TRAI HE HUNG VUONG KY THI CHON HQC SINH GIOI

LAN THU XVIII-HOA BINH 2024 LAN THU XVIII, NAM 2024
PE THI MON: TOAN, KHOI 11

P Ngay thi: 02/8/2024 ‘
- ( a ) Thoi gian: 180 phit (khong ké thoi gian giao dé)

S / beé thi gom: 01 trang

PE THI CHINH THUC

Chii y: Thi sinh lam méi bai todn trén mét to gidy thi.
Bai 1 (4,0 diém). Cho a 1a s6 thyc, xét day s6 (u,) xac dinh boi: u, = a,u , =u’ +u ,¥neN.

bit § = ! + ! + - F L ,n > 1. Tim tat c4 cac gia tri clia a dé day (S,) c6 gii
I+u 14w, I+u,

han httu han va tinh gigi han do theo a.

Bai 2 (4,0 diém). Cho dudng tron (O) duong kinh AB. Piém M thudc tia dbi ciatia AB (M khac

A). Ké duong thang qua M cét (O) tai ¢ va D (C nam giita M va D). Goi N la giao diém cia

AC va BD, I la giao diém cta AD va BC. Puong thang di qua M vudng goc v6i AB cit

AD, BC lan luot tai E, F. Pudng tron (IEF) cat NI tai diém tha hai la J.

a) Chimg minh rang F, A, J thang hang.

b) Goi P la diém ddi xting v6i I qua O. Pudng thang di qua I song song véi NP cit AB tai
Q; duong thang di qua Q song song voi NI cit PA, PB lanluottai R, S. Ching minh rang (PRS)
tiép xuc voi (IEF).

Bai 3 (4,0 diém). Tim gia tri 16n nhit clia s6 nguyén duong & dé ton tai da thic P(z) € Z[z] thoa
man dong thoi hai diéu kién sau:

i) P(z) c6 nghiém nguyén;

i1) P(z) — 2024 c6 dung k nghiém nguyén phan biét.
Bai4 (4,0 dz‘ém). Co gido viét 1én bang 80 s6 thuc phan biét va dua ra thur thach cho mdt nhém hoc
sinh. M0i ban ban dau dugc phat hai manh giay va s€ dua theo cac so trén bang dé thao luan véi
nhau ma viét 1én moi manh giay nhén dugc mot con so (cac s6 khong nhat thiét phan biét va cting
khong nhat thiét giong s nao do cua c6). Moi luot thur thach ¢6 giao doc mot s6 = trén bang va yéu
cau tat ca hoc sinh deu phai chon mot trong hai manh gidy cuia minh dé gio 1én. Luot thir thach dugc
vuot qua néu tong tat ca cac s trén cac to gidy dugc gio 1én diing bang z. Nhom hoc sinh dugc coi
13 vieot qua thir thach néu vuot qua tat ca 80 luot thir thach Gmg véi 80 sé di cho.

a) Chung minh rang cho du ¢6 gido viét nhitng s6 nao thi mdt nhém gom 79 ban chac chan sé
ludn c6 cach vugt qua thu thach.

b) Néu cd viét cac so 0,1,...,79 thi nhém can it nhat bao nhiéu ban dé c6 thé vugt qua thir thach?
Bai 5 (4,0 diém). Mot s6 nguyén duong © goi 14 s& “Hoa Binh” néu ton tai hai s6 nguyén z,y thoa
man (z° — 62 +12)(z° +12h) = ¢’ va z 18.

a) Ching minh rang s6 2 1a mot s6 “Hoa Binh”.
b) Tim s6 “Hoa Binh” nho nhat.

(Thi sinh khong duwoc s dung tai liéu. Can bo coi thi khong gidi thich gi them)
Ho tén thi sinh:.
SO bao danh: ...coooouuiii i, Phong th1 ......................................................



TRAI HE HUNG VUONG K1 THI CHON HOQC SINH GIOI
LAN THU XVIII - HOA BiNH 2024 TRAI HE HUNG VUONG NAM 2024

(Huéng din cham gom c6 06 trang)

