NHOM GIAO VIEN TOAN VIET NAM

Pinh huéng 6n thi tét nghiép THPT

caw VD — VDHC
PE THI THAM KHAO TOT-NGHIEP THPT NAM 2021

Ngay 31/3/2021 V6 EGDEDT chink thite cing ba dé thi tham khéio, tao dicw
CHPC, cic S¢ED &DC cing té chie w cie dé thi thiv tét nghisp THPT nham
Kiy thi- tét nghisry CIHPC nam 2021 da dén gan, détao didw kicn cho quij thay
Viet Vamv xin giti- téi quif thay cé vv cde env bai vict “Phan tick, dink huing timv lai gidi,
xduy dung céc bais tuang tiw cio caw VD — VDC Dé thi tham khio t6t nghisp THPT Nim
20217
ndm chée cace kit thite trang chuang tink CIHP0; tidp can diege véi cde bai todn méi,
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Cau 41

x—1 khix>2
x> —=2x+3khix <2
23

B. —.
6

2
. Tich phan If(Z sinx + 1) cosxdx bang:

Cho ham s8 f(x)= {

Facebook: Nam Phuong — Thuy Dao — Tran Chinh

Phan tich dinh huong tim 10i giai:

- Day la bai toan tinh tich phan ctia ham hop.

- b€ tinh duogc tich phan trén ta phai thuc hién phép doi bién dé€ duwa vé ham da cho.
- Cu thé cac budc thue hién nhu sau:

+Bl: Dat 2sinx+1=¢.

+ B2: Biéu thi cos xdx theo tdr.

b
+ B3: Ddi can, va tinh tich phan J. f(¢)dt

Loi giai

Xét I =| f(2sinx+1)cosxdx

S o |y

bat 2sinx+1=¢t = 2cosxdx=dr = cosxdx:%dt

o A V4
Péican: x=0=1¢=1; x:5:>t=3.

I By

Binh luan:

+ bay la dang toan thudc mirc d0 van dung, viéc nhan ra hwdng giai doi hoi hoc sinh phai
nam chac cac khéi niém va tinh chat cta tich phan cling nhut cic phuwong phap tinh tich
phan.

+ Hoc sinh thuong ll’mg ting, va dé mac sai [am khi tach can hodc quén nhan thém phan

sO % détinh /= —J £ (¢)dt dan dén cé thé chon cac dap an nhiéu
1

7(2) .2[ t —2t+3)dt+j(t2_1)dt:§

1

I=

.—'—-.u:

S 17
hodc /== [ f(t)dt J' (£ -2t+3) t——j' (¢ _1)dt_€
1 2

\S]

hodc I=If(t)dt:j(t2—2t+3 de— _3[ £ -1)d
1 1 2

Hudng phit trién:
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Hudng phat trién 1: Biéu thic ¢ chira tham s8. St dung tinh lién tuc d€ tim tham s6.
Huéng phit trién 2: Stt dung dién tich hinh phing d@ tinh tich phan.

Hudng pht trién 3: Tich phan c6 chiva d&u gia tri tuyét doi.

Hudng phit trién 4: Sk dung quy tac tinh tich phan.

Bai tdp tuong ty

Caul: Cho ham s6 f(z)=

3z° + 2z +1 khiz >0 . , -
lién tuc trén R thoa man

2ax +b khiz <0

p

f(2 cosT + s inx)f(—cos:z: + 2sinz)dz = —2. Gia trj cta biéu thitcc P=2a—b bang
0

A

. —8. B. 33. C. 25. D. 11.
Loi giai
) 32" + 2z +1 khiz >0 . o ,
Ta co: f(z) = ) lién tuc trén R khi ham s0 lién tuc tai x=0
2ax + b khiz <0

SR

Xét: f(2 cosz + sina:) f(=cosz 4+ 2sinz)dz = —2.
0

bat —cosz + 2sinz =t = (sinx +2cosx>dm =dt.

Ta co:

g 2 0 2
f(2 coszT + sinx)f(—cosx +2sinz)dz = ff(t)dt = ff(t)dt + ff(t)dt
0 -1 -1 0
0 2
= [(20z+1)dr+ [(30° + 20+ 1)t = 25 a =17,
-1 0
Cau2: ChohamsG f(x) lién tuc trén R va c6 d6 thi nhu hinh vé bén dudi. Goi S, va S, lan
luot 1a dién tich cua hai hinh phang trong hinh, biét S, =3 va S,=7. Tich phan

/4

2
Icosx.f(Ssinx—l)dx bang
0

y=

Yy -l '

A —. B.

|
@
|
~
@)
N
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Xét I = [cosxf (5sinx—1)dx.

0
bat 55inx—1=t:>cosxdx=%dt.

Voi x=0=1¢r=-1

x=£:>t=4
2

:>I=j1f(t)%dt=%j.1f(x)dx=§j‘lf(x)dx+§j:‘f(x)dx=g . 3

- >0
Cau3: Cho ham sd& y=f(x)={x " - litn tuc tréen R. Gid tri

2cosx—3 ,x<0

I = f(]2cosx—1|)sin xdx bang

O 0 [N

) 2 b2l
3 3 3
Loi giai

>
o

B.

Ham s6 lién tuc trén R nén ta co: lirgf(x)= 1ir(1)1f(x)=f(0)<:>—m=—1<:>m=l.

1 x=0->1=1
bat t=2cosx—1:>7dt=sinxdx. Dai can: P

x==ot=-1
2

0

Khi dé: 1= J% |2cosx l| smxdx——jf |t|)dt— If |x|)dx——{[ —x dx+If

x=—l-u=1

0
Xét jf(—x)dx.Dat u=—x=>—du =dx.D0i can: { :
e x=0->u=0

Suy ra j.lf(—x)dx=—]l)‘f(u)du =_:[f(x)dx

1 1

R 1 ¢ ‘ 1 2
Vay I=E{£f(—x)dx+_£f(x)dx}=5 .([ I x —l)d =3
l € 26
Cau4: Chohamsd f(x)= X2 KR0S w2 dé jf(lnx)dx+ I xf(\/x2+1)dx bang
—x+5 khi 2<x<5 ! V3

B. 2. c. 2. D.5.
2 2

Loi giai

Al
2
« f(lnx)
X

Xét 1, = | dr. Dat £=lInx = di = ~dr
1

X
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[ =

Suy ra /, =35.

- dx:J'f(t)dFJ'f(x)dx:':[(%x+2jdx:(%2+2xJ ﬁ

1 0 0

%
Xét I,= | xf(\/xz +1)dx Dit 1 =x’ +1= 1> = x> +1= df = xdx.
3

3

N~
[=2)

I x=\/§:>t=2
Doi can
{x=2\/g:>t=5
2J6 5 5 5 27
Suyra I, = | xf(\/xz+1)dx=jf(t)tdt=jf(x)xdx=j(—x+5)xdx=?
NG 2 2 2

&2 2\/6
Vay Ide+ I xf(\/x2+1)dx=5+£=ﬂ.
X g 22

Cau 42

C6 bao nhiéu s6 phtic z thdéa man ‘:‘ =2 va (z+2i)(z-2) la s6 thuan ao?

A. 1. B. 0. C. 2. D. 4.

Faceboock: Phong Do — Huong Duong

Phan tich dinh hwong tim 1oi giai:

- Day 1a dang toan tim s6 phtic thoa man diéu kién cho truede, mot bai toan ¢ muic d9 van
dung

- Tt diéu kién cho trudc thiét lap hé phuong trinh lién quan dén x,y cua sd phtc
z=x+Yyi (x;ye]R)

- Xac dinh (x;y) ttt hé da cho hodc chuyén vé phuong phap hinh hoc d€ giai quyét bai

toan.

Loi giai
Cich1: Giastt z=x+yi (x;yeR) = z=x-yi
Ta co:
(z+2i)(;—2)=[x+(y+2)i](x—2—yi)=x(x—2)+y(y+2)+[—xy+(x—2)(y+2)]i
m:ﬁ {xz+y2 =2
=

Do dé yéu cau bai toan < ,
x(y—2)+x(y+2)=0 X +y =2x+2y=0

I 143
X =
) 2
_—1+J§
x4y = (x+1)2+y2:2 2" +2y-1=0 2
o N N N
2-2x+2y=0 x=y+1 x=y+1 1-3
X=—
2
_-1-3
L
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Vay c6 2 s6 phttc z thdéa man yéu cau bai toan.

Binh luan:
- Vi bai toan hoi c6 bao nhiéu s6 phttc thoa man diéu kién nén c6 thé dung phuong phap
hinh hoc dwa vao vi tri twong d6i d€ tim sd giao diém.
- HS phai nhan ra di€ém mau chdt ctia bai todn nay 1a s diém biéu dién cua s6 phirc z
chinh 1a s§ diém chung ctia duong tron va duong thang (hodc duong tron); va duoc xac
dinh dga vao xét vi tri tuong d6i gitta duong thang va duong tron hodc vi tri twong ddi
cta hai duong tron. Day 1a cau hoi kiém tra kién thirc & mirc d6 VD.
- Tt d6 ta co6 cach giai khac nhw sau:
Cdch 2: Pua vé tuong giao ciia hai duong tron
Giast z=x+yi (x;yeR) = z=x—-yi
Ta co:
(z+2i)(2—2) =[x+(y+2)i](x—2—yi) :x(x—2)+y(y+2)+[—xy+(x—2)(y+2)]i
\/x2+y2:\/§ X +y’ =2 )]
=

x(y—2)+x(y+2)=0 ¥’ +y°—2x+2y=0 (2)
Nhan xét: (1) 1a phuong trinh ctia duong tron tim O ban kinh R, =+/2

(2) 1a phuong trinh ctia dwong tron tam /(1;—1) ban kinh R, =+/2
Ta co: 0=|R —R,|<OI = V2 < R +R, = 242 nén hai duong tron cat nhau.

Do d6 yéu cau bai todn < {

Vay ¢6 2 s0 phtic z thoa man yéu cau bai toan.
Cdch 3: Pua vé tuong giao giita duwong thing va duong tron
24,4222 2 2 _
X" +y A +y° =2 (3)
x—y-1=0(4)
Nhan xét: (3) la phuong trinh ctia dwong tron tam O ban kinh R = V2

Bién doi dwa vé hé
x*+y"-2x+2y=0

(4) 1a phuong trinh ctia dwong thang d :x—y-1=0.
1] _ 1

Ta cé: d(0,d)= 55 < R=+/2, suy ra duwong thing cit duwong tron tai hai diém
Vay c6 2 s0 phtec z thoéa man yéu cau bai toan.

Hudng phit trién:

Hudng pht trién 1:

Xét cac s phtrc thoa man diéu kién (cho mot gia thiét vé modun, mét gia thiét vé s6 thuan
a0/ so thuc) dua vé phuong trinh hodc hé phuong trinh.

Néu cho gia thiét sd thuan ao thi chi can xac dinh phan thue va cho bang 0.

Néu cho gia thiét 1a s3 thuc thi chi can xac dinh phan ao va cho bang 0.

Hudng pht trién 2:

Tim céc s6 phtic thoa man diéu kién bang phuong phap modun hai vé&

Hudng phit trién 3:

Xét cac s6 phtic thoa man diéu kién dwa vé phuong trinh hodc hé phuong trinh chita tham
sO

Hudng phit trién 4:

Tim s6 cdc s6 phttc z=x+ yi,(x,y € Z) thoa man diéu kién dua vé duoc hé bat phuong
trinh. Ta tim qu¥ tich cac diém biéu dién s§ phtic la mién hinh phang giéi han nao. Tir &6
dém s6 di€ém cé toa do nguyén thoa man.
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z—2i) la s0 thyee. Tinh |z|

2410

B. || = 2410, C. |- D. -2

Loi giai
Giastt z=x+yi (x,yeR).
|z—3i|:|z—l|<::>|x+(y—3)i|=|x—l+yi|<::>\/x2+(y—3)2 :\/(x—l)2+y2
S x=3y+4=0 (1)
(z+1)(ﬁ)=(x2+y2+x—2y)+(2x—y+2)i1as6thuc & 2x-y+2=0 (2)

2
x=—=
e [V T0e ] F sl 20,
2x-y+2=0 _ 6 5 5
5
Cau2. Cobao nhiéu s8 phirc z thoa man |z +3-2i|=2v2 va (z-i)" 1as8 thusn a0?
A. 0. B. 4. C. 3. D. 2.
Loi giai

Giast z=x+yi,(x,y € R)
z+3-2] =242 & (x+3) +(y-2)" =8 (1)

(z—i)z=x2—(y—1)2+2x(y—1)i 12 s6 thuan ao <:>x2—(y—1)2=0c> =yl (2
x=1-y (3)
\ Jx=r-l
THI: Twx (1),(2) ta co: {(x+3)2 (r-2) =3
=(r+2) +(y-2) =8 y=0=x=-1
\ Jx=1-y
TH2: Twr (1),(3) ta co: {(x+3)2 (27 =3
2 2 ) y=3+\/§
=(y-4) +(y-2) =8y —6y+6=0<:>L}=3_\/5
Vay ¢6 3 s6 phtic thdéa man.
Cau3. Codbaonhiéu so phitc z thoa man |Z—3i|=‘1—i;‘ va Z_i_zi—i la sd thuan ao?
A. 1. B. 2. C. 3. D. 4.

Loi gii
Chon C

Diéu kién: z#i
bat z=x+ yi, (x,ye]R):>l—igzl—i(x—yi):l—y—xi

l2=3i| = |1=iz| & [+ (y=3)i] =[(1- ) ~xi| & x>+ (y=3) = (1-p) +x°

<:>(y—3)2=(1—y)2:>y=2.
Dodb z=x+2i=>z—i=x+i.

<~
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(Chd y: Ta tim phan thuc, cho bang 0 nén phan ao khong can tinh)

2 x=42

5 e w 5x x=0 x=0
z—i——— laso thuan ao < x— =0 =
z—1i x +1

Vay tim duoc 3 s6 phtic thda man.
Cau4. C6bao nhiéu sd phirc z=x+ yi,(x,y € R) thoa man 1-2+L=0va ‘z—;Hz+;‘ =47

z Zz

A.2. B. 1. C.o0. D. 4.
Loi giai
Diéu kién: z#0

-t i=0ezz-i(z-2) =0+ +2y=0 (1)
z Zz

- ‘Z—EHZ+;‘ :4<:>|x.y|:l (2)

Tt (1),(2) ta co: o
XAy +2y=0 Y42y +1=0

Nhén xét: Vi y4+2y3+1:0<:>(y—1)(y3—y2—y—1):0 =cd 2 nghiém y khac 0 nén
co 4 giatri ctia x. Vay cd 4 sO phtrc thoa man yéu cau bai toan.

z

Cau5. Co6baonhiéu sd phiic z =x+yi,(x,y € R) thoa man |z+1+i| =10 va 1a mot s&
-
thuan ao?
A.2. B. 1. C.o0. D. 4.
Loi giai
z=x+yi,(x,yeR).Diéu kién z =2
|z+1+i| =410 & (x+1) +(y+1)" =10 (1)
2, .2 A A
R P 22x 21 la s6 thuan ao khi x>+ y* -2x=0 (2)
z=2 (x=2)" +)°
(x+1)" +(y+1) =10 [y=—2x+4 ¥=2y=0
Ttr (1),(2) ta co hé: S o 8 4
x2+y2—2x=0 5x°—=18x+16=0 x=§;y=g

Vi z#2 nén c6 1 s6 phitc thoa man
Cau 6. C6 bao nhiéu s6 phttc z =x+ yi,(x,y € R) théaman z° + 2i|z|2 =0?
A. 1. B. 2. C.o. D. 4.

