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& Tuyén tap mét sb bai toan t8 hop @ €3 Tap chi va tu lidu todn hoc



T6 hop 1a mot van dé khé clia toan so cap néi chung ciing nhu trong céc ki thi toan cac cap thi chi
dé nay luon c¢6 mot chd ditng nhat dinh. Cac bai toan t6 hop doi khi khong can nhitng bién ddi toan
hoc phiic tap ma doi héi tu duy nhay bén ciia nguoi lam bai, vi vay viéc luyén tap véi nhiéu bai
toan sé gitup ching ta luyén thém kién thic v ki ning x1t 1y cac bai toan nay. Véi mong muoén tao
ra mot tai lieu gitp cac ban hoc sinh on luyén chit dé khé nhan nay, fanpage da c6 ging tong hop
nhiéu bai da suu tam dugc thanh mot tuyén tap nho nhé gitp cac ban luyén tap chuan bi cho cac
ki thi olympic toan sap t6i ma cac ban tham diy. Tai lieu 1a sy két hop clia nhiéu nguodn, nhiéu tai
liu khéac lai nham mang t6i cho ban doc nhitng bai toan thi vi nhat. Trong nay sé khong dé cap téi
cac phuong phép nhu: dém bing hai cach, truy hoi, song anh, ham sinh,... Cac ban c¢6 thé tim doc
chiing & cac tai lieu khac. Hy vong day sé 1a cong cu dac luc ciia cac ban.

Moi ¥ kién déng gép va thac mac vui long gii vé dia chi

Tap chi va tu liéu toan hoc
https://www.facebook.com/0OlympiadMathematical
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& Tuyén tap mét sb bai toan t8 hop @ €3 Tap chi va tu liéu todn hoc



Chuong 1

Ly thuyét vé to hop.

1.1 Céc quy tic t6 hop co ban.

Dinh nghia 1. Tap khong rdng A 1a tap hitu han néu ton tai sé6 nguyén duong n va mot song anh
f:1,2,...,n — A. Trong tap d6 tap A bao gom n phan tit, va ching ta néi rang A 1a mot tap hop
n. S6 s6 phan tit ctia tap hop A duge dit bang |A|. Tap rong @ hitu han bdi dinh nghia va |@] = 0.
Mot tap hgp duge goi 1a vo han néu né khong hitu han. Mot tap hop con k cia A 1a tap con clia A
bao gom k phan tii.

Quy tic song anh. Hai tap hop khong rong A va B c6 ciing s6 s6 phan t1t khi va chi khi néu ton
tai mot song anh f : A — B. Mac dit quy tic song anh rat 1a hién nhién nhung ching ta dé ra né
bdi nhitng 1y do sau. Doi khi ngudi ta nén xac dinh cic bién v6i cac tinh chat dua ra va nén suy ra
tap A clia tat cd cac bién nhu vay. Néu B 1a mot tap hop véi so6 phan tit & va ton tai mot song anh
f: A — B thisé cung c6 sd phan tit k.

Quy tac nhan. Dé A va B la hai tap hop hitu han va f : A — B mot ham s6 nhu 14 déi v6i moi
phan tit b € B ton tai chinh xac &k phan ti tit tap A ma ¢6 anh 1a B. Sau d6 |A| = k. |B|. Ching
ta thuong st dung quy tic nay dé phan biet sé phan tit ciia cac két qua duge siap xép va khong sip
xép khi ching ta chon cac phan ti tit cac tap da cho.

Quy tac cong. Néu A la mot tap hitu han va A = A, U A U ... UA, va A;NA; = @ voi tat ca [
khac j, va

|A| = |Ay| + | Ao + ... + A,

Chiing ta st dung quy tic cong khi xét cau hoi t6 hgp dé dém s6 phan tit ciia tap A. Doi khi n6 rat
tit nhien va dé& dang dé phan chia tap hop A thanh céc tap con.(khdi) dé xac din s6 lugng phan ti
trong mdi khéi va dé tinh duge s6 phan tit thu duge.

Quy tic tich s6. Cho Ay, A,, .... A, 1a cac tap hop hitu han ma lan luot chita &y, ko, ...., k, phan ti
va tich Cartesian A; x Ay X ... x A, 1a 1 tap hop chta kiks.....k, phan ti do 1a

|A1 X AQ X ... X An| = ’A1’ . ’A2| ...... ’Anl (1)

Dic biet, néu A 1a tap hop chia m phan tit thi A, 1a tap hop chita m™ phan tit do la |A"| = |A]".
Chitng minh. Ta sé chitng minh dang thitc (1) bing quy nap. Véi n = 1 thi dang thic (1) trd thanh
|A1| = ki va luon ding. Cho dang thiic (1) ding véi tap hop chita n — 1 phan ti. Bay gio ching ta
hay xét tap hop chita n phan tit nhu 1a |A;| = k; véii € {1,2,3,...,n} va A, = {1, s, ..., Txn }. Theo
gia thiét quy nap ta c6

|A1.A2 ..... An—1| - k’l.k’z....k’n_l (2)
V6i i € {ky, ko, ..., ky }, dat

S; = {al,a2, ..... ,an,xi|a1 € Al,ag c Ag, ..... ,p—1 € An—l} (3)

>



CHUONG 1. LY THUYET VE TO HOP. 1.2. CHINH HOP LAP.

D6 hién nhién 1a mot anh xa gitta S; va Ay x Ay X ... x A, dugc cho béi (ar,as,.....,an_1, ;) —

‘Sl‘ =ky X ky X .... X knfl,i S {1,2, ,kn} (4)
Luu ¥ rang cac tap hop Sy, Ss, ..., Sk, 1a cic tap hop tach roi nhau, va
A1XA2X ....... XAn281USQU ...... USk:n

St dung quy tac cong ta duge |A; x Ay X ... X An| = |S1| + |S2| + ... + |Sy| = k1ks....k,. Dinh ly
dugc chiing minh.

1.2 Chinh hop lap.

Dinh nghia 1. Cho A = {ay,as, ..., a,,} 13 mot tap hop sap thit tu tuyén tinh a; < ag < ... < @y, V2
cho ki, ks, ..., k,, 1& cac s6 nguyén khong am sao cho n = ky + kg + ... + ky,,, > 0. Mdi phan tit v € A",
sao cho v6i bat ki ¢ € {1,2,...,m} phan ti a; xuat hieén trong v dang k; lan, duge goi 1a mot n—
chinh hop ctia nhiing phan tit clia tap A loai (ky, ks, ..., k).

Dinh ly 1. Cho nhiing diéu kién trong dinh nghia trén dugc théa man, khi do6

) ) . R n!
(1) S6 n— chinh hop loai (k1, ko, o k) 1a m
(2) S6 loai n— chinh hop ctia nhitng phan tit cia m— tap A bing (n " 7: N 1)’

Chirng minh.

(D Cho tap B = {al,d?,....a}", ...,al,, a2, ...,a"m}. Goi S, la tap tat ci céc hoan vi clia tap B,
va Sy 1a tap cac n— chinh hgp clia nhitng phan tit ctia A loai (ki, ko, ..., k). Tap S; bao gom
(k1 + kg + ... + ky)! = n! phan tit. Ta dinh nghia ham f : S; — Sy nhu sau: mdi hoan vi p € S
tuong tng v6i mot n— chinh hop v € S, thu dudgce tit p bang cach x6a di chi s6 trén. Tap S; bao gom

dang ky'ko!...k,,! cc hoan vi clia B, trong d6 v6i méi j € {1,2,...,m}, thi cdc phan t1t a}, a? a

505, a
chiém k; vi trf ¢6 dinh. Vi vay moi phan tt v € Sy ¢6 dung kqlks!...k,,! phan tit u € S; sao cho
f(u) =v va

ikl el heylkyl Je |

(2) Cho A = {1,2,...,m} v& S la tap tat ca cac (n +m — 1) — chinh hgp ctia nhitng phan t1 ctia tap
{0,1,2,...,m} c¢6 dang sau

S| =

v=11...1022...20..0mm...m
— L2 —_——
k1 k2 km
Ki hieu T la tap tat ci cac loai n— chinh hgp ctia nhitng phan ti cia A. Khi d6, mdi chinh hop
v € S chita ding m — 1 s6 0 va duge xac dinh mot cich duy nhat béi vi tri clia ching. Vi vay,

S| = (m; n 1). Ham s6 f : S — T, xéc dinh bdi f(v) = (ki, ks, ..., k) 12 mot song anh. Do dé

—1
m+n—1 n+m—1
e ()1
Vay dinh ly duge ching minh.
Vi du 1. C6 bao nhiéu s6 nguyén duong cé 7 chit s6, trong dé s6 3 xuat hién ba lan, va s6 2 va 3
xuat hién hai 1an trong biéu dién thap phan?
Lai giai.

ta co
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CHUONG 1. LY THUYET VE TO HOP. 1.3. TO HOP LAP.

!

312121

s6 nguyéen duong. 0
Vi du 2. C6 bao nhiéu tit khac nhau thu duge tur viéc hodn vi cac chit cai trong tt COMBINA-
TORICS?

Loi giai.

Cac chit cai C, I va O xuat hién hai lan, va cac chit cai M, B, N, A, T, R, va S xuat hién mot lan
trong tit COMBINATORICS. Vi vay, s6 tit phan biét thu dugc tit viec hoan vi cic chit cai do la

13!

Céc s6 nguyen duong théa man tinh chat treén 13 7— chinh hop loai (3,2, 2). Nhu vay ta co =210

1.3  Té hop lip.

Dinh nghia 1. Dinh nghia Dat A = {a1;as;...;a,,} 14 mot tap sip tht tu nghiem ngit a; < ay <
... < Q. Mot t6 hop gom n phan ti ciia tap A cho phép su lap lai cac phan ti 1a mot t6 hop lap
chap n (f(1), f(2),..., f(n)), trong d6 f : {1,2,...,n} — A la mot ham khong gidm tic la

F) < f2) << f(n)

. 7 £ 2 2 X 2 2 ~ N - 1
Dinh ly 1. So t0 hgp 1ap chap n ciia m phan t cia tap A la (n + 7: )

Chitng minh. Dat A = {a1;as;...;a,,} V& gid st rang a; < ay < ... < a,,. Dat K 1a tap cac to hop
lap chap n clia m phan ti ctia A, va T 1a tap hop cac chinh hgp chap n ctia m phan tit ctia A. Xét
ham f: 7T — K, théa man v6i moi (ky; ko;...; k) € T thi
[ ((kis koo b)) = araq...a1 a2a5...05 ... QGG € K
TT —_——
1 2 km lan

n+m—1>

R6 rang ham f 1a toan anh. Nhu vay ta duge |K| = |T| = < "

Vi du 3.1. Dat A = {a,b,c} vdi a < b < c. ta c6 mudi t6 hop lap chap 10 ctia 3 phan tit clia A 1a
aaa, bbb, ccc, aab, aac, abb, acc, bbe, bee, abe.
Dinh 1i 3.2. S6 t6 hop lap chap n ctia m phan ti ciia tap A, théa man moi phan tit @ € A xuat
) N N -1
hién it nhat mot lan thi bang (n )
m—1
Chiérng minh. Diat K 1a t6 hop lap chap n phan tit ctia A = {ay, as, ..., @, } thda man moi phan tit

a € A xuat hién it nhat mot lan, va V 1a tap gom céac chinh hgp chap n cia tap A U {0}. Xét ham
f: K — V xac dinh béi, v6i moi

U= A101...Q1 A202...03 ... Q... € K,
—_— Y

k1 ko km lan

bat f(u) = a1ay...a1 0 asas...as 0...0 A= 10m—1--- Q=1 0 QGG

- -~

ki—1 ka—1 Km—1—1 km 1an
Nhu vay dinh ly duge ching minh.

1.4 Nguyén ly bao ham - loai trur.

Viéc dém s6 phan t1t clia hop clia mot vai tap hgp hitu han thusng xuat hién trong cac bai toan to
hop. Ta xét hai vi du sau.

& Tuyén tap mét sb bai toan t8 hop @ €3 Tap chi va tu lidu toén hoc



CHUONG 1. LY THUYET VE TO HOP. 1.4. NGUYEN LY BAO HAM - LOAI TRU.

Vi du 1. C6 10 hoc sinh dat diém cao mon Toan, 12 hoc sinh dat diém cao mon Ly va 7 hoc sinh
dat diém cao & ca hai mon Toan va Ly. Hdi ¢6 bao nhiéu hoc sinh dat diém cao trong it nhat mot
trong hai mon nay?

Loi giai.

Goi A va B lan lugt 1a tap hop céc hoc sinh dat diém cao mon Toan va Ly. Yeu cau bai toan chinh
la xac dinh s6 phan ti ctia tap hop A U B. Nhitng hoc sinh dat diém cao cd hai mon Toan va Ly da
duge dém hai lan trong phép tinh |A| + |B|. Do d6

|AUB| =|A| +|B| - |ANn BJ.

Cudi cung, ta c6 |[AUB| =10+ 12 -7 = 15. O
Vi du 2. C6 bao nhiéu s6 nguyen duong trong tap hop S = {1,2,...,1000} chia hét cho it nhat mot
trong cac s6 2,3 va 57?.

Lai giai.

Goi A, B va C lan lugt 1a cac tap con ctia S chita cac phan ti chia hét cho 2,3 va 5. Ta can tim s6
phan tit ctia tap hgp AU B U C. Xét tong |A| + |B| + |C|. Nhitng phan tit thuoc ding hai trong ba
tap hop A, B va C dude dém hai 1an, trong khi cdc phan tit thudc ca ba tap trén thi duge dém ba
lan. Vi thé

JAUBUC| =|A|+|B|+|C|—|ANB|—|BNC|—|CNAl+|AnBNC|. (*)

Chi ¥ rang cac tap hoap AN B, ANC,BNC va AN BNC chia cac s6 trong S lan lugt chia hét cho
6,10, 15 va 30. Vi vay,

|A| = 500, |B| = 333,|C| = 200, |AN B| = 166, |AN C| = 100, |B N C| = 66

va [ANBNC|=33. Tu (x) ta duge |[AU BUC| = 734. O
Dinh ly 1. Cho A4, A, ..., A, 1a& cac tap con cta tap httu han S. Khi dé

[ATUA UL UA =D Al - > [AnAl+
i=1 1<i<j<n
+ Y JANANA] -+ (D) AIN AN LN A, (1)

1<i<j<k<n

S6 |AjU Ay U...UA,| & vé trai ciia dang thitc (1) vd mdi hang & trong vé phai c6 thé dugc viét
thanh téng ctia cac s6 1 véi dau + hay — tuong tng. Mai phan tit a € A; U Ay U ... U A, tuong tng
v6i mot hang t1t 1 ¢ vé trai ctia (1). Gia sit ¢6 dung r tap trong s6 Ay, As, ..., A, chita a. Khi d6 phan
t nay tuong tng véi tong

,e (;) ; (;) ot (—1)’”—1(:) — 11— =1

Vay dang thitc (1) ding. Cong thitc (1) thusng duge xem nhu Nguyén 1y bao ham — loai trit. Ta
da ching minh né thong qua cac cong thitc t6 hgp don gian. Cong thiic nay con c6 thé duge ching
minh bang quy nap nhu sau.

Chitng minh dinh 1y bang quy nap toan hoc. Véi n = 1 dang thic (1) hién nhién ding.
Vé6i n = 2 cong thic da duge ching minh tai vi du 2. Gia st (%) ding v6i n = m > 2. Xét
Ay, Ay Ay Ay 13 cac tap hitu han bat ki. Theo gid thiét quy nap vé6i cac tap Ay, A, ..., A,, ta
c6 déng thic

AU AU UA =)A= > JAin4]+
i=1 1<i<jsm
+ Y JANANAl -+ CD)MTHANAN L NAL. (2
1<i<j<ksm

& Tuyén tap mét sb bai toan t8 hop €3 Tap chi va tu lidu toén hoc



CHUONG 1. LY THUYET VE TO HOP. 1.5. MOT PHUONG PHAP HINH HOC CUA CHINH HOP,

Chu ¥ rang [(AjU AU . UA,)NA, 1] = U (A; N Apia)| - Theo gid thiét quy nap véi cac tap

Al N Am—i—l; A2 N Am+1, ‘--;Am N Am—i—l ta co

(AL UAy U UA) N A =) A N Al = > JAINA; 0 A

1<i<j<m

+ > JAINA; NNA N A

1<i<j<k<m

— e ()AL N AN N AL N A (3)
Tu(2) va(3) vavidulvéi A=A, UAU...UA, va B=A,,.1, ta dugc
Ay UA U UALUA | =AiUA U UAL+ |Ana] — (AU AU UA,) N Ay

m+1
=D 14— D> JANAl+ Y JANA N A
7j=1 1<i<i<m—+1 1<i<i<k<m+1

e (S A N AN 0 A O Ay

titc 1a Nguyén 1y bao ham — loai trit ding v6i n = m + 1.

1.5 Mot phuong phap hinh hoc cta chinh hgp.

Nhitng bai toan vé t6 hgp c6 thé duge dua ra dudi dang dém sb chinh hgp chap n clia cac phan ti
—1 va 1 v6i nhitng diéu kién keém theo duge théa man. Méi chinh hgp chap n cicp...c, ma né chi
chita cac s6 —1 va 1 ¢6 thé két hop v6i mot quy dao ZyZ;...Z, trong d6 Z;, 1a diém c6 toa do (T, Yr)
sao cho cic ding thitc sau day théa man zo = 0, yo = 0 v& véi moi k € {1,2,...,n}, 7, = 141 + 1,
Yk = Yk—1 + Ck.

(@) Néu ¢ =1 thi y, — yp_1 = 1 va Z;,_1Z;, 1a mot phan di len ctia quy dao.

(2 Néu ¢, = —1 thi y, — yp—1 = —1 v Z;,_1Z;, 12 mot phan di xudng ciia quy dao.Z, la diém dau

va Z, la diém cudi ctia qui dao ZyZ;...2,.

Dinh 13-

@ Goi M (m,n) la s6 qui dao ZyZ,...Z, c6 diém dau (0,0), diem cudi (m,n) véim > n, m,n € N.
Khi do

m!

() ()

(b) M (m,n) =0 néu m — n khong chia hét cho 2.

(a) M (m,n) = néu m — n chia hét cho 2.

(2 Giadstt A (a1, az), B (by, by) 1a cac diém ma toa do ctia chiing 13 cac s6 nguyén sao cho by > a; > 0,
ag > 0, by > 0. Goi A (a1, —ay) 1a diém ddi xing v6i A (a1, as) qua truc hoanh. Khi d6 phat
biéu sau day luon ding: S6 quy dao véi diém dau A va diém cudi B sao cho c¢6 it nhat mot
diém chung véi truc hoanh 14 bang véi s6 quy dao véi diém dau A; va diém cudi B.

(3 Cho n € N va goi Ty 1a tap hop cac qui dao véi diém dau (0;0) va diém cudi (2n;0) sao cho
tat ca cac diém ciia quy dao bat ky, ngoai trit diém dau va diém cudi, c6 tung do duong. Khi

) 1/2n—2

& Tuyén tap mét sb bai toan t8 hop © €3 Tap chi va tu lidu toén hoc



CHUONG 1. LY THUYET VE TO HOP. 1.5. MOT PHUONG PHAP HINH HOC CUA CHINH HOP,

@ Cho n € N va goi Ty 1a tap hop cac qui dao véi diém dau (0;0) va diém cudi (2n;0) sao cho

P . ) 1 2
tat ca cac diem cua quy dao bat ky ¢é tung do khong am. Khi doé: || = ?< n)
n

(5) Cho n,k € N va T3 la tap hop cac quy dao véi diém dau (0;0) va diém cudi (2n;0) va khong
Ty = 2n 2n
T\ n n+k/)
Chirng minh.

(D Goi t 1a mot quy dao vé6i diem dau (0;0) va diém cudi (m;n), o 1a s6 phan di lén ciia t va 3 la
m—+n m-—-n ___ .

5 b= 5 Via va
B 1a cac s6 nguyen khong am nén diéu nay dan dén khong c¢6 quy dao nao véi diem dau (0,0), diém
cudi (m,n) néu mot trong cic s6 nguyén m va n la s6 chén, s6 con lai 1a 18. Néu a va 3 cung chin

hoiic cling 18, ttic 1a m + n va m — n déu chia hét cho 2 thi ta c6

c6 diém chung véi duong thang v = —k. Khi do

s6 phan di xuéng ctia t. Khi dé tacé o+ =m, a — 3 =n, ttic la a =

= (2) () sy

2 2

(2) Goi S; 1a tap cac quy dao vé6i diém dau A va diém cudi B sao cho c6 it nhat mot diém chung véi
truc hoanh va S, 1 tap quy dao véi diém dau A; va diém cudi B.

Yy
by
a9 B
A
X
O aq \/ b, x
s A/ P Ne

Ta xéc dinh ham f : S; — Sy v6i dnh xa f(t) cua quy dao t € S; duge xac dinh nhu sau. Ky hiéu
X 1a diém chung ctia quy dao ¢ v6i truc hoanh sao cho X ¢6 hoanh do nhé nhat. Dt ¢, 14 phan clia
quy dao ¢ v6i diem dau A va diém cudi X va ¢, 1a phan clia qui dao t véi diém dau X va diém cubi
B. Dt ¢} 1a qu dao thu duge bang cach dbi xing ¢; qua truc hoanh va f(t) = t{ Ut,. Ham f 1a
mot song dnh va do dé ta c6 |Sy| = |9,

(3) Mbi quy dao tit T} chiia cic diém (1;1) va (2n — 1,1). Bai toan quy vé dém s6 quy dao véi diém
dau (1;1) va diém cudi (2n — 1,1) va khong c6 diém chung véi truc hoanh. S6 cac qui dao véi diém

N 2 Z 2 - 2 Z X X by
dau (1;1) va diem cudi (2n — 1,1) la ( " ] >, bdi vi bat ky quy dao nao deu bao gom n — 1 phan

di len va n — 1 phan di xubéng va tat ca phan nay c6 thé dudc sip xép thanh mot day trong tat ca
cac cach co thé. S6 cac quy dao véi diem dau (1;1) va diém cudi (2n — 1,1) sao cho c6 it nhat mot
diém chung véi truc hoanh bing véi s6 quy dao véi diém dau (1; —1) va diém cudi (2n — 1,1). Mdi
qui dao véi diem dau (1; —1) va diem cudi (2n — 1,1) ¢6 n phan di lén va n — 2 phan di xuéng, va

).Dodétacé

. . (2
do do6 so quy dao nhu vay bang véi ( "

2n — 2 2n — 2 1/2n—2
Th| = - = -
n—1 n n\n-—1

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc



CHUONG 1. LY THUYET VE TO HOP. 1.6. PHAN HOACH NGUYEN

(4) Chitng minh tuong tu trusng hop trén.

(5 Stt dung lap luan tuong tu trusng hop 2) ta thu duge s6 cdc qui dao véi diém dau (0;0) va diém
cudi (2n;0) sao cho chiing c6 it nhat mot diém chung véi dudsng thang y = —k 13 bang véi s6 cac
quy dao v6i diém dau (0; —2k) va diem cudi (2n;0), va d6 1a s6 M (2n,2k) clia tat ci cac qui dao
v6i diem dau (0;0) va diém cudi (2n; 2k). St dung két qua thu duge ¢ truong hop 1) ta c6

Ts| = M (2n,0) — M (2n, 2k) = (2n> B ( m )

n n—+k

Vay cac dinh 1y dugc chiing minh.

Vi du 1. C6 2n nguoi sip thanh mot hang truée quay ban vé. Mdi ngudi trong ho ¢6 ¥ mudn mua
mot chiée vé, va gia moi vé 1a 53. Gia st ring n ngudi dau tién trong hang c6 10$, va n ngudi con
lai c6 5$. Khong c6 tién miit trong may dém tién tai thoi diem bat dau. Hoéi ¢6 bao nhiéu cach dé
xép lai hang sao cho khong c6 bat ky ngusi c6 10$ nao trong hang phai dgi dé ddi?

Chitng minh. T dinh Iy & trén, ta thu dudc sd cach siap xép lai hang sao cho diéu kién dua ra duge
. N 1 2n
thoa méan la .
n

n+1

1

) . 2
Luu y. Day cdc so nguyén duong (), cho béi x, = < "

n

n+1
cac s6 Catalan. Luu y rang 1 = 1, 2o = 2, 25 = 5, 24 = 14, 25 = 42,...C6 thé ching minh dugc ring
z,, 13 s6 nguyén 186 néu va chi néu n c6 dang n = 2F — 1 véi k 14 s6 nguyen duong. S6 Catalan thuong
xuat hieén trong 10i giai cac bai toan t6 hop liet ke.

), duge biét dén nhu 13 mot day

1.6 Phan hoach nguyén

o) day ta sé xét sut biéu dién mot sé nguyén duong cho trude thanh tong céc sé6 nguyen duong, ciing
nhu su biéu dién mot tap hop hita han cho trude thanh céc tap con khéac réng doi mot khong giao
nhau. Sy biéu dién nay duge goi la phan hoach s6 nguyén duong va phan hoach tap hop. o) day
chiing ta chi xét s6 cac phan hoach théa mot sé diéu kien.

Dinh nghia 1. Mot phan hoach ctia s6 nguyén duong n thanh & s6 hang 1a mot bo o = (g, ag, ..., ax),
théa man aq; as;...;a € N va

artast+ . tap=n0 = Q> . 2> (1)
Cac s6 nguyen duong og; ae; ...; o dude goi 1a céc sd hang ciia phan hoach «. Ki hiéu f; 1a s6 lan
xuat hien s6 thi i trong day ai; aw; ...; o, khi d6 phan hoach a con duge ki hieu v = (1127235 ),

ta co
h+tf+..+fa=kfi+2f+...+nf,=n (2)

Vi du.

@ 5+3+3+1,(5,3,3,1),(11325%) 1a cac ki higu khac nhau ctia ciing mot cach phan hoach s6 12
thanh 4 s6 hang.

2 8+8+5+5+5+5+3+3+3+1+1+1+1+1=(1°335%82) la mot phan hoach s6 50 thanh
14 s6 hang.

(3) C6 7 phan hoach khac nhau ctia s6 5, d6 1a
ar = (5") 0 = (1'4Y) Jay = (2'3") ,ay = (173") ;a5 = (1'2%) , a6 = (1°2") ;a7 = (1°) .

& Tuyén tap mot sb bai toan t& hop (1) €3 Tap chi va tu lidu todn hoc
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Goi p(n) 1a s6 cac phan hoach s6 nguyén duong n, qui uéc p(n) = 0 véi n l1a s6 nguyén am va
p(0) = 1. Dé thay p(1) = 1,p(2) = 2, p(3) = 3, p(4) = 5, p(5) = 7, p(6) = 11, .... Cong thiic tinh p(n)
dugc chiing minh béi Hardy, Ramanujan, Rademacher. Vi du

p(10) = 42, p (20) = 627, p (50) = 204226, p (100) = 190569292,
p(200) = 3972999029338

Ham p(n) tang rat nhanh theo n.

Dinh ly 1. Cho ny,ny, ...,n; 1a cic s6 nguyen duong khac nhau. Ki hieu F (ni,na,...,ng;n) 1a s6
phan hoach ctia s6 nguyén duong n thanh cic s6 hang khac nhau ma mdi s6 hang déu thuoc tap hop
{ny,ng,...,n1}. Ta c6 ddng thitc sau

F(ni,ng,....ng;n) = F(ny,ng, ...,ng_1;0 —ng) + F (ng,ng, ..., ng_1;n) (*)
, 0 khi m<0
Trong d6, F (ny,ne,...,nj;m) = {1 Khi m — 0

Chirng minh. Goi S 1a tap hgp tat ca cidc phan hoach s6 nguyén duong n thanh cac sé6 hang khac
nhau ma mdi s6 hang déu thuoc tap hop {ni,ns, ...,nx} . Sy 1a tap con ctia S gom nhitng phan hoach
ma chita mot s6 hang 14 n, va Sy 1a tap con clia S gom nhitng phan hoach ma khong chita sé hang
ni. Theo gia thiét ta c6 |S| = F(ny, ny, ..., ng;n). Moi phan hoach bat ki thuoc S; tuong ting véi mot
phan hoach ctia n — ny, thanh nhiing s6 hang khac nhau thuoc {ny, ns, ..., n._1} va nguge lai. Do d6

1S1] = F(n1,n2, ..., ng_1;1 — ng)

Tuong tu Sy 14 tap hop tat ca cac phan hoach cia n thanh nhiing s6 hang khac nhau ma méi s6
hang déu thuoc tap {ni,na, ...,nx_1}. Do d6 |Sa| = F(ny,ng, ...,np_1;n). ViS = S;US5,51NS, = &
nén |S| = |Si| + [92].
Hé qua. Dat ny = 1,ne = 2,...,np = k, F.(n) = F(1,2,...,k;n) va Fy(0) = 1, Fx(m) = 0,Vm < 0.
Khi do

Fy(n) = Fi1(n — k) + Fy1(n) (+%)

Dé thay Fi(1) = 1, Fy(n) = 0 v6i n > 1 va Fy(n) = F,(n) v6i k > n. Stt dung dang thitc (*) ta c6
thé tinh dugc Fi(n) véi k,n 1a cac sd tu nhien bat ki.
Vi du. Chung ta hay tinh vai gia tri cua Fy(n).

@D F(1) =1,F(2) =1,F(3) =1, Fy(n) = 0,Yn > 4.

@ F3(].) = ].,F3(2) = 1,F3(3) = ].,F3(4) = 1,F3<5) = ].,F3(6) = 1,F3(n) = O,VTL = 7.

@) Fy(1) = 1, Fy(2) = 1, Fy(3) = 2, Fy(4) = 2, F4(5) = 2, Fy(6) = 1, Fy(7) = 2, Fy(8) = 1, F4(9) =
1, F4(10) = 1, Fy(n) = 0,VYn > 11.

@ F5(8) = Fy(3) + F4(8) =2+ 1 =3.
Dinh ly 2. Cho ny,ns,...,n; 1a cac s6 nguyén duong khac nhau. Ki hieu G(ny,na,...,n;n) 1a s6
phan hoach ctia s6 nguyén duong n thanh cac s6 hang khac nhau ma mdi s6 hang déu thudc tap hop
{n1,n9,...,n}. Ta c6 dang thiic sau

G(n1,ng, ...,ng;n) = G(ng,ng, ...,ng;n — ng) + G(ny,na, ..., ng_1;n) (4%)

0 khi m<0

Trong d6, G(ny,ng,...,n;;m) = {1 khi m— 0

& Tuyén tap mot sb bai toan t& hop 12) €3 Tap chi va tu lidu todn hoc
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Chirng minh. Goi S
nhau ma méi s6 hang

13 tap hop tat ca cac phan hoach s6 nguyén duong n thanh cac s6 hang khac
déu thuoc tap hop {ny, ns, ...,ni}. S1 14 tap con ciia S gom nhitng phan hoach

ma ton tai mot s6 hang bang ny va Sy 14 tap con clia S gom nhitng phan hoach ma khong chita s6
hang trén. Theo gia thiét ta c6

’S’ = G(nl,ng, ,nk,n)
|S1] = G(ny,ng,...,nk;n — ny)

1S2| = G(ny,ng, ..., ng—1; 1)

Ta co |S| = |Sl| + |SQ| .

Hé qua. Diat ny =1,
Khi do

ng = 2,..np = k,Gr(n) = G(1,2,....k;n) va Gx(0) = 1, Gx(m) = 0,Vm < 0.

Gk(n) = Gk 1(71) +Gk(n—k3)
Gk(n):Gk 1(n)+Gk 1(%— )+Gk_1(n—2/€)+

Tt dinh 1y trén ta dé dang xac dinh dugde s6 phan hoach ctia s6 nguyén duong thanh céc s6 hang
ma moi s6 hang déu thuodc tap hop s tur nhién cho trude.

Vi du. Ching ta hay

xac dinh xem c6 bao nhiéu cach c6 duge 50 do la tit cac to tién ménh gia 1 do

la, 2 do la, 5 do la, 10 do la va 20 d6 la. Ta ¢6 G(1,n) = 1¥n > 0. Theo dinh 1y ta c6

@ G(1

1,2,5:10)

1,2,5;15)
1,2,5;20

1,2,5;25

G
G
G
G
G
G
G
G

1,2,5;35

SECECESICEGCRECRCES

)
)
1,2,5;30)
)
)

(11) G(1,2,5;45)
(12) G(1,2,5;50)

(13) G(1,2,5,10;10) =
(14) G(1,2,5,10;20) =
(15) G(1,2,5,10;30) =
(16) G(1,2,5,10;40) =

(17) G(1,2,5,10;50) =

(18) G(1,2,5,10, 20;

(19) G(1,2,5,10,20;

22k =1+G(1,2:2k—2)=k+G(1,2,0) =k + 1,k €N,
1,2:2k4+1) =14+ G(1,2:2k—1) =k +G(1,2,1) = k+ 1,k € N,
1,2,5;5) = G(1,2,5:0) + G(1,2;5) = 1 + 3 = 4,

G(1,2,5:5) + G(1,2;10) = 4+ 6 = 10,

G(1,2,5:10) + G(1,2;15) = 10 + 8 = 18,
G(1,2,5:15) + G(1,2;20) = 18 + 11 = 29,
G(1,2,5:20) + G(1,2;25) = 29 + 13 = 42,
G(1,2,5:25) + G(1,2;30) = 42 + 16 = 58,
G(1,2,5;30) + G(1,2;35) = 58 + 18 = 76,
G(1,2,5:35) + G(1,2;40) = 76 + 21 = 97,

= G(1,2,5;40) + G(1, 2;45) = 97 + 23 = 120,

= G(1,2,5;45) + G(1, 2; 50) = 120 + 26 = 146,

G(1,2,5,10;0) + G(1,2,5;10) = 1 + 10 = 11,
G(1,2,5,10;10) + G(1,2,5;20) = 11 + 29 = 40,
G(1,2,5;20) + G(1,2,5;30) = 40 + 58 = 98,
G(1,2,5;30) + G(1,2,5:40) = 98 + 97 = 195,
G(1,2,5:40) + G(1,2,5:50) = 195 + 146 = 341,

30) = G(1,2,5,10;10) + G(1,2,5,10;30) = 11 + 98 = 109,

50) = G(1,2,5,10;30) + G(1,2,5,10;50) = 109 + 341 = 450.
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1.7 Phan hoach cé thit tu chia s6 nguyén duong

Dinh nghia 1. Dinh nghia Mot phan hoach c6 thit ty cia s6 nguyén duong n thanh k& phan 1a mot
nghiém ctia phuong trinh z; + x5 + ... + 2, = n trong tap hop cac s6 nguyén duong, tiic 1a mot k
bo (k — tuple) (ay, s, ..., ap) clia cac s6 nguyén duong c6 tong bang n. V6i phan hoach cé thit tu
(o, g, ..., ;) ching ta ky hieu a; + as + ... + ay.

Vidu 1. Ta co

ac phan hoach ctia s6 3 14 3,2+ 1,1 4+ 1 + 1. Tat ca cac phan hoach c6 thit tu clia s6 3 1a
Cac phan hoach ct 31a3,2+1,1+1+1. T phan hoach h 31
3,24+ 1,14+2,1+1+1.

(2) Tat ca cac phan hoach 6 tht tu ctia s6 7 thanh ba bo phan 1a 5+1+1,14+54+1,1+1+5,,4+2+
1 4+ 142, 24441, 24144, 14442, 14244, 34341, 34143, 14343, 34242, 24342, 24243,

Vi du 2. Ky hieu a = (1/122..n/m) 1a mot phan hoach c6 thit tu clia s6 nguyen duong n. Khi d6
o it fot et )]

X \f1!f2!...fn!
phan bang .

phan hoach ¢6 thit tu cia n,sao cho,véi moéi ¢ € {1,2,...,n} ¢6 ding f; thanh

Chiérng minh. V6i mdi phan hoach c6 thit ti clia s6 nguyén duong n v6i f; thanh phan bang i cho
mdi i € {1,2,...,n}, hién nhién 1a mot (f; + fo + ... + f,) su sdp xép clia cac phan tt 1,2,3,..,n kicu
(oo for o o).

Vidu 3. Taco

. . s -1
(1) S6 phan hoach c¢6 thit ti clia s6 nguyén duong n thanh k phan bang (Z 1).

(2) S6 cac phan hoach ctlia s6 nguyén duong n 1a 2771,

Chiéng minh. Goi A 1a tap hop tat cad (n+ k — 1) sy sip xép clia cac s6 0 va 1 v6i nhitng tinh chat
sau

& Co6 dung n phan tit trong A bang 1.
& Khong c6 hai s6 0 diing ké nhau.
@ S6 hang ding dau va cudi 1a s6 1.

Tap hop A chtia tat cd (n + &k — 1) sy sap xép bao gom cac day k s6 1 duge tach béi cac s6 0. C6
mot song anhs tir gitta tap A va tat cd cac phan hoach co6 thit ti clia clia s6 nguyén duong n trong
k phan. Dé tiép tuc chiing minh dinh 1y nay, ta sé xét bai toan sau.

Bai toan. Cho m, n 1a hai s6 tu nhién. Goi Sy 1a tap sap thit tu ctia m+n phan ti, trong d6 gom m chit
s6 0 van chits6 1. Goi S 1a tap con ctia Sy, ma cic phan tit clia n6 gom cac chudi khong chiia cac s6 0
lien nhau. Sy 1a tap con ctia Sy, gom cic phan tit ma bat dau va két thic béi s6 1. Tinh [Sp), |S1], |Se].

L&i giai.

Goi K 1a tap gdm t6 hgp m phan tit cta tap {1,2,...,m+n} va f : Sy — K la ham xac dinh béi Anh
xa chinh hop v = ¢1¢y...Cop 4y 18 Mot t6 hop trong trong K chita chi s6 clia cac s6 hang ci, ca, ..., Crmin

thi bang 0. Khi d6 ro rang f 1a mot song anh. Do d6 |K| = |Sy| = <m; n) Trong moi chinh hop

cia Sy, 50 0 c6 thé duge dat & vi trf dau tien, gitta vi trf thi nhat va s6 1 thi hai,....gitta vi trf thi
n — 1 va s6 1 thit n, cudi ciing 1& sau s6 1 thit n. Do d6 ¢6 n + 1 vi tri cho s6 0. Ma mdi chinh hop

trong Sy duge x4c dinh duy nhat béi m trong n + 1 vi tri nén |S;| = (n; 1). Tuong tir hai trucng

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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n—1

hop trén ta c6 duge |Sy| = (Tlﬂ_1 1). Nhu vay ap dung bai toan nay ta cé |A| = (k’ )

) . St dung

2 2 2 - n Z
ket qua nay va dang thic to hgp quen thudc E ( > = 2" chung ta dudc tat ca sy phan hoach cia
)
i=0

n—1
. N -1
sO n bang E (n , ) =on-1 0
: 0

Dinh ly 1. Cho ny;ns;...;ng 14 cac s6 nguyén duong phan biet. Ky hieu H(nq,...,ng;n) 1a s6 phan
hoach c6 thit tu clia s6 nguyén duong n véi cac bo (parts) thuoc tap hop {ni, ..., ng}.
0,m<0

k
Khi d6 c6 dang thitc H(ny, ..., ng; k) = ZH(nl, ngn—n;), 6 day H(ng,...,n;;m) = ) 0
m =
j=1 ’

Chitng minh. Goi S 1a tap hop tat cd cidc phan hoach c6 thit tu ciia s6 nguyén duong n sao cho
moi phan ctia mdi phan hoach thuoc vé tap hop {ni,na,...,nx}. Goi S; la tap hgp cac phan hoach
(aq,az,...) € S thoa man oy = n;. Khi d6, tap hop S 1a hop cia céc tap hop doi mot roi nhau
S1, 59, ..., Sk do vay ching ta ¢6

k k
H(”la”?v 7nk‘7n) = |S| = Z |Sj| = ZH(nana ey Mgy M — n])
j=1

Jj=1

Vi du 4. Gi4 st rang mot tin nhan duge béi cac ky hieu c¢6 do dai 0,1,2,3 hay 4 don vi thoi gian.
Héi c6 bao nhiéu tin nhan khac nhau c6 thé duge gii di trong sudt 10 don vi thoi gian.?

Trong thi du nay bai todn duge xac dinh 1a H(1,2,3,;4,10). Ta ky hieu H(n) = H(1,2,3,4;n) véi
mdi n € N. Dé thay H(1) = 1; H(2) = 2; H(3) = 4; H(4) = 8. Tu dinh ly trén chung ta c¢6

Hn)=Hn—-1)+HMn—-2)+Hn—-3)+ H(n—4)
Tu nhing két qua tren ta ¢6 H(5) = 15; H(6) = 29; H(7) = 56; H(8) = 108; H(9) = 208; H(10) =
401.

1.8 Biéu dd cha su phan hoach

Dinh nghia 1. Dinh nghia Biéu dd biéu dién Ferrer’s ctia sy phan hoach o = (aq, ag, ..., az.), 1a tap
hop cac diém cé toa do nguyen G, trong mat phang toa do Decartes thda man

Go={(z;9)| —k+1<y<0,0< s <ay —1}
Vi du 1. Bicu dd biéu dién Ferrer’s ctia sy phan hoach 30 = 8 +5+5+4 +3 + 2+ 2+ 1 Ia hinh

6.3.1.Luu y rang & dong thit i trong biéu do biéu dién Ferrer’s ctia syt phan hoach (ay, ag, as, ..., ag)
c6 ding a; diém.

& Tuyén tap mot sb bai toan t& hop (15) €3 Tap chi va tu lidu todn hoc
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Dinh nghia 2. Dinh nghia Goi a = (ay, as, ..., ;) 1a sy phan hoach clia mot s6 nguyén duong va
dat m = «;. Su phan hoach 8 = (84, fa, ..., Bm) dugc goi 1a lien hgp clia «, néu Vj = 1,m, thi j;
bang s6 gia tri ; ctia phan hoach o ma oy > j.

Vi du 2. Cho phan hoach 8 +5+5+4+ 3+ 2+ 2+ 1 nhu trong vi du 1, phan hoach lién hgp cta
phan hoach trén 1a 8 +7+5+4+3+1+ 1+ 1.

Quan sat biéu do biéu dién phan hoach Ferrer’s ctia phan hoach $ (14 phan hoach lién hgp ctia «),
ta nhan thay né c6 duge bang cach lay déi xting biéu dién Ferrer’s phan hoach a qua dudong thing
y = —z. Dudng thang nay duge goi la dudng chéo ciia biéu dd Ferrer’s. Tit d6 ta thay néu 3 la lien
hop cua « thi a cing la lién hgp cia 5.

Dinh ly 1. S6 cac phan hoach ciia s6 nguyén duong n thanh it hon ho#ic bang & s6 hang bang s6
phan hoach ctia n théa man khong c6 s6 hang nao cé gia tri nao 16n hon k.

Chitng minh. Goi S; 1a tap hop tat ca cac phan hoach s6 nguyén duong n thanh it hon ho#ic bang
k s6 hang va Sy 1a tap hop tat cd cac phan hoach ciia n thanh cac sé6 hang khong 16n hon k. V6i a
thuoc Sy, khi d6 lien hop ciia a 1a 8 thuoc S. Anh xa f : Sy — S, xéc dinh béi f (o) = B v6i B 1a
lien hop cia « 1a song anh. Do d6 |S;| = |Sa|.

Dinh ly 2. Goi py(n) 1a sé phan hoach clia s6 nguyén duong n thanh chdn s6 hang phan biét va
p1(n) 1a s6 phan hoach ctia n thanh 1& s6 hang phan biet. Khi d6 ta c6

po() — pr(n) = { (—1)F, Khi n= %k(i%k +1),keN
0 cac truong hgp con lai
Chiéng minh. Goi a = (ay, s, ..., ;) 14 mot phan hoach ctia n thanh cac s6 hang phan biet. Ta dit
fi(a) = ag, fo (o) = max {jla; =g — j + 1}
Vi dy, néu a = (7,6,5,3,2), thi f; (o) =2, fo (a) = 3. Xem hinh vé& duéi

o o o o o o
o o o o o

O ©] ©] O

O ©] ©]

—()

Goi S 1a tap hgp tat ca cac phan hoach cia n thanh cac s6 hang phan biét.Ta sé xay dung cac anh
xa Ty va Ty tir tap S dén S.

(D Xét phan hoach a = (ay, ay,...ag) € S, véi a; > as > ... > ay, va gid st f (a) < fo (a). Néu
f1 () = fo (@) = k ta khong lam gi. Ta xac dinhT} («) theo qui tac: Ta bo di s6 hang nho nhat
f1 (@) = a; clia phan hoach «, va tang them 1 § cac s6 hang 16n nhat ctia phan hoach « (ting
& ag s6 hang). Vi du néu o = (7,6,5,3,2), thi T} (o) = (8,7,5,3). Xem hinh vé& duéi
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CHUONG 1. LY THUYET VE TO HOP.

1.8.

BIEU DO CUA SU PHAN HOACH

o (@] (o] (o] (@] (o]

o (@] (o] (o] (@] o

(@] (@] (e] o (@]

(@] (@] o (@]
T

(—) —> 0

o

(0]

e} o /
o

Néu f,(a) = fa(a) = k (k 1a sb s6 hang ctia phan hoach), thi phép bién ddi T) khong
cac dinh. That vay vi néu ching ta x6a “dong” aj = fi (o) = k thi ta chi con k — 1 dong
nén khong thé di k dong dé tang méi dong len 1 dude. Trong trudng hgp nay ta thiy a =

. 1
(2k — 1,2k — 2,...,k + 1,k), ta c6 dang thic k+ (k+ 1)+ ...+ (2k — 1) = 5k: (3k —1).

(2 Néu f1(a) > fo(a) v6i phan hoach a = (ay,ay,...,ax), v6i a1 > as > ... > a;. Néu hai
dang thic fo (o) =k, f1 (o) = k + 1 khong dong thsi xay ra ta xac dinh Ty («) theo quy tic:
gidm 1 6 cac s6 hang 16n nhat ctia phan hoach a (gidm & f» (o) s6 hang) va lap s6 hang mdéi
apr1 = fo (). Vidu néu a = (8,7,5,3) thi Ty (o) = (7,6,5,3,2). Xem hinh vé& dudi.

Ty
o o o —

o o o o
o o o
O ©]

Néu fo () = k, f1 () = k + 1 x4y ra dong thoi thi T, khong xac dinh, vi né sé tao thanh
2 “dong” bang nhau (2 s6 hang bang nhau). Vi du a = (8,7,6,5), fi () = 5, fo(a) = 4,

Ty (o) = (7,6,5,4,4). Xem hinh vé duéi

O ©] ©] O
o o o o
o o o o
O ©] ©] O

@) (@] ©) @)
©) (@] ©)

O (@]

©

©

=

=

Trong truong hop fo () =k, fi («) = k+ 1 ta thiy ring o = (2k,2k — 1, ...,k + 2,k + 1), khi d6 ta

CO

1
(k;+1)+(k+2)+...+2k:§k(3k;+1)

Ta thay ring sau khi thic hién bién déi 7) thi s6 s6 hang ciia phan hoach giam di 1, khi thuc hién

T, thi s6 s6 hang tang thém 1. Ta xét 2 truong hop sau.

. 1 .
(@) Trudng hgp 1. Néu n khong c6 dang n = §k (3k+ 1), v6i k € N. Khi d6 v6i bat ki phan
hoach « thi chi ¢6 thé thuc hien duge ding mot trong hai bién déi T; hoac Ty. Ta xac dinh

anh xa T : S; — S, theo quy tac

Ty (a), khi fi () > fo (@)

T(a) = {T1 (@), khi f1 (o) < fo (@)
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CHUONG 1. LY THUYET VE TO HOP. 1.9. NGUYEN LY DIRICHLET.

Ta thay T 1a mot song anh do d6 |Si| = |S3|. Ta nhan duge po(n) = p1(n).

. 1
(2) Trudong hop 2. Néu n = 5/{ (3k +1), véi k € N thi

1
(2k,2k = 1,k 42,k 4 1) Khin = 2k (3% +1)
Qo =

1
(2k = 1,2k =2, ..k + 1,k) khin = ok (3% — 1)

Ta goi S1 (S2) 1a tap cac phan hoach clia n thanh 1é (chn) s6 hang ma khéc phan hoach ay.
Tuong ti truong hop 1 ta suy ra |Sy| = |Sy|. Ta nhan duge po(n) = pi(n) + (—1)".

p 1
Nhan xét. Dinh 1i trén con dugc goi la dinh li Euler-Legandre. SO w;, = §k (Bk+1), k € Z goi 1a

pentagonal numbers. Néu p(n) 1a s6 phan hoach ctia n thi ta c6 cong thitc sau

pm)= 3 (~1)! lp (n k (3/<:2— 1)> Y (n K (3/<:2+ 1))}

wE<n

o) day p(0) = 1, va tong trong cong thitc nay chay véi cic sd pentagonal number khong 16n hon n.

1.9 Nguyén ly Dirichlet.

Nguyén 1 Dirichlet - con goi 1a nguyeén li chim b6 cau (The Pigeonhole Principle) hofic nguyen 1y
nhitng cai long nhét thd hodc nguyen 1 sdp xép do vat vao ngin kéo (The Drawer Principle) - dua
ra mot nguyén tac vé phan chia phan ti cac 16p.

Nguyén ly Dirichlet cd ban. Néu nhot n + 1 con thd vao n cai chuong thi bao gio cling ¢6 mot
chuong chita it nhat hai con tho.

Nguyén ly Dirichlet tong quat. Néu c6 N do vat dude dit vao trong k hop thi sé ton tai mot

hop chia it nhat [?] do vat. (O day [z] 1a s6 nguyén nhd nhat ¢6 gid tri nhé hon hodc bang z).
Nguyén li Dirichlet m& rong. Néu nhét n con thd vao m > 2 cai chuong thi ton tai mot chuong

c6 it nhat lw—m—l] con thé.
m

Nguyén li Dirichlet dang tap hgp. Cho A va B 13 hai tap hop khac rong c6 s6 phan tit hitu han,

ma s6 luong phan ti ctia A 16n hon s6 lugng phan tit ctia B. Néu véi mot quy tac ndo do, mdi phan

tit clia A cho tuong ing v6i mot phan tit clia B, thi ton tai it nhat hai phan tit khac nhau ciia A ma

chtng tuong tng v6i mot phan ti ctia B.

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc



Chuong 2

Tuyéen tap cac bai toan

Bai 1. Cho 2n s6 thuyc doi mot khac nhau ay, as, ..., ay; by, ba, ..., b,. Viét cac s6 vao bang n x n
nhu saw: O (4;7) (hang i va cot j) 1a 86 (a; + b;). Chitng minh riing néu tich tit ci cac s6 trén
cac cot bang nhau thi tich tat ca cic s6 trén moi hang ciing bang nhau.

Lai giai.
Tich cac s6 & cot thit j bang

Ty = (b] + &1)(bj + ag)...(bj + an).
Khi d6 m; = m; v6i moi i,j = 1,2, ...,n xét da thic P(x) = (x + a1)(z + a2)...(x + a,,). Ta suy ra
P(by) = P(by) = ...= P(b,) =C

trong d6 C' 1a hing s6. Ta lai xét da thic G(z) = P(z) — C.
Do G(z) ¢6 n nghiém by, by, ..., b, nén né 1a da thiic bac n véi hé s6 cao nhat bang 1. Tt d6 suy ra

G(z) = (z —by)(x — by)...(x — by)

Vay
(x4 a1)(z+az)...(r+a,) —C = (z —by)(x — by)...(x — by)

Thay z = —a;(j = 1,2, ...,n) vao dang thic cudi ta dugc

—C = (—aj — bl)(—a]‘ — bg)...(—aj — bn) = (—1)”(% + bl)...(aj + bn)

hay
(CLJ' + bl)...(aj + bn> = (_1)n+10

Vé trai dang thiic cudi nay la tich tat ca cac so thuoc hang j. Bai toan dugce chiing minh. O

Bai 2. Mot con bo 6 vi tri ¢6 toa do z = 1 trén truc sb. O méi buéce, tu vi tri ¢6 toa do x = a,
, ) a . .

con bo ¢6 the nhay den vi tri ¢6 toa do x = a + 2 hoac x = 5 Chiing minh rang c6 tat ca

Fya — (n+4) vi trf khac nhau (ké ca vi trf ban dau) ma con bo c¢6 thé nhiy dén véi khong

qua n budc nhdy, trong d6 (F),) 1a day Fibonacci cho béi Fy = Fy = 1, F,, = F,,_1 + F,,_5 v6i

n > 2.

Lai gidi.
Dat M 1a tap hop cac s6 thuce c6 dang % v6i a nguyén duong 1é, n nguyén khong am. Dé thay rang

d6 1a tat ca cac vi tri ma con bo c6 thé nhay dén. Vi mdi x € M, ta goi f(z) 1a s6 bude it nhat can

19
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2 £ . s ~ N 2 . N ~, N ~ FS N P a N
dé nhéy tit 1 dén vi tri . R6 rang f(z) xac dinh va httu han vi nhan thay rang véi zo = % € M thi

sau bude ” + 2 tit 1 con bo ¢6 thé nhay dén a. Tiép theo, sau b bude nhay ”/2”, con bo c6

o . a . a2
the dén zy nén so buéec khong vugt qua + b. V6i moi so nguyén duong n, dat

Pn:{x‘xeM/\f(‘r>:n}uQn:{x‘xepn/\geanrl}VéRn: n\Qn

Dé thay rang @, 1a tap hop cac s6 ma g phai dén bude thit n + 1 méi thu dude; con R, 1& tap hop
cac sO ma g € P,. V6i cach dat do, ta thiy ring sb6 luong cac vi tri khac nhau ma con bo c6 thé
nhdy dén sau n budc sé 1a |Py| + |Pi| + -+ - + | Py|. Ta sé tim cong thiic cho P,.

Ta c6 nhan xét rang, néu tit 1 — z ta can n budce thi dé 1 — 2 + 2, ta can n + 1 budc; ngoai ra, néu
tr 1 — g ta can n + 1 budc thi dé 1 — z, ta can n bude. Do d6, véi moi x € M ma f(x) = n thi

f(x +2) =n+1. Vi thé nén ta c6
|Pn+1| = |Pn| + |Qn| ,‘v’n S Z+'

Tiép theo, ta sé chitng minh ring z € P, < x4+ 4 € R,.». That vay, xét o € P, thi 29 + 4 € P, o,

4 z 2 5 N
tuy nhién xO; = % + 2 1a 80 c¢6 theé thu duge chi bang n + 2 budc nén z¢ + 4 € R,,.2. Ngudgc lai,

néu xg + 4 € R,, thi cling tuong ti

X X
?0+26Pn+2:>?0€Pn+1:>x0€Pn.

T d6 suy ra |B,| = |R,42|. Do d6, ta c6 quan hé truy hoi
| Pol = [@n] + [Bn| = |Posa| = [Pal + [ Paa| = | Paga| = 2| Ba| = | Paal > 2.

Chu § rang |By| = 1,|P| = 2,|P;| = 4 nén néu dat u, = |Poy1| — |Py] thl wy = up_1 + up_o V2
up = 1,u; = 2 nén dé thay ring u, = F,o v6i (F},) la day Fibonacci. Do d¢, ta dua ve dugc
|P,| = F,io — 1 v6i moi n > 0. Cudi cuing, yéu cau clia bai toan tuong duong véi viec chiing minh

n

Z (Fiz — 1) = Fora — (n + 4)

k=0
Tuy nhién, diéu nay c6 thé dé dang thuyc hien duge bing quy nap véi chii ¥ ring
(@) Khi thay n — n + 1, vé trai tang len F), 5 — 1 don vi.
(2 Khi thay n — n + 1, vé phai thay d6i (F.y5 — (n+5)) — (Fpys — (n+4)) = Fys — 1.

Vay bai toan dudc gidi quyét hoan toan. O
Nhan xét. Day 13 mot bai toan dep vé ting dung ctia phép dém bang cong thic truy hoi. N6 da gay
khong it kho khan khi phai kiém soat s6 lan nhdy it nhat ctia bo can thuc hien dé dén dugc sb %.
Mau chét clia bai toan 1a nhan xét: “hai bude +2 va mot bude /2 7 ¢6 thé quy déi vé “mot bude /2
va mot bude +2 7, tit d6 thiét lap thanh cong hé thic truy hoi. Thuc ra néu phat biéu yéu cau dé
bai tit “ding n budc” thanh “khéng qua n budc” ciing khong lam thay doi ban chat van dé, va ciing
khong lam bai khé hon 1a bao, nhung d6 lai 14 mot bai toan cfi. Dudi day 1a mot s6 bai toan tuong
tu ¢6 lién quan

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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@ (Day Farey) Cho s6 nguyén duong n, xét diy tang cac phan s6 c¢6 dang Pe [0;1] v6i p,q €N
q

va 0 < ¢ < n. Khi d6, day nay c6 do dai ding biing 1+ (k).
k=1
0 1 1 1 2 3 1
Vidu. Khin=4,tacoday - > - > - > = = = = — = —.
1 4 3 2 3 4 1
(2 (APMO 2015) Cho (a,) la diy s6 xac dinh bdi ag € Z* con a,y1 dugc tinh béi a, 1 + 1 =
2(an, +1)

2ay,, + 1) hodc a,.q +1 =
(an + 1) hoac a1 + P

. Héi néu ton tai k nguyéen duong dé a; = 2014 thi gia tri
nho nhat cta k 13 may?

(3 (Dinh Iy Lamé — Knuth) V6i méi n nguyén duong, goi u > v > 0 la cdc sd6 nguyén sao cho
thuat toan Euclid ap dung trén (u,v) sé két thic sau dung n budc; ngoai ra, u 1 s6 nhd nhat
théa man thi (u,v) = (F,y9, Fri1) v6i (F,) la day Fibonacci.

@ (Tai liu doi tuyén IMO 2011) C6 mot tro chai truyén hinh ma mot ngusi choi phai tra 15i n
cau héi. Néu tra 1oi ding sé dugce cong 1 diém, sai sé bi chia doi s6 diem hién c6. Biét rang ban
dau ngudi chai ¢6 0 diém. Goi S, 1a tap hop cac diém s6 ma ngudi chai c6 thé nhan duge sau
khi tro choi két thic. Chiing minh réng |S,| = Fy43 — 1.

1

Vidu. Khin=2thi S = {0,1,5,2}

Bai 3. Cho bang (n? +n+ 1) x (n®> +n + 1). Ta dién vao mdi s6 clia bang s6 0 hodc s6 1, sao
cho khong c¢6 boén 6 ghi s6 1 nao 1a dinh ctia hinh chit nhat. Ching minh ring s6 sé 1 khong
vugt qua (n + 1) (n? +n + 1).

Loi giai.
Goi z; 14 56 s6 1 ¢ hang thit 4. Ta can chiing minh

n24n+1
S = Z xié(n+1)(n2+n+1)

i=1

N 2 1
Goi tap M gom cac cap (k;]) ma 1 <k <l<n?’+n+1,taco |M|= (n TRt )

2
V6i méi i = 1,2,...,n% +n + 1 ta xét tap M; gom cac cdp (k;1) ma hai 6 giao clia cot k va cot [ v6i

5 ) i i —1 .2 . ,
hang tht ¢ déu chita s6 1. Ta ¢6 |M;| = (2) = % Vi khong ¢6 4 6 ghi s6 1 la dinh cia

n24+n+1
hinh chit nhat nen M; N M; = @,Vi # j. Do d6 Y~ [M;| < [M], hay
i=1
n ) 2 n24n+1 n?4n+1
%Z(%Q—xz) < (n —|—n)(7; +n+1) o Z 22— Z 2 < (n2+n) (n2+n+1)
i=1 i=1 i=1

n2+4n+1 2

n24n+1
1

i=1 i=1
1

a5 an) (P tntl) & 5 - (0 tn+1)S - (n' 4 n) (n>+n+1)"<0

=S<(n+1)(n®+n+1)

Diang thitc xay ra khi 21 = 29 = ... = 22441 = n + 1. U

& Tuyén tap mot sb bai toan t& hop (1) €3 Tap chi va tu lidu todn hoc
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Bai 4. Cho n > 5 diém ndm trén mat phing sao cho khong c6 3 diém nao thing hang. Ti va
Teo choi tro choi sau: Hai ban luan phién nhau ké céc doan thang néi hai diém trong s6 cac
diém da cho; & lugt ctia minh, mdi ban chi ké ding mot doan thing va khong c6 ban nao ké
lai doan thing da dugc ké trude dé. Néu sau lugt ké ciia mot ban nao dé ma mdi diém, trong
n diem da cho, déu 1a dau mit clia it nhat mot doan thang (trong s6 cdc doan thang da duge
ké) thi ban d6 dugc coi la thang cude. Gia sit Ti 1a ngudi ké doan thang dau tien. Hay tim tat
ca cac sd nguyén n > 5 sao cho Ti c¢6 cach choi dé thing cudc, cho dit Teo c6 thuc hién cac
luot ké ctia minh nhu thé nao di chang nita.

Lai giai.

Ta sé goi mot diém la diém ¢6 1ap néu diém dé khong duge ndi véi bat ki diém nao khac trong sb
n — 1 diém con lai. D& thay, T1 sé 1a ngudi thang cudc khi va chi khi trude lugt ké cudi ciia Ti, trén
mat phang chi con lai 1 hodic 2 diém co6 lap. Ré rang, Teo budc phai chap nhan dé Ti c6 duge dicu
trén trude lugt ké cudi ctia Ti khi va chi khi trude lugt ké ctia Teo, trén mit phang con ding 3 diém
co lap va n — 3 diém con lai doi mot da duge ndi v6i nhau béi cac doan thang. Vi T1 la nguoi thuc
hién viec ké dau tien nén diéu vita néu chi c6 thé xay ra khi s6 doan thing cé ca hai dau mat nim
trong s6 n — 3 diém 1a mot s6 1é; nghia la

(n—3)(n—4)
2

phai 1a s6 18. Dé& thay, dicu vita néu trén c6 duge khi va chi khi n c¢6 dang 4k + 1 ho#c 4k + 2, vé6i k 1a
mot s6 nguyen duong. Nhu vay, Ti ¢6 thé c6 cach choi ddm bao chic chin thing chi khi n = 4k + 1
hoac n = 4k + 2, k € N*. Ngugc lai xét n c6 cac dang vita néu trén, ta co:

@ Trudng hgp 1. n =4k + 1,k € N*. V6i k = 1, hién nhién Ti 1a ngusi thing cuoc. Xét k > 2.
D& théy, sau méi lugt ké ctia Ti hosic Teo, s6 diem co lap (trong s6 n diém da cho) hoic giit
nguyén, hoac giam 1 hodc giam 2. Xét cach choi sau cua Ti: O luot dau tién, T1 ké mot doan
thang bat ki. Tiép theo, mot khi sé diém 6 lap trén mit phang con 16n hon 3 vao thoi diém
Teo thute hién lugt ké ctia minh, sau méi lugt ké ctia Teo, néu s diem co lap gidm di s (diém),
s € {0;1;2}, thi Ti s& ké mot doan thang sao cho s6 diém co lap gidm di 2 — s, biang cach:
Néu s = 0 (ttic Teo ké mot doan thang ndi hai diém khong co lap) thi Ti ké doan thang noi
hai diém co lap tuy ¥;

Néu s = 1 (tiic Teo ké mot doan thing ndi mot diém co lap véi mot diém khong co lap) thi Ti
ciing ké mot doan thang néi mot diém c¢o6 lap véi mot diém khong co lap;

Néu s = 2 (titc Teo ké mot doan thang noéi hai diém co lap) thi Ti ké mot doan thang néi hai
diém khong co lap.

Ti ¢6 thé thuc hién viec ké nhu tren do s6 diém c¢6 1ap trén mat phing 16n hon 3 vao thoi diém
Teo thuyc hien lugt ké ctia minh va khi ndi hai diém co 1ap véi nhau, Teo da tao ra 2 diém
khong ¢6 lap méi, ma mdi diém chi duge ndi véi diing mot diem trong s6 cac diem khong co
lap c6 trén mit phang sau khi Teo thuc hién lugt ké ctia minh. V6i cach choi néu trén ctia Ti,
sau lugt ké dau tien ctia Ti, ciing nhu sau mdi cap luot ké Teo-Ti, s6 diém co lap giam di ding
2. Tit d6, do s6 diém co lap ban dau 1a mot s6 18 (4k + 1,k > 2) 16n hon hodc bang 9 nén phai
ton tai thoi diém ma sau cap lugt ké Teo-Ti, s6 diém co lap bang ding 3 va ngudi phai thuec
hién lugt ké ngay sau khi tinh hudng nay xay ra la Teo. Lic nay, néu n — 3 diém khong co lap
doi mot da duge ndi v6i nhau béi cac doan thang thi Ti sé 1a ngudi thing cudc, theo nhan xét
& phan dau 16i giai. Truong hgp nguge lai, con cac diém khong co lap chua duge ndéi véi nhau,
hién nhién, ¢ mdi lugt ctia minh, ca Teo va Ti sé ké mot doan thang noéi hai diém khong co lap
(mot khi con c6 thé). Do sau mdi lugt ké clia Teo, s6 doan thang da dugc ké (ké tit khi hai
ban bat dau choi) luon 1a mot s6 chdn, ma tong s6 doan thang c¢6 ci hai dau mit nim trong
s6 n — 3 diem khong co lap 1a mot s6 18 ((2k — 1) - (4k — 3)) nén mot khi Teo con ké duge doan
thing ndi hai diém khong co lap thi Ti ciing lam duge diéu tuong tu, va hon nita, phai ton tai

& Tuyén tap mot sb bai toan t& hop 22) €3 Tap chi va tu lidu todn hoc
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thoi diém ma sau lugt ké ctia Ti, tat ca n — 3 diém khong co lap sé doi mot duge ndi véi nhau.
Diéu nay, theo nhan xét ¢ phan dau 16i giai, buoc Teo phai nhuong phan thiang cuoc cho Ti.

& Trudng hop 2. n = 4k + 2,k € N*. V6i k = 1, dé thay, Ti 1a ngudi thang cuoc. Xét k > 2
Khi dé, sau luot ké dau tien ctia Ti, c6 thé xay ra mot trong hai kha nang sau:

e Kha nang 1. Teo ké mot doan thang nbi mot trong hai diem khong co lap v6i mot diem
co lap.

e Kha ning 2. Teo ké mot doan thing ndi hai diém co lap v6i nhau.

Néu kha nang 1 xay ra, Ti sé ké mot doan thang ndi hai diem khong co lap véi nhau; néu kha
nang 2 xay ra, Ti sé ké mot doan thing néi mot diém khong co lap véi mot diém co lap. Bing
cach nay, Ti sé lam cho s6 diém c¢o6 lap bi giam di mot s6 1é (3 hoac 5) diém, sau 3 lugt ké dau
tien (gom 2 lugt ctia Ti va 1 lugt ciia Teo). Vi thé, do s6 diém co lap ban dau la s6 chan nén
bing cach ké néu trén, T1 sé budc Teo phai thue hien lugt ké tiép theo trong trang thai so6 diém
co lap trén mit phang 1a mot s6 1é 16n hon 3. Diéu nay, cling v6i viec s6 doan thang cé ca hai
dau mit ndm trong s6 n — 3 diém 1a mot s6 18 ((2k — 1) - (4k — 1)), hién nhién, gitp T1 diing
cach choi da mo ta ¢ truong hop 1 dé tré thanh nguoi thing cuoc.

