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1. Bai toan tong quat 1.
Cho cac so thuc a,,a,,...a, € D thoa man
ga)+g(a,)+..+g(a)= (S)ng(ﬂ) V6i 56 thue BeD.
Chitng minh rang:
fla)+ f(a)+...+f(a)= (S)n.f(,B).

Pé gidi bai todn nay ta can biéu dién f(a) qua g(a),i=1,2,...n nén ta xét ham
s6 h(t)= f(t)+ag(t),Yte D. Sé a dwoc xdc dinh sao cho ham s6 h(t) dat cuc

1B

tiéu (hodc cuc dai) tai t,=p thi h'(f)=0 vasuyra o =———=

g

Vidu 1. Cho a,b,c >0 va a+b+c=1. Ching minh ring @’ +b* + ¢’ zé.

; C e . : 1 A
Nhdn xét. Tuw gia thiét ta thdy dang thuc xay ra khi a =b=c=§ va BDT can

ching minh co dang f(a)+f(b)+f(c)2%. Trong do f(t)=t3,te(0;1) va
S3) 1

—— nén ta co loi giai nhu sau.

g(0)=t, khidé a=—2—"1"" =
g'(1/3) 3

Loi giai:

Xétham sb y=17° —%t v6i t e (0;1).

Ta co y':O<:>3t2—%:O<:>t:%.
Bang bién thién
t 0 1/3 1
y’ — 0 +
0 2
27

Duya vao bang bién thién ta c6

yz—i@f—ltZ—i@f zlt—ivc’ri te(0;1)
27 3 27 3 27

Tir do suy ra:



32_ __;
3 27
3 27
12
>—c——
3 27

voi a,b,c €(0;1)
Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta co
a+b+c Zl(a +b+c)—£=l.
3 27 9

Dau bang xay rakhi a=b=c= 3 Vay ta c6 diéu phai chiing minh.

ViduZ.Choa,b,cZ—%Véa—l—b-l-c:l.Chl'mgminhréng
a n b c Si-
a+1 b+1 +1710
(V6 dich Toan Ba Lan 1996)

Nhdn xét.

Tir gid thiét ta thdy a,b,c €

b

, dang thire xdy ra khi a :b:C:§ va BPT

can chirng minh c6 dang f(a)+ f(b)+ f(c) < %

. X 3.5 s /3 18
Trong do f(x)= , ———|va g(x)=x, khido a=—2—""2——— nén
gdo J) =157 47| "8 T a3 25
ta co loi giai nhu sau.
Loi giagi:
Xét ham so:
x 18 . 35
Y= ——X VOl x&|——;—|.
x +1 25 42
Ta co
1
\ 1—x° 18 3
x:—g

Bang bién thién



X —3/4 —1/3 1/3 5/2
' + 0 - 0 +
3 3
y 50 50
, 50 145
Dua vao bang bién thién ta c6
18 3 .
y<i<:) al 18 <i<:> x X+— VOl xE€|——;—=

——x
50 x*+1 25 750 x+1_25 50
Tu do6 suy ra:

a 18 3
at—;
a’+1— 25 50
b*+1725 50
c _18 .3
¢’ +1_25 50
V61 a,b,c € 3. él
4’2
Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta c6
a b c 18 9 9
2 + 2 + 2 — ( +b+0)+ TS
a+1 b +1 c +1 25 50 10

Dau bang xdyrakhi a=b=c= 3 Vay ta c¢6 diéu phai chirng minh.

Nhdn xeét.

Qua cdc vi dy trén ta thdy cdc bdt dang thirc can chitng minh déu cé cdc bién cé
tinh chadt déi ximg nén dé dang nhdn ra ddu bang xay ra khi cdc bién bang nhau.
Néu cdc bat dang thirc can chimg minh khéng con tinh chat doi xvmg gitta cdc bién
nita thi chdc rdng ddu bang khéng thé xdy ra khi cdc bién bang nhau. Khi dé cdc
bdt dang thirc can chumg minh sé hay hon va kho hon nhiéu so véi trwong hop dau
bang xdy ra khi cdc bién bang nhau. Viy cdc bdt dang thirc & dang nay xay ra ddu
bang khi nao va lam the nao dé tim dwoc dau bang xay ra ? Bé lam ré van dé nay

thi ta xét cdc bai todn tong qudat sau day.

