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PHAN 1. DAY SO, CAP S6 CONG VA CAP S6 NHAN
I. PHUONG PHAP QUY NAP TOAN HOC

TOM TAT GIAO KHOA
/" Nguyén ly quy nap toan hoc: )

Gia sa P(n) la mot ménh d@é phu thudc vao s ty nhién n. Néu ca hai diéu kién (i) va (ii) dudi day dugc
théa man thi P(n) dung v6imoi n>m (m1a s ty nhién cho trude).

(i)P(m) dang.

(ii) Véi moi s6 tu nhién k >m, néu P(k+1) ding.

Phuong phéap chiing minh dya trén nguyén 1y quy nap toan hoc goi la phuong phép quy nap toan hoc( hay
goi tat 1a phuong phap quy nap).

PHUONG PHAP GIAI TOAN
Phwong phap:

Pé chimg minh mot ménh dé P(n) phy thude vao s6 ty nhién n dung v6i moi n>m (m 13 s6 tw nhién

cho trudc), ta thuc hién theo hai budc sau:

Budc 1: Chimg minh rang P(n) dung khi n=m.

Bude 2: Véi k 1a mot so tu nhién tiy y, k>m. Gia st P(n)ding khi n =4k, ta s& chimg minh P (n)

ciing dang khi n =k +1. Theo nguyén 1y quy nap toan hoc, ta két luan ring P(n) dung voi moi s6 tu
\.nhién 7n > m. y,

CAC ViDU

Vi du 1: Chung minh rang v6i moi so nguyén n, ta c6:

a). 1.4+2.7+-+n(3n+1)=n(n+1)’

e =

1 1 1 n(n+3)
123 234" a(ntl)(n+2) 4(n+1)(n+2)

a). 1.4+42.7++n(3n+1)=n(n+1)" (1)

Véin=1: Vétrai ciia (1) =1.4=4; V& phai ctia (1) =1(1+1)> =4 . Suy ra V& trai cua (1) = Vé phai cta (1).
Viay (1) dang véin = 1.

Gia sir (1) dung v6i n=4k. Co nghialatacd: 1.4+2.7+---+k(3k+1)= k(k+1)2 (2)
Ta phai chitng minh (1) ding véi n =k +1. Co nghia ta phai ching minh:

144274+ k(3k +1)+(k+1)(3k +4) = (k+1)(k+2)’
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That vy 1.4+2.7++k(3k+1)+(k+1)(3k +4) =k (k+1)" +(k+1)(3k+4) = (k+1)(k+2) (dpem).

=k(k+1)’

Vay (1) dang khi n =k +1. Do d6 theo nguyén li quy nap, (1) ding véi moi s6 nguyén dwong n.

1 1 n(n+3)
b). L = 1
" 1237234 T e (e 2) () (n+2) )
Véin = 1: Vé trdi ctia (1) =—— = L V& phai ctia (1) =— 0+ 1
123 6 A1+)(1+2) 6

Suy ra Vé trai cua (1) = Vé phai cua (1). Vay (1) dung véin=1.
1 1 k(k+3)

Gia st (1) da 5i n =k .Co nghia la ta co: =
1 str (1) ding vG1 = CO nehfa fa ta c6 32 R agen )

Ta phai chirng minh (1) dGng v6i n =k +1. C6 nghia ta phai chung minh:
1 1 1 _ (k+1)(k+4)

23 234 R ) e ey a2 e P

1
123 234 k(e (k+2) " (ke1)(k+2)(k +3)

_ k(k+3)
T 4(k+1)(k+2)

That vay

k(k+3) 1 1
Ta(ke)(k+2) (ke (k+2)(k+3) 4(k+1)(k+2)(k(k+3)+mj

B +6k+9%+4 (k+1)2(k+4) _ (k+1)(k+4) (dpem)
CA4(k+1)(k+2)(k+3)  4(k+1)(k+2)(k+3)  4(k+2)(k+3) Pem)

Vay (1) dung khi n=k+1. Do d6 theo nguyén li quy nap, (1) diing v&i moi s6 nguyén duong n.

Vi du 2: V6i mdi s6 nguyén duong n, goi u, = 9" —1. Chitng minh rang véi moi s6 nguyén duong n thi

u,ludn chia hét cho 8.

Tacod u, =9' —1=8 chia hét cho 8 (diing).
Gia str u, =9* —1chia hét cho 8.
Ta can ching minh u,,, =9 —1 chia hét cho 8.

That vy, ta 6 u,,, =9 =1=9.9" ~1=9(9" —1)+8 =9u, +8. Vi 9u, va 8 déu chia hét cho 8, nén u,,

ciing chia hét cho 8.

Vay véi moi s6 nguyén duong n thi u, chia hét cho 8.
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Vi du 3: Chiing minh rang véi moi s6 tu nhién 7 > 2, ta luén co: 2" > 2n+3 (¥)

Véi n=2 tacod 2°"' >2.2+3 < 8> 7 (ding). Vay (*) ding véi n=2.
Gia st voi n =k, k >2 thi (*) ding, c6 nghia ta c6: 2°"' > 2k +3 (1).
Ta phai chirng minh (*) dGng v6i n =k +1, c6 nghia ta phai chiing minh:

225 2(k+1)+3

That vay, nhan hai vé cta (1) v6i 3 ta duge: 2.2 > 2(2k+3) < 2" > 4k + 6> 2(k+1)+3.

Vay 242 > 2(k +1)+3 (ding).

Do d6 theo nguyén li quy nap, (*) diing véi moi sé nguyén duong n>3.
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I. DAY SO
DANG 1: THIET LAP CONG THUC TiNH SO HANG TONG QUAT u, THEO N

Phwong phap:

e Néu u, codang u, =a, +a,+..+a, +..+a, (ki hiéu u, =Y a, ) thi bién ddi a, thanh hi¢u ctia hai sd
k=1

hang, dua vao d6 thu gon u, .

o Néu day s6 (u,) dugc cho béi mot hé thic truy héi, tinh vai sb hang dau ctia ddy s6 ( chang han tinh

u,,u,,... ), tir &6 du doan cong thirc tinh u, theo n, roi chimg minh cong thitc nay bang phuong phap quy

nap. Ngoai ra cling co thé tinh hiéu u_,, —u,_ dya vao d6 dé tim cong thirc tinh u,, theo n.

Vidu 1: Cho ddy s6 (a,). Pat u, =Y a, . Tinh u,,u,,u;,u, va xac dinh cong thirc tinh u, theo n trong
k=1

1
truong hop a, =
S G k(k+1)
11 1 1 2
u=a=——"=—,U,=a+a,=—+ ==
12 2 2 2.(2+1) 3
u—a+a+a—u+a—z+ 1 3
TR RT3 334) 4
u,=a+a,+a.+a,=u,+a —§+L—i
ORI T Y 45 s
1 11
Taco g, = =—= , do do:
k(k+1) k k+1
un:zak:[l_1j+[1_1]+ +(;_1)+(1_ ! )1 L
K=l 2) \2 3 n-1 n) \n n+l n+l1

. . u, =1
Vi du 2: Diy s6 (u,) dugc xac dinh bang cong thirc: { : , Vnxl
u,, =u,+n

a). Tim cong thtc cia sb hang tong quat.

b). Tinh sb hang thir 100 cua day sd.

a). Tacodiu,, =u, +n =u,  —u =n.

n

Tur do suy ra:
u, =1

u, —u, =1’
U, —u, =2’
U, —u, =3
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u,  —u, ,= (n - 2)3

u,~u, ,=(n-1y

Cong timg vé n déng thic trén:

Uy — Uy AUy — Uy e, —u, o, —u, =1+ +2° +33+...+(n—2)3+(n—1)3
Su, =1+ +2 +3 4.+ (n-2) +(n-1)".

3 (n—l)2 n*

Bing phuong phép quy nap ta chimg minh dugc: 1 +2° +3" +...+(n-1) 2

“(n-1)°

Vi 142
ay u_ =
ay u, 7

2 2
b, 1y =14+2099% 54500501,
100 4
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fPhlro'ng phap:
Cich 1: Xét dau cta biéu thic u,, —u,

e Néu VneN*u,_ -u, >0 thi (u,) la ddy s tang;
o Néu VneN*u, —u, <0 thi (u,) la diy s6 giam.

r . \ ’ A , u e
Cach 2: Khi VneN*u_ >0 thi c6 thé so sanh = véi 1
u

n

AU . ST G
e Néu —=2>1 thi (u,) 1a day so tang;

n

e u
° Neu n+1

<1 thi (u,) 14 day sb giam.

n

Cich 3: Néu day s6 (u, ) dwoc cho bdi mot hé thirc truy hdi thi ta c6 thé sir dung phuong phép ching

mlnh quy nap dé Chﬁng mlnh un+1 > un (hOéC un+l < un)
Chi §:

e Néu FkeN*:u_, >u, thidiy sb (u,)khong giam.
\_ e Néu FkeN*:u, , <u, thi diy sd (u,)khong ting.

Vi dy 3 : Xét tinh ting giam cia day s6 (u, ) biét:

2 U ——=2 ) g, =t 0). u, = (-1)"(2"+1)
n n+l1
a). “n+1—un=L—2—[l—2j= L 11 <0 VneN*
n+l n n+l n n(n+1)

Két luén day sb (u,) 1a day s6 giam.

SR -
n+l n+1
Tacou,, —u,=1- 2 —(1— 2 ): L 1 >0 VneN*
n+2 n+l) n+l n+2 @m+D)n+2)

Két luén day sb (u,) 1a day s6 tang.

o). u, =(-1)" (2" +1)

Taco u, =-3,u, =5,u, =9, tir 6 suy ra diy s6 (u,) 1a day khong tang khong giam.
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DANG 3: DAY SO Bl CHAN

s “
Phwong phap
1). Néu u, =Y a, thi:
k=1
e Thu gon u, , dya vao biéu thirc thu gon dé chan u_ .
e e Ta ciing co thé chan téng iak bﬁng mot téng ma ta ¢ thé biét duoc chin trén, chin dudi ctia no.
k=1
2). Néu day s6 (u, ) ho boi mot hé thirc truy hdi thi:
e Du doan chin trén, chin dudi rdi chimg minh bang phuong phap chimg minh quy nap.
| Ta cling c6 thé xét tinh don diéu ( néu co) sau dé giai bat phuong trinh u_, —u, dya vao d6 chan (u, ). )
’ T o 02 S TL0 - B ~ X 2n—1
Vi du 4: Xét tinh ting hay gidm va bi chén ciia ddy s6 : u, = 3 ;neN*
n+
2n+1 2n-1 2n° -2’ — 4
Tach: u —u = n+l 2n—1_2n"+7n+3-2n"-Tn+4 _ 7 S 0:Vne N*
n+4 n+3 (n+4)(n+3) (n+4)(n+3)

Vay: (u,) la ddy so ting.
-1 _2(143)-7
n+3 n+3 n+3

Taco u, , Suy ra:

VneN*u, <2 nén (u,) bichin trén. Vi (u,) 1a ddy so ting Vn e N*,u, = % <u, Nén (u,) bi chan

dudi. Vay (u,) bi chan.

Viduy 5: Cho day s6 (u,) véi u, =1+(n-1).2"
a). Viét 5 s6 hang ddu cua day sb.

b). Tim cong thuc truy hoi.

¢). Chtrng minh day sb tang va bi chan dudi.

b). Xét higu: u,,, —u, =1+n.2"" —(1+(n+1).2")

=2n2"—(n-1)2"=(2n-n+1).2" =(n+1)2" =u u, +(n+1)2".

n+l




if
roim v oar

o lu, =1
Vay cong thirc truy hoi: : Vn2>1.
w,, =u, +(n+1).2"

c). Tacod:u,, —u,=(n+1).2">0 Vn>1. Tird6 suy raddy so (u,) la ddy so tang.

Taco: u, =1+(n-1).2">1 Vn2=1. Kétluan (u,) 1a ddy sb bi chan dudi.
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Il. CAP SO CONG
TOM TAT GIAO KHOA

fl. Cép s6 cong 1a mot diy sb ( v6 han hay hiru han) ma trong do, ké tir s hang thi hai, mdi s6 hang déu )
bang tong cia s hang dimg ngay trude né va mot s6 d khong doi, nghia la:

(u,)lacapsdocong < Vn=22,u =u, +d
S6 d duoc goi 1a cong sai cua cap sO cong.

2.Pinh Iy 1: Néu (u,) 12 mot cp s6 cong thi ké tir s hang thir hai, mdi s6 hang ( trir s6 hang cudi déi vai
A A A ~ A qs 5 R 2 g R 2 Az M Al TS U, +u

cap so cong hitu han) déu 1a trung binh cong cua hai s6 hang dimg ké no trong day, tirc 1a u, = %
H¢ qua: Basd a, b, ¢ ( theo thir tw d6) 1ap thanh mot cap sb cong <> a+c=2b .

1). Pinh Iy 2: Néu mot cip sd cong c6 s6 hang dau u, va cong sai d thi s6 hang tong quat u, cua no dugc

xac dinh boi cong thirc sau: u, =u, +(n—1)d

2). Pinh Iy 3: Gia sir («,) 1a mot cip sd cong c6 cong sai d.

n
Goi S, =Zuk =u, +u,+..+u,
k=1

n(u, +u,) _ 11[2u1 +(n—l)d] ‘
2 2 Y,

( S, 1atong cua n so hang dau tién cua cap so cong). Tacd : S, =

PHUONG PHAP GIAI TOAN.

DANG 1: CHUNG MINH MOT DAY SO (1,) LA CAP s CONG

Phwong phap:
Dé chimg minh day s6 (u,) 1a mot cép s6 cong, taxét A=u,,, —u

n

o Néu A 1a hing s6 thi (u,) 1a mot cap sb cong v6i cong sai d = 4.

n

e Néu A phu thudc vao n thi (u,) khong 1a cap s6 cong.

Vi du 1: Trong cac day so sau, day nao la cap so cong. Tim s hang dau va cong sai cua cap s6 cong do:

Dy s6 (u,) v6i u, =19n-5

Day s6 (u,) v6i u, =19n-5

Tacod u,, —u,=19(n+1)-5-(19n-5)=19. Vay (u,) la mot cép s6 cong véi cong sai d =19 va sd

n+l

hang dau u, =19.1-5=14.
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DANG 2: TIM S& HANG DAU TIEN, CONG SAI CUA CAP 6 CONG, TIM SO HANG
THU K CUA CAP SO CONG, TINH TONG K SO HANG PAU TIEN

Phwong phap:
Ta thiét 1ap mot hé phuong trinh gdm hai an u , vad. Sau do giai h¢ phuong trinh nay tim dwoc u, vad.
Mubn tim s6 hang tht k, true tién ta phai tim u, va d. Sau d6 ép dung cong thie: u, =u, +(k-1)d .

Mudn tinh tong ctia k s6 hang dau tién, ta phai tim u, vad. Sau 46 4p dung cong thirc:
Ck(u+u)  k[2u +(k—1)d]
o2 2

Vi du 2: Tim s6 hang dau tién, cong sai, so hang thir 20 va tong ctia 20 s6 hang dau tién cia cac cap so
cong sau, biét rang:

u, =19 u, —u, +u; =10 u, +us =14 ug =38
a) b) c) d) 2 2
uy, =35 u, +u, =26 s, =129 u, +u,” =16
)u5=l9 1) And Sg th (n-1)d, taco: (1) u,+4d =19 u =3
a . ung cong thirc u, =u, +(n-1)d , ta co: = =
u, =35 P CURE CONg THE 1, =i+ u+8d =35 |d=4
Vay s6 hang dau tién u, =3, cong sai d =4.
S6 hang thir 20: u,, =u, +19d =3+19.4=79.
o ; . 20(2u, +19d)
Tong cua 20 so hang dau tién: S,, = — = 10(2.3+19.4) =820
u, —uy+us; =10
bys > 7 1). Ta cling 4p dyng cong thuc u, =u, +(n—-1)d :
){u4+u6:26 (1) g 4p dung cong thitc u, =u, +(n—1)
w,+d—(u,+2d)+u, +4d =10 (u,+3d =10 u =1
()= = =3
u, +3d +u, +5d =26 2u, +8d =26 d=3.
Vay s6 hang dau tién u, =1, cong sai d =3.
S6 hang thir 20: u,, = u, +19d =1+19.3 =58
. . L 20(2u, +19d)
Tong cua 20 sO hang dau tién: S,, =———~==10(2.1+19.3) =590
u,+u, =14 . 2u,+(n—-1)d
P (1). Ap dung cong thuc un=u1+(n—1)d,Sn=n[ th+ (n-1) ]Tac():
5, =129 2
5
u +2d+u +4d =14 2u. +6d =14 ”125
)< : =N
6(u, +u,,) =129 12u,+664 =129 | , 3
2
( ]
L )
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Vay s6 hang dau tién u, =§, cong sai d =%.
% , 5 3
S6 hang thr 20: u,, =u, +19d =5+19.5=31.

Tong ciia 20 s hang dau tién: S,, =

u6:8 u1+5d:8
d , e
u,”+u,” =16

u, =8-5d
- {(8—4(1)2 +(8-2d) =16 ()

Giai (*) :20d2—96d+112=0<:>d=? vd

Vdid:%:ulz—6

S6 hang thir 20: u,, =u, +19d =—6+19.? :

Tdng ciia 20 s6 hang dau tién: S,, =

Véid =2=u, =2

20(2u, +19d) _10[

(u, +d) +(u, +3d)’ =16

20(2u, +19d)

2.§+19.2j =335
2 2

u, =8-5d
g 2 2
(8—5d +d) +(8-5d+3d) =16

14

2.

14 236

5

=10(2.(—6)+19.5j=412
2 5

S6 hang thir 20: u,, =u, +19d =-2+19.2=36.

Tdng ciia 20 s6 hang dau tién: S,, =

20(2u, +19d)

; =10(2.(-2)+19.2) =340
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DANG 3: DUA VAO TiNH CHAT CUA CAP S6 CONG, CHUNG MINH DANG THUC

Vi du 3: Cho a, b, ¢ 12 ba sb hang lién tiép ctia mot cap sb cong, ching minh rang:
a).a’ +2bc=c’ +2ab

b).a’ +8bc =(2b+c)’

c).a’+ab+b*,a* +ac+c’,b> +bc+c’ 1a cép sb cong.

a). Via, b, ¢ 1a ba sb hang lién tiép ctia mot cip sb cong: a+c=2b<a=2b—c

Tacé:a2—2ab=a2—a(a+c)=—ac =—c(2b—c)=cz—2bc
Vaya® —2ab = c* —2bc < a* +2bc = ¢* + 2ab.

b). Taco a* +8bc=(2b—c) +8bc

= 4b% —4bc+c* +8bc =4b> +4bc+c* =(2b+c) .

¢). Ta can chimg minh:

(a* +ab+b>)+(b* +bc+c*)=2(a” +ac+c?)

< 2b* +ab+bc=a’ +2ac+c’

<:>2b2+b(a+c)=(a+c)2

& 27 +2b* =(2b)’

& 4b* = 4b* (dang).
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IV. CAP SO NHAN
TOM TAT GIAO KHOA
fl). Cap s6 nhan 1a mot day s6 (hiru han hay v han) ma trong d6 ké tir s6 hang thtr hai, mdi s6 hang déu )
bang tich cua s6 hang dimg ngay trudc nd va mot sé q khong ddi, nghia la:
(u,) 1a cAp sé nhan ©Vn=2,u =u_ q

Sb q dugc goi 1 cong boi cua cAp sé nhan.

2). Pinh Iy 1: Néu (u, ) 1a mot cap s nhan thi ké tir s6 hang thr hai, binh phuong ciia mdi s hang ( trir
s6 hang cudi ddi v6i cap s6 nhan hitu han) bang tich ciia hai s6 hang ding ké no trong day, tirc 1a:
u=u_,.u,, (k > 2) .

