ON TAP
== ¥ ¥ J

{ ONTAP ) \
QUY TAC TiNH PAO HAM
(u+v) =u+v (u—v) =u —-v
(wv) =u.v+uv (k.u)’ = k.u’ (kla hang sd)
uy/ uv—uv 1\ v’
CONG THUC TiNH PAO HAM
Pao ham ciia ham so so cap co ban Pao ham cia ham s6 hep (u = u(x))
©'=0
x'=1
&Y' =a.x* 1 (a € R x> 0) u®' = o u*tu,(a € Ru>0)
1 1 1 u’
(%) =57 x>0 (V) = 5= (> 0)
1\ 1 1\ u’
(—) =—= (x#0) (—) =—-— (u#0)
X X u u
1\ n 1\ n.u’
() -~ e () -2 e
x|' = — | = =2
x| |ul
(sinx)’ = cosx (sinu)’ = u’.cosu.
(cosx)’ = —sinx (cosu)’ = —u'.sinu
(tanx)’ = e 1+ tan?x (tanu)’ = co:2 = u’. (1 + tan?u)
T T
(x¢z+k1t,kEZ) (u¢§+k1'r,k€Z)
(cotx)' = — ik —(1 + cot?x) (cotu)' = — Si;lz o= —u’. (1 + cot? u)
x#kmkeZ) (u#kmkeZ)
(@®*)' =a*lna (@%)’' =u'.a%Ina
() =¢* (e")' =u'.e"
(loga )" = —— (x> 0) (loga )" = —— (u>0)
1 u’
(Inx)' == (x> 0) (Inu)' =— (u>0)
X u
y,

. Trang 1
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{ ONTAP )
PAO HAM CUA MQT SO HAM PHAN THUC

(ax+b)/_ ad — bc ax2+bx+c/_adx2+2aex+be—dc
" (cx + d)2 dx +e B (dx + e)?

cx+d

ax’? +bx +c /_ (ae — bd)x? + 2(af — dc)x + bf — ec
dx2 +ex+f/) (dx2 + ex + f)2

Bc‘li tdp tw luyén )

Tinh dao ham cua cac ham sé sau:
a.y=x3—3x?+4x b.y=%x4—\/§ c.y = (x? — 3x)?
dy=+vVxZ-2x+5 ey = (x+ 1DVx f.yzz;:zl
g.yz);zj; h.y =[x — x?| iy =x%—cos2x
j.y = xsinx ky= S)i:rzlx Ly = cos(x/ﬂ)
L J

Trang 2 '



GIAI TICH 12 - CHUONG 1 . . . .

Chuong

1

| UNG DUNG PAO HAM PF KHAO
SAT VA VE PO THI HAM SO

P 1 / TINH PON PIEU CUA HAM SO

p { TRONG TAM )

Cho ham s6 f(x) xac dinh trén khoang (doan hodc nira khoang) K.

Ham s6 nghich bién

Ham s6 dong bién

Pinh li thuan

Néu f'(x) < 0, Vx € K thi ham s6 nghich bién
trén khoang K.

Pinh li dao
Néu ham sé f nghich bién trén khoang K thi
f'(x) <0,vx €EK

Pinh li thuan “mé rong”

f'(x) < 0,vx € K va d4u bang tai hitu han
diém trén K thi ham sé nghich bién trén K.

Do thi
y v = f(a) b6 thi ham so

la dwong di

/

xuong tir trai

T sang phai

Q
Py S —
=

Pinh nghia
Ham s6 f dwoc goi la nghich bién trén K néu

X1 < X, = f(x1) > f(x3)

Pinh li thuan
Néu f'(x) > 0, Vx € K thi ham s6 d6ng bién
trén khoang K.
Pinh li dao
Néu ham s6 f déng bién trén khoang K thi
f'(x) = 0,vx €K
Pinh li thuan “mé rong”
f'(x) = 0,vx € K va d4u bang tai hitu han

diém trén K thi ham s dong bién trén K.

Do thi
Po6 thi ham s6
y y= f(z) '
' la dwong di
i lén tir trai
O ('1 b T sang phai
Pinh nghia

Ham so6 f dwoc goi la dong bién trén K néu

VX, < x5 = f(xq) < f(x5)

. Trang 3




. . . . BAI 1 - TINH PON PIEU CUA HAM SO
Dang 1. Khao sat tinh don diéu cia ham s6 Khi biét mot s6 tinh chit

AAVidu L1 ~

Cho ham sé y = f(x) c6 d6 thi la dwong cong trong hinh bén. Nhin xét vé tinh don diéu cia ham
s6 da cho.

- - — - - - - - =
- - — — — — — — =

—_—
I
—

—
]

\_ J

Lovi gii

A Vidu12 [ N

Cho ham s y = f(x) lién tuc trén R c6 d6 thi y = f'(x) nhw hinh bén. Nhin xét vé tinh don diéu
ctia ham s6 da cho.
\y
y=f'(x)
-3 -l o 2/ _
/ \ a
- J

Lovi gii




GIAI TICH 12 - CHUONG 1 . ...

—Vidu 13
Cho ham s6 y = f(x) lién tuc trén R c¢6 dao ham f'(x) = x(3 — 2x)(x — 2)?(x — 3)3. Khao sat
tinh don diéu ctia ham sé y = f(x).

Lo giai

\ Vi du 1.4 [

2 7 7 = A 2 N ~ 1 3
Khéo sat tinh don diéu claham s6y = — ZX4 + EXZ +2x — 17

Loi giai

—\Vidu15F
X+1?

Khdo sat tinh don diéu cia hamséy = -

Loi giai




. . . . BAI 1 - TINH PON PIEU CUA HAM SO
A Vidul.6

Khao sat tinh don diéu ctahamséy =

2_
X 2x+2?

Xx—-1

Lovi gii

—\Vidu 1.7

Khao sat tinh don diéu cia ham sé y = Vx? + 3x?

Lovi giai

Bdi tap tw luyén )

Caul. Choham séy = f(x) cé d6 thi la dwong cong trong hinh bén. Cac nhin xét sau la ding

hay sai? U
y > y=[(z)
a. Ham s6 dong bién trén (—3; —1). !

b. Ham sé nghich bién trén (—1; 1). -3 /-1

c. Ham s6 nghich bién trén (3; 5).

d. Ham s6 nghich bién (—3; 2).

Trang 6 '
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Cau 2. Xac dinh khoang nghich bién ctia ham s6 y = f(x) c¢6 bang bién thién nhw sau.

X —oo 0 1 400
y' + 0 - 0 +
1 +oo
y / ~.
—00 -3

Cac nhan xét sau la dung hay sai?
a. Ham s6 nghich bién trén (0; 1). b. Ham s6 dong bién trén (—oo; 0) U (1; +00).
c. Him s6 dong bién trén (3; 4). d. Ham s6 dong bién trén (—3; +o0).

Cau 3. Choham sdy = f(x) c6 d6 thiy = f'(x) nhw hinh bén. v
Xac dinh cac khoang dong bién ctia ham sé y = f(x)? +3

y = f'(x)

Cau4. Chohamséy = f(x) c6 dao ham trén R va bang xét ddu dao ham nhw hinh vé sau:
X ‘ —o0 -2 1 2 4 +oo
f'(x) ‘ + 0 + 0 - 0 - 0 +

Xac dinh cac khoang nghich bién cia ham s6 y = f(x)?

Cau5. Chohamséy = f(x) lién tuc trén R . Khao sat tinh don diéu ctia ham sé y = f(x).

a.f'(x) = (3—-x)(x—2)? b.f'(x) = (1 —x)(x? —4x + 3)(x®> + 5x + 4)
2(1_ 3

Cau6. Chohams§y = f(x) lién tuc trén (2; +00) c6 dao ham f' (x) = 2249 Khao sat tinh

don diéu ctia ham sé y = f(x).

Ciu 7. Khdo sattinh don diéu ctia cdc ham so:

a.y = 3x3 + 4x% + 5x b.y=—-x3—6x*—12x+7 c.y=—x>+3x

dy=x*-2x?+2 eey=—x*-3x2+1 fy=x*—6x2—8x+1

_ X+2 hv = E . _

&Y= 2x+1 Y= 1-x Ly = x2+1

. 1 X—1 X% —2x+2

jy=x—1+— ky=2am by==7

m.y = vV2x% — 5x + 2 ny=v-x?+4x+5 0.y =vVx+2++V1l—-x

. Trang 7



. . . . BAI 1 - TINH PON PIEU CUA HAM SO

Dang 2. Mot s6 bai toan lién quan tinh don diéu cia ham sé

—AVidu21 [
—m+2

N ~ 2 7 sz . o ~ N ~ X £ 2 A 7 2 N 7
Tim tat ca cac gia tri thwc cua tham s6 m sao cho hams6y = —;_ glam trén cac khoang ma nd

xac dinh?

Lovi giai

iVi du 2.2 ;

N ~ 2z y . 5 N ~ mx+4 . . A 2
Tim tat ca cac gia tri thwe cta tham s6 m sao cho ham s6 y = — nghich bién trén khoang

(—o0;1)?

Lovi gii

1. Xét ham s6 f(x) = ax? + bx + ¢ (A = b2 — 4ac; A’ = (b))% — ac)

a=20 a=0
TH1: [b= 0 TH1: {b= 0
fx) >0VxeER & c>0 fx) <0VXER & c<O0
a>0 a<o0
2. Phuong trinh f(x) = ax? + bx + ¢ = 0 (a= 0) c6 hai nghiém x4, x, théa
[iiiﬁ;iiﬁa.f(m)SO X, <m<x, e af(m) <0
A>0 A>0
me1<x2<:>{a.f(m)20 m<x1<x2®{a.f(m)>0
S>2m S>2m
A>0 A>0
x1<XZSm=>{a.f(m)20 x1<x2<m=>{a.f(m)>0
S<2Zm S<2Zm

c
Trongd6 : S=x; +x, = _;!P=X1-X2 =5'

Trang 8 '
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3. Néu ham sé f(x) c6 gia tri nho nhat trén tap D , khi 6: vx € D,f(x) > m & min f(x) = m
X

4. Néu ham sé f(x) c6 gia tri 1on nhat trén tap D, khi d6: Vx € D,f(x) < m & max f(x) < m.
X

—Vidu23f

N ~ 2 7 .7 . 2 ¢ \ ~N 1
Tim tat ca cac gia tri thuc cua tham s6 m sao cho ham soy = §X3 —mx?—(2m—-3)x—m+2

luén dong bién trén R?

Loi giai

—\ Vidu24 [

Xac dinh céc gia tri ctia tham s6 m d€ ham s6 y = x3 — 3x% + (4 — m)x dong bién trén (2; +).

Loi giai
Phwong phap 1.
e Truwong hgp 1: Ham s6 dong bién trén R thi déng bién trén (2; + )
e Truwong hgp 2 : Dao ham ctia ham sé c6 hai nghiém phan biét thix; < x, < 2.

Phwong phap 2. f(x) > m & rnei]1)1 f(x) = mhoacf(x) <m & max f(x) < m (vx € D) néu ham s6
X X

ton tai gia tri 1&n nhat, gia tri nho nhit trén tip D.




. . . . BAI 1 - TINH PON PIEU CUA HAM SO

A\ Vidu 2.5/ N

Cho ham s6 y = f(x). Ham s6 y = f'(x) c6 d6 thi nhw hinh bén. Xac dinh cic khodng dong bién
ctlahamsdy = f(—2x% — 4x — 1) trén R.
by
O 1
y=[f'(z)
. J

Lovi gii

Trang 10 '




GIAI TICH 12 - CHUONG 1 ....
( iVidu2.6i N\

Cho ham s f(x). Ham s6 y = f'(x) c6 d6 thi nhu hinh bén. Ham sé g(x) = f(1 — 2x) + x> — x
nghich bién trén khoang nao dudi day ?
Y y= f'(J’)
_____ 1
: 4
/_2 0 E x
ol N :
1 3
A (1;3). B. (0;5). C.(=3;-1). D. (1;5).
\_ J

Loi giai

% Bai tap tw luyén )

Caul. Timtitcagiatrichtamdéhamsoy = §X3 + mx? — (3m + 2)x + 1 ddng bién trén R.

Cau2. Tim titcagiatrictamdéhamsdéy = (m? — 1)x3 + (m — 1)x? — x + 4 nghich bién trén

R.
. Trang 11




. . . . BAI 1 - TINH PON PIEU CUA HAM SO

n b ~ —2m-3 7 . bY ~ . N LA e 2 7 4 . A 2 ~
Cau3. Chohamsoy = % véim la tham so. Goi S la tap hop tat ca cac gia tri nguyén cua m dé

ham s6 dong bién trén cic khoang xac dinh. Tim s6 phén ti cia S.
Cau4. Timtitca cicgia tri thwc ciatham s6 m dé hamsoy = r:f—: dong bién trén khoang (0; +0)?
Cau 5. Tim tat ca cic gia tri thyc cda tham s6 m sao cho ham s6 y = %:r: nghich bién trén
khoang (0; 4)?
Cau 6. Tim tit ca cac gia tri thwc clia tham s6 m sao cho hAm s6y = x* —2(m — 1)x* + m — 2
dong bién trén khoang (1; 3)?
Cau7. Cobao nhiéu gia tri nguyén 4m cia tham s6 m dé ham sé y = %x“ + mx — ;—X déng bién trén
(0; +0).
Cau8. Chohamsdy =x3— (m+ 1)x?> — (2m? — 3m + 2)x + 2. C4 bao nhiéu gia tri nguyén cda
tham s6 m € [—5; 5] sao cho ham s6 da cho nghich bién trén khoang (—1; 2)?
Cau9. Chohamséy = f(x) c6 bang xét ddu dao ham nhuw sau:
X ‘ —00 -1 2 +o0
| - 0 - 0 +

Ham s6 y = f(x? — 2) nghich bién trén khoang nao dwéi day?

A.(=2;-1). B. (2; +0). C. (0; 2). D. (—1;0).

Cau 10. Chohamso6y = f(x). Ham s6 y = f'(x) c6 d6 thi nhw hinh bén. Ham s6 y = f(2 — x) dong
bién trén khoang

uk

/.U = f'(x)
N ]
0 1\/4 2

A. (2; + ) B.(—-2;1) C.(—x;-2) D. (1;3)

Cau 11. Cho ham sé bic bon y = f(x) c6 do thi cia ham s6
y = f'(x) nhw hinh vé bén. Him s6 y = 3f(x) + x3 — 6x? + 9x
dong bién trén khodng nao trong cac khoang sau day?

N
A. (0;2). B. (—1;1). /\ |

4 3 2
C. (1; +). D. (—2;0). /

Trang 12 '
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%i2 /  CUCTRICUAHAM SO

- { TRONG TAM ) \

Pinh nghia: Cho ham sé y = f(x) xac dinh va lién tuc trén khoang (a; b) va diém x, € (a; b)

a) Néu ton tai s6 h > 0 sao cho f(x) < f(xq) véimoix € (xq — h; X, + h) vax # x, thi tanéi ham

s6 f(x) dat cwc dai tai x,,.

X Xo —h Xo Xg+h
f'(x) I 0 =
f(x0)

f(X) A

b) Néu ton tai s6 h > 0sao cho f(x) > f(x,) véimoix € (xo — h; xq + h) vax # x, thitanéi ham

s6 f(x) dat cuc tiéu tai x,.

X Xo—h Xo Xg+h
f'(x) - 0 +
f(X) \/
f(xo)

e Né&uham sé f(x) dat cwc dai (cuc ti€u) tai diém x, thi x, dwoc goi la diém cwe dai (diém
cwc tiéu) ctia ham sd; f(x,) dwoc goi 1a gia tri cwe dai (gia tri cwe ti€u) cta ham sd, ky
hiéu 12 fcp (fer), con diém M(xo; f(x,)) dwoc goi 1a diém cwe dai (diém cwc tiéu) cla
d6 thi ham sé.

e Cac diém cuc dai cuc tiéu dwgc goi chung la diém cuec tri.

e Dé dang chirng minh dwoc rang, néu ham sé y = f(x) c6 dao ham trén khoang (a; b) va

dat cuwc dai hodc cuc tiéu tai x, thi f'(x,) = 0.

. Trang 13



. . . . BAI 2 - CUC TRI CUA HAM SO
; { TRONG TAM ) \

Pinh ly 1: Gid sit ham sd y = f(x) lién tuc trén khodng K = (x, — h; X, + h) va c6 dao ham trén

K hoac trén K\{x,}, vé¢i h > 0.

e Néu f'(xy) > 0 trén khoang (x, — h; xg)va f'(x,) < 0 trén khodng (xy; X + h) thi x, la
di€ém cuc dai cia ham sé f(x).
e Néu f'(xy) < 0 trén khoang (x, — h; xg)va f'(x,) > 0 trén khodng (xy; X + h) thi x, la
di€ém cuc ti€u cia ham so f(x).
Nhan xét: Xét ham s6 y = f(x) lién tuc va xac dinh trén (a; b) va x, € (a; b).
e Neéuf’'(x) dbi dau khi qua diém x, thi X, 1a diém cuwc tri ctia ham sé.
e Néu f’(x) d6i ddu tir dwong sang 4m khi qua di€ém x, thi X, la diém cwc dai cia ham sé.

e Néu f’(x) doi diu tir Am sang dwong khi qua diém x,, thi x, 1a diém cwc tiéu ciia ham sé.

Pinh ly 2: Gid sir ham s6 y = f(x) c6 dao ham cip hai trong khoang (x, — h; x, + h) véih > 0.
Khi doé:

~ f,(XO) = 0

¢ Neu {f”(xo) >0

=0

~ f,(XO)
+ Nt <o

= X, la diém cuec tiéu.

= X, la diém cuc dai.

Chi y: Néu f'(x,) = 0 vaf”(x,) = 0 thi chwa thé khang dinh dwoc x, 1a diém cuwc dai hay diém

cuc tiéu hay cwec tri ctia ham so.

Dang 1. Xac dinh cwec tri ciia ham s6 khi biét mot s6 tinh chat

Cho ham s6 y = f(x) c6 d6 thi nhw hinh vé. D6 thi ham s6 y = f(x) c6 miy diém cuec tri?
v
\ / R
L J
Lo giai
b6 thi ham s6 ¢0 ......... diém cuc dai. b6 thi ham s6 ¢6 ......... diém cuc dai.
Po thi ham s6 ¢0 ......... diém cuec tri.

Trang 14 '
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N

—\Vidu12[

Cho ham s6 y = f(x) c¢6 bang bién thién. Xac dinh cac diém cwc dai, cuc ti€u, gia tri cwc dai, gia
tri cwc ti€u ctia ham s6 da cho. Xac dinh diém cwc dai, diém cwc ti€u ciia d6 thi ham sé.
X | —w 2 4 +o0
y + 0 - 0 +
3
y /\./
-2
L J
Loi giai
Dwa vao BBT ta két luin :
e Ham so dat cuc dai tai di€m Xcye gai =-vveeeeens , gla tri curc dai Yeye dai =-eveeeeem
e Ham so dat cuc ti€u tai diém Xeyc tigy =-eeeeem , 8l tri curc tiéUu Yeye tigy =eeeeneem
e Diém cuc dai cia d6 thi ham s6 M G ), diém cuc tiéu ctia d6 thi ham s6 N G )

AAVidu 1.3 )

Chohams6y = f(x). Him s0 y = f'(x) c¢6 d6 thi nhw hinh vé. Ham s6 y = f(x) c6 bao nhiéu diém

cuc dai, bao nhiéu diém cuc ti€u?

Y y = [f(z)

. J

Loi giai

. Trang 15




. . . . BAI 2 - CUC TRI CUA HAM SO
A\ Vidu14 [

Cho ham s8 y = f(x) lién tuc trén R c6 dao ham f'(x) = (x + 1)(x — 2)?(x — 3)3. H6i ham s6

y = f(x) c6 bao nhiéu di€ém cuwc tri?

Lo gii

............................................................................................... Bang bién thién:
lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll X
............................................................................................... fI(X)
............................................................................................... f(x)
............................................................................................... Két Iudn: Ham s c6 ..... diém cuc tri.

\Vidu 1.5

Xac dinh cac diém cuc tri claham s6y = x3 — 3x + 1?

Lovi giai

............................................................................................... Bang bién thién:
lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll X
............................................................................................... fI(X)
............................................................................................... f(x)
............................................................................................... KEEIUAN:  Xcp = oo Vep = e
............................................................................................... T = oo YT = o

—\Vidu 1.6

s X+1 A e .
Hamsoy = - CO bao nhiéu diém cuec tri?

Lovi gii

Trang 16 '
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Bc‘li tap tw luyén )

Cau1l. Choham séy = f(x) c6 bang bién thién nhw sau.

X —00 -2 4 +oo
y + 0 - 0 +
3
g /\ /
-2

a. Xac dinh cac diém cuc dai, diém cuc tiéu, gia tri cwe dai, gia tri cwc ti€u ciia ham sé da cho.

b. Xac dinh diém cuc dai, diém cwc ti€u ctia do thi ham sé da cho.

Cau2. Choham soy = f(x). Hoam s6 y = f'(x) c¢6 do thi nhw y y = F(z)
hinh vé. Xac dinh khoang dong bién va diém cuc tiéu ctia ham so
(néu cd). 1 3

Cau 3. Choham séy = f(x) lién tuc trén R\{1} c6 bang xét didu dao ham f’(x) nhw sau:

x | - 1 2 3 +00

1
A
Ham s6 y = f(x) c6 bao nhiéu diém cwc tri?

Cau4. Chohamsdy = f(x) lién tuc trén R. X4c dinh diém cuc tri ciia ham s8 (néu c6), biét rang:
a.f'(x) = (3—x)(x—2)>2 b.f'(x) = (1 —x)(x? —4x + 3)(x® + 5x + 4).

Cau 5. Xac dinh cic diém cwec tri cia cdc ham sé sau (néu co):

ay=x3-3x2+3x—-1 b.y=—x3—-3x+2 cy=-3x*—4x3+2
Cwh o2 _ x+2 _ X2-2%+2

dy=x*—2x*+2 ey =_— fy= —

gy =vVx?+3x hy=vV—x?2+4x+5 Ly=vx+2+vV1l—-x

. Trang 17
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Dang 2. Mot s6 bai toan vé cwc tri cia ham s6

Cho ham s6 y = f(x) la ham da thirc bic ba hodc bac bon. Khi dé :

e M(xq;Y,) 12 diém cwc tri ctia @6 thi ham sd y = f(x) & {fEXO) — Yo
f (Xo) = 0
f(x0) = o
e M(Xg; Vo) 12 di€m cwc dai cia do thiham s6y = f(x) © {f'(x,) =0
f"(x0) < 0
f(xo0) = o
e M(Xg; Vo) 12 di€m cwc ti€u ctia d6 thi hAm sy = f(x) ©<f'(xo) =0
f"(x9) > 0
N ~ _ . . fI(Xo) == 0
e Ham soy = f(x) dat cwc tiéu tai x, {f,, (x0) > 0
\ N _ = o f’(XO) = 0
e Ham soy = f(x) dat cwc dai tai Xy & {f” (x0) < 0

—\Vidu21 [
Xacdinhham sdy = f(x) = x® + ax? + b (a,b € R) biét rang do thi ham s6 nhan diém A(—1; 3)
la diém cwec tri?

Lovi giai

—\Vidu22F

Tim tAt ca cac gia tri thwe ctia m d€ ham s6 f(x) = —x3 + mx + 3 dat cuc dai tai x = 2.

Lovi giai

Trang 18 '
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Hiams6y = ax3 +bx? + cx+d (a,b,c,d € R)
e CoOcuctri:
Trwong hop 1 (ham s6 c6 1 diém cuec tri) :{a =0
' 7 b £0
Trwong hop 2(ham sé ¢6 2 diém cuec tri bao gom 1 cwc dai va 1 cuec tiéu) :
{a # 0
b% — 3ac > 0
e Khong co cuc tri :
a=0
b=0

a¥0

Truomg hop 1: { b%? —3ac <0

Trwong hop 2 : {

e CO63diémcuctri:ab<0
e (61 diém cuctri:

a=20
b+0

e (61 diém cuc dai, khong c6 cuc tiéu:

a0

Trwong hop 1: { ab>0

Truong hop 2 : {

a=20
b<0

e (061 diém cuec ti€u, khéng c6 cuc dai :

a<o0

Trwong hop 1: { b<0

Truong hop 2 : {

a=0
b>0

a>0

Trwong hop 1: { b>0

Truong hop 2 : {

a>0
b<0
a<o
b>0

e (61 diém cuc dai va 2 di€ém cuc tiéu: {

e (62 diém cuc daiva 1 di€ém cuc tiéu: {

R I ax+b
Ham nhatbiény = -

4 (a,b,c,d € R; ¢ + d? > 0): Khong c6 cuc tri.

| Ham sdy = ax* + bx? + c (a,b, c € R) (ham trung phwong)

Cac ham s6 khac c6 n diém cuec tri : dao ham c6 n nghiém don phéan biét.

—AVidu23F

Tim tat ca cic gia tri thwc clam d ham sy = (m — 2)x* — 2(m? — 9)x2 + 2m — 3 c6 ba diém

cuec tri.

Lo giai

. Trang 19



. . . . BAI 2 - CUC TRI CUA HAM SO
A\ Vidu24 [

N ~ 2 7 =7 - 2 ~N ~ \ ~ 2 7
Tim tAt c cac gia tri thuc cila tham s6 m d€ ham s y = mx3 — (m + 1)x? + (Zm - 5) x+1co

cuec tri.

Lovi giai

Ham trung phwong c6 ba diém cuctri © ab <0
Ba diém cuc tri ctia ham trung phuwong tao thanh A vudng cdn < b3 +8a =0

Ba diém cuc tri cia ham trung phwong tao thanh A déu & b3 +24a =0

8 — 8a
Ba diém cuc tri tao thanh tam gidc can tai A c6 g6c BAC = ¢ © b3 + —((p) =0
tan? (&
2

ab< 0

Dién tich tam giac tao béi ba diém cuec tri : s [5E
a / ~ 32a3

Ba diém cuc tri tao thanh tam giac ABC cin tai A, khi dé:

A(0; ), B b._A)¢ b._ A\ ag=ac= [ B gey|t
o& 22’ 4a |’ 22’ 4a SO = 622 23 2a

iVidl,l 2.5i

Tim tAt ca cac gia tri m sao cho d6 thi hAm s6 y = x* + (m + 1)x? — 2m — 1 ¢6 ba diém cuc tri
12 ba dinh ctia mot tam giac c6 mot goc bang 120°?

