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Chuong 1
VECTO

Hinh 1.1

I. Tém tit Ii thuyét
1. Dinh nghia, su xac dinh véc-to
Pinh nghia 1 (Véc-to). Veéc-to 1a mot doan thang c6 huéng.

Véc-t6 ¢6 diém diu (gbc) A, diém cudi (ngon) B dudc ki hicu 12 AB. —
Véc-t6 con dudc ki hidu 13 @, ?, X, ,...khi khong cin chi rd diém a) B
dau va diém cubi ctia no.

Mot véc-td hoan toan dude xdc dinh khi biét diém dau va diém cudi s

cua no. b

A Véi hai diém phdn biét A va B ta chi c6 mét doan thcfng (AB hodc b)

BA), nhung c6 hai véc-to khdc nhau la zﬁ va B_A) Hinh 1.2

Pinh nghia 2 (D6 dai véc-te). Do dai clia doan thang AB 1a do dai (hay mo-dun) ciia véc-to A—B>, ki hiéu la
‘E‘. Titc Ia ’E) — AB.

buong nhién )1@‘ = ‘Ei’
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Dinh nghia 3 (Véc-te-khong). Véc-to-khong 1a véc-to c6 diém dau va diém cubi tring nhau. Véc-to-khong
dugc ki hiéula 0.

Tacéﬁ:A—A:Iﬁ:...

2. Hai véc-t¢ cung phuong, cung hudng

. ~ o7 , ., 2 A , , _> N N 2 2, - 2 X N o A A 2
Pinh nghia 4 (Gia vec-to). Gid cua mot véc-to khac 0 la duong thang chita diem dau va diém cudi cua
véc-to do.

Dinh nghia 5 (Phuong, huéng vée-to). Hai véc-to dudc goi 1a ciing phuong néu gia clia ching song song
hodc trung nhau.

Trén hinh 1.3a) ta c6 cac véc-to E, C?, ﬁ cung phuong. Trén hinh 1.3b) ta c6 zﬁ va Wv cung phuong,
con f@ va ]\ﬁ’ khong cung phuong.

Hai véc-to cung phuong c6 thé cung huéng hodc ngude hudng. Chang han E va C? cung hudng, zﬁ va
ﬁ ngudc hudéng (hinh 1.3a).

-

-
-
-
-

\
\'ﬁ\

-
-
- ~ -

-
- - -
- _ C - -
-

-

Hinh 1.3a) Hinh 1.3b)
Ba diém phan biét A, B, C thang hang khi va chi khi hai véc-to @ va R cung phuong.
_>
/N Khi néi hai véc-to cung huong hay nguoc hudng thi chung da cung phuong. Véc-to 0 cung phuong,

cung hudng voi moi véc-to.
3. Hai véc-te bang nhau
Pinh nghia 6 (Véc-to bﬁng nhau). Hai véc-to goi 1a bing nhau néu chiing c6 cliing huéng va cling do dai.

D C

Ching han, néu ABCD 12 hinh binh hanh thi AB = DC va
AD = BC.

A B

2 2 £ —
A Khi cho trudc véc-to d va diém O, thi ta luon tim dugc mot diéem A duy nhat sao cho OA = d.
7 4 9 2 N _)
Neu I la trung diém cua doan thang AB thi Al = I%

II. Cac dang toan

Dang 1. Xac dinh mot véc-to, phuong hudng cia véc-to, do dai cua véc-to

e Xac dinh mot véc-td va xac dinh su cung phuong, cung hudng cia hai véc-td theo dinh nghia.

e Dua vao céc tinh chit hinh hoc ctia cc hinh da cho biét d€ tinh do dai ctia mot véc-to.
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Vi du 1. Trong hinh 1.4, hay chi ra cac véc-to cung phuong, cung hudng, ngugc hudng va cac véc-to
bang nhau.

X W
= Y
7
V 2 >
Ea ™
Hinh 1.4

Loi giai.
+ Céc véc-td cung phuong: d Va b Uvav; X, 7 Zvaw.

+ Cac véc-td cung hudng: d va b 7 7 27
+ Cac véc-to ngudc hudng: U va 7 W va 7 W va 7 Wvaz.

+ Céc véc-td bang nhau: X = 7

Vidu 2. Cho tam giac ABC. Goi M, N, P lan lugt 1a trung diém cua BC, CA, AB.

AL 1A ARy 2 2 , ~ 2 - . ey SN X : R A+ 1A
a) Liét ké tat ca cac véc-td khac véc-td 0, cung phuong v6i MN va c6 diém dau, diém cudi lay trong
céac diém da cho.

LN A ~ - , s - N 2, 2,0 N 2 R X < R A+ 1A s
b) Liét ké cac véc-to khac véc-to 0, cung hudng véi zﬁ va c6 diém dau, diém cuoi lay trong céac
diém da cho.

c) VE cic véc-td bang véc-to ﬁ ma c6 diém dau 13 A hoic B.

\.

Loi gidi.

a) Cac véc-to khac véc- td , cung phuong véi MN la
wﬁﬁﬁaﬁﬁ ; AN
— P
b) Cac véc-to khac véc-to O, cung hudéng v6i AB la
b BB, NH N\

B B M C

c) Trén tia CB_l)éy diém B’ sao cho BB’ = NP.
Khi d6 ta c6 BB’ 1a véc-to ¢6 diém dau 1 B va biang véc-to N7
Qua A dung dudng thang song song véi dudng thang NP. Trén dudng thang d6 1iy diém A’ sao cho AA’
cung hudng véi NP va AA’ = NP.
. 2 , — < PP PN N <Ly .
Khi d6 ta c6 AA” 1a véc-to c6 di€ém dau 1a A va bang véc-td N7

Vi du 3. Cho hinh vuéng ABCD canh a. Goi M 1a trung diém ctia AB, N 1a diém d6i xiing véi C qua
D. Hay tinh d¢ dai cua véc-to M MD va MN

Loi gidi.
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Ap dung dinh 1y Pythagoras trong tam gidc vuéng MAD ta c6 P N
2 5a° 5
DM2:AM2+AD2:(€) +a2=i:>DM:M
2 4 2
5
Suy ra ‘m‘ =MD = a\/_'
2 A D

Qua N ké dudng thang song song véi AD cét AB tai P.

3
Khi do6 ti giac ADNP 1a hinh vuéng va PM = PA+AM =a+ g = Ea'
Ap dung dinh Iy Pythagoras trong tam gidc vudng NPM ta c6 M
3a\* 13d° V13
MN2:NP2+PM2:a2+<7a> = —— = MN =" B c
V13
Suy ra ‘Z\W\/‘ =MN = a >
BAI TAP TU LUYEN

e ~ .z 2 [N 3 - z _> s [ A N R A 1 2 <
Bai 1. Cho ngt gidc ABCDE. C6 bao nhiéu véc-to khac véc-td 0, cé diém dau va diém cuoi la dinh cua
ngl giac. _
Loi giai. Tu hai di€ém phan biét, chﬁng han A, B, ta xac dinh dugc hai véc-td khac véc-to-khong la 1@, BA.
Ma tif ndm dinh A, B, C, D, E clia ngii giac ta c6 10 cip diém phan biét, do d6 c6 20 véc-to théa man yéu
cau bai toan.

Bai 2. Cho hinh binh hanh ABCD ¢6 tam 1a O. Tim cac véc-té tit 5 diém A, B, C, D, O
a) Bing véc-to ﬁ; O?

b) C6 do dai bing ’0?’.

Loi giai.

a) f@ = D? ; 0? = lﬁ

b) BO, DO, OD.

Bai 3. Cho ba diém A, B, C phan biét thang hang.

a) Khi nao thi hai véc-to AB va AC cling huéng?

b) Khi ndo thi hai véc-to AB va AC ngugc hudng?

Loi giai.

a) A nim ngoai doan BC.

b) A niam trong doan BC.

Bai 4. Cho b6n diém A, B,C, D phan biét.

a) Néu AB — BC thi ba diém A, B, C ¢6 dic diém gi?

b) Néu AB — DC thi bén di€m A, B,C, D c6 dic diém gi?

Lui gidi.
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a) Blatrung diém cta AC.
b) A,B,C,D thang hang hoic ABCD la hinh binh hanh.

Bai 5. Cho _t>am gidgc ABC déu canh a va G la trong tim. Goi I 1 trung diém ctia AG. Tinh do dai cda cic
véc-td Xé, BI.
Loi gidi. St dung tinh chét cla trong tAm va dinh ly Pythagoras.

3 21
Pap an |6 = Y2 va 31| - 4

Dang 2. Chiing minh hai véc-to bang nhau

Pé chiing minh hai véc-td bang nhau ta chitng minh chiing c6 cuing d6 dai va ciing hudng hoic dua
vao nhan xét néu ti gidc ABCD 1a hinh binh hanh thi ﬁ = D?‘ va ﬁ = B? .

Vi du 4. Cho ti gidc ABCD. Goi M, N, P, Q lan lugt 1a trung diém AB, BC, CD, DA. Chiing minh

MN = QP.
Loi giai.
Do M, N lan lugt Ia trung di€ém ctia AB va BC nén MN la dudng trung binh clia 0 D
1
tam gidc ABC suy ra MN || AC va MN = ZAC (1). A
Tuong tu, QP la dudng trung binh ctiia tam gidc ADC suy ra QP || AC va QP =
1
SAC ). M P
Tt (1) va (2) két hop hinh vé suy ra MN — QP.
B N C

V_l'>d1; 5. Cho tam giac ABC c6 trong tim G. Goi I la trung diém ctia BC. Dung diém B’ sao cho
—
BB’ = GA.

a) Chung minh 37 = I% .

b) Goi J 1a trung diém ciia BB'. Ching minh BJ = IG.

.

Loi gidi.

A

a) Vil la trung g}éqm cua BC nén Bl = CI va I?} cung hudéng

véi IC do d6 BI = IC. B

—

b) Tac6 BB = AG suy ra BB' = AG va BB | AG . Do d6 BJ,JG

cung hudng (1). J G

1
Vi G la trong tdm tam giac ABC nén IG = EAG’ J 1a trung
. 1
di€ém BB’ suy ra BJ = —BB'. Vi vay BJ = IG (2). B I C
Tir (1) va (2) ta ¢6 BJ = IG.
BAI TAP TU LUYEN

Bai 6. Cho hinh binh hanh ABCD. Goi M, N lan ludt la trung diém ctia DC, AB; P 1a giao diém ctia AM va
DB; Q 1a giao diém ciia CN va DB. Ching minh DP = PO = OB.
Loi gii.
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Chitng minh DP = PQ dua vio tinh chit duong trung binh trong tam
gidgc DQC va PQ = QB dua vio tinh chat dudng trung binh trong tam
gidc ABP. Suy ra DP = PQ = OB.

<. . s ez 1s N . < i A . oy
Bai 7. Cho hinh thang ABCD c6 hai day 1a AB va CD v61 AB = 2CD. Tu C vé CI = DA. Chung minh rang:

a) 51> = @
b) Al =1IB=DC.
Loi gidi.

D C
a) Ching minh BICD la hinh binh hanh.
b) Chiing minh 7 1a trung diém AB va di kién t gidc BICD la hinh binh
hanh da ching minh & céu a.
A 1 B

Bai 8. Cho hinh binh hanh ABCD. Hai diém M va N lan lugt 1a trung diém ctia BC va AD. Diém I 14 giao
di€ém cta AM va BN, K la giao di€ém ctia DM va CN. Chiing minh DK = 1B.

Loi giai.

Theo gia thiét M va N 1an lugt 1a trung diém ctia BC va AD nén AN = —A

1
va BM = EBC Ma AD = BC do ABCD la hinh binh hanh. Suy ra ANMB la
hinh binh hanh.
Ta c6 Di€m I 1a giao di€ém cia hai dudng chéo AM va BN cta hinh binh
hanh ANMB nén I 1a trung diém ctia BN.

Tuong tu, ta ciing ching minh dugc K 1a trung di€ém ctia DM. Tu d6 dé dang g
ching minh dudc DKBI 1a hinh binh hanh, suy ra lﬁ I?

Bai 9. Cho hinh binh hanh ABCD. Dung AM = BA, MN — DA, NP = DC, PO — BC. Chitng minh AQ = 0.
Lo gidi.
Chiing minh AMNP va QMNP déu 1a hinh binh hanh, suy ra A = Q N

9 b M
suy raAQ = 0. /

B C

Bai 10. Cho tam giac ABC c6 tﬂlg tlﬁn AM. Trén canh AC lay hai diém E va F sao cho AE = EF = FC;
BE cat AM tai N. Ching minh NA = MN.
Loi giai.
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FM || BE vi FM la duong trung binh cia tam giac CEB. A
Taco EA=EF.Vay EN E}du’bﬁ trung binh cua tam giac AFM. Suy ra N la
trung diém ctia AM. Viy NA = MN.

BAI TAP TONG HOP
Bai 11. Cho hinh binh hanh ABCD. Goi E, F,M va N lan luct 1a trung diém ctia canh AB, BC,CD va DA.
\ —
a) Ching t6 rang 3 vectd ﬁ ,@,MN cung phuong;
b) Chung to rang EF = NM. Suy ra td gidc EFMN la hinh binh hanh.

Loi gidi.

A N D
a) Dua vao tinh chit dudng trung binh, ta suy ra dugc EF || AC ||
£ 40, 1 o

MN = EF,AC,MN cung phuong;
b) Dua vao tinh chit dudng trung binh, ta suy ra dugc EF = MN = E M

1 ) . — Y X

EAC ket hgp véi cau a) = ﬁ = NM. Suy ra ti giac EFMN la

hinh binh hanh.

B F C

Bai 12. Cho hai binh binh hanh ABCD va ABEF. Dung EH va FG bing AD. Ching minh CDGH 13 hinh
binh hanh.
Loi gidi.

Ta ¢6 EH — FG = AD nén td giac EFGH la hinh binh hanh, suy ra GH || F G
FE | AB || DC va GH = FE = AB = DC hay tit gidc CDGH la hinh binh
hanh. D

E\/ H

B C

Bai 13. Cho tam gidc ABC c6 M la trung diém ctia doan BC, phan gidc ngoai géc A cit BC & D. Gia st giao
diém clia dudng tron ngoai tiép tam gidac ADM v6i AB, AC lan luot 12 E, F (khiac A). Goi N 1a trung diém
ctua doan EF. Ching minh hai véc-to m va ﬁ cung phuong.

Loi giai.
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Ké duong tron (O) ngoai tiép tam gidc ABC. Goi P 1a diém
chinh gitta cung BC khong chita A, PA 1. DA. Q 1a diém chinh
giita cung BC chiia A. Ta c¢6 A, D, Q thang hang va P,M,0,Q
ciing thang hang.

Dé& nhén thidy DP 1a dudng kinh dudng tron ngoai tiép tam

CHUONG 1. VECTO

giac ADM. Tam giac PEF can tai P tu do c6 DP la trung truc | D

cua EF nén DP | EF tai N.

Hai tam gidc PED va PCQ dong dang, EN va CM 1a dudng
cao nén suy ra PN _ oM = MN || DQ
uyra — = —— .
YD~ PO

Viy, Wv va ﬁ cung phuong.

Bai 14. Cho tam gidc ABC c6 O nam trong tam giac. Céac tia AO, BO, CO cat cic canh d6i dién 1an lugt tai
M, N, P. Qua O ké dudng thiang song song v6i BC cit MN, MP tai H, K. Chiing minh ring: 07}1 = I?)

Loi gidi.

OH ON ON OK
Do HK || BC nén ta ¢c6: — = — = OH = — .BM, —— =
OP OP BM BN BN CM
— =0K=—.CM. (1
Ccp CcpP (1)

ON  Saon  Scon  Saon+Scon _ Saoc

Mait khac, talai c6 — = = = = )
Sapy  Scen SaBy +Scey  Sasc
OP  Spop  ON CP  Spoc Sapc  Saoc ~ CM 2)

CP ~ Sagc BN OP  Sagc Saos __§AOB BM’
Tu (1) va (2) suy ra OK = OH. Vi vay, OH = KO.

P

A
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2.  TONG VA HIEU CUA HAI VECTO

I. Tém tat Ii thuyét
1. Dinh nghia tong va hiéu hai véc-to

~ , A . , < — 4o - 2 A N - .
Dinh nghia 1 (Phép cong). Cho hai véc-to a Vi) b . V6i diém A bat ky, dungzﬁ =, dung ﬁ = b .Khi
d6, véc-t6 AC dug goi 1a véc-to téng ciia @ va b
Taky hiéu: @ + b, tic 1a: @ + b — AB+ BC = AC.

Phép todn tim tong cia hai véc-td con goi l1a phép cong véc-ta.

Pinh nghia 2 (Véc-te dbi). Cho véc-to @, véc-to c6 ciing do dai va nguge hudng véi @ dude goi la vée-to
d6i ctia @, ky hiéula — .

—d

4

~ PR . <7 b (o o . 1 oz
Pinh nghia 3 (Ph(i)> trir). Cho hai véc-to @ va b . Phép phép tru cua d véi b duge dinh nghia la phép
c@ngcﬁa?vﬁi}—b. R
Kyhieud — b =d+(—b).
2. Quy tic hinh binh hanh
Cho hinh binh hanh ABCD, khi d6
° R = zﬁ —I—ZI_))

e AB—AD = DB

3. Cic tinh chét ctia phép cong, trir hai véc-te

Tinh chét 1. (giao hodn va két hop)
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Q) d+b=b+4, b) @+ (b+3)=(d+Db)+7.

Tinh chat 2. (véc-to dbi)

Q) —0=0 b d-b=—(b-a), ¢) —AB—BA.

Tinh chét 3. (cOng véi véc-ta 6>) q+ 6> = 6> +d=1.

Tinh chit 4. Cho 3 diém A, B, C ta c6:
a) AB+BC = AC (quy tic 3 diém), b) AB—AC = CB (quy tic trir).
Tinh chat 5.  a) (quy tic trung diém) 7 12 trung diém AB < A+1B=T0,

. — o
b) (quy tac trong tdm) G la trong tam AABC < GA + G? + (Y‘ =0.

II. Cac dang toan

VECTO

Dang 1. Xac dinh véc-to

véc-td. Chu y cdc quy tic sau day.

Dua vao quy tic cong, trit, quy tic 3 diém, hinh binh hanh, ta bién ddi va dung hinh d€ xac dinh céc

a) —zﬁ = §4> c) zﬁ —R = C? (quy tac trir).
b) AB+BC = AC (quy tic 3 diém). d) AB+AD = AC (ABCD 12 hinh binh hanh).

Vidu 1. Cho tam giac ABC.

%
b) Xdc dinh véc-to b = AB—AC.

a) Xéc dinh véc-t0 @ — AB+ BC. ¢) Xéc dinh véc-to @ = AB+AC.

Loi giai.
Ta co

a) 7:3—1—1@:@.
b) b —AB—AC = CB.

¢) @ = AB+AC = AD, v6i ABDC 12 hinh binh hanh.

Vidu 2. Cho hinh binh hanh ABCD, c¢6 tam O. Hay xac dinh cac véc-to sau day:
2) ¥ =AB+AD. ¢) 7 =CD-AC.
H
b) ¥ = AO+CD. d) 7 = OA—BD.
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L giai.
a) Theo tinh chét hinh binh hanh @ = AB+AD = AC.
b) ¥ =AO+CD = 0C+CD = OD.
¢) 7 = CD—AC = CD+CA = CE (dung hinh binh hanh CDEA).

d) 7 = OA—BD = OA+ DB = OA + OF = OH. Trong do, ta dung OF — DB va hinh binh hanh OF HA.

Vidu 3. Cho tam gidc ABC déu, G la trong tam va M 1a trung di€ém canh BC. Hiy xic dinh céc
véc-td sau day:

a) G?—i—(? c) E-H\R‘
b) AG + CB. d) AB+GB+GC.
Loi giai.

a) GB+ GC — GK (dung hinh binh hanh GBKC).
b) AG+CB = BE +CB = CF (dung BE = AG).
¢) AB+MC = AB+BM — AM.

d) AB+GB+GC = AB+GK = AB+ BF = AF.

F

Vidu 4. Cho doan thang AB c6 trung diém 1a I. Goi M 1a mot diém tiy y khong ndm trén duong
thang AB. LAy trén tia MI mot diém N sao cho IN = MI. Hiy xéic dinh cic véc-to:

a) MA+MB—MI. b) AM -+ NI.

Loi giai.
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K

BAI TAP TU LUYEN

Bai 1. Cho hinh binh hanh ABCD c6 tam O. Xdac dinh cac véc-to d6i clia cic véc-to sau day:

2) OA, DO. b) AC, DA.
Lui gidi.

2) —~OA = A0 = 0C, ~DO = OD = BO. b) —AC = CA, —DA = AD = BC.
Bai 2. Cho hinh binh hanh ABCD c6 tam 0. Xdc dinh céc véc-to sau day:

a) OA + 0B+ 0C + 0D, ¢) AC+BD+ BA + DA.

b) OA +BO +CO+ DO. d) OA+CB+0C + AD.
Lui gidi.

a) ﬁ+0?+07+0?:6>.
b) OA+BO+CO+DO =CO+OA+BO+ DO = CA.
¢) AC + BD+ BA + DA = BA+ AC + BD + DA = AC+ BA = BC.
d) OA+0C+CB+AD=0.
Bai 3. Cho tam giac ABC. Tim véc-t X trong cac truong hop:
a) ¥ +BC=AC+BA. b) CA— ¥ —CB=AB.
Loi giai.
a) ¥ —AC+BA+CB= 0.
b) ¥ =CA— CB+BA = BA + BA = BE. v6i AE = BA.
Bai 4. Cho tam gidc ABC. Goi M, N, P lan luot 1a trung diém BC,AC,AB. Xac dinh cic véc-to sau day:
a) PB+MC+NA. b) BA-+PA +CM.
Loi giai.
a) PE+MC+NA=AP+PN+NA=0.
b) Bj+Pj+CT4:§i+JWD+Iﬁ:Bj+1ﬁ:]@(dungthémdiémD saochoﬁ:ﬁ).

Bai 5. Cho tam gidc ABC, goi M la trung diém AC va N 1a diém dbi xiing ctia B qua M. Xd4c dinh céc véc-to
sau day:
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a) AB+AN. ¢) AB+MC+MN.

—  — —
b) BA +CN. d) BA+BC— MN.
Loi giai. Ta c6, td gidc BANC la hinh binh hanh.
a) AB-+ AN = AC (tinh chit hinh binh hanh BANC).

b) BA +CN = BE (dung AL = CN).

¢) AB+MC+MN — AB+AM +MN — AB+AN — AC.

H
d) BA+BC — MN = BN+ NM = BM.

Bai 6. Cho hinh luc giac déu ABCDEF, goiM,N,P,Q,R, S lan lugt 1a trung diém AB, BC,CD, DE, EF,
FA. Xéc dinh cac véc-to sau day:

a) AD+BE +CF —AE — BF —CD. b) MO+ RN + PS.
Loi gidi.
a) AD+BE +CF —AE —BF —CD=ED+FE+DF = 0.

b) MO+ RN +PS = BD+FB+DF = 0.

R N 1 1
Bai 7. Cho tam giac ABC. Goi D, E, F lan lugt nam trén canh BC,AC,AB sao cho BD = §BC, CE = §CA,

AF = %AB. Xéc dinh cac véc-to sau day:
a) AF +BD+CE b) AD + BE +CF
Loi giai.

a) Lay thém cac diém P, Q vé phia ngoai canh AB,AC sao cho C? = ﬁ QA = @ . Theo do, tam géc
APQ ddng dang tam gidc ACB nén ta c6 Fé = ﬁ Khi dé,ﬁ +§5+5§ = QA+I@+E =0.

b) AD+BE +CF = BD— BA+CE — CB+AF — AC = (BD+CE +AF) — (BA+CB+AC) = 0.
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Dang 2. X4c dinh diém théa dang thitc véc-to cho trudce

D€ xic dinh diém M thda dang thiic véc-td cho trude, ta 1am nhu sau:
o HUONG 1: .
— Bién déi ding thic véc-to da cho vé dang AM = v, trong d6 A 12 diém cb dinh va V' 1a véc-to ¢b
Sl
— LAy A 1am diém gbc, dung véc-to bing v thi diém ngon chinh 1 diém M cin tim.
o HUONG 2: R
— Bién d6i dang thifc véc-to da cho vé dang AM = 1@, trong d6 A, B 1 hai diém cb dinh.
— Khi d6 diém M can tim trung véi diém B.
oHUONG 3:
— Bién d6i dang thifc véc-to da cho v& mot dang thiic véc-to ludn ding véi moi diém M.
— Khi d6 diém M can tim 1a diém tay y.
ocHUONG 4:
— Bién ddi dang thifc véc-td da cho vé mot dang thiic véc-to ludn sai véi moi diém M.
— Khi d6 khong c6 diém M nao thda diéu kién.
ocHUONG 5: .,
— Bién ddi dang thiic véc-td da cho vé dang ‘IM ’ = ’E , trong d6 I,A, B 1a céc diém cb dinh.
— Khi d6 diém M can tim thudc dudng tron tam I, ban kinh AB.
oHUONG 6:
DUy 3 . —.
— Bién doi dang thuc véc-to da cho vé dang ’MA‘ = ‘m
bist,
— Khi d6 diém M can tim thudc dudng trung truc ciia doan AB.

, trong d6 A, B 1a cc diém cb dinh phan

, ., < R 2 ~ LN LN g
Vidu 5. Cho tam giac ABC. Tim diém M thoa man dieu kién a —|—l¥‘ —H\ﬁ =0.

Lo gidi.
- = G —
BA+BC+MB=0 < BA+MC=10 < CM=BA
= Piém M la diém thi tu cia hinh binh hanh ABCM. A M

B C

, 3 o ” - o R N —
Vidu 6. Cho tam giac ABC. Tim diém M thoa man dicu kién MA — Aﬁ + m = IQ

Loi giai.
MA —MEB+MC = BC < BA—BC = CM < CA = CM

= Diém M trung véi di€m A. A

B C

s .z o 2 o = o °om —
Vidu 7. Cho tam giac ABC. Tim diém M thoa man diéu kién MA — m — zﬁ

Li gidi.
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WA W = 4 > 5 =

= khong c6 M nao thoa diéu kién bai toan. A
B C
Vidu 8. Cho tam gidc ABC. Tim di€m M théa man didu kién |MA| = [MB — MC). ]
Li gidi.

— —
IMA| = |MB — MC| < |MA| = |CB| = MA = CB
= Piém M thudc dudng tron tAm A, ban kinh CB.

avys

BAI TAP TU LUYEN
Bai 8. Cho AABC. Dung diém M thda min diéu kién

MA+MB—MC=T0. (1)

NPT . — = T A LA 4R . . . R
Loi giai. Tacé (1) <:>MA—|—5§ =0 MA :ﬁa Viay bon diém A, C, B, M tao thanh hinh binh hanh.

NS ., . R o ~ X N — —
Bai 9. Chwm giac ABC. "[“1n_1> dlem_]l;I thoa mag> dicu kién M_A> + I\ﬁ — m =0.
Lisi gidi. MA+MB—MC =0 < MA+CB= 0 < CB = AM.
= Diém M la dinh thi tu cda hinh binh hanh ACBM.

o o N —
l%ili 10;> Cho _t)am giac ABC. Goi I la trung diém cia canh AC. Tim diém M théa man dieu kién Iﬁ + Al —
IC—CM=0.
o e = e =
Loi gidi. 1B+ Al —1C—CM = 0 < AB— (IC+CM) = 0 < AB = IM.
= M la dinh tht tu cta hinh binh hanh JABM.

Bai 11. Cho tam giéﬁ> ABQ> Goi_I_,> K lan luT(j_t> la trung diém cta cac doan thang BC,Al. Tim diém M thoa
mén didu kién BA + BI — BM +AK +1C = 0.

Lo gidi.

BA+BI—BM+AK+16="0 < BA+Mi+AK+1C =0 A

&MC+BK=0 < CM=8

= Diém M la dinh thd tu ctia hinh binh hanh CBKM. M

B I C

Bai 12. Cho hinh binh hanh ABCD tim O. Tim diém M thoa man diéu kign CO+BO = OM.
Lusi gidi. CO+BO = OM < OA + 0D = OM « OD = AM.
= Di€m M la dinh tht tu ctia hinh binh hanh AODM.
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Bai 13. Cho hinh binh hanh ABCD. Tim diém M théa man diéu kién CA— lﬁ_) +BC+AD= 0.
L gidi. CA—BM +BC+AD= 0 < CA—CM+AD= 0 < MA+AD = 0 < MD—
= Diém M trung véi diém D.

0.

Bai 14. Cho tam gidc ABC. Goi G 1a trong tim ciia tam giac ABC. Tim diém M thoa man diéu kién 1@ +
— ==
BG+CA-CM=0._ . o .
L gidi. AB+BG+CA—CM =0 < ACG—AM = 0 < AC — AM.
= Diém M trung véi diém G.
N e N N N N R > ~ <X = —
Bai 15. C@ hinh binh hanh A_B)CD tam O. Tim diém M thoa man diéu kién BA + m + D? =MA+ ﬁ .
Loi gidi. BA +MD + DO = MA + BC < MA — MD — DO = BA — BC

— =7
& DA—DO=BA—BC < 0A=CA.
= Khong c6 diém M nao thoa diéu kién trén.

e C e R N C R 9 ~ « X N — —
Bai 16. Cho hai diém A va B. Tim diém M thda man diéu kién |[MA —H\ﬁ| = |MA — ]\ﬁ|
Loi gidi.
\MA + MB| = |MA — MB| & MN = BA.

V6i N la dinh thif tu ctia hinh binh hanh AMBN. Goi O 1a trung diém clia

doan thang AB.
=2MO =20B = MO = OB. A B
= Diém M thudc dudng tron tAm O, ban kinh OB. 0

Bai 17. Cho tam gidc ABC. Tim di€m M thoa man diéu kién |MA — CA| = |AC — AB|.
Li gidi. [MA — CA| = |AC — AB| & |MC| = |BC| & MC = BC.

= Diém M thudc dudng tron tAm C, ban kinh BC.

Bai 18. Cho tam gidc ABC. Tim diém M théa man didu kién |BA — BM| = |MA +AC).

Li gidi. [BA — BM| = |[MA + AC| < MA = MC.

= Piém M thudc duong trung truc cia doan thazmg AC.

Bai 19. Cho nim diém A, B,C,D, E. Tim diém M théa man diéu kién AD + BE +CM = AE + BM +CD.
Lisi gidi. AD+BE +CM — AE +BM +CD < AD—AE +BE —BM+CM —CD =0

S ED+ME+DM =0 oMD+DM=0 < MM=10.

= Diém M 1a diém tuy y.

Dang 3. Tinh d dai ctia tong va hiéu hai véc-to

— Do dai clia véc-to bang do dai clia doan thang c6 hai dau miit 1a diém dau va diém cubi ciia véc-to
do.

— Ta thudng st dung céc cong thifc vé canh nhu hé thic lugng tam gidc vudng, dinh 1y Pytago, tinh
chét tam giac déu, hinh chit nhat, hinh vuong,. ..

Vidu9. Cho tam gidc déu ABC canh a. Tinh ’zﬁ —R‘

Lusi gidi. Ta c6 AB—AC — CB nén ‘E—ﬁ’ _ ((ﬁ‘ —CB=a.

Vi du 10. Cho hinh vuéng ABCD canh a. Tinh ‘ﬁ +D?‘ ’

Li gidi.
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V& hinh binh hanh CDBM thi DM ciat BC tai trung diém I ctia méi A B M
duong.
Ta ¢6 DB+ DC = DM nén ‘ﬁﬂ?) — DM =2DI

2
Ma DI? = a? + <g> = Zaz nén ‘D?+D%‘ :a\/g.

D C

Vi du 11. Chiing minh ring néu AABC thda min ‘E —hﬁ' ’ = ‘E —R ‘ thi AABC la tam giac
vudng.

Loi giai.
Dung hinh binh hanh ABDC. B D
Theo quy tac hinh binh hanh ta c6 1@ +R ﬁ
Theo quy tic hiéu hai véc-to ta c6 ﬁ —R = Eg
Tir gia thiét suy ra ’ﬁ’ = ‘
Hinh binh hanh ABDC c¢6 hai dudng chéo bing nhau nén né 1a hinh chit nhat, tic
la tam gidac ABC vuong. A C

Vi du 12. Cho hinh vuéng ABCD canh a. G01 M 12 trung diém ctia AB, N 13 diém dbi xing v6i C
qua D. Hay tinh d¢ dai cua véc-to sau M ? MN.

Loi giai.
Ap dung Pinh Iy Pytago trong tam gidc Vu6ng MAD ta cé D C
2 5
DM? = AM? + AD?* = (g) ta? = Z = DM = af N
Suy ra ‘?‘ =MD = a\z/_
Qua N ké dudng thang song song véi AD cat AB tai P.
Khi d6 ti giac ADNP la hinh vuong va PM = PA + AM = A B
n a 3a P M
a+—-=—.
2 2
Ap dung Pinh Iy Pytago trong tam giaic vuong NPM ta c6
3 134> V13 V13
MN? NP2+PM2—a2+<2“> 4“ :DM:"2 . ‘]\W\]’:MN:az .

d ~ A N A R A N 7 N N 2 —>
Vidu 13. Cho hinh vudéng ABCD canh a, M 1a mot diém bat ky. Tinh do dai véc-to MA — Z\ﬁ —
MC +MD.

L(n glal Ap dung quy tic tru’ ta co .
MB — MC + MD — (MA — MB) — (MC — MD) = BA — DC = BA — D¢

LayB’ 1a diém d6i xu’ng cla B qua A
Khi d6 ~DC = AB = BA— DC = BA + AB' — BF

Suy ra | 7; MB—MC+ ?| = |BB’ = BB’ =2a.
BAI TAP TONG HOP

Bai 20. Cho tam gidc déu ABC canh 5a. Tinh do dai cic véc-to zﬁ —|—Eg CA — Eg

Loi giai. Tacoﬁ-l—B?‘ R#‘E%—R“ ’R‘ AC = 5a.

Ta c6 CA—CB — BA:>‘EZ Eﬁ) ‘BA’ BA = 5a.
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S. S N~ N - -
Bai 21. Xét cic véc-to @ va b khg 0 . Khi nao th1|_>7+ b|= |7|;>|—| b|;>
Lo gidi. Tu diém O ndo d6, tavé OA — @ vaAB = b.Khi d6 @ + b — OA +AB — OB. Nhu viy:

(7+7’ —2|+|F]| = ‘5@‘ = ‘5Z‘+‘£’ < OB = OA + AB.

N o —
bicu nay xay ra khi va chi khi O,A, B thang hang theo thu tu nay. Hay hai véc-to dvab cung hudng.
.. L, , e ., 7 N N — —
Bai 22. Xét cic véc-to @ va b khac 0. Khi ndo thi ‘7-{— b ‘ = ‘7— b ‘
Loi giai.

0 ) = s 4R < 1s
Tu diém A nao do, ta ké zﬁ = 7, zﬁ = b. Ve dﬁm C sao cho ABCD la hinh B C
binh hanh. Theo quy tic hinh binh hanh ta c6: d+b = 1@ . Theo quy tac vé hiéu
vée-to tacé: @ — b — AB—AD — DB. Nhu vay: a
— — —
‘7+b‘:‘7—b‘@)ﬁ(:‘ﬁ?‘@fxczm). b ,
A

Diéu nay xay ra khi ABCD 1a hinh chit nhat. Viy AB vudng géc véi AD hay gia cia
hai véc-t6 vudng goc véi nhau.

N —
Bai 23. Ching minh rang véi dvab khong cung phuong thi

— — —
\7|—|b|<’7+b‘<]7|+!b|.

20 . < - 2 P N .« 2 A > ~ 2 - N - PN N
Loi giai. Goi A, B la diém dau va diém cudi cua d. Vé diém C sao cho R =b.Vidvab khong cung
phuong nén ba diém A, B, C khong thang hang. Ta c6:

N —
@]~ |B| =AB—BC < AC = |AB+BC| < AB+BC = [@|+|b].

Bai toan dugc chiing minh xong.

Bai 24. Ch(igm gidc ABC can tai A, du’iing_c)ao A_P>I . Biét AB = a va BC = 2b (v6i a > b > 0). Tinh d0 dai
véc-to t6ng AB + BH va do dai véc-to hiéu AB — CA.

Loi giai.

Do tam gidc ABC can tai A, dudng cao AH nén H la trung di€ém A

BC. Suy ra BH = b. Trong tam gidc vudng ABH, ta co:
AH = VAB? — BH? = Va? — b2.

Ta co E + ﬁ[ = ﬁ .
Suy ra ‘E—l—ﬁl’ =S ‘ﬁ’
V& hinh binh hanh ABDC. Khi
Al Ch = A 4 AC — 4D,
Do d6: 4B —CA| = [AD| = 24H =2V —17.

a? — b2,
C
do: H e

Bai 25. Cho tam gidc ABC vuong tai A, AB = a, BC = a+/5. Tinh do dai cdc vée-to AB+ BC, CA — CB.
Loi giai.
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Do tam gidac ABC vudng tai A nén B
AC = VBC? —AB? = /5a2 —a® = 2a.
?" AC =2a.

Tacoﬁ%—ﬁ Ré)zﬁ%—ﬁ‘:‘
Ta ¢6 CA— CB — BA:>‘CA c?) ( BA=—a.

A C

Bai 26. Cho tam gidc ABC vudng tai A, biét AB — a vi AC = 3a. Tinh do dai véc-td tng AB -+ AC va do
dai véc-to hicu AB — AC.

Li gidi.

Ta c6 BC = VAB? + ACZ, B b
Hay BC = Va2 + 942 = a/10.

Ta co E ?‘ @

Do d6 ‘AB R’ )CB‘ CB = ay/10.

V& hinh binh hanh ABDC. Theo quy tic hinh binh hanh ta c6

b+ AC = AD. Do s |4+ AC| = [AB| =AD=ayT0. 4 c

Bai 27. Cho hinh thoi ABCD c6 tam O, canh biing 4 va BAD = 60°. Tinh:

|5, | B+ DB+ 22|
Lui gidi,
Tir gia thiét suy ra ABD la tam gidc déu canh bang 4. Do d6 D c
4+/3 ¢
AO = T\/_ =24/3, AC = 41/3. Theo quy tic hinh binh hanh ta \ l
¢6 AB +AD = AC. Nhu vay (ﬁﬂw‘ AC = 4y/3.

Ta co: O?‘ E 1@ 1@ B?

Suy ra ‘O?—AB’ —BO = %BD —2.

V€ hinh binh hanh BDCH . Do DB = DC = 4 nén hinh binh hanh
BDCH 1a hinh thoi, do d6 DH = 2DK = 4\/§ (K la trung diém
cua BC).

Ta ¢6: ‘—0_1>)+13§+(%’ - ‘(T—O_fnﬁﬁ‘ - ‘lfﬂiﬂ - ‘ﬁ‘ — 43,

N e N 2 N . R . v — —
Bai 28. Cho duong thang d va hai diém A, B phan biét, khong nam trén d. Tim M € d sao cho ‘MA +BA’

nhé nhit.
Loi gidi. Goi C 1a diém d6i xing ctia B qua A. Khi d6 C 1a diém cb dinh va

MA + BA = MA +AC = MC.

— — = ) .
Do d6 ‘MA + B_/i‘ — |M¢| = Mc. Nhu vay (MA + BA’ nho nhét khi va chi khi MC nhé nhét, hay M 1 hinh
chiéu vudng géc ctia C trén dudng thang d.

Bai 29. Cho dudng thang d va hai diém A, B nam trén nia mit phang ¢ b 1a dudng thang d. Tim gia tri

nhé nhéit cda biéu thic |M LV6i M e d.

Loi giai.



26 CHUONG 1. VECTO

Trong trudng hop M, A, B khong thang hang, ta dung hinh binh
hanh MANB. Khi d6 MA + MB = MN. Suy ra ’Aﬁ +m’ _
MN. Goi O la giao diém ctia MN va AB. Khi do, O la trung
diém AB nén O la di€ém c6 dinh. Tir O, N lan lugt ké cdc dudng B
vudng goc voi d, cat d tai P, Q. Tac6 MN > NQ = 20P. Con A
khi M, A, B thing hang thi hién nhién ’m +M§’ > 20P. Vay

— 2 N
‘MA +1ﬁ‘ nhé nhit 1 bing 20P, dat dugc khi M tring P.

Dang 4. Chiing minh dang thic véc-to

a) St dung quy tic ba diém.

b) St dung quy tic hinh binh hanh.

Vidu 14. Cho 5 diém A, B,C, D, E. Chiing minh riing AB + CD + EA — CB + ED.

. J

Loi gidi. Dang thiic cin chiing minh tuong duong véi

(ﬁ—@%t(?ﬁ—ﬁ)ﬂﬁ:ﬁ
SAC+CE+EA=T

SAE —FET‘\> ~-0 (ludn ding)

[ Vi du 15. Cho hinh binh hanh ABCD. Chiing minh ring BA + DA +AC = 0. ]

Lisi gidi. Do ABCD 1a hinh binh hanh nén BA = CD .
Pang thic can chitng minh tucng duong V6iCD +D? = 0 (ludn ding)

Vi du 16. (ﬂ) taE> giac ABC._)G()i M,N,P lan ludt 1a trung diém cla cac canh BC,CA,AB. Ching
minh ring AM—l—BN—i—@ =0.

Loi giai.
—
AM = AC+CM
Ta co E)V:EL\>+HV A

CP—CB+BP

— AM +BN +CP = (R+E§+lﬁ) + (C_A>/I+1¥+Fv)

- —
— 0 +CM+BP+AN
L BP = MN
alCO —
AN = NC B c
— — —
 AM+BN+CP=CM+MN+NC =10 M

Vidu 17. Cho 5 diém A, B,C, D, E. Ching minh riing AC + DE — DC — CE + CB = AB.

Loi giai. Tacé
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AC+DE —DC —CE +CB = (R—D?) +(D7—CTEZ)C?
— AD+DC+Ch
_AB

N 2 —
Vi du 18. Chiing minh rang néu hai hinh binh hanh ABCD va A’B'C'D’ ¢6 cung tam thi AA’ + BB +
cC'+pD =0

Loi giai. Goi O la tAm cua hai hinh binh hanh.
Ta cod
= — — — — — —
AA' + BB +CC + DD = (()A’ _ EZ> n (03’ _ 0‘1%) n (OC’ _ 07) n <0D’ _ 0?)
—s = —
— (@ﬂ@) _ (&%+@) + <0A’+OC’> + <OB’+0D’)

-0

BAI TAP TU LUYEN
Bai 30. Ching minh ring AB = CD < AC = BD.
Loi giai. Ta c6 sy tuong duong:
A = CD < AC + CB = CB + BD < AC = BD.
Do d6 ta c6 diéu phai chiing minh.
Bai 31. Cho hinh binh hanh ABCD va M la diém tuy y. Chiing minh:

MA —MB = MD - MC.

N Pye o . < s . N Y .
Loi giai. Ta c6: MA — ]\ﬁ = BAJ\@ — W = C? Ma ABCD 1a hinh binh hanh nén BA = C? Viy ta co
dang thiic can chiing minh.

\ e N \ N 2, . M ) - R A N s —

Bai 32. Cho hinh binh hanh ABCD. Chung minh rang véi di€ém M bat ki ta luén co MA —H\R‘ = Aﬁ —H\B.
Loi gifi> Ta cé o
MA +MC = MB+ MD < (MA — MB) + (MC —MD) = 0
_)
©BA+DC=T0 (luon ding do ABCD 1a hinh binh hanh).
Bai 33. Cho tam gidc ABC, goi M, N, P 1an ludt la trung diém ciia cac canh BC,CA,AB. Chiing minh ring

véi diém O bat ki ta luon ¢6 OA + OB + OC = OM + ON + OP.

Loi iéi._T)a co L
OA + 0B + OC = OM + ON + 0P
< (0A—oM) + (0B~ ON) + (0C ~0P) =0
SMA+NE+PE=T A
SAM+BN+CP=T0
AM = AC + CM P N
Mit khdc { BN — BA +AN
CP=Ch+BP
= AM +BN +CP = (AC+CB+ BA) + (CM + BP + AN B ¢
— CM +BP + AN
Laicé{%m
" AN = NC
—~ AM+BN+CP=CM+MN+NC =0




28 CHUONG 1. VECTO

Bai 34. Cho tam gidc ABC c6 trong tim G. Goi [ 1a trung di€m cta BC. Dyng di€ém B’ sao cho B'B = 1@
Goi J 1a trung diém ctia BB'. Chiing minh riang 37 = Iﬁ
Loi giai. Ta co:

—
BB =AC ' = AGBB' 1a hinh binh hanh. A
=% N P
= BJ va GA cung hudng.
= l?} va Iﬁ cung hudng. B
1
BJ = —BB N
Mt khéc 2 o BI=1IG p
IG=-GA
2
B C
1
<. N . N N . . > S Ay G~
Bai 35. Cho hai hinh binh hanh ABCD va AB'C'D’. Ching minh rang BB+CC'+D'D= 0.
g N
B'B=AB—AB

N,e 0?4 , — —
Loi giai. Tacé: < cC' = AC — R
— —
D'D=AD—AD
— — = — = =\ =
— BB+CC +D'D = (EJFE—R) _ (AB/—l-AD’—AC’) -0

Bai 36. Cho hinh binh hanh ABCD. Goi E va F lan lugt 1a trung diém cﬁ_a> hai cg}h AB va CD. Néi AF va
CE, hai dudng nay cat dudng chéo BD 1an ludt tai M va N. Ching minh DM = MN = 1@

Loi giai. Goi / 1a giao di€ém cta AC va BD.

Dé thiy / 1a trung diém ctia MN.

Dé thiy M 1a trong tim AADC = DM = 2M1.

N la trong tam tam giac ﬁBC :LIEN =2NI

= DM = MN = NB = DM = MN = N&

Bai 37. Cho hinh binh hanh ABCD. Trén céac doan thang DC,AB theo thi tu iy cac diém M_,> N sao cho
DM = BN. Goi P la giao diém ctia AM, DB va Q la giao diém ctia CN, DB. Chiing minh rang AM = NC va
DP = QB.

Lisi gidi. Ta c6 AMCN 13 hinh binh hanh = AM — NC

ADPM = ABON = DP — OB = DP — QB

Bai 38. Cho tam gidc ABC c6 H 1a truc tAm va O 13 tim dudng tron ngoai tiép. Goi B’ 1a diém ddi xiing cla
R

B qua O. Chitng minh AH = B'C va AB' = HC.

Loi giai.

Ta c6 BCB' = 90° (g6c nodi tiép chan nita dudng tron)

:/>éH song song v6i B'C (cung vudng goc véi BC)

BAB' = 90° (g6c ndi tiép chan nita dudng tron)

= CH song song v6i AB’ (cung vudng goc véi AB).

= AHCB' 1a hinh binh hanh

~ AH = B AB — HC

e .« . , A A A g 1 N <
Bai 39. Cho tam giac ABC c6 trung tuyeén AM. Trén canh AC lay diém E sao cho AE = §AC va BE cat AM
— —
tai N. Chiing minh NA +NM = 0 .
Loi giai. Goi F 1a trung di€ém ctia EC
= E la trung diém cta AF
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= MF la dutng trung binh cia ABEC
= MF song song v0i BE.
= NE la dudng trung binh cia tam giac AMF.

. —
= N la trung diém cia AM = NA+NM = 0.

<. C A . = ¢ e
Bai 40. Cho ngti gidc déu ABCDE tam O. Chiing minh rang OA + 0? + 074— 0? + 0? =0.
Loi giai. Céc diém B, E d6i xting v6i nhau qua OA = OB+ OF c6 gia 1a dudng thiang OA.
Ci diém D, C déi xing v6i nhau qua OA = OC + OD ¢6 gid 12 dudng thing OA.
= Véc-to W = OA + 0} + 07—# O?i)()?c_é}gié la dudng thang OA.

Tuong tu cac véc-to <0A + 0?‘) va <0E + OD) c6 gid 1a dudng thang OB.
= Vig—td W = OA+0B+0C+ 0D+ OE c6 ggladming thang OB.
Do OA va 5§ c6 gia khong trung nhau = U=0

e ., X 4,0 < s A P . v — —
lﬂﬂ._gho da giac déu AjA;...A,, v6in € Nvan > 3 c6 tam O. Ching minh rang U = OA1+OAy+ ...+
OA,= 0.

Loi giai. Ta xét hai trudng hop

e Trudng hop 1: n1a sb chdn = n = 2k v6i k € N,k > 2. Khi d6 cdc cip diém A; va Ay,; véi i = 1,k d6i
xung V_(n> nhau qua O. o
OA1+OAry 1 = 0

=
OAy +0OA 2= 0 7

0.

— —
OAr+OAy, = 0

o Truong hop 2: n1a s6 18 = n = 2k+1 v6i k € N,k > 1. Khi d6 cic cip diém A; va Ay 3_; V6i
i =2,k -+ 1 dbi xiing v6i nhau qua dudng thazlng OA,.
= (Gia cua cac véc-to (OAi + 0A2k+3,,-) la duong thang OA;.
= Gid clia véc-to o/ 12 dudng th:aa\ng OA|. . .
Tuong tu, gia cua cac véc-td <0Ai + OAé), (OAzk + OA4> ... 1a duong thang OA,.
= Gid clia véc-to i/ 12 dudng thing OA,. R
= U ¢ gid 14 cac duong thing OA| va OA; = U=0.

BAI TAP TONG HOP

l

<. ) — — P . 3 X
Bai 42. Cho n véc-to H,a_%, - ,a_,l>. Dung OA| = a_>1,A1A2 = @, LA A, = @. Chung minh rang diéu
kién cin va di d€ dudng ghp khic OAA,... A, khépkinlaal + a3+ +a, = 0.
NPT — — — e
Loi giai. Dung OA| = H,AlAz = @,...,An_lAn = @. Khi d6 a_1>+a_>2+ cta

a

N

—
i a3+ n = OA,. Nhu vay du‘gng
ghp khiic OA A5 . .. A, khép kin khi va chi khi O trung v6i A, hay OA, = 0, ticlaa{ + @3+ --+a, = 0.

Bai 43. Cho hinh vuéng ABCD tam O, canh a. Hay xac dinh va tinh do dai cac véc-to:

AD +AB,0A +0C,0B +BD, AB+AC.

BN ? e pe A ~ N 2
Loi gidi. Trudc hét ta c6 AC = BD = av/2 vi OA = OB = OC = OD = %
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D C E

Ta c6: AD + AB = R:>|ﬁ+.ﬁ] |R|—a\/_

ViOla trung di€ém AC nén 0A+ 0?‘ O
Vay: [0A + 0| = | 0| =0.

Theo quy tic ba diém: 0?—#@ — 0D = |£+£| = |0?| = @

Dung hinh binh hanh BACE. Ta cé:
— —
AB+AC = AE = |AB + AC| = |AE| = AE.

Do do:

AB+AC| = AE = \/AD? 1 DE? = \/a? + 4@® = a\/5.

Bai 44. Cho hinh chit nhat ABCD tim O, AB = 2a, AD = a, M 1a trung diém CD.
a) Chung minhﬁ —E = @ — C?

b) Tinh ‘ﬁﬂﬁﬂ.

Loi giai.
a) Tac6 AB — AD = DB,
Taco@—@ ?
Tu(l)va(2)suyrazﬁ E @ @
A B
(0]
D
M C
E

b) Dung di€ém E sao cho OMED la hinh binh hanh. Khi d6
BD+ OM = BD + DE = BE.

Ta co:

9a* 254> 5
BE? = AB*+AE? = 4a +Z 4“ ;s‘EB+o_A>4‘:‘EE‘:BE:7"_

VECTO

o))
2)
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Bai 45. Cho hinh binh hanh ABCD, I 1a trung di€ém BC. Tim di€ém M thda man:

BC+MD = Bi —CA. )

Loi giai. Ta c6 su tuong ducng sau:

BC +MD = Bl — CA <> BC+CA + MD = BI
H

@B7§+m:l?l>@(3j—l?})+m:6>@ﬁ:DM.

B 1 C

M

Vay M la diém sao cho MDIA 1a hinh binh hanh.
Bai 46. Cho tam gidc ABC. Vé phia ngoai tam gidc vé cc hinh binh hanh ABIJ, BCPQ, CARS. Chiing minh

rang . R
RI+10+P§=T0.
Loi giai.
J R
A
1 S
C
P
)
Ta co:

RI+10+PS—=RA+AJ+TB+BO+PC+CS
— (RA+C8)+ (AT +1B)+ (BO+PC) = 0.

Viy ta c6 diéu phadi chitng minh.

N e . s . X N g - 2 . —>
Bai 47. Cho tam giac ABC. Goi A1, B1,C lan lugt la trung diém cac canh BC, CA, AB. Chung minh AA| +
— = =
BB, +CC; = 0.

Loi giai.
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A
Cl B
B Al C
Ta co:
A71>+B—31>+CTC_1)= (14—(71>+CT141>)+<1§1>+A131)+(C31+31C1)
= (14—Cl>+zr191>)+(ﬁ+Blcl)+(CBl+C1A1)
e
—0+0+0=0.

Bai 48. Cho AABC. Goi A’ 1a diém dbi xdng v6i B qua A, goi B’ 1a diém dbi xing véi C qua B, goi C’ 1a
diém ddi xing v6i A qua C. Ching minh ring v6i mot diém O bt ki ta c6

OA+0B+0C =04+ 0B +0C.

Li gidi.

B/

Ta co:
— s = = — =
OA+0B+0C=0A"+A'A+OB +BB+0C +CC

— = = = = —
- (OA’ L OB + OC’> L AA+BB+CC

0A’+OB’+OC’> +AB+BC+CA

%
(OA’ L OB+ oc’) +0
—
OA' + OB + 0C.

Bai 49. Cho bay diém A,B,C,D,E,F,H. Chiing minh:

AB+CD+EF + HA = CB+ED+HE.



2.. TONG VA HIEU CUA HAI VECTO 33

Loi giai. Ta co:
AB+CD+EF + HA— (CB+ED + HF)
:ﬁﬂ@—@)ﬂﬁ—ﬁ)ﬂfﬁ—ﬁ)
—AB+BD+DF +FA=AB+BF + FA=AF +FA=0.

Vay AB+CD+EF + HA = CB+ ED + HF.

Bai 50. Cho hai luc I71> , E) déu c6 cuong do 12 40 N, c6 diém dit tai O va hop v6i nhau mot goc 60°. Tinh
cuong do luc tdng hop cia hai luc nay.

Loi giai.

Theo quy tic hinh binh hanh thi ? + ? 073 Ma OF, =

F
OF, =40 (N) nén OF|RF; 1a hinh thoi ¢6 géc F; 0F2 60° va
hai dudng chéo RO, Fi F> vudng géc v6i nhau tai trung di€ém
3
H. Tacd OH =40 x g =203 (OH 1a duong cao cua tam
gidc déu canh bang 40). Vay cudng dd luc tong hop ctia hai luc O H R
dicho 1a |F{ + 5| = |OR| = 20v3 (N).
P,

Bai 51. Cho hai luc fl), ?2 1an ludt c6 cudng do 30 N va 40 N, c6 diém dit O va vudng géc v6i nhau. Tinh
cudng do luc tdng hop clia ching.

Loi giai.

Do hai lyc 1? , 5 ¢c6 cung diém dit O nén tdng hdp_l)u’c Fl + 1? la duong Fi R
chéo OR cua hinh binh hanh OF|RF,. Do hai luc Fy, F> Vuong goc v6i nhau
nén hinh binh hanh OF|RF; tr§ thanh hinh ch@ nhat. Vay F1 + Fz &%
Ta c6 OF; = 30, OF, = 40. Nhu vdy OR = Fi F>» = /4024 30? = 50. Do
d6 cuong do luc tong hop OF 1a )E) + ?2‘ = ’O?’ = 50(N).

o P
Bai 52. Cho 2018 diém trén mit phang. Ban Quynh ki hiéu ching 1a Ay, As,. .., Axis. Ban Van ki hiéu
chung la By, By,.. ., Byp1g. Chiing minh rf?mg:
— — =
A1B] +A2By+ -+ +Ax18Baois = 0

Loi giai. LAy mot diém O nao d6. Ta ¢
- — SN
A1B1 +A2By + - +A2018B2018

ZOB{ —OA1+0By — OAy + - - - 4+ OByp18 — OA2013
— — = —— —
= (031 +032+"'+0B20]8) — (OAl —|—0A2+'-~—|—0A201g) .

Vi 2018 diém By, By.. .., Bogig cling 12 2018 diém A1, A,,. .., Aygig nhung dugc ki hiéu mot cach khac, do
do

s ; ; ; R
OB+ OBy + -+ OByo13 = OA; + OA2 + - - - + OA2o1s.

— — s
Suy ra A1By +A2By + -+ - +As018B2018 = 0.
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Bai 53. Cho n-da gidc déu AjA,...A, (n1&, n > 2) ndi tiép dudng tron tim O. Chiing minh ring

— — =
OA1+0OA+---+0A,= 0.

Lui gidi. Goi d; 1a dudng thang di qua diém O va diém A;. Xét cic dinh ctia da gidc da cho ma khf)ng nim
trén d;. Ching c6 th€ phan tich thanh nhu?ng capdinh A;, A; d6i xing nhau qua dudng thang d; (chang han
cidp Az, A,_1, cip Az,A,_»,...). Khi d6 tong OA + 07 1a mot véc-td nam trén duong thang dy. Tu do suy ra
tong 07n> + O—Az> +-e 07> cing la mdt véc- tdﬁ)> gla nam trén duong thang d;. Hoan toan tu’dng tu, néu
goi dp 1a dudng thang di qua O va A; thi tdng OA| + OAZ + 0A_c>ungﬁ> mot véc tigo gid ndm trén
dudng thang d». ghal ﬂdng than&; va d2 khong trung nhau nén OA| + OA, + - - - + OA,, ¢6 hai phuong
khéac nhau, hay OA| +OAy +---+ OA, = O
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§3.  TICH CUA MOT VECTO VOI MOT SO

I. Tém tat Ii thuyét
DPinh nghia

~ £ N = " e A 11 ms PN ,
Dinh nghia 1. Cho s0 k # 0 va a # 0. Tich cta véc-tg d v6isb kla mot véc-td, ki hiéu la kﬁ, dudc xac
dinh nhu sau:

o kd cung phuong a.
o kd cung hudng d khik > 0.
e k'd ngudc hudéng o khi k < 0.

o [kd|=|k|.Id|

) - o =
Quywdc:07: 0;k0=0.
Phép 14y tich cia mot véc-to véi mot sé goi 1a phép nhan vée-te véi mot so (hoidc phép nhan mot sb véi
mot véc-to).

Tinh chét
Tinh chét 1. Cho @, b bitki v k;h € R, khi do:
« @+D)=kd +kb:
o (kthyd=kd +hb;
o k(hd) = (kh)d;
el d=7d;(-1)d=-4.
Tinh chéit 2 (Tinh chét trung diém). Cho 7 13 trung diém ctia doan AB, v6i moi M ta c6:
MA + MB = 2M1.

Tinh chét 3 (Tinh chét trong tam tam giac). Cho G la trong tim AABC, v6i moi M ta c6:

MA +MB +MC = 3MG.

Piéu kién d€ hai véc-te cung phuong

V?,? ta c6: @ cung phuong ?(? + 6>) o JkeR:d = Kb

Phén tich (biéu dién) mot véc-te theo hai véc-to khong cung phueng

— 2 2
Cho hai Véc-tg> 7, b khong cung phuong. Khi do6 VX ta ludn tim dudc duy nhat cdp sO m,n sao cho
X =md+nb.
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II. Cac dang toan

Dang 1. Céc bai toan sit dung dinh nghia va tinh chét ctia phép nhan véc-te véi mot sb.

Phuong phap gidi: Ap dung dinh nghia va céc tinh chit ctia phép nhan véc-to véi mot s6 dé giai cac
bai tap.

2z _> ~ A 2
Vidu 1. Cho W =—27d +5b . Tim véc-to dbi ctia o/ .

T S Ao o IR -
Loi giai. Véc-to dbi ctia vée-to W = —2d +5b 1a: V = —(—2d +5b)=2d —5b.

Vidu 2. Cho AABC ¢6 trong tAm G. Goi I 1a trung di€ém cua BC. Hay tinh:

a) IQ theo I%
b) BC theo IC.

c) E theo IK

Loi giai.

a) Do %? ngugc hudng va c6 do dai gip doi I% nén IQ =
—2IB.

b) Do B?' ciing hudng va c6 do dai gip doi I?' nén R‘ = 21% .

v 2 —
c) Do Iﬁ ngugc hudng va c6 do dai bang 3 véc-td IA nén B 1

-2

[ Vi du 3. Ching minh ring 7 12 trung diém ctia AB khi va chi khi IZ + 6= 6> ]

Loi giai.
(=) I 1a trung di€ém _)cﬁa AB ngl TAvaTb ngugc hudng va co clng
do dai. Do d6 A + 1B = 0. H H

- D . 4. L s
(<) I_/i —|—I$ = 0 suy ra hai véc-to I_/i va I% doi nhau. Do d6 I 1a
trung diém cta AB.

BAI TAP TU LUYEN
Bai 1. Cho hai véc-to 7, 7 Tim céc véc-to dbi cla cac véc-td sau:
Q) W=7d-5b.
b) V=(3+1)7+45b.
Q) T =(-2v2) (37 -2D).
Loi giai.
a) Véc-to dbi cia i 1a: @' = —Td +5b.

b) Véc-to ddicia ¥V 1a: 7' = —(v3+1)7 —45.
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¢) Véc-to dbi clia ¥ 1a: ¥ = (6v/2)3F —4v2 D .

Bai 2. Cho hinh binh hanh ABCD ¢6 tim O. Goi M, N 1an luot 1a trung diém ctia AD, BC.
a) Timx;y biét AL :xO—A}I, BD :y51_>9.

b) Tim tht ci céc véc-to o thda man o/ = 20—1>\/ .

Loi giai.

— — ) —
a) - Do AB cung huéng v6i OM va c6 do dai gap do6i OM nén suy ra
x=2
- Do Iﬁ nguoc huéng véi 5§ va c6 do dai gap doi 5§ nén suy ra
y=-2

A 0 . > ~ N X N . N —
b) Tat ca cac véc-to U thda man yéu cau bai toan la: @,MN ,If A D

Bai 3. Cho AABC vuodng, AB = AC = 2. Hay dung cac véc-td sau ddy va tinh dd dai cta ching.
a) U = E +R.

b) V = 3AB+24C.

Lui giai.

a) Dung hinh chtt nhat ABCD nhu hinh vé.
Khi d6 ta c6 @ = AB +AC = AD.
Suy ra || = |AD| = 2v/2.

b) - Trén dudng thang AB liy M sao cho AM = 3AB, va m ,E cung
hudng.
N 2 A e ey
- Trén duong thang AC lay diém N sao cho AN = 2AD va AN ,R
cung hudng.
- Dung hinh chtt nhat AMNP nhu hinh vé.
Khi d6 3AB — AM, 2AC — AN.
= V =3B+ 2AC = AM + AN = AP.
= |V| = |AP| = 2V/13. A v

C

Bai 4. Cho AABC déu canh 4 cm. Goi M 1a trung diém ctia BC. Hay dung va tinh do dai véc-to u = ZW .

Loi giai.

-Lay N d_f))i xuiing v6i A qua M_> N , y

Khi d6 AN clng huéng véi AM va c6 do dai gip doi AM
— =

= AN =2AM = .

- Miit khac AABC 1a tam gidc déu canh 4 cm nén trung

tuyén AM dong thai 1a dudng cao.

=AM =2V/3,

= |U| =2|AM| = 4//3.

Bai 5. Cho dudng tron tim O va hai diy cung AB,CD vudng géc véi nhau va cat nhau tai E. Goi I,J lan
luot 12 trung diém ctia ctia AD va BC. Chitng minh ring OIEJ 13 hinh binh hanh.
Loi giai.
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Goi P,Q lan ludt 12 trung diém ctia CD,AB

b OD+0C o 0A+0B

2 2
Do 7,J lan lugt 1a trung diém cta AD, BC

%
éﬁz@;ﬁ]:w.@id(x

i OCL08  Fe D

2
:(0—C>+0?)+(5Z+0?)+ﬁ

2
_ob+00+E0
_>
=0.
LG -T2

Suy ra ti giac OIEJ 1a hinh binh hanh. (dpcm)

Dang 2. Phan tich mot véc-to theo hai véc-t¢ khong cung phuong

Diing céc quy tic vé véc-td dé phan tich mdt véc-to theo hai véc-to khong cuing phuong.
Ly thuyét can nhé

— N p o
- Cho 2 véc-to z va b khong cung phuong. Khi dd, véi moi ¥, ton tai duy nhat cap so A, k sao cho
X =hd+kb.

2 _>
- biém M thudc doan AB sao cho xAM = yBM (x,y > 0) thi AM = %1@
XTy

- Quy thc 3 diém: AB+AC = BC.

- Quy tac hinh binh hanh
Néu ABCD 12 hinh binh hanh thi AB + AD = AC.

- Hiéu cua hai véc-to: R —zﬁ = ﬁ
- Trung diém ctia doan thang
N .o g — 1 ?
I 1a trung diém cua doan thang AB < Al = ZA
%
& I7§ +IB= 0
o MA + MB = 2MI,YM bit ky

- Trong tam cua tam giac . R
G la trong tam cua tam giac ABC < G_A) + (ﬁ + (? =0
o MA + MB +MC = 3MG, VM bit ky

Vi du 4. Cho tam giac ABC c6 G la trong tdm. Phén tich véc-to Xé theo 2 véc-to zﬁ va IR‘ .

Loi giai.
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Goi M 1a trung di€ém ctia BC. A
— 1 1
Suy ra: AM = Eﬁ-l— ER

Malézgm

Do dé:ﬁz EE—FER
3 3 B | IY; % C

Vidu 5. Cho hinh binh hanh ABCD. Goi M 1a trung diém cta canh CD. Phan tich véc-to m theo 2
véc-to ﬁ va R

Loi giai.
. — 1 1
Vi M la trung diém cta CD nén AM = ER + EE B C

1— 1
- EA—C> n Eﬁ (Vi ABCD 12 hinh binh hanh)

= JAC 43 (AC—AB) = AC — 1B,

<

A D

Vi du 6. Cho tam gidc ABC. Goi H, K 1an lugt thudc 2 canh AB va AC_&?.O cho 3AH = 2AB, 3AK =
AC. Trén canh BC lay di€ém M sao cho 4BM = 3MC. Phan tich véc-to BM theo 2 véc-to IFI va R .

Losi gidi.
Ta c6 3AH = 24B = AR — SAH, A
2
3AK:AC:>R:3X§. K
ABM = 3MC => BM = 51@
Ma BC = AC —3@. . . . H
— — —

Vidu 7. Cho ti giac ABCD (AD va BC khong song song). Trén canh A_B) va CD lan lugt lay 2 diém
M, N sao cho AM = kAB v DN = kDC (0 < k < 1). Phan tich véc-to MN theo 2 véc-to AD va BC.

Loi giai. / . -

Vi moi diém O bt ky, ta c6: OM = OA +AM

— OA+kAB = OA + k(0B OA) = (1 k)OA + kOB
Tuong tu:_?_]>\7 il — k_> O?jtko—c>

Suy ra: MN = ON — OM

— (1-k)OD+kOC — [(1~k)OA + kOB

— (1-k) (0D — O4) +k (OC — OB) = (1 — k)AD + kBC.

BAI TAP TU LUYEN

— 0 x
Bai _6> Cho hinh binh binh hanh ABCD. Détﬁ = 7@ = b . Hay biéu dién cic vec-td sao day theo vec-to
a,b.

— e
a) DI v6i I 1a trung diém BC.

b) Kg v6i G la trong tim cta tam giac CDI.
Li gidi.
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K B
_>
DI =DC+Cl . 4
a) Taco: — 1 1 —s 1— b 1
DC = @:Cl = 5CB =~ AD =~
11—
Dodo DI =@ b - c
b) Taco ﬁ v6i G la trong tdm cua tam giac CDI.
Theo t1nh chét cua trong tam tam giac CDI, ta c6:
AG = R +AD 1Al
Bén canh do, R 1@ +B q+ b (qui tac hinh binh hanh)
vaAl = AB+ Bl = 7+§ b
2 5—
S A=+,
3 6
Bai 7. Cho tam gidc ABC c6 trong tAm G. H 1a diém dbi xting cta B qua G.
a) Tinh ﬁ va C_>H theo z@ va ﬁ
b) Goi M la trung diém ctia BC.
Chiing minh rang = —R — —AB
Loi giai.
. C
a) Tinh AH va CH theo AB va AC.
Ta c6: AH + AB = Zﬁ(qui tac trung diém) o
2 2—
- g(ﬁﬂﬁ) (Vi AG = SAM) M
2 1
= AH = SAC — ZAB.
1 A B

3
Tuong tu: CH — §CA Y (CA +AB)

g lm @

3

UJ

— — 1 —
b) Tacé:MN:R+CH:§ﬁ+CH:—BA+—R L AB +ac)
(do cau a).

Vay MH = %EJF éﬁ.

Bai 8. Cho tam gidc ABC c6 trong tim G. Cho cic diém D,E,F lan ludt 1a trung dlem cuia cac canh

BC,CA,AB vallagiao diém ciaAD va EF. Dit U = ﬁ V= ﬁ Hay phén tich céc vec-to Al, ﬁ ﬁ IY'
theo hai vec-to 7, V.
Loi giai.