Hé qua: Néu a, b, ¢ 1a ba s6 khac 0, thi “ba s6 a, b, ¢ ( theo thtr tu d6) 1ap thanh mét cap s6 nhan khi va
chi khi b* =ac ™.

3). Pinh 1y 2: Néu mot cap s6 nhan ¢ s6 hang dau u, va cong bdi q=0 thi s6 hang tong quat u, cia nd
duoc tinh boi cong thire: u, =u,.q"" .

4). Pinh 1y 3: Gia sir (u, ) 1a mot cap sb nhan c6 cong bdi q. Goi S, = u, =u, +u, +..+u,(S, 1a tong
k=1

cuan sO hang dau tién cua cap so nhan). Ta co:
e Neéug=1thi S, =nu, .

o Néu q#1thi S, =ul(1_qn)

\_ 1-q Yy,

PHUONG PHAP GIAI TOAN.
DANG 1: CHUNG MINH MOT DAY (u,) LA CAP SO NHAN

a Y
Phwong phap:
e Ching minh ¥n>1u,_, =u,.q trong d6 qla mot sb khong doi.
J4 ) . \ A . A u
e Néu u, #0 v&imoi neN* thitalaptiso 7 =L
u

n

* T la hang s6 thi (u,) 1a cdp s6 nhan c6 cong boi g =T .

* T phu thudc vao n thi (u,) khong la cap s6 nhan.

Vi du 1: Xét trong cac day so sO sau, ddy sO nao l1a cap s6 nhén, (néu cd) tim cong bdi ciia cap sO nhan
do:

u =3
20+ n g3n+2 U= 2
a). u, =(-3) b). u, =(-1".5 C). 5 d). 9
un+1 = un u”+1 =
un
, Uy (_3)2n+3 2 A 2. A, 1A Y SR e A N
a). Taco o = = =(-3)" =9 (khong do6i). Két luan (un) la cap s0 nhan véi cong bdi g =9.
u (_1)n+1 53(n+1)+2 ] ) , )
b). Taco —=L = . =-1.5" =-125 (khong dbi). Két luan (u ) la cap so nhan vdi cong boi

u (_1)n.53n+2 n

n

qg=-125.
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o). Taco u,=u’ =4, u,=u’ =16, u, =u> =256, suyra -2=-=2 va Ug 250 _qp 1 LM p,
u, 2 u, 16 u,  u
d6 (u,) khong 1a cap s6 nhan.
2
d), Lt o B My gy Wn22. Do dé co:
uﬂ i uﬂ
unfl
Uy =u; =Us = Uy ()
Vau,=u,=u;=...=u,, =... (2)
Theo d& bdi c6 u, =3 =1, =—=3 (3)
U,
T (1), (2),3)suyra u, =u, =u, =u, =u5=...=u,, =u,,,.... Két luan (u,) 1a clp s6 nhan véi cong
bdi g=1.
. u = . .
Vi du 2: Cho day s0 (u,) dugc xac dinh boi { ! A 9,‘v’n >1. Chimg minh rang day s6 (v, ) xac
un+1 = un +
dinh boi v, =u, +3,Vn>1 1a mot cip s6 nhan. Hiy xac dinh s hang dau va cong bdi cia cap s6 nhan do.

Vicov, =u,+3 (1) =>v,_,=u,, +3 (2).

Theo dé u,,, =4u, +9=u,,, +3=4(u, +3) (3).

n+l

Thay (1) va (2) vao (3) dugc: v

n+l

=4y Vn>1= Zul ~ 4 (khong déi). Két lugn (v,) la cap s6 nhan véi
vn

cong boi ¢ =4 va s6 hang dau vi=u +3=35.
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DANG 2: XAC PINH SO HANG PAU CONG BOI, XAC PINH S6 HANG THU K, TINH

TONG CUA N SO HANG DAU TIEN

f Phwong phap:

nay tim dugc q va u, .

Dé xac dinh s6 hang thi k, ta sir dung cong thic: u, =u.q"".
g ; q 1-¢g" 2
D¢ tinh tong cta n so hang , ta str dung cong thuc: S, = ul.l—q,q #1.Neu g =1 thi

u=u,=u,=..=u,dodo S, =nu,.

\

Dua vao gia thuyét, ta 1ap mot hé phuong trinh chira cong boi q va sé hang dau u, , gidi h¢ phuong trinh

Vidu 3: Tim so hang dau va cong boi ctia cap so nhan, biéet:

u, +u, =51 b) u, +u, +u, =135 ) u,=6
c
u, +u, =102 u, +us+u, =40

{“1"‘”5:51 {u1+u1q4=51 u1(1+q4)=51 (*)
a). & = \

u +ug =102 |ug+ug’ =102 |ug(1+q*)=102 (++)
LA (**)@ulq(1+q4)_g Sg=2>u L —5—1—3
O R (T E R P T

Két luan c6 cong bdi g = 2 va s hang dau tién u, =3.
Két luan:u, =3 va ¢ =2

b) {ul +u, +u, =135<:>{u1 +u,q+uq’ =135

u, +u; +u, =40 u.q’ +uqt +uqg’ =40

u1(1+q+q2)=135 (*)
u1q3(1+q+q2):40 (**)

3 2
. (x uq (1+g+q 4
Lay 1) o e z)z—(’@qszi@qzi
(*)  w(l+g+q’) 135 27 3
135 1215
=>u = > = .
l+g+¢q 19
Két luan co céngb@ingva s6 hang dau tién ulz%.

u,=6 ug==6 ug=6
c) & & ,
S, =43 u, +u, +u; =43 u, +uqg+uqg’ =43
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- g =6 (*)2 Léy (*) - u,q :i
u1(1+q+q )=43 (**)

(%) u1(1+q+q2) 43
©43q=6(1+q+q") <64’ -37g+6=0 <g=6 v q:é

Véiq=6:>ul=1.Vdiq=%3u1=36.

1

:6 = —
1 hoac 1 6
u, =3

6

, B . w +us =51
Vi du 4: Cho CSN (u,) c6 cic so hang thoa:
u, +ug, =102

a). Tim s6 hang dau va cong boi ciia CSN.

b). Hoi tong bao nhiéu sé hang dau tién bang 3069?

c). S6 12288 1a s6 hang thir may?

u, +us =51 u +uq’ =51 u(1+g* =51 (¥
f <
u, +u, =102 ug(l+q*)=102 (*x)

a). Taco {
uqg+u,q’ =102
. (xx 1+4¢%) 102
Liy () mg( +q4)zi
) wd+g’) Sl
1-¢" 1-2"
1 3069 < 3.
l1-g 1-2

hang dau tién bang 3069.

©).Co u, =12288 <> u,.q" "' =12288 < 3.2 =12288 <> 2" = 4096 = 2"

=k—-1=12 < k=13. Két luan s6 12288 1a s6 hang thir 13.

Sg=2=u =3.

b). C6 S, =3069 < u,. =3069 < 2" =1024 = n=10. Két luan tong ctia 10 s6

Vi du 5: Tinh cic tong sau:
a). S, =2+2"+2"+---+2"

1Y 1Y 1Y
) S =|3+=| +|9+=| +---+| 3" +—
3 9 371
d). §, =6+66+666+---+6066...6
g\,__J

n 506

a). Ta c6 diy s6 2,2°,2,---,2" 1a mot cap s6 nhan véi n s6 hang, c6 s6 hang dau u, =2 vacong boi

2 1_ n 1_2)1
g=2 -2 Dod6 S, —u =L _»
2 1-q 1-2

=2(2"-1) .
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b). Ta c6 day so PXCYRP Ry la mot cap so nhan voi n s6 hang, c6 s6 hang dau u, =— va cong boi
iz " 1_(3 1
q=2T—— Dodé S, =u,. 7 __. =1-—
il -q 2 1_1 2
2 2

=32+2+3L2+34+2+3L4+---+32”+2+%

=(32+34+---+32")+(%+L4+---+%j+2+2+2+---+2
3 3 3” %/—/

n

4
e C6 day so 3%,3%,---,3%" la cap so0 nhan védi n so hang, c6 s6 hang dau u, =3* va cong boi ¢ = Fo 9.

Dodo §, =, =4 =9 1% I (gr_y)
l-¢q 1-9 8

e Co6day so 3%,3%,---,3% lécépsénhénvc’yinséhang,céséhangdéu ulzévécéngbéiqzé.Do
| 1
1-¢" 1 o 1 1 9" -1
4o S, =u—L == 9 =—[1——j= .
l-¢q 91_1 8 9" 8.9"
9
n_ 9" —1)(9"" +1
VéySn=2(9”—1)+9 1+2n=( ) )+2n.
8 8.9" 8.9"

d). S, :6+66+666+---+666...6:§(9+99+999+---+999...9j
— 9 —

nso6

=%[(10—1)+(100—1)+(1000—1)+---+(10"—1)]

=3[10+102+103+---+10"—n]=g =1, :Q(lo"q)_Z_”_
3 31101 3
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DANG 3: DUA VAO TiNH CHAT CUA CAP S8 NHAN, CHUNG MINH DANG THUC

Vidu6: Choa,b,c,dla bon s hang lién tiép cua mot c?ip s6 nhan. Chirng minh:

a). (ab+bc+ca)3 = abc(a +b+c)3
b). (* +b*)(b* +¢*)=(ab+bc)

c). (a+b+c)(a—b+c)=az+b2+c2

d). (b—c) +(c—a) +(d—b) =(a-d)’

Via, b, clabasd hang lién tiép ctia mot cép s6 nhan, nén c6 ac=5".
a). Taco abc(a +b+0)3 =b (a+b+c)3 :(aber2 +bc)3 :(ab+bc+ca)3 (dpcm).
b). Taco: (a*+b*)(b* +c*)=a’b* + @’ +b* +b°c* =a’h’ +2b" +b°C

= a’h* +2ab.be +b*c* = (ab+bc)’ (dpem).
c). Taco (a+b+c)(a—b+c)= [(a+c)+b][(a+c)—b] = (aJrc)2 -b’

=a’+2ac+c*—b* =a’> +2b* +c* —b* =a’ +b* +c* (dpcm).

d). Via, b, ¢, d 1ap thanh CSN nén c6: a.d =bc,a.c=b>,b.d =c*
Khai trién: (b—c)’ +(c—a)’ +(d —b)" =a* +2b +2¢* +d* —2bc —2ca—2bd

2

=a*+2b* +2¢* +d* —2ad - 2b* - 2¢* = a* —2ad + d* =(a—d)
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PHAN 2: GISI HAN
I. GIGI HAN DAY SO

GIOI HAN HU'U HAN GIOI HAN VO CUC
1. Gi6i han dic biét: 1. Gi6i han dic biét:

: _ : k _ +
limlzo; limLk=O(keZ+) lim~/n = +o0 limn* =+ (keZ")
o o limg" =-+0 (g >1)

lim ¢"=0(q|<D; lmC=C 2. Pinh Ii:
2. Dinh li : _ a) Néu lim|u, |=+o thi lim—— =0
a) Néu lim u, = a, lim v, = b thi u,
e lim(un+vn)=a+b foge u,
o lim (un — va) = a—Db b) Néu lim u, = a, lim v, = £oo thi lim—-=0

vﬂ

* lim (un.vo) = a.b ¢)Néulimu,=a#0,limva=0

. nm“_n:% (néu b # 0)

. u 40 néuav, >0
V thi lim =+ = . <0
X Ny % -0 néu av
b) Néuu, >0, Vn va lim u,=a ) " "
thi a>0valim \Ju, =a d) Neu lim u, = +oo, hmVHZE}
£ <o L +00 néu a>0
c)Neu |u,[<v,,vn va limva=0 thi  lim(un.va) = )
- —00 néua <0
thi limu,=0

d) Neulimu, =a thi lim|u,|=]al * Khi tinh giéi han c6 mét trong cac dang vo

3. Tong cua cap so nhan lui vo han ) 0 oo )
u dinh: —, —, 00— 0, 0.00 thi phai tim cach khur
S=w+uq+wg+...= — (|q|<1) 0 =«
1-¢ dang v6 dinh.

DANG 1: u, LA MOT PHAN THUC HUU Ti DANG 4, = g E”; (TRONG PO P(n),0(n) LA
n
HAI DA THUC CUA N).

Phuong phap: Chia cd tir va mau cho n* véi n* 1a lily thira c6 s6 mil 16n nhét cia P(n) va QO(n)

Vi dy 1: Tim gi6i han cia day (u,) biét:

2n* =3n+1 2n’ +3n* +4
T e b). u,=————
Sn°+3 n +4n +n

n
a). Ta thay n”1a lily thira cao nhat cua tir va mau, nén chia ca tr va mau cua u, cho »n° duoc:

2’ =3n+l 31
20— 1 oz L)
=2 n o n’ a6 fimS = 0,0im L =0 va lim =0 nén
S5n"+3 Sn+3 5+i n n n
n’ n’

. 2-0+0 2
limu, = =—.
5+0 5

b). Dé dang thay »”1a ity thira cao nhat cua tir va mau, nén chia ca tr va mau cua u, cho n* duoc:
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DANG 2: u, LA MOT PHAN THUC HUU Ti DANG «, = gg”)) ( TRONG DO P(n),0(n)LA
n
CAC BIEU THUC CHUA CAN CUA N).
Phuong phap : Rat bac 16n nhat ra ngoai va rit gon dan.

Vi dy 2: Tim gi6i han cia day (u,) biét:

\/4n —n+l—-n N2n+1—+n+3
a). u, = b). u, =
\9n? +3n \/4n—5

4n’ —n+1
N4 —n+1- \/ [ j \/4_1+1_ \/4" !
4n" —n+l-n n o n n’

" Jon+3m 9n +3n n\/9+3 \/9+3
n’ n’ n n

1imi2=o, va lim>=0. Nen limu, _va-0+0-1 1
n n 9+0 3

_m_m_\/n(zn]jlj \/ (n+3j:\/;. 2+111_\/Z,\/1+z _\/2+111_\/1+’3;'
J

" an-s \/(4;15 \/;_\/4_151 - \/4_2

Vi co limlzo, limézo va lim§=0.

a). u . Vico hm— =0,

b). u

n n n
V240110 V21

T d6 co limu, = =
J4-0 2
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DANG 3: u, LA MOT PHAN THUC HUU Ti DANG «, = gg”)) (TRONG PO P(n),0(n) LA
n
CAC BIEU THUC CHUA HAM MU o",p",¢" ... )

Phuong phap : Chia ca tir va mau cho ¢" véi a 1a co s 16n nhat.

Vi du 3: Tim giéi han cia day (u,) biét:

2" +4" 2" —3" +4.5"
= b) u, =— D 1
4" -3" 2" 43" 4 5"

a). u,

Y4 2 4 (2) .

) Tacou -0 __ 4 __4& 4 %) 6 0im 2] =0 va tim| 2| =o0.
F 3 43 43 1(3” 4 4

4 44

Nén limu, =w=l.
1-0

2" -3"+100.5"

, 2" —3"+4.5" 2" -3"+100.5" 5
b) Tacod u, =—— 5 - = =
2 4325ttt 227 493" 455" 22"+9.3"+5.5"
5”

23 1002 @j —@j +100 o -
=S e Vi 1im(—j 0 va lim[—j _0
2.5 492 452 2'(2) +9_(3J s
5 5

5" 5" 5"
Nén limu, =——0+100 _,,
2.0+9.0+5
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DANG 4: NHAN LUGNG LIEN HOP

[ R oo Y A oA R A Lk A TSNS e 2 ” 2 2
Dau hiéu nhén bi€t nhan lugng lién hop : P& nhan biét mdt bai tdp cé nhan lugng lién hop hay khong cac
ban chi cht y t6i n c6 mil cao nhat sau d6 dua ra ngoai dau can thire, néu chung trir nhau bang 0 thi bai

ndy ta phai nhan lugng lién hop. Cu thé ta 1am lai cAu a) u, =/n” +3n+5 —n biéu thirc trong cin thirc c6
n® 1a cao nhat va ta quan tim dén « n6 », nhitng thira s6 sau bo hét c6 nghia xemu, =v/n> —n=n-n=0

(nén cdc ban phai nhan lugng lién hop).
Dung cac hang dang thirc:

(Va -b)(Na +b)=a-b; (Ya -p)(Rfa* +3fab +36" ) =a-b

Vi dy 4: Tim gi6i han ciia day (u,) biét:
a). u, =\n’+3n+5-n b). u, =\9n* +3n—4 -3n+2
). u, =3n’+3n* —n d). u, =\/4n2 +3n+7 —i/8n3 +5n +1

(\/n +3n+5- n)(\/n2+3n+5+n)
a). Taco u, =~/n* +3n+5—n= 3 Vaes
n +3n+ 5+n Nnt+3n+5+n

3n+5=n(3n+5j=n(3+£j va n’+3n+5= \/ nronTs +3n+5 =n 1+§+iz.
n

n n n

Do d6 u, = - n ,vi lim==0, lim==0 va lim—=0.Nén limu, ==

35 3.5 n n n

n\/1++2+n Jl++2+1
n n n n
(Vor® +3n—-4=3n) (Non" +3n—4 +3n) _
b). u, =N9n* +3n—4-3n+2= +2 = +2.
Non® +3n—4+3n \on? +3n—4+3n
- 24 3n—4 4
Ta co 3n—2:n(3n 2j:n(3—gj va \/9n2+3n—4=\/n2(wj=n 9+§—_2.
n n n n n
"(3_2j 3-2 2 3 4
Tudosuyra u, = 1 +2= L +2,vilim—=0, im—==0 va lim—=0.
3 4 3 4 n n n
n\/9+—2+3n \/9+—2+3
n n n n

3-0 1

Nén limu, = ——o—=—.
" J9+0-0+3 2
[ 57 )
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(3 n’ +3n’ —n){(\z'/nz' +3n2) +naln’ +3n’ +n2}
2
(\3/113 +3n2) +nAln® +3n* +n°

2 3 2
= 5 3n Taco n®+3n> =3|n*| 2 +33n :n.‘3/1+i.
(\3/n3 +3n2) +naln’ +3n* +n? n n

2
Do dé u, = 3n = 3 taco lim>=0. Nén limu, =1

n 2 2
n
n2(3/1+3J +n2.3/1+§+n2 [i/l+3j +i/1+3+1
n n n n

d). u, =~4n® +3n+7 -8’ + 51> +1 =(\/4n2+3n+7—2n)+(2n—\3/8n3+5n2+1)

7
3n+7 3+— 3
e Tinh lim(\/4n2+3n+7—2n):1im NI ~ lim -
4dn” +3n+7 +2n 4"';"'12"'2
n n

e Tinh lim(2n—\3/8n3 e +1)

2
(211—\3/8?13 +5n° +1){4n2 +2n.§/8n3 +5n% +1 +(%/8n3 +5n? +1) }

2
an® +2n3/80° + 507 +1 +(%/8n3 502 +1)

=1lim

— 2_
= lim Sl (1)

2
an® +2n 38 + 507 +1 +({/8n3 50 +1)

3 2
Co 8n’ +5n” +1 zi/n3(8n+—53n+lj :n_ﬁg_,_é_,_L3
n non
1
5
)
n
n*

Nén (1) < lim
n o n

l’l2 -

2
4n® +2n>.3 8+5+13+n2.(3 8+5+13J
n

1
_5—
5
=2 Tirdésuyra limu, =>— > =1

3 .
12 4 12 3
4+2.i/8+5+13+(i/8+5+13j
n n n n

=1lim
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DANG 5. GIGI HAN CUA MOT TONG DAI DAI

Vi dy 3 : Tim gi6i han ciia day (u, ) biét:
1 1 1 1 1 1 1
a). u,=——+—+-+ b) u,=—+-— st
1.2 23 n(n+1) 1.4 47 7.10 (B3n-2)3n+1)
1 1 1 1+3+5+---+(2n+1)
o) u=1-—|l-=|.l1-— d). u, =
S (Y
P+22 43 +-+n’ . 1 1 1
e). u, = f). lim + 4+t
n(n+1)(n+2) 123 234 n(n+1)(n+2)
a). Ta co ! =k+1_k= k+l - k =l— ! ,(Vk=1,2,...,n).
k(k+1) k(k+1) k(k+1) k(k+1) k k+1
Tu do Mn:L+L+"'+ 1 — _l l_l+... l_L: _L_
1.2 23 n(n+1) 2 23 n n+l n+l
A1 . 1 . .1
Nén limu, :hm(l——jzhml—llm—:l—O:l.
n+1 n+l
, 1 1 Gk+1D)-Bk-2) 1 3k+1 3k-2
b). Ta co =_. =_ _
(Bk-2)(3k+1) 3 (Bk-2)(3k+1) 3\ (Bk-2)(3k+1) (Bk-2)(3k+1)
e NS I P I B S
3\3k-2 3k+1 1.4 47 17.10 Bn—-2)(3n+1)

1 1 1 1 1 1 1 1 1 1 1 1
=—|l-—+——=4———+--+ - =—|1- , ¢ lim =0 .
3 4 4 7 7 10 3n-2 3n+l) 3 3n+1 3n+1

Do d6 limu, =+(1-0) =1
3 3
2_ —
0. Vk22 taco 1- =K 1 _K=DEAD 1y g u”=(1—i2J(1—i2j...(1—i2j
Kk k 2 )\ 3 n
_13.24 3546 (n=3)(n-1) (n=2n (n-Dn+1) 1 n+l
22 3 4 5 (n-2)° (n—1)° n’ 2 n
n+ )
Nén limu, = lim— =lim—% = —.

