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I. Phwong phap bién déi dai so, rat thé
Sir dung cdc phép bién doi twong dwong co bdn:
1. Ndng lén lity thira hai vé (Chii y diéu kién)
2. Rut I an hodc mét biéu thirc tir 1 phwong trinh trong hé thé vao phwong
trinh con lai
3. Phdn tich I phwong trinh trong hé hodc t6 hop 2 phwong trinh ciia hé vé
phuong trinh tich.

X = (x+y) = y

Bai s6 1: Giai hé phuong trinh IX—Y
2(x* +y*)—3v2x-1=11
Gidi

Picu kién: : x> —(x+Yy)>0; x—y;tO;le

2 sy v —
Hé phuong trinh tuong PE-(x+n)x-y=y @
20 +y?)-3J2x-1=11 (2)

T (1) suyra y>0 (Vinéuy <0 thi VT (1) = 0>VP(1): vo 1y)
D@ thiy y = 0 ciing khong thoa min

Xéty>0

Phuong trinh (1) tuong duong:

JE=(x+y) =y -D+ - (x+y)-y)=0

Z x—y-1 (x+y)(x—y-1)
<:>«/x —(x+y)( + =0
Jox—y) +3x—y+1 X =(x+y)+y

X = (X+Y) X+Yy
< (x=y-1)( + )=0
i/(x—y)2+€/x—y+1 X —(X+Yy)+y

&S X-y-1=0

Théy =X - 1 vao (2) ta duoc:
4% —4Xx+2—-32x-1=11<(2x-1)*-3v2x-1-10=0
bat t = V2x-1, (t>0 ), ta c6 phuong trinh:

t*-3t-10=0= (t-2)(t* +2t* +4t+5) =0t =2



V6i t = 2 ta gidi ra dugc nghiém ctia hé 13 (x; y) = (g;g)

oy _15Vx-17.fy
Bai so 2 : Giai h¢ phuong trinh &
X? +14xy +y° _L7VX +15\/§
X+Yy

Gidi
Piéu kién: x>0,y >0. Dt x =a,\/y =b(a>0,b>0)

H¢ phuong trinh da cho tuong duong véi

a“—b“:w 4ab(a2—b2):w
4ab - a’+b @
a4+14a2b2+b4:w a4+14a2b2+b4:w @
a‘+b a’+b

Lay hai vé€ cua (1)nhén véi a cong hai vé cia (2)nhén véi b ta dugc:
4a’b(a’—-b*)+a'b+14a’b’ +b° =15 (3)

Léy hai vé ctia (1)nhén véi —b cong hai vé cua (2)nhén véi a ta duoc
—4ab’(a®—b*)+a’ +14a®h’ +ab* =17 (4)

Lay (4) cong (3) theo vé ta dugc :(a+b) =32

Lay (4) trir (3) theo vé ta dugc : (a—b) =2

2+32
(a+b) =32 {a+b:2 a=—
= = e
(a-b) =2 a-b=3%>2 b_z_gﬁ
2
2
\/_:2+3/§ X:(2+2\/§
f— 2 p—

2 y=

\

== [z-w 2
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5 2 _ 5 2
Vay hpt c6 mot nghiém duy nhat: (x,y)= {[2 +2\/§j ;[2 x/i) ]

2

2x*—y>=1 (1)

Bai s6 3: Giai hé phuong trinh
10x* —6xy +3x—2y—-6=0 (2)

Giai
Y’ + 1

Tir (1) : ¥ = (*)

f

2
(2) 2% +8X? — BXy +3X— 2y —6=0c> 2%’ +8. L1

< 2% +3X(1-2y) +4y* -2y —-2=0
Coi vé trai 12 phuong trinh bac hai dbi véi x, ¢6
A=901-2y)*-8(4y’ -2y -2)=(2y-5)*
_ 3(2y-1)+2y-5
4

~32y-D)-2y+5 2y+1
4 2

=2y-2

+) Véi x =2y — 2 thay vao (1) ta dugc :
2(4y* -8y +4)-y* =1

:8+\/1_5:>X 2+2J_

7

8—/15 2- 2F

=>X=
7

————(tm(*))
STy -16y+7=0<

y:

(tm(*))

) Vi x= ZVT” thay vao (1) ta duoc :

(2y +1)°

) —y =14y’ +4y+1-2y*-2=0

:—2+\/§:>X:—1+\/§
2 2
:_2_\/€:>x:_1_2\/g

2

(tm(*))
&2y +4y-1=0<

(tm(*))

Vay phuong trinh c6 nghiém




2+2J1_5.8+J1_5j_£2—241_5.8—«/1_5].

(xy) 7 7 7 7

X;Y) e

PN 162446 ) (~1-6. 26
2 2 JL 2 7 2

4o’ —y' +x—y =3xy(2x - y) @)

Bai 50 4: Giai hé phuong trinh
\/B—y +V2+x =2ty +xy—4x—1 (2)

Gidi
N X>-2
Dbiéu kién
{ysB
(1)<:>(2x—y)3+(2x—y)=y3+y
<:>(2x—y—y)((2x—y)2 +y(2x-y)+y° +1)<:>x=y.
Thay y=x vao phuong trinh (2) ta duoc:

43—x+J2+x:x3+ﬁ—4x—L:{y3—x—_i;5)+(42+x—§%£j:

x“+ﬁ—4x—1—_x+5—xg4ﬁ)
43—x+_x+5>0
Véi —2<x<3, ta cb 34
»\/2+X+XJr >0
2 2
(ﬂc:l X+ X+2 N X+ X+2 =—C*2+X+2XX+2)

9 43—x+_i:5 J2+X+X;4

1—x+5+ 1 X+4
3-X+ 3 »\/2+x+3

c%—ﬁ+x+2) +9(x+2) |=0

x=-1

cz—ﬁ+x+2:0c>{
X=2

Vay h¢ phuong trinh da cho c6 hai nghiém (x:y) la (-1;-1) va (2;2)



A e ia s o j2xt 2wy -yt =2
Bai s0 5: Giai h¢ phuong trinh
2x° —3x* =3xy* —y*+1=0
Gidi
Phuong trinh (2) cua hé viét lai nhu sau

3z’ + 32’y — 32> +1— :1:—|—y3:O<:> :1:+y3—3x2 r+y =1-32" 3

Ta thdy z = 0 khong théa min hé phuong trinh. Chia 2 vé cta (3) cho 2” ta c6
3

-3 g_|_1 :__§
X T X

2
@(1+1—£j{(i+lj + X+1 .1+i2—3}:0
X X )| X X X X

PT (1) cia hé duoc viét lai nhu sau

Y1

phuong trinh | =
x

2
2 2 2 2 2 Y 2
T H+2ry+y +2=3r < r+y +2=3r & |=+1| +—5=34
x x
|y 1 Y 1 : ,
THL: [=4+1——=|=0<« =+41= — thay vao (4) taco
x x x x
3 x=1 y=20
—2:3j =
T r=—1 y_2
2
Y Y 1 1 £ L ,
TH2: |=+1| +|{=+1|.—+— —3 =0 két hop vdi (4) ta c6
x x T x
2+1].1—i2:0@2+1=1<:>y:1—x
x T T x

Thay vao (4) ta cling dugc hai nghiém trung v4i hai nghiém ¢ trén

Vay hé phuong trinh c6 hai nghiémla z;y = 1;0 ; —1;2

X2+ yxXC+y?—y*=0

JAY -5 +6x° +y* =2y* +4

Bai s6 6: Giai hé phuong trinh



Giai

5
bK: y>—
y 4

(1) X +y2 =y X +y2 + 2y X2 +y? —2y* =0
<:>(«/x2+y2—y)(«/x2+y2+2y):0<:> X +y’ =y
(do \/x* +y? +2y>0)
Vi o\fxz +y® =y=x=0. Thay vao (2) ta duoc:
a/4y =2y? —6y+4 <:>2a/4y =4y? —12y+8
4/4 =2 3
<:>(«/4y—5 +1) —(2y-2)’ Y=y

«/4y =1-2y(4

y=2 442

Giai (3): 2 oY= >
2y* -8y +7=0

. ys<— :

Giai (4): 2 (vO nghiém)
12y?—4y+3=0

Vay h¢ phuong trinh c6 nghi¢m: ( y) ( 4+2J_J

x2+y2+ 8y =16
x+y

Bai s6 7: Giai hé phuong trinh
x> 2 X X y

+_
8y 3 3y 4 2

Giai

DKXD: < x* x?



2
Tt phuong trinh thir hai cta hé ta suy ra: Y S .
x 1 x+—y2>0
—+=2>0
3y 4
L2 2, Sxy 2 8xy
Tacod x” + y° + =16 < (x+y)" —16 —2xy + =0

xX+y xX+y

<:>(x+y—4)[(x+y)2+4(x+y)—2xy}:O

<:>(x+y—4)[x2+y2+4(x+y)}=0(*)
3
Do x+y>x+1y20:>(*)<:>x+y:4

Mat khac, do ZEx A 2 (x + %y} > 0 nén ap dung bat dang thirx AM-GM ta

2 3
2 2 3 2
co: X4 2—x+z >9 |2 2—x+l N
8y |3 2 8yl 3 2 3y 4
x> 2x y
Suy ra phuong trinh thir hai cila h¢ <& — = — + =
8 3 2
Do d6 hé da cho
-4 _
<:>x2+y2 @{x+y=4 <:>x+y 4
X x y 9 5 9
—=—+= 3x” —16xy —12y° =0 xX=06y,x=——
8y 3 2 X Xy — 12y y 3
24
x=—
7 L JXx=—0 _, A s
& 4 hoac{ l1a nghiém cua hé.
_= y=
Y7

(x—l)(y2 +6) y(x2 +1)
(y—l)(x2 +6): x(y2 +1)

Giai

Bai s6 8: Giai hé phuong trinh {

Cong vé voi vé cua hai phuong trinh trong hé va sau khi rat gon ta thu duoc:



5Y° 5\ 1
-3 +(r-3) -3

Trir vé véi vé clia phuong trinh tht hai cho phuong trinh thir nhét va sau khi
phan tich ta dugc: (X —y)(X+y—2xy+7)=0
Néu x — y = 0, thay x =y vao mdt trong hai phuwong trinh trong hé ta giai duoc:

x=y=2vax=y=3.

, 1 1) 15 5 5

Néeu X+ y-2xy+7=0<| x—= —— == 2).bata=x——,b=y——

buxry-y+7=0 (x-2) y-1)-E ). a=x- Loy
2?47 =1

Tu (1) va (2) ta c6 hé phuong trinh: o l
(a+2)(b+2):—4—::>2ab+4a+4b=—E

Trir vé véi vé€ cua hai phuong trinh trong hé ta c6: (a— b)2 —4(a+b)=1(3)

Cong ve€ vo1 veé cua hai phuong trinh trong h¢ ta co:

a+b=0

b) +4(a+b)=0
(a+b)" +4(a+b) Cj{a+b=—4

D& thay néu a + b = - 4 thi mau thuan v6i (3) do d6 a+b =0, thay a+ b =0 vao

. .., . |a+tb=0 11)(1 1
(3)tacd a—b==1. Gidi h¢: . Timdugc (asb) = | —=;= |;| =;—= |.
a-b=+1 2 2)\2 2

Bai 50 9: Giai hé phuong trinh

Giai

Néu ( x;y) 14 nghiém cuia hé thi x.y =0.

