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UONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

A—TOM TAT LI THUYET:
I. SO PHUC VA CAC YEU TO LIEN QUAN:
1. Khai niém sé phirc: S6 phtc z 1a biéu thirc ¢6 dang z=a+bi véi a, beR, i*=-1.
Trong d6: a, b lan lugt duoc goi la phan thuc va phan 4o cia z, i 1 don vi 4o.
Tap hop cac sé phirc dugc ki hiéu 13 C véi C = {a+bi la, beR, i = —1} .Tathdy RcC.

e Néu a=0 thi z=bi duoc goi la sé thuan ao.
e Néu b=0 thi z=a duoc goi la s6 thuc.
e Néu a=b=0 thi z=0 vira la s6 thuc, vira la s6 thuan ao.
Vi du 1: Cho s6 phtic z=3—-2i. Tim phan thuc va phan 4o cia z.
Huéng din giai:
S6 phuc z ¢6 phan thyc a=3, phanao b=-2.
Vi du 2: Cho s6 phic z=(2m+1)+i(n-1) véi m, neR. Tim m d z a s6 thuan ao; tim m dé
z 12 56 thuc; tim m dé z vira 1 s6 thuc, vira 1 sb thuan ao.
Huéng din giai:
S6 phic z ¢6 phan thuc a=2m+1, phan a0 b=n-1.

z 1 s6 thuan éo<:>a:2m+1=0©m=—%;z la s thucesb=n-1=0<n=1.

o RV a=0 m= 1 \Y
z vira la so6 thuc, vira la s6 thuan a0 < b—0 & 2. M b
' n=1 .
2. S6 phirc va hinh hoc: \\.
a) Diém biéu dién sb phirc: Cho sb phic z =a+bi, khi d6 diém : SRR
M (a;b)| 1a diém biéu di&n cta z trén mat phang phuc, hay

mat phang (Oxy).
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3

b) Médun ciia s6 phirc: Cho s6 phiic z =a+bi véi diém biéu dién M (a;b), khi &6 mé-dun sé

phic z 1a: |z] :‘O—M‘ =OM =+a’+b? hay ||z|=|a+bi|=va®+b*|.
Vi du 3: Tim toa d6 diém M va tinh d6 dai OM biét rang M 1a diém biéu dién cua s phic
z =4-3i trong mat phang (Oxy).

Huéng din gidi: Ta co: M (4;-3) va OM =|z|=|4-3i| = /47 +(-3)" =5.

. S6 phirc lién hep:

Cho s6 phirc z =a-+bi, khi d6 ki hi¢u duoc goi 1a s6 phic lién hep cia z.
Q Mgt s6 tinh chat: S SEEEa EERR SR

z=a+b

. %:zvé|7|:|z|. =
AN

Ay

e Trén mat phang (Oxy), diém biéu dién cia hai sé phirc z va

W/
S
=Yy |

Z ddi xing nhau qua truc hoanh. a
Vi du 4: Tinh téng phan thuc va phan ao cua sb phuc z khi biét s6
phuc Iién~hc_>rp Z=4+6i.

Hwéng dan giai:

Goi z=a+bi (a, beR). Taco:
z=4-6i—a=4,b=-6=a+b=-2.
Hai sé phirc bang nhau: Hai sé phic 1a bang nhau néu phan thuc va phan 4o cua chung twong
g bang nhau.

%

]
Il
e
[
e

vala+hi=0<a=b=0|.

Taco: |a+bi :c+di<:>{b

Vi du 5: Tim cap s6 thuc (x;y) théa man hé thic x—y +2i = 2x—1+(3y + x+1)i .
Huwéng dan giai:

, . . X—y=2x-1 X+y=1 x=1
Taco: Xx—-y+2i=2x-1+|3y+x+lji< = = .
— 2=3y+x+1 Xx+3y=1 y=0

a b c

. CAC PHEP TOAN TREN TAP SO PHUC:

Phép cong, phép trir, phép nhan céc sé phirc: Cho cac s6 phicc z =a+bi, w=c+di. Ta co:
z+w=(a+bi)+(c+di)=(a+c)+(b+d)i;

z—w=(a+bi)—(c+di)=(a-c)+(b—d)i;

zw=(a+bi).(c+di)=ac+adi+bci+bdi’ = (ac—bd )+ (ad +bc)i.

Vi du 6: Thuc hién cac phép tinh sau:

a) (2-3i)+(3-4i).

) (2] 19)
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c) (2+4i).(1-4i).
d) (2-3i) +i®+2i* +3i°.

Hudéng dan giai:
a) Taco: (2—-3i)+(3—-4i)=(2+3)+(-3-4)i=5-7i.

b) Taco: (1+§i]—(l—6ij:(1—1]+(§+6ji:1+Ei.
2 2 2 2 2 2
¢) Taco: (2+4i).(1-4i)=2—8i+4i—16i = (2+16)+(4—8)i =184
d) Taco: (2-3i) +i®+2i" +3i° =22 ~2.2.3i +(3i)" +i%i+2i%i% + 3%
=4-12i—-9-1+2+3i=-3-10i.
Y Tom lai: Phép cong, phép trir, phép nhan cac s6 phic co tat ca tinh chat cua phép cong, phép
trir, phép nhan céc sé thyc; trong d6 ta ludn luu ¥y rang .
% C4c hang dang thire dang nhé: Cho cac sb phac z, w, t, ta co:
(ZiW)2 =722 +27W+W? ; (z+w)3 =7 +32°W+3zw’ + W ; (z—w)3 =7°-37°w+3z2w* —w’.
2 -w =(z-w).(z+w); 2°+ W’ :(z+w).(z2 —zw+w2); 2’ -w :(z—w).(z2 +ZW+W2).

2 2

22 +w =(Z+W)2—22W=(Z—W)2+ZZW; 23+W3:(Z+W)3—3ZW(Z+W).
(z+w+t)2 =22+ W +1t7 +2( 2w+ wt + 2t).
% Puc két 1: Cho z=a+bi va 7 la hai s6 phuc lién hop, ta co:

» z+7Z =(a+bi)+(a-bi) hay [z+z=2a[;

= 27 =(a+bi)(a-bi)=a®-b%*=a’+b* hay z.Z:|z|2 .

Ta nhan thay rang téng va tich czia hai sé phaic lién hep ciia nhau 1a mét sé thuec.
@ Nhan xét: Véi neN thi: [i*" =1, i*" =i, i""? = -1, i*"° = —i|.

2. Phép chia sé phirc cho mét s6 phirc khéc 0:
Cho s phic z=a+bi vd w=c+di=0. Taco:

z a+bi (a+bi)(c—di) (ac+bd)+(bc—ad)i 7z ac+bd bc-ad .
= - = . = > > hay —=— > +— >
w c+di  (c+di)(c—di) c’+d w c2+d? c*+d

- \ A X , ALY 3+5|
Vi du 7: Tim modun so phtc z biet rang z = i

Huwéng dan giai:

3450 (3+5i)(1+i) 3+3i+5i+5i° -2+8i 1.4
Tl-i (- = 2 |
Suy ra: |z|=|-1+4i|= 17 .

Y Puic két 2: Cho hai s6 phuc z=a+bi va w=c+di =0, ta co:

Taco: z
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= zw=(a+bi)(c+di)=[(ac—bd)+(bc+ad)i]=(ac—bd)—(bc+ad)i;

zw=(a—bi)(c—di)=(ac—bd)—(bc+ad)i. Vay zw=zw|.

i [ij_(a+bij (ac+bd bc —ad i)_ac+bd_bc—ad i
w) (c+di) \c?+d* c¢*+d® ) c’+d®> c*+d*

7z a-bi (a-bi)(c+di) (ac+bd)+(ad-bc)i ac+bd bc-ad. ., |(z) z
== ST . N 2, 42 = VY| — ==
w c—di (c—di)(c+di) c’+d c’+d? c*+d W
I1l. CAN BAC HAI VA PHUONG TRINH BAC HAI SO PHUTC:
1. Cin bac hai caa sé phic:
a) Cin bac hai caa sé thuc am: Cho sé phuc z=a-+bi. Khi b=0, a<0 thi z=a la mot sé

thuc am, tacé z=a=~—a|=i’a| nénz co hai can bac hai la: i /a] = tiv-a.
Vidu 1: z=-9=09i° c6 hai cin bac hai la £3i; vi (if:’)i)2 =9i’ =-9 . Tuong tu z =-15=15i°
2

¢6 hai can bac hai 14 +iv15 vi (+ivi5) =15i° =-15.
b) Cin bac hai ciia sé phirc: Cho sé phuc z=a-+bi, khi 46 w=X+Yyi duoc goi la mot cin bac
xX*-y*=a
2xy =b
Giai hé phuong trinh (*), ta duoc hai cap sb thuc (X1; yl), (Xz; yz) thoa man dé bai. Ta két luan

().

hai ciaz néu w? =z. Tacé: (x+yi)" =a+bi o x* - y? +2xyi :a+bi<:>{

s6 phicc z=a-+bi ¢6 hai can bac hai 1a x, +y,i V& X, + Y,i .

Vi du 2: Tim céc can bac hai ctia s6 phic z=6-8i .

Huwéng dan giai:

Goi W=x+Yi (X, yeR) lacinbac haicuaz, tacd w’ =z < (x+ yi)2 =6-8i

4\
x2—y* =6 XZ_(_j =6 (1)
& X2 —y +2xyi=6-8i & & X
2Xy =—8 4
y=—
X
x*=8 (n
Taco: (1) © x'-6x*-16=0<= (") .
X’ =2 (1)
X=2v2,y=-2 - : . .
Voi x2 =8 thi V2,y ‘/_.vayuohaicanbachau 1a 242 -2 va —24/2 +iv2.
x=-2:2,y=2

2. Phuong trinh bac hai véi hé s6 thuc:
Cho phuong trinh bac hai az® +bz+c=0 (*) véi a,b,ceR, a=0. Xét: A=b*—4ac.
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= Néu A =0 thi phuong trinh (*) c6 hai nghiém phtc (ciing 13 s6 thyc) tring nhau Ia

z,=1 __b
1 2 2a '
; ‘ ‘ e N —b++/A
* Néu A >0 thi phuong trinh (*) c¢6 hai nghi¢ém phuc (cling 1a so thuc) phan biét: z,, = 0
’ a
/ —_b+i/—
= Néu A <0 thi phuong trinh (*) c6 hai nghiém phuc phan biét: z,, :*3—2;6[ VA

e Néu phuong trinh bac hai véi cac hé sb a, b, ceR cd cac nghiém la s phuc z,, z, (A <0) thi
hai nghiém nay la hai s phirc lién hop cuia nhau (tic 13 z, = 7,, 2, = 7, ).

e Trén tap hop sé phic, moi phuong trinh bac hai déu cé hai nghiém (khong nhat thiét phan biét).

e Téng quét: Moi phuong bac n (véi neN") déu cd n nghiém phuic (khdng nhat thiét phan biét).

Vi du 3: Giai phuong trinh sau trén tap s6 phac: 2x? —x+1=0.

Huéng din giai:

Tacod: A= (—1)2 —4.2.1=-7<0. Do d6 phwong trinh ¢ hai nghiém s6 phuc Ia:

_chriveA 147 1 V7L boiVA 10T 1 VT
"TT2a 22 4 4T 2a 22 4 4
IV. TAP HQP PIEM BIEU DIEN CUA SO PHUC:
1. Tap hop diém biéu dién sé phic lién quan dén dwong thang:

Xét s6 phirc z=x+Yi c6 diém biéu dién M (x;y). Khi do:

Néu x, y théa man phwong trinh Két luan

ax+by+c=0 (a’+b’>0) M thudc dwong thdng co6 phuong trinh ax+by+c=0.

M thudc dweng thang vudng goc véi Ox va cé phuon
ax+c=0 x=—Z=m (a=0) ’ : g thang g9 vacop g
a trinh x=m.

M thudc dwong thang vudng goc voi Oy va cé phuong

by+c=0<:>y=—%=n (b=0)

trinh y=n.
x=0 M thudc truc Oy .
y=0 M thudc truc Ox.

ax+by+c>0 (a2+b2>0) hoic . ) _
M thudc ni#za mat phang co bo la dwong thang véi

ax+by+c=0; ax+by+c<0; phuong trinh ax+by+c=0.

ax+by+c<0
Néu MA=MB Véi A, B ¢b dinh thi M thudc duong trung truc cia doan thing AB.
2. Tap hop diém biéu dién sé phic lién quan dén dwong tron:
a) Puong tron: Xét s6 phac z=x+Yi c6 diém biéu dién M (x;y). Khi do:
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Néu x, y théa man
phuong trinh

Két luan

(x—a)2+(y—b)2 = R?

M thudc dwong tron ¢ tam | (a;b), ban kinh R.

X +y? —2ax—2by+c=0

Néu x, y théa man
phwong trinh

M thugc duomg tron c6 tam | (a;b), ban kinh R= [a® +b? —c.
>0

b) Hinh tron: Xét s phic z=x+yi c6 diém bicu diégn M (x;y). Khi dé:

Két luan

(x—a)2+(y—b)2 <R?

M thugc hinh tron cé tam | (a;b), ban kinh R.

x? +y*—2ax—2by+c<0

Néu x, y théa man
phuong trinh

M thugc hinh tron cé tam | (a;b), ban kinh R= [a’+b’—c.
>0

¢) Phan trong va ngoai dwong tron:
Xét s phic z=x+Yyi c6 diem biéu dién M (x;y). Khi do:

Két luan

(x—a)2+(y—b)2 <R?

M thudc phdn trong dwong tron c6 tam 1(a;b), ban kinh R.

X +y? —2ax—2by+c<0

M thudc phén trong dwéng tron c6 tam 1 (a;b), ban kinh

R= /a2+b2—c.
>0

(x—a)2+(y—b)2 > R?

M thudc phdn ngoai duéng tron c6 tam 1 (a;b), ban kinh R.

X* +y® —2ax—2by+c>0

Néu x, y théa man
phuong trinh

M thudc phdn ngoai dweng tron c6 tam 1 (a;b), ban kinh

R= /a2+b2—c.
>0

@ Pic bigt: Néu |z+a+bi|=r >0 thi tanoi tap hop diem bicu dién ctia s6 phirc z 1a duong tron
c6 tam 1(—a;-b) va ban kinh bang r.

3. Tap hep diém biéu dién 1a mdt dwong cong khac:
Xét s phic z=x+Yyi c6 diém biéu dién M (x;y). Khi dé:

Két luan

y=ax’+bx+c (a=0)

M thudc parabol cé phuong trinh y =ax® +bx+c

x=ay’+by+c (a=0)

M thudc parabol c6 phuong trinh x =ay® + by +c

2 2
x_2+g_:1 (a>b>0)

QD

2 2

M thuoc elip cé phuong trinh chinh tic X—2+Z—2 =1
a
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@ Pic bigt: Néu |z +a+bi|+|z+c+di|=T > FF, véi F(-a;-b), F,(-c;—d) thi tap hop diém
M la elip c6 hai tiéu diém la F,, F,.

V. DPANG THUC VA BAT PANG THUC MO-PUN:

1. Céac ding thirc md-dun: Cho cac sé phac z=a+bi, w=c+di lan lugt c6 cac diém biéu dién
M (a;b), N(c;d). Taco:

= |zw|=|z|.|w; ‘i‘:m Vol w=0;
wi - |w]

. |z+w|=‘m+(ﬂ‘:‘(f‘=‘2(ﬁ‘:2m véi E 13 1a mét dinh cua

hinh binh hanh OMEN va | 14 trung diém doan thang MN.
= |z-w|=|OM —ON| =|NM|=MN.

2. Bét ding thire vecto (bat dang thirc tam giac):
= ([2+w] = 2|~ |w][| <|OM + ON| =|OM ~ON| < OE >|OM ~ON| < |OE > |OM - ME|).

Déu déng thtc xay ra khi va chi khi OM ngwee hwéng véi ON (hay z =k.w véi k eR, k <0).

" |[z-w|>z|-|w|||. Bét dang thirc nay duoc chimg minh twong ty, ddu “=" xdy ra khi va chi khi

OM cuiing hwéng v6i ON (hay z=kw Véi k eR, k >0).
= [z +w <|2]+ w]| <|OM +ON|<|OM|+ ON| < OE <OM +ON < [OE <OM + ME].

DAu ding thirc xay ra khi va chi khi OM ciing huwéng véi ON (hay z =kw véi k >0).

Ca ba bét dang thirc trén déu dugc xay dung tir mot tinh chat co ban trong tam giéc:

— Vé6i mot tam gidc bat ky, tong hai canh ludn 16n hon canh tha ba (hiéu hai canh ludn nho hon
canh thu ba.

— Vi ba diém bt ky tao nén ba canh (c6 thé ba diém thang hang hoic tao thanh tam giac),
t6ng hai canh ludn khdng nhé hon canh thir ba (hiéu hai canh khong vuot qua canh thi ba).

Vi du 1: Cho hai s phiic z, w ¢6 |z| =10 va w=-3—-4i. Biét rang khi |z +w| dat gia tri nho nhét

thi z=a+bi. Tinh a+b.

Hwéng dan giai:

Taco: |z+w|>|z|-|w|=[10-5|=5. Do d6 [z+w| , =5.

Dau bang xay ra khi va chi khi z=kw véi k<0 < z=k(-3-4i)=-3k —4ki .

Khi d6: |2 = /(=3k)° +(~4k)’ =10 < 5[K| =10 =k =2 (k <0).
Viy z=6+8i=a=6,b=8=a+b=14.
3. Bit dang thirc AM-GM:
. a+b22\/$ v6i moi a, b>0. Pau dang thic xay ra khi va chi khi a=b.

= a+b+c>33abc véi moi a, b, c>0. Pau dang thirc xay ra khi va chi khi a=b=c.
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. 2 . .
Vi du 2: Cho hai so6 phtrc z, w théa man 1i = . Tim gia tri nho nhat cua biéu thac
+i w

T =|z|2 +|w[*
Hudéng dan giai:

Theo bt ding thic AM-GM, taco: T =|z|" + " > 2/|z[".|w|" =2|z|.|w].

W

-\2
Ta lai c6: 1—2_:@<:>zw:(1+i)(2—i)2 =7-i.Suyra |zw|:\/49+1:5\/§.
+i w

Vay T >2|z|.jw|< T 21042 . Do d6 T,,;,, =10v/2. Dau ding thuc xay ra khi va chi khi |z] =|w].
4. Bat dang thirc Cauchy-Schwarz:

= Cho céc cap sb (a;x), (b;y), ta co: |ax+by|s\/(a2 +0%)(x*+Yy?) .

Déu dang thic xay ra khi va chi khi %:% (x.y #0) hay %:§ (b.y #0).

= Cho cac cap s6 (a;x), (b;y), (c;z), taco: |ax+by+cz|s\/(a2+b2+c2)(x2+y2+22).
Déu dang thic xay ra khi va chi khi a_b_c (x.y.z#0).
X y z

Vi du 3: Cho s6 phirc z théa mén |z —2+i| =2, tim gid tri I6n nhat va nhé nhét cua bicu thic
P=|z+1 —|z—2+i".
Huwéng dan giai:
Goi z=x+yi (x, yeR).Theogiathiét: [z—2+i|=2 (x-2) +(y+1)" =4 (1).
Ta co: P:|z+]f—|z—2+i|2:(x+1)2+yz—[(x—2)2+(y+1)2}
= 2X+1-(—4x+4+2y+1)=6x-2y-4=6(x-2)-2(y+1)+10.

Theo bat dang thirc Cauchy-Schwars, ta co:

=4

‘6(x—2)—2(y+1)‘<\/(36+4)[(x—2)2 +(y+1)2] =/40.4 = 410

Suy ra —4/10 < 6(x—2)—2(y+1) <4410 = 10410 <6(x~2)~2(y+1)+10 <10+ 4410 .

P

MaxP =10+ 4410
MinP =10-410

Déu déing thirc xay ra khi va chi khi %2 - y—? o x+3y+1=0 (2).

Taco: 10—4410 <P <10+4410 nén {

Giai hé phuong trinh (1), (2) ta tim duoc cac 6 phuc z,, z, thoa man.
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HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

CHU DE 1. S0 PHUC VA CHC PHEP TOAN

x=Dang 1: Tinh toan, rat gen biéu thic sé phirc dura vao chu ky hodgc quy ludt day sé.
Phwong phap:
Hoc sinh can nam virng cac tinh chat va cong thic sau:
e V6ineN thi: [i*"=1i"" =i, " =-1,i"° =i,

u, —U,

d

e  Xét cap sb cong voi cong sai d nhu sau: Uy, Uy, Us...,U . Khi do [n=-—"—L+1|,

e Tong n sé hang dau cua cap s6 cong co s hang dau U, , cong sai d 1a:

(y+u,)n [20,+(n-1)d |.n |

S, =
2 2
2 A A Ara AR oA AR RA oA A A NPT U, (1_ qn )
e Tong n so hang dau cua cap so6 nhéan co so hang dau u,, cong boi q la: |S, = T o |
—9
e Khai trién nhi thirc New-ton:
Dang ligt ké: (a+b)" =Cla" +Cra"'b+CZa" ?b’ +......... +CMab"* +C'b".
wBc bigt: (1+X)" =C +Cox+C2x* +......... +CMIX"HCIX" (%),

Dang téng quét: |(a+b)" = ancrfa”‘kbk .
k=0

\VI DU MINH HOA:

201

Vi DU 1. Tim phan o ciia sé phirc z=(1+i)" +(2-2i)™".
A 2%, B. -2%. C. 2%, D. 2%
Huéng din giai:
Tacs: 2=(1+1)% +(2-2i)" =[ 1+ |+ 22 (00" = (2)" + 22 [ (@01 | (1)

= 2%(i2)" 4 22 (<20) (L-1) = 2% + 22 (<2) (i) (1-1) = 2% + 2% (1)
_ 950 | 9301 _ o301
Do d6 phan 4o cua sé phuc z 1a —2°. Chon D.
Vi DU 2. Cho s phuc z :(i5 +it+it+i? +i+1)20, z bang véi:
A. 1024. B. —1024. _ C.1024i. D. —1024i .
Hwéng dan giai:
Taco: i®+i* i+ +i41=(i?) i+ (%) +i%i-1+i+l=i+1-i+i=i+L.

Dovay z=(L+i)" =(1+2i+i?)" = 2% = 2 (i?)" = 2°°(~1)° = ~1024.Chen B.
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1-1
A. |z|=33. B. |z|=32. C. |z|=31. D. |z|=34.
Hwéng dan giai:

1+ (1+2i+i2)° 16
Ta c6: (—j =| = | =i®=(?)i=i;
1-1 1-1i

(1-1)° =(1-2i+i2) =(-2)"i* =—25(i?) i = -32i.

-\33
Do vay z :[EJ +(1-1)" =i—32i =-31i =|z| = /0° + (~31)° =31.Chgn C,

VIDU 4. Tinhténg S =1+i°+i® +...+i%®.
A. S=0. B. S=1I. C.S=-l. D. S=-1.
Hudéng dan giai:
S 1a tong cia mot cap s6 nhan gom n phan tir (u, =1, g =i°).
Ta thiy s6 mil cta cac s6 hang dugc xép theo cap sb cong: 0, 3, 6, ..., 2025 nén s6 phan tir xuat

aNES!
VI DU 3. Tim md-dun sb phic z = (ﬂj +(1- i)1°.

hién trong tong S 1a: 2025-0 1 _676.
.2\676
u (1—gf® ]_|:]__ i :| 1o (=i} q_iee  1—(i? =
Vivay S = (1= (3) ) el ( ) 11 o chena
1-q 1-1i 1+1 1+1 1+1 1+1
VI DU 5. Gia tri caa biéu thuc C), —C2, +Cgt, —C., +...—Cl +C,% bang
A -2'°, B.-2%. C. 2%, D. 2%,

Huéng din giai:

\1000 g - ~1 S22 +100~ 100
Ta c6: (1+i) " =Cpyo +iCly +i°Cppy +...+1"'Cigg

_ (o0 2 4 100 1 3 5 99 \;
- (C100 _Cloo +C100 _"'+C100 )+(C100 _ClOO +C1oo _"-_Cloo)l

.\100 270 . o\25
it kha: &1V [ ] =iy 22 (i) =20
Vay C1ooo _Clzoo t C1400 _C1600 o C$§o+ Cfgg =-2%, Chon B.
Vi DU 6. Biét 2"(Cy +iC}—C? —iC}+---+i"C; ) =32768i , voi Cy la c4c sb t6 hop chap k cia n va
i?=—1.Pat T,,, =iC¥, giatri cua T, bang
A 8i. B. -8i. _ C.-36i. D. 36i .
Huwéng dan giai:
Taco: 2"(C) +iCy —C?2 —iCj +---+i"C] ) = 32768i

€ 2"(CY+iCy +i°C] +i°C +-+-+1"CJ' ) = 32768 (2" (1+i)" = 2°i| (*).

[Trwong hep 1:|n 14 s6 tw nhién I¢, tic 1a n=2k +1 (k e N).

Khi d6: (1+i)" :(1+i)2k”:[(l+i)z}k (L+i)=(20) (L+i) = 240  (1+i).
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Thay vao (*): 2241 (1+1) =2 < 2%* = (diéu nay khong thoa vi vé phai ludn 1a

i
i (1+i)

s6 phtic voi phan ao khac 0, vé trai 1a s thuc).

[Trwong hop 2:|n 1a s6 tw nhién chin, tic 1a n=2k (k e N).

k
Taco: (1+i) =(1+i)" =[(1+i)1 = (2i)" = 2“i* . Thay véo (*), ta duoc:
2% 21 =21 = 2*i* =2"i =k =5=n=10. Khi d6: T,=i'C{ =-8i. Chgn B.
VI DU 7. Khai trién cua biéu thic (x° +x+1)2024 duoc Viét thanh a, +a,x+a,x* +...+ a,,,, X" . Tong

S=a,—a,+a, —8+...— Qs T Ay bang:

A. -2 B.0. C. 2%, D. 1.
Hudéng dan giai:

i 2024
Taco (X*+X+1) =a,+a,X+aX" +...+8,,X """

2024 . . . \
) =, +ai-a,—aji+a, +ai—a, ..t 8, MA

Cho x=i ta duoc (i*+i+1
(i +i+1)"" = (14142 =(i2)" =(-1)"* =1 nen

a +ai—a, -8, +a, +a -85 —...+ 8, =1.
wym{%_%+%_6 m_%m+%m:¥

& —8y+8;—a; +..— 8, =0
Vay S=a,—a,+a, —ag+...— 8,y + 8,55 =1. Chon D.

VI DU 8. Goi T =a—b Véi a, b lan luot 1a phan thuc, phan ao cua sé phuc w=i+2i? +3i% +...+ 20251%%.
Tinh gid tri cua T.
A. T =2025. B. T=-1. C.T=0. D. T=2024.
Hwéng dan giai:

Ta co: W=i(1+2i+3i2+...+2025I2°24) iz Véi z=1+2i+3i%+...+ 2025,

2025 2026
2025 _ -1 X7 -x

Xét tng cip s6 nhan sau: f(X) =X+X*+X> +...+ X - - 1 1).
X— X—

L4y dao ham hai vé cua (1), tacd: '(X) =1+2x+3X° +...+2025x°%
(2026x°™ —1)(x=1)=(X** —X)  2025x%% — 2026x®> +1

) (x-1) R

Thay x =i vao (2): z=1+2i+3i +...+2025{***

2025 _2026i*% 41 2025(i?)" ~2026(i%)"i+1  _p025-2026i+1

(i-1) -2i -2i
Do vay: w=iz=i(1013-1012i)=1012+1013i. Suy ra a =2012, b = 2013.
Khi do: T =a—b=1012-1013=—1. Chen B.

).

=1013-1012i.
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x=Dang 2: Ldp phwong trinh hodc hé phwong trinh dé xdc dinh sé phiic
Phwong phap:

Hoc sinh can nam virng cac tinh chat va cong thic sau:
e |a+bi|=+a®+b?.
e z=a+hi Iésf}thug:@bzo.
e z=a+hi lasothuan ao<a=0.
VI DU 9. Cho sb phic z=a+bi, véi a, b 1a cac s6 thuc thoa man a+bi+2i(a—bi)+4 =i, véi i la don

vi 40. Tim md dun cia @ =1+12+12°.
A |o|=+/229 . B. |0 =13 C. |w|=229. D. |o|=13.
Hwéng dan giai:

, s ) . . ) . a+2b=-4 a=2
Taco: a+bi+2i(a—bi)+4=i<a+bi+2ai+2b+4=i= o
b+2a=1 b=-3

Suyra z=2-3i.Dodé: w=1+2+2"=-2-15i.
Vay |o]=(-2)° +(~15) =~/229. Chen A
VI DU 10. Cho sé phic z=(2a—b+4)—(a+b+6)i,vsi a, beR, i ladon vido. Biétrang z Iaso thuan
40 va z+2+i lasb thuc. Tinh S=a%+b?.
A. S=13. B.S=5 C. S=20. D.S=36.
Hudéng dan giai:
Taco: z lasothudnaonén 2a—b+4=0 (1).

Ngoai ra: z+2+i=(2a—b+6)—(a+b+5)i 1asd thuc, suyra: a+b+5=0 (2).
2a-b+4=0 a=-3
=N

a+b+5=0 b=-2
VI DU 11. Goi s6 phiic z=a+bi, (a, beR) théaman |z-1=1va (1+i)(§—1) c6 phan thyc bang 1 dong

thoi z khong 1 sé thuc. Khi d6 ab bang :

A ab=-2. B. ab=2. C. ab=1. D. ab=-1.

‘ ’ Hwéng dan giai:

biéu kién: z khéng la s6 thuc suyra b=0.

Theo gia thiét: |2—1=1=> J(a-1)" +b? =1=> (a-1)" +b> =1 (1).

Xét s6 phuc w:(1+i)(E—l):(1+i)(a—l—bi):(a+b—1)+(a—b—1)i ;W ¢6 phan thyc bang 1

nén a+b-1=1=bh=2-a (2).

Tu (1) va (2) taco { . Dovay S =a’+b®=13. Chon A.

X 2 2 2 a=1
Thay (2) vao (1): (a-1)" +(2-a) =1<2a°-6a+4=0< Ao
Vi a=1thi b=1.Suyra ab=1. Chen C.
V6i a=2 thi b=0 (kh6ng thoa diéu kién).
Vi DU 12. (M3 d& 110, P& thi THPT QG 2017) C6 bao nhiéu sé phic z thea man |z+2—il=2v2 va

(z-1)" 1a s6 thuin a0?
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A 0. B. 2. C. 1. D. 3.
Hwéng dan giai:

Goi z=x+Vi (x, yeR).

Ta co: |z+2—||_2\/_<:>\/x+2 ) +(y- ) —2«/_<:>(x+2) (y—1)2=8 ().

Mat khac: (z-1)" =[(x~1)+yi] [ }+2(x 1)yi 1a sb thuan ao nén

(x—l)z—y2:0<:>{y:_x+l.

y =x-1, thay vao (1), ta duoc: (x+2)" +(x—2)" =8<> 2x* +8=8 < x=0.
Suyra y=-1. TatimdugC z=2 =-i.

y =—x+1, thay vao (1), ta dugc: (x+2)" +(-x)’ =8 2x* +4x+4 =8

o x=-1++/3. Tact: z=1, :(—1+J§)+(2—J§)i; z=1, :(—1—\/§)+(2+\/§)i.

Vay c6 3 s6 phtrc thoa man. Chen D.

y=x-1

Vi DU 13. (Ma a& 105, a8 TN THPT QG 2017) C6 bao nhiéu sé phirc z thoa man |z +3i| = V13 va —2

Z+
la s6 thuan ao? ,
A. 0. B. 2. C. V0 so. D. 1.
Hwéng dan giai:
Goi z=a+bi, (a,beR). Taco: |z+3i|=+13 = |a+bi+3i|=V13 = a’ +(b+3)" =13
< a’+b’+6b+9=13<a’+b*=4-6b (1).

.y 2(a+2-bi
Ta lai co: 2 _1- 2 2 _=1——( " > I).
z+2 z+2 a+2+bi (a+2)" +b?
(a+2)’ +b*-2a-4 2b . a’+b’+2a 2b

2 2 + 2 2 T 2 2" 2 .2
(a+2) +b (a+2) +b (a+2)"+b*> (a+2) +b

o 2 12 a’+b*+2a=0 (2
Do —%— 14 sé thuan 40 nén w:o@{ (2)

z+2 (a+2)" +b? (a+2)"+b2 =0 (3)
Thay (1) vao (2) tacé 4—6b+2a=0<>a=3b—2. Thay vao (1), ta duoc:
b=0
(30-2)° +b*~4+6b=0<10b~6b=0 | 3.
5

Voi b= O thi a=-2, khong thoa mén (3).

Voi b—5 thi a——% suy ra z——%+g| Vay c6 mét sb phirc z thoa mén. Chen D.

VI DU 14. C6 bao nhiéu sé phic z théa man |z|=|z+Z|=1?

A. 0. B. 1. C. 4. D. 3.
Huéng dan giai:
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Goi z=x+Vi (X, yeR)=>Z=x-Yyi=>z+7=2x.

2 2
. [lz]=1 S +y? = Xty =1
Theo gia thiét : {| | <:>{ Xty =1 .

- = 1
|Z+Z|:1 |2X|=1 X:iz

B3

) 1 1
Véi x=+=thi Z+y?’ =1l y=+—1:
2 4 y y

Vay c6 4 sb phirc thoa mén 1a zl:£+—3i, zzzl—ﬁi, 23:—1+£i, z4=—l—£i.
2 2 2 2 2 2 2 2
Chon C.
, 5 ez .. lz=1 |z-3i
VI DU 15. C6 bao nhiéu s6 phtc z thoa man P il oy =17
- +
A. 0. B. 1. C. 2. D. 4.

Hudéng dan giai:
Goi z=a+bi (a beR).
z-1

1 . 2 2

7—i z-1=|z-i a-1)"+b*=a’+(b-1
z-3i <:>{:z—]:ii|||z+|i|<:>{(2 | 2 _ g2 ( )2
] = a’+(h-3) =a’+(b+1)
Z+i
{—2a+1:—2b+1 {azl

Ta co:

= = . Vay c6 mot sb phic thoa mén 13 z=1+i. Chon B.
—6b+9=2b+1 b=1

ViDU 16. (¢ tham khao THPT QG 2018) Cho s6 phic z=a+bi (a,beR) thoa man
z+2+i—|z|(1+1)=0 va|z|>1. Tinh P=a+b.
A P=-1. B. P=-5. C. P=3. D.P=7.
Huéng din giai:

Taco: z+2+i-|z|(1+i)=0< (a+2)+(b+1)i=|z|+ilz|

{a+2:|z| a+2=+a’+b? (1)

=
b+1=[z]  |p+1=+/a’+b’ (2)

Lay (1) trir (2) theo Vé ta dugc: a—b+1=0<>b=a+1. Thay vao (1) ta duoc:

S 2 a+2>0 a+2>0 a=-1
ar2=ya+(a+y) c>{a2+4a+4:2a2+2a+l<:>{a2—2a—3:0c{a:3 '
Véi a=-1thi b=0.Khidé: z=-1=|z|=1 (khdng thoa diéu kién |z|>1).
Véi a=3 thi b=4.Khid6 z=3+4i =|z|=5>1 (thoa diéu kién |z|>1).
Viay P=a+b=3+4=7.ChonD.
Vi DU 17. Cho hai sb phtc z,, z, thoaman |z,|=1, |z,|=2 va |z, +2,|=3. Giatri cia |z, - 7,| Ia
A 0. B. 1. . C.2. D. 3.
Huwéng dan giai:
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Giasr z, =a, +hi, (a,b eR), z,=a,+bji, (a,, b,eR).

2] =1 a+bf =1 a; +b’ =1
Taco: {|z,|=2 < qa;+b; =4 oai+bl=4
|2,+2,|=3 (a,+a,)" +(b+b,) =9 |a +b’+a; +b +2(aa, +bb,)=9
=1 =4
al +b?=1
S{al+bl=4 . Khids, tacs|z—2,)|=(a-a,) +(b-b,)
aa, +bb, =2

:\/(af+bf)+(a§+b§)—2(a1a2+blb2)=«/1+4—2. =1.Vay |z, - 2,|=1.
VI DU 18. Cho céc sb phic z;, z, thoa man |z, =|z,|= /3 va |z, - 2,| =2. Tinh |2z, + 3z,
A. 52 B. \/53. C. 5/2. D. \/51.
Hudéng dan giai:
) . . ) a’+b*=3
Goi z,=a+bi, z,=c+di (a b, c,deR).Tacé: |z|=|z,|=V3 .
c’+d*=3
Mzt khac: |z, —2,| =2 < |(a—c)+(b—d)i|=2

c>\/(a—c)2+(b—d)2 =2 a’+b*+c’+d*-2(ac+bd)=4 < ac+bd =1.

=3 =3

Khi dé: |22, +32,| =|(2a+3c) +(2b+3d)i| = /(2a+3c)’ +(20+3d )

= \/4a2 +4b? +9¢2 +9d? +12(ac+bdj =12+27+12.1=+/51. Chen D.
—

=43 =9.3 =1

22Dang 3: Phwong phdp lidy mo-dun hai vé dang thic
Phwong phap:

Hoc sinh can nam virng cac tinh chat va cong thic sau:
Cho cac so phuc z, w:

Néu z=w thi |z|=|w| (diéu nguoc lai khdng chic dung).

_

Il

z

o [on|=[elof; |2

11 Knids \w| bang:
W Z+W

C. 2. D.

VI DU 19. Cho hai s phic z, w théa mén |z|=3 va 1
z

A. 3. B.

N |-
w |

Huéng din giai:
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11 1 z+w 1 1 V¥ 3

, 2

Tacd: —+== o = =(z+w) =w =22 +W+zw=0=| z+=w 2
Z W Z+WwW W Z+W

=——W
:>[z+le2 :[@WJ = z+lw:i\/§i W=z :{—liﬁiJw (*).
2 2 2 2

4
2 2 2

Lay m8-dun hai vé cia (*), ta duoc: |z|= ‘—li 3,

W < |z|=|w|=3. Chen A.
T

VI DU 20. Tim médun cta s6 phiac z biét z—4=(1+i)|z|—(4+32)i.

A lz=1. B. |z|=2. C. [7]=4. D. |7=1.
2 4

Hudéng dan giai:

Taco: z—4=(1+i)|z]-(4+32)i < (1+3i)z=|z[+4+(|z]-4)i ().

Léy mo-dun hai vé cua (1), ta duoc: |(1+3i) 2 = |z|+ 4+ (/2| - 4)i|

=10[7| :\/(|z|+4)2 +(jz]-4) <10[zf =2|7 +32 = 8|7 =32 = |7 =4 = |z]=2.

Chon B.
VI DU 21. (M4 dé 104, TN THPT QG 2018) C6 bao nhiéu s6 phtc z thoa:|z|(z—5-i)+2i=(6—-i)z?
A 1. B. 3. C. 4. D. 2.

Huéng din giai:
Taco: |z|(z-5-i)+2i =(6-i)z < (|7|-6+i)z =5|z|+(|]z]-2)i (1)
Lay modun hai vé cia (1), ta duoc: /(|z]-6) +1z| = \/25|z|2 +(jz]-2)
<:>(|z|2—12|z|+37)|z|2 — 26|z —4|z|+ 4 <= |2|' 12|z +11|7|" +4]z|-4=0

|2|=1v|z|~10,97 o
. Vi |2|20 nén |z|~-0,59 bi loai.
|2| = 0,62 v|z| ~—0,59

Ta thy, (1) 1a phwong trinh bgc nhdt déi véi sé phirc z nén véi mdi gia tri thuc |z| tim duoc, khi

thay vao (1), ta ludn tim dugc duy nhat mot sb phic z thoéa man. Vay cé ba sb phirc z thoa méan dé
béi. Chen B,

VI DU 22. Cho s6 phuc z théamén z[(1+3i)[z]-3+i|=4+10, |z|>1. Tinh [2].

—1+\/@ 1+\/@ —1+\/@ 1+\/@
A |z|= VR B. |z|= > C.|z|= 3 D. |z|:1f T

Hwéng dan giai:

Tacé: z[(1+3i)[z]-3+i | =410 < z[(|z]-3)+ (32| +1)i |=4410 (D).
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Liy m-dun hai vé cia (1): [2](12]-3)" +(3[z]+1)" =4v10 & 2] [(2]-3)" +(3fz| +1)" | =160

2 _ ~1+/65 -0
4 2 - 2 —l+\/65 ,
_ — P = =1, O .
<10z +10|z| -160=0 L = 7| 5 1,879 (thoa |z|>1)
7| = 5 <0

Chon C.
: , A . e A per Y n . V10 .
VI DU 23. (Trich dé Tham khao THPT QG 2017) Xét s6 phirc Z théa man (1+2i)|z|=—-2+i.
z

Ménh dé nao dudi day 1a dung?

ATl B. 2 <||<2. C. [4>2. D. |¢<2.
2 2 2 2
Hudéng dan giai:
Ta co: (1+2i)|z|:—‘10 —2+i < z]+2+(2]z|-1)i :—‘10 ().

10

Léy mo-dun hai vé cta (1), ta duoc: ||z]+2+(2[2|-1)i|=

o \(l2]+2)" +(2)2]-2y =%
2 2 10 2 2 4 2 |Z|2:1>0
o (z]+2) +(2]2]-1) :WQM (]2 +5)=10 <> 52| +5[2]" ~10=0 o o2<o

Ta nhan

2 =1=5|2)=1 vi [2]20. Vay = <[7<>. Chen A.
2 2

22Dang 4: Phwong phdp tao sé phiic lién hgp
Phwong phap:

Hoc sinh can nam virng cac tinh chat va cong thic sau:
Cho céc so6 phuc z, w:
— 2 2 . =
° 2.2=[¢ :‘z ‘ z1=1.
— - — — ——(z) 1z
© ZXW=7+W, ZW=2ZW, | — |=—.
w) w
e 2a=1z+z Vvéialaphan thuc cuaz.
e Néu z 12 s6 thuc thi z=z. Nguoc lai, néu z=z thi b=0 vai b 1a phan 4o cua z.

e Néu z 12 sé thuan a0 thi z+z=0. Nguoc lai, néu z+z=0 thi a=0 vi a Ia phin thyc cua z.

VI DU 24. C6 bao nhiéu sb phirc z thoa man z°+2iz|" =0.
A 4. B. 3. C. 2. D. 6.
Hwéng dan giai:
z=0
22+2i7=0 (1)
Goi z=X+Yyi=Z=x-YVi voi X, yeR. Thay vao (1) c6: x* —y*+2xyi+2i(x—yi)=0

Ta co: z3+2i|z|2:0c>23+2i27:0<:>z(zz+2i7):0<:>
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x=0
¥y 42y =0 X2 —y?+2y=0 {—y2+2y=0()
o xt-y +2y+2x(y+1)i=0< x=0 =S :
2x(y+1)=0 y=-1
y=-1 ®3)
| (x*-3=0

=0 =0 —
Ta co: (2)@{)( V{X @) X7
y=0 |y=2 y=-1

Vay ¢6 bén s phuc z thoa mén 1a: z=0vz=2ivz=+y3—i.ChonA.

VI DU 25. Cho céc sb phuc z,, Z,, z, thoa man diéu kién |z,|=4, |z,|=3, |z,|=2 va

42,2, +162,2, +92,2,| = 48. Gia tri cia biéu thirc P =|z, + z, + z,| bang:

A. 1. B. 8. . C. 2. D.6.
Hwéng dan giai:

Taco |z|=4, |2,|=3, |z|=2nén 7.2, =|2,| =16, 7,2, =|z,[ =9, 7,2, =|z| =4.

Khi d6: |42,2, +162,2, +92,2,| = 48 < |7,2,2,2, + 7,2,2,2, + 7,2,7,2,| = 48

&|Z,+4+7,)2,2,2| =48 = |7, + L, + L] |7| |2,] |2,| =48 <= |7, + 7+ T,| = 2.

Vay P=|zl+zz+z3|:‘zl+zz+z3‘=‘zl+zz+zs‘=2.Chqn C.

VI DU 26. Cho hai s phiic z, w théa man |z+2w|=3, [2z+3w|=6 va |z+4w|=7. Tinh gia tri ciia

Vi DU 27. Cho sb phtic z thoa man

biéu thac P = zw+zw.

A P=—14i. B. P=—28i. C. P=-14. D. P=-28.
Huéng dan giai:

Taco: |z+2w=3 < |z+2uf =9 < (z+2w).(z+2w)=9 = (z+2w).(z+2w)=9

<:>z.E+2(z.v_v+E.W)+4w.v_v:9 oz +2P+4w =9 (1).