2n

1+3+5+---+(2n+1)

d). u =
), 3n’ +4
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Ta c6 diy s0 1+3+5+---+(2n+1) 12 mot cap sd cong véi u, =1 congsai d=3-1=2 va s6 hang tong

quét u, =2n+1 < u +(m—1)d =2n+1< 1+(m—1)2=2n+1< m=n+1, nén tong cla ddy so trén 1a

2
1+—
Szg(ul+um)=n7+1(1+2n+l)=(n+l)2.Tfrd(') un:(nJr) 36 lim =0 va lim =0

2 - 2
3n*+4 3+i2 n n
n
N . 1
Ttr d6 suy ra 11mun=§.
2,02 92 2 . +1)(2n+1 :
e). unzl TS et . Ta co tong 12+22+32+---+n2:n(n )( . )(duqcchﬁngminhbéng
n(n+1)(n+2)
1
2+—
phuong phap quy nap). Nén u, = 2n+1 = n_vi 1iml=11m3=0 do do limunzzzl.
6(n+2) 2 n n 6 3
6| 1+—
n
.1 1 1 1|1 1 , . \ A 1e
f). Taco +—+ -+ ——————=—| —————— | (Chiing minh dya vao nguyén ly quy
123 234 n(n+)(n+2) 212 (m+1)(n+2)
nap). Do do L=liml ot =1iml—lirn—1 =l—0=l.
212 (n+1)(n+2) 4 2(n+)(n+2) 4 4
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Il. GIG1 HAN HAM SO

Gidi han hitu han

Gidi han vo cuc, gidgi han 6 vo cuc

1. Giéi han dic biét:

lim x = x, lim ¢ =c¢ (c: hang s0)
X=X, X=X
2. Pinh li:

a) Néu lim f(x)=L va limg(x)=M
thi: }1_{1}0 [}(x) +g(x)]=L +J\0/I

lim [ f(x)=g(n]=2-M

lim [ £ (x).g(x)] = LM

lim ) _ L (néu M = 0)
X=X g(X) M

b) Néu f(x) > 0 va lim f(x)=L

thi L>0va lim[f(x) =L
¢) Néu lim £(x) =1j thi lim [/ (x)|=|LI
3. Gidi th_1£1 mot bén: 0

lim f(x)=L < lim f(x)=lim f(x)=L

X=Xy

& lim f(x) = lim f(x)=L

X=X

1. Giéi han dic biét:

) ‘ . + |t neau k chaiin
lim x* =+oc0; lim x* =

X0 x> —o0 nedu k lei
. .. cC
limc=c; lim —=0
x—>too x—>too X
o1 .1
lim — = —o0; lim — = +o0
x—=0" X x=>0" x
1 o1
lim — = lim — =+
x—0" |_x| x—0* xl
2. Pinbh li:

Néu lim f(x)=L=0va lim g(x) =0 thi:

X—>Xo

400 nedu L vao lim g(x) cuong dadu

X=X

lim f(x)g(x) =
X=X /() —o0 nedu L vag lim g(x) traui dadu

X=Xy

0 nedu lim g(x) =20

lim S ) =J+oo nedu lim g(x)=0vao L.g(x)>0
XX, g(x) X=X,

—o0 nedu lim g(x) =0 vao L.g(x)<0
* Khi tinh gidi han c6 mot trong cac dang vo dinh: % ,

% o0 —o0, 0.0 thi phii tim cach khir dang v dinh.
o0

DANG 1. THAY TRUC TIEP BUGC SO

X +2x" +1

Vi du 1: Chon két qua dung trong cac két qua sau ciia lim — la
>-1 0 2x +1
A. 2. B. —l. C.l. D. 2
2 2
Chon A.
. X +2x7+1 (—1)3 +2.(—1)2 +1
lim E = < =-2
ool 2x7 41 2(—1) +1
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DANG 2. L = lim 2% v P(X), @(X) LA CAC PA THUC VA P(Xo) = Q(Xo) =0

XX, Q(_x)

Phan tich cd tie va mdu thanh nhan tir va rit gon.

Chu y:
+ Néu tam thirc bac hai ax? + bx+c c6 hai nghiém x,x, thi ta ludn c6 su phan tich
ax’ +bx+c=a(x—x)(x-x,).

+a"-b" =(a-b)a"" +a"b+..+ab"* +b"")

Vi du 2: Tim cac gi6i han sau:

3
a). limzx—-i_g b). lim( - ! s ! ]
—>2x" +11x+18 =2\ x°=3x+2 x —5x+6

a).Taco x’ +8=x"+2° =(x+2)(x2 +2x+4) (4p dung hing déng thic), va x” +11x+18 = (x+2)(x+9)

(v6i x, =-2 vax, =-9 la hai nghiém ctia phuong trinh x* +11x+18=0).

3 +2)(x* —2x+4 2_
Dodé lim— =5 (r2)(-2xtd) P 2xvd 12
=257 +11x+18 2 (x+2)(x+9) 2 x+9 7
: 1 1 : 1 1 , 2(x-2)
" Xlgl’{xz—3x+2+x2—5x+6j Xg{(x—l)(x—2)+(x—2)(x—3) XlEZl(x—l)(x—Z)(x—S)
=lim 2 =
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DANG 3. L = lim 2>

)

V61 P(Xo) = @(Xo) = 0 VA P(X), @(X) LA CAC BIEU THUC CHUA

CAN CUNG BAC

St dung cdc hang ding thive dé nhin lwgng lién hop 6 tir va méu.
Cac lugng lién hop:

+ Na—b)Ya+\b)=a-b
. Qla+ib)Ra® $3ab+p*)=a-b
+ Wa-4p)¥a +8a b+ + 8"y =a—b

Vidu 3: Tim cac gi6éi han sau :
. Jx+3-2 Jx? = 2x+6 —\x* +2x—6
a). lim———— b). lim 2
ol x—1 X3 x —4x+3
¢). li ‘/F 2 d) lim Yax -2
HA/;T 3 o2 x—2
a). G YA3=2 g w32 L x—1 Clim—— =L
Sl x-l o (o) (Va3 42) N (x-)(Vae342) iae3e2 4
b). lim\/x2—2x+6—\/x2+2x—6 — lim (x2—2x+6)—(x2+2x—6)
i X’ —4x+3 H3(x2—4x+3)(\/x2—2x+6+\/x2+2x—6)
= lim 4(x-3) — lim - __1

H3(x—l)(x—3)(\/xz—2x+6+\/x2+2x—6) H3 x 1)(\/x2—2x+6+\/x2+2x—6) 3

Vxi2-2 (x+2-2")(Vx+7+3) (x-2)(Vx+7+3) Sri7+3 3
)

= =lim
)!‘*Zx/m% "l‘r’l}(x+7—32)(\/m+2) "1"2 (x-2 x+2+2) "*2\/XT+2 2’

0 Ta cé %_2: (%—2)[(%)2+2.%+4:| ) (% 3_23 ey 2(x—2).

(%)2+2.%+4 A4 4 A
A
Yax -2 2(x-2) 2 1

X i lim3 3 ra
-2 x—2 x—>2(x—2).A 2 4 ({/ﬁ) +2.{/ﬁ+4 6
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DANG 4: THEM BOT SO HANG HOAC MOT BIEU THUC VANG DE KHU DUGC DANG

vO PINH
Hf(x)+4g(x)+c k + 7 Hf(x)+m x

Cac dang hay giap lim f( ) g( ) hodc lim ( ) g( hoac lim ) £ .

X=X, X — xo XX X — xo X=X, (x x() )
. Trong d6 k,m, n € N* va n <min(k,m).
Vi du 4: Tim cac gi6¢i han sau :

V2x+2+/5x+4 -5 P3x+2-+/5x-6
a). lim b). lim
x—-1 x—1 x—2 x—2

a). Taco khi x —1 thi (\/2x+ 2+5x+4 —5) —50 do d6 day 1a bai dang vo dinh % , ta phai tach dugc

vé dang lim “f(x)_chlim ug(x)l—m
x—

x—1 X _1 x—1

vo dinh . K§ thuft ta thay x =1 vao v2x+2 =2 va /5x+4 =3 nénsb (-5) tach thanh (-2)+(-3) va

gom lai nhu sau :

1im\/zx+2+\/5x+4—5_hm(\ﬂ“z—2)+(\/5X+4—3) \/2x+ -2 . VSxt4-3
x—1 .

x—1 X — 1 x—1

sao cho mdi gidi han nhan luong lién hop déu khir duoc dang

xal X — xal x—1

Sau d6 tinh ting gidi han.

Vrrz-2 .. (Vaxr2-2)(Vaxe2+2) (\/2x+2)2—4

e Tinh L, =lim———=Iim =lim
Sl x-l o (x-1)(V2r 42 +2) S (x-1)(V2x+2+2)
= lim 2(x-1) “lim——2 -1
Ol (x-1)(Vax+2+2) IN2xe242 20

+ Tinh L, —lim ,/—5x+4_3:lim(\/5x+4—3)(\/5x+4+3) o (v5x+4) -9

=l x-1 U (x-1)(Vox+4+3) = (x_l)(m+3)

1
~lim 5(x-1) —lim >

Sl(e-1)(VSrrd+3) B3 6

Két ludn [mY2x+2+5x+4-5 15
pald -1 26

4
-

b). L=lim Px+2-5x-6 .

x—2 x—=2

Thay x =2 vao /3x+2 va ~/5x—6 déu bang 2. Suy ra 2 1a gia tri ta cin thém bét.
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Bt -J5x=6 (Br+2-2)+(2-+5x-6)

Cu thé lam nhu sau: L = lim =lim
x—2 x_z x—2 X —
. 33x+2-2 . 2-4/5x-6
=llm——+lim——.
x—2 X—2 x—2 X—2

Pxt2-2 (\/3 3x+2—2)[(M)2+2.M+4}

Tinh L, =lim =lim . =lim = limi
Trox=2 (x—2)[(i/3x+2) +23Bx+2 +4} =2 (x-2).4 14

A

2 J5x—6 (2-+5x-6)(2+5x-6) )

Tinh Z, = lim . _ 4 Ox9)
2 x=2 (x-2)(2+5x=6)  (x-2)(2+5x-6)

—5(x-2) -5

(x-2)(2++5x-6) T244x—6

2 Dodo L=L+L=1-2=1.
4 4 4
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DANG 5. L = lim g Ex) TRONG PO P(x),0(x) - », DANG NAY TA CON GOI LA DANG
x—>too X
vO PINHZ,
s . . - D
Phuwong phap: (lam giong giéi han day s6)
voi P(x), Q(x) la cac da thirc hodc cac bicu thirc chira can.
— Néu P(x), Q(x) la cac da thuc thi chia ca tir va mau cho luy thira cao nhat cta x.
— Néu P(x), Q(x) c6 chira can thi c6 thé chia ca tir va mau cho luy thira cao nhat ctia x hodc nhan lugng
lién hop. ) i .
Tuwong tu nhu cach khir dang v6 dinh ¢ day so0. Ta can tim cach dua vé cac gidi han:
+ lim x* =40 ;  lim x*" =400 (—0).
= =
+ lim i=0 (n>0;k=0). +11mf(x) 400 (—0) < lim =0 (k=0).
ECX—L:—EZO) x X=Xy f(x)
y.
4
Vi du 5: Gia tri dung cua lim X +7 la:
X—>+0 x +1
A. -1 B. 1.. C.7.. D. +o0.
7
4 1 + 4

fim "7 = fim X o1,

x—+0 x* 4] X—>+0 1+ 1
7
X

_ [ 2
Vi du 6: Tim gi6i han C = lim 2x V3% 42

e Sy palxt +1

la:

A. +o0 B. —© C. T D.0
/ 2
2—.3+—
Taco: C= lim = 2_\/5
X400 1 6
5+\/l+
x°
1+ x*+x°
Vidu 7: Tim gi6i han D = lim ——— la:
A. 4o B. —o C. g D. -1
3 —6+L2+1
S \/ﬁ
—JIt—+—
X X
Vi du 8: Tim gi¢i han £ = lim (vVx* —x+1-x) la:
A. 4o B. -0 C. —% D.0

Taco: E = limL-Hz—l

e —x+lx 2
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Vidu 9: Tim cac gi¢i han sau:

|x—3| x+\/_
i o ina—— lim .
3" 5x—15 b) 0" x — \/;

a). Vix >3 =x>3<x-3>0. Vay [x-3|=x-3

Tacé tim = _im*=3 _1
=3 5x—15 3 5(x=3) 5

x+x \/;(\/;”) - Jx+l

b). Ta co lim XYY = lim =-1.

x—0" xX— f x~>0+\/_(\/;_1) x—=0" x_l
Vidu 10: hmibaﬁng

= Jx—1+1-x

A. -1 B. 0 C.1 400,

Chon C

3.2 2(x—1 [
lim—2 " _Jim ’ (x ) = lim *x-l = lim =1.
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Phwong phap:
Ta st dung cac cong thirc lugng giac bién doi vé cac dang sau:
o im 3™ _ lim—* — 1, i ddy suy ratim 2% — fim—* =1,
-0  x x-08§1n x -0  x x-0 tan x
I . sinu(x) ... tanu(x)
e Neu limu(x)=0= lim———=1 valim———==1
X=Xy XXy M(X) X=Xy M(X)
Vidu 11: Tim céc gidi han sau
. si . tan2 . 1=
1.lim Sin 5x 2. lim anox 3.lim .cosx
x>0 x x>0  3x x>0 §in x
4 1lim 1- cgs X 5 1im sin Sx.sin 3;x. sin x 6.1im sin 7x.— sin 5x
x—0 x x—0 45x x>0 Sin x
1). lim sin5x _ liml' sin5x _ l
x—0 X x>0 § Sx 5
2). lim tan2x _ g tan 2x :E
x-0 3y x>0 3 2x 3
1—-cosx 2sin’ o X
3). lin(} - = in(} . = lin(} tan—=0
' SIn.x T 2sin=cos= 2
2
.2 .
_locosx . 2SI, sy 1
4). lim — =lim —==lim— =—
x—0 X x>0 X x>0 D E 2
2
. sin5Sx.sin3x.sinx .. 1 sin5x sin3x sinx 1
5) lim 3 =lim—- . . I
x=0 45x =03 Sx 3x X 3
6). lim sin 7x'— sinSx lim 2cos§x SINX e cos6x = 2
x—0 Sin x x—0 SIn x x—0
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DANG 8: SU DUNG MAY TiNH: TINH GIGI HAN
Gan cho bién X mot gia tri gan dang rdi tinh gi tri biéu thirc (ding phim CALC)

Gidi han CACL X =
x—>a' a+0.00000001
xX—>a a—0,00000001
x—1 1.000000001 hodc 0,99999999

X —> 400 9999999999

X — —co - 999999999

(Néu may béo 15i thi 1y it chit s6 0 hon)

Cic két qud hay gap trong mdy Y nghia
S6 ¢6 s6 mii 16n: VD: 2.10%° Duong vo cuc
S6 ¢6 s6 mil 16n: VD: -2.10% Am vé cuc
S6 ¢6 s6 mil nho: VD: 2.10°2° 0
S6 chua dep: VD: 2,3333. o EEEEEEEEEEEE'%“E‘
Céch 1. Ta gd lai vao may tinh lan nita: ] -
2,3333333333333 =
May s€ tu lam tron giup.
Céch 2. Ta 4n 2. (i) (&) (3)
Vi du 12: Tinh giéi han : lim;;;t‘—;j
A. % B. 1 C. % D. %

> Dé bai khong cho x tién tdi bao nhiéu thi ta hiéu day 14 gii han diy sd va x —>+oc
Nhap bicu thirc vao may tinh ta an CALC x = 999999999

::{:3 +4H_5 [} Math &
SHILRE4T
0. 3333533353

> Tanhan duoc két qua 0.3333333332~ % = A la dép an chinh xac

3 4 6
Vi dy 13: Tim giéi han D = lim Y% £% .
N

A. +o0 B. —© C. % D. -1

Nhap biéu thirc vao may tinh ta &n CALC x = -999999




o Dat Nguyén Tién II}

TOAN THAY PAT

oooooooooo

Ta dugc két qua bang -1

.‘3' — _."
Vi du 14: Tim gi¢i han E =lim dxl-Vxt2 :
=7 {2x+2-2
A. +o B. —o c. B D. 1
27

Ta nhap biéu thirc vao may tinh va 4n CALC x = 7+0,000000001 hodc CALC x = 7 — 0,000000001

Ta dugc két qua bang ;—3

[ 2
Vidu 15: lim —
ol x—1+1-x

A. —1. B. 0. C. 1. D. +o0.

bang:

Ta nhap biéu thirc vao may tinh va an CALC x = 1+0,000000001

Ta duoc két qua bang 1

1
n(n+1)

Vi du 16: Tinh gidi han: lim L+L+....+
12 23

A.0 B.1. C. D. Khong c6 gidi han.

N | W

11 T
T -
R A Py ;x(x+l)

Ta cho n ting d&én n = 50. Nhap vao may tinh

6 (0 (B @ D) DR D H O © D@ E0E

Math &

=0
2z (=) 50

Ta thay két qua x4p xi bang 1. Chon B

()P +2+ L+
3’ +n+2

Vi du 17: Tinh giéi han cua diy s6 u, =

A. +0 B. —© C.

L
9

(n+1)\/13 +2 . +n (n+1)\}2x

3 +n+2 3t +n+2

Ta cho n ting &én n = 50. Nhap vao may tinh

50
(50+1) /Zx3
— 1=l —(,1733. Gan nhét véi dap an C.

3503+50+2
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ll. HAM SO LIEN TUC

( 1. Ham s0 lién tuc tai mot diém: y = f(x) lién tyc tai xo < lim f(x)= f (x,) )

o Dé xét tinh lién tuc cia ham sb y = f(x) tai diém xo ta thuc hién cac budc:
B1: Tinh f(xo).
B2: Tinh lim f(x) (trong nhiéu trudng hop ta can tinh lim f(x), lim f(x))

B3: So sanh lim f(x) voi f(xo) va rat ra két luan.