Vit glac AEDF lahinh binh hanh nén ﬁ ﬁ —i—ﬁ U+ C

1
va AI = —AZ%. V\
2 D
1 1 E

Tacé: Al = ~ (7+7?) —7+—7 %

2 2 G -
AG=2AD= 2w+ 7) =27 437, A F 5
DE = FA_ _AF 1.7+0.7

DC—FE—AE-—AP =7 - 7.
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\ e ., - A A ~ A ’ —> .
Bai 9. Cho tam giac ABC. Biém M trén canh BC sao cho MB = 2MC. Hay phan tich vec-tc AM theo hai
vec-td 7 :E,V :R.

Loi giai.
Tacé:ﬁzﬁ#—m:z@%—%ﬁ C
:E+§(ﬁ—ﬁ):§@+§ﬁ M
Vay: AM = %7+§7. v,
0
A B

Bai 10. Cho tam gidc ABC c¢6 M, D lan lugt la trung diém cta AB, BC va N 1a diém trén canh AC sao cho
ﬁ\/ = %1@ Goi K 1a trung diém ctia MN. Hay phan tich céc véc-to zﬁ( , ﬁ theo hai véc-to zﬁ va ﬁ

Loi gidi.

+) Phan tich AK hai véc-t6 AB, AC.

Ta co: R:ZKZ_)V@FV: lﬁvém: 1@

2
1 — — 1/1 1 1 1
Suy raR: 3 <AM—}-AN> =5 (EE—F?@) = ZE—FER

+) Phan tich I@ theo hai véc-to E,R A
KD =AD - AK N
M
= % (ﬁwﬁ) _ AR
1 1 1
- L apae) - (Lab 20
1 1

Bai 11. Cho tam gidc ABC. Goi M trung diém ctia AB va N thudc canh A£>sao ch_(;: AN =2NC.
a) Goi K 1a trung di€m ctia BC. Hay phan tich véc-to zﬁ_}heo hai véc-to AM va AN.
b) Goi H la trung diém ctia MN. Hay phan tich véc-td AH theo hai véc-to zﬁ va R .

e *?% e N .2 <A 7 _> B 3 _>
Loi giai. a) Tu gia thiét ta co: zﬁ =2AM va R = EAN .

— 1 /= 1/, — 3— — 33—
Suy ra AK = - (AB +R) =5 <2AM+ 5sz> =AM + JAN.
— 33—
Vayﬁ:AM+ZAN.
— 1= = 2
b) Tacé:AM:EABVéANzngé.

Suy ra
AH = 1 (4% +AN)
(3 9)
= JAb 4 A

Vay AH — %EJF %R.
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— 3 —
Bai 12. Cho tam glac ABC Goi cac diém M,N, P théa man M ? = 3m,NA =3CN,PA +1@ = 0. Hay
phan tich cac véc-to PM PN theo hai véc-to 1@ va 1@ .

Loi gidi. Tir gia thiét ta co: }ﬁ ?

MB =3MC < MB _3(_3@1%) Zc_é.
Suy ra: A
PM = PB— MB
RN ;
:gﬁ_ﬁ.

NA =30 =3 (AN~ 4C) & AN = 24C

- — 3 1

Bai 13. Cho tam gidc ABC. Piém I thudc tia ddi ctia tia CB kéo dai sao cho IB = 3IC, diém J thudc tia dbi
cua tia CA sao cho JA = 2JC diém K thudc tia d6i ctia tia AB sao cho KB = 3KA.

a) Phan tich cac véc-to Al, J? theo hai Vec -to E va R

b) Phan tich véc-to IQ theo hai véc-to AI va J?

Loi giai.
a) Ta 6 K
Al = Bi - BA
:537?—54}
:g(f&—ﬁ) +AB
— S AB AL !
JK =AK —AJ

:—%E—zﬁ.
Vay Al — —%/ﬁJr%@ vaJk = —%@—2@.

b) Tt cau a) ta co:

Al_——ﬁ+—ﬁ AB— fl—éﬁ
JK = ——ﬁ 2R AC — %X}—%J
— BC— R AB = l—oﬁﬁ—‘?

Vaytaco]% —OX} 4]?
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Dang 3. Chiing minh déing thirc véc-to ¢ chia tich ctiia véc-to voi mot sb

Phuong phdp gidi:
e Huong 1. Bién d6i mot vé thanh vé con lai. Khi dé:

- Néu xuit phat tir vé phc tap ta can thuc hién viéc don gian biéu thiic.

- Néu xuét phat tir vé don gian ta can thuc hién viéc phan tich véc-to.

e Hudng 2. Bién ddi dang thiic can chitng minh vé mot dang thic da biét 1a luon diing.

e Hudng 3. Bién ddi mot dang thiic véc-td da biét ludn diing thanh ding thiic can chitng minh.
Khi thuc hién cdc phép bién doi can luu y:
. Quy tdic ba dié: Véi ba diém A, B,C bt ki ta lubn c6: AB = AC+CB.
- Quy téc hink bink hanh: Véi hinh binh hanh ABCD ta luén c6: AC = AR+ AD.
- Quy tdc triz: V6i ba didm A, B, 0 bit ki ta ludn c6: OF — OA = AB.
- Tinh chdt trung diém ciia doan thing: V6i diém M tuy y va I 1a trung diém ctia AB ta c6:

A+1B=T1.

1

- Tinh chdt trong tam tam gidc: V6i di€m M tuy y va G 1a trong tAm cla tam gidc ABC ta c6:

GA+GB+GC=0.

MA + MB + MC = 3MC.

- Cdc tinh chdt ciia phép cong, tric véc-to va phép nhdn mot sé véi mot véc-to.

Vi du 8. Cho hinh binh hanh ABCD. Chiing minh ring:
AB+24C +AD = 3AC.

Lo gidi. Vi ABCD 13 hinh binh hanh nén ta ¢6: AB + AD = 2AC.
Suy ra

,@+2A?+ﬁ=(ﬁ+ﬁ)+2ﬁ
— AC+24C = 3AC.

, 0 o8 n 3 . 3 Y=
Vidu 9. Cho tam giac ABC vdi trong tam G. Chung minh rang: BA +CA = —31@.

Loi giai. Vi G la trong tdm cuia tam gidc ABC nén ta co:

AB+AC+AA = 3AG < BA+CA = —34C.
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Vi du 10. Cho td giac AB_CI>). Goi M va N lan lugt 1a trung di€ém cac doan thang AB va CD. Chiing
minh rang: R+ Iﬁ =2MN.

Loi giai.
Cdch 1. Ta co:

M
AC = AM +MN +NC, 5
BD = BM + MN + ND.

Cong hai dang thiic trén theo vé ta dugc:

R+ﬁ:2]\7\/+<m+m)+<[@+ﬁ> 5 H "

— 2MN.

(ViAM+BM = 0 va NC+ND = 0).
Cdch 2. Ta co:

Cong hai dang thiic trén theo vé ta dudc:

OMN = (AM + BM) + (NC + ND) +AC + BD

— AC + BD.

(ViAM+BM = 0 vaNC+ND = 0).

Vi du 11. Cho tam gidc ABC. Goi M 1a diém trén canh BC sao cho MB = 2MC. Chiing minh ring:
— ? 2?
AM = -AB+ §A .

K
Loi giai.
Ta co: A
AM — AB+BM
i 2
2
=E+§(ﬁ—ﬁ) K v c

Vi du 12. Cho tit gidc ABCD. Goi M, N lan ludt thudc cac doan thang AB,CD sao cho MB = 2MA

va NC = 2ND. Chiing minh rang:
2 1

Li gidi.
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Ap dung quy tic ba diém, ta c6: A M
B
MN = MA + AD + DN,
— —
MN = MB + BC +CN.
— — — =
— 3MN = (2MA + MB) +24D + BC + (2DN +CN).
D N C
Vi M, N lan ludt thudc cic doan thang AB,CD sao cho MB = 2MA va NC = 2ND nén ta co:
2MA+ME =0,

2)DN+CN = 0.

Vay 3MN = 2AD + BC < MN = §E+%ﬁ.

Vi du 13. Cho tam gidc ABC. Lan ludt iy céc diém M, N, P trén cic doan thang AB, BC va CA sao

1 1 1 N
cho AM = §AB,BN = §BC, CP = §CA. Chiing minh rang:

AN+BP+CM=0.

Loi gii.

Ta co: A
ﬁv:%ﬁ@ﬁ—ﬁzélf (1.1) M
C?:%C_X@ﬁ—%:%a (1.2) p
AV — SAB o OV — CA = 128 (1.3)

3 3 N -

Tu (1),(2),(3) ta suy ra:

AN + BB+ CM — (ﬁ+ﬁ+a4>) - % (EHQJFC-K)
& AN +BP+CM = g (ﬁ+l¥+€7§) = 2.5}:3.

Vi du 14. Cho hinh binh hanh ABCD c6 tdim O. Goi M 1a mot diém bét ki. Chiing minh rang:

a) OA+0B+0C+0D=0.

b) MA +MB + MC + MD = 4MO.

Loi giai.
a) Vi O la trung di€ém cta AC va BD nén ta c6:

OA+0C=T10

OB+0D=0

Dodé(—)Z%-O?%—O?—FO?:B).
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b) Theo quy tic ba diém ta cé:

MA = MO+ OA
MB = MO+ OB
MC = MO+ 0C
MD = MO+ 0D

Suyram—i-?—i-?—i—m 4M +(0—1>4+5§+(%+0?>

Theoya)taco a+0?+0?‘+0?— 0.
VayMA—i—?—l—?—F? 7

Vi du 15. Cho tam gidc déu ABC tim O. M 1a mot diém bét ki trong tam giac. Goi D, E, F 1an luct
R P A . nh ine: MD - ME + ME 3 7o
1a hinh chiéu cua M trén BC,CA,AB. Chung minh rang: MD + ME +MF = EM .

Li gidi.
Qua diém M dung: A

e duding thang song song véi BC, cat cic cip duong thang AB,AC
tai V,Z. U

e dudng thang song song véi AB, cit cac cip dudng thang AC, BC F T
tai 7, X. E

e dudng thang song song véi BC, cat cic cip duong thang AB,AC
taiV,Z.

™
NS
-

Ta dé dang chitng minh dugc MTAU,MV BX ,MY CZ la cé4c hinh binh
hanh va céc diém D, E, F tuong ng la trung diém cua XY, ZT,UV.
Tu do suy ra:

MD + ME + MF = (7+MY) %(7+7)+%(M_>U+W)
(7+MU) ;(W+W()+%(W+ATZ>)

1
2
1
T

:g( MA + MB +MC)
2

— 2MO.

BAI TAP TU LUYEN
Bai 14. Cho hinh binh hanh ABCD c6 tim O. Ching minh ring:

BA -+ BC+ BD = 40D.

N, o *?2 e Ve %
Loi giai. Ta co: BA +ﬁ+ﬁ) = 2@ = 40?.
Bai 15. Goi G va G’ 1an ludt 1a trong tim ctia tam gidc ABC va A’B'C’. Chiing minh rang:

— =
AA'+ BB +CC' = 3GG’
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Loi giai. Theo quy tic cong ta co:

— =

AA" = AG + GG + GA'

s — —

BB =BG+ GG +GB

o — =

CC' = CG+ GG +6C

— = = — — - —
Suy ra AA’ + BB +CC' = 3GG' + (A_G>+ﬁ+C_(5) + (GA’ +GB + GC’) .
Vi G va G’ 1an ludt 12 trong tAm ctia tam gidc ABC va A’B'C’ nén ta cé:
%
AG+BG+CG =0

— — —
GA'+GB +GC =0

— = == —
Vay AA’ + BB’ + CC' = 3GG'.
S Py . P N cR 5 P . Y —
Bai 16. Cho tu giac ABCD. Goi M, N lan luct 1a trung di€ém cua AC,BD. Ching minh rang: MA +m +

e+ 7D — 2N
MC+MD =2MN.
Loi gidi. Vi M,N lan luot 1a trung diém ctia AC va BD nén ta c6:

MA+MC=T0
MB + MD = 2MN

- —
Suy ra MA + MB+MC +MD = (MA + MC) + (MB+MD) = 2MN.
Bai 17. Cho tit gidc ABCD. Goi M, N, I lan ludt la trung diém ctia AC, BD va MN. Chiing minh rang:

a) AIB+IC+ID=10.

— — = .
b) OA+ OB+ OC+ 0D = 401 (véi O 1a diém bt k).

Loi gii.
a) Vi M, N lan lugt 1a trung diém ctia AC va BD nén ta c6: A D
IA+1C =200
IB+1ID = 2IN
Suy ra
— B ¢
IA+1B+1C+1D = (IA+1C) + (1B+ID)
— (17/1+17>v.
Mt glécl 1a trung diém cﬁi> MN _n)én IM+IN=10
Vay IA+IB+IC+1D =20 = 0.

b) Véi diém O bét ki ta c6:

OA +0C = 20M
OF + 0D = 20N
OM + ON = 201
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Do do:

OA + 0B+ 0C + 0D =

S

OA + OC

+ (0B+0D)

N———

SRSt
li
ST

I
X [\O I (O I

Bai 18. Cho tam gidc ABC noi tiép dudng tron tim O va H 1a truc tim. Goi D la diém dbi xiing clia A qua
O. Chiing minh ring:

a)HA + HB+ HC = 2HO.

b)OA + 0B+ OC = OH.

Loi giai.

a) Ta cé:

BH 1 AC (vi H la tryc tdm cuia tam giac ABC).

DC 1 AC (vi AD la dudng kinh).

Do d6 BH || DC (vi cung vudng goc véi AC).

Chitng minh tuong tu ta c6: CH || BD (vi cung vudng goc véi AB).
Suy ra BHCD 1a hinh binh hanh. Theo quy tic hinh binh hanh, ta
co: Iﬁ + Iﬁ = Iﬁ

BC va HD 1a hai dudng chéo clia hinh binh hanh nén cat nhau tai
trung diém M.

Trong tam gidc AHD, O la trung diém cta AD nén ta co:

HA + HD = 2HO.

— —
Vay HA + HB + HC = HA+ HD = 2HO.
b) Theo quy tic ba diém ta cé:

OA = OH + HA
OB = OH + HB

OC = OH + HC
Suyraa+0?+07:307}+(fﬁ+fﬁ+7).

2 —
M3t khic theo két qua § a) ta c6: HA +H] +HC = 2H0.
Vay OA + 0B + OC = 30H +2HO — OH.

N e N N A LA .z - 2, . v _>
Bai 19. Cho gidng tron (1) noi tiep tam giac ABC c¢6 AB = ¢,AC = b,BC = a. Chling minh rang: alA +
bIB+cIC=0.

Li gii.
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Qua C dung dudng thang song song vdi IA, cat dudng thang BI tai
E.

Qua C dung duding thang song song véi IB, cat dudng thang Al tai
F.

IECF 13 hinh binh hanh nén IC = IE + IF (1)

Goi D la giao di€ém cta Al va BC. Vi ID || CE va AD la dudng
phén giac nén ta co:

BI BD AB

=SSk = ——1%
IE DC AC _>
Tuong tu ta ching mmh dugc 17 = ——IA(3)

Tir (1), (2), (3) suy ra ‘

I?: —%ﬁ—%ﬁ@aﬁ—l—blﬁ—i—cﬁ:ﬁ.

Bai tdp tuong tw: Cho dudng tron (1) noi tiép tam gidc ABC. Chiing minh ring:

sinA.IX + sinB.I% + sinC.I% = 6>

49

Bai 20. Cho tam gidc ABC va mot diém M bat ki nam trong tam giac ABC. Dat Syipc = Sa, Smca = Sp,

Syap = S¢. Ching minh rﬁng:

S,MA + SMB+S.MC = 0.

Loi giai.

Goi A’ 1a giao diém clia dudng thang MA véi BC.
—  AC A'B

Ta c6: MA! = B—? —?

A'C Syac SMAC _ S

M /
A'B  Syap  Smap  Sc
AC_ S
BC  S,+S.
A'B S,
BC  S:.+Sp
H S
= MA' = b ?4_ ?()
Se Sb—i—S
MA, S / S / S ’ S ’ S
Miit khdc _ OMA'B _ SMA'C _ SMA'BTOMAC _ _ Sa
. MAS Smap  Smac  Smap+Smac  Sp+Sc
= MA' = > MA.
Sb‘l’Sc

Thay vao () ta dugc:

_>
_S,MA = S,MB+ S, MC < S,MA + S,MB + S.MC = 0.  Nhdn xét:
) — —
e Cho M trung véi trong tdm G cia tam giac ABC, ta dugc két qua: GA + @ + C?‘ =0.

e Cho M tring véi tAim dudng tron noi tiép I clia tam gidc ABC, ta dugc két qua:

a.174> +b.1%—|—c.l?‘ = ﬁ

e Néu tam gidc ABC déu thi v6i diém M bat ki trong tam gidc, ta c6:

. MA +y.MB + 2. MC =

trong d6 x,y, z 1an luct 1 khodng cach tit M dén céc canh BC,CA va AB.

0,
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e Khi M nim ngoai tam gidc ABC, ta c6 cdc két qua nhu sau:

L — . _)
- Néu M thudc gée BAC va gbc dbi dinh cia n6 thi: —S,. MA + Sy MB +S.MC = 0.
A A . TS 2 A+ 32 o 2 N —_ e
- Neu M thudc goc ABC va goc doi dinh cua no thi: S,.MA — Sb.m + Sc.m =0.
A “ L = , A+ a9 ” " < — ? ? —
- Neéu M thudc goc ACB va goc doi dinh cua n6 thi: S;.MA + S,.MB—S..MC = 0.

Dang 4. Chirng minh tinh thzzlng hang, dong quy

Phuong phdp gidi:
a) St dung nhan xét: ba diém phén biét A, B, C thang hang < 3k € R sao cho zﬁ — kﬁ.

b) St dung két qua: Cho tam gidc ABC. Khi d6 M, B, C thang hang < Ja € R sao cho AM =
aAB +(1- a)@.

¢) St dung cic dinh 1i v& tinh thang hang, ddng quy nhu Menelaus, Ceva.

Ly thuyét can nhé

- — N £
b # 0) cung phuong la ton tai so k sao cho

R N » —
Pinh 11’_1>. Piéu kién cdn va di dé hai véc-to d va b (
d=kb.
Dinh Ii 2. Ba diéi phdn biét A, B, C théng hang khi va chi khi t6n tai s6 k sao cho AB = kAC.

D_il;h li 3. Cho tam gidc ABC. Khi dé diém M thudc duong thing BC khi va chi khi ton tai sé o sao cho
AM = a@Jr (1— a)ﬁ.

Pinh li 4 (Digl; li Menelaus dang véc-to). Cho tam gidc ABC va ba diém M, N, P thod man ]\ﬁ = aﬁ,
NC = BNA, PA — yPB. Khi d6 M, N, P thing hang khi va chi khi By = 1.

Pinh li 5 (Digl)) li Ceva dang véc-td). Cho tam gidc ABC va ba diém M, N, P thod mdn MB = aﬁ,
R = ﬁﬁz, PA = }/ﬁ. Khi do cdc duong thdang AM, BN, CP déi mét song song hodc dong quy khi va chi
khi afy= —1.

, » b ., A 2, - 2 —>
Vidu 16. TI‘%I cac canh cua tam giac ABC lay cac diem M, N, P sao cho MA + 3]\@ = 6]@ —]W‘ =
PC+2PA=T0. Chiing minh ba diém M, N, P thang hang.

Loi giai.

AC—6AB _
iy

», .92 < A z _>
Cach 1. Theo gia thiet ta cé ZW‘ = 6@, suyraAN =

A

3 8 3 8 o
—2AP + AM. Do (——) +2 =1 nén ba diém M, N, P

5 5 5 5 p
thang hang.

2 1
Céch 2. Theo gia thiét ta c6 MA — —3MB, NB = 61@, pC = y
1

—2PA. Do (=3)- r (—2) = 1 nén theo dinh 1i Menelaus ta
c6 ba diém M, N, P thang hang. N i &

Vi du 17. Cho tam gidc ABC ¢6 O, H, G 1an ludt 1a tim dudng tron ngoai tiép, truc tAm va trong tim
clia tam gidc d6. Chiing minh rang ba di€ém O, H, G thang hang.
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Loi gidi.

51
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Ta chi xét trudng hgp ba diém O, H, G phan biét.

Lay diém D dbi xiing véi A qua O, khi d6 D thudc dudng tron
(0O) ngoai tiép tam giac ABC. Suy ra DB, DC lan lugt vudng
goc v6i AB, AC. Tu tinh chéit cta truc tim H ta c6 CH, BH lan
lugt vudng goéc véi AB, AC. Do d6 HBDC la hinh binh hanh.
Khi d6 HD cit BC tai trung diém M ctia mdi dudng. Ta ¢

OH — OA — HA — OA +20M

— OA+0B+0C =30C.

Vay ba diém O, H, G thang hang.

BAI TAP TU LUYEN

ss . NP - ¢ -1 e . o
Bai 21. Cho tam gidc ABC va cac diém P, Q thod man PA = Zﬁ, 30A + 2Q? = 0. Chung minh rang
dudng thang PQ di qua trong tdm tam gidc ABC.

Loi giai.
) 1 5
Tu gia thiet ta co 1@ = EE Véﬁ = 51@ Goi G la trong tam tam gidc A
1 1 1 5 . 1 5
nén ba diém P, 0, G théng hang. Ta c6 diéu phai ching minh.
G
B C

P

Bai 22. Cho tif gidc ABCD c¢6 M, N, P, Q 1an luot 1a trung diém cta AB, BC, CD, DA. Goi O 1a giao diém
ctia hai dudng thing MP, NQ; G la trong tim tam gidc BCD. Chiing minh ring ba diém A, O, G thing
hang.

Loi giai.

Dé thiy MN va PQ lan ludt 1a dudng trung binh ting
vGi canh AC cia tam giac ABC va DAC. Suy ra MN va
PQ cling song song va bing mot nita AC hay ti gidc
MNPQ 1a hinh binh hanh. Do d6 O la trung diém cuia
MP vaNQ. Taco

OA+ OB+ 0C+ 0D =20M+20b =0
—30G = OB+ 0C + 0D = —OA.

Viy ba di€ém A, O, G thang hang.

C

Bai 23. Cho hinh binh hanh ABCD tam O. Ly cic diém I va J sao cho 3IA 4201 — 20D = O va JA —
2.]% + ZJ% — 0. Ching minh ring O, I, J thing hang.
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Loi gidi. Theo gia thiét ta c6
- = —
301 = 304 +20C — 20D = OA + 208

0J = OA —20B +20C = —0A —208.

— — . 2
Tu doé ta c6 OJ = —30J hay ba diém O, I, J thang hang.
Bai 24. Cho ti gidc ABCD ndi tiép dudng tron (0). X, Y, Z, T 1an lugt 1a truc tAm cla cac tam gidc BCD,
CDA, DAB, ABC. Chiing minh rang AX, BY, CZ, DT dong quy.
Loi giai.

. < . R > . Pl 2 — <
Goi M la trung diém cua CD. Theo Vi du 17, ta c6 BX = 20M va A

B — B
AY =20M. Suy ra AY = E}_(} hay tif gidc ABXY la hinh binh hanh. Do
d6 AX va BY cit nhau tai trung diém 7 ctia mdi dudng.
Chiing minh tuong tu, ta dudc AX, BY, CZ, DT ddng quy tai trung diém
I cia mdi dudng.
0]
Y X
D M C

Bai 25. Cho géc xOy va hai diém A, B thay d6i 1an ludt trén tia Ox, Oy va hai s6 duong a, b sao cho
aOA 4+ bOB = 1. Chitng minh ring trung diém I ctia doan thang AB ludn thudc vao mot dudng thang cd
dinh.

Lui gidi.

. . N 1 1
Chon hai diém X, Y 1an lugt nam trén tia Ox, Oy sao cho OX = % va Y = B y
a
Khi d6 ta co
B
__>
. OA OB O0A— OB—
[=—+—= X Y Y
0 2 +_>2 20_}_(> OX+ 20Y 0
= aOAOX +bOBOY .
(0]
A X X

Do aOA+bOB =1 nén I, X, Y thang hang. Ta c6 diéu phai chiing minh.

Dang 5. Xéc dinh M thoa man déang thiic véc-to

P_hl)IOng phap: Bién d6i dang thic véc-to v& mdt trong cdc dang sau:
OM =V (O cb dinh va v da biét) = M xac dinh duy nhét.
Nhiing diém can chii y:

o Ap dung cdc qui tic dé bién doi nhu: qui tic 3 diém, qui tdc hinh binh hanh, qui tdc hiéu.

e Bién doi dang thiic véc-to sao cho cé duy nhdt mot vec to cé chita diém cudi la diém can tim
qua cdc véc-to da xdc dinh.

~ 7\ A . . o A2 % A . N7 A N . - N 4. - o A2 A . N A
e Vé hinh dé xdc dinh diém hodc moé ta diém can tim & vi tri ndao so vdi cdc diém co dinh ma dé
bai da cho.

Vi du 18. Cho hai diém A, B. Tim I thoa man A + 218 = 0

Li gidi.
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Taco IA %g
+BA+2
@317§+B -0

0, A

. 1
Vay I ndm trén doan AB ciach B mdt doan §BA.

Vi du 19. Cho tam giac ABC. Tim J thoa man JA + 2.7B = CB.

Loi glal

Ta cé: J ZJ% C
& J +B§+ Zﬁ

& 3ﬁ B
& 3J§ = 5§ BA

e Bi= L) i
s e

& l?} —BM ( V6i M 1a trung diém ctia canh AC).

<

. 2
Vay J nam trén doan BM ( v6i M 1a trung diém AC) cach B mot doan §BM

Vi du 20. Cho tam giac ABC. Tim K thoa man: KA —3KB + KC=70.

L(nglal
Taco K —3K%I@— 0 C
K

+BA 3 +E§+ﬁ_0

@BAK%
<:>K+B+B N

& BK = BA 4 BC

< BK = 2BN (V6i N 1a trung di€m ctia AC).

Vay: K nam trén dudng thang BN (véi N 1a trung diém
AC ngudc huéng cia N va cach B mdt doan 2BN.

A

[ Vi du 21. Cho hinh binh hanh ABCD. Xéc dinh diém I thod man 37A + 1B — IC = DA. ]

Loi glal
Ta c6: 3.1A —|—I$ I% D_A> D C
o 3@ +CB—DA

& 3@) D7§ @ L
&3I4 = DA + BC(Vi ABCD 1a hinh binh hanh) B
o 3IA 2&?

Al = gﬁ.

. 2
Viéy: I nam trén canh AD cach A mot doan EAD.

Vi du 22. Cho trudc hai Chem A, B va hai s6 thuc o+ B # 0. Chiing minh rang ton tai duy nhat diém
I thoa man (xIA+ﬁ B=0.
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L(nglal Ta c6: Oc174>—|—[31§— 0
@alA—i—B(IA-i—E) 0
o (0 +B)IA+BAB) = 0 (Via+B #£0).
@IX:LE.
a+p

Vay ton tai duy nhat diém 7 thod man diéu kién dé bai.
BAI TAP TU LUYEN
N ., ~ , . . 9 ~ N N — —
Bai 26. Cho tam giac ABC. Hay xac dinh diém M thoa man diéu kién: MA — ]\ﬁ +R =0.

Loi glal ? ?‘
Ta co: MA MB+MC = O C
@m (Aﬁ—l—@)-l-m—ﬁ M <
& -AB+MC=10
S x
< CM = BA. ) BN

Vay M xac dinh duy nhat thoa (CM = BA).

N . 4 2 ~ N . . R 9 — -
Bai 27. Cho hai di€ém A, B phan biét. Xac dinh diém M thod MA + 31@ =0.
Loi giai.
o
Ta co: MA M = A
3( MA + A ?

<:>4MA+3,@ ﬁ M
@AM:ZE.

. 3
Véy: M nam trén doan AB cach B mot doan ZAB.

Bai 28. Cho tam gidc ABC. Xéc dinh diém K thod man didu kién KA + KB+ KC = CB.
Loi glal

Ta co: KA—%KA%—Eﬁ KA+R):C§ C
= 3KA+AB+AC=C

& 3KA=CB—AB—AC K

< 3KA=CB+BA+CA

o 3KA =2CA

2 \ 2
& R = gz@ Vay K nam trén doan AC va cach A mot doan la §AC

e . .2 - . « 2 Py ~ _>
Bai 29. Cho hai diém B, C. Xac dinh diém / thoa man 2]% + 3[% =0.
Loi giai.

Ta co: 2[%—1—31?‘ 8 C
=20 +3(IB+BC)=0
5.8+ 3BC = 7

o5l 2

. 3
Vay: I nam trén doan BC va cich B mdt doan Ia §BC

Bai 30. Cho tam gidc ABC. Xdc dinh diém J thod man 2JA +JC — JB = CA.
Lisi gidi.
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Taco_>2JA+J? Jb—CA
& 2JA+JA+AC — (JA +AB) =
& 2A+AC~ @_CA
& 2JA+BC =CA
el S
@ZQ:CA—B
<:)2JA:C?+C J
— s .
S A= _ZCM (V6i M 1a trung diém AB).

2 _> 1 —> N
Vay: J xac dinh duy nhat thoa (AJ = _ZCM ) v6i M la trung diém AB

Bai 31. Cho hai diém A, C. X4c dinh diém K thod min 2KA + KC = 24C.

Loi giai.

Ta co 2@ -l-ﬁ 2@ - - C
& KA+ KA~ KC = 24C K A

& KA+CA=24C

= ng 24 —CA

o KA =34

@Zﬁz—&@.

Viy: K nam trén duong AC va cach A mot doan 1a 3BC ngudc hudng véi C

Bai 32. Cho hinh binh hanh ABCD. Tim K thod min: 3.KA + KB+ KC = 0.
Loi giai.

Tac_gla { KB4 KC=0 3KC+3CA+KC+CB+KC=T0 D c
& 5KC+CA + ~0

& 5K —i— 2CN = 0 (V6i N 1a trung diém ctia AB).

o CK = —CN

2 2
Vay: K nam trén doan CN va cach C mot doan 1a §BC v6i N la trung diém
AB.

Bai 33. Cho hinh binh hanh ABCD. Xéc dinh diém F thoa mén 3FA + 2FB+ FC — CD + CB.

Loi giai.

Ta co: 31@%—2@4—1‘% CD+C? D C
= 3FA+2FA+2AB+£§+R CD+Ch

& 6FA +24B+AC = CA (Vi ABCD 1a hinh binh hanh)

& 6FA = CA—2AB — AC F
& 6FA=CA 4 2BA 1 CA B
o 6FA — 2CA+2BA

& 6AF = 24C +2AB

= 3ﬁ 2AM (le M 1a trung di€ém BC)
S AF = — —AM

2 2—
Viy diém F can tim thod man dang thiic vec to ﬁ = —gAM .

Bai 34. Cho trudc ba diém A, B, C va ba s6 thuc o + B + 7y # 0. Chiing minh rang ton tai duy nhét diém 1
thoamanalA—kﬁI%%—yI%— 0.
Loi giai.
Ta co: aﬁ—l—ﬁl%%—yl%— 0
@alA+B(lA+ﬁ)+ IA+A_C> = 0
& (a+B+y)JA+BA +yR 0 (Via+B+y+0).
- Bty 3

< JA = )
a+B+y
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Vay: Ton tai duy nhét di€ém 7 thod man diéu kién dé bai.

III. Bai tap tong hop

\ e 2, e . g A A A - N AM CN
Bai 35. Cho ti giac ABCD. Hai diém M, N lan lugt thay doi trén cac canh AB va CD sao cho 2B = D’
Tim tap hop cac di€m 7 1a trung diém ctia doan MN.

Loi giai.
AM CN R e
Gia st — = — = k. Goi X, Y lan lugt la trung diém cua
AB CD
AC, BD. Ta cé

20X = (m+ﬂ+ﬁ)+(ﬁv+ﬁ+5?)
— MA+NC.

o £
Tuong tu 21Y = MB —f—N?. Tu gia thiet ta c6

(1—k)MA +kMB =0
(1-k)NC+AND =0,

T .
suy ra (1 —k)IX +kIY = 0. Chu y rang 0 < k < 1 nén tap
cac diém I 1a doan thang XY .

Bai 36. Cho tam giac ABC c6 trong tim G va diém M. Goi A/, B’, C’ 1an lugt 1a di€ém ddi xting v6i M qua
trung diém ctia BC, CA, AB. Chiing minh rang bén dudng thang AA’, BB/, CC' va MG ddng quy.
Loi giai.
X 1A <1s . N T A A~
Dét_ha;ly ]\ﬁA’C 14 hinh binh hanh nén A’B+A'C —A’M = 0 . Tuong A
> = .2, . 42 . " p
tw B'C+B'A—B'M = 0. Tru hai vé clia hai dang thiic trén ta c6

- aVE Sy Sy Sy Sy Sy A
0 =AB—BA+AC—BC—-AM+BM
— — M G
=A'B+PBA. !
Tir d6 ta c6 ABA’B’ 1a hinh binh hanh, do d6 AA’ va BB’ cat nhau tai B c
trung diém / cia mdi dudng. Chitng minh tuong tu, ta c6 AA’, BB/, \\

CC' dong quy tai trung diém / cia mbi dudng. )

— — -
—  MA+MA’ MA+M§—|—ME?
Taco MI = = 3

Bai 37. Cho doan thang AB c6 trung diém 1a 1. Diém M 1a tuy y khong nam trén dudng thang AB. Trén M1
kéo dai iy mot diém N sao cho IN = M1.

3 \
_ Eﬁ. Vay MG di qua I, ta dugc didu phi chiing minh,

a) Chitng minh: BN — BA — MB.

.2 — = Sy T
b) Tim cac diém D, C sao cho: NA+ NI =ND va MN — BN = CN.
Loi giai.
_>
a) Xe@?\/—BA—Aﬁ
:iN_@ —
= Al IN-H -1
=ALINIM B
= Al +BI+IN +IM = 0 (Diéu phéi ching minh).
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b) Tim D A N
Ta co: Jﬁ + m = N? """""""""
o ND =2NK (v6i K 1a trung diém cua Al).
Vay: D nam trén dudng NK va cach N mot doan 2NK clng hudng )
v6i K.
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Tim C—) — —
Ta c6:MN — BN =CN -
o MN+NE=CN
s MB=N
& NC=—NA. .
Vay: C xdc dinh duy nhét thoa ]@‘ =—NA.
Bai 38. Cho hinh binh hanh ABCD.
a) Ching minh ring: 1@ +1@+XB = ZR.
b) Xéc dinh diém M thoa man didu kién: 3MA = AB+ AC +AD.
Loi gii.
a) Xét: ﬁ—hﬁ—hﬁ. :@—f—ﬁ +1@.
— AC +AC (Vi ABCD 12 hinh binh hanh)
= 2AC (Diéu phai chiing minh).
— —
b) Tacé: 3MA = AB + AC +AD b c
& 3MA = 2@ (Theo chitng minh cau a)
2
, 2
Vay: M xac dinh duy nhat m = ?R .
M /
Bai 39. Cho hinh binh hanh ABCD. Goi M, N 14n lugt 12 trung diém cta AD, BC.
. |
a) Ching minh rang: MN = i(lﬁ —|—D%)
b) Xac dinh diém K tho4 man didu kién: KA + KB+ KC = 0.
Loi giai.
a) Ta c6: JWV’_:> AB va MN = BC (Vi ABCD 1a hinh binh hanh).
Vi vay: 2MN = E—FB%
|
Nén: MN = E(z@—FD?)
1 \
o MN = 5 (AB+ DC).(Didu phéi ching minh).
— — D ¢
b) Tac_cs:>1r<Ai>zﬁ§JFR_:> U
& KA} KA+ AB+ KA +AC="0 K
&3KA+AB+AC= 0.
& 34K = AB+A B
< 34K = 2AD (Vi ABCD 12 hinh binh hanh)
o AK = %XB

e —
Vay: K xdc dinh duy nhit AK = 2AD.

Bai 40. Cho tit giac ABCD. Goi A’,B’,C’,D’ 1an luot 1a trong tim cla cic tam gidac BCD,CDA,ABD va
ABC.



60 CHUONG 1. VECTO

) I e T T
a) Chitng minh rang: AA’ +BB' +CC'+ DD’ = 0.
b) Goi M, N lan lugt 1a trung diém ctia AC, BD va I 1a trung diém ctia MN. Chiing minh rang:

- = = =
IA+IB +IC'+ID' = 0.

Loi gidi. a) Theo tinh chét trong tAm clia tam gidc, ta co:

:1(ﬁ+ﬁ+ﬁ))
BB — %(BAH@H?))
cc' = - (CA+ B+ D)
DD — %(DAHﬁHY)
Suy ra
— = — —
AA’'+ BB +CC'+DD' =
:%(ﬁ+ﬁ+ﬁ+37&+l¥+ﬁ+€7ﬂ€?+€?+lﬁ+ﬁ+ﬁ)
:%(ﬁJrB_X+R+@>+XB+EZ+%+C§+W)+£+EB+D_C>)
- —
=30=0
b) Theo két qua da biét ta co:
IA+IB+I1C+ID=10

T A = A
(IA +AA>+ IB' + BB +<IC +CC>+<ID +DD>: 0

pe A A A o f f e

S IA 1B +1C +1D — (AA +BB +CC —I—DD> ~0
—) —_ —
«:IA’HB +IC'+ID'= 0.

. — —
(Vi theo két qua y a) ta c6: AA’ -|-BB’ —|—CC’ +DD' = It ).

Bai 41. Cho dIIdng tron (1 ) ndi tiép tam glac ABC, tiép xuc v6i cac canh BC,CA,AB lan luot tai M, N, P.

Chu’ng minh rang: aIM + bIN +cl 0
Loi giai.
Goi p la ntra chu vi tam giac ABC, ta co:
AP=AN=p—a
BM=BP=p—b
CN=CM=p—c
Mat khac ta co:

& (p—c) (1B~ IM) (p—b)(IC-1M) =0
I%-I—p bl?‘

MC.MB+MBMC =0
+
(p—

(2p b—c) IM =

<:>aIM: (p—c) I%—F(p
%—l—(p—c)]?\)(Z)

Tuong tu, ta ching minh dugc
{CI? (p—>b IK +(p )I%(i%)
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Cong tling vé cc dang thic (1), (2),(3) thu dugc

alM + bIN + cIP = (2p—b—c)lj+(2p—a—c)1%+(2p—a—b)1?
=al7§+b1§+cl%

_>
=0.

Bai 42. Cho tam gidc nhon ABC c6 H la truc tim. Chiing minh rang:

— —
tanA.HA —I—tanB.I-ﬁ—l—tanC}ﬁ =0.

Loi gidi. Qua diém C dung: dudng thang song song véi AH, cat BH tai B'; dudng thang song song v6i BH,
cat AH tai A’. Khi d6 A’HB'C 1a hinh binh hanh.

Goi D 1a giao diém ctia AH va BC. Ap dung dinh ly Ta - 1ét ta c6: A

HB' DC %5 tanB

HB ~ DB AIC) " tanC’ B
tanB

:>HB’:—

—
HE (Do HB' va H HB ngudc hudng). H

tanC A

— —

Tuong tu ta c6: = HA' = M2 HA.
tanC

Vi AHB' C 1a hinh binh hanh nén ta c6:

e A—> tan B
AC = HA' + HB = — 2" " HB. 5 b c
anC tang
:>tanA.HA+tanB.H +tanC.HC= 0. M

Bai 43. Cho hinh binh hanh ABCD. Liy M, N sao cho CM = —c? CN = —c? Goi 1,J 14 hai diém théa
man Cf = a@ BJ = BBI Xdc dinh o, B d€ J 1a trong tim tam giac AMN.

Loi giai.
Ta co:
B M C
- 5 = o — —
JA+TM+JN=BA—BJj+JB+BM+JI +IN
N
— B — =
:BA—zB_}+§+§7—B_J>+CN—CI
1
A
. BC —
:BA+7+(—3/3+1)?1+CN—CI L
. BC o S G
= BA+ = +(-3+1) ) (BC+CT) +CN—CI

BA + (——3/3) (AC - 4B) +CN - 3pcCl
_BA+ (--35)(@ ﬁ)+ ~CD —30pCD
BA+ (——3[3)(@ ﬁ)+<——3a/3)BA
:(_€+3ﬁ+3aﬁ>lﬁ+<§—3[3>ﬁ.

2 _>
P& J 12 trong tim AAMN thi JA +TM +JN = 0

. (—1—67+3ﬁ+3a/3>ﬁ+ <§—3ﬁ)ﬁ:ﬁ.

S
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Mat khac, do ﬁ,ﬁ khong cung phuong nén suy ra:

17
—g+3ﬁ+306ﬁ =0
3

Z_38=0
5 3B

8 1
Vay véi o0 = §,/3 =3 thi J la trong tdim AAMN.

| = \O| oo

CHUONG 1. VECTO

s . N NP 2 ~ Py .
Bai 44. Cho AABC, goi M, N lan lugt la cac di€m thoa man: ﬁ)/l = 237 —zﬁ, CN = kR — ﬁ voi k € R.

a) Tim k d€ M, N di qua trung diém / ctia AC.

b)

o IM
Tinh —.
IN

Loi giai.

a) Do I la trung diém cia AC nén ta c6

_>
= BA+BC

. Khi do:

_)
m:a_m:@_ﬁm:

%R _2BC,

(—%—k)ﬁﬁ%

Mait khac MN di qua I nén suy ra 3¢ sao cho:

—
MI =t

<:>%R—23?:t(—%—k>ﬁ+t37§

=1(-5¥)
—=t|—=—k
=42 2

—2=t
t=-2
= 1.
k=—-
4
M
Véit=-2=—=2
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54. HE TRUC TOA PO

I. Tom tat li thuyet
Truc va d6 dai dai sb trén truc

Truc toa do (cong goi la truc) 1a mdt duong thflng trén d6 da xac dinh mot diém O cb dinh va véc-ts don vi
i (véc-to c6 do dai bang 1).

Piém O goi 1 géc toa do.

Hudng cua véc-to don vi 1a hudng cua truc.

Truc toa do nhu vy ky hiéu Ia (0; 7).

Cho diém tlly y M niam trén truc (O; —l>) Khi d6, c6 duy nhit mot sb k xéc dinh sao cho oM =k- 7.

S6 k dugc goi 1a foa do cita diém M dbi véi truc (0; 7).

Cho véc-td @ nim trén truc (O; —l>) Khi d6 c6 duy nhéit sb ¢ xac dinh sao cho d=t- —l> S6 ¢ dudc goi
14 toa do clia véc-td @ dbi véi truc (0; i).

Nhu vay toa do ctia diém M 1a toa do clia véc-to OM.

Néu hai diém A, B nam trén truc Ox. Khi d6 c6 duy nhit mot s ¢ sao cho AB=1(-7.Ta 20i 0 ¢ d6 1a
d6 dai clia vée-to AB dbi vi truc da cho, ky hiéu 1a AB. Nhu vay AB — AB- 7 .
/N Néu 1@ cung huong voi _1> thi AB = AB.

Néu zﬁ nguoc huong voi _l> thi AB = —AB.

Néu hai diém A, B trén truc (O _l>) 6 toa dé lan luot la a,b thi AB=b —a.
Pinh li 1. Trén truc s6

Vi ba diém bt ky trén truc, ta c6 AB+ BC = AC.

Hai véc-to E va C% bang nhau khi va chi khi AB = CD.

HEe truc toa do

Hé truc toa do (O; ?, ?) gdm hai truc (O;_i>) va (O; ?) vudng goc véi nhau, trong do

Piém O goi 1 gdc toa do.

Truc (O 7) goi 12 fruc hoanh, k¥ hiéu 12 Ox.

Truc (O; 7 ) goi la truc tung, ky hiéu Ia Oy.

Cac véc-to _z> va j lacac véc-to don vi trén truc Ox va Oy.

Hé truc toa do (0; 7, J ) con dude ky hiéu 1a Oxy.
A Mt phdng trén dé da chon mét hé truc toa do Oxy dwoc goi la mdt phdng toa dé Oxy hay mdt phdng
Oxy.

Toa do cua véc-te doi voi hé truc toa do

Déi v6i hé truc toa do (O; 7, 7) nduW =x7i +y? thi ciip s6 (x;y) dude goi 1a foa do ctia véc-to o/, ky
hiéu @ = (x;y) hay 7 (x;y).
S6 x goi 1a hoanh dé, y goi 1a tung dé ctia véc-to .
. - £
Pinh li 2. Cho hai véc-to d = (x;y), b = (x;y') va s thuc k. khi do
— =x
(i)d =1 < {x g
o V7 —
(i) d+ b =@x+xy+y)vad—b =@x—x;y—y)
(iii) k'd = (kx;ky)
x = kx

y=ky

—
(iv) d cing phiong véi b (b 6>

# )(i)EIkEIRsaocho{
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A 2 oA
Toa do cua diem

o —> 2 b
Trong mat phang Oxy, E)) do cha véc-to OM dudc goi la foa dj clha diém M. Nhu vay, (x;y) la toa do cia
di€ém M khi va chi khi OM = (x;y), ky hiéu M(x;y) hay M = (x;y).
S6 x dudc goi 1a hoanh do, sb y dudc goi 1a tung do cla diém M.
/N Néu goi H,K lan luot la hinh chiéu ciia M trén Ox va Oy thi

M(x;y) = OM=x1 +y] = OH+OK.

_> - —_
Nhu vdy 07>]:x i hayx= OH va 072)]7 hay y = OK.
Dinh li 3. Vdi hai diém A(xx;y4) va B(xp;yp) ta cé

AB = (XB—X43yB —ya)

Toa db trung diém ctia doan thing va toa d trong tam ctia tam gidc

XA +XB
2 2 2 2 xI =
Pinh li 4. Cho hai diém A(xa;ya) va B(xp;yg). Khi do trung diém I ciia doan thang AB cd toa do A %yB
Pinh li 5. Cho ba diém A(xa;ya),B(xp;yg) va C(xc;yc). Khi do trong tdm G ciia tam gidc ABC c6 toa dé

XA +XB +XxC
XG= "3
_ Ya+yB+)yc
VG = 3

II. Cac dang toan

Dang 1. Tim toa do ctia mot diém va do dai dai sb ctia mét véc-te trén truc (0; ¢ ). Tim toa dd

ctia cac vée-t6  + vV, il — V .k

Cin ct vao dinh nghia toa do cua di€m, do dai dai s6 ctia véc-to va cac cdng thiic toa do cla véc-to

U+V, U -V k.
< R 2 A — 2 N 3R A
e Diém M cétoadd a < OM = a.@ véi O 1a diém goc.

Véc-t6 AB c6 d6 dai dai sb lam = AB < AB=m@.

Néu A va B c6 toa dd lan ludt 1a a va b thi AB=b —a.

Toa do trung diém I ctia doan AB : x; = A ;XB.
Néu o/ = (ur;uz), V= (vi;vp) thi U+V = (g +visup +w); U -V = (U —visup —v2);
kil = (kuyskup),k € R.

Vidu 1. Trén truc toa do (0; @), cho ba diém A, B, C véi: OA = 4,5¢, OB = —7,2¢, OC =
-3,67.

a. Xdc dinh toa do cac di€m A, B, C.

b. Tim toa do cic trung diém M, N, P theo thi tu ctia cac doan thang AB, BC, CA.

c. Tinh d6 dai cac doan thang AB, BC, CA.

Li gidi.
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B C 07, A
—7.2 —-3.6 4.5

a. A(4,5), B(~7,2), C(—3,6).

b. Vi M lIa trung diém AB = xy — A1 B _

c. AB=11,7,BC=3,6,CA=8,1.

= —1,35= M(—1,35). Tuong ty ta dugc N(—5,4), P(0,45).

Vidu 2. Trén truc toa do (0, ¢), cho ba diém A(1), B(—2), C(7). Tim toa d6 diém M sao cho
AM +3BM = 2CM.

Loi giai.

Goi M(x),tac6AM =x—1,BM =x+2,CM =x—17.
Theo gia thiét ta suy rax — 1 +3(x+2) = 3(x—7) < x = —26.

Vi du 3. Trén truc toa do (0, @), cho céc diém A(2), B(—3), C(—6). Tim toa do ctia D(x) sao cho
DA +4DB < 3DC.

Loi gidi.

c B 07 4
—6 -3 2

Tac6: DA=2—x,4DB = —12 —4x, 3DC = —18 — 3x.
Theo gi thiét tasuyra2 —x— 12 —4x < —18 —3x = x > 4.

b=

2 —
Vi du 4. Trong mat phang Oxy, cho i~ (—4;2), (5;8). Tinh toa do cua cac véc-to a4+ b,

@ - b,33,58 428, (54 —2b).

Li gidi. 7+7:(1;10l>7—7:(—9;—6),37:(—12;6).
Tacé:5d = (-20;10),2b = (10;16)
Nén5d +2b = (—10;26) va—(5d —2 b ) = (30;6).

2 —
Vi du 5. Trong mit phing Oxy, cho cic véc-to @ = (4;—2), b = (—1;—1),7¢ = (2;5). Hay phan
tich véc-to b theo hai véc-to @ va ¢ .

1

, — —1=4m+2n m=-q

Loi gidi. Giast b =md +n¢ < & 8

—1=-2m+5n 1

=7

— 1 1

, g — 1 3 —
Vi du 6. Trong mat phang Oxy, cho = (x;2), b = (—5;—) ,? = (x;7). Tim véc-to 7 =4aq—
o
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) s x=4x—-3.(-5)
Lisi gidi. Taco: € —4a—3D o | ex=-5
T=42-3.=
3
4 A 2 - n 9 —P —
Vi du 7. Trong mit phing Oxy, cho @ (1;—2); b (—3;0); ¢ (4;1). Timtoadd ctia 1 =2d —3 b +

C.

Loi glal Taco 27 (2;—4);=3b =(9;0).
Ma 7 =27 35 +7¢ =(15-3) =7 (15,-3).

BAI TAP TU LUYEN
Bai 1. Trong mit phing Oxy, cho @ = (2;1) ,7 = (3;4),7¢ = (7;2).
a. Tim toa do clia véc-to ¥ =2d — 3? +7.
b. Tim toa do clia véc-td v sao cho vV + @ = 7 —
c. Tim cdc sb k,h d€ ¢ = K@ +1b.
Loi giai.

0 W=2d-3b+7 = (42)— (9:12) + (7;2) = (2:-8).

B — 7=2k+7h k== L 2., 3>
c. ¢=kd+hb & 2 k+4h = _ 3 .Suyrac—? —gb.

Bai 2. Trong mit phang Oxy, cho = (—1;3), ? = (0;5), 7 = (5;—2). Tinh toa do cua cac véc-to .
W dinh béi:

a) W =2d+3b —47.

b) 47 +27V =25 —3¢.
Loi gii.

a) Tac: 2@ = (—2:6),35 = (015),4C = (20;—8),2@ +3 b = (—2;21).
W =0T +3D —47 = (—22:29).

b) Tacé: 4@ +27 =25 —3C =V =27 + % .
\ 3, (15 s
ma —27d = (2,—6), 5? = (7,—3), —2d + b =(2;-1).
1

%
Bal 3. Trong mit phing Oxy, cho @ = (x;2), b = (=5;1), ¢ = (x;7). Tim toa do ctia véc-t6 ¢ =27 +
3 b
”. , — =2x+3.(-5
Loi giai. Taco:?:27+3b(:>{ ¥=2+3.(=5)

7=2243.1

x =15.
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2 — —
Bai 4. Trong mit phing Oxy, cho @ = (2;1), b = (3;4), ¢ = (7;2). Timtoadd € =m.d +n. b .
2

7 =2m+3n m:?
=

_>
Loi giai. Tacé: ¢ =m. d +n.b
2=m+4n

n—_é
=5

Bi 5. Trong mi phing Oxy, cho @ = (~2;1), B = (3;4) va @ = (0;8). Tim toa do ¥ théa ¥ + @ —
b—7.

Loigiti aco T+ d=b-CoX=-0+b -7 % =—(-211+34)—(0:8)c % =
—(=2;1)+ (3;4) — (0:8) & X = (5;-5).

—> —
Bai 6. Cho @ = (0;1), b = (—1;2), @ = (—3;—2). Timtoadd cia i/ =3d +2b —47¢.
_>
Loi giai. Tacé: 37 = (0;3),2b = (—2;4), =47 = (12;8) nén w = (10;15).
2 — 2 —
Bai 7. Trong mit phing Oxy, cho @ = (2;1), b = (3;4), 7 = (7;2). Timmvandé ¢ =md +nb.

N . -
Loi giai. Taco:md +nb = (2m+3n;m~+4n).

22

= m=—_—

Ma: @ :m7+n?¢> 2m+ 3n 7@ 53
m+4n=2 n—_>.

5

Bai 8. Trén truc Ox cho cic di€ém A(2), B(—2). Tim diém M (x) thda man diéu kién MA.MB < AB".
Loi giai. Tacé: MA=2—x, MB= —2—x, AB = —4.
MAMB<AB & (2—x)2+x) > 1622 -8 <0e —2¢/5 <x < 24/5.

Bai 9. Trén truc toa do (0; ¢), cho ba diém A(—4), B(9), C(-3).
a. Tim diém M (x) théa man diéu kién AB = 2CM.
b. Tim diém P(x) thoa man diéu kién PA +2PB +3PC < 0.
c. Tim diém Q(x) théa man diéu kién QA.QB < @2.
Lusi gidi.
a. AB=13,2CM = 2x+6. Theo gia thiét ta suy ra 13 =2x+6 < x = %

b. PA=—4—x,2PB=18—2x,3PC = —9 — 3x.

) 5
Theo gia thiettasuyra —4 —x+ 18 —2x—9—-3x <0< x> 2
c. OA=—-4—x,0B=9—x,0C=—-3—x.
) 45
Theo gia thiét ta suy ra (—4 —x)(9 —x) < (-3 —x)? & x> L

Bai 10. Trén truc toa do x'Ox cho ba diém A, B, C c6 toa do lan lugt 12 9, —6, 2. Tim cic diém ddi xing
v6i di€ém A va B qua C.

Loi giai. Goi A/, B’ 1an luct 1a diém dbi xing v6i diém A va B qua C.

XA + XAl

Vi C 1a trung diém cta doan AA’ nén xc =
Tuong tu ta suy ra xg =4+ 6 = 10.

= x4 =2xc—x4 =4—-9=-5.
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Dang 2. Xdc dinh toa do ctia mét véc-te va mot diém trén mit phang toa dé Oxy

2 P N N X . A . A — e
Trong mat phang Oxy, véi diém M tuy y, luon ton tai duy nhat hai so thuc x,y saocho OM =x i + y?.
ATg A . 2B 2 ——T 1 snon o —
B0 hai s0 thuc (x;y) dude goi la toa do cia véc-td OM, ky hiéu OM = (x;y) hay OM(x;y).

JAN

o Toa dj cuia véc-to don vi 7 la (1,0), titc la 7= (1;0).
o Toa dj cuia véc-to don vi 7 la (0;1), nic la 7 = (0;1).
e Toa dé cua véc-to-khong la (0;0), tiic la 0= (0;0).
Néu biét toa do ctia hai diém A, B thi ta tinh toa do ctia véc-to 1@ theo cong thiic

AB = (XB —X45YB —YA)-

Vi du 8. Trong mit phang Oxy, cho hinh binh hanh ABCD c6 A(3;2), B(2;—1),C(—2;—2). Tim toa
d6 diém D.

Lo gidi. Goi D(x;y). Ta c6 AD = (x— 3:y—2), BC = (—4;—1).
3=—4 -1
V\IEZB?‘HEAEH * = *
y—2=-1 y=1.
Vay toa do diém D 1a (—1;1).

Vi du 9. Trong mit phang Oxy, cho tam gidc ABC. Goi M(4;—1),N(3;0) va P(4;2) 1an lugt Ia trung
di€m cdc canh BC,CA va AB. Tim toa do cac dinh clia tam gidc ABC.

Li gidi.

v,
3
A
2
P
1
B
0 N
-1 12 3 4/ 5%
1
M
-2
3
c
A

Ta c6 NA = (xA—3;yA),1\ﬁ3: (0;3).
Vi NAPM 12 hinh binh hanh nén NA = MP
@{xA—3:O @{xA::s
ya=3 ya=3.
Vay toa do di€ém A 1a (3;3).
Tuong tu, tit MC = ﬁv,zﬁ — NP tatinh duge B(5;1),C(3;—3).
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Vi du 10. Trong mit phang Oxy, cho hinh binh hanh ABCD c6 AD = 3 va chiéu cao ting v6i canh
AD bing 2 géc BAD = 30°. Chon hé truc toa do (A; i ,?) sao cho z va ﬁ cung hudéng. Tim toa

dd cua cac véc- tdﬁ Eé @ Vaz@

Loi gidi.

B C
A H D
Ké BH | AD. Ta cé BH = 2AB 4AH 2\/§.
Do d6 ta c6 A(0;0) 0 2 2), % D(3
Suyrazﬁ: 2;2 =(3;0) 2 -2) R
BAI TAP TU LUYEN

Bai 11. Trong mit phang Oxy, cho tam gidc ABC c6 A(—1;4), B(2;6), C(1;1). Tim toa do di€ém D sao cho
ti gidc ABCD la hinh binh hanh.
Loi giai. Goi D(x;y). Ta 6 AD = (x+1;y—4), BC = (—1;=5).
1=-1 =2
Vi ﬁ = Eé nén X =7
y—4=-5 y=-—1.
Vay toa do di€ém D 1a (—2;—1).
Bai 12. Trong mit phing Oxy, cho bdn diém A(1;—1), B(2;2), C(1;—5), D(3;1). Chiing minh ring hai
dudng thang AB va CD song song vdi nhau.
Li gidi. Ta c6 AB = (1;3),CD = (2:6).
Suy ra C% ZA? Do d6 hai dudng thang AB va CD song song hoéc trung nhau.
Ta co R (0;,—4) Vaﬁ (1;3) khong cung phuong vi — 7& —

Viy AB || CD.

— 0
Bai 13. Cho tam gidc déu ABC canh a. Chon he truc toa do (O; i ,?), trong d6 O la trung diém cua canh

BC, —l> cung huéng vé6i O? J cung huéng vé6i OA

a) Tim toa do cac dinh cua tam giac ABC;

b) Tim toa do trung diém E ctlia canh AC;

¢) Tim toa do tim dudng tron ngoai tiép tam gidc ABC.
Loi giai.
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a) Taco B (—g;O), C (0;6—1>.

2

Vi AABC 1a tam gidc déu nén AO = @.

3
Suyra A (0; %) .
we (%3

4" 4
¢) Goi I 1a tam dudng tron ngoai tiép AABC.
1 a\/§

Taco Ol = -OA = —.
aco 3 G

Dang 3. Tinh toa d6 trung diém - trong tam

Phuong phap giai, kinh nghiém giai.

XA +Xxp
XM =
M la trung di€ém AB < 2
_YAt+YB
XA +xg+xc
XG=—"—7
G la trong tdm tam giac ABC < _yatystyc
—

Vi du 11. Trong mit phang Oxy, cho hai diém A(1;4), B(—2;6). Tim toa do trung di€ém cta doan
thang AB.

Loi giai. Goi M (xpz;yy) 1a trung diém AB, khi do:

XA +Xp 1-2 1
XM = M= —F7— - __
2 2 & ™ 2
_YAt)B 446 _s
—1
Vay M —;5).
v M (5

Vi du 12. Trong mat pheamg Oxy, cho hai di€ém A(—1;2), B(1;4), C(—1;—2). Tim toa d0 trong tm
cua tam giac ABC.

Loi giai. Goi G (x¢;y¢) 1a trong tm tam gidc ABC, khi do:

XA +XxB +xc —14+1-1 —1
Xg=—F—"— Xg=———F5—— XG = —
G 3 - G 3 - G=3
G:yA+}’B+)’C _2+4-2 _4

—12 )’G——3 )’G—3-

Vi G(_—;—).

Vi du 13. Trong mit phang Oxy, cho ba diém A(3;1), B(2;2), G(2;—1). Tim toa do diém C biét G
la trong tam tam giac ABC.

Loi giai. Goi C (x¢;yc)-
Ta co:
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Xa+xg+xc 342+xc
W=t JPT s fre=d
<~ ~
_Yatystyc 24y lye=-6.
3 -3
Vay C(1;-6).

Vi du 14. Trong mit phang Oxy, cho hai di€ém A(—2;0), B(0; —4). Goi M la trung diém ctia AB, tim
toa do trong tdm tam gidac OBM.

Loi giai. Goi G (xg;yg) 1a trong tdm tam gidc OBM, M (xp;yy) 1 trung diém AB.

Ta co:
( XA +XB
M = 7 xy=-—1
)’A+)’B<:> =2
k)’M:T M '
(o= Yotxgtxm  (  —1 -1
‘o 3 N =73
_Yotystym —4-2 B
3
—1
e

Vi du 15. Trong mit phang Oxy, cho tam gidc ABC biét A(1;5), B(—4;—3),C(2;—1). Goi G la trong
tAm clia tam gidc ABC, tim toa do diém G’ 1a diém dbi xiing cta G qua B.

Loi giai. Goi G (xg;yg), G (xg:y5)- Ta co:
xXG

XA +Xxp+xc 1—4+2 —1
xG= —— = Xo = —
¢T3 o RN
_Yatystyc 5-3-1 1
=7 3 Y6 =3 yG—3
Vi G’ 1a 4nh ddi xiing clia G qua B nén B 1a trung diém ctia GG'. Ta c6:
—1 -23
Xg = 2Xg —XG Xg =2.(—4) - 3 6= T3
ey < ~19
Yc YB — YG yG,:z.(_3)_§ yG,:—3 .
23 —-19
iy o(2:22).
Y3
BAI TAP TU LUYEN

Bai 14. Trong mit phang Oxy, cho hai diém A(0;2), B(—3; —2). Tim toa do trung diém ctia AB.

Loi giai. Goi M (xp,ypm) 12 trung di€m AB, khi do:

XA+ Xxp 0 3 _3
& = 2
_yatys 2-2 _
yM——2 )’M:T ym = 0.

-3
Vay M (—;()) .
ay )
Bai 15. Trong mit phang Oxy, cho ba diém A(—1;2), B(5;—2), C(—2;1). Tim toa do trong tim clia tam

giac ABC.
Loi giai. Goi G (xg;yg) 1a trong tdm tam gidac ABC, khi do:

XA +XxB +xc —14+5-— 2
Xg=—""——/]/7™7"9"™ X =—- Xn = —
¢ 3 P 3 L)
_yatys+yc 2—-2+1 1
YG = 3 )’G:T )’G:§
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21
Viy G <—;—> .
Bai 16. Trong mit phang Oxy, cho hai diém A(—1;1), D (

a) Tim toa do diém B biét D 1a trung diém doan AB.
b) Tim toa do diém M dbi xiing véi A qua B.
Lui gidi.

a) Goi B(xp;yp).
Ta co:

xD:xA+xB = —1+xp
2 N 2 xp=-—1
DIYA+YB §:1+y3 yg = 4.
2 2 2
Vay B(—1:4).

b) Goi M (xp1;yu) 1a diém dbi xiing v6i A qua B, khi d6 B 1a trung diém clia MA.

Ta co:
XM =2Xp — X4 xy =2.(—1)—(-1) xy=—1
= =
YM =2y — YA ym=24-1 M=
Vay M (—1;7).

7.

)

CHUONG 1.

VECTO

Bai 17. Trong mit phiang Oxy, cho tam gidc ABC biét A(—3;2), B(4;3) va diém C nidm trén truc Ox. Tim
toa do trong tim G clia tam gidc ABC va diém C, biét G nam trén truc Oy.

Loi giai. Goi G (0;y5), C (x¢;0)

XA +XB+XC —3+4+XC .
xG:f O:f XC——l
Ta cé6:
4o _yA‘|')’B+)’C<:> 2+3+0 < yG:Z
)’G——3 yG=—3 3

Viy G <O§> C(—1;0).

Bai 18. Trong mit phang Oxy, tim toa do trong tdm clia tam gidc ABC, biét trung diém clia cdc canh AB,

BC, AC lan lugt 1a M(2;1), N(2;4), P(—3;0).

Loi giai. Goi A (xa;y4), B(x;ys), C (xc;yc) la toa do ba dinh cia tam gidc ABC.

G(xg;yc) la trong tim tam giac ABC.

Ta co:
XA +xp . (yatys _
3 M ) Ym
XB+xc —xy va YB+Yc —-—
2 2
XA +xc —xp Ya+yc —yp
\ 2 \ 2

XA +Xp+XCc =Xy +XN+Xp
YA+YB+Yc=Ym+YN+Yp.

XA +XB+XC Xp +xN+xp
T T =TT
Khi do:
1ao _yatys+yc < _ Ym+YN+YP <
A Yo="T3

15
Va G(—;—).
YU 33

_242+4(-3)

N 3

14440 5
3 3
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Dang 4. Chiing minh ba diém thing hang, diém thudc duong thang

St dung cac diéu kién can va di sau:
— = \ ) —
e Haivécto d va b # 0 cung phuong khi va chi khi ton tai so k sao cho d=kb.
e Ba diém phén biét A, B, C thiang hang khi va chi khi hai véc-to E VQR cung phuong.

e Diém M thudc dudng thang AB khi va chi khi ba diém M, A, B thang hang.

Vi du 16. Trong mit phiang Oxy, cho ba diém A(—1;1), B(1;3), C(2;4).
a) Chiing minh ba diém A, B, C thang hang.

b) Puong thang AB cit truc Ox tai diém M. Tim toa d6 diém M.

. J

Loi giai.
2
a) Ta c6: AB = (2;2) VaAC = (3;3) - AB= 51@
Suy ra hai véc-to E va R cling phuong. Do d6, ba diém A, B, C thang hang.

b) \g})uéng thang AB cit truc Ox tai diém M nén ba diém M, A, B thang hang. Suy ra hai véc-to AB va
AM cung phuong. N
Goi M (x;0) thudc truc Ox. Ta c6: AB = (2;2) vaAM = (x+ 1;—1).

— 1 1
ﬁ va AM cung phuong < ALY Sx=-2

2 2
Vay M(—2;0).

, v 2 ~ — N g
Vidu 17. Trong ma_t)phang Oxy, cho ba véc-to @ = (1;2), b = (—3;1) va ¢ = (6;5). Tim m dé
véc-t6 U =md + b cung phuong véi .

Loi giai. R

Tacé: U =md + b = (m—3;2m+1).

m—3  2m+1
6 5

Suy ra: u cung phuong véi 7 e &S m= 3.

Vay m = -3.

Vi du 18. Trong mit phiang Oxy, cho ba diém A(5;5), B(6; —2), C(—2;4).
a) Chiing minh ba diém A, B, C 1a ba dinh clia mot tam gidc.

b) Tim toa do di€m D sao cho ABCD la hinh binh hanh.

Loi giai.
a) Taco: AB = (1,=7) va AC = (=7;—1).
1 =7 ., 1B v AC khone ci
Vi — # - nén hai véc-to AB va AC khong cung phuong.
Suy ra ba diém A, B, C khong thang hang. Do d6 A, B, C la ba dinh ctia mot tam gidc.
b) Goi D(x;y). Ta c6: AD = (x— 5y — 5) va BC = (—8;6).
x—5=-8 {x =-3

ABCD 12 hinh binh hanh < AD = BC <
y—5=6. y=11.

Vay D(—3;11).
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.

Vi du 19. Trong mit phiang Oxy, cho hai diém A(—2;1) va B(—4;5).
a) Tim trén truc Ox di€ém C sao cho ABCO 1a hinh thang c6 canh ddy 1a AO.

b) Tim toa do giao di€m I cia hai dudng chéo cua hinh thang ABCO.

Loi gidi.

a)

b)

Goi C(x;0) thudc truc Ox. Vi ABCO la hinh thang c6 canh ddy la AO nén AO || BC. Suy ra hai véc-to A0

va IQ cung phlIdng
Taco: A 2;—1) V&EZ (x+4;-5).
4 =5
mvélfcung phuong < % = &S x=6.
Vay C(6;0).
Goi I(x;y) 1a giao diém hai dudng chéo OB va AC cua hinh thang ABCO.

(@)}

7
7z

N\

A 1\\
\\\k ¢
-5 4 3 2 -1 o ) 3 4 5 6 17
Tacé:ﬁ]z(x;y),O?:(—QS) Al = (x+2;y— R (8;
Ta cé: O, I, B thang hang < Ol va OB cung phIIdng 14 = % & 5x—|—4y 0(1).
. — 2 —1
Lai c6: A, I, C thang hang < Al va AC cung phuong x—g = y—l S x+8y=06(2).
2
Sxtdy=0 |¥=73
Tit (1) va (2) ta ¢6 hé phuong trinh: e & 3
x+8y==6. :§
25 6
Vay 1
i ( 3 6)
BAI TAP TU LUYEN

Bai 19. Trong mit phang 0xy,_c>ho hai di€m phan biét A(xs;ya) va B(xp;yg). Ta néi diém M chia doan
thang AB theo ti s6 k # 1 néu MA = kMB. Chiing minh ring:

xA—ka
X =
M= 1%
ya —kys
M=

1—k ~
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Loi giai.

xA—ka
— xa —xp = k(xp—x ™M= T
Tacé:MA:kAﬁ@ AT (s M)<:> 1=k
ya—ym =k(ys —ym)- _ ya—kyp
M= —F""7"-
1—k
XA +XB
XM = .
Khi k = —1 thi 2 Mni trung diém cua doan thang AB.
yatys
M= 3

Bai 20. Trong mit phiang Oxy, cho tam gidc ABC véi A(0;2), B(1;1) va C(—1;—2). Cac diém A’, B, C' 1an
. 1
lugt chia cac doan thang BC, CA, AB theo cac ti sO R -2, —1.
a) Tim toa do cac di€fm A’, B/, C'.
b) Chiing minh ba diém A’, B/, C’ thang hang.
Loi giai.
a) Taco:
— 1
A'B= §A/C = A'(3;4).

