13
f(a,b,c,d)® f(X,XVY,y)=2(Xx"+y +Xx7y°)3 1_8
~ ) ) 1
Nang thoc xay ra khi va chz khi a=b=c=d =—.
] 4 76
. 13
Vay min f (a,b,c,d) =—.
y ( ) 18
Bai toan 82.

Cho x,y,z>0 thoa xy+yz+zx+xyz=4. Tim hang so k tot nhat cho bat Aang
thoc
X2+ y?+ 722 +3k3 (K+1)(x+y+2)
LOi giai.
Cho x=vy =J2,z2=42-1, ta suy ra N6OCc k £ 22 +1. Ta se chéng minh fay la

gia trd can tim, toc la chdng minh
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x2+y2+22+3(2ﬁ+1)3 2(ﬁ+1)(x+ y+2) *)

Td gia thiet xy + yz+ zx+ xyz =4, ta suy ra iddc
1 1 1
+ + =
X+2 y+2 z+2

im+n+p=1

| ‘
= P P mn,p la
Z+2 %O<m,n,p<% P

Do o, ta co the fiat m= ! n= L p= L

x+2  y+2’

fio dai ba canh cua mot tam giac. Do fio, ton tai cac so thdc dodng a,b,c sao cho
m=b+c,n=c+a, p=a+b. Khifio, td cach fiat, ta co

X:1-2m:n+p-m: 2a
m m b+c
1-2n_p+tm-n_ 2b
n n  c+a
_1-2p_m+n-p_ 2
- p - p “a+b

y:

z

Bat ifiang thoc (*) trd thanh

o 48.2
o (b+c)?
® 4.2 4(\/5 +1)a

éc _
Cycg(b+c;)2 b+c

o 2a
+3(2J§ +1) 3 2(J§ +1).21Cm

>

+(2ﬁ+1)g3 0
(]

) g & AV2+)abro (202 1) ror

; g'c (b+c)? 0

(22 (2v2+1)p- (22+1)c)(a- b)

; S‘C (b+c)? i

. (2a- (2v2+1)b- (2v2+1)c)(c- a) 3

) 30 (b+0)>2

0
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(2a- (242+1)b- (2v2+1)c)(a- b)

U éc (b+C)2
. (2b- (2v2 +1)c- (2ﬁ+1)a)(a- b)
- a 5 30
o (atc)

0 § (a- b2)2(2a2 +207 +(1- 242) % +(1- 242) ab+ (3- 2ﬁ)c(a+b))3 0
Nat -
S, =207 +2¢* +(1- 2v2)a® +(1- 212)bc+(3- 2v2)a(b+0)
S, = 2% +2a% +(1- 2V2)b% +(1- 24/2)ca+(3- 2V2)b(c+a)
S. =2a% +20% +(1- 22)c*+(1- 22)ab+(3- 2v2)c(a+b)
Khi fio, bat fang thoc can chdng minh trd thanh
S.(b*- c®)?+S,(c’- a®)* +S,(a®- b?)?3 0
Khong mat tinh tong quat, ta co the gia s6 a3 b3 ¢ >0. Khi fio, ta co
S, =27 +2a% +(1- 2V2)b% +(1- 242)ca+(3- 242)b(c+2)
3 2¢2 +2b? +(1- 2ﬁ)b2 +(1- 2\/§)cb+(3- 2\/§)b(c+b)
=2(V2- 1) b~ 4(V2- 1)bc+2¢?

=2((v2- 1)b- c)2 3 0

S, =2a%+207+(1- 2v2)c? +(1- 2/2)ab+(3- 2v2)c(a+h)
@ dab+(1- 242)c? +(1- 2v2)ab+(3- 242)c(a+b)
=(5- 242)ab+(1- 2v2)c?+(3- 242)c(a+b)

3 (5- 2x/§)c:2+ 1- 2«/5)0 +2(3- 2x/_)c

)
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S, +S, :(JE- 1)2(a2+b2)+2(ﬁ- 1)ab- 4(\/5- 1)c(a+b)+4c2

=(V2- 1) (a+b) - 4(v2- 1)c(a+b) +4c?
=((v2- 1) (a+b)- 2c)2

w
o

Do fio
S,(b*- c®)?+S,(c*- a®)*+S,(a’- b*)?3 (S, +S,)(b*- ¢)*3 0
P (*) fiung.

Vay k.. =242 +1.

Bai toan 83. (Vo Quoc Ba Can)

Cho tam giac ABC. Chéng minh rang

q. siné.;' +cos£‘9 q.- sinE.;. +cosEQ A-s +COS—
8 258 2g+8 é 2ﬂ+8 g 29, 2+\/§
siné.ai+sin£‘2 | B 8?[+S|n 0 sin—. a(:A[+smco
28 T 25 APN Sy 28 T 25
LOi giai.
Ap duing bat fiang thoc Bunhiacopxki, ta co
" . o
B §n208, o520 geé B_ sin 208 4 o5 A0
3 & 2 & 20, ecyc8 2 58 2%
o s§noH4sn 0 a s Gn A%, o5 A0K gy AD
286 T 25 S 28 T 248 2% 25

Ap dung bat fiang thoc AM-GM, ta co

aesn— +1- sm';‘c.j

sin Aa?L sm£‘9£g :=1
28 25 ¢ 2 T4
e (7]

TooNg to, ta co
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smEa?L smEQEE
8 2g 4
smE smEQE1
8 2g 4

P asnzg_‘i §+cos—g+smaa£
1o Ad . AP
EZ.a ?+cosag+sn—+

29

08 2

A A
+asm—+acos—+ asmA—
2 o o &
ChuyrangasnAE acoségi agnAE%
o 2 chc 2 2 & 2

J>I|—\

0
ai sn—06?+003— +smA9£193 §+£+£_
& 2 o 2 2

4 g
_ 9(2+@)
16
b 1 16

ésing‘? sin_ gﬂzos ngg AD 9(2+\/§)

29

basm

cyc

A
2

e A * AOO
&1 gné +COS£\O 16 a &1 sin— +CoS— =
b A 3 2 & 29, gcyc8 2 & 2 by
o sn"F+gn0 (2’“/5)
2& 2 5

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh
AoO

162%_? smA.ELg +c052ﬂ

ecyc
(2+\@)
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%X _ g Ab, 3. 3/3

0 +c05—=3 —+——
8 % Zg 2 4
0 -3 sn2+8 Ros2- Lgnals (3,343
oyc 8 2 [} 2 4
Doé’lsinéE§ nen
cyc 2
A A1l 3 o A1 . .0
sin—+ cos—-—smA_ -—+ Cos—- —.SinAx
"@ Sy A grosy - L SnAL - clos - SinA

Do fio, ta chz can chdng minh

o A 1 6. 33

cos—- —.9nA:3
ag 2 o

p /3

Xet ham so f(x) = cosx-lsm2x+x-—-—v0|xl 8%39
2 6 4 &' 25

Taco f/(x)=-sinx+1- cos2x=sinx.(2sinx- 1), f'(x)=0U x:%:x0
Qua x, thi f'(x) fioi dau t6 am sang doong nen

fx)s 12 0-gny HPO

86ﬂ &' 2%
Do A,E,ET a%’p 9 nen
2'2'2 &' 24

A0,

&2 5

P cosé-lsmA A-B-ﬁ
2 2 2 6 4

p cosé-i.sinA3 a$_>_£~o \@
2 2 &6 25 4

TooNg to, ta co
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&6 25 4
cos—-—an3£—)-99+£
86 2g 4

a g%osé- Lsnad g % §2+§+:¥
cye F o [} 17

P fipcm.

Nang théc xay ra khi va che khi A=B=C :%.

Bai toan 84.
Cho a,b,c>0thoa a+b+c=1. Chdng minh rang
.2 .2 .2 2 2 232
& 22 +&2 22 + & 29 3 §a’ +b +C)
a 5 & 5 & ' (1-a)d-b)1- )

LOi giai.
Nat x = a? +b? +c?. Khi fio, de thay :—13£ x<1. Do fio
(x-D(Bx-DHEO
b 4x- 13 3%
Ta lai co
a’b? +bc? +c%a’? 3 abc(a+b+c) = abc
Do fio
(4x- D(a’h? +b%c? +c?a?) 3 3abex?
Mat khac, ta lai co
4x-1=(b+c- a)®+(c+a- b)*>+(a+b- c)?
Alp dung bat fiang thdc Chebyshev, ta co
3((b+c- a)’b’c® +(c+a- b)’c’a’ +(a+b- c)?a’h?)3
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3 (b+c- a)?+(c+a- b)?+(a+b- c)?)(b*c?® +c?a? + a®h?)
Do fio, ta co

(b+c- a)’b’c® +(c+a- b)’c’a’+(a+b- c)?a®h?) 3 abc(a® +b* +c?)

U (- 2a)%b%c? + (1- 2b)?c?a® + (1- 2c)%a®h?) 3 abc(a? +b? +c?)
Ap dung bat fiang thoc AM-GM, ta co

(a+b)(b+c)(c+a)3 8abc

U (1- a)(1- b)(1- c)3 8abc
Do fio

((1- 2a)%b?c? +(1- 2b)*c?a® +(1- 2c)?a’b?)(1- a)(1- b)(1- ¢)3

3 8a’b’c?(a’ +b? +¢?)
2 .2 2 2 2\2
0 ael-z + _-2 +B g0, Sa b e
& % & 5 @ auba-o

P fpcm.
Nang thdc xay ra khi va che khi a=b=c :%

Bai toan 85. (Vo Quoc Ba Can)

Chdng minh rang voi moi so dédng a,b,c ta fieu co

2 2 2
24(a +b +C)+363 ab+bc+ca+é_ ab(a+b)

3 3 3
a’+b’+c’)-
X ) a+b+c oy

LOi giai.
Trooc het xin i6oc nhac lai khong chdng minh ket qua quen thuoc sau

Xet ba day (a,),(b,),(c,) fiddc xac fionh boi
a,=a,b,=b,cg=c

_ _ _ 3 thy, ., s
C2n+1_CZn’a2n+1_bZn+1_%’ nl N

- _ _ Dnu T Cni v o7
a2n+2_l':)2n+1’l':)2n+2_02n+2_%, nl N

Khi Ao, ta co
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a+b+c ¢

lima, =limb, =limc, =
n®¥an ne¥ | neY¥

Tré lai bai toan cua ta

~

Nat

2 2 2
f(ab,c)=3@ +b°+c%)- 22X FDTC) o be- ca- § aba+h)+36
a+b+c o

Ta sel chdng minh

f(a,b,c)? minj f?—b%b, 9,f(0a+bc)¥)

That vay, gia s0 ngodc lai f(abc)<m|n| fga;b’a;b’ 9, f(0,a+b, c)g Khi
i

flo, ta co

aeaba+b
f(a,b,c)< f —_—
|( ) S o

{ f(a,b,c) < f(0,a+b,c)

(0]
,C=
(%]

Ta co

aa+b a+b o
f(a,b,c)< f ,——,C=
( ) W
( _b)zaQ(a+b)_ 12 a+b+l_go 0
& 4 a+b+c 4 25
48

a+b+c

f(a,b,c) < f(0,a+Db,c)

P 10a+10b- 2c+1- <0 @

48 9<0

a+b+cg

>0 (2

0 ab? 10a- 10b+2c- 1+

U 10a+10b- 2c+1-

atb+c
Toi (1) va (2), ta suy ra mau thuan. Vay ta phai co

f(a,b,c)? min f?—b%b, 9,f(0a+bc)¥)
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Tiep theo, ta se chong minh

min} 1270 3*D 56 aipods o
ifg -
| 2 2 g {)

Trooc het, ta chéng minh
f(0,a+b,c)2 0 (©)
Bang lap luan t60ng t6 nho tren, ta co

a+b+c’a+b+cg’ f(O,O,a+b+C)l'J
2 2 5 b

£(0,a+b,c)? minifg%,
|

Ta lai co

¢ &) a+b+c’a+b+09:4aea1+b+c§_ 6@.+b+092_ 248@+b+09+363 0

& 2 2 g & 2 g & 2 g &€ 2 o
f(0,0,a+b+c)=6((a+b+c)*- 4(a+b+c)+6)3 0

Do fio

f(0,a+b,c)3 0

Vay (3) fiung.
Bay gi0, ta se chdng minh

aa+b a+b o
) ,c=3 0 4
¢ o 't 4)

To (3) va ket qua tren, ta suy ra n6oc

f

aa+b a+b o
f y y —:f ) )
¢ 2 2 sz (a,b;,c)

* min{0, f(a,,b,,c,)}

3

3 min{0, f(a,,b,,c)} "nl N

Do f(a,b,c) lien tuc nen

a+b a+b o6, . { . } .
f ,—,c=3 miny0,lim f (a,,b,,c,); = min{O, f (t,t,t
¢ 5 5 s lim £ (a,.b,,c,)p =min{0, f (t.t,1)}

363



a+b+c

Trong fio t =

Ta lai co

f(t,t,t)=3t3- 3t2- 24t +36=3(t- 2)*(t+3)3 0
Do fio

@D a*h 0,

€2 25

Vay (4) fiung.

Tol fay, ta suy ra fipcm.
Nang thdc xay ra khi va che khi a=b=c=2.
Bai toan 86.

Cho a,b,c > 0. Chéng minh rang

2 2
2§ai+b_+c_9 +33 9\/7 \/7 \/BO

LOi giai.
* Cach 1.

Ap duing bat fiang thoc Bunhiacopxki, ta co

SN LI St

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

2 2 2 A
?i+b_+c_9+33 3@+C+EO
gbc ca aby & b ap

U 2(a®+b®+c®) +3abc3 3(a’h+b’c+c?a)
Ap dung bat fiang thdc AM-GM, ta co

a’+ab®3 2a’b

b* +bc? 3 2b%c

c?+ca’3 2c%a
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b a®+b®+c®+ab®+bc? +ca? 3 2(a’b+b’c+c?a) D
Mat khac, theo bat fiang thdc Schur thi
a®+b%+c®+3abc3 a’b+b’c+c?a+ab? +bc? +ca’ (2)
Toi (1) va (2), ta suy ra fidoc
2(a® +b* +c®) + ab® +bc? +ca? + 3abc 3 3(a’b +b?c+c?a) + ab® + bc? + ca?

U 2(a®+b®+c®) +3abc3 3(a’h+b’c+c?a)
P fipcm.

Nang théc xay ra khi va chz khi a=b=c.
* Cach 2.
Ap dung bat fiang thdc AM-GM, ta co

2 2
L8, ¢ G\E
bc ab b
2 2
20 8 i 3s 6\/6
ca bc C
2 2
20_+b_+33 6\/:
ab ca a
2 2
b 3?1+b—+c—9+93 69\/:+\/: \/7
gbc ca
2 2
0 g‘i b® 0, 4, 29[ \[ \f A3)
gbc ca abgy

Lai ap dung bat flang thoc AM-GM, ta co

2 2
2a_+b_3 39
bc ca C

2 2
2b_+C_3 39
ca ab a

2 2
2 42 53°
ab bc b
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& b 0, e c bo

b 3
chcaab 8cbag

2 2 2
0 a_+b_+C_3 E+C+E (4)

bc ca ab ¢ b a

To (3) va (4), ta suy ra fidoc

&az b*> 6 .,a_ _c b
Q_+_+_—+3 —+—+—_ +29 —+ —
gbc ca aby c b a

Nang théc xay ra khi va chz khi a=b=c.
Bai toan 87. (Pham Kim Hung)

Cho a,b,c la fio dai ba canh cua mot tam giac. Chdng minh rang

a® b® c?0 a®> ¢ b?
29— —+—3 a+b+c+—+—+—
C ag c b a

LOi giai.

Ta co 2 Boi fie sau

Bo fiel 1. (IMO 1983)

a,b,c la fio dai ba canh cua mot tam giac. Khi fio, ta co

a> b?> c¢®>_ab bc ca
T+l 3 e

b ¢c a ¢ a b
Chdng minh.
Ta co a,b,c la fiol dai ba canh cua mot tam giac nen ton tai cac so doong x,y,z
sao cho a=y+zb=z+x,c=x+Yy. Khifio, ta co

b> c¢?_.ab bc ca

+—+ 3 —+ 24+ 2
c a ¢ a b

a’
b

U a’c+cb+b%a3 a%? +b%c? +c%a®
0

Xy +Y’z+2x3 Xyz+xy°z+ %z’
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2 2 2
X* .z
—+—+—y 3 X+y+z

zZ y X

(x- 9’ (-2, (- %%, =
< + y + . 0 (fung)

([an)

([a)

Bo fie 1 fiddc chéng minh hoan toan.