HUONG DAN CHAM MON TOAN, KHOI 11

Cau Noi dung Diém
Bai 1 (4,0 diém). Cho o la sé thuc, xét diy sé (u,) xdc dinh béi:
Uy = a,u, = ui +u ,Vn €N
. 1 1 £,
Dat S = + 4+ ,n>1. Tim tat cd cdac gia tri
"o l4u, 1+, I+u
ciia a dé ddy (S,) cé gidi han hitu han va tinh giéi han dé theo a.
Ta xét cac truong hop sau:
THI. a = —1 hodc a = 0. Khid6 v, =0, Vn > 1. Suyra 0,5
lim$ =limn = +oo.
TH2. —1<a < 0. Bang quy nap tacd —1 < u <0, Vn >1. Hay
0<l+4u <1Vn>1. 1,0
Khidé S >n,Vn >1. Suyra lim$§ = +oc.
TH3. a > 0. Khidé (v, ) la day tang.
Gia str (u, ) bi chan trén. Khi d6, theo Dinh 1y Weierstrass, day (u ) hoi
. tu. Pat limu = b. Chuyén qua gi6i han cong thirc xac dinh diy ta duoc
Caul " 1,0
b=0"+b «
, vO ly.
b>0 Y
Viay, (u_) khong bi chin trén. Do d6 limu = +oc.
Tur cong thirc xac dinh day ta lai co
1 1 1
u =u (14+u ), ha =— .
" n( ”) y 1 + un un un+l
Khi d6 1,0
g Lttt 1
! ul un+1 ul 0/2 + a
TH4. a <—1. Khid6 u, > 0. Tiép theo 14 hoan toan twong tu TH3 ta
. 1
dugc lim S = > .
a” +a 0,5
Tom lai, tat ca cac gid tri cua a dé day (S, ) c6 gioi han hitu han la

1

2

a —I—a.

a < —1 hoac a > 0 va khi do limSn =




Cau 2

(4,0 diém). Cho dwong tron (O) dwong kinh AB. Piém M thugc tia
doi ciia tia AB (M khdc A). Ké dwong thang qua M cit (O) tai C
va D (C ndm giita M va D). Goi N la giao diém ciia AC va BD, I
la giaordiévm ciua AD va BC. Duong thang di qua M vuong goc voi
AB cat AD, BC lan lwot tai E, F. Pwong tron (IEF) cat NI tai
diém thir hai la J.

a) Chirng minh rang F, A, J thang hang.

b) Goi P la diém doi xieng véi I qua O. Puwong thang di qua I
song song véi NP cit AB tai Q; dwong thing di qua () song song vdi
NI cdt PA, PB lin lwot tai R, S. Chitng minh rang (PRS) tiép xiic
vdi (IEF).

2a

a) Goi K 1a giao cia NI v&i CD. Xét tam giac NAB c6 AD, BC, NI

dong quy nén (MKCD) = —1 nén I(MKCD) = —1. (1)

o —

Vi C, D €(0) nén ACB = 90", ADB = 90°. Do dé I 1 tryc tam tam | 1,0
gidc NAB. Suyra NI 1 AB.

Dan d&én NI//EF. )

T (1) va (2) suy ra M 1a trung diém EF

Két hop v6i MA L EF suy ra tam cia (IEF) thuoc AM. Do d6 AM la

dudng trung tryc cia EF va [1J. 1,0

Suy ra phép ddi xtmg truc AM bién E, A, I lanluotthanh F, A, J. T d ta

c6 F, A, J thing hang.




2b

Goi L 1a tim cia (IEF). Taco FCA = 90°, FMA = 90° nén tir gidc
FCAM nbi tiép.

Suy ra CMA =CFA=CFJ = %sdIJ =1ILA Dodé LI//CD. (3)
Vi O 1a trung diém cua IP va AB nén IAPB 1a hinh binh hanh. Dan dén
PA 1 NA, PB 1 NB. Do d6 tit gisc NAPB ni tiép. Suy ra

—_ -

PNB + NDC = PAB + NAB = 90°. Do d6 NP L CD. (4)
T (3) va (4)suyra LI L NP = LI 1 IQ. Do & QI 1atiép tuyén cua
(IEF). Theo tinh chat d6i xtng ta c6 QJ 1a tiép tuyén cta (IEF).

1,0

Vi QS//NI nén QS L AB. Suyra
ARQ = 90° — BAP = 90° — ABI = 90° - CDI

—90' - LIA = AIQ = AJQ.
Suy ra tt giac AQRJ noi tiép. (5)

—

Theo tinh chat ddi ximg qua AB ta co fTJ\B = ZIE = APB. Suyrath
giac ABPJ ndi tiép. (6)

Tir (5) va (6) suy ra J 1a diém Miquel ctia tir gidc toan phan BPRQAS.
Suyra J € (PRS).

Tacé NP la dudong kinh cta duong tron (NAJPB) nén

PJN =90° = PJ//AB.

