PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG

BAT PANG THUC MINKOWSKI VA AP DUNG
Vii Quéc Trigu , Ha Nji thing 6.2023
A.BAT PANG THUC MINKOWSKI

Hermann Minkowski (1864 — 1909) 1a mdt nha Toéan hoc sinh tai Aleksotas (ngoai 6 cia Kaunas, Litva)
trong mot gia dinh géc Pirc, Ba Lan va Do Thai. Tai Dﬁc,@ng hoc & Pai hoc Berlin va Kénigsberg, noi
ong nhan hoc vi tién si nam 1885 dudi su hudng dan cua Ferdinand von Lindemann. Khi con 14 sinh
vién tai Konigsberg, nam 1883 Ong da duogc nhan giai thuong Toan hoc ctia Vién khoa hoc Phap cho cac
cong trinh vé Iy thuyét cac dang Toan phuong.Hermann Minkowski di day tai dai hoc Bonn, Géttingen,
Konigsberg va Zurich. Tai vién Bach Khoa lién bang (Federal Polytechnic Institute), nay 1a ETH Zurich,
6ng 1a mot trong nhing thiy gido cuia Albert Einstein (1979 — 1955).

Luuy:

Bét dang thirc Minkowski thuong sir dung 13
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PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG

- Cho s6 phtic z thda man |z| <2 .GTNN cua biéu thic P = 2|Z + 1| + 2|z —1| + 2‘2 —z- 41"
bang

A. 4. B. 4+2:3. C.8+44/5. D. 4/5.
( Trich dé thi khdo sdt mén Todn 12 trwong THPT Lé Quy Pon — Déng Da, Ha Ni 2023 )
Loi giai
Chon B

bat z=x+yi (x,ye]R).

Gia thiét |z|£2<:>x2 +y> <4 suyra y’ S4:>ye[—2;2].

Taco: P=2(x+1) +3° +2\(x=1) + " +2[y—2)|

=2[\/(x+1)2+y2 +J1-xy +y2}—2(y—2)

Ap dung bat dang thirc Minkowski, ta c6:

PZZ\/(X+1+1—X)2 +(y+y)2 —2(y—2):4 1+y° —2(y—2):f()’)

o 1
Déubéngxéyra@izlaxzo.

l-x y

Xétham sd f(y)=41+y" =2(y-2) véi y €[-2;2].

f'(y)=J%—2; f'(y)=0<:>«/1+y2:2y<:>y:%e[—2;2],

1
— |=4+2\3
)2
Taco | f(2)=4/5 :>Zy\€1[ilg§=4+2x/§c>y=%;x=0<:>z=%i,
f(=2)=4J/5+8

Nhan xét : O phép danh gid trén, ta da siv dung BPT Minkowski dé tri¢t ha dn x, khong
trigt ha dn y!

- Trong khong gian véi hé toa 30 Oxyz ,cho mat cau (S) : (x - 1)2 + (y - 1)2 +z° =25
va hai diém 4(7;9;0), B(0;8;0). Diém M di dong trén(S). Gié tri nhd nhat cua biéu thie
MA+2MB bang

A. 53. B. 52. C. 55. D.5.
Loi giai
Chon C

@ Trang 2



PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG

Goi M (x;332) =M e(8):(x—1) +(y—1) +22 =25 x> +y* +2° ~2x -2y -23=0.

Ta co:

MA+2MB = \[(x=7) +(y-9) +2> +2{/x" +(y—-8) +2

:Jﬁeif4{y—9f+zz+&0+2Jﬁ+{y—8f+zz

:\/(x—7)2 +(y—9)2 + 7z +3.(x2 +y*+2° —2x—2y—23)+2\/x2 +(y—8)2 + 7z

2\/)c2+y2 +z° —5)6—6y+%+2\/x2 +(y—8)2-|—z2

zszz+y2+22—5x—6y+%%+2¢x2+(y—8f—+f

qNGXT LBy () Rt (8 12

Ap dung bét dang thirc Minkowski ,ta co:

Pzz\/(g—xﬂc]z +(3—y+y—8)2 +(—z+z)2 =55

5
7_x .

