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I. PHUONG TRINH VO Ti GIAI BANG PHUONG PHAP BIEN BOI TWONG PUONG
1. Phuwong phap chung

B>0
° \/KZB@ 5
A=B
B>0
° A=4B < .
JA-B {A:B
_{Azo
B<0
A>B < .
- VA B>0
i A>B?
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B>0
e JA<BoI{A>0
A<B?
B>0
e JA>JBo .
A>B

Luu ¥: D4i voi nhitng phuong trinh, bat phuong trinh cin thirc khong c6 dang chuin nhu trén, ta thuc hién
theo cac budc:

e Budc 1. Ditdiéu kién cho can thic cd nghia.

e Budc?2. Chuyén vé sao cho hai vé déu khong am.

e Budc3. Binh phuong ca hai vé dé khir can thirc.

Bai 1: Giai phuong trinh: v2x—1+x*-3x+1=0 (1) ( Khéi D — 2006)
Loi giai
Xem day la phuong trinh dang JA=B.
) —x*+3x-1>0
D)o V2x-1=-x*+3x-1<
2x—1=(-x*+3x-1)*
—x*+3x-1>0 —x*+3x-1>0 x=1
= = .
X =X +113 —8x+2=0 |(x=D*(x*-4x+2)=0 |x=2-+/2
Két luan: Phuong trinh da cho ¢6 2 nghiém x =1, x =2—+/2.
Nh@n xét: Phuong trinh c6 dang tong quat: </mx+n =ax?+bx+c, (m, a=0) ta déu giai duoc theo dang
JA =B. Néu sau khi lily thira ra dugc nghiém hitu ty thi s& tién hanh chia Hoéener dé phan tich thanh tich
s6 (dau roi, nhan tai, cong chéo). Con néu ra nghiém vo ty ta s& tién hanh sir dung chirc ning table ctia may
tinh bo tai dé tim lwong nhan tir chung bac hai, sau d6 chia da thirc dé dua vé dang tich sé bac hai nhan bac
hai ma dé dang tim dugc nghiém.
Bai 2: Giai phuong trinh: X° —x* —=x—5=(x+4)Vx+2 (2)
Loi giai
Diéu kién xac dinh: x>-2.
Tact: X —x*—x=5=(x+4)Vx+2 = (X —x¢ —x-5) =(x+4)’ (x+2)
SX-2x° —x' -9+ x*—22x-7=0
Vay: (x* =3x—1)(x" +X° +3x* +x+7)=0
Vi x*+x®+3x? +x+7:x2(x2 +x+l)+(2x2 +X+7)>OVX€R.

Do d6 (*) = x*—3x-1=0

+
V6i X2 —3x—-1=0< x= 3_;/1_3 .
Thi lai nghiém ta duoc x = 3+;/1_3 la nghiém duy nhat thoa man.
Két lugn: Phuong trinh c¢6 nghiém duy nhat x = 3+;/E .

Nhan xét: dé phan tich ta ding may tinh casio
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Sir dung may tinh Casio ta thu duwoc: X, =3.302775638, X, ~ —0.3027756377

Tu duy Viet dao: X, + X, = 3, XX, = -1

Nhan tiz thu dwoc: x> —3x-1
Xe—2x° = x* —9x® + x*2 —22x -7

Nhap may tinh: > Calc 100
x°—3x-1
Bai 3: Giai phuong trinh: \7— x? + xJ/X+5 =/3—2x— x?
Loi giai
oh winh (+) 3-2x-x*>0
wong trinh (*) <
7—X2+XJXx+5=3-2x-x’
-3<x<1
= do x=0 khéng la nghiém cta phuong trinh
\/m:_X-FZ ( g gnie p g )
X
—3=xs<l —3<x<1 —2<x<0
X+2
&-—-=2>0 &1-2<x<0 = {x:—l & x=-1.
X
3 2 _ — :i4

XZ(X+5)2 :(X+2)2 X +X 16x-16=0 X

Két luan: Phuong trinh d4 cho c6 nghiém duy nhat x =—1.
A>0 hay B>0

Nhdn xét: Phuong trinh c6 dang co ban: \/K:@@{A B y , khi d6 c6 2 phuong an chon

A>0 hay B>0. Dya vao dic diém cua bai toan, ta nén chon phuong 4n nao don gian nhat, tac chon
B=3-2x-x*2>0
Bai 4: Giai phuwong trinh ¥/x—1+3%/x-2 =3/2x-3.

Léi giai

Phuong trinh da cho tuwong duong véi:

(%/ﬁ+3/ﬁ)3 =2x-3 <:>3,3/(X—1)(X—2)(3/E+3/E)=0

X
X =

= 33/(x-1)(x-2)(2x-3) =0 =

Njlw N P

X

Thr lai tathay cac giatri Xx=LXx=2;x= > deu thoa man phuong trinh da cho.

- Két luan. Tap nghiém cta phuong trinh dd cho1a T = {1; 2;%}.

3
Bai 5. Giai phwong trinh ‘/)2( J“?L FUXH2 = X2 -2X+ 4 +/2x+1.
X+
Loi giai

N 1 .
bieu kign x> 5 Phuong trinh da cho twong duong véi:
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3
)2( +i—\/2x+1:\/x2—2x+4—\/x+2
X+
x*+8
2x+1

x=1
=
X=3
Thir lai ta thay nghiém caa phuong trinh da cho chi ¢ gia tri x=1.

3
Bai 6. Tong cac nghiém cua phuong trinh X +31 FUX+3 =X = x+1++/x+1 1A
X+

A 0. B. 2. C. -2. D. 1.

-2 x3+8+(2x+1)=(x2—2x+4)—2\/(x+2)(x2—2x+4)+(x+2) < x*=5x* +7x-3=0

Loi giai
bap an: B
bieu kién x >—1. Phuong trinh da cho twong duong voi:
2

3
{ X +31+ x+3j (\/xz—x+1+\/x+1)2

X+

3

X°+1

x+3+2 x3+1+(x+3):(x2—x+1)+2\/(x+1)(x2—x+1)+(x+l)
3

X +1:x2—x—1<:>x2—2x—2:0<:>x:1i\/§.

X+3

- Tap nghiém ctia phuong trinh dachola T = {1—\/§;l+ \/§} ¢
Vay téng cac nghiem 1a: 1-/3+1++/3 =2

Bai 7: Cho phuong trinh 27x°+18X* —9x+(27x" +2x—1)4/2x-1-125=0. Gia sir nghiém cua phuong

trinh c6 dang x = a+(;/5 Vvéi a,b,c 1a cac s6 nguyén duong va % tbi gian. Tinh
S=a+b+c.
A. S=46. B. S=47. C. S=48. D. S=49.
Loi giai
Pap an: B
Ta cé:

27x% +18x° —9x+(27x2 +2x—1)\/2x—1—125:0

o (\/Zx—1—3x)3 —_125

< 2x-1=3x-5
x—16+@
9
Suy ra: a=16,b=22,c=9

Vay S =47
Bai 8: Biét ring phuong trinh X* (x+4)+4x +/x? + 2x+2020 = 2(1009-3x*) c6 mot nghiém duong duy

nhat dang x:—a+1fM trong d6 a, b, d eN, ¢, e 1a cac s6 nguyén t6. Khi d6 a+b+c+d+e
e

bang:
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A. 901. B. 902. C. 903. D. 904.
Léi giai
Pap an: C
X° (X+4)+4x+~/x +2x+2020 = 2(1009-3x" )

& (x+1)" +4/(x+1)° +2019 = 2019

x+1) +(x+1) i:(x+1)2+2019— (x+1)2+2019+%

1

< (
<:>[x+1 } [(x+1)2+2019—ﬂ2
(
(
‘_

o x+1) L (x+1) +2019 -=
2 2
o x+1) +(x+1) —2018=0
- X+1)2 —1+3\/89
C =1 i V897
2
o
-1+ 34/897
X=—1+ T

Vay a=1b=1c=3 d=897, e=2=a+b+c+d+e= 904.
Bai 9: Gid st phuong trinh 2x—1+x2—3x+1=0 c6 mot nghiém co6 dang x=a—b+/c trong d6
a, b, ceN".Khid6 a+b+c cokét qua la
A. 5. B. 1. C.0. D. 4.
Loi gidi

N 1 .
bieu kign XZE. Phuong trinh da cho twong duong véi:
x> —3x+1<0

2 2
(x —3x+1) =2x-1.

x?—3x+1<0 x* —3x+1<0
o =N
x*—6x3 +11x°* —8x+2=0 (x2—2x+1)(x2—4x+2):0

—(x2—3x+1)=\/2x—1 @{

3—J_< 3++5
2 77 2 x=1
= =
{X=1 x=2-+/2.

/\

x:ZiJE

Viy a=2,b=1c=2=a+b+c=5
Bai 10: Cho phuong trinh

g -ttt il ety /x Sl Caeisasxel (1)
16 2 16 2 16 2 2 16

2018 can
Tong binh phuong cac nghiém cua phuong trinh bang
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p 25585 g, 2585 c.® D.3.
16 = 16 16
Loi giai

Chon B
Tir phuong trinh (1) suy ra 4x°+5x° +5x+1=(4x+1)(x* + x+1)20=> x> —%

Taco

2
1) <8 xz—%+% X2%+%\/"'+\/X2i+l (X-i—lj =4x3+5x° +5x+1

2018 can

oLl e L1 ---+,/x2+lx+i = 4% +5x* +5x+1
16 2 16 2 2 16

2017 can

<8 /x2+ix+i:4x3+5x2+5x+l <8 x+1 :(4x+1)(x2+x+1)
2 16 4

X=-

1
& (4x+1) (X +x-1)=0= :_1

2

Do d6 tong binh phuong cac nghiém bang %

Il. PHUONG TRINH VO Ti THEM BOT THANH HANG PANG THUC
Bai 1: Giai phuong trinh: 4x* +14x+1=46x+10

Loi giai
AX* +14x+1=46x+10
< 4x2 +20X+25=6X+10+4+/6x+10 +4
2
<::>(2x+5)2 :(\/GX +10 +2)
<:>|2x+5|:\/6x+10+2
Bai2. 3 +6x-3= X%?
Loi gidi
3x2+6x—3=t
Cach 1: bit t = XL7(t20) ta co: N .
3 3t2-7=x

3y* -6=t

bat y =x+1 hé phuong trinh tré thanh .
Ft°—6=y
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3x+21
9

Cach 2: Phuong trinh di cho twong dwong vo6i phuong trinh: X°+6x—3=

< 9x2 +18x—9=1+/3x+21 c>9x2+21x+47?=3x+21+\/3x+21+%

2
= [3x+g) :(\/3x+21+%J

2

Bai tap tuong tu: 1) 7x* +7x = 4);;9. 2) 2x* +4x = X%s 3) 27x* +18x = /x+% :

Bai3.  [phwong phip nhém thanh hing ding thirc]

X+y—-2++4-2=y*-52+11
Giai hé phuong trinh sau { Y ++z -2 ++/4—x = 2> -5x+11
Z+VX-2+.J4—y=x*-5y+11

Loi giai
bK 2<x<4

Cach 1: Nhan 2 vé ctia mdi phuong trinh véi 2 va cong véi vé theo vé, ta co
2X+2Y+27+ 20X =2 +2/y -2+ 247 -2+ 24— x+ 2, JA-y + 24~
=2x*+2y* +27* -10x-10y —10z + 66

[Dang toan hoiic dang phwong phap da ghi chii bing mue d6]

& 2(x-3) +2(y -3 +2(2-3) +(Vx—2-1) +(Jy—2-1) +(vVz-2-1) +
H(VA—x 1) +(Ja—y 1) +(Va-z-1) =0

&S X=y=2=3.

Cich 2: Panh gia bang bit ding thic
NX=2+3A=x+.Jy-2+4-y +32-2+4—-72 = x> —6x+11+ Yy’ -6y +11+ 2" — 62 +11(*)

Taco: (VX—2+vA—X) <2(X—2+4-x)=4 = Jx—=2+/d-x <2
(

Suyra VT (*)<6 ,déu "=" xdyrakhi x=y=2z=3 .

Mt khac, VP (*) =6, dau “=" xay rakhi x=y=2z=3.

Vay x=y=z=3.
Bai 4: Bibt phuong trinh : 8X* —8x+3=8xv/2X’ —3x+1 c6 3 nghiém X, X,, X, (X <X, <X;) Tinh
T :x1+(ﬁ+l)x2+x3?

547

AT= . B.TZE. C.T=3. D. T =8.
4 2 -

Loi giai
Pap an: C
biéu kién : 2x*—3x+1>0

Pt < 8x? —8x+3=8x2x* —3x+1 < 4(x—/2x* —=3x+1)* = (2x —1)?
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3+.43

24/2x% —3x+1=1 ="
=

2426 -3x+1=4x-1 | _N7-1

4

=

3-3 (\/7+1)\/74_1+3+4\/§ _3

vay T=2"Y2
ay 2

Bai 5: Nghiém nho nhat cua phuong trinh (X +3)v—x* —8x+48 = x—24 cd dang x=m+ n\/ﬁ (voi
m,neZ va p lasdnguyén td). Tinh giatri T=m+n+p.
A. T =25. B. T=27. C.T=3. D.T=7.
Loi gidi
bap an: A
biéu kién: —12<x<4.

Phuong trinh dé cho twong duwong voi 2(X+3)y/—x* —8x+48 = 2(x—24)
& (X +6x+9)+2(x+3)v—x* ~8x+48 +(—x* ~8x+48) =9
<:>[(x+3)+\/—x2—8x+48}2=9

3)+V-x*—8x+48=3 (1
@[(H )+ —8x+ (()

(x+3)+V-x*—8x+48=-3 (2)
x<0
x<0
(1)< , 1| x==2-27 & x=-2-27 (thoa man).
—2X°—8x+48=0
x:—2+2ﬁ
X<-6
X<-6
(2)=1 &1 x=-5-31 < x=-5-+/31 (thoa mén).
—2X°-20x+12=0
X =-5++/31

Nghiém nhé nhits& 1a x=-5-+/31. Do dé m+n+p=-5-1+31=25.

[Cac Bai phan tich hing dang thirc]
Bai6.  2vx+3=9x'-x-4.  HD:PT & x+3+2Jx+3+1=9¢ & (Vx+3+1) =9x’,
Bai7.  X?+9x+20=243x+10. HD: PT < 3x+10-2y/3x+10 +1+X? +6x+9=0.
Bai8.  V2x-1=x*-3x+1.  HD:PT < 4(2x-1)+4y/2x-1+1=4x*—4x+1.

Bai 9. x2 —x—10/1+80x =10.
HD: PT < 4x% —4x—401+80x =40 < 4x% —2.2x.19+192 =1+ 80x + 40/1+80x + 400

& (2x-19)" =(VI+80x +20) .

4x+9
28

Bai10. 7x*+7x=

HD: PT <> 196X +196X = /28 J/4x+9 <>196x% +196x = 2../28x + 63
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< 196X% + 224X + 64 = 28X + 63+ 2./28Xx + 63 +1

<:>(14x+8)2 :(\/28x+63 +1)2 .
Bai 11. \J4-3J10-3x =x-2.

X>2

4-3J10-3x =(x-2)" (*)

+(*) e ~3J10-3x = X2 —4x < —12/10 - 3x = 4x? —16X
& 4(10-3x)-12410-3x +9 = 4x* — 28x + 49
& (2V10-3x -3) =(2x-7)’.

Bai12.  (4x-1)Vx*+1=2x7+2x+1.

HD: PT@{

HD: PT < 8(4x—1)\/x2 +1=16%*+16x+8

& (4x-1)" ~8(4x—1)V/x* +1+16(x* +1) =16x* ~ 24x+9

2

& (4x-1-400 +1] =(4x-3)"

Bai 13.  Gidi phwong trinh xvX* —X+1+2v3x+1=x*+x+3(1).
Loi gii
(1)< 2XVX2 = X+1+ 443X +1=2X> + 2X + 6
o X =2xx —x+1+ x2—x+1+(3x+1—2\/3x+1+1)=0

<:>(x—\/x2—x+1)2+(\/3x+1—1)2 =0
{x—\/xz—x+1—0 {l—x=0 {x=1
= = =

J3x+1-1=0 3X+1=1 x=0
Vay phuong trinh da cho vo nghi¢m.
Heé théng bai tap twong tu:

1. 242x-1=x2-2x.
IX+1=x2 +4x+5.

X2 —2=x+2.

X2+ X+12/x+1=36.
2x% + 2x+1=/4x+1.
3X—2 =—4x% +21x-22..
7. x“+ﬁ=3.

8. l+/x+1=x2.

o a ~ w DN
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9. x?-5x+4=2Jx-1.

10. 8% +4x = XTJFB

11. X2 —1=2x/x*—2x.

12. (x+3)(4-x)(12+x) =28-x.

13. x2+3x+1:(x+3)\/m.

14, (x+1)V¢ —3x+3 =x* —2x+3.
15. (x+2)mzx2+x—1.

16. (x+1)\x? —2x+3 = x2 +1.

17. 2(1-x)\x +2x-1=x? —2x~1.

18. X+4X+3+2/3-2x =11.

19, V2X2 + X+9 +2X2 —Xx+1=Xx+4.

20. 2/2x+4 + 42— x =/9x2 +16.

21. 4x% +3X+3=4x/x+3+2/2x-1.

22. 1+ X—2X> =4/Ax? -1 —/2x+1.

Bai 14: Giai phuong trinh /X ++/X* -1 = 27\/E(X—l)z x—1

8
Lo giai
Y twong: Sur dung phwong phép phan tich hang dang thite + dat dan phu.

biéu kién: x>1.

Nhan 2 vé véi +/2, ta dugc \/x+1+2 (x+1)(x—1)+x—1:27f7(x—1)2 Ix-1

<:>\/(\/x+1+\/x—1)2 =2747(X_1)2 Jx-1

2N x+1+\/x—1:27f7(x—1)2\/x—1 @)

Chia ca hai vé cho v/x—1, ta dugc /X—Jri +1:%(x—1)2 2).
X_

2
pat St (1s0)mirors L) 1
x—-1 x-1 4 (tz—l)
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27
o

(2)=>t+l= = (t-2)(t* +3t°+4t* +.6t +13) =0

2

:>t=2:>X=§.
3

5
Vay S=<=+.
v s-{3|

I11.PHUONG TRINH VO TI SU DUNG PHUONG PHAP PAT AN PHU

Phwong phap chung
a. Dua phwong trinh vo ty vé dang phwong trinh mét 4n at® +bt+c=0(a=0).
b. Pua phuong trinh vé ty vé phwong trinh nhiéu an phu.

Dangl. af x +bp/f x +c=0

Dang 2. a.\/f x +b.\/g x +2ab.m:h x
Dang 3. O"erﬂ'W:C

Dang 4. a-@+b-m+c-@20

Dang5. a.f x +b.g x :c.m

Dang6. a.f x +bg x :c.\/a’.f2 x +eg x

Dang 7. [fx]n+bx :ax~(l/ax-fx—bx

Dang8. ax+b " =pllex+d4qx+r

Dang 9. \/x+2a\/x—b +a*—b +\/x—2a\/x—b +a*—b=cx+d
Dang 10. Pat an phy khdng hoan toan

1. PAT AN PHU HOAN TOAN

Bail:  Giai phuong trinh: X2 —4x+2=2yX* —4X+5. sz{zizﬁ}
Bai 2: Giai phuong trinh: (Xx+5)(x—2)—4(x+5) X;g+3:0. S:{_B—;\/@;_s—;ﬁ
X+

Bai3:  Giai phuong trinh: N7X+7 +7X—6 + 2449x° + 7x — 42 =181-14x.
Pt t =\7x+7 +7x—-6

|
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Chuyén dé : PT-BPT-HPT VO TI TOAN THPT - MAKE THE MATH SHINE

Bai 4. Giai bat phuong trinh  x+1+2v2x+3 >2x+2 (1)
bK: x>-1
Pit t=vx+l=x=1-1(+20)

t<0

, 2t —t>0
Ta dugc bat phuong trinh 24/2#* +1 <2 ~t & . R ) & tzl
4" —4t° -7t -4>0 2

4t'—4r -7t -420 (2)
+V6i  t<0. Két hop diéu kién thi t =0 khong thoa mén (2)
+Vsi tz% thi (2) < (t-2)(48 +42 ++2) 20+ 22 < x+122 < 12 3(TMDK)
Tap nghiém cua bt phuong trinh 1a S = 3;+0)
Bai 5: Giai bt phuong trinh 3/7x -8 +1> (V2x-1 —1)2 (1)

DK:le
2
5 2+
Pit t=y2x-1=x= (t=0)

2_
Khi d6 (1) tré thanh ‘3/7t2 9+12(t—1)2

7t* -9
2

—

N

3

> 12 -2t &> 7t —922(1‘2 —2t)3
& (t-1)(t-3)(2t' —48> +2£* +4t+3) <0
2
Taco 2t4—4t2+2t2+4t+3:2(t2 —t) +4t+3>0,vt>0.
Tirdo (2) < (t-1)(t-3)<0=1<t<3

—=1<2x-1<3<1<x<5,
Bai 6: \[TX+7 +4[7Xx—6 +249x? + 7x—42 <181-14x (1)

biéu kién: x > g khi do

(1) < 14x—181+ JTX+7 +,[TX—6 +2v/49x% + Tx - 42 < 0
<:>(7x+7)+(7x—6)+2\/(7x+7)(7x—6)+\/7x+7 +47x-6-182<0

& (VIX+7 +7x6) +Tx+7 +/7x—6-182<0.

Pit \7x+7 +/7x-6 =t >0, khi d6 ta c6 bat phwong trinh
t?+t-182<0<= -14<t<13=0<t<13.

Suy ra V7x+7 +7x—6—13<0 vi ham sb vé trai ddng bién nén ta co
J7x+7 +J7x-6-13<0< x<6.

Bai 7: x+1+/x2 —4x+1>3Vx (1).

0<x<2-+3

x22+\/§ '

Nhan xét: x=0 la mot nghiém.

Vi x>0, chia hai vé cho /X , ta duoc

biéu kién:
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Chuyén dé : PT-BPT-HPT VO TI TOAN THPT - MAKE THE MATH SHINE

x+—+ /x 4+ = >3<:>\/§+—+,/x+——4>3(2)

Bat\/_+——t {>2) = x+ L=t _2.
N (t=2) .

Tur (2), ta co \/t2—623—t<:>t2%
1 1
X< <=
Suyra&+Tz5@2x BJX +2> 0 Vx 257
Ix>2 x>4

Vay bat phwong trinh d3 cho c6 tap nghiém la {O;%} u[4;+ oo).
x—/x
1—\/2(x2—x+1)

biéu kién: x>0.
Nhan xét: \[2(x" —x+1) = [(x=1)" +x¢ +1>1=1- [2(x* —x+1) <0.

Bai 8:

>1 (1).

Do do, (1) @X—ﬁsl—\/z(xz—wrl) <:>\/2(x2—x+1)<1—x+\/§ ).
Taco x=0 khong phai 12 nghiém cua bt phuong trinh.
V6i x>0, chia hai vé cho /X ta duoc

2(x+1j—2£(%—\/§j+1 3)

X X

bat i—\/;:t:>x+1:t2+2.Khid(’) (3) tro thanh

Jx X
V2012 <t+lest=1 X =l x= o 345
Jx 2
Bai 9: Gidi bt phuong trinh v2x* —6x° +10x? —6x+8 —x* +x <Vx? +1(x—2) (1)
Loi giai
oo [2x8—6X°+10x7 —6x+820 (X" +1)(2x* —6x+8)20
bieu kién: & < x>0.
XX+x>0 x>0
Khi d6 (1) < X2 +14/2x —6x+8 —/x? +13/x —+/x? +1(x-2) <0
V2K —6x+8—Vx—x+2<0  (2)
Nhan xét x=0 khong phai 1a nghiém nén chia cho +/x , ta c¢:
4 2
2| x+— |-6-1-|J/x——=1|<0 (3
(oo @
2 4
Pit VX ——==t=x+—=t?+4
3 \/; X
t>-1 2
Tacd V2t +2 <t+le ) st=1 @J_——:l = X=4.
t° —2t+1<0 Jx
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Chuyén dé : PT-BPT-HPT VO TI TOAN THPT - MAKE THE MATH SHINE
2. DAT AN PHU KHONG HOAN TOAN

Bai1:  Giai phuong trinh: 2012x° —4x + 3= 2011x/4x - 3.

X =t
Dit t = J4x -3 = 2012x* - 2011xt —t* =0 = _t

X=—
2012
Bai 2: Giai phuong trinh: (X+1)v/x* —2x+3 =x* +1.

Dat t =vVx* —2x+3 = (x+1)t =x* +1= x> = 2x+3—(x+1)t +2(x-1)=0
t=2

2— — =
t? —(x+1)t+2(x-1) O:[t:x—Z

3. PAT AN PHU PUA VE PHUONG TRINH TiCH

2
Bai 1: [Pit 4n phu dwa vé phwong trinh tich] Giai phuong trinh X = (2010 +/x ) (l—\/l—\/; ) .

biéu kién: x>0.

bat t:m(OStsl)

=Jx=1-t? = x:(l—tz)2 :

Thay vao phuong trinh ban dau ta duoc

(1-t2) =(2011-t?)(1-t)

& 2(1-t)° (t*+t-1005) =0

=(1-t)" =0 (Vi 0<t <1 nén t*+t-1005<0)

Bai 2: [Phwong trinh tich] Giai phuong trinh 2(x* +2) =5vx° +1

Pat u=+x+1; v=yx*—x+1

:>2(u2 +v2):5uvc>(u—2v)(2u—v)=0.

Bai 3: [Phwong trinh tich] Giai phuong trinh J/7x+1— §/X2 -X—-8+ E/X2 -8x-1=2.

Pit a=3Y7x+1 b=—Yx>—x-8; c=3Yx2-8x-1
:>a+b+c=2:>(a+b+c)3=8
Va a*+b®+c®=8

:>(a+b+c)3—a3—b3—c3:0
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Chuyén dé - PT-BPT-HPT VO Ti TOAN THPT - MAKE THE MATH SHINE
=3(a+b)(b+c)(c+a)=0

Bai 4: Giii bAt phwong trinh 2(2\/x2 +1—J1—x2)—J1— X <3¢ +1 (1)
Loi giai
Diéu kien —1<x<1.
Pt VX* +1=a>0,41-x2 =b >0
Suy ra 3x* +1=2a2 —b%;\1-x* =ab.
Taco: 2(2a-b)-ab<2a’-b* < (2a-b)(a+b-2)20.

Via>b>0=2a-b>0.Do dd6 a+b—-2>0

Suy ra Y1+ x* +V1-x° 22 < x=0.

4 2 2 2
Bai 5: Gisi bAt phwong trinh |~~~ +1_\/X J;X+1+2_X +1 )
X(x* +1) X2 +1 X
Loi giai
Diéu kién x>0
2 2 2 2
Ta ch (1)<:>\/x ':X+1.X x+12\/x 42rx+1+2_x -21-1 (2)
X +1 X X +1 X
2 2
pat /%”1:6»0. /XZ_X“:M,,
X“+1 X +1
2
Khids X1 op? 41
X

(2)<=ab>a+1-b* < (b-1)(a+b+1)>0=b>1

2
:,/XJ“—X” >1e (x-1)° 20 (ding)
X

Vay nghiém cua bat phuong trinh 1a (0;+o0).