2. Bai toan tong quat 2.
Cho cac so thuc a,b,c € D thoa man

mg(a)+ng(b)+ pg(c)= (S)k V6i $6 thue a,b,c e D.




Chitng minh rang:
f@+f)+ f(e)=(<)ak.

Pé gigi bai toin nay ta can biéu dién  f(a),f(b),f(c) qua
mg(a),ng(a), pg(c) nén ta xét ham sé h(t)= f(t)+afg(t),¥teD ,B € {m,n,p},
S6 a dwoc xdc dinh sao cho ham sé h(t) dat cuc tiéu (hoac cuc dai) tai

t,= {a,b,c} thi h'(t,)=0 va suyra o = —&.
o C pg'(t,) ,
Khi do dau bang cua bat dang thurc xay ra khi cdc bién thoa man hé phuong

trinh

mg(a)+ng(b) + pg(c) =k

f@) b)) _ )

mg'(a) ng'(b) pg'lc) ,
Giai h¢ phuong trinh nay ta sé tim dwoc gid tri cua cdc bién a, b, ¢ tir do ta biét
dwoc dang thirc xay ra khi nao.

Vidu 3. Cho a,b,c >0 va a+4b+9c =1. Chirng minh rang
a+b+c’ > 1 :
1296
Nhén xét. Tir gid thiét ta thdy a,b,c € (O;l) va BT can chitng minh c6 dang
Cho cdc s6 thuc a,b,c >0 théa man g(a)+4g(b)+9g(c)=1. Chitng minh rang

1
J@)+ ]+ ()20

Trong d6 f(t)=t,te (0;1) va g(t)=t. Khi d6 dau bang cia bat dang thirc xdy ra
khi a,b,c thoa man hé phuong trinh

1
Clzg
a+4b+9c=1 :
2 2 s <h=—
3a :3b :3c 13
1 4 9 1
c=—
12

Ta co a=— f('t‘)) =— . Vay ta co loi giai nhw sau.

Bg't,) 432
Loi giai:

Xét ham so:



y=t3—éﬂt v6i t e (0;1).

Ta co
y'=0s 37 —£=O<:>t=£.
’ 432 36

Béng bién thién

t 0 JB /36 1

y’ — 0 +

) a1
y 432
\_ \/E /
23328

Dua vao bang bién thién ta c6

B o By AP B, AP

2 — — > — > —
4 23328 432 23328 432 23328
voi t e (0;1); S e {1;4;9}.
Tir do suy ra:
;o1 1
a =z a— ;
432 23328
b > 4 b— 8 ;
432 23328
o> 9 o 27
432 23328

voi a,b,c €(0;1).
Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta co
a +b+c’ Zi(a+4b+9c)— 6 __1 :
432 23328 1296

Déu bang xay ra khi a = %,b = %,c = é . Vay ta c6 diéu phai chimg minh.

Vidu 4. Cho a,b,c>0 va a+b+gc=%. Chung minh rang

Pa+2+3Pa+2+3Y3a+2<7.



208

Nhén xét. Tir gid thiét ta thiay a,b,c €|0; 2—7] va BDT cdn chitng minh ¢ trén c6

dang: Cho cdc s6 thuc a,b,c>0 théa man g(a)+g(b)+gg(c)=¥. Chung

minh rang: f(a)+ f(b)+ f(c)<7.
Trong do f(t)=<x/3t+2,t 6(0;22—078) va g(t)=t. Khi dé ddu bang cia bat dang

thiee xay ra khi a,b,c thoa man hé phuwong trinh

a+b+ic—ﬁ =2
9 27 4=
YBa+2) JBb+2)  K[(Be+2) c:?
Taco a= —& =——. Vay ta co loi giai nhu sau.
Beg't,) 4
Loi gidgi:
Xét ham so:
y=f(t)=3t+2 _gt’m(();%)
Ta cod
P B, 8228V
J(3ev2) 4 3B
Bang bién thién
t 0 (8—2ﬁ\/ﬁ)/3ﬁ\/ﬁ 208/27
Y + 0 -
8+ 58
y 63
2 [26 528
9 27

Dua vao bang bién thién ta co
y< BHBVB s Ly BB s B 3 PIB
6B 4 6B < elp



VOl t € (O;%);,B € {l;l;g}. Tir do suy ra:
J3a+2 Sla+§;
4 2
JI3b+2 glb+§;
4 2
J3c+2 Slc+§
9 27

vol a,b,c e [0;&j .
27

Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta c6

J3a+2+3a+2 +a+2 S%(a+b+gcj+123—77=7

oYBa+2+Ba+2+Y3a+2<7.

