PHAN 2
CAC BAI TOAN TAP HOP PIEM. GTLN - GTNN.

Trong phan 2 nay chiing ta nghién cttu cac bai toan ¢ ndi dung vé quy tich va
gia tri 16n nhat, gia tri nho nhat. Thong thuong: Céc bai toan tap hop diém ciing chinh
la cac bai toan vé min — max bai vi khi tdp hop diém thoa man diéu kién nhat dinh thi
sé dat min — max. Tuy nhién: Bai toan tap hgp diém thién vé vi tri twong ddi va tinh
toan, con bai todn vé min — max thién vé khao sat ham s6 va bat dang thtrc. Ttr d6
ching ta ciing thdy dugc phuong phap giai ¢ ddc trung riéng

* Bai toan tap hop diém: Thuong stt dung phuwong phap véc to, cac dinh ly trong
tam giac, hinh binh hanh, sy d6i xttng, song song, vudéng goc, ...

* Bai toan min — max: Thuong st dung phwong phap khit dan an (Thém bién,
doi bién, don bién), khao sat cuc tri, bat dfmg thiee B.C.S , MincopxKki, ...

Nhu vay trong phan nay cac bai todn c6 mitc d Van dung — Van dung cao. Bé
gidi nhanh thi ching ta khong chi nam vitng kién thtic ma con st dung mot s6 cong
thirc tinh nhanh, kj nang st dung CASIO. Néu chi lam ty luén thi cling c6 két qua
nhung thi trac nghiém thi thoi gian khong nhiéu!. Cac em can tinh tdng thoi gian cta
quy trinh giai mot bai todn khé nhw sau:

- Doc hiéu dé va yéu ciu cua bai todn: Doc d€ hiéu ndi dung cua bai toan la gi?

- Tdi hign kién thitc: Trong bai toan ching ta can thiét nhitng kién thitc nao?

- Xdc dinh cdc yéu to'cin gidi: Chang han mat cau thi can biét tim, ban kinh, ...

- Bién doi, tinh todn: Day la quy trinh cudi cing dan dén két qua va tra 10i, c6

nhiéu khi phai vé hinh minh hoa thi cang mat nhiéu thoi gian.

Trong phan nay, cac bai toan c6 chon loc va dugc bién soan theo chu dé: Diém —
mgt phang, Diém — M4t cau, Diém — Duong thang, va t6 hop ctia cac yéu td trén. Trong
phan 1, t6i da dwa ra mot s kién thitc b6 xung va cong thirc tinh nhanh, nén phan nay
toi khong néu ra. Tuy nhién, trong phan nay ciing cé kién thic bd xung httu ich dé
giup chung ta giai nhanh, tx d6 mdi tiét kiém dwgc thoi gian toan bai thi. Dac biét
trong phan nay ta nghién ctru bai todn ma tam goi la “Dinh luit phan xa anh sang d6i

v6i gwong phang”.
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. BO XUNG - BAI TOAN VE TAM Ti CU.
1. Kién thirc bd xung.

@ V6i hai diém 4,B va «a, f la cac s sao cho a+ £ #0. Diém I théa man

ald+ ﬂE =0 goi la tam ti cw ctia hai diém 4, B. Khi d6 toa d6 I tinh theo cong thirc:

¥ :axA+ﬂxB :ayAJ'_ﬂyB 2 :aZA+ﬂZB
! a+p 7! a+rp a+pf

Chitng minh: (Hoan toan tuwong tu voi bd n diém)

aﬁ+ﬂE:6©a(@—a)+ﬂ(@—ﬁ):6<:>(a+,3)@=a0—/1+,30—3 hay ta co

e0l=—2_04+ p OB . Chuyén vé toa d ta c6 dpem.

a+pf a+pf
= Chil i:
v Diém I thudc duong théng AB. Néu dat ¢ _kthi s =1-k vata co

a+pf a+p
OI =kOA+(1-k)OB.
v Dacbiétkhi o= =1 thi I la trung diém cta AB. Mo rong ddi vdi ba di€ém A,
B,C vabd a+f+y#0 tacd ald+ BIB+yIC =0 thilla tim ti cw ctia ba diém d6. Hon
nita voi tam gidc ABC thi ta hay sit dung GA+GB+GC =0, véi a=f=y=1.
2. Cac vi du gidi toan.
Vi du 1. Trong khong gian Oxyz, cho hai diém 4(4; -3;2), B(2; 5;—1). Tim toa d6 diém K thoa

man déng thiec KA -2KB =0.
Huéng dan giai
X, —2x, -2y, z

@_2@:6@’&: 1—2 ,szyAl—z,ZKZAI_—zzzB :>K(O;13;—4).