Tém lai, khi n = 4k + 1 hosic n = 4k + 2,k € N*, Ti sé c6 cach choi ddm bao chic chian thing. Vay,
tat ca gia tri n can tim theo yéu cau dé bai la n = 4k + 1 van = 4k + 2,k € N*. O

Bai 5. Trong mot bang 6 vuong kich thuée 999 x 999, mdi 6 duge t6 béi mot trong hai mau
trang hodc do. Goi T 1a s6 bo (Cy, Cy, C3) cac 6 ma hai 6 dau trong cing mot hang va hai 6
cudi trong cling mot cot, véi C; va C3 mau trang, Co, mau dé. Tim gia tri 16n nhat cia 7.

Loi giai.
4

N Z n L ? ~N . N ~ .
Ta chiing minh trong moét bang vuong n x n ¢6 nhieu nhat =57 bo nhu vay. Gia sit hang ¢ va cot j
chita a; va b; 0 trang tuong ung, R 1a tap hop cac 0 d6. Vi méi 6 do (4,7) ¢ ab; bo (Cy, Cy, Cs)
chap nhan dugc v6i Cy = (7,7), vivay T = Z ab;.

(3,7)ER

St dung bat dang thic 2ab < a® + b? ta dudc

n n

l Z % _|_52 —éZ(n—aJa?%—%Z(”_bj)b?

’LJ)ER =1 j:1

l\D

Do ¢6 n — a; 6 do trong hang ¢ va n — b; 6 do trong cot j. Ap dung bat ding thic AM GM ta c6

1 1/2n\°  4n?
(n — ) z? :§(Qn—2x) <§(?n) :2—717

; , 2
Déang thiic xay ra khi va chi khi z = En

n 4n®  n 4n®  4nt 2n
D T < —— = —. Né = hi = = 0
o do 5 27 + 5" 57 57 éu n = 999 thi t6 mau tuy y bang 6 vuong véi x = 3 666 6

trang trong mdi hang va cot. Chang han t6 mau 6 (4,7) trang néu i — j = 1,2, ...,666 (mod999), va
4.999*
: U

27

cac 0 khac mau dé. Vay gia tri 16n nhat ctia T c6 thé dat duge 1a T =

Bai 6. Cho day céac s6 21, 22, 23,..., 22018. Ta bién déi nhu sau mdi s6 trong day déu duge
thay thé bdi tong cac chit s6 ctia né. Tiép tuc lam nhu vay véi cac sdé nhan dude cho téi khi
tat ca cac so6 déu co6 1 chit s6. Chiing minh réng trong diy s6 cudi cing nhan duge thi sé cac

& Tuyén tap mot sb bai toan t& hop 23) €3 Tap chi va tu lidu todn hoc
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s6 2 nhieu hon s6 cac s6 1.

L& gidi.
Nhan xét "S6 tir nhién n va tong céc chit s6 ciia n luon ciing s6 du trong phép chia cho 9". That vay,
gid st n = Gpap_1...a1ag. Tic la n = ag + a1.10 + a210% + ... + a;10%, k € N. Khi d6

n=ag+a.l+ayl®+ ... +apl® =ag+ay +as + ... + ap (mod 9)
Mat khac ta co
@) 2' =2 (mod9);

2 22 = 4(mod9);

(5) 2° =5 (mod9);

(mod9)

(mod9)

@ 2° =8 (mod9);
@ 2* =7 (mod9);
(mod9)

(mod9)

)

®) 25 =1 (mod9

@ 27 =2 (mod9).

Nhu vay tinh bat bién & day 1a 26k + r lan luot nhan cac s6 du trong phép chia cho 914 2, 4, 8, 7, 5,
1 tuong tng véi cac gia tri cia r 1a 1, 2, 3, 4, 5, 0. Day cudi ciing nhan dugc gom 2018 s6 thuoc tap
hop {2;4;8;7;5;1}. Ta c6 2018 = 336 x 6 + 2 s6 cudi cung ctia day sau khi da thyc hién cac bude
bién ddi 1a 2. Nhu vay day cudi cting nhan duge c¢6 337 s6 2 (nhidu hon s6 cic s6 khac 1 s6). Vay sd
cac s6 2 nhieu hon s6 cac s6 1 ding 1 sb. O

Bai 7 (USAMO 2001). Cho S 1a mot tap céc s6 nguyén sao cho:
i) Ton tai a,b € S véi ged (a,b) = ged (a — 2,b — 2) = 1;
ii) Néu x va y 1a hai phan tit ctia S (c6 thé biang nhau) thi 22 — y ciing thudc S.

Chitng minh rang S 1a tap tat ca cac sd nguyen.

Lai giai.

Ta no6i "S on dinh tai x +— f (2)” néu x € S thi f(x) € S. Néu ¢,d € S, thi theo (ii), tap S 6n dinh
tai o+ 2 — 2 vi o+ d®> — x, do d6 n6 6n dinh tai z > ¢ — (d® — x) = 2 + (¢ — d?) . Tuong tu ta
ciing ¢6 S on dinh tai z — x+(d2 — 02). Do dé6 S én dinh tai z — z+n va z — . —n véi moi n 1a sd
nguyén c6 dang ¢ — d? v6i ¢, d € S. Khi do, ta c6 thé cho n = m véi m = ged (¢? — d? : Ve;d € S).
That vay, ta dat P = {¢* — d* : Ve;d € S} khi d6, theo mot tinh chét s6 hoc don gidn (Dinh 1y Euler),
ton tai day s6 nguyen x, deé Z xrar = m. Tl nhan xét trén, ta thay néucé v — rxEn;z— rEm

ap€P
thi ciing c6 x — o & m £ n. Vi thé ta c6

xHxiak;VakEPéwr—)xiZxkakéxr%xj:m.
ap€P

Vay nhan xét trén la ding. Ta chiing minh m = 1. Phan ching, gia st m # 1. Goi p 1la motude
nguyén t6 ctia m. Khi d6 ¢ — d?> = 0 (mod p) véi moi ¢,d € S. N6i cach khac, véi mdi ¢,d € 9, ta
duge d = ¢ (mod p) hodc d = —c (mod p). Véi ¢ € S, theo (b) ta c6 > —c € S, nén > —c =c
(mod p) hosic ¢ — ¢ = —c¢ (mod p). Do d6 v6i mdi ¢ € S, ta co

¢c=0,2 (mod p) (*)
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T (7), ton tai a va b trong S sao cho ged (a,b) = 1, tit d6 ta duge it nhat mot trong hai s6 a hodc b
khong thé chia hét cho p. Di¢u d6 c6 nghia 4 c6 mot phan tit a clia S ma o # 0 (mod p). Tuong ti,
theo (i),ged (@ — 2,b —2) = 1, nén p khong thé chia hét cd a — 2 va b — 2. Do d6 ton tai mot phan
ti [ ctia S sao cho § # 2 (mod p). Theo (%), ta suy ra « =2 (mod p) va f =0 (mod p). Theo (i),
%2 —a € S. Chon ¢ = 8% — o, ta dugec cd —2 = 0 (mod p) hoic —2 = 2 (mod p) déu cho p = 2.
T (%) ta thiay tat ca cdc phan tit ctia S chin, trai véi (7). Do d6 gia thiét trén clia ching ta la sai,
chiing t6 m = 1 va ta duge S 1a tap tat ci sd nguyen. O

Bai 8. Cho bang 6 vuong kich thude 111 x 2017 (bang gom 111 hang va 2017 cot). Dién vao
mdi 6 vuong con clia bang mot s6 0 hodc 1 sao cho trong mdi cot c6 it nhat 85 s6 1. Chiing
minh ring ta c6 thé bé di 106 hang sao cho ¢ bang mdi nhan duge (gdm 5 hang va 2017 cot),
chi ¢6 thé c6 t6i da mot cot chita toan sb 0.

Lai gidi.

Danh s6 thit tir cac hang, tir duéi len trén, béi 1, 2, ..., 111 va danh s6 thi tu cac cot, tir trai qua
phéi, bi 1, 2, ..., 2017. V6i mdi i € {1;2;...; 111}, ki hieu r; 1a s6 s6 1 nim 6 hang thit . V6i méi
ke {1;2;...;2017}, ki hiéu ¢, 12 s6 s6 1 ndm & cot thit k. Hién nhien, ta c6

111 2017
— *
D= ()
i=1 k=1
2017

Do cj, > 85 véi moi k € {1;2;...,2017} nén » ¢ > 85 x 2017 = 171.445. Do do, tit (x), ta cd
k=1

111

Z” > 171.445.

i=1

Suy ra, theo nguyén 1y Dirichlet, ton tai mot hang ma 2017 cot
s6 s6 1 6 hang d6 khong it hon

171.445
111

W = 1.545 (s0).

T6 mau xanh cho hang nay. Vi tinh chat ciia bang s6
da cho khong thay doi khi hoan doi vi trf ctia céc cot
nén khong mat tinh tong quat, gia sit tat ca 1.545 6
dau tien (ke ti trai sang phai) cia hang dugc to xanh | | | e
déu chriia s6 1. Xét bang con A ciia bang da cho, gom
111 hang va 472 (= 2017 — 1545) ¢ot cudi cung cta | | | "0
béng da cho (nhu hinh bén).

472 cot
Hién nhien, bang A ciing c¢6 tinh chat ding nhu bang da cho, nghia 14, 3 mdi cot clia bang A ciing
c6 it nhat 85 s6 1. Vi thé, bang cac 1ap luan tuong tu trén, suy ra trong bang A, ton tai mot hang
ma s6 sO0 1 ¢ hang d6 khong it hon

[85 x 472

= 362(s0).
11 —‘ 362(s0)

(Hang nay c6 thé 1a mot phan ctia hang da duge to xanh). T6 hang vita néu trén ctia bang A bdi
mau do; truong hop hang dé 13 mot phan ctia hang da duge to xanh, ta to lai 472 o, tit 0 thi 1546
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dén 6 thtt 2017 ctia hang xanh, béi mau dé. Tuong tu trén, khong mat tong quat, gia sit tat ca 362
o dau tién ctia hang duge to dé, xét trong bang A, déu chia s6 1. Xét bang con B ctia bang da cho,
gom 111 hang va 110 (= 472 — 362) cot cudi cung ciia bang da cho. Cang nhu véi bang A, suy ra
trong bang B, ton tai mot hang ma s6 s6 1 ¢ hang d6 khong it hon

85 x 110 .
(Hang nay c6 thé 1a mot phan cia hang c6 chiia nhitng 6 da duge t6 mau). To hang vita néu trén
clia bang B bdéi mau hong; truong hgp hang dé 14 mot phan ctia hang chita nhitng 6 da dude to mau,
ta to lai 110 6, tit 6 thit 1908 dén 6 thit 2017, béi mau hong. Tuong ty trén, khong mat tinh tong
quat, gid st tat ca 85 6 dau tién ctia hang dude to6 hong, xét trong bang B, déu chita s6 1. Xét bang
con C clia bang da cho, gom 111 hang va 25 (= 110 — 85) ¢ot cudi cuing ciia bang da cho. Ciing nhu
véi bang A, suy ra trong bang C, ton tai mot hang ma s6 s6 1 6 hang d6 khong it hon

85 X 25 2
{ 11 —‘—20(50).

(Hang nay c6 thé 1a mot phan cia hang c6 chiia nhitng 6 da duge t6 mau). To hang vita néu trén
ctia bang C' bdi mau tim; truong hop hang d6 1a mot phan ciia hang da duge to mau, ta to lai 25 0,
tit 6 thit 1934 dén 6 thi 2017, béi mau tim. Tuong tu trén, khong mat tinh tong quat, gia sit tat ca
20 6 dau tien hang dudc t6 tim, xét trong bang C, déu chia s6 1.

Xét bang con D clia bang da cho, gom 111 hang va 5 (= 25 — 20) ¢ot cudi cung clia bang da cho.
Ciing nhu véi bang A, suy ra trong bang D, ton tai mot hang ma s6 s6 1 ¢ hang d6 khong it hon

5] _

(Hang nay c6 thé 1a mot phan ctia hang c6 chita nhing 6 da duge t6 mau). To hang vita néu trén
ctia bang D bdi mau vang; truong hop hang d6 14 mot phan ciia hang cé chita nhitng 6 da duge to
mau, ta to lai 5 6, tit 6 thit 2013 dén 6 thit 2017, bdi mau vang. Nhu vay, ta c6 téi da 5 hang, ma mdi
hang déu chita nhitng 6 da duge t6 mau, va do dé, c6 t6i thidu 106 hang, ma mdi hang déu khong
chita 6 nao da dugde t6 mau. Boé di 106 hang vita néu, ta sé c6 mot bang gom 5 hang va 2017 cot, ma
s6 cot c6 chita s6 1 khong it hon tong s6 s6 1 ndm & cac 6 da duge t6 mau. Theo trén ,s6 s6 1 ndm
d cac 6 duge to mau xanh, do, hong, tim, vang tuong tng khong it hon 1.545, 362, 85, 20, 4. Vi thé,
tong s6 s6 1 ndm & cac 6 da dude t6 mau khong it hon:

1.545 = 362 + 85 + 20 + 4 = 2016(s5).
Tit d6 suy ra, bang gom 5 hang va 2017 cot vita néu trén chi c6 thé c6 téi da mot cot khong chita s6

1, hay néi cach khéc, chita toan s6 0. Vay bai toan dugce chiing minh.
Luu y. V6i z 1a s6 thuc, [z] ki hieu s6 nguyén nhé nhat khong nhé hon . O

Bai 9. Chom, nla cic s6 nguyén 16n hon 1, S 13 mot tap gom n phan tit. Gid st Ay, Ao, ..., Ay,
1 cac tap con ciia S sao cho v6i moi x,y € S bao gid ciing c6 mot tap A; dé cho x € A; va
y & A; hoac z € A; vay € A;. Chiitng minh rang n < 2™.

L&i gidi.

Goi T la tap tat cd cidc xau nhi phan c6 m ky ty. Xét mot tuong tng di tit S dén T nhu sau: V6i
méi x € S, dit f(z) = 2129 ... 2y, trong d6 z; = 1 néu x € A; va z; = 0 néu o ¢ A;. Khi d6 hién
nhién f la mot don anh nén |S| < |7| hay n < 2™, O

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc



CHUONG 2. TUYEN TAP CAC BAI TOAN

Bai 10. Cho da gidc 16i P. Ban An mudn ghi vao méi dinh ctia P mot s6 nguyén duong sao
cho céc diéu kien sau dude dong thoi théa man

i) Trong cac s6 dugc ghi, c6 it nhat mot sd chén;
ii) Tong ctia ba s6 dugc ghi ¢ ba dinh lién tiép tity ¥ 1& mot s6 1é.

Chitng minh ring ban An cé thé thuc hien dugc cach ghi nhu trén khi va chi khi sé dinh cta
P chia hét cho 3.

L& gidi.

Piéu kién can. Gia st ban An da thuc hien duge cach ghi thda man dé bai. Xuit phét tit mot
dinh nado d6, lan lugt, theo chiéu kim dong ho, ki hiéu cac dinh ctia P 1a Ay, Ay, -+, A,. V6i mdi
i€{1,2,...,n}, ki hi¢u a; 14 s6 dugc ban An ghi vao dinh A;.

Theo i), trong cac s6 a1, as, - - - ,a, c6 it nhat mot sé6 chdn. Khong mat tinh tong quat, c6 thé gia si
a; chan.

Trong phan trinh bay sau day ta coi cdc chi s6 n+ k&, 1 < k < n, va chi s6 k 1a mot (cac chi s6 duge
xét theo modulo n). Nhan xét:V6i moi 4, j € {1;2;3;...;n}, néu (j —¢) chia hét cho 3 thi a; va a; c6
cung tinh chdn 1é. That vay, véii € {1;2;3;...;n} theo ii) ta ¢6 a; + a;41 + aire VA a1 + airo+ a3

la cac Sé 1é nén (CLZ‘+1 + Ai4+2 + ai+3) — (ai + Ai4+1 + ai+2> = a;4+3 — Q4 la mot Sé chan. Vi thé a; va a;+3
c6 cung tinh chén 16. T d6, do ¢ tlly ¥ nén ta c¢6 nhan xét trén. Xét cac truong hgp sau

@ Néun = 3k+1, k € N*. Trong trusng hgp nay vi a; chdn nén theo nhan xét thi as,,, cling la
s6 chén, lai ¢6 asp1 + ay + ap 14 6 18, suy ra ay 14 s6 1é. Do d6 theo nhan xét agyo = a; 12 s6
1é, ta nhan duge mau thuan, ching t6 n # 3k + 1.

(2 Néun = 3k +2, k € N*. Trong trudng hgp nay vi a; chdn nén theo nhan xét thi as,,, ciing 1a
s6 chn, lai c6 agpy1 + agpgo + aq 12 86 18, suy ra aspyo 12 s6 18. Do d6 theo nhan xét, ay 1 s6 18,
SUy Ta asgy2 + a1 + ag 12 86 chin, trai véi ii), ta nhan duge mau thuan, ching t6 n # 3k + 2.

Vi cac truong hop trén khong xay ra nén phai c6 n chia hét cho 3.

Diéu kién di. Gia sit P c6 n = 3k dinh (k € N*). Xuat phat tit mot dinh nao do, lan lugt, theo
chiéu kim dong ho, ki hiéu cac dinh ctia P 1a A;, As, ..., Asj,. Xét cach ghi s6 nhu sau clia ban An:
V6i moi i € {1;2;3;...;3k}, ghi vao dinh A; mot s6 nguyén duong 18 néu i = 2 (mod3) va ghi vao
dinh A; mot s6 nguyén duong chin trong truong hop con lai. Ro rang cach ghi nhu trén théa man
diéu kien i) ctia dé bai. Do n = 0 (mod3) nén trong ba dinh lién tiép tuy ¥ ctia P luon ¢6 mot dinh
c6 chi s6 chia hét cho 3 du 1, mot dinh c6 chi s6 chia cho 3 du 2 va mot dinh c6 chi s6 chia hét cho
3. Vi thé, v6i cach ghi s6 néu trén ta luon c6 tong ciia ba s6 duge ghi 6 3 dinh lién tiép ctia P 1a mot
s6 1é (do bang tong ctia mot s6 1é va hai s6 chéin). Vi vay cach ghi s6 nhu trén thoéa méan dicu kien
ii) ctia dé bai. O

Bai 11. Tit cac s6 1,2,3,4,5 c6 thé lap duge bao nhiéu s6 tut nhién c¢6 n chit s6 (n nguyén
duong) ma trong mdi s6 d6 chita mot s6 1& chit s6 1 va mot sé chén chit s6 27

Loi giai.
Vi tong s6 lugng s6 1 va s6 2 trong s6 dé 1a 1é nén véi mbi s6 k 1é ¢b dinh, ta tinh xem c6 bao nhicu
s6 tu nhién c6 n chit s6 (n > k) trong d6 c¢6 k chit s6 ca 1 va 2.
2 7z n
Chon k vi tri trong n vi tri dé dat chit so 1 va 2, ¢6 (kz) cach.

Chon i vi trf trong k vi trf da dugc chon (i 18 va i < k) dé dit chit s6 1 va k — i vi trf dé dat chit s6

2, ¢6 sO cach lam 1a
Kk [k o
S ) = (T)+ (D) + =2
: 1 1 3
i<k

i1é
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Trong n — k vi tri con lai, mdi vi trf dat mot trong ba chit s6 3,4, 5 c6 3% cach. Theo quy téc nhan,

n Z . N P ~ £ N
co (k:) - 2k=1. 37—k 5§ ty nhién ma trong dé cé k chit s6 1 va 2.

Vay s6 cac sO tif nhién thoa dé bai 1a

o e

k<n k<n
k1é

Bai toan dugc giai quyét. O

Bai 12. Mo6i 6 vuong clia bang n x n ta ghi s6 0 ho#ic s6 1 sao cho, v6i mdi 6 ghi s6 0 thi c6 it

2
Z . , . 2 2, . N s 2 £ n
nhat n 6 cung hang hoac cuing cot véi né duge ghi so 1. Chitng minh rang c6 it nhat [71 SO

1 dugc ghi.

Lai gidi.
V6i n = 4 ta c6 cach dién nhu sau

[ K=l =)
Ol | O
= oo -
oo

RN

Trong trudng hop tong quat, ta xay dung do thi hai phia gdm 2n dinh ma n dinh beén trai 1a n hang

va n dinh bén phai la n c¢ot. Dinh H; duge ndi véi dinh C; néu 6 (4; j) duge ghi s6 1. Theo gid thiét

deé bai, néu dinh H; khong ndi véi dinh C; thi d (H;) + d (C;) > n. Trong d6 d (H;) 1a s6 s6 1 6 hang
2

7z 7z . . £ ? 2 . N n 7
i va d(C;) lasoso 16 cot j. Ta ching minh so canh clia do thi la e > - Ta c6

S = Z (d(H)+d(C)) = (n* —e)n
(4:4)=0
Trong tong trén véi méi 4, s6 hang d (H;) xuat hien n — d (H;) 1an va v6i mdi j thi s6 hang d (C;)

xuat hien n — d (C;) lan. Ma d(H,) = d (C;) = e nén ta suy ra dugc
j j
i—1 j=1

S = Zd(HZ-) [n—d(H,)] + Zd(cj) [n—d(Cy)] = 2ne — ZCF (H;) — Zd2 ()

Ap dung bat ding thic Cauchy — Schwarz ta c6

2

Zd2 (H;) > %(Zd(ﬂz)> = %62 va Zd2 (C;) = %(Zd(@)) = %
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2

2 5z
Suy ra S < 2ne — 2% Tu d6 dan dén
n

2 2¢? 2 2 4 n? 2
(n —e)né?ne——@?e —3n‘e+n <0(:)7<6<n
n
Bai toan dudgc giai quyét. O
Bai 13. Tim s6 nguyén n > 3 nhd nhat c6 tinh chat: V6i moi cach to n diém A;, As, ..., A,

doi mot phan biet va theo thit tir d6 ndm cach déu nhau trén mot duong thang, bdi hai mau,
luon ton tai ba diém A;, A Agii(1 < i< 2§ — 1< n) duge to cing mau.

Loi giai.

Gia stt cac diém dugc t6 bai hai mau, den va trang. Xét 8 diém Ay, As, ..., As, duge to mau nhu sau:
Ay, Ay, As, A — 6 dugc to mau trang; As, Ay, A7, Ag dude t6 béi mau den. Dé thay, khong c6 ba diém
A, Aj Agii(1 < i< 25 — i < 8) nao dude t6 cling mau. Do dé n > 9. Ta sé ching minh n = 9 la
s6 c6 tinh chat nhu dé bai yéu cau. That vay, gid st ngudc lai, ton tai cach to 9 diem A, As, ..., Ay
bdi hai mau, den va trang sao cho khong c6 ba diém A;, A;, Ag; (1 < i < 25 —i < 9) ndo dude to
cung mau.

Trudng hgp 1. Ton tai i € {3;4;5}, sao cho cac diém A; va A;,» dude t6 ciing mau, gid sit 1a mau
trang. Khi do, cac diem A;_s, A;11, A; 14 phai duge to mau den (chiyi—22>1va
i+4<9), voly.

Trudng hgp 2. V6i moi i € {3;4;5}, cac diém A; va A;,» duge t6 khac mau. Khong mat tinh tong
quat, gid st As dude t6 mau trang. Khi d6, As va A; duge to mau den. Nho tinh
doi xiing, ta c6 thé gia st ring A, dugc t6 mau tring va Ag dude t6 mau den. Khi
d6 Ag duge to mau trang (do Ag, A7 va Ag khong duge t6 cing mau); suy ra, A,
duge t6 den (do Ag, A5 va Ag khong duge to cing mau) va Ag duge to trang (do
Az, Ag va Ag khong dugc t6 cing mau). Do d6, A; phéi vira duge t6 mau trang (do
Ay, Ay va Ay khong duge t6 cuing mau),vita duge t6 den (do Aj, A5 va Ag khong
duge t0 cing mau), 1a diéu vo ly.

Nhitng diéu vo 1f nhan nhan duge § trén cho ta diéu mudn ching minh. Vay tém lai, n = 9 1a cac sb
nguyén nhé nhat ¢ tinh chat nhu dé bai yéu cau. O

Bai 14 (VN TST 2003). Cho bon diém phan biét A(0,0), B(p,0), C(m,q), D(m,n) véi m,
n, p, ¢ 1a bén s6 nguyeén duong théa man p < m, ¢ < n. Xét cac duong di tot f tit A dén D
va cac duong di t6t g tit B dén C. Goi S 1a s6 cac cap duong di (f,g) sao cho ching khong c6
diém chung. Ching minh ring

)

Loi giai.
R A % N . PURRT m+n N N . PR TS m + q—p
Bo dé. SO duong di f tot la ( ), va so duong di g tot la ( )
n q
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A B X

Do do, s6 cap duong di tot (f, g) tiy ¥ chinh la (m . n> (m o

n q
f, g gip nhau tai diém K nao dé thi thay vi xét cip duong gap khic A - K — D, B - K — C,
ta c6 thé thay doi huéng di thanh A -+ K — O, B — K — D. Tt d6, dé dang chitng minh duge
ton tai song anh tit cap dusng di (f, g) c6 diém chung dén cap duong di (f,¢') tit A — C, B — D.

S6 duong di do Ia (m+q> <m+"_p
q n

(N

Bai toan dudgc giai quyét. O

) . Ta thay rang néu hai duong

. Vay s6 ciap duong di (f, g) théa man dé bai la

Bai 15 (IMO 2005). Trong mot cudc thi toan cé n thi sinh (n € N,n > 5) va 6 bai toan dugc
dat ra. Biét rang, v6i moi hai bai toan thi c6 nhiéu hon = tong so thi sinh ciing gidi duge va

khong c6 thi sinh nao gidi duge bai toan 6. Chitng minh réng c6 it nhat hai thi sinh sao cho
moi ngudi gidi duge ding 5 bai toan.

Lai giai.

V6i mdi 1 <7 < 6,1 <j<n,dit a;; = 1 néu ngudi j giai duge bai toan ¢ va a;; = 0 néu nguoi j
khong giai duge bai i. Khi d6 ta c6 ma tran A = (a;;) ¢d 6 X n ma trén moi cot ciia né ¢6 nhieu nhat
5 s6 1, hai hang bat ki c6 nhiéu hon L cot chung (cot chung 1a cot ma cac phan tit ctia hai hang

tréen mdi cot dé déu 1a s6 1). Ta chiing minh bai todn bang phan chiing bang cach dém sb cip so 1
nhu vay. Gia st ¢6 nhiéu nhat mot thi sinh gidi duge 5 bai toan, con lai gidi duge khong qué 4 bai.
Khi d6 A c6 nhiéu nhat 1 cot c6 nam sd 1 va cac cot con lai con lai ¢6 nhiéu nhat 4 s6 1. Vay,

T< (n— 1)(3) + <Z> = 6n + 4. (2.1)

, . . , . 2 .
Giasin=5p+k, k=0,1,2,3,4. Do m6i hang cia A ¢6 nhieu hon gn cap so 1 chung nén

™ Véi k = 0 thi v6i m6i hai bai ¢6 khong it hon 2p+ 1 thi sinh cting gidi duge hay T > 15(2p+1).
Diéu nay mau thuan véi (2.1).

@ Bing cach lam tuong tu ta ciing c6 két qua tuong tu cho k =1, 3, 4.
& Véi k = 2. Khi d6 ta c6 30p + 15 < T < 30p + 16.
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Néu T < 6n + 4 thi c6 it nhat mot cot clia A ¢6 3 s6 1. Khi do,

4
Tg(n—2)<2) + (2) + G) =6n+1=30p+13 <30p+15, (voly).

Vay T = 30p + 16. Khi d6 ¢6 2 bai ¢6 2p + 2 thi sinh cuing giai duge, con v6i moi hai bai con lai ¢
2p + 1 thi sinh cung giai duge. Nhu vay, ¢6 ding mot ngudi giai duge 5 bai va n — 1 ngudi giai duge
ding 4 bai. Khong méat tinh tong quét ta coi hai bai c6 cling 2p + 2 thi sinh giai duge 1a bai 1 va 2
va thi sinh giai duge bai 5 1a thi sinh n. Goi B 1a ma tran cé duge tit A khi bé di cot n. Ta ¢6 mdi
cot ctia B ¢6 dung 4 s6 1. Ta sé tinh s6 s6 1 trén mdi hang cta B.

Truong hop 1. Thi sinh 14 duge ca hai bai 1 va 2. Gia st thi sinh n khong lam duge bai 6. S6 cap
s6 1 chung ctia mdi hai hang (1;2), (1;6), (2;6), (3;6), (4;6), (5;6) 1a 2p + 1, s cip
s6 1 chung ctia moi hai hang con lai bang 2p. Do d6 méi s6 1 cia hang 1 trong B
thi c6 3 cap s6 1 nam 61(2))) tror21g s6 5 cap hang (1;2); (1;3), (1;4), (1;5), (1;6) nén s6
D+

s6 1 ctia hang 1 bang . Tuong tu ta c6 s6 s6 1 clia cac hang 2,3,4,5,6 lan
10p+2 10p+1 10p+1 10p+1 10p+5
/ 5 3 ' 3 ' 3 ' 3

so 10p + 1;10p + 2; 10p 4+ 5 cung chia hét cho 3. Vo 1i.

luot 1a . T cac két qua trén suy ra cac

Truong hgp 2. Thi sinh n khong lam duge mot trong hai bai 1 hoac 2. Gia sit thi sinh n khong
lam dugce bai 1. Tuong tu truong hop 1 ta tinh duge s6 s6 1 trong médi hang cia
ma tran B lan luct 1a

10p+6 10p+2 10p+1 10p+1 10p+1 10p+1
3 '3 ' 3 ' 3 ' 3 ' 3 =

Suy ra cac s6 10p + 1; 10p + 2; 10p + 6 cuing chia hét cho 3. Vo 1i.

Bai toan dudgc giai quyét. O

Bai 16. Cho s6 nguyén duong 18 n. Ngudi ta diing 3 mau dé to tat ca cac dinh ciia mot n-giac
déu sao cho méi dinh dugc t6 béi mot mau va mdi mau dude ding dé t6 mot s 1é dinh. Ching
minh rdng ton tai mot tam gidc can c6 3 dinh duge t6 bdi cd 3 mau. (Mot tam giac déu duge
coi la mot tam giac can).

Loi giai.

Ta sé chiing minh bang phuong phap phan ching. Goi 3 mau 1a 1, 2, 3 va a, b, ¢ 1an lugt 1a s6 dinh
clia n-giac déu duge t6 béi mau 1, mau 2, mau 3. Theo bai ra ta c6 a, b, ¢ 1a cac sd nguyén duong
1é. Gia sit, nguge lai véi khang dinh ctia dé bai, khong ton tai tam gidc can c6 3 dinh duge t6 béi ca
3 mau. Khi d6 mdi tam giac can sé c6 ca 3 dinh duge to bsi mot mau ho#ic béi hai mau. Xét cac
cap (T,C), v6i T 1a mot tam gidc can va C' 1a canh ¢6 hai dau mut khac mau ctia tam giac d6. Duéi
day ta sé goi mot cidp nhu vay la mot ciap dang (x). Vi khong c6 tam giac can c¢6 3 dinh dugce t6 béi
3 mau nén néu tam giac can 7' c¢6 canh C ¢6 hai dau mut khac mau thi 7" phai 1a tam gidc can c6 3
dinh dugce t6 béi hai mau. Nhu vay, cac ciap dang (x) sé duge tao nén tit ciac tam gidc can c6 3 dinh
duge t6 bdi hai mau. Do mdi tam giac can c6 3 dinh duge to bdi 2 mau c¢6 ding hai canh c6 hai dau
mut khdc mau nén s6 cap dang (%) 1a 2s, v6i s 1a 6 tam giac can c6 3 dinh duge t6 béi hai mau.(1)
Tiép theo, ta sé dém s cap dang (*) theo cac doan thang c6 hai dau miut khac mau. Vi n-giac 1a
déu va n 1a s6 1é nén v6i A, B 1a hai dinh tuy § ctia n-giac thi doan thang AB 1a canh ctia ding mot
tam gidc déu (c6 ca 3 dinh la dinh clia n-giac) hodc 1a canh ciia ding 3 tam gidc can (khong déu va
¢6 ca 3 dinh 1a dinh ctia n-giac) doi mot khac nhau, gom mot tam giac nhan AB la canh day, mot
tam gidc dinh A, nhan AB lam canh bén va mot tam giac can dinh B, nhan BA lam canh bén. Dé
thay kha nang c6 3 dinh lap thanh mot tam giac déu chi xay ra khi n chia hét cho 3. Vi thé, véi A,
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B 1a hai dinh tuy ¥ khac mau ctia n-giac thi doan thang AB cho ta mot ciap dang (*) hodic 3 cap
dang (). Do d6, goi p, ¢ var (p,q,r € N) tuong ting la s6 cap dinh duge t6 béi hai mau (1,2), s6
cap dinh duge t6 béi hai mau (2,3) va s6 cap dinh duge to bdi hai mau (3,1), md mdi cap dinh cho
ding mot cdp dang (). Khi d6 sb cip dang () duge tinh bang

3l(ab—p) + (bc—q)+ (ca—r)|+p+qg+r=3(ab+bc+ca) —2(p+q+7), (2)

do d6 ab cap dinh duge t6 béi hai mau (1,2), be cap dinh duge t6 bdéi hai mau (2,3), ca cap dinh
dugc t6 béi hai mau (3,1). T (1) va (2), ta dugce:

3(ab+bc+ca) —2(p+q+1) = 2s.
Suy ra ab + bc + ca 1a s6 chin, trai véi gia thiét a, b, ¢ 1a cic s6 1é. Mau thuan trén cho ta thiy dieu

gid st ban dau 1a sai hay luon ton tai mot tam giac c6 3 dinh duge t6 béi cad 3 mau. Bai toan dugde
chiing minh xong. 0

Bai 17. Trén bang c6 mot day 100 s6 nguyén. Hai ban An va Binh chai tro chai theo luat sau:
An duge chon mot day con trong day trén bang (gom it nhat mot phan tit) sau d6 Binh duge
phép tang 1 hay gidm 1 v6i tat ci cac s6 trong diy ma An chon. Sau d6 dén lugt An chon day,
... VA ctf tiép tuc nhu thé. Néu trén bang co tir 98 s6 chia hét cho 4 thi An thing. Chiing minh
rang An c6 chién thuat dé chién thing.

L& gii.
B& dé. V6i 4 s6 nguyen a, b, ¢, d theo thi ty. An luon c6 mot thuat todn dé xdy ra mot trong cac
truong hop sau, hodc a = 0 (mod4) hoac d = 0 (mod4) hodc b = ¢ (mod4) (%)

Chidng minh. That vay
& An xtt li dé a,d deéu 18.

™ Néu a va d dong du véi {1;3} (mod4) thi An chon day a,b,c,d suy ra (*).
Néu a = d = 1 (mod4). Bién doi b, ¢ dén khi b, ¢ khac tinh chin 18.

) e ame ol — d=0(mod4) (-1)

Néu b — ¢ = 1 (mod4) ta bién doi day ¢, d thi duge :

b=c(mod4) (+1)

Néu b — ¢ = 3 (mod4) 1i luan tuong t.
Trudng hop a = d = 3 (mod4) ta cting li luan tuong tu.

Vay bd dé duge chitng minh.
Ta chitng minh bai toan tong quat. V6i n s6 An ludn cé thuat toan dé c6 (n — 2) s6 chia hét cho 4.
V6i n = 3. Xét day a, b, c. Bién d6i dé b chin va a, c 1é.

O Néu b chia hét cho 4 thi xong.

& Néu b chia 4 du 2. Néu a, ¢ chia 4 du {1;3} thi ta bién ddi day a, b, ¢ thi xong.
@ Néu a, ¢ chia 4 du 1 thi ta bién déi a, b va b, ¢ thi xong.

@ Néu a, ¢ chia 4 du 3 thi ta bién doi tuong tu.

Vay n = 3 luon c6 mot s6 chia hét cho 4.

Khong mat tinh tong quat ta gia sit véi day n — 1 86 luon c6 (n — 3) s6 chia hét cho 4. Xét trudng
hop day trén bang 1a xq; xa;...; T, Ta col 4 86 @159, T35 - Tp_1; Ty (cOl T33 - Tp_1 1a mot s6 dai
dién x3) va thuyc hién nhu bd dé.

@ Néu z; ho#ic 24 chia hét cho 4 ta bd s6 d6 ra va lam véi day (n — 1) s6 con lai suy ra diéu phéi
chiing minh.
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@ Néu x5 = 23 (mod4) thi ta coi 2 86 To;x3 thanh mot s6 X. Thyc hien vé6i day z1; X;...; 2, ta
duge (n — 3) sb chia hét cho 4 nhung thuye chat 1a duge (n — 2) s6 chia hét cho 4. Vay ta ¢6
diéu phai chitng minh.

Bai toan dugc giai quyét. O

Bai 18. Cho mot da giac 161, ¢6 20 dinh. Ghi tat ca cac s6 nguyen tir 1 dén 20 vao cac dinh
clia da giac d6 sao cho mdi s6 chi duge ghi & mot dinh va 6 méi dinh chi c6 mot sé dude ghi.

(1) Hoi c6 thé ghi sao cho gia tri tuyét dbi ctia hieu hai s6 duge ghi & hai dinh ké nhau tuy
v 16n hon 4 va dong thoi nhé hon 11 hay khong?

(2) Hoi c6 thé ghi sao cho gia tri tuyéet dbi ctia hieu hai s6 duge ghi 6 hai dinh ké nhau tuy
¥ 16n hon 5 va dong thoi nho hon 11 hay khong?

L&i giai.

(@) Cau tra 15i 1a “c6 the”; chang han, ta c6 thé sip xép cac s6 nhu 6 hinh bén dudi.

PioEttamil

4]

/

EET T

/
\

(2) Gia sit c¢6 thé ghi duge céc s6 theo yéu cau ctia dé bai. Goi X 1a mot cach ghi nhu vay. Néu
trong cach ghi X, hai s6 a, b duge ghi ¢ hai dinh ké nhau thi ta néi chiing duge néi véi nhau,
bang mot si chi ching han. Khi d6, méi soi chi néi thé hien mot canh cia da giac da cho.
Chia 20 s6 thanh 3 nhém A, B, C nhu sau:

Nhoém A | Nhém B | Nhém C
1 6 11 16
2 7 12 17
3 8 13 18
4 9 14 19
5 10| 15 20

Dé thay, trong cach ghi X, hai s6 trong nhém A khong thé duge ndi véi nhau, céc sd trong
nhém A ciing khong thé duge ndi véi cac sé6 trong nhém C. Tit day, vi mdi sd déu phai duge
noi véi dung hai s6 khac nén tit nhom A sé c6 10 sgi chi ndi dén nhém B. Tuong tu nhu vay, ti
nhém C ciing ¢6 10 s¢i chi ndi dén nhém B. Ma tong s6 sgi chi ndi 14 20 (bing s6 canh clia da
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giac) nén cac s6 trong nhom B khong thé duge ndi véi nhau. Xem s6 6, ta thay sé nay khong
thé ndi sang nhém A, lai khong dugce phép ndi v6i bat ki s6 nao trong nhém B nén chi ¢6 thé
duge ndi véi s6 trong nhom C; méa trong nhém nay, né ciing chi c6 thé néi duge véi duy nhat
s6 16. Nhu vay, s6 6 chi c6 thé dugc ndi véi toi da mot s6 khac, 1a diéu vo li. Diéu vo li nay
cho thay gia sit 6 trén 1a sai.

Vay, khong ton tai cach ghi s6 théa man yéu cau deé bai. 0

Bai 19. Trong mat phang, cho mot da giac 16i 2018 dinh, c6 do dai mdi canh 1a 2018 hoic
2019. Chitng minh rang néu chu vi cia da gidc d6 13 mot s6 chin thi luon ton tai hai dinh chia
doi chu vi ciia da giac ay.

Lai giai.

Ta chitng minh tong quat véi s6 dinh ctia da giac 1a 2n, véi n 1a mot sé nguyén 16n hon 1 nao dé. Vi
thé, ta co thé dat tén cac dinh ctia da gidc da cho, lan lugt 1 theo chiéu kim dong ho, bsi Ay, As,...,
Agn.

Véi moi @ = 1, 2,., 2n, ki hieu z; 1a do dai canh A;A;1 (quy u6c Ag,iq 1a Aq). Vi do dai mdi canh
14 2018 ho#c 2019 nén z; € {2018;2019} v6i moi i = 1, 2,..., 2n. (1)
Vi chu vi clia da gidc da cho 1a mot s6 chén nén x; + a9 + - -+ + 29, = 2p, vdi p 14 mot sd nguyéen
duong. Véiméi ¢ =1, 2,..., n+ 1, dat S; = x; + 2441 + -+ - + T4n—1. Khi d6, diéu phai chiing minh
theo yéu cau ctia dé bai tuong duong véi viéc ton tai chi s6 1 < i < n+ 1 sao cho S; = p. (2)
Hién nhién, v6i mot da giac cho trude théa man diéu kien dé bai, chi c6 thé x4y ra mot trong hai
truong hgp sau

& Trudng hgp 1. S; = p. Khi d6, hién nhién ta cé diéu phai ching minh.

™ Trudng hop 2. S; # p. Khong mat tinh tong quat, gid st S; < p (trudng hop S; > p duge
xét tuong t).

Khi d6, vi S} + Spy1 = (w1 + 2o+ +xp) + (Tpg1 + Tpgo + -+ + Ton) = 2p nén S, 1 > p. Vi thé,
S1, Sy,..., Spi1 1a day s6 nguyén duong c6 s6 hang dau nhoé hon p, s6 hang cudi 16n hon p va véi moi
1<i<n,|Siy—Si| = |rign — x| € {0;1} (do (1)). Ma p 1a s6 nguyén duong nén trong day trén
chiic chan phai c6 it nhat mot s6 hang bang p. Diéu nay c6 thé duge 1y gidi nhu sau. Ta coi Sy, S,...,
Spi1 12 cac bac clia cau thang tit bac S; < p dén bac S,11 > p ma |S;y1 — Si| = |zin — 2| € {0;1},
v6i moi 1 < ¢ < n, nghia la mdi lan bude chi leo lén t6i da mot bac thi chic chan ta phai budc chan
lén tat ca cic bac, tit bac thit S; dén bac thi S,,;, cam c6 bd qua duge bude nao, nén chic chin sé
c6 mot bac bang p. Dieu nay ¢6 nghia, ton tai i, 1 <i < n+ 1, sao cho S; = p. Tt do, theo (2), két
luan cua bai da ra duge chiing minh. O

Bai 20. Vao ngay gid T6 nam Dinh Dau, Vua Hung da duge dang mot chiéc banh chung rat
to. Pi mudn xi phép Vua Hung, cit banh chia cho dong bao theo cach: Lan 1, cat banh thanh
14 hodc 20 phan; tit lan thit hai, méi lan cit mot phan banh tiy ¥ thanh 14 ho#c 20 phan. Héi,
bing cach d6, Pi c6 thé cit banh chung thanh 1! 4 2! + - .- +2016! + 2017! phan hay khong?

Lai gidi.

Nhan thay, méi lan Pi cit mot phan banh nao dé thanh 14 phan nhé hon thi tong sé banh sé ting
them 13 phan va mdi lan Pi cdt mot phan banh thanh 20 phan thi tong s6 phan banh sé ting them
19 phan. Do d6, sau m lan cat banh thanh 14 phan va n 1an c&t banh thanh 20 phan (m, n 1a céc s6
tur nhién), Pi da cat chiéc banh chung thanh 1+ 13m + 19n phan. Nhu vay, Pi c6 thé cat chiéc banh
chung thanh 1!+ 2! + ---2016! + 2017! phan khi va chi khi ton tai cac s6 ty nhién m, n sao cho

14 13m +19n = 1!+ 2! 4 - - - 4+ 2016! 4+ 2017,

hay
13m + 19n = 2! 4 - - - 4 2016! 4 2017!. (%)
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Ta co
20+ 31+ 41+ 51 =152=19-8,
6! +8'=6!-57=19-3-(6!),
TT+9+101=7!-793 =13-61 - (7!),
11+ 12! =13 - (111),
13!+ 14! 4 - - - 4+ 2016! 4+ 2017! = 13 - M,

trong d6 M 1a mot s6 nguyén duong. Tt do, suy ra
20 4+ 4 2016! + 20171 = 13 (61 - (7!) + 111 + M) + 19- (8 + 3 - (6!)).

Chon m = 61-(7!) + 11!+ M van =8+ 3 - (6!), ta dugc cac s6 tu nhién m, n théa man (*).
Vay cau tra 1oi clia bai toan da ra I “c6 the”.

O

Bai 21. Mot bang 6 vuong ABCD kich thudc 2018 x 2018 gom 20182 6 vuong don vi, mdi 6
vuong don vi duge dién bdi mot trong ba s6 —1;0; 1. Mot cach dién s6 duge goi 1a déi xiing néu
mdi 6 c6 tam trén dusng chéo AC duge dien s6 —1 va mdi cap 6 doéi xing qua AC duge dien
ciing mot s6 0 ho#c 1. Chitng minh rang véi mot cach dién s6 doi xting bat ki, luon ton tai hai
hang c6 céac s6 trong moi 6 vuong don vi lan lugt theo thit tu ti trai sang phai la aq, as, . . ., azo1s
6} héng tha Hhét, bl, bQ, 5oo ,b2018 6} héng th hai sao cho S = albl + Clgbg + ... a2018b2018 1a m6t
s6 chén.

Loi giai.

B6 dé. Trong mot nhém 2018 ngudi bat ki X1; Xo; ... ; Xogis, luon ton tai hai ngudi c6 sd ngudi quen

chung trong nhém I s6 chén.
Chitng minh. Ta sé chiing minh b dé bang phan ching. Gia st hai ngudi bat ki trong nhom déu
c6 s6 nguoi quen chung la 1é.
& Trusng hop 1: Ton tai mot ngudi c6 s6 ngudi quen 1a 1é; gia sit 1a X;. Khong méat tinh tdng
quat, gia st X1; Xo;...; Xqx v6i k 1é. Ap dung bd dé bit taym trong mot nhém 16 ngudi
Xo; X3;. .. X4 luon ton tai mot ngudi ¢6 s6 ngudi quen trong nhém 1a chén, gid st 1a X,. Khi
d6 X; va X, ¢6 s6 nguoi quen chung chn, mau thuan. Ta c6 diéu phai chiing minh.

& Trudng hgp 2: Tat cd moi ngudi déu cso s6 ngudsi quen 1a chin. Goi A 13 tap ngudi quen cla
Xi; B la tap ngusi X; khong quen. Khi d6 |A| + |B| = 2017 va A chan, B 1é. St dung gia
thiét phan ching do mdi ban téng A c6 s6 ngudi quen chung véi X; 1a 1é, do d6 véi X; € A
bat ky deu c6 1é ngudi quen trong A va 1é ngudi quen trong B. Lap luan tuong tu X; € B
bat ky déu c6 1é ngudi quen trong A va 1é ngudi quen trong B.Goi M la s6 cap (X;; X;) voi
X; € A, X; € Bva X; quen X;.Do X; € A bat ki déu ¢6 1é ngudi quen trong B va |A| chin,
nén M chdn.Do X; € B bat ki déu c6 1é ngusi quen trong A va |B] 1é, nén M 1é. Suy ra diéu
mau thuan.

Vay bd dé duge chitng minh.

Quay vé bai toan. Ta goi n;; 1a s6 duge dién 6 6 vuong don vi hang i va cot j (tinh tit trén xudng
va trai sang). Tu gia thiét bai todn ta c6 n;; = —1,Vi =1,2,...,2018 van;; =nj € {0;1}Vi # j €
{1;2;...;2018}. Yeu cau bai toan la chitng minh ton tai hai chi s6 k; &’ € {1;2;...;2018}. phan biét

2018
sao cho S = E nkmk/lQ Do Nk = Nty = —1 va Ntk = Nk’ nén NekpNE e + Mk Mg g = anknk/kEQ.
i=1
2018
Khi d6 ta chi can chiing minh S’ = Ngi N 2.
i=1
ik, k'
Tt 20182 s6 n;; nhu trén, bay gio ta xét 2018 nguoi Xi; Xo; ... ; Xogis 6 mdi quan hé nhu sau:
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™ Néu n;; = 0(i # j) thi X; khong quen X;.
™ Néu n;; = 1(i # j) thi X; quen X;.

2018
Khi d6 tong S’ = Z ngiNy; chinh 14 s6 ngudi quen chung trong nhém 2018 ngudi dang xét clia
ik

X, va Xp. Ap dung bd dé tren, ta ¢ didu phai ching minh. O

Bai 22. Cho A = {1,2,3,...,n}. Chiing minh réng tong s6 cdc multiset c6 cac phan ti 14y tit
A va c6 s6 phan tit khong vuot qua n thi chia hét cho n + 1.

Lai gidi.
Goi 11, g, ..., T, 1a s6 lan xuat hién ctia 1,2,...,n trong multiset da néu thi

x1+x2—|—---—|—$n<n.

Xét phuong trinh tuong tng 1a zg + 21 + 22 + - -+ + 2, = n trong dé o chi chénh léch ctia tong
Ty + 29 + - -+ + 2, va n. S6 nghiém clia phuong trinh nay la

n+14+n-—1 B 2n
n+1-—1 \n )

N N 2
Ta can chiing minh rang n + 1 | ( n) Ta c6
n

1 (2n\ (2n)l @2n)l(n+1-n)!
n+1 ( n ) (4 Dnla!l (n+ Dnln!
(2n)! (2n)!

alnl ~ (n+ Dl(n—1)!
- (-0

Déng thitc cudi cho ta diéu phai ching minh. 0

Bai 23. Cho tap A gom 20 s6 nguyén duong dau tién. Hay tim sd nguyén duong k nhé nhat
sao cho v6i médi cach lay ra k s6 phan biéet bat ky tit tap A déu c6 thé chon dugce hai s6 a, b
trong cac s6 duge lay ma a + b 1a mot s6 nguyen to.

Lai giai.

Ta c6 k > 2. V6i k < 10 ta lay k s6 chdn dau tien 2,4,6,...,2k. Tong ctia hai s6 bat ky trong k s6
nay luon chén va lén hon 2, nén khong phai 1a s6 nguyén t6. Suy ra k > 11. Ta ching minh k = 11
la 86 can tim. That vay, ta phan hoach A thanh 10 cgp (c6 nhiéu cach), vi du

{1;2};{3;4} 5 {5;6} ;...

Ta c6 tong ctia hai s6 trong mdi cap déu la sé nguyen t6. Khi lay 11 s6 trong tap A, theo nguyen Iy
Dirichlet, ¢6 hai s6 nim trong cting mot cap & trén, vi thé ching c6 téng 1a mot sé nguyen t6. Vay
s6 k nho nhat thdéa man yéu cau dé bai 1a 11. O

Bai 24. Vi céc tap hop X, Y ta dinh nghia phép todn A nhu sau: XAY = (X\Y) U (Y\X).

(@) Véi A, B, C 1a ba tap hop bat ki, ching minh:
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i) AAA =2, AAD = A,
ii) AAB = BAA,
iii) (AAB)AC = AA(BAC).
(Khi d6 thay vi viét (AAB)AC ta c6 thé viet AABAC).

(2 Cho S ={1,2,3,...,n} (n > 2). Chitng minh ring trong n + 1 tap con khac rdng bat ki
ctia S, ta luon c6 thé chon ra mot s6 tap hop X1, Xo, ..., Xk (2 <k <n+1)sao cho

Loi giai.
(@) Vé6i A, B, C la ba tap hgp bat ki.

i) Ta c6 AAA = (A\A)U(A\A) = &. Ta c6 AAD = (A\@) U (2\A) = A.
ii) Ta c6 AAB = (A\B) U (B\A) = BAA.
iii) Ta co

(AAB)AC = (((A\B) U (B\A))\C) U (C\ ((A\B) U (B\A)))
= (A\ ((B\C) U (C\B))) U ((B\C) U(C\B))\A)
— AA(BAC).

(2) Ta chiing minh bang phan chiing, gid sit khong ton tai.
bat F={A,Ay,...,Apa} lahon+1tapconciua S, T ={1,2,...,n+1}.
Véi JCT,|J’ > 2, dét AXJ :leA...Ath véi J = {jl,...,jh}.
jEJ
Taco AX; CS,JCT,|J| =2 Tathiy S c6 2" —1 tap con khéc rong, T c¢6 2" —n — 2 tap
jeJ
con ¢6 tit 2 phan ti tré lén, v6in > 2, 2"t —n — 2 > 27 — 1. Khi d6 theo Dinh ly Dirichlet,

ton tai hai tap J, J' C T sao cho A X; = A X # @. Suy ra
jeJ jer

<AX])A(AXJI):@<:> A Xj:@
jeJ Jied JETAT

Truong hop 1. J C J'. Khidé A X;= A X;=suyra|J\J| >2.
JETAT jeTNT

Ta c6 diéu phai chiing minh.
Trudng hop 2. J ¢ J',J ¢ J, khi d6 [JAJ'| > 2. Ta c6 dieu phai chiing minh.

Bai toan dugc giai quyét. O

Bai 25. Mot khu rimg phi lao chin cit c6 dang hinh chit nhat c6 chiéu rong 1a 222 m, chiéu
dai 14 1000 m. Trong ritg c6 4500 cay phi lao, cay to nhat c6 dudng kinh gbc 1a 0,5 m. Chiing
minh ring trong khu rimg c¢6 it nhat 60 manh dat, dién tich méi manh 13 40 m? ma khong c6
mot cay phi lao nao.

Loi giai.
Ta co

222 =48 -4+47-0,6+2-0,9
1000 = 95 - 10 + 94 - 0,52 + 2 - 0,56

& Tuyén tap mot sb bai toan t& hop (37) €3 Tap chi va tu lidu todn hoc
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Ta chia chiéu rong ctia khu ring thanh 48 doan, moi doan dai 4 m; khodng cach giita hai doan 1a
0,6 m; 6 hai dau 1a hai doan 0,9 m. Chia chiéu dai ctia khu rimg thanh 95 doan, méi doan dai 10 m;
khodng cach giita hai doan 1a 0,52 m; & hai dau 14 hai doan 0,56 m.

Ta c6 tat ca 1a 48 - 95 = 4560 manh dat c6 dién tich mdi manh 14 40 m?. Vi chi ¢6 4500 cay phi lao
va dudng kinh méi cay phi lao khong vudt qua 0,5 m do dé mdi cay thong bat ki khong thé chiém
chd trén hai manh dat khac nhau. Theo nguyén 1i Dirichlet, con it nhat 60 manh dat, mdi manh c6
dién tich 40 m?, ma trong mdi manh ay khong c6 cay phi lao nao. U

Bai 26. Cho tap A = {1,2,...,2n}. Mot tap hop B C A dugc goi la tap can néu trong tap do
s6 cac sO chén va sb cac s6 1é bang nhau (quy ude tap rong 1a tap can). Hoi A chita bao nhieu
tap can.

Loi giai.
Goi X 1a tap cic s6 chin clia A, Y 1a tap cac s6 1é clia A, C' 1a tap tat ca cic tap can chia trong A
va D 1a tap céac tap con c6 n phan tit ctia A. Ta xay dung 4nh xa f gitta C va f(B) = B; U (Y \By).
Khi do6 ta c6

|f(B)| = [Bi] + Y\Bo| = [Bi| + [Y[ = |Bo| = [Y[ = n

do d6 f(B) € D. Ta chiing minh f 1a song anh. That vay gia st

vi By; Ey 1a cac tap chi chita 86 chn, Y\ By, Y\ Ey chi chiia s6 1¢, hay B; = Ey; By = E, suy ra f 1a
don anh. Lay M € D tuy ¥, ki hieu M, M- tuong ting 1a tap tat ca cac sd chin va tap tat ca cac so
1é ctua M. Dét B = M1 U (Y\MQ), ta co Y\M2| = |Y| - |M2| =n — |M2| = |M| - |M2| = |M1| suy
ra B 1a tap can va f(B) = M. Vay ton tai song anh gitta C' va D, do d6 |C| = |D| = C%,. O

Bai 27 (P40, Tap chi Pi, thang 3 ndm 2017). Chuan bi cho budi giao Iuu ctia Pi véi céc
ban hoc sinh Tiéu hoc yéu toan, co Lé Huong duge giao nhiem vu chia 500 thanh chocolate
(s6-co-la) thanh cic goi sao cho mdi géi déu c6 mot s6 18 thanh; 6 Cam Tho duge giao nhiem
vu chia 500 cai keo mit thanh cac géi sao cho khong c6 2 goi ndo c6 s6 keo bang nhau. Ki
hiéu s va t tuong tng 1a s6 cach chia ma co Lé Huong va ¢ Cam Tho c6 thé thyc hien. Hay
so sanh s va t.

L& gidi.
Nhan thay rang

@ MBai cach chia chocolate ctia c¢6 Lé Huong 1a mot cach phan tich 500 thanh tong clia cac sb
nguyén duong 1é. Hai cach chia khac nhau ctia ¢c6 Lé Huong la hai cach phan tich khac nhau
theo nghia: ton tai mot s6 nguyeén duong 1 c6 mit trong phan tich ndy nhung khong c6 mat
trong phan tich kia, hodc ton tai mot s6 nguyén duong 1é ma s6 1an c6 mat ctia né trong phan
tich nay khac s lan c6 mit ciia né trong phan tich kia.

@ Mbi cach chia keo mut ctia co Cam Tho 1a mot cach phan tich 500 thanh tong ctia cac s6
nguyéen duong doi mot khac nhau. Hai cach chia khac nhau ctia ¢6 Cam Tho 1 hai cach phan
tich khac nhau theo nghia: ton tai mot s6 nguyeén duong c6 mit trong phan tich nay nhung
khong cso mat trong phan tich kia.

Nhu vay:

@ s chinh 1a s6 phan ti ciia tap S gom tat ca cac cach phan tich 500 thanh tong cac s6 nguyen
duong 1é;

™ t chinh la s6 phan t& clia tap 7' gom tat ca cac cach phan tich 500 thanh tong ciia cac s6
nguyén duong doi mot khac nhau.
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Ta sé so sanh s va t nhd viéc xay dung mot anh xa thich hop tit 7' dén S. Xét a tuy ¥ thuoe T va gia
st a 1a cach phan tich 500 thanh tdng ctia m > 1 s6 nguyén duong doi mot khac nhau aq, as, . . . , Gn.
V6i mbi i = 1, m, a; c6 duy nhat biéu dién dang a; = 2™ - b, (%)
trong do b; 1a mot s6 nguyen duong 1& va n; 13 mot sé tu nhién. Vi thé, trong cach phan tich a, khi
thay méi a; béi tong clia 2™ s6 nguyén duong 1é b;, ta sé c6 mot cach phan tich (goi 1a b) 500 thanh
tong ciia cac s6 nguyen duong 1é; noéi cach khac, ta sé ¢c6 mot cach phan tich b thuoc tap S. Hon
nita, do tinh duy nhat ctia biéu dién (*) nén cach phan tich b dugc xac dinh nhu trén 14 duy nhat.
Do dé6, phép dat tng v6i mdi cach phan tich a thudc T' véi cach phan tich b duge xac dinh nhu trén
xac 1ap mot anh xa, goi 1a f, tt T dén S. Xét b = f(a) v6i a € T (nghia la, b 1a anh ctia a € T qua
f). Gia sit b 1a cach phan tich 500 thanh tong ctia m; s6 nguyen duong 18 by, msy s6 nguyén duong 18
bo,. .., my sO nguyén duong 18 b. Khi d6, tit cach xac dinh b, dé& thiy, mdi m,, i = 1, k, 1a mot tong
cac lity thita cia 2. Tit d6, do tinh duy nhat ctia biéu dién dang (%) v tinh duy nhat ctia biéu dién
trong hé nhi phan ctia cac s6 nguyén duong, dé dang suy ra, néu a va o’ 1a hai phan tt khac nhau
thuoc T' thi f(a) va f(a) 1a hai phan tit khac nhau thuoc S. Diéu nay cho thay f 1a don anh. (1)
Tiép theo, ta sé chiing minh f 1a toan anh. Xét phan t1t b tity ¥ thuoc S va gia sit b 14 cach phan tich
500 thanh tdng ctia my s6 nguyen duong 1é by, ms s6 nguyén duong 18 bs, . .., my s6 nguyén duong 1é
b. Khi d6, ta c6

Biéu dién m4 trong hé nhi phan:

m1:281_|_232_|_...+25j’

trong do6, s, Sa, ..., s; la cac s6 tu nhien doi mot khac nhau. Trong tong (2), thay myb; béi tong cac
SO 251 by, 2%2 - by, ..., 2% -by. Lam tuong tu nhu vay doi véi mabs, . .., mybs. Khi d6, dé thay, ta sé co

mot phan tich ctia 500 thanh tong ciia cac s6 nguyen duong doi mot khac nhau; nghia 14, ta sé c6
mot phan tit ctia 7. Hién nhién, b 1a anh ctia phan ti nay qua f. Nhu vay, véi moi phan tit b € S,
luon ton tai phan tit @ € T sao cho f(a) =b. Do d6, f la toan anh. (3)
T (1) va (3), suy ra f la song anh. Vi thé s = t. O

Bai 28. Trong trudng hoc, médi hoc sinh c6 khong qué 3 ngudi khac bat dong quan diém (tam
goi 1a "ké thu"). Dé t6 chiic ngay hoi "Béng nuée" doan trudng dy tinh chia hoc sinh trong
toan truong thanh 2 doi sao cho trong méi doi, méi mot hoc sinh ¢6 khong qua mot "ké thu".
Hoi ¢6 doan trusng co thé thuc hien duge ké hoach ctia minh hay khong?

Loi giai.

C6 nhiéu cach gidi khac nhau nhung & day ching ta sé trinh bay mot cach gidi sit dung nguyen ly
cuc han. Y tuéng tuy don giadn nhung ¢6 rt nhidu ting dung (trong nhidu bai toan phitc tap hon).
Ta chia hoc sinh trong truong ra thanh 2 nhém A, B mot cach bat ky. V6i mdi nhom A, B, ta goi
s(A), s(B) la tong ctia tong s6 cac ké thit clia mdi thanh vien tinh trong vién d6. Vi s6 cach chia la
hitu han nén phai ton tai cach chia (Ag, By) sao cho s(Ag) + s(By) nhé nhat. Ta ching minh cach
chia nay théa man yéu cau ciia bai toan. Gia st rang cach chia nay van chua thod méan yéu cau, tic
la vAn c¢6 mot hoc sinh nao dé c6 nhidu hon 1 ké thii trong nhém clia minh. Khong mét tinh tong
quét, gid st hoc sinh 2 thudc Ay c6 it nhat 2 ké thit trong Ay. Khi dé ta thuc hién phép bién doi
sau, chuyén z tit Ay sang By dé dugce cach chia méi 1a A’ = A\ {z} vi B’ = By U {z}. Vi z ¢6 it
nhat 2 ké thu trong Ay vi A’ khong con chita o nén ta c6 s(A’) < s(Ag) — 4 (trong téng mat di it
nhat 2 clia s(x) va 2 clia cac ké thu clia = trong Ag). Vi z ¢6 khong qua 3 ké thit va c6 it nhat 2 ké
thit trong Ag nén z ¢6 nhiéu nhat 1 ké thu trong By (hay B’), cho nén s(B’) < s(Bp) + 2. Tu d6

s(A") + s(B') < s(Ag) + s(By) — 2
Mau thuén véi tinh nhé nhat ctia s(Ag) + s(By). Vay diéu gid st 1a sai, tic 1a cach chia (Ag, By) thoa

man yéu cau cua bai toan. 0
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Bai 29. Robinson Crusoe lac trén ddo hoang hon 28 nam. Trong chimg 4y quang thoi gian,
mdi nam, ong ta tim mot cai cay nao dé rdi khic len than né mot hinh da gidc 16i that 1én dé
ky niem. Biét ring tong tat ca cac goc ciia cac da giac 16i Ay vita ding 16877, nim ma ong Ay
dugc citu thoat, dua trd vé thé gisi loai ngusi. Ban hay cho biét c6 bao nhiéu cach ong khac
cac da giac len cay thdéa man yéu cau trén, biét rang trong 10 nam dau tién, mdi nam, ong ay
khac lén cay mot da gidc c¢6 it nhat 100 canh.

Loi giai.
Da giac c6 n canh thi c6 tong cac goc trong la (n — 2)7. Do d6, ta can diém s6 nghiém clia phuong

trinh sau
28

> (z;—2)m = 1687m,2; €N

=1

z; > 100,i = 1,10, 2; > 3,i = 11, 28.

Ta co
28

28
D (wi—2)m = 1687m & Y x; = 1743,

i=1 =1
bat x; = y; + 100,72 = 1,10 va x; = y; + 3,7 = 11, 28, ta ¢6 phuong trinh

10 28 28

D yi+10-100+ ) +18 -3 =1T43 & > 11 = 689.

i=1 i=11 =1

/ 689 + 28 — 1 716
Vay s0 nghiém nguyén khong am ctia phuong trinh la ( 2—5: 1 ) - < 27 ) -

Bai 30. Cho p 1a mot s6 nguyen t6 1&. Tim s6 tap con X cua tap {1,2,...,2p} biét rang X
chita ding p phan tit va tong tat cd cac phan ti ctia X chia hét cho p.

Lai giai.
bat A={X c{1,2,...,2p} : | X| =p}; 4, = {X €A:S(X)=7(modp),7=0,p— 1}.

Khi dé ta co )
p
4= ()
p
ViA= AO UA1 U... UAp,1 va A,L ﬂAJ 7A @,VZ #] nén ’A| = |A0’ + |A1| + ...+ |Ap,1’. Xét da thic

Plx)=a"" "+ 2P+ .+ +1.