Dau bang xay ra khia =2,b=3,c = ? Viy ta co diéu phai chimg minh.

3. Bai toan tﬁng quat 3. Cho cac s6 thuc a,b,c € D théa man
gla)y+gb)+g(c)= (S)k Véi 56 thie a,b,ceD.
Chitng minh rang
mf (a)+ nf (b)+ pf(c) > (S)ak.

Dé gidai bai todn ndy ta can biéu dién mf(a),nf(b), pf(c) qua
g(a),g(a),g(c) nén ta xét ham sé h(t)=Bf(t)+ag(),YteD ,B€{mn,p}. So
a dwoc xdc dinh sao cho ham so6 h(t) dat cuc tiéu (hoac cuc dai) tai t, = {a,b,c}
B
| g',)
khi cac bien thoa man hé phuwong trinh

gla)+gb)+glc)=k
mf'(a) _nf'(b) _ pf(©)
gla g® g 9
Gidi hé phuong trinh nay ta sé tim dwoc a, b, ¢ tir do ta biét dwoc dang thirc xay ra
khi nao.

thi h'(¢))=0 va suy ra o = . Khi d6 ddu bang ciia bat dang thire xdy ra

Vidu 5. Cho a,b,c >0 va a+b+c=1. Chimg minh rang



a +4b’ +9¢° Zﬁ.
121

Nhin xét. Tir gia thiét ta thiy a,b,cc (O;l) va BPT can chimg minh & trén c6
dang: Cho cdc sé thuc a,b,c>0 théa min g(a)+gb)+g(c)=1. Chimg minh
rang: f(a)+4f(B)+9f(c)> %.

Trong d6 f(t)==t,te (0;1) va g(t)=t. Khi d6 dau bang cia bdt ding thirc xdy ra
khi a,b,c thoa man hé phuong trinh

[ 6
Clzﬁ
a+b+c=1 3
30’ _12b° _27¢ <9 b=17
1 1 1 P
c=—
11
Ta co az—ﬂf (t°)=—108. Vay ta co loi giai nhw sau.
g') 121
Loi giai:
Xét ham so:
108
= pt’ ———t vé6i t € (0;1).
y=p- (0;1)
Ta co
y'=0< 3461 —@=0<:>t=L.
121 118
Bang bién thién
t 0 6/11y/ 1
y’ — 0 +

431

Y 432
432

133 1Ny
Dua vio bang bién thién ta c6
432 108 ‘> 432 B > 108 432

YE s T REETETN /7 21 13318

voi 1 € (0;1); B €{1;4;9} . Tir d6 suy ra:




;108 432
az2—a———-—-;
121 1331°
=108, 216,
121 1331°

9c 3>@c— 144

121 1331
voi a,b,c €(0;1).
Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta 6 :
a’+4b* +9¢° Zl.i(a+b+c) 92 _36 .
121 1331 121

Dau bang xay ra khi a = A b= %,c = % Viy ta c6 diéu phai chimg minh.

Vi du 6. Chtrng minh rang v6i moi tam giac ABC ta déu c6

sinA+sinB+\/gsinCS Sm.

(HSG Thai Nguyén 2012)
Nhdn xét.