N

. Ham 50 lién tuc trén mdt khodng: y = f(x) lién tuc tai moi diém thudc khoang do.
3. Ham s6 lién tuc trén mot doan [a; b]: y = {(x) lién tuc trén (a; b) va

lim /()= f(a), lim /(x)= f(b)

e Ham sb da thirc lién tuc trén R.

e Ham s6 phén thirc, cac ham s6 luong giac lién tuc trén ting khoang xac dinh cuia ching.

Gia sty = f(x), y = g(x) lién tuc tai diém xo. Khi d6:

e Cac ham s y = f(x) + g(x), y = f(x) — g(x), y = f(x).g(x) lién tuc tai xo.

S&)

g(x)

4. Néu y = f(x) lién tuc trén [a; b] va f(a). f(b)< 0 thi ton tai it nhat mot s6 ¢ € (a; b): f(c) = 0.

Noéi cach khac: Néu y = f(x) lién tuc trén [a; b] va f(a). f(b)< 0 thi phwong trinh f(x) = 0 ¢6 it nhit mot
nghiém ce (a; b).

Mé rong: Néu y = f(x) lién tuc trén [a; b]. Pat m = I[I{'lllblil f(x),M= r{rzag; f(x). Khi d6 véi moi

eHimsby= lién tuc tai xo néu g(xo) # 0.

k T e (m; M) ludn ton tai it nhdt mot s6 ¢ € (a; b): f(c) =T. )

DANG 1: XET TiNH LIEN TUC CUA HAM S8 TAI MOT BIEM

Phwong phap 1:
Bude 1: Tinh f(x,).

Budc 2: Tinh lim f(x). Néu lim f(x)= f(x,) thi ham s6 f(x) lién tuc tai x,.

Phwong phap 2:

Bugce 1: Tim lim f(x)

X—>Xg

Buge 2: Tim  lim f(x).

+
X—>Xg

Néu lim f(x) = lim f(x) = f(x,) thi ham s0 f(x) lién tyc tai x,.

\.
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Vidy 1. Choham s6: y = f(x)=4 ¥ ~

a). Tinh lxl_r>r21f(x)

b). Xét tinh lién tuc ctia ham s0 £ (x) tai x =2;x =-2.

3—x*+5 9—x*-5

-1 1

=1lim

a).Ta co 1in%f(x) =lim =lim

x—>2 xz _4 x—2 (xZ _4)(3+\/m) x—2 3+

X +5 6

b). Ttr cau a) suy ra linzlf(x) = f(2). Vay ham s6 da cho lién tyc tai x =2.

ham s6 d3 cho khong xac dinh tai x =-2 , do d6 ham s6 khong lién tuc tai x =-2.

x*=3x+2
Vidy 2. Chohamsd f(x)=1 x-2

a x=2

x#2

Vi gia tri nao cua a thi ham so6 da cho lién tyc tai diém x =2 ?

2
(x)=lim - —22*2 _ lim'

x—2 X — 2 x—2 X — 2 x—2

Taco lim f
x—2

leim(x—l)zl.

Ham lién tuc tai x =2 khi va chi khi lirrzlf(x) =f(2) Sa=l.

Vay ham s dé cho lién tuc tai x=2 khi a=1.

‘2x2—7x+6‘ )
i —— khi x<2 i )
Vidy3: Chohamsé y=f(x)=1 X2 . Xéc dinh a dé ham sd f(x) lién tyc tai x, =2
at 12X g x22
2+x
Taco:
2x* =T7x+6 —2)(2x-3 _ B
. 1imf(X)=—| S |:lim—|(x (2 )|=1im—(2 x)(2x-3)
x—2" x—=2 x—2" x=2 x—2" x=2
=}Lr¥(3—2x)=—l
. 1imf(x)=1im[a+ l‘sza_lzf(z)_
x—2" x—2" 24 x 4

Ham s6 lién tuc tai x, =2 < 1imf(x)=limf(x)zf(2)<:>a—%z—l@az—%.

x—2" x—2"
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DANG 2: HAM SO LIEN TUC TREN MOT TAP HOP

Vi du 4: Chting minh cac ham sé sau lién tyc trén R.
3

M x#—1 x> —4x+3 o1
Q. f(x)=1, " *1 b). f(x)=1 x-1

- x=-1 —5-x x<1

3

2%’ +x+3
a) f(x)= , o . Tap xé4c dinh cua f(x)1a D=R

— x=-1

3

_2x3+x+3

Néu x#—1 thi f(x)

(—L+0) (D).

1 12 ham sb phan thire hitu ti, nén lién tuc trén cac khoang (—oo; —1) va
X"+

Bay gio ta xét tinh lién tuc cua f(x) tai x, =—1
. 7
Tact: [(x)= /(D=7

3 +1)(2x* —2x+3 2
Tacor lim f(x) = lim 222543 _jiy (x+1)(20" -2x ):hm 2 =243 7
! ool x4l x>l (x+1)(x2—x+1) -1 xP—x+1 3

Vi lim f(x)=f(~1) = Ham s6 lién tuc tai x, =-1 (2).

x—-1
Tir (1) va (2) suy ra ham s6 f(x) lién tuc trén R.

b) f(x)=9 x-1 . Tap xac dinh cua f(x) 1a D=R

—/5—x x<1

X —4x+3  x; —4x,+3

Voimoi x, € (1;+),tacd lim f(x)=lim = f(x,) . Suy ra ham s6 f(x) lién tuc

X=>Xo x—1 X -1

trén khoang (1;+o0) (1).

V6imoi x, € (—o0;1), tacod lim f(x) = lim (—\/5 —x) = —\/5 —x, = f(x,). Suy ra ham s6 f(x) lién tuc trén
khoang (—o0;1) (2).

Ta xét tinh lién tuc cua f(x) tai x, =1

2 1 _
Taco: lim £ (x) = lim =23 g D) gy
xolt x>t x—1 X1t x—1 Xt
( 2 )




o Dat Nguyén Tién P,

TOAN THAY DAT

oooooooooo

Tacé: lim f(x) = lim (—/5—x) = 2.

x> x—1"
Vaco f(1)=—/5-1=2

Vi lim f(x)=1lim /(x)= /(1) = Ham s0 lién tuc tai 1 (3)

x—1" x>l

Tu (1) (2) va (3) suy ra f(x) lién tuc trén R.

1 x<3
Vi du 5: Cho ham s f(x)= ax+b 3<x<5
7 x5

Xéc dinh a, b d& ham s6 lién tuc trén R.

Ta c6 tap xac dinh cia ham sé f(x) 14 D=R.
Ta c6: ham s6 lién tuc trén khoang (=0;3),(3;5),(5;+) (vila ham da thirc).

Do d6 ham s6 lién tuc trén R khi va chi khi ham s6 lién tuc tai cac diém x=3 va x=5 .
+ Tai x=3:

Taco lim f(x)=1limI=1va lim f(x)=lim(ax+b)=3a+b va f(3)=1.

x—3" x—>3" x—3" x—3"

Do d6 ham lién tuc tai x =3 khi va chi khi
}ig;f(x):}Lrgf(x):f(3)c>3a+b:l (l)
+ Tai x=5

Taco lim f(x)=5a+b va 1irgf(x)=7=f(5).

x5

Do d6 ham sd lién tuc tai x =35 khi va chi khi

limf(x)=}Lrgf(x)=f(5)<:>5a+b=7 (2)

x—5"

. ) o [3a+b=1 a=3
Tir (1) va (2) suy ra ham s0 lién tyc trén R khi va chi khi:

=
S5a+b="7 b=-8

Vay v6i a =3,b =-8 thi ham s6 lién tuc trén R.




o Dat Nguyén Tién P,

TOAN THAY DAT

oooooooooo

DANG 3: CHUNG MINH PHUONG TRINH CO NGHIEM

Phwong phap:

Bude 1: Bién d6i phuong trinh vé dang f(x)=0 .

Bude 2: Tim hai s6 a va b sao cho f(a).f(b)<0.

Budc 3: Chimg minh ham s6 f(x) lién tyc trén doan [a;b].

Tir d6 suy ra phuong trinh £ (x)=0 c6 it nhat mot nghiém thude (a;b).

Chu y:

Néu f(a).f(b)<0 thi phuong trinh c6 it nhat mot nghiém thudc [a;5]

Néu ham s6 f(x) lién tyc trén [a;+0) va c6 f(a).xlirgof(x) <0 thi phuong trinh f(x)=0 c6 it nhat

mdt nghiém thudc (a;+o).

Néu ham sé f(x) lién tuc trén (—;a] vaco f(a).lim f(x)<0 thi phuong trinh f(x)=0 c6 it nhat

X—>—0

\_ mot nghiém thudc (—o0;a). -

Vi du 6: Chiig minh rang phuong trinh 4x* —8x” +1=0 c6 nghiém trong khoang (-1;2)

Ham s f(x)=4x’—8x”+1 lién tuc trén R.

Taco f(~1)=-11,/(2)=1nén f(-1).f(2)<0

Do d6 theo tinh chat ham s lién tuc, phuong trinh da cho co it nhat mot nghiém thudc khoang (—1; 2)

Vi dy 7: Chimg minh phuong trinh 4x* +2x” —x—3=0 c6 it nhat 2 nghiém thudc khoang (-1;1) .

bat f(x)=4x"*+2x*—x—3 thi f(x) lién tuc trén R.
f(-1)=4+2+1-3=41(0)=-3; f(1)=2.

Vi f(-1).f(0) <0 nén phwong trinh c6 nghiém thudc khoang (-1;0)
£(1).f(0)<0 suy ra phuong trinh c6 nghiém thudc khoang (0;1) .

Ma hai khodng (-1;0),(0;1) khong giao nhau. Tir d6 suy ra phuong trinh da cho c6 it nhét 2 nghiém
thudc khoang (-1;1).

Vi du 8: Chimg minh ring phuong trinh (m2 -m +3)x2n ~2x-4=0 v6i neN* [udn cé it nhat mot nghiém

am v&i moi gia tri cua tham s6 m.

bat f(x)z(rn2 —m+3)x2“ —-2x-4 .
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Taco £(-2)=(m?-m+3)(-2)"" ~2(-2) -4 =(m* -m+3) 22" >0,ym e R , £(0) =4 <0,¥meR . Tir d6 ¢
£(-2)£(0)<0,vm R (1). Do ham s6 x4c dinh va lién tuc trén R nén ham sé lién tuc trén doan [-2;0] (2).

Tur (1) va (2) = £(x)=0 c6 it nhat mot nghiém thudc (-2;0), vmeR.

Két luan phuong trinh f (x) =0 ludn c6 it nhat mot nghiém am v6i moi gia tri tham s6 m.

Vi du 9: Ching minh phuong trinh sau c6 nghiém vdi moi m e R

a). m(x—l)(x+2)+2x+1=0 @)

b). (4m+1)x3 —(m+l)x+m =0 (1)

a). m(x—l)(x+2)+2x+1=0 D
bat f(x)z m(x—l)(x+2)+2x+1.
Tap xéac dinh ciia ham s f(x) 14 D = R. Vi f(x) 1a ham da thic = f (x) lién tyc trén R.

Taco f(-2)=m(-2-1)(-2+2)+2(-2)+1=-3 vaco f(1)=m(1-1)(1+2)+2.1+1=3. Vi
f(-2).f(1)=-3.3=-9<0 v6i moi m.

Do d6 f(x)=0 ludn c6 it nhat 1 nghiém trong khodng x, € (~2,1) v6i moi m.

Két luan phuong trinh (1) ludn c6 nghiém véi moi gia tri m.

b). (4m+1)x’ —(m+1)x+m=0 (1)

Pat £ (x)=(4m+1)x" —(m+1)x+m. Tap xac dinh ciia ham sé f(x) 1a D = R. Vi f(x) Ia ham da thirc
= f(x) lién tyc trén R.

Taco f(0)=m vaco f(-1)=(4m+ 1)(—1)3 —(m+1)(=1)+m=-2m. Tir d6 suy ra
f(-1).£(0)=-2m* <0 ¥Ym#0 = f(x)=0 ludn c6 it nhat 1 nghiém x, € (-1;0)

Xét truong hop: m =0

(40+1) X’ =(0+1)x+0=0c X’ ~x =0 x=%1 vx=0

Két luan phuong trinh (1) ludn c6 nghiém véi moi gia tri m.

Vi du 10: Chimg minh rang v6i moi a, b, ¢ phuong trinh x* + ax® +bx +¢ =0 ludn c6 nghiém.

Dat f(x) =X’ +ax’ +bx+c thi f(x) lién tuc trén R.

Taco: lim f(x)=+0=3x, >0 dé f(x)>0.

X—>+00

lim f(x)=-00=3x,>0 dé f(x,)<0.

X—>—00
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Nhu vay c6 x,,x, d¢ f(x,).f(x,) <0 suy ra phuong trinh c6 nghiém x e (x,;x,) vdy phuong trinh da

cho ludn c6 nghiém.

Vi du 11: Ching minh ring v6i moi a, b, ¢ phuong trinh x* + ax® + bx> +cx—1=0 c6 it nhét hai nghiém
phan biét.

bat f(x)=x"+ax’ +bx’ +cx—1 thi f(x) lién tuc trén R.
Taco: f(0)=—1;

lim f(x)=+00=3x,>0 dé f(x,)>0.

X—>+00

lim f(x)=+00=>3x, <0 d& f(x,)>0.

Do do f(0).f(x,)<0 suy ra phuong trinh c6 nghiém trong khoang (x,;0)

£(0).f(x,) <0 suy ra phuong trinh c6 nghiém trong khoang (0;x, ) ma cac khoang (x,;0) va (0;x,)
khong giao nhau, do d6 phuong trinh c6 it nhat hai nghiém phan biét.
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Gia st u=u(x),v=v(x),w=w(x) la cac ham so c6 dao ham, khi do:

1. @tu-w)=u+v-w;

4). [%J/ _ u'v—zv'u

2). (wv)' =u'v+v'y

- 5). [%]/ -2

3) (ku) =ku' (keR)

'
v

5 -

BANG PAO HAM CUA CAC HAM SO SO CAP CO BAN

Pao ham ciia ham so so cap co ban

P2ao ham ciia ham s6 hop (u = u(x))

(©)=0

(x“ )/ =ax*",(aeR,x>0)

(hy= T (x> 0)

Lh__1
(;) = x2 (XiO)

(L))

X X

(u“ )/ =au”"'u,(a eR,u>0)

<&>‘=%(u>0)
Lo
(;) = u2 (u;tO)

1 ! n
[—nj = —F.u',(u ES O)

u

(sinx)' = cosx

(cosx)' = -sinx

=1+tan’ x

(tanx)'= s

(X¢g+kn,keZ)

(cotx)'z— — =—(1+cot2x)
sin” x

x#km k € 7).

(sinu)' = cosu.u'

(cosu)' = -sinu.u'

(tanu)'=

2

e =(1+tan2 u)u’

(u# g+kn,keZ)

'

(cotu)'z— — =—(1+cot2u)u'
sin” u

(uzkm k e 7).

CONG THUC TINH PAO HAM NHANH HAY DUNG

. (ax+bj/ ad —bc

cx+d - (cx+d)
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Vi du 1: Bao ham céc ham so sau:

l: y= lx5+2x4—x3—éxz+4x—5 2: y=2x4—lx3+2\/;—5
2 3 2 3

2: y=2x4—%x3+2\/;—5

1 ' r(1 : / 1
=] 2xt —= P 24 —Sj & y'=(2x" —(— 3j +(2Vx) -5 o y'=8x—x* +—.
y (x 3x X ¥ (x) 3x ( x) y'=8x"—x N

Vi du 2: Dao ham cac ham so sau:

a).y=(x2+3x)(2—x). b) y=x>Vx . ) yzii:;
2 2_ 2 3_ 3
d). y=(x7+x) . f). y=;5. Q). y=w.
(xz—x+l) I=x+x
I+x
k).yz\/g.

a).y =<x2 +3x)(2—x). = y':((x2 +3x)(2—x))/ :(x2 +3x)/ .(2—x)+(x2 +3x).(2—x)/

= (2x+3)(2-x)+(x* +3x) (1) ==3x" ~2x +6.

/ / / 1 1 S5x\x
b) y=x*Jx = ' =(Vx) =(x*) Vx+(Vx) 2 =2x/x +——= 7 = 2x/x + = xfx = .
) y=xNx Y ( ) ( ) ( ) 21x 2 2
¢) y= 2x -1 N ,:(2x—lj/
YT a3 77 T a3

(2x-1) (4x-3)-(4x-3) (2x-1) 2(4x-3)-4(2x-1) =2

(4x-3)’ (4x-3)’ (4x-3)"
7 2 5 A , / -1 /& 7
d). yz(x +x) . St dung cong thurc (u“) =qu” u' (Véiu=x"+x)

y'= 2(x7 +x).(x7 +x)/ =2(x7 +x)(7x6 +1)




o Dat Nguyén Tién ":

Toi THd oaT
/
f). y=ﬁ . Pau tién sir dung cong thirc [lj véi uz()cz—erl)5
x —x+1 u
/
. ((xz—x+l)5) _—S(xz—x+1)4.(x2—x+l)/_ 5(2x—1)
T 2 _ ‘P xz—x+110 o xz—x+l6
((x x+l) ) ( ) ( )
L2 3 /
g). y=(2 ¥ )(3 2x ).Déu tién st dung [Ej
I-x+x v
' [(2—x2)(3—x3)]/.(1—x+x2)—(1—x+x2)/(2—x2)(3—x3)
y =

(1—)c+)c2)2
Tinh [(Z—xz)(3—x3)]/ =(2-2) (3-2*)+(3-2*) (2-*)
=—2x(3—x3)—3x2(2—x2):5x4 —6x" —6x.

(5x* —6x" —6x)(1—x+x" ) —(—1+2x) (2% ) (3—x")

Viy y'= :
v (1—x+x2)
Ji-x J () (1+x)
1+x wY 1+x 1 X — (1 x) 1+x X 2@ X
k). y= . Str dung (—] dugc: y'= -
Vl—x % ( - x) (l—x)
C2(1-x)+(1+x) 3_y

C 21-x(1-x)  2V1-x(1-x)

Vi du 3: Pao ham cac ham s sau:
sinx Y
a). Y =XCOSX. b)y=[ j : ¢). y=sin’(2x+1).
I+cosx
d). y=tan3x—cot3x e). y =xcot2x

a). y =xcosx . Ta ap dung dao ham tich.
/ .
y'=x'cosx+x.(cosx) =cosx—xsinx.

sin x sin x

3
b) y= ( j . Buéc dau tién ta ap dung cong thic (u“ )/Vé'i u=
1+cosx

,_3( sin x )2( sin ]/
Y l+cosx ) \l+cosx

1+cosx
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Tinh ( sinx j (sinx) (1+cosx)—(1+cosx) .sinx cosx(1+cosx)+sin® x
inh : = =
1+cosx (1+cosx)2 (1+c0sx)2
:cosx+coszx+sin2x: 1
(1+c0sx)2 l+cosx
. 2 )
Vay y'=3( sinx j ' 1 _ 3sin x3.
l+cosx /) l+cosx (1+cosx)

c). y =sin’(2x+1). Budc dau tién 4p dung cong thirc (u“ )/Véri u =sin(2x+1)
. / . . /

Vay y'= (sm3 (2x+1)) =3sin’ (2x+1).(sm(2x+l)) .

Tinh (sin(2x+l))/: Ap dung (sinu)/ , VoI u =(2x+1)

Ta duogc: (sin(2x+1))/ = cos(2x+1).(2x+l)/ = 2cos(2x+1).