—> — 1 2
B'C=-2BA=B <——;—>
3'3
— 13
CA=-CB=C (—;—)
~5\22
— 10 10 — 5 5 — 44—
b) Taco: A'B' = (—?;—?> vaA'C = <_§;_§> = A'B = §A’C’.

< AR . .2 2 N
Suy ra hai véc-to A’B’ va A’C’ cung phuong. Do do, ba di€m A’, B/, C’ thang hang.

Bai 21. Trong mit phiang Oxy, cho hai di€ém A(5;0), B(3;—2). Puong thiang AB cit truc Oy tai diém M.
Trong ba diém A, B, M, diém nao nam giita hai diém con lai?
Loi giai. N
Vi Puong thang AB cit truc Oy tai diém M nén ba diém M, A, B thiang hang. Suy ra hai véc-to E va AM
cung phuong.

. R . ey
Goi M (0;m) thudc truc Oy. Ta co: AB = (=2;-2) vaAM = (—5;m).

H P

E va AM cung phuong & — = M oem=—s.

-2 =2
— 2—
Suy ra M(—2;0). Khi do, ta c6: E = (—2;—-2) vaAM = (—5;-5), suy razﬁ = gAM.

Vay diém B nam giita hai diém A va M.

N e o 2 -2 1
Bai 22. Trong mit phang Oxy, cho ba diém A(6;4), B(3;—-2), C (52)

a) Tim trén truc hoanh diém M sao cho MA 4+ MB dat gia tri nho nhit.
b) Tim trén truc hoanh di€ém N sao cho NA + NC dat gid tri nhd nhit.

Loi giai.
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a)

b)

CHUONG 1. VECTO

Ta c6 hai diém A va B niam vé hai phia d6i v6i truc hoanh.
Véi moi M € Ox, ta cé6 MA+ MB > AB va dau bang xdy ra khi va

chi khi ba diém A, M, B thang hang.

N

Viy MA + MB c6 gia tri nho nhit 1a bang AB, dat dugc khi M 1a
giao diém cilia clia dudng thang AB va truc hoanh.

(98]

Vi M 1a giao diém ciia ctia dudng thang AB va truc hoanh nén ba

diém M, A, B thing hang. Suy ra hai VéC_—t)O AM Vﬁlzﬁ cung phuong.
Goi M(x;0) thudc truc Ox. Ta c6: AM = (x — 6;—4) va AB =

_—

(—3;-6).

—_—

-6 —4
Evémcfmg phu’dng(:)x—3 =— &x=4

—6
Vay M (4;0).

Ta c6 hai diém A va C nam vé mdt phia d6i v6i truc hoanh.
Goi C' 1a diém dbi xting v6i C qua truc hoanh. Khi dé, ta c6

Ny

1

V6i moi N € Ox, ta c6 NA+ NC = NA +NC' > AC' va dau bing

w

xay ra khi va chi khi ba diém A, N, C’ thang hang.

Vay NA + NC c6 gid tri nhd nhit 12 bang AC’, dat dudc khi N 1 giao
diém ctlia ctia duong thang AC’ va truc hoanh.

Vi N 1a giao diém cta ctia duong thang AC’ va truc hoanh nén

P 2 N . 2 —_> N H N
ba di€ém N, A, C' thang hang. Suy ra hai véc-t6 AN va AC’' cung
phuong.

T S

—
Goi N(x;0) thudc truc Ox. Ta c6: AN = (x — 6;—4) va AC' =

a
L — 2(x—6) —4 7
AN va AC’' cung phuong < —2(x=6) = Ex=3

; 11 —6
VeflyN<§;0>.

Bai 23. Trong mit phang Oxy, cho ba diém A(6;4), B(2;3),C(—2;1).

a)

b)

Tim trén truc tung diém M sao cho |[MA — MB| dat gi4 tri 16n nhat.

Tim trén truc tung diém N sao cho [NA — NC| dat gi4 tri 16n nhat.

Li gidi.
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a) Ta c6 hai diém A va B nam vé mot phia dbi véi truc tung. y A
V6i moi M € Oy, ta cé [MA — MB| < AB va diu bing xay rakhi vad 4
chi khi ba diém A, M, B thing hang. _—
Vay [MA — MB| c6 gia tri 16n nhét 1a bing AB, dat dugc khi M 1a 3 - B
giao diém clia clia dudng thang AB va truc tung. s I M
Vi M la giao diém ctia cia dudng thang AB va truc tung nén ba diém
M, A, B thang hang. Suy ra hai véc-td AM va AB cing phuong. 1
0 ) 3 4 5 6 X
—
Goi M(0;y) thudc truc Oy. Ta c6: AM = (—6;y —4) VaAB = (— —1).
— —6 —4 5
AMVQ@ cung phuong < = y—l Sy= X
5
ey (0:3).
ay 5
b) Ta c6 hai diém A va C nam vé& hai phia dbi véi truc hoanh. y A
Goi C' 1a diém dbi xiing v6i C qua truc tung. Khi do6, ta c6 4
Vi moi N € Oy, ta ¢6 [NA — NC| = [NA — NC'| < AC' va dhu pd
bing xay ra khi va chi khi ba diém A, N, C’ thang hang. c = 7
Vay |[NA — NC| c6 gid tri 16n nhét 1a bing AC’, dat dugc khi N 1
N C R 5 5 N 2 TREEN C/
la giao diém cua cua duong thang AC" va truc tung. O
2 —1\/N 2 03 4 5 6 X

ViN la glao dlem clia clia duong thang AC’ va truc tung nén ba diém N, A, C’ thang hang. Suy ra hai
véc-to AN va AC’ cung phuong.

— —
Goi N(0;y) thudc truc Oy. Ta ¢6: AN = (—6;y —4) va AC' = (—4;—3).

— —6 —4 1
AN va AC' cung phuong & — = S Sx=—=.
| —4 -3 2
Va N<0;——).
ay )

III. Bai tap tong hop

Bai 24. Trong Eét phang Oxy, tim toa do ctia cic véc-td sau:

a)d =-51i;

by b =77

0T =—371487;

Od =057 —il7].
L(nglal a) — 57 = (—5;0);

D) B =77 = (0:7):

)T =-37+87 =(-38);

d) 7 — 0,57 —VIT ] = (0,5, —V/11).
Bai 25. Trong mit phang Oxy, cho ba diém A(—3;—1), B(1;1) va C(7;4).
a) Tim toa do ciia AB, BC. Chitng minh A, B, C thing hang.
b) Chiing minh A, B, O khong thang hang. Tim toa do trong tim G ctia tam giac ABO.
¢) Tim toa dd di€ém D trén truc hoanh dé A, B, D thang hang.
Loi giai.
a)Taco;@ (45 2),58:
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Suy razﬁ = %B%

Do dé hai véc-to 1@,3?' cung phuong.

Viy A, B,C thang hang.

b) Ta c6 AO = (3;1). Suy ra AB va AO la hai véc-to khong cung phuong.
Do d6 A, B, O khong thang hang.

Toa do trong tim G cua tam giac ABO

_xatxptxo —3+140 -2

XG

3 3
ya+yp+yo —-14+14+0
2
VﬁyG(—g;O).

¢) Vi D € Ox nén D(x;0) vaAD = (x+3;1)
Do A, B, D thang hang nén E,ﬁ cung phuong

x+3 1 e ]
4 2T
Vay D(—1;0).

Bai 26. Trong mit phang Oxy, cho ba diém A(—2;3), B(2;4) va C(1;-2).
a) Ching minh A, B, C 1a ba dinh cta tam giac.
b) Tinh toa do véc-to AM v6i M 1a trung diém cua BC.
¢) Tinh toa do trong tdm G cua tam giac ABC.
Loi giai.
a) Ta 6 AB = (4;1) VaAC = (3;-5).
Vi g # LS nén E VQR khong cung phuong.
Suy ra A, B, C khong thang hang.
Viy A, B,C la ba dinh ciia mot tam giac.
b) Goi M(x;y) la trung diém ctia BC. Ta c6

7
x@yﬁﬁ?::(i;—z).

¢) Goi G(x;y) la trong tdm tam giac ABC. Ta ¢6

24241 1
-3 3
34422 5

r= 1% —3
wa(L)

Bai 27. Trong mit phang Oxy, cho tam gidc ABC c¢6 A(—2;2), B(1;4), C(5;1).
a) Tim toa do6 trung diém I ctia AC.
b) Tim toa do diém D sao cho t gidc ABCD Ia hinh binh hanh.
Loi giai.
a) Goi I(x;y) 1a trung diém cta AC. Ta c6
=245 3

X =
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3 3)
VayI| =;= ).
Y (2 2
b) Vi ti gidc ABCD 1a hinh binh hanh nén 7 1a trung diém ctia BD.

xp+1 3
=5 1=3 =2
Suy ra 2_|_4 % & D+ & D
YD = yp+4=73 xp=—1.
2 2
Vay D(2;—1).

Bai 28. Trong mit phiang Oxy, cho tam gidc ABC c6 A(2;—1), B(—3;5), C(4;—17).

a) Tim toa do trong tam G cua tam giac ABC.

b) Tim toa do di€ém D sao cho tiic gidc BGCD 1a hinh binh hanh.
Loi giai.

a) Goi G(x;y) la trong tdm tam giac ABC. Ta c6

2-3+4
x="F— =1
—14+5-7
y=—7 =1
Vay G(1;-1).

H
b) Ta c6 CD = (xp — 4;yp +7),GB = (—4:6).
Vi BGCD 14 hinh binh hanh nén CD = GB
4= _4 —
o XD o XD 0
yp+7=06 yp=—1.

Vay toa do di€ém D 1a (0;—1).
Bai 29. Trong mit phang Oxy, cho A(1;6),B(2;2) va C(—2;3).

a) Chiing minh ba di€ém A, B, C tao thanh mot tam giéc.

b) Tim toa do diém D sao cho ABCD 1a mdt hinh binh hanh.

¢) Tim toa do diém E (x; —2) sao cho A, B, E thing hang.
Lui gidi.

3’4
D\\\; A
Vs
Vo
c = \

2\

| B

0 .
—3—2—11 ] 2 37X

2

E

(O8]

a) Ta 6 AB = (1;—4) vaAC = (—3;-3).

1 —4
Vi =3 # — nén@ Végg khong cung phuong.
Suy ra A, B, C khong thang hang.
Vay A, B,C la ba dinh cia mot tam giac.

. . o

b) Goi D(x;y). Tacé Ch = (x+2;y—3),BA = (—1;4).
Vi ABCD la hinh binh hanh nén CI3 = B

79
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x+2=-1 x=-3
= =
y—3=4 y=17.

Vay toa do di€ém D 1a (—3;7).
¢) Tac6 AE = (x— 1;—8),AB = (1;:—4).

. -1 -8
Vi A, B, E thang hang nén * =
Suy ra x = 3.
Vay E(3;-2).

Bai 30. Trong mit phang Oxy, cho hai di€ém B(—3;2) va C(6;5). Tim toa do di€ém A thudc truc tung sao
cho AB + AC bé nhit.

Li gidi.

\9)

p——

]
>'<‘

Vi A thudc truc tung nén A(0;y).

Tac6 BA = (3;y— 2),BC = (9;3).

Vixg = —3 < 0vaxc=6>0nén B vaC nim v& hai phia déi véi truc tung.
Do d6 AB + AC bé nhét khi va chi khi A, B, C thang hang.

_)
Suy ra hai véc-td BA,I@ cung phuong.

3 y-2
Ticla - =—— < y=3.
clag 3 y

Vay A(0;3).

Bai 31. Trong mit phiang Oxy, cho hai di€ém M(—3; —4) va N(3; —2). Tim toa do di€ém P thudc truc Ox sao
cho PM -+ PN bé nht.

Li gidi.
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N

Vi P € Ox nén P(x;0).
Viyy = —4 <0vayy=—2 < 0nén M,N nim cung phia ddi v6i Ox.
Goi N’ 1a diém dbi xiing v6i N qua Ox.
Suy ra N'(3;2) va MN' = (6;6),]\?’ = (x+3;4).
Ta c6 PM + PN = PM + PN'. Do d6 PM + PN bé nhét khi va chi khi PM + PN’ bé nhit.
PM + PN’ bé nhit
& P,M,N' thang hang
—=,
< Hai véc-to Aﬁ’,MN " ciing phuong
x+3 4
c "% Sx=1.
Vay P(1;0).

Bai 32. Trong mit phang Oxy, cho ba diém A(1;—2), B(0;4), C(3;2). Tim diém D sao cho D € Ox va
ABCD la hinh thang day la AB.
Loi giai. Goi D(xp;0) la diém cam tim.

xB_xA:k(xC_XD)@{0—1:3k—k.xD k=3 (nh3

P& ABCD 13 hinh thang thi AB = kDC (k > 0) < =
yB—ya=k(yc—yp) |4—(-2)=2k xXp=—.

10
Viy D <?;0> .

Bai 33. Trong mit phang Oxy, cho tam gidc ABC. Goi G, I, H 1an lugct 1a trong tim, tim dudng tron ngoai
tiép, truc tim clia tam giac ABC. Tim toa do trong tim G biét 1(0;2), H(3;5).
Loi giai.
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Kéo dai Al cit dudng tron tai D.
Ta c6: ACD = 90° = CD | AC ma BH | AC = BH song song CD.
Tuong ty ta cting c6 BD song song HC.
= HCDR la hinh binh hanh.
—— —
Tacé: GA+GBE+GC= 0.

Cheén diém H vao ta suy ra 3(7] HA -+ HE LHC=T0

Theo quy tac hinh binh hanh ta c6 H I—?‘ ﬁ

Ta suy ra du’d_c>3(ﬁ+HA +Iﬁ = 6>

& 3GH 2HI A

3(xH XG) 2()61—)61-1)

s
3(yu —yG) = 2(x1 — xu) ye =1.
Vay G(5;7).

Bai 34. Trong mit phang Oxy, cho ba diém A(5;3), B(2;—3), C(—2;1).

a) Ching minh ring A, B, C 1a ba dinh clia mot tam gidc.

o — B
b) Tim trén truc hoanh diém M sao cho ’MA + Aﬁ +W ) dat gia tri nhé nhat.

4 % ., . 2 A
¢) Tim trén tryc tung diém N sao cho ‘NA — 41@ + 9]\? ‘ dat gia tri nho nhat.

Li gidi.

a) Ta co: AB = (—=3;-6) vaAC = (—=7;-2).
-3 , -6
Vi — # - nén hai véc-to 1@ Vézﬁ khong cung phuong.

CHUONG 1. VECTO
C
D
1
G
B

Suy ra ba diém A, B, C khong thang hang. Do d6 A, B, C 1a ba dinh ctia mot tam gidc.

51
b) Goi G la trong tam tam giac ABC, ta c6: G <3 3)

Ta co: ‘MA—H\@—H\%‘—P ‘—3MG
Do do,

Suy ra M <§;0>.

¢) Goi I 13 diém théa man JA — 4TB+91C = 0.
Goi I(x;y), ta co:
TA—dib+oic— T
x—=5-4(x—2)+9(x+2)
{y—3—4(y—|—3)+9(y—1):
6x+21=0
{6y—24:0.

0
0

? + 7’ nhd nhit < MG nhd nhat < M 1a hinh chiéu cta G trén truc hoanh.
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1@-4J@+9R)

- 17}+17§—4(JV}+1§)+9(1\7}+1_5)(
— 617?+(17i—417§+9ﬁ)‘

— |6N1| = 6N1.

Do do, ’NA - 4]@ + 9]\% ‘ nho nhat < NI nhd nhat < N la hinh chiéu cua 7 trén truc tung.

Suy ra N(0;4).
Bai 35. Trong mit phang Oxy, cho hai diém A(—3;3), B(—1;4). Pudng thiang di qua hai diém A va B cit
truc hoanh tai M va cit truc tung tai N. Tinh dién tich tam gidc OMN va do dai dudng cao clia tam giac
OMN ké tu O.
Loi giai.

i~

w

_—

—_—

2 z 4 . 2 2 ~ . , H N
Vi buong thang AB cit truc Ox tai diém M nén ba diém M, A, B thang hang. Suy ra hai véc-td AM va 1@
cung phuong.

Goi M(x;0) thudc truc Ox. Ta co: AM = (x+3;-3) vaAB = (2;1).
3 -3
AM Vaﬁ cung phuong < e &Sx=-9.

2 1
Vay M(—9;0).
Vi Buong thang AB cit truc Oy tai diém N nén ba diém N, A, B thang hang. Suy ra hai véc-to AN va 1@
cung phuong.
Goi N(0;y) thudc truc Oy. Ta c6: AN = (3;y—3) vaAB =

3 3 9
ANvazﬁ cung phuong < 5= )’T Sy= 5
9
VéyN(O;E).
Vi tam giac OMN vudng tai O nén tam giac OMN co dién tich la:
1 1 9 81
=—-OM.ON = -9.- = —.
Sromn 20 ON 29 7=
Goi H la chan duong cao ké tut O cua tam giac vudong OMN. Khi do, ta co:
1 n 1 4 4 5
OH?> OM? ON? 81 91 81
81 9
Do do, ta c6: OH? = = OH = \/_

5 5
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Bai 36. Cho bon diém phan biét A, B, C, D. Goi I va J 1an ludt 12 trung diém ctia cac doan thang AB va CD;
P va Q lan luot 1a trung diém ctia cac doan theamg AC va BD; M va N lan luot 1a trung diém ctda cac doan
thang AD va BC. Chiing minh ring ba doan thang 1J, PQ va MN c6 cung trung diém.

Lui giai.
B
I C
N7
H— 0 | ,
/P N

AN

T
L

Xét mit phang toa do Oxy. Gia st A(ay;az), B(b1;b), Cc1;c2) va D(dy;d,). Ta c6:

. <a1+b1 a2—|—b2) J<C1+d1.C2+d2
’ 2 72

ay+by+c;+d
4

) . Suy ra trung diém ctia doan thang 1J c¢6 toa do 1a (
(1

(1).

P<al+01 az+62>’ Q(bl—gdl;bz—gdz

<a1+b1+cl—|—d1 a2—|—b2+62+d2> (2)
9 4 M

). Suy ra trung diém ctia doan thang PQ c6 toa do la

. M<a1 —|—d1;a2+d2>, N(bl —l-C];bz-l—Cz
2 2 2 2
(al—}-bl—i—cl—f—dl'az—i—bz—}-Cz—i—dz) (3)

). Suy ra trung diém cta doan thang MN c6 toa do la

4 ’ 4

Tu (1), (2) va (3) suy ra ba doan thing 1J, PQ va MN c6 cung trung diém.
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5. DK KIEM TRA CHUONG I

I. Pésbla

Cau 1. (1 diém) Cho hinh binh hanh ABCD tam O. Goi M, N, P,Q lan lugt la trung diém c4c canh AB, BC,CD, DA
(hinh vé).

D P C

A M B
a) Tir hinh vé, hiy chi ra tit ca cic véc-to dbi clia véc-to zﬁ
<, 1S ~ > A 2 2 . > 2 -~
b) Tu hinh vé, chi ra tat ca cac véc-td bang véc-to OA.

Li gidi.

) — .,

a) CAc véc-t0 dbi ciia véc-t6 AB 1A BANO.CD. . .-+ o+ oo 0,5 diém.
N — 2

b) Céc véc-t0 bing véc-t6 OA 10 CO,PONM. ..o\ oo oo 0,5 diém.

Cau 2. (1 diém) Cho hinh chit nhat ABCD c6 AB = 8 cm, BC = 6 cm.
S o —
a) Chung minh rang, v6i moi diém M, ta ludn co R -HEﬁ)d =AM -l—l% .
b) Tinh do dai véc-to @ = AC+AD — BC.

Loi giai. Hinh vé

A B

a) \ﬁﬁ—kﬁd:m—kﬁ@/@—m:%—ﬁ%@m:m(dlingvéi moi M) nén ta co dfmg

thiic can ching minh. ...... ... ... . . . 0,5 diém.
b) VIAD = BC1én @ = AC+AD —BC=AC. «. o\ oo 0,25 diém.
Do d6 | 7] = ’R‘ — VABZFBCE = 10CIM. oo 0,25 diém.

Cau 3. (2 diém) Cho tam gidc ABC. Tim quy tich cic diém M théa man diéu kién

3‘@’:‘2@—1@—%‘.
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Lisi gidi. Goi 713 trung diém BC, ta ¢6 MB+MC = 2MI. ... ..\ 0,5 diém.

Suyra‘2M—Aﬁ—W):(2@—2}\7}):2@‘ ........................................ 0,5 diém.
2 2

Do dé3‘m‘ - ‘2@?—1@—%‘ SAM=ZAL..Lo 0,5 diém.
7 2 ,

Vay, quy tich cic diém M la dudng tron tdm A, ban kinh r = §AI .............................. 0,5 diém.

0 . N < L e -2 . —
Cau 4. (2 diém) Cho tam giac AﬁC. Goi I va J lan luot 1a cac diém sao cho Iﬁ + 51% =0 va ﬁ — 3J% =0.
Hay phéan tich cac véc-to Al va AJ theo hai véc-to ﬁ,ﬁ .
Loi giai. Hinh vé.

A
B I C J
Tacél%+5[?:6><:>(lj4>+ﬁ)+5(l7\>+ﬁ):ﬁ©ﬁ:éﬁ+gﬁ .................... 1 diém.

ﬁ—3ﬁ:ﬁ@(ﬁ+ﬁ)—3(ﬁ+ﬁ):ﬁ@A_}:—%EJr%R .................... | diém.

o o 0 —
Cau 5. (4 diém) Trong hé toa do Oxy, cho diém M(—3;4), P(1;1) va diém N sao cho ON = 27— ?
a) Chiing minh rang M, N, P khong thang hang. Xac dinh diém Q sao cho MPNQ la hinh binh hanh.
b) Xéc dinh diém I trén truc Oy sao cho ‘17)\7 +I$ + 4IT>4 ‘ dat gid tri nho nhat.

Loi giai.

— 0

Q) TUON =27 — 7 SUY TAN(Z— 1) o r oo 0,25 diém.
LT b .S, -5 N T

Tac6 MN = (5;—5),MP = (4;-3) va 2 #+ —; nén M,N,P khong thang hang. .......... 0,5 diém.

Gid st Q(x;y). Ta 6 MP = (4;—3) VAON = (2= X5 —1 —Y)+ +vveeeeeeeieiii, 0,5 diém.
N . . ) — 4=2—x x=-2 i

MPNQ 12 hinh binh hanh khi MP = ON < e 0,5 diém

—3=-1-y |y=

VAY O(—252). 0,25 diém.

b) Goi K(a;b) 1a diém sao cho I?)V+Ia§+4KM = 0 0,5 diém

Tac6 KN =(2—a;—1—b),KP=(1—a;1 —b),KM = (—3—a;4—b). +.vovvvereern... 0,5 diém
— — 4= 38 .

Do d6 KN + KP+4KM = 0 < g .SuyraK<—§;§> ........................ 0,5 diém.

b—2o
3
Vi I € Oy nén ‘17>V+175+4174’ - ‘61?‘ — 6.IK dat gid tri nh6 nhat khi va chi khi 7 12 hinh chiéu

8 0
vudng goc cua K 1én Oy. Suy ra [ <0; §) ............................................ 0,5 diém.
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II. Pésd1b

Cau 1. (1 diém) Cho hinh binh hanh ABCD tam O. Goi M, N, P,Q lan lugt la trung diém c4c canh AB, BC,CD, DA
(hinh vé).

D P C

A M B
a) Tur hinh vé&, hay chi ra tit ca cc véc-to dbi clia véc-to BC.

b) Tu hinh veé, chi ra tit ca cac véc-to bﬁng véc-to 0?

Lui giai.

2 — ”
a) Cac véc-td doi cua véc-tad ﬁ la C%,DA,W ........................................... 0,5 diém.

N — Y
b) Céc Véc-t0 bAng Véc-t6 OB 12 DO, OM,PN. ..o\ oo 0.5 diém.

Cau 2. (1 dim) Cho hinh thoi ABCD c¢6 AB = 6 cm, BAD = 60°.
N ° —
a) Chung minh rang, v6i moi di€ém M, ta ludn c6 R + W =AM —H@ }
b) Tinh do dai véc-t6 7 = AC +AD — BC.
Loi giai. Hinh vé

D C
A B
— — '
a) WR—FW:AM—HQ@R—AM:B?—W@R:A% (dung v6i moi M) nén ta c6 dang
thidic can ching minh. ...... ... ... . . . 0,5 diém.
b) VIAD = BC1én @ = AC+AD —BC=AC. «. o\ oo 0,25 diém.
Do d6 | 7| = ‘R‘ —2A0 = 633 ClMe oo oo 0,25 diém.

Cau 3. (2 diém) Cho tam gidc ABC. Tim quy tich cac diém M thoa man diéu kién

|MB| = |MA +MB - 2mC|.

Loi giai. Goi / 1a trung diém AB. Ta c6 m —H\@ 2]\7} ................................... 0,5 diém.
Suy ra ‘MA 4 MB— 21%) — (2M1 27( 2G| 0,5 diém.
Do d6 | ‘?‘ - ‘MAHW _C>‘<:>BM 2C. o 0,5 diém.

Vay, quy tich cac di€ém M 1a dudng tron thm B, bankinh r =2IC. ........................... 0,5 diém.
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au 4. (2 di€ém) Cho tam gidac ABC. Goi K va H lan luot 1a cac diém sao cho I@ + 5[@ = O va I-ﬁ —

? = 6> Hay phan tich cac véc-to R va ﬁ theo hai véc-to zﬁ R
Loi giai. Hinh vé.

A
B K C H
Tacoﬁ+5]@‘:6> (KA+@)+5<IZ4>+R):6>®R:%@+%R. ............... 1 diém.
Tacé HE—3HC = 0 < (HA+@)—3(E\>+R):6>@F1:—%@+§R .............. | diém.

2 . g N o A H _->
Cau 5. (4 diém) Trong hé toa do Oxy, cho hai diem N(2;—1),P(1;1) vadiém M sao cho OM = —3 i +47.
a) Chiing minh ring M, N, P khong thang hang. X4c dinh diém Q sao cho MNQP 1a hinh binh hanh.

. -2 —> _> ., . 2 A
b) Xac dinh diém [ trén truc Ox sao cho ‘IN + I? +4IM ‘ dat gid tri nho nhat.

Loi giai.

— -

Q) TUOM = —3 7 44 SUy taM(—354)s o v oo 0,25 diém.
T b .S, =5 . T

Tac6 MN = (5;—5),MP = (4;-3) va 1 # —; én M,N,P khong thang hang. .......... 0,5 diém.

Gia sit Q(x;y). Ta c6 MP = (4 ~3)va QN = (x 2y 1) e 0,5 diém.
=x— 2 x=6 e

MNQP lahinhbinh hanh khi MP=NQ & { |~ ' 0 0,5 diém.

—3=y+ 1 y=—4

VAY O(6; =4 ). oot 0,25 diém
. — o

b) Goi K (a:) Ia diém sao cho KN+163+ 4KM = 0ot 0,5 diém.

Tac6 KN = (2 —a; (1—a; l b),KM = (-3—a;4—b). ................ 0,5 diém.
Kb 2 3.8

Do doKN+K +4KM— O = .SuyraK _5;5 ........................ 0,5 diém.

Vil € Ox nén ’IN+I7>>+4IM‘ ‘61?‘ = 6.IK dat gia tri nho nhit khi va chi khi / 1a hinh chiéu

vuong goéc cua K 1én Ox. Suy ra / (—— 0) .......................................... 0,5 diém.
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III. DPésd2a

Cau 1. (2 diém) Cho hinh binh hanh MNPQ ¢6 I 1a giao di€ém clia hai dudng chéo. Xét céac véc-td c6 diém
dau, diém cudi 1a mot trong cac diém M, N, P, Q, I.

y =
a) Tim véc-to bang MI.

|

b) Tim tét cic cic véc-to dbi ctia Q.

— =
c) Chﬁngminh:m+m+ﬁ+QI: 0.

Loi giai.

N — N P
8) VEC-tObANE MITA TP .. oo oo 0,5
b) Tht c& cdc véc-t6 dbi cta OF T TONT o+ oo oo 0,5 i
¢) Vi tit gidc ABCD 1a hinh binh hanh nén MI = IB,NI =10 ........ 05 & :
A S S S N N T S S 03

Cau 2. (2 diém) Cho tam giac ABC ¢6 M, N, P lan luct 1 trung diém ctia AB, AC va BC. Goi G la trong
tam cua tam giac ABC.

a) Timux,y biét MN — xBC va AC :yﬁ.
b) Phan tich AG theo A va AC.
Loi giai.
a) Do MN la dudng trung binh cua tan giac ABC nén BC = 2MN. B
— 1 %
Suy ra: MN = EB .

2
Do G la trong tam cta tam giac ABC nén AG = §AP.

Suy ra: ﬁ = %ﬁ

2
VY Y
dyy=3
. — 1
b) Do P 1 trung diém cta BC nén AP — ~AB + ER .......................................... 0,5
2
M2 AG = gﬁ
1— 1
Dodé:ﬁzgﬁ—kgﬁ ................................................................ 0.5

Cau 3. (2 di€ém) Trong mit phiang Oxy, cho 3 diém A(1;2), B(5;2) C(2;3).
a) Ching minh 3 diém A, B, C tao thanh 3 dinh clia mot tam gidc.
b) Tim di€ém D sao cho ti gidc ABDC 1a hinh binh hanh.

Lui gidi.



90 CHUONG 1. VECTO

2) TacoAB = (450), AC = (131) . eveeeee e 0,5 c

Suy ra: ﬁ;&kﬁ vk € R.

Do dé, hai véc-to 1@ va R khong cung phuong.
Suy ra, 3 diém A, B, C khong thang hang. A B
Viy, 3 diém A, B, C tao thanh 3 dinh ctia mot tam gidc............ 0,5

—
b) Goi D(x;y). Taco CD = (x—2;y—3).
Tu gidc ABDC la hinh binh hanh @ﬁ C% .............................................. 0,5
x—2=4 x=6
=
y=—3=0 y=3
VAY D = (033) oottt et e et 0,5

Cau 4. (2 diém) Cho tam gidc ABC. Tim diém M sao cho 2MA +2M 2% +M ? 6>

Loi giai.

Goi [l la trung diém clia AB. B
Ta co 2_)MA+2A@+W:
=2 (MA +MB) +MC =

%
o 4MI+M 7 0 10 1
& MC=—4aM]
Viy, diém M nam giita 2 difm C valsaochoMC =4MI..................... 1,0

A C

Cau 5. (2 diém) Trong mit phang Oxy, cho 2 diém A(1;2) va B(3;1). Tim di€ém M thudc Ox sao cho

|MA| +|MB| nho nhi

Loi giai.

Goi A’ 1a diém dbi xing vé6i diém A qua truc Ox. Suy ra A’(1;-2) va  y} 4
_ Al

éﬁMéAgj Khi d6: A'M = (x— 132), AB = (2:3) .o+ ovveee 0,5 | B

Ta c6 ‘MA‘ + ‘?’ =MA+MB=MA'"+MB > A'B.

1 ul
Do do, nho nhit khi va chi chi 3 diém A/, M, B thang hang O M X
0,5
— = x—1=2k
SIkeR* AM=KA'B< { 0,5
2:3k A/
2
k: §
= 7
X==
3
7
VayM: (g,O) .............................................................................. 0,5
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IV. Désb2b

Cau 1. (2 diém) Cho hinh binh hanh ABCD c6 O la giao di€m clia hai dudng chéo. Xét céac véc-td c6 diém
dau, diém cudi 1a mot trong cac diém A, B, C, D, O.

a) Tim véc-to bing CO.
A, o O {
b) Tim tat cac cac véc-to doi cua OA.
¢) Ching minh: AB + 24C + AD = 3AC.

Lui gidi.

B C
N —
a) VEc-tObAng COTAOA ...\ oo 0,5
" 2 —
b) Tét ci cdc véc-t6 dbi cia OA 1A A0, 0C .. .-\ ' v 0,5 S
¢) Vi tif gidc ABCD Ia hinh binh hanh nén AB+AD = AC............ 05 ¢ e
Do d6:

AB+2AC+AD = AC+2AC =3AC . ...\ 0,5

Cau 2. (2 diém) Cho tam giac ABC c¢6 M, N, P lan ludt 1 trung diém ctia AB, AC va BC. Goi G la trong
tam cua tam giac ABC.

a) Timux, y biétf@ :xm VE\J.C% :ym.
b) Phan tich BG theo AB va BC.
Loi giai.

a) Do MP la dudng tr_u>ng binh cua tan giac ABC nén AC = 2MP. B
Suy ra: AC = —2PM.
VY X =
Do G la trong tam cua tam giac ABC nén CG = 2MG.
Suy ra: C% = —21\%.

VY ¥ = = e
. 1 1
b) Do N la trung diém cua AC nén BN = EB—>A + EB?'
1 1
éﬁ:—iﬁ—i—iﬁ .................................................................. 0.5
2
1 1
Dodé:]ﬁz—gzﬁngB? .............................................................. 0,5

Cau 3. (2 di€ém) Trong mit phiang Oxy, cho 3 diém A(1;3), B(3;4) C(0;3).
a) Ching minh 3 diém A, B, C tao thanh 3 dinh clia mot tam gidc.
b) Tim di€ém D sao cho ti gidc ABCD 1a hinh binh hanh.

Lui gidi.
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2) TacOAB = (251), AC = (—130) ++r e e e 0,5 D

Suy ra: AB  kAC,Vk € R.
Do dé, hai véc-to 1@ va R khong cung phuong.

Suy ra, 3 diém A, B, C khong thang hang. cC A
Viy, 3 diém A, B, C tao thanh 3 dinh clamot tam gidc....................... 0,5

—>
b) Goi D(x;y). Tacoé CD = (x;y —3).
T gidc ABDC 12 hinh binh hanh <> AB = CD ... ... ..o\ 0,5

o x=2 o x=2
y—3= y=4
VAY D = (234 oottt 0,5

A R ., e — —
Cau 4. (2 diém) Cho tam giac ABC. Tim di€ém M sao cho MA —|—m + ZR =0.
Loi giai.

Goi I 121_t>rung diém clia AB. B
Tac6 MA+ MB+2MC =0
SOMI42MC = O oo 1,0
& MC = —Mi I
Vay, diém M 1a trung diém cha doanthang MI .............................. 1,0 >
A C

Cau 5. (2 diém) Trong mit phang Oxy, cho 2 diém A(1;2) va B(3;1). Tim diém M thudc Oy sao cho
’AH‘ + ‘Aﬁ‘ nhé nhit.
Loi giai.

Goi A’ 1a diém dbi xing v6i diém A qua truc Oy. Suy ra A'(—1;2) va y
AM =A'M.
— —_— /
Goi M(0;y). Khi d6: A'M = (1;y—2), AB = (4;—1) ... ... 0,5 A=A
.= ? p p M
Ta co [MA| + |MB| = MA+MB = MA"+ MB > A'B.
— . . . 2 2 B
Do d6, MA( n (m) nhé nhét khi va chi chi 3 diém A’, M, B thing
!
hang .. ... 0,5 19) X
— — 4k =
SJkeR* AM=kAB& { . 0,5
y—2=—k
1
k: Z
& 7
YTy
. 7
Vay M = (O;4_1> .............................................................................. 0,5
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V. Désob3a

Cau 1. (2 diém) Cho hinh binh hanh ABCD. Chi xét cac véc-td c6 diém dau va diém cudi 1a cac dinh cta
hinh binh hanh ABCD.

a) Hay chi ra cac véc-td cung phuong véi véc-td E

b) Chiing minh ring ﬁ + R’ = R + lﬁ

Loi giai.
D C
A B
a) ﬁ cung phuong véi C—D>, D%, I;ﬂl> .......................................................... 1,0
b) AD+BC = AC+CD+BD+DC=AC+BD .. ... o oo 1.0

N .2 .. . < .2 e ¢ — —
Cau 2. (1 dlem)go tam giac ABC. Goi M, N la cac diém thod man MA —H\ﬁ =0, ]@—i— 3]@ =0.
Phan tich véc-td M N theo hai véc-to zﬁ, R

Loi giai.
C
N
A M B
1 1 1 1
m:AﬁJrEfvziﬁJrZ%:ZABJFZR ................................................ 1,0
_>

Cau 3. Chobavéc-to @ = (1;2), b = (—3;3), @ = (5;-2)

_>
a) Tim toa do véc-to X =2d-3b+27.

_>
b) Phan tich véc-to d theo hai véc-td b va .
Loi giai.
%
a) Taco:2d = (2:4),3b =(—9;9),27 = (10;—4). Vay ¥ = (21:=9) .. ...ooiiiiniieai ., 1,0
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_>
b) Giast @ =mb +n<c.

3 —3m+5n=1 4
Ta co hé .Giaihétadugcm=—-,n=1
’ 3m—2n= 3’
%
Viy @ = §b+7 ...................................................................... 1,0

Cau 4. (3 di€ém) Trong hé truc toa do Oxy, cho ba diém A(1;3), B(2;—3), C(—2;1).
a) Ching minh ba di€ém A, B, C tao thanh ba dinh clia mot tam gidc.
b) Tim tao do diém D sao cho C 1a trong tAm cta tam giac ABD

¢) Tim toa do diém / trén truc Ox sao cho ba diém A, I, B thang hang.

Loi giai.
y
X
a) Ta co: z@ =(1; R —3;-2), do d6 z@ va ﬁ khong cung phuong. Vi vdy, ba diém A, B, C
khong thing hang hay ba dlem dé tao thanh 3 dinh claméttam gidc................cooeina... 1,0
b) Goi D(a,b) la diém sao cho C la trong tim tam giac ABD.
at+1+2
Tacs:{ 2 “=" Vay D(=93 1.0
a co: 1_b+3—3<:> b3 AY D(—9:33) o ,
-—

¢) Gia sit dudng thang qua A va B c6 phuong trinh dang y = ax+ b.
3=a-1+b {a =-6

Ta c6 hé phuong trinh & . Do d6, phuong trinh dudng thang di qua A va B
—3=a-2+Db b=9
lay=—6x+09.
0 5 3
. . . . . Y= xX=z
Giao diém cua duong thang AB véi truc Ox la nghiém cua hé y & 2. Vay, I < ,O)

1,0

Cau 5. (2 diém) Cho tif gidc ABCD.
a) Xéc dinh diém I théa man didu kién IA + 1B +31C = 0 ;
b) Tim tap hop di€m M sao cho ‘m +1ﬁ+3ﬁ‘ =5 ’1@’
Lusi gidi.
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4 > , < 4y . g , — N .o « &
a) Goi P la trung diém cua AB. Luc nay, v6i moi diém [ ta c6: 1A +I% = 21?. Tu gia thiét suy ra
3 4 3 .~ . o R N A . N X
ﬁé = _EI%’ do do6 diém I nam gitia hai diém P, C va dudc lay nhu sau: chia doan PC thanh 5 phan

. . 2
bang nhau roi lay 7 sao cho IC = gPC ..................................................... 1,0

2 — o . A " ~ . LR Y
b) Tu gia thiet ta c6 )MI ‘ = )z@) (v6i I 1a diém dugdc xac dinh 6 cau a). Vay, tap hop cac diém M nam
trén dudng trung truc x'y’ cia doan thang ID. ... ... .. ... oo ii i 1,0
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VI. Désd3b

Cau 1. (2 diém) Cho hinh binh hanh ABCD.Chi xét cic véc-td c6 diém dau va diém cubi la cac dinh cta
hinh binh hanh ABCD.

a) Hay chi ra cac véc-td cung phuong véi véc-td ﬁ)

b) Chiing minh ring 1@ -I-IY' = R-i—lﬁ

Loi giai.
D C
A B
a) ﬁ cung phuong véi @, lf‘, lﬁ .......................................................... 1,0
b) AB+DC = AC+CB+DB+BC=AC+DB ...\ oo 1.0

A [N .z . N s g 2 ~ % % A
Cau 2. (1 diém) Cho tam giac ABC. Goi P, Q la cac diém thoa man Q? — SQZ =0, ﬁ + 31@ = 0.Phan
tich véc-to @ theo hai véc-to AB, R .

Loi giai.

c
P
A
B
o
@:ﬁ+@:ﬁ+ﬁ—%ﬁ:—%ﬁ—%ﬁ ............................................ 1,0
Céu 3. (2 diém) Cho ba véc-to @ = (—1:2), b = (3;—3), T = (5:~2).

_>
a) Tim toa do véc-to XY =2d+3b-27.

. [ . -
b) Phan tich véc-to “d theo hai véc-td b va .
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Loi gidi.

_>
a) Tac6:2d = (—2:4),3b =(9;-9),27¢ = (10;—4). Vay, ¥ = (=3:—1) ... ... 1,0
— 3m+5n=—1 8 1
b) Gidsit @ =mb +nc.Tacéhe " Gidihétadudem=——, n—-~.
—3m—2n=2 9 3
8— 1
Vay @ = —-7+3‘> ................................................................... 1,0

Cau 4. (3 di€ém) Trong hé truc toa do Oxy, cho ba difém A(—1;3), B(—2;-3), C(2;1).
a) Ching minh ba di€ém A, B, C tao thanh ba dinh clia mot tam gidc.
b) Tim tao dd diém D sao cho C la trong tdm clia tam gidc ABD

¢) Tim toa do diém [ trén truc Ox sao cho ba diém A, I, B thang hang.

Loi giai.
Ya
X
a) Ta co: zﬁ = (-1 R (3;-2),do do zﬁ va R khong cung phuong. Vi viy, ba diém A, B, C
khong thang hémg hay ba dlem do6 tao thanh 3 dinh ctamottam gidc............coovvveennn... 1,0
—-1-2
2=1 . .
b) Goi D(a,b) la diém sao cho C la trong tdm tam giac ABD. Ta c6 b43_3© {b Vay
1= o
3
D953 ) et 1,0

¢) Gia st dudng thiang qua A va B c6 phuong trinh dang y = ax+ b.

1a ) 3=—al+b a=6 ) . R s s
Ta co hé & . Do do, phuong trinh duong thang di qua A va Blay = 6x+9.
—3=—a-2+b b=9
3
2 2 = X = ——
Giao diém cua dudng thang AB véi truc Ox la nghiém cia hé Y & 2.
y=6x+9 _
y=0
Va < > 0) 1,0
ay, 1 730 f ,

Cau 5. (2 diém) Cho tif gidc ABCD.
a) Xac dinh diém 7 thda man diéu kién IA + I% + 21% = 0
b) Tim tap hop diém M sao cho ‘MA + ?—kZ?’ = ’?’

Lui gidi.
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2 o » N P . .2 , _> ~ «9 « A
a) Goi P la trung diém cua AB. Luc nay, v6i moi diém [ ta c6: 1A +I% = 21?. Tu gia thiét suy ra
P = —I% , do d6 diém 7 1a trung diém doan thang PC ..............coiuiiiiiiiiaanen... 1,0

4 — ? 0 N 2
b) Tu gia thiet ta co ‘MI ‘ = )M ) Vay, tap hgp cac diém M nam trén dudng trung truc cua doan thang
DD 1,0



Chuong 2
TICH VO HUOGNG CUA HAI VECTO

§1.  GIA TRI LUGNG GIAC CUA MOT GOC BAT KY TU 0°
DEN 180°

I. Tém tat Ii thuyét
1. Gia tri luong gidc ciia mét gée bat ky tir 0° dén 180°

Pinh nghia 1.

Vé6i mdi goc o (0° < a < 180°), ta xac dinh mot diém M trén nita dudng y
tron don vi sao cho xOM = o va gia sit di€ém M c6 toa do M (xo;yo). Khi |
do ta dinh nghia: M
————— Yo
e sin cia goc «a la yg, ky hiéu sino = yy; 3
e co0-sin cua goc o 1a xg, ky hiéu cos @ = xp; 1 o
Yo Yo —1 %0 0 Lx
e tang cua goc a la — (x9 # 0), ky hiéu tanax = —;
X0 X0

~ 5 P X A X
e co-tang cua goc o la -0 (yo # 0), ky hiéu cotax = 0
Yo Yo
Cic s6 sin @, cos &, tan ¢, cot o dudc goi 1a cac gid tri luong gidc ciia goc o.
/\ Chiy.
o Néu o la goc tiu thi coso < 0, tana < 0, cotor < 0.

e tan a chi xdc dinh khi o # 90°.

e cotx chi xdc dinh khi a # 0° va o # 180°.
Tinh chat 1. V& diu ciia cdc gid tri luong gidc.
e sina >0 v6i 0° < o < 180°.
e cosax >0 v6i0° <o <90° vacosar < 0 vsi 90° < o < 180°.
e tano >0 v6i 0° < ¢ < 90° vatana < 0 v6i 90° < o < 180°.
e cota >0 vdi0° < o <90° vacotax < 0v6i90° < o < 180°.
Nhu viy, cos &, tan o, cot ¢&¢ ludn cling dau véi 0° < o < 90° va 90° < & < 180°.

Tinh chét 2. M&i quan hé giita hai géc bu nhau.

99
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e sina = sin(180° — o).
e cosa = —cos(180° — o).
e tana = —tan(180° — a) véi o # 90°.
e cota = —cot(180° — ) véi a # 0°,180°.
Tinh chat 3. Méi quan hé gitta hai géc phu nhau (v6i 0° < o0 <90°).
e sin(90° — o) = cosa.
e cos(90° — a) =sina.
e tan(90° — ) = cotax véi a # 0°.
e cot(90° — a) =tana véi a # 90°.

Tinh chit 4. Cac cong thic co béan.

sin o cos o
etan( = . o Cotol = — . etanc.cota = 1.
cos & sino
e sin”a+cos?a = 1. el +tan’a = 57— o1 +cot?> o= — 7—-
cos= o sin” o

2. Goc giwra hai vec-to

Dinh nghia 2.

Cho hai Vec o d Va b déu khac vec-to O T mot diém O bat ky, ta vé OA a -

va O? = b Géc AOB véi sb do tir 0° dén 180° dudc g01 la goc gnfa hai vec-t0 d \y
ab.Ta ky hiéu goc gitta hai vec-td @ va 7 1a (d, b) Néu (7 b ) =90° thi

— a A
ta ndi rang d va b vudng goc v6i nhau, ky hiéu la a1 b hoac b 1d. B v\b/

0
/N Tir dinh nghia ta co (7,?) = (7,7)

Tinh chét 5. Néu @ va b cing huéng thi (7, 5 ) =

Tinh chét 6. Néu @ va b ngugc hudng thi (@, b ) = 180°.

II. Cac dang toan

Dang 1. Tinh cac gia tri lugng giac

St dung cic cong thifc co ban & phan ly thuyét d€ tinh ra céc gia tri luong gidc.
/\ Cdn chii ¥ ddu clia cdc gid tri lugng gidc khi tinh.

1 )
Vidu 1. Chosina = 7 Tinh cos &, tan @, cot & biet 0° < o < 90°.

Loi giai. Ta c6 sin?a+cos? o = 1= cos>a = 1 —sin’a.
1 1 15
Véisina = — thicos?o=1— — = —.
isin 2 icos =16
V15
V10°<oc<90°néncosoc:?.
ina V15 a
Tir d6 suy ra tanox = smé ,cotoc:COS

cosat 15 sin &
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Vidu 2. Chocosa = 3 Tinh cac gia tri lugng giac con lai cua goc «.

Lui gidi. Ta c6 sin® o +cos?a = 1 = sin> & = 1 —cos2 a.

1 1 8
VGlCOS(X——g'[hlSln o= 1__25
2
Vi sin ¢ luén duong nén sin o = \3/_
i o 2
Tudosuyratana = —— — :—2\/§ coto _ o8 —i.
cos o sin o 4
[ Vidu 3. Cho tanx = 2. Tinh cac gia tri lugng giac con lai cia goc x. ]
N 1A ) 1 1
Loi giai. Tru6c hét, ta co tanx.cotx =1 = cotx = — = —.
. . tanx 21 .
Miit khéc, 1 +tan?x = = cos’x = = =—.
‘ T = s T lt+tanlx  1+22 5
\ NI V5
Vi tanx va cosx cung dau nén cosx = 5
. 1 4 25
Ap dung cong thiic sin?x +cos?x = 1 = sinx = 1 —cos>x = 1 — 55 Tur d6 suy ra sinx = T\/_
[ Vidu 4. Cho cotx = —3. Tinh cdc gia tri lugng gidc con lai cia goc x. ]
\,e e % 7, A 2 1 1
Loi giai. Trudc hét ta co tanx.cotx =1 =tanx = — = ——.
cotx 3
Mt khic 1+ cot?x = ! = sin’x = ! = —. Suy ra sinx = 0
' ~ sin’x T (32 100" 0
cosx ) —-3v10
Do cotx = —— = cosx = sinx.cotx = .
sinx 10
BAI TAP TU LUYEN
Bai 1. Chocosa = ~3 Tinh cac gia tri lugng giac con lai cua goc .
G e7e < AL 5 5 25
Loi giai. Dap so: sina = ER tano = —g, cotq = —%_.

Bai 2. Cho sinx = R Tinh cdc gia tri lugng giac con lai cua goc x biet 90° < x < 180°.

V7 3V7 V7

Loi gidi. Pap sb: cosx = — tanx = - cotx = —3
Bai 3. Cho tan o = /2. Tinh céc gid tri lugng gidc con lai clia gbc .
V3 V6

e re % 2
Loi giai. Bap so: coto = B cosQ = 3 sinQ = 3

Bai 4. Cho cotfl = —g. Tinh céc gia tri lugng giac con lai cia goc .

2 2 \/21
Loi gidi. Dap sb: tanB——i B—L— cosf=—— 7

Bai 5. Cho tan(180° —a) = —5 Tinh céc gi4 tri ludng gidc clia goc a.

sina = —

Loi gidi. Pap sb: tana = X cota=2, cosa= = 5
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Bai 6. Cho cos(180° — o) = % Tinh cac gid tri con lai clia goc a.
2v/5 V5
2

Loi gidi. Pap sb: cosa = 5 sinot = 3 tan o = —— coto = —

2
Bai 7. Cho sin( 180° — Oc) =3 v6i 0° < o < 90°. Tinh céc gia tri lugng gidc cua goc «.

I
I

—
I

“e ere s AL L 2
Loi giai. Dap so: sma:§,cosa

Dang 2. Tinh gia tri cac biéu thitc lugng giac.

Tt gia thiét dé cho (thuong 12 gia tri clia goc hay mot gid tri luong giac) dinh huéng bién d6i biéu
thifc vé dang chi xuat hién gid tri da cho cla gia thiét dé tinh.

A Cdn chii y diéu kién dp dung (néu co).

Vidu 5. Tinh A = acos60° + 2atan45° — 3asin30°.

N, 2 e Ve 1 1
Loi giai. Taco A = 5a+2a— §.3a =a.

[ Vidu 6. Cho x =30°. Tinh A = sin2x — 3cosx.

N . ) 3 3
Loi giai. A =sin2.(30°) —3c0s30° = sin60° — 3cos30° = g - % = /3.

Vidu 7. Cho cosx = 3 Tinh gia tri biéu thiic P = 4sin’x+cos®x = 1.

- 1\ 11
Lui giai. Taco P =4(1 — cos? x)+coszx:4—3cos2x:4—3(—) = .

3 3
, ) 3sinx+ cosx
Vidu8. Cho tanx =2. TinhA = —————.
SinX — COSX
3 sinx n COSx
N , 3tanx+1
Loi gidi. Taco A = —COSX €OSX _ =
sinx  COSX tanx — 1
COSX COSX
, . 2 cotx — tanx
Vidu9. Chosinx=—-.TinhB= —.
: 3 cotx—+tanx
cosx  sinx sin®x — cosZx
N . inx i . 1
Loi giai. Taco B= 3L _COSX _ _ SIMXCOSX_ _ iy | = —_.
cosx  sinx  gjn?x+ cos®x 9
sinx COSX Sinxcosx
BAI TAP TU LUYEN

Bai 8. Tinh
a. A =15—cos20°+2sin?30° — 3tan? 45°.

b. B=2cos2x+ 3sin3x v4i x = 45°.
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Bai 9. Tinh
a. A=tan10°.tan20°...tan80°.
b. B =cot20° +cot40° + - - - +cot 140° + cot 160°.
Loi giai. Hudng dan:
a. Ta co: tan10° = cot80°, tan20° = cot70°, tan30° = cot60°, tan40° = cot50°. Do do, ta tinh dugc
A=1.

b. Ta c6: cot20° = —cot160°, cot40° = —cot 140°,... nén ta tinh dugc B = 0.
sina—2cosa

Bai 10. Cho cota = —3. Tinh A =
Loi gidi. Dap s6: A = —1.

3cosa-+2sina’

sin’a+2cos?a.sina

Bai 11. Biét tang =2. Tinh B = ;

cota.sin”a — 2cosa

Loi gidi. Pap s6: B=6
2tan o + cot &
4tano — 3cota

N e 3 7z
Bai 12. Cho cosa = . Tinh C =
Loi gidi. Pap sb6: C =23
N e < A . 1 - .
Bai 13. Bict sinx+cosx = 3 Tinh D = sinx. cosx.
e 2 pe X z 1 . . . . N z
Loi giai. Hudng dan: Ta co 9= (sinx 4 cosx)? = sin?x 4 cos” x + 2sinxcosx = 1 + sinxcosx. Tir d6 suy

ra sinx.cosx = ~9

Dang 3. Chiing minh dang thiic lugng gidc

St dung linh hoat céc cong thiic ¢6 ban, cac phép bién ddi dai s6 va st dung cac hing dang thiic dang
nhd dé€ rit gon va chiing minh.

a = sinx
Vi du 10. Cho { b = cosxsinx . Chiing minh ring a®> +b* +¢*> = 1

€ = COSXCOSY

Loi giai. Ta co:
a® +b*+c? =sin*x+ coszx(l — cos? y)+ cos®xcos?y
= sin®x + cos>x — cos xCOS> y+ cos’

=1.

xcos’y

Vi du 11. Chiing minh cdc dang thic sau:

a) sin*x+ cos*x = 1 — 2sin®xcos? x.

4 4 2

X —sin” x = cos z

b) cos x—sin?x=1—2sin’x = 2cos?x— 1.

2 2

¢) tan®x — sin® x = tan®xsin’x.

1 1
+ =
1+tanx 1+cotx

d)

Li gidi.



104 CHUONG 2. TICH VO HUONG CUA HAI VECTO

, . .2 \2 2 . 2 )
a) Ta c6 sin*x+ cos*x = (sm2 x)"+ (cos?x)” = (smzx +cos?x)” =2 sin®xcos2x
Do sin?x + cosx = 1 nén ta suy ra sin*x+ cos*x = 1 — 2sin’ xcosx.

. 2 . 2 . . .
b) cos*x— sin*x = (coszx) — (31n2x) = (coszx — smzx) (coszx + sin? x) = cos?x —sin%x
Do sin%x + cos?x = 1 nén cos?x — sinx = cos? x + sin®x — 2sin>x = 1 — 2sin%x
Tuong tu ta ¢6 cos?x — sin®x = 2cos?x — 1.

2

. 2
) sin“x ) 1 ) 1 —cos“x )
¢) tanx — sinx = 5 — sinx = sin’x ( 5= — 1) = sm2x—2 = tan?xsin®x
COS* X COS* X COS* X
) 1 1 1+tanx+ 1+ cotx
d) Taco =

+ = .

I+tanx 14cotx (14tanx)(1+cotx)
Mat khac (1 +tanx) (14 cotx) = 14 tanxcotx + tanx 4 cotx = 2 4 tanx + cotx.
1 _ 24tanx+cotx

T do suy ra + = =
l1+tanx 1-+cotx 2-+tanx-+cotx

Vidu 12. Cho A, B, C 1a cic géc clia tam gidc. Ching minh cdc ding thifc sau:
a) sin(A+B) =sinC.
b) cos(A+B)+cosC=0.

A+B C
:cosz.

d) tan(A—B+C) = —tan2B.

¢) sin

Loi giai. Do A, B,C la cic goc clia tam giac nén ta c6 A+ B+ C = 180°.

a) TacoA+B+C=180°<A+B=180°—-C.
Tit d6 suy ra sin (A + B) = sin (180° — C) = sinC.

b) TaccA+B+C=180° <= A+B=180°—-C.
Tir d6 suy ra cos (A +B) = cos (180° —C) = —cosC = cos (A + B) +cosC = 0.

A+B 180°—-C C
¢c) TacoA+B+C=180° < * = =

A+B C C
Tu do suy ra sin —; :sin(90°—5) = Cos —.

d) Tacétan(A—B+C) =tan(A+B+C —2B) =tan(180° —2B) = —tan2B.

Vi du 13. Chiing minh ring cdc biéu thiic sau c6 gia tri khong phu thudc vao x.

a) A= sin® x + sin® xcos? x + sin* xcos? x + sin® xcos? x + cosZ x

b) B = 1—sin®x 3tan%x

cosOx cosZx

Li gidi.
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a) Taco:
A=sin®x+ sin® xcos? x +sin*xcos?x + sin®xcos?x + cos® x
— sin®x (sinzx + cos? x) + sin*xcos? x + sin®xcos?x + cos?x

= sin®x + sin* xcos? x + sin® xcos® x + cos’ x
—sinx (sinzx + cos? x) +sinxcos? x4+ cos2 x
— sin* x + sin®xcos? x + cos x
— sin’x (sinzx + cos? x) +cos?x
= sin2x+ cos?x = 1.
b) Piéu kién cosx # 0.
1—sin®x 3tan?x
B= 6. 2
cosbx COS* X
1 —sin®x 3sin®x
cos®x cos* x
1 —sin®x 3sin®xcos?x
~ costx cos®x
1 —sin®x — 3sin®xcos?x

cos®x

(1- sinzx)3 +3sinx(1 — sin?x) — 3sin®xcos?x

cosOx
(coszx) 3 +3sin®xcos?x — 3sin®xcos? x
a coslx
B cos®x
"~ cosOx

1.

Vi du 14. Tim m @& biéu thiic P = sin®x + cos®x — m (sin* x + cos*x) ¢6 gid tri khong phu thude vao
X.

Loi giai. Ta cé:

4 2 2

. . 2 . .
sin*x + cos*x = (smzx—f—coszx) —2sin?xcos?x = 1 —2sin®xcos? x.

6 2

. . 3 . . .
sin® x + cos®x = (sm2x+coszx) —3sin® xcos?x(sin? x + cos?x) = 1 — 3sin® xcos’ x.

Tir d6 suy ra P = 1 — 3sin*xcos?x —m (1 —2sin?xcos?x) = 1 —m+ (2m — 3) sin* xcos?

X.

Do dé6 P c6 gid tri khong phu thudc vao x khi va chi khi 2m -3 =0&m =

E.
p N p p . _sin*x  costx 1 ; . N
Vidu 15. Cho a,b la cac sO duong va thoa man hé thuc b T atb Chiing minh rang
a a
sin??18x  cos?012x _ 1
1008 + p1008 (4 p)1008"
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Loi giai. Ta c6:

sin*x n costx 1 & (a+b) sin* x n costx
= a =
a b a+b a b
.4 4
sin"x cos*x . 2
< (a+b) + = (s1n2x—l—cos2x>
a b
a b
& —cos x+—31n4x 2sin%xcosx =0
\/E \[
cos®x — sinfx | =
a
@\/7005 x—\/>sm X
sin? x cos X
a b
-2 2
L sin“x  cos“x 1
Tu do suy ra = > 0.
a b a+b
o sin?x — at o 46 e 5in2018 ,, — 10091009
atr = = ,dodotaco .
: atb cos?x — bi 052018  — 510091009
Vi sin2018x N 0032012x a1009t1009 N b1009t1009 ( +b) 1009 1
a = = (a =—
1y — 1008 /1008 1008 51008 (a+ b)1008

BAI TAP TU LUYEN

Bai 14. Cho A = sina,B = cos asin 3,C = cos accos B siny, D = cos o cos 3 cos y. Chiing minh rang A% +
B*+C*+D*=1.

Bai 15. Ching minh déng thifc lugng gidc sau:

1 + sin?
a) +—2x = 1+2tan2x.
1—sin“x
COSX 1
b) — +tanx = ——.
1 +sinx COSX

2x = tan? xsin?x.

¢) tan%x —sin
Bai 16. Chiing minh céc biéu thic sau khong phu thudc vao x
a) A = sin*x(3 —sin’x) + cos*x(3 —2cos’x).
b) B =3 (sin®x—cos®x) +4 (cos6x —sin® x) +6sin’ x.
4

¢) C = sin®x+ cos®x + 6sin* xcos* x + 4 sin® xcos? x (sin4x +cos®x) .

Bai 17. Tim m dén biéu thic P = sin®x+ cos®x +m (sin6x + cos6x) + 2sin? 2x khong phu thudc vao x

nm
sin% 2x

Nye o7 o . Y 2 P ’ P - 5 -
Loi giai. Su dung cac hang dang thuc rut gon biéu thuc P ta dugc P =1+m+
Tu d6 suy ra P khong phu thudc vao x khi va chi khi m = 5.

.. . 3. .
Bai 18. Cho f(x) = sin®x+ 7 sin? 2x + cos® x. Tinh f <m> i

Loi giai. Rut gon f(x) tacd f(x) =1Vx e R, tit d6 suy ra f (2017



1.. GIA TRI LUONG GIAC CUA MOT GOC BAT KY TU0° PEN 180° 107

BAI TAP TONG HOP

Bai 19. Cho cosa+ 2sina = 0. Tinh cac gia tri lugng giac cia goc a.
sin ¢

Loi giai. Hudng dan: cos o+ 2sina = 0 < P Tir d6 ta dugc
cos
. 1 2V5 . V5
Pap so: tana = 5 cota = —2, cosa = 5 sina = -

Bai 20. Cho cos*x —sin*x = 3 Tinh cac gia tri lugng giac cua goc x biet x la goc tu.

N . x . l . . 7 .
Loi gidi. Hudng dan: cos*x — sin*x = i (cos?x — sin®x) (cos?x + sin®x) = i cos’x — sin’x =
7 R
3 (1). Ta lai c6 sin?x +cos>x = 1 (2). Giai hé phuong trinh gdm (1) va (2) ta tim dugc cdc gia tri

SinX va COSX.
Dap sb: cosx = —E7 sinx = l, tanx = —@, cotx = —/15.
4 4 15
Bai 21. Tinh C = sin? 10° 4 sin?20° + - - - +sin® 170° 4 sin” 180°.
Lui gidi. Hudng din: sin10° = sin170°, sin20° = sin160°,..., suy ra C = 2(sin* 10° 4 sin®20° + - +
sin? 800) + sin?90°. Mt khéc ta c6 sin80° = cos 10°, sin70° = cos20°,..., c6 4 cap nhu vay nén ta tinh
duoc C = 5.

.. ) 3 )
Bai 22. Cho sinx+cosx = 7 Tinh sin® x + cos* x.

S e ) P A 2 9 . . . .
Loi giai. Trudc hét ta co 6= (sinx + cosx)? = sin’x + cos>x 4+ 2sinxcosx = 1 + 2sinxcosx, suy ra

Sinx.cosx = —.

32

4 4 2

x — 2sin®xcos®x
2

sin*x 4+ cos* x = sin*x + 2sin®xcos? x + cos

= (sin*x + cos? x)2 —2(sinxcosx)
_1 2(—7)2_ 463
N 32/ 512
<. .4 4 T 4 -4
Bai 23. Chosin*x+3cos”x = 7 Tinh cos™x+ 3sin” x.
Loi giai. Tacé
7 7
sin*x+3cos*x = 1 (1 —coszx)2+3cos4x= 1
3
&= dcos*x —2cos?x — 1 =0

) 3
<= cos x=7

tur do ta dugc
. 2
cos*x +3 sin*x = cos* x +3 (1 — coszx)

9 3\% 3
= 1—=) ==
16+3< 4) 4

Bai 24. Cho 2sinxsiny — 3 cosxcosy = 0. Chiing minh rang:
1 1 5

+ .
2sinx+43cos?x  2sin’y+3cos?y 6

Loi gidi. Tir gia thiét suy ra 2tanx = 3coty < tany = Tty
anx
Bién d6i vé trai dang thic can chitng minh theo tanx, tany ta suy ra diéu phai chiing minh.
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) 2sinQ o —sino
Bi 25. Cho 6cos? o+ cos o —2 = 0. Bidt A — Zo X oS = 51n

=a-+btano v6i a,b € Q. Tinh gia tri

. 2cosa —1
cua biéu thic a + b. .
Loi giai. Piéu kién 200506—1750@00806755.
1
cosazz
Tacé 6cos> ot +cosa —2 =0 < )
coso = ——
3
1 . 2
Docosa;«éinencosa:—g.
2sincos o —sin & in o
Mait khac A = & cos s :sin(x:cosa.sm = ——tanQ
2cosa— 1 Cos O 3
a=0 2
Tu d6 suy ra 2 :>a+b:—§.

3
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62.

§3.

I. Tém tatly thuyét

1. Dinh nghia

TICH VO HUONG CUA HAI VECTO

TicH VO HUOGNG CUA HAI VEC-TO

- . - Ty
Dinh nghia 1. Cho hai véc-to d va b déukhac 0. Tich vo hudng cua dva b lamotsd, kihieula @. b,
dudc xac dinh bdi cong thiic sau:

3.5 =[@)|F.cos(@, )

R LA A ., R . e . -
Truong hgp it nhat mdt trong hai véc-to dvab bang véc-to 0 ta quy uGc d.b =0.

JAN

— — —
a) Vi d va b khdcvéc-to dtacé d.b =0 dLb.

—

b) Khi d = b tich vo hudng a.d dugc ki hiéu la a2 va sé nay duoc goi la binh phuong vé hudng cua

vée-to d.

Ta co: d? =|d|.|d|.cos0° = |d |~

2. Cac tinh chét cta tich vo hudng

, A sye , — A [N . A ,
Tinh chat 1. Véi ba véc-to 7, b, 7 batkiva moi sO k ta co:

- = )
e d.b=b.d (tinh chat giao hoan);

° (kﬁ)

— — 2 2
e d.(b+7)="1d.b+d.7C (tinh chit phan phdi);
b =

K@ @)=a.(kb);

o« W2>0,d2=0od=0.

Nhdn xét: Tii cac tinh chét cia tich vo huéng hai véc-to ta suy ra

¢ (A+AVP=a2+23. 5+ b2

« (@-D)P=a2-2a.b+b%

o (T+0).(d—

Py=ar-b.

3. Biéu thitc toa d6 ciia tich vé6 huéng

Trong mit phang toa do (07?) cho hai véc-to @ = (a1;a7),
%
d.b =ab; +aby |,

.. C T
hai véc-to @ va b la:
Nhdn xeét:

Hai véc-t6 @ = (a1;a2),

%
b = (b1;by). Khi do tich vd hudng cia

_>
b =

N —
(b1;b,) deu khac véc-td 0 vudng géc v4i nhau khi va chi khi ayby +ayby = 0.
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4. Ij'ng dung

a) B0 dai véc-to:

Do dai ctia vée-to @ = (a1;a;) dugc xédc dinh béi cong thiic: | || = 4/ a?+a3|.

%
a.b aiby +axby

%
b) Géc giita hai véc-to: [cos(d, b ) = — =
@B \Ja?+a3./b}+ b3

¢) Khodng céch gitta hai diém:
Khoéng céch gitta hai diém A(xa;ya) va B(xp;yg) dugc tinh theo cong thiic:

AB = \/(xg —x4)2 + (vp — y4)%-

II. Cac dang toan

Dang 1. Cac bai toan tinh tich v6 huéng cta hai véc-to

0 — — —
e Ap dung cong thiic cua dinh nghia: d.b = |7H b ’.cos (7, b ) .
o . A A A - -
e Su dung tinh chat phan phoi: d. ( b +7> —d.b+d. 7.

e Haivec-to @ L ? < 7? =0.

Vi du 1. Cho hinh vuéng ABCD canh bing 2a+/2. Tinh tich v6 huéng ER .

Loi giai.

Ta co: ER = ‘ﬁ‘ . ‘R‘ .Ccos (E,R) . Vi tam giac ABC vudng tai A nén D C

AC? = AB? + BC? = (mﬁ)z + (2a\/§>2 — 164>

— AC = 4a. Suy ra AB.AC = 2av/2.4a.cos45° = 82,
2a\/§

45°

Vi du 2. Cho hinh chit nhat ABCD c6 AB = av/2,AD = 2a. Goi K 1a trung diém ctia canh AD.
a) Phan tich ﬁ ,R theo zﬁ va ﬁ

b) Tinh tich vb hudng BE.AC.

Li gidi.
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Dy C
a) Goi M la trung di€ém ctia canh BC /
— 1
Tacé:B?:BA+W:—E+—ﬁ K M

35,
Mt khic: A¢'= 4B 1 A K
A B

b) Tacé: AB = a\/2,AC = BD = \/2a? + 44> = a\/6.
Suy ra B?R = (—E—i— %ﬁ) (1@ —I-B)

 Rbb - AbB+ Labab+ L aD

1
= —2az+0+0+§(2a)2:0.

Vay BR.AC = 0.

Vi du 3. Cho hai vec- tdﬁva b co ‘7| =3, |b } =12 va ‘74— b } = 13. Tinh cosin cta goc gita
hai vec- td?va?—kb

Loi giai.

Dung tamglacABCcoAB 5, BC—12 AC =13. A
Tacé: |d|=
vaAB =B _b R 7+b -
Khi d6: . (7—|— b) I@R

Mit khic: AB.AC = (AC2+ABZ BC?) =

"B 25 s
Vaycos(zﬁﬁ) |ﬁ||ﬁ] S3-13

(13 +52—12%) =25. B = C

| =

Vi du 4. Cho hinh vudng ABCD c¢6 M 1a trung diém ctia doan thang AB va N la diém thudc doan AC
sao cho AN = 3NC.