4. PAT AN PHU PUA VE HE

Bail.  Dit an phu dwa vé hé bac nhit hai 4n

Jx+2y+1) +/(2x-y+5)’ =1

Giai hé phuong trinh .
JXH2Y+14+22x+y +1 _ox_2y+21
5x+11
Loi giai
_at+2p*-11

(1)

«/x+2 +1=a>0 X+2y+1=a’ X=
Dét{ y :>{ y = 5

2X+y+1=b>0 [2x+y+1=b° y 2a’—b*+3
5
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Chuyén dé - PT-BPT-HPT VO Ti TOAN THPT - MAKE THE MATH SHINE
=5x+11=2a%+2b% 9x—2y+21=a’+4b°.

a’+4b° =1 a®+4b* =1
Khi d6 hé da cho trd thanh = 2
' ?+—2bz=a2+4b2 {a+2b(a2+4b2)(a2+2b2)( )
a“+2b
a=0
= (a+2b)(a’+4b°)=(a’ +4b*)(a”+2b°) = ab(a-b)(a-2b) =0 < h=0
a=b
a=2b
113
1 2X+2y+1=0 x=%
TH1l: a=0=>b="—+> 1 & 6 )
Ya xX-y+5=o y_83/§—1
632
— 5
2X+2y+1=1 Y
TH2: b=0=>a=1> X+ey+ = 3.
2Xx-y+5=0 _9
3
2x+2y+1:% X:3—13_1§/§
TH3: a=b=——= N 65
E 1 4
2X—y+5=— y=—
5 3
3
2x+2y+1: 2 x:%
. 2 312 6312
THA4: a:2b:3—: = .
2 2X—-Yy+5= L :1+4€/1—2

Bai2.  Dit An phu dwa vé hé bac nhit hai 4n

(x+ y)\/x2 +7+ y\/2y2 +1=xy+2y°
2xXE 47 +(x+Y)\J2y2 +1=3xy - X

Loi giai

Giai h¢ phuong trinh {

X247 =u
bat .
J2y?+1=v

Khi @6 hé da cho tré thanh

(X+Y)u+y=xy+2y? <:>{u=2y VX2 +7 =2y 2y +1=x> y2=4 {x:—s

=S =S =S = :
2XU+(X+y)v =3xy—x V=-X [2y? +1=—x x<0 x<0

y>

Bai 19. [Pat hai 4n] Giai phuong trinh 3/24+x +/12—x =6.
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Bai 20.

Bai 21.

Bai 22.

3).

4).

5).

6).

7).

8).

9).

10).

11).

12).

13).

Chuyén dé : PT-BPT-HPT VO TI

u+v==6

Pat u=324+x;v=y12-x = . .
u®+v- =36

Dap s6: S ={-88,-24;3} .

[Pwa vé& hé déi xing loai 2] Giai phuong trinh X° +1=232x—-1.

X3 +1=2t
Détt:\3/2x—1:>{ .

t*+1=2x

Pap sb: S=11

~1+5 }
[Dua vé h¢ dbi xing loai 2] Giai phuong trinh x> —2=2y2x-1.

x> -2x=2(y-1
bit y-1=+2x-1= , (y )
y? -2y =2(x-1)
bap sb: S:{2+\/§}.
Bai tap tu luyén

1) (X+1)(x+4)=5Vx*+5x+28 .

2) -4J(4-x)(2+x) =x*-2x-12 .

5\/;+i:2x+i+4

2\/; 2x
Bx—24x—1=4x-9+23x> =5x+2 .
(x=3)(x+1)+4(x-3) j:; +3=0.

x2+(3—\/x2+2)x:1+2 42,

X2+ x+124/x+1=36.

2(1—x)\/x2 +2x—1=x"-2x-1.

x+\/5+\/x+l =0.

x2+1/x+— -2
4

x(x+5)=33x2+5x+2—4.

dx—\/xz—l +\/x+ X’ —1=2.

Jax? +5x+1-24x* —x+1=9x-3.

Do | W
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Chuyén d@é : PT-BPT-HPT VO TI TOAN THPT - MAKE THE MATH SHINE
14). 2(x2—3x+2)=3 X +8.

15). a3t ol =xt —x? 11,

16). V52 —14x+9 —yx* —x-20 =5\x +1.

17). Px+1+35-x +32x-9-3f4x-3=0.

18). 2—xAB—x+V3—x5—x +/5-x2-x.

19). P3x* —x+2011-33x* —7x+2012 —f6x—2013 =32012 .
20). x.ﬁ(x+m)=30.

21). Y57 -x +4x+40=5,

22). x+\/2011+ -1=2012.

23). ,3/—+x+«,——x
+

24). x’ =5
25). x:2011+\/2011+\/;.
26). 2x> —6x—1=+/4x+5 .
27). X +2=33x-2.
28). x> +7x = 4x+9.
N 2 X+7
Bai 14. 3X°+6x-3= 3
Lai giai
[x+7 3x* +6x—3=t
Cach 1: bit t = XJr?(t>0) ta co: N .
3 3t*-7=x
3y*-6=t
bat y = x+1 hé phuong trinh tr¢ thanh y .
3t°-6=y
. . ~ . . 2 3x+21
Cach 2: Phuong trinh da cho twong duong véi phuong trinh: X°+6X—-3= 5

< 9Ix?+18x—-9=+/3x+21 <:>9x2+21x+47?=3x+21+\/3x+21+%

2
= (3x+9 :(\/3x+21+%j

2

Bai tap twong tu: 1) 7x? + 7x = 4"2;9. 2) 2x% +4x = %3 3) 27x% +18x = /x+§ .
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Chuyén dé : PT-BPT-HPT VO TI TOAN THPT - MAKE THE MATH SHINE

IV. PHUONG TRINH VO TI NHAN LIEN HQP

1. PHUONG TRINH VO Ti NHAN LIEN HQP TRUC TIEP CAC BIEU THUC CO SAN

TRONG PHUONG TRINH

Bai 1. Giai phuong trinh: v/2x% —1++/x? —3x—2 :\/2x2~+ 2X+3+X2 —X+2
Hwéng dan giai

2x2-1>0

X2 —3x-2>0

Khi d6: v/2x2 1+ x> —=3x—2 =V2X% + 22X +3 + /X% — X+ 2

@(szz _1-2x? +2x+3)+(\/x2 _3x—2 %2 —x+2)=0

Ta c6 diéu kién xac dinh: {

- —2X—-4 N —2X—-4 0
V2X2 14422 +2x+3 X2 —3x—2 —/x* —x+2
1 1
< (-2x-4 + =0
( )(\/sz—l+«/2x2+2x+3 \/x2—3x—2—\/x2—x+2j

= -2x-4=0=>x=-2.
K&t hop vai dieu kién va thir lai ta dugc nghiém ciia phuong trinh la x =—2.
Bai 2. Giai phuong trinh: v2x° +16x+18 + X —1 = 2x+4

Huwéng dan giai

2x* +16x+18>0
x*-1>0

Khi d6: \/2x2 +16x+18 + X2 —1=2x+4
¢ —1=2x+4-2x* +16x+18 (1)

Ta c6 diéu kién xac dinh: {

2(x*-1
P X2_l: (X )
2X+4++/2X* +16x+18
Ix2-1=0 (2)
=
2NX* —1=2x+4++/2x* +16x+18  (3)

Giai (2): VX*-1=0<x==1.
4x+8>0

Cong (1) véi (3) ta duge 3WxX* —1=4x+8 < {g(xz _1) =(4x+8)2

X>-2

{xz—Z X=_32+3\/§©X_—32+3\/5_7

= , & 7
7X°+64x+73=0 7

L —32-357

7

Két hop vai diéu kién va thir vao phuong trinh ta dwoc cac nghiém 1a x=+1 va x =

324357
—
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Chuyén dé - PT-BPT-HPT VO Ti TOAN THPT - MAKE THE MATH SHINE
Bai 3. Giai phuong trinh: <\/3x +1—x+ 2)(\/3x2 +7X+2+ 4) =4x-2
Huéng dan giai

Ta c6 diéu kién xac dinh: x> —%
(M—M)(M+4):4x—2

& (2x-1)(Vax + Tx+2 +4) = (4x-2) (VBx+ 1+ x+2)
@(2X—1)[M+4—2(M+M)J:O

Khi do:

N P e

X

& (2x-1)(VBx+1-2)(Vx+2-2) =0 | x=

. ‘ L
Vay phuong trinh c6 nghiém XZE, x=1lva x=2.
1 x-1

1
Pox+1 Yx+2  Yx

Hudéng dan giai

Bai 4. Giai phuong trinh:

Ta c6 diéu kién xéac dinh: x>0.
Khi @6 phuong trinh twong duong vai:

Yx+2-%2x+1 _x-1
fox+1)(x+2)  4x

<

1-x x-1

4 (2x+1)(x+2)({‘/(x+2)3 +Q/(x+2)2(2x+1)+{‘/(x+2)(2x+1)2 +4/(2x+1)3) - {x

< (1-x) ! +i =0

4 (2x+1)(x+2)({‘/(x+2)3 +(‘/(x+2)2 (2x+1) +{‘/(x+2)(2x+1)2 +{‘/(2x+1)3) x

<= x=1.

Vay phuong trinh c6 nghiém x=1.
Bai 5: Giai phuong trinh :

Y2x +2 —3Yx —14 = 3x—16 /x —2

biéu kién x >2
Hudng dan nhan chia lién hop vé trai xuat hién nhan tir chung 3x —16
Giai ranghiém x = %

> 1

. . X
Bai 6: Giai phuong trinh :iz—h/x +2= 1—|—\/2X +1 dky — 2
X X
x=0
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@%—£=J2x+1—\/x+2
x? X

Huéng dan nhén chia lién hop xuat hién nhan tir chung x —1
Papsd x =1
Bai 7: Giai phuong trinh : VX —2 —+/3x —5 <2x —3

Hudéng dan nhan chia lién hop vt xuat hién nhan tir chung 2x —3

. 3
bapso x > —
ap s X > >
. . 2x°
Bai 8: Giai phuong trinh: ><X+21 (1)
3—49+2x
x oz J9+2 s
Huong dan thay X =— 3+ V9 +2x thay vao (1)
3-49+2x 2

bép so:

o]

Bai 9: Cho X ;y théaman: x 4 +/x* 42011 y+\/m =2011
Tinh x+y =7
Ta co:
X + X% +2011=Jy? +2011—y
Y +y? 42011 = /x? +2011—x

cong vé véivétacd x+y =0.

Luyeén tap : Giai cac phuong trinh sau :

1) 24X+ 2 =2x +1+ 21X + 2

22X +5—3—x = x?—5x +8
3)2+/3—8x = 6x ++/4x —1

AN10X +1++/3X —5 =/9X +4 ++/2x — 2
BYL+ /X2 £ 4X =X —3X+3 +2x2 4 X +2
BIXZ +156 =3x—2++/X2 +8
7)X+5—x+2 14> +7x+10 =3

8IW3X2 —7Xx -3 —X® —2=+/3x*> —5x —1—+/x2 —3x + 4
VX2 + X —1—/3x2 £ X —1=X? +4x —3 —\/2x? + 4x — 3

2

10)————>x—4
(+\/1+ x? )
IDJI+ X —V1—x > X

_ o 2
1)1 VI= X 4
X
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o=y (-2 +x =y+ |y

(x+1)[y+ Xy +x(1—x)]=4

Bai 10: Giai phuong trinh

Ta co:

o=y (-2 +4x =y + |y

(x+D)[ y+ v +x(1-x)] =4

0= oy + (- y) (o —2) -y 44+ 4y =0
Ne-2)  xey

S =0 x=y
\/xy+(x—y)(ﬂ—2)+y Jx+ly
Vi x=y.T1‘r(2)dc:y+\/@:(\/x+1—\/%j+(x—l)2+222

X+1+3x-1-y*+2=y (1)

Bai 11. [phwong phap lién hop] Giai hé phuong trinh sau
X*+2x(y—-1)+y?—6x+1=0(2)

Loi giai
(2) =4y =(x+y-1)"=y>0

(1)<:>\/mﬂly4+2 :\/F—(‘/E

X+1-y* -2 y'—x+1

= X+1+4y* +2 (\/F+\/E)({‘/F+M)
Sy -x+1=0=>x=y'+1

:4y:(y4+y)2:{yzo

y +2yt+y=4
Néu 0<y<1thi y’'+2y*+y<4. Suy ra phuong trinh vo nghiém

Néu y >1 thi y"+2y*+y>4. Suy ra phuong trinh vo nghiém

2. PHUONG TRINH VO Ti NHAN LIEN HQP THEM BOT HANG SO
Bail.  Giai phuong trinh: VX +5+3x =vx? +12 +5.
Loi giai
Taco: (VX +5-3)+(3x—6)+(4-x*+12) =0

Bai 2.  Giai h¢ phuong trinh
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{9x2+9xy+5x4y+9\/§=7 (1)

«/x—y+2+1=9(x—y)2 +J7x=7y (2)
Loi gia
Diéu kién: y>0;x—y>0.

biat: x—y=t>0.Tu (2):>\/t+2+1=9t2+\/ﬂ

2(3t-1
& ot? —1+¥ =0<t=0 (s dung nhan lién hop).

\/ﬂ+\/t+2

:x—y:%: y:x—% .Thé vao (1)ta co:

9x2+9x[x—lj+5x—4(x—1j+9 /x—1:7
3 3 3

:>2x(9x—4)+§(9x—4)+ Jox-3-1)=0

c>(9x—4) 2x+g+L =0.
3 JIx-3+1

= X:gj y:é.vay hé ¢ nghiém: (x; y)=(ﬂ:1]-

Bai 3.  Giai phwong trinh bang phwong phap lién hop

Giai phuong trinh /6 — X ++/2X+6 +/6x -5 = x> —2x-5.
Loi giai

s .5

bieu kién gﬁxﬁﬁ.

Phuong trinh da cho twong duong
(V6—x~1)+(V2x+6-4)+(V6x-5-5)=x" ~2x~15

o 5—x N 2x-10 N 6x-30
J6—x+1 /2x+6+4 /6Xx-5+5

= (x+3)(x-5)

1 2 6
< (5-X - - +Xx+3|=0 (*
( ){\/6—x+1 J2x+6+4 J6x-5+5 } *)

2 6
- +
J2x+6+4 6Xx-5+5

VéigSXSGtaCé— 32—z—g+3>0.

Do d6 phuong trinh (*) < x =5.

Vay phuong trinh ¢6 nghiém duy nhit x =5.
Bai 4: Giai phuong trinh sau :  v/3Xx+1—-+/6—X +3x* —14x -8 =0(4)

(trich dé thi dai hoc khéi B-2010)
Loi giai
biéu kién: —% <X<6
Phuong trinh (4) < ( +/3x—1-4 )+(1—\/6— X)+3x* ——14x-5=0
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3(X—5) X—5
+
V3x+1+4 6-x+1

+(3x+1)(x-5)=0

X=5
3 N 1 +3x+1=0

V3X+1+4 6-x+1

Ta thdy phuong trinh 3 + 1 +3x+1=0 vb nghiém vi
P s V3x+1+4 6-x+1 '
3

+ +3X+l>O,VX€‘:—l;6:|
3x+1+4 J6-x+1 3

Viy phuong trinh c6 nghiém duy nhat x=5

Bai 5: Giai bat phuong trinh sau trén tap s6 thyc: (X—l)2 +4/X=1-+/x+2<0
i Loi giai

bieu kién xac dinh: x>1.

Taco: (x—1)" +/x-1-x+2<0 & 2(x—1)° +2Jx-1-2/x+2 <0
@(2x2—5x+2)+2(m—1)+(x+2—2M)so

2(x-2
<:>(x—2)(2x—l)+\/)((__—1+)1+\/E(M—2)§0
2(x—2)+M(x—2)<0
Ix=1+1  x+2+2

< (x=2)(2x-1)+

2 IX+2
< (x=2)| 2x -1+ + <0
( )[ \/x—1+1 \/x+2+2J
Vis 2x 1402w VX*2 0 ux>1. Dodo: 1< x<2.

IX=141 x+2+2
Két lugn: Tap nghiém cua bat phuong trinh: S =[1;2].

Bai 6: Cho phuong trinh: 33/X_2+\/ X2 +8-2=+/x*+15. Goi S la tong binh phuong cac nghiém thyuc cua
phuong trinh. Tinh S.
A. S=0. B. S=1. C.S=2. D. S=4.
Loi giai
Pap an: C
Ta dy doan dugc nghiém x =1, va ta viét lai phuong trinh nhu sau:

3(3 X* —1)+(M—3)=(x/ﬁ15—4)

3(x*-1) x2 -1 X2 -1
=N + -
Yxt +3% +1 X +8+3 x*+15+4
x* =1 (1)

= 1 1

3
+ =
I+ +1 X +8+3 xP+15+4 (

Phuong trinh (1) & x=+1.

2)

Giai phuong trinh

. 3
2).Vi —————>0;
2) Ix* +3x? +1>
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U415 > +8 = X2 +15+4 > X2 +8+3= ! < !
X +15+4 x2+8+3

Nén phuong trinh (2)v6 nghiém.
Vay phuong trinh cho ¢6 2 nghiém x=1x=-1.Suy ra S =12 +(-1)" = 2.

Bai 7: Giai bat phuong trinh sau trén tap s6 thuc: 3(x—2)+v3x+4 <3V2x +1++/x—-3
Duogc tap nghiém 1a S =[a;b). Khi d6 ab co két qua Ia.
A. 3. B. -3. C.12. D. -12.
Loi gisi
bap an: C
bieu kién xac dinh: x>3.

Taco: 3(X—2)+~/3x+4 <3v2x+1++/x-3
© 3(x—4)+(V3x+4-4)-3(V2x+1-3)-(x-3-1)<0
3(x—4) ~ 6(x—4) x4

< 3(x-4)+ <0
(x=4) 3x+4+4 2x+1+3 x-3+1
3 6 1
< (X—4) 3+ — — <0
( ) V3X+4+4  2x+1+3 \/x—3+1j
3 6 1
S (X—4)| ——+2— +1- <0
( ) N3X+4+4 V2x+1+3 \/x—3+1j
3 2J2x+1  /x-3
< (x-4 + + <0<=3<x<4.
( ) N3X+4+4  2x+1+3 \/x—3+1j

Két lugn: Tap nghiém cua bat phuong trinh: S =[3;4).

3. PHUONG TRINH VO T{ NHAN LIEN HOP THEM BO'T BIEU TH(C BAC NHAT
Bai 1: Giai bat phuong trinh trén tap 56 thuc: X° +3%% + X+2 > 2x*/x+4 ++/2x+11

Lo giai
Diéu kién xac dinh: x>—4.
Taco: X +3x% +X+2>2x2x+4 +/2x+11
S X3+ X+2-2X3X+4—2x+11>0

<:>x2(x+3—2\/x+4)+(x+2—\/2x+11)20
) (x+3)2—4(x+4)+(x+2)2—(2x+11)
X+3+2Jx+4 x+2+\/2x+11
, XP+2x-7 X*+2X—-7
+ >
X+3+20X+4  X+2++/2x+11

2

<:>(x2+2x—7)[ X L ]zo.

+
X+3+2X+4  X+2++/2x+11

< X >0

=X

= X>-3.

X} +3x°+x+3>0

o X> -4 x>—4
biéu kién cb nghiém: 3 )
X +3X“+x+22>0

x+3+2\/x+4 >2>0

X+2+2x+11>-1++/5>0

Vi x>—3:>{
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NG 1
= + >0
X+3+2JX+4  X+2++/2x+11

2
—7>
Do dé {X TX=T20_ s o2

X>-3
Két lugn: Tap nghiém cua bat phuong trinh S = [—1+ 2J2; +oo).
Nhdn xét: Sit dung TABLE va SOLVE tim duqc: x ~1.828427124 .
2UX+4 ~4.828427125~ x+3

Thay vao can thirc tim nhan ta: { o T~ 3.828427195 < x 1.2
Bai 2: Giai phuong trinh 2x* —X+3+X*—Xx=+/21x-17 ta dugc 2 nghiém Xx,X, (X, <X,). Khi d6
x2 —x2 c6kétqua la:
A 3. B. 4. C.2. D. 8.
Loi gidi
Pap an: A

s 17 .
bicu kign x = ETh Phuong trinh da cho twong duong véi:

(\/sz —x+3—x—1)+(3x—1—\/21x—17)+ 2 —3x+2=0.

2_
X2—3X+2 N 9(X 3X+2)

+x2-3x+2=0.
V252 —x+3+x+1 3x—1++21x-17

(x2—3x+2) ! n 9 +1]=0
V22 —Xx+3+x+1 3x—1++/21x-17

x=1
X=2

1 N 9
22 —x+3+x+1 3x-1++/21x-17
-Vay: X2 —x2 =2°-1"=3
Nhan xét: Ta nhan doan duoc rang phuong trinh ¢ hai nghiém x =1, x =2. Do vy phuong trinh nay s& c6
nhan tir (x—1)(x—2)=x*-3x+2 khi ta ¢6 ¥ dinh sir dung lugng lién hop dé giai bai toan. Dieu quan tam
la c&ch tach - nhom cac dai lugng c6 trong phuong trinh.

Gia st ta s& nhom (\/2x2 —X+3 —(a1x+b1))+((a2x+b2)—\/21x—17). Thay cac giatri x=1; x =2 vao cac

< xX2-3x+2=0 c{

Do +1>0,Vx2£.
21

, V2x2—x+3—(ax+h)=0 2—-a —b =0 =1 (a,+b,—-2=0
dang thuc (ax+b;) , ta s& tim duoc { &= :{ai ;{ 2
(a,x+b,)—/21x~17 =0 3-28,-0,=0 b =1 (2a,+b,-5=0
a =3
=%
{b2=—1

V. PHUONG TRINH VO Ti GIAI BANG PHUGNG PHAP VECTO

X2 +9+4/y?+9 =10

Bai 1: Giai h¢ phuong trinh:
X+y=38
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Loi giai
Céach 1:

Trir2vé = x+y =8 thé vao (2) :>«/x2+9+\/y2+9 =10 (3).

Dit t =x—4 (dat 4n phu khéo 160) = x=4+t va y=4-t thé vao (3) taco

Jt2 +8t+25 +/t? -8t +25 =10 (4)

- \/(tz +25)2 _64t2 =25t t? < 25.
— t* +50t? + 625 64t2 = 625 50t? +t' =t =0 = x =y = 4.
Céch 2: Phuong phap véc to

2 2 _
Tacs JNXC+9+4y*+9 =10
X+y=8

Pt G:(x-s) *=(y-3) = Uu+v=(86)
-8 =70

Ap dung BDT : ‘u‘ +M > ‘u +\7‘ X +9+y?+9 210

1 3 - - X = X= 4
Dau bang xay ra <>u ; v cung phuong tuc la y = :
X+y=8 y=4

CAC BAI TAP GIAI VECTO NHU TREN

0 \/§+\/§=6 2) X+1+(y-1=4 3 \/;+\/§=10
V3X+7+4[3y+7 =8 JX+6+\y+4= X+24+.\y+24 =14
Bai 2: Giari phuong trinh v'x? - 2x+5 +/x? + 2x+10 = /29 (1).
Léi giai
u_(x 12)
Trong mit phang toa o Oxy, xét hai véc to
V=(-1-x3)
|0 |=VX* —2x+5
Khi d6:<|V |=vVx* +2x+10
U+V=(-2,5)=|U+V]= J_
|G |= Vx> —2x+5
|V |= VX* +2x+10
0+V=(-2,5)=| T +V|=~29
Suyra (1) <|U+V|HU|+]|V].
SUMMVei=kvV(k>0).
2 2
x—1=k(-1-x) k=§ k=2 k=§
“l2=k3 g g 3 g 1
o x—1==(-1-x) 3Xx—3=-2x-2 x=¢
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Bai 4:

Bai 5.
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Giari phuong trinh +/X2 — 2X+2 +/4x% +12X + 26 = J9x* +12x+ 29 .
Loi giai:
, U= (x-1;1)
Trong mat phang toa d6 Oxy, xét cac véc to < _, .
v=(2x+3;4)

‘ ‘ x? —2x+
= U+V=(3x+25) thi ||v|= 4 +12x+25
U+ = /9x* +12x+ 29

C e . ~1=k(2x+3
Suy ra phuong trinh (1)<:>‘u+v‘:‘u‘+M < u=kv (k>0)<:>{: g (2x+3)
k:l K 1 k:l
= 4
= 1 = 4 & 2
x-1==(2x+3) 4X—4=2X+3 X =—
4 2
Vay phuong trinh (1) c¢6 nghiém duy nhat x —%
Giai bat phuong trinh: vX—1+X— 3>\/2 ) +2x-2 (1)
(Bo dé Tuyén sinh)
Loi giai
biéu kién x>1
. H «/ 24x-1
. u:(x—3; x—l)
Xét trong mat phang toa do Oxy cac vecto § = Mz
v=(L11) L
uv=+x-1+x-3

2— — X —
Suy ra bat phwong trinh (1)<:>u.v2‘uM =ullv @x—gzmc{x>36X+9 x—1
X >

X=2
{x2—7x+10=0 {
= S| x=5<x=5.
X>3
X>3
Vay x =5 la nghiém duy nhat cua phuong trinh (1).

x+y+\/@:3 (1)
y+i=4 (2
Loi gidi
PK: xy>0;x>-1;y>-1
Cach1
Tu (2) tacod :X+Yy+2+2\/x+y+xy+1=16 (3)

Tir (1) taco i x+y—\xy =3 x+y=3+xy dit xy =t (t20) = x+y=3+/t

. X+y=6
Thévao(3)tacé2\/t2+t+4=11—t<:>t:3<:>{x y & x=y=3.
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Cach 2
Dé thay x>0;y>0

Ap dung BPT cosi ta co X+ysﬂ+3s%+3: X+y<6

Tir (2) taco :4=M+\/mg\/2[(x+l)+(y+1)] =4

X+y=6
Panh ¢ia BDT Xx=y=3.
anh gia :>{ o ,_y+1<:> y
Cac Bai tuwong tw
) 3x+3y—2\/E=8 2) (2x+3)\/4x—1+(2y+3)«/4y—1:2\/(2x+3)(2y+3)
X+T+ y+7 = X+Yy =4xy
X+2y-3z=4 x=2y’-6y—2
3) 4)
Ja—x? +\J1-y? +/25-922 =43 y=-X"+3x+4

Bai 6. Giai phuong trinh: X«/3X+2 ++/4—x = \/Z(xz +1)(x+3) (2.1).
Lo giai
biéu kién: —%g X<4.
Bt U =(x1) va v=(Bx+2;/4-x)#0
Khi 6, uv = xv/3x+2 +/4-x
‘ﬁ‘.‘\?‘:\/Z(x2+1)(x+3)
Suy ra, phuong trinh (2.1) tré thanh ﬁ.\?z‘ﬁ‘.M <3k >0:u=kv.