= y'=3.sin’ (2x+1).2cos(2x +1) = 6sin’ (2x +1)cos(2x+1).

d). y =sinv2+x” . Ap dung cong thirc (sinu)/ voi u=+2+x7

(2+¥)
o 24x

y':cosxl2+x2.(\/2+x2 )/ =cosy2+x". .cosv2+x7.

d). y=tan3x—cot3x

»'=(tan3x) —(cot3x) =(1+tan3x)(3x) +(1+cot’ 3x)(3x)
=3(1+tan” 3x)+3(1+cot’ 3x) = 3(2+ tan® 3x + cot” 3x ).

e). y=xcot2x

y'=x'.cot 2x+x(cot2x)/ = coth—x(1+cot2 2x).(2x)/ =cot 2x—2x(l+co1:2 2x).

4
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Vi du 4: Tinh

1 2 3 , 1 1 ) '
1). Cho f(x)=;+7+?. Tinh f'(-1). 2). Cho f(x):;+$+x2. Tinh (1)
1). Cho f(x)=l+£+i.Tinh 7'(-1).
x XX
1Y -«
Buéc ddu tién tinh dao ham st dung cong thirc (_”‘j =—
X X
( )
L >t )



2). Cho f(x)=2+—+x*. Tinh £'(1)

x x
/
/ Jx
Taco f'(x)= 1, L,e ——%—QJ“?_X:_LZ_;JJX
x x X X ¥ 2xx

1 1
Vay £'(1)=—l-—+2=—
ay f'(1) St2=7

4
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3 2
Vi du 5: Cho f(x)= %+%—2x . Vi nhitng gié tri ndo caa x thi:

a. f'(x)=0 b. f'(x)=-2

c. f(x)=10

3 2
X X

Ta co f'(x):[?+7—2x]:x2+x—2

a). f'(x)=0®x2+x—2=0<:>x=1vx=—2
b). f'(x)=—2<:>x2+x—2=—2<:>x2+x=0<:>x=0vx=—1

C). f'(x)=10<:>x2+x—2=10<:>x2+x—12=0<:>x=3vx=—4

Vi du 5:

a). Cho f (x)=2x* +x—/2,g(x) =3x* + x++/2 . Giai bat phuong trinh f'(x)> g'(x).

2
b).Cho f (x)=2x" —x’ +\/§,g(x): X’ +%—\/§. Gidi béat phuong trinh f'(x) > g'(x).

a). Taco f'(x):(2x3+x—\/5)/ =6x"+1, g'(x)=(3x2+x+\/§)/ =06x+1

f'(x)>g'(x) = 6x" +1>6x+1 6x° —6x> 0 x e (—0;0)U(1;+0)

2

b). f'(x)=(2x3_x2+\/§)/=6x2_2x’g'(x):(x3+x7_\/§j 34y

f'(x)>g'(x) e 6x* —2x>3x" +x < 3x* =3x >0 x e (—0;0)U(L;+0)
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Il. PAO HAM CAP CAO

( )
1. Cho ham s6 y = f(x) c6 dao ham f'(x). Ham so f'(x)con goi la dao ham cap 1 cia ham s6 £ (x)
.Néuhamsd f '(x) c6 dao ham thi dao ham d6 dugc goi 1a dao ham cp 2 ciaham sé f (x), ki higu la
y”> hay f"(x) .Dao ham cia dao ham cap 2 duoc goi 1a dao ham cép 3 ciia ham s6 f(x),kihiéulay”
hay £’ (x) . Tuong tu, ta goi dao ham ctia dao ham cap (n—1) la dao ham cap n ciia ham sb f(x), ki
hiéula y" hay " (x) , tuc 1a ta co: Y = (y("_l))'(n eN,n>1) .
2.Dao ham cép 2 ctia ham s6 f(t) 1a gia tdc tic thoi ciia chuyén dong s = £(¢) tai thoi diém t.

\_ J

DANG 1: TINH PAO HAM CAP CAO CUA HAM SO.
Phwong phap:

Ap dung truc tiép dinh nghia: y"") = ( ) )' dé tinh dao ham dén cap ma dé bai yéu cau.

Vidu 1: Tinh dao ham dén cap da chi ra cua cac ham so sau:

a). y =xsin2x,(»") b). y=cos’x,(y")

). y=x"+4x’ -3x +1,(y(")) d). y=x"—sin 2x,(y(4))

a). Co y'=x"sin2x+ x.(sin2x)'=sin 2x + 2xcos2x
= y"=(sin2x)'+(2x)'cos 2x + 2x(cos 2x)' =4 cos 2x — 4xsin 2x
= y"=4(cos2x)'—(4x)'sin2x—4x(sin2x)'=—-8sin 2x—4sin2x—8cos2 x
=-12sin2x-8cos2x.

1 . .
b). Ta co y=coszx=5(1+0052x)3y'=—s1n2x = y"=-2c0s2x = y" =4sin2x

¢). y=x"+4x’-3x" +1

= p'=4x +12x° —6x = y"=12x" +24x -6 = y" =24x+24
=y =24=3y9=0= .=y =0.

d). y=x"—sin2x

= y'=4x"—2c0s2x = y"=12x" + 4sin 2x

= y"=24x+8cos2x = y(4) =24-16sin2x
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Phwong phap:

m

Buéc 1: Tinh y',y",y

Buére 2: Ching minh cong thirc vira du doan 1a dung bang phuong phap quy nap.

Chii y: Can phan tich ki cac két qua ciia dao ham y', y", y

chinh xéc.

m

)

. Dua vao cac dao ham vira tinh, du doan cong thuc tinh ™.

tim ra quy luat d&é du doan cong thic y*

Vi du 2: Tim dao ham cdp n ciia ham s6 y = sinx(n € N*)

Budce 1: Ta co: y‘:cosx:sin(x+1.§j;y":—sinx:sin(x+2%)

Dy dodn: y™" =sin(x+n%j (1),‘v’neN*

Bude 2: Chimg minh (1) bang quy nap:

* n=1:(1) hién nhién ding.

* Giastr (1) dung véi n=Fk>1 nghia la ta co: »* =sin (x + k%) ta phai chimg minh (1) cing ding véi

n =k +1 nghia la ta phai ching minh

2 sin v+ (k403 ] (2)

/
That vay : vé trdi (2) =" = [yk ]/ = {sin (x+k%ﬂ = cos(erk%j = sin(x+(k+1)%}

(2) = (2) ding, nghiala (1) dang véi n=k+1.

Budc 3: theo nguyén 1i quy nap suy ra y" = sin(x + n%), VneN".

=v¢ phai

Vidu 2: Tim dao ham cap n cua ham s6 y =

13(neN*)

1 / 1!
Taco: y'=(-1) =(-1 ;
acs: y'=( )(x+3y ( )(x+3y
1.2 2 21!
"= (-1)". =(-1 .
y=(=1) (x+3) (=) (x+3)
Dy doan: y" =(-1)' (x+n3!)”+1 (1),vaeN".
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Chimg minh (1) bang phuong phéap quy nap:

#n =1:(1) hién nhién ding.

!
* Giasu (1) ding véi n=k>1,nghialataco: y* = (—1)k (1{7 ta phai chimg minh (1) ciing ding
X+
(k+1)!

voi n=k+1 , nghia la ta phai ching minh: y**' = (—1)1(+l ( )k+2
x+3

(2)

That vay: vé trai

S B v (R AN k! /: 1 k! Txt [
(2)_y [y:' [( l) ( k+1] ( l) |:(x+3)k+1:|2 [( 3) }

(e R

(x+3)

Vay (2) dung nghia la (1) ding voi n=k+1.

' %
n VneN .

(x+3)n+1 ’

DANG 3: CHUNG MINH DANG THUC

Theo nguyén li quy nap ta suy ra y" = (—l)n .

Vi du 3:

a). Cho ham s6 y = xsinx . Chimg minh x.p"—2(y'=sinx)+xy=0 (*)
b). Cho ham s6 : y =+/2x—x* chimg minh: y*.y"+1=0 (*)

¢). Cho ham sb: y = xtan x ching minh: xz.y“—2(x2 +y2)(1+y) =0 (*)

x—3

d). Cho ham s6: y = 0 chtrng minh: 2(y')2=(y—1).y" (*)
X+

a). Cho ham s6 y = xsinx . Chimg minh x.y"-2(y'-sinx)+xy =0 (*)

Tacé y'=(xsinx)/ <:>y'=x'.sinx+x.(sinx)/ & y'=sinx+xcosx
y"z(sinx+xcosx)/ z(sinx)/ +(xcosx)/ zcosx+x'.cosx+x.(cosx)/ =2cosx—xsinx
(1)< x(2cosx—xsinx)—2(sinx+xcos x —sinx)+ x” sinx = 0

& 2xcosx— x> sinx—2xcosx+x’sinx=0< 0=0 (dpcm).

b). Cho ham s6 : y =+/2x—x" chimg minh: y°.y"+1=0 (*)
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Ta co: y'=( 2x—x2) <:>y'=;,(2x—x2)/: 1-x

24/2x —x*
(l—x)/.\/Zx—xz—(\/2x—x2)/.(1—x) —2x—x’ - l_xz'(l_x)

y'= 2 = Zx_)zc
(\/2x—x2) ( 2x—x2)
B —(Zx—xz)—(l—x)2 ~ -1

) \/2x—x2.(\/2x—x2 )2 (\/2x—x2 )3 -
(*)@(\/2x—x2 )3._—13+1:0©—1+120 (dpcm).

=
¢). Cho ham s6: y =xtanx chimg minh: x”.y"=2(x" +7)(1+y)=0 ()
Taco: y'=(xtanx) =x'.tanx+x.(tanx) =tanx+x(I+tan’ x)
y":(tanx)/ +x'.(1+tanx)+x.(l+tanx)/ = 2(l+tan2 x)+x.(2tanx).(tan2+1)
=2(1+tan2x)(1+xtanx)
(=l<)<:>2x2(1+tan2x).(1+xtanx)—2(x2+x2 tanzx)(1+xtanx)=0
& 2x* (1+tan” x)(1+ xtan x) - 2x" (1+tan” x ) (1+ x tan x) = 0

< 0=0 (dpcm).

x—3

d). Cho ham sé: y = 2 chung minh: 2()/')2 = (y—l).y" (*)
X+

(x+4) T (xra) (x+4)

7 2 x-3 -14 98 98
(*)@2[(”4)ZJ :(x+4_1)((x+4)3]® (crd)  (xray oem

e) Cho ham s6 y = cos” 3x ching minh: 18(2y—1)+y"=0 (*)

x—3]/_ 7 _—7((“4)2)/ 14

Taco: y'= "
4 (x+4

Ta c6: y =cos’ 3x
y'=2.cos3x(cos 3x)/ =2cos3x.(—sin 3x)(3x)/ =-3sin6x => y"=—18cos6x

(*) <> 18(2cos” 3x—1)~18cos 6x = 0 <> 18.cos 6x—18cos 6x = 0 (dpem).




o Dat Nguyén Tién P,

TOAN THAY DAT

oooooooooo

Ill. PHUONG PHAP CASIO - VINACAL

(tinh dao ham bdang may tinh )
Phwong phap:
* Tinh dao ham cép 1 :
* Tinh dao ham cép 2 :

() = lim 221 2250 +0,000001) - y'(3;)
A 0,000001

* Duw doan cong thirc dao ham bacn :
+ Budc 1 : Tinh dao ham cép 1, dao ham cép 2, dao ham cép 3
+ Budc 2 : Tim quy luat vé dau, vé hé sd, vé s bién, vé s6 mil roi rat ra cong thirc tong quat.
Quy trinh badm mdy tinh dao ham cip 1:

Buée 1: An

Buée 2: Nhap biéu thirc di( (X)), vadn=

5 X=x,
Quy trinh badm mdy tinh dao ham cap 2:

Buwée 1: Tinh dao ham cép 1 tai diém x = X,

Buwére 2: Tinh dao ham c?ip 1 tai diém x = x, +0,000001

Ans - PreAns ;

Bwoce 3: Nhip vao may tinh ————  an =,
Vidy 1: He s6 goc tiép tuyén cia do thi ham s6 (C): y = sz tai diém c6 hoanh do x, =1 1a
x +3
AL B. .. c.l D. -2
4 2 8
Heé s6 goc tiép tuyén k = y(’l) Nhap vao may tinh i(){—-ﬂ}
de\\JXx?*+3 ),
Phép tinh Quy trinh bim may Man hinh hién thi
d[ X+2 j o . m Math &
dx X*+3 X=1 @@ l:l.'-l'.'[_||::,::2+3]|.'-li=1
DEEEDE 0.125

Vay k:y('l)=i X2 ) Coa2s=L = cnon @
de\JVX*+3 ), 8
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Vi du 2: Dao ham cap 2 ctia ham s0 y = x* —+/x tai diém c6 hoanh d0 x, =2 gansO gi4 tri ndo nhat

trong cac gia tri sau:

A 7. B. 19. C. 25. D. 48.
Phép tinh Quy trinh bim may Man hinh hién thi
Taix, =2 . 5 = Math &
di()ﬁ—\/?) ) E[H _H”x:E
" ‘ B ®EE 1. 64644661
®® (2=
x, =2+0,000001 ” 5 E Math &
< x), ool T LA =) oz b
" S 0D EOE 31. 6464947
Tinh y(2) = »'(2+0.000001) - y'(2) ey Ans - Predns
0.000001 X
=) e e AnS—Preans
®OEHO0 0. 000001
OO 48.0884128

Viy y"(2)~48 = Chon D.

Vi du 3: Tinh dao ham cua ham sb y:xtl
' 1—2(x+1)1n2 ' 1+2(x+1)1n2
1-2(x+1)In2 1+2(x+1)In2
Cy=——r75"— D y=—"+—"—
2" X

Ta chon tinh dao ham tai diém bat ki vi du chon x = 0,5 r6i tinh dao ham cua ham sb tai X =0,5.

d({X+1
Nhap vao may tinh —( )J: j
dx\ 4" )y s
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Phép tinh Quy trinh bAm may Man hinh hién thi
i()(_Hj A ] Math &
a4 s EREEEOED E[dﬁ ]|x=':'-5

CUHEHDIS®® -0, 59720708
OdBEE
Luu két qua ARs+6 e e,
vira tim dugc RilJ | ©
vio bién A -0, 59720708
Lay A trir di két qua tinh gia tri cac biéu thirc ¢ cac dép an néura 0
thi chon dap an do.
4o 4 HEOEEQE kO] @ Math &
Dép dn A 1-Z(x+111R¢(
FO0OWRO®E ANS- —zw b
@ @ W 0) 60 i
-0 Dbegl=
OdBEE

S6 —8,562.10"2 ~ 0. Néu chiea ra két qua la 0 thi thay cdc ddp én con

lai bao gio ra 0 thi chon = Chon A.

Vi du 4: Cho ham s6 y =esinx , ddt F = y"+2y' khang dinh ndo sau ddy la khang dinh dung ?

A F=-2y B.F=y C. F=-y D. F=2y
Phép tinh Quy trinh bim may Man hinh hién thi
Tinh (suF1) fuong) (4] (surr) (=) () (x10) d ¥ g S“‘“
—_| i [+
y(2+0.00) | @@L 6T g LIk F
DOecREOHO -0. 1793792622
(@) (o) (0] (0] (1]
=) e e ()
’ R} Math &
Luu két qua vura BNs+a
tim duoc vao
) -0. 1793792622
bien A
1 59
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Tinh y'(0) 4 [: e E Smh a
®@ @ 6@ 6 E B E w6 SINGRY] b
05 00 () () ) 6 D 9 -0. 1793793748

Luu két qua vira - B Math ok

tim duogc vao SHIFT (RCL
y -0, 1793735748
bién B
Thay vao cong thirc f"(x,)= S+ ixx)_f'(xo) -C
H_E F:] Math &
O, Q00001

= O E W ® 0. 112653413

Gleuuolaon —

B AnS=C

0. 112653413

Tinh F = y"+2y'=C+2B =—0.2461...=—2y = Chon A.
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/I— Kién thirc cAn nhé

— Phuong trinh tiép tuyén cua (C):y = f(x) tai diem M (x,;y,) c6 dang:

A:ly=k(x—x,)+y, Véi k = '(x, ) 1ahé s§ goc tiép tuyén.
L4 b
@ @ 0

——— Déviét phwong trinh tiép tuyén A, ta
cin tim ba thanh vhin x . v . k
—biéu kién can va du dé hai duong (C,):y = f(x) va (C,): y = g(x) tiép xitc nhau

_QMVMwm
/'(x)=g'(x)
II — Céc dang toan viét phwong trinh tiép tuyén thwong gip

® Viét PTTT A cita (C):y = f(x), biét A c6 hé sé géc k cho truée

c6 nghi€ém (nho: "ham = ham, dao = dao")

— Goi M(x,;y,) latiép diém. Tinh y'= y'(x,).

— Do phuong trinh tiép tuyén A c6 hé s6 gock = y'(x,) =k (i)
— Giai (i) tim dugc x, —> y, = f(x,)—>A:y=k(x—x,)+,.

w Luu y. Hé s goc k = »'(x,) ctua tiép tuyén A thuong cho gian tiép nhu sau:

— Phuong trinh tiép tuyén A //d:y=ax+b=k=a.

— Phuong trinh tiép tuyén AJ_d:yzax+b:>k=—l.
a

— Phuong trinh tiép tuyén A tao v6i truc hoanh géc o = [k| = tana .

— Phuong trinh tiép tuyén A tao véi d : y = ax+b goc a = .
+k.a

@ Viét PTTT A cia (C):y = f(x),biét A di qua (ké twr) diém A(x,;y,)

a
=tana

— Goi M (x,;y,) latiép diém. Tinh y, = f(x,) va k =y'(x,) theo x,.
— Phuong trinh tiép tuyén A tai M (x,;y,) 1a Ay =k(x—x,)+y,.
— Do A(x;y,)eA=y, =k(x,—x,)+, (i)

— Giai phuong trinh (i)—>x, —> y, vd k—— phuong trinh A.

® Viét PTTT A cita (C):y = f(x), biét A cit hai truc toa df tai A va B sao cho tam gisc OAB

vuong cin hodc co6 dién tich S cho trudc
— Goi M(x,;y,) latiép diém va tinh h¢ s6 goc k = y'(x,) theo x,.
AOABvudng can < A tao véi Ox mot géc 45° va O ¢ A (l)

— Pécho
Sious =S & OA.0B =28 (ii)

— Gidi (i) hodc (ii)—>x,—> y,;k——> phuong trinh tiép tuyén A.

@ Tim nhirng diém trén dwong thang d : ax + by +c=0 ma tir d6 vé€ dwge 1,2,3,...,n tiép tuyén véi

dé thi ham sb (C):y = f'(x)
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(— Goi M (x,; v, )€d:ax+by+c=0 (sao cho c6 mot bién x,, trong M) H\
— PTTT A quaM vac hé s6 géc k c6 dang A:y=k(x—x, )+, .
f(x)=k(x=x, )+, (i)
S(x)=k (i)
— Thék tir (ii) vao (i), duge: f(x)=f"(x).(x—x, )+, (iii)
— S6 tiép tuyén cua (C) v& tir M = s6 nghiém x cua (iii).

— Ap dung diéu kién tiép xuc: {

® Tim nhimg diém M (x,,;y, ) ma tir dé vé& dugc hai tiép tuyén véi dd thi ham s6 (C): y = f(x)
va hai tiép tuyén dé vudng géc nhau

— PTTT A quaM vaco hé s6 gock c6 dang A:y =k(x—x, )+, -

f(x)zk(x—xM)+yM (l)

S(x)=k (i)

— Théktir (ii) vao (i), duge: f(x)=f"(x).(x—x, )+ »y, (iii )

— Qua M v& dugc hai tiép tuyén véi (C) <

— Ap dung diéu kién tiép xuc: {

(iii) ¢6 hai nghiém phén biét x,x, .

