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Loi mé dau

Trong chwong trinh trung hoc pho thong, chiing ta dwoc gidi thiéu céng thirc Niuton - Laibonit
thiét Iap méi twong quan gitra tich phan va nguyén ham. Pa so cac bai toan tinh tich tinh phan chiing
ta chi can tim nguyén ham va thay so tinh toan, do viy ban doc cin tim hiéu kj phén tim nguyén
ham(t6i da gidi thiéu). Trong tai liéu nay, nhitng phan chi don thuin tim nguyén ham va thay s6 tinh
tich phén t6i xin khéng dé cip nhiéu vi du, ma tdi sé tip trung vao nhirng dang toan hwéng tich phan
nhiéu hon, tdi ciing sé di siu gi¢i thiéu cac dang bai tap phan tric nghiém tich phan. O’ cudi mdi muc
c6 phan bai tip tw luyén, xin ban doc tw lam dé rén luyén, ap dung cac kién thirc trong muc do.

Mic du cac da s6 cac dong may tinh cAm tay hién nay déu cé thé tinh dwgc tinh phén va dwoc
phép mang vao phong thi, nhwng xu thé ra dé hién nay déu han ché di rat nhiéu viéc st dung truc ti€p
may tinh cAm tay tim ra dap an, cac cau hoi doi héi ngwoi lam bai phai cé k§ nang - kién thirc thue sw
méi cé thé lam dwoc bai toan. Vi viy téi mong ban doc sé danh thoi gian tim hiéu, tiép thu kién thirc
thwce sy va han ché téi da viéc phu thudc vao may tinh cam tay.

Truwéce khi doc tai liéu nay xin ban doc doc phan A: NGUYEN HAM tbi da viét tai day dé viéc doc
tai liéu nay dwoc hiéu qua.

Lo cudi: do tai lidu xudt ban online ldn diu nén khdng tranh dworc sai sot, ban doc néu tim ra
161 sai, xin ban doc lién hé qua cdc kénh dwdi chan trang dé toi chinh sita lai.
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B: TICH PHAN VA ’'NG DUNG

1. Ly thuyéttich phin
1.1. Dinh nghia tich phan

Cho ham s6 f(x) lién tuc trén doan [a; b]. Gia s F(x) 1a nguyén ham cua f(x) trén doan [a; b]. Khi d6

hiéu s6 F(b) - F(a) dwoc goi la tich phan tir a dén b cia ham sé f(x).
Ki higu: [, f(x)dx = F(x)|5 = F(b) — F(a)

Goi a la can dwdi; b 1a cin trén; f(x) la ham sé dwdi diu tich phan.
*Duwéi day 1a mot so vi du:

1/ [ 2xdx = x*3 =22 —12 = 3

A

T =
3 . 1 3 1 2T 1 T 1
2/ [#sin2x dx = —=cos 2x =——cos——(——cosZ.—)=—
z 2 i 2 3 2 6/ 2
6 6
15,3 2 ax|' _2,3_2,0_2,3_2
3/ [ 2e3¥dx =Ze3| =Ze3 -0 =Ze3-2=
0 3 o 3 3 3 3

4/ [* (e + Ddx = &+ x)|i1 =(£+2)- (“”2 + (—1)) =2

2
1.2. CAc tinh chit cia tich phan
1/ [ f(x)dx =0 2/ f:f(X)dx = — [ f(x)dx
3/ f, kf @)dx = k [ f(x)dx 4/ [If(x) £ g(0))dx = [] f@)dx £ [} g(x)dx
5/ f:f(x)dx = [(f)dx+ [ f(x)dxvéia<c<b
6/ Tich phan khong phu thudc vao bién sé ma chi phu thudc vao cén.

Tc la:

fabf(x)dx = fbf(t)dt

a
*Mot s6 VD minh hoa
1/ [(3x% - 2x + 1)dx

=3 —x2+x)?=02%3-22+2)—-(13-12+1) =5

Z/f(?( : —1)dx

cos22x

T

= Gtaan —x)|§ = (%tan%”—g) - GtanO - 0) =

| %

3/ f) (er + %) dt
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= (§e2t+31n|t+1|)|(1) - Gez +31n2)—(§+0) =2e?+3In2—:
4f [|x—2ldx =1

e o _fx—2nbux>?2
Ta cé: |x 2|—{_x+2n6u9€<2

2 2 4

I = foz(—x + 2)dx + f:(x —2)dx = (—g + 2x)|0 + (x? - 2x)|2

=(-24+4)-0+(B8-8)—-(2—-4)=4
2. Tinh tich phan bdng phwong phap phan tich

Xin ban doc doc cach tim nguyén ham bang phwong phap phan tich trong tai liéu “nguyén ham” muc
4, T6i xin Khong chi tiét cach tim nguyén ham & diy ma chi dwa luén ra két qua phan tich. Xin ban doc
tw phan tich dé so sanh két qua trong tai liéu nay.

Mot sd vi du:

1/,

lnz( X+ 1e*dx

_ flnz( 2% | %)y = ( 2x 4 o ) :12 — G_ezmz +eln2) _ (%+ 1) =§

2

4 1
2/ fO V2x+1 dx

1 1
= [}(2x + 1) 2dx = (% mf”)

2

4

— V[ =V - VT =2

0

Z(x

3/ J;

= ff%dx = f12 (x3 —2x+%>dx = (%—x2 +ln|x|)|i
=(-22+m2)-(:-1+0)=In2+2

*R6 rang phan chinh van 12 tim nguyén ham, tich phan chi 1a thay s6 ma thoi.

T 2
4/ [4 (sin;—c— cos;—c) dx

Ly . L . L N
= [t (sm2§+ coszg— Zsmgcosg) dx = [#(1 —sinx)dx = (x + cosx)|§ = %+7 -1
12 2x+1
5/ f10 xZ+x-2 dx
12 x—1+x+2 12 1
= [}y tps dx = [ (o5 + =) dx = (nlx + 2 + Injx — 1])]33
14.11 77
= (In|14] +In11) = (In12+1n9) = In— 9 lna
17+6x
/f0 3x+2
° °
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12(3x+2)+3 _r1
- f 3x+2 dx = fO (

2x24+5x—2
/[T ———dx
0 x3+2x2—-4x-8

=flmdx=f01( : +L+L)dx=(—ﬁ+ln|x2—4|)|z

0 (x+2)2(x-2) (x+2)2  x+2  x-2

*)dx = (x+n3x+ 2Dl =2+In5-In2=2+In:

= (—§+ln3)—(—%+ln4) =ln%+%
8/ fozlx2 —xldx =1

, 2 _ Sux < >
Taco:|x2—x|={x aneuNx_OVx_l
—x“+xnétul<x<1
1

(-2
0 3 2

I'= fol(—x2 + x)dx + flz(x2 — x)dx = (_’;_3+ xZ_Z)

(349049 (-9 -1

*Bai tap tw luyén

1

2 x(2+x) 1 X+l _gx+ e -
Ji Gy @ Jo = [E(VaZ +2) ax
I T _ =
1 1_xx2 dx J§ sin 3x sin 2x dx J, (x += 2\/5) dx
2
B 3 0 3x%+5x—
f_zz x(xl_’_3) dx f3(1 + sin? x)dx f_l %le dx
2(s 3 In4 3202 0 dx
fl(x+\/x)dx Jinn (2+e )2dx [
2
1 X x+
52|x-2]+1 T dx
fl x dx fl x2+5x+4 fo x+1
3 xdx bl
WP 1
fz o f—4 515;11;1 x fo x2+6x+9
3 x -
—-1[-2
fo 1+Vx+1 dx fz‘l — sz fo (13x | [xdx

3.  Tinh tich phin bang phwong phap d6i bién s6

Xin ban doc doc lai phan tim nguyén ham bang phwong phap ddi bién trong tai liéu “Nguyén Ham”
muc 5

Cach lam d6i bién ¢& tich phan hoan toan twong tw d6i bién nguyén ham chi thém buwéc doi cdn dé thay
s6.

M6t s vi du minh hoa

In4 e*dx

1/1 - f ex+2

Pitu = e* + 2 (*); du = e*dx. PGi can(thay x vao (¥)): *7° =3

' x=In4-u=6
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I = 361—u=1n|u||§ =In6—In3=1In2

2/1= fol(x2 —1)%xdx

o du N A =0:u=—
Pitu = x2 — 1;du = 2xdx = = = xdx. P8i cin: *=%*="1
: 2 . x=1;u=0
0
0 du ut® (-1)t0 1
I:f u9—=— =(0)-—— ==
-1 2 2011 20 20
s
3/1= [2sin®xcosxdx
o . x: A X=0;u=0
batu = sinx; du = cosx dx. boi can: U
=u=
1
1 u* 1
I={ u3du=—| ==
0 41g 4
a dx
4/1 = fo 2 4> 0

x=0;tan t=0=>t=0
x=a;tan t=1;t=%

bitx = atant; dx = a. (1 + tan? t)dt. D6i can:

_ (3 20y 1yt

I = f04 a(l + tan t)'a2(1+tan2 5 dt = f04 -
_ (V7 x3dx
/1= fo Vi+x?

3u?du

Pitu = V1 +x%u® =1+ x% = 3uldu = 2xdx © xdx = -

x=0;u=1

boi can: r=\Fu=2

V7 x2xdx _ 2(u®-1) 3uldu _ (23 4 3 (uS oyl
=/ 31+x2_f1 w7 —u)du—z(?—7)

Iné6 dx
n3 eX4+2e~*-3

6/1= |

~ 9 o x , . Iné6 e*dx Iné6 e*dx
Nhan ca tir va mau véi e* ta dwoc: [ = —_— = _—
j fln3 (e¥)2-3eX+2 fln3 (eX-1)(e*-2)

x=In3;u=2

Patu = e* — 1;du = e*dx. PGi can: = " %=
: g x=Iln 6;u=5

I= [ -2 = (2= 1) du = (nju— 1] - nju))I§ = (n4 - In5) - (0 - In2)

2 u(u-1) 2 \u-1

=In22 —-In54+In2=3In2—-1In5

5 dx
=)

2_
Patu = 3x+1;u2=3x+1=>x=uT;dx

~u A, x:]_;u:Z
DBoican: . )
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42u 1 4

=(In3—-In5)—-(0—1In3)=2In3 —In5
fe\/lnx+ 1Inx

X

du = f: (L—L) du = (InJu — 1| — Inju + 1|3

u—1 u+1

u2-1

8/1 = dx

Pitu = VInx + 1;u? =lnx+1:>lnx=u2—1;i—x=2udu

x=1u=1
Daéi can: xmeiu=yZ

I=f1ﬁu.(u2—1).2udu=ffZ(u“—uz)du:Z(u?s—u;)f:z[(:ﬁ_¥)_(§_§)]
=2(*2%)

*T6ém lai: bwéc quan trong nhat la tim nguyén ham.

*Bai tap tw luyén

e Inxdx 1 2x eln?x
f1 x(In x+2)2 fO 3x.e“*dx fl - dx

Vs T

= = cosx e

3 gj 2 2~ xve + x?dx
J§ sinx cos® x dx o0 Jo %V

In2 1 2x+1 2

X —dx Y
J, “VeX —1dx flm J; xV4 —x2dx
1 Vax+1 3 1
Jy e dx fO\/z—ldatx—éltant J, cosvxdx
g . 3 f > cosxdx J-3 xdx
J¢ sin® x cos x dx % Sinx+1 0 1+y/x+10
T sin2xdx

3vV1+31 41 2
f nxdx f ——dx 0 Vi+cosx

1 0 v2x+1-5 . .

(PT sin 2x = 2 sin x cos x)

fl xdx fl x3+x fl xdx

0 x2+1 0 Vx2+1 X 0 (x+1)3

13 2 5 3 4 dx
Jy V1 —xdx Jy ¥*Vx3 + 1dx J; (7

4,  Tinh tich phan bang phwong phép tich phan timg phan

Ciing gi6ng nhu hai phwong phap: phan tich va d6i bién, phwong phap tich phan tirng phin cling yéu
ciu buwdc quan trong nhit 1a tim nguyén ham. Téi xin dwa ra mot s6 vi du dé ban doc xem cach tinh.

1/1 = fle(x+ 1) Inxdx

du_dx

o u=Inx T ox
Dit{y, +17 ), %

v=x v="+x

e

.~ (o)

e

L ) ()i -5 )= ()i

- (Eremes )it -[(Sre) ()] Fee-oeafots

1
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@ o
2lnx
2/1 = fl x—3dx
dx
y u=Inx du=—
Dat -3 -2
dv = x">dx p=""
-2
— 2 _ — 2 2 2
x~2 2x7% dx x72 1,2 _ 1 1
I=—lnx| - —.—=—lnx| S 3dx=——lnx| +(——)
-2 1 1 -2 x -2 1 271 2x2 1 4x2 1

1 1 1 1 1 3
= (-gll’lz - (—Eln 1)) + (_E_ (_Z)) = —gll’lz +R
3/1=[2(3x — Dezdx

u=3x—-1 {du=3dx
= x

Dét{ x
dv = ezdx

v = 2ez

x 2 x x2
I = 2e2(3x — 1)| — 7 6ezdx = 10e — (~2) — 12¢2| = 10e +2 — [12e — 12] = 14 — 2e
0 0

4/1 = ffxz In x dx
Ta c6 thé tim nguyén ham trwéc roi tinh tich phan.
Goi F(x) = [x?*Inxdx
du =
X
v =

dx
x
3

3

3 2 3 3
F(x)=%lnx—f%dx=%lnx—%+€

= ) = (-5~ =

5/1=f3

cos?x

u=x
. du = dx
bat __dx =

a{dV— {v=tanx

cos2x
T T T T b3

I = x.tanxlg - foztanxdx = x.tanxlg — (—In|cos xI)Ig = (x.tanx + In|cos xI)Ig

— (" L1 ¥2) - _r_1

—(4+ln 2) (0+0) =7 2lr12

Néu ban doc chwa ré xin xem lai phan nguyén ham lwong gidc trong tai liéu nguyén ham.

6/1 = f01 In(x + 1) dx

dx
Dét{uzln(x-l_l):{ du = —
dv = dx v=x+1(chonC =1)
° °
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I = (x+1)ln(x+1)|%)—f01dx= c+DIn(x+Dj—x|=2mIn2-0—-(1-0)=2In2-1

*Bai tap tw luyén

f(:gr(x + 1) sinx dx fol(x2 —2x — e *dx ff ln(;x) dx

fE(Z — x) sinx dx foz x*edx fogx. cos 2x dx

onz xe ?*dx fol In(2x + 1) dx fle 1“;1“ e*dx

f(?x. cos? x dx Jy %* cosx dx ff%dx

f_eg,_4(x +4) In(x + 4) dx fog sin® x cos x dx N 2 dx

Ji L EE Jin( = <) dx
Z

5.  Ung dung cda tich phan(trong diém)

Trong phan nay tdi xin chi trinh bay chi tiét phan rng dung dwa ra céng thirc tinh, phian tinh toan tich
phén t6i xin chi trinh bay cic bwéc chinh hodc chi dwa ra két qua.