:i—X:k>0
X y-
Z:

8 x=1
0 = y:6:>M(1;6;0).
X+ +z°-2x-2y-23=0 z=0

- Trong khong gian voi hé toa 46 Oxyz ,cho dudng thing d : % = % = % , dudng thang

_1 1 3 N 2
d’:%=y—= Zl+ va hai diém A4(2;1;-1), B(1;1;2). Goi M, N 1an luot la hai diém di dong

Dau bang xay ra <

trén d va d' sao cho MN =+/5. Biét rang gia tri nho nhat cia AM + BN c6 dang
Ja+b (a,beN). Tong a+b bang

A. 3. B. 1. C.57.

=

. 27.
Loi gidi
Chon D

Goi M(m;m;m) ed va N(n;n+1;n—1)ed’.

Ta co MN=\/(m—n)2+(m—n—1)2 +(m—n+1)2
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Vi MN=\/§:>\/(m—n)2+(m—n—l)2+(m—n+l)2 :\/§:>|m—n|:1:>[

m—-n=1

m-—n=-1

Taco AM +BN = \[(m=2)" +(m—1) +(m+1) +\/(n-1) +n* +(n-3)

—\3m* —4m+6 +3n> —8n+10

- T 5]

Ap dung bt dang thac Minkowski ,ta c6:

AM+BN>x/§.\/(mn+§j2 +(E+EJZ

3 3

2 2
- TH1:m—n-1:>AM+BN2x/§.\/[1+§j +{@+@] =33

m-—n=1
3 333
. 2 4 m=> M(a%)
Diu bing xay ra<> 1 " 7 3 = = :
_3_3 .o 1 13 -1
4 _\/ﬁ n=-— N _9_5__
g—n ? 2 2°2°2

3 3
m—n=-1 111
1 .
. 2 V4 m=> M(zaz}
Déu bang xay ra<> { "~ 3 3 = = )
1 m>0 =2 | 3.5.1
g—n T 2 2°272

. a=27
Két hop THI va TH2 suy ra min(AM+BN)=3J§=ﬁ+0:{ , = arb=27.

_ Trong khong gian Oxyz, cho hai diém A(1;5;0); B(3;3;6) va duong thing A:

=7 _y*3_ 228. Goi M(a;b;c) 1a diém thudc duong thing A sao cho chu vi tam giac

2 -1
MAB nhé nhat. Khi d6 a+b+c bang
Al B. 2. C. 4. D. 3.
Loi giai
Chon D

- Cach 1 : Pai sé - Sir dung BPT Minkowski.

Goi M (7+26;-3—1;8+2t)eA.
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Ta c6 chu vi tam gidc MAB 1a
P=MA+MB+ AB =9 + 721 +164 +9¢* + 361 +56 + 211

P=3 (t+4)2+[¥j2+ (t2)2+(¥J2 +2411

Ap dung bat dang thac Minkowski ,ta c6:

1323.\/(”4—;—2)2 +£¥+£I = 2329 + 2411

3
25
L3 t+4 3
Dau bang xay ra < =—St=-3=M(L0;2).
g xay 2 (1,0;2)
3

Vay a+b+c=3.

- Cach 2 : Hinh hoc.