Loi giai
Chon D
Cach 1: Ldy modun hai v€&
=0
Ta cé: 2° +2i|z|2 =0 |Z|3 = 2|Z|2 = g
|Z| =2
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z=2i
:>Z3+2i|2|2 :0<:>z3+8i=0<:>(z—2i)(22+2iz—4)=0 = z=\/§—i

z=—\/§—i

Vay c6 4 s0 phtic thoa man yéu cau bai toan
Cach 2: Str dung hai s6 phttc bang nhau
z +2i|z|2 =02 +2izx=0 & [22: 0 -

z'+2iz=0
[x=0;y=0
X —y*+2y=0 x=0,y=2
2x(y+1)=0 | x=Zy=-1
| x= —\/g;y =-1
Vay c6 4 s6 phtrc thoa man yéu cau bai toan.

Xét: zz+2i2=0<:>{

Cau?7. Coébaonhiéu sd phtrc Z:%+1+(3—m)i,(meR) c6 phan thue, phéan do la nhiing gia
tri nguyén va |z—i|£\/ﬁ?
A. 1. B.2. C. 5. D. 4.
Loi giai
m m Y
Véi z:5+1+(3—m)i,(me]R):>|z—i|£\/ﬁ<:>(5+1) +(2-m) <10

6—2/34 64234
5

<m<
5

Vi s0 phtec - c6 phan thuc, phan do la nhiing gia tri nguyén nén

S5mP—-12m-20<0 &

melZ
. m=0
m:2 =
m=2
6—2~/34 6+2+34
<m<
5 5

Vay c6 2 s6 phtic - thoa man yéu cau bai toan.
Cau 8. Goi Slatap hop cacsd thuc » sao cho véi mdi meS cb dung mot s6 phirc thoa man
z

|Z—m| =9 va la s6 thuan do. Tinh tong ctia cac phan tw cua tap S.
2

A. 6. B. 12. C. 0. D. 24 .

Loi giai
Goi z=x+iy vOi x,y e R. Diéu kién z#6.

z  x+iy _(x+iy)(x—6—iy) x(x—6)+y’ —6iy

z=6 x=6+iy  (x—6) +) (x—6) +"

Ta co

Do d6 —Z—1a 58 thudn ao khi x(x—6)+y* =0 (x—3)"+* =9.

z—6
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Cau 9.

Cau 10.

cau bai todn thi hé phuong trinh

) c6 dung mot nghiém hodc hai nghiém trong d6 c6 moét nghiém (6; 0)
(x - m) +y> =81

Xét treong hop hé c6 nghiém (6; O)
Ta co: (6-m) =81 [m B 1_53 khéng thoa man vi hai dwong tron trén tiép xtic nhau tai
m =
(6:0)
, {m #-3
Xét TH
m#15
Nghia 12 hai dwong tron (C,):(x—3)" +y* =9 va (G,):(x—m)’ +y* =81 tiép xtic nhau.
Xét (G)c6 tam 1,(3;0) ban kinh R =3 va (C,)cé tam 1,(m;0) bén kinh R, =9.
11, =R — m—3|=6
Cancé | '’ i R2|@ =3 = me{9;-9}.
II,=R +R, Im—3|=12
Vay tongla 9+(-9)=0.

C6 bao nhiéu gid tri nguyén ctua tham s6 me [10;100] d€ ton tai sO phic - dong thoi
— 2
thoa man |z -2 - 4i|= \E+ 21'\ va \z—2+i\2 +‘z+3i‘ =m?
A. 68. B. 78. C. 86. D. &7.
Loi gii
Goi z=x+yi (x,yeR).

Ta co: |z-2-4i|=

2421 & [x-2+ (y-4)i[ =[x+ (2-y)]
<::>(x—2)2+(y—4)2 =xz+(2—y)2 S x+y=4.

Mt khac [z=2+1 +[z+31 =m &|x—2+(y+1)i +}x+(3-y)f =m
<:>(x—2)2+(y+1)2+x2+(3—y)2 =m

S X —4x+4+ Y +2y+1+ x> +9-6y+)" =m
<:>2(x2+y2—2x—2y+7)=m

o 2(x2+y2):m+2 (do x+y:4)

x+y=4

2(x2+y2)=m+2 c6 nghiém thuc

Dé ton tai s6 phtc : thoa man yéu cau @{

<::>2(x2+yz)=m+22(x+y)2 =6 m=14.

Vi meZ&me[10;100] = me{1415;...;100} .

Vay c6 87 gia tri » nguyén thda man.

C6 bao nhiéu s6 phttc z =x+ yi,(x,y € Z) théa man: ‘;—2—31“ <|lz+i-2|<3

A. 11, B.5. C. 10. D. 9.
Loi giai
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Dua vao mién phang gi¢i han boi hé ¢6 11 s§ phtec thoa ma
Cau1l. Cobao nhiéu sd phirc z = x+ yi,(x,y € Z) thoaman 2|z —i|< ‘2—2—31" vaz—z ¢
phén ao khong am?
A. 1. B. 2. C. 3. D. 4.
Loi giai —

Ta c6: 2|z ~i[ |z -z - 3i] @2\/x2+(y—1)2 <J(2y-3)

42+ (r-1) |<(29-3) 1 .......

S AxT+4y° -8y +4<4y° 12y +9.

=Y

<:>4y£—4x2+5<:>y3—x2+% (1)

_________________

S6 phtec z-2=2yi ¢6 phan o khéng am <20 (2).

5
<X +=
T (1),(2) tacdhe {° ~ " 4
=0
Dua vao mién phang gi¢i han boi hé ¢ 4 s6 phttc thda man.

- Cau 43

Cho hinh chép S.ABC c¢6 ddy ABC la tam giac déu canh 4,
canh bén SA vudng goc véi mat phang day, goc gitta SA va
mit phing (SBC) bang 45 (tham khao hinh v&). Thé tich cua

3a°

C. .
12

Faceboock: Nguyén Ngoc Chi — Binh Hodang — Nguyen Trong Chanh — Nguyén Ng()céu
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Phan tich dinh huong tim 10i giai:
Bai toan trén 1a bai todn vé tinh thé tich khdi chép lién quan géc gitta mot duong thang
va mit phang. Thong thuong dé bai hay cho géc gitta mot canh bén va mit ddy ctia hinh
chép lién quan dén chan duong cao ctia hinh chdp, tic hinh chiéu ctia duwong thang 1én
mat phang twong ddi dé xac dinh, thi dang bai nay dé lai cho géc gitta mot duong thang
va mit phang ma tuong ddi kho xac dinh hinh chiéu ctia dwong 1én mat hon. Khi xac dinh
duoc goc gitta dwong thang va mit phang suy ra d6 dai duong cao, tir d6 tinh thé tich
khdi chép. D& lam 6t dwoc bai tap dang nay cic em can nam chac phuong phap xac dinh
gbc gitta duong thang va mit phang sau day.

Phuong phép xdc dinh géc giita duong thang va mdt phdng:

N

RN
Y =

e Budc 1: Xac dinh giao diém N =A ﬁ(P) —>Giao diém tai dau dinh caa goc tai d6.

e Budc2:Lay diém M €A sao cho M # N, sau d6 ha MH vudng goc mat phang (P)
tai /. (Budc nay la budc kho xac dinh nhat khi lam bai).
Buéc 3: N&i H voi N suy ra (A;(P))=MNH =a .

Loi giai

BC 1 AM
BC 1 84

Dung AH vuéng goc véi SM . Do (SBC) L(SAM )= AH L (SBC).

Goi M la trung di€m cua BC . Ta co { = BC L (SAM )= (SBC) L (S4AM)

Goc gitta S4 va mat phing (SBC) 1a goc ASH hay ASM
Theo gia thiét ta co6 ASM=45° vi vay tam gidc SAM vudng can tai 4 .

a3

Ta Cé SA:AM:T
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Binh luan:
- Bai toan trén ¢ mtrc van dung (muc 3), két hop hai don vi kién thic la xac dinh goc gitra
duong véi mat (yéu td then chét) va tinh thé tich khdi chép. Hoc sinh can nam rd va van
dung dwogc chuong goc —khoang cach trong chuong trinh 16p 11 d€ ¢6 thé giai quyét duoc
dang toan nay.

Hudng pht trién:

Huong 1: Xay dung bai todn tinh goc gitta mot canh bén véi mot mat bén chita duong cao.
Huéng 2: Xay dung cac bai toan tinh gdc gitta mot canh day va mot mat bén khong chira
duwong cao.

Bai tdp tuong tu
Caul: Cho hinh chép S.ABCD cé day la hinh vudng canh . Canh bén SA vuéng gbc véi
mit phang day, canh bén SC tao véi mit phang (SA B) mot goc 30°. Thé tich cua khoi

chép dé bang
3 3 3 3
A B, 22 c 2 Q.“&.
3 4 2 3
Loi giai

B C

BC 1 5S4 ,
Ta co: {BC g BC 1 (SAB) =SB la hinh chiéu cia SC 1én mét phang (S4B).

Xét tam gidc SBC vudng tai B c6 SB=BC.cot30° =ay/3.
Xét tam gide SAB vuong tai 4 c6 S4=/SB"—AB” = [(a3) ~a® =av2.
a2

Ma S, = ABBC=d?. Vay V:%SABCD.SA:%.aZ.a 2-2.
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> phang (SAB) bang
30°( tham khao hinh vé). Thé tich ctia khdi chép

S.ABC bang
a a
A= B. V2a .
3 3
3
C. */33'“ . D. V6.

Loi giai

B
Goi H la trung diém AB= AH =BH =a.Khi d6 CH 1L 4B (do AABC cantai C)
Ta co:
CH 1 AB
CH 1 54
ABNSA=A

AB, SAc(SAB)

= CH L (S4B)

hay SH 1a hinh chiéu vuong géc ctia SC 1én mat phang (S4B).
Suy ra (SC,(/TS‘F))=CTS'E =30°.
Tam gidc ABC vudng tai C nén ta cé:

AB _ 2a _ 1

1
CH====""-=a= Sy =5CH.AB =>.a,2a =a’

Tam gidc SHC vudng tai H nén ta co: SH=CH.cot30 —a\3.
Tam gidc SAH vudngtai A néntacd: SA=~SH> - AH* = ,[(a\/gf —ad*=a\2.
1 a3\/§

1
Vay Vs.usc =5 SASyupc =—a24 =
3 3 3
Cau3: Chohinh chép S.4BC c6 AC=a, BC=2a, ACB =120, canh bén $4 vuong goc voi day.
Puong thing SC tao véi mit phing (SAB) goc 30° . Tinh thé tich ctia khi chép S.4BC
a’\/105 a’~/105 a’\105 D a’\105

. B. . . . .
7 28 ¢ 21 - 42

A.
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Cau 4:

C

IRE

Ta Sy =%AC.BC.sinZC73 =%.a.2a.7 ==

Xét tam gidc AABC ta cé AB° =AC’ +BC* —2AC.BC.cos ACB=Ta’
Goi H 1a hinh chiéu vudng goc ctia C 1én 4B khi d6 do duong thang SC tao véi mét

phéng (S4B) géc 30° nén CSH =30’

2 V21
Xét AABC ta cb ECHAB— V3 CH=a7 .
CH 2a~21
Xét ASCH vuodng tai H taco SC=——5= 2 .
sin 30 7

Xét ASAC vuodng tai 4 taco SA=~SC* - AC* =

1 1 aV35 aZ\/_ @105

Vay Voupe = 3 = 5AS g = 3 7 2 42

Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh chit nhat véi 4B=a, BC = a~/3 . Canh bén
$4 vudng goc v6i day va duong thing SC tao voi mat phing (S4B) mot gée 30°. Tinh
thé tich V' caa khoi chép S.4ABCD theo 4.

3 3
A. V=2‘/38“ . V—% C. V=34, D. V=€“ .

Loi giai
Chen A

V35
-

B C

BC 154 ,
Ta co: {BC B> BC 1 (S4B) =SB la hinh chiéu cta SC 1én mat phing (S4B).
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Xét tam gidc SAB vudng tai A c6 SA=VSB’—AB’ = 2av2.
Ma S, = ABBC=a*\[3 .
1 _24'\6

Vay V=28 ey S4 ="

Cau5: Cho hinh chop S.ABCD c6 ddy ABCD la hinh thang vuong tai 4 va B. AB=BC=a,
AD=2a; canh bén $4 vudng géc véi mit phang (ABCD) (tham khao hinh vé bén). Géc
gitta duong théang SC va mat phing (S4D) bang 30°. Tinh thé tich khdi chép S.4BCD

S

c

a3\/§ a3 a3\/§ a \/5

. . C. . D.

6 2 3 2
. Loi giai

B 4
c

Goi E 1a trung diém ctia AD thi ta dé dang chirg minh ABCE 14 hinh vuéng

=CE=4B=a
. [CE L 4D IS
a cb; = CE L (S4D) = (SC,(54D)) = CSE =30".
CE 1 54

(AD+BC)AB (2a+a)a 3a
2 22
Tam gidc SCE vudng tai E nén ta c6: SE = CE.cot30° = a+/3 .

2
Tam gidc SAE vudng tai 4 nén ta cd: SA=+SE* — AE> = (a\/g) —a’ =a\2.

Dién tich mat day la: S;., =

A 1 | =3d" a2
Vay Vs pep = E'SA'SABCD = g-a‘/i-T ~T 5
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1 voi day 1on AD =6a. SA
SD va mit phing (S4B) bang 45°. Thé

C

B
2746 9a°\/3 2742 9a°\2
T B. =~ C. = D. ==

Loi giai

>

A

D

Do ddy ABCD 1a ntra luc giac déu nén ABD=90" (géc chin ntra duong tron).
) {BD 154

Ta c6: B> BD 1(S4B).Suy ra SB la hinh chiéu vudéng goc cua SD 1én mat

phéng (S4B) nén (SD(/‘?B)) — DSB = 45°.

2 ﬁ: 27a2\/§
4 4

Tam gidc ABD vudng tai B nén ta c6: BD=+ AD’ — 4B’ =\/(6a)2 —(361)2 =3av3.

Tam gidc SBD vudng can tai B nén ta cd: SB =BD=3m3.

Tam gidc SAB vudng tai 4 nén ta cd: S4 = JSB* — 4B* = \/(3a\/§)2 —(3a)2 =3a2.