— —
a) Phan tich DN, MN theo 2 vec-to zﬁ va XB

b) Chiing minh ring DN 1 MN.

Loi giai.
D C
a) Taco
ﬁv—m_ﬁ—iﬁ_ﬁ:§<ﬁ+ﬁs)_ﬁ y
DN_-E—-A_ﬁ
Matkhac
MN = AN — AM = (ﬁ+ﬁ)——ﬁ —EJQ%KB. A = B

b) D€ chiing minh DN | MN thi ta chiing minh DN.MN = 0.
o 3 1
Ta ¢6: DN.MN = (ZAﬁ— ZAB) ( “AB + —AD)

— — 3 3
DN.MN = —AB?>— —A
16 16

VayDNuWV:DNLMN

— 0 (ViAB L AD = AB.AD = 0).
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Vidu 5. Cho tam giac ABC déu canh 3a. LAy M, N, P lan luot nam trén ba canh BC,CA, AB sao cho
BM = a,CN = 2a,AP = x(x > 0).

a) Phan tich m ,ZW’ theo 2 vec-to E va R .

b) Tim x d€ AM vuodng gbc véi NP.

Loi giai.
a) Tacé:%:3ﬁ>/lz>ﬁ—ﬁ:3(m—ﬁ) X
A= 2 L PA\y

Mt khic: NP = AP — AN = %E—%R.

2
b) Ta co: @R = 9%. B M ¢
DEAM L NP thi AM.NP =0

ST )
o Zap_ —X§X3+ —ZéA_é— 5AC? =

9a
2x , 2 9¢> x 94* 1
< —.(3a) —§.7+%.T—§.(3a) =0

BAI TAP TU LUYEN

Bai 1. Cho tam gidc ABC vuong tai A ¢6 B — 60°, AB — a. Tinh tich vo huéng AC.CB.
Loi gii.

Ta co: -

%.C? — _CA.CB= —CA.CB.cosACB

AC.CB = —av/3.2a.¢0830° = —342.

Bai 2. Cho hinh vudng ABCD canh 2a. Tinh tich vo huéng AB.AC.
Lui gidi.
Vi ABCD 1a hinh vudng canh bing 2a nén AC = 2av/2. D C

3
Ta c6: AB.AC = AB.AC. cosd5° — 2a.2a\/§.\/7_ — 402,

2a

45°\ 2a
A B

Bai 3. Cho hinh chit nhit ABCD ¢6 AB = 3.AD = 4. Goi M Ia diém théa man diéu kién AM — kAB. Tim k
dé AC vuodng géc v6i DM.
Lusi gidi.
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ﬁDM (ﬁ BA) (,W[—A_ﬁ)

— AM (BC — BA) — BC.AD + BA.AD

— AM.AC — BC.AD = —16 + 9.
KhidéACLDM@R.D—A)I:O@k:l;. B

A D
N . —
Bai 4. Cho tam giac ABC c6 AB =5,AC = 8,BC = 7. Tinh tich v06 huéng R.AB.
Loi giai.
Ta co6: BszB%zz (R—E)Zzﬁz—i—ﬁz—b@.ﬁ. B
A ap B
2

Suy ra R.A =

=20.

Bai 5. Cho hinh vuéng ABCD tam O. Tim tap hdp céc diém M thda man

MA? + MB? + MC? = 3MD?.

Li gidi.
};A%é MB? + MC* = 3MD* 7 7
@Aﬁzﬂ\ﬁ +m2 IMD?

@(m+§§) +(m+(ﬁ) (m+07)2:3(m+0?)2
@Aﬁ.@fxﬂ‘ﬁﬂf—w_ﬁ):o
@m.(zﬁuﬂﬁﬁﬁ):o

@m.ﬁio(viﬁzqtﬁzﬁ). 4 5

MO= 0 . .
& . Vay tap hop cac diém M la duong thang AC.
[MOJ_DB dy tap hop g g

Bai 6. Cho tam gidc ABC ndi tiép dudng tron (C) tim O. Tim vi tri diém M thudc dudng tron (C) dé
P = MA? + MB?> — 2MC? dat GTLN, GTNN.
Loi giai.
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Goi D la dinh thd tu cta hinh binh hanh ACBD,R la ban kinh cuta C

duong tron (C).

Khi d6: CA +CB = CD; 0A = OB = OC = R.

Ta c6: P = MAi +MB? — 2MC§ ,

:(W+5Z) +<M—(>)+O?) —2(m+0?) O

— 2MO (0A + 0B —20C) + 0A* 4 0B* 20

= 21% (CTA> + C?) = 21\%@ =2R.CD.cos (W,Cj) A B
Mat khac:

~1 < cos (MO,CD) < 1 & ~2RCD < P < 2R.CD.

Véay min P = —2R.CD khi cos (1\%,@) = —1 tic la M thudc dudng
tron (C) sao cho m,@ ngugc hudng.

max P = 2R.CD khi cos (ﬁ, @) = 1 tiic la M thudc dudng tron (C)
sao cho m, C? cung hudng.

Dang 2. Tinh géc giita hai véc-t -géc giira hai dudng thang-diéu kién vudng géc

Dé tinh géc giita hai vectd, ta sit dung dinh nghia tich vd huéng két hop cac ki thuat tinh tich vo
hudng.

Dé tinh goc giita hai duong thing, ta tinh gdc giita hai véc-td ¢ gia 1a hai dudng thang da cho rdi suy
ra goc gilta hai dudng thang.

DE ching minh hai duting thang vudng goc, ta chiing minh goc giita hai dudng thang bang 90°.

— —
Vi du 6. Cho cac véc-to q= —7) +?, b = —l> +3?. Tim goc gitta hai véc-to dvab.
%
o - d.b ~1.1+13 2 1
Loi giai. Tacécos(d, b )= = = =—.
7B VEDPFEVIZER 245 W5
-\ 1
Do d6 géc giita hai véc-to @ va b bing o € [0°;180°] ma cos ot = N

Vidu 7. Cho tam giac ABC c6 AB =2,BC = 4,CA = 3. Tinh AB.AC va cosA.

o AB+AC?— (AB—AC) _ AB*+AC’—BC? _
T 2 B 2 B
Lai co 1@1@ =AB.AC.cosAnén cosA = ——— = ——.

3

Lusi gidi. Ta c6 AB

Vi du 8. Trong miit phing véi hé toa do Oxy, cho diém A(1;3) va B(3;—1). Tinh géc giita dudng
thang OA va AB.

Li gidi. Ta c6 A0 :%1%3) vaAB = (2;-4).
AO.A 1
Ta co cos(ﬁ,@) = 10AB - 7
Goc gitta véc-to 25 va 1@ bing géc BAO = 45°. Do d6 géc giita dudng thang OA va dudng thang AB biang
45°.

E . ST A e = p . 3 .
Vidu9. Cho_l>1a1 VCC-'[O_? va b vudng goc véi nhau, |d'| = 1,| b | = v/2. Ching minh riing hai
véc-to2d — b vad + b vuong goc v6i nhau.
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Loi giai. Taco (24 — b)(7—|— b) 2d? - 2—1—7 b =0.
Do d6 hai véc-to 2°d — b va d + b vudng goc voi nhau.

Vidu 10. Cho hinh vuéng ABCD c6 M la trung diém cta AB va N 1a trung di€ém ctia BC. Chiing
minh rang DM | AN.

Loi giai. Tacé
AN.DM — (EJF %1?) . (lﬁ + %ﬁ)
— %ggz + %E&D_X +AB.DA+ %E&KE

=0
Tur d6 suy ra DM 1 AN.

BAI TAP TU LUYEN

Bai 7. Cho ha1 véc-to 7 b thoa man | d| = |b| =1 va véc-to ¥ = 7+2b vudng goc véi véc-to

7 5d —4 b Tinh gbc gitia hai véc-to d va b
Loi giai. Taco

X7 =0
— —
e(d+2b).(5d—4b)=0
-
o5/ d)P+6d. b —8|b > =
—
1 1
Do d6 | @ || |.cos(@, b) = 5 o cos(d, b)) =~
—
Tu do6 suy ra goc gitta hai véc-to dvab bang 60°.
Bai 8. Cho cac Vec 46 @ va b théa min d| =2, 7 |=1va(d, b) 60°. Tinh géc gitta véc-to @ va
vée-to ¢ = d — b
%
Loi giai. Tacé ¢ :(7_; b)2:72 ? 23 =3nén || =3
Laic6@. @ =d(d—b)=a*—a.b =3

Do d6 | d|.||.cos(d, ) =3 < cos(d, ) = ? Tir d6 tinh dudc géc giita véc-to @ va ¢ 1a 30°.
Bai 9. Cho t gidc ABCD c6 AB?> +CD? = BC? + AD?. Tinh géc giita hai dudng thang AC va BD.
Loi gidi. Tir gia thiét suy ra:
AB* 4 CD* = BC* + AD?
<AB? + CI? = BC? 4+ AD?
SAB — A +CD* — B2 =0
& (ﬁ—ﬁ) (2§+A_D>) + (C_D>—E3) (C_I>)+E3) =
DB (@Hﬁ)) + (CTS—E@)I?) =0
b (s + AD— T+ B) —
DB (@H@JJBJFB?) =
=DB2AC =0

<DB 1 AC.
Viy géc gitta hai duong thiang AC va BD bing 90°.
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Bai 10. Cho tam gidc ABC vudng tai A ¢c6 AB = a;AC = 2a. Goi M 1a trung diém ctia BC va diém D bat ki
thudc canh AC. Tinh AD theo a d€ BD | AM.

Loi giai.
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Ta co B
AM 1 BD

—AM.BD =0

e (AB+AC) BB =0

o (Wb + AC) (3D — ) -

SABAD —AB? + ACAD —ACAB=0 A D c

=0- 2 +ACAD—0=0

@RZB = a2

&2a.AD.cos0° = a?

a
SAD = —
2

Bai 11. Cho tam gidc ABC can tai A, H 1a trung diém BC, K 1a hinh chiéu ctia H trén AC va M 1a trung
diém ctia HK. Chiing minh ring AM | BK.

Loi giai.

Goi N la trung diém ctia KC. Khi d6 HN || BK nén can chiing minh A

AM L H_N)

Ta 6 24M = AH +AK; 2HN = HE + HC. Do 6
4AM.HN = (AH +AK).(HE + HC)

— AH.HK +AH.HC +AK HK +AK.HC
— AH.HK +AK.HC

K

—s —
— AH.HK.cos(AH, HK) + AK.HC.cos(AK, HC) N
— —AH.HK.cosAHK + AK.HC.cosACH. (%) B H C

Dé thay tam glac AHK va HCK dong dang nén AH.HK = AK.HC va
AHK ACH nén tu (*) co AM HN 0 hay AM | HK.

Dang 3. Chiing minh dang thic vé tich v6 huéng hoic vé do dai.

Lién quan dén dang thic vé tich vo huéng hodc do dai ta c6 hai bai toan tidu bicu:

e Bai todn 1: Chitng minh dang thifc vé tich vo huéng hodc do dai. D6i véi dang nay ta thudng
stt dung cac tinh chét ctia tich vo hudng, cac tinh chit ctia véc to d€ bién ddi tuong duong dang
thifc can chitng minh vé mot ding thic ludn diing hoic bién ddi vé nay thanh vé kia hodc bién
d6i ca 2 vé cuing biang mot biéu thiic trung gian.

e Bai toan 2: Tim diém hoéc tap hop di€ém M thda man mot dang thiic Véc to hodac do dai. Thong
thUOng ta bién ddi dang thic ban dau vé dang IM = R trong d6 I cb dinh, R khong ddi hoic

IM U=0 trong d6 I ¢ dinh va U 1a mot véc to xac dinh.

Vi du 11. Cho bbn diém A, B,C, D bét ki. Chiing minh ring:

DA.BC+DB.CA+DC.AB =0.
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Loi gidi. Dang thiic cin chiing minh twong duong véi
DA (DC — DB) + DB (DA ~ DC) + DC (DB~ DA) = 0
©DA.DC — DA.DB + DB.DA — DB.DC + DC.DB — DC.DA = 0.

Vi du 12. Cho tam gidc ABC c6 dién tich bang S. Chiing minh rang:

S— %\/ AB2.AC? — (ﬁ.ﬁ)z

IS — AXB -1‘C . S1In A‘ — A‘B .AC (1 COS A)

— i [ABZ,AC2 — (AB.AC. cos (ﬁ,ﬁ)f}
_ i [4B2.AC? — (AB.AC)]

Vay ta duge S — %\/ AB2.AC? — (@.R)z.

Vidu 13. Cho tam gidc ABC c6 truc tim H va trung diém canh BC 1a M. Chiing minh ring
— 1
MH .MA = ZBCZ.

Lo gidi. Ta c6 AM — % (4B +AC) va HM = % (HB+HC) nén

4.MA.MH = 4AM.HM = (AB+AC) (HB + HC)
— AB.HB + AB.HC + AC.HB + AC.HC.
— AH.HB +AC.HC
:ﬁ([ﬁ+€7§) +1@(ﬁ+3-C))
— AB.CB + AC.BC = CB (AB— AC) = CB”.

Vay MH.MA = %BCZ.

Vi du 14. Cho tam gidc déu ABC canh bing a. Tim tip hop tit ca cdc diém M sao cho

2
VA N + -+ A =

Loi gidi. @ Phan thun. Gia st ta c6 diém M thoa méan yéu ciu bai todn.
Goi O la tam cua tam giac ABC, ta cO MA+MB+MC =3MO, suy ra

<m+m+ﬁ)2 — 90M>.

&MA + MB® + MC? + 2 (MA.MB + MB.MC + MC.MA) = 9M0”
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Mat khac, ta lai c6

MA2 + MB? + MC? = (1\7)+5Z)2+ (m+5§)2+ (mﬂ)_c))z
= 3MO” + 0A> + OB* + 0C* + 2 (OA + 0B + OC) MO
= 3MO?* + 42

Nhu vay, ta dudc

2
MAMB+MB.MC +MCMA = 3M0> — &

2
Do do
3o - % om ¢
2 4 2
@ Phan dao. Gid si ta c6 diém M thudc dudng tron tim O bén kinh R = g. Bing cich bién d6i tuong tu
phan thuan ta dudc MA. ? +M ? ?‘—k ?‘ MA = %

Vay tap hop di€ém M 1a dudng tron tAm O ban kinh R = 5

Vi du 15. Cho tam gidc ABC. Tim tap hop nhiing di€ém M thda man MA? — MB? + CA? — CB? = 0. ]

Loi giai. @ Phan thuan: Goi I 12 trung diém AB. Ta c6

MA? — MB? +CA2—CB? = (MA2 _éz) " (552 — C?Z)

VA 78) (3A + 31B) + (A ) (CA + CB).

— .

Dung véc to I_} = CI, ket hgp v6i gia thiet ta duge
— — e
0=BA (MI + I_f) —BA.MJ

Do dé M thudc dudng thang A di qua J va vudng géc véi AB.
@ Phan dao: Gia st M € A, bién d6i ngudc lai so v6i phan thuan ta dudc MA> — MB? + CA? —CB? = 0.
Viy tip hop diém M théa méan yéu cau bai todn la dudng thang di qua J va vudng géc véi AB.

BAI TAP TU LUYEN
N . 3R N N < R o . N A c R N P . Y —_
Bai 12. Cho hai diém A, B va O la trung diém cua AB. Goi M 1la mot dieém tuy y Ching minh rang MA.]\@ =

OM? — OA”.
Loi giai. Taco
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Bai 13. Cho tif gidc ABCD. Chiing minh ring AC | BD < AB?> 4+ CD?* = BC?> + AD?.
Loi giai. Tacé
AB? +CD? —AB> +CD* — (ﬁ+ﬁ)2+ (§+ﬁ)2.
—AD?*+2DB? + BC? + 2DB.AD + 2BD.CB
—BC?+AD? +2DB (DB +AD — CB)

%
—BC%+AD?+2CA.BD.

Do d6 AC L BD < AB? 4+ CD?* = BC? + AD”.
Bai 14. Cho tam gidc ABC c6 truc tim H. Goi M la trung diém BC. Ching minh ring MH? + MA? =
AH? + %BCZ.
Loi giai. Ta cé
AH? = (MH - MA)®
— MH? + MA® — 2MA.MH

1
= MH? + MA? — 2.4—‘Bc2 (Xem Vi du 13)

1
Do d6 MH? + MA? = AH? + zBc2

Bai 15. Cho tam gidc ABC. Tim tap hop tt ca cac diém M sao cho m ﬁ = RE

Loi gidi. Tt gid thiét ta o6 (AM — AC) AB = 0 < CM.AB = 0 Do d6 M thudc dudng thing di qua C va
vudng goc vii AB.

Bai 16. Cho hai diém A, B c¢6 AB = a va mot s6 thuc k > 0. Tuy theo k, tim tip hop di€m M thdéa min
MA? + MB? = k.

Loi giai. Goi O la trung diém ctia AB. Ta c6

MA? + MB* = (JWJF@)ZJF (m+ 0?)2

— 2MO? 4204 + OB* + 2M0 (OA + OB)
2

— MO+ 2042 = 2MO® + %

1 a?
S oM?>=—|k——=— ).
uy ra 2( 2)

. a’ 1 a’ 1 a’
oNéuk>?th‘10M: 5 k_? nén tap hgp M la duong tron tdm O ban kinh R = 3 k——|.

2
. Néuk:%thi OM =0 < M = O nén tap hop diém M 1a {O}.

2
o Néuk < % thi khong ton tai M nén tap hop diém M 12 tap 0.

e ., ~ A 2 . —
Bai 17. Cho tam giac ABC. Tim tap hop tat ca cac di€m M sao cho ml\ﬁ — MA.m = BC? — MB* +
MC?.
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Loi gidi. Goi G 1a trong tAm tam gidc ABC. Tur gia thiét ta c6
= MA (MC ~ MB) ~ MB* — MC?
= (MA + MB+ MC) (MC — MB)
— 3MG.BC.

Goi My, Gy 1an ludt 1a hinh chiéu vudng goc ctia M va G trén BC thi dang thic trén tuong ducng véi
BC

3MyGo.BC = BC* < MGy = 5

do d6 My cb dinh. Vay M thudc dudng thang di qua My va vudng goc véi BC.

Bai 18. Cho tam gidc ABC c6 trong tdm la G. Chiing minh rang v6i moi diém M ta c6 MA% +MB? +MC? =
3MG? 4+ GA% + GB?> 4+ GC?. Tt d6 tim vi tri ctia M d€ tdng T = MA? + MB? + MC? c6 gia tri nhd nhét.
Loi giai. Taco
—\ 2 2 2
MA? + MB? + MC? = (m+GA) + (mﬂa%) + (Aﬁﬂ?é)
_>

— 3MG+ GA® + GB + GC* +2MG (GA + G + GC)

= 3MG? + GA% + GB?> + GC>.
Tit d6 suy ra MA? +MB? 4+ MC? > GA? + GB? + GC?. Pang thiic xay ra khi va chi khi MG =0 M =G.

Bai 19 (Pinh li Stewart). Cho tam gidc ABC c6 BC = a,CA = b,AB = c. Trén canh AB 13y diém M. Chiing
minh rang ¢2.CM? = a> AM?* + b>.BM? + (a*> + b*> — ¢*)AM .BM. Tit d6 tinh do dai dudng phan gidc géc C
theo do dai ba canh cua tam giac ABC.

Loi giai. Do M thudc canh AB nén

AM
AM——WW C_§+ CA@CCM AM.CB+ BM.CA

Do do
2.CM? = AM?.CB* + BM2.CA® + 2AM.BM.CA.CB
= a® AM? + b*.BM* + 2AM .BM.CA.CB.cosC
= a> AM* +b* BM? + (a® + b* — ¢*)AM .BM.
Néu D 12 chan dudng phan gidc ctia géc C thi dua vao tinh chit dudng phan gidc ta tinh dugc

B ab[(a—i—b)z—cz]_ 2
CD—\/ @ib?  —aib abp(p —c)

at+b+c

trong d6 p = >

Dang 4. Ung dung ctia biéu thitc toa dé tich vé6 hudng vao tim diém thoa man diéu kién cho

trudc

Phuong phdp giai, kinh nghiém: Phuong phap chung clia dang bai nay 1a toa dd hod cac di€m va thay
vao cac diéu kién d€ tim diém. Pa s6 cac bai chi can thay toa do va ap dung céc cong thiic 1a tinh
dudgc, tuy nhién mot s6 bai c¢6 céc tinh chit dic biét ma nhd né, ta sé giam dang ké luong cong viéc.

Vi du 16. Cho ba diém A(2;3),B(1;4),C(5;2). Ching minh ba di€ém trén tao thanh mot tam gidc.

Loi giai. Ta c6: E —1;1) R : — 7é —1 = A, B,C khong thiang hang, tao thanh mot tam

gic.
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Vidu 17. Cho A(3;1),B(7;2), tim C(x;y) thudc truc Ox sao cho C thudc dudng tron dudng kinh
AB.

Loi giai. Ta cé: C € Ox = C(x;0).
AB
Ce(0;22)= AC LBC= AC.CB=0
NN
CA=(3-x1),CB=(T-x2)= (3—x)(—x+7)+2=0
_ x—5—|—\/_:>C(5—|—\/_,O)
x=5-v2=C(5-V2;0)

Vidu 18. Cho di€ém A(0,2) va di€ém B(x;y) € (d) : y = 2x—2 ¢6 hoanh do x = 1. Tim trén (d) di€ém
C sao cho AABC can tai A.

Loi giai. ViC € (d) = C(x,2x—2);B(1,y) € (d) = B(1;0)
Ta co ngayf@ = (1;—2),1@: (x;2x —4).

x=1= B(10)
Tam gidc ABC can tai A é[ﬁ|z|ﬁ]:>5:x2+(2x—4)2:> 11 11 12..
x=—=C(—;—)
5 5°5
BAI TAP TU LUYEN

Bai 20. Cho ba diém A(6;3),B(4;1);C(9;0). Ching minh ba diém trén khong thing hang. Tinh dién tich
tam gidc ABC.

N 2 7 3
Loi giai. Ta co ﬁ —2;-2) IR‘ (3;-3) :> — 7é ) = A,B,C tao thanh mdt tam giac. Lai c6

1
@R = —6+6 =0 = tam gidc ABC vudng tai A. SABC = EAB.AC = 5\/_\/ =24

Bai 21. Cho A(11;4),B(8;2),C(13;y). Tim y d€ tam gidc ABC can tai A.
Loi giai. Tacé AB=(—3;-2),AC = (2;y—4).
5 -3 2 16
A,B,C khong thang hang = — # —— =y # —.
2" y—4 3

e A ’ y=1=0C(2;1)
Tam gidc cantaiA == AB=AC = 13 =4+ (y—4)" =
y=7=C(2;7)

Bai 22. Cho A(3,4), Tim hai diém B, C trén truc Ox sao cho tam gidc ABC déu.
Loi gidi. Ta c6 B,C € Ox = B(x:0),Clxe30). AB = (x — 3:—4), AC = (xo — 3:—4),CB = (2 — x0:0).

y R AB = AC (xp —3)% = (x.—3)?
Tam giac ABC déu = & (

AC = BC xp—x.)t = (xp—3)2+16
xXp+x.—6=0 Xe=6—1xp
2 2 = 2
(xp —xc) = (xp—3)"+16 3(xp—3)"=16
34t s —3- LBt
X, = — =X, =3—— —:0), -
’ V3 V3 V3 V3
< 4 4 4 4
xp=3——==>x,=34+—==B3——;0),C(3+—:0

S . . 1
Bai 23. Cho A(2;1),C(5;0),timM € (d) :y = §x+2 sao cho MA = +/13,MB = v/17.
Y 1
Loi giai. M € (d) = M(x; §x+2)

& Sx=4=C(54)

1 5

MA=V3 |(=27+Gx+1)?=13 | x’—3r—8=0

MB=TT 2, (] 2 S
(x=5)°+(3x+2° =17 | 2" =8x+12=0



3.. TICH VO HUONG CUA HAI VEC-TO 123

Bai 24. Cho ba diém A(3;4),B(1,2),C(—1,5).

a/ Chiing minh ba diém trén tao thanh mot tam gidc.
b/ Tim toa do truc tdm va chan duong cao ha tur cac dinh.
¢/ Tim toa do chan duong phan giac trong ha tur A .
d/ Tim toa d6 clia tim dudng tron ngoai tiép tam gidc.

Loi giai.

— —4
a/ TacéAB:(—Z;—Z),R —4;1) IQ —2;3) :>—7é—:>badlemABCta0 thanh mot
tam giac.
b/ Goi H(x;y) la toa do truc tdm cla tam giac. Ta 6 AH = (x—35y —4),l¥>1 =(x—1;y—2),.Hlatryc

) AH .BC = 0 [-26-3)+3(-4)=0
tim = AH | BC,BH 1 AC =

BHAC—0 | ~4-1D)+(r-2)=0
6
xX==
5 6 14
& 14<:>H(§,?)
y:?

BE AB /8
¢/ Goi E(x;y) la chan dudng phan gic trong ctia goc A. Ta ¢6 7c-ac - V17
BE = (x—1;y-2),EC=(—1-x5—y).

8 8
1= (-1 JE V= +2
L BE =SB = ’ 7' X) —17 —17+
17 \/? \/7 \/7
o 1 1
y=2=1/5(5-) 15 +
1—\/8 5 8+2
T
V17 17

d/ Goi tAm dudn tron ngoai tiép tam gidc ABC 1a O(x;y).

2 A 9 7
Ta c6 trung diém cac canh AB,AC,BC lan lugt la D,I,F = D(2;3),1(1; E)’F(O; 5)

l%:(x—2;y—3),13 x—ly—— I@ xy—i

—2(x—2)—-2(y—3)=0

DO, 10 lan lugt vuong goc v6i AB,AC = 9
A= 1)+ (y=5) =0
9
X=—
10 9.4
=\ a1 7 %)
=10

Bai 25. Cho A(—2;0),B(4;0),C(3;5). Goi D,E, F lan lugt la chan dudng cao ha tit cic dinh A,B,C. Tim
toa do ctia D, E, F va tim dudng tron noi tiép tam glac DEF

Loi giai. Ta c6 AB = (6;0) R (5;5) l% E(x;y) 1a chan dudng vuéng géc ha tit B xubng
AC = BE L AC = 5(x— 5)+5( )=0 (1)

0 2 2 5
AE = (x+2;y), badiémA,C,Ethénghéng:>125 (2).
Y



CHUONG 2. TICH VO HUONG CUA HAI VECTO

124
. x=1
Tu (1),(2) = 3 = E(1;3)
y:
9 15

Tuong tu ta c6 D<B; B),F(O;?))

Truc tAm ctia tam giac ABC 1a tim dudng tron noi tiép tam gidc DEF!
H(x;y) 1a tryc tim tam gidgc ABC AH.BC =0
x;y) la truc tam tam giac =
BHAC =0

Véi AH = (x+2;y),B7>I = (x—4;y),B?: (—1;5),1@: (5;5), ta tim dugc H(3;1).
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Chiing minh H 12 tAm dudng tron ndi tiép tam gidc DEF.
Dé dang ching minh dudc rang cic ti gidc

CDFA,ABDE ,CBFE ndi tiép. = EDA = EBA = ACF = C
ADF = AD la tia phan giac cua EDF. Ching minh tuong
tu ta dugc H 13 tam dudng tron nodi tiép tam giac DEF .
E
D
A F B

Bai tdp tong hop

N e - R 1 A LA N N A A L3
Bai 26. Cho ba diém A(—2; 3)’3(4_1; 0),C(2;0). Tim toa d6 tam dudng tron ndi tiep tam gidc ABC.

15 AB -3
Loi gidi. AB= — AC=5k=——=—
i giai 1 , Tty 3
Goi D la gia diém cta phan giac trong gécA\Vﬁ BC :>D§: —ZDZ
1
1 ¥=72-% x=1
=4 3 :{ _, = D(:0).
1 /

4 4
Goi J l1a giao di€m ctia phan gic trong géc B va AD.

1

— —2—x=-5(1-x) =5 11

Tacé: JA = —5TD = = (e
o { 3-y=-50-y " ],_! (3:3)

\9}

Bai 27. Cho ba diém A(2;6),B(—3;—4),C(5;0). Tim toa d6 tim dudng tron ndi tiép tam gidc ABC.
N, 2 e N A A 2
Loi giai. Lam tuong tu cau trén ta thu duge J(—2; §)

Dang 5. Tim toa dd cac diém dic biét trong tam giac - tim toa dé hinh chiéu vudng géc ciia mét

diém 1én duong thang

Tryc tam tam gidc

TAm dudng tron ngoai tiép tam gidc

TAm dudng tron ndi tiép tam gidc

Hinh chiéu vuong géc ciia mot diém 1én dudng thang

PHUONG PHAP GIAI

Trong mit phing Oxy cho tam gidc ABC v6i A(xa,v4); B(xp,ys) va C(xc,yc)

a) Tim toa do truc tam H cua tam giac ABC.
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G01 toa do H(x,y). Khi d6

AH.BC =0
BH.AC =0
Ta thu dugc hé 2 phuong trinh 2 4n x,y. Gidi hé ta dudc toa do diém H.

b) Tim toa do tim dudng tron ngoai tiép tam gidc ABC

Goi I(x,y) 1a tam dudng tron ngoai tiép tam giac ABC . Khi d6 IA = IB va IA = IC. Do d6, ta c6
(x—=xa)>+(y—ya)> = (x—xp)>+ (y—y5)> =0
(x=x2)*+(y—ya)* = (x—xc)* +(y—yc)* =0

Giai hé phuong trinh ta dudc toa do diém 1.

¢) Tim toa d6 tAm dudng tron ndi tiép tam gidc ABC

A
B D C
* Cach 1:
+) Goi toa dd diém D(x,y). Ta tinh d dai canh AB va AC.
T DB DC DB AB
acd-— =—,suyra =
AB ~ ac’™ " bc T ac T

Do d6 DB — —kD%, ta dudc hé phuong trinh 4n x,y, gidi hé ta dudc toa do di€ém D.

+) Goi toa d tam dudng tron ndi tiép tam gidc ABC 1a J(x,y). Tinh do dai doan BD.
JD JA JD BD

Taco om = =1,

20 e = a8 " ™ 4 T A
Do d6 JD = —lﬁ, ta dudc hé phuong trinh an x, y, gidi hé ta dudc toa do di€ém J.
* Cach 2:

Ap dung dang thifc sau
— —
aJA+bIB+cIC =0

V01 AB = ¢,BC = a,AC = b.

d) Tim toa do hinh chiéu vuéng géc clia diém A 1én dudng thang BC Goi toa do hinh chiéu vudng géc
cua diém A 1én duong thang BC 1a M(x,y), ta c6
AN BC =
BM =1. 1§8 Ta thu dudc hé 2 phuong trinh 2 4n, gidi hé ta dugc toa do di€ém M.

Vidu 19. Cho A(4,3);B(2,7);C(—3,-8).
a) Tim toa do truc tam H cua tam giac ABC.
b) Tim toa dd tim dudng tron ngoai tiép tam gidc ABC

¢) Tim toa do hinh chiéu vudng géc ciia di€m A 1én dudng thflng BC

Li gidi.
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a) Tim toa do truc tim H cua tam giac ABC.

—>
Goi H(x, ). Ta ¢6 AH.BC = 0 va BH.AC = 0, suy ra Tx+ 11y = 91 va x+ 3y = 13, giéi hé phuong
trinh ta dugc H(13,0).

b) Tim toa dd tdm dudng tron ngoai tiép tam giac ABC
Goi I(x,y). Khi d6 IA = IB va IA = IC. Do d¢, ta c6
(x—4)P24+ (=3 =(x—2)*+(y—7)>
(x—4)24+(—3)* = (x+3)*+ (y+8)?
giai hé phuong trinh ta dugc 1(—5,1).

¢) Tim toa do hinh chiéu vudng géc ciia diém A 1én dudng thflng BC

A 2 —>
Goi M(x,y) la hinh chi€u vuong goc cia di€ém A 1én canh BC. Ta ¢c6 AM = (x —4,y—3) va BC =
—
(=5,—15); BM = (x—2,y—17)
Khi d6 ta c6 AM.BC = 0 va BM = 1.BC.
4 19)

2
S t=-vaM
uy ra 7Va (7 -

Vidu 20. Cho A(2,6); B(—3,—4); C(5,0). Tim toa d6 tAm dudng tron ndi tiép tam gidc ABC.

Lii gidi. Ta c6 AB = (—5,—10); R (3,-6), suy ra AB = 5/5;AC = 3+/5;
o DC DB AB 5
Goi toa do diém D(x,y). Ta co — = ,suy ra — = — 1= —
5 AB ~ AC’ DC AC 3
Do d6 DB — —gD? ta dugc hé phuong trinh 4n x,y, gidi hé ta dugc toa do diém D(2,—3).
Goi toa do tAm dudng tron ndi tiép tam giac ABC 12 J (x,y).
Ta c6 d6 dai doan BD = 54/5.

D JA JD BD 5
Khi d6 2o = 22 2
4 =B WY A~ a8 3

5= . o
Do d6 JB = —§JA, ta dugc hé phuong trinh an x, y, giai hé ta dugc toa do diém J(2,1).
BAI TAP TU LUYEN
Bai 28. Tim toa do tim dudng tron ndi tiép J clia tam gidc ABC trong cdc trudng hop sau:
a) A(1,5);B(4,—1);C(—4,-5).

122 7(0,1)

Bi 29. Cho A(—1,4); B(—4,0) va C(2,—2).

Li gidi. DS: 1) J(

a) Tim toa do truc tdim H cua tam giac ABC.
b) Tim toa do tim dudng tron ngoai tiép  clia tam giac ABC

¢) Tim toa do hinh chiéu vudng géc M ctia diém I 1én dudng thang BC

11 -5 -9
Loi giai. DS: H(—2,1);1(—=,=); M(—,—).
dlglal S ( 5 )7 ( 272)’ ( 8 9 8 )
Bai 30. Trong mit phang Oxy cho tam gidc ABC v6i A(—1,-3); B(2,5) va C(4,0). Xac dinh truc tam H
cua tam giac ABC.

164 1
Loi giai. DS: H( 361 3?)
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BAI TAP TONG HOP

Bai 31. Cho ti gidc ABCD vé6i A(3,4); B(4,1); C(2,—-3); D(—1,6). Ching minh ti gidc ABCD ndi tiép
dudc trong mot dudng tron.

Loi giai. HD: Tim tim / ctia ban kinh dudng tron ngoai tiép tam gidc ABC ta dugc I(—1;1). Va chiing minh
IA=1ID.

Bai 32. Trong mit phang Oxy cho hai diém A(—2,—2); B(5,—4).
a) Tim toa dd diém C sao cho trong tim cta tam gidc ABC la diém G(2,0).
b) Tim toa do tim dudng tron ngoai tiép I ciia tam gidc ABC.
¢) Tim toa do6 hinh chiéu vudng géc H ciia diém G 1én dudng thang BC.

169 47, (80 21,
66 '33° " \5252
Bai 33. Cho A(—2,2);B(6,6);C(2,—2).

Loi giai. DS: C(3,6); I(

a) Tim toa do truc tim H clia tam gidc ABC; toa do tAm dudng tron ngoai tiép I clia tam gidc ABC, toa
do trong tam G cia tam giac ABC.

b) Ching minh IH = —3IC

¢) AD la dudng kinh ctia dudng tron ngoai tiép tam giac ABCD. Ching minh ring BHCD 1a mot hinh
binh hanh.
Loi giai.
a) Tim toa do truc tAm H ctia tam gidc ABC; toa do tAm dudng tron ngoai tiép I clia tam gidc ABC, toa
do trong tdm G cua tam giac ABC.
) P % . —l_>[ % N c2s 1A N
Goi H(x,y). Taco AH.BC =0 va BH.AC =0, suy rax+2y =2 va x — y = 0, giai hé phuong trinh ta
22
dugc H(—,-).
" C (3 7 3 )
Goi I(x,y) 1a toa do tam dudng tron ngoai tiép tam gidc ABC. Khi d6 IA = IB va IA = IC. Do do, ta
co
(r+2)2+ (=22 = (x=6)>+(y—6)?
(+22+ (=2 = (x=2)*+(y+2)°
8 8
giai hé phuong trinh ta dugc / (5, 5)
Goi G(x,y) 1a toa do tAm dudng tron ngoai tiép tam gidc ABC. Ta c6
XA +x+xc __YAtYBtYC

XG 3 »YG 3

b) Ching minh 7H = 31C
Taco IH = (2,2);132 (%2,%2) suy ralH = —31C

¢) AD la dudng kinh ctia dudng tron ngoai tiép tam gidc ABCD. Chiing minh riang BHCD 1a mot hinh

binh hanh. 16 16 10 6 1
acod (373),% (4,—4); (3,3), (3,3),
sgcra

DC.AC =0 va BH.AC =0,

do do

BH || CD va BH = CD.
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§4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM
GIAC
I. Tém tatly thuyét
Cho tam giac ABC, ta quy udc cdc ki hiéu sau.

e BC=a,CA=>b,BC=a.

B a+b+c
2

goi la nita chu vi cta tam giac ABC.

mg,my,me 1a do dai duong trung tuyén tuong dng ké tit dinh A, B, C ctia tam giac ABC.

hga, by, he 12 dd dai dudng cao tuong ung ké tir dinh A, B, C cua tam giac ABC.

la,1p, 1. 1a A0 dai duong phan gidc trong tuong tng ké tir dinh A, B, C cua tam giac ABC.

R 12 ban kinh dudng tron ngoai tiép tam gidc ABC.

r 12 ban kinh dudng tron ngoai tiép tam gidc ABC.

1. Hé thic lugng trong tam giac vuong

Cho tam gidc ABC vudng tai A, dudng cao AH.

A

B 0
H

Dinh 1i Pitago:

BC? = AB? + AC?

Néu biét 2 canh géc vudng thi c6 thé tinh dugc dudng cao AH bdi cong thiic:

11 N 1
AH?2  AB?2  AC?

Tich 2 canh géc vudng bang tich canh huyén v6i dudng cao tuong dng:

|AB.AC = BC.AH |

Néu biét 1 canh géc vudng va canh huyén thi c¢6 thé tinh dugc hinh chiéu ctia canh géc vuong dé 1én
canh huyén nhd cong thiic:

AB?=BH.BC: AC?=CH.BC
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2. Pinh Iy ham s6 cosin, cong thic trung tuyén.

Dinh 1y ham s6 cosin dugc phat minh bdi nha todn hoc Al Kashi (1380 - 1429). Pay 1a mdt md rdng clia
dinh 1y Pythagore. Dinh ly ham sb cosin dua ra mot phuong phap gitp ta tim dugc mot canh clia tam gidc
bat ki khi biét do dai hai canh con lai va s6 do clia géc xen gitta hai canh d6, tit d6 ciing cho chiing ta tinh
dudc sb do clia cic goc con lai clia tam gidc. Pinh ly dugc phat biéu nhu sau:

Pinh li 1. Trong mét tam gidc bdt ky, binh phuong mét canh bdng téng binh phwong ciia hai canh con lai
triv di hai ldn tich ciia chiing vdi cosin ciia goc xen giita hai canh do.

Néu ky hiéu a, b, c 1an luct 1a do dai cac canh BC,CA,AB ctia tam giac ABC thi ta c6:
a? = b* +¢? — 2bccosA

b = c? —|—a2 —2cacosB
2 =a?+b*—2abcosC

Tir dinh 1y ham sd cosin ta ciing suy ra cong thiic tinh cosin cdc gdc clia tam gidc theo do dai céc canh cla
tam giac nhu sau:

COSA = —————
° 2be
2 2_b2
2ca
2 2 2
a“+b—c
C=————
\COS b

Miit khéc, st dung dinh 1y ham s cosin c6 thé gitp ta tim dudc do dai cac dudng trung tuyén theo ba canh
cia mot tam gidc. Cu thé, néu ky hiéu myg, my, m. 1a do dai cac dudng trung tuyén xuit phat tif cac dinh
A,B,C thi:

¢ 2.2\ 2
mgzz(b +:) a
2. 2\ 12
m[%ZZ(c +Z) b
2 (a® +b*) —?
a2 )

3. Dinhly sin

Pinh li 2. Cho tam gidc ABC, goi R la bdn kinh duong tron ngoai tiép tam gidc ABC. Ddt AB = ¢, BC = a,
CA=0b.Taco
a b c

- = — = — =2R.
sinA sinB  sinC

4. Cac cong thire dién tich tam giac

Dién tich S cua tam giac ABC dudc tinh bi mot trong cac cong thiic

1 1 1
S :Ea.ha = Ebhb = EC.hC
—1b'A—1 'B—lb'C
—2 C Sin —2CClSIIl —261 Sin
_abc
4R

=\/p(p—a)(p—b)(p—c)
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II. Cac dang toan

Dang 1. Mot s6 bai tap gitip nim virng ly thuyét

Muc nay dua ra mot s6 bai tdp ma viéc gidi quyét chi dung dén cdc kién thitc vé tich vé hudng ciia
hai véc-to 6 bai trudc, chua ding dén cdc cong thiic vé hé thiic luong & bai 3. Két qud cuia cdc bai
tdp nay sé dung vao viéc gidi thiéu cdc cong thitc mdi vé hé thitc lugng trong tam gidc.

Vidu 1. Cho tam giac ABC
a) Tinh ]Q theo ﬁ va R .

b) Tinh ]@R‘ tu do tinh tich vd huéng ER theo do dai cac canh cua tam giac.

AB? + AC? — BC?
2ABAC

¢) Chiing minh ring cosA =

Loi giai.
a) I? = R —ﬁ.
b) BC.BC = (AC—AB)” = AB> +AC? — 24B.AC. Tt d6 suy ra

2 2 p2
ﬁ.@:AB +A§' BC.

¢) Theo cau trén ta co
AB? +AC? - BC?
2
AB? +AC? — BC?
2.AB.AC

AB.AC.cosA =

< COSA =

Vi du 2. Cho tam gidc ABC c6 AM la trung tuyén.

a) Tinh ]R‘ theo zﬁ va R

b) Tinh tich vd hudng 1@1@ theo do dai cac canh cia tam gidc.
¢) Tinh m theo E va R

2AB? +2AC? — BC?

d) Ching minh AM? = 1

Loi giai.
a) Nhu bai trén.

b) Nhu bai trén.

(ﬁ +R)

1
C)mzi
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d) Taco

 AB2+AC?+24B.AC

B 4

_ AB?>+AC*+AB? + AC? — BC?
- 4

_ 2AB?+2AC* — BC?

B 4

AM?

Vi du 3. Cho tam gidc ABC, dit AB = ¢, CA = b, BC = a. Goi hy, hy,, h 1an lugt 1a d6 dai cic duong
cao ké tir A, B,C cua tam giac ABC.

a) Chiung minh r?mg h, = bsinC = csinB; hy, = csinA = asinC; h, = asinB = bsinA.

b) Goi S la dién tich tam gidc ABC, chiing minh ring

§= Eab sinC = EbcsinA = Eca sinB

A A A
. [ d

B B
H ¢ C H B C

Loi giai.

~ R h
a) Trong ca ba trudng hgp C nhon, vudng, tu, ta déu c6 sinB = A_;; Suy ra h, = csinB. Tuong tu ta cling
c6 h, = bsinC. Thay d6i vai trd A, B, C ta dugc

hy = bsinC = csinB; hy, = c¢sinA = asinC; h, = asinB = bsinA

1 1
b) Taco S = Ea.ha = Ea.bsinC, con lai tuong tuy.

, ) s 9 o . b
Vidu 4. Ching minh rang dién tich tam giac ABC dugc tinh bdi cong thic S = %.

Loi giai. Theo dinh ly sin, ta c6

c
=2R. S inC = —. Tu do6
uy ra sin R 0

1 ) 1 c abc
S= E(lelnC = Eabﬁ = ﬁ

Vi du 5. Cho dudng tron tim / ban kinh r néi tiép tam gidc ABC va tiép xiic v6i cac canh AB, BC,CA
clia tam gidc tai K,L, M. Goi p 1a nita chu vi tam gidc ABC. Chiing minh ring S = p.r.

Li gidi.
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Tacor=IK=IM=1L.
Theo tinh chét hai tiép tuyén cling xuit phat tai mot diém ta c6 A
AM = AK, BK = BL, CL = CM. Chu vi tam giac la

2p =AM +AK +BK+BL+CL+CM =2(AK +BL+CK) K

Suyrap=AK+BL+CM.
Dién tich tam gidc ABC la

S =2(Saks+ SBrr +Scmr)

1 1 1
=2 (EAK.r—I— EBL.r—i— 5CM.r>

= (AK+BL+CM).r

Vidu 6. Cho tam gidc ABC dién tich S. Chiing minh ring

§= %\/ AB2.AC? — (@.ﬁ)z

Li gidi.

1
S = EAB.AC .SinA

= %AB.AC.\/ 1 —cos?A
1 . (ER)Z

= ;4BAC. AB.AC

- %\/ AB2.AC? — (ﬁ.ﬁ)z

Vidu 7. Ching minh cong thiic tinh dién tich sau (cong thic Hé-rong)

S=1/plp—a)(p—b)(p—c)

v6i p la nia chu vi tam giac, a = BC,b = AC,c = AB la d0 dai cac canh.

R:ABz—i—ACZ—BCZ _ b2+cz—a2.

Loi gidi. Ta c6 AB.
lglal a co 2 2




134 CHUONG 2. TICH VO HUONG CUA HAI VECTO

Ding két qua bai trén, ta c6

S— 1\/AB2.AC2 _ (E.ﬁ)z

2
1 1

= 5\/19262—Z(b2+62—a2)2
1

1
= E\/Z(Zbc+b2—|—cz—az)(2bc—b2—cz+a2)

= A+ -l - e
_\/b+c+a b+c—aa+b—ca—b+c
B 2 2 2 T2
=V/p(p—a)(p—b)(p—c)

Vi du 8. Trong mit phang toa d6 Oxy, cho hai véc-t6 a = (aj;az), b = (by;b,). Ching minh ring

0=V|@P.[BIE=(3.5)2 = |a1bs— arbn|

Loi giai.
Q2 = (Cl% +d%> (b% +b%) — (a1b1 +a2b2)2
= alb5 4 a3b? — 2a1brarb;
= (a1by — azby)*

Suy ra Q = |a1b2 —azbl‘.

Vidu 9. Trong mit phang toa d Oxy cho tam gidc ABC c6 A(xa;ya), B(xg;yg), C(xc;yc). Ching
minh ring dién tich tam gidc ABC la

= 5’()63 —xa)(yc —ya) — (xc —xa)(yB — ya)

’(XB—XA) (¢ —xa) H 1

trong do, nguoi ta dat ‘ = ad — bc (dinh thic cép 2).

b
d

a
c

Loi giai. Ta c6
Iﬁ = (XB—XA5YB—YA)
AC = (x¢ —xa5yC —ya)

. 1 2 N
Ta da biét S = 3 \/ AB?.AC? — (Eﬁ ) . K&t qua tinh todn vé toa do cta bai trén ta dugc

= 3] o= 20) 0 = 30) — (x —ea) 05— )|

Vi du 10. Cho tam giac ABC, goi [, 1a dd dai dudng phan giac trong ké ti dinh A cia tam giac ABC.
bcsinA

Chiing minh rang , = ———————.
s s (b+c)sin§

Lui giai.
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Goi D la chan dudng phén giac trong ké tu dinh A ctia tam giac
ABC.Tac6l, =AD. Taco A

SaBc = SaBp + Sacp

o ABAC.sinA = LABAD.sin2 + L AC.AD. sin
— . . S1n = — . .S1n — — . .S1n —
2 S 2 Sy 7o S5

A
&cbsinA = l,(c+b) sin 5

bcsinA B D C
(b+c)sing

a =

Vidu 11. Cho tam gidc ABC ¢6 AB < AC (hay ¢ < b), goi I/, 1a d0 dai dudng phan ngoai ké tit dinh

. bcsinA
A cua tam gidc ABC. Ching minh rang [/, = &A.
(b—c)cos’
Li gidi.
A
E B D C

Goi E la chan dudng phan gidc ngoai ké tit dinh A cla tam gidc ABC. Ta c6 I/, = AE. Ta ¢
SaBc = SACE — SABE

1 . 1 ) . A 1 . ., A
<:)§AB.AC. sinA = EAC.AE. sin (90 + 5) — EAB.AE. sin (90 — 5)

A
&chsinA = I/(b—c) cos 5
bcsinA

Sl =
(b—c)cos’

BAI TAP TU LUYEN
Bai 1. Cho tam gidc ABC c6 AB =1, AC = /3, A = 60°.
a) Tinh BC theo AB va AC. ¢) Tinh do dai BC.
b) Tinh AB.AC
Lui giai.
a) l% = R — 1@
V3

b) AB.AC = AB.AC.cosA = .

¢) BC2 = AC2+ AB> —2AB.AC = 1+3— /3. Suy ra BC = \/4— /3.
Bai 2. Cho hinh binh hanh ABCD ¢6 AB = a, AD = 2a via DAB = 60°.
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a) Tinh AB.AD ¢) Tinh AC
b) Tinh AC theo hai vectos AB va AD. d) Tinh BD
Lui giai,
B C
JRALL D

—_— 1
a) Eﬁ =AB.AD.cosDAB = a.2a5 =q2.

b) AC = AB +AD.

¢) AC2 = AB® + AD? 4 2AB.AD = & + 4a® +2a* = 7a?. Suy ra AC = av/7.
d) ﬁ = E —1@. Suy ra BD> = AD? + AB? — ZA?IQ = 34%. Suy ra BD = a\/3.

Bai 3. Chiing minh ring tdng binh phuong cac dudng chéo ctia hinh binh hanh bang téng binh phuong céc
canh.
Loi giai.

A D

Ta co R = zﬁ nHB. Suy ra AC? = AB> + AD? + 2@@
Tuong tu Iﬁ = XB —1@. Suy ra BD> = AB?> + AD? — 2@@
Tt d6 suy ra AC* + BD* = 2 (AB* + AD?) = AB* + BC* + CD? + DA*.
Bai 4. Cho tam gidc ABC ¢6 AB = 2,AC — 5, BC — 4. Tinh cdc tich vo hudng AB.AC, BA.BC, CA.CB.
Loi giai.
AB?4+AC?>—BC?> 4+25-16 13
o ABAC AP _4425-16

2 2 2

. cheh=

Bai 5. Cho tam gidc ABC c6 trong tim G, M la diém bét ki. Chiing minh ring
MA? + MB* + MC* = 3MG* + GA* + GB* + GC*.

Loi giai. Vi G la trong tim tam gidc ABC nén GA + GB + GC=10.
MA? + MB? + MC?
— (ﬁJr @)2 + (AT(>3+G?)2 + (m-f—G?v)z
~3MG + GA® + GB* + GC* + 2MG. (GA + GB + GC)
=3MG?* + GA® + GB> + GC?
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Bai 6. Cho tam gidc déu ABC ndi tiép dudng tron tim O, M 1a mot diém thay d6i trén dudng tron. Chiing
minh ring MA% + MB? + MC? khong ddi.
Loi giai.
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Goi R 1 ban kinh ctia dudng tron. Ap dung bai trén ta c6 C

MA? + MB? + MC?
=3MO? + OA” + OB? + OC?
=3R>+R>+R>+R?

—6R> A v B

Dang 2. Xac dinh cac yéu to con lai cia mot tam giac khi biét mot so yéu to vé canh va géc caa

tam giac do

O dang todn nay, ching ta 4p dung truc tiép dinh ly ham s cosin hodc hé qua ctia dinh Iy ham s6
cosin dé tim c4c yéu td con lai ctia tam gidc d cho.

’ ., 7z N 3 7’ N . Ve Ve N . ?
Vidu 12. Cho tam giac ABC c6 b =5,c =7 vacosA = 5 Tinh canh a va cosin cac goc con lai cua

tam giac do.

Loi giai. Ta c6:
3
a2:b2+c2—2bccosA:25—1-49—2.5.7.5:32:612\/32:4\/5
A+ar—b*  32449-25 2

B= A

€08 2ca 5612 2

Cosc_a2+b2—c2_32+25—49_ 8 V2
- 2ab 40v2  40y2 107

Vi du 13. Mot ngudi ding trén ngon hdi ding A & bd bién quan sét hai chiéc tau & hai diém B va C.
Khoang céch tit ngudi dé téi chiéc tau & diém B va C 1an luct 1a 5 km va 6 km. Géc tao bdi hai hudng
nhin AB va AC 1a 60°. Tinh khodng céch d gitta hai chiéc tau.

Lui gidi. Xét tam gidc ABC vdi AC = 6km, AB = 5km, BAC = 60°. Ap dung dinh 1 cos ta cd

BC? = AB? +CA% — 2.CA.AB. cos BAC

Tir d6 suy ra BC? = 5% 4+ 62 — 2.5.6.cos60° = 31 = BC = /31.
Vay khoang cach gitta hai chiéc tau 1a d = /31 km.

a— x> -1
Vidu 14. Choxlasdthuclénhon 1 va { b=2x+1 . Chiing minh ring a,b,c 1a do dai ba canh
2
c=x"—1

cua mot tam giac va tinh so do cua goc doi dién véi canh a.

a+b>c

Loi giai. Do x > 1 nén dé dang ching minh dudc: { b+c > a, ti d6 suy ra a,b,c 12 dd dai ba canh cia
c+a>b

mot tam gidc.
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b2+ c2—a?

Goi A 1a goc dbi dién véi canh a, khi d6: cosA = b
c

a2:x4+2x3+3x2+2x+1
b? =4x* +4x+1
c2:x4—2x2+1

be =2 4+x*—2x—1

Ta co

1
Tit d6 suy ra b”> 4 c? —a*> = —bc = cosA = ) = A =120°.

Vi du 15. Cho AABC c6 céc canh BC = a,CA = b,AB = c. Biét rang ton tai sé tu nhién n > 2 sao
cho a" = b" + ¢". Chiing minh ring A 12 géc c6 s6 do 16n nhét ctia tam gidc, tir d6 suy ra AABC c6 3
goc nhon.

\,e °?e N .9 <A a > b z A > B A N z 2, A 2
Loi giai. Tu gia thiét suy ra ,do do . Vay A la gbc 16n nhat cia AABC.
a>c A>C

b n—2 n—2
Tacéa”:b”+c”<:>a2:b2<—> +cz<£> .
a a

a>b o<l 2_ 2. 2 2,2 2
Do nén ¢ ¢4 . T d6 suy ra a” < b*+c¢” hay b+ ¢~ —a” > 0.
a>c £<1

a
. b’ +c*—d L . o
Ma cosA = e nén suy ra cosA > 0 hay A 1a géc nhon, do d6 B, C cung la cac goc nhon.
C

, 9 . 3 ) Ly
Vidu 16. Cho tam giac ABC c6 m, = gc. Chiing minh rang:

3
Mg +mp+me = \/7_(a+b+c).

N 3 3 2(a*+b*)—c* 3
Lui giai. TacémC:7c:>m§:Zczz> ( 1 ) :Zczz>a2+b2:202.

Tu do suy ra

{2(192 +c?) —a? =3b? {4m§ = 3p?

=
2(P4a?)—b* =3a*>  |4mi=3d°
my, — \/—gb
N 2
V3
my = —
b 2 a

= my+mp+m.=—(a+b+c)

>[5

BAI TAP TU LUYEN
Bai 7. Cho tam giac ABC ¢6 AC = 10 cm,BC = 16 cm va C = 120°, tinh d6 dai canh AB.
Loi giai. Ap dung dinh Iy ham s6 cosin ta c6 AB?> = CA? +CB? —2CA.CBcosC ta suy ra AB = /516 cm

Bai 8. Cho tam gidc ABC c¢6 BC = 3,CA =4 va AB = 6, Tinh cosin ctia gc c6 sd do 16n nhét ctia tam gic
da cho.
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Loi giai. Do AB > AC > BCnénC > B > A.
11

Ap dung dinh Iy ham sb cosin ta c6 cosC = o
Bai 9. Cho a?,b?,c¢? 1a d6 dai cac canh clia mot tam gidc nao d6 va a,b,c 1a dd dai cic canh ctia tam giac
ABC. Chiing minh rang tam giac ABC c6 ba géc nhon.
Lai gidi. Do a?,b%,c? 1a dd dai cac canh clia mot tam gidc nén
A+ —c*>0
b?+c*—a? >0 = cosA,cosB,cosC > 0.
A+a*—p>0
b—c
. — — 2a
Loi giai. Ap dung dinh 1y ham sd cosin cho hai tam gidc BAD,BCD va chi y BAD + BCD ta suy ra diéu
phai ching minh.
Bai 11. Cho tam giac ABC c6 m, = 15,m;, = 18,m. = 27.
a) Tinh dién tich cua tam giac ABC.

Bai 10. Cho tif gidc noi tiép ABCD c¢6 AB = CD = a, AD = b, BC = c. Chiing minh ring cosA =

b) Tinh do dai cac canh cia tam giac ABC.
Lui giai.

a) Goi G la trong tam AABC; A, B',C’ 1an luct 1a trung diém
cac canh BC,CA,AB va D la diém dbi xiing ciia A qua G.
Khi d6 ta c6 BGCD la hinh binh hanh.

Saasc = 3SaGBc = ESABGCD = SABGD-

Tam gidc BGD c6 do dai cic canh lan lugt 1a 10,12,18

nén Sppgp = v/20.10.8.2 = 40/2. B C
b) Ap dung cong thiic tinh do dai dudng trung tuyén ta tinh D
dudc a =2+/209,b =8v/11,c =241.
Bai 12. Cho AABC c6 cac canh BC = a,CA = b,AB = ¢ théa man hé thiic
1 1 3
+ = .
a+b b+c a+b+c

Chitng minh ring B = 60°.
Loi giai. Ta cé:

1 n 1 B 3 @a+b—l—c+a+b+c_3
a+b b+c a+b+c a+b b+c
C a
= 1 =3
+a—l—b+ +b+c
PR
a+b b+c

& clb+c)+ala+b)=(a+b)(b+c)
& ? 4+ be+a®+ab=ab+b* +ac+be
s4+d b =ac

A+a® - 1
& cosB = 3

& B =60°.
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BAI TAP TONG HOP

Bai 13. Cho tam gidc ABC ¢6 BC = 10. I 1a di€ém trén canh BC sao cho 2IB = 3IC. Dudng tron tim I ban
kinh 3 tiép xtic v6i cac canh AB, AC lan ludt tai cic diém M, N. Tinh d6 dai c4c canh AB,AC.

. M 1
sinB=— =
Loi giai. Trudc hét ta c6 f]\g 32 :
WMET T
3
cosB = £
T do suy ra 2 (Do B,C la cac goc nhon). A
V7
cosC = e M

6
bit AB = ¢, AC = b. Do Al 1a phan gidc goc A nén % =1 =
2¢ =3b.

Mait khéc, theo dinh ly cosin trong tam gidc ABC ta c6 B 1 c
¢* = b*+ BC? —2b.BC.cosC
b* = ¢* + BC* —2¢.BC.cos B

Thay sb vao ta dudc hé phuong trinh
2¢=3b

b=23V3-V7
2 =b2+100—5V7.b @{ 3(3\/§ ﬁ)
B4 100—10vEe € T3BVIVT)

Bai 14. Cho AABC ¢6 BC = a,CA = b,AB = c va c6 dién tich S. Chiing minh rang:

b2+ —a?
tA=————.
a) co 1S

. C m P A A SRR
b) Neu b= —b = 1 thi cot B+ cotC = 2cotA, & d6 my,,m. 1a do dai cac trung tuyen xuat phat tu B, C.
me

Loi giai.
a) Theo dinh Iy ham sd cosin ta c6: b? + ¢> — a®> = 2bccosA.

1
Mit khac, S = Ebc sinA nén ta co

b?+c* —a? B 2bccosA

— — A
48 2besind %

2 2 2 2 _ 2
L cmy c my  2a°+2c¢"—b
b) Tac6 - = —#¢1 s=—"2=——F———.
)acob mC7'é b>  m2  2a%+42b*—c?
Tir d6 suy ra 2a’c? +2b*c? — c* = 2a?b? +2b*c? — b* = 2a%(¢* — b?) = ¢* —b* = (2 +b?)(* — b?).
Do b # ¢ nén ¢2 — b* # 0, do d6 b + > = 24°.

a?+c%—b?
COtB:T 26l2
Tu = cotB tC = —. 1
R IRST o
cotC= —————
48
b2+cz—a2_2a2

Mait khac 2cotA =2 = —.
atihac 2o 45 48
Tu (1) va (2) ta suy ra diéu phai chiing minh.

2)
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Dang 3. Dién tich tam giac

Dang nay thudng st dung céac cong thiic vé dién tich sau

1 1 1
S zia.ha = Ebhb = Ec.hc
1
:EbcsinA = Eca sinB = Eab sinC
_abc
4R
:pr

=\/p(p—a)(p—b)(p—c)

Bai 15. Cho A(1,5);B(4,—1);C(—4,—5). Tinh dién tich ctia tam gidc ABC.
Loi giai. Tacé AB = (3,-6); BC = (—8,—4), nén tam giac ABC vudng tai B.

1 1
Do d6, Saapc = EAB.BC = E.3\/5.4\/3 = 30(dvdt).

Bai 16. Tinh dién tich tam gidc ABC, biét chu vi tam gic bing 2p, cic géc A=o°,B= Be.

Lai giai. Ta co Saapc = 92¢ Theo dinh Ii ham sin ta c6 abc = 8R>sinA.sinB.sinC, suy ra S = 2R’ sinA.sin B.sinC.

4R
b b 2 2
wR=—S - - ¢ . __4ore . °P vays=2( 2P
sinA  sinB  sinC  sinA+sinB+sinC  sina+sinf +sin(r — o — ) sin @ + sin 3 + sin
o—p)

Bai 17. Cho AABC ¢6 A = 90°, ban kinh dudng tron ngoai tiép R = 7 va ban kinh dudng tron ndi tiép 1a
r = 3. Tinh dién tich S cta tam giéc.
Loi giai.

AK B

Goi I 1a tam dudng tron nodi tiép ctia AABC.
Goi tiép diém ctia dudng tron noi tiép (1) véi cac canh BC,CA,AB lan lugt 1a D, E, F.
Vi AABC vudng tai A nén BC =2R =14 vaAE =AF =r=3.

AB+AC+ BC

Tacop= — =AE+BC=14+4+3=17

Viay S = pr=17x3 =51

Bai 18. Cho AABC noi tiép dudng tron (0,3). Biét ring A = B = 30°. Tinh dién tich S ciia AABC
Lui giai. Ap dung dinh Iy sin trong AABC ta c6:

BC =2RsinA = 6sin30° =3 va AC = 2RsinB = 6sin30° =3
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Tac6C=180°—B—A = 1280°—30°—30°= 120°.
1 ~ 3 3
Viy § = 3BCAC.sin€ = Z-sin120° = %.

1 1 1 1

Bai 19. Cho tam giac ABC. Ching minh rang + 5> —.
TR 2T R
Loi giai.

] 1 2p a+bte 1 1 1
T ,: _ = _ _
aco 2Rr 5 Gbe abc S abc abc ab + bc + ac

4sp

1 1 1 1 1

22w e e

1 1 1 1/1 1 1/1 1 1/1 1
Z2tptaTs _2+ﬁ \pta)ti\ata

1
a? bz—i_\/b2 02 \/cz a2

1-1-
ab bc

1
BAt ding thiic ban dau <:> >+
Ta thiy:

Bai 20. Cho hinh vuéng MNPQ ndi tiép trong tam gidc ABC. Chiing minh rang:

SaBc 2 2Sunpo-

Loi giai.
Ta thiy:
Sapc = 2Sunpro
1
©5BC.AH > 2MN.PQ
oL MN MO
4 BC AH
Ma

MN MQ AM BM |
BC AH AB AB AB?

1 (AM+BM)2_ 1 AB® 1
= AB2 2 TABY 4 4

AM .BM

Dang 4. Chiing minh hé thitc lién quan giira cic yéu t6 trong tam giac

- Dung céc hé thifc cd ban d€ bién ddi vé nay thanh vé kia hodc chiing minh c4 hai vé ciing bang mot
YO i B e I (i

- Khi chiing minh can khai thac céc gia thiét va két luan dé€ tim ding cac hé thic thich hop 1am trung
gian cho qua trinh bién déi.

Vi du 17. Cho AABC c6 AB = ¢, BC = a, CA = b. p la nita chu vi tam gidc. Ching minh ring:

abc. (cosA +cosB+cosC) = a* (p—a) +b? (p—0) +c? (p—c).
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Lai giai. Ap dung dinh Iy cos trong AABC, ta cé:
P+c?—a®> a?+c*—b a?+b* -
VT =abc. + +

2bc 2ac 2ab

B b?+c?—a? bﬁ+§—ﬂ+ a+b*—c?
=a. 5 + 0. 5 C. 5

2 2 2

a b c
= ?(b—kc—a)—k?(a—l—c—b)—f—E(a—kb—c)
=a*(p—a)+b*(p—b)+c*(p—c)=VP.

Viy déang thiic dudc chitng minh.

Vidu 18. Cho AABC c6 trung tuyén AM, A/Z\EB = o, AC = b, AB = ¢, S la dién tich AABC. Véi

b? —?

48

0 < o < 90°. Ching minh: cota =

Lui gidi.
Pit BC = a. A
Goi H 1a chan dudng cao ké tit A dén BC.

HM MB—-BH BC BH
AH  AH  2AH AH’

C6 AAHM vudng = coto =

a BH
Hay cotot = ——— — (1)

o ... . 2AH AH =~
Mait khéc, ap dung dinh ly cos va cong thic tinh dién tich: _ o
2 2 2, 2 2
b*>—c _ (a* +c* —2accosB) —c 5 H M a
48 2AH.a
B a2—2accosB_ a c.cosB
~ 2AHa = 2AH AH
q b2—c2_ a BH(Z)
Y T4S T 24H AH
b2 o C2
Tu (1) va (2) suy racota = 1S

Vi du 19. Cho AABC c6 trong tim G va GAB = o, GBC = B, GCA = 7. Dit AB=c, BC =a,CA=b
va § la dién tich AABC.Ching minh:
3 (a2 +b%+ cz)

cota +cotf} +coty = 1S .

Lo gidi.
Goi M la trung diém BC. Ké MH 1 AB.

AAMH vudng =
= o= —.
© o8 AM

ABHM vudng = cosB = — = )
vudng S B p

a
Ta céAB:HA+HB:>c:AM.Cosoc+E.cosB

1 a
=Ccostt = — (c— —cosB) @))

AM 2
Miit khdc, 4p dung dinh ly ham sb sin cho AAMB:

MB MA . 1 )
= ——&sink = — MBsinB =

a .
sino._ sinB AM a8 @)
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Tu (1) va (2) ta dudc:
a
. ¢ ECOSB 2c —acosB R(4c — 2acosB) 4c? — 2accosB 32 +b*—a?
cota =
a . B b ab abc 45
5sin @5 R
3a® +c?—b? 3> +a® —c?
Tuong tu: cot B = — 5 coty=———
Do dé. cot B . _3c2+b2—a2 3a% +c* — b? 3b2+a2—62_3(a2+b2+c2)
0 do, coto +cotp +coty = s + 43 + S = s .
BAI TAP TU LUYEN
Bai 21. Cho AABC ¢6 AB = ¢, BC = a, CA = b. R 1a d6 dai ban kinh dudng tron ngoai tiép AABC. Chiing
o 24+ b2+ 2
minh rang: cotA + cotB +cotC = TR
abc

Lui gidi. Ap dung dinh 1y cos va sin, ta dudc:
cosA  b*+cf—a*>  (BP+c*—a*)R
sinA a abc '

Ybe.—
“2R

Tuong tu véi cot B va cotC, cong vé theo vé dugce dpem.

COtA =

Bai 22. Cho AABC c6 trong tam G , R 1a d6 dai ban kinh dudng tron ngoai tiép tam giac. Chiing minh ring:

3— (coszA +cos2 B+ cos C) GA®> +GB* + GCZ)

e

(a®+b*+c?).

YO

Loi gidi. Ap dung cong thic trung tuyén, ta dugc m2 + mi +m? =

Ap dung dinh 1y sin: @ = 2RsinA; b = 2RsinB; ¢ = 2RsinC.
Suy ra m2 +m? +m2 = 3R? (sin® A + sin” B+ sin? C) = 3R? (3 — cos?A — cos> B — cos>C) (1)

. 3 3 3
Theo tinh chat trong tam, c6 m, = —=GA, mj, = =GB, m, = EGC 2)

2 2
Tt (1) va (2) thu dudc dang thic can chiing minh.

Bai 23. Cho AABC c6 hg, hy, he 1an ludt 1a do dai dudng cao xudt phat tit A, B, C; p 1a nda chu vi. R, r lan
luot 1a ban kinh dudng tron ngoai tiép va noi tiép tam giac. Chiing minh ring:

P’ =5, 2h hph,
28
Loi giai. Ta c6 ah, = bhj, = ch. = 28 = h,hphe = e
c
Lai c6 S 2p*r*  abc
— = = — =
OO =P hohe 4
1
Bai 24. Cho AABC c6 sin? B+ sin? C = 2sin’ A. Chiing minh cosA > >
Loi giai. Ap dung dinh ly sin, c6:
b? c? a’
sin? B+sin?C = 2sin’A & — + — =2— & b> + > = 24
) 4R?  4R? 4R?
Ap dung dinh ly cos, c6:
b? +c?

b?+c? =2 (b*+c? —2bccosA) < cosA = .
+c ( +c C COS ) CcoS Ibe

Ap dung bét dang thic Co-si: b+ ¢2 > 2bc. Suy ra cosA >

| =
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Bai 25. Cho AABC c6 AB = ¢, BC = a, CA = b; I, I, I 1an ludt 12 d6 dai dudng phin gidc xuét phat tir A,

1 11 1 1 1
B, C. Ching minh: + +-< —4 —4—
b c o I I

Loi giai. Goi D la chan duong phan giac ké tir A. Ta c6:

A
2bccos —

1 1 A 1
SAABC—SAABD—I—SAACD(:)EbcsmA—Ebl Sm2+§Cl SmZ(:)la_b——{—c

~ A
Vi0° <A < 180° nén0<cos§< 1.