— Hai tiép tuyén d6 vudng géc nhau < k. .k, =-1< p'(x).p'(x,)=-1.

= Luuy.

— Qua M vé& dugc hai tiép tuyén voéi (C) sao cho hai tiép diém nam vé hai phia véi truc hoanh thi
(iii): c6 hai nghi¢m phan biét x,,x, .
f(x)-f(x,)<0.

— Db véi bai toan tim diém M € (C): y = f(x) sao cho tai d¢ tiép tuyén song song hodc vudng goc véi

dudng thing d cho trude, ta chi can goi M (x,;y,) va A la tiép tuyén véi k= f'(x,). Roi ép dung

({ = f"(x,) =k, néu cho song song va f"'(x,).k, =—1 néu cho vudng goc = x, = y, = M (x,;»,). j

Vi dy 1: Cho dudng cong (C):y = f(x)=x"-3x". Viét phuong trinh tiép tuyén ctia (C) trong cac
truong hgp sau:

a) Tai diem M (1;-2).

b) Tai diém thuoc (C)va c6 hoanh do x,=—1.

¢) Tai giao diém cua (C)véi truc hoanh .

d) Biét tiép tuyén di qua diém A(-1; - 4) .

Tacod f'(x)=3x"—6x

a). Tacd f'(x,)=f'(1)=-3

Vay phuong trinh tiép tuyén tai diem M (1; -2): y= f'(x,)(x—x,)+ ¥,
c>y=—3(x—1)—3®y=—3x
b). Taco x,=—-1= y, =—4, f'(x,) =9

Vay phuong trinh tiép tuyén tai diém N (-1;—-4)1a y = £'(x,)(x—x,)+ ¥,
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y=9(x+1)—4<:>y=9x+5.

. x
¢). Phuong trinh hoanh d giao diém cua (C)véi truc hoanh: x° —3x* =0 @[
X =

Véi x,=0=y,=0,f'(x,)=f'(0)=0

Véy phuong trinh tiép tuyén tai diém (0;0) 1a y = f'(x,)(x—x,)+y, < y=0
Véi x,=3=,=0,f"(x,)=f'3)=9

Véy phuong trinh tiép tuyén tai diém (3;0) 1a y = f'(x,)(x —x,) + ¥,

= y=9(x—3)® y=9x-27.

d). Goi (x0 ; yo) 1a toa d6 tiép diém cua phuong trinh tiép tuyén d di qua diém A
Vi diém (x0370) €(C)= y, = x5 =3x;,va f'(x,)=3x; —6x,

Phuong trinh d: y = f'(x))(x—x,)+y, &y = (3x§ —6x0)(x—x0)+xé -3x;

Vi A(-1;-4)ed nén: (3x§ —6x0)(—1—x0)+x3 -3x; =—4

& 2%, —6x,—-4=0x,=2vx, =-1

Véi x,=2= y, =—4, f'(2) =0, phuong trinh tiép tuyén y =4

Véi x, =—1= y, =—4, f'(-1) =9, phuong trinh tiép tuyén y=9(x+1)-4< y=9x+5
0 0

3x+1
1-

Vi du 2: Cho dudng cong (C):y=

a). Viét phuong trinh tiép tuyén cia ( ) iét tiép tuyén song song voi duong thang (d):x—4y-21=0.
b). Viét phuong trinh tiép tuyén cta (C)biét tiép tuyén vudng géc véi duong thang (A):2x+2y-9=0.

¢). Viét phuong trinh tiép tuyén cua (C )blet tiép tuyén tao véi duong thang :

(d):x—=2y+5=0 mot goc 30°.

Tap xac dinh D=R\{1}. Tacod y'=f'(x)=

(1-x)’

1 21 1
a). Co x-4y-2l=0 y=—x-——=k, =
). Co (d):x—4y- Y=g "
v LA Je , - ~ 1
Vi tiép tuyeén song song véidnén k, =k, =—.
4 1
Goi M (x,,y,) 14 toa do tiép diém cua tiép tuyén, tacod f'(x,)=k, <:>(1 )2 =2

<:>(x0—1)2=16<:>x0=5vx0=—3
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Véi x, =5= y, =—4, phuong trinh tiép tuyén tai diém nay la: y = f "(x)(x=x0) + ¥,

@yzi(x_s)_4<:>y=ix—%(loai, vi triung véi d).

Véi x, =-3 = y=-2, phuong trinh tiép tuyén tai diém nay la: y = f '(x)(x=x,)+ ¥,

@yz%(x+3)—2<:>y=%x—%.

b). (A):23c+2y—9=0<:>y=—x+%:>kA =-1

Vi tiép tuyén vuong goc voi A nén, k, k, =—-1=k, =1

Goi N (x,,,) 1a toa do tiép diém cua tiép tuyén, taco f'(x,)=k, < 0 )2 =
—x,

<:>(x0—1)2=4<:>x0=3vx0=—1.
V61 x, =3 = y=-5, phuong trinh tiép tuyén tai diém nay la: y = f '(x,)(x=x,)+ ¥,
@yz—l(x—3)—5<:>y=—x—2

Véi x, = —1=> y =—1, phuong trinh tiép tuyén tai diém nay 1a: y = £ '(x,)(x = X,) + ¥,
<:>y=—1(x+1)—1<:>y=—x—2.

1 5 1
€. (d):x-2y+5=0y=—x+—=k, =—
b (@i 4 2x 2 )

ktt — kd

1+k,k,

Ta c6 tiép tuyén hop véi d mot goc 30°, nén co = tan30’

” 2 2
21 L “ L) e | o Mg — Lo
2 2 4 4
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Vi du 3: Cho ham sé y:f(x)z’“—xl+2 (C)
x—

a). Viét phuong trinh tiép tuyén cua (C) tai diém M(2; 4).

b). Viét phuong trinh tiép tuyén ciia (C) biét tiép tuyén co hé so goc k=1.

x—2x-1
Taco: f'(x)=—"——
S(x) 17
a).Taco x,=2= f'(x))=f"'(2)=-1
Phuong trinh tiép tuyén cua (C) tai diem M(2; 4)1a y = £'(x,)(x - x,) + ¥,

@yz—l(x—2)+4<:>y=—x+6
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b). Goi x, 1a hoanh d¢ tiép diém cua tiép tuyén véi dd thi, taco f'(x,)=1

2_ —
@le@—lzl(vély).
(xo_l)

Két luan khong c6 tiép tuyén nao c6 hé s6 goc bang 1.

Vi du 4: Cho ham s6 (C): y =+/1—x—x* . Tim phuong trinh tiép tuyén v&i (C):

a) Tai diém c6 hoanh d§ x, =—

b) Song song v6i duong thang (d): x + 2y = 0.

-1-2x

2co f'(x)= 2\1—x—x

I 111
a).Vc’rixO:E:yO:/ R UACIE f( j:_z

!
Vay phuong trinh tiép tuyén tai diém [ ] la y=7"(x)(x=x )+,

Tap xac dinh D = { 5

—1—\/3_—1+\/§}T
= |

1) 1 3
=2l x——|[+—y="2x+=.
4 [ 2) 2 TYTTHT

b). Ta co (d):x+2y=0<:>y=—%x:>kd=—

N | —

N gt A A 7. A 1 . \ \ A LA < R 5 (94 A rs 3A .
Vi tiép tuyen song song véidnén, k, =k, = 5 Goi x, la hoanh d¢ tiép diém cua tiép tuyen vai do thi,

1 —1-2x, 1

ta co f'(xo):——<:>—:——<:>l+2x0: l—xo—xj =
2 21/1—x0—x02

So véi diéu kién x, = 0 (nhan), x, =—1 (loai)

1+2x,20

X, =0vx,=-1

Véi x, =0=> y, =1, phuong trinh tiép tuyén tai diém (0;1) la: y=—%(x—0)+1<:>y:—%x+l.

Vidy 5: Cho ham s6 y =x" +3x> —9x+5 (C). Trong tat c4 céc tiép tuyén cta do thi (C), hdy tim tiép

tuyén c6 hé s6 goc nho nhat.

Ta co y'=f'(x)=3x2+6x—9

Goi x, 1a hoanh do tiép diém cua tiép tuyén, vay f'(x,)=3x; +6x, -9
Tacé 3x; +6x, -9 =3(x; +2x, +1)=12=3(x, +1)" =122 -12,vx, €(C)
Vay min f'(x,)=-12 tai x,=-1=y, =16

Suy ra phuong trinh tiép tuyén can tim: y=-12(x+1)+16 < y=-12x+4
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Vi du 6: Cho ham s6 y = x+2
2x+3

d6 cét truc hoanh, truc tung lan luot tai hai diém phan biét A, B va tam giac OAB can tai géc toa do O.

(1). Viét phuong trinh tiép tuyén ciia d6 thi ham s6 (1), biét tiép tuyén

-1
2
(2x + 3)
Viﬂ tiép tuyén (d) cét hai truc Ox, Oy lan luot tai A, B tao thanh tam giac OAB vuodng can, nén duong
thang (d) hop véi truc Ox mot goc 45°.
Vay ¢ k, =+tan45’ <k, =+1

Tap xac dinh D=R\{—%}. Taco y'=f'(x)=

Goi x,1a hoanh dé tiép diém cta tiép tuyén, ta cé f'(x, )=+l

-1
Véi f '(xo) =1< —— =1 (phuong trinh v6 nghi¢m).
(2x,+3)
-1
V6i f(x)=-1&———5=-1a(2x,+3) =lex,=—1vy, =2
(2x,+3)
Véi x, =—1=>y, =1, phuong trinh tiép tuyén tai diém ndy y=-1(x+1)+1< y=—x. Tiép tuyén nay
loai vi duong thang nay di qua gbc toa do nén khong tao thanh dugc tam giac.
Véi x, =-2= y, =0, phuong trinh tiép tuyén tai diém nay y = —l(x + 2) Sy=—x-2

Vidy 7: Cho ham s y =x’ +3mx” +(m+1)x+1 (1), m la tham s6 thuc. Tim c4c gié tri ciia m dé tiép

tuyén ctia d0 thi ctia ham s6 (1) tai diém c6 hoanh d6 x = —1di qua diém 4 (1;2).

Tap xac dinh D=R
y'=f'(x)=3x"+6mx+m+1
Véi x,=-1=y,=2m-1, f'(-1)=-5m+4

Phuong trinh tiép tuyén tai diém M (=L,2m—1): y=(-5Sm+4)(x+1)+2m—1 (d).

Taco A(I;Z)e(d)<:>(—5m+4).2+2m—1=2<:>ng.

3x+1
x+1
d6 thi ctia ham s6 (1) tai diém M (-2;5).

Vi du 8: Cho ham s6 y =

(1). Tinh dién tich cia tam gidc tao boi céc truc toa do va tiép tuyén cua

2
()c+l)2 .
Phuong trinh tiép tuyén (d) tai diém M (-2;5): y=2(x+2)+5< y=2x+9

Tap xac dinh D=R\{-1}.Co y'=

Goi A 1a giao diém cua d va truc hoanh =y,=0=>x, =—%, vay A(—%;Oj
Goi B la giao diém ctia d v truc tung=> x, =0=> y, =9, vy B(0;9).

Ta c6 tam giac OAB vuong tai Onén S,,,, = %OA.OB = —%‘|9| = %

1
2
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Vi dy 9: Cho ham s6 y =+/3x* +4 (C). Viét phuong trinh tiép tuyén ciia d6 thi (C) biét tiép tuyén tao
v6i dudng thang (d) : —x+\/§y+ 6=0 goc 30° .

Téap xéc dinh D=R.Taco y'=33x>

3

(d):\/gy—x+6=0<:>y=§x—2\/§:>kd :T

k, -k,

13

1+k,k,

=tan30’

Vi tiép tuyén tao v6i duong thang d mot goc 30° nén thoa

3

kzt_i ? ?
—\/53 :%@3(kﬁ —?J :(1+§kﬁJ @ktf —\/gktt :0<:>ktt :Otht :\/g

l+—k,
3

Goi x, la hoanh do tiép diém

V6i k, =0 33x2 =0 < x, = 0= y, =4 . Phuong trinh tiép tuyén tai diém (0 ; 4): y=4.

Véi k”=\/§<:>3\/§)c§=\/§<:>)c§=%<:>x0=iL

3

. . 1 13
Véi x, =%:yo =%,phu’ongtrinhtiép tuyén y=\/§(x—$)+? <:>y=\/§x+?.

. . 1 11
Véi x, =—%:yo =%,phuong trinh tiép tuyén y=\/§(x+ﬁ]+? <:>y=\/§x+%.

Vi dy 10: Cho ham s6 y = —x’ —3x’ +9x—5 (C). Trong tat ca cac tiép tuyén ctia d6 thi (C), hdy tim

tiép tuyen c6 hé s6 goc 16n nhat.

Tap xac dinh D=R.Tacod y'=-3x"—6x+9

Goi x,1a hoanh dé tiép diém cia tiép tuyén, ta c6 f'(x,)=-3x; —6x,+9
& f'(x0)==-3(x; +2x, +1)+12==3(x, +1)" +12<12

Tir do suy ra max f'(x,)=12 tai x, =—1.

Véi x, =—1=>y, =16, phuong trinh tiép tuyén can tim: y=12(x+1)-16< y=12x-4

Vi dy 11: Cho ham sb y =221

C) .Goi I(1;2). Timdiém M e(C) sao cho tiép tuyén cta (C
1
¥
tai M vudng goc voi duong thang IM .

-1
(e-1)

2x,—1
x, —1

Tapxacdinh D=R.Taco y'=

Goi M(xo,yO)E(C)jyo -

— 2x, —1 — 1 1
Ta co IMZEXO_I; Yo —2J<:>IM=(xO—1;—J:>k[M=—2
Xo x,—1 (xo_l)
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_ 1
(% _1)2

Vi tiép tuyén vudng goc vdi duong thang IM nén ¢ k, .k, =-1

Hé s6 goc ciia tiép tuyén tai M k, = f'(x,)=—

1
(x—1)

Vay c6 2 diém M, (0;1),M,(2;3) thoa yéu cAu bai toan.

T=leox -l=tlex,=0vx =2

Vi du 12: Cho ham s y = 2_xl (C). Tim diém M e (C), biét tiép tuyén ctia (C)tai M cit hai truc toa do
x+

tai A, B vatam giac OAB c6 dién tich béng% .

Tap xac dinh D =R\{-1}.Tacd y‘:ﬁ
Goi M (xy;v,)€(C)=y, = 2%
| 020 0 x, +1

Phuong trinh tiép tuyén ctia (C) tai M: y = f"(x, )(x—x, )+ ¥,

2 2x, 2 2x;
<:>y=—2(x—x0)+ V= Xt 2 ( )
(x, +1) X, +1 (x, +1) (x, +1)

Goi 4 1a giao diém cta d va truc OX, ¢6 y, =0= x=-x;. Viy 4(-x;;0)

. 2x; 2x;
Goi B 1a giao diém cta d va tryc Oy, ¢6 x, =0= y, = ( x01)2 . Vay B[O;( x01)2
X, + X, +

Ta c6 tam gidc OAB can tai O, theo gid thiét ta co: S,,,, = i = %OA.OB = %

2
2x,

(x, + 1)°

=l<:>4x§=(x0+1)2<:>{

<:>|—x§|.
2x2 = —x, -
Xo =X

2

2x2 =x, +1 @{2)@—%—1:0
1

2x; +x,+1=0
Véi 2x; +x,+1=0 phuong trinh v6 nghiém.

Véi 2x3—x0—1=0<:>x0=1\/x0=_%

. . 1
V6i x, =1 tacd M (1;1). Véi x, == ta co M(—%;—2)

Vay c6 hai diém M théa man yéu cau bai toan 1a M (L1), M (—%;—2}




4

TOAN THAY DAT

o Dat Nguyén Tiéh

Ki THUAT LAP PHUONG TRINH TIEP TUYEN CUA PO THI HAM SO BANG MAY TiNH
CASIO - VINACAL

Phuwong phap : Phuong trinh tiép c6 dang d : y = kx + m.
+ Déu tién tim hé s goc tiép tuyén k = »'(x,).

, sau d6 bam = ta duoc k.
x:xo

Bim va nhap di(f(X))
x
x (=X)+ f(X), sau d6 bAm phim r véi

dx X=Xo

+ Tiép theo: B4m phim ! dé stra lai thanh i(f(X))

X = x, va bam phim = ta dugc m.

=2 o o g d0 bang —1. Phuong trinh tiép tuyén cuia

Vidy 1: Cho diém M thudc d6 thi (C): 1
o

dd thi (C) tai diém M la:

3 1 3 1 3 1 3 1
A y="x+- B. y="x——. C.y=—"x+—. =y
YTy YT, YT YT,
Phép tinh Quy trinh bim may Man hinh hién thi
i(””j o czaely
Xl | mmEBEDEmOE G | P
DE@mEID® 0,75
®o=EHOUBE
Bam phim @ dé stra lai thanh:
d(2X+1 2X +1
4 F )
ax\ X-1)_, X-1

sau d6 bam phim r véi X =—1 va bam phim = ta dugc két qua

] Math &

o [ EH+L
B@0EHELIDHE R 6] E[ H—1 ]|x=—1':'t’
HO@EDEHIE (.75

Viy phuwong trinh tiép tuyén tai M 1a: y= —3% —% = Chon B.

Vi dy 2: Phuong trinh tiép tuyén cta d6 thi (C): y =x’ —3x+2 c6 h¢ s6 goc bang 9 1a

A. y=9x—-18; y=9x+22. B. y=9x—-14; y=9x+18.
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C. y=9x+18; y=9x+22. D. y=9x-14; y=9x—-18. |
V6i x, =2 tanhap 9(—X )+ X> —3X +2 rvdi 3031415 53}: EMH“
o . -A IR Akt
X =2 r6i bam = ta dugc két qua la
=d, :y=9x-14. -1

Math &

AU -HI+RT DK+ 2

Véi x, =-2 tanhdp 9(—X)+ X" -3X +2 rvoi

X =2 10i bim = ta duoc két qua 1a

18|=d,:y=9x+18.
2

= Chon B.

[—
|20

Vi du 3: Tiép tuyén ctia d6 thi (C):y =—4x’ +3x+1 di qua diém A(-1;2) c6 phuong trinh 1a

A, y=-9x+7;, y=—x+2. B. y=-9x-11; y=—x+2.

C. y=-9x+11; y=2. D. y=-"9x-7; y=2.

+ Cho f(x) bdng két qua cac dap én, tir d6 ta thu dwoc cac phuwong trinh.

+ St dung chirc nang giai phwong trinh bdc ba ciia mdy tinh bé tii bang cach bam té hop phim w 5

4 va nhdp hé s6 phirong trinh.. )
Théng thuwong may tinh cho so6 nghiém thuc nho hon so bdc ciua phwong trinh la 1 thi ta chon dap dn do.

+ Pau tién thir véi dap an A, ta cho:
—4x’ +3x+1=-9x+7 & —4x’ +12x-6=0.
May tinh cho 3 nghiém = Loai A.

+ Thir voi dap an B, ta cho: —4x* +3x+1=-x+2 < —4x* +4x—-1=0.
May tinh cho 3 nghiém = Loai B.

+ Thir voi dap an B, ta cho:
—4x* +3x+1=-9x+11<= —4x* +12x-10=0.

May tinh hién thi 1 nghiém thuc va 2 nghiém phirc (phwong trinh co 56 nghiém thuc la mot nhoé hon bdc
cua phuwong trinh la 2) = Loagi C.

