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HUGNG DAN SU DUNG SACH

M®éi bai hoc trong sach Toan 11 tht{\ﬂn_gﬂgﬁﬁagphﬁnnhu sau:

Hay bio quin, gt gin sich gido khoa dé danh ting céc em hoe sinh 16p sau!



Lot noi dau

Céc ban hoc sinh, quy thiy, ¢6 gido thin mén!
Sach Tedan 11 thuge b sach giao khoa Chdn troi sdang tae dugce bién soan theo Chwong trinh
gido duc phd thong nim 2018 cua Bé Gido dyc va Pao tao.
Cau triic sach Tedn 11 dugc chia thanh hai tap.
Tap mét bao gom ba phan:

Pai sd va Mot s yéu to Gidi tich gbm ba chwong: Ham s6 lwong gidge va phuong trinh
lieong gide; Day so. Cap s6 cong. Cap so nhan; Gigi han. Ham sé lién tuc.

Hinh hoc va Do lwimg gdm mot chuong: Puong thang va mat phang, Quan hé song song
trong khong gian.

Thing ké va Xie suit gdm mot chuong: Cee 56 ddc trung do xu thé trung tam cho madu so liéu
gheép nhon.

Péu mdi chuong déu cé néu rd cac kién thirc co ban s& hoe va cac yéu cdu can dat cua
chuong. Cac bai hoe déu xdy dung theo tinh than dinh hudng phat trién ning lue va thuong
duoc théug nhit theo cac budc: khoi dong, khdm phd, thiec hanh, van dung. Sich sg tao nén
mot mdi truromg hoe tip va giang day twong tdc tich cye nham dam bao tinh dé day, dé hoc
dong thoi ho trg cac phwong phap giang day hiéu qua.

N6i dung sach the hién tinh tich hop, gin bo mon Todn vai cac mén hoe khde, Nhing hoat
ddng trai nghiém duoc ting cuomg gitp ngudi hoe ¢o thém co héi van dung Toan hoc vao
thue tién, dong thoi (mg dung cong nghé théng tin vao viée hoe Toan.

Chting tdi tin tuémg ring voi céch bién soan nay, sach gido khoa Todn 11 s& ho trg quy thiy,
cO gidao mot cach tich cye va hiéu qua trong qua trinh day hoc, d[:ing thoi giup cac ban hoc
sinh hirng thi hon khi hoc tdp b mon Todn.

Rit mong nhan dugc sy gop ¥ cua quy thay, o gido va cac ban hoc sinh dé sach duge ngay
cang hoan thién hon.

CAC TAC GIA
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Pnan PA SO VA MOT SO YEU TO
GIAI TICH
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Luong giac dong vai trd quan trong trong cudc sdng va khoa hoc. Khéi ngudn tif nhu cau tinh toan trong hinh hoc va
thién van, dén nay lugng gidc cd vd so iing dung trong kién tric xay dung, vat li, ki thuat va cong nghé.

Trong chuong nay, ta sé xay dung khai niém gécluong gidc vai sd do bat ki va gia triluong giac cia ching, dong thai
tim hiéu cic cdng thiic Iuong gidc, ham sé luong giac, phuong trinh luong gidc va mét sé ing dung cha luong gidc
trﬂng thuc té.

— Biéu dién dugc cac goc lugng gidc trén dudng tron lugng giac va tinh duge cac gia tri
Iugng gidc cla chung.

— S dung dugc cac hé thic co ban gilta cac gia tri lugng giac, cong thic cong, cdng thiic
g6c nhan déi, cong thic bién déi tich thanh téng va céng thic bién déi téng thanh
tich dé giai cac bai toan lugng giac.

— Giai quyét dudc mét s6 van dé thuc tién gan vdi gia tri lugng gidc clia goc lugng giac
va cac phép bién déi lugng giac.

— Nhan biét dugc ham sé chan, ham s6 1&, ham s6 tuan hoan va cac dac trung hinh hoc clia
dé thi cla chang.

— Ve dugc d6 thi clia cac ham s6 y = sinx, y = cosx, ¥ = tanx, y = cotx va giai thich dugc cac
tinh chat co ban cua chung.

— Giai quyét dugc mot sé van dé thuc tién gan véi ham sé luong giac.

L



Bai 1. GAc luong giac

Tir khod: Goc lugng gidc; So do goc luong giac; Radian; Hé thic Chasles.

@ M3i hinh duéi dy thé hién chuyén dong quay ciia mét diém trén banh Ii tu tit vi tri A
dén vi tri B, Cac chuyén ddng nay cd diém nao gidng nhau, diém nao khac nhau?

1. Géc lwgng gidc
Khai niém goc lugng giac
M) Mot chiée banh lai tau ¢6 thé quay theo ca hai chiéu. Trong

#"1  Hinh | va Hinh 2, lic diu thanh OM & vi tri OA.
a) Khi quay banh lai nguoc chidu kim dong hd (Hinh 1), cir
mai gidy, banh ldi quay mot goc 60°. Bang dudi diy cho ta
gdc quay o ctia thanh OM sau ¢ gidy ké tir ltic bat dau quay.
Thay déu ? bing s6 do thich hop.

Thei gian ¢
(giay)
Goc quay o 60" | 120° s ? ? ?

a whala-alln e owms Hinh 1

b) Néu banh lai dwoc quay theo chiéu nguge lai, nghia la
quay cung chiéu kim dong ho (Hinh 2) vdi cing toe d6 nhu
trén, ngwdn ta ghi —60° dé chi goc mé thanh OM quay duge
sau moi gidy. Bang dudi diy cho ta goc quay o cia thanh
OM sau t gidy ké tir lic bat déu quay. Thay déu ? bing s6 do
thich hop.

Théri gian 1
(giay) Hinh 2

Goc quay o | —60° [-120°] ? ? ? 7




.:@'.

Khi xét Clll{yél] dong quay cﬂa}n{jt' tia Om quanh géu:: () cua né‘ tinh tir +-._\

vi tri ban dau Og theo mdt chiéu ¢d dinh, ngudi ta quy ude chiéu quay .
nguge chiéu kim dong ho la chiéu duong va chiéu quay ciing chiéu kim \"
déng ho 1a chiéu am.

Mat vong quay theo chiéu duong tuong (mg vai gée quay 360°, mét vong
quay theo chi¢u dm fuong g vai goc quay —360°, Hinh 3
Khi tia Om quay: ;

e nura vong theo chiéu duong thi ta ndi Om quay goc 5 360° = 1807,

1 .
. 5 vong theo chiéu duong thi ta no1 Om quay goc % 3607 = 60,

. % vong theo chiéu am thi ta néi Om quay goc % (360" =—450°,

* Cho hai tia Oa, Ob.

 Néu mét tia Om quay quanh gée O ctia n6 theo mot chiéu b dinh bit ddu tir vi tri tia Ou
va dimg & vi tri tia Ob thi ta noi tia Om quét mot gée lwpng gide ¢o tia diu O, tia cudi Ob,
ki hi¢u (Oa, Ob).

e Khi tia Om quay mot goc o, ta noi so do cua goc hrgng gide (Oa, Ob) bing a, ki hiéu

sd(Oa. Ob) = a.

il ol

Hinh 4
Chd y: Vi hai tia Oa va Ob cho trude, c6 vo sd goc Iugng gidce tia dau Qa va tia cudi Ob,
Ta dung chung ki hiéu (Oa, Ob) cho tit ca chc goc lueong giac nay.
Vi du 1. X4c dinh s6 do cia edc goc luong gide (Oa, Ob) trong Hinh 5.

b 2 b

b

o i
a) b c) d)

Hinh 5



Giai
Sé do cua goc luong giac (Oa, Ob) trong Hinh 5a la 90°.
S6 do cia goe lugng gide (Oa, Ob) trong Hinh 5b 13 90° + 360° = 450°,
So do cua goc lugng giac (Oa, Ob) trong Hinh 5¢ 1a 907 + 2 . 360" = 810",

Sé do cta goe luong gidc (Qa, Ob) trong Hinh 5d 1a % A=3607) =-=270°,

Nhén xét: St do cua cac goéc luong gide co cing tia diu Oa va tia cudi Ob sai khac nhau
mot boi nguyén ctia 360°nén ¢6 cong thire tong quat la:

sd(Oa, Ob) = a’ + k 360° (k € Z), thirong viét 1a (Oa, Ob) = a”+ k 360°
voi o 1a sd do cia mét goc luong giac bét ki ¢6 tia ddu Oa va tia cudi Ob. Chéug han,
trong Hinh 5a, (Oa, Ob) = 90° + k 360° (k € Z).

@1 Cho MON = 60°. Xéc dinh s6 do cua cac goe lugng giac dugce biéu dién trong Hinh 6
va viét cong thirc tong quat cia s6 do goc luong gidc (OM, ON).

a) c)

Hinh 6

;E\ Trong céc khoang théi gian tir 0 gier dén 2 gier 15 phat, kim phut quét mot goc luong gidc
=% 13 bao nhiéu da?

Hé thic Chasles (Sa-lo)

‘@ Cho Hinh 7.

a) Xac dinh so do cic goc lugng giac (Oa, Ob), (Ob, Oc)
va (Oa, Oc).

b) Nhén xét vé méi lién hé giira ba s6 do gbe nay.
Hinh 7

Ta thira nhin hé thirc sau vé s6 do cuia goc lugng gide, goi la hé thire Chasles:

* Vi batia Oa, Ob va Oc bat ki, ta co
(Oa, Ob) + (Ob, Oc) = (Oa, Oc) + k 360° (k  Z).

ﬂ” Trong Hinh 8, chicc quat cd ba canh duge phén b
déu nhau, Viét cong thirc tong quét s6 do cua goc
lwgng giac (Ox, ON) va (Ox, OP).

Hinh &




2. Pon vi radian

@ V& dudng tron tim O ban kinh R bat ki. Ding mét doan
day mém do ban kinh va danh diu dwoc mot cung AB

co do dai dung bi'ing R (Hinh 9). Po va cho biét AOB

co s6 do bang bao nhiéu do.

Hinh 9

¥ Trén dudng tron ban kinh R tuy ¥, goc & tim chin mét cung c6 do dai dang bang R duoc
goi 1a mot goc c6 so do | radian (doc 12 1 ra-di-an, viét tit 1a 1 rad).

Trén duong tron ban kinh R, mot gbc o tam co s6 do o rad B

oft
thi chin mot cung co do dar aR (Hinh 10). m
Vi goc bet (180°) chin nira dudng tron véi do dai la nR, \ ) b
nén goc bet co sé do theo don vi radian la . Khi d6 ta viét
180" = rad.
Hinh 10

180

Suyra,voim=3,14, tacn]“-ﬁmd =00175radval rad= (
::

J =357,3" (hay 57°17'45").

Do dé ta c6 cong thirc chuyén doi s6 do goc tir don vi radian sang d6 va ngugc lai nhu sau:

a= o
«q’= 22 rad 'arad=(18{]ﬂ)
180 s
Vidu 2. Doi cac s6 do goc sau day tu radian sang do hoac nguoc lai:
a) —60°; b) ? rad; ¢) Irad.
Giai
a) —60" z_ﬁﬂ_rr rad =—— rad b) 2—“ rad (2—“ @) = 72"
180 3 5 i
¢)3rad= (3 @] (@] ~ 171,89".
T i

@Z Hoan thanh bang chuyén déi don vi do cia cac goc sau day:

S6 dotheo do | 0° 7 45" | 60° ? 1207 ? 150* | 180°

S6 do theo rad ? E rad| ? ? T rad ? 3—E rad ? n rad




Chay:
a) Khi ghi s6 do ciia mét goe theo dom vi radian, ngudi ta thuéng bo di chir rad sau s6 do.

Vi dy, g rad dugc viét la g 2 rad duge viét 14 2.

b) Vi don vi radian, cong thire s6 do tong quat ciia goe luong gide (Oa, Ob) la
(Oa, Ob)Y=0o.+ K2n (k € Z),

trong dé o 14 s6 do theo radian ctia mdt goc lugng gide bit ki co tia dau Oa va tia cudi Ob,
Luu v khéng dugce viét o + £360° hay @° + k27 (vi khong cing don vi do).

3. Puwong tron lwong giac

;@ Trong mit phing toa dd Oxy, vé& dudng tron tim O ban kinh bing 1 va diém A(1: 0).
a) Cho diém B(0; 1). Sé do goc lugng gide (OA, OB) bing bao nhiéu radian?
b) Xic dinh cac diém A’ vad B' trén dudng tron sao cho ecic goce luong giac (04, 04'),

(04, OB') ¢6 sb do lan luot 1a & va —1}_

O
" Trong mit phing toa d§ Oxy, cho dudmg tron tim O
bén kinh béng 1. Trén dudng tron nay, chon diém A(1; 0)
lam gbe, chiéu dwong 13 chiéu nguge chiéu kim dong hd
va chiéu 4m la chiéu ciing chiéu kim dong hd. Putmg tron
cling véi goc va chiéu nhu trén duoc goi 1a duong tron
lwgng gidc.

Cho s6 do géc o bat ki. Trén dudmg tron hrong gide, ta xdc dinh
duge duy nhit mét diém M sao cho sé do goc lugng gide
(OA, OM) bang o (Hinh 12). Khi d6 diém M dwoc goi la
diém biéu dién ctia gbe ¢6 56 do o trén dudng tron lugng gidc,

A
E

Hinh 12
Vi du 3. Biéu dién trén duong tron lugng gidc cde goe luong gide ¢o so do la:

a) 865 b) -_-;-E




Giai
a) Ta co 865° = 145° + 2.360°. Viy diém biéu dién goc luong gidc ¢6 s6 do 865° 1a diém M
trén phan dudng tron lugng gidc thude goc phin tu thir 11 sao cho AOM = 145° (Hinh 13a).
e T = = | . i g Pk _? N
b)Taco — = Tﬂ +(—1).2m. Viy diém bicu dién goc lugng gide ¢o so do TH ladiém N

trén phin duomg tron luong gide thude goe phan tu thir [V sao cho AON = % (Hinh 13b).

11 »4 1

a) b)
Hinh 13

QEI Bicu dién trén dudmg tron lugng gide cde goe lwong gide ¢o so do la:

; 197
—1485™ b) —.
a) ) 3

BAI TAP

1. Béi s0 do cha cac goc sau day sang radian:

a) 38" h) —115% c) [E] :
T
2. Pai s6 do cua cac goc sau diy sang do:
i 13m
a) —; b) —5: c) —.
) 12 ) 9
3. Biéu dién cic goc lwong gide sau trén dudng tron lugng gidc:
a) =48 e ¢)—765".
3 4

4. Goc lugng giac % ¢d cing diém biéu dién trén dudng tron
luong gide voi goe lugng gidc nao sau diay?
3 10m 257
7 T
5. Viét cong thirc s6 do tong quat cua céc goc lwong giac (OA, OM)
va (04, ON) trong Hinh 14,
6. Tlrcrng Hinh 1.’3, mam banh xe o td duge chia thanh nim phan
bang nhau. Viét cong thirc s6 do tong quat cua goc lugng giac
(Ox, ON).

S



7. Trén dudng tron luong gide, hiy biéu dién cdc goc lwong gide ¢o
50 do co dang la:

a}§+ﬁm{ke?ﬂ}; b)k-}{ke%ﬂ}.

8. Vi tri cac diém B, C, D trén canh quat dong co may bay trong
Hinh 16 c6 thé duge bicu dién cho cac goc lugng gidc ndo sau day?
UL W B RN

25 8 6 3 2 3

9. Hai i 1a mot don vi chiéu dai hang hai, dugc tinh bing do dai mét

cung chidn mot goc o = (Ela} cua dudng kinh tuyén (Hinh 17).

Déi 6 do o sang radian va cho biét 1 hai 1i bing khoang bao nhiéu
kilémét, biét ban kinh trung binh cua Trai Pat la 6371 km.
Lam tron két qua dén hang phan tram.

Bai 2. Gia tri luong giac
cua mat goc luong giac

Tit khoa: Gia tri luong giac; Goc doi nhau; Goc hon kém nhau mt; Goc bis nhau; Géc phu nhau,

Pa,

\%) Hinh bén biéu dién xich du 14 c6 46 dai 2m dao déng
quanh truc /0 vudng goc vdi truc Ox trén mat dat
va A'la hinh chiéu cia A lén Ox. Toa @6 s ctia A'trén
truc Ox dudc goi la li @6 clia A va (10, 14) = o dudc
goi la li @ g6c cia A. Lam cach nao dé tinh i 6
dua vao li d6 goc?

1. Gia tri lwong giac cha géc lwong giac
,@ Trong Hinh 1, M va N 13 diém biéu dién cua céc goc
W R ; : o
lugng giac 5 vil Fy trén duong tron lugng giac.

Xac dinh toa dg cua M va N trong hé truc toa 46 Oxy.

Hinh 1




?Trén duomg tron lwong gidc, goi M la diém biéu dién

goc luong gidce ¢6 56 do a. Khi do A
* Tung dé y,, cua M goi la sin cua o, ki hiéu sino.

» Hoanh dé x,, cua M goi la edsin cua a, ki hiéu cosa.

£ AT TR S A :
* Néu x,, # 0 thi ti s6 Yu FOC go1 la fang cua a, >
X Xy COSQ ¥
ki hi¢u tan .
X, cosa

« Néu y,, = 0 thi ti s6 = = go1 1a edtang cia «,

Yy sina

ki hiéu cota. Hirh 2

Cac gia tn sino, cosa, tana va coto duoc goi la cde
gida tri leong gidc clia goc leong gide o.

Cha y:

a) Ta go1 truc hoanh la frue césin, con truc tung la true sin.

Truc 4s co gf}c o diém A(1; 0) va song song vo1 truc sin (Hinh 3a) go1 1a fruc tang.
Néu dudng thing OM cit truc tang thi tung dé cua giao diém d6 chinh 1a tana.

Truc Bt co géc o diém B(0; 1) va song song v fruc cosin (Hinh 3b) goi 13 fruc cotang.
Néu dudmg thing OM cat truc cotang thi hoanh dj cua giao diém do chinh 13 coter.

¥y A AS y A
B X 1
7 ([, (i | S

X M
: N A = o |4 <

0 X [@ x

H
a) b)
Hinh 3

b) sina va cos a xdc dinh vo1 mo1 o € E;

tan a chi xac dinh von cac goc o # % +kn (ke Z);

cota chi xac dinh von cac goc a # kn (k € Z).

¢) Véi moi goc Iugng gidc o va sé nguyén £, ta co
sin(a + A21) = sina; tan (o + km) = tan o
cos (o + A2m) = cos a; cot(a + k) = cota.



d) Ta da biét bang gia tri luong gidc cua mot s6 géc o dic biét voi 0 < a <

(hay 0" < a < 90") nhu sau:

A

Sl o | 2 | 2 [ 2 | =
(i} 4 3 2
Gid trj
emg giad] (0%) | (30°) | (457) | (607) | (907)
sin o 0 l E £ |
2 2 2
Cos o | £ ﬁ l 0 *
2 2 2
t 0 a8 | 73
an o 7 I
1
{ ! e 0 Hinh 4
cota | || | 3 7

Sir dung bang trén va Hinh 4, ta c6 thé xdc dinh dwoc gia tri luong gidc cia mot s6 goc
dic biét khac.

Vidu 1. Tinh cdc gia tr lwgng giac cua cac goce:

a) I3—ﬂ'r;, b) —45°,
3
Gidi
13n = 13n . A3 13n 1
Vi—=— 4417 nén: = —=— COS—— =COS—=~—
a)vi 3 T nen sin 3 51113 5 3 33
131 131
13 S0 3 [3p ©O8 : B
tan == =——s=1f3 T T 0w 3
3 cOs— sin —
3 3

b) Vi diém biéu didn cua goc —45° va goc 45° trén dudmg tron lugng gide doi ximg nhau
qua tryc hoanh (Hinh 4), nén ching co cung hoanh d¢ va tung do ddi nhau. Do do ta co:

V2 V2

sin (—45%) =—sin 45° = _T; cos (—45°) = cos 45° = =%
: . e
tan (457 = S0CAS) _ . oot L= SO ) 4
cos(—45") sin(—45")

27
& Tinh sin (—?J va tan 495°,




2. Tinh gid tri lwong gide cliia mdt géc bang mdy tinh céam tay

Ta c6 thé tinh gia tri luong gide ciia mot goe luong gide bit ki bing may tinh ¢im tay. Luu y

trudre khi tinh, cén chon don vi do goc nhur sau:

—Lan lugt én cac phim .[MEND) va (2] dé man hinh hign

1én bang lua chon don vi do goc.

— Tiép tuc in phim dé chon don vi d§ (Degree) hodc
phim (2] dé chon don vi radian.

— An céc phim (1] dé vao ché dé tinh toan.

Vi du 2. Sir dung may tinh cdm tay dé tinh sin (—45°) va cnt%.

Crigi
Chon don vi do gbc Ia d6. An lién tiép cic phim
@E@EOLCE
2

ta dugrc sin (—45%) =—T,

nhir sau:

3.8 117 ,
Pé tinh cot ——. ta tinh
3 1z
fan —
"%

Chon don vi do goc la radian. An lién tiép céc phim
(1] (B (en) (3] (3] (1) 0 (m) (2 ) & I =)
NE)

ta duge a::mm =t
3 3

3 5 —19
gz Sur dung may tinh cam tay dé tinh cos 75" va lan( E J

6

1:Degree
2:Radian
3:Gradian

-

sinf?ﬂﬁ} :
A2
2
ViIFE @ &
111
Tt
tan[43%] g3
3

3. Hé thire co ban gilra cac gia tri lwong giac cia moét géc lwong gidac

’@ a) Trong Hinh 5, M la diém biéu dién cia goc lugng
gidc o trén duong tron lugng gide. Giai thich vi sao
sin‘a+ cos'a = 1.

b) Chia ca hai vé cua biéu thirc & céu a) cho cos’o. ta
duge diing thire nao?
¢) Chia ca hai vé cua biéu thirc & ciu a) cho sin’a ta
duge ding thire nao?

FJL
L. M
Ktr
(¥} _ o
[¥] HA x
Hinh 5



Ta ¢0 cac hé thirc sau lién hé giira cac gia tri luvong giac cua cung mot goc luong giac o

s Tk ¥ o Tl:
ssina+cosa=1 'tanu.cotu=lvmu#kv£,kez

vina#kn ke Z

[ Py “
*l+tan‘a=——véiaz —+tkmkeZ +1+cotfa=—

cos™ o 2 SN~ o

Vidu 3. Cho cos a = % v —; < ¢ < (). Tinh cac gia tr1 lwong giac con lai cua goc o.

Giai
J.‘“
Taco sin“a =1 —cos’a = —.
11 I
c 7 - 7
Do do sino =——— hodc sina = £ =2
4 4 414
- i R . 0 i ] : ;
Vi —— < a < 0 nén diem bieu dién cua goc @ trén N | __ N v
M
duomg tron luong gidc thude goc phan tu thi IV 1 v

(Hinh 6), do do sino < (.
ﬁ Hinh 6

Suyrasmo=——.

Do do tana = i =—£ vi cota = : =—31'E_
cosa 3 tan o 7

S Ix ... S
% Cho tana = Evmnfiﬂ{?_ Tinh cosa va sina.

4. Gia tri lwong giac cua cac goc lwong gidac co lién quan dac biét

n .2 4 , . i T a 3 i
’@ Cho a = E Biéu dién cac goc luong giac —o, o + T, T — a, =5 o trén dudng tron

lwong giac va rut ra moi lién hé gita gia tn luong glic cua cac goc nay vol gia tn
luong giac cua goc a.
Hai goc ddi nhau: ava -a
Céc diém biéu dién cua hai goc a va —a d6i xing qua truc Ox
(Hinh 7), nén ta co:

0

sin(—u) =—sina
Cos (—t) = cosa

tan(—o) =—tana
cot(—ot) = —cota

Hinh 7




Haigéchonkémnhaumavaa+n

Céc diém biéu dién cua hai goc a va a + n d6i ximg nhau
qua géc toa d6 O (Hinh 8), nén ta co:
g sin (o + m) =—sino
cos(a + m)=—cosa
tan(a + m) =tana
cot(a + m)=cota

Hinh 8

Haigécbunhau:avan-a

Cac diém biéu dién cia hai gocavam—a doi xung nhau
qua truc Oy (Hinh 9), nén ta co:

0

sin (T — @) = sin o

cos(m—a)=-—cosa
tan (m— o) = —tan o
cot(m—a)=-—cota

Hai g6c phu nhau: a va E -a

i e . — iy ;T L
Cac diem biéu dién cua har goc o va S a do1 xirng nhau

qua duong phan giac d cua goc xOy (Hinh 10), nén ta co:

_ [‘E ] [n ) _
Sm|——34 |=co50 COS | ——o | =sma
2 2

=
tan [g—u] = cot cot [g—uJ = tan o Hinh 10

Vidu 4. a) Biéu dién sin% qua gia tri luong gidc caa goc co so do tir 0 dén -} :

b) Biéu dién tan 258° qua gia tri lugng giac cua goc co so do tir 0° dén 45°.
Gidi

o 6l . [ 31‘[) : [ 31) . 3rn (r: 31:) T
4) sin——=35In| 80— — |=8In| —— | = —8IN— = —C0§| ——— | = —CO0S —
8 8 8 8 2 B 8

b) tan258° = tan(lSﬂ“ +?g°)= tan 78° = mt{9ﬂ°—12“}= cot12°.



% a) Biéu dién cos 638° qua gid trj lugng gidc cia goc ¢o so do tir 0° dén 45°,

BAI TAP

b) Biéu dién cmmTﬂ qua gid tri lugng gidc cla goc ¢o so do tir 0 dén E

| Trong Hinh 11, vi tri cabin ma Binh va Cudng
ngéi trén vong quay duge danh diu voi diém
BvacC.

a) Chimg minh rang chiéu cao tir diém B_dén r
mat dat bang (13 + 10sin o) mét voi o la s0 do m A
cua mdt goc lugng gide tia dau OA, tia cudi OB. A
Tinh dé cao cua diém B so véi mat dat khi ALY ds TR
o =—30° vy
b) Khi diém B cich mat dit 4 m thi diém C
cach mit @it bao nhiéu mét? Lam tron két qua HT' e
dén hang phén tram,

. Céc dang thirc sau co thé dong thoi xay ra khong?

a) sianL:Evfi cGSL:-::—E; b) 5int1=lvii L‘Dlﬂ.:l; ¢)tanct =3 vé tntu=l.
5 5 3 2 3

. | 5
. Chosina. = E va cosa = _]_'{' Tinh sin(—iﬁTx—a] —cos(13m+ w).

. Tinh céc gia tri lvong gidce cua goc o, néu:

a)sinﬂ=ivz‘1£{a{n; h}cnsazzvéﬂ{u{‘?{}";

By P 5
\ 3n I &

c)tanu:«ﬁ vanﬂiufi?; d) cuta:zvaﬂﬂ“ﬂiui'}ﬁﬂ”.
. Biéu dién cac g1a tr1 lwong giac sau qua cac gia tri lwong giac cua goe co s6 do tir 0 dén =

hodc tir 0 dén 45° va tinh; 4

. 129

a) cns?; b) sin 2 : c) tan 1020°,
. Chimg minh cac ding thirc lugng gidce sau:

a) sin‘a —cos*o=1—2cos’a; b) tan o + cotor = ———,

SINCLCOS L

. Rut gon cac biéu thire sau:

1 |
+ ;
tana+1 cota+l

a) b) cos(g—n—.]—sin{n+ o);

¢) sin [{1 —g]+ cos(—a +6m) —tan (o + m)cot (3m — o).




7. Thanh OM quay nguoe chiéu kim dong ho quanh true O cia no

B

. ; ; dnh sang
trén mot mat phiang thiang ding va in bong vudng goc xuong 1 1 1
mit dat nhu Hinh 12. Vi tri ban dau cua thanh 1a O4. Hoi @6 dai

bong O'M' cua OM khi thanh quay dugce 3 Il_l] vong la bao nhiéu,

biét d6 dai thanh OM 1a 15 cm? Két qua lam tron dén hang

phan mudi.

M O
bong
Hinh 12

. Khi xe dap di chuyén, van V' cua banh xe quay quanh truc O theo chiéu kim dong ho voi toc do

goc khong déi 1a 11 rad/s (Hinh 13). Ban ddu van ndm & vi tri A. Hoi sau mét phat di chu}'én.
khoang cach tir van dén mat dat 1a bao nhiéu, biét ban kinh 04 = 58 cm? Gia sir d§ day cua
16p xe khong dang ké. Két qua lam tron dén hang phan muoi.

Hinh 13

ai 3. Cac cong thic luong giac

Tir khoa: Cong thitc cong; Cong thilc géc nhan ddi; Cong thiic bién doi tong thanh tich;
Cdng thiic bién doi tich thanh tong.

‘Trong kién tnic, cac vom cdng il T 11 1 R T
bing dd thudng c6 hinh nia }
dudng tron dé co thé chiu luc ﬂ
tét. Trong hinh bén, vom céng
dugc ghép bdi sdu phién da hai
bén tao thanh cac cung 4B, BC,
(D, EF, FG, GH bang nhau va mét
phién da chét & dinh. Néu biét
chiéu réng cong va khodng cach
tir diém B dén duong kinh AH,
lam thé nao dé tinh dwoc khoang
cach tir diém C dén AH?




1. Cong thirc cong
'@ Quan sat Hinh 1. Tir hai cach tinh tich v6 hudng ciia vecto — . Nxy)
OM va ON sau day:

OM . ON =|0M|[ON|cos(0M, ON) = cos(0M, ON)
=cos(a—p)
OM .ON = XXy Varno
hay suy ra cong thirc tinh cos (o — P) theo céc gia tr1 lugng giac
cua o va p. Tir do, hiy suy ra cong thirc cos(a + B) bing cach
thay p bing —p.
Tir day, khi khong no1 gi thém, chi xét cac goc luong giac ma tar do cac gia tn luong giac

Hinh 1

duge dé cap co nghia.

Cong thirc cong
gk - * cos(a + B) = cosacosp —sinasin * cos(o — ) =cosacosP + smasnf
* sin(a + f) =sinacosf + cosasinP * sin{c — ) =sinacosP - cosasmnp
+ =
*tan(a+ P) = gt * tan(a —P) = tan o —tan
1—tan o tan P 1+tan o tan 3

Vidu 1. Tinh gié tri cua cos %

Giai
T T T mn.n_nlﬁﬁﬁﬁ+-\/€
COS—=C08] ——— |=C05—CO05—+SIn—sIn—=— e = :
3 4 3 4 3 4 2 2 z2 2 4
Tinh sin— va tan—.
' 12 12

2. Cong thirc goc nhan doi

’© Hay ap dung cong thirc cong cho truomg hop B =« va tinh cac gia tn luong giac cua goc 2o

Cong thire tinh cdc gia tn lugng giac cua goe 2a qua cac gia tr lugng giac cua goc o duoc
go1 la cong thirc goc nhin doi.

" =

F  scos2a=cosa-sinfa=2cosa—1=1-2sin"a
* sin2a = 2sin@cos o
2tana

*tan2g = ————
l—tan o

n il




Vidu 2. Tinh sing_

Gidi
Ta co E:cns£=cns 2. El=1-2sin’Z. Suy ra gin® % = 2—\5_
2 4 8 8 8 4
Vi 0< = <X nénsins > 0. Suy ra 5in£=2;ﬁ_
8 8 8 2
@ Tinh cos = va tan—.
~ 8 8
3. Céng thirc bién dadi tich thanh téng
'@ Tir cong thite cong, hiy tinh tong va hidu caa:
a) cos(e — P) va cos(a + p); b) sim(o— ) va sin(a + ).

Tir cong thire cong, ta suy ra duoc cong thirc bién doi tich thanh rﬁ.ng sau day:

"+ cosucosp = Lfcos(a—p) + cos(a + )

e sinasinf = %[Bﬂﬂ{ﬂ —P) = cos(a + B)]

*sinacosp = %{sin[u— B) + sm(a + )]

Vidu 3. Tinh gia tri cua biéu thic ms-l—l-]:?Ec:Ds -EE
Gidai
IIn._ 7n_ 1 (lln ?n} (11:: ?11:] 1[ T 3;:] !
COS—C0S— =—| €08 ——— [+c08| —+— | [=—| cos—+cos— | =—.
12 12 2 12 12 12 12 2 3 2 a1

% Tinh gié tri cta biéu thirc sinit:::us.s—TI va siﬂT—Ksin S—H
' 24 24 8 8

4. Céng thirc bién déi téng thanh tich

@ Ap dung cong thirc bién déi tich thanh téng cho hai goc lrong gidc a = — ;B vabh=

ta duoc cac dﬁng thirc nao?



Céc cong thic dudi day duoc goi 1a cdng thire bién déi tong thanh tich.

- a+p o-p &+ﬁsina_|3

* cosa+ cosP =2cos cos *cosa—cosP=-2sm

2 2 2 2
'sinu+5in|3:25iﬂa+ﬁcnsu_ﬂ 'siﬂu—sinﬂzzcnsu+ﬂsiﬂﬂ_ﬁ

2 2 2 2
: : g O w T
Vidu4. Tinh sin—+sm 3

Giai
Smom St om

12 e 12 _2ginZcos =2 Y2
3 2 "Rl a %!

212,12 12 23 6
- ;

= ME o K s
51ﬂ~—-+51n-—2-:23m

= g n i
% Tinh cos—+cos—.
. 12 12
*j" Trong bai todn khai dong, cho biét vom cong rong 120 em va khoang cach tir B dén
~ dudmg kinh AH 1a 27 cm. Tinh sin a va cos a, tir do tinh khoang cach tir diém C dén
duong kinh AH. Lam tron két qua dén hang phan muoi.

Hinh 2

BAITAP
1. Khong ding may tinh cim tay, tinh cac gia tri luong gidc cua cac goc:
a) -5—E; b) —555°.
12

2. Tinh sin[ui—i), ms[E—uJ biét sino = —i vim<o< 3—11:
6 4 13 2




9.

. Tinh cac gia trj luong gidc cua goc 2o, biét:

a]sinrx:—svéﬂfirxﬂ-ﬁ: b]sin-ﬁ:ivénﬁ'rxﬁ}lm
3 2 2 4
Rit gon cac biéu thire sau;
a}ﬁsin[u +%) — COs o b) (cos o + sin &)’ — sin 2o
Tinh céc gia tri lugng gidc cua goc a., biét:
2 .m i 4 . ¢ 3n
ajcos 2o =—va——<a<(; bisinZoo=—— va —<o <—.
5 2 9 2 4

. Chirng minh riing trong tam giac ABC, ta ¢c6 sinA4 = sinBcosC + sinC cosB.

Trong Hinh 3, tam giac ABC vudng tai B va co hai canh 4

goc vuong la AB =4, BC = 3. V& diém D nam trén tia 10
dbi cuia tia CB thoa man CAD = 30°. Tinh tan BAD, tr 4

do tinh dd dai canh CD.

I 3 C 0
Hinh 3

Trong Hinh 4, pit-tong M ciia dong co chuyén dong tinh tién qua lai doc theo xi-lanh lam quay
truc khuyu Z4. Ban ddu 1, 4, M thang hang. Cho a 13 gée quay cua true khuyu, O 13 vi tri coa

fn ) TR, o i . - . : % e g3
pit-tong khi o = — V& H la hinh chiéu cua 4 Ién [Lx. True khuyu f4 rat ngan so vdi do dai

—

thanh truyén 4M nén co thé xem nhu do dai MH khong doi va gin bing MA.

a) Biét /4 = § cm, viét eong thirc tinh toa d x,, cia diém M trén truc Ox theo o,

b) Ban diu o = 0, Sau 1 phit chuyén dong, x,, = —3 em. Xdc dinh x,,sau 2 phiit chuyén dong.
Lam tron két qua dén hang phan muoi.

i .