5.1. Tinh dién tich hinh phing
5.1.1.Dién tich hinh phdng giéi han b&i mdt dwong cong

Cho ham s f(x) c6 d6 thi (C) valién tuc trén [a; b]

Dién tich S gi¢i han béi d6 thi f(x) véi truc hoanh (0x) va hai dwong thang x=a; x=b la:

b
5= j IF (0 ldx

Cac buéec tinh:
+, xac dinh doan

+, xac dinh cac khoang f(x) nhin gia tri dwong va &m dé pha tri tuyét doi (vé do thi hoac ké bang bién
thién néu cin)

+, Tinh tich phan sau khi pha diu gia tri tuyét doi.
Mot s6 vi du:

1/ Tinh dién tich hinh phing gi¢i han béi do thi hAm s6 y = x3, truc hoanh, hai dwong thing
x=-1;x=2

Giai
Taco: S = f_zllx3 |dx

3,4 >
|x3| :lexl — { X 3neyx >0
—x’néux <0

Vay: S = f_ol —x3dx + foz x3dx = %

° °
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*Cac ban c6 thé viét diu tri tuyét d6i trén may tinh bang cach 4n: SHIFT+hyp
2/ Tinh dién tich hinh phang gi¢i han b&iy = x? — 2x;x = =2;x = 1

Giai

S = f_lzlx2 — 2x|dx

2 _ X <
|x2_2x|:{x 22xneuic22Vx_O
—x“+2xneul<x<?2

S = f_oz(x2 — 2x)dx + fol(—x2 + 2x)dx =

3/ Tinh dién tich hinh thang cong gi¢i han béi: x = 1;x = e;y = IZHT;

Gii
s=1;;

In x=0 néu x=1
Nhac lal In x<0 néu x<1

lnx

¢nx dx str dung phwong phap tinh tinh phan tirng phan ta duoc két qua: S = 2 — e
g g g
4/ Tinh dién tich hinh phang gi¢i han béi: y = sin? x cosx;x = 0;x = g
S = f05|sin2 x cos x|dx

N s . A
Do trén doan [0; 5] ;¥ = sin? x cos x > 0 nén:

z nl COS 2x
(2 cin2 e
S—f0231n xcosxdx—fo2

T
1,7 1
cosxdx = Efoz(cosx —cos2xcosx)dx = --- = 3

5.1.2.Dién tich hinh phéng gi¢i han béi hai dwong cong

Dang 1: Cho ham s6 f(x), g(x) cung lién tuc trén doan [a; b]. Dién tich hinh phang gi¢i han b&i do6 thi
hai ham s6 f(x); g(x); hai dwong thang x=a; x=Db la:

b
- f £ () — g()ldx

Ciing gidng nhw dang 5.1.1, chiing ta cAn pha d4u gia tri tuyét d6i bang cach xét diu f(x) - g(x) dé tich
dworc tich phan.
Mot s6 vi du:

1 lx —
cos2x’

1/ Tinh dién tich hinh phang gi¢i han béiy = sz Y =

ola
=
I

w3

Giai

S= 3

. sin2x  cos?x

1 1

1
sin2 x cosZx

.\ T ~ T . .
Tu’gdenz: sinx < cosx = sin®x < cos?x =

° °
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1

cosZx sin2 x

\ T N T .
Tu:deng: cosx < sinx =

Vs Vs Vs Vs
qve 6 = [+ __1 ) ;( o1 ) — (— _ % 3
Vay: S f% (Sinzx — =) dx + fg — = — ;) dx = (—cotx —tan x)Ig + (tanx + cot x)Ig

=(-1-D-(-3-2)+(VZ+D) -1+ D=-4+23F+22=224

3

2/ Tinh dién tich hinh phdng gi¢i han bdi: y = 2%,y =3 —x;x = 0;x = 1

Giai \
3

S = []12¥ — (3 — x)ldx
2.5

Toi xin trinh bay cach pha d4u GTTD bang do thi:

Ta thiy tir 0 dén 1 thi g(x)=3-x ludn I6n hon

flx) =2%

1.5

-0.5 0 0.5

3/ Tinh dién tich hinh phang gi¢i han boi:y = x + sinx;y =x;0<x <m

Giai

S = f:l(x +sinx) — x| = f:lsinxldx. DotirOdénmthisinx>0nénsS = fonsinxdx =2
Dang 2: tinh dién tich hinh phang gi¢i han béi f(x); g(x) lién tuc; chwa biét can.

Cach lam:

Buéc 1: Gidi phwong trinh f(x)=g(x) dé tim cin x; < x, < x3 < ---. Can lwu y ca diéu kién xac dinh
néu co.

Cac ban ciing c6 thé tim cin thong qua vé do thi f(x); g(x).
Bwérc 2: tinh dién tich S = f;‘f|f(x) — g(xX)|dx + f;‘;|f(x) —g()|dx + -
Mot s6 vi du:

1/ Tinh dién tich hinh phing gi¢i han b&iy = x3;y = 2x — x?

x=0
Gidi phwongtrinh:x3 =2x —x? o x3+x?2-2x =0 | x =1
x =2
Ta co: |x3 — (2x — x?)| = |x3 + x? — 2x]|
° °
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Xét dau x3 + x? — 2x:

X -2 0 1
34 x2—-2x |+ -

— (9,3 2 1.3 2 — (9,3 2 1.3 2
S=[lx%+x% =2x)|dx + [ |x® + x* — 2x|dx = [, (x® + x* = 2x)dx — [ (x® + x* — 2x)dx
(e 2\ E_zl_(__ﬁ)__i_ _37

_(4+3 x)|_2 (4+3 x)|0—0 (3) (12 O)_lz
2/ Tinh dién tich hinh phing gi¢ihanbéi:x +y=L;x+y=-Lx—y=Lx—y = —1
Giai:
DAy 1a dang c6 nhiéu ham sé nén toi xin giai bang cach
vé do thi.
T d6 thi ta thdy hinh gi¢i han bdi bén dwong thang 1a
mot hinh vudng canh V1 + 1 = /2.

Dovay S = (\/7)2 =2
*Hodc ta cling c6 thé tinh nhu sau:

Ta th4y hinh gi¢i han dwoc chia lam 4 phan bang nhau
nén ta chi can tinh mét phan réi nhan véi 4.

Ta tinh phan 1 gi¢i han béi y=1-x ; truc hoanh ; truc tung

1 x2\ |t 1 1
S=4['(1-x)dx —4(x—7)|0 - 4(1—5—0) =41=2
Cach nay tong quat hon cho cac hinh cong khéng dic biét.
3/ Tinh dién tich gi¢i han b&iy = 1 — V1 — x2; y = x?
Pidukién: —1 < x < 1

2= _
Giai phwong trinh: 1 —VI— 22 =22 VI —x2 =1 —x2 = [i R Rl
—x —_—

Vay ta c6 3 can.

Taco: |1 —VI—x2—x?|=|1—-x?)—VI—x2|=VI—-x2+x% -1
(do0<1-x2<1=1—-x?><vV1-—x2)
S=f_01(\/1—x2+x2 —1)dx+f01(\/1—x2+x2—1)dx=f_11(\/1—x2+x2—1)dx

= f_11 V1 —x2dx + f_ll(x2 — 1)dx . Tinh hai tich phin nay ta dwoc két qua: S = g - S
° °
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4/ Tinh dién tich hinh phang gi¢i han \
boi:y = |x2—4x+3|;y =3 —x ’

Vé do thi dé tinh dién tich: 5

0.5

Tt d6 thita thdy: S = S; + S, + S5

-0.5 0

Ta co:

2 ~
2 _ [ x*—4x+3néul<x=<1
6% — 4x + 3] {—(x2—4x+3)né'u1SxS3

+,8; = f01(3 —x — (x? —4x + 3))dx

_ (1 2 _7
= [, (=x +3x)dx =2

+,S, = flz((3 —x) 4 (x% —4x + 3))dx = flz(x2 —5x + 6)dx = 2

+,83 = f23(—(x2 —4x+3)—(3—x))dx = f;(—xz + 5x — 6)dx = %
VayS=24241=21

6 6 6 6
5.2. Tinh thé tich vt thé

5.2.1.Tinh thé tich vit thé tlr cong thirc dién tich thiét dién

Cat mot vat thé T bang hai mat phang (P), (Q) vudng goc vdi truc Ox tai x=a va x=b (a<b). Mot mat
phang tlly y vudng goc véi Ox cat Ox tai x (a<x<b) tao thanh thiét dién c6 dién tich 1a S(x). Khi d6 thé
tich vat thé T gi¢i han béi hai mat phang (P); (Q) la:

b
V= f S(x)dx
a
*Tir céng thirc nay ching ta c6 hang loat cong thirc tinh thé tich ctia cic khoi da dién da hoc & chwong
mot hinh hoc lép 12.
Vi du:

1\ Tinh thé tich V cta phan vat thé gi¢i han bédi hai mat phang x=1; x=3, Khi cat vat thé b&i mat
phang tly y vudng goc védi truc Ox tai diém c6 hoanh dd x (1<x<3) thi dwoc thiét dién 1a hinh chir
nhat c6 do dai hai canh 1a 3x va v3x2 — 2. (Pé minh hoa l4n 3 - 2017)

Giai
Dién tich thiét dién la: S(x) = 3xV3x2 — 2
Theo ly thuyétta c6: V = ff 3xV3x2 — 2dx. Patu = V3x2 — 2;u? = 3x? — 2 = 2udu = 6xdx

° °
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x=1u=1

3xdx = udu . Doican: | _3" “

5
5 5 u3 53 13 124
1 1 31, " 3 3 3

2\ Tinh thé tich V cta vat thé gi¢i han béi hai mat phang x = 1; x = 4, biét rang khi cit vat thé baoi
mit phang tly y vuéng goc vdi truc Ox tai di€m c6 hoanh do x (1<x<4) thi dwoc thiét dién 1a mot
hinh luc gidc déu c6 canh 2x

Giai
Xac dinh dién tich thiét dién:

Chia hinh luc giac thanh hai hinh thang can c6 géc & day bang
60°. Xac dinh chiéu cao va day 16n.

h = 2x.sin 60° = xv/3; a = 2x.cos 60° = x;

Goidaylénlab: b = 2x + 2a = 2x + 2x = 4x

Dién tich thiét din: § = 25, = 2. 008 _ 63,2

Thé tich cin tinh: V = [ S(0)dx = [ 6v3x2dx = 2v3x3[ = 126v3
5.2.2.Tinh thé tich khé&i tron xoay
Tt cong thirc 5.1.1 ta c6 cong thirc cia khoi tron xoay

Cho ham s6 y=f(x) lién tuc trén [a; b]. Quay d6 thi y=f(x) xung quanh truc Ox. Thiét dién tao b&i mit
phang vudng gdc v&i Ox tai x (a<x<b) 1a mdt hinh tron ban kinh | f (x)|. Dién tich thiét dién 1a: S(x) =
n|f (x)|? = f (x)%. Ap dung cong thirc 5.1.1 ta c6 céng thirc tinh thé tich khéi tron xoay:

b
V= nJ f2(x)dx

Thé tich khoi tao thanh béi hai ham so f(x); g(x) quay quanh Ox

b
v=r[ 12 - g*@ldx
a
*Pay la cong thirc rat thu vi khi cic ban biét 4p dung d€ tinh thé tich khéi tron xoay & chwong 2 hinh
hoc lép 12.
Mot s6 vi du:
1/ Tinh thé tich khdi tron xoay tao thanh khi quay d6 thi ham s6 y = tan x quanh truc Ox, gi¢i han

2 . 7 I 2 T
bé&i cac mat phangx = 0; x = 3

Giai

V=1Tf05tar12xdx=f5( L —1)dx=(tanx—X)|§=\/§—§

0 \cos?x
2/ Tinh thé tich vat tron xoay do hinh phdng S = {y = x.Inx; x = 1;x = e} quay quanh Ox
° °
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Giai
V=nff(x.lnx)2dx=7Tflex21n2xdx.
2lnx
du =
Vo (,21n2 . fu=In®x x
—= [, x*In*xdx Bat{dvzxzdx L
3
dx
=Inx du = —
V_X3 2 e ez2 2 o ul X
—==In x|1—f1 Sx lnxdx'dat{dv=§x2dx:> L
9
3 e 3 3 e 3 e e
sz—lnle —(iln —fezxzdx)zx—lnzx| X nx| +=x
T 3 1 9 19 3 1 9 1 27 1
Y 2 20 2 _selz
—(3ln T In x 3 9 27 27 27
5e3-2
>V=n — : \/
3/ Tinh thé tich khoi tao thanh khi quay hinh
phdng xdc dinh béi: y=-—1;y=2x;y=0
x y=2x
quanh Ox 1
y=-—-1
Giai X
Vedothlhalhamsoy———l——,y—Zx
S1
V=V1+V2
% 2 % 2 4x % Y
+,Vy =1 [2(2x)%dx = [?4x dx:nT():E -0
0.5 1 1.1
) 1
+V2—1Tf (——1) dx—nf (———+1)d =7t(—;—21n|x|+x)1
2
1 1 3
=m.0-m(-2-2mmi+2) =n(3-2m2)
Avl =% 3 -
VayV—6+n(2+21n2)—n(3 21nz)
*Bai tap tu luyén
Tinh céc dién tich hinh phang gi¢i han bai:
1/y=x%y=2—x;0x;x>0 2/y=x3-x;y=2x;x=-1;x=1
3/y = 3x10x0y 4/y—xz,y—x
5/y=x*—xx=0;x=2 g/y:xz,y4—2—3x0
7/y=x*+4;y=x+4 [y=x"—dx+ x27
9/y=x>-1,y=0x=0x=2 10/y =x*y = 27,y
11/y=lnx;y=0;x=e2 12/y = xe*;y = 0,x——1,x=2
° °
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Tinh thé tich khdi tron xoay tao thanh khi quay quanh truc Ox hinh phang gi¢i han béi:

1/y=01-x)%y=0x=0;x=2 2/y=+V2+sinx;x=0;x=m
3/y=Vvx?+1;x=0;x=1 4/y=e*x=0x=1

5/y =Vx;y=2-x0x 6/y=x*—4xy=0
7/y=—2x/§;y=x;x=5 8/y=xlhx;y=0x=c¢e

5.3. Mot sd bai toan thuec té

D4i voi bai todn van téc: v = [ a(t)dt; s = [v(t)dt; voi ala gia tdc; v 1a van tdc; s 1a quang dudng.

Doi véi cac bai todn khac khong thé dwa ra cach giai cu thé ma cin phan tich dé tim ham dwéi dau

tich phan.

Vi du minh hoa

1/ Mot vat chuyén dong trong 3 gio véi van téc v(km/h) phu thudc thoi gian t(h) cé
d6 thi la mot phan cua dwong Parabol cé dinh 1(2; 9) va truc d6i xirng song song véi
truc tung nhw hinh bén. Tinh quang dwong s ma vat di chuyén dwegc trong 3 gior do.

Giai

Quang dwong s ma vat di chuyén trong 3 gi¢r dau bang tich phan tir 0 dén 3 ctia v(t)

3
5=J0v(t)dt

Do thi van t6c 1a mot dwong Parabol nén cé dang: v(t) = at? + bt + ¢
=0 _
gD C= 6

Tai dinh I = (—i;—i) =29 =>-—=2eb=—4a

2a 4a

V4

6 3

\

S
[9¥]
—

Métkhéc:v(Z)=9<:>4a+2b+6=9<:>4a+2.(—4a)=3(:>—4a=3<:>a=—z;:>b=3

Vay v(t) = —th +3t+6
vay:s = [} (=262 + 3t + 6) dt = 24,75 (km)

2/ Mot vat chuyén déng trong 4 gitr véi van téc v(km/h) phu thudc thoi gian t(h) cé
do thi ctia van tdc. Trong 3 gidr dau k€ tir khi bat ddu chuyén dong do thi van tdc 1a
mot phan cua parabol dinh 1(2;9) véi truc déi xirng song song véi truc tung, khoang
thoi gian con lai d6 thi 12 mot doan thang song song véi truc hoanh. Tinh quang
dwong s ma vat chuyén dong trong 4 gio do.