Vi A, B, C la 3 goc cua tam giic nén ta co0 A+B+C=m va
A,B,C e (O;7r). Do dé BPT can chirng minh ¢é dang: Cho cdc sé thue A,B,C >0
théa man g(A)+ g(B)+ g(C) = . Chitng minh rdng:

F(A)+ f(B)+6 f(C)<5J—

Trong do f(t)=sint,t e (0,7[) va g(t)=t. Khi do dau bang ciia bat dang thirc xdy
ra khi a,b,c thoa man hé phuong trinh

Azarccos—6
A+B+C=r J6
&3 B=arccos—

cos A=cosB =+/6cosC 4

C=rxr- 2arccos—6

Ta co az—ﬁf'(to):—\/g

. Vay ta co loi giai nhu sau.
g'(t,) 4

Loi gidi:



Xét ham so

y:ﬁsint—gt voi te(0;7).

Ta co
] 6 6
y :O<:>ﬂcost—T=0<:>t=arccos4—.

Bang bién thién

! 0 arccos(\/g/4,8) V4

y’ —

«/16,6’ -6 J_ J6
y arccos—

/ \

Dua vao bang bién thién ta co

\/16,8 —6 J_ J6 . 6 \/16,8 -6 6

J6
arccos — 1 < fsint < 4 arccos —

4

vOl t € (0;7[);ﬁ € {1;1;\/_} . Ttr do suy ra:

J_ (N0 Ve e

sin A < 2 Irccos—;

JE\/EJE

} 6
sinB < B+ — arccos—;

\/EsinCS \QEC+3\£E—\QEEH‘C

COSZ
vol A,B,Ce(0;7).

Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta co

5J10 /6 J6

sin A+sin B++/6sin C<— —(A +B+ C)T( ccos§+arccos§+arccosij

5J10 6

<:>SinA+sinB+\/8s1nC<— —(A LB+ C)_g(A B+ C) 5\/—

5@
4

& sin 4 +sin B +/6sinC <
D4u bang xay ra khi



A= arccos—6;B = arccos—6;C = — 2arccos—6.
4 4 4

Viy ta c6 diéu phai chirmg minh.

Vidu 7. Cho a,b,c >0 va a+b+c=3.Chting minh rang

a b c ZZ

+ + :
b+c c+a 4(a+b) 8

Nhén xét. Bién doi BDT da cho vé dang
a b c 7
+ + >—
3—a 3-b 43-c¢) 8

Tir gid thiét ta thdy a,b,c € (0;3) va BPT can chitng minh ¢ trén cé dang:

Cho cdc s6 thuc a,b,c >0 théa man g(a)+ g(b)+ g(c)=3. Chitng minh rdng:
1 7
f(a)+f(b)+zf(0) ey

Inmg&xﬂn=§i;¢60nnvag@y:pKﬁuﬁd&uﬁ@uﬁamﬁm%gﬂmcm@

ra khi a,b,c thoa man hé phuong trinh

3
a==
a+b+c=3 5
33 3 @b:%
2 2 2
(3-a) (3-b) 4(3-¢) 9
c=—
5
Taco a= —& = —é. Vay ta co loi giai nhw sau.
g't,) 48
Loi gidgi:
Xét ham so
t 5
y:f()zi——t,t (0;3)
3-¢
Ta co
»'=0 30 _2_ :15—12 p

Bang bién thién



t 0 (15-12 ,B)/S 3
Y — 0 +
0 +00
y \ /'
40,/ -168—25
16

Dua vao bang bién thién ta co

y24o@—16ﬁ—25® St _§t>40fﬂ—16ﬂ—25© t 2§t+4ojﬁ—16ﬁ—25

16 3—t 48 16 3—t 48 16
voi te(0;3); 8 € {l;l;i}.
Tu do6 suy ra:
3—a 48 16
3-b 48 16

vo1 a,b,c €(0;3).
Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta co:

a b, ¢ Zé(a+b+c)—£=1
3—a 3-b 4(3-c) 48 16 8
a b, ¢ T

b+c c+a 4(a+b) 8

3

Déu bang xay ra khia = g,b = %,c = % Viy ta c6 diéu phai chimg minh.