1 12 1 6 2
A 1+x2+y2:§ x2+y2:§_§
Do do: HE(I) < = )
L1 4 6 2

_x2+y2:5 5x 5y

Nhan vé voi vé ciia 2 PT ctia hé (II) ta duge PT:



21 = 362_ 42<:>36y4+7xzy2_4x420
X“+y- 25x° 25y

X =4y’ & x=2y;x=-2y

Thé x = 2y vao phuong trinh thi hai ctia hé (IT) ta duge y = 1; tir d6 x =2

2
Thr lai ta duoc tat ca cac nghiém cua phuong trinh di cho la 2 1 (—— g]
. 2
Thé x = -2y vao phuong trinh thir hai ctia h¢ (II) ta dugc y = e tr do X= 5
1
[1+ —j\/s_ =2
. . X+y
Bai so 10: Giai hé phuong trinh
1-— 4
1o e
Giadi

Diéu kién x>0;y>0;x+y 0.
Nhén xét: Néu (x;y)la nghiém cta hé phuong trinh thi x >0;y >0. Do d6 ta viét

141 _ 2
X+y  3x

lai hé phuong trinh nhu sau:
a1 he p g u 1_L_£
x+y |7y

Thuc hién phép trir roi cong hai vé cua hai phuong trinh trong hé ta dugc

1 1 2f()
x+yﬁf

1:E+ﬁ 2

Nhén hai vé ctia hai phuong trinh (1) va (2) ta dugc

1 i—i<:>(y 6X)(7y+4x)=0< y=6x (Vix>0;y >0)

X+y 3x 7Ty

11+4\/7_22+8\/7j

Thay vao ta giai dugc nghiém cua hé 1a [ T



II. Phwong phap dat an so phu

1. Ddt dn phu dwa phwong trinh dd cho vé phwong trinh dai sé khéng con
chita can thire véi an méi la an phu.

2. Ddt an phu ma van con an chinh, ta cé thé tinh an nay theo an kia.

3. Ddt an phu dé dwa phwong trinh vé hé hai phwong trinh véi hai an la hai
an phu, ciing c6 thé hai an gom mét an chinh va mét an phu, thuong khi
do ta dwege mot hé doi ximg.

4. Bt an phy dé dwoc phirong trinh c6 hai an phy, ta bién doi vé phwong
trinh tich véi vé phdai bang 0.

5. Thuwong gidi phwong trinh ta hay bién doi twong dwong, néu bién doi hé

qua thi nho phai thw lai nghiém.
Bai s6 11: Giai phuong trinh v2—x’ + /z_iz :4_(X+EJ
X X
Gidi
Ta thiy x<0 khong thoa mén.

x>0

(e
) o)

Khi @6 phuong trinh twong duong véi hé¢

2<y<4(Q)
4—(y?—2)+2\5-2(y*—2) = (4-y)*(2)
Xét (2) ©(9-2y* =y*—4y+5 < y*—8y*+28y’ —40y+16=0

< (y-2)(y*-6y° +16y—-8)=0
< (y-2)((y-2)(y* -4y +8)+8) =0
Dan dén y=2(do ((y—2)(y>—4y+8)+8)>0 véi moi ythda man (1)).

Détx+1: y, ta dugc {
X

Tt d6 phuong trinh c6 nghiém la x=1.
Bai s6 12: Giai phuong trinh 2x° +v1— x + 2xy1— x* =1
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Giai

Ta c6 phuong trinh twrong duwong voi

VI-x=1-2x2 = 2xJ1- X% =1—x=1+4x" +4x3(1— x?) — 4x% — 4xy1— X? +8x°y/1— X?

& X(L-41- X% +8x*\1-x?) =0

Xx=0
=

1— 41— X2

+8x°\1-x2 =0(1)

Xét (1), dat y=+1-x?,suyra y>0 va x> =1—y?.

Ta duoc 1-4y+8y(1l-y?) =08y’ —4y-1=0

Thir lai ta duge nghiém cua phuong trinh 1a x=0 va x=-, /% :

< (2y+1)(4y*-2y-1)=0

1+5

4

=< VY=

. Tu do suyra x=+

Bai s6 13: Giai phuong trinh X =3 — X4 — X + V4 — X/5— X +/5— X./3— X

Piéu kién: x<3

Pit 3—x=a;J4—x=b;J5—Xx =c véia, b, ¢ 13 s6 thuc khong am.

Giai

Taco x=3-a’=4-b*=5-c’=ab+bc+ca

3—a’=ab+bc+ca

(a+b)(c+a)=3

Do d6 <4—b*=ab+bc+ca<><(b+c)(a+b)=4

Nhan timg vé ba phuong trinh ta dugc (a + b)(b + C)(C + a) =215

Suyra

b+

C+

+b

5—c’=ab+bc+ca

215
5
215

c=—"——
3

a

215
4

=a+b+c=

(c+a)(b+c)=5

V15 V15 15

+ +
5 4 3

11



Suyra x= o7t . Thurlai x= o7t théa man phuong trinh.
240 240

Viy phuong trinh ¢6 nghiém duy nhat 1a x = 277(])' :

Bai s6 14: Giai phuong trinh x* +x+1=0
Gidi
Nhdn xét: Him s6 y = x® +x+1 ludn dong bién nén néu phuong trinh di cho co
nghiém thi d6 1a nghiém duy nht.
Ta co: X° +x+1=0< (X* +x+1)(x* =x* +1) =0 < x* —x* +1=0(1)

(Vi X* +x+1>0,vxeR)
Pit x=t+= thi (2) thanh: £-1t+2 -0 (3)
3 3 27

Ta tim mot nghiém cua (3) c6 dang t = utv.

Ta co :(3) & u®+Vv® +3uv(u +v)—%(u +v)+§:0<:>u3+v3+(u +v)(3uv—%j+—:0

oo 25|, L[5+ V62l
u +v = u=
27_ ) 3\ 2
w=2 ,_1.[25- B2t
o 3V 2

Vay phuong trinh (1) ¢c6 mot nghiém la x = %[1—?/252‘ 621 —§/25_2‘ 621]

Ta tim u, v thdéa man:

Theo nhan xét trén, phuong trinh (1) c6 nghiém duy nhat 1a:

1[1§/25+2J@ i/25;/671}

3

Bai s0 15: Giai phuong trinh
(6x—3)\/7—3x + (15— 6x)\Bx—2 = 24/-9x* +27x 14 +11

Giai

Pidu kién: %g x< !,
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a’+b*=5
bit a=+7-3x,b=+3x-2 (a,b>0). Suy ra
' ( ). Suy {(2b2+1).a+(2a2+1)b—2ab+11
s2-2p=5 2p=s"-5 2p=s2-5
& o o
2sp+s=2p+11  |s(s’-5)+s=5"-5+11 [s’-s’-45-6=0

s=a+b, p=ab
( )

(a=2
{Zp—sz—S {pzz b=1 {x:l
j—

= (s—3)(sz+23+2)=0c> s=3 {azl X=2
b=2

Thtr lai thdéa man. Vay nghiém phuong trinh 1a x =1 hodc x =2.
Bai s6 16: Giai phuong trinh  x* —=5x% +4x —5 = (1— 2X)Y6x2 —2X + 7
Giadi

Tap xac dinh : R . Ta c6

(1) < (x+1)° —8x2 + x—6 = (1— 2X)3/(L— 2X)(X +1) +8x? — X +6 (2)

Pt u=x+1, v= (1 2X)(x+1) +8x* —x+6 Két hop vdi (2) ta co:
u® —(8x* - x+6)=(1-2x)Vv
V: —(8x* —x+6)=(1-2x)u

Lay hai phuong trinh trir cho nhau ta dugc:

u=v

W-vi+@1-2X)u-Vv)=0<=
( X ) {u2+uv+v2+1—2x_0

. Véi u=v, ta dugc: I6x° —2X+7 =Xx+1< X —3x* +5x—6=0< X =2

3u® +4-8x . 3(x+1)° —8x+4
4 B 4

u
u2+uv+v2+1—2x:(v+§)2+

o Ta co:
3P -2x+7 S

4

0

Vay U +uv +V° +1—2x =0 khong xay ra.

Phuong trinh c6 nghiém duy nhét x = 2
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X°* —5x2 +4x —5=(1-2x)¥5x* +y+3 (1)
X —3x% +6x— 4=y’ -3y’ 2)

Giai

Bai s6 17: Giai hé phuong trinh {

5x*+y+3>0
DK :
y*—3y*>0

Xét phuong trinh (2) 1 x*—3x* +6x—4=4/y*-3y* (y>3)
& (X=1*+3(x-)=(Jy-3)°+3y-3
< (x=1)° - ({Jy-3)°*+3(x-1)-3,/y-3=0

<:>[(x—1)—4/y—3][(x—1)2 +(x—1)ﬂ/y—3+(y—3)+3]:o
o x-1=y-3do (x-1)*+(x-1)y-3+(y—3)+3>0

x>1

Véi x-1=,/y-3 < ,
(x-1)"=y-3

Thay vao phuong trinh (1) ta dugc phuong trinh
X3 —5x? +4x —5=(1-2X)36x> —2x+7

& (X+1)° - (8x2 = x+6) = (1-2X)Y(L—2X)(x +1) +8X2 —x+6  (3)

u=x+1

bit két hop véi phuong trinh (3) ta duoc
{v = %f(l— 2X)(X +1) + (8X* — X +6)

u® —(8x* —x+6) = (L—2x)v

H¢ phuong trinh
V: —(8x° — X +6)=(1-2x)u

Lay hai vé phuong trinh trir nhau ta dugc
u=v

W-vi+@1-2X)(u-v)=0<=
( X ) L2+uv+v2+1—2x=0

THI: Néu u=v thi x+1:€/”(1—2x)(x+1)+(8x2 —X+6)
SX -3 +5x—-6=0<=x=2

TH2: Néu u® +uv+Vv? +1-2x=0 (4)

Nhan xét :

14



3(x+1)>—8x+4 y
4

0

u®+uv+v° +1—2x:(v+%)2 +%u2 +1-2x>
Suy ra phuong trinh (4) vo nghi¢m.
Vay h¢ phuong trinh da cho c6 nghiém (x;y) =(2;4)
o o XY X3+ Y +3x -2y +1=0
Bai s0 18: Giai h¢ phuong trinh
2y* +xy* +y* —3x-3=0
Gidi
X o (1) +(x+1)y2 =2y
H¢ phuong trinh da cho tuong duong véi
(x+1)y*+2y° =3(x+1)
ul+uy?=2y (1)
uy® +2y®=2u

(*)

bat u=x+1, ta c6 h¢ phuong trinh {

D& thdy u=y =0 la mot nghiém cuia hé (*) .