1 1 27a’N3 274’6
Vay Vs iscp =5 S48 5ep :_'3‘1‘/5- < \/_ === \/—
3 3 4 4
Cau7: Cho hinh chép S.4BCD c6 day 1a hinh vuong canh @, S4vudng goc véi mit phang day.
Biét gbc gitta AC va mat phang (SCD)bang 30°. Thé tich khéi chép S.4BCD bing
3
AL B. “1‘2/3. C. a3 D. o

Dién tich mét day 13: S e =3-Spou =3-(30)
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w

B
Goi Hla hinh chiéu ctia A4 trén canh SD .
CD 1 AD (ABCDla hvuong)
Ta co

=CD 1(SAD)=CD L 4AH .
CD L SA (SA L (ABCD))

AH 1L CD

AH LS AH 1(SCD). Vay hinh chiéu vuéng goc ctia AC trén mit phiang

Do dé{

(SCD)1a HC . Suy ra goc gitta AC va (SCD)la ACH. Theo gia thiét ta c6 ACH =30’
Vi ABCD]1a hinh vuéng canh « nén 4C = a~/2 .
Xét tam gidc AHC vudng tai H (vi AH L(SCD) ) co:

sin ACH =% — AH = AC.sin ACH = a~J2.sin 30" =%.

Xét tam giac SAD vudng tai A c6 chiéu cao AHnén
I S NS S B T S B B
AH?>  AS*  AD? S A A & P
3 1 1 4’
Vay VS.ABCD = E'SA'SABCD = g.a.az = ? .

Cau8: [THI-THU-SO HOA BINH-2020-2021] Cho hinh chép S.4BCD c6 day 1a hinh vuéng
canh ,. Hinh chiéu vuéng géc ctia S 1én mit phing (4BCD) tring véi trung diém cta
canh AB . Goc gitta SC va (SAB) bing 30°.Thé tich ctia khéi chop S.4BCDbéing

*11 2*V11 *11 2211
2 4 3 6

A. B. C. D.

Loi giai

Bé—
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Cau 9:

L —

(S4B). Suy ra (SC,(84B)) =(SC,SB)=BSC=30"

Trong tam gidc vuong SBC c6: tan30° = BC  sp- LO = a3.
SB tan 30

[ y— 2 (a) a1l
Trong tam gidc vudng SBH c6: SH = SB* —BH’ =\/(a\/§) —(%) = a\é_.
1

1 11 a1l
Thé tich cua khoi chép S.ABCD: Vs pep =§.S ABCD-SHZE-GZ-§= a \6/_

[S6-GDDT-Thai-Nguyén-L2-NH-2020-2021]Cho hinh chép S.4BCD c6 day ABCD la
hinh thoi canh @, ABC =60°, canh bén $4 vudng géc véi mit phang day, goc gitra SA
va mit phing (SCD) bang 45° (tham khao hinh vé&). Thé tich ctia khéi chép S.4BCD
bang

3 3a3 3 3
AL B. 2. c L. D. & ‘/5.
8 4 4 4
Loi gidi

Ta ¢ tam giac ACD déu canh a.Goi E la trung diém CD.

, CD 154 AK 1 CD —
Keé 4K 1 SE. Do = CD L(S4E)= = AK 1 (SCD)= 45° = ASK.
E AK 1 SE
a\/§ A 1 1 a*VJ3 a\/§ a
:>SA=AE=T.Vay Vs.ABcp=§-SABCD-SA=§~ TS
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- Cau 44

Ong Binh lam lan can ban cong ngdi nha cia minh bang mot

tam kinh cuong luc. Tdm kinh d6 la mot phan cua mat xung
quanh ctia mét hinh tru nhw hinh bén. Biét gia tién ctia 1m?
kinh nhu trén 1a 1.500.000 dong. Hoi so tién (lam tron dén

hang nghin) ma 6ng Binh mua tam kinh trén la bao nhiéu?
A. 23.591.000 dong. B. 36.173.000 dong.

C. 9.437.000 dong. D. 4.718.000 dong.

Faceboock: Huynh Vin Anh — Phong Do

Phan tich va dinh huwéng tim loi gidi:
- Day la tinh thuc tién lién qua dén cac kién thirc ma cac em da duoc hoc vé van dé dién
tich ctia mat tron xoay;
- b€ giai quyét dugc tinh hudng trén cac em phai thuc hién thong qua cac budc sau:
Buéc 1. Xdc dinh yéu ciu ctia bai todn thuec tién;
Budc 2. T6 chirc cho hoc sinh phin tich va lam r6 cdc “cum tir” cé nghia trong bai toin
thiee tién trong mo hinh Todn hoc;
Buéc 3. Dé xudt gidi phdp gidi quyét bai todn thiee tién(trong mé hinh Todn hoc);
Bu6c 4. Thuee hién gidi phdp(trong mo hinh Todn hoc);
Budc 5. Chuyén két qud trong mo hinh todn hoc sang loi gidi ciia bai todn thuc tién.

Loi giai
Chon C
Ban kinh ctia duong tron day la R = _ 445 4,45m .
2sin150°

Vi day cung bang ban kinh nén mép trén ctia tdim kinh 1a cung tron cé s8 do 60° cta
duong tron day.

Do d6 dién tich tAm kinh bang é— dién tich xung quang ctia hinh tru c6 chiéu cao 1,35m
vaban kinh ddy R = 4,45m .

SO tién ma 6ng Binh mua tam kinh trén la

T = %.ZﬁRh.ISOOOOO = é.25.4,45.1,35.1500000 ~ 9437000 Cf@ng.

Cach 2:

B 4.45 m C

Goi duong tron tam / ban kinh R (nhu hinh vé). Ta sé€ tinh d¢ dai cung nhé BC.
BC 89

Ap dung dinh li sin trong tam gidc ABCtacé p= —2= -2
2sin150° 20
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T R= .
3R =607
cA s " , . 801

Dién tich phan kinh 1a /.1,35 = 2007

SO tién mua tAm kinh 1a %;;.1.500.000 =9436558,933.

Binh luan:

- Day 12 12 mot tinh hudng xay ra trong thuc tién, dé giai quyét tinh huéng nay doi hoi cac
em phai c¢6 nang liec mo6 hinh hda toan hoc. Nghia la, cac em phai lita chon mo hinh toan
da hoc phu hop véi tinh huéng thuc tién dé phét biéu tinh hudng xay ra thanh bai toan
trong mo hinh toan hoc; giai quyét bai toan toan hoc. Ttr d6, chuyén két qua trong mod
hinh toan hoc sang 16i giai bai todn thuc tién. Day 1a bai todn kiém tra mitc do VDC
Hudng phdt trién bdi todn

Huwong 1. Str dung mo hinh todn hoc cdc kién thikc lién quan dén mdt tru, mat ciu;

Huwong 2. Sir dung mo hinh todn hoc cdc kién thirc lién quan dén khoi tru, khoi chop;

Bai tdp tuong ty

Cau1:

Cau 2:

Ong 4 duoc nha nude cho thué 100 ka dat trong ritng Thong véi thoi gian 10 ndm thu
hoach. Biét sau 10 nam cay truong thanh véi chiéu cao khoang 15 m va khi thu hoach
thi véi moi cay Thong dat chuan thu hoach duwgc 1 khéi gS loai / hinh tru c6 chiéu cao
5 mchu vi vong tron than 2 m va dwoc 1 khéi gb loai /7 hinh tru cé chiéu cao 4 mchu
vi vong tron than 1,4 m .Vdi mdi 1 m? gS thu hoach loai /, loai /I 1ai twong ting dugc
150 va 100 ngan dong. Biét 1 ha trung binh c6 100 cay thu hoach. Hoi sau khi thu hoach
ong A 1ai vé6i sd tién gan bang:
A. 2.500.000.000. B. 3.000.000.000. C. 3.500.000.000. D. 4.000.000.000

Loi giai
Chon B
Goi R,R, Tan luoc 1a ban binh khoi g6 loai I valoai I

1
27R, =2
Tacc’):{ g

- T
27R, =1,4 0.7
T

R =
R, =~

Vay moi cay thu hoach du)c_chlz;lez,szi (m3) gS loai [ wva
T

(0,7) .4
V3
Vay: tong sO tién thu sau thu hoach la:

T'=V1.100.100.150000+F.100.100.100000 = 3011211600 .

Mdt co s6 san xudt bé ca khong nap véi chigu cao BB’ bang canh bén BA bang 0,7 m

V,=7R>4= (m*) gbloai I

nhu hinh vé. Biét 3 mat xung quanh va mit ddy dugc duoc dic bang nhyra cao cap véi
chi phi 100000/ m?, mat cong phia trudc dung chat liéu kinh déo cao cdp vdi gia
200000/ m*. V6i thiét k& sao cho cung DM la mét phan ctia duong tron ngoai ti€p hinh

chit nhat ABCD va M thudc cung AD, AMB=30°. Hoi co so san xuat duoc t6i da bao
nhiéu bé ¢4 véi sd tién 200000000 dong
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Cau 3:

A. 620. B. 624. C. 628. D. 608
Loi giai
Chon B

C B

I
D A
M |
|
| B,

Ta o AMB=30°=ACB=>DCA=60° = DIA=120°
Xét ABAM taco: 25 _op= r= 4B =07 = BC=4BV3=(0,7)43

sin M

Dién tich mat day: s, = %Rz +%SABCD = %(0,7)2 +%(o,7)2 NG

Dién tich phan nhua la 5, =2.(0,7)" +(0,7)" V3 + %(o, 7) + %(0,7)2 V3

Dién tich phan kinh s, = %”ml - 27”.(0, 7)?

Vay téng s6 tién cho mot san pham 1a 7'=23;.100000+.5,.200000 =320216
200000000
320216
[THPT-THI-XA-QUANG-TRI-2021] D€ ché tao ra mot cai dinh S¢, nguoi ta dic mét
vat bang thép c6 dang nhu hinh vé bén. Trong d6, phan phia trén c6 dang 1a mot hinh
ling tru luc gidc déu c6 chiéu cao bang 3cm va dd dai canh day bang 4cm; phan phia
dudi c¢6 dang mot hinh tru c6 truc trung vdi truc cua lang tru déu phai trén, chiéu cao
bang 12¢m va chu vi duong tron day bang mot nita chu vi day cta lang tru. Biét mdi m’
thép co giala M triéu dong. Khi d6, gia nguyén liéu dé€ lam mot vat nhu trén gan nhat

Vay vdi so tién 200000000 thi co so san xuat to6i da duoc = 624 cai.

v6i két qua nao dudi day?

A. 262,2m dong. B. 537,2m dong.  C.26,22m dong.  D. 53,72m dong.
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(a vat thé, thé tich ctia hinh lang tru phia trén va thé tich

hinh tru phia dwéi. Ta cé: V,=h,;.5=3.6. —\/_ =723 ( )

Chu vi luc giac déu la: 6.4=24cm .

Suy ra chu vi ctia duong tron ddy 1a ¢ =12cm =27R = R = i (R ban kinh dwong tron
T

day).

2
Do do: V, = 7R’ ., =7Z(£J 12=332 (cm*).
m m

Khi do: v =v,+v, =723 + 432(cm )-
T

Giad nguyén liéu d€lam vat thé'la: T=V.m= (72\/5 +@jm 262,2m dong.

Ciu4: [DE-THI-CHINH-PHUC-MON-TOAN-VTV7-LAN-1-2021] D& chuén bj c6 vii cho doi
tuyén Viét Nam tham dy vong loai tht ba World Cup 2022. Mot hoi ¢d dong vién duw
dinh trang tri 1000 chiéc noén la véi cach son nhu sau: Tinh theo d§ dai duong sinh ctia
chi€c nén 14 1a 40cm, ké tir dinh nén ¢t 8cm thi son mau dé, mau vang xen ké nhau
nhu hinh minh hoa, sau d6 dan 20 ngdi sao vang vao mdi chiéc nén.

Biét rang duong kinh ctia duong tron ddy nén 40 cm, mdi ngoi sao vang gia 200 dong,
son mau vang gia 5000 dong/m’, son mau do gia 4000 dong/m’. Hoi gia thanh dé trang
tri 1000 chiéc nén 1a d6 gan voi sd tién nao sau day?

A. 5105840 dong. B. 5105841 dong.  C. 5156106 dong.  D. 5156107 dong.
Loi giai

Chon B

Hinh nén da cho c6 d¢ dai duong sinhla ¢ = 0,4 m va ban kinh duong tron day la » = 0,2
m. Khi d6 cit hinh nén theo mot duong sinh réi trai phang, ta dwge mot hinh quat 6
ban kinh ¢ va d¢ dai cung tron twong tng la 277 = 7(, hay ta dwgc mot nira hinh tron

tron ban kinh /.
¢
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n, mdi dai mau c6 d6 dai g Suy ra tong dién tich
2Y 1)2 ol

+H = -] =] |==—.
5 5 5

1 4\’ P2V (1Y 2
Tong dién tich phan mau do la: 572'62 l:l —(gj +(§j - gj +(—j = 3;[5 )

Vay tong s0O tién trang tri 1000 chiéc nén la

2 2
1000(5000-”5 +4000-3”§ +20-200jz5105841 dong.

- Cau 45

Trong khong gian Oxyz, cho mat phang (P):2x+2y—z—3:O va hai duong thang

x-1_ vy z Ly z+1

v = : T Duong thang vuong goc voi (P) , dong thoi cat ca

d

Faceboock: Nguyén Khic Thanh — Nguyén Vin Vién — Uyen Hoang

Phan tich va dinh huéng tim 10i gidi:

- Day 1a bai toan 1ap phuong trinh duong thang théa man diéu kién cho trudc.

- D& 1ap phuong trinh duong thang ching ta can xac dinh mot diém né di qua va mot
vécto chi phuong. D€ xac dinh hai yéu t6 trén ching ta thuc hién thong qua cac bude
sau:

Buéc 1: Gia st A cit d,, d, 1an luot tai Mva N . Khi d6 toa d6 ctia cac diém Mva N
theo thit ty théa man phuong trinh tham s ctia d, va d,.

Budc 2: Duong thing AL (P)dan dén VTCP ctia A va VTPT caa (P) cting phuong.
Dua vao diéu kién cung phuong cua hai véc to ta tim dwgc toa d§ cac diém m, N .

Budc 3: Duong thang A di qua hai diém Mva N .

Loi giai

|\
S

/’_‘ B II‘- P

Goi M va N Tan luot 1a giao diém ctia A véi d, va d,.
Vi M ed, =M (2m+1; m;—2m—1) va N ed, = N(n+2; 2n; —n—1).
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2n—m —n+2m m+n=1 m=0
= = < = .
2 2 -1 2m—n=-1 n=1
Puong thing A di qua M(L0;-1), N(32-2) va c6 vécto chi phuong la
1\7\7:(2;2;—1) nén

c6 phuong trinh 13 x;3 _y-2_z+2

2 -1

Binh luan:

- PBay la cau hoi ¢ mic d6 van dung ndi dung xoay quanh cac kién thic vé diém, duong
thdng, mit phang.