4. Bai toan t(z)ng quat 4. Cho cac 6 thuc a,b,c € D théa man
mg(a)+ng(b)+ pg(c)> (S)k Véi 56 thie a,b,ceD.
Chitng minh rang
| m'f(@+n' fB)+ p'f ()2 (<)ak.
Dé giai bai toan nay ta can biéu dien m'f(a),n'f(b),p'f(c) qua
mg(a),ng(b),pg(c) nén ta xét ham so h(t)=Bf({t)+ayg(t),YteD



Be {m',n',p'};v S {m,n,p}, Sé a dwgc xdc dinh sao cho ham sé h(t) dat cuc
_Br@)
o o , rg'(,)
Khi do dau bang cua bat dang thirc xay ra khi cdac bién thoa man hé phuwong trinh
mg(a)+ng(b)+ pg(c) =k
m'f@) _n'fB) _p'f©)
mg'(a)  ng'(b)  pg'c)
Giai hé phwong trinh nay ta sé tim dwoc gia tri cua cdc bien a, b, ¢ tw do ta biet
dwoc dang thirc xay ra khi nao.

tiéu (hodac cuc dai) tai t,= {a,b,c} thi h'(¢,)=0 vasuyra a=

Vidu 8. Cho a,b,c>0 va a+4b+9c=1. Chimg minh rang
100

a’ +25b> +36¢° >——.
5041

Nhén xét. Tir gid thiét ta thdy a,b,c € (0;1) va BT can chitng minh ¢é dang:
Cho cdc s6 thuc a,b,c >0 théa man g(a)+4g(b)+9g(c)=1. Chirng minh rdng:
100

f(@)+257(B)+36/()2

Trong d6 f(t)=t,te (0;1) va g(t)=t. Khi d6 dau bang cia bdt dang thirc xdy ra
khi a,b,c thoa man hé phuong trinh

10
a=—
a+4b+9c=1 11
3a’ _75b" _108¢* < b=
1 4 9 5
c=—
71
Ta co az—ﬂf (4) Y . Vay ta co loi giai nhw sau.
rg'(t,) 5041
Loi giagi:
Xét ham so
300y :
=pt - t v6i t e(0;1).
V=P S %D
Ta co

V=036 -0 g y=10 |7
5041 71\ B

Bang bién thién



t 0 10y /718 1
Y — 0 +
431
y 0 432
\ 2000 /
_357911\/7

Duya vao bang bién thién ta co

3
2000 o . 3007 2000 o ., 300y 2000 |y
357911 5041 357911 5041 357911\ p8
voi te(0;1); € 12536 by e{l;4;9}.
Tir do suy ra:

s 300 2000

> a ;
5041 357911
5h > 1200 3200

5041 3579117
b > 2700 9000

5041 357911

voi a,b,c € (0;1).
Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta co

a’ +25b° +36¢° > 300 (a+4b+9c)- 14200 _ 100
5041 357911 5041
< a’ +25b° +36¢° >ﬂ
5041
S , : 10 4 5 . Y e :
Dau bang xay ra khi a:ﬂ’b:ﬂ’czﬂ' Vay ta c6 di€u phai ching minh.

Vidu 9. Cho a,b,c >0 va 2a+3b+4c =1. Chirng minh ring

2J2a+14+3V2b+1+4J2¢c+1<10.
(HSG Ninh Thuén 2012)

Nhén xét. Tir gia thiét ta thdy a,b,c € (O;l)vd BDT can chirng minh ¢6 dang:

Cho cdc s6 thuc a,b,c >0 théa man 2g(a)+3g(b)+4g(c)=1. Chitng minh rdng:
2f(a)+3f(b)+4f(c)<10.

Trong @6 f(t)=~2t+1,te(0;1) va g(¢)=t. Khi d6 dau bang ciia bat ding thirc

xay ra khi a,b,c thoa man hé phwong trinh



(1
a=—
9
2a+3b+4c=1 1
Seb=—
V2a+1=2b+1=+/2¢c+1 9
c=x
9
Ta co az—'Bf'(tO):— 3 . Vay ta co loi giai nhw sau.
') 11
Loi giai:
Xét ham so
33 :
= p[N2t+1 ——=1t vo1 t €(0;]).
y=p Nl (0;1)
Ta co
y':O(:) ﬂ - 3'8 IO@t:l.
Var+1 A1 9
Bang bién thién
t 0 1/9 1
y + 9 -
10411

Y 33
J11

Dua vao bang bién thién ta co

10ﬂJ_ o plaT1 B t<10ﬂ\/_ plal<

VOl t € (0,1),,8 {2,3,4} .
T do suy ra:

NE

2\2a+1<
3W2b+1<
4v2c+1

b

b

L2011
J_ 33

L 30V
J_ 33

40Jﬁ
J— 33

10ﬁ\/ﬁ

\/_

33




voi a,b,c € (0;1).
Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta co

2\/2a+1+3\/2b+1+4\/2c+1S%(2a+3b+40)+903\éﬁ:3\/ﬁ<10.