Tuong tu: [22+3w] =6 < |22+ 3w| =36 < (22+3w).(22+3w) =36

4|7 +6P+9|w" =36 (2).

|2+ 40| =7 < (2+4w).(2+4w) =49 < |2 +4P +16Jw =49 (3).

|7 =33
Giai hé phuong trinh gobm (1) : (2) , (3) tacd: {P=-28.Vay P=-28. Chon D.
=

z+1 .. ¢ A o .
1 la so thuan do. Tim |z|.
Z_

A |z|=2. B. |z|=1. C. [7=1. D. |¢|=3.
2

Hwéng dan giai:
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bat W_z_+1 vi w thuan a0 nén w+w=0.Taco: ——+| == _—
z-1' z-1 \z-1 z-1 z-1

Suy ra: (z+1)(§—1)+(z—1)(2+1):0:> 27-7+71-1+22+71-2-1=0=22.2= 2:>|z|2 =1.

z+1 (z+1)_0©z+1 z+1_,

Vay |z|=1. Chg¢n C.
VI DU 28. Cho s6 phirc z théa mén |z| =5 va iz+4 1a s6 thuan 4o, tim s6 phiic nghich dao cua z biét rang
z ¢6 phan thyc duong.
Azt=3. 4 B.z"'= i—ii. c.ri=2_3; D. =2, 3
25 25 25 25 25 25 25 25
Hwéng dan giai:

Pit w=iz+4,vi w thudn do nén w+w=0.Taco: iz+4+(iz+4)=iz+4+(iz)+4=0

<:>iz+8+i.2:0<:>iz+8—i.2:0<:>i(z—E):—8<:>Z—E:f:8i
i
< a+hi—(a—hi)=8i véi z=a+bi (a, beR) < 2bi=8i<b=4 (1).
Ta lai co: |z|=5«<a’*+b*=25 (2). Thay (1) vao (2) suyra a=+3, ma a>0 nén a=3.
1 1 3 4

Khidé: z=3+4i=>z"'=== — _——i.ChonB.
z 3+4i 25 25

VI DU 29. Cho s6 phirc z khac 1 va |z|=1. Tim phan thuc cua s6 phirc % :
—3

1

A 2. B. 2. C. —5 D.

N | -

Huéng din giai:
. < Lo 1
Goi a la phan thuc cua so phac 5 suy ra:
-2

—1 Vi zz_|z| =1.

1 [1) 1 1 1-741-7  1-7+41-7
2a = + = +

~ ~ 22—z~
1-z \1-z 2-z-

1-7 1-7 1-7-7+41721 1-z-z+

Vay 2a:1:>a:%. Chon D.

VI DU 30. Cho sb phic z ¢6 phan ao khac 0, biét rang sé phic | |1 c6 phan thyc bang 4. Tinh |z|.
7|-z

A. B. C. 1. D. %

S|
@ |

Huéng dan giai:

Vi 1 c6 phan thuc biang 4 nén 2.4 = LI
-2 (RN

1 1 lf-z+lz-z 2Jz-z-z  2g-z-z 1

2=z |-z |of -|o|z-|gz+2z 202 ~|z|(z+2) [|(2[z]-2-2) ||
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1

Do vay: |z|

:8:>|z|:%. Chon B.

VI DU 31. Cho hai s6 phtc z,, z, théa man |z, =|z,|=1 va z,z, #1. Tim phan 4o cta s6 phirc

wobtl
1+z2,
A. 1. B. 0. C. 1. D. %
Huwéng dan giai:
, 1 1
Taco |z|=z,|=1=7==,2,==.
Zl ZZ
1 1
4= _ _
Vivay: w- L+, _ 1 1, _ 4+ :(zl+22) =(zl+zz): L+ |5
1+27, 1+i_i 2.2,+1 (z22z,)+1 z7z,+1 (72Z,+1
Z, 1,
Ta thay w bang véi sé phtc lién hop cua né, vi vay w 1a sb thuc, tic phan 4o cia w bang 0.
Chon B.

VI DU 32. Cho ba s6 phic z,w, t thoa man z+w+t=0 va |z|=|w|=[t|=2v506 . Goi s =2 +W* +t.
Tim khéng dinh ding trong cac ménh dé sau:
A. s laso thuc am. B. s=0.
C. s laso thuan ao. D. s la so thyc duong.
Huéng din giai:

Taco: s=z22+W +t* =(z+w+t) —2(zw+ zt+vvt):—22th+£+1j Q).
z

W
22=|2[" =2024 L3 1w q
Ta lai co: |z =|w|=t| = 2+/506 w=w’=2024—>-=-_—°_ = _ Z= 2).
2 lai co: [2] =[w| =t = ;val|t||2\,\12024 =T 2004w 2004't 2024 P

Thay (2) vao (1): s =-2zwt }+£+1 = oawt| 2+, t
t w z 2024 2024 2024

:E(EHXHE):th.(z +w+t)=0. Chon B.

1012
‘ £ , 2 (oA 2 A N . lvz+2? ; \ A ,
VI DU 33. Cho s6 phtic z ¢ phan ao khac 0 va thoa mén I 14 s6 thuc. Tim md-dun cua z.
—-7+12

A =L B. [z|=1. C.|z|=+3. D. |z|=2.

V3

Hwéng dan giai:
, 1+z+7° z Clvz+z . z .

Taco: ———=1+2 >3 Vi > la so thuc nén ———— cling la so thyc.

1-z+z 1-z+z 1-z+z2 1-z+z

1-z+2% . L 1-z+47° 1 . 1., %
Suyra; —— laso thuc, mda ——=z+—-1 nén z+— la so thuc.

z z z z
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_ - 1=1
Ta co: z+1=(z+lj<:>Z+E:E+i<:>z—2+z—__2:0<:>(z—2) 1—% =0 1_i_0.
z z z z 2.2 7| |z|2_

e Vi z=1z thizIlasb thyuc (loai vi trai gia thiét).

o Vi 1—#:0 thi |z|° =1=|z|=1. Chen B.
z

x=Dang 5: Phwong phap chudn hoéa sé phiic
Phwong phap:
Bai toan tong quat: Cho céac s6 phiic z, w, t,... théa man cac hé thic vé mo-dun (hodc mot s6
tinh chét khac cua sé phic). Tinh gid tri mot biéu thac P=P(z,w,t,...).

Phwong phap:

Khi biéu thirc P ludn c6 thé dugc rat gon vé mét hang sé cu thé, tic 1a ménh dé

P=P(z,wt,..)="P, luén dang khi z, w, t,... thoa man cac hé thic vé md-dun (hodc tinh chat

khac), ta cd thé chon z bang mot sé phuc cu thé thoa man gia thiét, khi do ta tim dugc

P =P(z,wt,...)=P, mot cach nhanh chong, d& dang ma khdng lam mét di tinh tong quat cua

bai toan.

FLuu y:

e Phuong phép nay chi phii hop cho viéc giai toan trac nghiém, viéc nhan biét khi nao can
chuan héa sb phirc doi hoi kinh nghiém giai bai tap noi cac em hoc sinh.

e Phuong phéap chuin hoa thuong khong dung dugc cho cac bai toan Max-Min s phuc, vi voi
nhitng bai toan nay thuong thi két qua roi vao mot truong hop dic biét cia cac s6 phic z,
W,... nén viéc ta chon z bang mot sé phtic cu thé ngay tir dau la khdng kha thi.

4 4
VI DU 34. Cho hai s6 phiic z,, z, théa man |z, — z,| =|z,|=]|z,|> 0. Tinh A:[ij +(ﬁj :

A 1l B. 2. C. 1. D. 2.
Huwéng dan giai:
© Cach giai 1: Phwong phdp tao so phac lién hop.

Taco: |z, -2,|=z2|=]z,| ©{|21_22|:|21| (21_—22)(_21—22)=zlzl
|Zl|=|22| lel:ZZZZ
- Zli_zlzi—zzzl-FZzZZ:lel<:> le_2+222_1:Z1Z1.
4,1, =1,1, 2,2,=1,2,
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4 4 2 27?
Ta c6: Az[iJ +[iJ =[(ﬁj {i” —2=(-1)-2=-1.ChenC.
Z2 Zl ZZ Zl

© Céch giai 2: Phwrong phdp chudn hoa sé phiic.
Chon z, =1 thoa |z,|=1. Goi z,=x+Yyi (X, yeR).

|z, -1=1 {|(x—1)+ yi| =1®{(x—1)2 ry?=1

|z,|=1 |x+yi|=1

2, - 2,|=|z|=|z,| =1, suy ra: {

1
{x2+y2—2x+1:1 {1—2x:0 X=3
= =

=
X2 +y? =1 x> +y? =1 _+_3
T2
4 4
1 3.
=i
o Vi z1:1+£ith‘|A= 2 2 |, 1 =1,
2 2 1 1 43,
e
2" 2
l_ﬁi 4 4
o Vi zlzl—ﬁithz 2 2 |, =—1.Chen C.
2 2 1 1_£
2 2
VI DU 35.Cho z,, 2, 1a céc s6 phirc thoa man |z, =|z,| =1 va |z, - 22,|= /6 . Tinh gié tri cuia biéu thic
P=|2z,+2,.
A P=2. B. P=43. C. P=3. D. P=1.

Huéng din giai:
Chon z, =1 théa |z,|=1. Goi z, =x+Yyi (X, yeR).

|z,|=1 x+yi|=1 X2 +y?=1

Ta co: = _ = )
L med= X—2)+yl|= X=2) +y° =
2-24=6  [[(x-2)+yi[=V6  |(x-2) +y*=6

_ 15
x*+y?=1 y=+—"1"
=3 < .
X +y°—4x+4=6 1
4
o Voi 21=—1+—'15i thi P=|2 —1+—“15| +1=2.
4 4 4 4
e Voi z =————‘15i thi P=|2 —i——“lsl +1=2.Chon A.
4 4 4
- o, o x .11 1 e 3
VI DU 36. Cho hai s6 phic z, w théamén [z|=3 va =+—== . Khi d6 |w| bang:
Z W Z+Ww
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4
=

A. 3. B C. 2. D.

w |k

Hwéng dan giai:

Chon z =3 théa |z|=3, thay vao phuong trinh: 1,11 , ta co:
7 W Z+W

i<:>1——<::>W2+3W+9=0<::>W=——i—
3+w 3 W(3+W)

1.1 _w—(3+w) 3,343,
3w 2 '

Véi ca hai truong hop Wz—%i?i thi |W|=‘—gi¥i‘=3. Chon A,

VI DU 37. Cho s6 phitc z=a+bi ¢6 phan 4o b khac 0 va thoa man w= la s thuc. Tinh

1+2°

2

T = :
1+|z|2

2

AT= B.T= C.T:3. D.T=1.

gl

=
2 l ~
Hwéng dan giai:

~ | &

Theo gia thiét w= —1:>zz—z+1:0:>z=%i

~ lasé thyc, tachon w=1=——=

1+z 1+2z
1,48,
s 2 2 1

ithi T =—2=§.Ch9nA.

1+ \/§

1,35,
2

Vi ca hai truong hop z==+

B3
2

N[

Vi DU 38.Cho sé phicc z=a+bi (a, beR) thoa man diéu kién |2* +4|=2|z|. Pat P =8(b*-a’)-12.
M¢énh de€ nao sau day dung?
A. P=(|2'-2). B. P=(|z-4)". C. P=(7f-2)
Huéng din giai:
Ta co: ‘zz+4‘:2|z|<:>‘(a+bi)2+4‘:2|a+bi|<:>‘(a2—b2+4)+2abi‘=2|a+bi|

2

D. P=(j2 -4

& (a?-b’ +4)2 +(2ab)" =4(a*+b%) ().

5-pb*=2 b=++3
Chon a=1, thay vao (*): (5—b2)2+4b2=4+4b2<:{ c{ V3

5-b2=-2  |b=+7

e V6ib=1y3, a=1thi P:8[(i\/§)2—12}—12:4; |z|=2. Suyra P:(|z|2—2)2.

e V6i b=17, a=1 thi P:8[(i\ﬁ)2—12}—12:36; l2|=242 . Suyra P:(|z|2—2)2.
Chon C.
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Vi DU 39. Cho ba sé phic z,, 7,, z, thoa man |z,|=|z,| =|z,| =1 va z,+z, + 2, =0. Tinh gia trj biéu thic

Cau 1.

Céau 2.

Cau 3.

Cau 4.

Cau 5.

P=2z%+2,"+2}

A. 0. B. 1. C. 1. D. 2.
Huwéng dan giai:

Chon z,=1,suyra z,+2,=-1. Goi z, =a+bi (a,beR),suyra z, =—a—bi-1.

|z|=1 {|a+bi|=1 {az+b2=1
=N

Theo gia thiét: { =

|z,|]=1 " |[-a-1-bi|]=1 " |(-a-1)"+(-b)’ =1
J3
a’+b’ =1 a’+b’=1 b=i7
& = = :
a’+b’+2a+1=1 |1+2a+1=1 i 1
2
VPR SR R S 1

thi z =——+—1,2,=————1.
2 2 2

2772

p:(_1+£|J K_E_ﬁiTHZZO'
2" 2 2 2

ﬁth‘lz L \/§ L3,

2

o Voi a:—l,bz— ,=————1I,Z,=——+—1. Taciing tinh dugc P=0. Cheon A.
2 2 2 2 2

BAI TAP TRAC NGHIEM THUC HANH CHU BE 1

-\ 2000
Cho sé phuc z thoéa z = G;I) . Viét z dusidang z=a+bi (a beR).Khidétong a+b co
+i

gia tri bang bao nhiéu?
A. 0. B. —1. C. 1 D. 2.

Tim phan thuc, phan ao caa sé phic z thoa (E— |j( i)=1+i)*".

A. Phan thyc 1a 2" va phan 4o 1a 1. B. Phan thyc la 2"*° vaphan ao 1a 2.
C. Phan thuc 1a —2% va phan 4o 1a 1. D. Phan thuc 13 —2°®° vaphan 4o 1a 2.
Cho s6 phirc 2 =1+ (1+i)+(L1+i)" +...+(L+i)™ . Phin thyc ctia sé phic z 1a

A —(1+2"). B. 2°. C. -2%. D. (1+2%).
Tinh tong L= C2024 C22024 +C;oz4 _C§024 +---_C22(?22§ +C22822:-

AL 212 B. 2112 C. 2%, D. 2%,

Cho sb phic z = (4—'J , M nguyén duong. C6 bao nhiéu gia tri me[1;100] d& z la sé thuc?
1+

A. 26. B. 25. C.27. D. 28.
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Cau7.

Céau 8.

Céau 9.

Céau 10.

Cau 11.

Céau 12.

Céau 13.

Céau 14.

Cau 15.

Céau 16.
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Cho sb phuc z =(¥j , M nguyén duong. C6 bao nhiéu gia tri me[1;50] dé z la s6 thuan

ao?

A 25 . B. 26. ~Cc.24 D. 50.

(Ma deé 104, be thi THPTQG nam 2017) Cho so phic z thoamén |z|=5 va |z+3|H z+3-10i |
. Tim s6 phiic w=z—4+3i.

A. w=-3+8i. B. w=1+3i. C. w=-1+7i. D. w=—4+8i.
(Ma dé 110, & thi THPT QG 2017) Cho sé phic z=a+bi (a, beR) thod man z+2+i=|z|.
Tinh S=4a+b.

A.S=4 B.S=2 C.S=-2 D. S=—4

(Trich D& Tham khao THPTQG 2019) C6 bao nhiéu sé phuc z thoa man |z| = 2‘2+E‘+4 va
|z-1-i|=|z-3+3i|?
A 4. B. 3. C. 1. D. 2.

C6 bao nhiéu sb phirc z thoa man ddng thoi diéu kien ‘Z.E+ z‘ =2valz=2?
A. 2. B. 0. C.3. D. 1.

. o T R s T
C6 bao nhiéu s6 phuc z théa mén: |z| +‘z‘ =26 va z+2=6?

A. 2. B. 3. C.2 D. 1.
Tinh tdng S caa cac phin thuc cua tét ca cc sb phic z théa min didu kien 7 =~/3z°.
A S=43. B. S=0. c.szg. D.S=1
A ; (|Z|_1)(l+iz) T 2 | 2
Cho s6 phic z=a+bi (a,beR) thoa man phuong trinh —1:|.T|nh a +b°.
Z_i
z
A. 3+22. B. 4. C.3-242. D. 2+22.
, iz—(3i+1).z ) .
Cho so phic z =0 thoa man (1—J_r):|z|2 . So phuc w=%|z c6 modun 1a
+i
A.9. B. /26 . C. 3\3. D. 5.
Cho z,,z, Ia hai s6 phtc théa man |2z —i|=|2+iz| , biét |z,—2z,|=1. Tinh gia tri ciia biéu thuc
P=|z,+1,|
A.Pzg. B. P=2. C.Pzﬁ. D. P=43.

Cho hai sé phtc z,, Z, théa mén céc diéu kién |z,|=|z,|=2 va |z, +2z,| =4 . Gia tri cua |2z, - 7,

bang
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Céu 17.

Céu 18.

Cau 19.

Céu 20.

Cau 21.

Céau 22.

Céau 23.

Céau 24.

Céau 25.

Cau 26.

Cau 27.
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A. 246 B. 6. C. 3.6. D.g.
C6 tat ca bao nhiéu sé phirc z théa man |Z —3i| = ‘1— i.E‘ va z —g 1a s6 thuan 40?

A. 0. B. 3. C. 1 D. 2.
C6 bao nhiéu sb phic z théa |z +1-2i|= ‘E+3+4i‘ va Zz__+2ii la mot sé thuan 4o

A 0. B. 3. C. 1. D. 2.
C6 bao nhiéu sé phic z thoa mén |z| = ‘z +E‘+‘z —E‘ va z? la sé thuan ao

A 4. B. 2. C. 3. D. 5.

Cho sé phicc z=a+bi (a, beR) théa |z-3|=|z-1] va (z+2)(£—i) la 56 thuc. Tinh a+b.

A. 2. B. 0. C.2. D. 4.
y . i . z
Cho hai s phirc z, va z, thoa man |z,|=3, |z,|=4, |z, —z,| = \/37 . Xét 56 phic z:z—1
2
Tim |b|.
A= 8. =32 c. =22 . o= 3.
8 10 8 4
Cho sé phic z thoaman z—4=(1+i)|z|-(4+3z)i. Mddun ctia s phic z bang
A 2. B. 1. C. 16. D. 4.
Cho s6 phirc z thoa mén z[(3+4i)|z|-4+3i]-5v2 =0 . Gi trj cua |E| la
A.2. B.\/2. C.242.
D.1.
Cho sb phitc z=a+bi (véi a,beR) théa |z|(2+i)=z-1+i(2z+3). Tinh S=a+b.
A. S=-1. B. S=0. C.S=2. D. S=-5.
Tinh tong phan thyc cia tit ca cc s6 phic z =0 thoa man [z + %JI =7-1z.
A 2. B. 3. C. 3. D. 2.
Cho s6 phiic z =0 thoa man zy/32z+1=|z|(2+6iz). Ménh dé nao dudi day dung?
INESPE B. Z<|]<2. c. o<1, D. |z <.
4 3 3 2 2 4

=a+bi.

Cho s6 phirc z thoa man (2-i)lz| ~2 _6_2i. Kni d6 |z| thudc khoang nao trong cac khoang sau?

z
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Cau 28.

Céu 29.

Cau 30.

Cau 31.

Cau 32.

Cau 33.

Céau 34.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

A. (2;4). B. (4;6). C. (9;11). D. (11,14).

Cho z;,2,,2, la céc s6 phuc thda man |z,|=|z,| =|z,| =1. Khing dinh nao sau day dung?

A |z, +2,+ 25| = 2,2, + 2,2, + 2,2)]. B. |2, +2, + 25| >|2,2, + 2,2, + 2,2,

C. |z +2,+2|<|2,2, + 2,2, + 2,2 . D. |z, + 2, + 2| # |22, + 2,2, + 2,2, .

Cho z,, 7,, Z, la cac s6 phirc théa mén 2, +2,+2, =0 va |z|=|z,| =|z,| =1. Khing dinh nao dudi

day la sai ?

3 3 3 3 3 3 3 3 3 3 3 3
A ‘zl +22+23‘:‘zl‘+‘22‘+‘23‘. B. ‘zl +12; +23‘s‘zl‘+‘zz‘+‘zs‘.
3 3 3 3 3 3 3 3 3 3 3 3
C. ‘zl +zz+z3‘2‘zl‘+‘zz‘+‘zs‘. D. ‘zl +zz+z3‘¢‘zl‘+‘zz‘+‘z3‘.
A ’ z A N \ X , N -2 , 1 1 1 ~ R X
Cho s6 phttc z ¢6 mbddun bang 10 va w la so phtrc thoa biéu thic —+ — =——. M0dun cuia so
Z W Z+Ww
phac w la:
1
A. 20. B. 10. C. 1. D. —.
20
4 A ’ 5 ~ [DN N 2 1 1 , -/ . ” .2 ,
Cho cac so phuc z, #0, z, #0 thoa man diéu kign —+—= . Tinh gid tri cua biéu thuc
z 1, 1,+1,
P= i + i
Z2 Zl

AL B./2. C.2. D.2Y2,

V2 2

Cho céc s6 phic 7, z, khac nhau théa man: |z,|=|z,|. Chon phuong 4n dtng:

ALtZ _g B. 2% ¢4 phin thyc va phin 4o khc 0.

Z,— 1, 5~ 1,
C. 2% |36 thyc. D. 272 |3 56 thuin 4o.

Z,—1, Z,—1,

2
. .27 -1
Néu |z|=1thi —=
A. bing —1. B. lasb thuan ao.
C. bang 0. D. la s6 phirc cé phan thyc duong.
. ) _ . . . 1
Cho so phuc z ¢6 |z|=m, (m>0).Véi z=m; tim phan thuc cta s6 phioc ——.
m-z
A m B. L. c. L. D. .
m 4m 2m
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Cau 35.

Cau 36.

Céu 37.

Cau 38.

Cau 39.

Cau 40.

Cau 41.

Cau 42.

Céau 1.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

2,+2,+2,=0

Cho ba sé phuc z,, z,, z, thoa 242 - Tinh A=z, +2,[ +|z, + 2 +|z, + [ .
|Zl|=|zz|=|23|=T
22 8 3
A —. B. 2J2. C. —-. D. —-.
3 V2 3 8
Cho céc $6 phuc z,, z, thoa mén |z|=|z,|=+/3 va |z,—2,|= 2. Mbdun |z, +z,| bing
A 2. B. 3. C.+2. D. 2¢/2.
2
C6 bao nhiéu sb phirc z thoa méan - : o :‘22‘?
A. 4 B.3 C.1 D.2
Cho cac sé phic 7,7, z, théa man |z|=|z,|=|z|=1 va z'+z}+25+272,2,=0. Dt

1=1,+1,+1,, giatri cia |z’ —3|z|" bing:

A -2 B. 4. C. 4. D. 2.

Cho hai sb phtic z,, z, thoa man |z|=|z,+2,|=3 va |Zl—22|=3«/§. Gia tri cta biéu thirc
—\3 ,— 3

(22,) +(22,)

A. 1458 B. 324 C. 729 D. 2196

bang:

Y ST , A SR \ N ,
Cho z,, z, 1a hai s6 phirc lién hop ctia nhau thoa man —- 1a s6 thuc va |Zl - 22| = 24/6. Modun cia
Z2

Z, bang

A. 10 B. V6 C. 2V2 D.2

Cho hai sd phic 7, Z, théa man |z]|=2,|z,|=1 va [2z,-3z,|=4. Tinh gia tri biéu thuc
P=|z,+2z,.

A P=A11. B. P=410. C. P=4/15. D. P=2y5.

Cho sb phuc z théa man z°—z°+z*—z°+z*—z+1=0. Tim phan thuc coa sé phuc
W=Z(22—Z+1).

A. % B. 0. C. L D. 2.

HUONG DAN GIAI BAlI TAP TRAC NGHIEM CHU PE 1
Chon C.

Tace: 7= (Ej - {%j - (‘72') ) (0 R Ly

Suyraa=1 b=0nén a+b=1.
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Céau 2.

Céau 3.

Céau 4.

Cau 5.

Céau 6.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Chon D.
£13979 £13980 1+i)? 19%
Ta cé (——i](l—i):(1+i)3979@——iz&@z—izﬁaz—iz&
1-i 2 2 2 2
7 - ( )1990 - - 9% - -
Somi=tr—e 2-2i=2" < z= 21990.(|2) +2i=-2""+2i.
Chon B.

wNhan xét: z 12 tong 27 s6 hang mot cap s6 nhan c6 s6 hang dau bang 1 va cong boi g =1+i.
(1+i)" -1

Taco: z:1+(1+i)+(1+i)2+...+(1+i)26:1. )1
+ —

[(1+i)2}13 (+i)=1 @iys(1+i)-1
i - i
_ 213<i2)6 i(1+i)—1= 294257 -1 2%i-2° -1

: =224+ (1+2%)i.
i i [
Vay phan thuc cua z 1a 22
Chon A.
Ta e (L+i)7™ = Clyy + i+l + Cd® +...+ I + ™ (1)
(1_ i)2024 = C2024 - C;024i + Cé2024i2 _C23024i3 +e _szgzzfizozs + CézgézjiZOM (2)
Liy (1) cong (2) theo vé v&i luu ¥ rang i* =1, i**? =—1 véi moi k e N, ta co:
(L)% + (L= 1) = 2(Cfp — Cipu + Canpu +-— Caons +Cione ) = 2L.
. . .\1012 .\1012 1012 (:2)°%6 | 1012 ;2306
Do do L= @) +@-D _(2) "+(=2) 7 2 (i7)”+27(P) Py
2 2 2
Chon B.
i [ai(-i)]" . . 3 n
Ta c6: Z:(_4_|J =[%} =[2i(1-1)] =2"(1+i) =2m.[(1+i)12 =2"(2i)2 =222,
i+ —i

Tacé: z |aséthucag=2k (keN)<m=4k, (keN).

Vi me[1;,100] = 1< 4k smo:%skszs ma k eN nén k €{1,2;...;25} .
Vay ¢6 25 gia tri m thoa yéu cau dé bai.
Chon A.

— (20" =2"i"

Ta co: z=(2+6lj
3

Taco: z 1asd thuan ao khi va chi khi m=2k+1, k eN.
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HUONG PHAP TRAC NGHIEM TOAN 12

20 KI THUAT VDC SO PHUC
Vi me[1;,50] =1<2k+1<50=0<k<24,5 ma keN nén k e{0;1,2;..;24} .
Vay ¢6 25 gid tri m thoa yéu cau dé bai.

Céau7. ChonD.

Goi z=X+Yi, (x, yeR).Taco: |z[=5< |x+yi|=5< x*+y* =25 (1).

| 2+3]= 2+3-10i [ |(x+3)+ yi| =|(x+3) +(y -10)i| & (x+3)* + y* = (x+3)? + (y ~10)°

—y-10
@{y Y= o y=5 (2). Thay (2) vao (1): X245 = 25 <> x=0.

y=10-y
Vay z=5i. Tudoétaco w=z—-4+3i=-4+8i.
Cau 8. ChonD.
_ [,2 2
Taco: z+2+i:|z|<:>(a+2)+(b+1)i: a+h? = a+2=va +b
b+1=0
az-2 a>-2 3
=N (a+2)2:a2+1<:> a’+da+d4=a’+1l< a:_Z:>S=4a+b=—4.
Cau9. Chon B.

Goi z=x+Yyi (X, yeR).Suyra z+z=x+yi+x-yi=

Ta co: |z|2:2‘z+2‘+4<:>x2+y2:4|x|+4 (1).

Mat khac: |z -1-i|=|z2-3+3i| & (x-1)" +(y-1)" = (x=3)" +(y +3)’

& -2X+1-2y+1=—6Xx+9+6y+9 < 4x=8y+16 < x=2y+4 (2).
(2y+4) +y* =4(2y+4)+4, y>-2

Thay (2) vao (1): (2y+4)2+y2 =42y +4|+4 < 2
(2y+4) +y* =—4(2y+4)+4,y<-2

2
5y2+8y_4=0|y2_2 - Y:gvy:—Z
5y?+24y+28=0, y<-2 14

=73

2 24

Voi y=— thi x:—:>z=%+gi; Vi y=-2 thi x=0=y=-2i; voi y:—E thi Xx=—=
5 5 5 5

0'1

5

=>17= —g—% Vay c6 ba s phirc thoa man.

Céau 10. Chon D.

Pit z=a+bi (a, beR)=z=a-bi, zz=a>+b.
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Céu 11.

Cau 12.

Céau 13.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

,{‘a2+b2+a+bi‘—2 {|a+4+bi|=2 {(a+4)2+b2:4 {\_a2+_,b2+83+16=4
Ta co: = & &

M
|a+bi|=2 a?+b*=4 a’+b*=4 a2+b2=4

a=-2
& .Suyra z=-2.
b=0
Vay c6 mot s6 phirc z thoa man.
Chon A.
Pat z=x+Vi (x,yeR),suyra: z=x-yi, |z|2:‘2‘2:x2+y2
2 _2
Z| +|z| =26 24y2= x=3
Ta co: | | _‘ ‘ <:>{X Y 13@{ :
= 2x =6 y =2
Ta tim duoc hai s6 phirc thoa man 1a z=3+2i.
Chon B.
Pit z=a+bi (a, beR). Theo gia thiét, ta cé: a—bi=+/3(a+bi)’

< a—bi =\/§(az—b2+2abi) @{\/g(aZ_bZ)a (1)

2\3ab=-b  (2)
Taco: (2) b=0 0
aco: (2)= = .
2J3a=-1 a:—g
e V4i b=0 thi (1) suy ra: a=0va:§.
. NEI 1, V3o, 1 1
Véi a=-Y2 thi(1 V)] RS PR, N SN
¢ Voi a=-== thi(1)suyra \/_(12 J o === -
Vay c6 bbn sé phirc z thoéa mén, téng phan thyc caa ching 1a: S = 0+§—2.§ =0.
Chon A.
Ta o (|z|—1)(1+iz):i<:>(|z|—1)_(1+iz)7:i<:>(|z|—1)2(1+iz)7:i .
1 27-1 |2|" -1

Z——
z

Pidu kien: |z" ~1#0 < [2] 21,
()= (1+iz)z= i(|z|+1)<:>7+i|z|2 = i(|z|+1)<:> a—bi+i(a2 +b2):(\/a2 +b? +1)i

a=0 a=0
o a+(a?+b?-b)i =(\/a2+b2 +1)i @{az L —b:\/m+1®{
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HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

b*-b-1>0 b*-b-1>0 b1
Taco: (2) < |b|=b*-b-1<<[b=b*-b-1 <:[b=1+/2 < - .
b=1+2
b=-b?+b+1 ||b==1

e V6i b=-1 a=0 thi|z]=1 (khong thoa diéu kién).
o VGi b=1++2,a=0 thi || =1++2 #1 (thoa diéu ki¢n).
2
Vvay a®+b’ =(1+ﬁ) =3+242.
Céau 14. Chon B.
bat z=x+yi (X, yeR).

Taco: %:Mz < i(x+ yi)—(?;i+1)(x—yi):(1+i)(x2 + y?')

S Xi—y-3xi—-3y—x+yi =x2+y2+(x2+y2)i < —x—4y+(y-2x)i =x2+y2+(x2+y2)i

{—x—4y =x*+y> (1)
=

. . Lay (1) trir (2) theo V&, ta dugc : x—5y =0<> x =5y.
=2X+y=X"+y° (2

y=0
Thé x=5y vao (1), tacod: -9y =25y + y* < 9 .
26
e V6i y=0thi x=0=2z=0 (trai gia thiét).
.« V6iy=—— thix="2 7= 95 1ac6: = §i(—f—ii] = [1-5i| = /26 .
26 26 26 26 9 26 26

Céau 15. Chon D.
bat z=x+Vi (x,yeR),taco: |2z—i|=|2+iz| < [2x+ (2y -1)i| =|2— y + xi|

<:>\/4x2+(2y—1)2 :\/(Z—y)2+x2 S A +4y? —4y+1=4-4y+y* +X°

exX+y =lelf =1=|7=1=|z|=z,|=1.
Taco: |z, +z,| +|z,-2,[ :(zl+22)(z_1+2)+(zl—22)(z_1—5):2212_1+2225
%,2_/
=1
=2(|af +[z[ ) = 2(1+2) = 4.
Suyra: |z,+2,[  =4-1=3=z +2,|=+3.
Cau 16. Chon A.
Giasr z, =a+bi (a, beR); z,=c+di (c, deR).
|z,|=2 {a2+b2:4
=
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Cau 17.

Cau 18.

Cau 109.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Mt khc: |z, +22,| =4 < (a+2c)’ +(b+2d)" =16 < a? +b? +4(c*+d*)+4(ac+bd)=16 .
\—

=4
=4

Suyra: ac+bd =-1.Tacé: |2z, —z,|= \/(Za—c)z +(2b-d)’

= Ja(a® +b?)+(c* +d%)-4(ac+bd) =\[44+4-4(-1) =26
Chon B.
Pit z=x+Yi (X, ye R)=z=x-yi. Didukién: 220X +y*>0.
Ta co: |z—3i|:‘1—i.2‘ & |x+yi=3i|=[l-i.(x-yi)| < [x+(y-3)i|=|(1- y) - xi|
X +(y-3) =(1-y) ' +x* & by+9="2y+le y=2,

. . . 9(x-=2i . , X
Xét so phirc: Z—g:X+2I— 9 - =X+2i— (2 ):x— 29X +| 2+ 218 i 1a so thuan ao.
Z X+ 2i X +4 X +4 X +4

s * (1 gjo x=0 x=0
ra: X— = x| 1- = _
d X+d X*+4 Tl saz9” x =15
Vay c6 3 s6 phure théa mén dé bai 1a 2i, ++/5 +2i.
Chon C.
Pit z=x+yi (x, yeR).Taco: |z+1—2i|:‘E+3+4i‘<:>‘x+1+(y—2)i‘:‘x+3+(4—y)i‘
<:>(x+1)2+(y—2)2=(x+3)2+(4—y)2<:>2x—4y+5=6x—8y+25<:> y=x+5 (1).
. —2i -2)i | xX+(y—=-2)i || x=(1-y)i
XétséphfrcW=Z— 2-|=x+(y ).I=[ b )][ 2( y)]
z+i x+(1-y)i X% +(1-y)
X' +(y-2)(A-y)+[x(y=2)-x(A-y) i _ x*+(y-2)(1-y)+x(2y-3)i
x2+(y—1)2 X2 +(y-1)°
X —(y-2)(y-1)=0 (2
x2+(y—1)2¢0 .

Thay (1) vao (2): x*—(x+3)(x+4)=0< -7x-12=0< x:—g .Suy ra y:§.

Theo gia thiét, w 1a mot s6 4o, suy ra: {

Viy z = —%+§i , tire 12 chi c6 mot sb phirc z thoa man dé bai.

Chon D.
Goi sé phicc z=a+bi (a, beR).Taco: |z :‘Z+E‘+‘Z—E‘<:>a2+b2 =|2a|+ |2bi|
< a’+b’=2aj+2b] (1).

Mat khac: z2 = (a+bi)’ = a? —b*+2abi 12 s6 thuin do, suy ra a® —b*=0=>a=+b.
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Céu 20.

Cau 21.

Cau 22.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

a :0 =
Truong hop 11 a=b; thay vao (1) ta duoc: 2a’ :4|a|<:>H : ) E 32.

al= =+
Suyra: a=b=0va=b=+2.

a :0 =
Truong hop 2; a=—b thay vao (1) ta duoc: 2a’ :4|a|<:>H : ) E 22.

al= =+

a=2 a=-2
Suyra:a:b:0v{ {

b=—2 |b=2 "

Vay ¢ 5 s6 phuc thoa man bai toan 1a z=0, z=2+2i, z=-2+2i.

Chon B.

Taco: [2-3=|2-1 < ]a-3+bi|=[a-1+bi| & \[(a=3)' +b7 = (a=1)’ +b

o (a-3)"+b*=(a-1)+b* = 4a+8=0=a=2 (1)

Xét s6 phic: w=(z+2)(z-i)=(a+bi+2)(a-bi-i)=[(a+2)+bi|[a-(b+1)i]
=a(a+2)+b(b+1)+[ab—(a+2)(b+1)]i=a(a+2)+b(b+1)—(a+2b+2)i.

Theo gia thiét, w la s6 thuc, suy ra: a+2b+2=0 (2).
Thay (1) vao (2), ta dugc: b=-2.Dovay a+b=0.

Chon C.
bat 2, =x+Vyi, z,=c+di (x,y,c,deR).

Taco: |z|=3=x"+y*=9; |z,|=4=c*+d* =16;
|z, —2,| =37 = (x—c) +(y—-d) =37 X+ y* +¢? +d*—2(xc+ yd ) =37 < xc+ yd = 6.

% -16

Z, _ X+yi _(x+yi)(c—di) xc+yd+(yc—xd)i xc+yd yc—xd i_—_6 yc — xd i

Taco: = =
z, c+di ¢’ +d? ¢’ +d? c’+d* c*+d* 16 16

| w

=a+bi. Suyraa=——.

8
2
Mit khac: i:E:E:\/a%bz<:>a2+b2:g:>b2:g—(—§j zzzb:i%.
Z,| |z,| 4 16 16 | 8) 64 8
Vay: |b|:ﬁ.
8
Chon A.

SYSEIFIRN L Gp hé phuwong trinh.

Goi z=a+bi (a, beR).Taco: z—4=(1+i)|z|-(4+32)i < z(1+3i)—4+4i=(1+i)|¢|
< (a+bi)(1+3i)—4+4i=(1+i)va’ +b? <:>a—3b—4+(3a+b+4)i:\/a2+b2 ++/a? +bli
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Céu 23.

Céau 24.

Céau 25.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

@{a_3b_4—\/a2+b2 @{a_sb—4:\/a2+b2 @{—Sb—Sz 50 +16b+16

3a+b+4=+a?+b? 2a+4b+8=0 a=-2b-4
b<—§ bs-§
5H-8>0 =75 5 ,
< {25b%* +80b+64 =5b>+16b+16 <> {20b* +64b+48=0 < b:—2vb:—g<:>{ _; .
a:
a=-2b—4 a=-2b—4 Az 2b_4

Vay z=-2i=|7|=2.

Ldy médun hai vé dang thirc.
Taco: z—4=(1+i)|z|-(4+32)i = 7-4=|z|+i|z|]-4i -3z & z(1+3i) =|z|+4+(|z]-4)i (*).

Ldy modun hai vé caa (*), ta dugc : ‘Z(1+ 3i)‘ = Hz|+4+(|z|—4)i‘

<:>|z|.|1+3i|:\/(|z|+4)2+(|z|—4)2 =10[zf* = (|| +4) +(|2]-4)" =10|7* = 2|z]* +32
o8l =R | =4=|7=2.
Chon D.

52

Tac6: z[(3+4i)|z|-4+3i|-5V2 =0 < (3+4i)|z|-4+3i ===
z

52

<:>(3|z|—4)+(4|z|+3)i=T (*).

Ldy modun hai vé caa (*), ta dugc : \/(3|Z| —4)2 +(4|Z|‘|‘3)2 = ﬂ (voi |Z| - ‘E‘)

g

=1>0
& (3[2)-4) +(4]z]+3) =22 252 +25= 22 e 25| + 252 ~50=0 = 7=1>0
7] 2| |z|=-2<0
Suyra |z|=1.
Chon A.

Taco: |z(2+1)=2-1+i(22+3) < |z|(2+i)+1-3i = 2(1+2i) & (1+2|7])+(|2]-3)i = z(1+2i) (*).
Lay modun hai vé cua (*), ta duoc:
(1+2]2])" +(]2|-3) =52 <= 5|2 ~2|z|+10 =5z < |2|=5.
Thay |z|=5 vao phuong trinh ban dau, ta co:
11+2i

5(2+i)=7-1+i(2z+3) = z(1+2i)=11+2i = z= Lo =3-4i.Suyra: a=3, b=-4.
_+_

Viy S=a+b=3-4=-1.
Chon C.
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Cau 26.

Céau 27.

Cau 28.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Ta co: [z+%} i=7-z (*)o1zi+ |52|—7 7 2(i+1) = 7—H<:>z(i+1)_ ||||_ *).
7|2|-5 J49|z* +25
Ldy modun hai vé caa (*), ta duoc: |7.[i+1 = ‘ |ﬁ| ” I‘ J_| z|= —||Z||+
|z|2:25
2|2 =\J49]2 +25 < 2|7|' = 49|7]" +25 e teo
| =——<0
2

Do vay |Z|2 =25=> |Z| =5. Thay vao (*), ta dugc:

(z+1)i=7—z<:>z(i+1)=7—i<:>z=?—_1':3—4i.
i+
Chi ¢6 duy nhat sé phic z=3—4i théa man nén tong phan thuc bang 3.

Chon A.
Ta c0: 2322 +1 =|z|(2+6iz) < z4/322 +1 = 2|z| +6i|z| .z = z(w/3|z|2 +1—6|z|i) =2lz| (*).

Ly modun hai vé cita (*), ta duoC: |z|(\/3|z|2 +1+36|2f ) ~[2|7]| = |z|(\/3|z|2 +1+36|2f ) ~ 2[4

o 3[ef +1436)2 =4 (do [f>0, V2 £ 0) s [of == = |o| = Y3 < 0,27735 ¢ (1 1).
13 13 43
Chon B.

Ta co: (2—i)|z|—6+2i=%<:>(2|z|—6) (2-]2|)i= 225 (*).

LAy modun hai vé ciia (¥), ta dugc: \/(2|z|—6)2+(2—|z|)2:ﬁ©(2|z|—6) +(2-]2)) = T2|5

625

<:>5|z|2—28|z|+4o—W 5|z|* - 28]2[" +40||" ~625=0
z
z|-5=0 =
< (|2-5)(5l2f" ~3[2[" +25(7| +125) =0 = i . o[ .
5z -3|z| +25|z]+125=0 ||z|~~2,22<0
7| =5¢(46).
Chon A.
Theo gia thiét: |2 =|z,| =|z,| =1 ==, 7, = —, 7, = —.
z z z,
T .. ../1 1 1_zz+zz+zz|
TaCO..|Zl+22+23|—|Zl+zz+zs|_‘zl+zz+23‘_Z_1+Z_2+Z_3_ 243 21;2;3 34

|z, + 2,2, + 2,2

|2].|7,] 2|

=|2,2, + 2,2, + 2,2,|.

HOANG XUAN NHAN ZALO: 0969 34 33 44 36



Cau 30.

Céau 31.

HUONG PHAP TRAC NGHIEM TOAN 12
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Cau 29.

Chon D.
Chon z,=1,suyra z,+2,=-1. Goi z,=a+bi (a,beR),suyra z, =—a—hi-
o lal=1 [a+bil=1 a’+b*=1
Theo gia thiét: = = ) )
z,|=1 ||-a-1-hi|]=1 |(-a-1) +(-b) =1
3
a’+b*=1 sz—r?
= .
a’+b’+2a+1=1 g 1
2
o Vi az—l, bzﬁ thi zl=—1+£i, zzz—l—ﬁi.
2 2 2 2 2 2
o Vi a:—l,bz—ﬁ thi z, = —1—\@ zzz—l+£i.
2 2 2 2 2
Vi cac hai truong hop trén, ta thay vao cac dap an va Chon D.
Chon B.
CXEANTEIER Phuong phdp tong quét.
2
Tace: S+ 1o_1 <:>(z+w)2=zw<:>22+zw+w2=0<:>(£j +£41-0 (do w=0)
Z W Z+W w) w
z__1, \/él Suy ra | = :—1+£| =1=|w|=||=10.
w 2 2 W 2
CXENTEIRE Phuong phdp chudn hoa.
Chon z =10 théa |z|=10, thay vao 11 e
Z W Z+W
1 1 1 1 1 1 _1_ -0

St o= = St e = oW +10w+100=0
10 w 10+w 10 10+w w 10 (10+w)w

& w=-5+5/3=|w|=10.

Chon D.

CXEINIEIRER Phucong phdp téong quét.

Taco: 2411 nt?y L < (2,+22,)(z,+2,)= 7,2,
, 1, 7,+1, zl+ )

2

% :ﬁ+%:ﬂ.

Z, 2

<:>(21)2+22122+2( _O<:>(—l] +2(—l +2=0 (vi 22¢0)<:>i:—1ii.
z z z
1

—2Khd0 P=

Z, 22
CYEIIIEIE Phuong phdp chudn hoa.

—| 1+||— 2 va | 22| =
1

Suyra

Z2
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Céu 32.

Cau 33.

Céau 34.

Chon z; =1. Thay vao £+i:

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

, ta duoc :

Z, 2, 1,+1,
1 z, 1+z, z, 1+2z, 279
1.1 ‘
Khido: po|als|?|_| 2727, | 1 | 82
| |z 1 _1i1i‘ 2
Chon D.

CXEINTEIRR Phuong phdp tong quét.

Vi |z, =]z,| va z, # 2, nén ca hai s6 phirc déu khac 0. Dat w=

a? a’°
—_— - =
V—v:[zl+zzjzzl+zz:zl+z:z1 z, ,+1,
- 2 2
2-12,) z,-1, 7,-1, @& @& 7,-1
7z

Do vay: w+w=0 hay w la s6 thuan ao.

CXEINITEIWE Phuong phdp chudn hoa.
Hai s6 phuc 2z, z, khac nhau théa mén |z,|=|z,| néntachon z, =1, z, =i.