+ Thir véi dép dn : —4x> +3x+1=-9x—7 < —4x> +12x+8=0
may tinh hién thi 2 nghiém x =—1; x=2 (nhdn).
—4x* +3x+1=2 < —4x’ +3x-1=0

mady tinh hién thi 2 nghiém x=—1; x = % (nhdn).

= Chon D.
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PHAN 5. QUAN HE VUONG GOC TRONG KHONG GIAN
DANG 1: CHUNG MINH DUGNG THANG VUONG GOC MAT PHANG

(1. Dinh nghia \

d 1 (P) & (d;(P))=90°

2. Tinh chét

e Dinh Iy 1: Néu mot duong thang d vudng goc véi hai duong thing cat nhau nam trong (P)thi d
vuong goc voi (P).
anb=M e(P)
dla =d 1 (P)
dLlb

e Pinh Iy 2: Néu duong thang d vudng goc v6i (P) thi d vudng goc véi

moi dudong thing nam trong (P). b

{d L(P) n

=dlc )
Ve (P) |

Chu y
- Trong khong gian, hai duong thang vudng goc khong nhat thiét phai cit nhau.
- Trong khong gian bdo toan quan hé vudng goc.

3. Phwong phap chirng minh d L (P)
e Cosind Lac(P)
e Phai chung minh d L b (P)?

K e Chung minh b vuong goc véi mot mat chua d )

Vidu 1: Cho hinh chép S.ABC c6 S4 L (ABC),~ABC khong vuong ¢ B va C. V€ AE | BC,

AH 1 SE. Ching minh AH 1 (SBC)?

Cosan AH L SE (1)
Phai chung minh 4H 1 BC
Ta chung minh BC L (SAE)

BC L AE
{ — BC 1 (SAE)=> BC L AH (2)

BC 1 54

Tir (1) va (2) = AH L (SBC).
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Vi du 2: Cho hinh chop S.ABC ¢6 S4 L (ABC),nABC vuong 6 B. Vé AH | SB. Chlrng minh
AH 1 (SBC).

Cosan AH L SB (1) s
Phai chung minh 4H 1 BC
Ta chitng minh BC 1 (S4B)

BC L 4B
— BC 1 (S4B)=> BC L AH (2)
BC 154 . &

Tir (1) va (2) = AH L (SBC).

Vi du 3: Cho hinh chop S.ABCD ¢6 SA 1 (ABCD), ABCD 1la hinh chir nhat. V& AE 1 BD, AE | SE.
Chirng minh AH 1 (SBD)?

Cosan AH L SE (1)
Phai chung minh 4H | BD

BD 1 AE
{ = BD 1 (SAE)= BD 1 AH (2)

BD 1 84

Tur (1) va (2) = AH L (SBD).
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DANG 2: CHUNG MINH DUGNG THANG VUONG GOC DUGNG THANG

(1. Dinh nghia \
d1la<s(dya)=90°
2. Tinh chét
e Dinhly1:
anb=M €(P)
dla =d L(P)
dLlb
e Dinhly2:
d 1l (P)
=dlc
Ve (P)
Chuy
- Trong khong gian, hai duong thang vudng goc khong nhat thiét phai cit nhau.
- Trong khong gian bao toan quan hé¢ vudng goc.
3. Phwong phap chitrng minh 4 1 ¢
Phwong phap khong gian: d chéo c
e Chingminhd Lcedl(P)oc
e Phai chung minh d L b (P)?
\ e Chirg minh nguoc lai b vudng goc véi mot mit phing chira d J

Vidu 4: Cho tr dién OABC d6i mot vuong goc. V€ OF L BC,0OH 1 AE . Chung minh OH L AB.

e Chung minh OH 1 AB < Chiing minh OH L (ABC).

e Cosian OH L AE (1)
e Phdi chung minh OH L BC
BC 1 OE
{BC Lo4

Tir (1) va (2) = OH L (ABC) = OH L AB.

— BC 1 (OAE)= BC 1L OH (2)

A
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DANG 3: CHUNG MINH MAT PHANG VUONG GOC VGSI MAT PHANG

(1. Dinh nghia \

Hai miit phing (P) L (Q) < ((P);(©)) =90"

2. Tinh chit
e Dinhly3:

de(P)_
dL(P):() ()

e Dinh Iy 4: Hai mit phang vudng goc voi nhau, dudng thang d ndm trong mit phing nay va vuéng
goc vai giao tuyén thi s& vudng goc voi mit phang con lai. ®

{(P)L(Q) L@ L

dc(P),d'Ld

@
e Pinh Iy 5: Hai mit phin cung vuéng goc v6i mat phang thi ba thi giao tuyén ciia nd ciing vuong
goc v6i mat phang thi ba.

{(Q) L(P),(R) L(P)

On®=a P

3. Phwong phap chirng minh (P) 1 (Q)
e Chung minh d L (P),d < (Q)
e Cosand Lac(P)?
\ e Phai ching minh d 1 b < (P) J

Vidu 5: Cho hinh chép déu S.ABC, H 1a tim day, E 14 trung diém BC. V& HK L SE . Chtrng minh
(CHK) L (SBC).

e Ching minh (CHK) L (SBC) <> Ching minh HK 1 (SBC).
e Cosian HK 1L SE (1)
e Phai chung minh HK L BC (Ching minh BC vudng géc voi mot mat
chtra HK)
BC L HE
{BC 1 SH

Tir (1) va (2) = (CHK) L (SBC). " ? .

— BC 1 (SHE)=> BC L HK (2)
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f Phwong phap sit dung dinh ly 4:

e Tim giao tuyén ciia (P) va (Q) P)

e V& duong thing d vudng goc vai giao tuyén. Néu

dC(P)ﬁdi(Q) d

e Suy ra cac két qua tiép theo.

Q)

Vi du 6: Cho hinh chép S.ABC ¢6 (SAC) L (ABC). aABC vudng & C, M 1a trung diém cua SC. Chimng
minh:

a) (SAC) L (SBC). b) (SBC) L (ABM).

a) Taco (SAC) L (4BC)
Str dung dinh ly 4:

(SAC) N (ABC) = AC
BC 1 AC — BC 1 (SAC) (Két qua DL 4)
BC c (4BC)

Mit khac BC c (SBC) = (SAC) L (SBC) (PL 3)

b) Taco (S4C) L (SBC)
Str dung dinh ly 4:

(SAC) N (SBC) = SC
AM 1. SC = AM 1 (SBC) (Két qua DL 4)
AM < (SAC)

Mit khac AM < (ABM)=> (ABM) L (SBC) (DL 3)
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Vidu 7: Cho hinh chop S.ABCD ¢6 S4 L (ABCD), ABCD la % 1a hinh thang vuéng & A, D,

AD=DC=%=a.Vé AH 1 SC . Ching minh AH 1 SB.

Goi M 1a trung diém cia AB = T gidc ADCM 14 hinh vudng
=>CM=a-= %:MACB vudng & C.

e Chung minh AH 1 SB < Ching minh 4H 1 (SBC).
e Cosan AH 1 SC (1)

e Phai chung minh AH 1 BC

{BC 1 4C

— BC 1 (SAC)=> BC L AH (2)
BC 184

Tir (1) va (2) = AH L (SBC) = AH L SB.

[ Sir dung PITAGO dio

Budére 1: Dua d, ¢ vao tam giac ABC. Tinh ba canh cta tam giac ABC.

Buéce 2: Thir AB*> + AC?> = BC* =aABC vudngtai A. =d Lc

A

C c

Ching minh MN 1 MP.

Vi du 8: Hinh lap phuong ABCD.A’B’C’D’ ¢6 4B=a.M, N, P 1a trung diém cua BB’, A’B’, CD.

e Tinh MN: aA4'B'B c6 MN la duong trung binh

~un=2A8 B_a2
2 2

e Tinh PN: Tt giac A’DPN la hinh binh hanh = PN = DA'= a2
e Tinh MP:

, a a5
Trong tam giac vuong BCP: BP =, /|a +T =

5> a* a\/g

Trong tam giac vuong MBP: PM = e +? = .

2

2 2
e Thur tam giac MNP: MN?* + MP? =2%+6%: 2a? = PN?

=aMNP vudng taiM = MN L MP

M
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DANG 4: KHOANG CACH TU MOT PIEM DEN MOT MAT PHANG

(1. Dinh nghia )
Khoang cach tir diém M dén mat phang (P) 1a MH , véi H 1a hinh chiéu vuéng goc cua M 1én mat
phing (P)

MH 1 (P)

H () }:d(M;(P)):MH T

L~/

2. Phwrong phap tinh trye tiép khoing cach tir mgt diém dén mot mit phing

Phuong phap chung: Mudn tim khoang cach tir mot diém dén mot mat phang, trude hét ta phai tim hinh

chiéu vuong goc ciia diém d6 trén mat phang. Viéc xac dinh hinh chiéu cta diém trén mat phang ta thudng
\_ dung mot trong cac cach sau:

V.

CAP PO 1: KHOANG CACH TU PIEM O DAY DEN MAT PUNG.
Vi du: Lam sao dé tim khoang cach tir Son Tung dén birc twong?
A, qua dé, tir Tung ké 1 dwong thing vudng géc vao tuong!
Ta dé y: twong va mit dit dang vudng géc véi nhau thi ta méi c6 thé ké vudng géc vao twong.

P .
% . TUONG

=

f Ta c6 phwong phap nhu sau: h

Buée 1. Tim mot mit phang (Q) chua M va vuong goc voi (P)

Budc 2. Xéc dinh giao tuyén: d =(P)n(Q).
Buéc 3. Trong (Q) , dung MH Ld(H ed).

(P)L(Q)
d=(P)n(Q);=MH L(P)=d(M;(P))=MH
(Q)oMH

(Chu y: Mat dung thuong chtrta duong cao)
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Vidu 1. Cho hinh chép S.4BCD c6 day la hinh vudng canh a. SA vudng goéc voi day. Tim khoang cach

a)
b)
c)
d)

Tir C dén (SAB)
T B dén (SAD)
T B d&én (SAC)
T D dén (SAM), M 1a trung diém CD

a) Nhan xét:
(SAB) 1a mit dtng (do chira dudng cao SA). Dung cap dd 1
e Nén theo phuong phap:
Budc 1: Ta xem c6 mit phang nao chira C va vudng goc v6i (SAB)?
Do chinh 1a (ABCD).
Budc 2: Ma giao tuyén chung cia (SAB) va (ABCD) 1a AB D
Budc 3.Nén tir C ta ké 1 duong thang vudng goc v6i AB 1a xong. Ma
ta co ngay do chinh 1a BC.
Tid6 =d(C,(S4B))=BC=a

b) Nhan xét:
(SAD) 12 mit dimg (do chira dudng cao SA) -> Dung cap do 1
e Nén theo phuong phap:
Budc 1: Ta xem c6 mit phang nao chira B va vudng goc voi (SAD)? D6 chinh 1a (ABCD).
Budc 2: Ma giao tuyén chung cta (SAD) va (ABCD) 1a AD
Budc 3.Nén tir B ta ké 1 duong thang vudng goc v6i AD la xong. Ma ta c6 ngay d6 chinh 1a BA.
Tir d6 = d(B,(S4D))=BA=a

c) Nhan xét:
(SAC) 1a mit dung (do chira dudng cao SA) -> Dung cap dé 1
e Nén theo phuong phap:
Budc 1: Ta xem c6 mit phang nao chtra B va vudng goc v6i (SAC)?
Do chinh 1a (ABCD).
Budc 2: Ma giao tuyén chung cua (SAC) va (ABCD) 1a AC
Budc 3.Nén tir B ta ké 1 duong thang vudéng goc vdi AC 1a xong. Ma ta c6
ngay do6 chinh 1a BO. (do 2 dudng chéo hinh vudng s€ vudng goc véi nhau)

1 a\/z

Tur d6 d(B,(SAC))=BO=—BD =
05 = d(8.(40)) - 50~ 50 - 2

d) Nhan xét:
(SAM) 1a mat ding (do chira dudng cao SA)
= Dung cip dd 1

e Nén theo phuong phap: LA »
Budc 1: Ta xem c¢6 mit phing nao chira D va vudng goc véi )

(SAM)? D6 chinh la (ABCD). “ T
Budc 2: Ma giao tuyén chung cua (SAM) va (ABCD) 1a AM  * ¢ 8 ¢
Budc 3.Nén tir D ta ké 1 duong thang vudng goc véi AM 1a xong.

Ta ké DI vuong goc véi AM

Tir d6 = d(D,(SAM))= DI




4

TOAN THAY DAT

oooooooooo

MEO NHO

Ta c6 thé bAm may nhanh nhu sau:

A4

THRE4vE

Math &

{5

=)

4n CALC X=1;:Y=0,5

Cach nay nhanh hon viéc cac em nhép tung s6 vao d¢ bam
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CAP PO 2: KHOANG CACH TU CHAN PUGNG CAO T8I MAT BEN

(r BAI TOAN GOC SO 1:
Cho hinh chép SABC, SA vuong goc (ABC).
Tam giac ABC vuong tai B (hoac C).

Tam giac ABC khong c6 goc
Tim khodang cach tir A den (SBC)

BAI TOAN GOC SO 2
Cho hinh chép SABC, SA vuong goc (ABC).

Tim khodng cach tir A dén (SBC)

vuong tai B va C.

(Meo nho: C6 géc vuong, ké 1 duwdng)

g Phwong phap: g Phwong phap:
(Gia st tam giac ABC
vuong tai B) Ké AM vuong géc BC.
Ké AH vudng goc SB. Ké AH vuéng goc SM
= d(4;(SBC))= AH = d(4;(SBC))=AH

y < Co 1:1+1 A < o 12: 12+ l2

AH?  SA>  AB’ AH® SA~ AM
= AH= ﬂ \ = AH= M
* SA* + AB® SA* + AM?

(Meo nhé: khong c6 géc vuong, ké 2 dwong, ban
chat ctia bai toan goc so 2 1a dwa vé bai toan goc

\ [~ d(4;(SBC)) = AH — d(4;(SBC)) = AH

s 1)

Chirng minh: Chirng minh:
Co"BC 1 54 Co"BC 1 54

— BC L (S4B) — BC L (S4AM)
BC 1 AB BC 1L AM
Ma" AH c (SAB)— BC L AH Ma" AH c (SAM) - BC 1. AH

] — AH 1 (SBC) ) — AH L (SBC)

Co"AH L SB Co" AH 1L SM

_/

Vidu 2. Cho hinh chép S.4BC c6 day ABC vudng can tai B, AB=a.Canh bén S4
v6i mat day (ABC). Tinh khoang céch tir 4 dén mat phang (SBC).

a5

5

a a

A. B. a. C.

3. D.
2

3
ol

= a~/3 vavuong goc

Phén tich: Bai toan hoi khoang cach tir 4 dén mit phing (SBC).
1) A la chan duong cao, (SBC) la matbén -> CAPPQ 2
2) Tam giac ABC (day) c6 goc vuong 6 B -> BAI TOAN GOC SO 1 (ké 1 duong)

Ké AH vuong goc SB.
=d(A4;(SBC))= AH
1 1 1

Co’ = +
° AH’  s4’ 4B
_ . SA4B B
JSA*+ AB* 2
M m Math & A c
Ay
THZ 4w E =
Z (calcxxzx/g;yzl) ?
( )|
L 8 )
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Vidu 3. Cho hinh chép S.4BC c6 day ABC 1a tam gidc déu canh a. Canh bén S4 = a+/3 va vudng goc
v6i mat diy (ABC). Tinh khoang céch tir 4 dén mat phang (SBC).

a3

A. B. a. C. 3.
2

a15. a5. D.
5 5

Phin tich: Bai toan hoi khoang cach tir 4 dén mit phang (SBC).

1) A 13 chan duong cao, (SBC) 12 mit bén -> CAP PQ 2 . ) ) )
2) Tam giac ABC (day) khong c6 goc vudng & B hodc C -> BAI TOAN GOC SO 2 (ké 2 duong)

a\/§ S

Ké AM 1 BC =>M la trung diém BC (t/c tam giac déu) va AM = S

K¢é AK vuong gbc SM.
suyra d(A4,(SBC))= 4K .

Trong ASAM ,c6 AK = S4.4M - 3a _ a\/ﬁ. ‘ .
Sa+am® 155
V15 W

n _ _a
Vay d(4,(SBC))= 4K = -

Vidu 4. Cho hinh chop S.ABCD c¢6 day ABCD la hinh vudng tam O canh a. Canh bén SA4 = a2 va
vudng goc voi day (ABCD) . Tinh khoang cach tir diém B dén mit phang (SCD).

a6 C. a3 D a3

A. a. B. . . .
3 2

Phin tich: Bai toan hoi khoang cach tir 4 dén mit phang (SCD).

1) A 1a chan duong cao, (SCD) la mét bén -> C[&‘P PO 2 ) )
2) Tam giac ACD (day) c6 goc vuong 6 D -> BAI TOAN GOC SO 1 (ké 1 duong)

Do AB [/ CD nén d(B,(SCD))=d(4,(SCD)). s

Ké AE L SD tai E .

Khi d6 d[ 4,(SCD)]= AE.

Trong tam giac vudng SAD , ta co:
SAAD a6

AE = -
JS42+4p* 3

J6

A _ _a
Vay d(B,(SCD))= AE = T

3 .
Vidu 5. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a; SD = 761; hinh chiéu vuéng goc

. d(H;(SCD)) o

cua S trén (ABCD) tring v6i trung diém H cia canh 4B . Khi d6, ti sb ang:
a
A. Q B. —3\/5. C. £ D. —3\/3.
2 2 2 2
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Phan tich: Bai toan hoi khoang cach tir H dén mit phang (SCD).
1) H 1a chan dudng cao, (SCD) 1a mit bén -> CAP PQ 2 . ) ) )
2) Tam giac HCD (d4y) khong goc vuong & C va D -> BAI TOAN GOC SO 2 (ké 2 dwong)

KéHI L. CD(I € CD)
Ké HK LSI(K eSI)

SH .HI

d(H,(SCD))=HK = ————
:( ( )) SH? + HI’

HD = AH? + AD” = "25 :SH =~/SD> - HD? = a

— d(H.(SCD)) = . SH.HI  _ a2 N d(H,(5CD)) zﬁ

SH? + HI* 2 a 2

Vidu 6. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thang vubng tai 4 va B voi AB=BC =a,
AD =2a.Canhbén S4 = a va vudng goc v6i miat phing (ABCD) . Tinh khodng céch tir diém A dén mit
phing (SCD).

A 2L B. a2. c a¥6 D. 2a.

J5 -3

Goi M 1atrung diém AD, suyra ABCM 13 hinh vudng.

AD
Do d6 CM = MA :7 nén tam gac ACD vudngtai C .

Phén tich: Bai toan hoi khoang cach tir A dén mat phang (SCD).
1) A la chan duong cao, (SCD) la mat bén -> C&P $510) 2 ) )
2) Tam gidc ACD (d4y) c6 goc vuong & C -> BAI TOAN GOC SO 1 (ké 1 duing)

s
Ké 4K 1 SC. Khi do6:

SAAC  aN6
JSa2yac? 3

d[ 4,(SCD)]= 4K =
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CAP PO 3: KHOANG CACH TU 1 PIEM KHONG PHAI CHAN PUGNG CAO TOI MAT
BEN (PP BOI DIEM)

ﬁié sir ta ta mudn dyng truc tiép khoang cach tir diém A toi mit phang (P) ma khong thuc hién duqa
Déng thoi tir diém B ta lai dung dugc tryc tiép khoang cach toi (P) khi d¢ ta s€ thuc hién tinh khoang
cach gian tiép.
PHUONG PHAP DOI PIEM
Bai toan
Gia sir diém A 13 chan duong cao
Piém B khong phai 1a chan dudng cao.
(P) 1a mat bén (nghiéng)
Tim khoéang cach tir B dén (P)?
Phwong phap:
Bude 1. Ta tim khoang céach tir diém A dén (P).
Budre 2. Nbi A va B. Doi diém dua vao 1 trong 2 loai sau

LOAI 1. 4B J/(P) LOAI2.4ABn(P)=1
= d(4,(P))=d(8,(P)) _d(A(P)_ar
A B d(B.(P)) BI

= d(B.(P)) = %d(A; P))

N N A

P '\
B
N

ul ul \I

\L _/

Vidu 7. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh chit nhat v6i AB=a, AD=2a . Canh bén S4
vudng goc véi day, goc gitta SD véi ddy bang 60°. Tinh khoang cach tir diém C dén mit phang (SBD)

theo a.
A. # B. 2“5\/5. C. # D. a3 .