) 5 o o |ud+tud =2t
Xet u=0,dat y=tu,t=0, ta cd hé¢ phuong trinh 5 s 3
tu”+2t°u° =3u

Chia vé theo vé ctia hai phuong trinh trong hé trén ta dugc

3 )
2 t? =—= (loai
1+—t2:§<:>4t4_t2_3:0<:> 4 ( )
t(1+2t) 3 t’=lct=+1

Véi t=1,tacod y=u, thé vao (1) ta dugc

y=1=u=1=x=0

2y* =2
y y©{y=—l:>u:—1:>x:—2

Véit=-1,tacod y=—u, thé vao (1) ta duoc
—2y® =2y (phuong trinh v6 nghiém)
Vay, hé dé cho co nghiém 1a: (0;0), (-2;-1),(0;-1)
Bai s6 19: Giai hé phuong trinh
(12x+8y)(25—24xy) =16(9x* +17y?)+105
{36x2 +16y% +12x -8y =7.
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Giai

Pt X= 3236-1’ y= 3b2+1

—6b° +9b? = 6a° +14a—20 (1)

Viét lai hé di cho thanh
a’+b’=1 (2)

Ta 6 phuong trinh (1)<>30?(3-2b) = (a—l)(esa2 +6a+ 20)

thay b? =1-a? tir pt(2) ta thu duoc
3(1-a%)(3-2b)=(a-1)(6a’ +6a+20)
< (a-1)(6a*+6a+20+9-6b+9a—6ab)=0

i 1 1
- A :1 = = — = —
Voi a=1=b=0=x 6,y Z

- Véi 6a* +6a+20+9—-6b+9a—6ab=0 ta cé
VT >6a%+29-15-6-3=6a?+5>0. Vay pt nay vo nghiém.

KL: H¢ da cho c6 nghiém duy nhéat (x;y)= [%,%}

% 2Jax-1+3=5y*—12x-3
Bai 6 20: Giai hé phuong trinh + y? -+
2y*(10x* —17x +3) =3-15x
Giai
A qea 1
bicu kién x> =,
4
Bién doi phuong trinh thir hai c6:
4 X = 1(Ioai)
2y*(5x-1)(2x-3)=3(Ll-5x) <| 5
4xy* +3=6Yy"

y2Jax—1++3/4x-1=5y* -3

Ta dua vé hé phuong trinh:
4xy* +3=6y"

Nhan thdy y = 0 khong 14 nghiém ctia hé phuong trinh nén hai vé ciia phuwong

trinh thir nhat cho y? va phuong trinh thi hai cho y* c6:
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ﬁ+£¢ﬁ 5_y£

4x—1+34=5
y

bat a=J4x—Lb:ﬁ§\@ia2Qb>0
y

a+ab+b=5

2

Ta c6 hé pt
'I){¥+b =

ta dugc =>a= 5-b thay vao (2)
1+b

(—) +b®>=5<b*+2b*-30*-20b-20=0

& (b—1)(b° +3b>—20)=0
& (b—1)(b—2)(b? +5b+10) =0

S x:1

o la=2 X=— . |la=1 2
én b 1:> 4 hoac 5 2:>< %
B =+43 B =+
y=+43 V=7

I11. Phwong phap ham sé

1. Trén mién xdc dinh D ciia ham so f(x), néu f'(x)>0(hodc f'(x)<0) thi
ham so f(x) don diéu va phuong trinh f(x)=0 c6 khong qud mot nghiém.

2. Néu ham sé f(x) lién tuc trén [a,b] va f(a).f(0) <0 thi phuong trinh

f(X)=0 c0 it nhdt mot nghiém trén (a,b).

3. Gid sit f(X) cé dao ham dén cdp n trén khodng (a, b). Khi dé, néu
phuong trinh £™(x)=0 cé k nghiém thi phuong trinh " (x)=0 chi ¢
101 da kK +1 nghiém. (hé qud cua dinh li Rolle).

4. Néu ham s6' y = f(x) lién tuc trén doan [a, b] va cé dao ham trén khodng

f(b)-f(a)

(a, b) thi ton tai c e (a, b) sao cho f'(c)= —

17



o o | 7T-2xB—x+ 2y-115-y =0
Bai so 21:Giai h¢ phuong trinh y—22—|—§/m:4x
Gidi
Piéu kién x <3;y <5.Phuong trinh ban dau bién ddi thanh
23-x +183—x=25-y +1. 65—y *
Pat f t = 2t+1+t voit>0thi *:f 3—x =f 5—y (1)

Nhan xét. Véi mdi s6 khong am 0 <t =t, thi

ft, —ft 2t+bt+t +1
tz_t1 - \/tj‘f‘\/t:

Vay f t 1a ham s6 dong bién trén 0;+oc . Do do

>0

1:3—X=5—-y&y=x+2

Thay vao phuong trinh con lai dugc

x2+§/x+2 2 X2 _2x+4 =4x

& XP—2X+4 —2 x+2 Jrg/erZ2 x> —2x+4 =0

batt=3 2)(;2 phuong trinh trén thanh
X°—2x+4

26—t —1=0et=1=Xx+2=x"—2x+4=x€ 12
Vay hé co nghiém 1,3 ; 2;4 .
(x+y)4+3:4(x+y)

Bai s6 22:Giai hé phuong trinh{ .4+ g(x2— 2 _ _
X64y + ( 32y )+7(X y)+3In(x 3)20

y-3
Gidi

Theo bdt Cauchy ta céd (x+ y)4 +1+1+1> 4,4/(x+ y)4.1.1.1:4|x+ y|=4(x+y)

DAu b@'mg Xy ra < x+y=1*).

Tir d6 két hop voi dk X;z>0:>—2<x,y<3.
y_
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4 2 4 2
Pt thir hai cua hé <:>X—+gi+z+3ln(3—x)=y—+9y +Q+3In(3—y).

64 32 8 64 32 8
14 4 2 .
Xéthaimsé fx) = =+ 2% ™ 3in(3-x) (véix<3)
64 32 8

¥ 9Ox 7,3 (x3+9x+14)(x—3)+48

fl = =
(%) 16 16 8 x-3 16(x —3)

_ X' =3 +9x* —13x+6 _ (X—l)z(xz —X+6)

<0 (vix<3).
16(x—3) 16(x—3)

Suy ham s6 nghich bién trén (-2; 3), vay f(x) = f(y) < x=y ( **).
Tir (*), (*%) co x =y = %
Bai 56 23:Giai phuong trinh
(6* -3 J19* —5* J10* — 7* )+ (15" — 8 J9* — 4* 5" — 2* )= 231"
Gidi

X X

a 2

7 s ~ b A 20
Nhan xétl: V61 a>b>c>1 thi { ) néu *

a* <b” x<0
Nhan xét 2: Ham s6 f (x) =a* —b* xac dinh dong bién va lién tuc trén tap
D=[0;+0) do f'(x)=a*Ina—b*Inb>0Vva>0 vdi a>b>0 cho trudc
Nhan xét 3: Tich hai ham s6 dong bién, nhan gia tri duong trén tap D la ham
déng bién téng hai ham s6 dong bién trén D 12 ham s6 dong bién
ap dung (+) néu x<0:VT = (6" —3*f19x—5" 10" — 7% )+ (15" —8" 9" —4* 5" —2*)<0
VP = 231" > 0 = phuong trinh khong c6 nghiém duong
(+) v6i x >0 chia 2 v€ phuong trinh cho 231" = (3.7.11)" duoc

X 19, 5.« ,10,, 15 8.\, 9w A ), Ovx 2w«
1] G- [ 1)+ - [ -Gy & -]

Tiur nhan xét (2) va nhan xét 3 ham so.

i i) G GREIORO) GROIR

e GRCI ORACEEI GO EE)
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1a ham s6 dong bién trén D = (0;+x)
o320 G233
11 11707 11 11A7 7A3 3
+
117 117 3
phuong trinh da cho < g(x)=g(1)=x=1 la nghiém duy nhat cua phuong trinh

2
X—y)(x*+xy+y*—2)=6In yryy +9
(e e y™=2) [J_g

Bai s6 24:Giai hé phuong trinh
X’y —3xy—-1=0
Giai
2
N 9
Tur (x—y)(x2 + Xy +y? —2):6In Y¥NY 77
X+ VX +9

<:>x3—2x+6ln(x+ X +9) y —2y+6|n(y+«/y2+9) (1)

Xét f(t) t—2t+6|n( +9) teR

fr(t)=3t*-2+ 6 :3£t2+ 2 _Zj

t2+9 t?2+9 3

Taco
2,2 2 2.9, 2 29 t+9 1 1 26(t +9)-2

24+9 3 t2+9 3 \lt +9 Jt +9 27

21+§(t2+9)—§21 E=§—§—o
3 3 3 3

Suy ra f'(t)ZO vt =ham s6 dong bién va lién tuc trén R
Ma(l) & f(x)=f(y)ex=y

Thay vao phuong trinh con lai ctia hé ta co x° —3x* —1=0 (2)
bit x*=u (u=0) suyrau’-3u=1 (3)

Xét g(u)=u’-3u—-1 v6iu=0

9'(u)=3u*-3c6 g'(u)=0=u==+1
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Lap bang bién thién ta thiy phuong trinh (3) c6 nghiém duy nhét thudc (0; 2)

bat u=2cosa Vo1 e(O;%J

(3) tro thanh cosBac=1 sa=t=x= *, /2cosZ
2 9 9
Vay hé c6 nghiém \/ZCOSZ;\/ZCOSZ X —\/ZCOSZ;—\/ZCOSZ
9 9 9 9

2xIn X + y? +1 -y =3yIn§x* + y* +1-x
x*—3x+2Iny —%In(y+2|nx)=0

Giai

Bai s6 25:Giai hé phuong trinh

x>0
bKXD: s y>0 *)
y+2Inx>0

2xIn{x2 + Y2 +1-y=3yIn{x® + y2 +1-x = xIn(x* + y* +1) — y = yIn(x* + y* +1) - x
<:>(x—y)(|n(x2+y2+1)+1):0<:>x: y

Thay vao phuong trinh (2): X3 —\3/X+ 2In x —% In(x+2Inx) =0(3)

DPit: u=%x+2Inx = u® =x+2Inx(*). Thay vao (3): X’ —u—2Inu=0(**)

Tt (%), (¥*) suy ra: x>+ Xx+2Inx=u®+u+2Inu
Xét f(t)=t>+t+2Int = f'(t) =2t +1+%>Vt>0

Vay f(t) dong bién trén (0;+) . Ma f(x)=f(u) nén x=u
3

Hay x=3/x+2Inx X =x+Ih oI =x—Inx
X

Xét g(t)=t>-Int trén (0;+00), g'(t) =1—% = %

Suy ra g(t) dong bién trén (1;+<0), nghich bién trén (0;1].