Khi do: le—ﬂzi 14 s thuan ao.
z,-2, 1-i
Chon B.
CYEINTEIEE Phuong phdp tong quét.
A 1 z z -
Taco: =71--=71-—=1-—=2-7 Vi|7|=1.
z z 2.Z |z|
701 = 1 oA Ao
Vay =2-7 laso thuan ao.

Z

CXEANTEIRE Phuong phdp chudn hoa.

242

1 2

|z,|=|z,|=a,taco

2
. \/§ , (;+\/2§|J -1
Chon z==+ thea |z|=1. Khi dé: = 1 =/3i (1a 56 thudn ao).
2 2 z 1 3.
4+
2 2
Chon D.
. Y v AL , 1 1
Goi a la phan thuc cua so phac . Taco: ——+| —— |=2a.
— m-z \m-z
L1 ( 1 J 1 1 1 1 m-Z+m-z 2m-z-7
Ta xet: + = + = + — = —~ = E—
m-z \m-z) m-z m-z m-z m-Z (m-z)(m-Z) m’-mz-mZ+z.z

HOANG XUAN NHAN
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2m-z-17 2m-z-7 1 1

=— — = —=—=2a=>a=—.
2m? —mz —mz m(2m—z—z) m 2m

Cau 35. Cheon C.
2,+2,=-1,
Taco: 2,+2,+2,=0=>1z2,+2,=-1, .
Z2,+2,=-1,

Viviay: A=z, +z,[ +|z, + 2| +|z, + 4| =z + |-z + |-z
2
=|21|2 +|22|2 +|z3|2 :3.(¥j =

Céau 36. Chon D.

Xét |z, + 2, +|z, - 2| :(zl+22)(2_1+Z)+(21—22)(z_1—2): 22,2, +22,7, = 2(|21|2+|22|2).

Suyra: |z,+2,[ +4=2(3+3) =z, + 2| =8=|z, + ,|=2V2.

Cau 37. Chon D.
Diéu kién: z = 2i.

2 2 _
Taco: —= Z‘ZZ‘Q z _=|z|2:z.z<:>z(

z-2i z-2i

z _—Ej=0<:>
Z2-2i

Pt z=x+Yyi (X, ye R)=z=x~yi, thay vao (*) tac6: x+yi=(x—yi)(x+yi-2i)

S X+Yi= X+ XYi—2XI—Xyi+ Y’ -2y & X+Yyi=X*+y’ -2y

{x2+y2—2y=x {x2+4x2+4x=x {5x2+3x=0
N AN PN PN

y =—-2X y =-2X y =—2X

Vay ¢6 hai s6 phtrc thoa méin dé bai 1a 0; — g + gi .

Céu 38. Chon A.
Phwong phdp chuan hoa.

8
>

z=0 (nhan)
z
z—21

=0

—2Xi
x=0,y=0

x=—3 y=—
5° 5

Do gia thiét da cho dang véi moi bo ba sé phirc z;, Z,, z, néntachon z, =2, =1.

=0

Taco: Z+2;+2+2,2,2, =0 1+1+ 2 +2, =0 25 + 7, + 2
z,=-1
& (2,+1)(2 -2, +2)=0< 1 7. tathdychico z,=—1 thoa man |z,|=1.
Z, ==t —i
2 2

Taco: z=2,+2,+2,=1+1-1=1=|7 -3|7| =1-3.2=-2.

Cau 39. Chon A.
XS NurIRE Phuong phdp tong quidt.
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Goi z,=a+bi, z,=c+di (a b,c, deR).

Theo gia thiét, ta c6: |z|=3 = a’+b* =9 (1); |z, +2,|]=3= (a+c) +(b+d) =9 (2);

|z, -2,|=3V3 = (a-c) +(b-d) =27 (3).

Trir vé theo vé ctia phuong trinh (2) va (3) ta duoc:

(a+c-a+c)(a+c+a-c)+(b+d—-b+d)(b+d+b-c)=-18 < ac+hd =—%

Taco: (2) =@’ +b>+c?+d?*+2| ac+bd =9« 9+c?+d*—9=9 =’ +d* =9=|z,[.
—_ —

=9 9

2

Taco: 2,2, +2,2, =(a+bi)(c—di)+(a-bi)(c+di) = ac—adi+bci+bd +ac +adi —hci +bd

=2ac+2bd =2(ac+hd)= 2.(—%) =-9,

Khi d6: (212_2)3 +(2122 )3 = (zlz+z_1zz)3 —3(2122 +z_122)

4,2,7)7,

= (zlz_2+z_lz2 )3 —3(zlz_z+z_lzz)|zl|2 |2, =(~9)° ~3.(-9).9.9 =—729+27.9.9=1458.

=1458.

(:2:) +(22.)

CXS XLV Phicong phdp chuin héa.

Vay

Chon 7, =3, goi Z, =x+yi (x, yeR).Taco:|z|=|z,+2,| va |z -2,|=33

{|zz+3|:3 {(x+3)2+y2_9 {(x+3)2+y2—9
& &

< 2 2 2
-2,|= 3-X) +y =27 3-X) —(x+3) =18
B-z|=3V3  [(3-x)+y’ (3=x)"=(x+3)
3V3
:i—
@{(x+3)2+y2:9© y 2
-12x=18 3
X=——
2
Vi 22:—g+¥i thi Z:—%—?i; z,=3=12,.Taco: (212_2)3+(z_122)3 —1458.

Cau 40. Chen C.

Dicukién: z; #0< 2, #0.Dat 2, =x+Vyi (X, yeR)=1z,=x-Yyi.
Tact: |2,-2,|=2V6 < [2yi|=2V6 <y =6 (¥).
2, X+ Vi (x+ yi)(xz—y2+2xyi) x3—3xy2+(3x2y—y3)i

z; X —y® = 2xyi (x* - y2)2 +4x%y?
~ Lo N .
Vi = 1a so thuc nén ta co: Xy-y' =0
22
Véi y =0: mau thuan véi (*) nén loai.

HOANG XUAN NHAN
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Véi 3x2 = y2 =6 (do (¥)),suyra x*=2.Tacé: |z|=x*+y* =+/2+6 =2/2.
5 Bai toan nay tréng c6 vé roi vao dang cua phuwong phdp chuén héa. Tuy viy, khi
doc ky dé ta thay dit liéu bai todn cho rit chdt khién két qua cudi cing cta né 1a mot trudng hop

cuthé ciia Z =X, + Y, , vi vy ta khong dung dugc phuong phép chuan hoa.
Céau 41. Chon A.

Taco: |22, -3z, =4 <[22, -3z, =16 < (22, -32,)(22,-32, ) =16

©42,2,+92,2,-6(2,2,+2,2,) =16 < 4|z, +9|z,[ ~6(2,2, +2,2,) =16

<:>4.22+9.12—6(zlz_2+ zzz_l):16<:> 2,7, + zzz_lzg.

Xét P =z, +2z,[ :(zl+222)(z_1+22_2)= 21?1+4ZZZ+2(ZIZ+ zzz_l)

=[z]" +4]z,[ +2(22,+2,2,) =4+4.1+2@j=11:» P=11.

Céau 42. Chon A.
7" +1
z+1
Honnita: 2°-z2°+z2* -2+ -z2+1=0< 2(25—z4+23—22+z—1)+1:0

Taco: 2°-2°+2"-2°+7°-72+1=0<

=0< 12 =-1.Suyra|z|=

o z(z—l)(z4 +2° +1)+1:0<:> z(z—l)(z2 +1+ z)(zz+1—z)+1:0

e 2(-1) (2 +1-2)+1=02(2* +1-2)=- ]

Goi a la phan thyc cua w, ta co: 2a=w+v_v:113+(113j:1l 1
—z

1
=1.Suyra a=—.
y 2
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CHU DE 11. PHUONG TRINH SO PHUC

TOM TAT LI THUYET

1. Tinh chat chung:
e Moi phuong trinh sé phtc bdc hai déu ¢ hai nghiém (khong nhét thiét phan biét).
e Moi phuong trinh sb phirc bdc ba, bdc ban déu lan luot c6 ba nghigm, bon nghiém (khéng

nhét thiét phan biét).
Moi phuong trinh sb phtc bgc n (n e N) déu ¢ n nghi¢m (khong nhét thiét
phan bigt).
2. Phuong trinh so phic béc hai: ) )
a) Phwong trinh so phirc bac hai véi hé so 1a so thuec.

Cho phuong trinh bac hai az” +bz+c=0 (*) véi a, b, ceR, a=0. Xét: A=b*—4ac.
e Néu A =0 thi phuong trinh (*) cé hai nghiém phtic (ciing 1a s6 thuc) tring nhau Ia

2, =1 ——L
7 2a’
e Néu A >0 thi phwong trinh (*) c6 hai nghiém phtic (ciing 1a s6 thuc) phan biét:
—b+A
21,2 = > .
a
; . —b+iv—
e Neéu A <0 thi phuong trinh (*) c6 hai nghiém phac phan biét: z,, = % .
’ a

e Xét phuong trinh s phtic bac hai h¢ sé thyc: az” +bz+c=0 (a=0).Goi z, z, lacac
nghiém phirc ctia phuong trinh, ta luén ap dung dugc dinh 1i Vi-ét (khong can xét A):
c

b
Zl+22 =—g, 2122 =g.

@ Luu y 1: Néu hé s6 b chia hét cho 2, ta ¢ thé dung cong thiic A’ = (b')2 —ac véi b’ = g
Ba truong hgp cia A" hoan toan tuong tu Vi ba truong hop cua A, tac la :
— Néu A’ =0 thi phuong trinh c¢6 hai nghiém phuc (ciing 1a s6 thuc) tring nhau la
b
2,=2,=——.
P 2a
£, . e 4 g —b't VA
— Neéu A’ >0 thi phuong trinh c6 hai nghi¢ém phtec (cling 1a so thuc) : 2, = ——.
’ a
— Néu A’ <0 thi phuong trinh c¢6 hai nghiém phtic (khdng 1a sé thuc) :
_-b'iv-A

Z
1,2 a

= Luu y 2:
e Diéu kién dé phuong trinh az’ +bz+c=0 (a=0) co hai nghiém phic phan biét la

A=b?>—-4ac#0.
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e Néu z, =a-+bi la mot nghiém sb phuc ciia phuong trinh bac hai az® +bz+c¢=0 (hé s6
thuc) thi nghiém con lai cia phuong trinh do 1a z, =a—bi.
b) Nhic lai cach tim ciin bac hai cia mét sé phic (khong 1a s6 thuc).
Gia sir cac s6 phirc dang W= X+ i 1a cin bac hai cua s6 phic z=a+bi.

Khido: W2 =7 X2 —y2+2xy —a+biesd Y
2xy =D

2 2

=a .
(*). Giai hé phuong trinh (*), ta

tim duoc (hai) cp (X;y) théa man y8u cau, tuong tng véi (hai) s6 phirc w théa man
W=1z.
Hai cip s6 (X;y) sé trung nhau khi z =0. Nghia la s6 0 12 s6 phtrc duy nhét chi ¢6 mét cin
bac hai, va can bac hai d6 ciing la chinh no.
c) Phuwong trinh bac hai véi hé s6 1a sé phiic:
Xét phuong trinh dang : Az° +Bz+C =0 vai A, B, C la cac sb phirc, A=0.
Ta tinh dugc A =B?—4AC =(a+fi)’ thi A ¢6 céc can bac hai 1a +(a + fi).
\ , . ‘A x . s -B+ (a + ﬂl)
Phuong trinh c6 hai nghiém so phucla: z,, = —n
d) Phwong trinh sé phirc bic hai dic biét :
Néu phuong trinh bac hai sé phac dang Az° +Bz+C =0 ¢4 :

e A+B+C =0 thi phuong trinh c6 hai nghiém: z, =1, z, :% :

e A—-B+C =0 thi phuong trinh c6 hai nghiém: z, =-1, 7, = -

3. Phwong trinh so phirc bac ba :
a) Phwong phap giai phwong trinh :
Dang phuong trinh : Az°+Bz*+Cz+D =0 (*) véi A, B, C, D la cac sé phicc, A=D0.
© Caéch giai 1: Nham nghigm va tach vé trai thanh nhan ts.

e Nham mot nghiém z = z, cua (*).

e Chia da thirc cho da thuc (tac 1a ldy vé trai (*) chia cho z—z,) dé tim nhan tir bac hai con
lai. Luru y: Ta c6 thé st dung so dd Horner dé thuc hién nhanh viéc tim hé sé cua nhan tu
bac hai.

e Sau khi thyuc hién xong budc hai thi phuong trinh c¢6 dang : (2 -z, )(azz +bz + C) =0 voi
a, b, ¢ duoc lay tir két qua caa phép chia da thirc cho da thirc (hay so dd Horner).

© Céch giai 2: Phan tich vé trai thanh nhan ti.

e Thém bét cac hé sd, cac sé hang.

e Dt thira s6 chung, dua phuong trinh vé dang tich : f (z).g(z)=0< )
g(z)=
@ Pac biét :

— Néu A+B+C+D=0 thi phuong trinh (*) luén c6 nghiém z =1.
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— Néu A—B+C—D =0 thi phuong trinh (*) ludn ¢ nghiém z =—1.
— Néu phuong trinh (*) v6i hé 6 thuc A, B, C, D ¢6 duy nhat mét nghiém thyc thi hai
nghiém phic con lai s€ la hai so6 phuc lién hop.
b) Binh li Vi-ét cho phwong trinh bic ba :
Xét phuong trinh : Az® +Bz*+Cz+D =0 (*) v6i A B, C, D lacac sb phic, A=0.

Phuong trinh (*) luén c6 ba nghiém (khéng nhét thiét phan biét) z,, z,, z,.

Lt L=
g C
Theo dinh li Vi-ét: <z,2,+ 2,2, + 2,7, = %

D
0,Z,2; = _K

4. Phwong trinh s6 phirc bac bén :
Dang phuong trinh : Az* +Bz®+Cz* +Dz+E =0 (*) véi A B, C, D laséphacva A=0.
© Céch giai 1: I\Ihﬁm nghiém, chia da chirc cho da thirc (hodc so do Horner).
Céch giai nay nham dua phuong trinh vé dang tich va tirg budc giam bac cho viéc giai phuong
trinh duoc thuan lgi hon. )
© Cach giai 2: Phuwong phap dat an phu.
e Phuong trinh bac bén tring phuong ¢6 dang : Az*+Bz?+C =0 (**). Dat t=z". Phuong

trinh (**) dugc dua vé dang bac hai quen thuoc : At? +Bt+C =0.
e Phuong trinh bac bdn dic biét dang : Az* +Bz® +Cz*+Bz+A=0.
Kiém tra phuong trinh xem c6 nghiém z =0 hay khong. Sau d6 chia hai vé phuong trinh cho

z? # 0. Phuong trinh s& ¢6 dang : AzZ+Bz+CiE+A2:O<3 A(zz+i2j+ B(zi1j+c =0.
7 1 z z

1 ) . G , X 1x
bat t =z+— ta sé dua dugc phuong trinh vé dang bac hai theo t va giai mét cach dé dang.
z

e Phuong trinh bac bén dang : (x+A)(x+B)(x+C)(x+D)=E véi A+B=C+D.

Bién d6i phuong trinh vé [ X* +(A+B)x+AB ][ ¥ +(C+D)x+CD|-E=0.

bit t=x*+(A+B)x=x*+(C+D)X, ta dua phuong trinh da cho vé dang bac hai quen thugc.
e Phuong trinh bac bén dang : (x+A)' +(x+B)' =C.

4 4

bit x:t—¥, phuong trinh tré thanh : (t+ A;B] +(t—$j =C.

Khai trién vé trai, ta thu dugc phuong trinh bac bdn tring phwong theo t, giai tim t, suy ra x.

* Luuy:

—  Néu phuong trinh Az*+Bz®+Cz>+Dz+E=0 (*) voi A B,C,DeR, A=0 co
mét nghiém 1a s§ phic w (khong 1a sé thuc) thi (*) cling c6 mot nghiém khac 12 w .

—  Néu phuong trinh Az* +Bz®+Cz>+Dz+E=0 (*) voi A B,C, DeR, A=0 cb
bdn nghiém phtic (trong d6 z,, z, lién hop ; Z,, Z, lién hop) thi :
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2, +1,, 2, + 2, 1a cac s6 phic lién hop cta nhau ;

2,.2,, 2,2, 1a cac s6 phuc lién hop cta nhau.

»Dang 1: Gidi phwong trinh sé phitc béc hai, bdc ba, bdc bén...
Cau 1. Cho hai sé phirc z,, z, 1a céc nghiém ciia phuong trinh z° +4z+13=0. Tinh md-dun cua s6 phuc
W=(2,+12,)i+27,
A |w=3. B. |[w| = /185. C. |w|=+/153. D. [w|=17.
Hwéng dan giai:
Gidi phwong trinh bic hai so phirc.
Xét 7> +4z+13=0, phuong trinh ndy c6 hai nghiém s6 phtrc: z, =-2-3i, z, =—2+3i.
Khi do: w=(z,+12,)i+22, =(-2-3i—2+3i)i+(-2-3i)(-2+3i)=13-4i

= || = /13 +(~4) =/185. Chen B.

OX Y WU F\WE Sii dung dinh li Vi-ét cho phwong trinh bdc hai.

b
2+2,=——=-4
Theo dinh Iy Vi-ét, ta co: . 2 = w=—4i +13 = |W|=~/185. Chon B.
2122:5:13
. : i i L2 ’ 1.1 . 2
Cau 2. Goi z;, Z, la hai nghiém phuc cta phuong trinh z°—4z+5=0. Tinh W:—+—+|(z1 Z,+1, zl).
Zl Z2
4 . 4 . . 4.
A w=—§+20|. B. w=§+20|. C. w=4+20i1. D. w=20+§|.

Hwéng dan giai:
ate :4. Taco: w=2"4
4,7, = 142

Theo dinh Ii Vi-ét, ta c6 { +i7,2,(2,+1,) :g+20i :

Cau3.Cho 1z, 1z, la hai sb6 phuc thoa min z2—-4z+5=0. Tinh gia tri biéu thuc
P _ (Zl _1)2025 +(22 _1)2025 .
A P=2% B. P=2"%, C. P=2"%, D. P=2%%,
Hwéng dan giai:
Phuong trinh da cho c6 hai nghiém sé phuc: z, =2—i va z, =2+i.
1012
Khido : P = (1) + (141 =(2-i).[ (1=1) |+ (@+i)] (1+1)]

= (1-i).(=2)" + (1+i)(20) " =(1-1).2"2 +(1+i).2"2 = 2" Chon C.

1012

CAau 4. Cho s6 phtic Z ¢6 phan a0 dwong théa mén 2722 _7 1. Tinh 3_4!‘.
A=2 Z+2i
4 . . 4.
A W:—§+20I. B. 1. C. w=4+20i. D. w:20+€|.

Huéng dan giai:

HOANG XUAN NHAN ZALO: 0969 34 33 44 45




20

Caub.

Cau 6.

HUONG PHAP TRAC NGHIEM TOAN 12

KI THUAT VDC SO PHUC
Diéu kién: z#2. Taco: 22_121=z—1<:> 2-11=(z-2)(z-1) < 22_4Z+13=0©{§i§i2:'

2+3i)-4i|
2-3i)+2i]
Cho phuong trinh z2 —7z+11+3i =0 (1). Biét rang A, B 1a c4c diém biéu dién hai nghiém s6 phuc
cua phuong trinh (1) trén h¢ truc Oxy, tinh dién tich tam giac OAB.

A 2. B. 3. C.%. D.

z—4i|

Vi z ¢6 phan 40 dwong nén z =2+3i = z =2-3i. Khi do: 1. Chon B.

_
{

N | o1

Huwéng dan giai:
Taco: A=(-7)" —4(11+3i)=5-12i . Goi & = X+Yi (X, y € R) la céin bac hai ctia A.

6 ’ 4 2 2
xX*—|-=| =5 X' —5x*-36=0 x> =9
Khi do: xz—y2:5<:> ( Xj = 6 & = X=3 X:_B,
2xy:—12 6 y:—— y:—— y:—2 y:2
7+(3—2i)_ i 7—(3—2i)

Xét 6 =3-2i, phuong trinh (1) ¢6 hai nghiém: z, = =5-1,2,=

2.1 2.1
Piém biéu dién cuia hai nghiém trén 1a A(5;,-1), B(2;1) = OA=(5;-1), OB =(2;1).

Dién tich tam giac OAB Ia: S, .5 = %\5.1—(—1)2\ = % . Chon C.

BNGRRER N cu tam gidc ABC co toa 40 cic vecto AB=(x;¥,), AC =(x,;,) thi dién tich
tam giac ABC duoc tim nhanh boi cong thirc: S, = %|x1y2 — %, Y|

Goi z,, z, la hai nghiém phtc cia phuong trinh 22 —2(2-i)z+6-8i =0, hdy tim mot phuong
trinh bac hai c6 hai nghiém la z,> va z,°.
A. 22 +22-96i =0. B. 2 —28-96i =0.
C. 22-282-96i =0. D. z°+28z+96i =0.
Huéng dan giai:
SXSE WU t\B Y Gidi phuwong trinh bdc hai so phirc dwa vao biét thire delta.
Xét phuong trinh 2°—2(2-i)z+6-8i=0 (*) c6 A'=(2—i)2 —(6—-8i)=—3+4i.
Goi 6 =x+Yi (X, yeR) la cin bac hai cua A'=-3+4i.

2 = 2 \Y .
2xy =4 2 y=— y==y=2 ly=-2

2 2 2_ 4 2_ _ 2
 (x—y?=-3 X —(; =-3 X" +3x"-4=0 x“=1 w=1 [x=-1
Taco: & =
y:; X X

Xét §=1+2i, (*) c6 hai nghiém z, =(2—-i)+(1+2i)=3+i, z, =(2—i)—-(1+2i)=1-3i.
Suyra zZ =8+6i, 2, =-8-6i=S=2"+2; =0, P=2/.2, =-28-96i .

Vay z,°, z,” la hai nghiém cua phuong trinh : z°—Sz+P =0 hay z°—28-96i =0. Chon B.
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Cau 8.

Cau 9.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

SXSE WUt iWR Sii dung dinh li Vi-ét cho phwong trinh béc hai.
Xét phuong trinh 2 —2(2-i)z+6-8i=0 véi a=1b=-2(2-i),c=6-8i.

Theo dinh Ii Vi-ét, ta co: zl+zz=—g=2(2—i), 2,2, =§=6—8i.
Khi do, dat S =22 +22 =(z,+2,) — 22,2, =[ 2(2-i) ] —2(6-8i) =0,
P=2222=(z2,) =(6-8i) =—28-96i.

Theo dinh Ii dio Vi-étthi z,>, z,° 1a hai nghiém ctia phuong trinh : z> —Sz+P =0 hay
7% —28-96i =0.

4
. z| -
Goi z,, z, 1a hai nghi¢ém so0 phirc ciia phuong trinh Q+ z+4=0.Tinh |z,- 2,
z
Al B. 15. C. 13. D. 243.

Hwéng dan giai:
|Z|4 || - - — 1
Ta co: -2 +72+4=0c +z+4=0<:>(z) +z+4:0c>21=—5+

Do vay: z, =—%—§i; Z, ——%+£| Suy ra: |z, — z,| =15 . Chgn B.

Phuong trinh z° —9z° +8=0 c6 bao nhiéu nghiém phan biét trén tap sé phic?

A. 3. B. 4. _ C.2 D. 6.
Hwéng dan giai:

Taco: z°-92°+8=0.

1

Dit t = z°, phuong trinh trg thanh: t* -9t +8=0 < {

'—‘II
o

7=

o Véit=1thi z =1<:>(z—1)(z +z+1)=0<:>
7=—

| =

olg

*i

o N

=
e Vi t=8 thi 23:8<:>(z—2)(22+22+4)=0<:{

z=-1+i3’
Vay phuong trinh da cho c6 6 nghiém phuac phén biét. Chon D.
7+iY 22-1+2iz
1+i j 2
A 2. B. 2. ) C. 2-i. D.1-2i.
Hwong dan giai:

.\3 2 . .\3 )2 .\3 .\ 2
— . Z—1 —
Tacs: () z 1_+2'Z=2.z@(2+_') _ )2+2=0@(Z—+_'j (_j 1220,
1+i 21 1+i (1+i) 1+i 1+i

t=-1
t=1+i

+2=0.

Tim téng cac nghiém phuc ciia phuong trinh sau : (

Dtt—1+ , phuong trinh tro thanh: t°—t* +2=0 < (t+1)(t? +2t+2)=0<:{
+
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Z+Ii

Voit=-1thi —=-lez+i=-1-iez=-1-2i=1z,.
1+1
. o 2+ . . N2 .
Véi t=1+1i thi r:1+|<:>z+|=(1+|) Sz=i=1z.
+i
. s 2+ . : - .
VO’Itzl—Ithll—_=l—I<:>Z+I=l—l S 1=2-1=1,.
+i

Vay z,+12,+2,=(-1-2i)+i+(2-i)=1-2i. Chen D.

. ) .. 5 1 12 s . .
Cau 10. Cho hai s6 phuc z, w khac 0 théa man —+—= . Biét rang so6 phuc L. E+ ﬁ| , trong d6
W z 3z+Ww w b b

% la phan sé téi gian va b>0, ceN. Tinh giatri T =a—b+c.

A . T=3. B.T=-2. C.T=-1. D. T=1.
Hwéng dan giai:

Ta co: E+1: 12 @52+W: L2 < (52+Ww)(32+w) =12zw < 152° +8zw+ W’ =12zw
w z 3z+Ww wz 374w
w=0 2
1577 —dzw+w? =015 2 | —4| £ +1=0©£=£i@i.
W w w 15 15

:_a e 2 Vi

TacHd: —=— =—+—i=>a=2b=15 c=11.
w b b 15 15

Vivay: T=a—-b+c=-2.Chon B.
Cau 11. Tim tong lap phuong cac nghiém ctia phuong trinh phirc sau (2° —z)(z+3)(z+2)=10.
A. 32. B. -34. C. 31. D. -30.
Taco: (2°-2)(z+3)(z+2)=10< z(z+2)(z-1)(z+3) =10 < (2° +22)(2* +22-3)-10=0.
Hwéng dan giai:
t=-2

bit t = z* +2z. Phuong trinh tro thanh: t(t—3)-10=0<1t*-3t-10=0 @{

Véit=-2thi 2 +2z2=-2<z=-1+i.
V6i t=5 thi 22+2z7=5<7=-1++/6.
Tong lap phuong cac nghiém Ia: (—1+ \/6)3 +(—1—\/E)3 +(-1+ i)3 +(-1- i)3 =-34. Chon B.

Cau 12. Biét phuong trinh z*-3z°+42°~3z+1=0 ¢6 3 nghiém phuc z,, z,, z,. Tinh T =|z,|+|z,|+|z,|.
A. T=3. B. T=4. C.T=1. D.T=2.
Hwéng dan giai:
CYEIINTEIRE Gidi phuwong trinh bac bén dang déi ximg.
) 3 1 L
Taco: z*-32°+47° -32+1=0 < z* -3z+4—=+—-=0(chia hai vé phuong trinh cho z* #0)
z 1
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+1:1 @

2 2 YA
<:>(z+lj —2—3(z+lj+4:0 <:>(z+1j —3(Z+lj+2=0<:> : :
y4 Z yA z 1
z+==2 (2)
yA

V3.

(1)<:>22—z+1:0<:>z:li—|.
2 2

e 24127 ()= 12°-21+1=0=12=1.
z

1 f

2
CYEIEIRE Si dung may tinh cam tay.

Khido: T = |zl|+|zz|+|23|—

———|‘ 1] =3. Chon A.

Mot s6 dong may tinh cam tay doi mo”i cho ta cach giai phuong trinh bac bn dé dang.

B

Khi d6 ta tim duoc cac nghiém: z,, = 2 5 —1, Z; =1. Qua d6 tinh duoc T =3.

Cau13. Timtong T cua tét ca nghiém phic ciia phuong trinh (z° +3z+6)2 +22(2% +32+6)-32* =0.

A . T=-8. B.T=-6. C.T=2.

Hwéng dan giai:

D. T=4.

Dit t = 2% +3z+6. Phuong trinh da cho trd thanh: t°+2zt-3z2° =0 (*).

Taco: A'=1z°+372° :(22)2; (*) c6 hai nghiém: [

t=—z+2z2=2
t=—27-22=-37

o Voi L=2 thi zz+32+6:zc>zz+22+6:0<:>zlyz:—1iJ§.i.
o VGit=—-3z thi 22+32+6=-322°+62+6=0 7, =—3++/3.

Tong bén nghiém thu dugc: z, +2z, +2,+2, =—8. Chgn A.

Caul14. Goi 1z,12,, 2,2, la cac nghié¢m phac cia phuong trinh (Z

P=(z'+1)(z +1)(23 +1)(2 +1) I
AL 8. =, c.2.
8 9 17°
Hwéng dan giai:

Pidu kién: z %~ , ta co: :
2 27 —1

2
32
272 —1

_l_ 1l z7-1=27-i<7=-1+i.

e Taco:
2z -1
Z_l_ =-1< z—1:—22+i<:>z:£+li,
272 -1 33

HOANG XUAN NHAN
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27 —1
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9
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Z_l_:i<:>z—1=2iz+1c>(1—2i)z=2<:>Z=L_=g+ﬂi.
27 -1 1-21 5 5
e 2l i 1-dii-1e3iz=0e2-0.
27 -1
. . 1+i) 2+4i) 17
Khi d6; P=(zf+1)(z§+1)(z§+1)(z§+1)=[(—1+|)2+1}{( 9) +1H( 25) +l}'1:?
Chon B.
Cau 15. Tim tong cac nghiém sd phuc ciia phuong trinh z° — 2(1+i)z+3iz+1-i=0.
A. 0. B. 1. C.1-i. D. 2+2i.

Hwéng dan giai:
. Nhin xét: Phuong trinh da cho c6 mot nghiém z =1, ta dung so d6 Horner nhu sau:

16 56 42 inro bao ba | '1 AL+ " - (dau roi, nhin ngang,
: Y A
Nghiém nham duoc: 1 | 1 —1—2; —1+4 0 cong chéo)
z=1

Taco: 2°-2(1+i)z+3iz+1-i=0¢ (z-1)[ 2° - (1+2i)z-1+i|=0 & (1420 2-14i =0 ()’
Xét phuong trinh (*): A= (1+2i)" —4(-1+i) =1,
1+2i+1 _1+2i1
2
Tong ba nghiém phirc ctia phuong trinh 1a: 1+ (1+1i)+i=2+2i. Chen D.

Phuong trinh (*) ¢6 hai nghiém sb phirc: Z, = 1+1i, z, =

Cau 16. Tim tong binh phuong tt ca phan do cac s6 phuc z théa man z° —2(1+i)z* +4(1+i)z-8i=0.
A. 6. B. 10. 3 C.5. D. 12.
Huwéng dan giai:
Taco: 2°-2(1+i)2° +4(1+i)z-8i =0 2° —22% + 42— 2iz* + 4iz-8i =0
z=2i z=2i
22—22+4:0©L:1i\/§.i'

2 \ ’ 2
Tdng binh phwong céc phan 4o ba sd phic thu dugce 1a: 2° + 3’ +(—«/§) =10. Chgn B.

o 2(22—22+4)—2i(22—22+4):0<:>(z—2i)(22—22+4):0c>[

Cau 17. Cho s phuc z=x+yi (X, yeZ) thoaman z°=18+26i. Tinh T =(z-2)" +(4-2)",
A2, B.4. . co D. 1.
Huwéng dan giai:
Taco: z° =18+26i < X +3x%yi —3xy” — y’i =18+ 26i <> x* ~3xy’ +(3x’y — y° )i =18 + 26i
x* —3xy* =18
{3x2y—y3 =26
bat y=tx.Do X, yeZ nén teQ.

. Tathidy x=0 khdng théa man hé phuong trinh.
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-3t =18 |X(1-3t°)=18 (1)

XX =26 {x3 (3t-t)=26 (2) '

Tathiy 3t—t> =0 khong thoa man (2). Lay (1) chia (2) theo vé:
130 9 L 13-30r —27t-gt @(t—%)(tz 4t—§) 0.Suyra t=%e@-

Hé phuong trinh trg thanh: {

3t-t° 13
1. ; 1 1
Thayt:§ vao (1): x (1—3.9) 18< x=3.Suyra y_é 3=1.
Dovay z=3+i.Tacd: T =(z2-2)" +(4-2)" =(1+i)" +(1-i) =
xDang 2: Phwong trinh sé phirc c6 chira tham sé

Cau 18. Cho phuong trinh z° —mz+2m-1=0 trong d¢6 m la tham sé thyc. Biét rang khi m=m, thi
phuong trinh di cho c6 hai nghiém z,, z, thoa man z2 + z2 = —2. Tim ménh dé dtng bén dudi.
A. m, e(—l lj B. m, 6[3 5). C. m, e(l 3). D. m, 6(5 7]
2 2 2 2 2 2 2 2
Hwéng dan giai:
Ap dung dinh 1y Vi-ét cho phuong trinh z2 —mz+2m—1=0 trén tap s6 phic, ta co:
2,+1, =—9:m; 2,2, =% —om-1.
a a
Khido: 22 +22 =2 (2,+2,) -222, =2 &m*-2(2m-1)=2 o m=2,
Vay m, = Ze(§;§j. Chon B.
2 2
Cau 19. (Céau 43-Ma dé 101-Pé thi TN THPTQG 2021) Trén tap hop cac s phuc, xét phuong trinh
z2-2(m+1)z+m?=0 (m la tham sb thyc). C6 bao nhiéu gia tri ciia m dé phuong trinh d6 c6

nghiém z, thoa man |z,|=77?

A 2. B. 3. C. 1. D. 4.
Huéng din giai:
Xét phuong trinh 2 —2(m+1)z+m? =0 (*)

[Trudng hop 1: Phuong trinh c6 nghiém 14 sé thyc, trong d6 c6 mot nghigm 1a z, =7.
Thay z=2,=7va0 (*): 72-2(m+1).7+m* =0 > m=7++/14,

o V&i m=7+14, (*) tro thanh: z2—2(8+J1_4)z+(7+J1_4)2=0@ Z‘3+2*/_ (thoa man).
=

o V&i m=7-+14, (*) tro thanh: 22—2(8—J1_4)z+(7—J1_4)2=0c> =9-2J14 (thoa man).

z=7
[Trwong hep 2:| Phuong trinh c6 nghiém 14 hai s6 phic lién hop cua nhau z,, z, véi |z,]=|z,|=7

Theo dinh i Vi-ét, ta co: 2,2, =m* = |z,2,|=m* = |z||z,| =m* = m* =49 = m =17
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e V&i m=7, (*) tro thanh: 72 -167+49=0<>7=8++/15 (loai).
o Véi m=-7, (*) tro thanh: 2% +122+49=0< z =—6+i/13 (thdéa man).
Vay c6 3 gia tri thuc cua m thoa man dé bai 1a m=7++/14 va m=—7. Chen B.
Cau 20. Biét z, =2—i la mot nghiém phic cua phuong trinh 22 +bz+¢=0 (b, c €R), nghiém con lai
la z,. Tim s6 phtic w=bz, +cz,.
A w=18-i. B. w=18+i. 3 C. w=2-9i. D. w=2+9i.
Huwéng dan giai:
Do z, =2—i la mét nghiém phirc cia phuong trinh 22 +bz+c=0 (b, ceR) nén Z,=2+1.
Theo dinh Ii Vi-ét thi: z,+z,=-b=(2-i)+(2+i)=>b=-4; 7z, =c=(2-i)(2+i)=c=5.
Do d6: w=bz +cz, =—4(2—i)+5(2+i)=2+9i. Chen D.
Cau 21. Tim Fe‘it ca c4c gid trj thuc cua a sao cho phuong trinh z° —az +2a—a” =0 ¢6 hai nghiém phirc
véi phan ao khac 0 va c6 mo-dun bang 1.
A a=1. B.a=1,a=—1. C.a=1%+2,a=1. D.a=-1
Hudéng dan giai:

Goi 7,2, la hai nghiém cta phuong trinh. Theo dinh Ii Vi-€t, ta co: lzl =4 _
2,z,=2a—a’
) a=1
Taco: |Zl|-|22|:|zl.zz|=‘2a—a2‘ <:>‘2a—a2‘:1<:{§::22 i1_1<:> a=1+2 .
- a=1-+2

Thu lai:
‘ . ) N R
e Thay a=1 vao phuong trinh da cho: z°-z+1=0& 17, :§i|7 (thoa diéu kién).
e Thay a=1+/2 vao phuong trinh da cho: ZZ$(1+\/§)Z—1=O.C'£10 phuong trinh nay luén
¢6 hai nghiém thyc trai dau nén khong thoa mén dé bai.
Vay a =1 la gia tri duy nhat théa méan. Cheon A.
Cau 22. Cho sé thuc a, b, ¢ sao cho phuong trinh z°>+az?+bz+c=0 nhan c4c s6 phac 1+i, 2 lam
nghiém. Khi d6 tong gia tri a+b+c 1
A 2. B. 2. . Cc.a D. 4.
Hwéng dan giai:
Phuong trinh ¢6 nghiém z=2 nén 8+4a+2b+c=0.
Phuong trinh c¢6 nghiém z=1+i nén (1+i)3+a(1+i)2+b(1+i)+c=0
—-2+b+c=0
& (-2+2i)+a2i+b(1+i)+c=0<(-2+b+c)+(2+2a+b)i=0< :
2+2a+b=0
b+c=2 a=-4
Vaytaco hé {2a+b=-2 <<b=6 .Suyra a+b+c=-2.Chogn A.
4da+2b+c=-8 c=-4
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Cau 23. Cho s6 phic w va hai s6 thuc a, b. Biét z =w+2i va z, =2w-3 Ia hai nghiém phuc cia
phuong trinh z° +az+b=0.Tinh T =|z,|+|z,].

A. T =213, B.T=@. C.T=§. D. T =413.

Huwéng dan giai:
bat w=x+yi véi x, yeR.
Taco: z, +2, =3w—3+2i =3(x+Yyi)—-3+2i =(3x—3)+(3y +2)i.

Theo dinh 1i Vi-ét: z,+z, =—a. Do vy (3x-3)+(3y+2)i=—a=3y+2=0=> yz—g.

Khi d6: w=x—2i va zl:x—gi+2i:x+ﬂi, z,=2 x—2i —3:(2x—3)—ﬂi.
3 3 3 3
Vi z,, Z, 1a hai nghiém s6 phtc ciia phurong trinh bac hai (hé s6 thuc) nén chung 1 hai s6 phirc
2. . .
lién hop cta nhau, suy ra 2x—3=X=>X=3. Do do W:3—§I va 21:3+%|, Z, :B—gl.

2./97
3

Ta tinh duoc: T =|z,|+|z,/]==—-—. Chen B.
Cau 24. Cho phuong trinh 8z° —4(m+1)z+4m+1=0 (1) véi m la tham sd. Tim tong tat ca s6 thuc m

2 s - - = Z N /4 2 N r , \

dé (1) c6 hai nghiém z,, z, théa madn = 1a so thuan ao, trong d6 z, la s6 phirc c6 phan 4o duong.
ZZ
A. 2. B. 5. C.6. D. 4.
Huéng din giai:

. p . g L A A

Xét (1), tac6 A'=4(m+1)" —8(4m+1)=4m? —24m—4. Theo gia thiét thi == thudn 4o nén
ZZ

z,, 7, khdng 13 s6 thuc, suy ra A’ <0=>4m? —-24m-4<0=3-10 <m<3+10 (2).

Khi do, cin bac hai cia A’ 13 +i/—4m?+24m+4 , vi vay (1) c6 hai nghiém Ia:
2(m+1)—iv-4m? + 24m + 4 2(M+1)+iv-4m? +24m + 4

= zZ,= (z, ¢6 phan ao duong).
8 8
Jan? :
L L, 12 ; 5 2(m+1)—iv-4m° +24m+4 .
Taco: - ===-LL thuan 4o, suy ra z; thuan ao= (m=+1) thuan ao.
Z, 17, |21| 8

2 2 m=0 , A LA
Suy ra: 4(m+1) —(—4m +24m +4) =0= oo (thoa diéu kién (2)). Chen A.

Cau 25. Tim tong binh phuong tét ca sb thuc m dé phuong trinh 4z° +4(m-1)z+m*-3m=0 c6 hai
nghiém 12 céc s phuc thoa man |z,]+|z,| = +/10.
A. 25. B. 29. C. 10. D.17.
) Hwéng dan giai: )
Véi m 1a so thyc thi phuong trinh da cho ludn co6 hai nghiém la céc sé pharc lién hop cua nhau.
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Goi z,=a+bi, z,=a-bi (a beR).Tact: |z]+|z,|=+10 < 2v/a® +b? =\/1_O<:>a2+b2:g.

\21\2

2 —
Mit khéc, theo dinh I Vi-ét: 2,2,=" " =77 = [z} .
2_ m=-2
Vi vay: m 3m:g:m2—3m:10:{ .

Téng binh phuong céc gi4 tri m tim dwoc: (~2)° +5% = 29. Chon B.
Cau 26. Cho phuong trinh sé phuc z*—4z°+9z* +mz+20=0 véi meR. Biét phuong trinh c6 mot
nghiém Ia z, = —2i. Tim tong md-dun hai nghiém khong thuan 4o ciia phuong trinh da cho.
A 2:5. B. 24/10. C. 243. D. 4.
Hwéng dan giai:
- \ \ ~ ’ -\4 -\3 \2 .
Thay z =z, =-2i vao phuong trinh da cho, ta c6: (-2i) —4(-2i) +9(-2i)" +m(-2i)+20=0
= (-2m-32)i=0< m=-16.
Vi m=-16 thi phuong trinh trg thanh: z* —4z° +9z* —162+20=0.
© Cach giai 1: Vi phuong trinh ¢6 mét nghiém la z, =—2i nén ciling c¢6 nghiém z, =2i (la s6
phirc lién hop cita z,). Do vay phuong trinh twong duong (z+2i)(z—2i)(ax’ +bx+c)=0 voi
a, b, ¢ 1a cc h¢ sb thuc dugc tim thong qua viéc chia vé tréi cho (z+2i)(z-2i)=z*+4 hoic
lap so @6 Horner hai lan. Ta thu duoc: az? +bz+c=2z°—-4z+5.
z==2i z==2i
Vay: 7' -42°+92° ~162+20=0 < (2-2i)(z+2i)(2* —42+5) =0 | , o y
z2°-4z+5=0 z=2+%i
Téng mé-dun hai nghiém khdng thuan 4o ciia phuong trinh 1a |2+i[+[2-i|= 24/5 . Chen A.

© Céch giai 2: Sir dung may tinh cam tay c6 chirc nang giai phuong trinh bac bdn (ta thuc hanh
trén VINACAL 680 EXPLUS):

MENU | >|§| Nex  [2]—Net s [4] (goi chike néing gidi phwong trinh bac bén hé sé thurc).
Nhdp cac h¢ so ciia da thirc bac bon Bam phim E| dé hién thi nghiém phwong trinh

Math [

o7 X1=2—i, X, :2+i,
Xy =2i, X, =-2i

=22 |2+i[+[2—i| =245 . Chen A.

Vay 24—4z3+922—162+20:0<:{
z=2%i

Cau 27. Cho phuong trinh z* +az® +bz? +cz+d =0 Véi a, b, ¢, d 1a cac hé s6 thuc. Biét phuong trinh co
hai nghiém 1a z, =1+i, z, =3—-2i . Khi d6 tong T =a+b+c+d bang
A T=12. B. T=20. 3 C. T =10. D.T=7.
Huwéng dan giai:
Vi z, =1+1i, z, =3-2i la hai nghi¢m cua phuong trinh nén z, =1-1i, z, =3+2i ciing la cac
nghiém cta phuong trinh da cho.
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P=22,=2
72-27+2=0.

LS =74+2,=2 . . . ,
Xet , dovay z,, z, la hai nghi¢m cua phuong trinh z°-S;z+P, =0 hay

. 1S,=2,+2,=6 ) L o . )
Xet , dovay z,, z, la hai nghi¢m cua phuong trinh z°-S,z+P, =0 hay
P,=2,2,=13

7°-627+13=0.
Vay, taco: z*+az’ +bz’ +cz+d =(2° - 22+2)(2* - 62+13).
Déng nhét hai vé, ta dugc: az® =-62°-22° = [a=-8]; bz? =1322+ 222 +1222 = [b = 27];
€z =-267-127=-382=|c=-38|; |d = 26].
Vay T=a+b+c+d=7.ChonD.
Cau 28. Cho phuong trinh sé phirc z* +az®+bz® +cz+d =0 Vvéi a, b, ¢, d 1a cac hé sé thuc. Biét phuong

trinh cé tich hai nghiém 1a 13+i va tong hai nghiém con lai 12 3—4i. Gia tri cua b thudc khoang
nao?