Goi H va K lan luot 13 hinh chiéu vudng goc ciia 4 va Blén A

Ké duong thing d di qua K va song song v6i AH .Trén d lay diém B’ e d sao cho
KB' = BK va diém A, B' khac phia voi duong thing A (tham khéo hinh v&)

A

Suy ra MA+ MB+ AB=MA+ MB'+ AB> AB'+ AB = const .
Do d6 MA+MB+ AB dat gié tri nho nhit khi M = AB' A
Tinh duoc toa d diém H (~1;1;0); K (3;-1;4); AH =23/5;BK =24/5

Lai c6: —7-=—""~= AH.MK = MH.B'K = MH = KM (1)
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PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG
-8-2t=4+2¢
Taco M(7+2;-3-1,8+2t)eAnén (1)< 4+t=-2-t <t=-3=M(102).
—8-2t=4+2¢

Vay a+b+c=3.
- Trong khong gian Oxyz , cho hai diém A(—2;1 —3) va B(l; —3;2) . Xét hai diém M va N
thay d6i thudc mat phang (Oxy) sao cho MN =3. Gia trj 16n nhit caa |AM -BN | bang

A. 65 B. V29. C. J26. D. \91.

( Trich dé thi THPT QG mén Todn — BGD ndm 2021 — Dot 01 )

Loi giai
Chon A
- Céch 1: Dai s6 - Sir dung BPT Minkowski.
Goi M(a;b;O); N(c;d;O) € (Oxy).

Taco MN =3 < (a—c) +(b-d) =9.

< {x:a—c 2, 2
bat =>x +y =9.
y=b-d

Ta co

|AM—BN|:‘\/(a+2)2 +(b-1) +9—\/(c—1)2 +(d +3) +4‘

=Wl 2y (017 () (e (a3 (2]

Ap dung bét dang thirc Minkowski ,ta co:

M~ BN|<\J(a+2-c+1) +(b—1-d =3)’ +(3-2)

& |AM ~BN| < J(a—c+3) +(b—d—4) +1

& |AM — BN| < J(x+3) +(y—-4) +1=Jox—8y+35

Ap dung bét dang thirc Bunhiacopxki ,ta co: 6x —8y < \/(36 + 64)(x2 + yz) =30
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PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG

Suy ra [AM — BN| <65

a+2—-c+1 b-1-d-3 3-2 2a—-3c=-7
= = >0 .
a+?2 b—1 3 2b-3d =11

(2)

Dau bang xay ra <

(22
5 5
5 5

Toe(1)va(2)suyra .

M §;—Q;Oj
5 5

(22
i 5 5

- Cach 2 : Hinh hoc.

Taco A,B nam khac phia véi mp (Oxy).

Goi (a):z+3=0 lamp qua Asong song v6i mp (Oxy)va (C)la dudng tron tdm A ban kinh
R =3ndm trong mp ().

+) BH L (a)tai Hsuyra H(1;-3;-3)

+) B’ la diém ddi xtmg cia B quamp (Oxy)suyra B'(1;-3;-2)

+) Va NA'// MA, A'€(C)

Ta c6: |AM ~ NB|=|NA'~ NB'|< A'B'=\BH* + AH* <\[1+(HA+3)" =65

Suyra |AM —NB| =65
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PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG
C.BAI TAP TU LUYEN

BAI TAP 01

Cho sb phirc z = x + yi (x,y € R) Khi biéu thic P = |Z - 1| + |z + 1| + %‘z —z- 4i‘ dat gia tri nho
nhat thi x* +3y° bang
A. 1. B. 2. C. 3. D. 4.

BAI TAP 02
Trong khong gian Oxyz ,cho mit cau (S):(x - 1)2 +(y- 2)2 +(z - 2)2 =81 va hai diém
M (4;-4;2), N(6;0;6).Goi E 1a diém thude (S) sao cho EM + EN dat gia tri nho nhét. Tiép
dién cua mat cau (S ) tai diém E cit truc tung tai diém co tung do br?mg
A. -9. B. 6. C.6. D. 9.

BAI TAP 03
Cho s6 phirc z thoa méan |Z| = 3. Gi4 tri nho nhit cia biéu thic T = |z —9| +3|Z +1- 6i| bang
A. 310, B. 63/10. C. 310 +4. D. 6310 +3.