Giai
Chia quang dwdng thanh hai phan: phan 1: chuyén dong véi van tdc theo qui dao

parabol; phan 2 chuyé&n ddng v&i van tdc theo qui dao thang.

%]
w
o~

-
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s = J:vl(t)dt + j:vz(t)dt

*Tim v, (t) = at? + bt + ¢ (*)
Tait=0,v=0=>c=0

Dinhlcéhoanhd@x=—%=2:>b=—4a

Thay toa dd dinh 1(2; 9) vao (*) ta c6: 4a+(-42).2+0=9 & -4a=9o a=—-=>b =9

Vay v, (t) = —%tz +9¢

*Ta thdy v,(t) = v,(3) = —z. 32 + 9.3 = 6,75 (do thi la dwong thing song song Ot nén cé dang v = k)
vays = [7 (=22 + 9t) dt + [} 6,75dt = 27 (km)

3/ Mot vat chuyén dong theo qui ludts = — % t3 + 6t2 véi t(gidy) 1a khoang thoi gian tinh tir khi vat
bat dau chuyén dong va s(m) l1a quang dwong di dwoc trong khodng thdi gian t. Hoi trong khodng thoi
gian 6(s) ké tir khi bat dau chuyén dong, van téc 16n nhat cha vat 1a bao nhiéu?

Giai
Taco:v(t) =s' = —ztz + 12t

Ta tim dwoc r[ré%)f v(t) = 24 (m/s)

4/ Mot vat chuyén dong véi gia téc a(t) = 3t? + t (m/s?). Van tc ban dau cta vat1a 2 m/s. Hoi van
tdc ctia vat 1a bao nhiéu sau khi chuyén déng véi gia téc d6 dwoce 2s.

Giai

Taco: v(t) = [a(t)dt = [(Bt? + t)dt = t3 + % +C

Van t6c ban dau(t=0)1a2m/s: v(0) = C = 2

Vay: v(t) = t3 +§+2=>v(2) =23 +§+2 =12m/s

Cach 2: st dung cong thirc tinh tich phan: v(2) — v(0) = foz a(t)dt = v(2) = v(0) + f02(3t2 + t)dt
DPay la cong thirc toi da gidi thiéu & phan 7.2 tai liéu “Nguyén Ham”.

5/ Mot 6 td dang dirng va bit dau chuyén dong theo mot dwong thang véi gia toc a(t) = 6 — 2t
(m/s?), trong d6 t 1a khoang thoi gian tinh tir ltc 6 td bat dau chuyén dong. Héi quang dwong 6 to di
duoc ké tir ltc bat ddu chuyén dong dén khi van tdc cua 6 td dat GTLN 1a bao nhiéu mét?

Giai

Tacé: v(t) = [a(t)dt = [(6 —2t)dt =6t —t*> +C

Tai thoi diém vat bat dau chuyén dong: t=0;v=0= v(0) = C =0

° °
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Vay v(t) = 6t — t2. Van tdc 16n nhat tai thoi diém t=3

Quang duong vat di dwoc dén thi diém t=31a: S(3) = f: v(t)dt = f03(6t —t2)dt =18 m

6/ Ong A mudn lam mot canh ctra bing sit c6 hinh dang 1a kich thuéc nhw hinh parabol
vé. Biét dwong cong phia trén la parabol, tir gidc ABCD la hinh chit nhit. Gia thanh B
dugc tinh 12 900 000/m?2. Hoi 6ng A phai trd bao nhiéu tién dé 1am canh cira do.
Giai 41115 m
Chiéu hinh vé 1én hé toa do Oxy. V&i A(0;0) 1a gbc toa do; B(2;0); dinh parabol
[(1;1). D C

2m

Tim cdng thirc biéu dién parabol. y = ax? + bx (parabol di qua géc toa do nén
c=0)

Z2=4a+2b=0ob=-2a

+, Piém B c6 5

x
y

+, Diém 1 ¢o zi:a+b=1<:)a—2a=1<:)a=—1:>b=2

Vay parabol c¢6 dang: y = —x? + 2x

Dién tich phan gi¢i han b&i parabol va dwong thang AB 1a: §; = foz(—x2 + 2x)dx = g

Dién tich hinh chit nhatla: S, = 4.2 =8

0 Ao s , 28
Tong dién tich canh ctra: § = % +8= ey

SO tién dng Aphéitrala: T = 23—8.900000 = 8400 000 dong

7/ Mot vat chuyén dong vdi van téc thay déi theo cong thirc v(t) = 3t + 2 (m/s), thoi gian t tinh bang
gidy. Tai thoi diém t=2s vat di dwoc 10m. Héi tai thoi diém t=30s vat di dwgc bao nhiéu mét?

Giai
Tacé: s(t) = [v(t)dt = [(3t + 2)dt
s(30) —s(2) = f230(3t + 2)dt = 1400 = s(30) = 1400 + s(2) = 1400 + 10 = 1410 m

8/ Mot hoc sinh di hoc tir nha dén trwdng bang xe dap vdi van téc thay ddi theo cong thirc
v(t) = 40t + 100 m/phut. Biét rang sau khi di dwoc 1 phit thi quang dwong hoc sinh d6 di duoc 1a
120m. Quang dwong tir nha dén trueong la 3km, hoi thoi gian hoc sinh dé di dén triwrong la bao nhiéu
phut?

Giai

Goi thoi gian hoc sinh d6 di dén treong la a phat. Ta ¢6: s(a) — s(1) = fla(40t + 100)dt

= 3000 — 120 = (20t2 + 100t)|% < 2880 = (20a? + 100a) — (20 + 100)

& 20a? +100a — 3000 =0 © a = 10V a = —15(loai).

Vay thoi gian hoc sinh di dén tredng 1a 10 phat.

° °
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8/ Mot manh vwon todn hoc cé dang hinh chir nhét, chiéu dai la 16
16m va chiéu rong la 88m. Cac nha Toan hoc dung hai dwong
parabol, mdi parabol cé dinh 13 trung diém ctia mdt canh dai va di A

qua 2 mut cda canh dai ddi dién; phan manh vwdn nam & mién
trong clia ca hai parabol (phan gach soc nhw hinh vé minh hoa)

dwoc trong hoa Hong. Biét chi phi dé trong hoa Hong la 45.000

déng/1m2. Hbi cdc nha Toan hoc phai chi bao nhiéu tién dé trong hoa trén phin manh vueon d6? (So

tién dwoc lam tron dén hang nghin).

Giai
T X 1A 1A A N C(0;4) 16
Chiéu hinh vé 1én hé truc toa do Oxy nhw hinh vé: I
0 1a gbc toa do, OA nam trén Ox, OC nam trén Oy. 51 3
\ N A
Dién tich manh vueong gom 2 phan bang nhau S; = S, 52
TS A . \
Tim cOng thirc parabol 1 tao thanh S, B(0;-4) D( 16;-4)

Goi parabolla: y = ax? + bx + ¢
+, diém B(0;-4) thudc Parabol = ¢ = —4
+, diém D(16; -4) thudc parabol = 256a + 16b —4 = —4 & b = —16a

+, diém 1(8;4) thudc parabol = 64a +8b —4 =4 & 64a +8.(—16a) =8 a = —% =>b=2

Vay parabol 1 xac dinh béi: y = — %xz +2x —4

Giai phwong trinh: —éxz +2x—4=0x=8+4V2

§=25 =2 )12 (—1x? + 2x - 4) dx = 60,3398

Vay chi phi trong hoa Hongla T = 60,3398 X 45000 = 2 715 290 dong

9/ Ong Khang muén lam cira rao sét ¢ hinh dang va kich theéc 5500000055
nhw hinh vé bén, biét dwong cong phia trén 1a mét Parabol. Gid 0577 bls -0 QU
1(m?) cta rao sat 1a 700.000 ddng. Héi 6ng Khang phai tra bao f; %@“ | 2m
nhiéu tién dé€ 1am céi ctra sit nhw vay (Iam tron dén hang phan @g il Q |
nghin). x\ E% H i L,5Sm
Giai ::CD C“Cg ﬁ'j'é'b'd 00 @ ‘
] q :_______-
Chia b clra lam hai phén: phan 1 gi¢i han béi parabol va phan 2 "
la phén hinh chit nhit (nhw hinh vé). Chiéu 1én hé truc toa d6 dé e,
tim cong thirc parabol. Q7 0C 0000007 U5 _AIE;Di
O la gbc toa d, OA nam trén Ox, A(5;0),1(2,5; 0,5) 1a dinh parabol. ; f;* ,' 1I|"
- 4] ) -
*Tinh dién tich S; gi&i han b&i parabol va OA. b Al X s |
| Sm
+, Tim cong thirc parabol: y = ax? + bx (parabol di qua gdc toa -_E 4 ", _ E ‘
do) X Tooooo looooooi ) |
: im
° °
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NP A NP or 2 2 2
Ttr cac vi du trén xin ban doc tw tim cac hé s6 a, b. Kétqua: y = — Exz +ox

(—;—sz +§x) dx =2

+ TinhS, = [ -

0
*Tinh S, 1a phan hinh chi* nhit bén dwdi

S,=515=75

VayS =8 +8,=2+475=2

S8 tign 1am cira 1: T = 2 X 700000 = 6 416 667 dong

10/ Mot cai trong treong c6 ban kinh cac day 1a 30cm, thiét dién vudng goc
vGi truc va cach déu hai day c6 dién tich 1a 1600w (cm?), chiéu dai clia tréng
la1m. Biét rang mit phang chita truc cat mat xung quanh cla tréng 1a cac
dwong Parabol. Héi thé tich cua cai trong la bao nhiéu?

Giai

Chiéu hinh vé 1én hé truc Oxy nhw hinh vé:

B 1-se35) D (50;30)
r 30 Y
f
(-50;0)
- o—
-h0 —40 30 0 30 40 50

*Tim cong thirc ciia parabol.
Goi cong thirc parabol 1a: y = ax? + bx + ¢ (*)

Thay toa dd cac diém B(-50;30); D(50;30); E(0;40) vao cbéng thic (*¥) ta dwoc
a=—5=;b=0;c=40.vayy = ———x + 40

2
VayV=m[° (—ﬁx2 + 40) dx = 425 162,2058 (cm?) = 425,162 (lit)

*Bai tap tw luyén

1/ Mot vat chuyén dong véi van téc 10 (m/s) thi ting téc véi gia téc a(t) = 3t + t? (m/s?). Tinh
quang duwong vat di dwoc trong khodng thoi gian 10 gidy ké tir luc bat dau ting tdc.

2/ Hai 6 t6 xudt phat tai cing mot thoi diém trén cung doan dwong thang AB, 6 to thir nhit bat dau
xuat phat tir A va di theo hwdng tir A dén B véi van téc v, (t) = 2t + 1 (km/h); 6 t6 th& hai xuit phat
tir O cach A mot khoang 22 km va di theo hwéng tir A dén B v&i vAn toc 10 km/h, sau mot khoang thoi
gian nguwoi 1ai dap phanh; tir thoi diém d6, 6 to thé hai chuyén dong chdm dan déu véi van téc
vo(t) = —5t + 20 km/h. Hdi sau khoang thoi gian bao 14u ké tir khi xuat phat hai 6 té6 d6 gap nhau.

° °
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3/ Mot cong ty phai ganh chiu ng véi téc dd D(t) d6 la mdi nam, véi D' () = 90(t + 6)Vt2 + 12t trong
do t1a thoi gian (tinh theo nadm) ké tir khi cdng ty bit ddu vay ne¢. Sau bén nam cdng ty da phai chiu
1626000 do la tién ng nAn. Tim ham s6 D(t) biéu dién téc do ng nan clia cong ty nay.

4/ Mot vat chuyén dong véi van toc v(t) m/s cé gia tocv'(t) = :—1 m/s?. Van t8c ban dau cua vat 1a

6m/s. Tinh vin téc cda vat sau 10 gidy (Iam tron két qua dén hang don vi).

5/ M6t 6 td dang chuyén dong déu véi van toc 12m/s thi ngwoi 1ai dap phanh; tir thoi diém d6 6 to
chuyén dong chdm dan déu vai van tdc v(t) = —2t + 12 m/s (trong d6 t 1a thoi gian tinh bang gidy,
ké tir ltic dap phanh). Héi trong thoi gian 8 gidy cudi (tinh dén khi xe dirng han) thi 6 t6 di dwgc quang
dudng bang bao nhiéu?

6/ Ong B c6 mot khu vuwdn gi¢i han bdi mot dwdng parabol va mot dudng Y
thang. N&u dit trong hé toa dé Oxy nhw hinh vé bén thi parabol c6 phwong 25 ]
trinh y = x? va dwong thang 1a y=25. Ong B du dinh diing mot manh vwon nho
duoc chia tir khu vieon béi mot dwdng thang di qua O va diém M trén parabol
dé trong mot loai hoa. Hay gitip 6ng B xac dinh diém M bang cach tinh do dai

~n A 4 rd \ d % 9
OM dé dién tich manh vwon nho bang >

7/ Goi S la dién tich Ban - Cong clia mdt ng6i nha cé hinh dang nhw hinh S
vé (S dwoc gidi han béi parabol (P) va truc Ox. Tinh dién tich S dé. 7

8/ Mot chat diém chuyén dong trén duwdng thang nam ngang ( chiéu dwong hwdng sang phai) véi gia
téc phu thudc vao thoi gian t(s) 1a a(t) = 2t — 7 m/s?. Biét van tdc dau bang 10 m/s . Héi trong 6
gidy dau tién, thoi diém nao chit diém & xa nhat vé phia bén phai?

9/ Mot dam vi trung tai ngay thit t ¢6 s6 lwgng N(t), biét rang N'(t) = 2—0: va lac ddu dam vi trung c6
300000 con. Héi sau 10 ngay, ddm vi trung cé bao nhiéu con (lam tron sé dén hang don vi)?

10/ Mot 6t6 dang chay thi nguoi lai dap phanh, tir thoi diém do, 6té6 chuyén déng chim dan déu véi
van téc v(t) = —12t + 24 m/s, trong d6 t 1a khoang thoi gian tinh bang gidy, ké tir ldc bat dau

dap phanh. Hoéi tir Itic dap phanh dén khi dirng han, 6td con di chuyén bao nhiéu mét?

11/ M6t 6 to6 dang chay véi van téc 36 km/h thi ting toc chuyén dong nhanh dan véi gia toc
a(t) =1+ é (m/s?). Tinh quiang dwong ma 6 to di dugc sau 6 gidy ké tir khi 6 to bat dau tang tdc.
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https://www.facebook.com/thaygiaoton Trang 22
https://www.youtube.com/c/TonLai



https://www.facebook.com/thaygiaoton
https://www.youtube.com/c/TonLai

Lai Van Ton DC: Hoang Nguyén, Tri Thay, Phu Xuyén, Ha Noi PT: 0973056109
“Nhitng diéu tét nhat chi dén véi nhitng ngudi luén biét cé gang”
° °

6.  Gi6i thiéu mot s8 bai tap dinh dang tric nghiém (trong diém)

Cac bai tip dwdi day déu dwoc 1y tir cac dé thi thir cia cac treong trong ca nwéc, dé chinh thirc
ndm 2017 cta bd Giao Duc va Pao Tao va dwoc tdng hop trong tai liéu “1287 bai tap tic nghiém
nguyén ham, tich phan va tng dung” do nhém Toan hoc Bic - Trung - Nam bién soan.