Lo giai
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—Vidu2.6[

Viét phwong trinh duwéng thang di qua hai diém cwec tri cia ham s6 y = —x3 + 3x% — 1.

Loi giai
X—XA _ Y-Ya
XB—XA YB—YA

Cach 1: Phwong trinh dwong thang AB :

Cach 2: Chia da thircy = f(x) choy = f'(x) ta dwoc phan dwlay = ax + b 1a dwong thing cin tim

A\ Vidu27[

Viét phwong trinh dwong thang di qua hai diém cuc tri chlahamsdy =

x2+4x+1

2—X

Lo giai
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k1=k2
b; # b,

y=k1X+b1ly=k2X+b2@k1.k2=_1

—\Vidu2.8F

Tim gid tri thuc ciia tham s6 m dé dwong thangd: y = (2m — 1)x + 3 + m vudng goc véi dudong
thang di qua hai diém cwc tri cia d6 thi hAm s6y = x3 — 3x2 + 1.

y =k;x+ by ||y=kzx+b2<:){

Lovi giai

Xét phuwong trinh ax? + bx + ¢ = 0 c6 hai nghiém phan biét x;, x,:

X + X —S——E' P =xx =< x? +x%2=S8%2-2P
1+ X =5=—2; =KXy =il X X5 =

—\Vidu29 [

Tim tAt ca ca cac gia tri clia tham s6 m dé y = x3 — 3x% + mx — 1 dat cuec tri tai X, X, théa man
X2 +x3=6.

Lo giai
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—Vidu210F

Cho ham sé y = f(x) c6 ding ba diém cuc trila —2; —1; 0 va c6 dao ham lién tuc trén R . Khi dé
ham s6 y = f(x? — 2x) c6 bao nhiéu diém cwc tri?

Lo giai

SO diém cuc tri cia ham s6 y = |f(x)| 1a tong s6 cwc tri cia ham s6 y = f(x) va s6 nghiém

phwong trinh f(x) = 0.

—AVidu 211

C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham sd y = |3x* + 4x3 — 12x? + m| ¢4 7 diém
cuc tri?

Loi giai
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% Bai tap tw luyén )

Caul. Xacdinhhams6y = —x3 + ax + b (a,b € R) biét rang dd thi ham s6 nhan diém A(—1; 1)

la diém cwec tiéu?

CAu 2. Xac dinh ham s6 y = ax® + bx? + cx +d (a,b,c,d € R) biét rang do thi ham sé c6 hai
diém cwc trila M(0; —3) va N(3; 1).

Cau3. Tim tit ca cac gia tri thuc cia m d€ ham s6 Ham s6 y = x* + mx? + 3 dat cuc tiéu tai
x=-—1.

Cau 4. Tim tit ca cac gia tri nguyén cia m € [—5; 5] d€ cadc ham s6 sau thoa man diéu kién:
a.Himsdy = x3 — 2x? + (m + 3)x — 1 ¢6 cuc dai, cuc tiéu.

b.Him s6y = x3 — 2x? + (m + 3)x — 1 khong c6 cuec tri.

c.Hims6y = x* — (2m — 1)x? + 1 ¢6 1 diém cuc tri.

d. Him s6 y = —x* + 6x? + mx c6 ba diém cuc tri?

Cau 5. Cho ham s6 f(x) c6 dao ham f'(x) = (x + 1)(x? + 2mx + 5). C6 tit ca bao nhiéu gia tri
nguyén cia m dé ham sé f(x) c6 ding mot diém cwec tri?

Cau 6. Tim tat ca cac gia tri thuc clia tham s8 m sao cho do thi cia ham s6 y = x* + 2mx? + 1
c6 ba diém cuc tri:

a. Tao thanh tam giac vudéng can. b. Tao thanh tam giac déu.

c. Tao thanh tam giac c6 dién tich nhé hon 1.

Cau 7. Viét phwong trinh dwong thang di qua hai diém cuc tri ciaham s6y = —x3 + 3x + 1.
Cau 8. Tim tit ca cic gia tri tham s6 m dé hai diém cuc dai va cuwc ti€u cta d6 thi ham sé
y = x3 — 2x + m va diém M(—3; 7) thang hang.

Cau 9. Tim gia tri thuc cia tham s6 m dé dudng thing y = (2m — 1)x + 3 + m song song véi

duwdng thang di qua cac diém cuec tri ctia d6 thihAm s6y = x3 — 3x? + 1
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Cau 10. Do thihams6y = x® — 3x + 1 ¢ 2 diém cuec tri 1a A va B, tinh dién tich tam giac OAB?

i L. OA+ OB+ AB

Cach 1: Soap = VP(p — OA)(p — OB)(p — AB) véi p = ————— (AB = /(x5 —xa)? + (5 — ¥a)?)
7’ 1 Y -y -

Cach 2: Sopp = 5 |x5% Vo5 — X685 You (vou OA = (Xo —X0;Ya — Y0); OB = (Xxg — X0;yB — Yo))

Cau 11. XAac dinh cac gia tri tham s6 m théaman hamséy = x® + (m — 1)x? + (2m + 1)x + 2 ¢6
hai diém cuc tri x; va x, thdaman 3(xZ + x3) + x,x, = 7?

Cau12. Chohamséy = mx® — (m — 1)x? + 3(m — 2)x + 2 v6i m 1 tham s6. Tim tét 4 cac gid
tri cia m dé ham s6 c6 hai diém cuwc tri x4; x, théa man x; + 2x, = 1?
Cau 13. Cho ham s6 y = f(x), d6 thi cia ham sé y = f'(x) nhuw

hinh bén. Ham s6 g(x) = f(x?) c6 bao nhiéu diém cuc tri?

Bi 3 / GIA TRI LON NHAT - GIA TRINHO
NHAT CUA HAM SO

{ TRONG TAM )

Pinh nghia: Cho ham sé xac dinh trén D

e S0 M dwoc goi la gia tri Ion nhit (GTLN) cia ham sd y = f(x) trén D néu

fx) < M;vx€eD . _
{EIXO 2 D) = b 2 B il S )

Chu y: Néu f(x) < M; Vx € D thi ta chwa thé suy ra M = max f(x)

XED

e S0 m dwogc goi la gia tri nhé nhat (GTNN) ctia ham s6 y = f(x) trén D néu

f(x) > M;Vx €D B
{axo € D: f(x,) = w @ Ki hiéuM = min ()

Chu y: Néu f(x) = M; vx € D thi ta chwa thé suyraM = mei]gl f(x)
X
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Dang 1. Xac dinh gia tri I6'n nhat - gia tri nhoé nhit cia ham sé

—AViduL.l

X4c dinh gia tri 16m nhit va gia tri nhé nhat cia ham s6 f(x) = x3 — 8x? + 16x — 9 trén (1; + )

(néu c6)?

Lovi gii

\Vidul2 |

X4c dinh gia tri 16n nhit va gia tri nho nhat ctia ham s6 f(x) = x3 — 8x% + 16x — 9 trén [1; 3]

(néu c6)?

Lovi gii

Bc‘li tap tw luyén )

Caul. XAc dinh gia tri gia tri nhé nhat cia cac ham s6 sau :

a. f(x) = x +§ (x > 0). b. f(x) = |x|
c. f(x) = x3 — 6x + 5 trén [—4; 15]. d. f(x) = g trén [—3; 1].

Cau 2. Xac dinh gia tri l1én nhat cac cia ham s6 sau :

a.f(0) = — b. () = X222 trén (~o0; 2).
c.f(x) =V—x2+5x—4 d fx) =vx—1++V3—x
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Dang 2. Mot sd bai toan lién quan dén gia tri nho nhat - gia tri 1&n nhat cia

ham so

A\ Vidu21]

Mot chat diém chuyén dong theo quy luats = 6t% — t3 (s(m); t > 0), van téc v (m/s) cia chuyén

dong dat gia tri 16n nhAt tai thoi diém t (s) bang bao nhiéu?

Loi giai

\ Vidu2.2 |

Tim tat ca cac gia tri cia tham s6 m sao cho ham s6 f(x) = XtT thoa man r[‘r2114r]1 f(x) = 3?

Loi giai
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—AVidu23fF

Tim t4t ca cac gia tri cia tham s6 m dé gia tri nhé nhit cia ham s6y = —x3 — 3x? + m trén

doan [—1; 1] bang 0.

Lovi gii

\ Vidu2.4

Tim t4t ca c4c gia tri cia tham s6 thwe m sao cho gia tri I¢n nhit cia ham s6 f(x) = [x3 — 3x + m|

trén doan [0; 2] bang 3?

Lovi gii
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2 Bai tap t luyén )

Caul. Trong sd cac hinh chit nhit cé cung dién tich 48 m?, hinh chir nhat c¢6 chu vi nhé nhit

bang bao nhiéu?

Cau 2. Trong s6 cac hinh chir nhit c6 cung chu vi 16 cm, hinh chir nhit c6 dién tich 1&n nhat
bang bao nhiéu?

Cau3. Mot hop tac xa nudi ca thi nghiém trong ho. Ngwoi ta thiy rang néu trén moi don vi dién
tich cia mat hod c6 n con ca thi trung binh mdi con c4 sau mot vu cAn ning P(n) = 480 — 20n (gam).
Hoi phai tha bao nhiéu ca trén mét don vi dién tich cia mat ho dé sau mot vu thu hoach dwoc nhiéu
gam ca nhat?

A N ~ 2 7 f 7 PR ~ Ly c 12 N P) N ~ 2x+m
Cau4. Tim tatca cac gia tri cia tham s6 m dé gia tri 1én nhat cda ham so f(x) = )

trén [0; 2]
bang 1.
Cau5. Tim tit cd cac gid tri cda tham s6 thwc m sao cho ham so yz):rTT théa man

i+ gy =3

Cau7. Xacdinh gia tri tham s6 m dé€ hAm s6 y = x + m + V1 — x2 c6 gia tri 16n nhat bang 2v/2.
Cau 8. GoiSlatip hop tat ca cac gia tri thuc cia tham s6 m sao cho gia tri Ion nhat ctia ham sé
f(x) = |x3 — 3x + m| trén doan [0; 3] bang 16. Tinh t6ng tit ci cAc phan ti cta S?

. Trang 29

GIAI TICH 12 - CHUONG 1 . ...



. . . . BAI 4 - PUONG TIEM CAN CUA HAM SO

Daii 4 / PUONG TIEM CAN CUA HAM SO

{ TRONG TAM )
1. Tiém cdn ngang : Cho ham s6 y = f(x) xac dinh trén mdt khoang v6 han la khoang dang
(a; +), (—o0; b) hodc (—o0; +00). D6 thi ham sé c6 tiém cin ngang y = y, khi thda it nhat 1
trong cac diéu kién sau:

lim f(x) =y, hoac lim f(x) =y,
X—+00 X——00
2. Tiém cin dirng : D6 thi ham sé c6 tiém cin dirng x = x,, khi thda it nhat 1 trong cac diéu
kién sau:

lim f(x) = +o0 lim f(x) = —o0
x-Xot X—>Xq~
lim f(x) = —oo lim_f(x) = +o0
x-Xot X—>Xq~

, \ ~ N ax+b A , N A
3. Lwuy: Ham nhat biény = ~d ludén c6 2 tiém can

d a
Tiém can dirng x = —— Tiém can ngangy = —
C C

Dang 1. Xac dinh tiém can dwa vao BBT, do thi

—AVidu L1 N
Xac dinh cac dwong tiém cin ciia ham s6 y = f(x) c6 bang bién thién sau?
xr |—0o0 3 +00
Y - -
" 3 +0o0
o )
\_ J

Lovi gii
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% Bai tap tw luyén )

Caul. Cho ham séy = f(x) c6 bang bién thién sau, xac dinh cdc dwong tiém cin cia ham so

y = f(x)?
VA
T | —o0 0 3 +00
Y - + 0 - I
d. 3 5 b. 1 _
o 1 :
—5||—o0 —2

Dang 2. Xac dinh tiém cin dirng va tiém cin ngang cia ham so6

—\Vidu21[

Xac dinh dwong tiém cin dirng va tiém cin ngang cia cac d6 thi ham sé

a _ 2x-3 b _ 2x-3
Y= Xx—1 Y= x—-1
Loi giai
—AVidu22 [
Cac do6 thi ham s6 sau c6 bao nhiéu dwong tiém can?
x%-1 1-x2
ay= x2-3x—4 b. y= x—2

Lo giai
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% Bai tap tw luyén )

Cau 1. Xac dinh cac dwong tiém cin dirng va tiém cin ngang cia cac ham so (néu co)

x—1 2x%—x+1 x%2-9 7
ay=3% by= 2x-3 C Y = rexto d.y—;—l
_ V4-x2 _V3—x Y \/2_7 _ Vx—1+41
ey=5=- f.y= 3 g.y=xXx x4 —=2x+2 hy= -

Dang 3. Mot so bai toan lién quan dén dwong tiém cin ciia ham s6

—\Vidu3.1l[

7 . 2z o ~ o \ N A . 5 N N mx+2 .. - R
Xac dinh tit ca cac gia tri tham s6 m dé dwong tiém cn dirng cla hams6y = 0 di qua diém

A(1;-2)?

Lo gii

—Vidu32 [

Xéc dinh m dé db thi ham s6y = —= khéng c6 tiém cin dirng.

Lovi gii

Bc‘li tap tw luyén )

A P SR I A T 2 4.
Cau 1. XAac dinh tat ca cac gia tri tham s6 m dé dwong tiém can ngang cia ham sé y = r::j; di
qua diém A(1; —2).

A L a P w0 2 AW iLs L ,\, 2X%-3X+m |, A P A
Cau 2. Xac dinh tat ca cac gia tri tham s6 m dé do thi ham s6 y = ————— khong c6 tiém can
ding.

A C e Ky 2 o4 en e s x X A Ll -1 L s A
Cau 3. Xacdinh tatca cac gia tri tham s6 m dé do thihamsoy = = c6 dung 2 tiém

x2+2(m—-1)x+m2-2

can ding.
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W5 /. PO THI HAM SO

Dang 1. Po6 thi ham s6 bicbay = ax3 + bx? + cx+ d (a # 0)

a>0 a<o

y/ |
Ayr <0 -

Khao sat diu ctia cachésd a, b, cva d.

a di 1én — a>0
(Nét cudi do thi) di xu6ng — 5 a<o

léch phdiOy —— btradidaua

b by | léchtrdiOy —— bclungdaua

(Tam doi xtrng x =33

thuocOy —— b=0
nam 2 phiaOy —— ctradidduvéia
nam cung phiaOy —— ccung diuvéia
C
c cung diu véia

Kho 5 tri [
ongcécuctri —— b0

trétn0 —— d>0

du¢i0 —— d<0

(Giao diém véi Oy)
qua0 —— d=0
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—Vidu 11 *
Y
Puwong cong bén la d6 thi cia ham s6 nao sau diy? L.
Ay=x3-3x
B.y=—x3+3x—1 o/
Cy=-x3-3x x
D.y = —x3 + 3x.
Lovi giai
Do thi ham s6 c6 dangy = ax3® + bx? + cx +d (a < 0)
DAU CUA DI D > 0 VIl cooreeserersesessseesesesssssssssssssssssssesssssesssssesssssesssssssssssssssssssssssssssessssessssssssssesssssesssssessssssssssssssssssssens
DAUCUA C: € > 0 VIl cooreeeersesrsessssssiessssssssssessssssssssssssss s sssss s s sssesssssssssssssssssnsssssssssssssssssssssssssssnssssnssassssasssssnses
DAU CUA A: d = 0 VI oot s s sssss s s s s s s s ssss s s ss s sssssneen
—\Vide12 [ N
Puong cong bén 1a d6 thi cia ham s6 nao sau day? Y
Ay =x3—3x+1.
B.y = —x3 + 3x% + 1.
Cy=-x3-3x?—-1.
D.y=x3-3x?+3x+1. /[O v
Lovi giai
P06 thi ham s6 c6 dangy = ax3® + bx? + cx+d (a > 0)
Diu ciab: ... £ PPN
Dau cla C:vvevveereennens A4 OOV
[DETV ol F- o ER— 74 TN
—\Vidu 1.3 *
Puong cong bén 13 db thi ciia ham s8 ndo sau dy? |\ 1¥ v
Ay = —x3—3x2 -4 ©
B.y = —x3 + 3x? — 4.
C.y =x3+3x? — 4.
D.y = —x3+x*—-4.

Lovi gii

P06 thi ham s6 c6 dangy = ax® + bx? + cx+d (a < 0)

Diuciab: cueenee. VL ettt eee e e eeeeeeeeseasaseseesaseeeaseseeeeaseaeaeeneasaseeeasaseeeaeeseaeaseneasaneeesareseasaneaeneneasaeeeeaseneseananeeeaneneaenenens
DAU cUA Couverereeererennn VL2 teteteteteseseseseeeseseasasasasaseseseseseaeasas e s seeeeaean e s e aeseeee et et e an e e st e e ee ettt e aeene et et ne e e e se st eeeenenn s e e snenenen
Diuctad: ... VL2 teteteteteseseseseeeseseasasasasaseseseseseaeasas e s seeeeaean e s e aeseeee et et e an e e st e e ee ettt e aeene et et ne e e e se st eeeenenn s e e snenenen
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A\ Vidu 1.4

Bang bién thién bén la bang bién thién cia ham so < | —oo 0 2 +oo
nao sau day? y' - 0 + 0 -
+oo 3
Ay=x3+3x%—-1. B.y =x3—-3x%-1. y \/’\
Cy=—-x>-3x*-1. D.y=-x3+3x*-1. 1 s
Lovi giai

Do thi ham s6 c6 dangy = ax3 + bx? + cx+d (a < 0)

Diucitab:.nee. VL2 ettt eeeeeeeeeeeeseee et st et aeasaseseeeseee st asasaneseseeeasassasseseeeeeeatasasaesneseeeatasassaeseeeeeeatasasaseseneneneaeaeannnnsesneeneen

DAu cia d: .oeeveene. VL2 eteteeeeeeeeasasseseseseseaeasasaseseeeseee st assseneeese et s s s aesesee et eeae s asaeseeeeeeaeasannanseseeeeanatasassesneneneanananannnseseeenaen

A\ Vidu 15[

Ay =x3—3x+1.

Bang bién thién bén l1a bang bién thién cia ham s6 nao sau day?

B.y = —x3 + 3x% — 3x.

C.y = —x3 + 3x% + 3x.
D.y=x3-3x?+3x+ 1.

.

Lo giai

P06 thi ham s6 co6 dangy = ax3® + bx? + cx+d (a < 0)

Ay

-,
A
B

¢.a:Bai tap tw luyén )

Caul. Chohamsdy = ax®+bx?+cx+d (a,b,c,d € R) c6 db thi 14 duong cong trong hinh sau.

C6 bao nhiéu s6 duong trong cac hé sé a, b, ¢, d?

a.
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Ciu2. Chohamsby = ax® + bx? 4+ cx+d (a,b,c,d € R) cd bang bién thién nhu sau. C6 bao nhiéu

s6 dwong trong cac hé sb a, b, ¢, d?

X —00 0 2 +0
y' — 0 + 0 —
+o0 3
_1 —Q0

Cau3. Chohamsdy = ax® + bx? 4 cx+d (a,b,c,d € R) cd bang bién thién nhu sau. C6 bao nhiéu
sb duong trong céac hé¢ sba,b,c,d?

—00 -2 0 +oo
y' - 0 + 0 -

+oo 4
0 —00

BT4. Chohamsdy = ax3® + bx? + cx — 1 (a,b, ¢,d € R) ¢6 bang bién thién nhu sau. C6 bao nhiéu

s6 duong trong cac hé sé a, b, ¢?
—00 -3 1 +o0
y' + 0 - 0 +

, _/1\: 3/4; oo

Dang 2. Do thi ham sé trung phwongy = ax* + bx? + ¢ (a = 0)

a>0 a<o

Yy y

b trai dju a \ / \ /

VI | T F
b cling d4u a /\

hoicb = 0 0
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Khdao sat diu cuia cachéséa, b, cvad.

di 1én — a>0

da
(Nét cudi do thi) <di Xu6ng a<0

3diémcuctri —— btriidiua

b =

tréen0 —— ¢>0

c ..
(Giao diém véi Oy) dwoi0 —— ¢<0

qua0 —— ¢=0

b cing diu a

Puwong cong bén la do thi cia ham s6 nao sau day?

Ay =x*—3x? + 1. B.y = —x* + 2x? + 1.

Cy=—-x*—4x2+1. D.y=x*-2x?+1.

z

Loi giai
D6 thi ham s6 c6 dangy = ax* + bx? + c(a < 0)
Diu clda b: .. 114 TP
Dau cda Ci v 11 PSPPSR

Puwong cong bén la d6 thi cia ham s6 nao sau day? '

Ay = —x* + 2x2, B.y = x* — 2x2. |

Cy=—x*+4x*+1. D.y=—x3+3x% / 0 \1

Loi giai

b6 thi ham s6 c6 dangy = ax* + bx? + c (a < 0)

Diuciab:.nee. A T4 R
Dau cla Cloveeeeeereene. A% C I
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A\ Vidu23[ )

Puong cong bén la d6 thi cia ham so6 nao sau day?
Ay=—-x*—2x*+2. B.y=x*-2x*+2.
Cy=2x*—4x2+1. D.y=x*-—2x?-2. /A

\. J

Lovi gii

D6 thi ham s6 c6 dangy = ax* + bx? + c(a > 0)

Diauctab: .. VL oeeeeeeeeeeeseaseseseeseseeseseseaseseseaeeeeneaseaeaneaeeeeene e A eeAne e A enare e e eeane e A et aeeeesee e e aeAne e A eearensreneeeesneeenennenens
DAau clda Ciuvveverererenens 174

Dang 3. D6 thi ham s6 nhit bién

Ham s6 nhit bién 6 dangy = 22 (ab— be # 0, y = 20— D€
am sO nhat bién cé angy—cx_l_d,a C , y_(cx+d)2
A A ad—bc>0 ad—bc<0
Tiém can du’ng:xz—z.
A A a v’ : y :
Tiém can ngang:y = pe | |
| |
. da _// ' > [
Témdoix(rng:l(——;—). _— 1 A A ———— ==
c C | — | >
| X
| |
| |
| |

Tinh don diéu (tang, gidm) clia ham sé:
o ad — bc > 0 thi d6 thi ham s6 dong bién trén tirng khoang xac dinh.
o ad — bc < 0 thi d6 thi ham s6 nghich bién trén tirng khodng xac dinh.
b

Giao diém véi truc tung Oy: x = 0,y = L

Giao diém véi truc hoanh Ox: x = — Y= 0.
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—Vidu3.lf

Y
Puwong cong bén la do thi cda ham s6 nao sau day?
2x-5 2x+5 \
Ay = x—1 Tox+1 2\
— X+l D.y = S
X+1 X+1 1 0
Loi giai
Db thi ham s6 6 d ax+h
0 thi ham s6 c6 dangy =
' MEY =y +d
Tiém can Aing:....ccccoveererererenennes = Loaidap an .........
Tiém can n@ang: ......coeeoveereereeneens = Loaidap an .........
Giao diém véi truc tung: 8 i 0 . Thir ttrng dap an ta chon dap an .........
—\ Vidu 3.2/ .
vl
Puwong cong bén la d6 thi cia ham s6 nao dwdi day?
2x+3 X—-3
A. = 1 B.y—;.
Cv= Xx=3 D,y = 23 —/ ___________________
Y= Y= ; /_
9] 1/ x
L !
Loi giai
P thi ham 6 6 d ax+h
0 thi ham s6 c6 dangy =
' MEY =y +d
Tiém can AUng:....cccovevvererererennes = Loaidap an .........
Tiém can ngang: .....oceoveereererneens = Loaidap an .........
Giao diém véi truc tung: {X i 0 . Thir ttrng dap an ta chon dap an .........
\Vidu3.3/
: by
Xacdinha,bdéhamsoy = %—: c6 d6 thi nhw hinh vé bén. |
|
Chon dap an dung? |
1
Aa=1b=-1 B.a=1,b=1 77700 I
Ca=-1,b=1 D.a=-1b=—1. )
|
|
|
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Loi giai

Nhin xét vé do thi:

Tiém can AUNG:...ccocveererreerrerreenens
Tiém can ngang: .....ccoveeereereenens
e oax—=1 .
Mat khac xéthamsoy = <7D c6 tiém can dingx =......... VAY =.iiiin

Dang 4. Mot sd diém dic biét cia ham s6
Xétham s6y = ax® + bx? + cx + d (a # 0). TAm ddi xtirng ctia d6 thi ham s8 12 nghiém cla
phwong trinh: y' = 0

ax+b
cx+d’

L . d a
Ham s6 nhat bién c6 dangy = (ab — bc # 0) c6 tdm doi xtrng: | (— —; —).

Cc C

A\ Vidud1 [

Xac dinh tAm d6i xrng ctia cAc ham s sau: a.y = x3 — 3x? + x — 1. b.y =

Lovi gii

—\Vidud2

Xac dinh tat ca cac diém c6 toa dd nguyén cia cac do thi ham sé: y =

x+1
1—2x

Lovi gii
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—\Vidu43
Xac dinh cac diém cd dinh cta d6 thi ham s6 (C):y = x3 — (m + 1)x? — (2m? — 3m + 2)x +
4m? — 2m (néu c6)?