A. (44;46). B. [46;48]. C. [50;52]. D. (48;50).
Hudéng dan giai:

A A . 1 an . . 122, =13+1
Goi bon nghi¢m phuc cia phuong trinh da cho 1a z,, z,, z,, z,. Ta co: .
z,+2,=3-4i
Vi phuong trinh da cho 1a bac bon hé sé thuc nén hai s6 phuc z,z,, z,z, 1a lién hop cta nhau; twong
C oA A \ 2,7, =13-i
tu hai s6 phuc z, +z,, z, +z, la lién hop cua nhau. Suy ra: .
2, +2,=3+4i
Khi d6 z,, z, 1a nghiém phuong trinh z°—(3+4i)z+13+i=0; z,, z, 1a nghiém phuong trinh
2* —(3-4i)z+13-i=0.
Dovay z* +az’ +bz° +cz+d = [22 —(3+4i)z+13+i}[z2 —(3-4i)z +13—i] .
bong nhat hé sé hai vé, ta co: bz’ =(13-i)z?+(13+i)z* +(3+4i)(3-4i)z° suy ra
b=(13-i)+(13+i)+(9+16)=51. Chen C.
Cau 29. Cho phuong trinh z° —(m+1)z° +(m+1+mi)z—1-mi=0 trong d6 zeC, m 1a tham sb thyc.

S6 gié tri caa tham sé m dé phuong trinh ¢6 3 nghiém phtc phan biét sao cho cac diém biéu dién
ctia cac nghiém trén mat phang phic tao thanh mot tam giac can la
A. 0. B. 1. C.3. D. 2.

Huéng dan giai:

Xét phuong trinh: z° —(m+1)z° +(M+1+mi)z—-1-mi=0< (z —1)(22 -mz+1+ mi): 0

z=1
z=1 z=1 z=1 ]
<:{zz—mz+1+mi=0 - 22—i2—(mz—mi)zoc{(z—i)(zﬂ—m)=0C> iilm—i
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Goi céc diém biéu didn cua ba sb phuc trén 1a: A(L0), B(0;1), C(m;-1). Tacé: AB=(-11),
AC=(m-1-1), BC =(m;-2); AB=+2, BC=vm?+4,AC =/(m-1)" +1.

Badiém A, B, C tao thanh mot tam gidc <> AB va AC khéng cung phuong<>m#2.

Nhgn xét: BC =+/m? +4>2>+/2 = AB, vi vay tam gidc ABC can < {AC =AB

AC =BC

[m 1 +1 \/* |: 2_2m:0 m=0
S| m=2 .

w/m 1 2 41=m2+4 2m=2

m=-1
Két hop véi diéu kién m= 2 ta dugc m e {0;-1}. Vay c6 hai gi tri cia m théa man. Chen D.
Cau 30. Cho a, B, y la cac nghiém thudc tap s6 phic cua phuong trinh x* —3x? +3x+7=0. Goi @ la

s6 phuc thoa mdn »® =1 va w=1. Tinh a-l Bl 771 heo o,
-1 -1 a-1
A. E B. &*. C. 20°. D. 30°.
(0]

Hwéng dan giai:
Tach: 0’ =1 (a)—l)(a)2 +a)+1) =0 0*+w+1=0 (do w=1).
Nhén xét: néu @ 1a mot nghiém cua phuong trinh @® + w+1=0 thi @ ciing la nghiém phuong
trinh @+ @+1=0 Vi @* +w+1=0< 0’ + 0.0’ +1=0< (a)z)2 + @’ +1=0).
Do d6 phuong trinh @ =1 c6 banghiém 13 1, 0, @* (1).

3
Taco: xX*—3x*+3x+7=0 <:>(x—1)3:—8<:>(x—_21) =1 (2).

x-1_,

_21 X=-1l=«
Tir (1) va (2) suy ra: %:w o x=1-20=4 .

x—1 X=1-20"=y

—:a)z

| -2

_ _ _1_ _ _ _ 2 3
Do vay: - 1+ﬂ 1+7/ 1 11 +1 2a)2 1+1 20 1:£+a)2:2+a} =§:3a)2.
-1 y-1 a-1 1-20-1 1-200° -1 -1-1 10 10} 10

Chon D
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Céu 1.

Céau 2.

Céu 3.

Cau 4.

Caub.

Céu 6.

Cau 7.

Céu 8.

Céau 9.

Céau 10.

Céau 11.

Céau 12.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

BAI TAP TRAC NGHIEM THUC HANH CHU BE 2

Ki hiéu z, z,, z; va z, 1a bén nghiém phtc caa phuong trinh z*—-z°-12=0. Tinh tong
T =[z]+[z,]+[z|+|2|
A.T=2+23. B.T=4. C.T=23. D.T=4+23.

i-1-2
—

i R . ) r oz . .
Tinh md-dun cua s6 phicc w=b+ci (b, ceR); biét so6 phic la nghiém cua phuong

trinh z°> +bz+c=0.

A 2. B. 3. C.242. D. 3V2.
Trong tap sb phtre, phuong trinh z° +mz-i=0 (meC) cd tong binh phuong hai nghiém 13 4i thi
md-dun cua sé phac m bang:

A. 5. B. V2. C.1. D. 2.

Goi z,,2, la cac nghiém phuc cia phuong trinh 72 +4z+7 =0. S6 phuc z,.z, + 7.z, bing

A. 2. B. 10. C. 2i. D. 10i.

Goi z;;z, 1a hai nghiém phtic ctia phuong trinh 3z° —2z+27=0. Gia tri cua z,|z,|+z , |2,| bang:
A 2. B. 6. C. 3/6. D. /6.

Tim tong md-dun tat ca nghiém khong thuan ao ctia phuong trinh iz* +2(1+2i)z* +8=0.

A 4. B. 2. C. 242. D. /6.

Trong tap s6 phic, cho phuong trinh 22 +bz+¢c=0 (beRR, ceC) co hai nghiém z,, z, théa man
z,-2,=4+2i.Goi A B lacac diém biéu dién cac nghiém ciia phuong trinh z? —2bz +4c=0.
Tinh d§ dai doan AB.

A. 85. B. 2+/5. C. 445. D. /5.
Tong binh phuong cac nghiém cia phwong trinh z° —1=0 la:
A 4. B. 2. C. 1. D. 0.
Cho céc s6 phiac z, w khac 0 théa man z+w=0 va 1+§: 6 . Khi do6 i‘ bang
Z W Z+w w
A 3 B. — C.3 p. X
Goi S latong cac s thuc m dé phuong trinh z>—2z+1-m=0 c6 nghiém phtc théa méan |z| = 2.
Tinh S.
A. S=6. B. §=10. C. S=-3. D.S=7.

\ - 8| y LA N A ‘A A r
Phuong trinh z* —12 = 6iz? —— €0 tat ca bao nhi€u nghiém s6 phirc?
z

A. 2. B. 4. C. 6. D. 0.
Cho s6 phiic w va hai s6 thuc a, b. Biét ring w+i va 2w—1 la hai nghiém caa phuong trinh
2’ +az+b=0.Tong S=a+b bing

A2 B. -2, c.I. D. 2.

9 9 3 3
Thi thi treong Chu Vin An, Ha Ngi, 2019
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Cau 13.

Céu 14.

Céau 15.

Cau 16.

Céu 17.

Céau 18.

Céau 19.

Céau 20.

Cau 21.

Céau 22.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Cho phuong trinh (22—42)2—3(22—42)—4O=0. Goi 7, 7,, z, va z, 1a bdn nghiém phuc cua

phuong trinh da cho. Tinh P = |z,|" +|z,|" +|z,|" +|z,| -

A. P=42. B. P=34. C. P=16. D. P=24.

C6 bao nhiéu gia tri duong cua sb thuc a sao cho phuong trinh 7% ++/3z+a?—2a=0 c6 nghiém
phirc z, véi phan 4o khac 0 thoa mén |z,| = /3.

A. 3. B. 2. C. 1. D. 4.

2
Cho biét 2,, 2,, Z,, Z, langhiém ctia phuong trinh z* —z° + Z? +2+1=0. Hoi phuong trinh trén cd bao
nhiéu nghiém sb phic ¢ phan 40 lén hon 1?
Al B. 2. C. 4. D. 0.
S6 phtic z, =2—i la mot nghiém cua phuong trinh z°> +az+b =0 véi a, beR. Tim phan ao cua
s6 phac az, +b.
A. 5. B. 4. C. 3. D. 4i.
Bi¢t phuong trinh az® +bz’ +cz+d =0 (a, b, ¢, d eR) ¢6 z,, ,, z, =1+2i langhiém. Biét z,
c6 phan 4o &m, tim phan 4o caa W=z, +2z, +3z,.
A. 3. B. 2. C. 2. D. 1.
Goi A, B 14 hai diém trong mat phang phuc theo tha ty biéu dién cho céc sé phirc z,, z,khéac 0
thoa man dang thac 2”2 + 25 —z,z, = 0, khi d6 tam giac OAB (O la géc toa do):
A. La tam giac déu. ‘ B. La tam giac vuong.
C. La tam giac cén, khong deu. D. La tam giac tu. 7 ”
Cho hai so thyc b, ¢ théamén ¢ >0, b=0. Kihiéu A, B la hai diém thuoc mat phang toa d¢ biéu
dién hai nghiém phuc cia phuong trinh z2 +2bz+c=0. Tim méi lién hé cua b va ¢ dé tam giac
OAB la tam giac vuéng tai O.
A. c=2b B. b*=c. C.b=c D. b*=2c.
Cho phuong trinh X’ —4x+§ ~0 (voi phan sb 5 t5i gian) c6 hai nghiém phac (phan 4o khéc 0).

Goi A, B la hai diém biéu dién cua hai nghiém d6 trén mat phang Oxy . Biét tam gidc OAB déu
(v6i O la gdc toa dd), tinh P=c+2d .

A. P=18. B. P=-10. C. P=-14. D. P=22.

Cho phuong trinh 4z* +mz® +4=0 trong tap s6 phiic va m 1a tham s thuc. Goi z,, 2, Z,, Z, 1A
bon nghiém cia phuong trinh di cho. Tim tit ca cac gid tri cia m dé
(zf +4)(z§ +4)(z§ +4)(zf +4) =324

A. m=1 hoac m=-35. B. m=-1 hoac m=-35.

C. m=-1 hoiac m=35. D. m=1 hoac m=35.

Trong tap cac sb phite, cho phuong trinh 2 —6z+m=0, meR (1). Goi m, la mot gia tri cia m
dé phuong trinh (1) c6 hai nghiém phan biét z,, z, thoéa man z,.z, = z,.z, . Hoi trong khoang
(0;20) c6 bao nhiéu gia tri m; e N?

A. 13. B. 11. C.12. D. 10.
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Cau 23.

Cau 24.

Cau 25.

Céau 26.

Céu 27.

Cau 28.

Cau 29.

Cau 30.

Cau 31.

Cau 32.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

z , , ~ 1+i . Z R L. . <, e,
Cho so phiac z thoa man — la so thuc va |z—2|:m voi meR. Goi m, m, lacac giatricaa m
z

dé c6 dang mot sé phirc thoa mén bai toan. Tinh T =m,? +m?.

A T=1. B. T =10. C. T=5. D.T=6.

Trén tap hop sb phirc, cho phuong trinh z> +bz+c=0 Véi b, ceR. Biét rang hai nghiém cua

phuong trinh c6 dang w+3 va 2w—15i+9 véi w 1a mot sé phac. Tinh S =b? —2¢

A. S=-32. B. S=1608. C. S=1144. D. S=-64.

Ki higu z, 2, z,, z, 12 bon nghiém phuc cua phuong trinh z*+4z°-5=0. Gia tri cua
2 2 2 2 N

|2, +|2,|” +|z5| +|z,| bang

A 2+2:5. B. 12. C.0. D. 2++/5.

Biét z=1—2i la nghiém phtic ciia phuong trinh z2+az+b=0 vdi a, beR. Khi d6 a—b bing

bao nhiéu?

A a-b=-T7. B.a-b=7. C.a-b=-3. D. a-b=3.

Xac dinh tat ca cac sé thuc m dé phuong trinh z2 —2z+1-m=0 c6 nghiém phac z thoa mén

|z|=2.

A. m=-3. B. m=-3, m=9.

C. m=1, m=9. D.m=-3, m=1, m=9.

Goi 2,,2,,2;,2, 1a 4 nghiém phtc cia phuong trinh  z* +(4-m)z°—4m=0. Tim tat c4 cac gia

timde |z|+|z,|+|z,|+|z,| =6.

A m=-1. B. m=42. C. m=413. D. m=+1.

Cho a la sb thyuc, phuong trinh z> +(a-2)z+2a-3=0 c6 2 nghiém z,, z,. Goi M, N lacac

diém biéu dién cta z,, z, trén mat phang toa do. Biét tam giac OMN ¢ mot goc bang 120°, tinh

téng cac gia tri cua a.

A. 6. B. 6. C. 4. D. 4.

Cho a, b, ¢ la céc s6 thuc sao cho phuong trinh z° +az? +bz+c =0 c¢6 ba nghiém phuc lan luot

la z,=w+3i; z,=w+9i; z,=2w-4, trong d6 W 1a mot s6 phiic nao d6. Tinh gia tri cua

P=|a+b+c|.

A. P=36. B. P=208. C. P=136. D. P=84.

Cho phuong trinh s phic dang z* +bz? +(9-i)z-6+2i =0 (beR). Biét rang phuong trinh trén

c6 mot nghiém thuc. Hay tim tong mo-dun cac nghiém con lai caa phwong trinh do.

A \5+1. B. V2 +1. C. V10 +1. D. \5++/2.

Cho phuong trinh s6 phicc z* +az® +bz* +cz+d =0 Véi a, b, ¢, d 1a cac hé sb thuc. Biét phuong

trinh ¢6 tong hai nghiém l1a —2+i va tich hai nghiém con lai 1a —1-5i . Tim tong a+b+c+d .

A. 17. B. 19. C. 15. D. 13.
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Cau 1.

Céu 2.

Céu 3.

Cau 4.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

HUONG DAN GIAI BAl TAP TRAC NGHIEM CHU DE 2
Ki hiéu z, z,, z; va z, la bén nghiém phiic cua phuong trinh z*—z°-12=0. Tinh tong
T =[z|+[z,|+ (25| +[2z,]
A T=2+23. B.T=4. C.T=23. D.T=4+23.

Huéng dan giai:

4 7> =-3=3i"

Tacod: 2°-72°-12=0< , &
- =4

Khi d6: T =|z,|+[2,| +|z3| +[2,] = [iv3|+ i3] +|-2|+[2 = 2/3+4. Chon D.
8

. R . ) L F=-1-2i .
Tinh mé-dun cua s6 phirc w=b+ci (b, ce R); biet so phutc '1—7| la nghiém cua phuong
—i

trinh z°> +bz+c=0.

A. 2. B. 3. C. 24/2. D. 3V2.
Hwéng dan giai:

i8_1_2i i =(i2)' =(=1)" =1 o o il
bat z =ﬂtrongdé: ( )3 ( ) :>Zo=1 1 _2'= 2'.: 2'(1.2')
i7=(i2) i=—i 1+i 1+i 1-i

° 1
Taco z, la nghiém cua phuong trinh z* +bz+c=0 (*) =7, =-1+i langhiém con lai cua (*).
a=1
Theo dinh i Vi-ét, taco: z,+Z, = bz -b=-2= ;
a

= o= (-1-i)(-L+i) =c = [c=2]. Suy rar w=2+2i ==\ + 7 =2V2.

=—1-i.

..l =

c
S
Chon C.
Trong tap sb phtre, phuong trinh z° +mz-i=0 (meC) cd tong binh phuong hai nghiém 13 4i thi
mo-dun cua sé phicc m bang:

A. 5. B. 2. C.1. D. 2.
Hwong dan giai:

Goi z;, z, la hai nghiém phtrc ctia phuong trinh da cho, theo dinh li Vi-ét:

m=1+i
Taco: 27 +2,2 =4i &(2,+2,)" —22,2, = 4i & M’ +2i = 4i & m? =2i = (L+i)’ @{m_ i
Mo-dun ciia m 1&: [L+i|=|-1—i|=+2. Chon B.
Goi z,,2, la cac nghiém phuc cia phuong trinh 72 +4z+7 =0. S6 phuc z,.z, + 7,.z, bing
A 2. B. 10. C. 2i. D. 10i .
Huéng dan giai:
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Caub.

Cau 6.

Cau7.

Céau 8.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Z,=-2++/3i — — 2 2
Taco: 22 +472+7=0< V3 =7,.2,+12,2, :(—2+J§i) +(—2—J§i) =2.Chon A.
z, =23
Goi z,;z, 1a hai nghiém phirc cua phuong trinh 32> —2z+27=0. Gid tri cia z,|z,|+ 2 ,|z| bang:
A 2. B. 6. C.3/6. D. V6.
Huéng dan giai:
, _l+\/%i
=
Taco: 32°-22+27=0 < 3 Khido: 2,|2,|+ 2,]z,|=2. Chon A.
_1-+/80i
? 3
Tim tong md-dun tat ca nghiém khong thuan ao cta phuong trinh iz* +2(1+2i)z* +8=0.,
A 4. B. 2. C. 22, D. /6.

Hwéng dan giai:
b4t w=z?, phuong trinh trg thanh: iw” +2(1+2i)w+8=0 (*).
Taco: A'=(1+2i)" —8i =—3—4i=(1-2i)" nén A’ c6 hai cin bac hai Ia +(1-2i).
—(1+2i)+(1-2i) (1+2i)—(1-2i)

:—4,2 :_ -
i 2 i

Véi w=—4 thi 22 =-4=4i* = 7=17,, =+2i (146 thuan 40).

=2i.

Phuong trinh (*) c6 hai nghiém z, =

Voi w=2i thi 22 =2i=(1+i)" = z=12,, = +(1+i) (khdng thuin ao).
Téng mé-dun céc nghiém khdng thuan 4o cia phuong trinh 1a: [-1—i[+[L+i[=2v2 . Chen C.
Trong tap s6 phiic, cho phuong trinh 22 +bz+¢c=0 (beRR, ceC) c hai nghiém z,, z, théa man
z,-2,=4+2i.Goi A B li cic diém biéu dién cac nghiém cua phuong trinh z? —2bz +4c=0.
Tinh do dai doan AB.
A. 85. B. 24/5. C. 45. D. /5.

Huéng din giai:
Taco: 2,-2,=4+2i=(2,-2,) =(2,+2,) —42,2, = (4+2i) =b*—4c=(4+2i)".
Xét 22 —2bz+4c=0 (*); A'=b’—4c=(4+2i)°, A’ c6 hai cin bac hai 1a +(4+2i).
z,=b-4-2i= A(b-4;-2)

VAay phuong trinh (*) ¢6 hai nghiém phuec 1a; .
WP g ©) ghiem p Z, =b+4+2i=B(b+4;2)

Viy AB = /(b+4—b-+4)’ +(2+2)’ = 4/5. Chon C.

Tong binh phuong cac nghiém cua phuong trinh z° —1=0 1a:
A 4. B. 2. C. 1.
Huéng dan giai:
Taco: 2°-1=0< (2°-1)(2°+1) =0 (2-1)(2° + 2+1)(z+1)(2* - 2+1)

|©
o

0
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Céau 9.

Cau 10.

Céau 11.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

z=+1

o 2424100 7=41vz=—22 335,21 38,
, 2 2 2 2
2°-7+1=0

Tdng binh phuong ca bdn nghiém nay 1a:

(—1)2+12+(—%+§if+(—%—£} [%+§IJ (E—glj =0.Chon D.

Cho céc sé phic z, w khac 0 thoa man z+w¢0vél+§: 6 . Khi do |2
Z W Z+W

1 1
A 3. B. —=. C.3. D. .
— B 3
Hwéng dan giai:
Taco: 143-_ 8 w3z 6 < (W+3z)(z+w)=62w < 32> —2zw+w* =0.
Z W z+w w o z+w

w0 2
as[ij IPE TN NS SECINN
w

z
w w 3 3

:i. Chon B.

NG
Goi S latdng cac sé thuc m dé phuong trinh 22 —2z+1-m=0 c6 nghiém phtic théa man |z| =
Tinh S.

A. S=6. B. §=10. ) C. S=-3. D. S=7.
Hwéng dan giai:

yA

w

Ta co: 22—22+1—m=0<:>(z—1)2=m (1)
] m=0.Tacé: (1) & z=1+m.
‘1+\/_‘

~[ncs
-] =2
| m<0.Tacé: (1) < z=1%iy-m.
Do |z|=2 nén 1ii\/—m‘=2c>1—m:4<:>m=—3 (thoa mén).
Vay S=1+9-3=7.Chon D.

Do |z|=2 nén (thoa man).

<\ - 8| y LA N A ‘A A r
Phuong trinh z* —12 = 6iz? —— €0 tat ca bao nhi€u nghiém s6 phirc?
z

A 2. B. 4. C. 6. D.0.
Hwéng dan giai:

Taco: z* —12 =6iz? —f—i@ 2° —6iz* —122° +8i =0<:>(zz)3—3(22)2 2i+322(2i)" —(2i)’ =0
@(zz—Zi)S:OQ 2> =2i.

2oyt = X=4 x=y=1
Goi z=x+yi (x, yeR).Tacé: (x+yi)2=2i<:> -y 0<:> y<:> Y .
2Xy =2 xy=1 x=y=-1
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Cau 12.

Céau 13.

Cau 14.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Vay phuong trinh da cho c6 hai nghiém sb phtrc: z, =1+1, z, =—1—i. Chon A.
Cho sé phiic w va hai s6 thuc a, b. Biét ring w+i va 2w—1 l1a hai nghiém caa phuong trinh
2 +az+b=0.Toéng S=a+b bing
A2 B. 2. c.t D. 1.
9 - 9 3 3
Thi tha trwong Chu Van An, Ha Ngi, 2019

Hudéng dan giai:
bat w=x+yi (X, yeR). Vi a, beR va phuong trinh 7> +az+b =0 c6 hai nghiém la
Z, =W+i, 2, =2W-1 NN 2, =7, & W+i=2W—-1 X+ yi+i=2(x+yi)-1

x=1

) ) X=2x-1
< x+(y+1)i=(2x-1)-2yi < N 1.
y+1=-2y |y=-=
3
. 2.
21:W+I:1+§I 2,+2,=2
Suyra: w=1-Zi= = 13 (M

Z, =2w-1=1-7i 4t =g

. , ., Zl+22 =—a a:—2 ) 5
Theo dinh ly Vi-ét: = 13 .Vay S=a+b=-=.Chon B.
2,2, = b:E 9

Cho phuong trinh (22—42)2—3(22—42)—4O=0. Goi z,, Z,, Z, va z, 1a bén nghiém phic cua

phuong trinh da cho. Tinh P = |z,|* +|z,|* +|z,|* +|z,| -
A. P=42 B. P=34. C. P=16. D. P=24.
Huoéng dén giai:

t
Dit t = z° —4z . Phuong trinh d cho tré thanh: t° —3t—40=0<::>{t _ e
o Viit=8thi 2-4z=8c17,=2423.
e Véit=-5thi 2’-4z=-57,, =2+i.

Khi d6: P=|z,[ +|2,[ +|z, +|z.] =[2+ 2«@‘2+‘2—2«/§‘2+|2+i|2 +[2—i[* =42.Chon A.

C6 bao nhiéu gia tri duong ctia sé thuc a sao cho phuong trinh z2 ++/3z+a?—2a=0 c6 nghiém
phitc z, v6i phan o khac 0 thoa mén |z,| = /3.
A. 3. B. 2. ) C. 1. D. 4.
Hwéng dan giai:
Taco: A=3-4(a’—2a)=3-4a’+8a.
Phuong trinh 22 ++/3z+a? —2a =0 ¢6 nghiém phiic khi va chi khi A <0
<3-4a*+8a<0«<4a’-8a-3>0 (*).

Khi d6 phuong trinh ¢6 hai nghiém z,, z, 13 hai s phuc lién hop ciia nhau va |z,| =|z,|.
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Cau 15.

Cau 16.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Taco: 2,2, =a’ —2a=|z,.2,| =[a’ - 2a| & [z| |2,| =[a° - 22| = |z, | =[a” - 2a].

o , 2 a’-2a=3 a=-1 N
Theo gia thiét, ta co: <\/§) = ‘az —Za‘ & & { (thoa man (*)).
a*—2a=-3 |a=3
Vay c6 mot gia tri dwong a thoa méan yéu cau bai toan. Chon C.
iy N z° .
Chobiét z,, z,, z,, z, langhiém ctia phuong trinh z* - 2° tot +1=0. Hoi phuong trinh trén c6 bao

nhiéu nghiém sé phtec ¢6 phan a0 1én hon 1?
A1 B. 2. C. 4. D. 0.
Huéng dan giai:
) R . . . I .
z =0 khong la nghiém phuong trinh da cho, lay hé so > lam vi tri chinh gita thi ta
thay céc cap hé sb hai bén lan luot I3 (~1,1), (1,1), phuong trinh dang nay duoc goi la phan ximg.
Ta chia hai vé phuong trinh cho z? =0, duoc:

2
22—z+l+l+l2:0<:>(z—1j +2—(z—l)+£:0 (*).
2 7 12 z z) 2

bat t= z—%,phuongtﬂnh(*)tr(ythanh: t? —t+g:0<:>t:%igi.

. Véit=1+§i thi 2—1:£+§i<:>222—(1+3i)z—2=0 ;
2 2 z 2 2

Ay =(1+3i)" ~4.2.(-2) =8+6i = (3+i)° nén A o hai can bac hai la 3+i, —3i.
(1) c6 hai nghiem phic 3 z, = o3+ g, wsi=8=1 1. 1p
2.2 2.2 2 2

e Voit=23imiz-t-1 3100 (1-3)2-2-0 ()
2 2 2 2 2

Ay =(1-3i)" ~4.2.(~2)=8-6i = (3-i) nén A, co hai can bac hai la 3—i, —3+i.
(2) c6 hai nghiem phic Ia: z, = =SS =g, 1z3=3+1_ 1 1p
22 22 272

Ca bén nghiém z,, z,,z,, z, déu khdng c6 phan 4o Ién hon 1. Chon D.

S6 phtic z, =2—i la mot nghiém cua phuong trinh z°> +az+b =0 véi a, beR. Tim phan a0 cua
s6 phic az, +b.
A 5. B. 4. . C.-3. D. 4i.

Hwéng dan giai:
Vi z=2-i lamt nghiém cua phuong trinh 2> +az+b=0 (a, beR) nén phuong trinh ndy cé
hai nghiém z, =2—-i va z,=2+i.Suyra z,+z,=—a=4=a=-4, 7,2, =b =5.
Khi do: az, +b=-4(2-i)+5=-3+4i.Chen B.
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Cau 17.

Céu 18.

Cau 109.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Biét phuong trinh az® +bz? +cz+d =0 (a, b, ¢, d eR) ¢0 z,, z,, z;=1+2i langhiém. Biét z,
c6 phan a0 &m, tim phan ao cia W=z, +2z, +3z,.
A. 3. B. 2. C. 2. D. -1.

o Huwéng dan giai: , ‘
Ta biét rang mot phuong trinh bac ba vai hé so thuc ludn ¢6 it nhat mot nghiém thuc, nén theo dé
bai, phuong trinh di cho c6 mot nghiém thuc (goi la z,) va hai nghiém phirc véi phan 4o khac 0.
Vi z, =1+2i la nghiém cia phuong trinh nén nghiém phuc con lai la lai z, =1-2i .
Vi phan 4o ctia z, bang 0 nén phan ao ciia W=z, +2z, +3z, 1a: 0+2.(-2)+3.2=2. Chon B.
Goi A B 1a hai diém trong mat phang phiic theo thi ty biéu dién cho céac sé phac z,, z,khac 0
thoa man dang thac z7 + 25 — 2,2, = 0, khi d6 tam giac OAB (O la géc toa do):
A. La tam giac déu. ‘ B. La tam giac vuong.
C. La tam giac can, khong deu. ) D. La tam giac tu.

Hwéng dan giai:

© Cach giai 1: Theo gia thiét: 2/ +7; - 2,2, =0= (2, +2,)(z +2; -22,)=0 (do z, 2, #0)

o2+, =012 =-2=(-2,) = 7,=-2, =|z|=|2,|=[0A=0B] (1)

Mat khéc: 22 +22-2,2, =0 (2,-2,) =-72, = ‘(zl -1, )2‘ =|-z,7,|

= |z, 2, =|z||z,| = AB? = OAOB = OA* = [AB = OA] (2).

Tur (1) va (2) suy ra tam gidc OAB déu. Chon A.

2
© Céch giai 2: Taco: 27 +75 - 7,2, =Oc>£ij “A41-0 (do z, #0).

ZZ ZZ
2 . .
@(%} —%+1=0<:>%:1i—2\f3|:> ; = 1i—\@l =1=|z|=|z,| hay (2).
2 2 2 2
Mt khdc: |z, — 2, = 1if‘ 1| “f‘ —4.|22|:|22|:> @).

Tir (1) va (2) suy ra tam giac OAB déu. Chon A, q ﬂ q
Cho hai so thuc b, ¢ théaman ¢ >0, b=0. Kihiéu A, B 1a hai diém thuoc mat phang toa do biéu
din hai nghiém phuc cia phuong trinh z2 +2bz+c=0. Tim méi lién hé cua b va ¢ dé tam giac
OAB la tam giéc vudng tai O.
A. c=2b B. b’ =c. C.b=c. D. b* =2c.
Huéng dan giai:

Theo dinh i Vi-ét, taco: z, +z,=-2b, 7.z, =cC.

OA’ =[z,", OB” =|z,[
Mat khéc:

AB? :|zl—22|2 :‘(zl—zz)z‘ :‘(zl+zz)2 ~ 47,7, :‘4b2 —4c‘:4‘b2 —c‘.
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Cau 20.

Céau 21.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

‘vz —z, 4b*+4p*-c
Ta co: OA2+082:|21|2+|22|2:|Zl+22| J2r|21 % = +2‘ ‘:2b2+2‘b2—c‘.
Theo gia thiét, tam giac OAB vudng tai O < OA? +OB? = AB?
b*=b’-c ¢ =0 (loai)

b?=c—b? |c=2b%>> 0 (nhan)

c>2b2+2‘b2—c‘=4‘b2—c‘c>b2:‘bz—c‘c{ Chen A

Cho phuong trinh X —4x+§ =0 (voi phan sb % tbi gian) c6 hai nghiém phuc (phan ao khéc 0).

Goi A, B la hai diém biéu dién cua hai nghiém d6 trén mat phang Oxy . Biét tam gidc OAB déu
(voi O lagbce toa do), tinh P=c+2d.
A. P=18. B. P=-10. C. P=-14. D. P=22.

Thi thiz S GD va BT Pa Néing, 2019

Hwéng dan giai:

Xét phuong trinh X2—4X+§:O *); A’=4_§_

Phuong trinh (*) ¢6 hai nghiém phtc (phan 4o khéc 0) < A’ <0 < 4—% <0.

Khi do6, phuong trinh ¢6 hai nghiém phuc x, =2+ NAY X, =2—Iv-A".

Goi A, B lan luot 1a hai diém biéu dién cua x,, x,, ta co: A(Z;JTN); B(Z;—\/TA’).
Ta c6: AB=\/(2—2)2+(—J—_A'—J—_A')2 =2J=A"; OA=OB=+4-A'.

Tam gidc OAB déu khi va chi khi AB=0A=0B < 2J—A' =J4—A’

<:>4(—A')=4—A'<:>A':—gc>4—£:—ﬂ<:>£:E.

Tadotacd c=16, d =3 (do % téi gian). Vay: P=c-+2d =22. Chon D.

Cho phuong trinh 4z* +mz*+4 =0 trong tap sb phic va m la tham sé thuc. Goi z,, z,, Z,, Z, 12
bon nghiém cia phuong trinh di cho. Tim tit ca cac gid tri cia m dé
(zf +4)(z§2 +4)(z§ +4)(zf +4) =324.
A. m=1 hoac m=-35. B. m=-1 hoac m=-35.
C. m=-1 hoac m=35. D. m=1 hoac m=35.

Huéng dan giai:
Pit t = z?, phuong trinh tro thanh: 4t> + mt+4 =0 ludn c6 hai nghiém sé phuc t;, t,.

. +,=—— . ,
Theo dinh 17 Vi-ét: Lt 4 .Gidsrtaco z; =72 =t, 2 =7} =t,.
tt,=1
Yéu cu bai toan < (t, +4)° (t, +4)° =324 < [t, +4(t, +1,)+16 | =324
-m+17=18 {m:—l

.Chon C.

Q(_mH?)Z:lSZ@{ m+17=-18 | m=35
—_ + = — =
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Cau 22.

Céu 23.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Trong tap cac sb phite, cho phuong trinh 2”2 —6z+m=0, meR (1). Goi m, la mot gid tri cia m
dé phuong trinh (1) c6 hai nghiém phan biét z,, z, thoa man z.z, = z,.z, . Hoi trong khoang
(0;20) c6 bao nhiéu gid tri m, e N?
A. 13. B. 11. . c.2. D. 10.
Huwéng dan giai:

Diéu kién dé phuong trinh (1) c6 hai nghiém phan biét 1a: A=9-m=0<m=9.
Phuong trinh 6 hai nghiém phan biét z,, z, théamén z,.2, = 2,.2, < |z.|" =|z,[ = |z|=|z|.
(1) c6 hai nghiém thyc phan biét déi nhau z, =z, .
Ta co: {A,>O @{g_m >0 e,

2,+2,=0 6=0
(1) phai c6 hai nghiém sé phitc <> A’<0<>9-m<0<m>9 .
Mit khac, m nguyén thudc khoang (0;20) nén m=m, € {10;11;...,;19}, suy ra c6 10 gia tri m,
thoa man. Chon D.

£ , T ) N - . e,
Cho s6 phirc z thoda mdn —— laso thuc va |[z—2|=m véi meR. Goi m;, m, la cac gia tri cua m
z

dé c6 ding mot s6 phuc thoa man bai toan. Tinh T =m? +m?.
A T=1. B. T =10. C. T=5. D. T=6.
Huoéng dén giai:

Dit 2= x+ Vi, (x, y < R); dat W:1+| _ L+ C(1+i)(x—yi)

Z  X+yi X4y
X+Yy+(x=Y)i -y ..
_ yz( zy) _ XY L XY iyt 20),
X2 +y X +y? X*+y
Theo gia thiét, w I3 s thyc nén: ——_ =0 x=y#0 (1).
X +y

Mt khac: [x—2+yi|=m < (x-2)° +y>=m? (2) va m>0.
Thay (1) vao (2) dugc: (x—2)" +x2=m? < 2x* —4x+4-m’ =0 (3).
a(x)
Yéu cau bai toan tuong duong phuong trinh (3) c6 dung mot nghiém thyc khac 0.
Phuong trinh (3) c6 nghiém kép la sé thuc khac 0.
A'=4-2(4-m*)=0
Tacoy | om=+/2;mam>0nén m=+2=m,.

-—=1+0
2a

Truong hop 2 Phuong trinh (3) c6 hai nghiém phén biét thoa x = x, =0.
A'=4-2(4-m*)>0 {m2_2>0
=
g(0)=4—m2=0 m==2
Vay m’ +m? =6.Chon D.

Khidé:{ om=+2;mam>0nén m=2=m,.
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Céu 24.

Cau 25.

Cau 26.

Céau 27.

HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Trén tap hop s phiic, cho phuong trinh z2+bz+c=0 véi b, ceR. Biét rang hai nghiém cua

phuong trinh c6 dang w+3 va 2w—15i+9 véi w 1a mot s6 phuc. Tinh S =b*—2¢

A. S=-32. B. S=1608. C. S=1144. D. S=-64.

Hudéng dan giai:

Gia st w=X+Yi V6i X, ye R.Khidé w+3=x+3+Yyi, 2w—15i+9=2x+9+(2y-15)i.
2w—-15i +9)+(w+3)=-b 2X+9+(2y-15)i [+(X+3+yi)=-b

Theo dinh 1i Vi-ét: ( ) )+ ) = [ (2y )] ( i) :
(2w-15i +9)(w+3)=c [2x+9+(2y-15)i |(x+3+yi)=c

2y-15+y=0 X=-6

X+3)(2y—-15)+y(2x+9)=0 y=5
Vi b, ceR nén S .

b=6
Tacd: w=-6+5i; do do (1) suy ra: {C_34.Vay S=b*-2c=-32. Chon A.

Ki hi¢u z,z,,z,,z, 1a bén nghiém phtc cta phuong trinh z*+4z° -5=0. Gia tri cua

|2, +|2,[" +|2z| +|z.| bing

A 2+2.5. B. 12. C.0. D. 2+45.
Hwéng dan giai:
2> =1 z=%1=17,
Taco: z*+42°-5=0< = =
z° = -5=5j? z:ilx/gzz&4

Do do: |z[ +|z,|" +|z,

? +|z4|2 =1 +1° +(\/§)2 +(\/§)2 =12.

Biét z=1—2i la nghiém phirc ciia phuong trinh z2+az+b=0 véi a, be R. Khi d6 a—b bing

bao nhiéu?

A a-b=-7. B.a-b=7. i C.a-b=-3. D. a-b=3.
Hwong dan giai:

© Céach giai 1: Do z =1-2i la nghiém phuc ctia phuong trinh z° +az+b =0 nén:

a=-2

bh-3=0
(1—2i)2+a(1—2i)+b=0 < a+bh-3-2(a+2)i=0 @{a+ 0<:>{b_5 .

—2(a+2)=
Dovay a—b=-7. Chon A.

© Cach giai 2: ’ ’

Phuong trinh bac hai véi hé so thuc ¢6 hai nghiém phuc la hai s6 phuc lién hop cua nhau.
Z,+2,=2

Do d6 phuong trinh di cho ¢6 2 nghiém z, =1-2i va z, =1+2i. Ta co: { ' 25 *).
4,2, =

*)

2,+2, =—a=2
*)

2z,=b =5

] a=-2
Ap dung dinh |i Vi-ét vgi phuong trinh da cho: = { =a-b=-7.

b=5

Xac dinh tat ca cac sé thuc m dé phuong trinh z2—2z+1-m=0 c6 nghiém phac z thoa mén
|z|=2.

A. m=-3. B. m=-3, m=9.

C. m=1, m=9. D.m=-3, m=1, m=9.
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Hudéng dan giai:
® Céch giai 1:
Xét phuong trinh z°—2z+1-m=0 (1). Tac6: A'=1-(1-m)=m.

|Tru:6mg hop 1:| A'>0< m>0. Khi do, phuong trinh ¢6 hai nghiém thuc: z =1+m.

V6i z=1+/m. Tacé: |z]=2 =1+/m=2=m=1 (nhan).

V6i z=1-+/m . Taco: |z|:2:>‘1—\/ﬁ‘:2:m:9 (nhan).

[Truong hop 2 A’ <0< m<0. Vi (1) 1a phuong trinh bac hai hé s6 thuc c6 A’ <0 nén (1) c6
hai nghiém phirc 1 lién hop ciia nhau (ta goi ching 12 z, 7 ), theo dinh I Vi-ét: ).
Do do: |z]=2 < |z he2T-41-m=4o m=—3 (nhan).

Vay me{-3;1,9}.Chon D.

© Cach giai 2:

Ta co: 22—22+1—m=0<:>(z—1)2 =m (*).

m>0, (*) tro thanh: z-1=+Jm=z=1+/m.

V6i z=1+vm. Tacé: |z|=2 =1+m =2=m=1 (nhan).

Véi z=1-+/m . Tacé; |z|:2:>‘l—«/ﬂ:2:m:9 (nhan).

m<0, (*) tro thanh: (z-1)" =-mi? = z-1=+iv-m = z=1+iJ-m.

Voéi z=1+iv-m. Ta co: |z|:2:>‘1+i\/—m‘:2:> 1+(-m) =2=m=-3 (nhan).

Vi hai s6 phicc z =1+iv/-m c6 ciing md-dun nén ta khong can xét s6 phic con lai.

Vay me{-3;1,9}.Chen D.

Goi 7,,2,,2;,Z, la 4 nghiém phiic cia phuong trinh z* +(4-m)z’>—4m=0. Tim tat c4 cac gia

trimdeé |z|+|z,|+|z;|+|z,| = 6.

A . m=-1. B. m=412. C. m=43. D. m=41.
Hwéng dan giai:

Taco: z*+(4-m)z’ -4m=0< 7" +47° -mz’ -4m =0 < 22(22+4)—m(22+4):0

22=-4 (1)

z2=m (2)

Taco: (1)< 2° = 4i* < 7, = +2i . Do vay |z|=|z,|=2.

(22 +4)(-m)=0e

Goi z,, z, langhiém cua phuong trinh (2). Taco: |z;|=|z,|=/|m|.
Tacé:|zl|+|zz|+|23|+|z4|:6<:>ZM+4=6<:>\/H:1C>|m|:1c>m:J_rl.

Vay m==1 théa min dé bai. Chon D.

Cho a la sb thyuc, phuong trinh 2> +(a-2)z+2a-3=0 c6 2 nghiém z,, z,. Goi M, N lacac
diém biéu dién cta z,, z, trén mat phang toa do. Biét tam giac OMN ¢ mot goc bang 120°, tinh
tong cac gid tri cua a.
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A. 6. B.6. C. 4. D. 4.
Hudéng dan giai:

Vi O, M, N khong thang hang nén z,, z, khong dong thoi 1a sé thuc, ciing khong dong thoi 1a

s0 thuan 40. Xét phuong trinh z° +(a-2)z+2a-3=0;

A=(a-2) -4(2a-3)=a’-12a+16<0 < |ae(6-2v5;6+25) (*).

Theo dinh i Vi-ét, taco: z,+z,=2-a, 7,2, =2a—3 (z, z, la cac sb phuc lién hop cta nhau).

()
Taco: |2,2,|=[2a~3 = |z||z|=|2[ =|z.[ =|2a-3=2a-3=|z|=|z,|]=|OM =ON = 2a-3

MN 2 :|zl—zz|2 :‘(zl—zz)z‘ :‘(zl+zz)2 —-4z,2,

~|(2-a)’ -4(2a-3)| = |a* ~12a-+1§]

A<0
—|MN = [|a®-12a+16| = /-a? +12a—16]|.
A
2 2 2
Tam gi4c OMN cén tai O nén MON =120° = M +ONT=MN" _ 1000

20M .ON

2 1 1 ~
=8 —sary Sa+10_ 1 =a’-6a+7=0=a=3+2 (thoaméin (*)).

2(2a-3) 2
Suy ra tong cac gia tri can tim cia a la 6. Chon B.
Cho a, b, ¢ la céc sb thuc sao cho phuong trinh z° +az? +bz+c =0 c6 ba nghiém phirc lan luot
la z,=w+3i; z,=w+9i; z,=2w-4, trong d6 W 1a mot s6 phiic nao d6. Tinh gia tri cua
P=|a+b+c|.

A. P=36. B. P=208. C. P=136. D. P=84.

Huéng din giai:
Dt W=X+VYi, voi X,y e R. Xét phuong trinh s6 phuc bac ba: z° +az? +bz+c=0.
Theo dinh i Vi-ét, ta c6: z, +2z, +z, =—a. T gid thiét: z, +2z, +z, =4w—4+12i =—-a
4x—-4=-a 4x-4=-a
= :
12+4y=0 y=-3
Tudo: w=x-3i =7z, =X, z,=x+6i, z;, =2X—-4—-6i.

< 4(x+yi)-4+12i=-a <:>{

Vi phuong trinh bac ba z° +az” +bz+c¢ =0 c6 mét nghiém thyc nén hai nghiém phuc con lai la
hai s6 phuc lién hop cta nhau, suy ra: Xx=2x—4=x=4.
Vaytaco duoc 2, =4, z,=4+6i, z,=4-6i.

2, +2,+2;,=-a 12=-a a=-12
Tro lai voi dinh i Vi-ét bac ba: 2,2, +2,2,+2,2, =b<<84=b << {b=84
2,2,2,=——C 208 =—c c=-208

Vay P =|a+b+c|=|-12+84+(-208)/=136. Chon C.
Cho phuong trinh s6 phtc dang z° +bz? +(9-i)z—-6+2i =0 (beR). Biét ring phuong trinh trén
c6 mot nghiém thuc. Hay tim tong md-dun cac nghiém con lai cua phuong trinh do.
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A. \5+1. B. V2 +1. C. \10 +1. D. J5+2.
Hwéng dan giai:
Goi x la nghiém thuc cua phuong trinh, ta c6: X° +bx* +(9—i)x—6+2i =0
2-x=0 X=2 X=2
< X +bx* +9x—6+(2-x)i=0< & & .
x*+bx* +9x-6=0 8+4b+18-6=0 |b=-5
Vay phuong trinh da cho trd thanh: z° —5z° +(9-i)z—-6+2i =0, trong d6 z =2 1a mot ghiem.
z2=2
Taco: 2°-52° +(9-i)2-6+2 =0« (2-2)(2* -32+3-i) =0 o
2°-32+3-1=0

Xét phuong trinh z*-3z+3—-i=0 (*):

2

A=(-3)"—4(3-i)=-3+4i=(1+2i)"; A cb cac can bic hai Ia +(1+2i).