Da thtic nay ¢6 p — 1 nghiém phitc phan biet. Gid st o 1a mot nghiem bat ky ctia P(z) thi tap
nghiém ctia P(z) 1a {a, a?,...,a?" '} va o = 1. Do phuong trinh 27 = 1 ¢6 p nghiém phtic phan biet
P

a,a?,...,aP nén ta c6 thé viét a? — 1 = H (a: — ozk). T do, ta co

k=1
2p p p p p
H(w—ak) :H(:c—ak)H(x—ap%) :H(:c—ak)H(:c—Ozk) = (2P — 1)
k=1 k=1 k=1 k=1 k=1
2p
So sanh he s6 P hai vé clia H (z—a") = (2" — 1)%, ta duge (—1)” Z %) = 2 v6i S(X) la
k=1 XeA

tong tat ca cac phan tit clia tap X. Do p la s6 nguyen t6 18 va o®X) = oF néu X € A, ta duge

p—1
D A af—2=0
k=0
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p—1

Do d6 « la mot nghiém ctia da thic Q(z Z |Ag| 2% + | Ag| — 2.
k=0

Vi a 1a mot nghiém cta da thic P(z) = 2P~ + 2772+ ...+ z + 1 nén

|As| = |As| = ... = |Ap1] = [Ao] — 2

Zp)
—2
Suy ra |Ag| — 2 = [Asl + [Ao[ + .+ [Apa[ +[A0] =2 [A] -2 _ (P

p p

Vay s6 tap con X ctia tap {1,2,...,2p} biét ring X chita diing p phan tit va tdng tat cd cac phan ti
2
()
p— + 2 O
p

Bai 31. Xét S 1a mot tap hitu han n diém trong mat phang trong dé khong c6 ba diém nao
thang hang. Xét da giac 16i P véi dinh 1a cac diém ctia S. Dat a(P) 1a s6 cac dinh ctia P va
b(P) 1a s6 cac dinh cia S ndm ngoai da gidc P. Chiing minh rang v6i moi s6 thuc z ta c6

Z 2P (1 — )" P) = 1
P

goi 1a tong lay trén cac da giac 16i véi cac dinh thuoc S.

+ 2.

, do do

ctia X chia hét cho p la

L& giai.

V6in = 0,1,2 thi dé la tap réng,mot diém, mot doan thing. Do do, ta chi xét n > 3.

Véi mdi da giac 161 P véi dinh 1a céc diem thuoc S. Dat ¢(P) 1a s6 cac diém ctia S nam trong da
giac P. Khi d6 a(P) + b(P) + ¢(P) = n v6i n 1a s6 diem ctia S. Ki hieu y = 1 — z. Khi do, ta c6

c(P)

Zx b(P Zx l’ + y c(P Z Z ( > a(P) -Hyb(P)-l—c( )—1i

P i=0

Chiing ta c6 thé xem biéu thitc nay nhu 1a mot da thiic thuan nhat bac n clia hai bién doc lap z, y.
Biéu thiic nay chinh I tong ctia cac hang t1t c6 dang 2"y" " (0 < r < n) véi cac he s6 nguyén khong

P X £ . N ~ A n 2 _ < 2 e x £ 2 <z X 2 ‘ N
am. V6i moi r ¢o dinh thi hé so ) clia 2"y"" biéu dién s6 cach chon da giac 16i P c6 r— dinh va
r

d6 1a s6 cach chon cac diém S ndm trong P do dé sé dinh ctia P va s6 cach chon cac diém trong P
cung tang téi r.
b . £ , ~ X ? ? ~ n 2~ N N
Dieu nay tuong duong vé6i so céach chon tap con r— phan ti cia S la < ) Tuwong tng nay la song
r

anh vi v6i méi tap hop T céc diém ctia S thi déu c6 thé tach thanh hai tap hgp rdi nhau trong dé c6
mot tap 1a tap tat ca cac dinh ciia da gide va tap con lai 1a tap tat cd cac diém ndm trong da giac

T. Khi d6 hé s6 ctia 2"y " 1a <Z> Do dé, ta c6

a - n T, n—r n
ZI(P)yb(P):Z(T)xy =(z+y) =1
P

r=0

Bai toan dudgc giai quyét. O

Bai 32. Mot cita hang ban thitc &n sdng c6 ban 4 loai thiic 4n gom com, mi, bin va phd. Mot
doan khach 40 ngay vao ctia hang, mdi nguoi goi mot loai thiic an, biét moi loai thiic an c6 it
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nhat mot nguoi goi va khong c6 loai thitc &n nao c6 qua 15 nguoi goi. Hbi ¢6 tat ca bao nhiéu
cach goi thic an.

L&i gidi.
Goi x1, T2, T3, 74 1an luct 13 s6 ngudi goi com, mi, btin va phd hi d6, bai toan tré thanh tim s6 nghiem
nguyén cua phuong trinh

T, + Ty + x5 + x4 = 40 (1)
voi 1 <x; <15,i=1,2,3,4. Dat y; =z, — 1 (Vi = 1,2, 3,4). Khi d6, phuong trinh (1) tré thanh
Y1+ Y2 + Y3+ ys = 36 (2)
Goi X la tap hop céc nghiém nguyén, khong am ctia phuong trinh (2). Ap dung bai toan chia keo
Euler, ta duge | X| = (gg) Goi Ay, Ay, As, A4 1an lugt 1 tap hop nghiém nguyén ctia phuong trinh
(2) vé6i cac diéu kien y; > 15,y > 15,93 > 15,94 > 15.
™ Xét Ay, dat a; = y; — 15 > 0, ta dugce phuong trinh (2) trd thanh

ay +y2 +ys +ys = 21

p 24
, Vi a; = 0,y = 0,y3 > 0,y4 > 0. Ap dung bai toan chia keo Euler, ta duge |A;| = ( )

21
24
Aal = 140] = il = (51)

Tuong tu, ta co

™ Xét Ay N Ay Dt a; =y, — 15 > 0,a9 = yo — 15 > 0, ta duge phuong trinh (2) trd thanh

a;+azx+ys+ys =06

. 9
,v6ia; > 0,as = 0,y3 > 0,y, > 0. Khi d6, s6 nghiém ctia phuong trinh trén la |A; N Ay| = (6)

Tuong tu, ta co

9
|A1 ﬂA3| - ‘Al ﬂA4| - ’AQ ﬂA3| - |A2 ﬂA4| - |A3 ﬂA4| - (6)

™ Xét AiNAy;NAs. Datay =y — 15> 0,a0 = y2 — 15 > 0, a3 = y3 — 15, ta dugc phuong trinh
(2) tré thanh
ay +as +as+ys = —11

véi a; > 0,ay = 0,a3 > 0,y, > 0. Khi d6, s6 nghiém ctia phuong trinh trén 1a [A; N Ay N A3| =
0. Tuong tu, ta co

‘AlmAgﬂA3|:|A2ﬂA3ﬂA4’:|A3ﬂA4ﬁA1|:|A4ﬂAlﬂA2‘:0,
|A1QAQQA30A4|:O

24 9

Vay s6 cach goi thitc an théa man bai toan 1a

39 24\ (9
X[ - A UAUAUA = (2) = (a(27) —6(])) = 1547
=t soai= (o) = (1) (o))

Bai toan dudgc giai quyét. 0
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Bai 33 (Vietnam TST 2004). Xét tap hop S gom 2004 s6 nguyen duong phan biét ay, ..., asgos
c6 tinh chat: Néu v6i méi ¢ = 1,2, 3..., 2004, ta ky hieu f(a;) 1a s6 cac s6 thuc thuoc S nguyéen
t6 ciing nhau véi a; thi d(a;) < 2003 va f(a;) = f(a;) véi moi 4,5 € {1,2,3,...,2004}. Hay tim
s6 nguyen duong k nhé nhat sao cho trong mdi k — tap con clia mot tap S tuy ¥ c6 tinh chat
néu treén déu ton tai hai s phan biét ma u6e sé6 chung 16n nhat cia ching khac 1. (k - tap con
1a tap con c6 k phan tir).

Loi giai.
Xét tap hop

So = {ph P2, P3, ---, P1001, P1002, P1P10035 P2P10045 ---5 P1001P2003, P1002p2004}

trong d6 p1, pa, P3, ..., P2ooa 12 céc s6 nguyen t6 doi mot khac nhau. D& thay rang tap hop nay thoa
man dé bai. Hon nita, trong 1002 tap con {py, p2, p3, --., P1oo2} clia tap hop da cho, khong c¢6 hai phan
t1f nao ma uéc chung clia chung khéac 1. Suy ra k& > 1003. Xét mot tap hop S tuy ¥ thda man cac diéu
kien dé bai. Véi mdi s € S, ta goi g(s) 1a s cac s6 khong nguyén t6 cuing nhau véi s. T gia thiét
da cho, ta c6 g(s) > 1,Vs € S va g(s) = g(t) v6i moi s,t € S hay g(s) = m,Vs € S v6i m 1a mot s6
nguyén duong nao dé. Xét mot 1003-tap con T tiy ¥ cia S. Ta sé chiing minh rang trong 7', luén ton
tai hai s6 ma u6c chung 16n nhat ctia ching 16n hon 1. That vay, gia sit ngugc lai rang trong 7', khong
ton tai hai s6 nao ma udce chung 16n nhat ctia ching khac 1. Ki hieu A = {a € S|3t € T, (a,t) # 1},
taco ANT = @. Tt d6 suy ra |A| < 2004 — 1003 = 1001. Mat khéc, s6 s6 thuoe S (ké ca lap) ma
mdi s6 déu khong nguyen tg) ciing nhau vé6i it nhat mot s6 thuoc 7' 1a 1003m va mdi s6 co6 tinh 1ap
m

t61 da m 1an néen |A| > = 1003. Mau thuan nay cho ta diéu phai chiing minh. Vay gia tri nho

nhat can tim cta k 1a 1003. O

Bai 34. C6 25 con lita xép trén mot hang va con lta ditng & bia phai gia nhat c6 tén 1a Eeyore.
Ong chii ctia ching mudn tang cho qua béng véi 1 trong 7 mau sao cho 2 con lita ding canh
nhau thi c6 béng khac mau nhau, dong thoi, mau nao ciing dude sit dung it nhat 1 lan. Ba cht
clia chung thi lai ting cho mdi con céac chiéec vong v6i 1 trong 7 mau sao cho con lita Eeyore
nhan dugc chiéec vong mau dé duy nhat, cac con con lai duge nhan vong véi 1 trong 6 mau (2
con canh nhau khong nhat thiét c6 vong khac nhau). Hoi cAch ting qua clia 6ng chi hay clia
ba chil sé nhiéu hon va nhiéu hon bao nhiéu lan? Cha § rang cac qua bong hodc vong thi chi
khac nhau 6 mau séc.

Loi giai.

Ta dat (*) 1a diéu kien ting bong cho céac con lita sao cho 2 con lita diing canh nhau thi c6 bong khac
mau nhau. Danh s6 cac mau ciia qua bong tit 1 dén 7 va goi A; véi 1 < i < 7 1a cac cach ting qua
bong cho cac con lita sao cho cac qua bong mau thit ¢ khong duge dung va thoa man diéu kien (*).
Diat Ap 1a cac cach tang cdc qua bong sao cho chi c6 diéu kien (*) duge théa. Ta c6 |Ag| = 7 - 6.
Ngoai ra, v6i T C {1,2,3,...,7} thi

(A = (7= 1T1) (6 — |T])*

€T

Do do, ta tinh dugce
7

U 4
k=1
Suy ra s cach tang cic qua bong thoéa man dé bai la

7 6 . 7 -

L;J —7. 624 _ Z(_1>m—1(7) . m(m _ 1)24 _ Z(_l)m—l (m) . m(m _ 1)24

m=1
& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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Bang cach tuong tu, ta tinh dude s6 cach tang cac vong véi 6 mau cho 24 con citu va khong ¢ rang
buoc giong nhu (*) 1a

(1) im0 i m(;) o

( 6 )_(m_1)24_( 6 )_m!(7—m)!'(m—1)!(7—m)!

m—1 m—1

= 7 nén suy ra so

Cha ¥ rang

cach tang bong nhieu hon gap 7 lan sé cach ting vong. O

Bai 35. Mot s6 nguyéen duong k dudc goi la "dep" néu c6 thé phan hoach tap hop céc s6
nguyen duong Z* thanh k tap hop Ay, As, ..., Ay sao cho véi méi s6 nguyén duong n > 15 va
v6i moi ¢ € {1;2;...;k} déu ton tai hai s6 thuoc tap A; c6 tong la n.

(1) Chiing minh rang k& = 3 1a dep.

(2) Chitng minh rang moi k > 4 déu khong dep.

{-/g: 5':.3 ta chi ra mot cach phan hoach tap N* thanh 3 tap A;, Ay, A3 thoa man nhu sau

Ay = {1;2;3} | {3m|m > 4}

Ay = {4:5;6} J{3m — 1|m > 4}

Az = {7:8; 9} {3m — 2|m > 4}
Vay k = 3 1a dep. Xét k > 4 . Gia st ton tai cdch chia N* thanh k tap A, Ao, ..., Aj, thoéa man dé
bai. Khi d6 cach phan hoach N* thanh 4 tap A;, Ay, A3 va (A;UAsUJ ... U Ax) ciing thoa méan dé

bai. Do vay chi can xét v6i k = 4 1a du. Dat B; = A; () {1;2;3;...;23} v6i ¢ = 1,2, 3,4. Ta thay moi
s6 thuoc tap {15;16;17;...;24} (gdm 10 s6) déu viét duge thanh tong clia hai s6 thuoe tap B; (v6i

moi 7 = 1,2,3,4). Nhu vay néu |B;| = m thi s tong la (?) > 10 = m > 5. Vay mdi tap B; déu

c6 1t nhat 5 phan tit. Ma |B;| + |Bs| + | Bs| + | Bs| = 23 nén khong the xay ra |B;| > 6,Vi = 1,2, 3, 4.
Do d6 phai ton tai mot tap B; sao cho |B;| = 5.
Gia st B; = {aq;a9; a3; aq; a5}, Khi d6

{ai+a;;1 <i<j<b}={1516;17;...;24}

Suyra Y (a;+a;) =15+16+...4+24, hay 4 (a1 + az + as + as + a5) = 195, vo li. Vay moi k > 4
1<i<j<5

déu khong dep. O

Bai 36. V6i m 1a s6 nguyén duong 16n hon 1, ¢ gido phat 7m vién keo cho 7 hoc sinh sao cho
em ndo ciing c6 keo nhung khong xay ra truong hop tat ca cac hoc sinh nhan dudgc s6 keo bang
nhau. Chiing minh rang s6 cach phét keo 1a bai ctia 49.

Loi giai.
. ™ —1 . . .
R6 rang so cach chia keo chinh la ( m6 ) — 1. Ta sé chttng minh rang so nay chia hét cho 49, that

vay

(Tm —1)! (Tm —6) (Tm —5)---(Tm — 1) — 6!
AT .
6! (7Tm — 7)! 6!

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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Do (6!,7) = 1 nén ta chi can chitng minh ti s6 trén chia hét cho 49.
Néu coi (7m —6) (7m —5)--- (7m — 1) 1a da thitc theo m thi né c¢6 s6 hang tu do 1a 6! (triet tieu véi
6! c6 sdn), hon thé nita, he s6 bac nhat trong khai trien sé 1a

1 1 1 7 7 7
(44 o) =7
o (1444 g) =T (et gs b g )™

chia hét cho 49.
Cac he s6 bac cao hon clia m déu c6 chita liiy thita cao hon ctia 7 tuong ing nén ro rang chia hét
cho 49. Tt d6 suy ra ti s6 clia phan s6 trén chia hét cho 49, ta c6 diéu phai chitng minh. O

Bai 37 (An D6, 2012). Cho tam gidc ABC va diém P goi la t&t néu tim dugc 27 tia chung
gbc P cit tam giac thanh 27 tam giac con c6 dién tich bing nhau. Dém s6 diém t6t.

Loi giai.

Trude hét ta thay rang PA, PB, PC phai la 3 trong 27 tia néu trong dé bai (néu khong thi sé c6
mot phan trong cdc phan ciia tam gidac ABC). Gia stt Sqpc = 27 thi dién tich mdi tam giac nhé déu
bang 1. Dat Spgc = x, Spca = y, Spas = 2 thi 16 rang, cac tam gidc PBC, PCA, PAB déu phai
chita trong d6 mot s6 nguyén cac tam giac c¢6 dién tich bang 1 nén ta c6 z,y,z € ZT va

w4yt =2T. (2.2)
Chu y rang véi mdi P nam trong tam gic thi
ﬁ‘l-SchjLﬁ-SPCA%—P?-SPAB Zﬁ
va ngudc lai véi moi bo (Sppe, Spca, Spag) nhu thé thi ton tai duy nhat P thoa mén.(é day ta con
c6 thé ching minh tinh duy nhat nay bang cach ké cac dudng thiang song song v6i canh ciia tam
giac).

L sz N ) 27 —1 26
Vay so dieém can tim chinh la s6 nghiém cta phuong trinh (2.2) va la < ) = < 5

=325. U
)= (%)

Bai 38. Mot hoan vi {z1, z3, ..., ¥, } ctia {1,2, .., 2n} dugc goi 1a "dep" néu Ji € {1,2,..,2n—1}
théa man |z; —x;,1| = n. Chiing minh riang s6 hoan vi "dep" nhiéu hon s6 hoan vi khong "dep".

L& giai.

Bai nay la dé thi IMO nam nao do6, ¥ tudng la sit dung tinh chat ctia anh xa. Ta sé xay dung mot
don anh nhung khong 1a song anh tit s6 hoan vi khong dep vao s6 hoan vi dep. Ta thay tap hop 2n
s6 nguyen duong dau tién c6 thé phan hoach thanh n cip c6 khoang cach bang n 1a

(Ln+1);(2,n+2);...; (n,2n)

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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Do d6 v6i méi hoan vi khong dep (w1, o3, ..., T2,) ton tai s6 nguyen duong k € {1,2,...,2n — 1} sao
cho (xy, T2,) 14 mot trong nhiing cip s6 néu trén. Xét tuong tng

(X1, T2y ey They ooy Ton) —> (T4, ey Tho1y Thy T2y To2n—1 +ey Tt 1)

Ro rang day 1a mot don anh va né khong phai 1a song dnh do hoan vi dep (1,2,...,n—1,n+1,...,2n—
1,n,2n) khong c6 tao anh tuong ting. Vay s6 hoan vi dep nhiéu hon s6 hoan vi khong dep. O

Bai 39. Cho cac s6 nguyéen ay, as, ..., ageyz v6i 0 < a; < 100,¢ = 1;100. V6i moi cap (a;; aipq)
ta cong thém 1 vao cd hai s6 va moéi cap d6 khong dude xuat hien qua k lan. Tim & nhé nhat
sao cho hitu han lan thuc thién thao tac trén ta duge moi s6 bang nhau.

Lai giai.

Ta xét truong hgp céc s6 canh nhau cidch nhau xa nhat
ay = az = -+ = a3z = 100
g = a4 = -+ = a2 =0

Défﬁ S = (CLQ — CL3) + (Clg — CL4> + -+ (a2012 — CL2013) lac dﬁu tién chua tac d@ng thi S = —100 - 1006.
Sau hitu han lan tac dong tat ca cac s6 bang nhau do d6 khi d6 S = 0. Ta nhan xét ring.

™ Téc dong len cac cap (ag, a3), (az,as), ..., (a2, azi3) thi S khong doi.
™ Téc dong len cap (a1, az) thi S ting len mot don vi.
™ Téc dong len cap (agms,ar) thi S gidm 1 don vi.

Bo (a1, az) bi tdc dong 16n hon hodic bang 100.1006 lan thi £ > 100.1006. Ta sé& chting minh k =
100.1006 1a gia tri nhé nhat thod man.

™ Tac dong cap (a;_1,a;) sd 1an 1a a1 + ag + - - -
® Tac dong cap (a;, a;1) 80 1an 14 a0 + ajpq + - -

Sau céac lan tac dong nhu vay cac s6 bang nhau va bang a; + as + - - - agg12 + G013 Nén s6 lan tac dong
< 100.1006 suy ra diéu phai chitng minh. O

Bai 40 (AIME, 1986). Cho xau nhi phan 001101001111011 ¢6 4 cdp 01, 3 cap 10, 5 cap 11
va 2 cap 00 ditng canh nhau. Héi ¢6 tat ci bao nhiéu xau nhi phan cting tinh chat nhu thé?

L&i gidi.
Ta thay rang cac xau nhi phan théa man dé bai phai c6 dang

XYXYXYXY,

trong d6 X 1a mot day céc s6 0 lien tiép va Y 1a mot day céc s6 1 lien tiép. Nhu thé, c6 tong cong 4
diy 0 va 4 day 1. Ro rang trong mot day c6 do dai 1a k thi s6 luong cip giong nhau 1a k& — 1. Goi z,
y, z, t 1a do dai ctia 4 day 0 thi theo gia thiét, ta phai c6

r—14+y—-14+2—-1+t-1=2x+y+2+1t=0.

. 6—1 5
SO nghiém nguyén duong ctia phuong trinh trén la <4 1) = (3) = 10.
Lai ¢c6 m, n, p, ¢ 1la do dai cia 4 day 1 thi

m—14n—-14+p—-—14+qg—-1=5&m+n+p+qg=09.

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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4—-1 3

lap v6i nhau nén s6 xau théa man 1a 10 - 56 = 560 xau.

Nhan xét. Tong quat. Héi v6i cac s6 tu nhién a, b, ¢, d nao thi ton tai mot xau nhi phan c¢é do dai
duong va c6 a cip 01, b cap 10, ¢ cap 11 va d cap 00 ditng canh nhau? Ta thay ring néu xép cac s
nay lén vong tron thi cic s6 0 va 1 sé dugce tao thanh cdc nhém rdi nhau. Ro rang s6 luong nhom 0
bang s6 lugng nhom 1. Do d6, néu cat xau tai ranh gidi gitta hai nhém thi s6 lugng mot trong hai
bo 01 hodc 10 s& giam di 1 don vi so véi bo kia. Con néu cit ta vi trf gitta cac nhém (truong hop s6
lugng s trong nhom 16n hon 1) thi khong lam thay ddi s6 lugng bo 01 hoac 10. Trude hét, ta luon
c6 |a — b| < 1. Ngoai ra, dé thay rang néu ¢ > 0, d > 0 thi phai ton tai ranh gidi gitta hai bo nén lac
do, ta phai c¢6 hodic @ > 0 hodc b > 0. Tu day ta thay diéu kién ciia cac s6 a, b, ¢, d 1a

. 9-1 8
SO nghiém nguyén duong ctia phuong trinh nay la < ) = ( ) = 56. Do hai day nay chon doc

(1) Néucd =0 thia=b=0.

(2) Néu ed # 0 thi |a — b| < 1 va a, b khong dong thoi bang 0.

Dat k& = max{a,b} thi 16 rang c6 tong cong k& nhém theo nhan xét ban dau. Gid st k > 1. Goi
T, %o, ..., T 12 s6 luong s6 1 ¢6 trong tiing nhom thi 16 rang

rT1t+xotas+---+axr=c+k.

c+k—1

L1 ) Tuong tu s6 cach sip xép cac sd 0 la

s6 nghiém duong ctia phuong trinh nay I3
(d—i—k—l C—|—/€—1)<d+k—1

k—1 k—1 k—1
k > 1. Trong truong hop k& = 0 thi dé thay c6 1 xau théa man dé bai. Bai todn dugc giai quyét. O

). Vay sb cac xau nhi phan théa man la ( ) v6i k = max{a,b} véi

Bai 41.

(1) Mot dai hoi thé thao ciia phuong Nam Cuong c6 n van dong vien tham gia thi dau & 7
noi dung gom: chay 100 mét, day ta, ban no, dua xe dap, bai tu do 100 mét, nhay cao,
nhdy xa. Biét ring moi van dong vien tham gia thi dau it nhat mot trong cac noi dung
thi dau nay. Theo théng ké ctia ban t6 chiic cho thady mdi noi dung thi dau c6 s6 van
dong vién tham dit bang nhau va bang 40. Ngoai ra cit hai noi dung thi dau bat ky thi
c6 khong qua 9 van dong vién tham gia thi dau ca hai noi dung d6. Chitng minh rang
n > 120.

(2) C6 16 hoc sinh tham gia mot ki thi, dé thi c6 n cau héi va moi cau hoi c6 4 phuong an
lira chon. Biét rang 2 hoc sinh bat ki ¢6 khong qua 1 cau tra 18i chung cho tat ca cac cau
hoi. Tim gia tri 16n nhat ctia n. Hay chi ra mot truong hop dé n dat duoc gié tri 16n nhéat
do.

Loi giai.

(D Véi van dong vien thit j ky hiéu a; 1a mon thi ddu van dong vien dé6 tham gia. Ta lap bang c6
7 hang va n cot. O (i; ) clia dong i, cot j duge danh dau x néu van dong vién j tham gia noi
dung i. Téng s6 cac dau x néu tinh theo cot 1a a1 + as + ... + a,, v tong nay 1a 7 - 40 = 280
néu tinh theo dong (vi mdi noi dung thi dau c6 dung 40 van dong vién tham gia). Bay gio ta

. _ a; )
tinh S 1a s6 cip (X, x) theo cting cot. Trén cot j c6 | 7 ) cdp, cho nén s6 S cac cap (x, x)

theo cot 1a

n 1 1
<a1>+(a2)+...+(a2):§(a§+a§+...+ai)—§(a1+a2+...+an). (1)

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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Thay a; + as + ... + a, = 280 va 4p dung bat ding thitc quen thudc

2
ay+as+...+ay
a%+ag—|—...+ai>(l 2n ),

2 2
ST (2)
n

Mat khac, v6i moi cdp 2 dong, chi nhiéu 1dm c¢6 9 ot ¢6 cap (x, x) trén 2 dong nay, cho

tu (1) taco S >

) . p 7 7
nén tong so cac cap (x, x) cung mot cot trén tat ca <2> cap 2 dong khong vuot qua 9(2)

£ a2 7 7 2802
cdp (%, x). Ta c¢6 bat dang thtc 9(2) > S. Thay vao (2), ta ¢ 9( ) > — 140 va co

2 2n
2 2
n = S0 > 119.

e

Vay n > 120.

(2) Ta dém s6 bo (A, B,C) ma hoc sinh A, B c6 cing lya chon C.

. 1
& Dém theo hoc sinh, c6 S < < 26).

@ Dém theo lua chon.
Ta dit a;, b;, ¢, d; 1a s6 hoc sinh chon dap an 1, 2, 3, 4 & cau héi i.

Taco S = ZZ:; ((C;Z) + (%) + (022) + <C;Z)> v6i a; + b; + ¢; +d; = 16 va
a; i b; i C; i d;
2 2 2 2

Suy ra S > 24n. Tu dé ta co n < 5.

1
(a?+b§+c§+d§)—§(a,~+bi+cz~+di)

=

N = N =

1
(az+bz+cl+dz)2—§(az+bz+q—|—dl)

| =

Chitng minh n = 5 théa man tit d6 suy ra gia tri 16n nhat ctia n 1 5. Dué6i day la mot cach:

Bail | Bai2 | Bai3 | Bai4 | Baib

Sinh vién 1

Sinh vién 2
Sinh vién 3
Sinh vién 4

Sinh vién 5
Sinh vién 6
Sinh vién 7
Sinh vién 8
Sinh vién 9
Sinh vién 10
Sinh vién 11
Sinh vién 12
Sinh vién 13
Sinh vién 14
Sinh vién 15
Sinh vién 16

OoggQaQQQwEwwm o = ===
O QE = Qwdl=wo Q=0 w >
@liwikdiviiviioldiviiwiivikdiollwiielivel s
D™ =T QO = QE Q> m O T Q@ =
> W QO 0w Qe Qolw o w e

U

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc



CHUONG 2. TUYEN TAP CAC BAI TOAN

Bai 42 (Tay Ban Nha, 2012). Cho z va n 1a nhitng s6 nguyén duong sao cho 1 < z < n.
Nguoi ta ¢6 x + 1 cai hop phan biét va n — x qua bong giong nhau. Goi f (n,x) 1a s6 caAch phan
phdi n — z qua bong vao x + 1 hop. V6i p 1a mot s6 nguyén t6 cho trude, hay tim s6 nguyén n
16n hon 1 sao cho s6 nguyén t6 p 1a uée cta f (n,z) véi moi x € {1;2;...;n — 1}.

Loi giai.

Theo cong thic da néu, ta dé dang cé duge f (n,z) = (n) Do do6, ta can tim n sao cho p | <n)
x x

v6i moi x € {1;2;...;n — 1}. Theo dinh 1y Lucas thi

()= CCE) () o

trong d6 ni,na, ..., Ny, VA T1, T, ..., o 14 cac chit s6 clia n, x trong biéu dién p phan. Néu ton tai
mot chit s6 n; > 1 thi tuong ting, ta chon x; = 0 va tat ca cac chit s6 con lai clia n, x giéong nhau thi

n 2 ~ ~ s 2 7 ~, A 2 N ~, A X PN N
r0 rang ( > # 0 (mod p), khong théa méan. Do d6, tat ca cac chit s6 clia n, trit chit 86 dau tién, la
x

phai khac 0. Ngoai ra, chit s6 dau tién ctia n phai bang 1 vi néu khong, n; > 1 thi ta chon z; = 1
ciing dan dén truong hop khong théa méan. Suy ra n = 100...0¢,) hay néi cach khac, n 1a lay thua
cua p. O

Bai 43 (Truong Déng TPHCM, 2014). Cho n > 2 1a mot s6 nguyen duong. Xét tap hop
cac duong di ngan nhat trén ludi nguyen tit diem A (0;0) dén diém B (n;n) (do dai dusng di
1a s6 lugng cac bude di). Mot duong di nhu thé sé tuong iing v6i mot day gom n lenh T (len
trén) va n lenh P (sang phai). Trong day d6, mot cap lenh (7', P) ké nhau duge goi 1a mot
bude chuyén (Iwu ¥, cap (P, T) khong duge goi 1a bude chuyén). Vi du day PTTPTPPT c6 2
buée chuyén. Hay tim s6 cac dudng di tit A dén B sao cho c6 ding:

(@) 1 buée chuyén.

(2) 2 buée chuyén.

L&i giai.

(1) Ta phat biéu lai bai toan la: Cho zdu nhi phan cé do dai 2n vdi n s6 0 va n s6 1. Xdac dinh
s0 xdu nhi phan théa man cdp 10 chi zudt hién ding mot lan. Goi A la cac xau nhi phan chia
toan s6 1, B la cac xau nhi phan chia toan s6 0. R6 rang chi ¢6 cac xau dang sau thoéa man

d& bai: AB, ABA, BAB, BABA.

™ Dang 1 ¢6 1 xau.

n—1

™ Dang 2 c6
2—1

> =n — 1 xau (ta dém s6 nghiém nguyen duong clia = + y = n).

& Dang 3 c6 n — 1 xau.

& Dang 4 c6 (n — 1)® xau (ta dém s6 nghiem nguyen duong cfia cap phuong trinh z 4y = n
roi nhan lai vi BA phia truée xay dung doc lap véi BA phia sau).

Vay téng cong ¢6 (n — 1) +2(n — 1) + 1 = n2.

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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.
.-
oo

(2) Tuong tuy trén, ta c6 cac dang ABAB, ABABA, BABAB, BABABA.

& Dang 1 ¢6 (n — 1)* xau.

& Dang 2 c6 (”_1> (n_l) _ =Y (n=2)

3—1 2—1 2
— 1)} (n—-2
& Dang 3 c6 (n )2(n ) Xau.
n—1\/n—-1 (n—1)>(n—2)°
ED 4 O —= a .
ang 4 c6 <3_1> (3_1) 1 Xau

Vay s6 dusng di tong cong thoa méan 1a

(n—1)4(n—2) +2.(n—1)2(n—2)+(

_1)2 —

(n—1)°

[(n—2)* +4(n—2) + 4]

(n—1)*n2
4

Bai toan két thic.

Bai 44. Cho tap S = {1,2, ...,

3n}, phan hoach S = AUBUC thbéa man |A| = |B| =
Chiing minh rang ton tai a € A,b € B,c € C sao cho (a—i—b—c)(b+c—a)(c+a—b)=0

L&i giai.

Gia st khong ton tai a € A,b € B,c € C sao cho (a+b—c¢)(b+c—a)(c+a—b)=0.

Giasit 1l e A, ke N* théa man 1,2, ...,
Vinfuk=2=keB Neuk>2=k—-—1>2=2¢c A.

k—1leAmak¢ A gidsike Bsuyra2¢ C

Nhin xét. Neux e N* 2z € C,x—1€ A Thatvaygidsiz e Cio—1¢ A=r—1€ BVa—-1€C.

Ta co

¥ (lLz—lLa):1leAzeC=z—-1€C.

¥ (z—kka):keBareC=a2—-keBVae—kLkeC.

8 (x—kk-—1lz—-1):k—-1€eAzr—-1eC=z—-keC.

¥ x-k—1kzx—1):keBzr—1eC=2—-—k—1eBvVax—k—-1€C.
¥ x—-k-11Lz—k):leAzr—keC=2—k—-1€C.

TudosuwyrazeCx—1eC=z—kax—k—1¢cC lap luan tuong tu = = —ik,x —ik— 1€ C.

Chonisaochol <x—ik—1< khoacl<

r—ik <k=x—ik—1¢€ Ahoac x—1ik € Avoly. Vay

neuxeC:>a:—1€A.DatC—{cl<62<

G >2=>c—1

22:>{1,01—

<= — 1o —

1,62 - 1, ceey

1,---,cp,—1€ A, ma

cn—1teA=|Al>n

, vo ly. Vay ton taia € A,b € B,c€ C'saocho (a+b—c)(b+c—a)(c+a—b)=0 O

& Tuyén tap mét sb bai toan t8 hop

€3 Tap chi va tu liéu todn hoc
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Bai 45. Cho X la tap gom n s6 bat ky. Gia st aq,as, ..., a; 1 cac s6 thoéa man diéu kien,
Vu,v € X, u # v ton tai a; sao cho (u — a;)(v — a;) < 0. Chiing minh ring n < 3*.

Lai giai.
bat Y = {(u1,ug,...,ug) : u; = 0,1,2}. V6i méi v € X, dat f(u) = {us,ug,...,ux} € Y, trong dé
0, u<a;
ui =41, u=uq
2, u>a
véi moi ¢ = 1,2,..., k. Ta sé chitng minh f 1a don anh. That vay, gid st ton tai u,v € X,3 u # v va

f(u) = (uy,ug, ..., ug) = (v, 09, ..., ) = f(v)

thi vi u # v nén ton tai a; sao cho (u — a;)(v — a;) < 0. Dé ¥y rang u; = v;,Vi = 1,2,..., k nén hoac

u,v < a; hodc u,v = a; hodc u,v > a;. Ca ba truong hop nay déu khong xay ra nén f la don anh.

Tt d6 suy ran = | X| < Y| = 3~ O
Bai 46. V6i moéi n € N, ky hieu H, 1a tap tat ci cac hoan vi (a1, as,...,a,) cla tap hop

[n] ={1,2,...,n}. Xét cac tap hop

Sn={(a1,a9,...,a,) € Hy:a; 21— 1,Yi=1,2,...,n},
Tn:{(aban"'aan) EHn:@i<i+1,Vi:1,2,...,n}.

Tl

S|

Tim tat ci cac so6 nguyén duong n sao cho >

W=

Dat P, = {(a1,as,...,a,) € Sy : a1 =1}, Q, = {(a1,as,...,a,) € Sy, : a, # 1}. Hién nhién
anQn:®7PnUQn:Sn

@) Xét anh xa f di tu P, dén Q, nhu sau: v6i (ay,as,...,a,) € P, ta cho tuong tng vdi

. 1
(ag,aq,...,a,) € Q,. Dé thay f la mot song anh nén |P,| = |Q,| = §|Sn\
(2) Xét anh xa ¢ di tit P, dén S,_; nhu sau: véi (a1, as,...,a,) € P, ta cho tuong tng véi

(a2 —1,a3 —1,...,an, — 1) € S,_;. D& thay g la song anh nén |P,;| = |S,—1]. Do d6 ta co
|S,| = 2|S,_1],n = 2. Hon nita |Sy| = 2,[S;| = 1 neén |S,| =21

(3 Xét anh xa h di tit T, dén T;,_; U T,,_5 xac dinh nhu sau: v6i mdi (a1, as, . ..,a,) € T, ta cho

tuong ng véi (ae —1,a3—1,...,a, —1) néu a; = 1 vd tuong tng véi (a3 —2,a4 — 2, ..., a, —2)
néu a; = 2. Dé thay h 1a mot song anh nén |T),| = |Ty_1| + |Th_2|, ma [Ty| = 2,|T1| =1 do d6
n+1 n+1
1 [(1+5 1-+5
|Tn| == -
NG 2 2
Tu do6 giai duge Tl >1<:>n<6.
SISl 3
Bai toan dugc giai quyét. O

& Tuyén tap mot sb bai toan t& hop (51) €3 Tap chi va tu lidu todn hoc
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Bai 47. Xét da gidc deu 9 dinh. V6i 3 dinh A, B,C cho trudc, tinh s6 bo ba tam giac
(A1; Ny Az)duge 1ap tit 9 dinh trén sao cho thdéa méan cac diéu kién sau

Ae A
1. Be A,
C e A;

ii. Cac tam giac khong c6 chung dinh.

iii. Tit mdi tam giac ta c6 thé chon 1 canh sao cho 3 canh nay bing nhau.

L&i giai.

Ky hiéu cac thanh phé lan lugt 1a aq, as, . .., a9 nhu hinh vé. Khong méat tong quat gia st ban kinh
duong tron ngoai tiép da giac bang 1. Khi d6 khoang cach gitta 2 thanh phd bang khoang cach canh
hoiic duong chéo va c¢6 thé nhan 1 trong 4 gia tri sau

T s 3T AT
a; = 2sin —;as = 2sin —;ag = 2s8in —; a4 = 2sin —.
! 9" 9 9 9

Khi d6 do dai cac canh ctia mot tam giac thudc 1 trong 6 truong hgp sau

(ar;a1;a2); (az;az;aq); (ar;as;as); (as;as;as); (as;asz;as); (ag;aq;ar).

Ta chitng minh rang véi bo gom 3 tam giac (khong c6 chung dinh) bat ki luon chon duge mdi tam
giac mot canh sao cho 3 canh c6 do dai bang nhau. Ta phan hoach tap dinh thanh 3 tap

M = {A1; Ag; A7}y N = {Ag; As; Ag); P = {Asz; Ag; Ao}
Khi do
@ 1 tam giac déu phai c¢6 3 dinh cung thuoc 1 tap trong 3 tap tren.
™ 1 tam giac can (khong déu) phai c6 3 dinh thudc ci 3 tap trén.
@ 1 tam giac khong can phai c6 2 cliing thuodc 1 tap va dinh con lai thuodc tap khac.

Trudng hop 1. Ton tai tam gidc déu (hay c6 1 tam gidc ma ca 3 dinh thudc ciing 1 trong 3 tap
M, N, P). Gia st d6 1a (Ay; Ay; A7) ¢6 canh 1a ag khi d6 2 tam gidc con lai ¢6 dinh
la 1 trong 2 dinh ctia cac bo sau {As; As}; {As; As}; {As; Ao}

Khi d6 mo6i tam giac déu chita 2 dinh A;; A; thoa |i — j| = 0 (mod 3) nén chia
canh c6 do as.

& Tuyén tap mot sb bai toan t& hop (52) €3 Tap chi va tu lidu todn hoc
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Trudng hop 2. C4 3 tam gidc can, khong c6 tam gidc déu (ca 3 tam giac moi tam giac déu c6 ding
1 dinh thuoc 1 trong 3 tap M, N, P) khi d6 cac do dai cac canh ciia ching nhan gia
tri trong cac bo sau (ay;ai;az); (az;az;a4); (ag;aq;ar); tuy nhien khong thé nhan
ci 3 bo gia tri nén suy ra diéu kién bai toan thoa.

Truong hop 3. Co ding 2 tam gidc can va 1 tam giac khong can (theo nhan xét trén trusng hop
nay khong xay ra).

Truong hgp 4. C6 dang 1 tam giac can va 2 tam gidc khong can khi d6 2 tam giac khong can ¢6
do dai cac canh ciia chiing nhan gia tri trong cac bo sau (a1; as; aq); (az; as;ay); tuy
nhien khong thé nhan ca 2 bo nén suy ra diéu kién bai toan thda.

Truong hgp 5. Ca 3 tam giac khong can khi dé cac do dai cac canh ctia chiing nhan gia tri trong

cac bo sau (ay;as;aq); (az;as;aq); luon chia ag.

Do d6 s6 cach chon thoéa diéu kien dé bai la (g) (3) (;) = 90. ]

Bai 48. Mot dé thi ¢6 n cau héi, diém ctia mdi cau hoi 1a 1 diém. Mot nhém n hoc sinh tham

gia giai dé thi nay, méi em lam mot bai thi doc lap v6i nhau va sé diém clia nhém 13 tong s6

diém ctia cac em. Ngudi ta thay rang cit hai cau bat ki thi c6 t6i da 1 em giai ding ca hai cau.
(1) Hay tinh s6 diém lén nhat cé thé c6 ctia nhém n em hoc sinh nay.

(2) Chi ra mot trusng hop s6 diém 16n nhat khi n =6, n = 7.

Loi gidi.
(D Ta gia stt cdc em Ay, Ay, ..., A, tham gia gidi cdc cau a1, ag, ..., a,. Dat S = {(4;, a;, ax)}

nghia la em A; gidi ra hai cau a;, ax. Ta ki hieu d (a;) 1a s6 cau ma A; gidi duge, vay khi do ta
n

co

d (a; . . ,
S| = g ( (2a >> Mat khac, do hai cau bat ki thi c¢6 toi da 1 em giai duge nén
i=1

15| < (Z) N Z;: (d(Qaz-)) < (Z) @gd(m) (d(a;) —1) <n®—n

hay
2
n n 1 n
n’—n+ Y da) =2 d(a)>- (Zd(@) .
n
=1 =1 =1

n
Chu y gia tri £ = Z d (a;) chinh la tdng s6 diém clia cd nhém nén lai cé
i=1

E?—nE+n*—n*<0&e E<

(n—i—n\/4n — 3) .

N —

Vay gid tri 16n nhat clia s6 diém nhom 1a [g (1+4n — 3)]

(2) Trong truong hop n = 7 thi tdng s6 diém 16n nhat ctia cd nhom 1a 21. Dat A; {a;,, ai,, ...} 1a
ngusi thit i giai dude cac cau ag,, ag,, .... Ta xép trong trudng hop 4 ngudi véi s6 diém 1a 9

Ay {al, a2, 04};142 {GQ, as};A?, {ag, CL4};A4 {ah a3}

& Tuyén tap mot sb bai toan t& hop (53) €3 Tap chi va tu lidu todn hoc
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Truong hop 5 ngudi véi sé diém 1a 12
A{ar, az, as}; As{ay, as, as}; As{as, as}; As{ar, as}, As{as, ai}.
Truong hop 6 ngusi véi sé diém 13 16
Ay {ab a2, G4}§A2 {@2, as, a5};A3 {Cl3, A4, a6};A4 {ab a3}, As {@5, ai, a6}7 Ag {@6, a2}
Truong hop 7 ngusi véi sé diém 1a 21
Ay {Ch, a2, CL4};A2 {CLQ, as, as};As {03, A4, ae};A4 {Ch, as, a7}, As {a5, aq, a6}7

Ag {%‘7 2, CL?}, Az {a7, Qy, CL5}

Bai toan dudgc giai quyét. O

Bai 49. Trong mot budi thi chon doi du tuyén chuan bi cho k¥ thi chon hoc sinh giéi qubc
gia ctia Truong THPT chuyén X, gido vién phat 5 dé thi khac nhau cho mot nhém gom n hoc
sinh ngdi quanh mot ban tron sao cho khong c6 hai hoc sinh nao ngoi canh nhau c6 cling mot
de thi (n € N, n > 2). Héi ¢6 bao nhiéu hoc sinh tham gia dy thi? Biét rang s6 cAch phat de
1a 1048580.

L& giai.

Goi S, 1a s6 cach phat dé cho hoc sinh sao cho khong c6 hai hoc sinh nao ngoi canh nhau c6 ciing
dé thi. C6 dinh mot hoc sinh lam vi trf dau tién va cac hoc sinh bén phai ctia hoc sinh d6 lan lugt &
cac vi trf thit 2, tha 3, ..., thi n (hoc sinh & vi tri thit n ngdi canh hoc sinh ¢ vi tri thit nhat). Ta
thay,

& Néu hoc sinh & vi tri thit nhat va hoc sinh 6 vi tri thit n — 1 c6 dé thi khac nhau thi sé c6 3
cach phat dé cho hoc sinh & vi trf thit n.

@ Néu hoc sinh 6 vi tri thit nhat va hoc sinh & vi tri thit n — 1 ¢6 dé thi gidng nhau thi c6 4 cach
phat dé cho hoc sinh & vi tri thit n. Do d6 ta c¢6 he thic S, = 35,1 +4S, 2 (n > 4).

r=—1

=S, =a(=1)" +b4".
r=4

Xét phuong trinh diic trung 22 — 32 —4 =0 & [

Do Sy =5-4=20,53=5-4-3 =60 nén

166 = 20 =4
o & ¢ = S, =4(-1)"+4"=4+4'0=n = 10.
—a + 64b = 60 b=1

Vay ¢6 10 hoc sinh tham gia du thi. OJ

Bai 50 (IMO Shortlisted 2001, problem 12). Vé6i méi s6 nguyén duong n, goi mot day gom
toan s6 0 va 1 1a can bang néu né chita n s6 0 va n s6 1. Hai day can bang a va b duge goi 1
hang xém néu c6 thé chuyén vi tri 1 trong 2n ky tu clia a dé a chuyén thanh b (VD: 01101001
chuyén duge thanh 00110101 bing cach chuyén s6 0 thit 4 (hodc thtt 3) sang vi tri dau tién
N . 1 2 N
hodc thit 2). Ching minh rang c¢6 tap S chita cuing lam — ( n) day can bang sao cho moi
n n
day can bang déu bang véi hodc 1a hang x6m vdi it nhat mot day trong S.

L&i giai.

R R .. 1 (2 2 N
Vi trong dé bai c¢6 deé cap deén so T ( n) nén ta c¢6 y tudng la phan chia < n) day can bang
n n n
1

n+1

. N p N 2
thanh n+ 1 16p, chon 16p ¢6 s6 phan tt nhé nhat (sé nhé hon hodc bang ( n)) va ching minh
n

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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moi day can bang déu thuoc 16p d6 hoac 1a hang xém véi 1 phan ti ciia 16p d6. Quan trong nhat &
2 . ,

day la cach phan 16p sao cho phut hgp. Do ¢6 nhan xét la ( n) chia hét cho n + 1 nén c6 thé nghi
n

. : s ~ 1 2 N
déen cach chia 16p theo kieu dong du modulo n + 1 thi moi 16p ¢6 diang ?( ”) phan ti. Quan
n n

trong 13 xem xét cai gi thay doi khi chuyén vi trf dé diya vio dé lam can cit chia 16p theo modulo

n + 1. Ta hay bat dau véi cac trudng hop nho 1é. Trude hét, nghieén citu sy thay doi khi di chuyén

mot ki tir trong mot diy can bang nao d6. Xét n = 3, vi du véi day ban dau 1a 000111.

S6 0 tit vi trf thit 1 sang vi tri thi & thi day 000111 sé khong dbi néu k& = 2,3, thanh 001011 néu

sang vi trf thit 4, 001101 néu sang vi tri thit 5, sang 001110 néu sang vi tri s6 6. Vi tri s6 1 c6 thé

duge mo ta lai nhu sau

(4,5,6) —> (3,5,6) — (3,4,6) — (3,4,5)

Néu day ban dau la 000111 va di chuyén s6 1. Di chuyén s6 1 tit vi trf cudi cling sang vi tri thit k,
thi v6i k = 5,4 van khong c6 gi thay doi. Véi k = 3 thi duoc day 001011; k = 2 dugce 010011; k=1
duge 100011. Vi tri s6 1 nhu sau

(4,5,6) —> (3,5,6) — (2,5,6) — (1,5,6)

Di chuyén s6 1 tit vi trf thi 5 sang vi tri thi 4 hoic 6, khong c6 gi thay doi, sang vi tri thit 3, ta
duge 001011, thit 2 duge 010011, sang vi tri thit 1 duge 100011, cac vi tri thay d6i nhu sau

(4,5,6) —> (3,5,6) — (2,5,6) — (1,5,6)

Khi dé thi c6 cai gi thay ddi? Chi c6 vi tri s6 1 trong day thay déi. Xét theo modulo 4 thi c6 gi thay
doi theo quy luat? Chi c¢6 tong vi tri clia s6 1 thay déi, con ban than cac sé xét theo modulo 3 thi
lai thay doi khong theo quy luat nao ca. Xét vé tong vi tri ctia s6 1 thi véi viec di chuyén s6 0 véi
day ban dau, ta thu dudc cac s6 15,14,13,12 1a 1 he thang du day di modulo 4. Véi viee di chuyén
s6 1, ta thu dugc cac s6: 15,14, 13,12 ciing 1a hé thing du day di modulo 4. Véi viéc di chuyén s6 1

. . . ‘ 4
theo cach 2, ta thu dudc cac so tuong tu. Tiep theo, xem xét ket qua khi n = 2, ta co (2) = 6 day

saw: 1100; 1010; 1001; 0011: 0101; 0110, ta théy 1100 nhan 1010; 1001 lam hang x6m, téng vi trf ctia
s6 1 trong 3 day nay la: 3,4,5. 0011 nhan 0101;0110 lam hang xém, tong vi trf ciia s6 1 trong 3 day
la: 7,6,5. Xét theo modulo 3 thi cac s6 trén lap thanh hé thing du day dt modulo 3, néu chon tap
S = {1100; 0011} thi S 1a tap théa man. Nhu vay, c6 kha nang ta sé chia 16p theo tong cac vi trf clia
s6 1 trong day v6i modulo n + 1, tong quét tit trudng hop n = 2, ta sé chia thanh nhiéu hé thing du
day di modulo n 4+ 1, mdi hé d6 chon 1 day can bang dai dién, va véi day can bang d6, hang xém
clia n6 ¢6 vé nhu quét thanh he thang du day da. Nhu thé, ta chon moéi hé mot phan ti theo 16p
thing du dé chia thanh n + 1 16p, thi nhiéu kha nang d6 1a cach phan 16p théa man. Suy nghi theo
huéng nhu vay, cudi cling, ta c6 10i gidi nhu sau: V6i méi day can bang a = (a1, as, . . ., as,), xét f(a)

2 Z 2
la tong céc so j sao cho a; = 1. Vidu f(10010011) = 1+ 4 4 7+ 8 = 20. Phan chia ( n) day can
n
bang thanh n + 1 16p

A;={a/fla)=i (modn+1)},i=1,2,...,n+1

1] < 1 (Qn)
n+1\n

Ta sé chting minh moi diy can bing a déu thuoc S hodc 14 hang xém v6i mot phan tit ciia S. Xét 2
truong hop

Goi S 1a 16p c6 s6 phan tit it nhat thi

& Tuyén tap mot sb bai toan t& hop (55) €3 Tap chi va tu lidu todn hoc
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i) Néu a; = 1. Di chuyén s6 1 vé phia bén phai ctia s6 0 thit k, ta thu duge diy can bang b 1a hang
x6m cua a v6i f(b) = f(a) + k. Vay néu a ¢ S thi ton tai s6 k € {1,2,...,n} mabe S.

ii) Néu a; = 0. Di chuyén s6 0 vé phia bén phai s6 1 thit k& thi ta duge hang x6m b clia a ma
f(b) = f(a) — k. Vay ton tai k € {1,2,...,n} ma be S,

Ta c6 diéu phai ching minh. O

Bai 51. C6 n bong den Ay, As, ..., A, (n = 2,n € N) dugc xép thanh mot hang ngang, mdi
béng den chi ¢6 hai trang thai 1a bat hodc tat. O thdi diém ban dau, béng den A; bat con cac
bong den khac déu tat. Cit sau mdi gidy, cdc bong den thay doi trang thai nhu sau: néu béng
den A; (i =1,2,...,n) dang c6 cung trang thai véi cac bong den ké v6i né thi A; sé tat; cac
truong hop khac A; sé duge bat len (trong d6, méi bong den A; va A, chi ¢c6 mot bong den ke
vdi n6). Chitng minh rang

(@) Néun = 2™, m € N* thi dén mot thoi diém nao dé tat ca cac bong den déu bat.

(2) Ton tai vo han gia tri n sao cho é moi thai diém, tat ca cac bong den khong thé ciing bat
hodc cling tat.

L&i giai.

(1) Khong méat tinh tdng quat, ta coi cac béng den duge xép thanh mot hang ngang cach déu nhau.
Goi O la diém chinh giita A;A,. Ta ching minh néu n = 2™, m € N* thisaun —1=2" —1
bude cac bong den déu bat bang phuong phap quy nap theo m.

& Dé thay ménh dé dung v6im =1, m = 2.
@ Gia sit ménh dé dang dén m, ta chiing minh ménh dé dang véi m + 1. That vay, gid st
n

k= 5 = 2™ béng den beén trai A;, Ao, ..., A, déu bat sau k — 1 bude. Dé ¥ ring k béng
den bén phai Ayi1, Apss, ..., A, khong thay doi trang thai trong sudt k£ — 1 bude ban dau.
Dén budc thit k, tat ca cdc bong den déu tat trir hai béng chinh gitta Ay, Ay duge bat.
Sau budc nay, do tinh chat déi xiing, cic bong den déi xing qua tam O déu c6 ciing trang
thai. Xét k bong den bén phai Ay 1, Aryo, ..., Ay, sau bude thi k, chi ¢ Ag,q bat con cac
béng khac déu tat. Trang thai nay tring véi trang thai ban dau ctia & béng den beén trai
Ay, Ag, ..., Ax. Nhu vay sau bude thi k + j day k béng den bén phéi Agyq, Akyo, ..., Ay
tring trang thai véi day k£ bong den bén trai A, As, ..., Aj sau j bude. Theo gid thiét quy
nap, sau budc thit k + (k — 1) = n — 1, tat ca cadc bong den bén phai Agyq, Agyo, ..., Apn
déu bat. Do tinh déi xting qua tam O, k béng dén beén trai A, A, ..., A ciing déu bat.
Nhu vay, tat cd n béng den déu bat sau buée thit n — 1. Phép chitng minh quy nap duge
hoan tat.

(2) Ta chiitng minh, néu n = 2™ 4+ 1,m € N* thi ¢ moi thsi diém, cdc béng deén khong thé co
cung trang thai. Lap luan tuong tu nhu phan a), ta thay, trong suét n — 2 = 2™ — 1 budc
ban dau, khong c¢6 thoi diém nao ma cac bong den A;, Ay, ..., A, c6 cing trang thai. Sau
bude thit n — 1 = 2™, chi c6 hai bong den A,,_; va A,, bat, cac bong con lai deu tat. Khi do,
day (A, A1, ..., As, Ay) trung trang thai voi day (Ay, As, ..., A, 1, A,) sau bude thit nhat.
Nhu vay, trang thai cia day (Ay, As, ..., A,_1, A,) sau bude thit j tring v6i trang thai cia day
(A1, Ay, ... Ayq, Ay) sau buGe thit n—2+j. Suy ra , trang thai cua day (A,, A,_1, ..., Ay, Ay)
sau buéc thi j trung véi trang théi cia day (Ag, As, ..., An_1, A,) sau buée tha 2(n — 2) + 5.
Vay trang théi ctia day (Ay, As, ..., Ay_1, A,) 12 tudn hoan véi chu ky nhé nhat 1a 2(n — 2).
Trong mdi chu ky, khong ton tai thoi diém ma tat ca cac béng den cé cling trang thai. T do,
tai moi thoi diém, tat ci cac bong den khong thé cling bat hodc cing tat. Suy ra diéu phai
chiing minh.

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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Bai toan dudgc giai quyét. O

Bai 52. Mudi hai hiép si ngoi quanh mot ban tron. M6i hiép si ghét hai hiép si ngoi bén canh
anh ta, nhung khong ghét ai trong s6 cac hiép si khac. Mot nhém gom nam hiép si duge ci
di bdo vé ngusi yeu ciia admin Minh Tuan. Hai hiép si ghét nhau thi khong duge vao cling 1
nhém. Hoi c6 thé lap duge bao nhiéu nhom hiép sy di bao vé girl xinh.

L& gidi.

Ta di chiing minh bai toan tong quét hon.

Téng quat. Cho n > 2 ngudi ngdi quanh mot ban tron. Mai ngudi ghét hai ngudi ngdi ¢ hai ben
canh minh. Héi ¢6 bao nhiéu cach chon ra mot nhém gom m (m [g]) ngudi sao cho trong moi nhom
khong c6 hai nguoi ndo ghét nhau. Cho tuong ting theo thit tir ti trai sang phai moéi ngudi ngoi trong
ban tron véi mot trong n s6 nguyén duong dau tién. Bai toan dit ra la tim s6 tap con c6 m phan ti
clia tap hop n s6 nguyén duong dau tién sao cho khong c6 hai phan tit nao c¢6 khoang céch bang 1
hodc n—1. Goi A, B theo thit tir 14 ho cac tap con c6 m phan tit clia tap n s6 nguyén duong dau tién
sao cho khong c6 hai phan tit nao c6 khodng cach bang 1, bang 1 va ton tai hai phan tit ¢6 khodng
cach bang n — 1. RS rang s6 tap con thdéa man dung bang |A| — | B|. Ta sé tinh lyc luong ctia A va B.

(@ Tinh Iyc lugng ctia A. Goi {ay, as, ..., a,, } 14 mot phan t1t clia ho A. Khong mat tinh tong quat
giasta; < as < ... < am, Vi a;11 >a; +1,Vi=1,n—1 nén

lagn<as—1<az3—2<..<a, —m+In—m+1

Néu dat b; = a; — i + 1 thi dé thay {by, bs, ..., b} 12 mot tap con ctia tap n —m + 1 s6 nguyén
duong dau tién. Xét anh xa di tit tap A dén ho cic tap con c6 m phan ti clia tap n —m + 1
s6 nguyen duong duong dau tién sau

(a1, a2, ..., @) — (b1, bo, ..., by)

Dé dang chiing minh duge day 1a song d4nh nén

Al = (n—m+1>
m

(2) Tinh lyc lugng clia tap B. Vi mdi phan t clia ho B ¢6 chita hai phan t c¢6 khoang céch bing
n — 1 nén néu {ay,as,...,a,} € Bvaa; < as < ... < a,, thi a; = 1,a,, =n. Do d6

3as < az < ... < Qpp_1N — 2

n—m—2
|B‘_( m— 2 )

Vay s6 tap con can xac dinh 1a |[A| — |B| = (n—m+1) — (n—m—Q)‘ O

m m — 2

Xay dung song anh tuong tu ta co6

Bai 53. Cho tap hop T gom n phan ti (n € N*) va F(T) la ho tat ca cac tap con khac nhau
ctia T théa man mdi tap con nay c¢6 3 phan ti va khong c6 hai tap con nao roi nhau. Tim gia
tri 16n nhat ctia |F(T)|. (Hai tap A va B dudc goi 1a roi nhau néu AN B = & va |A| 1a ky hi¢u
s6 phan tit ctia tap hop A).

L& giai.
Goi k(n) = max |F(T)| 1a s6 can tim. Khi d6 ta c6
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™ Néul<n<2th F(T) =9 = k(n) =0.

@ Néu 3 < n < 5 thi tat ca cac tap con gom 3 phan tit ctia T déu doi mot ¢6 phan ti chung, suy

5
ra k(n) = (g)

. , —1 N N .
™ Néun > 6, gia st T = {1;2;...;n}. Khi do xét (n 5 ) tap con gom 2 phan ti ctia tap
T\ {1}, v6i mdi tap con A gom 2 phan tit ctia 7'\ {1} thi AU {1} € F(T), suy ra

B > <n—1> _(=1)n-2)

2 2

(n—1)(n—2)
2

Tiép theo ta ching minh k(n) < khin > 6.

Gia stt khang dinh k(m) < (m2— 1> ding v6i moi 6 < m < n, xét tap A € F(T), khong
mat tinh tong quat ta gia st A = {1;2;3}. Néu moi B € F(T) déu chita 2 phan tit ctia A thi
|F(T)| =1+3(n-3) < (n ; 1) (do n > 7). Néu c6 it nhat mot tap B € F(T) chi chita
mot phan tt cia A, ta gid stt B = {1;4;5}. Néu tat ca cic phan ti ctia F(T) déu chia 1 thi
|F(T)| = (n;l)’ ngugc lai gia st tap C' € F(T) khong chita 1, do ANC # @, BNC # @
nén ta gia st C = {2;4;6}. Tit dang thiic

(n=1mr-=2) (n—-2)(n-23)

-2
2 2 "

nén néu c6 khong qua n — 2 tap chit 7 thi theo gia thiét quy nap ta c6 khang dinh ding.
Trai lai, gid st 7 thuoc it nhat n — 1 tap, v6i mdi tap nhu thé phai chita 1,2 hodc 3.

e Néu n6 chita 1 thi n6 phéi chita 2,4 hoac 6, diéu nay xdy ra néu tap hop do6 1a {1;2; 7},
{1;4;7} hoac {1;6;7}.

e Néu no6 chita 2 thi né phai chia 1,4 hoac 5. Nhu vay c6 thém 2 kha nang nita 1a cac tap
{2;4;7} hoac {2;5;7}

e Néu n6 chita 3 thi n6 phai chita 1,4,5 do d6 chi ¢c6 mot kha bang 1a {3;4; 7} (vi cac tap
do6 phai giao nhau khac rong véi céc tap {1;4;5},{2;4;6}). Nhu vay chi ¢6 6 khé nang
cho cac tap con chiia 7. Vi thé néun —2 > 6 < n > 8 thi khong c6 qua n — 2 tap chia
7.Xétn=7thi T = {1;2;3;4;5;6; 7}, ta ly luan tuong ty va di dén két luan rang khong
qua n — 2 tap chua 6.

(0 1<n<g?2

n
<n<
Nhu vay ta c¢6 k(n) = (3) SN O

Bai 54. Ching minh ring ton tai mot tap con A cta tap hgp {1;2;...;21%

dong thoi cac dieu kieén sau:

— 1} théa man

(i) 1€ Ava 219 1 ¢ 4;

(ii) Moi phan tit ctia A (ngoai trit s6 1) déu la tong ctia hai phan ti (khong nhat thiét phan
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biét) cla A;

(iii) S6 cac phan tit cia A khong vuot qua 109.

L& gii.

V6i mdi s6 nguyén duong m, goi A, 1a mot tap con cta {1;2;...;m} c¢6 s6 phan tit nhé nhat ma
thoa (i) va (ii) va goi f(m) 1a s6 phan tit ctia A,,. Khi d6, ta sé chiing minh rang Asio_; thoa (iii),
tie 1a £ (219 — 1) < 109. V6i mdi n € N\ {1} ta dat

B=Ap_ U {2 — 2,27 — 1}

thi 1 € B va 2" — 1 € B tic la (i) dugc théa man. Moi phan ti clia Agn_; trit phan ti 1
déu théa man la tdng ctia hai phan ti nao dé ctia Agn_;. Ngoai ra 271 — 1 = (271 —2) + 1 va
2t — 2 = (2" — 1) + (2" — 1). Cho nén B thda (ii). Khi do,

fET-1)<[Bl=f(2"-1)+2 (1)
Mat khéc, véi mdi n € N*\ {1} ta dat
B = Ay 1 U{2(2" —1);2°(2" — 1);...;2"(2" — 1);2*" — 1}

thi tuong t trén ta c6 B thoa (i). Moi phan tt clia Ag«_; trit phan tit 1 déu la tong ctia hai phan
t1r nao do6 ctia Asn_1. Mat khac,

2 1 = (2" —1)(2"+1)=2"(2" 1)+ (2" — 1),
2M(2" —1) = 2" —1)+ 272" 1),
222" —1) = 2(2"—1)+2(2" - 1),
22" —1) = (2" —1)+ (2" —1).

Cho nén B thoéa (ii). Khi do6, f (2" —1) < |B|=f(2" - 1) +n+ 1. (2)
Ap dung (1), (2) ta dugc

(2% —1) F2—1)+51<f(2®°-1)+51+26< f(2* —1) +51+26+2
f(2%—1)+51+26+2+13< f(2°—1)+514+26+2+13+7
f2P—1)+51+26+2+13+7+4

F(2° = 1) 4+ 105 = 3+ 105 = 108 < 109.

INCINCIN N

Vay ta c6 diéu phai chiing minh. 0

Bai 55. C6 bao nhiéu cach chon tit 2016 s6 nguyén duong dau tién ra 10 s6 aq, as, . . . , a1 S0
cho |a; — a;| > 1 v6i moi i # 357

Lai giai.

Khong mat tinh tdng quat, gid st a; < ay < --- < ayo thi khi d6, ta c6 thé dua ra gid thiét da cho
Ve a4 —a; = 2 véii = 1,9. Nhu thé, cac s6 a; nay khong ding canh nhau. Goi 21 14 s6 cac sb trude
a1, T11 1a cac s6 sau aqg, con lai oy, 1a s6 cic s6 nam gitta ay_; v ay.

1 ai ag as aio 2016
o ———@ L 2 L *—©O
Ty T2 €3 T11
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Theo gid thiét, ta phai c6 o1 = 0,21, = 0 va x; > 1 v6i 7 = 2,10. Ngoai ra,
1+ 22 + - - - + 211 = 2006.

Dat y; = 2; — 1 > 0,4 = 2,10 thi ta dua vé phuong trinh

r1+ Y2+ -+ Yo+ = 1997

. 1997 +11 -1 2007 N
SO nghiém cta phuong trinh nay la ( 11+ ] > = ( 10 ) Deé thay rang mot bo nghiém nay
L e hn 1 A e . s (2007
cho ta mot cach chon ra mot bo 10 s6 thoa man de bai. Do doé, s6 cac bo can tim la 0 ) OJ

Bai 56. Goi a,, 1& s6 cac xau nhi phan do dai n khong chita ba bit 0, 1, 0 lién tiép. Goi b, 1a s6
cac xau nhi phan do dai n khong chita bén bit 0, 0, 1, 1 hodc 1, 1, 0, 0 lién tiép. Chitng minh
rang b,,1 = 2a, v6i moi s6 nguyén duong n.

Loi gidi.
Goi A, B, 1an luot 1a tap cac xau nhi phan do dai n théa man diéu kién thi nhat va thi hai. Véi
moi xau nhi phan (z1,z,...,x,) ta cho tuong ting v6i mot xau nhi phan (yo, y1, ..., y,) xac dinh

béi yp = 0 va
Yi=mx1+ 2o+ - +ax;mod2,i=1,2,...,n. (2.3)

Khi do

=1y —y;—1mod2,i=1,2,... n.