Lo giai

A,

Ll
A
]

&-2Bai tdp tw luyén )

Caul. Xicdinh tAm doi xirng ciia ham sé sau:

a.y=—x3+3x b.y = :

Cau 2. Tim tat ca cac diém c6 toa d6 nguyén cla cdc ham so:

3x—1 x%2—2x+3 X+1
by= cy=

X+1 X+1 2x—1

ay=
Cau 3. Xac dinh cac diém c6 dinh cia d6 thi ham sé :
ay=x>+mx’—m-—1 by=y=x*4+mx*-m-1

_(m—l)x+m+2
x4 m+2

c.y
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Dai 6 / TUONG GIAO CUA HAI PO THI HAM SO

Dang 1. Bai toan twong giao co’ ban

Nghiém ctia phwong trinh af(x) + b = 01a s6 giao diém cta dwong thangy = — g v&i do thi

ham sé y = f(x)

AAVidu L1 \

Cho ham s6 y = f(x) c6 d6 thi nhw hinh bén. Xac dinh s6 nghiém cta cidc phwong trinh
a.f(x)—3=0 4y
b.1—f(x) =2
C.2f(x) —4 = 0 §
d.f2(x) —4f(x)+3 =0
—2 V2
i 1) E x
. - J
Loi giai
Cho hai d6 thi ham s6 y = f(x) vay = g(x).
Bwéc 1. Gidi phwong trinh hoanh d6 giao diém f(x) = g(x).
Bwdrc 2. Tim
S6 giao diém? Hoanh do giao diém? Tung do giao diém?
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—\Vidu12[

Xac dinh toa d6 giao diém cua cadc ham sé sau:

a.y = x* + 6x? + 5 va truc hoanh. b.y =x3 +x% 4+ 2xvay = x? + 5x.
c.y = —x* + 4x? + 5 va truc tung. dy= ZXX_+11 vay =3x—1.

Loi giai
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Bc‘li tdp tw luyén )

Caul. Ham s6 y =f(x) c6 do6 thi nhw hinh vé Phwong trinh 4

3f(x) + 2 = 0 c6 bao nhiéu nghiém?

Cau 2. Hamséy = f(x) c6 bang bién thién nhw hinh - 1 3 oc
bén. Phwong trinh 2f(x) + 7 = 0 c6 bao nhiéu nghiém? Y .0 0 4
4 FoC
y L
oo 2
Cau 3. Xic dinh so giao diém cda cac do6 thi ham sé:
ay=x3—-x*+1vay=x?+1 b.y = x* — 3x? va dwong thingy = 21a

Cau4. GoiM, N la giao diém clia dwong thang y = x + 1 va dudng congy = %. Khi d6 hoanh
do x; ctia trung diém I ctia doan MN bang bao nhiéu? Hwéng dan: x; = Xa*¥p

Cau 5. Toa do giao diém cta dd thi hAm s6 y = x — 1 cat d6 thi hAm sy = % tai hai diém
phan biét A va B. Xac dinh d6 dai doan thang AB?

Hwéng dan

. R . o 2x—1 X =i, AT
Phwong trinh hoanh d6 giao diém: x — 1 = = [

x+1
Toa d0 giao diem A( ; )vaB( ; ).
Khi d6 do dai doan thing AB bang: AB = \/(xg — xa)? + (yg — ya)?

Cau 6. Biéthaiddthihamsy = —x* + xvay = x3 4+ x? — 2 catnhau tai ba diém A, B va C. Tinh
dién tich tam giac ABC?

Hwéng dan

X =...... Y =
Phwong trinh hoanh d6 giao diém: —x? +x=x3+x? -2 & [X = Y =eeenn.
X =...... Y =
Toa do giao diém A( ; ),B( ; )vac( ; ).
AB = (Xg — Xa;¥B — Ya) AC = (X¢c —Xa3¥c — Ya)

1
Khi dé dién tich tam giac ABC dwoc tinh theo cong thirc: Sypc = > |xﬁ. Ya¢ — Yag- Xac¢
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Dang 2. Bai toan chira tham s m

A Vidu21 [ ~

Cho ham sé y = f(x) c6 bang bién thién nhw sau. Tim tit x| —00 1 3 +o0

cd cac gid tri cha tham s6 m dé phwong trinh

f(x) + 1 = m c6 ding hai nghiém? y /\/-x
—00

\ v,

Loi giai

\ Vi du 2.2 [

Tim tit cd cac gia tri clia tham s6 m dé dd thi ham s6 y = x3 — 3x? + 1 cit dudong thing

y = m tai ba diém phéan biét?

Lo giai

Piéu kién cin dé phwong trinh bic ba c6 3 nghiém tao thanh cip sé cong/ cip sé nhan:

Xét phwong trinh ax® + bx?2 + cx +d =0 (a # 0) (%)

(*) c6 ba nghiém tao thanh cap s6 cong = (*) c6 nghiémx = — I3

3| d
(%) c6 ba nghiém tao thanh cip s6 nhin = (*) c6 nghiémx = |[— 3
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Thay vao (*), gidi phwong trinh thu dwoc ta tim dwoc gia tri tham s6 m.
Piéu Kién da dé phwong trinh bic ba c6 3 nghiém tao thanh cip s6 cong/ cip s6 nhin:

Vé&im thu dwoc & trén, thay ngwoc lai vao phwong trinh () néu tim dwoc 3 nghiém x thi nhan
gia tri m thu dwoc (néu chi tim dwoc 1 nghiém x thi loai).

—Vidu23 [

Xac dinh tAt ca cac gia tri ciia tham s m d€ phuwong trinh x> — 6mx + 5 — 5m? = 0 ¢4 3 nghiém

phén biét 1ap thanh cip s6 cong?

Lovi gii

Xét phwong trinh ax? + bx + ¢ = 0 c6 hai nghiém phan biét x;, x,.

. b c

Ap dung dinh 1y Vi - et ta co: x1+x2=S=—;; P=X1X2=5; x2 + x5 =52 —-2P
L i A b

Xét ham s6 f(x) = y/ax? + bx + ¢ (a > 0).Khi dé minf(x) = —E®x= =

(A = b? — 4ac)

iVl’ du 2.4 ;

Chohamsdy = %i c6 do thi (C). Biét rang. Biét rang dwong thang y = 2x + m (m 1a tham s6)

cat (C) tai hai diém phan biét M va N. D9 dai ngin nhit ctia MN bang bao nhiéu?

Lovi gii
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Cau 1. Tim t4t ca c4c gia tri clia tham s6 m dé€ phwong trinh x* — 2x?> — 1 — m = 0 c6 4 nghiém

phan biét?

Cau 2. Tim t4t ca cac gia tri thwc ctia tham s6 m dé do6 thi ham s6 y = g cit dwong thangy =
X + 2m.

Cau 3. Tim tit ca cAc gia tri thwe clia tham s6 m d€ do thi ham sd y = x3 — 3x? cit dudng thang
y = m tai ba di€ém phan biét.

Cau4. DEduwongthingd:y =x—m+ 2 catdo thihamsfy = % (C) tai hai diém phén biét A
va B sao cho dd dai AB ngin nhAt thi gia tri cia m thudc khodng nao?

A.m € (—4; —2) B.m € (2;4) C.m € (=2;0) D.m € (0;2)

Ciu 5. Choham sdy = x3 — 3mx? + 2m. C6 bao nhiéu gia tri ctia tham s8 thuc m m dé do thi
ham s6 cit truc hoanh tai ba diém phan biét c6 hoanh d6 1ap thanh cip s8 cong?

Cau 6. C6 bao nhiéu gia tri cia m d€ do thi ham s6 y = —2x3 — 3m?x? + (m3 + 2m)x + 2 cét

truc hoanh tai ba diém phan biét c6 hoanh do 1a ba s6 hang lién ti€p ciia mot cip s6 nhan?

. Trang 47
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.... BAI 1 - LUY THUA

=1} g < A ~ \
g 2 HAM SO LUY THUA
:

HAM SO MU - HAM SO LOGARIT
DBai 1 / LOY THUA

- { TRONG TAM ) N
Liiy thira : Piéu kién co's6 a Piéu kién s0 mii o
a" = a.a...a(nthtrasé a) : aeR n € N*
a%=1 : a#0 :
1 i i
al=— ! a*0 i n € N*
an i
m 1 I
a°‘=a?="\/am('{/§=aﬁ) i a>0 m € Z,n € N*
|
a* =lima' : a>0 o= limr, (r, € @ n € N")

am, gt = gm+n —= am-n (am)n = gmn
a
aym g™ ay™  /b\™
(ab)™ =a™.b™ (—) =— (_) = (_>
b pm b a
o anéunlé =
1/an — ", o m/> _ mn
{Ial néu n chin \/ d Va
e Néua>1thia™ >a> © m > n;
NéuO<a<1lthia™>a"©m<n.
e V&éimoiO < a<b,taco:
a"<bM™e m>0; a®™ >b™M e m<0.

e Chuy:
o Cac tinh chat trén ding trong treong hgp so6 mii nguyén hodc khéng nguyén.
o Khi xét lity thira véi s6 mi 0 va s6 mii nguyén am thi co s a phai khac 0.

o Khi xét lity thira véi s6 mi khdng nguyén thi co s6 a phai dwong.
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Dang 1. Rt gon, bién doi, tinh todn cac biéu thirc lity thira

—\Vidu 1.1

Cho a > 0, m, n € R. Khang dinh nio sau day ding?

A.a™ +a" = am*tn, B.a™.a" =a™ ™" C.(@M" = (am)™. D.z—r: =a"m
A\ Vidu12

Véia > 0,b > 0, a, B 1a cac s6 thwe bAt ki, ding thirc ndo sau day sai?

o o -B
a _ _a-B a B — La+PB a__ia a Ko a
A =a"" B.a% aP = a“*P, C'bﬁ_(b) . D. a% b* = (ab)*.
\ Vi du 1.3 [

Chox,y > 0vaaq, B € R. Tim ding thirc sai dudi day.

A. (xy)* = x*.y*. B.x* +y* = (x+y)*% C. (x*)PF =xb, D. x*.xP = x@*B,
—\Vidu 1.4

Cho c4c s6 thwc a, b, m,n (a,b > 0). Khdng dinh nao sau day la ding?

A. Z—r: = Vam, B. (a™)" = a™*n, C.(a+b)™=am+Db™ D.a™a"=am",
—AVidu 15[ )

Tinh gia tri cac biéu thirc sau:

1\~ 10 _2
A= (g) L2773 4 (0,2)7%. 2572 B = (0,04)~15 — (0,125) 73
3 3 2 2
C = 1444: 32 D =9s5.27s

Loi giai
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—\Vidu 1.6
DPuwa cac biéu thirc vé vé dang lily thira véi s6 mi hivu ty (a > 0).

1
A=13a:as B =+a.Va?

Lovi giai

S dung may tinh dwa A vé dang lily thira ciia B. Ta bAm may nhw sau:
llogg(A) =m = A =B™

1 1
Str dung may tinh : cho khi d6 Va:ae = /5: 55

1

(:*)
3 - E 1 1 1
logs\ {5+5 — /5:55 = 56 = 3/a:a6 = a6

|~

—\Vidu 1.7
e {22
Viét biéu thirc

160,75

vé dang liiy thira 2™, tim gia tri m?

Lovi gii
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—\Vidu 1.8 [

5 m
Viét biéu thirc /E 3\/%, (a,b > 0) vé dang liiy thira (%) ta duwoc m c6 gia tri bing bao nhiéu?

Lo giai

% Bai tap tw luyén )

5
Caul. Ratgon biéuthirc Q = b3: Vb véib > 0.

4 4 5
A.Q=Db"s B.Q =bs C.Q=bo D.Q =b?
1
Cau2. Rutgon biéuthirc P = x3.Yxvéix > 0.
1 2
A.P =X B.P = xs C.P=x> D.P=x?
4
Cau3. Cho alasé thuc dwong. Gia tri rit gon ctia biéu thirc P = a3.+/a bing
7 5 11 10
A. as. B. as. C.as. D.as.
4
Cau4. ChobiéuthtcP = ,/x. Vx2.vx3, véi x > 0. Ménh d& nao dudi day ding?
2 1 13 1
A.P =xs B.P =x2 C.P =xa4 D.P = x4
l\/_ 1
Cau 5. Cho hai s6 thuc dwong a, b. Rut gon biéu thirc A = %2;/5 ta thu dwoc A = a™.b". Tich
a
ciam.nla
A.- B.— C.- D.—
8 21 9 18
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Dang 2. So sanh 2 liiy thira

a>1

m > n
0<ax<l1

m<n

Truwong hop 1: {
Véimois6a>0,tacod:a™ > a"
Truwong hop 2: {

—\Vidu21[

2 1
Két luin nao dungvé so thucanéu(a—1)3< (a—1)7s.

A.a> 2. B.a> 0. C.a> 1. D.1<a<?2.

Lovi gii

( iViduZ.Zi
Cho (V2 —-1)" < (v2—1)". Khi dé
A.m =n. B.m < n. C.m > n. D.m # n.

Lovi gii

Bc‘li tdp tw luyén )

Caul. Kétluin nao dung veé sé thuc a néu a'z > a¥3,

A.a<1 B.a>1 C0O<ax1 D.a>?2
Cau2. Cho (2+v3)" < (7—4v3)" . Khido:
A.m > 0. B.m< —2. C.m<2. D.m> —2.
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Dasir 2 / HAM SO LUY THUA

{ TRONG TAM ) \

Ham so liy thira Tap xac dinh

V6i a nguyén duong: D = R.
y = [f(x)]* v6i o € R. Véi a nguyén am hoic bang 0: f(x) # 0.
Véi a khdng nguyén: f(x) > 0.

Tinh chit cia ham s0 liy thira y = x* trén khodng (0; + )

oa>0 a<0

Pao ham y' = ax®!

y =ax*1>0Vx € (0;+%) |y =oax*1<0VxE€E (0;+0)

khoang (0; +0) khoang (0; +)

P n R R i Tiém can ngang: truc Ox.
Tiém can Khong co.

Tiém can dng: truc Oy.

Do thi ludn di qua diém (1; 1).

Do thi

D<ac<l

a=0

a<()

=y
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Dang 1. Diéu kién xac dinh cia ham s6 liiy thira

Xétham soy = [f(x)]* v&ia € R.
e Véianguyén duwong: D = R.
e V&i anguyén Am hodc bang 0: f(x) # 0.
e V&i o khong nguyén: f(x) > 0.

A Vidu L1

Xac dinh tap xac dinh cla cic ham so sau:
ay=(2x-1) b. y=(3x* —1)72 cy=(x2—3x+2)"°

Lovi gii

Bc‘li tdp tw luyén )

Caul. Xacdinh tip xac dinh ctia cac ham sé sau:

ay=x—-3x—4)3 b.y=(3x— 5)2 cy=(x?+4)0
1 3 3
dy=x+4): e.y=(%) fy=(02x—-3)++v9—x?

Dang 2. Pao ham cta ham sé liiy thira
I (x*) = a.x*1 (U’ = a.u* L

A\ Vidu21

Tinh dao ham cac ham sé sau:

ay=@x—-1)° b.y=(x*- ZX)_% cy=+(x%+1)3

Lovi gii
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2 Bai tap tw luyén )

Caul. Daoham caahamsb y = Ycosx la:

A y, __ —sinx B y, __ sinx C y, _ 1 D y, __ —sinx
' 7\cosB x ' 7 /sin® x ' 7\cosb x ' 7\cosbx

Cau2. Hamsby = i/ (x2 + 1)2 c6 dao ham la:

o 2 A S " — 2v3/x2 " — ax3[(x2 2
Ay = B.y T C.y'=2xVx?+1 D.y' =4xy(x?+1)

Cau3. Cho f(x) = x*Vx2. Pao ham f'(1) bang:

A2 B.2 C.2 D. 4
8 3
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%3 / LOGARIT

- { TRONG TAM ) \

1. Pinh nghia: Cho hai s6 dwonga,b véia # 1. S6 m thoa man dang thirc a™ = b dwoc goi

la 16garit co s6 a cia b va ki hiéu la log, b. Ta viét: |m =log,beo a™ =b |

2. Cac tinh chat:

Cong thirc cin nhé Piéu Kién ap dung
log,a=1 log,1=0 alogab = p
log,(a™) = m log,(b™) = mlog, b I 2 WIS
meR,neEZ
1 a— 1
log, 5=~ log, b log, Vb = Hloga b
1
loganbzﬁlogab ab>0a#1n#0

log,(b;.b,) = log, by +log, b,
by a,b;,b, >0,a#1

logab_2 = log, b; —log, b,
log.b
log,b = i
log.a a,bc>0a#1c+1
log,b =log,c.log.b
1
1 =
og, b e ab>0a#+1,b=#1
alogb ¢ = clogpa a,b,c>0b=+#1

3. Hai logarit co so dat biét
¢ Ldgarit thap phan la 16garit co s6 10. Viét: log;o b = logb hodc log;ob = Ighb.

¢ Ldgarit tw nhién la 16garit co s6 e. Viét: log. b = Inb.
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Dang 1. Ap dung cong thirc logarit

A Vidu L1

Khong dung may tinh, tim gia tri cac biéu thirc sau:

1
A= log2 8 B = 10g19 C= 3210g35 D= 4log2;
3

Loi giai

iVi du 1.2 [

Khong dung may tinh, tim gia tri biéu thirc.

A =loge9 +logg 4 B = log; 49 — log, 343

Loi giai

—\Vidu 1.3

Cho log, 6 = a, khi d6 tinh gia tri cua log; 18 theoa ?

Loi giai
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— Vidul4 [

Cho log, 3 = a; logs 3 = b. Tinh log,, 50 theoavab?

Lovi gii

Bc‘li tdp tw luyén )

Ciul. Biéta =+bvédiavablahaiséthwec dwong, tinh gia tri cac biéu thirc sau:
A =log, b3 + log, b? B = log, b — log, b?
CAu 2. Biéta?b = 8 v&iavablahaisé thuc duwong, tinh gia tri biéu thirc A = 2log, a + log, b?

Cau3. Chologz;x=4logs;a+ 7logzb (a,b > 0), biétx = a™b" (m,n € Z), tinhm +n?

2
Ciau4. Choa>0,b> 0,néubiét log3(5\/a3b)3 = §10g3 a+ %Slog3 b, tinh gia tri x + y?

2K13
Cau5. Choa,b,c>0,a# 1,biétlog,b = 2,log, c = —3, tinh gia tri ctia bi€u thirc log, acE ?
3
Cau6. Choa b>0,a#1,b=#1,biétlog,b=+/3, khi d6 biéu thitc P = logﬁ (%) c6 gia tri
bang bao nhiéu ?
Cau 7. V&icacsOa,b > 0théamin a?+b? = 6ab, khiang dinh nao dung ?
1 1

A.log,;(a+b) = >(3 +log, a + log, b). B.logy(a +b) =5 (1 +log,a+log,b).
C.log;(a+b) =1+ %(log2 a+log,b). D.log,(a+b) =2+ % (log, a +log, b).
Cau8. Choa=log;,3vab =log;,5,tinhlog;,1350 theoavab?
A.1—-2a—-bh. B.1+ 2a+b. C.2a+b-1. D.14+a+b.
Cau9. Cholog;, 3 = a.Tinhlog,, 18 theo a.
A. 3a—1. B. 3a+1. ] 3a+1. . 3a—1.

3-a 3-a 3+a 3+a
Cau 10. DPita = log, 3,b = logs 3. Néu biéu dién log, 45 = al(;g::;t))) thim + n + p bang:
A.3 B. 4 C.6 D. -3
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Dang 2. So sanh 2 logarit

Truwong hop 1: {a >1

Véicacsdthwc0 <a# 1, mn> 0:log,m<log,n&
Truwong hop 2: {

m < n
0<ax<l1

m > n

A\ Vidu21 [

Xac dinh gia tri s6 thuwc m néu logz m < log;(2 — m) ?

Lo giai

% Bai tap tw luyén )

Cau 1. Xacdinh gia tri s6 thwcanéulogia <logi(2—a)?
2 2

Cau2. Néulogy,(V2+V5) <logy (V2 ++v3) thi

A m>1 Bm<1 Co0<m<1 D.m>0
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DBair 4 / HAM SO MU - HAM SO LOGARIT

- { TRONG TAM ) N
1. Hamsomii:y =a* (a>0,a#1).
1.1.Tap xac dinh: D = R
1.2.Tap gia tri: T = (0, +o0)
1.3. Tinh don diéu:

e Khia > 1thihamséy = a* déng bién.
e Khi0 < a < 1 thiham sy = a* nghich bién.

1.4. D6 thi: Nhan truc hoanh lam dwong tiém cin ngang.

VA
y=aX
(a>1)

y=at(0<a<l)

=V
S
Y

2. Ham sé logarit: y = log,x (a>0,a# 1)
2.1.Tap xac dinh: D = (0, +).
2.2.Tapgiatri: T =R
2.3.Tinh don diéu:
e Khia > 1thiy = log, x dong bién trén D.
e Khi0 < a < 1thiy = log, x nghich bién trén D.
2.4. D6 thi: Nhin truc tung lam dwong tiém cin ding.

VoA _\‘ A

0

/,‘r

v = log x

OD<a<l)

Trang 60 '



{ TRONG TAM )

Lwu y: D6 thi hAm s6 mii y = a* va y = log, x d6i xirng nhau qua dwong thing y = x.

Ta minh hoa d6 thiy = 2* vay = log, x ddi xtirng nhau nhw hinh sau:

y
y=2"_5 /

y = logsx

Dang 1. D6 thi cia ham s6 mii va ham s6 logarit

( iVidul.li )

(7'}

Cho d6 thi ham s6 y = a* va y = logy, x nhw hinh vé.
Trong cac khang dinh sau, dau 1a khing dinh ddng y=a
A.0<a<1,0<b<1. 1

B.a>1b<1. /

CO0<b<il<a. ) i
D.0<a<1<hb. y = logyr

—\Vidu12[ N

Puwong cong trong hinh bén 1a d6 thi cia mot ham so6 nao sau day : y

A.y =log:ix. 1
> -

B.y =log, x.

C.y=logsx.

D.y = log,(2x).

.

A Vidu 13

Hinh bén la d6 thi cia ba ham s6 y=a* y=b% y=c

X

(0 < a,b,c # 1) dwoc vé trén cing mot hé truc toa do. Khang dinh
nao sau day 1a khang dinh ding?

A.a>b>c B.b>a>c

Ca>c>b D.b>c>a

O x

. Trang 61
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A Vidu 1.4 )
" , Y y = log.x
Hinh bén la do thi cia ba ham sé y = log, x,y = log, x, y = log.x \
(0 < a,b,c # 1) dugc vé trén cuing mot hé truc toa do. Khang dinh \ y = logex
nao sau day 1a khang dinh ding? \
A.a>c>b B.a>b>c
O 1 T
Cb>c>a D.c>b>a
&
y = logyx
. J
Dang 2. Diéu kién xac dinh ctia ham s6
Ham sé logarity = log,[f(x)], (a > 0,a # 1): Diéu kién xac dinh : f(x) > 0.
Ham sé miiy = af® ¢6 tap xac dinh 1a D = R.
A Vidu21
Xac dinh tip xac dinh cia cac ham s6 sau:
ay=2*% b =e§_t1 c.y=logi(x+1) dy=In=—"22
4 Y -y g; Y X2 +3x+2

Lovi gii
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1. Xét ham s6 f(x) = ax? 4+ bx + ¢ (A = b? — 4ac; A’ = (b')? — ac)
a=0
Trwong hop 1: (b =0

fx) >0VxeER & c>0

. a>0
Trwong hop 2: {A < 0
y

2. Phuong trinh f(x) = ax? + bx + ¢ = 0 (a# 0) cd hai nghiém x,, x, thoa

Ziﬁzizﬁa.f(m)so X; <m<Xx, < af(m) <0
A>0 A>0

me1<X2®{a.f(m)20 m<x1<x2@{a.f(m)>0
S>2m S>2m
A>0 A>0

x1<x25m®{a.f(m)20 x1<x2<m<:>{a.f(m)>0
S<2m S<2Z2m

C
Trongdé: S=x; +Xx, = _E'P = XX =2
3. Néu ham sé f(x) c6 gia tri nho nhit trén tap D ,thé thi: vx € D, f(x) > m min f(x) > m
X

4. Néu ham s6 f(x) c6 gia tri 16n nhat trén tap D, thé thi : vx € D, f(x) < m & max f(x) < m.
X€E

iVi du 2.2 [

Xac dinh tit ca cac gia tri cia tham s6 m d€ ham s y = In(x? — 2x — m + 1) c6 tip x4c dinh 1a

R.

Loi giai

Bdi tap tw luyén

Caul. Xacdinh tip xac dinh cia cac ham s6 sau

x+1 1\Vxi—4

ay= e2X+1 b. y = 2x-1 cy= (E)
2 3x+2
d.y =log,(5 — 2x) e.y =In(x* —4x+3) fy =logs—

Cau 2. XAc dinh t4t ca cac gia tri cha tham s6 m dé ham s6 y = log,[x%? — 2(m — 1)x — m? + 1]
c6 tap xac dinh Ia R.

Cau 3. Tim tit ca cac gia tri cia m d& ham s6 y = In(—x? + mx + 2m + 1) xac dinh véi moi

x € (1;2).
. Trang 63
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Dang 3. Pao ham cia ham s6

(@*)' =a*lna @%)' =u'a"lna
(eX) =e* (e =u'e"
(loga %)’ = —— (x> 0) log, 1)’ = — 0
08aX) =75 X (log, u) —m(u> )
’ 1 ul
(Inx) =;(X>O) (lnu)’=7(u>0)
—\Vidu31F
Tinh dao ham clia cichams6: a.y = logys(x?) (x # 0) b.y = 237X

Lovi gii

\ Vi du 3.2 [

Cho ham s6 f(x) = xInx. Tinh gia tri f”(e)?

Lovi gii

Bdi tap tw luyén )

Cau1. Tinh daoham cic ham s sau:

a.y = e* b.y =In(3 —x) (v&ix < 3) cy=2%¥"x
d.y = 2xe* e.y = 2¥cosx fy= X:Xl

Cau2. Chohamsof(x) = (2m —1)e* + 3. Timgid triclam déf'(—In3) = Z?

Cau 3. Cho ham sé f(x) = xe*. Tinh gia tri " (1)?
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Pair 5 / PHUONG TRINH - BAT PHUONG
, TRINH MU. LOGARIT

p { TRONG TAM ) \

1. Phwong trinh mil
Néua > 0,a # 1thia® = a8® & f(x) = g(x)
Néu a chira &n thi a™ = a8% & (a - D[f(x) ~g®)] =0 & [?(:) 1= g(x)

af® = be® o f(x) = g(x).log, b (logarit héa).

2. Phwong trinh logarit

Véia>0,a#1: logax=b<:>x=ab

log, f(x) =log, g (x) & f(x) = g(x)
log, f(x) = g(x) & f(x) = a8® (mii héa)

3. Biat phwong trinh mii
Néua > 1 thiaf® > ag® < f(x) > g(x) (cung chiéu)
Néu 0 < a < 1thiaf® > a8® o f(x) < g(x). (ngwoc chiu)
Néu a chtra 4n thi af® > a8® < (a — 1)[f(x) — g(x)] > 0.