True khuyu 74 pit-ting M

Hinh 4
Trong Hinh 5, ba diém M, N, P nam & diu cdc canh quat cta tua-bin gio. Biét cic canh quat
. .2 X oy A — ol .
dai 31 m, 6 cao cia diém M so vai mit dat 1a 30 m, goc gilta cic canh quat la TH va so do

goc (04, OM) la a.

a) Tinh sin @ va cos .



b) Tinh sin ctia cic goc luong gide (OA, ON) va (OA, OP), tir d6 tinh chiéu cao cua céc diém
N va P so vdi mat dat (theo don vi mét). Lam tron két qua dén hang phén tram.

Hinh 5

ai 4. Ham sé luong giac va d6 thi

Tir khoa: Ham s6 chan; Ham so Ié; Ham sd tuan hoan: Ham so sin; Ham so cdsin;
Ham sé tang; Ham sé cétang.

O

Vi sao mat cat cia séng nude trén mat ho duoc goi la co dang hinh sin?

1. Ham s6 lwgng gidc

@ Cho sc- thye £ va M1a diém biéu dién cua Enc luong giac

¥
1
cé s6 do ¢ rad trén dudmg tron lugng gidce. Sur dung : M
dinh nghia cua cac gia tn1 luong giac, hily giai thich ﬂ T
(@
-1

vi sao xac dinh duy nhat: r
cost |1 x

Y

a) (314 tr1 sint va cos t;

. : m ;
b) Gid tri tant (néu ¢ # > +kn, k e Z) va cott

(néut#kn, k 7). Hinh 1




-

* Ham s6 sin 1a quy tic dat twong img mdi s6 thue x véi s6 thue sinx, ki hiéu y = sinyx.
Ham sé césin 1a quy tic dit twong (g mdi s6 thue x vai s6 thue cosx, ki hiéu y = cosx.
Ham s6 tang 13 ham s6 duogce xac dinh bai cong thire

sin x

véix # = + kr (k € Z), ki higu y =
cos X 2

Ham s6 cotang 1a ham sb duoc xic dinh béi cong thire
COs X
sin x

voi x 2 kr (k € Z), ki hiéu y = cotx.

Nhu vay:

— Téap xdc dinh cua ham séy =sinx va y = cosx la B.

— Téap x4c dinh clia ham sé y=tany la D =R \ {§+kn| ke E}.

—Tép xdc dinh cia ham so y =cotx 1A D =R\ {kr|k e Z}. |
2. Ham s6 chan, ham sé 1é, ham sé tudn hoan
Ham sé chan, ham sé |é

@ Xet IL.I.] ham :-.m =x,y=2xva do thi cua chung trong Hinh 2. Poi vai moi tnrcrn;, hop,
néu moi lién hé um gia tri ham 56 tal | va—1, 2 va —2. Nhin xet vé tinh dobi Xung cua
moi do thi ham $0.

4 o -I

td
1

Pl = - -

a) b)
Hinh 2
Ham s6 y = x* 1a mot vi du vé ham s6 chdn va ham s v = 2x 1a mét vi du vé ham sé 1é.
Ta ¢6 dinh nghia sau:

"% o Himsb v = f(x) voi tip xdc dinh D dugc goi 1a ham sé chdn néu véi moi x € D
ta co—x € D va f(—x) = f(x).
 Ham s6 v = f(x) véi tap xdc dinh D duoc goi 1a hdm sé Ié néu véi moix € D ta co
—x € Dva f(—x) =—f(x).



Chii y: D4 thi ctia ham s6 chan nhén truc tung lam truc ddi ximg.
D6 thi cua ham s6 1é nhan gde toa dd lam tam dbi ximg.
Vi du 1. Xét tinh chén, 1é cua cac ham s6 luong gidc y = cosx, y = tanx.
Giai
a) Ham 50 y=cosx cotipxacdinhla® Vo moix € B ta co —x € B va cos(—x) = cosx.

Do do ham snf'-y= cosx la ham s6 chin.

b) Ham s6 y = tanx c6 tip xdc dinh la R \ {-§+kn|k53}_
an s ; T
Vor mol x = E*-krr{k S E}tacn—x:—i—kn[ke £),

cling ¢6 nghia la —x = g +kn(keZ)hay-xe R\ {gﬂfmlﬁ: EE}_
Mt khac tan(—x) = —tanx. Do do ham 6 v =tanx la ham so 1.
ﬁ Chimg minh rang ham s6 y = sinx va ham s6 y = cotx la cdc ham s 1&.
Ham s6 tuan hoan

h) = ; Sy " 2 i :
f@ Hay chi ra mét 56 thue T sao cho sin(x + T)=smx voi moi x € F.

Ham s6 y = ' (x) vai tap xdc dinh D duoc goi 1a hdam sé tudn hodn néu ton tai mot so
Tkhac O sao chovinmoix € Dtacoxt T e Dvaf(x+T)=f(x).

S6 T duong nho nhat thoa min cic diéu kién trén (néu c6) dwoc goi 1a chu ki cia
ham s6 tuan hoan y=1(x).

Chii y: Do thi cua ham s6 tudn hoan chu ki 7 duoc 1ap lai trén timg doan gid tri cua x co
do dai T.
Vidu 2. Xét tinh tuan hoan cua ham so y=sin x va ham 50 y =tanx.
Giai
Taco:sinx=sin(x+2x) voimol x € B
T b
tan (x + m) =tan x vo1 mo1 x # E+kn,k e Z.
Do d6 ham s6 y =sin x va y = tan x la cac ham sé tuin hoan.
% Xét tinh tudn hoan cia ham sb y=cosx va ham 50 ¥y = cotx.
Chii y: Nguoi ta chimg minh dugc ring:
a) Cac ham 50 y=sinx vay=cosx la cac hAm so tudn hoan véi chu ki 2

b) Cac ham s6 y = tanx va y = cotx 1a cac ham sd tudn hoan véi chu ki 7.




3. D6 thi cia cac ham sé luwong gidace
Ham sé y =sinx

’Q Hoan thanh bang gia tri sau ddy va xac dinh cac diém tuong tmg trén mit phing toa do.

Sl 2 =m T T b1 2t | 5m
X - | ——|——] —=|—]1—| 0 — - — | — | — T
Hb 3 Z 3 6 6 3 2 3 6
V= sinx ? ? ? ? 7 7 ? ? ? ? 7 ? ?

Béng cach tuong tu, ]E'l},r nhiéu diém M(x; sin x) v&i x [=m; w] va néi lai, ta duoc db thi
ctia ham s6 y = sinx trén doan [—x; 7] nhu phin d6 thi mau d6 trong Hinh 3.

Vi ham sb y = sinx tuan hoan véi chu ki 27 nén dé vé d6 thi coa ham sé y = sinx trén R,
ta v& do thi cua ham so trén doan [—m; ], sau do lap lai dd thi trén doan nay trén timg doan
gid tr1 cua x co do dai 2n.

Ta c6 dd thi cia ham so6 y = sin x trén E nhu sau:

_______ - e e e S e L

Hinh 3
Chii y: Vi y = sinx 1a ham s I¢ nén dé vé do thi cua n6 trén doan [—; ], ta ¢ thé vé trén
doan [0; ], sau do lay do1 ximg qua goc toa do.
Tir dd thi trén, ta thay ham sé y = sin x 6 tap xdac dinh la I, tip gia tri 1a [-1; 1] va co céac
tinh chat sau:

"% —Harm S8 tulin héin veichn K2
— Ham s le, ¢6 d6 thi d6i ximg qua gdc toa dé O.

— Ham s6 dong bién trén cac khoang (—12[~+k21|:; -TiE+ klnj (k € Z) va nghich bién trén
cdc khoang E+ k2 3—;+k2n) (k e Z).

Ham sé y = cosx

‘,@ Hoan thanh bang gia tri sau ddy va xac dinh cac diém tuong ing trén mat phing toa do.

Sm| 2m| = T T T i T 2w | 5w
X —n |——]——] |- 0 — — — | — | — | =x
6 3 2 3 t 6 3 2 3 6
y=cosx | 7 ? ? 7 7 ? 7 4 7 ? ? ? 7.




Bﬁng cach tuong tu, ]."::l}F nhiéu diém Mix; cosx) v x € [-m; ] va noi la1, ta duoc dé thi

cua ham sé ¥ =cosx trén doan [-m; n| nhu phé_n dd thi mau do trong Hinh 4.

Vi ham s6 y = cosx tuan hoan v&i chu ki 21 nén dé vé db thi cua ham sb y = cosx trén I,
ta v& do thi cia ham sb trén doan [—r; ], sau do lap lai d6 thi trén doan nay trén timg doan
gla tr1 cua x ¢6 do dai 2w

Ta co do thi cua ham s6 y = cos x trén ® nhur sau:

_3:1/_5_1 _h_hvi 0 EM In ST\ 3m
S R e et R T | T, T S, W, R~ -

Hinh 4
Cha y: Vi y = cosx 12 ham s6 chin nén dé vé do thi cua né trén doan [-; 7], ta c6 thé vé
trén doan [0; x], sau do ]ﬁ}r déi xumg qua truc tung.
Tir db thi trén, ta th:i}r ham so v=cosxcotipxacdinhla R, tap gia tr1la [-1; 1] va co cac
tinh chat sau:
= _ Ham sb tudn hoan véi chu ki 2.
— Ham s6 chin, c6 do thi ddi ximg qua truc Oy.

— Ham sé déng bién trén céc khoang (-m + k2n; k2r) (k € Z) va nghich bién trén
cac khoang (A2=; m + k2m) (k € Z).

Vi du 3. Nhiét d6 ngoai troi T (tinh bang °C) vao thot diém ¢ gio trong mét ngay & mot
thanh phé duoc tinh boi cong thic T=20 + 4 sin (%r —5—“]_5.% bao quan cdc tac pham
nghe thuit, hé thémg diéu hoa nhiét d6 cua mot bao tang s€ duoc tr dong bat khi nhiét do
ngoai tron tir 22 °C tro lén. Dua vao do thi ctua ham so sin, hay xac dinh khoang thoi gian ¢
trong ngay (0 =7 < 24) hé théung diéu hoa duoc bt.

(Theo hitps://'www.sciencedirect.com/science/article/abs/pii/(011 681923859001 39)

Giai

Ta c6 T'= 22 khi va chi khi 20 + 4 sin[ir—s—“) > 22 hay sin(lr—s—]r]z g,
12 6 3 B3
St .. S5m _Tn

Vid<¢<24nén —=<—f—<—.
6 12 6 6

Xét do thi ham s6 y = sinx trén doan [—5?“; %] (Hinh 5).




& Lidd s (cm) ciia mot con lac dong ha theo thai gian ¢ (gidy) duge

Ha

]

= N
|u.
=2
=y

Hinh 5

Ta thdy sin(ir—s—n]él kb v clit ki e L g2 e s 1o 90,
12 6) 2 6 12 6 6

Vay hé thong diéu hoa duge bat trong khoang thoi gian tir 12 gid dén 20 gidr trong ngay.

cho bai ham sd s = 2 cos . Dira vao do thi cua ham so6 cosin, hay
xac dinh ¢ cdc thai diém f nao trong 1 gidy dau thi li d6 s nam

trong doan [—1: 1] (cm).
(Theo htips://www britannica.com/science/
simple-harmonic-motion)

msdy=tanx

™ ; ) i sp 2 N ; ; v ) o o : &
!Q Hoan thanh bang gia tr1 sau day va xac dinh cac diém tuong img trén mat phang toa do.

T n | 0 8 T

¥ | ¥ s M it b 2=

3 4 6 6 4 2]

y=tanx 1 ? ? ? ? & ?

Bang céch tuong tur, lay nhidu diém M(x; tan x) véix e (—-T—r; EJ va noi lai, ta duge do thi
ctia ham s6 y = tan x trén khodng (—g-: gJ nhu phén dé thj mau do trong Hinh 7.

Vi ham s6 y = tanx tudn hoan véi chu ki m, nén dé v& dd thi cia ham s6 v = tanx trén
Iﬂaa{g +kn|k e z}, ta v& 46 thi ctia ham sb trén khoang [—g; g] sau do 13p lai b thi trén

doan nay trén timg doan gia tri cua x co do dai .




Taco db thi cua ham séy: tanx trén R\{E—!—lek e E} nhr sau:

A
» Vy=tanx

o |
B3| A
t\.l|"='|"

=y

i
1
1
1
1
1
1
1
1
1
]
i
1
1
1
1
1
1
1
1
1

i
]
I
'
]
'
]
I
]
]
T

[ '8
'
I
I
]
I
'
'
]
¥

Hinh 7
Chui y: Vi y = tan x 1a ham s6 1é nén dé vé& do thi cia no trén khoang

(_E; 35} ta c6 thé
- 272
vé trén nura khoang [D; E]

sau do ]:fly ddi xung qua gﬁc toa do.

a

Tir d6 thi trén, ta thay ham s6 y = tan x ¢6 tip xac dinh 1a F%"u{ +kmlke E} tipglamla R
va ¢o cac tinh chét sau: 2

-

* — Ham sd fusin hoan vai chu ki .
— Ham sb 1&, ¢6 db thi dbi ximg qua goc toa do O.

— Ham s6 déng bién trén cac khoang [—g+kn'; g+ kﬂ:] (k € Z).

Ham sé y = cotx
, Hoan thanh bang gia tn sau day va xac dinh cac diém twong tng trén mét phang toa do.

T i T i 2 in Sm

x — — — — — — —

6 4 3 2 3 4 6

y=cotx ? ? ? 7 7 ? 7

E:E'mg cach twong tur, }ﬁy nhiéu diém M(x; cot x) v x € (0; m) va noi lai, ta duoc do thi cua
ham s6 y = cot x trén khoang (0; ) nhu phén d6 thi mau do trong Hinh 8.

Vi ham s6 y = cotx tudn hoan véi chu ki © nén dé vé dd thi cua ham s6 y = cotx trén
R\ {knt|k € Z} ta vé d6 thi ciia ham s6 trén khoang (0; ), sau dé tinh tién do thi trén khoang
nay theo phuong song song v truc hoanh timg doan co do dai &

Ta co dd thi cua ham sﬁ_}r cotx trén R\ Imlk € £} nhu sau:

VA
RR

Hinh 8

A
o E E o mom ome mam E E moEm E
~“Yy




Tir d6 thi trén, ta thay ham s y = cotx ¢6 tap xac dinh 1a R\ {kn |k € Z}, tap gia tri la R va
6 cac tinh chit sau:
"% _ Ham sb tuin hoan véi chu ki .
— Ham s 1¢, c6 do thi dbi ximg qua gbce toa dé O.
— Ham s6 nghich bién trén cac khoang (km; n + kn) (k € Z).

0" lam truc tung. Khi do6 tung do cua mot diém c6 vi do

Vi du 4. Trong Dia i, phép chiéu hinh tru dugc st dung e w e
dé vé mot ban do phang nhu trong Hinh 9. Trén ban dé AL
phang I?i}' dudng xich dao lam tryc hoanh va kinh m;-fén jl i

¢ (90 < ¢ < 90) duoc cho boi hﬁmsf";y=2ﬂ tan (%{p] (cm). Nguén [f4

sdng

Sir dung db thi ham s6 tang, hay cho biét nhimg diém &

vi d6 ndo ndm cach xich dao khéng qua 20 em trén ban dé.

(Theo https://eeologyscience.com/gealogy/types-of-maps/)
Gidi

Vi diém nim cach xich dao khéng qué 20 cm trén ban do

nén taco 20 <y < 20.

» " y=tanx,
Khi d6-20 <20 tan (im]gzﬂmy—l < tan [L‘PJ €1 : :
180 180 ; |
Ta ¢6 —90 < ¢ < 90 khi va chi khi ——< ——@<—. : -y
2 180 2 : -

Xét dd thi ham sé y = tan x trén khoang (—E;f) (Hinh10). _Z:-& 7|0 & X x

i 22 2 & 4 2
A CER B :
Ta thiy —1 gtan[icpJ <1khivachikhi —2<-Z <X : :
180 4 180" 4 ; :
hay 45 < p = 45. ' :
Hinh 10

Viy trén ban db, cac diém cach xich dao khéng qua 20 cm
nam & vi do tir —45° dén 45°.

& Co bao nhiéu gia tri x trén doan [-2n; 2x] thod man diéu kién tanx = 27

BAI TAP

1. Céc ham s6 dudi day c6 la ham sb chin hay ham s6 1é khong?

a)y=5sin’x+1; b) v = cosx + sinx; c) y = tan 2x.
2. Tim tdp xéac dinh cua ciac ham sb sau:
a)y= ! : b)y=mﬂ(x+£} c}y=l—q-
cosx 4 2—sin" x



3. Tim tap gid tri cia ham sé y = 2cosx + 1.
4. Dua vao do thi cia ham sd y = sin x. xdc dinh céc gia tri x € [—n; 1] thoa mén sinx = %
5. Khi du quay hoat dong, van toc theo phurong ngang cua

mot cabin M phu thude vao goe lugng gide a = (Ox, OM)

theo ham s6 v, = 0.3 sina (m/s) (Hinh 11).

a) Tim gi4 tri 16m nhét va gia tri nho nhét cua v..

b) Dua vao d6 thi cua ham sb sin, hay cho biét trong
vong quay diu tién (0 < a < 27), goc a & trong cic
khoang nao thi v, ting.

6. Khoang céch tir tim mdt gudng nude dén mit nude va
ban kinh ciia gudng déu bang 3 m. Xét gau G clia guong.
Ban dau gau G nam & vi tri A (Hinh 12).

a) Viét ham s6 & biéu dién chiéu cao {tinh bﬁng mét) cua
gau & so vo1 mit nudce theo goc a = (04, 0G).

b) Gudng nude quay hét méi vong trong 30 gidy. Dua
vao do th] cua ham so sin, hay cho biét ¢ cac thot diém
{ nao trong | phut dau, khoang cach cua gau dén mat
nuwdc bﬁng 1.5m. Hink 12

7. Trong Hinh 13, mét chiéc may bay A bay & d6 cao 500 m theo mét duong thang di ngang qua
phia trén tram quan sat 7 & mat dat, Hinh chiéu vuéng goc cua 4 1én mat dat 1a H, o 1a goc
lugng gidce (Tx, T4) (0 < o < m).

Hinh 13

a) Biéu dién toa dj x,, cua diém H trén truc Tx theo .
b) Dura vio db thi ham s6 cotang, hay cho biét véi %{ o< % thi x,, nam trong khoang nio.

Lam tron két qua dén hang phan muoi.




P

Bai 5. Phuong trinh luong giac co ban

f

“t-»:l Trong hinh bén, khi ban dap xe dap quay, bong M
clia dau truc quay dao dong trén mat dat quanh
diém O theo phuong trinh 5 = 17cos 5nt véi
s(cm) la toa d6 clia diém M trén truc Ox va t(giay)
Ia théi gian ban dap quay. Lam cach nao dé xdc
dinh dugc cac thoi diém ma tai d6 do dai bong

i i5

OMbing 10 cm? OF M x(em)
béng

1. Phuong trinh twong dwong

8) b : AW Al g :
’Q Xac dinh va so sanh tap nghiém cua cac phuong trinh sau:

a) x:=1 I b)x—-1=0: c) N2x' =1 =x.

-
-

= Hai phuong trinh duoc goi la fong diwong néu chiing co ciing tip nghiém.

Vi du 1. Phuong trinh x* — 4 = 0 twong duong voi phuong trinh nao sau day?

’ . 1 |
a) 2x° = 8§; b) X —4 + =

x = x—

Giai
a) Hai phuong trinh x* — 4 = 0 va 2x" = 8 ¢0 cting tip nghiém {—2: 2} nén hai phuong trinh
nay tuong duong.
b) Ta ¢6 x = 2 la mot nghiém cua phuong trinh x* — 4 = 0, nhung khong la nghiém
1 1

cua phuong trinh x™ — 4 + o = 510 Do do hat phuong trinh nay khéng twong duong

vai nhau,

Chua y:

a) Dé giai phuong trinh, ta thuong bién doi phwong trinh dé thanh mét phuong trinh
trong dwong don gian hon. Céc phép bién doi nhu vy duge goi la cic phép bién doi
trong duong. Ta co mot s6 phep bién doi tuong duong thuong su dung sau:

* Cong hodc trir hai vé cia phuong trinh véi cling mét s6 hodic cuing mot biéu thirc ma
khéng lam thay déi diéu kién cia phuwong trinh.

* Nhin hoiic chia hai vé ciia phuong trinh véi ciing mét s6 khae 0 hodc ciing mdt biéu thire
ludn ¢6 gid tri khac 0 ma khong lam thay doi diéu kién cua phuong trinh.

b) Bé chi sy trong duong cia cac phuong trinh, ngudi ta ding ki hi¢u “<”,



@ Chi ra 16i sai trong phép bién déi phuong trinh dudi day: ]

¥ VA
P2t &= =2er=2

X i)

2. Phuwong trinh sinx=m N 0.5 N\M

’@ a) Co gid tri nao cua x dé sin x = 1,5 khong?

, A 0 d x
b) Trong Hinh 1, nhirng diém nao trén duomg tron
lrong giac biéu dién goc lugng gide x 6 sin x = 0,57

Xic dinh s do cia cac goe lugng gide do. B

- -

® Xét phuong trinh sinx = m.
e Néu |m| > | thi phuong trinh vo nghiém.
e Néu |m| < 1 thi phuong trinh e6 nghiém:
x=ot+tk2m ke i
vix=m—a+i2r. ke Z,

voi a la goc thude [—%; %J sao cho sina = m.

—

VA }
y'=sinx

i R ! O i S Y=
e — oK s B .
ST n I N | Jo T - 3 2n 5m Ity

- | e .1 == G —

2 —14 2 2

- = -
Hinh 2
Chu y:

a) Mét so truemg hop dic biét:

sinx = | «‘;:»x:% + k2w, k € &

sinx =—1 ':::-x:—-g +i2n, ke Z;

sinx=0<x=knk e Z
bysinu=sinvesu=v+i2n, ke Zhodcu=n—v+i2n k e Z.
c)sinx=sing" < x=a"+ k360°, k € Z hodc x = 180" —a" + k360", k € Z.
Vidu 2. Giai cac phuong trinh sau:

. . 3 . .
a) sinx = %; b) SIM:_E: ¢) sin2x = sin 3x,




Giai
| S | TR . i D S REs
a) Vi 7= sin z nén phuong trinh sin x = B sin = co cac nghiém la:

x:%+ﬁﬁ2mkeﬂ va _r::n:—% +k2n=%+k2mke$.

b) Vi—% < —1 nén phuong trinh sin x =—§ vOo nghiem.
c)sin2yx=sindx < 3x=2x+K2n, ke ZhocIx=n—-2x+K2rn. k e Z

e x=k2n, ke Zhoicx= %1—:’{2?“. ke Z.

Vay phuong trinh ¢o cac nghiém la: x=2n, ke Zvax= %+ k Zs_n ke L.

QZ Giai cac phuong trinh sau:
a)sinx = 73; b) sin(x + 307) = sin(x + 60°).

3. Phuong trinh cosx = m
f@ Trong Hinh 3, nhirng diém ndo trén dudng tron lugng gide biéu dién goc lugng gide x

, I e 390, =4 3
COCOSX = —= ? Xiac dinh s0 do cha cic goc lugng giac do.

v A

B
M

A’

bd|—

— o 2

*  Xeét phuong trinh cosx = m.
e Néu |m| > | thi phuong trinh vo nghiém.
o Néu |m| < 1 thi phuong trinh co6 nghiém:
x=oa+RBRr. kel
vix=—a+k2n ke lZ

vol o la goc thude [0; ] sao cho cosa = m.

VA

S ..-"’Lh“\. P - Akl
7 Tl N 7T % 3

m
—3n 1 —?IE - 0 «@ \\“j_/ 2n it L X
|

A
)



Chi y: a) Mot sb trirdng hop dic biét:
cosx=1ox=Rn ke Z;
cosx=—l<<x=n+R2n. ke Z:

cosx=0=x= % +kn, k e Z.

b)cosu=cosveu=v+i2n ke Zhoicu=—+Rn, ke Z.

clcosx=cosa’' < x=a" +k360°, k € Z hodc x =—a" + k360", k € Z.

Vi du 3. Giai cac phuong trinh sau:

a)cosxy = —l; b) cos 2x = cos(x + 60°);

¢) cos3xy =sin x.
Giai
: (. ; 1 AR P
a) Vi 5 = ms? nén phuong trinh cosx = ——= cos— co cac nghieém la

2m

2
A= T +R2r, ke Evﬁx=—-’f— +2n. ke &

b) cos2x = cos(x + 60%) = 2x = x + 60" + £360°, k € Z hodc 2y =—{x + 60") + £360°, k € &
<> x=60"+ k360°, k € Z hodec x =-20°+k120° k € Z.
Viay phuong trinh co cdc nghiem la x = 60° + k360°, k € Zvax=-20"+k120° k € Z.
) T
c) cos 3x = sinx <> cosix = CDS[—- = IJ

e

ol ]

—x+k2m k € Z hodc 3x=— E—_r + k2w, k< &

=tk L Eh{:r:—fnt:.li:z—E + km, k € Z.
g 2 4

Vay phuong trinh c6 cac nghiém la x = EH:E, keZvax=—2 +kn, k e Z.

@ Giai cac phuong trinh sau:

- T 3n
a) cosx =—3; b) cosx = cos 157 C) cos| x+— |=cos—.
12 12
VA A

B == r
’@ Trong mit phang toa d6 Oxy, cho T 1a diém trén truc B

j M
tang cotoado la(l; J3) (Hinh 5). Nhirng diém nao trén K

4. Phuong trinh tanx=m

duomg tron lwrong gide biéu dién goc luong gide x cd
tan x = \.Er'? Xic dinh s6 do cia cac goc luong gide do.




0

* Vi moi so thue m, phrong trinh tanx = m ¢ nghiém

x=at+kn, ke &,

ot i r - n TE
vol o la goe thuoce (——2—; EJ sao cho tana = m.

] I];.J ] 1=lﬂrllll ]
r’l
: [t W [ : [iv=m
] ] Il ] ]
Wil
W 7 xr J0ein/ /o ox
T 2! 2l 2 2
f—
T
Hinh 6
Chad y:tanx =tand" < x=a"+ k180°, k € Z.
Vi du 4. Giai cic phuong trinh sau:
T
a) tanx = /3: b) tan2x = tanﬁ.

Gidi

a) Vi3 = tang nén phuong trinh tan x = 3= tan-;E co cac nghiém lax =

WA

b) l;anlr=lan-]?£1 ey -]-TE]- +kn. ke Z

[ {1
oy = E-H!.E‘ ke Xz,

i T
Vay phuong trinh ¢6 cac nghigém lax = > + K 5 k e Z.

& Giiai cac phuong trinh sau:
a) tan x = 0; b) tan (30° — 3x) = tan 75°.

5. Phuong trinh cotx =m . -‘;Jkﬂ

+hkr, ke Z.

,@. Trong mit phiing toa d¢ Oxy, cho C la diém | \

trén truc cotang ¢o toa dé la (—1; 1) (Hinh 7).

Y

Nhimg diém nao bicu dién goc lugng gide x _Al, =3 s
co cot x = —17 Xac dinh s0 do cua cac goc
luong giac do. N

I

Hinh 7



B -

-

*  V&i moi sb thuc m, phuong trinh cotx = m co nghiém
x=otkr ke,
vol a la goc thuoce (07 m) sao cho cota = m.

¥=colx
VoA

|\
;\ M

y=um

—n 0 o In

Hinh &

Chuy: cotx=cota’ <> x=a" + k180° k e Z.

Vidu 5. Giai cac phuong trinh sau:

B

T
a) cotx =———; h}cntlx:cat?.

Gidai

2 :
a) Vi —73 = cot %ﬁ nén phwong trinh cotx = —T3= CDtTn ¢0 cac nghiém la

2
,t=T+kn,£:EEE,

b)cotix= cut% &5 3x= g +kn. ke &

T

e ol ET R
21 '3

L8 b
Viy phuong trinh co cac nghiém la x = 51 +k 3’ ke Z.
% Giai cac phuong trinh sau:
a) cotx=1; b) cot(3x + 30°) = cot 75°.
6. Gidi phwong trinh lwong gidec bdng may tinh cdm tay

Ta ¢6 thé giai phuong trinh lugng gidc dang sin x = m, cos x = m, tan x = m va cot x = m bang
may tinh cam tay nhur trong vi du sau:




Vi du 6. Str dung may tinh cim tay dé giai cdc phuong trinh sau:

a) sinx = —%. Két qua ghi theo don vi radian.

b) cot x = 3, Két qua ghi theo don vi dd.

Giai
a) Chon don vi do goc la radian. L2 ﬂl A
I sin'1[ -—]
An lién tiép cac phim 2 i
ENEE®EOE oL
ta duge mdt goc co sin b‘ﬁng—% Iﬁ—g,

Do do, ta ¢6 cac nghiém cia phirong trinh sin x = —% la

b) Chon don vi do gbe la do. e

An lién tiép cac phim

7
x=—% +hom ke Zvix= ?“ +iom, ke 7.

1
tan? §]

FREOEEDENE 18. 43494882

ta duge mot gée cd cotang bang 3 14 18.43° (lam tron dén hang phén trim).

Do do, ta c6 cac nghiém cua phuong trinh cotx =3 lax = 1843° + k180% k € Z.

Cha y: Dé giai phuong trinh cot x=m (m # 0), ta giai phuong trinh tanx = -!—

i

& Su dung may tinh cim tay dé giai cc phuong trinh sau:
]

BAI TAP

a) cosx = 0,4; b) tanx = /3.
Két qua ghi theo don vi radian va lam tron dén hang phan trim.
Quay lai bai toan khai dong, phuong trinh chuyén déng cua bong dau truc ban dap 1a

x = 17 cos Snt (em) véi ¢ duoc do bang gidy. Xac dinh cac thoi diém £ ma tai d6 d6 dai
hong |x| vira bing 10 em. Lam tron két qua dén hang phan mui.

1. Giai cic phuong trinh lugng gidc sau:

a)sin 2x = l; b) sin[x—EjzsinE—n: ¢) sin 4:-:—cus[x+£] =,
2 7 7 6
2. Giai cac phuong trinh lugng giac sau:
a) ms(x+%]=?; b) L‘{JS4.T=CGS?—;; gycos‘x= 1.



3. Giai cac phuong trinh luong giac sau:

F
a) tan x = tan 55% b) tan L 2x+ ] =),

A

4. Giai cac phuong trinh luong giac sau:
V3

3

| m
a) cot —.r+—J=—1; b)cot 3x=—
274 t E
5. Tai cac gia tri nao cua x thi d6 thi ham so v = cos x vd v = sin x giao nhau?

6. Trong Hinh 9, khi duoc kéo ra khoi vi tri ¢an bang o diém O va budng tay, luc dan héi cia 16 xo
khién vit 4 gin ¢ dau cia 16 xo dao dong quanh O. Toa do s (cm) ctia 4 trén truc Ox vao

ORI | i P & - - “ i b Y
thon diém ¢ (gidy) sau khi budng tay dwoc xac dinh b cong thie s = 10 sm{l[lr+§].
Vao cic thoi diém nao thi s =—5v3 cm?

(Theo https://www. britannica.com/science/simple-harmonic-motion)
]
A :
i

'.,-:-"

L ()
Hinh 2

7. Trong Hinh 10, ngon dén trén hai dang H cach bo bién vy’ mot khoang HO = | km. Den xoay
o : 5 Ui PO n T _. 3 o e A 2 g % : - Eirdi
ngugc chicu kim dong hé vii toc do 5 rad/s va chiéu hai ludng anh sang vé hai phia doi dién

nhau. Khi dén xoay, diem M ma luong anh sang cua hai dang roi vao b& bién chuyén dong
doc theo bo.

(Theo https:iwww.mnhs.org/splitrock/learn/technology)

M

| km

N

' | bo bién
Hinh 10

a) Ban déu luﬁng sang tring véi dudmg thing HO. Viét ham s biéu thi toa do Vv, cua diém M
trén truc Oy theo thin gian .

b) Ngdi nha N ndm trén bo bién van toa do y, = —1 (km). Xac dinh cic thor diem f ma
deén hai dang chiéu vao ngdi nha.

« T



BAITAP CUOI CHUONG |

CAU HOI TRAC NGHIEM

Chon phuwong an dung.

1. Goc lugng gide ndo twong mg véi chuyén

1 Sy g

déng quay 3; vong nguge chicu kim
dong ha?

ALE B E] .

5 5

Gl 1525 D. 11527,

2. Trong trudng hop nao dudi day cosa = cosfi
va sino = —sin 37

A p=—. B.B=n-a.

C.h=n+o. D.f=—+a.

| A

3. Khang dinh nio sau day diing?
A. Ham s6 y = sinx la ham s0 chin.
B. Ham s6 v = cosx 1a ham s6 chin.
C. Ham sé y = tanx |2 ham s6 chin.

D. Ham s6 y = cotx 1a ham so chén.
4. Nghiém am 1én nhdt ctia phuong trinh

liegng gidc cos 2y = ms[:{ + %) la

5
ARSTS B -
9 3
I
G, p, =%,
9 9
5. S6 nghi¢m cua phuong trinh tanx = 3 trong
khoang (—E; ?—:II-] la
2 3
Al B. 2,
ek D. 4.

6. Nhiét do ngoai troi & mot thanh phd vio cac

théri diém khac nhau trong ngay cé thé dugce
mo phong boi cong thue
h(t) =29 + 35111%[1‘—9)

véi b tinh bing do C va ¢ 12 thoi gian trong
ngay tinh bing gié. Nhiét d6 thap nhit trong
ngay Ia bao nhiéu dé C va vao lic may gio?
(Theo htips://www.sciencedirect.com/science/

article/abs/pii/0168192385900139)

A. 32°C, lic 15 gid.
B. 29 °C, liic 9 gid.
C. 26 °C, lic 3 gid.
D. 26 °C, lic 0 gid.

BAI TAP TU LUAN

7. Mot chiec quat tran nam canh quay vai toc do

45 vong trong mét phit. Chon chiéu quay cua
quat la chiéu thuin. Sau 3 gidy. quat quay duoc
mot goe ¢o s0 do bao nhiéu radian?

8. Cho cosa = % va—% < o< 0. Tinh:

—_

4) sin o

c) cns(tx +E].
3

b) sin 2a;

9. Chimg minh ding thirc lugng gidc:

a) sin(a + B) sin(a — B) = sin’ o —sin’ B;

b) cos* a0 — cos® [(1 __;E] = cos 20.



10. Nghiém duong nhé nhit ctia phuong trinh
sin[x+%] —sin2x = 0 14 bao nhiéu?

11. Giai cac phuong trinh sau:

a)sin2x +cos3x=0;

V2

b) sinx cosx = —:
4

¢) sinx + sin2x = 0.

12. P06 sau s (m) cia muc nude & mit cang
bién vao thoi diém ¢ (gio) sau khi thuy triéu
Ién 1an dau tién trong ngay duoc tinh xap xi
b ¢cong thire A(t) = 0.8 cos 0,57 + 4.

(Theo https:/inoc.ac.ukifiles/documents/
business/an-introduction-to-tidal-

modelling. pdf)
a) P6 siu cua nude vio thai diém =2 13
bao nhiéu mét?
b) Mot con tau cin muc nuoc sau toi
thiéu 3,6 m dé c6 thé di chuyén ra vao cing
an toan. Dya vao do thi cia ham so cosin,
hiy cho biét trong vong 12 tiéng sau khi
thuy triéu 1én lan dau tién, & nhimg thoi
diém ¢ ndo tau ¢ thé ha thuy. Lam tron két
qua dén hang ph:?m tram.

13. Cho van the v (cm/s) cua mot con lac don
theo thot gian 7 (gidy) duoe cho bai cong thire

v=—35in(1,5r+E).
3

(Theo htips://www. f:rr:'mnn:'C.u.cr}mx{?c'fﬁncef
simple-harmonic-motion)

Xde dinh céc thoi diém + ma tai do:

a) Vén toe con ldc dat gia tri 16m nhat;

b) Vén tc con lic bang 1,5 em/s.