BAI TAP 04

Trong khong gian Oxyz, cho hai diém A(2;0;0);B(—1;3;—3) va dudng théng

A:%: % = ZIZ Goi M (a;b;c) 1a diém thuoc dudng thang A sao cho chu vi tam giac MAB

nho nhat. Khi 46 a+b+c bang.
A. 1. B. 2. C.3. D. 4.
BAI TAP 05
Xét cac sb phlic z=x+ yi (x,ye]R) théa man |z+2—4i|+|z—3+i|:5\/5. Khi biéu thic
P= |z +i| +|z -3 —3i| dat gi4 tri nho nhét thi tong x + y bang
A. 2. B. 1. C.2. D. 1.
BAI TAP 06
Trong khong gian Oxyz , cho hai diém A(1;—3;2)va B(—2;1;—4). Xét hai diém M va N

thay d6i thudc mat phiang (Oxy) sao cho MN = 4. Gia tri 16n nhat cta |4M — BN| bang

A. 52 B. 3./13. C. J61. D. +/85.

HET
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PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG
DPAP AN & LOI GIAI CHI TIET

BAI TAP 01

Cho sb phirc z = x + yi (x,y € R) Khi biéu thirc P = |Z - 1| + |z + 1| +%‘z —2—41" dat gia tri nho
nhat thi x* +3y° bang

A. 1. B. 2. C. 3. D. 4
Loi giai
Chon A
Tacé:P=\/(x—1)2+y2+\/(—1—x)2+y2+|y—2|
Ap dung bét dang thirc Minkowski ,ta co:
PZ\/(x—l—l—x)2+(y+y)2+|y—2|=2 l+y2+|y—2|:f(y)
x N R x—1 —1-x
Dau bang xay ra < = < x=0.
Yy Y
. 241+ y? -2, y>2
Xéthamsé f(y)=21+ 57 +[y-2|={ VT TITEI=S
2\/1+y2—y+2;y<—2
2V i1y
, «/1+y2
=17,
J -1 y<2
\/1+y2
1
’ :0 -
f'(y)=0sy 7
Ta co BBT :
1
Y |—o0 \/g 2 +00

+00

2+\f§

Tt BBT suy ra MinP:2+x/§<:>y:L;x:O:xz+3y2 =1.
yeR \/§
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BAI TAP 02

Trong khong gian Oxyz, cho mit cau (§):(x - 1)2 +(y-— 2)2 +(z- 2)2 =81 va hai diém
M(4; —4;2), N(6; 0;6) .Goi £ la diém thudc (S) sao cho EM + EN dat gia tri nho nhat. Tiép
dién clia mit cau () tai diém E cét tryc tung tai diém c6 tung do bang
A, 9. B. —6. C.6. D. 9.

Loi gidi
Chon A

D@ thdy (S)c6 tm /(1;2;2),bankinh R =9.

Goi E(x;y;z) = Ee(S):(x—1) +(y-2) +(z-2)" =81 (1).

Taco

EM +EN = \(x=4) +(y+4) +(z=2) +(6-x) +(=y) +(6-2)’

Ap dung bét dang thirc Minkowski ,ta co:

EM+EN > \[(x=4+6—x) +(y+4—-y) +(z=2+6-2) =6

Déubéngxéyrac>x_4:y+4zz_2:k>0<:> 2x-y=12 (2)
6-x -y 6-z 2x-z=6 (3)
([ x=5
y=-2
z=4 | E(5-2-4)(T™M k>0)
o (1)(2)(3
TII()( )( ):> 4 :{E(4;—4;2) (KTMk>0)'
y=-4
| z=2
qua E(5;-2;4)
Vay E(5;—2;4):>(P) o .
VIPT :n, = IE = (4;-4;2)

:>(P):4(x—5)—4(y+2)+2(z—4)=O<:>(P):2x—2y+z—18=0.
Suy ra tiép dién (P) cla mat cAu (S ) tai diém E cét truc tung tai diém co tung d6 y =-9.
BAI TAP 03

Cho s6 phirc z thoa man |z| =3 . Gia trj nho nhét ciia biéu thic T =|z—9|+3|z+1-6i] bang

A. 310 B. 6+/10. C. 3410 +4. D. 6310 +3.
Loi giai
Chon B
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- Céach 1: Dai so - Sir dung BPT Minkowski.