4. Bat phwong trinh l6garit
Néu a > 1 thilog, f(x) > log, g(x) & f(x) > g(x) (cung chiéu)
Néu 0 < a < 1 thilog, f(x) > log, g(x) © f(x) < g(x) (ngwoc chiéu)
Néu a chiva 4n thilog, f(x) > 0 & (a— 1)(f(x) — 1) > 0.

5. Cong thirclai kép: T = A(1 + )"
T : SO tién thu dwoc sau n ky A: S6 tién gri ban dau

r : Lai sudt moi ky n : S6 ky han gtti tién

. Trang 65



. : . . BAI 5 - PHUONG TRINH - BAT PHU'O'NG TRINH MU, LOGARIT

Dang 1. Phwong trinh mii co’ ban

A Vidu L1

Giai cac phwong trinh:  a, 345 = 9% b.32*"1=5 c.9¥"1 = (27v3)

2xX+4

Lovi giai

A Vidu1.2

Gidi phwong trinh 2% + 2X*1 = 3% 4 3x+17

Lovi giai
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% Bai tap tw luyén )

Cau1l. Giai cac phwong trinh sau:

a. 22X +5x+4 = 4 b. 34 = = c. (0,2)3% = 3125
27 !
x—1

d.3+1 =2 e.(3) =8 £(7+43) " =2-v3

X _ x-1 _
g () =3 h(V5+2) = (VE—2) 0423 = (2v2)"
Cau 2. Giai cAc phwong trinh sau:
a.32x"1 4 32X = 108 b. 2X1 4 2% 4 2%+1 = 28

Dang 2. Phwong trinh logarit co’ ban

iVi du 2.1 [

Giai cac phwong trinh: a.logs(3x—2) =2 b.log 5(x—1) =1—logi(x+ 1)
2

Lo giai

{4 Bai tap tw luyén )

Caul. Gidi cic phuwong trinh:

a.log;(5x + 3) = log3(7x + 5) b.In(x—2) =3

c.log,(x?—1) =3 d.log(x? — 6x + 7) = log(x — 3)
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Cau 2. Giai cac phwong trinh:

a.log,(x —5) =3 —log,(x+ 2) b.lg(x+2)—lgx—2)=1
c.logz;(x? — 6) =logz(x—2) + 2 d. %log(x2 —4x — 1) = log(8x) — log(4x)
e.log 7x+ 4log,x +loggx = 13 f.log, x.logz(2x — 1) = log, x

Dang 3. St dung 4n phu dé giai phwong trinh

A Vidu3l [

Gidi phwong trinh 9* — 5.3* + 6 = 0?

Lo gii

—\Vidu32

Giai phwong trinh 6.4* — 13.6* + 6.9* = 0?

Lo giai
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—\Vidu33 [

Giai phwong trinh 6% — 2Xt1 — 3x*t1 4 6 = (?

Loi giai

\ Vi du 3.4 [

Giai phwong trinh 4log3s x — 5logs x — 6 = 0?

Lo giai

Bc‘li tap tw luyén )

Caul. Giai cac phwong trinh:

a.64*—-8*-56=0 b. 22X —3.2%t2 432 =0

c.3*1 + 317X =10 d. 41X 4 417X = (22X — 227X) 1 8
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Cau 2. Giai cac phwong trinh:
a.3.4*—2.6x=9% b. 49% +12*¥ - 3.16* =0
C.2.27%+18% = 4.12% + 3.8%
Cau 3. Giai cac phwong trinh:
a.12.3% + 3.15% — 5%*+1 = 20 b. 5X°—4x+3 | ox?+7x+6 — 52x?+3x+9 4 1.
Cau4. Giai cac phwong trinh

1 2

24 - =
a. log4 X 10g16 X 0 b. 5—log, x + 1+log, x 1

Dang 4. Bat phwong trinh mii - biat phwong trinh logarit

\ Vi du 4.1 [

X
Giai cac bat phwong trinh: a. 2 < 32 b. G) < 32

Lovi gii

—\Vidud2

Giai bat phwong trinh 9% — 4.3* — 5 > 0?

Lo giai
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—\Vidu 43 [

Giai cac bat phwong trinh a.logi(3x+1) > -3  b.log5(2 —x) > log; 4
2

Loi giai

A\ Vidudd [

Giai bat phwong trinh logf , x — 5logg, x < —6?

Loi giai
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A Viduds

Giai bat phwong trinh (3"2 — 9") [logz(x+ 25) —3] <0?

Lovi gii

Bc‘li tdp tw luyén )

Cau 1. Gidi cac bat phwong trinh

a. 4% > 64x1 b.3¥ X <9
1n2x-1 4 AN2XP-3X
() =3 d.(3) <3
Cau 2. Gidi cac bat phwong trinh
a. 4% —3.2X—4>0 b.3.9¥*—-10.3*+3 <0

c. 3.9*-10.3*+3<0

Cau 3. Gidi cac bat phwong trinh

a.logs(x+1) < -1 b.logg(4 — 2x) > 2
C. log%(3x -5 > log%(x +1)
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Cau4. Giai cac bt phuwong trinh

algx+2)—-lgx—-2)<1 b.log,(2x? + 3x + 1) > log,(2x + 1)
c.2log,(x—1) <log,(5—x)+1 d. %log(x2 —4x — 1) > log(8x) — log(4x)

Cau 5. Giai bat phwong trinh log? x3 — 20logvx + 1 = 0.

Cau 6. Giai cic phwong trinh, bt phwong trinh

a.log,(5—-2%)=2-x b.log,(5%t1 — 25%) =2
c. log,(3.2* — 2) < 2x

Cau 7. Gidi cic bat phwong trinh:

a. (4* — 65.2* + 64)[2 —logz(x+3)] =0 b.(x3-9x)In(x+5) <0
Dang 5. Bai toan lai kép

Cong thirclaikép: T = A(1 + )"

T : S6 tién thu dwoc sau n ky A : SO tién gri ban dau
r : Lai sudt moi ky n : S8 ky han gtri tién

( iVidul.li )

MOt ngudi gri s6 tién 2 triéu dong vao mot ngan hang véi 1di suit 0,65%/thang. Biét rang néu
ngudi d6 khong rut tién ra khoi ngan hang thi cir sau moi thang, s tién 1ai sé dwoc nhap vao
vén ban dau (nguoi ta goi do la 1ai kép). SO tién ngwoi d6 lanh dwoc sau hai ndm, néu trong

khoang thi gian nay khong rit tién ra va 1ai suat khong déi la bao nhiéu?

\ J

Lo giai

—\Vidu1.2 *

Mot ngudi glri s6 tién 50 triéu dong vao mot ngan hang véi 1di suit 6% /nam. Biét rang néu

ngudi d6 khong rut tién ra khoéi ngan hang thi cir sau mdi nam, sé tién 13i sé dwoc nhap vao von
ban dau (ngudi ta goi do 1a 13i kép). Néu khong rat tién ra va ldi sudt khong déi trong cic nam

sau dd, sau it nhat bao nhiéu nam thi ngwdi nay nhan dwoc it nhat 25 triéu tién 13i?

. J

Loi giai
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Bc‘li tap tw luyén )

Caul. MoOtnguwdiglisd tién 50 triéu ddong vao mot ngan hang vi 1ai suit 0,6%/thang. Biét rang

néu ngwoi dé khong rat tién ra khéi ngan hang thi ¢t sau mdi thang, sé tién l3i sé duwoc nhap vao
von ban dau (nguoi ta goi dé 1a 1ai kép). Néu trong 5 nam ngwdi nay khong rat tién ra va 1ai suat
khong doi thi tong so tién ngudi dé dwoc nhan la bao nhiéu?

Cau 2. Nam 2020 mot hdng xe niém yét gia ban loai xe X 1a 750000000 dong va dw dinh trong
10 nam ti€p theo, mdi ndm giam 2% gia ban so v&i gid ban clia nam lién trwdc. Theo dw dinh dé
nam 2025 hing xe 6 t6 niém yét gia ban loai xe X 1a bao nhiéu ( két qua lam tron dén hang nghin )
Cau 3. Mot ngudi quyét dinh giti vao ngan hang 20 triéu véi lai suit 6,5%/nam. Biét rang néu
ngudi dé khong rut tién ra khoi ngan hang thi cr sau moi nam, s6 tién 1di sé dwgc nhap vao von
ban dau (nguwoi ta goi do la l1ai kép). Ngwoi nay phai givi ngan hang it nhat bao nhiéu nam thi nhan
dwoc s tién ca gbc 1an 13i trén 50 triéu?

Cau4. Mot ngwoi quyét dinh glri vao ngan hang véi 13i suat 7% /ndm. Biét rang néu nguoi do
khong rut tién ra khoi ngan hang thi ¢t sau mdi ndm, sé tién 1di s& dwoc nhap vao vén ban dau
(nguoi ta goi do la ldi kép). Nguwoi nay phai giri ngin hang it nhit bao nhiéu nam thi nhan dwoc s

tién gip déi so tién ban dau?
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o0 g A N
5 1 NGUYEN HAM
® TICH PHAN VA UNG DUNG
Pai 1 / NGUYEN HAM
- { TRONG TAM )

1. Nguyén ham

2. Tinh chit ctia nguyén ham

Pinh nghia: Cho ham s6 f(x) xac dinh trén K (K 1a khoang, doan hay nira khodng). Ham sé F(x)

dwoc goi la nguyén ham ctia ham s6 f(x) trén K néu F'(x) = f(x) véi moi x € K.

Tinh chat 1: (f f(x)dx) = f(x) véf f'(x)dx = f(x) + C
Tinh chit 2: f kf(x) dx = k J f(x) dx v&i k 1a hang s khac 0
Tinh chat 3: f [fx) £ gx)]dx = f f(x)dx + f g(x) dx

3. Bang nguyén ham thwong gap (véi cac biéu thirc c6 nghia)

Jsinxdx =—cosx+C

Ham so cap Thwong gap
jkdx=kx+C
f 0y _Xn+1+c( £ _1) f( T b)nd _1 (aX+b)n+1+C
X n+1 n ax X_a n+1

dx B -1 .
,[ (ax+b)"  a(n-—1)(ax + b)r-1 +

1
f sin(ax + b) dx = —gcos(ax +b)+C
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{ TRONG TAM )

Ham so’ cip

Thwong gap

ftanxdx = —In|cosx| + C
Y 1-[
véi x ¢E+k1t

f cotxdx = In|sinx| + C

voix # knt

ftanzxdxztanx—x+C

Yo T[
V0’1X¢§+k‘l'[

fcotzxdxz—cotx—x+C

voix # km

dx =tanx + C

cos? x

Yol ‘r[
voix # —+ km

J

a*dx=—+C (0<a=#1)
Ina

f tan(ax + b) dx

1
—;lnlcos(ax +b)|+C

i
véiax+b ¢E+k11

1
= ;lnlsin(ax +b)|+C

f cot(ax + b) dx

véiax+ b # knt

f tan?(ax + b) dx

= %[tan(ax +b) —(ax+b)] +C

b
véiax+b ¢E+k11

J cot?(ax + b) dx

1
—g[cot(ax+b) +ax+b]+C

véiax+ b # knt

J

J‘ dx _
sin(ax +b)
. voiax+b#km |

—Cosz(ax D) "3 tan(ax + b) + C

b1
Vé’iaX+b¢§+kT[

1
—gcot(ax +b)+C

fap”qu = aP**d+C(0<a=#1)

p.-Ina
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Dang 1. Nguyén ham co ban

A Vidu L1

Tinh cac nguyén ham sau:

I, = [5dx I, = [ 2vxdx I3 = [ 5x%dx

Lo giai

\ Vi du 1.2 [

Tinh cac nguyén ham sau:

Ilzf(x2—3x+§—2)dx I, = [(x+ 1)(x+ 2)dx

Loi giai

A\ Vidu 1.3

Tinh cac nguyén ham sau:

2 . .
L =[5 dx I, = [ sin 2xsin 3x dx

Lo giai
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—\Vidu 1.4

s
Tim F(x), biét F(x) 1a mét nguyén ham cta f(x) = 3sin(2x) vaF (Z) =2?

Lovi gii

Bc‘li tdp tw luyén )

Cau1l: Tinh cac nguyén ham sau:

1 3
I, = [x3dx Izzfgdx I3=fx—5dx I4:fsin2x
Is = [tanxdx I6=f—%dx I, = [3%dx Ig = [ Vxdx
Cau 2: Tinh cac nguyén ham sau:
. 2, 3
I; = [(x* = 2x + sin x) dx Iz=f(5—2x+;+x—2)dx I; = [(2x+ 1)(1 — 3x) dx

Cau 3: Tinh cac nguyén ham sau:
I, = [V3 —5xdx I, = [ cos 2x cos x dx

Cau4: Tim F(x), biét F(x) 1a mot nguyén ham cita f(x) = x? va F(1) = 27

Cau5: F(x)1a mot nguyén ham cia f(x) = ﬁ va F(1) = 3, tinh F(0)?
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Dang 2. Nguyén ham cua ham phan thirc

A Vidu21 [

Tim F(x) la nguyén ham cda f(x) =

4
2X +3?
X2

Lo giai

\ Vi du 2.2 [

Tinh nguyén ham [ = |

2x%—7%x+5

Lo giai
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A Vidu23F
x+1

Tim ho nguyén ham ctia ham s0 f(x) = ——?
) x“+6x+9

Lovi giai

e mx + n CALCx=a
—d
mx+n A N B &((X—a)(x—b))L{:X
(x—a)(x—b) x—a x—b B = mx + n CALCx=b
—d
&((x—a)(x—b))L:X
px?+qx+r A N Bx + C A= b? — dac <0
(x—m)(ax? +bx+c) x—m ax2+bx+cvo,1 - ac
px? +gqx+r A N B N C
(x—a)(x—b)2 x—a (x—b)2 x—-Db
px®+qx* +rx+s A B C D

(x—a)2(x—b)? _x—a+(x—a)2+x—b+(x—b)2

—\Vidu24

Tim ho nguyén ham cta ham so6 f(x) =

x—1 2

2x2-5x+2"

Lovi gii
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—\Vidu25F

Tim ho nguyén ham cta ham so6 f(x) =

x+1

x-1)(x+2)2"

2

Loi giai

% Bai tap tw luyén )

Cau1l: Tinh cic nguyén ham

3 2
X°—=2x°+1 3x+2

I, = dx I, =

1 f x2 2 fo—l

dx
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Cau 2: Tinh cac nguyén ham:

Il Zf X—-2 dX 12 :f 2x+1 dX

x242x+1

Cau 3: Tinh cac nguyén ham:

Il == f X2 dX 12 == I;dx I3 == f 2x2x-1 dX

x2—4x+3 3x2-10x+3 x3—x2-2x

Cau4: Tinh cac nguyén ham:

I _f 2x%+3x—6 dx I _f X—2
1 (x+1)(x+2)2 2 x3—4x2+4x

Dang 3. Nguyén ham dit 4n phu

\ Vi du 3.1 [

Biét F(x) = e* + x? 1a mgt nguyén ham cta ham sé f(x) trén R. Khi d6 tinh I = [ f(2x) dx?

Lo gii

1.ff(lnx).§dx t=lnx=>dt=%dx

2. f ef® f'(x) dx t = f(x) = dt = f'(x)dx

3.ff(ax+b)“.x dx t=ax+b = dt = xdx

4.[ V). £(x) dx t = Vf(x) = t" = f(x) = nt""1dt = f'(x)dx
5. J f(sin x). cos x dx t = sinx = dt = cosx dx

6. J f(cos x).sin x dx t = cosx = dt = —sinx dx

7. f f(tanx) = de t=tanx=>dt = p— de

8. f f(cotx) = de t=cotx=>dt=— Sz de
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—Vidu32 [

Tim cac nguyén ham

Inx dx i
L =[— I, = [ cosxeSin¥dx

I; = [xV1+x%dx I, = [x(1—-x)dx

\. J

Lo giai
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0

{2 Bai tap tw luyén )

Cau1l: BiétF(x) = e* — x? 1a mOt nguyén ham cia ham s6 f(x) trén R. Khi d6 tinh [ f(2x) dx.
Cau2: Cho [f(4x)dx =x?+ 3x+ C.Tinh [f(x + 2)dx. (4t = x + 2)

Cau 3: Tim cac nguyén ham sau bang phwong phap dit 4n phu

Inx+1 Inx+1
=] —dx (t=Inx+1) Iz—fmdx(t—lnx)
I; = [2x.e¥*ldx (t=x2 + 1) I, = [ sinx.e®S*dx (t = cosx).
I = f\/%ﬂdx (t=+v2x+1) I = [xX3(x*+1)3dx (t=x%*+1;x3 =x%x)
3
I7=fxf+1dx t=x*+1) Ig = [ sin*xcosxdx (t= sinx)

Dang 4. Nguyén ham tirng phan

Cho hai ham s6 u va v lién tuc trén [a; b] va c6 dao ham lién tuc trén [a; b]. Khi dé:

fudv=uv—]vdu

Vi P(x) la da thire, ta thwong gap cac dang nguyén ham tirng phén sau:

u = In(mx + n)
1_J P(x).In(mx + n) dx = {dv = P(x)dx
_ u = P(x)
sin x i
Z'J P(%). [cosx] dx = {dv _ [smx] dx
COS X
3,J P(x).e®™**P dx = {u =Pk
dv = eax+bdX
_ __[sinx
4f [SlnX] eX¥dx = {u - [COS X]
COS X dv = eXdx
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—\Vidudl[

Tinh cac nguyén ham: I, = f(x — 1) Inxdx I, = f x? sin 2x dx

Loi giai

—Vidud2 [

Tinh nguyén ham: 1= jsinx.ex dx

Lo giai
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-r - -~ -
£% Bai tap tw luyén )
Cau1l: Tinh cac nguyén ham

I; = [ 2xcos(1 —x) dx I, = [(x* —x)e¥dx

I; = [xInxdx I, = [cosx.eXdx

Dair 2 / TICH PHAN

, { TRONG TAM ) \
1. Pinh nghia

b
f fx) dx = FGIL = F(b) — F(a)

2. Tinh chit cta tich phan:véia<b<c

1.jlf(x) dx=0 4, jbk. f(x)dx = k.fbf(x) dx (k € R)
b a b b b
Z.J-f(x) dx = —bff(x) dx 5.![1’()() +g(x)]dx = aff(x) dx + af g(x) dx.
b c c
S.J-f(x) dx+!f(x) dx = !.f(x) dx

Dang 1. Tich phan co’ ban

—\Vidu L1

Cho F(x) = x? 1a m6t nguyén ham cia ham s f(x). Tinh I = flz f(x) dx.

Lovi gii
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—\Vidu12 [

Tinh tich phan1 = [} (2x — 1) dx?

Lo giai

—AVidu 1.3

5 5
Cho ham s6 f(x) va g(x) lién tuc trén doan [1; 5],[ f(x) dx = 2.Tinh f [3f(x) — x?] dx.
1 1

Lo giai

A Vidu 1.4

5 3 5
Cho ham s6 f(x) lién tuc trén doan [1; 5],[ f(x)dx = 2 va f f(x) dx = 7.Tinh f f(x)dx.
1 1 3

Lo giai
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b

f f(x) dx = F(b) — F(a)

a

—AVidu 1.5

Biét F(x) 12 mot nguyén ham ctia f(x) = :11 va F(2) = 1. Tinh F(3)?

Lovi gii

% Bai tap tw luyén )

Cau 1: Cho F(x) = sinx la mot nguyén ham ctia ham sé f(x), tinh gid tri [ = on f(x) dx
4

Cau2: Chohamsé f(x)lién tuctrén doan [1;5], ff f(x)dx = 9 va fzs f(x) dx = 6. Tinh fls f(x) dx?
Cau3: Cho ham s§ f(x) lién tuc trén doan [-1;3], [ f(x)dx =2 va [ f(x)dx = 5. Tinh
f_ll f(x) dx?

Cau4: Choham s f(x) lién tuc trén doan [0; 3], [ f(x) dx = —2va [[f(x)dx=5.Tinh 1=
J £ dx + [ f(x) dx?

CAu5: Cho ham s6 f(x) vag(x)lién tuc trén doan [1;3], f13 f(x)dx = 5va ff g(x)dx = 1.
Tinh ['[2g(x) — f(x)] dx.

Cau 6: Tinh cac tich phan

I, = fol(x+ 1) dx I, = folﬁdx I3 = folﬁdx I =f0g251nxdx
Cau7: Tim gia tri s6 thuc a théa man f_al eXtldx = e? — 1.

Cau8: Cho [ f(x)dx =3, tinhgid tril = [)[5x — 2f(x)]dx?

Cau9: Cho [, f(x)dx=—5va [, g(x)dx = L tinhgid tril = [*[3x — f(x) + 2g(x)] dx.

Cau 10: Biét F(x) la mot nguyén ham cta f(x) = sinx va F (g) = —2.Tinh F G) .
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Dang 2. Tich phin dit 4n phu

A Vidu21[

1 3
Cho f f(2x + 1) dx = 6, tinh tich phan I = f f(2 —x)dx?
-1 -1

Lo giai

1.ff(lnx).§dx t=lnx:>dt=§dx

2. j ef® f'(x) dx t=f(x) = dt =f'(x) dx

3. j[f(x)]“.f’(x) dx t=1(x) > dt=f"(x)dx

4. j V). (%) dx t = Vf(x) = t" = f(x) = nt"~1dt = f'(x) dx
5. f f(sinx). cos x dx t = sinx = dt = cosxdx

6. f f(cos x).sin x dx t = cosx = dt = —sinx dx

7. f f(tanx) p— de t=tanx = dt = p— de

8. .[ f(cotx) sinlz de t=cotx=>dt=— = de

9_'[f( /az_xz)_xchandx <X=asint=>dx=acostdt

X =acost = dx = —asintdt

£l Jf(\/ X2 + a2 ) . xM" d <X =atant = dx =a(l + tan®t) dt

X =acott = dx = —a(1 + cot?t) dt
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a
. Xx=——=dx =acost(1l+ cot?t) dt
11.ff(\/x2 — az).xChan dx 51gt

X =——=dx = —asint(1 + tan?t) dt
cost

—AVidu22[
e

L R Inx
Tinh tich phan I = f —dx?

1 X

Lovi gii

—Vidu22[

T
2
Tinh tich phanI = f cos x eSIn¥ dx?
0

Lovi gii
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% Bai tap tw luyén )

Caul: Cho [ f(x)dx=4tinhl= [  f(2x—1)dx?
2T

Cau2: Cho [  f(x)dx=12tinh1= [’ f(2cosx)sinxdx?
3

Cau3: Cho [  f(2x—1)dx =4,tinhI= [ f(x)dx?
Cau4: Cho [/ xf(x?*)dx = Ltinhl= [ f(x)dx?
Cau5: Cho [ f(x+2)dx=2tinhl= ['[2f(4 —x) — x + 2] dx?

Cau 6: Tinh cac tich phan:

I, = feezlz_:(—:;dx (t=1Inx) I, = f01 2x.eX°*1dx

I3 = fogsinx.ecosxdx (t = cosx) I, = f04\/2X7+1dx

Is = folxmdx (t=vV1+x2) lg = f;\/%dx

I, = folx(l —x)dx (t=1-x) Ig = fogsinxcos3 x dx

Dang 3. Tich phan ciia ham phan thirc

(t=x%+1)

(t=vV2x+1)
(t=vV2x+1)

(t = cosx)

—AVidu3.1[

Tinh tich phan I = f

1
22x* + 3

dx?
<2

N =Y

Loi giai
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—Vidu32 [
2x%2 —7x+5

Tinh tich phanl = | —————dx?
inh tich phan j — X

2

Juy

Lovi gii

( iVidl,l3.3i
x+1

Tinh tichphanl = | =———dx?
inh tich phan ,fx2+6x+9x

1

o

Lovi gii
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A= mx + n CALCx=a
mx + n A B %((X—a)(x—b))lX=X
x-ax-b) x—a x-b B mx + n CALCx— b
(= a)(x— )|
px® 4+ qx+r A Bx + C - ,
—m)a 1 bxt o) x—m  axZtbxtc O1ATD —4ac<0
px’+qx+r _ A B C
x-a)x-b? x-a G-bZ x-b
px®+qx* +rx+s A B C D

(x —a)?(x—Db)? _x—a+(x—a)2+x—b+(x—b)2

Vidu 3.3
0 x—1

Tinh tich phan 1 = . B
Inh tich phan j12X2—5X+2dX

Loi giai
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Bc‘li tdap tw luyén
P y
Cau1l: Tinh cac tich phan:

2 x+1 2x3-2x%+1
Il—fleX Iz—fl Xz dX

Cau 2: Tinh cac tich phan

2 3x+2 2 6x+2 2 2x%-7x+5
I, = —dx I, = —dx I, = dx
1 fl 2x—1 2 fl 3x—1 3 fl x—3

Cau 3: Tinh cac tich phan:

1 2x+1 1 3x+1
I, =] X I, =
0 (x+1)3 0 4x2+4x+1

Cau4: Tinh cac tich phan:

0 -2 0 X—2
L= I s O L = s %
2x%+x—1 1x%42x+3
I3 = fx3—x2—2x L = fO X2 +4x+3
A .4 4 d Y \ 7 ~N A é
Cau b: Biétl = f3 x2ix =aln2+bln3+cln5, vdia,b,clacacsd nguyén.TinhS=a+b +c.

Dang 4. Tich phan tirng phan

Cho hai ham s6 u va v lién tuc trén [a; b] va c6 dao ham lién tuc trén [a; b]. Khi dé:

fudv=uv—Jvdu

Vi P(x) 1a da thikc, ta thwong gap cic dang nguyén ham tirng phan sau:

1.[ P(x).In(mx + n) dx = {u = In(mx + n)

dv = P(x)dx
. u=P(x)
2'_[ B [it)r:)((] B {dv = [sinx] dx
COS X
u=Pkx)

3.f P(x).e**P dx = {

dv = e®**bdx

o[ erax= o= o

dv = e*dx
i Vidu 4.1 ]
e 1
Tinh cac tich phan : I, = f (2x—5)Inxdx I, = f xe?*~1dx
1 0

Lovi gii
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—AVidu43 [

Cho ham s8 f(x) c6 dao ham 12 f' (x) lién tuc trén [0; 1] va f(1) = 2. Biétring [, f(x) dx = 1. Tinh

[= folx f'(x) dx?