Dé thay (2.3) 1a mot song anh gitta tap tat ca cdc xau nhi phan do dai n va tap tat ca cac xau nhi
phan do dai n + 1 trong d6 c¢6 bit dau tién 1a 0. Hon nita, xau nhi phan (z1, s, ..., x,) ¢6 ba bit 0,
1, 0 lien tiép theo thi tu nay khi va chi khi xau nhi phan tuong tng (yo, y1, - - ., ¥n) c6 bon bit lien
tiép theo thi tir 12 0, 0, 1, 1 hodc 1, 1, 0, 0. N6i cach khac mot xau nhi phan thudc A,, sé tuong tng
véi mot xau nhi phan thudc B,,; bat dau bang bit 0. Vi s6 xau nhi phan thuoc vao B, bt dau
bang bit 0 ding bang mot nita s6 xau nhi phan thuoc vao B,y do d6 ta ¢6 b,y = 2a, (diéu phéi
chiing minh). O

Bai 57. Goi M la s6 nguyen duong trong hé thap phan c6 2n chit s6 trong dé c6 n chit s6 1
va n chit s6 2. Goi N 1a s6 nguyén duong c6 n chit s6 trong hé thap phan trong do6 chi c¢6 cac
chit 86 1, 2, 3, 4 va s6 chit s6 1 bang s6 chit s6 2. Chiing minh |M| = |N|.

L& giai.

Ta sé chiing minh rang c6 mot song anh di tit N vao M. Lay mot s6 bat ky thudc vao N, ta sé cho
tuong 1ing v6i mot sd thuoc vao M theo cach: dau tién viét hai s6 nay lién nhau ta sé dugc mot sé
c6 2n chit s6, sau d6 cac chit s6 3 & n chit s6 dau tien duge doi thanh chit s6 1, cac chit s6 3 & n chit
s6 tiép theo duge déi thanh chit s6 2. Tuong tu, cac chit s6 4 & n chit s6 dau tien duge ddi thanh chit
s6 2, cac chit s6 4 6 n chit s6 tiép theo duge déi thanh céc chit s6 1. V6i cach lam nay ta thu dugc
mot s6 thuoc vao M va hién nhién day 1a mot don anh. Dé chitng minh day la mot song anh ta xay
dung 4nh xa nguge nhu sau: Véi mot s6 ¢6 n chit s6 1 va n chit s6 2 ta cat doi n chit s6 dau va n
chit s6 cudi sau d6 dat chiing song song nhau va thitc hien phép cong nhu sau

1+1=1,242=21+2=3,2+1=4.

Khi d6 ta sé thu duge mot s6 thuoc N. Nhu vay c¢6 mot song anh gitta hai tap M va N nén |M| = |N|.
O

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc



CHUONG 2. TUYEN TAP CAC BAI TOAN

Bai 58. Cho X = {1,2,...,n}. Mot tap con A ctia X dugc goi la tap béo néu mdi phan ti
ctia A déu khong nhé hon s6 phan t1t ctia n6. Tap rong ciing 1a mot tap béo. Dat a,, 14 s cac
tap béo cia X ma trong moi tap khong chita hai s6 lién tiép, b, 1a s6 cac tap con ciia X ma
hai phan ti bat ky hon kém nhau it nhat 3 don vi. Chting minh a,, = b,.

Loi giai.

Goi A la hoc cac tap béo théa man yéu cau dé bai, B 1a ho cac tap con ciia X c¢6 tinh chat hai
phan tit bat ky hon kém nhau 3 don vi. Ta thiét lap mot anh xa f di tit A dén B nhu sau: gia st
v ={ay,as,...,ay € A, tacothé gid stk <a; <ap <---<ap <n.

Dat bl :al—k:+1,b2:ag—k‘—i—Q,...,bk:ak. Khi do

ai+12a1+2,i:1,2,...,k—1.
Suy ra a;41 —a; = 2 do d6 by — b; = 3 va by = 1,b, < n. Dinh nghia f(z) =y = {b1,b2,...,bx},

suy ra y € B. Vay f 1a mot anh xa, hon nita dé thay f 1a mot song anh, do d6 ta c6 diéu can chiing
minh. 0

Bai 59. V6i mdi n, xét tap hop S, = {1,2,3,...,n}. Tim s6 tap hop con khéc réng ctia S,
khong chita 2 s6 nguyén lién tiép tity theo n.

L& gidi.
Trude hét, ta bat dau véi nhitng truong hop nhé

™ Véi n =1, ta dugce 1 tap hop théa man 1a {1}.

™ V6i n = 2, ta duge 2 tap hop thoéa man la {1}; {2}.

™ Vi n = 3, ta duge 4 tap théa man 1a {1};{2};{3}; {1, 3}.

™ V6i n =4, ta duge 7 tap thoa man 1a {1}; {2}; {3}; {4}; {1,3};{1,4}; {2, 4}.

W Véi n =5, ta duge 12 tap théa man la

{1342 3% {4} {5} {1, 3} {1, 4}: {1, 5}; {2,4}; {2,5}; {3,5};: {1,3,5}.

Bay gio, quan sat su thay doi cac tap thu duge khi n tang dan, ta c6 thé thay khi n ting len 1 don
vi, ngoai cac tap thu dudc tng véi gia tri n truée do, thi con cac tap méi dude tao ra bang cach
thém chinh s6 n vao, tuy nhién chi duge phép thém vao nhing tap khong chita s6 n — 1. Chang han
v6i n =4, cac tap la {1}; {2}; {3};{4}; {1, 3};{1,4};{2,4}. Thi v6i n = 5, van c6 cac tap d6, nhung
thém vao cac tap

& {5}, tao tit tap @ bang cach them s6 5.
& {1,5};{2,5};{3,5}, tao tut cac tap {1}; {2}; {3} béng cach them vao s6 5.
™ {1,3,5}, tao tu tap {1,3} bang cach them vao sb 5.

Nhitng tap chita s6 4 khong tao dugc tap ndo théa man. Nhu vay, tong quat héa suy nghi nay, ta
thu dugc 10i gidi nho truy hoi (tir truong hop trude tao ra truong hgp sau) nhu sau. Goi a,, 1a s6 tap
con tap S, thoéa man deé bai, ta c6 a; = 1,as = 2,a3 = 4,a4 = 7,a5 = 12. Xét v6i tap Sy, mot tap
con thoa man thuéc mot trong hai loai

& Loai 1. Khong chita n + 1, ¢6 a, tap loai nay.
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@ Loai 2. Chita n + 1, cac tap loai nay dudc tao ra nho thém vao n + 1 tit cac tap con cta S,
théa man deé bai, nhung cic tap con nay khong chita n, dé chinh 13 cac tap con ctia S,_; thoa
man dé bai. Ngoai ra ¢6 them tap {n + 1}. Vay ¢6 a,_; + 1 tap loai nay.

ay = 1, a9 = 2
an+1:an+an71+1 kh1n>2
Giai phuong trinh sai phan thu duge 6 trén, ta dugc:

Tu do ta dude {

V5—3 [1-15 n+\/5+3 145\ .
ay = — 1.
2v/5 2 25 2
V6i kiéu lap luan tuong tu trén, ta c6 thé cé 1i giai cho bai toan sau O

Bai 60. Xét mot hoan vi (zq,xs,...,2,) cia tap S, = {1,2,...,n}. Vitrii,1 < i < n duge
goi 1a vi trf cye dai néu z; > z;_1,; > x;41 (vi tri 1 va n khong phai & vi tri cuc dai). Goi
p(n, k) 1a s6 hoan vi c6 ding k vi tri cyc dai. Chiing minh ring

p(n+1L,k+1)=2k+4) -p(n,k+1)+(n—2k+1)-p(n,k).

Loi giai.

Nhén xét. Néu 4 1a vi tri cuc dai ctia (21,2, ..., x,) thi i — 1,7+ 1 khong phéi 1a vi tri cuc dai. Goi
p(n, k) 1a s6 hodn vi ctia Sy ¢6 dung k vi tri cyc dai. Xét (21, 2o ..., 7,) 1A mot hoan vi clia S, c6 k
vi trf cyc dai iy < iy < -++ <. Dua 2, 25..., 2, vAo cdc 6 nhu sau (z; luon ding gitta hai 6 trong,

c6 n+ 10 trong)

Lo Joo o Joan [ [z [ [oan ]| o] [2a] ]

Khi dua n + 1 vao hoan vi (z1,9,...,2,) dé thanh mot hoan vi clia S, 1, ta ddt n + 1 vio mot
trong n + 1 0 trong. Ta c6 cac truong hop sau

Trudng hop 1. Néu n + 1 duge dit vao 6 trong dau tién hodc cudi cling thi s6 vi trf ciie dai cla
hoan vi méi khong doi (khong anh hudng dén vi tri cyc dai).

Truong hop 2. Néu n + 1 duge dit vao 1 trong 2k 6 trong canh iy, 4, ..., %, thi tao ra mot hoan
vi ¢6 dung k vi tri cyc dai (thém mot vi tri cyc dai la vi tri cia n + 1 nhung bét di
mot vi trf cyc dai i, néu n + 1 ditng canh iy, nghia I s6 vi tri cuc dai khong doi).

Trudng hop 3. Néu n+ 1 duge dat tai cac 6 trong con lai (c6 n — 2k — 1 0) thi déu lam téng them
mot vi tri cye dai, 1a vi tri ctia n + 1.

Vay moi hoan vi cia S, ¢6 k vi tri cyc dai sé tao ra 2k + 2 hoan vi ctia S, 11 ¢6 k vi tri cuc dai va
n — 2k — 1 hoan vi clia S,41 ¢6 k+ 1 vi tri ciie dai bang cach thém n + 1 vao gitta. n! hoan vi ctia S,
mdi hoan vi tao ra n + 1 hoan vi clia S,4; bang cach théem n + 1 vao gitta, 2 hoan vi ctia S,, khong
tao ra cing mot hoan vi cua 5,41, n! hoan vi nay dugc chia lam 3 loai

Loai 1. C6 k vi tri cuc dai: p(n, k) hoan vi.
Loai 2. C6 k + 1 vi tri cuc dai: p(n, k + 1) hoan vi.
Loai 3. C6 khong quéa k& — 1 vi tri cuc dai.

Mo6i hoan vi loai 1 cho n — 2k — 1 hoan vi ctia S,,;1 ¢6 k + 1 vi tri cyc dai. M6i hoan vi loai 2 cho
2(k+1) 4+ 2 =2k +4 hoan vi cia S, ;1 ¢6 k+ 1 vi tri cuc dai. Mdi hoén vi loai 3 khong cho hoén vi
nao cia Sy41 €6 k+ 1 vi tri cuc dai. Vay p(n+1,k+1) = (2k+4) -p(n,k+ 1)+ (n—2k+1)-p(n, k).
V6i k =0 thi p(n+1,1) = 4p(n, 1) + (n + 1)p(n,0). O
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Bai 61 (German MO 1996). Cho mot vien da dang 6 vi tri (1;1) trén truc toa do Descartes
va n6 duge dich chuyén theo cac nguyén tic sau

a) Khi ¢ vi tri (a;b) n6 c6 thé dich chuyén t6i vi tri (2a;b) hosic (a; 2b).

b) Khi & vi trf (a;b) n6 c6 thé dich chuyén t6i vi tri (@ — b;b) néu a > b hoac dich chuyén t6i
vi trf (a;b — a) néu b > a.

Véi cap so nguyéen (z;y) nao thi hon da c6 thé dich chuyén t6i?

Lai giai.
Ki hieu ged (z;y) 14 wée chung 16n nhat ciia o va y. Ta ¢6 nhan xét
@ Néu stt dung nguyén tac (a) thi uc chung 16n nhit ciia hai s6 mdéi hosic bang hodc 1a gap doi
u6c chung 16n nhat ctia hai s6 cfi.
@ Néu stt dung quy téc (b) thi uéc chung 16n nhat ciia hai s6 méi van béng u6c chung 16n nhat
clia hai s6 cil.
Gia st ring vi trf (z;9) 1a c6 thé t6i duge khi bat dau tit vi tri (a;b) thi do nhan xét trén thi phai
ton tai s6 tu nhién n nao d6 dé ged (x;y) = 2" ged (a;b). V4i bai todn nay thi ¢6 a = b = 1 nén
ged (x;y) = 2™, Bay gio ta chitng minh réng, v6i moi cap s6 (z;y) c6 ged (z;y) = 2" thi vien da co6
thé dich chuyén t6i sau hitu han buéc. That vay, trong tap hop cac vi tri ban dau cé thé t6i vi tr
(w;y), x6ét vi tri (a;b) ¢6 a + b nho nhat.

P = 2 N . a b ~ 2 ~ N 2 2
@ Néu a hoac b chin thi truée dé bat dau ti vi tri (5, b) hoac <a; 5) cting thoa man va c6 tong

nhé hon a + b, diéu nay trai véi gid stt a + b nhoé nhat. Do d6, a va b cling 1 s6 18.

. s b b
@ Néu a > b hoiic a < b thi truéc do6 ta bat dau tu vi tri (%;b) hoac (a; a;— ) (dung

nguyeén tic (a) roi ding nguyén tic (b) ciing thda man va c6 tong nhé hon a + b, dicu
nay trai véi gid st @ + b nhé nhat. Do d6, ta ¢c6 a = b. Theo nhan xét dau tién thi ta c6
dm € N : 2" = ged (z;y) = 2™. ged (a; ) nhung do a,b 1é vi a = b nén a = b = ged (a;0) = 1.
Diéu do, chitng t6 réing ta c6 thé bat dau tir vi tri (1;1) dén vi tri (2;y).

Nhu vay, két luan ctia bai toan 1a ged (z;y) = 2. O

Bai 62. Vé xe buyt c6 dang abcdef v6i a,b,c,d e, f € {0,1,2,...,9}. Mot vé nhu trén thoa
méan diéu kien a + b+ c = d + e + f dudc goi 1a “vé hanh phuc”.

(1) Chitng minh rang s6 nghiém ctia phuong trinh a + b+ ¢ = d + e + f bang s6 nghiém cia
phuong trinh a +b+c+d+e+ f=27v610 < a,b,c,d,e, f <9.

(2) Tinh s6 vé hanh phiic.

Loi giai.
(1) Goi A, B lan lugt 1a s6 nghiém ctia phuong trinh a + b+ ¢ = d + e + f va phuong trinh
a+b+c+d+e+ f =27 Tathay rang

a+b+ct+d+e+f=2Ta+b+c=9—-d)+(9—¢e)+(9— ).
Néuditd =9—d, ¢ =9—e¢, f=9— fthitadugca+b+c=d +¢e + f. Do d6, mot bo

nghiém cta phuong trinh a + b+ c+d + e + f = 27 sinh ra mot bo nghiém ctia phuong trinh
a+b+c=d+e+ fnén |A| < |B|. Ching minh tuong tu, ta ¢6 |B| < |A| nén |A| = |B|.
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(2) Dém s6 nghiém ctia phuong trinh
a+b+c+d+e+ f=27, (2.4)
voi 0 < a,b,c,d,e, f <9. Goi Ay, Ay, A3, Ay, As, Ag lan lugt 13 tap hop nghiém ctia phuong
trinh (2.4) nhung c6 cac diéu kien a > 10, b > 10, ¢ > 10, ¢ > 10, d > 10, e > 10, f > 10.

. 274+6—-1 32 N 32
Sénghiémcﬁa(zél)la( ; . >:(5)néntacéntinh<5>—|A1UA2U---UA6|.

2 22
Xét Aj: Data' =a—10>0thitacé d' +b+c+d+e+ f =17 dé thay |A;| = 5 Tuong tu,
22
ta cing c6 |As| = |As| = |A4] = |A5] = |As] = (5>
Xét AiNAy:Data =a—10=>0,0 =b—10>0thitacéa’ +V +c+d+e+ f =7 va dé thay

12 L
A1 N Ay| = (5>.Ngoaira, ta thay rang |4, NA; N A, =0v6imoi 1 <i<j<k<6nén

Z |A;NAj|=6- (252) —15- (152).

6
6
|A U AU U Ag| = E |A;| — <2> )
i=1 1<i<y<6

. . . 2 22 12
Vay s0 cac sO may man la <35) — [6- (5> —15- (5)] = H5252.

Bai toan dudgc giai quyét. 0

Bai 63. C6 mot diy gom 100 quyén vé giong nhau dit trén ban va Dat dude c¢o gido thudéng
5 quyén v6 trong s6 d6. Dat rat ghét s6 5 nén ban dy mudn chon cac quyén vé sao cho khong
¢6 hai quyén lien tiép dugce chon nao c6 thi tu chénh léch nhau mot lugng chia hét cho 5. Biét
rang Dat da chon ra hai quyén vé & hai dau ctia day. Hoéi Dat c6 tong cong bao nhiéu cach
chon ra thém 3 quyén nita theo rang buoc trén? Vi du mot cach chon vé ctia Dat thoa méan 1a
1, 10, 19, 28, 100 v6i chénh léch 14 9, 9, 9, 72.

Lai giai.

Goi z, y, z, t 1a s6 quyén v4 nam gitta cac quyén c6 thit tu 1—2, 2—3, 3—4, 4—5. Ta c6 z+y+2+t = 95

var+1,y+1, 2+ 1, t+ 1 khong chia hét cho 5. Dat a, b, ¢, d 1an luct 14 s6 du cta z, y, z, t khi

chia cho 5 thi a,b,c,d € {0;1;2;3} va a + b+ ¢ + d chia hét cho 5. Viét . = 5X +a, y = 5Y + b,
a+b+c+d

e=5Ztct=5T+dth X +Y +Z+T =19~ ———— v6i X.Y.Z.T >0. Dén day, ta c6
cac truong hop sau (gid stt @ > b > ¢ > d cho gon roi nhan véi hoan vi 1ip)

@) Néua+b+c+d=0 thicotat ca 1 bo.

(2 Néua+b+c+d=5thicé 40 bo.

(3 Néua+b+c+d=10thico 10 bo.

21

. 22 20
Vay dap so cua bai toan la (3> + 40( 3 ) + 10( 3> = 66140 cach chon. O

Bai 64. Trén mot khoang san hinh cht nhat duge lat bdi cac vién gach hinh vuéng, hang
ngang c6 40 vién gach, hang doc c6 30 vién gach. Cac hang ngang duge danh so tit 1 dén 30,
cac hang doc duge danh s6 tit 1 dén 40. Trén vién gach (4; ) ¢ hang thit ¢ cot thit j ¢6 mot con
éch. Mot con cao cao du dinh thye hién mot chuyén tham hiém: Xuéat phat tit vien gach (1;1)
dé nhay dén vien (30;40), mdi budc nhay tit mot vien gach sang vien khac c6 chung canh, mdi
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vien gach chi nhdy qua mot lan va khong qua vién gach c¢6 con éch.

(@ Chiing minh ring khi con éch & vien gach (19;19) thi con cao cio khong thé thyc hien
dugc chuyén tham hiém.

(2) Tim vi tri clia vién gach c6 con éch dé con cao cao c¢6 thé thuc hien duge chuyén tham
hiém.

L& giai.

(1) Ta to mau cac 6 vuong ciia hinh chit nhat tuong tu ban cd vua, 6 (1;1) mau den va cac 6 (4; )
v6i 1+ j chdn mau den, con lai mau trang. Do bang 30 x 40 nén s6 6 den bang s6 6 trang. Ban
dau, con cdo cao 6 6 den va két thic ciing d mot 6 den. M6i bude nhay luan phién tit 6 den
sang 0 trang va tit 6 trang sang 6 den. Vi vay s6 6 den con cao cdo di qua nhiéu hon 1 so véi
s6 0 trang. Dé con cio cao di qua mdi 6 mot lan trit 6 ¢6 con éch thi con éch phai 6 6 tring.
Do 6 (19;19) c6 19 + 19 = 38 chin nén la 6 den, vi vay con cao cho khong thé thuyc hien duge
chuyén tham hiém, diéu phai chiing minh.

S T I
300 41—
IS L SN SO S N
: : [ ! ! | : [
Lo
I S S N O
: ! | | : ! \ :
R e e e
T
L A SN N
2k L | = VB
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. | | 1 | |
R B Rt el S S
: : : | | | | |
AR S SO
| | 1 1 1 1 1
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| | | | | |
| 1 1 1 1 1
o
1 R
| R Y U I |
1 2l — 1 40

(2) Ta chiing minh néu con éch & 6 (i;5) ma i + j 18 thi con cho cao sé thic hién duge chuyén
tham hiém. Khong mat tinh tong quat ta xét con éch 6 6 (2k;21 —1),1 < k < 15,1 <1 < 20.
Cao cao di dich dac tut 6 (1;1) dén 6 (2k — 1; 1) theo hang ngang (chiéu mii tén). Trén 2 hang
2k — 1 va 2k, cao cdo di dich ddc (chiéu miii tén), vong qua 6 (2k;20 — 1) ¢6 con éch dé dén 6
(2k;40). Tt 6 (2k + 1;40) dén o (30;40) cao cao di dich ddc theo hang ngang va hoan thanh
chuyén tham hiém.

Vay con cao cao sé thyc hién duge chuyén tham hiém khi va chi khi con éch & vién gach (i;j) v6i
i+ 7 1asd 1é. d

Bai 65. Day (a,)n.cz dugc goi 1a mot “cap so cong hai phia” néu véi moi s6 nguyén n thi
Uni1 — G = d 12 hang s6 (d duge goi 1a cong sai clia day). Ki hisu M 1a tap tat ca cac cap sb
cong hai phia v6i cac s6 hang nguyén va cong sai 16n hon 1.

(1) Chiing minh réng ton tai 5 cap s6 cong thuoc M c6 cong sai doi mot khac nhau sao cho
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moi s6 nguyén bat ki déu 1a phan tit clia mot trong cac cap s6 cong do.

(2 Cho m (m € N, m > 2) cap s6 cong thuoc M sao cho céc cong sai ciia chting doi mot
nguyén t6 cting nhau. Chitng minh ton tai mot s6 nguyén khong phéi 13 phan t1t ctia bat
ki cap s6 cong nao trong m cap so6 cong do.

L& giai.

(D) Xét cac cap sb cong Ay = {2k }rez, As = {3k}rez va Az = {6k + 1}1ez, cAc 5O nguyen con lai c6
dang 6k + 5 dugc phan hoach theo k chin va k 16 ndm trong céc cap s6 cong Ay = {4k + 1} ez
va A5 = {12]€ + 11}k€Z- Hon ntta Z = Al U A2 U Ag U A4 U A5 va Cac Cép Sé C@Dg Al, AQ, Ag,
Ay, As c6 cong sai lan luot 1a 2, 3, 6, 4, 12.

(2) Gia stt ton tai m (m € N*, m > 2) cap 0 cong A; = {d k4 a;}pez thuoe M (j =1,2,...,m)
trong do6 dy, ds, ..., d, > 1 la cac s6 doi mot nguyén té cling nhau va Z = A; U Ay --- U A,
C6 dinh j = 1,2,...,m ta thiy rang x € A; khi va chi khi = a; (mod d;). Xét he x = 1+aj
(mod d;), 7 = 1,...,m. Theo dinh 1i phan du Trung Hoa, hé nay c6 nghiém nguyén r ma
r ¢ A; véimoi j =1,2,...,m. Vay ta c6 diéu can chiing minh.

Bai toan dudgc giai quyét. O

Bai 66. C6 bao nhiéu s6 nguyén duong nhé hon 10° ma tong cac chit s6 bing 237

L& giai.

S6 can tim c6 dang a,azazazasag voi
ai + as + as + aq + as + ag = 23, (2.5)

va0<a; <9,i=1,6. Goi |A|,i = 1,6 la tap hop cic nghiem khong am clia (2.5) nhung a; > 10.

Trudc hét, ta thay s6 nghiem ctia (2.5) 1a (23 6 1) = (28>. Ta sé tinh LGJAi

6—1 5
i=1
|A;NA;NA] =0v6i1<i<j<k<6 vitong cic sd 1a 23.

véi chi ¥ rang

™ Tinh |A|. Ddt @} = a; — 10 > 0 thi @} + a3 + a3 + a4 + a5 + ag = 13. Phuong trinh nay c6 s6

1 —1 1 _
nghiém 1a ( 3;61 ) = (58>. Tuong tu véi |A4;,i = 2,6.

™ Tinh |[A;NAy|. Dat af = a1 —10 > 0, @)y = ay—10 > 0 thi @} +a)+az+as+as+ag = 3. Phuong

3 6—1
i ) ()Tu’<mgtuv01|AﬂA|ma1 i < j < 6 khac.

trinh nay c6 s6 nghieém la ( 61

Do do

:iw - > lAna]=6- (158) a (S) <§>

i=1 1<i<j<6

i=1

Vay s6 lugng céac s6 can tim 13

28 6 8 18 6\ /8
() (%) = (6- . — 47712,
(5)-6) () (5)-()6) -
Bai toan dugc gidi quyét. O
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Bai 67. C6 hai day ghé dugc xép doi dien nhau, méi diy c6 10 ghé, mdi ghé trong mot day doi
dien v6i mot ghé clia day con lai. C6 19 hoc sinh tham gia mot tro choi. Ban dau mdi hoc sinh
ngoi mot ghé va con mot ghé dé tréng. Ci sau 10 gidy, mot hoc sinh nao dé ngoi ¢ day khong
c6 ghé trong chuyén sang ngoi ghé trong clia day déi dien. Héi ¢ ton tai hay khong mot thoi
diém ma toan bo cac hoc sinh déu duge chuyén day va cac cap hoc sinh déi dien nhau khong
thay doi so v6i ban dau?

L& giai.
Gia sit ¢c6 mot ngudi vo hinh ngdi ghé trong. Nhu vay mdi lan mot hoc sinh doi chd véi ngudi vo
hinh. Danh s6 cho 19 hoc sinh 1a 1,2,...,19 v& nguoi vo hinh 13 20 sao cho ban dau cac hoc sinh

1,2,...,10 thuoc mot day va céc hoc sinh 11,12, ..., 20 thudc day con lai va hoc sinh ¢ déi dién hoc
sinh 7 4+ 10 v6i moi 1 < ¢ < 10.

V6i moi hoan vi o ctia (1,2, ..., 20) thi cap (i, j) dude goi la mot nghich thé clia o néu o (i) > o(j) va
i < j.Su sap xép cac hoc sinh ban dau cho ta hoan vi o = (1,2,...,10,11,12,...,20), s6 nghich thé
ctia hoan vi nay 1a 0. Mdi budc, hoc sinh 20 ddi chd véi mot hoc sinh ciia day déi dien va ta lai thu
duge mot hoan vi méi. Gia sit ton tai mot thoi diém ma yéu cau ciia bai toan dude thoa man, khi dé
hoc sinh 20 chuyén sang day déi dién nén tong s6 bude phai 1a 1é. Ta biét ring mdi bude, sé nghich
thé ciia hoan vi thay doi tinh chin 1é nén tai thoi diém d6 sé nghich thé ctia hoan vi thu duge phai 1a
s6 1é. Mit khac, hoan vi thu duge o’ = (aq, o, . .., @10, 11, A1, - - ., Qig), trong d6 (aqy, aqa, - . ., Qo)
1a hoén vi cua (1,2,...,10) va (aq, ag, ..., aq0) 1a hoan vi ctia (11,12;...,20); cap hoc sinh «;, ;119
la mot cap ngdi doi dien lac ban dau v6i moi 1 < i < 10. D& thay tit o c6 thé thu dude ¢’ thong qua
mot s6 chin 1an déi chd hai hoc sinh nhu sau: ¢ d6i chd cho i + 10 véi 1 < 7 < 10 va thém vao dé
s6 lan doi chd tir (1,2,...,10) thanh (a1, a9, . . ., a) bing s6 1an doi chd tit (11,12, ...,20) thanh

(a1, @9, ..., a1g). Theo d6 s6 nghich thé clia ¢’ phai 1a s6 chdn, mau thudn. Vay khong ton tai thoi
diém ma toan bo cac hoc sinh déu duge chuyén day va céc cip hoc sinh déi dien nhau khong thay
doi so v6i ban dau. O

Bai 68. Cho n la s6 nguyén duong. Ngudi ta mudn tao mot bo suu tap cac tam thé ma tréen
modi tam thé c6 ghi ding mot s6 dang m! véi m 1a s6 nguyén duong nao do, sao cho véi moi s6
nguyéen duong k < n!, luon chon duge mot sé tam thé trong bo suu tap ma tong tat ca cac so
chi trén cac tdm thé duge chon nay cé gia tri 1a k. Tim gia tri nho nhat ctia s6 luong cac tam
thé trong mdi bo suu tap théa man yéu cau.

Lo gidi.
. 1 P N , . ) .
Xét mot bo suu tap gom §(n2 —n+2) tam thé, bao gom ¢ tam thé mang s6 i! v mot tam thé mang

s6 n!. Ta chiing minh bo suu tap nay théa man yéu cau. That vay, k = n! = 1.n!. Véi 1 < k < nl,
ta chitng minh bang quy nap. Véi k = 1;2 hién nhién. Vi 1 < k < n! nén chon ¢ < n — 1 16n nhat
sao cho t! < k < (t+ 1), khi do k = qt! + h v6i 0 < h < !, 1 < q < t 4p dung gia thiét quy nap
do6i véi h ta c6 bo suu tap trén théa man. Xét mot bo suu tap c6 it thé nhat va théa man véi cac s6
1<k<n!—1,goiclasdothé mang s6i!,i=1,2,...,n—1. Néu ¢; > i+ 1, ta thay ¢; thé ndy thanh
thé (i + 1)! va ¢; — 4 thé 7!. Khi d6 bo suu tap méi van thda man yéu cau, mau thuan véi tinh nho
nhat nén ¢; < 7. Hon nita

nl—1=> dil <Y il < i(il) =nl—1

1 L1
nén ¢; = ¢. Ttc la toan bo suu tap nay co §n(n — 1) thé. Gia st ¢6 bo suu tap gom En(n — 1) thé
thoa man véi cac 1 < k < n! thi né phai chita 7 thé mang s6 ¢!, 1 = 1,2,...,n — 1 khi d6 k = n! khong

thé 1 tong ciia cac sb trén thé trong bo suu tap nay. Vay dap so 1a 5(712 —n+2). O
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Bai 69. Trong cic tap hop con cua tap hop gom 2016 s6 nguyeén duong dau tien
{1,2,3,...,2016} c6 tinh chat: hieu hai phan tit bat ky ctia tap hop con luon khéac 4 va 7,
hiy tim gia tri 16n nhat ctia s6 luong cac phan tit ctia mdi tap hop con nay.

L& gidi.

Xét T ={1,2,...,11}, goi S 1a mot tap con ctia T ¢6 tinh chat nhu yeéu cau. Xét xac cip khong dong
thoi thuoc S 1a {1,5}, {2,9}, {3,7}, {4,11}, {6,10}. Nen S ¢6 khong qua 6 phan tit. Néu S ¢6 6 phan
t thi 8 € S va mdi cip c6 ding mot phan tit thuoe S. Khido 1,4 € Snén 11,5 € Sva 7,9 € S nén
3,2 € S suyra 10,6 € S vo ly. Néen mot tap con ¢6 sé phan tit 16n nhat cua T 1a T" = {1, 3,4,6,9}.
Khi d6 T* = {a+ 1,a+ 3,a +4,a + 6,a + 9} c6 tinh chiat nhu 7. Dé bo sung them T* vao T’ ma
théa man yéu cau bai toan, ta xét tinh chat ctia mot phan ti a. Hiéu cac phan ti ciia 77 1a

@ £1=a#3,a#5,a#6,a+#8.
Q@ +£2=a+#2,a#9.

@ £3=a+#4,a+#7,a+#10.

@ £5=a#1.

®) +6.

® +8.

Néu a =11 thi 11 — 6,11 — 5,11 — 8 & {4, 7} né nta c6 thé b6 sung T] = {11 +1,11+ 3,11 +4,11 +
6,11 + 9}. Tiép tuc qua trinh trén ta thu duge tap S* ¢6 s6 phan tt 16n nhat bang

S*={k+1lalk € T',a=0,1,2, ..., 183}

vi 2016 = 183 - 11 4 3. S6 phan tt ctia S* bang 183 - 5 = 927. O

Bai 70. Trén mot gia sach c6 n cudn sach duge danh s6 tit 1 dén n (n € NT cho trude), ban
dau cac cuén sach dugce sap xép theo mot thit tu nao d6. Mot thi thu mudn xép lai theo ding
thit tu 1,2, ..., n tit trai sang phai, quy tic xép nhu sau: Chon quyén sach dau tién s6 sé khong
dtang vi tri (tinh tit bén phai sang) va chuyén cudn sach vé ding vi tri ctia n6, vi du trén gia
c6 4 cudn sach theo tht tu 3,1,4,2, sau mot bude chuyén quyén s6 2 vé ding vi tri ta xép lai
thanh 3,2,1,4. Chting minh ring nguoi thii thu d6 c6 thé hoan thanh cong viéc ctia minh sau
it hon 2" lan sip xép theo quy téc.

Lai gidi.

Nhan xét. Cuén mang so6 n khong bao gio duge chon, cuén mang s6 1 dude chon nhiéu nhat 1 1an,
cu6én mang s6 2 duge chon nhiéu nhat 2 1an (sau lan 1 duge xép dung vi tri, khi cudén mang s6 1 ding
vi tri thi cuén s6 2 bi day khéi vi tri, v dén khi n6 day dén cudi thi né dude chon thém lan nia).
Ki hiéu f(k) 14 s6 lan chuyén sach tinh dén lan cudi ciing dé xép dung vi tri clia cudén sach mang s6
k (tinh dén khi khong bi dich chuyén thém lan nao nita). Vi mdi lan cuén sach s6 1,2, ...,k — 1 dugc
chuyén vé ding vi trf thi cubén s6 k lai bi day khoi vi trf nén ta c6

) <1+ fk=1)+--+ f(1)

Ma f(1) = 1 = 2° nén biang quy nap ta dé dang c6 f(k) < 2¥! hay f(n) < 27! < 2" O

Bai 71. Mot s6 nguyen duong n > 2 dude goi 1a “tot” néu vdéi moi sd6 nguyén duong k thoa
man 2 < k < n, n c¢6 thé biéu dién dusi dang n = a; + as + --- + a sao cho a; € Nt va
ged(a;,n) = 1 v6i moi i = 1,2, ..., k. Tinh tong cac s6 nguyen duong tét nhé hon 2016.
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L& gidi.

RO rang n = 2 1a s6 tot. Xét n > 2, néu n chin, chon & = 3 thi trong moi cach biéu dién n thanh
tong 3 s6 nguyén duong luon ton tai mot sé chin, sé nay khong nguyén t6 cing nhau céi n nén
khong théa méan. Do dé n 18. Ngugc lai v6i n 18 16n hon 2, ta ching minh n 1a t6t. That vay, biéu
dién n dudi dang tong cac lity thita phan biét ctia 2 ta c6 n = 2% + 292 4 ... 4 2% j < logyn + 1.
Khi d6 j < k < n, thi n c¢6 thé viét dusi dang n = 2% +2°2 + ... 4+ 2% véi q; € N, va diéu do suy
ra n 1 téng clia k s6 nguyen duong nguyeén t6 ciing nhau véi n. That vay, néu k < n thi ton tai mot
s6 a; nguyen duong, gid st a;. Khi d6 n = 20171 420971 4 902 ... 4 92k 13 tong clia k + 1 liy thita
ctua 2.

V6i k = 2. Chon 2% 13 liiy thita 2 16n nhat ma 2% < n, khi d6 n = 2% 4 (n — 2%) la tdng 2 s6 nguyén
t6 cting nhau v6i n. Tiép tuc cach tach nhu & trén, 2% 1a tong cia k liy thita ctia 2 véi 1 < k < 2°.
Cha y 1a 2* > g nén 2 < k < g—{—l va do g—l—l > log, n véi n > 3 nén khang dinh ding véi moi

2 <k <nkhinlé ticlan tot. Vay S =2+ 3+ 5+ -+ + 2015 = 1008% + 1 = 1.016.065. Bai toan
dugce gidi quyét. O

Bai 72. Chom, n € Z" va mot bang c6 kich thudc m xn gom mn 6 vuong don vi. Méi 6 vuong
c6 khong qua mot con bo. Biét rang véi moi s6 nguyen duong k thuoce tap hop {1, 2, 3, ..., 78},
ton tai mot hang hosic mot cot trong bang c6 dang k con bo.

a) Tim gia tri nhdé nhat c6 thé ctia m +n

b) Tim gia tri nhé nhat c6 thé ctia s6 con bo trén bang da cho.

Loi giai.
a) Khong mat tong quat ta gid st m < n Vi c6 mot hang hoic mot cot chita ding 78 con bo nén
> n . P ? P P N P 2 P P P n 2 e
n>78 Gid st m < > khi d6 chi c6 cac hang c¢6 thé chita ding k con bo v6i k > 5 Do do6 so

. n n . S n :
hang it nhat 1a 5 hay m > Bx mau thuan véi dieu gia sit. Vay m > 5 Suy ram > 39 V6i mot

bang 39 x 78 ta sip xép cic con bo vao cic 6 (i, j) sao cho j > i Khi d6 cac cot k chita ding
k con bo (k =1, 39) va cac hang 79 — k chita dung k con bo (k = 40, 78) Cach xép trén thoa
méan diéu kién bai toan, do dé gia tri nhé nhat ciia m + n 1a 39 + 78 = 117.

b) V6i méi trong 52 gia tri k = 27, 78 ta chon mot hang hodic mot cot chita ding k con bo. Gia
st ta chon duge p hang va g cot, khi d6 p + ¢ = 52 Goi T 1a tap con bo trén p hang va ¢ cot
do6. Gia sttty 13 s6 con bo thudoc 7' ma ndm trén mot o6 giao ciia p hang va ¢ cot, dong thoi t;
1& s6 con bo con lai thuoe T Khi dé ta c¢6 t; + 2ty = 27+ 28 4+ - - -+ 78 j 2730 Mat khac, co t9

(p+4q)

1 = 676. Vi thé s6 con

con bo nam trong pq 6 giao clia p hang va ¢ cot nén t, < pg <

bo khong it hon
|T| =t +ty = 2730 — t > 2730 — 676 = 2054

Ta chi ra mot cach sip xép c6 dung 2054 con bo nhu sau: xép 26 + k con bo vao cic 6 dau tieén
ctia hang k véi k = 1, 26; xép 52 + k con bo vao céc 6 dau tién ctia k cot véi k = 1, 26; cac 6
con lai khong chita bo. Khi d6, cac cot 26 + k chita ding k con bo véi k = 1, 26 Khi dé cac
con bo chi nam & 26 hang dau tién va 26 cot dau tien, dong thdi ¢ ¢6 262 = 676 con bo thudc
cac 0 giao ciia 26 hang va 26 cot d6. Cach xép bo nhu vay thoa man diéu kién bai toan. Vay
gi4 tri nhé nhat ctia s6 bo trén bang 1a 2054.

Bai toan dudgc giai quyét. 0

Bai 73. Tai mot s6 6 ctia hinh vuong 100 x 100 ngudi ta dit mot quan cd mau dé hodc mau
xanh; cidc 6 con lai b6 trong. Mot quan cd nhin thidy mot quan cd khac néu ching cing hang

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc



CHUONG 2. TUYEN TAP CAC BAI TOAN

hoiic cling cot. Biét rang mdi mot quan ¢d nhin thay ding 5 quan c¢d khac mau (va ¢6 the mot
s6 con cing mau). Tim s6 16n nhat cdc quan co ¢6 & cic 6 clia hinh vuong.

Loi giai.

Dap s6 13 1800 quan co.

Vi du dit duge 1800 quan s dude xay dung nhu nhau. Ta lay ra tit hinh vuong 100 x 100 mot cai
hinh bao chiéu rong 5. Hinh bao nay gom 4 hinh vuoéng 5 x 5 & 4 géc va 4 hinh hinh chit nhat 5 x 90.
Ta dat cac quan cd vao 4 hinh chit nhat nay. Hinh bén trai va bén ta dat cac quan ¢ do, hinh bén
phai va bén dudi ta dit cac quan cd xanh. Cach siap nay ro rang thod dieu kién av2 c6 90 x 10 quan
dé 90 x 10 quan xanh, tong cong ¢ 1a 1800 quan. Ta ching minh ring sé6 quan cd khong thé qua
1800. Xét mot cach dit quan thod man dieu kien dé bai. Ta goi mot day (hang hay 1 cot) 1a khac
nhau mau néu day dé c6 di ca hai mau. Ta c¢6 hai nhan xét bd ich sau. Thit nhéat 13 mdi mot quan
co déu thiy mot quan co nao do, dé d6 mdi quan co thudc it nhat mot day khac mau. Ngoai ra, vi
day khac mau chita quan ¢6 mau do nén trong day nay c6 khong qua 5 quan ¢6 mau xanh. Tuong
tu trong day khong c6 qué 5 quan co mau do, tic la day day khac mau chita khong qua 10 quan co.
Gia st trén bang c6 a cot khac mau va b > a dong khac mau. Néu nhu b < 90 thi téng sé quan co
khong vudt qua 10a + 10b < 1800. Gia stt b > 90. Khi d6 trong b dong c6 t6i da moi dong 10 quan
cd. Mit khac, mdi mot quan co diéu phai thuoc vio mot day khac mau, tit ¢ 1a ching khong thé nim
§ giao ctia 100 — a cot ciing mau va 100 — b dong cting mau. Vi thé trong 100 — b dong ciing mau c6
khong qua a (< b) quan cd va tong s6 quan ¢ khong qua

10b + (100 — b) b = (110 — b) b < 1800

Bat ding thitc cudi ciing ding vi 110 — b+ b =20 + 90 va 110 — b < 20 < 90 < b. O

Bai 74. An va Bao ciing nhau choi mot tro choi: ho 1an lugt viét cac so tuy thich léen bang
thanh mot dong, mdi nguoi 3 s6, An viét trude. Sau d6 Bao “nhuong” An dién dau + hodc —
tlly ¥ vao gitta cac so6 da viét. An thang néu két qua trén bang khong chia hét cho bat cit s6 tu
nhién nao tit 11 dén 18. Bao thing néu xay ra trusng hop ngudc lai. An néi ring minh kiém
soat nhiéu hon, nén chic chin chién thing. ban c6 dong y khong? Tai sao?

Li giai.

Bao mdi la nguoi c6 chién thuat thang. that vay, 6 hai lugt dau tien Bao dien s6 11,12,13,...,18.
Ta sé chitng minh Bao c6 cach dién & lugt cudi ciing dé dam bao thang. Goi s6 Bao can dién & lugt cudi
1a z. Sau lugt di thit ba clia An, bd qua cac s6 Bao da dién (do ching chia hét cho 11,12,13,. .., 18.
Ta c6 8 két qua c6 thé thu duge ( do c6 23 = 8 cach dat dau) 1a ay, as, . . ., ag Do cac sd nay cling tinh
chén, 1& nén chi c6 hai loai s6 du khi chia 8 s6 nay cho 4. Hon thé c6 ding 4 s6 dong du v6i nhau theo
mod 4. C6 3 s6 dong du v6i nhau theo mod 3 theo nguyeén 1i Dirichlet, gid sit 1a a; = ay = az(mod 3).
Khong mat tinh tong quat gid st ay = as(mod4) Dén day ta chi can chitng minh ton tai o sao cho
a; + x,as + x,...,ag + x chia hét cho it nhat mot trong cac s6 11,12,13,...,18. Khi d6 bai toan
dugc chitng minh do véi méi 4 luon ton tai j sao cho a; —z = — (a; + z).

Theo dinh ly thang du Trung Hoa, ta chon dugc

ay + 2:9; as + x:5; a4 + 2:16; a5 + x:11; a6 + 2:13; a7 + x:17; ag + 1:7

Khi d6 a; + z:18; as + x:15; a3 + 2:12; a4 + x:16; a5 + x:11; ag + x:13; a7 + 2:16; ag + x:14. d

Bai 75. Tap hop X ¢6 2" (n € N*) phan tit duge chia thanh céc tap con doi mot khong giao
nhau. Xét quy tic chuyén phan ti gitta cac tap nhu sau: néu A, B 1a cac tap con ciia X va s6
phan tit ctia A khong nhé hon sé phan tit ctia B thi ta dude phép chuyén tit tap A vao tap B
s6 phan t1t bing s6 phan tit ctia tap B. Chiing minh ring sau mot s6 hitu han cac bude chuyén
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theo quy tac trén, ta nhan duge tap X.

Lai gidi.

Cach 1.

Do tap X ¢6 s6 phan tit chn nén sb tap con c¢6 s6 phan tit 1é 1a chdn. Gia st ¢6 2k, (k € N*) tap
con c6 s6 phan tit 1é, chia 2k tap trén thanh & cip, roi thyc hién quy tic chuyén nhu trén ta sé dua
ve cac tap con c6 s6 phan ti chan. Khi d6 ta dua vé truong hgp cac tap con déu c6 sd phan ti chin.
Néu n = 1, bai toin dugc chiing minh.

Xét n > 2. Do 2™:4, suy ra s6 tap con c¢6 sd phan tit chdn nhung khong chia hét cho 4 phai chén.
Gia stt ¢6 2m, (m € N*) tap con c¢6 s6 phan t1t chdn nhung khong chia hét cho 4. Chia ching thanh
m ciap roi thuc hien phép chuyén phan tit theo quy téc trén ta sé thu dudce cac tap con c6 s6 phan
t1t chia hét cho 4. Thyec hién tuong tu nhu trén, sau hitu han buéc ta sé duge tap con cé sd6 phan tit
chia hét cho 27, khi d6 ta nhan dugc tap X.

Cach 2. Goi M la tap hop cac tap con ban dau. Ta chia tap M thanh hai tap

& Tap P gom cac tap con c6 so6 phan tit 1a chén.
& Tap @ gom cac tap con c6 so6 phan ti 1a 18.
Goi s6 phan tit ctia tap @ 1a g. Dé thay ¢ 1a s6 khong 1é. Ta thay
W Néu g = 0 ta co cac tap ctia M déu c6 sd phan tit 1a boi cia 2.
@ Néu ¢ = 2k > 0 ta chon hai tap bat ki thuoc @ va thuc hién phép chuyén

e Néu hai tap d6 c6 sd phan ti bang nhau thi ching hgp thanh mot tap c6 sd6 phan tit 1
boi cta 2.

e Néu hai tap d6 c6 s6 phan tit 1a 2m + 1 va 2n + 1 voi (m > n) thi sau phép chuyén ta c6
hai tap hgp ¢6 s6 phan tit 1a 2(m —n) va 4n + 2 déu 1a boi cla 2.

Nhu vay, sau k phép chuyén (k > 0), ta nhan dugc cac tap hop co s6 phan tit déu 1a boi ctia 2. Goi
M 1a tap cac tap con do. Ta chia tap M; thanh hai tap

@ Tap P, gom cac tap con c6 sd phan tit 1 boi ciia 22.
@ Tap Q; gdm cac tap con c6 sd phan tit 1a boi clia 22 cong them 2.
Goi ¢; 14 s6 phan tit ctia tap @Q;. D& thiy ¢, 1a s6 chin. Gi sit ¢; = 2k;. Ta thyc hién phép chuyén

@ Néu hai tap do6 c6 sd phan tit bang nhau thi ching hop thanh mot tap c6 s6 phan tit 1a boi clia
22,

@ Néi hai tap d6 c6 s6 phan tit 1a 4m; + 2 va 4ny + 2 v6i (my > ny) thi sau phép chuyén ta dugc
hai tap hop c6 s6 phan tit 1a 4(m; — ny) va 8ny + 4 déu 1a boi ctia 22

Nhu vay, sau k; phép chuyén ta nhan dudc céc tap con cé sd phan tit déu la bai ciia 22. Goi M, 1a
tap cac tap con dé6. Tiép tuc chia tap M, thanh hai tap P va Q9, va thuyc hién tuong tir nhu trén.
Tiép tuc thuc hién twong ti nhu trén, sau hitu han bude ta nhan dude céc tap con c6 s6 phan ti
déu 1a boi ctia 2771, Dé thay rang, khi d6 c6 ding hai tap hgp con ¢6 s6 phan tit 1a 2771, Thyc hién
phép chuyén cudi cling, ta dugce tap hop X. 0

Bai 76. Xét hai tap hop con A, B C {1,2,...,2?°18} théa man diéu kién Va € A,b € B, ta c6
ab + 1 1a s6 chinh phuong. Chiing minh rang min{|A|, |B|} < 2018.

L&i giai.

& Tuyén tap mot sb bai toan t& hop (71) €3 Tap chi va tu lidu todn hoc
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Gid st A = {ay, as,...,a,}, B = {b1,ba, ..., 0, }, a1 < as < ... < ap,by < by < ... <by,q<p. Taséso
sanh a,b, v6i ap—104—1.

Tu (CLP — ap_1>(bq — bq_1> >0= (1 + Clpbq)(l + Clp_lbq_1> > (1 + ap_lbq)(l + CLpbq_1>.

= V(L4 ayby) (1 + ap-1bg-1) > /(1 + ap1bg) (1 + apbg—1).

= /(1 + apby) (1 + ap_1bg—1) = /(1 + ap_1by) (1 + apby_1) + 1.

= (1 + apbg) (1 + ap_1bg—1) = (1 + ap_1bg) (L + apbg_1) + 21/ (1 + ap_1by) (1 + apby_1) + 1.

= 14 apby + ap-1bg—1 2 1+ apby—1 + ap_1by + 2\/(1 +ap1bg)(1 + apby—1) + 1.

= 1+ apby + ap-1bg—1 = 1+ ap_1by—1 + ap_1bg—1 + 21/ (apby—1)(ap—1by) + 1.

= apby >72\/(apbq,1)(ap,1bq) = apb, > 4a, 1b,-1.

T bat dang thiic nay ta duge

(22°")2 > q by > day, 1by1 > 42ap oby o > ... > 497%a, 4i0by > 47 = ¢ < 2018

Bai toan dudgc giai quyét. O

Bai 77. Cho m 14 mot s6 nguyén duong nhé hon 2017, va tap A = {z1.2s, ..., 7., } 12 tap hop
con clia tap {1,2,3,...,2017}. Gid st véi 1 < i < j < m, néu ta c6 x;+z; < 2017 thi z;+xz; € A.

Chitng minh rang LT o T > 1009.
m

Lai gidi.
Gia st 1 > x9 > ... > x,,. Nhan xét x; + v = 2018, Ve = 1,2, ..., m.
That vay, gid st ton tai i € {1,2,...,m} sao cho z; + T, 41_; < 2017. Suy ra

Ty Tj + Ty T + T 1y o0y Ti + Ty € A

Mat khéac cac phan tit 2, < Ty < ... < 23 € A. Do d6 |A| > m —i+1+1i=m+ 1, diéu ndy vo
1. Do d6 nhan xét trén da dugc chiing minh. St dung nhan xét trén ta duge

S @i+ Tga ) 3 2018m © 22y + 33 + o+ 2) > 2018m 5 T2 T 009
m
i=1
Bai toan dudgc giai quyét. 0

Bai 78. Cho s6 nguyéen duong n va S = {1,2,...,n}. Goi ¢, 1a 86 cac tap con clia S ma chita
) o ~ o ) _ N 2nF, 1 — (n+ 1) F, )
dang hai s0 nguyén duong lién tieép. Ching minh rang ¢, = , trong do

5
(F,) la day Fibonacci.

L& giai.

Goi C), 14 ho cac tap con clia S ma chita ding hai s6 nguyén duong lién tiép va A, 1a ho cic tap con
ctia S (ké ci tap rong) ma khong chita hai s6 nguyén duong lien tiép. Mdi tap C' € C,, 1o gdm 3 loai
Loai 1. Gom céc tap chita n + 2,n + 1.

Loai 2. Gom céc tap khong chita n + 2.

Loai 3. Gom céc tap chita n + 2 nhung khong chita n + 1.
Ta thay rang

(1) Néu C la tap loai 1 thi C' ciing khong chita n (vi néu chita n thi C' chita hai cip s6 nguyen
lien tiép la n,n + 1 va n + 1,n + 2). Bé di khoi C phan tit n + 1,n + 2, ta dugec mot tap con
ciia {1,2,...,n — 1} khong chita hai s6 nguyen duong lién tiép, suy ra n6 la phan tit ctia A,,_;.
Ngugc lai v6i moi tap con A cua A, thitap C = AU{n+2,n+ 1} la tap loai 1 cia C),4o.
Phép tuong ting nay 1a song dnh. Vay, s6 tap loai 1 chinh 1 s6 phan ti ctia A,,_; hay chinh 1
|An—1|-
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(2) Mbi tap loai 2 16 rang 1a mot tap con ctia Cp,. 1 va nguge lai. Vay, sé tap loai 2 1 ¢,41.

(3) Néu C la tap loai 3 thi C khong chita n + 1. Do dé néu loai bé di khéi C' phan ti n + 2, ta

duge mot tap con cua C),. Ngugc lai, v6i moi tap con B cua C, thi tap C' = BU{n + 2} la tap

loai 3 ctia C,42. Vay, s6 tap loai 3 1a ¢,,. Tt d6 ta c6 hé thiic sau ¢, 0 = ¢y + ¢p + | An_1]. (1)

Bay gio ta can di tim a,, = |A,|. D& thiy a; = 2,a; = 3,a3 = 5. Mdi tap A € A,,» gom 2 loai: Loai

1 gom cac tap chita n + 2. Loai 2 gom cac tap khong chia n + 2. Néu A 1a tap loai 1 thi A ciing

khong chita n + 1 (vi néu chita n + 1 thi A chita hai cap s6 nguyen lién tiép la n + 1 va n + 2). Do

d6 néu bo di khéi A phan tit n + 2, ta duge mot tap con clia A,. Ngude lai v6i méi tap con B cla

A, thi tap A = BU {n + 2} la tap loai 1 ctia A, ;2. Do d6 sb tap con loai 1 1a a,. Mdi tap loai 2 rd
rang 13 mot tap con ciia A, vd nguoc lai. Vi thé s6 tap loai 2 1a a,;. Do d6 ta c6 hé thiic

(p+2 = Qpy1 + Gy
Mat khac, v6i day Fibonacci, ta ¢6
Fn+2:Fn+1+Fn

Via, = F3—2a2 Fy=3,a3 = F5; =5. Tasuy ra a, = F, 2. (2)
T (1) va (2) ta c6 hé thic ¢,10 = ¢yr1 + ¢ + Frga. (3)
T d6 bang quy nap va st dung hé thic truy hoi ctia day Fibonacci cho (3), ta c6 cong thric
2nF, 1 — (n+1)F,

: .
Bai toan dugc giai quyét. O

Cnp =

Bai 79.

(1) C6 bao nhiéu sb c6 2017 chit s6 1ay tit cac s6 0,1,2,3,4,5,6,7 sao cho s6 d6 chita mot s6
1é cac chit s6 1 v mot s6 chin cac chit s6 27

(2 Cho n diém trén mat phang (n > 5), trong d6 khong c6 3 diém nao thang hang. Chiing
minh c¢6 khong it hon ( ) 1 giac 16i ma tat ca cac dinh dugc lay trong n diém da
cho.

Loi giai.

(@) Goi LC, 1a cac tap hgp cac s6 gom n chit s6 bao gom mot s6 18 cac chit s6 1, mot sé chin cac
chit s6 2, CL, 1a cac tap hop cac s6 gom n chit s6 bao gom mot s6 chin cac chit s6 1, mot s6
18 cac chit s6 2, LL,, 1a cic tap hop cac s6 gom n chit s6 bao gom mot s6 1é céc chit s6 1, mot
s6 1é cac chit s6 2, CC,, 1a cac tap hop cac s6 gom n chit s6 bao gom mot s6 chin cac chit s6 1;
mot s6 chdn céc chit s6 2. Ta ¢6 |LC,| = |CL,|;|LC,| 4+ |CL,| + |LL,| + |CC,| = 7". Mdi s6
trong LC, 1 c6 dudc bang cach

@ Thém mot trong 5 s6 3,4, 5,6, 7 vao sau chit s6 cudi cung ciia s6 trong LC,,
@ Thém chit s6 2 vao sau chit s6 cudi cing ctia sd trong LL,,
@ Thém chit s6 1 vao sau chit s6 cudi cliing ctia s6 trong CC,

Suy ra |LCy. 1| =5 |LC,| + |LL,| + |CC,| = 4|LC,| 4+ |CLy,| + |LL,| + |CC,|
o [LCpo| = 3|LCy| + 7

1 1 1 1
= [LCuya| = .71 =3 (|L(Jn| - Z'7n> — .3 <|L01| - 1'7) =g

1
= ’LCn+1| — Z (7n+1 _ 3n+1)‘
72017 o 32017
Vay co T 86 thda man.
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(2) Ta chiing minh bang quy nap
™ Vé6in =5 cho 5 diém dé6 1a A, B,C, D, E. Ta lay bao 16i ctia nam diéem A, B, C, D, E néi
trén. C6 nhitng truong hop sau:
e Néu bao 15i 1a ngii giac thi 4 diém bat ki 1a 4 dinh cta ti giac 10i.
e Néu bao 10i 1a tit giac thi 4 dinh clia bao 10i thoa yéu cau.
e Néu bao 16i 1a tam gidc. Chang han tam gidc ABC.
Khi d6 D va E 1a cac diém trong ctia tam giac (do khong c6 3 diém nao thang hang). Ké

cac tam giac nhu hinh vé

B

E
A M C

Khi d6 E nim trong mot trong 6 tam gidc , ching han tam giac ADM, khi dé ti giac
ABDE la ti giac 16i.
@ Gia st bai toan ding véi n = k, ta ching minh bai toan ding véi n = k + 1. Lay k diém
) tit giac 16i. C6 dinh 3 diém A, B, C trong k

trong k + 1 diém trén ta c6 it nhat (

diém néi trén, véi diém tht k + 1 1a I, ta lay them mot diém trong k& — 3 diém con lai, J
chéng han. Khi d6 ton tai them it nhat 1 t& giac 16i trong 5 diém A, B, C, I, J. That vay,

) noi trén.

néu da ton tai ti giac 1oi ABCJ trong (

Khi d6 dinh I thudc mot trong 8 mién do cic canh va hai duong thang di qua cac dinh d6i

dién tao nén. Ta luon c6 mot t1t gidc 16i mdéi véi I, J 1a 2 trong s6 cac dinh. Co ) cach

Z 2 k_ N Z k_ k_ k;_2
laydiémJnéncéthém( ] 3) t1 giac 101. Vay co it nhat( | 3)+( 23) :( 5 )

ti giac 10i c6 dinh trong k + 1 diém.

Theo nguyén 1i quy nap, bai toan duge chitng minh hoan toan. U

Bai 80. C6 2019 dong tién xu trén mit ban, moéi dong xu c6 2 mat sap va ngita. Theo thit tu
i=1,2,---, 2019, mdi budc thit 7 dugc phép chon ¢ dong xu va lat mit ctia ching (buée 1

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc
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chon 1 dong, buée 2 chon 2 dong, ..., bude thit 2019 chon 2019 dong). Chitng minh réng sau
2019 buée luon c6 thé lam cho tat ci cac dong xu vé cling 1 trang thai. Gia st ban dau chi c6
1 dong sap, héi sau 2019 bude c6 thé dua tat ca cac dong xu vé cing ngita duge khong?

L&i giai.

(@) Trudc hét chitng minh c6 thé chuyén tat ca dong xu vé ciing 1 trang thai. Ching minh quy
nap theo s6 dong xu 1a s6 18. Néu c6 1 dong xu, c6 diéu chitng minh. Gia sit v6i 2k + 1 dong
xu c6 thé chuyén tat ca vé ciing 1 trang thai. Xét 2k + 3 dong xu. Néu c6 2 dong xu C;, Cs
khong ciing trang thai, gia sit C) sap va C, ngita. Theo gia thiét quy nap ta c6 thé chuyén
2k + 1 dong xu con lai vé cung trang thai sau 2k + 1 budc, gid sit cac dong xu cliing sap. Bude
thit 2k + 2 chuyén 2k + 1 dong xu nay va C; vé ciing ngita, bude thi 2k + 3 chuyén tat ca
dong xu vé cling sap, c¢6 diéu chiing minh. Néu tat ca cidc dong xu cuing trang thai. Ta sip xép
chiing theo thit ty trén duong tron. Bude 1 chon dong xu thit 1, bude 2 chon 2 dong thit 2 va
3, tiép tuc qué trinh dén hét 2k + 3 bude. Khi dé tong s6 lan thay doi clia tat ca cac dong xu
a 142+ ...+ (2k +3) = (2k + 3) (k + 2), diéu nay ching t6 mdi dong xu duge thay ddi ding
k + 2 lan, suy ra ching van cling trang thai.

(2) Chiing minh khong thé lam cho cac dong xu cling ngita Néu dong xu dang ngtia thi danh s6
1 va dang sap thi danh s6 —1. Sau 2019 buéc, tong s6 lan thay ddi ciia tat ca cac dong xu la
1424 ... 42019 = 1010.2019 1 s6 chén, hay s6 lan thay doi dau ctia tat ca cac dong xu la
chén. Suy ra tich tat ci cac s6 sau 2019 budc sé cuing dau vdi tich tat ci cac s6 ban dau. Ma
ban dau c6 1 dong sap nén tich ban dau am, suy ra tich cia cac s6 sau 2019 buée 1a am, hay
khong thé thu dude trang thai tat cd ciing ngtta. Ta c6 diéu phai chiing minh.

Bai toan dugc giai quyét. O

Bai 81. An va Binh luan phién danh dau cac 6 vuong ctia hinh vuong 101 x 101 6. An 1a ngudi
bat dau. Mot 6 sé khong thé duge danh dau néu trén ciing hang véi né hodc ciing cot véi no
da c6 it nhat 2 6 duge danh dau. Ai khong di dude nita sé thua. Hiy xac dinh ai 14 nguoi c¢6
chién thuat thang.

Lai gidi.

Cach 1. Dé don gian, ta goi hai ngusi choi la A va B thay vi An va Binh. Ta sé chitng minh ring
B c6 chién thuat dé thing. Diéu nay ciing ding khi thay 101 bing mot s6 nguyéen duong n > 2 bat
ky. R6 rang theo luat choi thi c6 khong qué 2n 6 duge danh dau. Vi thé nén chién thuat 6 day 1a B
sé tim cach danh duge 6 cudi ciing. Chién thuat 1a: ngudi di trude danh 6 ndo thi ngusi sau sé danh
mot 6 bat ky ciing dong véi né sao cho s6 c¢ot duge danh 1a nhiéu nhat c6 thé. Dic diém ciia chién
thuat nay la:

& Sau mobi luot ctia A, B thi ¢6 thém mot hang c6 hai 6 dude danh; khong c6 hang ndo chita mot

0.

@ Sau moi lugt ctia A thi trén hang ma A vita danh, con ding n — 1 6 chua duge danh va B sé
danh tity ¥ vao 6 thudc cot chua c6 6 nao dude danh; néu nhu tat ca cac cot déu c6 6 duge
danh thi B sé chon ¢ot tuy ¥ ma chi ¢6 1 6 duge danh trén do.

Bang cach do, trong n — 1 lugt dau tién, mot khi A con di duge thi B van di dude vi van luon con
hang trong va cac cot van chua day 2 6. Do d6, sau n — 1 lugt ctia A, B, bang con lai sé c¢6 dic diém
la:

& Chi con mot hang duy nhat ma chua c6 6 nao duge danh, n — 1 hang kia déu c6 6 da dugc
danh.
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® Tat ca cac cot déu c6 6 duge danh (c6 cot c6 16, co cot co 2 0).
Tong s6 6 da danh 1a 2n — 2 nén goi a, b lan lugt 1a s6 cot c6 1 6, 2 6 dude danh thi
a+b=nvaa+2b=2n-—2.

Suy ra a = 2,b = n — 2, nghia la c6 ding hai cot ma trén d6 c¢6 1 6 duge danh. Hai 6 nam & vi tri
giao giita hai cot d6 va dong chua duge danh 1a hai vi tri cudi ciing c6 thé danh. A, B thay phien
danh vao hai 6 d6 va B 13 ngudi danh cudi cling nén chién thing.

Cach 2. Ta c6 nhan xét rang:

(1) Néu 6 lugt dau tien, An danh vao 6 (1,51) gitta hang 1 thi Binh sé déanh vao 6 (101,51) gitta
hang cudi. Khi dé, hai ban sé khong thé dién vao 6 trung tam nita. Tiép theo, méi khi An danh
dau 6 nao thi Binh sé danh dau vao 6 déi xitng v6i 6 d6 qua tam. Méi khi An dién dugce thi Binh
ciing dién dugdc, vay Binh sé thing.

(2) Néu 6 lugt dau tien, An danh vao 6 (a,b) thi ta c6 thé dua vé nhan xét (1) bang cach xay dung
mot bang tuong tng ciing kich thude nhung hang 1 va hang a, cot 51 va cot b ddi chd cho nhau.
Khi d6, An danh vao 6 nao thi Binh sé danh vao 6 & chi s6 hang/cot tuong ting & bang do6i chiéu;
Binh sé danh vao 6 ddi xting nhu ¢ chién luge (1) r6i danh vao 6 ¢6 cting chi s6 hang/cot ¢ bang
goc. Dé thay rang danh dau dugce ciia moéi hang va cot ¢ hai bang 13 giéng nhau.

1 2 3 4 5 1 2 bt 4 3
1 | A3 B1 ) Al B3
2 A5 B2 2 A5 B2
3 | Ad B4 3 | Ad B4
4 A2 B5 4 A2 B5
) B3 Al 1 | A3 Bl

Hinh minh hoa cho truong hgp 5 x 5 khi An danh vao 6 (5,5) trong nude di dau tién. Tt hai nhan
xét trén, ta thay Binh 1a ngudi ¢6 chién lude thang tro chai. O
Nhan xét. RS rang theo cach thit nhat thi bai toan khong chi ding véi s6 101 hay cac s6 1& ma con
diing v6i bang vuong cé kich thuée bat ky khong nhé hon 2. Dé cam nhan va doan duge ai 1a ngusi
c6 chién luge thing cudc, ta co thé thit véi truong hop n = 2,n = 3. Khi n = 2, ta thiy tat ca o
vuong déu c6 thé duge danh dau nén Binh hién nhien thing. Khi n = 3, ta thay 6 & trung tam c6
vai tro rat quan trong cho chién huge choi. Cha ¥ rang van con nhiéu chién luge khac tha vi hon cho
Binh dé thang tro choi nay.

Bai 82 (IMO shortlisted 2005). Cho s6 ty nhién n, n > 3. Ta danh s6 mdi canh va méi duong
chéo ctia n-giac PP, --- P, b6i mot s6 nguyén duong nhé hon hodc bang r théa man:

(i) Moi s6 nguyen duong tit 1 dén r déu dugc danh sb.

(ii) V6i moi tam giac P;P; P, hai canh duge danh s6 bdi cing mot s6 va canh con lai danh
bdi s6 nhoé hon.

Hay thuc hién cac yéu cau sau

(1) Xac dinh s6 nguyén duong r 16n nhat ma dicu dé cé thé thuc hien dugce.
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(2) V6i r thu duge 6 trén, c6 bao nhiéu cach danh s6 théa man.

Loi giai.
Truée tién, ta ki hieu | XY| = k néu doan XY dudc danh s6 béi k. Ta xét mot s6 trusng hop cu thé
sau

W Xét n = 3, ta c6 mot tam gidc duy nhat. Khi dé, ta c6 dung hai s6 nguyén duong phai diing 1
1 va 2, trong d6 s6 2 dude dung cho hai canh, s6 1 duge ding cho canh con lai nén c6 3 cach
danh so.