{x =Kk/3x+2

0

& XJ4—x =/3x+2

=~

1=k/4—x

x>0
_ .3 2 _
x)_3x+2 X —4x* +3x+2=0

0

x* (4-

x=0 X=2
{Xe{Zl \/_1+«/_} L:H\/E'

Vay tap nghiém cta phoong trinh 12 S = {2;1+ «/5}

Bai 7. Giai phuong trinh ‘\/x2 1 2x+5 /X2 —4x+40‘ = x? +5x+% 2.2)

Loi giai
Phuong trinh xac dinh ¥xeR.
Dbat ﬁ:(x+1;—2) va \7:(2—x;6)

Khi do ﬁ+\7=(3;4):>‘l]+\7‘=
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i = J(x+2) +(-2) =¥ +2x+5
Vi = J(2-x)’ +6> =[x’ —ax+40

Hﬁ‘—‘VHS‘ﬁ+\7‘<:>‘\/x2+2x+5—\/x2—4x+40‘£5

Dé phuong trinh (2.2) ¢6 nghiém thi:

2
x2+5x+ESS<:>(x+§j <0 x=-2
4 2 2
Thay x = —g vao phuong trinh (2.2) thdy théa man.

Viy phuong trinh (2.2) c6 nghiém duy nhét x = —g :

Bai 8. Giai phuwong trinh: 3y1+2sin® 2x + 2\/40 +[4(sin® x+cos®x) 1] =511 (1) .
Loi gidi

Dt T =3v1+2sin* 2x + 2\/40+[4(sin6 X + cosex)—lJ2 .

Ta co: 4(sin6 x+cos‘5x)—1: 4[(sin2 x+coszx)3 —3sin? xcos? x(sin2 x+coszx)} -1

= 4-12sin” xcos® x—1=3(1—sin’ 2x) = 3cos’ 2x.
Khi do6:
T =/9+18sin* 2x + 160 + 36c0os* 2x = /9 +9sin* 2x +9sin* 2x + 144 +16 + 36 cos* 2x
Xét cac vecto U = (3;3sin2 2x;3sin? 2x) va v = (12;4;600322x).

|d]| = 9 +9sin® 2x +9sin* 2x : V| = J144 +16 + 36c0s° 2x .

. 2 . 2
T =[]+ =0 +V]| =T > \/225+(35|n2 2x+4) +(3sm2 2X + 6.c0os? ZX) )
Mt khac theo bat dang thirc Bunhiacopski ta co:
[(35“’12 2 +4)2 +(35in2 2X + 6.c0s> 2x)2}(l2 +12)2 (35in2 2X + 4+ 3sin? 2x + 6.cos> 2x)2 =100

Suy ra: [(SSin2 2x+4)2 +(3sin® 2x + 6.cos’ ZX)Z} >50 =T >5411.

3 3sin’2x _ 3sin®2x
Phuong trinh (1) c6 nghiém khi va chi khi: {12 B 4  6C0S22X
3sin? 2x + 4 = 3sin® 2x + 6.cos? 2x

c>c0322x=§<:>1+cos4x=%<:>cos4x=%<:>x=iarccos%+k—”,keZ.

Vay phuong trinh (1) c6 nghiém la: x = J_rarccos% + k—”,k eZ.

Bai9.  Giai bt phuong trinh VX—1+x—3>+/2x2-10x+16 (*).
Loi giai
N x>1
biéu kién ) & x>l
2x°-10x+16>0
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Xét ﬁ(\/ﬁ; x—3) va u(1;1)=0.
Ta o6 Uv=+x-1-3, |u V| =y/x-1+(x~3) ¥2 =\/2x* ~10x+16 .
Bat phuong trinh (*) tré thanh: G.\?Z‘G‘.‘\?‘, mit khac G.GS‘G‘.‘G‘ nén ta co

G.Vz‘ﬁ‘.‘V‘cﬂkZO:G:kG.Khi d6 :

{mzk@mzx_s

Xx-3=K
>
x-3>0 x=3 .
= , & 4| Xx=2< x=5 (thoa man dicu ki¢n).
x—1=(x-3) o E

Vay bat phuong trinh da cho ¢6 nghiém duy nhat 14 x =5.

— 2009
\/1+£E‘1—+—\/1—|—SE‘2+—|— 1+$2008 = 2008 m
JL= 2, =2, +. 1=, = 2008 2007
i 1 2 2008 2008

Léi giai

Giai hé:;

Pidu kién: ‘az‘ <1,Vi=1,2008

Trong mat phang toa @6 Oxy , ta xét cac vec to: a; = \/1 + a:z.;\/l —z, ,1=1,2008.

Khi do
2008

\/_Vz—12008$2

— 20082
[
2008

[%m,zﬂ]
-]

i=1

= 1/2008.2009 + 2008.2007 = 2008+/2
2008
=3 Ja,
1=1

2008 —

Za

Hon ntra: |a.| =

:>a TTa Vi, j = 1,2008.

— 2, Vi, j=12008

N —y —_— R

a, =a, sz—12008éx—a: V1,7 = 1,2008

= |1+ 1/2009 Vi=1,2008 =1+ =20 vi—12008
2008 2008

TOAN THPT - MAKE THE MATH SHINE
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Vi1 =1,2008

T =——
" 2008

) 1
Vay h¢ da cho co nghiémduynhatla z, =z, = ... =2, = ——
2008

c+y Jl+z+y+3—z—y —21, r+y +1

Bai 11:  Giai hé phuong trinh: (& +y > 2

x—yzx/i—l

Loi giai
a= z+yl

Trong khong gian OXY ta xét cac vec to: -

b= \/1+:I;—|—y;\/3—x—y

(Voi dieu kien —1< x+y<3)

:,/ x+y2+1

=2

-
—

a

—

1b

ab= x4y Jlex+y+B—x—y

ﬁa.ﬁz‘a‘.‘ﬁ‘@aTTﬁﬁJlntHy: X+Y {3—X—Yy
(x+y>v2  theogt

= 3 2

| X+y —3x+y + x+y —1=0
'x+y2x/§

(:)1[ X+y —1][ X+y° =2 X+y —1}:0

Sx+y=+2+1
r =2

Kéthop véi X —y = J2 —1 ta giai dugc )
'y =

V1. PHUONG TRINH VO Ti PUA VE DANG f(u)=f(v)
x*—y?+3y*—3x-2=0 (1)

X2 ++1- X —3\/2y— y?+m=0 (2)
Huéng din giai

cd nghiém.

Bai 1: Tim m dé hé phuong trinh sau c6 nghiém: {

biéu kién xac dinh; —1<x<1,0<y<2 .

Taco: (1) = xX* —3x=(y-1)"~3(y—1). Xétham sé f (t)=t>—3t nghich bién trén khoang (-L1).

Khi d6 phuong trinh (1) ¢6 dang f(x)=f (y—1)=x=y—-1=y=x+1 . Thay vao phuong trinh (2) ta
dugc x? —241-x? +m=0e —x2+21-x2 =m (3).
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Hé c6 nghiém khi phwong trinh (3) ¢6 nghiém trong doan [-1,1].

Xétham s6 g(x)=-x*+2y1-x* trén doan [-11]. Ta co:

y0- 22 :—2x(1+\/1—x2)
J1-x? V1-%°

Ta c6 bang bién thién:

=g'(x)=0=x=0

g' + 0 -

2
g
-1 -1
Tir bang bién thién suy ra yéu cau Bai thoa man khi —1<m<2 .
. 17-3x)v/5-x +(3y—4)J/4-y =0
Bai 2:  Giai hé bat phuong trinh: ( ) (3y-4) y (
22X+ y+5+33x+2y+1=x*+6x+13 (2
Lo giai.

(1) = [3(5-x)+2]VB-x=[3(4-y)+2] 4-y.

Pat f(t)=(3t+2)/t,taco f(t) dong bién

D=

=5-x=4-y=y=x-1 thayvao (2)

= 2J3x+4 +3/6x+9 = x> + 6x +13

| 23x+4-2(x+2) |+[3J5x+9 -3(x+3) | = " + x

<:>x(x+1){ 2 + 3 +1}=0
V3X+4+Xx+2 5Xx+9+x+3
x(x+1)=0
< 2 3
+ +1=0
L V3X+4+Xx+2 5X+9+Xx+3
'x=0 x=0
= =
 Xx+1=0 x=-1

H¢ phuong trinh ¢6 nghiém: (O; —1) ; (—1; - 2)

X+1+4x-1-\y'+2=y (1)

Bai 3. [Ham sd] Giai hé phuong trinh
X*+2x(y-1)+y*-6y+1=0  (2)

Loi giai
Phuong trinh (2)= (x+ y—1)2 =4y=y=>0.
Phuong trinh (1) = Vx+1+%{x-1= \/(y“ +1)+1+{1/(y4 +1)-1=x=y +1.

Suyra (y*+y) =4y = y(y +2y* +y—4)=0.
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e V6i y=0=x=1

e Vi y' +2y*+y—4=0, ham sb dong bién = c6 duy nhit nghiém y=1.

Bai 4. Phuwong trinh v ti dang: ax’ +bx+c = kydx+e duwa vé dang: U®+ku=dx+e+ kyJdx+e
BAi56: Giai phuong trinh: X% —3x—1=2x+1
Loi giai
X2 —3x—1=2X+1 < (Xx—2)* +2(x—2) = Xx+1+ 2x+1

tor do tim x

u=v
Pit u=x—2;v=+/x+1 ta duoc: u2+2u=v2+2v<:{ 5
Uu=-v—

Bai 5: Giai phuong trinh: 2X? +2X +1=/4x+1
Loi giai
2X% + 2X+1=4X+1 < 4X° +4X+2 = 244X +1 & (2X+1)? +2(2x +1) =4X +1+24/4x +1

u=v
Piat u=2x+1Lv=+4x+1 ta duoc: u*+2u =v2+2v<:{ tir d6 tim x

Uu=-v-2
Bai 6: Giai phuong trinh: X* —X—1=+/8x+1

Loi giai
X2 —X—1=+/8X+1 < 4X* —4Xx—4 = 48X +1 <> (2X—1)* +4(2x—1) =8x +1+4/8x+1

u=v
Dit u=2x—1v=+/8x+1 ta duoc: U?+4u =V> +4v<:>{ tir d6 tim x

u=-v-4
Bai 7: Giai phuong trinh: —4x* + 21X —22 = /3x —2

Loi gidi
AX* +21X—22 =/3X—2 <= 4x® = 21X+ 22 =~/3x—2 = (2x—4)* —(2X—4) =3x—2—/3x -2

u=v
it u=2x—4;v=+/3x—2 ta duoc: u’>—u =v2—v<:{

tr do tim x
u=1-v
Bai 8: Giai phuong trinh: 27x* +18x = ,’X+g

Lo giai
27x° +18x = x+g & 81X% +54X = /9X+12 <> (9X +3)% +(9x +3) = 9X +12 +/9X +12
Bai61: Giai phuong trinh: X* ++/x*+3 =3
Loi gidi
Xt +Ux2+3 =3<:>(x2)2 +X2=x2+3+VX*+3 ...
Bai 9. [Dang toan dwa vé u®+ku=Vv*+kv]

Giai phuong trinh: 8x® —36x” +53x—25=3/3x-5.
Loi giai
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8x® —36x? +53x—25=13/3x-5

< (2x—3)’ +2x—-3=3x-5+3/3x-5.

bit u=2x-3; v=33x-5.

Sul+u=vit+v <:>(u—v)(u2+uv+v2+1):0 —u=V.

= 2x-3=33x-5 <= 8x*-36x*+51x—-22=0 = 5+4/3 -

Bai 10.[Dang toan dwa vé u®+ku=v®+kv]
Giai phuong trinh: 4x° +6x2 +4x+1=32x+1.
Loi gidi
45 +6xX% +4x+1=2x+1 & (2x+1)3 +2(2x+1) = 2x+1+232x+1.
Pit u=2x+1, v="32x+1.

—ud+2u=\3+2v <:>(u—v)(u2+uv+v2+2):0 eu=Vv.

x=0
= 2Xx+1=32x+1 < 8x* +12x* +4x=0 < | x=-1 .

X=—=

Bai 11.[Dang toan dwa vé u®+ku=v®+kv]
Giai phuong trinh: 9X3+9X2+2—3?X+1=M.
Loi giai
9x3+9x2+2—:x+1=ﬂ & (3x+1)° +3(3x+1) =1-2x+ 31— 2x.
bat u=3x+1, v:ﬂ.
=U+3u=v+3v < (u-v)(W+uw+v*+3)=0 <u=v.
=3x+1=31-2x < 27x3+27x* +11x=0 <> x=0.
Bai 12.[Dang toan dwa vé u®+ku=v®+kv]
Giai phuong trinh: 4x° —18x% +30x—17 = 32x—1.
Loi giai
4%° -18x* +30x-17 = {2x -1 & (3-2x)’ +2(3-2x) = 2x—1+2¥/2x 1.
Pit u=3-2x, v==32x-1.
=u+2u=V3+2v <:>(u—v)(u2+uv+v2+2):0 Su=Vv.

=3-2x=32x-1 < 8x®—-36x*+56x—-28=0 < x=1.
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Bai13. [Pit 4n phu dwa dang toan ax’+bx+c=k«dx+e vé dang u’+au=v’+av]
X? —3x—1=2x+1

Lai giai
Diéu kién: x>-1.
bat y=\/x+1,y20.
x> —3x—-1=2y

Phuong trinh da cho tr¢ thanh hé
X+1=y°

Cong hai vé caa hai phuong trinh trén, ta duoc

y=—X

2_2x=y*+2 -y—-2)=0 .
X' —2x=y?+2y < (x+y)(x—-y-2) C{y:x—z

Thay lan luot cac gid tri y vira tim dwoc vao phuong trinh ban diu, ta nhan hai nghiém

5+4/13 va x:—l_f.

2
Bai 14.[Pit 4n phu dwa dang toan ax’ +bx+c=k+/dx+e vé dang u?+au=v2+av] x* —x—1=+/8x+1

Loi giai
A 1
bieu kién: xz—g.

bat y=4/8x+1,y>0.
X*—x-1=y {4x2—4x—4:4y
o .

Phuong trinh da cho tré thanh hé
8x+1=y’

8x+1=y?

Cong hai vé cua hai phuong trinh trén, ta dugc
y=2x-1

4X% +4x—3=y2 +4y & (2x+1)" =(y+2)° .
X* +4x y: +4y < (2x+1)" =(y+2) c{y:—ZX—B

Thay lan luot cac gid tri y vira tim dugc vao phuong trinh ban dau, ta nhan nghiém x =3.

Bai 15.[Pat 4n phu dwa dang toan ax’+bx+c=kdx+e vé dang u’+au=v?+av]

27x* +18x =, fx+%

Loi giai

A 4
bieu kién: XZ_E'

bat y= /x+g,y20.
2 -
= .

Phuong trinh da cho tré thanh hé 4
9y +12 =9y?

X+—=Yy°
3 y

Cong hai vé cta hai phwong trinh trén, ta duoc
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81x* +63x+12=9y* +3y < (9x+3)2 +9x+3= (3y)2 +3y

y=3x+1
O9x+3-3y)(9x+3y+4)=0
< (9x+ y)(9x+3y+4)=0< y:—BX—g

TOAN THPT - MAKE THE MATH SHINE

Thay lan luot cac gid tri y vira tim dwoc vao phuong trinh ban dau, ta nhan hai nghiém

Bai 16.[Pat 4n phu dwa dang toan ax’+bx+c=kJdx+e v& dang u*+au=v’+av]
8x® —36x> +53x—25=4%/3x-5

Bai 17:

Lai giai
bat y=13/3x-5.

o o |8x*-36x*+53x—-25=y
Phuong trinh da cho tré thanh hé .
3x-5=y°
Cong hai vé cua hai phuong trinh trén, ta dugc
8x* —36x% +56x-30=y* +y < (2x—-3)’ +2x-3=y’ +y
& (2x-3-y)| (2x-3)" +y(2x-3)+ y* +1|=0
y=2Xx-3
=
(2x-3)" +y(2x-3)+y* +1=0

D& thdy (2x—3)" +y(2x—3)+y?+1>0.

Thay y =2x -3 vao phuong trinh ban dau, ta nhan hai nghiém x=2 va x= 5+4\/§ .
8x®—4x—-1=

8x®—4x-1=3/6x-1,tacod y
6x-1=y°

Lo gidi

Cong ve :

=8x°+2x=y’+y

& (2x—y)(4x* +2xy +1+y*) =0

= y=2X

Do d6 : 2x:\3/6x+1<:>8x3—6x—1=0<:>4x3—3x:cos%.

T 5 1
—> X=C0S—,X=C0S—,X=C0S—.
9 9 9

BTLT : Giai phuwong trinh :

1) x2=4+22x+4
2) 5x°+1=2 2,1

5 5
3) 4x*+4x+1=24x+2
4)  49x* —65x +17 = 3/2x+1
5) 75x*-79x+28=2\3x—4
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6) x®+6x*+10x+13=234x-1
7) 8x*+12x* +7x+5=233x~-2
8) 128x°-288x° +218x+61=3/x+2.

VII. PHUONG TRINH VO Ti SU DUNG BPT PE PANH GIA
Bai 11 VX +X+9 +7x% +22x + 28 +4/13x* + 43x + 37 = 3{/3(x +3)

Léi giai.

Taco mz /(XJFEJ +75 T\/_
(

VX7 +22x+ 28 = \(2x+1)° +3(x+3) 2 \[3(x+3) = 3(x+3)

1Y 7Y 7Y 7
\/13x2+43x+37=\/(x+§] +3(2x+§j 2\/3(2x+5j 2\/§[ZX+EJ

+1:0
2
. 2x+1=0 1
Cong ting ve ta duoc VT >VP = S X=—-=
X+3>0 2
2x+120
2

Bai 2: Gii phuong trinh 6(x—1)VX+1+(x*+2)(Vx-1-3) =x(x* +2)
D& thay x =1 khdng la nghiém ciia phurong trinh
Nén phuong trinh da cho twong duong

6(x—1)Vx+1=(x"+2)(x—x-1+3)

o 6(x—1)\/mz(x2 +2)(m—2)2
(x—«/ﬁ+3)23m

X +2-2x —1>0= X +2> 24X’ -1
= (X +2)(x—+x=1+3) > 6x* ~1/x-1
= (x*+2)(x=x=1+3)>6(x-1)V/x+1

Vay phuong trinh da cho vo nghiém

X+6/xy —y =6

6(x>+y°
x2(+xy+ y)2 B 2(x2+y2) -

Nhan xét:

Bai 3: Gidi phuong trinh |,

Nhan xet: x =0,y =0 khong phai la nghiém
Néu x <0,y <0 thi vé tréi ciia phuong trinh (2) khong thoa man

=X y>0.

Vi 2\/xy <x+y nén (1):>6:x+6\/ﬁ—y£x+3(x+y)—y:4x+2y:>2x+y23 (3).
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X2+ y? 3(x2+y2) 3(x3+y3) 2(x3+y3)
=X +xy+y’ < 5 :>x2+y2+xy2 iy (4).

Ta ching minh 2(X?’erg))%/z x> +vy?) (5
aCu'g | Tyz_ ( +y) ()

Taco (5) <> 2(X°+y°) = (X" + y2)3 < X+ Y0 +AxCY > 3x*y? +3x2y°.

Mat khac xy <

2

6 3,3 3,,3 24:>(5)'
Yo+ XY+ X7y 23Xy

Két hop véi (2) va 1/2(x2+y2) >X+Yy taco

6(x°+y°)
X2+ Xy +y°

> X+2(X* +Y?) 2 x+(x+y)=2x+y (6).

x=1
y=1

- XY Y > 3¢
D3 thiy yorxy y

3=X+

- 2(x2+y2)

Tu (3) va (6) = 2x+y=3va x=y :>{

J5X% +2xy +2y? +1[2X% +2xy +5y% =3(x+Y) (1)
J2x+y+1+3[Tx+12y +8 = 2xy+ y +5 (2)

Bai 4. Giai hé phuong trinh: {

Loi giai
Ta co: \/5x2 +2xy+2Y° +\/2x2 +2Xxy +5Yy? :\/(2x+ y)2 +(x— y)2 +\/(x+2y)2+(x—y)2

>[2x+ y|+|x+2y| = [3x+3y| > 3(x+Y).

X-y=0
(1) =<2x+y>20<x=y>0.
X+2y>0

Thé vao (2) ta c6: v/3x+1+2319x+8 = 2x* + X +5
& 26 =2+ (x+1) ~/3x+1+2[ (x+2) - ¥19x+8 | =0

X2 — X s (2x+4)(x2—x)
(x+1)+x/3x+1 (x+2)2 +(x+2)¥19x +8 +($/19x+8)2

= 2(x2 —x)+

x=0=y=0

(TM ) . Vay hé phuong trinh ¢6 2 nghiém.
Xx=1=>y=1

<:>x2—x:0<:{

s 2 - 1
Bai 5. [Pat an phu, danh gia kho] Giai hé phuong trinh sau: \/y -——+ \/z —— =43
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Loi giai

. 9
biéu kién: X,y,z>—.
iéu kié y 16

9 7
pat: a= x——b y——c=z——.Tacé:

Dof[fa/ N
e Néua>0b>0 th‘l1/a+§+1/b+§>«/§:V6nghiém.
. / 4 / 1 R .
e Néu a<0,b<0 thi a+§+ b+§<\/§:> V6 nghiém.

Vay ab<0. Tuong ty bc<0;ac<0.Suyra a’b’c’<0 =abc=0.
D& thay néu mot s6 bang O thi hai s6 con lai ciing bang 0 =>a=b=c=0.
19 7 13

Suyra (X;y;z)= (E T3 Ej

X x+y\/§:2 (1)

Bai 6. Giai hé .
X +2y*<y*+2x (2)

Lo giai

Diéu kign x>0, y=>0.Binh phuong2 vé cia (1),taco

(x x+y\/§)2 =4 X =4-2xy\xy - y*

Thay (3) vao (2) ta duoc 4-2xy\[xy —y* +2y% < y®+2x

S VA XYXY + X > 2+ Y

<:>y\/§(x\/§+y\/§)+x22+y2.
Tu (1) suy ra 2y\/§+x2(x x+y\/§)+y2 S X+ YWy 2 x/x +y?

Tach {x+x X > 2X
y+y*>2y\ly

= x+y2(x+y\/§)+x+y y—x&—y22x+x\/y do (4).
Do d6 (1+X)+(1+y?) 2 2y/x +2y

22x+2y\/§:x+y y+X+Yy y2x+y\/§+x\/§+y2do(4).

= XX +Y Yy <2.
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X x+y\/y:2 1
Ping thic xay ra < {x =1 0T
2 y=1
y =1
ax = (Ve +1+1)(x -y +3y-2) (1
Bai 7. ,
(x2+y2) +1=x*+2y (2)
Loi giai

Tu (2):(x2+y2)2—(x2+y2):—(y—1)2 <0
=0<x* +y* <1
= [x|<1, |y|<1.

. x=0
Néu Vx?+1-1=0<x=0tacé y=1=hécd nghiém {

Néu Vx?+1-120< x=0, nhan 2 vé cua (1) voi VX2 +1-1taco

1) = 4x2(\/x2+1—1)=x2(x2—y3+3y—2)
<:>4(\/x2+1—1)=x2+y3+3y—2 (3)

S X H+1-4X*+1+3=y* -3y +2
Q(«/XZ+1_1).(\/x2+1—3)=(y+2)(y—1)2 (4).

Voi x#0; [x|<1; |y[<1; tacd VX +1-1>0, Vx*+1-3<0, (y+1)(y-1)">0 nén (4) vo
nghiém.
Bai 8. [Panh gia]
X+ vy =x"+xy+y* (1)
Giai hé phuong trinh:

2_

6x°y* —x* —y* =?(x+ y)—2xy—%(2)

Léi giai

Nhan xét: x=y=0 khong phai la nghiém cta hé nén x*> —xy+y>>0

Xexy+y’ _, 2x-y) 1 2(x+y)

1 = = 3).
():>X+y xz—xy+y2 xz—xy+y2 3 3(x2—xy+y2)()

T (3) :%£x+ys3(*).

Lai cO \/6x*y? —x* —y* =\/4x2y2 —(x2 +y? )2 <2|xy|(4)

Tu (2) va (4) :?(x+ y)—2xy—% <2|xy|(5)
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Néu xy <0 thitir (5)taco:

13 3 3 1 A ~
=(X+y)—2xy—=<-2xy = x+Yy<—<= (mau thuan
4( y)—2xy 4 Xy y 133 ( )

=xy >0 . Tu (5) ta cé:

wg4xy:(x+ y)z—(X—Y)ZS(XJrY)2

?(x+y)—2xy—%§2xy<:>

=(x+ y—3)(x+ y-%)zo.

Xy >0
Do x+y2%>%:x+y23.B6i chiéu v6i (*) ta thiy ding thirc xdy ra <> x=y = x—y=-
X+y=3
VIII. PHUONG TRINH VO Ti SU DUNG BPT BUNHIACOPXKI
Bai 1: Giai phuong trinh: X—4++/6—x =x*-10x+27 (*)
Loi giai
Diéu kién: 4<x<6.
f(X)=VT =vx—4+6-x
bat . Ta co:
g(x)=VP =x*-10x+27
f (x)=x*-10x+27 =(x— 5) +222 (1).Dau "=" xayra <>x=5.
B.C.S
g(x):1\/X—4+1\/6—x < \/12+12 { —x)}:2 (2)
Déau "=" xayra <:>;4=6 X<:>X=5.
1 1
VX=4+/6-x=2 . )
Nghiém cua phuong trinh théa man { ) 10+ . nghia la dau " =" trong (1),(2) dong thi xay ra
x? —10x+27 =

<= x=5.
Két hop véi diéu kién, phuong trinh c6 nghiém duy nhat x =5.

Nhin xét: Do vé phai co bac 16n hon vé tréi nén rat nhiéu kha ning sir dung bat dang thirc dé giai. Nhan
X? ~10X+27 =(x~5)" +222

(x—4)+(6-x)=2

bién doi co ban ¢ vé phai.

thiy rang { nén ta nghi dén viéc ap dung bét dang thirc B.C.S cho vé trai va

Bai 2: Giai phuong trinh: VX° +X—1+VX> =X +1= X2 - X+2 (1)
Loi gidi
X*+x-1>0 1-5 s —1++/5

Diéu kién: & X< >
xX*—=x+1>0, VxeR 2 2
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Ap dung BDT B.C.S cho cac s6 1, Vx? +x-1; L, Vx* —x+1 ta duoc:

VT :\/x2+x—l+\/x2—x+l£\/(12+12)[(x2+x—1)+(x2—x+1)] =2Jx.

Hay U+ x—1+x2 —x+1< 20X (2)

Taco: VT —23x = —x+2-2x =(x~1)° +(vx -1) 20

2 2 —
Hay x* —x+2> 24X (3) \Tir (1),(2),(3)= VEex L =20 e ong
X2 —x+2=2/x
2 2
(2),(3) ddng thoi xay ra < X +1X_1: X _1X+1<:>X:1.