Loi giai
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Bc‘li tdp tw luyén )

Caul: Chol= f§(3 — 2x) cos 2x dx. Khi d6 ta duoc:
6

A.1= (2x — 3) sin 2x|3 — [# sin 2x dx B.1 = (2x — 3) sin 2|3 — [ sin 2x dx
6 6 6 6
I= %(3 — 2x) sin 2x E _gSin 2x dx == (3 — 2x) sin 2X| + fn sin 2x dx
6 L

Cau 2: Tinh céc tich phén sau:

I, = fle Inx dx (3V=:lr(1i>;) I, = fle(x + 1) Inxdx (dv _u(;lf)l() dx)
I; = folxln(x + 1) dx (u _Vlri(}:( le)) I, = fol(x + 1)e*dx (c;lv_—xe-l_dlx)
I = fog(x + 1) sinx dx (dvu—_s)l(nt(ldx) I = fol(x2 —x)e¥dx (uv_—xe _df()
I, = fog(x2 + 1) cos x dx (d‘l,1 B ():(os-; %ix) Ig = fle In? x dx (clilv==h; d);)

Cau3: Cho ham s6 f(x) c¢6 dao ham lién tuc trén R. Biét f(3) =1 va fole(3x) dx = 1.

Tinh [ x?f (x) dx.

DB 3 / UNG DUNG CUA TiCH PHAN
, TRONG HINH HOC

{ TRONG TAM )

1. Dién tich hinh phang
a) Dién tich hinh phang gi¢i han béi d6 thi ham s6 y = f(x), y = g(x) lién tuc trén doan

[a; b] va hai duwdng thang x = a, x = b dwoc xac dinh:

b

- j IFGx) — g(0)| dx

a

b) Dién tich ctia hinh phing giéi han boi cac dwong x = g(y), x = h(y) va hai dwong thing
y = ¢,y = d duoc xac dinh:

s = f Ig(y) — h(y)| dy
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r { TRONG TAM ) \

2. Thé tich khéi tron xoay

a) Thé tich vat thé: Goi B 1a phian vat thé gi¢i han béi hai mit phang vudng goc véi truc
Ox tai cac diém a va b; S(x) 1a dién tich thiét dién cta vat thé bi cit béi mit phang vudng

goc véi truc Ox tai diém x, (a < x < b). Gid st S(x) 12 ham sé lién tuc trén doan [a; b].

1~
W T 7 —L b
L=

| . T V=fS(X)dx

7 a

|

/ S (xj/

b) Thé tich khdi tron xoay dwgc sinh ra khi quay hinh phiang gi¢i han béi cac dwong

y = f(x), y = g(x) va hai duwdng thang x = a, x = b quanh truc Ox:

b
V= [If(o - g9l dx

Dang 1. Dién tich hinh phang dwoc gi¢i han béi cac ham s6

AAVidu 1.1 N

Cho d6 thi ham s6 y = f(x). Dién tich hinh phang phan dwoc danh d4u trong hinh dwgc tinh theo

cong thirc nao dudi day: Y
A S= [ f(x)dx + [ f(x) dx.

B. S= [ f(x)dx

C. S=[ "f()dx+ [ f(x) dx.

D. S=[f(x)dx— [, f(x)dx.

\_ J

Loi giai
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A Vidu12 2

Dién tich phan hinh phang gach chéo trong hinh vé bén dwoc tinh theo cong thirc nao dwdi day:

A. S= f_21(2x2 —2x — 4) dx. yA

B. S=/"(-2x+2)dx
C. S=["(2x-2)dx

D. S=["(-2x*+2x+4)dx

\_

Lovi gii

—\Vidu 13 F

Tinh dién tich hinh phang dwoc gi¢i han b&i dd thi ham s6 y = x? — 2x, truc hoanh va hai duong

thingx = 1,x = 3.

Lovi gii
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—\Vidu 14

Tinh dién tich hinh phing gi¢i han bé&i d6 thi ham s6 y = x3 — x va d6 thi hAm s6 y = x — x2.

Lo giai

Cho (H) 1a hinh phing gié¢i han béi parabol y = +/3x? Y y = V3’
(x=>0) va cung tron c6 phuwong trinh y =4 —x2
(véi 0 < x < 2) va truc hoanh (phan dwgc gidi han trong

hinh v&). Dién tich cta (H) c6 gia tri bang:

AT B 0 IR E YRR
3 4 3 4 3 2 3 2 0 1 2 x
L J
Loi giai
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A Vidu 1.6

2
Tinh dién tich gi¢i han béi cac dwongy = x2 (1),y = % (2),y = % (3).

Lovi giai

Bdi tap tw luyén )

Cau 1: Goi S 1a dién tich hinh phang (H) gi¢i han béi cac dwong g

y = f(x), truc hoanh va hai dwong thing x= -1, x=2. Dit

a= f_ol f(x)dx, b = foz f(x) dx, ménh dé nao sau day ding?

A.S=-a+b. B.S=a+bh. 1 X
C.S=-a—b. D.S=a—b. /e 2
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Cau 2. Dién tich phan hinh phang gach chéo trong hinh vé bén dwoc tinh theo céng thirc nao
dwéi day: Y
A.S = fab f(x) dx — fab g(x) dx

B.S=— fab f(x) dx — fab g(x) dx

C.S= fab f(x) dx + fab g(x) dx

D.S=— fab f(x) dx + fab g(x) dx O a b x

Cau 3. Tinh dién tich hinh phdng tao thanh bdi
parabol y = x?, duwdng thing y = —x + 2 va truc hoanh Y

trén doan [0; 2] (hinh vé minh hoa & bén).

.
0 y=—x+2

Ciu4. Tinh dién tich hinh phang dwoc gi¢i han béi do thi cadc ham sé:

ay=x>-2x,y=xx=-1,x=2, b.y = %%, truchoanhvax = 0,x = 1.

Cau 5. Tinh dién tich hinh phang dwoc gi¢i han béi do thi cadc ham sé:

ay=x>—4x+6vay=3. b.y = g,truc hoanh va dwong thang x = 2.

Cau 6. Tinh dién tich hinh phing dwoc gi¢i han bdi do thi cAc ham sé:

ay=Ihx,y=1-xy=1 b.y = 2)(—2,y=§+1,y=x2 —4x+3,x > 2.

Dang 2. Thé tich cta vat thé

A Vidu21[

Tinh thé tich V ctia phén vat thé gi¢i han béi hai mat phang x = 1 vax = 3, biét rang khi cat vat

th& b&i mit phang vudng goc véi truc Ox tai diém c6 hoanh do x (1 < x < 3) thi dwoc thiét dién

1a mot hinh chir nhat c¢6 d6 dai hai canh 1a 3x va v3x? — 2?

Lo giai
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—AVidu22[

Cho hinh phang (H) gi¢i han béi cdc duong y = x? + 2,y = 0,x = 1,x = 2. Tinh thé tich cua

khoi tron xoay dwegc tao thanh khi quay (H) xung quanh truc hoanh.

Lovi gii

Bdi tap tw luyén )

Cau1l. Tim thé tich vat thé tron xoay khi quay hinh phang gi¢i han b&i cac dwongy = 3,
y = 0,x = 1,x = 4 quanh truc Ox.

Cau2. Cho hinh phing giéi han béi cac duwong y = vx — 1, truc hoanh va dwong thang x = 3.
Tinh thé tich cta khéi tron xoay dwoc tao thanh khi quay (H) xung quanh truc Ox.

Cau 3. Tim thé tich vat thé tron xoay khi quay hinh phing gi¢i han b&i cac duongy = x? — 2x

—1,y = —x? + 3 quanh truc truc hoanh.
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SO PHUC

Bi 1 / SO PHUC - CAC PHEP TOAN
w TRONG TAP PHUC

- { TRONG TAM ) \
1. Dinh nghia.

e Ponviao:S6ithéamini? = —1 duoc goi la don vi do.
e SO phitrcz = a + bivdia,b € R. Goi ala phan thwe, b 12 phan ao cta so phirc z.
e Tap s6 phitc C = {a + bi/a,b € R;i? = —1}.

Tép s6 thuc R 1a tip con cuia tip so phic C.

da c .
vdia,b,c,d € R.

e Hai s6ph1’rcb5ngnhau:a+bi=c+di<:){b:d

@ bacbiét:
e Khiphindob =0z =a€ R & zlasé thuc.
e Khiphanthuca =0 < z = bi © z1a s6 thuin do.
e S60 = 0+ 0i vira la s6 thyc, vira la sd ao.
2. Modun cta so phirc.
e |z| = |a + bi| = Va2 + b? dwoc goi 1a mddun caa s§ phitc z.
e Ké&t qua: vz € C ta co:

Z1 |4 |
|zl 2 0;|z] =0 & z=0; |2%| = |2]% |21. 25| = 24| |22]; || =
2 |z, |
3. S0 phirclién hop.
e Cho s6 phitrc z = a + bi. Ta goi s6 phic lién hgp ciazlaz = a — bi.
e Ké&tqua: vz € C ta co:
= - —_—  — | — —— (% 21
2=z |zl =z|; 21 x2, =72, x 723 71.2, = 71.7;; (—) ==
Zy Zy
zlasothuco z =12 zlas6thudndoo z = -z
\ y,
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. . . . BAI 1 - SO PHUC, CAC PHEP TOAN TRONG TAP PHU'C

, { TRONG TAM ) ~

4. Phép toan trén tip so phirc:

Cho hai s6 phirc z; = a + biva z, = ¢ + di thi:
e Phép cong s6 phirc:z, +z, = (a+c¢) + (b + d)i
e Phép trwr s6 phirc:z; —z, = (a—c) + (b — d)i
Moi s6 phirc z = a + bi thi sé d6i ctia z 1a
—z=—-a—-bi;z+(—2)=(-2)+z=0
e Phép nhin sd phirc: z,.z, = (ab — bd) + (ad + bc)i
4k _ 1

sak+1 _ i

sak+2 _ -1
iak+3 _

—

Chu ¥

-

—i
e Phép chia s6 phirc:
S6 phirc nghich déo cliaz = a+ bi # 0: ~ = — = — .3
6 phirc nghich dao ciaz = a + bi TR D Z

Phé o 5 bhi Zq Zl'z ac + bd N bc — ad
ep cnia so we. — = =
P P T " 2+ a2 2+ d2

A (voiz, #0)

Dang 1.  Cac tinh chat cua s6 phirc va cac phép toan trén tap phirc

—\Vidu L1

Cho s6 phirc z = 3i — 2. Xac dinh phén thwc, phin o, s6 phitc lién hop, modul, s6 phirc déi va

s6 phirc nghich dao cta z?

Lovi gii

Véiz=3i—2=-2+3i=x+yi(x,y € R) tacd

e Phinthucx = phindoy =

S6 phirclién hopz =x —yi =

oo MOAUI CUA SO PRIC: wureerreeeeeeersssessesssssssssssssssssssssessssssssssss s sssssssssssssssssssssssssssnsssssssssssssnsssssssssssssssssnssssssssnssssnssas

BT 0 o) 110 o2 () DTSR

S0 phirc nghich dao:
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—\Vidu12[

Cho hai s6 phtrc z; = 1 + 2iva z, = 2 — 3i. Xac dinh phan thyc, phan do cda so phic:

w = 3z, — 2z,

Loi giai

A\ Vidu 1.3

Cho hai s6 phtrc z; = 1 + 2ivaz, = 2 — 3i. Xac dinh phéan do cta sé phttc w = z,z,?

Lo giai

—\Vidu 1.4

Cho hai s6 phtrc z; = 1 + 2iva z, = 2 — 3i. Xac dinh modun ctua sé phircw = ??
2

Lo giai

—\Vidu 1.5

C6 bao nhiéu sé phitc z théa man z? 1 thuin do va |z| = V2

Loi giai
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~IN
% Bai tap tw luyén )
Cau 1. Cho s6 phirc z; = 3 + 4iva z, = 8i — 6. Xac dinh phan thuc, phan do, s6 phirc lién hop,

modul, s6 phirc d6i va s6 phirc nghich dao cta z,, z,?

Cau 2. Choz, =1+ 2ivaz, = 3 —i. Xac dinh s6 phirc lién hop, modul cta cic sé phirc:
Z1 — 73
W1 =74 + 32122 Wy =
Zy

Cau3.  Chosd phircz = 3 + 2i. Tim s phitc w = z(1 +i)? — Z.
Cau 4. Tim mo6dun clia cac s6 phitcz; = 1 +1+ i2 + i3+... +i2000

Cau 5. C6 bao nhiéu sd phirc z théa man (1 + 2i)z 1a thuin do va |2z — z| = Vv13?

Dang 2. Phwong trinh phirc

—\Vidu21[

Cho s6 phirc z + 2 — 4i = 1 — 6i. Xac dinh phan thyc, phan 4o cta z?

Lovi gii

\ Vi du 2.2 [

Cho s6 thuc x,y théa man dang thirc (x — 3yi+ 1) —i(2x+yi—1) =1 — 3i

Tinh x + 3y?

Lovi gii
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A\ Vidu23[

Biét z = 1 — 2i 12 nghiém phitc cia phwong trinh z2 — az + b = 0. Biét z = 1 — 2i, tinh gia tri

a+b?

Lo giai

A\ Vidu24 [

Tim s6 phirc z, biétz — (2 + 3i)z = 1 — 9i.

Lo giai
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—Vidu25F

Cho sé phtrcz = a + bi(a,b € R) théamidnz+2+i—|z[(1+i) =0va|z| > 1.TinhP =a+b.

Lovi gii

—\Vidu2.6[

Tim s6 phirc z théa méan |z| = 5va |z + 3| = |z+ 3 + 10i|?

Lovi gii
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% Bai tap tw luyén )

Cau 1. Xéac dinh s6 phirc z thdéa man cac phwong trinh sau:

aZ—i=Q+DA—1i)+1+3i b.(2+1)z+==5-i

cz+4=1z2(02-1i) d(1+i)z+2-3i=zQ2—-i)—2

Cau 2. Tim tit ca cac s6 thuc x, y thdéa min diéu kién:

a(1-2Dx+(1+2y)i=1+i b.2x+y+ 2y —x)i =x— 2y + 3 + (y + 2x)i
Cau 3. Phwong trinh z2 4+ az + b = 0 nhén s6 phirc 1 — v/2i 1a nghiém, xac dinhavab?

Cau 4. Xac dinh s6 phirc z thdéa man cac phwong trinh sau:

a(l1-i)z+4z=7-17i b.z+ (1—-2i)z=2—4i
c.2(z+1)=3z+i(5-1i) d.3z.z+2017(z—z) = 12 — 2018i

Cau 5. Cho so phttc z théa mén |z + 3| = 5va |z — 2i| = |z — 2 — 2i|. Tinh |z|.
Cau 6. Cho s6 phttcz = a+ bi(a,b € R) théamanz+ 1+ 3i— |z|]i = 0. Tinh S = a + 3b.

Dang 3. Phwong trinh bac hai véi hé so thwc

Cho phuwong trinh bac hai ax? + bx+ ¢ = 0 (a,b,c € R;a # 0). Xét A = b2 — 4ac, ta co

e A = 0: phwong trinh c6 nghiém thyc x = — 2%.

—b+VA

e A > 0: phwong trinh c6 hai nghiém thuc duoc xac dinh boi cong thire: x; , = —

—b+i/IA|

e A < 0: phwong trinh c6 hai nghiém phirc dwgc xac dinh bé&i cong thirc:x, , = »

Chi y: Moi phwong trinh bac n: Ayz™ + A;z" 1+... +A,_;z + A, = 01udn c6 n nghiém phitc
(khéng nhit thiét phan biét).

iVidu3.1i

Trong C, giai phwong trinh z2 —z + 1 = 0?

Loi giai
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A Vidu32

Biét z,; z, 12 hai nghiém ctia phwong trinh 2z2 + v/3z + 3 = 0. Tinh gia tri ctia z? + z2 ?

Lovi gii

—\Vidu33 [

Trong C, tinh t6ng modul cic nghiém cta phwong trinh z* — 3z2 — 4 = 0?

Lovi gii

Bdi tap tw luyén )

Cau 1. Giai cAc phwong trinh sau trén tip sé phirc
a.—3z24+2z-1=0 b.7z2+3z+2=0
czt+z2-6=0 dz*+722+10=0

Cau 2. Goi z;; Z, 12 hai nghiém cia phwong trinh z? + 2z + 4 = 0. Tinh c4c gia tri
a. A= |z,|* + |z,|? b.B = |z1|* + 2;.2, c.C=21z, +i(zq +2,)
Cau 3. Goi z4, Z, 12 hai nghiém ctia phwong trinh z2 + 2z + a = 0. X4c dinh gia tri cda a, biét

rang z% + z5 = 2.
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Dai 2 / TAP HOP DIEM BIEU DIEN CUA SO PHUC

- { TRONG TAM ) N

S6 phitc z = a + bi (a,b € R)c6 di€ém biéu dién 1a M(a; b) trén mit phing toa do phtrc.
1. Phwong trinh dwong thang
Cac dang phwong trinh dwong thang

Dang tong quat: ax + by +c =0 Dang dais6:y =ax+Db
;. (X=X t+at 4 2 . X—Xo _ Y=Yo
Dang tham s6: {y — yo + bt Dang chinh tac: =

, X
Phwong trinh doan chan 3 + % =1

2. Phwong trinh dwong tron
(x—a)? + (y —b)? = R? c6 tAim I(a; b) va ban kinh R
Diéu kién dé phuwong trinh (C): x? + y? — 2ax — 2by + ¢ = 0 12 phwong trinh dwong tron:
a?+b%?—c>0
Khi d6 pwong trinh dwong tron (C) c6 tdm I(a; b) va ban kinh R = Va2 + b2 —c.
3. Phwong trinh parabol: y = ax?> + bx + ¢
4. Phwong trinh elip hodc doan thing
Trong mit phang toa dd Oxy, cho hai diém c6 dinh F, va F,, diém M théa man tinh chit :

MFl + MF2 = Za
2 2

TH,:F,F, = 2c < 2a; Quy tich diém M la dwong elip =t % =1 (@2 =b%+c?)
TH,: F,F, = 2a; Quy tich diém M la doan thang F,F,.
Chuin héa Elip :
Hai diém F,, F, khong nam trén Ox, Oy, ta c6 thé chuin héa bang cich nhw sau :
w Z, + 7,
Z=——
7, — Zy 2
§ Y,
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Dang 1. Tap hop di€ém bi€u dién ctia sé phirc

—\Vidu L1

X4c dinh s6 phitc c6 diém biéu dién 1a M(—1; 3)?

A.z=3—-1 B.z=-1+3i C.z=1+3i D.z=-1-3i

—AVidu1.2

Trén mat phang tao do Oxy, tAp hop diém biéu dién s phitc z théa man |i — z| = |iz — 2] 1a:

A. mot duong thing B.mot dwongtron  C.mdtdudngelip  D.mdt doan thing

Lovi giai

A\ Vidu13

Trén mat phang tao dd Oxy, xac dinh toa d6 tAm va ban kinh dwong tron 1a tip hop diém biéu

dién s6 phttc z théa man:

alz—2i+1| =4 b. |z —il = [(1 + i)z

Lovi gii
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iVi du 1.4 [

Xét cac s6 phirc z théa man diéu kién |z + 1 — 3i| = 5. Xac dinh toa d6 tAm va ban kinh dwong

tron 1a tAp hop cac diém M biéu dién sd phtrc w théamanw = (2 + i)z + 1 — 2i?

Loi giai
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N . ] | BAI 2 - TAP HO'P PIEM BIEU DIEN CUA SO PHU'C
—\ Vidu 15
Trong mit phang toa dd Oxy, xac dinh tp hop cac diém M biéu dién sé phirc z thda min

alz—24+2i|l+|z+1-2i|=5 b.lz+1|+1]z—1| =4

Lovi giai

<o
Bal tap tw luyén ) by
3
A 7 . 7 ~ a N , =R R X @-=====- F--9
Cau 1. Xac dinh cac s6 phirc zy, z,, 23, 4 va z5 ¢6 diém biéu dien A 1B
n Y 7 R \ I 1
lan lwotla cac diém A, B, C, D va E. ! ! o
AR S
1 ] 1
S N (ORI
-2 1 12
! I
o--4—1
D |
—2______ JF
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Cau 2. Cho z; = 1+ 2i,z, = 3 —iva z; lan lwot c6 diém biéu dién 13 A, B, C. Xac dinh z; sao
cho A 1a trung diém doan thang BC?
Cau 3. Choz, =1+ 2i,z, =3 —1vaz; = 7,7, 1an lwot c6 diém biéu dién 1a A, B, C. Xac dinh

z4 6 diém biéu dién 1a D sao cho ti gidc ABCD 1a hinh binh hanh?

Cau 4. Trén mat phang tao dd Oxy, xac dinh tip hop cac diém biéu dién s phirc z théa man:
a.|lz+2+i| =|z-3i| b.z(z — 2 +1i) + 4i — 113 s6 thuc
Cau 5. Trén mat phang tao do Oxy, xac dinh toa do tAm va ban kinh clia dwdng tron 1a tip hop

diém biéu dién sd phitc z théa man:

a.lz+2i—1] =4 b. (2 — z)(z + i) 1a s6 thuan do.

Cau 6. Trén mat phang tao do Oxy, xac dinh toa do tAm va ban kinh cia dwdng tron 1a tip hop

diém biéu dién s phirc w théa man:

aw=2z+ivdi|lz—1+ 2i| =3 b.w=51L+izzvc'ri|z|=\/§

Cau 7. Trong mat phing toa dd Oxy, xac dinh tap hop cac diém M biéu dién s6 phirc z thda man
3lz+i| =12z—z+ 1 + 3i|

Cau 8. Xac dinh do dai hai truc cta elip |z + 4 +i| + |z — 4 — 3i| = 10?

Dang 2.  Bai toan gia tri Io'n nhat, gia tri nhé nhat ciia modul s6 phikrc

—\Vidu21[

Cho s6 phtrc thdbaman |z — 1 + i| = |z — 2i|, x4&c dinhzd€ P = |z + 1 — 2i| dat gia tri nhé nhat ?

Loi giai
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—\Vidu22 [

Cho s0 phitrc théa man |z — 3 + 4i| = 2, x4ac dinh gia tri nhé nhat va gia tri 1én nhat cia moédun

so phtrcz + 3 — 2i?

Lovi giai
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I

KHOI DA DIEN

Poi 1 / KHOI DA DIEN - KHOI DA DIEN PEU

{ TRONG TAM ) N
Hinh da dién — Khéi da dién — Da dién 16i

Hinh da dién la hinh khéng gian dwoc tao béi hiru han cac da giac c6 tinh chat
a) Hai da giac phan biét chi c6 thé khéng c6 diém chung, hodc chi c6 1 dinh chung
hoac chi cé 1 canh chung,
b) Mdi canh clia da gidc nao ciing 1a canh chung ctia dung 2 da giac.
Khoi da dién l1a phan khong gian dwoc gi¢i han béi 1 hinh da dién, ké ca hinh da dién dé.
Cac khdi da dién c6 thé 1p ghép lai véi nhau nhung khong dwoc két ndi chi bang 1 canh
hay 1 dinh

N&i 2 dinh bt ky, doan thang dwoc tao thanh nam trong hodc trén mit bén ctia khéi da

dién thi d6 1a da dién 16i.

Khoi da dién déu: Mot khéi da dién 16i 1a déu néu va chi néu thda méin ca ba tinh chat sau
1. T4t ca cAc mit cta nd 1a cac da giac déu, bang nhau
2. Cac mat khong cit nhau ngoai cac canh
3.  Mbidinh 12 giao cia mot s6 mdt nhw nhau (ciing 1a giao ctia s§ canh nhw nhau).
Moi khdi da dién déu c6 thé xac dinh béi ky hiéu {p, q} trong dé
1. p = s6 cac canh clia mbi mit (hodc s6 cac dinh clia mbi mat)
2. q = s06 cac mit gap nhau & mot dinh (hoic s cac canh gip nhau & mobi dinh).
C6 5 khéi da dién déu: Tt dién déu, Khai 1ap phuong, Bat dién déu, Muoi hai mat

déu, Hai mwoi mat déu.
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Dang 1. Khdéi da dién

A\ Vidu 1.1 Y (WVidu12F

ba dién bén c6 bao ba dién bén cé bao

nhiéu canh : nhiéu mat :
A. 10. B.17. A.11. B.12.
C.9. D. 4. C. 10. D.7.

. J .

—\Vidu 1.3 \

C6 bao nhiéu khoi da dién ?

| _:/ ~
: - .
! | |
Rkt B R NN P Lo ;v_/_
A 1 B. 2. C. 4. D. 3.
—A\ Vi du 1.4 ;
Hinh nao dwéi day khong phai la hinh da dién?
4_/ _____ |
[>><3 :
| |
| I
Hinh 1 Hinh 2 Hinh 3 Hinh 4
A. Hinh 1. B. Hinh 2. C. Hinh 4. D. Hinh 3.
. J

A\ Vidu 1.5 3

Trong cac hinh dwéi day hinh nao khéng phai da dién 16i?

<> @ 4

Hinh I Hinh IT Hinh III Hinh IV

A. Hinh 1. B. Hinh 2. C. Hinh 4. D. Hinh 3.

L J
A\ Vidu 1.6 [~ )

SO hinh da dién 16i trong cac hinh dwéi day la

B ZA

A 1 B. 2. C. 4. D. 3.

. J
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Dang2. Khdi da dién déu, mat phang déi xirng

Mot khoi da dién 16i 1a déu néu va chi néu th6a min ca ba tinh chit sau

1. T4t cA cAc mit cia nd 1a cac da gidc déu, bing nhau

2. Cac mat khong cat nhau ngoai cac canh

3. Moi dinh 14 giao cia mot s6 mdt nhw nhau (ciing 12 giao ciia s6 canh nhw nhau).
Mabi khéi da dién déu c6 thé xac dinh béi ky hiéu {p, q} trong dé6

1. p = s8 cac canh ciia m6i mat (hodc sd cac dinh cia mbi mit)

2. q = s6 cAc mat gidp nhau & mot dinh (hodc s cac canh gap nhau & mdi dinh).