W Xét n = 4, ta c6 mot tit giac. C6 tat cd 6 canh va dudng chéo, nén cac s6 nguyéen dude dung
khong thé vugt qué 6, néu s6 6 duge danh mot doan nao dé, do doan nay la canh ciia hai tam
giac khac nhau, nén ton tai thém hai doan khac duge danh s6 6. Nhu vay, chi con ba doan,
nhung budc phai danh s tir 1 dén 5, mau thuan. Vay r < 6.

(@) Néu r = 5, tuong tu, con phai danh s6 1,2, 3,4 cho ba canh, ciing mau thuan.
(2) Néu r = 4, gia st |P,P,| = 4 thi hai tam giac PyPPs v PP, Py con ¢6 théem mot canh
danh s6 4 nita.
e Gid st P1P2| = |P1P4’ = 4 thi ba canh P2P3, P2P4, P3P4 duge danh bdi ba s 1,2,3,
trai dieu kien (ii).
o Gia st | P, P3| = | Py Py| = 4 thi tam giac Py P3Py, P, P3Py con mot canh nita duge danh
s6 4, nén c6 hai canh phai danh béi 3 s6. Mau thuan.
(3) Néu r = 3, d& dang c6 thé danh s6 duge. Gia st P; 1a dinh ma tit d6 c6 it nhat hai canh
danh s6 béi 3, ¢6 2 truong hop sau
Trudng hop 1. C6 ba doan tit P; ddnh s6 bdi 3 thi

PiPy| = |PiPy| = |PiPy| = 3. Khi do
|PoPs|, | PoPyl, | PsPy| € {1;2},

c6 3 cach danh s6 (xem truong hop n = 3).

Truong hgp 2. C6 dung hai doan tit P, dude danh s6 bédi 3, c6 3 cach chon hai dinh tao ra hai
doan d6. Xét mot cach chon, gia st |PP| = |P1Ps| = 3,|P1P| < 3. Khi d6, chia
tap {Py, P, Ps, P,} thanh hai tap A = {P,, P;}, B = {P,, P,} thi doan n6i mot diém
thuoc tap A véi mot diém thuoe B phai danh s6 béi 3, {|P2Ps|, |Pi Py} = {1;2} nén
¢6 2 cach chon |PyPs| va | Py Py|. Vay ¢6 6 cach danh s6 thoa méan.

Téng cong c6 9 cach danh s6 théa man véi P, lam dinh trung tam, nhu vay c6 36 cach danh
s6, moi cach lip lai 2 1an nén cudi ciing c6 18 cach danh s6 thoéa man.

Dua vao 16i giai trong trusng hop trén, ta c6 thé dy doan r 16n nhat bing n — 1 va dong thoi dua ra
duge cach dém trong truong hop r = n — 1. Tt d6, c6 161 gidi tong quét sau. Xét mot dinh V ma tit
d6 c6 k < 2 canh danh s6 béi r, dinh nhu thé phai ton tai vi ton tai mot tam gidc ¢6 hai canh danh
s6 r. Goi A 1a tap cac dinh tit V' duge danh s6 r thi |A| = &k va B la tap cac dinh con lai (gom ca V)
thi |B| = n — k. Khi d6

(i) Moi canh néi tit mot diém thuoc A dén mot diém thuoc B déu duge danh sb béi r, vi néu gia
stt ¢6 X thuoc A, Y thuoc B ma [ XY | <rthi Y # V vado d6 | XV|=r,|[YV] < r, do diéu
kién ii) nén | XY| = r. Mau thuan.

(ii) Moi canh ndi hai diém trong A déu danh s6 nhé hon r, vi néu X,Y € A thi
nén | XY| <r.

XV|=|YV|=r

(iii) Moi canh ndi hai diém trong B déu danh s6 nho hon r, vi néu X,Y € B ma
|XV| =r hodc |[YV| =r. Mau thuén.

XY | =r thi hoac
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(@) Ta chitng minh bang quy nap rang gia tri 16n nhat ciia r 1a n — 1. Gid st véi moi da giac k < n
canh, s6 s6 duge dung nhiéu nhat 14 k — 1. Xét da giac n + 1 dinh, gid st V, A, B 1a dinh va
cac tap dudc néi dén 6 trén. Ta co

<|Al-1+|Bl-1+1=k—-14n+1—-k—-1)+1=n.
Diéu phai chitng minh.

(2) Nhu trén, néu da gidc c6 n canh va tap A c6 k phan tit thi tap A c6 nhiéu nhat k — 1 s6 dugc
ding va tap B c¢6 nhiéu nhat n — k — 1 s6 duge dimng. Vay dé danh sb tit 1 dén n — 1 cho cac
doan tao dugc tit da gidc, ta phai chon k — 1 s trong cac s6 {1;2;--- ;n — 2} dé danh sb cho
cac doan tao dudc tit cac diém trong tap A va n — k — 1 s6 con lai trong tap dé dé danh s6
cho cac doan tao dudc tit cac diem thuoc tap B. Mit khac, sé cach chon hai tap A, B sao cho
|A| = k,|B| =n—Fkla (Z) T d6 ta c6 he thic truy hoi sau (véi f(n) 1a s6 cach danh s

trong truong hgp da giac c6 n canh)

200 =3 (1) (3 25) 10 a1

k=1

e 2)!22_5 (k!{;(ﬁ)m) | (<n - lg('?n_—kz)c - 1>!> |

1

. .o 2 — 2 R
C6 2f(n) la vi theo cach dém nhu vay, moi so (n) : <n ) - f(k) - f(n—k) dugc tinh 2 lan.

k k—1
bat f(x) = zl(x—1)!g(x) tacé 2(n—1)g Z g(k ). Dén day, bang mot sb trudng
k=
n'(n 1)!

hgp nho 18, ta c6 thé doan duge dap s6 f(n) = va chitng minh két qua d6 bang quy

n— 1
nap. Bay gio, véi y b), ta xem xét theo mot khia canh khac, van bat dau tit truong hop n = 4,
van danh s6 bdi ba s6 1,2, 3 nhung ta thit bat dau danh s6 tit 1. Nhan thay néu |PyP| = 1 thi
|P1P3|, |P2P3|, |P2P4|, |P1P4| déu khac 17 glé st |P3P4| = 1 thi xét tam gléC P1P3P4, ta théy chi
diing t6i da hai s6, chang han 1a 1 va 2, tam giac P, P3P, ciing dung t6i da hai s6, suy ra phai
dung 1 va 3. Ta ¢6 |P P3| = 2,|P P| = 1,|P,P3| = 3. Mau thuan diéu kién (ii) ctia yéu cau
dé. Vay khong con canh nao duge phép danh s6 1. Tt day, ta khong quan tam dén viéc danh
$6 1 nita ma chi con danh s6 2 va 3 cho cac doan. Nhan xét |PyPy| = 1 nén |P P3| = |PaPs|,
| P, Py| = |P,P;|. Nhu vay mdi cach danh s6 cho tam gidc Py P3Py cho tuong ting ding mot cach
danh s6 ca tit giac. Vay c6 thé coi P, va Py 1a 1 diém. Bai toan dugc kéo vé trudng hop n = 3.
Cong viéc rot cude dude chia lam 2 cong doan.

? . 4
(a) Chon 1 doan de dénh so 1: C6 (2) = 6 céch.

(b) Danh s6 1 tam gidc sau khi coi 2 diém dau mut ctia doan vita chon tring nhau, ¢é 3 cach.

Két qua 1a c6 18 cach. Véi cach suy luan & trén, ta c6 10i gidi thit hai. Goi a,, 1a s6 cach danh
s6 khi diing dén n — 1 s6 cho cac doan tao dudc tit n diém. Ta chitng minh chi ton tai duy
nhat mot canh duge danh s6 1. That vay, gid st [Py P| = 1, khi d6 |P,P;| = |PP)|,Vi # 1,2.
Vay mot cach danh s6 théa man |P P = 1 tuong ting véi 1 cach danh s6 cho n — 1 diém
P, P, Py, ---, P, Néu s6 1 duge ding mot lan nita, thi n — 1 diém trén van duge danh s6 béi
n — 1 s6, trong khi theo cau a), chi danh s6 dugc bdi t6i da n — 2 diém. Mau thuan. Vay, chi

c6 duy nhat 1 canh duge danh s6 1. Chon canh nay, c6 (;l) cach. V6i moi canh duge chon,
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¢6 thé coi hai dinh ctia canh d6 1a mot dinh (lap luan nhu trén), ta con a,_; cich danh s6 véi
n — 1 dinh bang n — 2 s6. Vay c6

a, = (Z) “Qp_1,a3 = 3,a4 = 18.

Dé dang ¢6 dugc a,, =

Bai toan dugc giai quyét. O

Bai 83. Mot o tho san va mot con thoé tang hinh choi tro choi sau trén mit phang. Diém xuét
phat Ay ctia con thé va diém xuat phat By clia ¢ thg san tring nhau. Sau n — 1 lugt choi,
con thé & didm A,_; va o tho san & diém B,_;. O luot choi thit n, ¢6 ba diéu 1an lugt xay ra
theo thit tu dudi day:

(i) Con thé di chuyén mot cach khong quan sat duge t6i diém A, sao cho khoang cach gitta
A,_1 va A, bang dung 1.

(ii) Mot thiét bi dinh vi thong bao cho co thg sin vé mot diém P,, ddm bio khoang cach
gitta P, va A, khong 16n hon 1.

(iii) Co6 thg san di chuyén mot cach quan sat duge téi diém B, sao cho khodng cach gitta B,,_,
va B, bang ding 1.

Héi diéu sau day sai hay ding: cho dit con thd c6 di chuyén nhu thé nao va cac diém dugc
thiét bi dinh vi thong béo c6 la nhitng diém nao, ¢ thg san luon cé thé chon cho minh cach
di chuyén sao cho sau 10° lugt choi, co ta ¢ thé khing dinh chic chin ring khoang cach gitta
minh va con thé khong vugt qua 1007

Loi giai.

Néu cau tra loi 1a “ding” thi co thg san phai c6 mot chién luge ma dit cho thé di chuyén nhu thé nao,
du thiét bi dinh vi c¢6 thong bao nhitng diém nao, c¢6 Ay van c6 thé ddm bao khoang cach gitta minh
va con tho khong vugt qua 100, sau 10° lugt choi. Duéi day ta sé chiing minh diéu ngude lai: khi
gdp “van rii” v6i cac diém do thiét bi dinh vi thong bao, c¢o thg sin khong thé c6 mot chién luge di
chuyén nao dam bao chic chin khodng cach gitta ¢6 ay va con thdé khong vuot qua 100 sau 10° lugt
choi. Goi d,, 1& khoang céch gitta c6 tho san v con thoé sau n lugt choi. Hién nhién, néu d,, > 100
v6i moi n < 10° thi con tho sé thang, vi é mdi lugt choi, chi can di chuyén ngay tic thi (theo duong
thang) ra xa co thg san thi ngay sau d6, khoang cach giita né va co thg san luén 16n hon 100. Tiép
theo, ta sé chiing minh ring néu d,, < 100 thi di1 ¢6 thg san c6 di chuyén theo chién luge nao, tho

~ d 1 = g
van c6 phuong an di chuyén sao cho d? tang them hon 5 sau moi 200 lugt choi (mot khoéng thoi

gian vita di dé con thd tan dung dude sy may mén ma thiét bi dinh vi mang dén cho n6). Dé thay,
v6i phuong an di chuyén nhu vay ctia thd, d? sé vugt qua 10* sau it hon

2-10*-200 = 4-10° < 10°
lugt choi, va do do, thé sé thang. Gia st sau lugt choi thi n, ¢o thg sin ¢ diém A, va con thd &
diém B,,. Gia stt rang con thé tham chi con tiét 16 cho c¢o thg san biét vi tri ctia né ¢ thai diem ngay
sau lugt choi thit n (gia st nay cho phép ta “thoat khoéi” céc diém ma thiét bi dinh vi da thong bao

trude do).
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Goi ¢ 13 duong thang di qua hai diém Y,
A, v B, va goi Y1, Y5 1a cac diém c6 200

khodng cach dén ¢ bang 1, dong thai, v,/ 1
cach B, mot khoadng bang 200 (xem
Hinh 1). Ké hoach ctia thé gian don la
chon mot trong hai diém, Y1 hoéc Yo,
va mong mudn thang tién dén diém do
sau 200 lugt chaoi.

Y,

(Hinh 1)

Vi tat ca cac diém mong mudén di chuyén dén (trong 200 lugt choi) ctia thoé déu c¢6 khodng cach dén
¢ nhoé hon 1 nén c6 thé x4y ra tinh huéng 1a moi diém ma thiét bi dinh vi thong bao (trong 200 lugt
choi) déu thuoc £. Trong trudng hop do6, co thg san sé khong c6 cach nao dé biét con thé chon Y;
hay Y5.

Cau héi diit ra: Co tho san sé lam gi, khi cac diém do thiét bi dinh vi thong bao déu thudc £? Néu
chién luge ciia co thg san 1a ¢t dudng thing ma tién thi sau 200 lugt choi, co Ay sé dén diém A’ trong
Hinh 1 & trén. C6 thé thay, co thg san khong thé chon mot chién luge ndo khac tét hon. That vay,
trong sudt 200 lugt choi, cac diém dén ctia ¢ thg san déu ndm & phia bén trai diem A’. Vi thé, néu
¢o tho san chon chién luge sé di chuyén dén céc diém nam phia trén ¢ thi sau 200 ludt choi, co ay sé
dén mot diém tham chi con ndm xa diém Y5 hon, so v6i A’; trudng hop co thg sin chon chién luge
sé di chuyén dén céc diém nim phia dudi ¢ thi sau 200 lugt choi, ¢o ay sé dén mot diém tham chi
con nim xa diém Y; hon, so v6i A’. N6i cach khac, dit ¢o tho san c6 di chuyén theo chién ludgce nao
thi c6 ay van khong bao gio c6 thé tin chic ring khodng cach gitta minh va con thé sé nhd hon

y=AY, =AY,
sau 200 luct chai.

Goi M la trung diém clia Y,Ys; goi B’ 1a diém thudc £ va cach B,, mot khoang bang 200 (xem Hinh
1 6 tren). Dat e = M B’ (luu y rang A’B’ = d,,). Ta ¢6

=14+ AM? =1+ (d, —¢)°, (1)
e =200 — B,M =200 — v200% — 1
1 1

= > .
200 + /2002 — 1 400
Dé ¥ riing 2 + 1 = 400¢ (do e = 200 — v/200% — 1), tit (1) ta c6

Y =d> —2ed, +* +1=d> +£(400 — 2d,,).

1
Tu do6, vi d, < 100 va e > 100 (theo (2)), suy ra

1

2 2
> d —.
Y n+2

Nhu vay, trong tinh hudng tat ca cac diém ma thiét bi dinh vi thong bao déu thuoc ¢, du co thg san
c6 di chuyéen nhu thé nao, thé van c6 thé dat duge

1
di+200 > do + 5

Vi vay, cau tra 1oi cho cau hoi cia bai ra la sai. O
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Bai 84. Goi S Ia tap con cia {1,2,...,2017} sao cho S khong chita hai phan tit ma phan tit
nay chia hét cho phan tit kia va cling khong chiia hai phan tit nguyén t6 cting nhau. Héi S
chita nhiéu nhat bao nhiéu phan ti?

Loi giai.

Xét tap hop céc s6 S = {1010,1012,1014,...,2016} thi ro rang tat cd déu chdn nen khong c6 hai
s6 ndo nguyeén té cling nhau. Hon thé nita, s6 16n nhat nhé hon 2 lan s6 nhé nhat nén ciing khong
c6 hai s6 nao ma s6 nay chia hét cho s6 kia. Khi d6, S théa man dé bai va c6 504 phan ti. Ta sé
chiing minh rang day chinh la gia tri 16n nhat can tim. Gia st ngudc lai rang ton tai mot tap hop S’
thoa man tinh chat dé bai va c6 it nhat 505 phan ti. V6i mdi sé chin i tit 1010 — 2016 v6i dang
i =2%-mva (m,2) =1, xét tap hop A; c6 dang A; = {2 - m|0 < k < a}. R6 rang 2017 nguyén
t6 nén 2017 khong thuoc S (vi néu khong thi tat ci cac s6 con lai déu nguyeén t6 cing nhau véi no,
mau thuin véi tinh chat ctia S). Ta sé chi ra ring moi s6 nguyén duong a khong vugt qua 1008 déu
thuoc vé it nhat mot tap hgp A; nao dé néu trén. That vay, xét cac s6 2a, 2%a, 23a, ... va gia st rang
khong 6 s k nao dé 1010 < 2%a < 2016. Khi d6, phai c6 s6 m dé 2™a < 1010 < 2016 < 2™*a, suy

ra
2™a < 1008 2Ma
=
2mtlg > 2018 2Ma

Diéu vo Iy nay cho thay nhan xét dugc ching minh. Tiép theo, ta xét 504 tap
Aot U {1009}, Argio U {10111, ..., Agorg U {2015}

thi cac tap hgp nay chita tat ci cac s6 tit 1 dén 2016. Vi S’ ¢6 it nhat 505 phan tit nén phai c6 it
nhat hai phan tit a < b thuoc cing mot tap nao doé trong 504 tap hop 6 trén. Ta c6 hai trudng hop:

@ Néub=1i—1vaa€ A; thirorang (4,7 — 1) = 1 nén b nguyén t6 cing nhau véi tat ca cac s6
thuoc A;, dan dén (a,b) = 1, khong thoa.

™ Néu a,b € A; thi theo cach xay dung tap A;, ta sé c6 alb, ciing khong thoa.

Vay khong ton tai tap S’ nén gia tri 16n nhat can tim 13 504. U
Nhéan xét. Ta biét cac két qud quen thuoc sau

(1) Néu chon n + 1 s6 nguyén duong bat ky tit 2n s6 nguyen duong dau tién thi ludn cé sé nay
chia hét cho s6 kia (chiing minh bang cach xét cac liy thita ctia 2). Gid tri n + 1 cling 1a tot
nhat vi néu chi chon n s6, ta c¢6 thé chon cac s6 tit n+ 1,n +2,...,2n v khong c6 hai s6 nao
chia hét cho nhau.

(2) Néu chon n + 1 s6 nguyen duong bat ky tit 2n s6 nguyén duong dau tien thi luén cé hai s6
nguyén t6 cing nhau (ching minh bang cach chia n nhém céc cap s6 18 va chin lien tiép). Gia
tri n + 1 cling 1a t6t nhéat vi néu chi chon n, ta c6 thé chon tat ca cac sé chin thi khong c6 hai
s6 nao nguyén t6 cling nhau.

Bai toan va 1oi giai ¢ trén c6 thé néi la mot két hgp rat tha vi, doc ddo ciia hai bai toan rat don gian
va quen thudc vira néu.

Bai 85. Cho n 14 s6 ty nhién 16n hon 2 va X = {1,2,3,...,n}. V6i mdi song anh f: X — X,
goi A, 1a tap hop tat ca cac bo so (4;7) sao cho i < j va f(i) > f(j).

(1) C6 bao nhiéu song dnh f thda |A;| = 17

2 Gia st f la mot song anh ma Ay = k > 0. Chting minh réng ton tai mot song anh
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g:X — X sao cho |[Ay| =k —1va Y |f(i) —i| = > |g(i) —i].
=1

=1

(| X| chi s6 phan tit ctia tap hop X).

Loi giai.
(@ V6i mdi song anh f, dat a; = f(i) thi ro rang (a1, as, . . ., a,) chinh 1a hoan vi ctia (1,2,...,n).
Goi S,, 1a s6 song anh f ¢6 |Af| = 1 ting v6i tap hop n s6 nguyén duong dau tien. Dé thay véi
n = 3, ta ¢6 hai hoan vi théoa méan 1a 1,3,2 va 2,1,3 nén S; = 2. Xét quan hé gitta 5,11, 5,
thong qua hoan vi cta day (1,2,...,n,n+ 1).

® Néu a,,, = n + 1 thiloai n + 1 ra, ta c6 mot hoan vi théa man dé bai clia n sd nguyén
duong dau tién, c6 tat ca S, hoan vi nhu thé.

™ Néu a,1 #n+1thirorang a, =n+1vinéua; =n+1véi i <n thi |As] > 2, khong
thoa. Khi d6, phai ¢6 a1 =n,a, =n+1vaa; =1v6i 1 <1< n—1. Nghia la c6 thém
dang 1 hoan vi nita.

Tu dé suy ra S,,.1 = S, +1va c6 S, =n — 1 v6i moi n. S6 song anh can tim la n — 1.

(2) Trong song anh f dang xét , goi j 1a s6 16n nhét sao cho a; = ¢ < j. R6 rang j luon ton tai vi
|Af| = k > 0. Khi do, ta ciing ¢6 a; = ¢ v6i moi j+ 1 < i < n. Xét s6 m sao cho a,, =t+1<
thi ro rang 1 < m < j. Khi doi chd hai s6 (a;, a,,,) nay sé lam giam gia tri |[A;] di ding mot
don vi. Khi do, gia sit ta ¢6 song anh g méi tu’dng ing V01 vigc doi chd nay ma |A,| =k —1 va

dat b; = g(i). Ta sé chiing minh rang 7' = Z |b; — 1] — Z la; — | < 0. That vay,

T = b = m| + |bm — | — la; — j| — lam — m|
—t L=+ |t —m| = [t — j| — [t +1—m]

Vit+ 1< jnén taco
T'=j—@t+)—-G—-t)+|t—m|—|t+1—m|=[t—m|—-|t+1—m| -1

Vit—m vat+1—m lahai s6 nguyen lién tiép nén chénh léch ciia ching ding bang 1, suy ra
T <1-1=0.Do dé, hoan vi g nhu trén théa man diéu kién deé bai.

Ta c6 diéu phai chiing minh. O
Nhédn xét. Ta biét rang s6 lugng A; duge néu trong bai chinh la s6 nghich thé. Néu goi Sy la "do
lech" nhé nhét clia song 4nh c6 k nghich thé thi theo két qua & cau b), ta c¢6 day Sy 1a mot day
khong giam. Tt d6 suy ra rang do léch ¢ trén 16n nhat khi s6 nghich thé 13 16n nhat, diéu nay dat

duge khi hai nita cia cac s6 1,2, ..., n duge déi ¢hd cho nhau. O cau a), néu yeu cau tinh s6 song
anh f dé = 2 thi bai toan sé thd vi hon nhiéu. Khi d6, van bang cach truy hoi tuong ti, ta sé
(n—1)(n—2)

¢6 duge cong thic 1a S, = 5,1 +n—2va S3=1 hay S5, =

2

Bai 86. Mot cau lac bo ¢6 100 thanh vién, mdi thanh vién déu quen v6i mot sd thanh vién
khac trong cau lac bo. Chiing minh réng ton tai hai thanh vién ctia cau lac bo c6 sd ngusi
quen chung la s6 chén. (hai ngudi khong c¢6 ngudi quen chung dudc coi la théa man
bai toan).

Loi giai.
Coi mdi ngusi 1a mot dinh trén mat phing, ta c6 cac dinh: Ay, As, ..., Ago. Hai ngudi quen nhau
thi hai dinh dé duge néi véi nhau béi mot doan thang.
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(1) Néu ton tai dinh A, bac 1é. Xét tap X gom cac ngudi quen ctia A,. Trong tap X c6 18 ngudi.
Néu méi nguoi trong tap X c6 1& ngudi quen trong tap X. Suy ra bac ciia cac dinh A; trong
X la bac 1é. Suy ra tong bac ctia cac dinh trong X 1a 16. Ma mdi doan thang tuong tng véi
hai dinh nén c6 chén bac trong X (mau thuan). Do do, ton tai dinh A; thuoc X c¢6 chdn ngudi
quen trong X. Vay A, va A; ¢6 chdn ngusi quen chung,.

(2) Néu khong c6 dinh nao bac 18. Xét A, c6 chdn ngudi quen thudce tap Y. S6 ngudi khong quen
A, 13 56 18 thuoc tap Z. Trong tap Z c6 1é ngudi nén ton tai A; trong Z c6 sd ngudi quen trong
Z 1a chan. Ma bac ciia A; chin nén s6 ngudsi quen ctia A; trong Y 1a chén.

Vay A, vd A; c6 s6 ngudi quen 1a s6 chén. O

Bai 87. Goi M la tap tat cd cac s6 tu nhién ma cac chit s6 ctia né 14 mot hoan vi clia tap
{1,2,3,4,5,6,7}. Sap xép cac phan tit cia M theo tht ty tang dan a; < as < ... < a,, trong
d6 n 1a s6 phan tit clia tap M. Chitng minh rang a; + dpi1—; = g + Gpy1— k,Vl 1< k<n.

Loi giai.
Xét tuong ting f bién mdi x € M thanh 8888888 — x. V6i x € M, x ¢6 dang & = T T2T3T4T526T7 VOi
€{1,2,3,4,5,6,7}. Khi dé

flx)=(8—21) (8 —x2) (8 — x3) (8 — 24) (8 — x5) (8 — x6) (8 — x7).

Do z; € {1,2,3,4,5,6,7} nén 8 — x; € {1,2,3,4,5,6,7} va ngugc lai. Nen x € M < f(x) € M. Hon
nita, v6i z,y € M thiz =y < f(x) = f(y) nén f la mot song anh. Suy ra

{ai,a,...,a,} = M ={f (a1), f (az) ..., f (an)}

Lai ¢6, tit dinh nghia clia f suy ra v6i z < y thi f(z) > f(y) v6i moi z,y € M. Cung véi gia
thiét a; < ag < ... < a, = f(an) < flan1) < ... < f(a 1) suy ra f(a@) = f(api1-;) v6i moi
ie€{l,2,...,n}. Vay a; + a,+1_; = 8888888 v6i moi i € {1,2,..

[

Bai 88.

Cho s6 nguyén duong n. Hinh vuong kich thuéc n x n dugce tao thanh tu
2n(n + 1) doan thang don vi. Héi c¢6 bao nhiéu cach phan hoach céc doan
thang don vi d6 thanh n(n + 1) cap, mdi cip gom 2 doan thang théa man
dong thoi cac dieu kién sau:

1) Trong mdi cap, c6 1 doan thing nim doc va c6 1 doan thing nim ngang va hai doan thing
nay c6 chung dinh (tao thanh mot chit L)

2) Khong c6 2 cip nao ciia phan hoach chita 4 doan thing chung dinh. N6i cach khac, khong
¢6 hai cht L nao c¢6 chung dinh.

(Trong hinh minh hoa 1a4 mot cach phan hoach ding cho n = 2)

L& gii.
Ludi c6 (n + 1)? dinh. Ta goi cdc dinh ma & d6 ¢6 dinh ctia mot chit L 1a dinh néi. Theo diéu kien
khong c6 2 cap nao c6 chung dinh, do d6 s6 dinh ndi bing véi s6 cap, tiic 1a bang n(n + 1).
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Suy ra c6 (n +1)> —n(n+ 1) = n + 1 dinh khong phai 1a dinh ndi. Ta goi cac dinh nay la dinh co
lap. Xét trén 1 hang, vi chi c6 n doan thing nim ngang nén cé téi da n dinh trén hang la dinh néi.
Suy ra trén mdi hang cé it nhat 1 dinh o lap. Tit day c6 thé suy ra dé dang la trén mdi hang, moi
cot c6 dang 1 dinh co lap. Ta goi tap S gom n + 1 dinh ctia luéi duge goi 1a duge phép néu khong
¢6 2 dinh chung hang hoac chung cot.

@ Ta da ching minh dude v6i mdi phan hoach théa man dicu kién thi tap cac dinh co lap cla
phan hoach la duge phép.

@ Ta chiing minh ngudc lai, méi mot tap duge phép sé tuong ting v6i duy nhat mot phan hoach
thoa man dieu kién.

Nguyeén tic xay dung la cac doan thang trén mdi hang sé c6 miii tén quay vé huéng diém co lap.
Sé khong c6 1 doan thang nao duge ding trong 2 chit V vi néu thé doan théng nay sé c6 hai chiéu,
dan dén trén hang hoidc cot chita doan thing sé c6 2 diém, mau thuin vé6i diéu kien cta tap duge
phép. Gia st ¢c6 mot phan hoach khéc véi phan hoach trén. Thé thi sé ¢6 1 doan thang cé mii tén
khac chiéu v6i cach dat mii tén chuan (ta goi l1a doan xau). Khong mat tinh tong quét, gia sit phan
hoach c6 1 doan xau nam ngang. Canh nay sé chi vao diém Q. @Q 1a mot diém ndi, do d6 canh ngang
xuat phat tit Q sé tiép tuc 1a mot canh xau... Ctt nhu thé, ta sé di dén diém R nim & bien duge mot
canh xau chi vado. Tt d6 R 1a dinh ¢o 1ap, mau thuin (canh xau khong huéng vé dinh c¢o lap). Vay
s6 phan hoach théa man diéu kien bang s6 tap duge phép. Dé thay s6 tap duge phép bang (n + 1)!,
do d6 dap sb bai toan la (n + 1) O

Bai 89. Cho M la da giac 16i ¢6 n dinh (n > 4). To d6 n — 3 dudng chéo va t6 xanh n — 3
duong chéo khac sao cho khong c6 hai dudng chéo cting mau ndo cat nhau ¢ mién trong da
giac (giao diém hai dudng chéo bat ki chi tinh 6 mién trong da giac).

a) Véi mdi duong chéo xanh d ta goi Cy 1a s6 cac giao diem clia duong chéo nay véi cac dusng
chéo d6. Cho hai duong chéo xanh d;;d, sao cho phan clia da gidc M nam gitta hai duong
chéo nay 1la mot da giac m dinh. Ching minh rang Cy, + Cy, < 2n —m — 4.

b) Vé6i n = 2k + 1, chiitng minh ring s6 lugng 16n nhat cac giao diém ctia cc duong chéo xanh
va céc dudng chéo d6 clia da giac M ké tren 1a 3(k — 1),

L& giai.
a) C6 n —m dinh con lai cia M nim phia ngoai mién giéi han hai duong thang di; dy. Do d6 c6
nhiéu nhat 1& n —m — 1 duong chéo do cit dy; ds tai hai diém (cu thé 1ay mot lugt chay theo hinh

zich zac tit A dén B).
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Vi tong s6 dusng chéo xanh la n — 3, do d6 con lai tuong tng m — 2 duong chéo ma chi cit dy; ds
tai mot diem. Do d6 Cy, + Cy, <2(n—m —1)+m —2=2n—m — 4.

V6i cac duong chéo di, ds, ..., d,_5. Ta xay dung hai duong chéo d;dy dé chia da giac M thanh
hai tam giac va (n — 2)-gidc. Tiép tuc ké ds;dy dé chia (n — 2)-gidc nay thanh hai tam gidc va
(n — 4)-giac. Ci tiép tuc lam nhu thé cho dén khi khi chi con lai mot tam gidc 6 gitta béi vi n
1¢ (xem hinh vé& phia dudi). Ta c6 n — 3 = 2k — 2 = 2 (k — 1). Hon nita, & giita hai duong thang
dos—1;dos c6 la n — 2s dinh v6i 1 < s < k — 1. Theo y a) thi ta c6

Coyey T Cap. <2n—(n—2s) —4=n+2s—4=2k+2s—3

Do d6, s6 giao diém la

01 + CQ + 03 + 04 —+ ...+ 023_1 + 023 + ...Cgk_l + Cgk

E

< ST (k25— 8) = (2 —3) (k1) +2

k(k — 1)

5 =3k — 6k +3=3(k — 1)°

@
Il

Bay gio ta chi ra gia tri 16n nhat d6 dat dugc. Xét da giac Ay As...Agyr. To mau dé cac duong
chéo A1A; véii=3,4,.. k+1va Ay A; v6i j = k+3,k+4,...,2k + 1 mau dé. Con lai ta to
mau xanh cac duong chéo Ay A; v6i i =k + 2,k +3,...,2k + 1 va Ap0A; v6i j = 3,4, .., k.

Cu thé mot phép t6 mau v6i n = 13 thi kK = 6 nhu sau

Minh hoa cho chia da giac 13 dinh
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Minh hoa cho da gidc 13 dinh max giao di¢m.

Bai toan dugc giai quyét. O

k
Bai 90. Cho tap M = {1, 2, ...,40}.Tim s6 nguyén duong k nhoé nhat sao cho M = U A, AN
i=1
A; = ¢ va khong ton tai 1 < ¢ < k sao cho ton tai a,b,c € A; (a,b, c khong nhat thiét phan
biet) ma a + b = c.

Loi giai.
Gid st M = X UY U Z thoa man bai toan |X| > |Y| > |Z| = |X| > 14. Dat X = {21, 2, ..., z/x|},
gid st o1 < wy < ... < x)x| suy ra day xy, 79, ...,7x|, T2 — T1,¥3 — 1,...,7x| — 21 chita cic sO

nguyén duong thuoc M. T d6 ta ¢6 2|z| — 1 < [M] =40 = |X| < 20. S6 cap (z,y) € X X YV la
1 .
X|1Y] > 5 1] (40 — [X]), ma

1
14 < X[ <20 = [X||Y] > min{5 - 14 (40 — 14); -20(40—20)} =182

N | —

Ma tong hai s6 bat ki thuoc doan [2;80] = x + y nhan 79 gia tri do 182 > 2.79 nén ton tai cic cap
sau

<x17 3/1) ) (.’]72, y?) ) (I’g, ZJS) ) (.’174, 3/4>
sao cho 1 +y1 =20+ 1y #F 23+ y3. Gla st xy < xy <23 = y; > Yo > ys = VI < 5 < k thi

xk—ijM,xk—atj¢X,yk—yj€M7yk—yj¢Y

Dita=2s — 21 =y1 —yo;b =23 — 20 = yo — y3;c = x3 — 1 = y; — y3, t day ta c6 a,b,c € Z va
a+b=c= voly. Vay k > 4. Ta sé chiing minh k,;, = 4.

. 1 . . , -
Tong quat. Tap S = {1,2, g (3 — 1)} c6 thé phan hoach thanh % tap roi nhau thoéa man

a,b,c € Z cung thuoc mot tap thi a + b # c.
N

Chimg minh. Ta ¢6 a; € {0,1,2} Vi € N, a; = O0Vi > k. (ayay_1...a1a0) = Y _ ;3" day la biéu dién
=0
tam phan cia m = (ayayn_1...a1a¢). Ta phan hoach S nhu sau
@) Néum = (...aza1a0) ,a0 = 1 thi m € Ay.

(2 Néu m = (...axa1a9) ,a0 # 1 thiton tai l > 1:a;_1 # 0,a; = 0 ta chon [ nhé nhét c6 tinh chat
d6 xép m € A,
Bay gio ta sé chitng minh rang néu my, my € A; = my + my & A;.
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(3 Néumy,my € Ag = my +mg & A; vi my +my = (...aa,2).

(@) Néumy,my € A (I>1)thi | 011...1 | <my,my < |100..0 |, suy ra

1 sb lsb

022..2 | <my+me < |200..0 | = mq+ms=(...a0a1a0)

[ sO l sO

L 1 1 )
ma a; = 1 = my +my ¢ A;. Nhan thay ring m = 3 (3F—1) € Ap,Vm:1<m < 3 (3% — 1) thi chac

chan trong biéu dién ctia m c6 it nhat mot chits6 0§ vitriay, (¢ <k —1) = m € Ay, Ao, ...y, Ap1 =
vm € S déu thuoc A; nao d6. Vay phan hoach trén théa méan. O

Bai 91. Dat S = {(a,b,c,d)|a,b,c,d € N}. Anh xa f di tit S vao S duge dinh nghia béi
VX = (a,b,c,d) € S: f(X)=(Ja=b|,|b—c|,|c—d|,|d— al).
Chitng minh rang v6i moi X € S thi:
(@ f4(X) 1a bo gom toan nhing s6 chan,
(2) ton tai s6 tu nhién n sao cho f,(X) = (0,0,0,0).

(Trong d6 f1(X) = f(X), fu(X) = f(fa-1(X)),Vn > 2.)

L&i giai.
@ Dé y ring |a — b| = a+ b (mod 2). Suy ra

f(X)=(a+bb+c,c+d,d+a) (mod?2),
fo(X)=(a+c¢,b+d,c+a,d+b) (mod 2),
fs(X)=(a+b+c+dija+b+c+dija+b+c+dya+b+c+d) (mod 2),
f2(X) =(0,0,0,0) (mod 2).

(2) Nhan xét rang f(2X) = 2f(X). Ta ki hiéu m;, 14 s6 16n nhat trong 4 thanh phan cta fi,(X).
RG rang my = myy1. Tt hai § trén, két hop véi cau 1), ta suy ra day
e T s
0 2 ) 4 3t zk y e
1a day gom cac s6 tir nhién, khong tang. Nén néu my, > 0,Vk thi day trén 1a day gidm thuc
sy, vo li. Vay ton tai my, = 0 véi k nao d6. Ta thu duge diéu phai chiing minh.

Bai toan dudgc giai quyét. O

Bai 92. Cho tap S = {1;2;...;2017} va Ay, Ay, ..., Ay 1a céc tap con clia S sao cho véi moi
1 <i<j<kcoding mot trong cac tap A; N Aj, A; N Ay, Ay N A% AL N A% la tap rong. Tim
gia tri 16n nhat c6 thé c6 ctia k. (V6i A C S, A’ ki higu 14 phan bu ctia tap A trong S).

Loi giai.
Goi k 1a gia tri 16n nhat c6 thé c6. Khi d6, bang phuong phap quy nap, ta sé ching té ring néu
S ={1;2;...;n} thi k = 2n — 3. Trudc hét ta thay rang cac tap

{1}, {2}, ..., {n}, {1;2},{1;2;3}, ..., {1;2;... ;n— 2}
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gdm 2n — 3 cac tap con cia S thoa man diéu kien bai toan. Véi n = 2, 16 rang k = 1. V6i n = 3 dé
dang kiém tra dugc rang k < 3 va cac tap {1}, {2}, {3} thda diéu kieén dé bai, nén suy ra k = 3. Gia
thiét quy nap rang két qua dung véi n—1 > 3 (thi & = 2n—5). Ta can chitng minh két qua cling ding
véi cac tap S = {1;2;... ;n}. Theo nhan xét ban dau suy ra k > 2n — 3. Goi M = {Ay; Ay; ... ; Ay}
1a tap c6 sd phan tit nhiéu nhat thdéa man dicu kién ctia bai todn. Ta nhan xét rang:

& Tap @ va S déu khong thuoe M.
@ Néu ton tai i sao cho 1 >4 > n ma {i} hay {i}’ khong thudoc M thi ta c6 thé them mot trong
cac s6 nay vao M dé md rong tap M.
@ C4 hai tap {i} va {i}’ khong thé cting thudc tap M, do d6 chi c6 ding {i} hodc {i}’ thuoc M.
, n .
Vi vay ta c6 the gid st |4;| < B vl moi 1 <7 < n.
Do 2n — 3 > n, nén trong M c¢6 mot tap c6 s6 phan tit 16n hon hodic bing 2, vi thé ta cé thé chon

mot tap A € M sao cho |A| = 2 va |A| < |X] véi moi X € M ma |X| > 2. Khong mat tinh tong
quat ta gia stt 1,2 € A. Khi d6 xét bat ky tap B € M khac {1}, {2} va A.

® Néu ANB =2 thi 1,2 € B.
@ Néu ANB' =@ thi AC B.
™ Néu A'NB =@ thi B C A vakhidé |B| =1, theo cach chon A valay B € M, suyral,2 ¢ B.

. . . -1
™ Néu A'NB’' = @ thi AUB = S. Khi d6, néun lasd 1é thido |Al, |B| < z taco |[AUB| < n—1
(v6 1i); khi n 1a s6 chin thi chi c6 mot trusng hop co thé xay ra dé la |A| = |B| = g, nhung

khidé B=A"va ANB =g, suyral,2¢ B.
Do vay ta két luan {1;2} C B hodc {1;2} N B = @ v6i moi B € M, khac {1},{2} va A. Khi do,
bang cach loai bd {1} va {2} tit M va loai b6 1 tit moi phan tt cia M ta nhan duge mot tap M méi
ting v6i n — 1 phan tt ctia tap hop S = {2;3;... ;n}. Theo gia thiét quy nap ta c6 k —2 < 2n —5
ma k > 2n — 5 nén ta duge k = 2n — 3. Vay khi n = 2017 thi gia tri 16n nhat can tim c6 thé cé cla
klak=2-2017— 3 = 4031. [

Bai 93 (A Rap, 2015). Muoi dinh cia da gidc déu 20 canh A A, ... Ay duge t6 den va cac
dinh con lai dugc to trang. Xét tap hgp S bao gom dudng chéo A; A, va tat ca cac dudng chéo
c6 cing do dai v6i n6. Chitng minh rang trong S, sé dudng chéo c6 hai dau mit cling mau den
bing véi s6 dudng chéo c6 hai dau miat cting mau trang. Tit do tim tat ca cac gia tri c6 thé co
clia hai duong chéo c¢6 hai dau mut cing mau den trong S.

L&i giai.
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Ki higu nhu hinh vé&, vi ged(20,3) = 1 nén cac dudng chéo thuoc S c¢6 thé tao thanh mot day di qua
hét tat ca cac dinh clia da gidc da cho. Vi méi dinh t6 den hodc tring nén ta c6 thé chia chiing thanh
cac nhom gom cac dinh den lién tiép va cac dinh trang lien tiép. Ro rang mot nhém den ndm gitta
hai nhém trang va mot nhom trang ndm gitta hai nhém den. Suy ra s6 lugng nhém trang va nhom
den bang nhau, dat 1a k. Trong mot nhém c6 kich thude 1a a thi s6 duong chéo 1a a — 1. Tit d6, tinh
tong cac duong chéo trong cdc nhom trang va den, ta cé tdng s6 duong chéo c¢é hai dau miat den va
trang ciing bang 10 — k. Tir d6 ta thay s6 dudng chéo d6 c6 thé nhan céc gia tri 1,2,3,...,10. O

Bai 94.
1. Cho da giac déu A; As...Asg17. C6 bao nhiéu tam giac nhon c6 dinh 1a dinh ctia da giac trén?

2. Cho 2n + 3 diém phan biét trén mat phing sao cho 3 diém bat ki khong thang hang va 4
diém bat ki khong ciing ndm trén mot dudng tron.

(a) Chitng minh ton tai duong tron (C) di qua 3 trong s6 cac diém trén sao cho trong cac
diém con lai c¢6 n diém ndm trong va n diém nam ngoai dudng tron.

(b) Xét 2n diém da cho va khong thude dudng tron (C'), ndi tat ca cidc doan thang c6 dau
miit 1 2 trong s6 cac diem nay. Cac doan thang nay va dusng tron (C) c¢6 thé c6 nhiéu
nhét bao nhiéu diém chung?

L&i giai.

1.

2.

Ta c6 tam gidc A;A1A; la tam gidc tu tai Ay khi va chi khi trén cung A;A; khong chita A; chita
it nhat 1008 diém con lai. R _ n

Goi z1, 2, x3 la s6 dinh thuoc cac cung A;A;, A1A;, AjA; (theo chiéu kim dong ho) khong tinh
diém mut. Do d6 sb tam giac tit ¢6 dinh A; 1a s6 nghiém ctia hé

T+ Ty + T3 = 2014
T1, To, T3 € N*
x3 = 1008

. ) , . (1008 . N
Theo bai toan chia keo Euler ta ¢6 s6 tam giac tu ¢6 dinh A; la ( 5 ) Suy ra sO tam giac tu

1008 . . N
la: 2017. 5 |- Vi 2017 1a s6 1é nén khong c6 tam giac vuong. Do d6 so tam giac nhon can tinh

2017 1008
12 — 2017. :

(a) Nhan thay ton tai dudng thang di qua 2 trong s6 cac diém da cho sao cho tat ca cac diém
con lai ndm cling phia so v6i duong thing nay, gia stt duong nay di qua A, B. Tinh tat ca cac
gbéc ma cac diem con lai nhin A, B. Do khong c6 4 diém ciing thuoc duong tron nén khong cé
2 géc bang nhau, khi d6 ta c6 thé gia st cac diem con lai la X7, Xy, -+, Xpp1, -+, Xonst
thoa man o -

AX1B< AXsB < --- < AXy, 1 B.

Xét duong tron di qua ba diem A, B, X,,.1. Do cac diem X;, Xo,--- , X,, nhin AB dudi mot
goéc nhoé hon géc noi tiép chin cung AB nén cac diém nay ndm ngoai duong tron. Tuong tu
cac diem X, 41, -, Xonqq nam trong duong tron. Tit d6 ta c6 diéu phai ching minh.
(b) N&i cic doan thang, c6 3 loai
™ Doan c6 dau mit 1a 2 diém ndm trong dudng tron thi khong c6 diém chung véi dudng
tron.
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® Doan c¢6 1 dau mit ndm trong va 1 dau mat nim ngoai thi mdi doan c¢é dang 1 diém
chung véi dudng tron. Cé tat ca n? doan nén c6 n? diém chung.
™ Doan c6 2 dau mit nam ngoai dudng tron. Moi doan nay c6 nhiéu nhat 2 diém chung

v6i duong tron. Co tat ca <2) doan nén co6 it nhat 2. <2) diem chung.

Ve I Ve n 2 Z .-,
Vay s6 diém chung it nhat n? + 2. (2) Ta chi ra cach dung dé c6 dau "=". Duyng da giac

16i c6 n dinh ma méi canh cit dudong tron tai 2 diém. D& thay bat ki dudng chéo nio clia
da giac ciing cit duong tron tai 2 diém. Xét them n diém bat ki trong dudgng tron sao cho n
diém nay ciing véi cac dinh clia da giac théa man diéu kién bai toan.

U

Bai 95. Cho P = {P,, P, ..., Py} 1a tap hop gom 2017 diém phan biét nam trong hinh tron
tam P, ban kinh bang 1. V6i méi k = 1,2,...,2017 dat x;, 1a khoang cach nhé nhat tit P, dén
mot diem ctia P (khac By). Chting minh rang 22 + 22 + - - - + 23y, < 9.

Loi giai.

Véi 5161 Pj trong P, vé dudng tron chiia diém P; c¢6 ban kinh % Ta sé chiing minh khong c6 bat ky
hai dudng tron nao trong ching cit nhau tai hai diém phan biet. That vay, gia sit c6 hai duong tron
tam P;, va P;, cit nhau tai hai diém phan bigt thi Py, P;, < % + % nhung diéu nay khong xay
ra vi P; P;, khong nho6 hon z; va zj,. Vi Py la tam ctia dudng tron cho trude ¢6 ban kinh bang 1

nén moi z; khong vuot qua 1 va do dé méi dusng tron vé thém cé ban kinh khong vugt qua % Gia
st A; 1a diém nim trong duong tron méi véi tam P;. Ta c6 A;P; < %; Py P; < 1 nén theo bat ding
thic tam giac thi A;P; < ; Diéu nay chiing t6 cac diém ctia P nam trong cac dudng tron méi va
do d6 ndm trong duong tron tam P, ban kinh ; va cac duong tron mdéi nay khong giao nhau nén

cling nam trong dudng tron tam P; ban kinh 3 Do d6

T 2 To\ 2 T 2 3\
(3 er (3 e () n () =t st

Bai toan dugc giai quyét. O

Bai 96. S6 20162017 khi viét trong hé nhi phan c6 dang 1001100111010010111100001. Day 1a
mot day s6 nhi phan c6 cac tinh chat sau

& C6 6 cap 00.
& C6 6 cap 11.
& C6 6 cap 10.
& C6 6 cap 01.

Hoi c6 tat ca bao nhiéu s6 tif nhién khi viét trong hé nhi phan ciing ¢6 cac tinh chat nhu trén?

Loi giai.
Ta ki hiéu mot day cac s6 1 lién nhau 13 day A va day cac s6 0 lién nhau 1a day B. Khi do, theo dé
bai thi ddy s6 nhi phan théa man dang ABABABABABABA gom 7 day A va 6 day B (cht ¥ rang
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ta khong can xét truong hgp B dimg dau). Ro rang trong mot day c6 do dai k thi tao thanh k — 1
cap (00 hogc 11) nén s6 lugng s6 114 6 + 7 = 13 va s6 lugng s6 014 6 + 6 = 12. Goi xq, 29, ..., 27

. 12
la do dai cac day A thi x1 + 29 + - -+ + 27 = 13. SO nghiém duwong ctiia phuong trinh nay la (6)
11 .
cung chinh la cach tao thanh cac day A. Tuong tu ta tim duge < . ) cach tao thanh cac day B. Moi

diay A, B nhu trén cho ta ding mot day nhi phan, vd mdi day nhi phan ciing cho ta ding mot s tu

. . 12\ /11 | .
nhién thdéa man de bai. Vay co tat ca ( 6 ) ( 5 ) so nguyén duong thoa man de bai. O

Bai 97.

(1) Cho S la tap gom 2017 s6 nguyéen to phan biet va M 1a tap gom 2018 s6 tit nhién phan
biét sao cho méi s6 trong M déu khong la s6 chinh phuong va chi ¢6 u6c nguyén t6 thuoc
S. Chtng minh réng c¢6 thé chon ra trong M mot s6 s6 c¢6 tich 1a mot s6 chinh phuong.

@ C6 32 hoc sinh tham gia 33 cau lac bo, mdi hoc sinh c¢6 thé tham gia nhiéu cau lac bo
va mdi cau lac bo c6 ding 3 hoc sinh tham gia. Biét rang khong c6 2 cau lac bd nao c6
3 hoc sinh giong nhau. Chitng minh ring c¢6 2 cau lac bo chung nhau ding 1 hoc sinh.

L&i giai.

(1) Sé tap con phan biét khac tap réng ctia M 14 22018 —1 Goi cac tap con dé 1a My, My, ..., Myo1s_;va
a; 1a tich phan ti ctia M; Gia st cac phan tit cia S 1a p; < P» < ... < pao17. Ta viét cac tich
a; du6i dang a; = bfplf”pg”...p%ﬁ%”, trong d6 k;; € {0;1}. Ta c6 29" —1 b0 (kiy, kiy, -, Kinorr)s
va do k;; € {0;1}, nén ¢6 t6i da 2°°'7 bo phan biet. Do d6 ton tai 2 bo trung nhau, gid st 2
bo d6 tng vé6i hai tich a,,, a,. Khi dé tich a,,.a, 1 s6 chinh phuong. Bay gio ta chi can bd céc
phan ti thuoc giao ctia M, va M, ta con lai cAc phan ti khac nhau ma tich 14 mot sé chinh
phuong. Do d6 bai toan duge chiing minh.

(2) Gia stt khong c6 2 cau lac bo nao chung nhau ding 1 hoc sinh Néu mdi hoc sinh tham gia ding
3 cau lac bo thi c¢6 tat ca 32 cau lac bo, mau thuan. Suy ra c6 hoc sinh tham gia nhiéu hon 3
cau lac bo, gid st 1a A tham gia cau lac bo thit 1, 2, 3 va 4. Xét cau lac bo dau tién c6 A, B
va C. Cau lac bo thit 2 ¢6 ding 1 trong B hosic C, gia st 1a A, B va D. Néu cau lac bo thit
3 khong c6 B thi phai ¢6 cd C va D, nghia la c6 A, C va D. Khi d6 khong ton tai cach chon
cau lac bo thit 4. Suy ra cau lac bo thi 3 ¢6 B, khi d6 ¢6 A, B va E. Lap luan tuong tu ta suy
ra cau lac bo ¢6 A thi c6 B va ngugce lai ¢c6 B thi c6 A. Giad sit A tham gia k cau lac bo thi B
cling tham gia k cau lac bo. Mdi hoc sinh con lai chi tham gia nhiéu nhat 1 trong k cau lac bo
nay va néu hoc sinh dé ciing cau lac bo v6i A, B thi khong tham gia cau lac bo nao nita (néu
C' tham gia 1 cau lac bd khac thi cau lac bo dé chung v6i A, B, C ding 1 hoc sinh C', trai gia
stt). Lac nay con 30 — k hoc sinh tham gia 33 — k cau lac bo. Lap luan lai tit dau (do 30 — &
nh6 hon 33 — k), ton tai hoc sinh tham gia nhiéu hon 3 cau lac bo. Qué trinh dién ra vo han,
diéu nay 1a vo 1i do ta c6 hitu han hoc sinh va hitu han cau lac bo. Bai toan c6 thé tong quéat:
C6 n hoc sinh tham gia n + 1 cau lac bo, mdi hoc sinh c6 thé tham gia nhiéu cau lac bo va
mdi cau lac bo c6 ding 3 hoc sinh tham gia. Biét rang khong c6 2 cau lac bo ndo cé 3 hoc sinh
giong nhau. Chitng minh ring c6 2 cau lac bo chung nhau ding 1 hoc sinh.

Bai toan dugc gidi quyét. U

Bai 98 (Viét Nam, 2014). Cho da gidc déu 103 canh. To mau d6é 79 dinh cta da gidc va to
mau xanh cac dinh con lai. Goi A 1a s6 cac cip dinh dé ké nhau va B 1a s6 ciap dinh xanh ke
nhau.
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(@ Tim tat ca cac gia tri ¢ the nhan duge cia cip (A, B).

(2) Xac dinh sb6 cach t6 mau cac dinh ctia da giac dé B = 14. Biét ring hai cach t6 mau
dugc xem 1a nhu nhau néu chiing c6 thé nhan duge nhau qua mot phép quay quanh tam
clia duong tron ngoai tiép da gic.

L&i giai.

(@) Goi k 1a s6 day gom cac dinh lién tiép dude t6 xanh va bi chin hai dau béi dinh mau doé va h 1a
s6 day gom céac dinh lién tiép duge t6 dé va bi chian hai dau béi dinh mau xanh. Dé thay gitta

2 day do 1a 1 day xanh va gitta 2 day xanh 14 1 day dé nen h = k. Goi ay, as, . . ., ai 1a s6 luong
k

cdc dinh trong cdc day xanh; by, by, ..., by la s6 hugng dinh trong cac day d6 thi Y a; = 24,

i=1
k

Z b; = 79. Ngoai ra, rd rang néu mot day cuing mau c6 s6 lugng ¢ thi c6 t — 1 cip dinh lien
i=1

:
tiép cing mau. Suy ra A = Z(ai —1) = 79—k va tuong tu B = 24 — k. Do d6, cac cap (A, B)

i=1
sé c6 dang (79 — k, 24 — k) v6i 0 < k < 24. C6 tong cong 25 cap nhu thé.

(2) Do B = 14 nén theo déng thiic da xay dung & trén thi 14 = 24 —k < k = 10. Nhu thé, c6 tong
10

cong 10 day xanh va 10 day dé. S6 nghiém nguyén duong ciia cadc phuong trinh sau Z a; = 24,
i=1

10
. 23 78 . .
Z b; = 79 lan luct 1a <9 ), < 9 ) Do xép trén mot vong tron nén chi xét vi tri tuong doi
i=1

ctia nhom vé6i nhau chit khong xét vi tri ¢6 dinh ctia titng nhém.

) . 1 (23) (78
Vay s6 céch to can tim la — . 0
ay SO cac O can 1ma10<9)<9)

Bai 99. Cho tam gidc déu (T'). Trén mdi canh ctia (T) lay n diém (n > 1,n € N) sao cho n
diém do6 chia canh nay thanh n + 1 doan thing c6 do dai bang nhau. N6i cac diém da lay bing
cac doan thang song song vdi cac canh ctia (T') (chang han v6i n = 3 ta vé duge nhinh bén
duéi). Goi S, 1a s6 tam gidc déu trén hinh vé thu duge. Tinh S, theo n.

JAVAVAVAN

L& giai.
V6i moéi n > 1 ta c6 S,y € gom:
~ S,
) 2 3
@ S6 tam gidc ¢6 dinh huéng "len" (n+2)+ (n+1)+...+1= (n+ )2(n+ )
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@ S6 tam gidc c6 dinh huéng "xuéng"

3+(_1>n+1 (n+1)(n+3)+1+(—_1)n

m+1)+Mn—-1)+m-3)+...+ 5 _ - 2

(n+2)(3n+2) N 1+ (=1)"!

Suy ra S, = S,_1 + 3

,Vn >2v6i S =5. Ta co

n

Sp =Y (Sk—Sk-1) + S

((k+2)(3k+2) 1+ (—1)’f—1)
+ +
8

Sl

o

=2

32k2+82k+21>+% +% (=)' +5
k=2

»Moo pbl»—

k=2 k=2
)2n+1) n(n+1) 9n—1) 14 (-1)"
= — 1 - 5
6 } 2 + 8 16 +
1 1 n+1
2n3 + 11n? +18n+8+#
= 2 Vn > 1.

8

Ngoai cach giai trén, ta cé thé tach rieng truong hop chin 1é nhu sau:
2n + 2
52n252n_1+< 5 )—|—1+2+3+...—|—n+n+(n—1)+...+1
2

2n+ 3
2

2 2
= Sop_1 + ( n )+n(n+1),Vn>1.

Sgn+1:32n+( )+1+2+3+...+n+(n+1)+n+(n—1)+...+1

2 3
= Son + ( n; )+(n+1)2,vn>1.

Suy ra Sopq1 = Sop_1 + 602+ 11n+5,Vn > 1.
>

17 23
Do vay Sopyq = 2n3 + ?77? + 5 +5,Vn > 1.
11 9
Tu d6 thay ngudc lai ta cling ¢6 Ss,, = 2n3 + EnQ + 3" +1,vn>1
Chay S; =5, 9 =13, 53 =27, 5, =48, 55 =78, S¢ = 118. O

Bai 100. Mot cau lac bo toan hoc t6 chiic cac giai ddu cau long giao hitu don, mdi van dong
vien sé thi dau cac tran dau don vé6i van dong vien khac (khong quan tam dén két qua thing
thua). Ta goi chi s6 clia mot van dong vién 1 s6 tran ddu ma van dong vién dé tham gia thi dau.
Truée mdi gidi dau ban to chiic dua ra mot diy s6 nguyén duong tang ngit (a1, ;as;. .. ;ax)
va lich thi dau theo méa s6 dé cac van dong vien boc tham ma sé va thi dau. Cudi giai ban t6
chiic sé trao ki niem chuong cho cac van dong vién c6 chi s6 thuoc day s6 da cho. Mot s6 hang
clia day s6 ban dau dudc goi 1 “s6 hang dep” néu c6 it nhat 1 van dong vién c6 chi s6 bang s6
hang dé. Mot giai dau “dep” néu moi sé hang cia day s6 ban dau déu la “sdé hang dep”.

(1) Tao mot lich thi dau cho gidi dau “dep” cho gidi ddu c6 6 van dong vién tham gia (danh
s6 cac ma A, B,C, D, E, F) va day sd ban dau 1a (1;2;3;4;5) theo mau
Ghi chu:
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- Néu van dong vien A thi dau véi van dong vien B thi cac 6 giao nhau gitta hang A,
cot B va hang B, cot A déu danh dau X.

- Néu van dong vien A khong thi dau véi van dong vien B thi cac 6 giao nhau giita
hang A, cot B va hang B, cot A déu bé trong.

(2) Chiing minh ring véi day s6 cho trude luon cé thé xép lich thi dau cho giai dau “dep”
c6 ap + 1 van dong vién

L& giai.

(@ Tao mot lich thi dau cho gidi dau “dep” cho giai dau c6 6 van dong vien tham gia (déanh s cac
ma A, B,C, D, E, F) va day s6 ban dau la (1;2;3;4;5) theo mau. Hoc sinh chi can dién dung
lich thi dau

A B C D FE F
A X | X | X | X
B X | X
C X
D
E
F
Bay gig, ta chiing minh v6i day s6 (ay;as;...;a,) cho trude luon co thé xép lich thi dau cho

gidi dau “dep” c6 a;, + 1 van dong vien. M6 hinh hoa dang do thi: méi van dong vién tham gia
14 mot dinh, hai van dong vién thi dau v6i nhau ta c6 mot canh. Ta chitng minh rang day s6
(a1;as;...;ax) cho trude co thé xay dung mot do thi gom ag+1 sao cho véimdii € Z,1 <i < k
luon ton tai mot dinh ctia do thi ma deg A = a; bang phuong phap quy nap theo k. Véi k = 1:
danh s6 cac dinh ctia do thi 1a By; By;. . .; Bg, 41 va néi dinh By, 1v6i tat cd cac dinh con lai ta
thu duge do thi thoa diéu kien deé bai. Vi k = 2: danh s6 cac dinh ctia d6 thila By; Ba; .. .5 Bayi1
va no6i dinh B,, 1 v6i tat ca cac dinh; dinh B,, v6i cac dinh By; Bs;. . .; By, 1 ta thu duge do
thi thod diéu kieén dé bai.

(2) Gia stt n6 diing v6i moi gia tri nho hon k,Ta chiing minh ding khi & > 3 : danh s6 cac dinh
clia do thi 1a By; By;. . .; B, 11ta chia tap dinh lam 3 tap hop

Si=1{BlieZ,1<i<a
Sy ={Bili € Z,a1 +1 <i < ap1 +1}
Ss={Bili € Z,ar_1+2<i<a+1}
151 =a
Taco ¢ |Ss| =ap_1 —a; +1 . Theo gia thiét quy nap ta c6 thé xay dung do thi trén cac dinh
|S3] = ar, — (ag—1 + 1)

thuoc Sy sao cho nhan tat ca cic sd hang ciia day (ay — a1;a3 — as;...;ax_1 — as) lam bac.

(a) N6i mdi dinh ctia Sy véi tat ca cac dinh cta S; trit dinh By:c6 a; — 1 dinh.
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(b) N6i dinh B; véi cac dinh con lai trong S.
(c) Néi dinh B,, 11 v6i tat ca cac dinh khéc.

. Pe Pe deg Bl = al N Pe 2 £ e z £ 2 ~
Khi dé ta co va cac dinh thude Sy nhan tat cé cac s6 hang cia day (ag; as; .. .;ap_1)
eg B, +1 = ax
lam bac.
Bai toan dudgc giai quyét. 0

Bai 101 (Vietnam TST 2014). Trong mit phang toa do vuong géc Ozy, xét cac diém nguyen
¢6 toa do thudc tap hgp sau

T = {(z;y) : =20 < =,y < 20, (z;y) # (0;0)} .

T6 mawu cac diém thuoc T sao cho véi moi diém c6 toa do (x,y) € T thi c6 ding mdot trong hai
diém (x;7y) va (—z; —y) dudc t6 mau. V6i moi cach to nhu thé, goi N 186 cac bo (x1;y1), (2; yo)
ma ca hai diém nay ciing dugc t6 mau va 11 = 22,91 = 2y, (mod 41). Tim tat c cac gid tri
c6 thé c6 ctia N.

L&i giai.

Truée hét, ta chuyén bai toan tit 2 chiéu thanh 1 chic¢u. Ta c¢6 2!° = —1(mod 41) nén 40 s6 nguyén
khac 0 c6 gia tri tuyet doi khong vict qua 20 c6 thé chia thanh 2 day, méi day c6 do dai 20 sao cho
néu sé6 hang dau chia 41 du « thi s6 hang sau chia 41 du 2z. To6 mau cac s6 clia day sao cho ctt 2 s6
d6i nhau thi c¢6 ding 1 s6 duge to6 mau. Ta quan tam dén s6 lugng cac cip s6 lién tiép cuing duge to
mau trong ddy. D& thiy 22° = 1(mod 41) nén néu thém s6 hang dau ctia méi day vao cudi thi day
méi gom 21 s6 van théa méan tinh chéat trén nén ta c6 thé chuyén thanh vong tron va phat biéu lai bai
toan nhu sau: Cho da giac déu 20 dinh noi tiép trong mot dudng tron sao cho trong 2 diém déi xting
qua tam thi ¢6 ding 1 dinh duge t6 mau. Tinh s6 cac cap dinh lien tiép duge t6 mau c6 thé c6. Véi
n 1 s6 chin, goi S, 1a tap hop s6 cac cap ké nhau ciing dude to6 mau cé thé cé cia da giac c6 n dinh.
Ta sé& chiing minh bang quy nap rang Sy, = {2k + 1|10 <k <n—1} va Sy, o = {2k|0 < k <n—1}.
Diéu nay c6 thé chitng minh bing quy nap nhu sau Vi n = 2 thi dé thay nhan xét ding. Gia st
nhan xét ding dén n > 2. Xét da giac c6 4n + 2 dinh. Da giac nay c6 thé tao thanh bing cach them
dinh A vao gitta hai dinh tha 2n,2n + 1 va thém dinh B vao gitta hai dinh tht 4n,1. Ta xét cac
truong hop

(@) Néu dinh 2n,2n + 1 déu dudc t6 va A khong duge to thi tuong ting: dinh 4n, 1 khong dudc t6
va B dugc to6. Ltc nay, s6 cap ké nhau ciing duge to giam di 1.

(2) Néu dinh 2n,2n + 1 déu duge t6 va A ciing dude to thi tuong tng: dinh 4n, 1 khong duge t6
va B khong dugce to. S6 cap ké nhau tang len 1.

(3) Néu trong hai dinh 2n,2n + 1 ¢6 1 dinh dugc t6 va A ciing duge to thi tuong ing: trong hai
dinh 4n,1c6 1 dinh duge t6 va B khong dude t6. S6 ciap ké nhau tang lén 1.

(@) Néu trong hai dinh 2n,2n + 1, ¢6 1 dinh dugc to va A khong dugc to thi tuong ting: trong hai
dinh 4n,1 ¢6 1 dinh dugc to va B duge to. S6 cap ké nhau tang len 1.