2bc 1 1 1
> .
b+c I, 2b 2c¢
Tuong tu véi I, va I.. Cong vé theo vé ta dudc dpcm.

Bai 26. Cho AABC dién tich S ¢6 AB = ¢, BC = a, CA = b. Chitng minh a® + b + ¢ > 4/38.
Lui giai. Theo cong thiic Hé-rong: S = +/p(p—a)(p—b)(p—c).

—a+p—b
Ta co (p—a)(p—b)g%:%Tu’dngtucé\/(p—b)(p—c) —+/(p—a)p—c) <=

Do d6 §2 < p. algc (a+b+ c)abc.

16
Lai ¢6 (a® +b* +c*) > 3 (a*b* + b*c* + c*a®) > 3abc (a+b+c) >3.16.5%.
Suy ra dpcm.

Suyral, <

N

BAI TAP TONG HOP

Bai 27. Cho AABC ¢6 AB = ¢, BC = a, CA = b; trong tam G va tAm dudng tron noi tiép 1. Biét GI vudng
at+b+c B 2ab

3 a+b

g6c v6i duong phan giac trong cua BCA. Chiing minh:
Loi giai. V€ GH_LAC, GK1BC, IDLAC.
Goi L va N 1an ludt 12 giao diém ctia IG véi AC va BC.
Ta co: SACLN = ZSALIC =ID.IC=rLC (1)

1
Lai c6: Sacev = Sacre +Sacen = §<GH LC+GK.CN) (2)
Do ACLN céan nén LC = CN (3)

1
Tu (1), (2), 3)suy ra r.LC = E'LC (GH+GK) < 2r= GH + GK.

Goi hg, hy, 1an ludt 1a do dai dudng cao ctia AABC xuit phat tir A va B.
CK_MG _1GH 1 _ . 1.
b MA 3w, 3 D0d02r= gt

. 2pr 2pr
Ma SAABC = pr= Eaha = Ebhb = ha = —;/’Lb = —
a

b

sovraz— 2o (Lo oy L (ath 2ab  a+b+c

= — -+ -] 1== <~ - .
WIEr=3Pr T P\ "ab a+b 3

Bai 28. Cho ABCD la tii giac ndi tiép v6i AB =a, BC = b, CD = ¢,DA = d va p lantia chu vi, S la dién tich
t gidc. Chiing minh rang:

Ta co:

S= \/(p—a)(p—b)(p—c)(p—d) —abcdcos2B+D.

Lui gidi. Ap dung dinh ly ham s6 cos trong cac tam gidgc ABD,CBD ta co:
BD? = a®> 4+ d? —2ad cosA = b* + ¢* — 2bccosC.

a*> +d* —2adcosA = b* + ¢* — 2bccosC.

a? +d* — b* — ¢* = 2ad cos A — 2bccos C (1)

Binh phuong hai vé ctia (1) ta c6:
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(a? +d? — b2 — c?)* = 4 (ad cos A — 2bccos C)2.(2)
Ta cé:
1 1

S=84BD+ SgCD = Ead SinA + Ebc sinC.
165% = 4(ad sinA + besinC)2.(3)
Cong ting vé (2),(3) ta dudc:

2 -
(a2 +d* b — 02) +168% =4 |a*d® + b*c* — 2abcd(cos A cos C — sinA sinC)]

=4 [a®d® + > — 2abcd (cos(A+ C))]
cos?(A+C) 1)]

—4 | a?d? + b*c* — 2abed <2

I 2
r 2
cos“(A+C
=4 | (ad + bc)* — 4abcd¥] (4)
Tu (4) suy ra ]
2
cos“(A+C
168* =4(ad + bc)* — (a* +d* — b* — *)* — 16abcd%

cos’?(A+C
=(2ad +2bc+a* +d* —b* — ) (2ad +2bc — > — d* + b+ ¢) — 16abcd¥

=|(@+ap—(=c?|[(b+e) ~(a=d)’| - 16abcdw

2
cos“(A+C
=(2p—2¢)(2p—2b)(2p—2d)(2p —2a) — 16abcd¥.(5)
A+C B+D B+D A+C
+ —I—L:180‘:‘:>cos2%:cos2 +

Vi
nén tu (5) suy ra

B+D
S2=(p—a)(p—b)(p—c)(p—d)—abcdcos® —12_ .

B+D

=S= \/(p—a)(p—b)(p—c)(p—d) — abed cos?

Dang 5. Nhan dang tam giac vuong

St dung cac phép bién ddi tuong duong hodc hé qua dé bién d6i “Piéu kién cho trudc” dén mot dang
thic ma tir d6 ta d€ dang két luan dugc tinh chit clia tam giac.

Vi du 20. Cho tam gidc ABC thda man diéu kién

sin2A sin2B

in2A +sin2B= ————.
e cosAcosB

Chuting minh tam gidc ABC vudng.
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Loi giai. Ta c6:

in2Asin2B
sin2A 4+ sin2B = SiheAsInZs
cosAcosB
2sinAcosA.2sinBcosB
<28inAcosA+2sinBcosB = SInACos SIn 5o

cosAcosB
< sinAcosA +sinBcosB = 2sinAsinB

< sin2A +sin2B = 4sinAsinB

<2sin(A+ B)cos(A — B) = 2[cos(A — B) —cos(A + B)]
< sinC.cos(A —B) = cos(A —B) +cosC

& cos(A—B).cosC(1 —sinC) +cos>C =0
&cos(A—B).cosC(1 —sinC)+1—sin’C=0

< (1 —sinC)(cos(A—B)cosC+1+sinC) =0

<1 —sinC=0

T
&SC=—
2
< AABC vuong tai C.

Vi du 21. Cho AABC c¢6 sin2A cos2A + sin2Bcos 2B + sin2C cos 2C = 0. Chiing minh ring AABC
vulng.

Loi giai. Ta co:
sin2A cos2A + sin2Bcos 2B + 2sin2C cos 2C
=sin4A + sin4B + 2sin2Ccos2C
=2sin2(A + B)cos2(A — B) +2sin2Ccos2C
= —2sin2Ccos2(A — B) +2sin2Ccos2(A + B)
= —2sin2C[cos2(A — B) —cos(A+ B)]
= —4sin2Csin2A sin2B.
Do d6 sin2A cos2A + sin2Bcos 2B +sin2Ccos2C = 0 < —4sin2Asin2Bsin2C =0

U

a="

sin2A=0 [24=n 2
o [sin2B=0& [2B=1 & B:g:>AABCvu6ng.

sin2C =0 2C=mr C_7r

T2

Vi du 22. Cho AABC ¢6 sin?A +sin? B = *°V/sinC va cic géc A, B nhon. Ching minh ring tam
giac ABC vudng.

Loi gidi. Ta cé: sinC € [0,1] = *V/sinC = sin?"!7 C > sin? C = sin> A 4 sin® B > sin’C
& 4R2[sin2A + sinZB] > AR sin’C e a? + b2 > 2 e a?+ b2 —c2 > 0.

. 2 b2 2

Theo dinh 1i ham so0 cosin ta ¢6: cosC = a+2—bc > 0.
a

Ta thiy:

1— 24 11— 2B
sinA +sin’B = 0205 + 0205

B c0s2A +cos2B
T 2

=1—cos(A+ B)cos(A—B)
=14cosCcos(A—B) > 1.
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Mit khac: *V/sinC < V1= 1.

cosCcos(A—B) =0 T
Do d6: sin®A +sin’ B = *V/sinC khi { ( ) & C = - = AABC vudng.

sinC =1 2

BAI TAP TU LUYEN

Bai 29. Cho A,B la hai géc nhon ctia tam giac ABC thda man:
sinA + sin’ B = 1.

Chiing minh ring tam giac ABC vuodng tai C.
Loi giai.
sinA +sin’B = 1
l—cos2A  1—cos2B
T T2 T
< cos(A+B)cos(A—B) =0
< cosCcos(A—B) =0.

1

Ma A, B 1a hai géc nhon nén cos(A — B) # 0.
T
Do d6 cosC.cos(A—B) =0<cosC=0=C= 5 = AABC vuong tai C.

Bai 30. Cho tam gidc ABC c6 cic goc thda man dang thc :
sinC = sinA cosB.

Chiing minh ring tam gidc ABC vudng tai A.
Loi giai.

sinC = sinAcosB = %[sin(A + B) +sin(A — B)]
=2sinC = sinC +sin(A — B)
= sinC = sin(A — B)
= sin(A + B) = sin(A — B)
= sinAcos B+ sinBcosA = sinA cos B —sinBcosA
=sinBcosA =0

=cosA=0=A=

YRS

=/AABC vuong tai A.

Bai 31. Cho tam gidc ABC c6 C < B va b,c 1a cic canh clia tam gidc. Chiing minh ring tam gidc ABC
vudng néu co:

sin(B—C) _ b*—¢?

sin(B+C) b2 42’
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Loi giai. Ta c6:

sin(B—C) sinBcosC —sinCcosB

sin(B+C)  sinBsinC +sinBsinC

b c
ﬁcosC— ﬁcosB

b c
— —cosB
R cosC + R coS

_ 2abcosC —2accosB

~ 2abcosC +2accosB

(@4 =) — (P + P -D?)

a2+ b — )+ (a2 + 2 - b?)
br— 2

- 2

a

3 sin(B—C) _ b*—¢?
sin(B+C) b2 +c%’

> —c* b —c?
Do dé: T TR = a®> = b* + ¢ = AABC vuong tai A.
a c

Bai 32. Cho tam gidc ABC c6: 5(sinA +3cosB) +9(sin B+ 3cosA) = 20. Ching minh ring tam gidc ABC
vuong.

Loi giai. Ta co:

4(sinA 4 3cosB) +3(cosA + 3sinB)
=(3cosA+4sinA) + (9sinB+ 12cosB)
S\/(42 +32)(sin? A +cos?A) + \/(92 +122)(sin? B+ cos? B)
=5+15=20

3
4 1% n 3
Dau bang xay ra < cosA 49 & tanA = cotB = 1

sinB _ 12
= tanA = tan (g—B) S A= g—B¢>A+B= g &SC= g = AABC vuong tai C.

Dang 6. Nhan dang tam giac can

St dung cac phép bién ddi tuong duong hodc hé qua dé bién d6i “Piéu kién cho trudc” dén mot dang
thiic ma tir d6 ta dé€ dang két luan dudc tinh chat clia tam gidc.

B+C

Vi du 1. Chiing t6 rang tam gidc ABC can néu tan B+ tanC = 2tan
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Loi giai. Ta c6:

B+C
tan B +tanC = 2tan *

B+C

B+C
< tanB — tan + +tanC — tan =0

B-C . C—B
sin

sin
& +
cosBcos

0

B+C —

cosCcos

B—-C 1 1
& sin — =0

B+C
cos Bcos cosCcos +
B—-C B-C
=0 ——=0
2 3
<B=C= AABC can tai A.

<> sin

151

, PO - c .C B , . . A
Vidu 2. Cho AABC théa man hé thic: sin > cos® — = sin ~ cos’ 5 Chiing minh tam giac ABC can.

2 2

Loi giai. Ta co:

B C
Détx:tana;y = tanE khi do ta co:

x(14+2%) = y(1+y?)
@x3—y3+x—y:0
SE—y) @ +xy+y +1)=0
Sx—y=0&x=y.
cC B C

B
Do doé ta co: tanE :tanE = 5= EéB:CiAABCcﬁntaiA.

BAI TAP TU LUYEN

Bai 1. Cho AABC thda man: = 2tanA. Chiing minh ring AABC can.

c
bsinA
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Loi giai. Ta c6:

- = 2tanA
bsinA
sinC
= %n =2cosA
sin B

& sinC = 2sinBcosA

&sinC =sin(B+A) +sin(B—A)
< sinC = sinC +sin(B—A)
&sin(B—A)=0=B—-A=0<B=A= AABC can tai C.

. P . . A ) Ly
Bai 2. Cho AABC c6 dudng cao AH = h, thda man hé thic : h2 = bccos? 5 Chung minh rang AABC

can.
Loi gidi. Ta c6: hy = csinB = bsinC = h2 = besinBsinC.
Tur dé ta co:

LA

sinBsinC = cos 5

< cos(B—C)—cos(B+C) =1+cosA
< cos(B—C)+cosA =1+cosA
&cos(B—C) =1

=B-C=0

&B=C= AABC can.

Bai 3. Cho AABC thda man hé thic:

4 —2sin?B —2sin’C
sin’B -+ sin2C

= (cotB+ cotC)2 —2cotB.cotC.

Loi giai.
4 —2sin* B—2sin’C
- L (cotB+cotC)? —2cotB.cotC

sin? B+ sin?C
4
@ﬁ —2= COtzB + COtZC
sin“ B +sin“C
= 4 _ ! + ! 2
sin? B +sin?C ~ sin?B  sin?C

1 1
@(sinzB%—sinzC)( — +T> =4
sin“B  sin“C

sin?B  sin?C

sin?C  sin’B

( sinB sinC ) 2
=

—2=0

sinC sinB
<sinB = sinC
&B=C = AABC can.

< . i iAo . B b ) g . R
Bai 4. Cho tam giac ABC thoa man hé thuc: sin 5= . Chiing minh rang tam gidc ABC can.

2 /ac
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B 1—cosB I_M b? —(a—c)?
Lbi gidi. sin’ - = ———~ = 22“0 =
B
Mé:sinzizﬁ.
Dod(’):W:%(:>b2—(a—c)2:b2<:>a—c:0<:>a:c:>AABCcﬁn.

1+cosA B 2b+c

Bai 5. Cho AABC c6: — )
sinA 4b2 — 2

Loi giai. Ta co:

1+ cosA _ 2b+c

SinA \/4bh2 — 2
- (1+cosA)®  (2b+c)?
sinfA 4b2—c2

<:>1—i—cosA _ 2b+c

l—cosA 2b—c
(i)l—l—cosA _ 2sinB +sinC

1 —cosA 2sinB—sinC
<2sinB+2cosAsinB —sinC — cosAsinC = 2sinB — 2sinBcosA + sinC — sinCcos A
<4sinAcosB—2sinC =0
< sin(A+B) +sin(A —C) =sinC
< sinC +sin(A — B) = sinC
<sin(A—B) =0
<A—B=0
<A =B = AABC can.

Dang 7. Nhin dang tam giic déu.

St dung cac phép bién ddi tuong duong hodc hé qua dé bién d6i “Piéu kién cho trudc” dén mot dang
thifc ma tir d6 ta d€ dang két luan dudc tinh chit ctia tam gidc. Ngoai ra ddi véi cac bit dang thic dbi
xting véi ba géc A, B,C hoic ba canh a, b, ¢ déu xay ra dau bang tai trang thai A = B = C = 60° hoic
a = b = ¢ dé chiing minh tam gidc ABC déu.

Vidu 1. Cho tam giac ABC c6:

3
i BsinC — >
sin B sin 2
3 133"
a2:a b
a—b—c

Chiing minh ring tam gidc ABC déu.
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Loi giai. Ta c6:
) a3_b3_c3
a=—
a—b—c
sdla—b—c)=d —b’—c
sa*(b+c) = (b+c)(b* —be+c?)

a2 =l72—bc+c2

3

b2+ c*—a* =bc
P+ct—a® 1
<:>—

2bc 2

1 T
=CoSA=-A=—. 1
cos 3 3 (1)
Ta lai co:
i BsinC —
sinBsin 2
3
< cos(B—C)—cos(B+C) = 3

3
< cos(B—C)+cosA = 2

<cos(B—C) =1
=B-C=0&B=C= AABCcan. (2)

Tu (1) va (2) suy ra AABC déu.

, . A B C . C 5
Vi du 2. Cho AABC cé: cot? 5 + cot? 5 + cot? 5= 9. Chung minh rang AABC déu.

Loi gidi. Theo dinh 1i ham s cos:

A 1 4b A _ 4b
a® = b* +c? —2bc.cosA > 2bc — 2bccosA = 4bc.sin? — = —— > e = cot? = > e 1.
.2 A T 42 27 a2
sin
B 4 C _4b
Ching minh tuong tu ta cé: cot> — > Tac 1;cot> = > e 1.
2 b? 2 c?

A B C _ 4bc 4dac 4dab 4bc 4ac 4ab
Je. 2_ 2_ 2_>_ - - > 3___.__ =0,
Do do: cot 2—|—cot 2+cot > 2 + 3 + ) 3 >34/ 2 3=9

Déu “=” xay ra < AABC déu.

BAI TAP TU LUYEN
Bai 1. Cho AABC cé:

sinB+sinC = 2sinA

cosB+cosC =2cosA’
Chiing minh tam gidc ABC déu.
Loi giai. Ta c6: (sinB+sinC)? + (cos B+ cosC)? = (2sinA)? + (2cosA)?
< 2(sinBsinC+cosBcosC)+2=4<cos(B—C)=1<B-C=0&B=C

. (B=cC B=C X
Khi do: = = A=B=C= AABC deéu.
2cosB =2cosA B=A

Bai 2. Cho tam giac ABC c6:

B-C
a?cos

2sin§ 2sin§ 2sin5
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Chiing minh rang AABC déu.
Loi giai. Ta co:

B—-C B—-C
a?cos a(2RsinA) cos
2sin5 2sin§
A B-C
:2aRc0sEcos
B+C B-C
= 2aRsin ; cos 5
b
=aR (sinB+sinC) = al ;_C)
Tuong tu va suy ra ta co:
a~ cos COS c~COS a(b+c) b(c+a) C((l—{—b)
+ + = + + =ab+bc+ca
ZSinA ZSiHE ZSinC 2 2 2
2 2 2
2, 32 2,2 2., .2
O A e ppye

2 2 2

Déu “=” xay ra khi a = b = ¢ & AABC déu.

Dang 8. Ung dung giai tam giac vao do dac

St dung dinh Iy sin va dinh Iy cos d€ gidi.

Vi du 3. Tinh khodng céch tit mot diém trén bd song dén mot gdc cy trén mot cu lao gilta song.

Loi giai.

Dé do khoang cach tit mot diém A trén bo song dén gbc cay C trén cu lao
gitia song, ngudi ta chon mot diém B cung & trén bd v6i A sao cho tir A va
B c6 thé nhin thy diém C. Ta do khoing cich AB = d, géc CAB = a va
CBA = B.

Khi d6, khoang cach AC dugc tinh nhu sau:

Ap dung dinh 1y sin vao tam gidc ABC, ta c6
AC  AB

sinB  sinC

VisinC = sin(a+ ) nén AC =

ABsin 3
sin(a@+ )’

Vi du 4. Trong mot budi gip nhau cudi tuin nghé si hai Xuin Bic dit ra mot tinh hudng dbi véi gido
st Cii Trong Xoay nhu sau: “Mot ngudi c6 chiéu cao tif chan dén mat 1a /m. Véi hai dung cu do la
thu6c day va gidc ké, ngudi d6 mubn do chiéu cao ctia mot cdi ciy cao. Vay 1am thé nao dé€ do dugc
chiéu cao clia cay”.

Néu dudgc & vi tri ctia gido su Cu Trong Xoay em 1am céch nao dé€ do dudc chiéu cao clia cay? Hay
minh hoa bang mdt két qua cu thé.

Loi giai.
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Chon vi tri diing 1a diém C, goi A 12 vi tri mat ngudi d6 diing tai C, O la vi B
tri gbc cay, B 1a vi tri dinh cay.

Cac yéu t c6 thé do dudc bang thudc day va gidc ké 1a Cﬁ,z@, CO.
Dung thuéc day do do dai CO = d, 4p dung vao tam giac AOC dé€ tinh AO
va goc AOC.

Diing gidc ké do dugc géc BAO, tit d6 dp dung dinh 1y sin d€ tinh BO.

— 0C A
Ta c6: AO = VAC? 4+ CO? = \/I? + d? va cosAOC = o S ra dudgc goc

AOC. - c o)
Dé thdy B = 90° — AOC. Ap dung dinh ly sin cho tam gidc ABO ta c6:

OB OA OAsino VI2+d?sina

— = ———=>0B=— = — :

sindt  ¢inABO sin(180° — o — B) sin(a+ p)

Gia st ngudi d6 cao 1,6m, ditng cch cdy 10m va nhin ngon ciy va gbc cay
mot goc 30°.

24/641 — ocC 50
Ta c6: OA = /1,62 +102 = ———— va cosAOC = — = =
5 OA  2/641

A/O\Cz9,1°.
Suyraf=90—9,1=80,9°.

1.62 +-102si o
v/ 1,6%+10-sin 30 ~5.42m

Khi d6 chiéu cao cta cdy la: OB = sin(30° + 80,9°)

Vidu 5.

Mudn do chiéu cao cia thdp Cham Por Klong Garai 6 Ninh p
Thuén ngudi ta liy hai diém A, B trén mit dat c6 khoang cach
AB = 12m cuing thang hang véi chan C ctia thap d€ dit hai
gidc ké. Chan ciia gidc ké c6 chiéu cao & = 1,3m. Goi D 1a
dinh thdp va hai di€m A’,B’ cing thang hang véi di€m C’
thuoc chiéu cao ( CD cua thap. Ngudi ta do dugc goc DA'C' =
49° va géc DB'C' = 35°. Hay tinh chiéu cao CD = C'D+C'C c' o B
cua thap do.

C
A B
Loi giai. Tac6 CC' =1,3m.
. B'D A'B B'D
Ap dung dinh ly sin trong AA’B'D ta dugc — = e & — — =
sin(180° —C'A'D)  sin(180° —C'A’D —35°)  sinl3l
12 , 12.8in131°
sin 14° ~ sinl4e 12 5in131° 357
Xét AB'C'D ¢6 C'D = B'Dcos35° = —— =S 30 7m,

sin 14°
BAI TAP TU LUYEN (Cho méi dang)

Bai 3. Ban Teo chi c6 dung cu la thu6c thang dai va ban 4y mudn do ban kinh ctia dudng tron 16n clia tugng
dai & cong vién Song Ray (tAm ctia dudng tron 16n nay bi che khuit bdi tugng cdy dudc). Ban Teo dang loay
hoay khong biét 1am cich nao d€ do dudc ban kinh ctia dudng tron nay. Hay tim cach gitp ban Teo hoan
thanh cong viéc.

Loi giai.
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Liy ba diém A, B, C khac nhau thuoc dudng tron.
Po dd dai cac doan thang BC = a,AC = b,AB =c.
Ap dung cong thic Hé-rong tinh dién tich tam giac ABC:

- a+b+c
S=/p(p—a)(p—b)(p—c) vdip=———.
b
Suy ra ban kinh ctia duong tron la: R = %.

Bai 4. Mot 6 to di tir A dén C nhung & gifta A va C 12 mot ngon nii cao nén & to phai chay thanh hai doan
dudng tit A dén B va tit B dén C, cac doan dudng nay tao thanh tam gidc ABC ¢6 AB = 14km, BC = 18km
va géc B = 100°, biét rang cti 1km dudng 6 to phai tén 0, 1 lit xéing.

a) Tinh sb xiing ma xe tiéu thu khi chay doan dudng tit A dén C ma phai qua B.

b) Gia stt khong c6 ngon nii va c¢6 con dudng thang tir A dén C thi 6 td chay hét con dudng nay ton bao
nhiéu lit xang?

Lui gidi.

A
a) Tinh s xidng ma xe tiéu thu khi chay doan dudng tit A dén C ma phai qua
B. 14
Tong doan duong xe di tir A dén C 1a AB+ BC = 14 + 18 = 32km. 100 c
18

Do d6 s xiing ma xe tiéu thu 12 32.0, 1 = 3, 2lit.

b) Ap dung dinh Iy cdsin ta co:
AC? = AB?> + BC? — 2AB.BC.cos(ABC) = 14*> + 18> —
2.14.18.co0s 100° =

Bai 5. Ngudi ta du dinh xdy mot cdy cau bic qua mot con song tuong ddi rong va chay xiét. Trong mot
dot khio sat ngudi ta mudn do khoang céch gitta hai diém A va B & hai bén bo song. Khé khin 1a ngudi ta
khong thé qua song bang bat ki phuong tién gi. Em hiy dit minh vao vi trf ctia ngudi khao sat dé gidi quyét
tinh hudng nay. Biét ring em c6 dung cu ngam do géc va thudc day.

Loi giai.

Pé tinh ducc chiéu dai doan AB ta sé tao mot tam gidc ma c6 AB 1a mot B
canh. Ta chon mot diém C nam trén b (c6 thé cling phia v6i A hoic v6i B)
va ta xem trong tam gidc nay ba yéu td nao ta do dudc bang cic dung cu da
co.
Gia st diém C nam cing bd véi diém A nhu hinh vé. Céc yéu t6 do dugc 1a A <]
canh AC va hai goc BAC = a va ACB = 3.
C

Ap dung dinh 1y sin trong tam gidc ABC, ta co:
AB AC ACsinf3

sin 3 - sin(ot+ fB) TARE sin(o 4 B)

Bai 6. Mot cdy cot dién cao 20m dudc dong trén mot trién ddc thang nghiéng hdp v6i phuong nim ngang
mot goc 17°. Ngudi ta ndi mot day céap tit dinh cot dién dén cudi déc. Tim chiéu dai cia day cap biét rang
doan dudng tir day coc dén cudi déc bang 72m.

Loi giai.



158 CHUONG 2. TICH VO HUONG CUA HAI VECTO

Ta ¢6 ACD = 180° — (90° — 17°) = 107°. D
T t iac ABC vudng tai B c6 AC = ~ 75,3m.
/rong am giac vuong tai B c6 o170 ,3m 20
Ap dung dinh ly cos trong tam giac ACD, ta c6:
AD?> = AC? + CD? — 2AC.CD.cosACD = 753> + 20> — C
2.75,3.20.cos 107° ~ 6950,7 = AD =~ 83,4m.

A . B

72

Bai 7. Hai chiéc tau thily P va Q cich nhau 300m. TU P va Q thang hang V(51 chan A cua thap hai dang AB
& trén bo bién ngudi ta nhin chiéu cao AB ctia thap dudi cac goc BPA =35° BQA 48°. Tinh chiéu cao ctia
thap.

Loi giai. Ta c6: AQ = ABcot48°.

AP = ABcot35°.

PQ =AP—AQ = AB(cot35° — cot48°)

PQ
AB = ~ .
= cot35° —cot48° 568, 5m

48N 35
0300 P

AT

Bai 8. Mot cudc dua thuyén xuét phat tif di€ém A nhu hinh vé bén va di chuyén theo huéng tdy nam mot géc
52° t6i diém B, sau d6 di chuyén theo huéng dong nam 40° t6i diém C, cudi ciing quay trd lai diém A. Diém
C cach diém A mot khoang 8km. Tinh gan ding tdng khoang cich ctia dudng dua.

N
v s
S A
529
B
10
D c

Loi gidi. Vi duong thing BD va AC song song, suy ra BCA = CBD = 40°. Do d6, ABC = 180° — (52° +
40°) = 88°.

; a b c
A inh 1y si iac AB : = = .
p dung dinh ly sin trong te;m' glsazcO C, ta dudc Sins 2; ‘ ?6108 8~ sind0°
Vi b = 8 theo d&, nén: a = —o>%  6,308km Vi ¢ — —o—_ ~ 5, 145km.
sin 88° sin 88°

Téng khodng cach ctia duogf dua la: 8 + 6,308 + 5,145 = 19,453km.
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<. . - P ) ~ FOREPURN N P - ~ 1A
Bai 9. Hai luc f1 va f, cho trudc cung tac dung Ién mdt vat va tao thanh géc nhon ( fi, f2> = o. Hay lap
cong thic tinh cudng do cua hgp luc K
Loi giai.

— —
Pit AB = 7, ,AD = f5 va ¥ hinh binh hanh ABCD. B c
Khi d6AC =AB+AD = f, + fo = 5. S
- = -
V@y‘?}:‘ﬁ‘z‘fﬁ—fz’. 7
Theo dinh li cosin d6i véi tam gidc ABC, ta c6:
o =R e A4 — D
AC? = AB? + BC? — 2.AB.BC.cosB, hay | 7| = ’fl ‘ + ’fz‘ - f
= =
2‘]‘1 ) . ‘fz‘ .cos(180° — &x).
, =12 |2 = |2
Do dé: | 3| = \/‘f]‘ —|—‘f2‘ +2‘f1Hf2‘.cosoc.
Bai 10.
Mot hanh khach ngdi trong mot mdy bay, bay & do cao 10km nhin xubng A &l T
hai thi trAn du6i mit dit. Géc hop bdi phuong ngang va hai thi trin 1an i . \2\80
luot 1a 28° va 55° (hinh vé&). Tinh khoang cach giita hai thi trin. RN .
0kmi
Ot e N
C D

Lui gidi. Ta cé CAD = 55° — 28° = 27°.

. . v o o o s = A0
Xét tam giac ACO co OAE: 90° —55 iS va cos OAC/’: A & AC = 03350
Trong tam gidac ACD c¢6 ACD = 180° — OCA = 125° va ADC = 180° — (125° 4-27°) = 28°.
Ap dung dinh Iy sin trong tam gidc ACD, ta c6
CD AC 12,2sin27°
— AT 11, 79km.

Vay khoéng cach gitta hai thi trin khodng 11,9km.

~ 12,2km.

sin27°  sin2g 0T " sin2ge
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5.  PE KIEM TRA CHUONG II

I. Pésbla
Bai 1. Cho A(1,5);B(4,—1);C(—4,-5).
a) Tim toa d truc tam H cua tam giac ABC.
b) Tim toa d6 tAm dudng tron ngoai tiép tam gidc ABC.
¢) Tim toa do hinh chiéu vudng géc ciia diém A 1én dudng thﬁng BC.
Loi giai.
a) Tim toa do truc tdm H cua tam giac ABC. Ta c6 Iﬁ (3,-6); ﬁ —8,—4) ,suyra E R 0,

nén tam giac ABC vuong tai B. Vay truc tam H (x,y) la dlem B(4, 1).
e e e 1,0 diém

b) Tim toa do tim dudng tron ngoai tiép tam gidc ABC.

£ . -3
Goi I(x,y) la tAm dudng tron ngoai ti€p tam giac , do d6 7 1a trung diém cia AC, c6 toa do [ <7, O) .

P 1,0 di€ém
¢) Tim toa do hinh chiéu vudng géc ctia di€ém A 1én dudng thang BC.
Vi tam gidc ABC vudng tai B nén hinh chiéu ctia A 1én BC 12 B(4,—1).
AP 1,0 diém
Bai 2. Cho tam gidc ABC c6 AB = 6,AC = 8; A = 120°.
a) Tinh dién tich tam giac ABC.
b) Tinh do dai canh BC va ban kinh tim dudng tron ngoai tiép tam gidc ABC.
Loi giai.
a) Tinh dién tich tam giac ABC.
1 1 o
Taco S = EAB.AC. SinA = 5.6.8. sin120° = 12¢/3 (@vdt) . .....ooiiiiii 1,0 diém
b) Tinh do dai canh BC va ban kinh tim dudng tron ngoai tiép tam giac ABC.
Ap dung dinh i ¢6 sin ta c6
—1
BC? = AB?> 4 AC?> — 2AB.AC.cosA = 36 + 64 — 2.6.8.7 = 148, suy ra BC = 2+/37
e 0,5 diém
48 3
TacOR= — = L
abc  24/37
R 0,5 diém

Bai 3. Tinh gid tri cia bi€u thiic sau P = tan6°.tan 12°.tan 18°... tan 78°. tan 84°.
Loi giai. Ta c6 tan6°.tan84° = tan 12°.tan78° = tan 18°.tan72° = ... = tan42°. tan48°.
SUY T8 P = Lot e e e e 1,0 diém
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Bai 4. Chiing minh ring néu m?2 = mg +m? thi a®> = S. cott, trong d6 my, my, m. 1an lugt 1a cic trung tuyén

ung véi cac canh a,b,c va S la dién tich tam giac ABC.
Loi gidi. Tir diéu kién bai toan ta c6

2 2 2
a b c
Rae2_ L 2 2 2 22 O
+c > c“+a > +a”+ 5
Suy ra b> + ¢ = 54°.
......................................................................................... 1,0 diém
Theo dinh 1i ham c6sin ta c¢6 b? + ¢? = a® + 2bc.cosA. Do d6 2a*> = bc.cosA = CosA = 2a*> =

Sin 3
S COLA = 2 o 1,0 diém

Bai 5. Cho A(Z,%; B(—3,—4); C(5,0). Tim toa do tim dudng tron noi tiép tam gidc ABC.
Lok gidi. Ta 6 AB — (—5,—10); AC — (3,6). suy ra AB — 5v/3:AC = 35
......................................................................................... 0,5 diém
0 DB DC DB AB 5

Goi toa do diém D T: — = — =— ==

oi toa do diém D(x,y). Ta co B ac W e = =3

Do do6 ﬁ ——D? ta dugc hé phuong trinh an x,y, gidi hé ta dugc toa do diém D(2,—3)

......................................................................................... 0,5 diém
Goi toa do tim dudng tron ndi tiép tam giac ABC 1a J(x,y).
Ta c6 d6 dai doan BD = 54/5.

JD JA JD BD 5
Khi d6 — = — suyra =.

BD AB JA AB 3 i
......................................................................................... 0,5 diem
Do d6 JD = —§JA ta dugc hé phuong trinh 4n x,y, gii hé ta dudc toa do diém J(2,1).
....................................................................................... 0,5 diém

IL. Désé1b
Bai 1. Cho A(—5,6);B(—4,—1);C(4,3).

a) Tim toa do truc tdim H cua tam giac ABC.

b) Tim toa dd tAm dudng tron ngoai tiép tam gidc ABC

¢) Tim toa do hinh chiéu vudng géc clia diém A 1én dudng thang BC
Loi giai.

a) Tim toa do truc tam H cua tam giac ABC.
Goi H(x,y). Ta c6 AH.BC = 0 va BH.AC = 0, suy ra 2x +y = —4 v x — 3y = —11, gidi hé phuong

trinh ta duge H(—3,2).
PP 1,0 diém

b) Tim toa d tAm dudng tron ngoai tiép tam gidc ABC
Goi I(x,y). Khi d6 IA = IB va IA = IC. Do d6, ta c6
(x+5)2+ (y—6)> = (x+4)> + (y+1)?
(x+5)*+(y—6)* = (x—4)*+ (y—3)?
—16 —18

suy ra 3x —y =6 vax — 7y = 22, giai hé phuong trinh ta dugc / (T ?)

A 1,0 diém
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¢) Tim toa do hinh chiéu vudng géc ciia di€m A 1én dudng thfmg BC

£ o —
(E}i M (x,y) la hinh chiéu vudng goc ctia diém A 1én canh BC. Tac6 AM = (x+5,y—6) va BC = (8,4);
BM = (x+4,y+1)

—

Khi d6 ta c6 AM.BC = 0 va BM — .BC.
2

Suyratr = B vaM(-2,0)

C e e 1,0 di€ém
Bai 2. Cho tam gidc ABC c6 AB = 3,AC =4; A = 60°.
a) Tinh dién tich tam giac ABC.
b) Tinh do6 dai canh BC va ban kinh tAm dudng tron ngoai tiép tam gidc ABC.
Loi giai.
a) Tinh dién tich tam giac ABC.
1 1 0
Taco S = EAB.AC. SinA = 5.3.4. Sin60° =33 (Avdt) . ... 1,0 diém
b) Tinh do dai canh BC va ban kinh tim dudng tron ngoai tiép tam giac ABC.
Ap dung dinh 1i c0 sin ta co
1
BC? = AB?> + AC?> —2AB.AC.cosA =9+ 16 — 2.3.45 =13, suy ra BC = /13
R 0,5 diém
4 V/
TacOoR = 45 = ﬁ
abc 13 .
C e e 0,5 diém
Bai 3. Biét sino +cosa = 1. Tinh gid tri biéu thic P = tan® ot + cot® a
e °?e , . 1 . 1 . _3
Loi giai. Taco sino+cosa = 3 = (sina+cosa)? = 1 = sin@.cosQq = 3
......................................................................................... 0,5 diém
- 4 4
o oa 49 .
Talaicp= " FH8 & _ 2 0.5 diém

R p—— R L R R LR LR LSRR LRRRE ST RLRERRRRY
Bai 4. Chiing minh ring néu cic géc ciia tam gidc ABC théa min diéu kién sinB = 2sinA.cosC, thi tam
gidc do can.

b
sinA  sinB  sinC

Loi gidi. Tir diéu kién bai toan, 4p dung dinh li sin = 2R, taco

a’?+b*—c? B a’+b*—c?

b=2.a.cosC=2a

2ab b
Suyrac’>=5a>=a=c.
......................................................................................... 1,0 di€ém
28

Theo dinh 1i ham césin ta ¢6 b + ¢ = a® + 2bc.cosA. Do dé 2a* = be.cosA = ,—A.COSA =24 =

sin
S COLA = G2 o oo 1,0 diém
Bai 5. Cho A(Z%; B(—3,-5); C(5,—1). Tim toa do tAm dudng tron ndi tiép tam gidc ABC.
Loi giai. Tacé AB = (—5,—10); AC — (3,—6), suy ra AB = 5/5;AC = 3/5;
......................................................................................... 0,5 diém

. DB DC DB AB 5
Goi toa d6 diém D .Tac) — = — = —=
oi toa do diém D(x,y). Ta cd B AC uy r DC = AC =3
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5 . o 5

Do d6 ﬁ = —gD?‘, ta dugc hé phuong trinh an x,y, giai hé ta dugc toa do diém D(2, _5)
......................................................................................... 0,5 diém
Goi toa do tam dudng tron ndi tiép tam gidc ABC 1a J(x,y).

5
Ta c6 d6 dai doan BD = 5\/5
JD JA JD BD 1

Khi d6 — = — — = — =,

1O D = AB ™ ™ A T AB T 2 9
......................................................................................... 0,5 diém

D 1= . e o s A i 2 10

Do d6 JD = _EJA’ ta dugc hé phuong trinh an x,y, giai hé ta dugc toa do diém J(2, ?)
....................................................................................... 0,5 diém

III. Pésd2a

Bai 1. (1,5 diém) Cho AABC c¢6 AB =2, AC = 3, BC = 4. Tinh dién tich S ctia AABC?
Loi giai.

Ta c6 a+b+c 24344 9:> 1 b 3 5

N = = = — —a = — — g —C = —

p 3 ) ) p 2717 zap 5
3V15

Viy S=/p(p—a)(p—b)(p—c) = ——.

Bai 2. (1,5 diém) Cho AABC ¢4 AB =2, AC = 3, BC = 4. Tinh dudng cao h,.
Loi giai.

a+b~l—c_2—}—3>~|-4_9:> B _1 —b—3 B _5
S A A A

1 1
VeftyS:\/p(p—a)(p—b)(p—c):T.Tacé:Sziahaéha:;:—.

Taco: p=

Bai 3. (1 diém) Cho AABC c6 AB =2, AC = 3, BC = 4. Tinh ban kinh R dudng tron ngoai tiép tam gic .
Loi giai.
abc abc 815
T 3 = — R = — —_—.
1e0S=g 7 R=45="5
Bai 4. (1 diém) Tinh gia tri ciia biéu thiic A = 4sin* 135° + /3 cos’ 150° — 3 cot? 120°.
Loi giai.

2
Ta ¢6 sin 135° = sin*45° = %
c0s150° = —cos30° = —\/Tg,
1
cot120° = —cot60°®° = ———.
4\/§ 3
V2 V3 < 1)2 9
Viaytaco A =4 — 3] — ) -3(—) =-.

Bai 5. (3 diém) Cho AABC biét A(1;2), B(—1;1), C(5;—1).

a) Tim toa do chan dudng cao A ha ti dinh A cua AABC.

b) Tim toa d0 truc tdim H ctia AABC.

Loi giai.

a) Goi A (x;y) 1a chan dudng cao ha tit dinh A cia AABC.
AA{LBC  (AABC=0 [6x=1)=20r=2)=0 1
BA, | B¢ | BA; | BE — =1 2

11
Vay toa do Aj(=;=).
ay ta do A1 (5:5)
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b)g(>_)i H(x;y) la t_rgc tam cua AABC.
AH LB AH.BC =0 {x —2
= = = .
BHLCA | BHLCA y=5

Viy toa do H(2;5).

Bai 6. (2 diém) Cho ntia dudng tron dudng kinh AB. C6 AC, BD 1a hai diy cung thudc nita dudng tron cat
nhau tai E. Chiing minh ring ﬁﬁ—l— ﬁl@ = AB>.

Loi giai.

Ta c6 AE.AC = AE.(AB + BC) = AE.AB + AE.BC = AE.AB (1).

BE.BD = BE.(BA + AD) = BE.BA + BE.AD = BE.BA (2).

Cong a (2) theo vé ta dugc:

(1) va (2) .
AE.AC +BE.BD = (AE — BE)AB = (AE + EB)AB = AB? = AB”.

IV. Désb2b

Bai 1. (1,5 di€ém) Cho AABC c6 AB = /3 + 1, AC = 2, BC = /6. Tinh géc A ctia AABC?
Loi giai.
b2 2 2 1
Theo dinh ly cos trong tam gidc ta c6: cosA = % =3 &S A =60°.
c

Bai 2. (1,5 diém) Cho AABC c6 AB = ¢, AC = b, BC = a. Tinh AB.AC theo a, b, c.
Lo giai.

Ta co: R‘ :R—E. (D

Binh phuong v hudng hai vé cia (1) ta dugc:

BC? = (AC — AB)? & BC? = AC? + AB® — 2.AC.AB = AC> + AB> — 2. AB.AC

1 1
Suy ra AB.AC = E(ABZ—i—AC2 —BC?) = E(cz—i—b2 —a?).

Bai 3. (1 di€ém) Tinh tong S = cos 10° 4 c0s30° + ... + cos 150° + cos 170°.

Loi giai.

Ta viét lai S duéi dang:

S = (cos 10° +cos 170°) + (cos 30° 4 cos 150°) + (cos 50° 4 cos 130°) + (cos 70° + cos 110°) 4 cos 90°
= (cos 10° — cos 10°) 4 (cos 30° — cos 30°) + (cos 50° — cos 50°) + (cos 70° — cos 70°) = 0.

Bai 4. (1 diém) Cho AABC biét AB =2, BC = 3, CA = 4 va dudng cao AD. Tinh do dai doan CD.
Loi giai.

., 1
Ta c6 : Saapc = E.BC.AD =+v/plp—a)(p—b)(p—c)

wap_ 2VPp=a)(p=b)(p—c) _ \/21_5

7
Trong AACD ta c6: CD = vVAC? —AD? = X

2
0 Ly I —coso 1 o
Bai 5. (2 diém) Ching minh rang (\/ oS \/ oS > = 4tan” a.
I 4coso I —cosa
Loi giai.
Ta bién d6i VT clia dang thiic:
2

VT = (VI=cosa)?— (vV1+cosa)*| [ —2cos B {—ZCOSOC:|
\/(\/1+cosoc)(\/1—cosa) V1 —cos? o [sina|
_ 4cos’ o

= 4tan? a (DPCM).

sin? o

Bai 6. (3 di€ém) Cho tam gidc ABC c6 céc canh AC = b, BC = a va AB = c.
a) Tinh Eﬁ theo a, b, c.
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b) Goi M 1a trung diém BC va G la trong tam AABC. Tinh d6 dai AM va AG.
¢) Tinh cos goc tao bdi AG va BC theo a, b, c.

Loi giai.

a)Taco: I?:R—E (D).

Binh phuong hai vé (1) ta dugc:

BC? = (AC — AB)? & BC? = AC? + AB® — 2.AC.AB.

1 1
Viy ta co: AC.AB = E(ACZ +AB? —BC?) = §<a2 +b? —a?).
2 N . — 1 —
b) Theo dang thic vécto vé trung diém ta c6: AM = 5(1@ +AB). (2)
Binh phuong hai vé (2) ta dudgc:
1 1
A2 = Z(Rwﬁ)z — ;(AC* + AB? & 2.AC.AB)

N N I S 2_2]_1 2 22
_4{c+b+2.2(b+c a)—4(2b+2c a®)

1
=AM = 5\/2b2 +2¢% —a? (*).

2 21 1
Suyra:AG = §AM = §5\/2b2+2c2 —a? = §\/2192+2c2 —a?.

¢) Goi « la goc tao bdi AG va BC.

AG.BC
Khi do ‘ﬁﬁ" = ‘ﬁ‘ . ’R".cosa@cosa: ‘IL&W .(3)
Ta c6 AG.BC = % (4B +BC). (AC - 4B) = % (AC?— AB?) = % (B2 —2) ().
1
317 =< 62— 2|
3

Thé (4) vao (3) ta dudc: cos o =

1\/202—i—2192—c12.a V2207 -
3

V. Désob3a

Bai 1. (2,5d) Cho tam giac ABC ¢6 AB = 4a, AC = 5a, BC = 6a.
a) Tinh cosA.
b) Tinh do dai dudng trung tuyén ha tir B.
¢) Tinh ban kinh dudng tron ndi tiép tam gidc ABC.

Li gidi.

A da B

~ AB24+AC? — BC? 4q)> 2 ) )
a) CosA = +AC €= (4a)"+(5a)"—(6a)~ _ L
2AB.AC 2.4a.5q g

b) Trung tuyén ha tit dinh B:

, 2(AB>+BC?)—AC?> 2[(4a)’+(6a)%]—(5a)* 794
my, = =

(0,25 x2)

4 4

(0,25)

4
av'719
mp = 3 .

- (0,25 x 2).
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AB+BC+AC  15a

2 2
Dién tich tam gidc Supc = \/p(p—AB)(p —AC)(p— BC) =
Ban kinh dudng tron noi tiép tam gidc ABC:

¢) Nua chu vi tam giac p = (0,25)

15V7a?
[“. (0,25 % 2)

15v/7a? Y
S 4 Ta
S—p.r<:>r—;— 15_a = (0,25 x2)
2

Bai 2. (1d) Lap mot dudng dau cao thé tif vi tri A dén vi tri B phai tranh mot ngon nii, do d6 ngudi ta phai
ndi thang dudng day tir vi tri A dén vi tri C dai 15km r6i tif vi tri C ni thang dén vi tri B dai 10km. Géc tao
bdi hai doan diy AC va CB 1a 75°. Hoi viéc nbi thang tit A dén B ngudi ta da tén thém bao nhiéu km day?
Loi giai.

C

75° Okm

A 15km B

AB? = AC? + BC? —2AC.BC.cosC = 15% +10%> — 2.15.10.cos 75° ~ 247, 4. (0,25 x 2)
= AB ~ 15,73km. (0,25)
Nhu vay so véi viéc nbi thang tit A dén B ngudi ta ton thém 25 — 15,73 ~ 9,27 km day. (0,25)

Bai 3. (2,5d) Cho tam gidc ABC c6 AB = 4a, AC = 6a va géc BAC = 120°. Tinh db dai canh BC, dudng
trung tuyén AM, dién tich tam gidc IBC (I 1a tAim dudng tron ngoai tiép tam gidc ABC).
Loi giai.

Ta co:
BC? = AB? + AC? —2AB.AC.cosA = (4a)? + (6a)? —2.4a.6a.cos 120° = 76a. (0,25 x 2)
= BC=2av19.  (0,25)
Duong trung tuyén AM:
,  2(AB>+AC?)—BC*  2((4a)>+(6a)?)—176

AM? = 1 1 =Ta. (0,25 x 2)
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=AM =aV7.  (0,25)

Ban kinh dudng tron ngoai tiép tam gidc ABC:

R— BC _2a\/1—9_2a\/5_7
~ 2sinA 5 V33

2
Dién tich tam gidc IBC bing:

1 — 1
Sisc = 5IB.IC. sinBIC = 51132 sin120°.  (0,25)

1 76a* /3  19a*V/3
= Sipc = =. = .

273 72 3

—IB.  (0,25x2)

(0,25)

Bai 4. (2d) Tinh goc A ctia AABC biét b(b* —a®) = c(a® — ¢

Loi giai. Taco

b(b* —a?) = c(a® — )

2).

& b(b* —b* — ? 4 2bc.cosA) = ¢(b* 4 ¢* — 2bc.cosA — ¢?) (0,25 x2)

& —bc? +2b%c.cosA = cb* —2bc?.cosA
& be*(2cosA — 1)+ cb*(2cosA—1) =0
& (2cosA— 1) (b2 +cb*) =0 (0,25)

(0,25 % 2)

< (2cosA—1)=0 (0,25)( Do bc? +cb?* > 0)

1 ~
@COSA:§$A=6OO (0,25 x2)

sinA sinB  sinC

Bai 5. (2d) Cho tam giac ABC théa man = =

mg mp
N _ sinA  sinB
Loi giai. Xét =

mg mp
b
Ta c6 sinA = a4 va sinB = —.
b 2R 2R
L= om =2 (05)
mg  my b
2
= m2 = (a'Zlb> .
Do 4o,

200>+ —a*>  d?2(a*+c*) —b?)

me

4 B 4p2?

(0,25 x 2)

& 207 (b +c?) — d®b* = 2a*(a* + ¢*) — a*b?

& 4b* —4a* + 2b%* —24** =0
o (B —ad )P+ +2 =0
s -=0 (0,25
sb=c. (0,25
inB  sinC
Chitng minh tuong tu véi o = 20 (0,25).
m

b me
Ta dugc a = b = ¢ suy ra tam giac ABC déu. (0,25)

. Ching minh tam gidc ABC déu.
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VL. Désb3b

Bai 1. (2,5d) Cho tam giac ABC ¢6 AB = 2a, AC = 3a, BC = 4a.
a) Tinh cosA
b) Tinh d6 dai dudng trung tuyén ha tii C.

¢) Tinh ban kinh dudng tron ndi tiép tam gidc ABC.

Loi giai.

~  AB>+AC?—BC* (2a)*+ (3a)* — (4a)? 1
3) cos 2AB.AC 2.2a.3a ;g 025x2)
b) Trung tuyén ha tit dinh C:
. 2(AC* +BC?) —AB> _2((3a)’ + (4a)’] - (2a)® _ 23

_ _ 25 %2
V23
= me =2 : (0,25)
AB+BC+AC 9
c¢) Nua chu vi tam giac p = % = Ea (0,25)
3v/154
Dién tich tam gidc Supc = \/p(p—AB)(p —AC)(p— BC) = 2 ¢ (0,25 x2)

Ban kinh dudng tron ndi tiép tam gidc ABC:

3\/Ea2 JTE
S 4 15a
S—p.r@r—l—)— 9_a =% (0,25 x2)
2

Bai 2. (1d) Hai chiéc tau thity P va Q cich nhau 400m ddng thoi thang hang vé6i chin A clia thap hai ding &
trén bo bién. Tt P va Q, ngudi ta nhin chiéu cao AB ciia thdp duéi cac géc BPA = 19° va BQA = 68°. Tinh
chiéu cao AB ctia thap hai ding?
Loi giai.

B

68°
A 190
0 400m P

Ta c6: AP = ABcot19° (0,25);
AQ = ABcot68° (0,25) ma AP — AQ = PQ = 400m

400
—AB= cot19° —cot68° 20, 68m. ©.)




5. PE KIEM TRA CHUONG IT

169

Bai 3. (2d) Cho tam gidc ABC ¢6 AB = a, AC = 2a va géc BAC = 120°. Tinh do dai canh BC, dudng trung
tuyén AM, dién tich tam gidc IBC (I 12 tim dudng tron ngoai tiép tam gidc ABC)

Loi giAi.

Ta co:

BC? = AB? + AC? — 2AB.AC.cosA = (a)* + (2a)* — 2.a.2a.cos 120° = 7a.

=BC=av7  (0,25x2)
Pudng trung tuyén AM:
2(AB*+AC?)—BC*  2((a)*+(2a)*)—7 3d®
N !
3
=AM = “T (0,25)
Ban kinh dudng tron ngoai tiép tam gidc ABC:
r_ BC _ av1  av2l
© 2sinA 5 V33

AM? =

—IB (0,25

"2
Dién tich tam giac /BC bang:
1 — 1
Sipc = EIB.IC. sinBIC = 51192 sin120°  (0,25)

1 a*>V21 V3 V7
o=y T g

(0,25)

" 1
Bai 4. (2d) Tinh goc A ctia AABC biét

(0,25 x 2)

Loi giai. Ta co:

1 L+ 1 B 3
a+b a+c a+b+c
2a+b+c 3

© arhard —athre 0

& (2a+b+c)(a+b+c)=3(a+b)(a+c)

atb atc atbtec

(0,25)

& 2a° 4 3ab +3ac+2bc + b* + ¢ = 3a® +3ab+3bc+3ac  (0,25)

sa® =+ —be (0,5)
1

= COsA = 5 (0,5)

=A=60". (0,25
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Bai 5. (2d) Cho tam giac ABC thoa

Loi gidi. Xét

Ta co:

Suy ra:

CHUONG 2. TICH VO HUONG CUA HAI VECTO

1+cosC B 2b+a
l—cosC 2b—a
b3+c3—a3 2

b+c—a

. Ching minh tam gidc ABC déu.

1+cosC B 2b+a

1—cosC 2b—a

_ l+4cosC
" 1—cosC
a’+b*>—c?
2ab __ (a+h) ¢
+b*—cr A+ (a—b)?
 2ab

VT

1+

(0,25)
1

(a+b)>—c* 2b+a

c2—(a—b)> 2b—a

& ((a+b)? =) (2b—a) = 2b+a)(* + (a—b)?)

& 2b(a+b)? +2b(a—b)? —4bc® —a(a+b)? +ala—b)>=0  (0,25)
& 2b[(a+b)* + (a—b)*] —4bc® —al(a+b)* — (a—b)*] =0

& 4a’b+4b° —4bc* — 4 =0

s+ ——a*=0

eb==b=c (0,25

b3+03—a3 2

btc—a
b - -d=d(b+c—a)
b -3 =d*b+dc
&b~ = (b*+¢* —2bccosA)b+ (b +c* —2bccosA)e - (0,25 % 2)
& c2b—2b*ccosA +bPc —2bc? cosA = 0
& (1-2cosA)(b*c+bc*)=0  (0,25)

1
& CoSA = —
COS 5

=A=60° (0,25)

Do d6, tam gidc ABC c6 2 canh ké bang nhau va 1 géc bang 60° suy ra tam gidc ABC déu.  (0,25)



Chuong 3
TICH VO HUONG CUA HAI VECTO

§1. PHUONG TRINH TONG QUAT VA PHUONG TRINH
THAM SO CUA PUONG THANG

I. Tém tat Ii thuyét
1. Véc-to chi phuong ciia dudng thing

~ C1s oo ) ) X 2 % = s i
Dinh nghia 1. Véc-to u goi la véc-to chi phuong cua duong thang A néu 74 # 0 va gia ciua u song song
hodc trung véi A.

2. Phuong trinh tham s6 ctia dudng thing

Pinh nghia 2. Cho dudng thing A di qua My (xo;yo) va ¢6 véc-to chi phuong @ = (u1;uz). Phuong trinh

5 cn X =xo+1u; N 2
tham so cuaA:{ 1) (¢ 1a tham s0).
y=yo+tu ( ) ( )
/\ Nhdn xét: M(x;y) e A<= T e R: { X = X0 +1uy
' y=Yyo+tuy

3. Phuong trinh chinh tic ctia dudng thing

Pinh nghia 3. Cho dudng thing A di qua Mo (xo;yo) va c6 véc-to chi phuong W = (u;uy), trong d6 u; va
us # 0. Phuong trinh chinh tic ctia dudng thang A 1a

4. Véc-to phap tuyén ctia dung thing

. ~ z LEEEN z 3 A 2 N 2 A _> N .z 2 A s
Dinh nghia 4. Véc-to w goi la véc-to phap tuyen cua duong thang A néu e = (0 vagiacua e vudng goc
vGi A.
5. Phuong trinh tong quat cha dudng thing

Pinh nghia 5. Phuong trinh Ax + By +C = 0 (véi A? + B> # 0) dugc goi la phuong trinh tong quét ctia
dudng thang.

/N Nhdn xét:
e Néu duong thing A cé phiong tinh Ax+ By = C thi duong thing A ¢é véc-to phdp tuyén 7 = (A;B),
véc-to chi phuong la W = (B;—A) hodc u' = (—B;A).
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o Néu duong thing A di qua M (xo;yo) va c6 mdt véc-to phdp tuyén W= (A; B) thi phuong trinh duong
thang A: A (x —xo) +B(y —yo) = 0.

o Duong thing A di qua hai diém A(a;0), B(0;b) (vdi a.b # 0) thi phuong trinh duong thdng A c6 dang:
al + )E] = 1. Ddy goi la phuong trinh duong thdng theo doan chdn.
a

o Duong thing A di qua diéim M (xo:yo) va co hé s6 goc k thi phucong trinh duong thing A la: y — yo =
k (x —xo). Ddy la phuong trinh duong théng theo hé sé goc.

A N 2 - - 2 < ~ . A A - N u . A
o Neu duong thang A co véc-to chi phuong U = (u1;up) thi né cé hé so goc la k = =y Nguoc lai, néu
ui

duong thing A co hé sé goc k = g thi mot véc-to chi phuong ciia né la W = (1;k).

II. Cac dang toan

Dang 1. Viét phuong trinh tham s6 ctia dudng théng

D€ 1ap phuong trinh tham s6 ctia duong thing A ta can xac dinh mot diém M (xo;yo) € A va mot
véc-to chi phuong o = (uy;u2).
X =xo+1tuy

Vay phuong trinh tham s dudng thing A : {
iy phudng gthing Az L0

Vi du 1. Trong mit phang Oxy, viét phuong trinh tham s6 dudng thang A biét A di qua M(1;2) va cé
vec-to chi phuong o = (—1;3).

x=1-—t

Loi giai. Phuong trinh tham s6 duong thang A: { =243

Vi du 2. Trong mit phing Oxy, dudng thang d di qua A (1;2),B(3;1). Viét phuong trinh tham s6
dudng thing d.

Lui gidi. Puong thing d qua A (1;2) va nhan AB = (2;—1) lam véc-to chi phuong.
x=1+42t

Viy phuong trinh tham s6 dudng thang d: { y=2—1

Vi du 3. Trong mit phang Oxy, dudng thang d di qua M(—2;3) va song song v6i dudng thang EF .
Biét E(0; —1),F(—3;0).Viét phuong trinh duong thang d.

Li gidi. EF = (—3;1).
Phuong trinh tham s6 dudng thiang d: { x=-2-3t

y=3+t
BAI TAP TU LUYEN

Bai 1. Trong mit phang Oxy, cho diém A(3;—4), B(0,6). Viét phuong trinh tham sb ctia duong thang AB.
Loi giai. Ta co: AB = (—3;10).

Puong thang (AB) qua A(3; —4) va nhan AB = (—3;10) lam véc-to chi phuong.

x=3-3t

Vay phuong trinh duong thang (AB): { Y4100
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Bai 2. Trong mit phiang Oxy, viét phuong trinh tham s6 ctia dudng thang d di qua diém A(1; —4) c6 mot
véc-to chi phuong 1a o = (5;1).
x=1-—4¢

Loi giai. Phuong trinh dudng thang (d): { Y= 5+t

Bai 3. Trong mit phang Oxy, viét phuong trinh tham s6 clia dudng thang d di qua diém M(1;—1) c6 mot
véc-to chi phuong 1a @ = (0;1).
x=1

Loi giai. Phuong trinh dudng thang (d): { Y= 141

Bai 4. Trong mit phang Oxy, viét phuong trinh tham s dudng thing d di qua di€ém A(0; —4) va song song
x=2017+2t

y=2018 —1

Loi giai. Dudng thing A : ¢6 véc-to chi phuong W = (2;—1).

Vi dudng thing d song song vdi dudng thing A nén d nhan & = (2;—1) 1am véc-to chi phuong.

x=2m

y=—4—m

v6i dudng thang A c6 phuong trinh tham sb {

Lai c6 d di qua diém A(0; —4) nén phucng trinh tham s6 dudng thang d : {

Dang 2. Viét phuong trinh téng quit ciia duong thang

Dé 1ap phuong trinh téng quat ctia dudng thang A ta cin xac dinh mot diém M (xo;yo) € A va mot
véc-to phap tuyén 7 = (A;B).

Vay phuong trinh duong thang A : A (x — xo) + B (y — yo) = 0.

Vay phuong trinh tdng quat dudng thang A: Ax + By = C v6i C = — (Axo + Byo).

Vi du 4. Trong mit phiang Oxy, viét phuong trinh t6ng quat dudng thang A di qua diém M(—1;5) va
¢6 véc-to phap tuyén 77 = (—2;3).

. J

Loi gidi. Phuong trinh dudng thang A: —2(x+1)+3(y—5) =0 —2x+3y—17 =0.
Vay phuong trinh tong quat dudng thang A : —2x+3y— 17 = 0.

Vi du 5. Trong mit phang Oxy, viét phuong trinh tong quit dudng thang A di qua diém N(2;3) va
vuong géc véi dudng thang AB véi A(1;3), B(2;1).

Loi giai. Ta c6: AB = (1;-2).

Puong thang A qua N(2;3) va nhan AB = (1;—2) 1am véc-to phap tuyén.
Phuong trinh dudng thang A: (x —2) —2(y—3) =0 x—2y+4 =0.
Vay phuong trinh tong quat dudng thang A : x — 2y +4 = 0.

Vi du 6. Trong mit phang Oxy, viét phuong trinh tong quat ctia dudng thang d di qua A(—1;2) va
vudng goéc véi duvng thang A: 2x —y+4 = 0.

Li gidi.

Cach 1:

Phuong trinh dudng thing d c6 dang: x+ 2y +C = 0.

Vi d di qua A(—1;2) nén ta c6 phuong trinh: —1+2.2+C = 0 < C = —3. Viy phuong trinh tong quét
dudng thang cta dudng thang d: x+2y —3 = 0.

Cach 2:

Pudng thdng A c6 mot véc-to chi phuong @ = (1;2).

Vi d vudng goc véi A nén d nhan i/ = (1;2) lam véc-to phap tuyén.

Phuong trinh dudng thing d: (x+1) +2(y —2) =0 < x+2y—3 =0.
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. . x= =2t x=-2—-1_
Vidu 7. Trong mat phang Oxy, cho duong thang A : { +t va A : { J .Viéet phuong
y= y=
trinh tham sd ctia dudng thang d d6i xiing véi A’ qua A.
x=1 x=22-171 x=—-6+43l x=—-6+4+71
A.d: . B. . C. . D. .
y=22-17I y=1 y=4 y=4+1
Loi giai. Chon ddp an
Goi M = ANA = M(—6;4)
C6 A(—2;0) € A’ khic M.
) —6 8
Tim toa do hinh chi€éu cia A 1én Ala H <?, §>
A aio A ) . 216
Toa do diém doi xiing ctiaA quaAla A —5; 5 )
o (x=22-T1
Véy duong thang can tim la ; .
y =
BAI TAP TU LUYEN
<. N 2 P N . Jx=1+2t
Bai 5. Cho dudng thang A c6 phuong trinh tham so: 3_q
y==->5-

a) Viét phuong trinh tong quét ctia dudng thang A.

b) Viét phuong trinh tdng quét ctia dudng thang 1 di qua diém N (4;2) va vudng goc véi A.

Loi giai. a) Pudng thing A ¢6 vecto chi phuong 1a i = (2;—1) nén c¢6 véc-to phép tuyén 1a 77 = (1;2).
Chon tham s6 ¢ = 0 ta c¢6 ngay diém A (1;—3) ndm trén A.

Phuong trinh tong quét ctia dudng thang A la:

L.x—=1)+2.[y—(-3)]=0x+2y—-5=0

b) Puong thang / vudng géc véi A nén c6 vecto phap tuyén la nj = (2;—1). Phuong trinh tdng quét cia
dudng thang [ 12: 2 (x —4) =1 (y—2) =0 2x—y—6=0

Bai 6. Trong mit phang Oxy, cho dudng thing d c6 hé s6 géc bang —3 va A (1;2) ndm trén d. Lap phuong
trinh téng quét ctia dudng thang d.

Lui gidi. Puong thiang dcé hé s6 goc bing —3 nén c6 vec-td phap tuyén 1a (3;1).

Puong thang d di qua diém A (1;2) va c6 vec-to phap tuyén la (3;1) nén c6 phuong trinh tdng quat Ia:
3x—1)4+1(y—-2)=0<3x+y—5=0

Bai 7. Trong mit phang Oxy, viét phuong trinh tdng quat ctia duong thing d di qua A (2; —5) va né tao véi
truc Ox mdt géc 60°.

Loi giai. Heé s goc ciia dudng thang d 12 k = tan60° = \/T§

, 3
Phuong trinh dudng thing d 1a: y = g (x—2)—5<V3x—3y—15-2/3=0

Bai 8. Trong mit phang Oxy, cho dudng thang d : y = 2x+ 1, viét phuong trinh dudng thang d’ di qua diém
B 1a diém dbi xting ctia diém A (0; —5) qua dudng thang d va song song v6i duong thang y = —3x + 2.

\,e °?e N 2 A ~ 4. < 2 A s 1
Loi giai. Buong thang AB vudng goc véi duong thang d nén ta co: kap.2 = —1 & kap = —5

. 1 1
Phuong trinh dutng thang AB la: y = —3 (x—=0)-5&y= 3 5.
Vi A va B dbi xiing nhau qua dudng thang d nén trung diém N cilia ching sé la giao diém ctia hai dudng
thang d va AB.
y=2x+1 ( 12 19

Suy ra toa do clia di€ém N 1a nghiém ctia hé phuong trinh: 1 s =N —?; —?) . Tu d6 ta tinh
y=—5x—
2
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24 13 . 0

?; —?> Pudng thang d’ song song véi dudng thang y = —3x+ 2 nén ky = —3.
N N 2 /1> 24 13

Phuong trinh duong thang d' la: y = —3 | x+ 5) "5 Sy=-3x—17

ducc A (—

Bai 9. Trong mit phang Oxy, cho dudng thang d : 2x — 3y + 1 = 0 va diém A (—1;3).Viét phuong trinh
duong thang d’ di qua A va cach diém B(2;5) khoang cach bang 3.
Loi giai. Phuong trinh d’ ¢6 dang: ax+by=c=0.Do A €d’' nén: (—1)a+3b+c=0<c=a—3b(1).

. 2a+5b+c|
Hon nita d (B,d') — 3 < 129730 %¢l 55,
(8.4) ALk
b=0
3a+2b
Thay (1) vao @) tacé: 2022l 3 s taab—0e | 104
a2+b2 b:?

V6ib=0thay vao ()tacoc=a=d :ax+a=0&d :x+1=0
12
Véib:?atach()na:ib: 12 thay vao (1) tadugc: c=5—-3.12=-31=4d": 5x+12y—31=0

Bai 10. Trong mit phang Oxy, viét phuong trinh dudng thang di qua di€ém M (2;5) va cach déu A (—1;2)

va B(5;4).

Loi gidi. Goi phuong trinh dudng thang d can tim 1a ax+ by + ¢ = 0 (a* + b* # —) ().

Do M (2;5) € d nén ta c6: 2a+5b+c =0 < ¢ = —2a — 5b. Thay ¢ = —2a — 5b vao (1) ta c¢6 phuong trinh

dudng thang d tré thanh: ax+ by — 2a —5b = 0 (2).

Vi d cich déu hai diém A va B nén:

((—1)a+2b—2a—5b] |Sa-+4b—2a—5b|
Vaip N

) ) b=0
b* & 8b°+24ab =0« b

& |3a+3b| = [3a—b| < 9a* + 18ab + 9b* = 9a*> — 6ab +

= —3a

Trudng hop 1: Véi b = 0 thay vao (2) ta dudc phuong trinh dudng thang d 1a:
ax+0y—2a—50=0ax—2a=0&x—2=0

Trudng hop 2: V6i b = —3a ta chon a = 1,b = —3 thay vao (2) ta dudc phucng trinh dudng thang d 1a:
Ix—3y—2-5.(-3)=0&x—-3y+13=0

Dang 3. Vi tri tuong dbi va géc gitta hai dudng thing

Cho céc dudng thing A: Ax+By+C =0va A’ : A'x+B'y+C = 0. Khi d6 ta c6 @ = (A,B) va
7 = (A’,B’) 1an lugt 1a véc-to phap tuyén ctia A va A’

ﬁ

a) D& xét vi tri tuong ddi clia A va A’ trude hét ta dua vao cac véc-to 7 va n’. Néu céc vée-to 7

7 7

va n’ khong cong tuyén thi A va A’ cit nhau. Néu véc-to 77 va n’ cong tuyén, nghia Ia

A B
thi A va A’ 1a hai duong thang song song hoic trung nhau. Cu thé ta cé:
. A B .
A cat A’ khi va chi khi i # = hon ntta néu AA"+ BB =0 thi ALA.
. ... A B C
AEA/khlVaChlkhIE ==
.. ... A B C
Al A’khlvachlkhlz =z’ o

b) Néu A cit A’ va goi ¢ 1a goc giita cac dudng thang A, A’ thi cos ¢ = |cos(7.?)\

Chu ¥ rang viéc xét vi tri tuong dbi clia hai dudng thing ciing dudc xét qua s6 diém chung clia A va
A’. Viéc xét vi tri tuong d6i va tinh géc giita hai dudng thang cat nhau ciing dudc thuc hién qua cac
véc-to chi phuong clia A va A’
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Vidu8. Cho ba dudng thang: d; : 2x+y—1=0,dy : x+2y+1=0, d3 : mx —y —7 = 0. Chting
minh rang cic dudng thang d;,d, cat nhau va tim gid tri ctia tham s6 m d€ ba dudng thang trén dong
quy.

e o [y —1=0 =1
Loi giai. Ta co { R {x

= .
x+2y+1=0 y=—1
Tur d6 suy ra d1,d cét nhau tai diém A(1; —1).
Ba duding thang da cho ddng quy khi va chi khi d3 ciing di qua diém A, hay A € d3, suy ra

ml—(—1)—7=0<m=6.