Nang thoc xay ra khi va che khi x=y=zU a=b=c.
Bo e 2.

a,b,c lafio dai ba canh cua mot tam giac. Khi fio, ta co

3?+9+£93 2@ +E +99+3

C ag c b ag
Chdng minh.
Ta col

3@+9+393 2@+E+99+3

C ag c b ag

U 3c—+—+—=- 393 28@+E+9- 39
8 C a g c b a g

U & (5a- 5b+3c)(a- b)?3 0

oyc
Nat S, =5b- 5¢c+3a,S, =5¢c- 5a+3b,S =5a- 5b+3c.
Bat fiang thoc can chdng minh t66ng n6ong voi

S,(b- c)*+S,(c- a)*+S.(a- b)*3 0
+ Troong hop 1. a£b£c. Khifio,taco § 3 0 va

S,+§ =8b-2a>0(dob?3 a)
S+S =8-2b>0

Do ol

S,(b- ¢’ +S,(c- a)*+S,(a- b)* 2 (S, +S,)(b- ©° +(S, +§)(@- b)*2 0
P fipcm.
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+ Trédng hop 2. a® b3 c. Khi fio'ta co S,,S. 3 0. Do fio neu S, 2 O thi ta co
ngay fipcm, vi vay ta chz can xet trodng hép S, £0 la fiu.
+ Troong hop 2.1. a+(\ﬁ3- 1)c£\ﬁ3b0 a- c£/3(b- c)
Ta co
S, +3S§ =14b+10c- 12a3 12(b+c- a)>0
Do fio
S,(b- 0)*+S,(c- )° +S(a- b)*3 (S,+33)(b- ©)*3 0
P fipcm.

+ Troong hop 2.2. a+(xﬁ3- 1)03 JDUO a- b3 (\/é l)(b- C)
+ Troédng hop 2.2.1. a3 %

Ta col

S, +2S, =11b+5c- 7a3 8(b+c)- 7a>0
3o,
2 g

S +2S =b+13c- 5a>b+13(a- b)- 5a=82a- 0
° &

Do ol

S,(b- )’ +S,(c- a)*+S,(a- b)* 2 (S, +25,)(b- ¢)* +(§,+25,)(a- b)*2 0
P fipcm.

+ Tréong hop 2.2.2. aE%

+ Troong hop 2.2.2.1. a+c3 2bb c3 %

Ta co
S, +2S, =11b+5c- 7a3 8(b+c)- 7a>0
S, +2S, =b+13c- 5a3 2—3a+13.g- 5a=0
Do fio
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S,(b- )’ +S,(c- a)*+S,(a- b)* 2 (S, +25,)(b- ¢)* +(§,+25,)(a- b)*2 0
P fipcm.

+ Troong hop 2.2.2.2. a+c£2bU a- c£2(b- c)

Ta co

S, +45,+(V3- 1)’ 5 = (5a- 5b+30)(V/3- 1) +17b+15¢- 17a

Do a+(\@'1)03 \/3b nen b£%+@
Suy ra
3 5a 5(\@-1)0
Sa- 5+30% ba- 22 - -+
_5(*/5"1)3 (5- 2x/1_’>)c
== N -
5(«/§-l)a
>T
Do fio
Sa+4S“’Jr(ﬁ'1)23c>%+17b+15c-17a
3%{]_6@4.0)_1761
5(\@-1)3a .

Do fio
S,(b- 0 +§(c- A +S(a- b)°* B +45 +(3- 1)zscg(b- 0)23 0

P fipcm.

Bo fie 2 fiddc chéng minh hoan toan.
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Nang théc xay ra khi va chz khi a=b=c.
Tr0 lai bai toan cua ta

Theo ket qua Boi fiei 2, ta co

3@+9+393 2@+E+99+3

8b cC ag c b ag

b Aa+b+)B+24C% 2a4p+ 0B+ 8420 3a1p40)
& ¢ ag & b ap

2 R2 24 5 2 Lo=a
0 3?i+b_+c_g+@+g+g3 2?1+C_+b_2+2(a+b+c)
gb ¢ ag c a b gc b ag

Mat khac, theo Bo fiei 1 thi

a> b®> c*>_,ab bc ca
—t—+—3 —+—+—

b ¢ a ¢ a b

Do fio
a&® b® c¢*0, am® b’ ¢*0 ab bc ca
_++_+_+F

4Q_+_+_+3 39_"'_
gb ¢ agz &b ¢ agz c a
2 2 2 A
0
2 23 & D D ot
eC g
2 2 2 A 2 2 2
p 2(?1+b—+c—23 a+b+c+a—+c—+—(ﬁpcm)
gb ¢ agy c b a

Nang théc xay ra khi va chz khi a=b=c.
Bai toan 88. (Vo Quoc Ba Can)
Cho 2 so khong am a,b. Chong minh rang
a(a- b)(a- )+b(b- a)(b-H+(@- a)(d- b)3 0
LOi giai.
Ta col bat flang thdc can chong minh t66ng AG6Ng vOi
(a- b)’(a+b-1)+(a- )(b- 13 0

Khoing mat tinh tong quat, ta co the gia sd a3 b3 0.
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Co 3 tr6dng hop xay ra
+ Trodng hdp 1. a3 b3 1. Khi fio, hien nhien ta co
(a- b)’(a+b-1)+(a- )(b- 13 0
+ Troéng hop 2. 13 as b3 0.
+ Troodng hdp 2.1. a+b3 1. Khi fio, hien nhien ta co
(a- b)’(a+b-1)+(a- )(b- 13 0
+ Trodng hdp 2.2. 13 a+b3 0. Khi fio, ta co

(a- b)?(a+b- 1) +(a- 1)(b- 1) =(a- b)’(a+b- 1) +1- a- b+ab
=(1- a- b)(1- (a- b)?)+ab
30 (do13 a® b3 0,a+b£1)

+ Troéng hdop 3. a3 13 b3 0.
Xet ham so f(a) = (a- b)?’(a+b- 1)+ (a- I)(b- 1) voi a3 1.

Ta col
f/(a) =3a%- 2a- 1- b*+3b- 2ab
f/(a)=6a- 2- 2b>0

b f'(a) la ham fiong bien tren [1,+¥).

b f'(a)3 f'1)=b(1-b)30 "a31

P f(a) la ham fiong bien tren [1,+¥).

b f(a)? f()=b(l-b)*30 "a3 1
Do fio

(a- b)’(a+b-1)+(a- )(b-1)3 0
Tom lai, trong moi trédng hdp, ta luon co

(a- b)’(a+b- 1) +(a- )(b- D3 0 (fipcm)
Nang théc xay ra khi va chz khi (a,b) = (1,0),(1,1).
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Bai toan 89. (Vo Quoc Ba Can)
Cho cac so d6dng a,b,c. Chong minh rang
2(1+a°%)(1+b%)(1+c®) 3 (1+abc)(1+a%)(1+Db*)(1+c?)
LOi giai.
Ta col bat flang thdc can chong minh t66ng AGGNg vOi
23(1+a%)3(1+b%)3 @+ 3 (1+abe)*(1+a?)®(1+b%)3(1+c?)?
Ap dung bat fiang thoc AM-GM, ta co
L+a®)@+b*)(L+c®) =1+ (&% +b% + &%) + (a®® + b’c® + ) + a®v’c?
3 1+ 3abc + 3a°b’c? + a’h’c?
= (1+abc)®
Do fio, fie chdng minh bat fiang théc fia cho, ta chz can chéng minh
2°(1+a)?(1+b*)?(1+c*)?3 (1+a?)3(L+b?)3(1+c?)?
Ap duing bat fiang thoc Chebyshev, ta co
2(1+a*)? = 2(1+ a®)(1+ ad)
3 (1+a’)(1+a’)(l+a)
=(1+a’)(1+a’)(1+a)- (1+a%)?) +(1+a’)’
=(1+a%a(a- 1)+ (1+a?)?
3 (1+a%)’
b 21+a®)?3 (1+a?)®>0
TooNng to, ta co
21+b%?3 (1+b%)3>0
2(L+c?3 1+c?)*>0
Do fio
23(1+a%)?(1+b*)?(1+c®)? 3 (1+a?)(1+b?)*1L+c?)?
P fipcm.

Nang théc xay ra khi va che khi a=b=c=1.
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Bai toan 90. (Vo Quoc Ba Can)
Cho cac so khong am a,b,c thoa a+b+c=1. Tim hang so k>0 I6n nhat sao
cho bat fiang thoc sau fiung

a2+kb+b2+kc:+c:2+ka3 3k +1
b+c c+a a+b 2

LOi giai.
Ta col bat flang thdc fia cho téong fAdong voi
2.0 0
aeé_ 2a -1i+kae§_ 2a - 3930
gcycb"'c @ gcyca"'b 2
o (a- b)?*(a+b+c) _k(a- b)(b- c)(c-a),
o (@atc)(b+c) (a+b)(b+c)(c+a)

~ 2 3@-b? 3k(@-h)b-c)c-a),

Ua
o (@tC)(b+c) (a+b)(b+c)(c+a)

a(a b)’

([a)

o 3a- b)? ]
S‘C(a+c)(b+c) (a+b)(b+c)(c+a)

U a (a- b)?((3- k)a+(3+k)b)3 0 *)

cyc

Khong mat tinh tong quat, ta co col the gia s6 a=min{a,b,c} .
Nat b=a+x,c=a+y (x,y3 0). Khi fio, ta co

()0 X*((3- k)a+(3+k)(a+x) +(x- y)*((3- k)(@a+x) +(3+k)(a+y))+
+y*((3- K)(a+y)+(3+k)a)3 0
12(x% - xy+yHa+6x+3(k- Dx°y- 3(k+)xy* +6y>3 0 "a,x,y3 0
2%+ (k- DxPy- (K+D)xy? +2y*3 0" x,y3 0
t3+ (k- Dt*- (k+Dt+23 0" t3 0
2t3-t7-t+23 kt(1-1) "t3 0
2t3- t2- t+23 kt(l- t) " tT (0,2)
c 2t3 - t2 -
t(1- t)

oo O OO o
N

>

=f(t) "tT (0,0

Ta co
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2(t*- 283 +t%- 2t +1)

f/(t) =-
® t2(1- t)?
e -4 -
g1:l+\/§ 22 l(nham)
f'))=00 § 2
~ _1+2+242-1, .
gz— 5 (loai)

Qua t, thi f'(t) foi dau té am sang d6dng nen

fa)Sf§i+J§-XZJE-lg:-JE-l+4J§-ZJZJE-l"tT(QD
2 J2v2-1-1

Do fio
k£_J5_1+4J§-242J§-1

22-1-1
Qua cac lap luan tren, ta suy ra AiGOC
_ W2-2022-1
kmax - \/E -1+ .
J22-1-1

Bai toan 91. (Tran Tuan Anh)

Cho cac so khong am a,b,c thoaa+b+c=1. Tim gia tro Idn nhat va gia trd nho
nhat cua bieu thoc
P(a,b,c)=a(b- c)®+b(c- a)®*+c(a- b)°
LOi giai.
+ Cach 1.
Khong mat tinh tong quat, ta co the gia s6 b la so hang nam gitia a va c.
Ne tim gia tro 16n nhat va gia tro nhol nhat cua P, trédc het ta se tim gia tro nho
nhat cua ham so f (b) = (1- b)b*- b(1- b)® =-2b*+3b*- b vdi 0£b£1.

Ta co
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f/(b) = - (6b%- 6b+1)

¢ _3-43
f'=00 ¢ °
e 6
Bang bien thien cua f (b)
b 1o 3-43 3++/3 .
6 6
f/(b) - 0 + 0 -
Can c6 vao bang bien thien, ta suy ra fidéc
i o3- Jé
O£b£1 T q:)
Ta lai co f(l):O,fé;a8 \/éf—-ﬁ Do fio
& 6 4 18
0
min f (b) = fgeg \/§+:-§
OEbEL & 6 4 18
Tiep theo, ta se chong minh
P(a+c,b,0) £ P(a,b,c) £ P(a+c,0,b)
Co 2 tr66ng hop xay ra
*Troong hép 1. 13 a3 b3 c3 0.
Xet ham so g(a) =a(b- ¢)®*+b(c- a)°+c(a- b)®+b(a+c)®- b(a+c)

Ta co
g'(a) =(b- c)®- 3b(a- c)® +3c(a- b)? +3p(a+c)?-

=12abc- b® +(b- ¢)® +3c(a- b)?
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3 12b%- b +(b- ¢)®
=9b%c+3bc? - ¢
30
P g(a) la ham fiong bien.
P g(a)3 g(b)=b(b+c)®- b*(b+c)=bc(b+c)(2b+c)3 0
P a(b- ¢)®+b(c- a)®+c(a- b)*3 b*(a+c)- b(a+c)®
P P(a,b,c)® P(a+c,b,0)
Xet tiep ham so h(a) =b(a+c)®- b’(a+c)- a(b- c)®- b(c- a)*- c(a- b)®
Ta co
h'(a) =3b(a+c)?- b*+3pb(a- c)?- (b- c)*- 3c(a- b)*3 0
P h(a) la ham fiong bien.
b h(a)® h(b) =b(b+c)®- b3(b+c) =bc(b+c)(2b+c) 3 O
b 3p(a+c)®- b*+3b(a- c)’- (b- c)*- 3c(a- b)*3 0
P b(a+c)®- b*(a+c)3 a(b- ¢)®+b(c- a)®+c(a- b)®
P P(a+c,0,b)3 P(a,b,c)
Vay trong tr6dng hop nay, ta co
P(a+c,b,0) £ P(a,b,c) £ P(a+c,0,b)
*Tréong hép 2. 13 c® b a3 0.
Xet ham so k(c) =a(b- c)®+b(c- a)*+c(a- b)*+b(a+c)®- b’(a+c)
Ta co
k'(c) =3b(c- a)? +3b(c+a)?- 3a(c- b)?- b*- (b- a)®3 0
P k(c) la ham fiong bien.
b k(c)3 k(b) =b(b+a)?- b3(b+a) =ab(a+b)(a+2b) 0
b a(b- c)*+b(c- a)*+c(a- b)*+b(a+c)*- b*(a+c)3 0
P a(b- ¢)®+b(c- a)®+c(a- b)*3 b*(a+c)- b(a+c)®
P P(a,b,c)® P(a+c,b,0)
Xet tiep ham so m(c) =b(a+c)*- b*(a+c)- a(b- ¢)*- b(c- a)®- c(a- b)®
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Ta co
m (c) =3b(c+a)? +3a(c- b)?- 3b(c- a)*- b*+(b- a)°
=12abc+3a(c- b)?- b*+(b- a)®

3 12ab®- b*+(b- a)®
=3a’h +9ab® - a°
30
P m(c) la ham fiong bien.
P m(c)3 m(b) =b(a+b)®- b*(a+b) =ab(a+b)(a+2b)3 0
P b(a+c)®- b*(a+c)- a(b- c)*- b(c- a)*- c(a- b)°3 0
P b(a+c)®- b*(a+c)3 a(b- ¢)*+b(c- a)®+c(a- b)®
P P(a+c,0,b)3 P(a,b,c)
Vay trong tr6ding hop nay, ta cung co
P(a+c,b,0) £ P(a,b,c) £ P(a+c,0,b)
Tom lai, trong moi trédng hdp, ta luon co
P(a+c,b,0) £ P(a,b,c) £ P(a+c,0,b)
Mat khac, ta lai co
P(a+c,b,0) =b*(a+c)- (a+c)*b=b*1- b)- (1- b)*b= f(b)
P(a+c,0,b) = (a+c)®b- b*(a+c) =(1- b)b- b*(1- b) =- f(b)

Do fio, theo ket qua tren, ta co

P(a+c,b,0)3 - E
18

P(a+c,0,b) EE
18

Nho vay, ta co

3

P(a,b,c) 3 - 18 @
J3

P(a,b,c) £ 18 (2
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Nang thdc 6 (1) xay ra chang han khi a = 3+6\E) b= 3-6\6 ,c=0.
Nang théc 6 (2) xay ra chang han khi a = 3443 b=0,c= S—Gﬁ)
Vay
max P(a,b,c) = ﬁ
18
min P(a,b,c) =- ﬁ
18
+ Cach 2.