So véi diéu kién, phuong trinh ¢6 nghiém duy nhat x=1.

Nhin xét: Dé ¥ rang VT c6 dang JA++/B nénta nghi dén viéc 4p dung bat dang thirc B.C.S dé tim gia tr
16n nhét. Roi sau do, ta s& ching minh VP 16n hon hodc bang gia tri nay.

Bai 3. Giai hé phuong trinh

4
24"%+4=1+\/§|y|
4
2,4’%+4 :1+\/g|x|
Loi giai

£ N x* y“ 3 3 A %
Néu [x|>|y| thi 24—+4>24—+4 =1+ —|y|>1+ —|x|:>|y|>|x|:> mau thuan.

Tuong tu Vai x|<|y|:>taco |X|—|Y|

Ta co: 4‘/—+4 1+\/7|x|<:>4‘/—+4 1+ x +2\/7|x|

Theo bt ding thirc Bunhiacosky, ta co:
4 4 2

0 vac [ Xaa][Ea)s 8 ane g (3).
3 3 3 3

Tu (2);(3)=2x° +4sl+§x2 +2.\/§|x|:>(|x|—\/5)2 <0< X = J6 < x=+./6.
Vay hé ¢ hai 4 nghiem: (x;y) 18: (v6;/6);(v/6;—6 );(—/6; 6 );(—6;—6)-

Bai 4: Giai bt phuong trinh (Jl_S—\/sz —2x+5-+/2X —4x+4)(x6 X+ x2-x+1)20
Loi gidi
Y twéng: Ddnh gid va ding B.C.S

2 2
Nhan xét x6—x3+x2—x+1:(x3—%j J{X—%) +%>o

Na&n bit phuong trinh di cho <> V13 —2X% —2X+5 —/2X* —4x+4 >0
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& N2x2 - 2x+5+42x —4x+4 <13 (1)

D& thay va? +b? ++/c% +d? 2\/(a+c)2+(b+d)2

2 2
N&n v2x2 —2x+5 +v2x2 —4x+4 =2 \/(x—lj +[§] + (1—x)2+12]

2

>2 EJZFT =13,

« \ 2 1-x 4
Vay (1) xayra © —5=—— X=—,
ay (1) xay 3 -] :

2
BAi 5 Gidi phuong trinh: vX—1+x-3=2(x-3)' +2(x-1) ()

Loi giai

(*) < x—1+x—3:\/§\/(x—3)2 +(\/E)2 (1)

® Taclh: 1/x-1+1.(x-3) " \/12+12.\/(x—3)2+( x—l)2

= x—1+x—3§\/§\/(x—3)2 (1) (2)

x—1 x-3 {X—BZO

== s
X—1=x*-6x+9

e DAu "=" xay ra khi va chi khi : : :

X>3 X>3
= o < x=5 (3).
x?—7x-10=0 X=5vx=2

e Tur (1),(2),(3)= phuong trinh c6 nghiém duy nhat x=5.
Bai 6: Giai phuong trinh: —x? +6x—8+4x—2 + {4—x+6x4/3x =x*+30 (1)

Nhdn xét: Do biéu thitc -x* +6x-8 = (‘/(4—x)(x—2) = \/\/(4— x)(x—2) giup ta suy

nghi dén viéc 4p dung bat dang thic Cauchy nguoc ddu dang:
\/%SaTer va Yx—2+44-x co dang VA++B nén ap dung bat dang
thire B.C.S. Cong viéc khé khin hon 1a viéc tach ghép dé ap dung bat
dang thire Cauchy cho biéu thirc 6x+/3x dé sau khi ap dung ta duogc két
qua dang x*+« (do cac biéu thirc trude khi ap dung cho hing sb). Cu
thé ta bién dbi 6xy/3x =2+/27.X° .
Lai gidi
e Diéukién: 2<x<4.

e Ap dung bat dang thirc Cauchy ta duoc:
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4—x* +6x-8 =\/\/(4—x)(x—2) S\/(4_X)+(X_2) =1 (2)

2

6x\3x = 242703 <27+X°  (3)
Ap dung bat dang thirc B.C.S ta dugc:

G2 ix =12 41 lVax <[4z Ax)
o 2+ YA X <N 2 1A x <2 [ 42 ) (x-2+4-x)
oix2+fix<2\a=2 ()

o Liy (2)+(3)+(4)=>Y-x*+6x-8+4x-2+{4—x+6x/3x<x*+30 (5)

e Tu (1),(5)= Dang thirc xdy ra < dau "=" trong (2),(3),(4) dong thoi xdy ra

4-—x=Xx-2
&1327=X%

X_

X < X=3.

N

4—X
1

H ‘

e Két hop voi diéu kién, nghiém cta phuong trinh 1a x=3.

Bai 7: Giai phuong trinh: 13v2x2 —x* +9y2x2 + x* =32

Loi gidi
Cach 1: Ap dung bat déng thic AM-GM
Ta co:
_2y?2 2
13\/2X2 —x* = %\/XZ(S—4XZ) S§8 23)( 26— 352X 1)

2 2
2% + x* =g 9X2(8+4X2)Sg8+13)( =6+39X @

2 4

Tir (1) va (2) ta c6 13v2x% —x* +9v2x2 + x* <32

x* =8—4x°
Vay13\/2x2—x4+9\/2x2+x4=32<:>{ <:>5x2=8<:>x=i2\/1_0

9x* =8+4x°
Céch 2: Ap dung bat dang thirc Bunhiacopxki

2
Taco 322 = (13\/2x2 X o2 £ )

- xz.(\/l_S\/26—13x2 +336+3%2 )2

<x*.(13+27)(26+6-13x* +3x°)

=16.5x2.(l6—5x2)
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(5% +16-5x%)’
<16. =32

2

IX. PHUONG TRINH VO Ti SU DUNG BDPT COSI

Bai 1: Giai phuong trinh: 1322 —x* +9y2x% + x* =32
Loi gidi
Céch 1: Ap dung bat dang thaec AM-GM
Ta co:

2
13J2x% — % _—\/x (8—4x )<138 23" —26—394X )

2
9\/2x2+x4=§,/9x2(8+4 <§8+13X _6+2% ()

2 4

Tir (1) va (2) ta c6 13v2x% —x* +9vV2x2 + x* <32

X* =8—4x°
Vay13\/2x2—x4+9\/2x2+x4=32<:>{ <:>5x2=8<:>x=12\/1_0

9x* =8+4x°
Céch 2: Ap dung bat dang thirc Bunhiacopxki

2
Tach 322 = (13\/2x2 —x* +92%% + x4 )

- xz.(Jl_S\/26—13x2 +33/6+3%° )2
<x*.(13+27)(26+6-13x* +3x*)
:16.5x2.(16—5x2)

2

3 (5% +16-5x%)’
' 4

Bai 2.
Giai phuong trinh: 4x® +4x* —5x+9=4%16x+8 (1)
Loi gidi

Diéu kién: x 2_?1.

Taco: 4416x+8 =432.2.2.(2x+1) <2+2+2+(2x+1)=2x+7.

Pang thic xay ra < 2x+1=2< x:%

Tir (1) = 4x° +4x° —=5x+9<2x+7 < (x+2)(2x - 1) <0= x:l.

Bai 3: Nghiém cta phuong trinh: X = ,/X——Jr,/l—— céda ng \/_ Vai (a,b,CeZ) . Khi do

2a+3b+4c co két qua la
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A. 25, B. 7. C. 10. D. 20.
Loi giai
Chon A.

biéu kién: x>1.

Cauchy X_)
X—— X——
Ta co: 6—):>JX——+,/1——<X
\/ 1 \/ Cauchy ; (
2

Tur (1),(2)= Déau "=" trong (2) xay ra

1

l=x——
=N X<:>x2—x—1=0<:>x=% v x=%.
1 2 2
—=x-1
Két hop voi diéu kién, nghiém cua phuong trinh 1a x = 1+£/§ .
a=1
Vay <b=1=2a+3b+4c=25
c=5

3347 _g (R > !
Baid.  Gidihé phuongtrinh 1% Y TXEVXY xy\20¢ +y?) (1)
\/V—VZX—3=6—2X (2)
Lo giai
Diéu kién ng,yzo
Tu (1) < (X+ y)(X2+y2+6xy):8\/W 2xy(x2+y2)

2 2 2
Theo BPT Cosi ta ¢6: 0 < 4/2xy(x* + y?) < 2xy+)2( Ty _ (X+ZY)

2
< %(Xz +Y26XY) = 27 (C + Y2 A(x+ Y)Y
S (X+Y)(C +Y° +6xy) 2 8/xy/2xy(X +Y?)

Pang thic xay ra <> X =Y thé vao (2)

:\/2x—3—\/§:2x—6:>(x—3){
Dox2§:> xz\/§:£>l
2 2 2

2

1 1
SJY2X-3+JdXx>==| ——— — 2 1(<0
2 (\/Zx—3+\/x j
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=>X-3=0=>x=3=>y=3

X+ y? = xyy2(x* +y7) @

Loy INEZ (@)

Bai5.  Giai hé phuong trinh

Loi giai
biéu kién: x>1
Tu 2)=>y=1 Ta co
2 2
0< xy<X+y;0<</2xy(x2+y2)SM3x2+y2£2(x2+y2—xy)
2 2
= Xy 2(x2+y2)s(x+y)(x2+y2—xy).
Do d6 phuong trinh (1) < (x+y)(X* +y* = xy) =xy,[2(x* +y*) = x=y.
Taco 2\/x+1+2\/x2—1+x—1:9(x—1)\/x—1
x>t 5
S 2/x+1=(9x-11)Vx-1< -9 S X:§
81x° —279x* +315x-125=0
1 1 2
N _ 1
_ J1+2x° \/1+2y2 J1+2xy )
Bai 6 . Giai h¢ phuong trinh N
3(v2+1
\/§+2\/§+2\/1—2x+\/1—2y=¥ (2)
Loi gidi
biéu kién x,ye{o;ﬂ (*).
1 1 1 1 2
Taco x*<=,y*<= suyra = + >2. 5 >2 = 2xy <1
47 4 2y 2 (Jfre2yr V3
Mt khac, Va,be[o;i} thi ab<1 (**) vataco L2 (3).
J2 Jl+a? l+b? +l+ab
Chung minh 3): Ta co
(3)<:>1+12£4<:>1+1+ 2 —4£O
V1+a? J1+b? ) 1+ab 1+a® 1+b® f14a?.1+b?* 1+ab
Theo B.C.S. ta c6 \/(1+a2)(1+b2) >1+ab= 2 <2 (4)
\/(l+a2)(l+b2) 1+ab
2
Laico — 4 2 (a-b) (a-1) __,, (5).
1+a? 1+b® 1+ab (l+ab)(1+a’)(1+b)
Tt (4) va (5) suy ra (3) ding, dang thirc xay ra khi va chi khi a=Db.
Ap dung (3) v6i a=+/2x, b=+/2y taco:
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1 1

+ <
142X (J1+2y?  (1+2xy

u=+x>0
Jx +\/1—2x=\/§2+1<:>2\/§ +21-2x =2 +1. Pt { ta dugc hé phuong trinh

dang thirc xay ra khi va chi khi x = y. Thay vao (2) ta c6

V=+1-2x2>0
_1 22 -1 1 9-4.2
durv=2+1 |2 "% X=7 7 36
. S hoac suy ra hoac
2u% +v? =1 - V2 ,_N2+a y=1 9-42
2 6 4 36
Bai 7. Giai hé phuong trinh \/J ( )
8x" +y ( 1) (2)
{x>0
bK:
y=0
X+y

Ta c6 thé chung minh bét dang thic 4(x +y) (x+y) J+y’ 2 N

Bt dang thiac xayra < x=y

2x+y

«/Z (*)
2

Lai co 2[\/_—3 +(\/;_1)2+%>0:>2x+y>2(\/;+\/;_1) (**)

Tir (%) (**) taco: 34(8x3+y3)>2(\/;+\/?—1)

= 38x° +v° >§/§(\/;+\/§—1)

Suy ra (2) v6 nghiém. Vay hé phuong trinh vo nghiém.

V2x-3 -y =2x-6 (1)
Bai 8. Giai hé phuong trinh
FPIone x3+y3+7(x+y)xy=8xy4[2(x2+y2) (2)

S ea x> =
bieéu kién: 2
y=0

Ap dung BPT Co i, ta co:

x3+y3+7(x+y)xy=(x+y)3+4(x+y xy>2\/ x+y 3 (x+y) Xy

—4 x+y U 4\/7[3( +1y° +2xy >4\/7 J x +y° ny 8xy1,2 x’ +y

Pang thic xay ra < x = y

Ap dung BDT trén cho vé trai cta pt (2) ta dugc 43/83( +1°

Do do tur (2) =>x=y . Thay vVao 1) ta co
V2x-3-Jx=2x-6—-2"2 _ —2(x-3)=(x-3 L;—zjzo —x=3

\/Zx 3+J_ (x=3)=( )\/Zx—3+\/;
M xz2 nén—<2<:>;—2<0)

Tap nghiém cta h¢ phuong trinh S = {3}
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X. PHUONG TRINH VO Ti SU DUNG TiNH PON PIEU CUA HAM SO

Bai 1.

Bai 2:

Bai 3:

Bai 4:

Bai 5:

[Tinh don diéu ciia ham sd] \/2+\/2+\/2+\/2+x :3/6+§/6+\3/6+\3/6+x : bk: x>-2
Loi gidi
Nhan xét:

bat f(x)=+2+x; g(x)=36+x thi phuong trinh c6 dang:

FA(r(r00)=o(9(s (e ()

>0; Q(X)=;>O:> f (x), g(x) dong bién trén (-2;+).

1
22+x 33/(6+x)’
Vi x>2 thi f(x)>g(x)>2
= 1(1(0)> £ (9(0) > 8(a(x))>2
= f(f(f(x)))> f(g(g(x)))>g(g(g(x)))>2
= £(F(F(F())> f(9(a(s(x)))>8(s(9 (0 (x))>2

=VT >VP
Voi —2<x<2 thi f(x)<g(x)<2lap luan tuong tw ta cé VT <VP.

Do f'(x)=

Nhan thiy x =214 nghiém cta phuong trinh.

= x =2 la nghiém duy nhét cua phuong trinh.
Ix+3+42x-1=4-x°
Lo giai
1
bk: x>—=
2

Phuong trinh twong duong: VX+3+32x-1-4+x*=0
D& thay khi x tang thi VT ting nén VT 1a ham dong bién.
= Pt co nghiém duy nhat x=1.

S/x +3x—1=4—2x-1

Loi giai

Phuong trinh trong duong: Ux+Bx-1-4+2x-1=0 (twong ty = X =1 la nghiém)
{2x-1-8/Bx-2 =Bx-2 —/2x-1

Loi giai

Phuong trinh twrong duong: Y2x—1+2x-1=35x—-2 +/5x-2
Xét f(t)==%t++/t nhanthdy khi t tang thi f (t) ting = f (t) ddng bién.

=2X—-1=5X-2 =X =% (loai ) =vb nghiém.

2X+2X+1 =X+ 3 +/1++/x+3

Loi gidi

biéu kién: xz—%.

Phuong trinh twong duong: (2x+1)+J2x+1:(\/x+3+l)+\/l+\/x+3

Hamsé f (t)=tJt donghién = 2x+1=/x+3+1=......
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Bai 7.

Bai 8.

Bai 9.

Bai 10. Giai hé {
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Giai phuong trinh
X2 — 2X+ 7 + X +3 = 241+ 8X + 1+ 1+ 8x
Lo giai

S 1
biéu kién: xz-g

Phuong trinh twong duong véi (X + 3)2 +X+3= (l+ \1+8x )2 ++/1++/1+8x

Ham sé f(t)=t*++/t ddng bién trén khoang (0;+0) nén x+3=1++/1+8x, giai phuong trinh
tim duoc x=1, x=3(t/m)
Giaine 1=V Hy=y-Iax (Y
I +y =2 (2)
Loi giai

D)o x+Ix°+x=y+3y*+y. Hamsd f(t)=t+t°+t dongbiéntrén R nén x=y.

Thé x =y vao (2) tadugc x=y=1.
5 3 — 5_3
Giai hé X \/y y \/; (l)
Jx—-1+3y-2=3 (2
Lo giai
biéu kién: x>1
(1) e x*+Y¥x=y*+3y. Hamsé f(t)=t>+%t dongbiéntrén R nén x=y.
Thé x =y vao (2) tadugc Vx—-1+3x-2=3 (*).
Vé tréi ciia (*) 1a ham s6 dong bién trén khoang (1 +o0) nén phuong trinh ¢6 nghiém duy nhét
x=2(t/m)=>y=2
Giai hé Yx- \/_ Xy+2) (l)
X' +y’ = (2)
Lo gisi
Piéu kién: x>0; y>0.
Thé 2=x"+y* vao (1) taduge ¥x—4fy =(y-x)(xy+x*+y*) =X +{x=y>+4fy
Ham sé f(t)=t°+4t dong biéntrén R nén x=y.
Thé x =y vao (2) tadugc x =y =1 (m) hodc x =y =-1( loai).
X +x=2(y+1)y2y+1 (1)
X—22y+1+1=0 (2)

Léi gidi
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biéu kién: y> —% .

(1) & X +x=(2y+1)y2y+1+2y+1. Ham s6 f(t)=t>+t ddng bién trén (0; +) nén
X = «/2y+1
Thé x=/2y+1 vao (2) tadugc x=1=>y=0(t/m).
[ 4f 1 / 4 _
Bai 11: Giai hé phwong trinh: XHIHVx =l =gy 42 y(l)
x2+2x(y—1)+y2—6y+120(2)
Loi giai
Pidu kign: x>1

:,/((‘/ﬁ)4+2 +<‘/XT:\/y47+2+y

Ham sb f(t)=vf*+2+t dong bién t>0
=S Yx—-l=y=x=y"'+1vay=>0

Thé vao (2):>y(y—1)(y6 +y’ +3y° +3y+9):0

>0

—=y=0 hodc y=1

Bai 12: Giai hé phwong trinh: {2y3 +y+2xd1-x =3J1-x (1)
y+M=4+M(2)

Lo giai

Piéu kién: 4<x<4

bat l-x=t<1-x=t>; t>0

Khi dé: 2x/1-x =2t -2¢°

(=2 +y=2C+t=y=t=y=l-x =y’ =1-xy 20

Thé vao (2), ta co:

JI—x +3-2x =4+/x+4

& (V32x=3)+(VI-x -2) - (Vx+4-1)=0

< (x+3)(....)=0

=x=-3...

=32 +2=y’+3y° (D
3Wx—2=,y?+8y (2)

*/ Céch thirc ma trong thuc té ban than da lam:
e Hay lua chon bién d6i phuong trinh trong hé vé dang f(x) = f(y).

e Nhan xét gi vé tap gia tri cia (x - 1) vacia 'y +3 ?

Bai 13. [pp ham sd] Giai hé phuong trinh :
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e Ham so c6 don diéu trén tap duoc xét khong ?

Léi giai

y>+3y?>0
L ) X>2
Dicukién: {y*+8y>0 < O(*)
Xx—22>0

Taco:

D)o xP-3x* =y/y+3 = (x-1)°%-3(x-1) :(«/y+3)3 —3(«/y+3) 1)
Xéthamsé f(t) =t% =3t trén tap [1;+o0)
f'(t)=3t>—-3>0,Vt>1 = f(t) 1a ham sé ddng bién trén khoang (1;+00)

Khido: (1)< f(x-1) = f («/y+3)<:>x—1= y+3<:>(x—1)2 =y + 3 két hop véi phuong trinh
(2), ta duoc :

X°—2X+1=y+3 X2—2x—2=y 1)

=

3Wx—2=4y*+8y (9(x-2)=y*+8y (2
Thé (1') vao (2'), ta duoc :
9x—18=(x* —2x—2) +8(x* ~2x-2)
<X —4x*+8x* -17x+6=0

& (x=3)(X*=x*+5x-2)=0

Xx—3=0 X=3
= <, < Xx=3=y=1(Tm)
X*—X"+5x-2=0 X“(x=1)+4x+(x—2)=0(VN)
, [ x=3
Vay hé c6 nghiém duy nhét:{ 1
y:

_ o (8x—3)V2x-1-y-4y’=0 (1)
Bai 14.  [pp ham so| Giai h¢ phuong trinh :
Ax* —8x+2y’ +y* -2y+3=0(2)
Loi giai

N 1
bieu kién : X ZE

(1) = [4@x D) +1[V2x—1=y+4y° = 4(V2x—1) +2x-1=4y’+y (1)
Xéthamsé : f(t) =4t® +1 trén tap [0;+o0)
f'(t) =12t +1>0,Vt > 0= Ham s f(t) ddng bién trén khoang (0;+0)
Khidé: (I') < f (\/T—l) = f(y) & 2Xx—1=y < y? +1=2X thé vio phuong trinh (2), ta duoc :
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2
(v?+1) —4(y*+1)+2y*+y* -2y +3=0

oy 42y -y -2y=0c y(y-1)(y+)(y+2)=0<

1 .
Khi y=0=x= E (thoa man diéu kién)
Khi Yy =—1= X =1 (thoa man diéu kién)
5 .
Khi y=-2=X= E (thdéa man dieu kién)

Khi Y =1= X =1 (théa man diéu kién)
Vay tap nghiém cua hé phuong trinh 1a : (X;y) = {(L' -D; (& —1);(%;0);@;—2)}
Bai 15.  [pp ham so] Giai hé phuong trinh :
3 +3y° +8=(y—x)(Y* +xy+x*+6) (1
(x+y-13)(y3y-14 —/x+1) =5 (2)
*/ Céch thirc ma trong thuc té ban than da lam:
e Hay lya chon bién doi phuong trinh trong hé vé dang f(x) = f(y).
o Nhan xét gi vé tap gia tri cua (x + 1) va caa (y - 1) ?
e Ham sé c6 don diéu trén tap dugc xét khdng ?

Loi giai
. X+1>0 x=-1
biéu kién : = 14 (*)
3y-14>0 yzg

Taco: () < (x+1) +3(x+1)=(y-1)"+3(y-1) @)
xéthamsé f(t)=t>+3t= f'(t)=3t>+3>0,VteR

= Ham sb f(t) dong bién trén R
Khido: (1)< f(x+D)=1(y-) = x+1l=y-1< y=X+2 thé vao phuong trinh (2), ta dwoc :

(2x—11)(3x—-8—-/x+1)=5 (3)

5
S A/3X—8 —X+1-
J \/ 2x-11

=0 (4) (Do X :1—21 khong la nghiém cua (3)

5 . 8 11 11
tren D=| —;— |U| — ;400
2x-11 32 2

Xét ham sé g(X) == V3x—8 —x+1—

01x) = 3 1 . 10
2J3x-8 2x+1 (2x-11)
6x+17 10 (8_11) (11_ )
= + >>0,VXe| =;— |[U| —;+o
2J(Bx-8)(x+D) (3Vx+1++3x-8) (2x-11) 32 2

N A < .. (811 (11
= Ham so g(x) dong bién trén 5,3 va E;+OO

Trin Manh Tuong https://www.facebook.com/groups/TAILIEUDAYTHEMTOANTHPT/ 54




Chuyén dé : PT-BPT-HPT VO TI TOAN THPT - MAKE THE MATH SHINE

- Khi Xe(g;%j: (4) < g(x) =9g(3) © x=3= y =5 (théa mén diéu kién (*))

-Khi X e (1—21;+ooj (4) © g(x) =9(8) < x=8= y =10 (thoa man diéu kién (*))

X=3 |Xx=8
Vay hé phuong trinh ¢6 hai nghiém : ;

y=5|y=10
x+3y+1:y2—£+3X+4 1)
Bai 16. [pp ham so] Giai hé phuong trinh : y Jx+1

JOY—2+3[7x+2y+2=2y+3 (2)
Loi giai

X+1>0 X>_1*
2 (*)

biéu kién : =
{9y—zzo yz5

Nres,

, 1
Xéthamsé f(t) =t* — o 3t trén khoang (0;+0)

Taco: (1) = y? —%—3y=(x+1)—il—3\/x+1 N

2
f,(t):2t+t£2_3:(2t+1t)2(t—1)

>0, Vt € (0;+x)
= Ham sé f(t) ddng bién trén (0;+o0)
Khido: )<= f(y)="f (\/X+1) & Y =+/X+1<> X+1=y? thé vao phuong trinh (2), ta duoc :

JOy-2+37y* +2y-5=2y+3
<:>[«/9y—2—(y+2)]+[§/7y2+2y—5—(y+1)J:0

y'-5y+6 (y+1)(y* -5y +6) 0o
JOY -2+ (y+2) (y+Dz+(y+Dﬂ7y?+2y—5+(#7y?+2y—5f
& (y* =5y +6).h(x)=0

Vih(x) {

1 y+1
\/9y—2+(}’+2)+(y+1)2+(y+1)€/7y2+2y—5+(%/7y2+2y—5)2
y=2
y=3
-Khi Y =2 => X=3 (thoa man diéu kién (*))

-Khi Y =3= X =8 (thoa man diéu kién (*))
Xx=3 [x=8
y=2' {y=3
Bai 17. [pp ham s6] Giai hé phuong trinh :

> 0 vai

Vyzg nén y2—5y+6=0<:{

Vay nghiém cua hé phuong trinh 1a : {
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5+16.4° 7% = (5+16"2‘2V ).72v—xz+2 @
X' +17x+10y +17=2(x" +4)4y +11 (2)
Lot giai

bat t= — 2Y phuong trinh (1) c6 dang

2+t 2t
5+16.4t:(5+16t).72‘t<:>5;21 :5;‘] @3)

, 1Y (4Y , :
Xéthamsé f(x)= 5($) - (7) = f(X) 1a ham sb nghich bién trén R

Phuong trinh 3) c6 dang f(t+2)=f(2t) St +2=2t S>t=2< x* -2y =2
Khi d6é phuong trinh (2) c6 dang

x3+5x2+17x+7:2(x2+4)\/2x2+7
<:>(x+2)3+(x+2)2+(x+2):(2x2+7)\/2x2+7 +(2x2+7)+\/2x2+7
Xéthamsé f(t) =t>+t>+t trén khoang (0;+0)

f'(t)=3t*+2t+1>0,vt >0 = f(t) 1a ham sb dong bién trén khoang (0;+o0)
Phuong trinh trén c6 dang

f(x+2)= f(\/2x2+7)<:>x+2: 2X% +7 <:{X:1

X=3

-1 7
Suy ra : Hé phuong trinh ¢6 2 ¢ap nghiém (x;y) la: (1;?} (3; Ej :

Bai 18. [pp ham s6] Giai hé phuong trinh :

41+2x%y -1 :3x+2\/1—2x2y +\/1—x2
23y —x% =Axt + 17 = 2x°y\J4y? +1

Léi giai

biéu kien: —1<x <1
Tathay (x;y) =(0;a@), @ € R 1a nghiém cua hé phuong trinh da cho.
Khi x#0,taco:

22Xy —x* =vx* +x° —2x3y\/4y2+1<:>2y+2y\/4y2+1:l+l,,i2+1 *
x x\Vx
Xéthamsé: f(t)=t+t\t* +1
F'O =1+ +1+

£
VP +1
, 1 | T L ,
Do do : (*)<:>f(2y)=f — |<2y=— thé vao phuong trinh con lai coa hé ta co :
X

X
A1+ x —1=3x+ 201 —x +/1=x?
{a=\/1+x >0
bit

>0,Vt. = Ham s f(t) dong bién

taco: 3x=x—14+2(x+1)—-1=2a>+b" -1
b=+1-x2>0

Phuong trinh tr¢ thanh :
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2a=>b

2a2+b2+ab—4a+2b=0<:>(2a—b)(a+b—2)=0<:>{
at+b=2

Véi 2a=>b,taco: 2\/1+x:\/1—x<:>x:—§:>y:—§

Voi a+b=2,1taco: JI+x++1—-x =2 < x=0 (loai)

Vay nghiém cua hé phuong trinh 1a : (x;y) = { —%;—gj;(o;a) lae R}

x+3+x-2-\y*+5=y (1
X +2x(y-2)+y*-8y+4=0 (2

Léi gii

Bai 19. [pp ham s6] Giai hé phuong trinh :

biédukién: Xx>2
Taco: () & J(x-2)+5+Ux-2=/y*+5+y (1)
Xéthamsé f (t) =t++t*+5 trén [0;+0)

2t°

Jt*+5

f'it)=1+ >0,Vt>0 = Ham sé f(t) dong bién trén (0;+o0)

Khi do : f(\“/x—Z):f(y)<:>\4/x—2=y<:>x=y4+2 thé vao phuong trinh (2), ta duogc :

4 2 7 4 y=0
ay=(y'+y) < y(y +2y'+y 4}4k:{w+2w+y_4:06)
Vé6i Y =0= X =2 (théa man diéu kien)
Giai (3): Xéthamsé g(y) =y’ +2y* +y—4 trén [0;+0)
g'(y)=7y*+8y*+1>0,vy=>0
= Ham sé g(y) dong bién trén (0;-+o0)
Laico: (3) = g(y)=09() < y=1= X =3 (thoa man diéu kién)
o A {X=2 {x:3
Vay nghiém cua h¢ phuong trinh 1a : ;
y=0 [y=1
Bai 20. [pp ham s6] Giai hé phuong trinh :

{20\/6— X —17J5—y —3x/6—x +3y -y =0 (1

22X+ Yy +5+33x+2y +11=x*+6x+13  (2)

Loi giai
X<6
<5
Diéu kién : < y (*)
2X+Yy+5>0
3x+2y+11=0

D) = (20-3x)V6—x =(17-3y)\5-y
< (3(6-x)+2)V6-x=(3(5-y)+2)5-y (3)

Xéthamsé f (t) = (3t + 2)\/t_ trén tap [0;+oo)
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t+2
f (t) —3Jt+

2\t

Khi d¢6 : (3) < f(6—X)= f(5—y)<:>6—x:5—y<:> y = X—1 thé vao phuong trinh (2), ta duoc :

>0, Vt>0 = Ham s f(t) ddng bién trén (0;+0)

2/3X +4 +3v/5x+9 = x* + 6X +13 (Didu kien : X > —g)

& 2(3x+4—(x+2))+3(VBx+9 - (x+3)) = " +x
—2x(x+1) —3x(x+1)

<:>\/3x+4+(x+2)+\/5x+9 +(x+3)

=X*+X

2 3
<:>)(()(Jrl)(\/3x+4+(x+2)Jr\/5x+9 +(x+3)+1J:O
{x=—1 . 2 3

“lx=0 v \/3x+4+(x+2)+\/5x+9+(x+3)

Véi X=0=y =-1 (thoa man h¢ phuong trinh)
Véi X=-1= Yy =-2 (théa man hé¢ phuong trinh)
Vay nghiém cua hé phuong trinh 1a : (X;y) € {(0;—1);(-1-2)}

X+x2+1=3" (1)
y+4y?+1=3" (2

’ Loi giai
Trir theo vé phuong trinh (1) cho phuong trinh (2), ta dugc :

(x+\/x2+1)—(y+\/y2+1):3y—3X SX+HVXE+1+3 =y +4y*+1+3 (3)
Xéthamsd f(t)=t++t?+1+3" trénR

t
JtZ +1

Khido: (3) < f(X)=f(y) < X=1y thé vao phuong trinh (2), ta dwoc :

V1= ©1=3 (W +1-x) @

Xét ham sé g(Xx) :3"(\/x2 +1- x) trén R

9'(X)=3X(\/x2+1—x)[|n3—\/3i]>0,do VX2 +1-x>0vaVx2+1>1
X +1

=> Ham sé g(x) ddng bién trén R.

Khido: (4) <= g(X)=g(0)=<>x=0=y=0

+1>1 véimoi X thugc TXD)

Bai 21. [pp ham s6] Giai hé phuong trinh : {

ft)=1+ +3'In3>0,Vt e R = Ham s f(t) ddng bién trén R.

~|x=0
Vay hé phuong trinh ¢6 nghiém duy nhat : { 0
y =
Bai 22: Giai phuong trinh: v/3x—2 —/6—x +3x*—12=0.
Loi giai
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biéu kién: %S X<6

Xétham s6 f(x)=+3x—2-6—x+3x*~12 Vi XEE;G}
3

f(x)= +
() 2J3x—2 24/6—x
Suy raham sé f (x)=~/3x—2—+6-x+3x* ~12 déng bién trén khoang (%;ej

+6Xx >0, VXE(E;GJ .

Taco: f(2)=+32-2-6-2+3.2-12=2-2+12-12=0=> x=2 la nghiém duy nhét ciia phuong trinh
Tir cach giai trén, ta nhan thiy phuong trinh c6 mét nghiém bang 2 nén c6 thé dung cach phan tich dé dua vé

cach giai sau.
V3x—2 —6—x)(V3x—2 +/6—x
Céch khéc: J3x—2—J6—x+3x2—12:0<:>( )( )+3(x2—4):0
J3x—2 ++/6—x
4(x-2) 4

+3(x—2)(x+2):0<:>(x—2)( +3(x+2))=0<:>x=2

=

J3x—2 ++/6—x J3x—2 +/6-x
Bai 23: . Giai phuong trinh: X +4 ++/X—4 +2y/x* =16 -10=0.

Loi giai
biéu kién: x>4
Xeétham sé f (x)=\X+4++/x—4+2x*~16 -10 véi x>4
1 1 2X

f'(x)= + +

() 2Ux+4  2Ux-4 x*-16

Suy ra: f(X)=vX+4+x—4+2yx*-16-10 ddng bién trén [4;+x)
f(5)=v5+4+5-4+2y5 -16-10=3+1+2.3-10=0

— x =5 la nghiém duy nhét ciia phuong trinh

Bai 24: . Giai phuong trinh: 3—X+3/4—X =3+ X +J1+~/3+X. (*)

Loi giai

>0, Vx>4

Xét f(t) =t+¥t+1 vsitteRR.

Co f'(t)=1+ >0 Vt=1=> f(t) dong bién trén hai khoang (—oo;—1)va(-1;+ ).

1
33/t +1)°
Taco (*) < f(3—x)=f(¥3+x). Ludn cd v/3+x>0)—1 ¥x>-3 nén:

-Néu 3 — x>1<x<4 (a) ma f(t) dong bién trén (-1 +o0) thi:
X<3
x=1 < x=1 (théaman (a)).
x=16

3—-x=0
) =
X—=7Xx+6=0 {

(1) 3-x=+/3+X <:>{

-Néu 3-x<1 =4-x<0=34-x<0.= VT (*)<-1=VT (*)>0 (vo Ii).

Vay x=1 la nghiém cta phuong trinh.
Bai 25: Giai phuong trinh 9X* —28x+21=+/x-1  (¥)
Y teong: Ta xay dung ham f (t) = mt? +nt DE y rang hang tirv/x—1 & vé phai ¢d bac thap nhat nén tuong
tng véi nt trong f(t), dod6 n=1.Tanhin nhan 9x* dudi 2 khia canh 9x* =9.x* thi m=9 nhung ta

nhin nhan 9x* = (3x)* thi m=1 . Nhu vay m=9 hoic m=1.
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Néu m=9 = f(t) =9t +t.
Can dua (*) védang: 9(x—u)’ +x—u=9(x—1)++/x-1
< 9% +X(-18u—8) +U* —u+9=+/x-1

o _18u-u=-28 |u=10 _
bong nhat hé so ta dugc: = 9 = loai

u?-u+9=21 U e {43

Néu m=1 = f(t) =t?+t
Can dua (*)vé dang (3x—u)? +3x—u = (x—1) +/x—-1

<92 +X(—6U+2) +Uu? —u+1=+/x—1.

) . . —6u+2=-28

bong nhat hé so ta duqc{ ) &Su=5

u-u+l=21
Pén day co 1& Bai dia dwuoc giai quyét, nhung that ra “chéng gai” con & phia trudc: (*)
< 9x? —30X+25+3x-5=x—-1+~/x—-1
o f(3x=5)= f(x=1) (**) véi f(t)=t>+t

§ \ .z R 1 R . . R 1
Luu y rang f(t)=t>+t chi dong bién trén (—E;+oo)va nghich bién trén (_OO;_E)’ hon nira

\/x—120>—%
Nhu vay tachicé f(3x—5)= f(vx—1) < 3x—5=+/x-1 khi 3x—52—%<:>ng

Ccon 1<x< Ethl sao0? Lai dé y rang ham so bac 2 ciing c6 céi hay ctia nd, d6 1a(-t)* =t>. O trén , dya vao
hé sb bac cao nhat 149, ta chi méi xét
t =3x—u nén bay gio ta sé xét t=u-3x
Can dua (*) vé dang (u—3x)° +u—3x=x—-1+/x-1
—6u—4=-28

< 9%* +X(-6u—4)+u’ +u+1=+/x—1.Dong nhathe sb 1 | su=4
u"+u+l=21

2 . 1
Kiem tra lai: Co x<g<:> 43X >—§d0 do chon u=4
Dén day Bai mai thuc su dugc giai quyét.

. Loi giai
bieu kién: x>1

Néu x> > = 3x 5>+
2 2

Taco (*) < (3x—5)* +3x—5=x—1+/x-1
o F(3x=5) = f (JX=1)Voi f(t)=t?+t
< 3x—5=+/x-1((do f(t) dong bién trén (—%;+oo))

5
3x—-5>0 X23 »
& , = < x =2 (thoa DPKXD)
(3x=5) =x-1 13
XE{Z,E}

Néu 1< x<§:>4—3x>—% (**)

(*) < (4-3x)°+4-3x=x-1+x-1
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o F(4-3x) = f(VX=1)Vv6i f(t)=t%+t

& 4-3x=+/x-1(do f(t) dong bién trén (—%;+oo)vé(**))
4
X< —
4-3x>0 3
= =
(4-3%)% = x—1 25+ 13
Xe{—18 }

Vv
25—@}
18
Luru y: Ta ciing ¢ thé giai Bai trén bang cach dity/x —1=3y—5 dé dwa vé hé d6i xung loai 2.

Vay (*) c6 tap nghiém S ={2;

N . xX*+2x-8
BAi 26: Giai phuong trinh ————— = (x+1)(Vx+2-2).
X" —2X+3

Lan 3— THPT Pha Riéng 2016

Loi giai
PbK: x>-2
X=2
(x=2)(x+4) (x+1)(x-2)
Pt & = 4 1
x?—2x+3 IX+2+2 X all (1)

X2 —2X+3 Jx+2+2

(1) = (x+4)(Vx+2+2) =(x+1)(x* ~2x+3)
@(M+2)[(M)2+2}:[(x—1)+2:|[(x—1)2+2} (2)

Xétpt =(t+2)(t*+2) copt f'(t)=3t+4t+2>0vteR
Vay f(t) dong bién trén R

x=1 3+4/13
Do d6: Q)< f(Jx+2)=f (x-1) o Vx+2=x-1< S X=
045 2) ( ) (x=1) {x2—3x—1:0 2
Vay pt cd nghiém: x =2, x= 3+2‘13

Bai 27: Tong cac nghiém caa phuong trinh x® —4x® —5x+6 =3/7x* +9x—4 la:

A 4. B. 2. C. 3. D. 4.
Loi giai
Pap an: A
5 Ny . [X*-4x*-Bx+6=y s
Pat y=37x*+9x—4 ,tacohé: Oy de v =y +y=(x+1) +(x+1)
X +9x—4=y

Xéthamso: f(t)=t*+t= f'(t)=3t*+1 la ham don diéu ting.
Tir phuong trinh f (y)= f[(x+1)] < y=x+1

Do d6 (x+1):\3/7x2+9x—4c>x3—4x2—6x+5:0<:> _1+.5

Vay téng cac nghiém cua phuong trinh 1a : 4

Bai 28: Nghiém nho nhit cua phuong trinh 3/6x+5 = x* —5x—5 ¢6 dang

véi (a,beZ). Khi dé

a+bc
2

a+b+c la
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Loi giai
Pap an: C
Tacd 3Y6Xx+5=x"—5x—5<>6Xx+5+36x+5=x>+x (*)

Xéthamsé f(t)=t>+t trén R.Taco f'(t)=3t’+1>0,vteR.Suyra f(t)=t>+t dongbiéntrén R.

T (%) < f(¥6x+5)=1(x)
< 6x+5=x < x*-6x-5=0
<:>(x+1)(x2—x—5)=0

Xx=-1
<) _1xv21
2
+
Vay phuong trinh ¢6 nghiém la X:—l;x:]'_;/ﬁ.
a=1
Do d6 nghiém nho nhat x=1_;/Z =<b=-1 =a+b+c=-21
c=21

Nhan xét: CO thé giai Bai nay theo huéng sau:
Y6x+5 =x*—5x—5 <> Y6x+5+1= X’ —5x—4

6(x+1)

(
w3/(6x+5)2 —36x+5+1
x=-1

RN :(x+1)(x2—x—4)

=x*—x-4

& 6
3(6x+5) —6x+5+1

Van dé dit ra la giai phuong trinh con lai s& rat phac tap.

Vi vay ta sé dung tinh don diéu caa ham so

Bai 29: Tong cac cia phuong trinh x* —3x* +2x—-1=3/2x -1 1a:
A. 3. B. -3. C. 5.

Loi giai

Pap an: B

Céch 1:

Taco

X —3x2+2x-1=32x-1
& (X=1)° +(x=1) =(2x-1) +32x-1

Xétham f(x)=t>+t trénRR .

f'(x)=3t>+1>0 = f(t) dong bién trén R

Taco: f(x-1)=f@2x-1) =>x-1=32x-1= V2x — 1
&S xP-3x°+x=0

RN x( G —3x+1):0

. 23.

TOAN THPT - MAKE THE MATH SHINE
D. 23.
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Vay tong cac nghiém ctia phuong trinh 1a: 0+

3—2J§ . 3+2J§ _3

Cach 2:
X2 —3x% +2x =
Pit 3/2x—1=y—1. Taco hé sau: y
y® —3y? +3y = 2x
L4y 2 pt trir cho nhau ta co:

x* -y —3(x* —y*)+4(x-y)=0
< (X=yY) (X2 +xy+Yy*—3x-3y+4)=0
y 3y 3 2
X— X+=—=) +—(y-)°+1|=0
< ( Y){(Jr2 2)+4(y )+}
SX=Yy

Vay :32x-1=x-1x*-3x*+x=0 < x(x* -=3x+1) =0

x=0
ol xe 3+5
2
w35
T2
Vay t4p nghi¢m ciia phuong trinh 13 S ={o;¥; 3+2\/§}.

Bai 30: Giai bat phuong trinh 8% +2x < (x+2)vXx+1 (*) c6tap ngiém S =[a;b). Khidé a+b la:

A —7+ﬁ_ B 77 c _7_*/1_7. D. —7+\/1_7.
8 8 8 8
Loi giai
Pap an: D

Diéu kién: x>-1.
(*) < (2x)3 +2X < [(x+1)+1]\/x+1
c>(2x)3 +2X< (x+1)\/x+1+\/x+1

<:>(2x)3+2x<(Jx+1)3+Jx+1
& F(20)< f(Vx+1) (1) véi ham dic tumg la f (t)=t°+t.
Xéthamsd f(t)=t>+t trén R.

f(t):3t2 +1>0, VieR=> f (t) déng bién trén R (2)
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Tir (1),(2) = f(2x) < f (Vx+1) = 2x</x+1 hay Vx+1>2x

X+1>0 2x>0
=N v
2x <0 X+1> 4x>

< -1<x<0 v 0<x<

1+\/1_7

< -1<x< .
8

1+\/1_7
8

_1+g/1_7] :>a+b=—7+8\/1_7 .

Vay tap nghiém ciia bit phuong trinh 14 S = {—1,

Bai 31: Giai bat phuong trinh 8x° +2x < (X+2)v/x+1 (*) c0tap ngiém S :E;cj V6i % t6i gian

(a,b,ceZ) .Khidé a+b+c la:

A. 10. B. 9. C. 8. D. 11.
Loi giai
Pap an: A

g 1
biéu kién: x> >

Khi 46, phuong trinh: (1) < (Vx+2 +x+6)(v2x-1-3)<4 (2)

V6i 2x-1-3<0 < x<5=(2): ludn ding.

Véi x>5:

Xétham sé: () =(vx+2+x+6)(v2x=1-3) lién tuc trén khoang (5;+20).

oo (1 1 Ix+2+/x+6
f(X)—(Z\/XJFZ+2JX+6J(«/ZX—1—3>+ o0 s

= f(x) ludn dong bién trén khoang (5;+0) vaco f(7)=4.

Do do: (2) & f(x)< f(7) = x<7.

Két hop vé6i diéu kién, tdp nghiém bat phuong trinh 1a S = {% ; 7} .
a=1

Vay <b=2=a+b+c=10
c=7

Bai tap luyén tap

1) x’—6=3x+6
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2) = J5-x —\3x+1=8x" +16x —24
3)V2x—1-+/5x—2 =(5x-2) - (2x -1)’
4) x> +1+32x° +2 =Y +2 +Yx +3
1

X

5) x+\/§:l+ X+
X

6) 4x3+x—(x+1)\/2x+ =0

) {x3+2x—3(y+1)../3y+1

V2x -3+ fBy-2=2

8) 3y° +2y+3x4/2—x =82 —x
V5—dx +43y+1=3

9) {\/;+\/X+2+\/X+4:\/y—1+\/y—3+\/y—5

X+y+x +y =44

X’ +12y+x+2 =8y’ +8y
10){

«/Xz +8y” +2y =5x

11) X' =3x"+2= \/y3 +3y’
3Jx—2 = \/y2 +8y

TOAN THPT - MAKE THE MATH SHINE

XI. PHUONG TRINH VO TI SU DUNG SU TUONG GIAO CUA PUGNG TRON

Bai 1. Tim diéu kién ciia s6 thuc a dé phwong trinh sau c6 hai nghiém phan biét:

PUONG THANG
JIx—x? =a-2x.
Loi giai

Piéu kién: x—x*>0<0<x<1.

Pit y=+/x-x*>0.
Phwong trinh (2.4) tré thanh:

2X+y=a
2Xx+y=a

2
X*+y’-x=0< (x—%) +y’ =

>0
y y>0

(2.4)

Trong mit phang toa do, phuong trinh (1) 1a phuong trinh duwong thang A:2x+y = a, phuong trinh

(2) va (3) la phuong trinh ntra duong tron cé tam | (%;O), ban kinh R = % , thudc phan y > 0.
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Y A

X

S6 nghiém ciia phuong trinh (2.4) chinh 1a sé giao diém ciia duong thang A va nira duong tron (1,R). Do
d6 dé phuong trinh (2.4) c6 hai nghiém phan biét thi duong thang A ct nira duong tron (1,R). Khi d6

1 [f-q ) 1
204 5 2518 2a Z<0<:>2£a<2+\/§.

a=2 a>?2 a=2

d(1,A)<

2+\/§
>

Vay phuong trinh (2.4) ¢6 hai nghiém phan biét khi 2<a<

Bai 2: Giai va bién luan theo m phuong trinh vm+ X +vm—x =11(1).
Néu m< 0 phuong trinh v6 nghiém.
Néu m=0 phuong trinh c6 nghiém duy nhat x=0.
Néu m>0.

U=+m+x=>0
bat )

V:MZO
u®+v?=2m
Khidé (1) < qu+v=m  (2).
uv=0
Nghiém ciia hé (2) chinh 1a giao diém cia duong thang (d) u+v=m véi cung AB cua dudng
tron (C) u*+v?=2m.
Do d6 (2) c6 nghiém
< OH <d(0,(D)) <R) Véi R=+/2m la ban kinh ctia dudng tron (C))
\/; " <J2m < Jm sTg
o2m<m’<dme 2<m<4,
Luc do: u2+(m—u)2 =2m.

S0 -2mu+m?-2m=0<2u®>-2mu+m?-2m=0.

m++/4m —m?

<>U,=
1,2 2

Tran Manh Twong https://www.facebook.com/groups/TAILIEUDAYTHEMTOANTHPT/ 66




Chuyén dé : PT-BPT-HPT VO TI TOAN THPT - MAKE THE MATH SHINE

m—+/4m—m? Jz_m

@Xl’zzufz—m:( 5

m+/4m —m?
—
Néu m=0 phuong trinh (1) c6 nghiém duy nhat x=0.

Vay X, = T

, 2
Néu 2<m<4 phuong trinh (1) c6 nghiém x,, :iw.

2

. [m>4 N

Néu phuong trinh (1) v6 nghigm.
0zm<2

ya

N
Bm B

(C)
N s
0 Zm mN\ ),
N

Bai 3: Giai va bi¢n luan theo a bét phuong trinh: \/a+~/x +a—+/x <2 (1).
L&i giai
Tachi xét a>0 (vi néu a<0 thi biéu thuc \/a—\/; khong c6 nghia)
A
e

/2

u+vs<?2
u:Ja+

" Khi do PT (1) e<u+vi=2a (2).
v=ya-+/x u,v>0

pit

Tu day suy ra cac diém M (u;v) théa man (2) < M (u;v)thuoc phan duong tron
(C):u®+v? =2a chua trong tam gidc OAB. Do d6
[1 Néu «2a > 2 < a>2: Bat phuong trinh (1) v6 nghiém.

[ Néu v2a <+/2 < 0 <a<1: Bit phuong trinh (1) c6 nghiém thoa man 0<u=+/a++/x <+2a
o 0<a++/x<2a < 0<x<a’.
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0 Néu +2<+2a<2 <l<a<2: Bat phuong trinh (1) c6 nghiém thoa man

0<u=+a+x <y,
u, <u=+/a+ x <<[2a

(V6i ug;u, (u, <u,) lacac nghiém cua phuong trinh u? +(2—u)2 =2a. (Pi khir v)).

Giai phuong trinh u® +(2-u)’ =2a

o6 {ulzl—\/a—l . OS\/a+&SU1:1—\/a—1 a+x<a-2a-1
0 Vi vay =
u, =1+va-1 u,=l+va-1<+a+x<+v2a |u,=l+Ja-1<a+x <2a
<a-2a-1
= arvx=4 a < 4(a-1)<x<a’.
a+2Ja-1<a++x<2a

Vay

a<0 _, R =

0 : Bat phuong trinh (1) vO nghiém.
a>2

[10<a<1: Bat phuong trinh (

[11<a<2: Bat phuong trinh (1) c6 nghiém 4(a-1)<x<a’

K+fy-a

X+Yy—4Xy=a

a)Xéc dinh a dé hé c6 nghiém.
b)Giai va bién luan theo a.

1) c6 nghiém 0<x<a’

Bai4:  Cho h¢ phuong trinh { (1) véi a latham s6

Loi giai
u+v=a (A)
\/— >O u+v=a 2 )
u=+/x,u>
Dét{ khidohé U’ +v —uv=a < U’ +v2 = a;ra (C) (2).
y=yy,v=0 uv>0
u,v=0

i = (u +v)2 —(u2 +v2) ~ a’ —(u2 +v2)
- 2 - 2
)

(@>0)

¥
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. R az0 : 2a+a’ ., .. X
Vi vay hé (1) c6 nghiém < (véi R= la ban kinh cua duong tron
OH <d(0,A)<R 3

EgigR R? < a? < 2R? 2a+a’<3a’ 32(2a+a2)
ChHhey 2 2 = &
450 ax=0 a>0

a>0 a=0 -
o |2+a<3a<4+2a <] [(a>0 <:>[ T
1<a<4
b) Theo két qua cau (a)
) , . . [u=0 x=0
[JKhi a=0: Hé (2) c6 nghiém duy nhat = .
v=0 y=0

. 2 2
OKhi 1sa<4:Tac u’+(a-u)’ = a;ra (Da khir V).

< 6u?-—6au+3a’=2a+3a®> <3u’-3au+a’*—-a=0

_ 3aty12a-3a’

<SUu, = 5 vaVv,=a-U,=U,.

o [x
Vay khi a=0 h¢ (1) c6 nghiém duy nhat {

_u12

Khi 1<a<4 hé (1) c6 hai nghiém .
y=U,,

Cla>4 ~ .
Khi { hé (1) vo nghiém.

Ozxa<l
N . . . ) x2+(y+1)2§k (1)
Bai5:  Xac dinh k d¢ hé phuong trinh sau ¢6 nghiém duy nhat
2 2
y +(x+1)" <k (2)
Loi giai
Y4
A
J @) X

-1

Véik < 0: Dé thay rang hé da cho vo nghiém, vi vay ta chi xét truong hop & < 0 Xét trong mat
phang toa d6 Ozy .

[Xé4c dinh hinhtrong €, tam I 0;—1 cobankinh R = \/E
[Xé4c dinh hinhtron €, tam J —1;0 cobankinh R, = \/E
Do d6 h¢ da cho c6 nghiém duy nhit< C, va C, tiép xdc ngoai véi nhau

@R1+R2:IJ<:>2\/E:\/§<:>]§:%
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X11. PHUONG TRINH VO Ti SU DUNG PHUONG PHAP LUQNG GIAC HOA
Bail. [Lwong gidc héa] Giai phuwong trinh x° —3x = Jx+2

Loi giai

biéu kién x>-2

Néu x>2 tacod x*—3x=x+ x(x2 —4) > X >/X+ 2. Suy ra phuong trinh vo nghiém.

Néu 2<x<2

bat x=2cosa (0<a <z) .Khido

8cos’ @ —6cosa =~/2cosa +2

& 20083 =2

(24
COS—
2

a
< c0s3a = cosE

kdrx
“=75
= keZ
47z( < )
oa=—
7
Do 0<a <z nén a=0;a=4?ﬂ;a=47ﬂ:>X=0;X=2COS4—7[;X=2COS4—”

Bai 2: Binh m dé bat phuong trinh sau c6 nghiém €os X ++/2—c0s? X +c0s X.A/2—c0s* x =m.