—_—

Do d6 RPJ = QAR = C;]?E Suyra QJ latiép tuyén cia (PRS). (¥*)
Tl (*) va (**) suy ra (PRS) tiép xtic v6i (IEF) tai J.

1,0




Cau3

(4,0 diém). Tim gid tri lon nhd:t clia so nguyé‘n dwong k. dé ton tai da
thirc P(z) € Z|x] théa mén dong thoi hai diéu kién sau:

i) P(x) c6 nghi¢m nguyén;

i1) P(z) — 2024 co dung k nghi¢m nguyén phan biét.

Trudce hét ta chi ra ton tai P(z) khi k = 6.

That vay, ta c6 2024 = —4.(—1).1.2.11.23. Xét da thic
P(z)=—(x—4)(x—1)(z+1)(x +2)(z + 11)(z + 23) + 2024.

R& rang P(z) € Z[z], P(0) =0 va P(z)—2024 c6 dung 6 nghiém

nguyén phan biét 1a
4,1, —1, —2, —11 va —23.

1,5

Tiép theo ta chi ranéu k > 7 thi khong ton tai P(z) € Z[x] thoa min
d6ng thoi hai diéu kién cia bai toan.

That vay, gia sit P(z) € Z[z] ma P(z)— 2024 nhan 7 nghiém nguyén
Ty, oo Khi do

P(z) 2024 = (z —z,)(z —z,)...(z — 2.)Q(x) véi Q(z) € Z[z]. (1)

Gia st P(z) c6 nghiém nguyén 1a a. Thay = = a vao (1) ta dugc
—2024 = (a—=z))(a—1x,)...(a — z,)Q(a). (2)

Vi z,z,,...,o. phnbiétnén a — z,a — x,,...,a — x_ phén biét. Trong

khi d6 2024 = 8.11.23 chi biéu dién duoc thanh tich cta nhiéu nhat 1a 6
s6 nguyén phan biét. Diéu nay mau thuin véi (2). Do d6 néu k > 7 thi
khong ton tai P(z) € Z[x] thda man dong thoi hai diéu kién cua bai toan.

phan bi¢t 1a z

Tir d6 ta c6 gia tri 16n nhat ctia k can tim 13 6.

2,5

Cau 4

(4,0 diém). Cé gido viét lén bang 80 sé thwe phéan bigt va dwa ra thir
thach cho mgt nhom hoc sinh. MGéi ban ban dau dwoc phdt hai mdnh
glay va sé dwa theo cdc so trén bing de thao lu@n voi nhau ma viét lén
méi méanh gidy nhin dwgc mjt con 0 (cac s6 khéng nhdt thiét phin
biét va ciing khong nhat thiét giong so nao dé cua co). MGéi lwot thir
thich cé gido doc mét sé6 = trén bang va yéu cdu tit cd hoc sinh déu
phai chon mot trong hai mdnh gidy ciia minh dé gio lén. Lwot thir
thach dwoc vieot qua néu tong tit cd cdc sé trén cdc to gidy dwoc gio
lén dung bang x. Nhom hoc sinh dwoc coi la vuot qua thu thdach néu
virot qua tit cd 80 lwot thir thich.

a) Chirng minh rang cho dii c¢é gido viét nhitng sé nao thi mét
nhém gom 79 ban chic chin sé luén cé cich viot qua thie théch.

b) Néu cé viét cic s6 0,1,...,79 thi nhém can it nhét bao nhiéu ban dé
co thé vt qua thir thach?

4a

a) Gia str co da viét 1én bang céc so a,,0y,...,0q. V61 79 hoc sinh, ta co

thé cho cac ban chon viét cac sO nhu sau:

;0), (a

(aja, —a, +ay), (a,—a;

o , —a,;0), ..., (a,—a.;0).
Khi d6, d€ bi€u dien a ,ban déu ti€n chon a, va cac ban con lai chon s6 0.
C1r thé, dé biéu dién so a, voi 1<k <79, chi can k£ ban dau tién chon so

thtr nhat cia ho va cac ban con lai chon s6 0 1a dugc, tong s€ 1a

2,0




a, +(a,—a)+-+(a, —a_)+0+---+0=aq,.

Cudi cung, d€ bi€u dien s6 a,, ban dau tién chon s6 a, —a_, + a,,, con tat

807 80°

ca cac ban con lai chon s thir nhét cua ho, tong thu dugc s& 1a
9 al) + (a3 - az) Tt (a79 - a?S) = G-

Nhu thé, cach chon trén 13 hop 1& va 79 ban s& vuot qua thir thach.