Do dé, S4n+2 = {I + ]_|Z‘ € S4n} hay S4n_|_2 = {2]{?’0 <k < n} Tu?dng ty, ta cung co S4n+4 =
{x £ 1|z € Syny2}. Tat nhién khong xay ra trudng hop Siuis c6 chita s6 —1 vi dé c6 trudng hop 0
cap sO & 4n + 2, cac dinh phai dude t6 xen ké va truong hop gidm di s bo khong xay ra, suy ra
Sin+a = {2k + 1|0 < k < n}. R6 rang trong cach ching minh trén, ta cing da chi ra dugce cach xay
dung cac truong hgp dé c6 thé t6 mau théa man dude tat ca cac gia tri trong tap hop tuong tng.
Nhan xét duge chiing minh. T d6 suy ra Sy = {1,3,5,7,9}. Do d6, két qua cho bai toan phu sé
Ia 25y v6i dinh nghia 25 = S + S = {a + bla,b € S}. Quay trd lai bai todn ban dau, dé chuyén tit
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1 thanh phan z ¢ tren thanh 2 thanh phan (z,y), ta c6 thé thyc hien nhu sau: Ung véi mdi vong
tron chita cac s6 thuoc diy A, ta lay mot vong tron méi cling gom céc sd thuoc day A dat len do
sao cho mdi s6 thuoc duong tron cii khép véi ding mot s6 thuoc duong tron mdéi. Viét cic cip sb
khép nhau thanh mot day, day dé chinh 1a day cac toa do diém ma lién sau ctia (2, y1) 1& (221, 2y1)
theo mod 41. Dé& thay c6 tat ca 20 cach ghép nhu thé (c6 dinh vong tron cii va xoay vong tron mdi).
Tuong ti véi viee ghép cac day A — B, B — A, B — B nén c6 tong cong 1a 80 cach ghép tao thanh 80
day. Tuy nhién, ta ciing xét them 4 day dic biet, tuong tng véi cac diém nim trén truc tung va truc
hoanh. Cu thé 1a xét them day C gdm 20 s6 0 va xét 4 cach ghép: A—C,C — A,B—C, C — B. Do
dé, tong cong c¢6 84 day cac toa do. Theo chitng minh & trén thi ¢ mdi day, s6 cac cip cé thé co la
Sy vay nén dap so clia bai toan 1a 845y, ciing chinh 13 cac s6 chn tit 1 -84 = 84 dén 9 - 84 = 756.
Mot cach tu nhién khi ta lay «,y thi nghi dén viec tim 2z, 2y thay vi ngudc lai 1a xét cac diém ciing
dugc t6 mau). Tt d6, khi biét cac s6 ¢ the xoay thanh 1 vong tron thi sé nhan thay duge mién gia
tri kia chinh 1a s6 canh va viéc dua thanh 1 mo hinh nhu da néu sé dé trinh bay nhat, moi thi déu
sang stia hon. Sé c6 ich khi ta phat biéu bai toan tong quat sau dé lam viec véi cac tham sé nhé dé
tim ra quy luat.Bai nay ban chat khong khé, nhung rat dé sai nhat 13 khi két luan voi vang thong
qua 1 s6 nhan xét nhé. Diém mau chét 1a viéc tach rieng hoanh do, tung do, mo hinh héa duéi dang
da giac déu va chi ¥ dén dong du thitc 2! = 1024 = —1 (mod 41). Bai nay kha méi mé 1a dang t6
hop dém c6 két hop sé hoc, tuy phét biéu c6 phan guong ép trong viec dat vao truc toa do nhung
lai gitip hoc sinh dé tudng tuong. Viéc gidi quyét bai toan trong truong hop 1 chiéu mang tinh quyét
dinh dé xit Iy bai toan véi nhiéu chiéu hon. Chang han, trong khong gian Ozyz xét cac diém nguyéen
¢6 toa do thudc tap hop

T={(z,y,2) : =20 < z,y,2 < 20, (x;y; 2) # (0;0;0)}

To6 mau cac diem thuoc T sao cho véi moi diem c6 toa do (z;y;z) € T thi ¢ dang 1 trong 2 diém
(7;y; 2) va (—x; —y; —2z) duge t6 mau. V6i moi cach to nhu thé, goi N 1a 86 cdc bo (w1 y1; 21), (w9; Yo; 20)
ma ca 2 diém nay cling dudc t6 mau va cac toa do clia ching théa man diéu kien z; = 20,11 =
22, 21 = 229 (mod 41). Tim tat ca cac gia tri c6 thé c6 ctia N. O

Bai 102. Xét tap hop A = {1,2,3,4,...,2"} ,n > 2. Tim s6 céc tap con B ciia A sao cho néu
tong clia hai phan tt cia A 1a mot luy thita ctia 2 thi ding mot trong hai s6 dé thuoc B.

Lai giai.
Gia st B 1a mot tap con ctia A ¢6 tinh chat da cho. Do 1 + 3 = 22, ta c6 ding mot trong cac s6 1
hoac 3 thudc B.

(1) Néu 1 € B thi 3 ¢ B. Ta chiing minh bing quy nap ring v6i sé nguyen ¢ bat ky, 0 < t < 272,
cac so dang 4t + 1 thuoc B va cac s6 dang 4t + 3 khong thuoc B. Khiéng dinh dang cho
t = 0 va gid sit khang dinh ding cho ¢t < 5. Do 4(s+ 1) + 1 1a 56 1& nén ton tai [ sao cho
2l <4(s+1)+1 <2 Vivay 2(4s+5) > 2.2l =2 suy ra 0 < 217! — (4s +5) < 45 + 5.
Dat v = 45 +5 vay = 27! — (4s +5) thi z +y = 27! va do y c6 dang 4m + 3 ta két luan
y¢Bvadod64(s+1)+1€ B. Tuongtud(s+1)+3 ¢ B.

(2 Néu 1 ¢ B thi 3 € B va ta chting minh nhu trén ring cic sd nguyén c¢6 dang 4t + 1 khong
thudc B va cac s6 nguyén c6 dang 4t + 3 thuoc B.

Nhu vay cac so6 1é trong B 1a hodc tat ci cac s6 nguyén c6 dang 4t + 1 ho#ic tat cd cac s6 nguyen
dang 4t + 3. Dat x = 2Pz va y = 2%, V6i 0, yo 18 1é va p,q € ZF. Néu 2Pz + 29y, = 2% va p # ¢,
gia st p < ¢, thi zo + 297 Py, = 2¥7P, diéu nay la khong thé. Vi vay p = ¢ va suy ra tong cac phan ti
clia cac tap phan biet A; =2% : a 1a s6 nguyen 18, i = 1,2, ..., n khong la luy thita ctia 2. V6i A; bat
k¥, sau khi chia cho 2 va 4p dung 1y luan trén ta dugc hodc tat ca cdc s6 nguyen dang 2° (4 + 1)
thuoc B hoiic tat ca cac s6 nguyén dang 2° (4t + 3) thuoc B. Vay ton tai 2" tap B vdi tinh chat
da cho. 0

& Tuyén tap mot sb bai toan t& hop €3 Tap chi va tu lidu todn hoc



CHUONG 2. TUYEN TAP CAC BAI TOAN

Bai 103. Cho m,n (m >n > 4) la cac s6 nguyén duong va A 1a mot tap hop con c¢6 ding n
phan ti ctia tap hop S = {1,2,3,...,m}. Chiing minh ridng néu

m> =1 (1+(5)+(3)+ (1))

thi ta luon chon dugc m + 1 phan tit d6i mot phan biét 1, zs, ..., 2,41 € S sao cho cic tap
hop A, = {z+y+x|r e A,ye A} ,i = 1,n+ 1 théa man A;( Ay = @ v6i moi j # k va
3 k=1,n+1.

Loi gidi.
Xét tap hop B={|v +y — 2z —t||2,y,2,t € A}. Ta sé chi ra bat dang thiic sau

n n n
Bl <1 1
s () (5)+(0) 8
That vay, ta xét cac truong hgp sau
(1) Néu 4 6 x,y, z,t déu bang nhau thi s6 cac s6 dang |z +y — z — t| bing 1.

(2) Néu trong 4 s6 1,5, z,t c6 ding 3 s6 bang nhau, gidstr =y =2 #t. Khidé |z +y — 2z —t| =

|z — t| suy ra c6 tdi da Z $O |v+y—z—t|

(3) Néu 4 s6 ,7,z,t c6 dung 2 sb bang nhau. Khi dé néu « = y thi c¢6 téi da (g) s6 dang nay,

) . n\ . e
con néu x = z thi |z +y — 2z — t| = |y — t| thi c6 tdi da (2> s0 dang nay va da xét G tren.

P 2 2 n 2
(4) Néu 4 s6 x,v, z,t doi mot khac nhau thi c6 toi da (4) $6 v +y—2z—t

2 3
Kiém tra dugc ngay A, (A3 = @, A;(As = @. Cit tiép tuc nhu vay dén budc thit n, ta dat
Cn=Cha\{z+2z,1|x € B} thi

Do d6 ¢6 nhiéu nhat 1+ (n) + (n) + <Z) s6 dang |z +y — z — t|, tit d6 suy ra bat dang thiic (1).

|Cy|l 2 |Cr1| = |B] > (n—n)|B|=0= 3,41 € Cp, = xp11 > Ty

Khi d6 ta kiém tra duge A; [ 4; = & v6i moi i # j. Vay luon ton tai cAc phan tit a1, 22, ..., Tpy1 € S
théa man yéu cau bai toan. O

Bai 104. Cho s6 nguyén duong n > 2 va trong mat phéng, xét 2n diém phan biet sao cho
khong c6 3 diém nao théng hang. N6i n? + 1 ciip diém trong s6 d6. Chiing minh ring

a) C6 it nhat 1 tam giac tao thanh.

b) C6 it nhat n tam gidc tao thanh.

L&i gidi.

a) Bai toan nay c6 thé gidi quyét d& dang bang quy nap. Véi n = 2, ta c6 4 diém duge ndi béi 5
doan thang (t6i da 1a 6 doan) thi hién nhién phai ton tai 1 tam gidc. Gia sit khang dinh ding vdi
n =k >2 Taxét2n+2diem va (n+1)2+1= (n?+1) +2n + 1 doan thang dugdc ndi them. Xét
hai diém A, B nao d6 duge ndi véi nhau.
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@ Néu trong 2k diém con lai, ¢c6 diém nao dé cing ndi véi A hosic B thi 16 rang diém d6 ciing
vGi A, B tao thanh tam giac.

™ Ngudc lai, v6i mbi diém C trong cac diém con lai thi sé khong c6 doan C'A hoic C'B nén véi
2k diém thi c6 khong quéa 2k doan ndi véi A hodc B tit 2k diém con lai. B6 diém A, B di thi
s6 canh sé giam di khong qué 2k + 1 va s6 con lai it nhat 1a k2 + 1, Theo gia thiét quy nap thi
ciing ton tai tam gidc trong sé cac diém nay.

Ta c6 diéu phai ching minh.

b) Véi n = 2, dé thay ciing c6 2 tam giac dugc tao thanh. Gia sit khang dinh ding véi n = k > 2.
Xét bo 2k + 2 diem va c6 (k + 1)2 + 1 doan thang duge ndi. Khi d6, theo cau a, ton tai mot tam
giac, dat 1a ABC. Goi S,, S, S. lan lugt 1a tap hop cac diém trong 2k — 1 diém con lai va c6 noi
v6i A, B,C. Khi d6, dé thay rang c6 it nhat ¢ = |S, N Sp| + |Sp N Se| + [Se. N S,| tam gidc duge tao
thanh. Theo nguyén ly bu tru, ta co

|Sa U Sy USe| = [Sal + |Sp| + |Se] =t + [Sa NSy NS,

Do |S,US,US,| <2k—1va
hop

Sa NS, NSe| =0mneént > |S,|+ || + |5 — (2k —1). Ta xét 2 truong

™ Néu |S,| + |Sp| + |Se| = 3k — 1 thi ¢ > k nén ngoai tam giac ABC, ta con c¢6 thém k tam giac
nita va tong cong cé it nhat k + 1 tam giac.

™ Néu [S,| + |Ss| + |S.| < 3k — 1, khong mat tinh tong quat, ta c6 thé gid st [S,| = |Sy| = |S,|
thi r6 rang, ta c6
2
|Sb| + |SC| < §(3k - 1) = |Sb| + |Sc| <2k-—-1

Khi dé, ta x6a di diém B, C thi sé mat di khong qua 2k doan théng va con lai it nhat k2 4+ 1 doan
thang ndi 2k diém. Theo gia thiét quy nap thi trong dé sé c6 it nhat k tam giac. Vay theo nguyén
Iy quy nap, khing dinh ding véi moi n. 0

Bai 105. Gia sit m 1a mot s6 nguyén duong. Tap con A ciia tap hop cac s6 nguyén duong dugc
goi 1a tap m-day néu tong cac phan tit cia A khong vuct qua m va véi mdi k = 1,2,...,m,
ton tai cdc phan tit phan biét clia A c6 tong bang k. Vi du, tap A = {1;2;3} 1a mot tap 6-day.
Chitng minh rang ton tai cic tap m-day khi va chi khi m # 2,4,5,9.

Lai gidi.
Trude hét, ta ching minh nhan xét sau.
Nhan xét. Xét tap con ciia tap so6 nguyén duong

A={ay,ag,...,a, 01 <ag <---<ap}.

n i—1
bat m = Zai. Khi d6 A 1a tap m-day néu va chi néu a; = 1 va q; < aj + 1 v6i mdi i = 2, n.
i—1 =1

Ching minh.
a) Gia sit A 1a tap m-day. Khi d6 hién nhién ta phai c6 a; = 1. Tiép theo, néu 3i € {2,...,n} va

i—1 i—1
a; > Z a; +1 thi s = Z a; + 1 < m khong thé 1a tong cdc phan tit phan biét ctia A, trai véi

j=1 j=1
i1

tinh m-day ctia A. Vi vay, phai c6 a; < Z a; + 1 v6i moi i = 2, n.
j=1
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i1
b) Gidasta; =1 vaa; < Z a;j+1 v6i mdi i = 2,n(x). Ta sé ching minh A 1a tap m-day, bang quy
j=1
nap theo n. That vay, hién nhién ta cé diéu can ching minh khi n = 1. Gia st ta da c6 diéu can
ching minh khin=%k—1 (k € Z, k > 2). Xét tap

A={ay,ag,...,a5: a1 < ag < - - < ag}.

Hién nhén tap B = A\ {ax} théa man diéu kien (x). Vi vay, theo gid thiét quy nap, B la tap
k-1

m’-day, véi m' = Z a;. Do d6, v6i mdi s6 s, ma 1 < s < m’, déu ton tai cac phan ti phan biet
i=1

clia A c6 tong bing s. (1)

Xét s, mam' +1<s<m. Doap <m'+1 (theo (%)) nén s > a;. Do do, s c6 dang s = ay, + a,

viia e Nvaa<m (vis<m=m'+ag). Néua =0 thi s = a;. Truong hop a > 1, do a < m/

va do B la tap m/-day nén phai ton tai cdc phan ti phan biét a;,, a;,,...,a; € B (cling tic 1a
thudc A) sao cho a = a;, +a;, + -+ a;.. Dodo s = a;, +ay, + -+ a;. + ag, Vi a;y, aiy, ..., a;,
va ay 1a cac phan tit phan biét thuoc A. (2)

Tu (1) va (2), suy ra A la tap m-day. Theo nguyén li quy nap, ta ¢6 diéu can ching minh.

Ta trd lai bai toan. Bang cach kiém tra truc tiép, dé& thay khong ton tai cac tap m-day khi m = 2, 4, 5,
8,9. Véim =1,3,6,7,10, cac tap {1}, {1;2}, {1;2;3}, {1;2;4}, {1;2;3;4}, tuong ting, 1a tap m-day.
Tiép theo ta sé di chiing minh néu c6 tap m-day, v6i m > 10, thi sé chi ra dugce tap (m + 1)-day. Gia
st

A=A{ay,ag,...,0p 01 <ay<---<ap,} CZ

1a tap m-day, véi m > 10. Tit dinh nghia tap m-day, hién nhién suy ra phai c6 m = Z a;. Xét hai
i=1
truong hop sau:

Trudng hop 1. Ton tai i sao cho a; < a; +as + -+ -+ a;—; + 1. (3)
Goi j 1a 86 16n nhat trong cac s6 ¢ théa man (3). Tacoé j =3, via; =1, a3 =2 va
n—1

as € {3;4}. Néu j = n, nghia la a, <> a; + 1, thi T = (A\ {a,}) U {a, + 1} 1a
=1
tap c6 tinh chat

(a) Za:m~|—1;

a€T

N

-1

(b) a1 =1,a;, <Y a;+1v6iméik=2n—1(do Alatap m-day) va dong thoi

™

=1

(a,+1) <)y a;+ 1.
1

[y

i

Vi vay theo Nhan xét, T 1a tap (m + 1)-day. Xét 3 < j < n. Khi d6 tir dinh nghia
cua j va theo Nhan xét, ta c6

Jj—1 J

a; < Zaz—l—l va Aj41 = Zaz—i—l
i=1 i=1
Suy ra aji1 # a; + 1. Do do, véi li do tuong tu nhu 6 trusng hgp j = n, tap
T = (A\{a;}) U{a; + 1}
1a tap (m + 1)-day.
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Trudng hgp 2. Véi moi i = 2,n, déu c6 a; > a; + as + -+ - + a;_1 + 1. Khi d6, do A 1a tap m-day
nén theo Nhan xét, ta c6 a; > a; +as + -+ a;_1 + 1 v6i moi i = 2,n. Suy ra
A={1;24;...;27 1 vam =2"—1. Dom > 10 nén n > 4. V6i n = 4, dé dang
kiem tra tap {1;2;3;4;6} la tap 2*-day. Gia st da c6

B:{bl,bg,...,bsibl < by < - <b5}
la tap 2%-day (k > 4). Khi d6 dé thay tap
B/ = {1, 2b17 2[)2, o ,2()871, 2b3 - 1}

la tap 2¥1-day. T cac lap luan trén suy ra, tit tap Am-day (m > 10) ta c6 the
xay dung dugc tap (m + 1)-day.

Bai toan dudgc giai quyét. 0

Bai 106. Ngudi ta to tat cd cic canh va cac duong chéo ciia mot 2017-gidc déu bdi k mau, sao
cho cac diéu kién sau duge dong thoi théa man

(1) Véi mdi mau x va v6i mdi cap dinh A, B ctia 2017-giac déu, hosic doan thang AB dudgc
t6 mau bdi x, hodc ton tai dinh C' (ctia 2017-giac déu) sao cho cac doan thing AC va
BC cung dugc t6 bdi mau x;

(@ Vé6i X, Y, Z 1a 3 dinh doi mot phan biét tiy ¥ cia 2017-gide déu, tat ci cac canh ciia
tam gidc XY Z dudc t6 béi t6i da 2 mau.

Chitng minh rang k < 2 (2017-giac deu la da giac déu c6 2017 dinh).

Loi giai.

Ta sé gidi bang phuong phap phan chitng. Gia st ngugdc lai, & > 3. Ta goi mdi tap hgp cac doan
thang (mdi doan thang 1a mot canh hosic mot dudng chéo clia da gidc da cho) c¢6 chung mot dau mit
va cling dugce to béi mot mau 1d mot chiim. Néu dau mit chung cia cac doan théng trong chiim 1a
dinh A (ctia da giac da cho) thi ta goi chum d6 1a chum A. Tap hop tat ca cac dau mit khac A cla
tat ca cac doan thang thuoc chiim A duge ki hieu bdi Su; chéng han, v6i chiim A trong hinh duéi
day thi S ={X,Y,Z,U,V}.

Ta néi chiimg A c¢6 mau x (hoic mau ctia chiim A 14 x) néu tat ca cic doan thing thudc chiim do6
duge t6 mau z. Ta néi chiim A c6 tinh chat P néu trong tap S, ton tai mot diém, goi 1a B, sao cho
tap hop tat ca cac doan thang néi B véi tat ca cac diém con lai trong S, 13 mot chiim va dong thoi
mau clia chim B khac mau ciia chiim A. Chang han, chiim A trong hinh dué6i day 1& mot chiim c6
tinh chat P.

& Tuyén tap mot sb bai toan t8 hap €3 Tap chi va tu lidu toan hoc



CHUONG 2. TUYEN TAP CAC BAI TOAN

B

Xét hai dinh X, Y tity ¥ clia da gide da cho va gia st doan théng XY dugc t6 mau z. Vi k > 3 nén
ton tai mot mau khac z, goi 1a y. Do doan XY khong duge t6 mau y nén theo diéu kien 1/ ctia bai
ra, ton tai dinh Z sao cho cac doan ZX va ZY ciing dudc t6 mau y. Nhu thé, cac doan thang Z X,
ZY tao thanh mot chiim, chiim Z, ma trong Sy c6 diém X c6 tinh chat: tat cd cac doan thing noi
X véi tat ca cac diém con lai trong Sy tao thanh mot chiimg v dong thoi mau cia chiim nay (mau
r) khac v6i mau cia chum Z (mau y). Do d6, chum Z vita néu la chum c¢6 tinh chat P. Diéu nay cho
thay sy ton tai clia cac chiim ¢6 tinh chat P. Vi da giac chi c6 2017 dinh va mbi dinh chi ¢6 thé sinh
ra hitu han chum nén s6 chum 1a hitu han va do d6, chi ¢6 hitu han (16n hon 0) chum ¢6 tinh chat
P. Vi thé, sy ton tai chiim M c6 tinh chat P sao cho tap Sy 1a tap gom nhiéu diém nhat, trong dé
cac tap Sp ma chumg T 1 chiim ¢6 tinh chat P. Gid st mau ctia chim M 1a mau z. Vi chum M c6
tinh chat P nén trong tap Sy, ton tai mot diém, goi 1a N, sao cho tat ca cac doan thang nbéi N véi
tat ca cac diém con lai trong Sy déu dugce to bsi mau khac z, goi 1 y. Vi k > 3 nén ngoai cadc mau
x va y, phai c6 it nhat mot mau nita, goi 1a z, da dugc sit diing dé to cac canh, cic dudng chéo clia
da giac da cho. Vi doan M N dugc t6 mau z, khéc z, nén diéu kién 1/ clia bai ra, phai ton tai dinh
@ sao cho MQ va NQ ciing duge t6 mau z. Do NQ duge t6 mau z, khac y, nén hién nhien Q ¢ Sy;.
Xét diem X bat ki, khac N, thuoc Sy,.

Do tam gidc MXQ c6 MX dugc t6 mau x (vi X € Sy;) va MQ duge t6 mau 2 nén theo diéu kien
2/ ctia bai ra, doan QX phai duge t6 hodc mau 2 hodc mau z. Néu QX duge t6 mau z thi tam gidc
NQ@X sé vi pham diéu kién 2/ ctia bai ra (do NX duge to mau y (vi X € Syr va X # N), NQ duge
t6 mau z). Suy ra, QX dudc t6 mau z. Nhu vay, tat ca cac doan thang ndi @ véi tat ca cac diém
thuoc tap hop {M} U Sy déu duge t6 mau z. Do do, ta ¢6 chum @, véi Sg = {M} U Sy, Hon ntta,
do trong Sg ¢6 diém M ma tit ci cac doan thing nbéi M véi tat ca cic diém con lai trong Sg (chinh
Ia tat ca cac diém thuoc Sy;) déu duge to cting mau (mau ) nén chim @ 1a chiim c¢6 tinh chat P.
Diéu nay mau thuin vé6i dinh nghia chiim M, do tap Sg gom nhiéu diém hon tap Sy, Mau thuin
nhan dudc chitng té gia st phan ching & trén 1a sai va vi thé, ta c6 diéu can chitng minh. O

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc



CHUONG 2. TUYEN TAP CAC BAI TOAN

Bai 107. Cho bang hinh vuong k x k v6i k € N va n 14 mot s6 nguyen duong cho truée. Ngudi
ta to0 moi 6 cuia bang hinh vuong bdi mot trong n mau da cho. Hoéi ¢6 bao nhiéu cach t6 mau
khac nhau bang hinh vuong da cho, biét rang hai cach t6 mau duge coi 1a giéng nhau néu
chiing la anh ctia nhau qua phép quay quanh tam ctia bang hinh vuong.

Lai giai.
D C
T3
r, & 1,
T
A B

Trudng hop 1. k 1a s6 chin, ta chia cac 0 trong bang hinh vuong thanh 4 mién
@ Mién T;: Khong chita cidc 6 vudng nam trén canh OA.
@ Mién Ty: Khong chita cic 6 vudng nam trén canh OB.
@ Mién T3: Khong chita ciac 6 vuong nam trén canh OC.

@ Mién T,: Khong chita cic 6 vuong nam trén canh OD.
k2

Cac phép quay néi sau day la ngude chieu kim dong ho. S6 cich t6 mau clia mot mién la a = n'4 .
Ta goi mot cach t6 mau 1a chu ki d néu d 13 s6 nguyen duong nhé nhat sao cho cach to6 mau anh ctia
chinh né qua phép quay d - 90° 1a khong doi. Ta thay d chi c6 thé bang 1,2, 4. S6 cach to mau chu
ki d =113 a vi ta chi can t6 mau mién 7’1 con cac mién 72,73, T4 lan lugt 1a anh ctia T'1 qua céac
phép quay 90°,180°,270°. S6 céch to6 mau chu ki d = 2 1a a®> — a vi ta chi can t6 mau mién 71,72
con mien 7'3, T4 lan lugt 1a anh ctia T'1, 72 qua phép quay 180°. S6 cach t6 mau chu ki d = 4 13

a*—(a®* —a) —a=a"—ad®

Khi dé dap s ctia bai toan 1a

a4—a2+a2—a+ a* + a? + 2a
a= —
4 2 4

Trudong hop 2. k 14 s6 1é. S6 cach t6 mau riéng cho 6 ¢ tam O 1a n vi n6 khong bi anh hudng béi
k21
phép quay. Cac 6 con lai ta chia lam 4 mien giong nhu truong hop 1. Dat a =n 4 . Va ket qua bai

todn 1a
(a4—a2 a?—a ) a* + a?® + 2a
n + +a)l=n - ——M—

4 2 4

Bai toan dugc giai quyét. O

Bai 108. Trong mat phang, cho da giac 16i ¢6 17 dinh A; Ay As...A17, v6i mdi cap dinh A;, A;
(1 < i< j < 17) bat ki trong s6 cac dinh clia da giac, ta sé vé ding mot trong hai vector A;A;
hodac A;A;. Sau khi thuc hién v6i moi cap dinh, goi n la s6 tam gidc c6 tong cac vector dat

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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trén 3 canh bang 0 Chitng minh rang n < 204.

Loi giai.

Ta goi S 1a s6 cap vector kiéu {B , ﬁ } hoac cap { CA, C@} a sb cap vector ¢6 chung diém
dau hodc chung diém cubi. R

V6i moi tam giac ma tong cac vector dit trén cac canh bang 0 thi s6 cap nhu trén bang 0.

V6i mébi tam gidc ma tong cac vector dat trén cac canh khéc 0 thi s6 cap nhu trén bang 2.

1
VayS:2(<37) —n) = 1360 — 2n.

Véi méi diem A; (1 < i < 17) ta goi d; 1a vector nhan 4; 1a diém dau va ¢; 1a s6 vector nhan 4; 1a

17
2 Z ) d’L
diem cudi. Ta c6 d; +¢; =16 va S = E <(C2) + <2>>, mat khac

i=1

. 4 202 o4 d A+ d)? ¢+ d; 2
(621>+<22>:Q+d2—Cz+dl>(cz+dl) _ata 10 10

2 2 4 2 4 2

Neén S > 56.17 = 952. Suy ra 1360 — 2n > 952. Hay n < 204. O

Bai 109. C6 6 doi bong da tham gia mot giai thi dau béng da hoc sinh ctia mot truong Trung
hoc phd thong chuyen. Biét rang, giai dau kéo dai 45 ngay va dude t6 chiic theo thé thitc thi
dau vong tron (nghia la, hai doi bat ki déu thi ddu véi nhau ding mot tran). Héi ban td chiic
gidi c6 tat ca bao nhiéu phuong an sap xép lich thi dau sao cho cac diéu kién sau dugc dong
thoi théa méan:

1. Ba tran dau dau tién c6 sy gop mit ctia cd 6 doi va dién ra trong ba ngay lién tiép, mdi
ngay mot tran.

2. Ké tit tran dau thit ba, giita hai tran dau lien tiép c6 it nhat hai ngay khong cé tran dau
nao.

(Hai phuong an sip xép dugc coi 1a khac nhau néu ton tai tran dau thit &, (K > 1) sao cho 6
tran dau do, hai doi gap nhau trong phuong 4n nay khac hai doi gap nhau trong phuong an
kia ho#ic ton tai tran dau thi k, (K > 3) ma thoi gian gitta tran d6 va tran thi k£ + 1 ¢ phuong
an nay khac ¢ phuong an kia).

L& giai.
Theo gid thiét bai ra, tong s6 tran dau ciia toan giai la
5-6

5 = 15 (tran).

Vi thé, cin cit thoi gian kéo dai cilia giai va cac yéu cau doéi véi lich thi dau, ban to chiic giai ¢ thé
sap xép cac tran dau clia gidi bang cach thyc hién lan lugt 3 bude sau:

® Budc 1. Sap xép 3 tran dau cho 3 ngay dau tién clia giai, ddm bao diéu kien 1 duge thda man.

& Budc 2. An dinh 11 ngay thi dau, trong 41 ngay (tit ngay thit 4 dén ngay thit 44 cia gidi), dam
bo trude ngay to chiic tran thi 4, gitta 2 ngay lien tiép khong c6 tran dau, cling nhu sau ngay
t6 chitc tran thi 14 phai c6 it nhat 2 ngay khong cé tran dau nao.

& Budc 3. Sap xép 12 tran dau con lai clia giai vao 12 ngay thi dau, gom 11 ngay thi dau da duogc
an dinh & buéc 2 va ngay thit 45 clia giai.

& Tuyén tap mot sb bai tosn t8 hop €3 Tap chi va tu lidu toan hoc
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Khi d6, ki hiéu s, s9, s3 va s tuong ting 1a s6 phuong an thuyc hien bude 1, s6 phuong an thyc hién
budc 2, s6 phuong an thuyc hien bude 3 va phuong an siap xép lich thi dau cho toan giai, theo qui tac
nhan, ta c6

S = 8189 - S3. (1)

& Tinh s3. Do méi cach sap xép 12 tran dau vao 12 ngay thi dau 1a mot hoan vi clia 12 tran dau
do6 nén ta cé s3 = 121 (2)

Z X . 2. 2 2 . ~ Z 6 Z
@ Tinh s;. Vi 3 tran dau dau tién phai c6 sy gép mat ctia cd 6 doi nén sé co (2> cach chon 2

. 4 2
doi cho tran dau tién, (2) cach chon 2 doi cho tran tha hai va (2) cach chon 2 doi cho tran

tht ba. Vi thé, theo qui tac nhan, ta c6
6 4 2 6!
=) () ) a @

@ Tinh s,. Ta sé an dinh 11 ngay thi dau bang cach: Ngay nao khong c6 tran dau, ghi 0 va ngay
c6 tran dau, ghi 1.

Bang cach trén, ting v6i moéi phuong an thuc hién ¢ bude 2, ta sé c6 mot day sd gom 11 s6 1 va 30 s
0, théa man diéu kién trudc s6 1 dau tién, sau sd 1 cudi cuing, ciing nhu gitta hai s6 1 lién tiép déu
c6 it nhat hai s6 0. Ngugc lai, ting v6i mdi day c6 tinh chat nhu vita néu, ta sé c6 dung mot phuong
an thue hien bude 2. Vi thé, ki hieu S 1a tap hop tat ca cac day nhu vay, ta sé c6

s2 = |S]. (4)
(|X| ki hiéu 1a s6 phan tit ctia tap hitu han X).
V6i mdi day thuoce S, ta x6a di ding 2 s6 0 trude s6 1 dau tién, dang 2 s6 0 gita mdi cap hai s6 1
lien tiép va ding 2 s6 0 sau s6 1 cudi cung. Khi do, s6 0 bi x6a di 6 mdi day thuoc S 13

212 = 24 (s6).

Vi thé, ting v6i mdi day thuoc S, ta sé c6 mot day gom 17 s6, trong d6 ¢6 11 s6 1 va 6 (= 30 — 24)
s6 0. Do d6, bang cach x6a néu trén, ta da thiét lap mot anh xa f tu tap S dén tap T gom tat ca
cac day c6 17 sb, trong d6 c6 11 s6 1 va 6 s6 0. D& dang chiing minh duge f 13 mot song anh tit S
dén T'. Béi thé

S| =|T]. (5)

Hién nhién, s6 phan tit cia tap T chinh bang s6 cach chon ra 6 vi trf (dé ghi s6 0) tit 17 vi trf cho
trude. Do do, tit (4) va (5), ta c6

17 17!
52:|S|:|T|:(6):m‘ (6)

Tom lai, tit (1), (2), (3) va (6), ta duoc

6! 171 317
- (121) - =
(21)3 (129 - 5 2

Bai toan dugc gidi quyét hoan toan. U

S =

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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Bai 110. C6 2017 tham dy mot Festival qubc té. Biét rang, trong moéi nhom tly ¥ gom 7 ngudi
(trong 2017 ngusi vita néu) déu co t6i da 12 cip quen nhau. Hoi, trong Festival c6 thé co t6i
da bao nhiéu cip quen nhau?

Loi giai.
Dudi day, khi noi Festival, ta hiéu 1a Festival ma &, trong mbi nhom tity ¥ 7 ngudi (trong s6 nhitng
nguoi tham dy Festival) déu c¢6 khong qua 12 cip quen nhau.

® Tru6c hét, xét tinh huéng nhan duge tit bai toan da ra bang cach thay 2017 bdi s6 nguyen
duong n > 7 tuy ¥; nghia la xét cac Festival c6 n ngusi tham du (n > 7). Véi Festival X c¢6 n
ngudi tham duy, ki hieu fx(n) 1 s6 cdp quen nhau trong Festival d6. Bang quy nap theo n > 7,
ta sé chiing minh

fx(n) < k? néun =2k, k>4,
< (1)

fx(n) <k(k+1) néun=2k+1, k>3,
véi Festival ¢6 n ngusi tham dy. That vay
e V6in=7=2-3+1, theo gia thiét ctia bai ra, ta c6
fx(7) <12=3(3+1),
v6i moi Festival c6 7 nguoi tham du. Nhu vay (1) dang, véin = 7.
e Gid st (1) da ding v6in =2k —1=2(k—1)+ 1, k > 4; nghia la, ta c¢6
Fx(2k—1) < (k= 1)k, k>4,

v6i moi Festival X ¢6 2k — 1 nguoi tham dir. Gia st ngugc lai, ton tai mot Festival X c6
2k nguoi tham diy va trong Festival nay

fx(2k) > k> 4+ 1.

Khi dé, bang cach cho mot s6 thich hop cac ciap quen nhau tré thanh khong quen nhau,
ta sé c6 Festival Y c6 2k ngusi tham dy va

fy(2k) = K* + 1. (2)

Dé thay, 6 Festival Y, phai ton tai mot ngudi quen véi tdi da k nguoi khac, vi néu nguge
lai, mot ngudi quen véi it nhat k& + 1 ngudi khac thi

2h(k+1

5 B +k>k+4(dok>4),

fr(2k) >

mau thuan véi (2). Tach ngudi quen véi t6i da k nguoi khéac ra khoi Festival YV, ta sé ¢6
Festival Z c¢6 2k — 1 ngusi tham duy va

fzk—1) >k +1—k=(k-1k+1,

trai véi gia thiét quy nap. Vi vay, ta c6 diéu phai chiing minh.
e Gai st (1) dung v6i n = 2k, k > 4; nghia la, ta c6

Ix(2k) <k, k> 4,
v6i moi Festival X ¢6 2k nguoi tham duy. Xét n = 2k + 1. Ta can chiing minh

[x(2k+1) <k(k+1),

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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v6i moi FestivalX c6 2k + 1 ngudi tham di. Gid st ngudc lai, ton tai mot Festival X c6
2k + 1 nguoi tham du va

fxk+1) > k(k+1)+1=k+k+ 1.

Khi d6 bang cach cho mot s6 thich hgp cac ciap quen nhau trd thanh khong quen nhau,
ta sé c6 Festival Y ¢6 2k + 1 nguoi tham du va

frk+1) =k 4+ k+ 1. (3)

Dé thay, 6 Festival Y, phai ton tai mot nguoi quen véi toi da k nguoi khac, vi néu nguge
lai, mot ngudi quen véi it nhat k& + 1 ngudi khac thi

2k + 1)(k + 1)
2

fr2k+1) > >+ k> k +4
(do k > 4 va fy(2k + 1) € Z), mau thuan véi (3). Tach ngudi quan véi t6i da k nguoi
khac ra khoi Festival Y, ta sé c6 Festival Z c6 2k nguoi tham du va

f22k) > kK +k+1—-k=k+1,

trai véi gia thiét quy nap. Vi vay, ta c6 diéu can ching minh.

e Vay, tom lai, theo nguyén 1i quy nap, (1) duge ching minh.

O Tré lai bai toan da ra.
Ta c6 n = 2017 = 2 x 1008 + 1. Vi thé, theo két qui da chiing minh & trén, ta c6

fx(2017) < 1008 x 1009 = 1017072,

v6i moi Festival X ¢6 2017 ngusi tham du.
Hon nita, xét mot nhom c6 2017 ngudi, ma 2017 ngudi nay c¢é thé tach thanh hai nhom con,
mot nhom con gom c¢6 1008 ngudi va mot nhom con gom 1009 ngudi, sao cho hai nguoi trong
cting mot nhém con khong quen nhau va méi ngudi 6 nhém con nay déu quen véi tat cd moi
ngudi ¢ nhom con kia. Dé thay, nhém nguoi nay cho ta mot Festival Xy c6 2017 ngusi tham
du va co

fx,(2017) = 1008 x 1009 = 1017072.

Vay sb cip quen t6i da c6 thé & Festival néu trong bai ra 1a 1017072. U

Bai 111. V6in € {1;2;3}, ta goi mot s6 tu nhien & 1a s6 kiéu n néu: k = 0 hodc k 1a mot s6
hang ctia day 1,n + 2, (n + 2)2, (n +2)3, ...; hodc k 1a tong clia mot s6 s6 hang ciia day tren.
Chitng minh ring bat ky sé nguyen duong nao ciing biéu dién duge dudi dang tong ciia mot
s6 kidu 1 v6i mot s6 kiéu 2 va mot s6 kiéu 3.

L& giai.
ag = a1 = 1
a4 o ) ashys =3 y . .
Xét day so (ag) voi Jhi1 (k € N). Dat S = ap+ay + ... + ax (k € N*). Ta ching minh
A3k+3 =
Agppa = HFFE

moi s6 nguyen duong n < S;, c6 thé viét thanh tong mot s6 s6 hang c6 chi s6 khac nhau cia day
(ax). That vay,

@Véik;zlth151:2,suyran:1:a0hoacn:2:a0+a1.

& Tuyén tap mot sb bai toan t8 hap €3 Tap chi va tu lidu toan hoc
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@ Véik=2thi Sy =5,suyran=1=ay,n=2=ay+a,n=3=asn=4=as,n=>5=ay.

Gia sit khang dinh ding dén k, tic 13 moi s6 nguyén duong n < Sj, c6 thé viét thanh tong mot s6 s6
hang c6 chi s6 khac nhau ctia day (ay) (1).
Ta chiing minh khéng dinh ding dén k + 1, titc 1a can chitng minh moi s6 nguyen duong n < Spi1
c6 thé viét thanh tong mot s6 s6 hang c6 chi s6 khac nhau ctia day (ay). C6 hai kha nang xay ra.

Kha nang 1. n < S, thi theo (1), ta c6 n c6 thé viét thanh tong mot s6 s6 hang c6 chi s6 khac
nhau cta day (ag).

Kha nang 2. S, < n < Sit1, Xt m = n — app1 < Spp1 — are1 = Si hay m 1a s6 nguyén duong
khong vugt qua S nén theo (1), m c6 thé viét thanh tong mot sé s6 hang c¢6 chi s6
khac nhau ctia day (a;). Suy ra n = m + aj,; ciing c6 thé viét thanh tong mot s6 s6
hang ¢6 chi s6 khac nhau cia day (ay).

Theo nguyeén 1y quy nap ta c6 khang dinh ding véi moi n € N*. Ta ¢6 diéu phai chiing minh. 0

Bai 112. C6 n > 2 doi béng tham gia mot giai ddu bong da. Giai dau duge t6 chiic theo hinh
thitc thi dau vong tron: 2 doi bong bat ki thi dau véi nhau ding 1 tran. Cach tinh diém nhu
sau: sau mdi tran, doi thing dude 3 diém, doi thua duge 0 diém, con néu hoa thi cd 2 doi duge
1 diém. Sau khi gidi dau két thic, ngudi ta thay rang khong c6 2 doi nao c6 ciing sb6 diem. Hoi
khoang cach t6i thiéu doi ding dau va doi ding cudi 1a bao nhieu?

L& giai.

Cautra loila 2néun—2;3néun=3;van—1néun > 4.
(@) V6i n = 2 thi 16 rang 2 doi khong hoa nhau, va do dé khoang cach diém duy nhat 1a 2.

(2) V6i n = 3 thi 16 rang doi ding dau phai thang it nhat 1 tran. Néu doi ding dau thiang 2 tran
thi doi nay c6 6 diem. Trong trudng hgp nay, hai doi con lai c6 0 diém. Khoang cach giita cac
doi ding dau va ding cubi trong trudng hop nay 1a 6 diém. Gia st doi ding dau thiang 1 hoa
1. Néu 2 doi con lai hoa nhau thi ré rang tong sé diém ciia cac doi phai la 4, 2, 1; do d6 khoang
cach gifta cac doi ditng dau va ditng cudi bang 1a 3. Néu 2 doi con lai khong hoa nhau, thi dé
thay doi cudi bang phai 1a doi thua cudc. Trong trudng hgp nay, 2 doi dau bang hoa nhau va
c6 cling s6 diém, mau thudn. Vay, véi n = 3 thi khodng cach toi thicu gitta doi ding dau va
ding cudi 1a 3.

(3) V6i n > 4. Hién nhién ring do n doi ¢6 s6 diém doi mot khac nhau va la cac s6 nguyen, khoang
cach gitta doi ditng dau va doi diing cudi > n — 1. Ta sé chi ra rang néu n > 4 thi danh gia nay
hién nhién nay la chat. Cu thé hon, ta sé ching minh bing qui nap khang dinh sau: v6i moi
n > 4, ton tai mot giai dau véi n doi sao cho sau khi giai ddu két thic, tong sé diém clia céc
doi lan lugt 1a 2n — 3,2n —4,...,n — 2.

Ta lap luan bang quy nap. Véi n > 4 ta dé dang xay dung dugc mot giai dau véi khoang cach doi
dau va doi cudi 1a 3. Chéng han véi 4 doi A, B, C, D ma A thang B, hoa v6i C, D; B hoa véi C va
thua D; C hoa v6i D thi tong s6 diém cac doi tuong tng 1a 5,4, 3,2. Gia st ton tai mot giai dau véi
n doi véi tong s6 diém lan lugt 1a 2n — 3,2n — 4, n,...,n — 2. Dé xay dung mot giai dau véi n + 1
doi, ta bo sung doi thit n + 1 vao giai dau d6. Ta dé doi n + 1 thang doi thit 1 (doi c6 2n — 3 diém),
thua cac doi tht 2, 3;thang doi thit 4, thua doi thit 5,6,... cho dén khi doi thit n + 1 con phai gip
1,2,3 doi cudi cung (ty theo n = 1,2 hay 0(mod3)). Trong trudng hop thi nhat (n = 1(mod3)),
ta dé doi thi n + 1 hoa doi thi n; trong truong hop sb hai, ta dé doi thi n + 1 hoa doi thit n — 1
va thua doi thi n; trong truong hop thi ba, ta dé doi thit n + 1 hoa véi doi thit n — 2, thua doi thi
n — 1 va thing doi thit n. Bang cac tinh toan don gidn, ta d& dang kiém tra dugc rang trong ca ba
truong hop ta thu duge giai dau v6i n+ 1 doi phan bd cac diem 1a 2n —1,2n—2,...,n — 1. Bai toan
duge ching minh. 0

& Tuyén tap mot sb bai tosn t8 hop €3 Tap chi va tu lidu toan hoc
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Bai 113. Trén mit phang toa do Ozy, cho hinh chi nhat ABC'D véi A(0;0), B(m,0), C(m,n),
D(0,n) trong d6 m,n la cac s6 tu nhién 18. Hoéi ¢6 thé phan chia hinh chit nhat ABC'D thanh
cac tam giac khong c6 diém chung trong, sao cho théa man dong thoi cac dieu kien sau:

(1) Mbi tam giac c6 it nhat mot canh ndm trén cac duong thang z = i hosic y = j(i,5 € N)
(Goi 1a canh dep) va dudng cao cua tam gidc tng v6i canh nay c6 do dai 1.

(2) Mbi canh khong dep 1a canh chung ctia ding hai tam giéc;

(3) C6 nhiéu nhat mot tam gidc c6 hai canh dep?

Loi giai.

Ta sé chiimg minh khong thé thuc hien duge phép phan chia theo yeéu cau dé bai biang cach ching
minh: v6i mdi phép phan chia théa man 1) va 2) thi luon ton tai hai tam gidac ma méi tam giac c6
hai canh dep (*). That vay. Xét tat ca cac trung diém clia cac canh khong dep ctia tat cd cic tam
gidc. Hai trung diém dugc néi v6i nhau bing mot doan néu ching la hai trung diém cia hai canh
khong dep ciia cting mot tam gidc. Xét do thi gom cac dinh 1a tat ca cac trung diém néi trén va cac
canh 1a cac doan dudce ndi néi trén. Vi mdi canh khong dep chi 14 canh chung ctia ding 2 tam giac
nén mdi dinh ctia do thi chi ¢6 bac 1a 0 hoac 1 hoic 2.

(1) Néu c6 mot dinh bac 0 thi canh khong dep nhan dinh nay lam trung diém sé 13 canh chung
clia hai tam gidc ma méi tam gidc déu c6 hai canh dep. (*) duge chimg minh.

@ Néu c¢6 mot dinh bac 1 thi canh khong dep nhan dinh nay lam trung diém sé la canh chung
cua mot tam giac c6 2 canh khong dep va mot tam giac ¢6 hai canh dep. Mat khac téng s6 bac
clia cac dinh luon 14 s6 chin nén ton tai mot dinh nita ciing c6 bac 1. Va nhu vay sé c6 mot
tam giac nita ¢6 hai canh dep. (*) duge ching minh.

(3) Néu tat ca cac dinh déu bac 2: khi dé ta co thé chia dd thi dang xét thanh cac vong. Nhan
thay mdi tam giac déu c6 canh dep va dudng cao ing véi canh nay c¢6 do dai 1 nén dudng trung
N 2 - .z ~ N A~ 2 N N - ]‘ 9 . 1 .. =X
binh ctua cac tam giac luon nam trén cac duong thang ©r =7+ 5 hoacy =75+ 5(2,] € N). Dieu
nay cé nghia cac vong noi tren chinh la cac chu trinh gom cac doan thang song song véi truc
Oz hoiic Oy va ndi tam cac hinh vuong don vi chita trong hinh chit nhat ABCD. Hién nhién
tam ctia mot hinh vuong don vi bat ki luon thudce vao mot chu trinh ndo dé nhu thé.

Lai ¢6, méi chu trinh chi gom cac canh hodc song song véi Oz hodc song song véi Oy nén s6 tam
cac hinh vuong don vi trén chu trinh d6 luon 1a s6 chin. Diéu nay mau thuan véi m.n 1a s6 1é. Vay
bai toan dugc chimg minh xong. 0

Bai 114. Tai mot thi tran c6 dung 2017 ngudi va mdi ngudi trong thi tran déu sé hitu mot cai
mil. Vao ngay dau tién ctia nam mdi, tat cd moi nguoi trong thi tran déu dem mi clia minh
tang cho mot nguoi nao dé trong thi tran (khong ai gitt lai mii ctia minh). Chiing minh rang
c6 thé chon ra mot nhém gom 673 ngudi trong thi tran théa man néu a, b 1a hai nguoi tiy ¥
trong nhém thi a khong tang mi cho b va b cling khong tang mi cho a.

L&i giai.

& Goi X la tap tat cd 2017 ngudi trong thi tran. Mot tap con A cia X dudc goi la “t6t” néu
khong c6 ngusi nao trong A nhan ma tit mot nguoi cling trong A. Theo nguyén 1y cuc han,
ton tai mot tap con S ctia X 1a tap “tot” c6 s6 phan tit 16n nhat.

@ Ki hieu T 1a tap tat cid nhitng ngudi nhan mi tit cdc phan tit thuoc S. Ta c6 SNT = & va
1T < 1S|.

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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™ Dat U =X\ (SUT). Véia € U tuy ¥, dit B = S U{a}. Do tinh 16n nhét ctia S nén B khong
14 tap “tot”, nghia 1A ton tai mot phan tit # € B gii mil cho mot phan t1 ciing thuoe B. Ma
r ¢S = x=avaa gii micho mot phan tit thuoc S. Do a € U tuy ¥ nén moi phan ti thudc
U déu giii mit cho mot phan tit thuoc S. Nhu vay U cling 1a tap “t6t”, suy ra |U| < |S|, suy ra

S| > 2017 — [SUT| = 2017 — |S| — |T| > 2017 — 2|S| = 3|S| > 2017 = |S| > 673

Bai toan ducgc gidi quyét. O

Bai 115 (Bulgarian Winter Math 2001). Ivan va Peter ciing tham gia tro choi nhu sau. Lan
lugt, moéi ngudsi dien mot chit s6 0 hodic 1 1én mot hang theo thit tu tir tir trdi qua phai cho
dén khi duge 2001 chit s6 thi dimg lai. Luat chai 13, s6 thu dude viét trong hé co sd 2 khong
la tong clia hai s6 chinh phuong thi Peter thing v ngudgc lai. Gia sit rang, Peter 1a ngusi bit
dau tro choi. Chitng minh ring Peter luon c6 chién thuat dé thing Ivan.

L& giai.

Nhan xét. Mot sb6 trong hé co s6 2 néu bieu dién duge thanh cac nhém ma mdi nhém gdom chin
chit s6 1 lien tiép va chin chit s6 0 lien tiép thi s6 nay khong thé viét thanh tong ciia hai s6 chinh
phuong. Gid st nhan xét trén 1a ding, ta xay dung chién thuat cho Peter nhu sau.

@ Lan dau tieén, Peter viét s6 0.
& Cac lan tiép theo Ivan viét s6 ndo thi Peter viét s6 do.

Ngoai trit mot truong hop dic biet, d6 1a cac s6 tir vi trf 1 dén 1996 gom toan cic chit s6 0 (khi
d6 con 5 chit 86 ) va lugt viét clia 5 chit s6 cudi nay la Peter (lugt 1997, 199, 2001), con Ivan (lugt
1998,2000). Trong trudsng hgp nay, chién thuat Peter thay d6i nhu sau

® Lugt 1997, Peter viét so 1.
O Lugt 1998, néu Ivan viét sd 0 thi, lugt 1999 va lugt 2001, Peter déu viét s6 1.

O Lugt 1998, néu Ivan viét s6 1 thi, lugt 1999, Peter viét s6 1 ; lugt 2000 Ivan viét s6 nao thi luot
2001 Peter viét lai s6 & luot 2000.

Nhu vay s6 thu duge sé ndm & hai truong hop

(1) Truong hgp thuong, ta thiy s6 thu dude 1a sé théa man nhan xét nén hién nhién s6 thu duge
khong thé viét thanh tong ctia hai s6 chinh phuong. Luu ¥ réang chit s6 0 dau tién ctia Perter
khong lam anh hudng t6i nhan xét vi n6 khong mang gia tri khi bicu dién trong hé co s 2.

(2) Trudng hop dic biet, kiém tra true tiép, so thu duge sé thudce tap hop X = {21;23} U {24;27} .
Dé thay riing, mdi phan tit thuoc X khong viét duge thanh tong ctia hai sé chinh phuong.

Nhu vay, ca hai truong hop déu suy ra Peter 1a ngudi thang cudc. Van dé con lai cia bai toan 1
chiing minh nhan xét. Do s6 thu dudce c¢6 viét thanh cac nhém chn chit s6 1 lién tiép va chén chit
s6 0 lien tiép nén ta c6 thé viét s6 thu duge thanh téng ciia cac s6 dang 1100...00, = 3.4F (c6 2k
chit s6 0). Do d6, s6 thu dugc sé c6 dang T' = (4n + 3) .4™. Bay gid, viec con lai 1a ta chiing minh
T = 22 +y? khong c6 nghiém nguyén. Phan ching, phuong trinh 7' = 22 + 42 ¢6 nghiém nguyén. Do
T = (4n + 3) .4™ nen T ¢6 wéc nguyeén t6 p = 3 (mod4) véi s6 mii 1é. Dén day, dung dinh Iy Fermat
nhoé trong s6 hoc 1a suy ra diéu vo ly. O

Bai 116. Cho mot bang vuong ¢d 2n x 2n (véi n 1a s6 nguyen duong). Ta goi mot duong di
chéo 1a mot 6 vuong hoic mot tap hop cac 6 vuong phan biet Cp, Cs, . .., Cy (v6i k 14 86 nguyen
duong) sao cho hai 6 C;, Cj4q ¢6 dung mot dinh chung (i = 1; & — 1). Hai duong di chéo duge

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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goi 1a 797 nhau néu ching khong c¢6 6 vuong chung. Héi bang vuong da cho cé thé phan hoach
thanh it nhat bao nhiéu duong di chéo roi nhau?

Lai giai.

Goi bang 6 vuong 1a ABC'D. To mau den tring cho cac 6 vuong xen ké theo ki¢u ban ¢ sao cho cac
0 6 goc A, C' mau trang va cac 6 6 goc B, D mau den. Do mdi duong di chéo 1a mot tap hop cac
0 vudng cling mau, nén ta chi can tim s6 duong di chéo rdi nhau it nhat ma cac tap 6 vuong mau
trang c6 thé phan hoach thanh. Ta dién vao mdi 6 tring s6 1 hodc s6 0 nhu hinh vé.

A B

C

Theo d6, mau siac va s6 dién trén cic 6 doi xiitng nhau qua dudsng chéo BD. Dong thoi trén mdi phia
ctia BD, mdi cip 6 ké nhau thi dude dién s6 khac nhau. Gia st tap 6 trang dude phan hoach thanh
m duong di chéo roi nhau. Khi mot duong di chéo c¢6 hai 6 ké nhau cung dién s6 1 thi ta tach duong
di d6 lam doi tai vi tri diém chung ctia hai 6 dé. Ta tiép tuc lam nhu vay khi con c6 thé. Do tréen
bang c6 ding n cap 6 s6 1 ké nhau cuing dién mot sd nén s6 lan tach nhiéu nhat 1a n, vi vay sd duong
di chéo tao thanh nhiéu nhat 1a m + n. Trén mdi duong di chéo bay gis, hai 6 ké nhau ludn c6 it
nhat mot s6 0, nén s6 6 dién 1 nhiéu hon s6 6 dién 0 nhiéu nhat 1a mot. Mat khac dé thay tong s6 6
dién 1 nhiéu hon tong s6 6 dién 0 § trén bang 1a 2n. Do dé sé duong di chéo lic nay it nhét 1a 2n.
Vi vay m +mn > 2n, hay m > n. Két hgp vé6i tap cac 6 den, ta c6 s6 duong di chéo it nhat 1a 2n.
Cubi cung ta chi ra mot cach phan hoach thoéa man: N6i cac 6 den ctia hai hang dau va noi cac 6
trang ctia hai hang dau lai, khi d6 hai hang dau phan hoach thanh hai duong di chéo. Do dé ta c6
thé phan hoach 2n hang thanh 2n duong di chéo. U

Bai 117. Trén bang 6 vuong 34 x 34, c6 tat ca cac 6 vuong dude dien dau +. Mai lan thao
tac, ta dudge chon mot dong hosic mot cot tily ¥ clia bang va doi dau tat ca cac dau tren do, tit
+ sang — va tit — sang +. Héi sau mot s6 lan thao téc, c6 thé thu dude sé dau + la:

@ 17

(2) 8 dugc hay khong?

L&i gidi.

Ta thiy ring chi can quan tam dén nhung dong/cot da bi thay doi s6 18 1an. Sau mot s6 lan thao
tac, 6 dau + 14 o bi tac dong s6 chin lan, do d6 bai toan tré thanh dém s 6 bi tac dong s6 chan lan
Goi p 1a s6 dong bi thay doi s6 1é 1an va ¢ 1a s6 cot bi thay ddi s6 1é lan. Khi d6, sé ¢6 hai nhém céc
o bi tac dong s6 chan lan 13

@ Céac 6 khong thuoc vé p dong, g cot néu trén, c6 (34 — p)(34 — ¢q) 6 nhu thé.

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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W Cac 6 thuoc vée mot trong p dong va mot trong ¢ cot néu trén, c6 pg 6 nhu thé.

Do d6, dé dang tinh dugc sé c6 (34 — ¢)(34 — q) + pg = 34> — 34(p + q) + 2pq dau + con lai.

a) Tt d6 dé thay biéu thiic 342 — 34(p + q) + 2pq ludn 1a s6 chdn nén khong thé nhan duge ding 17
dau +.

b) Ta dua vé phuong trinh nghiém nguyén khong am 13

(34— q)(34 — q) + pg = 8 = 342 — 34(p + ) + 2pq = 8
SI7? —17(p+q) +pg=4— 17" < (17— p)(17 — q) = —15 - 19.
Do 19 1a s6 nguyén t6 nén trong hai thita s6 17 — p, 17 — ¢, phai c6 mot thita s6 chia hét cho 19. Cha

v rang p,q € {0,1,2,...,34} nén |17 — p| < 17va |17 — ¢q| < 17. Vi vay khong c¢6 s6 nao chia hét cho
s6 19. Suy khong ton tai p, ¢ thdéa man déng thiic & trén, titc 1a khong thé c6 8 dau +. O

Bai 118. trong mot cudc thi toan gom c6 2 phan thi (phan thi dau va phan thi sau) va c6 tat
ca 28 cau héi ¢ ca 2 phan thi. Mdi ngusi giai chinh xac 7 cau héi. Mdi cap cau hoi dude gii
chi béi 2 ngudi choi.

(1) Tim s6 ngusi choi trong cuoc thi.

(2) Chiing minh ring ton tai mot ngudi choi khong giai duge cau nao hodc it nhat 4 cau hoéi
& phan thi dau.

Li giai.

(@) Gia st c6 n ngudi chai Ay, As, ..., A, va 28 bai tap 11, s, . .., Tes trong d6 T4, Ts, ..., T, lam
bai trong phan thi thit nhat. Ta goi S 1a s6 bo ba Ay, T;, T; néu Ay, gidi duge 2 bai T;, Tj. Theo
diéu kien de bai thi ta c6 |S| = n(é) = 2(228). Suy ra n = 36. Vay c6 tat ca 36 ngudi choi
trong cudc thi.

(2) V6i mdi T, gia st ¢6 r ngusi Ay, Ag, ..., A, gidi duge bai T, thi mdi A;, A,, ..., A, phai gidi
duge thém 6 bai khac ngoai T; nén sé c6 6r bo ba duge tinh trong S c¢é chia T;. Mat khac,
voi moi T;(5 # 4,1 < j < 28), ¢6 chinh xéc 2 nguoi giai duge 2 bai T, T; va 2 ngudi nay phai
thuoc Ay, Ay, ..., A,.. C6 tat ca 2.27 = 54 bo 3 chita T; trongS. Vay 6r = 54 hay r = 9. Diéu
nay c6 nghia 14 méi bai tap dudgce giai béi 9 nguoi. Gia st diéu can chiing minh 13 sai, s6 bai
tap dudc giai cia mdi ngudi ¢ phan thi dau 1a 1, 2 hodc 3. Goi x,y, z 1a s6 ngudi gidi duge 1,
2, 3 bai theo thit tu lan luct. Ta co6

r+y+z=36. (1)
Ta di dém sb cap (4;,T}) trong do bai tap T; ¢ phan thi dau tien duge giai boi A;:
x4 2y + 3z =9m. (2)

Do mdi bai dude gidi bdéi 9 ngusi). Ta di dém s6 bo ba Ay, Ty, T; néu A, gidi duge 2 bai T}, T
J J

& phan thi dau tien
2 3 m
) .z = 2. . 3
(o ()= =2 (3) @

T (1), (2), (3) ta thu duge x = m? — 19m + 108,y = —2m? + 29m — 108, 2 = m? — 10m + 36.

29\ 23 )
Tuy nhién, y = —2m? +29m — 108 = —2 <m — Z) -y < 0, vo ly, do y la s6 nguyén khong
am. Vay diéu ta gia st 1a sai.
Ta c6 dieu phai chiing minh. 0
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Bai 119.

(1) C6 4 cap vg chong dude xép ngdi trén mot ghé dai. Biét ring mdi ngudi vo chi ngdi canh
chong minh hodc ngdi canh mot ngudi phu nit khac. Héi c¢6 bao nhiéu cich sap xép chd
ngoi thoa man.

(2 Co6n(n € N*,n > 4) cap v¢ chong tham dy buoi da tiéc. Biét rang mdi nguoi déu c6 thé
tro chuyén véi tat cid nhiing ngudi khac, trtt vg hosic chong minh. Cac cudc tro chuyéen
lap thanh cidc nhom ngudi C, Cs, . .., Cj véi tinh chat sau: Khong c6 mot cap vg chong
nao & trong ciing mot nhém va hai ngudi bat ki khong phai vo chong thi déu c6 ding
mot nhém dé ho tro chuyén. Ching minh réng k > 2n.

Loi giai.
(1) Truée hét ta co 4! cach xép chd cho 4 phu nit. Ta ¢6 dinh mot bo 4 ngusi nay trong khi dém.

W Néu gitta 2 nit ma c6 nam thi phai c6 it nhat 2 nam, ciing vay néu gitta hai nam ma c6
nit thi phai c¢6 it nhat 2 nit.

@ Ta coi nhitng ngudi phu nit 1a cac nhém, thi ta c6 céc cach biéu dién nhém nhu sau:
4=4=34+1=24+2=24+14+1=14+1+1+1.

1. Néu 4 nit tao thanh nhém (1,1,1,1) : khi d6 ¢6 it nhat 1 nit phai ngoi gitta 2 ngudi
dan ong, khong thoa man.

2. Néu 4 ntt tao thanh nhém (2,1,1) : khi d6 ¢ gitta nhém (2, 1) phai ¢6 it nhat 2 nam;
¢ gitta nhém (1,1) phai c¢6 it nhat 2 nam. Nhu thé chi ¢6 1 cach xép chd duy nhat
thoa man: GBBGGBBG.

3. Néu 4 nit tao thanh nhém (2,2), ta c6 cac dang sau:

e GGBBBBGG: C6 2! cach.
¢ BGGBBBGG hoic GGBBBGGB: ¢6 12 = 2 cach.
¢ BBGGBBGG hoiac GGBBGGBB: ¢6 12 = 2 cach.
e BGGBBGGB: ¢6 1 cach.
Vay trong truong hgp nay c6 7 cach.
4. Néu 4 nit tao thanh nhém (3,1) ta c¢6 céc dang sau:
¢ GGGBBBBG hoic GBBBBGGG
¢ BGGGBBBG hoic GBBBGGGB
¢ BBGGGBBG hoic GBBGGGBB
Tuong tu, ta sé ¢6 2 (2! + 1+ 1) = 8 cach.
5. Néu 4 nit tao thanh nhém (4), ta c¢6 cac dang sau:
¢ GGGGBBBB hoac BBBBGGGG
¢ BGGGGBBB hoic BBBGGGGB

e BBGGGGBB
Tuong tu, ta sé c6 3! -2+ 2!-2+ 2! = 18 cach.

Vay tong s6 cach xép chd théa man 1a 4!(1 + 7 + 8 + 18) = 816 cach.

@ Goi g; (i =1,2,...,2n) 1a s6 nhém ma ngudi thit i tham gia tro chuyén. Do ngudi thit i no6i
chuyén véi it nhat mot cip vo chong (A, B) va ton tai hai nhém khac nhau chita A va chita B
nén ta c6 g; =>2,Vi=1,2,...,2n.

™ Truong hgp 1. Ton tai i sao cho ¢g; = 2. Gia stt C,,, N Cy, = {i}. Khi d6 mdi cip vo
chong khong phai vo chong clia ¢ ¢6 mot nguoi tham gia vao nhém C,,, va nguoi kia tham
gia vao nhém Cj,. Khi d6 méi ngusi ctia nhom C,, \ {i} sé ndi chuyén véi ngusi khong
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phéi ban doi ctia minh trong nhém Cj, \ {i}. Do cac nhém nay phan biét nén c6 tat ca
(n —1) (n —2) nhém nhw vay. Do d6, k> (n—1)(n —2) +2 > 2n v6i n > 4.
® Trudng hgp 2. g; > 3 v6i moi ¢ = 1,2,...,2n. Khi d6 ta gan cho ngudi tht ¢ bién s6
z; € R. Xét he phuong trinh 2n &n: Y ;= 0; £ = 1,2,... k. Gid sit k < 2n. Khi d6 he
1€C
trén c6 s6 phuong trinh it hon s6 an nén ton tai ¢ sao cho x; khac 0. Dat ¢, = Z T
1€Cy

M = {(i,7) v6i i,j 1a vo chong}; M* = {(i,j) v6i i, khong la vo chong}. Khi do,

S () f x

t=1 \ieCy (i,)EM*
:Z( —1)a? —i—Zm —I—ZszxJ 2 Z LT
i=1 i#£] (i,7)EM
2n n
= Z (gs — 2)a? + <Z xl) Z — ;)
i=1 i=1 (i,j)EM

k
Vay >y} =0 a;=0Vi=12 .. 2n Hay
t=1

ytZO,Vt:1,2,...,]{:@331-:0,%:1,2,...,2n.

Vay hé ¢6 nghiem x; = 0,Vi = 1,2,...,2n (v 1y). Do d6 k > 2n. O

Bai 120. Tai mdi dinh ctia mot hinh luc gide déu cho trude, c6 mot con buém dau. Vao cung
mot thoi diém, tat ca 6 con budm ciing bay len khoi céc dinh ciia luc giace va lai vao cling mot
thoi diém, cd 6 con buém ciing dau xudng cac dinh ciia luc gide d6 mot cach tiy ¥, sao cho
tai mdi dinh chi ¢c6 mot con buém dau (cac con buém khong nhat thiét phai dau xuéng vi tri
trude khi bay lén ctia minh). Chitng minh rang ton tai 3 con buém ma trude khi bay lén, ching
dau tai 3 dinh, goi la A, B, C, con sau khi dau xudng, ching dau tai 3 dinh, goi la A’, B’, C’,
c6 tinh chat: tam gidc tao bdi 3 dinh A’, B’, C' bang tam giac tao béi 3 dinh A, B, C.

L& giai.

Nhim tranh dai dong, trong phan trinh bay dudi day, khi néi “tam giac”, ta hiéu la “tam giac c6 ba

dinh 1a ba dinh ctia luc gidc déu da cho”.

Cach 1. Ta goi duong chéo noi hai dinh déi xiing nhau qua tam cia luc gidc déu 1a duong chéo
chinh ctia luc gidc déu d6 (xem hinh dudi day). Nhu vay, mot luc gide déu sé c¢6 3 duong
chéo chinh.

Dé thay, hai tam gidc, ma mdi tam giac c6 mot canh 13 duong chéo chinh ctia luc giac déu,
la hai tam gidc bang nhau (%).
Xét 2 con budm, goi 1a X va Y, ma trude khi bay lén, ching dau & hai dau mut ctia mot
duong chéo chinh. Xay ra mot trong hai truong hgp sau:
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@ Truong hop 1. Sau khi dau xuéng, X va Y lai dau ¢ hai dau mit ctia mot dudng
chéo chinh. Khi d6, theo nhan xét (%), X, Y cung véi con buém Z tuy y khac sé la 3
con buém théa man yéu cau dé bai.