C6 5 khéi da dién déu dwgc tom tit trong bang sau

Khéi da dién déu S§dinh | S6canh | S6mit Loai

{p, a4}

T& Dién Déu 4 6 4 {3,3}

Khoi Lap Phwong 8 12 6 {4,3}

Khoi Bat Dién Déu 6 12 8 {3,4}

Khoi Mu’(zl Hai Mat 20 30 12 (5,3)
béu

Khéi Hai l\/[u'o'l Mat 12 30 20 (3,5)
béu
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N . ] | BAI 1 - KHOI PA DIEN, KHOI PA DIEN PEU

S6 mat phang ddi xirng cia mot sé khéi da dién thwong gap

Khoi chép tam gidc déu (d6 dai canh bén va day khac nhau)
Khoi hop chir nhat ba kich thwéc khac nhau
Khoi hop dirng c6 day la hinh thoi

Khéi lang tru tam giac déu

Khéi chép ti giac déu

Khoi lang tru tir gidc déu (d6 dai canh bén va day khac nhau)

Khoi t& dién déu

Khoi 14p phwong
Khoi bat dién déu

15
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Wi 2 / THE TiCH KHOI DA DIEN

{ TRONG TAM )
Thé tich khoilang tru V = B.h

Thé tich khéi chép: V = ;B.h

B: Dién tich mat day. h: Chiéu cao cta khdi chop.

Ty 1€ thé tich
VS.A’B’C, _ SA’ SB, SC’

Vsagc SA SB'SC

Cong thirc hinh hoc co’ ban

HINH VE TINH CHAT
A
(canh)?v3
Stam giac déu — T
Tam giac déu G
_ canhv3 _ canhv3 OM = canhv3
L 2 3 6
B M C
1 7 Pay 7 JaY
Stam gic vudng = > (canh goc vuong). (canh géc vudng)
B
» AB? + AC? = B(?
Tam giac
. e 46 _AC oo ke _AB
vuong _ St ~ huyén BC €08 "~ huyén BC
A ¢ e 401 AC
MAPE =% T aB
B 1
Stam gidc vudng = 2 (canh goc vudng)(canh goc vudng)
Tam giac
X . ! huyén = (canh géc vudng).2
vudng can ‘
huyén
A c AH = CaO0(tam giac vudng can) = 2
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Shinh vubng — (Canh)z

Hinh vuéng
chéo = canhv?2

Hinh chir A
. Shinh chir nhat = dai.rong
nhat
S ! héo. ché
. . hinh thoi = = €h€0.cheo
Hinh thoi mh thot = 5

Shinh thoi = canh. canh. sin(géc xen gitra hai canh)

Hinh thang, l
hinh thang | / A (day 1on + day bé). cao

A s Shinh chi nhat =
vudng, hinh ; 2
thang can
Dang1. Thé tich khéi da dién
1. Thé tich khoi chép: V = %B. h Thé tich khoi lang tru V = B.h
B: Dién tich mat day. h: Chiéu cao cta khdi chop.

2. Cackhoi da dién thwong gap

e Khdi chép cé canh bén SA vudng goc mat day = hepgp = SA

S a

S

e Khoi ch6p cd mat bén la tam giac can hodc tam gidc déu va vudng goc mat day
= hch(')p = hmé\t pen = SH

8 )

-

“w
sl
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e Khoichép déu = hepgp = SO véi O 1a tdm clia da gidc day

S

M
(& B C
B Ar B c D

Chop tam giac déu hodc T dién déu Chop t giac déu

e Lang tru ding = hyspg oy = AA" = BB’ = CC’

B A

Bll e fee A ,Q&' ____________ o
.
L
c B ’

Hinh chép cut ABC.A'B'C’: Vepgp eyt = E(B + B’ +VBB') Véi B,B’,h 1a dién tich hai ddy va

chiéu cao.
Thé tich mdt s6 khoi hinh thwong gdp
e Khdi choép c6 3 canh d6i mét vudng goc c6 do dai ba canh lan lwotla a, b, c:

1
Vchép 3 canh d6i mot vudng goc — g abc

e Khoi chép c6 3 canh d6i mot vuéng goc cé dién tich 3 mat vudng goc lan lwotla Sy, S,, Ss:

J25:S,S5

Vchép 3 canh d6i mot vudng goc — 3
. R S LAl an canh)3v2
e Chop tam giac déu tat ca cac canh nhau, tir dién déu: Vig gien deu = %
. s aw (s A day)?,/3(bén)?—(day)?
¢ Chop tam giac déu c6 canh day va canh bén: Vg tam gisc = (@) (12 iG]
_ (canh)’v2

e Chop tir gidc déu tat ca cac canh nhau: Vepgp 4 gisc deu cac canh bing nhau = -

_ (ddy)?|/4(bén)2—2(day)?
6

e Chop tit gidc déu c6 canh day va canh bénh: Veyep to gisc dou =

o Khdi bat dién dau:

(canh)3+v/2

— — 2
Vbét dlén déu — 3 Stoén phﬁn bat dién deu - 2 (Canh) \/E

e Hinh hop chit nhat: AC’ = A'C = BD’ = B'D = VABZ + AD? + AA"2
Vhinh hép chit nhat = €anh,. canh,. canhs Vhinh hép chit nhat = v/ S1- 52 S3
e Hinh ldp phwong:
o AC' = A'C=BD’' =B'D = canhV/3

— 3 — 2
o Viap phwong = (canh) Stoan phan 1ap phuong 6(canh)

. Trang 123



N . ] | BAI 2 - THE TICH KHOI PA DIEN

e Khoi bat dién déu c6 dinh la tAm cac mat hinh 1ap phwong: V =

(canh)3
6
2(canh)3v2
27

e Khoi 1ap phwong cé dinh 1a tim cac mat bat dién déu: V =

A Vidu L1

Tinh thé tich kh&i 1ap phwong c6 d6 dai canh bang 2a?

Lovi gii

\ Vi du 1.2 [

Tinh thé tich khdi lang tru c6 dién tich ddy bang 3 va chiéu cao bang 2?

Lovi gii

iVi du 1.3 [

Khoi chép tam gidc S. ABC c6 day ABC la tam gidc déu canh a, canh bén SA vudng géc véi mit
day va SA = a. Tinh thé tich cta khéi chop S. ABC?

Lovi giai
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A\ Vidu 1.4

Cho hinh chép S. ABC c6 day ABC 1a tam gidc déu canh 2a, tam gidc SAB 1a tam gidc déu va nam
trong mat phang vudng géc véi mat day. Tinh thé tich khéi chép S. ABC.

Loi giai

A\ Vidu 1.5

Khoi chép S.ABCD c¢é SA vudng goc véi (ABCD), ABCD 1a hinh vudng canh a, géc gitra SC va
(ABCD) la 30°. Tinh thé tich khéi chép S. ABCD?

Loi giai
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— Vidu 1.6

Tinh thé tich khdi ch6p tam gidc déu S. ABC c6 canh day bang a va canh bén bang 2a?

Lovi gii

" \ = A A

{2 Bai tap tw luyén )

Cau1: Cho khéi chép 0.ABC c6 ba canh OA, OB, OC d6i mét vudng goc. Biét do dai cac canh OA,
OB va OC lan lwotla 2, 3 va 4. Tinh thé tich khéi chép 0.ABC?

Cau2: Tinh thé tich kh&i hop chit nhat ABCD.A’B'C'D’ ¢6 s& do ba canh AB, AD VA AA’ Ian luot
la3,5va7.

Cau 3: Cho khoi chép tam giac S. ABC c¢6 day ABC la tam giac vudng tai B, canh bén SA vu6ng goc
véi mat ddy va SA = a, AB = a, BC = 2a. Tinh thé tich ctia khoi chép S. ABC?

Cau4: Cho khdi chdép tam gidc S. ABCD c6 day ABCD la hinh vuéng canh a, canh bén SA vuéng
goc voi mat day va SA = 2a. Tinh thé tich ctia khéi chép S. ABCD?

Cau5: Cho hinh lang tru dirng ABC.A'B'C’ c¢6 day tam gidc ABC vudng tai B, AB = 2BC = 2a,
canh bén AA’ = av/2. Tinh theo a thé tich ctia khéi lang tru ABC. A'B’C’?
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Cau 6: Khoi chop tam gidc S. ABCD cé day ABCD la hinh vuéng, canh bén SA vuéng géc véi mat
day va SA = AC = aV/2. Tinh thé tich ctia khéi chép S. ABCD?

Cau 7: Cho hinh chép S. ABC c6 day ABC la tam gidc vuong can tai A, AB = 2a, tam giac SAB la
tam gidc vudng can tai S va ndm trong mat phing vudng géc véi mat day. Tinh thé tich khéi chop
S.ABC?

Cau8: Cho hinh chép S.ABC c6 day ABC la tam gidc vudng can tai A, BC = av/2, tam giac SAB la
tam gidc déu va nam trong mit phang vudng goc véi mit day. Tinh thé tich khéi chép S. ABC?
Cau9: Cho hinh chép S. ABCD cé day ABCD la hinh vuéng canh 2a, tam giac SAB la tam giac can
va nam trong mat phing vudng géc véi mit day, SA = v/3a. Tinh thé tich khéi chép S. ABCD?

Cau 10: Cho hinh chép S. ABCD cé day ABCD la hinh chit nhat, AB = a, AD = 2a, tam giac SAB la
tam gidc vudng can tai S va nam trong mat phang vudng goc v&i mat day. Tinh thé tich khéi chop
S.ABCD?

Cau 11: Cho hinh chép S. ABCD c6 day ABCD la hinh vudng canh a, tam giac SAC l1a tam giac déu
va nam trong mit phang vudng géc véi mat day. Tinh thé tich khéi chép S. ABCD?

Cau 12: Khai chop S.ABC cé SA vudéng goc voi (ABC), day ABC la tam gidc vudng cin tai A,
AB = a, goc gitra SB va (ABC) 1a 45°. Tinh thé tich khoi ch6p S. ABC?

Cau 13: Khoichép S. ABCD c6 SA vudng goc véi (ABCD), day ABCD 1a hinh vuéng canh a, goc giira
SC va (ABCD) la 60°. Tinh thé tich khoi chép S. ABCD?

Cau 14: Khoi chop S. ABC c6 SA vudng goc véi (ABC), SA = a, day ABC la tam gidc déu, goc giira
SBva (ABC) 1a 60°. Tinh thé tich khéi chép S. ABC?

Céau 15: Cho hinh hop ding ABCD.A'B’C'D’ ¢6 day la hinh vudng canh a, géc gitra AB’ va mat day
bing 60°. Tinh thé tich kh6i ABCD. A’B'C'D'?

Cau 16: Tinh thé tich khdi tir dién déu c6 tit ca cac canh bang a.

Cau 17: Tinh thé tich khéi ch6p tam gidc déu S. ABC c6 canh day bang a va canh bén bang 2a?
Cau 18: Tinh thé tich khéi chdp ti gidc déu S. ABCD c6 canh day bang 2a, tam gidc SAC vudng can
tai S.

Cau 19: Cho hinh chép tir gidc déu S. ABCD c6 canh day bang 2a, goc gitra canh bén va mat day
bang 60°. Tinh theo a thé tich khéi chép S. ABCD.

Cau 20: Cho hinh chép t gidc déu S.ABCD c6 canh d4y bang 2a, géc gitta mit bén va mat day
bang 30°. Tinh theo a thé tich khéi chép S. ABCD.
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Dang 2. Ty lé thé tich

Vsapc  SA SB'SC

—AVidu2.1 [ ~

Cho hinh chépS. ABC. Trén 3 canh SA, SB, SC lan lwot 1y 3 diém A’, B’, C’ sao cho SA' = %SA;
SB' = ~SB, SC' = ~SC. Goi V va V' lan lwot la thé tich ctia cac kh6i chép S.ABC va S.A'B'C.

!
Khi d6 tinh tj s6

\ 7

Lovi gii

Bdi tap tw luyén )

Cau1l. Cho hinh chép S.ABC, goi M, N lan lwot 13 trung diém ctia SA, SB. Tinh ti s6 %

S.ABC

Cau 2. Cho hinh chép S.ABC, goi M, N lan lwot 1a trung diém cta SA, SB. Tinh ti s0 ‘:/M’[ﬂ.

S.ABC

Cau 3. Cho hinh chépS. ABCD c6 day la hinh chit nhat. Trén 4 canh SA, SB, SC, SD I4n lwot 13y 4

diém A’, B’, C’ va D'la trung diém cac canh SA, SB, SC va SD. Goi V va V' lan lwot la thé tich cta cac

khdi chép S. ABCD va S. A'B'C'D'". Khi d6 tinh tj s6 <.
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g P | MAT NON, MAT TRU,
S MAT CAU

Pair 1 / MAT NON TRON XOAY

, { TRONG TAM ) ~

Sw tao thanh hinh nén: quay tam giac vuéng SAO quanh canh géc vuéng SO thi tao thanh

hinh nén c6 chiéu cao SO, ban kinh AO, dwong sinh SA.

Cong thirc Pytago trong hinh nén:

2

Dién tich day hinh non:|Sgsy . = Tr

Chu vi day hinh non: |Cqsy = 271

Dién tich xung quanh hinh nén: (S = mrl

X(Qnén

Dién tich toan phan hinh nén:

Stprsn = Sdbynsn T Sxqngy = T2 + mrl = mr(r + 1)

Thé tich khéinén : [V, = §Bh = ém‘zh (B = mr?)

— o
G6c & dinh ASB = a = ASO =i

Dang 1. Cac khai niém co’ ban

—\Vidu 1.1

Cho hinh nén (N) c6 chiéu cao h = 4, ban kinh day r = 3. P6 dai dwong sinh ctia (N) la:

Lo giai

. Trang 129



. . . . BAI 1 - MAT NON TRON X0AY
—Vidul12 F

Mot hinh nén c6 chiéu cao bang 3a, géc & dinh bang 60°. Tinh dién tich toan phan ctia hinh nén?

Lovi gii

iVi du 1.3 [

Tam giac ABC vuong tai A c6 AB = 2, AC = 1. Quay tam gidc ABC quanh canh AC ta dwgc khoi

noén c6 dwdng sinh bang bao nhiéu?

Lovi gii

’ \ . A A
{2 Bai tap tw luyén )
Caul. Chohinhnén (N)c6h = 6,1 = 10. Xac dinh do dai dwdng kinh day cta (N)?

Ciau 2. Tinh dién tich xung quanh, dién tich toan phan ctia hinh nén (N) c6 h = 4,r = 3?

Cau 3. Tinh thé tich cia khéinén (N) céh = 4,r = 3?

Cau4. Chokhdinoén (N) c6 dwong sinh bang duwong kinh day bang 6, tinh thé tich ctia (N)?

Cau 5. Cho hinh nén (N) c6 dién tich xung quang bang 10, biét ban kinh day bang 2, xac dinh
dién tich toan phan cta (N)?

Cau 6. Biét khoi (N) c6 thé tich bang 157, chiéu cao khdi nén bang 5. Tim d6 dai dwong sinh
(N)?

Cau 7. Tinh thé tich kh6i nén c6 ban kinh day bang a, géc & dinh bang 60°?

Cau 8. Tinh thé tich kh6i n6n c¢6 dwong sinh bang a, géc & dinh bang 120°?
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Cau 9.

tao thanh khi quay dwong gip khiic BCA quanh canh AC?

Tam gidc ABC vudng tai A c6 AB = 4va BC = 5. Tinh d¢ dai dwong cao ciia hinh n6n dwoc

Cau 10. Tam gidc ABC vudng tai A c6 AB = 4 va AC= 3. Tinh dién tich xung quanh hinh nén dwoc

tao thanh khi quay dwong gip khic BCA quanh canh AB?

Cau 11. Tam gidc ABC vuong tai A c6 AB = 4 va AC= 3. Tinh thé tich khoi tron xoay dwoc tao

thanh khi quay dwong gap khic BCA quanh canh BC?

Dang 2. Thiét dién ctia hinh nén

Cac loai thiét dién ctia khéi n6n kha phirc tap, c6 thé ké tén nhw sau:

Thiét dién qua truc cta khoi

non.

Thiét dién song song véi day

cua khoi non.

—— e —— e ———————

Thiét dién song song v&i truc

cua khoi nén.

Thiét dién khong song song
véi truc va di qua dinh caa

khéi nén.

Thiét dién qua truc ca hinh nén la tam gidc vuéng can:

Thiét dién qua truc cta hinh nén la tam giac déu:

___________

Thiét dién khong song song
v&i truc, khong du qua dinh va
khong cat mat day cta khdi

non.

h=r=

Thiét dién khéng song song v&i
truc, khong di qua dinh va cit

mat day cua khéi non.

canh huyén
2

| = canh g6c vuong

canh huyén = canh géc vudngv2

canhv3
h =
2
_ canh
)
1 = canh

. Trang 131



. . . . BAI 1 - MAT NON TRON X0AY

—AVidu2.1 [

Mot hinh nén c6 chiéu cao bang a, thiét dién qua truc 1a mot tam giac vudéng. Tinh dién tich toan

phén cta hinh nén?

Lovi gii

Bdi tap tw luyén )

Cau1l. Mot hinh nén c6 thiét dién qua truc 1a mot tam gidc vudng c6 canh huyén bang 2a. Tinh

dién tich xung quanh ctia hinh n6n?

Cau 2. Mot hinh nén c6 thiét dién qua truc 1a mot tam gidc vudng cé canh géc vudng bang a.
Tinh thé tich khéi nén?

Cau 3. Tinh thé tich kh6i n6n (N) biét rang thiét dién qua truc cta (N) 1a tam gidc déu canh 2a?
Cau4. Mot hinh noén c6 thiét dién qua truc 1a mot tam giac déu cé canh bang a, tinh dién tich
xung quanh cua hinh nén?

Cau 5. Mot hinh nén (N) c¢6 thiét dién qua truc la mét tam giac déu. Biét dién tich xung quanh

cua hinh nén bang 501 Tinh thé tich (N)?
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Dair 2 / MAT TRU TRON XOAY

, { TRONG TAM ) \
Sw tao thanh hinh tru: quay hinh chir nhat ABCD quanh canh AB thi tao thanh hinh tru cé
chiéu cao AB, ban kinh AD, dwong sinh CD.

Dién tich day hinh tru:|Sayy,,, = mr?

Chu vi day hinh tru: Caayyr, = 21T

Dién tich xung quanh hinh tru: Sxqe, = 2Trl = 2mrh

Dién tich toan phén hinh tru:
Stoery = 2Sdayery T 2Sxqer, = 2mr? + 2mrl = 2nr? + 2nrh - ;;I

Thé tich khéi tru : |Vy,, = Bh = r*h| (B = mr?)

Dang 1. Cac khai niém co’ ban

—\Vidu 1.1

Tinh dién tich xung quanh ctia hinh tru c¢6 ban kinh day bang 5, chiéu cao bang 7?

Loi giai

—\Vidu12[

Cho hinh chir nhat ABCD c6 AB = 2 va AD = 4, goi M, N lan lwot la trung diém cac canh AD va
BC. Quanh hinh chir nhat ABCD quanh canh MN ta duwgc khdi tru cé thé tich bang bao nhiéu?

Lovi giai TV M D
A R -
......................................................................................................................................... ;
h
S . A
......................................................................................................................................... B N - ¢
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Bdi tap tw luyén )

Cau 1. Tinh dién tich toan phan hinh tru cé chiéu cao bang 2 va ban kinh day bang 3?

Cau 2. Tinh thé tich khdi tru, biét rang do dai dwong sinh cua khdéi tru bang 4 va bang dwong
kinh mat day?

Cau 3. Mot khdi tru co thé tich bang 2a3m, ban kinh day bang a, khi d6 dién tich toan phan hinh
nén da cho bang bao nhiéu?

Cau4. Mot hinh tru c6 dién tich toan phin bang 6a?m va ban kinh day bang a, khi d6 thé tich
khéi tru da cho bang bao nhiéu?

Cau 5. Cho hinh chi*r nhat ABCD c6 AB = 2 va AD = 4, goi M, N lan lwot la trung diém cac canh
AB va CD. Tinh dién tich toan phan hinh tru thu dwoc khi quanh hinh chir nhdt ABCD quanh canh
MN?

Cau 6. Tinh thé tich khéi tru dwgc tao thanh khi quay hinh chi nhit ABCD c6 AB = 2va AD = 4
quanh canh AB?

Dang 2. Thiét dién cuia hinh tru

Cac loai thiét dién ctia hinh khoi tru kha phirc tap, cé thé ké tén nhw sau:

— ——
-

. 1 - - = |

Thiét dién qua truc cda khoi

Thiét dién song song v&i hai | Thiét dién song song véi truc
tru , :
day ctia khoi tru cua khoi tru

Thiét dién khoéng song song | Thiét dién khdéng song song | Thiét dién khong song song

v@i truc va cat hai day v(i truc va khong cat hai ddy | véi truc va cat mot day
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Chuvi = 2h + 4r

Thiét dién qua truc ctia hinh tru 1a hinh chit nhat c6 : {Dién tich = 2hr

Thiét dién qua truc cda hinh tru 1 hinh vuéng: I = h = 2r = canh

—\Vidu21[

Khdi tru c6 thiét dién qua truc 12 hinh vudng canh 2a c6 thé tich bang bao nhiéu?

—\Vidu22[

Khdi tru c6 ban kinh ddy bang a, chu vi cda thiét dién qua truc bang 10a. Tinh dién tich toan

phén cua khoi tru da cho

Loi giai

, \ = A A
5% Bai tap tw luyén )
Cau 1. Chohinhtrucé bankinh ddy bang 3a. Biét rang khi cat hinh tru d cho b&i mot mit phang

qua truc, thiét dién thu dwoc 1a mot hinh vudng. Dién tich xung quanh ctia hinh tru da cho bang
bao nhiéu?
Cau 2. Cho hinh tru c6 ban kinh day bang a. Biét rang khi cat hinh tru da cho b&i mdt mit phang

qua truc, thiét dién thu dwoc c6 dién tich bang 4a. Xac dinh thé tich cua khdi tru da cho?
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.... BAI 3 - MAT CAU - KHOI CAU

DBais 3 / MAT CAU - KHOI CAU

{ TRONG TAM )

Dién tich mat ciu Syt cau = 4m(ban kinhgy,)?

4
Thé tich khéi cAu Vihsi cau = §1‘r(bén kinhg,)3.

Dang 1. Cac khai niém co’ ban

\ Vi dul.1 [

Cho hinh ciu c6 ban kinh Rv/3, tinh dién tich mit ciu?

Lovi gii

—\Vidu L1

Cho hinh tron dwong kinh 6a quay quanh dwong kinh ctia né. Khi d6 tinh thé tich khoi tron xoay

sinh ra?

Lovi gii

Bc‘li tdp tw luyén )

Caul. Tinh thé tich kh&i ciu c6 ban kinh bing Rv/2?

Cau 2. Tinh dién tich mat ciu c6 dwong kinh bang 2a?

Cau 3. Khdiciu c6 thé tich bang 361 c6 ban kinh bang bao nhiéu?

Cau4. MOt mat ciu cb dién tich bang 16m thi ban kinh mit cAu d6 bang bao nhiéu?

Cau 5. Mot mat ciu cd dién tich bang 36, tinh thé tich khéi cAu dwoc gidi han bdi mat ciu d6?
Cau 6. Quay mdt dudng tron c6 ban kinh bang 3R quanh dwong kinh cia né tao thanh mot mit

cau. Tinh dién tich mit cdu dwoc sinh ra?
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Dang 2. Vi tri twong ddi gitta mat cAu va mat phang

Cho mat ciu (S) c6 tAm O, ban kinh R va mit phang (P). Goi H 1a hinh chiéu vuéng géc ctia O
1én mit phéng (P). Khi d6 OH = d(0; (P)). Ta c6 cac trwdmg hop vé vi tri twong ddi ciia mit

cau (S) va mat phang (P) nhw sau:

. [-’—(;‘k‘_\\:
. / ;
| "%1;'"

H

Mait phang va mit ciu khong | Mat phang tiép xdc mit cdu: | Mat phang cat mit ciu tao
c6 diém chung: OH > R. OH =R thanh dwdng tron tam H ban
kinhr.

R? = r? + OH?

A Vidu21 [

Cho mat cAu c6 ban kinh bang 5 cit mat phang cach tAm mot khoang bang 3, giao tuyén tao

thanh la mot dwong tron. Tinh dién tinh hinh tron d6?

Loi giai

{4 Bai tap tw luyén )

Cau 1. Cho mit ciu (S) cat mat phang (P) cach tAm mot khoang bang 3, giao tuyén tao thanh Ia

mot dwong tron cé ban kinh bang 4. Tinh thé tich mit cau (S)?
Cau 2. Chomaitciu (S) c6 tAm I va ban kinh bang 5, mit phang (P) cach diém I mot khodng bang

4 cit mat ciu tao thanh giao tuyé&n hinh tron. Tinh dién tich thiét dién dwgc hinh thanh?
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Dang 3. Mat cau ndi ti€p, ngoai ti€p cac hinh Khai

Mat cau ngoai tiép da dién: Mit ciu di qua tit ca cac dinh cta da dién.

Cac da dién thwong gap c6 mat ciau ngoai tiép:
Hinh choép cé day la: tam giac, hinh chir nhit, hinh thang cin va da giac déu (tam giac
déu, hinh vuong, ngii giac déu, luc giac déu,...).
Lang tru dirng va c6 day la cac hinh nhw trén.

Mit ciu ndi tiép da dién: Mat ciu tiép xdc vdi tit ca cac mat cta da dién.

canhpinh 13p phuongV3
2

CE.mhhinh lap phuwong
2

Khoi ciu ngoai tiép hinh l4p phwong: R =

Khoi cau noi tiép hinh lap phwong: R =

(Lwu y: AC' = A'C = BD' = B'D = canhvV/3)

Khoi ciu ngoai tiép hinh hop chir nhat hodc khéi chép c6 ba canh d6i mot vuéng goc:

1
R = /(canh,)? + (canh,)? + (canhs)?

Caola“mg tru

2 2
. )+ (ban kinh d4yngoq wep)

Khoi cau ngoai tiép lang tru dirng: R = (

Khoi cau ngoai ti€p hinh chép c6 SA vudng géc védi day hodc lang tru ding:

_ (Caohinh chép

2 2
_ . ) + (ban kinh dayngosi tiep)

(canh bén)? R= (canh bén)?
2cao B

Khoi cau ngoai ti€p chop déu: R =
2 J (canh bén)2 — (ban kinh d4yngogi tiep)

Vé&i cach tim ban kinh day la:

canhv3 canhv3
rrl‘T’itam giacdeu 6 rngoaitam giacdeu 3
_ canh canhv2
Tndininh vuong — 2 Tngoaininh vusng — 2
_ huyén _ Chéopinh chir nhat
T'ngoaitam giac vuong 2 Ingoaininh chir nhat 2
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—\Vidu3.1[

Tinh thé tich khdi cAu ngoai tiép hinh l4p phwong c6 canh bang a?