_3+(1+2i)
- . e a = 2 Z=2+i
V1 vay phuong trinh (*) c¢6 hai nghiém: Lo ) .
Z_3—(1+2|) 1-i
=

Téng mo-dun hai nghiém nay 1a: |2+i|+[L—i|=+/5++/2. Chen D.
Cho phuong trinh s6 phicc z* +az® +bz> +cz+d =0 Véi a, b, ¢, d 1a cac hé sb thuc. Biét phuong
trinh ¢6 tong hai nghiém a4 —2+i va tich hai nghiém con lai 1a —1-5i . Tim tong a+b+c+d .
A 17. B. 19. C. 15. D. 13.

Hwéng dan giai:

+2,=-2+I
Goi bdn nghiém phirc cua phuong trinh d3 cho 1a z . Tacé: { ’ 1_si
~1-5i
2,2, =
Vi phuong trinh da cho 1a bac bén h¢ s thuc nén hai sé phuc z, +z,, z, +2z, 1a lién hop cta nhau;
Z,+2,=-2-I

twong tu hai s6 phuc z,.z,, z,.z, 1a lién hop cua nhau. Suy ra: { Li5i
=-1+bi

Khi d6 z,, z, 12 nghiém phuong trinh z° —(-2+i)z-1+5i =0 < |z° +(2-i)z-1+5i =0

Z,, 2, 1a nghiém phuong trinh z* —(-2-i)z-1-5i=0<|z* +(2+i)z-1-5i=0|.

Do vay z* +az®+bz* +cz+d =[22+(2—i)z—1+5i][22+(2+i)z—1—5i].
Pong nhat hé sé hai Vé, ta co: az3—[ (2+i)+(2-1i) ]z =47° =|a=4]
bz® =[(=1-5i)+(-1+5i)+(2-i)(2+i) ]z =32 =[b=3|

oz =[(~1+5i)(2+i)+(-1-5i)(2-i) |z =-14z = [c = —14], |d = (-1+5i ) (-1-5i) = 26|.

Tacé a+b+c+d=19. Chon B.
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PHUONG PHAP TRAC NGHIEM TOAN 12
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CHU DE I11. MAX-MIN CUA MO-DUN S0 PHUC

TOM TAT LI THUYET
I. TAP HQP BPIEM BIEU DIEN SO PHUC: ]
1. Tap hop diém bieu dien so phirc lién quan dén dwong thang:

Xét s phic z=x+Yyi co diém biéu dién M (x;y). Khi do:

Néu x, y théa min phwong trinh Két luan

ax+by+c=0 (a2 +b% > O) M thudc dwong thang co phuong trinh ax +by +¢ =0.

M thudc dwong thang vuong géc véi Ox va cd phuon
ax+c:0<:>x:—3:m(a¢0) . ' g g 99 P 8
a trinh x=m.

c M thudc dwong thang vudng goc véi Oy va co phuong
by+c=0< y=—B=n (b=0)

trinh y=n.
x=0 M thudc truc Oy .
y=0 M thudc truc Ox.

ax+by+c>0 (a2+b2>0) hoac . . _
M thudc niza mat phang co be la dwong thang voi

ax+by+c>0; ax+by+c<0; phuong trinh ax+by+c=0.

ax+by+c<0
e Néu MA=MB Vvéi A, B ¢6 dinh thi M thudc duong trung truc cua doan thang AB.
e Néu AB+BC = AC thi ba diém A, B, C thang hang theo thir tu do.
e Néu AB+BC +CD = AD thi bdn diém A, B, C, D thang hang theo thir tu do.
o Néu |z—(a+bi)|+|z—(c+di)| =k vdi k :\/(a—c)z +(b—d)” thi badiém
M, A(a;b), B(c;d) thang hang (M la diém biéu dién cua z).

e Néu (z—zo).(v_v—z_o) |a sb thuyc thi (z—zo).(v_v—z_onkeR@z—zo __k_
B w—2,
@Z_ZOZKEW—__Z(;)@ Z_Zo:m(W_zo)’ m=— k_2 eR.
‘W—ZO‘ ‘W—Zo‘

Khi d6 ba diém M, N, A thiang hang (biét M, N, A theo thi tu 1a cac diém biéu dién cua cac sb
phuac z, w, z,).
2. Tap hop diém biéu dién sé phirc lién quan dén dwdng tron:
a) Puong tron: Xét s6 phiac z=x+yi c6 diém biéu dién M (x;y). Khi dé:
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Néu x, y théa man o
. Ket luan
phuong trinh

(x—a)2 +(y—b)2 = R? M thudc dwong tron co tam | (a;b), ban kinh R.

X2 +y?—2ax—2by+c=0 | M thudc dwong tron co tam 1 (a;b), bankinh R= [a®+b? —c.
>0
b) Hinh tron: Xét s phic z=x+yi c6 diém biéu dién M (x;y). Khi do:
Néu x, y théa man

Két luan
phuong trinh )

(x—a)’+(y-b)" <R? M thudc hinh tron cé tam 1 (a;b), ban kinh R.

X% +y? —2ax—2by+c<0 | M thudc hinh tron c6 tam | (a;b), ban kinh R = /a2+b2—c.
>0

¢) Phan trong va ngoai dwong tron:
Xét s phic z=x+Yyi c6 diem biéu dién M (x;y). Khi do:
Néu x, y théa man

Két luan
phuong trinh )

(x—a)2 +(y—b)2 <R? M thudc phdn trong dwéng tron c6 tam 1 (a;b), ban kinh R.

M thudc phan trong dwong tron c6 tam | (a;b), ban kinh

2 2
X“+y —2ax—2by+c<0 R:\/m_
>0

(x-a)’ +(y-b)’" >R? M thudc phdn ngoai duweng tron c6 tam 1 (a;b), ban kinh R.

M thudc phan ngoai dwong tron c6 tam I(a;b) , ban kinh

2 2
X“+y°—2ax—2by+c>0 R=\/m.
>0

& Pac biét:
e Néu |z+a+hi|=R >0 thi tanéi tap hop diém biéu dién ctia s6 phirc z 1a dwong tron c6 tam

| (—a;-b) va ban kinh bang R. A
o Xét 7,, 2, thoaman |z+a+bi|=R>0 va |z, - 2,| =k > 0: N

Goi M, N la cac diém biéu dién cua z,, z, thi MN =k la day cung

cua dudng tron tam 1 (—a;—b), ban kinh R.

Z,+2Z,

o Xét 7, 7, théamén |z+a+bi|=R>0 va =1>0.
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Goi M, N la cac diém biéu dién cua z,, z, va H 1a trung diém ciia MN thi Ia day cung cua
dudng tron tam 1 (—a;—b), ban kinh, dong thoi IH =1.
3. Tap heop diém biéu dién 1a mot dwong cong khac:
Xét s phic z=x+Yyi c6 diém biéu dién M (x;y). Khi do:

Néu x, y théa man o
. Ket luan
phuong trinh
y=ax’+bx+c (a=0) M thuoc parabol c6 phuong trinh y = ax? +bx+c
x=ay’+by+c (a#0) M thudc parabol c6 phwong trinh x =ay® +by +c
X2 y2 , X2 y2
_2+b_ =1 (a>b>0) M thudc elip c6 phuong trinh chinh tac _2+F =1
a a

& Dic biét: Néu |z +a+bi|+|z+c+di|=T > KF, véi F(-a-b), F,(—c;—d) thi tap hop diém
M 1a elip c6 hai tiéu diém la F,, F,.

1. PANG THUC VA BAT PANG THUC MO-DUN: ‘ S

1. Cac dang thirc mO-dun: Cho cac so phtitc z =a+bi, w=c+di lan lugt co6 cac diém biéu dien
M (&;b), N(c;d). Taco:

2

Z
—‘—— VoI w=0;

[ ] = . [ ]
|z.w| = |z||w| :
|W|

. |z+w|:‘O—M+O—N‘:‘O—E‘:‘Za‘:ZOI véi E 13 13 mot dinh cua

O
hinh binh hanh OMEN va | 13 trung diém doan thang MN.

-|z—w|:‘O—M—O—N‘:‘W‘:MN.
" |z|=[z7|=zZ hay zZ=|7[ ‘z‘_|2 ‘ZZ‘.

. |z+W| :(z+w)(z+w):(z+w)(7+v_\/):|z|2+(zv‘v+7w)+|w|2 (1).

2w =(z-w)(z-w)=(z-w)(Z-W) =]z —(z@+zw)+ ][ (2).

|z+w| +|z- W|

Cong theo vé (1) va (2): |z +W|2 +|z —W|2 = 2|z|2 + 2|W|2 >

2+l =

2. BAt ding thirc vecto (bat dang thirc tam giac):
= |z, +2,|<|z|+|2,|; ddu bang xdy ra < z, =kz,(k > 0).
0).

(k=
= |2,-2,|<|z|+|z,|; déu bang xay ra < z, =kz, (k <
(k=0).

" |2,-2,|2|3|-|z,||; déu bing xay ra < z, =kz,
"z, +22|>Hzl| |2,||; ddu bing xay ra < z, =kz, (k <0).

8 T4t ca bt ding thirc trén déu dugc xay dung tir mot tinh chét co ban trong tam giac:
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— Vi mot tam giac bat ky, tong hai canh lubn Ién hon canh thir ba (hiéu hai canh luén nho hon
canh tha ba.
— Véi ba diém bat ky tao nén ba canh (c6 thé ba diém thang hang hoic tao thanh tam giac),
tong hai canh ludn khong nhé hon canh tha ba (hiéu hai canh khong vuot qué canh thir ba).
Vi du 1: Cho hai s phtic z, w ¢6 |z| =10 va w=-3-4i. Biét rang khi |z +w]| dat gia tri nho nhat
thi z=a+bi. Tinh a+b.
Huéng dan giai:
Taco: [z+Ww|>|z|-|w|=[10-5/=5. Do d6 [z+Ww| , =5.

Dau bang xay ra khi va chi khi z=kw véi k<0 < z=k(-3-4i)=-3k-4ki.

Khi d6: [2) = /(=3k)’ +(~4k)* =10 < 5[|=10=k =-2 (k <0).
Vay z=6+8i=a=6,b=8=a+b=14.

3. Bat dang thitc AM-GM:

= a+b>2ab véimoi a, b> 0. PAu dang thic xay ra khi va chi khi a=b.
= a+b+c>33abc véi moi a, b, c>0. Pau dang thic xay ra khi va chi khi a=b=c.

, 2-i)’
Vi du 2: Cho hai s6 phac z, w théa mén i = u
1+1 w

. Tim gié tri nho nhit cua biéu thirc
T :|z|2 +|W|2.

Huéng dan giai:

Theo bét ding thirc AM-GM, taco: T = |z|2 +|W|2 > 2,/|z|2 .|W|2 =2|z|.|w|=2|zw|.

-\ 2
Ta lai c6: l—zi:%a zw=(1+i)(2-i)'=7-i.Suyra |zw|=/49+1=52.
+

Vay T >2|z|w| < T 21042 Do d6 T,;, =10v2.

DAu ding thirc xay ra khi va chi khi |z|=|w| = /5v2 .

4. BAt ding thirc Cauchy-Schwarz:

= Cho céc cap sb (a;x), (b;y), ta c6: |ax+by|s\/(a2 +b2)(x2 +y2) .

Déu ddng thtc xay ra khi va chi khi a_b (x.y=0) hay %:5 (b.y#0).
Xy y

= Cho céc cap s6 (a;x), (b;y), (c:z), tacé: [ax+by +cz|< \/(az +b*+c?)(x*+y* +2°).
Déu dang thiic xay ra khi va chi khi a_b_c (x.y.z=0).
Xy z

Vi du 3: Cho s6 phiic z théa mén |z —2+i| =2, tim gia tri 16n nhat va nhé nhét cia biéu thic

P=|z+1" —|z—2+i[".

HOANG XUAN NHAN ZALO: 0969 34 33 44




HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Huéng dan giai:
Goi z=x+yi (x yeR).Theogiathiét: [z—2+i|=2 (x-2)"+(y+1) =4 ().

Ta co: P=|z+]f—|z—2+i|2 :(x+1)2+y2—[(x—2)2+(y+1)2}

Theo bét ding thirc Cauchy-Schwars, ta co:

6(x—2)-2(y+1)|< (36+4){(x2)2+(y+1)2] =+/40.4 = 44/10.

=4

Suy ra —4/10 < 6(x—2)—2(y+1) <4410 = 10410 <6(x—2)—-2(y+1)+10 <10 +4410 .

P

MaxP =10+ 410
Ta c6: 10~ 4410 < P <10+ 4410 nén{ P 10+ 410

MinP =10-4410
Déau ding thirc xay ra khi va chi khi %Zzy—zl@ X+3y+1=0 (2).

Giai h¢ phuong trinh (1), (2) ta tim dugc cac s6 phuc z,, z, théa man.

=2X+1—-(-4x+4+2y+1)=6x—-2y-4=6(x-2)-2(y+1)+10.

PHUONG PHAP GIAI TOAN:

= K7 thudt 1: Tim Max-min mo-dun chia sé phikc ¢é diém biéu dién thugce dwong co ban.

1. Tép hop diém biéu dién ciia z 1a dwong thang d: 4
Goi M 1a diém biéu dién cua z, M thuoc d: ax+by +c =0.

e Taco: |z|=OM bénhiat<>M =H lahinh chiéu caa O trén
lc]

duong thang d. Khi dé |zl =OH =d (0,d )= ———. s
| |m|n ( ) m H M
e Taco: |z—z,|=AM bé nhat (A la diém biéu dién cua z,)
<M =H lahinh chiéu cia A trén dudng thang d.
ax, +b C
Khi do: [2—2,], = AH = d (Ad)= 1 2arDa*
_ . Ja® +b?
2. Tap hep diém biéu dién ciia z 1a dwong tron (C):
Goi M 1a diém biéu dién cua z, M thudc duong tron (C) tam
I (a;b), ban kinh R.
e Néu O nam bén trong duong tron (C): M
— Taco: |z2|=OM bénhdtla||z| =OM_, =OM,=R-OI|.

. M,y
Khido M =M, véi |IM, =—.10], ta tim dugc M .

M,
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— Taco: [z2[=OM lénnhdtla ||z =OM,, =OM,=R+Ol|.

Khidé M =M, Véi M:%G , ta tim duoc M .

e Néu O nam bén ngoai dudng tron (C): Y M,
— Taco: |z|]=0OM bé nhdt la

—=OM_, =OM, =OI —R].Khi d6 M =M, Véi

|Z|min M,y

Ol -R ——

OM, 0

, ta tim dugc M .

— Taco: [z2/=0M Ién nhdt la |||

=OM,, =0l +R]|. Khidé M =M, Véi

max

oM, = 2R 61| ta tim duoe M .

3. Tap hop diém biéu dién cia z 1a elip (E):
Cho sé phuc z thoa man diéu kién |z —c|+|z+c|=2a, (a>c>0).

Goi M (x;y) 1a diém biéu dién cua z thi M thudc elip co y
b|B:
2 2

o X .
phuong trinh chinh te‘lc(E):—2+y—2 =1 voi b* =a” —c*. Ml
. a” b AR T Fy \ Ay
Elip (E) co hai tiéu diem F,(-c;0),F,(c;0), FF, =2c va ~=a{ ¢ 0 ¢ Ja =
cac dinh nhu hinh v&. Ta c6:

ozl =OM,, =OB =0B,=b|. —b[B,

min

elz] =OM,, =OA=0A =al.

Cau 1. Cho sé phtc z théa man |z+i+1] =|Z —2i|. Gia tri nhé nhét cia |z| bang

A V2. B.%. C.2. D. 1.

Hwéng dan giai: Y
Goi z=x+Yi (x,yeR)co M(xy) ladiém biéu dién. /

Taco: |z+i+1 =]7-2i| < |(x+1)+(y+1)i| =[x (y +2)i|

& (1) + (y+1) =t (y+2) e =y =10, w
Vay tap hop cac diem M 1a duong thang A:x—y—1=0.
Do d6, |z|=0M nhé nhit khi M Ia hinh chiéu cua O trén A. M

Taco: [z|  =OM,;, =d(O,A)=%. Vi

HOANG XUAN NHAN ZALO: 0969 34 33 44




20

Cau 2.

Cau 3.

Cau 4.

HUONG PHAP TRAC NGHIEM TOAN 12

Ki THUAT VDC SO PHUC

Xét cac s6 phirc z=x+yi, (X, y € R) théaman |z—2—4i|=|z-2i| va |z| dat gia tri nh6 nhat. Tim

P=3x-2y.

A 2. B. 4. C. 4. D. 2.
Hwéng dan giai:

\y

Taco |z-2-4i|=|z-2i| &|(x=2) +(y-4)i|=|[x+(y-2)i

S(X=22+(y-4)?=x*+(y-2)* = x+y—-4=0.

Vay tap hop diém M (x;y) biéu dién cac s phic z 1 duong
thang d:x+y—-4=0.

|z| . < OM_, =OH véi H Iahinh chiéu cia diém O Ién ;
duong thing d . 5t N
Vi OH L d:x+y—4=0 nén phuong trinh OH : x—y+m=0.

Do 0(0;0)eOH = m=0=0H :x-y=0.

x+y:4©{x:2

M

Vi H=d nOH nén toa @6 H thoa man hé{ .Suyra P=3x-2y=2.

X—y=0 y=2
Xét cac s6 phic z thoa man |z—-1-3i|=2. S6 phic z ma |z-1] nhé nhat la
A. z2=1+5i. B. z=1+I. C.z=1+3i. D. z=1-i.
Hwéng dan giai:

Goi z=X+Vi; x, yeR.Khidé M (x;y) la diém biéu dién cua sé phuc z.
Tact: [2-1-3i|=2 < |(x-1)+(y-3)i|=2 (x-1)" +(y-3) = 4.

Tap hop diém M 1a duong tron tam 1(1; 3), ban kinh R=2. Y
Ta co: |z—1|:,/(x—1)2+y2 =AM véi A(1;0).

Khi d¢: |z—1/= AM nhé nhit<> A, M, | thang hang theo thi tu do.

Taco: IA=3, IM =2 = AM =13m=§m

1
-1=2.(1-1) A |
= . =1y_1 hay M (1;1). Vay z=1+i. z
y-0=2(3-0) y= o
Xét cac s6 phuc z théa mén |z—2-3i|=1. Gia tri l6n nhat va gia tri nhé nhit cua biéu thuc
P =|z+1+i lan luot 1
A. \13+2 va \13-2. B. V13 +3 va V13-3.
C. V13+1 va V13 -1. D. V13+4 va \13-4.

Huwéng dan giai:
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Caub.

Cau 6.

HUONG PHAP TRAC NGHIEM TOAN 12

KI THUAT VDC SO PHUC
v
Taco [z—2-3i|=1; tap hop cac diém M biéu dién s6 phirc z M
la duong tron tdm 1(2;3), ban kinh R=1. Y
_ M

Taco P=|Z+1+i|=|7+1+i|=|z+1-i|=MA véi A(-1;1);

2 2 A/
Al =\/[2—(—1)] +(3-1)° =13, <1

| )

2

Viy P =AM,=Al-R=+13-1
a .
P =AM,=Al+R=+13+1

Cho s6 phirc z théa méan |z+3—4i|=3 va w=2z+3—2i. Khi d6 |w| c6 gia tri I6n nhét bang

A 6-3V5. B. 6+3v5. C.7. D. 3J5.
Hudéng dan giai:

y

Theo gia thidt w=27+3—2i= 7= =3+20 M

Thay vao |z+3—4i|=3, ta dugc:

‘w—3+2i :3<:>Iw—3+22i+6—8i|:3<:>|W+3_6l.|:6. 7%= 6

+3—-4i

Vi vy tap hop diém M biéu dién cho w 1a duong tron tim 7(-3;6),
ban kinh R=6.Khi d6 |w|=0OM dat gia tri I6n nhat |2 -

-3 |0
max :OMmax :OI+R:\/(_3)27+62+6:6+3\/§,

Cho sé phtic z théa man |z —6|+|z+6|=20. Goi T,, T, lan luot Ia mé-dun 16n nhat va nhé nhat

cuaz. Tinh T, -T,.

A T,-T,=2. B.T,-T,=4. C.T,-T,=3. D.T,-T,=5.
Hwéng dan giai:

|w

Goi M 1a diém biéu dién cua z va hai diém cb dinh F,(-6;0), F,(6;0); RF, =12.
Taco: [z-6|+|z+6|=20 < MF, + MF, =20 > FF, nén M thudc elip (E) co hai tiéu diém F,, F,.

Dit 2a=20=a=10; 2c=12=>c=6; b=+/a’—c? =8. it
Vay (E) ¢6 bon dinh A, A,, B,, B, nhu hinh v&.
& |X—6+ yi|+|x+6+yi|=20 M
2 5 2 5 Ay F o Fy A,y

<:>\/(x—6) +y +\/(x+6) +y? =20 (%). T — 6 Jow
Goi M (x;y), F(6;0) va F,(-6;0).
Khi T =|z| 16n nhat khi M triing véi A hodc A, ;taco

) 1)

T.. =0A =0A =10=T,.
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Cau 7.

Cau 8.

HUONG PHAP TRAC NGHIEM TOAN 12

KI THUAT VDC SO PHUC
T =|z| nhé nhat khi M triing véi B, hoic B,;tacd T, =OB, =0B, =8=T,.
Vay T,-T, =2.
Goi S 1a tap hop cac s6 phirc théa man |z —3|+|z+3|=10; biét z,, z, 1a cdc s6 phic c6 md-dun nho
nhat thuoc S. Gid tri biéu thac P =27 +z2 .
A. 16. B. -16. . C.32. D. -32.

Huwéng dan giai:
Goi M 1a diém biéu dién so phuc z va cac diém
F(-3:0), F, (3:0).
Taco: |z-3|+|z+3|=10 < MF, + MF,=10>6=FF,
nén M thudc elip (E) c6 hai tiéu diém F,, F, .

2a=10 a=5 | T
bat = va b=+Na —c =4.

5 x
2¢=6 c=3

Elip (E) lan  luot  ¢o cac  dinh
A (-5;0), A, (5:0), B,(0;—4), B,(0;4) dugc cho
nhu hinh vé.

|z| bénhtla |z =OM,  =OB =0B,=4.

Khid6 z=—4=z hay z=4=z,.Suyra P=z +z; =32.

z +J§| +|z —«/§| = 6. Gia tri nho nhat cua biéu thirc

ﬂ{[z

., \\Az
O/
My

Cho s6 phiic z thay d6i nhung ludn thoa man
P =|(1+i)z—4+4i| bing

A 2. B. 24/2. C. 5. D. 5J2.
Huéng din giai:

Goi M la diém biéu dién cho s6 phitc 2, va F;(—v5;0), F,(¥5;0).
Tacoé: MF, + MF, =6 > 24/56 = F,F,; vi vy M thudc elip (E) v

Bs| 2

c6 cac tiéu diém F,, F,.
2a=6 a=3

Pat = va b=+/a’ —¢* =2 .Elip (E) c6 cac Al{i\fh
2c=235 " |c=+5

—3\—-v5 o N R
dinh A, (-3:0), 4,(3:0), B,(0;-2), B,(0;2).
Taco: P=|1+i)z—4+4i|=[1+i|.|z+4i|=2]z—(-4i) 2

B2

P =+2MC véi C(0;-4)
Khi d6: P, < v2MC,,, =+2BC =+/2.[-4-(-2)|=242;
déu dang thtre xay ra khi va chi khi M =B, (0;-2).
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Cau 9. Cho sé phirc z théa man |z +E|+|z —E| =4.Goi P, P, lan luot 1 gié trj nho nhat va gia tri 1on nhat

cua P=|z—2-2i|. Dat A=P, +P,. Ménh d& nao sau day la diing?

A Ac(+348). B. Ae(6;4/42). C. Ae(27:4/33).  D. Ae(4;343).
Hwéng dan giai:

Goi z=x+Yi (X, yeR) cédiém bicu dién 1a M (x;y).

Ta co: ‘Z+E‘+‘Z—E‘=4<:>|x+yi+x—yi|+|x+yi—x+yi|=4<:>|2x|+|2y|:4c>|x|+|y|:2.

Suy ra tap hop diém M 1 hinh vuong BCDE nhu hinh v& (bon y

dinh cua hinh vudng lan la giao diém cua hai trong bon duong

thang x+y=2, x—y=2, —x+Yy=2, —x—Yy=2); trong d6 hai

dinh B, C thudc duong thang d, : x+y—2=0 va hai dinh D, E

thude duong thang d, 1 x+y+2=0.

Taco: P=|z-2-2i]=|z—(2+2i)|= MK véi K(2;2).

:MKmin:d(K’dl)_w: \/EZP]_ ;

V‘I Vé'y I:)min =
V12 +17
2+2+2
P = MK, =d(K, d,)="——"=[3/2=p,|.
(&)= T :

Cau 10.Cho s6 phic z théa man |z+Z|+2|z—Z|=8. Goi M, m lan luot Ia gia tri lon nhat, gia tri nho

nhét ctia biéu thic P =|z—3-3i|. Gid tri ciaa M —m bing

A. V10 ++/34. B. 2410 . C. 10 ++/58 . D. 5 ++/58.
Huéng din giai:

Goi z=x+Yi (X, yeR) c6 diem bicu dién la N(x;y).

Taco: [z2+7Z|+2|2-7|=8 < 2|x|+4]y| =8 < |x|+2]y|=4.

Khi d6 tap hop diém N 14 hinh binh hanh ABCD véi v

A(0;2), B(4;0), C(0;-2), D(-4;0) (bén diém nay Ia S e

giao diém cua hai trong bén duong thing = /i

X+2y=4,X-2y=4, - x+2y=4, —x—-2y=4); trong

do A, B thugc duong thang d: x+2y—4=0.

P =|z—-3-3i|=|2—(3+3i)|= NE véi E(3;3).
3+2.3-4
d(E,d)="——"=|5=m|.
(E.d) V12 + 27
P = NE, = ED = (-4—3)’ +(0-3)’ =[\B8 =M.

Vay M +m=+/5++/58.

P.. =NE

min min
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Cau 11.Cho s phuc z,, z, théa |z,—1-2i|=2 va |z, +2+3i|=|z, ~1-i|. Gia tri nho nhat cua |z, — z,|

HOANG XUAN NHAN

13
10

bang
A.ﬁ. B.g. C.g. D. —
10 10 10
Hwéng dan giai:

Goi M 1a diém biéu dién cua z, .
Vi |z, —1-2i| =2 nén M thugc duong tron (C) c6 tam 1(1;2), ban kinh R=2.
Goi N(x;y) la diém biéu dién sé phuc z,

Khi do: |z, +2+3i| =]z, ~1—i| & (x+2)" +(y+3)" =(x=1)" +(y-1)" < 6x+8y +11=0.

Suy ra N thudc duong thang A:6x+8y+11=0. y
6.1+8.2+1
Taco: |z,—2,|=MN . Vi d(I,A)=M:§>R
Je2+g2 10
nén A va (C) khong cé diém chung. 2
o 33 13
Vivay MN . =d(l,A)-R=—-2=—. A
10~ 10 \ )

|an luot |2 gia tri I6n nhat va gia tri nhé nhat cua |z, — z,|. Tinh M +m.

1S |

Cau 12.Cho sb phtic z, théa |z, —4-3i|=1 va z, théamén (z, —4)(Z, —2i) 1a s6 thuan ao. Goi M va m

A. 45, B. 3\5. C. 3J5+1. D. 4J5-1.

Hwéng dan giai:

Goi M la diém biéu dién cua z,, suy ra M thudc duong tron (C) c6 tam 1,(4;3), ban kinh R, =1.

Goi z=x+Yi (x, yeR). bat
w=(z,-4)(z,-2i)=[(x—-4)+yi ][ x=(y+2)i]
Theo gia thiét w thuan ao nén x(x—4)+y(y+2)=0
& (x=2)"+(y+1)° =5.

Vay tap hop diém biéu dién N cia z, 1a dudng tron tam 0

l,(2;-1) vaban kinh R =+/5.
Ta thiy hai dudng tron khong co diém chung vi
I, =26 >1+/6 =R +R,.

Do vay |z, - z,| dat gia tri 16n nhat la:

M =11, +R +R, =3V5+1; |z, - 2,| dat gia tri nho nhat la: m=1,1,-R —R, =5 1.

Vay M+m:4\/§.
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2= K7 thugt 2: Sir dung diéu Kién ba diém thang hang va ki thudt \dy déi xieng

1. Hai diém doi véi dwong thang d:
Goi M la diém biéu dién cua z, M thudc d: ax +by +c¢c =0.
o Xét T =|z—2z]+|z—2,|]=MA+MB véi A, B lacac diém
biéu dién cua z,, z,.
— Néu A, Bkhéac phiasovsid: T =MA+MB bé nhat
< MA+MB bé nhat A M, B thang hang theo thir tu
d(,)r. e 9 e
— Neéu A, B cung phiaso vgid: Lay diem A doi xang
vai A qua d, khi d6 MA=MA .
T =MA+MB = MA +MB bé nhat< MA +MB bé
nhat A, M, B thang hang theo thir ty do6.
o Xét T =|z—2]|-|z-2,|=MA-MBV&i A, B la cac diém
biéu dién cua z,, z,.
— NeéuA, Bcung phiasovsid: T=MA-MB<AB.Vi
vay T lon nhat (T, = AB)< A,B,M thang hang theo
th1”r tu do. , q ,
— Neéu A, B khac phiaso void: Laydiem A doi xing
voi A qua d, khi do6 MA=MA .
T=MA-MB=MA -MB < AB. Vivay T I6n nhit (
T . =AB)< A,B,M thing hang theo thir ty do.
2. Diém va dudng tron doi véi dudng thang d:
Goi M la diém biéu dién ctaa z, M thuoc d:ax+by+c=0.

1 M/

B

V d
Ay

B

d

e

A

M

/

A

M/
B
d
B
d

'A

Hai diém A, B biéu dién cho z,, z, véi B di dong trén duong tron (C) ¢6 tam I, ban kinh R.
Ta can xét gia tri nho nhat T, cua biéu thuc T =|z—z,|+|z—z,|; gid tri I6n nhat P, cua biéu

thuc P =|z—-z,|-|z—z].
a) [Truwong hop 1:Diém A va duong tron (C) ndm
cung phia so véi d.
e P=|z-2,|-|z-2]|=MB-MA< AB < AB, hay
P_ =AB,=Al+R.
Dau dang thuc xay tra<> M, A, 1, B thang hang
theo tht ty d6<> M =M,, B=B,.

e T =|z—-2|+|z2—2,|=MA+MB =MA + MB (V6i
A d6i xang vai A qua d).
T=MA+MB>AB>AB hay T, =AB,.

M M, v /M,

HOANG XUAN NHAN
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Dau dang thiic xay tra<> A, M, B, | thang hang theo thi ty d6 <M =M,, B=B,.
b) [Truwong hop 2] Diém A va duong tron (C) nam khéc phia so véi d.
e T=|z-2|+|z-2,|=MA+MB> AB > AB,.
T =AB =Al-R.
Déu dang thiic xay ra<> A, M, B, | thang hang
theo thoe ty d6<<~>M =M,, B=B,.

e P=|z-2,|-|z-2]|]=MB-MA=MB-MA, (V6i
A, 1a diém d6i xang caa A qua d).
P=MB-MA <AB<ASB,.

P, =AB,=Al+R.

Déu dang thic xay ra<> M, A, |, B, thang
hang theo the ty d6<< M =M,, B=B,.
@& Luwu y: Khi xét hai duong tron doi Véi dwong thang d, ta ciing xét hai tinh hudng twong ti

nhu tren.
Cau 13.Cho s6 phirc z thoéa man : |E| =|z+2i|. Gia tri nhé nhét cta biéu thic P =|z—i|+[z—4] Ia
A. 5. B. 4. C. 3.3. D. 6.
Hudéng dan giai:

Goi z=x+Yi (x,yeR) cd M(x;y) la diém bicu dién.

Tach ‘E‘:|z+2i

<:>|x—yi|:‘x+(y+2)i‘<:>x2+y2:x2+(y+2)2<:>y+1:0.
Vay diém M thudc duong thang d : y+1=0. Y
Taco: P=|z—i|+|z—4|=MA+MB véi A(0;1), B(4;0).

Xét (Y, +1)(ys +1)=2>0 nén hai diém A, B nam cuing A

phia so véi dudng thang d.
Lay diém A d6i xting voi A quad thi A (0;-3). Suy ra

1
v
/Zl
P=MA+MB=MA +MB. /M a
Viviy P> AB hay P, = AB=,/(4-0)’ +(0+3)’ =5. /]

Déu dang thirc xay ra khi A, M, B thing hang theo thir tu .
d6 (hay M = ABd).

Cau 14.Cho s6 phtic z théa man |z — 2+ 2i| =|z], biét rang biéu thic T =|z —3+3i|—|z+2+i| dat gia tri I6n
nhét. Hay tinh |z +2].

A. 5/2. B.7. C.6. D. 34/3.
Hwéng dan giai:
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Goi M (x;y) la diém biéu dién ciia s phuc z.

Taco: |2-2+2i[=|7| < |(x-2)+(y+2)i|=|x-yi|

<:>\/(x—2)2+(y+2)2 = x> +y?

S X —AX+4+ Y +4y+4=X"+y & x-y-2=0.
Viy diém M thudc duong thang A:x—y—2=0.

Xét T =|z-3+3i|—|z+2+i|= MA-MB véi

A(3;-3), B(-2;-1).

Dé thay A, B nam khac phia so véi A. Ta tim toa d6 A, ddi
Xang véi A qua A.

Goi d qua A va vudng goc A nén phuong trinh d : x+Yy =0; giao diém ctiad véi A la H (1;-1).

Vi A ciing d6i ximg voi A qua H nén A (=1;1). LGc nay A va B nam cling phia so véi A.
Taco: T=MA-MB=MA -MB<AB=A5.

Dau dang thtic ¢6 dwoc khi A, B, M thang hang theo thir ty do, hay M = ABNA .
Phuong trinh AB:2x—y+3=0, suyratoadd M (-5;-7) hay z=-5i—7.

Vivay |z+2|=|-5-5i|= /5% +52 =52,

Cau 15.Xét s6 phuc z théa man |z—2-2i|=2. Gia tri nho nhat cua biéu thic P =|z-1-i|+|z—5-2i|

biang
A. 1+410. B. 4. C. V17. D. 5.
Hwéng dan giai:

Goi M (x;y) la diém biéu dién sé phic z. Jl

Do |z—2-2i|=2 nén tap hop diém M 1a dudng tron (C) co

tam 1(2;2), ban kinh R=2.

Xét P =|z-1-i|+|z—-5-2i|=MA+MB vsi A(1;1), B(5;2).

Vi {IA: J2<R
IB=3>R

ngoai duong tron (C).

Do d6: P=MA+MB > AB=+/17 hay P, =17 .

DAau ding thirc xay ra khi A, M, B thang hang theo thu tu do.

nén hai diém A, B lan luot nam trong va nam

Cau 16.Xét cac s6 phic z thoa man |z +3-2i[+|z—3+i|=3v5. Goi M, m lan lugt I gié trj I6n nhét va
gid tri nho nhat caa biéu thac P =|z+2|+[z-1-3i[. Tim M, m.

A M=17+5: m=3J2. B. M =+26+2J5: m=+2.
C.M=\/%+2\/§;m=3\/§. D.M:\/1_7+\/§;m:ﬁ.

Huwéng dan giai:
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Cau 17.

HUONG PHAP TRAC NGHIEM TOAN 12

Ki THUAT VDC SO PHUC

Goi M 1a diém biéu dién sé phuc z. Pat F (-3;2), F,(3;,-1), A(-2;0) va B(L3).
Tac6: |z+3-2i[+|z—-3+i|=3V5 < MF, + MF, =35 va FF,=35. Suy ra [MF, + MF, = FF,|.
Do d6 diém M thudc doan thang F,F, nhu hinh v&.

Khi d6: P =|z+2|+|z-1-3i|=MA+MB > AB hay
P_ = AB=232. D4u ding thuc xay rakhi A M, B
thang hang theo thir ty d6 hay M =M.

Dua vao hinh Vg, ta co

P_ = AF,+BF,=+/26+25,khid6 M =F,.

Cho ba s phic u,v,w théa man cc diéu kién |u+4-2i|=2, [3v—1+i|=|2v+1-i| va
|w] :|W+2+2i|. Biét rang biéu thac T =|u—w|+|v—w]| dat gi4 tri nhé nhat. Khi d6 |w| bang

Jio Jio o3IO

A. (wj=+10. B. w=—-. C.|lw=——-.

=0 wj= of =2 :
Huéng din giai:

Goi M 1a diém biéu dién cta sb phuc u, tir gia thiét

c6tam | (—4;2), ban kinh R, =2.

Goi N(x;y) la diém biéu dién cho sé phac v, khi do: [Bv—1+i|=|2v+1-il

& (3x-1)" +(3y +1)° = (2x+1)" +(2y -1)°

SO —BX+1+9y? +6y +1=4x% +4x+1+4y* —4y+1 & (x=1)" +(y+1)" =2,

Do vay diém N thugc duong tron (C,) 6 tam 1, (1;-1), ban kinh R, =+/2.

Goi P(a;b) la diém biéu dién cho sé phic w, khi do:

U+4-2i|=2, suy ra M thugc dudng tron (C,)

|W|=‘V_V+2+2i‘

< a’+b? :(a+2)2+(2—b)2 < a-b+2=0.

Do d6 diém P thudc duong thing A:x—y+2=0.

Tur hinh V&, ta c6 hai duong tron (C,), (C,) nam vé hai

phia cia duong thang A.
Khi d6: T =|u—w|+[v—w|= PM + PN > MN > M,N,.
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Do d6 Ty, =MgN, = L1, —R, R, = /(1+4)’ +(~1-2)" —2—2 =34 -2 2.
Dau dang thic xay rakhi 1, M, P, N, I, thang hang theo thir tw d6 <> M =M, N=N,.

Suyra P=11,nA.Taco J:3x+5y+2=0va A:x-y+2=0= P(—g %j
Vi vay w:—§+1i:>|w|=@.
2 2 2

Cau 18.Xeét cac s6 phuc z, w thoa man |z+2+2i|=1 va |w—1+2i| = |w-+i. Khi [z—w|+|w+1-i| dat gia

tri nhé nhat. Tinh |z-w].

A. @. B. @. C. ‘/27;_2. D. */272_3.
Huwéng dan giai:
yng dan g

Goi M, N(x;y) theo thir tu 1a cac diém biéu dién cua hai s6 phirc z, w.

Taco: |2+2+2i[=1 nén diém M thuge duong tron (C) c6 tm 1 (—2;-2), ban kinh R=1.
Mat khac: |W—1+2i|:|w+i|<:>(x—1)2+(y+2)2 :x2+(y+1)2 & x-y-2=0.

Do vay N thudc duong thang d : x—y—2=0.

X6t T =|z—W|+|w+1-i]=|z—-w|+[w—(-1+i)| = MN + NA v&i A(-1;1).
Tir hinh V&, ta théy,A va (C) nam cung phia véi duong S
thang d . Goi A doi xting véi A qua d. A
Goi A 1a duong thang qua A va vubng géc vai d, suy ra
A:x+y=0; A vad giao nhau tai H(1;-1). o
DE thay A déi xtng v6i A qua H nén A (3;-3).

Khi d6: T =MN +NA=MN +NA > MA . 4

=|A1—R=\/52+(—1)2 ~1=+/26-1. N\ iAl

Déu dang thirc xay ra khi N = 1A nd . Ta c6 phuong

trinh 1A :x+5y+12=0 va d:x—y—-2=0,suyra N[—%;—g]_

2
Vay [z-W|=MN = IN-R= EIPY I G P _1_J_ 3
3 3

Cau 19.Cho sé phuc z,, z,, z, théaman |z, —4-5i| =z, -1 =1 va |z +4|| =|z—8+4i|. Tim gia tri nho nhat

cia P=[z-2z]+|z-7,).
A. 6. B. 8. C.9. D. 7.

Huéng din giai:
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Goi A la diém biéu dién cua sb phirc z,. Suy ra A thude duong tron (C,) c6 tam 1,(4;5), ban

kinh R, =1. Goi B 1a diém biéu dién cua s6 phuc z,. Suy ra B thugc duong tron (C,) co tam

1,(1;0), ban kinh R, =1. y

Goi M (x;y) 1a diém bicu dién cta s phic z=x+yi . e/ L
Theo gia thiét: |z +4i| =|z -8+ 4i| ST !
e |x+(4-y)i|=|(x-8)+(y+4)i| A

o X +(4-y) =(x-8) +(y+4)

< -8y +16=-16x+64+8y+16 < [x—y—-4=0|. ()

Suy ra M thugc duong thang d: x—y—4=0. I M

Taco: P=|z-z]|+|z—2,|]=MA+MB. oN 1N\ /2 4 =
Theo hinh vg, ta thay (C,), (C,) nam cuing phia so véi d. A % B

Vi vay ta can lay duong tron (C,) ddi xang véi (C,) quad. d |

Goi A 1a duong thang qua 1, va vudng goc véi d, suy ra Y2 (03) '''' Iy
A:Xx+y-1=0. %

Giao diém gitrad, Ala H G;—gj; |, (tam cta (C,)) dbi xtng véi 1, qua H nén 1,(4;-3).
Goi B' déi xtng véi B qua d, vi B thude (C,) nén B’ thuoc (C,).
Khi d6: P=MA+MB=MA+MB'>AB'>11,—~R —R,=8-1-1=6.
Vay P =6; dau dang thac xay rakhi I, A, M, B’, |, thang hang theo thir tw d6 (hay M la giao
diém gitra hai dwong thang d va 1,1,).

Cau 20.Cho c4c s6 phirc z, t,w thoa man |z +5i|= 242, [t—1-8i|= V2, |w+2+i|=|w+4-3i[. Biét ring
P=|z—w|—[t—w] dat gia tri I6n nhét, tinh Q =|z|+|w|.

A. /325 +5. B. /325 +32. C. 5V13++/53 . D. 5v13 -+/53.

Huéng din giai:
Goi A, B, M lan luot 1a cac diém biéu dién caa cac so phuc z, t, w.

Tir gia thiét ta c6: A thude duong tron tam 1(0;-5), ban kinh R, =242, B thugc duong tron
tam J (1;8) ban kinh R, = V2, M thude duong thing A:x—2y+5=0 (la duong trung truc cia
doan thang PQ véi P(-2;-1), Q(—4;3)).

Taco P =||z—w|-[t—w|=|MA—MB|, trong d6 A, B nam khac phia déi véi A (vi hai dudng tron

nam khéc phia A). 7
Goi J' doi xtng vai J qua A; xét duong thang d qua J va vudéng goc A suyra d :2x+y—-10=0;

giao diém ctia d va A 1a H (3;4); hai diém J’ va J déi xting nhau qua H nén J'(5;0). Goi B’ déi
xtng voi B qua A thi B thuoc duong tron tam J'(5;0), ban kinh Ry =+/2.
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Khi d6: P =|MA—MB|=|MA-MB'|< AB'< 13" +R, +R} hay

P =10 +R +R,=5v2+2/2+2=82. v
DAau ding thic xay rakhi A, 1, J’, B', M thang hang
theo thtr tu do. ( N
Tacan tinh Q =|z|+|w|=0A+OM . A
2\2 |
. R . XA:_S\/E(_S) 5
VilA=—J1= hay A(-2;-7). 1
7! yor5= 22 ) o]
A 5\/5

Phuong trinh J1:x—y—-10=0; vi M la giao diém cua
hai duong thang A va J1 = M (15;10).

Taco: Q=0A+OM =513 ++/53.

Goi M, N, P lan luot 1a diém biéu dién cua cac s6 phic z, z,, z; thoa man diéu kién
|5z, +9-3i|=|5z)|, |z, - 2|=|z, - 3~1il, |z, +1|+|z;, —3|=4. Khi M, N, P 1a ba dinh cua mét tam
gi4c thi gia tri nho nhat cua chu vi tam giac MNP bing

A.@. B.%. C.%. D. 135 .
10 5 ) 5
Hwéng dan giai:

bat 2, =x +y,i (%, Yy, €R).Tacé: [5z,+9-3i|=|5z| <:>‘(5x1+9)+(5y1—3)i‘:5|x1+yli|

& (5%, +9)" +(5y, —3)" = 25%" + 25y} <>3x —y,+3=0.Do d6 [M ed, :3x—y+3=0].

bit z, = x, + y,i (X,,y, €R).
Taco: |z, -2 =]z, - 3—i| & |(,—2)+ Y,i| =|(x, = 3) + (v, -1)i|

& (%, -2) +yi=(%-3)+(y,~1) ©Xx,+y,-3=0.Dod6 [N ed, :x+y-3=0|.
Xét sb phuc z, théa |z, +1+|z,—3|=4. Vi N
|2, +1+|2, -3 =PA+PB =4=AB (V6i
A(-1;0), B(3;0)) nén P thuoc doan thang AB.
Goi E,F lan luot 1a diém déi xng cia P qua
d,,d,. Taco: CE=CP=CF, MP=ME,
NP =NF .