Vidu9. Cho cic dudng thang A : 2x+3y —5=0,A" : 3x — 2y — 1 = 0 va diém M(2;3).

a) Xét vi tri tuong ddi gitta cac dudng thang A va A’

b) Biét d 1a duong thang di qua diém M va tao véi cac dudng thang A, A’ mot tam gidc can. Tinh géc
giifa cac dudng thang A va d.

Loi giai. a) Tacé 7 = (2,3) va W= (3,—2) la céc véc-to phap tuyén ctia A va A'.
2 3 s .
Ta thay 7 va ? khong cung phuong vi 3 * — tr d6 suy ra A va A’ 1a cdc dudng thang cat nhau.
b) Ta cé 7;? =2.3+3.(—2) =0, do d6 A va A’ 1a cic dudng thang vuong géc v6i nhau.
GoiA=ANA,B=ANd,C=dNA.Khidétam gidc ABC 1a vudng tai A do d6 néu tam gidc ABC can thi

~ ~ T
B:C:—.
4

. . T
Tur d6 suy ra goc gitta cac duong thang A va d bang T

Vi du 10. Cho hai dudng thang A: (m+3)x+3y —2m+3=0va A’ : 2x+2y+2—3m = 0. Tim gid
tri ciia tham s6 m dé

a) Pudng thang A song song vdi A

b) Pudng thang A cat dudng thang A'.

N e e e < . N 9 . 3 3
Loi giai. a) A cat A’ khi va chi khi m;— + 5 Em £0.
b) Theo céu a), d€ A song song v6i A’ thi trudc hét ta phai c6 m = 0.
Véi m = 0, khi d6 dé dang nhan thiy A = A',

Vay khong ton tai m d€ A || A'.
Chii y: Ta c6 thé lam theo cdch sau: A song song véi A’ khi va chi khi
m+3 3 2 —2m—+3
2 27 2-3m
2-3m#0

Heé trén vo nghiém, do d6 khong ton tai m d& A || A'.

Vi du 11. Tim cdc gia tri clia k d€ géc gilta cac duong thing A: kx—y-+1=0va A’ : x—y =0 bing
60°.

Loi giai. Taco 7 = (k;1) va ;? = (1;—1) 1a véc-td phap tuyén ctia cic duong thiang A va A,

— k+1 1
Theo bai ra ta ¢6 cos60° = |cos(7, n')| < k+l] 1 & 2(k+1)? = k* + 1. Giai phuong trinh trén
k=-2+V3

VEEF1V2 2
k=-2-3

ta dudc
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BAI TAP TU LUYEN

Bai 11. Timm sao cho hai dudng thang A : x4 5my —4 = 0 va A’ : 2x+ 3y — 2 = 0 song song véi nhau.
Lisi gidi. A& & 2= 2" e

2 3 10
Bai 12. Trong mit phang toa dd Oxy, cho 3 dutng thang di: 2x+y—4 =0, dy: 5x—2y+3 =0, d3:
mx —+ 3y —2 = 0. a) Xét vi tri tuong ddi giita d; va d>.
b) Tim gi4 tri ctia tham s& m dé€ 3 dudng thang trén dong quy.
Loi gidi. a) Nhan thiy % #* —LZ’ tir d6 suy ra cac dudng thing d;,d» cit nhau.

b) Toa do giao diém ctia hai dudng thang d; va d> 12 nghiém ctia hé phuong trinh:

5
2x+y—4=0 =9
~ .
5x—2y+3=0 26
y__
. . 5 26
Viay d va d, cat nhau tai diem M (—; —)
9°9
. 5 26
Vldl,dz,d3df)ngquynénMEa’g,tacé:m.§+3.?—2:0<:>m:—12

Bai 13. Trong mit phang véi hé truc toa do Oxy cho cic dudng thang A; : x+2y—v2=0va Ay : x—y=0.
Tinh cosin ctia goc gitta cic dudng thang A; va As.

Loi gidi. Taco 77 = (1;2) va 0’ = (1;—1) la véc-to phap tuyén ciia cdc dudng thing A va A'.

Goi @ la goc giita cac dudng thang A va A’. Khi d6

cosQp = |cos(7,?)\ =

V10
0
x=10-3¢

Bai 14. Trong mit phang véi hé truc toa dd Oxy cho cac dudng thang A: 3x+5y+15=0vaA’: { 45
y =

Tinh géc ¢ gitia Ay va A;.

Loi gidi. Tacé 77 = (3;5) 1a mot véc-to phap tuyén ciia A.

7 = (—3;5) 1a mdt véc-to chi phuong ctia A’, suy ra A’ ¢6 véc-td phdp tuyén ;’) = (5;3).

Do 7.7 =0= ALA.

Bai 15. Trong mit phang véi hé truc toa dd Oxy cho 2 dudng thang A: x+2y—5=0, A’ : 3x+my—1=0.
Tim m d€ goc gitta hai dudng thang A, A’ bang 45°.

Loi giai. A:x+2y—35=0c6 véc-to phip tuyén 7 = (1;2),

A :3x+my—1=0 c6 véc-to phdp tuyén 7 = (3;m).

_>

‘ n.n ‘ B |3 +2m|

|7|.m V5V EmE

Theo bai ra ta co: cos45° =

m=1

T d6 suy ra [
m=—9

Dang 4. Khoang céch tir mot diém dén mét duvng théng

Cho diém M (xo;yo) va dudng thang A: Ax+ By +C = 0. Khi d6, khoang céch tir diém M dén duong
thang A dudc tinh theo cong thiic

|Ax0+By0—|—C|
d(M,A) =
(1,8 = 0220
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Vi du 12. Tim khoang céch tir diém M(1;2) dén duong thang (D): 4x+ 3y —2 =0.

Lui giai. Ap dung cong thiic tinh khoang céch ta c6
4143222 8

WMD) =" 5

Vi du 13. Tim nhiing diém nam trén dudng thang A: 2x-+y— 1 = 0 va c6 khoang cach dén (D) : 4x+
3y — 10 = 0 bang 2.

Loi giai. Gid st c6 diém M € A, khi d6 M (m;1 —2m).

\ 4m+3(1—2m) — 10
Theo d& d(M,A) =2« P30 =2m) =100, o 71210
V42 +32

| W

2m+7=10 m
& Y )
2m+7=—10 " m

. R 3 17
Vay c¢6 hai di€ém théa man diéu kién la M, (z, —2) va M, (—7; 18).

Vi du 14. Viét phuong trinh ctia dudng thang di qua diém A(1,—3) va c6 khoang cich dén diém
My(2,4) bing 1.

Loi gidi. Gia st dudng thang A di qua diém A(1; —3) c6 hé s6 goéc k. Khi d6 phuong trinh A ¢6 dang:
y+3=k(x—1) < kx—y—k—3=0.
X i |2k —4 — k — 3| 5 212
Theo deé ta c6 d(My,A) = T =lsk-T7=V+1< (k=T =k +1
_|_
24
<:>k2—14k+49:k2+1(:)14k:48<:>k:7.

Vay phuong trinh A: 24x — 7y —45 = 0.

Vi du 15. Viét phuong trinh clia dudng thang (D) song song v6i (D'): 3x+4y — 1 =0 va cach (D')
mot doan bang 2.

Loi gidi. Puong thang (D) || (D) nén phuong trinh dudng thang (D): 3x+4y+c = 0.
Liy diém M(—1;1) € (D'), theo dé ta c6:
| —3+4+¢|
5
V6ic=9tacoD: 3x+4y+9=0.
V6ic=—11tacoD: 3x+4y—11=0.

CcC =
d(D,D')=d(M,D) =2 & =2&c+1=10<
C

=11

Vidu 16. Cho di€ém A(—1,2) va hai dudng (A): x—y—1=0,(A"): x+2y—5=0. Tim trén dudng
thang (A) mot diém M sao cho khoang cach tit M dén (A') bang AM.

L_Bzgiéi. TacoM € A, suyraM(m,m—1).
AM = (m+1;m—3) =AM = \/(m+1)2+ (m — 3)2 = V2m? — 4m + 10.

R 2(m—1)—5
Theo dé I+ (n:/g ) |:\/2m2—4m+10<:>|3m—7!:\/5(2m2—4m—|—10)

& (Bm—7)>=10m*> —20m+50 & m?> +22m+1=0 < m= —11£2+/30.
Vay c6 hai diém thda man 1a M (—11 —2v/30; —12 —21/30) va M>(—11+2+/30; —12 4 21/30).

Vi du 17. Tim phuong trinh ciia dudng thang cach diém M(1,1) mot khoang bang 2 va cich diém
M'(2,3) mot khoang bing 4.
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Loi giai. Gia st phuong trinh can tim 1A A: Ax+By+C = 0.
Theo dé ta c6:

A+B+C|
dMA) =2 —nve " =2 |[A+B+C|=2VA2+B?
(M,4) JE | |

2A+3B+C
dM/,A =4 = — 4 2A+3B+C|=4vVA2+ B2
A=A e s

Tir (1) va (2) ta ¢6 |24 + 3B+ C| = 2JA + B+ C| < 2A+3B+C=2(A+B+C)
va aco —
B—C=0

= .
4A+5B+3C=0

[SS T NG

A
Thay B = C va (1) ta dugc |A +2B| = 2v/AZ + B2 = 342 —4BA = 0 < .

V6i A = 0, chon B = C = 1, ta dugc dudng thang A;: y+1 =0.
4 .
V6i A = §B, chon B=3= A =4,C =3. Tac6 duong thang A,: 4x+3y+3 =0.

1
T 4A +5B43C=0=C=—2(44+5B) va (1) ta duge

|A+2B| = 6V/AZ + B2 = 35A% —4BA +32B = 0.

Giai phuong trinh bac hai theo 4n A, ta c6

A’ =4B>—1020B% = —1016B> < 0.

Truong hop B =0, ta c6 A’ = 0, phuong trinh ¢6 nghiém kép A = 0, vo ly.
Vay c6 hai duong thang théa man yéu cau.

179
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2
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Dang 5. Viét phuong trinh duong phén gidc ctia géc do A; va A, tao thanh

Cho dudng thang A: ax + by +c = 0 va hai diém M (xps;ya),N(xn:yn) € A. Khi do:
a) M,N nim ciing phia so vi A khi va chi khi (axy; + byy +c)(axy +byy +¢) > 0.
b) M,N nidm khic phia so véi A khi va chi khi (axy; + byy + c)(axy + byy +¢) < 0.

Dé viét phuong trinh dudng phan gidc trong clia géc BAC ta c6 nhiéu cich. Dudi day la 3 cach thuong
st dung:

Cach 1:

Dua vao tinh chit dutng phan gidc 1a tip hop cac diém cach déu hai dudng thing AB : ax+by+c=0
vaAC : mx+ny+ p =0, taco:

lax+by+c|  |mx+ny+p|

1/aZ_i_bZ 1/,,nZ_i_nZ

Hai duong thu dudc 1a phan giac trong va phan giac ngoai cta goc ABC.

Sau d6, ta can dua vao vi tri tuong d6i ctia hai diém B,C vé6i hai dudng viia tim dudc dé phan biét
phan gidc trong, phan gidc ngoai. Cu thé, néu B, C & cing mdt phia thi d6 12 phan gidc ngoai, & khac
phia thi 1a phén giac trong.

Cach 2:
Liy B’,C’ 1an lugt thuoc AB, AC sao cho: n
/
— 1 o 1 /
AB = — ABAC = — AC. B
AB AC
— —

Gi st AD = AB' +AC Khi d6 tit gidc AB'DC' 1a hinh thoi. B C
Do do, ﬁ 1a vecto chi phuong ctia dudng phan gidc can tim.
Cach 3:

Gia stt W = (a;b) 1a vecto chi phuong ciia dudng phén gidc cin tim. Ta c6:

ABIl _ AC.W
cos(ﬁ,ﬁ):cos(ﬁ,7)@ ’1@‘ = ‘ﬁ‘

Vi du 18. Viét phuong trinh dudng phan gidc trong goc A clia tam gidc ABC biét A(1;1), B(4;5),
C(—4;—11).

Loi giai. Cach 1. Ta c6 phuong trinh céc canh:
AB:4x—3y—1=0;AC:12x—5y—7=0

Phuong trinh hai dudng phan giac goc A la:
dx—3y—1 12x—5y—7

5 13 N 4X+7y—11=0(d1)
4x—=3y—1 _ 12x—5y—7 56x—32y—24=0(d>)
5 B 13

Ta co:
(4xc+Tyc—11) (dxp+Typ—11) <0

Do d6 B, C khic phia so véi (d;) hay (d;) 1a dudng phan gidc can tim.
— 1 34
Céch 2. Ta c6 AB = (3;4);AB=5;AB' = gﬁ = (5’ §)



1.. PHUONG TRINH TONG QUAT VA PHUONG TRINH THAM SO CUA PUONG THANG 181

— 12
AC = (=5, —12);AC = 13;AC’ = —R (13 B)

Ta cé‘ﬁ—i—:ﬁC’ = (E—E>
' 65" 65/
Vay vecto chi phuong ctia dudng phan gidc can tim la: U = (7;—4). Do d6 phuong trinh dutng phén giac
can tim la:
4x—1)+7(y—1)=0=4x+7y—11=0
Cach 3. Gia stt W = (a;b) 12 vecto chi phuong ciia dudng phan gidc cn tim.

ABW  ACT 3a—|—4b ~sa-12b 1,

Ta co = S a .

N 8 !
Vay vecto chi phuong ctia dudng phan gidc can tim la: U = (7;—4). Do d6 phuong trinh dutng phan giac
can tim la:

4x—1)+7(y—1)=0<4x+Ty—11=0

BAI TAP TU LUYEN (Cho méi dang)

Bai 16. Tinh khoang cach tit diém M (3;5) dén dudng thang A: x+y+1=0.
Loi giai. Tacé d(M,A) = B—:Z;\/T-:H % = ¥

Bai 17. Tinh khoéng céch tir diém M (4; —5) dén duong thing A: {; i §f+ 3
Loi giai. Viét phuong trinh duéi dang téng quat A: 3x — 2y +4 = 0.

|3:4—2-(— )+4| 26
Khi d6 d(M, A = =2
(.8 = == — =2V

Bai 18. Cho tam giac ABC. Tinh dién tich tam giac ABC, véi: A(—2;14),B(4;—2),C(5;—4).
Loi gidi. Tacé BC = (1;—2) = BC = /5. Phuong trinh dudng thang BC di qua B c6 dang 2(x —4) + 1(y+
2) =0 2x+y—6=0.

2(=2)+14—6| 4v5
Puong cao AH cia tam giac ABC: AH = 2(=2)+ | \/_

V5 5
1 4+/5-/5
Do d6 Sypc = 5 -AH-BD = % — 2(dvdt)
’ 2 . =3t
Bai 19. Viét phuong trinh dudng thang (D) song song v4i dudng thang A: {x 24y ,t € R va cach
y g

dudng thang A mot khoang bang 3.
Ldi gidi. Vi (D) || A nén phuong trinh dudng thang (D) c6 dang:
(D): 4x—3y+c=0.
Chon diém M(0;2) € A, theo dé ta c6
[4-0-3-2+¢ =3&|c-6/=15« c=21 .
5 c=-9

Viy c6 hai phuong trinh théa man la (D;): 4x—3y+21 =0va (D;): 4x—3y—9=0.

d(M,A) =

Bai 20. Viét phuong trinh dudng thiang A di qua A(1;3) va cach diém B(—2; 1) mot khoing bang 3.
Loi giai. Gia st 7 = (a;b), (a* +b* > 0) 1a vecto phap tuyén ciia dudng thing cin tim. Phuong trinh
dudng thang c6 dang:

ax—1)+b(y—3)=0<ax+by—a—3b=0

Khi d6:
b=0
| —2a+b—a—3D| 5
digan=3& =35 —12ab=0< 12
(B:4) N7y b=—a

5
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e h=0,chona=1tacoA;:x—1=0.
12
) b:?a, chona=5b=12tacdé Ay :5x+12y—41 =0.

Vay c6 hai dutng thang théa man yéu cau bai todn la: A; :x— 1 =0;A; : 5x+ 12y —41 = 0.
Bai 21. Cho dudng thang A: 5x — 12y 4 32 = 0 va hai diém A(1;—1),B(5;—3). Tim mot diém M cach A
mot khoang bang 4 va cach déu hai diém A, B.
Loi giai. Goi M (xo;yo) 1a diém can tim, ta c6 hé

(o= 1>+ (yo+1)* = (v —5)*+ (o +3)?

|5x0 — 12y0 + 32| 4

13 B

Giai hé nay ta dugc 29xp — 64 = +52 cho ta hai diém M (4;0) va M’ (

12 108)
297 29
Bai 22. Cho tam gidc ABC c6 A(4;—13),B(4;12),C(—8;3). Viét phuong trinh dudng phan gidc trong géc
B.
Loi giai. Phuong trinh canh BC1a3(x—4) —4(y—12) =0 < 3x—4y+36 =0.
Phuong trinh canh BA lax—4 = 0.
Phuong trinh dudng phéan giac trong va phan giac ngoai cua goc B la
Bx—dy+36] -4  [Br-dy+36=x—4 _ [x=2y+20=0(d))
5 1 3x—4y4+36=—x+4  |x—y+8=0(d)
Ta thdy A va C niam khéc phia so v6i (d,), suy ra dudng phan gidc trong goéc B 1a dudng x —y+8 = 0.

Dang 6. Phuong trinh dudng thing trong tam gidc

Ta c6 cong thiic viét nhanh phucng trinh dudng thing qua hai diém A (xa;v4) va B(xg;yp) la:

X — XA _ y—Ya
XB—XA YB—YA

Chu y: Cong thiic phuong trinh dudng thang A qua M (xo;yo) va vudng goc véi dudng thang d: Ax +
By+C=01a:|B(x—x9) —A(y—y0) =0|.

Vidu 19. Cho tam giac ABC c6 dinh A(3;—4) va hai dudng cao BH va CH c¢6 phuong trinh: 7x —
2y —1=0va2x—7y— 6= 0. Hay tim phuong trinh hai canh AB va AC.

Lui gidi. Canh AC: 1 duong thang di qua A(3; —4) va vudng géc v6i BH: 7x —2y — 1 = 0 nén c6 phuong
trinh: 2(x—3)+7(y+4) =0< 2x+7y+22=0.

Canh AB: 12 dudng thang qua A(3; —4) va vudng géc véi CH : 2x — 7y — 6 = 0 nén c6 phuong trinh: 7(x —
3) £ 2(y+4) =0 e Tx+2y—73 =0.

7

Vi du 20. Cho tam gidc ABC, biét trung diém cac canh 1a M(—1;—1), N(1;9), P(9;1).

a) Lap phuong trinh cac canh cua tam giac ABC.

b) Lap phuong trinh cac dudng trung truc cua tam giac ABC.

Lui gidi.
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a) Canh AB qua diém P(9;1) va song song v6i MN nén nhan véc-td m = (2;10) lam véc-td chi phuong.
— —1
Phuong trinh canh AB la: a 5 ? = yl—O & 5x—y—44=0.
Tuong tu, ta c6 phuong trinh canh BC la: x+y—2 = 0.
Phuong trinh canh AC la: x — 5y +44 = 0.

b) Goi cac dudng trung truc ké tit M, N, P theo thit tu 1a (dy), (dwn), (dp).
Pudng thing (dy) qua diém M(—1;—1) va vudng géc v6i PN nén nhan véc-to PN = (8;—8) lam
véc-to phap tuyén.
Ta c6 phuong trinh dudng thang (dy) 1a: x —y = 0.
Tuong tu, (dy): Sx+y—14=0.
(dp): x+5y—14=0.

Vi du 21. Cho tam gidc ABC, biét dinh A(2;2), cac dudng cao xut phat tif cdc dinh B, C ¢6 phuong
trinh 1an lugt 1a x +y —2 = 0 va 9x — 3y — 4 = 0. Hay 1ap phuong trinh céc canh ctia tam gidc ABC.

Loi gidi. Theo gia thiét ta c6 phuong trinh cic dudng cao: BH: x+y—2=0,CK: 9x —3y—4 =0.

e Lap phuong trinh canh AC.
Canh AC 1a duong thing qua A va vudng géc v6i BH nén phuong trinh AC ¢6 dang: x —y+¢ = 0.
DoA(2;2) € ACnén2—-2+c=0<c=0.
Vay phuong trinh AC la: x —y = 0.

e Phuong trinh canh AB.
Canh AB vudng goc v6i CK nén phuong trinh canh AB c6 dang: 3x+9y+m = 0.
DoA(2;2) €AB<3.24924+m=0< m= —24.
Phuong trinh canh AB 1a: 3x+9y—-24 =0 x+3y—8=0.

e Phuong trinh canh BC:
Ta c6 C = CKNAC nén toa do diém C 1a nghiém ctia hé phuong trinh:

xX—y =0 (2 2)
=Cl=zi5 ).
Ox—3y—4 =0 33

Lai c6: B=ABNBH nén toa do diém B 1a nghiém clia hé phuong trinh

-2 =0 =—1
*y =" = C(—1;3).
x+3y—8 =0 y =3

Phuong trinh canh BC qua hai diém B va C nén c6 phuong trinh:
— — 1 -3
LTI YT I T x5y -8 =0,
Xp—Xc YB—YC _
3 +1 3 3

Vi du 22. Tam giac ABC c¢6 phuong trinh canh AB la 5x — 3y + 2 = 0, cac duong cao qua dinh A va
B lan luot 1a 4x — 3y + 1 = 0; 7x + 2y — 22 = 0. Lap phuong trinh hai canh AC, BC va dudng cao thi
ba.

Loi giai. Toa dd diém A 12 nghiém ctia hé phuong trinh:

5x—=3y+2=0 (AB) UL =-1
4x—-3y+1=0 (AH) =
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Canh AC qua A(—1;—1) va vudng géc v6i BH: 7x+ 2y — 11 = 0 ¢6 phuong trinh:
2x+1)=7y+1)=0&2x—Ty—5=0 (AC)

Toa do diém B 1a nghiém cta hé phuong trinh:

5x=3y+2 =0 =2

¥yt et = B(2:4)

Tx4+2y-22 =0 |y—=4

Canh BC qua B(2;4) va vudng goc v6iAH : 4x —3y+ 1 = 0 c6 phuong trinh:
3(x—2)+4(y—6) =0 3x+4y—22=0 (BC)

Toa do diém C 1a nghiém clia hé phuong trinh:

2x—Ty—5 =0 =6
S =7 = C(6;1)
3x+4y—-22 =0 y=1

Puong cao CH qua C(6;1) va vudng goc v6i AB: 5x — 3y + 2 = 0 ¢6 phuong trinh:
3x—6)+5(y—1)=0&3x+5y—-23=0

Vi du 23. Lap phuong trinh cdc canh ctia tam giac ABC biét B(2; —1), dudng cao va phan gidc trong
qua hai dinh A, C 1an lugt 12 3x — 4y +27 =0 vax+2y—5=0.

Loi giai.
Canh BC 1a dudng thang qua B(2; — 1) va vudng goc v6i phan gidc 3x —4y+27 =0
nén c6 phuong trinh: 4(x —2) +3(y+1) =0 4x+3y—5=0.

Toa do di€ém C 1a nghiém ctia hé phuong trinh: %

4x+3y—5 =0
TS Y (-13) |
x+2y—5 =0 B H C

Pudng phan gidc ing v6i phuong trinh x4 2y — 5 = 0 ¢6 véc-to chi phuong: vV = (2;—1).

Ta co: tan(@,V) =tan(77C_>A) (1)
Biét CB = (—3;4), CA = (x4 + 1;y4 — 3).

3-8 2(ya—3 1 1 2ys—5
Do d6 (1) < _20az3)wlutl) 1 xat2a—s
—6—4 2(xA—|—1)—(yA—3) 2 2xpa—ya+5
Ta co: y4 — yc = 3. Vay phuong trinh duong AC la y = 3.
Thay y4 = 3 vao 3x —4y+27 =0, tacé: A(—5;3).
Suy ra AB = (7;,—4).
Phuong trinh canh AB 1a: 4(x+5)+7(y—3) =0 4x+7y—1=0.

& ys =3.

Vi du 24. Trong mit phang Oxy, cho tam gidc ABC c6 dudng phan gidc trong (AD): x—y = 0, dudong
cao (CH): 2x+y+3 =0, canh AC qua M(0;—1), AB = 2AM. Viét phuong trinh ba canh clia tam
giac ABC.

Loi gidi.
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Goi N la diém dbi xiing ctia M qua AD (theo tinh chét ctia dudng phan giac trong), suy ra N nam trén tia
AB.

Mt khéc ta c6: AN = AM = AB = 2AN. Suy ra N la trung diém cta AB. Do MN 1. AD nén phuong trinh
MN la: x+y+m; =0;

M(0;—1) e MN = —14+m; =0<m; =1.Suyra (MN): x+y+1=0.

Goi K = MNNAD, toa do K la nghiém cta hé phuong trinh:

1
— x=—3 11
P (e RN L)
x—y=0 __ 27 2
Y72
xN:2xK—xM:—1

Vi K 1a trung di€ém ctia MN nén { = N(-1;0).

YN=2yk —ym =0
Do AB L CH nén phuong trinh AB 1a: |2 —2y+m; =0
N(—l;()) EABs —14+m=0mpy=1.

SuyraAB: x—2y+1=0.

ViA =ABNAD nén toa do A 1a nghiém cua hé phuong trinh:

2y =1 —1
{x Y @{x = A(1;1)

x—y =0 y=1

’

Suy ra:|AC: 2x—y—1.]
Vi C =ACNCH nén toa do C la nghi€ém cua hé phuong trinh:

1
2x — =1 = —— 1
Y {772 :c(--;—2>
2x+y =-3 y=-2 2

XB — ZXN—XA =-2

= B(-3;-1).
yB=2yn —ya = —1

Do N la trung di€m ctia AB nén {

2 2 1
Phuong trinh dudng thang BC qua hai diém B(—3;—1) vaC (—5; —2) la:

3 1
X2 YL sy 11=0
1 241
—5+3

Vay |BC: 2x+5y+11=0.

Vi du 25. Trong mit phang Oxy, cho tam gidc ABC c6 dinh A(—1;2). Trung tuyén CM : 5x + 7y —
20 = 0 va dudng cao BH : 5x — 2y — 4 = 0. Viét phuong trinh cdc canh AC va BC.

Loi giai. Do AC | BH nén phuong trinh AC c¢6 dang: 2x + 5y +m = 0.
DoA(—1;2) eAC& —24+10+m=0< m= —8.

Suy ra|AC: 2x+5y—8=0.]

Do C = ACNCM nén toa do C 1a nghiém cua hé phuong trinh:

2x+5y=28 =4
{x+ Y @{x = C(4;0)

Sx+7y =20 y=0

bat B(a;b). Do B € BH nén 5a —2b—4 =0.

. —1 2+b
Vi M la trung di€m ctia AB nén toa do M la M ( ta. st

2 72

. 24 b
>€CM<:>5- ta, 5 2t

—20 =
> > 0=0«&
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5a+7b—31=0
5a—2b=4 =2
Toa dd M la nghiém cua hé: “a o = B(2;3)
5a+7b =31 b=3
Phuong trinh canh BC la| BC: 3x+2y—12=0.|
BAI TAP TU LUYEN

Bai 23. Lap phuong trinh cdc canh ctia tam gidac ABC néu cho B(—4; —5) va hai dudng cao c¢6 phuong trinh
la: 5Sx+3y—4=0va3x+8y+13=0.

Loi gidi. Pap s6: AB: 3x —5y— 13 =0;

BC: 8x—3y+17=0;

AC: 5x+2y—1=0.

Bai 24. Cho AABC, biét dinh C(4;—1), dudng cao va dudng trung tuyén ké tir dinh A c6 phuong trinh
tuong tng la (dy): 2x—3y+ 12 =0va (d»): 2x+ 3y = 0. Lap phuong trinh céac canh cia AABC.

Loi gii.

e Lap phuong trinh canh BC.
Vi BC L (d;) nén phuong trinh (BC) c6 dang: —3x —2y+c¢=0 (1)
ViC € (BC) nén: (=3).4—2.(—1)+c=0<c=10.
Thay ¢ = 10 vao (1) ta dugc phuong trinh (BC): 3x+2y—10=0.

e Lap phuong trinh canh AC.
Ta c6 di€ém A = (d) N (d») nén toa d di€ém A 1a nghiém cta hé:

2x—3y+12 =0
{x Y+ = A(-3;2)

2x+ 3y =0

Phuong trinh dudng théang (AC) qua hai diém A(—3;2) va C(4;1) la:
x+3 y—
= & (AC): 3x+Ty—5=0.
13 Sip T AC): ATy
e Lap phuong trinh canh AB.
Goi M la trung di€ém cta BC, khi d6 diém M = (d,) N (BC).

3x+2y—10 =0
2y = M(6:4).
2x+ 3y =0

Toa do di€ém M 12 nghiém cta hé phuong trinh: {
Toa do diém B dudc xdc dinh béi:

=2 = 2xpy — =8
{XB +xc XM N XB XM — XC o {XB
yBt+yc =2ym Y8 =2ym—Yyc yp=—1
Phuong trinh dudng thang (AB) qua hai diém A(—3;2) va B(8;—7) la:

x—38 y+7
= 11 =
33 2+7<:>9x+ y+5=0

Bai 25. Cho tam gidc ABC, biét A(1;3) va hai trung tuyén c6 phuong trinh lax—2y+1=0vay—1=0.
Lap phuong trinh cac canh cua AABC.
Loi giai.
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A
(d2) (d1)
C
WB

A/
DE c¢6 dugc phuong trinh cdc canh cia AABC ta di xé4c dinh toa do diém B, C.
Y . , . A'B| (d

Goi A’ 1a diém dbi xting v6i A qua trong tim G ctia AABC, khi dé: { , I ()

A'Cl| (d2)
Suy ra: Diém B la giao diém cta (A’B) va (d,).
Di€m (C) 1a giao di€ém cta (A'C) va (dy).
Vay ta 1an ludt thuc hién theo cic budc sau:

e Goi G la trong tam AABC, khi dé6 toa do cua G la nghiém cua hé:

{x—2y—|—1 =0

= G(1;1).
NIRRT

e Diém A’ 1a diém dbi xiing v6i A qua G, toa dd ctia A’ dudc cho bdi:

{XA’ = 2xG — XA

= A'(1;-1)
yar = 2yG —ya

e Tim toa do diém B.
Pudng thang A'B qua di€ém A’(1; —1) va song song véi dudng thing d; nén nhan véc-to Cé = (2:1)
lam véc-to chi phuong.
x—1 y+1

Phuong trinh dudng thing A’B 1a: 5 —T<:>x—2y—3:().
, e o fx—2y-3 =0

biém B = A’BNd>, toa dd diém B 1a nghiém hé: {x ly 0 = B(5;1).
y— —

e Tuong tu, tacd C(—3;—1).
e Phuong trinh dudng thiang AC qua hai di€ém A(1;3) va C(—3;—1) la:
x—1  y-3
-3-1 -1-3
e Tuong tu ta c6: phuong trinh canh AB la: x+2y—7 =0;
Phuong trinh canh BC la: x —4y — 1 = 0.

Sx—y+2=0.

Bai 26. Cho tam giac ABC c6 phan giac ctia goc A ¢6 phuong trinh la: d; : x+y+ 2 = 0; dudng cao veé ti
B c6 phuong trinh lady : 2x—y+ 1 =0, canh AB qua M(1;—1). Tim phuong trinh canh AC cuda tam giac.

Bai 27. Trong mit phang véi hé toa dd Oxy, hdy xac dinh toa dd dinh C clia tam gidc ABC biét ring hinh
chiéu vuong géc ctia C trén duong thang AB la diém H(—1;—1), dudng phan gidc trong clia goc A c6
phuong trinh x —y+2 = 0 va dudng cao ké tu B c6 phuong trinh 4x+3y—1 = 0.

Loi gidi. Phuong trinh dudng thiang d qua H(—1;—1) va vudng géc v6i A: x —y+2 =0 c6 dang 1(x+
+1(y+1)=0.

Giao diém I cla d va A 1a nghiém cta hé phuong trinh:

{x—i—y—f—ZzO

= 1(—2;0)
x—=y+2=0
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Goi K 1a diém ddi xing clia H qua A thi K(—3;1).

AC qua K va vudng goc véi duong cao: 4x+ 3y — 1 =0.
Phuong trinh AC: 3(x+3) —4(y—1)=0<3x—4y+13=0.
Toa do diém A 13 nghiém cta hé phuong trinh:

3x—dy+13 =0
roaT = A(5:7)
x—y+2 =0

i T2
CH qua H va c6 véc-to phap tuyén HA =270 véi 7 = (3;4).
Phuong trinh CH: 3(x+1)+4(y+1) =0.
Toa do C la nghiém cia hé phuong trinh:

3x+4y+7 =0 < 10 3)
=>C|——;~
3x—4y+13 =0 3°4
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§2. PHUONG TRINH PUONG TRON

I. Tém tatly thuyét
1. Phuong trinh dudng tron khi biét tim va ban kinh
Trong mit phang toa dd Oxy, phuong trinh dudng tron nhin diém I(a;b) 1am tdm va c6 ban kinh R 12

(x—a)®+ (y—b)* =R

2. Dang khac caa phuong trinh duong tron
Phuong trinh dang x> + y? — 2ax — 2by + ¢ = 0 la phuong trinh ctia mdt dudng tron khi va chi khi
aA+b*—c>0

Khi d6, tdm 1a I(a;b), ban kinh 1a R = va? + b% —c.

3. Phuong trinh tiép tuyén cta dudng tron
Sau day, ta c6 2 cong thifc phuong trinh tiép tuyén ctia dudng tron tai mot diém thudc dudng tron (cong thiic
tach doi).

e Phuong trinh tiép tuyén ctia dudng tron (x —a)? + (y — b)? = R tai di€ém M (xo;yo) thudc dudng tron
la
(x0 —a).(x—a) + (yo—a).(y—a) = R*.
e Phuong trinh tiép tuyén ctia dudng tron x> 4 y? — 2ax — 2by + ¢ = 0 tai diém M (xo:y,) thudc dudng
tron la
x0x+yoy —a(xo+x) —b(yo+y)+c=0.
Khong dung cong thifc tach doi nay, ta van c6 thé viét dudc phuong trinh tiép tuyén bang cach tim toa doa

s - A 2 < A A N N —>
do véc-to phap tuyen cua tiép tuyen nay 1a IM = (xo —a;yo — a).

II. Cac dang toan

Dang 1. Tim tam va ban kinh duong tron.

Phuong phdp giai:

e Cdch 1. Pua phuong trinh v& dang: (C) : x*> +y* — 2ax — 2by + ¢ = 0 (1). Xét diu biéu thiic
P=a?+b*—c.

- Néu P > 0 thi (1) 1a phuong trinh dudng tron (C) c6 tdm I (a;b) va ban kinh R =
Va*+b?—c.
- Néu P < 0 thi (1) khong phai 1a phuong trinh dudng tron.

e Cdch 2. Pua phuong trinh vé dang: (x —a)? + (y —b)> = P (2).

- Néu P > 0 thi (2) 1a phuong trinh duong tron c6 tim I (a;b) va ban kinh R = /P.
- Néu P < 0 thi (2) khong phai 12 phuong trinh dudng tron.
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Vidu 1. Xét xem cdc phuong trinh sau c6 la phuong trinh cia duong tron khong? Hay xac dinh taim
va ban kinh ciia cac dudng tron dé (néu co).

a) X242 +2x—4y+9=0(1).
b) x> +y? —6x+4y+13=0(2).
c) 2x2+2y> —6x—4y—1=0(3).

d) 2x2 +y*+2x—3y+9=0 (4).

Lui gidi.

a) Phuong trinh (1) ¢6 dang x*> +y? — 2ax —2by+c=0v6ia= —1;b =2;¢ =9.
Tacéa®> +b*—c=1+4-9<0.
Vay phuong trinh (1) khong phai 1a phuong trinh dudng tron.

b) Tacé:a*+b*—c=9+4—-13=0.
Suy ra phuong trinh (2) khong phai 1a phuong trinh dudng tron.

1 3\? 5

&) Taco: (3) 52 42 —3x-2y— 2 =06 (x—2) +(-172=".
3 V10
Vay phuong trinh (3) la phuong trinh dudng tron tam / (E’ 1) ban kinh R = —

d) Phuong trinh (4) khong phai 1a phuong trinh dudng tron vi hé sb ctia x* va y? khac nhau.

Vi du 2. Xét xem cdc phuong trinh sau c6 1a phuong trinh cta duong tron khong? Hay xac dinh tim
va ban kinh ciia cac dudng tron d6 (néu co).

a) x> +y2+2x—6y—15=0(1).

b) 2x2+2y* +4x+8y+14=0(2).

Loi giai.
—2a=2 a=—1
a) Taco: { —2b=—-6 ={b=3 =da*+b>—c=25>0.

c=—15 c=—15
Véy phuong trinh (1) la phuong trinh cta dudng tron (C) ¢6 tam I (—1; 3) va ban kinh R = 5.

—2a=72 a=—1
b) Tacé: 2) & x> +y?+2x+4y+7=0={ 2b=4=>{b=-2=d’+b*—c=-2<0.

c=17 c=17
Viay phuong trinh (2) khong 1a phuong trinh ciia dutng tron.

Vi du 3. Cho phuong trinh x? 4 y? — 2mx — 4(m — 2)y +6 —m = 0 (1). Tim diéu kién cta m d€ (1)
la phuong trinh dudng tron.

Loi gidi. Phuong trinh (1) 1a phuong trinh dudng tron khi va chi khi a® +b% —c¢ > 0, v6i a = m;b =
2(m—2);c=6—m.
m>2

Hay m> +4(m—2)>—6+m>0< 5m*> —15m+ 10> 0 & 1
m
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Dang 2. Lap phuong trinh duong tron.

Phwong phdp giai:
e Cdch 1.
- Tim toa d6 tam I (a;b) cta dudng tron (C)
- Tim ban kinh R ctia dudng tron (C)
- Viét phuong trinh ctia (C) theo dang (x —a)? + (y —b)> = R,
e Cdch 2.
- Gia sit phuong trinh dudng tron (C) 1a: x> +y? — 2ax — 2by + ¢ = 0 (hodc x* +y? 4 2ax +
2by+c =0).
- Tir diéu kién ctia dé bai thiét 1ap hé phuong trinh véi ba 4n 1a a, b, c.
- Gidi hé d€ tim a, b, c, tit d6 tim dudc phuong trinh dudng tron (C).
Chii y:
e Cho duong tron (C) c6 tam I vaban kinh R. A € (C) < IA =R.
e (C) tiép xtic v6i dudng thing A tai A < IA = d (I;A) = R.
e (C) tiép xic v6i hai dudng thang A; va Ay < d(I;A)) =d (I;A;) = R.

2
e (C) ct dudng thing Az theo ddy cung c6 do dai a < (d (I;A3))* + az =R

Vi du 4. Lap phuong trinh dudng tron ¢6 tdm /(3;—5) ban kinh R = 2.

.

Loi gidi. Ta c6 phuong trinh dudng tron 1a (x —3)% + (y+5)? =22 < x? +y? — 6x+ 10y + 30 = 0.

Vi du 5. Lap phuong trinh dudng tron dudng kinh AB v6i A (1;6),B(—3;2).

Loi giai. Pudng tron duong kinh AB c6:
e Tam I (—1;4) la trung di€ém AB.

AB
e Bankinh R = - =24/2.

Do d6 phuong trinh dudng tron la:
2
(+1)2+(y—4)2=(2v2) e x2+)y2+2x—8y+9 =0.

Vi du 6. Viét phuong trinh dudng tron (C) c¢6 tam I (—1;2) va tiép xic v6i duong thang A : x — 2y +
7=0.

Ldi giai. Ban kinh dudng tron (C) chinh 1a khoang cach tir I t6i dudng thang A nén

R=d(a)="""""_

Vay phuong trinh dudng tron (C) 1a: (x+1)>+(y—2)> =
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Vi du 7. Viét phuong trinh dudng tron tim I (—2;1), cit dudng thang A : x — 2y + 3 = 0 tai hai di€ém
A, B thoa man AB = 2.

Loi giai. Goi 4 12 khodng cach tir I dén dudng thang A. Ta c6:

—2-2 1
h=d(I,A) = |—+3|2 -7
124 (=2) S

Goi R 12 ban kinh dudng tron, tif gia thiét suy ra:

AB? 1 22 \ﬁ
R=\R+—— ==+ =1/-.
e O

6

Vay phuong trinh dudng tron la: (x+2)2 4 (y —1)? = 5

[ Vidu 8. Lap phuong trinh dudng tron di qua ba di€ém: M (—2;4),N (5;5),P (6;—2). ]

Loi gidi.

e Cdch 1. Goi phuong trinh dudng tron (C) c6 dang 1a: x> + y> — 2ax — 2by+c¢ = 0.
Do dudng tron di qua ba diém M, N, P nén ta c6 hé phuong trinh:

4+16+4a—8b+c=0 a=2
254+25-10a—-10b+c=0< < b=1
36 +4—-12a+4b+c=0 c=-20

Viy phuong trinh dudng tron can tim 1a: x> +y> —4x — 2y —20 = 0.
e Cdch 2. Goi I (x;y) va R 1a tam va ban kinh dudng tron can tim. Ta suy ra:

IM?* = IN?

IM =IN=IP & 5 5 -
IM~ =1IP

nén ta co hé

Suy ra I(2;1), ban kinh JA = 5.
Vay phuong trinh dutng tron can tim (C) : (x —2)? + (y —1)? = 25.

Vidu 9. Cho hai di€ém A (8;0) va B(0;6).
a) Viét phuong trinh dudng tron ngoai tiép tam gidc OAB.

b) Viét phuong trinh dudng tron ndi tiép tam gidc OAB.

Loi giai.

a) Ta c6 tam gidc OAB vudng & O nén tam I clia dudng tron ngoai tiép tam gidc 13 trung diém clia canh
huyén AB suy ra I (4;3) vabankinh R =1A = /(8 —4)2+ (0—3)2 =5.
Viy phuong trinh dutng tron ngoai tiép tam gidc OAB la: (x —4)% + (y —3)? = 25.
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b) Tacé OA =8;0B = 6;AB = v/8%2 + 62 = 10.
1 .
Mat khac EOA.OB = pr(vi cung bang dién tich tam giac ABC).
OA.OB

2 OA+OB+AB 7 . ) )

De thay dudng tron can tim c6 tam thudc géc phan tu thi nhat va tiép xuc véi hai truc toa do nén tam
cta duong tron c6 toa do 1a (2;2).

Vay phuong trinh dutng tron ndi tiép tam gidc OAB 1a (x —2)> 4 (y —2)> = 4.

Suyrar=

Vi du 10. Trong mit phiang v6i hé toa dd Oxy, cho dudng thang d : 2x —y — 5 = 0 va hai diém
A(1;2),B(4;1). Viét phuong trinh dudng tron (C) c6 tdm thuodc d va di qua hai diém A, B.

Loi gidi.
e Cdch 1. Goillatam cua (C). Dol € d nén I (t;2t—5).
Hai diém A, B cung thudc (C) nén

IA=IB= (1—1)2+(7T—2t)* = (4—1)* + (6 —21)*
sr=1

Suy raI(1;—3) vabankinh R =1A = 5.
Vay phuong trinh dudng tron can tim 1a:

(C): (x—1)*+ (y+3)* =25.

53 o . . s A
e Cdch 2. Goi M (—' —) la trung diém AB. Puong trung truc cua doan AB di qua M va nhéan @ =

2°2
(3;—1) 1am vecto phap tuyén nén c6 phuong trinh A : 3x —y —6 = 0.
A , e, f2x—y=5=0
Toa do tdm I cta (C) la nghiém cuta hé = I(1;-3).
3x—y—6=0

Ban kinh ctia dudng tron bang R = JA = 5.
Vay phuong trinh dudng tron can tim (C) : (x — 1)% 4+ (y +3)? = 25.

Vi du 11. Trong mit phang véi hé toa dd Oxy, cho hai duong thang d; : x +3y+8=0,d, : 3x — 4y +
10 = 0 va diém A (—2;1). Viét phuong trinh dudng tron (C) c6 tam thudc di, di qua diém A va tiép
xuc vii ds.

Loi giai.
Goi I latam cta (C). Dol € d) nén I (-3t —8;t). A
Theo gia thiét bai todn, ta c6

d
13 (3t —8) — 4z + 10| 5
d(I,dy) = IA & = /(=3 —84+2)2+(t—1)2
&= -3,
B

Suy ra I(1;—3) vaban kinh R = JA = 5.
Vay phuong trinh dudng tron can tim 1

(C): (x—1)*+(y+3)*=25.

Vi du 12. Viét phuong trinh dudng tron (C) c6 tim nam trén duong thang d : x — 6y — 10 = 0 va tiép
xtc véi hai dudng thang c6 phuong trinh d : 3x+4y+5=0vad,:4x—3y—5=0.
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Loi giAi.
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Vi dudng tron cin tim ¢6 tim K nam trén duong thang d nén goi K (6a + 10;a)
Mit khac dudng tron tiép xiic v6i di,d> nén khoang cach tir tim K dén hai
dudng thang nay bang nhau va bing ban kinh R suy ra

3(6a+10) +4a+5|  |4(6a+10)—3a—>5|

5 5
& [22a+ 35| = |21a+ 35|
a=0
< | =70
‘T3

e Véia=0thi K(10;0) vaR =7 suyra (C): (x—10)* +y* = 49

. =170 10 =70 7 10\? ( 70)2 (7)2
Véia=——thK(-—;—— | VAR = — (x—— =) =L
A (43’ e )Va 23 S (€) (x 43) AT e

Vay c6 hai dudng tron thdéa man cé phuong trinh la

(C): (x—10)*+y* =49 va (C) : (x—%)2+ <y+ g)z = (%)2.

Vi du 13. Viét phuong trinh dudng tron tim 7 thuoc dudng thang dy : x —y+ 1 = 0, ban kinh R = 2
va cit dudng thang d, : 3x — 4y = 0 tai hai diém A, B thda man AB = 2/3.

Loi gidi. Tam / thudc dudng thang d; nén suy ra I (a;a+1).

AB? 12
d(I,dy)) =\|R?———=\/4— - =1.
4 4

|3a—4(a+1)|
324 (—4)?

Do doé

a=1

:1<:>]—a—4|:5<:>[
a=-9

e V6ia=1tac6I(1;2), phuong trinh dudng tron 1a: (x — )%+ (y —2)> = 4.
e Viia=—9tacéd(—9;—8), phuong trinh dudng tron 1a: (x+9)>+ (y+8)> = 4.
BAI TAP TU LUYEN
Bai 1. Trong mit phing véi hé toa do Oxy, lap phuong trinh dudng tron di qua ba diém A (—1;3), B(1;4),
C(3;2).

Li gidi. Goi phuong trinh dudng tron 1a x? +y? — 2ax—2by+c = 0. Do dudng tron qua A (—1;3) ,B(1;4),C(3;2)
nén ta co

( 5

a=—

(=1 +32=2(=1)a—23.b+c=0 2a—6b+c=—10 6
2442 21a—24btc=014 —2a—8h+c=—17 e {p=11

2 2 6
34+2°-23.a—-22.b+c=0 —6a—4b+c=—-13 )

(‘T3

5 11 2
Phuong trinh dudng tron 1a x> +y*> — =x— —y—= =0.

3 3 3
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Bai 2. Trong mit phang vé6i hé toa dd Oxy, cho dudng thang d : 2x —y — 4 = 0. Viét phuong trinh dudng
tron (C) tiép xic véi cic truc toa do va c6 tim & trén dudng thang d.
Loi gidi. Goi I (m;2m—4) € d 1a tam dudng tron (C). Theo gié thiét bai todn, ta c6

m=4
d(1,0x) =d(I,0y) & 2m—4| = |m| & 4.
"3
4 4 4 4
. V(iim:g, suyral(g;—§>.Bénkinhdu6ng tron R=d(I,0y) = |m| = 3
. . 4\ 4\? 16
Véy phuong trinh dudng tron (C) : x—§ + y+§ =35

e VGim =4, suyral(4;4). Ban kinh dudng tron R = d (1,0y) = |m| = 4.
Vay phuong trinh duong tron (C) : (x —4)? + (y+4)% = 16.

Bai 3. Trong mit phang véi hé toa dd Oxy, cho hai diém A (—1;1), B(3;3) va dudng thang d : 3x —4y+8 =
0. Viét phuong trinh dudng tron (C) di qua hai diém A, B va tiép xtic véi d.
Li gidi.

Pudng trung truc A di qua M (1;2) la trung di€ém AB va nhan AB = (4;2) A

lam vecto phap tuyén nén c6 phuong trinh A : 2x +y—4 = 0. d

Do (C) di qua hai di€m A,B nén tam I cta (C) thudc trung tryc A nén

I(t;4—21). B

Theo gia thiét bai toan, ta c6

IA=d(l,d) & \/(—l—t)z—l—(Zl—S)z: |3t —4(4—2t)+ 8|

V9+16
5512 =100 +10 = [11r — 8| < 212 =37t +93 =0
t=3
= t:ﬂ
2

e VGit =3, suyral(3;—2). Ban kinh R = IA = 5. Khi d6 phuong trinh dudng tron can tim la

(C): (x—3)*+ (y+2)* =25.

31 31 65 5
o VGit = - - suyra 1 (7, —27). BankinhR=1A = > Khi d6 phuong trinh dudng tron can tim la

2
©): (x—%l> + (427 = %.

Bai 4. Trong mit phang v6i hé toa d6 Oxy, cho hai duong thang d : x+2y—3=0vaA:x+3y—5=0.

« A ~ N N , , , v 2 , A A N .« A , )
Viét phuong trinh dudng tron (C) c6 ban kinh bang , ¢0 tdm thudc d va tiep xuc voi A.

Loi gidi. Goi I (—2¢+3;t) € d 1a tam cta (C). Theo gia thiét bai toan, ta c6

a—2| _2v10 _ [a=6
NS a=-2"

d(I,A)=R<&

e Véia =6, suy ra I(—9;6). Phuong trinh dudng tron (C) : (x +9)% + (y — 6)? = 5
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e V6ia = —2, suy ral(7;—2). Phuong trinh dudng tron (C) : (x —7)% + (y+2)> = 3
Bai 5. Trong mit phang toa dd Oxy, cho hai duong thing d; : v3x+y =0. va ds : v/3x —y = 0. Goi (C)
12 dudng tron tiép xic véi d; tai A, cat d tai hai diém B, C sao cho tam gidc ABC vudng tai B. Viét phuong

. N 3 .
trinh cta (C), biét tam giac ABC c6 dién tich bang g va diém A ¢6 hoanh d6 duong.

Loi giai.
Vi A ed = Ale—V3a),a > 0:BC € dy = A
B (b:v/3b),C (c:v/3c). )
Suy ra AB (b—a; \/§(a+b)) ,AA(% (c—a; \/§(c+a)).
Tam giac ABC vudng tai B do d6 AC la dudng kinh cua dudng di
tron (C).
Do d6
AC Ldy = AC.il =0 5 ;

—1.(c—a)+V3.V3(a+c)=
= 2a+c=0(1)
AB L dy = AB.its =
= 1.(b—a)+3(a+b)=0
=2b+a=0(2)

Mat khac Sspc = 2d(A dz) BC# =

?@Za\c—lﬂ:l@)
V3
3

\/ (c—b)+3(c—b)? =
Tt (1), (2) suy ra 2(c — b) = —3a thé vio (3) tadudc a|-3a| =1 < a =

Do d6 b = —?,c: —23£ A (?;-1) ,c(-% —2)

3 3 . AC
Suy ra (C) nhéan [ %7y la trung di€ém ctia AC lam tdm va ban kinh la R = - = 1.

. S Vv3\’ 3)2
Véy phuong trinh dudng tron can tim la (C) : <x+ ?) + <x+ E) =1
Bai 6. Cho badudng thingd; :x—y+1=0,d>:3x—4y=0, d3 : 4x—3y—3 = 0. Viét phuong trinh dudng
tron tam I thudc duong thang d;, cit dudng thing d, tai hai di€ém A, B va cit duong thang d3 tai hai diém
C,DsaochoAB=CD = 24/3.
Loi gidi. Tam / thudc dudng thang d; nén suy ra I (a;a+1).

AB?
d(I,dy) = R2—— V/ R2

AB?
d(I,d3) = R2—— V/ R2

Suy ra

|—a—4| |a—6|

d(l,d»)=d(l,d =

=a=1.

V6ia=1tacé(1;2) va R =2, phuong trinh dudng tron la: (x — 1)% + (y —2)> = 4.
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Dang 3. Viét phuong trinh tiép tuyén ctia duong tron tai mot diém

Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) tam I(a, b), tai diém M(xo,yo) € (C).
Ta c6 IM = (xo — a;yo — b) 12 véc-to phép tuyén clia A.
Do d6 A c6 phuong trinh 1a (xg — a)(x — x9) + (yo — b)(y — yo0) = 0.

Vi du 14. Viét phuong trinh tiép tuyén cda dudng tron (C) : (x —2)?> 4+ (y +3)> = 5 tai diém
M(3;—-1).

Loi giai. Dudng tron (C) ¢6 tam 1(2;—3).
Phuong trinh tiép tuyén cta (C) tai diém M(3;—1) 1a:
3-2)(x=3)+(-1+3)(y+1)=0
&x+2y—1=0.
Vay phuong trinh tiép tuyén ctia (C) tai diém M(3;—1) lax+2y—1=0.

Vi du 15. Cho dudng tron (Cp,) : x* +y? +2(m — 1)x — 2my — 4 = 0. Biét riang khi m thay ddi, duong
tron (G,) ludn di qua diém 7 ¢ dinh c6 hoanh do duong. Tim gia tri clia m sao cho tiép tuyén clia
duong tron (Cp,) tai I song song véi (d) :x—2y—1=0.

Lui giai. Gia st dudng tron (Cy,) ludn di qua diém I(xo;yo) cb dinh khi m thay ddi.
Khi do6 ta co6
x(z) +)’% +2(m—1)xp — 2myo — 4 = 0 v6i moi m

Em(2xg — 2y0) + x5 + 5 — 2x0 — 4 = 0 v6i moi m
X0 = Yo
Xy —2x0—4=0
0TYoT 0=

X0 = Yo
2x3—2x0—4=0
o [ xo=yo=—1

X0 =Yyo = 2.
Vay ta c6 diém 1(2;2).
DPuong tron (Cp,) ¢6 tam J(1 — m;m). Véc-td phép tuyén cia tiép tuyén cta (C,) tai I 1a = (—m—1;m—
2).
Dé tiép tuyén tai I song song v6i (d) : x — 2y — 1 = 0 thi tdn tai k sao cho:

m—1=k — 4
O=k(1;-2) = ™ ="
m—2=—2%k k=3.
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Viy m = —4 théa min yéu cau dé bai.
BAI TAP TU LUYEN

Bai 7. Viét phuong trinh tiép tuyén ctia dudng tron (C) : (x+2)% + (y —3)% = 5 tai diém M(—1;1).
Loi giai. Dudng tron (C) ¢6 tdm 1(—2;3).
Phuong trinh tiép tuyén ctia duong tron (C) tai diém M(—1;1)1a 1(x+1) —2(y—1) =0hay x—2y+3 =0.

Bai 8. Viét phuong trinh tiép tuyén ciia duong tron (C) : x> +y* — 2x = 0 tai di€ém M(1;1).

Loi giai. Pudng tron (C) ¢6 tim I(1;0).

Phuong trinh tiép tuyén ctia (C) tai diém M(1;1) lay = 1.

Bai 9. Cho dudng tron (C) : x> +y? —2x — 4y + 1 = 0 va dudng thang (A) : y —x+ 1 = 0. Goi M, N 1a giao
diém ctia (C) va (A). Tim toa do giao diém cta tiép tuyén cla duong tron (C) ké tai M, N.

Loi giai. Toa do M, N la giao diém cuia hé phuong trinh sau

x=1;y=0
x=3;y=2.

y—x+1=0 y=x—1
=
X4y —2x—4y+1=0 2y> —4y =0

Khong mét téng quat, ta gia sd M(1;0) va N(3;2). Pudng tron (C) c6 tam I(1;2).
Phuong trinh tiép tuyén ctia (C) tai M 1a y = 0.
Phuong trinh tiép tuyén ctia (C) tai N 1a x = 3.

y=0

Toa do giao diém ctia hai tiép tuyén 1a nghiém cta hé phuong trinh { 3
X =

Vay toa do giao diém cta hai tiép tuyén 1a A(3;0).

Bai 10. Cho hai dudng tron (C}) : x> +y?>+2x—2y -3 =0va (Cy) : x> +y? —4x — 14y +33 = 0.
a) Ching minh ring (C;) va (C>) tiép xtic v6i nhau.
b) Viét phuong trinh tiép tuyén chung ctia hai dudng tron tai tiép diém.

Loi giai.
a) Pudng tron (Cy) c6 tam I(—1;1) va ban kinh Ry = /5.

Pudng tron (C>) c6 tam J(2;7) va ban kinh Ry = 2+/5.
Tacd IJ = /(2+1)2+(7—1)2 =3+/5 = R; + Ry. Do d6 (Cy) tiép xtic ngoai véi (Cy).

b) Goi M 1a tiép diém ctia (Cy) va (Cy).
Khi d6 ta c6 1J = 3IM = OM = ~0J

OJ +
—
Suy ra M (0;3) = IM = (1;2).
Phuong trinh tiép tuyén chung ctia hai dudng tron tai M 1a x+2(y —3) = 0 hay x+2y — 6 = 0.

%
ol

W

1
3

Bai 11. Cho dudng tron (C,) : x> 4+y> — (m —2)x +2my — 1 =0.
a) Chiing minh ring khi m thay d6i, dudng tron (C,,) ludn di qua diém cb dinh.

b) Goi I 1a diém cb dinh & cau trén sao cho I ¢6 hoanh do am. Tim m sao cho tiép tuyén clia dudng tron
(Cy) tai I song song v6i dudng thang (d) : x+2y = 0.

Lui gidi.
a) Gia st I(xo;y0) 1a di€ém cd dinh thudc dudng tron (C,,) khi m thay d6i. Khi d6 ta c6

X3+ 3 — (m—2)xg 4 2myo — 1 = 0 v6i moi m.
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Diéu nay tuong duong véi

(2y0 —xo)m+x(2) —|—y% +2x9 — 1 = 0 v6i moi m.

Do d6 (xo;y0) 1a nghiém ctia hé g xz S 2 y
24y +2x—1=0 5y +4y—1=0.

21
Giai hé trén ta dugc hai nghiém (—2;—1) va (g, 5)

Vay (Cy,) 1udn di hai diém c6 dinh 1a (—2;—1) va ( ;

1 .
; g) khi m thay doi.

N

-2
b) Vix; <0nénl(—2;—1). Dudng tron (Cp,) c6 tam J (mT’ —m).

. . < 2
Véc-to phap tuyén cia tiép tuyen tai 7 la 7 = (%, —m+ 1).

DE€ tiép tuyén tai / song song véi (d) : x+2y = 0 thi I ciing phuong véi 7 = (1;2), diéu ndy tuong
duong véi

m+2_—m—|—1
22

1
<:>m—|—2:—m—i—1<:>m:—§.

Dang 4. Viét phuong trinh tiép tuyén ctia duong tron di mét diém

Cho dudng tron (C) 6 tam I(a,b) va ban kinh R. Viét phuong trinh tiép tuyén cta (C) di qua diém
M(x0,Y0)-

a) Néu IM < R thi khong c6 tiép tuyén nao di qua M.
b) Néu IM = R thi ta giai theo dang 1.
c¢) Néu IM > R thi ta thuc hién theo céc bu6c bén dudi.

e Goi phuong trinh tiép tuyén (A) ctia (C) di qua M c6 dang m(x — xo) +n(y —yo) = 0,
trong d6 m? +n* # 0.

e St dung diéu kién tiép xuc cta tiép tuyén v6i dudng tron ta ¢6 d(I,A) = R. Giai phuong
trinh trén ta tim dugc quan hé gitva a, b.

Vi du 16. Viét phuong trinh tiép tuyén (A) ctia duong tron (C) : (x — 1)2 + (y — 2)? = 8 biét tiép
tuyén di qua diém M(3;—2).

Loi giai. Puong tron (C) c6 tam I(1;2) va ban kinh R = /8.
Taco IM = /(3 —1)2+(—2-2)2 =2/5.
Goi phuong trinh tiép tuyén (A) ctia (C) va di qua M(3;—2) 1a a(x —3) +b(y +2) = 0 (a* +b* # 0).

1-3)+b(2+2 —2a+4b
Tacéd(I,A):|a( ) +bC+2| g [Z2at4b g

NZ ) VaZ+? o
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Phuong trinh trén tuong duong véi

| —2a+4b| = V/8a2 + 812
&(2a—4b)* = 8a* + 8b*
=8b% — 16ab—4a* =0
&2b* —4dab—a* =0

246
b= a
PN 2
26
b= > a.

. 2 6
e Neub= +\/_ath‘1tachc.)na:2:>b:2%—\/6.
Khi d6 phuong trinh ctia tiép tuyén (A) la:

2(x—3)+ (2+v6)(y+2) =0 hay 2x+ (2+v6)y+2v6 —2 = 0.

. 6
o Néub= athitachona=2=b=2-6.
Khi d6 phuong trinh ctia tiép tuyén (A) la:

2(x—3)+(2—=v6)(y+2) =0hay 2x+ (2— v6)y —2v/6—2 = 0.

Vi du 17. Viét phuong trinh tiép tuyén chung ctia hai dudng tron (Cp) : x> +y> —2x+2y+1=0va
(C3) : x2 4+ y? +4x — 2y + 1 = 0 sao cho (C;)va (C;) nam cuing mot nita mét phang bd 1a tiép tuyén
do6 (tiép tuyén nay dudc goi la tiép tuyén chung ngoai).

Loi giai. Duong tron (Cy) ¢6 thm I(1;—1) va ban kinh R; = 1. Pudng tron (C;) ¢6 tim J(—2;1) va bén
kinh Ry = 2.

S

Goi S la giao diém ctia tiép tuyén ngoai va 1J. Goi C,D 1an lugt 1a tiép diém cda tiép tuyén v6i dudng tron
(Cl) va (Cz).
cr 1

ST
Theo dinh ly Thales tac6 — = — = —.
= 5 J_2
Vi vy ta ¢6 8J = 251. Do d6 O = 201 — 0J = §(4;-3).
Goi phuong trinh tiép tuyén (A) tiép xic vé6i (Cy),(Cy) va di qua S 1a a(x —4) + b(y +3) = 0 trong do
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a®+b*>0.
Ta co
126 — 34|
d(IL,A) = 228 _ | = 2b—3a| = V@ + b2
B8 = T == P
= 8a* — 12ab+3b* =0
_3+v3,
= | 4
3-V3,
a= :
4
s _3+V3 o o ST \
Neu a = 2 b thi ta chon b = 4 = a = 3 ++/3. Khi d6 phuong trinh tiép tuyén (A) la
(34+V3)x+4y—4V/3 =0.
" —V3 ’ "
Neu a = b thi ta chon b = 4 = a = 3 — /3. Khi d6 phuong trinh tiép tuyén (A) la

(3—V3)x+4y+4V/3=0.

BAI TAP TU LUYEN

Bai 12. Viét phuong trinh tiép tuyén ctia dudng tron (C) : (x — 3)? +y?> = 9 biét tiép tuyén di qua diém
M(3;5).

Loi giai. Dudng tron (C) ¢6 tdm 1(3;0) va ban kinh R = 3.

Tacéd IM =02 +52=5>R=3.

Goi tiép tuyén (A) ctia dudng tron (C) va di qua M 1a a(x —3) +b(y —5) = 0 v6i a® + b*> > 0.

Ta co

| —5b|
(1,4) s
= |5b] =3V @ + b2
3

. 3 . .

Néu b = —29 thi ta chon @ = 4,b = —3. Khi d6 phuong trinh tiép tuyén (A) 1la 4x—3y+3 =0.
< 3 2 <

Neu b = 7 thi ta chon a = 4,b = 3. Khi d6 phuong trinh tiép tuyén (A) la 4x+ 3y —27 =0.

Bai 13. Viét phuong trinh tiép tuyén ctia dudng tron (C) : x> 4 y? + 2x — 4y + 3 = 0 biét tiép tuyén di qua
di€ém M(—2;5).
Loi gidi. Pudng tron (C) c6 tim I(—1;2) va ban kinh R = /2.
Goi phuong trinh tiép tuyén (A) di qua di€ém M(—2;5) 1a a(x +2) +b(y —5) = 0 véi a® + b*> > 0.
Khi dé ta co
|a —3D|
d(I,A) = ——L =2 & |a—3b| = \/2a? + 2b2
WA= Ew la=3b
& a* —6ab+9b* = 2a* + 21
& a?+6ab—TH* =0

@{a:b
a=—Tb.

Néu a = b thi ta chon a = b = 1. Khi d6 phuong trinh tiép tuyén Alax+y—3 =0.
Néu a = —7b thi ta chon a = 7;b = —1. Khi d6 phuong trinh tiép tuyén A 1a 7x —y+ 19 = 0.
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Bai 14. Cho dudng tron (C) : x> +y? +2x — 2y —2 = 0. Qua diém A(1;2) ké hai tiép tuyén dén dudng tron
(C). Goi tiép diém ctia hai tiép tuyén d6 1a M, N. Tinh MN.

Loi giai. Budng tron (C) ¢6 tdm I(—1;1) va ban kinh R = 2.

Goi tiép tuyén (A) di qua A(1,2) ctia duong tron (C) la a(x — 1) +b(y —2) = 0 v6i a® 4 b* > 0.

Ta co

| —2a—b| 2 2 2 2
ALA) = 2470 o s 4 1 dab 4+ b = 4d? + 4b
(1,A) Va?+b?
N b=0
4q = 3b.

e Néu b = 0 thi ta chon a = 1. Khi d6 phuong trinh (A;) lax = 1.
Tiép diém cta (A1) va (C) 1a nghiém cta hé phuong trinh

=1
T sx=1ly=1.
X +y +2x—2y—2=0

e Néu 4a = 3b thi ta chon a = 3,b = 4. Khi d6 phuong trinh cta (Ay) 1a 3x+4y — 11 = 0.
Tiép diém clia (A;) va (C) 1a nghiém clia hé phuong trinh

11—4y 1
3x+4y—11=0 P A N xz§
2y 25— 2y—2 =0 25y2_130y+169:0 y= 2

9 9 9 5

1\? ( 13)2 4
Vay MN = /(1= 2 1——) =—.
v \/( 5) * 5 V5

Bai 15. Viét phuong trinh tiép tuyén chung trong ctia hai dudng tron (Cy) : x> +y> —2x+2y+1 =0 va
(C) 1 x> +y?> +4x—2y+1=0.

Loi giai. Puong tron (Cy) c6 tdm I(1;—1) va ban kinh R; = 1. Puodng tron (C;) ¢6 tim J(—2;1) va ban
kinh Ry = 2.

Goi S 1a giao diém cda tiép tuyén ngoai va 1J. C, D lan lugt 1a tiép diém cia tiép tuyén véi dudng tron (Cy)
va (Cz).

SI CI 1
Theo dinh ly Thalestacé — = — = —.

SJ  DJ .
Vlvéytac()S_}:—Zﬁ. DodéO?:2—>OI+a>]:S<O;—§>.

< < < 1
Goi phuong trinh tiép tuyén (A) tiép xuic véi (Cy), (Cy) vadiqua Slaax+b (y + §> = 0 trong d6 a® +b*> >
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Ta co

2
~2p
d(1,A) = lazshl 12b—3a| = /942 + 9b2

a’+ b?
& 502 +12ab =0

@[bzo
5b=—12a.

e Néu b = 0 thi ta chon a = 1. Khi d6 phuong trinh tiép tuyén (A) 1a x = 0.

e Néu 5b = —12a thi ta chon b = —12;a = 5. Khi d6 phuong trinh tiép tuyén (A) la

1
5x—12(y+§> =0&5x—12y—-4=0.

Bai 16. Viét phuong trinh tiép tuyén chung ctia hai duong tron (Cy) : x> +y? 4+ 6x—7 =0 va (Cy) : (x —
2)2+y> =4,

Loi giai. Dudng tron (C) ¢6 tim I(—3;0) va ban kinh R; = 4. Pudng tron (C;) ¢6 tam J(2;0) va ban kinh
Ry =2.

Ta c6 1J = 5 < Ry + R, nén hai dudng tron cit nhau. Do d6 chiing chi c6 hai tiép tuyén chung ngoai.