14. Trong Hinh 1. cdy xanh A B nim trén duong

xich dao duge trong vudng goc vai mat dit
vi ¢6 chiéu cao 5 m. Béng cua cdy la BE.
Vao ngay xudn phan va ha phén, diém E
di chuyén trén duong thang Bx. Goc thién
dinh 0, = (AB, AE) phu thudc vao vi tri cua
Mt Trai va thay doi theo thoi gian trong
ngay theo cong thirc

v 5
0.0)= 5 (t=12)rad

voi ¢ 1a thon gian trong ngay (theo don vi gio,
6<t<18).
(Theo https:/iwww.sciencedirect.com/
topics/engineering/solar-hour-angle)
a) Viét ham s6 biéu dién toa d¢ ctia diém E
trén truc Bx theo /.
b) Dua viao do thi ham s6 tang, hay xac
dinh céc thoi diém ma tai dé bong ciy phi
qua vi tri twémg rio N biét N ndm trén truc
Bx vai toa do la x, = —4 (m). Lam tron két
qua dén hang phfin Mo,

L
@

N 4m B E :r:{m}
Hinh 1




Trong chuong nay, cic ban sé tim hiéu vé khai niém day s6 va cic tinh chit co ban clia mat day s6. Chiing ta ciing sé tim
hiéu vé hai loai day so dic biét quan trong |3 ¢ap sd cdng va ¢ap 56 nhin ciing nhu nhiing ing dung cia day sd trong
giai toan va trong cac hoat déng thuctién.

Trong hinh trén, 6 dai canh cia cic hinh vudng theo thir tu ti nho dén ldn lan luot13:1;1;2; 3; 5; 8; 13; ...
Déy sd nay chifa dung nhiing diéu ki diéu gi cia khoa hoc va nghé thuit?

ban cé thé:

- Nhan biét dugc khai niém, cac tinh chét co ban va cach xac dinh mot day sé.

- Nhén biét dugc cip s6 cong va cap s6 nhan. Gii thich duge cong thitc xac dinh s6 hang
tong quat cua cap s6 cong va cap s6 nhan.

- Tinh dugc téng cla n s6 hang dau tién cla cap s6 cdng va cdp s6 nhan.

- Giai quyét dudc mot s6 van dé thuc tien gan vdi day so.




Bai 1. Day so

Tit khoa: Day sé (hitu han, vé han); S8 hang dau; S0 hang thit n (s6 hang tong quat);
Day sd tang; Day sd giam; Day sd bi chan; Cng thiic tinh s6 hang thil n cia day sé.

Goiu;u;u,; ...;uﬂlinluqtlﬁ dién tich cdchinhvuéng cé dddaicanhla1;2;3;...;n.
Tinhu,vau,.

1. Day sé la gi?

R) L B
'q Cho ham so:
wN >R
n o~ u(n)=n

Tinh w(1); 1(2); u(50); w(100).

Trong thuc tien, chiing ta thudmg co nhu cau danh so tha tu mot loat cac gia tn so cin phai
xir i, tir 46 dua dén khai niém day s6:

*  Ham s6 u xac dinh trén tap hop cac s6 nguyén dwong 1N’ duoc goi 1a mot day sé vé han
(hay goi tit 1a day s6). nghia 13
uwN >R
n—u =un).

Diy s6 trén duoc ki hiéu 1a ().

Dang khai trién cua day s6 (u,) 1a: u; uy; .. u,; ...

Chuy:

a)u, =u(l) goi la s hang &'&u, u, = u(n) goi la sb hang thir n (hay sé hang réng qudt)
cua day so.

b) Néu u, = C v&i moi », ta noi (u,) 1a day s6 khong doi.
Vi du 1. Ham s6 trong /4 c6 14 diy s6 hay khong? Néu co, hdy tim sb hang thir nhét,
thir hai, thir ba va s6 hang téng quat cua day s6.

+s I



Gidi
Ham s6 trong A xac dinh trén tap hop cic s6 nguyén duong N' nén n6 la mot day so.

Taco:u,= L u,=4;u,=9vau,=n’.

'@ Cho ham so:
vi{l;:2:3:4:5} =R

n—vin)=2n

Tinh v(1), v(2), v(3), v(4), v(3).

*  Ham sb u xac dinh trén tip hop M= {1:2:3: .- m} thi duoc goi la mdt ddy sé hitu han.
Dang khai trién cua dy so nay la u,, u,, ..., u,, trong d6 u, 1a 56 hang diu va u, la
s hang cuoi.

Vi du 2. Day gom 10 s6 tu nhién lé dau tién 1: 3; 5 - 19 ¢ phai la ddy s6 hitu han khéng?
Néu co, tim sé hang dau va s6 hang cudi cua day so.
Gidi

bay la mét day s0 hitu han. Ta c6 s6 hang dauw, =1 va s6 hang cudi u;, = 19.

no—u=n.
a) Hay cho biét day s6 trén 12 hiru han hay vo han.
b) Viét ndm s6 hang déu tién coa day sb da cho.
@ Cho 5 hinh tron theo thi tu ¢6 ban kinh 15 2: 3; 4; 5.
~a) Viét day s chi dién tich cta S hinh tron nay.

b) Tim sb hang dau va sb hang cubi cuia day sO trén.

2. Cach xac dinh day sé

’@ Cho cac day ) (a,),(b,), (c,), (d)dugc xac dinh nhu sau.
sagi=a=LE=sa =31, e b =2n.

¢ =1
o ® d_la chu vi cua duong tron co ban kinh n.
c,=C ,+1 (n22).

f

Tim bon s6 hang dau tién cua cac day so trén.



% Cho day sé (u,) xac dinh bai: {

@i Mt chong cot g duge xép thanh cac 16p, hai 1op

Théng thuémg mot day sb 6 thé duoc cho bang cac cach sau:
Cdch I: Liét ké cac sd hang (voi cac day s6 hitu han).
Cdch 2: Cho cong thirc cia s6 hang tong quat .
Cdch 3: Cho hé thirc truy hoi, nghia 1a
» Cho s6 hang thir nhit u, (hodc mot vai s6 hang dau tién);
« Cho mét cong thirc tinh u, theo u, _, (hodc theo vai s hang dimg ngay trudc né).
Cdch 4: Cho bang cach m6 ta.

Trong 8 , (a,) 1a day s6 chi ¢o 5 sb hang duoc cho héng cach liét ké, (b,) duge cho bo
cong thirc cua sO hang tong quat, (c,) duoc cho boi hé thirc truy hdi va (d ) dugc cho h:ing
cach mo ta.

5 n—1
Vidu 3. Chli} day so ‘(u"] voiu,= 2
a) Tim ba s0 hang dau tién. b) Tinh u,, va u,,.
Giai
a) Ba s6 hang dau tién la: u, = 0; u, = l~; Tl 2. i
7 10 5
50—1 49 99 -1 98 49

b) Ta co: u,, =

L

3 50+1 151° ™ 3.99+1 208 149

: ; _ =1, u, =1
Vi du 4. Cho day so0 (1) xac dinh boi: # 2
u =u,  t+u _; (n=23).

Tinh u..
Giai
Tachlg—istw =1l =u —u+u —0F1—Fu —u +tu —3+72—=3
Vay u.=35.
u =3
u =2u (nz1l).
a) Chimg minh 1, =2.3: 4, =2".3; 4, =2°.3.

b) Du doan céng thirc s6 hang téng quat cua day so (u,).

lién tiép hon kém nhau 1 cét gd (Hinh 1).
Goi u, 12 56 cot gd ndm & 16p thir n tinh tir trén |
xuéng va cho biét 16p trén cung c6 14 cot g0. f g I i
Hay xac dinh day so (u ) bang hai cach: -

a) Viét cong thirc s6 hang tong quat u,

b) Viét hé thirc truy hoi.




3. Day sé tang, day sé giam
’5'\ Cho hai day s0 (a,) va (b,) dugc xac dinh nhu sau: @, = 3n+ 1; b, =-5n.
VnelN.

Vne N

a) Sosanh a, va a

n+ls

b) So sénh b, va b

n+1s
* Cho day so (u,).
Day sd (u ) duoc gon la day sb tang néu u _,>unelN.

Day s0 (u,) duoc goi la ddy sé gigm néuu, , <u ¥ne N

Vidu 5. Xét tinh ting, giam cua céc day s6 sau;
a)(a,) vor a, = l; b) (b,) véi b, = n*; ¢)(c,) vonc, = (-2)".
n

Giai

< L a,, ¥Yn € M'.Viy (a,) 1a day s giam.

a)Taco: a,,, =
n+l n

b) Tacd: b,.,=(n+ 17 >n=b, ¥n e N Viy (b,) 12 day s ting.

¢c)Taco:c,=-2;¢c,=4;¢c,=-8,suyrace, <c,c,>c¢, Viy (c,) khong la day sb tang,
cung khong la day s6 glam.

Vidu 6. Xét tinh ting, giam cua cac day sO sau:
a) (@) voi a, = L; b) (b)) véib, =n—n".
n+
Gidi

a) Tanhan thﬁ}r cac so hang cua day (a,) déu la so duong. Ta lap t s6 hai sb hang lién tiép

n+l
cua day: Qo _ n+2 =(n+1]{n+I):n3+2n+] =1+ : >, Vne N
a, n n(n+2) n +2n nw+2n
n+l

Suyraa,.,>a, Vn e N Viy (a,) 12 diy s ting.
b)Tacob,.,—b,=[n+1-(n+1y]—-(n—-n)y=—r—n-n+n"=-2n<0,%n e N
Suyrab, ,<b,.Vne N Vay(b,)laday sb giam.

% Xeét tinh ting, giam cua cac day sO sau:

() véi _ 2n-1, b ) véi _WER
a) (u,) voru, Pk ) ix,) vO1 x, TR

3 ¢) (t) vt =1) .m.



Mot chéng cot gb duoc xép thanh cac 1op, hai lop lién tiép
hon kém nhau 1 cot gd (Hinh 2).

a) Goru, =25 1a s0 ¢t gb co @ hang dudi cing cua
chong cot go, u, la s0 ¢t gd ¢o & hang thir n tinh tir
du lén trén. Xét tinh tdng, giam cua day s6 nay.

Hinh 2

b) Gorv, =14 la s6 cot gb co & hang trén cing cua
chong cot g6, v, 1a so cdt gd co & hang thi n tinh tir
trén xuéng dudi. Xét tinh ting, giam cua ddy so nay.

4. Day s6 bi chan

'@? Cho day s6 (u,) voi u, = l So sanh céc s& hang cua day s6 voi 0 va 1.
n

» Day 50 (u,) duoce goi la day s6 bf chin trén néu ton tai mét s6 M sao cho
u =M, Vne N*

e Diy ) (u,) duoc goi la day SO bi chan dwdi néu ton tai mot s6 m sao cho
u =m, ne N¥

e Diy s6 (u,) dugc goi 1a day s6 bi chdn néu no vira bi chan trén vira bi chin dudi,
nghia la t6n tai cac s6 M va m sao cho

m=u, <M VneN*

s : ) 1
Vidu 7. Xét tinh b1 chan cua diy so (u,) vai u, = -

Giai

"

Tacoh: u =%£ % n & M* Viy (1) bi chdn trén.

u, = '~ >0, ¥n € N* Viy (u,) b1 chin dudi.

Ta théy diy sb (u,) bi chan trén va bi chin dudi, suy ra day sb (1) bi chan.
& Xét tinh bi chin cua cac diy sd sau:
a) (a,) von a, = cos E;
n

b) (b,) véi b, = ——.
n+l1




BAI TAP

1. Tim u,, u, va du doan cong thirc 56 hang tong quat i, cua day so:

ulzl

i,

(n=1).
1+u,

i =

n+l

# 1 ] ]
2. Cho diy s6 (u,) vo1 4, =——+——+...+
1.2 2.3 n(n+1)

. Tim u,, u,, u, va du doan cong thuc
so hang tong quat u,.
3. Xét tinh ting, giam cua day sd (v,) voiy, =n+1—+/n.

4. Xet tinh b1 chan cua cac day sO sau:

El) [H”] VOl a = Siﬂ3 E+cﬂg E: h] [H”} v u, = ﬁl?—4-
3 4 n+2
5. Cho day s6 (1) voi u, = 2n-1
n+l

Chung munh () la day 50 tang va b1 chan.

6. Cho day sb (u,) voi u, = g Tim gid tri ctia g dé:
n+
a) (u,) 1a day s6 ting; b) (u,) 1a day sb giam.
7. Trén ludi 6 vuéng, mdi 6 canh 1 don vi, ngudi ta vé § hinh vudng va té6 mau khéac nhau

nhu Hinh 3. Tim day so biéu dién do dai canh cua 8 hinh vuong do tir nho dénl6n. Co nhan xét
gi vé day sd trén?

Hinh 3



Ban c6 biét?
DAY SO FIBONACCI

Fibonacci (Phi-bo- na-xl) {mﬁn co tén la Leonardo Flbﬂnacm}
12 mot nha toan hoc ndi tiéng nglrdn Y. Trong cudn sich
Liber Abaci, nim 1202, 6ng c6 viét bai toan sau:

“Mgt déi tho (gom mét the dwc va mét the cdi) cie moi
thang de dwoc mot doi tho con (ciing gém mot tho dire va
mot tho cdi); moi doi tho con, khi tron hai thang 1uéi, lai
moi thang dé ra mét doi the con, va qud trinh sinh no cie
thé tiep dién. Hoi sau mét ndm sé cé tat cd bao nhiéu doi
thé, néu dau ndm (thang 1) co mét doi tho so sinh?”

(Nguon:https://www britannica com/science/Fibonacci-number) Hinh 4. Leonardo Fibonacci
R6 rang ¢ thang 1, cling nhu & thang 2, chi co mot POl Sty
doi1 tho. Sang thang 3, do1 tho nay sé dé ra mot déi ﬁi‘ : '
tho con, vi thé & thang 3 s€ co 1 + 1 = 2 dd1 tho. nl s 5
Sang thang 4, vi chi ¢6 d6i tho ban diu sinh con
nén ¢ thang nay ¢6 | + 2 =3 doi tho. Sang thang ﬂd i 2 s
5, hai d6i tho gom doéi tho ban dau va déi tho duoc |
sinh ra ¢ thang 3 ciing sinh con nén thang nay co & m 3 4

3 +2=5doi tho; ...

3
3
)
b

Khai quat, néu ki hiéu F, 13 sb doi tho c6 ¢ thang thir », thi véin = 3, ta co:
F =F, _, +s0do6i tho duoc sinh ra & thang thit n.
Do cac ddi tho duoc sinh ra ¢ thang thit (7 — 1) chua thé sinh con @ thang thir n va moi
do1 tho co ¢ thang thir (n — 2) s& sinh ra mét d61 tho con, nén s6 dé1 tho con dugc sinh ra
& thang thir » chinh bang F,_, (s6 doi tho ¢6 ¢ thang thir (n — 2)).
Nhuvay: F,=F, +F, ,
Viéc giai quyét bai toan trén ciia Fibonacci din dén viéc khao sat day so:
F =1
F;_ =

F =F_ +F_, (n>3).

Diy s trén sau nay duoc nha toan hoc Phap Edouard Lucas goi la diy s6 Fibonacci.

Ap dung quy luit day sb trén, ta tinh duoc s6 déi tho sau mot nim la F, = 144,

51




- ol o ~
Bai 2. Cap s0 cOng
Tirkhod: Cap sd cong; 56 hang dau; Cdng sai; Tong clia n s6 hang dau tién.

f

(P

\M) Mot rap hat 6 20 hang ghé. Tinh tirsan khau, s lwgng ghé clia cdc hang tang dan
nhu trong hinh minh hoa dudi day.

Ban hay dém va néu nhdn xét vé s ghé
clia nam hang dau tién.

Lam thé nao dé biét dugc sd ghé cia mat hang bat ki va tinh dudc tong sé ghé cd
trong rap hat do?

1. Cap s6 cdng

’© Tim diém giong nhau cua céc diy so sau:
a)2;5;8;11; 14 (xem Hinh 1).

5 B
5]

Hinh 1

b) 2:4: 6; 8. ) 5: 10::15:20:; 25, d)—5:-2:1:4:7: 10.
O | ¥ 7
Cip s6 cong 1a mot dy s6 (vo han hodc hiru han) ma trong do, ké tir s6 hang thir hai, mdi
s6 hang déu bing tng cua s6 hang dimg ngay trudc né voi mot s6 d khong doi. nghia la:

14

u, ,=u +dvoi ne N

S6 d dwoc goi 1a edng sai cua cap so cong.

Vidu 1. Tim cﬁp sO cong trong cac day s sau:

a) 5; 10; 15; 20; 25; 30. b) 1;2; 4; 8. Yy LR
Gidi

a) Day s6: 5; 10; 15; 20; 25; 30 1a cip s6 cong voi cong sai d = 5.

b) Day sb: 13 2; 4: 8 ¢6 u, — u, # u, — u,nén khéng phai 1a cép sb cong.

¢) Day s0: TETI:T1a cf‘ip sb cong vol cong sa1 d = 0.



.-*’I@

-

Vidu 2. Cho -:E'lp ) cong: 3;6;9;12; . . Tim s6 hang dau, cong sai va u;.
Giai
Cap s6 cong da cho c6 s6 hang dau u, = 3; cong sai d = 3.
Tacou,=12nénu.=u,+d=12+3=15.
Vi du 3. Chimg minh méi day sb sau 14 cip s6 cong. Xdc dinh s6 hang dau va cong sai cia
moi cfip 50 cong do.
a) Day s6 (u,) voiu,=2n + 1. b) Day sd (v,) véiv,=-3n+ 5.
Giai
a)Taco:u,=2.14+1=3,
U, ,=2n+D)+1=2n+1)+2=u +2 Vn € N*
Vay day s6 (u,) la cﬁ'p 56 cong vol ) hang déu u,=3 vacong said =2
by Tachiv,=-3 A+5=2
Vo =3+ 1)+5=(3n+5)-3=v +(-3), Vn e N*.

Vay day sb (v,) la cap s6 cong voi sb hang dau v,= 2 va cong sai d = -3.
Vidu 4. Cho a, b, c la ba s6 hang lién tiép cua cap so cong. Tinh b theo a va c.
Giai

Goi d 13 cong sai ciia cip s cong, ta cod=b—-a=c—b.Dodo b= 2=€

Nhan xét: Néu (u,)1a cﬁp sb cong thi ké tir sO hang thir hai, méi sb hang (tru s0 hang cudi
dbi v cip s6 cong hiru han) déu 1a trung binh cong cua hai sd hang dimg ké né trong day,
tirc la:

o U

&L (k=2)
> ( )

u,

Chitng minh méi day s6 sau la cip sb cong. Xdc dinh céng sai cia mbi cép sb cong do.
a)3:; 711 15;19:23.
b) Day sb (u)vonu =9n—9.

¢) Day so (v,) véu v, =an + b, trong do a va b la cac hang so.

S6 do ba goc cua mot tam giac vuong lap thanh c:ﬁp 5O cong. Tim so do ba goc do.

Mit cit caa mét to ong co hinh ludi tao boi cac 6 hinh
luc gidc déu. Tir mot 6 déu tién, budc thir nhat, cac ong tho
tao ra vong | gérm 6 6 luc giac; budc thir hai, cac ong tho
s€ tao ra vong 2 ¢o 12 6 bao quanh vong 1; bude thir ba,
cac ong the sé tao ra 18 0 bao quanh vong 2; cir thé
tiép tuc (Hinh 2). Sé 6 trén cac vong theo thir tr cb
tao thanh cﬁp 56 cong khong? Néu co, tim cong sai cua
cﬁp s6 cong nay.

S F Y
e e

T.-'n _I__.- ._'F_.a I_ 4 - n._‘r_. \_‘r
N AT TR P




2. S6 hang téng quat cua cdép sé cdng

’@ Cho cﬁp 50 cong (« ). Hay cho biét céc hiéu sb sau day gap bao nhiéu lan cong sai d cua (u ).

o =U, Uy =W Wy =Wy, 0 — U

BDinh li 1

* Néu mét cip sb cong (u,)co s0 hang dau u, va cong sai d thi s6 hang tong quét u, cua no

duoc xac dinh boi cong thirce:
u,=u,+(n—1)d, n=2.

Vi du 5. Tim s6 hang tong quat u, cua cdp sb cong co sé hang dau v, = 3 va cong sai
d=9.

Giai
Tacou=u,+(n-1)d=3+(n-1).9=9-6.

Viy sb hang tong quat cia cap s6 cong 1a u, = 9n — 6.

& Tim s6 hang téng quat cua cic cap sé cong sau:
L]
a) Cﬁp 50 cong (a,)coa,=5vad=-5;

b) Cép s6 cong (b,) cd b, =2 va b, =20.

@ Tim s6 hang tfmg quat cua cép 56 cong (c,) co c,= 80 va c,= 40.

3. Tong cua n s6 hang dau tién cha cdp sé cong
’® Cho cﬁp s0 cong (u,) cO cong sai d.

a) Tinh cac tong: w, +u;u, +u, Su;+u, ;.. u+u, .  theou, nvad

¥

i, Uy L W, . W, H
d d
2d 2d
—— -,
Hinh 3

b) Ching to ring 2(u, + u, + ... + u,) = n(u, + u,).



Dinh Ii 2

- -
- -

"F Gia sir (u,) 1a mot chp s cong c6 cong sai d. Dat S, =u, + u, + ... + u,, khi do
n(u, +u,)
' T
n[2u +(n-1)d]
2

hay §, =

Vidu 6.

a) Tinh tong 100 s6 nguyén dwong dau tién.

b) Cho cip sb cong (u,) co u, + u, = 20. Tinh tong 9 s6 hang dau tién cua cip s6 cong do.
¢) Cho cdp s6 cong (v,) ¢6 5, =—-3 va S, =-15.Tinh S,,.

Giai
a) Ta co thé s:'ip xép 100 s6 nguyen dwong dau tién thanh cﬁp s6 cong co u,; = 1,
U= 100
Suy ra Sy = M —50.101 = 5050.

N 2w, +8d) A 9.20 -90.

b)Tacou, + ug= (1, +3d) + (u, + 5d)=2u, +8d=20. Suyra §, =

2 2
c}Tac:é:S_1=3[2vlT%=—3,suyra1’l+a'=—1; (1)
S.= w- =-15,suyrav, +2d=-3. (2)

v+d=—1
Tir (1) va (2) ta dugce hé phuong trinh :H !

FE
Giai hé phuong trinh trén ta duoc v, = 1 vad =-2.

50(2v, 2+ 49d) _50.[2. 1;49 ST

& a) Tinh téng 50 sb tu nhién chin diu tién,
‘ b) Cho cfap s0 cfng (u,) c6 u; + u,y = 100. Tinh tﬁng 30 56 hang dau tién cua cép 50
cong do.
¢) Cho cip sb cong (v,) c6 S, = 18 va §,, = 110. Tinh S,
(#). Mot rap hat c6 20 hang ghé xép theo hinh quat.
Hang thir nhat c6 17 ghé, hang thi hai 6 20 ghé,
hang thir ba ¢6 23 ghé, ... cir thé tiép tuc cho dén
hang cudi cang (Hinh 4).

Do do 85, =

a) Tinh s6 ghé ¢ ¢ hang cudi cang.

b) Tinh téng s6 ghé c6 trong rap.




BAI TAP

. Chimng minh day s6 hiru han sau la cép 56 cong: 1;-3;-7,-11,-13.

. Khi mét van dong vién nhay du nhay ra khoi1 may bay,

. Cho (u,) 1a cép sb cong véi s6 hang diu u, =4 va cong sai d = —10. Viét cong thirc sd hang

téng quat u,.

. Cho c::ip s6 cong (u,) co s0 hang diu u,=—3vacongsand=2.

a) Tim u,s. b) S6 195 la s6 hang thir bao nhiéu cua cip sb cong do?

. Trong cac day so sau day, day so nao la cap so cong? Tim so hang ddu va cdng sai cua no.

9—5n

a)u,=3 —4n; h)u,,=%—4; c)u,=5" d)u,= 3

. Tim s6 hang dau va cong sai cta cap s6 cong (u,). biét:

u, —u, =20 U, +uty =10 =i, =3
a) b) c) B
u, +u; =54 u, +u. =80; g Uy =24,

. Mot ngudi mudn mua mot thanh gd du dé cit ra lam céc thanh

ngang clia mot cai thang. Biét ring chiéu dai cdc thanh ngang
cua cdl thang do (tir bac duadi cing) lan luot la 45 cm, 43 cm,

4l em, .., 3] cm.
a) Cai thang do co bao nhiéu bac?

b) Tinh chiéu dai thanh gd ma ngudi do cin mua, gia sir chiéu dai
cac mi ndi (phan gd bi cit thanh min cua) la khong dang ké.

Hinh 5

gia sir quang duomg ngudi dy roi tu do (tinh theo feet)
trong mdi gidy lién tiép theo thir tur trude khi bung du
lin luot la: 16; 48; 80; 112; 144; ... (cac quing duing
nay tao thanh cép sb cong).

a) Tinh cong sai cua c:?s'lp 50 cong trén.

b) Tinh tong chiéu dai quang dudmg roi tr do cua ngudi

Hinh 6

do trong 10 gidy dau tién.

. O mét loai thuc vat ludng béi, tinh trang chiéu cao cdy do hai gene khong alen [a A va B cliing

quy dinh theo kiéu tuong tac cong gop. Trong kiéu gene néu cir thém mét alen tréi A hay B
thi chiéu cao cdy ting thém 5 cm. Khi truong thanh, cay thﬁp nhit cua loai nay voi kiéu gene
aabb c6 chiéu cao 100 cm. Hoi cdy cao nhit voi kiéu gene AABB c¢6 chiéu cao bao nhiéu?




Bai 3. Cap s6 nhan

Tit khod: Cap s6 nhan; Céng boi; Tong clia n sé hang dau tién.

Mét qua béng rai tit mét vi tri cé @6 cao 120 cm. Khi cham d4t, né luén nay lén 45 cao
bang mét nifa dd cao clia lan roi trudc do.

Goi 1, = 120 la @6 cao clia lan roi dau tién va u; u; ..;u; ... la d0 cao clia cic lan roi
ké tiép. Tim 5 56 hang dau tién cda day (u_) va tim diém dac biét clia day s6 dé.

1. Cap s6 nhan
;@ a) Tinh thuong cua ha ) hang hén tiép trong diy so: 2:4: 8: 16:32: 64.

b) Tim diém gi6ng nhau cua cac diy so sau:

1)3:6: 12: 24- 48 1 1; i: e

2’4816
-

¥ Cép sé nhan 1a mot day sb (hiru han hodc vo han) ma trong do, ké tir 6 hang thit hai,

i) 2; —6; 18; —54; 162; —486.

méi s6 hang déu bing tich cua s6 hang dimg ngay trudc nd vér mét sé g khong doi, nghia la:

u,,,=u,.qvoi ne N

n+ 1

S6 g dugc goi 1a céng bdi cua cip s nhén.

Vidu 1:

Tim s0 hang dau va cong b1 cua cac cap so nhan sau:

a)3;6;12; 24; 48;._ ; b) I; —i; —1~; —i; i c)9:9:9:9:9; ...
2 4 8 16

=7




Giai
a) Day $0:3:6:12;24;48; .. 1a cﬁp so nhan vai u, =3 vacong bdi g = 2.
1 1 | 1
b) Day sb: I, ——=; = —=; — . 1a cip s6 nhan voru, =1 vacongbf1g=——.
) Day 2 & 8 16" ¥ e

c) Day S0 9-9-9- Q- 9,..- la cap s6 nhian voi u, =9 vacong bo1g=1.

Vi du 2. Trong cac day s6 sau, day 50 nao la cﬁp s6 nhan? Tim sb hang déau va cong bor
cua CE:'I[] s6 nhan do.
a) 1; 11;121; 12321; 1234321. by I;—1;1;:-1; 1. c)4; 8:12; 16.

Gidi
a) Day sd: 1; 115 121; 12321; 1234321 la cap s6 nhéan véi s6 hang dau u, = 1 va cong bdi
g=11.
b) Day s6: 1: —1; 1:—1: 1 14 ¢dp s6 nhén véi s6 hang ddu u, = 1 va cong bdi g =—1.

£ , u, . & e
¢) Day so: 4; 8; 12; 16 ¢6 — #—nén khong la cap so nhan.
u, u
I 2

Vi du 3. Cho cip s6 nhan: 1; 10; 100; 1000; 10000. Biéu dién s6 hang 10 va 100 theo
hai s6 hang ké no.
Gii
Tacod: 10°=1.100; 100> =10.1000.
Chi y: Day sb (u,) 1a cap s6 nhén thi

2 — ¥i )
W, =u,_,.u._, voin=2,

Cho ba s6 tu nhién m. n, p theo thir tir 1p thanh cdp s6 cong. Chimg minh ba sb 2", 2", 29
theo thir tr lap thanh cap s6 nhéan.

Mot quf:{: gla co dan s6 nam 2011 1a P trigu nguol. Trong 10 nadm tiép theo, mdi nim
ddn so tang ¢%. Chimg minh ring dan 50 ciac nam tir nam 2011 dén ndm 2021 cua
quoc gia do tao thanh cdp s6 nhan. Tim cong bdi cua cap so nhan nay.

Tén s6 cua ba phim lién tiép Sol, La, Si trén mdt

cdy dan organ tao thanh cﬁp s6 nhan. Biét tin so WWW
ctia hai phim Sol va Si lan lwot 14 415 Hz va 466 Hz

(theo: htl]:ls /viwikipedia.org/wiki/Do_ [nut nhac)). Hinl

Tinh tin s6 coa phim La (lam tron dén hang

domn vi1).




2. S& hang téng quat clia cdp sé nhan
'® Cho cép s0 nhan (u,) co cong boi g. Tinh u,, 1y, u, va u,, theo u, va g.
Dinh li 1

Néu mét ciap s6 nhin (1,) c6 s6 hang dau 1, v cong boi g thi sé hang tong quét u, cua
no6 duge xac dinh bon cong thire:

u=u .q" ' ,n=2

Vi du 4. Cho cép s6 nhan c6 8 s6 hang, sb hang dau 1a 4374, s hang cudi 1a 2. Tim
céng bdi cua cap sé nhan do.
Giai

Tacou,=4374 vau,=2. Goi g la cong boi cua cép s0 nhan nay, ta co:

: 2 1 1Y 1
un=u,_q71su}rraq'=ﬂ=—= z(g),dnﬁéq=—.

% Viét cong thuc 50 hang tong quat u, theo ) hang déu u, va cong bd1 g cua cac
. cap s6 nhan sau:
a) 5: 10: 20; 40; 80; .. B —: el

"10° 100" 1000° 10000 "

K*ﬁ.}} C h:__l ki ban rd cua nguyén 'tél phong xa polom 210 13 138 ngay, nghia la sau 138 ngay,
' khoi luong cua nguyén to do chi con mdt nira (theo: https://vi. wikipedia org/wiki/
Poloni-210). Tinh khéi luogng con lai cua 20 gam polom 210 sau:

a) 690 ngay; b) 7314 ngay (khoang 20 nam).
3. Téng ctia n s6 hang déau tién cla cdp sé nhan
;@ Cho cép so nhan (u,) c6 cong boi g. Pat S, =u, + u, + ..+ u,.
a)Sosanhg.§ va(u,+u;+_ . +u)+q.u,; b)Sosanhu, +¢g.5, vas, +u,.q"

Dinh i 2
0-

*  Gia sir (u,) 1a mdt cap s6 nhan c6 cong boi g # | Dat S, = u, + u, + ... + u,, khi do

L= ul{l_q”}‘
1 l—q

Chiay: Khig=1thiS,=n _u,




Vi du 5. Tinh tong 10 50 hang diu tién cua cﬁp s6 nhan (u,) co 50 hang diu u, =1 va
cong bor g=2.

Giai
u,(1-g") 1.(1-2")

;faco §,=
l-g 1-2

Ap dung cong thirc S, = =2" —1=1023.

% Tinh téng n s6 hang déu tién cua cip sd nhan (x,) trong cac truomg hop sau:
a)u,=10°,g=01;n=35; b)u, =10, 1,=-20;n=35.

) e W T WA . 2 5 . <Eiir A R A

*‘;5‘4 Trong bai toan & () dau bai hoc, tinh tdng cdc do cao cua qua bong sau 10 1an ro1 dau tién.

BAI TAP

1. Trong cac ddy so sau, ddy so nao la cap so nhan?

u-=1
a) u, = 3(-2)" byu,=(-1)"".7% o} e
i, =2u, +3.
2. Tim s hang diu va cong bo1 cua cﬁp 50 nhan (1,), biét:
u, —u; =15 U, —u; +u, =63
a) b)
u, —u, =6; u, +u, =325.

3. a) Sé do bén goc cua mot tir giac lap thanh cz::p s6 nhan. Tim s6 do cia bén goc do biét rﬁng
s6 do cua goe 16m nhit gp 8 lan s do cia goc nho nhat.
b) Viét sau so xen giira cdc 50 —2 va 256 dé duoc cap 56 nhan co tam s6 hang. Néu viét tiép thi
s6 hang thir 15 1 bao nhiéu?
Z % LN
b—a' b b-c
thir tu 1ap thanh cap s6 nhan.

4. Basb theo thir tur lap thanh cflp sb cong. Chirng minh rﬁng ba sé a, b, ¢ theo

5. Tinh cac tong sau:

a)s, = l+—+—+...+—; b)S,=9+99+999+ __ +99 9

. 3" b el

nchirsé 9

6. Mot loai vi khuin duogc nuéi céy trong phong thi nghiém, cir méi

phit s6 luong lai ting 1én gip doi s6 lwong dang co. Tir mét vi

khuan ban dau, hdy tinh téng s6 vi khuin c6 trong éng nghiém sau
20 phat.

Hinh 2



7. Gia sir mot thanh phd c6 din s6 nam 2022 1a khoang 2.1 triéu ngudi va toc do gia ting dan

s0 trung binh mdi nim 1a 0,75%.

a) Dy doan dan s6 cua thanh phé d6 vao nam 2032.

b) Néu toc do gia ting déan so van giir nguyen nhu trén thi udc tinh vao ndm nao dan so cua

thanh phd do sé ting gap déi so vai nam 20227

8. Trong tro choi mao hiém nhay bungee, mdi lin nhay,
ngudi choi sé duoc day an toan c6 tinh dan héi kéo nay
nguoc 1én 60% chiéu sdu cua ci nhay. Mot ngudi choi
bungee thuc hién ch nhay diu tién co dé cao nay nguoc

lén 1a 9 m.

a) Tinh d cao nay nguoc lén cua nguot do o lan nay

thir ba.

b) Tinh tong cic dd cao nay nguoc lén cua ngudi do

trong 5 lin nay dau.

Hinh 3

BAITAP CUOI CHUONG I

CAU HOI TRAC NGHIEM
Chon phuong an ding.

n
-1

hang dau tién cua day 50 (u,) lan luot la

1. Cho day sb (u,) voi u, = Ba so

AL pll. 3
24 2T 2° 4’ 26
D S 1 2 3
C. ==l P e
27425 23 28
2. Cho day so liiil

F a3
S6 hang tong quat ciia day s6 nay la

A uﬂ:l- ]+t. B.u = ll.
3 3ﬂ 3"‘+
C' H, = BLH D i, = %_

3. Cho day s6 (1) v&iu, = i

+1
n+2

. Phat biéu

nao sau day dang?

A. Day 50 ting va bi chan.

B. Day 56 giam va bi chan.

C. Day so giam va bi chan dudi.

D. Day 50 giam va bi chén trén.

4. Cho cap s0 cong (u,) co so hang dau u,,

cong satd. Khi do, voin = 2 taco
Au=u+d B.u =u +(n+1)d.
Cu,=u—-(n-1)d. Du,=u+(n-1)d.

. Cho cép sb cong (1) cou, =3 vau,=-1.