Loi giai

Cach 1: Dwng hinh

Goi I 1a trung di€ém AC' thi I cich déu cac dinh A, B, C, D, A’, B/, C’, D/, ta dé dang chitrng minh duoc:
[A=IB=IC=ID=IA"=IB'=IC"=1D’

Vay [ 1a tim mat ciu ngoai ti€p hinh 14p phwong. Ban kinh mét ciu 1a IA:

A B
o q _AC_VAB2+ADZ+AA" ABVE _av3 8
S 2 2 T2 2 N
. 3 P C
Lwu y: do khoang cach tir | dén sau mat cua hinh 1ap phwong bang 5 —
I \\ I
> AB A A =N N A :
nhau va bang - nén [ cling la tdm mat cau ndi tiép hinh lap s "
pommmm - Al B
phuwong. \ B
Cach 2: Dung cong thirc giai nhanh . 5
D ol

A Vidu32

Cho ti dién S. ABC c6 ba dwdong thang SA, SB, SC vudng goc v&i nhau tirng ddi mot, SA = 3,SB =
4, SC = 5. Tinh dién tich mat ciu ngoai tiép S. ABC?

Loi giai

Cach 1: Dwng hinh

Bwérc 1: Xac dinh tim dwong tron ngoai tiép da giac day
Xét hinh chdp c6 day la tam giac vudong SBC va duwong cao SA.

Goi I 1a tdm dwong tron ngoagi tiép tam giac day SBC.

Do SB vuong géc SC nén tam giac SBC vuong tai S.

= [ 13 trung diém canh huyén BC

Bwérc 2: Dwng truc dwong tron ngoai tié€p cua da giac day.

Ké dwong thang d qua diém I va vudng géc mit phang (SBC), khi d6 dwdng thang d dwoc goi la truc
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Bwoérc 3: Dwng tim mat ciu ngoai tiép hinh chép

Goi M 12 trung diém SA, ké MO L d (O € d) = MO 1a duwdng trung truc cia doan thang SA

= 0S = 0A (2).

Twr (1) va (2), OS = OA = OB = 0C nén O cach déu cac diém S, A, B, C. Hay O dwoc goi la tdm mdt
cdu ngoai tiép chép S.ABC v&i ban kinh R = SO.

Bwdc 4: Tim ban Kinh mat ciu

Vi 0 12 tAm mat cAu dwoc xac dinh, ban kinh mat cAu 1a doan thang 0S

R =S0=+/0I2 +SI2 = SM2+(BC>2_ (SA)2+BC2_ SA2+532+5C2
- S0 = _ i c_ 4

5v2
2

1 1
=§\/SA2 + SB2 + SC2 =§\/32 +42 +52 =

Cach 2: Dung cong thirc giai nhanh

—AVidu33 [

Tinh ban kinh clia mit ciu ngoai tiép tir dién déu canh bang a?

Lovi gii

s Cach 1: Dwng hinh

Bwérc 1: Xac dinh tim dwong tron ngoai tiép da giac day
T& dién déu nén c6 da giac day tam gidc ABC la tam giac déu.

Vay tdm dwdng tron ngoai tiép tam gidc ABC la diém G v&i G 1a trong

s
~ 7
(S

s
g e o A

tam tac giac ABC.

_______________

et

Bwérc 2: Dwng truc dwong tron ngoai tié€p cua da giac day.
Do tir dién S.ABC la tir dién déu nén SG L (ABC), vay SG la truc dwong
tron ngoai tiép tam giac ABC.

V&i diém O bat ky nam trén SG thi 0A = 0B = 0C (1).

Bwoérc 3: Dwng tim mat ciu ngoai ti€p hinh chép

Xét canh bén SA c¢6 trung diém M. Trong mat phang (SAG), dung dudng trung truc doan thang SA
di qua M va cat SG tai diém 0. Khi d6 0S = 0A (2).

T (1) va (2),0S = OA = OB = OC nén O cach déu cac diém S, A, B, C.
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Hay O dwoc goi la tdm mdt cdu ngoai tiép tir dién déu S.ABC véi ban kinh R = SO.

Bwdrc 4: Tim ban Kinh mat ciu B
Xéthait idc dong dang SAG va SMO ;. 20 oM
ét hai tam giac dong dang va 6 o =3G
SA
SA.SM SA. =&~ SA?
= S0 = = = %)
SG SAZ—-AG? 2VSAZ - AG?
‘ ABV3 aV3 G
Do tam giac ABC la tam giac déu canh a nén: AG = — =3
SA? a? NG
SRR =%

2VSA? — AG? 2\/32 —(ﬂf
3

Cach 2: Dung cong thirc giai nhanh

—\Vidu34 [

Cho hinh chép S. ABCD cé day ABCD la hinh chit nhit c¢6 AB = a, AD = 2a, tam gidc SAB déu va

nam trong mat phang vudng gdc véi day. Tinh thé tich mat cAu ngoai tiép khdi chép S. ABCD?

Lovi giai

Bwéc chuan bi: Xac dinh tim dwdng tron ngoai tiép da gidc & mat bén vuéng géc véi mat
day

Goi H 1a trung diém doan thang AB. Khi d6 SH L AB (tinh ch4t tam giac déu)

(SAB) L (ABCD)
AB = (SAB) n (ABCD) = SH 1 (ABCD)
SH L AB

= SH la dwdng cao cia hinh chép S.ABCD.

Goi G tdm dwong tron ngoai tiép tam gidc SAB

= G 1a trong tAm ASAB ,G nam trén doan SH.

Bwérc 1: Xac dinh tim dwong tron ngoai tiép da giac day

Goi I 1a giao diém hai dwong chéo AC va BD trong hinh chir nhat
ABCD.

Khi d6 I 1a tAm dwong tron ngoai ti€p hinh chir nhiat ABCD.
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Bwérc 2: Dwng truc dwong tron ngoai tiép cua da giac day.

Dung dudng thang d di qua diém I va vudng géc (ABCD), khi d6 dwong thang d dworc goi 12 truc
dwong tron ngoai tiép ciia hinh chir nhat ABCD.

V&i diém O bat ky nam trén d thi 0OA = OB = OC = 0D (1).

Mat khac SH L (ABCD) = SH || d

Bwéc 3: Dwng tim mit ciu ngoai ti€p hinh chép
Trong mit phang (SH; d), dung doan thang GO L SH v&i O € d. Hién nhién GO || HI.

. . 4. (GO L (SAB)
Khi d6 ta nhan xét: {G la tAm dwong tron ngoai tiép (SAB)
= GO la truc dwong tron ngoai ti€p tam gidc SAB = 0S = OA = OB (2)
Twr (1) va (2),0S = OA = OB = OC = OD nén O cach déu cac diém S, A, B, C va D. Hay O dwoc goi

la tdm mdt cdu ngoai tiép hinh chép S.ABCD véi ban kinh R = SO.

Bwdc 4: Tim ban kinh mat ciu

noso- = (5] (8- [F) (-5

Cach 2: Dung cong thirc giai nhanh

Bc‘li tap tw luyén

Cau 1. Tinh dién tich mat cAu ngoai tiép hinh l4p phwong c6 canh bang a?

Cau 2. Tinh thé tich khoi ciu noi tiép hinh l4p phwong ABCD. A'B’'C'D’, biét AC' = a?

Cau 3. Tinh dién tich mat ciu ngoai ti€p hinh hdp chit nhat ABCD.A'B'C'D’, biét AB = 2,AD = 4
vaAA' = 1.

Cau4. Cho hinh chép S. ABC c6 canh SA vudng géc véi day, ABC l1a tam gidc vudng tai A va BC =
2a, SA = 2a. Tinh ban kinh ctia mat ciu ngoai ti€p hinh chép S. ABC?
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Cau 5. Cho hinh chép S.ABC c6 canh SA vuéng géc véi day, ABC la tam giac déu canh 2a, SA =
2a. Tinh ban kinh cia mat cau ngoai ti€p hinh chép S. ABC?

Cau 6. Tinh thé tich khéi ciu ngoai ti€p lang tru dirng c6 day la tam giac déu canh 2 va chiéu cao
bang 4?

Cau7. ChohinhchépS.ABCD c6 canh SA vudng géc véi day, SC = av/3, ABCD la hinh vudng canh
a. Tinh thé tich khéi cidu ngoai tiép hinh chép S.ABCD?

Cau 8. Cho hinh S.ABCD cé canh SA vuong goc véi day, SA = a, ABCD la hinh vudng, géc gitra
canh SC va (ABCD) bang 45°. Tinh thé tich khéi cAu ngoai ti€p hinh chép S.ABCD?

Cau9. Tinh dién tich mit ciu ngoai tiép hinh chép tam giac déu c6 canh bén bang av/3, canh day
bang a?

Cau 10. Tinh thé tich ctia khéi cAu ngoai ti€p hinh chdp tir gidc déu c6 tit cd cac canh bang a?
Cau 11. Tinh thé tich ctia khéi cAu ngoai ti€p hinh chdp tir gidc déu c6 canh bén bang a va goc
gitta canh bén va mat day bang 45°?

Cau 12. Cho hinh chép S.ABC c6 ddy 1a tam gidc déu canh a, tam giac SAB déu va nam trong mat
phang vudng goc véi day. Tinh ban kinh mat cAu ngoai tiép hinh chép S. ABCD?

Cau 13. Cho hinh chép S.ABCD c6 day la hinh vudéng canh a, tam gidc SAB vudng tai S va nam
trong mat phang vudng gdc vdi ddy. Tinh ban kinh mat ciu ngoai tiép hinh chép S. ABCD?
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on . , A
E PHUONG PHAP TOA PO TRONG
—
@)

KHONG GIAN

%1 /  HETRUC TQA PO

- { TRONG TAM ) N
1. Toa do cuaa vecto
AZ
a) Pinh nghia:u = (x;y;2z) © U =x1+y]+zk
Véi 1, 3, Kk lan lwot 13 cac vecto don vi: 1= (1;0;0),
= —>
7= (0;1;0),k = (0; 0; 1) c6 tinh chat: Ak
?=p=kK=1waij=tik=kj=0. 0| X
i 1 i
b) Tinh chat: Choa = (aj;az;a3), b = (by;by;b3) kER T) : j_> y
% |
e dtb=1(a;tby;a, £byas+b;) :
e ka = (ka;ka,;kas) X !
al = bl
o 3 =b o {az = bz
a3 = b3
e 3cung phwongb (E +* 6) o 3d=kb(k€eR)
a1 - kb1
. 41 4y ag o
(= {az — kbz hO@C b_ = b_ = b_ =k (VO’I b1b2b3 * 0)
a3 == kb3 1 2 3
e Tichvd hwéng: 3.b = a;.b, + a,.b, + as.bs
e Haivecto vudng goc:3 L b & a,b, + ayb, + asbs; = 0
e Modul clia vecto (dd 16n ctia vecto): |d| = y/aF + a3 + a3
e 3% =a?+aj+a}
., 3ab b, + a,b, +azb
 Goc gitra hai vecto: cos(3,b) = _)a = == 0 21 322 2 > s ;’ >
(véi5,5¢6) |al.[b|] /a% + a3 + ad.y/b? + bZ + b3
. J
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{ TRONG TAM ) \
2. Toa d6 cua diém g
N — \\T\\\
a) DPinh nghia:M(x;y;z) © OM = x.1+y.]7+ z.k
M
(x: hoanh d9, y: tung dg, z: cao dd) N |
k i
Chi y: 0l i s
—)\\\\\ : //é/ ;
e MEe (Oxy) © M(x;y;0) e M€ Ox < M(x;0;0) i o1
e MEe€ (0yz) & M(0;y;z) e MEeOye M(O;y;00 y
e MEe (0xz) ©® M(x;0;z) e MEe 0z < M(0;0;z) !
b) Tinh chat: Cho A(xa;ya; Za), B(Xg; ¥B; Z5)
o VectoAB = (Xg — Xa; Y5 — Yai Zg — Za)
e Badiém A, B, C thing hang & AB = KAC (k € R)
¢ D0 dai doan thing AB: AB = |AB| = /(xg — x4)? + (y5 — Ya)? + (25 — 74)?
, . . Xp + X + Zp+ 2
e Toado trung diém M cia doan thang AB: M( A > B;yA > YB; A > B)
e Toadd trong tam G cua tam giac ABC:
XA+XB+XC yA+yB+yC ZA+ZB+ZC
N )
3 3 3
e Toa do6 trong tam G cua tir dién ABCD:
G(XA+XB+XC+XD'YA+YB +YC+YD_ZA+ZB +Zc+Zc)
4 ’ 4 ’ 4

3. Tich c6 hwéng cua hai vecto

Ky hiéu: 3 A b hoiic [3, b]

Khi dé: [3,1_5] = (azb3 - a3b2; a3b1 - a1b3; albz - azbl)

Tinh chit:
o |[§,§]| = |al. |B|.sin(§,§)
e [3b]Lavaldb]Lb
. [35]--[5.4)
e [Ljl=K o [1K =1 e [ki]=7
e 3 bcungphuong © 3, B] =0.
e [3 B]G =0 &3 vecto 3, b va ¢ ddng phing

- Y,
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: { TRONG TAM ) \

U'ng dung chia tich c6 hwéng:

Dién tich hinh binh hanh ABCD:

<SDABCD = |[ﬁ, E]l

SoaBcp = |[ﬁ' ﬁ]l

Dién tich tam giac ABC: S e = % |[AB, AC]|

S AB,AC
Do dai dwong cao tam giac ABCké tir A: AH = £ABC _ |[ ‘jl

BC 2|BC|
Thé tich khéi hép ABCD.A'B'C'D': Vapcoa's'c'n’ = |[AB,AC|. AA'|
Thé tich tit dién ABCD: Vagcp = % |[AB, AC]. AD|
P06 dai dwong cao cia tr dién ké tir A:  AH = ”ﬁ)?—;_%ﬁ))l

Cac bai toan dwéi day déu dwgc xét trong hé truc toa do Oxyz.
Dang 1. Lam quen v¢&ihé truc toa dg Oxyz

Cho diém A(2; —3; 5). Xac dinh toa do cac diém:

a. H 1a hinh chiéu vuong goc cua A 1én Oy. b. B 1a diém déi xirng véi A qua Oy.

Lovi gii

\ Vi du 1.2 [
Cho diém A(2; —3;5). Xac dinh toa d0 cac diém:

a. H1a hinh chiéu vuong goc cia A lén (Oxz). b. Bla diém déi xixng véi A qua (0xz).

Lovi gii
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—\Vidu 1.3

Cho hai diém A(3; 1; 0), B(4; 3; 1), x4c dinh toa dd AB.

Loi giai

A\ Vidu 1.4

Tim s8 thwec x vay sao choa = (x — 2; 3 — 2y; —4) cung phu’o'ngg = (-3;1;2).

Lo giai

—\Vidu 1.5

Cho ba diém thang hang A(3; 1; 0), B(4; 3; 1) va C(x; y; —2). Tinh gi4 tri x — 3y.

Loi giai
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—\ Vidu 1.6 [

Chod = (1;-1;2),b = (3;0; —1). Timtoa dd T = 23 — b?

Lovi gii

—\Vidu 1.7

Chod = (—12; 15; 5),E = (3;0;—1),¢ = (—2;5;1). Xac dinh x, y sao choa = xb + yC.

Lovi gii

—\Vidu 1.8

Cho 2 diém A(2; 3; —5), B(—4; 1; 1). Xac dinh toa d6 trung diém I cia doan thang AB?

Lovi gii
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—Vidu 1.9

Cho 3 diém A(—1;0; 0), B(0; —3; 0), C(0; 0; 2). Xac dinh toa do ctia diém D biét rang ABCD la
hinh binh hanh.

Lo giai

% Bai tap tw luyén )

Caul. Chodiém A(3;1;0), xac dinh toa do6 cac diém:

a. A, la diém doi xtrng véi A qua gbc toa do O. b. A, 1a hinh chiéu vuéng géc ctia A qua lén Oz.
c. A; la diém do6i xtirng ctia A qua Oz. d. A, la hinh chiéu vuéng goc ctia A qua 1én Oyz.

e. Ag la diém d6i xirng cua A qua Oxy.

Cau 2. Chovectoa = (2x;—1;4),tim sd thwc x vay sao cho b= (—=2;y + 1; —2) cung phwong a.
Cau3. Cho hai diém A(3; 1;0), B(4; 3; 1), xac dinh toa d6 BA.

Cidu4. Chobadiém A(3;1;0), B(4;3;1).Xac dinh toa do diém C ndm trén mat phang (Oyz) sao
cho ba diém A, B, C thang hang?

Cau 5. Chovectod= (1;—-1;2),timtoaddvectoi=2a—71+ 2J.

Cau 6. Chobavectod = (2;1;—2),b = (3;—3;5). Tim toa dd vecto T théa:d — 2k =3 + 2b
Cau7. Chobavectod = (1;—1;2),b = (3;0;—1),¢& = (—2;5; 1). Xac dinh c4c s6 thucx, y, zthoa
manT = x3 + yb + z&.

Cau 8. XAc dinh toa do trung diém P ctia doan thang MN véi M(—3;2; 1), N(1; 2; 5)

Cau9. Cho2diémA(2;3;—-5),B(—4;1;1).Xac dinh toa do6 diém C sao cho A 1a trung diém doan
thang BC.

Cau 10. Xac dinh toa do diém G la trong tAm tam gidc ABC v&i A(2; 3; —5), B(—6; 1; 1), C(1;2; 1)
Cau 11. Cho tam gidc ABC véi A(1; —3; 3); B(2; —4; 5), C(a; —2; b) nhan diém G(1; ¢; 3) lam trong
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Cau 12. Trong khéng gian v&i hé toa dd Oxyz, cho A(2; 3; —5), B(—4; 1; 1), C(1; 2; 1). Xac dinh toa
do diém D sao cho ABCD 1a hinh binh hanh.

Cau 13. Trong khong gian Oxyz, cho A(—1;1;2), B(2; —1; —3) va C(7;4; —3). Tim toa d6 M la

diém théa man AM = 2AB — AC.

Dang 2. Tich vo hwéng cua 2 vecto’ va irng dung

—\Vidu21[

Cho3 = (2;-1;2),b = (3;—2;1) Tinh 3.b.

Lovi gii

iVi du 2.2 [

Cho3 = (2;-1;2),b = (m; 1; 1). X4c dinh s6 thwc m sao cho 3 L b.

Lovi gii

—Vidu23 [

Cho diém A(1; 2; —3) va B(—2; 1; 1), xac dinh toa d6 diém C trén truc Oy sao cho tam gidc ABC

vuong tai B?

Lovi gii
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—\Vidu24 [

Choa = (2;—1;—1), tinh d6 dai vecto a?

Loi giai

A\ Vidu25F

Cho A(1; 0; —3), B(2; 4; —1). Xac dinh d6 dai doan thang AB.

Lo giai

iVi du 2.6i

Tinh khoang cach tir diém A(—1; 2; 3) dén mat phang 0z?

Lo giai

—\Vidu27

Tinh khodang cach tir diém A(—1; 2; 3) dén mat phang (Oyz)?

Lo giai

—\Vidu2.8 ]

Choa = (2;-1;2), b= (3; —2; 1), xac dinh s6 do goc gitra 2 vecto da cho?

Loi giai
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»' — -~ -
{4 Bai tap tw luyén )
Caul. Chohaivectod=27+3kDb=(2;—1;5) Tinh3a.b.

Cau2. Chohaivectod = (2;-1;2),b = (3;—2;1). Tinh a@. (3 — 2b).

Cau 3. ChobadiémM(2;3;—-1),N(—1;1;1) vaP(1;m — 1;2). Tim m dé MN vuéng goc NP.
Cau4. ChodiémA(2;3;2)vaB(—2;—1;3),xac dinh toa d6 diém C trén truc Ox sao cho tam giac
ABC vubng tai A?

Cau5. Chovectou = (1;1;4), tinh |u]?

Cau 6. Xac dinh do dai doan thang MN biét M(—3; 2; 1), N(1; 2; 5).

Cau 7. Cho haidiém A(1;0; —3), B(2;4; —1). Tim toa d6 diém C € Oy sao cho AB = BC?

Cau 8. Xac dinh khoang cach tir diém A(2; —3; 1) dén truc Ox va mat phang (0xz)?

Cau9. Chohaivectoa = (2;1;2), b= (1; —2; —2), xac dinh s6 do goc gitra 2 vecto da cho?
Ciau 10. Chohaivectod = (2;1;2), b= (x; 4; —3). Cé bao nhiéu sé thuc x sao cho goc gitra 2 vecto

da cho bang 60°?

Dang 3. Tich c6 hwéng cia 2 vecto va wng dung

—\Vidu3.1l[

Cho3 = (2;-1;2),b=(3;-2;1). Tinh3Ab.

Lovi gii
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—Vidu33 [

Cho A(1; —2;0), B(3; 3; 2), C(—1; 2; 2). Tinh dién tich ctia tam giac ABC.

Loi giai

—\Vidu34 [

Cho A(1; —2;0), B(3; 3; 2), C(—1; 2; 2). Tinh d0 dai dwong cao AH cta tam giac ABC.

Lo giai
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— Vidu3sF

Cho A(1;—2;0), B(3;3;2),C(—1;2;2),D(3; 3; 1) Tinh thé tich cta t& dién ABCD ?

Lovi giai

Bc‘li tdp tw luyén )

Caul. Cho haivectod = (1;1;—2),b = (2; 1; 1), tinh [3; b]?

Cau2. Cho3vectod=(1;1;-2),b=(-1;1;2)vad¢= (x+2;2x—1;1). Timx d& 3 vecto 3, b,
¢ dong phang.

Ciu 3. Chobdn diém A(1;—-2;0), B(1;0; —1), C(0; —1;2) va D(0; 3; d). Xac dinh d dé bon diém
A, B, Cva D dong phang?

Cau4. ChoA(3;3;2),B(~1;2;2),C(3;3;1). Tinh dién tich cia tam giac ABC.

Cau 5. Cho hinh binh hanh ABCD ¢6 A(1; —2;0), B(3; 3; 2), C(—1; 2; 2). Tinh dién tich ctia hinh
binh hanh ABCD.

Cau 6. ChoA(1;-2;0),B(3;3;2),C(—1;2;2). Tinh d6 dai dwong cao BK ctia tam giac ABC.
Cau7. Tinh thé tich t& dién ABCD véi A(—1; —2; 4), B(—4; —2; 0), C(3; —2; 1) va D(1; 1; 1).

Cau 8. Cho bdn diém khong dong phang A(1; —2;0), B(3; 3; 2), C(—1;2; 2), D(3; 3; 1). Xac dinh
do dai dwong cao AH ké tir A cta ti dién ABCD.

3Vageo  |[AB, Tc].ﬁ])

1
\Y/ = —AH.S AH = ———
( ABCD = 3 BCD < Soen |[BC,BD]|

Dang 4. Matcau
Phwong trinh mét ciu (S) c6 tdm I(a; b; ¢) va ban kinh R:

(S):(x—a)’+ (y—b)2+ (z—c)? =R?

Xét phwong trinh (S):x2? + y% 4+ z2 — 2ax — 2by — 2cz+d =0
Diéu kién dé (S) 1a phwong trinh mit cau: a2 + b%2 + ¢2 —d > 0.

Khi d6, mat cau (S) c6 1(a; b; ¢) vaban kinh R = Va2 + b2 + c2 —d
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A\ Vidudd [

Xac dinh toa d6 tAm I va ban kinh mat cau:

a(S):x—2)2+{y+1*+z2=9 b.(S):2x% +2y? + 222 +4x—2y—2z+2=0

Lo giai

—AVidud2 P

Tim tit cd cic gia tri cia tham s6 m dé phuwong trinh (S):x? +y? + z? — 4x + 2my + 6z

+14 = 0 1a phwong trinh ctia mat cau ?

Lo giai

—\Vidu 43

Viét phwong trinh mét cau (S) théa man:
a. Tam I(1; 1; —2) va ban kinh bang 3 b. Tam I(1; 1; —2) va di qua diém A(2; —1; 1)
c. Pwong kinh véi A(1; 1; —3) va B(—3; 1; 5)

Lo giai
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—\Viduda

Cho bon diém A(6; —2; 3), B(0; 1; 6), C(2; 0; —1) va D(4; 1; 0). Khi d6 mat ciu ngoai tiép t& dién
ABCD c6 ban kinh bang bao nhiéu?

Lovi gii
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Bdi tdp tw luyén )

Cau1l. Xacdinh tdm va ban kinh cidc mit ciu sau:
a(S):Ex—1)2+F+1)*+(@z+2)?=9 b.(S):x?+y?+z2—2x+2y—4z—2=0
c.(8):3x?+3y?+3z2—6x+12y— 122+ 18 =0

Cau 2. Viét phwong trinh mit ciu (S) thoéa:

a. Tam I(1; —2; 3), ban kinh R = 2? b. Tam [(2; —1; 3) va di qua diém A(3; —4; 4).

c. Pwong kinh AB véi A(0,2,0), B(2; 3; 1).

Cau 3. ChobadiémA(2;0;0),B(0;—3;0)vaC(0;0;6).Xac dinh ban kinh mit ciu ngoai ti€p hinh
chop OABC?