* Cac cach tinh tinh phin da dwoc trinh bay chi tiét trong tai liéu nguyén ham va tich phén, cac ciu
hoi dwdi day sé chi gidi chi tiét mot s cau, cac cAu hoi vé sau sé& chi dwa ra dap 4n hodc hwéng dan
cach lam.

6.1. Tric nghiém ly thuyét tich phan

Nhic lai If thuyét:

* Cong thirc tich phan: f;f(x)dx =F(x)|2 =F()-F(a) (1)
b,

J, f')dx = f(0)1§ = f(b) — f(a) (2)

- Cong thirc (2) cling la mot cong thirc thuwdng xuyén phai str dung, xin ban doc chud y cong thirc
nay.
- Tich phan chi phu thudc vao ciAn ma khéng phu thudc vao bién:

b b b
F(b) — F(a) =] f(x)dx=j f(t)dt=j fwdu ...

* Cac tinh chit cuda tich phan: gidi st cac ham f(x), g(x) lién tuc trén K va cic diém a, b, c thudéc K. Ta
c6 cac tinh chat sau:

+ [ f()dx =0

+, [, fe)dx = - [} f(x)dx

+, [ kf(x)dx = k [, f(x)dx,k € R

+ I (0 + g(0)ldx = [} f(x)dx % [ g(x)dx

+ [, Fdx = [ fGdx + [ f()dx = [ f(x)dx

+, Néu f(x) 1a ham chin thi [* f(x)dx =2 [ f(x)dx = 2 f_"a f(x)dx
+, Néu f(x) laham 18 thi [* f(x)dx = 0

* Y nghia hinh hoc ctia tich phan: Néu f(x) lién tuc va khong am trén [a; b] thi f; f(x)dx la dién tich
cia hinh thang cong gi¢i han béi do thi y=f(x) va hai dwong thing x=a; x=b.

Cau héi tric nghiém.

Cau 1. Cho f_zlf(x)dx =2; f_zlg(x)dx = —1.TinhI = f_zl[x + 2f(x) — 3g(x)]dx

Al=2 B.l =2 cr=2 D.Z
2 2 2 2
Giai
° °
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x2

I=—|2 +2 [ f(x)dx—3 [ (x)dxzz—
211 -1 _1g 2

(-1)2

17
~+22-3.(-) ==

bap an B
Cau 2. Cho fogf(x)dx =5.Tinh [ = fog[f(x) + 2 sinx]dx

Al=7 B.I=5+2 C.I=3 D.I=5+m
bapan A

Cau 3. Cho folf(x)dx =9.Tinh I = fogf(sin 3x).cos 3x dx

A.1=5 B.1=9 C.1=3 D =2
Giai
Pitu = sin 3x; du = 3 cos 3x dx. D8i can i:gzj
T u=

1 d 1,1 1
=] f(u).?u = [, fdu=-.9=3
*Xin lwu y tich phan chi phu thudc vao cdn ma khong phu thudc vao bién.
Cuthé: [, fF(wWdu = [} f(x)dx =9

C4u 4. Cho f(x) lién tuc trén R va foz(f(x) + 2x)dx = 5.Tinh I = fozf(x)dx
A.1=9 B.1=1 C.I=-1 D.I1=-9

Giai

Tac: [2(f(x) + 2x)dx = 5 & [7 f(x)dx + [ 2xdx = 5
= fozf(x)dx =5— foz 2xdx =1

bap an B

C4u 5. Cho hai ham s4 f, glién tuc trén doan [a; b] va s6 thuc k ty y. Trong cac khang dinh sau, khang
dinh nao sai?

A [ xf(0)dx = x [ f(x)dx
B. [, f(x)dx = — [ f(x)dx
C 7 kf()dx =k [, f(x)dx
D.J,[f () + g()]dx = [ f)dx + [ g(x)dx
Dap 4n A
Cau 6. Cho [ f(x)dx = 3; [ f(x)dx = 2; [ f(x)dx = 4. Tinh [, f(x)dx

A9 B.5 C. 24 D.-24
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Giai
flsf(x)dx = flzf(x)dx + f;f(x)dx + f:f(x)dx = flzf(x)dx + f: f(x)dx — f53f(x)dx
—3+4-2=5

bap an B.
Cau 7. Cho cac s6 thuc a, b va cac ménh dé:

D ff fGydx = — [ f(x)dx (2) ff 2f()dx = 2 [, f(x)dx
@ [ F20dx = ([ f)dx) @ [* f@dx = [ fdu

S6 ménh dé dang la:
A 4 B.3 C.2 D.1
Giai:

Cac ménh dé dang 1a: (1)(4)

bap an C
Cau 8. Cho F(x) 1a mot nguyén ham ctia ham s8 f(x). Khi d6 hiéu sé F(1)-F(2) bang:
A. flz f(x)dx B. flz —f(x)dx C. le —F(x)dx D. flz —F(x)dx
Giai
F)-FQ2) = lef(x)dx =— flzf(x)dx
bap an B

Cau 9. Cho ham s8 f(x) thoa man [ (x + 1)’ (x)dx = 10 va 2f(1)-f(0)=2. Tinh [ f(x)dx.
A 1=-12 B.1=8 C.1=1 D.1=-8

Giai
Str dung nguyén ham tirng phan.

Dét{ u=x+1 {du=dx

dv = f'(x)dx = v = [ f'(x)dx = f(x)

Tacé: [, (x + Df'(x)dx = 10 & (x + D@1} — [ f(x)dx = 10

= [ f(0dx = (x + DF)IE — 10 = 2f(1) - £(0) — 10 =2 — 10 = —8

Pép 4n D

Cau 10. Cho ham s8 y=f(x) lién tuc trén doan [0;10] théa man [° f(x)dx = 7; [, f (x)dx = 3. Tinh
gié tri ctia bidu thire P = [T f(x)dx + [J° f(x)dx

A.P=4 B.P=10 C.P=3 D.P=2
Giai
° °
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fozf(x)dx + f26f(x)dx + f610f(x)dx = folof(x)dx

=P = [ fdx+ [ f@dx =P = [[°f)dx — [} f(x)dx =7 —3 = 4

Papan A

Cau 11. Cho f(x) 1a ham sé lién tuc trén R va fozf(x)dx = —2; fff(Zx)dx = 10. Tinh foz f(3x)dx
A.1=8 B.I=6 C.I=4 D.I1=2

Giai

e A (3 _ 106 _ o LN
Xét tich phéan: fl f(2x)dx =10 & Efz f(uw)du = 10 (d6i bién u = 2x)
= fzﬁf(u)du =20

Xét tich phan I = foz f(Bx)dx = %fOGf(u)du (d6i bién u = 3x)

Tach can: I =5 ([ f@du + [} fu)du) = (-2 +20) = 6

bap an B
Cau 12. Néu [ f(x)dx = 2 thi I = [[3f(x) — 2]dx bing bao nhiéu?

A 1=2 B.1=3 C.1=4 D.1=1
bap an C

Céu 13. Cho hai ham s6 y = f(x);y = g(x) lién tuc trén [a; b]. Khi d6 dién tich S cta hinh phang gidi
han b&i d6 thi ham s6 y = f(x),y = g(x) va hai dwong thing x=a; x=b dwoc tinh theo cong
thirc:

A JSIFG) = g@oldx B[ [f(0) — g()ldx C. [)1g(x) — FGOldx D. [ 1f (x) + g(x)ldx
bap an C
Lwuy: |a —b| =|b—a|

Cau14. Gid st ham so0 f c6 dao ham lién tuc trén doan [0;1] théa man diéu kién f(1)=6,
[, xf'(x)dx = 5.Khi d6 [, f(x)dx bing:
Al B.-1 C.11 D.3

Pap an A. (ban doc xem cach giai & cau 9)

Cau 15. Cho ff xf(x)dx = % Tinh tich phan I = fg sin 2x . f(sin x)dx
6

2

A.1=2 B.I=CZ Cl==2 D.1=1
3 2
Giai.
T 1
Pit.u = sinx; du = cos x dx, ddi can: & 2
x=;;u=1
° °
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I =f22sinx.cosx.f(sinx)dx = 2 [i uf (Wdu = 2.%= 1
6 2

PapanD
Cau 16. Cho a<b<c, f:f(x)dx =5; fcbf(x)dx = 2. Tinh facf(x)dx

A. facf(x)dx = -2 B. facf(x)dx =3 C. facf(x)dx =7 D. facf(x)dx =1
bap an B

Cau17. Cho [ f(x)dx = 27.Tinh [, f(~3x)dx.
A.27 B.-3 C.9 D.3

bap an C (str dung phwong phap doi bién)
C4u 18. Cho ham sé f(x) lién tuc trén doan [0;1] c6 f(1)=-1, f(0)=1. Tinh [ = fol f'(x)dx
A 1=1 B.1=2 C.I=-2 D.I=0
Giai
Nhiclai: [ f'(x)dx = f(x) + C
Jo f16dx = I} = f(1) = f(0) = ~1~1= =2
bap an C
Cau19.Cho ham s6 y = f(x) lién tuc trén doan [ajc] va a<b<c. Biét fbaf(x)dx = —10,

[f f()dx = =5. Tinh [ f(x)dx
A.15 B.-15 C.-5 D.5

bapanD
Cau 20. Biét F(x) la mot nguyén ham cta ham s6 f(x) trén [a;b] va 2F(a) — 1 = 2F(b). Tinh

b
= fa f(x)dx.
A 1=-1 B.I=1 C.1=-0,5 D.1=0,5

bap an C
Cau 21. Cho F(x) la mdt nguyén ham ctia ham sé f(x) trén doan [-1;2]. Biét f_zlf(x)dx =1;
F(~1) = —1, tinh F(2).

A F(2)=2 B. F(2)=0 C.F(2)=3 D.F(2)=1
Pap an B.
Cau 22. Cho ham s6 y = f(x) c6 do thi trén doan [-1;4] nhw hinh vé bén. Tinh A

tichphan ! = [* f(x)dx.

Giai

Tich phan I chinh 14 dién tich phan gi¢i han béi d6 thi ham s6 f(x) (f(x)=0)
v&i truc Ox, dwong thang x=-1; x=4. Ta thdy phan hinh phang tao thanh 14 hai
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hinh thang, phan hinh thang bén trén cé f(x)=0, phan hinh thang bén duéi c6 f(x)<0. Ap dung cong
thirc tinh dién tich hinh thang ta cé:

_a+32 (a+21 _5

I
2 2 2

bap an A.

Cau 23. Cho ham s6 f(x) c6 dao ham f'(x) lién tuc trén R va f(0)=-m, [ 0211 f'(x)dx = 6m. Tinh f(2m).
A f(2m) = 61 B.f(2n) =7n C.f(2m) =5n D.f(2n) =0

bap an C

Cau 24. Cho [ f(x)dx = 9. Tinh I = [} f(3x + 1)dx
A.1=9 B.1=3 C.1=1 D. =0

bap an B

C4u 25. Cho ham s6 f(x) c6 dao ham trén [0;3], f(0)=2 va f: f'(x)dx = 5. Tinh f(3).
A.f(3)=2 B.f(3)=-3 C.f(3)=0 D. f(3)=7

PapanD

Cau 26. Cho ham s8 y=f(x) lién tuc trén R. Biét [ f(x*)dx = 1, tinh I = [ f(x)dx.
A.1=2 B.[=4 C.I=-2 D.I=1

D4p 4n A (d6i bién u = x?)

C4u 27. Cho f(x) la ham s6 lién tuc trén [a;b] v&i a<b va F(x) la mdt nguyén ham cua f(x) trén [a;b].
Ménh dé nao dwéi diy dung?
b
A. fa k.f(x)dx = k[F(b) — F(a)]

B. [, f(x)dx = F(b) — F(a)

C. Dién tich S ctia hinh phang gi¢i han béi hai dwdng thang x=a, x=b, d6 thi ham s6 y=f(x) va
truc hoanh dworc tinh theo cong thirc S = F(b) — F(a).

D. [} f(2x + 3)dx = F(2x + 3)I3

Giai
A dung. f; kf(x)dx = kF(x)|2 = kF(b) — kF(a) = k(F(b) — F(a))
B sai. fba f(x)dx = F(a) — F(b) bao gi¢ cling tinh cin trén trwéec.

Csai.S = f;lf(x)ldx =

[P fx)dx| = |F(b) - F(a)|
D. sai. f:f(Zx + 3)dx = %F(Zx +3) ’

Cau28. Cho [*, f(x)dx = 1,{* f(t)dt = —4.Tinh I = [} f(y)dy

A I=-5 B. =5 C.I=-3 D.[=3
Giai
° °
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Can nh¢ rang tich phan chi phu thudc vao cadn ma khong phu thudc vao bién, vi thé nhw bai trén khi

ta thay bién x, y, t Ia nhw nhau.
(2 4 4
Tacé: [©,fMdy + [, f(dy = [, f(y)dy

> [ fOdy = [, f0dy — 7, f)dy = —4—1= =5

bap an A

C4u 29. Cho ham s6 f(x) lién tuc trén R va c6 fozf(x)dx = 3. Tinh f_11 f(12x])dx
A3 B.6 C.: D.0

Giai

2xnéux >0

Ta sé lam mat diu gia tri tuyét doi. |2x| = { .
& Huye 2x| —2xneux <0

= f_llf(IZxI)dx = f_olf(—Zx)dx + folf(Zx)dx déi bién u = —2x; v = 2x ta duoc

1.0 102 12 12 1 1
I = _Efz f(wdu +5f0 fw)dv = Efo f(u)du+;f0 fwydv=-.3+-.3=3
bap an A.
A 3 3 . 3
Cau 30. Cho [ f(x)dx = =5; [ [f(x) — 2g(x)]dx = 9. Tinh I = [ g(x)dx
A.1=14 B.1=-14 C.1=7 D.I1=-7
PapanD
Cau 31. Cho folf(x)dx = 2.Gidtrictial = [# f(cos 2x).sinx . cos x dx bang:

Al B.1 c -2 D.—1
2 4 2 4

DPap an A (d6i bién u = cos 2x)

Cau 32. Cho ham s6 f(x) c6 dao ham trén doan [-1;4], f(4)=2018, fflf’(x)dx = 2000. Tinh f(-1).
A.f(-1)=18 B.f(-1)=-18 C.f(-1)=4018 D. f(-1)=-4018

Pap an A

Cau 33. Cho [ f(x)dx = —1. Tinh [ f(4x)dx.