Khi do
A u,=4 B.u,=2
C.u;=-5. Do, =T




6. Cho cép sb cdng (u,) co so hang diu
u, =—1 va cong sai d = 3. Khi do S, bang

A1l B. 50.
C. 10. D.25.

7. Cé6 bao nhiéu sé thue x dé 2x — 1- x
2x + 1 theo thir tw 1ap thanh cip sé nhan?

Al B. 2.

A D 4.

8. Mot tam glac co s6 do cac goc lap thanh
cap sd nhén ¢ cong bdi g = 2. S6 do cac
goc cua tam giac do lan luot la

AT B, e i
632 585
6 6 6 Ping iy 7
BAITAP TU LUAN
9. Xét tinh ting, giam cua day s6 (u,) voi
3" —1
u, = 4
2]‘!

10. Xét tinh bi chan cia day s6 (i) voi
2n+1

U, =

n+2

11. Tim s hang diu u, va cong sai d cua c;ﬁp
sO cong (u, ), biét:

{5:;, +10u, =0

S, =14;

u, +u; =60
ui +us =1170.

12. Tim s6 hang dau u , va cong bo1 g cua
cap s6 nhan (ue,). biét:

u, =96 b U, +u, =72
u, —u, =144,

13. Gia sir mot quan thé dong vat o thoi diém
ban dau c6 110000 ca thé, quan thé nay
¢6 ti 1é sinh 1a 12%/nam, xudt cur 13 2%/nim,
tir vong la 8%/nam. Dy doan sb ca thé cua
qu;:in thé do sau hai nam.

14. Mot cdy dan organ ¢6 tin sé 4m thanh
cac phim lién tiép tao thanh mét cip so
nhin. Cho biét tan s6 phim La Trung la
400 Hz va tin s cua phim La Cao cao
hon 12 phim la 800 Hz [ngm:in: https://
viwikipedia org/wiki/Organ). Tim cong
boi cua cap s6 nhan noi trén (lam tron
két qua dén hang phi‘in nghin).

15. Dan s6 Viét Nam nam 2020 la khoang
97.6 triéu ngudi (theo Nién gidm thong ké
ndm 2020). Néu trung binh mdi nim ting
1,14% thi woc tinh dan so Viet Nam nam
2040 la khoang bao nhiéu nguroi (lam tron
két qua dén hang trdim nghin)?



Chuong Il GIGI HAN. HAM SO LIEN TUC

xay dung nén nhifng khai niém co ban cla Gidi tich toan hoc nhu tinh lién tuc, dao ham va tich phan.

Néi dung ciia chuong nay gom: gidi han clia day sd, gidi han clia hiam s va tinh lién tuc cia ham sé.

Qud trinh tao ra mot hinh fractal

\\_) Hoc xong chuang nay, ban ¢ thé:

Trong chuong nay, chiing ta sé tim hiéu vé mat phép toin méi: phép toan gidi han. Nha phép todn nay, ngudi ta

- Nhan biét dugc khai niém gidi han clia day s6, van dung cac gidi han co ban va cac
phép toan gidi han dé tim gidi han mot s6 day so don gian.

~ Tinh duogc téng clia mot cap s6 nhan |bi vo han va van dung vao giai quyét nhiing
van dé trong toan hoc va cudc song.

— Nhan biét khai niém gidi han hifu han, gidgi han mét phia cla ham sé tai mot diém, tai
v cuc, gidi han vo cuc clia ham sé tai mot diém théng qua xét mot s gidi han co ban;
tinh gidi han cia ham s6 bang cach ding nhimng gidi han co ban va cac phép toan
trén gidi han ham sé; giai quyét dugc mot s6 van dé thuc tién gan vdi gidgi han ham sé.

~ Nhan dang duoc ham sé lién tuc tai mot diém, hoadc trén mot khoang, hodc trén mot
doan; nhan biét tinh lién tuc cla tdng, hiéu, tich, thuong cla hai ham sé lién tuc, tinh
lién tuc clia moét 50 ham s0 so cap co ban.




Bai

1. Giéi han ctia day so

Tit khod: Gidi han hitu han clia day sé; Tong ciia cap s6 nhan lhi vé han.

‘@ 56 thap phan Khong thé nhu vy dudc, vi
; - 2 2 2
v6 han tuan hoan 0,666... 0,6<=;0,66<—=0666<=...
3 3

2
va so = 12 hai 56 bang nhau. -

1. Gi¢i han hitu han ctia day sé

Gidi han 0 clia day sé

A

4%

Cho day s6 () véi u, = =) :

n
a) Tim cac gia tr1 con thiéu trong bang sau:

n 10 20 50 100 1 000
e | 0,1 0,05 0,02 ? ?

b) Vi n nhur thé nao thi lu | bé hon 0,01; 0,0017
c) Mot so s0 hang cua day 50 dugc bicu dién trén truc s6 nhu Hinh 1.
LT M.

s Wy g W M i
Ht

L 1 i 1

L

L] = T 1 L] I
-1 0 1

Hinh 1
Tir cac két qua trén, co nhin xét gi vé khoang cach tir diém u_dén diém 0 khi n tro nén
rat lém?

Ta noi day sé (u,) c6 gidi han 0 khi n din téi duong vo cuc, néu |u,| nho hon
mét s duong bat ki cho trude, ké tir mét s6 hang nao do tro di, ki hiéu limu, =0
hay u, — 0 khi n — +o0. Ta con viét 1a lim u, = 0.

I _I_ " ] N
Vidd 155 diy 5B, =L 6 M. iy diyngy dink nghiia, éhiing 0 ring Tomve, =0,
n
Gidi i
Vi s6 thue duong d bé tuy ¥ cho trude, lay s6 tu nhién N sao cho N> —_ Khi dé, véi moi
: -0 11
sO tu nhién n sao chon = N, ta co |u, ={ ) == —d
n n

Theo dinh nghia, lim u_= 0.



Ta thira nhan mét s6 gidi han co ban dudi day. Ching thuomg duge st dung dé tim gidi han
cua nhiéu day sé khac.

. ]imﬂiit =0, voi k nguyén duong bat ki.

* lim ¢" =0, véi g 1a s6 thue thoa man |g| < 1.

Gidi han hitu han clia day sé
o) o L s
'Q Cho day so (u,) voiu, = .

a) Cho day 56 (v,) vorv, =u,— 2. Tim gio1 han lim v,

2n+1

b) Biéu dién cac diém u,, u,, u;, u, trén truc s6. Co nhan xét gi vé vi tri cta cée diém u,
khi n tr¢ nén rat lon?

(L
r:,-b

Ta no6i day so (u,) cé gidi han hitu han 14 s6 a (hay v, dan t6i a) khi # dén toi
duong vé cuc, néu lim («, — &) =0. Khi do, ta viét lim u, =ahaylimu =a hayu, —a
ki]j ne} _m_ I

Chii y: Néu u, = ¢ (¢ la hing sd) thi lim u, =limc=c.
3n’ -t-{

Vi du 3. Ding dinh nghia, tim gigi han lm
n’

Giai
In’ +1

1
Pat u, = . Tacou,=3+— hay u,-3=—.
1 n n
Suy ra hm (u, — 3) =lim—=0_
7

In” +1

Theo dinh nghia, ta ¢6 lim u, = 3. Vdy lim =3,

n
Tim cac gid han sau:

a) llm[’—'{ J } b) ]1111[1 4”)
3 n




2. Cac phép todan vé gi¢i han hiru han cua ddy sé

q O trén ta da biét l1m[3+ 1 )—Ilm3MI 1 =1
n n

a) Tim cac gion han lim 3 va li

n

b) Tir d6, néu nhan xét vé lim[ I, ]
%3

n
Pé tim giéi han hiru han cua diy s6, nguoi ta thuong van dung cac phép todn vé gidi han
hiru han cua day s6.

¥ Cho limu, =a. limv, = b va ¢ 1a hiing s6. Khi dé:

* im(u,+v,)=a+b = hn{n.—V.)—a-b

*lim(c.u)=c.a *lim(u,.v)=a.b

o limX2 =2 (p20) * Néuu,>0, ¥n e N* thia>0va limfu, =va
v b

Vidu 4. Tim céc gion han sau;

a) lim 3n+2 : ___..‘M_

¥ b) 1
2n-1 X 7
Giai
2
34+—
a) Ta co B2 = I (chia ca tir va mau cho n).
2n—-1 5 1
n

| 1 _ 1
3+2 . — hm(3+2_—-] Im3+2lim—
2 2.
Tir do lim3ﬂ+ =lim j 08 nj_ n =3;— G{]

2n—-1 21 lim[Z—l) iifog Sl
n n n

[
b | L

5)'Th ¢ J9;1-+1=J9n-+|=J9n-+1_ Y
n n

Tir d6 hm —— on’ +1 9+——Jl:m{9+i) Jl]mg+lﬂl‘l——-\|l'9+ =3
n



3. Téng cua cdp sd nhéan lui vé han

Q Tu mét hinh vunng ¢6 canh bing 1, t6 mau mdt nia
hinh vuong, roi t6 mau mot nira hinh con lai, va ctir
l'lf:p tuc nhu vay (xem Hinh 2).

a) Xdc dinh dién tich u, cua phﬁn hinh dugce t6 mau
lan thir k (k=1,2.3, ..).

b) Tinh tong dién tich S, cua phan hinh dugc t6 mau
saulantd than (n=1,2.3, ).

¢) Tim gié1 han Iim S, va so sanh giéi han nay vl
dién tich hinh vuéng ban dau.

Xét cap s6 nhan vo han (1,) ¢6 cong bdi g thoa man |g| < 1.
Tfmg S, cuan s6 hang dau cua EE':l]] s0 nhin nay la:

l1—-g" u,

Sk 0 =y = = e
i i=g =g I=q
Vi|g| <1 nénlimg"=0 vadodé
HmS = fimgr=% & g W
" 1-q 1-g l-g l-gq I—g

Gio1 han nay duoc goi la rcfng cua cﬁp s6 nhin (2 ). ki higu la

S=u+u, +u, +...+u, +..

Cép sb nhan vo han (i,) ¢6 cong béi ¢ thoa man |g| < 1 dugc goi 1a cdp sé nhén lii vé han.
Ciép s6 nhén lii vo han nay co tong la
i
S =H'|_ +H-'2 +--.+u" +... _—
1-¢q

Vidu 5. Tinh tong cua -::ap 56 nhan lui vo han: i_.:f+-L_L+"'+[_.1‘J +....

16 64 4
Giai
Témg trén la tﬁng cua Ci':ip s& nhan lui vo han ¢6 sb hang diu u,= 1 va cong bdi g = —l nen
1 1 1 [t] 1 4
l—4———+.t| —| 42— ==,
4 16 64 4 i_(_lJ 5
4




Vi du 6. Biét ring c6 thé coi s6 thip phin vo han tuin hoan 0,666. . 1a tong cua mot cép
s6 nhan lii vo han:
0,666...= 0,6 + 0,06 + 0,006 + ... = ﬂ,6+ﬂ,6_%+ﬂ,6,%+"_.

Hay viét 0,666... dudi dang phén sé.

Giai
Séﬂ,ﬁﬁrﬁ-..létﬁngcﬁacﬁpsﬁuhﬁnlilivﬁhancéséhangdﬁubéﬂgﬂ,évﬁcﬂngbﬁihéﬂg%.
Do d6. 0.666..=—22 =8_2.

1753
10

& Tinh témg cua [‘.‘ép sO nhén lui vo han: l+%+[%} ++(%J $ig i
@ Tir & gidy, cit mot hinh tron bén kinh R (cm) nhu Hinh 3a. Tiép theo, cit hai hinh
tron ban kinh g rdi chdng 1én hinh tron dau tién nhu Hinh 3b. Tiép theo, cit bon hinh
5 v - -R A= = - "
tron ban kinh i ro1 chong lén cic
hinh trude nhu Hinh 3¢. Cir thé tiép

tuc mai. Tinh tong dién tich cta cdc
hinh tron.

4. Gigi han vo cuc

’Q Dung mét day hinh vudng bing céch ghép tir cac hinh vuéng don vi (canh bing 1 don vi
do dat) theo céc bude nhu Hinh 4. Ki hiéu «, (don vi dién tich) la dién tich hinh vuéng
ding duoc o budce thir n.

|

Buoc 1 Buoc 2 Buae 3
Hinh 4
a) Vi n nhu thé nao thi u, vuot qua 10000; 1000000?
b) Cho hinh c¢6 dién tich §. Vo1 n nhu thé nao thi u, vuot qua S?7



* Ta néi déy sd (u,) e gidi han 1a +o khi n —>+o0 néu u,_ 16m hon mét s6 dwong bt ki,
ké tir mot sd hang nao do tro di, ki hidu lim u, = +o0 hay u, — +o0 khi n — 4.

* Ta néi diy sd (u,) ¢ gidi han 13 —o khi n — +oo néu lim(—u,) = +oo, ki hiéu
lim u, = —c hay u, » —o khin — +o0.

Chd y: Ta c6 cac két qua sau
a) lim u, = +o0 khi va chi khi lim (—u ) = —o;

b) Néu lim u, =+ hodc lim u, = —o thi bt 0;
i

n

g e ; i - sk

¢) Néulmu, =0 vau, >0 vol moi i thi lim— = +o0.
u
n

Vidu 7. Tim giéi han lim g¢" voi g > 1.
Giai
: 1 o e [ B
Tag>lsuyra 0<—<1 Dodo, hm—= Ilm[—] =0.
q q q
Ma g" = 0 von mo1 n nén lim g* = +o0.
Nhan xét:
aylimn* =+ (ke N. k= 1):

b) limg" =+ (g = 1).

BAI TAP

1. Tim cac gig1 han sau:

a) Iim_2n+l; b) li lon™ -2
mn n
¢) lim : diimE =043
2n+1 2n”
2. Tinh téng cua cac cip s6 nhan lii vo han sau:
1.1 1 ( ])" L. ] (])”
a) ——+———+...+| ——| +..; b) —+—+—+... 4] —| +..-.
2 4 8 2 4 16 64 4

3. Viét sé thap phan v6 han tuin hoan 0,444 dudi dang mét phén so.




4.

Tir hinh vudng dau tién ¢ canh bing 1 (don vi dé dai), ndi cic trung diém
ctia bdn canh dé c6 hinh vuéng thi hai. Tiép tuc ndi cac trung diém cua
bon canh ciia hinh vuéng thir hai dé dugc hinh vudng thi ba. Cir tiép tuc
lam nhur thé, nhan dugc mot day hinh vuong (xem Hinh 5).

a) Ki hi¢u a_ la dién tich cua hinh vudng thio n va §, la tong dién tich
cta n hinh vudng ddu tién. Viét cong thic tinha, S, (n=1,2,3, ._.)

&

vd

va tim lim S, (gi&i han nay néu ¢6 dugc goi 1a tong dién tich cia cac
hinh vudng).

Hinh 5

b) Ki hiéu p, 1a chu vi caa hinh vudng thir n va 0, 14 tong chu vi ciia n hinh vudng dau tién.

Viét cong thirc tinh p, va O, (n =1, 2, 3, ) va tim lim O, (gidi han nay néu co dugc goi la

tbng chu vi ciia cac hinh vuéng).

. Xét qua trinh tao ra hinh c6 chu vi v6 cwc va dién tich bang 0 nhur sau:

Bit diu bang mot hinh vuéng H, canh bang | don vi do dai (xem Hinh 6a). Chia hinh
vuong H, thanh chin hinh vuong héng nhau, bo di bén hinh vuong, nhan duoc hinh H,
(xem Hinh 6b). Tiép theo, chia méi hinh vudng cua H , thanh chin hinh vuéng, roi bo di
bén hinh vuéng, nhan duoc hz‘nh H, (xem Hinh 6¢). Tiép tuc qua trinh nay, ta nhan duoc

mot diy hinh H (n=1, 2, 3, .

W

ﬂ] h} {;) d}
Hinh 6
. s 1
Ta co: H, ¢6 5 hinh vudng, mdi hinh vudng c6 canh bang T
H, ¢6 5 . 5= 5" hinh vuéng, méi hinh vuéng c6 canh bing % . %_ 31

|
Tir do, nhan duoc A, c6 5" hinh vudng, mdi hinh vuong co canh hing 3_"

a) Tinh dién tich §, cua H, va tinh lim §,.
b) Tinh chu vi p, ctia H va tinh lim p_.

(Qua trinh trén tao nén mot hinh, goi la mot fractal, dwoe coi la co dién tich im S, va

chuvilimp,).



Bai 2. Gidi han cia ham sé

Tit khod: Gidi han hitu han clia ham sé tai mét diém; Gidi han mét phia ciia ham sé;
Gidi han hitu han cia ham sé tai vé cuc; Gidi han v cuc ciia ham sé.

P
| !k
\®) Quansst hinh bén, chobiét hinh chi nhat |
OHMK thay ddi nhung diém M luén nam

trén do thi cha hamsé y = li (x> 0).
x

Dién tich hinh chit nhat sé thay d6i nhu thé
nao khi diém H tién gan dén goc toa dd?
Khi H tién xa sang phia bén phai thi sao?

1. Gié¢i han hiru han ctia ham sé tai mét diém

2_1.-— i

,@ Xét ham sd y=flx) =

A
a) Bang sau dy cho biét gia tri cua ham s6 tai mét s6 diém gan diém 1.

x| 0 050909 |0999| 1 |1001]|101]|11]|15]2

fix)| 2 3 | 38 |398(3998| || |4002(402|42 | 5 | 6
Cé nhin xét gi vé gia tri cua ham s6 khi x cang gin dén 1? o . / —
b) O Hinh 1, M 1a diém trén d6 thi ham s6 y= f{x); H va P Pl
ldn lwot 14 hinh chiéu cia M trén truc hoanh va truc tung, WL
Khi diém H thay dbi gén vé diém (1: 0) trén truc hoanh thi HAlEE
diém P thay d6i nhu thé nao? riET

Y | 1H "
/ o 1 X
Hinh 1

Xét ham sé & 4 . Ly day 56 (x ) bit ki sa0 chox, # 1 va limx, = 1. Ta ¢

2x2 =2 2x +D(x
fay=th 2 - An I
x, —1 x, —1

_1}=2x,,+2_

Do do, lim fix,) =lim (2x, + 2) =2 limx, +2=2 . 1+2=4
Ta néi ham s6 y = flx) c6 gidi han 1a 4 khi x dan téi 1.

Dud day, ta viet 1a khoang K thay cho cac khoang (a; b), (—0; b), (a; +o) hay (—ec; +x0).

»



* Cho diémxuthuéc khoang K va ham 56}? = f(x) xac dinh trén K hodc K\ {x,}.
Ta néi ham sb y =f(x) ¢d gidi han hizu han 1a s6 L khi x dan t&i x, néu véi day sb (x,)
batki,x, € K\ {x,} vax,— x,, thi f(x,) — L, ki hiéu lim f(x)=L hay f(x) > L
khi x —> x, i

: x —4
Vidu 1. Cho ham sd f{x) = 5 Tim hm jf(x).
Gidi
Ham séy = f(x) xac dinh trén B \ {-2}.
Gia sur (x,) 1a day s6 bat ki, thoa man x, £ -2 vdi moi n va x, — —2 khi n — +90. Ta c6
il -2 +2) . ;
lim () = lim 2o i Ca MR, e 5o 5 9.y
xih2 i
Vay lim f(x)=-4
Nhédn xét: limx=x,; lime=c (cla hﬁmg $0).
X+, X1y
: oo . 5 . X+ 2x+1
& Tim cac giéi han sau: a) im(2x" —x); b) |1m|-—+]-—
] r—33 E—»- i

2. Cac phép todn vé gi¢i han hiru han cua ham so6

,@ Cho hai ham s6 y = f(x) = 2x va y = g(x) = ——.
X

+1
a) Gua sur (x, ) la day s6 bat ki thoa man x,2-lvoimoinvax, = | khin— 4o,
Tim g161 han im [ fi(x ) + g(x,)].

b) T do, tim gion han linE [f(x)+ g(x)], va so sanh vin Iirr]1 fx)+ Iin'Jt g(x).

Tir cac phep toan vé £101 han hitu han cua day s, ta nhan duoc cdc két qua sau day:

0:

L

2) Cho lim f(x) = L va lim g(x) = M. Khi do:
* lim /() + g(x)] = Len
* lim [/(x) - g(x)] = LM
- lim /() g()]=L .M

s i _ L s o)
Xy g{x} M

b) Néu f(x) 2 0 va lim f(x)=L thi L>0va lim\[f(x) =+/L.
e ] I—+I,

(Déu ciia f(x) duge xét trén khoang tim gigi han, x # x,,.)



Nhén xét:

a) lim x* = x, k1a s6 nguyén duong;

X3X,

b) lim[¢f (x)]=c lim f(x) (c € R, néu tén tai lim f(x) e R).
.'r—).'t’" .'l:—h'l:u X—+Xp

Vidu 2. Tim cic gioi han sau:  a) lim(x" —4x + 2); b) Ii m3 2_
1 =2 2y +1

Giai

a) lim (x° —4x+2]-llmx —llm{4x}+11m2-l —4lmx+2=1-4 _1+2=-1.

=3l x—3|

Ip—3 lim{3x 2} 3]1mx 7 3_2_2 4

b) lim = 22 =—,
}H”Z’x%—l ]1m(2x+1} llmzu'i—l 2260 .5

o .
Vidu 3: Tim cac gioi han sau: a) lim=> : b) limiz—.
5 x2 y 3 =3 r—3

Giai

a) Bm* 22 i ) oY By i =D DR A,

=1 y— r—»2 X — T—2 x—1 x—»l

-z (frri-2)({ai+2)

b) hm (nhén ca tir va mau voi yx+1+2)
e (x-3)(v/x+1+2)
it ) S s
=3 (x—3)(Vx+1+2) =HFyx+l+2
1 1

: lim(Vx+1+2) limyx+142

1 1 1 1
\[] 3(I+i}+2 \/hmx+l+2 J3+1+2 4

xX—3

% Tim cac gio1 han sau: a) 1i1'r|1[:l|:1 +5x—2); b) llm b

e L W I
3. Gi¢i han mét phia

;C\; Gia cude vin chuyén buu kién gitra hai thanh phfr.'r do mot don vi cung cfrlp duoc cho bon

bang sau:
Khéi Iwgng buru kién (100 gam) Gia cude c4n ving (nghin déng)
dén 1 6
trén 1 dén 2.5 7
tir 2.5 dén 5 10




. -
- @‘
&

Néu chi xét trén khoang tir 0 dén 5 (tinh theo 100 gam) thi
ham sb gid cude (tinh theo nghin déng) xac dinh nhu sau:

6 khxe(0;1]
Sf(x)=47 khixe(l; 235]

10 khi xe(2,5; 5].
D6 thi cua ham s6 nhu Hinh 2.
a) Gia str (x,) la ddy s6 bat ki sao cho x, € (1;2,5)
va lmx, = 1. Tim hm f{x ).
b) Gia sir (x) la day s6 bt ki sao cho (x')  (0; 1)
va lim x! = 1. Tim lim f{(x]).

c) Nhan xét vé két qua & a) va b).

e Cho ham sé y = f(x) x4c dinh trén khoang (x,; b).

Ta néi ham s6 y = f(x) ¢é gigi han bén phai 1a 56 L khi x dén t&i x, néu véi day so (x,)

bt ki, x, < x, < b vi x, = x, thi f(x,) = L, ki hiéu lim f(x)=L.

I—eI;

e Cho ham s6 »¥=f(x) xac dinh trén khoang (a; x,).

Ta noi ham sé y = f(x) cd gidi han bén trdi 1a s6 L khi x dan tdi x, néu véi day s (x,)

batki, a <x, <x, vax,—> x, thif{x ) — L, ki hiéu lim f(x)=L.
XXy

Chii y:

a) Ta thira nhdn céac két qua sau:

* lim f(x)=L va lim f(x)=L khiva chi khi lim f(x)=L;

XXy r—wxy Ty

e Néu lim f(x) # lim f(x) thi khong ton tai lim f(x).
XXy X—sip X—hXy

Y |
) A 0 )
74—t
ol 1 23 ’:

b) Cac phép toan vé gidi han hiru han cua ham s6 ¢ Myc 2 van ding khi ta thay x — x,

o + - —
bang x — x; hodcx —x;.

0 khix<0

Vi du 4. Cho ham sé =
% Cho kel 7 () {1 khi x > 0.

a) Tim cac gion han ELT f(x) va jlﬂll J(x).

b) Cé ton tai gidi han lim £ (x)?



Giai
a) Gia sir (x,) 1a day s6 bat ki, x, > 0 vax, — 0. Khido f(x,)=1 nén lim f(x ) =lim1 = 1.
Vay lim f(x)=1.
2l
Gia sur (x) 1a day s bat ki, x <0vix — 0. Khdof(x)=0nénlmjf(x)=1lm0=0.
Vay lim f(x)=0.
x—slf
b) Vi Iim f(x)# lim f(x) nén khong ton tai lin& J{x).
x—30" = x—H
. 1-2x khi x<-1
@3 Chohamsé f(x)=4 .~ —°
v : x*+2 khix>-1

Tim cac gici han lim f(x), lim f(x) va IimI f(x) (néu co).

r——|* x——| . 1B~
4. Gi¢i han hi*u han cta ham sé tai vé cuc

X . ]. & a
;(ﬁ; Cho ham s6 f(x)=— ¢o d6 thi nhu Hinh 3.
X

a) Tim céc gid tri con thiéu trong bang sau: » 4
x 10 | 100 | 1000 | 10000 | 100000 \ J’zi
y=f(x) |01 |001] ? 7 ? \

o NI o B . L. il sl i T P
e e ey . S
b) Tim cac gia tri con thiéu trong bang sau: =]

x  |-100000|-10000|-1000 |-100 | 10 \
y=f(x) ? ? 7 |-0,01[-0,1 \
Tir db thi va bang trén, néu nhn xét vé gid tri f(x) !
khi x cang bé (dan to1 —=0)? Hinh 3
Xét ham s y = f(x) & K Lay diy s6 (x,) bat ki sao cho x, # 0 va limx, = +e. Khi do
1

Im f(x, ) =lm—=0.

*  Cho ham s6 y = f(x) xac dinh trén khoang (a; +0).
Ta noi ham sb v =£(x) ¢6 gidi han hitu han 1a s6 L khi x — +oo néu voi day s6 (x,) bat ki,
X, > avax,— +o, thi f(x,) — L, ki hidu lim f(x)= L hay f(x) — L khi x — +o.

e Cho ham s6 y = f'(x) x4c dinh trén khoang (—oo; a).

Ta noi ham s6 y = fix) ¢é gidi han hivu han 13 s6 L khi x — —o0 néu voi day s6 (x,) bat ki,
x, <avax, — —o, thi f(x) — L, ki hiéu lim f(x)= L hay flx) — L khix — —o

7s



Vidu 5. Cho ham s6 f(x) = £ _21_ Tim lim f(x).
x4 it

Gidi
Ham s6 xdc dinh trén (—0; ~2) va (-2; +0).
Gia sir (x,) 1a day sd sao cho x, > -2 vax, — +. Ta co
1 1

g 2—— 2-lim— 5
lim £(x, ) = lim =t = lim —- = ; il
%, +2 142 lim— 14U
Iﬂ xﬂ
vy fin 22 ip,
w0 x 42

Chii y:

a)Vdicla hé.ng so va k1asd nguyen duong, ta luon co:
: Al
limc=¢ va lim—=0.
Tt r—:-:t-r.‘x

b) Céc phép todn trén gidi han ham s6 & Muc 2 van ding khi thay x — x, bing x — +0
hodc x — —0.

Vi dus. Tin 2%
' w——= Iy +1
Gidi
: 3
R i—i kﬂl ——J = llm1 -0 1
lim ———= lim J]f Jlf X =
Zx sl e i [2+—] 24 fim— 279 2
b I = X
& Tim cac gion han sau: a) lim Ly b) Iim 2 .
v ¥aiw x4 Dy - x|

@i Mt cai hd dang chira 200 m* nwée man véi nong dé mudi 10 kg/m’. Nguoi ta ngot hod

nuéce trong héd bing cach bom nude ngot vao hd voi the do 2 m*/phat.
a) Viét biéu thire C(¢) biéu thi néng d6é mudi trong hd sau ¢ phat ké tir khi bit dau bom.
b) Tim gio1 han lim C(7) va giai thich y nghia.

i—++m



5. Gi¢i han vé cu'c cia ham sd tai mét diém
1

a@ Cho ham s6 f(x) =—— ¢6 d thi nhu Hinh 4.

x—1, Y1
a) Tim cac gia tr1 con thiéu trong bang sau: \
il ]
x 1,1 1,01 1,001 1,0001 ’ R
y=f@)| 10 | 100 | 2 9 %
x_

Tir d6 thi va bang trén, c6 nhin xét gi vé gia tri f(x) =

: o] 1|x
khi x din t&i | phia bén phai? B

= W

1
b) Tim céc gi tri con thiéu trong bang sau: \
x 0,9 0,99 | 0,999 | 09999 I'
r=f( -10 | —-100 ? ?
’ f{T} Hinh 4

Tir d6 thi va bang trén, c6 nhin xét gi vé gia tri f(x)
khi x dén t&i 1 phia bén tréi?

-
- -

% bhu ham 55_}' = f(x) xac dinh trén khoang (x; b).

e Ta n6i ham s6 y = f (x) ¢é gidi han bén phdi 1a += khi x — x, vé& bén phai néu voi
day s6 (x,) bit ki, x, <x, < b vax,—> x,, thi f(x,) = +oo, ki hiéu lim f(x) =+ hay
£(x) = +oo khi x — x7. =

e Ta noi ham sé v = [ (x) cé gidi han bén phdi 1a —o khi x — x, vé bén phai néu véi

day so (x,) bat ki, x, < x, < b va x, — x,, thi f(x,) = —o, ki hiéu lim f(x)=- hay
fix) > —okhi x> x;. °

Chuay:

a) Cac gidi han lim f(x)=+c0, lim f(x)=—90, lim f(x)=+oc, hm f(x)=—o0,

Xy

lim f(x)=4%c, m f(x)=—oc duoc dinh nghia twong tu nhu trén.

T—p—a

b) Ta co cac gicn han thudmg diung sau:

e lim =+o va lm
1" ¥ —a a8 X — ]

=-— (g eR);

o lim x* =+ voi k nguyén duong;

X—3+m

2 ¥ 2 - A -
e lim x* =+o0 néu & 13 s6 chin;

X—3—u

e lim x* = —o0 néu k la so lé.

X—p—x




¢) Céc phép toan trén gidi han ham sé ciia Muc 2 chi dp dung duoc khi tit ca cdc ham sé
dugc xét co gion han hiru han. Vo gion han vo cuc, ta c6 mot so6 quy tic sau day.

Néu lim f(x)=L=0 va limg(x) =+ (hodc lim g(x)=-%) thi hm[/(x). g(x)]
x—nt,._. I—I.l'“ J‘_:'Jﬂ

A —*Xp

dugc tinh theo quy tic cho bai bang sau:

lim f(x) lim g(x) hm [/ (x) . g(x)]
Xy XNy =¥
0 +co
L=0
—of) —o0
+o0 —o
L<0
—a0 a0
Céc quy tic trén van ding khi thay x; thanh x; (hodc +e0, —0).
Vidu 7. Tim cédc gioi han sau:
. =2 A :
a) lim —— b) lim (x* +1).
r—2 I_z T
Giai
a)Taco Im(1-2x)=1-2lmx=1-2.2=-3; lim = 400,
T2 x33* 132 =7
Dods hiee iy | =5
¥ x—710 x5 g

’ 3 4 I. - T = o
b) Viét x‘+l=x‘[l+ :]-Tacc': lim x™ = +o0: llﬂl(]+ lz]=l+1:qu=i+ﬂ=l_

X T—F—mn A—p = X Ta—o p=

Do dd Iim(x* +1)= lim {f (] +LTH = 40,

Kb e

b) lim (3x-1).

S e [

Xét tinh huéng & (®) diu bai hoc. Goi x 1 hoanh do diém H. Tinh dién tich S(x)
cua hinh chir nhat OHMK theo x. Dién tich nay thay déi nhu thé nao khix — 0
va khi1 x — +oo,



. Choham s f(x) ={

Tim céac gid han sau:

2 . _3 - =
a) im(x* —7x+4);  b) lim———: L i
r—3-2 =3y _0Q -l x—1

—x* khix<l
x khi x=1.

Tim cédc gigi han hm f(x); im f(x); liﬂ}f{x} (néu c6).
=" =1 ¥

. Tim céc gié1 han sau:

a) lim 4I+3; b) lim 2 . ¢) hm .x‘+1_
e Dy = Jx 4] St Y |
. Tim cac gion han sau:
: 1 . - :
a) hm —; b) im(1-x"); ¢) hm
}_‘r—:—]' x+lJI 1" .':—r—-f-( ]: } 3 3y

. Trong hé c¢6 chira 6000 lit mrde ngot. Ngudi ta bom nude bién 6 ndng d6 mudi 1a 30 gam/lit

vao hé vai toc do 15 lit/phat.
a) Chirng to r;:mg m;jng d6 mudi cua nudc trong hé sau ¢ pht ké tir khi bt diu bom la

30¢ .
C(t)= (gam/lit).
® 400+1¢ 2 )

b) Ni’mg do mudi trong hé nhur thé nao néu t — +eo.

. Mot thau kinh ho1 tu co tieu cu la f = 0 khong doi. Goidva d' lin lrot la khoang cach tir

: 1 1 1
vat that va anh cua no to1 quang tam O cua thau kinh (Hinh 5). Ta co6 cong thuc: —+—=—

@iy f
hay d':;f—_
=5 4

Xét ham sé g(d) = ﬁ Tim cac gio han sau day va giai thich y nghia.
a) JLT— g(d); b) lim g(d).
e P o= S
! F ! f !
: 4 :
B - !




Bai

3. Ham sé lién tuc

Tir khod: Ham s6 lién tuc tai mét diém; Ham sd lién tuc trén mét khodng;

Ham sd lién tuc trén mét doan;

Tinh lién tuc clia téng, hiéu, tich, thuong clia hai ham sé lién tug;

Tinh lién tuc clia mét sd ham 56 so cp co ban.

-

N
(»)

- Hai @6 thi & hai hinh dudi day cho biét phi giii xe y clia 6 td con (tinh theo 10 nghin déng)
theo thai gian gui x (tinh theo gid) cia hai bai xe. (6 nhan xét gi vé su thay ddi clia

sd tién phi phai tra theo théi gian gii & moi bai xe?
b YA
4 4 i
Oy
—
2 o—» i
1 | b—e
2l 3 2 3 4 5 Gl 203 A S5 3
a)BaixeA b) BaixeB

1. Ham sé lién tuc tai mét diém

L

0

1 l
Cho ham s6 _r:_f{_.r}ffll+.t khil<y<?2
- 3

co do th1 nhu Hinh 1.

Taimoidiemx,= | vax,=2, cotontai giothan lim f(x)

N—3iy

khong? Néu co, gio1 han do c¢o bang f(x,) khong?

Cho ham s6 y = f(x) xac dinh trén khoang K va x, € K.

Hinh 1

Ham sb y = f (x) dugc goi 1a lién tuc tgi diém x, néu lim f(x)= f(x,).
I—PIU

Nhdn xét: Dé ham s6 y = f(x) lién tuc tai x, thi phai c6 ca ba diéu sau:

|. Ham s6 xac dinh tai x,; 2. Tén tai lim f(x);

XX,

3. lim f(x)= £(%,).

= oy



Chu y:
Khi ham s6 y = £ (x) khong lién tuc tai diém x, thi ta noi £ (x) gidn dean tai diém x, va
x, dugc goi 1a diém gidn dogn cua ham sb f(x).

Vi du 1. Xét tinh lién tuc cua ham sé:

x¥+2 khix>0

. tai diém x, = 0.
2x khix<0

a)f(x)=x'—2x+3taidiémxy,=2; b) f(x)= {

Giai
a)Taco f(2)=3va lin}f[x}zljtgj{x? —2x+3)=2"-2 .2+3=3,suyra lim f(x) = f(2).