- D€ giai t8t duoc cac cau hoi vé dang nay ngudi hoc can nam vitng duoc cac kién thic
lién quan dén hé toa d¢ trong khong gian nhu : Toa do cua diém, toa d§ cua véc to, cac
véc to cing phwong, vi tri twong d6i gitta dwong thang va mat phang, vi tri teong ddi
gitta hai duong thang. Ngoai ra ngudi hoc can cé duoc cac ki nang nhu : K nang tham
s6 hoa toa do ctia mot diém khi biét diém d6 thudc duong thang c6 phwrong trinh tham s
(hodc chinh tac) cho trudc ; kj nang st dung cac phép toan co ban cta véc to ; ki ndng st
dung cac cdng thirc lién quan dén khoang cach ; ...

- Nguoi hoc can nam vitng dwoc cach giai cdc dang toan co ban nhu : Viét phuong trinh
duong thang di qua mot diém dong thoi cat hai dwong thang phan biét cho triedc ; viet
phuong trinh duong thang song song véi mot duwong thang cho tredc dong thoi cat hai
duong thang phan biét cho trude ; viét phrong trinh dwong thang di qua mot diém
dong thoi vudng goc véi hai duong thang phan biét cho trudc ;...

Hudng phdt trién:

Huodng 1: Viét phuong trinh duong thing song song véi mot dwong thang cho trude
dong thoi cat hai duong thang phan biét cho trudc.

Huodng 2: Viét phuong trinh duong thing vudng géc véi mot dwong thang cho truée
dong thoi cat hai duong thang phan biét cho trudc

Huong 3: Viét phuong trinh dueong thang di qua 1 diém dong thoi cat hai duong thang
phan biét cho trudc

Huodng 4: Viét phuong trinh duong thing di qua diém 4 dong thoi cat @, va vudng goc

v6i duong thang d, .

Bai tdp tuong ty

x=-1+3t
. x=3 y+1 z-2
Caul: Trong khong gian Oxyz, cho cac duong thang d, : 5 =7 " :Z_2 , dyyy=-2t
z=—4-t
d,: x::3 =%=%. DPuong thing song song véi @y va cit dong thoi d,,d, c6 phuong
trinh la
Ax+1=L:z—4 Bx__1=l=2+4
4 -1 6 4 -1 6

K hittps://www.facebook.com/groups/toanvd.vdc



NHOM GIAO VIEN TOAN VIET NAM

Goi A 1a duong thing can tim. A cit d, va d,)lanluot tai 4, B
A(3+2a;-1+a;2-2a), B(~1+3b;-2b;~4—b), AB = (-4 —2a+3b;1—a—2b;—6 +2a—b)
d; c6 VICP la i =(4;-1,6)

4_ o _ _ -0
Al ld, = 4 2a+3b:1 a 2b: 6+2a b<::> a
-1 6 b=0
Vay A diqua 4(3;-1;2) vacé VICP 4B =(~4;1,-6)
Phuong trinh A : =3 _y¥l_z-2
—4 1 -6
A A : L A A~ 7 \ < X y Z+1
Cau2: Trong khong gian vdi hé truc toa do Oxyz, cho cac duong thang d :T=T= o

x=-3 y z-1 x=1 y=-2
=== A, =
2 1 1 1 2
A,,A, twong Gng tai 4,B sao cho dd dai doan thang 4B nho nhat. Biét rang A c6 mot

= % .Puong thang A vudng goc véi d dong thoi cit

vecto chi phuwong 1a i (a;b;3). Gié tri 2a+3b bang
A. 15. B. -15 C.0. D. 9.

Loi giai
A(3+2a;a;1+a),B(1+b;2+2b;b), AB = (-2 ~2a+b;2 —a+2b;~1—a+b)
d ¢ VICP la i, =(1;1,-2)

Aldeii, AB=0=a=b+2
= AB =(~6-b;b;—3) = AB* =20 +12b+45=2(h+3)’ +27> 27

“ A= (-3-3-3)

Vay 4B, =33 xay ra khi {

A ¢6 mot VICP 1a 4 (3;3;3). Vay a=b=3=2a+3b=15.

Cau3: Trong khong gian vdi hé truc toa dd Oxyz, cho cac duong théng A, i ;1 =7 +23 _z _12

b

a2 2250 Goi A 1a dudng thing di qua diém A(~4-5:3) va dong thoi cit
ALA,. Duong théng A c6 mot vecto chi phuong la
A. i=(32;-1). B. i =(3;-2-1) C.u=(-321). D. i =(3;21).

Loi giai
Chon A

Giast A cat A,A Tan luot tai M, N .
M (-1+3a;-3-2a;2—a), N (2+2b;—1+3b;1-5b)

MN =(3-3a+2b;2+2a+3b;~1+a—-5b)
m=(3+3a;2—2a;—1—a)
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Vay ta duoc: M (-1;-3;2),N(2;-1;1), ]\TV:(3;2;—1)
Caud: Trong khong gian véi hé toa do Oxyz, cho diém A(L,2;3) va hai duong thing
X—=2 _y+2_ z-3 d x-l_y-1_z+1
B R T T

vudng goc véi d; va cit d, 1a

d, . Phuong trinh duong thang A qua 4,

A x—2=y+1:z+2. B.x+1=y+2=z+3.
- -1 3 5 1 -3 -5
C.x—1:y+3:z+5- D.x—lzy—2:z—3.
1 2 3 1 -3 5
Loi giai

Goi M la giao diém ctia A véi d,. Vi M€d, nén M(1-;1+26,-1+1).

Ta ¢ AM =(-t;—1+2t;—4+¢) 1a véc to chi phuong ctia A va ii, =(2;—1;1) la véc to chi
phuong cua d, .

Vi ALld nén AMii, =0 < 2.(~t)-1.(=1+2¢)+1.(~4+1) =0t =-1.

Khi d6, A di qua 4(1;2;3) va cé véc to chi phuong ii = AM =(1;-3;-5) nén c6 phuong

trinh la x-1_y-2_z-3 )
-3 -5
Déy rang, diém B(2;—1-2)e A va —i =(-1;3;5) cling la mdt véc to chi phuong ctia A
x=2 y+l z+2
-1 3 5
Mot s6 huong phat trién khdc:
Cau5: Trong khong gian vdi hé toa dO Oxyz, cho hai diém A(1;1;1), B(2;0;1) va mat phéng

nén phuong trinh A la

(P):x+y+2z+2=0. Viét phwong trinh chinh tic cia duong thang d di qua 4, song
song véi mat phang (P) sao cho khoang céch tir B dén d 16n nhat.

A d X 1:y—1:z—1. B.d:£_122+2
3 1 -2 2 2 2
C d:x—2=y—2=i‘ D. 4 x—1=y—1=z—1
1 1 -1 3 -1 -1
Loi giai

Ta c6: 4B =(1;-1;0)

(P) c6 mot VIPT la 7i(1;1;2)

Goi VICP ctia d la u

Ké BH | d = AABH vudng tai H= BH < AB <> d(B,d)<AB<d(B,d) =AB

Xayrakhi H=A=d | AB=>ii | AB
Lai cé d//(P)=ii Lii Suyra i =%.[ﬁ;ﬂé] = (1;1;-1)
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chon C.

Oxyz , cho hai diém A(1;2;-3), B(—2;-2;1) va mat phang
(a): 2x+2y-2z+9=0. Goi M la diém thay ddi trén mat phing (o) sao cho M ludn
nhin doan 4B dudi mot géc vudng. Xac dinh phuwong trinh duong thang MB khi MB

dat gia tri 16n nhat.
x=-2—t x=-2+2t x=—2+t xX=-2+t
A.Jy=-2+2t B.< y=-2-t Ciy=-2 D.{y=-2-t¢
z=1+2¢ z=1+2¢ z=1+4+2¢ z=1

Loi giai

Nhan thdy Be(a)
Ta cd: AB = (-3;—4;4)= 4B = Ja1
Goi d 1a duong thang qua A va d L ()
x—1 _ y—2 _ z+3

2 -1
Goi K =d n(a)= K(-3;-2;-1)
M luén nhin doan 4B dudi mot géc vudng = M thudc mét cau (S) duwong kinh AB
Lai c6 M ()= M chay trén dudng tron (C)=(S)n(a)
Lai c6 Be(a)=(C) c6 duong kinh 1a BK = BM < BK
MB dat gia tri 16n nhatkhi M =K
BK =(~1;0;-2)

Phuong trinh 4 :

X=-2+t
Vay phuong trinh BM la: {y=-2
z=1+2t

Cau 46

Cho f(x) la ham s6 bac bon thoa man j(O) =0.Ham so f'(/) co bang bién thién nhw sau:

Ham so g( x) = ‘ f (x3 ) —3x‘ ¢ bao nhiéu diém cuec tri?

A. 3. B. 5. C. 4.

Faceboock: An Dinh — Ha Hoang — Nguyén Tat Thanh

Phin tich va dinh huéng tim 10i giai:
- Day 1a bai todn tim cyec tri cia ham s8 c6 dang g(x) =|f (#(x)) - v(x)| khi biét bang bién
thién hodc d6 thi cia ham y = f"(x).
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- D& xéc dinh s cuc tri cia ham g(x) = ‘h(x)‘ voi h(x)= f(u(x)) —v(x) ta can lap bang bién
thién ctia ham s8 /(x) = f(u(x))—v(x) nho gia thiét bai toan.
- Tl bang bién thién ctia ham s8 A(x) = f (u(x)) —v(x) suy ra bang bién thién ham s6

= ‘h( ‘ Tt d6, suy ra s8 di€m cuc tri cia ham s6 g(x ‘h ‘

- D&14p bang bién thién ctia ham s8 4 (x) = f(u(x))—v(x) ta thuc hién cc bude nhwr sau:
Buoc 1. Tim tap xac dinh.

Bu6c 2. Tinh dao ham 4'(x). Tim cac diém x,(i=1,2,..,n) ma tai 46 dao ham bang 0 hodc
khong xac dinh.

Budc 3. Sap xép cac diém x, theo thit tw ting dan va lap bang bién thién ctia ham s8 4(x).
Budc 4. Tl bang bién thién ctia ham s8 /2(x), suy ra bang bién thién ctia ham s&

=|h(x)|. Tix 6, két luan bai toan

Ta cé:f”(x) a(x+1)(x+3) :>f J‘f” dx a[?+2x +3x]+b

f'(-3)=-1 29
Do 61 @{a 2 = f'(x)= %[?+2x +3xJ—1 .

=57l

Xét ham s6 h(x):f(x3)—3x c h'(x):3x2f'(x3)—3, h'(x):0<:>3x2f’(x3)—3:0 .

Loi giai

Nhan xét rang, x =0 khong phai la nghiém ctia phreong trinh 3x? f ’(x3 ) -3=0 nén

()30 & f(x) == (%)

Néu x e(—»;0) thi f'(x)<0= f’(x3) <0 ma Lz >0 nén (*) v0 nghiém trén (—;0).
X
Néu x e(0;+) thi f'(x) dong biénnén f '(x3) dong bién, ma ham s6 Lz nghich bién
x
nén phuong trinh (*) khong ¢6 qua 1 nghiém. (1)

Mit khéc lim y = lim [f (x3)_iz}:_oo va lim y = lim [f’(f)—%}:wo nén
x—0" x—0" X X—>+00 xX—>+00 X

phuong trinh (*) 6 it nhat mot nghiém duong. (2)

Tt (1)va (2) suy ra f'(x3):L < x=x,(x,>0)

2
X
Ta c6 bang bién thién ctia ham s /(x)

” — 00 0 £Q +00
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a diem cuc tri.

Binh ludn:
- DBay 1a bai toan 1ap tim cuc tri cia ham tri tuyét d6i cia ham hgp. D€ lam duoc bai
toan nay doi hoi cdc em phai nam vitng va st dung thanh thao bai todn tim diém cuc tri
cta ham s8, ham hop; ap dung vao ham trj tuyét d6i cia ham hop. Pay la cau hoéi kiém
tra kién thirc tong hop 6 mirc &6 VDC.
Hudng pht trién:
Hudng phdt trién 1: Cho ham s§ y = f(x) 6 bang bang bién thién ham s& f”(x). Tim s&
diém cyec tri cia ham s8 g(x)= f(u(x)) +h(x)
Hudng phit trién 2: Cho ham s6 y = f(x) c6 do thi ham s f'(x). Tim s6 diém cuc tri
ctia ham s& g(x)= f(u (x))+h(x) .
Hudng phit trién 3: Cho ham s6 y = f(x) c6 do thi ham s f'(x). Tim s6 diém cuc tri
ctia ham s6 g(x)= |f(u (x))+ h(x)| :
Bai tdp tuong ty
Cau1l: Cho f(x) laham bacbén thoaman f(0)= % Ham s6 f'(x) c6 bang bién thién nhu

sau:

X —o0 -2 -1 +0

TN TN

Ham s6 g(x)= f(x5)+ 5x+ 2021‘ ¢4 bao nhiéu diém cuyec tri?

B.2. C.1. D.4.
Loi giai

A.3.
it h(x)= f(x5)+5x+2021, ta co i'(x)= 5x4f'(x5)+5.
Xét I'(x) =0<:>5x4f'(x5)+5 =0 (*).
Nhan xét rang, x =0 khong phai la nghiém cta phuong trinh (*).
V6i x <0, tir bang bién thién ta thdy f’(x)>0 nén f'(xs) >0 nén (*) vo nghiém.
1
Véi x>0, tacs (*) e f1(x*) =
Gi x> aco()<:>f(x) 7
Khi d6, vi f"(x) nghich bién nén f'(x*) ciing nghich bién, ma —i4 dong bién trén
X
khoang (0;+w) nén phuong trinh (*) ¢4 t6i da 1 nghiém trén khoang (0;+x).

Talai co lim { f'(x5)+%}=+oo va lim { f'(x5)+%}:—oo nén (*) c6 dang 1 nghiém

X—>+0
x=x, €(0;+0).

Xét bang bién thién cua h(x) :
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—o0

Dua vao bang bién thién ta thdy phuong trinh A(x)=0 c6 nghiém duy nhat x, > x,.
Vay ham s6 g(x)= ‘h(x)‘ c6 2 diém cuc tri.

Cau2. Chohamsdy=f(x).Biétdo thicua y= f'(x) nhu hinh vé dudi day.

i

____j___

4
SG diém cure tri cia ham s6 g (x) = f(x2 —2x) —x?+ 2%’ -3x"+2x-2 1a

A.6. B. 8. C.9. D.7.
Loi giai
Ta co:

g'(x)=2(x=1) /(" =2x) = (22" = 6x" + 6x=2) = 2(x=1)[ f'(x* = 2x) (%" = 2x+1)
Véi u=x"-2x =(x—1)2 —-1>-1,Vx

Duwa vao d6 thi ctia y = f’(x) va duong th:fmg y=x+1tacod

\
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0 7 diém cuec tri.
cO d6 thi nhw hinh

Nhu vay g'(x)=0 c6 7 nghiém don phan biét, nén ham sd g
Cau3. Cho f(x) laham da thirc thoa man f(0)=0.Hamsd y= /"

bén dudi.

Youmn

X

N—"

W F'(z)

RS

\ N ]' 14 - A - A? .
Ham s8 g(x)= |f( x’ +1)—5x2 ¢4 bao nhiéu diém cuec tri?