Lai c6 0<x<1<>0<x® <1 Vay x, X luén cing thude (L+o0) hodc (0;1].
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x =0(1)
Nén g(x)=g(x>) = x=x* < | x=1
x =-1(I)
Véix=1thiy=1.
Vay hé c6 nghiém duy nhat (x; y) = (1;1)
. AXP—2X—54+2xx* +1=2(y +1 «/ 242y +2
Bai s6 26:Gidi hé phuong trinh (Y+I)y" +2y
X°+2y? =2Xx—-4y+3
Gidi
Trir vé v6i vé cua 2 phuong trinh (1), (2) ta co:
2X% +2XAX* +1=2y" + 4y + 2+ 2(y +1)\y* +2y +2

< X2+ XX +1:(y+1)2+(y+1) (y+1)2 +1

Pua vé xét ham sb: f(t)=t2+t t2+1 co

2
2 t+t*+1
fr(t)=2t+t?+1+ L :( )

Ji2 41 Jt2 +1

= f(t) 1a ham s6 dong bién trén R, lai co

> 0Vt

f(x)=f(y+l)=x=y+1

x2+2(x—1)2:2x—4(x—1)+3<:>3x2—2x—5:0<:> 5 3
X=—=y==

. L (17 -3x)N/5-x + 3y —-14)/4—y =0
Bai s0 27:Giai hé phuong trinh
22X+ Y +5+33x+2y+11=x"+6x+13
Gidi
X<5
= Piéukién: {y<4 *)
2X+y+5>0, 3x+2y+11>0
= Vi diéu kién (*), phuong trinh (1) twong duong

[365-x)+2]\5-x=[3(4-y)+2]J4-y (3)
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Xéthamsd: f(t)=@t+2)t , t=0

. 3t+2
= f t:3ﬁ+ >0, Vt>0
®) N

f(t) lién tuc vt>0,suyra f(t) la ham s6 ludn dé)ng bién trén [0; +00)

Khido : pt(3) « f(6-x)=f(4-y)=5-x=4-y<y=x-1

» Thay y=x-1 vao phuong trinh (2), ta duoc :

23x 74 +35x 19 = X%+ 6x+13 V6i xZ—%

N [2\/3x+4 —2(x+ 2)]+[3\/5x+9 —3(x+3)] = %% +X

- 2[ (3x+4)—(x+2) ]+3[(5x+9)—(x+3) ]

»\/3x+4+(x+2) V5X+9 +(x+3)

—2X(x+1) —3X(x+1)

< +
3X+4 +(x+2)  B5X+9+(x+3)

<:>x(x+1)[1+ 2 3 j:O

\/3x+4+(x+2)+\/5x+9+(x+3)

= x=0 . vi: 1+ 2 + 3 >0 VX>—E
x=-1" T Bx+4+(x+2) Bx+9+(x+3) 3

Véi x=0suyra y=-1

=x%+X

=X(x+1)

Véi x=-1suyra y=-2
Thir lai ta thay ca hai déu thoa diéu kién (*)
= Vay hé phuong trinh c6 2 nghiém : (0; -1) , (-1 -2)

XL Ax42=—> 44 62y
y—4

Bai s6 28:Giai hé phuong trinh{ y° + 4y + 2 = % +46 -2z
Z —

z3+4z+2:i4+4\/6—2x
X_

Gidi
Diéu kién: x,y,z<3.

Xét cac ham s6 f(t):t3+4t+2,g(t):%+4=\/6—2t trén (—o0;3].
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Khi dé ta c6 f'(t):3t2+4>0,g'(t)=—( 34)2- 642t<o,w<3.
t_ —

Ma f(t),g(t) 1a cdc ham s lién tyc trén (—oo;3] suy ra f(t) ddng bién trén
(—0;3] va g(t) nghich bién trén (—o0;3].

Khong mat tinh tong quat ta gia st x =min{x,y,z} . Khi d¢ ta cé:

Néu x<y=9g(x)>g(y)=f(2)>f(x)=z>x=9(z)<g(x)= f(y)< f(z)
suyra y<z=g(y)>g(z)=f(x)>f(y)=x>y,volivi x<y.

Do vay x=y, tuong tu li ludn nhu trén ta dugc x=z suyra x=y=z.

Thay tré lai hé ta dugc X3+4x+2=i4+4»\/6—2x Q).
X_

Theo trén, bén trai 1a ham ddng bién, bén phai 1a ham nghich bién, nén phuong

trinh ¢6 nhiéu nhat 1 nghiém
Ma x=1 13 nghiém nén né 1a nghiém duy nhét ctia phuong trinh (1).
Vay nghiém cua hé phuong trinh da cho 1a x=y=z=1.

Mj:s(mﬂ)—s

. lo
Bai s6 29:Giai hé phuong trinh g"'[«/xz +2+1
(2+437)5 0 =7 -2

Giai

Piéu kién: 2x+y+1>0 Tacod (2)@10.(%) +5'(§j -7 +2=0

bat t =x+y ta c6 phuong trinh 10.(%j + 5(%) ~7'+2=0 (¥

Xét ham s f(t):lo.(%j +5.@j ~7'+2 véiteR

Ta cod f'(t):lo. 1 In£+5. 3 In§—7‘ln7<OVteR
5 5 5 5

Nén ham s6 f (t) nghich bién trén R

Ma f (1) =0 suy ra phuong trinh (*) c6 nghiém duy nhat t =1
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Véit=1taco x+y=1

(2) < log, (2x+ y+1) ~log,(Va* +2 +1)=3/x* +2 ~3x -3

& log, (x+2)~log, (V" +2+1) =3/x" +2-3x -3
<:>log3(x+2)+3(x+2):log3(\/x2?+l)+3(\/m+l) (**)

Xétham s g(t)=log,t+3t véi t>0 taco g'(t):%+3>0Vt>0
n

= g(t) ddng bién trén (0; +0)
Do d6 phuong trinh (**) c6 dang

g(x+2)=g(«/x2+2+1)<:>x+2=«/x2+2+1<:>«/x2+2=x+1

X+1>0 Xx>-1 1
— , & & X==
x2+2:(x+1) 2x =1 2

Vi X:% ta co y:% (thoa man diéu kién 2x+y +1>0)

Vay hé co nghiém (x; y)= (%, %)
Ne A . _ ()(_1)2 )
Bai s0 30:Giai phuong trinh : 8log, =x>-18x-31
3 2x+1
Gidi

Tap xéc dinh D :(_%;mj\{l}

Ta tim «, 5,7 Sao cho
X° —18x-31l=a(x-1)°+ B2x+1) +y
& X -18x-3l=axX’ + (2B -2a)x+a+ [ +y
a=1 a=1
=128 -20=-18 < |p=-8
a+pf+y=-31 y=-24

Khi @6 phuong trinh tuong duong véi
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S{Iogl(x ~1)° - log, (2x +1)} =(x-1)*-8(2x+1) - 24

2 2

< log, (x—1)* —log, (2x +1) :%(x—l)2 —(2x+1)-3

2 2

& log, (x-1)° +3—%(x—1)2 ~log, (2x+1) - (2x+1)

2 2

& Iogl(%(x—l)zj—%(x—l)2 =log, (2x+1) - (2x+1)

2 2

Xéthamsé f(t)=log, t—t,t >0 cé dao ham f'(t)zil_ko,vwo nén ham
2 tin=
2

sb f(t) nghich bién trén (0;+o0). Do dé phuong trinh tuong duong voi

f(%(x—l)zjz f(2x+1)<:>%(x—1)2:2x+1<:>x2—18x—7:0<:>x:912\/§e D

IV. Phwong phap danh gia

Khi gidi phwong trinh vé ty (chang han f(x)=g(x)) bang phwong phdp
danh gid, thuong la dé ta chi ra phwong trinh chi 6 mét nghiém (nghiém duy
nhat).Ta thuong sir dung cdc bat dang thire c6 dién Cé si, Bunhiacopxki, dwa vé
trdi vé tong binh phirong cdc biéu thirc, dong thoi vé phdi bang 0. Ta ciing c6
thé sir dung tinh don diéu ciia ham sé (cé thé thdy ngay hodc sir dung dao ham
xét sy bién thién ciia ham sé) dé danh gia mét cach hop 1y.

f(x)=9(x)
Thuong ta danh gia nhw sau: { f(x)>C(<C)< f(x)=9(x)=C, hodc danh gia
9(x)<C(=C)

f(x)>9g(x) ciing nhu la f(x)<g(x) ...

Bai s0 31: Giai phuong trinh

X =X +19 +V7x% +8x+13 + 13X +17x+7 =3/3(x+2) .
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Giai
bk x>-2. Véi dk do

VT = /(x——) +—+\/(2x ~1)? +3(x+2)° +\/ (2x-1)2+> (4x+3)
2\/§+\/§|x+2|+§|4x+3|

> g 3+x/§(x+2)+§(4x+3)

>33.(x+2) =

Déu déng thirc xay ra khi x = % . Véy phuong trinh c6 nghiém duy nhit 13 x = % .

Bai s6 32: Giai phuong trinh 2\/27x +24x+? =1+ /2—27 +6.
Giai
Phuong trinh da cho tuong duong véi phuong trinh

24/(9x+4)2 41+ f3(9x+4)
3 2

bk: XZ—g.Dét (Ox+4)=y,suyra y>0.

2 2 i
Khi d6 ta duge 2 /y?+4 1+ /%y o 4, /y?+4 =1+3_2y+@ (binh phuong hai vé).

Theo BDT Cé-si ta duge \[6y < yT+6’ do d6

y’ y’ 2
4 ?+4£2y+4c>4 ?+4 <(y+2)

& 4y? +48<3y? +12y +12
< y*-12y+36<0
< (y-6)*<0.

Tur do ta duoc y=6, suy ra x =§ thoa man dk.

Vay phuong trinh ¢6 nghiém duy nhat 13 x = s :
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Bai s6 33: Giai phuong trinh

7

=x*—9x® +16x* +15x+ 26
VX2 —10X + 26 + /X2 —10x+29 + /X% —10x + 41

Gidi
Nhan xét:
x* —9x% +16x* +15x+26 = (X + X +1)(x-5)* +1=1  (*)

7

X2 —10X + 26 + /X2 —10X + 29 + /X% —10x + 41

= l < T 1

Jx=5? 11+ J(x=5) +4 + J(x-5)2 +16  1+2+4

Vay phuong trinh di cho twong duong diu bang & cdc bat dang thic (*) va (%)

x4y ra, tir d6 ta dugc x = 5 12 nghiém duy nhat ca phuong trinh.

X+6yxy =y +6
Bai s6 33: Giai hé phuong trinh 6(x°+y°)

X+ —J2(x*+y?*) =3

X* + Xy + y?
Giai

Xy >0

2

Diéu kién: {
X

+Xy+y?#0

6(x3+y3)

Néu x<0;y <0 thi X+— .
X +Xy+y

—J2(¥*+y*) <0<3 . Dicu nay dan dén hé

vO nghiém. Vi thé, ta chi giai hé phuong trinh khi x>0;y >0.

Khi d6 phuong trinh thir nhét ctia hé tuong duong véi:
sy =Lasexrafy =2 -y + Lo xrafy =2 (Vx-y) +3

Suy ra: x+2,/xy >3. Pang thic xay ra khi va chi khi x=y=1.

X'+y'  _X+y
XX+xy+y: 3

Ta s€ chung minh: *)
(X+Y)(X —xy+¥*) _ x+y

That vay, (*) < >
nvey () X+ Xy + Yy’ 3
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%21 (do x+y>0)
X“+xy+y 3

S3(X=xy+y’)2x+xy+y’ < (x—y) 20 (luén ding)

6(x3+y3)

Suyra:x+x2+xy+y2— 2(X*+y?) = x+2(x+Yy)—y2(X* +y?)

Mat khac, ta co:

2(x+ y)—af (x2 +y2) 22@@2[(x+ y)—\/@]zﬂlz(xz + yz)
<:>4(x2 +y? +>Q/—2x\fﬁ—2y\jﬁ+2xy)22(x2 + yz)

& X2+ y? +6xy —4xyxy ~ 4y )y 20 (VX —yy) 20 (luon ding).