Al== B.l =-2 Cl=-= D.]=—=

4 4

bap an C

Cau 34. Cho ham s6 y=f(x) c6 nguyén ham la F(x) trén doan [1;2], F(2)=1 va flz F(x)dx = 5. Tinh

tich phanI = flz(x — 1D f(x)dx
A.1=-3 B.1=6 C.I=-4 D.I=1

Giai
Str dung nguyén ham tirng phan dé tinh tich phan I = flz (x — 1D f(x)dx
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u=x-—1 N {du =dx

dv = f(x)dx ~ v = [ f(x)dx = F(x)

I=(x—DF@I} - [ F(x)dx = F(2) = 0.F(1) — [[F(x)dx =1—0—5 = —4

ot

bap an C

Cau 35. Cho ham so6 f(x) lién tuc trén R va f(2)=16, foz f(x)dx =4.TinhI = fol xf'(2x)dx
A.13 B.12 C. 20 D.7

bapanD

Cau 36. Cho ham s6 y=f(x) lién tuc trén R théa man ff f(\/\/_f) dx = 4; |2 f(sinx) cos x dx = 2. Tinh tich
phan/ = f03f(x)dx bing:
A.1=2 B.1=6 C.1=4 D.1=10

Pap 4n C (ddi bién u = Vx; v = sinx)

Cau 37. Cho cac s6 thuc a<b<c, f: fx)dx =7, fcb f(x)dx = —2.Khi do facf(x)dx bang:

A. —% B.-14 C.9 D.5

bap an C
Cau 38. Cho ham s8 f(x) théa [~ f(x)dx = 1. Tinh [} £(2018x)dx.
A.2018 B.0 C.1 D. —

2018
bapanD
Cau 39. Néu f(1)=12, f(x) lién tuc va fff’(x)dx = 17. Gid tri clia f(4) bang:
A. 29 B. 15 C.5 D. 19
bapan A

Cau 40. Cho f(x) 12 ham 3 chin trén R thoa man [, f(x)dx = 2. Chon ménh d& diing.
A. f_33f(x)dx =2 B. f_33f(x)dx =4 C. f03f(x)dx =-2 D f30f(x)dx =2
Giai
Ta co: f_33f(x)dx =2 f_03f(x)dx =22=4
bap an B
Cau 41. Biét f13f(3x — 1) = 20. Khi d6 tich phan I = fzsf(x)dx bang:
A.20 B. 40 C.10 D. 60
bapanD
Cau 42. Cho ham s06 f(x) c6 dao ham trén [0;1], f(0)=1, f(1)=-1. Tinh [ = flof’(x)dx
A.I=1 B.1=2 C.1=-2 D.0

° °
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bap an B

C4u 43. Cho f(x) 1a ham s6 lién tuc trén R va folf(x)dx = 2018.Tinh I = fozf(sin 2x) cos 2x dx

A— B. 1009 C.2018 D.-1009

" 1009
bap an B

Cau 44. fozf(x)dx = 3.Khido f02(4f(x) — 3)dx bang:

A8 B.6 C.4 D.2
bap an B
Cau 45. Cho ham s8 f(x) 1a ham chin, c6 dao ham trén [-6;6]. Biét [* f(x)dx = 8, [’ f(—2x)dx = 3.
Tinh [ f(x)dx.
A. 11 B.5 C.2 D. 14
bap an D.

Cau 46. Cho f_slf(x)dx = 15. Tinh gid tricia P = foz[f(S —3x) + 7]dx
A.P=15 B. P=37 C. P=27 D.P=19

PapanD
Ciu 47. Cho f(x), g(x) 1a cdc ham so lién tuc trén doan [2; 6] va théa man fzgf(x)dx = 3;
f36f(x)dx =7 f: g(x)dx = 5. Hay tim khang dinh sai trong cac khang dinh sau:

A. f36[3g(x) — f(x)]dx =8 B. f23[3f(x) —4]dx =5
C [ [2f () — 1]dx = 16 D. [ [4f () — 29 (x)] dx = 16
bap an D.

Cau 48. Cho [} f(x)dx = =3.Tinh I = [ (%) dx

A. -6 B. —% C.-1 D.5

Pap an A

Cau 49. Gia sit [} f(x)dx = 3; [, f(2)dz = 9. Téng [ f(t)dt + [, f(£)dt bing:

A. 12 B.5 C.6 D.3

bap an C

Cau 50. Biét ham s6 f(x) c6 dao ham f'(x) lién tuc trén R, £ (0) = g; fonf’(x)dx = 2m. Tinh f (7).
Af(m) == B. f(n) = 2 Cfm) == D.f(n) = 3m

bap an C

6.2. Trac nghiém lién quan tinh tich phan truc tiép

*Véi xu hwdng ra dé yéu ciu ngwoi hoc phai cé kién thire thit sw, cic ciu héi vé nguyén ham - tich
phén hién nay hau hét déu khong thé st dung truc ti€p may tinh tim ra dap an. Vi vay cac ban hoc
° °
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sinh hdy trang bi cho minh nhirng kién thirc cin thiét d€ lam bai thay vi ch¢ phu thudc vao may tinh.
Khi chiing ta cé kién thirc thi viéc phoi hop véi may tinh cAm tay méi thue sw dat hiéu qua.

*Cac ciu hoi sé khéng hoi truc tiép két qua tich phan ma sé hdi nhitng ciu hoi phu lién quan dén viéc
ching ta tinh tich phan, viéc ndy nham han ché sir dung may tinh tim ra két qua khi ngudi lam bai
khong cé kién thirc thwce sw.

Cac ciu héi minh hoa.

Cau 1. Cho fl (L — L) dx =aln2 + bIn3 véia, b la cac s6 nguyén. Ménh dé nao la ding?
0 \x+1 x+2
A. a+b=2 B. a-2b=0 C.a+b=-2 D.a+2b=0

Giai

x+1 x+2

fol(i—i)dxz (In|Jx + 1| = In|x + 2D} =(In2—-1n3) - (0—1In2) =2In2—1In3

Suy ra a=2; b=-1 = a+2b=0

PapanD
Cau 2. Cho folnm :ZZ = In 2. Khi d6 gi4 tri ctia m la:

Am=- B.m =2 C.m =4 D.m=0,m=4
Giai

*Cach 1: lam truc tiép.

biéu kién: m>0

) Inm e*d
Xet:1=fnme i

.Ditu = e* + 2;du = e*dx. P8i can: ¥=2¥3
0 eX+2

x=Inm;u=m+2

=[] % = Infu|[7*? = In|m + 2| —In33

m+2 _ m=4
3 2 e m=-8(loai)

Theo bai:Inlm+ 2| —-In3 =1n2 < In |"‘T+2

|=ln2:>
bap an C

*C4ch 2: thir dap 4n va kiém tra bang may tinh.

—In2=0

Inme*dx flnm e*dx

Ta cé: [ R

0 eX+2

Thir bing mdy tinh cAc phwong 4n thdy m=4 théa man.
Cau 3. Cho n 12 s8 tw nhién sao cho fol(x2 — 1)"xdx = — %. Tinh tich phan 2 sin™ x cos x dx
A~ B.— C.: D.—
10 15 5 20
Giai

*Néu dung may tinh “mo” tim n bai nay la rat mat thoi gian va rat kho tim dwoc n néu n cang lon. Pay
la mot cach hoi hay dé han ché viéc dung may tinh.
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Tinh tich phan fol(xz — 1)"xdx. Ddtu = x? — 1;du = 2xdx. D6i can ¥ 21

x=1;u=0

0

f (X — D™xdx = f um (i 1:::‘-11) _1 (0 _ (—1)"+1) _ (—pn+t 1

1 2 n+1 2(n+1) 20

(_1)n+1

=—=n+1=10=>n=9
10

n+1
z 1
Thay n =9 vao tich phan can tinh(bdm may): J2 sin® x cos x dx = —
bap an A.
Ta cling c6 thé ddi bién tich phan trén bang cach dit u = sinx

Xin ban doc kiém tra.

Cau4. Chil = fa ax (a > 0). bdt x = atant. Tim ménh dé sai.
A.I=f0 —dt B.dx = a(1 + tan? t)dt
2 2 _ 2 2 _ El
C.a?+ x? = a?(1 + tan?t) D.I—f04adt

Giai

Do A va D c6 cing ham dwi d4u tich phan va khac can. Do vy dap 4n sai chac chdn & mot trong hai
phwong an nay.

Tacé:x =atant.PGicin:x =a=>tant =1 =t = arctan 1 =%

Vay phurong an A 1a sai.

5x24+x+1

Cau 5. Bletf dx =a+ ln v&i a, b la cac s6 nguyén. Tinh S = a — 2b.

A.S= 2 B.S 10 C.S=5 D.S=2
Giai
DAy 1a dang tich phan tinh bang phwong phap phan tich da thirc.

Ta co: fsx P dx = fsx(x+1)+1 = [ (x+ﬁ) dx = (§+ln|x+ 1|)|§

52 32 3
= (Z+mo) —(?+ln4) =8+In:
=>a=8;b=3.VayS=a—-2b=8-23=2
bap an D
Ciu6.Chol = foz sin3x.sin2xdx = a + %, v&i a, bla cac s6 nguyén. Tinh S = a + b.

A.S=-2 B.S$=-3 C.S=2 D.S=3

Giai
Ta str dung cong thirc lwong giac phén tich tich thanh téng dé tinh tich phan nay.
° °
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4

1_ 32
o 10

4

- 1 1/1 . .
I = f04 —E(cos 5x — cosx)dx = —E(gsm 5x — smx)

= a=0;b=3.VayS =a+b =3

bapanD
Cau7. Gidtricual = [ V7 xidx dwoc viét dwdi dang phan s t8i gian — Khi d6 gia tri caa a-7b la:
' - 0 Igez O : b ; '

A.2 B.1 C.0 D.-1
Giai
*Poi véi dang két qua chi c6 phan s6 hiru ti thi may tinh c6 thé tinh dwoc két qua. Cu thé trong cau
nay thi | = —= = a=141,b=20. Vay a-7b=141-7.20=1
bap an B
*Ban doc hiy giai cAu ndy bing phwong phap déi bién ditu = V1 + x2
Cau 8. Biét I = f02(3x - 1)e§dx = a + be v&i a, b 1a cac s6 nguyén. Tinh S=a+b.
A.S=12 B.S=16 C.S=8 D.S=10
DAy 1a dang tinh tich phin bang phwong phép tich phan tirng phin. Xin ban doc tw giai.
Papan A

A . x Iné dx
Cau 9. Biét] = fln3 m

A.P=10 B. P=-10 C.P=15 D.P=20

= 3Ina — Inb véia, b la cac s6 nguyén dwong. Tinh P=ab.

Giai
Nhan ca tir va mau ham dwédi diu tich phan véi e* ta dworc.

_ J-ln6 e*dx

——— Patu =e* > du = e*dx
In3 (eX)2-3eX+2"

—fe_dw s d _ 6( 1 1) gy = (Infu—2| —Inju— 1]
= [ o= L omams = i (55— ) 4 = (nlu— 2] = Infu = 1])15

=(In4—-In5)—-(0—In2)=2In2—-In5+In2=3In2—-1In5
=a=2;b=5.P=25=10

Pap an A
Cau 10. K&t qua phép tinh tich phin fls x\/% codangl = aln3 + blIn5 (a,b € Z). Khi d6 biéu thic
a’? + ab + 3b? co gia tri la:
A. 4 B.5 C.1 D.0
bap an B (d6i biénu = v3x + 1)
evVlnx+1llnx

Cau 11. Bai toan tinh tich phén |

1 dx dwoc mot hoc sinh giai theo ba buéc nhw sau:

x=1;t=1
x=e;t=2

I.dit4n phu:t =Inx + 1, suyra dt = idx. Doi can:
° °
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L] = feVInx+ lnx _ flz \/E(t _ 1)dt

212
_ _ — 5_2 _

L1 = [2VE(t - 1)dt = (\/t— ﬁ) = 1+3VZ

Hoc sinh nay giai ding hay sai? Néu sai thi sai & bwéc nao?

A. Hoc sinh gidi ding B. Sai & bwéc 111 C. Sai & budcll D. Sai & buécl
Giai

Hoc sinh nay giai sai & bwdrc 111

TacoI—f(\/—t—\/—)dt— (tZ—tZ)dt

bap an B

Zlnx

Cau 12. Biét [, —

- (- ) 2L

15

Il
/

b 1N o N A N P T .
=-+ta In 2 véi a la so thugc, b, c la cac s6 nguyén dwong va - tbi gian. Tinh gia

tri cua b1eu thirc 2a+3b+c

A4 B.-6 C.6 D.5
Giai
o (u=hxfdu=S
Tinh tich phan bang tinh phan tirng phan. bat dv=i2dx:> o1

x X

2Inx Inx\ |2 21 Inx\ |2 1|2 Inx 1\|%
fimax= (=) +fima= (=), -3 = (=53],

In2 1 1 1
= (-5 -3) - 0-1D=;-7n2
Sa=—=;b=1;c=2

vay2a+3b+c=2.(—§)+3.1+2=4

bapan A
Cau 13. Cho tich phan I = f (x+1)m bitt =+v2x + 3, taduwoc = fz =, dt, v6im, n € Z. Tinh

T=3m+n.

A. T=7 B. T=2 C.T=4 D.T=5
Giai

2_
Ta co: t? =2x+3:>x=t2—3:>dx=tdt.
3 2

1=, —(tzz T tdt = [J s 23“ dt = [ —dt
>m=2;n=-1
VayT =3m+n=32+(—-1)=5
°
https://www.facebook.com/thaygiaoton Trang 35

https://www.youtube.com/c/TonLai



https://www.facebook.com/thaygiaoton
https://www.youtube.com/c/TonLai

Lai Van Ton DC: Hoang Nguyén, Tri Thay, Phu Xuyén, Ha Noi PT: 0973056109
“Nhitng diéu tét nhat chi dén véi nhitng ngudi luén biét cé gang”
° °

PapanD

*Khi lam trac nghiém khong chi doi hoi chinh x4c ma con phai nhanh. Khi doc dé cAn phan tich nhirng
yéu to da c6, nhirng yéu ciu phai lam. Tranh tinh toan lap lai nhirng yéu té da cé. Vi du nhw bai nay,
ta thiy dé bai da d6i cdn nén khong can phai doi cin nira; bai toan ciing chi héi ham s6 dwéi dau tich
phén sau doi bién chir khong hdi két qua tich phan, nén tranh viéc khong doc ki dé roi di tinh két qua
cudi cung lam mat thoi gian.

Cau 14. Tinh tich phan [ = fg_sm—mx = am + b In 2. Khi d6 a+b bang bao nhiéu?
2sinx+cosx
A1l B.2 C.: D.0

Giai

DAy 1a dang tinh tich phin bang cach phan tich va déi bién.

D€y rang khi ta dit u = 2 sinx + cos x thi du = (2 cos x — sinx)dx

Ta can phan tich ti¥ s6 theo mau s6 va két qua vi phan: sinx = a(2sinx + cos x) + b(2 cos x — sin x)

2
_ _ a=-
2a—b=1 5

a+2b=0 p=-1
5

& sinx = (2a — b) sinx + (a + 2b) cos x. P6ng nhat hé so ta co: {

2 . 1 . 1 .
TZ(2sinx+cos x)—g(z cos x—sinx) —5(2 cos x—sinx)

(o (= _ 2 n
TaCO'I_IO2 2sinx+cosx dx_fOZde-l_fO2 2 sinx+cosx x
n z 2
Doi bién tich phan thi 2 nhw trinh bay & trén ta dwoc: I = Ozzdx Sl _zhl —lln|u||
5 571 w57y 5 1
=(E—0)—l(ln2—0)=l7r—lln2=>a=l;b=—l
5 5 5 5 5 5
A 1. (_1_
Vaya+b—5+( 5)—0
Cau 15. Biét [*———dx = = + - In 4. Tinh P=a+b.
Ccos“ x a b
A.P=2 B.P=6 C.P=0 D.P=8

DPap an C (tich phan tirng phan)

Cau16. Cho tich phan I = [} ——

A. a+b=3 B.a-b=3 C.a-b=5 D.a+b=5

2 . NS A A w o x L as
dx=a+bln 3 Voia, b la cac s6 nguyén. Ménh dé nao dung?

bap an D (tich phan d6i bién)

Cau 17. Cho tich phan I = fle x In? x dx. Ménh dé nao duéi day ding?

e
Al =%x2 1n2x| +flexlnxdx B.I = x?In? x|§ —2flexlnxdx
1
e 1 € e
C.I=x*In*x|{ - [ xInxdx D.I =Ex21n2x|1 — J, xInxdx
PapanD

Cau 18. Ta c6 tich phan I = 4 fle x(1+1Inx)dx = ae? + b véia, bla cic s6 nguyén.