Viy ham s6 y = f(x) lién tuc tai diém x, = 2.

b)Taco: f(0)=2.0=0;

; %
lim f(x)=lm(2x)=2limx=2.0=0; 26!
x—=0 a0 x=0 i
lim f(x)=lim(x" +2)=0+2=2. ) ,‘f 0, -
x—i" ' i 1 X
Suy ra khong ton tai lirrg fix). LS
Vay ham s y = f(x) khong lién tuc tai diém x,=0.
Hinh 2

& Xét tinh 1i6n e cia him 55

x+1 khix>1

_ tai diém x, = 1.
—X khix<1

a) f(x) = | —x’ tai diém x, = 3; h]lf{:r}:{

2. Ham s6 lién tuc trén mét khoang, trén mot doan

) . x+1 khil<x=<2
'Q Chohamso v= f(x)= TN
a) Xét tinh ién tuc cua ham $0 tai moi diém X € (15 2).
b) Tim !i_lll f(x) va so sanh gia tr1 nay vai f(2).

¢) Vorgiatmnaocua k thi m f(x)=4"7
r—al*
e Cho ham sd y = f'(x) xdc dinh trén khoang (a; b).
Ham s6 y = f(x) duoc goi 12 lién tuc trén khodng (a; b) néu f(x) lién tuc tai moi diém
trong khoang Q}r_
e Cho ham sd y = f(x) xac dinh trén doan [a; b].
Ham s6 f(x) duoc goi la lién tuc trén doan [a: b] néu f(x) lién tuc trén khoang (a; b) va

lim /()= f(a), lim /(x)= £ (5).

s1 N



Nhén xét: Do thi cua ham s y = f(x) lién Ay
tuc trén doan [a; b] 13 mot duong lién,
c6 diém dau, diém cudi (Hinh 3). Néu  f(B)
hai diém nay nim vé hai phia so véi truc
hoanh thi dudmg lién néi trén ludn cit truc
hoanh tai it nhit mét diém. Diéu nay co 0

thé duoc phat biéu dudi dang nhu sau:

Néu ham sé y = f (x) lién tuc trén doan /(@
[a; b] va f(a) . f(b) < 0 thi luén ton tai

it nhat mot diémc e (a; b)sao cho f{c)=0.

Hinh 3

Vi du 2. Xét tinh lién tuc cua ham sé f(x) =+/1—x* trén doan [-1; 1].
Giii

Vaimoix, € (—1; 1), ta cd:

y=+1-x"
ji_{gf{x]=_ji_,rg"~fl—x:’ =Jl—Eﬂf =\1-x; = f(x,). //\

Do dé f(x) lién tuc tar mo1 ﬁiém.‘cu e (—1; 1). 4

Ta la1 co: x
Hinh 4

lim f(x)= lim 4/1-x° =Jl— lim x* =1-1=0= f(-1),

e r—=-=1" =1

lim £(x) = lim~/1— x* =\{|_1'1mf =—1=0= ).

=l =l a1

Vay ham sé_}f = f(x) ién tuc trén doan [-1; 1] (Hinh 4).

@ Xeét tinh Iién tue coa ham o) y=+/x-1 +3/2—x trén [1; 2].

(ﬁji Ta1r mot xuong san xuat bot da thach anh, gia ban (tinh theo nghin dﬁng} cua x (kg) bot
> da thach anh duoc tinh theo cong thuc sau:

45x khi10<x<400

k 1a mét hing sd).
dx+k khi x> 400 18 IngtRAnE 50)

P{x}z{

a) Voi k= 0, xét tinh lién tuc cua ham 50 P(x) trén (0; +o0).

b) Vi gia tr1 nao cua & thi ham sb P(x) lién tuc trén (0; +=0)?
3. Tinh lién tuc cta ham sé so cap

’@ Cho hai ham sb y zf[x):ﬁ va y=g(x)=+4—-1x.

a) Tim tap xac dinh cua mdi ham s6 da cho.

b) Mdi ham s trén lién tuc trén nhimg khoang nao? Giai thich.



Nho céc phép tinh trén gigi han him sd, ¢6 thé kiém tra cac ham sb y = f(x) va y = g(x) & /5
lién tuc trén tirng khoang cua tip xac dinh cua chiing. M réng hon, ta thira nhén céc két qua sau:

- -
- -

¥+ Ham s da thirc y = P(x), cac ham s6 luong gidc y = sinx, y = cosx lién tyc trén B,

- _P r " »
: Hémsﬁphﬁnthﬁcy=%,hﬂmaﬁcﬁnthﬁc ¥ =JP(x), céc ham sb luong gidc y=tan x,
X

y = cot x lién tuc trén cac khoang cua tip xac dinh cua ching.
Trong d6 P(x) va O(x) la céac da thirc.

Nhén xét: Ham sb thudc nhimg loai trén duoc goi chung 1a him sé so cip.
Sau déy, khi noi xét tinh lién tuc cia mot ham s6 méa khong noi gi thém thi ta xét tinh lién tuc
cua ham sé do trén nhimg khoang cua tip xéc dinh cta no.

Vi du 3. Xét tinh lién tuc cta cic him s6 sau:

2
a)y=3x —4x +5x+2; b) y-'—'h- i
x—2
Giai
a) y = 3x’ — 4x* + 5x + 2 12 ham sd da thirc nén n6 lién tyc trén B;
2
b) y= & £ b ham s phan thirc, ¢6 tip xdc dinh (—so; 2) U (2; +%0) nén né lién tuc

x—2
trén cac khoang (—e0; 2) va (2; +ew0);

Q} Xét tinh lién tuc cua him sd y=+/x* —4.

X -2x khi x = 0
Q Chohamsé f(x)=1 x
a khix=0

Tim a dé ham s6 y = f(x) lién tuc trén R.
@ Mot hing taxi dwa ra gida cudc T(x) (déng) khi di
quing dudmg x (km) cho loai xe 4 chd nhu sau:

10000 khiO<x<0,7
T(x)=210000+(x—0,7) . 14000 khi0,7<x<20
280200+ (x—20) . 12000 khi x > 20.

Xét tinh lién tuc cua ham sb T(x).

Hinh 5

4. Téng, hiéu, tich thwong cia ham sé lién tuc

. 1
/@ Cho hai him s6 y = f(x) = =1 va y=g(x)=+4-x.
X

Ham s v=f(x)+ g(x) co hién tuc ta1 x = 2 khong? Giai thich.




Cho hai ham s6 y = f(x) va y = g(x) lién tuc tai diém x, Khi do:
* Cacham so y=/(x) + g(x),y =f(x) - g(x) vay =/ (x) . g(x) lién tuc tai x,

S(x)
g(x)

* Ham sb y = lién tuc tai x, néu g (x,) = 0.

Vi du 4. Xét tinh lién tuc ciia ham sé y =

x+1
Griai

Tap xdc dinh cta ham s6: D = (-=; 1) U (=1; + ).

Céc ham s6 y = sinx va y=x + | lién tuc tai moi diém x, € R. Do d6, ham sé y = 5“”1‘
x4+
lién tuc tai moi diém x, #—1 (hay lién tuc trén cac khoang (—w«; 1) va (-1, +«=)).
% Xeét tinh lién tuc cua cac ham $0:
a) y= Jx'+l1+3—-x
b) y= X~ cosx.
x
-'-'_‘-n_..‘ ) YA 4
('ﬁ'_' Trong mat phing toa dé Oxy, cho duing tron (C) 1
~ tam O, ban kinh bang 1. Mot duong thing d thay (C) ¥
do1, ludn vudng goc voi truc hoanh, cit truc hoanh Stx)
tai diém M ¢6 hoanh do x (-1 <x < 1) va cit dudng : 4
tron () tai cac diém N va P (xem Hinh 6). — - I

a) Viét biéu thirc S(x) biéu thi dién tich cua tam glac ONP.

Q
w\iy
v ¥

b) Ham s ¥ =58(x) ¢o lién tuc trén (-1; 1) khong? Giai thich.

¢) Tim cac gion han lim S(x) va lim S(x). —3

i—l r——|*

Hinha
BAI TAP
1. Xét tinh lién tuc cta ham so:
x+1 khix=>0 : x+2 khix=1 . .
a) fix)= tardiemx=0: b) fix)= tatdiemx=1.
)/ 6) {]—x khix<0 ) /() X khix<l
' —4 .
2. Chohdmsd f(x)=1 xy2  M*¥*~2
a khi x=-2.

Tim @ dé ham s6 y = f(x) lién tuc trén B,



3. Xét tinh lién tuc cua cac ham sb sau:
8) /0= b) g(x)=~9-x’; ¢) h(x)= cosx +tanx.

4!
4. Cho ham s f(x) = 2x —sinx, g(x) = ¥x—1.
Xét tinh lién tuc ham s6 y=f(x) . g(x) va y = %
B\X
5. Mot bai dau xe 6 t6 dua ra gia C(x) (dong) khi thoi gian dau xe 12 x (gio) nhu sau:
60000 khi 0 <x < 2;
C(x) =1 100000 khi 2 < x < 4;
200000 khi 4 <x < 24.
Xét tinh lién tuc ciia ham s6 C(x).
6. Luc hip din do Trai Pét tac dung lén mot don vi khéi luong & khoang cach » tinh tir tim cia
no la
GMr
R
GM
r
trong d6 M la khéi lugng, R 14 ban kinh cua Tréi Dit, G la hiing s6 hap din-
Héam s6 F(r) co lién tuc trén (0; + «) khong?

khiD<r<R
F(r)=

¥ g

CAU HOI TRAC NGHIEM 3. lim : bang:
X 'x— i
Chon phuong an ding. A 0. B.6.
1. ]im’H;g- bﬁng: ok . .2,
n 4. Ham s0
Al B.0. 1) x'+2x+m khix=2
x)=
3 B.2: 3 khix <2
2. Téng cua cip sb nhan i vo han: lién tuc tai x =2 khi
N . A m=3. B.m=35.
a +~+i—2—+,,,+?+,., - C.m=-3. D.m=-5.
3 5 2x—1 .
A = B. —. . hm :
1 2 5 tim— béing
A2 B.-1.
c ¥ p &
3 5 C.0. D, 1.




BAITAPTU LUAN

6. Tim cac gion han sau:

a) lim3ﬂ_l; b) lim H_+2;
n
. 2 . (n+1)(2n+2)
lhm ————; l !
c) 1m3”+1, d) lm 2

. Cho tam gidc déu cé canh bing a, goi la

tam gidc H,. N6i cic trung diém cia H, dé
tao thanh tam giac H, Tiép theo, ndi cdc
trung diém cua H, dé tao thanh tam giac H,
(Hinh 1). Car tiép tuc nhu vay, nhan duoc
diytamglac H H, H., .

Tinh témg chu vi va tong dién tich cic tam
giac cua day.

Hinh 1

8. Tim cac gio1 han sau:

a) IILIEL!(?:IE —x+2);

by Hi 2

e . | ?

. 3—alx+7
¢) hm——,

x—2 x—2

9. Tim cac gi01 han sau:

O L R )
E—p I+l s
10. Tim cac gio han sau:
; 1 . X
a) lim ——; b) lim —.
:I it x—4 }:]—}T 2—x

11. Xét tinh lién tuc cia ham s6

Jx+4 khixz0

2cosx khix<0

e

12. Cho ham sé

=125
J(x)=4 x-5
a khi x = 5.

Tim a dé ham 56 y = f(x) lién tuc trén R.

khix=5

13. Trong mot phong thi nghiém, nhiét do

trong tu siy duoc diéu khién ting tir 10 °C,
moi phit ting 2 °C trong 60 phat, sau do
giam moi phat 3 °C trong 40 phiat. Ham
s6 biéu thi nhiét do (tinh theo °C) trong tu
theo thot gian ¢ (tinh theo phit) co dang
10+2¢t khi0<t=<60
I'(t)= ,
k=3t khi60<r=<100

(k 1a hing sd).

Biét ring, 7() 1a ham lién tuc trén tip xdc
dinh. Tim gia tn cua &.



Phéin|HINHHOC VA DO LUONG

PUGNG THANG VA MAT PHANG.
Chuong IV QUAN HE SONG SONG TRONG

KHONG GIAN

Trong chugng nay, chiing ta sé tim hiéu vé khai niém duding thang, mat phang trong khéng gian va quan hé song song
giiia cac duong thing va mat phang ciing nhu ing dung cac tinh chat clia dudng thing, mat phang, quan hé
s0ng song vao viéc giai toan va gidi quyét mét sb van dé thuctién.

@ Hoc xong chuong nay, ban c6 thé:

— M6 ta dugc cach xac dinh mat phang. Xac dinh dugc giao tuyén cha hai mat phang
Nhan biét dudc hinh chép, hinh td dién,

—Nhéan biét va van dung dugc cac tinh chat vé quan hé song song gitia cac dudng thang

va mat phang. Biét sir dung dinh li Thalés trong khéng gian. Gidi thich dugc tinh chat
ca ban cia hinh lang tru va hinh hop.

— Nhan biét dugc phép chiéu song song. St dung dugce phép chiéu song song dé mo ta
mot s6 hinh anh trong thuc tién.

7



Bai 1. Piém, dudng thang va méit phang

trong khong gian

Tir khoa: Mat phang; Giao tuyén; Hinh chdp; Ti dién; Tir dién déu.

W

»)

{\,_,-* Mén hoc Hinh hoc phang tim hiéu tinh chat cia cac hinh ciing thudc mot mat phang.
Mén hoc Hinh hoc khéng gian tim hiéu tinh chat ciia cac hinh trong khéng gian,
nhitng hinh nay c6 thé chita nhitng diém khéng ciing thudc mét mat phang.

Hay phan loai cac hinh sau thanh hai nhém hinh khac nhau.

lC e d

1. Mt phang trong khéng gian

O Mat ban, mit bang cho ta hinh anh mot phdl‘l
cua mat phang. Hay chi thém cac vi du khic
vé hinh anh mot phan eia mit phang.

Hinh 1

Diém, dudmg thiang va mat phang 1a ba doi twong co ban cua hink hoe khong gian. Ta da lam
quen vol diém va duomg thfmg trong hinh hoc phﬁng. Trong phén nay, ching ta s lam quen
voi mat phing.

Mat bang, mat ban, mit san nha, mat hé nudc yén ling cho ta hinh anh mat phfm cua mot
mat phiing. Mt phing khong c bé day va khong cé gidi han.

Ta thwong ding hinh binh hanh hay mdt mién goe dé biéu dién mat phang va ding chir cai
in hoa hoac chir ca1 Hy Lap trong déu ngoac dé ki hiéu mat phﬁng.

L/ 4

a) Mit phing (P) b) Mit phiang (o)
Hinh 2

Chu y: Mat phing (P) con duoe viét tit 1a mp(P) hodc (P).




Diém thudc mat phang

Cho hai diém A, B va mat phing (P) nhu Hinh 3. o8B
* _ Néu diém A thudc mit phiang (P) thi ta néi 4 nam trén (P)
hay (P) chira A, hay (P) di qua 4 vaki higu la 4 = (P). p
L ]
— Néu diém B khong thudc mit phing (P) thi ta néi B nim A
ngoai (P) hay (P) khong chira B va ki higu la B ¢ (P). Hinh 3

Biéu dién cac hinh trong khong gian Ién mét mét phang
Dé biéu dién mot hinh trong khong gian lén mot mat phang (to gidy, mat bang, ...), ta thuomg
dua vao cac quy tac sau:
— Hinh biéu dién cta duong thing la duong thing, cua doan thing 14 doan thing,
— Gilr nguyén tinh lién thuoc (thuge hay khong thuoc) gitra diém vai duong thfing hoac voi
doan thing.
— Gilr nguyén tinh song song, tinh ¢it nhau gitta cac dudmg thing.
— Biéu dién dudmg nhin thay bang nét v& lién va bicu dién dudng bi che khuat bang nét vé
dirt doan.

— : \
D C
RSN N
¥ Jﬁ E} B oL "‘
D c
¢ S \
a) b) c) d)

Hinh 4
a) V& hinh biéu dién ctia mét hinh hop chit nhat.
b) Quan sat Hinh 4a va cho biét diém ndo thudc, diém nio khéng thude mat phing (P).
¢) Quan sat Hinh 4b va cho biét diém nao thude. diém nao khong thude mat phﬁng (0).

2. Cdc tinh chéat duoc thira nh@n cia hinh hoc khéng gian

Quan sat Hinh 5 va cho biét mudn gac mot
cdy sao tip nhdy cao, nguoi ta cin dya no
vao miy diém trén hai coc dd.

Hinh 5




Tinh chiit 1
0 - o B
¥ Co mét va chi mét duomg thing di qua hai diém A d
phan biét cho trudc. Hinh 6

DPudng thing di qua hai diém phén biét 4, B duoc ki hiéu 1a AB. Ta ciing noi duémg thing
AB xac dinh bai hai diém A, B.
Vi du 1. Cho ba diém phan biét M, N, P khéng thing hang. Co bao nhiéu dudng thing
di qua hai trong ba diém da cho?

Gidi
Do qua hai diém phén biét chi ¢c6 mét duong thing nén qua ba diém phan biét khong
thing hang M, N, P, ta xac dinh dugc ba duong thing 1a MN, NP va PM.

Cho bon diém A, B, C, D phan bi¢t, trong do khong
cd ba diém nao thing hang. Co bao nhiéu dudng
thang di qua hai trong bon diém da cho?

Quan sét Hinh 7 va cho biét gia d& may anh tiép
¥ 4 P BN O : S LN é

dat ta1 may diem. Tai sao gia d& may anh thuong
co ba chan?

Hinh 7
Tinh chit 2
9* 1 _ i b
*  Co mot vi chi mot mit phing di qua ba diém i
khéng thang hang cho trudc.
Hinh 8
Chdi y: Mat phing di qua ba diém A4, B, C khong thing hang duoc ki hiéu 1a mat phing
(4BO). d

Vi du 2. Cho duong thing a di qua hai diém phan biét i
M. N va diem O khong thuoc a. Co bao nhiéu mat '_/;/"T
phing di qua ba diém M, N, 0? M
Giii Hinh 9
Do O khéng thudc a nén ba diém M, N, O khong thang hang. Do do chi c6 mot mat phing
di qua ba diém M, N, O.

Cé bao nhiéu mat phang di qua ba dinh cua
' tam giagc MNP?
.I!"‘

&4 Quan sit Hinh 10 va cho biét ngudi tho moc kiém

tra mat ban co phing hay khéng bang mét cay
thude thang nhu thé nao.

Hinh 10



Tinh chit 3

*  Néu mot duong thang c6 hai diém phan biét thude 4 -
mét mat phing thi moi diém cua duong thing déu A
thude mit phiang do. A
Hinh 11
Chi y: Puing thing d nam trong mat phang (P) thuomg duoc ki hiéu 1a d < (P) hoic
(P) = d.

Vidu 3. Cho ba diém A4, B, C khéng thing hang va mot diém M nim trén duong thing BC.
Goi (P) 1a mat phang di qua ba diém 4, B, C. Chimg to ring M < (P),

Gidgi
Ap dung tinh chét 2, ta ¢ (P) 1a mat phing duy nhit

; ; ; M
di qua ba diém A, B, C. Ap dung tinh chat 3, ta co moi
diém cua duong thing BC déu thude mit phing (P). % ¢
Ta lai c6 M  BC (gia thiét). Suy ra M < (P).
P 4

Hinh 12

@' Cho mat phing (Q) di qua bon dinh ectia tir gidc

7 ABCD. Céie diém ndm trén cic dwomg chéo cua
tir gidac ABCD c¢6 thuoc mat phang (Q) khong?
Giai thich.

@ Quan sat Hinh 13 va cho biét bon dinh 4, B, C, D
cia cai banh gio ¢6 cling nidm trén mot mit phing
hay khong.

Hinh 13

Tinh chit 4
¥ Ton tai bén diém khong ciing ndm trén mot mat phang,

Chay: Néu ¢ nhiéu diém cung thuéc mot mét phéng thi ta noi nhirng diém do drf:ng phﬂ:ng,
con néu khéng c6 mit phang nao chira cic diém do thi ta n6i ching khéng dong phang.

Vi du 4. Cho bon diém 4, B, C, D khong cing nim trén mét mat phang. Cé bao nhiéu
mit phing di qua ba trong bon diém di cho?

Giai

Goi A4, B, C, D 1a bon diém khéng cling nim trén mdt mit phing trong khong gian (t6n tai
theo tinh chat 4), Ta xac dinh dwge bon mit phing phén biét la: (4BC), (ABD), (ACD), (BCD).

Cho tam gide MNP va cho diém O khéng thudc mat phang chira ba diém M, N, P,
Tim cic mat phing phén biét duge xac dinh tir bén diém M, N, P, O.



@ Quan sat Hinh 14 va mo ta phﬁn giao nhau cua hai
birc tuomg.

Hink 14

Tinh chit 5

0 ‘

*  Néu hai mat phing phan biét cé mot diém chung o

At B
thi ching ¢6 mét dudng thang chung duy nhit d
chira tat ca cac diém chung ctia hai mat phing dé.

/\h\__‘
Hinh 15

Chu y: Puong thang d chung cta hai mit phang (P) va (Q) duoc goi 1a giae tuyén cia (P)
va (O), ki hiéu d = (P) n (O).
Vi du 5. Cho tam gidc ABC va mot diem O khong thuge mit phang (4BC). Xéc dinh
giao ru},-'t":n cua hai mat phﬁng (OAB)Y va (ABC).

Giai
Ta ¢ A, B 14 hai diém chung ctia hai mit phiing (OAB) va (ABC). Suy ra AB la giao tuyén
cua hai mat phiang (OAB) va (4BC).

Cho A, B, C la ba diém chung cua hai mit phang B
. phan biét (o) va (B) (Hinh 16). Chirng minh 4, B, C
thing hang. C
o p
Hinh 16

;@ Trong mat phﬁng (P), cho tam giac ABC co M, N

lin luot 1a trung diém cua cdc doan thang AB. AC

(Hinh 17). Tinh ti s6 AN :
BC

Hinh 17

Tinh chit 6

*  Trong mdi mat phing, cac két qua da biét cua hinh hoc phing déu ding.

e



Vidu 6. Cho bon diém A, B, C. D khong cling nim trén

mot mit phang.

a) Goi O la trung diém cua CD, G va G' lan lugt 1a

trong tim cua tam giic ACD va BCD. Chimg minh

GG’/ AB.

b) Cho diém E trén AB sao cho EG cit mit phing

di qua ba diém B, C, D tai F. Chirng minh bén diém

B, G', O, F thing hang. Hinh 18
Gidi

a) Goi (P) la mit phing di qua ba diém O, A, B duge xdc dinh theo tinh chat 2.

Trong mat phﬁng (P) ta co:

UG 1
OA 3 (vi G 1 trong tAm cua tam giac ACD);
oG' 1
L - (vi G' la trong tdm cua tam giac BCD).
OB 3
oG OG!
Suy ra Od = OB Ap dung tinh chat 6, suy ra GG’ // AB.

b) Goi (0Q) la mit phang di qua ba diém B, C, D. Céc diém B, G', O, F 1a diém chung cua
hai mit phiing phan biét (P) va (Q). Theo tinh chat 5, chiing phai ciing ndm trén giao tuyén
cua (P) va (Q). Vay B, G', O, F thang hang,

b

'ﬁ‘\‘ Tai sa0 mudn canh cira dong mo duge ém thi cac
diém gin ban 1& 4, B, C ¢ta canh clra vi mit tuong
(Hinh 19) phai ciing nim trén mot dudmng thing?

3. Cach xéc dinh mat phang Hinh 19

Theo tinh chit 2 da biét:

¥ Mot mit phing duge xac dinh néu biét né chira ba A
diém khong thang hang.

Mit phing xac dinh boi ba diém A, B, C khéng thing Hinh 20
hang ki hi¢u la mp(4B8C) hay (48C) (Hinh 20).




Vidu 7. Cho ba diém A, B, C khong thing hang va khong &
ndm trong mit phing (P). Biét ba duong thing AB, AC,

BC lan luot cit (P) tai cac diém M, N, E (Hinh 21). /{/ \ V
.3 P! 2 caso3 . N
M

Ba diem M, N, E co6 thang hang khong? Giai thich.

Hinh 21
Gidi
Goi (Q) 1a mat phing xéac dinh bai ba diém A, B, C.
TacoM e ABvaAB c (Q), suyra M € (Q).
Mait khac, M € (P). Vay M € (P) 0 (0O).
Tuong tu, ta cling co N € {P) N(Q)vak e (P] M (0).
Su}r ra ba diém M, N, E thiang hang vi cing nam trén duong thing giao tuyén cua hai mat

phing (P) vi (0).

q Cho tiu-:mg thing a va diém A khcmg nam trén a. Trén a A,
: lay hai diém B, C. Puong thing a ¢6 ndm trong mat phing /,,.E”’EI
(ABC) khong? Giai thich. g 0
Hinh 22

4 8

* M6t mat phi"mg duoc xdc dinh néu biét né chira i
mét duong thing va mot diém khong thude dudng //"’f
thang do.
Hinh 23

Mit phing xac dinh bai diém A4 va dudng thing a khéng qua diém A ki hiéu la mp(4, a)
hay (A, a) (Hinh 23).

Vi du 8. Vi dudng thing d va hai diém M, N phan biét
khong thudc d, ta xac dinh duoc bao nhiéu mat phﬁng‘?
Gidi

Véi dudmg thing d va diém M khéng thuée d, ta xéc dinh -
duoc mit phing thir nhat 1a (M, d). Néu diém N thudc J
(M, d) thi ta chi xac dinh duoc mét mét phang. Néu diém N
khong thudce (M, d) thi ta xac dinh duoc mat ]:lh;ing thir hai /
la (N, d) (Hinh 24). Hinh 24

\
\




@ Hai duomg thang phan biét a va b cit nhau tai diém O, b

N
Trén a, b ]a}f lin gt hai diém M, N khéc O. Goi {P} la H’L%
mit phing di qua ba diém M, N, O (Hinh 25). Mat phéng M

. P
(P) co chira ca hai dudmg thing a va b khong? Giai thich.
Hinh 25
0 :
* Mot mat phing duge xde dinh néu biét né chira hai X
duong thang cit nhau. i
Hinh 26

Mat phﬁng xéc dinh boi diém hai duong thang a, b cat nhau ki hidu 1a mp(a, b) (Hinh 26).

Vi du 9. Vi ba dudmg thing a, b, ¢ khéng cliing nim trong
mét mat phing va ciing di qua mot diém O (Hinh 27), ta

xéac dinh dugc bao nhiéu mit phing? g
Giai
Tir ba cap duong th:fmg cit nhau a va b, b va ¢, ¢ va a, = {
ta xac dinh duge ba mit phang la mp(a. ), mp(h, c), b
mp(c, a). Hinh 27

a] Cho hai duong lh;ing a va b cit nhau tai O va diém M khong thuge mp(a. b).
a) Tim giao m}fen ctia hai mat phang (M, a) va (M, b).
b) L;-i;-,r A, B lan ot 1a hai diém trén a, b va khéc v&i diém O. Tim giao myén cua (MAB)
va mp(a, b).
¢) Liy diém A' trén doan MA va diém B' trén doan MB sao cho dudng thang A'B' cat
mp(a, b) tai C. Chimg minh ba diém 4, B, C thing hang.

@,}! Giai thich tai sao ghé bon chén co thé bi khip khiéng con ghé ba chin thi khong.

Hinh 28

C\j Trong xdy dung, ngudi ta thudmg dung mdy quét tia laser dé ké cic duomg thang trén
téng hodce san nha. Tim giao tuyén ctia mit phing tao bai cdc tia laser 04 va OB vi
cac mit tuong trong Hinh 29,




4.
Hi

Pl

Hinh chép va hinh t&r dién
nh chép

in

a) Céc cong trinh kién tric, d6 vat trong Hinh 30 ¢ mit bén la hinh gi?

Hinh 30

b) Tim diém giéng nhau cta cic hinh trong Hinh 31.

> &4

Hinh 31

Cho da giac 16i A,45...4, nim trong mit phﬁng (o) va diém S khong thude (o).
Noi § vai cdc dinh A, 4,, ..., A, ta duge n tam gidc SA, 4., SA:A4;, ..., SA,A4,.
Hinh tao bai # tam giac do va da gidac 4,4,...4, dugce goi la kinh chdp, ki hi¢u
S.A.4,..4,.

Trong hinh chop 8. 4,4,...4 , ta goi:

—Dbiém S la dinh:

— Céc tam giac S4,4,, S4.4,, ..., 54,4, 1a

cac mgrt bén,

—Da giac A A...A, la mar day:

— Céc doan thang SA,, SAs, ..., S4, lacde
canh bén;

— Cac canh cua da giac 4,4,...4, la cac

) Binh )

Clanh bén

canh didy.
Ta goi hinh chop co day tam gidc, tir giac,

C
ngil gidc, ... lan lirot 1a hinh chdp tam gidc, Hinh chop tir gidac S.ABCD Hinh chop ngii giac S.ABCDE
hinh chop tir gide, hinh chop ngt giac, ... Hinh 32

Vi du 10. Cho hinh chop 5.4BCD (Hinh 33). Goi tén cac mit bén, mat day, canh bén,
canh day cua hinh chop 5.ABCD.



Gidi S
Hinh chop S.ABCD co:
e Cac mat bén: SAB, SBC, 5CD, SDA;

o Mit day ABCD, A
e Cac canh bén: 84, 8B, SC, 8D; c
e Cac canh day: 4B, BC, CD, DA. B

Hinh td dién el

I@ Trong Hinh 34, hinh chép nio c6 s mat it nhat?

7N

Hinh 34

."9‘. A
¥ Cho bén diém 4, B. C. D khéng déng phing. Hinh tao
bai bon tam gide ABC, ACD, ADB va BCD duoc goi 1a
hinh tir di¢n (hay tr dign), ki higu ABCD, B D

Trong tir dién 4BCD (Hinh 35), ta goi: o
—Cac diem A4, B, C. D 1a cic dinh.

— Céc doan thang AB, AC, AD, BC, CD, BD la cac canh cia tir dién.

— Hai canh khéng di qua mét dinh 13 hai canh doi dién.

— Cac tam giac ABC, ACD. ADB, BCD la cac mgt cua tr dién.

— Pinh khéng thude mot mit cua tir dién la dinh doi di¢n vl mat do.

Vidu 11. Goi tén cidc mat, cac cip canh déi dién cia tir dién

MNPQ (Hinh 36). M
Gidi
Tt dién MNPOQ c6:
« Clic mat: MNP, MPQ. MON, NPO. N 0
+ Ciic cip canh dbi dién: MN va PO, MP va NQ, MQ va NP. >
Chdy: Hinh 36

a) Hinh ttr dién c6 bon mit 1a cde tam gide déu duge goi 1a hinh tir di¢n déu.
b) Mot tir dién co thé xem nhu 1a mét hinh chop tam giac vai dinh la mét dinh tuy v cua
tir dién va day la mét cua tr dién khong chira dinh dé.



Vidu 12. Cho tir dién SABC. Goi M va N lan huot 1a hai diém trén hai canh AB va BC sao
cho MN khong song song von AC.
a) Tim giao diém cua duong thang MN va mat phing (SAC).
b) Tim giao tuyén ctia cic mit phing (SMN) va (SAC); (SAN) va (SCM).

Gidi
a) Trong mit phing (4BC), vé giao diém E cua MN
vaAC Taco E € AC,suyra E € (54C). Vay E la
giao diém cua duong thing MN va mat phing (SAC).
b) Ta ¢6 S va E la hai diém chung cua hai mit phing
(SMN) va (SAC), suy ra (SMN) m (SAC) = SE.
Trong mét phing (4BC), vé giao diém F cua AN va MC.
Ta ¢6 S va F 1a hai diém chung cua har mat phéng
(SAN) va (SCM), suy ra (SAN) n (SCM) = SF.

& Cho tir dién SABC. Goi H. K 1in luot 1a hai diém trén hai canh
p SAvaSC(H=S,4; K=8§, C)saocho HK khong song song
vin AC. Goi [ la trung diém cua BC (Hinh 38).
a) Tim giao diém cua dudng thiang HK va mit phiing (4BC).

b) Tim giao tuyén cua cic mat phing (SAJ) va (4BK):;
(SA7) va (BCH).

P

[\ﬁ}" Cho hinh chop S.ABCD. Trén cac canh bén cua hinh chép
lay lan luot cac diem 4', B', ", D'. Cho biet AC cit BD
tai 0. A'C* cit B'D' tai O'. AB cit DC tai E va A'B' cit
D'C" ta1 E' (Hinh 39). Ching minh réng:

a)sS, 0,0 thﬁng hang;

b) S, E', E thiang hang.

Hinh 39

P

Néu cach tao lap tir dién déu SABC tir tam gidc déu SS'S” theo goi ¥ & Hinh 40.
5

—
ii

(

SI
Hinh 40




1. Cho hinh chop S.ABCD, goi O la giao diém ctua AC va BD. Lay M, N lan luot thude cac
canh 84, SC.

a) Chirng minh dudmg thang MN ndm trong mit phang (S4C).
b) Chirng minh O 1a diém chung cta hai mat phing (SAC) va (SBD).

2. Cho hinh chop S.ABCD c6 day la hinh binh hanh. Goi M la trung diém cta SC.
a) Tim giao diém / cua dudng thang AM va mat phing (SBD). Ching minh /4 = 2/M.
b) Tim giao diém £ cua duong thang SD va mit phiang (4BM).

¢) Goi N 1a mot diém tuy v trén canh AB. Tim giao diém cua duomg thing MN va mit
phang (SBD).

%)

. Cho hinh chép S.4BCD c6 day 1a hinh binh hanh. Goi O Ia giao diém cua AC va BD; M, N
lan luot la trung diém cia SB, SD; P thude doan SC va khéng Ia trung diém cia SC.
a) Tim giao diém £ cia duong thing SO va mat phiang (MNP).
b) Tim giao diém O cta dudng thang S4 va mat phang (MNP).
c)Goi [, , K 1an luot 1a giao diém cia OM va AB, QP va AC, ON va AD. Chimg minh /, J, K
thing hang.
4. Cho tir dién ABCD. Goi E, F, G 1an luot 14 ba diém trén ba canh AB, AC, BD sao cho EF cit
BC tai I (I # C), EG ciit AD tai H (H # D).
a) Tim giao tuyén clia cdc mat phiang (EFG) va (BCD); (EFG) va (ACD),
b) Chirng minh ba dudmg thang CD, /G, HF ciing di qua mét diém.

5. Thude laser phat ra tia laser, khi tia nay quay sé tao ra mat
phing 4nh séng (Hinh 41). Giai thich tai sao cic thudc ké
laser lai gitip nguoi tho xiy dung ké duge duomng thing
trén tuong hodc san nha.

Hinh 41

o




Bai 2. Hai dudng thang song song

Tir khoa: Hai duéng thang dong phang; Hai duong thang song song;

Hai duang thang chéo nhau.
(»)
/' Mb ta vi tri giiia cac cap duong «
thingavab, bvac cvadco
trong hinh bén, :

1. Vi tri twong déi clia hai dwéng thang trong khéng gian

" a) Néu cdc triromg hop ¢6 thé xay ra doi vai hai duong thing g, b cling nim trong mat

mit phing.

H" nh 1
b) Cho tir dién ABCD. Hai duong ti1§ng ABva CD co
ctng nim trong bét ki mat phing nao khong?
Hinh 2

Cho hai dudng thang a va b trong khong gian. Khi d6 ¢6 thé xay ra mét trong hai truong
hgp sau:

— Trudong hop 1: Co mot mit phing chira @ va b. Khi d6 ta ndi a va b dong phdng. Theo két
qua cua hinh hoc phfmg. cO ba kha nang sau diy xay ra:

* Néu a va b co hai diém chung thi ta néi a tring b, ki hiéu a = b.