@ Trudng hgp 2. Sau khi dau xudng, X va Y dau 6 hai dau mut ctia hai duong chéo
chinh. Goi Z 1a con buém ma sau khi dau xudng, n6 va X dau tai hai dau miat cta
mot duong chéo chinh. Theo nhan xét (x), X, Y va Z 1a 3 con buém théa méan yéu
cau dé bai.

Bai toan dugce chiing minh.

Cach 2. Ta phan chia cac tam gidc thanh ba loai, nhu hinh duéi day (ké tit trai qua phai 1a loai 1,
loai 2 va loai 3):

A A A

D D D

Dé thay, hai tam gidc cliing loai bang nhau va hai tam giac khéac loai khong bang nhau. Vi
thé, theo dé bai, ta phai chiing minh ton tai 3 con buém, ma trudc khi bay lén va sau khi
dau xudng, chung dau tai cac dinh ctia hai tam gidc cling loai.

Bang cach dém tric tiép, ta thiy c6 6 tam gidc loai 1, 12 tam giac loai 2 va 2 tam giac loai
3. Nhu thé, s6 tam giac loai 2 16n hon tong s6 tam giac thudce hai loai con lai (12 > 6+ 2).
Suy ra, phai ¢6 3 con buém ma trudce khi bay 1én, ching dau tai 3 dinh ctia mot tam giac
loai 2 va sau khi dau xudng, chiing ciing dau tai 3 dinh ctia mot tam gidc loai nay. Ta c6
diéu phai chiing minh.

Bai toan dugc giai quyét. O

Bai 121. Tai mot Hoi khée Phit Déng gom c6 n van dong vien tham gia vao 12 mon thi dau,
mdi mon thi dau c6 24 van dong vien. Biét rang hai thanh vién bat ki tham gia chung khong
qua mot mon thi. Tim gia tri nhé nhat cta n.

Loi giai.

Nhan xét. Hai van dong vien bat ki tham gia chung khong quia mot mon thi duong duong véi hai
mon thi bat ki chung nhau khong qui mot van dong vien. Ta dua vé viec dém bo S c6 dang (XY, Z)
v6i hai mon X, Y c¢6 van dong vién Z tham gia chung.

. . 12
& Dém theo mon thi dau, ta c6 S < (2 )

& Dém theo van dong vien: ta goi xq, xa, ..., T, lan lugt 14 s6 mon ma van dong vien 1,2,...,n
tham gia. Bang cach dém s6 lugt tham gia ta co

Diéu nay dan dén

YS! T2 Ln _1 2 2 2 _
S_(2)+<2)+...+(2>—2(:(;1+x2—|—...+xn 288).
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Qua hai cach dém trén ta suy ra

WV

12 1
S=—(z7+a5+...+ 22— 288).
2 2
hay
a4+ a5+ ..+ 22 < 420.

Ap dung bat ding thic Cauchy — Schwarz, ta c6

2 2
T1+ 20+ ...+ xp 288
x%—l—x%%—...—i—xi}(l 2 ) = .

n n

Suy ra
2882

n

.. 288
Deé y rang v6i n > 198 thi w6c lugng duge {—J = 1, khi d6 ta du doan cyc tri xay ra khi cac
n

420 > hayn > 198.

s6 x; nhan gia tri 1a 1 ho#c 2. Do vay, v6i méi ¢ € {1,2,...,n} ta danh gia
(i — D)(z; —2) >0 27 >3z, —2,Vi=1,n.
Dén day, ta suy ra

420> 23+ 22+ +22 > B —2)+ By —2)+ ...+ 3z, — 2)

3(zy +x2+...+2,) — 2n = 3.288 — 2n.

1AV

va thu duge n > 222. Vi bat dang thiic xay ra khi c6 156 s6 x; bang 1 va 66 s6 x; bing 2 nén
gi4 tri nhé nhat can tim 1a 222.

Bai toan dudgc giai quyét. O

Bai 122. Trong mit phang cho tap hop A gom 20182 diém phan biét duge danh s6 tir 1 dén
20182 sao cho ba diém bat k¥ nao d6 trong ching khong thang hang. Mot ti gidc duge goi 1a
"dep" néu cac dinh cia n6 thuoc A va duge danh s6 bang 4 sé théa man mot trong hai dicu
kién sau:

(1) La céc s6 tu nhien cach nhau 2018 don vi, tiic 1a 4 s6 lap thanh cap sb cong c6 cong sai
2018.

(2) La 4 s6 tu nhien lien tiép va néu trong dé cé chita s6 chia hét cho 2018 thi s6 d6 phai 1a
s6 16n nhat.

N&i tat ca cac diém thuoc tap hop A lai véi nhau sao cho diém nao thuoc A ciing thuoc ding
mot t1t gide. Tim s 16n nhat tt gide "dep" duge tao thanh.

Lai giai.
Viét cac s6 tir 1 dén 20182 vao bang 6 vuong 2018 x 2018 nhu sau:

1 2 3 <o+ 12017 | 2018
2019 | 2020 | 2021 | --- | 4035 | 4036
20182
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Khi d6 ta thay bo 4 s6 théa man la dinh ctia mot t¢ giac dep phai 1a bén 6 vuong lién tiép trén mot
cot hodc mot hang ctia bang trén. Ta goi bo 4 s6 d6 1a mot bo "dep". Vay dé tim s6 bo "dep" thi ta
l1at bang 6 vuong 2018 x 2018 trén bdi bang 6 vuong con 1 x 4 (1 hang, 4 cot) hodc 4 x 1 (4 hang,
1 ¢ot), goi chung 1a cac quan domino, sao cho khong ¢6 hai quan domino nao ¢é 6 vudng chung vi
mdi diém thuoc tap A chi thuoc duy nhat mot ti gidc nén méi s6 chi ¢6 thé thuoc ding mot bo dep.
Ta dém s6 quan domino t6i da c6 thé diung, hién nhién sé quan domino t6i da sé khong vugt qua
20182 : 4 = 10092. To den cac 6 thudc hang chn hosic cot chin ciia bang 6 vuong trén va to dé cac
o con lai, khi d6 s6 cac 6 dude to dé 1a
2018 2018

T x T =1009"
5 * 2

Dé ¥ rang moéi mot quan domino sé chita diing 0 hosic 2 6 t6 dé va s6 6 t6 do 1a 1é nén ta khong thé
14t kin bang 6 vuong bing cac quan domino trén, tic la s6 quan domino t6i da khong thé 1a 10092
Ta chi ra mot cach lat st dung 1009? — 1 quan domino gom hai bude nhu sau

& Buéc 1. Lat hoan toan 2016 hang dau tién ctia bang chi véi quan domino 4 x 1, ¢t 4 hang lién
tiép thi ta lat béi 2018 quan domino thi ta ding 2018 x (2016 : 4) = 1009 x 1008 quan domino.

& Buéc 2. Lat hai hang cudi ctia bang chi v6i quan domino 1 x 4, mdéi hang lat lién tiép béi
2018 .
{T} = 504 va tru di hai 6 cuoi hang nén ta dung t6i 504 x 2 = 1008 quan domino.

Khi d6 ta dung 1008 x 1009 4 1008 = 1008 x 1010 = 1009% — 1 quan domino.
Vay s6 tit giac "dep" 16n nhat duge tao thanh 1a 1009% — 1. O

Bai 123. Viét n la s6 nguyén duong aq, as, .. ., a, trén bang. Xét phép bién ddi nhu sau
Buéc 1. Xép thit ty tit 1 dén n cac s6 dang c6 trén bang.
Buéc 2. Cong s6 thit nhat vé6i 1, s6 thit 2 vé6i 2, s6 thit 3 véi 3,. .., s6 thit n véi n.

(1) Chiing minh rang néu c6 thé thiyc hién hitu han cac phép bién doi tren dé thu dugc cac
s6 bang nhau trén bang thi 2(a; + as + - - - + a,,) chia hét cho n.

(2) Chiing minh ring néu a; + a + - - - + a, chia hét cho n thi c6 thé thyc hién hitu han cac
phép bién doi trén dé thu dude cac s6 bing nhau trén bang.

Lai gidi.
(1) Nhan xét. Sau mdi lan thirc hién phép bién ddi, tong cac s6 c6 mat trén bang tang len

1

Gia st sau m lan thuc hien phép bién doi, ta thu dudc cac sé bing nhau la k. Khi d6 tong

Z 2 N 1
cac so c6 trén bang la n x k. Nhung tong d6 cting bang ay + as + --- + a, + mM nén

2
1 .
a1+a2+---+an+m@:nkz. Suy ra 2(a; +ag + - - -+ a,) = n[2k — (n+ 1)m] chia hét

cho n
(2) Trén bang dang c6 cac sb ai, as, ..., a, ma tong ciia ching chia hét cho n. Ta thyc hién cac

phép bién doi theo nguyeén tic f sau: Goi m va M la cac s6 nhé nhat trén bang (néu c6 nhicu
s6 bing m hoac M, ta c¢6 thé chon 2 s6 dai dién).
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Lan 1. Cong s6 m thém 2 va M thém 1, cac sb6 con lai cong ngdu nhién theo nguyen tic da
cho ¢ dé bai. Khi do6 trén cac c6 cac s6 m + 2, M + 1 va cac s6 bs, by, ..., by.

Lan 2. Cong s6 m + 2 thém n va s6 M + 1 them n — 1, cac s6 b; da dude cong p; trong lan 1
sé duge cong them n + 1 — p; trong lan 2.

Sau lan 2 nhu thé, ta thu duge cac s6 m +n + 2, M + n, cac s6 con lai chinh 1a cac s6 khac
duge cong them n + 1. Gid sit cac s6 thu duge trén bang 1a f(ay,as, ..., a,) va goi my, My 1a
cac s6 nho nhat va 16n nhat trong bo f(ay, as, . . ., a,). Khi d6

My —my|=|M+n—(m+n—-2)|=|M-—m-—2|

Nhu vay, sau mdi bién déi f, hieu giita s6 16n nhat v sé nhé nhat giam di 2, nén sau hitu han
lan tac dong bién doi f, ta dugc hieu giita hai s6 d6 khong vudt qua 1. Ngoai ra, tong cac sb
trén bang van chia hét cho n vi tang len n(n + 1). Gia st khi d6, s6 16n nhat trén bang la x va
s6 nho nhat 1a y véi |z —y| < 1. Néu x # y thi 2 = y + 1. Khi d6 ¢6 r > 1 s6 trén bang bang
x van —r > 1sb trén bang bang z + 1. Tong céc sb tréen bang la

z-r+(x+1l)n—r)=—r+(x+1)n

Nhung tong céc sb trén bang chia hét cho n nén r chia hét chon. Dor > 1van —r > 1 nén
g <r <n—1neén ta cé mau thudn. Vay z = y, ta c6 cac sd trén bang bang nhau.

Bai toan dudgc giai quyét. O

Bai 124. Trong mat phing, xét 7 diém doi mot phan biet. Ngusi ta mudn vé cac dudng tron
di qua ding 4 trong 7 diém nay. Hoi c6 thé vé duge nhiéu nhat bao nhieu duong tron?

Lai giai.
Ki hiéu 7 diém dang xét 1a A;,i = 1,7. Gid sit vé duge n duong tron, n € N*, thda man diéu kien
dé bai. V6i méi ¢ = 1,7, ki hicu s; 1a s6 duong tron qua diém A;. Do mdi duong tron di qua ding 4

diem nén
7
E s; = 4n
i=1

V6i mbi i = 1,7, goi m; 1a s6 cap dudong tron ma hai dudng tron trong mdi cap ciing di qua diém A;.

Do Z Si (Z sz> Mat khac, do 2 dudng tron tly ¥ (trong n duong tron vé duge) cit nhau

& t61 da 2 diém trong s6 7 diém A; nén

m<2(g) = n(n—1). 2)

2n (4n — 7
Tit (1) va (2), suy ra w <n(n—1). (3)
Ta c6 (3) & n < 7. Xét n = 7. Khi do6, & tat ca cac danh gia neu trén phai xay ra dau “=". Vi thé, 7
duong tron vé dude phai thoa man dong thoi cac diéu kién sau:
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(1) Mai duong tron di qua ding 4 diém va qua mdi diém c6 ding 4 dudng tron;
(2) Hai duong tron tity ¥ cit nhau & ding 2 diém trong 7 diém dang xét.

Xét mot diém tiy y trong 7 diém, gia st 1a A;. Vi 2/ nén phép nghich ddo P tam Ay, ti s6 k # 0, sé
bién 4 duong tron di qua A; thanh 4 dudng thang khong di qua A; va doi mot cit nhau, tao thanh
mot t1 gidc toan phan nhu Hinh 1 dudi day. Vi mdi duong tron trong 3 duong tron khong di qua
Ay, déu di qua ding 4 diém trong s6 6 diem khac A; (theo 1) va déu céit timg dudng tron trong 6
duong tron con lai tai 2 diém trong 6 diém d6 (theo 2) nén phép nghich ddo P bién 3 duong tron
khong di qua A; thanh 3 duong tron phan biét, méi duong tron di qua ding 4 diém trong 6 diém
A,B,C,D,E,F & hinh trén. Tuy nhién, d& thay, chi c¢6 thé c6 téi da 2 dudng tron phan biét, moi
dudng tron di qua 4 diém trong 6 diém vita néu. Mau thudn nhan duge ching té n # 7. Do do,
n < 6.

Hinh 1

Xét 7 diém gom 3 dinh ctia tam giac nhon ABC, tric tam H ciia tam gidc d6 va 3 chan dudng cao
D,E, F ha tit A, B, C xubng cac canh BC,CA, AB (xem Hinh 2 du6i day).

Hinh 2

D& théy, 6 duong tron (AFHE), (BFHD), (CDHE), (ABDE), (BFEC) va (AFDC) théa man cac
diéu kién ctia dé bai. Vay, chi c6 thé vé duge nhiéu nhat 6 dudng tron thoéa méan cic yéu cau ciia dé
bai. [
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Bai 125. Cho céac s6 nguyén duong ai, as, - -+, asos. X6t tap

Saors = {(—1)" a1 + (—1)Jag + ... + (—1)"%Jagors; k; € N* Vi =1,...,2018} .

Ching minh rang tich ciia tat cd cac phan ti thudc Sagis 18 mot s6 chinh phuong.

Loi giai.
Véi mdin € {1, 2, 3,---, 2018}, ta ki hicu

Sp={(-1)"Va; + (-1)*Vaz + -+ (-1)""Va,; ki eNVi=1- n}.

Nhan xét rang
() S, c6 2" phan tit 1a cac s6 thuc déi nhau.
(2 V6i mdiec S,_; thiex /a, € S,.

Dat A,, = H e 1a tich clia tat ca cac phan tit thuoc S,,. Ta chiing minh A,, 1a s6 chinh phuong véi moi
GGSTL
ne€{l, 2, 3,..., 2018}, tu d6 ta cling c6 dieu phai chiing minh. Xét da thic P,(x) = H (x+e)
eGSn
thi A,, = P,(0). Theo nhan xét trén ta co6

Puw)= J] (@+e+va)(@+e—vay) =P (e +vag) P (@~ Van)

EESn—l

= {—Vai; /a1 }. Taco Pi(z) = (z — a1) (z + ar) =2 — a1 € L.
— {1~ Vs — @+ EE E -\ a+ V@) Ta o

Pae) = (@ Van+ ) o+ ar = V) (@ Vi + V) (o = Vi = V)

=" — 2 (a1 + ag) 2% + (a1 — an)” € Zpy.

Ma P (z + \/a3) = As(z) + /a3 - Ba(z);

Py (x — \/ag) = As(x) — /a3 - Bo(x) v6i As(x); Ba(z) € Zyyy do Pa(x) € Ly,

Tu d6 ta dudc Ps(z) = P (z + \/a3) Py (v — \/az) = A3(z) — a3.B3(x) € L.

Béng phuong phap quy nap ta ching minh duge P,(z) € Zj,) Vn € {1,2,3,...,2018}.

Lai ¢6 S, chi chiia cac sd doi nhau, gid sit 1a dteq; feo; ... Fegn1.
2n71 271,71
Piw)=[[ @+e) =[] ¢+e)@—e) =[] (+*—¢})
e€Sh i=1 i=1

suy ra P,(z) = P,(—x) V.
Do d6 P,(z) = Qu(x?) v6i Qn(z) € Zj,). Nhu vay

An = Po(0) = Pt (=) Pact (Van) = Pry (Van) = Q5 (an)

14 s6 chinh phuong. O

Bai 126. V6i mdi tap A gom n diém phan biét trong mat phang (n > 2), ki higu T'(A) 1 tap
hap céc vector c6 diem dau va diém cudi déu thuoc A. Hay xac dinh gia tri 16n nhat va gia tri
nhé nhét ctia [T(A)|. (Ki higu |[T(A)| 1a sé phan tit ctia tap hop |T(A)])

L&i giai.
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n(n —1)

Z 2 . bY P P ~ N ~ A , —> ~
So doan thang ¢6 hai dau mit khac nhau thudc A la nén so vector khac vector 0 thudc A

khong vugt qua n(n—1), do d6 ké ca vector ﬁ thi |[T(A)|] < n?—n+1. Ta ching minh ton tai cau hinh
sao cho |T(A)| =n? —n+ 1. Xét n diém Ay, Ay, ..., A, saocho Aj, Ay, ..., A, € A va thda man
diéu kien A1 A; < AjAj1 v6ij =2, 3,...,n. Khi d6 dé dang chiing minh duge |T(A)| = n*—n+1.
Xét tap A gom n diem Ay, As, ..., A,. Gid st AjA, = max {A;A;} va

1<i<j<n d
goi d la duong thang di qua A; vh vuong goc véi A;A,. Khi do tat ca cac
diém thuoc tap A déu thuoc nita miat phang chia A, c6 bd 1a d va chi ¢o
A1 thuoc d. Nhu vay sé c6 2(n — 1) vector khéc 0 va doi mot phan biet la
1,4, AQ,.. A An,AQAl,.. A A1 Do d6 [T(A)| > 2(n—1)+1=2n—1. Ta
chi can Chl ra mot tap hop ma |T'(A)| = 2n — 1. That vay, tren truc s6 dat Ak Ay A,
Vao dlem c6 toa do k thi véi moi A;A; deéu ton tai k sao cho A—lA_k) = A 1AL

—
hodc AkAl Ay Ay, nén min [T(A)| =2n — 1.
Bai toan dudgc giai quyét. O

Bai 127. Cho s6 nguyén duong n > 2. Xét tap hop

A= {(a;a2; .. ;an)|ar, € {01}, k = 1;2;...;n}.

V6i méi phan ti a = (ag;as;...;a,) € A, a dude goi 1a chi s6 thit k ctia a (k = 1;2;...;n).
Ky hiéu 0 = (0;0;...;0) € A. Xét 4nh xa f: A — A théa man dong thoi hai diéu kien:
(i) f£(0) =0;

(ii) Moi a,b € A théa man a va b c6 ding p chi s6 khac nhau, thi f(a) va f(b) ciing c6 ding
p chi s6 khac nhau.

(@) Véi mdi i = 1;2;...;n, ky hieu e; € A 1a phan ti& c6 chi sé thi ¢ bang 1, céc chi s6 con
lai bang 0. Chiing minh rang: {f(e;)|i = 1;2;...;n} = {e;li = 1;2;...;n}.

(2) Phép cong trong A dugce dinh nghia nhu sau: véi
a=(aj;ag;...;a,) € A b= (by;bg;...5b,) €A

thic=a+b=(c1;¢0;...5¢,) € A xac dinh béi

0 néu ap = by
Crp = ) (k=1;2;...;n).
1 neu a; # by

Chiing minh rang Va,b,c € A:a+b+c=0 thi f(a) + f(b) + f(c) =0

L&i giai.

@ V6i mdi i = 1;2;...;n, xét e; va 0 c6 diing mot chi s6 khac nhau, nén f(e;) va f(0) = 0 cling
c6 ding mot chi s6 khac nhau, suy ra f(e;) = e,,, v6i m nao d6, m € {1;2;...;n}. Mat khac
Vi # j,e; va e; ¢6 dung hai chi s6 khac nhau, nén f(e;) va f(e;) ciing c6 dung hai chi s6 khac
nhau, suy ra f(e;) # f(e;), do d6 f la don anh tut tap {e;|s = 1;2;...;n} vao chinh n6. Nhu

vay
{flei)li=12;..sn} ={eili = 1;2;.. . sn}.
@ Xét x = (w1;29;...52,) €A, ddt f(2) =y = (y1;%2;...;%n) € A, néu z c6 ding p chi s6 biang
1, thiy = f(z) ciing ¢6 dung p chi s6 bang 1. Gia st f(e;) = ey, Xét phan tt x = (x1; 225 ... ;2,)

va phan tit e;, ta c¢6 hai truong hop:
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W Néu z; = 1, thi  va ¢; khac nhau & p — 1 chi s6 nén y va e,, ciing khac nhau 6 p — 1 chi
s6. Ma y ¢6 p chi s6 bang 1, nén y,, = 1.

W Néu z; = 0, tuong ty, = va e; khac nhau & p+ 1 chi sé nén y va e, cling khac nhau & p+ 1
chi s6, nén tuong tu y,, = 0.

C4 hai truong hop déu c¢6 x; = y,,. Tit hai diéu trén, ta suy ra: néu f(e;) = e,,, thi chi s6 thi ¢
clia © € A bang chi s6 thit m ctia f(z), nén f hoan vi tap {e;} theo thit tu ndo, thi f hoan vi
cac chi s6 clia o theo dung thi tu Ay, Vo € A. T d6, véi moi a, b, ¢ théa man dé bai, f hoan
vi cac chi s6 clia a, b, ¢ theo cling mot thit tu, nén céac chi s6 ctia f(a) + f(b) + f(c) 1a hoan vi
theo ding thit tit &y ctia a + b+ ¢ = 0. Ta c6 diéu phai chitng minh.

Bai toan dudc giai quyét. O

Bai 128. Cho n = 2018 -2019. Goi A la tap hgp cac bo (ay;as;...;a,-1; ay,) c6 tinh tha ty sao

cho a; € {0;1} v6i moi i =1,2,...,n va Zai — 2018%. C6 bao nhiéu bo s6 nhu thé sao cho
i=1

k k
va E Ap—f4+1 =
=1

Z%’}

=1

vei moi k=1,2,...,n?

Do |
Do |

Loi gidi.

Ta gidi bai toan tong quat khi thay 2018 béi m € Z*. Bai toan da cho tuong duong véi bai toan sau.
Trong hé truc toa do Oy, xét ludi diém nguyén trong hinh chit nhat c6 dinh dudi bén trai 1a O(0;0)
va dinh trén bén phai 1a A(m?; m). Dat B(m;m) va C(m* — m;0), hoi ¢6 bao nhiéu duong di tu
O — A sao cho mdi budc, ta di sang phai hodc lén trén 1 don vi, goi la duong di don, va khong vugt
len trén OB ciing nhu khong xuéng dusi AC?

O day, cac s6 0;1 tuong ting véi cac bude di len trén, cac bude di sang phai; con didu kien téng k s6
dau va tong k s6 cudi khong nhé hon g tuong ting véi s6 luong buée di len khong vugt qua s luong

buée di sang phai. Dé thuan tien, ta goi dudng di cit d néu né c6 cac phan nam vé ca hai phia ctia
d. Truée hét, ta sé chiing minh bo dé sau

A 4R £ N . N ;< N 2 N m—+ 1
Bo dé. SO duong di don tt O — A(m;n), ¢6 cat dudng thiang y = x la ( N )
m+n

That vay, Xét duong thang (d) : y = x + 1, 16 rang cac duong di don
cat y = x déu sé c¢6 diém chung véi dudng (d) nay. Tai cic diém chung
d6, ta thuc hien doéi xting truc dé dude mot dudsng di méi xuat phat ti
O — A'(n—1;m+1). Trong hinh bén, dudng cua la nét dit, con
dudng méi 1a nét lien. R rang phép déi xing truc trén la song anh,
bién cac duong can tim (cit y = x), thanh cac duong tit O — A’; do do,
m-+n

s6 lugng duong can tim 1a L)
n R

m2+m

Tré lai bai todn, s6 duong di don tit O — A(m?;m) la ( ) vi n6 bang sb cach chon m lan

m
di lén trong tong s6 m? + m lan di chuyén, trong do sé6 duong di cit OB bang s6 dudng di cit AC

. m? +m s . ) )
va bang ( ) ) (theo bo de). Do dé, ta chi can tim s6 duong di cat cd OB, AC v6i § tudng
doi xtng hai lan da ding dé chting minh bo dé. Dau tien, ta thuc hien déi xting qua dudng thang
y = x + 1; khi d6, cdc duong di don sé xuat phat tit O — A’(m — 1;m? + 1). Do cac dudng ban dau
con vuot qua AC nén cdc dudng mdi phai cat them y = x +m? — m + 3. Tiép tuc dbi xing qua
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duong thing nay, ta dua vé dém s6 dudng di don tit O — A”(m — 2;m? + 2). Suy ra s6 duong di
2
m?+m

trong truong hop nay la ( 5 ) Vay theo nguyén ly bu trit, két qua can tim sé 1

(m2 + m> <m2 + m) (m2 + m)

-2 + .

m m—1 m— 2

Thay m = 2018, ta c6 s6 lugng duong di, ciing chinh 14 s6 bo théa man dé bai. 0
Nhan xét. Bai toan thoat nhin c6 vé c6 thé xit Iy dudce bang truy hoi hodc bui trit tryc tiép, nhung
qua that khong dé. Viec tiép can theo huéng dung “ luéi nguyen” doi héi it nhiéu kinh nghiém va
cac ki thuat lién quan, vi bai toan nay sau khi mo hinh héa xong con phait thém bude “d6i xitng
hai 1an” méi c6 thé giai quyét triet dé duge. Duong di trong bai toan con goi la duong di Dyck hoac
Catalan, lien quan dén céc bia toan ndi tiéng nhu: bé phiéu bau cho cic tng cii vién sao cho
ng vién nay ludén thing dng vién kia tai moi thoi diém, mua vé véi tién 1 dong, 2 déng
sao cho khéng c6 ai can phai chd tién théi lai,...
Bai toan ciing c¢6 thé mé phéng theo day cac dudng di chéo, lén hosic xuéng 1 don vi, tit (0;0) dén
(n? 4+ n;n? —n) sao cho duong di khong xudéng dudi truc hoanh va ciing khong vugt len trén y = n?.
Thuc ra néu trinh bay theo huéng nay thi viéc 1ay déi xitng sang stia hon.
Ung véin = 1,2,3,4 ta c6 cac gia tri 0,4, 100,2755 1a mot diy so6 khong quen thuoc nén ching toi
ciing khong rit gon dap s6 trén. Duéi day 1a mot s6 két qua tuong tir vé duong di don trong dé bai

@ S6 dudng di don tit (0;0) — (m;n) ma khong c6 diém chung véi y = z 1a m ; n (m + n)
m+n\ m

™ S6 duong di don tu (0;0) — (m;n) ma khong vust qua y = = 1a (m * n) — (m * IL)
n n—

, L "L n!(2i +1—n) n
® S6 duong di gom n buée ma khong vugt qua y = x 1a " — = ( >
i;/Q (1 + D)l(n—1)! [ ]

™ S6 duong di don tit (0;0) — (m;n) ma khong c6 diem chung véi y = z + ¢ 1a
m-4+n m+n
n m—t

@ (Viet Nam TST 2003) Tinh s6 cap duong di don (0;0) — A(m;n) va B(p;0) — C(m;q) véi
p < m;q < n sao cho chiing khong c6 diém chung.

Bai 129. Cho n 6 thuc 1, s, ..., 2,. V6imdii € {1,2,3,...,n}, goi a; 1a s6 cac chi s6 j sao
cho |z; — x;| < 1 va b; 1a s6 cac chi s j sao cho |z; — x;] < 2 (cac s6 i, j c6 thé bing nhau).

a) Chiing minh réng ton tai ¢ ma b; < 3a;.

b) Goi A la s6 cap (4,7) ¢6 thit tu ma |z; —z;| < 1 va B la s6 cap (4,7) c¢6 thi tu ma
|z; — 2] < 2 (clc s6 4,7 c6 thé bing nhau). Chiing minh ring B < 3A.

L& giai.
a) Khong mat tinh tong quat, gid st cac sd da cho duge sap xép tang dan.
Xét k = max{a, as,...,a,} va gid st a; = k, khi d6 ton tai k sb trong day la
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Ngoai ra vi tinh 16n nhat cta k nén |z, ; — ;] > 1, |v,41 —x;] > 1. Trong [z,;x,], c6 ding
ks6j dé |z, —x < 1 < 2. Con truée x,, xét hai s6 x,, zy trong dé sao cho x, < x4 vA
|z, — x| <2, |zs —x;] <2 thi

|z, —xs| =5 —xp = (s — ) — (15 —xy) <2—1=1

nén sé c6 khong qua k s6 j dé |x; — x;| < 2 vi néu nguge lai, sé ¢6 nhidu hon & s6 lién tiép trong
day cach nhau khong qua 1 don vi, mau thuan véi tinh 16n nhat ctia k. Tuong tir v6i cac s6 sau
Z,, Vi thé nén b; < 3k = b; < 3a,.

Ta sé chitng minh bang quy nap theo n. Véin = 1, 16 rang A = B = 1 nén khang dinh hién nhién
ding. Gia sit két qua dang v6i n > 1, ta sé chitng minh né ciing ding véi n + 1. Xét day s thuc
T = (71,72,...,%Tyy1) bat ki va gid st 1y < 29 < -+ < Tpq1, ki hieu Az, Br 14 s6 cdp thi tu cac
chi s6 (i, j) tuong ting véi dinh nghia ctia dé bai. Gia st & > 1 1a s6 lugng 16n nhat cac s6 ctia T
dugce chita trong mot doan do dai bang 2 nao dé. Goi x; 1a s6 cudi cing clia day ma trong doan
[z; — 1;2; + 1] ¢6 chita ding k s6 (ké ci x;). Goi T" 1a day mdi sau khi bo ; di. Khi d6, s6 lugng
cac s6 thuoc T' ¢6 trong [x; — 1;2; + 1] 1a k — 1, ngoai ra x; da bi b di thuoc vé dung 2k — 1
cap ciia Ap (gom k — 1 86 * thuoc doan trén tao thanh cac cap c6 dang (z;, %), (*, ;) cung vdi
(i, ;). Do d6
Ap = Ap + 2k — 1.

Ta viét [z; — 252 + 2] = [x; — 252, — 1| U [z — Ly + 1 U [z + 12, + 2], tri doan & gitta thi
hai doan dau va cudi chita téi da k phan ti ctia 7. Hon nita, do dinh nghia s6 x; nén trong doan
[z; + 1;x; + 2] ¢6 t6i da k — 1 phan tif ctia 7. Suy ra c6 t6i da 2(k — 1) + k = 3k — 2 phan ti ctia
T" (khong tinh z;) thudc [x; — 2; x; + 2|, suy ra

Br <238k —-2)+1+ Bpr =32k —1)+ By
Ap dung gia thiét quy nap, ta ¢6 By < 3Ap neén tit cac didu trén suy ra
Br <32k —1)+4 By <32k — 1) + 3Ap = 3(Ap + 2k — 1) = 3A7.

Theo nguyén li quy nap, ta c6 diéu phai chiing minh.

Bai toan dudgc giai quyét. 0
Nhan xét. Ta thit xét mot s6 ude lugng gitta A, B khi cac s6 1, 29, . . ., z,, dac biét.

@ Néu n s6 bang nhau thi a¢; = b; = n nén A = B.

@ Néu n s6 chin lien tiép thia; =1, Vi=1,2,...,n;con by =b, =2, b; =3, Vi=2,....,.n—1

nén A =n, con B = 3n — 2 va ro rang 1 =3 — = — 3 chitng t6 3 12 hing s6 tot nhat.
n

Bing phuong phap tuong tu trén, ta ciing c6 thé ching minh duge ring v6i 0 < a < b thi dat cip sb
c6 thit tu (7,7) thoa man |z; — x;| < a va c@p s6 ¢6 thi tu (i,7) théa man |z; — z;| < b lan lugt 1a

A,

b
B thisé c6 A< 2(k—1)B véi k= [——‘
a
Bai 130. Viét n la s6 nguyéen duong aq, as, . . ., a, trén bang. Xét phép bién ddi nhu sau.
Buéc 1. Xép thit ti tit 1 dén n cac s6 dang c6 trén bang.
Buéc 2. Cong s6 thit nhat véi 1, s6 thit 2 v6i 2, s6 thit 3 vé6i 3,. .., sd thi n véi n.

(1) Chitng minh ring néu c6 thé thuc hién hitu han cac phép bién ddi trén dé thu dudc céc
s6 bang nhau trén bang thi 2(a; + as + - -+ + a,,) chia hét cho n.

(2) Chting minh réing néu a; + as + - - - + a,, chia hét cho n thi c6 thé thyc hién hitu han cac
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phép bién doi trén dé thu dude cac s6 bing nhau trén bang.

Loi giai.

Nhan xét. Sau mdi lan thuc hien phép bién déi, tong céc sé c6 mit trén bang tang len 142+« -+n =
n(n+1)

2 ‘ N 7 2 P N 2 P
Gia st sau m lan thuyc hién phép bien doi, ta thu duge cac so bang nhau la k. Khi dé tong céac so ¢6
: N . L N n(n+1
trén bang la n x k. Nhung tong do6 cling bang a; + as + - -+ + a, +m¥ nen a; + as + -+ -+
nn—+1
an + mw = nk.

2
Suy ra 2(a; +as+ - -+ a,) = n[2k — (n + 1)m]| chia hét cho n. Trén bang dang c6 cac s6 ay, ag, . . .,
a, ma tong ciia ching chia hét cho n. Ta thuc hién cac phép bién doi theo nguyen tic f sau. Goi m
vi M 1a céc s6 nhé nhat trén bang (néu c6 nhidu s6 bang m hogc M, ta c6 thé chon 2 s6 dai dien).

(1) Lan 1. Cong s6 m thém 2 va M thém 1, cac s6 con lai cong ngAu nhién theo nguyén tic da
cho & dé bai. Khi d6 trén cac c6 cac s6 m + 2, M + 1 va céc s6 b, by, ..., by.

(2 Lan 2. Cong s6 m + 2 them n va s6 M + 1 them n — 1, cac s6 b; da dude cong p; trong lan 1
sé duge cong them n + 1 — p; trong lan 2.

Sau lan 2 nhu thé, ta thu dugce cac s6 m+n+2, M +n, cac sd con lai chinh 13 cac s6 khac dugce cong
them n + 1. Gia st cdc s6 thu duge tren bang 1a f(a1, as, ..., a,) va goi my, M; 1a cac s6 nho nhat
va 16n nhat trong bo f(a1, as, ..., a,). Khi dé |My —my| =M +n—(m+n—2)|=|M—m—2|.
Nhu vay, sau méi bién ddi f, hieu gitta s6 16n nhat va s6 nhé nhat gidm di 2, nén sau hitu han lan
tac dong bién déi f, ta dudc hieu gitta hai s6 dé khong vugt qua 1. Ngoai ra, tong cac sé trén bang
van chia hét cho n vi tang lén n(n + 1). Gia st khi d6, s6 16n nhét trén bang la z va s6 nho nhét 1a
yvoi |z —y| <1.Néux #ythiz =y+ 1. Khi d6 ¢6 r > 1 86 trén bang bang x van —r > 1 sd trén
bang bang x + 1. Tong cac s6 trén bang la x -7 + (z + 1)(n — r) = —r + (z + 1)n. Nhung tong cac
sO trén bang chia hét cho n nén r chia hét chon. Dor > 1van—7 > 1nén ¢ <r <n— 1 nén ta
c6 mau thudn. Vay z = y, ta c6 cac so6 trén bang biang nhau. Diéu phai chiing minh. 0

Bai 131. Ghi lén bang 2018 s6 nguyén duong dau tién: 1,2, 3, ...,2018. Thyc hién thuat toan
sau: moi lan cho phép x6a di hai s6 a, b ma khong c6 s6 nao 1a boi clia s6 kia va thay thé ching
béi hai s6 1a u6c s6 chung 16n nhat va boi chung nhé nhat cta a, b. Hoi ring ta cé thé thuyc
hién thuat toan trén vo han lan khong? Tai sao?

L& gidi.
Véi hai s6 nguyén duong a, b bat ki ta c6

& ab = (a,b)[a,b).
™ a+b<(a,b)+[a,b].
Sau madi lan thuc hién thuat toan trén thi:
(1) Céc sb tren bang luon la sé nguyen duong.
(2) Téng tat ca cac sd trén bang tang thém it nhat 1 don vi.

(3) Tich tat ca cac sb trén bang khong thay doi va luon bang 2018!. Do d6 tong cac sb trén bang
bi chan trén: Thuyc vay, néu aq, ..., asns 1 cac s6 nguyén duong ma a; - - - asys = 2018! thi
1 <a; <2018!. Do d6 aj + - - + agms < 2018 - 2018!. Vay téng cac sé bi chan. Thanh thit chi
sau mot s6 hitu han bude ta khong thé thuyc hien duge thuét toan trén dugde niia.

Bai toan dugc giai quyét. 0
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Bai 132. Trong ky thi chon HSG I6p 12 mon toan ndam hoc 2018-2019 ¢6 20 hoc sinh tham
gia. Mot nhém “tinh ban ”1a mot nhom gom 3 hoc sinh doi mot quen biét nhau, mot nhom “xa
la "la mot nhém gom 3 hoc sinh doéi mot khong quen biét nhau. Goi tong s6 nhém “tinh ban
"va nhom “xa la “trong ky thi nay 1a n, tim gia tri nho nhat cta n.

Loi giai.

Ta goi chung mot nhom “tinh ban "hodc mot nhém “xa la "1a mot nhém “dac biet ”. S6 nhém 3 ngudi
20 .

ma khong phéi nhéom “dac biét "1a (3) —n = 1140 — n. Ta goi T 1a s6 bo (A,{B,C}) sao cho A

quen ca B va C hoac A khong quen ca B va C.

Trudng hgp 1. V6i mdi nhom didc biet s6 bo (A, {B,C}) la 3, vay s6 bo (A, {B,C}) nhu trén la
3n.

Trudng hgp 2. V6i mdi nhoém 3 nguoi, ma khong phai nhom dic biet sd bo (A, {B,C}) nhu trén
. 20
la 1, trudng hop s6 bo (A, {B,C}) la (3) —n = 1140 — n.
Vay T = 1140 4 2n. V6i moi ban hoc sinh A, gid sit ban A quen véi x hoc sinh va khong quen véi y
hoc sinh. Ta ¢6 = +y = 19 va s6 bo (A, {B,C}) tng véi hoc sinh A nay la

(:c) N (y) _ =) oy _ele—l) (9-2)08—x) o

o) T\a) T T2 R 2

Suy ra T" > 81 - 20 = 1620 hay 1140 + 2n > 1620. Vay n > 240.

Dé chi ra dau bing, ta danh s6 cac ban hoc sinh 1a Ay, As, ..., Ay va xay dung mot mé hinh nhu

sau: A; va A; quen nhau néu i, j cing tinh chin 1¢. Va A; khong quen A; néu i, j khac chén 1é. Khi
, 10 9 PN

d6 s0 bo (A,{B,C}) ting v6i hoc sinh A sé 1a < 5 ) + (2> = 81, tic dau biang da xay ra. O

Bai 133. Trén mat phang cho 2n?(n > 2) dudng thing sao cho khong c6 hai duong nio song
song va khong c¢6 ba duong nao dong quy. Cac dudng thang nay chia mit phang ra thanh céc
mién roi nhau. Trong cac mién do, goi F la tap tat ci cac mién da giac c6 dién tich hitu han.
Chitng minh ring c6 thé t6 n dudng thing trong s6 2n? duong thing da cho bing mau xanh
sao cho khong c¢6 mién nao trong tap F c6 tat ca cac canh mau xanh.

Loi giai.

Goi L 1a tap cac duong thing da cho. Chon mot tap 16n nhat B C L sao cho khi t6 cac dudng trong
B bang mau xanh thi khong c6 mién nao trong F' c6 tat ca cac canh mau xanh. Dit |B| = k, ta sé
chi ra k > n 1a bai toan duge giai quyét. Ta lam nhu sau. To cac dudng trong tap L\ B biang mau

2 z ? Z k
do6. Mot diem duge goi 1a mau xanh néu no6 la giao cua hai duong thang mau xanh. The thi ¢6 (2)
diém mau xanh. Ta xét mot dudng mau dé [ bat ki. Béi tinh 16n nhat ctia B nén phai c¢6 it nhat
mot mien A € F ¢6 duy nhat mot canh mau d6 va nam trén [ (vi néu nguge 1ai mién nao cling c6
hai canh dé va c6 mot canh ndm trén [ thi ta to6 [ mau xanh van théa man, diéu nay vi pham tinh
16n nhat ctia B). Vi A c6 it nhat ba canh, nén it nhat hai canh ndo d6 mau xanh cit nhau, nén A
c6 it nhat mot dinh xanh, goi day 1a dinh xanh lien két v6i duong dé . Vi mbi diém xanh thudc bén
mién (giao clia hai dudng xanh), né sé lien két v6i nhiéu nhat 4 duong dé. Vi thé sé dudng thing
N Z 5 4 k Z 2 2 N N A
do nhieu nhat chi ¢6 the 1a 4 2). Mat khac, s6 duong thang mau dé 1a 2n? — k, vi thé ta dudc
2n? — k < 2k(k — 1), suy ra
20 <2K° — k<2 =k >m

Bai toan dudgc giai quyét. 0
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Bai 134. Cho s6 nguyén duong N > 2. Dién vao cac s6 1,2,3,...,n? vao tat ca cdc 6 vuong
clia mot bang vuong kich thuée n x n, mdi s6 mot 6 vuong. Chitng minh rang ton tai hai 6
vuong ké nhau (c6 chung mot canh) ma hiéu hai s6 trong d6 khong nhé hon n.

L& gidi.
Goi k 1a s6 nguyén nhé nhat sao cho ton tai mot hang hodc mot coi chi chiia cac s6 thuoc tap
{1,2,...,k}.

1 (114 |10
162 |14] 5
71131 8|9
121316 |9

Ching han trong hinh vé trén, néu xét theo hang thi phan ti 16n nhat méi hang 1a 11,16,15,12,
sO6 bé nhat trong d6 1a 11. Néu xét theo cot, cic sd 16n nhat 1a 11,16, 14,15, s6 bé nhat trong do
1a 11. So sanh hang va cot d6, thay hang 1 1a hang chia cac s6 1,11,4,10 déu 1a cic s6 thuoc tap
{1,2,...,k}. Gid stt 86 k thuoc hang r va cot ¢, cAc 6 con lai ctia hang r déu thuoc tap {1,2,...,k}.
Nhan xét. Mai cot trit cot ¢ déu chita it nhat mot s6 > k + 1 va khong phai tat ci cac 6 cing mot
cot déu > k + 1. Suy ra cot thit 7 phai chita mot cap (a;, b;) ké nhau ma a; < k —1,b; > k + 1.

(1) Néu ton tai mot 6 clia cot ¢ chita s6 > k + 1 thi cot ¢ chia cap (a,b) ké nhau ma a < k,
b>k—+1.

(2) Néu mot 6 ctia cot ¢ déu < k thi ¢ chia cap (a,b) ké nhau md a < k—1, b = k.
Nhu vay, trong moi truong hop, ton tai cap (a,b) ké nhau trong cot thit ¢ ma
max{a,as,...,a,} =A< B=min{by,bs,...,b,}.

Néu (1) xdy ra thi A=k, B =k + 1.
Néu (2) xdy rathi A=k —1,B=k.

-1
Tfrdész->B+B+1+B+2+---+B+n+1: (B+” )n
=1

2

1
iy @ <A+A-1+A-2+4-+A-n+1= <A—n2 )n

Suy ra Z:(bZ —a;) > n® nén ton tai j: b; — a; > n.

Diéu phai chitng minh. O

Bai 135. Mot diem trong mit phang véi hé truc toa do vuong goc Oxy duge goi la diém
nguyén néu ca hoanh do va tung do ctia diém dé déu la cac s6 nguyén. Chiing minh ring véi
moi s6 nguyéen duong n, luoén ton tai mot dudng tron chita ding n diém nguyéen bén trong.

Loi giai.

) 1
Chon diem C' = <§7
cach dén C. That vay, gia st nguge lai c6 hai diém nguyeén (m,n) va (p, ¢) khac nhau va c6 cling

) 1\? 1\?
khoang cach den C'. Khi do, ta ¢6 (m — 5) + (n— \/§)2 = (p — 5) + (g — \/§)2, hay

\/§) Ta sé chiing minh khong c6 hai diém nguyén khac nhau c6 ciing khoang

om 2
m2+n2—p2—q2—?m+§p:2\/§(n—q} (*)
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T d6, do m, n, p, ¢ 1a céc s6 nguyén nén 2\/3(77, —q) la s6 hitu ti. Suyran — ¢ =0, hay n = ¢. Vi
thé m # p, (do (m,n) va (p, q) 1a hai diém khac nhau) va tit (x) ta dugc:

n=p) (m+p-3) =0

Suy ram+p—§:0, la dieu vo li, vi m,p € Z. Diéu vo li nay chiing t6 gia sit & trén la sai va

ta c6 dieu mudn chitng minh. Xét day cac duong tron tam C'(C, R;) v6i i = 1,2,3,..., véi Ry bang
khodng céch tit C' dén diém nguyén gan né nhat va

R1<R2<R3<"‘,

dong thoi méi duong tron trong day déu di qua céc diém nguyen. Theo phan ching minh & trén,
mbi duong tron ctia diy déu di qua ding mot diém nguyen. Vi thé, véi mbi s6 nguyéen duong n, bén
trong dudng tron tam C, ban kinh R véi R, < R < R,.1, sé c¢6 ding n diém nguyén. Bai todn da
duge ching minh. 0

Bai 136.

(1) C6 50 cay gibng dudc phan phdi vé cho cac xa A, B, C, D. Hoi ¢6 bao nhiéu cach phan
phdi biét rang s6 cay giong clia xa A phai chia hét cho 5; s6 cay giéng clia xa B it hon
10; s6 cay giong ctia xa C' nhiéu hon 4 va s cay giong clia xa D it nhat 1a 157

(2) C6 mot nén nha hinh vuong kich thude 8 x 8 dugce 1at béi 21 vien gach kich thude 1 x 3.

Biét ring cac vien gach déu nguyén ven (khong bi cit ra). Khi d6 ton tai 1 6 trong kich
thude 1 x 1. Hoi 6 tréng dé c6 thé ndm & nhitng vi tri ndo?

Lai giai.
. 1
(1) S6 céch chia cay cho xa A ¢6 ham sinh 1a 1+ 2% 4+ 20 4 ... = -t
—x
) 1— 10
S6 cach chia cay cho x& B c6 ham sinh d 1+ a2+ 22+ ... +2° = ] T
—x
5
S6 céach chia cay cho xa C ¢6 ham sinh 14 2° + 2% + ... = 1$ .
—x
15
S6 cach chia cay cho xa C c¢6 ham sinh 1a !5 + 216 + ... = 1x .
—x
) 1
Ham sinh s6 cach chia cay 1a f(z) = 22°(1 + x5)ﬁ
—x
A z . ~ s N ~ £ 2 50 2 . .2 N 27 32
SO cach chia cay chinh l1a hé s ctia 2° cia khai trien f(z) la 05 + 20/ = 847.

(2) Xét € can bac 3 nguyén thiy ctia don vi € # 1. Khi d6, véi moi s6 nguyen duong k ta co
e + eF1 4 82 = (0. Coi nén nha 14 1 bang 6 vuong, véi 1 cach 1at gach cho truée ta dién vao
mdi 6 cia bang 1 s6 thoéa man: 6 (4;5) dien £/ khi d6 mdi vien gach sé chiém 3 s6 c6 tong
biang 0. Ma tong cac 6 trén bang 1a .S = 1 nén 6 con lai phéi 1a 6 (m;n) ¢ tong m + n chia
hét cho 3. Ciing xét cich 14t trén ta dién vao mdi 6 ctia bang 1 s6 thda man: 6 (z;5) dién &7
khi d6 mdi vién gach sé chiém 3 s6 c6 tong bang 0. Ma tong cac 6 trén bang 1& S = 1 nén 6
con lai phai 1a 6 (m;n) c¢6 hieu m — n chia hét cho 3. Tt d6 suy ra 6 bo tréong phai 1a 1 trong
46 (3;3),(3;6), (6;3), (6;6). Chi ra cach lat cu thé dé o trong 1a 1 trong 4 6 trén.

Bai toan dudgc giai quyét. O
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Bai 137. Véin > 2, goi f(n) 1a s6 cac hoan vi ctia tap {1;2;3;...;n} ma khong c6 s6 k nao
ditng lién truée s6 k + 1 v6i moi k € {1;2;3;...;n — 1}. Chiing minh rang

@ f)=(n-1)f(r-1)+n-2)f(n-2), Yn>4
@ f(n):%[_(n+1)!+1

—] . Vn > 2, trong d6 [z] 1a phan nguyén clia z va

e 2
) 1\"
e = lim (1 - —)
n——+oo n

L& giai.

(D) Xét mot hoan vi bat ki ctia {1;2;3;...;n} thda man dé bai, va

(a) Néu khong ton tai k dé k,n, k+ 1 lién tiép theo thit tur d6 thi c6 thé bd n di dé duge mot

hoan vi ctia {1;2;3;...;n — 1} théa méan.

(b) Néu ton tai k dé k,n, k + 1 lien tiép theo thit tuy dé thi c6 thé bé ca n va k + 1 di, dong
thoi gidam di 1 6 tat ca cdc so tit k+2 dén n — 1 (k = n — 2 thi khong can lam budc nay),

khi d6 sé dugec mot hoan vi ctia {1;2;3;...;n — 2} théa man. Ngugc lai

(c) Tit mot hoan vi ctia {1;2;3;...;n — 1} thoéa man thi c¢6 thé tao ra n — 1 hoan vi cta
{1;2;3;...;n} thoa man bang cach chén n vao vi tri dau tien hodc n — 2 vi tri lién sau
cac s6 1,2,...,n — 2. S& c6 tong cong (n — 1) f (n — 1) hoan vi dang nay.

(d) Tt mot hoan vi ctia {1;2;3;...;n — 2} thoéa man thi ¢6 thé tao ra n — 2 hoan vi clia
{1;2;3;...;n} théa man bang cach: v6i méi k = 1,n — 2, ting them 1 & tat ci cac s6 ti

k+1dénn—2 (k=n—2 thi khong can lam budc nay), sau dé chen n, k + 1 vao vi tri

lién sau k. Sé c6 tong cong (n — 2) f (n — 2) hoan vi dang nay.

Vay f(n) =(n—-1)f(n=1)+(n—-2)f(n—2)Vn =>4
) Ta co

e k! k! k!
k=0 k=0 k=n+2
=i
Trong d6 (n + 1)! Z 0 14 s6 nguyén, va
k=0 ’
+o00 k +oo oo
(—1) 1 1 11
1)! | < 1)! — < = < -

Do dé

[(n+1)! +1] _ (n+1)!§ (1"

e 2

Ta chiing minh khang dinh dé bai bang quy nap.
RO rang két qua da dang vdéi 2, 3.
Néu da co f(n—1), f(n—2), ta can chiitng minh
n+1 k n k n—1 k
(=1)" (n+1)! (—1)"n! (—1)" (n—1)!
UM b

& Tuyén tap mbt sb bai todn t8 hop @ €9 Top chi va tu liéu todn hoc
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G <—1>” 1 (=D (n+ 1) W [ EDP (=D =)
& — = (-1
n + + n (=1)"+ k! + k!
k=0 k=0
n—1 n—1
. 1 ! . Y )(n—1)"
+ — =D e+ D =(-1)"+ (1" o )(n=1) (dung)
n k=0 k=0 ’
Bai toan dudgc giai quyét. O

Bai 138. Co gido c6 tat ca 2020 vién keo gom 20 loai keo khac nhau, méi loai it nhat c6 2 vien
keo. Co6 chia hét keo cho cac hoc sinh ctia minh, mdi ngudi mot s6 vien keo va khong c¢6 hoc
sinh ndo nhan dugc nhiéu hon mot vién keo & mot loai keo. Co yéu cau hai hoc sinh khac nhau
bat ki so sanh cac vién keo minh nhan duge va viét s6 loai keo ma ci hai ciing c6 lén bang.
Biét ring mdi cap hoc sinh bat ki déu dugce len bang ding mot lan. Goi tong cac sé dude viét
lén bang la M.

(1) Xac dinh gia tri nhé nhat ctia M.

(2) Véi gia thiét tuong tit nhung thay 20 loai keo khac nhau bdi 19 loai keo khac nhau, hay
tim gia tri nhé nhat ctia M trong trudng hop tuong ting nay.

L& giai.
@) Goi ai,as,...,ay la s6 vien keo clia loai keo thit 1,2,...,20 v6i a; > 2. Véi loai keo thit ¢
(1 <4< 20), ta dém s6 bo (A, B) ma hai hoc sinh A, B déu cé loai keo nay. SO b() can dém la

(2) Khi d6, theo gia thiét, tong s6 bo chinh 1a M hay M = Z ( ) trong do Z a; = 2020.

Ap dung bat ding thic Cauchy — Schawarz ta c6

20 20
ai(a; — 1) a? a;
M=) =5 —=2%5"25%
—1 i—1 =1
( 3 )2
Z @i 20
— a; 2020% 2020
> =l /J L — —— =101000.
2-20 — 2 2-20 2

Déu “=" x4y ra khi a; = 101,Vi = 1,2,...,20.
Vay gia tri nhé nhat ctia M 1a 101000.

19

(2) Nhu ly luan 6 cau a, ta c6 M = Z Za__z

=1 =1

Nén biéu thic M dat gia tri nhé nhéat khi va chi khi Z a; dat gia tri nho nhat.

i=1
19

Ta sé chitng minh » a7 dat gid tri nhé nhat khi a; — a;| < 1 véi moi 1 <, < 19. (1)
i=1
That vay. Xét bo 4s6a, b, c,dmaa>b+2;c=a—1;d=>b+1 thitaco
cd=ab+a—b—1>abva (a+b)*= (c+d)?suyraa®+b* >+ d%
M4 rong tinh chat nay cho nhiéu s6 ta suy ra (1) duge chiing minh. Do d6 M dat gia tri nho
nhat khi c6 t s6 c6 gia trila k va 19 — ¢ s6 ¢6 gia tri la k+1 v6i 0 < ¢ < 19 va gia tri nho nhat
la
1
M =3 [tk* + (19 — t)(k + 1)* — 2020] .

& Tuyén tap mot sb bai toan t8 hap €3 Tap chi va tu lidu toan hoc
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Ta co
tk+ (19 —t)(k+ 1) = 2020 < t = 19k — 2001
2001 2020
Do 0 <t <19 nén o <k < o T day ta c6 k = 106, t = 13. Thay vao ta dudc gia tri

. 1
nho nhat cia M la 5 [13 - 106% + 6 - 107% — 2020] = 106371.

Bai toan dugc giai quyét. O

Bai 139. Tai mot hoi nghi khoa hoc ¢6 100 dai biéu tham dy. Ngusi ta nhan thay rang khong
c6 3 dai biéu ndo doi mot quen nhau. Biét ring ton tai s6 nguyén duong n sao cho khong c6
dai biéu ndo quen qua n dai bicéu khac va v6i moi k,1 < k < n c6 it nhat mot dai biéu quen
ding k dai biéu khac. Hay tim gia tri 16n nhat cta n.

Loi giai.

Ta chiing minh n,,,, = 66. Gia ST nya > 66.

Cach 1. Khi d6 ton tai dai biéu Ajgy quen 67 dai biéu Ay, Ao, ..., Ag;. Goi X 1a tap hop cac dai
biéu Aggs, Agg, . . ., Agg thi | X| = 32. Khi d6 cac dai biéu Ay, Ag, ..., Ag; chi c6 thé quen Ajgy va cac
dai biéu thuoc X (vi cac dai biéu A;, A; véi 1 < i < j < 67 khong thé quen nhau). Suy ra ho quen
khong qua 33 dai biéu. Vi vay nhitng dai biéu quen 34,35, ...,65,66 dai biéu khac phai thuoc X.
Diéu nay vo Iy béi | X| =32 < 66 — 34 + 1.

Cach 2. Xét nguoi A ¢6 67 ngudi quen. Xét nguoi B ¢6 nhiéu hon hodic bang 34 ngudi quen. Néu A
quen B. Khi d6 trong 98 ngudi con lai ¢6 66 ngusi quen A va hiéu hon ho#ic bang 33 nguoi quen B.
Do 66 4+ 33 =99 > 98 nén A, B phéi ¢6 ngusi quen chung, mau thuan. Vay A khong quen B. Vi c6
it nhat 33 nguoi c6 s6 ngudi quen tuong ting 1a 34,35, ... ,66 nén c6 it nhat 33 ngudi khong quen A.
Diéu nay mau thuin vi A quen véi 67 ngudi. VAy np.c = 66. Ta xay dung vi du théa man n = 66
nhu sau, A; quen v6i By, B, ..., Bgg, Ay quen v6i Bs, B3, ..., Bgg, . .., A3y quen v6i Bsy, Bgg. Khi do

khong c6 3 ngusi doi mot quen nhau va Ay quen véi 67 — k ngudi (Vk = 1,...,34) va By quen véi
k ngusi (Vk = 1,...,34) va By quen 34 ngusi véi (Vk = 35,...,66). R rang truong hgp trén thoa
méan cac yeéu cau deé bai. O
Bai 140. Goi S 1a tap hop céc bo (ag,as, ..., ae) 12 hoan vi clia 164 s6 nguyen duong dau
tién.
(D C6 bao nhiéu hoan vi (ay, as, . . ., ajgs) thuoe S sao cho v6i moi i € {1,2,...,164} ta luon

c6 a; #ivaa; =i (mod 41)?

(2) Ton tai hay khong hoan vi (ay, as, . .., a164) thuoc S sao cho v6i moi i € {1,2,...,164}
déu ton tai cac s6 nguyen b; € {0,1,...,40} théa man a; +as+---+a; = b? (mod 41)?

L&i giai.

(@) Chia céc s6 tit 1,2,...,164 thanh 41 nhom theo s6 du khi chia cho 41 thi ré rang mdi nhém
c6 4 6 (4 86 nay & cac vi tri ay, @iya1, Airg2, Giy193 VO i = 1,41 clia hoan vi). Cac s6 trong moi
bo trén sé duge hoan ddi vi tri cho nhau.

Ta thay v6i mot bo (z1, z2, T3, 24), ta c6 9 cach hoan vi la

(x27 X1, Ty, l’g), (:CQv X3, Ty, xl)a (:C27 Ty, X1, x3)7
(133, X1, Xyg, $2), (9537 Ty, X1, 1’2), (I37 L4, T2, 951)7

($47 T1, T2, l‘g), (x47 T3, T2, Il), (x47 T3, X1, xQ)‘

dé cho khong c6 phan tit ndo nam ding vi tri ban dau. Vi thé nén c6 tat ca 9*' hoan vi thoa
méan dé bai.

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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(2) Ta sé chiing minh két qua quen thuoc 1a “véi p 1a s6 nguyen t6 c6 dang 3k+2 thi {13,23 ... p3}
sé lap thanh hé thang du day du theo mod p ”. That vay, gid st trong bo trén c6 hai s6 i # j
sao cho i* = 73 (mod p) thi ** = j3* (mod p). Theo dinh ly Fermat nhé thi

i3k+1 = j3k+1 (mod p)

7;3k+1 = j3k‘+1 :] _j?)k = j . 2'3143 (mOd p)
kéo theo i3*(i — j)ip hay i = j (mod p), vo Iy vid,j € {1,2,...,p} va i # j. Ta sé xay dung
hoan vi théa man dé bai sao cho a; = i* (mod 41) v6i moi 1 < 7 < 164. Véi 41 s6 dau tien,
theo nhan xét thi cac s6 {13,23,...,413} c¢6 s6 du doi mot khac nhau khi chia cho 41 nén ta
sdp xép ching dé sé du thay doi tir 1 — 41. Cac s6 42 — 82;83 — 123;124 — 164 ciing dudgc
thue hién hoan vi tuong tu. Hodn vi nay thoa man vi
i(i +

1 2
a1+a2—|—---+a,~513+23+~--+i3:( 5 )> (mod 41)

Bai toan dugc giai quyét. O

Bai 141. Cho bang 6 vuong gom m hang va n cot. Tai 6 goc trén bén trai ciia bang ngudi
ta dit mot quan co. Hai ngudi choi luan phién di chuyén quan c&, mdi lugt di chuyén chi di
chuyén quan c& sang phai mot 6 hosic xuéng dusi mot 6. Ngusi choi nao dén lugt minh khong
di chuyén dugc quan cd thi thua. Xac dinh diéu kién ctia m, n dé ngusi thuc hién lugt choi dau
tien luon 1a nguoi thang.

L&i giai.

@ Ta t6 mau cac 6 clia bang 6 vuong lan lugt bang hai mau trang va den véi 6 trén cling bén trai
clia bang 1a mau trang (t6 dan xen nhu ban c¢d). Ta goi ngudi thit nhat 1a nguoi thyc hién di
chuyén dau tién va nguoi con lai 1a nguoi thit hai.

™ Goi 6 thuoc hang p cot ¢ 14 6 (p; ¢). Khi do:

e Néu m,n cung tinh chn 1& thi 6 (1;1) ¢6 cing mau vé6i 6 (m;n).

e Néu m,n khac tinh chén 1¢é thi 6 (1;1) khac mau vé6i 6 (m;n).

@ Ta thay méi lugt di chuyén (theo quy tdc di chuyén ctia bai toan) ca hai ngusi choi diéu phai
di chuyén cd sang 6 khac mau vé6i 6 ¢ dang ditng. Vi quy luat di chuyén ciia bai toan 1a hosc
chi xuéng 1 6 ho#c chi sang phai 1 6 nén

& Tuyén tap mot sb bai toan t8 hap @ €3 Tap chi va tu lidu toan hoc
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e O lugt di chuyén dau tién, ngudi thit nhat sé di chuyén ¢S sang 6 den, ngudi thit hai sé di
chuyén cd sang 6 tring va day la bat bién ctia bai toan.

e Co luon duge dua vé 6 (m;n) dieu ndy c6 nghia nguoi thang phai 1 ngudi trong lugt choi
clia minh phai dit ¢ vao 6 (m;n) (vA nhu vay ngudi con lai khong di chuyén cd dugc).

Do d6 dé ngudi thit nhat luon thang thi 6 (m;n) phai triing mau véi 6 ma ngudi thit nhat di
chuyén lan dau tién (tic 6 den). Hay noi cach khac 6 (m,n) phai khac mau v6i 6 (1;1) thi
ngudi thit nhat luon thing. Diéu d6 c6 nghia m,n phai khac tinh chin 1&. Ngudc lai, néu m, n
c6 cung tinh chin 1&. Theo lap luan trén ngudi thit hai luon thing (dut nguoi thi nhat cé di
chuyén nhu thé nao). Vay m,n phai khac tinh chin 1é thi ngusi thit nhat luon thang.

Bai toan dugc giai quyét. O

Bai 142. Cho tap hop X = {1; 2; 3;...; 2018} gom 2018 s6 nguyén duong dau tien. A la
mot tap con cua tap X thoa man: véi x, y, 2 € A; ¢ <y < z thi z, y, z la do dai ba canh
clia mot tam gidc. Hoi tap hop A c¢6 nhiéu nhat bao nhiéu phan tu?

L& giai.
Gid st A= {ay; as;...; ap} véiay < as < -+ < a. Néu ap < 2018, dat t = 2018 —ay va b; = a; +1
v6ii =1, 2,..., kvatap {bi; by;...; by} ciing théa man bai toan va by, = 2018. Do d6 ta c6 thé

gia st ap = 2018. Ta ¢6 a1 + as > ai va a; < as nén
2a9 > ap = 2018 = a9 > 1009 = ay > 1010.
Tu day ta c6 A\ {a1} C {1010; 1011; ...; 2018}, do d6
la| =1 <2018 — 1010 + 1 = 1009 = |a| < 1010.

Xét tap hop Ag = {1009; 1010;...; 2018}, ta 6
ta co

apl = 1010 va véi x, y, 2 € Ag ma x < y < z thi

r +y = 1009 + 1010 = 2019 > 2018 > z,

hay z, y, z 1a do dai ba canh ctia mot tam gidc. Vay max |a| = 1010. O

Bai 143. Cho mot s6 hitu han cac thanh doc ¢6 chieu dai 2017 dude ¢d dinh trén mot vai tam
kim loai. Trén moi thanh ¢6 mot hat ma né truct tu do trén thanh d6. Mot vai cip hat duge
ndi véi nhau bang day dan hoi. Ant (em) tu do di chuyén trén tat ca cac day. Con Ant (anh)
tu do di chuyén trén tat ca cac day ma do chenh léch chiéu cao ctia cac diém cudi la +1. Gia
st ring xuat phat ¢ bat ki hat nao, Ant (em) c6 thé dén bat ki hat khac. Cau hinh ciia hat
ma khi mdi hat duge dat & vi tri 1a s6 nguyén va do cao hai diém cudi ciia bat ki day nao déu
khac nhau, dugc goi la cau hinh chap nhan duge. Biét rang c6 it nhat mot cau hinh chap nhan
duge ctia thiét bi nay, chiing minh rang ton tai mot cau hinh chap nhan duge ma Ant (anh)
xuat phat ¢ bat ki hat nao ciing c6 thé dén bat ki hat khac.

Lai gidi.
Ta hiy cai cich bai toan trong giéi han vé 1y thuyét do thi. Cho G 1a mot duong gap khic. Gia st
mdi dinh ctia G dugc t6 mau thich hop trong s6 cic mau 0,1, ...,2017 : cic diém cudi ctia mdi canh

dugc t6 mau khac nhau. Goi f(z) 1a mot mau ctia dinh . Chting minh ring c6 thé doi mau cac dinh
cua G thich hgp thanh cac mau 0,1,...,2017 sao cho

Véi bat ki hai dinh a va b c6 mot dudng ndi a = x1,x9,...,27, = bthéamin véiméii =1,...,n—1
ta co

|f(zi) = f(wipa)] = 1. (*)

& Tuyén tap mot sb bai tosn t8 hop @ €3 Tap chi va tu lidu toan hoc
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Xét bat ki mau thich hgp ctia G. Goi G 1a mot nhanh cyc dai ciia G thda man (). Hay chi ra cach
doi mau mot s6 dinh ma ta c6 thé tang s6 dinh clia G. V6i bat ki do thi G/, tap cac dinh ctia G’ sé
duge ki hieu 1a V(G'). Goi

min  (|f(z) — f()]) = |f(xo0) — f(yo)] ,

zeV(Gy),
yeV(G-Gr)

theo dinh nghia |f(zo) — f(yo)| > 1.