6(x°+y*)
X2+ Xy + Y
Piang thirc xay ra khi va chi khi x=y=1.

Khi do: x + —J2(X* +y?) = x+2xy =3.

Vay hé phuong trinh da cho c6 nghiém duy nhét (x;y)=(L1).

3\/_y(2x+3y x+\/_ 15xy

Bai s0 34: Giai hé phuong trinh
1 2\/; . 2\/@—18)/\/;

12xfy 3\y 3

Giai

Piéu kién: x,y>0
Viét lai phuong trinh dau cta hé thanh

(6xy +9y/x)(Vx +4[y ) = Vx+y = 12xJy +18y/x = 2

Phuong trinh thir hai cia hé twong duong véi

18y\/;+ 1 +E\/Z+MZE
y

6 Xy _ 10
2\/X.9y +3 —
= 2Jx.9y+ ‘Fsexy 6,/xy T3
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<:>2\/_9y+3\/_ 6% @

36xy 6\/_ " 12x y +18y/x +1

1 10

249y +3 =—

= y+ «/ 36xy 5 ,— 3 J 42 4 1 3
6«/x

tacod a,b,c>0 va abc=1.

Pt a:2\/§,b=3\/§,c=6\/1W

Khi d6 phuong trinh thir hai trg thanh ab” +bc® +ca® + _10

a+b+c 3

Bo dé: Cho céc sd thuc a,b,c >0 théa man abc=1. Khi do ta c6 bat déng thte

10

ab? +bc® +ca® + >
a+b+c 3

Ching minh bo dé:
Ap dung bdt AM-GM ta c6

ab? +ab? +bc? >33a%°c? =3b

tuong tu ca’+ca’ +ab®>3a, bc? +bc* +ca®>3c
g

Cong ting vé ctia 3 bdt trén ta duwoc ab?+bc? +ca? >a+b+c

< . < 1 : 1_10 .
batt=a+b+c taco t >3. Ta s€ ching minh t+¥2§. Bdt nay
< (t-3)(3t—1)=0 (ludn ding). Tir d6 ta c6 bo dé duge chimg minh va dau

bang xay ra khi a=b=c=1.

Quay lai bai toan, tir b6 dé ta thu duoc

a=2Jx,=b=3\Jy=c= 1 o jex=

By/xy

Vay hé da cho c6 nghiém (X;y)= (411 é]

_1
V=3

Nl

(x+\/_)( 1 ]2 (1)

JX+3y V/y+3x
X* +2y+9=4Jx+3+19-3y (2)

Bai s6 35: Giai hé phuong trinh
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Gidi
19
X x>0,—=>y=>0
Pidu kién 37
X+y>0
Tu (1) : str dung bat dang thic AM-GM ta c6

Jx X X+Y <£[ X +x+y]Vél

\/x+3y: X+y X+3y 2(x+y x+3y

, cong hai két qua trén ta dugc
X+ 2 x+ 3y 2 x + 3y

Jx+ X+\/_

3
\/y E X + , trong tu ta cling co +
Jx+3y 2\ x+y 2 Jy+3x x+y 2
(1): \/_ 1 1 <£ X+y _ _ (1)
suy ra VT X +4Jy + = waviacd
X+Yy

JX+3y |y +3x

Dau bang xay ra khi va chi khi x=y (3)

Thé vao phuong trinh (2) ta duge pt: X* +2X+9=4vX+3 +19—3x (4)
Giai pt (4) < 3(xX" +x~2) =4 3Jx+3—(x+5) |+ 319 -3x - (13- x)

(—x* —x+2) . (—x* —x+2)

3(X*+x—-2)=4- +
=3 ) 3/x+3+(x+5)  3J19-3x +(13—x)

=0.

9
X +X—-2
( )[ 3\/x+3+(x+5) 3\/19—3x+(13—x)j
<X +x-2=0<x=1v x=-2(Loai)

Khi x=1—%—y=x=1. Thirlai (X;y)=(L1) thoa man h¢ phuong trinh

Viay hé phuong trinh c6 nghiém duy nhét (X; y) = (1; l)
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Bai s6 36: Giai hé phuong trinh

1 1
\/;h/ +1 + =2
( d )(\/x+3y+3 J3x+y+1)
J2X2 48y =2 + 2y + 4y +2x -2 =3(\/x+5 +[y+3+1)
Gidi

x>0

\ y=-1

biéu kién: )

2X°+8y—-2>0
2y +4y+2x—-2>0

Ap dung bat dang thitc AM-GM cho vé trai cua (1) ta co:

Jx L x o xay+l
JX+3y+3 2 x+y+1 x+3y+3 x4 y+1l_1, X
= <= +
Jy+rl 11 2y+Y) VX+3y+3 2 x+y+l
JX+3y+3 22 x+3y+3

Chung minh tuong tu ta cling c6:

3
>)

«/§+ y+1<1 y+1 3

<= +-=)
J3X+y+1 2 x+y+1 2
Cong lai ta duogc: \/;Jr “y+1+\/;+ “‘y+1<2

JX+3y+3  Bx+y+1l

Dau dang thirc xay ra x =y+1 hay y=x — 1
Thé vao (2) ta c¢6 phuong trinh

\/sz+8x—10+\/2x2+2x—4:3(\/x+5+\/x+2+1) (4)

Diéu kién xac dinh cta (4) 1a: x>1 (*). Véi dk (*), ta co:

(4) & J(2x=2)(x+5) + J(2x=2)(x+2) = 3(V/x+5+/x+2)=3

<:>J2x—2(Jx+5+«/x+2)—3(Jx+5+Jx+2):3

@(Jx+5+Jx+2)(J2x—2—3):3
S 2x-2-3=x+5-/x+2
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< (W2x=2 =Xx+5)+ (Jx+2-3)=0

- X—17 N X-7
J2X =2 +X+5 Jx+2+3
1 1
< (X=7 + =0
( )[J2x—2+\/x+5 \/x+2+3j
1

>0 Vx>1)

< Xx=7 (tm(*)) (Vi \/2x—2+\/X+5+\/X+2+3

Véi x=7=>y =6 (thoa man diéu kién).
Vay hé c6 nghiém duy nhét (X;y) =(7;6).
Bai s6 37: Giai hé phuong trinh
X2+ 2xxy = Y3y
(4x3 +y° +3x2\/§)(15\/§+ y):S\/;(y Y+ XY +4x\/§)2
Gidi
Piéu kién: x>0,y>0.
Pat a=+/x,b=\/y (a>0,b>0). Hé phuong trinh di cho tr& thanh
a’+2a’h=p° (1)
(4a° +b° +3a°)(15a+b*) =3a(b* +a?b+4a°)  (2)
Nhan xét: a=0=b=0; b=0=-a=0.Do do (a,b)=(0,0) 1a mot nghiém
cua hé.
Bay gio ta xét a>0,b>0. bat b=ka=k >0. Vi cach dat nay thi

e Phuong trinh (1) tr¢ thanh:

142k =ak’ > a= 2K 3)
K
e Phuong trinh (2) tré thanh:
(4a6 +a’k® + 3a5)(15a2 +k%a? ) - 3a(k3a3 +a’k + 4613)2 (4)
. 3k® 1+ 2k 2
Thay (3) vao (4) ta dugc: £4+ k® + I 2kj(5+ e j = (k3 +k+ 4) (5)

Ap dung bét dang thirc Cauchy - Schwarz cho vé trai ciia (5) ta duoc:
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2
3k° 1+ 2k [7 3k> 1+2k
(4+k6+1+2k]( TS j [ 4k \/1+2k' 3k’ ]
:(\/(22+12)(4+k6)+k)22(4+k3+k)2

Piang thirc xay ra khi va chi khi k=1. Khi d6 a=b=3 hay x=y=9.

Vay hé phuong trinh da cho c6 2 nghi¢m (X; y) la (0;0),(9;9).
Bai s6 38: Giai h¢ phuong trinh

X® +2%° =10y’ = \/xy — X*y’

4X(2y +1) - 28" +3=2,/x" +4(y* +1) - 4xy

Giai
A pea -x’y*>0 0<xy<1
biéu kién : .4 y & Y , <0<xy<1
x> +4(y? +1)—4xy >0 (x—2y)+4>0

<1<:,/xy x?y? <L (dau Xayrakhlxy——

2
Taco: xy—x*y? =£—(xy—1j 2

4 2
Do do tur (1) = 2x° +4x®-20y* <1 (3)
T (2) va (3) tasuy ra: 8x°y +4x> —28y” +4 > 2x° + 4x° - 20y® +2m
< 8x3%y +4>2x% +8y% +2,/(x—2y)’ +4
S APy +22x8 +4y? +\(x—2y) +4
o2z -2yf +y(x-2y’+4  (4)

Ta lai c6 (x* —2y) ++/(x—2y) +4 >2

, ¥ _2y=0 [x=0  _ ¥zt~ [x=-1
Do dé (4) = hoac 1 hoac 1 0,5

x—2y=0 =0 == =
y y y > y >
) x=1
Thr lai ta thay chi co 1 la nghiém cua hpt.
y=>
2

Bai s6 39: Giaiphuong trinh 1+3x = (X — x?) (5 +/15+6x—9x? )

)
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Giai

biéu kién: -1<x<—.

w | o1

Vi x=0 va x=1 déu khong phai 12 nghiém cta phwong trinh nén phwong trinh

da cho tuong duong voi:

L3 g 15 6% 9 = 2+ 2 =54 151 6x_ 9%

X—X X 1-X

S1ITX, X fle—@3x-1 ()
X 1-X

Néu XE[—l;O)U(1;§:| thi 1_—X+14—X<0 trong khi d6 (16 —(3x—1)> >0. Vay
X —X

xe[-L0)u (1;2} khong théa phuong trinh.

Néu x e (0;1) thi =% > 0,14X >0. Ap dung bat dang thic AM-GM ta c6
X —X
1% 4 5 4 Du =" xéy ra khi va chi khi x = .
X 1-x 3

Mt khac /16— (3x—1)? <16 v&i moi x < (0;1), ddu “=" xay ra khi va chi khi

X = % Vay phuong trinh ¢6 nghiém duy nhat x = %
XX +y?=2
Bai s6 40: Giai hé phuong trinh {22 +2z(x+y) =8
2(y-x) a8
Gidi
X +y>=2 (1)

Ta c6 hé phuong trinh {z° +2z(x+y)=8  (2)
2(y-0=48 (3

2 2
Tu (1) va (2) tasuyra 2x2+2y2+22+22x+22y:12<:>(x+%J +(y+%} =6 (4)

Tu (1) ta suy ra (2y)* +(-2x)* =8 5)
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bit u

Ta cé uv=yz—zx=z(y—x)=+/48.

Mit khac, ta ¢6 uv < ‘GH\?‘ =

(X+§;y+%), suy ra u/=6 (do (4))

v=(2y;-2x), tlr (5) suy ra M J8 (do (5))

Dau bang xay ra khi u va v cung hudng, suy ra

il oyl
_2_" 2
2y —2X

< 2(x° +y?)

=—-z(x+Y)

Suyra z(x+y)=—4,tr (2)suyra z° =16 < z=+4

+ vo1 z=4 thay vao h¢ ta duoc

+ vO1 z=-4 thay vao h¢ ta duoc

{X' y

y
{X' y
y

=-1 X
=
x=1/3
-1
=
X=—3

Thur lai, ta thdy céc gia tri trén déu thoa man.