» Néu a va b co mot diém chung duy nhit M thi ta néi @ va b cdt nhau tai M, ki hiéu
anb=M.

» Néu a va b khéng cé diém chung thi ta ndi a va b song song véi nhau, ki hiéu a // b,

-



— Trudng hop 2: Khéng c6 mat phiang nao chira ca a va b. Khi dé ta n6i hai duong thing

\la

e = E

= amb=M allb abchmnhau

a va b chéo nhau hay a cheo voi b.

a) b) c) d)
Hinh 3

¥ Hai dudng thing goi 1a seng seng néu ching nim trong ciing mét mat phing va khong

¢6 diém chung.

Cha y:

a) Hai duong thing goi 1a chéo nhau néu ching khéng dong phang.

b) Cho hai dudng thang song song @ va b. Co duy nhit mét mat phing chita hai dudng

thing do, ki hiéu mp(a, b).

Vi du 1. Cho tir dién ABCD c6 M, N lan luot 12 trung diém cia AB, AC. Xét vi tri

fuong d6i cua cac cip dudng th:ing sau day:

a) MN va BC; b) AN va CD, ¢) MN va CD.
Giai

a) Trong mat phfmg (ABC), ta co MN la duong trung binh

cua tam giac ABC, suy ra MN [/ BC.

b) Trong mat phﬁng (ACD), ta co AN cat €D tai diem C.

¢) Gia sit MN va CD cing nam trong mét mat phing (P),

suy ra duong thing NC nam trong (P), suy ra (P) chira diém 4. B

Twong tu, ta ciing ¢6 AM nam trong (P), suy ra (P) chira

diém B. Suy ra (P) chira ca bén dinh cua tir dién ABCD.,

Piéu nay vo li.

Vay hai dudng thing MN va CD khéng nam trong bat ki
mét phang nao, suy ra MN chéo von CD.

Cho hinh chop S.ABCD co day ABCD la hinh binh hanh.
Xeét vi tri tuong ddi cua cac cdp duong thing sau day:

a) ABva CD:  b) SA va SC: ¢) S4 va BC.

Hinh 5




Iﬁ‘l Hay chi ra cac vi du vé hai duong thang song song,
cit nhau va chéo nhau trong hinh céau sat & Hinh 6.

2. Tinh chét co ban vé hai dwdng thang song song

o bit (P) = mp(M, d). Trong (P), qua Mueduﬁngthdnbd’

song song voi d, dat (Q) =mp(d, d'). Co thé khang dinh
hai mit phing (P) va (Q) tring nhau khong?

o a) Trong khong gian, cho diém M & ngoai duémg Lhﬁng d. M ”"/
d

Hinh 7

b) Cho ba mat phiang (P), (0). (R) cit nhau theo ba giao tuyén a, b, ¢ phin biét v&i
a=(P)m(R); b= (Q) (R): ¢ = (P) " (Q) (Hinh &).

Néu a va b ¢6 diém chung M thi diém M c¢6 thude ¢ khong?
/ . iﬁ I
i

M

b

(¥}

I

i

I

|

I

I

I

i

i

I

I

I

I
.

a) b)
Hinh 8

Tir kham pha trén, ta co cac dinh li sau:

Dinh Ii 1

*  Trong khong gian, qua mot diém nam ngodi mot dwong thing, cd mot va chi mot
dudng thﬁmg song song vol duong thang do.

Vidu 2. Cho tir dién ABCD. Trong mat phim&, (ABC) vé ‘““m..\
hinh binh hanh ACBE. Goi d la duong thiang trong khong £
gian di qua A va song song véi BC. Chimg minh diém E
thude duong thing d.

Giai
Ta cd ACBE la hinh binh hanh, suy ra 4AE // BC. Do trong
khong gian chi cé duy nhat mét duémg thang di qua 4 va
song song v&i BC, suy ra AE phai tring d, vy diém E phai
thuge .

B




Cho hinh chép 5. ABCD. V& hinh thang ADMS c6 hai day 1a AD va MS. Goi d Ia duémg thing
trong khéng gian di qua S va song song véi AD. Chimg minh duong thing d ndm trong
mit phing (SAD).

Dinh Ii 2

- -

"% Néuba mat phang déi mot cat nhau theo ba giao tuyén phan biét thi ba giao tuyén &y
hodc déng quy hodc doi mot song song.

Vidu 3.
a) Trong Hinh 10a, hai tam gidc ABC va ABD khéng cing nim trong mdt mit phing.
Tim ba cap mat phﬁng c6 ba giao tu}rén di:‘mg quy.
b) Trong Hinh 10b, hai hinh binh hanh ABCD va ABMN khéng cing nim trong mot mat
ph;ing_ Tim ba cap mat ph:'i_ng ¢6 ba giao t‘l.l}-’éﬂ song song.

D N

"'1““‘&.,,_5,.-#“’" =

a) b)
Hinh 10
Giai

a) Trong Hinh 10a, ta co:
(BAC) N (BAD) = BA; (BAC)n (BCD)=BC. (BCD) ~(BAD)=BD.
Ba giao tuyén vira néu déng quy tai B. Vay ba cip mit phang c6 ba giao tuyén dong quy la
(BAC) va (BAD); (BAC) va (BCD); (BCD) va (BAD).
b) Trong Hinh 10b, ta co:
(ABCD) m (ABMN) = AB; (ABCD) m (CDNM) = CD;, (CDNM) m (ABMN) = MN.
Ta cd AB // CD /| MN. Vay ba cip mit phing c¢o ba giao tuyén song song la (4BCD) va
(ABMNY), (ABCD) va (CDNMY, (CDNM) va (ABMN).

Tir Dinh 1 2. ta co hé qua sau:

Hé qua

g Néu hai mat phéng phan biét lan luot di qua hai duong thfmg song song thi giao tu}rén

cua ching (néu cd) song song vdi hai duomg thing do hodc tring véi mot trong hai

dudmg thing do.
v 1w
ﬂr!
"\‘_\\-‘

J\KE g
d, 5
a) b) c)
Hinh 11




Vi du 4. Cho hinh chép § ABCD c6 day 1a hinh binh hanh.

Xac dinh giao tuyén cua hai mit phing (SBC) va (SAD).
Giai

Hai mat phang (SBC) va (SAD) ¢6 diém chung S va lan luot

di qua hai dudng thﬁng song song B8C va AD, suy ra theo hé

qua cua Pinh i 2, giao tuyén cua (SBC) va (S4D) la dudng

thing d di qua S va song song véi BC va AD (Hinh 12). Hinh 12

q Ta da biét trong ciing mot mét phing, hai dudmg thang phéin biét ciing song song véi mét

duong thanﬂ thir ba thi song song v61 nhau (Hinh 13a).

Trong khong gian, cho ba dudng thing a, b, ¢ khong dong phing, a va b ciing song song
v ¢. Goi M 1a diém thude a. d 1a g1a0 tuyén cua mp(a, ¢) va mp(M, b) (Hinh 13b).
Dob//cnéntacod// bvad// c. Giai thich ta sao  phai tring vo1 a. Tir do, néu két luan
vé vi tri gitra g va b.

a)

b)

Hinh 13

Pinh Ii 3

0

* Hai dudmg thing phin biét cing song song véi mdt duong thing thir ba thi song song

vO1 nhau.

Chii y: Khi hai duong thang phan biét a, b cung song song vai dudng thing ¢ thi ta co thé
kiheulaa// b/ ¢ va goi la ba duong f.-‘m"ug song song.
Vidu5. Goi M, N, P, O, R, § 1a trung diém céc canh cua
tir dién ABCD nhu Hinh 14. Chimg minh rang cac doan
thing MN, PO, RS cé cung trung diém.

Giai
Ta co MP la duong trung binh cua tam giac ABC, suy ra

MP//ACva MP = %

Ta cting co ON la duong trung binh cua tam giac ADC, Hinh 14

suyraQN// ACvaQON= AC



MP va ON cung song song vol AC suy ra MP // ON. Tir giac MPNQ c6 hai canh doi
song song va bing nhau nén 1a hinh binh hinh, suy ra MN va QP ¢6 cling trung diém /.
Chimg minh tuong ty ta ciing 6 MN va RS ¢6 cling trung diém /. Viy cac doan thing MN,
PO, RS c6 cung trung diém.

@3 Cho tir dién ABCD ¢6 [ va J lan lugt la trung diém cua cic
a canh BC va BD. Goi (P) la mit phang di qua /, J va cat hai
canh AC va AD lin lugt tai M va N.
a) Chirng minh L/NM la mét hinh thang.

b) Tim vj tri cua diém M dé [JNM 1a hinh binh hanh.

Hinh 15

9 Mot chiée 1éu (Hinh 16a) duge minh hog nhur Hinh 14b.
a) Tim ba mat phing cat nhau timg d6i mét theo ba giao tuyén song song,

b) Tim ba mat phﬁng cat nhau timg d61 mot theo ba giao tuyén df:‘mg quy.

Hinh 16

BAI TAP

1. Cho hai dudmg thing song song a va b. Ménh dé sau day ding hay sai?

a) Mot duong thz"mg ¢ cit a thi cling cit b.

b) M6t dudng thang ¢ chéo vdi a thi cling chéo voi b.




2. Cho hinh chép S.ABC va diém M thudc mién trong tam giac ABC
(Hinh 17). Qua M, v& dudmg thang o song song véi SA4, cit (SBC) c
tai N. Trén hinh v&, hiy chi rd vj tri cua diém N va xéc dinh
giao tuyén cua hai mat ph‘ging (SAC) va (CMN). 7
Hinh 17

=

Cho hinh chép §.ABCD ¢6 day ABCD 1a hinh binh hanh.

a) Tim giao tuyén ctia hai mat phing (SCD) va (S4B),

b) Lay mét diém M trén doan SA4 (M khéc S va A), mat phiang (BCM) cit SD tai N. Tir gide
CBMN la hinh gi?

4. Cho hinh chop §.4BCD co day la hinh binh hanh. Gei 7 1a trung diém cua SD. Hai mat

phing (IAC) va (SBC) ciit nhau theo giao tuyén Cx. Chimg minh ring Cx // SB.

Cho hinh chép S.ABCD cé day la hinh binh hanh, AC va BD cat nhau tai ©. Goi [ 14 trung

diém cua SO. Mat phiang (fCD) cat S4, §B lan luot tai M. N.

a) Hay néi cach xédc dinh hai diém M va N. Cho AB = a. Tinh MN theo a.

b) Trong mat phang (CDMN), goi K 1a giao diém cua CN va DM. Chimg minh SK // BC // AD.

tn

6. Chi ra cic dudng thang song song trong mdi hinh sau. Tim thém mot s6 vi dy khac vé céc
duong thang song song trong thyc té.

e)
Hinh 18



ai 3. Pudng thang va mat phang
song song

Tir khoa: Puiing thang song song vdi mat phang.

(E) Duang thang a trén mép hién clia toa nha
¢6 diém nao chung véi mat (P) ciia phd
di b Nguyén Hué khong?

1. Pudng thang song song véi mét phéng

N M

Q Cho hai hinh bmh hanh ABCD va ABMN khong dﬂng,
phing. Tim s6 giao diém ciua mat phing (4BCD) lin
hrot vai cdc duong thing MN, MA va AC,

MB

I8 C
Hinh 1

Cho dudng thing @ va mit phing (P). Khi do c6 thé xay ra mot trong ba truong hop sau:

— Truwdng hop 1: a va (P) ¢o tir hai diém chung phan biét tré lén (Hinh 2a), suy ra moi

diém thudc a déu thuje (P), ta ndi1 a nam trong (P), ki hiéu a < (P).

— Truwong hop 2: a va (P) c6 mot diém chung duy nhit 4 (Hinh 2b), ta néi a cit (P)

tai 4, ki hidua m (P)=A

— Trwomg hop 3: a va (P) khong ¢o diém chung nao (Hinh 2¢), ta ndi a song song vdi (P),
ki higu a // (P).

P o= e e

Hinh 2

- -

% Puong thing  song song véi mit phing (P) néu chiing khong c6 diém chung.

Vidu 1. Trong /&, xéc dinh vi tri twong déi cia mat phing (4BMN) lan luot véi cac
duong thing CD, BD v BN.
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Gidgi
Néu €D co diém chung O véi (ABMN) thi O thuée N M

glao tuyén AB cua hai mit ph:"?iﬂg (ABCD) va (ABMN),

suy ra CD ¢t AB (mau thudn voi gia thiét ABCD la

hinh binh hanh). Vay CD // (ABMN). A B
BD c6 mot diém chung duy nhit B véi (ABMN), suy ra M/
BD cit (ABMN) tai B.

BN ¢6 hai diém chung B va N v&i (4BMN), suy ra
BN < (ABMN). Hinh 3

Cho £ va F lan lurgrt 1 trung diém céc canh AB va AC cia
tir dién ABCD. Xac dinh vi tri tuong d6i cua cac duomg
thang BC, AD va EF vo1 mat phéng (BCD).

Hinh 4
2. Piéu kién dé mét duwdng thang song song véi mét mat phang

Q Cho dudmg thing a khéng nam trong mat p phang (P)
va g song song voi mot duong thang b nam trong (P). \¢

bat (Q) = mp(a, b).
a) Tim giao tuyén cua hai mat phang (P) va (Q). :

b) Gia sir ¢ ¢6 diem chung M véi (P) thi diem M
phai nam trén duwong thing nao? Diéu nay co trai
vé&i gia thiét a // b hay khong?
Ta co dinh li:
Dinh Ii 1
¥ Néu dudng thang @ khong nim trong miit phing (P) va song song
voi mot duong thang b nao do nam trong (P) thi a song song voi (P).

b
]

Hinh &

Vi dy 2. Cho hai diém 4, B cing thudc mt phing (P) va \C d,

mot diém C khong thude (P). Ve dudmg thiang d, diqua 4, B; \

d, di qua A, C; d, & qua C va song song vdi AB (Hinh 7). A‘\ B /
Tim s6 diém chung cia mdi dudmng thing vira vé véi (P). P\ 4

Xét vi tri twong d6i cia mat phang (P) lan lugt doi véi cic \d,

duomg thang d,. d,, d.. Hinh 7




Giii
Duong thing d, chira hai diém A, B thuéc (P), vay d, c (P).
Puong thing d, khéng ndm trong (P) vi ¢6 chira diém C khéng thude (P). Mt khéc, d, lai
¢6 diém A chung vai (P), suy ra d, cit (P) ta1 4.
Puong thing d, khéng nam trong (P) va song song véi dudmg thing d, nam trong (P),
suy ra d,// (P).

Cho hinh chop SABC c6 A, B', lan lrot Ia
trung dlﬂm cua 54, SB, SC. Tim cac duong thang
ldn lwot ndm trong, cit, song song v mit phing

(ABC).

@ Hay chi ra trong Hinh 9 cac duong thing lan heot
nam trong, song song, cit mat phang san nha.

Hinh 9

3. Tinh chét co ban cta dwéng thang va mat phang song song

'® Cho dudng thing a song song vol mat phing (P), wé ________ ‘ 7
mit phing (Q) chira a va cit (P) theo giao tuyén b b 3
(Hinh 10). Trong (Q), hai dudng thing a, b c6 bao \@\ \
nhiéu diém chung? Hinh 10

Ta c6 dinh li:
Dinh li 2

= -
- -

"F Cho dudmng thing a song song voi mit phing (P). Néu mit phiang (Q) chira a, cit (P)
theo giao tuyén b thi a song song véi b.

Vi du 3. Cho tir dién ABCD ¢6 M va N lan luot 1a trong tim cia tam gidc ACD va BCD
(Hinh 11). Chitng minh duémg thing MN song song v&i cac mit phing (CAB) va (DAB).



Gidi
Goi E 1a trung diém cia CD. Do M, N lan luot Ia trong tam 4
EM EN 1

cua cac tam giac ACD va BCD nén ta co = ,
E4 EB 3

suy ra MN // AB.
Pudng thing MN khéng nim trong (CAB) va song song

vé6i dudmg thing 4B nim trong (CAB), suy ra MN // (CAB). B b
Tuong tu ta ciing ¢6 MN // (DAB). L E
Tir Pinh li 2, ta co cac hé qua sau: Hinh 11
Hé qua 1
*@} 7l
*  Cho dudng thing a song song vai mit phang (£). Néu qua ;
diém M thude (P) ta v& duong thing b song song véi a thi =
b phai ndm trong (P).

Hinh 12

Hé qua 2
* Néu hai mat ph’mg phén biét cung song song voi mot dudmg

thang thi glan tuyén cua ching (néu c6) ciing song song vai
dudmg thang do.

Vi du 4. Cho hinh chop S.ABC ¢6 M 1a trung diém cua AB. Goi (P) 1a mat phang chira CB
va song song vai S4, (0) la mat phang chira CM vi song song vai SA4.
a) Tim giao tuyén cua hai mit phing (P) va (Q).
b) V& dudmg thang b qua B va b // SA.
Chimg minh b = (P).

Giai
a) Ta ¢6 hai mat phang (P) va (Q) cing ¢ diém
chung C va cliing song song vai S4, suy ra giao tuyén
cua () va (Q) la duong thang a diqua C va a // 54.
b) Ta ¢6 84 // (P) va B thude (P), b 1a duong thﬁng di
qua Bva b // 54, suy ra b < (P).

Hinh 14
Mat phang di qua mét trong hai duding thang chéo nhau va song song vdi dudng con lai

Q Cho hai dudmg thanu chéo nhau a, b. Laj,,r mot diem M

trén a, vé duomg thang.}, b di1 qua M va song song voi b.
bt (P) 1a mat phdn}: diquaa, b / /
a) Co nhan xét gi vé moi lién hé giira b va (P). //

b) Go1 (P') 1a mit ph?mg chira @ va song song voi b. Hinh 15
C6 nhén xét gi vé méi lién hé gitra b’ va (P'); (P) va (P')?
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Dinh Ii 3

*  Néua va b 1a hai dudng thing chéo nhau thi qua @, cé mét va chi mot mat phang
song song vl b.

Vidu 5. Cho tir dién ABCD.

a) I:-iéu cich v& mat phfmg (P) chira AB va song song vai CD. Ta ¢co thé v& bao nhiéu mit

phang (P) nhu vay?

b) Tim giao tuyén cia hai mat phang (P) va (BCD).
Giai

a) V& dudmg thing @ di qua A va song song vai CD.

bat (P) = mp(a, AB). Ta ca CD /! a, suy ra CD [/ (P).

Do AB va CD chéo nhau nén chi ¢cé6 mot mit phiang (P)
duy nhét chira AB va (P) // CD.

b) Ta c6 B la diém chung cua hai mat phing (P) va
(BCD). Ta lai co (BCD) chita CD va CD // (P), suy ra
giao tuyén cia (P) va (BCD) la duong thang b di qua B
va song song voi CD,
% Cho hinh chnp S.ABCD co day ABCD la hinh binh hanh
va M, N, E lan luot 13 trung diém {..UB. cic doan thing 4B,
CD, §4 (Hinh 17). Chimg minh rﬂng.
a) MN song song voi hai mat phﬁng (SEC) va (S4D);
b) SB va SC song song v&i mat phang (MNE).

{_ﬂbﬁz Lam the nao de dit cay thuoe ke a dé no song song voi
"7 cdc trang cia mot cudn sach?

Hinh 18

BAI TAP
1. Cho hinh chép S.ABCD, day ABCD la hinh binh hanh cé O 1a giao diém hai duong chéo.
Cho M la trung diém cua SC.
a) Chirng minh duéng thang OM song song vdi hai mat phang (S4D) va (SBA).
b) Tim giao tuyén cta hai mat phang (OMD) va (SAD).




fid

L

. Cho hai hinh binh hanh ABCD va ABEF khéng nim trong ciing mét mit phing. Goi O va O’

lan Tuot 1a tim cua ABCD va ABEF.

a) Chimg minh duong thﬁng () song song vol cac mat phéng (CDEF), (ADF) va (BCE).
b) Goi M va N lin luot 1a trung diém cua AF va BE. Chimg minh MN // (CDFE).

¢) Tim giao tuyén cua hai mat phiang (OMN) va (4BCD).

. Cho hinh chép S.4BCD c¢6 diay ABCD 1 hinh binh hanh va mét diém M di dong trén canh AD.

Mét mit phing () qua M, song song véi CD va S4, cat BC, SC, SD lan luot tai N, P, O.

a) MNPQ 1 hinh gi?

b) Goi / = MQ ~ NP. Chimg minh ring / luén luén thudc mot duomg thang ¢b dinh khi M
di dong trén AD.

. Cho tir dién ABCD va diém M thude canh AB. Goi (o) 14 mit phing qua M, song song vdi hai

dudng théng BCvaAD. Goi N, P, O lan luot 13 giao diém cua mit phz'ing (ot) vl cac canh
AC, CD va DB,

a) Chimg minh MNPQ la hinh binh héanh.

b) Trong truémg hgp nao thi MNPQ 1a hinh thoi?

. Cho hinh chop S.ABCD cd day ABCD la hinh thang, déy lén AB. Goi M la trung diém

ciia CD, (P) 14 mat phing qua M song song vdi S4 va BC. Tim giao tuyén cua (P) véi
cac mit cua hinh chop S.ABCD.,

. Mb ta vi tri twong ddi cta cac dudmg thing a, b, ¢, d. e véi mit phing (P) 1a mit trude coa

toa nha (Hinh 19).

___ERIE



Bai 4. Hai méat phang song song

Tit khoa: Hai mat phang song song; Dinh li Thalés; Hinh lang tru; Hinh hép.

~
6/’ B& mat trén cia moi bac thang nay dugc dat
nhu thé nao so vdi mat dat?

1. Hai mat phéng song song

f@ Hop giay ¢6 cac mat 14 hinh vuéng &
Hinh 1a duge vé lai voi cac dinh la 4, B,
C, D, A" B, C', D' nhu Hinh 1b. Goi tén
ciap mat phing:
a) Co ba diém chung khéng thing hang.

i
A ; B"
i
i
]

b) La hai mat phang phin biét va c6 mét
diém chung.

a) b)

¢) Khong ¢6 bat ki diém chung nio. Hinh 1

Cho hai mit phiang (P) va (Q), c6 thé xay ra mot trong ba truong hop:

— Trudmg hop 1: (P) va (Q) ¢6 ba diém chung khéng thing —
hang, ta noi hai mat phang (P) va (Q) tring nhau. ki hiéu /4 ; S ¢ %

(P)=(0Q).

— Trwdmg hop 2: (P) va (Q) phin biét va o mét diém chung,
tanot (P) va(Q) cat nhau theo g1ao tuyéu d diqua diém chung,
ki hiéu (P) n(Q)=4d.

— Trwdmg hop 3: (P) va (O) khong cé bit ki diém chung nio, /ﬁ\/ /
nghia la (P) m (Q) = &, ta n6i (P) va (Q) song song v&i nhau,
ki hiéu (P) // (Q) hoac (Q) /1 (P). /@/ /
¢)
Hinh 2

4%

¥ Hai mit phiing duoe goi 1a song song véi nhau néu ching khong c6 diém chung.

R



Vidu 1. Hop gidy c6 cac mat . B
la hinh chir nhit & Hinh 3a ¥

duoc v& lan v cac dinh la
A B C,D A F,C, D nhu
Hinh 3b. Quan sat hop gidy
va chi ra cdac cip mit phéng
song song v&i nhau ¢ Hinh 3b.

;L IR R L - ==

Hinh 3
Gidi
Céc cap miat phang song song v&i nhau & Hinh 3b la:
(ABCD) va (A'B'C'D"), (AA'B'B) va (DD'C'C); (AA'D'D) va (BB'C'C).

@ Tim mét s6 mat phang song song co6 trong hinh chup cin phong & Hinh 4.

Hinh 4
2. Diéu kién dé hai mat phang song song

@ Cho mit phing (P) chira hai duong thing a, b cat
nhau va cung song song vO1 mit phﬁng { Q). Gia su
(P) va (Q) co diém chung M thi (P) cat (Q) theo
giao tuyén ¢ (Hinh 5).
a) Giai thich tai sao dudmg thang ¢ phai cit it nhat
mdt trong hai dudmg thing a, b. Piéu nay c6 trai voi
gia thiét @ va b cling song song véi (Q) khong?

b) Rut ra két luin vé sé diém chung va vi tri tuong

dbi caa (P) va (Q).
Pinh li 1
243 P
* Néu mat phang (P) chira hai dudng thing a, b cit nhau va
hai dudng thiing do cling song song vdi mit phing (Q) thi (P)
song song vdi (Q). / /@/

Hinh &6

e



Chtiy: Chiing han néu A, B, Ckhong thiing hang va AB // MN va AC // MP thi (4BC) // (MNP).

Vi du 2. Cho hinh chép S.ABCD co day la hinh thang
ABCD day 16m AD va AD = 2BC. Goi M va N lan luot 1a
trung diém cua S4 va AD (Hinh 7). Chimg minh ring hai
mat phﬁng (BMN) va (SCD) song song vl nhau.

Giai
Ta co MN la duong trung binh cua tam giac SAD, suy ra MN // 8D,
do d6 MN // (§CD). (1)
Ti giac BCDN ¢6 BC // ND va BC = ND nén la hinh binh hanh, suy ra BN // CD,
do do BN // (SCD). (2)

Mit khac ta co MN va BN cung chira trong (BMN), MN " BN=N. (3)
Tir (1), (2) va (3) ta suy ra (BMN) // (SCD).

% Cho tir dién ABCD c6 E. F, H ldn luot 13 trung diém cua AB, AC, AD. Chimg minh
(EFH) /| (BCD).

3. Tinh chét cta hai mat phang song song

i B

p a) Cho diém 4 & ngoai mat phang (Q). Trong (Q) vé hai duomg thing cit nhau a’ va b'.

Lam thé nao dé v& hai dudng th:"mg a va b di qua A va song song vol (O)?

b) C6 nhan xét gi vé moi lién hé gitta mp(a, b) va (Q)?

Dinh Ii 2
0 S e
. Qua mot diém nim ngoat mot mit phﬁng cho trude co -
mét va chi mét mat phing song song véi mat phing dé. % @/

Hinh 8

@_ Cho ba mat phﬁng (P), (Q), (R) thoa man (P) // (Q), (R)n (P)=ava(R)n(Q)=b.
Xét vi tri twong d6i cia a va b.

Dinh Ii 3
* Cho hai mt phing (P) va (Q) song song v&i nhau. Néu (R)
cit (P) thi cit (O) va hai giao m}rén cua chung song song
vé1 nhau.




Vi du 3. Trong mat phﬁng (#), cho hinh binh hanh ABCD. V& cac
nira dudng thing song song véi nhau, nim vé mét phia dbi vai (P)
va lan luot di qua céc diém A4, B, C, D. Mt mit phing (P') cit bén
nira duong th;'ing noitréntar A", B', (", D'.

a) Chirmng minh mp(A44', BB') song song vo1 mp(CC", DD').

b) Chirng minh tir gidac A'B'C'D’ 1a hinh binh hanh.

¢) Goi O va O' lan luot la giao diém cua hai duong chéo cua ABCD
vaA'B'C'D'.

Chimg mmh OO // A4".

Hinh 10

Giai
a) Taco AB// CD, AA" /| DD', suy ta mp(AA', BB') [l mp(CC", DD').
b) Mt phing (P) cit hai mat phing song song mp(A44’, BB') va mp(CC", DD') theo hai giao
tuyén A'B' va C D', suy ra A'B'/IC'D'.
Tuong tur ta ciing co A'D' [/ B'C.
Tua giac A'B'C'D' ¢6 cac cap canh doi song song nén la hinh binh hanh.
¢) Hai mit phing (44'C'C) va (BB'D'D) lin lrot di qua hai duong théng song song AA",
DIY va cat nhau theo giao tuyén OO, suy ra Q0" /| 44"

& Cho hinh chép S ABCD vin day ABCD 1a hinh binh hanh

\\

/;_“
e

co O la glan diém cua hai ﬂmmg cheo, tam gac SBD la
tam grac déu. Mot mat ph;smg (o) di dong song song vl
mit phing (SBD) va cit doan thing AC. Chimg minh cac
giao tuyén ctia (e} vo1 hinh chép tao thanh mét tam giac déu.

Khi diing dao it céc 1ép banh (Hinh 11), gia sit bé mit coa
céc lop banh la cac mét phing song song va con dao duoc
xem nhur mat phang (P), néu két ludn vé cac g1ao tuyen tao
b (P) von cac bé mit cua cac lop banh. Giai thich.

4. Pinh li Thales trong khéng gian

’

Cho ba mat phﬁng song song (P), (0), (R) lan lrot cit hai

duong thing a va o' tai cac diem 4, B, Cva A', B', C'. Goi B,

la giao diém cua AC" vai (Q) (Hinh 12).

a) Trong tam gidc ACC", ¢6 nhan xét gi vé mbi lién hé giira
AB  AB

D —_—
BC " BC

b) Trong tam gidc A4"C", c6 nhan xét gi vé moi lién hé gitra
AB, AB
BC' va BC

AB BC AC

¢) Tir d6, néu nhan xét vé moi lién hé giira cc ti sb ; ; _
AB BC AC




Ching ta da 1am quen véi dinh 1i Thalés trong phan hinh hoc phiang & cip Trung hoc co 50,
trong khong gian, dinh li Thalés phat biéu nhu sau:

Dinh li 4 (Dinh li Thalés)
¥ Bamat phing d6i mot song song chin trén hai cat tuyén bét ki cac doan thing tuong
ing ti l€.

Vi du 4. Cho ba mit phing (P), (Q), (R) d6i mét song song. Hai dwong thing d va d'
cit ba mat phing (P), (Q), (R) lan lwot tai 4, B, Cva A", B', C'. Cho AB=3,BC=17,
A'C" = 20. Tinh cac do da1 A'B', B'C".
Gidi

ré\.p dung dinh li Thalés trong khéng gian dbi v&i ba mat phing song song (P), (Q), (R) va
hai cat tuyén d, d', ta ¢o:

AR AB 3 A'B' BC' AB+BC AC 20

——=——=— suyIra = — . =—=

BEY BC 7 3 7 3+7 10 10
SuyraA'B'=6, B'C' = 14.

2.

Cho hinh chop S.ABC ¢c6 §4=9, 88 =12, §C = 15. Trén canh 54 ]:'iy cac diem M, N
sao cho SM =4, MN =3, NA = 2. V& hai mat phang song song vdi mat phing (4BC),
lin luot di qua M, N, cit SB theo thir tir tai M", N va cit SC theo thir ty tai M”, N".
Tinh d6 dai cic doan thiang SM', M'N', M"N", N"C.

5. Hinh lang tru va hinh hép
Hinh lang tru

f Hinh dang cuia cdc do vét nhu hop phéan, 16ng dén, hép qua, lang kinh ¢6 dic diém gi
gié-ng nhau?

c)

Hinh 13

- &
- -

= ‘Chu hai mat phang (P) va (P') song song v6i nhau. Trén (P) cho da gidc 16i 4,4,.. A,
Qua cac dinh ciia da gidc nay, ta vé cac duomg thang song song véinhau va cit (P') lan lugt
tai 4, 4,, ..., 4, .Hinhtaobdicachinhbinhhanh 44,4, 4, AAA A, ..., A AA A
va hai da gidc A A,.. A, A A, .. A goila hinh ling tru, kihi€u A A, A A A, .. A
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Trong hinh ldng tru A 4,.. A, A/4;.. A ta goi:

— Hai da giac 4,4,...4, va A'A}.. A" 1a hai mdt ddy nim trén hai
mdt phing song song;

—Cécdiém A, A, ... A, A, 4, ..., A l1a céc dinh;

— Céc hinh binh hanh 44,4, 4], A,AA'A4), ... A AA'A 1a

cac mdt bén:

— Cac doan thﬁng AA', A4, ..., A4 acac canh bén.
Céc canh bén song song va bing nhau.

) ) Hinh 14
— Cac canh cua ha da giac day la cac canh day. Cac canh day

tuong ung song song va béﬂg nhau.
Chd y: Hinh lang tru c6 day la tam giac, tit gidc, ngu giac, ... tuong img duoc goi 1a hinh
lang tru tam giac, hinh lang tru tir giac, hinh lang tru ngd giac, ...
b) Go1 tén cac thanh phén cua hinh lang tru trong Hinh 15a.

Vidus.
A' ' A4 i J £
A C A n l
N T
) b) )

-

a) Goi tén cac hinh lang tru trong Hinh 15.
i
3 [

a c
Hinh 15
Giai

a) Hinh 15a 1a hinh lang tru tam giac ABC A'B'(C".
Hinh 15b 1a hinh lang tru tir giac ABCD.A'B'C'D".
Hinh 15¢ la hinh lang tru ngii giac ABCDE A'B'C'D'E".
b) Hinh lang tru tam giac ABC_A'B"C" trong Hinh 15a co:
e Ha1 mat day la cac tam giac ABC, A'B'C”;
e Saudinh: 4. B, C A" B', (";
¢ Ba mit bén la cac hinh binh hanh: AA'8'B, BB'C'C, C("A'A;
e Ba canh bén: A4', BB', C(".

Hinh hép

1) Cho hinh ling tru ABCD A'B'C'D' ¢6 day ABCD la hinh binh hanh. Chimg minh rslmg:
a) Bén mdt bén va mat day con lai cua hinh lang tru la cac hinh binh hanh;
b) Cac mat A4'C"C va BB'D'D la hinh binh hanh;
¢) Bén doan thiang A'C, AC', B'D, BD' ¢6 ciing trung diém.



- -
- -

* Hinh h@p 13 hinh ling tru c6 déy 1a hinh binh hanh.

Trong mot hinh hop ta co:

— S4u mit 13 sau hinh binh hanh. Méi mat déu co mot mat
song song voi nd. Hai mat nhu thé goi la hai mat doi dién;
— Hai dinh khéng cing nim trén mot mit goi 13 hai dinh
doi dién;

— Poan thing ndi hai dinh déi dién goi 1a dwdng chéo:
~Bbn duong chéo cit nhau tai trung diém cua mdi duong.

Vi du 6. Cho hinh hip ABCD.A'B'C’'D'. Chimg minh
(BDA") va (B'D'C) la cac mat phing song song.

Gidai
Ta co BB' // DD' va BB' = DDV, suy ra BB'D'D la
hinh binh hanh, do dé BD // B'D'.
Tuong tu ta cing co A'B // D'C.
Tir do suy ra (BDA') // (B'D'C).

& Cho hinh hép ABCD.A'B'C'D’ va mét mit phing (o) cit
cac mat cua hinh hop theo cac giao tu},-'en MN, NP, PQ
OR, RS, SM nhu Hinh 18. Chimg minh cac cdp canh doi

cua luc giac MNPORS song song vo1 nhau.

b

BAI TAP

*3 Tim hinh lang tru 6 thé Iy mot mat bat ki lam mat day.

1. Trong mit phing (P) cho hinh binh hanh ABCD. Ta dung cac nira duong thing song song
voi nhau va ndm vé mot phia déi véi (P) 1an hrot di qua céc diém A4, B, C, D. Mot mit phing (Q)

cit bon nira dudmg thing noi trén tai A', B', €', D'. Chirng minh rang:

AA"+ CC'=BB' + DD',




2. Cho hinh chép S ABCD, déy ABCD 1a hinh binh hanh c6 O 1a giao diém cua hai dudong chéo.
Go1 M, N lan luot 1a trung diém cua SA, SD.
a) Chirng minh rang (OMN) // (SBC).
b) Go1 £ la trung diém cua AB va F 1a mot diém thude ON. Chitng minh EF song song
vol (SBC).

3. Cho hai hinh vuéng ABCD va ABEF & trong hai mat phang khac nhau. Trén cac duong chéo
AC va BF lan luot lay cac diém M, N sao cho AM = BN. Cac dudng thing song song vdi AB
v& tir M, N lan luot céit AD, AF tai M', N
a) Chirng minh (CBE) // (ADF).

b) Chimg minh (DEF) /| (MNN'M").