Loi giai:
_Jo_ e
pat {4 =V2 708X khi o
V =COS X
u>+v>=2
=m
u2+v+2uv (u+v)2—(u2+v2)
QD equ+vi=2  <u+v+ 5 =m.
1<u<2 l<u<<?
u’+v> =2
.y u>+v:=2
= u+v+%=m SAU+V)2+2U+Vv)-2(m+1)=0.
1<u<+2 1<u<y2
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u®+v?=2(C)

u+v:—1+\/m(Dl)

1<u<+2

u?+v? =2(C)

u+v:—1—m(D2)

1<u<2

yA
N2
i

(D,)

R rang (D2) khong cit cung ABC .

Do d6 phuong trinh (1) ¢6 nghiém < (D1) cét cung ABC.

&S0<-1+/2m+3<2.
& 1<4/2m+3<3.

< -1<m<3.

XI. PHUONG TRINH VO Ti O THAM SO
1. Phuwong phap chung

a. Baitoan 1. Tim m d¢ phuong trinh f (Xx;m)=0 c6 nghiém trén D ?
e Budc 1. Doc lap (tach) m ra khoi bién s6 x va dua vé dang f (x)=A(m).
e Budc2. Lap bang bién thién ctia ham so f (x) trén D.
e Budc 3. Dua vao bang bién thién xac dinh gia tri cia tham s6 m dé duong thang y = A(m) nam ngang
cat d6 thi ham so y = f ().
e Budc 4. Két luan nhitng gia tri can tim cia m dé phuong trinh f (X) = A(m) c6 nghiém trén D.
Luu y:

o Néuhamsd y=f (X) ¢6 GTLN va GTNN trén D thi gia tri m cin tim 1a nhitng m théa méan:

mgn f(x)<A(m)< max f(x)|.
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Néu bai toan yéu cau tim tim tham s6 dé phuong trinh c6 k nghiém phan biét, ta chi can dua vao bang
bién thién dé xac dinh sao cho dudng thing y = A(m) nam ngang cit d6 thi ham sé y = f (X) tai k diém
phéan biét.

. Baitoan 2. Tim m dé bat phuong trinh f (X; m) >0 hoac f (X; m) <0 co6 nghiém trén D

Bude 1. Doc 1ap (tach) m ra khoi bién s6 x va dua vé dang f (x)= A(m) hodc f(x)<A(m).
Budc 2. Lap bang bién thién ciia ham s6 f (X) trén D.
Budc 3. Dua vao bang bién thién xac dinh gia tri ctia tham s6 m dé bat phuwong trinh c6 nghiém:

+ Véi bat phuong trinh f (x)> A(m) d6 la nhitng m sao cho ton tai phan d6 thi nim trén dudng

thang y = A(m), tuc 1a A(m)ﬁmgx f (x) (khi max f(x) 3).

+ Véi bat phuong trinh f (x) < A(m) d6 1a nhitng m sao cho ton tai phan d6 thi nim dudi duong

thang y = A(m), tirc 1a | A(m) = min f (x) (khi min f (x) EI).

. Bai toan 3. Tim tham s0 m d¢ bat phuong trinh f (x)> A(m) hoge f (x)< A(m) nghiém dung ¥xeD

Bt phuong trinh f (x)> A(m) nghiém dung |Vxe D < min f (x)=A(m)|.

Bit phuong trinh f (x) < A(m) nghiém ding |vxeD < max f(x)<A(m)|.

Luuy:

Céc bai toan lién quan hé phuong trinh, hé bat phuong trinh —— ta can bién d6i chuyén vé cac phuong
trinh va bat phuong trinh.

Khi do61 bién, can quan tam dén diéu kién cua bién méi.

Céc vidu

Bai 1: Tim m dé phwong trinh sau ¢6 2 nghiém thuc phan biét : 2¢/x+1=x+m

Léi giai

biéu kién: x>-1
Phuong trinh di cho twong duong véi 24/X+1—x=m

Xéthamso f(x)=2vx+1-x.Taco f'(x)

1 _1_1—\/x+1
IX+1 IX+1

f'(x)=0=>1-VYx+1=0<x=0
Bang bién thién

N
3
3

s

-1 0 +0o0
+ 0 -

N

7

%
-
%

N TT—_————

S

.
%
-l
%
%
%
%
%
%
%
%
%

1

]

3

Dua vao bang bién thién suy ra phuong trinh da cho c¢6 2 nghiém thyc phan biét khi 1<m<2.
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Bai 2: Tim m dé phuong trinh 31+ x + 31— x =m c6 nghiém.

Loi giai
Xéthamsd f(x)=31+x+3J1-x trén R.
Taco f'(x)= t 1 VX # £1

3Y(1+x) 33/(1— x)’

oy 1
f(X)_0© \/1+x 3\/1 x)*

lim f (x) = lim +§/1—_x): lim (%/u_x—i/ﬁ)

X—>+0 X*)+OO(

—0<:>x:0

= lim

Hm?/ 1+x) +m+§/ X— 1

Tuong ty lim f(x)=0.
Bang bién thién:

x —30 - 1 0 1 +o0
/() +

f(x) / \
0 0

Vay phuong trinh da cho c6 nghiém khi va chi khi 0<m<2.

Bai 3: Chang minh ring ¥m>O0 , phuong trinh sau ludon c6 hai nghiém thyc phan biét:
X +2x—-8=,/m(x-2) (KB -2007)

Loi gidi
Do m>0nén x>2
1) < (x=2)(x+4) =m(x-2) &[(x-2)(x+4)] =m(x~2)
<:>(x—2)[(x—2)(x+4)2—m}:O@{XZZ

x*+6x*-32-m=0(*)

Yéu cau Bai quy vé chirng minh phuong trinh (*) c6 mot nghiém trong (2;+o)
Bién ddi (*) <= m=x*+6x>-32.
Xéthamsé f(x) = x*+6x*—32 vdi x> 2.
Tacd f(x)=3x*+12x>0,Vx>2 va lim £(x) =+o0
Bang bién thién:

by 2 +o0

[

e / "
0

Tir bang bién thién suy ra ¥Ym> 0 phuong trinh (*) ¢6 dang mot nghiém x> 2.
Vay phuong trinh da cho c¢6 ding hai nghiém thyuc phan biét Ym>0.
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Nhan xét: Sau khi tim duwoc diéu kién x>2 viéc khao sat ham so f(X) o trén la rat de dang chu yeu la
diing dao ham tuy nhién ding dinh nghia ciing suy ra tinh dong bién cia ham sé f(X).
Bai 4: Tim m dé phuong trinh sau c6 nghiém duy nhat

W1-x2 —20x3+2x2+1=m trén {%1;1}

Léi giai
Xétham b f (x)=331-x* —2yx°+2x* +1 trén {_?11}

Taco f (x)=

-3x 3% +4x __X( 3 3x+4 J
J1-x* G +2x?+1 V1-x2 ¢ +2x2 +1

Xéthamsé g(x)=x*+2x"+1  trén {%1;1]Tacé 9'(x)=3x*+4x=0<x=0
Dua vao bang bién thién ta thdy g(x)>1,Vx e {—%;1}

va Vx{—%;l} ta co 3(—%)+4£3x+4s3.1+4<:>gs3x+4£7.

3 + 3x+4 >O,VXe[—E;1}
V1-x2 ¢ +2x+1 2
Dodo f'(x)=0<x=0
Bang bién thién:

Suyra

x 0 1 7
/' (x) 0 -
1
- /' \
f(%) -4
0
Viy phuong trinh c6 nghiém duy nhat khi -4 <m < @ hoac m=1.
Nhan xét :
p— 2 7
Viée sir dung ki ning bién déi tir ST S S —x[ 3, Sx+4 ] la khau quyét
J1-x* G +2x%+1 V1-x2 G +2x2 +1

dinh dénviéc  xét ddu ciia dao ham, mé dwong cho viéc sir dung tinh chdt ciia ham sé .
Bai 5: Tim m dé phuong trinh sau c6 diing hai nghiém thuc phéan biét

Yox +\2x+246-x+26-x=m (K, —-2008).

Léi giai

biéu kién 0<x<6
Xétham sb '(x)=2x +v/2x +24/6—x +2/6-x trén [0;6]. Tacé

f’(X)=% o flo-xy +(%_J61‘Xj
sEREIEIRES)
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[ 1 1 ) ( 1 jz 1 ( 1 jz N
2x  4fo—x \/2x 6-x) \¥6-x Y2x  46-x

1 1
f'(x)=0——-———=0=x=2
( ) Y2x  Y6-x

Lap bang bién thién:

—

/(%) /(2)
A

voi f(0)=2v6+246;f(2)=6+3v2;f(6)=2J3+412
Tur bang bién thién suy ra gia tri can timcaa m 13; 26 +246 <m<6+34/2.

Doi voi mot s6 Bai khong si dung diege phirong phdp ham sé tryc tiep ma phai sau qua trinh bién doi
nhw dat an phu thich hop mai sir dung dwoc phwong phap ham so .Ta xét Bai sau :
Bai 6: C6 bao nhiéu gia tri nguyén cua tham s6 m dé phwong trinh x* +3x+1=mvx* +x?+1 c6 nghiém
duong?

A 1. B. 8. C. 15. D. 27.
Loi gidi

Chon A.

Tap x4c dinh cua phuong trinh: D =(0;+0).

Ta co: x2+3x+1=m\/x4+x2+1<:>2(x2+x+1)—(x2—x+1):m\/(x2+x+1)(x2—x+1)
2X+—X+1 1=m X+—X+1(1)
x> —X+1 \/x —-x+1
Dit t = /x +x+1 \/ L, 2
x? —x+1 NG —x+1 x+1—1

X
2X
1+ —>1
1+2L >1 x? —x+1
Do x>0 nén X=x+l :>te(1;\/§]
1 3
X+—2=2
X
s . N . 2 2t° -1 1
Khi d6 phuong trinh (1) tr¢ thanh phuong trinh 2t* -mt-1=0<m= =2t _E(Z)

Dé phuong trinh di cho ¢6 nghiém duong thi phuong trinh (2) 6 nghiém thugc (ZL' NG ]

Xét ham sé: y:2t—%;t e(l;\/ﬂ
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LZtZ—tlj—[ztl—éj 2(t2—t1)+(t2tl_tt1j 1
L. ) . . 140 A 2 — 2 =
Véi t;t, E(L\/g}'fi #1, Xettiso t,—t, - t,—t, _2+tl.t2 70

1 53

Suy ra ham sé y=2t—% ddng bién trén nura khoang (L\/§] = y(1)<2t—%s y(\/§)<:>l< 2t—E<—

SI

=l<m<—
Do m lasé nguyén nén c6 duy nhat 1 gia tri cia m thoa man yéu cau bai toan.

Bai 7: Tim sb cac giai tri nguyén duong cua tham sé m dé phuong trinh

(VX +m=x)* +(Vx* +m +x)° +6(m-1)Yx* + m+4x’ —6+4m =0 co nghigm.

A 0. B. 1. C. 2. D. 3.
Loi giai
Chon B.

Pat: a=x>+m-— x 2>0,b>0) a+b=2yx*+m = (a+b)? =4x* +4m
: =
b=+/x? +m+x ab= (Vx> +m—-x)(Vx*+m+x)=m

Két hop véi (*), duoc hé phuong trinh:
ab=m
a’+b°+3(ab-1)(a+b)+(a+b)*-6=0

{ab m
&
(a+b)’+(a+b)*-3(a+b)-6=0

a+b=2 b=2-a )
= = =-a“+2a=m
ab=m a(2-a)=m

Xétham y = f (a)=—-a’+2a véi 0<a<2 co bang bién thién

T 0 1 2

Vay O<m<1suyra m=1.

. L \ , . N YL m . N A
Bai 8: Biét rang phuong trinh X = a+ya-++/x co nghiém khi va chi khi a>—-— vagi m,n la cac s6 nguyén
n

oMo ae .
duong va — la phén so toi gian. Tinh T =n+m.
n

A T=2. B. T =5. C.T=-3. D.T=1
Loi giai
Chon B
o x>0
bieu kién: .
a++x=>0
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Pat y=a++/x>0

Suy ra: {XZ&H\N = x—y+x =y =0 & (x-Jy) (x+y+1) =0
y=a+/x
edx=yex=y

Nén x—+/x =a. (D& thiy véi x>0 thi a++/x>0).

Patt = \/;(t >0) phuong trinh dua vé: t*—t=a

Xéthamsé f (t)=t*—t véi t>0 c6 bang bién thién:

0 + oo
1/4

1
Suy ra aZ_Z =T=5.

Bai 9: Cho phuong trinh my/x+1=-3vx—1+23x?—1, biét rang tap tat ca céc gia tri cua tham sé m dé

phuong trinh d cho c¢6 nghiém la nra khoang (a;b]. Tinh gia tri biéu thuc S =a® +b°.

28 26
B

A —

. L C. -1 D. 1.
27 - 27

Loi giai
Chon B.

Diéu kién x>1, Chia hai vé cho v'x+1 ta duoc pt:

m=-3 X—_l+2z\t/x_1.£)eitt=z{/x_1=4\/1—i

X+1 X+1 X+1 X+1

Do x+122:>is1:>0s1—i<1:>0st<1
X+1 X+1

Ta c6 phuong trinh m=-3t*+2t (*).
Bang bién thién cua ham f (t) = —3t> + 2t trén [0;1)

T

1/3 1
1

()
1/3
() / \
() &

Theo bang bién thién thi (*) c6 nghiém thuoc [0; 1) < —-1<m<1/3.

Bai 10: Cho phuong trinh: mX2+2 = x+m (1) biét rang tap hop cac tham sé thuc m dé c6 dung ba
nghiém thyc phéan biét 1a (a;b). Tinh gidtri a+b
A. 0 B. 2/2. c. 2. D. v/2.
Loi giai
Chon B.
Tap xac dinh: D=R.
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Ta cé: (1)< m x2+2—m=x<:>m=;:f(x); vxeR.

x*+2-1

2 ’ 2
Tinh: f'(X):(\/X2+2—1) X 2-NX'+2. vxeR.

_\/x2+2 B N

_Jx2 =—2
Ch01“(X)=0<:>—2 X+2:O<:>\/x2+2:2<:>x2+2:4<:{x \/_

VX2 +2 x=2
Bang bién thién

X —0 —2 2

+00

- 0 + 0

+00

N
f(x) \ﬁ/ \ B

Dua vao bang bién thién, dé ham sd ¢6 ba nghiém thyc phan biét thi: —\/E <m< \/E .

Vay a+b=0

XIV. TRAC NGHIEM PHUONG TRINH VO Ti

TN 1.1: Tong céc nghiém cia phuong trinh: 2(x* —x+6) =5vx*+8 la
A. 6. B. 3. C. 6.

D. -3.

TOAN THPT - MAKE THE MATH SHINE

Phan tich. Khac véi hai vi du trén, bidu thre trong can thic 12 bac 3, ta van giai theo cong thic /A =B, dé
thu dugc phuong trinh bac bn. Lic d6 véi su hd tro ciia may tinh casio, ta s& phén tich dwoc thanh tich sé

dang bac 2 nhéan bac 2.
Loi giai
Pap an: C
Picu kién: xX* +8>0< (x+2)(x* —2x+4) >0 < x> 2.
2(x* —x+6)=5Vx*+8
(< 8.(x* —x+6)" =25(x> +8) < 8x* —41x* +104x* —96x+88=0
X*—6x—-4=0

& (X2 —6X—4)(8X* —18X+28) =0 < & x=3+4/13.
8x> —18x+28=0:VN

Két luan: So véi didu kién, phuong trinh da cho ¢6 2 nghiém la x =3++/13,
TN 1.2: S8 nghiém ciia phuong trinh 2x2 —6x—1=+/4x+5 13
A.l. B. 3. C.2.
Loi giai
Pap an: C
biéu kién xac dinh: x> —% .

Taco: 2x° —6x—1=/4x+5 < (2x° —6x—1)2 — AX+5

o x -3 +8x°+2x-1=0

D. 0.
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X, = 2.414213562
) o . X, ~—0.414213562
St dung may tinh Casio ta thu dwoc:
X, = 3.732050808

X, =0.2679491924
Tw duy Viet dao: x +x, ~2,xx, ~-1

Nhan te thu dwec: x* —2x -1

Vay: (x* —2x—1)(x* —4x+1)=0

Truong hep 1: Véi X2 —2x—-1=0<>x=1++/2.

Két hop diéu kienta co x=1—+/2.

Truong hep 2: Vi X2 —4x+1=0< x=2++/3.

Két hop didu kignta cd x=2++/3.

Két lu@n: Phuong trinh c6 hai nghiém phan biét x=2++3 va x=1-2.

TN 1.3: Tong binh phuong cac nghiém cia phuong trinh: 2x* —6x—-1=+/4x+5 la
A 10+242+23. B.10-22+243. C.8-22+2y3 D. 1222 + 24/3 Léi giai

Pap an: B
Lity thira sau khi str dung casio tim duoc nhan tir x> —2x—1.
2X? —6X—1=+/4x+5

2x* —6x-1>0 2x* —6x-1>0
< 2 2 < 4 3 2

(2x°-6x-1)" =4x+5 X" —6x"+8x“+2x-1=0

3+4/11 3-411 Y —1-3

v X<

2x* —6x—1>0 X >
TR —2x 1) —dx+1) =0 2 < N
(x B x=1+/2 v x=2+./3 X=2+3

Két luan: Téng binh phuong cde nghiém a: (1-—+2) +(2++3) =10-242+2V3

TN 1.4: Nghiém nho nhét phuong trinh: 2x2+5x—1=7/x*~1 ¢6 dang a—byC véi a,bceZ. Khi do

a+b+c cokétquala
A 11. B. 10. C.9 D. 12.
Loi giai
Pap an: A
Lily thira sau khi str dung casio tim duoc nhan tir x> —8x+10.
2X% +5x—1=74/x* -1
2x* +5x-1>0
< 2 N2 _ 3
(2x° +5x—-1)° =49(x" -1)
2x?+5x-1>0
o
4x* —29%° +21x* —10x+50=0
2x2 +5x—-1>0 x=4+6
SN , - 2l .
(%2 +3x+5)-(x* —8x+10)=0 | x=4-+/6
a=1
K&t luan: Nghiém nho cia phuong trinh 1a x=4-+6 ={b=1=a+b+c=11
c=6
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TN 1.5: Téng c4c nghiém ciia phuong trinhv2X% —3X+1++/x2 +X—2 =+/3x2 —4x+1¢6 dang a—b/c voi
a,b.ceZ.Khido a+b+c co kétquala

2-+/33 2-+/33 1+4/33 1-/33
A. . B. . C. . D.
3 4 4 =4
Loi gia
Pap an: D
2x* =3x+1>0
\ <=2
biéu kién: {x*+x-2>0 < :
x>1
3x* —4x+1>0
(*) < 3x2 —2x =142/ (x—1)? (2x=1)(x+ 2) =3x? —4x +1
> 1-x>0
& J(x=12(@2x-1)(x+2) =1-x = , )
(x—1)2(2X-1)(x+2) = (x—1)
x<1 -3—
& , ) < x=1 hoac x=3—\/£-
(x=1)°-(2x*+3x-3)=0 4
Két luan: Téng cac nghiém phuong trinh 1a 1+ -3 _4@ = LF
. A \ 3 2 2 , a+b«/€ - ..,
TN 1.6: Nghiém phuong trinh X* + X =(x +1)\/x+1+1 c6 dang 5 véi a,b.ceZ.Khi d6 a+b+c
c6 két qua la
A 7. B. 6. C.5 D. 8.
Loi giai
Pap an: A

biéu kién xac dinh: x> -1.

Taco: x*+X° =(x* +1)v/x+1+1
S +xe-1= (x2 +1)m = (x3 +x2 —1)2 = (x2 +1)2 (x+1)
SX+X -4 -4 —x=0 x(x5 +x* —4x? —4x—1) =0(*)
x, ~~0.430159709
Sir dung mdy tinh Casio ta thu dwoc: < X, ~1.618033989
X, = —0.618033988
Tw duy Viet dao: x, +x, =1.0000000001~1, X, X, =—0.99999999989 ~ —1

Nhan ti thu dwec: x> —x-1
Do d6 (*) < x(x2 —x—l)(x3 +2x% +3x +1) =0 (**)
Diéu kién c6 nghiém caa phwong trinh:

x3+x2—120:>x3+x2—§>0<:>(x——][x +IX+= j>0:>x>—

1445

Vi x>;>0:>x +2x% +3x+1>0. Do d6 (**) = x* —x—1= O:>X_T

1+J§

Két hop diéu kién ta thdy chi c6 nghiém x = ——— thoa man.
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a=1

FAT . , . R 1+\/§

Keét lugn: Phuong trinh c6 nghiém duy nhat la x = > =Jb=1=a+b+c=7.
c=5

TN 1.7: Tong binh phwong cac nghiém phuong trinh \/X2 - X+1+\/X2 +X+1=+/4—X gin nhat véi gia tri
nao sau day
A 0. B. 1. C. 3. D. 5.

Loi giai
bap an: A
biéu kién x <4.
Phuong trinh da cho twong duong vai:

VX=X +1=4—x x> +x+1 =S

JA—x—=x*+x+1>0 {x2+2x—3£0

4+x:2\/(4—x)(x2+x+1) < 453 —11x* —4x =0

<4 x=0 & X_ll—\/185
4x* -11x—-4=0 8

- Két luan. Tong binh phuong cic nghiém cta phuong trinh 1a ~0.1057445 .

11-185 )
8
Nhan xét.
- Truong hop: a, +a, =a, (vi du 2) & trong dang todn nay viéc str dung hé diéu kién dé bién doi gidp ching
ta vira sir dung duoc phép bién d6i twong duong ciing vira st dung dugc phép bién doi hé qua.
- bac thu caa dang toan nay la viéc tim diéu kién

Jax? +bx+c, —\Jax® +bx+c, >0 twong déi don gidn. Néu trong truong hop viée tim didu kién nay 12
kho khan, chiing ta hiy wu tién cho viéc sir dung phép bién ddi hé qua.

TN 1.8: Tap nghiém ciia bat phuong trinhVx+11>vx -4 ++/2x-1 cd1a S =[a,b]. Khido a+b Ia
A. 6. B. 2. C.7. D. 9.
Loi giai

Pap an: D

X+11>0 x>-11
DPidukién: {x—4>0 <{x>4 < x>4.

2Xx—-1>0 x=>0,5
IX+11>x-4+/2x-1
<:>x+1123x—5+2\/(x—4)(2x—1)<:>\/(x—4)(2x—l)£8—x

Xx—8>0 X<8
= = o -12<x<5.

(x—4)(2x-1)<(8-x)" [ X*+7x-60<0
Két hop vé6i diéu kién, tap nghiém cta bat phuong trinh la: S = [4; 5 ] .

a=4
Vay =a+b=9
b=5

V124 x— X2 . V124 x— X2

T2 29 (*) cola S=[ab]u{c}.Khido

TN 1.9: Tap nghiém cua bat phuong trinh

a+b+c la
A -1. B. 2. C.0. D.1.
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Loi giai
Pap an: D
12+ x—%2 =0
(*) < 12+x—x2( 1 1 jzo@ V12+x-x* >0
x-11 2x-9 1 1
— >0
| Ix=11 2x-9
X=-3vXx=4
X=—
| [83<kx<4d < .
—2<x<4
X>-2
a=-2
Vay: S =[-2,4]u{-3} =<b=4 =a+b+c=-1
c=-3

Luu V: Thong thuong thi ta quén di trudng hop 12+ x—x* =0, va day la sai lam thudng gip cua hoc
sinh.
TN 2.1: Cho phuong trinh (X +1)vX+2 +(x+6)vx+7 =X+ 7x+12. S6 nghiém cia phuong trinh 1a

A. 0. B. 2. C. 1 D. 3.
- Phan tich. ) )
- Tru6ce het ta nhan dinh phuong trinh c6 nghiém duy nhat x =2. Neu ta st dung phuong phap nhan lién hop
Mot cach thong thuong, dau trude cac bieu thirc 1a nguoc nhau nén c6 the dan den viéc phai ket hop voi
phuong phap danh gia. Ta sé& tim cach khac phuc van dé nay bang cach tim nhom cac biéu thuc vai sao cho
phuong trinh dugc dua vé dang (x—2).f (x)=0, trong dé: f(x)>0,vx>-2.
- Bé y rang, véi diéu kién: x> -2 thi ta chua khang dinh duoc dau cua nhi thirc (x+1)vi vay khi thuc hién

phép nhan lién hop ddi voi (x+1)v/x+ 2, ta cn tao ra nhan tir: (x+1)°(x—2) hay ta can tim m, n sao cho:

1
-m+n=1 3

mXx+n—+/X—2 =0 khi x=-1;, x=2, tic ta c6 hé: = 3
2m+n=2 4
3

Tir d6 nhan ca hai vé cia phuong trinh véi 3 cho ta:

3x2 +21x +36 —3(x +1)Vx+2 —3(x+6)/x+7 =0

Tién hanh viéc nhém nhan tir cho biéu thie 3(x+1)vx +2, ta s& dugc:
(x+l)(x+4—3\/m)+2x2 +16x+32—3(x+6)\/m20

D6i voi (x+6)/x+7 thido x+62>0,¥x>-2 nén ta s& nhém nhu sau

(x+1)(x+4—3\/x+2)+(x+6)\/x+7<\/x+7—3)+ x?+3x-10=0
Loi giai

bap an: C

bieu kién x >—2. Phuong trinh da cho twong duong vai:

(x+1)(x+4—3\/m>+(x+6)\/m(\/m—3)+x2 +3x-10=0.
- (x+1)2(x—2)

x+4+3m+(X+6)W'M+(X—2)(X+5):O.

JX+7+3
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(x+1)2 +(x+6)\/x+7+(x

X+4+3JX+2 NX+7+3

(x+1)2 +(x+6)\/x+7

X+4+3x+2 x+7+3
Vay phuong trinh da cho c¢6 nghiém duy nhat x =2.

< (x-2) +5)|=0 <x=2.

Do

+(x+5)>0,vx>-2.

TN 2.2: Cho phuong trinh v2x? —X+3+ x? — X =+/21x—17. Sé nghiém ctia phuong trinh la

A0 B. 2 C.1 D. 3
- Phén tich.
Ta nhan doan duoc rang phuong trinh ¢6 hai nghiém x =1, x=2. Do vdy phuong trinh nay sé c6 nhan tu
(x—1)(x—2)=x"—3x+2 khi ta c6 y dinh sir dung luong lién hop d gii bai toan. Diéu quan tam la cach
tach - nhom cac dai lugng c6 trong phuong trinh.

Gia st ta s&€ nhom (\/2x2 —X+3 —(a1x+bl))+((a2x+b2)—\/21x—17). Thay céc gid tri x=1, x=2 vao cac

: V2x* —=x+3—(ax+h)=0 2—a —b =0 =1 (a,+b,-2=0
dang thuc (ax+h) , ta s& tim duogc { &b :{ai ;{ 2
(a,x+b,)—+/21x-17 =0 3-28,-b =0 b=1 |2a,+b,-5=0
a,=3
=47 7
{b2=—1
Loi gidi
Pap an: B

Diéu kién XZ%. Phuong trinh da cho twong duong véi:
(\/sz—x+3—x—1)+(3x—1—\/21x—17)+x2—3x+2=0.
X2—3X+2 9(X2—3X+2)
+
J2X? —x+3+x+1 3x—1++/21x-17

(x2—3x+2)[ L o 1}:0

+ +
J2X2 —x+3+x+1 3x—1++/21x-17

+x2-3x+2=0.