Vay hé phuong trinh ¢6 hai by nghiém (x;y;z) 1a (4; -1-V3

(4 1+\/§1 J')

V. Phwong phap lugng giac hoa

1. Néux®+y?=1 thi dit {X:S'”

y = cost

2. Néux*+y?=a’(a>0) thi dat {

P L. —Slntte|:
3. Néu |x|<1 thi dat

t

Voi te [O; 27[] )

Xx=asint .
voi te0;27].
St

x = cost,t €[0; 7]

_ﬂz}
221,

.—1+«/§)

2
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x:asint,te[i;z}
2 2.

x = acost, t € [0; ]

4. Néu|X <athi ddt

i C gne g, < e 1 .
5. Neu |X| 21 hodc bdi todn c¢6 chira NX* -1 thi ddt x=——vdi

cost
te {O;ZJU[M%) .
2 2

6. Néu|x|>a hodc bai todn c6 chitax* —a® thi dt x = it te {o; gju{ﬂ%’”j
COS

7. Néu bdi toan khong rang buoc diéu kién bién s6 va cé biéu thire X2 +1 thi dat

X = tant voi te(i;zj.
2 2

8. Néu bai toan khong rang budc diéu kién bién so va cé biéu thirc \NX* +a* thi
-7

dat x=atantvoi te| — ;= |.
2 2

Bai s6 41: Giai phuong trinh X(x +2)(x* —2) =x* - 4x° + 2
Giai

Xét x €[-2;2]: x =2cost, t [0; 7], ta co:

PT < 2cost(2cost +2)(4cos’t —2)=2(8cos" t —8cos” t +1)

< 4¢05° % .2c0st - 2c0s2t = 2cos4t

t sint .sin 2t .sin4t

&> 2C0S—- - - = 2c0s4t
sint sin2t

sin—
t Lt ) t
<:>tan4t:tan5 bK: sma,smt,sm2t,cos§,cos4t;tO

<:>4t:%+kn<:>t:%(k:1,2,3)

Ma day 1a phuong trinh bac 3 nén ¢6 3 nghiém X = ZCOS% (k =1, 2,3) :

Bai s6 42: Giai phuong trinh x> +10x® +20x—18=0
Giai
Pit x = 2+/3cost, khi ¢ phuong trinh (3) trd thanh:
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288+/3c0s°t-360+/3c0s%t + 90+/3cost-27=0

2N 2(160055t —20cos’t +5005t)—\E -0
= cosSt:cosz

Tu phuong trinh trén ta suy ra phuong trinh c6 5 nghi¢m la

T 137 57 37 497
2+/3C0S —; 24/3Cc0S ——:; 24/3C0S —; 24/3C0S ——; 24/3C0S ——
{ \/_ 30 \/_ 30 \/_ 6 \/_ 30 \/_ 30 }

Nhén xét: Phép dit nay chi thuc hién duoc khi |x|<243.

Bai s6 43: Gidi phuong trinh  64x® —112x* +56x% 7 =241— % (1)
Gidi

Piéukién 1 - X*> 0« -1<x<1.

Ta thay x=0 khong phai 12 nghiém cua phuong trinh.

Ta xét x=0. Khi do

(1) < 64x7 —112x° +56x° — 7x = 2x3/1— %2

bit x =cost,t €[0;7]. Khi d6, phuong trinh tr¢ thanh:

cos7t =2sintcost sin(%—?tj =sin 2t

t_ﬂ_k2”

sl B Y (kez)
__r7 _kez
10 5

Véi tzé—%,te[o;zz]:k e{-4,-3,-2;,-10}.

° k=0:>t=£:>X:cos£.
18 18

° k=—1:>t=5—7[:>x:c055—”.
1 18

o k:—2:>t:%:>X:cos%:0 (loai)
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° k:—4:>t=17—”:>x Lz

Véit=_Z Kz

c ,te[O;ﬂ]:ke{—Z;—l}

° k:—2:>t:7—”:>x:cos7—”.
10

10

° k:—1:>t:3—”:>x:coss—”.

Vay phuong trinh (1) c6 6 nghiém.

Bai s6 44: Giai phuong trinh
V11— x2 (\/(1— x)° —y/(1+x)° j — 24412

Giai

1+x>0
Piéu kién {1-x>0 < -1<x<1.

1-x2>0

bit x =cost,t €[0;7]. Khi d6, phuong trinh tr¢ thanh:

J1-sint [J(l—cost)3 —\/(1+ cost)g] =2+sint
2 3 3
o [ sint+cost 2sin2 L | — [l 20082 L] |=24sint
2 2 2 2
t t) . st ot .
< 242 sin=+cos— || sin®= —cos® =~ | =2 +sint
2 2 2 2

N 2\/§(sin2 v cos? 1j(sin2 ! rcos?Lisin £cosij =2 +sint
2 2 2 2 2 2

o —«Ecost(2+sint) =2+sint < cost:-i

1 . : 1
Suy ra x =———.Vay, phuong trinh c6 nghiém duy nhat x=———.
y NG ay, p g g y 2
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J(l+ x2)3
Bai s6 45: Giai phuong trinh 2x+ 1+ x? = Ermat
—X

Gidi
biéu kién: x = £1.

bat x =tant,te (—%;%j,t # i%. Phuong trinh da cho tré thanh:

3
J 1+ tan?t :
2tant + 1+ tan’t = ( ) @23mt+1_ 1

1—tan?t cost  cost.cos2t
sint=0
<:>2$int(23in2t+sint—l):0c> sint = —1(L)

sint=1
2

-Vé1 sint=0=t=0=x=0.

-Véi sintzlzt:z:x=i.
2 6

N

Vay, phuong trinh ¢6 hai nghiém x=0;x = L

ﬁ .
Bai s6 46: Giai phuong trinh (V1+x ~1)(vV1-x+1)=2x(1)
Gidi

biéu kién: -1<x<1.

2 2
Ta nhan thiy rang ("“TX} +( 1_7)() =1
Do do6 ta dat ,/“szcost;,/l_szsint,OSts%.

Tir do suy ra JL+x =/2cost:\/1—x =+/2sint: x = 2cos’t —1.
Khi d6
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(1) < (V2 cost —1)(v/2sint +1) = 2(2cos? t —1)
< (V2 cost —1)(v/2sint — 24/2 cost —1) =0
J2cost=1
S
J2sint —24/2 cost —1=0

+)V6i 2cost=1 < costzg = x=0.
+)Véif2sint — 2y/2cost -1=0 < /2 sint = 2+/2cost+1
(Do Ogtggzcostzo;sintzo)

< 2(1—cos?t) =1+8cos?t + 4+/2 cost

<>10c0s*t +4+/2 cost —1=O:>cost=§

o2 (l— coszt) — 1+ 4/2cost+8cos’t

cost= Q = X= 4
< 10cos? t + 4/2cost-1=0 < 1«Oﬁ 25
cost:-—z(L)
2
A . s n 24
Vay phuong trinh (1) c6 hai nghi¢ém x=0;x = o5
Y_o4 Xy
X
Bai s6 47: Giai hé phuong trinh{ y(y +22) =1 (X,y,z € R).
z2(z-2x)=1
Gidi

*/ Tir (1) bién dbi duoc y:12X

. bat x=tana = y =tan2«

cotda

2 2
*/ Tir (2) bién ddi duge z=1_Y 1=t 2a_
2y 2tan’ 2«

2

*/ Tir (3) bién d6i duoc x=— = X =—C0t8«x

27
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*/ Giai phuong trinh tana =—cot8a hay cot8a = cot(a + %) ta dugc

X= —cot(4—ﬂ + k8—ﬂ)
7 7

a:ﬁ+k%. Tir d6 thu duge nghidm cta hé 1 y=tan(§+k27”) keZ

zZ= cot(z—” + I(4—7[)
7 7
X +3x°y =y
Bai s6 48: Giai hé phuong trinh{ y* +3y%z =z
2° +37°x =X
Gidi

R& rang néu xyz =0 thi hé c6 nghiém (O;O;O). (1)
Xét khi xyz #0.

3
x3+3x2y:y<:>x3:(1—3x2)y<:>£:(1j -3
y X

X | =

Khi |x|2%,dét X =

a e[O;ﬂ]\{%} thi

1 1 1

2C0Sx

y= L= y X =
2Cc0S3a 2C0S9x 2C0s27c
azlq—”,kle{o;l;...;m}
Nén cos27a =cosa <= 27Ta =*ra + K27 < (2)
K, 7 P
a:H,kz 6{1,2,,13}\{7}

Ngoai ra 16 rang hé c6 toi da 27 nghiém nén (1) va (2) 14 tit ca nghiém cua hé.
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4 xt+2x =2y +1 f(x)=g(»)
Ta co: (I)<:> Y +y +2y=22"+1 hay f(y):g(z)
2+ 4+22=2x"+1 f(z)zg(x)

Trong do6 f(r)=¢"+>+2r va g(r)=2+1.
Ta thay g(t), f(t) 13 ham dong bién trén R vi:
f(t)=3c+2:+2>0, g(r)=6r> 20, VreR.

Tur d6 suy ra hé (I) twrong duong vdi hé: {; (:x;)::(j (1)

Trong d6 h(r)=¢—r*—2t+1 va h(r) lién tuc trén R. Hon nita ta c6:
h(-2)<0, h(0)>0,h(1)<0, h(2)>0 nén phuong trinh h(r)=0 cé ba nghiém
phan biét déu nam trong khoang (-2:2).

DPat x =2cosu, ue(0; 7). Khi do sinu=0 va (II) co dang:

{x=y=z=2005u, ue(O; 72') hay {X=y=Z=ZCOSM, MG(O; 77)

8cos’u—4cos’u—4cosu+1=0 sinu(8cos’u—4cos’u—4cosu + l) =0

x=y=z=2cosu, ue(0; 7
Hay {777 (0 7) (.
sindu = sin3u
x=y=z=2005u,ue(0;7r)
A nw 3w Sr \
Giai hé (IIT) ta duwoc ues=; =—; = va T 3r 5r¢
77 7 ue 7;7;7

3(x+£j—4 +l —5(z+—j
Bai s6 50: Giai hé phuong trinh x)_VUTY) T
Xy +Yyz+zx=1
Giai

X _ Yy _
3(x2+1)  4(y*+1) 5(z% +1)

nén X, y, z ¢6 cung dau, ngoai ra, néu (X, y, z)

1a nghiém cta hé thi (-X, -y, -z) ciing 1a nghiém. Nhu vay ta chi can di tim céac
nghiém duong.

14

bit x=tan%,y=tan5,z=tang (0<a, B, y<m a+p+y=mn),tadugc
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sina _sinf _siny
3 4 5

Tir dinh Iy ham sb sin bay gio suy ra «, £, v 1a cac goc cua tam giac co do dai

cac canh tuong ung 1a 3, 4, 5.
. n n .. T 3 . 4
Do tam giac vudng nén ta co : yzz,smazg,smﬁzg.

p Y

Vi vay tangzl,tan—:l,tan—:l.
2 3 2 2 2

Vay h¢ phuong trinh da cho c6 nghiém la: (%;%;1},(—%;—%;—1}

X+ 3y = 4y°
Bai s6 51: Giai hé phuong trinh  {y+3z = 47°
7+3x=4x°
Gidi
X =4y® -3y

Ta viét lai hé dudi dang {y = 42° -3z
7 =4x° - 3x

Ta ching minh rang tat ca cac sb x, y, z theo trj tuyét d6i khong vuot qua
1. That vay, gia st x 12 s6 1on nhét trong cac s nay va x > 1 thi ta c6 z = 4x° —
3x > x. Ta di dén mau thuan.