Luuy.
A-2B

dd tuong ing cua 4,B) CALC Ian 2 nhap tung o, CALC Ian 3 nhép cao do.
Vi du 2. Trong khong gian toa do Oxyz, cho hai diém E(3; -3;5), F(7; 1;3). Tim toa d6 diém

Dé€ tranh sai sét vé dau, dung Casio ghi

CALC nhap 4=2= (lan 1 hoanh

K thudc truc Oy sao cho ‘3@ - ZEIF‘ dat gid tri nho nhat.
Huéng dan giai
Goi I 12 diém thoa man 3/E -2IF =0=I(~5; -11;9).
Khi d6 [3KE - 2KF| = ‘3(@ +1E)-2(KI + ﬁ)‘ =|Ki|= k1 dat gié tri nho nhat < K Ia
hinh chiéu cua I trén truc Oy, vay diém K can tim la K (0; —11;0).
Vi du 3. Trong khong gian toa d6 Oxyz, cho ba diém 4(2; 0;-1), B(5; -7;-1), C(-1; -5;-7) va
M 1a mot diém thay ddi trén mat phang Oxy. Tim gia tri nhd nhat cta bidu thic

P=|MA+ MB + MC|.

GV: Nguyen Xuan Chung 2



Hudéng dan giai
Goi G la trong tam tam gidc ABC = G(2; —4;-3).
Ta c6 [MA+MB+MC|=[3MG|=3MG nho nhat < M 1a hinh chiéu ctia G trén Oxy
< M (2;-4;0) vakhi d6 MG =|-3|=3. Vay B, =9.
Vi du 4. Trong khong gian Oxyz, cho hai diém P(1; 4;-3), O(-5; 2;5). Tim toa do diém M
thudc truc Ox sao cho ‘W + ATQ‘ dat gia tri nho nhat.
A. (-2; 3;0). B. (0; 3;0). C. (-6; 0;0). D. (-2; 0;0).
Hudéng dan giai
Goi I la trung diém ctia PQ ta c6 toa do 1(-2; 3;1).
Khi d6

MP + M—Q‘ = ‘ZW ‘ =2MI nho nhat < M 1a hinh chi€u vudng gdc cta I trén truc
hoanh. Vay toa d6 M (-2; 0;0). Chon D.

Vi du 5. Trong khong gian Oxyz, cho ba diém 4(2; -1;0), B(5; 0;1), C(3; 2;-1). Toa d6 diém
M théa man dang thite 6MA—11MB +9MC =0 1a
A. (4 -3;5) B. (-3;-4;-5) C. (—4; 3;-5) D. (4; 3;-5).

Huéng dan giai

Ox, ~11lx, +9xc ;... & M (—4; 3;-5). Chon C.
6-11+9

Vi du 6. Trong khong gian Oxyz, cho ba diém A4(—1;2;-3), B(1;0;2), C(x;;—2) thang hang.
Khi d6 x+ y bang

Ta cé 6MA-11MB+9MC =0 x,, =

A x4y=1. B.x+y=17. C.x+y:—%. D.x—|—y:1—51.

Huéng dan giai

x=—k+1-k
Ta c6 ba diém A, B, C thang hang < OC=kOA+(1-k)OB <1y =2k
—2=-3k+2(1-k)
4 _3 8 7 A A \ A \ A M s 2.
@kzg,xz?,yzgznﬁy:l. Chon A. (C6 thé cong x +y tir hé ma khong can giai)

Vi du 7. Trong khong gian Oxyz, cho 4 diém A4(2;4;-1), B(1;4;-1), C(2:4;3), D(2;2;-1), biét
toa do M (x;y;z) d& T = MA® + MB* + MC* + MD’ dat gié tri nho nhat thi x + y + z bang

21

A. 6. B. —.
4

C. 8. D.o.
Hudéng dan giai
o e L = — — 7 14
Goi I la diém thoa man IA+IB+IC+ID=0=1 Z;?;O .

Tacd T =4MI* +14° + IB* + IC* + ID* nén T nhé nhat khi M trung I. Vay x+y+z=%.
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3. Bai tap dé nghi.
Cau 1: Trong khong gian Oxyz, cho ba diém 4(3; 4;2), B(-1; 0;1), C(2; 7;-2). Toa do diém M

thoa man déng thixc MA +2MB - MC =0 1a
A. M(%;—%ﬂj. &M(—%;—%ﬁj. C. M(—%;%ﬁ}. D. M(%;%;—3j.
Cau 2: Trong khong gian Oxyz, cho ba di€ém A4(-2; 1;1), B(4; 3;-3), C(5; 0;5). M la di€ém thudc
truc hoanh sao cho ‘m +MB +M—C‘ dat gia tri nho nhat. Khi d6 hoanh d6 diém M
thuoc khoang nao sau day?
A. (-1;1). B. (1;3). C. (3;5). D. (5 7).
Cau 3: Trong khong gian véi hé toa d Oxyz, cho 2 diém B(1;2;-3), C(7;4;,—2) Néu diém
E théanam dang thitc CE = 2EB thi toa do diém E 1a:

A. (3;§;—§j. B. (§;3;—§j. C. (3;3;—§j. D. (1;2;1)
373 3 3 3 3

Cau4: Trong mat phang véi hé toa d6 Oxyz, tam giac ABC véi A(1;-3;3); B(2;-4;5),
C(a;—2;b) nhan diém G (1;¢;3) 1am trong tdm ctia n6 thi gia tri cua tong a+b+c bang.

A. 5. B. 3. C. 1. D. -2.

Cau 5: Trong khong gian voi hé toa do Oxyz, cho ba diém A(2;-1;5),B(5,-57),M (x; y;1).
Véi gid tri nao ctia x,y thi 4,B,M thang hang.

A x=4y="T. B. x=-4;y=-7. C.x=4y=-7. D.x=-4y=7.

Cau 6: Trong khong gian v6i hé truc toa dd Oxyz, cho hai diém A4(0;1;-2) va B(3;-11). Tim
toa dd diém M sao cho AM =34B.

A. M(9;-5;7). B. M (9;57). C. M (-9;5;-7). D. M (9;-5-5).

Cau 7: Trong khong gian Oxyz, cho hai diém 4(2;-2;1), B(0;1;2). Toa d6 diém M thudc
mat phing (Oxy) sao choba diém 4, B, M thing hang la
AM(4;—5;O). B.M(2;—3;O). C.M(O;O;l). D.M(4;5;0).

Cau 8: Trong khong gian Oxyz, cho bén diém A4(2;-3;7), B(0;4;1), C(3;0;5) va D(3;3;3). Goi
M 1a diém ndm trén mat phang (Oyz) sao cho biu thirc [MA + MB + MC + MD)| dat gia
tri nho nhat. Khi d6 toa do6 ctia M 1a:

A. M(0;1;-4). B. M (2;1;0). C. M (0;1;-2). D. M (0;1;4).

Cau 9: Trong khong gian cho ba diém A(1;1;1), B(-1;2;1), C(3;6;—5). Diém M thudc mat
phang Oxy sao cho MA® + MB®* + MC” dat gia tri nho nhat 1a
A. M (1;2;0). B. M (0;0;-1). C. M (1;3;-1). D. M (1;3;0).
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IL. BAI TOAN VE TO HOP VEC TO.

1. Dic diém dang toan va vi du.

* Dic diém dang toéan:

Nhing biéu thitc c6 dang t6 hgp cac véc to hay t6 hop binh phuong cac véc to
thi ching ta déu c6 thé dén diém dua vé tdm H cy dé€ giai. Cu thé nhu:
‘am+ﬂ]\_ﬂ§+7d\—/{5‘ hodc nhw aMA’ +,BWB2 +;/M—C2 voi a+f+y#0.

* Phuong phap giai:

Goi I 1a diém thoa man ald+ BIB+yIC =0 khi d6 bién d6i bidu thiic thanh:

‘ai\—/ﬁ + MB + yﬂz“ =|a+ B+ y|.MI hodc nhu

aMA’ +ﬂm2 +7]\TC2 =(a+p+y)MI* +ald’ + BIB* +yIC*, dén day ta bién luan M
theo diém I.

Vi du 8. [MH2_2017_BGD] Trong khéng gian Oxyz, cho hai di€ém 4(-2;3;1) va B(5; 6; 2).
Duong thang 4B cit mit phing (Oxz) tai diém M . Tinh ti s& ;—g

AM 1 AM
il B. /=

A. . M, c M L D. M _3.
BM 2 BM BM 3 BM

Huéng dan giai
Cach 1. (Tam ti cy)
Goi toa d6 M (x;0;z), ta c6 ba diém A, B, M thang hang khi va chi khi:

x==2k+5(1-k)
< OM =kOA+(1-k)OB < {0=3k+6(1-k) < k=2,x=-9,2=0< M(-9;0;0).
Z=k+2(1—k)

2 2 2
Khido M _ | T+ 1 cpona.
BM 14°+6°+2° 2

Cach 2. (Vi tri twong d6i — Tong quat)

dy

M !
Xét tam giac dong dang, ta c6 AM _d, _ M = H . . Chon A.