Khong mat tinh tong quat, ta co the gia s6 b la so hang nam gitia a va c.
Ta co
P(a,b,c)=a(b- c)®+b(c- a)®+c(a- b)*
=ab®+bc®+ca’- a’b- b’c- c’a
=(a- b)(b- c)(c- a)(a+tb+cC)
=(a- b)(b- c)(c- a)
Co 2 tr60ng hop xay ra
*Tréong hép 1. 13 a2 b3 c3 0. Khi fio, ta co P(a,b,c) £0.
Ap dung bat fiang thoc AM-GM, ta co
P(a,b,c) =-(a- b)(b- c)(a- ¢)

a-b b-c a-c

2 '\/5)- l'\/§+l

3
aea-b+ b-c+a-cQ




V3

== (3c-1°
18( )
. V3
18
I _3+43
ia+b+c=1 : 6
i !
~ ) i .la-b_ b-c a-c ~ 1 3-\/:_3
Nang thoc xay ra khi va chz khi | = = 30U b=——
’ Y i 2 B-1B+1 6
tc=0 ic=0
|
;

* Trodng hdp 2. 13 c2 b3 a3 0. Khi fio, de thay P(a,b,c)3 O.
Ap dung bat fiang thoc AM-GM, ta co
P(a,b,c) =(c- b)(b- a)(c- a)

:4c-b b-a c-a
S 2 '\/:_3-1'\/§+1
ae!:-b+ b-a+c-aé3

£ag2 N8-1 V3+1]

3 i

: ;

ACHONEINCL,
:49 2 -

é 3
_\3
18
3

18

(1- 3a)®
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i
ic=
iatb+c=1 i 6
i
- . . .fc-b_b-a _c-a o 1. 3-4/3
Nang thoc xay ra khi va chg khi | = = 30U jb=——
| d 2 J3-1 J3+1 ; 6
ta=0 ia=0
|
;

Td cac chdng minh tren, ta suy ra i6oc

max P(a,b,c) = ﬁ
18
min P(a,b,c) =- ﬁ
18

Bai toan 92. (Pham Van Thuan)
Cho cac so khong am a,b,c thoa a+b+c=1. Tuy theo gia tro cua nl N, tim gia
tro 16n nhat va gia tro nho nhat cua bieu théc
P(a,b,c) =a(b- c)"+b(c- a)" +c(a- b)"
LOi giai.
+n=0b P(a,b,c)=1
+n=1pb P(a,b,c)=0

+ Xet n3 2
aynlep n33.
Ta se chdng minh
P(a+c,b,0) £ P(a,b,c) £ P(a+c,0,b)
Co 2 tr66ng hop xay ra
*Troong hép 1. 13 a® b3 c3 0.
Xet ham so g(a) =(a+c)"b- (a+c)b" - a(b- ¢)"- b(c- a)" - c(a- b)"
Ta co

g’(@) =nb(a+c)"*- b"- (b- ¢)"+nb(a- c)"*- nc(a- b)"*

=nb(a+c)"*- b"- (b- ¢)"+n(b(a- c)"*- c(a- b)™ )
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3 nb(a+c)"t-b"- (b- )"
30
P g(a) lacham fiong bien.
P g(a)2 gb)=(b+c)"b- (b+c)b"3 0
P (a+c)"b- (a+c)b"3 a(b- ¢)"+b(c- a)" +c(a- b)"
P P(a+c,0,b)2 P(a,b,c) ()]

Xet tiep ham so h(a) =(a+c)"b- (a+c)b" +a(b- ¢)" +b(c- a)" +c(a- b)"
Ta co

h'(a) = nb(a+c)"*- b"+(b- ¢)"- nb(a- ¢)"*+nc(a- b)"™*
=nb((a+c)"*- (a- ©)" ) - b" +(b- ¢)" +nc(a- b)™*
3 nb((b+c)t- (b- )" Y)- b"+(b- ¢)"

n-s 3 n-1 n1
— 2nba C2I+1bn 2l- 2 2141 _ 5 C2I+1bn 2l- 1 21+1 5_ C2Ibn— 2IC2I
1=0 1=0 =1
L n1
25 bn 2l- 1 2l +1(2nC2|+1 Cﬁl +1) +§ Cfl bn— 2l C2| _ Cn
=0 I=1

30 (do2nC?t-Cc?*t3 0" I<n)

P h(a) la ham fiong bien.

P h(a)3 h(b)=(b+c)"b- (b+c)b"3 0

P a(b- c)"+b(c- a)"+c(a- b)"3 (a+c)b"- (a+c)"b

P P(a,b,c)® P(a+c,b,0) 2

To (1) va (2), ta suy ra trong trédng hép nay, ta co
P(a+c,b,0) £ P(a,b,c) £ P(a+c,0,b)
*Tréong hép 2. 13 c® bd a3 0.
Xet ham so k(c) =(a+c)"b- (a+c)b"- a(b- ¢)"- b(c- a)"- c(a- b)"
Ta co

k/(c) =nb(c+a)™*- b"+na(c- b)"*- nb(c- a)"*+(b- a)"
=nb((c+a)™*- (c- @")- b" +(b- a)" +na(c- b)™*
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3 nb((b+a)" - (b- @™ - b"+(b- a)"

n-3 3 n-1 1 n-1
- 2nba C2I+1bn 21-2 2I+1 a C2I+1bn 2l- 1 21+1 g Cflbn_ 2l a2I
1=0 1=0 =1
ve 1
25 bn 2l- 1 2l +1(2nc2| +1 C§I+1) +§. Cgl bn— 2l a.2| _ an
1=0 1=1

30 (do2nC2it- Cc?*3 0" 1<n)
P k(c) la ham fiong bien.
P k(c)3 k(b)=(b+a)"b- (b+a)b"3 0
P (a+c)"b- (a+c)b"3 a(b- ¢)" +b(c- a)" +c(a- b)"
P P(a+c,0,b)2 P(ab,c) 3

Xet tiep ham so m(c) =(a+c)"b- (a+c)b" +a(b- c)" +b(c- a)" +c(a- b)"
Ta co
m (c) =nb(c+a)"*- b"- na(c- b)"*+nb(c- a)"*- (b- a)"
=(nb(c+a)"*- b"- (b- a)")+n(b(c- a)"*- a(c- b))
30
P m(c) la ham fiong bien.
P m(c)3 m(b)=(b+a)"b- (b+a)b"3 0
P a(b- c)"+b(c- a)"+c(a- b)"3 -(a+c)"b+(a+c)b"
P P(a,b,c)® P(a+c,b,0) 4
ToI(3) va (4), ta suy ra trong tréong hdp nay, ta cung co
P(a+c,b,0) £ P(a,b,c) £ P(a+c,0,b)

Tom lai, trong moi trédng hdp, ta luon co
P(a+c,b,0) £ P(a,b,c) £ P(a+c,0,b)

n

t
(t +l n+l

Xet ham so f(t) = voit>0.

Ta co

t"+nt™t+nt- 1

/ —
o =" 5
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f/t)=00 -t"+nt"'+nt-1=0

De thay neu t, >0 la mot nghiem cua phdéng trinh f/(t)=0 thi ti cung la
0

nghiem cua phoéng trinh f/(t) =0. Do fio, ta chz can tim nghiem cua ph6ng
trinh f/(t) =0 tren (0,1 la fiu.

Xethamsoj (t)=-t"+nt™*+nt- 1véitl (0,1].

Ta co

") =n@- t"H+nn- Dt"2>0 "tT (0,1]
P j (t) la ham fiong bien tren (0,1].

Ta lai co limj (t) =-1<0,j () =2(n- 1) >0 nen ton tai duy nhat t,1 (0,1] sao
t® 0"
choj (t,)=0.

Do fio, phéong trinh f/(t) =0 che co 2 nghiem phan biet la t, va é

Qua t; thi f/(t) fioi dau t& am sang dééng, qua % thi f/(t) fioi dau t& dééng

sang am nen
f(t)gmax} im (1), fgei(_’“y >0
T elq:)

Ta lai co neu b >0 thi

&a+co &a+CO
(a+c)"b-(@+c)h" _&E b 5 & b 5

a+b+c)™ + 1
( ) aa C+19

&b g
aA+Cco
8bz

P(a+c,0,b)=(a+c)"b- (a+c)b" =

=f

P(a+c,b,0)=-(a+c)"b+(a+c)b"
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_(a+0)"b- (a+c)b"
(a+b+c)™

aa+CO am+tCoH
_ &by &by

LN+l

6€i+c+lg
& b @
__pa@tco
&b g
Nen theo tren, ta col
P(a+cOb)£max}I|m f(t), fg 9Jy }O f9—$
Tte el gp T eludp

P(a+c,0,b)3 - max1| I|m f (1), f?%-- max1| 0, ngL_OU
T

el b f tmp

Ngoai ra, neu b =0 thi ta co P(a+c,b,0) = P(a+c,0,b) =0 nen ta luon co

P(a+cOb)£max}I|m f(t),f —9; max}O f?%
Tte elq:) T eludp
P(a+c,0,b)3 - max1| lim f(t), f?%-- max1|0 ngL_OU
Tt®0 th:) T th:)
Do fio, ta co
-max}o fga(_vyEP(abc)Emax}O f?%
) t1q:) T elq:)

De thay rang fiang thoc luon xay ra nen ta co

minP(a,b,c) =- max}O fg%iuy
T elgp
max P(a,b,c) = max1|0 fg%ou
| th:)
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b) nchan P n3 2,
Khi fio, de thay minP(a,b,c) =0 va P(a,b,c) la mot bieu théc fioi xéng voi a,b
va ¢ nen khong mat tinh tong quat, ta co the gia sé 13 a3 b3 c3 0.
Ta se chdng minh
P(a,b,c) £ P(a+c,0,b)
Xet ham so u(a) =(a+c)"b- (a+c)b" - a(b- ¢)" - b(c- a)" - c(a- b)"
Ta col
u’(a) =nb(a+c)"*- b"- (b- )" +nb(a- ¢)™*- nc(a- b)™*
=nb(a+c)"!- b"- (b- ¢)"+n(b(a- ¢)"*- c(a- b)"?h
3 nb(a+c)"t-b"- (b- )"
30
P u(a) la ham fiong bien.
P u(a)3 u(b) =(b+c)"b- (b+c)b"3 0
P (a+c)"b- (a+c)b"3 a(b- ¢)" +b(c- a)" +c(a- b)"
P P(a+c,0,b)3 P(a,b,c)

Theo tren, ta lai co

P(a+cOb)£max}I|mf(t) f 9Jy }O,fg—_y
(I el gh T éudp
Do o
P(a,b, c)£max}0 f?%
T e 1q:)
Ngoai ra, ta cung de thay fiang thoc luon xay ra nen
max P(a,b,c) = max}O f?%
T elgp

Ket luan

+n=0b P(a,b,c)=1
+n=1pb P(a,b,c)=0
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+n3 2b maxP(a,b,c) = max}O fg (_’“yo
T

el gp
*nleb minP(ab,c)=- max}O fgel$
T elgp

* nchan b minP(a,b,c) =

~ t
trong fio f(t) = t+)™

va t; la nghiem dodng duy nhat thuoc (0,1] cua phtong

trinh -t"+nt™*+nt- 1=0.
Bai toan 93. (Vietnam TST 1996)

Cho cac so thdc a,b,c bat ky. Chong minh rang
F(a,b,c)=(a+b)* +(b+c)* +(c+a)’- ;.(a4 +b*+c*)3 0

LOi giai.
Ta co
& btc

b+co_
F 1b1 - F S e
(a,b,c) 8 > > 5

=(a+b)*+(b+c)* +(c+a)’- g.(a4+b4+c4)-

L4 ) 4
_2§%+b202_(b+c)4+;§a4+ &bzcgz
a 2 5
4 6
=(a+b)* +(c+a)*- 2 3%+E° ﬂ&(b+_c)_b4_c4%
8 2 g 7 8 +
a
(b+c)*

= a(4b® + 4¢3 - (b+c)?) +3a2(2b% + 2¢2 - (b+c)2)+§.g%4+c4- 0
e 9
=3a(b+c)(b- c)? +3a%(b- c)? +i.(b- ¢)?(7b* +7¢c? +10bc)

=3a(a+b+c)(b- c)? + (b c)?(7b? + 7¢? +10bc)
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Soi hang cuoi cung luon luon khong am. Neu a,b,c cung day thi bat fiang thoc
can chong minh la hien nhien. Neu a,b,c khong cung dau thi phai co it nhat mot
trong ba so a,b,c cung dau vbi a+b+c. Khong mat tinh tong quat, gia so fio la

g
a. To fang thoc tren ta suy ra F(a,b,c)® F g%, b+c b_209 Nho vay, ta chz can

7]

chéng minh
F(a,b,b)3 0" abl R

0 2a+b)* +(2b)*- %‘.(a4 +20%)2 0
Neu b =0 thi bat fiang thdc la hien nhien. Neu b! O, chia hai ve cua bat fiang

théc cho b* roi fiat x :% thi ta fidoc bat fiang thoc tédng fivdng

2(x+1)* +16- %‘.(x4 +2)3 0
Bat flang théc cuoi cung co the chéng minh nho sau
Xet ham so f (x) = 2(x+1)* +16- ;’.(x4 +2)
Ta co

f'(x)=8 x+13-l—6.x3
(x) =8(x+1) 7

f/'(x)=00 x+1:£.x0 X = -2.9294.

f, = 1(-2.9294) =0.4924>0
(Cac phan tinh toan cuoi fiddc tinh voi fio chinh xac tdi 4 chd soi sau dau phay. Do
f, tinh A60c la 0.4924 nen neu tinh ca sai so tuyet fioi thi giato chinh xac cua

fin van la mot so dédng. Vi fiay la mot bat fiang thoc rat chat nen khong the
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tranh fi66c cac tinh tinh toan vai so le tren fiay. Chang han neu thay ;’ bang ;—3

fie X, =-3 thi f_. cogiatroam! O fay f'(x)=2(x+1)"+16- ;.(x4+2) )

* Chuy.
Ta co the fida bai toan ve chéng minh F(a,b,b)3 0 " a,bT R bang cach sé dung
Bo fieisau
Bo fie. " a,b,cT R thi ton tai cac so thdc Xy, Yy, X, ¥; Sa0 cho
p=a+tb+c=2x+Yy,=2x+y,
q=ab+bc+ca=x;+2xY, =X +2%Y;
Xy, £r =abc £ Xy,
Ngoai ra, neu a,b,c3 0 thi x,,x,Y, 2 0. Trong fio
+ Neu p 3 4q thiy, £0
+ Neu p® £ 4q thiy, 3 0
Bai toan 94. (Pham Kim Hung)

Cho cac so khong am a,b,c thoa a+b+c=3.Tim gia trd I6n nhat cua bieu thoc
f(a,b,c) =a“(b+c)+b*(c+a)+c(a+b)
trong fio. k >0 la hang soi cho tro6c.
LOi giai.
Khong mat tinh tong quat, ta co the gia s6 a3 b3 c¢3 0.
Co 3 tr66ng hop xay ra
* Tréong hép 1. 1>k >0. Khi fio, ap dung bat fiang thoc Holder, ta co
f(a,b,c) =a“(b+c) +b*(c+a) +c*(a+b)
=a“(3- a) +b*(3- b)+c*(3- ¢)
= 3(ak + b +cF) - (@ +bFH + ¢k
(a+b+c)* (a+b+0)"!
k-1 i} 3
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Nang théc xay ra khi va che khi a=b=c=1.
* Trodng hép 2. k > 2. Khi fio, ta se chéng minh
f(a,b,c) £ f(a,b+c,0)
U a“(b+c)+b*(c+a)+ck(a+b)£a“(b+c)+(b+c)a
U b*(c+a)+c*(a+b) £ (b+c)a
U ((b+c)*- b*- c)a3 b*c+hc"
Do k>2 nen
(b+c)- b*- c*=(b+c)*'(b+c)- b*- c
3 (bk—1+Ck—1)(b+C)_ bk _ Ck
=p**c+bc!
b ((b+c) - b*- c*)a3 (b*'c+bc“ a3 b*c+bc* (doa3 b3 c3 0)
b f(a,b,c)£ f(a,b+c0)
Tiep theo, ta se tim gia tro 16n nhat cua bieu théc
f(a,b,0) =a*b+b a
trong o a,b3 Othoaa+b=3.
Khong mat tinh tong quat, ta co the gia s6 a2 b3 0b a>0. Khi fio, ta co

k k
:3k+1a b+b a_ k+1

f(a,b,0) =a‘b+b“a b g(t)

trong fio (t):tk—ﬂvaft:EEl
ane g (t+D a
Ta co
-t Akt ke +1

() =

g () (t+1)k+2

g ®)=00 -t*+k*“*- k+1=0 *)

De thay 1 la mot nghiem cua phdéng trinh (*). Goi a,,a,,....a,, la tat ca cac
nghiem thuoc [0,1) neu co phd6ng trinh (*). Khi fio, del thay
g(t) £ max{g(),9(@;)} " ti [0,]]
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b f(a,b,0)£ 3 " max{g(1),9(a,)}
Ngoai ra, de thay fiang thoc luon xay ra.
*Troong hép 3. 23 k3 1.
Nat a+b=2t,a- b=2ub t3 us 0,t3 ¢3 0. Khi fio, ta co
f(a,b,c) = (t+u)*(t- u+c)+(t- u)*{t+u+c)+2ct =h(u)
Ta co
h (u) =kt +u) (- u+c)- (t+u)*- k(t- W (t+u+c)+(t- u)*
=(t+u) (k- Dt- (k+Du+ke)- (t- u)((k- Dt + (k +u+ke)

ég=u

Neu & thi ta co W (u) £0.
k- Dt- (k+Du+ke£0

jt>u

Neu i thi do 23 k3 1 nen (t+u)“*£ (t+u)(t- u)?%. Do
Yk- Dt- (k+Du+ke >0

fio, ta co
h (u) £ (t+u)(t- u)?((k- Dt- (k+2u+kc) -
- (t- ) N(k- Dt +(k +u +ke)
=(t- W 3(t+u)(k- Dt- (k+Du+ke)- (t- u)((k- Dt+(k+1u+ke))
=-2u(t- u)*?(2t- ke
£0
Tom lai, ta luon co W (u) £0b h(u) la ham nghich bien tren [0,+¥). Do fio
f(a,b,c) =h(u) £ h(0) = f (t,t,c)
Bay gi0, ta seltim gia tro 16n nhat cua bieu théc
f(t,t,c) = 2t(t +c) + 2tc”
trongfio t3 ¢c3 Othoa 2t +c=3.