Gia st f(xo) > f(yo). Ta ddi mau vai dinh ctia G — G’ : cic dinh mau f(yo) thanh f(zy) — 1 va céc
dinh mau f(zo) — 1 thanh f(yo). Khi d6, dé thay duong gap khic van duge t6 mau mot cach thich
hgp. That vay, trong G — G ta chi hoan ddi qua lai cdc mau f(z¢) — 1 va f(yo). Cha ¥ ring, vi
|f(z0) — f(yo)| 1 cuc tidu sau khi doi mau nén diéu kien f(x) # f(y), Vo € G1, y € G — G van
XAy Ta.

Trong truong hop ngude lai f(zo) < f(yo), ta cling sé doi mau cac dinh ciia G — G’ : cac dinh mau
f(yo) thanh f(xg) + 1 va cac dinh mau f(zo) + 1 thanh f(yo).

Nhu vay, sau khi ddi mau thi tap V(G1) sé duge thém it nhat mot phan ti méi yy. Bing cach tiép
tuc qua trinh nay, cudi cing ta sé nhan duge mau mong mudn cia toan bo G thoa man (x). O

Bai 144. Cho mot tap gom n dudng thang trén mat phang sao cho khong c6 2 dudng thang
trong s6 chiing song song, hodic 3 dudng thang nio trong s6 chiing dong quy. Mot diém goi 13
giao diém néu diém nay nim trén hai trong s6 n duong thing trén.

(1) Chiing minh riang ton tai mot dusng thang trong s6 n dudng thang trén sao cho méi nita
(n—1)(n—2)
10

phang xac dinh béi duong thing nay chia it nhat [ } giao diém.

(2) Tim tat ca cac gia tri ctia n dé sao cho sb giao diém trén mot trong hai nita phéng tao

2 N —1 -2 .
béi duong thang tim duge & trén la gan véi gia tri {(n ién )] nhat.
Lai giai.
V6i mbi duong thang trong n duong thang da cho, thi sé giao diém nim ngoai duong thing nay la
(n—1)(n—2)
— > ‘

Mbi duong thang chia mit phang thanh 2 phan. Ta ky hiéu p 13 duong thing ma s khac nhau giita
s6 giao diém ctia 2 nita mit phing tao bdi p 14 nhé nhat. Gid sit s6 giao diém clia mot nita phing

—1)(n—2 3
(n )2(” ) T dinh nghia mot bo ba (d, A, B) 1a mot bo gom dudng

thing d va hai giao diém A, B sao cho A va B nam vé 2 phia clia d.

Theo bat dang thiic Cauchy, ta thay ngay véi moéi dudng thing d thi s6 bo ba (d, A, B) khong vugt
qua k(m — k). Vay tong s6 bo ba 1a N khong vugt qua nk(m — k).

Trong s6 cac bo ba, ta phan chia chiing lam 2 loai. Loai I 1a bo ba (d, A, B) v6i A, B cing nam trén
mot dudsng thang. Loai II 1a cac bo ba con lai. Gid ta xét 2 truong hgp dac biét

tao béipla k véi k <m =

& Bo 4 duong thang tity ¥ trong n dudng thang trén, ta thiy mdi bo 4 dudng théng ciing véi céc
giao diém chting tao ra thi tao dugc 4 bo ba loai I. Hon nita, mdi bo ba (d, A, B) tuong ting

véi ding 1 bo 4 dudng théng. Do d6, s6 bo ba thuoc loai I tao bdi n duong théng 1a 4(2)
& Bo 5 duong thang tity ¥ trong n dudng thang trén, ta thiy mdi bo 5 dudng théng ciing véi céc

giao diém chiing tao ra thi tao dugc it nhat 5 bo ba loai II. Minh hoa cho cac kha ning cta
truong hop nay trong hinh 2.
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\\f/

[
%

Hinh vé cho truong hgp 5 duong thang.

4 4 4 6

1 249
DkO:i(m_,/mg_m),

Déthéyk0>%khin>9vékhin:8,tacéko> [%] — 4. Vay vin > 8 ta c6

1
Do d6, ta c6 N > 4(") +5(Z> _n(”> Vay k(m — k) > (“) _ =) 1y day, e suy

ra

. [(n— 12(()n— 2)}

) N m
V6i n < 7, hién nhién ta c6 dieu phai chiing minh khi n < 4 vi khi dé [g} = 0. V6i cac truong

hop k& = 5,6, 7 ta c6 hinh minh hoa lan lugt nhu sau

T
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P

{(n —D(n - 2)} .

Vay trong moi trudng hgp ta déu c6 k > 0

Y (b) duge suy ra ngay tir ¥ (a), ta c6 véi n = 5,6,7 thi k bing chinh xac { 10

(n -1 - 2)}

Chu y. Ta dé ¥ 1a vi moi bo 5 dudng thang tap ra nhiéu nhat 7 bo ba loai II.

Do dé, c6 thé ching minh ring ton tai mot duong thing chia mat phang thanh 2 phan sao cho c6
R 1 1 .
mot phan chita it hon (— — —) m giao diem. O

2 2y15

Bai 145. Cho s6 nguyén duong k. Ban dau, N 6 vuong duge danh dau trén mot bang 6 vuong
vo han. Ta goi “hinh chit thap” clia mot 6 A 1a tap hop tat ca cac 6 nam trén hang hoac cot
chita A. Tai mdi bude, ta duge phép danh dau 6 A néu hinh chit thap ctia A da chia it nhat
k 6 duge danh dau. Xac dinh gia tri nhé nhat cta N dé c¢6 thé danh ddu moi 6 vuong trong
bang theo cac bude trén.

Loi giai.
Ta sé chiing minh

N [kﬂ] ' [mz] _{m(m+1) néu k = 2m

2 2 T m? néuk=2m-—1

S k+1 k+2 S
Ki hieu N (k) la gié tri can tim. Dat f(k) = [ —21- ] : [ —2i_ ] . Dau tién ta ching minh
k+1
N(k) > Nk —1)+ {L] khi k > 2. (%)

Sau khi danh dau N(k) 6 vuong, ton tai 6 vuong A sao cho trén cot hodc hang ctia A c6 it nhat
k ]. z 2

{%] 0 vuong da dugc danh dau, ta x6a cot hoac hang nay, nhan duge mot mat phang mdéi. Trén

mat phang mdéi, ta cé thé danh dau moi 6 vudng néu chit thap tai 6 vuong dé c6 it nhat k — 1 6 da

duge danh dau. Do d6 lic dau trén méit phang méi cé it nhat N(k — 1) 6 duge danh dau, ta nhan

dugc bat dang thic (*).

Vi N(1) = 1, nén tit (%) suy ra

Nk)>1+1+24+2+3+3+4+---= f(k).

k s6 hang
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X
X | %
p
X | % X
X
x| X
iy B X
Y B4 EXEN DY B
ai|asz Apl X | X XXX
'
q

Ta can chitng minh véi f(k) 6 da danh dau, ta c6 thé danh diu moi 6 khéc trén mit phang. Ta sé
. . s k] . E+11 o . .,
ching minh bang quy nap. Xét hai "cau thang" do cao p = {5] VA g = {T} , dé thay chi ¢6 f(k)
6 vuong trong d6. Khi k = 1, khang dinh 1a hién nhien. Gia sit ménh dé ding véi k— 1, dop+q =k
nén ta c6 thé danh dau cac 6 ay, as, . ..,a, va moi 6 khic cling hang véi cdc 6 nay. Khi x6a tat c
cac 0 ay, as, . ..,a, va moi 6 khac cing hang véi cic 06 nay gia tri ctia k gidm di 1, st dung gia thiét
quy nap ta sé danh dau dudc tat ca cac 6 con lai. O

Bai 146. Trén bang 6 vuong n x n, ta danh dau mot s6 6 vuodng sao cho 6 dudi cling bén trai
L va 6 trén cung bén phai R khong duge danh dau, nhung moi dudng di ctia con méa ti L dén
R déu chita it nhat mot 6 da duge danh dau. Hoi véi nhitng s6 n > 3 nao thi c6 thé khang
dinh rang sé luon c6 3 6 vuong lién tiép trén duong chéo chinh ma it nhat 2 trong s6 ching da
duge danh dau?

Loi giai.

Két qua 1a n = 3k + 1, trong d6 k 1 s6 nguyén duong.

Néu n = 3k hodac n = 3k + 2, ta c¢6 thé danh dau cac 6 tuong tng nhu hinh 18 hoic hinh 19, thé thi
duong di tit L ¢6 thé qua mot trong sé cac 6 mang dau x.

X X X X X X
X X X
X X X ‘
X X X X X X
X X . X X . X X
% L]
L
X X
X X X
X X X X
X X X X
Hinh 18. Hinh 19.
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Néu n = 3k+1, theo gia thiét ctia k. V6i cac bude, nhu hinh 20. Néu mot trong 2 6 (4,4) hodc (1/,1')
khong duge danh dau, bai toan duge giai quyét. Khong mat tinh tong quét, (3,2) chua duge danh
dau. Thé thi (3',2") duge danh dau (néu khong bai toan duge gidi quyét), (2/,3’) khong duge déanh
dau va (2,3) dugc danh dau. Trong trudng hop nay, ta c6 thé danh dau dudng nhu trong hinh 20.

1/ 2/ 3/ 4/
ool
3/
(é 2
] E. .
) Y ,/,,
)
4
3
2
T
1 2 3 4 5
Hinh 20.
Bai toan dudgc giai quyét. 0

Bai 147. Gid sit n 1a s6 mot s6 nguyén duong. Mot ma tran ¢d n X n (mot bang hinh chit nhat
clia cac s6 ctia n dong va n cot) duge goi 1a bach kim néu théa man cac diéu kien:

(i) n? trong bang la cac s6 nguyeén tit 1 dén n;

(i) Mdi dong, mdi cot va dudng chéo chinh (phai trén goc bén trai dén goc dudi bén phai)
chita cac s6 nguyén tit 1 dén n ding mot lan.
(iii) Ton tai mot tap hgp gom n phan tif chita cac s6 nguyen tit 1 dén n sao cho khong c6 hai

phan tt nam trén ciing mot hang hofic cing mot cot hodc nam trén duong chéo chinh
clla ma tran.

Tim tat ci cac gia tri clia n sao cho ma tran n x n 1a bach kim.

Lai gidi.

Dé thay khong c6 ma tran bach kim véi n = 1 vd n = 2. Ching ta sé chiing minh rang ton tai ma
tran bach kim véi moi n > 3.

That vay, trude hét ta dinh nghia duong ngang nhu 1a mot tap hgp gom n phan tit clia ma tran dude
lay tir cac dong va cac cot khac nhau va chiia cac sd nguyén tir 1 dén n.

Khi n > 3 va n 14 s6 18, ta xay dung ma tran bach kim ¢ n x n theo cach:

Trudce tien, ta dién vao dong thit nhat clia ma tran béi cac s6 1,n,n —1,...,3,2 theo thi tiy tir trai
qua phai.

Sau d6, véi mdi " duong chéo" (duge xac dinh tir trén xudéng dudi, tit trai qua phai va quay lai cot
thit 1 dén cot thit n) bat dau ti phan ti trén dong thit 1 va tang dan theo cap s6 cong véi cong sai
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13 1 cho dén khi xuéng hang cudi cing. Chu y rang cac phan tit dude viét dusi dang modn, nhung
trong truong hop 16p thiang du 1a 0 thi ching ta viét 1a n.
Vidu véi n = 3 ta ¢6 ma tran bach kim sau day:

1 3 2 1 3 2
3 2 1) = 2 + 1]+13
2 1 3 3 2 1

T cach xay dung trén, ching ta xac dinh duge phan ti dong i, ¢ot ¢ 1a a;; = 2i — j (modn)
(1<, <n).

C6 dinh dong thit ¢, cAc phan tit tai cac cot khac nhau j va j' 1a khac nhau.

Cé dinh cot thit j, cac phan ti tai cac dong khac nhau ¢ va ¢/ 14 khac nhau vi n 14 18.

Duong chéo, bat dau tit phan tit dong thit nhat 13 2, 13 mot duong ngang. Hon nita, méi dudng chéo
1a duong ngang. Vi thé, ma tran dugc xac dinh nhu trén 1a bach kim.

Xét truong hgp n > 8 la chdn, khi d6 n — 3 > 5 1a 1é.

Xét ma tran bach kim ¢6 (n — 3) x (n — 3) dugce ky hiéu la C,_3 theo céch xéc dinh nhu trén.

Ta bat dau xay dung ma tran bach kim ¢ n x n nhu sau:

C n—2 n n—1
(”_3 C’)’ ddo Oy = n n—1 n-—-2
3 n—1 n—2 n

Tiép theo, ta can xac dinh ma tran ¢d 3 X (n — 3) va ma tran ¢d (n — 3) x 3 ké véi C,,_3.

Do (n—3)—1=n—4 >4 cic dudng chéo ctia C,,_3 khac v6i dudng chéo chinh, ta chon 3 dusng
chéo khac nhau.

Ta da chi ra mdi duong chéo, ngoai trit duong chéo chinh ciia ma tran C,,_3 la mot duong ngang.
Chon mot duong ngang ctia C,_3 chiéu cac phan tit clia n6 dén mot dong rong va mot cot rong. Sau
do, thay thé tat ca cac phan tit da chon ctia dong ngang dé béi n — 2.

Chiing ta tiép tuc nhu vay véi hai dong ngang khéc, roi thay cac phan t1t clia cac dong ngang dé lan
lugt 1a n — 1 va n. Khi d6, ma tran tao thanh la mét ma tran bach kim.

That vay, ta c6 n — 4 > 4 dong ngang clia ma tran bach kim C,_3. Do d6 ton tai it nhat mot dong
ngang chua duge st dung. Két hop dong ngang dé v6i mot dong ngang ctia C3 ta nhan duge mot
dong ngang ctia ma tran ¢ n x n. Nhu vay, ma tran dugc xac dinh nhu trén 1a bach kim.

Ta c6 thé minh hoa céch xay dung ma tran bach kim v6i n = 8. Ma tran cudi ciing la bach kim véi
nhiing phan ti trong 6 vuong tao thanh mot dong ngang ctia ma tran.

1 5432 1 ® 4 3 2 5
3215 4 3 2 ©® 5 4 1
5 4 3 2 1 5 4 3 (B 1 2
2 15 4 3 _>2154@ 3 R
4 3215 ® 3 2 1 5 4
6 8 7 4 5 1 2 3 |6 87
8 7 6 8 7 6
7 6 8 7 6 8
1 6 @ 3 2 5 4 16 7 ®[2 |5 4 3
3 2 6 @D 4 15 3l 2 6 7® |1 5 4
5 4 3 6 @ 2 1 ® [4] 3 6 7 2 1 5
_)@1546 32_>746 3 2 1
6 O 2 1 5 4 3 6 7 ® [1] 5 4 3 2
4 5 1 2 3 6 8 7 4 5 1 2 3 6 [8] 7
2 3 4 5 1 8 7 6 2 3 4 5 1 87@
768 51 2 3 4 |[7] 6 8
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Cudi cung ta xét cac ma tran sau

1 23456
1 2 3 4 5 3 6 1 4 2
341 2 4 1 5 2 6 3
4 3 21 2 416 35
2 1 4 3 6 5 4 3 2 1
36 2514
Suy ra ma tran bach kim véi n =4 va n = 6. O

Bai 148. Trong mot cau lac bo no, c6 mot s6 cap thanh vien la ban be. Gia sit & > 3, ta néi
rang mot cau lac bo 1a k-to6t néu méi nhém k thanh vien c6 thé ngodi xung quanh mot cai ban
tron sao cho hai ngudi ngdi ké nhau 1a ban be. Chitng minh rang néu mot cau lac bo 1a 6-t6t
thi no 1a 7-t6t.

Lai giai.

Xét mot cau lac bo 6-tot va ki hieu A, ..., G 1a 7 thanh vién ctia né. Dé théa man yéu cau ta can
chi ra réing A, ..., G c6 thé ngdi xung quanh mot cai ban. Chi xét tinh ban trong s6 A4, ..., G.

Dau tién, ta thay ring mdi thanh vién c6 it nhat 3 ngusi ban. Khong mat tinh tong quat, xét thanh
vien G, tir gia thiét, B,...,G c6 thé ngoi thoa man yéu cau. Do d6, G c6 it nhat hai ngusi ban.
Khong mat tinh tong quat, F 1a mot trong nhitng ngusi ban ctia G. Tit gia thiét, A,..., E, G (bo
qua F) c6 thé ngdi xung quanh ban tron theo yéu cau, vi thé G c6 it nhat hai ngusi ban ngoai F
trong tong s6 it nhat ba ngusi ban.

T d6 méi thanh vien ¢6 it nhat 3 ngudi ban, ¢ day ton tai mot thanh vien c6 it nhat 4 nguoi ban(noi

. .1 R ) .
cach khac so cap ban ban than bang 3 7 - 3,ma diéu nay ro rang la khong the). Khong mat tinh

tong quat, gid st G ¢6 it nhat 4 ngusi ban.

Tit gia thiét, A, ..., F c¢6 thé ngdi thda man yeu cau. Trong sé chd ngdi nhu vay, mot vai cap ban be
ctia hai trong s6 bén ngudi ban ctia G ngdi canh nhau va chiing ta c6 thé dé G ngoi giita ho. Ch .
Meénh dé " Néu mot cau lac bo k-t6t khi né 1a (k + 1)-tot dung khi &k € {3,4,5,6,7,8,10,11, 13, 16}.
Céc phan vi du trén 1a do thi hypo-Hamilton. V6i k = 9, mot vi du nhu vay 1a do thi Petersen (hinh

1).

Hinh 1

Bai 149. C6 300 ngudi choi tai mot cuoc thi. Trong d6, 2 nguoi choi bat ky hodic quen biét
nhau ho#c khong quen biét nhau; va trong 3 ngudi bat ky thi c6 it nhat 2 nguoi khong quen
nhau. Xac dinh gi4 tri 16n nhat c6 thé ctia n ma théa man cac diéu kien:

@ Mbi ngudi choi quen biét vé6i téi da n ngudi choi khac.
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® V6i moi s6 nguyén duong m théoa man 1 < m < n, ton tai it nhat 1 nguoi choi quen biét
véi ding m ngudi choi khac.

L3i giai.

Truée hét, ta chitng minh n < 200. Gi stt n > 200 théa man cac diéu kien dé bai. Khi d6 c6 nguoi
choi X quen biét v6i 201 ngudi choi khac. Goi S 1 tap hop gom 201 ngudi choi nay. Luon ton tai 1
ngudi biét ddng 1,2, ..., 200 ngudi choi khac.

Ta néi ngudi choi c6 bac m néu ngudi dé biét ding m ngudsi choi khac.

Ta c6 X quen biét véi tat cd nguoi choi trong tap S. Ma trong 3 ngudi bat ki, luon ton tai it nhat
2 ngudi khong quen biét nhau nén 2 nguoi choi bat ky trong tap S déu khong biét nhau. Do d6 moi
phan tit ctia S ¢6 bac toi da 1a 300 — 201 = 99.

Nguoi choi X nhan 1 bac. Nhitng nguoi choi thuoc tap S nhan téi da 99 bac phan biet(tir bac 1 dén
bac 99). Do c¢6 98 ngudi khac X, khong thuoc tap S nén 98 ngudi nay nhan t6i da 98 bac phan bigt.
Suy ra c6 t6i da 14 99 + 98 = 198 < 201 bac phan biét. Do d6 khong thé cé nhitng ngudi choi biét
dang 1,2, ...,201 ngusi choi khac. Suy ra n < 200.

Bay gio ta chiing minh n = 200 théa man yéu cau bai toan.

Ki hiéu 100 nguai chai la Ay, As, ..., Ao va goi ho 1a A—ngusi choi. Ki hiéu 200 ngusi con lai 1a

B1, By, ..., By va goi ho 1a B—ngudi choi. Xét A—ngudi choi va B—ngudi choi thdéa méan:
™ V6i méii € {1,2,...,100}, A; quen biét B; v6i moi j > 4. (1)
@ 2 ngusi choi bat ky trong A—ngudi choi khong quen nhau, 2 ngudi choi bat ky trong B—ngudi
choi khong quen nhau. (2)
Khi do:

™ T (2) ta c6: Trong ba ngudi choi bat ky, ¢o it nhat 2 ngudi khong quen nhau. Mdi nguoi choi
quen biét t6i da 200 nguoi choi khéc.

™ Tu (1) taco: Véimdii € {1,2,...,100}, A; quen biét ding 201 — ¢ ngudi choi khac 1a B;, Bjy1,
..., Bagg. Do d6 c6 nhiing ngudi choi biét dung 200,199, . ..,101 ngudi choi khac.
V6i mdi j € {1,2,...,100}, B; quen biét dung j nguoi choi khac la Ay, ..., A;_1, 4;. Do do
c6 nhitng ngudi choi biét dung 1, 2, ..., 100 ngudi choi khac.

Vay n = 200 la gié tri 16n nhat théa man deé bai. O

Bai 150. Hai ngudi choi thay phién viét moi 1an mot chit s6, ti trai sang phai. Mot nguoi dugc
coi l& thua néu sau lugt ctia ngusi do, c6 mot day cac chit s6 ag, as, . . ., a, sao cho ton tai mot
s6 nguyen k dé apapi1 ... ay, 1a boi ctia 11. Hoi ngudi ndo c6 thé thing va cach choi clia anh ay
nhu thé nao?

L& gidi.

Ta sé chitng minh ngudi chai thit hai c¢6 thé thing bat ké ngudi chai thit nhat viét nhu thé nao. Tat
nhién riang khong ai trong hai ngudi choi sé viét s6 0 vao bat ki lugt nao.

Chu ¥ rang 10" = (—1)" (mod 11), do d6

TRl On = Gy — Q1 + Ay — -+ (=1 tap  (mod11)

Goi Ny, 1a phan du khi chia azag; - a, cho 11, véi k = 1,..., n. Ta c6 sau n ludt, cac s6 Ny, ..., N,
14 cac s6 phan biét, va trong lugt tiép theo ta c6 cac so

ani1 — N1,y ..oy app1 — Ny, Gy (mod11)

13 nhitng s6 phan biét ké tit a,.; # 0. Theo quy nap, ta két luan ring sau méi luct ciia tro choi
(v6i n < 10), cac s6 Ny, ..., N, la phan biet. Bdi vi cach thitc ma Ny, ..., N, bién déi méi lugt, ta
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két luan duge c6 n + 1 chit s6, néu ngudi choi viét ching sé dan anh ay dén viéc thua cuoc. Gia
st tro choi két thic sau 9 luot choi. Nguoi choi thit hai thua cuoc néu va chi néu sau 9 lugt, bo s
{Ny, Ny, ..., No} 1a {1,2,...,9}. Nguoi choi thit hai thing néu va chi néu 10 1a mot trong céc s6
Ny, No, ..., Ng. Néu sau 8 lugt choi, {Ny, ..., Ng} thiéu hai s6 khong lien tiép nam gitta 1 va 10, khi
d6 bat ké ngudi choi dau tien chon trong lugt thit 9, mot trong cac s6 Ny, ..., Ny phai la 10. That
vay, néu ngudi choi thit nhat chon X, khi d6 ton tai k théa Ny = X + 1 (trong lugt thit 9). Do d6,
sau lugt tha 9 ta ¢co
Ne=X—-(X—-1)=—-1=10(mod11).

Ta két luan dugce nguoi choi thit hai chdc chan rang sau 8 lugt choi, gitta cac s6 Ny, ..., Ny khong c6
hai s6 lién tiép. Va ngudi choi thit hai c6 thé ddm bao tro choi kéo dai it nhat 7 lugt choi dé

Ni,...,N:=1,2,...,10\ {X,Y, Z}.

Néu giita cac s6 X, Y, Z khong c6 hai sb lien tiép, thi ngusi choi thit hai c6 thé chon bat ki trong

ching.

Néu Y = X + 1, thi ngudi choi thit hai c6 thé viét mot trong cac s6 X hoac X + 1.

Vi vay, sau lugt thit 8, c6 hai s6 lién tiép con thiéu tit Ny, ..., Ng. That vay, néu Z = X — 1, ngudi
choi thit hai viét X, vd néu Z # X — 1, nguoi choi thit hai viét X + 1. O

Bai 151. Xét mot n—gidc déu cung véi tam ctia né. Hai nguoi choi tro choi nhu sau: ho lan
luot chon mot dinh clia da giac réi ndi véi mot trong hai dinh ké hoac ndi véi tam ctia hinh da
gidc dé bdi mot doan thing. Ngusi thing cuoc 1a nguoi choi ma sau lugt choi ciia anh ta thi
& bat ky dinh nao ctia da giac déu c6 thé di chuyén dén moi dinh con lai biang cac doan théng
da ndi ¢ trén. V6i mdi n > 3, hay xac dinh xem ai 1a ngudi c6 chién luge thang cuoc.

L&i gidi.
Déap an: V6i n 1é thi nguoi thit nhat di truée thiang, véi n chdn thi nguoi thit hai thiang.

@ V6i n chdn, nguoi thit nhat di trude

e Truong hop 1: Ngudi thit nhat néi dinh véi tam. Nguoi thit hai néi tam véi dinh khac.
Nhu vay, sau khi ngusi thit hai thie hién luon c6 s6 1é dinh duge két noéi. Do d6, ngudi
thit nhat khong thé noi hai diém cudi cting. Khi d6, ngudi thit hai chién thing.

e Truong hgp 2: Nguoi thit nhat néi hai dinh. Nguoi thit hai ndi mot doan thing déi xing
v6i doan thing nguoi thit nhat vé qua tam. Sau mdi bude nhu vay cé s6 diém duge nbi lai
12 s6 1&. Nguoi thit hai tiép tuc thuc hién cac buée nhu thé dén khi ngusi thit nhat khong
thé di chuyén dugc nita. Gia st ¢6 mot lic nao d6 ngusi thit nhat c6 thé chién thing néu
ngudi thit hai di trude. Goi x 14 doan cudi cing duge noéi béi nguoi thit nhat ¢ bude thi
x va x* 1a doan d6i xitng véi nod, z 1a doan ma ngudi thit nhat chién thang néu nguoi thi
hai vé& z*. Cha y 1 néu z 1a doan di qua tam, khi d6 tuong tu truong hop 1. Xét nhiing
diém con lai trude khi thuc hién bude . Doan z néi 2 diém khac nhau A va B, doan x*
ndi hai diém déi xing tuong ting khac 1a A* va B*. Xét O la tam dudng tron. Gia st O
la mot trong hai diém A hodc B, v né ciing 1a A*. Didu nay c6 nghia la A = A* 1a d6i
xiing tam va chita tam ctia duong tron. Béi vay, sau khi thuc hien bude z* s6 diém la 1é
giéng nhu buée z. Do d6, bude z c6 thé khong chién thing. Gia sit O khong thuoc A va
B. Khi dé c6 it nhat mot diém C, trong d6 c¢é tam duong tron. Dé thuc hien budce z chién
thing, phai néi C v6i mot diem di co tit bude x va 2*. Sau khi thuc hién cac bude x va
x*, cic diém ndi lai khong bao gom tam, B = A*, A = B* va buéc z* khong lam gidm s6
diém. Vay ngusi thit hai c6 thé chién thing bang viéc thitc hién bude z bao gom z*.

™ V6i n 1é, ta chitng minh ring ngudi thit nhat ¢ thé chién thing néu ndi cac dinh tity ¥ v6i tam
dudng tron ¢ bude dau tien. Véi n = 3 dicu nay hién nhien. Gia sit, v6i n tit 3 dén 2k — 1 thi
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diéu trén ding. Xét n = 2k + 1, danh s6 cac dinh clia da giac theo chiéu kim dong ho: Ay, A;,
..., Agpiq. Nguoi thit nhat néi Ay v6i tam O ciia duong tron 6 buée dau tién ctia minh. Xét
nguoi thit hai di dau tién:

e Néi 2 dinh khic Ay. Gia sit ring ngudi thit hai néi A; ; vai A; khi 2 <i < k + 1. Neudi
thit nhat ndi A; v6i A4, khi d6 tro choi trd thanh truong hop n = 2k — 1. Nghia la, cic
dinh A;_;, A;, Ay, trong d6 c6 mot dinh duge ndi tit A,y qua A;_q, tit A;ps qua A,
tir tam qua A;, ngoai ra c6 hai duong phuy néi tir tam ctia duong tron khong déng bat cit
vai tr0 ndo. Nguoi thit nhat sé tao ra hai dudng d6 néu nguoi thi hai ciing lam vay.

e No6i Ag véi dinh lien ké. Gid st ring nguoi thit hai néi A; v6i Ag. Nguoi thit nhat noi Ay
v6i Agpi1, tro choi trd vé truong hgp n = 2k — 1. Nghia 1, cac dinh Ay, Ag, Ay c6 mot
dinh (ndi tit O & budc thit nhat cia nguoi thit nhat) tuong tu truong hop tren.

e N6i O v6i dinh lien ké ctia Ag. Gid sit nguoi thi hai ndi A; véi O. Ngudi thit nhat ndi
Agjyq v6i O, tro choi tré vé truong hgp n = 2k — 1. Nghia 13, cac dinh Ay, Ao, A1, mot
trong cac dinh dé tuong tir truong hop trude. Diéu khéac biét duy nhat ¢ day bao gom hai
diém phu néi t6i O, diém A; va Agpyq c6 hai duong phu nbi téi Ay.

e Nbi O v6i cac dinh khong lién ké v6i Ay. Khong mat tinh tong quat, gid st ngusi thit hai noi
Ag; v6i O. Ngudi thit nhat néi A; véi O, sau do tro choi trd ve truong hop n = 2k —2i + 1.
Nghia la, xét cac dinh & gitta Ay va Ay, ¢6 mot dinh néi véi O & lan di chuyén dau tien
ctia ngudi choi dau tien. Néu ngusi choi thit hai vé mot doan thing ndm trong mot trong
cac mién sau OAgA; vi OA; Ay, ngusi choi thit nhat sé vé mot doan thing déi xting véi
OA;. C6 mot s6 chan budc phu khong dong bat cit vai tro gi, do d6 tro choi gidm tinh
chinh x4c v6i s6 lugng it hon.

Trong mdi truong hop, tro choi duge gidm xudng tuong duong véi s6 it va s6 1é dinh. Vay nguoi thi
nhat c6 chién luge chién thang véi moi s6 18 n > 3. O

Bai 152. Mot da giac 6 li A dugce vé trén mat phang lusi 6 li. Ta goi mot 6 (don vi) la diém
trong A néu 8 6 lien ké véi noé ciing thuoc A, nhitng 6 con lai ctia A ma khong phai 13 diém
trong ctia A dugc goi la diém bién ciia A. Biét ring tap tat ca cac diém bién ctia A thdéa man
dong thoi hai diéu kién sau

(1) mdi diém bien c6 ding hai canh ké v6i hai diém bien khéc;

(2) tap tat ca céc diém bién c6 thé phan chia thanh cac hinh thang can c6 dién tich bang 2

v6i cac dinh nam & nat cia ludi (va goc ¢ ddy ctia hinh thang can bang 45°).

Chitng minh rang dién tich ctia da thiic 6 li A 1a dong du 1 véi modulo 4.

Loi giai.

R6 rang tap cac diém bién ctia da thiic A c¢6 thé duge chia thanh cac hinh thang, do dé ta c6 thé di
tit mot diém bat ky dén cac diém khac thong qua cac canh ctia cac hinh thang. Ta goi mot da thic
thoa man diéu kieén nay la da thitc tot. Ta sé di chiing minh bang quy nap bai toan “néu dién tich
clia mot da thic tot 1a S théa man S < 4k +1 (v6i k > 2) thi S =1 (mod 4)”.

™ V6i k = 2: dé thay rang da thic 6 1i A c6 it nhat 4 hinh thang, v néu c6 ding 4 hinh
thang thi da thitc 6 i A 1a mot hinh vuong 3 x 3. Néu c6 it nhat 5 hinh thang thi dién tich
S>2-5>2-4+1.

O Ta gia sit bai toan dung v6i k = n — 1 > 2. Ta phai chting minh bai toan dung véi k = n, tic
1a moi da thiic t6t ¢6 dién tich S € [4(n — 1) + 2,4n + 1]. Xét mot canh AB ciia mot da thiic
tot ma hai canh ké ctia n6 déu vuong goc véi AB, canh AB théa man diéu nay luon ton tai
(gid st 1a canh duéi cung cta da thiic).
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e Gid sit AB = 3 va da thiic 6 1i A khong phai la hinh vudng 3 x 3.

Khi dé6 hai hinh thang can dugc sidp xép lai mot cach duy nhat va co thé tao ra duge
hinh chit nhat 3 x 4 tit da thic 6 li va ta nhan dugc mot da thic tot. R6 rang véi mot
nhat cit, phan du trong phép chia ctia S cho 4 sé khong doi.

e Gia st da thitc t6t khong c6 canh bang 3 (néu da thic tot ¢6 canh bang 3 thi cdc canh
clia n6 sé vuong goc véi nhau), khi d6 mdi canh bén sé ¢6 it nhat hai hinh thang can (n6i
céch khéac canh ctia hinh thang 1a 3).

Gia stt AB = (. Néu hinh chi nhat CABD (nhu hinh vé bén) c6 kich ¢ ¢ x 4 khong
c6 diém bien chap nhan duge, khi dé ta cé cac diém chung véi da thic duong CABD.
Khi cét bd da thiic nay ta sé nhan duge da thic tét bang cach di chuyén céc hinh
thang can t6i canh AB béi 4 6 (gidng nhu truong hop AB = 3).

Gi& st hinh chit nhat CABD chita cac diém bien khac. Té6 mau cac diém ctia mait
phing bang hai mau khac nhau (nhu hinh vé bén). Khi d6 cac diém bién c6 dang 1
sé dugce t6 mau 1 va cac 6 ¢6 dang 2 sé ¢6 mau 2 (vi tit moi 6 ciia dang 1 ta ludn xac
dinh dugc 6 thuoc dang 2).

Xét tat ca cac diém trong hinh chit nhat CABD va chon mot diém bén duéi khong cé
diém chung véi da thic dusng. Khi d6 mot vai diém ké nhau bén trai hodc bén phai
sé 1a diém bién vi ngudc lai duong bien sé khong phan chia thanh céc hinh thang dugc
(néu diém nay dugc t6 mau thi né sé la mot phan ctia hinh thang theo chi¢u ngang,
ngudc lai diém nay sé khong ndm thap hon va néu khong hinh thang chia diém nay
c¢6 thé khong c6 chiéu doc véi Ii do tuong tu).

C6 it nhat mot trong hai diém bién ké nhau bi phan chia bdi dudng chéo ctia hinh
thang. Khong mat tinh tong quat, ta gia st rang diém d6 c6 dang 1 (duge danh dau
bing gach chéo trén hinh vé). Khi d6, diém dé c6 mau 1 va duge xac dinh béi hai diém
nim beén trén c6 mau 2 ké véi AB, néi cach khac né khong thé xac dinh beén trong
CABD vi moi diém trong CABD déu c6 mau 1. Ro rang khi dé diém nay nim bén
trong hinh thang, dugc xac dinh bén phai ctia no.

Bay gio ta sé tao cac nhat cit (nhu hinh v&), bdi vay sé cat da thic ra lam 2

Bai toan dudgc giai quyét. O

Bai 153. Gia sit c6 mot ban ¢5 vua véi s6 lugng 6 vuong con du 16n, mot quan ma dich chuyén
trén ban cd theo quy tic: 6 moi nude di, né dich chuyén qua p 6 lien tiép theo hang ngang rdi
qua tiép ¢ o lien tiép theo hang doc; hoac la dich chuyén qua ¢ 6 lién tiép theo hang doc roi
qua p 6 lién tiép theo hang ngang. Biét rang sau ding n nude di thi quan méa quay vé 6 vuong
ban dau, chitng minh réng n 1 s6 chin. Hinh vé dudi day mo td mot sé cach di cho trusng
hop p=3,¢=2:

L&i gidi.
Chon hé truc toa do dé tam ctia mdi 6 vuong con la diem (z;y) véi x,y € Z va ban dau quan ma
ding tai diem (0;0). Ta ki hieu d = (p,q). Vil = <§, %) nén c6 it nhat mot trong hai s6 g, C% 1 s6

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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1é. Bay gio ta di xay dung mot ham f x4c dinh trén tap diém nguyén gin véi méi nude di clia quan
ma cho ta sut bién dong gia tri ciia f 1a mot s6 16 dé suy luan duge s6 nude di 1a s6 chén.

@ Néu S, % la céc s6 1é thi ta dat f(x,y) = 7 R6 rang 6 mot nude di, khi quan ma di chuyen ti

/ —
o (x,y) sang 6 (2,y') thi ham f thay déi mot lugng 1a f(z',y') — f(z,y) = L y x, day 1a mot
s6 1& vi n6 chi nhan gia tri 14 mot trong bon s6 :I:g, :i:%.
r+y

. O mot nuéc di,

4y —z—y

f(x/,y/)—f(x,y) = d

Do 2/ =z +p vay =y =+ ¢ nén gia tri ctia hiéu trén chi c6 thé 1a mot trong cac s6 j:]%,
p—q

+
d

,suy ra f(2',y) — f(x,y) 1a 86 1&.

Trg lai bai toan. Ban dau quan ma 6 6 (0;0), sau nude di thit nhat né dén o (z1;y1), sau nude di
thtt hai n6 dén 6 (z2;92), ... sau nudc di thit n n6 dén 6 (z,;y,) = (0;0), thé thi tdng cdc do thay
doi ctia ham f 1a

0= f(0;0)=f(2n; yn) = (f(0;0) = f(@r; )+ (f(w;91) — [ 92))+ -+ (@n-15Yn-1) = f(Zn; Yn))

Nhu vay s6 0 duge phan tich thanh tong ctia n s6 18, do d6 c6 n 1a s6 chin. O

Bai 154. Trong dip he 2018, Vién nghién citu cao cap vé Toan (VIASM) da t6 chiic 6 bai gidng
danh cho sinh vién. Biét ring mdi bai giang c6 ding 100 sinh vien tham dy nhung khong c6
hai sinh vién nao ma hop lai tham du da ca 6 bai gidng. Héi ¢6 it nhat bao nhiéu sinh vién da
tham du cac bai giang & VIASM trong mua he 2018.

Loi giai.

Ta thay khong thé c6 mot sinh vien tham dy 5 bai gidng, vi néu nguge lai, ta chi can lay 1 sinh vien
tham du bai giang s6 6 14 dugc 2 sinh vién ma hgp lai dy da ca 6 bai giang. Néu c6 1 sinh vién tham
du 4 bai giang, gia st la 1, 2, 3, 4 thi sé khong ¢6 sinh vién nao tham du ca hai bai giang 5, 6. Suy
ra 100 sinh vién tham gia bai giang 5 va 100 sinh vién tham dy bai giang 6 1a khac nhau. Nhu vay
trong truong hop nay ta cé it nhat 1a 201 sinh vien. Néu méi sinh vien tham di khong qua 3 bai
giang thi do tong s6 lugt tham di 1a 600 nén s6 sinh vien tham dy khong nhé hon 600 : 3 = 200. Ta
chi ra truong hop c6 ding 200 sinh vién tham di cc bai gidng théa man yéu cau bai toan. Ta chia
200 sinh vién thanh 4 nhém, méi nhém 50 sinh vién, va cdc nhém tham du céc bai gidng theo bang
sau

I | II|III| IV
1| x| x
2| X X
3| X X
4 X | X
5) X X
6 X X

Ta thiy hai sinh vién bat ki hgp lai chi tham duy t6i da 5 bai giang (néu khac nhom thi 1a dang 5,
néu cing nhom thi 1a 3). Vay ¢6 it nhat 200 sinh vién da tham duy céc bai giang tai VIASM. O
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Bai 155. Ban Thanh viét lén bang cac s6 1, 2, 3, ..., 2019. Mdi mot bude Thanh x6a hai s6

a va b bat ky trén bang va viét them so6 . Chitng minh réng dit x6a nhu thé ndo thi

a
a+b+1
sau khi thitc hien 2018 buéc trén bang luon con lai s6

2019

L& giai.
V6i méi tap T = {ay; as;...;a,} cac sd viét tren bang thi dat

A(T) = (—+1> <—+1)~--(i+1> = A({1;2;---:2019}) = 2020.

n

P 1 1 1 1 1
Tathay: (L41) (Leq) et DO+D +1
a b ab ( ab )
a+b+1

, tap T bién thanh tap 7" thi A(T) = A(T").

) . ab

Suy ra néu x06a hai so6 a va b va thay b6i ——
Y Y a+b+1
Sau khi thyc hién 2018 budc ta chi con lai mot s6 trén bang ta goi s6 thiie d6 1a x, ta co

1

1
2019

Vay trén bang luon con lai s6

Bai 156. Cho n nguyén duong, goi S 1a tap gom 2" + 1 phan tit, X 1a tap tat ci cic tap con
cia S, Y ={0,1,...,2" 1 —1}. Xét anh xa f : X — Y théa man: Véi moi z,y, z € S, trong 3
s6 f({x,y}), f{y,2}), f({z,7}), c6 mot s6 bang tong hai s6 con lai. Chitng minh rang ton tai
a,b,c € S sao cho f({a,b}) = f({b,c}) = f({c,a}) = 0.

Lai giai.
V6in =1, S c¢6 3 phan tit S = {a,b,c} va Y = {0} nén duong nhién

f{a,b}) = f({b,c}) = f({e,a}) = 0.

V6in=2,5={a,b,c,de}vaY ={0,1}, tap X c6 10 phan t1t, ¢6 dinh a € S, quy uée f({a,a}) =0,
xét 2tap U = {z € S, f({r,a}) =0};V ={y € S, f({y,a}) = 1}. Khi d6 ton tai it nhat 1 trong 2

tap U hoac V, ¢6 sd phan tit 16n hon hodc bang 3.

@ Néu tap do6 1a U thi ton tai 3 phan ti a, z,y thuoc U, 16 rang

f({z,a}) = f({y,a}) = f({z,y}) = 0.

@ Néu tap d6 1a V thi ton tai z,y,z € V, khi do6

f{zy}) = f({y,2}) = f({z,2}) = 0.

V6i n = 3, ta ¢c6 S gom 9 phan tii, Y = {0,1,2,3}. C6 dinh @ € S. Chia tagp S thanh 2 tap

U={z €S, f({z,a})chén} va V ={y € S, f({y,a})lé}. Khi d6 ton tai mot tap c6 5 phan tu.

@ Néu tap do6 1a U thi U déng vai tro nhu S trong truong hop trén, f({z,y}) chn néu z,y € U,

bai toan duge giai quyét véi Y/ = {0,2} déng vai tro ctia Y.

@ Néu tap do6 1a V' thi dong vai tro nhu S trong truong hop trén, f({z,y}) chén néu z,y € U,

bai toan dugc giai quyét véi Y/ = {0,2} déng vai tro ctia Y.

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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Tt cac truong hgp trén, ta c6 cac y tudng quy nap sau. Gia st bai toan ding cho trusng hgp n = k,
x6t tap S gom 2FF! phan tit, ¢6 dinh a € S. Chia S thanh 2 tap U = {z € S, f({,a})chén} va

) N 2k 1 N
V=A{y €S, f({y,a})lé}. Khi d6 ton tai mot tap co6 [T_I—] = 2% +1 phan ti1, gia stt d6 1a U. Khi

do6 v6i moi x,y € U thi f{z,y}) chan vi f({z,y})+ f({z,a})+ f({y,a}) chan va f({z,a})+ f({y,a})
- 1 . N

chén, tit d6 f{z,y} € {0,2,...,2F — 2}. Xét g({x,y}) = Ef({x,y}), ta chuyén bai toan ve truong

hop trude. Tit doé co6 diéu phai chitng minh. 0

Bai 157 (IMO Shortlisted 1987, problem 18). V6i moi s6 nguyén r > 1, goi h(r) 1a s6
nguyén nhé nhat théa man h( ) > 1 va moi phan hoach cta tap {1,2,...,h(r)} thanh r
16p, déu ton tai s6 nguyén a > 0 va cic sd nguyén z,y : 1 < x < y sao cho CL—I—:C aty,at+x+y
thuoc cting mot 16p. Ching minh h(r) = 2r.

L& giai.

Xét truong hgp dic biet nhat, khi A(r) = 2r, phan tap {1,2,...,2r} thanh r 16p, mdi 16p ¢6 2 phan
t thi 1am sao c¢6 chuyén a+x, a+y, a+x +y (3 phan t1t) cung thuoc 1 16p duge. Phéi chang dé sai?
Khong! Van dé 1a x va y ¢6 thé bang nhau, khi d6 a+x, a4y, a+z +y chi nhan 2 gi4 tri nén khong c6
gl vo Iy. Tuy nhién, diéu hay 1a cau héi do6 lai 1a co s6 gitp ta gidi quyét bai toan nhd phat hién ban
chat ctia nd. Trude hét, ta chiing minh khi A(r) = 2r thi moi phan hoach tap {1,2,...,2r} thanh r
16p déu c6 mot 16p chita céc 6 a+x, a+y, a+x+y nao dé. That vay, xét r+1s6r,r+1,r+2,...,2r.
Vi ¢6 r 16p nén ton tai it nhat mot 16p chita 2 phan ti. Gia st r + 4,7 + j thudc cling mot 16p véi
1 <j.Khidé, chonex=y=7—d,a=r+2i—jthha+r=r+i,a+y=r+i,a+x+y=r+j
thuoc cing mot 16p. Ro rang 1 < < y va a > 0. Vay h(r) = 27 théa man. Néu h(r) < 2r thi xét
tap {1,2,...,2r —t}. Phan hoach tap nay thanh r tap

{Lr+15{2,r+2};.. s {r—t,2r—t};{r—t+ 11 {r—t+2},...,.{r}

Khi do, gid st a +z,a+y,a + x +y thuoc cing mot tap. Do a + x,a + vy, a + = + y khong cuing bang
nhau nén ching phai thuoc mot trong r — ¢ tap dau tién. Nhu vay x = y vd a + z, a + 22 thudc cling
mot tap, gid st a+x =k,a+2x =r+k (k<r—t)thia=ra=%k—r <0. Mau thudn. Vay
h(r) = 2r nén min h(r) = 2r. O
Nhan xét. Diém méu chét clia bai toan nay sinh tit viec: khi a = y,a +x,a + = + y = a + 2z thudc
cung mot 16p. Ma a + z < a + 2z < 2a + 2x nén c¢6 nhiing cach phan hoach nhu trong 16i giai trén.

Bai 158. Cho cac s6 nguyén duong ny,na, ..., ng va n(f) = ninga) + nange) + - - + nense),
trong d6 f 1a hoén vi cta {1,2,...,6}. Bat Q@ = {n(f) : f 1a hoén cta {1,2,...,6}}. Tim gia
tri 16n nhat s6 phan ti cia €.

Lai gidi.

B6 dé. Néu 271 4+ 272 4 ... 4 9%n — QU1 4 Q%2 4 ... 4 2Wn (i T1,Ts,...,T, la cac s6 nguyeén duong

phan biet va y1, 9, . . ., yn 14 cac s6 nguyén duong phan biet thi {z1, 2o, ..., 2.} = {y1,¥2, .-, Yn}-
(Mot s6 nguyen duong c6 biéu dién duy nhat trong hé co s6 2)

Ta xét n; = 22", Khi dé

n(f) ) & Z NN (s) Zn Ng(s)
N Z 92’ ipof) Z 22i+29<i>

=1

(:){22+2f)2—12 L6} ={20 4299 =12 ...,6}
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Khi d6 2! 4 270 = 2! 4 290) v6i § nao d6 trong {1,2,...,6}. Tic la {1, f(1)} = {4, 9(i)}. C6 2 truong
hop

i) g(i) =1, f(1) =i suy ra f(1) = g~ (1).

i) g(i) = £(1),i = 1 suy ra f(1) = g(1).
Vay {£(1), /71 1} = {9(1), g7 (1)}. Tuong tu {f (@), S~ (0)} = {9(i), 97" ()
gio, xét 1 hodn vi f bat ky, ta sé xem xét 6 cac hoan vi g sao cho n(f ) n
ma n(f) c6 the nhan dugc.
Vidu. f = (3,4,1,6,5,2) thi f(1) =3, f(3) = 1 nén néu n(f) =n(g) thi g(1) € {f(1), f~1(1)} = {3}
nén g(1) = 3, tuong tu ¢g~'(1) = 3 nén ¢g(3) = 1,9(5) = 5.
Con lai ¢71(2),9(2) € {f(2) =4, f~1(2) = 6}, tic 1la g(2) # 2 va g7'(2) # 2, nén

{9(2),9(4),9(6)} = {2,4,6}

Tu do g(2) =4,9(4) =2,9(6) = 6 hodc g(2 ) 4,9(6) =2,9(4) = 6 hodc g(2) =6,9(4) =2,9(6) =4
hoac ¢(2) = 6,9(6) = 2,g(4) = 4. Nhung néu g(6) = 6 thi f(6) = 6 (mau thuan) hoac g(4) = 4 thi
f(4) = 4 (mau thuan). Vay g(2) = 4, g(4) = 6,9(6) = 4 (¢ trung [) hodc g(2) = 6,9(6) = 4,g(4) = 2.
Nhu vay, c6 théem mot hoan vi g ma n(g) = n(f) nén 2 hoan vi nay, ké ¢ f chi cho mot gia tri n(f).
Ta sé tong quat héa bai toan tir vi du trén. Ta goi C' la mot vong xich ca f ¢6 do dai k néu
ton tai @ € {1,2,...,6} sao cho

C = {f(a). f2(a), fs(a), ..., fr(a) = a}
va fi(a) # fi(a),Vi # j,1 < i,j < k. Khi d6, mot hoan vi f bat ky luon phan tich duge thanh céc

vong xich. Khi f ¢6 cac vong xich do dai xy, s, ..., 2, ta néi f la hoan vi loai x1 + xo + - - - + 2.

Chang han, f = (3,4,1,6,5,2) thi f c6 cac vong xich 1a {f(1) = 3, f(3) = f2(1) = 1} c6 do dai 2 va

{f(2) =4, 12(2) = f(4) = 6, f3(2) = f(6) = 2}

c6 do dai 3, {f(5) =5} ¢6 do dai 1. Khi do, ta viét f = (2,4,6)(1,3)(5), rd rang cach viét nay hoan
toan xac dinh hoan vi f nhu trén. Vi du f = (3,4,1,6,5,2) 1a hoan vi loai 3 + 2 + 1. Béng cach
tuong minh nhu trong vi du vé hoan vi loai 3 + 2 4 1 & trén véi cac loai hoan vi khéc, ta c6 két qua
dugc thé hién trén bang sau. (chi ¥ ring 1 hoan vi ctia tap {1,2,...,6} chi c6 thé thuoc mot trong
cac loaisau: 34+1+1+4+1;34+2+1,3+3;4+1+1;442;5+4+ 1;6 cac hoan vi khong c6 vong xich
nao c6 do dai 16n hon 2)

véii=1,2,...,6. Bay
), tit do dem sb gia tri

}
(g9

Loai hoan vi S6 hoan vi f S6 lan lap gia tri n(f) | Sé gia tri n(f)
3+1+1+1 <§>.2!:40 2 20
3+2+4+1 0 21 s =120 2 60

3 2
3+ 3 <§> 21 =40 4 10
4+1+1 (2).3!:90 2 45
6

442 <4> 3=90 2 45
5+1 (2 A4l =144 2 72
6 5 =120 2 60
Con lai 76 76 76

Vay nhiéu nhat ¢6 388 gia tri ¢6 thé c6 clia tap Q khi n = 22'. Con lai la chi ra khi n = 22" thi s6 lan
lap 1a it nhat. Diéu nay dé dang vi véi cac gia tri n; khac, ngoai viéc 1ap nhu trén, con c6 thém kha
nang bi lap do cac yéu t6 khac nita. Vay max |Q| = 388. U
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. 1 N 1
Bai 159. V6i n 1a so nguyén duong tuy ¥, n > 3, xét k = [En(n + 1)} va tap X,, gom @

phan t1, trong d6 k phan t mau doé, k phan tt mau xanh, con lai mau trang. Ching minh rang
c6 thé chia tap X,, thanh n tap con rdi nhau A;, As, ... A, sao cho véisd m tuy 7, 1 <m < n

thi tap A,, chita ding m phan ti va cidc phan tit d6 cling mau.

Loi giai.
Kiém tra v6i n = 4,5,6,7,8,9,10, 11 ta c6 bang sau
n n(nt1] p Céac phan ti& Céac phan ti Cac phan ti Phan bd mau
2 mau xanh mau dé mau tring (X-b-T)
1 10 |3 [A| =1, Az = 2 |As] =3 A =4 3-3-4
5 15 |5 [Ar| =1, |As = 4 [Az] = 2, [As| = 3 |As| =5 5-5-5
6 21 | 7 |A1| = 1, |Ag| = 6 |As| = 3, |As| = 4 |Az| = 2, |As| = 5 T-7-7
Al =1, Az =2
7 28 9 |A4| =4,|A5| =5 |As| = 3,|A6| = 6 A =1, ]A4z| 9-9-10
|A7| =7
|[A1] = 1,]Az| =2
8 36 12 As|=5,|A7| =7 Ayl =4,|As| =8 12-12-12
| 5| | 7| | 4| | 8| |A3‘:3,|A6‘:6
|Ai[ =1,[A2| =2
9 45 15 |Ag| = 6,|Ag| =9 |A7| =7,|As| =8 |As| = 3,]A4| =4 15-15-15
|As| =5
|[Ai] =1,[Az| =2 |As| = 3,[Aq| = 6 |As| =4,]A7| =7
10 55 18 18-18-19
|As| = 5,]A10| = 10 |Ag| =9 |As| =8
|[A1| =1,[As| =4 |A2| = 2,|A3| =3 |As| = 5,|As| = 8
11 66 22 22 -22-22
|Ag| = 6,]A11] =11 |A7| = 7,]A10] =10 |Ag| =9

Dé giai bai toan trong trudng hop tong quét ta can chi ra mot cach chia tong quat hoac quy duge
truong hop n 16n vé cac truong hgp n nhé hon. Qua viéc nghién cttu cac truong hop nho 1é, thay
khé kho c6 thé tim duge quy ludt tong quat cho viec phan chia. Béi vay, ta thit tim cach dua cac
truong hgp sau vé nhiing truong hop trude d6. Cac truong hop n = 5,6, 7,8, 9 cling gan nhu rat kho
duge dua vé truong hop trude. Nhung véi n = 10 ta c6 thé dua vé n = 4, vi s6 luong chénh mdi mau
1a nhu nhau, tit 3 — 3 — 4 lén 18 — 18 — 19, titc 1a chénh déu lén 15 va ta can c¢6 3 phan, mdi phan
15 phan tit cing mau, duge chia thanh cac tap c6 nhiéu hon hodc bang 5 phan tit. (3 —3 — 4 len
9 — 9 — 10 chénh méi tap lén 6 phan ti, nhung mdi tap déu nhiéu hon 5 phan tit thi khong thé lam
vay). Vay nguyén nhan cé thé dua duge tit trudng hgp n = 10 vé truong hop n = 4 1a vi: Mbi tap
chénh 15 phan t, mdi tap méi c6 s6 phan t& 5 < = < 10 nén c6 thé chia 15 =5+10 =649 = 7+38.
Truong hop n = 5(5 — 5 — 5) sang trudng hop (22 — 22 — 22) chénh lén 17 phan tt méi tap, s6 phan
t1t moi tap thuoc {6;7;8;9;10;11} ma 17 =6+ 11 = 7+ 10 = 8 + 9. Tt day, ta c6 15i gidi tong quat
bang quy nap vdi viec xay dung cach chia tap X,, dua vao cach chia tap X,,_¢ nhu sau: Xét tap X,

s n(n+1) (n—6)(n—5)
gom 5 5

phan ti. Ta xét tap X,,_¢ gom phan ti gom

o — [é(n —6)(n— 5)}

phan tit mau xanh, k; phan t& mau dé va con lai 1a mau trang. Theo gid thiét quy nap, tap X, _s
luon c6 thé chia thanh n — 6 tap r6i nhau A;, Ay, ..., A,_¢ thda man bai toan. Ta c6

kD) [0 95

k—ky =
! { 6 6

Mat khac [a] = [b] >a—1—-[b] >a—-1—bvala]—[b)<a—-[b]<a—(b—1)=a—-b+1. Néua—b
14 s6 nguyeén thi [a] — [b] = a — b. Ma

n(n+1)
6

_(n—6)6(n—5) on_5

& Tuyén tip mot sb bai toan t8 hop €3 Tap chi v tu lidu toadn hoc
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14 86 nguyen nén k — k; = 2n — 5. Vay s6 phan tt mau xanh (d6) ngoai X,,_¢ déu bang 2n — 5. C6
| Xn| — | X—6] = 6n — 15 nén s6 phan tit mau trang ngoai X,,_¢ 1a 6n — 15— 2(2n — 5) = 2n — 5. Khi
dé ta xay dung cac tap A,_s5, An_4, An_3, Apn_2, Ap_1, A, nhu sau

& Tap A,_5, A, chita toan phan ti mau xanh.
& Tap A,_4, A, chita toan phan ti mau dé.
& Tap A,_», A, _3 chita toan phan tt mau trang.

Bai toan dugc giai quyét. O

Bai 160 (IMO Shortlisted 2012). Cho n > 1 la s6 nguyén, tim s6 16n nhat cic tap con roi
nhau c¢6 hai phan tit ctia tap {1;2;3;...;n} sao cho

i) Tong cac phan tit cia mot tap khong vugt qua n.

ii) Tong cac phan ti cia cic tap khac nhau la s6 nguyén duong khac nhau.

Lai gidi.
Gia sit k 1a s 16n nhat cac tap roi nhau thoa man dé bai. Vi du
(@) Véi n = 3, c6 mot tap con duy nhat c6 2 phan tif ma tong cac phan ti khong qué 3 1a tap
{1;2} nén k =1 v6i tap {1;2}.

(2) Vi n = 4, ¢6 hai tap {1;2}, {1;3} thoéa man tong cac phan tit khong qua 4 nhung hai tap nay
khong roi nhau nén k£ = 1 véi tap {1;2}.

(3 Véi n =5, c6 cac tap {1;2}, {1;3},{1;4}, {2; 3} thdéa man nhung 3 tap dau c6 chung phan tit
nén chi chon dugc 1 tap, do d6 k < 2. Nhung véi k = 2 chi ¢6 thé chon dugc 2 tap {2;3}, {1;4}
ma hai tap nay c6 tong biang nhau nén cudi cing k = 1, véi tap {1;2}

(@) Vé6in = 6, trong cac tap {1; 2}, {1;3},{1;4}, {1;5} chon dudc 1 tap; va trong cac tap {2; 3}, {2; 4}
chon dugc 1 trong 2 tap nay. Nén k = 2 véi céc tap {2;4}, {1;3} hodc {2;3}, {1;4} nhung chi
cap {2;4},{1;3} cho tong khac nhau. Vay k = 2 vdi cac tap {2;4}, {1;3}.

(®) V6i n = 7, trong cac tap {1;2},{1;3},{1;4},{1;5},{1;6} chon dugc 1 tap. Trong cac tap
{2;3},{2;4},{2;5} chon dugc 1 tap. V6i 2 tap duge chon nay cung véi tap {3;4} nén k < 3,
v6i cac tap {3;4},{2;5},{1;6}. Tuy nhién chi chon dugc 2 trong 3 tap nay do yéu cau tong
cac phan tit khac nhau nén k < 2. Vi k = 2 ¢6 the chon 2 tap {2;4}, {1;3}. Vay k = 2 chon 2
tap {2;4}, {1;3}.

6 Véi n = 7, trong cac tap {1;2}, {1;3},{1;4},{1;5},{1;6},{1; 7} chon dugc 1 tap. Trong cic
tap {2;3},{2;4},{2;5},{2;6} chon dugc 1 tap. Trong céac tap {3;4},{3;5} chon duge 1 tap.
Vay véi k = 3 v6i cac tap {3;4},{2;6},{1;2} chang han.

Tiép tuc nhu vay ta c6 bang sau

n|1]2[3[4][5][6][7[8][9]1011|12]13]14[15] 16|17 |18]19]20
klofojrjr]r]2][2]3|3|3[4 |45 |5][5][6]6]|7|7]7

Theo bang c6 thé du doan quy luat lip lai theo chu ky 5 v véi n = 5m + 1,n = 5m + 2 cho dap s6
k=2m.V6in=>5m+3n=>55mn+4,n=>5m+5cho dip s6 k = 2m + 1. Tt d6 ta sé nghi cach
tong quat dé phan hoach tap {1;2;3;...;n} thanh cac tap c6 2 phan tit théa man dé bai trong timg
truong hop va chi ra véi s6 k 16n hon cac s6 da dinh thi khong thé phan chia duge. Ngoai ra, véi
hai truong hop n = 5m + 1 van = 5m + 2 c¢6 thé chon chung cac tap. Vay chi yéu lam viéc véi hai
truong hop n = 5m + 1 van = 5m + 3. Ta ¢6 10i giai sau.

V6in = 5m + 1 van =5m + 2 ta c6 thé chon 2m tap gom

& Tuyén tap mot sb bai toan t8 hop €3 Tap chi va tu lidu toan hoc
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& {1;4m},{3;4m — 1},{5;4m — 2}, ..., {2m + 1;3m} c6 m tap.
™ {2;2m} ¢6 1 tap.
™ {4;3m —1},{6;3m — 3},{8;3m — 5}, ..., {2m — 2;2m + 2} ¢6 (m — 1) tap.
Ngoai ra néu k > 2m + 1 thi tong S ctia k cip doé thda man:
S>21+2)+B+4)+...+@Am+1+4m+2) = (2m+1)(4m +3)

va
S<(bm+2+5m+1)+...+Bm+3+3m+2)=2m+1)(4m +2)

Diéu nay dan dén mau thuan.
V6in=>5m+3,n=>5m+4van=>55m+5 tacé thé chon 2m + 1 tap gom

& {1;4m+2},{3;4m +3},...,{2m + 1;3m + 2} ¢6 m + 1 tap.
™ {2;3m + 1}, {4;3m},...,{2m;2m + 2} c6 m tap.
Ngoai ra néu k > 2m + 2 thi tong S ctia k cip d6 théa man:

S>2(14+2)+B+4)+...+(dm+3+4m+4) = (2m+2)(4m+5)

S<(Bm+5+dm+4)+...+Bm+5+3m+4)=2m+2)(4dm +4)

2m—1]

Diéu nay dan dén mau thuan. Vay dap s6 cudi cling la [ 5

Bai 161. Tai cac dinh ctia mot luc gidc déu viét 6 s nguyén khong am cé tong bang 2013.
Mot ngusi thuc hien thay déi nhu sau: Chon 1 dinh, thay s6 ¢ dinh dé béi gia tri tuyet doéi
ctia hiéu 2 s6 viét 6 2 dinh ké vé6i dinh duge chon. Chiing minh rang, ¢é thé thyc hién nhu vay
mot s6 lan sao cho cac s6 thu duge ¢ 6 dinh déu bang 0.

L& giai.

Duong nhién mudén gidm cac sé vé 0 thi tdng cac s6 phai gidm dan. Xét vai truong hop cu thé. Dé
nhat 13 truong hop c6 3 s6 tai 3 dinh xen ké biang 0, con lai ¢6 tong bang 2013. Khi dé chi can tac
dong 3 lan thao tac da cho tai 3 dinh khéac 0, ta thu dude trang thai 0. Néu c6 2 trong 3 sb tai cac
dinh xen ké bing 0, ta ciing dé& dang thu dugc dap s6, cu theé

A B A A 0 A 0 0
0 D 0 0 0 0 0 0

Ngoai ra, cac s6 tai cac dinh chi phu thuoc vao céc s tai 3 dinh chi sau 1 phép bién doi, nén ta sé chi
xem xét chii yéu sut bién doi dua trén 3 s6 tai 3 dinh,chang han theo déi sy bién déi khi A > C > E
nhu sau

& Tuyén tap mot sb bai toan t8 hap €3 Tap chi va tu lidu toan hoc
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C—-F A-C
A—F C
E —F
C—-F A-C A-C A A-C
...(;A—E C A—E C A+E—2C‘ eeoe
A—F
A-C C—-F E C—-F E C—-F
A A-C
A-F C
A-C C-F
Ta thay c6 phép bién doi
A B A A-C C—-F A-C
FE D E C-F A-C C-F

lam giam tinh 1é ctia tong A + C + E néu khong c¢6 s6 nao bang 0, 1a mot phép bién déi dang luu ¥.
Tu day dat ra cau hoi: Khi c6 1 s6 bang 0 thi c6 dua vé truong hop 2 sé bang 0 duge 0, khong c6
s6 nao bang 0 thi thé nao? Tra 16i cac cau héi d6 va xem xét bién doi cu thé trén, ta co 1oi giai sau.
Truée hét, ton tai 3 dinh xen ké sao cho tong la s6 1é (bai toan chi sit dung tinh 1é ctia s6 2013 nén
c6 thé tong quat 2013 thanh sé n 1é bat ky), gia sit 3 dinh d6 1a A, C, E ( dugc dién cac s6 A, C, E

luon)
A A-C C-F A-C
- F - F

+ A>C > E > 0. Xét bién ddi sau
E C A-C C

A B
5

E D
Ta thay phép bién doi nay lam gidm tong A+ C' + E thanh (C —E)+C+(A-C)=A+C—-F
va van gitt nguyeén tinh 18 ciia tong néu E khac 0, vay néu ap dung lién tiép thao tac nay, sé di dén

trang thai ma 1 trong 3 s6 A, C, E bang 0 hoac 2 trong 3 s6 bang 0
+ Néu c6 2 trong 3 s6 A, C, E bang 0. Gia stt A > C = F = 0, xét phép bién doi

A B A A 0 A 0 0
0 D 00 0 0 0 0

Ta thu dugc trang thai toan s6 0 + A > C > E =0, thi do A 1é nén A > C, xét phép bién doi
A B A A-C C A-C
0 D o C 0 C

& Tuyén tap mot sb bai toan t8 hop @ €3 Tap chiva tu lidu toan hoc
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Ta thay phép bién ddi nay lam gidm thyc syt tong A +C +0 thanh C+ |A—2C| < A+ C (do C > 0
va O < A), trong khi vAn giit cho tong 18, tiic 1a néu tiép tuc ap dung bién ddi nay, ta s& dén dugc
trang thai ma c6 2 s6 bang 0, lic dé ap dung phép bién doi cho trusng hgp trén, ta thu duge két
qué. Vay ta c6 diéu phai chiing minh. O

& Tuyén tap mot sb bai toan t8 hop @ €3 Tap chi va tu lidu toan hoc
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Bén canh dé xin gt 16i cAm on t6i thay Huynh Kim Linh da hd trg tao nén san pham nay. Ngoai ra
c6 mot s6 bai toan va tai lieu ching toi tham khao va suu tam trén Internet nhung khong x4c minh
dugc ro tac gid cua ching, do vay sé khong trich dan ¢ day. Mong tac gia cuia nhitng bai toan va tai
licu nay hét siic thong cam.
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