C

Goi S 1a giao diém cda tiép tuyén ngoai va 1J. C,D lan lugt 1a tiép diém cda tiép tuyén véi dudng tron (Cy)
va ().
cl

1
Theo dinh ly Thales ta c6 ;—J =07 = >
Vi vdy ta c6 SI = 251. Do d6 0§ = 20J — Ol = S(7;0).
Goi phuong trinh tiép tuyén (A) tiép xic véi (Cy), (C>) va di qua S 1a a(x —7) + by = 0 trong d6 a® + b* > 0.
Ta co

_ | —10a] _ 2 2 2
& 844° = 16b°
V21
Sbhb=+——a.

2
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. V21 ’ "
e Néub= - thi ta chon a = 2;b = +/21. Khi d6 phuong trinh tiép tuyén (A) 1la 2x+ /21y — 14 =0.

V21

o Néub= ——a thi ta chon a = 2;b = —+/21. Khi d6 phuong trinh tiép tuyén (A) 12 2x—+/21y— 14 =
0.

Dang 5. Viét phuong trinh tiép tuyén ctiia duong tron théa mén diéu kién cho trude

Cho dudng tron (C) ¢6 tdm I(a, b) va ban kinh R. Viét phuong trinh tiép tuyén (A) cta (C) c¢6 phuong
xac dinh trudc.

e Viét dang phuong trinh tdng quat cia A.

e St dung diéu kién cho truéc va d(I,A) = R dé tim phuong trinh tdng quat clia A.

Vi du 18. Tim diéu kién ctia tham s6 a d€ duong thang (A) : x+ (a — 1)y —a = 0 tiép xic véi dudng
tron (C) : x> +y? —2x+4y+2=0.

Loi gidi. Puong tron (C) c¢6 tam I(1;—2) va ban kinh R = /12 +22 —2 = /3.
Dé dudng thang (A) Ia tiép tuyén ctia dudng tron (C) thi

B 1-2(a—1)—a|
d(I,A) =R & ERFET =V3

|3 —3q|
* Ve
& |3—-3al = V3a®?—6a+6
& (3—3a)* =3a*—6a+6
20> —4a+1=0

1

a=14+—

- 5
a=1——.

V2

1 1 N
Viy a = 1 + — hodc a = 1 — —= thoa man de bai.

V2 V2

Vi du 19. Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) : x> 4 y> — 2x + 4y +4 = 0 biét ring
tiép tuyén vudng goc vi duong thang x +2y+5 = 0.

Loi giai. Puong tron (C) ¢6 tim I(1;—2) va ban kinh R = 1.
Vi A vudng géc véi dudng thang x + 2y + 5 = 0 nén phuong trinh A c6 dang 2x — y+m = 0.
Vi A la tiép tuyén cta (C) nén ta c6
1242+ m]| _q
A /12+22
& d4+m| =5
m=+5—4
m=—5—4.

Néu m = /5 — 4 thi phuong trinh ciia A 12 2x — y++/5 —4 = 0.
Néum:\/5—4thiphu0ngtrinhcﬁaAlé2x—y—\/5—4: .

d(I,A)=R <&

=
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Vi du 20. Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) : x> 4 y> — 2x — 4y +4 = 0 biét ring
tiép tuyén hop v6i dudng thang (d) : x +y—5 = 0 mdt goc 45°.

Loi giai. Dudng tron (C) ¢6 tim I(1;2) vaban kinh R=+v/12+4+22 -4 =1.
Goi véc-to phap tuyén ctia A 1a n] = (a;b) trong d6 a® + b2 0.

Véc-to phép tuyén ctia d 1a 75 = (1;1).

Vi (A) tao v6i d mot goc 60° nén ta c6

— o a+D| V2
cos(ni,n3)| =cosd5° & —— = —

& la+bl = Va*+b?

& (a+b)* =a*+b°

< ab=0
o a=20
b=0.

e V6i a =0, phuong trinh A c¢6 dang y+m = 0.
|2+ m| [m: —1
=1l&
m= —3.
Khi d6 phuong trinh tiép tuyén Alay — 1 = 0 hodc y—3 = 0.

C6d(I,A) =R <

e V6i b =0, phuong trinh A c¢6 dang x+m = 0.

1+m m=0
Céd(I,A):R@| T l:l(:)

m=—2.
Khi d6 phuong trinh tiép tuyén A 1a x = 0 hodic x —2 = 0.

Vay phuong trinh tiép tuyén can tim Alay — 1 = 0 hodc y — 3 = 0 hoiic x = 0 hoiic x — 2 = 0.
BAI TAP TU LUYEN

Bai 17. Tim gi4 tri ctia tham s& m sao cho dudng thang (A) : (m — 1)y +mx —2 = 0 12 tiép tuyén ctia dudng
tron (C) : x* +y? —6x+5=0.

Loi giai. Dudng tron (C) ¢6 tim I(3;0) va ban kinh R = 2.

D€ (A) 1a tiép tuyén clia dudng tron (C) thi ta phdi c6

3m—2 m=0
3m—2] =2 402m* —2m+1)=9m* — 2m+4 o m?* —4n=0&

d(1,A) =
(1,4) (m—1)2+m? m=4.

Bai 18. Cho dudng tron (C): x* +y? — 4x — 6y — 12 = 0 va dudng thang d : 3x +4y — 6 = 0. Viét phuong
trinh tiép tuyén ctia (C) thda man:

a) Song song véi duvng thang d.
b) Vudng goc v6i dudng thang d.
Loi giai. (C) c¢6tam 1(2;3), ban kinh R = 5.

a) Phuong trinh dudng thang A; song song véi d c6 dang: 3x+4y +c; = 0.
A tiép xic véi (C) nén d(I,A;) = R.

oy P23l e [ar1s=2s Ta=T
a = =
YT e “l ciH18=-25 " |¢ = —43.

Vay phuong trinh tiép tuyén ctia (C) song song véi d 1a 3x +4y +7 = 0 hodc 3x +4y — 43 = 0.
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b) Phuong trinh dudng thang A, song song véi d ¢6 dang: 4x — 3y + ¢, = 0.
A, tiép xic véi (C) nén d(I,A7) = R.
4.2-33+0 a-1=25 _ [e=26
42+ (-3)2 cp—1=-25 cy = —24.
Vay phuong trinh tiép tuyén ctia (C) vudng goc véi d 1a 4x — 3y + 26 = 0 hoic 4x — 3y — 24 = 0.

Hay :5<:>\C2—1\:25<:>[

Bai 19. Cho dudng tron (C) : (x — 1)? +y? = 9. Viét phuong trinh tiép tuyén ctia dudng tron (C) biét ring
tiép tuyén song song véi dudng thang y = 2x — 1.

Loi giai. Goi phuong trinh tiép tuyén (A) song song v6iy =2x—11ay—2x+n=0.

Puong tron (C) c6 tam I(1;0) va ban kinh R = 3.

Ta co

=2l _ 5 | n=2-3V5
N n=2435.

Phuong trinh tiép tuyén (A) lay —2x42 —3v/5 =0 hoidc y —2x+2+3v/5=0.

Bai 20. Cho dudng tron (C) : x? +y?> = 25. Viét phuong trinh tiép tuyén (A) clia dudng tron (C) biét tiép
tuyén tao v6i hai truc toa do mot tam gidc vudng cé canh géc vudng bang nifa canh huyén va canh géc
vuong nam trén Ox 16n hon canh géc vudng nam trén (Oy).

Loi giai. Vi tiép tuyén tao v6i hai truc toa d6 mot tam gidc vudng c6 canh géc vuong bang nita canh huyén
va canh géc vuong nam trén Ox 16n hon canh géc vudng nam trén (Oy) nén ta suy ra tiép tuyén tao vdi truc
Ox gbc 30°.

Pudng tron (C) c6 tam O(0;0) va ban kinh R = 5.

Goi véc-to phép tuyén ciia (A) 1a 77 = (a,b) v6i a® + b* > 0.

d(1,A) =

. |a V3 2 2
Ta c6 cos(A, Ox) = ———— = c0s30° = — = a? = 3b> = a = +/3b.
( ) Va2 +b? 2
e Néua = +/3b thi ta chon a = v/3;b = 1. Khi d6 phuong trinh tiép tuyén (A) c6 dang v/3x+y+m = 0.
Ta co
d(O;A):ﬂ:5© m =10

V3+1 m = —10.
Viy phuong trinh tiép tuyén (A) trong trudng hdp nay 1 v/3x 4y — 10 = 0 hodc v/3x+y+ 10 = 0.

e Néua = —+/3b thi ta chon a = —/3;b = 1. Khi d6 phuong trinh tiép tuyén (A) c6 dang —/3x+y +
m=0.
Ta co

|m| m=10

V3 1:5@ m = —10.

Viy phuong trinh tiép tuyén (A) trong trudng hop nay 1a —v/3x 4y — 10 = 0 hodc —/3x+y+10=0.

d(0;A) =

Bai 21. Cho dudng tron (C) : x> +y?> — 2x — 4y = 0. Viét phuong trinh tiép tuyén ctia dudng tron sao cho
tiép tuyén dé cat cac truc toa do tao thanh mot tam gidc can.

Loi gidi. Phuong trinh dudng tron (C) ¢6 tam I(1;2) va ban kinh R = /5.

DEé tiép tuyén cling véi cac truc toa do tao thanh tam gidc can thi tiép tuyén phai c6 hé s6 goéc 1a 1 hodc —1.

a) Néu tiép tuyén c6 hé s6 goc biang —1 thi ta c6 thé gia sit phuong trinh tiép tuyén (A) 1a x4y +m = 0.
Ta co

d(1,4) V2 < m=—3++/10.

Do d6 phuong trinh tiép tuyén 1a x +y —3 — /10 =0 hodc x +y—3++/10 = 0.
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b) Néu tiép tuyén c6 hé sb goc bang 1 thi ta c6 thé gia sit phuong trinh tiép tuyén (A) lax —y+m = 0.
Ta co

m— 1 m=1-+/10
d(/,A) = =5 —

Do d6 phuong trinh tiép tuyén 1a x — y+ 1 —+/10 = 0 hodic x —y+ 1+ /10 = 0.

Bai 22. Cho dudng tron (C1): x> +y> —6x—8y—11 = 0 va duong tron (Cp): x* +y> — 2x — 6y — 6 = 0. Viét
phuong trinh tiép tuyén chung cda (Cy) va (C>).

Loi giai.

(Cy) cotam I;(3;4), ban kinh R = 6.

(C) ¢6 tam L (1;3), ban kinh R, = 4

C62=|R—Ry|<lih=+/(1-3)2+(3—-4)2=+/5<R|+Ry = 10.

Do d6 (Cy) va (C>) cét nhau va ¢6 2 tiép tuyén chung.

Phuong trinh tiép tuyén chung A c6 dang ax+by+c =0, (a> +b> #0) (x).

4 . e N N ” . d([lvA):Rl
A tiép xuc véi (Cy) va (Cy) khi va chi khi
d(l,A) =R,
B3a+4b+c| 1)
Va2
la+3b+c]|

=4 (2)
a’ +b?
< 23a+4b+c| =3la+3b+¢|
< 203a+4b+c)=43(a+3b+c)
c=3a—b
A 9a+17b
c=——F"—.
5
+ Thé ¢ = 3a — b vao (2) ta dugc |4a+ 2b| = 4v/a? + b2
& 4a* +dab+b* = 4(a® + b?)

<& b(3b—4a)=0& 4

— 3"
V6i b = 0 thi ¢ = 3a, (*) trd thanh ax+ 3a = 0 hay x+ 3 = 0.

4 5 4 5
V6i b = 3 thic = 3% (%) tré thanh ax + gay+—a =0hay 3x+4y+5=0.

3
2 9a+17b
+Thé ¢ = s vao (2) ta duge | —4a —2b| = 20V a® + b?
& 4a® + dab + b* = 100(a® 4 b?)
& 964 — 4ab +99b* =0 (Vo nghiém).
Vay (Cy) va (C,) ¢6 tiép tuyén chung la x+3 =0 va3x+4y+5=0.

Bai 23. Viét phuong trinh tiép tuyén chung ctia hai dudng tron (Cy) : x> +y> 4+ 2x -2y —3 =0 va (Cy) :
x% +y* —4x— 14y +48 = 0 sao cho 2 dudng tron nim ciing mot nita mét phang bo 1a tiép tuyén chung do..
Loi giai. Dudng tron (Cy) c6 tam I;(—1;1) va ban kinh Ry = /5.

Puong tron (Cz) c6 tam 12(2 7) va ban kinh R, = /5.

Do do tlep tuyén chung can tim ctia hai dudng tron song song véi dudng thang I .

Ta c6 11 I = (3;6). Suy ra véc-to phap tuyén cia ;11> 1a 77 = (2;—1).

Do d6 phuong trinh tiép tuyén chung can tim (A) cta (C)); (C2) c6 dang 2x —y+m = 0.

Ta co

| —3+m)|

d(Il;A) = \/5

V55 m—3]=5
m=—-2

< m=2_.
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Vi vy phuong trinh tiép tuyén chung can tim ctia (C;) va (C;) 14 2x —y —2 = 0 hodc 2x —y+8 = 0.

BAI TAP TONG HOP

Bai 24. Trong mit phang vdi hé toa do Oxy, cho dudng tron (C) : x> 4+ y? — 4x = 0. Tim nhiing diém trén
dudng thang x = 4 ma tif nhiing diém d6 ké dugc dén (C) hai tiép tuyén hop véi nhau géc 30°.

Loi giai.

Goi diém M (4;b) thuoc dudng thang x = 4, (b € R).

(C): (x—2)2+y> =4, (C) c6 tam I(2;0), ban kinh R = 2.

Vi dudng thang x = 4 1a mot tiép tuyén ctia dudng tron

(C),nén yéu cau bai todn 12 tim nhiing diém trén dudng

thang x = 4 sao cho ké dudc qua cic diém d6 cic tiép ’ M
tuyén dén (C) c6 hé sb goc 1a k = +-tan60° = ++/3.

e k=+/3:d la duong thang qua M c6 hé sd géc k = v/3 cé phuong trinh:
y=V3(x—4)+be\V3ix—y—4V/3+b=0.

b=4+2V3

d tiép xiic v6i (C) @ d(I,d) =R < [b—2V/3| =4 =
(€& alta) | | b=—4+2V3.

o k= —+/3:d’" 1a dudng thing qua M c6 hé sb géc k = —/3 ¢ phuong trinh:
y=—V3(x—4)+b=\V3x+y—4V/3—-b=0.

b=—-4-2V3

d tiép xiic v6i (C) & d(I,d) =R< |-b—-23| =4 <
p (C) < d(1.d) | | b—d_2\3

Viy c6 4 diém théa man: (4;4 +2v/3), (4;—4+2v/3), (4:4—21/3), (4;—4—2/3).
Bai 25. Cho dudng tron (C): x> +y? = R? va diém M (xo;yo) nam ngoai (C). Tt M ké hai tiép tuyén M T,
va MT; t6i (C) (T, T» 1a céc tiép diém).

a) Viét phuong trinh duong thang 71 7>.

b) Gia stt M chay trén mot duong thang d cb dinh khong cit (C). Chitng minh rang dudng thang 7 T»
ludn di qua mot diém cb dinh.
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Loi giai.

a) Gia su T1 = (xl;yl), T2 = ()Cz;yz).
Puong tron (C) c6 tam O(0;0), ban kinh R.
Tiép tuyén MT; di qua diém T7, c6 véc to phap tuyén 0?1 = (x1;y1) c6 phuong trinh:

x1x+y1y:R2.

Va tiép tuyén MT c¢6 phuong trinh: xox + yoy = R%.

x1x0 + =R’
C&MEMRMGMB#{IO)WO ,
X2X0 +y2y0 = R”.

Suy ra (x1:y1), (x2;y2) 1a cdc nghiém ciia phuong trinh xox + ygy = R2. (1)
Vi M nim ngoai (C) nén x3 +y3 > 0, do d6 (1) la phuong trinh dudng théng.
Viy phuong trinh dudng thang T T 1a: xox + yoy — R = 0.

b) e Xét trudng hgp dudng thang cb dinh d c6 phuong trinh dang: x = a, (Ja| > R).
Khi d6: M = (a;yo) va phuong trinh 7175 1 ax + yyo — R*> = 0.

: s (R
Vay duong thang 7773 luon di qua diém co dinh (—; ()) .
a

e Xét trudng hop dudng thang cb dinh d c6 phuong trinh dang: y = kx + m.
Do d khong cit (C) nén m # 0. Ta c6 M = (xo; kxo +m).
Phuong trinh dudng thang 7; T» 1a:

xpx ~+ (kxo 4+ m)y — R* = 0 hay xo(x +ky) +my —R> =0.

g A ey s e a2 . [ —kR* R?
Viay diém co dinh ma duong thang 77, ludn di qua la — .
m m
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Dang 6. Vi tri tuong déi ctia duong thing va dudng tron

Cho dudng thang A : ax + by + ¢ = 0 va dudng tron (€) c6 tam I(xo;yo), ban kinh R. Pudng thing A
va dudng tron (%) c¢6 ba vi tri tuong dbi.

e Puong thang A va duong tron (%) c6 hai diém chung, ta néi A va (%) cit nhau.

/\ H¢é thiic lién hé gita bdn kinh va khodng
1 X cdch tir tam duong tron (€') dén duong thding
A:
laxo + by + ¢|
A d([LA) = ——————
B H A (1,4) Va2 + b2

<R.

e Duong thang A va dudng tron (%) c6 mot diém chung, ta néi A tiép xiic v6i (€'). Pudng thang
A con dudc goi 1a tiép tuyén ctia dudng tron (€).

/\ H¢ thiic lién hé gitta bdn kinh va khodng

1 cdch tir tam duong tron (€') dén duong thding
A:
b
R d(I,A) = M —R.

va?+b?

H

e Dudng thang A va dudng tron (%) khong cé diém chung nao, ta néi A va (%) khong cit nhau.

/N He thitc lién hé giita bdn kinh va khodng

1 cdch tir tam duong tron (€) dén duong thing

A:
laxo + byo + ¢|
d(/,A) = ————>R.
R (1,4) VaZz + b2
- A
H
; S 2 2. 5 ;| X=X0+at o 0D Ro a0 5
/N Khi duong thang A cho boi phuong trinh tham so { e Dé xét vi tri tuong doi voi duong
y=>Yo

tron (€) ta cé thé'lam hai cdch:
a) Tit phuong trinh tham sé chuyén vé phuong trinh tong qudt, xét vi tri tuong doi giong nhu trén.

b) Thé phuong trinh tham sé vao phuong trinh ciia duong tron (€) ta dugc phuong trinh bdc hai
c6 dn t, ki hiéu phuong trinh (x).
e Phuong trinh () vo nghiém. Ta néi A va (€') khong cdt nhau.
o Phuong trinh () c6 mot nghiém. Ta noi A tiép xiic voi (€).

o Phuong trinh () c6 hai nghiém. Ta noi A va (€) cdt nhau.

. J . 7 4 . A
/v\ V5 Fo N 4T .5 A adon I cndoevvtirn 40T 423  v1s 54 A o v | vy L o N L it vt pnd A1t e TAS
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Vi du 21 (Lé Qudc Hiép). [0H3B2] Cho dudng thing A : x — 2y +5 = 0 va dudng tron (%) : (x —
2)? +y? = 4. Xét vi tri tuong ddi cda A va (%).

Loi giai. (%) c6 tam 1(2;0) va ban kinh R = 2.
_P-20+5] _7V5

V12422 5
Véy A va (%) khong cat nhau.

Ta c6: d(1,A) 2.

s x=-5-2t
Vi du 22. Cho dudng thiang A : { t va dudng tron (%) : x> +y? — 4x + 2y = 0. Xét vi tri
y =

tuong dbi cla A va (%).

L&i giai. Thé phuong trinh clia A vao phuong trinh (%) ta dugc phuong trinh:
(=520 412 —4(—5-2)+20 =052 +30t +45=0 =1 = —3.

Vay A tiép xtic véi (%).

x =4t
y=2+2t
tuong dbi ctia A va (¢), tim toa do giao diém néu cé.

Vi du 23. Cho duong thang A : { va dudng tron (€) : (x—3)?+ (y—1)? = 10. Xét vi tri

Loi giai. Thé phuong trinh cla A vao phuong trinh (¢’) ta dudc phuong trinh:

t=0
t=1.

2012 —20t =0 <

Vay A cit (7).
. x=0 _ x=4
Véir=0= var=1=
y=2 y=4.
Vay toa do giao di€ém cta A va (%) 1a: A(0;2),B(4;4).

Vi du 24. Cho dudng thing A : 6x+ 8y — 1 = 0 va dudng tron (%) : x> +y> — 2mx +4y +m?> —5=0.
Tim m d& A cit (%) .

Loi giai. (%) c¢6 tam I(m;—2) va ban kinh R = 3.
DE A cit (¢) thid(I,A) <R

6m+8.(—2) — 1 13 47
6m+8.(=2) =1 5 jom—17] <30 —30 < om—17 <30 = < m< 2.
\/36+ 64 6 6
vay 134T
ay ——— m —.
-y 6 6
BAI TAP TU LUYEN

Bai 26. Cho dudng thang A : 4x+ 3y + 1 = 0 va dudng tron (%) : x> +y* — 6x — 8y = 0. Xét vi tri tuong d6i
cia Ava (¢).
Loi giai. (%) c6 tam 1(3;4) va ban kinh R = 5.
Ta c6: d(1,A) = [43+34+1] =5=R.
) V32442
Viay A tiép xic véi (¥).
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. x=1—4t .
Bai 27. Cho dudng thang A : { 2tt va dudng tron () : (x+3)% + (y— 1)? = 2. Xét vi tri tuong dbi
y =
cia Ava (%).
Loi giai. Thé phuong trinh ctia A vao phuong trinh (%) ta dugc phuong trinh:

(4—41)2 +(141)> =2 < 17> =30t + 15 = 0 (vd nghiém) .
Vay A khong cit (7).

Bai 28. Cho dudng thang A : x —y+5 = 0 va dudng tron (%) : x> +y* +6x — 2y — 3 = 0. Tim toa do giao
diém cta A va (%).
Loi giai. Toa do giao di€ém cla A va (%) 1a nghiém ctia hé phuong trinh:

x—y+5=0 x=y—5 x=y—5
2, 2 A 2, 2 = N2
x4y +6x—2y—3=0 (y=5)"+y"+6(y—5)—2y—3=0 2y"—6y—8=0

x=y-5 x=—-1__ [(x=-6

& . = hoac
y=4hoacy=—1 y=4 y=—1.

Vay toa do giao di€ém cta A va (%) la: A(—1;4),B(—6;—1).

Bai 29. Cho dudng thang A : x — 2y +m = 0 va duong tron (¢) : (x—1)>+ (y—2)? = 5. Tim m d€ A khong
cit (%) .

Loi gidi. (¢) c6 tam I(1;2) va ban kinh R = /5.

DE A khong cit (%) thi d(I,A) > R

|1 —2.2+m| m—3>5 m> 8
DZoeTM S e im—3]>5<
Jita V5 |m—3| m—3<—5" |m<—2.

Vay m < —2 hoac m > 8.

Bai 30. Cho dudng thiang A di qua A(—6;0) va dudng tron (€) : (x—3)% + (y—2)? = 25. Viét phuong trinh
duong thing A, biét A cit (%) tai hai diém E, F sao cho EF = 4+/5.

Loi giai.
(¢') c6 tam 1(3;2) va ban kinh R = 5.

Pudng thing A di qua A(—6;0) c6 phuong trinh a(x +6) +by = 0 (a®> +b* > 0).

Goi H 1a trung diém ciia EF, xét tam gidc IEH vudng tai H, ta c6:IH = VIE2 — EH? = /52 — (2¢/5)2 =
V/5. Theo dé ta cé:

la(3+6)+b.2|
d(I,A) =IH =5 [9a+2b| = \/5(a% +b2) < 76a* + 36ab — 1b> = 0 (x).

2 1 1
Do b = 0 khong 12 nghiém ciia (x), (%) < 76 (51) +36 (51) 1=0&%= " hoic = —.

b b b 2 b 38
Chona =1= b= —2hodc b =38.
a=1
Véi =A:x—2y+6=0.
1{b=—2 xX—2y+
a=1

=38
VaiyA:x—2y+6=0,A:x+38y+6=0.

V6 =A:x+38y+6=0.
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BAI TAP TONG HOP

Bai 31. Cho diém A(1;2) va dudng tron (%) : x> 4+ y? — 2x — 9 = 0. Viét phuong trinh dudng thang A cit
(%) tai hai di€m M va N sao cho tam gidc AMN vudng can tai A.

3 !

A

1

O/N x
N —1 i:' M

I
I
I
I
I
I
1
1
5
1

Loi giai.
Pudng tron (%) ¢6 tam I(1;0) va ban kinh R = 1/10.

Taco IM =IN va AM = AN = Al 1 MN, suy ra phuong trinh A c6 dang y = m.

Hoanh do M, N 1a nghiém phuong trinh: x> — 2x4+m? —9 =0 (1).

(1) c6 hai nghiém phan biét x| va x,, khi va chi khi: m?> — 10 < 0 (). Khi d6 ta c6 M (x1;m) va N(xp;m).
AM L AN < AMAN =0 < (x1 — 1)(x2 — 1) + (m—2)2 = 0 < x130 — (11 +x2) +m? —4m+5 = 0. Ap
dung Viét d6i vé6i (1), suy ra: 2m* —4m — 6 = 0 < m = —1 hodc m = 3, thda man ().

Vay phuong trinh A : y = —1 hoac y = 3.

Bai 32. Cho dudng thang A; : x —y-+4 =0va Ay : x— 4y +7 = 0 Viét phuong trinh dudng tron (%) c6 tim
I thudc A, , cét A; tai hai diém E, F sao cho tam gidc IEF vuodng tai I va EF = 31/2.

Loi giai.
Goi I(4t —7;t) thudc A,.
o e y o 1 V2
Goi H la trung diém cua EF, do tam giac /EF vudng can tai I nén IH = EEF = valE =R =

VIE?+1H? =9.

4t —T—t+4] 3v2
Tacé:d(I,Al):IH<:>’ + ’: V2

vIi+1 2
Véit=0=1(-7;0)= (€): (x+7)>+y*=9.

< 3t—3|=3<r=0hodcr=2.
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V6it=2=1(1;2)= (%) : (x—1)>+(y—2)>=09.
Vay (¢) : (x+7)*>+y* =9 hoic (¢): (x—1)>+ (y—2)> =9.

Dang 7. Vi tri tuong d6i ciia hai duong tron.

Phuong phdp gidi: Cho dudng tron (C) ¢ tdm 1, ban kinh R va dudng tron (C') ¢6 tdm I, ban kinh
R

Néu II' > R+ R’ suy ra hai dudng tron khong cit nhau va & ngoai nhau.

Néu II' < |R—R’| suy ra hai dudng tron khong cat nhau va 16ng vao nhau.

Néu II' = |R — R'| suy ra hai dudng tron tiép xic trong vdi nhau.

Néu |R — R'| < II' < R+ R’ suy ra hai dudng tron cat nhau tai hai diém phan biét.

Vi du 25. Trong mit phang Oxy, cho hai dutng tron (C) : x> +y? —2x — 6y — 15 =0va (C') : x> +
y? — 6x — 2y — 3 = 0. Chiing minh rang hai dudng tron cit nhau tai hai diém phén biét A, B.

Li gidi.

e Cach 1. (C)c6tam I(1;3) vaban kinh R =35, (C) ¢6 tam I’ (3;1) va ban kinh R = v/13.
Taco II' = \/(3—1)2+ (1 —-3)2 =2V2.
Ta thiy |Ry — Ry| < 11, < |R1 + R, suy ra hai dudng tron cit nhau.

e Cach 2. Xét hé phuong trinh
{x2+y2—2x—6y—15=0(:){x2+y2—2x—6y—1520

¥4y —6x—2y—3=0 x—y—3=0
y=-2
32 1y2 - 2(y+3)—6y—15=0 2 _y—6=0
@{(er )+;ry (v+3) =6y <:){y y+3 PR
g X =
x=y y —y i3

Suy ra hai dudng tron cit nhau tai hai diém c6 toa do 12 A(1; —2) va B(6;3).

Vi du 26. Cho hai dudng tron: (C) : x> +y> =1 va (Cy) : x> +y> —2(m+ 1)x+4my — 5 = 0. Xac
dinh m dé (C,,) tiép xiic véi (C).

Loi giai. Dé thiy (C) c¢6 tim O (0;0) va ban kinh R = 1.

(Ci) c6 tdm I (m+ 1;—2m) vaban kinh R' = \/(m+1)2 +4m? +5.

Ta thiy OI = \/(m+ 1)2+4m? < R’ diém O nam trong dudng tron tdm I suy ra (C) va (Cy,) chi c6 thé tiép
xuc trong nhau.

Diéu kién d€ hai duong tron tiép xtic trong 12

R —R=0I&\/(m+1)24+4m>+5—1=/(m+1)>+4m>.

Giai phuong trinh ta dugc m = —1 hoac m =

| W

Vi du 27. Cho duong tron (C) : x> +y? — 2x 44y — 4 = 0 c¢6 tam [ va duong thang A : v/2x + my +
1-v2=0.

a) Tim m d€ duong thang A cat dudng tron (C) tai hai diém phan biét A, B.

b) Tim m d& dién tich tam gidc JAB 1a 16n nhét.

Li gidi.
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a) Puong tron (C) ¢6 tdm I(1; —2), ban kinh R =3
A cat (C) tai hai diém phan biét khi va chi khi

V2=2m+1-2
V2 +m?

1 — 9 — 9
b) Tacod Siap = EIA.IB. SinAIB = 3 sinAIB < 7

d(I;A) <R < < 3. 5m® +5m+17 > 0 (ding v6i moi m).

9 —_ —_—
Suy maxSjap = 2 khi va chi khi sinAIB =1 < AIB = 90°.

. — 3
Goi H la hinh chiéu cta I 1én A khi d6 AIH = 45° = IH = IA.cos45° = %
Tacod(l;A)=IHE —=—m +8m+16=0 m=—4.
(£:4) V2+m: V2

Vay v6i m = —4 thdéa man yéu cau bai toan.

Dang 8. Phuong trinh dudng thing chita tham s6

Dbi véi bai todn tim m: Ta dua vao diéu kién bai ra dua vé phuong trinh 4n m.

Vi du 28. Tim m biét dudng thang d : (m+ 1)x —my +2m— 1 = 0 di qua diém A(—1;2).

Lui giai. Puong thang d di qua diém A(—1;2) khi va chi khi

—(m+1)=2m+2m—-1=0m=-2.

Vi du 29. Tim m biét duong thang d : mx — (m — 2)y +3 = 0 song song v6i dudng thang A : 2x +
3y—1=0.

Loi giai. Pudng thang d song song véi dudng thang A khi va chi khi

m —m—|—27,é 3 - 4
— = — s m=—.
2 3 -1 5

[ Vi du 30. Tim m biét duong thang d : x+ (2m -+ 1)y+m vudng géc véi duong thang A : x—y+1=0.

Loi giai. Dudng thing d c6 véc-to phap tuyén 1a 7y = (1;2m+ 1). Pudng thing A ¢6 véc-to phép tuyén 12
Ta=(1;—1).

Pudng thiang d vudng goéc v6i duong thang A khi va chi khi

T Ha=0114+02m+1)(—=1)=0<m=0.

Vi du 31. Tim m biét dudng thang d : 2x —my +2 = 0 tao v6i dudng thang A : x+y+ 1 = 0 mdt géc
60°.

Loi giai. Pudng thing d va A c6 véc-to phap tuyén 1an luot 1a 7y = (2; —m) va s = (1;1).
Theo bai ra ta c6
o |Ta Al 2 —m|
cos 60

Al VR VIS
V2 4+m2 A 12412=2)2—m|
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& 2(m* +4) =4(4—4m+m?)

<:>m2—8m—|—4:0<:>m:4:|:2\/§.

Vi du 32. Tim m d€ dudng thang d,, : mx + (m — 3)y +m? — 3m = 0 tao v6i hai truc toa d mot tam
gidc c6 dién tich bang 1.

Loi giai. Diéu kién dé dudng thang d,, cit hai truc toa do 1a m(m — 3) # 0.
Toa dd giao diém ctia dudng thang d,, v6i Ox va Oy lan lugt 1a A(3 —m;0) va B(0; —m).
Ta co

1 1 |3m — m?|
Soas = EOA'OB = 5\/(3 —m)z.\/(_m)Z == 1
(m =1
5 m=2
m- —3m+2=0
<:>\m2_3m\:2<:> ’ RN m_3—\/17.
3+v17
_m: 2

[ Vi du 33. Tim diém c6 dinh ctia ho dudng thang d,, : (2m —1)x — (m+1)y+3 —m = 0.

Lui gidi. Goi A(xg;y) 1a di€ém cb dinh ctia ho dudng thang, khi d6 ta c6
(2m—1)xo—(m+1)yo+3-m=0,VmeR

< (2x0—yo—1)m+(3—x0—y0) =0,VmeR

4

2x0—yo =1 Xo =3

0—Yo - 3.

Xo+yo =3 _d

Yo =3

3
45
()
Y33

BAI TAP TU LUYEN

Bai 33. Cho ho dudng thing d,, : (2m — 3)x +my —2 = 0. Tim diéu kién clia tham s6 m biét duong thang
dy di qua A(2;3).
Loi giai. Dudng thang d,, di qua A(2;3) khi va chi khi

8
(2m—3)2+3m-2=06Tm-8=0&m=-.

Bai 34. Cho ho dudng thang d,, : (2m — 3)x+my — 2 = 0. Tim diéu kién ctia tham s6 m biét dudng thang
. x=1+42t
d, song song v4i dudng thang A : , ,teR.
y =
Loi giai. Ta c6 phuong trinh tdng quat clia A : x — 2y — 1 = 0.
< 2 P N ” . 2m—13 m -2 6
Duong thang d,, song song vdi A khi va chi khi ) #F—m=—_.
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Bai 35. Cho ho dudng thiang d,, : (2m — 3)x +my —2 = 0. Tim diéu kién ctia tham s6 m biét duong thang
d,, vudng goc véi dudng thang 3x —4y+5=0.
Loi giai. Pudng thing d,, va A 1dn lugt c6 véc to phap tuyén 1a 7y = (2m—3;m) va 75 = (3;—4).

0 C o 9
Dé d,, L Akhivachikhi 74 7a=0<32m—3)—4m= 0<:>m—§

Bai 36. Tim diém cb dinh ctia ho dudng thang d,, : (2m —3)x+my —2=0.
Lui gidi. Goi diém cb dinh ctia ho dudng thing 14 A(xo;yo). Khi d6 ta c6
(2m—3)xg+myo—2=0,Ym
< (2x0+yo)m— (3x9+2) =0, Vm

2
X0 = —75,Y0 =

)=
4
3 3

Dang 9. Phuong trinh duong tron chita tham s6

Dua theo diéu kién bai todn, ta dua vé phuong trinh theo tham sb nao do, tir d6 gidi ra tim dudc diéu
kién ctia tham s6.

Vidu 34. Cho dudng tron (Cy) : x> +y* — (m+2)x— (m+4)y+m+1=0.
a) Chiing minh ring (C,,) ludn 1a dudng tron véi moi gia tri ctia tham s6 m.
b) Tim m d€ dudng tron (Cy,) di qua diém A(2; —3).
¢) Tim tap hgp tdm cdc dudng tron (C,,) khi m thay doi.
d) Ching minh ring khi m thay d6i, ho cac duong tron (C,) ludn di qua hai diém c6 dinh.

e) Tim nhiing diém trong mit phang toa dd ma ho (C,,) khong di qua véi moi gid tri ctia tham s6
m.

Li gidi.

(m+2)>  (m+4)? 2m>+8m+16  m*+ (m+4)?

2 2 2_ — —_ — = —
a) Tacoa“+b"—c 1 + 1 m—1 1 ) >0,Vm € R.

Diéu d6 ching t (C,,) udn 1a phuong trinh dudng tron.
b) b€ (C,,) di qua di€ém A(2; —3) khi va chi khi
224 (=32 =2(m+2)— (m+4)(-3)+m+1=0

&2m+22=0&m=—11.

2 4
c¢) Toa do tdm ctia ho dudng tron (Cy,) 1a I(%,%)
2 4 2
Patx= 2y MR v 11 Vay quy tich tam 7 1a dudng thing y — x 1.

2 2
d) Gid stt A(xg;y0) 1a di€m cb dinh cta ho (Cy,), khi d6 ta ¢6

B4 ys— (m+2)x9— (m+4)yo+m+1=0,Ym

& (1—x0—yo)m+ (6§ +y§ —2x0 —4yo+1) =0, Ym
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l—xp—yo=0

= {x%+y%—2xo—4y0+120
xo=—1
{ yo=2

xo=1
yo=20

e) Gia st A(xo;yo) 1a diém ma ho (C,,) khong di qua v6i moi m, khi d6 ta c6
B4 y5— (m+2)x0 — (m+4)yg+m+1#0,Ym

& (1—x0 —yo)m+ (5§ +y§ — 2x0 —4yo+ 1) £ 0, Vm
l—x0—y0=0
V2, 2
Xp+yy—2x0—4y0o+1#0

Diéu d6 tuong duong véi ho (Cyy,

) khong di qua moi di€ém nidm trong hinh tron x? 4y> —2x —4y+1=0
trit hai di€m A1 (—1;2) va A5(1;0).

Vi du 35. Trong mit phang véi hé toa do Oxy, cho dudng tron (C) : x> +y> — 2x—2my+m?> —24 =0
c6 tam I va dudng thang A : mx +4y = 0 (& d6 m 1a tham s6). Tim m biét dudng thang A cit duong
tron (C) tai hai di€ém phan biét A, B thda man dién tich tam gidc IAB bing 12.

Loi giai.

DPudng tron (C) ¢6 tdm I(1;m), ban kinh R = 5. Goi H 1a trung di€ém ctia
day cung AB. Ta c¢6 IH la dudng cao cua tam giac IAB va

lm-+4m|  |5m|

Vm2+16  Vm?2+16

IH =d(I,A) =

(5m)? 20

AH = +\/IA2 —[H? = /25— = .
m>+16  /m2+16

Theo bai ra ta co
SAIAB =12 ZSAIAH =12

& d(I,A).AH = 12 < 25|m| = 3(m* + 16) < 16

Vi du 36. Trong mit phang vé6i hé toa do Oxy, cho ho dudng thang phu thudc tham s6 o 1a dy c6
phuong trinh: (x4 1)cos &+ (y — 1)sina — 1 = 0. Chiing minh ring ho dudng thang da cho luén tiép
xtic véi mot dudng tron cb dinh.

Se  e%e A ) —1 A N 2 A < A . 4t
Loi giai. Lay A(—1;1), ta c6 d(A;dy) = 7 2| | —— = 1. Vay ho duong thang luén ti€p xic véi
COs“ & + sIn” ¢

dudng tron (A;R = 1) ¢b dinh.
BAI TAP TU LUYEN

< 9m? 1
Bai 37. Cho ho dudng tron (C,,) c6 phuong trinh x? 4 y> — 4mx — 2my + % —m—.
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a) Tim tap hop tdm ctia (C,,) khi m thay doi.
b) Chiing minh rang (C,,) ludn tiép xic véi hai duong thang cb dinh.
¢) Tim m dé (C,,) tiép xiic v6i duong thang A: x +y— 2.
Loi giai.
a) Quy tich tim la dudng thang x — 2y = 0.
lm+1]v/2
—

Gia st dudng thang cb dinh cin timla d : Ax+ By +C = 0. Suy rad(I;d) = R, VYm.
Diéu d6 tuong duong véi

b) Ho duong tron (Cy,) c6 tim I(2m;m) va ban kinh R =

2Am+Bm+C|  |m+1|v2 v
= N m
VA? + B2 2
A=1,B=-1,C=
=1,B=-7,C=-5

Giai ra ta dugc

- 2m+m—2 |m+1[v2
V2 2

c¢) D& duong thang A tiép xtic v6i (C,) thi d(I;A) =R

Gidi ra ta dug S v !
idiratadugcm==vam= —.
i 2 4

Bai 38. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) : x? +y? —4x 48y — 5 = 0. Tim diéu kién

clia tham s& m d€ dudng thang A : x + (m — 1)y +m = 0 tiép xdc v6i dudng tron (C).

Loi giai. Dudng tron (C) ¢6 tdm I(2; —4) va ban kinh R = /22 4 (—4)2 — (-5) =5.

Dé duong thang A tiép xic véi (C) khi va chi khi

2 4(m—1
d(1:A) =R 2=Hm =D 4ml
14 (m—1)>2

& (6—3m)? =252 —2m+m?) < 8m* —Tm+7 = 0(vd nghiém).

Vay dudng thang A khong thé tiép xic dudng tron.

Bai 39. Trong mit phang véi hé toa do Oxy, cho dudng tron (C) : (x —1)2 4 (y+2)? = 9 va dudng thang
d:x+y+m=0. Tim m dé trén dudng thang d c6 duy nhit mot diém A ma tit d6 ké dudc hai tiép tuyén AB,
AC t6i duong tron (C) (B, C 1a hai tiép diém) sao cho tam giac ABC vuong.

Li gii.
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DPuong tron (C) c6 tam I(1; —2) va ban kinh R = 3. Néu tam gidc ABC vudng géc tai A thi khi dé tif gidc
ABIC 1a hinh vudng. Theo tinh chét hinh vuéng tac ¢6 IA = IBV/2. (1)
Néu A ndm trén d thi A(t;—m —1) suy ra IA = \/(t — 1)2 + (t — 2 +m)2. Thay vao (1) ta c6

V=124 =24m)2 =3v26 2% —2(m— 1)t +m> —4m—13 = 0.(2)
D€ trén d c6 ding mot di€ém A thi (2) c6 ding mot nghiém ¢, tir d6 ta ¢
A=—(m*+10m+25) =0 —(m+5)> =0 m=—5.

1 51
Khidé(2)cénghiémképlét1:t2=t0:m2 = —— = 3= A(-3:8).

Bai 40. Trong mit phang toa d v6i hé toa dd Oxy, cho ho dudng tron (Cp,) : x> +y? —2(m+ 1)x — 2(m +
2)y+6m-+7 =0 (v6i m 1a tham sb). Xac dinh toa do tim dudng tron thudc ho da cho tiép xidc vdi truc
tung.

Loi giai. Ho dudng tron (C,,) ¢6 tdm I(m+ 1;m+2) va ban kinh

R=\/(m+1)2+(m+2)2—6m—7=/2m>—2.

D€ (C,,) tiép xuc vdi truc tung thi

— 1
m+1l=v2m 2em—2m-3=0s| .
m=3

Thu lai ta dugc m = 3 thda man, ti d6 ta dugc 1(4;5).

Bai 41. Cho dudng tron (C) : (x —2)% + (y — 1)> =9 va duong thang A : (m+ 1)x +my—1 =0, v6i m 1a
tham sb6.

a) Ching minh ring duong thang A ludn cit (C) tai hai diém phén biét A, B.
b) Tim m d€ do dai doan thang AB dat gia tri 16n nhét.
Loi giai.

a) Puong tron (C) c6 tam /(2;1) va ban kinh R = 3.

12+m—1 1
Tacsd(ra) — Wt V2em 1 midl
(m+1)24+m2  /(m+1)2+m?
(3m+1)?  —9m?—12m—8  —(3m+2)*—4

Xét d*(I;A) — R?> = <0, Vm.

22 +2m+1 ~ (m+1)24m?>  (m+1)2+m?
Viay d(I;A) < R, Vm, suy ra dudng thang A ludn cit dudng tron tai hai diém phan biét A, B.

b) Goi M la trung diém clia day AB suy ra

9m? +12m+8
AB* = 4AMA* = 4(R* — d*(I;A)) = R e e p 4
Tur do ta co
Om® +12m+8 = 2ym> + 2ym+y
& 2y—9)m*+ (2y—12)m+(y—8) =0 (%)
DE€ ton tai m thi phuong trinh (*) phéi c6 nghiém.
Khiy= g thi ta c6 phuong trinh —3m — 5= 0 c6 nghiém.
19—/217 19+ /217

9
Khiy# J axétA = (y=6)* = (2y=9)(y=8) 20 ————<y< ——
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Bai 42. Tim tit c4 cic gid tri ctia tham sb a d€ hé phuong trinh sau c¢6 diing hai nghiém
{ X +y*=2(1+a)

(x+y)> =4
e ens NN o [XTYy—=2=0
Loi giai. Phuong trinh thd hai tuong duong véi .
xX+y+2=0

Nhian thiy d; : x4+y—2=0vad, : x+y+2 = 0 la hai dudng thang d6i xing nhau qua gbc toa do, mit
khac dudng tron (C) : x> +y? = 2(1 +a) (a > —1) ciing dbi xiing qua gdc toa do. Vi vay dé hé ¢ diing hai
nghiém thi dudng tron (C) phai tiép xdc véi d;. Tu d6 ta c6
-2 _
V12412
Bai 43. Trong mit phang v6i hé toa dd Oxy, cho ho dudng tron (Cp,) : x> +y? — 2mx — 2(1 —m)y +2m? —

2m —3 = 0. Tim quy tich tdm cta ho dudng tron (Cy,).
Loi gidi. Quy tich tim dudng tron (C,,) 1a dudng thang y = 1 — x.

21+a) = 1l+a=1<a=0.

Dang 10. Tim toa dé mét diém théa mét diéu kién cho trude

O day, ta xét bai toan tim toa do mot diém théa mot diéu kién cho trude v& do dai, vé& géc, vé khoang
cach, dién tich, lién quan dén dudng tron, tao hinh vudng, tam giac déu, ...

Trong mit phang Oxy, xét duong tron (%) : (x —a)? + (y —b)> = R%.

Tim diém M € (%), ta lam nhu sau:

Cach 1

e Goi M(xg:y0) € (%), ta c6: (xo—a)?+ (yo—b)? = R.

e Dua vao diéu kién cho trudc ta c6 thém hé thiic lién hé giita xo va yo. Ti d6 tim dudc toa do
cia diém M.

Cach 2
2 < N S N . |x=a+ Rsint .
e Chuyén phuong trinh dudng tron (%) vé dang tham so: vGi t € [0;360°).
y = b+ Rcost
) _ [xo=a+Rsint .
e Goi M(xp;y0) € (%), taco: Vvéi r € [0;360°).
yo = b+ Rcost

e St dung diéu kién cho truc dé xac dinh sint va cost. Tit d6 tim dudc toa do cta diém M.

Vi du 37. Trong mit phang Oxy, cho tam gidc ABC vudng can tai A. Biét M(1;—1) la trung diém
2
canh BC va G (5, 0) la trong tdm tam giac ABC. Tim toa dd cac dinh A, B, C cua tam giac ABC.

Loi giai. Vi G la trong tdm tam giac ABC va M 1a trung di€ém canh BC nén ta ¢ AG = %m = A(0;2).
Vi tam giac ABC vudng can tai A nén AM | BC va MA = MB = ]\ic; .
Phuong trinh dudng thang BC di qua diém M(1;—1) va nhan AM = (1;—3) lam véc-to phdp tuyén la:
I(x—1)=3(y+1)=0hayx—3y—4=0.
Vi MA = MB = MC = /10 nén hai diém B, C thudc dudng tron (¢) : (x— 1)+ (y+1)? = 10.
Do do, toa do hai di€ém B, C 1a nghiém ctia hé phuong trinh:

x—3y—4=0 x=4 _ [|[x==-2

& hoac
{(x—1)2+(y+1)2:10 {y:() : {y:—z.

Vay A(0;2), B(4;0), C(—2;—2) hodac A(0;2), B(—2;—2), C(4;0).
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Vi du 38. Trong mit phing Oxy, cho dudng tron (%) : x2 +y> —4x — 6y+5 =0.
a) Tim cdc di€ém thudc (%) c6 toa dd nguyén.

b) Xéc dinh toa do cac dinh B, C clia tam gidc déu ABC ndi tiép dudng tron (%), biét diém A(4;5).

Li gidi.

a) Ta xem phuong trinh dudng tron (%) da cho 1a phuong trinh bac hai véi 4n s 1a y:

¥y —6y+x*—4x+5=0. (1)
Phuong trinh (1) c6 nghiém < A’ >0 —x? +4x+4>02-2v/2 <x <2+2V2. (2)
Tu (2) suy ra cac di€ém thudc (¢’) c6 hoanh do nguyén la: 0; 1; 2; 3; 4. (3)

Lan lugt thay cdc hoanh do nguyén & (3) vao (1) ta tim dudc cac diém thudc (4') c6 toa do nguyén
1a: (0;1), (0;5), (4;1), (4;5).

b) Puong tron (¢) c6 tim 1(2;3) va ban kinh R = 2+/2.
Vi tam gidc ABC déu noi tiép dudng tron (€’) nén tdm I ctia (%) 1a trong tdm, dong thdi 1a truc tim
cua tam giac ABC.
Goi H(x;y) 1a hinh chiéu vudng géc ctia A 1én canh BC, ta c6:

Al =2IH = H(1;2).

Phuong trinh dudng thang BC di qua diém H(1;2) va nhan Al = (—2;—-2) = =2(1;1) lam véc-to
phdp tuyén c6 dang: x+y—3 = 0.
Do dé, toa do hai diém B, C 1a nghiém ctia hé phuong trinh:
x+y—=3=0 x=3-y x=1-3 5 x=1+3
s 9 & ’ = hoac
Xy —dx—6y+5=0  |2y>—8y+2=0 |y=2+3 y=2—-/3.
Vay B(1-+/3:2+V3). C(1+V3:2—V3) hodc B(1++/3:2—/3).C(1-v3:2+V3).

Vi du 39. Trong mit phang Oxy, cho duong tron (%) : x> +y> — 4x — 4y +4 = 0 va dudng thang
(d):x+y—2=0.

a) Chiing minh ring (d) ludn cit (%) tai hai di€ém phan biét A, B. Tinh do dai doan thing AB.

b) Tim diém C thuoc (%) sao cho tam gidc ABC c6 dién tich 16n nhét.

Lui giai.

a) Xét hé phuong trinh:
¥4y —dx—4y+4=0 x=2-y x=2 . fx=0
& ) & hoac
x+y—2=0 2y“—4y=0 y=0 y=2.
Heé phuong trinh trén c6 hai nghiém (2;0) va (0;2) nén suy ra (d) ludn ct (¢) tai hai di€ém phan biét
A(2;0), B(0;2).
Tacé: AB=/(0-2)2+(2—-0)2 =8 =2V2.

b) Tact (€):x2+y* —dx—dy+4=0& (x—2)°+ (y—2)* =4
x=2+2sint
y=2+2cost

Phuong trinh clia (%) dugc viét dudi dang tham s 1a: { véi t € [0;360°).
Vi C € (%) nén suy ra C(2+ 2sint;2 + 2cost).

. 1
Goi H la hinh chiéu vudng goc cua C 1én AB, ta c6: Saapc = EAB.CH =CHV/2.

Suy ra tam giac ABC c6 dién tich 16n nhat khi va chi khi CH ¢6 do dai 16n nht.
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24 2sins +2+2cost —2
Tac6 CH = d(C, (d)) = 12H28int +2 +2cost = 2]
V2

Do d6, CH 16n nhit < sin(t +45°) = 1 &t = 45°.
Vay C(2+v2:2+V2).

= /2|V/2sin(t +45°) +1].

Vi du 40. Trong mit phang Oxy, cho duong tron (%) : (x —2)? + (y — 3)? = 2 va dudng thang (d) :
x—y—2=0.

a) Tim trén (%) di€ém P sao cho khoang cich tit P dén dudng thang (d) dat gid tri 16n nhét, nho
nhAt.

b) Tim di€ém M (xg;yo) thudc (€’) sao cho xo + yo dat gia tri I6n nhét, nhd nhat.

Loi giai.
a) Puong tron (%) ¢6 tam 1(2;3) va ban kinh R = /2.
2-3-2] 3V2 ]
Tacod(I,(d)) = | NG | = \2/_>\/§:R:>(d) khong cat ().

Goi A 1a dudng thang di qua tdm 7 ctia (¢) va vudng géc véi (d). Khi d6 phuong trinh dudng thang
Ala: 1(x—2)+1(y—3)=0hayx+y—5=0.
Toa do giao di€ém cta A va (%) 1a nghiém ctia hé phuong trinh:

{(x—2)2+(y—3)2=2©{x=5—y <:>{x:1hoéc {x:3

x+y—=5=0 y2—6y+8:0 y=4 y=2.
Suy ra A cit (%) tai hai diém phan biét Py (1;4) va Py(3;2).
Ta co:

C[1—4-2] 5V2

am () = =2
ar (@)= P22 v

Viy khi P = P; thi khoang cach tlf P dén dudng thang (d) dat gid tri 16n nhit va khi P = P, thi khoang
cach tlit P dén dudng thang (d) dat gia tri nhd nhit.

x=2+2sint

véit € [0;360°).
y:3+\/§c0st | )

b) Phuong trinh cta (%) dugc viét dudi dang tham sb 1a: {

X0 =2+ \/Esint

yo=3+ V2 cost.
Ta ¢6 xo +yo = 5+ V2(sint +cost) = 5+ 2sin(t +45°).
Do do, ta co:

Vi M(x0;y0) € (¢') nén suy ra {

xo + Yo dat gia tri 16n nhit < sin(t +45°) = 1 &t = 45° = M(1;2).
X0 + Yo dat gia tri nhd nhét < sin(t +45°) = —1 &t = 225° = M(3;4).

BAI TAP TU LUYEN

e v 2 N N N . - R 8
Bai 44. Trong mit phang Oxy, cho duong tron (€) : x*> +y? = 4 va hai di€ém A <1; —§> , B(3;0). Tim toa

. + 20
do6 diém M thudc (%) sao cho tam gidc MAB c6 dién tich bang 3
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N 8\* 1
Loi giai. Taco AB = \/(3 —1)2+ (O—i— 5) =3
< N 2 . R N A ? 8 2 N s 2

Phuong trinh dudng thang AB di qua diém B(3;0) va nhian AB = | 2; 3)= 5(3;4) lam véc-to chi phuong
c6 dang: 4(x—3) —3(y—0) =0 hay 4x —3y—12=0.

20 1 20 1 |[4x—3y—12| 10 20
Goi M(x;y). Ta c6: Sapap = = < ~d(M,AB).AB= = < 1 Jx=3y—12[ 10 _20 dx—3y— 12| =

3 2 3 2 5 3 3
20. (1)
Laico M € (¢) = x> +y* = 4. (2)

2,2
=4
Tu (1) & (2), ta c6 hé phuong trinh: *y .
[4x —3y— 12| =20
14.48>

25°75)°
Bai 45. Trong mit phang Oxy, cho dudng thang A : x4y -+2 = 0 va dudng tron (%) : x> +y*> —4x—2y = 0.
Goi I 1a tim ctia dudng tron (%) va M 1a mot diém thudc dudng thang A. Qua M, ké hai tiép tuyén MA, MB
véi dudng tron (%) (A, B 1a cic tiép di€ém). Tim toa d6 di€ém M sao cho tii gidc MAIB c6 dién tich bang 10.
Loi gidi. Pudng tron (%) c6 tim 1(2;1) va ban kinh R = v/5 = Al = /5.

1
Ta coé Sy = 10 < Sapa; =5 < E.AM.AI =5 AM =24/5.

Suy ra IM? = IA? + AM? = 5420 = 25.
Taco M € A= M(m;—m—2). Do do, ta co:

Giai hé phuong trinh trén, ta tim dugc M(—2;0) hoac M (—

m=-—3

IM?> =20 (m—2)+(m+3)?=20m?>+m—-6=0< 5
m = 2.

Véay M(2;—3) hoac M(—3;1).
Bai 46. Trong mit phang Oxy, cho dudng tron (%) : (x —3)2 4 (y—2)? = 8 va diém A(2;3).
a) Tim cdc di€ém thudc (%) c6 toa dd nguyén.

b) Tim diém M thudc (%€’) sao cho MA dat gia tri 16n nhit, nhd nht.

Loi giai.
a) Ta xem phuong trinh dudng tron (%) da cho 1a phuong trinh bac hai véi 4n s 1a y:
¥ —4y+x>—6x+5=0. (1)
Phuong trinh (1) cé nghiém < A’ > 0< —x?>+6x+1> 043 -2/2 <x<3+2V2. (2)
Tt (2) suy ra cic diém thudc (€) c¢6 hoanh do nguyén la: 1; 2; 3; 4; 5. (3)

Lan lugt thay cdc hoanh do nguyén & (3) vao (1) ta tim dugc cc diém thudc (%) c6 toa dd nguyén
la: (1;0), (1;4), (5;0), (5;4).
x = 3+42+/2sint

véit € [0;360°).
y:2—|—2\/§cost | )

b) Phuong trinh cta (%) dugc viét dudi dang tham sb 1a: {

Vi M € (%) nén suy ra M(342+/2sint;2 +2+v/2cost).
2 2
Ta 6 MA? = (2v/2sint + 1)+ (2v2cost — 1) = 10+ 8sin(r —45°).
Suyra2 < MA? <18 & /2 < MA < 3V/2.
Do do, ta co:
e MA dat gid tri 16n nhit < sin(t —45°) = 1 <t = 135° = M(1;4).
e MA dat gid tri nhd nhit < sin(r —45°) = —1 &t = 315° = M(5;0).
Bai 47. Trong mit phang Oxy, cho hai diém A(1;2), B(4;3). Tim trén truc hoanh di€ém M sao cho AMB =
45°.
Loi giai.
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Gia st da tim dudc diém M € Ox sao cho AMB = 45°. V& dudng tron tam I(x;y) qua ba di€m A, B, M. Khi
do, ta c6 tam gidc ABI vudng can tai I. Do do, ta cé:

Al = BI
{X}.E}:o
{(x—1)2+(y—2)2= (x—4)°+(y—3)
(—DE-4)+-2)(y-3)=0
3x+y=10
{x2+y2—5x—5y+1020

{x=3 . {x:2
hodc

y=1 ) y=4.

Vay 1(3;1) hoac 1(2;4).

Trong ca hai trudng hop nay ta déu c6 IA = /5.

Pudng tron tam 7(2;4), ban kinh V5 khong cat truc hoanh.

Puong tron tim /(3; 1), ban kinh v/5 ¢6 phuong trinh (x —3)2 + (y — 1)> = 5, né cit truc hoanh tai hai diém
(1;0) va (5;0).

Vay M(1;0) hay M(5;0).

BAI TAP TONG HOP

Bai 48. Trong miit phang toa do Oxy, cho tam gidc ABC vudng tai A(2;4) c6 AB > AC va B(8;0). Goi H
1a chan dudng vudng géc ké tir A, diém D nidm trén dudng thang BC sao cho H 1a trung di€ém CD. Goi E 1a
diém niim trén dudng thing AD sao cho BC 12 phan gidc géc ABE. Viét phuong trinh dudng tron ngoai tiép
tam giac ABE.

Loi giai.
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Dé thiy tam gidc ACD can tai A c6 AH 1a dudng cao nén CAH = DAH. Ta ¢6 EBD = ABD = CAH = DAH
nén ti gisdc AHEB ndi tiép. Ma AHB = 90° nén tam gidc ABE ndi tiép dudng tron dudng kinh AB.

Goi I 1a trung diém ctia AB. Ta c6 1(5;2) va IA = v/13. Vay phuong trinh dudng tron can tim la (x — 5)% +
(y-2)2 =13

Bai 49. Trong mit phang toa dd Oxy, cho hai dudng tron (Cp): x +y =13 va (C): (x—6)>+y> =25.
Goi A 1a giao diém ctia (Cy) va (C>) sao cho A c6 tung dd duong. Viét phuong trinh dudng thang di qua A
cit (C1) va (C) theo hai day cung c6 do dai bang nhau.

Loi giai.

Tam va ban kinh ctia hai dudng tron (Cy), (C3) lan lugt 1a 0(0;0), Ry = /13 va 1(6;2), R, = 5. Goi S, H,
K 1an luot 1a trung diém ctia OI, MA, NA.
o . X +y =13 .
Giao diém cuia (Cy) va (C;) 1a nghiém ctia hé { 5 . Giai hé ta suy ra A(2;3) (A c6 tung do
(x—6)"+y =25
duong). Ta c6 OH || IK (cuing vudng goéc véi d), lai theo gia thiét suy ra AH = AK nén SA 1a dudng trung
binh ctia hinh thang HOIK. Do d6 SA 1 d. Puong thang d qua A nhan S_A> 1am véc-to phdp tuyén c6 phuong
trinh x —3y+7 = 0.
Bai 50. Trong mit phang toa do Oxy, cho ba diém A(—1;5), B(—4;—4), C(4;0). Goi D, E, F lan lugt 1a
chan céc dudng cao ha ti A, B, C. Viét phuong trinh dudng tron ndi tiép tam gidc DEF .
Loi giai.
A

R

Loi glal Goi H la truc tam tam gidc ABC. Dé thdy BFHD Va CEHD 1a céc ti gidc noi tiép. Suy ra
HDE = HCE = HBF = HDF do d6 HD la tia phan giac goc EDF. Tuong tu HE 1a tia phan gidc goc
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DEF. Vay H 1a tim dudng tron noi tiép tam gidc DEF.

Ciac dudng thang BC va AC 1an lugt c6 phuong trinh x — 2y —4 = 0 va x +y — 4 = 0. Cac dudng thing AD
va BE 1an lugt di qua A, B va vudng géc véi BC, CA nén chiing 1an lugt c¢6 phuong trinh 12 2x +y —3 =0
vax—y=0.Do H la giao diém ctia AD va BE nén H(1;1). Do D, E lan lugt 1a giao diém cta AD véi BC,
BE v6i CA nén D(2;—1), E(2;2). Suy ra phuong trinh dudng thiang DE 1a y = 2. Do d6 d(H;DE) = 1.
Viy phuong trinh dutng tron can tim 1a (x — 1)+ (y—1)> = 1.

Bai 51. Trong mit phang toa d Oxy, cho dudng thang d : x —y = 0. Pudng tron (C) c6 ban kinh R = /10
cit d tai hai diém AB sao cho AB = 4+/2. Tiép tuyén cta (C)taiAvaB cat nhau tai mot diém trén truc tung.
Viét phuong trinh dudng tron (C).

Li giai.

0

/ X

Dit M(0;m). Goi H 1a trung diém ctia AB, suy ra AH = 2+/2. Ta ¢6 IH = VIA2—AH? = /2, suy ra

AH?

42 = MH = d(M,AB) = LI

V2

e V6i m = 8 ta dugc M(0;8). Gia sit I(a;b). Pudng thang IM di qua M vudng géc AB c6 phuong trinh
x+y—8=0.Taco

(0—8)(a—b) <0

I khic phia M db6i véi AB 5
TeIM N a+bb—8:O ;‘{2_3
d(I,AB) = V2 la=bl_ .3 -

V2

Vay phuong trinh dudng tron can tim 1a (x —5)% + (y — 3)? = 10.
e V6i m = —8, tuong t ta dudc phuong trinh dudng tron can tim 1a (x+5)2 + (y +3)% = 10.

Bai 52. Trong mit phang toa dd Oxy, cho tam gidc ABC c6 truc tam H(2;1) va B(1;3), C(1;0). Viét phuong
trinh dudng tron ngoai tiép tam gidc ABC.
Loi giai.
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D
NZ

Goi D la diém d6i xu’ng voi H qua du dudng thang BC. Dé thiy HBC = 180° — Eﬁl?f, ma D dbi xing véi H qua
BC nén BDC = BHC = 180° — BAC. Suy ra tif gidac ABDC 1a td gidc noi tiép, do d6 dudng tron ngoai tiép
tam gidc ABC ciing 12 dudng tron ngoai tiép tam gidc DBC.
G_La;l stt D(u;v). Phuong trinh dudng thang BC 1a x = 1. Do HD | BC nén duong thang BC nhan véc-to
HA = (u—2;v— 1) lam mot véc-to phap tuyén. Suy rav = 1.
2

= 1 hay u = 0. Vay D(0;1).
Gia st phuong trinh dudng tron ngoai tiép tam giac DBC ¢6 dang x*> + y?> +ax+by+c=0. Do D, B, C
thudc duong tron nén toa do cua chung thoa man phuong trinh dudng tron hay

“ e [ 2 ™M A A u +
Mait khéc trung diém cia HD nam trén BC nén

024+124+a-0+b-14+¢c=0 a=—-3
1°+3%4+a-14b-3+c=0=><{b=-3
1?4+0°+a-14b-04+¢c=0 c=2.

Vay phuong trinh dudng tron ngoai tiép tam gidc ABC 1a x> +y*> —3x —3y+2=0.

Bai 53. Trong mit phang toa do Oxy, cho tam gidc ABC c6 AB < AC ndi tiép dudng tron (C) : (x —3)% +
(y—1)> =8 va B(1;—1), C(5;3). Tia phan gic trong ctia géc BAC cat dudng tron (C) tai K. Hinh chiéu

AH /15
clia A trén dudng thang BC 12 H. Tim toa dd diém A biét K- 5 va A c6 tung do duong.
Loi giai.
A
B ! C
H
K

Puong tron (C) c¢6 tam I(3;1), ban kinh R = 2+/2 va BC 1a duong kinh clia dudng tron (C). DE thiy K 1a



230 CHUONG 3. TICH VO HUONG CUA HAI VECTO

di€m chinh gitta cung BC nén IK | BC. Ta c6

3 AH* BH-CH
5 HK?2 IH2+IK?
(R—IH)(R+1H)
R2+IH?
_ R*—IH?
- R2+4+1IH?

:>IH—R
=7

Do d6 H 1a trung diém BI, suy ra A nam trén dudng trung truc ciia BI, ¢6 phuong trinh x+y—2=0.Do A
la giao di€ém cua dudng trung truc cta doan BI va dudng tron (C) nén toa do ctia di€m A 1a nghiém ctia hé

x+y=2

(x=3)*+(y—1)7°=8
Gidi h¢ ta duge A (2—+/3;/3).
Bai 54. Trong miit phang toa dd Oxy, cho dudng tron (C) : (x—1)?+ (y+1)?> = 16 c6 tam I va diém A (0;2).
Viét phuong trinh dudng thang d qua A cit (C) tai hai diém phan biét B, C sao cho tam gidc IBC va c6 dién
tich bang 8.
Loi giai.

Dé thiy I = (1;—1) va IA = /10 < 4 nén A nim trong dudng tron (C). Do d6 dudng thang d qua A luén
cit dudng tron (C) tai hai diém phan biét B, C.

1 _— — — .
Ta c6 8 = Sjpc = EIB-ICsinBIC nén sinBIC = 1. Do d6 BIC = 90°. Goi H la trung di€ém BC ta co
[H = 2+/2. Pudng thing di qua A c¢6 phuong trinh dang

ax+b(y—2) =0 (a®>+b*>0).

A — _ |a_3b| _ 2 2 a:—b
Tacod(l,d)_IH_zﬁ:W_zﬁ:a +6ab—bt=0= | .

e Véia= —b,chona=1, b= —1 tadugc duong thflng di:x—y+2=0.
e Véib="7achona=1,b="7,tadudc dusng thang d»: x+ 7y — 14 = 0.

Bai 55. Trong mit phing véi hé toa do Oxy, cho dudng tron (C) : x> 4+ y? +4+/3x — 4 = 0. Tia Oy cit (C)
tai A. Viét phuong trinh dudng tron (C'), ban kinh R’ = 2 va tiép xiic ngoai véi (C) tai A.

Lo gii. Dudng tron (C) ¢6 tam / (~21/3;0), bén kinh R = 4.

X+ +4/3x—4=0

véiy > 0, suyraA(0;2).
x=0

Toa do diém A 1a nghiém cta hé {
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x =231
y=2+2
Pudng tron (C') tiép xtic ngoai v6i (C) nén tam I’ thudc dudng thang IA, suy ra I’ (2\/§t;2t + 2).
~2v3-0=2(0-2v3) 1
=t=—.
0-2=2(2-2t-2) 2
1 2
Vé6it = 7> suy 1a I (\/5;3). Phuong trinh dudng tron (C') : (x— \/§) +(y—3)*=4.

Puong thang /A di qua hai diém I va A nén c6 phuong trinh /A : {
- =
Hon nita, R = 2R nén Al =2I'A & {

Bai 56. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) : x? +y? — 2x +4y +2 = 0. Viét phuong
trinh dudng tron (C') ¢6 tim M (5;1), biét (C') cit (C) tai hai di€ém A, B sao cho AB = /3.

Loi giai.

Pudng tron (C) c¢6 tam I(1;—2), ban kinh R = /3.

Phuong trinh dudng thang nbi hai tim IM 12 3x —4y — 11 =0.
Goi H (x;y) la trung di€ém cta AB. Ta ¢6

HelM 3x—4y—11=0
= 2 2 9
IH = \/R*>— AH? (x—1)"+(y+2) =7
1 11
X=—— X = —
5 < 5 B
& - 9 hoac B 1
. l(i 29 ’ 1011 11
Suyra (<1522 hoge 1 (1 11).
uy 5°710) €T\ 510

I 29
e VGiH (—3;—1—()). Tacé R”> = MH? + AH? = 43,

Phuong trinh dudng tron (C') : (x —5)? 4 (y—1)? = 43.

(1111 - .
o V6iH ?;—1—0 . TacOR”"=MH~+AH*=13.

Phuong trinh dudng tron (C') : (x—5)>+ (y— 1) = 13.
Bai 57. Trong mit phang v6i hé toa dd Oxy, cho duting thang d : x —y — 1 = 0 va hai dudng tron c6 phuong
trinh (C1) : (x—3)2+(y+4)> =8, (C2) : (x+5)%+ (y —4)? = 32. Viét phuong trinh duong tron (C) ¢6 tim
I thudc d va tiép xic ngoai vé6i (C1) va (Cy).
Loi giai.