Détz=x+yi(x,yeR).

Gia thiét |z| =3 & x* +)’* =9 x* +)*-9=0 (1)

Taco: P=y(x=9) + )" +3(x+1) +(y—6)

:\/(X—9)2 +3° +8.0 +3\/(x+1)2 +(y—6)2

= (3 =9) + 32 +8(x* 42 ~9) +3(x +1) +(y-6)

=3x% + 37 —2x+1+3x* + 37 +2x—12y +37

=3[ 40t a1 (6-0) |

Ap dung bt dang thac Minkowski ,ta c6:

T23(x—1-x—1) +(y+6-y) =610

Dau bang xay ra < x| :L(:k>0)<:>3x+y:3 (2).

—x—-1 6-y
{xi (TM k >0)
x=0 y=3 V=
Tu (1)(2) = 9= 3= ng < z=3i0.
X=—= |x=—= 5
5 3(KTMk>0)
-3

Vay MinT =610 khi z =3i.

- Cach 2 : Hinh hoc.

Goi M 1a diém biéu dién ciia s6 phtic z trén mit phang Oxy = M thudc dudng tron tim O,
ban kinh R =3.

@ Trang 11
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Ay
B __
M\ TNY
ol K 4 x

Goi 4(9;0), B(-1;6) =T =MA+3MB.
Lay K (1;0)= OM =30K .

AOM chung .
Xét AAOM va AMOK ¢6: S op 04 suy ra hai tam gidc ta xét dong dang véi nhau.

OK OM
Suyra AM =3MK .

Khi d6: T = MA+3MB =3MK +3MB =3(MK + MB) > 3BK = 6+/10.
Déu "=" xdy ra <> M thudc doan thing BK < M (0;3) hay z =3i.

Vay MinT =610 khi z=3i.

- Cach 3 : Luong gidc hoa.
bat z=x+yi (x,ye]R).

2 2
Gia thiét |Z|=3<:>x2+y2=9<:>(§j +(§) =1 (1)

Tu (1), taco

(t S [—7?;7[]).

=sint .
x =3sint
=

=3cost
= Cost Y

W Wk

Khi dé: P =(x=9) + 7 +3{(x+1) +(y—-6)

= \/(?asinz‘—9)2 +(3cost)2 +3\/(3sint+1)2 +(3cosz‘—6)2

Sir dung CASIO véi chitc ning MODE7 hoic MENUS = Min P = 63/10 < z = 3i.
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BAI TAP 04

Trong khong gian Oxyz, cho hai diém A4(2;0;0);B(-1;3;-3) va dudng thing

11
nho nhat. Khi 46 a+b+c bang.

ALY z-2 Goi M (a;b;c) 1a diém thudc duong thrfmg A sao cho chu vi tam gidc MAB

A. 1. B. 2. C. 3. D. 4.
Loi giai

Chon A

- Cach 1 : Pai sé - Sir dung BPT Minkowski.

Goi M (6;6;2+t)eA.

Ta ¢6 chu vi tam gide MAB 1a P = MA+MB+ AB =~3t> +8 +~/3 + 6t +35+33

=3 (t+4)2+£%j+ (—t—1)2+(%J2 +3V3

Ap dung bat dang thac Minkowski ,ta c6:

szg.\/(z‘—t—l)2 +(&+£]2 +3J3 =83

V33
22
Dau bang xay ra <:>;=£<:> t :—l:M(—l;—l;é)
—t-1 42 3 37373
NE)

Viy a+b+c=3.

- Cach 2 : Hinh hoc.