4. Cho hinh hop ABCD A'B'C'D'. Go1 G, va G, lan luot 1a trong tam cua hai tam giac BDA'
va B'D'C. Chirng minh G, va &, chia doan AC" thanh ba phén hﬁng nhau.

5. Dé lam mot khung 16ng dén kéo quén hinh ling tru luc gidc ABCDEF A'B'C'D’E'F’, Binh
gén hai thanh tre 4,D,, F,C, song song vl mat phéug day va cit nhau tai O, (Hinh 19).
a) Xac dinh giao tuyén cua mp(A D,, F,C)) voi cac mit bén cua lang try.
b) Cho biét 4’4, = 644, va A4’ =70 em. Tinh CC, va C,C".

_-f' | o I y 1"

Hinh 19

6. Chi ra cdc mit phing song song trong médi hinh sau. Tim thém mét s6 vi du khac vé
cac mit phing song song trong thuc té.

Hinh 20



ai 5. Phép chiéu song song

Tir khoa: Phép chiéu song song; Phuong chiéu; Mat phing chiéu; Anh;
Hinh biéu dién ciia mét hinh.

.. / (ac tia nang song song theo phuong /

khi chiéu tdi bién bao giao thing hinh .
chit nhat ABCD tao thanh béng trén mat
dudng (xem hinh bén).

Béng ctia bién bao nay cé dang hinh gi?
Tai sao?

1. Khai niém phép chiéu song song

\ Y i % |
'Q Trong (»;
a) Cac tia sang 44", BB', DD’ ¢o6 song song voi nhau hay khong?

b) Néu cach xic dinh bong €' cia diém C trén mit duomg.

Phép chiéu song song thuong duge ding dé biéu dién cac hinh trong khéng gian 1én mét
mit phing.

" : : . / 7
Trong khong gian, cho mit phang (£) va dudng A Phuong chicu

thing / it (P). Voi mdi diém M trong khong gian,
v& mot duomng thiang di qua M va song song hoic
tring v6i /. Duong thsfmg nay cat (P) tai M". Phép / \ \ /
cho twong tmg mdi diém M trong khung gian voi

diém M’ trong (P) duge goi 13 phép chiéu song song
lén mat phang (P) theo phuwong [.

Mat If'hﬂ'ﬂb L]‘JIEU
Hinh 1

Mat phing (P) duoc goi 1a mdt phdng chiéu va duong thing | duge goi 1a phicong chiéu cia
phép chiéu song song néi trén,
Phép chiéu song song theo phuong / con duogc goi tat 13 phep chiéu theo phuong [,

Diém M’ goi 1a dnh cua diém M qua phép chiéu theo phuong /.
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Cho hinh . trong khong gian. Ta goi tip hop 4" cac anh M’ cia tat ca nhimg diém M thude A
qua phép chiéu song song theo phuong / 14 hink chiéu song seng cia -4 1én mat phang (P).
Vi du 1. Tim phuong chiéu, mat phang chiéu cua phép chiéu song song dirge md ta trong ‘}
Giai
Trong | "", ta co phép chiéu song song lén mét phﬁng (c) cua mit dudmg theo phuong / cua
tia ning.

Tim phuong chiéu, mét phing chiéu cta phép chiéu
song song duoe mo ta trong Hinh 2.

S

Hinh 2

Mat phén g chiéu

-

6&1 Tim anh cua hinh hop ABEF. DCGH qua
phép chiéu song song duge mo ta trong
Hinh 3.

f

Wit chidu

Hinh 3

2. Cdc tinh chét co ban chia phép chiéu song song
Dui déy ta chi xét anh ciia cae dudmg thang, tia, doan thang khéng song song véi phuong chiéu.

Trong Hinh 4, xét phep chiéu thea phuong / 1én
mit phing (P), mat phing {Q) chira duomg thing a
va song song vaoi phuong chiéu.

a) Khi diém M thay d6i trén dudmg thing a thi anh
M" cua no thay dé1 ¢ dau?

b) Tir d6 hdy chi ra anh cia dudng thing a qua Hinh 4
phep chiéu theo phuong / 1én mat phing (P).

Tinh chit 1

* Hinh chiéu song song cia mdt dudng thang la mot duéng thang. Hinh chiéu song song

ctia mét doan thing 1a mét doan thang. Hinh chiéu song song ciia mét tia 14 mot tia,

_RE



Trong Hinh 5, xét phép chiéu theo phuong / véi mat phiang chiéu (P). Biéta // b vi
a < (Q) va b = (R). Néu nhin xét vé vi tri twong d6i ctia hinh chiéu o', b’ cta a. b
trong hai trudng hop: (Q) // (R): (Q) = (R).

Hinh 5

Tinh chit 2

¥ Hinh chiéu song song ciia hai duomg thing song song la hai dudmg thing song song
hodc tring nhau.

Tinh chit 3

- -

R a5 Phép chiéu song song bién ba diém thing hang thanh ba diém thing hang va
khong lam thay déi thir tr ba diém do.
e Phép chiéu song song khong lam thay doi ti s6 do dai cua hai doan lhéng nim trén
hai durong mﬁng song song hodc trung nhau.

b)

Hinh &

Vidu 2.
a) Tim hinh chiéu song song cia doan thang AC, tia AB va dudng thang AD trong Hinh 6b.

b) Quan sat Hinh 6a va so sanh hai ti sb E, ﬂ
coDCc'ey

¢) Quan sat Hinh 6b va so sanh hai ti s6 ﬂ, iy
DE DB




Gidi
a) Trong Hinh 6b, hinh chiéu song song cia doan thiang AC, tia AB va duomg thing AD
lan lwot la doan thang 4'C", tia A'B’ va duong thing A'D’'.
b) Do phép chiéu song song khéng lam thay déi ti s6 do dai ctia cac doan thing nim trén hai

dudng thing song son lad Ao

M P Ry
¢) Do phép chiéu song song khéng lam thay ddi ti sé d6 dai cua cac doan thing ciing thude
mot duong thang nén trong Hinh 6b, ta co: E = %

@ Cho hinh thang ABCD co6 day 16m AB va AB=2CD, hinh chiéu song song cua ABCD la
tir giac A'B'C'D'. Chimg minh rﬁnj@, A'B'C'D' cung la mot hinh thang va A'B" =2C'D".

:ﬁ"é Cho G la trong tim tam giac ABC, M l1a trung diém BC va hinh chiéu song song cua
a tam giac ABC la tam giac A'B'C". Chimg minh rang hinh chiéu M’ cua M la trung diém
cua B'C' va hinh chiéu G’ cua G ciing la trong tim tam giac A'B'C".

3. Hinh biéu dién ctia mét hinh khéng gian .

Quan sat Hinh 7 va cho biét cac tia niing song
song da tao ra hinh chiéu cta hinh hép nhu
thé nao trén nén nha.

Hinkh 7

*  Hinh biéu dién cia mot hinh . trong khéng gian 14 hinh chiéu song song ctia 4 trén

mot mit phing theo mdt phuong chiéu nio dé hodc hinh déng dang vai hinh chidu do.

Chd y: Dya theo tinh chét cua phep chiéu song song, ta phai tuin theo mot ) quy tic khi
v& hinh biéu dién, chang han nhu:

a) Néu trén hinh .#¢6 hai doan thing nam trén hai dudng thing song song (hodic tring
nhau) thi chiing duge biéu dién bang hai doan thang nam trén hai dudmng thang song song
(hodc trung nhau) va ti 56 dd dai cua hai doan théng nay phati b:?mg ti 8O do dai cua hai
doan thing twrong (mg trén hinh .#.

b) Néu hinh phang nim trong mat phing khong song song véi phuong chiéu thi

» Hinh biéu dién ctua mét duong tron thuong la mot elip.

» Hinh biéu dién cua mot tam giac (vudng, cin, déu) 1a mot tam gidc.

« Hinh biéu dién cua hinh vuong, hinh chir nhit, hinh thoi, hinh binh hanh 14 hinh binh hanh.

!
3



Vi du 3. Quan sat Hinh 8 va tim hinh biéu dién cua:
a) doan thﬁﬂg AB: b) tam giac ABC; c¢) duong tron (C) tam O.

Hinh 8

Giai
a) Hinh biéu dién cua doan Lhﬁng AB la doan Ihfmg A'B' véi A' va B' lan hrot 1a anh cua
AvaB.

b) Hinh biéu dién cua tam giac ABC la tam grac A'B'C' von A', B', " lan luot 1 anh cua
A, B, C.

¢) Hinh biéu dién cta dudmg tron (C) la elip (£) von tdm O' 1a anh cua O.
Vi du 4. V& hinh biéu dién va néu nhan xét vé hinh biéu dién cua cdc mit ctia cac hinh sau:
a) Hinh hop; b) Lang tru co day la luc giac déu: ¢) Tir dién.

Giai

s 2

a) b) c)
Hinh 9

a) Hinh biéu dién cua cic mit la cac hinh binh hanh.
h} Hinh biéu dién cua mat day la luc glac co cac cap canh dbi song song va bang nhau,
ﬂl:mg thon song song vol duong chéo no1 hai dinh con lai. Hinh biéu dién cua mat bén la
hinh binh hanh.
¢) Hinh biéu dién cta bén mit 12 bén tam giac.
d) Hinh biéu dién ctia mat day 1a elip, hinh biéu dién cua cac dudng sinh la cac doan thing
song song va bﬁng nhau.
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& Goi tén cdc hinh khéi 6 hinh biéu dién 1a cac hinh trong Hinh 10.

a) b) c)
Hinh 10
0 m z
f\m V& hinh biéu dién ciia mot hinh chop tam giac 5.ABC dét trén mot hinh lang tru tam giac

ABCA'B'C.

BAI TAP

1. Trong cac ménh dé sau, ménh dé nao dang?

a) Mot duong thing co thé song song v hinh chiéu cta né;
b) Mét dudng thing co thé tring vai hinh chiéu cua né;
¢) Hinh chiéu song song cua hai duong thang chéo nhau cé thé song song véi nhau;

d) Hinh chiéu song song cua har duimg théng chéo nhau c6 thé trung nhau.
2. V& hinh biéu dién cia mét luc glac déu.
3. V& hinh biéu dién cia mét hinh vuéng néi tiép trong mét hinh tron.

4. Cho hai diém A, B ndm ngoai mit phing (o) va dudng thang d cit (o). Gia sir dudng thing
AB cit (o) tai diém O. Goi A’ va B’ 1an luot 1a hinh chiéu song song ciia A va B trén (o) theo
phuong cua duong thing 4. Ba diém O, A', B' c6 thang hang khong? Vi sao? Chon d sao cho:
a) A'B' = AB; b) A'B'=248B.

V& hinh biéu dién cua: Hinh chicu
a) Hinh lang tru c6 day la tam giac déu;
b) Hinh lang tru co day la luc giac déu;
¢) Hinh hop.

L

L

JIII'
Ry N
at chicu Mat phang chiéu
Hinh 11



BAI TAP CUOI CHUONG IV

CAU HOITRAC NGHIEM
Chon phwong an diang.

Cho tam gidc ABC. Liy diém M trén canh
AC kéo dai (Hinh 1). Ménh dé nao sau diay
la ménh dé sai?

A M e (ABC). B.C e (ABM).
C. A e (MBC). D. B e (ACM).
A
C
M
B
Hinkh 1

2. Cho tir dién ABCD véi [ va J lan lrot la

frung diém cac canh AB va CD. Ménh dé
nao sau day ding?

A. Bon diém I, J, B, C déng phang.

B. Bén diém /, J, A, C ddng phing.

C. Bon diém 1, .J, B, D ddng phing.

D. Bon diém 7, J, C, D d6ng phing.

. Cho hinh chép S.ABCD ¢6 AC cit BD

tai M, AB cit CD tai N. Trong cac duong
thang sau day. duong nao la giao tuyén cua
(S4C) va (SBD)?
A SM.
C. §B.

B. SN.
D. §C.

. Cho hinh chop S.ABCD c¢6 day ABCD

la hinh binh hanh, Goi [, J, E, F lin luot
la trung diém S4, SB, SC, SD. Trong cic
duong thing sau, duong niao khong song
song voi LJ?
A.EF,
C.AD.

B. DC.
D. AB.

5. Cho hinh binh hanh ABCD va mdt diém S

khong nim trong mit phiang (4BCD). Giao
tuyén cua hai mit phiang (S48) va (SCD)
la mdt duomg thing song song vol duong
thang ndo sau diy?
A. AB.
BT

B. AC.
D. §4.

. Cho hinh chdp tr gidgc déu S.ABCD cb

canh day bang 10. M la diém trén 54 sao

SAL 2 S, s ;
cho = 3 Mot mat phiang (o) di qua M

song song voi AB va CD, ¢t hinh chop
theo mot tlr gide co dién tich la

A, 300 Brii
9 E

M) Pril
9 9

. Quan h¢ song song trong khong gian co

tinh chit ndo trong cic tinh chit sau?

A. Néu hai mit phang (P) va (Q) song song
vai nhau thi moi dudmg thing nam trong
(P) déu song song vai ().

B. Néu hai mit phing (P) va (Q) song song
véi nhau thi moi dudng thang nim trong
(P) déu song song voi moi dudng thing
nidm trong (Q).

C. Néu hai dudmg thing song song voi
nhau lan lugt nim trong hai mat phang
phan biét (P) va (Q) thi (P) va (Q) song
song voi nhau.

D. Qua mdt diém nam ngoai mat phing
cho trudc ta vé dugc mot va chi mot
duong thang song song véi mit phang
cho trudge do.
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8. Cho hinh lang tru ABC. A'B'C". Go1 M, N,

P, O lin lugt la trung diém cia cic canh
AC, AA', A'C’, BC. Ta co:

A. (MNP) I/ (BCA).
B. (MNQ) // (A'B'C").
C. (NOP) I/ (CAB).
D. (MPO) /| (ABA").

BAITAP TU LUAN

9. Cho hinh hop ABCD.A'B'C'D', Gor M va N

lan lugt 13 trung diém cia AB va A'B' va
(' la mot diém thude mién frong cua mat bén
CC'D'D. Tim giao tuyén cia mat phing
(OMN) vé1 cac mit cua hinh hop.

10. Cho hinh chép S.ABCD véi ABCD la

hinh thoi canh 4, tam gidc SAD déu. M la

diém trén canh AB, (o) la mit phéng qua

Mva(a) // (SAD) ¢it CD, SC, SB lan luot

tai N, P, O.

a) Chimg minh rfing MNPQ la hinh thang
can.

b) Bat AM = x, tinh dién tich MNPQ theo
a va x.

11. Cho mit phiang () va hai dudng thing

chéo nhau a, b cit (a) tai 4 va B. Goi d 14

dudng thing thay doi luon ludn song song

vol (o) va cit a tar M, cit b tai N. Qua

diém N dung dudng thiing song song vdi a

cat (o) tai diem C.

a) T gidc MNCA 14 hinh gi?

b) Chimg minh ring diém C luén luén
chay trén mét dudng thing ¢6 dinh.

¢) Xéc dinh vi tri ctia duong thing o dé do
dai MN nho nhét.

12. Cho hai hinh binh hanh ABCD va ABEF

nim trong hai mat phing khac nhau. Lay
cdc diém M, N lan luot thude cac duimg
chéo AC vd BF sao cho MC = 2M4;
NF=2NB. Qua M, N ké cac duong thﬁng
song song voi AB, cit cac canh AD, AF
lin lugt tai M,, V,. Chirng minh rang:
a) MN /l DE;

b) M,N, I/ (DEF);

c) (MNN M) /| (DEF).



Pnan THONG KE VA XAC SUAT

TRUNG
(112 B0 XU THE TRUNG

Trong thuc té ta thudng gap nhiing tap sé liéu rat 1én, vi du nhu diém thi tét nghiép Trung hoc phé théng clia hoc sinh
¢ nudc hay s tién thué thu nhap cd nhan moi ca nhan phai déng trong nam. Dé thudn tién cho viéc huu trir, trinh bay
va biéu dién cac sd lidu nay, nguii ta thudng sit dung bang sé liéu ghép nhom, trong 6 cic sb liéu riéng Ié ¢o gia tri
gan nhau dugc sap xép vao titng nhdm.

Trong chuong nay, ching ta sé tim hiéu cach xac dinh, ¥ nghia va vai tro cia cac s6 dic trung do xu thé trung tim cho
mau sd liéu ghép nhom.

— Tinh dugc cac sé dac trung do xu thé trung tam cho mau so liéu ghép nhom:
s0 trung binh céng (hay s6 trung binh), trung vi, ti phan vi, mot.

— Hiéu duoc y nghia va vai trd cha cac s6 dic trung ndi trén cla mau sé lidu trong
thuc tién.

— Rdt ra dugc két luan nhd y nghia cla cac sé dac trung noi trén cla mau sé liéu trong
truéing hop don gian.

— Nhén biét dugc méi lién hé gitia thong ké véi nhiing kién thic clia cdc mén hoc khac
trong chuong trinh Idp 11 va trong thuc tién.

A
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Bai 1. SO trung binh va mot
clla mau sé liéu ghép nhém

Tir khoa: 56 trung binh; Mét.

|-r ‘\-.

\ %) Mot da i bao hiém 85 théng ké s luong s o e
khach mua bao hiém nhan tho trongmét | "~ eo va dg tué
ngay & biéu d bén. .

L L
L LIt

Hay so sanh @b tudi trung binh cta
khach hang nam va nir.

200 300 [30 ddb) [40; S0 |50; 600 [0 Tay (T

1. S6 liéu ghép nhém
’O Sir dung dir liéu o biéu do trong (», hoan thién bang théng ké vé so lugng khach hing
nir theo tudi sau:

Khoang tudi [20:30) | [30:40) | [40;50) | [50:60) | [60;70)
S6 khach hang nir 3 ? ? ? ?

M6t so loai 50 ligu diéu tra c6 thé nhan rat nhiéu nhimg gia tri khac nhau, hode khé xac dinh
duge gia tri chinh xéc, vi du nhu chiéu cao, can nang, tudi tho, .... Pé thudn tién cho viée luu trix
va xur li cac loai s6 liéu nay, ngudi ta thuong ghép cac so ligu gin nhau lai thanh nhom.

0

=
Mau 6 liéu ghép nhom thuémg duoe trinh by dudi dang bang thong ké ¢6 dang nhur sau:
Bing 1: Bang tin sé ghép nhom
Nhom (1,5 1,) [1455 145) [ w, . )
Tén §6 n, H, n,
Chuy:

» Bang trén gém i mhom [u
mat tiéu chi xac dinh.
cComiun=n+n,+..+n,

« Gid tri chinh gitra mdi nhom duoe ding 1am gid trf dai dién cho nhom ay. Vi du nhom [a,; u,)

s ) voll<j<k, moi nhém g L,nm mot sb gia tr1 duoc ghep theo

o6 ik trj dai dién 1a %{ul fendly
* Hiéu w,, | —u, dugc goi 1a d dai cia nhom [u; u, ).

Vidu 1. Tinh gia tri dai dién va d6 dai cia m&i nhém trong mau sb liéu & ,@ :



Giai

Khoing tubi [20:30) | [30;40) | [40:50) | [50:60) | [60;70)
Gia tri dai dién 25 35 45 55 65
D6 dai cia nhém 10 10 10 10 10

Mét sé quy tdc ghép nhém ciia mau sé liéu
Mobi méu s6 lidu co thé duge ghép nhom theo nhiéu cach khac nhau nhung thuomg tudn theo
mét so quy tic sau:
— Sir dung tir k= 5 dén k = 20 nhém. Co miu cing Ion thi cin cang nhiéu nhém s liéu.
Cac nhom co cung do da bﬁng L thoamidn R <k . L, trong do R la khoang bién thién, & la
s6 nhom.
— Gia tri nhoé nhét cua mau thude vao nhém [u,; u,) va cang gin u, cang tot. Gia tri 16n nhét
cua mau thude nhom [1,; u, ) va cang gﬁn i, ., cang tot.
Vidu 2. Cin ning cua 28 hoc sinh nam lop 11 duoc cho nhur sau:
554 626 542 568 588 594 607 58 595 636 618 523 634 579
497 45,1 562 632 46,1 496 591 553 558 455 468 54 492 526
Hay chia mau dir liéu trén thanh 5 nhém, lip bang tin s6 ghép nhom va xac dinh gi1a m
dai dién cho méi nhom.
Gidi
Khoang bién thién ciia mau so liéu trén 1d R = 63,6 — 45,1 = 18.5.
D6 dai mdi nhom L > %: 4t =34
Ta chon L = 4 va chia dit iéu thanh cac nhom [43; 49), [49; 53), [53; 57), [57; 61), [61; 65).

Khi do ta co bang tan s6 ghép nhom sau:

Cén nang [45; 49) [49; 53) [53;57) [57; 61) [61; 65)
Gia tri dai dién 47 51 55 59 63
S6 hoc sinh 4 5 1 7 5
Chi y:

» Cac dau mut cua cic nhom co thé khéng 14 gid tri cia miu s liéu.

« Ta hay gip cac bang so liéu ghép nhom 1a s6 nguyén, chang han nhu bang thong ké sé 151
chinh ta trong bai kiém tra giira hoc ki 1 mén Ngir Vin cua hoc sinh khdi 11 nhu sau:

S6 14i [1;2] [3; 4] [5; 6] [7; 8] [9; 10]

S6 bai 122 75 14 5 2

Bang 50 ligu nay khong co dang nhu Bang 1. Dé thuan lgi cho viée tinh cac sé dac trung cho
bang s06 liéu nay, nguoi ta hiéu chinh vé dang nhu Bang 1 bang cach thém va bt 0,5 don vi
vao dau mat bén phai va bén trai cia mdi nhém s liéu nhu sau:

Sé 16

[0,5; 2,5)

[2,5; 4,5)

[4.5;6.,5)

[6,5; 8,5)

[8.5; 10,5)

S6 bai

122

75

14

5

2

=



Q M0t cira hang da thdng ké s6 ba 16 ban duoc mdi ngay trong thing 9 véi két qua cho nhu sau:

g 29 12019 15 21 19 29 28 12 15 35 6 W W
21 12 24 14 10 12 10 23 27 28 18 16 10 20 2I
Hay chia miu sd liéu trén thanh 5 nhom, ldp bang tin s ghép nhom, hiéu chinh bang
tin s6 ghép nhom va xdc dinh gia tri dai dién cho mdi nhom.

2. S8 trung binh

Cac ban hoc sinh lop 11Al tra lon 40 cau hor trong moét bar kiém tra. Két qua duoc
thong ké & bang sau:

SH cau fra lon dung | [16;21) [21; 26) [26; 31) [31; 36) [36;41)
S6 hoc sinh 4 6 8 18 4
a) Tinh gia tndaidien ¢, | =7 <35, cua timg nhom S0 liéu.
b) Tinh n,¢, + ne, +n,c, +ne, +ne..
¢) Tinh ¥ = e, + M,Cy + N0, + NyCy + NaCs .
40
Gia sir mau s6 liéu duoe cho dudi dang bang tin 6 ghép nhom:
Nhom Nhom | Nhom 2 Nhom k&
Gia tri dai dién c, o, &,
Tén s6 ", n, n,

* 6 trung binh cua mau so lidu ghép nhém, ki hiéu ¥, dugc tinh nhu sau:

S A s e Y e

T
n

trongdon=m+n,+ __+n,

Vidu 3. Két qua khio sat cin ning cta 25 qua cam & moi 16 hang 4 va B duroc cho & bang sau:

Cén niing (g) [150; 155) | [155; 160) | [160; 165) | [165; 170) | [170; 175)
S6 qua cam ¢ 16 hang A 2 6 12 4 |
S6 qua cam & 16 hang B 1 3 7 10 4

a) Hay udc luong cin ning trung binh ctia md1 qua cam & 16 hang A va 16 hang B.
b) Néu so sanh theo s6 trung binh thi cam & 16 hang ndo ning hon?

Giai

Ta c6 bang théng ké s6 luong cam theo gia tri dai dién:

Can ning dai dién (g) 152,5 157,5 162.5 167.5 1725
S6 qua cam & 16 hang A 2 6 12 4 |
S6 qua cam & 16 hang B 1 3 7 10 4




a) Cin ning trung binh cia moé1 qua cam & 16 hang A4 x:'s'ip X1 bfmg
(2.1525+6.1575+12 1625+4.1675+1.1725):25=161,7 (g).
Cén ning trung binh cia mi qua cam & 16 hang B xép xi bang
(1.1525+3.1575+7.162,5+10.167,5+4.172,5):25=165,1 (g).
b) Néu so sanh theo sé trung binh thi cam & 16 hang B ning hon cam & 16 hang A.
Y nghia ctia sé trung binh cia mdu sé liéu ghép nhém
S6 trung binh ciia miu s6 liéu ghép nhom la gid tri x4p xi cho s6 trung binh cia mau s6 liéu gdc.
No thuong dung dé do xu thé trung tdm ctia mau s6 liéu.
% Hay uoc lrong trung binh s6 cau tra loi dung cua cac hoc sinh lop 11A1 trong 8
Hay woc lugng can ning trung binh cua hoc sinh trong Vi du 2 sau khi ghép nhom
va so sanh két qua tim dugc véi cin nang trung binh cia mau s6 liéu g::]“c_
3. Mot

Q Tir méu s6 licu o ( »). hdy cho biét khach hang nam va khach hang nir o khoang tudi nao
mua bao hiém nhan tho nhiéu nhat. Ta c6 thé biét mot cua mau s6 lidu do khong?

Xét miu sd lidu cho & dang Bang 1.
%= Nhom chiva mét ciia mau s6 lidu ghép nhom 1a nhom ¢ tan s6 16n nhat.
Gia sir nhom chita mot 1a [u,; u, ). khi d6 mét ciia mau sé lidu ghép nhém, ki hidu
la M, dugc xac dinh bai cong thire
n.—n

Mu =um + = 2l '(um+l _Hm}‘
{H.m My, :I ¥ {'"m _"J.Il+i}

Chii y: Néu khéng c6 nhom ké trude cia nhdm chira mét thi n,_, = 0. Néu khong c6 nhém
ké sau cua nhom chira mét thi n,.,=0.

Vi du 4. Mot cong ty xdy dung khao sat khach hang xem ho ¢6 nhu cau mua nha ¢ mirc
214 nao. Két qua khao sat dugc ghi la1 o bang sau:

Muec gia : ) w ) )
(triéu dong/m’) [10; 14) [14; 18) [18;22) [22; 26) [26; 30)
S6 khach hang 54 78 120 45 12

a) Tim mét cua méu s6 liéu ghép nhom trén.
b) Céng ty nén xiy nha & mirc gia nao dé nhiéu nguoi c6 nhu cdu mua nhit?
Gidgi
a) Nhém chira mdt cia mau sé liéu trén 1a nhom [18; 22).
Dodou,=18,n, ,=78,n,=120,n,. =45 u,.,—u,=22-18=4.
M6t ciia miu s6 liéu ghép nhém la
120-78 758

M, =18+ 4=—"x194
(120—78) + (120 —45) 39




b) Dua véo két qua trén ta co thé dur doan ring néu cong ty xay nha & mirc gia 19,4 triéu dong/m’
thi s& c6 nhiéu ngudi ¢6 nhu ciu mua nht.

Vi du 5. S cudc go1 dién thoar mét nguon thuc hién moi ngay trong 30 ngay dugc
lua chon ngiu nhién dugc théng ké trong bang sau:

[3; 5] [6: 8] [9; 11]

13 7 3 2

S cude goi [12; 14] [15; 17]

S6 ngay 5

a) Tim mét cua mau so liéu ghép nhom trén.
b) Hay du doan xem kha ning ngudi do thuce hién bao nhiéu cudc goi mdi ngay 1a cao nhat.

Giai
Do s6 cudc go la 56 nguyen nen ta hiéu chinh lai nhur sau:
12,5, 5.5) (5.5:8.5) || [85:11.5)
S6 ngay 5 13 7 3 2

S6 cude goi [11.5;14.5) | [14.5; 17.5)

a) Nhom chira mét cua miu s6 liéu trén la nhom [5.5; 8.5).
Dodosy=58m, =Sn.=13:n, . = Fu, —u.—8B5-533=3
M6t cia mau s6 liéu ghép nhom 1a
M, =55+ = 3=——=aT72
(13=5)+(13=7) 14
b) Dua vao két qua trén ta c6 thé du doan ring kha nang ngudi do thuc hién 7 cude goi

moi ngay la cao nhat.

Y nghia clia mét ciia mdu sé liéu ghép nhom

— MOt cua mau s6 liéu khéng ghép nhom 14 gia tri ¢o kha nang xudt hién cao nhit khi iy mau.
Mét ctia miu s6 liéu sau khi ghép nhom M, x:ip xi véi mbt cua miu so lidu khong ghép nhom.
Céc gia tri nam xung quanh M thudng co kha nang xuat hién cao hon cac gia trn khac.

— Mot mau so lieu ghép nhom co thé co nhicu nhom chira mot va nhiéu mot.

& Hay sir dung dir hiéu o (») dé tu van cho dai li bao hiém xac dinh khach hang nam va

BAI TAP

nir & tudi nao hay mua bao hiém nhat.

1. Anh Vin ghi lai cu i 30 14n ném lao cua minh & bang sau (don vi: met).

721 | 729 | 702 | 709 | 722 | 715 | 725 | 693 | 723 | 697
723 | 715 | 712 | 698 | 723 | 711 | 695 | 722 | 719 | 731
716 | 713 | 722 | 18 | 708 | 722 | 122 | 729 | 127 | 707

13




a) Tinh cu hi trung binh cua moi1 lan ném.

b) Téng hop lai két qua ném cua anh Vin vao bang tan sé ghép nhom theo miu sau:

Cu li (m) [69.2; 70) [70:70.8) | [70.8;71.6) | [71.6:72.4) | [72.4:73.2)
Sé lan ? ? ? 9 ?

¢) Hay udc luong cy li trung binh mdi 1in ném tir bang tan s6 ghép nhom trén.

d) Kha nang anh Vin ném duoc khoang bao nhiéu mét 1a cao nhét?

. Ngudri ta dém sb xe 6 t6 di qua mot tram thu phi mdi phit trong khoang thoi gian tir 9 gicr
dén 9 gi¢r 30 phit sang. Két qua duoe ghi lai & bang sau:

15 |16 | 13 |21 | 17 | 23 | 15 | 2] 6 11 [ 12 | 23 [ 19 | 25 | 11
25|17 |29 10] 28 |29 |24 ]| 6 ikok. 23 190 | 21 9 |27 | 15

a) Tinh sb xe trung binh di qua tram thu phi trong méi phat.

b) Téng hop lai 6 ligu trén vio bang tin s6 ghép nhom theo mau sau:

S6 xe [6: 10] [11;15] [16; 20] [21: 25] [26; 30]

S lan ? ? ? ? ?

¢) Hay ude luong trung binh s6 xe di qua tram thu phi trong mdi phit tir bang tan sé ghép
nhom trén.

. Mot thu vién thﬁng ké s6 hrong sach duge muon mdi ngay trong ba thang & bang sau:

Shsach | [16:20] | [21;25] | [26:30] | [31:35] | [36:40] | [41;45] | [46; 50]
S6 ngay 3 6 15 27 22 14 5

Hay udc lugng 50 trung binh va mot cua mau so liéu ghep nhom tren.

. Két qua do chiéu cao ciia 200 cdy keo 3 nam tudi & mét néng truéng duoc biéu dién & biéu db
duon day.
. Chiéu cao 200 cay keo 3 nam tudi
(86 cay) 4

70+

60
60 55

504
40 - 315

30
304

20

10 -

0 »
[8,5;88) [3.891 [¢1.94 9497 [9.7;10) (m)

Hay udc lugng s6 trung binh va mét cia mau sb liéu ghép nhém trén.




Bai 2. Trung vi va tui phan vi
ctia mau sé liéu ghép nhém

Tir khoa: Trung vi; Tif phan vi.

Chigu cao clia cac viin dgng vién

‘LE Biéu dd bén théng ké chiéu cao PPkt
(@an vi: am) cdia céc van dong vién 12
hai ddibongré SaoLavaKimNgwu. "

Hay so sanh chiéu cao clia cic
van déng vién hai i béng theo
s trung binh va trung vi.

e

117 A75) (575 180) | 180; 185) [185; 1907 [190; 195)

W Dl Sa0 ta W ERy Kim Mguw

1. Trung vi
‘@ a) Sir dung biéu d6 & (»), hoan thién bang thong ké sau:

Chiéu cao (em) | [170; 175) | [175; 180) | [180; 185) | [185: 190) | [190; 195)
Poi Sao La 2 4 5 5 4
Péi Kim Ngwu ? ? ?

b) Tim cac nhom chira g1a m trung vi chiéu cao thanh vién mdi doi.
Goi X, X3] ...; X5 2 chiéu cao cua 20 thanh vién déi Sao La xép theo thir ty khéng giam.
Tir bang s6 liéu trén ta thiiyxt,x: e [170;175);, x,, ..., x, € [175; 180); x,, ..., x;, € [180; 185)

W I
nén trung vi cia mau so lieu x; x,; ...; x, la ?{_rm + x,,) s€ thudoc nhom [180; 185).

Céng thiic xdc dinh trung vi cta mau sé liéu ghép nhém:
« Goi n 14 c& mau.

e (i1a su nhom [u,; u, . ;) chira trung vi;

e, 1a tan s cua nhom chira trung vi:

Fi o T e 2

Khi do

5 {um+l ™ }'

Vidu 1. Két qua khao sat can nang cua 25 qua bo ¢ mot 16 hang cho trong bang sau:
Can ndng (g) [150; 155) | [155; 160) | [160; 165) | [165; 170) | [170; 175)
Sé qua bo 1 7 12 3 2

Hay tim trung vi ctia mau s6 liéu ghép nhom trén.

136



Gidgi
Goi x,; X,: ... X,. 1a cin ndng cna 25 qua bo xép theo thir tr khéng giam.
Do x, € [150; 155); x,, ..., X, € [155; 160); x,, ..., X,, € [160; 165) nén trung vi cia mau
s6 lidux,; x,; ...: X, lax,, € [160; 165).
Taxacdinhdugc n=25,n,=12,C=1+7=8, u,= 160 =

» Mgl

165.

Vay trung vi ciia miu sd liéu ghép nhom la

- (165-160) =161,875.

Vi du 2. Trong tudn I8 bao vé méi trudng, céc hoc sinh khéi 11 tién hanh thu nhit vo chai nhwa
dé tai ché. Nha truémg thong ké két qua thu nhat vo chai cua hoc sinh khéi 11 & bang sau:

S6 vo chai nhua | [11: 15] [16; 20] [21; 25] [26; 30] [31;35]
S6 hoc sinh 53 82 48 39 18
Hay tim trung vi ctia mau s liéu ghep nhom trén.
_ i Giai
Do s0 vo chai la s6 nguyen nén ta hiéu chinh la1 nhu sau:
S6 vo chai nhwa | [10,5; 15.5) | [15.5; 20.5) | [20.5; 25,5) | [25,5; 30,5) | [30,5; 35,5)
86 hoc sinh 53 82 48 39 18

S hoc sinh tham gia thu nhat vo chai nhua la
n=353+82+48+ 39+ 18 = 240.
GOL X0 X0 rers Xoun lin luot 1a s6 vo chai 240 hoc smh khéi 11 thu nhit dugce xép theo
thir tu khong giam.
Do x5 o 2 [105215:5). Yoo 5. x,

.3 Xagy l2

.5 € [15.5; 20,5) nén trung vi cua mau s6 liéu
XX
%[x,_m +X,5) € [15,5;20,5).

Ta xac dinh dugc n=240,n, =82, C=53, u, =155, u =2075.

R
Trung vi cua mau s6 liéu ghép nhom la

20/ <2

M, =155+—2 il
82

- (20,5-15,5)= u =~19,59.