Chu vi tam giac MNP la:

MP +MN + NP = ME + MN + NF > EF .
Tacdé CE=CP, CF =CP = CE =CF hay tam

gidc CEF céan tai C(3;0) va ECF =2ACB.
Tacé: EF? =CE®+CF? - 2.CE.CF.cosECF
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= 2.CE2.(l—cos ECF) = 4.CE2.sin2¥ = 4.CE?.sin’ ACB ; trong d6

—— ——\2
sin? ACB =1—cos? ACB =1—| SACB | _ 4
CACB 5
_— 2 » 4 _16CE’ R - - . ok
Vivay EF° =4CE i . Do vay EF nho nhat<> CE nho nhat<> CP nho nhat
2
<CP L AB.Khido P=0(0;0) hay CP=CO=3,CE=3= EF? =16'3 :%.

125

Vay chu vi cia tam giac MNP nho nhit bang EF = =

2= K7 thugt 3: Siz dung mién nghiém dé tim Max-min md-dun sé phic

1. Biéu dién nira mit phang c6 bé 1a dwong thang d:
Goi M (x; y)la diém biéu dién cua z, toa do M thoa : ax+by+c >0 (*). Ta biéu dién mién
nghigm (mién chira diém M) theo cac budc sau:

e Buoc 1: V& duong thang d :ax+by+c =0 trén hé truc toa do Oxy.
e Buwéc 2: Chon diém A khong thudc d thay vao (*).
—  Néu toa do A théa man (*) thi tap hop diém M la nira mét phang c6 bo 1a duong thang d
va chira diem A (khéng ké d).
—  Néu toa do A khdng théa man (*) thi tap hop diém M la nira mat phang c6 bo 1a duong
thang d va khong chira diem A (khong ke d).
@ Chu y: Bieu dien mién nghigm cho cac bat phwong trinh ax+by+c >0, ax+by+c <0,
ax+by +c <0 thi ta lam tuong ty. Néu bat phuong trinh c¢6 chira ddu bang thi mién nghiém
cta nd tinh ludn cd be 1a dudng thang d. 7
@ Pac biét:
—  Mién biéu dién bat phuong trinh x > X, la nira mat phang bén phai
c6 bo 14 duong thang x = X, (két luan nguoc lai danh cho bat
phuong trinh X <X, ).

—  Mién biéu dién bat phuong trinh y > y, Ia nira mat phang phia
trén c6 bo 1a dwong thang y =y, (két luan nguoc lai danh cho bat

phuong trinh y <y,).

2. Biéu dién mién nghiém cé bién 1a dwong tron:

Néu x, y thoa man o
. Keét luan
phuong trinh

(x-a)’+(y-b)’<R? | M thudc hinh tron cé tam 1 (a;b), ban kinh R.
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(x—a)’+(y—-b)’<R?* | M thugc phén trong dwong tron c6 tam 1 (a;b), ban kinh R.

M thudc phan ngoai dwong tron cé tam 1(a;b), ban kinh R,
(x—a)2+(y—b)22R2 ) 0 p a g u g ( )
ké ca dwong tron do.

(x—a)’ +(y-b)" > R? M thudc phdn ngoai dueng tron c6 tam 1 (a;b), ban kinh R.

Cau 22. Xét cac s6 phic z, w théa man |z —1-3i|<|z+2i| va |w+1+3i|<|w-2i|. Giatri nhé nhat ctia biéu

thic P =|z-w] Ia

A M3+ 5 V26 c.3 o, 326
2 4 13 13
Hwéng dan giai:

Goi z=a+bi va w=c+di (a, b, c, d e]R) lan luot c6 cac diém biéu dignla M, N.
Taco: [2-1-3i|<|z+2i|= (a-1)"+(b-3) <a’+(b+2)" = a+5b-3>0.
Suy ra M thudc mién nghiém bét phuong trinh [x+5y—3>0] (1).
Mat khéc |w+1+3i|<|w-2i| < (c+l)2 +(d +3)2 <c’+(d —2)2 < Cc+5d+3<0.
Suy ra N thuoc mién nghiém bat phuong trinh ”
X+5y+3<0| (2).
Mién nghiém cua (1) va (2) duoc biéu dién nhu hinh
(trong d6 A}, A, lan luot 12 hai bién).
Khi do P:|z—w|=MN>d( A,).
P =d(A, A,)= _B-(3) _3v2s 26
ep 13
Déu dang thac xay ra khi MN vudng goc véi hai duong thang A, A

Cau 23.Cho s6 phirc z théaman |z —2i|<|z-4i| va |z—3-3i|=1. Gid tri I6n nhat ctia biéu thiac P =|z-2|

la;
A. J13+1. B. V10 +1. C. J13. D. +/10.

Hwéng dan giai:
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7

Goi M (x;y) la diém biéu dién sb phuc z ta co:

|z -2i|<|z-4i (y-2) <x*+(y—4) 4/////////4

< y <3. Vivay M thudc nira mit phang bén duéi duong 3 ;MU d
thang d :y =3 (ké ca d). '
Mt khac: |z—3-3i|=1 nén diém M nam trén duong tron
tam 1(3;3), ban kinh bang 1. A
Biéu thic P =|z—-2|=AM véi A(2;0). Tirhinh v&, taco
P =AM < AM, Véi M, (4;3).

Vay P =AM, =./(4-2)*+3? = 13.
CAu 24.Cho s6 phiic z thoa man 3|z +7Z|+2|z—Z|<12. Goi M, m lan luot 1a gid tri I6n nhét, nhé nhat cia
|z—4+3i|. Giatri cia M.m bang:
A. 28. B. 24. C. 26. D. 20.
Hwéng dan giai:

]
Goi z=x+Yi (X, yeR) co diém biéu dién 1a M. Ta co:
7-7]<12 = 3[2x+ 2J2yi| <12 = 3|+ 2]y|<6 (1). . N

Mién nghiém ctia (1) 1a mién ciia hinh thoi ma mdi dinh cua n6
la mdi nghiém cta hé gom hai phuong trinh tir
3X+2y =6, 3x—-2y =6, —3x+2y =6, —3x—2y =6.

Céac dinh hinh thoi la A(0;3), B(-2;0), C(0;-3), D(2;0).
Xét T =|z—4+3i|= ME véi E(4;-3).
3.4- 2 —6
m=T,, =d(E,CD)= | )-8l 113 |
3 +(-2) 13

3Xx-2y-6=0.

M =T, =EA=/4%+(-6)" =2J13. Vivay M.m_lz\/— 213 =24.

» K7 thugt 4: Ep diém theo quy dgo dmrng tron

1. Nhan xét:
Ki thuat ndy vo ciing quan trong dé ta c6 thé bién biéu thac mo-dun sé phuc (c6 dang phirc
tap) thanh khoang cach giita cac diém ma quy tich cia né 1a cac duong tron.

Ki thuat ndy c6 thé dugc minh hoa don gian nhu sau:
Xét |z]=1,>0, |w|=r, >0, ta can danh gia biéu thac T =|z+kw+a-+bi| véi k, a, beR.

Taco: T =|(z+a+bi)—(—kw)|.

o Xét|z|=1, <|(z+a+bi)—(a+bi)|=r; goi M la diém biéu dién cua z+a+bi thi M thuoc

duong tron tam (a;b), ban kinh bang r,.
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o Xét |w|=r, < |-kw|=K|r,; goi N la diém biéu dién cua —kw thi N thugc dudng tron tam
0(0;0), ban kinh bang [K|r, .

Khido: T = =MN véi hai diém M, N thudc hai duong tron ¢ dinh nén

(z+a+bi)—(-kw)
%/_J
M N
viéc xét Max-Min cua bai toan khong con 1a diéu kho khan véi cac em hoc sinh.
2. DAu hi¢u dé sir dung ki thuét 4:
e Bai toan thuong cho mot cach tong quat la:
|z| =1, |w|=r,, danh gid Max-min cta biéu thic |2,z +w,w+a+bi|, trong d6 z,, w, € C

o Néu gia thiét cho |z|=r,, |w|=r, va |mz+nw|=r, (hodc mot hé thire nao d6 cua z véi w) thi ta
khéng s dung ki thudt nay, hoc sinh tham khdo ki thudt 5.

Cau 25. Xét cac s phic z,w théa man |z| =|w|=1. Khi |z—2w—3-4i| dat gié trj 16n nhat thi |z—w| bang
A. 55, B. 8. C. 3. D. 2.

Hudéng dan giai:
Goi M, N lan luot la cac diém biéu dién so phic z—3—4i va 2w. 9

v
Taco |z] =1 |(2-3-4i)—(-3-4i)|=1< Ml =1,v6i 1(-3;,-4). / '
-3

Suy ra tap hop diém M 1a duong tron (C,) tam 1(-3;—4) vabén

Kinh R, =1. y ‘
Ta co [w|=1<> [2w|= 2 nén tap hop diém N 1a duong tron (T,)

tam O vaban kinhR, =2.

................ —4
Tacod P=|z—2w-3—4i|=|(z-3-4i)—2w|=MN. ,
A 2N M
M
=maxP=0l+R +R, =5+1+2=8.
DAu bing xay ra khi 60l =50M = M (_?18;_—24} —20I =50N = N(g;g].
Khi d6 ta co z:_—S—ﬂ, W:§+ﬂ nén |z—w|=2.
5 5 5 5
Cau 26.Cho cac s6 phac z va w théa man |z—4|=1 va |iw-2|=1. Khi |z+2w]| dat gia tri nho nhét,
liz+w]| bang
A. 245 B. 4J2-3. C. 6. D. 42 +3.

Huéng dan giai:

Goi M 1a diém biéu dién s phirc z va N 1a diém biéu dién sé phac —2w.
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Taco: |z—4|=1 nén M thudc duong tron (C) c6 tam 1(4;0) y
, ban kinh R=1. Mat khac: |iw-2|=1< |i|.Jw+2i|=1

& |-w-2i|=1<|(-2w) - 4i| = 2; vi vay N thuge duong tron
(C') cotam 1'(0;4), ban kinh R'=2.

Taco: T =|z+2w|=|z—(-2w)|=MN = II'-R-R’.

T . =1I'-R-R'=442-3,
DAu ding thirc xay tra khi 1, M, N, I’ thang hang theo tht ty x
do.
— M — 1 —
Taco: IM ——II'
w2
wohim B /2
1 :M(—7+4; J suyra z=——+4+—Ii.
=4
AN
2
. NG
Twong ti: IN =— 11 < , (v2;4-+2)
4-_%_ (-4
Yn 42 (4)
Suy ra —2W=\/§+(4—\/§)i:>W=—%—#i.
Vay ||Z+W|— _£ \/_ _£_M \/7
2 2
Cau 27.Xét cac s6 phic z,w théaman |z—i[=2 va |w+5+i|=1. Khi |z+iw—6-8i| dat gi4 tri nh6 nhat
bang?
A 742, B. 6v2. C.8. D. 10.
Huéng din giai:

Goi M, N lan luot 1a cac diém biéu dién s6 phuc z—6—8i va —iw.
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Ta c0: gkt
z-i[=2<|(z-6-8i)+(6+7i)|=2<|(z2-6-8i)—(-6-7i)| =2,
voi 1, (-6;-7).
Suy ra tap hop diém M 1a dudng tron (C,) ¢6 tam 1,(—6;-7), ban
kinh R, =2.
Taco: [w+5-+i| =1« || Jw+5+i|=|-i|.L1< |(-iw) - (-1+5i )| =1.

Suy ra tap hop diém N 1 duong tron (C,) ¢6 tam 1,(-1;5), ban
kinh R, =1.
Taco T =|z+iw-6-8i|=|(z—6-8i)—(-iw)|= MN .

T=MN2>11,~R —R, hay T, =[(-6+1) +(~7-5)’ ~1-2=10.
Dau déng thirc xdy ra khi 1, M, N, I, thang hang theo tht tu do.

Cau 28.Cho hai s6 phic z,, z,théa |z,|=2 va |z, +i|=1. Biét ring |iz_1—z2 +4+2i| dat gid tri lon nhat,
tinh |z, + 2z, - 3.

A. /533. B. —"533 C. _VZ?’ D. —“5233

Hwéng dan giai:

Taco: fiz, — 2, +4+2i|=[iz, - (z, - 4-2i)|.

Goi A, B lan luot la diém biéu dién s6 phuc iz, va z, -4-2i.

Ta co: |zl|:2<:>‘iz_1‘:2 nén A thugc duong tron tam O, ban !
kinh R =2. Mat khdc: |z, +i|=1< |(z, —4-2i) +4+3i| =1 T~
nén B thudc duong tron tam 1(—4;-3), ban kinh R, =1. » ﬁ L .

Khi dé: T =iz, (2, ~4-2i)|= AB<OI +R +R,. J

Déau ding thirc xay ra khi A, O, I, B thang hang theo thir tu do.

« -2, P .
. . AT B,
Taco: 0A=216 & 5 _ al8.86 .
10 y 23 5'5
A 5
— 8 &, 6 8
=iz =—+—-i=>27=—+—i
5 5 5
— IB— XB+4:%( 4) 24 18 24 18, 4
B=20l o S P N N T P s PN S
1 5 5 5
yB+3=g(—3)
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E+§i+2.(—ﬂ—§ij—3i
5 5 5 5

2Ki thudt 5: Tgo cum lién heop chéo 2,7, + 7,7,

Vay |z, +2z, -3i|= ST?’?’

1. Dau hiéu:
Ta sir dung ki thudt 5 néu bai toan dugc cho tong quat nhu sau:
Cho |z|=r,, |w|=r, va |mz+nw|=r,, danh gia Max-Min cua biéu thirc |2,z +w,w+a+bi,

trong d6 z,, w, € C.

2. Nhan xét:
K7 thudt 5 duoc xay dyung dwa trén tinh chat quen thuéc ma ta d& dang chimg minh duoc:

2 —
o |z =z7.

o mz+ n.W|2 =(m.z+ n.w)(m.z + n.w) =(m.z+nw)(m.z +n.w)=m’ |z|2 +n? |W|2 +mn (2W+WZ).

Cau 29.Cho hai s6 phac z, w théa man |z|=|w|=10 va |[3z—4w|=50. Tim gia tri I6n nhét ciia biéu thic
|42 +3w—8+6il.
A. 30. B. 40. C. 60. D. 50.

Hwéng dan giai:
Taco: |3z 4w’ =50° < (3z—4w)(3z—4w) =50" = (32— 4w)(3Z - 4W) = 50°
& 9|z +16[w[ —12(zW+wZ ) =50% < 9.10* +16.10> ~12(2W+wZ) = 50° = .
Goi M 1a diém biéu di&n cua s6 phiic 4z+3w, ta cé: [4z+3w|" = (4z +3w)(4z +3w)
=(4z+3w)(47 +3W) . soby
—16|2[ +9|w[’ +12(2W-+wz) =16.10° +9.10° +12.0 = 2500 . A

Suy ra ||4z +3w| =50/, vi vay diém M thugc duong tron tam
0(0;0), ban kinh R=50. —50
Xét T =|4z+3w—8+6i|=|4z +3w—(8—6i)| = MA véi A(8;-6).

Taco: T=MA<R+OA=50+,[8 +(-6)' | =60 hay T, =60,

Déau ding thirc xay ra khi A, O, M thing hang theo thu tu do.

Cau 30.Cho ba sb phic z, z,, z, thoa man |z]|=1 |z,|=7,|z-2,|=+2 va gia tri I6n nhit cua
|32, + 22z, + z,| bang 78. Gia tri |z,| bang
A. 78—+/53. B. 25. C. 78—+/73. D. 5.

Huéng dan giai:
Tact: |2,-2,[ =2 (2,-2,)(z-7,) =2 2] +|| - (27, +2,7)=2

< 1+7-(27,+2,7,)=2 < |3,7,+2,7, = 6|.
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Goi M la diém biéu didn sé phuc 3z, +2z,, ta c6: [3z, + 22, =(3z, +22,) (37 +27,)

=9|z|" +4|z,[ +6(2,Z, +2,7) = 9.1+ 4.7 +6.6 =73 = |[32, + 22,| = /73|.

Suy ra diém M thuc dudng tron tam O, ban kinh R =+/73.

Yy

Goi A la diém biéu dién cua s6 phic (-z,).

Xét T =[32,+ 22, (2,)| = MA dat gid tri Ion nhat khi A, Y \ )
0, M thang hang theo thi tur d6. 0

Vivay T=MA<OA+R hay T_ =OA+R=0A++/73.

Theo gia thiét T, =78 =0A+/73 = OA=T78—+/T3. -

Cau 31. Xét hai s6 phirc z,, z, thoa man céc didu kién |z| =2, |z,| =3, |z, + z,|= /5 . Gia tri nho nhit cua
biéu thuc P =[3z, -z, -10+5i|+ 2 bing

A. 10v/3-245. B. 3/5-1. C.2+245. D.8-2.5.

Hudéng dan giai:
Tact: [2,+2[ =5 (2+2,)(z+7,)=5<|a| +|z[ +2Z,+7,2, =5

©4+3+27,+7,2, =5 (2,7, + 7,2, =-2|.

Goi M 1a diém biéu di&n cua sé phiic 3z, —z,, khi do: |3z, -z, =(32,-2,)(3%, - Z,)

=9z +|z,| ~3(z2, + 7,2,) =9.4+3-3(-2) = 45= |32, - 7,| =35 |. Y

Suy ra diém M thuc dudng tron tam O, ban kinh R=34/5.
Taco: P=[3z,—z,—(10-5i)|+2=MA+2 véi A(10;-5). 0@

Khi do: Pmin=(OA—R)+2:( 102+(—5)2—3J§)+2:2J§+2. AN

Déu diing thiic xay ra khi O, M, A thing hang theo thu tu d6. =

Cau 32.Cho z;;2, 1a cac s6 phitc thoa min |z,|=2, |2,|=3 va z,.Z, 1 s6 thudn &o. Gié tri 16n nhét cla
P =|4z,—3z, +1-2i| bang

A. 15445, B. 5++/5. C. /65 ++/5. D. /145 + /5.

Huéng dan giai:
Chon D.
Vi 2,.Z, 1a s6 thuan a0 nén z,.Z, +(zl.72) =0=2,7,+72,=0|.
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Goi M la diém biéu didn sé phuc 4z, —3z,, ta co: |4z, —3z,| = (42, -32,).(47,-37,)
=16|z,|" +9|z,[ -12(2,.Z, +7,2,) =16.4+9.9-12.0 =145 v

= ||4z, —3z,| =+145|. Suy ra M thugc duong tron tam O,

ban kinh R =+/145.
Khi d6: P =|4z, -3z, +1- 2|

=|(42,~32,)~(~1+2i)|=MAVGi A(-1;2). —c o=
Taco: P=MA<OA+R hay P, =OA+R= \/§+\/145 .
DA4u dang thuc xay ra khi A, O, M thang hang theo thir tu M
do. \
2 K7 thudt 6: Sir dung tam t/ cw
1. Tamticu:

Trong hinh hoc vecto, tam t7 cze chinh 1a mot diém quan trong ma thong qua diém dé ta co thé
dé dang thu gen dwec biéu thike vecto hodc biéu thire dg dai vecto. Tir 6 c6 thé danh gia
dugc biéu thirc do.
Xéthe ndiém A, A, ..., A vansb thuc k, k,, ..., k,. Khi d6 néu ton tai duy nhat diém G thoa
man le_A; + sz—A; +..+ kn@ =0 thi G dugc goi la tam ti cu cua hé diém da cho.

2. Cong thirc tAm ti cw 1a trung diém:
Xét | 13 trung diém cia doan AB va M 13 diém bét Ki, ta c6: MA? + MB? = MA™ +MB-

AB?

=(W+ﬁ)2+(W+E)2 ZOMI2 4 1A% + IBZ+2W[FA+E]=2MI2+ 1A%+ 1B2 = 2MI2 +

=0
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ABz M

TOm lai: [MA? + MB? =2MI1? +

3. Cong thic tdng quat vé tam ti cu:

a) Xeét P:‘alM—Al+a2m+...+anW‘. A
Vi diém | bat ki thi o, MA +a, MA, +...+ a, MA,
(VI 18 )ty (MO 4 18 )+, (MIT 4 1A)
=( +0a, +---+0‘n)WJF(%EJF%EJF---%W)-

Ta can chon diém | thoa man o IA +a, IA, +...+, 1A, =0 thi

min cua bai toan khong con 1a van dé khoé.
b) Xét T = ,MA’ +a,MA? +...+ o, MA? .
V6i diém | bat ki thi

Ta can chon I thoa man o, 1A +a, 1A, +...+a, IA =0 thi
T :(051+0¢2+...+0¢n)MI2+(051IA12+0¢2IA22 +...+anIAf) trong do

P :‘(al +a, +...+an)M|‘:|al+a2 +...+a,|.MI . Lac nay viéc thuc hién diéu kién Max-

T :alM—A&2+a2@2 +...+anm2 :al(W+W)2+a2<m+@)2+...+an(W+W)2

=(aq+a, +...+a, )MI? +(0¢1IA12 + o, A +---+anlAf)+2W(alﬁ+a2@+---+anﬁ)-

a A +a,|AL +...+a IA? ¢6 dinh nén T 16n hay nhé hoan toan phu thuge vao do dai M.

Cau33.Cho so6 phac z théa mdn |z-1+i|]=2. Tim gid tri lén nhat cua bicu thuc

|2

P:|z+2—i|2+|z—2—3i
A. 18. B. 38+84/10. C. 18+ 24/10.

Hwéng dan giai:
Goi M (x;y) la diém bicu dién cua z thi M thudc

duong tron tam 1 (1;—-1), ban kinh R=2.

Xét P=|z+2-i" +|z—2-3i] = MA? + MB? véi
A(-2;1), B(2;3).

AB’

B. 16+ 24/10 .

P=|z+2-i[ +|z-2-3i[ = MA? + MB? = 2ME? +
véi E(0;2) 1a trung diém AB.

P =2ME?+10 (AB=25); P 16n nhét khi ME 16n nhit,
suy ra E, I, M thang hang theo thu ty do.

Taco: Py, =2(IE+R) +10=2(2+10) +10=38+8/10
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Cau 34.Goi S la tap hop tat ca cac sé phac z sao cho sé phic w=

Cau 35.Cho s6 phirc z thoa min

1 % phan thuc bang L et cac
|z| -2 8
sé phirc zeS . Gia tri nhé nhat cia P =z -2 +|z+2i[" bing
A. 16. B. 40-1612. C. 40+16+/2. D. 32.
Hwéng dan giai:

Vi w ¢6 phin thyc bing = nén w-+w-— 21:> CENI S N 2-z+fz-2 _1
; A T 4 A leen) 4
2|12|-7-z 1 =4 y
T2 4T | 4 ’

Goi M 1a diém biéu dién cua z thi M thudc duong tron tam O, béan
kinh R=4.

Taco: P=|z-2 +|z+2i] = MA? + MB? véi A(2;0), B(0;-2);

(1;-1) la trung diém doan AB, AB=2/2;

P =2ME?+

P=2ME?+4 ma ME >R—OE =4—+/2 nén
P>2(4-+2) +4=40-162 hay P, =40-162.

Déau ding thirc xay ra khi O, E, M thing hang theo thir ty 6.
2—-i)z-3i-1 . . . .z a
b I:Z. Goi S latap hop tat ca cac so phac W=%. Xét

iz +

zZ—i
, A /. 5 ~ oz o N X N .12 .12 N
cac s phuc w,, w, € S thoa man |w, —w,| =2, gia tri I6n nhat cua P =|w, —4i|" —|w, —4i[" bang

A. 4429 . B. 413. C. 2\13. D. 2429

Huéng din giai:

Ta cb: (2-i)e-si- m EPPN S 2@‘2—i+_L=2@|w+2—i|=2
zZ-i ‘ zZ-i iz+1

Goi M, N 1a céc diém biéu dién cua w;, W, thi M, N thudc dudng tron tam | (=2;1), ban kinh
R=2.Mitkhac [w,—w,[=2=MN =2. ¥
Taco: P =|w —4i" —|w, —4i = MA? —NA? véi A(0;4). 4
—2 —2 —  ——\2 = ——\2
P=AM —AN =(Al+IM) —(Al+IN)
= IM? —IN +2ALIM —2ALIN =2AI(IM -IN)
| S ——

-0 M

— 2AI.NM = 2AI.MN .cos(ﬁ, W) - 4J1_3.cos(ﬁ, W)
P < 4413 ; diu ding thuc xay rakhi Al cung huéng NM .

Vay P, =413,
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. ) . . , . z+2
Cau 36.Goi S latap hop tat ca cac so phac z sao cho so phic W= -

1a s6 thuan ao. Xét cac sé phuc

z-2i
” = - o Mz X a 2 2B
2,2, €S thoaman |z, —z,|=+/3, gia tri lon nhét cua P =|z, + 6| —|z, + 6| bing
A. 2478 B. 4v15. C. J78. D. 2J15.

Hwéng dan giai:
i 2)+yi || x—(y-2)i
Goi z=Xx+YVi; X, yeR.Taco: w= Xtyi+2 :[(x+ )+y|][x by )IJ

X+ yi—2i x2+(y—2)2

. W thuan a0 nén

X(x+2)+y(y—2)=0=x*+2x+y? -2y =0=|(x+1)" +(y-1)" =2|.

Goi M, N la cac diém biéu dién cia so phirc z,, z, thi M, N thudc duong tron tam 1(-1;1), ban
kinh R=+/2. Mit khéc |z, — z,|=v/3 = |[MN = 3]. Y
Taco: P=|z+6[ —|z,+6 = MA? —NA? véi A(-6;0);

P~ MA' —NA” = (Mi + 1A)" —(NT + IA)

— 2MIIA—2NI.JA= 2ﬁ\.(W—m) —2IAMN

= 2|A.|\/|N.cos(ﬁ, W) <2IAMN (vi
cos(I_A, W)sl).
P =2IAMN = 2.4/26.4/3 = 2/78 . D4u déng thiic xay ra khi 1A cung huéng MN .

Cau 37.Cho s phirc z thoa man |Ztidlhlz=d _L+a

.Bibtring T =|z-1+5i[ —2|z-2~i[ ~|z-1+7i

|2

1-2i 5
dat gid tri nho nhat khi z = z,, hdy tinh |z, +3—4il.
A. 245, B. 3\5. C. 24/6. D. 3.6.
Hwéng dan giai:
Taco T o 1) oz d -4 = 2 (1 20) (1-2i) e [rr A5 ]2 — 4 =10 ().

Goi M 1a diém biéu dién ciia z va hai diém F,(-4;0), F,(4;0). Taco FF, =8.
Khi d¢: (*) < MF, + MF, =10 > F,F, nén M thudc elip c6 hai tiéu diem 1a F,, F,.

bit 2a=10=a=5; FF,=8=2c=c=4; b*=a’-c*=9.
Vay M thudc elip ¢6 phuong trinh: ;(—;+ y{ =1 (nhu hinh vg).
T =|z-145i]" = 2|z -2~ ~|z-1+7i] = MA? ~2MB? -MC? véi A(1;-5), B(2;1), C(L;~7).
T:M—AZ—ZWZ—M—CZ:(W+ﬁ)2—2(m+ﬁ)2—(W+ﬁ)z
= —2MI” +(IA* ~21B* ~IC? )+ 2MI (IA-2IB - IC).
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Chon diém I thoa man IA—2IB—1C =0 g

@{(1—x,)—2(2—x,)—(1—x,)=o @{,:2
(_S_yl)_z(l_y|)_(_7_Y|):0

Khi d6: T=—2MI2+(IA2—2IBZ—IC2) .ViA,B,C,Ich

dinh nén 1A% —21B? — IC? khong doi.
Do d6 T dat gia tri nho nhat khi —2MI? nhé nhét, suy ra
MI 16n nhat. Khi ¢6 M triing véi dinh A cua elip.

Vay M (-5;0) hay z,=-5; suy ra |z, +3—4i|=|-5+3-4i| = 24/5 .

Cau 38.Xét hai sb phuc z,, z, thay d6i théa man |z, - z,| =|z, + z, -1-2i| = 4. Goi P, P, lan luot Ia gia tri

l6n nhat va gid tri nho nhét cua biéu thac P =|z,|* +|z,|" . Gid tri cua biéu thuc B, +P, 14
A. 85. B. -37. C. 45. D. 37.

Hudéng dan giai:
Goi A, B, C(1;2) lan lugt la cac diém biéu dién cua cac s6 phuc: z,, z,, 1+2i.
Taco: |z,-2,|=4< AB=4, Y
Mait khac:
|2, +2,-1-2i| =4 < |0A+ OB -OC|= 4 < |[20M - 201 | = 4

(voi M 1a trung diém ciia AB, | (%;1} 1a trung diém ciia OC). 1

Ta co: ‘(O—M—a)‘:ZQ‘W‘=2<:> IM =2. Vivay M thuoc

duong tron tdm |, ban kinh R=2. !
AB?

=20M?*+8.

Xét P =|z,[" +|z,[ =OA? +OB? = 20M? +

4++5
2

P dat gié tri I6n nhat khi OM 16n nhét, ta c6: OM <Ol +R =

2
pmaxzz(wg} g 3T+8Y5

2 2

;suy ra

R.

P dat gié tri nho nhat khi OM nho nhét, ta c6: OM >R -0l =

2
pz(ﬂJ L3785

;suy ra

4-+5
2

5 > =P,.Suyra P, +P,=37.

Cau 39.Cho z,, z, la nghiém phuong trinh |6—3i +iz|=|2z—6—9i| va thoa man |zl—22|:§. Gia tri lon

nhat cua |z, + z,| bing
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A.5—:. B.%. C.6. D. 5.
Hwéng dan giai:

Goi z=x+Yi (X, yeR).Taco: |6-3i+iz|=|22-6-9i|<>|6—3i+i(x+yi)| =[2(x+yi)-6-9i|
<:>|(6—y)+(x—3)i|=|(2x—6)+(2y—9)i|<:>(6—y)2+(x—3)2=(2x—6)2+(2y—9)2

& 33X +3y? —18x-24y+72=0< x>+ y* —6x -8y +24=0|. v

Goi M, N theo thir tu 1a diém biéu dién cua hai s6 phuc z,, z, thi A

M, N cling thuge dudng tron tam 1 (3;4), ban kinh R=1; ddng P I S Iﬁ v

thoi [MN =|2, — 2, =2].

5

Khi do: |2, +2,|=|OM +ON|=|20H|=20H véi H Ia trung diem

MN .

|z, +2,| dat gia tri 16n nhat khi OH 1én nhat; suy ra O, 1, H thang |

hang theo thtr ty d6 (MN vudng goc Ol). 0 3 @
2

Tacé: |z,+2,|=20H,,, =2(0| +x/R2—MH2)2[5+ 1—[%) J%

Cau 40.Cho z,, z, 1a hai trong céc sé phtc z thoa mén (z—6)(8—i§) |a s6 thuc. Biét rang |z, —z,|=6.
Gia tri nho nhat cua |z, +3z,| bang
A. -5+4T3. B. 5++/21. C. 20-2473. D. 20— 44/21.

Hwéng dan giai:
bit z=x+yi (x, yeR).Goi A B lan luot la diém biéu ya B

dién cho cac sé phuc z,, z,. Suy ra [AB =|z, — ,| = 6|.
Ta co: (z—6)(8—i2)=(x+ yi—6)[8—i(x-yi)]

=[(x-6)+yi|[(8-y)-xi]. b

Do (z- 6)(8— iE) 1a s6 thuc nén ta duoc:

—(x—6)x+y(8-y)=0=|x*+y*—6x-8y =0|. Al

=Y

Vay tap hop cac diém biéu dién cia z 1a duong tron (C) ¢6 0
tam 1(3;4), ban kinh R=5.

Xét T :|zl+322|:‘O—A+3@‘:‘(O—M+m)+3(O—M+m)‘:‘40—M+(m+3W)‘, M bat ki.

Chon M thoa MA+3MB =0 thi T = = 40M .

0

40M + (W# 3@]
%I_J
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Goi H la trung diém AB. Taco HAzHBz%:B va MA:%AB:%:HM :MA—HA:g

Tudé HI? =R*-HB?* =16, IM =+HI* +HM? =§, suy ra diém M thudc duong tron (C')
J73

tam 1(3;4), ban kinh R’:T.
Tacod T =40M nho nhat khi OM nho nhat, suy ra O, M, | thang hang theo thir ty d6 (hay M
trung véi M, nhu hinh vé).

NE

Tacd OM,;, =OM, =0l -R'=5--"=. Vay T, =|z,+3z,|  =40M,=20-273.

min
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»= K7 thugt 7: Tao tam gidc dong dgng, tam giac bang nhau va ding ti sé khodng cach
wBai toan mau: q ‘ ‘
Xét duong tron (C) c6 tdm | va ban kinh R. Cho hai diém A, B nam ngoai duong tron (C), dong
thoi [IA=k.R| (k>1). Tim gid tri nho nhét caa biéu thic [T = MA+k.MB].

Phwong phap:

e Chon C thudc doan 1A sao cho IC =%R =k—12 IA hay |IC =i 1A|.

e Tachimg minh duoc hai tam giac MIC, AIM dong dang

(E—M—E—l va géc | chung)
M A A Kk 9 2
Suy ra I\I\;_i:%: MA=k.MC|.

e Khidé:
T = MA+K.MB = k.MC +k.MB =k (MB +MC)>k.BC
(B, C nam khac phia dudng tron). 7
e Vay T . =k.BC. Dau dang thic xay ra khi B, M, C thang hang theo thtr tu d6 (M trung
M, nhu hinh v&).
w Luu y: Néu dé cho A, B ndm trong dudng tron, khi do (0<k <1), ta lam twong tu.
Cau4l.Xét cac sé phic z=x+yi (x,yeR) théa man |[z-4-3i=3. Khi biéu thac
P =|z+5-3i|+3|z—3-7i| dat gi4 tri nho nhét bing
A. 6. B. 9. C. 10. D. 12.

Hwéng dan giai:
Goi M la diém biéu din cia z thi M thuge dudng tron tm 1(4;3), ban kinh R=3.
Xét P =|z+5-3i|+3|z—3-7i|= MA+3MB véi A(-5;3), B(3;7).

Tacod Al =9=3R=3MI . Ly diém C thudc doan IA théa man Cl = % R.

Yy
L X —4=1(-5-4) 7frerereee 7
Suyra: IC == 1A= J =C(3:3).
9 1
yc_3:§(3_3)
Ta c6 hai tam giac MIC, AIM ddng dang do
Ml IC 1 . ,
— =—==vagoc | chung.
Al Ml 3
Suy ra; %:% hay [AM =3MC]. i

Khi d6 P =MA+3MB =3(MC +MB)23BC (do B, C nam khac phia so véi duong tron).
Taco: P,,, =3BC=34=12.
Déu dang thac xay ra khi B, M, C thang hang theo tha tw d6 (M tring véi M, nhur hinh).
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Cau42.Xét cic sé phic z=a+bi (a beR) théa min |z-3-2i|]=2. Tinh a+b khi
|z +1-2i|+2|z—2-5i| dat gi tri nh6 nhat.
A 4-43. B. 2+4/3. C.3. D. 4++3.

Hwéng dan giai:

Goi M 1a diém biéu dién caa s6 phuc z, ta co:

|z—3-2i| =2 nén M thudc duong tron (C) tdm 1 (3; 2), ban kinh R=2.

Xét P =|z+1-2i[+2|z-2-5i]= MA+2MB véi A(-1;2), B(2;5) va IA=4=2R.
1 1

Chon diém K thugc doan IAva IK ==IM ==R.. Y
2 2 B
1 S '
o X -3=>(-1-3)
Taco: IK=71A= 3 =[K(2:2)].
Y _222(2_2)
Khi d6 AIAM va AIMK ddng dang véi nhau do c6 A/
K M 1 2
— =——=—vagoc I chung.
IM 1A 2 3
Suyra:%:%: AM =2MK]. _H F5) ps

Turdé: P=MA+2MB =2(MK +MB) >2BK (do B, K ndm khac phia ctia duong tron).

Dau dang thtic xay ra khi B, M, K thang hang theo tht tw d6 (hay M triing véi M, nhu hinh).

y= 2++/3
y=2-3

Phuong trinh dudng thang BK 1a: x=2; thay vao (C): (x - 3)2 +(y- 2)2 =4 suyra

Ta nhan y:2+«/§e(2;5):(yK;yB).

Viy M (2:2++3) hay 2=2+(2+3)i=a+bi=[a+b=4+3].

@ Luwu y: Trong bai fodn nay, diem M, con c6 thé duwec tim theo cach sau:
Tinh: KM, =JR? —IK? =22 -12 = /3.

V3
. KM . X0—2=?(2—2) X0=2
Suy ra; KM, = KB < hay M (2;2++/3).
0
KB \/§ yo:\/§+2
yO—Z:?(5—2)
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Cau 43.Cho s6 phiic z=a+bi (a,beR) théa man |z-3-3i[=6. Tim gia tri biéu thac a+b khi

P = 2|z +6—3i|+ 3|z +1+5i| dat gi4 tri nho nhat.
A 2-2.5. B. 4-2.5. C. 25-2. D. 25-4.

Hwéng dan giai:
Goi M 1a diém biéu dién ctia sé phic z thi M thuge duong tron (C) tam 1(3;3), ban kinh R=6.
Taco: P =2|z+6-3i|+3|z+1+5i| = 2MA+3MB véi A(-6;3), B(~1;-5).

Suy ra: g = MA+§ MB . Ta nhan thay: IA=9= g R nén s& tao tam giac dong dang.

, 4 [xe-3=2(-6-9)
Chon C thuge doan IA théa IC == 1M . Tac6: IC =~ 1A= o =[c(-1:3).
3 9 4
yc_3:§(3_3)
Vi 1< =M=E=§ va goc | chung nén hai tam giéc MIC, AIM dong dang; suy ra
IM 1A 1A 3
MC_2_\ma=3mc|. !
MA 3 2
Khi do:
P 3 3 3
5 =MA+ZMB =2MC+2MB < P =3(MB+MC)>38C. 4 o
Vay P, =3BC =24; khi d6 B, M, C thang hang theo thu ty do. GR\—I
Phuong trinh BC: x=-1. Thay vao (C): \}
(x=3)" +(y-3)" =36=y=3£25.

Tanhan y=3-2v5(-5:3)=(Yy:¥c)- Vay 2
Z=—1+(3—2\/§)=a+bi:>a+b=2—2\/§,

Cau 44.Cho hai s6 phuc z,, z, théamén |z, —1-2i|=1, |z, —2-8i|=2. Tim gia tri nhé nhat cta bicu thic

P=|z,-5-2i|+2|z,-6-8i|+4|z,— 7,|.
A. 30. B. 25. C. 35. D. 20.

Huéng dan giai:
Goi M, N lan luot 1a diém biéu dién cac sb phuc z,, z, va hai diem A(5;2), B(6;8).

Theo gia thiét, M thudc duong tron tam 1,(1;2), ban kinh R =1; N thugc dudng tron tam
1,(2;8), ban kinh R, =2.
Taco: P=|z, —5-2i|+2|z, -6 —8i|+ 4|z, — 7,| = MA+ 2NB + 4MN .
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Ngoaira: LA=4=4R, 1,B=4=2R,.

Chon C thugc doan 1,A thoa 1,C = % R, = %; suyra I,C =%KA’

1
X ~1=2-(5-1)
=

1

Ye _2:_(2_2)

16

Chon D thugc doan 1,B thoa IZD:%Rzzl;suy ra |2—D:Z|28

Xo—2=2(6-2)

- 4
8=1(s-g)
Yo 1

Hai tam giac MI,A, CI,M ddng dang nén

Hai tam giac NI,D, BI,N dong dang nén

hay

e

hay

D(3;8)].

IM IC MC 1
LA LM MA 4
LN_1D_DN_1_ 1gN—2on].

LB LN BN 2

= [MA= amc].

Do d6 P=MA+2NB+4MN =4MC +4DN +4MN :4(C|V| + MN + ND)24CD:25.
Vay min P = 25. Dau dang thuc xay ra khi C, M, N, D thang hang theo thi tu do.

Cau 45.Xét s6 phiac zco phan thyc am va thoa man |z-1=2. Gia tri nho nhat cia biéu thuc
P=|z+3—i|+|z—\/§i|+|z+\/§i| bang

B. 4+17.

A 6.

C. 3+17.

Hwéng dan giai:

Goi M 14 diém biéu dién sé phirc z , khi d6 M thudc dudng

tron (C) c6 tam 1(1;0), ban kinh R=2.

A(-3;1),B(0;43),C(0;-+3)  thi

Xét cac  diém

IB =IC =2 nén hai diém B, C thudc dudng tron (C);

IA=+/17 nén A ndm ngoai duong tron (C).

Nhén xét: BC = 2\/5 = R\/§ nén BC la mot canh ciia mot
tam giac déu noi tiép duong tron (C).
Ta chon D dé BCD la tam giac déu=> D(3;0); chon

E € MD sao cho |MB = ME].

Tt gisc DBMC noi tiép nén DCB = DMB = 60°, khi d6 ta suy ra ABME d&u.

Hon ntra: DBE +CBE =60" =CBE + CBM =

D. 37,

ol 15 2 3 5
4

DBE =CBM|.

Taco: DB =BC, DBE =CBM, BE =BM, suy ra ADBE = ACBM = DE=CM .

Khi do: P =|z+3~i[+|2—Bi|+|2-+3i|= MA+ MB+ MC = MA+ ME + DE > AD =/37.
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Dau ddng thirc xay ra khi M = AD(C).
Cau 46.Cho z, z, la cac s6 phirc khac 0 théa mén z,” —z,z, +2,> =0 va |z,| = 2. Biét s phuc z théa mén

Z+12, .
‘z At Yasiva)s| (2] |2— 2 +[z—12,] bing
L p. 48 c. 2B p. 33
3 g ) 3 3
Huwéng dan giai:
Goi A, B lan luot 14 diém biéu dién céc sé phuc z,, z,.
2\ (z z, 1.3
Vi z,, 7, la cac s6 phic khac 0 nén z° -z,2, +2,° :OQ{—lj —(—1J+1_0 oL="F—i.
z, z, z, 2 2
o
Suyra |2 =1=|2,|=|z,| - [OA=0B =2].
2
Mt khéc, tacé: 22 —22,+2,' =0 (2,-2,) =-2,2,
:‘(21—22)2‘ =|-z2,|= AB* =4= . Do d6: AOAB déu. oG
Goi G Ia trong tam ciia AOAB thi G 1a didm bidu dién sé phirc 2122 AWB
243 M
va AOAB noi tiép duong tron (C) c6 thm G, ban kinh R_T
: L ex s ) 1y, - 2
Goi M la diém biéu dien so phuc z, ta co: |z - :5‘(1+|\/§)21 _§= R.

Vay M ciing thudc duong tron (C). Gia st M thudc cung nho AB cia duong tron (C)
Trén doan MO, lay diém C sao cho MC = MA ma AMC = ABO =60° nén AACM déu
Ta co: OAC +CAB =60° = CAB + BAM = |OAC = BAM |, ma OA= AB, AC = AM

= AOAC = ABAM = |0OC =BM|.

Khi do: S =|z|+|z2-2]|+|2-2,|=MO+MA+MB = MO +MC +CO =2MO..

43 83 _ 83
=

Taco: MOSZRhayMOST =S= 2MO<— Vay S, .,

Déu dang thirc xay ra khi M, G, O thiang hang theo thir tu 6.

x= K7 thudt 8: Bién ludn sw twong giao ciia dwong thang va dwong tron c6 chira tham sé
w Vi tri twong d6i giira dwong thang va dwong tron.
Xét duong thang A: Ax+By+C =0 va dudng tron (C) c6 tam | (a;b), ban kinh R.

|Aa+Bb+C]|

JA? +B?

Khoang cach tir tam | dén A 1a: [d (1,A) =
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e Néu d(1,A)>R thi duong thang va dudng tron khong c6 diém chung.

e Néu d(l1,A)=R thi duong thing tiép xtic véi duong tron.
e Néu d(1,A)<R thi dudng thang cit dudng tron tai hai diém tao thanh day cung (day cung

nay s& 16n nhat khi duong thang A di qua tdm | caa dudng tron).

CAu 47.Cho hai s phirc z,, z, thoa man dong thoi hai diéu kien sau |z —1 = /34, |z +1+ mi| =z +m+ 2i|
va sao cho |z, —z,| 1a 16n nhat. Khi d6 gia tri |z, + z,| bang
A 2. B. 10. C.2. D. /130 .
Huwéng dan giai:
Goi M, N lan Iuot 1a diém biéu dién cua s6 phuc z,, z,.
Vi |z-1=+/34 nén M, N ciing thuoc duong tron tam 1(1;0), ban kinh R = /34 .

Goi z=x+iy (x, yeR) ,taco: |z+1+mi|=|z+m+2i| o

& X+ yi+1+mi| =[x+ yi+m+2i|

o J(x+1) +(y+mY =\ (x+m) +(y+2)
<2(1-m)x+2(m-2)y-3=0. ol 1z %
Suyra M, N thudc duong thing A:2(1-m)x+2(m-2)y—3=0
Do d6 M, N 1a giao diém cua duong thang A va dudng tron (C).

—

Taco |z,—z,|=MN nén |z,—z,| lén nhat khi MN lén nhét, suy ra N
MN duong kinh cia (C). Khi d6 |z, +2,| =|OM +ON|=[201|= 201 = 2.