Ta co

k k
F(tt,0) = 2% (t+0) + 2tck = 2.3 LAY OFIC 5 gy

(2t + C)k+1
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trong fo j (x):LX;} vafx:E£1.
(x+2) t
Ta col
j ,(X)_-xk+2kx"'1- kx +1- k
(X+2)k+2
i'(x)=00 -x*+2kdt- kx+1- k=0 (**)

De thay 1 la mot nghiem cua phdéng trinh (**). Goi b,,b,,...,b, la tat ca cac
nghiem thuoc [0,1) neu co phd6ng trinh (**). Khi fio, de thay

i () £max{j (0),j D.,j (b))} "xI [01
b f(t,t,c)£23" max{j (0),j (1), (b)}
Ngoai ra, de thay fiang thoc luon xay ra.
Ket luan
+1>k>0pP max f(a,b,c) =6
+23 k3 1p max f(a,b,c) =2.3" max{j (0),j (1),j (b))}
+k>2b max f(a,b,c) =3 max{g(1),g9(a;)}

trong fio

. XK+ x+1
+] (X) =

(x+ va b,,b,,...,b, latat ca cac nghiem thuoc [0,1) neu co
X

2) k+1

phoong trinh - X + 2kx* ! - kx+1- k =0.
k

_ t
+g(t) _W

va a,,a,,...a,, latat ca cac nghiem thuoc [0,1) neu co

phoong trinh - X + 2kx* ! - kx+1- k =0.
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Bai toan 95. (Vo Quoc Ba Can)

Choéng minh rang vai moi so doong X,y,z thoa xy+yz+zx=1 ta luon co bat

fiang thoc
2 2 2
XY 2 oy +22)3 32
y z X
LOi giai.
Ta co Boi fie sau
~ iX+y+z30 o
Bo ie. x,y,z la cac so thoc thoa | . Khi fio, ta co
Txy+tyz+zx3® 0

x(b- )>+y(c- a)®+za- b)>’3 0 "ab,cl R
Bo fiel tren chong minh rat fidn gian (ch: can dung tam thdc bac hai la fiédc) nen
0 fiay ta khong nhac lai chdng minh cua no.

Ta col bat flang thdc can chong minh t66ng AG6Ng vOi

2 2 2 -
geL+y—+Z—- X-y- zg+x+y+z- \@3 2(x2+y2+zz- 1)
ey <2 X 1
. -y 1o (X-Y)? 0
U 2 (X y) += 3 X - 2
30 y 20ycX+y+Z+\/§ gc( )
2 1 °
U a(x-y &=+ -1°2 0
cyc gy 2(X+y+Z+\/§) ﬂ
Nat
1 1
=—+ -1
SX y4 2(x+y+z+\/:_3)
1 1
=—+ -1
Sy X 2(x+y+z+\/§)
g—l+ 1 -1

_y 2(x+ y+ z+\/§)

Khi fio, bat fang thdc can chong minh t66ng A66ng vOoi
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S(y- 2°+S,(z- X)*+S,(x- ¥)*3 0
Ta col
1 1 1 3

S T ey e )

_Xy+yz+ 3
=2 = = _3+
XyZ 2(x+y+z+/3)

:i-3+ 3

XyzZ 2(x+y+z+\@)
., 3 3

-3+

3
RS TN

_ 3
=3J3- 3+ 2(x+y+z+x/:_3)

>0

Nat t = L . Khi fio, ta co

2(x+ y+ z+\/:_3)

S,XSy SySZ+SSK 8+£-1§§%+—-1;+§%+% %% O

X
1
E

:3tz+26€'+1+£-39t+_+i+i-286'+1+£O+3
8X y z SX y Zg

+

1
z

&-I O:

ki
1

1 1 1 a 1 160
>+ + - 2+—+—+—_-+3
XY yz x gx y zg

_ X+y+27+3xyz- 2

XyzZ

Ta chéng minh
X+y+2z+3xyz- 2

XyzZ
U x+y+z+3xyz- 230 *)

30
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Neu x+y+2z3 2 thi (*) hien nhien fiung.
Neu x+y+z£2, lat p=x+y+zb 23 p3 J3. The thi theo bat fiang thoc

Schur, ta co

4p- p® _-p’+7p-6_(2- p)(p-D(p+3),
= = 0
3 3 3

p+3xyz- 23 p- 2+
P (*) fiung.

1iS+S +S >0
Vaytaco.}SK Sy >

5SS +5S +SS >0 nen theo Bo e tren, ta co
T2y Ty, T

S(y- 2% +S,(z- X)*+S,(x- y)* 2 0 (fipcm)

Nang théc xay ra khi va che khi x=y =z :i.
J3
Bai toan 96.
Cho a,b,c,d 3 0 thoa a? +b? +c? +d? =1. Tim gia trd nho nhat cua bieu théc
. a b C d
P= + + +
l1+bcd 1+cda 1+dab 1+abc

LOi giai.
Ap duing bat fiang thoc Bunhiacopxki, ta co
a’ b? c? d?
P= + + +
a+tabcd b+abcd c+abcd d+abcd
(a+b+c+d)?
at+b+c+d+4abcd
_1+2(ab+ac+ad+bc+bd +cd)
- a+b+c+d +4abcd

3

Ta lai co
1+2(ab+ac+ad+bc+bd+cd)- (a+b+c+d+4abcd) =
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=(1- a)(1- b)1- c)1- d)+(ab+ac+ad +bc+hbd +cd) +
+ (abc + bed + cda + dab) - 5abced
3 (ab+ac+ad+bc+bd +cd) + (abc + bed + cda + dab) - 5abced
30
P 1+2(ab+ac+ad +bc+bd+cd)3 a+b+c+d +4abcd
1+2(ab+ac+ad+bc+bd+cd)31
a+tb+c+d+4abcd

b
b P31

Nang thoc xay ra khi va chz khi (a,b,c,d) = (1,0,0,0).

Vay
minP =1,

Bai toan 97. (Vasile Cirtoaje)

Chdng minh rang voi moi so thdc a,b,c ta luon co bat fiang thoc

(a® +b? +c?)?3 3@’ +b’*c+ca)

LOi giai.

* Cach 1.

Khong mat tinh tong quat, ta co the gia s6 a=min{a,b,c}.

Nat b=a+ p,c=a+q (p,g3 0). Khi fio, ta co
(@® +b? +c?)?3 3@ +b’c+ca)

U f(@)=(p’- pg+qg>a’- (p*- 5p°q+4pg’+q°) +
+(p*- 3p’q+2p°g®+q")3 0

Ta co

D, =-3(p*- p°q- 2pg°+q°)°* £0
b f(a)3 0
P fipcm.

* Cach 2.

Ta co
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(@’ +b*+c?)?- ab+b’c+ca) =

N~

8 (a%- 2ab+bc- c?+ca)?3 0
cyc
b (a’+b%+c?)?3 3(@b+b’c+ca) (fipcm)

* Cach 3.

Ta col
(@ +b% + %) - 3@’ +b%c +ca) :%.é (2a- b - ¢ +3bc- 3ab)?2 0
b (a’+b%+c?)?3 3(@b+b’c+c’a) (fipcm)

ea b=c

Nang théc xay ra khi va chz khi € 4p . oP

éa:b:c=sin>—— 2P .gn
e 7 7 7

* Nhan xet.

Nay la mot bat fiang thoc manh va co nhieu éng dung. Sau fiay la mot so 6ng
dung cua no

+ Ong dung 1. (Vasile Cirtoaje)

Cho a,b,c>0thoaa+b+c=3. Chong minh rang

a b C 3
+ + 3 —
2

ab+1 bc+1l ca+l

LOi giai.
Ta co

o) a o 0
-a-+a+b+c

Cab+1 8ab +1 g

(theo biit AM-GM)
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:3- lé a3/2b1/2
2 cyc

Theo tren, ta co

a a¥p2 gL (a+b+c) =3

cyc

Do o
32 s3. 13892531323
oc ab+1 2 o 2 2
P fipcm.

Nang théc xay ra khi va che khi a=b=c=1.
+ Ong dung 2.
Cho cac so khong am a,b,c, x thoa a* +b? +c? =1. Chéng minh rang

a’ b? c? 3
+ + 3

1+xab 1+xbc 1+xca 3+X

LOi giai.
Ap dung bat fiang thoc AM-GM, ta co

2 .2 2
a +a2(1+xab)§fxg s ba
P

1+ xab 3+X
2 2 2
O iprae o) B3 0 D

1+ xbc 8 3+Xg 3+X
c? *® 3 o 6c>

+c?(1+ xca)
1+ xca 83+Xg 3+X

a® , b ¢ , 6 =36 ae30

Trxab 1txbe 1+xca 3+x $3+x5  S3+x;

(a®b+b%c +ca)
Theo tren, ta co

a’b+b’c+caf :—l)).(a2 +b? +¢?)? =3
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a , b, ¢, 6 =3 Qz-xae3 92(a3b+b3c+c3a)
l+xab 1+xbc 1+xca 3+X 83+Xg 83+Xg

6 236 @361

3+x &3+Xxg X83+x§ 3

3

C3+x

3

a’ b? c? 3 .
+ + 3 (fipcm)
1+xab 1+xbc 1+xca 3+X

Nang théc xay ra khi va che khi a=b=c :i.

NE

Bai toan 98. (Komal)

Cho cac so dédng a,b,c thoa abc =1. Chdng minh rang

3 3ael+l+i6 2

1
+- o+ s
c a+tb+c %a2 b? Pgai+b’+c?

1 1

4=

a b

LOi giai.

Ta col bat flang thdc can chong minh t66ng AG6Ng vOi
3abc , 2(a’b®+b*c® +c*a’)

a+b+c a’+b?+c?

ab+bc+ca-
Do ca hai vei cua bat fiang thoc nay fiong bac nen khong mat tinh tong quat, ta co
the gia s a+b+c=1. Nat g=ab+bc+ca,r =abcp :—133 g3 0,r 3 0. Khi fio, ta

co bat fiang théc can chéng minh t66ng n66ng vOoi

2
q- 3 ° 2(q°- 2r)
1- 2q
U r(6g+1) +q(l- 49)2 O

Neu 13 4q thi bat fiang thoc tren hien nhien fiung.

Neu 4q3 1 thi theo bat fiang théc Schur, ta co r 3 4qT-l3 0. Do fio
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(60 +1) +q(1- 4q)? (49- 1)9(6q+1) +q(l- 4q) = (49- 121- 395
P fipcm.

Bai toan 99. (Nguyen Anh C60ng)

Cho cac so d6bng Xx,y,z thoa x+y+z=1. Chéng minh rang
o, vy, .,
Jx+y)(x+2) +yz \Jy+2(y+x) +Vzx \J(z+X(z+y) +xy
Loi giai.
Ta col bat flang théc can chdng t66ng n6ong voi

é\/ I 32
o | VO Y)(x+2) +\/yz

~ O AV X
U 32
30\/\/x(x+y+z)+yz+\/yz

0 a ! 32
Cyc\/ l+yZ+\/E
\/ X X
Nat m:\/%,n:\/%,p:\/g thi ta co m,n, p>0va mn+np+ pm=1. Khi fio,

ta co bat fiang thdc can chdng minh t6ong fddng voi

0 1

a

ocAlA/m’+1+m

0 3 VVm?+1-m3 2
cyc

Nat a=+vm?+1- mb=+n?+1- n,c=p?+1- p thitaco1>a,b,c>0 va

32

1- a
m=

2a

_1- b?
n=

2b

399



1- ¢?

P= 2C
_ a2 _ K2
p é (- a)id- b) =mn+np+pm=1
o 4ab
U & c(1- a®)(1- b?) =4abc
cyc
U (a+b+c)- éab(a+b)+abc(ab+bc+ca):4abc
cyc
U (a+b+c- abc)(l- ab- bc- ca)=0 (*)

Do 1>a,b,c>0nen a+b+c- abc>0. Do fio
(*)U ab+bc+ca=1
Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh
Ja+b+ycs 2 (**)
trong fio a,b,c >0 thoa ab+bc+ca=1.
Ta co

~ 4
()0 (Va+vb++c) = 16(ab+bc +ca) (*+%)
Do ca 2 ve cua bat fiang thoc tren fiong bac nen khong mat tinh tong quat, ta co
the gia so Ja+Jb++c=1

Nat q=+/ab++/bc++/ca,r =+/abc b :—133 g3 0,r 2 0. Khi fio, ta co

(x**)U 13 16(g?- 2r)
U 32r +(1- 409)(1+4q)3 0

Neu 13 4q thi bat fiang thoc tren hien nhien fiung.

Neu 4q3 1 thi theo bat fiang thdc Schur, ta co r 3 4q9— 1, 0. Do fio

g = (49-D(23-369) ,

32r +(1- 49)(1+4q) 2 9

32(4;1- 1 +(1- 4q)(1+4
P (***) flung.

P fipcm.
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Bai toan 100. (Pham Kim Hung, Vo Quoc Ba Can)
Cho a,b,c3 Othoaa+b+c=1. Tim fileu kien can va fiu voi a,b,c fie bat fiang
thoc sau fiung
(a® +b? +c?)(8a’b? + 8b*c? +8c%a? +19abc) 3 ab+bc+ca

LOi giai.
Ta sel chong minh rang fiieu kien can va fiu fie bat fiang thoc tren fiung la Ja,\/b
va +/c la fio dai ba canh cua mot tam giac (co the suy bien).
+ Nieu kien can.
Gia so ~/a,«/b,</c khong la fio dai ba canh cua mot tam giac (co thei suy bien).
Khi fio, cho ¢=0,a,b >0 thi bat fiang thdc tren tré thanh

8(a*+b%a’h’3 ab

U 8(a’+b%ab3 1 (*)

Cho a=1,b® 0" thitaco lim8ab(a®+b*) =0<1 nen (*) khong fiung.

b® 0"
Vay ta phai co v/a,+/b,/c la fio dai ba canh cua mot tam giac (co the suy bien).
+ Nieu kien fiu.
Gia so +/a,v/b,~/c la fio dai ba canh cua mot tam giac (co the suy bien). Khi fio,
ta se chong minh

(a® +b? +c?)(8a’b? + 8b*c? +8c%a? +19abc) 3 ab+bc+ca
Nat q=ab+bc+ca,r =abch :—133 g3 0,r 2 0. Do +/a,\/b,~/c la fio dai ba canh

cua mot tam giac (coi the suy bien) nen
4q - 1:(\/5+«/5+x/6)(\/5+\/5- \/E)(\/BM/E JE)(JE+J§- JB)>O
P 3t
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Do fio, theo bat fiang théc Schur, taco r 3 4q-1, 0.