° °
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Tinh M = ab + 4(a + b).
A. M=-5 B.M=-2 C.M=5 D.M=-6

bap an C

Cau 19. Cho m la s6 thwc dwong théa man: fom —(1:;2)3

A.me(3;§) B.mE(O;%) C.mEG;B) D.mEG;S)

dx = %. Ménh dé nao sau day la dung?

Giai

x=0;u=1

o du FIEN
Pitu =1+ x%;du = 2xdx © — = xdx. P6i can *~ ¥ 2
. 2 Cx=m;u=1+m

1+m? du 1 |1m? 1 1 1 1 3
I'= fl 203 au?l; (_ 4(1+m2)2) B (_Z) - Z(l B (1+m2)2) ~ 16
Lo =l (+4md)2=4o1+m2=2(oai-2do1l+m?>1)

T @+m2)?Z 4 (1+m?? 4

=>m? =1 m = +1domduwong nén m=1.

bap an B.
Cau20. Cho [ In(x + 1) dx = a + Inb, véia, b € Z. Tinh (a + 3)°

A.25 B.- C.16 D.=

7 9
bap an C
Céu 21. Tinh tich phan I = flz 2xVx? — 1dx bang cach ditu = x% — 1, ménh dé nao dwdi day 1a ding?
3 2 3 102

Al=2[ Yudu B.I = [ Vudu C.I= [ vudu D.I = [ Vudu

bap an C

*Ta loai ngay B, D do khong doi cin
Lam bang may tinh cAm tay (ban doc xin 1am thém bang tw luan)

Dung mdy tinh tinh tich phan I = [ 2xVx? — 1dx = 3,4641 ...

Tinh tiép tich phan phwong an C (A phic tap hon nén tinh sau): f03 Vudu = 3,4641..=1

Vay dap an C
Cau 22. Cho f; 5~ =a + bIn =" véia, bla cic s6 hiru ti. Tinh § = a® + b*

A.S=2 B.S=-2 C.5=0 D.S=1
bap an C

Cau 23. Biét flz z—;; dx=1+4In %, v&i a, b 1a cac s6 nguyén va % toi gidn. Gia tri 2a + b 1a bao nhiéu?
A.0 B.13 C.14 D.-20
DPap an B (phan tich tich phin hodc ddi bién)
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Cau24.Bist] = [*222* 4y = 4 4 qIn2 + bIn5 véia, b € Z. Tinh S=a+b.

1
A.S5=9 B.S=11 C.S=-3 D.S=5
Giai

x—2néux>2

Pha tri tuyét doi: [x — 2| = {—x 2 mEu < 2

22(—x+2)+1 52(x-2)+1 2 5 5 3
== [ da+ [0 = dx=f1(—2+;)dx+f2 (2—;)dx

1 x 2 x
=(—2x+5Inx)|?+ 2x—3Inx)[5=(—=4+5In2) - (=2) + (10 — 3In5) — (4 —31n2)
=4+8In2—-3In5=>a=8;b=-3
S=a+b=8+(-3)=5
PapanD
Ban doc hay 1am thém bing cach bién déi: |x — 2| = /(x — 2)?

Cau25.Cho [—2 = gIn2+bIn5+cln7véia b ceQ.TinhS =a+4b—c
1 (x+1)(x+4)

A2 B. 4 C.3 D.5
Papan A

e Inx

Cau26.Chol = [

1 x(Inx+2)2

A.2a+3b=3 B.%—bzl C.4a* +9b% =11 D.2ab =1

dx =Ina+ b vdia, b € Q. Khang dinh nao sau day dung?

DPap an B (d6i biénu = Inx + 2)

1

Cau 27. Chotichphémfz3 dx =aln3+bln2+c,véia bceQ.TinhS=a+b+c

x2+4x3
A.5=—§ B.S=—£ c.5=§ D.5=§
Giai
3 1 3 dx 3/ A B C
I'= fZ x2+x3 dx = 2 xZ(1+x) — ) (x_2+ x + E) dx.

Xin ban doc tiép tuc qui déng dé tim A, B, C tir d6 tinh dwoc tich phdnvatima, b, ¢

Pap an D
3
Cau 28. Biét f) S dx = ; — ——In2.Tinha.
A.a=0 B.a=1 C.a=2 D.a=3
Giai
3 2
*C4ch 1: 1am tw luan fol #dx = folxxz'—’idlx d6i bién u = x? + 1. Xin ban doc tiép tuc tinh.

*Cach 2: st dung may tinh
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%3
x2+1

Tinh v trai: [, —— dx = 0.1534....
Tinh vé phai (rng véi a & cac phwon an.
Nhap: - — ——1In 2-CALC A=0 két qua -0,193...(loai) >CALC A=1 két qua 0,1534... (théa man)
bap an B.
*Tir cac vi du trén ta thay chi c6 nhitng cdu hoi dang hai truc ti€p hé s6 méi c6 thé st dung may tinh
truc tiép, nhirng cau hoi dang tinh gia tri biéu thirc hé s6 khong thé st dung dwoc may tinh cam tay.
Cau29.Cho !l = fog sin? x cos x dx dat u = sin x. Chon ménh dé ding?
Al = foluzdu B.I = Zfoludu C.I= —f_oluzdu D.I= foluzdu
Pap an A (xem cach lam may tinh & cau 21)
Cau 30. Cho cac sd thuc m, n théa man: fal(l —x)dx =m; fbl(l —x)dx =n trong d6 a, b € R va

a<1<b.Tinh! = [7|1 - x|dx
Al=—-m-—-n Bl=n—m Cl=m-n D.I=m+n

Giai

1 2 2

L= =m e (=) =me (1) - (o-2) =meE-ariom

2
= b? —b+ % = ndoa<l<bnénchoa=0;b=2=>m=1/2;n=1/2

I = f:ll—xldx = fozll—xldx =1

Doi chiéu cac phwong dn thidy phwong an D la chinh xac.

Al=-m-n=—-+-1=-_1
2 2

BI=n—-m=0

CIlI=m-n=0

D1=m+n=§

*Do day la dang trac nghiém nén chiing ta c6 thé cho gia tri cu thé ddi vdi nhitng bai toan téng quat
dang nhw nay thay vi giai tong quat sé rat 1au va phic tap.

Cosx

Cau3l Cho [P —————dx=a InZ + bvéiab € Q ¢>0. Tinh téng S=a+b+c.
sin® x-5sinx+6 c
A.S=3 B.S=4 C.S=0 D.S=1

bap an B (ddi bién u=sin x)

Cau 32. Cho a, b 1a cac s6 thuc dwong théa min Va—+vb+1=0.TinhI = ff j—;

A 1=2 B.1=1 C.1=-2 Ill=%
[ °
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Giai

Tacé:\/——\/B+1=0<:>\/—=\/E—1:>a=(\/E—l)zchob=4;:>a=1
(ta can chon a, b sao cho tich phan cé thé tinh dwoc)

o bdx _ (4dx
Bammay:1=faﬁ=f1 5o

Papan A

Cau 33. Gia tri ctia tich phan I = fOE x. cos? x dx dwoc biéu dién dwéi dang an? + b; a, b € Q. Tich ab
bang:

A0 B.— L c.—L D.—L
32 16 64

Giai

I= fogx.ydx = fg(g + %x. cos Zx) dx = foggdx — fogéx.cos 2x dx

Str dung phwong phép tinh tich phan tirng phan tinh tich phén thi 2.

Pap an: D

*Ta c6 cling thé st dung tich phan tirng phan ludn tir tich phan ban dau bang cach dit {dv :;;zcx dx

f 1+cos 2x d

> X = %x + isin 2x; du = dx. Ban doc c6 thé tu tinh todn dé tim két qua.

v=[ cos?xdx =

Céu 34. Cho tich phan I = fonxz cosx dx vau = x%; dv = cos x dx. Khang dinh nao sau day 1a dung?

Al =x?sinx|T — 2f:x.sinxdx B.I = x%sinx|f — fonx sin x dx
C.I =x*sinx|§ + fonx. sin x dx D.I = x*sinx|§ + 2 fonx. sin x dx
Papan A
Cau35.Chol = flz xV4 — x2dx vat = V4 — x2. Khang dinh nao sau day Ia sai?
2 V3 3 V3
Al=+3 B.I=X c.1=["t2de D.I==
2 1g 0 3lo
Giai
Ta c6: dt = —ﬁdx & —tdt = xdx. D6i can: xx==12;;tt==\/0§
V3
—(° _ (VB2g _ BT _
I= [t (—tdt) = [ t*dt —;|0 =3.

Pap an B sai.

Cau 36. Biétrang I = fol eV3xtldy = %ez v&i a, b 1a cac s6 thuc théa man: a-b=2. Tinh téng S=a+b.
A.S5=10 B.S=5 C.S=4 D.S=7

Giai

Cach 1: gidi truec tiép.

° °
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batt =vV3x+1=dt =

tht x: A x=0;t=1
\/_dx & dx =—Doican '

I—fz tthtdt{ uz% ﬁ{duz%dt
dv = etdt v=et

_2 tz_ 22 ¢4, 2 tr. 2__
I=zte |1 f13e dt =ef(t 1)|1—
-2 3a—2b=0
Xét{ b 3 :>{a . =>a=4;b=6.Viya+b=10
a—b=— a—b=-2
bap an A.
Cach 2: gidi gian tiép bang st dung cac phwong 4n két hop may tinh.

+, xét phwong an A, ta c6 hé { >a=4;b=

+b=10
B4m may: fol eV3x¥tlgy — %ez. K&t qua: 0. Vay phwong an A ding.

+, trong treong hop két qua khac 0. Ta st dung ti€p phwong an tiép theo cho téi khi thu dwoc két
qua bang 0.
+, néu c6 hai may tinh thi st li cAu hédi sé nhanh hon. Trong lic ché ki€m tra phwong an A, ta c6 thé
st dung mdy tinh thit 2 kiém tra phwong an khac.
Cau 37. C6 bao nhiéu s6 thyc a € (0; 10m) thdéa méan diéu kién foa sin® x.sin 2x dx = %?
A.4s0 B. 6 s6 C.7s06 D.55s0

Giai

_[ra . 5 . _ra . s . _ a . g
I = [ sin®x.sin2xdx = [ sin®x.2sinx.cosxdx =2 [ sin®x.cosx dx

x=0;u=0

Patu =sinx;du = cosxdx.P6ican *~ "7
x=a,u=sina

sina

1_2f5”‘“ 6du_2

2 . 2 . . T
=;:;sm7a=;=)sm7a=1<=)sma=1(:>a=5+k27r;k€Z

aE(O;lon)=>O<§+k27r<1O7r(:)—§<k27t<197”(:>—i<k<1:9<:>—0,25<k<4,75

Do d6 k=0;1;2;3;4. Vay ¢ 5 sé.

bapanD
Cau38.batt = x + Vx2 4+ 16. Tich phdn ] = fo \/—tro' thanh:
8.dt 8 5dt 5
Al=[ = B.I = [, tdt Cl=/[ = D.I= [, tdt

Giai

2 tich phan bang nhau thi hiéu cia chiing phai bang 0 va nhé rang tich phan khéng phu thudc bién sd
ma chi phu thudc vao can.

Kiém tra can: ¥Z0'"¢. Dép an chi c6 thé 1a A hodc B.
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B4m may: f m f =, Két qua: 0
Papan A

Cau39.Biét] = [ In(3x + 1)dx = a.In2 + b. Tinh § = 3a — b

A.S=7 B.S=11 C.S=8 D.S=9
bapanD
a .~y 1 3x-1 _ a 5 ’ A N ~ o as
Cau 40. Biét fo 21eres dx =3 ln; — o trong do a, b nguyén dwong va - toi gian. Hay tinh ab.
A.ab = -5 B.ab =2 C.ab =12 D.ab = 6

Pap an C

Cau 41. Biét tich phan fozx. cos2x dx = a + bm; a, b € Q. Tinh S=a+2b.

A.S=0 B.S=1 CS=- D.S=>
Papan A
Cau 42. Bletf dx = 2, trong d6 a, b 1a cac hang s6 dwong. Tinh tich phan f a xlnxdx
A.I=1n2 B.I =2 C]—_ D.I=l
In2 2

Giai

Ta co: fbldlenlxllg —Inb—Ina=In2=2=2=¢2=p=aq.e? Choa=1thib = e?
a x a a

2
~ P e® 1 ,, )
Bam may: [, ——dx. Két qua: 2
Pap an B
*P3i v&i nhirng bai toan dang cé diéu kién phu, ta ctt cho cu thé bang nhirng con sd cu thé roi xt li
bang may tinh.

52|x—2|+1

Cau 43. Biét I = f dx =4+ aln2 + bln5 véia,beZ. Tinh S=a+b.
A.S=9 B.S=11 C.S=-3 D.S=5

Giai

—2néux=>2

e ol — [X
Ta c6: |x — 2| {Z—xné'ux<2

22(2-x)+1 )+1 52( 2)+1 2 5 5 3
= [ ==dx + [) == =f1(—2+;)dx+f2(2—;)dx

1
= (—2x+51nx)|f +(2x—31nx)|§ =(—4+4+5In2)—(-2)+ (10 —-3In5)— (4 —-31In2)
=4+4+8In2—-3In5
Suy ra a=8; b=-3.S=5

bapanD
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C4u 44. Dang thic nao sai trong cac dang thirc sau:

L 1 T n
A [?sinxdx = [ dx B. [2sinxdx = [?costdt
z /s z sin3x§
C. J2sinxdx = fg sint dt D. [#sin®x dx = i
§ m

6
Giai.
Ta chuyén vé d6i ddu va bAm may. K&t qua bang 0 1a chinh xac va khac 0 12 sai.

Bam may:

+, phwong an A: fog sinx dx — fol ldx. Kétqua: 0

+, phwong 4n B: f(? sinx dx — f(? cosx dx. Kétqua 0
+, phwong an C: fog sinx dx — fgn sin x dx. Két qua 0
Vay phwong an D.

+, phwong 4n D: fg sin? x dx = 0,74.
6

3

[
—

T
- 3 - =
sin®x|2 _ (2

1
/2

= 0,397

X

ol
I

bapanD

A ’ N 3 xdx
Cau 45. Cho tich phan [, =
ctia phwong trinh nao dwéi day?
Ax?—4x+3=0 Bax?-2x+-=0 Cx?-x-2=0 D.x?-2x—3=0

=aln2 — blIn3, trong d6 a,beQ. Khi dé a, b dong thoi 1a hai nghiém

bap an B
n . o ra e* _ 1.3
Cau 46. Tima dé [ —dx = In
A.a=-1 B.a=2 Ca=1In2 D.a=1n3

bap an C

Ta c6 thé bAm may thir v&i tirng phwong an.

T _sin3
Cau 47. Tich phan f03 15;1?; dx = a3+ bV2 +c,véia b, c€E Q. Téng a+b+cla:
A1l B.-1 C.2 D.0
bapanD
Cau 48. Cho s6 thwc m thoa man fle 1+";lnt dt = 0, cic gia tri tim dwoc cia m théa man diéu kién nao
sau day?
A.-5<m<0 B.m>-1 C.-6<m<-4 D. m<-2
° °
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Giai
el+mlint mdt dt . A t=1;u=1
Xét: 1 = [ dt.Pitu =1+ mlInt = du = —:> — =—Déican,__ T
1+m

1+m du  u? 14+m)? 1
I=f Uu—=— ZQ——ZO,mth

1 m 2m 2m

1+m=1 N m = 0(loai)

=>(1+m)2—1=0(:)[1+m=_1 T

Pap an A.