Cau 48.Cho hai sé phuc z,, z, thoa man |z, +3-3i| = 22 va |z,—-m-(m-4)i|=+2, meR . Gia tri nho
nht cia |z, +|z,| bing

A 242 B. \2. C.3/2. D. 3.

Hwéng dan giai:

y
Goi M, N lan lugt 1a diém biéu dién sé phic z,,z,.
Vi |z,+3-3i|=2v2 nén M thude duong tron (C,) c6 tam
1(~3;3), ban kinh R, =22 @) I 3
Vi |z, —m—(m-4)i|=+/2 nén N thude dudng tron (C,) c6 A : 2
tm J(m; m—4), bankinh R, =+/2. BN g

. = . XJ =m ) . . =211 ‘J (Ca)
Xét diem J voi = X, — Y, =4 nén J thugc duong

y, =m-4

7 , —— u, =(L1

thang A:x—y—-4=0, duong thang nay ludn vudng goc Ol (do u,.Ol =0 vdi {O_AI' _(( 3)_3)).
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Cau 49.Goi 7,2, 1a hai s6 phiic théa man dong thoi hai diéu kién |z—1-i|=

Xét T =|z|+|z,|]=OM +ON; T, khi I, M, O, N, J thang hang theo thir ty do.
Ta c6: T, =(OM +ON) _=d(1,A)—(R +R,)= |3\E 4 ~(2v2++2)=242.
zf

, [z=2-mi|=|z+m|

véi m 14 sé thuc tiy y. Goi A, B lan luot 1a diém biéu dién hinh hoc cua zl ,Z,.Goi S latap cac
gid tri cia m dé dién tich tam giac 1AB 1a 16n nhat véi 1 (1;1). Tong binh phuong céc phan tir S

bang
AL B. 65. c.2. D. 80.
4 4
Hudéng dan giai:
Goi z=x+Yi (x,yeR) c6 diém bicu dién1a M .
4 2 2
Do |z -1 =§ nén M thude duong tron tam 1(1;1), ban kinh R :g.

Mt khac: |z—2—mi|:|z+m|<:>(x—2)2+(y—m)2:(x+m)2+y2<:> (m+2)x+my—2=0| (A).

DE 7 ton tai thi A va (C) c6 diém chung, taco: [d(1,A)<R

2m
= | 2| <2£@25.4m2<20(2m2+4m+4)@—3<m<2.
(m+2)"+m’ 3
. 2
Khi d6: A, B Ia céc giao diém cua A va (C); |A=|B=§.
2
Tac Sy, =~ IAIBsin AIB< ZIAIB=1. 25| 2
2 2 21 5 5
Suy ra (Spg ), :g, khi d6 AIB =90°.
., . . 241
Xét tam gidc IAB c6 BIA=90°, c6 AB:IA\/_zg:d(l,A)zd(I,AB)z%z%.
m=1
2m
Do d6 */1_0= | 2| 10(2m? +4m+4)=25.4m* < 1 (nhan).
(m+2)"+m? m:_E
A A 3 7 A 5 .12 1 2 5
Vay tong binh phuong cac phanta S: 1° + 3 =Z.

Cau 50.Cho 2 sé phac z, w thda man |[z+w|=25; w=(1+i)z—3-4i. Goi M, m lan luot Ia gi4 tri

16n nhit va gid trj nho nhét cia P =|z—2i[° ~|z—2+i[". Tinh T=M +m.

A. 813. B. 2+4413. C. 3+44/13. D. 2.
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Huwéng dan giai:
Chon D|

Goi z=x+YVi (x, yeR),cé diém biéu dignla M (x;y).
Thay w=(1+i)z-3-4i vao |z+w|= 25, ta duoc:
(2+i)2-3-4i|=25 < [2+i||z-2-i|=26 = |z-2-i|=2 = |(x-2)" +(y-1)" =4].
Suyra M thudc duong tron (C) c6 tam 1(2;1) vacé ban kinh R=2.
Xét P=[z-2i[" ~|z—2+i[ =[x+ (y=2)i[ —|[x—2+(y +D)i
=x*+(y-2)" = (x-2)" —(y+1)" =4x-6y-1. Suy ra: [4x—6y-1-P=0].
Do d6 M thudc duong thang d :4x—6y—1—P =0 (xem P l1a tham sé).
Piéu kién dé diém M ton tai 1a d va (C) ¢6 diém chung<=d(l, d) <R

42-6.1-1
=N

& +6°

Suyra: M =1+413, m=1-413 =T =M +m=2.

|2

-P
|32@|1—P|34JE@—4JE§1—P34J1§ =1-4/13<P<1+413.

x= K7 thudt 9: Bét dang thirc tam giac
Xét hai s6 phuc bat ki z,, z,, ta luén co:

" |z, +2,|<|z,|+|z,|; dAu dang thic xay ra < z, =kz, (k = 0).
" |z,-7,|<|z,|+|z,|; d4u dang thuc xay ra < z, =kz, (k <0)

= |2,-2,|2|2,|—|z,|; dhu ding thirc xay ra < z, =kz, (k> 0).

= |7,+2,|2|2|~|2,|; déu ding thuc xay ra < z, =kz, (k <0).

Cau 51.Cho hai s6 phic z,,z, théa man |z, +1-i|=2 va z, =iz,. Tim gi4 tri nhé nhat m cua biéu thirc
|2,-2,|?
A m=+2-1. B. m=2y2. C. m=2. D. m=2y2-2.

Huéng din giai:
Chon D

Taco: |z,—z,| =]z, —iz| = [L-i|.]z,| = 2.|z,].

Khi do: 2 =]z, +1-i|<|z|+[1-i|= |2+ V2 = |z,|> 2-2.
Suyra |z, -z,|=~2|z|22V2-2. Vay m=|z,-z,| =22-2.
Dau dang thiic xay ra khi z, =k (1-i)=k—ki (k >0).

| L. .z , z
véi z la so phac khac

A . X 3 s L x g . 27+
Cau 52.Goi M va m lan luot la gia tri I6n nhat va gia tri nho nhat cua P :‘
z

; x ] . M
0 vathoaman |z|>2. Tinhtiso —.
m
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AM_3 B M_2 L) p.M_s
m m 3 m 3 m
Huwéng dan giai
Taco p|22Hi| 22l L RA-f o Al L, 1 5,1 8 p 5

z | [ 7 7 7 2 27 2

Vay % = g Dau cac dang thic xay rakhi 2z =ki (k eR).

Cau 53.Trong cé4c s6 phirc z thoa man |z2 +1| =2|z|, goi z, va z, lan lugt Ia c4c s6 phirc ¢ md-dun nho

nhét va I6n nhét. Gid trj cua biéu thac |z,|" +|z,|* bing
A. 6. B. 24/2. C. 4J2. D. 2.
Hudéng dan giai:

Ap dung bét dang thirc tam gidc: 2|z|=|2* +1]> sz‘—l‘ & 2|7 <|2?|-1<2[7|.

max =1+\/§=|22| ’

2| =1++2 JK=1+42 |k=-3-22
= = :

22 =k (k<0)  |z=2JKi =+(1+4/2)i

Vi ‘22‘—12—2|z| thi ‘22‘+2|z|—120:>|z|2—1+\/§. Suyra: ||z =-1++2=]z].

|z|:ﬁ—1 J-m=+2-1 m=-3+22
:{ = z:i(\/a—l)i'

Véi ‘zz‘—ls 2|z| thi ‘22‘—2|z|—1£0:>|z|£1+\/§. Suy ra:

Z

Dau dang thtc xay ra khi: {

Déu ding thirc xay ra khi: {

z2=m(m<0) Z=+4-mi

Vay |2.]* +|z,[ :(\/5—1)2 +(\/§+1)2 =6.

Cau 54.Cho s phirc z thoa man [z+1/>1. Goi gia tri 16n nhit va gia tri nho nhat cia biéu thirc

I:):‘(1+i)z+i+2

lan lugt 1a M va m. Khi d6 gi tri cia (M*+m?) bang:

z+1
A. 4. B. 8+44/3. C. 6. D. 2.
Huéng dan giai:
) ‘(1+|)z+|+2| (z+1)(1+i)+1 [ (z+1)(1+i1)+1)
Taco: P= =
z+1 z+1 | |z +1l
o . |(z+n)@+i)|-h (z+1)(1+i)[+N
Theo bat dang thac tam giac: <P<
lz+1 |z+]J
<:>|1+|I—ﬁ_P |1+||+| o2- ]J_P J_+| TR o W2-1<P<2+1].
Z+ z+1

Vay P, =v2-1=m, P, =+/2+1=M . Do vdy M?+m =(J§—1) +(\/§+1)2=6.
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(z+1)(1+i)=k k<0

lz+1=1 lz+1=1

{\(z+1)(1+i)\=|k|, k<O:>{\/§|z+]4=—k: k=2,

lz+1=1 lz+1=1
t,t>O:>{‘(z+1)(1+i)‘=|t|,t>O:>{\/§|z+]J:t:> t=+2).

Cau 55.Cho hai s6 phirc z va wthéaman |z| =4, |w| = 2. Khi |z +W+5+12i| dat gia tri I6n nhat, phan thuc

cua z+iw bang

c. 2 p. 2.
13 13

Huwéng dan giai:

A 2 B -4
137 - 137

Taco |w=2=|Ww=2.

Theo bét dang thic tam gidc: |z +W+5+12i| <[z + W] +[5+12i| <|z|+|W] +13=4+3+13=19.

Xét T =|z+W+5+12i|<19 nén T, =19. Dau "="xay ra khi {

Z=kw

B ] (k>0,h>0).
z+wW=h(5+12i)

Vi z=kw nén |z|=|kW| =k.|W, k >0=>4=k2=k=2.

Tacé: z+W=h(5+12i) = 3w =5h+12hi =[3W| = V25h +144h* =169h”* =36 = h = %.

Khi do: 3V_\/:§+
13

72. 10 24.
—io>W="—"+—1;
13 13

KM% Doi voi bai toan trén, ta con mot cach giai vo cung tién loi, d6 1a st dung K7 thudt 4:
Ep diem theo quy dao dwong tron; ki thuat do 1a thuan hinh hegc nén viéc xac dinh diém roi
bai toan kha dé dang so véi viéc sir dung bat dang thirc tam giac.

Cau 56.Xét cac s6 phuc z, w théaman |z|=2 va |iw|=1. Khi |iz+w+3-4i| dat gia tri nhé nhét, |z —w|

\221

C. 3. D.——.
5

Huéng dan giai:

bang
A 5. B.g.

Theo gia thiét: |z|=2= ||iz|=2

iw=1=

w]=1|.

Taco iz +w+3—4i[>[3—4i| iz +w|>5— iz +|w|) 25— (2+1) = 2.

DAu dang thirc xay ra khi {

Ok’ +16k’ =1, k, <0
Suy ra:

\OKZ +16k> =2, k, <0

HOANG XUAN NHAN

w=k (3-4i), k <0
iz=k,(3-4i), k, <0

. |w=1
va .
liz|]=2

1 2
= |k =—=, k, =—=|. Khi dé:
K 5% 5
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8 6. 6. 3 4.

Suyra: z=—+—-1.Vay |z—w|=|-+—=1—| —=+—1 ||=/5

y 575 VA lz-wi=grg (5 5}‘ V5

Cau 57.Cho cac sb phic z,w théa méan |z —i|=2 va |w-2|=1. Khi P =|z+W+1+3i| dat gia tri Ion nhat,

z—w+1—%i bang
Al 8. 5. c. 38 p. I8

5 11 ) 5 5

Huwéng dan giai:

Chon C|

Taco: w—2|=1= |w—2/=1= [W-1=1.
Khi dé: P = W—2)+(3+4i)|<|z—i|+|W—2|+|3+4i|=8.
(z=1)+(W=2)+(3+4i)| <[z =i[ +|W—2|+[3+ 4i
z-i=k(3+4i), k>0  — K2
Dau ddng thirc xay ra khi: < W—2=t(3+4i),t>0= ok +1ek =2'k>0:> 5
e o2 +16t° =1, t>0  |;_1
lz-i|=2, |W-2|=1 5

z—i—g(3+4i) z—§+Ei 7= i E| —
Suy ra: = . = 99 . Vay: Z—W+1—Ei :ﬂ.
_ 1 . _ 13 4. 13 4 5 5
W-2==(3+4i) |W=—"+=i W=—"-——
5 5 5 5 5

Cau 58.Xét cac s6 phuc z,z,z, théa man |z,—-4-5i|=|z,-1=1 va |z+4i|=|z-8+4i|. Tinh

M =|z, +z,| khi biéu thic P =|z-z|+|z-z,| dat gia tri nho nhat.

A. M =2/13. B.M =25 C. M =6. D. M =+/41.

Hwéng dan giai:
bat z=x+iy khido |7 +4i|=|z-8+4i|=x-y-4=0x=y+4.

Taco P=|(z—4—5i)—(z —4-5i)|+|(z-1) - (z, -1)| > |z - 4-5i| |z, - 4 - 5i|+|z -1~ |z, -1

\/y +(y- 5 \/y + y+3) -2>(5B-y)+(y+3)-2=6
Dau "=" xay ra khi va chi khi (x;y)=(4;0) hay z=4=7,=4+4i; 2,=2, vay

M :|zl+zz|=2\/1_3.

- A U . : s T
Cau 59.Cho so phirc z théa méan z = vaT =2|z—4+3i|—|z—2-4i| dat gi& trj I6n nhat. Bict gia tri
Z_

I6n nhat caa T bing avb, a, beZ va b 1a sé nguyén té. Tinh a2 +b?.
A. 41. B. 40. C. 34. D. 52.

Huéng dan giai:
Goi z=x+Yi (x, yeR).Didukién: z—2=0=(x;y)=(2;0).
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Ta co: 7=%<:>7.(Z—2)=22 ©72-2(2+7)=0 X +y’ -4x=0< (x—2)2+y2:4 .

Goi M (x;y) la diém biéu dién cho s6 phirc z . Khi d6 M thuge duong tron (C) c6 tam 1(2;0),
bén kinh R=2.

T=2|z-4+3i|-|z-2- 4||_2\/x " ( 3)’ \/( _2) +(y-4)

_2\/x 4 y+3) \/(x 2 [ +y 4} (77?)

= 2\J(x=4) +(y+3)’ —=2J(x=2)’ +(y-1)° =2(MA—MB), véi A(4;-3),B(2:1).
Taco MA—MBSAB:Z\/_.

Suyra: T =2(MA-MB) <45 hay T, =45 =avb = a’+b? = 41.
D4u dang thtc xay ra khi A, B, M thang hang theo thi tu d6 (M thudc duong tron (C)).

e e22a¥ Trong loi giai trén, ta dac biét Iuu ¥ cach thém vao biéu thic trong dau can
thir hai mot lugng c6 gia tri bang 0 1a k [(x — 2)2 +y? —4} . Viéc xac dinh duoc k =3 la nho ta

dong nhat hé s6 cua ca x* 1an y? trong ca hai déu cin d6. Qua trinh nay dwoc thuc hién chi tiét
trong ki thuat tiép theo (ki thudt sé 10).

aKithuét 10: Bdt dang thizc Minkowski va Ki thugt Can bang hé sé tim diém roi

Ve ban chét, bdr dang thizc Minkowski cung gidng véi bdt dang thirc tam giac (Ki
thugt 9) hay bt dang thiec gia tri tuyét doi, tuy vay n6 c6 hinh thic biéu hién ¢ dang dai s6, con
bat dang thirc tam giac duoc biéu hién & dang hinh hoc.
1.Bat dang thic Minkowski:

= Xét hai ciip s6 thyc (a;b) va (c;d):

Ja? +b? +4/c? +d? 2\/(a+c)2+(b+d)2

D4u ding thac xay ra khi va chi khi % =§ (hay 2 = g >0).
C

Quy wéc: Néu mau bang 0 thi ti ciing bang 0.
= Xét ba cip s6 thuc (a;b), (c;d) va (e; f):

Ja? +0% +/c? +d? + e + £2 2\/(a+c+e)2+(b+d +f).
Déu ddng thtic xay ra khi va chi khi % = % = % .
Quy wéc: Néu mau bang 0 thi ti ciing bang 0.
2.BAt dang thic vé gia tri tuyét doi:
= |a|+|b|>|a+b|; diu dang thic xay ra khi ab>0.

= |a|+|b|>|a—b|; diu ding thic xay ra khi ab<0.
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= [a—b| > ||a|-|b]; ddu dang thiic xay ra khi ab>0.

= |a|+|b|>|a—b|; diu ding thirc xay ra khi ab<0.

Cau 60.Cho z 12 s6 phtic théa man |z| = |z + 2i|. Gi tri nhé nhat ciia |z -1+ 2i|+|z+1+3i Ia

A. 5/2. B. V13. C. J29. D. 5.

Huwéng dan giai:
Pit z=a+bi (a beR).Taco: |7]=|z+2i|< [a—bi|=|a+(b+2)i

ea2+h’ =\fa’+(b+2) < 4b+4=0c[b=—1] Khidé: z=a—i.

Xét: T =|z—1+ 20 +[z+1+3i| =[a—1+i[+[a+1+2i] = (1-a) +2° +[(L1+a) +2°.
Ap dung bat dang thiac Mincowski, ta duoc:

T=\(1-a) +2 +\(1+a) +2° > [(1-a+1+a) +(1+2) =4+9=+13.Suyra: [T, =+13].

Déudéngthl’rcxéyrakhi1_—a=£>0:>2—2a=1+a:> a=l|.

l1+a 2 3

Cau61.Xét cac sé6 phic z=a+bi (a,beR) théa min [z-3-2i|]=2. Tinh a+b Khi
|2 +1-2i|+2|z—2-5i| dat gié tri nh6 nhat.

A 4-4/3. B. 2+4/3. C. 3. D. 4+/3.

Huéng din giai:
Taco: |z-3-2i|=2<(a-3)" +(b-2)" =4 =|(a-3) +(b-2)"-4=0|.

Xét: T =|z+1-2i+2]z—2-5i|= /(a+1) +(b—-2)’ +2/(a—2)" +(b-5)’

= J(a+1) +(b-2) +/4(a-2)" +4(b-5)

:\/(a+1) +(b—2) +k[(a—3) +(b— 2 } \/4 a-2) +4(b 5) véi s6 thuc k tiy .
0
Ta can chon k dé dong nhdt h¢ sé ciia bac hai a, b trong hai dau cin, tic la
a’+ka®=4a* vaeR
b® +kb* =4b* VbeR

=1k =3|.

Vay T = [(a+1 +(b-2) +3[(a-3) +(b-2)" ~4]+ [4(a—2)" +4(b-5)

— J4a? ~16a+4b° —16b-+32 + [4(a-2) +4(b-5) \/4( —2) +4(b-2) +y4(a-2) +4(b-5)’.

T:Z[\/(a—z) +(b=2) +4(2-a) +(5-b)’ }

\

2 \/(a—2+2—a) +(b—2+5-b)’ Jze.
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Taco: T =6. Dau dang thic xay ra khi

min

a—2=2—§ @, (b-2)(5-b)20 (2), (a=3)' +(b-2)"~4=0 (3)

a-2=0
a=2
1 { Sa=2.

Xét (1) &

Wl 1 1=y 5y
b-2 5-b

Thay a=2 vao (3): b=2++/3. Turdiéu kién (2) suyra 2<b <5, dovaytanhan b=2++/3.

Vay a=2,b=2+J3=a+b=4+43.

V6i bidu thirc hai bién T = 2[\/(a—2)2 +(b—2) +y(2-a)’ +(5-b)’ } ta nhan thiy

diéu dac biét 1a trong hai diu cin déu c6 chira (a— 2)2 , Vi vay d& dang doan dugc diém roi cia
a, tuc 1 a=2. Nho vay ta co thé giai theo ki thuat bdr ding thec gid tri tuyét dbi nhu sau:

© Lam theo ki thudt bét ding thic gia tri tuyét doi:

T =2[\/(a—2)2 +(b-2) +(a-2) +(5—b)2} > 2[\/(b—2)2 +\/(5—b)2}=2(|b—2|+|5—b|).

Suyra: T>2(jo—2/+[5-b[)>2b—2+5-b|=6 hay T,
a=2

Déu ding thirc xay ra khi {(a—3)"+(b-2)"=4=|a=2,b=2++3|.
(b-2)(5-b)>0

ﬂ- [ Ngoai phuong phép giai nhu trén, ta con c6 cach giai khac kha gon la dung dén

=6.

Ki thuat 7: Tao tam gidc dong dang. Va ca hai cach giai nay déu co thé ap dung dé giai cac bai
toan twong tw, chang han nhu cc cau tric nghiém bén dudi.

Cau 62.Cho s6 phac z thay doi théa man |z+1-i|=3. Gid tri nhé nhat cia biéu thuc
A=2|z-4+5i|+|z+1-7i| bing avb . Tinh S=a+b?
A. 20. B. 18. C. 24. D.17.
Huéng dan giai:
Goi z=x+yi (X yeR).Tacé: [z+1-i|=3e (x+1)" +(y-1)" =9 |(x+1) +(y-1) -9=0].

Ta co: A:2|z—4+5i|+|z+1—7i|:2\/(x—4)2+(y+5)2 +\/(x+1)2+(y—7)2 _

A=\a(x-4) +4(y+5) + (x+1)2+(y7)2+k{(x+1)2+(y1)29]
0
Ta can chon k dé dong nhdt hé sé cia bédc hai a, b trong hai dau cin, tic 1a

x> +kx? =4x?, VxeR -

y +ky =4y* VyeR

HOANG XUAN NHAN ZALO: 0969 34 33 44 118




HUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

Vay A:\/4(x—4)2 +4(y+5)2 +\/(x+1)2 +(y—7)2 +3[(x+1)2 +(y—1)2 —9}

2
A:\/4(x—4)2+4(y+5)2+\/4x2+8x+4y2—20y+29:2\/(x—4)2+(y+5)2+2\/(x+1)2+(y—gj .
Theo bét ding thirc Mincowski, ta co:

2 2
A2[\/(4—x)2+(y+5)2+\/(x+1)2+(g—yj }>2\/(4—x+x+1)2+(y+5+g—y) =513
Vay A =5/13=avb=a=5b=13=a+b=18.

Déu dang thirc xay ra khi %: X+l va (4—-x)(x+1)=0, (x+1)2+(y—1)2 =9.
_l_

E_y
2
Cau63.Xét cac s6 phac z=x+Vyi, (x,yeR) théa man |z-4-3i[=3. Khi bicu thuc
=|z+5-3i|+3|z—3-7i| dat gia tri nh6 nhat, tong x+y bang

A. 3+2/2. B. 6-22. C. 22. D. 6+24/2.

Hwéng dan giai:
Taco [2-4-3i|=3 <|(x-4)+(y-3)i|=3 < |(x=4)" +(y-3)"=9| (*).

Xét P =|z+5—3i|+3|z—3—7i|=\/(x+5)2+(y—3)2 +3\/(x—3)2+(y—7)2

_\/(x+5)2+(y—3)2 +k[(x—4)2+(y—3)2—9]+\/9(X—3)2+9(y—7)2 ,

0

Dé dong nhdt hé sé ciia ciia x*, y? trong biéu thirc hai ddu cin, ta chon k =8.

Khi dé: P = Jox” —54x+9y” ~54y +162 +/9(x—3)’ +9(y—7)’

:3\/x2—6x+y2—6y+18 +3\/(x—3)2+(y—7)2 :3[\/(x—3)2+(y—3)2 +\/(3—X)2+(7—y)2}
>3/(x-3+3-x)" +(y-3+7-y)’ =12. Doviy P,, =12.

Dau dang thtc xay ra khi §—§= ?:X , (y=-3)(7-y)=0va (x—4)2+(y—3)2 =9 (*.

HOANG XUAN NHAN ZALO: 0969 34 33 44 119



HUONG PHAP TRAC NGHIEM TOAN 12

20 KI THUAT VDC SO PHUC
»= K7 thugt 11: Bdr dang thirc Cauchy Schwarz

Bat ding thirc Cauchy-Schwarz:

= Cho cac cap s6 (a;x), (b;y), ta co: |ax+by|£\/(a2+b2)(xz+yz).

DAu dang thuc xay ra khi va chi khi a_b (x.y =0) hay %:5 (b.y#0).
Xy y

= Cho céc cap sb (a;x), (b;y), (c;2), ta co: |ax+by+cz|§\/(a2+b2+c2)(x2+y2+22).

CAau 65.Cho s6 phirc z théa |z —1+i|= 2. Tim gia tri 16n nhét cia biéu thac P =|z+2-i" +|z-2-3i[".

Dé4u déng thuc xay ra khi va chi khi 2 = b_c¢ (x.y.z=0).
X y z
Cau 64.Gia st z,, z, la hai trong s6 cac s6 phiac z théa mén |iz+\/§—i| =1 Va |z,—z,|=2. Gia tri I6n

nhét cia |z,|+|z,| bing

A 4. B. 24/3. C. 3/2. D. 3.
Hudéng dan giai:

Tact [iz+2-i|=Les i 2-(1+W2) | ~1 [~ (14 V2 )| -1 |- (1+iv2) -1 ©.

Goi 2, =1+i/2 1356 phirc co diém biéu din 13 | (1;\/5); A, B li cac diém biéu dién cua z,,

z,. Tu(l)suyra IA=1B=1; |z,-2,|]=2= AB=2 nén | latrung diém cua AB.
(N6i cach khéc : AB 1a duong kinh cia duong tron tam 1, ban kinh bang 1).

2
Taco: |z|+|z,|=1.0A+10B <,/2(0A® + OB?) =\/2[20|2 +£J =/4012 + AB* =16 = 4.

Cauchy Schwarz 2

Dau bang xay ra<> OA=0B =2 < |z| =|z,| = 2. Vay gia tri 16n nhat cua |z,|+|z,| bing 4.

|2

A. 18. B. 38+8110. C. 18+2410. B. 16+24/10.
Huéng dan giai:

Giast z=x+Yyi (X,yeR). M(x;y) la diém bicu dién cua z.

Tur gia thiét: [z-1+i[=2,suyra M €(C,) cotam 1,(L-1) vaban kinh R, =2.

Khi d6: [z-1+i|=2 & |(x-1)" +(y+1) =4 = x* +y2 =2x-2y+2| (1).

Ta co: P:|z+2—i|2+|z—2—3i|2 :(x+2)2+(y—1)2+(x—2)2+(y—3)2.

@
Suyra P=2x*+2y? -8y +18=2(2x-2y+2)-8y+18=4x-12y+22 =|4(x-1)-12(y+1)+38|.
Theo bt ding thiic Cauchy-Schwarz :
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‘4(x—l)—12(y+l)‘<\/[42+(—12)2}{(x—1)2+(y+1)2]8\/1_0_

=4
& —8J10 <4(x-1)-12(y+1) <810 < 810 +38 < P <810 +38.Do d6 P,,, =38+8+10.
x-1 -4
DAu biing xay ra khi va chi khi { y+1 12 .
4x 12y +22 =38+8410

Cau 66.Cho so phirc z théa man 5|z —i|=|z+1-3i|+3|z—1+i|. Tim gid tri I6n nhat T cua |z—2+3i ?
A.T:%. B. T =1++13. C.T=45. D. T =9.
Huwéng dan giai:
Goi M la diém biéu dién ciia z; goi A(0;1), B(-13),C(L-1). Tathay A la trung diém cia BC.

BC®

Tacd: MB?+MC? =2MA? + =2MA? +10.

, Cauchy—Schwarz
Theo gia thiét : 5z —i|=|z+1-3i|+3|z-1+i| ©5MA=MB+3MC <  +10. |[MB*+MC*

=2MAZ+10

& 25MA? <10(2MA? +10) < 5MA’ <100=>|MA<2\5| (1).
X8t |z 2+3i|=|(z—i)+(-2+4i)| <|z~i|+|2- 4] <MA+25 <45 (do (2)).
lz-i|=25
Dau "="xayrakhi: { 5 p_1
2 4
Vay gié tri 16n nhat cua |z—2+3i| 1A T =4+/5.
Cau 67.Cho s6 phuc z thoamén |z—3-4i|=+/5 vabiéu thac P =|z+2[ —|z—i[* dat gi4 tri I6n nhat. Tinh

z2=2-3i (loai)

,VGi z=a+bi; a, beR.Suyra .
Z=-2+5I

0

|z +i].
A. 5J3. B. /41. C. J/61. D. 3\5.
Huéng dan giai:

Giastr z=x+Yyi, (X, yeR ). Taco: |z—3—4i|:J§<:> (x—3)2+(y—4)2=5 (1).

Xét P :|z+2|2—|z—i|2 :[(x+2)2+y2}—[x2+(y—1)2]:4x+2y+3

:4(x—3)+2(y—4)+23£\/(42+22)[(X—3)2+(y—4)2}+23=33- Suyra P, =33.
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o x-3_y-4 x-3=2(y-4)
Dau dang thirc xay rakhi { 4 2 S ) )
(x=3)" +(y-4) =5

(x-3)"+(y-4)" =5

- x=2y-5 <:>{)<:2y_5 C>{x:S {x:l
\ .
(2y-8) +(y-4)=5  |y=5vy=3" |y=5 |y=3

X= x=1
V6i { 5:> P =33 (nhan); véi { 3:> P =13 (loai).

Vay khi P 16n nhit thi z=5+5i = |z +i|=/61.

Cau 68.Cho sb phic z thoa

271 ‘ :% . Tim gia tri 16n nhat ciia biéu thic P =z +i|+ 2|z -4+ 7i].

Z+3i
A. 8. B. 20. C. 245. D. 45.
Huwdéng din giai:
Goi Z=X+Yi Vi x, ye R;M(X;y), M’(x;—y) lan luot la cac diém biéu dién sé phic z, 7.
Tac6: ZZJ:;‘:% & V2|z-1=|z+3i] & V2|(x-1)+ yi| =[x+ (y +3)i|

<:>x/§\/(x—1)2+y2 :\/x2+(y+3)2 & 2XF—AX+2+2y* =x*+y* +6y+9

SX+y —4x-6y-7=0< (x—2)2+(y—3)2 =20|.

Nhu vay, tap hop diém M 1a duong tron (C) tam 1(2;3) va
ban kinh R=2+/5.
P=|z+i|+2|7—4+7i|=‘W—@‘+2‘OT\/I’—@‘ Vo
A(0;-1), B(4;-7).Suyra [P =AM +2BM’|.
Vi M’ di xting véi M qua Ox nén ta can goi diém B'(4;7) ddi
*  xung véi B qua Ox, khid6 MB=MB'. Do do:

|P =AM +2MB/|.
M Talaicé A(0;-1), B'(4;7) thuoc duong tron (C) va
AB' =45 =2R, vivay AB' la duong kinh cia duong tron
(C) = MA? + MB" = AB"2 =80.

Do d6: P = MA+ 2MB’£\/(12 +22)(MA2 +MB’ZJ =20.

Cauchy—Shwart

MB' =2MA {MA=4

) ) = , - Vay maxP=20.
MA®+MB'“ =80 [(MB'=8

Dau "=" xay ra khi {
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35

Cau 69.Cho cac sé phiac w, z thoa man |W+i|=T va 5w=

thic P =]z —1-2i|+|z —5-2i| bang

A. 647 . B. 4+2\13.

C. 253.

Huéng dan giai:

(2+i)(z—4). Gia tri I6n nhét cua biéu

D. 413.

35

Ta co: 5W:(2+i)(z—4):>w=w.Thayvao |W+i|=T,taduqc:

‘(2+i)(z—4)+i‘:3J§
5

5
& [2+i|z-3+2i|=3V5 < |jz-3+2i[=3].

o |(2+i)(z-4)+5i| =35 < |(2+i)z-8+i|=35

Goi M 1a diém biéu dién ctia z thi M thuge duong tron (C) tam 1(3;-2), ban kinh R=3.
Xét P =|z-1-2i|+|z2-5-2i| =MA+MB, véi A(1;2) va B(5;2).

Theo bat dang thirc Cauchy Schwarz:

P = MA+MB s\/Z(MA2+MBZ) hay P <\VAMHZ2 + AB? véi

H (3;2) la trung diém AB.
Mat khac: MH <KH vgi moi M (C) nén
P<4KH?+ AB? = [4(IH +R)’ + AB® = 2./53.

M=K
Viy P =253 khi hay z=3—5i va
ay P, =253 {MA g "

3 11.
W=———I.
5 5

= K7 thudt 12: Khdo sat ham sé va ki thudt doi bién

@ Hgc sinh can ndm ving:
e Cong thirc dao ham caa ham so cip va ham hop.
e Cach xét dau céc biéu thirc dao ham.

e Céch pha gid tri tuyét ddi theo dinh nghia, tirc 1a |Al :{

A
-A

e Van dung mot cach linh hoat cong thuc 2.7 = |z|2 voimoi zeC.

khi A>0
khi A<0’

Cau 70.Cho s6 phtc z théa mén |z|=1. Goi M va m lan luot la gia tri I6n nhat va gia tri nho nhat cia

biéu thirc P =|z+1]+|2° —z+1]. Gia tri cia M.m bang

HOANG XUAN NHAN
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Huéng dan giai:

bat t=|z+1 <|z[+1=2 nén t[0;2]. Vi |z] =1 nén z.z =1.

Khi do: P:|z+1|+‘22—z+1‘:|z+1|+‘22—z+z.?‘:|z+1|+|z|.|z—1—7|=|z+1|+|z—1+7|.
Mat khac : t* =|z +1|2 =(z +1).(le) =(z+1)(Z+1) =2+z+Z.Suyra z+Z=t*-2.
Vay P=t+[t* -3 = f(t), vsi t[0;2]. D& thdy f(t) lién tuc trén doan [0;2].

t+t2-3 khi 3<t<2 2t+1 khi /3<t<?2
Taco f(t)=1 & 3 ( +1khi 3 f(t)=0et=1
t—t2+3 khi 0<t<+3 2t+1 khi 0<t<+3 2
. 1) 13
Tacé: f(0)=3, f(zj 7 (J_) J3, f(2)
133

Vay gia tri I6n nhat caa P 1a M :%; gia tri nho nhit cia P 1a m=+/3. Suy ra M.sz.

Cau 71.Cho s6 phiic z théa man |z|=1. Gia trj 16n nhat cta biéu thic P =1+ z|+ 2|1 z| bang
A. 6:/5. B. 4\/5. C. 2\5. D. 5.

Huwdéng dan giai:

Goi z=x+Yyi (x, yeR).Taco: |z|=1=x*+y* =1= y* =1-x*>0= xe[-11].

Xét P=[L+2]+3[L- 2| = y/(L+ )" + y7 +3y(L- %) +y* = 2(1+ X) +2,/2(1X)
bat f ( \/2 1+x +2\/2 1-x), xe[-L1]; ham sé nay lién tuc trén [-1;1].
1

J2(1x) \/2(1—x
Ta co: f(l)=2;f(—1)=4;f(—§j 24/5. Suy ra max f (x)=2+5.

Ta co: f'(x)= L £7(X)=0=>2,/2(1+x) =/2(1-x :»x:—ge( 11).

Xe[ 1

Vay P =25, khi do x:-%, y:ig.

Cau 72.Cho sb phiic z théa man |z|=1. Goi M,m lan luot Ia gia tri I6n nhat, gia tri l6n nhat cua
P:|z5+73+62|—2|z4+1|.Tl'nh M—m.
A M-m=1. B.M-m=7. C. M-m=6. D. M-m=3.
Hwéng dan giai:

Ta co: zZ:|z|2:1<:>7:%.

Suyra P=

1
2°+=+62
z

—2‘z4+1‘:#‘28+1+624‘—2‘z4+q:‘zs+624+q—2‘z4+1‘.
z
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Pt w=z* = |w|=1, ta dugc P =‘W2 +6W+1‘—|2W+ 2.

. _ . x| <1
Goi w=x+yi (x,yeR);viw=1=x*+y’=1= :
ly|<1

P :‘x2 +6x+1-y° +2y(x+3)i‘—2|x+1+ yi|=‘2x2 +6x+2y(x+3)i‘—2|x+1+ yi|

= 2|(x+3) (x+yi)[—2¢/(x+1) +y* =2|(x+3)|x+ yi| - 2v2x+2 =2(x+3) - 2v/2x+ 2.

bat f(x)=2(x+3)-2v2x+2 trén doan [-11].

f’(X)=2—2#; f'(x)=0=2-2 . :0<:>\/2x+2:1<:>x:—%.

2X+2 N2X+2

Taco: f(-1)=4; f(—%j:& f(1)=4.Vay M=4, m=3=>M-m=1.

Cau 73.Xét cac s6 phirc z, w théa man |z| = |w| =|z—2w|. Héi gid tri 16n nhét cua biéu thic T = LZ
1+|z+w|

thudc tap nao trong céc tap dudi day?

A.[0;1]. B. (1; 2]. C. (2;3]. D. (3;5].

Huwdéng dan giai:
Truong hop 1] Xét w=0= |z| =|w| =|z—2w|=0. Khi do: T = [ 4

1+|z+w|2 _1+|z+w|2

Truong hop 2: Xétw¢0,tacé:|z|:|w|:|z—2w|<:>%: =%—2.
t=1 2 b2=1 =
Datt:£:a+bi (a,beR) thi 4 = o ) :{a ! hay t=1.
w t-2/=1 |(a-2) +b*’=1 (b=0
Khido: 1o z-w. Taco: To— 214 _ 12
: : ; . . >
w 1+[z+w" 1+[2z] 1+4]z|
3 u , 1-4u? 1
Datu=|z|>0,suyraT=1+4u2:f(u); f (u)=(1+4u2)2=0:>uz§,
(! 0 % +oc
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Vay T

o :l;khi do u:|z|=£.
4 2

Cau 74.Xét tit ca céc s6 phuc z thoa man |z—3i+4|=1. Gia tri nho nhét ctia |2* +7—24i| ndm trong
khoang nao?
A. (0;1009). B. (1009;2018). C. (2018;4036). D. (4036;+).

Huéng dan giai:

w Nhén xét: (4-3i)° =7-24i, ta c6 dinh hudng ddi bién z, =4-3i = 22 =7 24i.
Taco 1=|z-3i+4|>z|-3i—4| =|z|-5|= -1<|z|-5<1= 4<|z|<6.
bat z,=4-3i, |z,|=5= 25 =7-24i.

Taco A:‘z2 +7—24i‘2 =‘z2 + zj‘z :(z2 + z§)(72 +702) =lz| +]z,|' +(22, + 2,Z)" — 2|22,
Talaico: (z2+2))(Z+2)=(2+2)(2+2,)=2+2| =1= 27, + 2,7 =1-|7| — |z,
suyra A=[g +[z,[ +(1-J2f |5 | -2z =|2f* +5" +(1-]2f ~25) ~2.25.)2| = 2Ja]* -2z +1201.
Dit t =|z|€[4;6]; khi do A=2t"-2t*+1201=f (t); f'(t)=8t"-4t=0>0, Vte[4;6].
C =4
Vivay A, = f(4)=1681<(1009;2018). Dau dang thuc xay ra khi va chi khi {:4 4-gi-1
z+4-3i|=

x= K7 thudt 13: Phwong phép lweng giac hoa sé phic
1. Dang hrong giac cia so phirc:

Xét z=a+bi :\/a2+b2( a b i] V6i a, b khong ddng thai bang 0.

+
JaZ+b? a2 +b?
b
bat r=+va’+b?, cosp = a
Y Ja+b? va’+b?

z=r(cosp+ising)|, r>0 ladang lugng gi4c cua so phirc z=a+bi (a, beR).

,sing = (sin” p-+cos’ p =1), khi do:

2Luu y: ¢ dugc goi la mot argumen cua sé phic z, ¢ =(Ox, OM ) véi M (a;b).
2. Nhan, chia sé phitc dang lweng giac:
Cho z=r(cosg+ising) va z'=r'(cos¢' +ising'), khi do:

o |zz'=rr'[cos(p+g')+isin(p+¢')].

z T .
£ _1 P P ’ ' 0
. - r,[cos(go @')+isin(e go)] 7' #

3. Nang liiy thira s6 phirc dang lweng giac (cong thirc Moa-vro):

Cho z=r(cosp+ising), khi do: (2" =r"(cosng+isinng)| véi moi n nguyén duong.

4. Cin bac hai s6 phirc dang lwong giéc:
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Cho z = (cosp+isin ), khi d6 c6 hai cin bdc hai ciaz 1a ﬁ(cos%ﬂsin%j va

@ icin?
—Jr| cos=+isinZ |,
s )

Cau 75.Cho sé phic z=a+bi (a, beR) théa man |z—-1-i|=1. Gia tri nho nhat cua biéu thuc
=|la+b-5| la

A 3-42. B.2-/2. C.3-242. D. 2++/2.

Huwéng dan giai:

Theo gia thit ta c6 |z -1-i| =1 (a-1)° +(b-1)" =1 (*).
bat a—1=sint, b—1=cost (0<t<2z) thoa man (*).

«/Esin(t+£j—3‘:3—\/§sin(t+£).
4 4
Ta co: —1£sin(t+%j£l<:> \/§< «/_sm(t+ j<«/_<:>3 \/§<P<3+\/_

Do d6 gi4 tri nhé nhat cia P 1a 3—+/2.
Cau 76.Cho sb phtc z thoa mén |z -1+ 2i|=+/5. Gia tri I6n nhit cua |z +1+i| bing

A. 5. B. 5\2. C. 20. D. 2.5.

Huéng din giai:

Khi do P =|a+b—5|=]|sint+cost—3 =

bat z=x+yi (x, yeR).

Taco: [2-1+2i| =5 < [(x-1)+(y+2)i|=5 < (x-1)" +(y+2)" =5.

bt x—1=~/5sint
y+2=+/5cost

- \/(\/Esint+ 2)2 +(\Ecost—1)2 = 10+ 45 sint — 2+/5 cost

cosp =
\/10 10(ismt—%c03tJ :\/10+lOsin(t—go) Voi

singp =

voi 0<t<2z.Taco |z+1+i|=|(x+1)+(y+1)il :\/(x+1)2+(y+1)2

ml&m%

Vi —1<sin(t—¢) <1 véimoi t, pe R =+10-10 <|z+1+i[<10+10 <:>0§|z+1+i|£2J§.
Vay gi4 tri 16n nhit cua |z +1+i 1a 25.

Dau "=" xay rakhi sin(t-¢)=1< a—¢:%+k27z
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Cau 77.Xét cac sé phac zva w thoa méan |z|=|w|=1|z+w|=+2. Gia tri nho nhit cia biéu thuc
P =|zw+2i(z+w)-4| bang

A. % B. 1+i‘/§. C.5-22. D. 5.

Huéng dan giai:

Do |z|=|w|=1=>z=cosa +i.sina, w=cos S +isin B (a, BeR).

Suy ra z+W:c0305+cos,8+i(sinoz+sin,6’):>|z+w|=\/(c0505+cosﬂ)2+(sinoc+sin,8)2

= J2+2cosacos B+ 2sinasin :\/2+2003(a—ﬁ) :

Do |z+w|:ﬁ:cos(a—ﬁ)=0:a—ﬂ=%+k7z (kez).

Chon k :O:ﬂ:a—% = Ww=sina—i.cos .

P =‘zw+2i(z+w)—4‘ :‘zw+ 2iz+2iw+4i2‘:‘z(w+ 2i) +2i (w+ 2i)‘=|z+2i|.|w+2i|

P =|COSa+isina+2i|.|sina—iCOSa+2i|:\/C032a+(sina+2)2.\/sin2a+(2—COSa)2

=5+4sina~5—-4cosa = \/25+20(sina—005a)—163in a.cosa .

Pit t:Sina—COSa:ﬁsin(a—%je[—ﬁ;ﬁ]:tz =1-2sin @ cosa = Sin @.COS & =

_ 42
Khi do: P =\/25+ 20t—16.:L 2t =+/8t% + 20t +17 = f (t)

Taco: f'(t)= 8t+10 :0:t:—%e[—«/§;«/§].

\J8t2 + 20t +17

Dé dang lap bang xét dau va c6 duoc P, = f (—Ej = %; khido t= —% :

4
32

Vay gié tri nho nhat cua P bang -
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Céu 1.

Céu 2.

Céu 3.

Cau 4.

Caub.

Céau 6.

Cau 7.

Céau 8.

Cau 9.