Xx=1
X=2
1 9

+
V2x2 = x+3+x+1 3x-1++21x-17

Két luan. Tap nghiém cia phuong trinh da cho 1a T ={1;2}.

& x2-3x+2=0 c{

Do

+1> O,szg.
21

TN 2.3: Cho phuong trinh (1+/1+ x)(\/2x2 _ox+1+ x—1) = x/X. Gid sir phuong trinh ¢6 nghiém duong

dang x:a—\/:. trong d6 a, b,c la cac so nguyén duong va b la phén so toi gian. Tinh
c c

S=a+b+c
A. 49. B. 47. C. 30. D. 15.

Phan tich. Ta nhan thiy <\/1+ X —1)(\/1+ x—l): X, tuy nhién kh str dung phép nhan thém lugng lién hop ta

phéi chia thanh cac truong hop 1+ X —1=0 va 1+ x—1#0. Dé tranh nhitng van d& van dé phic tap d6
nay sinh, ta c6 thé xu 1y nhu sau:
Loi gidi
Dbap an: A
bicu kién x>0. Phuong trinh da cho twong duong voi:
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(1L x)(\/sz “ox+l+ x—1) = (1 VLX) (VI X -2)VK.
22 —2x+1+ x—1:(\/1+x—1)\/§
<:>(\/2x2 —2x+1—\/x2+x)+(x—1+\/§):0

x* —3x+1
= +(x=1++/x)=0
J2X2 —2x+1+/X% +x ( )

(x—1+ ﬁ)(x—l—ﬁ)

J2X% —2x+1+/X% + X

<:>(x—1+\/§)£ x-1-Vx +1j:0

J2X% 2% +1+ /%% + X

+(x—1+\/§):0

x—1++/x =0 (1)
=

J2X% — 22X+ 14X+ X+ Xx=1-+/x =0 (2)
Khi do:
(1)@x:¥.

(Z)Q(M+x—l)+(\/m_\/§):0(*)

Ta ch: {\/ZXZ —2x+1+x—1:1/x2+(x—1)2 +x—12w/(x—1)2 +(x-1)=(1-x)+(x-1)=0

Do d6 (*)<:>X=O.

- Két luan. Tap nghiém ctia phuong trinh da cho 1a T = {#;o}
TN 2.4: Cho phuong trinh v/X* —X +, /X—l = 2. Mot nghiém duong cua phuong trinh ¢6 dang X = a+2\/5 .
X
Tinhtdong S=a*-b.
A. S=4. B. S=5. C.S=4. D.S=-5 Lai giai

Pap an: C
x=1

Budc 1. Diéu kién .
-1<x<0

Budc 2. Ta tim dugc nhan ti (X2 —X —1). Phuong trinh da cho tuwong duong véi:

2 2
( xz—x—1)+ /x—1—1]=0 o —x-1 X —x-1 =0
X UE—x+1 (\/ 1 j
X| JX——+1

<:>(x2—x—1) + =0
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x?—x-1=0

~ x[ﬁﬂ}ﬁﬂ:o (1)
145

Budce 3. Truong hop. X° -x-1=0 < X:T'

Budc 4. Truong hop. x( /x—%+1}+\/x2—x+1:0 (*).

Hudng xt ly 1. (St dung phwong trinh hé qua)

Thay |, /X 1 +1=+/x? —x —1 tir phuong trinh ban dau vao phwong trinh (*) cho ta phuong trinh hé qua.
X

- - X(x?—x—-1 -
(5 1)+ (o +1)=0 @(XJZ_fML(mH):o

IEN x(xz—x—1)+(\/x2—x+1)2 =0 o X} -2x+1+2yx*—x =0

\ x>1
Vi diéu kién { Lex <0 thi X°—2x+1>0 hay phuong trinh hé qua X3 —2X+1+2yx> —x =0 v nghiem,
-1 X<

suy ra phuong trinh (*) vo nghiém. ]
Hudng xur ly 2. (Sir dung danh gia truc tiép trén phwong trinh)

+Néu x =1, phuong trinh (*) trong duong v6i /X(X—1) +x+1+,/x(x-1) =0 (a).
Véi x>1 =VT (a)>0, tuc (a) vd nghiém.
+ Néu —1< x <0, phuong trinh (*) twong duong voi
x* (1-x
U)o (v)
I —x X% —x
Vi —1<x<0 =VT (b) >0, tirc phuong trinh (b) v6 nghiém.
Tur d6 suy ra phuong trinh (*) vo nghiém.
1+5
—

(x+1)+(\/x2—x—\/x3—x):0 < (x+1)+

Két luan. Phurong trinh da cho c¢6 nghiém x =

TN 2.5: Cho phuong trinh v/X? + X—2 ++/x—1 = x? —1.Sé nghiém cta phuong trinh 1a.
A. 0. B. 4. C. 3. D. 2.
Loi giai
Pap an: D )
- Phéan tich. Nhan thay

(\/x2 +X-2 +\/x—1)(\/x2 +X-2 —\/x—l) = (x2 + x—2)—(x—1) =x*-1
tu d6 ta co 1o giai sau:
bieu kién x >1. Phuong trinh da cho tuong dwong voi:

s (VK2 ) (k2K T 1) -0 -

-1=0
(1)@{)(2 =x=1
X +x-2=0
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X >
(2)<:>x —2=2Jx-1 @{ V2

X' —4x* —4x+8=0

x>+/2

@{(xz)(x3+2x24)=0

Do: X3 +2x2 —4>22+4-4>0,vx>2

- Két luan. Tap nghiém ctia phuong trinh da cho 1a: T ={1;2}.

SX=2

TN 2.6: Cho phuong trinh /X +1+3/2x -3 +3x = 2. Biét mot nghiém cua phuong trinh 13 x = a+9 , trong
c

d6 a, b, ¢ 1a cac sé nguyén va L phan s tdi gian. Tinh tong S =3a+2b+c.
c

A. 10. B. 7. C. 7. D. -10.
Phan tich.

Nhan thdy (x+1)+(2x-3)=3x—-2 va khong c6 gid tri nao cia xeR lam cho cic biéu thic
Ux+1, Y2x—3 dong thoi bang 0. Nén ta cd thé thuc hién phép nhan lién hop dé xuat hién nhan tir (3x—2).

Loi giai
Pap an: B
Phuong trinh da cho tuwong duong véi:
-2 +3x-2=0
3(x+1)° —3f(x+1)(2x-3) +$»/(2x—3)2
2
< (3x-2) <3x-2=0 S X==
,/ x+1 —ﬂ/x+1 2x—3 +§/ 2X— 3 3
+1>0 vxeR
N/x+1 —1/x+1 2x—3) 1/ 2X— 3
a=0

Két luan. Nghiém cua phuong trinh d cho 1a x = % =ib=2=3a+2b+c=7.
c=3

TN 2.7: Goi S la tap nghiém cua phuong trinh vX* +5X+5+X* =+/Xx+2-3x-2.Sé phantircaa S la
A 0. B. 1. C.2. D. 3.
- Phan tich. Nhan thdy (x*+5x+5)—(x+2)=x"+4x+3=(x+1)(x+3) va x*+3x+2=(x+1)(x+2)

dong  thoi:  VX?+5x+5++x+2#0 nén ta c6 thé thuc hien phép bién  ddi:

2
VX2 +5X+5-+/x+2 = X +4x+3 dé 1am xuat hign nhan tir (x+1).
VX2 +5X+5++/x+2

Lai giai
Pap an: B
Y ‘A _5+'\/§ N ~ ,: 2 2
bicu kign x> > Phuong trinh da cho tuong duong VO’II(\/X +5X+5—x/x+2)+x +3x+2=0
X* +4x+3 ) ( X+3 j
= +X°+3x+2=0 x+1 +x+2|=0 < X+1=0
VX2 +5X+5 ++/X+2 VX2 +5X+5+/x+2

< x=-1 Do X +x+2>0,Vx2_5;\/_

VX2 +5X+5+/x+2
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Vay phuong trinh da cho c6 nghiém la x =-1.
TN 2.8: Goi S la tap nghiém cua phuong trinh v/x? +x—2 +x? = [2(x—1) +1. S phin tu cua S I
A.0. B. 2. C. 1. D. 3.
- Phan tich. Nhan thay (x2+x—2)—(2x—2):xz—x:x(x—l) vag x*~1= (x-1)(x+1), nhu vay khi

ching ta thyc hién phép nhan lién hop s& xuat hién nhan tir: (x—l). Tuy nhién khi x=1, biéu thic

B x? =X
N +x—2+\/2(x—1)

bién d6i khong c6 nghia. Vi vy truéc khi thyc hién phép nhan lién hop ta can chi y dén biéu thac lién hop
da khac 0 hay chua. Bé xur ly cac dang toan nay ta cO thé chia ra cac truong hop cua x lam cho

JF(X)+9(x) =0 va truong hop ./ (x) +4/g(x) 0. Cu thé, voi bai toan nay ta c6 thé xir Iy nhu sau:

Loi giai

VX2 +x-2+,[2(x=1)=0 do do bién ddi VX*+x-2-[2(x-1) la mot phép

Pap an: C

biéu kién x>1.

+ Nhan thidy x=1 la mot nghiém cia phuong trinh d cho.

+V6i x>1, phuong trinh da cho twong duong vai:

X? — X

= N% +x—2+\/2(x—1)

\/x2+x—2—\/2(x—1)+x2—1:0 +(x-1)(x+1)=0

\/x2+x—2+\/2(x—1)

Khi x>1 thi x—1>0 va

< (x-1) +x+1[=0(*)

Jx +x—2+\/2(x—1)

- Két luan. Phuong trinh da cho c¢6 nghiém duy nhat x =1.

+ X+1> 0 nén phuong trinh (*) khong c6 nghiém x>1.

TN 2.9: Giai phuong trinh: (X +1)\/X2 —2x+3 = x* +1ta dugc nghiém c6 dang x = at+b trong d6 a, b la
cac s6 nguyén. Tinh tong S=a+Db.

A. 0. B. 1. C. 2. D. 3.
Lai giai
Pap an: B
2
Vi x=-1 khong la nghiém cia phuong trinh nén phuong trinh tuong ~/X°—2X+ _X +11
X+
2
<:>\/x2—2x+3—(x—1):X +1—(x—1) = 2 _ 2 e —2x-1-0 o x=1+2

X+1

(e 2xra ) x1
—~a=1,b=2.Viy S=3.

Nhan xét:

Van dé dit ra 1a 1am sao nhan ra dugc dé dién sé6 x—1 vao hai vé.

2

. . , s . . X“+1
Y tudng xuat phat tir viec tam rasé « va £ sao cho vx* —2x+3—(ax+ )= .
X+

—(ax+pB) véi a>0.

X2 —2X+3—(ax+,8)2 X2 +1-(ax+ B)(x+1)
2 —2x+3+ax+ x+1

- (=) -2(1+a.B)x+(3-B°) (1-a)x*—(a+p)x+1-p
I —2x+3+ax+f3 x+1

<
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1-a°=1-«
Dén day, ta chi viéc xac dinh a, f saocho: <2+2a.f=a+f < a=1, f=-

3-p°=1-p
TN 2.10: Cho phuong trinh /X2 +3x+1+ x* = 35x+1+ 2x. Sé nghiém ciia phuong trinh 1a
A. 2 B. 0 C.3 D. 4

- Phan tich. Nhan thdy (x* +3x+1)—(5x+1)=x* —2x va khong c6 gia tri nao cia x <R lam cho cac biéu

thire 3/x? +3x+1, I5x+1 dong thoi bang 0. Tir d6 ta cd thé nhan thém lwong lién hop dé xuat hién nhan tir

(x*—2x).
Lai giai
Pap an: A
Phuong trinh da cho tuong duong véi:
(3 X2 +3x+1—§/5x_+1)+(x2 —2x) =0
X' -2 +(x2 - 2x) =0

1/ x? +3x+1 \/x +3x+1 5x+1) \/(5x+1)2

& x2-2x=0 @{
X=2

Do: L
i*‘/(x2 +3x +1)2 +§/(x2 +3x+1)(5x +1) +§/(5x+1)2

- Két luan. Phuong trinh di cho c6 nghiém x=0; X = 2.

+1>0,vxeR

TN 3.1: Tong binh phuong cac nghiém cia phuong trinh X* +5X+2+2y/x* +5x+10 =0 1a:

A. 13. B. 5. C. 10. D. 25.
Loi giai
Pap an: A

Diéu kién xac dinh x* +5x+10>0< xeR.

Khi d6 phuong trinh tro thanh: x* +5x+10+24/x* +5x+10-8=0

x*+5x+10=2 -3
SAUX+5x+10=2 <= x* +5x+6= O@{Xl .

=
VX* +5x+10 = -4
Vay X +x =22 +3F =13.

TN 3.2: Tich cac nghiém ciia phuong trinh 2x> +5x—1=7+/x* 1 bing
A. -10. B. -6. C. 10. D. 6.
Léi giai
Pap an: C
Diéu kién x4c dinh x >1.

pt < 3(x—1)+2(x2 +X+1)= 7\/(x—1)(x2 +x+1)

x-1 x-1 . x-1 1
< 3. = 2—=2 hoac ———— ==
NG +x+1 NG +x+1 X°+Xx+1 X“+x+1 3
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Voi ‘/2)(;1 =2 < 4x* +3x+5=0, phuong trinh v nghiém.
X“+x+1

Vi ,/X—lzl o x2-8x+10=0 < x=4++/6.
X“+x+1 3

Khi d6: Tich cac nghiém cua phuong trinh bang 10.
a-\b . .
TN 3.3: Biét phuong trinh v/—x? +x+6+—1:x +X €6 mot nghi¢m dang x, =———Voi a,b,c la cac
X — c
s6 nguyén duong va 2 12 phan sb ti gian. Khi dé tdng S = a? +b? +¢? bing:
c
A. 14. B. 21. C. 29. D. 30.
Léi giai

Pap an: D

Diéu kién xac dinh: —2<x<3va x=1.

pt < (3—x)(2+x)+(il—2j=x2+x—2.
X_

B2+ 2870 (xo1)(x+2).

x-1
Chia hai vé phuong trinh cho (X—l)(x+2) ta duoc: 1 ) /B_X +2. 1 . .B_X -1
Xx=1\x+2 (x—l) X+2
< 1 [8-x . . o , ] 1
biat t =——.,|[—— thi phuong trinh trg thanh 2t +t-1=0 <t=-1hoac t==.
X-=1\Vx+2 5

1<x<3
. 1 [3-x_1
Vo1t— taco— &2 _x l oy 3= , >X=2
x+2 2 +2 —:(x—l)
X+2
-2<x<1 x=-1
Volt——ltacoi 3-X -1 < =l-X &
IVxi2 \/x+2 3= =y 175

2

Khi d6 X0:1—2\/§ via=1;b=5;c=2.

Viy S=a*+b’+c¢* =30.

N \ 2 2 r e LA 1a a+\/6,- N

TN 3.4: Biét phuong trinh X++/4—Xx* =2+3xy/4—x* c6 mot nghiém 1a x, = — vai a,b,c la cac so
c

nguyén duong va % la phén s6 téi gian . Khi d6 tong S =a+b+c bing

A. 19. B. 15. C.2. D. 7.

Loi giai
Pap an: A
biéu kién xac dinh: 2<x<2.
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2
DPiat t = x+44—x* thi xy/4—x° _t > 4.

t=2

pt =3’ -2t-8=0< t 4.

3
—2<Xx<L2 X=2
Véit=2suyra x+V4-x" =2 oV4-x*=2-X <{_, = :
2x°—4x=0 x=0
) 4 4 —ZSXS—ﬂ 2+\14
V(')’Itz—g suyra<:>\/4—x2:—§—XC> 3 = X=——a—

9x%+12x-10=0
—a=2; b=14; c=3.

Khido S =19.
e N 3 3 2 , - A X \/a ;- \ ,
TN 3.5: Biét phuong trinh \/(1+ X) —\/(1—x) =2++1-x* c6 nghiém duy nhat X, == Vel a,b la cac
s6 nguyén duong . Khi d6 gia tri tong S =a’ +b? bang:
A. 13. B. 5. C.11. D. 29.
Loi gidi
Pap an: A
biéu kién xac dinh; —1<x<1.
o la=Vl+x
bat , diéu kien a,be[0;1] .
b=+1-x
) a’+b?=2 (a—b)2+2ab:2
Taco hé s s & \
a’—b’=2+ab (a—b) +3ab(a-b)=2+ab
2ab=2—(a-b)’
pab=2-(a-b) E/_ | b=1 (Do ab>0)
(a—b)a—(a—b)2—6(a—b)+6=0 {

a-b=1
. 1 . s \ - , . 2 1
Vo6i a-b=l=ab= 5 Khi d6 a; (—b) la nghiém cua phuong trinh X°—-X-==0

= a=+1+ :1JM/§ <:>x:£.

2 2

Khido S=13.

Cach 2 : Diéu kién xac dinh; —1<x<1.
\/(1+ x)3 —\/(1—x)3 =24+4/1-X? <:>(\/1+x—\/1—x)(2+\/1—x2):2+\/1— x?
SVl+x—V1-x=1 ©1+x=1-x+2J1-x+1 <2(1-X)+2J1-x-1=0
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~1++3
1-x=
2 3

<~ S X=—.

JL-x= _1_2*/5 (VN) ?

TN 3.6: Téng binh phuong céc nghiém cta phuong trinh VX +1+v4—X +,/(x+1)(4-x) =51a
A. 6. B. 3. C. 9. D. 27.

Loi giai
Pap an: C

Diéu kién xac dinh: —1<x<4.

Pit t=/x+1+4—x (dk t>0) :»\/mJZf
2 _ t=3
t=-5 (I)
Voi t=3 & Vx+1+4-x=3 =5+ 2/(x+1)(4—x) =9 = J(x+1)(4-x) =2
x=0
X=3
Vay tap nghiém caa phuong trinh: S = {0; 3} .

TN 3.7: Tich cac nghiém cua phuong trinh VX2 —x—1—+/3—-vx* —x-1=11a

PT(1) tro thanh: t+

=5 t24+2t-15=0 <:>[

& (X+)(4-x)=4 & —x*+3x=0 @{

A.%. B. -5. C.5. D. 1.
Loi giai
Pap an: B
Pit t =43-vx? =x—1 >0 < Xx* —x—1=3-t*. Phuong trinh di cho trd thanh

t =1(tm)

t =—2(loai)

V6it=1: xX*-x-1=4<x*-Xx-5=0=x.X=-5
TN 3.8: Tong binh phuong cac nghiém cia phuong trinh

2x2+2x—\/x2+x+2\/x2+x—1 =7la

A. 11. B. -1. C. -9. D. =2,

3—t2—t=1<:>t2+t—2=0<:>[

Loi gidi
Pap an: A
2x2+2x—\/x2+x+2m:7 <:>2x2+2x—\/(x/rx—1+1)2 =7 < 2x? +2x—(@+1):7
& 2% +2x X +x-1-8=0

bit t =vx* +x—-1>0 < 2x* +2x = 2(t* +1) . Phuong trinh tré thanh
t =2(tm)

2t -t-6=0< 3 .
t:—E(Ioal)

S=-1
Véi t=2: x2+x—1:4<:>x2+x—5=0:>{ j 5:>><12+x22=82—2P=11
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TN 3.9: Phuong trinh 2—f(x)=f(x)c6 tap nghiém nghiém A={1,2;3} , phuong trinh

\/Z.g —1+§/3g —2:29(x) co tap nghiém B={0;3;4;5} .Hoi tap nghiém cia phuong trinh
\/f( 1+\/g —1+ f (x)+g(x)=f(x).g(x)+1 co bao nhiéu phan tir ?

B. 4. C. 6. D.7.
Loi gia
Pap an: A
f(x)=0 x=1
2-f(x)=f(x)= , < f(x)=1=|x=2
f2(x)+f(x)-2=0 (=3

J2-9(x)-1+33.9(x) -2 =2.9(x)

@%( 29(x)—1—1)2+%(33g(x)—2+2) 33g(x)—2—1)2 -0

X
29(x)-1-1=0 X
= <g(x)=1=
3g(x)-2-1=0 X=
X
f

\/f( 1+\/g -1+ f(x)+g9(x)=
e —wg 3 -[1- 1 (9][2-0 (0]

f(x)=1
‘:’{g(x)zl

TN 3.10: Phuong trinh /2—f(x)=f(x)cé tap nghiém nghiém A={l;2;3} , phuong trinh

= x =1 .Vay tap nghiém cua phuong trinh ¢6 1 phan tir.

\/Z.g(x)—1+§/3.g(x)—2:2.g(x) co tap nghiém B={0;3;4;5} .Hoi tap nghiém cia phuong trinh
\/f(x).g(x)+1:\/f (x)+\/g(x) ¢6 bao nhiéu phan tir ?

A. 3. B. 4. C.s. D. 7.
Loi giai
Pip an: C
2—f(x)=f(x)c>{:§?))()2+of(x) e T(0)=1= s
X=3

J2-9(X)-1+3/3.9(x) -2 = 2.9(x)
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@%( 29(x)—1—1)2+§(33g(x)—2+2) 339(x)—2—1)2 =0

(
x=0
Zg(X)—l—lzo N Xx=3
@){:“BQ(X)—Z—l_oC}g(x)1 {X 4
X=5

(

\/f (x).g(x)+1:\/f (x)+\/g(x) N

Vay tap nghiém cta phuong trinh c6 6 phan tu.

xX X X X X X
Il
O A WO N P O

2
TN 4.1: Biét nghiém nho nhat cia phwong trinh 3x3—7x2+6x+4:343’% c6 dang

a‘bﬁ (abce N*),% t5i gian. Tinh gia tri cua biéu thic S =a’+b° +¢* .
A. S=2428. B. S=2432. C. S=2418. D. S=2453,
Lo giai
Pap an: B

5 16X° +6x+2
e Ters p=ttez
Pat y=316x +6X+2 Tacohe 3
3 X3 —7x*+6x+4
y= 3 (2)
I +9x% +12x+6

3
Xéthamsé f(t)=t°+t,teR ,vi f (t)=3t>+1>0,vteR nénham f dong biéntrén R.

Khidé (3) < f(y)=f(x+1)< y=x+1. Thay vao (2) ta dugc

cong (1) véi (2) theo vé ta duoc Y2 +y = &V ry=(x+1)"+x+1 (3)

x=1

_2+ﬁ

3

2-7

3

3x° —7x* +3x+1=0< (x—-1)(3x* —4x-1) =0 | X

X =

Nghiém nho nhat cta phuong trinh trén 1a X = suyraa=2,b=3c¢c=7.

2-47
3

Viay S=a’+b*+c*=22+3+ 7" = 2432

P6i véi hoc sinh 16p 10, ta chiwng minh ham f (t) =t° +t ddng bién trén R nhu sau:

Voi moi t,t, eR, b #t,, ta co
f(t)—f(t St —t2— 2 32
(@)= f(t) g+t -t t2=t12+tlt2+t22+1=(tl+t—2j 4350
t -t t,—t, 2 4
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Cach 2:

2
3 —7x? +6x+4:33/%
2
o (35 —7x? +6x+4) + (16%° + 6%+ 2) = (16X% +6X +2) +3; w

2
<:>3(x3+3x2+4x+2):(16x2+6x+2)+3§/%
2 2
<:>(x+1)3+x+1:16X +36x+2+3/16x +36x+2 *)

Xéthamsd f(t)=t*+t,teR ,vi f (t)=3t’+1>0,vteR nénham f ddng biéntrén R.

2 2
Khi 46 () £ (x+1) = f[316x +36x+2]®)(+1:3f16x +36x+2

x=1
<:>3x3—7x2+3x+1:0<:>(x—1)(3x2—4x—1):0<:> x:2+3\/7
2-7
X="——
L 3
TN 4.2: Cho phuong trinh x* +1=23/2x~1 c6 ba nghiém phan biét trong d6 nghiém bé nhat dugc biéu thi
dudi dang a=+b V6i a,b,cla cac sé nguyén, b>0,a<0,c <3. Tinh gié tri cua biéu thic P =a®+b® +c*?
C
A. 134. B. 132. C. 116. D. 118.
Loi gidi
Pap an: B
Pit t=¥2x-1=t*=2x-1 . Khi d6 phuong trinh ban diu tré  thanh
X} +1=2t
X +1=2t ) X +1=2t
3 3 g 1 3 2 <~
X' =t =2(t—x) (x-t) x+§t +Zt +2|=0 x=t
x=1
Taduge X*+1=2x <= x*-2x+1=0<| x = _1;\/5
X = 145
L 2
‘A . X 5 \ \ —1—\/5 ’ . . Y
Nghiém bé nhat cua phuong trinh 1a X = > doddé a=-Lb=5c=2va P=132.
TN 43: Goi X, la nghiém &m coa phuong trinh: v ( )

2 _ 23 _ay? <X 4 _(a+\/6)
7x° —13x+8=2x"3/x{1+3x—-3x"). Biet x, co dang ——~

nguyén tb. Hoi tong T =b+2a—c chia hét cho sb nao sau day?

A.17. B. 19. C. 18. D. 15.
Léi gii

véi a,b, ¢ 13 cac s6 tu nhién, a 1a sb
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Pap an: B

D& thdy x =0 khong la nghiém phuong trinh nén chia 2 vé pt cho x° ta duwoc: - — — ’— -
Z_l_§+%=2.3 iz+§_3
X X X V x2 X
3 3
Pua phuong trinh vé dang: (E_ j +2.[3—1j:{3 iz+§—3] +2.‘3/i2+§—3(*)
X X X® X X* X

Xéthamsé f(t)=t>+2t véi t e R, ham nay dong bién trén R .

1 Xx=1
-1
1 3 2 8 13 3 X —54+4/89
eyl 3 o 2 . 8 13 3 _
Dodo (*)<= x2+x 3 2 1<:>X3 X2+X+2 0 & 1 16 N —
X 5i\/@ __[54_\/@]
B 4

4
TN 4.4: Cho ham s& f(x) lién tuc trén R va c6 dd thi nhu hinh vé.

Vay xo=—(5+J8_9

]:>T =89+25-4=95:19

3

/ :

Hoi phuong trinh f (\/1—sin x): f (\/1+cosx) c6 tat ca bao nhiéu nghiém thugc (-3;2)?

A 0. B.1. C.2. D. V6 s.
Loi giai
Pap an: B
XE(_3;2):>{—1<sinx<1 :{O<\/1—sinx <2
-1<cosx<l |0<+1+cosx <+/2

f(\/l—sin x)= f (J1+cosx)<:>J1—sinx =1+cosx (Vi f(x) ddng bién trén (0;\/5)

. T
< sin x+cosx:0<:>tanx:—1<:>x:—z+k7z

Do xe(-3;2)= x= —% thoa phuong trinh. Vay ¢ duy nhét 1 nghiém.