Néu gia str x 12 s6 nho nhit va x < - 1 thi ta ciing c¢6 z = 4x° — 3x < X, ciing
mau thuan.

Nhu vay -1 <X, Y, z< 1 va ta c6 thé thuc hién dit x = coso (0 < o < ).
Khi d6 z = cos3a, Yy = c0s9a, X = c0s27c.. Bay gid rd rang rang sd nghiém cia

hé phuong trinh ban dau bang sb nghiém cta phuong trinh coso = c0s27a. trén

[0; x].
D@ dang thdy rang s6 nghiém nay dung bang 27:
a= k—ﬁ, k=0,12,..13, a= k—ﬂ, k=12,..,13.
13 14
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VI. Phuong phap sir dung lwgng lién hop
Mot $6 hang dding thire thuwong ding

+ X2 —y? =(x—y)(x+Y)

+ x3-y° =(x—y)(x2 + Xy + y2)

+ X' =yt =(x=y)(x+y)(x* +y?)

+ X" =y = (X—y) (XX Y YTy

Sit dung nhitng hang dang thire ndy, ta cé thé quy phwong trinh vé ti ban dau vé
dang phirong trinh tich bang viéc lam xudt hién cdc nhéan tir chung. Tir do ta c6
thé dé dang gidi quyét tiép.

Thuong thi & cdc bai todn sir dung phwong phdp nay thi y twong tong qudt ciia
ta nhw sau: Gid sir néu ta c6 phwong trinh dang F (x)=0 vdi F(x) xdc dinh trén
mot mién D nao dé va ta nham dwoc mot nghiém x = a cua phwong trinh thi ta

c6 thé bién doi phirong trinh dé cho lai thanh (x—a)G(x)=0.

Bai sb 52: Giai phuong trinh  33x2 +x2 +8-2=+/x*+15 (1)
Gidi
Ta dy doan duoc nghiém x=+1, va ta viét lai phuong trinh nhu sau:

(1) = 3(3 1) +(Vi +8-3) = (V¥ +15-4)

3(x*-1) x? -1 x? -1
= + =
I+ +1 Ix2+8+3 x*+15+4
x> =1

= 1

1 1
+ =
i/x_4+3/x_2+1 VX2 +8+3 x*+15+4

Mat khac, ta co:

1 1

<
Jx2+15+4 x> +8+3

V415> X2 +8 = X2 +15+4>x +8+3=

Nén phuong trinh th(r hai vo nghiém.

Vay (1) ¢6 2 nghiém X=1,x=-1,
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Bai s6 53: Giai phuong trinh /3x° —5x+1—/x2 -2 = \/3(X2 —x-1) =X’ -3x+4 (1)
Gidi

Trudce hét, kiém tra ta thiy dugc rang phwong trinh di cho c6 mot nghiém x =2

nén ta s& cd gang dua phuong trinh trén vé phuong trinh tich xuat hién nhan tir

(x-2). Ta c6 nhan xét rang:

(3x* —5x+1)—(3x* =3x—3) =—2(x—2) va (X" —2)—(X* —3x+4)=3(x-2)

Ta di dén 101 giai nhu sau:

1) m—\/m: X2 —2 X2 -3x+4

—2X+4 3Xx—6

=
J3x2 —5x+1+\/3(x2 —x+1) U2 —2+x2—3x+4

o (x-2) 2 + 3 -0

J3x2 —5x+1+\/"3(x2 —x—1) =2 +X2—3x+4

Mat khéc, ta co:
2 N 3
x/3x2—5x+1+\/3(x2—x—1) U2 -2 44x2-3x+4

> (0 vO1 moi X

Viy phuong trinh (1) c6 mot nghiém duy nhat x = 2.

Bai s6 54: Giai phuong trinh  24/X° — 7x+10 = X ++/X* —12x+ 20 (1)

Gidi
Ciing bang cach kiém tra, ta thay pt (1) nhan X = 1 1am mot nghiém nén ta c6 thé
dwa phuong trinh (1) vé dang phuong trinh tich xuét hién nhan tir (x-1).

Ta viét lai nhu sau:

(1) 2 = Tx10- (x+1) | =| I -12x+20 - (x+2) | (2)
Pé ¥ rang hai phuong trinh vx? —7x+10 —(x+1)=0 va Vx* -12x+20—(x+2)=0

vO nghiém nén nhan lién hop hai vé cia (2) ta co:

-18(x-1)  -16(x-1)

I —Tx+10+x+1 X —12X+20 4 X+ 2
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x=1
= 9 8

= *)
X2 —7Xx+10+X4+1 /X2 —12X+20 + X+ 2

Pt (*) < 8vX? — 7x+10 —9yx? 12X+ 20 = x+10

Két hop véi pt (1) ta c6 hé sau

8VUX2 —7x+10 —94X2 —12x+20 = x+10
20X —7x+10 —/x? —12x+ 20 = X

Lay phuong trinh thtr nhét trir di 9 1an phuong trinh thir hai, ta thu duoc:

5
X>—
50X —7X+10 =4X—5<>1 4 <:>x=15+25‘/g

x?—15x+25=0

Vay phuong trinh da cho c6 2 nghiém x=1,x= 15 +25J§ :

Bai s6 55: Giai phuong trinh Y162x% +2 —/27x2 —9x+1=1

Gidi
Phuong trinh da cho twong duong véi:

162x° -6 3x(3x-1) o

2 - =
(%/162x3 + 2) + 23162 +2+4 N27TXP—9x+1+1

2(3x—1)(9%* +3x+1) 3x(3x—1) .
(%/162x3 +2)2 231625 +2+4 N2TX—9x+1+1

2(9x2 +3X +l) 3x
& (3x-1) _ -—— =0
(»\3/162x3 +2) 123162 12 +4 N2TX*-9x+1+1
Xét phuong trinh:
2(9%* +3x+1) 3x

0

2 - =
(\3/162x3 +2) +23162x3+2+4 N27x* —9x+1+1
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2(9x* +3x+1) 3

= > =
(\3/162x3+2) 2362+ 2 44 162X +2

Ta dat a=3162x¢ +2 Suy ra:

2 3x+i+1 =a+ﬂ+2<:>3x+i+1:E+E+1:>3x=g<:>x=1
3X a 3X 2 a 2

Viy phuong trinh d3 cho ¢6 mot nghiém duy nhat x = % :

Bai s6 56: Giai phuong trinh X° —3X+1=+/8-3x"
Gidi

2
xxl_o

J8-3x +2-x

Ta c6 phuong trinh viét lai thanh: x® —2x—1+4

0

4
(X2 =—x-1)| x+1+ =
( )( x/8—3x2+2—x]
Xét f(X):x/8—3X2+2—Xtac(): f'(x):_—gx—l

8—3x°
:>f'(x):0<:>_—3X:1<:>x:— 2
V8-3x° 3
Ta c6 bang bién thién:
2./ 3 2./6
N A 3
(=) + 0 -
6 +4./6
3 \
flz)
. 5+ 46
= f(x)36+g\/6 ket hop voi |x|g¥ =0< f(x)ngr;/b
= X+1+ 4 =X+1+ 4 2—2\E+1+ 4 >0
1,‘8_3)(24_2_)( f(X) 3 6+4\/€
3
1++/5
Vay phuong trinh da cho c6 nghiém X° —X—1=0<> X = 2\/_.
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Bai s6 57: Giai phuong trinh «/3— X ++2+x =X*+ X? —4x—4+|x|+|x -1

Gidi
DK: —2<x<3.
Phuong trinh da cho twong duong véi:

(\/STX—|X—H)+(M—|X|):x3+x2—4x—4

X+ X+2 —XP4+x+2

S Pt N2rxa]

x+2)(x+1)(x-2)

1 1
2—X)(x+1 X+2)|=0
=@k ){43_—X+|x_q+4m+|x|+( +2)
{x:—l
= .
X=2
Bai s6 58: Giai phuong trinh: /%% —1+x=x*-2.

Gidi

Diéu kién: x> 32 .Phuong trinh di cho tuong dudng véi:

@ —1-2)+ (x=3) = (VX —2-5) & (x—3)| 1+ x+3 =
0 -1)? +23(x* -1) + 4

X=3
<l X+3 _ X2 +3x+9 *)
o -1 +28f¢ -1 +4 x*-2+5
Ta sé ching minh & (*), VP >2 >VT
2
VP = X EHY e x4 3x15 20X =2 e (X2 +3X—1)2 —4(x*—2) > 0

Vx*—=2+45

SXH2C+TX—6x+9>0 < (X2 +X)? +(x—3)2 +5x% >0, Vx> 32

VT =1+ x+3 <2<:>x<$/(x2—1)2+2§/(x2—1) +1

OG- +23/(x* 1) + 4

bitt= «3/(x2 -1 >0.

Can chiing minh: Vt® +1 <t? + 2t +1<> t* +3t° +6t2 + 4t > 0, vt > 0, diing.

Vay (*) vo nghiém hay phuong trinh da cho c6 nghiém duy nhat x = 3.

x—3).

x*+3x+9

Jx3-2+5

49



X+3
Bai s6 59: Giai phuong trinh %2 —1+«/X 3+\/X+l+x— 6+5
X —

Gidi
bk: x>3. Phuong trinh da cho tuong duong véi:
(«3/x2—1—2)+Jx—3+(«/x+1—2)+(x—3): X2+3 -2

X" —6
- x*—1-8 3, Xt1-4 (X_B)_15+x—2x2
d(x2 1) +28¢ -1+4 R X" -6
— 3(2
-3 VXx=3(x+3) s Ix— x-3 = Jx- ( X+5) _
3(X2_1)2+23 X2_1+4 ij+1+2 6
< X=3.
100

Bai s6 60: Giai phuong trinh Zi‘/x2+k3 = x* +5049 (*)

Gidi
Ta nham thdy x=0 12 nghiém ctia phuong trinh nén ta bién doi:

100
Zk_n(n+1) Zk_100(100+1) _1-5049)
100 100 100 2 3 3
(*)<:>Z(x3/x2+k3 k) = x* +5049 — Zk<:>z X kK — x? + 5049 — 5049
\/(x +K%)? + kX2 +K® +K2

x=0

@1200: X =X | & 1
0110y 1k I 4K 2. =1 ()

k=2 %/(x2 +k*)? + k3x2+k® +Kk2

100 100 100 1

Xét phudng trinh (**), ta c6: VT<Zk2 Zk(k 1)_Z(k 1_E) 1_ﬁ<1 VP

k=2 k=2

Suy ra (**) vo6 nghiém. Vay (*) c¢6 nghiém duy nhatla x = 0.
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VII. Phwong phap sir dung toa d§ vector
B6 dé 1: Cho hai vecto l],\? Khi do:
) ‘l] + V‘ < ‘G‘ + M . Pang thtc xay ra <> utv

i) ‘G +\7‘ > . Pang thirc xay ra suTv

o=

Trong ii) néu ta thay V béi —V thi ta c6:

1) ‘U—V‘Z . Pang thtrc xay ra suTlv

o=}

Chirng minh
i)Pat u=AB,v=BC = u+v=AC.
Vé6i 3 diém A, B, C luén c6: AC < AB+ BC (dpcm)
Pang thuc xay ra <> A, B, C thang hang theo tht ty d6 <> utlv
iiyPat u= AB,v=BC = u+v=AC
V6i 3 diém A, B, C luén c6: AC =|AB — BC| (dpem)

Ping thuc xay ra <> A, C, B thang hang theo thu ty d6 <> ut™Nv

111) Hién nhién c6 dugc tur 1)

—

X 3 . - s 2 , , -
Bo dé 2: Vi moi vecto U, taco: U > 0. Dang thic xayra < U =0

Chirng minh
(Dé dang)

B6 dé 3: Cho hai vecto U, V. Khi d6:
) uv< ‘UHV‘ Ding thic xay ra <> ut™v
i) UV > —‘UHV‘. Piéng thirc xay ra <> U T v

Chirng minh

o1



uv = ‘ﬁ‘.‘\?‘cos(ﬁ,ﬁ)
i) Ta co: = dpcm.

cos(u,v) <1
Ping thite xdy ra <> cos(U,v) =1<>u TTv

uv = ‘G‘.Mcos(u,v)
ii) Ta co: = dpcm.

cos(u,v) = -1

Ding thirc xay ra <> cos(U,V) =—1<u TN v

Bai s6 61: Giai phuong trinh: VX2 —2X+5 + X2 + 2x+10 =+/29 (1)
Gidi

@) < (X1 + 22 +/(x+1)* +3* =29

Chon U(X—12),v(-X L 3)=> U +V = (-2:5) :>‘l]+\7‘ =29
(1) tré thanh: ‘G‘ +M = ‘ﬁ +\7‘.

Mat khac, ta luon co: ‘u‘ + M > ‘u + V‘ :

5 o - - x-1 —x-1 1
Dangthucxayra@UTTV@ = S X==

3 5

Binh lugn : Mau chét ciia viéc chon toa d6 cho hai vecto trén 1a gi? Rt don
gian, phai thoa man 2 diéu kién:

M@t la: Vecto tong phai 1a vecto khong doi ( ¢6 toa do cu thé) va ‘u + V‘ =+29
Hai la: Hai vecto chon phai ¢6 tung d6 ( hodc hoanh d6) cung dau.

Chang han: 2 va 3 hoic -2 va -3.

Bai s6 62: Giai phuong trinh: ‘\/X2 —2X+5—x* —6X —|—10‘ =5 (2)
Giai
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_ 5.

Chon U(X—12),v(x—31)=u—V=(2;1).

(2) = ‘\/(x—l)z +28 — J(x=3)" + 1

(2) tré thanh: ‘G‘ —M = ‘ﬁ —\7‘ Mat khéc, ludn co6: ‘G‘ —M < ‘l] —\7‘
: ~aa- X=1 x-3

Déngthfrcxéyra@uTTV@ = & X=5

Cdch khac:

Chon U(X—12),v(3—X;—)=u+V =(2:1).

(2) tré thanh: ‘G‘ —M = ‘G + \7‘ Mat khéc, ludn co6: ‘G‘ —M < ‘ﬁ +\7‘
: ~ A= X=1 3-X

Péng thirc xdyra < U N v < = < X=5

Binh ludn:

Néu dé bai ra nhu sau thi giai quyét thé nao?
X —2x+5-Xx —6x+10=/5
X —6x+10—/Xx* —2x+5=4/5

R4t don gian, dat diéu kién dé VT > 0, giai binh thuong sau do kiém tra no tim

duoc véi diéu kién.

Bai s6 63 Giai phuong trinh: V9X* —18x2 +/36X° —9x° =9+ X* (3)
Giai

Bai trén ko gidng dang 2 bai trudc, ta tim hudng giai quyét khac.

Vidt lai pt(3) nhu sau: 1.4/9%° —18X% +1.4/36X2 —9%X° =9+ X* (3)

Piéu kién: 2< X< 4.

u/=+2
M =32

Mat khac, luén co6: UV < ‘UHV‘ . Dang thtrc xay ra <> U ™v

Chon U(L1),v(~OX® —18x*:/36X° —9%°) = - \G\M = 6X
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Két hop véi pt(3), ta co: 9+ X2 <6X <> x=3.Vsix=3thiu TTv

Vay pt(3) co no x = 3.

Bai s6 64: Giai bpt: X/X+1++3—Xx>2VX" +1 (4)
Gidi

biéu kign: —1<x<3.

Vidt lai (4) nhu sau: Xo/X+1+1+/3—x > 24X +1 (4)

‘G‘ =X +1

Mzz

Chon U(X;1), V(vX+1v/3=x) =

(4) tré thanh: u.vz‘qu‘ (*) . Mat khéc, ludn c¢o: u.vg‘qu‘ (**)

Tu (*) va (**) suy ra:

e = e oA J X*(3—-x)=x+1

u.v:‘qu‘@uTTvciz X+1<:> (3=x)=x+
1 3—X x>0
<:>{x3—3x2+x+1=0<:> x=1

Bai s6 65: Giai bpt: VX + 2X +4/2X—2 > /3x* +9x—3 (5)
Gidi
Pidukien: .....cooveieiinn,
Hinh thtrc ko khac gi bai sb 4, tuy nhién néu chi lam don thuan nhu bai s6 4 thi

ko thé c6 vé phai dugc. Vi thé phai bién d6i “ nghé thudt” nhu sau:
(5) & 14/% + 2% + /2. 23‘5‘ 2> J3x +9x-3 (5)

Ta chon cac vector sao cho:

(T
UL~2), V(X +2x; 2 M

—2 - -
\)/(E )= M: X2+3X_1:>‘u‘.‘v‘:\/3x +9x-3
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Bpt(5) trd thanh: GGZ‘GHV‘ (*) . Mt khéac, ludn co: uv < ‘ ‘ M (**)

Tu (*) va (**) suy ra:

UV = ‘ Hv‘<:>uTTv<:>\/x +2x_—<:>x +2x_XT_1
x=—un
S22 +3X+1=0< 1 o xed
X=—§(|)

Binh ludn: Viéc viétra 2 con sd 1 va /2 thét ko ty nhién chit nao? Mo chang?

Ta thay rang VP ko am, vi thé ta s€ viét v€ trai nhu sau:

VX +2X +/2% — =a.‘x2;2X ‘2X ( a, f>0)

Chon

(e B (\/x +2X \/2x 2 ‘ HV‘ \/(a +,B)(X +2X 2);)22)

2 2 2 2\2 2 2
i a + 2(a” + 2(a” +
o i ] - —f”xu CRYD TS
o a IB IB
Pén day thi moi viéc that don gian, chi can tim «, /3 sao cho:
fa2+ 2
Zﬂ :3
(04

VACHP) g o p=Pa, (Bra>0)
O

A"+ )
A

Ta chi can chon a =1, 8 = J2 1a xong.

Bai s6 66: Xac dinh m dé pt sau c6 nghiém:

I +X+1—X* —x+1=m (6)
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Giai

(6)<:>\/(x+%)2 +§—\/(x—%)2+§ _m

1.3 1.3

Chon G(x-a;;), \7(x+§;73) —u-v=(-10) :»\G-\?\ =1
Ta c6: |m| = |u] - V| <[u-v|=1=>|m] <1.
1

1
X—— X+
Piang thirc xay ra <> 2 _ 2 5 xed.
V3B

2 2
Vay: Péptconothi —1l<m<1l

Binh luan:
T bai toan trén ta c6 thé dan xuat ra 2 bai toan sau:

+) Bai toan 1: Xac dinh m dé pt sau c6 nghiém:

U =X+1—X +x+1=m
( Tat nhién dap so ko thay doi)

+) Bai toan 2: Ching minh cac bat ding thirc sau:

X =X +1 =X+ X41<1 va <X+ x+1-X —x+1<1

Bai 50 67: Xéac dinh m dé pt sau c6 nghiém:
I+ X+1+VX —x+1=m (7)

Loi giai bai toan trén thdt don gian, ko khac gi loi giai bai toan 6. Tuy nhién,

doc giai hdy binh ludn vé cdac loi gidi sau day:

*)Loi gidi I:

1., 3 1,, 3
(7)<:>\/(x+§) +Z+\/(X_§) +Z_m

56



Chon G(x—%;?), V(=X — 1. V3

> ——):>u+v (- 10):>‘u+v‘

Ta co: m=‘u‘+M2‘u +v‘=1:>m21.

1 1
X=X,
Ping thirc xay ra <> = S Xed
33
2 2

Vay: Déptcono thi m> 1.

*)Loi gidi 2:

Ta co:

X+ X+1= (x+—) +

%

Vi déng thitc ko ddng thoi xay ra & (*) va (**) nén c6: m > /3
*)Loi gidi 3

X+t x— 1
Pat f(X) =X +X+1+X—x+1= f'(X)= 2 2

3*-,/2 _’ _1..3 ﬁ**
i 2(), X" =Xx+1=[(x 2)+422( )

+
1, 3 1., 3
\/(x+2) +Z \/(X_Z) +Z

x+— 1 1 1
<:>x+§:§—x<:>x=0
\/(x+ s \/(— X)? +

(Viham g(u) =

fi(x)=0

3 dong bién trén R).
u’+-

Lap bang bién thién, ta thay: m>min f (x) = f(0)=2. vay m>2
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Binh ludn:

Véi 3 cach gidi cho ta 3 ddp s6?!. Cach gidi nao diing? Cdch gidi ndo sai? Sai &
ddu? Néu sai thi sira sao cho ding?

*) Loi gidi I

Ta ludn co: ‘u‘ + M > , nhung luu ¥ rang c6 dang thirc khi hai vecto cuing

chi€u. Chinh céach chon vecto da vi pham diéu cam nay.

Chon lai nhu sau:

Chon G(x—%;?),g(— —% £):>u+v (- 1\/_):>‘u+v‘

Ta co: m:‘u‘+M2‘u+v‘:2:>m22.

1 1
X—= —X-=
Pang thic xay ra <> 2 _ 2 o X=0.Vay: Déptconothi m=>2.
V38
2 2

*)Loi gidi 2:
Str dung danh gia trong 101 giai 2 1a hét stc cuc bd( danh gia cung lic tong 2
biéu thirc chir ko duge danh gid timg biéu thirc mot). Chang han ta c¢6 thé danh

gia vai cach khac nhu sau:

+)m:\/x2+x+1+\/x2—x+1:\/(x+%)2+§ +\/(x—%)2+§>\/§

+)m:\/x2+x+1+\/x2—x+1:\/%x2+%(x+2)2 WL\/%xﬁ%(x—Z)2 >0

H) M=+ x+1+X =X +1= \/;x + = (x+1)° +;+\/2 (X D+ >‘/_

H)Y M=+ x+1+VX —x+1= \/1x2+§(x+3)2+g +\/1x2+§(x—g)2+3>&
4 4 4 4 3 3 3

Lao Cai, thang 4 nam 2021

Tran Hoai Vi
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