Cau 10.
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BAI TAP TRAC NGHIEM THUC HANH CHU BE 3

Cho sb phtc z théa man |z+i+1=|z —2i|. Gia tri nho nhét cta |z| bang

1
A /2. B. —. C.2. D. 1.
J2
Cho s6 phtrc z théa man |z+3—4i|=3 va w=2z+3-2i.Khi d6 |w| c6 gi4 tri lon nhét bing
A. 6-35. B. 6+35. C. 7. D.3\5.
Cho sb phirc z=a+Dbi (a, beR) thoa man Z+2_ 12 mot sb thudn ao. Khi s6 phirc z c6 médun

’ Z+2i
nho nhat, hay tinh a+Db.
A. a+b=0. B. a+b=2y2-1. C.a+bh=4, D. a+h=22.
Cho sé phuc z,, z, théa |z, —1-2i|=2 va |z, +2+3i|=|z, ~1-i|. Gia tri nh6 nhét cta |z, -z,
bang

= B. 22, c. 2. D. 2.
10 10 10 10
Xét céc sb phirc z thoaman |z —1+2i| = 24/5 vasé phuc w thoa (5+10i )W = (3-4i)z—25i . Téng
gia tri 16n nhat va gid tri nhé nhat ctia bieu thuc P =|w| bang
A. 4. B. 2410 . C. 45. D. 6.
Cho hai s6 phirc z va w théa man z+2w=8-6i va |[z—w|=4. Gia tri 16n nhat cia biéu thic
|z +|w| bang
A. 46 B. 2+/26. C. /66. D. 3/6.
Cho hai sé phuc z,w théa man ‘z —3\/5‘ =2, ‘w—4\/§i‘ =242 Biét ring |z —w| dat gi4 tri nho
nhat khi z =z,, w=w,. Tinh [3z, —w,|.
A 242, B. 442. C.1 D. 64/2.
Cho hai s6 phuc z,, z, théaman |z,|z, =4|z,|z,. Biétring M, N lan lugt 1a céc diem biéu dién s6
phac z,,Z, trén mat phang toa d thoa man tam giac MON ¢6 dién tich bang 32, khi d6 gia tri nho
nhét cta |z, + z,| bang
A. 82. B.124/2. C.12. D. 16.
Goi M la diém biéu dién sb phirc z, =a+(a’—2a+2)i va N la diém biéu di&n cho s phuc z,
biét |z, —2—i| =z, —6—i|. Tim khoang cach ngan nhat gitra hai diém M, N .
c. 85
5

A. 2.5, B.5. D. 1.
Cho hai s6 phuc z va w=a+bi thoa man ‘z+\/§‘+‘z—«/§‘:6; 5a—4b—20=0. Gia tri nho nhat

cua [z—-al la
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Céu 11.

Céu 12.

Cau 13.

Cau 14.

Cau 15.

Cau 16.

Céau 17.

Céau 18.

Cau 109.

Céau 20.
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3 5 4 3

A. : B. . C. . D. —.

a1 Ja1 J41 41
Goi z=a+bi (a, beR) lasé phac thoa min didu kién |z —1-2i|+|z+2~3i| =10 va c6 md dun
nho nhét. Tinh S =7a+b?
A T. B. 0. C. 5. D. -12.
Cho z, z, la hai s6 phuc thoa mén |iz—1+i|=2 va |z, —z,| =+/2. Gia tri 16n nhét cua biu thuc
P =|z, +2, +1+2i| c6 dang a++/b . Khi d6 a’+b c6 giatri Ia
A. 18. B. 15. C. 19. D.17.
z+3i-1

Z+3+1
2,2, €S théa man |z, - 7,| = 2. Gia tr 1on nhét cua biéu thic P =|z, - 3i[* |z, - 3i[* bing

Goi S 1a tap hop tat ca cac sd phiic z sao cho sd phic W= 1a thuan 4o. Xét cac sb phirc

A. 24/26 . B. 4/26. C. 20. D. 10.

Cho biéu thic P =|z-1-2i|+|z—-3-4i|+|z—5-6i] va xét cic sb phic z théa man diéu kién
|z+2|=[L+2i|. Biét gia nho nhit cia P Ia P, =avb véi % la phan s toi gian. Gia tri cua
P=a+b bing

A. P=10. B. P=11 C. P=12. D. P=13.

Cho hai s6 phuc z,, z, thoaman 5|z, —i|=|z, +1+i|+3|z, —1-3i|va |z, +i|=5. Gid tri I6n nhat cua
biéu thic P =|z, +z, —2—4i| bang

A. 5+35. B. 2++/13. C.o. D. 5+445.

Cho s6 phirc z ¢6 [z|=1. Tim gi trj 16n nhét cia biéu thic P =|2° - z|+|2* +z+1].

A.?. B. 3. C. 3. D.lzl.

Trong céc s6 phtc z thoa man |z—3—4i|=2 c6 hai sb phic z,, z, théa man |z, —z,|=1. Gia tri

nho nhét cua |z,” ~|z,|" bing

A. -10. B. -4-3.5. C. -5. D. -6—2.5.
Cho z la sé phuc thoa man |Z|=|z + 2i|. Gia tri nho nhat cua |z -1+ 2i[+|z+1+3i| 1a
A 52. B. V13. C. v29. D. 5.

Cho sé phtc z théa mén |z —3—4il =/5.Goi M va m lan luot 12 gia tri 16n nhat va gié tri nho

At o - 2 , 2 -2 A , X , .
nhat cua biéu thuc P =|z+2|" —|z—i|". Mddun cta s6 phirc w=M +mi 12

A. |w| =34137. B. |W =./1258. C. |w| =2+/309 . D. |w| =2+/314 .
Cho hai s6 phtc z,, z, théa man |z, +1-i|=2 va z, =iz,. Tim gia tri nhé nhat m cia biéu thuc
|2,-2,|?

A m=+2-1. B. m=22. C. m=2. D. m=2J2-2.
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Céu 21.

Cau 22.

Cau 23.

Cau 24.

Cau 25.

Cau 26.

Céau 27.

Cau 28.

Céau 29.

Cau 30.

HUONG PHAP TRAC NGHIEM TOAN 12
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Biét rang hai sé phuc z,, z, théa mén |z, —3-4i|=1 va |z, —3—4i| :%. S6 phirc z ¢6 phan thuc

la a vaphan 4o 1a b thoa man 3a—2b=12. Gia tri nho nhat cua P =|z-z,|+|z—2z,|+2 bang:

A P, = “919145. B. P, =5-243. C.P, :—“91245. D. P, =5+25.

Cho cac s6 phuc z, z,, z, thay d6i thoa man cac diéu kién sau: [iz+2i+4|=3, phan thuc cua z,
bing 2, phan 4o cua z, bang 1. Tim gié tri nho nhit cua biéu thic T =|z— 7" +|z- 2,/

A. 9. B. 2. C. 5. D. 4.

Cho s6 phic z=a+bi (a, b eR) théa min |z|=1. Tim gia tri I6n nhat cia biéu thuc
A=|z+2]+2|z-2.

A. 10. B. 52. C.10V2. D. 7.

Cho 1z, z, la hai trong céc sé phic thoa man ‘z—3+«/§i‘ =2 va |z,-z,|=4. Gia tri 16n nhét ciia
|2,|+|2,| bang

A. 8. B. 44/3. C. 4. D. 2+24/3.

Xét céc sb phuc z=a+bi (a,beR) thoa min |z+2-3i[=2J2. Tinh P=2a+b khi
|2 +1+6i|+|z — 7 2i| dat gia tri 16n nhat.

A. P=3. B. P=-3. C. P=1. D.P=7.

Cho sé phuc zthéa man |(1+i)z+1-3i|=3V2. Gia tri lén nhit cua biéu thuc

P =|z+2+i|++/6]|z—2-3i| bing

A. 5V6. B. V15(1++6). C. 645, D. V10 +3415.
Cho céc s6 phic z va W thoa man (3—i)|z|=Wi1+l—i . Timgia tri Ion nhat T = |w+i
A.Q. B.ﬂ. C. 2. D.i.

2 2 2

Cho cac s6 phac z thoa man ‘Z—\/E‘+‘Z+\/E‘=2\/§. Tim gia tri nho nhit cua biéu thuc

P:‘z+2\/§+i‘+‘z—3x/§+2i‘+‘z—3i‘ .

A. 12. B. 6. C. 8. D. 10.

Cho céc s6 phirc zva w théaman |z—4| =1 va |iw—2|=1. Khi |z + 2w| dat gia tri nho nhat, |iz + w|
biang

A. 25. B. 42-3. C. 6. D. 442 +3.

Xét s phtc z,w thoa man |z| =1 va |w|=2. Khi |z +iw—3+4i| dat gia tri nho nhat, |z +w| bing
A. 3. B.@. C. 5. D.@.
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HUONG DAN GIAl BAl TAP TRAC NGHIEM CHU PE 3
Cau 1. Cho s phac z thoaman |z+i+1 =z -2i|. Gia tri nhé nhat cua |z| bang

1

A 2. B. —. C.2. D. 1.

2

Huéng dan giai:

Goi z=x+Yi(X,yeR) thidiém M (x;y) la diém biéu dién cua z.
Taco: |z+i+1 =[7-2i| < |(x+1)+(y+1)i|=|x—(y+2)i|
<:>(x+1)2+(y+1)2:x2+(y+2)2<:>x—y—1:0.
VayM thuoc dudng thang A:x—y—1=0.
Taco |z|=0M nhé nhat khi M Ia hinh chiéu ciia O trén A.

1
Vivay |z| . =d(0, A)=——.
y| |m|n ( ) \/E
Cau 2. Cho sé phirc z théa man |z+3—4i|=3 va w=2z+3-2i.Khi d6 |w| c6 gia tri 16n nhét bang
A. 6-35. B. 6+3.5. C.7. D. 3\5.

Hwéng dan giai:
© Cich giai 1:
Taco |w|=[22+3-2i] =[2(z+3-4i)-3+6i| <[2(z+3-4i)+|-3+6i]

—6+4/(-3) +6° =6+3V5. Do dé [w]__ =6+375.

. z+3-4i=k(-3+6i), k>0 NIE 2 _
Déu ding thirc xdy ra khi _ (~3+6i) suyra JVOKT#30KT =3\ V5
|z+3-4i|=3 k>0 5
© Cach giai 2: v
H M
Ta co: w:22+3—2i:>z=m ).

Thay (*) vao |z+3—4i|=3, ta duoc:

‘ww—m ~3<|w+3-6i[=6.
Goi M Ia diém biéu dién ciaw thi M thuge duong tron tam 1(~3;6), =
bén kinh R=6.

Do vay [w| _ =OM =0l +R=,/(-3) +6° +6=35+6.

Déau ding thirc xay ra khi ba diém O, I, M thang hang theo tht ty do.

A I . . ~I+2 4 A 2 . A, L a
Cau 3. Cho so phtic z=a+hbi (a, be R) thoa man 1a mdt so thuan do. Khi s6 phttc z ¢6 modun

Z+2i
nho nhat, hay tinh a+Db.
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Caub.

HUONG PHAP TRAC NGHIEM TOAN 12
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A. a+b=0. B.a+bh=2J2-1. C.a+bh=4. D. a+b=22.

Hudéng dan giai:

Goi M (a;b) la diém biéu dién cho sé phuc z. Diéu kién: z = -2i.
242 a+2+bi _(at+2+bi)[a—(b+2)i]
z+2i  a+(b+2)i a2+(b+2)2 '
Vi w thuan 4o nén
(a+2)a+b(b+2):0<:>a2+b2+2a+2b:0<:>(a+1)2+(b+1)2 =2.
Suyra M thudc duong tron tdm 1 (—1;-1), béan kinh R=+2.
Taco |z|=0OM nhé nhét khi M va O tring nhau. Vay z=0=>a+b=0.
Cho s6 phuc z,, z, théa |z, —1-2i|=2 va |z, +2+3i|=|z,-1-i|. Gia tri nho nhét cia |z, —z,|
bang
A S B. 2 c. 2 p. 3
10 10 10 — 10

Hwéng dan giai:
Goi M la diém biéu din cia z, thi M thudc duong tron tam 1(1;2),
ban kinh R=2.
Goi z, =x+Yi Vé6i X, y e R. Khi do: |z, +2+3i|=|z, -1

Xét w=

& (x+2)" +(y+3)" =(x-1)" +(y-1)" < 6x+8y+11=0. \ g{
Ry

Goi N 1a diém biéu dién cua z, thi N thudc dudng thing o1 ‘
d:6x+8y+11=0. \
33 13 13
Taco: |z,—7,|=NM >d(l,d)-R=—-2=—hay |z,-2,| . =—.
| 1 2| ( ) 10 10 y| 1 2|m|n 10

Déu dang thirc xay ra khi 1, M, N thang hang theo thir ty d6 va N 1a hinh chiéu cua | trén d.

Xét céc sb phirc z thoaman |z —1+2i| = 24/5 vasé phuc w thoa (5+10i )W = (3-4i)z—25i . Téng
gid tri 16n nhat va gid tri nhé nhét ctia bieu thuc P =|w| bing

A. 4. B. 2410. C. 445. D. 6.

Huéng dan giai:
Taco (5+10i)W=(3—4i)z—25i < z=(5+l§')2+25'
—al
Khi d6 : [z -1+2i| = 24/5 < |(~1+2i)W-5+5i| = 24/5 & |(-1+2i)W-5+5i| =25

_ —5+5ij
W+

< 7=(-1+2i)W-4+3i.

< -1+ 2il.

‘:2£@|v—v+3+i|=2@‘(M)‘=2@|w+3—i|=2.
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Cau 6.

Cau 7.

HUONG PHAP TRAC NGHIEM TOAN 12
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Goi M la diém biéu dién ciia w thi M thudc dwong tron tam 1(-3;1), Y
bén kinh R=2.

Khi d6: P =|w|=0M >0l -R=+10-2 hay P,;, =10 2. ;

Déu ding thirc xay ra khi O, M, | thing hang theo thu tu do. R Vi !

Cho hai s6 phirc z va w théa man z+2w=8-6i va |[z—w|=4. Gia tri 16n nhat cua biéu thuc

|z|+|w| bang
A. 4+/6. B. 2/26. C. /66. D. 36.
Hudéng dan giai:

Giasa M, N lan lugt 1a cdc diém biéu dién cho z va w.
L4y E d6i xttng O qua N, v& hinh binh hanh OMFE.
Suy ra OM + 20N = OF =20l =(8;-6)

—=OF =10, Ol =5; |[z—w|=MN =4.

Dit [z =OM =a, |w|=0N=g.

Theo tinh chét trung tuyén trong tam giéc, ta co:

2 2 2
O|2=a +b _ME _ s e
24 = =+ 2= 66— 2a° +b" =88,
VN2 o & TMET BT .
2 4
2 bY (1 1. (1 1 3
Taco: (|z|+|w]) =|a+=| =| ——=+2a+=b| <| =+=|(2a®*+b*)==.88=66.
(ol =(a+2 ) =( 5230 ) <[5+ (2er+07) =3
Suy ra |z]+|w| < /66 hay (|z|+|w|)  =+/66. Déau dang thirc xay ra khi va chi khi
2a>+b%? =88
1 a=b 2.6 2.6 J6
o= a=b=—— hay OM = , ON =—
M=ﬁ {3a2:88 3 3
b 1
2

Cho hai sé phuc z,w théa man ‘2—3\/5‘ =2, ‘w—4\/§i‘ =242 Biét ring |z —w| dat gi4 tri nho

nhat khi z =z,, w=w,. Tinh [3z, —w,|.

A. 22 B. 442. C.1. D. 64/2.

Hwéng dan giai:
Goi M, N theo tht tu 1a cac diém biéu dién cua cac so phac z, w.

Vi ‘2—3«/5‘ =+/2 nén M thudc duong tron tam | (3«/5;0), ban kinh r=+/2.
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Vi ‘W—4\/§i‘:2\/§ nén N thuoc duong tron tam J (0;4\/5), ban kinh R=2/2.
Taco: [z-w|=MN>1J —r-R=5V2-v2-22 =22 hay lz-w| =22.
¥

Déu dang thic xay ra khi I, M, N, J thang hang theo tht tu do.
Ta c0:
. 1242
N . N . M J
M-MijoM-tiie > :>z0=%+ﬂi "
13 5 42 5 5 .
e
X _6v2 X
. . . . N — I
N-Npen-Te S :>wo=ﬂ+%i. o wr ) o
1] 5 122 5 5
="

Suy ra |3z, —w,| = ‘6&‘ =642

Cau 8. Cho hai sb phtc z,, z, théa man |z,|z, = 4|z,|z,. Biétrang M, N lan luot la cac diém biéu dién sb
phac z,,Z, trén mit phang toa d théa man tam giac MON ¢6 dién tich bang 32, khi d6 gia tri nhé
nhét cia |z, + z,| bang
A. 8V2. B. 12/2. C. 12. D. 16.

Huoéng dén giai:
Taco: |z|z, =4|z,|z2, = || 4| =|4]z,| 2| = || = 4]z = || = 2|z

Thay |z, =2|z,| vao |z2,|z, =4|z,|z,, taco: 2|z,|z, =4|z,|z, = 7, =22, = ||z, + 7,|=[32,| = 3|2, |.

Goi z,=2a+2bi (a,beR)=1z,=a+bi=7Z,=a-bi.
Vi M, N lan luot 1a céc diém biéu dién s6 phirc z,,Z, nén M (2a;2b), N(a;-b).

Suy ra OM =(2a;2b), ON =(a;-b); S,oum :%‘Za(—b)—Zb.a‘:2|ab|:32:>|ab|:16.

Khi do: |7, +2,| = 3|z, = 3Va? +b? > 3,2[ab] =1242.
A= fa=s4

< .
lab|=16 ~ |b=*4

Cau9. Goi M Ia diém biéu dién s6 phuc z, =a+(a®-2a+2)i va N la diém biéu dién cho sé phirc z,

Déau ding thirc xay ra khi va chi khi {

biét |z, —2—i| =|z, —6—i|. Tim khoang cach ngén nhat gitra hai diém M, N .
A. 245. B. 5. g.?. D. 1.
Huéng dan giai:
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Taco 2, =a+(a’-2a+2)i =M (a; a’-2a+2). Goi z, =x+Vi, (X;yeR).

Tact |z, -2-i|=|z, -6-i| & (x=2)" +(y -1)" =(x=6)" +(y+1)’ = 2x—y-8=0.
Suyra N thudc duong thang d : 2x—y—8=0.

[2a—a’+2a -2 -§ \a 2)° + 6]

22 +(-1) NN

Dau dang thtic xay ra khi va chi khi a=2 hay z, =2+2i.

Khido MN_;, =d(M, d) =

. 6
Vay minMN = —.
y N3

Cho hai sé phic z va w=a-+bi théa man ‘z+\/§‘+‘z—\/§‘=6; 5a—4b—20=0. Gi tri nho nhét

cta |Z—a)| la
5 4 3
—_— B. —. C. —. D. —.
41 Ja1 J41 41
Hwéng dan giai:

Dit Fl(— 5,0), F,(5;0)= FF, =245 ; M la diém biéu dién ciia z

Taco ‘z+\/§‘+‘z—«/§‘:6<:> MF, + MF, =6> 2+/5 nén M thuoc elip véi {2¢ = 2+/5

a=3 ,
=1c=+5;suyra (E )X— Y _1.
be? 9 4

Tap hop cac diém N biéu dién sé phic @ 1a duong thang
A:5x—-4y—-20=0

. =3 -
Taco |z—w|=MN . Yéu clu bai toan 1a tim diém M e (E) / \‘:
(B)
-2

va N €A sao cho MN nho nhit.
Xét duong thang d song song véi A, d c6 dang
5x—4y+C =0 (C#=-20).

c=17

d tiép xtic vai (E) khi va chi khi C =(5.3) +( 4.2)2=289:>L_ 17

Véi =17 =d(d,A)= |20 17' Véi c=-17 =d(d,A)= 20417 _ 3 .
N \F 524 (-4) V41
3
Vay MN_ ==
ay min \/H
[ = Nhic lai:
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Diéu kién dé duong thang Ax+By+C =0 tiép xuc véi elip
2 2

X Y (a>b>0, czzaz—bz) 1 (Aa)2+(Bb)2=C2.

a? b?

Goi z=a+bi (a, beR) Iasd phic thoa min diéu kién |z —1-2i|+|z +2-3i| =10 va c6 md dun
nho nhat. Tinh S =7a+b?
A T. B. 0.

Goi A(1;2), B(-2;3) va M (a;b) la diém biéu dién s phic z=a+bi.
Taco |z-1-2i[+|z+2-3i|=V10 & MA+MB=AB < A M, B ”
thang hang theo thir tu do. /
Ta can tim diém M thudc doan AB dé [z|=OM  bé nhat. S /
Phuong trinh dudng thang AB: X2_11 = 3—_5 < X+3y-7=0. p
Goi H Ia hinh chiéu vudng géc cia O trén duong thang AB. . ;
buong thang OH qua O va vudng goc AB nén c¢6 phuong trinh |/
OH :3x—-y=0. Nz

X+3y-7=0 10

y hay H 12—1 /

3X-y=0 10 10

C. 5.
Hudéng dan giai:

D. -12.

2V

Suy ra toa do H la nghiém cua hé {

Ta thay H thudc doan AB Vi X, < X, <X,. Vay |z2|=OM bé nhitkhi M =H .

7, 2

Ta co: z:1+2—1i:>a— b=—=7a+b=7.
10 10

10 10
Cho z, z, la hai s6 phuc thoa mén |iz—1+i|=2 va |z, —z,| =+/2. Gia tri 16n nhét cua biéu thuc

P =|z +2, +1+2i| c6 dang a+~/b . Khi d6 a’+b c6 giatri Ia

A. 18. B. 15. C. 19. D. 17.
Hwéng dan giai:
— i Y
Taco: |iz-1+i|=2<i|.|z+ 1_+| =2<|z+1+i|=2.

Goi M, N theo thir tur 1a cac diém biéu dién cua z,, z, thi M,
N thuge duong tron (C) cd tdm 1(—1;-1), ban kinh R=2.
Mt khéc |z, - z,| =2 = MN =2.

M
H

21+_Zz_(_l_i] =2HA v6i H 1a N
2 2

P=|z,+2,+1+2i|=2

trung diém MN va A(—%;—lj.
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Céau 14.

HUONG PHAP TRAC NGHIEM TOAN 12
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P dat gia tri Ion nhét khi AH 16n nhét; suy ra A, 1, H thang hang theo tht tu do.

2
Taco: AH,, = IA+ INZ—NH2:%+ 22_(%} :1+;/ﬂ.

Khidé: P, =2HA  =1+14=a++b=>a=1b=14=a’+b=15.
z+3i-1

Z+3+1

Goi S 1a tap hop tat ca cac sd phiic z sao cho sd phic W= 1a thuan ao. Xét cac sb phirc

2,2, €S thoa man |z, - z,| = 2. Gié tri 16n nhét cua biéu thic P =|z, - 3i[* ~|z, - 3i| bing

A. 2426 . B. 426 . C. 20. D. 10.
Hwéng dan giai:

Giast z=x+VYi(x,yeR), z#-3-i.

X+ yi+3i_1:[(x—1)+(y+3)i][(x+3)—(y+1)i]

X+ Yi+3+i (x+3)" +(y+1)’

Vi w 1a s6 than do nén (x—1)(x+3)+(y+1)(y+3)=0< x> +y* +2x+4y=0.

Khi d6 ta co: w=

Suy ra tap hop diém bicu dién ctia w 1a duong tron (C) tam 1 (-1;-2), ban kinh R = 5.
Goi M, N 1a cac diém biéu dién cua z,,z, thi MN 1a day cung ctia duong tron (C) va MN = 2.
Goi A(0;3) 1a diém biéu dién cua 3i, taco 1A=+/26. py
, .12 .12 2 2 —2 —2
Taco: P=|z,-3i|" —|z, -3i] =MA?-NA*=MA —NA
— . —\2 —  —\2
=(MI+1A) —(NI +IA)

=W+zmm+m2_(m2+zmm+mz)
- 2ﬁ\.(W—M) —2]1AMN = 2IA.MN.COS(FA,W)

:4\/%.003(FA,W)S4\/%-

Vay P =4+26. D4u bang xay ra khi va chi khi hai vecto 1A, MN
cung hudng.
Cho biéu thic P =|z-1-2i|+|z—3-4i|+|z—5-6i] va xét cic sb phic z théa man diéu kién

|z+2|=[1+2i|. Biét gia nhé nhat cia P la P, =avb voi % la phan s toi gian. Gia trj cua
P=a+b bing
A. P=10. B. P=11. C. P=12. D. P=13.

Hwéng dan giai:

Pat M(x;y) la diém biéu dién sé phic z va A(L;2), B(3;4), C(5;6).
Tacod P=|z—1-2i|+|z—3-4i|+|z-5-6i|= MA+ MB+MC
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Nhan thiy cac diém A, B, C cling thudc duong thang
A:Xx—y+1=0.

Taco: |z+2|=[1+2i| < (x+2)*+y? =5, suy ra M thudc duong
tron tam 1(—2;0) ban kinh R=+/5.

T hinh v& c6 nhan dinh: P = MA+MB+MC nhé nhit khi va

chi khi M =M, véi Mg (0;1).
Khi do: P, =+2+3J2+5y2=9J2=a+b=11.

Cho hai s6 phtc z,, z, théaman 5|z, —i|=|z, +1+i|+3|z, —1-3i|va |z, +i| =5. Gid tri I6n nhat cua

biéu thic P =|z, +z, — 2—4i| bang

A. 5+3.5. B. 2+4/13. C. 9. D. 5+4+/5.

Hwéng dan giai:
Goi A(0;1), B(~1;-1), C(1;3); M va N 14 hai diém biéu dién sé phuc z,, z,.
Ta thay A 1a trung diém doan BC. Ta c6: 5SMA=MB+3MC.
Theo cbng thie duong trung tuyen, ta co:
_ MB*+MC? BC?
2

BC?

MA? < MB? + MC? = 2MA? +

2
Ta c6: 5SMA = MB +3MC <12 + 3’ //MB? + MC? =+/10.,|2MA’ +%

2
Bg j@ MA? <BC? < MA< 25 hay |z, —i|< 25|,

< 25MA? SlO(ZMAZ +

Xét P=|z,+12,-2-4i|=|(z,—1)+(z, +1)+ (-2 4i)| < |z, [ +]z, +i|]+ |-2— 4i|.
P<2J5+5+2y/5 hay P =4J5+5.

z,—i=k(-2-4i), k>0
_ —i|=25
Dau ding thuc xay ra khi va chi khi g _'| v5 _ .
z,+i=1(-2-4i),1>0
|z, +i|=5

Cho s6 phirc z ¢6 [z|=1. Tim gié trj 16n nhat cia biéu thic P =|2° —z|+|2* +z+1].

A-?- B. 3. C. /3. D.lzl.
Hwéng dan giai:

Ta co: P:‘z2 —z‘+‘zz+z+1‘:|z|.|z—14+‘z2 +z+2.7‘:l.|z—14+|z|.|z+1+7|:|z—1|+|z+7+1|.

Pt z=x+Yyi (x, yeR).Suyra P=/(x-1)"+y? +|2x+1 = v2—2x +[2x+1] vi xX* +y* =1.
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Cau 17.

Cau 18.

HUONG PHAP TRAC NGHIEM TOAN 12
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N2-2x+2x+1, khi —1£x£1
Xét f(x):\/2—2x+|2x+]4= 2 1;
N2-2x—-2x-1, khi —13x<—§

! +2 khi —1<x<1
2-2x 2

f'(x)= . 1; f'(x)=0=-
—2 khi _1SX<_E

2—2X

\J2-2x
, 1 7 13 7 13
T cf(-1)=3, f| —=|=+3, f|=|=—, f(1)=3.Vay P_ =f| = [=—.
aco: f(-1) ( Zj J3 [8) . (1) ay P, (8) 2

Trong cac s phic z thoa man |z—3-4i|=2 c hai s6 phic z, z, théa man |z, —z,|=1. Gia tri
nho nhit cua |z|° —|z,|" bing
A. -10. B. —4-3.5. C. 5. D. -6-2/5.

Hwéng dan giai:
Goi M, N theo tht tu 1a cac diém biéu dien cua z,, z,. Vi z,, z, cung N
théa |z —3—4i|=2 nén M, N cling thudc duong tron tam 1 (3;3), ban
kinh R=2. Mat khéc |z, —z,|=1=[MN =1]. ab 1
Goi K 1 trung diém ctia doan MN. |
Xét P=|z*~|z, =<OM" ~ON’ =(OM —ON )(OM +ON)

— NM.20K = 2W.(E+R) —2NM Ol + 2NM.IK = 2NM.Ol

(vi NM va IK vudng géc nhau, tic NM.IK =0).
P = 2MN.OI .cos(W,ﬁ) = 2.1.5cos(W,a) >-10 (do cos(W,a) >-1).

o 3 z

Vay P =-10; khi d6 hai vecto NM, Ol nguoc hudng (hay COS(W,a) =-1).
Cho z 1a s6 phuc théa man |Z|=|z + 2i|. Gia tri nhé nhat cua |z -1+ 2i[+|z+1+3i| 1a

A. 52. B. +/13. C.J29. D. 5.

Hwéng dan giai:
bat z=x+yi (X, yeR).
Taco: |z]=|z+2i| @ X +y? =X +(y+2) @ X +y* =x*+y? +4y+4 o y=-1.
Suyra z=x-i.
Xét: T =|z—1+2i|+|z+1+3i| =[x —1+i[+ |x +1+2i| :\/(l— x)* +1° +\/(1+ x)*+22 .
Ap dung bat dang thac Mincowski:

\/(1—x)2 +1° +\/(1+ x)" 422 > \/(1— x+1+x)" +(1+2)° =4+9=413. Vay T,,, =13,
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HUONG PHAP TRAC NGHIEM TOAN 12
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Déu diing thitc xay ra khi va chi khi 1_TX:1+TX<:>2—2X:1+X<:>x:%.

Cho sé phtc z théa méan |z —3-4il =+/5.Goi M va m lan Iuot 12 gia tri 16n nhat va gia tri nho

X 5 - , 2 .12 A 5 X ’ P
nhat cua biéu thac P =|z+2|" —|z—i|". Médun cta s6 phirc w=M +mi 12

A. |w|=3137. B. |w|=+1258. C. |w]=2/309 . D. |w]=2/314 .

Hudéng dan giai:
Goi z=x+yi Voi X, yeR.

Ta c6: [z—3-4i|=+5 < |(x=3)+(y-4)i|=v5 < (x-3)" +(y-4)" =5.

Vay tap hop diém biéu din sb phirc z 13 duong tron (C) c6 tam 1(3;4), ban kinh R=+/5.
Khido: P=|z+2[ ~|z—i =(x+2)"+y*~x*~(y-1)° =4x+2y+3.

|

Ta thay M thugc duong tron (C) va duong thang A:4x+2y+3—-P=0.

Diéu kién dé ton tai diem M 1a A va (C) ¢6 diém chung<d (1, A)<R @%s J5

<:>|P—23|S10<:>—lOS P-23<10 <13<P<33.
Vay M =33 va m=13 = w=233+13i. Suy ra |w|=+~1258..

P=4x+2y+3=4(x-3)+2(y—4)+23.

Theo bt ding thirc Cauchy Schwarz:
[4(x=3)+2(y—-4)| < V& + 27 4(x=3)’ +(y-4)’ =~20~5=10.

Suyra ~10<4(x—-3)+2(y—-4)<10=23-10<4(x—3)+2(y—4)+23<10+23.
Taco: 13<P<33 nén M =33 va m=13 = w=33+13i. Suy ra |w|=+/1258.

Cho hai s6 phtc z,, z, théa man |z, +1-i|=2 va z, =iz,. Tim gia tri nhé nhat m cta biéu thuc

|2,-2,|?

A. m=+2-1. B. m=22. C.m=2. D. m=2y2-2.
Huéng dan giai:

Goi M la diém biéu dién ciia s6 phirc 7, vi |z, +1-i|=2 nén M thugc 1v

duong tron tdm 1(—1;1), ban kinh R=2.
Xét P =|z,-2,|=|z, —iz| =2, (1-i)| =2 z,| =~/20M .
Tacé: P =+20M <42 (R-01)=+2(2-2)=212-2.

Vay P =22 —2. D4u déng thuc xay ra khi va chi khi 1, 0, M
thang hang theo thir tu do.
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Cau 21. Biét rang hai sé phuc z,, z, théa man |z, —3—4i|=1 va |z, —3—4i| :%. S6 phirc z ¢6 phan thuc

la a vaphan 4o 1a b thoa man 3a—2b=12. Gia tri nho nhat cua P =|z-z,|+|z—2z,|+2 bang:

A P = “919145. B. P, =5-243. C.P. = “i‘?s. D. P, =5+2+5.

Hudéng dan giai:

Goi M, N, P lan lugt 1a diém biéu dién cho so phiac v
Z,, 2z,, z trén hé truc toa do Oxy.
Vi |z, -3-4i|=1nén M thudc duong tron (C,) co
tam 1,(3;4), ban kinh R =1; 64
|z, —3—4i| :%<:> |2z, -6-8i|=1nén N thudc duong
tron (C,) tam 1,(6; 8), ban kinh R, =1.
Mt khac P thudc duong thang A:3x—2y—-12=0.Ta 5 - >

’ -2 X
thay (C,), (C,) cung phia so véi A. / i3

Lay duong tron (C,) ddi xtng (C,) qua A, suy ra (C;) c6 tam Is(%;i—gj, ban kinh R, =1.

Lay diem K déi xting véi N qua A thi K thuge duong tron (C,). Suy ra PN =PK .
Taco: P=|z-z|+|z2-22,|+2=PM +PN+2=PM + PK +2> MK + 2.

19945

Suyra P, =MK+2=1L1,-R -R;+2= 3

Déu dang thac xay ra khi va chi khi 1, M, P, K, 1, thang hang theo thir tu d6.
Cau 22. Cho céc sb phiic z, z,, z, thay doi théa man cac diéu kién sau: [iz+2i+4|=3, phan thuc cia z,
bing 2, phan 4o cua z, bing 1. Tim gié tri nho nht cua biéu thic T =|z- 7" +|z- 2,/
A. 9. B. 2. C. 5. D. 4.

Hwéng dan giai:
Goi M la diém biéu dién cuaz. Taco :
liz+2i+4/=3<|i|.|z+2-4i|=3«< |7+ 2-4i|=3.
Vi vay M thude duong tron tam 1 (-2;4), ban kinh R=3.
Goi A la diém biéu dién cua z, thi A thuge duong thang d, : x = 2.
Goi B 1a diém biéu dién cua z, thi B thuoc duong thang d, :y =1.
Giao diém cta d, va d, 13 P(2;1). Goi H va K lan luot 12 hinh
chiéucaa M trén d, va d,.
Goi H va K lan luot 12 hinh chiéu cia M trén d, va d,.
Taco: T =[z-z| +|z-2,[ = MA* + MB? > MH? + MK? = MP?;
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T>M,P?=(IP-R) =(5-3)" =

Suyra T, =4.Dau dang thic xay ra khi va chi khi I, M, P thang hang theo thir ty do.

Cho s6 phic z=a+bi (a, b eR) théa min |z|=1. Tim gia tri I6n nhat cia biéu thuc
=|z+2|+2]z-2].

A. 10. B. 5J2. C. 10V2. D. 7.

Huéng dan giai:
® Cach giai 1:
Taco: |z|=1<a® +b® =1.
Xét |z2+2] +|z-2 =(a+2)" +b*+(a—2) +b* =2(a’ +b*)+8 =10.
Theo bat ding thirc Cauchy Schwarz:
= (2 +2|+2]2-2)" < (" +2*)(|jz+2 +|z -2 ) =50 = A<52 hay A, =5+2.

|z+2| |z 2|
DA4u dang thtc xay ra khi va chi khi

© Céch giai 2:
Taco: |z]|=1<a’ +b® =1.

va |z|=1

:|z+2|+2|z—2|:\/(a+2)2+b2 +2\/(a—2)2+b2

=Ja?+b?+da+4+2Va’ +b*—da+4 =ha+5+2J-4a+5.
Dit f(a)=+4a+5+2J-4a+5 voi -1<a<l (do a’+b*=1);

f(a) - 2 4
J4a+5 +-4a+5

Taco f(-1)=7, f(1)=5 f(-%j:sﬁ.vay M%f(a): f(—§j=5ﬁ hay A, =5v2.
V7 3,47,

Déu dang thiic xay ra khi va chi khi a_—%:b +T hay Z__Z+_I

—0=2\4a+5=+-4a+5=16a+20=-4a+5= a=—%.

Cho z,, z, la hai trong cac s phiic thoa man ‘z—3+\/§i‘ =2 va |z,—z,|=4. Gia tri Ion nht cua

|z,|+|z,| bang
A. 8. B. 44/3. C. 4. D. 2+243.
Hwéng dan giai: v)

GoiM, N lan luot 1a diém biéu di&n cta hai s phuc z,, z

8y

Vi z,, z, cung thoa ‘z—3+\/§i‘:2 nén M, N cung thudc duong
tron (C) c6 tam I(S;—\/g), bén kinh R=2.

Mat khéc |z, —z,| =4 = MN =4 =2R; suy ra MN la duong kinh
cua duong tron (C).
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Taco: T =[z)+|2,|=1LOM +10N <412 +22 JOM? + ON? =+/2,,[201% + —— =/2.,[2. 12+? -8.
OM _O_N

Vay T <8 nén T, =8.Daudingthic xay rakhivachikhis 1 = 1 < OM=0ON=4.
OM +ON =8

Xét cac sb phuc z=a+bi (a,beR) thoa min |z+2-3i[=2J2. Tinh P=2a+b khi
|2+1+6i|+|z— 7 2i| dat gia tri 16n nhat.
A. P=3. B. P=-3. C. P=1. D.P=7.

Hudéng dan giai:
Goi M Ia diém biéu didn cia z; vi |z +2-3i| =242 nén M thuoc Y
M

duong tron tam 1(-2;3), ban kinh R=2+/2.
Goi A(-1;-6), B(7;2)= AB =82 . Goi K(3;-2) latrung

diém cua AB.
Xét P =|z+1+6i|+|2—7-2i|=1.MA+1.MB

T <N +12 JMA2 + MB? = «/_JZMKZ AZB = J2.2MK? + 64
Trong d6: MK <Ml +1K =R+ 1K =2+542.

vayTsﬁ.\/2(2+5ﬁ)2+64.

Déau ding thirc xay ra khi va chi khi M, |, K thang hang theo tht ty do.
K eras gﬁ 4

M-k |K 2\/_ <:>{b—5 '

5\/_( 2

Taco: MI =
3-b=

Vay P=2a+b=-8+5=-3.
Cho sb phic zthéa man |(1+i)z+1-3i=3v2. Gia tri Ién nhit cua biéu thic
=|z+2+i|++/6|z—2-3i| bing
A. 56 B. J1_5(1+J6). C. 645, D. V10 +3J15.
Huéng dan giai:

Gid sir M (x;y) la diém biéu dién cua s6 phirc z khi do

(1+I)(Z+%j

Do dé M thudc duong tron tdm 1(1;2), ban kinh R=3.

(1+)z+1-3i|=3V2 = W2 o |z-1-2i|=3 & (x-1)" +(y-2)" =9.
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a=x-1
bat Taco a’+b*=9.
b=y-2

Ta co: P:|z+2+i|+\£|z—2—3i|:\/(x+2)2+(y+1)2+\/6 (x—2)2+(y—3)2}
:\/(a+3) +(b+3)" + \/6 a-1)° } J6(a+b +27+\/6[ )(a+b)+11]
= J6(a+b)+27+42/(-6)(a+b +33s\/1+2 (27+33) =6+5.

a’+b* =9

D4u dang thuc xay ra khi va chi khi { 1 6(a+b)+27 .
«/_ \/ )(a+b)+33

CAu 27. Cho cac s6 phicc Z va W théa man (3—i)|z|:Wil+1—i.T‘|m gid tri 16n nhat T =|w+i|
V2 32 1

A B C.2. D. .
Hwéng dan giai:

Xét (3-i)fg= 2 1m0 L =3fa]-Le 1-J2) :»‘_‘ (3J2 1) +(1-[2))"

t
bit t=|z|, t>0. Khi d6 (*) trd thanh: —— =,/(3t-1)" +(1-t)” < |w— :—_
at t=|z| 1do (*) tro w1 \/( ) ( ) jw-1] oG 8te2

1 1 1

< |w=1)= < Vi>0
Wy 0.8 2 (4 ¢ _ 2
12 2(—2) +2
t

Ta lai co: |W+i|=‘(W—1)+(1+i)‘S|W—1|+|1+i|£i+\/§ :>|W+i|£ﬂ.
N 2
1
t=lz==
|Z| 2 Z:li
Dau dang thirc xay ra < {w-1=k(1+i) (k>0)= _—
W=—+=i
|w+i|=ﬂ 2 2

3f

Vay gia tri I6n nhat cua biéu thuc T la —=
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Cau 28. Cho cac sé phuc z thoa méan ‘Z—\/E‘+‘z+\/5‘=2\/§. Tim gia tri nho nhit cua biéu thuc

P=‘z+2\6+i +‘z—3\/§+2i +‘z—3i‘ .
A 12, B.6. C. 8. D. 10,
Hudéng dan giai:

Goi M(x:y), 1«"1(—\/5;0), Fz(\/g;o) lan luot 1a diém biéu didn cho cac sé phicz, —/2 , V2 |
Taco [e—2|+|e+42[ =23 = MF, +MF,=23> FF,.
Suy ra M thuoc elip (E) co tiéu cu 20=2\/5 = c=+/2, do dai truc 16n 2a=2\6 —a=+/3.

2 2
Ta co: b? =a? —c? =1. Phuong trinh chinh tic cua (E) %+y—:1.

1
_J3<x<3

-1<y<1

:\/(x+2\/§)2+(y+1)2 +\/(x—3\/§)2+(y+2)2 +\/X2+(y—3)2 .

2\/(x+2\/§)2+(y+1)2+\/(3\/§—x)2+(y+2)2+ (y—3)2 (do x*>0).

Tacé M (x; y)e(E):{ va P:‘z+2\/§+i‘+‘z—3\/§+2i‘+‘z—3i‘ .

> \/(x+2 3+343 —x)2 +(2y+3) +[y-3(1) (bét ding thirc Mincowski).

=4y’ +12y+84 +3—y (do -1<y<1).

5 o L 2y+3 ]
Pat f(y)=2yy +3y+21+3-y, vi —1<y<1. Taco: = 1;
a (y) y©+3y y, Vo y f(y) Y
3 3
f'(y)=0<:>,/y2+3y+21=2y+3<:> yZ_E IEN yZ_E o y=1.

Yy +3y+21=4y*+12y+9 y=1lvy=-4
Taco: f(~1)=4+2419, f(1)=12.Suyra MinP = Min f(y)=12.

ye[-1:1

x=0,y=1

Déu ddng thirc xay ra khi va chi khi ¢ x+24/3  y+1 o —=x=0,y=1.
3W3-x y+2
Cau 29. Cho cacso phuc zva w thoaman |z 4| =1 va |iw—2|=1. Khi |2+ 2w]| dat gia tri nho nhét, |iz+wj|

biang
A. 25, B. 442 -3. C. 6. D. 44/2 +3.

Huéng dan giai:

Goi A la diém biéu dién sé phicc z va B1a diém biéu dién sé phac —2w .
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Taco: ||z—4|=1| nén A thudc duong tron (C,) c6 tam

1 (4;0), ban kinh R=1.

|iW—2|=1<:>‘i(W—gJ
i

& [|(-2w)—4i| = 2| nén B thudc duong tron (C,) co

tam 1'(0;4), ban kinh R'=2.
(Tham khao hinh vg).
Xét |2+ 2w| =|z—(-2w)|= AB.

=1le|w2i[=1

Taco: AB,, =II'-R —R, =42-1-2=42-3,
VORI . [a2(x,—4)=-4
Khidé;ﬂ:'_',@m/i.m:u'@ V2(%-4)
A I a2y, =4
Ya=—"0"
2
1B 1 — . | 2\2xy =4 X, =2
B 2B o v2x, o V2 hay —2w=+/2+(4-2}i.
Suyra w:—%—#i Vay fiz+w|=+/6.
Xét s6 phic z,w thoa man |z|=1 va |w|=2. Khi |z+iw—3+4i| dat gia tri nho nhat, |z+w| bang
A. 3. B.@. C. 5. D. —“21

Do |z| =1 nén diém bieu dién sé phuc z s& thude duong tron (0;1).
Do |w|=2 nén diém biéu dién sb phic iwthude duong tron (0;2).
Taco: |z+iw—3+4i|=|z+iw—(3—4i) =|3-4i)—(z+iw)|2[3—4i|-|z+iw| =5z +iw|.
Mat khdc : |z +iw| <|z|+|iw| =|z|+]i|.|w]| =1+ 2=3. Suy ra 5—|z+iw|>5-3=2.
Vay |z +iw-3+4i[>2.
z+iw=k(3-4i), k>0 (1)

A X o T |Z + iW| =3 (2)
Dau dang thae xay ra khi va chi khi ) :

Z=miw, m>0 (3)

|7|=1, |w|=2 (4)

Tu (1) va (2) suy ra 9k* +16k* =9 (k >0) =k :g. Suy ra: z+iw:§—%i (5).

Thay (3) vao (5) tacd : miw+iw=g—%i :>(m+1)iW:g——i

HOANG XUAN NHAN ZALO: 0969 34 33 44




IUONG PHAP TRAC NGHIEM TOAN 12
20 KI THUAT VDC SO PHUC

:,|m+14.|i|.|w|:E_%i‘:z(mﬂ):s:m: .

, 3. 9 12. 8 6. 1. .
Taco: —iw==———i=|W=———=i|.Suyra: z==iw=—=——1i|.
2 5 5 5 5 2

Vay z+w=-1-2i = |z+w|=|-1-2i|=5.
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