=
)

A3 C.s. D.4.
Loi giai

Chon C

Xét h(x)=/ x2+1)—%x2.

Ta c6 h’(x)=\/ﬁ.f’( x2+1)—x=\/ﬁ.[f'(\/x2+l)—\/x2+l:|

x=0
Suy ra h’(x)=0<:>[f,(\/szrl):\/xz+1 ()

Dua vao d6 thi ham s& f*(x):

y F(z)

Y=

o

x=0 x=0

=
\/x2+1:a(a>2) L +Va-1
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- 0 0 +
() m\ /0\ /m

Vay ham s§ g(x)= ‘h(x)‘ cd 5 cuec tri.

Ciu4: Chohamso y=f (x) lién tuc trén R, c6 bang bién thién nhw sau:

X -00 a b +00
' - 0 + 0 -
y \ / \
Dat h(x ‘m (x-2) ‘ (m la tham s ). Co bao nhiéu gia tri nguyén ctia m sao cho

ham so y=h( )co dung 5 cuc tri?
A. V680", B. 12. C. 0. D. 10.

Loi giai
Chon D

( ) 0<:>f'( _2) 0o x-2= x=2+a

£ g x=2=b " |x=2+b

Ta c6 bang bién thién
X -0 a+2 b+2 +o0
g'(x) + 0 - 0 +

+00

(¥
g _w/ \/

Déham s6 £ (x)= ‘m - f(x- 2)‘ = ‘g (x)‘ c6 dung 5 cuc tri diéu kién la
m+5>0
m—6<0

o -5<m<6=>me{-4,-3,-2,-1,0,1,2,3,4,5} .

Do mnguyénnén me {—4, -3,-2,—-1,0,1,2,3, 4,5}. Vay c6 10gid tri caa m .
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Co bao nhiéu s6 nguyén a(a > 2) sao cho ton tai s thuc x thod man: (al%“ + 2) T =x-27?

A. 8. B. 9. C. 1. D. V6 s6.
Faceboock: Lé Thanh Binh — Chanh Mu6i — Nguyén Tat Thanh

Phin tich dinh hudng tim 10i gidi:
+Day la bai toan tim tham s a d€ phuong trinh mii ¢6 nghiém;
+Dé€ giai bai toan nay thong thuwong chiing ta st dung mét trong cac phuong phap sau day:
Cich 1: Ddt dn phu dwa vé giai h¢ phuong trinh déi xiing logi 2.
{f (x.y)=a
f ( v, x) =qa
Cdch 2: Swr dung phuong phdp ham s6’
+ Cho phuong trinh f(x)=c (véi ¢ la hdng s8). Néu ham s§ f(x)ludn dong bién hodc
luén nghich bién trén khoang K va ton tai x, € K, sao cho f(x,)=c thi phuong trinh
f(x)=c cé nghiém duy nhét x =x, trén khoang K .
+Cho phuong trinh f(x)=g(x).Néuhamsd f(x) luén dong bién (hodc luén nghich bién)
trén khoang K con g(x) ludn nghich bién (hodc luén dong bién) trén khoang K va ton tai
x, € K, saocho f(x,)=g(x,) thi phwong trinh f(x)=g(x) cé nghiém duy nhat x =x, trén
khoang K.
+ Cho phuong trinh f(«)= f(v). Néuham s6 f(¢) luén déng bién (hodc luén nghich bién)
trén khoang K thi tit phuong trinh f(u)= f(v) ta c6 u=v trén khoang K . O day ta ndi
/(#) 1aham s6 dic trung ctia PT.
+f(u)>f(v) ma f(¢)luén dong bién (hodc luén nghich bién) trén khoang K thi bat
phuong trinh twong dwong véi u>v( hode u<v) trén khoang K. O day ta néi f(¢) la
ham s0 ddc trung cua bpt.
+ Nhan dang f(u)=f(v) hay f(u)> f(v) thuong st dung c4ch nay khi phuong trinh,
bat phuiong trinh chita cdc an vira nam trong d4u loga ( trén mii) va an nam ngoai dau loga
( khong trén mii), hoac PT, BPT vira chita loga vira chita md.
+Dé& dua vé dang f(u)=f(v) hay f(u)> f(v) ta thuong bién d6i bang cach thém bét dua
vao nhitng biéu thuc trong loga, biéu thic trén s6 mit sao cho biéu thiic trong loga, biéu
thitc trén ma cung xudt hién & mot vé ctia phuwong trinh hay bat phuong trinh.
Vi du: Phuwong trinh cho & dang log, s 42—3x AR
4x° —-2x+2
Vi 4x* —2x+2>0, VxR nén diéu kién 1a 3x* +3x+m+1> 0 (*¥)

V6i didu kién (*) phuong trinh da cho tuong dwong véi phuong trinh

10g2(3x2+3x+m+l)—log2(4x2—2x+2)=x2—5x+l—m
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D€ dua vé dang f(u)=/(v), thi ta phai bién d6i x*-5x+1-m sao cho xuét hién
(4x2 —2x+ 2) , (3x2 +3x+m+ 1) vi hai biéu thitc nay nam trong ddu loga. Nén ta duoc:
& log, (3x” +3x+m+1)-log, (4x* —2x+2) = (4x* = 2x+2) - (3x* +3x+m +1)

& log, (3x” +3x+m+1)+(3x* +3x+ m+1) = log, (4x* — 2x +2) + (42 — 2x +2)
+Viéc chting minh ham s§ f(¢) ludn d6ng bién, nghich bién trén K khi lam bai trac nghiém
c6 thé st dung may tinh cam tay: MODE 7- v6i 570, MODE 8- véi 580.

Loi giai
Diéu kién: x > 2. Dat m=loga >0
Khi d6 phuong trinh tré thanh: (x’" + 2)m =x-2.
bat y=x"+2, y>2 thi ta c6 hé phwong trinh
y'r=x-2 (1)

{X’" =y-2 (2)

Lay (1) — (2) v€ theo vé ta duoc
yYVit+y=x"+x (3)
Xétham f(t)=1¢"+t véi m>0;¢>0 c6 f'(¢)=ms"" +1>0, Vt>0
= f(t)=1" +t dong bién (0;+).
log(x—2

e,
=loga<1=a<10. Do d6, moi sd a €{2;3;4;...;9} déu thoa man.

Dodé (3)e y=x ©x"=x-2 o mlogx=log(x-2) < m 1

Binh luan:
- Viéc cho ham s8 f'(u); f(v) nhu nao rat quan trong. Vi khi thi trac nghiém véi cong cu
hd trg ctia mdy tinh cdm tay hoc sinh c6 thé dé dang bAm may dé tim ra m&i lién hé gitra u
va v. Tat nhién viéc bAm may tinh dua trén nén tang kién thirc t6t cua hoc sinh. Khi huéng
di lam tu luan gay khé khan cho hoc sinh thi huéng giai bang cong cu hd tro may tinh cam
tay cling la 1 phuong an t6t.
- Vi du gidi cau 47 dpa trén hudng tu luan va sy hd tro ctia mdy tinh cam tay
Ciu 47. C6 bao nhiéu sd nguyén a(a>2) sao cho ton tai s6 thuc x thoa man:

(al"gx + 2)10ga =x—27

Loi giai

Dé tim méi lién hé gitta a va x ¢ bai nay chua c6 thé tim ra ngay bang may tinh .

Duwa vao nhan xét a"%° = ¢"°®* ta cd & . Cong viéc nay nham muc dich dé€ dua vé

loga
:xg

ciing loga. Khi d6 dat loga =¢ phuong trinh tré thanh (x'+2) = x-2 (diéu kién x>2)
Cho #=100 bam may tinh ta c6 x ~0,9956130378. Tuy nhién chua thdy duwgc mai lién hé
gitta xva ¢. Vi dé bai c6 x' nén bdm may

log(x—2)

xX'=98=x'=x-2=r=log (x-2)=loga=———.
log x
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log(x—2)
log x

tinh CASIO MODE 7- v6i 570, MODE 8- v¢i 580.

Hudng phdt trién:

Hudng phit trién 1: Thay d6i yéu cau nhw tim diéu kién lién quan dén twong giao do thi...

Hudng phdt trién 2: Thay doi phuong trinh thanh bat phuwong trinh.

Hudng phit trién 3: Thay d6i ham s8 1 (u); f (v) két hop v6i ham s chdn, ham s 1é.

bén day c6 thé khao satham s6 y = bang phuong phép dao ham hay duing may

Caul. C6 bao nhiéu gid tri nguyén ctia mvéi m>1 sao cho ton tai s6 thuc x thdéa man:
(ml"gs" +3)10g5m =x-3 (1).
A. 4. B. 3. C. 5. D. 8.

Loi giai
biéu kién: x>0
D4t m"®* +3 =u thay vao phuong trinh (1) ta duoc: u

logsm logsm

=x-3&x=u +3.

logs x

u=m +3

logsm +3 :

Vi %" = m" " Ttr d6 ta ¢6 hé Phuong trinh {
x=u

Xét ham dic trung f(t)=m'+3 trén R.
Do m>1.Suy raham s6 f(¢)d6ng bién trén R .
Do d6, f(logsx)=f(logsu)< x=u.

Vi thé, ta dua vé xét phuong trinh: x=m

logs x logsm logsm

+3<x-3=x
log (x—3)
log, x

+3<x=x

< logs(x—3) =log; (x1°g5'”) < log,(x—3) =log, x.logsm <> log,m =

log (x—3)
log, x

Do x>0 nén x—-3<xnén log,m= <lem<s.

melZ

Suy ra { = me{2,3,4}. Vay c6 3gia tri tham s§ mthoa man.

Cau2. Co bao nhiéu mnguyeéen m €[-2021;2021] d€  phuong trinh

l<m<5

6" —2m =log . (18(x+1)+12m) c6 nghiém?

A. 211. B. 2020. C. 2023. D. 212.
Loi giai

Phuong trinh 6" —2m =log (18(x+1)+12m) < 6" =2m+3log, [ 6(3x +2m+3) ]

& 6" =2m+3[1+log, (3x+2m+3) ] < 6" =3log, (3x+2m+3)+2m+3, (*)

Dit y =log,(3x+2m+3) < 6" =3x+2m+3

Mat khac, PT(*) trd thanh: 6" =3y +2m+3

67 =3x+2m+3,(1)

6" =3y+2m+3,(2)

Lay (1) trir v€ vdi vE cho (2), ta duoc

6'—6"=3x-3y<=6"+3x=6"+3y (3)

Xéthamsd f(t)=6+3t,1eR.

Ta cod hé: {
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Thay y=x vao PT (1), ta dugc 6" =3x+2m+3 < 6" -3x=2m+3.
Xétham s8 g(x)=6"-3x, voi xeR.Taco

g'(x)=6xln6—3:>g‘(x):0<:>x:log{i)

In6
BBT:

¥ D lo ( 3 J + o
s me

| : 0 ;

+ o0 + 0

g(x) \ /

0.81

Ttr d6 suy ra PT da cho c6 nghiém <> 2m+32> g(log6 ﬁ] ~0,81=>m>-1,095
Vay c6 2023 s6 nguyén mthoa man yéu cau.
3x° +3x+m+1
2x —x+1
y=x"—=5x+2—m tai hai diém c6 hoanh do 1én hon 1?
A. 3. B. V6 s0. C. 2. D. 4.

Loi giai
biéu kién: 3x* +3x+m+1>0.
- Ta ¢6 phwong trinh hoanh d¢ giao diém :
3x% +3x+m+1

Cau 3. Cdbao nhiéu s6 nguyén m dé€ do thi ham sd y =log, cat d6 thi ham s&

lo =x"—5x+2-m(*

&2 2x" —x+1 ( )
2

< lo 2(3)6 +23x+m+1j—1:x2—5x+1—m
2x" —x+1
2

o log, 3x +3x+m+1:x2—5x+1—m

4x* —2x+2
& log, (3x* +3x+m+1)-log, (4x” = 2x+2) = (4x* = 2x+2)—(3x" +3x+m+1)

& log, (3x” +3x+m+1)+(3x” +3x+m+1) =log, (4x* = 2x+2) +(4x” - 2x+2) (1)

Xétham sd: f(t)=t+log,¢ trén D =(0;+%), cb f,(t):1+t1i12 >0, VteD,

Do d6 ham s6 f'(¢) dong bién trén D

= (1) (407 —2x+2) = £(3x" +3x+m+1)

S A4 =2x+2=3x"+3x+m+1. Vi 4x* =2x+2>0,VxeR nén 3x* +3x+m+1>0
oS xP-5x=m-1 (2)
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g'(x) - 0 -

g(x)
—4
\ _E /

Dé hai d6 thi ham s8 cit nhau tai 2 diém c6 hoanh d6 16n hon 1 thi phwong trinh (*) c6
hai nghiém phan biét 16n hon 1 thi phwong trinh (2) ¢6 hai nghiém phan biét 16n hon

1 khi va chi khi —?<m—1<—4 @—%<m<—3, do meZ nén me{-5-4}, hay c6 2
gia tri nguyén ctia m thoa man yéu cau bai toan.
Ciu 4. TOng cac gia tri nguyén clia m d€ phuong trinh 2°>¥" 4 (x3 —6x” +9x + m)2"‘2 =241

chi ¢ 2 nghiém la:
A.T=32. B.T=12. C.T=-4. D.T=4.

Loi giai
Taco:
2 (-6 4+ 9x+m) 27 =2 41 2 2P 4 (x-2) 484 m—3x =27 427
&2y m-3x=2"" 1+ (2-x) .
Xétham h(r)=2'+1 trén R.
6 h'(1)=2"In2+3¢* >0,V¢ € R nén ham s8 lién tuc va dong bién trén R.
Do dé tte (1) suy ra m—3x:(2—x)3 Sm=8-9x+6x"—x".
Xétham s8 f(x)=—x"+6x’—9x+8 trén R.
x=3
6 f'(x)=-3x"+12x-9; f’(x)=0<:>{ :
X =

Bang bién thién

X —aD 1 3 +0

£(x) - 0 0+ 0 -

NN

Dua vao bang bién thién ta c6, phwong trinh ¢6 2 nghiém phan biét khi m=4;m =8
=>T=12
Cau 5. Tong tat ca cac gia tri cua m d€ phuong trinh 2<H)2.10g2 (x2 —2x+ 3) =4 log, (2|x —m|+ 2)

c6 duing ba nghiém phan biét la
A. 1. B. 2. C. 0. D. 3.
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&2V log, | (x-1)"+2 | =2%"log, (2}x—m|+2) (2)
Xétham s8 f(¢)=2"log, (t+2),t >0.
Vi f(t)>0,Vs>0=ham s6 dong bién trén (0;+ox)
Khi d¢6 (2) < f[(x—l)z} = f(2|x—m|) = (x—l)2 = 2|x—m|
X —4x+1+2m= 0(3)
x*=2m—-1(4)
Phuong trinh (1) c6 ding ba nghiém phan biét néu xay ra cac truong hop sau:
+) PT (3) c6 nghiém kép khéc hai nghiém phan biét cia PT(4) = m = % thay vao PT
(4) thoa man
+) PT (4) c6 nghiém kép khac hai nghiém phan biét cua PT(S) =>m= %, thay vao PT
(3) thoa man
+) PT (4) c6 hai nghiém phan biét va PT (3) c6 hai nghiém phan biét, trong d6 c6 mot
nghiém ctia hai PT trung nhau

(4) = x=1y2m-1 ,V(’)‘i% <m< % Thay vao PT (3) tim duoc m=1.