Phin tich: Bai toan hoi khoang cach tir C dén mit phing (SCD) .
1) C khong 1 chan dudng cao, (SBD) 1a mit bén -> CAP DO 3 (DOI PIEM VE A)
2) N6i AC, ta thay AC cit (SBD) => LOAI 2

S

Buéc 1: Tim khoang cach tir chin dudng cao dén (SBD)

60° = (SD,(ABCD)) = (SD, AD) = SDA; SA = AD.tan SDA = 2a~/3

Taco d(C,(SBD))=d(4,(SBD)).

Ké AE L BD vaké 4K L SE. Khidé d(4,(SBD))= 4K .
ABAD 2a

Jag 14D 5

( 1
L 3 )

Trong tam giac vuong BAD ,tacd AE =
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Trong tam giac vudng SAE , tacd AK = S AE = aV3 .
Jsa?+AE? 2

Budc 2. Poi diém vé C o ,
Tanoi A va C thay AC cat B tai trung di€ém I moi duong (Tinh chat 2 duong chéo)
Theo cong thire doi diem LOAI 2:

d(4;(P)) _ Al _ PV .
C.(py o T\ AP =Py

; _ax-aB
Vay d(C,(SBD))= 4K = .

Vi du 8. Cho hinh chép S.ABCD c¢6 day la hinh vuéng canh @, mat bén SAB 1a tam giac déu va nim
trong mit phiang vudng goc voi day. Khi d6, khoang cach tir A dén mit phang (S CD) bang

a21 21 a21 a21

A. . B. . C. . D. .
3 14 7 21

Phan tich: Bai toan hoi khoang cach tir A dén mit phang (SCD) .

1) A 1a khong chan dudng cao, (SCD) 1a mit bén > CAP PO 3 -> Ddi diém vé H

2) Nbi AH, ta thdy AH // (SCD) (Do AG//CD) -> CAP PO 3: Loai 1

Goi H latrung diém cia AB= SH = %.

Vi {AB I (Sep) d(A,(SCD))=d(H,(SCD)).

He AB
Goi K la trung diém cua CD = HK =a.
Ke HI LSK, (IeSK).

Khi d6: d(H,(SCD))=HI = SHHK __aJ21
JSH?+HKE 7

Néi AH, ta thdy AH // (SCD) (Do AG//CD)
aN 21
7

Vay d(A,(SCD))=d(H,(SCD))=

= Chon dap an C.

Vidu 9. Cho hinh chop SABCD c6 day ABCD la hinh chit nhdt AD=2AB=2a. SA vudng goc voi day.
Goc giita (SCD) va (ABCD) 1a 30°. Goi M 1a trung diém SB. Tim khoéang cach tir M dén (SCD)

21 21 a21

A. . B. . C. D. .
3 14 21

NSRS

Phén tich: Bai toan hoi khoang cach tir M dén mit phang (SCD) .
1) M 1a khong chan dudng cao, (SCD) 1a mit bén -> CAP PO 3 -> Déi diém
2) N6i MA, nhung ta khong thé biét AM cat (SCD) hay AM//(SCD)
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O la la. Vay d6i voi nhitng bai toan tim khoang cach tir nhitng diém LO LUNG ta sé doi diém 2 lan.
Lan 1: Ta d6i M vé B. (Loai 2: Do BM cit (SCD) tai S)

d(M;(SCD)) _MS _1_, d(M;(SCD)) = ld(B;(SCD)) =77
d(B;(SCD)) BS 2 2

Lan 2: Ta ddi B vé A. (Loai 1: Do AB // (SCD)
d(B;(SCD)) = d(A;(SCD)) =772

=>Pé tim d(M;(SCD)), ta phai tim d(4;(SCD))

Buéc 1: Tim khoang cach tir chan dudng cao A dén (SCD)

Phaén tich: Bai toan hoi khoang cach tir A dén mat phang (SCD).

1) A 1a chan dudng cao, (SCD) 1a mit bén -> CAP PQ 2

2) Tam gidc ACD (day) c6 goc vuong § D -> BAI TOAN GOC SO 1 (ké 1 dwdng)

Ké AH vuong goc SD .Khi d6 d(A,(SBD)) g = SAAD 2?.

SA* + AD?
e Tim SA: Ta c6 Géc giita (SCD),;(ABCD)) = SDA =30°
(Nhéc lai Phwong phap tim géc: tir chan duong cao A, ké 1
duong vudng goc vao
giao tuyén chung CD, sau d6 ndi 1én dinh S)

243
a

3

=S4 = tan(ﬁ).AD =tan30°2a =

%d(A,(SCD))zAHzﬂ—a 8

JSA2+AD>

AB//(SCD)

— d(B,(SCD))=(4.(SCD))=a

BM n(SCD) =S
d(M;(SCD)) _MS _1

: _ L _a
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DANG 5: KHOANG CACH GIUA HAI DPUSNG THANG CHEO NHAU

( g -

1. Pinh nghia i
¢ Duong thang d cat hai duong thang chéo nhau a va b va cung vudng goc voi moi duong thang
4y duogc goi 1a dudong vudng goc chung ctia a va b.

+ Néu duong vudng goc chung d cit hai dudng thang chéo nhau @ va b lan luot tai M, N thi do dai
doan thang MN 1a khoang cach giita hai duong thang chéo nhau a va b .

2. Phwrong phap tinh khoang cich giira hai dwong thing chéo nhau
d

P
b\N.n\

Cich 1: Dung dwong vudng géc chung (néu di biét o va b vudng goc)

Buée 1. Xéc dinh mit phang (P) chia b ma (P) vudng goc

Vol a. “
Buéc 2. Tim giao diém 7 =(P)na.
g (P) /”\<i/
Buée 3. Ké IALb(Aeh), ching minh 4 La. Khi do 4
d(a,b)=14.
\, (.0) y

Vidu 1. Cho ti dién ABCD c6 d6 dai cac canh bang 6\/5 . Tinh khoang cach giita hai duong thang AB
va CD.
A 2. B. 4. C.5. D. 6.

Goi M, N lan luot 14 trung diém cua 4B,CD.

Ta co: ACD va BCD la cac tam giac déu
= CD L AN,CD L BN = CD 1 (ABN)= CD L MN 4
AN =3J6 = AB L MN

= d(AB,CD)=MN =~ AN* - AM” =6




4

PDat Nguyén Ti ér
o a e TOAN THAY DAT

aaaaaaaaaa

Vidu 2. Cho hinh chop S.ABCD c6 day ABCD 1a hinh chit nhat véi 4B =a,AD =2a. SA vudng goc
vGi mit phang (ABCD) va SA=a. Tinh khoang céch giita hai duong thang SB va CD.
A.%. B. 2a. C.a. D. a3
AB L BC
SAL(ABCD)=>SA L BC
= BC 1 SB
BC 1CD

} = BC 1 (SA4B)

}:d(SB,CD):BC:Za

Vidu 3. Cho hinh chop S.ABCD ¢6 ddy ABCD 14 hinh vudng tdm O, canh bang 2. Puong thang SO
vudng gbc v6i mit phang day (4BCD) va SO = 3. Tinh khoang c4ch gifta hai dudng thing
S4 va BD.
A 2. B.—\/z_o. C. V2. D. 2.
Tacd BD L(SAC).Ké OK 1 S4.

5004 30
=d(54.5D) Jso*ro2 5

é )

Ciach 2: Dung dudng vudng géc chung (téng quat)
Buée 1. Xac dinh mét phing (P) chita b song song véi a d

Bude 2. Goi a' 1 hinh chiéu cua a 1én (P), N =a'nb, .
(©) 1a mit phang chita a va a', d la dudng thang qua N /
va vudng goc v6i (P), M =d na.Khido d(a,b)=MN . a’

\. ,

=/
/
z

Vidu4. Cho hinh chép S.4BC c6 mit bén (SBC) la tam gidc déu canh bang a, canh bén SA4 vudng
gbc v6i mit phiang (ABC). Lay diém M trén canh BC sao cho MC =2MB. Biét BAC =120°. Tinh
khoéang cach giita hai duong thang SM va AC.

Nl ol cofl e
3 3 7 21
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Ké AH L SM (H e SM') s

a

N

SB=SC = AB=AC = BC* =2A4B* -2 AB’.cos120° <> AB =

a6

SA=~/SB* - AB’ :T

A
AM =~ AB® + MB? —2AB.MB.cos120° =§: AM = BM =% ¢
— — M

= BAM = ABM =30°= MAC =90°= AM 1 AC B
SAL(ABC)=SA L AC
= AC L (SAM )= AC L AH

(54M) :d(AC,SM):AH:M:a 2z
SM 1 AH \SA2 + AM? 21

Vidu5. Cho hinh chép S.4BCD c6 ddy ABCD la hinh thoi canh bang a va ABC = 60° . Hai mat phang
(S4C) va (SBD) cing vudng goc véi day (ABCD), gbc gita hai mat phing (S4B) va (ABCD) bing
30°. Tinh khoang cach giita hai duong thang SA va CD.

L B 43 c &2 D, &2
4 2 4 2

Goi O=ACnBD .Ké Ol L AB.Goi J=0InCD.Ké JH L SI.

CD /| AB= CD /| (S4B)

= d(CD,54)=d(CD,(S4B))=d(J,(S4B))=JH

SO L(ABCD)= SO 1 4B

= AB 1 (SOI)
OI L 4B

= ((54B),(ABCD))=(51,01) = SI0 = 30°

0r=23 _ 1y-207=-*3
4 2

a 3_a\/§

= d(CD,SA4)=JH = 1J.sin30° J 2
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BAI TOAN TONG QUAT 2 BUGC TiNH KHOANG CACH TU A PEN B

Buwoce 1: Dung (P) chtta b va || a
V& d, théa man 5 diéu:

Qua C

Thudc day

Song song véi a

Cit 1 duon thang dudi day tai 7 (P) C
s A I N

Chu y: Géc vudng

= (P)=(b,d;)

DN NI NI NN

Bwoc 2: M ea;d(a,b)=d(M,(P))
+ Mau
+ Pdi dinh
\_ g
Vi du 6: Cho hinh chép S.ABCD, SA 1 (ABCD), SA=a. ABCD 1a hinh vuong, AB=a,ACNBD =0
. Tinh d(SO, AB)?

Bwée 1: Qua O v€ d || AB,d"AD=1
= (AMI) > AM va song song v6i AB

Buée 2: Ae AB,d(SO, AB)=d(A4,(SOI)) = AH

Tinh AH :
AH

Vi du 7: Cho hinh chép S.ABCD, SA L (ABCD),SA=2a, ABCD 14 hinh vuéng, 4B =a . Tinh
d(SC, BD)?

Buéce 1: Qua C vé d ||BD,d N AB=1
= (AMI) o SC va song song véi BD
Buéc 2: O e BD,d(SC,DB)=d(0,(SCI))

co 1 _d(0.(sch)

! 1
C4 2 d(A(SCh) d(0,(SCD)=-d(4,(SCD) = AH

Tinh AH:—— =L L _ 3 gy P
AH® 4a” 2a° 4a 3

av3

= d(SC,BD)="
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Vidu8. [Pé THPT Quéc Gia 2018] Cho hinh chop S.4BCD c¢6 ddy ABCD 13 hinh chir nhat,
AB=a, BC=2a, SA vudng goc véi mit phang day va S4=a. Khoang cach giira hai dudng
thing AC va SB bang

\/ga 2a

A 2 . B. 3. C.

NCHEN
=
w |

Chon B.

Dung diém E sao cho ACBE 1a hinh binh hanh,

Khi d6: AC//EB = AC//(SBE).
= d(AC,SB)=d(AC,(SBE))=d(A,(SBE)). (1)
K¢ Al L EB(I1 €EB),
ké AH L SI(H € SI) = d(A4,(SEB))= AH. (2)
Tam giac ABE Vu(?)ngtai—1 = 12 + 12 = 12 +L2: 52

A.  AB° AE° 4a” a 4a
AH? S,142 i Alﬁ :%U%:%:}AH:%’ -(3)

Tir (1), (2). (3) suy ra h:d(AC,SB):é—a.

Xét ASAI , ta co:
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DANG 6: GOC TRONG KHONG GIAN

1. GOC GIUA DUGNG THANG VA MAT PHANG

1. Pinh nghia
Cho duong thang d va mit phang (a).

Trudng hop duong thiang d vudng goc voi mit phang () thi tanoi rang goc

gitta duong thang d va mit phang (o) bang 90°.

Truong hop duong thang d khong vudng gbc véi mit phing (a) gbc gilta d

va hinh chiéu d' cuané trén () goi la goc giita duong thing d va mit phang

().
2. Nhén xét v 7
¢ Goc gitra duong thang va mat phang khong vuot qua 90°.

1. Cach xac dinh goc giira dwong thang va mat phfmgﬂ DINH
* Bwée 1: Tim diém chung giita duong thang va mat phang. T
¢ Buéc 2: Tim hinh chiéu ciia duong thang 1én mat phang. d\A
¢ Buéc 3: Tinh goc giira duong thang va hinh chiéu ctia né trén mat \ .
phing. \\__GIA0 DIEM
T d6 ta ¢6 cong thire goc theo thur tu: 3| 7\_\
PINH - GIAO PIEM — CHAN PUONG CAO ' H 0
CHAN DUONG CAO

2. Cach tinh géc giira dwong thang va mit phfmg’
¢ Dung tam giac chira goc va st dung dinh 1i ham so cosin:

a’=b>+c’ - 2bccos A
b*=c*+a’ -2accos B
¢’ =a’>+b*-2abcosC
* Sir dung cac h¢ thirc lugng trong tam giac vudng:
(1)AB* = BH.BC; AC* = CH.BC A
(2) 4B’ + AC* = BC?
(3)AB.AC = BC.AH
(4)4H* = BH.CH B I c
1 1 1

\ O T /

Vidu 1. Cho hinh chdp S.4BC c¢b ASAB la tam giac déu canh a, AABC can tai C . Hinh chiéu vudng
goc cua S xudng mat (ABC) la trung diém ciia AB . Géc gitta SC va mit ddy bang 30°. Tinh
d0 dai doan SC .

AL B.&. c. 3. D. a3 .
2 2 4
(9 )
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Goi H latrung diém cua AB
= SH 1L (ABC)=SH L HC
= (SC,(4BC))=(SC,CH)=SCH =30°

a3 _SH_ B

SH = —: SC =
sin SCH

Vidu 2. Cho hinh chép S.4ABC cb ddy ABC la tam giac déu canh a, canh bén S4 = 24 va vudng goc
v6i day. Tinh sin cia goc giita duong thang SC voi mat phang (SAB).

o 45 B L c. p N5,

10 17 2 10
Goi M 1a trung diém AB s
= CM L 4B

= CM L (SAB)

SAL(ABC)=S4LCM
= (5C,(54B))=(5C,5M )= CSM
CM—i AM = %ABz%;SC: SA*+AC* =av5 - N

= sm(SC (SAB)) =sin CTSY\\l = CM \/_

SC 10 4

Vidu 3. Cho hinh chop S.ABCD c6 ddy ABCD 1a hinh vudng canh a, tdim O. Canh bén S4=2a va
vudng goc v6i miat day. Tinh tan ctia goc gitta SO va mit phing (ABCD) .

A 242, B. 3. C.2.

54 L (ABCD)= (50,(ABCD))=(S0,04) = S04

Ac=a\/§:0A=%AC=“\2/5

= tan(S0,(ABCD)) = tan SOA = % =22
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2. GOC GIUA HAI MAT PHANG

(Dé xac dinh goc gitra hai mat phéng (P) va (Q) , ta c6 thé thuc hién theo mot trong cac cach sau: )
1. Cach 1: Theo dinh nghia
al(P) / \(Q
=((P),(Q))=(a,b
oy~ (@)@
A
\ Y,

Vidu 4. Cho hinh chdp S.ABC c¢6 ddy ABC la tam giac déu canh @ . Canh bén S4 = a3 va vuong goc
voi mat day (ABC ). Tinh sin cta goc gitra hai mat phing (SBC ) va (4BC ).

s L B2 c B p. 25
2 5 2
Goi M 1 trung diém ciia BC = AM 1 BC

5
S
AM 1 BC
}:>BCJ_(SAM):>BCJ_SM
BC L 54
= ((SBC).(ABC))=(SM, AM ) = SMA
am =403 ¥ c
2 M
54 54 245 .

sin((SBC),(ABC))=sin SMA =

SM s ram® S
Vidu 5. Cho hinh chép S.ABC c6 ddy ABC la tam giac vuong tai 4, AB=AC =a;canhbén SA=a
va vudng goc vé6i day. Tinh cosin clia goc gilta hai mit phang (SAC ) va (SBC )

Ao B 2 B p. Y3

3 2 3 2
Goi H 14 trung diém SC . S
Tam gide SAC ¢6 SA= AC=a= AH L SC
Tam gidc SBC c6 SB=BC =a2= BH 1 SC "
= ((84C).(SBC))=(A4H,BH )

7/
apg SC_S2_aV2 L BCV3 a6 &~ .
2 2 2 2 2
1 | |HA* +HB* - 4B*| 3

cos((S4C),(SBC))=|cos 4HB| T s f

. N J Y N 3
Vidu 6. Cho hinh chop tir giac déu S.ABCD c6 canh day bang a, chi¢u cao hinh chép bang % . Goc

gitra mat bén va mat day la:

A. 30°. B. 45°. C. 60°. D. 75°.
( \
L )
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Goi O la tim cta hinh vuéng ABCD va E i trung diém cia
CD.
OE 1a duodng trung binh ciia AACD

{OE /| AD

=
OE=L4p-4
2 2

OE || AD = OE 1. CD
CD 1 SO
(ABCD)n(SCD)= CD}

SE 1 CD,0E 1 CD

= ((4BCD),(SCD)) = (SE,OF) = SEO

}:CDJ_(SOE):CDJ_SE

tan SEO = % =3 = ((4BCD),(SCD)) = SEO = 60°

4
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(2. Cach 2:

Khi x4c dinh duge (P)n(Q)=c thi ta lam nhu sau:
¢ Bué6e 1. Tim mit phang (R) oc.

p=(R)n(P)
q=(R)n(Q)
(P) oplec

o i ) LC}:/«P),(Q)%(m).

* Buée 2. Tim { .Khi do6 ((P).(9))=(p.q)

\.

/

/

Vidu 7. Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a,S4 L (ABC),SA = a+/3 . Cosin ctia

goc gitra hai mat phing (SBC ) va (SAB) bang:

Jap— B . c. -

1
5 5 V5

1
D. —.
V5

Goi M 14 trung diém cia AB.Ké MH L SB
CM 1 4B
SAL(ABCD)= S4LCM
= CM 1 SB
SB 1 MH

= ((54B),(SBC)) = (MH,CH ) = CHM

MH = La(4,58)=" mc _ABS3 _aV3
2 4 2 2

} = CM L (S4B)

}:SBJ_(MHC):SBJ_CH

— M ——
tan BHD =——-=2=> cos((S4B),(SBC)) = cos CHM =

ol

S
q