Y nghia cia trung vi ctia mau sé liéu ghép nhém

Tir dir lidu ghép nhém néi chung khong thé xac dinh chinh xéc trung vi ciia mau s6 liéu goc.
Trung vi ctia mau s6 liéu ghép nhom 12 gia tri xap xi cho mau s6 liéu goc va c6 thé lay lam
gia tri dai dién cho mau s6 liéu.

@ Hay tra 16 ciu hoi & ().

:@i Trong mot hoi thao, thot gian chay 200 m cua mét nhém cac van dong vién duogce ghi lai
o bang sau:
Thini gian (;éy) | [21;21,5) | [21.5;22) | [22;22,5) | [22,5;:23) | [23;23.5)
Sb van dong vién 5 12 32 45 30




Dua vao bang so liéu trén, ban to chire mudn chon ra khoang 50% sb van dong vién
chay nhanh nhat dé tiép tuc thi vong 2. Ban té chirc nén chon cac van déng vién cd
thon gian chay khong qua bao nhiéu giay?

2. T phan vi

’Q Thn gian luyén tap trong mot ngay (tinh theo gio) cua mot s0 vin dong vien duoc

ghi la1 o bang sau:
Thot gian luyén tap (gid) [0; 2) [2: 4) [4; 6) [6:8) | [8:10)
S6 van dong vién 3 8 12 12 4

Huén luyén vién mudn xac dinh nhom gﬁm 25% cac van dong vién co s6 210 luyén tap
cao nhat. Ho1 huan luyén vién nén chon cac van dong vién co thon gian luyén tap tir bao nhiéu
g10 tré [én vao nhom nay?

Trong 3, s6 van dong vién duoc khao satlan=3+8+ 12+ 12+ 4 =39,

GOl X,: Xy ... X5 12 thovi gian luyén tap cua 39 van déng vién duoe xép theo thir tw khong giam.

Tacox, x;, x5 € [0;2) x;, ... Xy € [2; 4); Xpp, oo Xsn €[4 6)5:%y,, . e [6; 8);

Xyer --os X5 € [8; 10). Do d6 d6i véi day s6 liéu x,; x,; . ; x,, thi

« Tir phan vi thir nhat 1a x,, thuéc nhom [2; 4);

» Tir phan w1 thir hai 1a x,, thudc nhom [4; 6);

* Tar phén w1 thir ba la x,; thude nhom [6; 8).

Ta no1 nhom [2; 4) la nhom chira tir phan vi thar nhit: nhom [4; 6) la nhom chira tir phan vi

thit hai; nhom [6; 8) 1a nhom chira tir phan vi thir ba.

- .1'3-

3

Céng thifc xdc dinh tit phén vi ctia mau sé liéu ghép nhém

Tt phén vi thir hai ctia mau sé lidu ghép nhom, ki hiéu Q,, ciing chinh la trung vi ctia méu
sd liéu ghép nhom.

Dé tim tir phén vi thir nhat ctia mau s6 liéu ghép nhom, ki hiéu Q,, ta thuc hién nhu sau:
« Gia sir nhom [u_; u_ . ) chira tir phan vi thir nhat;

*n,la tin s6 cua nhom chia tir phan vi thir nhat;

Lol MR o e o e

Khi do 0

Twong tu, dé tim tir phan vi thir ba ciia mu s6 liéu ghép nhém, ki hiéu 0,, ta thuc hién
nhir sau:

» Gia st nhom [ u, . ) chira t phan vi thir ba;

* 1, 1a tdn 36 cua nhom chira tir phan vi thir ba;

= s S T




Vi du 3. Hay xac dinh céc tir phin vi cuia mau s6 liéu trong 8
Giai
Nhic lai: x, <x, < ... <x,, 1a thoi gian luyén tip cua 39 vin dong vién.
Tir phan vi thir hai cia day sé liéu x,; x,; .. Xy 12 x5y € [4; 6). Do d6 tir phin vi thi hai
ctia mau so liéu ghép nhém la

2.39
——(3+8) 65

4
=4+ (6—4)=——=35.417.
0, 12 (b4 T

Tir phén vi thir nhét cuia day s6 litux,; x,; .. x;, lax,, € [2; 4). Do dd tir phan vi thir nhat

ctia mau s6 liéu ghép nhom la
1.39
4 59
Q=2+—2%.(4-2)= TE:;{.&?&
Tt phéin vi thir ba cia day s6 liéux,; x.: .2 xy 1d xy, € [6: 8). Do do tir phan vi thir ba cua
méu s6 liéu ghép nhom la
%—{ZHEHE} 169
=ﬁ+ . 8—6 :—%?}[}42.
o 12 (5-6) 24

-1 thudc hai nhom hén tiép,

. 1
Chi y: Néu tir phan vi thir k la > (x,*+x,.,) trongdox, vax

vidunhux €[u u)vax, , €[uiu,)thita léy O, =u,

m+1

Vi du 4. Mot hiang xe 6 t6 thong ké lai 56 lan gip su c6 vé dong co cua 100 chiée xe cing
loai sau 2 ndm sir dung déu tién o bang sau:

Sé lan gap su ¢6 [1:2] [3: 4] [5; 6] [7: 8] [9; 10]
SH xe 17 33 25 20 5

a) Hiy wde luong cac tir phin vi ctia mau s0 liéu ghép nhom trén.
b) Mot ngudi cho ring ¢6 trén 25% xe cua hing gap khong it hon 4 sy ¢6 vé déng co trong
2 ndm su dung déu tién. Nhan dinh trén co hop li khong?

Gidi

a) Do so lan gap su co la s0 nguyén nén ta hiéu chinh lai nhu sau:

S6 lan gap su ¢o [0.5:2,5) | [2.5:4.5) | [4.5;6.5) | [6.5;8.5) | [8.5;10,5)
SO xe 17 33 25 20 5

B o S mau s6 liéu duoc xép theo thir tu khong giam.
Ta ¢0 x;; ..., Xz € [05; 2.5), x5, ..., X5 € [2.5; 4.5); x5, -
X, oos Xgs € [6,5:8.5), xge. s Xy € [8.3; 10.5).

x,s € [4.5; 6.5);

T2

Tir phan vi thir har cua day sb i B S F o O | %(xm +x;,). Dox, € [2,5;4,5) va

X, € [4.5; 6,5) nén tit phan vi thir hai cuia miu sb liéu ghép nhom 1a 0, = 4.5,



. " A !
Tir phédn vi thir nhat cua day so liéu x;; x,; .3 X, la 3 (X535 + X55). Do x5 va x,, thudc nhom
[2,5; 4,5) nén tir phan v1 thir nhat cia mau so l1éu ghép nhom la

1.100

R T
0, =2’5+4T ; (415_2!5}=%¢3 2,98

Tt phan vi thir ba cua day s0 liéu s i CLARSROE PO | %{xﬁ +x,.). Do x.. € [4,5;6,5) va
X+ € [6,5; 8.5) nén tir phan v1 thir ba cua mau s6 liéu ghép nhom la Q.=65.

b) Do ti phéan vi thit nhit Q, ~ 2,98 nén nhan dinh trén 1a hop Ii.

¥ nghia cda tir phédn vi cda mau sé liéu ghép nhém

Ba diém tir phin vi chia miu s6 liéu da sip xép theo thir tu khong giam thanh bén phin déu nhau.
Gibng nhu véi trung vi, néi chung khong thé xac dinh chinh xic cac diém tir phén vi cua
mau sd liéu ghép nhom.

Bé ba it phén vi ciia mau s6 liéu ghép nhom Ia gia tri xap xi cho tir phén vi cia mau so6 lidu

gbc va dugc sir dung lam gia tri do xu thé trung tim cua mau s6 liéu.
Tir phan vi thir nhat va thir ba do xu thé trung tam cua nira dudi (cac dir liéu nho hon Q,) va
nua trén (cac dir héu lon hon 0,) cua mau sb ligu.

#%) Mot phong kham thong ké so bénh nhan dén khim bénh mdi ngay trong thang 4

S

BAI TAP

Mot nguon thélng ké lai thon gian thuc hién cdc cude goi dién thoal cua nguo do trong
mot tuan ¢ bang sau:

Thén gian
e 0; 60| [60; 120) [[120; 180)| [180; 240) | [240; 300) | [300; 360
(dom vi: gidy) 105.60)1.160; ) [1120: )| [180; ) | [240; ) | [300; )
S6 cubc goi | 8 10 7 5 ) |

Hay wée lugng cac tir phan vi cia méu s6 liéu ghép nhom trén.

ndm 2022 ¢ bang sau:

S6 bénh nhan [1: 10] [11;20] [21; 30] [31: 40] [41; 50]
S6 ngay 7 8 7 6 2

a) Hay wéc luong cdc tir phan vi caa mau s6 liéu ghép nhom trén.
b) Quan Ii phong kham cho riing c6 khoang 25% sé ngay khdm 6 nhiéu hon 35 bénh nhin
dén kham. Nhén dinh trén co hop li khong?

1. Luong thang cua mét s6 nhin vién mét vin phong duoc ghi lai nhu sau (don vi: triéu dong):

125 | 96 | 11,7 | 12,7 | 10,0 | 100 | 122 | 98 | 109 | 6,7 | 136 | 9.2

131 | 6510789 |112]132] 83 |11,1|119]| 84 | 67 | 138

]

a) Tim tir phan vi cua day sO lidu trén.

Rt



b) Tong hop lai day s6 liéu trén vao bang tan s6 ghép nhém theo miu sau:

Luong thang
She 6: 8 8- 10 10: 12 12 14
S6 nhan vién ? 7 ? ?

¢) Hay udc hugng tir phin vi cta so liéu & bang tin sé ghép nhém trén.
2. S6 diém mét cau tha bong ré ghi duge trong 20 trin ddu dugc cho & bang sau:

25 23 21 13 8 14 15 18 22 11
24 12 14 14 18 6 8 25 10 11

a) Tim tir phan vi cua day sd Liéu trén.

b) Téng hop lai diy so lidu trén vao bang tan sé ghép nhém theo miu sau:

Diém sb [6: 10] [11;15] [16; 20] [21; 25]
S6 tran ? 9 ? ?

¢) Hay udc lwong tir phin vi cia s6 liéu tir bang tan sd ghép nhom trén.

3. Kiém tra dién luong cua mot s6 vién pin tiéu do mot hang san xuit thu dugc két qua sau:

Bién luong

) : - - 1.05 5: -
(aghin } [0.9; 0,95) | [0.95;1,0) | [1.0; 1,05) | [1.05; 1,1) | [1,1; 1,15)
Sé vién pin 10 20 35 15 5

Hay udc lwong s6 trung binh, mét va tir phan vi cia mau s6 liéu ghép nhém trén.

4. Can ning cua mdt s6 lon con mai sinh thude hai gidng A va B duoc cho & biéu dé dudi day
(dom v1: kg).

Can nang clia mot s6
loin con mi sinh

(S6 con) 4
40

30

20

10

0

r

[LO; L1) [L1;1.2) [L2:13) [13:14) (kg

B Giing A M Gifng B

a) Hay so sanh cin ning cta lon con mai sinh gidng A va giéng B theo s6 trung binh va trung vi.

b) Hay wéc luong tir phéin vi thir nhit va thir ba ciia cén nang lon con mai sinh giéng 4 va
cua can niang lon con méi sinh gifmg B.

4



Ban c6 biét?

O 16p 10 ching ta da dugc lam quen voi phin mém GeoGebra dé vé do thi ham s6 bac hai
va vé ba dlrmlg conic. Phin mém GeoGebra con cé thé dugc dung dé tinh cac s6 dic trung

ctia mau so lidu ghép nhom.

Vi du, dé tinh céc s6 dic trung cua mau 50 lidu ghép nhom, hiy vao dia chi
https://www.geogebra. org/classic/j6jzvb2n

em sé thdy chuong trinh nhu dudi day.

= c & O B nipsiiwww geogebra.ongicassic 2
k]s 74> COQLN= &
Tim céc d4c trrng clia mdu sb liéu ghép nhém Két qua
Cic sb dic trumg | Kt qui tink
Dibn khodng gia i (C.0) 0, 10, 20, 30, 40, 50, 6O, Yoo & | i 44,61
% ) =, T ] MAST
T Ty o 22.12
Difin tAn sd (F) 5. 24, 13, 12, 20,11, 12,30 & i
Oy 68.54
Whobne i1 |10.10) | [10:20) [ 10.30) | 30,40 | 1o.50) | 10,00 100.70) | 7.00) |
| Thasd | 5 | w0 | m | _;.1_-1 bl 1 i | |
smatnsborvoow OOEE i
| Gid trl dni difn 5 | Tho 58 5 1Khﬂu||itl+ | Tneb i__; N chiba Q) 120, 30)
5 5 [ o,10) 5 5 |
15 24 [ |10, 20} 24 35 | i ['T_’t'] T
E B b P | S A S Tt | gy = af + Wiy — oy ) m
5 3 s | 1w eala ARl | T
S BT | [30.40) 17 | 54 |
' = 1 ey | 30 |78}
F—a 5 | B0y | u e | Mo chin Qo 1rvmg i s (00, )
[ Téog n = 127 Ll e W .
= = | [7e.80) o |1 Q= w4 [’—.,] x (0F = ) = diTn
| Thng n=137| | o
1. Tink trung binh miu: 2 Tinhmbt  Khdm ebilen e 7, S0
o DEEEE e PN o 4l T = O = M § = ATy =ttt = 1) S ol 3 L fri, T
"
Ty, — Hliy . L
g ol ["h... — iy J Ir|..-|] T Hir= '15'. i [ _fr:i:l_] ‘“‘I‘I - “?i = GE5
- 12 - P
ki [err 12 -u]"'u 14
Huwong dan sw dung:

Nhip cdc diu mat ciia mdi nhém 1an luot tir nhé dén 16m vao 6 “Dién khoang gia tri (C.1);
Nhép tan s6 tuong img vio 6 “Dién tan s6 (F).

Sau khi nhap xong dir iéu trén, an vao nut [N dé xem céc s6 dic trung.




BAI TAP CUGI CHUGNG V

CAU HOITRAC NGHIEM
Chogn phwong dn ding.

Doanh thu ban hang trong 20 ngay dugc lya chon ngau nhién ciia mat cira hang duge ghi lai o
bang sau (don vi: tricu dﬁng]:

Doanh thu [5:7) [7:9) [9:11) [11;13) [13;15)
S6 ngay 2 7 7 3 1
1. S6 trung binh cua miu s ligu trén thuge khoang nao trong cic khoang dudi day?
A [7:9). B. [9; 11). C. [11; 13). D. [13; 13).
2. Trung vi cia mau 50 ligu trén thude khoang nao trong cac khoang dudi day?
A [7:9). B. [9; 11). G F15 13 D.[13;15).
3. M6t ctia miu s6 liéu trén thude khoang nao trong cac khoang dudi day?
A [T, 9). B. [9: 11). ] IS TS), D. [13; 15).
4. T phén vi thir nhat ctia mau s6 liéu trén gan nhat véi gid tri ndo trong cdc gia tri sau?
AT B. 7.6. C. 8. D. 8.6.
5. Tir phin vi thit ba ctia méau 50 liéu trén gﬁn nhit voi g14 tr1 nao trong cac gia tr1 sau?
A, 10. B. 11. G2 D. 13.
BAITAP TU LUAN

6. Théng ké diém trung binh mén Todn ctia mét s6 hoc sinh 16p 11 duge cho @ bang sau:
Khoang diém | [6,5:7) | [7:7.5) | [7.5:8) | [8:8.,5) | [8.5.9) | [9:9.5) |[9.5;10)
Tén s6 8 10 16 24 13 7 4

Hay udc luong so trung binh, tir phan vi va mot ctia mau s6 licu ghép nhom trén.

7. Dé kiém tra thoi glan sir dung pin cua chiéc dién thoai méi, chi An thSng ké thon gian sir dung
dién thoai cua minh tir lae sac day pin cho dén khi hét pin ¢ bang sau:

Thai gian sir dung (gid) [7:9) [9: 11) F11: 133 [13:15) [15; 17)

So lin 2 5 7 6 3

a) Hay ude lugng thai gian sir dung trung binh tir lie chi An sac day pin dién thoai cho tdi
khi hét pin.

b) Chi An cho ring c6 khoang 25% sé lin sac dién thoai chi ding dwoc dudi 10 gio. Nhin dinh
cua chi An ¢é hop li khéng?
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8. Tﬁng lugng mua trong thang 8 do duoce tai mét tram quan tric dat tai1 Viing Tau tir ndm 2002
dén nam 2020 dugc ghi lai nhu dui day (don vi: mm):

121.8
165.9

158.3

165,9 134

3349 2009
173

165.6
169

1615
189

1943
254

2207 1
168

89 8
255

2342

(Nguon: Tong cuc Théng ké)

a) Xac dinh s6 trung binh, tr phan vi va mdt cua méu sé liéu trén.

b) Hoan thién bang tAn s ghép nhom theo méiu sau:

Tﬁﬂg lwrong mura trong thang 8 (mm)

[120; 175)

[175; 230)

[230; 285)

[285; 340)

SO0 ndim

7

?

?

?

¢) Hay udc lugng sb trung binh, tir phan vi va mét cia mau s6 lidu & bang tan sd ghép nhom trén.

9. Bang sau thc:mg ké s6 ca nhiém mdi SARS-CoV-2 mdi ngay trong thang 12/2021 ta1 Viet Nam.

Ngay Sb ca Ngay S6 ca Ngay Sé ca Ngay S6 ca
| 15 139 9 15965 17 15 685 25 16 046
2 14 295 10 15474 18 16 363 26 15 667
3 14 254 11 16 830 19 16 586 27 15310
4 14 598 12 15264 20 15 420 28 14 866
5 14 927 13 16 035 21 16 806 29 14 299
6 15215 14 15871 22 17 044 30 20454
7 14 433 15 16 192 23 16 860 31 17 004
8 15223 16 15720 24 16 633

(Nguon: worldometers info)

a) Xdc dinh s6 trung binh va tir phan vi cua miu s6 lidu trén. Mau s6 liéu ¢ bao nhiéu gia tri

ngoai l&?

b) Hoan thién bang tan sb ghép nhom theo miu sau:

S ca (nghin)

[14; 15.5)

F15:5: 1)

[17; 18.5)

[18,5; 20)

[20: 21,5)

SO ngay

?

7

?

?

7

¢) Hay udc luong sé trung binh va tr phan vi cia miu s6 liéu & bang tin sé ghép nhom trén.



HOAT DONG THUC HANH VA TRAI NGHIEM

ai 1. Tim hiéu ham sé luong giac
bang phan mém GeoGebra

MUC TIEU
— Thyc hanh sir dung phan mém GeoGebra dé v d6 thi cia ham sé lugng gidc.
— Ding db thi giai thich tip xac dinh; tip gia tri; tinh chét chin 1¢; tinh tudn hoan; chu ki;
khoang déng bién, nghich bién cua cac ham sd lwong gidc.
— On tap va minh hoa cac tinh chét da hoc vé ham so lugng giac.

CHUAN BI
— Méy tinh xéch tay ¢6 cai dat phin mém GeoGebra hodc ¢6 két néi Internet.
— May chiéu hode méan hinh ti vi lén.
— Thye hanh trong phong may néu cée truomg co diéu kién,
— S4ch gido khoa Todn 11, tip mét — bo sach Chan trai sang tao.

HUGNG DAN CHU'C NANG CUA GEOGEBRA
Pé vé do thj trén GeoGebra ta thuc hién cdc thao tic trén bon viing sau:
1. Vung chira cac thanh cong cuy;
2. Viing hién thi danh sach cac déi tugng;
3. Viing lam viée: chira d6 thi vé& dugc cia cac ham s6 lugng gidc;
4. Ving nhap lénh: dé nhip cong thirc cac ham s va biéu thirc.

Ving chira cdc —E—'T"—"m S O S e covg oF m“r'u';r—?"’ 4 - —
thanh cong cy @‘ |L/ B3 = To) o) FANS. Fﬁ'__ o 6 |
[ },’lﬁiwﬁmmquq » Vong lsmviee Fo e
® f: y=sin(x) : I ] i 3 i ! I
® g:y= cos(x)

2
Viing hién thi | U |
danh sach 1 . / ' //i'
cac doi twgng ST 3 " i 3 P i
a4 !

-
Viing nhap 1enh | | nnap tean y=sinte —— — - ol

Hinh 1. Cdc vung lam viéc cua GeoGebra Classic 5




TO CHUC HOAT PONG
Chia 16p thanh cac nhom, mdi nhom tir 4 dén 8 hoc sinh.

Nhom truong phan cong cac thanh vién trong nhom thyce hién cac hoat dong sau:
HOAT DONG 1. V& d6 thj ham s6 y = sin x

1. Khai dong phin mém da cai dat trén may tinh hodc truy cip vio trang web:
https://www.geogebra.org/ dé sir dung phién ban online.

2. Cic budce thao tic trén GeoGebra:

Nhip phuong trinh theo ¢l phédp y = sin(x) vio viing
nhép lénh (Hinh 2).

; " 3 4 . z2 1
Nhepenhymsingx)  +0 0 W
Hinh 2 v

Ta co ngay do thy ham 50 v = sin x trén vung lam viée

nhu Hinh 3. Hinh 3

% Ve do thi ham s6 luong gidc i = cosx trén cing hé truc toa do voi ham sé y = sinx.
L]

LT Comciatea Claans § - o *
H:!i_!o' Chinh sira Hilin th] Céae 10y chon Cac cang eU Clra sé Try glup 1
%] 2 D O L -
» Hl&nmmmaa: = Wlng lbm vide X
@ F:y=ainix) | RCw
® E:yw=cosfx) Al

ST ZIarS |
Nndp tenb: AL

Hinh4

% V& d6 thi cac ham s6 lugng gidc v = tanx va y = cotx trén cling mot hé truc toa do.

|ﬂs¢oﬁmm&5 — O X
| Hb s Chinn sira Hién thj Cac tuy chon Gac céng cy Gira sd 'I‘n:rgmn-

R e Ao 4N =
| b Hién th| danh s| = Ving lam viee
| !:r=hn{x} ] ACe

[ D< X X
i

=
-]

-

| Nngp i

Hinh 5



HOAT DONG 2. Ding db thi dé gii thich tinh chit ciia cic ham sb lwong gidc

Vidu

Ham s y=sinx y=cosXx y=tanx
Tap xéc dinh R R RH{%—kanEE}
Tép gid tri [-1: 1] [-1: 1] R
Tinh chén lé Lé Chén Le
Chu ki tuan hoan T=2n T=2n T=n
Khoang dong bién trong ) (3w, [ T JT.]

0 = flEE 2 : W
mét chu ki AL e (re; 2m) 373
Khoang nghich bién (Tt_ 311:]

: = 0:
Z 3 LA

trong mot chu ki

Diing do thi giai thich tip xac dinh: tip gia tri; tinh chét chin 1¢: tinh tun hoan; chu ki;

khoang déng bién, nghich bién cua ham sé y = cot x.

Bai 2. DUng co6ng thiic cap s6 nhan
dé du bao dan sé

DU BAO DAN SO VIET NAM DEN NAM 2040
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MUC TIEU
— Van dung céng thirc tim s hang tong quét cta cip s6 nhan dé du béo dan s
— Tim kiém va sir dung théng tin tir cdc ngudn ¢6 san dé lam du bao.
— Vin dung cac ki nang thong ké dé to chire, xir i va biéu dién dir liéu.

CHUAN BI

— May tinh cam tay hoidic may tinh dé ban, may tinh bang, may tinh xach tay ¢6 cai phan mém
Microsoft Excel.
— Séch gido khoa Toan 11, tdp mét — bd sach Chén trdi sdng tao.

TO CHUC HOAT DONG
Chia 16p thanh cdc nhom, mai nhom tir 4 dén 8 hoc sinh.
Nhom truang phan cong cic thanh vién trong nhom thyce hién cong viée theo cac bude sau:
1. Tra ctru din s6 Viét Nam & thoi diém hién tai. Vi du: Nam 2020, din s6 Viét Nam la
A =P(1)=97.34 triéu nguoi.
2. Tra ciru ti 1€ phan trim tang dén s6 trung binh hing nam. Vi du: a% = 1,14%,
(Gia sir ti 1€ nay khong doi qua cac nam.)
3. Chon nam thir # sau nam hién tai muén dy bao dan so. Vi du: n= 5.
4. Van dung cong thitc P(n) = A(1 + a%)" ™" dé tinh so hang thir # cua mot cép sb nhan ¢6
s0 hang diu 1d 4 va cong bi la g = (1 + a%).
Vi du: P(5)=97,34(1 +1,14%)" = 101,86.
5. Lap bang thong ké du bio dén s6 tirng nm tir 2020 dén 2030 theo miu sau:

DU BAO DAN SO VIET NAM PEN NAM 2030

NAM (it ngao)
2020 97,34
2021 98.45
2022 99,57
2023 100,71
2024 101,86
2025 103,02
2026 104,19
2027 105,38
2028 106,58
2029 107,79
2030 109,02




6. V& biéu db doan thang biéu dién dir liéu du bao dan sd theo cac niam.

DU BAO DAN SO VIET NAM
T NAM 2020 BEN NAM 2030

LTrigun nguaig
'

110
108
106
104
102
100

98

109,02
& 10779

106,58
105,38
104,19

103,02
101,86

100,71

99,57

98,45

a5

a4
492

ag >
2020 2021 2022 2023 2024 2025 2026 2027 2028 2029 2030 "M

97,34

7. Céc nhém bido cdo, thuyét trinh, gidi thiéu san phim ctia nhém trude 16p.
Chua y:
— Co thé dyr 'b-'iﬂ' dan s6 cna dia phuong, tinh, thanh phd noi dang sinh séng dé ting tinh
thon su va két noi.
— C6 thé yéu cdu hoc sinh dy béo dong thai mot vai qubc gia dé hoc sinh so sanh,

— Hoc sinh ¢6 thé trinh bay trén gidy A, hodc trinh chiéu.
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BANG GIAI THICH THUAT NGU

Cip sb cﬁng

Mot diy S0 Mé trong do, ké tir s6 hang thir hai,
mdi s0 hang déu hﬁng lﬂng cila 80 hang
dimg ngay trude no va mot s6 khong doi.

Ciip s6 nhin

Mm dﬁy sO mi trong do, ké tir s0 hang thr hai,
moi 5o hang déu bang tich cua 50 hang dung
ngay trude no va mot s6 khong di.

Cép s nhan i vé han
Cap s6 nhin co cong boi g thoa mén |g| < 1.

Day s

La ham s0 ¢ tdp xac dinh la tip hop cdc
50 nguyeén duong IM* (day msﬁ Vo h;_m] hodc
tép hop {1: 2; 3; m, gom m 506 nguyveén
dwong dau tién {d;'ly 0 hitu han).

Puiong ﬂ]ﬁng song song voi mit phﬁ'ng
Dudmg thing khéng c6 diém chung vai
mét phang do.

Binh li Thalés trong khing gian

Ba mat phf‘ing do1 mot song song chan trén
hai cat tuyén bat ki ¢ac doan thang tiremg (mg
ti 16,

Puwing tron lwgng gii’u:

E}umtg trén ¢o tim tai guc () cua mat phﬁnn
Oxy vi ¢6 bin kinh bang 1, cho phép moi

goc lugng gide duge bidu dién bang mot
diém trén dudng tron nay.

Giao tu}én cua hai mit phﬁng

E!m:mg thang tao bai tit ca cac diém chung
cua hai mat phiing piﬁn bigt.

Gidi han cua day 50

S6 g la gidi han cua diy s6 (2,) néu 1, gan
a tuy ¥ khi n da 1ém, nghia 13 |u, — a| nho
hom mot so dwrong beé tuy v, ké tir 50 hang
nao do trér di

Gidi han ciia ham sd

Sﬁ"g L 14 giol han cua ham s0 ¥ = f (x) tai
diém x; néu f(x) gan L tuy y khi x (x # x,)
du gan x,, nghia la [ (x) — L| nho hon so
duong tuy ¥ khi [x — x| nho hon 56 duong
nao do (x £ x,).

Goe lwgng giac

Goe quét boi tia Ox khi né quay quanh
diem O tir vi fri tia Oa nao do, theo chicu
nguoc chiéu kim dnng hé {chxe:: duong)
hodc cting chiéu kim déng hd (chidu 4m)
va dirng lai ¢ vi tri tia Ob ndo do.

H Hai dwing thing chéo nhau

Hai duong Ithﬁng khong ciing nam trong
mot mit phing.

Hai dwirng thing dong phing

Hai duong thing cting niam trong mot
miit phiing.

Hai dudng thﬁng song song

Hai duong thing ndm trong cing mot
mit phing va khong co diém chung.

Hai mat phang s0ng song

Hai mit phiing khong c6 diém chung.
Ham s6 chin

Ham ?EI » = f(x) voi tdp xdc dinh D la
himstchinnéuvoimoix e Dtacdbx e D
va f(= T} £ (x).

Ham si 1é

Ham bEl.E.l ¥ = f(x) voi tip xac dinh D la
himsd lenéuvoimoix € Dtaco—x e D
va [ (—x) = (x).

Ham s lién tue

Mot ham s lién e tai diém Xo néu no co
gu‘:rl han tai dlt’:m Xy va gioi han do he’mg
gid tri ciia ham so tai diém X

Ham s6 lrgng gidc

Cic ham sé y=smx y=Cosx y=1an x;
y=cotx.

Ham $6 tuin hoan

Ham su S f(x) vl l@p xac dmh D la

ham s6 tudn hoan néu ton tai mat s6 7> 0
saochoviimoixe Dilacox T e Dva

Fxe+T)=7(x).

Phép chiéu song song

Cho dutmg thang / cit mat phﬁn 2 (P). Phép
chiéu song song lén mit phing () theo
phuong / bién moi diém M thanh diém M’
trén mat phang (P) theo quy tic: vé dwomg
thang qua M, song song hofic fring voi /,
cat (P) tai diem M. Duimg thang { duge
gr:u 14 phuong chlcu mdt phﬁmg (P) duoe
o0i la mat phang chiéu.

Radian

La mét don vi do goc. Mot radian la 6 do
cua goc o tim dudng tron chiin mot cung
cd do dai bang ban kinh cia dwéng tron.

| radian ={@J ;

T



BANG TRA CUU THUAT NGU

&

Cép s6 cong 52
Cép 56 nhén 57
Cap s6 nhan i vo han 67
Cong boi 57
Cong sai 52

Céng thirc bién ddi tich thanh tong 22
Cong thire bién d6i tong thanh tich 23

Cong thire cing 21
Cong thire goc nhan dai 21
D

Diy 50 45
Diy so bi chin 49
Day s giam 48
Day s6 tang 48
D

Binh i Thalés trong khong gian 117
Puong thing song song véi mat phang 107
Buong tron lugng gidc 11
G

Gia tri lugng giac 13
Giao tuyén ctia hai mat phang 92
Gioi han bén phai 74
Gidéi han bén trai 74
Gidi han hiru han cua day 50 65
Gidi han hivu han cua ham so 72
G101 han vo cuc 68
Goc hugng giac 8
H

Hai duémg thing chéo nhau 101
Hai dwémng thing dong phing 100

Hai duomg thing song song
Hai mat phiang song song
Ham s6 chin

Ham so lé

Ham s6 lién tue tai mot diém
Ham s lién tuc trén mot doan
Ham s6 lién tuc trén mot khoang
Ham s6 hrong gidc

Ham so tuan hodn

Hé thire Chasles

Hinh chop

Hinh hop

Hinh lang tru

Hinh tir dién

M

Mat phﬁng

Mat phﬁng chiéu

Mot

P

Phép chiéu song song
Phirong chiéu

R

Radian

S

S6 hang tong quat ctia cép s6 cong
S6 hang téng quat ctia cap s6 nhin
S6 liéu ghép nhom

S6 trung binh

T

Trung vi

T phéan vi

101
113

119
117
97

88
121
133

121
121

10

54
59
130
132

136
138

151




Nhi xudt bin Gido duc Viégt Nam xin trdn trong cdm on
cde tde gid cd tdc pham, o ligu dirge sie dung, trich din
trong cuon sdach niy.

Chiju trach nhiém xuat ban
Cha tich Hai ddng Thanh vien NGUYEN BUC THA
Téng Giam déc HOANG LE BACH

Chiu trach nhiém ndi dung
Téng bién tap PHAM VINH THAI

Bién tép n6i dung: TRAN THANH HA —BANG THI THUY —NGUYEN THI PHUOC THQ
Bién tap mi thuat: BUI XUAN DUONG

Thiét ké sach: BUI XUAN DUONG — HOANG CAQ HIEN

Trinh bay bia: TONG THANH THAQ

Minh hoa: XUAN DU'ONG — TRONG SON

Stra ban in: TRAN THANH HA — DANG TH| THUY — NGUYEN TH| PHUGC THQ

Ché ban: CONG TY CP D|CH VU XUAT BAN GIAO DUC GIA BINH

Ban quyén thudc Nha xuat ban Giao duc Viét Nam.

Xuét ban pham da dang ki quyen tac gid. Tat ca cac phan clia n6i dung cudn séch nay déu
khéng dugrc sao chép, luu trir, chuyén thé dudi bat ki hinh thire nao khi chira co sw cho phép bang
van ban clia Nha xuat ban Gido duc Viét Nam.

Toan 11 — Tap mot (Chan trei sang tao)
Ma s6:
[y S ban, (@D in s6....) Khd 19 x 26,5 cm.
B V| NG nsasnananin
(B T ] e A i e
Sb DKXB:
S6 QDXB.......... ngay.... thang.... nam 20....
In xong va ndp luu chiéu thang.... nam 20....
Ma s6 ISBN: Tap 1:

Tap 2:

s



HUAN CHUONG HO CHI MINH

BO SACH GIAO KHOA LGP 11 - CHAN TRO1 SANG TAO

1. Todn 11, Tap mét 14.
2. Todn 11, Tap hai 15.
3. Chuyén dé hoc tap Toan 11 16.
4. Ngiivan 11, Tdp mit 17.
5. Ngiivan 11, Tap hai 18.
6. Chuyén dé hoc tap Ngivan 11 19.
7. Tiéng Anh 11 20,

Friends Global - Student Book 21,
8. Lichsir11 22.
9. Chuyen dé hoc tap Lich st 11 23
10. Bialin 24,
11. Chuyén dé hoc tap Biali 11 25.
12. Gido duc kinh té va phap luat 11 26.
13. Chuyén dé hoc tap Gido duc kinh té 27,

va phap ludt 11

28

Vatlim

Chuyén dé hoc tap Vat li 11

Hoa hoc 11

Chuyén dé hoc tap Hod hoc 11

Sinh hoc 11

Chuyén dé hoc tap Sinh hoc 11

Tin hoc 11 — Binh hudng Tin hoc tng dung

Chuyén dé hoc tap Tin hoc 11 — Binh hudng Tin hoc (ng dung
Tin hoc 11 — Binh hudng Khoa hoc may tinh

Chuyén dé hoc tap Tin hoc 11 — Binh hudng Khoa hoc may tinh
Amnhac11

Chuyén dé hoc tip Am nhac 11

Hoat dong trai nghiém, hudng nghiép 11(1)

Hoat ddng trai nghiém, hudng nghiép 11 (2)

Gido duc qudc phiing va an ninh 11

Cac don vi dau mai phat hanh

« Mién Bac:

CTCP Dau tu va Phat trién Gido duc Ha Noi

CTCP Sach va Thiét bi Gido duc mién Bac

e Mién Trung:

CTCP Pau tu va Phat trién Gido duc Da Nang

CTCP Sach va Thiét bi Gido duc mién Trung

w
« Mien Nam:

CTCP Pau tu va Phat trién Gido duc Phuong Nam

CTCP Sach va Thiét bi Gido duc mién Nam
CTCP Sach va Thiét bi Gido duc Clru Long

Sach dién tir: http://hanhtrangso.nxbgd.vn

Kich hoat 88 md hoc ligo dign ti: Cho Mip nhi trén tem
8% nhin ma b, Truy cdp hitpehanhtrang sonabgd.vn
v nhilp mi +5 ti bifu tuang chia khod,
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