:me{l;l;g}.:T:&
22

Chu y: Cach tim diéu kién d€ c6 ding ba nghiém c6 thé st dung d6 thi nhu sau:
{x2—4x+1+2m=0 {2m=—x2+4x—10(3)
& &

x> =2m-1 2m=x"+1(4)

———— o ———
i
]
1
1
]
]

1
e

NAE

[
e T
L] I I

i i

Cau 6. Codbao nhiéu gia tri nguyén cua tham s6 m dé bat phwong trinh:
3 n.2
ln¢+x3 —3x’+2-m >0nghiém ding vdi Vx €[0;3]?
x> +m
A. 3. B. 0. C.2. D. 4.

Loi giai
Chen B
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Cau 7.

Cau 8.

bai toan nay ta chi xét voi diéu kién x* +m > 0 (*)

Véi diéu kién (*) ta 6 bat phuong trinh
= ln(x3 —2x2+2)—ln(x2+m)+x3 —3x*+2-m>0

= ln(x3 —2x? +2)+x3 —2x* 422> ln(x2 +m)+x2 +m (1)

Xétham: f(t)=Int+1¢ trén (0;+0).

f'(t)= %+1 >0 voi Vi e(0;400) = f(¢) 1a ham dong bién trén (0;+).

Do dé: ()& x’ -2x+22x"+m & m<x’-3x"+2.

Dat g(x) =x -3x"+2.

Bat phuong trinh da cho nghiém dung véi Vx €[0;3] khi:

{x2+m>0‘v’xe[0;3] {m>0

m < min g ()

P Vay khong ton tai gia tri cia m thda man bai toan.
m S —

Cho ham s8 f(x)= ln(\/ X +1+ x) +e' —e . Tap nghiém ctia bat phuwong trinh

f(3)+f(2x-1)20 1a?
A. S =(—0;0] B. §=[-2021;2021].  C. §=[-202L;+»). D. S =[0;+x).

Loi giai
Tacd: x*+1>0,VxeR; \/x2+1>\/x_2=|x|2—x:> ¥ +1+x>0,VxeR
Suy ra TXD: R

Ta co: f -X =ln(\/x +1- x) —elen;+e_x—ex

——(in(JF ) - ) =1 (v).

e f(3)2-f(2x-1) & £(37)2 f(1-2x) ()

1
Tacod: f'(x)= \/2—1+e +¢*>0,Vx e Rnén ham s6 da cho dong bién trén R .

Vay(2) =3 21-2x

Khi x>0 taco 3">21; 1-2x<1=3"2>21-2x,Vx20

Khi x<0tac63'<1 ; 1-2x>1=3"<1-2x

Vay tap nghiém: S =[0;+)

Cho ham s§ f/(x)= el 14 _ ol 06 bao nhiéu s8 nguyén m e [-2021;2021] thoa man
f(m- 7)+f( 12 <02

+1
A. 4038 B. 2025 C.5 D. 4036

Loi giai
Chen B

Tacod f(-x)= gl _ gl _ —f(x)
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>0 suy ra ham s6 dong

12

m+1

2_ 1<m<5
bih. Do d6 ta ¢ f( wso@{ ml
m<—

m+1
Ma me [—2021;2021] =>me [—2021;—2] U[I;S]

Suy ra co 2025 gia tri nguyén duwong m thoa man.

o ha 0 bac ba 0 do a duong cong trong yh
DE =. d O aie
1.,5'1
O 3 0 O a d .\:
die a D g durQc g ong De S?
9) T 2l =z
O 9 2 |
I
I
A B [) l
4 8 8

Faceboock: Lai Nhit Hoan — Nguyén Bd Nam

Phan tich dinh hwéng tim 101 giai:
Bai toan ting dung tich phan dé tinh dién tich hinh phang rat phong pht va da dang.
Trong phan nay xin dé cap dén mot s6 VD va bai tap st dung cac d6 thi da duwoc khao
sat trong chwong trinh THPT d¢€ tinh dién tich hinh phéang, tinh ty s& dién tich cac hinh
phang, tap trung va viéc quy cac d6 thi ham téng quat vé cac d6 thi dang “ chudn tac
“. Nhitng bai toan nay yéu cau hoc sinh biét thiét 1ap, dat vi tri d6 thi dang tong quat
vé dang dé tinh toan cfing c6 thé dic biét héa néu lam bai trac nghiém. Thay c6 khi day
can nhac lai mot s tinh chat ctia cac d6 thi va cdc phép bién d6i dwa dang tong quat
ctia ham vé dang chudn tac
n~ A 4 2 A AV .
1) Ham s6 bac 2: y = ax’ +bx+c (a * 0) co dinh I(—Zi; —4—], do thi (P)
a 4a
Dung phép tinh tién theo 70 bién d6 thi (P) thanh db thi (B): y =ax’( dua vé dang
chuan tic)
2) Ham s bac 3: y=ax’ +bx’ +cx+d (a#0), c6 tam d6i xting la diém udn. Ta c6 thé
3
viét ax’ +bx’ +ex+d = a(x + 3—] +mx+n vOi y = mx+n la phwong trinh tiép tuyén ctua
a
d6 thi tai diém udn. Nhw vay phép tinh tién theo 10 ( véilla diém udn) sé bién do thi
(C) thanh db thi (C,) ¢6 phuong trinh y = a(x3 + px) (dua vé dang chuan tac)

3) Ham triing phuong y=ax’ +bx’ +¢ c6 thé ¢6 3 cuc tri hodc 1 cyc tri. St dung phép

2
bién doi ax’ +bx* +c= a(x2 +2ij —4A, phép tinh tién theo ;(O,Z—Aj bién do thi (C)
a a a
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thanh do thi y= a(x2 +m2)2 néu (C) c6 1 cyc tri, hodc thanh y = a(x2 —mz)2 néu (C)
v6 3 cyee tri ( dua vé dang chudn tac)

4) Ham s8 b1/bl: y = &+0 ax+b _a_ k

6 d0 thj (C)co thé bién dai =—+ , d6 thi ham
cx+d cx+d ¢ d

T —
c

d.a

sO nhan [ ( jlém giao diém hai tiém can va la tam d6i xing.

c c
Dung phép tinh tién theo 70 bién d6 thi (C) thanh d6 thi (C,) 6 phuong trinh y = K
x

( dua vé dang chuan tac)
5) Cac ham s& luong giéc coban y =asin(mx+n)+b. y=acos(mx+n)+b c chu ki tuén

hoan la T=2—ﬂ, Maxy=|a|+b ,Miny=—|a|+b.
m

Ta sé dung dang chuén tic &€ chuan héa cadc ham cho cac bai toan tinh toan dinh luong
va khong phu thudc vao vi tri d6 thi dédt ¢ dau trong hé truc.

Tinh tién diém udn vé goc toa dg, ta dwoc hinh vé bén dudi.
v A

B

Khi d6, do f(x) 1a ham béac ba, nhan géc toa do 1a tAm ddi xtng nén x, =—Lx, =1.
Chon f'(x)=3x*-3= f(x)=x"-3x.

Loi gii

P — ]
5
ol

h 5 3.5 .3
Nén §, = (¥ -3x)dr==; 5+, =2= 5 =>="L==
’ 4 4 S, 5
Céc cau phat trién
Caul. Nguoita xay mot tuong rao dai 100m, tap hop cac diém phia trén cta hang rao tao
thanh mot duong hinh sin ( nhuw hinh vé). Diém cao nhét trén teong rao cach méng 1,8m
, diém thdp nhat nam phia trén twong rao cach moéng 1,4m, hai diém thap nhat lién ké
nhau cach nhau 2m . Tinh dién tich twong rao ?

N NN

1, 4m
1,8m

2m

100m
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Cach 1:
Dat hé truc toa d0 Oxy sao cho Ox la mong cua tuong, voi don vi trén truc la (mét),
nhu vay phan tuwong xay la phan dién tich hinh phang giéi han béi dwong cong
y=a.sin(mx)+b,
Do chu ki tuan hoan bang 2 nén m =z, va s6 chu ki bang 50.
max y=1,8=a+b=1,8 a=0,2
=
b=1,6

vay y=0,2sin(7zx)+1,6
miny=1,4=-a+b=14 y ¥ ( )

100
S = [ (0,2sin(7x)+1,6)dx =160(m’).

0
Cach 2: Ké duong thang y=1,6 (|| Ox) ta thay phan dién tich bi “hut” bang phan dién
tich “du ra “, nén dién tich tuong can tinh bf?mg dién tich hinh ch nhéit c6 chiéu dai
bang 100m va chiéu rong bang 1,6m . Vay dién tich tuong rao bang 16O(m2) .

Cau 2. ChoParabol (P), y =mx" vahinh vuong OACBcd A€Ox, Be Oy , trong tam G cta tam

gidc 0AC thudc Parabol (P). Goi S,, S,1a dién tich hai phan ctia hinh vudng bi chia boi
parabol (P).Biét S, <S,, tinh %

2

o
W | =

A2 B.2. cl
3 5 4
Loi giai
Goi A(3a,0) , B(O;3a) suy ra C(3a; 3a):> G(2a; a)

Ge(P)=4dam=1=m - L ACm(P)=K(3a; %T"j nén K thudc doan AC.

4a
3a 2 2
Vay S, = Imxzdx =9ma’ :9% S pep=9a° =8, = 2740
0
S, 3

Cau3. Cho db thi (C) cita ham s§ y="+7
cx+d

Mot hinh vudng ABCD c6 cac dinh B, D Ian luot thudc hai tiém can, va tam / cta hinh
vudng thudc (C). Biét dién tich hinh vudng béng 4, do thi (C) chia hinh vudng thanh
2 phén c6 dién tich S, ,S, (S,<S,). Tinh §,.

A.3-2In2 B.2-1In2 C.4-2In3 D. 2-In3

Loi giai
Khong lam mat tinh tong quat, xét phuong trinh duong cong (C) ¢ dang chuan tac

k
=— (k>0
y=—(k>0)

, goi 4 la giao diém hai tiém can ctia d6 thi (C).
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=0. hinh vuong ABCD c6

duong thang BC c6 phuong trinh y =2

7

am cua hinh vuéng la I(1;1), 1e&(C)suyra k=1Phuong trinh (C):y:l,
X

)

2

Ta dugc S, = I(2—l)dx =3-2n2.
1
2

(C)mBC=M[

N | —

X

Cau4. Cho dd thi (C) caahams6 f(x)=ax"+bx’+c, c6 ba difm cuc tri 4,B,C biét tam gidc
ABC can tai A va dién tich mién phang gi6i han boi d6 thi (C)va dwong thang BC bing
16. Tinh do dai doan BC.
A.12. B.13. C.65—4. D.15.

Loi gidi

Do f(x) ¢ 3 difm cyc tri nén c6 thé chudn héa f(x)= a(x2 —mz)2 khi do6
A(0:am"), B(-m:0), C(m:0) (m>0) khi d6 B, Ce Ox
Vay dién tich hinh phang gi6i han béi d6 thi (C)va duong thang BC la

16|a|m5
15

m

I a(x2 —m2)2 dx

—m

S =

Cing co dién tich tam gidc ABC la S ;. = ‘ams‘ Vay taludn céd S = %S BC

Theobaira S=16 suy ra S ;- =15.

Cau5. Cho do thi (C) ctia ham s6 bac 3: y=ax’ +bx’ +cx+d c6 hai diém cuc tri la M,P va
hinh chit nhat MNPQ c6 MN ||Ox . Biét dién tich ctia phan hinh phéng giéi han boi do
thi va duong thang MN bang 10. Tinh dién tich hinh chit nhat MNPQ.

A% B .12 D. 12.

9 27 12
Loi giai
Do ham s6 ¢6 hai cyec tri, nén ta c6 thé chudn héa y = a(x3 —3m x) (m>0)
suyra y'= 3a(x2 - 2)khi do M(—m'2am3) (m —2am3) suy ra N(m;2am3)
Puong thang MN c6 phuong trinh y=2am’, MN cat (C ) taiM va K voi x, =2m (MN
chinh 1a tiép tuyén cta (C) tai diém cuc tri M)
Dién tich hinh phang gi¢i han boi d6 thi va duong thang MN la
o 27\a\m

S= _J:n(2am3 - a(x3 —3m2x))d = %

s
Siwre 32

Dign tich hinh ch* nhat MNPQ la S, = 8|a|m4 suy ra

K hittps://www.facebook.com/groups/toanvd.vdc



NHOM GIAO VIEN TOAN VIET NAM

_ Cau 49

Xét hai s6 phtic z,,z, théa man |:1| =1 zz| =2 va ‘zl —z,|= \/g Gid tri 16n nhat |3zI +2, —51'|

béng
A. 5-+/19. B. 5+19. C. -5+219 . D. 5+2419.

Faceboock: Nguyén Khdi

Dinh huéng:

+ Pay la bai toan tim max |z -2,

, min |z —z,| véi z 1a s8 phtic thay doi thoa méan

|z—z,|=r > 0. D& giai bai toan nay chting ta c6 hai cach co ban:
-Cach 1: Ap dung BDT m6 dun:

|lz=z |-z~ 2| < (2= 2) + (2. -2 )| £ |z = 2| + |2, - 20| hay [r=|z, =z, < |z = z,| <7 +]z — 2.
-Céch 2: Biéu dién hinh hoc s8 phtic:

Trong mit phang phtic, goi M (z), A(z,), khi d6: M thudc duong tron tim /(z, ), ban kinh
r va |z-z)|= MA.Ta cé |MI - IA|< MAS MI + 14 = |r |z, — 2| < |z z,| < 7 +]z, - 2,

~ 2 *2 A ?. A . A 2 s N n 4 2 7 . N
+Tat ca gia thiét ctia dé bai déu cho ¢ dang |mz1 + nzz| =r, chinh vi thé ta xét: |mZ1 + n22| boi vi

, -
|Z| =zz.

N , . LA ; 2 20 1% .20, |2 = = .
+Bdng tinh todn ta c6 két qua: |mZ1 + n22| =m |Zl| +n |Zz| + mn(zl.z2 +z .Zz) . Trong d6 m,n
la cac so thuc va z;, z,1a cac s6 phirc. Nhu vay tir gia thiét ta sé tinh duoc |3Z1 +Zz| va dwa bai
toan da cho vé bai toan quen thudc.