S 2J2a+1+32b+1+4/2¢c+1<10
Vay ta c6 diéu phai ching minh.

Vi du 10. Cho a,b,c >0 va 2a+b+ ¢ =6. Ching minh rang
a+E(b+c)+l+l+122—.
8 a b ¢ 4
Nhén xét. Tir gia thiét ta thdy a,b,c € (O; 6) va BPT can chitng minh c6 dang:
Cho cdc s6 thuc a,b,c >0 théa man 2g(a)+ g(b)+ g(c) = 6. Chitng minh rang:

f(a)+f(b)+f(c)22749-

Trong d6 f(t)= ﬂt+%,t €(0;6) va g(ty=t. Khi d6 ddu bang cua bat dang thirc

xay ra khi a,b,c thoa man hé phuong trinh
2a+b+c=6 a=9
I—L <3b=1
2 11 1 11 1
ey c=1

2 8 b 8 P

Taco a= —& = —é. Vay ta co loi giai nhw sau.
g't,)
Loi gidgi:
Xét ham so0
y=f(z‘)=,8t+%—%/t,te(0;6).
Ta co

y'=0<:>ﬂ—3—7/—12=0<:>t= 8 .
8 ¢ 8B -3y

Bang bién thién



t 0 J8/\88 -3y 6
Y - 0 +
oo 2L -27y+2
86 -3y
2

Dua vao bang bién thién ta c6

I T P N O 1 2 2 N N . 7
2 t 8 2 t 8 2

vol te(0;6);,8e{l;gl;gl};ye{zl;l}.

Twr do suy ra:
a+12§a+1;

a 8

Eb+12§b+2;
8 b 8
Ec+lzgc+2
8 c

vo1 a,b,c €(0;6).
Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta co

a+E(b+c)+l+l+12§(2a+b+c)+5:Q
8 a b ¢ 8 4
<:>a+£(b+c)+l+l+12§.
8 a b ¢ 4

Dau bang xay ra khi a =2,b=1,c=1. Vay ta c6 diéu phai chimg minh.

Vi du 11. Cho x,y,z >0 va xyz =1. Chimg minh rang

P:[x+%j+(20y+lj+(z+zj215.
X y z

Nhén xét. Gia sir ddau bang ciia bat dang thirc xay ra khi x = Y =Z thitacs
m

xyz=l1=3xyz ©3=3mn} xl££\3/mn(x+l+£j<:> . <x+ 242
m n

mn m n JImn

S

Khi d6 BPT cdan chitng minh ¢6 dang:



Cho cdc so thuc x,y,z>0 théa man g(x)+g(y) g(z) \/3 Chitng minh
m mn

rang: f(x)+ f(»)+ f(z)>15.
Trong d6 f(t)= Pt +%,t e(0;+0) va g(t)=t. Khi d6 ddu bang ciia bat dang thirc

xay ra khi a,b,c thoa man hé phuwong trinh

m n R’
2 ! 27 !
l-——=m|20-— |=m||-— xX=2y=—;z=2
X v y 4
Taco a= —& = —l. Vay ta co loi giai nhw sau.
g 2
Loi gidi:
Ta co

xyz=1<1=3/xyz @3:%\3/)6.83/.2 S%(x+8y+z)<:>6$x+8y+z

Xét ham sb
y=f() =ﬁt+§—%t,t € (0;+40); B {1;20;1} ;7 e{2:1;2}; A e{1;8;1}.

Ta co
y'zO@(ﬂ—ij—%zwzt: 27 :
2) t 2-4

Bang bién thién
4 0 \/7 / \/2 p— +00

y’ —

, \ /

4,87 2y

Dua vao bang bién thién ta cé
y>[48y—2]y <:>,Bt+7—t/2§t+ 4By —20y
voi1 t € (0;40); S € {1;20;1};;/ € {2;1;2};/1 € {1;8;1} .