Cau 49. B1etfn —Sodx=mr+nln2,(mn€R).TinhP =2m+n

A.P= 1 B. P=0,75 C.P=0,25 D. P=0
Céu 50. Cho tich phan/ = |/ msf;%dx Néu dit t = cos 2x thi ménh dé nao sau diy dang?
A.I=ft21dt B.I=ft2 -dt Cl== ftz -dt DI—ftz -dt
bap an B

Bam may tirng phwong an kiém tra. Phwong an dung phai c6 két qua giong tich phan ban dau.
6.3. Trac nghiém lién quan tmg dung tich phan
*Xin doc lai muc 5: rng dung tich phan.

Cau 1. Dién tich hinh phing gi¢i han béi @6 thi (C) cia hAm s6 y = —2x3 + x2 + x + 5 va d6 thi (C")
ciaham s6y = x? — x + 5 bang:
A.0 B.1 C.3 D.2

Giai
Gidi phwong trinh: —2x3 + x2 +x +5=x>—-x+ 5 -2x3+2x =0 x =0;x = +1

Xét ddu f(x) = —2x3 + 2x

X -00 -1 K 1 +00
—2x3 + 2x + - + -

Ap dung cong thirc tinh dién tich hinh phang ta c6: S = f_01(2x3 — 2x)dx + fol(—2x3 +2x)dx =1
bap an B

1 X
Cau 2. Thé tich vat thé tron xoay khi quay hinh phang gi¢i han béi y = x2.e2,x =1,x =2,y =0
quanh truc Ox1a V = m(a + be?). Tinh gia tri biéu thirc a+b.
A. 4 B.3 C.1 D. 2

Giai

. . ' 1 xy2
Ap dung cong thirc tinh thé tich vay thé tron xoay: V = & flz (xzeZ) dx=m flz x.e*dx
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St dung tich phin tirng phan dat {dvu:=ef dx {d;i_: e(ix

V= r[(xexlf - flz exdx) =m(xe* —e¥)|? = n(2e? — e?) — (e — e) = me?

Suy ra a=0;b=1. Vdy a+b=1

bap an C
Cau 3. Tinh dién tich hinh phang gi¢i hanb&iy = x2 —3x + 2;y = x — 1.
AS=1 B.S=2 cs=2 D.§ =22
3 14 300
Pap an
C4u 4. Cho hinh phang H dwoc gi¢i han bdi cac duongy = —vVx + 2, Y
y = x + 2,x = 1. Tinh thé tich V cta vat thé tron xoay khi quay hinh phang 2 /

H quanh truc hoanh. / 7
A.V=2777T By=22 2 40

C.9m D.V==— I~

Giai

Lay dé6i xtrng phan d6 thi y = —vx + 2. Chia phén dién tich bi gi¢i han
thanh 2 phan S1 va S2 nhw hinh vé. Ap dung cong thirc tinh thé tich ta
co:

V= nf__zl(\/x + Z)de + nf_ll(x + 2)2dx

=n(f; G+ Ddx+ 1 (x + 2)%dx) =Zn

PapanD

*Pé lam dwoc nhirng dang c6 nhiéu ham s6 nhw ciu nay thi cich tot nhit va chinh xac nhat1a sir dung
do thi dé xac dinh cong thirc thé tich.

Cau 5. M6t 6 t6 dang chay v&i van téc 36km/h thi ting toc chuyén dong nhanh dan véi gia téc
a(t) =1+ g (m/s?). Tinh quing duwdng ma 6 t6 di dwoc sau 6 gidy ké tir khi 6 t6 bit dau ting
toc.

A.90m B. 246m C.58m D.102m

Giai
*Nh&c lai: quing duwdng 1a nguyén ham ctia van tdc. Van tdc 1a nguyén ham cuia gia téc.

2
v(t)=v0+fa(t)dt=v0+f(1+§)dt=v0+t+%.vo=36kTm=10?

s=fos(v0+t+§)dt=f06(10+t+§)dt=90m

bapan A
° °
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*rat nhiéu nguoi sé ra két qua 246m. Nguyén nhén la cic ban khéng déi don vi. Ban doc can lwu y
diéu nay.
C4u 6. Tinh dién tich hinh phang gi¢i han béi dd thi ham sé f(x) = x? — 4x + 3 va truc Ox.
8 4 4 8
A. - B.-m C.- D.-m
3 3 3 3
bap an C
C4u 7. Goi S 1a dién tich hinh phang gi¢i han b&i do thi (€):y = %, tiém can ngang cua (c), truc tung
va dwong thang x=a (a>0). Tima dé S = In2017
Aa=¥2017-1 Ba=="-1
C.a = 2016 D.a=+v2017 -1
Giai

Doi véi nhitng ciu c¢6 nhiéu dir kién nhw nay thi ban doc nén vé

d6 thi ra d&€ nhan biét mot cach truc quan. y=2
Ta thiy phan dién tich cin tim la phin S1 va S2. Trong d6 phan S2 ~2x-1
bang toan bd hinh chit nhat chira S2, S3 trir di phan S3. Y= +1

1
= 2x-1
+5 = J-02 (_ x+1)dx
a2x—1

+,S; = Spen — S3 =2a—fl 1

2

dx

Dén day ta c6 thé gidi bang cach thit truc tiép cac phwong 4n hodc 1am tw ludn tim a.

Tai xin gidi bang cach thi truc tiép + may tinh.

1
Tac():S=51+SZ@S—Sl—SZ=O@1n2017—fg(—%)dx—2a+ff2;:dx=0
2
a2x —1
®1n2017—2a+f dx =0
o x+1

Ghi vao may tinh: In2017 — 2a + foa % dx v&i a thay bang cac phwong an cu thé.

+, phwong an A: két qua 0; phwong an B két qua: -11,9; phwong an C két qua: -15,2; phwong an D két
qua: -3,8

Dap an A. (thuc té chi cin kiém tra phwong an A 1a ta cé thé chon dwoc luén).
Cau 8. Goi H 12 hinh hang gi¢i han b&i y = 2x — x2 va truc hoanh. Tinh thé tich V cta khdi tron xoay

tao thanh khi quay hinh H xung quanh truc hoanh.
1é6m 20w

AV =2 B.V =22 =212 D.V =2Z
3 15 15 3

bap an C

C4au 9. Cho hinh phing H gié¢i han béi do thi ham s6 y = v/x; y = x — 2 va truc hoanh. Tim cong thirc
tinh thé tich cta vt thé sinh ra khi cho hinh H quay quanh truc hoanh.

° °
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4 4 ) ,
AV =m| [} xdx + [} (x - 2)2dx] Mo o
B.V=n _f:xdx — f;(x - Z)de]
CV=m _foz xdx + f:(x — Z)de] ol 1 72 2 T
DV=m _foz \/de _ f;(x . 2) dx] 5 y=x=2
bapan B

Cau 10. Mot khudn vién dang ntra hinh tron c6 dwong kinh 4v5 m. Trén d6 nguoi thiét ké hai phin
dé tréong hoa c6 dang cia mot canh hoa hinh parabol c¢é dinh triung véi tAm nira hinh tron
(phan td mau), cdch nhau mot khodng bang 4 m, phan
con lai ctia khuén vién (phan khong t6 mau) danh dé
trong c6 Nhat Ban. Biét cac kich thwéc cho nhw hinh
vé va kinh phi dé tréng cé6 Nhat Ban 1a 100 000
dong/m?. Hoi cAn bao nhiéu tién dé€ trong c6 Nhat Ban
trén phin dat d6?. Lam tron dén hang nghin.
A. 3895000 dong B. 1948 000 dong
C.2 388 000 dong D. 1194 000 dong

Giai.

Chiéu 1én hé truc toa d6 nhw hinh vé. (ban doc doc lai phan 5.3 dé
hiéu chi tiét cach lam nay)

Do duwong tron cé dwdng kinh 4v5 m nén ban kinh 0A=0B=2v5 m

‘ . . B(-2v500 O B a@v50)
Do dién tich trong cé gom hai phan doi xirng cé dién tich bang nhau
nén ta chi can tich dién tich mot bén. Ta sé tinh phan bén phai l1a S1.

Dién tich phén trong cé S1 bang dién tich hinh quat AOD trir di dién tich gi¢i han béi parabol va doan
OD (phan mau tim - t6 dam).

*Xac dinh parabol c¢6 dang y = ax? (parabol c6 goc toa dd 1a dinh)

+, xéc dinh toa do diém D: ta c6 y = 4;0D = 04 = 2J5 = x, = JOD? — 2 = [(2V5) - 42 =2
Vay D(2; 4).

+, thay toa d6 diém D vao phwong trinh parabol ta dwoc a=1.

Vay parabol c6 dang: y = x?

*Xac dinh dwong thang OD: y = ax. Thay toa dd diém D vao phwong trinh ta dwgc a=2.

Vay dwong thang OD c6 dang: y = 2x

4

Dién tich phin o dam 1a S, = [ (2x — x?)dx = :

*Xac dinh dién tich phin quat AOD.

. o~ DE _ 4 2 =
sin A0D = D E-TF = A0D =~ 1,107 rad.

° °
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Dién tich hinh quat AOD 1&: S0p = £.7% = 227 (25) = 11,07

Vay dién tich phan trong c la: § = 25, = 2.(11,07 —3) = 19,473

S6 tién can dé trong co l1a: T = 19,473X100 000 = 1 947 300 dong.

Dap an B. (dap an c6 thé chénh 1éch mot chut do cach 14y x4p xi)

*Trong bai nay khé nhit chinh la phai nhé dwoc cong thirc tinh dién tich hinh quat tron.

a , 1l nR?*a°

Squat =37 =7 = 3600

Cau 11. Goi V 1a thé tich cta khdi tron xoay sinh ra khi cho hinh phing gi¢i han béi cic duwong
y = i + 1,y =0,x = 1,x = k(k > 1), quay xung quanh truc Ox. Timk dé V = 1'[(14—5 + In 16).
A k=4 B. k=8 C. k=4e D. k = e?

Papan A

Cau12. Thé tich vat thé tron xoay tao thanh khi quay hinh phang gi¢i han bdi cic duong
y = x% —2x;y = 0;x = 0;x = 1 quanh truc Ox c6 gia tri bang:

AZ B. 2 .=z D. 2

15 15 8 7

Papan A

Cau 13. Dién tich hinh phing gi¢i han béi ham s6 y = x2Vx2 + 1, truc Ox va duwdng thang x=1 bang
M v&ia, b, cla cac s6 nguyén dwong. Khi d6 gia tri cua a+b+cla:
A 11 B.12 C.13 D. 14

bap an C

Cau 14. Cho hinh thang cong H gi¢i han béi cac duwong y = %,y =0, y

x = 1,x = 5. Pwong thang x=k (1<k<5) chia H thanh hai phan :
S1 va S, (nhw hinh v€). Cho hai hinh S;; S, quay xung quanh truc -

Ox ta thu dwoc hai khoi tron xoay c6 thé tich lan lwgtla Vy; V,. Xac r \ 1
dinh k dé V; = 2V, P
15 5 P2y
Ak=2 B.k=2 o 1 & :
7 3
C.k =325 D.k=1In5

Giai.

v, =2V, S ax = 20 5 (1) S qx =2 5 (2) dx = 0

=y enfi(5) dv=2m [ (5) desn [(5) dx-2n f0(5) dx =

Bim may: flkxizdx—kasxizdx. Véi k thay & mdi phwong an. Phuwong dn dung c6 két qua bang 0.

Kiém tra thdy phwong 4n A: k=15/7 nhan két qua bang 0.

bapan A
° °
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°
Cau 15. Mot cong ty quang cdo mudn lam mot birc tranh trang tr{  «------------ ! _21_’{* ___________ o
hinh MNEIF ¢& chinh gitta mo6t birc twong hinh chir nhat F Q33330 F '
ABCD c6 cac kich thwéc nhw hinh vé. Cung EIF 1a mdt phan VRIS '
cua parabol dinh I. Véi I 1a trung diém canh AB. Parabol di :.-.ru m
qua hai diém C, D. Kinh phi 1am btc tranh 1a 900.000 '
dong/m?. Chi phi d€ 1am bikc tranh nay 1a bao nhiéu? . MESS -4--; SSIN c‘:'

A. 20400 000 dong

Giai

Chiéu hinh vé 1én hé truc Oxy nhu hinh vé.

*X4c dinh parabol: y = ax? + bx + ¢

+, Thay toa d6 diém C(6;0) ta dwoc: 36a+6b+c=0 (1)
+, Thay toa d6 diém D(-6;0) ta dwgc: 36a-6b+c=0 (2)
+, Thay toa do dinh 1(0;6) ta dwoc: c=6 (3)

Tir (1)(2)(3) suyraa = —=;b = 0;¢ = 6
Vay parabol c6 dang: y = —%xz +6

Dién tich phin vé tranhla: § = f_zz (— %xz + 6) dx ==

B. 20 600 000 dong

C.20800 000 dong D.21200 000 dong

e 2m__ .
4 1(0,6) B
oo E 4
el b 1A ﬂ.,‘\ i
:
'lfj m
] ] i
% b |
: MESSAGSS] N ;
D (-6;0) __Am___ C(6;0)

Kinh phi dé vé blrc tranh 1a: T = TX9OO 000 = 20 800 000 dong

C4u 16. Mot vién dan dugc ban theo phwong thang dirng v&i van téc ban dau 29,4 m/s. Gia tdc trong
trweong 12 9,8 m/s?. Tinh quing dwdng S vién dan di dwoc tir Itc bin 1én cho dén khi cham dat.

A.S=882m

Giai

B.§ =88,5m

C.5=88m

D.§=89m

Van toc ctia vat bién thién theo ham s6: v(t) = v, — gt (do gia téc ngwoc chiéu chuyén dong)

Thoi diém vat dat do cao cao nhatthiv=0:> v, —gt =0>t = 5

Quang dwong vién dan di dwoc ti ltic ban 1én t¢i khi cham dat 1a:

S=2[ v(t)dt =2 [ (29,4 — 9,8t)dt = 882 m

bap an A

vy _ 294

=22 =3(5)

9,8

Cau 17. Cho ham s8 y = f(x) = x(x — 1)(x — 2). Dién tich hinh phang gi¢i han b&i d6 thi y=f(x) va

truc hoanh la:
A. fozf(x)dx
C. |f02f(x)dx|

Dap 4n B (xét diu f(x))

B. folf(x)dx - flzf(x)dx
D. folf(x)dx + flz f(x)dx
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C4u 18. Cho hinh H gi¢i han béi @b thi (C): y = x In x, truc hoanh va cac dwong thang x=1, x=e. Tinh
thé tich cua khoi tron xoay dwoc tao thanh khi quay H quanh truc hoanh.