Loi giai 1

+3 :|Z1 —22|2 :|Zl|2 —|—|zz|2 —(2122 +El.22) :5—(21.22 +21.22) :>(ZI.E2 +El.22) =2;

3z, +z,| :\/9|Z1|2 +z,[ +3(2.5+7.2,) =19 .
+Co: ‘(321 +22)+(—5i)‘ < |3Z1 +ZZ|+|—5i| & |3Z1 +z, —5i| < 5+\/ﬁ,

57 419

AL LAy

z, =
+Khi 19 Ji thoa man dieu kien dé bai thi |3z, +2,— 51 =5+19. Vay

357 7419

I SN

1919
max 3zl+22—5i|=5+«/5 = Chon B.

Loi giai 2
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nén A4 thuoc

duong tron tam O(0;0) ban kinh R, =1, B thudc duong tron tam O(0;0) ban kinh R, =2, va
AB=4/3.
(oM =304+0B |0M’ =904+ 0B +6040B
tlacoy . . . =y .
AB=0B-04 AB =04 +OB -2040B

2 2 2
— OM? =904 + 08" + 624 +Of AB” 19 = oM =19 = M thudc dudng tron tm

O(0;0) ban kinh R, =+/19 .

=3

+ |3z1 +z,— 5i| = MC < MO +0C =5++/19. Déng thirc xay ra khi va chi khi O thudc doan thang
MC . Nhu vay, rd rang ton tai cac s phuc z,z, thoa man diéu kién bai toan va
13z, + 2, — 5| = 5+ /19 . Vay max |3z, +z, -5i| =5+19 = Chon B.

Binh luin:

1.Day la cau hoi VDC, cau hoi nay da xuat hién trong dé thi thir ctia truong chuyén Pai hoc
Vinh ndm 2018. Diém then chdt ctia cdu hoi nay la phai tinh duoc |3z, + z,|.

2.Nhitng BDT m6 dun hay dung:

|z+zl| +|—Z—Zz| > |Z1 —Zz| (1) . Déng thirc & (1) xay ra khi va chi khi

i z+z,=0
z+z,#0
{EIkeR, k>0:z+z =k(-z-2z,)
JkeR,0<k<l:z+z =k(z,-z,)
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. Vay déng thtic & (2)xay ra

z+2z,#0
FeR, k<0:z+z =k[-z-2z,]
Jk eR, ke(—o0;0)U[L;+0): z+2 =k(z,—2z,)

khi va chi khi

3.Tap hop diém biéu dién s& phtic

+Trong mit phang phtrc, s8 phttc z = x + yi (x,y € R)duoc biéu dién bang
-biém M (x;y), ki hiéu M (z).

-Vécto OM = (x»).

Vécto u = (x;») .

+Biéu dién hinh hoc ctia z, + z,, z, — z,, kz,(k € R).

Goi M, u lan luot biéu dién sd phtic z,; Goi N, v Ian luot biéu dién s6 phitc z,. Ta c6
OM +ON va u+v biéu dién s8 phttc z, +z,; OM —ON va u—v biéu dién s6 phtic z, —z,;
kOM va ku biéu dién s3 phtic kz,.

+V6i M, A4, B lan luot bi€u dién s6 phuc z,z,z, thi OM =|z

;AB = |Z2 —zl|.
4.Tim dwoc min|3z1 +z, —5i| bang BDT |(321 +2,) +(—5i)| > ||3Z1 + ZZ| —|—5i|| =5-419.

Hudng Phat Trién:

Z1-|-Z2

Huong 1: Khai thac BDT |z+zl|+|z+22|22 Z+T .

Caul:  [S6 GD & DT Phu Tho-2021] Cé bao nhiéu sd phttc z cd phan thuce, phéan ao la cac s6 nguyén
dong thoi théa man |Z| <7 va |Z|+|Z—1—i| = |Z+1+i|+|z—2—2i| ?
A. 6. B. 7. C.8. D. 9.
Dinh huéng:
+Khai thdc gid thiét |z|+|z —1—i|=|z +1+i|+|z—2—2i|. Nghi déh BDT

_ ATD

|z+zl|+|z+zz|22

+Ding thiec xdy ra khi va chi khi z +z, = k(z1 —Zz); keR ke (—00;0] U[l; +00).
Loi giai

Zl-|'Z2

+Ap dung BDT |z+zl|+|z+zz|22 Z+T ta co:
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— z—l—i)];keR,ke(—oo;O]U[l;+oo)
z=m[z—(z—2—2i)];meR,me(—oo;O]U[l;+oo)
=(2k-1)(1+i); ke R,k e (—0;0({U|1L;
: ( )( +l) < E( OO ]U[ +OO):>z=x(l+i);xeZ,xe(—oo;—l]U[Z;+oo).
z=2m(1+i); meR,m e (—0;0]U[1;+0)
+Vi |z|<7:>|x|\/5<7:>xe{—4;—3;—2;—1;2;3;4} = Chon B.

Huwong 2: Khai thac BDT ||Z + Z1| - |—z -z, || <

(Z+Zl)+(—Z—Zz)|S|Z+Zl|+|—Z—ZZ|.

Cau2:  [S6 GD & DT Hoa Binh-2021] Xét cac s6 phtic z, w thoa man |z|=2,

w—3+2i|=1.Gid tri 16n

nhét ciia biéu thie H =|z” —2zw—4| bing

A 1642 B. 18v/2. C. 8. D. 24.
Dinh huong:
+Bié’nd6iké’tluén:H=‘zZ—22w—z.2‘=|22| ZZ =4 Z;Z—w.
+ D& tim maxH,biéhda’iH=4(Z;Z—3+2iJ—(w—3+2i).
Loi giai
—\2 - — —\2

Vi | 2| 2 o 22| <)o =4nen 0<Z 2 2<a = 222 <6,

2i 2 2i 2i
+Tacd H=‘22—22w—z.2‘=|22|z_z—w=4Z;Z—W‘=4[Z;Z—3+2ij—(w—3+2i)

— — — 2
s4Z;Z—3+2i+4\—(w—3+2i)\:4+4—3+ Z;ﬂz}' =4+4\/9+(22',Z+2J <24.

1 1

z=2i
+ Khi { 18 14 (thoa man diéu kién dé bai) thi H =24.Vay max H = 24 = Chon D.
w=

5 5

Nhan xét:

1.Tim min H :

+H=4 (Z;Z—3+2z]—(w—3+2i) >4 Z;Z—3+2i —4|w-3+2i|=4 —3+(22_,Z+2}' —4
l

— 2
= \/9+[Z_Z+2) —-4>8.
2i

z=-2i
+Khi { Y (thda man diéu kién dé bai) thi # =8 . Vay min H =38.
w=2-2j

2.Biéu dién hinh hoc s6 phttc
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Cau 3:

zZ—Zz

< |Z|2 =4 = -2< <2 nén diém M thudc doan thing 4B véi

2i
A(0;2), B(0;-2) ; Vijw—(3-2i)|=1 Nla diém thudc duong tron (C) c6 tam 1(3;-2), ban
kinh r=1.

+Tacd NM +IN > MI = NM >MI-121B—-1=2= H >8(Chuy IB 1L 4B).
+ NM < NI +IM =1+ MI <1+max {I4;IB} =6 = H < 24.

[Swu Tam Trén Nhom Gido Vién Toan Viét Nam] Xét hai s6 phtic z,, z, thay d6i thoa man
|z, +1+i|=2, |z, +1+i|=2 va |z|+|z,| = |z, — z,|. Gié tri nho nhat cta biéu thic |z, —2z,| bang
A. 0. B. 1. C. 2. D. 4.
Dinh hudéng:
Thdy ngay tir |zl|+|zz| = |z1 —zz| = z,=k(-z,) v6i keR, k>0. Tir ddy sé cé
|2, = 2z,| = (k +2)|z,|. Sé di tinh |z,| theo k.
Loi giai
+Ta c6 |zl|+|zz|:|z1 —Zz| = |zl|+|—zz|:|z1 —zz| = z,=k(-z,) v6i keR, k>0. Cht y ring

z,, z, déu khac 0.
{|22+1+l-|=2 |zz|2+|1+i|2+zz(m)+2(1+i)=4
N
eyt 1+l =2 | i k| 2 () + 27, (141) | = 4
zz(ﬁi)+2(l+i)=2—|z2

2
S e T R A
zZ(l+i)+zz(l+i)=—k |sz| 2 B 2 Tk

+|z1 —222| =(k+2)|zz|:\/ﬁ+2\/% 221/m.2\/% =4,

|2
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0a man diéu kién dé bai thi

Cau4: [S6 GD & DT Hai Phong-2021] Xét hai s§ phtic z,z, théa man |z —z,|=3va
|z, +6—8{|=7—|z,]. Goi M, m Tan luot la gid tri 16n nhat va nho nhat cta bicu thirc
P =|z,+2z,+21-3i|. Khi d6 gid tri cia M’ —m’ bing
A. 220. B. 223. C. 224. D. 225.

Pinh hudéng:
+Khai thac gia thiét. Tir gia thiét, khong thé tinh duoc |z, +2z,|. Nhan thdy xudt hién s§
3;,7;10=|6-8i].
+7=|z7,+6-8i|+|-z,| 2 |(z,— z,) + (6 -8i)| 2||z, — z,| |6 -8i]| = 7.
Loi giai
+Ta c6 7=|z1 +6—8i|+|—zz|2|(z1 —zz)+(6—8i)| Z”z1 —zz|—|6—8i|| =7.Suy ra
{zl—z2 =k(6-8i);keR,k<0

3
Vil 2|3z -z, = =2 (3-4i).
—z,=m(z,~z,+6-8);mcR,0<m<1 Ha-zn|=3= -2 ==5(3-4)

z, =—7—m(3—4i)—§(3—4i) ;
. > . = 2,422, +21-3i =2 [(<21m+32) + (28m ~1)i]
Tm . 5
7, == (3-4i)

=P =%\/(—21m+32)2 +(28m—1)" =3v49m> —56m+41 .

Vi 0<m<1 nén P=3,Tm(Tm-8)+41<3v41; P=3,/(7m~4)’ +25215.Khi

7

z ——3(3—41') 5 =—5(3-4)
s va thoa man diéu kién dé bai thi P =3v41; Khi i va thoa
z,=0 22:—5(3—41')
man diéu kién dé bai thi P =15.
+Kétluan: M =341; m=15 = M* —m* =144 = Chon E.
Huéng 3: Biéu dién hinh hoc cac s6 phirc
Cau 5: [Swu Tam Trén Nhom Giao Vién Toan Viét Nam] Xét hai s6 phtic z,, z, thay doi thoa man
|z, +1+i|=2, |z, +1+i|=2 va |z|+|z,| = |z, — z,|. Gié tri nho nhat ctia biu thic |z, —2z,| bang
A. 0. B. 1. C. 2. D. 4.
Dinh huong:
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R=2, Vi |z1 —22|:|zl|+|zz|
. Vi 0¢(T) nén OA.OB =0C.OD véi C,Dla
a duong thang (d) qua O.

+Bang tinh toan thdy |z, —2z,| = 04+20B.

Loi giai
+ Trong mit phang phtc, goi 4(z,), B(z,), C(—l +/3 + Oi) va D(—l -3+ Oi); Vi
|z, +2-2i|=2
nén A4, B thudc duong tron (T ) c6 tam I(—1;—1) ban kinh R=2; Vi
|z, +2-2i|=2

|z, — z,|=|z|+|2,| = 4B = 04+ OB nén O thudc doan thang 4B .Rorang C,D e(T).

+Ta c6 OA.OB = OC.OD =‘—1+\/§\.‘—1—\/§\ Y

. — 2
z,-22,| = |04-208]

_ ORI + 40B" —4040B - \JOL + 408" 1 404.08 = OA+20B > 2JOA20B = 4.

| ¥

B
—1-A/3 -1 of -NVB

D 3 ¢

T
[
-

@& == -1

+Khi  z, i va thoa man diéu kién dé bai thi

4

2 2 7 4
|zl—2zz|=4.Vay min|zl—222|=4:> Chon D.

VT 1T 1T 1T
4

Cau6:  [Pong Ha Quang Tri -2021] Xét cac s6 phtic z,, z, thoa man |z1 +2- 2i| =4,

z,+2-2i|=4va
|z, = z,|=|z,|+|2,|- Gid tri 16n nhét ctia |z, + z, + 5| bang
A. 2424513 . B. V/13. C. 242 +413. D. V2 +3V13.
Dinh hudéng:
+Ttr gia thiét thay ngay A(z,), B(z,) thudc duwong tron tam /(—2;2) ban kinh R =4; Vi
|z, = z,|=|z|+|2,| = 4B = 04+ OB nén O thudc doan thang 4B .
+Ttr két luan, ta phai tim tap hop diém C(z, +z,).
Loi giai
+Trong mit phang phtc, goi A(z,), B(z,), C(z, +2z,). Goi M la trung diém ctia doan thang
|z, +2-2i|=4

nén A, B thudc duong tron tam /(—2;2) ban kinh R =4
|z, +2-2i|=4

AB va D(-5;0); Vi {

; Vi |Zl —Zz| = |Zl|+|ZZ| = AB = 0A+ OB nén O thudc doan thang AB .
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1 la trung diém ctia doan

wong thang IM . Do vay IC=10=2\2=C

+Ta co |z1 +2z, + 5| =CD <CI+ID=22+13. Déng thtic xay ra khi va chi khi / thudc doan
thang CD. Nhu vay, rd rang ton tai cac s§ phtc z,,z, thda man diéu kién bai toan va
|Z1 +z, +5|=2\/5+\/B.Véy max|zl +z, +5|=2x/§+\/ﬁ = Chon C.

Cau7:  [Chuyén Lé Khiét Quang Ngai-L1/N2021] Xét cdc s6 phuc z,,z, théa man diéu kién

|zl—(1+i)|=1,22—(2—i)|=2. S8 phic z thay ddi sao cho (z—z).(l+i-z) va

(z—2z,){z,—2+i) 1a 3 thuan do. Gi4 tri nhé nhét cta ‘z —(3 —2i)‘be°1ng

A.%. B. 3. C.2-42. D. J13-1.

Dinh huong:
+Khai thac duoc gia thiét: (z—z,).(1+i—z) va (z—z,)(z, —2+i) la s6 thuan ao. Trong mit
phing phuc, goi A(z,), B(z,), M (z),1(1+i), K(2—i) thi MA L I4,MB 1 KB.
Loi giai
+Bai todn phu: Trong mit phing phtic, goi véc to u,v theo thit tw biéu dién s6 phitc z, w. Khi
d6, uv=0 < zw lasd thuan éo.
Chitng minh
z=a+bi,w=c+di (a,b,c,d € R) thi zw+wz = (a+bi)(c—di)+(a —bi)(c+di)
=2(ac+bd) = 2uv.

zow 1358 thudn do <> zw+zw=0 < zw+zw=0 < zwtwz=0 < uv =0.
+Trong mit phang phtrc, goi A(z,), B(z,),1(1+i),K (2—i),M(z) thi tir gia thiét suy ra:
MAIA=0, MB.KB=0;Diém A thudc duong tron (C) tam / bankinh 7 =1 va diém B

thude dudong dudng tron (C,) tam K ban kinh 7, =2.
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i) =|(z—1=1)+(-2+3i)

+MB=0thi M =B =|z—(2-i)|=2. Tirday c6 |z—(3-2i)| = |(z = 2+1) +(~1+i)
>||lz=2+i]-|-1+i]=2=v2 . Khi z =(2+v2)~(1+2)i (théa mén diéu ki¢n dé bai) thi

|z-(3-2i)|=2-+2.