Tu do6 suy ra:



X+ +2;

L2.x
x 2

20y+124y+8;
y

+2

2 z
Z p— p—
z 2
vol x,y,z>0.

Cong vé theo vé 3 bat dang thirc nay lai v6i nhau ta c6

P:(x+gj+(20y+lj+(z+2j ;(x+8y+z)+12>15
X z

y

Dau bang xay ra khi x=2;y = %;z =2.Vayta co diéu phai ching minh.

Nhén xét. Qua cac vi du da néu o trén ta nhdn thdy rang viéc di tim cdc gia tri cua
cdc bién dé dau bang cia bat dang thike xdy ra bang phwong phdp ham sé la rdt
don gidn, dé hiéu va hiéu qua hon nhiéu so véi cdc phwong phap da biét. Ngodi ra
thong qua phwong phap chung ta ciing co thé sdng tao ra rdt nhiéu cdc bai todn
ching minh bdt dang thirc bang cdach thay doi cac hé sé trong diéu kién ciia bat
dang thirc hodc trong chinh ban thén cdc bdt dang thire ¢6 san va cdc bai todn
ching minh bdt dang thirc dwoc tao ra sé khé hon, hay hon nhiéu bat ddng thirc
ban dau.

5. Bai tdp luyén tap
Bai 1. Cho a,b,c>0 va 15a +3/5b+3/3c =3. Tim gi4 tri 16n nhit cta
P= ! + % + is
a b c
(Olympic 30-4 Ca Mau 2012)

Bai 2. Cho x,y,z 1a3 sb thoa x+ y+z=1.Ching minh réng:
\/3+4x +\/3+4y +\/5+4Z >7

Bai 3. Cho a,b,c € R va a+b+3c=10. Chttng minh rang
a'+b+c 22<a3+b3+c3).

Bai 4. Cho a,b,c > —% va a + b+ c = 4. Ching minh rang

3a n b n c <2
a+1 b*+1 +17 5




Bai 5. Cho a,b,c>0 va2a+2b+3c=15. Chimg minh rang
3\/;—1—2\/3+\/22ab+bc—|—ca.

Bai 6. Cho a,b,c,d >0 va a+b+2c+3d =4. Ching minh rang

6<a3—|—b3—|—c3—|—d3>2a2—|—b2—|—cz—|—d2—|—%.

Bai 7. Cho cac s6 thuc duong a,b,c va a + b+ ¢ =4 . Chirng minh ring
1 1 16

§+§+?2a2+b2+c2.

Bai 8. Cho x,y,z>0 va x+ y+ z<4. Ching minh rang

1 1 32
N e DR o NG}
X y z

Bai 9. Cho a,b,c>0 va a’ +2b”> 4+ 5¢* =11. Chiung minh rang
16 9 4

— 4+ 4 ——(a+b+c)>17.
ot (a+b+c)>

Bai 10. Cho a,b,c >0 va a* +b* +¢* = 6. Chimg minh rang
a b 2c 12
2 2+ 2 2+ 2 22_'
b +c a +c a +b 5

Bai 11. Cho a, b, ¢ >0. Tim gi tri nho nhat cta biéu thirc
_a+3c n 4 &
a+2b+c a+b+2c a+b+3c

(HSG Kién Giang 2014)

Bai 12. Cho ba sb thuc x,y,z € [1;4] va théa man x > y,x > z. Hay tim gia tri

nhé nhét cia biéu thic
__ Y 4
2x+3y y+z z4x

(Dé thi Pai hoc Khoi A 2011)

Bai 13. Xét cac s6 thuc duong a, b, c¢théoa min abc +a+c=>b. Tim gia tri 16n

nhat cua biéu thic



22 N 3
a’+1 b*+1 ' +1 ’
(Pé thi HSG THPT toan quoc bang A 1999)

Bai 14. Xét céc sd thuc duong a,b,c théa man 21lab + 2bc +8ac <12. Tim gia tri
nho nhat cta biéu thire
1 2 3
P(a,b,c)=—+=+=.
a b c .
(Pe thi chon DPTQG 2001)

*hk