Goi H va K lan luot 12 hinh chiéu vudng goc ciia 4 va B 1én A

Ké duong thang d di qua K va song song voi AH .Trén d lay diém B’ e d sao cho
KB'=BK vadiém A, B’ khéc phia v6i dudng thing A (tham khéao hinh v&)

A

~
b
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PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG
Suy ra MA+ MB = MA+ MB'> AB' = const .
Do d6 chu vi ctia tam giac MAB dat gia tri nho nhat khi M = AB'NA
Tinh duogc toa do diém H (0;0;2); K (~1;—1;1); AH = 24/2; BK = 442
AH MH

Laic6: — =~ = AH.MK = MH.BK = KM =2MH,(1)
t+1=2(0—-¢)

Taco M (t;t;2+1)e A nén (1)< q1+1=2(0—1) @tz—%:M(—%;—%;g)
t+1=2(2-2-1)

Vay a+b+c=1.
BAI TAP 05

Xét cac sd phiuc z=x+ yi (x,yeR) théa man |z+2—4i|+|z—3+i|:5x/§. Khi biéu thirc
P= |z + i| + |z -3- 3i| dat gi4 tri nho nhét thi tong x + y bang
A. 2. B. 1. C.2. D. 1.
Loi gidi
Chon C
Trén mat phéng phuc, xét 2 diém A(—2;4), B(3;—1) vagoi M la diém biéu dién s6 phuc z.

Gia thiét |z +2—4i|+|z~3+i| =52 < MA+MB = AB <> M thudc doan thing 4B.

Duodng thang AB c6 phuong trinh: y=2-x,suyra M (x;2—x) v6i -2<x<3.

Taco: P=yx* +(3=x) +\(x=3) +(-x—1) =v2x" =6x+9 + 122" —4x+10

_ ﬁMx%j +@ B +(2)2}

2 2
Ap dung bt dang thic Minkowski ,ta co: P > ﬁ\/(x —%— X+ lj + (E + 2) =5.

3 3
x_i _
SO , 2 2 9 5 9 5
Dau bang xay ra< == x=—¢e|-23|=zy=—x+y=—+—=2.
SR T T2 7elB3= =3 Y377

BAI TAP 06
Trong khong gian Oxyz , cho hai diém A(1;—3;2)va B(—2;1;—4). Xét hai diém M va N
thay d6i thudc mat phing (Oxy) sao cho MN = 4. Gid tri 16n nhét cua |AM — BN| bang

A. 542, B. 3J13. C. J61. D. /85.

Loi giai

@ Trang 14



PHIEU HOC TAP- BAT DANG THUC MINKOWSKI & AP DUNG
- Céch 1 : Dai so - Sir dung BPT Minkowski.

- Cach 2 : Hinh hoc.

7 H
(@) N

%

M

Oxy

Goi B' 1a diém dbi xtmg v6i B qua mit phang (Oxy),suyra B'(—2;1;4),BN = B'N Va A,B’

& cung phia so v&i mit phang (Oxy)-

Liy diém K sao cho B'’K=NM (B'NMK la hinh binh hanh), khi d6 B'K = MN =4,
B'N = MK .

Do B'K//MN nén B'K nim trén mit phing («) diqua B' va song song vGi mat phing (Oxy)
,suy ra () c6 phuong trinh z=4.

Do B'’K =4 nén K thudc dudng tron (C) nam trén mat phang () co6 tam la B', ban kinh
R=4.

Goi H 13 hinh chiéu ciia 4 lén ()= H(1;,-3;4)va HB'=5>R, E la giao diém cua tia d6i
cuatia B'H voi (C).

Ta co |AM — BN|=|AM — B'N|=|AM — MK| < AK =~NAH® + HK* <\JAH® + HE* .

Ma AH =2,HE = HB'+ BE=5+4=9 suyra |AM — BN| <2’ +9* =85

K=F

M e 4K, <:>M=AEﬁ(Oxy)=M0-

Déu ”=" xay ra khi {

AM - MK|= AK

Vay gié trj 16n nhét cua | 40 — BN| bang /85 .
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