TN 4.5: Goi X, la nghiém thyuc ctia phuong trinh X\5X2 +1+ XV6X2 +1—~/2x" +2x2 +1 = x% +1, biét binh

a+b

c

phuong cua nghiém x, c6 dang X, = (a,b,cez), —% t6i gian .Tinh S=a+b+c

A. S=26. B. 25. C. 24. D. 22.
Loi giai
Pap an: A
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Vi: x(\/5x2 +1+/6X2 +1) V2 2 414+ X2 +15>0= x>0

biéukién: x>0

Chia x° hai vé:(\/5+i2+\/6+i2]: f2+£2+i4+1+i2 Dit : t:iz>0
X X X° X X X

54+t +6+t=+2+2t+t> +1+t

5+t + (\/5+t)2 +1=1+t)+ (1+t)2 +1

Pit u=+/5+t,v=1+t . Didukién: u>+/5,v>1

Lic do u+yu? +1=v+ V2 +1 < f(u) = f(v)

Cach 1: Xét ham dat trung : f (t) =t+t2+1 Didukién: t>1

f'(t):1+\/2t_>0:> ham sb dong bién trén (1,+) néntacéu=v
t°+1
X2_1+J1_7(n)
. 1 1 1 2 1 1 1 i s -8
Khi do 5+—2:1+—2 <:>5+—2:1+—2+—4<:>—4+—2—4:0<:>4x -x-1=0 &
X X X X* X X' X , 1-17
X° = (1
8
~S5=26
Cach 2: U+Ju?+1=v+yv? +1 c>u—v+(Ju2+1—Jv2+1):0
@(U—V)|:1+ u+v }:o &Su=Vv
JuZ+1+ V2 +1
Khi d6 ta c6 /5+i2=1+i2
X X
X2_1+\/1_7(n)
1 2 1 1 1 P -8
Sb+S=l+S+S o S+5-4=004"-x"-1=0 < <=S=26
X X* X x* X , 1-\17
X" = (1)
8

TN 4.6: Cho f(x)=x’—3x*—6x+1. Phuong trinh \/f (f(x)+1)+1=f(x)+2 c6 6 nghiém thuc la

A 4. B. 6. C.7. D. 9.
Loi giai
Pap an: A
bat t=f(x)+1 =t=x>-3x*-6x+2.

Khido \[f (f(x)+1)+1=f (x)+2 tro thanh:
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t>-1 t>-1
f(t)+l=t+l< , &
f(t)+1=t"+2t+1 [t*-4t*-8t+1=0
t>-1
t=t e(-2-1) t=t,e(-11)
=S & .
t=tze(—1;1) t:t36(5;6)
t=t,e(L6)
(Vi g(t)=t"—4t>—8t+1; g(-2)=-7; g(-1)=4; g(1)=-10; g(6)=25).
Xét phuong trinh t 2t=x>-3x* —6x+2, la pt hoanh d¢ giao diém cua dd thi ham sé
y =x* —3x? —6x + 2 va dudng thang y =t . Ta co bang bién thién.
x | —oo 1-3 1-43 +00
Y - 0 — 0 +
—6+643
y
—6-643

Duya vao bang bién thién, ta cd

+V6i t=t, e(-L1), taco d cit (C) tai 3 diém phan biét, nén phuong trinh c6 3 nghiém.
+V6i t=t, €(5;6), tacd d cit (C) tai 1 diém, nén phuong trinh c6 1 nghiém.

Vay phuong trinh da cho c6 4 nghiém.

TN 4.7: Tong binh phuong cac nghiém cua phuong trinh
\/1+ V2% - X +\/1-\/2x-x2 = 2(x-1)4 (2x2 -4x +1) 1) 1a
A 9. B.5. C.4. D. 8.
Loi giai

Pap an: C

1)= \/1+,/1—(x—1)2 +\/l—4/1—(x—1)2 =2(x-1)"[2(x-1)" 1] (2)
Piéu kign: 1-(x—1)" >0 (x-1)" <1.
Pat t=(x-1)" >0=te[0;1]. Luc do:

2) 5 AL+t +41-1-t =27 (2t-1) (3)

VT >0

Véite {O; %j thi phuong trinh (3) cod {VP :O = (3) vO nghiém véi t e {O;%j .
Véite {% ;1} binh phuong hai vé (3) ta duogc:
(3)=2+24t =4t* (2t 1) & %+% =2t*(2t-1)° (4) (chia hai vé cho t=0).
Nhan thdy t =1 1a mot nghiém cua (4) .
Xét ham sb f (t) =:1—_L+% trén doan {%,1}
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f '(t)z—tlz+2—il/{<0, ‘v’te[%;l}: f(t): nghich bién trén [%;1]

Xét ham sb g (t)=2t%(2t —1)2 trén doan [%;1} .

g'(t)=6t*(2t-1)" +4t*(2t-1) >0, vt e B;l} = f (t): dong bién trén B;l} :

. 2 2 X=
Vay t =1 la nghi¢ém duy nhat cua (4):>t :(X—l) :1c>{x_2

Viy téng binh phuong cac nghiém: 0% +2° =4,
TN 4.8: Téng céc nghiém cua phuong trinh x° +1=2%2x-1 (*) Ia

A. 3. B.5. C.4. D.

N w

Loi gidi
Pap an: A
(*) < X +2x =2x-1+2¥2x -1

<:>x3+2x=(i‘/mr+2§/m

e () =f(¥x-1) (1)
Xéthamsé f(t)=t>+2t lién tuc trén R.
f'(t)=3t"+2>0, VteR= f(t) dongbiéntrén R (2)
Tir (1),(2)= f(x)= f (¥2x-1) = x=¥2x-1

< xE=2x+1

<:>(x—1)(x2 +x—1):0
o x=1v x:_l?/g.

Vay téng cac nghiém cua phuong trinh 1a 3.
TN 4.9: S6 nghiém cua phuong trinh 8x* —36x* +53x—25=%/3x-5 (%) la
A 0. B.1. c3. D. 2.
Lo giai
Pap an: C

(¥) & (2x-3) +(2x-3) = (¥/3x—5) +3x—5

& f(2x-8)=f(¥3x=5) (1) vicoham dicnmgla f(t)=t"+t.
Xéthams6 f (t)=t>+t lién tuc va xac dinh trén R .
f'(t)=3t"+1>0,vte R=t(t) dongbiéntrén R (2)

Tir (1),(2) = f (2x-3) = f (¥3x=5) = 2x-3=33x-5
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& 8x° —36%2 +51x—22=0

5+./3
=

& (x-2)(8x* -20x+11) =0 x=2 v x=

Nhan xét: Ta can dua hai vé phuong trinh vé dang f [g (X)J = f [h(x)] trong d6 ham dic trung c6 dang

N . . . 3
f (t)=mt’+nt. Ta cn dong nhat sao cho bicu thirc bén vé phdi c6 dang: m(\3/3x—5) +n3/3x-5 va so

v6i vé phai PT nén ta chon n=1.

. 3 <

Cong viéc con lai 1a tim nhitng hang tir & vé trai sao cho m( px+u)3 +(px+u)= m(§/3x—5) +33x—5.Dé&

A 3 3 A 3 4 r by 9 m:]‘l p:2

thay (2x)” =8x’ nén mp® =8 co cac truong hop sau xay ra o R
m=8, p=

Néum=1 p=2 thi f (t) =1%+t. Do d6, can viét phuong trinh vé dang:

3

m(px+u)3+(px+u):m(§/3x—5) +33x-5
c>(2x+u)3+(2x+u)=3x—5+\3/3x—5
< 8x° +(12u)x® +(6u2 —1)x+u3 +U+5=3%3x-5

12u =-36
DPong nhét hé s6 voi vé trai ciia phuong trinh, ta duge hé: {6u® —1=53 Su=-3.

u*+u+5=-15
Do trudng hop m=1, p=2 cho két qua nén ta khong xét truong hop ké tiép (m =8, p :1). Nén ta c6 loi
giai sau:
a—;)\/a V6i

TN 4.10: Nghiém nho nhat ciia phuong trinh x* —15x” +78x-141=532x-9  (*) c6 dang

(a,b,ceZ).Khidé a+b+c la
A. 17. B.11. C.13. D. 15.

Loi giai
Pap an: C
(¥) & (x-5)° +5(x~5)=(¥/2x—9) +53/2x—9
& f(x=5)=f(/2x=9) (1) véiham dic trumg f (t)=t*+5t.
Xétham so f (t)=t°+5t trén R,
f'(t)=3t"+5>0,VteR = f (t) dongbiéntrén R (2)
Tir (1),(2) = f (x-5)= f (¥2x=9) = x-5=32x-9
< x*—15%% + 75X —125=2x -9
& x*~15x* +73x-116 =0

11++/5
-

& (x-4)(x*-11x+29) =0 x=4 v X=
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a=11
o e 1145
Vay nghiém nhé nhat la: x = > =ib=1 = a+b+c=17
c=5
Nhan xét: Nhu cac thi du trén, ta can phan tich phuong trinh (*) thanh dang

m(px+u)3+5(px+u):m(\3/2x—9)3+5\3/2x—9 (1) v6i ham dic trung: f (t)=mt®+5t.

Do sau khi khai trién m(px+u)’ c6 hang t (mp®)x® ~x* trong (*) = mp® =1 nén c6 thé chon m=p=1.

Luc nay:

(1) <:>(x+u)3 +5(x+u)=2x-9+532x-9 (2)

Trong khai trién (x+u)3 c6 hang tir (3u)x* ~-15x* =>u=-5.
Licndy: (2) & (x-5)° +5(x-5)=(Y2x—9) +532x—9 (3)

Khai trién (3) thi dugc phuong trinh (*) nén gia tri m= p =1 1a dang hudng.

TN 5.1: Cho phuong trinh: 27x° —11x% + 25X —12 = X* + 6x—1 (*). Tinh tong binh phwong cac nghiém

cua phuong trinh?
A. 50. B. 100. C.53. D. 80.
Loi giai
Pap an: A
(#) & 2,/(7x-4)(x* - x+3) =x* +6x-1 (1)
Diéu kién: ng (do:xz—x+3>0, VXGR).
Ta co: VT =2,[(7x—4) (X - x+3) <X +6x—-1=VP.
Déu "=" xdyra < (7x—4)=(X"-x+3) & x*-8x+7=0<x=1 v x=7.

Két hop véi diéu kién, nghiém ctia phuong trinh [a x=1 v x=7.

TN 5.2: Tinh tich cac nghiém ctia phuong trinh X = Jx—l +h-t (1)
X X
A -2. B. LV . 15 D. 2.
2 2
Loi giai
Pap an: B

Piéu kién: x>1.
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- P LN o,
T 2

T (1),(2)= Déu "="trong (2) xay ra

1
l=x——
= X o x2—x-1=0 =1+\/§ v :%
2 2
—=x-1
Két hop véi diéu kién, nghiém ctia phuong trinh 1a x = # .

TN 5.3: Cho phuong trinh: 4+4x—x* =|x—1]+|x—2|+|2x—3|+|4x—14|. Tinh tich cac nghiém cua phuong
trinh?
A. 3. B. 5. C. 2. D. -9.

Loi giai
Pap an: C
VP = |x—1]+|x—2|+[2x -3+ |[4x —14| > |x ~1+ X — 2+ 2X —3+4x 14| =8 (1) Dau "=" xay ra khi x=2.
VT =8—(x-2)"<8 (2)
Dau "=" xayrakhi x=2.

Tu (1) , (2) = Phuong trinh c¢6 nghiém duy nhat x=2.

TN 5.4: Phuong trinh 5\/5:7 +4x=3J2-1 (1) c6 bao nhiéu nghi¢m thyc?
X+
A 1. B. 2. C.3. D. 4.
Loi giai
Pap an: A
Diéu kién: x>-1.
5J2+7

(1)< +4(x+1):3\/§+3 (2)

X+1

St dung BPT Cauchy cho ba s khong am: \/

52 +7 \/5J§+7

4(x+1)" \4(x+1)
5247  [5J2+7 Cauchy 5V2+7 [542+7
ey aoen 3#J4<x+1)'J4<x+1>'4(“1>

<:>1\v/5\/§ﬁ+l\/5*/§ﬁJr4(x+l)Z3-35\/§+7
2V x+1 2V x+1

, 4(x+1) ta dugc:
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52 +7
4 1)>3v2+3 (3
1 +4(x+1) V2 + (3)
Tu (2),(3)= dau "="trong (3) xdy ra < i\(/f:f) =4(x+1)
4(x+1)=>0
5247 —4(x+1) < 55/’ 3 {P_l ;
2+ 3
4(x+1) A(sD) =[4(x+1)] 7 |[4(x+1)] :(JE+1)
x>0 x>-1 342
_ X= .
Tlaxrn) =121 |x= 3442 S 4
Két hop voi diéu kién, phuong trinh c6 nghiém X = _3;\/5 .

TN 5.5: Cho phuong trinh: VX® +4 +/X* +9 =x® +2x° + x* + 25

nghiém thyc duong?
A 1l B. 2.

C. 3.
Loi giai
Pap an: A
x=0 la 1 nghiém cta phuong trinh

u=(x" 2)
Pit 4 .
V= (xz; 3)

Mait khac: ‘u‘+M 2‘u +v‘ vadau "="

\F
S X=%, =
3

xdy ra < U, V cung phuong

(*). Phuong trinh trén c6 bao nhiéu

D. 4.

TN 5.6: Cho phuong trinh: \/X2+y2—2X+4y+5+\/X2+y2+2X—6y+10:@ (*) Cap (X; y) thoa

man phuong trinh trén. Tinh gia tri caa A=5x+100y ?

Al B. 0. C. 100.

Loi giai
Pap an: A
Tap xac dinh D=R.

*) & \/(x—l)z +(2+y)? +\/(X+1)2 +(3B-vy)? =29

D. 25.
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- 2
G:(x—l; 2+y) u‘:\/(x—l) +(2+y)?
Pt v=(-1-x 3-y)= \7‘ = \/(—1— x)" +(3-y)>?

u+v=(-25) G+V‘:\/(—2)T52=@

Mat khac: ‘G‘+‘\7‘ 2‘a+\7‘ vadau "=" xayra < U, V cing phuong

0.

&S OX+2y=1l x==y

gl

TN 5.7: Cho phuong trinh: vX* +4x2 + 1+ %2 =vX* +11x° +1. Phuong trinh trén c6 bao nhidu nghiém
thuc?

A. 1. B.0. C. 2. D. 3.
Loi giai

Pap an: D
+ x=0 la 1 nghiém cua pt

G:(xz; 2x)
+ x=#0,bidt <

v=(L x)
Mait khac: H+M2‘ﬁ+\7‘ va ddu "=" xayra @G, v cung phuong nén ta tim dugc Xx=+2.

TN 5.8: Cho phuong trinh: vX* —8%2 +32 ++/x* —6x2 +18 =5v2. Tinh téng binh phuong cic nghiém cua

phuong trinh?
A B. 28, c. 2 p. 2.
7 5 15 7
Loi giai
Pap an: A

A

(x2—4;—4) OA=+/x"—-8x*+32
Chon B(x2—3; 3) — JOB =+/x* —6x>+18
0(0;0) AB =52

tac6 AO+BO=>AB

DAu bang xay ra khi A, B,C thing hang = x =+ /% .

TN 5.9: Phuong trinh: XX =14+ —x+1=x2—x+2 (1) c6 bao nhiéu nghiém thyc?

Al B. 2. C. 3. D. 4.
Loi giai
Pap an: A
. X*+x-1>0 —1- _
Didu kién: P e R L
X —=Xx+1>0, VxeR 2 2
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Ap dung BDT BCS cho cac s6 1; Vx*+x—1; 1, vx*—x+1 ta duoc:

VT =\/x2+x—1+\/x2—x+1s\/(12+12)[(x2+x—1)+(x2—x+1)] —2Jx.

Hay /X% +X—1++/x2 = x+1<2x (2)
Ta c6: VT—2\/_:x2—x+2—2\/;:(x—1)2+<\/;—1)2 >0

Hay x*—x+2>2x (3)

2 2 —
T (1).(2),(3) = {JX *X‘“fo X=X v trong (2),(3) déng thi xiy ra
X°—X+2=2X

X2 +x-1_ x*—x+1
1 1

= x=1.

So véi diéu kién, phuong trinh c6 nghiém duy nhat x=1.

TN 6.1: Tap hop tat ca cac gia tri cua tham s6 X, dé phuong trinh x, <2 < X, ¢6 nghiém la

A. m>5. B.m<g. Q.§<m<5. D. =<m<5.

w| o

Léi gidi
Pap an: C

Diéu kién xac dinh —1< x<1.

Dit t=v1-X+1+x,4/2 <t <2 thi phuong trinh tr¢ thanh 2t* +t—4=m (*)

Phuong trinh (*) chinh 1a phuong trinh hoanh do giao diém cua parabol (P):y =2t* +t—4 va duong thing
d:y=m cung phuong véi truc hoanh.

Do d6, s nghiém cua pt (*) chinh 1a sb giao diém cua (P) va (d).

Phat hoa (P) va (d) én ciing hé tryc, ta thiy phuong trinh da cho c6 nghiém khi 2 <m<6.

2F--

Ol 22

X

TN 6.2: C6 bao nhiéu gid tri nguyén cua tham s6 me[-2018;2018] d¢ phuong trinh

2

2x% —5mx +3x,[>—> —6=0 ¢6 nghiém.

X
A. 2017 B. 2018. C. 2019. D. 2020.
Léi giai
Pap an: C
Tap xéac dinh: D= [—Jé; O)U[\/§;+oo)
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2 _ 2 _
~6=0 & 2(x*~3)+3 X

X

Tacod: 2x% —5mx+3x, |~ =5mx

X

2 2
o 2X _3+3 X _3:5m(1)
X X

x> -3
X
Dé phuong trinh (1) ¢6 nghiém thi phuong trinh (2) ¢6 nghiém duong.
Dot>0=2t°+3t>0=>m=>0
m e [~2018; 2018]
Do
meZ

batt=

(t=0) khi d6 phuong trinh (1) tré thanh: 2t* +3t =5m(2)

nén cd 2019 gia tri nguyén cia m thoa man yéu cau bai toan.

TN 6.3: C6 bao nhiéu gia tri nguyén cua tham s6 m dé phuong trinh X* +3x+1=m/x* +x* +1 c6 nghiém
duong?
Al B. 8. C. 15. D. 27.
Loi giai
Pap an: A
Tép xéc dinh clia phuong trinh: D = (0;+0).

Ta co: x2+3x+1=m\/x4+x2+1<:>2(x2+x+1)—(x2—x+1):m\/(x2+x+1)(x2—x+1)
x +Xx+1 1em /x+—x+1(1)
x —x+1 X°—x+1
Dtt—/x +X+1 \/ L. 2
X2 —x+1 X —x+l wil_q

X
2X
1+ ———>1
1+2L >1 X2 —x+1
Do x>0 nén X-x+1 :>te(1;«/§]
x+£22 <\3
X
s . N . 2 2t° -1 1
Khi d6 phuong trinh (1) tré thanh phuong trinh 2t —mt-1=0< m= =2t-=(2)

t
Dé phuong trinh di cho ¢6 nghiém duong thi phuong trinh (2) c6 nghiém thugc (:L' \/5]

Xét ham sé: y=2t—%;t e(l;\/ﬂ

(th_tlj_(ml_lJ 2(t2—t1)+(t2_tt1]
Véiti;tze(];\/g];ti;ttz xét ti 56 2 LU Wh ) _pe 1 oo

tz _t1 t2_t1 tl't2
Suyrahamsé y = 2t—} ddng bién trén nira khoang (],\/5] =y(l)< 2t—%£ y(\/§) ol< 2t—%<i

5f

=l<m<—
Do m 1 s6 nguyén nén c6 duy nhat 1 gi trj cia m thoa mén yéu cau bai toan.

TN 6.4: Tim sb cac giai tri nguyén duong cua tham s6 m dé phuong trinh

(W +m=x)° + (VX" +m+x)*+6(m-1)VX* +m +4x* —=6+4m =0 c6 nghiém.
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A. 0. B. 1. C. 2. D. 3.
Loi gia
Pap an: B
it a:\/x2+m—x(a 0,0>0) a+b=2Vx*+m= (a+b)’ =4x*+4m
at: >0,b>0) =
b=+X>+m+x ab=(X+m-x)(VX*+m+x)=m

Két hop véi (*), dugc hé phuong trinh:
ab=m
a’+b’+3(ab-1)(a+b)+(a+b)*-6=0

{ab:m
=
(a+b)’+(a+b)*-3(a+b)-6=0

= = =-a“+2a=m
ab=m a(2-a)=m

Xétham y=f (a)=-a’+2a véi 0<a<2 c6 bang bién thién

;r|':' 1 2

1
0 0
Vay O<m<1suyra m=1.

TN 6.5: Cho phuong trinh my/X+1=-3Vx—-1+23x*—1, biét rang tap tit ca cac gia tri caa tham sé m dé
phuong trinh da cho c6 nghiém la nira khoang (a;b]. Tinh gié tri biéu thuc S =a® +b>.

8 B -2
27 - 27

C. -1 D. 1.
Loi giai
Pap an: B
Diéu kién x >1, Chia hai vé cho v/x+1 ta dugc pt;

m=-3 X—_1+24{/X_1.Dattzi/x_l :A{/l—i
X+1 X+1 X+1 X+1

Do x+122:>i£1:>0£1—i<1:>0£t<1
X+1 X+1

Ta c6 phuong trinh m=-3t*+2t (*).
Bang bién thién caa ham f (t) = —3t? +2t trén [0;1)

r o 1/3 1

1) / \
0 -1
Theo bang bién thién thi (*) c6 nghiém thuoc [0; 1) < —-1<m<1/3.
TN 6.6: Biét rang tap hop céc gia tri cia m dé phuong trinh : (M—2)v/X+3+(2m—-1)v1-x+m-1=0 c6
nghiém la doan [a;b].
Giatricua S=2019-2020a-172 la:
A.1918. B.1819. C.1981. D.2019.
Lo giai

Pap an: C
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+) (M=2)Vx+3+(2m—-1)v1-x+m—-1=0, diéu kién —-3<x<1
a=+x+3
+) bt , 0<a,b<2
b=+1-x
2 2
, =4 -
+) Taco: a’+b Q)
(m-2)a+(2m-1)b+m-1=0
+) Trong hé toa do Oab, phuong trinh @’ +b* =4 1a phuong trinh duong tron tim O béan kinh R=2, va

phuong trinh (M—2)a+(2m-1)b+m-1=0 la phuong trinh dwdng thang A c6 hé s6 goc k = 22_ ml (Vi véi

m= % thi phuong trinh v6 nghiém).

Y |yda: ko=7

ols

2
3

+) Nhan xét thdy A di qua diém | (—%;—%) cb dinh.
+) Hé (1) c6 nghiém < A nam trong mién géc nhon tao boi d,,d,

T 7 1 , ~A~ X , 1
+) IA[§;§]:> d, c6 hé so goc kl:7 .

+) @[l;zj: d, c6 he sb goc k, =7 .
33
3
‘ 1 _2-m 35 |%75
+) Yéu cau bai toan < k, <k <k, & =< <7To-<m<-=
77 2m-1 573 |, _5
3

S =2019b—-2020a—-172 =1981.
TN 6.7: Goi T 13 tap cac gia tri nguyén cia m dé phuong trinhv16X+m—4 =4x*-18x+4-m c6 1
nghiém.Tinh téng cac phan tir cua T.

A.0. B.20. C.-20. D.10.
Loi giai
Pap an: C
Ditt =+/16x+m-4,t>0.Taco m=t’—16x+4
Phuong trinh tré thanh

t:
2X+t).(2x-t-1)=0
e oy =0 T

—2X - J16X+m—4 =-2x
J16X+m—4 =2x-1
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X<0
m = 4x* —16x + 4
And 1
X2 —
2

m=4x*—-20x+5

o 1 27 2.0
) = - ,/
\ P [om et 20
\ - /
b1 P /
e -3 if
\| /
20b--— -3
o . ) o -4<m<4
Tur do thi, phuong trinh ¢6 1 nghiém < 20
m=—

Do m thuoc Z nén T = {-3,-2,-1,0;1,2;3,-20} .

TN 6.8: C6 bao nhiéu gia tri m nguyén dé phuong trinh \/m+\/§ +\/m—\/_ =m 06 nghiém

A.2 B.3. C.4. D.5.
Loi giai
Pap an: C
m-++/Xx>0
m>0 >0
pKXD: {M"VX20 00 o777
m>0 J_ 0<x<m
XxX<m
x>0

+ Khi m=0 thi phuong trinh c6 nghiém duy nhat x=0.
+ Khi m> 0 thi phuong trinh S mx+m=x+2ym?> —x =m?
m*—-2m=>0

sS2m+2dm—x=m* < 2dm’—=x=m’-2m <
4(m2—x):(m2—2m

)2()
m=>2

Do didu kié aAn (*
o diéu kign m>0 nén ( )<:>{4(m2_x)=m4—4m3+4m2

>
m22 m_23
& = -m)-
—4x =m* —4m? X:M
4
Do diéu kién 0< x <m? nén phuong trinh c¢6 nghiém khi:
m22 S5
m>
m*(4-m)
TZO < am<4 &2<m<4,
m-2)">0
m3(4—m)sz (m-2)
4

Viy dé phuong trinh c¢6 nghiém thi m=0 hoic 2<m<4. Do d6 c¢6 4 gia tri nguyén cia m thoa man bai
ra.
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TN 6.9: Tim gia tri nho nhit caa m dé phuong trinh 3/x* +2x2 +1-3¥x% +1+1-m =0 c6 nghiém.

A.mz—g.. B.mz—E. C.mz—z. D.ng.
4 - 4 4 4

Lo giai
Pap an: B
bt t = I r1t>1=t2 = +2x2 +1
Ta duoc phuong trinh t* —3t+1-m=0<t*-3t+1=m
Xéthamsd y=t>-3t+1t>1
Bang bién thién

t]1 3
2
-1 +o0
y N /
5
4
5

Duya vao bang bién thién, phwong trinh c6 nghiém khi m > 2

TN 6.10: Hoi c6 bao nhiéu gid tri m nguyén dwong va nhd hon 2020 dé phwong trinh

2\/x +2yx+2y/x+m =m co cac nghiém déu duong?
A.2019. B.2018. C.2015. D.2014.
Lo gii
Chon C
Ta chi can xét truong hop x>0 va m> 0. Khi d6 cac biéu thic vé trai déu xac dinh.

it y=24x+2Jx+m va z=2yx+m=y,z>0
2\X+y=m
Ta co h¢ phuong trinh: < 2{x+z =y

2X+m =1z

Khong mét tinh tong quat, ta gia st m>y >z

=S 2X+Z <2 X+Y S2x+m > y<m<z=m=y=7
m? —4m
4

Thay m=y =z vao hé trén ta dugc: 2X+M=m < 4x+4m=m* < x =

Péco x>0=>m*-4m>0=>m>4=m=5,6,7...,2019.
Nhu vay c6 tat ca 2015 gia tri m thoa méan yéu cau cua dé ra.
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