Bat fiang thoc can chdng minh t66ng n6ong voi

(1- 20)(19r +8(g? - 2r)) 3 q

U (1- 20)(3r +89%)° q (**)
Ta co

(- 20)(3r +87) - q3 (1- 2q>ffq3' 1

_ (49- D)(L- 30)(4q+1)
3

+8¢22- q
(4]

30
Do iio (**) fiung.
Vay fiieu kien can va fiu fie bat fiang thoc fia cho fiung la v/a,~/b,~/c la fiol dai ba
canh cua mot tam giac (co thei suy bien).
Bai toan 101. (Titu Andreescu)
Cho cac so' thic a,b thoa 3(a+b) 3 2|ab+1|. Chong minh rang
9(a° +b%) * ab® +1
LOi giai.
Nat S=a+b,P=ab thi td gia thiet, ta co 3S3 2|P+1 (*). Bat fiang thoc can
chdng minh trd thanh
9S(S?- 3P) 3 |P+1|(P?- P+1)

Co 2 tr66ng hop xay ra

7-3J5,. . 7+3/5
2

Ups3
2

*Troong hdp 1. P£ . Khi fio, toi (*), ta co

&P +1)° 0_ 2|P+1(4P?- 19P +4)

9S(S?- 3P) 2 6|P + 3
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Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

2(4P%- 19P +4) 3 3(P? - P+1)

0 -
=3 0 (fiung)
e 2

- + o
* Troong hop 2. 7- 35 EPE ! 2\6 . To hay, ta co a,b cung dau, to fio t0 gia

thiet, ta suy ra iddc a,b > 0.Khi fio, (*) trd thanh 3S3 2(P+1) P O<P EM.

Bat fiang thoc can chdng minh trd thanh
9S(S?- 3P)3 P3+1
U 9S°- 27PS- P*- 13 0

2 - A~
+Trodng hdp 2.1. %3 35-2 U S%- 6S+43 0. Khi fio, ta co

_ _ 3
0S°- 27PS- P?- 13 95°- 2/335-2) (35-2)

1
2 8
_ 455(S*- 65+4)
8
30
S? 35-2.

3 3
+ Tréong hop 2.2. IET U (3- \E) £S°E (3+ \E) . Khi fio, ta co

3 6
0S*- 27PS- P3- 12 95°- 21> . %-1

or o (o3

64

30

Tom lai, trong moi tré6ng hdp, ta luon co 9S(S? - 3P) 3 ‘P3 +ﬂ (fipcm)

N - - 450 0
Nang thoc xay ra khi va chg khi (a,b):g% \/5,3 \/§+,§%+\/§,3+\/§+,
& 2 2 & 2 2 5
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Bai toan 102. (Pham Kim Hung)

Cho cac so khong am a,b,c. Chéng minh rang

3

a’ b° ¢’ ,at+b+c

+ +
2a>+b? 2b%>+c? 2c?+a’ 3

LOi giai.
Ta col bat flang thdc can chong minh t66ng AGGNg VoI
2b- a 2 2c-b ,» 2a-c 2
+———.(b-c)+———.(c-a)“30
2a% +b?’ (a- by 2b? +¢? (b-c) 2¢% +a? (c-a)
Co 2 tr66ng hop xay ra
+ Troong hop 1. a3 b3 c¢3 0. Khi fio, ta co
b c
2a’+b* 2c%+a?
- 2a N 2a
2a’+b* 2c%+a?
4b- 2a N 2a-c
2a’+b* 2c¢%+a’
4b- 2a 2a- 2
——.(c-a)°3%0 1
P G N CRE) @
2 2
(4c- 2b)b +(2a- c)a’
2b? + ¢? 2¢% +a?

4c- 2b

30

30

30

2a- Cc

b- c)®+ (c-a)?30 2
PG R RCRL) 2
Cong cac bat fiang thoc (1) va (2) ve theo ve roi chia ca hai ve cho 2, ta id6ic
2b- a 2, 2c-b ,» 2a-c 2
— (b- )+ (c- 3
2a2+b?’ (a- by 2b% +c? (b-c) 2c® +a° (c-2)72 0

+ Troéng hdop 2. c3 b3 as 0.
+ Troéng hop 2.1. 2b3 c+a. Khi fio, ta se chéng minh

2b- a +4(2a- C)

30
2a?+b? 2c?+a?
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That vay, de thay ve! trai la ham tang cua ¢ nen ta chz can chéng minh khi ¢ =b,

toc la chdng minh
2b- a +4(2a- b) , 0
2a’+b*> 2% +a?
U 4b*+2a’h- 2ab® +16a°- 8a’b+8ab?- 4b*3 0
U 3a(5a”- 2ab+2b%) 3 0 (fiung)

. 2b-a 4(2a- c)
(0] +

Do nol 30
2a?+b? 2c?+a?
Vay
2b- a , 2Cc-Db , 2a-c ?
(a- b+ (b-C) + (c-a)°s3
2a’ +b? (@-b) 2b? + 2 (b-©) 2c? +a? (c-2)
2b- a 2 2a-c 2
8 — — _(c-a)+——.(c-a
4(2a2+b2)( ) 2¢% +a° (c-a)
30

+ Troéng hdp 2.2. 2b £ c+a. Khi fio, ta se chéng minh

2b- a 6a- 3¢ 5
+ 0
2a%+b? 2c?+a?

©)

That vay, del thay ve! trai la ham tang cua ¢ nen chz can chdng khi c=2b- a. Bat
fiang thoc (3) tré thanh

2b- a N 9a- 6b
2a®+b® 8b*+3a’- 8ab
U 10b%- 15b%a+2a’b+15a°3 0 (fiung)

3

Tiep theo, ta se chong minh

2c-b +§ 2a- C
b2 +c? 2 2c?+a?

*0 (4)

That vay, vi ve trai la ham giam theo a nen ta chz can chéng minh khi a="b, bat
fiang thoc trd thanh
4c- 2b N 6b- 3c |
2% +c® 2% +b°
U 5¢® +2c?h- 2b%c+100b%3 0 (fiung)
405




Neu c £ 2a thi ta co bat fiang théc can chdng minh fiung. Neu c3 2a thi td 2 bat

flang thoc tren, voi chuy rang (c- a)? £3(b- a)* += (c b)?, ta col

2b- a 2c-b , 2a-cC 2
- . - + (c- 3
+b2( b)* + 2b% +c? (b-c) 2c® +a® (c-2)
3ae2b-a +3(2a- c)o b- a anC b +3 2a-c 0 b
€222 +b? 22 +a’ E( )+ &on?+c? 2262 +a? g( ’
30

Tom lai, ta luon co

2b- a 2c-b

2a-
Py er2( b)? +

—2 (c- a)?3 0 (fipcm)

>.(b- C)2+2 .

2b% +¢
Nang théc xay ra khi va chz khi a=b=c.

Bai toan 103. (Vo Quoc Ba Can)

Cho n so théc a,,a,,..,a, >0thoa g a = § 2 Chong minh rang

i=1 i=1 &
33a°a/a+8
i=1 i=1

LOi giai.

Ta co

=0

n
o)
a
i=1

e

Bat fiang thoc can chdng minh t66ng n6ong VoI

n 2 _
2 8@ -1 .,

i=1 38, +\/a,-2 +8
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Khong mat tinh tong quat, ta co the gia sd & 3 a,2 ...3 a, >0.

}812-13 ag-l3m3 arf-l
1 & a a,
Khi fio, de thay | 1 1 1 nen theo bat flang

i
:|:3+\/1+82 3+\/:|_+82 3+\/1+82
1 a & a,

thdc Chebyshev, ta co

a’-1 e

Nang thoc xay ra khi va che khi a, =a, =...=a, =1.

Bai toan 104.
Cho cac so khong am a,b,c. Chéng minh rang

a®+b*+c?®- 3abc3 p®¥C a2
& 2 @
LOi giai.

~

Nat
3 b+ CO
f(ab,c)=a®+b®+c?- 3abc+2%a-
& 2 g
Khi fio, ta can chong minh
f(a,b,c)3 0
Trooc het, ta chéng minh
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f(a,b,c) f(aé%l’b+c’b+cc_j

2 ' 2 4 )

That vay

.3
*) 0 a®+b%+c3- 3abc+2§%1- b—JZ’CE 3
(4]

3 .2
(B¥O)” g aP*cd o3
&2 g5 &

40° +4¢*- (b+0)° , 3a(b+0)’- 400) ,
4 4
3(b- ¢)*(b+c) _ 3a(b- ¢
4 4

3a3+

b+c§
2 g

([an)

>

3 0 (fung)

Vay (*) fiung.
Tiep theo, ta se chong minh
f(at,t)30 **)

+
trong fio t :b—zc.

Ta col
** )0 a*+2t°- 3at>+2(a-t)°3 0
U (a-t)*(a+2t)+2(a-t)*3 0
U 3a(a- t)*3 0 (fung)
To (*) va (**), ta suy ra fileu phai chéng minh.

Nang théc xay ra khi va che khi a=b=c hoac a=0,b=c.
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Bai toan 105.
Chéng minh rang véi moi so dé6ng a,b,c thi
a) a . b +_© 3\/5+\E+\E
Ja+b Jb+c Jc+a J2
3 3 3
O B B

a’+ab+b® \Vb?+bc+c® VP +ca+a’ J3

LOi giai.
a) Nat a=x*,b=y? c=7* (x,y,z>0). Bat fiang théc can chéng minh trd thanh

2 2 2

X LY T xtytz
\/x2+y2 \/y2+22 \/22+X2 \/E
2
NG 2 22 6 ae<+y+zo
é\/x +y \/y + 72 \/z +Xb 8 \/_ ﬂ
2
08 2 +8 Y s(xayrry
o X T o O +yA)(y2 +22)
4 4

.. . X o Yy
Léuyrang § -a =0
4 Xty 4 X+ y?

Do fio, bat fiang thdc can chdng minh t60ng fiddng voi
o xt+y? W 4x*y?
o XY e JO@ +YA)(Y? +2)

3 (x+y+2)°

Y y°7° z°x° é ® 1 1 1 éla

Dei th a
° ayéJx NN e N SN N

2 day non fileu ngddc chieu nhau nen theo bat fiang thoc sap xep lai, ta co

2,2

é X2y . 8 §2y22
oo A0+ Y)Y+ ) o X HY

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh
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4 4
8518 BN s (ery )

0 &x+8 2L 5 20y+yz+ 29

Xy(X y)

(@)
N[
SD
—_
><
=
N
w

o (x- y)*
ax+y

3 0 (fung)

(&)

P fpcm.
Nang théc xay ra khi va chz khi a=b=c.

b) Nat a=x?,b=y? c=7* (x,y,z>0). Bat fiang théc can chéng minh trd thanh

X3 y? z X+y+z
+ 3
\/x4+x2y2+y4 \/y4+y222+z4 \/Z4+22X2+X4 J3
2
. X3 v z O ax+y+z8
U + T3 <
(é\/x +xy +y* \/y4+y222+z4 \/z4+22x2+x45 & 3 5
04 7+24 <y ?
oc X HXCY 4y cch(x Y2 +y (Y + Y22 + 2
5 X2 + Y2+ 22 + 2xy + 2yz + 27X
3
6 6
X o) Yy
LOu yiran - =0
y gax+xy+y géx4+xzy2+y4
Do fio, bat fiang thdc can chéng minh t6ong A66Nng VoI
1o xXP+y° 28 xy? .

2 e X+ Xy +y Cyc\/(x +x2y2 + Yy (y* + 222 + 2%
X2+ y? + 2%+ 2xy + 2yz + 22x
3

3
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X3y3 lé &;(2+y2+4xy_ 3(X6+y6) 9
o O + X2y + Y)Y + Y22 + 2 2'0c& X'+ Xy +yt g
2 6x’y’ ;8 6XY°- (x- Wi(x+y)’

oy \/(x“ +X°y2 + Yy (Y + VP22 + 7Y o X'+ x2y? +y

()

6a

([an)

| | ‘ae x3y3 y323 Z3X3 o |
Mat khac, del thay —, —, — :va
JO+33y2+y*) Lyt + Y222 + 2 J(z + 222 +2')

1 1 1 0 < i
Iahal day fion fileu
éJ(x 2y vy Y +y2+ ) @+ B )

ngodc chieu nhau nen theo bat fang thoc sap xep lai, ta co

o Xy 3 8 Xy

cvcx/(x DY Y)Y Y42 e X XY Y

ToI fay, ta suy ra iieu phai chdng minh.

Nang théc xay ra khi va chz khi a=b=c.

Bai toan 106. (Phan Thanh Viet)

Cho cac so khong am a,b,c. Chéng minh rang

U N P - o
a’+ab+b?> b?+bc+c? c?+ca+a? at+b+c

LOi giai.
Ta co

TR (a+b+c)gaa-aabﬂ+3abc 2o

a+b+c a+b+c a+b+c

+g a*- § ab

cyc cyc
Do fio, bat fiang thdc can chdng minh t6ong fiddng voi

4

o a o o O 3abc
-aa +qabsd

a a a atbhic

2 2
oc @ +ab+b o oy
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& a' 0
: ga’ +2‘1b+b2 “rebs a?rat?ic
oy € 2

~ o ab® . 3abc
U a 2 2
oqc @ +tab+b” a+b+c

([an)

Ap duing bat fiang thoc Bunhiacopxki, ta co

a o’ 0390 a’ +ab+b* 0 =3 (a+b+c)
v’ fS a5

ab® a+b+c)?

P aa +ab+b23 ( o a2+)b2
3+a
cyc

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

(a+b+c)* , 3abc
3+8 a®+b*> a+b+c
oc @b
U (a+b+c)®3 9abc+3g c(a?+b?)
cyc
U a®+b®+c®3 3abc (fiung theo biit AM-GM)
P fipcm.

Nang thoc xay ra khi va chz khi a=b=c.
Bai toan 107.
Chéng minh rang véi moi so dé6ng a,b,c thoa abc =1 ta co bat fiang théc

a’ b’ c? , 1

(2a+b)(1+ab) * (2b+c)(1+bc) * (2c+a)(1+ca) 2

LOi giai.
ia,b,c>0 X 7z
0 nen ton tai cac so déong x,y,z sao cho a=—, b:X va c=—.
jabc=1 y z

Khi fio, bat flang thdc can chéng minh trd thanh
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o x2y? , 1

A Zr ) xty) 2

Ap duing bat fiang thoc Bunhiacopxki, ta co

é_ x2y? 1 é_ Xty
o ZZ+2X)(X+Y)  XyZ o XY(Z° +2XY)(X+Y)
1 (X2y2 + y222 + 22X2)2
Xz Q xy(Z° +2xy)(x+Y)
cyc

_ 1 (X2y2+y222+22x2)2

XyZ 2Xyz(Xy + yz+ 2) + 28 Xy* (X +Y)

cyc

_ (X2y2 + y222 + 22X2)2

2xyz(X°y? + Y2 7% + 2°X°) (X + y + 2)

3

XY+ P2+
2xyz(x+y +2)

s 1
2

P fipcm.
Bai toan 108. (Vasile Cirtoaje)
Cho cac so thdc a,b,c. Chéng minh rang

3(1- a+a®)(1- b+b?)(1- c+c?)3 1+ abc +a?b?c?

LOi giai.
S0/ duing fiang thoc

2(1- a+a®)(1- b+b?*) =1+a’0’ +(a- b)>+(1- a)*(1- b)®
Ta co

2(1- a+a?)(1- b+b?)3 1+a%?
Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh

3(1+a’b?)(1- c+c?)3 2(1+abc+a’b’c?)
U f(c)=(3+a%h?c?- (3+2ab+3a’h?)c+1+3a’h?3 0
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Ta co
D, =-3(1- ab)*£0
Do fio
f(c)s 0
Nang théc xay ra khi va che khi a=b=c=1.
Bai toan 109. (Vasile Cirtoaje)
Chéng minh rang vdi moi so khong am a,b,c,d thoa a?- ab+b* =c?- cd +d? ta

co bat fiang thoc

(a+b)(c+d)3 2(ab+cd)
LOi giai.
Nat f(a,b,c,d)=(a+b)(c+d)- 2(ab+cd)

Khong mat tinh tong quat, ta co the gia s6 c+d 3 a+b3 0. Khi fio, ta co

f(ab.c,d) - f(a,b,\/cz- od +d% 22 - cd+d2):
:(a+b)(c+d- N cd+d2)+2(c- d)?