Cau4. Viét phwong trinh ctia mat cau (S) di qua A(0,2,0), B(2;3; 1), C(0,3; 1) va c6 tdm & trén
mit phang (0xz)?
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Wi 2 / PHUONG TRINH MAT PHANG

. { TRONG TAM ) N

1. Phwong trinh téng quat cia mit phang

Ax + By + Cz + D = 0 v&i A% + B2 + C2 # 0 c6 vecto phap tuyén lan = (A; B; ).
2. Vecto phap tuyén ctia mit phang
Vecto phép tuyén ctia mit phing (P) 12 vecto khac 0 va c6 gia vudng goc voi (P).
Phuong trinh mat phang (P) di qua diém Mg (Xo; Vo; Zo) va c6 vecto phap tuyén ni(A; B; C)
A(x—%0) +B(y —yo) + C(z—2) =0
3. Cac mit phang toa dé
Mait phang (Oxy):z = 0 Mait phang (Oyz):x = 0 Mit phang (Oxz):y = 0
VTPT lak = (0;0;1) VTPT1a1= (1;0;0) VTPT1aj = (0;1;0)
4. Cactrwonghop riéng
Xét phwong trinh mit phang («): Ax + By + Cz+ D = 0 véi A% + B2 + C2 = 0.
e N&uD = 0 thi mit phing («) chita diém 0(0; 0; 0).
e Né&u mot trong cac hé s6 A, B hodc C bang 0 thi mit phang sé song song (D # 0) hodc
chira (D = 0) cac truc toa do twong &ng la 0%, Oy hoac Oz.
e Né&u () cat cac truc toa do tai cac diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢) v&i abe # 0.

. , X z
Phwong trinh mat phang theo doan chan (a): 3 + % + o= 1.

\ J

Cac bai todn dwéi ddy déu duwoc xét trong hé truc toa d6 Oxyz.

Dang 1. Phwong trinh mit phang

—\Vidu 1.1

Diém nao sau diy thudc mat phang (P): —2x+y—5=10
A. (—2;5;0). B. (—2;2; -5). C. (0; —1;-5). D. (—2;1;-5).

\ Vi du 1.2 [

Mit phang (P): —2x + 2y — 4z — 3 = 0 c6 vecto phép tuyén la:
A.n=(-2;2;4) B.n=(-2;-2;4) C.n=(1;,-12) D.n=(1;1;2)

Lovi giai
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—\Vidu 1.3

Viét phwong trinh mit phang (P) di qua diém A(—1; 1; 0), va c6 vecto phap tuyénn = (0; 2; —1)

Loi giai

—\Vidu 1.4

Viét phwong trinh mit phang (P) di qua diém A(1; —2;1) va vudng goéc BC voi B(—1;—1;2),
C(2;1;1)?

Loi giai

—\Vidu 1.5

Viét phwong trinh mit phang (P) di qua cac diém A(—1; 1; 0), B(0; 2; 2), C(0; 0; —2)?

Loi giai
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A\ Vidu 1.6

Cho cacdiém A(1; 1; 1), B(—2; 1; 2), C(—1; 1; 3), D(2; 2; —1). Viét phwong trinh mit phang chira

AB va song song véi CD.

Lovi gii

A Vidu 1.7

Viét phwong trinh mit phang trung trwc ctia doan AB véi A(—1;0; 1), B(—3;2; 1).

Lovi gii
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—\Vidu 1.8 [

Viét phwong trinh mit phang chita truc Oy va diém A(1; —2; 2).

Loi giai

Xét phwong trinh mat phing («): Ax + By + Cz + D = 0 véi A% + B2 + C2 # 0.
e Néu () cat cac truc toa do tai cac diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢) véi abe # 0.

. . X vA
Phwong trinh mat phang theo doan chan («): 3 + % + o= 1.

e Mit phang di qua di€ém H(x,; yo; Zo) cat cac truc toa do tai A, B, C sao cho H 13 triec tAm
tam giac duwoc tao thanh: xo(x — x¢) + yo(y — vo) + 2o(z — 25) =0
e Mit phang di qua diém H(x,; y,; zo) cat cac truc toa do sao cho H 1a trong tAm tam giac

dwoc tao thanh cé phwong trinh: —+ L+ =1
3X0 3Y0 3Zo

e Mat phang di qua diém H(a; b; ¢) cit cac truc toa dd tai ba diém A, B, C sao cho thé tich

khéi chép OABC la nhé nhiat: — + -~ + = =1
3X0 3Y0 320

iVidl.l 1.9i

Viét phwong trinh mat phang (P) di qua cac diém A(0; 1; 0), B(0; 0; 2), C(—2; 0; 0).

Lo giai
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—Vidul.10

Viét phwong trinh mit phang (P) di qua H(1; 1; —3) ct cac truc toa dd 0x, Oy, Oz Ian lwot tai A,

B, C sao cho H la truc tam tam giac ABC?

Lovi gii

Bc‘li tdp tw luyén )

Cau 1. Viét phwong trinh mit phang (P) théa man:

bi qua diém M(2; 2; —3) va cé vecto phap tuyénn = (1; —2; 1).

bi qua cic ba diém A(0; 1; 0), B(1; 0; 2), C(—2; 2; 0).

bi qua diém A va vuéng goc AB véi A(0; 1; 0), B(1; 0; 2).

bi qua diém A va vuéng géc BC voi A(1; 1; 1), B(—2; 1; 2), C(—1; 1; 3).

Chtra BC va song song véi AD vai A(1; 1; 1), B(—2; 1; 2),C(—1;1; 3), D(2; 2; —1)
Chtra diém A(1; —2; 1), B(2; 1; 2) va song song truc Oz.

ISR

- o Ao 0

bi qua diém A(1; —2; 1) va song song truc Ox, Oy.
. Chtra truc Oz va diém A(1; —2; 2).

= @

(P) 1a mit phang trung truc ciia doan thang MN véi M(2; 1; 2), N(—2; 3; 0).
j. Diqua cac diém A(0; 1; 0), B(1; 0; 0), C(0; 0; —3).

[

k. Di qua diém A(1; —2; 1), cdt cac truc toa do 1an lwot tai M, N va P sao cho A 1a trong tAm tam giac
MNP.

l. Diqua diém A(1; —2; 1), cat cac truc toa d6 Ian lwot tai M, N va P sao cho A 1 trwc tAm tam giac
MNP.

m. (P) di qua H(1; 1; —3) cit cac truc toa dd Ox, Oy, Oz lan lwot tai A, B, C sao cho thé tich khdi chép
OABC la nho nhat?
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Dang 2. Khoang cach

Trong khong gian hé truc toa dd Oxyz, cho mat phing (P): Ax + By + Cz + D = 0 va diém
My (Xo; Yo; Zo)- Khoang cach tir diém M, dén mit phéng (P), ky hiéu 1a d(M,; (P)), dwoc tinh
theo cong thirc:

|Axq + Byo + Czq + D|

d(Mo; (P)) =

A\ Vidu21 [

Tinh khoang cach tir diém A(2; 1; —3) dén mat phang (P):2x +y + 2z + 4 = 0.

Loi giai

iVi du 2.2 [

Tinh khodng cach gitra hai mit phang song song (P):x — 2y —2z+4 =0 va (Q): —x + 2y +
22+ 2 =07

Loi giai

—AVidu23f

Viét phwong trinh mit phang (P) c6 vecto phap tuyénn = (2; —2; —1) va cach diém A(2; 1; —2)

mot khoang bang 3

Lo giai
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—\Vidu24

Viét phwong trinh mat ciu (S) c¢6 tAm I(1; —1; 1), tiép xdc mat phang (P): 2x + 2y —z+ 7 = 0.

Lo gii

~#IN
{2 Bai tap tw luyén )
Cau 1. Tinh khoéang cach tir diém M(2; 2; —3) dén mat phang (P): 2x + 2y —z+ 7 = 0.

Cau 2. Viét phwong trinh mat ciu cé tAm A(1; 1; 1) va tiép xtic mit phang (P):2x + 2y —z +
7=0.
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Dai 3 / PHUONG TRINH PUONG THANG

. { TRONG TAM ) \

Vecto chi phwong clia dwong thang 13 vecto c6 gia song song

a
hodc nam trén dwong thang. ’07
Puong thang A di qua diém My (Xq; Yo;Zo) va nhan vecto B

1 BA

a = (ag;aaz)vbia? +a,? + az? # 0lamvecto chi phwong.
Khi d6 duwong thang A c6 phwong trinh
X = XO + alt
e Dangtham s6:{y = yo + a,t; (t € R)
Z =17 + azt

s < X—X - Z
e Dang chinh tic: — 0 - T

_z,
aia,az # 0
1 a, a3(123 )

Phuwong trinh tham sé cuia cac truc toa do:

X=t

e Truc Ox:{y = 0 (t € R) c6 vecto chi phwong1(1; 0; 0)

z=0

x=0

e Truc Oy:{y =t (t € R) c6 vecto chi phwongj(0; 1; 0).
z=0

x=0 .

e Truc Oz:jy = 0 (t € R) c6 vecto chi phwong k(0; 0; 1).
z=t

Cac bai toan dudi diy déu dwoc xét trong hé truc toa do Oxyz.

Dang 1. Phwong trinh dwong thang

—\Vidu 1.1 \

Xac dinh vecto chi phwong cia cac duwong thang:

x+1 y—-1 z-5 x=2+t
a. A;: =TT =3 b. Ay:jy=—-1+4+3t (teR)

z=—-2t
c. Puwong thang di qua hai diém A(0; —2; 1) va B(3; 1; —5)

\ 7

Lo giai
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—\Vidu12 [

X=2+t
Pwa phuwong trinh dwong thang{y = —3t  vé dang chinh tac.
z=-—1+5t
Lovi giai
i Vidu 1.3 [
X—-3 y+1

Pwa phwong trinh dudng thang == fvé dang tham sé.

Lovi gii

—\Vidu 1.4

Viét phwong trinh chinh tic ctia dwong thang di qua diém M(1; 2; —1) va c6 vecto chi phwong
a=(1;-3;2).

a. Dang chinh tac b. Dang tham s0

Lovi gii
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% Bai tap tw luyén )

Cau 1. Xac dinh mot vecto chi phwong cla cac dwong thang:
d x—2 y+1 z Xx+2 3-y z-5
1 T2 T -1 1 2 T 4
x=3—m
ds:jdy=24+m (m€R) d,: Pi qua hai diém M(1;2; —2) vaN(2; —1;1)
z=-2+3m
x=2-—t
Cau 2. Duwaphuwong trinh dwong thidng d:{y = 3t — 1 vé dang chinh tic.
z=1+t

X+2 -1 Z—3 ~
- = y_l =—ve dang tham so.

Cau 3. Duwaphwong trinh dudng thang
Cau 4. Viét phuong trinh dwong thiang di qua diém A(2;—1;3) va c6 vecto chi phuwong
a=(1;-2;-1).

a. Dang chinh tac b. Dang tham s&

Cau 5. Viét phwong trinh dwong thang di qua hai diém M(1; 2; —2) va N(2; —1; 1).

a. Dang chinh tac b. Dang tham s&
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D 4 / VI TRi TUONG POI

Cac bai toan dwéi day déu dwgc xét trong hé truc toa do Oxyz.

Dang 1. Vi tri twong d6i gitra cac doi twong trong Khong gian

Cho hai mit phang (P): A;x + B;y + C;z + D; = 0va (Q): A,x + B,y + C,z + D, = 0.
Xét vi tri twong ddi gitra hai mat phang (P) va (Q):
Al Bl Cl D1
P R
BI@: =g =g * 5
Bl Cl Dl

P — .Al— —
()=(Q)-A—2—B—2—C2—D2

—\Vidu 1.1 \

xét vi tri twong doi gitra cac d6i twong sau:
a.(P):2x—y+3z+1=0va(Q):4x—2y+6z—1=0
b.(P):2x—y+3z+1=0va(Q):4x—2y+6z+2=0
c.(P):2x—y+3z+1=0va(Q):2x+y—z—2=0

(P) 1 (Q)' A]_AZ + B]_BZ + C1C2 =0

(P) cat (Q): treong hop con lai.

. 7

Lovi gii
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—\Vidu12[

cho hai mit phdng (P):x+ (m+ 1)y —2z+m=0va (Q):2x—y+ 3 =0, véi m 1a tham s6
thwe. Xac dinh gia tri tham s6 m dé (P) 1 (Q).

Lo giai

\ Vi du 1.3 [

Cho hai mat phang (P):2x + 4y + 3z — 5 = 0 va (Q): mx — ny — 6z + 2 = 0. Gi4 tri clia m, n sao

cho (P) song song v&i (Q) 1a bao nhiéu?

Lo giai

Cho hai mit phang (P): A;x + Byy + C;z+ D; = 0 cat (Q): A,x + By + C,z + D, = 0.
Puong thang d 1a giao tuyén clia hai mat phang 1a dwong thang thoa:
e Vecto chi phwongu = n; An,.

A1X0 + B1Y0 + D1 =0

e Diqua diém M(xg;yy; 0) véi Xy, yo théa man hé phwong trinh {A %o + Byyo + Dy = 0
2Xo + B2y + Dz =

—\Vidu 1.4

Viét phwong trinh tuyé&n hai m3t phang (P):x+y=0va(Q):x—y+z+4 =0:

Loi giai
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Cho hai duwdng thang d; c6 VTCP u; = (ay; by; ¢c;) va di qua diém A(Xa;ya; Za) , d, c6 VTCP
u, = (ay; by; c,;) va di qua diém B(xg; yg; Zg)-

Xét vi tri twong ddi gitra hai dwong thang d, va ds.

u; cung phwong u, u, cung phwong u,
d1Edz‘i’—1>\gp gi d1||d2=’—1> {;p R 8t s
AB cung phwong u, AB khoéng cung phwong u,

d, citd, © (G; AW;).AB =0 d; chéo d, & (U; AUy).AB # 0

d; L d, © aja, + b;b, + ¢;c3 = 0 (kiém tra tinh chat nay khi d; cit hoac chéo d,)

A Vidu 15 2

Trong khong gian v&i hé toa do Oxyz, xét vi tri twong déi gitta cac duwdng thang :

x—3 y—-1 z-2 x=5—2t
a.dq: S =TT T3 vady:jy=2—t
z=1+3t

b.dl: > 1 3

y=2-—t

x—1 y—-2 z—-1 {X=1_2t
= vad,:
z=1+3t

c.dq:

x—1 y—-2 z-3 4 X=é+t2
2_3_4va2.y—+t

z=3-—2t
\ y,

Lovi gii
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Mit phang (P):Ax + By + Cz+ D = 0 c6 VTPT i = (A; B; €)

X =X + at
Puwong thang d:{y =y, + bt (t € R) c6 VTCP U = (a; b; c).
Z =7Zg + xt
n cung phwong u.

'

e Duong thang vudng géc mit phang &

e
3

I
1
1
1

X = Xp + at

: 3 2 =yo +bt

e Duong thang nam trong mat phang < Hé 327 _ Z(‘)’ et
Ax+By+Cz+D =0

7 n ~ A
c6 vO sO nghiém

X =X +at

: o = + bt

e DPuwong thang song song mat phang & Hé }ZI _ Z:: Lot
Ax+By+Cz+D =0

vO nghiém

u
7 A
|
X = Xq + at

. i § = bt
e Duong thang cat mat phang & Hé Z _ Zs :ll-_ct
Ax+By+Cz+D =0

c6 mot nghiém
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A\ Vidul.6 [ 2

Xét vi tri twong d6i gitra cac doi twong sau:
d_x—3_y+2_z—4
adi—g-="—7—=—

va(P):3x—y—2z+5=0.

x=—-1-t
b.d:{yz—1+tvé(P):x+2y+32—6=O.
z=3+t

x=—-1-t
C.d:{y=—1—tVé(P):X+2y+32—6=0.

z=3+t
daX-t o Yte 2ol pyx—y4zl=0
A== va (P 2x —y 42 =0.
\_ J

Lovi gii
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—\Vidu 1.7

Xac dinh toa d6 giao diém cua hai déi twong:

x=1-3t
KoL _y=2 242 8 Dy — ) N yd Xt oyt _z2
al—="=— va(P):x—y+z+4=0. bAjy=-1+4+2tvad: ==
7 =

Loi giai
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Dang 2. Goc

Mat ph:?mg (P) c6 VTPT l“1_1> = (ag;az;az), (Q) c6 VTPT n_z) = (by; by; bs)
In;.nz| la;b; + azb; + azbs|

In7|.nzl  \/aZ +aZ + aZ.\/bZ + bZ + b2

Khi d6: cos((P); (Q)) =

Puong thang d; c6 VTCP u; = (ay;ay;as), d, c6 VTCP u; = (by; by; bs)
lui.uz| la;b; +azb; + asbs|

Khi dé: cos(dy; dy) = —=—— =
U7l 10z] /aZ + a2 + aZ./b? + b3 + b2

Mt phdng (P) c6 VTPT Il = (ay; a,; a3); DPuong thang d ¢6 VTCP U = (uy; uy; us)

- —

|n. U| |a1u1 + dy Uy + a3u3|

|mil. [ \/a% +a% +a§.\/u% +u§ +u§

Khi do: sin((P); d) S

—\Vidu21f
1 _ y+1

Xécdinhgécgitrad:%—7=_ilvé (P):2x+y+2z—1=0.

Lo gii

Bdi tap tw luyén )

Caul. Xacdinh gdc gitra hai d6i twong sau:

x = 3t
a.d:%lz%lz_ilvéd': y=-2+t b.(P):2x+y+2z=0va(Q):3x—4z+2=0
z=1-—t
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Dang 3. Phwong trinh dwong thing, mit phang irng dung tinh chit song song, vudng géc

(P)[1(Q) = n¢py cung phwong n(g) (P) L (Q) =1y LN

Al|d = u, cung phwong ug Ald=>1u, Lug

(P)||A=nLu (P) L A = 1 cung phuong u
niLu

AC(P):’{la‘iyAed=>Ae (P)

A Vidu3.1l [

Viét phwong trinh mit phang (P) di qua A(2; 1; —5) va song song (Q):x — 2y + 2z — 3 = 0.

Lo giai

A Vidu32

Viét phwong trinh mat phang (P) di qua A(2; 1; —5), vudng goc véi (Q):x — 2y + 2z — 3 = 0 va
(R):2x—y+z—1=0.

Lo giai
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A\ Vidu34 [
x=1+4+t

Viét phwong trinh duwdng thing di qua diém A(1; 2; 3) va vudng géc véi d;: {y =2—t vasong
z=-2+72t

song (P):x—y+z+4=0.

Lovi gii

—\ Vidu33F
y—1

Viét phwong trinh mit phang chira diém A(1; 2; 3) va duwdng thang d:g =——-=z+3.

Lovi gii

Bdi tap tw luyén )

Cau 1. Viét phwong trinh mat phang (P) di qua A(2;1;—5) va d TW
X=2+t I '

vudng goc voi d: {y =3 -2t | -
z=—2t - |
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Cau 2. Viét phwong trinh mat phang (P) di qua A(2; 1; —5), vudng 2 J \QT;
x=2+t @
gocvoi (Q):x — 2y + 2z — 3 = 0 va song song v&id: {y = 3 + 2t. Al
z=1-t B | ()
Cau 3. Viét phwong trinh mit phang (P) chita hai diém A(1; —1; 2), <
B(2; 1; 1) va vudng goc véi mit phang (Q):x+y+z+ 1 = 0. |

Ciu 4. Viétphuwong trinh mit phang (P) chita hai diém A(1; —1; 2), L . 4 Tw
x=1+t — I
B(2;1;1) va song song v&i duwdng thang d: {y =2—-t . .4/3[; "
z=-2+72t
Cau 5. Viét phwong trinh mit phang (P) chita diém A(1;—1;2), d»
x=1+t 5 2 N
song song v&i hai dwong thang dy: {y =2—t va dz:%1 = %1 = ,
z=-2+2t T
ez G
: .
Cau 6. Viét phwong trinh dwong thang d di qua A(2;1;-5) va d TW
vuong goc voi (P):x — 2y + 2z —3 = 0. T A
|

Cau 7. Viét phwong trinh dwong thang d di qua diém A(2; 1; —5) va song song v&i d’:X%1 =

y+1  z-3
P

1
Cau 8. Viét phwong trinh dwong thiang di qua diém A(1; 2; 3), song song véi (P):x +y =0 va
Q:x—y+z+4=0.

Cau 9. Viét phwong trinh duwdng thing di qua diém A(1; 2; 3) va vudng goc véi 2 dwong thang

x=1+t +1 1 +2
N X - X
d1!y=2—t VadZ:szT >

z=—2+4+2t
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Cau 10. Viét phwong trinh mit phang (P) chra dudomng thiang @

d:X%1 = % = 131V€‘:1 vudng goc véi mat phang (Q):2x+y —z = 0.

—_

= ANF

Cau 11. Viét phwong trinh mat phang chira hai dwong thang cat 1
. T ” x=-1+t¢t |
nhaUdl:X__ZzyTzzTVédz: y=—t . %I ‘;\d"/
z=—-2+43t . :
Cau12. Viét phuwong trinh mit phdng chta dudng thing \\ N i
da
x=2+t I
di:jy = —t va song song d,: X = Y2 - 222 % 7
1 y - g g 2 -2 1 3" /'1'[
Z = _1 + 3t dy
Dang 4. DPwong thing cit mot dwong thang cho trwéc
—\Vidudl [
Viét phwong trinh dwong thang di qua diém A(1; 2; 3), cat va vudng dj 1
g(’)cvé’idl:?:%:%? ui
AN
d A ™ M

Lovi gii
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—Vidud2 [
Viét phwong trinh dwong thang di qua diém A(0; 2; —4), catca dy
-2 -1 +1 x=—1-2t
hai dwong thang dl:XT = y_—z = ZTvé dy:qy=3+3t ?
z=-2-—t

" 7

Loi giai
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Viét phwong trinh dudng vuéng goéc chung cua hai duong thang
X—2 y+1 z+3 x=1+t
d13T:__2:__2Vad25 y=2—-t ?
z=-2+2t
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Bc‘li tap tw luyén ) o

dl

Cau 1. Viét phwong trinh dwong thidng di qua diém A(1;2;3), cit

X—2 y+1 zZ+3 x=1+t
il =i ="V O j i . = — ? —
dy:— — = —, vavuong goc voi dz.{y 2—t 7 d A 0 M
z=—-2+2t
A PN N N 2 . P < X—2 y+1 z+3 . >
Cau 2. Viét phwong trinh dwong thang di qua diém A(1; 2; 3), cat d;: —— =", =, vanam
trén mit phang (P):x—y+2z—5=0
dy Y
T AM Tﬁ
T M (P
(P / /
d nam trén (P) d song song (P)
Cau 3. Xac dinh mot vecto chi phwong cia dwong thing di qua diém A(0; —1;0), cit ca hai
x=1+t x=-34+3t
duong thang A:{y =1 —tvaA,:jy = =2 ?
z=1+t z=2-2t

x=1+t
Cau 4. Viét phwong trinh dang duwdng vudng goc chung cta hai dwong thang A:{y =1 —tva

z=1+t
x=-3+3t
Ap:jy = =2 ?

z=2—2t
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%5 /  HINH CHIEU VUONG GOC

Cho diém M(Xy; yo; Zo) va mat phang (P):Ax+ By +Cz+D =0

®
H(x; y; z) 1a hinh chiéu vudng gdc cia M 1én (P): M
e H € AvéiAladudng thang di qua M(Xy; yo; Zo) va vudng A
X =Xg t+at
goc (P): {y =y, + bt L
Z =17yt Ct B °m
e He (P):Ax+By+Cz+D=0
X = Xy + At
o A ea X A oA < y =Yo + Bt
Khi do, toa d6 diém H(x; y; z) la nghiém cta hé phwong trinh: =7 4 Ct
=1y

Ax+By+Cz+D=0

i Vidul [
Cho diém A(0; 1; 2) va mit phang (P):x+y +z = 0.
a. Xac dinh toa d6 diém H la hinh chiéu vudng goc ciaa A 1én (P).
b. Xac dinh toa do diém B la diém déi xirng véi A qua (P).

Lovi giai
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X =X, +at
Cho diém M(x; yo; Zo) va dudng thing A:{y = y; + bt
Z=17t+ct

H(x; y; z) 1a hinh chiéu vudng géc cia M 1én A
X = X; + at M *
e H EAVé’iA:{y=y1 + bt
Z=17;+ct
e H € (P) la mat phing di qua diém M va vudng goc A.

(P):a(x—x¢) + b(y —yo) +c(z—125) =0 A

Khi d6, toa do6 diém H(x;y; z) 1a nghiém cia hé phwong trinh:

ol
H

X =x; + At
y =y; + Bt
z=12; +Ct
a(x—xg) +b(y —yo) +c(z—2) =0

iVing [ \

Cho diém M(2; 0; 1) va dwong thang A: X;ll = % = %?

a. Xac dinh toa do diém H la hinh chiéu vudng géc ctia A 1én A.

b. Xac dinh toa d6 diém B la diém doi xirng véi A qua A.

Loi giai
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X = Xg + at
Cho dwong thang A:{y = y, + bt va mat phidng (P):Ax+ By + Cz+D =0
Z=17y+ct

Khi d6: DPwong thang d 1a hinh chiéu vudéng gdc ctia A 1én mit phang (P) c6 tinh chét:

e Vecto chi phwongu = (up An) AN
e Diqua giao diém M(x; y; z) 1a giao diém cuta A va (P) la nghiém cta hé phwong trinh:
X = Xy + At
y =Yyo + Bt
z =12y +Ct
Ax+By+Cz+D=0

' \ Vidu3 [
x=1

Viét phwong trinh d, 13 hinh chiéu vudéng gécctiad:{y =1+t 1én (P):x+y+z = 0.
z=4-7t

Lovi gii
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Cho di€ém M(X; yo; Zo) ¢6 H 1a hinh chi€u vudng géc ctia M 1én dwong thang A.

Khi d6: (P) 1a mat phang chira A, cich M mot khodng 16n nhAt.

& (P) di qua H va c6 vecto phép tuyén MH.

' \ Vidu 4 [

Viét phwong trinh mit phang (P) chira A: X%l == Z%Z sao cho khoang cach tir M(2; 5; 3) dén

(P) 16n nhat?

Lo giai
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Cho diém M c6 H 1a hinh chiéu vudng géc ctia M 1én mat phang (P). Piém A ndm trén (P)

Khi dé: A 1a dwong thang di qua A, nam trong (P) va caich M mot khoang nhé nhit

& A di qua A va ¢ vecto chi phwong AH

— Vidu5 [

Viét phuong trinh dwdng thidng A di qua diém K(3; 0; 0), nam trong mat phang (P):x+y + z
—3 = 0 sao cho khoang cach tir diém M(3; 2; 1) dén dudng thang A 12 nho nhat.

Lovi gii
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