+MA va MB déukhac 0 thi M ndm ngoai (Cl) dong thoi nam ngoéﬁ(C2 ) Trong truong hop
nay, ludon c6 ‘z -(3- 21’)‘ > min {2 2413 —1} . So sdnh ba truong hop ta co

min‘z—(3—2i)‘ = 2—\/5 = Chon C.

- Cau 50

Trong khong gian Oxyz, cho hai diém A(Z; 1;3) va B (6; 5 5). Xét khoi nén (N ) cO dinh A
, dwong tron day nam trén mit cau duwong kinh AB. Khi ( N ) c6 thé tich 16n nhat thi mat

phang chita duong tron day caa (N ) c6 phuong trinh dang 2x+by +cz+d=0. Gia tri cua

b+c+d bang

A. -21. C. -18. D. -15.

Faceboock: Truong Quéc Toan — Ta Minh Diic — Truong Piic Thinh — DucThanh Pham
Phan tich dinh hwéng tim 101 giai:
- Day 1a bai toén 1ap phuong trinh mat phang chita dwong tron day ctia mot hinh nén,
tng voi treong hop theé tich cua khéi nén dat gia tri 16n nhat;
- D& 1ap phuwong trinh mét phang chting ta can xac dinh hai yéu t&: mot diém thudc mat
phang va mot vécto phap tuyén;
- Trong bai toan nay, hai yéu t6 trén chi xac dinh dwoc khi thé tich khéi non dat gia tri

16n nhat. Tir d6, chiing ta quy vé bai todn tim gia tri 16n nhat ctia khdi nén (N);
+ Xac dinh chiéu cao / va ban kinh dy » ctia khdinén (N).

+Tim gi4 trj 16n nhat ctia bidu thiic 7 = éﬂﬂh

Loi giai

A

B
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g diém cua 4B va c6 ban kinh

kinh day khéinén (N); H 1a tam duong tron

day cta (N).
Dat IH:x(OSx<R).TaCé: r’=R*-IH*=R*-x*; h=x+R
Thé tich khéi nén (N): y gﬁﬂh - %z(Rz —x?)(R+x)
Xétham s§ f(x)=—x"—R¢’+Rx+R’ v6i 0<x<R

Ta co: f'(x)=—3x2—2Rx+R2; f'(x)z()@ng

Tir d6, ta tim duoc ¥V, khi h:4TR:AH:4,BH:2,
Goi H (x;y;z), khi do: Ez%@:ﬂz(%;%;%),

Do d6, mit phing chita dudng tron ddy ctia (N) di qua H vanhan AB 1am vecto phap
tuyén c6 phuong trinh la: 2(x—%)+2(y—13—1J+1(z—?) =0=>2x+2y+z-21=0.

Vay b+c+d =-18. Suy ra Chon C.
Binh luan:
- Day 1a bai toan lap phuong trinh mat phang, d€ xac dinh cac yéu t6 lap dugc phuong
trinh ciia mat phang néi trén hoc sinh phai cé kién thiic tong hop lién quan dén thé tich
khd&i nén, gia tri 1én nhat cta ham s trén mot khoang. Déc biét, hoc sinh phai nhan ra mau
chdt ctia bai toan la cac yéu t6 chi dwgce xac dinh khi khoi nén dat thé tich 16n nhat. Day 1a
cau hoi kiém tra kién thitc & mirc d6 VDC.

2 N\ P .« 17 A~ 3 1 M 7 2 Y < 7
- Cé thé tim gia tri I6n nhat caa V' = EE(RZ —x )(R +x) bang cach sit dung bat dang thtec

Cosi cho ba s6 duong nhu sau:

1 T (2R—2x)+(R+x)+(R+x) 3_327[R3
V—gﬁ(2R—2x)(R+x)(R+x)_ 6( 3 J ===

D&u bing xay ra khi va chi khi x = ? .

Hudng phit trién:

Hudng phit trién 1: D@ nguyén gia thiét bai toan, thay doi két luan. Tinh gi4 tri bi€u thirc
lién quan dén cac hé s6 phurong trinh mit phang chita day ctia khdi nén khi khdi nén cé
dién tich xung quanh 16n nhat

Huong phit trién 2: Thay ddi gia thiét khai nén bang khéi tru c6 truc ndm trén duong thang
AB, duong tron ddy ndm trén mat cau duong kinh AB. Tinh gia tri biéu thic lién quan
dén cac hé s6 ctia phuong trinh hai mat phang song song dong thoi chita hai day ctia khéi
tru khi khoi tru co thé tich 16n nhat.

Huéng phdt trién 3: Thay doi gia thiét bai todn cho diém 4, mat cau (S) va mot mét phang
(P) 8 dinh. Viét phuong trinh dwong thang A di qua 4 ti€p xtic véi mat cau () va cat
(P) tai B sao cho 4B nho nhit.

K hittps://www.facebook.com/groups/toanvd.vdc



NHOM GIAO VIEN TOAN VIET NAM

Hudng phit trién 4: Thay d6i gia thiét khdi nén (N) ¢6 dinh 4, duong tron ddy la giao ctia

mit phing (@) qua B véi mit cau S(0;04). Mét phang (P) di qua hai diém 4, B. Thay

d6i két luan khi dién tich thiét dién cta hinh nén cit boi mit phing (P)co gid tri 16n nhét

thi mat phang (P) c6 phuong trinh 1a?

Bai tdp tuong ty

Caul.

Trong khong gian Oxyz, cho hai di€ém A4(2;1;3) va B(6;5;5). Xét khdinén (N) cd dinh
A, duong tron ddy ndm trén mit cau duong kinh 4B . Khi (N) c6 dién tich xung quanh
16n nhat thi mit phing chita duong tron ddy ctia (N) c6 phuong trinh la

A. 8x+8y+2z-21=0. B. 2x+2y+z-21=0.
C. 8x+8y—4z-21=0. D. 2x+2y—-z-21=0.
Loi giai
A

B
Mit cau duong kinh 4B c¢6 tam 1(4;3;4) la trung diém cua 4B va c6 ban kinh

R= % ~3.Goi 7 1a chieu cao va ban kinh ddy khai nén (N); H 1a tam dudng tron

day caa (N).

it IH =x(0<x<R).Taco: r* =R —IH’ =R’ —x*; lz\/(R+x)2 +R?—x* =V2xR+ 2R’
Dién tich xung quanh ctia khéinén (N):

1
S, =7rrl=§7r\/(R2—x2)(2xR+2R2) =%\/2R(R2—x2)(x+R)
Xéthams6 f(x)=—x"—Rx’+R’x+R’ v6i 0<x<R

Ta c6: f'(x)=-3x>-2Rx+R’; f’(x):0<:>x:§

Ttr do, tasuy ra S,, dat gia tri lon nhat khi /= 4TR = AH =4,BH =2.

Goi H(x;y;z), khi d6: AH %E: H =(%;%;gj :

Do d6, mat phiang chita dudng tron day ctia (N) di qua H vanhan 4B 1am vecto phap
tuyén c6 phuong trinh la: 2(x—%j+2(y—13—1)+1(z—?) =0=2x+2y+2z-21=0.

Suy ra Chon B.
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ét khoi tru (T) ¢ truc la

am trén mit cau duong kinh 4B . Khi (T)

ddy cta (T) ndm trén hai mt phing song song Ian lwot c6

phuong trinh 1&a x+by+cz+d, =0 va x+by+cz+d, =0. Khi d6 gia tri ctia biéu thirc
b+c+d, +d, thudc khoang nao sau day?
A. (0;21). B. (-11;0). C. (-29;-18). D. (-20;-11).

Loi giai

Mit cau duong kinh 4B ¢6 tam /(2;2;-2) va ban kinh bang 3.
Goi x (0<x<3) laban kinh day ctia (T'), khi &6 (T') c6 chiéu cao bang 4 =29 —-x", do
d6 thé tich cta (T') bang

3

12743

2 2
X

7+%+(9—x2)

x* X
V =27xx*\J9—x* =4nr. ?.?.(9—x2) <4r 3

=127/3 khi x=+/6..
Khi d6 goi (P) 1a mit phang chita duong tron day cua (T), (P) c6 phuong trinh tong
quét dang x+2y -2z +d = 0. Khoang cach tir tam 7(2;2;-2) dén (P) bing v3 nén
[2+22-2.(-2)+d| _ Ao {d =33-10
3 d=-3J3-10
Vay b+c+d, +d, =2-2+33-10-3/3-10=-20. Suy ra Chon C.
Cau3: Trong khong gian Owz, cho mat cau (x-1)"+(y-2) +(z+2)"=9 va mit phing

(T) c6 thé tich 16n nhat bang 7,

ax

(P):2x+y-2z+1=0.Duodng thing A di qua O tiép xtic véi mit cau (S) va cit (P) tai
4 sao cho 04 nhé nhat c¢6 phuong trinh la
X z

222 Ba =2 a2 X EZ poa 2o
10 7 2 1007 2 —10 -7 2 -10 7 -2

Loi giai
Ta thay 0(0;0;0) thudc mat cau (S).
Mit phiang (Q) di qua O va tiép xtic mét cau () c6 phuong trinh (Q):x+2y-22=0.
Khi d6 A< (0).
Goi d =(P)~(Q) va H lahinh chiéu vudng goc ctia O 1én duong thang d.
Vi 4 1a giao diém ctia A va (P), Ac(Q).d =(P)n(0Q)
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: ua , tiecla A di qua diém O, cét va vudng goc véi d
M3t phang (P),(Q) Ian luot c6 vecto phap tuyén la U, = (2;1,-2) va u, = (1,2;-2).
DPuong thing d ¢ vecto chi phuong u, = [171 ,Z} =(2;2;3)
Mit khac A c(Q), duong thang A c6 mdt vecto chi phuong u, = [Z’@} =(-10;7;2).

Vay phuong trinh duong thang A: S A g Suy ra Chon B.

-10 7
Cau4. Trong khong gian Oxyz, cho hai di€ém A(O; 2;%), B(O; 0;%). Xét khoinoén (N) c6 dinh
B, duwdng tron day 1a giao ctia mit phang (o) qua 4 véi mét cau § [0;%) . Mat phang

(P) di qua hai diém 4, B. Khi dién tich thiét dién ctia hinh nén cit boi mit phéng (P)
c6 gid tri 16n nhat thi m3t phing (P) di qua diém nao sau day?

A. (0:1:3) B. (0:13). c [0;_71;3]. D. (0;3;1).

Loi giai
ChenC

Dé thdy mp () nhéan OB lam véc to phap tuyén nén phuong trinh («)la z —% =0.

Khi d6 chiéu cao ctia kh&inén h=d(B;(a))=2, tam déy la 1(0; 0; %j ban kinh dudng

tron day r = \/Rz ~d’ (O;(a)) =6.
Goi thiét dién la tam gidc BCD , H la trung di€m CD . D§t IH =x,0<x<IA=2
Khi &6 s

= %\/xz +4.2V6- x> =-x* +2x7 +24

ABCD

Ta co Sk, =—x'+2x" +24 = f(x) dé thdy Maxf(x)=25 do d6MaxS

AR = =5 dat duoc
[0:2]

ABCD

khi IH =1.

Khi d6 d(I;(P)) BLIH :

vt 5
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Cau 5.

qua A O;2;lj,B(O;O;§ nén
2 2

—c+d
2

= = s = qa=
\/g Nat+b* +¢* \/g Jat +2¢* \/g

Tl d6 ta tim duoc 2 phuong trinh mit phdng 1a +3x+ y+z —% =0.Do do (0;%;3)

2

Lai c6 d([;(P)) _2 -2 _2 +J3c.

thuoe (P).

2

Trong khong gian toa do Oxyz, cho hai mat cau (S,):x*+(y-1)

(S2):(x—1)2 +(y+1)2 +z° =1 va diém A(g;%;—%). Goi / la tAm ctia mét cau (S,) va

+(z—2) =16,

(P) 1a mit phang tiép xdc véi ca hai mit cau (S,) va (S,). Xét cac diém M thay ddi va
thudc mit phang (P) sao cho dudng thang IM tiép xic véi mit cau (S, ). Khi doan
thang AM ngan nhat thi M (a;b;c). Tinh gid tri cta T=a+b+c.

A . T=1. B. T'=-1. C.Tzz. D.T=—z.

3 3
Chon B

Loi giai

kinh R, =1.
Co IK =3, suy ra IK = R — R, nén hai mit cau (S,) va (S,) tiép xtc trong tai H .

33
Vi (P) 1a mit phing tiép xtc véi ca hai mit cau (S,) va (S,) nén (P) qua H vanhan

Suy ra FI’:%K, K =(L-2-2)= HG;_E;_E)

vecto IK =(1;-2;-2) la mot vecto phép tuyén. Suy ra ra phuong trinh mat phang (P)
la x-2y-2z-6=0.
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1€p xuc véi méat cau

dong dang (vi IHM = INK = 90°, MIH chung) suy ra

ﬂ_ NK (*)
IH HM
V&i NK =R, =1;1H = 4; 1K =3;IN = IK* = NK* =22 nén ()=
&=LQHM=\/§.
4 HM
.-ff’ H l\\\
LA

Mit khéc talai 6 4e(P) va M thay d6i thudc duong tron (C) tam H ban kinh
R=+2 nén AM ngan nhatbang HA - R = 4+/2 —/2 =3+/2 khi diém M thoa man
AM =§E =>M i;—g;—é

4 33 3

Suy ra a:g;b:—g;c:—g =>T=a+b+c=-1.Chon B.

Cau6. Trong khong gian Oxyz, cho hai mit cau: (8):x*+(y-1) +(z+2)" =3 va
(S,):(x=6) +(y+7) +(z-8)° =27. Hai diém E, F Ian luot thude (S,) va (S,), M la
trung diém ctia EF . Khi OM dat gid tri nho nhat thi M thudc mdt phang nao sau day?

A. (P):x+y+z—2=0. B. (Q):x+y+z—1=0.
C.(R):x+y+z—4=0. D. (T):x+y+z-5=0.
Loi giai

(S,) 6 tam 1,(0;1;-2), ban kinh R =3 .
(S,) c6 tam 1,(6;-7;8), ban kinh R, =3/3.
Goi I 1a trung diém cua 1,1, = 1(3;-3;3).

S)
S,)

IE—-IF
%SIMSM:\ESIMS%E.

2
Goi (S,) 1a mat cau tam 7, ban kinh R, =+/3 .

Ta co: W:l(ﬁ?+1—F):>
2

(S,) 1a mat cau tam 7, ban kinh R, =2+/3.
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Tacd: OI =343,
OM,,, =OI —R, =~/3 khi va chi khi M 1a giao ctia doan thing OI va (S,).
Suy ra M (L;—-1;1). Do dé6 M thudc mit phang (0).
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