P23} 0
:(C_ d)2 2. 3(a+b) =

& ct+d+2Jc- cd+d? g
30 (doc+d3 a+tb30)

Do ol

f(ab,c,d)3 f(a,b,\/cz- od +d? - cd+d2)

- f(a,b,\/az- ab +b? a2 - ab+b2) )
Tiep theo, ta se chong minh
f(a,b,\/az- ab+ 0 \/al - ab+b2)3 0 )
That vay

2) 0 2(a+b)a?- ab+b? 3 2(a2 +b?)
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U (a+b)?(a’- ab+b?)3 (a®+b?)?
U ab(a- b)*3 0 (fiung)
To (1) va (2), ta suy ra fileu phai chéng minh.
Bai toan 110. (Pham Kim Hung)

Cho cac so d6bng a,b,c. Chong minh rang

a%l+b202+a%+c O+a%1 26 , 12(a° +b* +¢°)
ey T T by arbec
LOi giai.
Ta col
® b262 0262 & cO 12(a® +b* +
+— - +6%+—; +ca+—- (a C)
¢a C  ay € b. a+b+c
e o g € o
2 4 3 3 3
0 éa2+2§£+§ 2 s 5 1@ +b"+c)
oyc oyc ¢ D atb+c
Zag%ii+ac 2ab_+a9—+b2 20! O
cyce (4] Cyce 1]
O 12(a +b*® +c?) s Lo o
+2 ab- - 4@ +b“+c
ga a T hic ( )
2 .
N 0
0 & (b- 2o +— 2 +2(a+b)-4+30
oy gc” at+b+c c @
Nat
2
B 4a 2(a+b)
S, ==+ -4
c© at+b+c C
2
S):C—2+ 4b +2(b+c)_4
a- at+b+c a
2
SC:a_2+ 4c +2(c+a)_4
b a+b+c b

Bat fiang thoc can chdng minh t6éng n6ong voi

S,(b- c)*+§(c- @) +S(a- b)*3 0
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Col 2 tr6dng hop xay ra
+ Troong hop 1. c2 b3 a>0. Khifio,taco § 2 0.
Ta co

b> ¢® 4(a+b) L 2(a+b)  2(b+c)

S+S =—+—+ -830
2t S c® a’ a+b+c c a
2 2
V|b_+C_3 2§ 20342_b
c® a? c a a
2 2
S +S = _+c_2 4(b+c)+2(a+c)+2(b+c)_830
a- a+b+c b a
2
v|a—2+—32@ M542Ca,
b? a2 b a a

Do fio
S,(b- )’ +S,(c- @)+ S,(a- b)* 2 (S,+8,)(b- ¢’ +(S, +S,)(@- b)*2 0

+ Trodng hop 2. a® b3 ¢>0. Khifio,taco S, 2 1S 3 -1,

Ta co
2 2
Sa+280:b—2+202 N 8b+4a +2(a+b)+4(b+c)_ 123 0
Vi 4a+8b34§ 2b34§§ 3 4
at+tb+c cC a a c
2 2
Sa+430=b—2+402 +16b+4a+2(a+b)+8(b+c)_ 20
C a“~ a+tb+c C a
2 2
3b_2 402 +8b+4a+2(a+b)+8(b+c)_16:f(b)
C a“~ atb+c c a

De dang kiem tra f (b) la ham fiong bien. Do fio

2

f(0)3 f(c)="C 1Z° 28 93 2/32- 951

+ Khanang2.1. a+tc£2bU 2(b-c)3 a- c3 0Ub-c3 a- b3 0.
Neu S, 2 O thi ta co ngay fipcm. Neu § £0, thi
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S.(b- )’ +S(c- @) +S,(a- b)*2 (S, +4S,- D(b- ©)*2 0
+ Kha nang 2.2. a+c?3 2b.. Khi fio, ta se chong minh S, +2§ 3 0. That vay,
ta co

_a? 2¢® 8b+4c 2(@+c) 4b+c) _
S°+2%_F+a2+a+b+c+ . + . -12=9(c)

+ Kha nang 2.2.1. a® 2b. Khi fio, do g(c) la ham tang nen

a> 8 4b 2a
g(c) 3 9(0)=F+a+b+z+—- 123 0

b, 1

'atb 3

2
a % 35’E+4_b3 4’a_+236
b a+tb b a 2 Db
+ Kha nang 2.2.2. a£ 2b. Khi fio, do g(c) la ham tang nen

2 2
g(c)® g(2b- a>:%+i%+%b- % % 0 (do 2b% a3 b)

Vay
S,(b- )’ +S,(c- @)+ S,(a- b)* 2 (S, +25)(b- 0)*+(S, +25)(a- b)*2 0
Tom lai, trong moi trédng hdp, ta luon co

S,(b- ¢)*+S,(c- @)’ +S,(a- b)*3 0 (fipcm)
Nang théc xay ra khi va chz khi a=b=c.

Bai toan 111.
Chong minh rang véi moi so déong a,b,c,d ta co bat fiang thoc

b(a+c)+c(b+d)+d(c+a)+a(d+b)3 4
c(a+b) d(b+c) a(c+d) b(d+a)

LOi giai.
Ta col bat flang thdc can chong minh t66ng AG6Nng vOi
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b+d)ae C N a 23
&d(b+c) b(d+a)g
a+c N b+d 0,
+b)(c+d) bd(b+c)(d+a)

a+C)ae b N d ('?
gc(a+b) a(c+d)y

+(

(

0 (abc+abd +acd + bed) geac(a

e 1 1 1.1 O
+ = +

.C — —+— +
@] ﬂ_+é+é+£99 a C + b d +3 4
%a b c dgead load 16 ad  léedl | 16-
a6 o= s

S%a bpEc dp b cosd  asp

Ap dung bat fiang thdc AM-GM, ta co

> 1,1 1,19
4, 1,110 ac , bd I

&€ b c dpted 16l 16 od  1ced , 10-
il Mg el S et Sl gt Nt
§&a bgic dg & cpEd apy

€ 1.1 1 1
s 1.1 168  a' ¢ b d
~ 44+ =26 a ¢ +

3 4 :
g b c d ool 1+1+1Q2 6éL+1+}+1.-'

Ca'bc dy S b c dbg

=4
P fipcm.
Bai toan 112. (Vo Quoc Ba Can)
Chong minh rang voi moi soi thdc doong a,b, ¢ ta co bat fiang thoc
1 1 1 2+2+233+3+3

—t—+—+
33 3b 3 a+2b b+2c c+2a 2a+b 2b+c 2c+a

LOi giai.
Trodc het, ta chéng minh Bo fie sau
Bo fie. V&I moi so thdc dodng X, Y, z ta co bat fiang thoc
Xy 2+ 2xy + Yz + 2X°) 2 3y +yiz+ Z2°X)
Chdng minh.

Ta co
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XC+ Y+ 720+ 2(xy? + yz' + 2X) 3 3y + y*z+ Z°X)
U 30C +y’+2) +6(xy° +yz° +2¢) 2 (XY + y°z+ 2°X)
6
0 & (2 +y- 3Cy) +6¢8 - & x°y22 0
cyc cye cye @

U & (x- y)2(2x+y)+6(x- y)(y- 2(z- x)3 0

cyc

O & (x- y)2(2x+y)+2§ (x- y)*3 0

cyc cyc

a (x- y)*(4x- y)3 0

cyc

Nat S, =4y- z,S,=4z- x,S, =4x- y

()

Bat fiang thoc can chdng minh tr6 thanh S (y- 2)* +S,(z- X)* +S,(x- y)*2 0
Co 2 tr6Gng hop xay ra
*Tréong hop 1. x£ y £ z Khifio, taco S, 2 0. Ta lai co
S, +S,=4z- y+3x3 0
S, +5,=3z+4y- x3 0
Chuy rang (z- X)?3 (x- y)*+(y- 2)% nentaco
S(Y- D°+S,(z- )°+S,(x- Y)*3 (S +S))(Y- D*+(S, +S,)(x- ¥)*2 0
*Trodng hdp 2. x3 y3 zb §,S,% 0. Neu S, 2 0 thi ta co ngay fipcm, do fio ta
chz can xet trédng hop S, £0 la fu.
+ Troong hop 2.1. 2y3 x+zpb 2y3 x Khifo, taco
S +25,=4y- 2x+7z3 0
S,+2S, =2x- y+8z3 0
Mat khac theo bat fiang théc Bunhiacopxki thi (z- x)? £ 2(x- y)? +2(y - 2)°.
Do fio

S(y- 2°+S,(z- 9> +S,(x- y)*3 (S, +2S))(y- 2° +(2S, +S,)(x- y)*3 0
+ Troong hop 2.2. x+z3 2y U 2(x- y)3 x- z3 0.
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+ Troong hop 2.2.1. (\@ 1)x+ 23 By U /3(x- y)3 x- z3 0. Khi fio,
ta co

S,+35, =x- y+12z3 0
Do o

S(y- 2% +S,(z- X*+S,(x- ¥)*3 (35, +S,)(x- ¥)** O

+ Trodng hop 2.2.2. (\@ 1)x+ zEByU y- z3 (\@ 1)(x- y)3 0.
Khi fio, ta co

2

S,(V3-1) +4s,+5, =(15- 8/3) y+2(6++3) 22 0

Do o
2 I

Su(y- 27 +5,(z- %7+ S,(¢- )2 85, (V3- 1) +45, +5,%(x- y)*2 0
Tom lai, trong moi trédng hdp, ta luon co

S(y- 2 +S,(z- X)*+S,(x- y)*2 0
Bo fie iddic chong minh hoan toan.
Nang théc xay ra khi va che khi x=y =z
Tro lai bai toan cua ta
Ap dung Bo fie tren voi x=t%y =t°,z=t° (t >0), ta fivoC

t3a +t3b +t3c +2(ta+2b +tb+20 +tc+2a)3 3(t2a+b +t2b+c +t20+a) "t>0
b t3a—1+t3b—1+t3c—1+2(ta+2b—1+tb+2c—1+tc+2a—1)

3 3(t2a+b—1+t2b+c—1+t20+a—1) "t>0
1
p c\11:361—1_'_1:3b—1 +t3c—1+2(ta+2b—1+tb+2c—1+tc+2a—1))dt
0
1

3 §(t2a+b—1+t2b+c—1+t20+a—1)dt
0
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~ 1 1 1 2 2 2 3 3 3
-+ —+—+ + + 3 + +

33 3 3 a+2b b+2c c+2a 2a+b 2b+c 2c+a
P fipcm.

Nang théc xay ra khi va chz khi a=b=c.
Bai toan 113.
Chong minh rang voi moi so thdc dodng a,b,c,d ta co bat fiang thoc

a-b N b-c N c-d N d-a
a+2b+c b+2c+d c+2d+a d+2a+b

3

LOi giai.

Ta col bat flang thdc can chong minh t66ng AG6Ng VoI
2a- 2b N 2b- 2c N 2c- 2d N 2d - 2a
at2b+c b+2c+d c+2d+a d+2a+b

g ®2a-2b 6 @d-2c 6,

a+2b+c g &b+2c+d g
+aez(;-Zd N 9+ae2d-2a +1934
8c+2d+a g8d+2a+b 7]
3a+c b+d 3c+a 3d+b
+ + + 4
a+2b+c b+2c+d c+2d+a d+2a+b
2ae a N b N c N d 9+
8a+2b+c b+2c+d c+2d+a d+2a+bg
,ea+c  b+d  c+ta _ d+b 93
8a+2b+c b+2c+d c+2d+a d+2a+bg

3

>

>

Ap duing bat fiang thoc Bunhiacopxki, ta co
a b C d B
+ + + =
at2b+c b+2c+d c+2d+a d+2a+b
a’ b? c? d?

+ + +
a(a+2b+c) b(b+2c+d) c(c+2d+a) d(d+2a+b)
(a+b+c+d)?
a(a+2b+c)+b(b+2c+d)+c(c+2d+a)+d(d +2a+b)
_(a+b+c+d)’
(a+b+c+d)?

=1

3
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e a b , ¢ , d &
Sa+2b+c b+2c+d c+2d+a d+2a+bg

@)

Mat khac, ap dung bat fiang thoc AM-GM, ta lai co

a+c N b+d N c+a N d+b _
a+2b+c b+2c+d c+2d+a d+2a+b
@t v L Opig® L, 1 0O
8a+2b+c c+2d+ag 8b+20+d d+2a+bg

4 4
+(b+d).
(a+2b+c)+(c+2d +a) (b+2c+d)+(d+2a+b)

3 (a+0).

Toi (1) va (2), ta suy ra fileu phai chéng minh.
Nang théc xay ra khi va chz khi a=c,b=d.
Bai toan 114.

Cho cac so d6dng a,b,c. Chong minh rang

2 2 2
2 2 2+ 2 b 2+ 2 © 231
a+ab+b° b°+bc+c® c“+ca+a

LOi giai.
Do ca 2 ve cua bat fiang thoc fial cho fiong bac nen khong mat tinh tong quat, ta

co the gia sé abc=1. Nat a :X,b :E,c =X (x,y,z>0). Khi fio, bat fiang thdc
X y z
can chdng minh trd thanh

o) X4

4 2 2.2
o X +XCyz+ Y’z

31

Ap duing bat fiang thoc Bunhiacopxki, ta co

4 2 2 2\2
0 X 5 (x*+y +29

° X+ XPyz+ V2R Xy + 7+ XRYR + P2+ 2 + xyz(X + Y + 2)

Do fio, fie chong minh bat fiang thoc fia cho, ta chz can chdng minh
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OC+y2+22)23 x4+ v+ 24+ Xy2 + V222 + 22 + xyz(X + Y + 2)

U Eé Z*(x- y)?3 0 (fung)
2 e

P fipcm.
Nang théc xay ra khi va chz khi a=b=c.
Bai toan 115.
Chong minh rang voi moi soi thdc doong a,b,c ta co bat fiang thoc

a’- bc b%- ca . c’- ab

30
J722+202+2c2  J7Th2+2c2 +2a%  \J7c? +2a2 + 2h?

LOi giai.
Ta col bat flang thdc can chong minh t66ng AG6Nng vOi

0 2a° - 2bc

o \[ 782 + 207 +2¢2

0§ (@-b)(a+c)- (c- a)(a+h), ,
o N7a2+2p% +2¢°

~ & (a-b)fa+c) o (c-a)(a+b)
oc A 782+ 207 +2¢2 o A/ Ta% + 202 +2¢?

30

30

o e a+c b+c
U a(a-b)g
cye e

- 93 O
J7a% +202+2c2 \Tb?+2c% +2a% g
U S(a-b)?30

oye
Trong fio
g — (2Ab+ 0)(b® +¢?) +4a° +4a(b? +c?) - 3a’(b+c) - 10abc)y/2b? +2¢ +7a’
: (a+b)\7c? +2a2 + 207 + (a+ )\ 7b? + 2¢2 + 2a°
S = (2(c+a)(c? +a2) + 4b% + 4b(c? +a?) - 3b2(c+a) - 10abc)y/2¢2 + 2a2 + 7h?
(b+ )\ 7a% + 202 + 22 + (a+b)\/7c? + 2a% + 2b?
s = (Aa+ b)(a2 +b?) +4c® + 4c(a® +b?) - 3c%(a+b) - 10abc)y/2a2 + 207 +7¢?

C

(a+C)N7b2 +2¢% + 2a% + (b +c)\/7a2 + 2b? + 2¢2
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Ap duing bat fiang thoc AM-GM va bat fiang théc Bunhiacopxki, ta co
2(a+b)(a? +b?) + 4c® + 4c(a® +b?) - 3c?(a+b) - 10abc3
aa+bo aa+b o

&abo &abo

3 8—— = +4c+ —--62—--10
2 @ 8 & 2 8 2 g
0
—(a+b+20)é ?—bg-cha b;+207
@
30

Dofio S .3 0. Téong to, taco S,,§, 2 O.
Vay
S,(b- ¢)*+S,(c- @)’ +S,(a- b)*3 0 (fipcm)
Bai toan 116. (Vo Quoc Ba Can)
Chong minh rang voi moi soi thdc doong a,b,c ta co bat fiang thoc

a+b+c)2§§+b+303 9(a’ +b? +c?)