Alm B.—§e3 + In 641 C.(—4 +In64)7 D. 2 (5e® - 2)
bapanD
Cau 19. Mot vat roi tw do véi gia téc 9,8 m/s?. Hoi sau 2 gidy (tinh tir thoi diém roi) vat c6 van tdc bao
nhiéu?
A.4,9 B. 19,6 C. 39,2 D. 78,4

Giai

Van toc ctia vat roi tw do: v(t) = gt = 9,8t (v, = 0)

v(2)=9,8.2=19,6 m/s

dap 4n B

C4u 20. Khi quan sat mot dam vi khuin trong phong thi nghiém ngwoi ta thay tai ngay thi x c6 s6
lwong N(x) con. Biét rang N'(x) = % va lac dau ddm vi khuin c6 3000 con. Héi s6 lwong vi

khuin sau ding mot tudn gin v&i s6 nao sau day nhat?
A.36194 B. 38417 C.35194 D. 34194

Giai

N(x) = fgdx =2017In|x+ 1|+ C

x+
N(0) = C = 30000
Vay N(x) = 2017 In|x + 1| + 30000
Sau mot tuan: N(7) = 2017 In8 + 3000 = 34194 con

bapanD

C4u 21. Tinh dién tich hinh phang gi¢i han béi do thi cichamsé:y = x3;y = x5
A.S=1 B. S=2 CS== D.S ==

bap an C

Ciu 22. M6t chat diém dang chuyén dong véi van téc vy = 15m/s thi ting toc véi gia toc
a(t) = t? + 4t m/s? . Tinh quing dudng chit diém d6 di dugc trong 3 gidy ké tir ltc bat dau
tang toc.

A. 68,25 m B.70,25 m C.69,75m D. 67,25 m

bap an C

C4u 23. Thé tich khéi tron xoay do hinh phang dwoc gi¢i han béi cic dwong y = x%; ¥y = x quay xung
quanh truc Ox dwoc tinh bé&i cong thirc nao sau day?

1 1 1
AV =m [2x*dx —4m [? x*dx B.V =m [2(x — 2x*)dx
1 1 1
C.V=m[2(2x* — x)*dx D.V=m [2x*dx +4m [? x*dx
° °
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Pap an A (vé hinh)
Cau 24. Dién tich hinh phing giéi han béi cac dwong y = 3v/x; x = 4, truc Ox la:
A.72 B.~ C.16 D. 24
bap an C

C4u 25. Gia sir mot vat tlr trang thai nghi khi t=0. Chuyén dong thang v&i van téc v(t) = t(5 — t) m/s.

tim quang duong vat di dwoc cho téi khi né dirng lai.

A.20,8m B. 20,83 m c.%sm D. 20,8333 m

bap anC
C4u 26. Cho d6 thi ham s6 y=f(x). Dién tich hinh phang (phéan t6 dam) la:
A. |f_22f(x)dx|
B. f_ozf(x)dx + fozf(x)dx
C. |f_02f(x)dx + fozf(x)dxl
D. |f_02f(x)dx| + |f02f(x)dx|

PapanD

l .

Cau 27. Goi V 1a thé tich vat thé tron xoay khi quay hinh phéng gi¢i han béi cac duong y = ezv/x,
x = 1,x = 2,y = 0 quanh truc Ox. Tinh gia tri cia V

AV =m?e B.V =mn(e?—e) C.V = me? D.V=n(e?+e)
bap an C
Ciu 28. Mot manh vwon hinh tron tdim O ban kinh 8m. ngwoi ta can trong ciy B

trén dai dat rong 8m nhin O lam tAm d6i x¥ng (nhw hinh vé). Biét kinh

phi trong cay 1a 70 000 dong/m?. Héi can bao nhiéu tién dé trong cay 8m

trén dai dat d6? (lam tron dén hang don vi). 0

A. 8571 239 dong B.8 571 238 dong

C.4 285 619 dong D. 4 285 620 dong

~—
Giai
=N Ay Ay Y ~ 7 = A s = ~ Py --...-.-__“-.-'...
Chiéu hé truc Oxy 1én hinh vé v&i O trung véi goc toa do.
51
Khi d6 dwdng tron c¢6 phwong trinh: x2 + y2 = 82 = y = +V64 — x2 e
Dai d4t dwoc chia thanh hai phin S1 va S2 bang nhau. B(-E0] ) Al4;0)
Ta co:
52
4
S =25 = Zf Vx? —64dx = 122,4462691 S~
—4

S6 tién can dé trong cay la: T = 122,4462691X70 000 = 8 571 238,838 dong
® °
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Dbap an A (lam tron dén hang don vi)

C4u 29. Tinh dién tich hinh phang gi¢i han béi d6 thi ham s6 y = x3 — x? — 2x trén doan [-1;2] va
truc hoanh.

A B. 28 C.
12 3

w |

D.

» o

Dap 4n A (vé hinh dé lam)

Cau 30. M6t 6 t6 dang chay v&i van téc 12 m/s thi ngwoi lai dap phanh. Tir thoi diém dé, 6 t6 chuyén
dong chdm din déu véi van tdc v(t) = —4t + 12 m/s. Trong d6 t1a khodng thoi gian tinh bang
gidy, ké tlr luc bat dau dap phanh. Hoi tir ldc dap phanh dén khi dirng han, 6 t6 con di dwoc bao
nhiéu mét?

A.5m B.3m C.18 m D.36 m

bap an C

Cau 31. Mot vat chuyén dong véi gia toc a(t) = —20(1 + 2t)~? m/s?. Khi t=0 thi van t6c 12 30 m/s.
Tin quang dwong vat dé di chuyén sau 2 giy.

A.46m B. 48m C.47m D.49m
bap an B
C4u 32. Tinh dién tich hinh phang H gi¢i han b&i hai do thi y = 3%;y = 4 — x va truc tung.
AS=24+2 B.S =242 cs=l-2 D.s=l-2
2 In3 2 In3 2 In3 2 In3
bapanD

Cau 33. Cho hinh phang H gi¢i han béi cac dwong: y = |x? — 1];
y = k,0 < k < 1. Tim k d€ dién tich hinh phang H g4p hai lan
dién tich hinh phang dwoc ké soc trong hinh vé bén.

Ak=14 B.k=V2-1 B
Chk=- D.k=3%4-1 \ 00 [ y=k
2 R C—
I".I. J,r'r A" .-'.l. -
bapanD \ -

0 1

C4u 34. Tinh thé tich khdi tron xoay khi quay hinh phang gi¢i han bdi y = sin2x.cosx;y =0,
(0 < x < ) xung quanh truc Ox.
T[Z VA
A. Y B. 3 C.

2

4

D.

L

bapanD
C4u 35. Mot chat diém dang chuyén dong véi van toc v = 30 m/s thi dét ngdt thay doéi gia téc
a(t)=4—t (SEZ). Tinh quing dwong di dwoc cua chit diém ké tir thoi diém thay doéi gia toc

dén thoi diém van téc 1n nhat.

AZEm B.2m C.Z2m D.2m
3 3 3 3
bapanB
° °
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Cau 36. Tai mot noi khdng c6 gid, mot chiéc khi ciu dang dirng yén & d6 cao 162m so véi mat dat da
duoc phi cong cai dit cho n6 ché dd chuyén dong di xudng. biét rang, khi cu da chuyén dong
theo phwong thang dirng véi van tdc tudn theo qui luat v(t) = 10t — t?, trong d6 t tinh bang
pht 12 thoi gian tinh tir lac vat bat dau chuyén dong, v(t) tinh theo don vi mét/phut. Van téc
ctia vat khi bat dau tiép dat la:

Av=5m/p B.v=7m/p Cv=9m/p D.v=3m/p

bap an C.

Cau 37. Mot 6 to6 dang chay véi van toc 19m/s thi ngwdi 1ai hdm phanh, 6 t6 chuyén déng chdm dan
déu véi van toc v(t) = —38t + 19 m/s. Héi tir luc hAm phanh dén lic 6 t6 dirng han, 6 td con
di chuyén bao nhiéu mét?
A.4,75m B.4,5m C.4,25m D.5m

Papan A

Cau 38. Ban minh ngoi trén may bay di du lich thé gidi, vin téc chuyén dong ciia may bay la
v(t) = 3t? + 5m/s. Tinh quang dwdng may bay di dwoc tir gidy thir 4 dén gidy thi 10.
A. 246m B. 252m. C.1134m D.966m

PapanD

Cau 39. Nguoi ta trong hoa vao phian dat dwoc té mau den dwoc
gi¢i han bé&i canh AB, CD, dwong trung binh MN ctia manh
dat hinh chir nhit ABCD va mot dwong cong hinh sin (nhw w1 N
hinh vé). Biét AB=2m (m), AD=2 (m). tinh dién tich phén
con lai cia manh dat (phan khong t6 mau). D
Adm—1 B.4(m — 1)
Ca4mr —2 D.4m —3

A B

DPap an B. (tinh dién tich hinh chi nhit trir di dién tich phan t6 den)
Cau 40. Cho hinh thang cong H gid¢i han béi cac duwong y = e”*;
y = 0;x = 0; x = In4. Pwong thang x=k (0<k<In4) chia H /
thanh hai phén c6 dién tich S; va S,.
Timk dé S; = 25,.
Ak=2In4 B.k =1In2

C.k=ln§ D.k=In3 /
PapanD >

s

o & In 4

Ciu 41. Nguoi ta khdo sat gia toc a(t) cia mot vat thé -+
chuyén dong tir gidy thir nhit dén gidy thir 10 va
ghi nhin dwoc a(t) la mot ham s6 lién tuc c6 do

2 aft)

14—

. '_\ 7 10 -
thi nhtr'hln'h vé bén. Héi trong thoi gian twr giay ol 1 3 o
thi nhat dén gidy thr 10 dwoc khao sat do, thoi !
di€m nao vat thé ¢ van téc 16n nhat? -2 |
° °
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A. Giay thir 1 B. Gidy thtt 3 C. Giay thir 10 D. Giay tht 7
Giai
Ta c6: a(t) = v'(¢t).
Xét bang bién thién :
t 1 3 7 10
a(t) =v'(t) |1 + 0 - 0 - -2
v(t)
Ta thay van toc dat gia tri 1én nhat & gidy thir 3.
bap an B
*R4t nhiéu ngwdi sé chon phwong 4n A. Ching ta can doc k§ cAu héi tranh nham Ian.
CAiu 42. Hinh vudéng OABC c6 canh bang 4 duwoc chia thanh hai phan béi &
dwong cong (C) c6 phwong trinh y = %xz. Goi Sy; S, ladiéntichcaa 4 A o
phén khéng bi gach va phan bi gach (nhw hinh vé). Tinh ti s6 ;—: s (C
AB=2 B2 -
C%=1 D%=% — L
bapanD
Ciu 43. M6t san choi danh cho tré em hinh chit nhat cé 50 m

chiéu dai 50m va chiéu rong 30m. Ngudi ta lam mot Y2m
con dwdng nam trong san (nhw hinh vé). Biét rang
vién ngoai va vién trong clia con dwongla hai dwong 5,

elip, truc 1én va truc bé cia hinh elip song song véi
cac canh cda hinh chit nhat va chiéu rong cua mat
dwong 12 2m. Kinh phi dé 1am moi m? dwong la

—

500000 dong. Tinh tong sé tién 1am con duwong do.
(lam tron dén hang nghin).

A. 119 000 000 dong B.152 000 000 déngC. 119 320 000 dong D. 125520 000 déng

bap an C

Cau 44. Mot vat thé hinh tron xoay c6 dang giong mot cdi ly nhw hinh vé.
Nguoi ta do dwoc dwong kinh cia miéng ly 1a 4cm va chiéu cao la 6cm.  A:

Biét rang thiét dién cla chiéc ly cat béi mat phing déi xing 12 mot
parabol. Tinh thé tich V (cm3) ctia vat thé.

AV =12n B.V =12 cm
cv=2n D.V=2
5 5
bapan A
° °
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Cau 45. Trong cong vién Todn hoc c6 nhirng manh dit tréng hoa va no y
duogc tao thanh b&i mot trong nhitng dworng cong dep trong toan
hoc. O @6 c6 mdt manh dit mang tén Bernoulli, né dwoc tao thanh
tlr dwong Lenmiscate c6 phwong trinh trong hé toa do Oxy la x
16y? = x%(25 — x?) nhw hinh bén. Tinh dién tich S ciia manh dit
Bernoulli, biét mdi don vi trong hé toa do Oxy twong (rng véi chiéu

dai 1 mét.
A S =2 2 B.S = 1% 2 C.§ =222 D.§ =225 ;2
6 4 3 3
bap an D.

Cau 46. MOt 6 to bat dau chuyén ddong nhanh dan déu v&i van téc v, (t) = 7t m/s. Di dwoc 5s thi nguoi
1ai xe phat hién chwéng ngai vat va phanh gap, 6 to tiép tuc chuyén dong chim dan déu véi gia

téc a = —70 m/s?. Tinh quiang dwong 6 td di dwoc tir lic bat dau chuyén banh dén khi dirng
han.
A.95,70 m B. 96,25 m C.87,50 m D. 94,00 m

Giai
*Tinh quing dwong di dwgc sau 5s dau trude khi phanh.

S, = [y 7tdt = m

*Tinh quang dwong tir lic phanh dén khi dirng lai.
Tai thoi diém phanh 6 t6 ¢6 van téc: vy = v,(5) = 7.5 = 35 m/s.
Van t8c khi phanh cta 6 to: v, (t) = vy + [ a(t)dt = 35 + [ —70dt = 35 — 70t

Thoi gian phanh cta 6 t6 bang thoi gian 1c 6 t6 ¢6 van tdc bang 0 (14y gdc thoi gian 14 lac bat dau dap
phanh),suyra35—-70t =0t = %(s)
Poan dwong 6 t6 di dwoc tir lic bit du phanh dén khi dimg lai 1a: S, = [,*(35 — 700)dt = =

175

Tong quing dwong di dwocla: S = -t % =96,25m

bap 4an B

Cau 47. Nguoi ta thay nwéc méi cho mot bé boi dang hinh hop chir nhat cé d6 sau hy = 280cm. Gia
st h(t) 1a chiéu cao cia muc nwéc bom duoc tai thoi diém t gidy, biét rang toc do ting cla
chiéu cao nwéc tai gidy thi tla h'(t) = % Vt + 3. Héi sau bao lau thi nwéc bom dwoc % do
siu cia ho boi?
A.7545,2 s B.7234,8s C.7200,7 s D.7560,5s

Giai

h(t) = ;%3\/1: ¥ 3dt = %.280 =210

Bam may: Otﬁ VX + 3dX thay t & cac phwong an, tim phwong an cho két qua 210.

bap an B
° °
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C4u 48. Mot vién dan dwoc ban 1én tir mat dat theo phwong thang dirng véi van toc v(t) = 25 — gt,
v(i ttinh bang gidy, g1a gia tdc trong treong 1dy xAp xi g = 9,8 m/s2. Van téc ban d4ula 25m/s.
Sau khi bay 1én dat d6 cao 1&n nhat thi vién dan lai roi tw do xuéng dat. Hoi sau bao 1au thi vién
dan dat d6 cao 16n nhat?
125 75 100 265

At=— B.t = Ct=— D.t =—
49 24 39 49

Papan A

C4u 49. Gia str h(t) (cm) 1a mwc nwédc & bon chira sau khi bom dwoc t (s). Biét rang h'(t) = g Vt+8
va ldc dau bon khong c6 nwde. Mirc nwede & bon sau khi bom nwée dwoce 6 (s) la:
A.2,33 cm B. 5,06 cm C.2,66 cm D. 3,33 cm

bap an B

Cau 50. Ki hiéu H 13 hinh phing gi6i han béi d6 thi hAm s6 y = /4_’57 truc tung va truc hoanh. Tinh
thé tich V khi quay H quanh Ox.

AV =1In2 B.V =2In3 C.V=mlnz D.V="CIn2
2 3 2 4 3 2 3
PapanD
° °
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