(a1 —a., + aSO) + (a

4b

b) Gia sir ¢6 tit ca k hoc sinh. Ta thdy riang trong mdi lan, timg ban s& c6 2
cach chon sb dé gio 1én nén s€ co tat ca 2" cach chon bd sb cho nhom hoc
sinh ndy. RO rang cac tong thu dugc c6 thé phan bi¢t hoac khong nén so
luong téng tao thanh s€ khong vuot qua 2% . Vi thé, dé nhom ban vuot qua
thur thach nay thi can co6 diéu kién

2" >80 hay k> 7.

1,0

Véi k=7 ta co thé cho cac ban viét cic sd sau day:
{0,2°},{0,2'},{0,2°},...,{0,2°} . Khi d6, v&i s6 0, tat ca cac ban ciing chi
can gio s6 0 1én.

RG rang téng 16n nhdt c6 thé biéu dién duwoc 1a
2 +2" +...4+2° =27 —1 =127 va mdi s6 nguyén dwong khong vuot qua
127 deéu co6 thé viet thanh tong cta cac luy thira phan biét cia 2 nén cac
ban luon co6 cach gio bang dé bi€u dién cho moi so6 tir 1,2,...,79 ma cd viet
1én bang.

Do d6, sb luong hoc sinh it nhat can dé vuot qua thir thach 1a 7.

1,0

Caus

(4,0 diém). Mot so6 nguyén dwong h goi la s6 “Hoa Binh” néu ton tai
hai s6 nguyén x,y thod man (z* — 6z +12)(z* + 12h) = 4* va z Ié.

a) Chiig minh rang s6 2 1a mot s6 “Hoa Binh”.

b) Tim sé “Hoa Binh” nhé nhat.

S5a

Véi h =2, tachon x =5 thi (5° —6.5+12)(5* +24) = 7.49 = 7°, 1a mot
lap phuong dung, cip sb (z,y) = (5;7) 1 thoa man.

Vay h =2 1a s6 nguyén duong nho nhét thod man dé bai.

1,0

Sb

V6i h =1, ta s& chi rang khong c6 cip s6 nguyén (z,y) nao thoa man dé
bai. That vdy, gia sa phan ching ring c6 (z,y) nguyén ma
(2" — 6z +12)(2° +12) = ¢° va =z 1¢.

Néu 3|z thi rd rang 3 |y nén 27| y°. Mit khac 2° +12 = 3(mod9) va
2° — 61 +12 = 3(mod 9) nén hai sb nay chia hét cho 3 chir khong chia hét
cho 9. Piéu nay kéo theo

v, ((a:2 — 61 +12)(2° + 12)) = 2, khong thoa man.

1,0




Do d6, két hop véi z 1é ta c6 ged(z,6) = 1. Dit

d = ged(z® — 6z +12,7” +12). D& thiy ged(z” — 6z +12, 6) =1 nén
ged(d,6) =1. Taco d | (z° +12) — (2> — 67 +12) = 62 nén d | z. Tir d6
d|(z* +12)— 2" =12 néncod d = 1. Vi thé, mdi s6 z° — 6z +12 va

2% +12 déu phai la 1ap phuong ding.

Pit 2 — 3 = a thi c6 sé nguyén b dé

b’ =2’ -6r+12=(r-3)+3=0d"+3.

Vi z 1é nén a chin va b 1é. Néu b =1(mod4) thi b* =1(mod4), kéo
theo a” = 2(mod4), 16 rang vo ly. Vi thé nén b = —1(mod 4).
Taviétlaia® +4=0"+1=(b+1)(b> -b+1).

Khi d6 b* —b+1= (-1 +(-1)+1=3(mod4), va d& y b*—b+1>0
nén no s& ¢ udc nguyén to p c6 dang 4k +3 (voi ke Z7).

Ta c6 bo dé sau (Bo dé Fermat vé s6 nguyén té dang 4k + 3):

Bo dé: néu p la sb nguyén t6 c6 dang 4k +3 va a,b € Z thoia man
p|a®+b” thi p|a,b.

Khi d6 p | a® +2* nén theo bo dé trén thi c6 ngay p |2, v6 1y. Do d6, trong
trudng hop nay khong cé cip so nguyén (z,%) nao thoa man.

Vay sé “Hoa Binh” nho nhat 13 2.

2,0

Ghi chii: khéng yéu cau hoc sinh chirng minh b6 dé da néu trong bai, vi néu
dung thang dw bdc hai thi ciing co ngay két qua twong wng nhu trén.
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