LOi giai.

Ta col bat flang thdc can chéng minh t66ng A66Nng vOi

3
a o
0 § ¢ +ab- 287 +a 2, - 2ab -+
Cyceb 7] Cyce c ﬂ

2 e
+2Q gai+ac- 2ab%3 53 a’- 5§ ab
cyc e C [4/] cyc cyc
2
- é_ a(aé) b) +§_ b(c- a)? +2§ a(b- c)
cyc

4 S.(b-)*2 0

cyc

a(a b)°

([a)
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Trong fio

b a 2a 5
S =—+—+—-—
c b c 2

c b 2b 5
=+ —+— - —
. a c a 2
SC:E+E+§- §
b a b 2

Co 2 tr6Gng hop xay ra
+ Troong hop 1. a3 b3 ¢>0. Khifio,taco S, 2 0.
+ Tréong hop 1.1. § 3 0. Khi fio, ta se chdng minh
S+S30
That vay

(*)U ﬂi+2_b0+@+§0 2C 35

8b aggc bg a

0 @+2_b0+%£ +EO+&£ +§O 5

8b ag 820 b g 820 ag
Ap dung bat fiang thdc AM-GM, ta co
b 2c;

32
2c; b
aAa 2bo+aeb+200 a 2b 2\/§
8b ag 820 ag b a

_aea 2bo 69 \/7 \/BO
€b ag <20

3 2+i

32
Do fio

aa 2bo+aeb +200 aeb ég 4+i>5

8b ag 82c bg%ZC ag 32
Vay (1) fiung.

Do ol
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S,(b- ©)*+§(c- @)’ +S(a- b)*? (§,+S)(a- b)*3 0
+ Trodng hop 1.2. § £ 0. Khi fio, ta se chong minh
S, +2530 (2
S.+2S,30 ©)
That vay, ta co

S+230 %_3+4_b0+23i+30+@_g
8 80 ag ¢ 2

34+4+3- 15
2
>0
P (2) fiung.

a 4bo aebcoSclS

S +2 —+—_ +2 —- =
> 8 80 bg a 2
34+4+O-E
2
>0
P (3) fiung.

Chuy rang (a- c)? £ 2(a- b)*+2(b- c)?
Do o

S,(b- ©)° +S,(c- @)’ +S,(a- b)* 2 (25, +S)(a- b)* +(S, +25,)(b- ¢)*2 0
+ Troong hop 2. c2 b3 a>0. Khifio,taco § >0.Theo (1),taco §+S.3 0

Ta se chdng minh

8,+§°0 (4)
That vay
ab ao o 2ao 2b
S, + —+— —=x+—-5
> = 8 bg 8a Cg C
3 3+2/2+0-5

>0
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P (4) fiung.
Do fio

S,(b- ©)?+S,(c- )2+ S(a- b)?3 (S, +S)(@- b)?+(S,+S,)(b- ©)*2 0
Tom lai, trong moi trédng hdp, ta luon co

S,(b- ¢)? +S,(c- a)* +S(a- b)?3 0

P fipcm.

Nang théc xay ra khi va chz khi a=b=c.

Bai toan 117.
Cho cac so thdc doong a,b,c thoa abc =1. Chéng minh rang
e 1 1 1 O 16

4(; 2 T 2 T z+E1+
ga(l+bc)® Db(l+ca)® c@+ab) 4 (1+ab)(1+bc)(1+ca)

LOi giai.
Ta col bat flang thdc can chong minh t66ng AG6Nng vOi
43 1 SE1+ 16
oc a(1+bc) (1+ab)(1+bc)(1+ca)
2
0 45 a _£1 16abc
oc a(a+abc) (a+abc)(b+abc)(c +abc)
~ o a 16

43 SE1+
o (@+1) (a+(b+1(c+1)

Nat x:i- Ly:i- Lz:il- 1 thi ta co

a+l b+1 c+
1- )1- y)2- 2 =1+ XA+ y)A+2) P X+y+z+xyz=0

Bat fiang thoc can chdng minh trd thanh
1- x)A+x) +(A- y)A+y)+(1- 2)1+2) £1+2(1+x)(1+y)(1+2)
U X +y*+ 22+ 2(xy + yz+ 2) + 2(X+ y + 2+ Xyz) 3 O
U (x+y+2)?3 0 (flung)
P fipcm.
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Bai toan 118. (Pham Van Thuén)

Cho cic s6 khong 4m a,b,c thda a® +b? +¢? =1. Chiing minh ring
3

3 3
a b
+ + >.2
b?-bc+c? c’-ca+a’ a —ab+b2

Loi gidi.
Ta c6 bat dazlng thiic can chiing minh tuong duong vdi

>/2
sz bc + ¢?

cyc

<:>Z o (b+c)>\/_

cyc

@Z( (b+c)+b+cj>2(a+b+c)+\/_

cyc

3
Za;ﬂ(b+c)>2(a+b+c)+f
cyc
e @ +b*+c%).> — L >>2(a+b+c)++/2

oo & —ab+

Ap dung ba't ding thitc AM-GM, ta c6

1 9
>
; 2_ab+b?  2(a’+b®+c?)—ab-bc—ca

Do d6, dé chitng minh bat ding thifc da cho, ta chi cAn chitng minh

9(a®+b*+c?)
2(a’ +b?+c®)—ab—bc—ca

2+2(a+b+c) *)

bit p=a+b+c,g=ab+bc+ca,r=abc>0=0<q<1 p=41+2q.
Khi d6
(*) = 9(p(L-q)+3r) = (2p++/2)(2-0)
<:>9p—9pq+27r24p—2pq—x/§q+2\/§
<:>5p—7pq+\/§q+27r22\/§
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C6 2 trudng hgp xay ra
+ Truong hgp 1. 29 <1.
Khi d6

(**) < f(q) =520+1-704/2q +1+\/§q+27r > 22

Ta c6
t(q) = ——— —7J2q41-—L0_ 12
J2q+1 J2q+1

B J2(2q+1) - (219 +2)
- J2g+1

2+ -219-2
B J2g9+1

21q

J2q+1

<0

= f(q) 1a ham nghich bi€n.
— f(q)> f@jzzﬁuwzzﬁ
= (**) ding.
+ Trudng hop 2. 2q >1. Khi d6, theo bat ding thitc Schur, ta c6

3 2
> 4pa-p° _ p(4q-p*) _p(2a-1) _
9 9 9

Do d6, d& chitng minh (**), ta chi cAn chiing minh

5p—7pq+x/§q+3p(2q—1)22x/§
< 2p- pq+x/§q22\/§
< 9(q) = 229 +1- g2 +1++/29 > 22

Ta co

/ 2 q
= —J20+1 ———++/2
9@ J2q+1 a+ ,/2q+1Jr

428



_yJ2(29+1) -3q+1
NI

s J2+1) -3q+1
- J2q+1
_3(1-q)

J2q+1

>0 (dogq<l)

= g(q) 12 ham ddéng bién.
1
=9(0)> Q(EJ =2y2

= (**) ding.
T6ém lai, trong moi trudng hgp, ta ludn cod

a b® c?
+

+ zﬁ dpcm
b?-bc+c®> ¢’ -ca+a’ a’-—-ab+b? (dpem)

Ping thiic x4y ra khi va chi khi (a,b,c) = (

1 1 Oj
J2'J2t)
Bai toan 119. (Belarus 1998)

Chitng minh ring v6i moi s6 duong a,b,c ta c6 bat ding thitc

a b c_a+b b+c
—+—F—=2 +——+1
b ¢ a b+c a+b
Loi gidi.
+ Cach 1.

Ta c6 bat ding thifc can chitng minh tuong duong véi

ab?+bc?+ca’?—3abc_ a+b b+c
> + -2
abc b+c a+b

abc ~ (a+b)(b+c)
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- (a_b)z(a—abb:3c]+(b_c)z(b—c+3aj+

abc
+(c—a)? c—a+3b 6 S
abc (@a+Db)(b+c)
bit
Sa:b—c+3a
abc
S_c—a+3b_ 6
° abc  (a+b)(b+c)
SC:a—b+3c
abc

B4t ding thitc cAn chitng minh trd thanh S, (b—c)® +S, (c—a)* +S,(a—b)* >0
C6 2 trudng hgp xay ra
+ Truong hgp 1. a>c>0.

+ Trudng hop 1.1 a>b>c > 0. Khi dé, tacé S,,S, > 0.

a’'~c —
+ Truong hgp 1.1.1. b+c>a. Khi d6, ta cé

~c-a+3b 6

" abc  (a+b)(b+c)

_(b+c-a)+2b 6

B abc  (a+b)(b+c)

L2 6

ac (a+b)(b+c)

_ 2(ab+Db(b+c)—2ac) 50
ac(a+b)(b+c)

Sp

Do d6
S,(b—c)*+S,(c—a)’+S,(a-h)*>0
+ Truong hgp 1.1.2. a>b+c.

Khi d6, xét ham s6 f(a)= 2424 S _3+b _b+c
C

+———— -~ " 1véia>b+c
a b+c a+b

Ta co6
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1 ¢ 1 b+c

flla)==-—- +
@ b a® b+c (a+b)?
c C b+c
= _
b(b+c) a* (a+b)’
>0

= f(a) 12 ham d6ng bién.

b+c b c 2b+c b+c
= fa)= f(b+c):T+E+b+C_ b+c _2b+c_1

9 c 2b b+c
c

b b+c 2b+c

Ta lai co
f(b+c)>0 ™
That vay
(*) < (0% +c®)(b +c)(2b+c) — 2b*c(2b +¢) —bc(b +¢)* > 0
< (b—c)?(2b+c) +b%(b—c)+2bc® >0 (ding do b>c >0)
= (*) dung.
= f(a)>0

a b ¢ a+b b+c
= —4+—+—>—+—+1
b ¢ a b+c a+b

+ Truong hgp 1.2. a>c>b > 0. Khi d6, ta cé S,,S, > 0.

Ta cé
Sb+SC=2b+4C— 6
abc (a+b)(b+c)
S 4c 6

“abc (a+b)(b+c)
_ 2(2(a+h)(b+c)—3ab)
~ ab(a+b)(b+c)
_ 2(2b” + 2bc + 2ac —ab)
~ ab(a+b)(b+c)

>0
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Do a>c>b>0 nén (a—b)’>>(a—c)?. Do d6
S,(b—c)®>+S,(c—a)®+S.(a—h)*>(c—a)*(S,+S,) >0

+ Truong hgp 1.3. b>a>c > 0. Khi d6, ta c6

_ b-c+3a S
abc

:c—a+3b_ 6
abc (a+b)(b+c)

26

ac (a+b)(b+c)

_ 2(b* +ab+bc - 2ac)
ac(a+b)(b+c)

>0

S 0

a

Sb

C:4a+202

abc

S,+S 0

a

Do b>a>c¢>0 nén (b—c)*>(a—b). Do d6
S, (b—c)®+S,(c—a)’+S.(a—h)*>(a-h)*(S,+S.)=0
+ Truong hgp 2. c>a>0.

+ Truong hgp 2.1. c>b>a>0. Khi do, ta c6

S :wz

abc
S_c—a+3b_ 6
7 abc  (a+b)(b+c)
>C+2b_ 6

abc (a+b)(b+c)
>3 6

ac (a+b)(b+c)

_ 3(b*+ab+bc-ac)

~ ac(a+b)(b+c)

>0

0

c
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6

S 43 _2a+4b
@ abc (a+b)(b+c)
3 6

2__—
ac (a+b)(b+c)

_ 3(b*+ab+bc-ac) -0
ac(a+b)(b+c)

Do c>b>a>0 nén (c—a)’>>(b—c)? Do dé
S,(b—c)*+S,(c—a)’+S.(a—h)*>(b—c)’(S,+S,) >0

+ Truong hgp 2.2. c2a>b>0. Khidé,tacé S, >0.

+ Truong hgp 2.2.1. c>a+b>0.
_axb_bre 4 sicsash

Khi d6, xét ham s6 g(c) = 2+ 2+ &
b ¢ a b+c a+b
Ta co
/ 1 1 a+b
C)=———- +
9'() a ¢ a+b (b+c)
__ b b _a+b
a(a+h) c¢* (b+c)’
>0
= g(c) 12 ham ddng bién.
a b a+b a+b a+2b
c)>g(a+b)=—+ + - - -1
= 8e) =gl ) b a+b a a+2b a+b
_a_ b 2a+3b
b a a+2b
Ta lai co
g(a+b)>0 (**)
That viy

(**) < (a% +b?)(a+ 2b) —ab(2a+3b) > 0
< 2b*-2b%a+a’®>0 (ding)

= (**) dling.
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a+b b+c
>——+——+1

a b c
= —4+—4+—=
b ¢ a b+c a+b

+ Truong hgp 2.2.2. a+b>c. Khidd,tacod S, >0.

Ta c6
SaJer:2a+4b_ 6
abc (a+b)(b+c)
S 2¢C 6

“abc (a+b)(b+c)

_ 2((a+b)(b+c)—3ab)

~ ab(a+b)(b+c)

_ 2(ac +bc +b* — 2ab) .
ab(a+b)(b+c)

Do c>a>b>0 nén (b—c)*>(c—a)’. Do dé

S,(b—c)*+S,(c—a)®*+S.(a—b)*>(c—a)*(S,+S,) =0
+ Truong hgp 2.3. b>c>a>0. Khi dé, ta cé

Sazwz
abc
Sb:c—a+3b 6

abc  (a+b)(b+c)
>3 6

~ac (a+a)(c+c)
3

B 2ac
>0

0

+ Truong hop 2.3.1. c+a>b>0. Khi dé, ta cé S, 0. Do dé
S,(b—c)®+S,(c—a)*+S,(a-b)*>0
+ Truong hop 2.3.2. b>c+a.

Khi d6, xét ham s6 h(b) = 2+ 24 C_3FB_B*C 4 ipscra,
C

Ta co
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2

+( - )[ : 2)20
b%c (b+a)’ (b+C)

— h(b) 12 ham déng bi€n.

h'(b) =

a+Cc Cc 2a+cCc a+2c

:>h(b)2h(a+c):i+—+——
a+c c a a+2c 2a+c

__a .a, C 2a+c a+2c

a+c c a a+2c 2a+c

( __Zj (2a+c+a+2c_2j

a+c a+2c 2a+c
_a +(c—a) _ (c-a)’

a+c ca (a+2c)(2a+c)

=2 (c-ap| = . >0
a+c ca (2a +c)(a+2c)

Toém lai, trong moi trudng hgp, ta ludn cod

E+E+£>a+b+b+c+1

b ¢ a b+c a+b

Ping thifc x4y ra khi va chi khi a=b=c.
+ Cach 2.
Ta c6 bat ding thifc can chitng minh twong duong véi

a(a+b)(b+c) N b(a+b)(b+c) N c(a+b)(b+c) S
b c a B
> (a+Db)2 +(b+c)’ +(a+b)(b+c)

2 2
<:>E+a2+ab+ac+w+b2+ab+c2+bc+mz
c a

>a’+ac+c?+3b%+3ab+3bc

2

2
=N abc+b (a+b)+bc(b+c) > ab + 2bc + 2b?
c a

Ap dung bt ding thitc AM-GM, ta ¢
1(a’c b*) 1(a% bc®) 1(b® bc? Z(a cj
Sl ol Pl i Tl e R R
2{ b ¢ 2( b a 2\ c a c a

435



4
> ab+(\/ac3 +,/E]+ 2b?
a

> ab + 2bc + 2b?
2 2
a C+b (a+b)+bc(b+0) > ab + 2bc + 2b?
b c a

= dpcm.

Ding thifc x4y ra khi va chi khi a=b=c.
Bai toan 120.
Chitng minh ring v6i moi s6 thuc khong Am a,b,c ta c6 bat ding thitc

1 N 1 N 1 S 3
a?—ab+b? b?>-bc+c® c?-ca+a? ab+bc+ca

Loi gidi.

Khong mat tinh tdng quat, ta ¢ thé gid st ¢ = min{a,b,c}. Khi d6, ta c6

1 1
0<b?-bc+c?<b?® |b2_perc? bl
=
0<c’-ca+a’<a’ 1 S 1
c’—ca+a’® a?
Do dé
(S S S
a?—ab+b? b’-bc+c® c?-ca+a’ ab+bc+ca
1 1 1 3
2 Tt T
a“—ab+b- b c¢° ab+bc+ca
>;+i+i_i
“a’—-ab+b? b®> a’? ab
B (a—b)“
a’b?(a® —ab+b?)
>0
= dpcm.