Goi I,11,1,R, Ry, R, 1an lugt la tdm va ban kinh cta (C), (Cy) va d
©) | |

Giasu I (r;t — 1) € d. Theo gia thiét bai toan: (C) tiep xic ngoai véi

(Cy) va (Cy) nén

IIi =R+ R
IL =R+R,

Suy ra

Ih—Ry=Ih—Ry & \/(t—=3)2+ (t4+3)2 =22 = /(1 =52+ (a+5)2 —4/2 &1 =0.

V6it=0,suyral(0;—1)vaR=1II; — Ry =2.
Phuong trinh dudng tron (C) : x> 4 (y+1)% = 2.



232 CHUONG 3. TICH VO HUONG CUA HAI VECTO

§3. PUONG ELIP

I. Tém tat Ii thuyét
1. DPinh nghia

Trong mit phang cho hai diém cb dinh Fi,F> v6i F{F; = 2¢ va mot dd dai khong ddi 2a (0 < ¢ < a). Elip
(E) 1a tap hop tit ca cdc diém M trong mit phang thdéa man MF; + MF, = 2a.
Ta goi:

e F,F lacéc tiéu di€m cua elip;
e FF, =2c: Tiéu cu cua elip;

e MF|,MF,: Ban kinh qua tiéu.

y
M
F o P X

2. Phuong trinh chinh tic cta Elip
Phuong trinh chinh tic cia elip:

2 )

2t =h

a’>  b?

trong d6 a®> = b> + 2.
Chitng minh. Cho Elip c6 hai tiéu diém F; va F»>. Chon hé truc toa dd Oxy sao cho Fi(—c;0),F>(c;0).
Khi d6: MFy = \/(x+¢)2 +y% & MF? = (x+¢)? +)?

MF, = \/(x— )2 +y? & MF} = (x—¢)? +?

2
:ﬁM#—MgbﬂmmmMewy@Mﬂ+M5:mmmMﬂ—M5:J3
a
Ta c6 hé:
MF, —MF, =2
! S 3.1)
MF,+MF, =22a
Suy ra:
CcX
MF, =a+—
& (3.2)
MF2 =a— —
a
2
Lai c6: MF; =a+ & V/ (x+¢)? +y? hay (a—i—g) = (x+c)?+y?
a x2 y2 a
Tit do, phén tich va rut gon ta dugc: — + ———> =1
ac  a*—c
2 2

Do a®> — ¢? > 0 nén dit a® — ¢* = b (b > 0), ta dugc: x_2+27_2:1(*)
a

Phuong trinh (%) goi 12 phuong trinh chinh tic cda elip.
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3. Hinh dang cua elip

P B2 0
AN R o 1339/ 2%
R
By

a) Truc déi xiing ciia elip: Elip c6 phuong trinh (*) nhan cic truc toa do lam truc dbi xiing va nhan gdc
toa do 1am tam ddi xing.

b) Hinh chit nhdt co sd: V& qua A| va A, hai dudng thang song song véi truc tung, vé qua B va B, hai
dudng thang song song vdi truc hoanh. Bén dudng thang d6 tao thanh hinh chit nhat PQRS. Ta goi
hinh chit nhat d6 1a hinh chit nhat cd sé cua elip.

Tir d6 suy ra Moi diém ctia elip néu khong phai 12 dinh déu nam trong hinh chit nhit co s ctia n6,
bdn dinh cia elip 1a trung di€ém céc canh ctia hinh chit nhit co sé.

/\ Cdc diém: A1(—a;0);A2(a;0);B1(0; —b); B2(0;b) goi la cdc dinh clia elip.
A1Ay =2a: Do dai truc lon. BiBy = 2b: D¢ dai truc bé.

¢) Tdm sai cuia elip: Ti sb giiia tiéu cu va do dai truc 16n cia elip goi 1a tAm sai ctia elip va dugc ki hiéu
R c
laeticlaje=—|
a
— Néu tam sai e cang bé (tiic 1a cang gan 0) thi b cang gan a va hinh chif nhit co s& cang gan vdi hinh

vuong, do d6 duong elip cang “béo”.

A . N 2, 2, N N A N .7 A b N X 2,0 N N ~, A 2, N
— Neéu tam sai e cang 16n (tic 1a cang gan 1) thi ti sO — cang gan t6i 1 va hinh chti nhét co s6 cang
a

“det”, do d6 dudng elip cang “giy”.

II. Cac dang toan

Dang 1. Xdc dinh cic yéu tb caa elip

Xéc dinh toa do céc dinh, toa do céc tiéu diém, do dai cic truc, do dai tiéu cu cla elip bang cach dp
dung cac cong thuc:

a) ¢ =a?—b.
b) Do dai truc 16n: AjA» = 2a, d6 dai truc nho: BB, = 2b.

¢) Do dai ti€u cu: Fi F> = 2c.

CAC VIDU



234 CHUONG 3. TICH VO HUONG CUA HAI VECTO

Vidu 1. Xac dinh toa do cac dinh va do dai cac truc cia cac elip c6 phuong trinh sau:

2 2 _
a)_erZ:1 b) x2+4y% = 1.

Loi giai.
2y
a) Tu phuong trinh 16 + i ltacé:a=4,b=2.

Cac dinh: A|(—4;0), A2(4;0), B1(0;—2), B>(0;2).
b0 dai truc 16n: AjA, =2a =8, BiB, =2b=4.

X 1
b) Taco*+47 =1 = +yT:1.a:1,b:—.
I

1 1
Cac dinh: A} (—1;0), A>(1;0), 1(0;—5), B> (0; 5)

b0 dai truc 16n: AjA, =2a=2,B|B, =2b=1.

Vidu 2. Xac dinh toa do céc tiéu diém va do dai tiéu cu ctia céc elip ¢6 phuong trinh sau:

2 x b) 4x% +25y = 36.
4

y
+—:1
3

Loi giai.
2y
a) Tu phuong trinh 7 + 3= ltacé:a®> =4,b>=3,suyrac=1.

Céc tiéu diém: Fy(—1;0), F»(1;0).
b0 dai tiéu cu: F1F, =2c¢ = 2.

2 2
36 3v21
b) Taco 42 +252 =36 & < + 3 = Lisuyrasa? = 9,02 = =2 = c = .
9 5 25 5
3v21 3v21
Céc tiéu diém: Fl(—— ), Fa( 5 ;0).
6v21
b0 dai tiéu cu: F1F, =2c¢ = —

, ) Y aa gas R s A e e < ans T R
Vidu 3. Cho elip (E) c6 do dai truc 16n bang 10, ti s0 gitta tiéu cu va do dai truc 16n la 5 Tinh do

dai truc nho cua elip.

N ) . 3
Loi gidi. TacoZa:10:>a:5.Ma£:§:>c:3.
a
Do d6 b* = a®> — ¢? = 16 = b = 4. Vay d dai tuc nho 2b = 8.

BAI TAP TU LUYEN
Bai 1. Xéc dinh toa do céc dinh va cdc tiéu di€ém cua cdc elip ¢6 phuong trinh sau:
2 2
X
Q) 4o =1
IOO 64
b) =L Y=1

4
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Loi gidi.

a) Tacé a®> = 100,h> =64 = a=10,b=8,c = 6.

Vay Ay (— 10,0),A2(10,O),Bl(0, 8), B2(0:8),Fi(—6:0),F>(6:0).

b)Tacoa? =4,b>=1=a=2,b=1,c=/3.

Viay A1 (—2;0), A2(2;0), B1(0;—1), B2(0;1), F; (—/3;0), F>(1/3;0).

Bai 2. Xdc dinh toa do cic dinh va céc tiéu di€ém cta céc elip c6 phuong trinh sau:
a) 16x% +25y? =1

b) 0,25x> +9y* = 1.

Loi giai.

x2 y2
a)Taco 16x*+25y" =1 —+ 5 = L.
6 25
Do d6: A (—~:0), As(:0), By (0:—2), Ba(0: 1), Fy (= ==:0), Fa(=e30).
o do: -3 -, s——
1 4’ b 2 4’ b 1 b 5 b 2 5 1 20 2 20
x2 yz
b)TacéO,25x2+9y2:1<:>4+T—l
9
1 1 1 1 3 3
Vay: A1 (——;0), Aa(~; —-),B F F

Bai 3. Tim do dai truc 16n, truc nhé va tiéu cu cia cdc elip ¢6 phuong trinh sau:
a) 16x% + 64y* = 100
2 2
Xy
b) —+—=2.
) 8 + 2
Loi giai.

2 2
5 5v3
a) Ta c6 1632+ 64y2 = 100 = — + 2 — 1. Vay2a=5,2b= 2, 2c = 53,
100 T 100 bR 7
22 2 y216 o
xX° y X
b) T: —4—=2 —=1.Vay2a=8,2b=4,2c =4
)a008+2 <:>16+4 ay 2a c V3.
2 2 2z N N\
Bai 4. Xdc dinh do dai céc truc cua elip (E): —+ﬁ:1,(a>b>0) biet rang (E) c6 do dai tiéu cu bang

6 va di qua di€ém A(5;0).
Loi giai.
Tac62c=6=c=3,a=5=b=4.Vay2a=10,2b =8.

2 2
Bai 5. Xéc dinh toa do cac dinh cua elip (E): x_ + Z—z =1, (@ > b > 0) biét ring (E) di qua hai diém
M(0;—2) va N(2;/3).
Li gii.
Tacé b =2. (E) di qua diém N(2;v/3) néna® = 16 = a = 4.
Véy A1 (—4;0),A2(4;0),B1(0;—2),B>(0;2).

.. : oy . i VTN s o3
Bai 6. Cho elip (E) —+ ke 1. Biét (E) di qua diém M | 21/3; — | vaco tiéu cu bang 1 do dai truc
16n. Tinh do dai truc nho cia (E).

Loi giai.

3 7
Tacéc:Za,bzzaz—czz—az.\ﬁME( ) nén b> = 7. Suy ra 2b = 2/7.

16
<. A o an , . x? y2 A, Y .
Bai 7. Tim toa do cic dinh cta elip (E) ¢6 phuong trinh chinh tic la 5+ 5 2= = 1, biét rang (E) di qua
diém M (2;1) va céc dinh trén truc nho nhin hai tiéu diém dudi mot goc Vuong

Loi giai.
Goi B 1a dinh trén truc nhd, Fj, F> 13 hai tiéu diém.
Khi d6 tam gidc F{ BF> vudng can nén b = ¢. Do d6 a® = b> + ¢* = 2b?.
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4 1
Mat khac M € (E) nén 2+b—_1 Tir d6 suy ra b> = 3, a®> = 6.

Vay A1(—V/6,0), A2(V/6,0), B1(0; —V/3), B2(0:V/3).

2 y2

T
ring (E) di qua diém M(+/5;1) va khoang cach tlI mQt dinh nam trén truc 16n dén mot dinh ndm trén truc
nhd bang tiéu cu.

Li gii.

Goi A(a;0), B(0;b) 12 hai dinh. Khi d6 AB = 2¢ suy ra a® + b*> = 4c?,

Ma ¢* = a* — b* nén 3a* = 5b”.

Bai 8. Cho elip (E) c6 phuong trinh chinh tic la = 1. Xéc dinh toa do cac tiéu diém cla (E) biét

20 2v/6
ViM € (E) suy ra b* = 4, a2:?:>c:%_,
. 2V6 2V6
VayFl(—T;O) Fl(_T 0).

Dang 2. Viét phuong trinh duong Elip

Viét phuong trinh elip 12 qu4 trinh tim cdc dic trung cua elip, d6 1a do dai truc 16n (2a), do dai truc

nho (2b).
2 2
Khi 1am dang bai nay, dau tién can gia st phuong trinh elip c6 dang (E) : x_2 += =1
a

Sau d6 tif nhiing gi thiét bai todn, gidi tim a,b va viét phuong trinh.
* Khi 1am bai can chd y cdc tinh chit sau ctia elip:

a) Elip nhan hai truc Ox, Oy lam truc ddi xtng.
b) Tam sai cua elip e = ¢
a
¢) Ban kinh qua tiéu cta di€ém M(x;y) € (E): MF| = a+ex;MF, = a — ex.

d) Pudng chuin cua elip:
Pudng thang d : x + % — 0 dugc goi 1a dudng chuan cua elip, Gng vdi tiéu diém Fi(—c;0).
e

Puong thang d : x — ) dugc goi 1a dudng chuin cla elip, ing véi tiéu diém F»(c;0).
e

Vi du 4. Lap phuong trinh chinh tic ctia elip (E) ma do dai truc 16n biang 6, d6 dai truc nhé béng 4.
¢ - J
Loi giai. Gia st phuong trinh elip c6 dang (E) : — + 75 = 1.
a

Do dai truc 16n bang 6 = 2a =6 = a = 3.
Do dai truc nhd bang 4 = 2b =4 = b = 2.
2 2

Viy phuong trinh elip la % + % =1.

Vi du 5. Lap phuong trinh chinh tic cta elip (E) c6 do dai truc 16n bang 10, tidu cu c6 do dai bing
6.

2 2
Loi giai. Gid st phuong trinh elip c6 dang (E) : x_2 +
a

Do dai truc 16n bang 10 = 2a =10=a =5.
Do dai tiéu cu bang 6 = 2c =6 = ¢ = 3.

Taco6b? =a*>—c? = b=4.

x2 y2 .
Vay phuong trinh el dang =— + 2 =
ay phuong trinh elip c6 ang25+16
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, 4 . e o 3
Vi du 6. Viét phuong trinh chinh tac cua elip di qua hai di€ém M(1;0),N (%, 1).
. 2y
Loi giai. Gid st phuong trinh elip c6 dang (E) : — + o 1.
a
. 1
PiémMe ()= — =1=a=1.
a
4 3 1
biémNc(E)=-+5=1=b=2.
ietm N € (E) PR
; . 22
Viay phuong trinh chinh tac cua elip c6 dang T + il 1.
BAI TAP TU LUYEN

Bai 9. Lap phuong trinh chinh tic cta elip biét elip di qua di€ém M(8;12) va c6 ban kinh qua tiéu diém bén
phai ctia M bang 20.

22
Loi giai. Gid st phuong trinh elip c6 dang (E) : x_2 + Z—2 =1.
a
64 144

. : 8 2-20
Ban kinh qua tiéu diém bén phai: MF; =20 = a—ex=20=a— % == %.

a
Lai c6 b* = a® — ¢?, thay vao ta dugc phuong trinh 4n a sau khi quy dong va khit mau c6 dang: a* — 404> +
272a* +2560a — 12288 = 0 < (a —4)(a — 16)(a? —20a — 192) = 0.

a=4
a=16

T a=10—2v73’
a=10+2V73

Chiylac>0=a=10+2V73 = c =24 = b> =40\73 — 184.
2 2

" < S SN X y
Vay phuong trinh elip can tim la: + =1.

W PRTenS P (10+2v73)2 | 40v/73 — 184

) ) 8 4 .
Bai 10. Viét phuong trinh chinh tac cua elip di qua M (—; —) va FiMF, = 90°.
P g pdiq 55 1M1

o 22

Loi giai. Gid st phuong trinh elip ¢6 dang (E) : — + o 1.
a
64 16
Me (E)= —+—=1(1).
— —
Ta cod: M = (—+c;—> M = (——c;—)
NV Y-V AV R
M. M =0=c=4.
. 64 16
Lai c6 b*> = a® — ¢?. Thay vao (1), ta c6 phuong trinh 4n a: ) + 5@ 16) =1.
280+ 16V/5
- 80+ 165
Giai phuong trinh trén ta c6 5 .Véia>c=a*>= +—\/_
2 80— 16V/5 5
B 5
br=a*—c%= —16\/5.
5
12 ¥2

=1.

Vay phuong trinh elip can tim 1a: +
W PATERS P 80+16vV5  16V5

5 5
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Bai 11. Viét phuong trinh chinh tic ctia dudng elip biét hinh chi nhit co s6 ctia (E) ¢6 mot canh ndm trén

dudng thang y —2 = 0 va c6 do dai dudng chéo bang 6.
2 P

b? '

Mot canh ctia hinh chif nhat co sé ndm trén dudng thang y = 2 suy ra b = 2.

Pudoing chéo ctia hinh chit nhit co 36 c 2dcf> dai biang 6 suy ra4a’> =36 —16 =20 = a®> =5.

Viy phuong trinh elip can tim 14 xg + % =1.

Bai 12. Trong mit phang toa dd Oxy, cho hinh thoi ABCD c6 AC = 2BD va dudng tron tiép xtic vdi cac canh

ctia hinh thoi c6 phuong trinh x> +y?> = 4. Viét phuong trinh chinh tic cta elip di qua cac dinh A,B,C,D

ctia hinh thoi. Biét di€m A ndm trén tryc Ox.

Loi giai.

Pudng tron ndi tiép hinh thoi ABCD c6 tam trung vdi giao diém cla

B
hai duong chéo AC, BD cua hinh thoi.
Do A € Ox = C € Ox,B,D € Oy. Nén A, B,C, D chinh 12 bén dinh
cia (E).

2
Loi giai. Gié st phuong trinh elip c6 dang (E) : x_2 +
a

A

S
=

M

242
Gia st phuong trinh elip c6 dang (E) : — + Z_Z =1.
Tir viéc bbn dinh ctia hinh thoi 12 bén dlnh ctia hinh thoi va gia thiét
AC = 2BD suy raa = 2b.
Xét tam gidc vudng OAD trong hé mit phang Oxy v6i AD 1a tiép
tuyén ctia dudng tron ndi tiép hinh thoi ABCD, dudng cao xuét phat
tif dinh O clia tam gidc ndy c6 do dai 1a 2 biang ban kinh dudng tron

ndi tiép hinh thoi ABCD.
1 1 1 s
TEICOh2 0A2+w,V(51h:2,0A:(1:2[?:20D.
Tit d6 ta c6 a® = 20,b* = 5.
R X y?
Vay phuong trinh elip can tim la o + 5= 1.

Bai 13. Trong mit phang v6i hé toa dd Oxy, cho diém M(1;2) va dudng tron (C) : x*> +y? = 21. Viét phuong
trinh chinh tic cta elip (E) biét hinh chi nhét co s ctia (E) ndi tiép dudng tron (C) va diém M nhin hai
tiéu diém ctia (E) dudi mot goc 60°.

2 2

Y

Loi giai. Gia st phuong trinh elip cé dang (E) : x_2 + o 1
a

Vi duong tron (C) c6 tam O(0;0) trung véi tdm cla hinh chit nhat co s va tdm cla elip nén ta co
2v/a?+b% = 2R suy ra a® + b*> = 21.
Ta c6 hai tiéu diém F;(—c;0), F>(c;0), lai c6 FIMP> = 60°
= (F1B)? = (MF)? + (MF,)? — 2MF,.MF>.cos 60°
=47 =24’ +14+2—c)?+1—/1+(2+¢)2/1+(2+¢)?
2

=3
=3c" =34 +75=0% | , 25
“T73
¥

Véic?=3=d>=12,0>=9= =1,

ic? a (E): 25 9 :

. 25 44 19 x? y

: 2 2 2 _
Véi ¢ —?:>(1 —?,b —3 ( ) % g—l

Bai 14. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) c6 phuong trinh x* +y? = 9, viét phuong
. 1 £ ’ . )

trinh chinh tac cta cho elip (E) c6 tam sai e = 3 Biét (E) cat (C) tai 4 diém phan biét A, B,C,D sao cho

AB song song v6i Ox va AB = 3BC.

Loi giai. Gid st phuong trinh elip c6 dang (E) : al
a
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o 1 1
Tam sai cua (E) bénggsuyrafz—:Saz—%z:O (1)
a

3
K +y?P=9(2)
Toa do cua A,B,C,D la nghiém cuia hé < 2 y?
S+ 2 =1(3)

Do (E) va (C) cung nhan Ox, Oy lam truc d01 xiing nén ta c6 ABCD la hinh chit nhat.
Gia stt A(x;y), viAB || Ox nén B(—x;y);C(—x;—y); D(x; —y).
Tac6 AB=3BC < x> =9y> (4)

Tir (2) thay vao (4) ta c6: x> = Slg(l),y 190, thay vao (3), ta dugc g + bgz 1 (5)
s -9t =0 (=12
Tir (1) va (5) ta c6 hé sau: 81,9 . & ) 8801
b2 2_ b° = m
Vay phuong trinh elip (E) can tim 12 =55 735 + gj =1.
80 1

Dang 3. Tim diém thuéc elip théa diéu kién cho truéc

2 2

Tt phuong trinh chinh tic cta elip (E ) * = F Zz = 1 suy ra rang néu diém M (xo;yo) € (E) thi toa do

ctia M phai théa phuong trinh trén, tu’c —|— Zﬁ = 1. Két hop véi cac diéu kién khac dé€ tim diém M.

Vi du 7. Trong mit phiang Oxy, cho elip (E) : 9x* + 16y> = 144. Tim tét ca diém M thuoc elip sao
cho géc F{M P> bang 60°.

Lui gidi. Phuong trinh chinh tic cia elip (E) : "y % — 1.Khidé:a=4,b=3,c=/1.

H|}<
(@)

Goi M(x;y) 1a diém can tim. Ta c6:

V7 V7 .

MF1 :4—|— TX; MF2:4—TX, F]FZZ
Ap dung dinh i cosin trong tam gidc F{ MF>, ta dudc:

FIF} = MF? + MF? — 2MF, MF>.cos EMP,

28:2(16+lx ) — (4+£x) (4—£x> @x2=67—4

16 4 4
& 8 hodc 8
X=— X=——.
V1o V7
83\/_ 83\/§)<8 3\/_)<8 3\/§>
Vay ¢6 4 diém thda dé bai la —_ —_ = .
. 2 ¥ ) .
Vi du 8. Trong mat phang Oxy, cho elip (E) : 3 + 5= 1. Tim tat ca cac diém thudc elip c6 toa do
12 s6 nguyén.
Lui giai. Goi M(x;y) la di€m can tim.
2
Khidé > +2 =1 = |x| <22 nén |x| chi ¢6 thé nhan céc gid tri 0, 1 hodc 2.

8 2



240 CHUONG 3. TICH VO HUONG CUA HAI VECTO

V6i |x| = 0 ta c6 |y| = v/2 (loai).

7
Véi x| =1tacé |y| = Ea (loai).
Véi x| =2taco |y| = 1.
Vay tht ¢4 cic diém thudc (E) c6 toa dd nguyén 1a (2;1),(2;—1),(=2;1),(—2;—1).

X2

9
H, K lan lugt 12 hinh chiéu ctia M 1én céc truc toa do Ox va Oy. Tim tit ca diém M dé ti gidc OHMK
c6 dién tich 16n nhit.

2
Vidu 9. Trong mit phang Oxy, cho elip (E) : — + yz = 1. Goi M 1a diém di dong trén elip. Goi

Lui gidi. Goi M(x;y) 12 di€m cin tim. D& thiy t& gidc OHKM 1a hinh chi nhat. Khi dé,
Sornkm = OH.OK = |x|.|y| = |xy|.

Mat khac, ta c6

2 2
L 1 2
Dau bang xay ra khi va chi khi % =7 =3 Sx= iT\/_ vay = +v/2.
Vay, ti gidc OHMK c6 dién tich 16n nhat khi M nam tai mot trong cac diém

() () () (50)

BAI TAP TU LUYEN

2 2
Bai 15. Trong mit phing Oxy, cho elip (E) : )16—6 + y7 = 1. Goi F|, F> 1an lugt 1a tiéu di€ém bén trdi va bén

phai ctia elip. Tim tit ca diém M thudc elip sao cho:

a) MF, =3.

b) MF, = 3MPF.
Loi gidi. Tacé: a=4;b=+/7;c =3. Goi M (x;y) 1a diém can tim. Khi do:

MF, = 4—}—§x; MF, =4— Ex.
4 4
a) Theo dé bai, ta c6
MF, :3<:>4+§x:3<:>x:—§

2v/14

Thay vao phuong trinh cua elip, ta dugc y = +———.
o 4 2/ 214
Vay, diém can tim la (—3 T) : < )

b) Theo dé bai, ta c6
MFE :3MF2®4+§x:3<4—§x) @ng

4
V35

Thay vao phuong trinh cua elip, ta dugc y = £——.

Viy diém can tim 12 (2 \/3_> ; (— —@)
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Bai 16. Trong mit phang Oxy, cho elip (E) : x> +5y> — 20 = 0, ¢6 F;, F> lan luct 12 tidu diém bén trai va
bén phai. Tim tat ca diém M thudc elip sao cho:

a) FLMF, = 90°.

b) FMP> = 120°.

2 2
Loi giai. Phuong trinh chinh tic (E) : % + % =1.

Tacéa=2V5b=2;c=4,FF =2c = 8. Goi M(x;y) 1a diém can tim. Khi do,

MF1—2\/_+ L X MF, =2V5—

2
NG V5

a) Theo dé bai, ta co

2 \? 2 \?
F1F22:MF12—|—MF22<:>64:<2\/§—}—%x) +<2\/§—ﬁx> <:>x2:15<:>x:j:\/1_5.
Vay diém can tim 1a <\/1_5;1) ; <\/1_5;—1) : (—\/B;l) : (_\/B;_1>_

b) Ap dung dinh Ii cosin trong tam gidc MF,F, ta dugc
F\F} = MF +MF} —2MF,.MF,.cos FMP>

& 64 = <2\/§+ %x)2+<2\/§—%x>2+<2\/§+%x> . (2\/3—%x>
P =5ax=+/5

Vay diém can tim la (V5:v/3): (V5:—v3) 1 (—V5:V3) 1 (—V5:—V3).

22
Bai 17. Trong mit phiang Oxy, cho elip (E) : % + % =1 va diém A(—3;0). Tim tht c& cac diém B, C thudc

elip sao cho tam gidc ABC nhan diém I(—1;0) lam tam dudng trong ngoai tiép.
Loi giai. Goi (C) 1a dudng tron ngoai tiép AABC, ¢6 tam la I(—1;0) va béan kinh /A = 2. Khi d6, phuong
trinh dudng tron (C) 1a (x+ 1)?> +y? = 4. Do B, C thudc elip nén toa do ctia B, C 1a nghiém ctia hé phuong
trinh
(x+1)° 4y =4
2 42 EN
e SR PP

V6i x = —3 thi y =0. Suy ra A, B,C trung nhau (loai).

3
— _3holcx=—>
X oac x 5

3 4+/6 < . RN
Véi x = -3 thiy = j:%—. Vay, tat ca cac diém thda bai toan la

3 46 3 46 3 46 3 46
() e (35)35)

2 2
Bai 18. Choelip (E): % + yT = 1. Tim toa d9 céc diém A va B thudc (E) c6 hoanh do ducng sao cho tam

gidc OAB cn tai O va c6 dién tich 16n nhét.
Loi giai. Goi A(x;y) thi B(x; —y) v6ix > 0. Ta co AB =2|y| = V4 —x2.
Goi H la trung di€m ctia AB thi OH = x suy ra

1
Soap = EOH AB = —xv4 x2 2(4 —x2

Ding thiic xay ra khi x = v/2.

ST e D05)
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2 2
Bai 19. Cho elip (E) : 1% + ;3‘{—6 = 1 va diém M(3;2). Goi A va B 12 hai diém nim trén elip va déi xting
nhau qua M. Viét phuong trinh dudng thang AB.
2 2
e Xy

Lui gidi. Goi A(x;y) € (E),taco — +2 =1

i giai. Goi (x y) € (E),tacé 100+36
Tu M 1a trung diém ctia AB suy ra B(6 —x;4 —y). (1)

6— 2 4 — 2
Ta ciing ¢6 B € (E) nén suy ra (6-x)" 36y) =1. (2
Tu (1) va (2) suy ra 27x+50y — 131 =0.  (¥)
Do toa do ctia A va B déu thda (*) nén (*) chinh 1a phuong trinh dudng thang AB can tim.

2 2
Bai 20. Trong mit phang toa do Oxy, cho di€ém A(2;1/3) va elip (E) : r LY

) = 1. Goi F,F> la cac ti€u

diém cta (E) (F; c6 hoanh d6 am); M 1a giao diém ctia dudng thang AF; véi (E) (M c6 tung dd duong); N
1a diém dbi xing ctia F> qua M. Tim tAm va ban kinh dudng tron ngoai tiép tam gidc ANF>.
Loi giai.

y
N
A
>
X
F 0] 12

Ta c6 F1(—1;0),F>(1;0).
Puong thang AF| c6 phuong trinh x — /3y + 1 = 0.

M 1a giao di€ém c6 tung do duong ctia AF| véi (E) suy ra M (1; 23£) .
Ta tinh dudc MA = MF, = 23£
Do N d6i xiting v6i F> qua M nén MF, = MN, suy ra MA = MF, = MN.
Do d6 dudng tron ngoai tiép tam gidc ANF> 1a dudng tron tAm M, ban kinh MA = %5
. . Xty e ) o A
Bai 21. Choelip (E) : 75 + 9= 1 va hai diém A(—5;3),B(5;—3). Tim trén (E) diém C c6 hoanh do va

tung d6 duong sao cho dién tich tam gidc ABC 16n nhét. Tinh dién tich 16n nhét do.
Ldi gidi. Ta c6 AB = 2+/34 va phuong trinh dudng thang AB : 3x+ 5y = 0.

3% +5
Goi C(x;y) € (E) (x > 0,y > 0), ta c6 d(C,AB) = %. Khi d6 dién tich tam gidc ABC Ia
1 1 |3x+ 5y
Sapc = ~AB.d(C,AB) = ~.2v/38. 12 _ 13,1 5
ABC ) ( ) 2 m | y|

2 2

. Xy X7y
M —1 ’— _(<1,/2 Y ) 2152
a |3x+ 5y S|5+3| <15 (25+9> 5v2

A ix 5
Dau bang xay ra khi )5—6 = % Thay vao phuong trinh cia (E) vachd y x > 0,y > 0 ta tim dugc x = T\/_,y =
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N (S22

BAI TAP TONG HOP

Bai 22. Trong miit phang v6i hé toa do Oxy, viét phuong trinh chinh tic cta elip (E) biét khi M thay ddi
trén (E) thi d6 dai nhé nhit ctia OM bang 4 va d6 dai 16n nhit ctia MF; bang 8 véi F 1a tiéu diém c6 hoanh
do am.
. 2 2
Loi giai. Gid st phuong trinh elip ¢6 dang (E) : — + ol 1
a
M(x;y) € (E) = MF, =a+ < ma—a < x < anén MF; 16n nhét bing a + ¢ khi x = a,y = 0.
a
2 2 2 2 2442 2
X X Xy +y OM
V1a>bnena2 <b =1=— —|—b2 < T
Do d6 gid tri nho nhét cla OM bang b khi x =0,y = +b.

£ o xR b=4 b=4
Keét hgp vdi gia thiet ta co: & .
a+c=38 a=>5

= OM > b.

2 3
Véy phuong trinh cta (E) : 75 + 6= 1

Bai 23. Trong miit phang Oxy, lap phuong trinh chinh tic cta elip (E), biét c6 mot dinh va hai tiéu diém
ctia (E) tao thanh mot tam gidc déu va chu vi hinhzchﬁ’ nzheflt co 58 clia (E) 1a 12(24++/3).

Loi giai. Gid st phuong trinh elip ¢6 dang (E) : ;C—z + Z—z =1

Chu vi cta hinh chit nhét co s6 1a 2(2a + 2b)

Suyra2(2a+2b) =122+V3) ©a+b=32++v3) (1)

Do cic dinh A1(—a;0),A2(a;0) va Fi(—c;0),F>(c;0) cing ndm trén Ox nén theo gia thiét Fi, F, cling véi
dinh By(0,b) trén Oy tao thanh mot tam gidc déu < ByF>, = FiFy = BoF (%)

Lai c6 Fi F> d6i xting nhau qua Oy nén tam gidc B, F; F> uon 1a tam gidc can tai B.

Do d6: (%) < BoF> = FiF> & V2 +b% = 2c < b? = 3¢%.

Lai c6: a> —c? = b* = 3a®> = 4b> (2).

Tir (1) va (2) suyraa =6 va b = 3+/3.
2 2

A . : X7y
Vay phuong trinhelip (E) la —4+—==1
ay phuong trinh elip ( )a36—|—27
2 2
Bai 24. Trong mit phang toa do Oxy, cho elip (E) : % -+ % = 1. Puong thang A : 2x — 3y = 0 cit (E) tai

hai diém B,C. Tim toa dd di€ém A trén (E) sao cho tam gidc ABC c6 dién tich 16n nhét.
Loi giai. Do AN (E) = {B;C} nén B,C cb dinh hay do dai BC khong déi.
Do d6 dién tich AABC 16n nhat khi khoang céch h = d(A, A) 16n nhét.
. £ ) x = 3sint
Phuong trinh tham s6 cta (E) c6 dang: {
y =2cost
MaA € (E) = A(3sint;2cost), khi d6

/3 T
h=(A.A) = |6sint — 6cost| 6]s1nt—cost\ 6 ‘ <_Z>‘ < 6126
| VT3 V13 Vis 13
. T 3n
) - s1n(t—Z):1 t=—+k2n
Dau “=" xay ra khi: ‘sin (t— Z)‘ =1 T & 4ﬂ (keZ)
sin (17 ) =1 1= -2 +kom

2
+ Véit= %Tﬂ+k27r:>A<¥;\/§>

+ Véit=—§+k27r:A( 3V2 f)
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2 2
Bai 25. Trong mit phing toa dd Oxy, cho elip (E) c6 phuong trinh % + % =1vaP(l;—1). Goid la duong
thang di qua P cat (E) tai hai diém M,N. Tim toa do hai diém M, N sao cho PM.PN 16n nhét.
Loi giai.
Ta c6 P(1;—1) thudc mién trong ctia (E) nén d ludn cit (E) tai M,N.

. < < 2 . x=1+mit P 2 2 .
Goi phuong trinh dudng thang d c6 dang L4t voit € Rm*+n* #0. Goi M(1 +mrty;—1+
y=—l+n
nt1);N(1+4mty; — 1+ nty). Trong d6 t1,1, 1a nghiém cta phuong trinh

(14 mt)? N (—1+nt)?

=1 & (m*42n°)* +2(m—2n)t —5=0.

8 4
Theo hé thuc Vi-et tacd ty.tp = -
- 1-12 = m2 +2n2 ) .
. 5(m~+n~) 5
4 — 2 2 2 2 2 2 — —
Khi d6 PM.PN = /(mt1)? + (nt2)2.\/(mt2)? + (ntp)? = (m* +n*) |t o] = RS e —
M2 +n?
m? . m?
Mait khac 0 < ——— < 1, do d6 PM.PN 16n nhat khi va chi khi —— < n=0.
m2 +l’l2 m2+n2

Khi d6 phuong trinh ctia dudng thang d c¢6 dang y = —1, suy ra toa do clia cac diém M, N 1a nghiém ciia hé

2 2 {M(\/&_l)

%+%:1©{x2:6 @{x:i\/gj N(=VE—1)

y= 1 y=-1 " |y=- { (—V6;—1)
N(V6;—1)

Bai 26. Trong mit phang toa do Oxy, cho elip (E) : = + % = 1. Viét phuong trinh dudng thang d cit (E)

x?
2
tai hai di€ém phan biét c6 toa do 1a cac s6 nguyen.

Lis gidi. Goi M(x0:0) € (E) = 2 +y8° 1 (1)
=x3<2=x0€{-10;1}.

V6i xg = £1 = yp = £2 (théa man).

Vé6i xg = 0 = yg = £2+/2 (loai).

Vay c6 bbn diém c6 toa dd nguyén trén (E) 1a My (1;2);Mp(1;—2);M3(—1;2); My(—1;-2).
Do d6 ta sé lap dugc 6 phuong trinh dudng thang d thoa man d& bai la:
y=22x+y=0;—2x4+y=0;x=—-Lx=1;y = 2.

N e I 2 A < A N s 4 2 2 oA . v 4 < A N [N
Bai 27. Trong mit phang toa do Oxy, viét phuong trinh chinh tac ctia (E) c6 tim sai bang 5 Biét rang dién
tich cla t gidc tao bdi cac tiéu di€ém va céc dinh trén truc bé cia (E) 1a 24.

Loi giai.

B 1

F 2]
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Goi phuong trinh chinh tic cta elip (E) c6 dang
2 2
al —l—zz =1v8ia>b>0vaa®>=b>+c.
c 4 5
Tacotamsale:—:§(:)a: i
a
Goi Fi(—c;0), F>(c;0) 1a cdc tiéu diém va By (0; —b),B,(0;b) la cac dinh trén truc bé.
1 1 12
Suy ra FleFsz la hinh thOi, kho do S)zrlj_!;z]r:z]g2 = §F1F2~BIBZ = 52C.2b =2bc=24b=—
c
Khi do
2_12, 2 5 122 2 4 4 4
ac=b"+c<|-c| =(— | 425" =2304+16¢" & ¢ =256 < ¢ =4(do ¢ > 0).
c

: A S 2y
Suy ra a = 5;b = 3. Viy phuong trinh chinh tic cta elip (E) can tim la: o + 9= 1
Bai 28. Trong mit phang toa dd Oxy, cho hai diém A(4;3),B(6,4). Xac dinh diém M thuoc elip (E) :
%2 + % = 1 sao cho dién tich tam gidc MAB dat gi4 tri nho nhat.
Lui gidi. Tacé AB=+/5va phu’Ong trinh dudng thang AB : 2x +y—11=0.
Goi M(xo,y0) € (E). Khldo g (1)

8
Tfi(l)suyra|x0|<\/_y0<2\/_:>2xo+yo<11.

2 —11 11—(2
Ta lai ¢6 d(M,AB) = 1220+ 50 | ( x0+y0).

V5 V5

Ap dung bit dang thitc Cauchy-Schwarz ta c6

°°|é><t\:

2
(2x0+y0)* < (8+8) (3°+ > =16= —4 < 2xp+y0 <4

7 7
Suy ra d(M,AB)lz 7 = (d(M,AB))mH; :7_5 7
Vay minSyap = 3. (d(M,AB))min.AB = 5.—5.¢§ =3 & M(1;2).
) 22 )
Bai 29. Trong mit phang toa do Oxy, cho (E) : 75 + 9 = 1 va diém M(2;3). Viét phuong trinh dudng

thang di qua M, cat (E) tai hai diém phan biét A, B sao cho M 1a trung diém ctia AB.

Loi gidi. Ta c6 M thudc mién trong clia (E), do d6 d ludn cit (E) tai hai di€ém phan biét.
x=24+mt
y=3+nt
Goi A(2 +mty;3 +nty),B(2+ mty;3 + nty). Khi d6 11,1, la nghiém ctia phuong trinh

Goi phuong trinh dudng thang d c6 dang: véit € R,m? +n? #0.

(1+mt)? n (2 +nt)?

>3 g =1 & (9m? +25n%)1> +2(9m+50n)t — 116 = 0

2(9m+50n)

Theo hé thuc Vi-ettacoty, +tHp = ———————
eo hé c Vi-ettacot)+1o 92 + 2572

Miit khdc ta lai c6 M 1a trung diém cta AB, do d6

o {m((tl +15)=0

XA +xp =2xy - 44+ (t1+tr)m=4
ya+yB=2ym 6+ (t1+n)n==6

Sh+H=0 (m2+n27é0)

n l‘1—|—l‘2)=0

2(9m+50n) 50
—_— L = 0& 50n=0 = ——

I - 2572 9m + 50n S m 9n

x=2+9¢

Chon m = 9 = n = —50. Khi d6 phuong trinh dudng thang d 1a { 13— 50z
y=>5-
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Bai 30. Trong mit phang toa dd Oxy, cho diém A(4;0) vaelip (E) : X—6 % = 1. Tim toa do cic diém B,C
thudc (E) sao cho tam giac ABC vudng can tai A.
Loi giai.
y
B
A
0] X
C

Ta c6 B,C thudc (E) va tam giac ABC vudng can tai A. Mat kha A(4;0) € Ox va (E) nhan cac truc
Ox, Oy la truc dbi xung nén B, C d6i xting nhau qua truc Ox.
Do d6 goi B(m;n),C(m;—n) € (E) véin # 0.
2 2 2 2 2 2

zﬁ (m—4;n) m n—zl mon mer -
Suyra{% , khi do 16+9 & 16+9 120@ 16+9 !
AC = (m—4;— ) ABAC =0 (m—4)* —n? n? = (m—4)?
2 2 m=4
4
:>m——i—u:1(:>25m2—128m+112:0<:> 28
16 9 m=—.
25
Vé6im=4=n=0
<28 72) (28 72)
B o2 B —=
Véim = §:>n—j:B Suy ra 25°25 hodc 25 25
"~ 25 25" C(zs_ 72) : C<28.72>
25" 25 25’25/
2 2 )Cz y2 £
Bai 31. Trong mat phang toa dd Oxy, cho dudng thang d : x+y—4 = 0 va elip (E):Z+E:1'Viét

phuong trinh dudng thang A vudng géc véi d va cit (E) tai hai diém A, B sao cho dién tich tam gidc OAB
bing 2.

Loi gidi. Taco A L d do d6 phuong trinh dudng thang A c¢6 dang: x —y+c¢ = 0.

Phuong trinh hoanh do giao diém cta A va (E) la:

2x% +4(x+c)> =8 < 6x> +8cx+4c? —8=0 (1)
Ta lai ¢6 A cit (E) tai hai diém phan biét do d6 (1) phéi c6 hai nghiém phan biét, nghia Ia
AN=48-8c>0& —V6<c<6 (2)

Ta ¢6 A(xy,x1 +¢),B(x2,x2 + ¢) 1a cdc giao di€m cta A véi (E), khi d6 x;,x; 1a cdc nghiém clia phuong
trinh (1).

4c
X1 +xp = ?
Do d6
0o 22— 4
X1.X2 = 3

Mat khac ta lai c6 AB = \/()CZ —X1)2 + ()C2 —x1)2 = \/2()61 -I—xz)2 —8x1.x2

32¢2 16¢2—-32 4
= AB = - =-Vc2+2
\/ 9 9 Vet

el
| V2
Ma Sypc =2= 5 AB.d(0,A) =2

Ta lai c6 d(O,A) =
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14
= 5.5\/& Jrz.‘if‘2 =242 -18=04 c =+ —1++/19 (thda man (2))
Viy dudng thang A can lapla A:x—y++1/—1+v/19=0hodc A:x—y—+/—1+/19=0
2 2
Bai 32. Trong mit phang toa dd Oxy, cho elip (E) : % + yg = 1 ngoai tiép tam gidc déu ABC. Tinh dién
tich tam giac ABC, biét (E) nhan A(0;3) lam dinh va tryc tung lam tryc d6i xtng.

Loi gidi.

Do AABC déu va c6 A(0;3) nén B,C dbi xding v6i nhau qua truc tung, nén goi B(m,n) = C(—m,n) véi
m >0 = a = BC = 2m va chiéu cao clia tam gidc la h = 3 —n.

3
Khidéh:M<:>3—n:\/§m<:>n:3—\/§m:>B(m;3—\/§m)
a

2 3_./3 2

MatkhécBe(E),dodé%Jr#:l@%z—:szﬁm:o
2
@m:%g(théamﬁn) vam = 0 (loai).
%

. -39 19 1 30723
Khidon=—= =S = —-h.BC =
T T 3 T 361
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4.  DE KIEM TRA CHUONG 3

I. Pésbla

Bai 1. Cho A(1,5);B(4,—1);C(—4,-5).
a) Viét phuong trinh tdng quat ctia dudng thang chia cdc canh ctia tam gidc.
b) Viét phuong trinh dudng trung truc canh BC va AB.
¢) Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.

Loi giai.

a) TacoAB = (3,—6); BC = (—8,—4), AC = (—5,—10).
Phuong trinh tong quat cﬁa duong thang chUa canh AB 26—1)+(y—5)=0&2x+y—-7=0

.................................................................................. 0,5 diém
Phu0ng trinh tdng quat duong thang chiia canh AC: 2(x+4) — (y+5) =0<2x—y+3=0

.................................................................................. 0,5 di€ém
Phu0ng trinh téng quat duong thang chia canh BC: (x —4) —2(y+1) =0 x—2y—6=0
P 0,5 di€ém

b) Goi I la trung di€ém canh BC. Khi d6 1(0; —3). Phuong trinh dudng trung tryc canh BC 1a 2(x —0) +
(y+3)=0¢2x+y+3=0..0,5diém Goi J la trung diém canh AB. Khi d6 J(3;2). Phuong trinh

dudng trung tric canh AB1a (x—3) —2(y—2) =0 2x—4y+3=0.........coenen... 0,5 diém
¢) Vi tam gidc ABC vudng tai B nén tim dudng tron ngoai tiép 1a trung di€ém O clia canh AC. Ta c6
0(52:0) va ban kinh OA = i COA = (S5=5). 0,5 diém
Phuong trinh dudng tron ngoai tiép tam giac ABC 1a (x+ %)2 +y* = 142 ................ 0,5 diém.

Bai 2. Cho elip (E) c6 phuong trinh %2 +yT2 =1

a) Tim tiéu di€m, tAm sai, dudng chuan cua (E).
b) Tim trén (E) nhiing diém M sao cho M nhin doan thang ndi hai tiéu diém dudi mot géc vuong.

Lui gidi.

a) Tacé c? =a’> —b*> =3, suy ra ¢ = /3. Cic tiéu diém F; (—/3;0) va F(v/3;0). .......... 0,5 diém
3 ,
Tam sai e = - £ ............................................................... 0,5 diém
a 2 4
Puong chuin x = o 0,5 diém
e V3
b) Vi EMF; = 90°, do d6 M thude dudng tron dudng kinh FiFy 1a x> +y2 =3, ...o.ooon. .. 0,5 diém.
2 2
Toa do di€m M I nghiém hé phuong trinh % + yT VAR Y =3 0,5 diém.
+21/2 1 ,
Gai hé ta dudc x = —\/_;y o 0,5 diém
V3 V3
e s 272 +1 .
Vay ¢6 bén diém can tim Ia ( :I:i; e 0,5 diém
V3 V3
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Bai 3. Trong mit phang véi hé truc toa dd Oxy cho hai di€ém A(2;0) va B(6;4). Viét phuong trinh dudng
tron (C) tiép xidc vdi truc hoanh tai diém A va khoang céch tir tim ctia (C) dén diém B bing 5.

Loi gidi. Goi I(a;b), R 1a tAm va ban kinh dudng tron (C). Do (C) tiép xtc véi truc hoanh tai di€ém A(2;0)
NEN A =2 VA D] =R 0,75 diém
Do IB=5mal(2;b) vaB(6;4) suyra (b—2)>+(4—b)?> =52 <= b =8h+7=0<b=1,b=7
........................................................................................ 0,75 diém

V6ia=2,bh=1=R=1,tacéphuong trinh ctia (C) 1a (x —2)>+(y—1)>=1............... 0,75 diém
V6ia=2,b=7= R=7tacé phuong trinh ctia (C) 1a (x —2)>+(y—7)2=49 .............. 0,75 diém

IL. Désé1b

Bai 1. Cho A(—5,6);B(—4,—1);C(4,3).
a) Viét phuong trinh tdng quat ctia duong thang chia cic canh ctia tam gidc.
b) Viét phuong trinh dudng trung truc canh BC va AB.
¢) Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.

Loi giai.

a) Ta 6 AB = (1,—7);1?2 (8,4),@2 (9,—

Phuong trinh tong quat clia duong thang chia canh AB: 7(x +5) 4+ (y—6) =0 < Tx +y+29 =0

.................................................................................. 0,5 di€ém
Phu’dng trinh tdng quat duong thang chiia canh AC: (x+5)+3(y—6) =0 < x+3y— 13 =0
.................................................................................. 0,5 di€ém
Phu’dng trinh téng quat dudng thang chiia canh BC: (x+4) —2(y+1) =0 x—2y+2=0
e e e e e e e e e e e 0,5 diém

b) Goi I 1a trung di€ém canh BC. Khi d6 1(0;1). Phuong trinh dudng trung tryc canh BC 1a 2(x — 0) +

(V= 1) =0 2x 4y — L =0 e 0,5 di€ém
Goi J la trung di€ém canh AB. Khi d6 J (79 %) Phuong trinh dudng trung truc canh AB 1a (x + %) —
T(y— 2)—0(i>x Ty 422 =0 0,5 di€ém

¢) Goi O la giao diém hai dudng trung truc cta hai canh AB va BC. Toa do diém O 1a nghiém hé phuong
trinh 2x+y—1=0vax—7y+22=0..0,5 diém Giai hé ta dugc O(—1;3) va oC = (—5;0) suy ra

DANKINN OC = 5. ... 0,5 diém
Phuong trinh dudng tron ngoai tiép tam gidc ABC 1a (x +1)2+(y—3)> =25 ............ 0,5 diém.
x2 y2
Bai 2. Cho elip (E) c6 phuong trinh 9 + i 1.

a) Tim tiéu di€m, tAm sai, dudng chuan cua (E).
b) Tim trén (E) nhiing diém M sao cho M nhin doan thang ndi hai tiéu diém dudi mot géc vuong.

Loi giai.

a) Taco ¢ =a?—b?> =5, suy ra c = /5. Céc tidu diém F,(—/5;0) va F(\/5;0). .......... 0,5 diém
5 .
Tamsaic =S = Y 0,5 diém
a 3 9
PUSNE chudn X = £ = b 0,5 diém
e V5
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b) Vi EME, = 90°, do d6 M thudc dudng tron dudng kinh FiF 1A x2 +92 =5. . .ooovoni. .. 0,5 diém.
2 2
Toa do diém M 1a nghiém hé phuong trinh % + % =1vax>+y> =5 .. 0,5 diém.
+3 +4 .
Gai D ta QUGC X = sy = o 0,5 diém
V5 V6
LA A A a1 3 44 o
Vaycobondiemcantimla [ ——=;—= ) ...t 0,5 diém
V55

Bai 3. Trong mit phang véi hé truc toa d6 Oxy cho tam gidc ABC c6 C(—1;—2), dudng trung tuyén ké tir
A va dudng cao ké tit B 1an lugt c6 phuong trinh 12 5x +y—9 =0 va x + 3y — 5 = 0. Tim toa do cdc dinh A
va B.

Loi giai. Puong thing AC di qua C va vudng géc véi duding thang x+ 3y —5 = 0, suy ra phuong trinh AC

LA 3 — Y L = 0 o e 0,75 diém
Toa dd di€ém A 1a nghiém ciahé 5x+y—9=0va3x—y+1=0,suyraA(1;4) .............. 0,75 di€ém
Diém B thudc dudng thang x 4 3y — 5 = 0 va trung diém ctia canh BC thudc dudng thang Sx+y—9=00,5
diém . 5
Toa do diém B la nghiém ctia hé phuong trinh x+3y—5=0va 5 (%) + y% —9=0, suy ra B(5;0)
0,75 diém
III. Péso2a

N oA o 2 X = 1 +t N S
Bai 1 (2 diem). Trong mat phang Oxy, cho A { . (r € R) vadiém A(3;0). Tim B € A sao cho AAOB

y =

vuong tai O. .
Li gidi. Goi B(1+b;b) € A Khi d6: OB = (1 —b;b); OA = (033). .+ vvveeeeeeeeeii 0,5 diém).
AA% vudng tai O
& Qé L OB . o e (0,5 diém).
e DA OB = 0. (0,5 diém).
S 31D F0.B) Z 0 0,5 diém).
S b=-—1
VY B(0; — 1) oottt et (0,5 di€m).

Bai 2 (2 di€ém). Tim hinh chiéu vudng géc cia gbc toa dd O 1én dudng thing A : x —y+2 = 0, tit d6 tim
diém dbi xiing ctia O qua A.

Loi gidi. Goi H 12 hinh chiéu cta O 1én A.

Vi OH vuodng géc v6i A nén OH nhan vectd phap tuyén (A = (I;—1)) cta A lam vecto chi phuong, tic la

OH nhan ngg = (1;1) 1am vecto phap tuy8n. .. ......ooo e (0,5 diém).
Do d6, OH la dudng thing qua 0(0;0) va nhan ngg = (1;1) 1am vecto phap tuyén; vdy OH c6 phuong
trinh: 1(x—0)4+1(y—0) =0 X+ Y =0 oottt (0,5 diém).
. ) o, . L {x—y+2:0 {x:—l
Tacdé H=ANOH, nén toa do cua H 1a nghiém cua hé:
x+y=0 y=
VAY H (=13 1) oo e 0,5 diém).
Goi O’ 1a diém dbi xting v6i O qua A.
Khi d6, H 1a trung diém cia 0O0'.
Ap dung cong thiic tinh toa do trung diém ta tinh dugc O'(—2;2). ......oooeiiiiiiinn, (0,5 diém).
Bai 3 (2 diém). Viét phuong trinh dudng tron (€) noi tiép AABC biét (€) c6 tam I(1;2) va AB : x — 2y +
7=0.
Loi gidi. Vi AABC ndi tiép (¢) nén (%) c6 ban kinh R = d(I,AB) = % .................... (1,0 di€m).
. 16 o
VAy (B) 1 (x— 1) 24 (1= 2) 2 = oo (1,0 diém).
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Bai 4 (2 diém). Cho AABC noi tiép dudng tron () c6 tam la gbc toa do O. Viét phuong trinh tiép tuyén
clia (%) tai A biét E(—1;0) va F(1;1) 1an lugt 1a chan dudng cao ké tit B va C; A thudc dudng thiang
A: 3x+y—1=0.

Loi giai. Goi Ar 1a tiép tuyén cla (%) tai A.

e Chiing minh OA L EF. A
Tit giac BCEF noi tiép nén EFA = ACB.
Hon nira, BAr = ACB. E
Do do6, EFA = BAt.
MiatkhicAt LOANénEF L OA........... .. (0,5 di€m).
e OA la dudng thang di qua O(0;0) va nhin EF = (2;1) 1am véc-to phdp tuyén. 0
OA : 2x4y =0 . (0,5 diém). C
N -2 5 N ) N ; N ‘A 5 N 3x+y -1=0 N
e A la giao diém cta OA va A. Do do, toa do (x;y) cia A la nghiém cua hé: et 0 . Ta tim
x+y=
AUGC AL =) ettt e (0,5 diém).
e Tiép tuyén At 1a dudng thang qua A(1;—2) va nhan OA = (1,—2) 1am véc-to phap tuyén.
At x = 2y — 5 = 0. o (0,5 diém).
o ¥y
Bai 5 (2 diem). Choelip (E): —+=—=1.
ai 5 (2 diem). Cho elip (E) 25+16

a) Tim do dai truc 16n, do dai truc nhd, tiéu cu cua (E).
b) Viét phuong trinh dudng tron dudng kinh 1a doan ndi hai tiéu diém cia (E).
Chiing minh (E) va (%¢) khong ¢6 di€ém chung nao.
Loi giai.
a) Tacda=v25=5b=V16=4;c=Va2 = b2 =3. .00 (0,5 diém).

bo dai truc 16n: 2a = 10.
Do dai truc bé: 2b = 8.

THBU CUT 20 = 6. o ettt e e e (0,5 diém).
b) Pudng tron (%) c6 tim 1a gbc toa do va ban kinh bing ¢ = 3.
(€) c6 phuong trinh: X2 + 32 = 0. . ... oo (0,5 diém).
2
—+—==1 . o
Vihé ¢ 25 * 16 v0 nghiém nén (E) va (¢') khong c6 diém chung nao............. (0,5 diém).
2., .2
X +y =9

IV. Désb2b

2 2 — 1 —t 2
Bai 1 (2 diem). Trong mat phang Oxy, cho A: {x . (t €R) vadiem A(0;3). Tim B € A sao cho AAOB
y =
vuong tai O.
N . 1l 3
Lo gidi. Goi B(1 — b;b) € A. Khi d6: OB = (1 — b:b); OA = (0;3).
AAOB vudng tai O.

N @ LB (0,5 diém).
B OA OB = 0. (0,5 diém).
S 0.1 = B) £ 3.(B) = 0ur oo e 0,5 diém).
abh=0

VAY B(L10). e e e e e (0,5 diém).
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Bai 2 (2 diém). Tim hinh chiéu vuong géc ciia gbc toa do O 1én duvng thing A : x+y—2 =0, tir d6 tim
diém d6i xting ctia O qua A.

Loi gidi. Goi H 12 hinh chiéu cta O 1én A.

Vi OH vudng goc v6i A nén OH nhan vecto phap tuyén (nx = (1;1)) ciia A lam vecto chi phuong, tic 12

OH nhan nigp = (1;—1) 1am vecto phap tUYEN. ... ...\ttt (0,5 diém).
Do d6, OH la dudng thing qua O(0;0) va nhan iof = (1;—1) 1am vecto phdp tuyén; vdy OH c6 phuong
trinh: 1(x—0) —1(y—0) =0 x =y =0, o\ttt (0,5 di€m).
) . e, X Fy=2=0 X =
Taco H= ANOH, nén toa do cua H la nghiém cua hé: 0
VAY H (L3 1) e e e e 0,5 diém).
Goi O’ 1a diém d6i xting v6i O qua A.
Khi d6, H 1a trung di€ém cta 00’
Ap dung cong thic tinh toa do trung di€ém ta tinh dugc O'(2;2). .......ooviiiiii .., (0,5 diém).
Bai 3 (2 diém). Viét phuong trinh dudng tron (€) ndi tiép AABC biét (€) c6 tam I(—1;2) vaAB : x—2y+
7=0.
e e? e At A A s 3 s 2 R
Loi giai. Vi AABC noi tiép (¢') nén (%) c¢6 ban kinh R = d(I,AB) = TR (1,0 diém).
4 2
Vay () : (x+1)2+(y—2)2 = S (1,0 diém).

Bai 4 (2 diém). Cho AABC noi tiép dudng tron (%) c6 tam la gbc toa do O. Viét phucng trinh tiép tuyén
clia (%) tai A biét E(—1;3) va F(2;3) lan lugt 1a chan dudng cao k& tit B va C va A thudc dudng thang
A: 2x+y—-5=0.

Loi giai. Goi Ar 1a tiép tuyén cla (%) tai A.

e Chiing minh OA L EF. A
Tit gidc BCEF noi tiép nén EFA = ACB.
Hon nira, BAr = ACB. E
Do do6, EFA = BAt.
MiatkhacAr L OAnén EF L OA........ ... (0,5 di€m).
e OA la dudng thang di qua O(0;0) va nhin EF = (3;0) 1am véc-to phap tuyén. 0
OA 0 X =0 (0,5 diém). C
e, . ) R s ria o o J2x+y—=5=0 .
e A la giao diém ctia OA va A. Do do, toa do (x;y) cia A la nghiém cla hé: 0 . Ta tim
X =
QUG A(055) . . ettt e e (0,5 di€m).
2 P N — .
e Tiep tuyén At la dudng thang qua A(0;5) va nhan OA = (0;5) lam véc-to phap tuyen.
Al LY = S (0,5 diém).
0 ¥y
Bai 5 (2 diem). Cho elip (E) : 75 + 9= 1.

a) Tim do dai truc 16n, do dai truc nhd, tiéu cu cua (E).

b) Viét phuong trinh dudng tron dudng kinh 1a doan ndi hai tiéu diém cia (E).
Chiing minh (E) va (%) c6 4 diém chung.

Loi giai.

a) Tacda=vV25=5b=vV9=3c=Va2 —b2 =4 ... .. . (0,5 diém).
Do dai tryc 16n: 2a = 10.
b0 dai truc bé: 2b = 6.
THU CUT 20 = 8. ettt (0,5 diém).



4.. PE KIEM TRA CHUONG 3 253

b) Pudng tron (¢) c6 tam 1a gbc toa dd va ban kinh bing ¢ = 4.

(€) c6 phuong trinh: X2 42 = 16, . . ..ottt e (0,5 diém).
2 5P

Vihé { 25 Ty L o4 nghiém phan biét nén (E) va (€) ¢6 4 diém chung. .......... (0,5 di€m).
x>+ y2 =16

V. DPéso3a
Cau 1. (4,0 diém) Trong hé toa dd Oxy, cho tam gidc ABC v6i A(—1;3),B(3;1) va C(3;-5).
a) Viét phuong trinh tham s va phuong trinh téng quét ctia dudng thang chia canh AC.

b) Viét phuong trinh téng quat ctia dudng cao xuét phat tif dinh B va tim toa do truc tAm clia tam gidc
ABC.

¢) Viét phuong trinh duong thang d di qua A va cach B mot doan bang 4.
Loi giai.

a) Taco AC = (4;—8) nén dudng thing AC nhan véc-to 1 = (2;1) 1am véc-to phap tuyén. .. 0,5 diém.

. . x=—1+t o
Phuong trinh tham so cua duong thang AC : { g Tt 0,5 diém.
y=3-21.
Phuong trinh tong quat cia duong thang AC : 2x+y—1=0. .............cooveiiin.... 0,5 diém.
b) Phuong trinh ctia dudng cao xuit phat tit B(3;1) va nhin véc-to AC = (4; —8) 1am véc-to phép tuyén
e 0,5 diém.
Phuong trinh dudng cao xut phat ti A(—1;3) va nhan BC— (0; —6) 1am véc-to phéap tuyén lay —3 =
PP 0,5 diém.

Toa do tryc tdm H cia AABC la nghi€ém hé phuong trinh

x—2y=1 x=1
=
y=3 y=3.

................................................................................. 0,25 diém.

¢) Goi A 1a dudng thing cin tim va A c6 véc-to phép tuyén 7 = (a;b) v6i a® + b2 #£ 0.

Pudng thing A cédang a(x+ 1) +5(y —3) = 0. .o ovvrriiiiee e 0,25 diém.
Ta co
3+1)+b(1-3
d(B;A) = 4 o (9B ED FOA =3,
Va*+b?
& 2a—b|=2Va?+b? < dab+3b* =0
< b=0hoac b= _3_a
4
.................................................................................. 1,0 diém.
Khib=0(thia#0),taco phuong trinh Alax+1=0. ............. ..., 0,25 diém.
3 .

Khi b = _Za thi A c6 phuong trinh1a4x —3y+13=0........ ...t 0,25 diem.

B
Cau 2. (2,0 diém) Trong hé toa dd Oxy, cho dudng tron (T) : x*> +y? — 2x+ 6y — 15 =0.

a) Tim toa do tdm va tinh ban kinh cta (7).
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b) Viét phuong trinh tiép tuyén ctia (T'), biét ring tiép tuyén d6 song song v6i dudng thang [ : 3x — 4y +
5=0.

Loi giai.

a) Pudng tron (T) c6tdm I(1;—3) vabankinh R=15. ..... ... ... it 0,5 di€m.
b) Goi A la tiép tuyén can tim.
ViAsongsong/nénAcodang3x—4y+m=0,m=£S. ... i, 0,5 diém.
ViAtiép xtic (T)nénd(ILA) =R&m=10hodcm=—35. ..........ccoviiiiiiaiin. 0,75 di€m.
Vay phuong trinh Ala3x—4y4+10=0va3x—4y—35=0. ... 0,25 diém.
Ciu 3. (2,0 diém) Trong hé toa do Oxy, cho elip (E) : % + yz —1.

a) Xac dinh toa d9 céc tiéu diém Fy, F> va do dai tiéu cu cta (E).
b) Liy di€ém M tiy y thuoc (E). Chiing minh ring biéu thiic T = MF; - MF, + OM? c6 gi4 tri khong ddi.

Loi gidi.

a) Tacé c? =a’? —b*> =5nénelip E c6 hai tidu diém Fi (—v/5;0), /. (V5;0). .............. 0,5 diém.
Do daitiducuctia (E)1a F1Fy =2c=2v/5. .. o e 0,25 diém.

T e ¢ A ) 5, 0
b) V6i M tuy y thudc E, tacd MF-MF, = (a + xM> (a — —xM> 9— §xM. ............ 0,5 diém.

x2 5 .
Ma OM? = x3, +y3; = x3, +4 34 =35 X 0,5 diém.
VAy T =MF -MPF>+O0M? = 13. .. 0,25 diém.

. ¥y
Cau 4. (2,0 diém) Trong hé toa do Oxy, cho (E) : 75 + 6= 1.

a) Viét phuong trinh dudng tron (C) c6 tim O va dudng kinh bing do dai truc nhé cla (E).
b) Tim di€ém M (x;y) thudc E c6 toa dd duong sao cho tich x -y dat gid tri 16n nhat.

Loi giai.

a) Elip (E) c6 do dai truc nhd 2b = 8 nén dudng tron can tim cé bankinh r=4............. 0,5 diém.
Vay phuong trinh (C) 1a X2 432 = 16. ... ..o e 0,5 diém.

. N 4
b) ViM(x;y) € (E) vax,y>0néntacéy=4 1—525\/25—)@. ................... 0,25 di€m.

4 4 25 2
Tacéxy = - /x2(25 —x2) < s e TR 0,5 diém.

5 5 2
x> =25—x?

2 ., 5 . x>0 X = % .0

Dang thuc xay ra khi & 2 e 0,25 diém.

2
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VI. Péso3b
Cau 1. (4,0 diém) Trong hé toa dd Oxy, cho tam giac MNP véi M(—1;3),N(3;1) va P(3; -5).
a) Viét phuong trinh tham s6 va phuong trinh tdng quat clia dudng thang chita canh MP.

b) Viét phuong trinh tdng quat ctia dudng cao xuat phat tif dinh N va tim toa do tryc tAm ciia tam gidc
MNP.

¢) Viét phuong trinh duong thang d di qua M va cach N mot doan bang 4.
Loi giai.

a) Taco MP = (4;—8) nén dudng thing MP nhan véc-to ] = (2;1) lam véc-to phép tuyén. .0,5 diém.

£ . x=—1+4t .
Phuong trinh tham so cua dutng thang MP : { g e 0,5 diém.
y=3-2r.
Phuong trinh tong quat ctia duong thang MP : 2x+y—1=0. .........ccccciviiiii.... 0,5 diém.
b) Phuong trinh ctia dudng cao xuét phat tit N(3;1) va nhan véc-to MP = (4; —8) 1am véc-to phap tuyén
R [ P 0,5 diém.
Phuong trinh dudng cao xuét phat tt M(—1;3) va nhan NP = (0;—6) lam véc-to phap tuyén 1a
U T | 0,5 diém.

Toa do truc tam H cuia AMNP la nghiém hé phuong trinh

x—2y=1 x="17
=
y=3 y=3.

................................................................................. 0,25 diém.

¢) Goi A 1a dudng thing cin tim va A c6 véc-to phép tuyén 7 = (a;b) v6i a® + b2 # 0.
Pudng thing A cédang a(x+ 1) +5(y —3) = 0. oo ovvrriiiiee e 0,25 diém.
Ta co
34+1)4+b(1-3
d(N:A) = 4o CBTD O3],
Va?+b?
& 2a—b|=2vVa?+b? < dab+3b* =0

<:>b:Ohoaflcb:—34—a.

Khi b =0 (thi a # 0), tacé phuong trinh Alax+1=0. ................ ... .o ii... 0,25 diém.
3 o
Khi b = _Za thi A c6 phuong trinh [a4x —3y+13=0......... ... ... i . 0,25 diém.
Cau 2. (2,0 diém) Trong hé toa do Oxy, cho dudng tron (C) : x? 4 y> — 2x + 6y — 15 = 0.
a) Tim toa do tdm va tinh ban kinh cta (C).

b) Viét phuong trinh tiép tuyén ctia (C), biét ring tiép tuyén d6 song song véi dudng thang d : 4x — 3y +
1=0.

Loi giai.

a) Puong tron (C) cétim I(1;—3) vabankinhR=5. ..... ... ... ... . ... 0,5 diém.
b) Goi A la tiép tuyén can tim.
ViAsongsongdnén Acédang dx —3y+m=0mF# 1. ... ... .. 0,5 diém.
Vi A tiép xtic (C) nénd(l;A) =R<m=12hodcm=—38. ........ccooiiiiieiin.... 0,75 di€m.

Vay phuong trinh Ala4x —3y4+12=0vadx—3y—38=0. ......... ... 0,25 diém.
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22
Ciu 3. (2,0 diém) Trong hé toa do Oxy, cho elip (E) : )16—2 + % =1.

a) Xac dinh toa do céc tiéu diém F, F> va do dai tiéu cu cta (E).
b) Liy diém M tuy y thudc (E). Chiing minh ring biéu thiic T = MF; - MF> + OM? c6 gia tri khong doi.

Loi giai.

a) Tacé c? =a®? —b*> = 5nénelip E c6 hai tiéu diém Fi (—2v/2;0),F(2v/2;0). ............ 0,5 diém.
Do daitiducucia (E) 1A F{F =2c=4v2. ... o 0,25 diém.
2
b) V6i M tuy y thudc E, tacdé MF,-MF, = ( ) (a — —xM> =12- §x12v1 ........... 0,5 diém.
2 o
MéOMzzx%,,+y,21,,:x]2‘,,+4(l—);—2)—3 B A 0,5 diém.
VAy T = MF; -MF>+O0M? = 16. ... 0,25 diém.
2y
Cau 4. (2,0 diém) Trong hé toa dd Oxy, cho (E) : 16 + 5= 1.

a) Viét phuong trinh dudng tron (C) c6 tim O va dudng kinh bing do dai truc nhé cta (E).
b) Tim diém M (x;y) thudc E c6 toa dd duong sao cho tich x -y dat gid tri 16n nhét.

Loi giAi.

a) Elip (E) c6 do dai tryc nhd 2b = 6 nén dudng tron can tim co bankinh r=3............. 0,5 diém.
Vay phuong trinh (C) IAx? +3% = 0. ...t 0,5 diém.

\ N 23 .
b) ViM(x;y) € (E) vax,y>0néntacdy=23 I—E:Z\/16—x2. ................... 0,25 di€m.

3 3 16 .
Taco xy = 2/ (16—) < )““% 6 0,5 diém.

XX =16—x*

2 . 2 . x>0 = 2\/5 -

Dbang thuc xay ra khi & By/2 e 0,25 diém.
2 = —
y=34/1- r Y 2

16
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