Ping thifc x4y ra khi va chi khi (a,b,c) = (t,t,0) (t > 0).
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Bai toan 121.
Tim k 16n nhit sao cho v6i moi s6 khong Am a,b,c ((a+b)(b+c)(c+a)>0) ta

c6 bat ding thic

a_ b LG ( 1,1 1 j
b’+c® c*+a® a’+b® \a+b b+c c+a
Loi gidi.
Cho a=b=1,c=0 ta suy ra dugc kgg. Ta chitng minh day 1a gi tri can tim, tifc

la chitng minh

a b c 4 1 1 1
—— t 55t 22—.( + + j
b+c c“°+a° a‘+b 5\a+b b+c c+a

+ Cach 1.

Do 2 v€ clia bat ddng thic trén ddng bic nén khong mat tinh tdng quit, ta c6 thé
v 5 1 1 e
gia sit a+b+c=1. bat q=ab+bc+ca,r :abc:>§2q >0’EZ r>0. Khi do,

ta co

> a(@’+b*)(a* +c?)

a e
Czyc: b2+c® (a?+Db?)(b?+c?)(c’ +a?)
> a(a’(a®+b*+c?)+b*c?)
_ cyc
(a% +b? +¢?)(a’h? + b%c? + c?a?) —a’h’c?
_ (@®+b*+c*)(@® +b? +c?) +abc(ab + be + ca)
(1-20)(q” —2r)—r?
(Br+1-3g)(1-2q)+qr
—r*-2r(1-29) +q*(1-29)
_(8-50q)r+(@-2q)(A-3q)
—r>-2r(1-29) +9*(1- 2q)
Y (a+b)(a+c) Y (a(a+b+c)+bc)

Z l — cyc — cyc :q+1
o a+b (a+b)b+c)(c+a) (a+b+c)(@ab+bc+ca)—abc qg-r
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Do d6, bat ding thifc cAn chitng minh trd thanh
(B-5q)r+(1-29)(1-3q) _4 1+q
—r’-2r(1-29)+9°(1-2q) 5 -r+q
< f(r)=(299-1Dr? +(3+329-719")r + q(1—29)(5+q)(1-4q) =0

Ta c6
f/(r)=2(299-11)r + 3+ 32q - 719°
>2(29q —11).2—17+ 3+32q9-719°

59 922 : 1
=2 222 4719720 (do0<q<>
37 gy 9720 (do0=a=3)

= f(r) 1a hAm ddng bién.

+NE&ul>4q thitacé f(r)> f(0)=g@-29)(5+9)1-4q)=0

+ N&u 4q >1 thi theo ba't ddng thitc Schur, ta ¢6 r > 4q9_1 >0. Do d6

3 2
Fr)> f (4q9—1] _2(49-1)(81q +81103q — 950 +19) >0

Tém lai, trong moi trudng hdp, ta ludn ¢6 f(r) > 0= dpcm.

Vay k ﬂ

max

+ Cach 2.

Ta c6 bat ding thitc can chitng minh twong duong véi

5a 4
Zb2+02 ZZ

cyc cyc b+c

5a(a+b+c) 4(a+b+c)
= >
g(; b? +c? g(; b+c

- Z10a2 +10a(b+c) 2+Y 8a
e b% +c? - SZb+c
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a’ a 2a’+bc 9
®8[2b2+cz_z Nzﬁz]

cyc cycb"'C cyc
N Za(b;rc);bc_ﬁ L9 Za(2b+<:2)_2 50
5o b°+cC 2 oo D7 +C
Do d6, dé chitng minh bat ding thitc da cho, ta chi cAn chitng minh
2
a a
> 1

%c:b2+c2 cyzcb+c @

2
Z2a2 +2022 )
oo b7 +C 2
Za(b+(:)—bc>§ 3)
& bP+c? 2
Za(b+c)22 ()
o b +c?

* Ching minh (1).

Ta c6

2

a a
Zb2+02 ZZ

cyc Cbe+C
a’ a

<:>Z — >0
e\ D°+Cc” b+c

o Z ab(az— b)z—ca(c— a) 50
5 (b +c%)(b+c)
ab(a-b) ca(c—a)
szc(b2+c2)(b+c) %(b2+c2)(b+c)‘
Z ab(a—hb) _Z ab(a—hb)

S (b*+c?)(b+c) 2 (@°+c’)(a+c)

< (@ +b*+c?+ab+bc+ca).y ab(a by’ >0 (ddng)
S (a° +c?)(b® +c?)(a+c)(b+c)

* Chitng minh (2).

Ta c6
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& b?+c? 2

40 + 2bc
‘:’Z(W‘?’jzo

Z2a2+bc>9

cyc

2 2 2
<:>Z4a -3(b° +c )+2bc2

0
" b? +c?
<:>Z(2a+3b—c)(a—b2)—(3a—b+3c)(c—a) 50
o b +c
(2a+3b-c)(a—b) (2a—b+3c)(c—a) S
- >0
chyc: b? + c? gc“ b? +c?
(2a+3b-c)(a—hb) (3a+2b-c)(a—h) S
- >0
chy;‘ b? +c° Cch a® +c?

_ h\2(942 22

<:>Z(a b)°(2a 4;2b2 02 (:(2a+b)+3ab)20
" (b®+c)(a“+c9)

< > (a-b)?(2a* +2b* —c* —c(a+b) +3ab)(a* +b*) >0
cyc

<Y (a—b)*(2a® +2b* — 2¢* + 2ab + (¢* —c(a+b) +ab))(a” +b*) >0

cyc

< 2) (a-b)*(a* +b® —c*)(@® +b*)+2> ab(a—b)*(a® +b*) -

cyc cyc

—(a-b)(b-c)(c-a).> (a-b)(@*+h*) >0

cyc

< 2> (a-b)’(a® +b’-c?)(a® +b*) +2> ab(a—h)*(a’ +b?) -

cyc cyc

—(a-b)*(b-c)’(c—a)* =0
Khong ma't tinh tdng quat, ta ¢ thé gid st a >b>c¢>0. Khi d6, ta c6

> (a-b)*(a®+b*-c?)(a* +b*) >

e
> (b—c)?(b® +c? —a®)(b? +c?) + (c—a)*(c® +a® —b?)(c* +a?)
> (b—c)?(b? + ¢ —a%)(b® +c?) + (b —c)?(c* + a® —b?)(b* +c?)
=2c’(b—-c)?*(b? +¢?)

>0

440



2) ab(a-h)*(a®+b*) > 2ab(a—b)*(a’ +b*) > 4(a—h)*a’h’

cyc

> 4(a—b)?(b—c)?(c—a)?
=2) (a-b)*(a®+b*—c?)(a’ +b*)+2) ab(a—b)*(a® +b?) -

cyc cyc

—(a-b)?(b-c)*(c—-a)’=0
* Chidng minh (3).
Ta c6

z a(b+c)— bc

& bP+c? 2

@Z(Za(b+c);2bc _1j20

b%+c

—(b?+c?)+2a(b+c)—2bc
@é b? +¢?

(b+c)(a-b)-(b+c)(c— a)
Qé b®+c?

(b+c)@a-b) (b+c)(c-a)
chy(:‘ b? +c? CZyC: b? + ¢? =0

<:>Z(b+c)(a—b) Z(a+c)(a b) 50

2 2
e DbT+cC o0 a’ +c?

>0

<:>Z(a b)z( c? +c(a+b)+ab)
" (b +c )(a +C )

< > (a-b)*(-c*+c(a+b)+ab)(@*+b*)>0
cyc

< > (a-b)*((—c® +c(a+b)—ab)+ 2ab)(a* +b*) > 0

cyc

< 2) ab(a-b)’(a’ +b*)+(a—b)(b—c)(c—a).> (a-b)(@®+b*) >0

cyc cyc

< 2) ab(a-b)*(a®+b*) +(a-b)’(b—c)’(c—a)* >0 (ding)

cye
* Chidng minh (4).

Ta co6
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> ab(a-b)*(a’ +b* +2c?) +8a’b’c?
Za(b+c) EPCT:
S b%+c? (@ +Db?)(b? +c?)(c* +a?)

jza(b+c) -

S b?+c?

Vay (1), (2), (3) va (4) dung. Tu day, ta suy ra dpcm.

Vay

K ==
5

max

* Cach 3.

Ap dung bat ding Bunhiacopxki, ta c6

Y a >(a+b+c)2
SSb?+c? D ab(a+b)
cyc

Do d6, dé chitng minh bat ding thitc da cho, ta chi cAn chitng minh

(a+b+c)? >ﬂ( 1 1,1 j
Y ab(a+b) 5\a+b b+c c+a

cyc

- (a+b+c)? J4 a’+b? +c?+3(ab+bc +ca)
D ab(a+b) 5 > ab(a+b)+2abc

cyc cyc

o 5(S +2P) S 4(S +3P)
Q Q + 2abc
< SQ +10abcS + 20abcP > 2PQ

Trong d6 S =a’+b*+c? P=ab+bc+ca,Q=> ab(a+b).

cyc
Dé thay
PQ =) a’h*(a+b)+2abc(S + P)

cyc

SQ=>> ab(a®+b*)(a+b)>2> a’h*(a+b)

cyc cyc
Tu day, ta c6 ngay dpcm.
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Vay

K ==
5

max

Bai toan 122. (Vasile Cirtoaje)
Chitng minh ring v6i moi s6 khdng a,b,c ta c6 bat ding thic

a’ N b? .\ ¢ .1
(2a% +b?)(2a® +c?) (2b*+c?)(2b®*+a?) (2c®+a?)(2c®+b%)  a+b+c

Loi gidi.
Ap dung bt ding thitc Bunhiacopxki, ta c6
(2a% +b?)(2a* +c%) = (a® +a? +b?)(a* +c* +a?)
> (a® +ac +ab)®
=a’(a+b+c)?

a’ a

= <
(2a% +b%)(2a*+c?) ~ (a+b+c)?

Tuong tu, ta co

b3 - b
(2b% +c?)(2b* +a?)  (a+b+c)?
c? c

<
(2c® +a%)(2c? +b?) ~ (a+b+c)?
Do d6

a’ b3 c? 1

+ + <
(2a® +b?)(2a* +c®) (2b%+c?)(2b*+a?) (2c*+a?)(2c’*+b?)  a+b+c
= dpcm.

Ping thiic x4y ra khi va chikhi a=b=c.
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Bai toan 123. (Pham Kim Hung)
Ching minh ring véi moi ddy s§ duong a,,a,,...,a, ta c6 bat ding thic

1 1 1 1 1 1
—+ +..+ L2 —+—+..+—
a a-+a, a+a,+.+a, a a, a,

Loi gidi.
N&u n=1 thi bAt ding thifc trén hi€n nhién ding.
Xétn=>2.

Ap dung bat ding thitc Bunhiacopxki, ta c6 véi moi s6 duong Xy Xpy.eny X, thl

X2 X5 X,
(A +a, +ota )| 2> (X Xy et %)
a, K
1 1 XX X,
— < = L+ 24+
a+a,+..+a, (X+X+..+x%) la a a,

Cho k chay tir 1 d&€n n rdi cong cic bat ding thitc trén lai, ta dudc

1 1 1 c, C C
—+ +..+ <124 40
a a+a, a+a,+..+a, a a a,
Trong d6
2 2 2
X X X —
C, k k k vk =1n

= >+ 5t 5
(X X+ o+ %) (X + X+t X)) (X + %X +...+X,)
Ta c6 thé chon X, =k Vk=1Ln. Khidé Vk=>2,tacé

2 1 1 1
c, =k >+ >+t >
A+2+..+k)* (1+2+..+(k+1) (1+2+...4+n)
= k? 4, 4 PR
k2(k+1)? (k+D*k+2)* = n?*(n+1)?°
<k? 4 + 4 +...+L
k2(k+1)?  k*(k +2) k?(n+1)?

£4[ 1 >+ ! >+t ! 2}
(k+1D)° (k+2) (n+1)
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1 1 1 j
<4 + +...4+
k(k+1) (k+1)(k+2) n(n+1)

1 1 1 1 1 1
=4 | —— + - +ot| ———
(k k+1j (k+1 k+2j (n n+1D

k n+l) Kk
Ngoaira
1 1
c, =1+ >+t 5
1+2) @+2+...+n)
4
:1+ﬁ+...+ﬁ
2°.3 n“.(n+1)
4
<1+ sttt o
2°.3 2°.(n+1)
1 1
=lts+.+t—
3 (n+1)
1 1
<l+—+..+
2.3 n(n+1)
2 3) 7 \n n+1
g 11
2 n+l1
<2
Do do6
¢, <2 Vk=1n

Tir day, ta suy ra diéu phai chitng minh.
Bai toan 124. (Pham Vin Thuin, V6 Qudc Ba Can)
Cho cdc s6 khong 4m a,b,c thda a?+b%+c?=1. Tim gid tri 16n nhét cia biéu
thirc
P=(a-b)(b-c)(c—a)(a+b+c)
Loi gidi.
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Trudc hét, ta xét trudsng hdp a=0. Khi d6, bai todn chuyén vé
“Cdc s6 khong 4m b,c thdéa b +c® =1. Tim gi4 tri I6n nha't ctia biéu thic

Q =bc(c—b)(c+b) =bc(c’* —b?) .
Khong mat tinh, tdng quét ta chi can xét c>b 1a di = ¢® > %

Ta cé

Q% =b?%c?(c* —-b?)? =c?(1-c?)(2c? -1)? = m(L-m)(2m—1)? = f (m)
Trong d6 m = c? Z%.

Ta c6
f/(m)=(@1-2m)(8m? —8m +1)

2+2 (dom>2)

f'(m=0<m=
(m) 1

2+\/§
4

Qua thi f/(m) d8i ddu tir duong sang Am nén

== vm>=
16 2

f(m)sf(zzﬁ) 1 1

1
=0Q0<—.
Q 4

Ping thiic x4y ra khi va chi khi b =

V2-\2 V2442
2 2

Vay
1
maxQ ==.
Q 4

TrG lai bai todn cia ta

Khong mat tinh tdng qut, ta ¢ thé gid st 0<a<b<c.

Ta s€ ching minh max P = %, titc 1a chirng minh
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(a% +b? +¢?)? o4
(a—-b)(b—-c)(c—-a)a+b+c)

F(a,b,c) =

Khi d6, v6i moi 0<t<min{a,b,c}, dit x=a-t,y=b-t,z=c—t, taco

(X +1)+ (Y +1)* + (2 +1)?)?

(X=y)y-2)(z-t)(Xx+Yy+z+3t)

@+ 2(x+y+)t+ X+ Y2+ 2%)°

- (X=y)y-2)(z-t)(X+Yy+z+3t)
X+ Y+ 2)t+ X% + y? + 22)?

C(X=y)y -2z -t)(x+y+2z+3t)

A+ Y+ 2P A+ YR+ ) (X Y + )+ (X + YR+ 27)°

- (x=y)Ny-2)(z-t)(x+y+z+3t)

o A0+ Y+ 2°)(x+ Y+ 7Yt (X 4y 4+ 2%)°

(Xx=y)y-2)(z-t)(X+y+z+3t)

. A%+ y? +7%)?

C(X=(y =)z -t)(x+y+2)

=F(x,Y,2)

A%+ Y2+ 2 (X+ Y + )t + (X + y? + 2%)?
(X=y)y-2)(z-t)(X+y+z+3t)

Ap dung két qui nay vdi t =a, ta dugc

F(a,b,c) =

12 ham dong bi€n)

(viham s6 g(t) =

F(a,b,c)>F(0,b—a,c—a)=F(0,m,n) :%
Véin=c-a>m=b—-a>0
Do d6, dé chitng minh F(a,b,c) >4, ta chi cAn chitng minh
F(O,m,n)>4
< (Mm% +n?)? > 4mn(n? —m?) *)

Khong mat tinh tdng quét, ta c6 thé gid st m? +n? =1. Khi d6

* 2 2 l
(*) < nm(n m)g4

Theo chiing minh trén thi bt ding thifc nay ding, tir ddy, ta suy ra dpcm, tic 1a
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Ping thifc x4y ra ching han khi a=0,b=

Vay max P = %
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