BM d, d(B,(0xz) |6 2

Loi binh.

Theo cach 1 thi chtiing ta thuc hién nhiéu bién déi va tinh todn nén mat nhiéu thoi
gian khong can thiét. Trong cach 2 thi ching ta stt dung tinh chat hinh hoc nén ngén
gon va nhanh chéng hon nhiéu.

Mo rong bai todn trén ta cé hai bai toan xudt hién teong d6i nhiéu trong cac bai
kiém tra hay dé thi la: Tim min (M4 + MB) hodc max|MA— MB|. Cac bai toan nay ta giai
teong tu, tuy nhién c¢6 khac. Nhung truede hét ta xét cac bai toan lién quan dén “Tam
ti cu” c6 dang don diém suy ra don bién.
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Vi du 9. [THPT Hoang Hoa Tham-Hung Yén] Trong khong gian véi hé toa d¢ Oxyz, cho
A(-1;2;1),B(2;-1;3),C(3;5;-1). Diém M(a;b;c) trén mat phang (Oyz) sao cho

MA +2MB - CM| dat gia tri nho nhat. Khi d6 2b +¢ béng

A. 1. B. 4. C. 1. D. 4.
Huéng dan giai
Chon B
Goi I[%;%;%) 14 diém thoa man 74 +2IB+1C =0.Ta c6 ‘W+ZW+M—C‘ =4MI nhd
nhat khi M 13 hinh chiéu ctia I trén Oyz. Do d6 toa do M o;%;% —2btc=4.

Vi du 10. [THPT Lé Lai — Thanh Hoéa] Trong khong gian v6i hé toa dd Oxyz, cho 4(-3;0;0),
B(0;0;3), C(0;-3;0) va mdt phang (P):x+y+z-3=0. Tim diém M thudc (P) sao

cho

MA +MB - MC| nh nh.
A, M(-3;-33). B. M (3;3;-3). C. M(3-33). D. M(-3;3;3).
Huéng dan giai
Goi /(-3;3;3) la diém thoa man IA+1IB—IC=0.Taco ‘m+m—M—C‘ = MI nho nhAat
khi M 1a hinh chiéu cta I trén (P). Mt khac ta ¢6 I thudc (P) nén M trung I. Chon D.
Vidu 11. [Dé tham khao -BGD] Trong khong gian Ozyz, cho hai diém A <2; -2 4) , B <—3; 3 — 1)
va mit phang <P> 12z —y + 22— 8 = 0. Xét M la diém thay dodi thudc (P) , gia tri nho
nhat caa 2MA* + 3MB’ bang
A. 145 B. 135 C. 105 D. 108
Hudng dan giai
Chon B
Goi I(— 1;1;1) 1a diém thoa man 2MA + 3MB = 0 . Ta c6 2MA® + 3MB?nhé nhdt <
M 1a hinh chiéu cta I trén (P).

Ghi _2x—y+2z-38

CALC nhép toa d6 I bAm STO M bam AC
Ghi 2((2M + 2 =2 + (—M +y +2)° + (2M + 2 — 4| = két qua 24M* =12.
Stra thanh 3((2M + x + 3 + (—M +y — 3" + (2M + 2 +1)’) = két qua 3BM* =123
Vay min(2MA® + 3MB*) =12 4123 = 135,

Vi du 12. [Chuyén Lam Son- Thanh Hoéa] Trong hé truc Oxyz, cho 3 diém 4(-1;3;5),
B(2;6;-1), C(~4;-12;5) va mit phang (P):x+2y—-2z-5=0. Goi M la diém di dong

trén (P). Gia tri nho nhat cta biéu thitc $ =[MA +ME +MC| 1a

A. 42. B. 14. C. 14/3. p. 14
V3
Huéng dan giai
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Goi G(~1;-1;3) 1a trong tdm tam gidc ABC. Ta ¢ S =|MA+MB+MC|=3MG nho nhat

khi MG la khoang cach tir G dén (P).

: 3X|x+2y—2z—5|

Gh CALC nhap toa d6 G, két qua bang 14. Chon B.

Vi du 13. [Chuyén Hung Vwong-Pha Thol Trong khéng gian Oxyz, cho ba diém 4(1;1;2),
B(~1;0;4), C(0;-1;3) vadiém M thudcmatcau (S):x* +y* +(z—1)" =1. Khi biéu thic
MA* + MB* + MC* dat gid tri nho nhat thi 46 dai doan AM bang
A2, B. /6. C.6. D. 2.
Huéng dan giai
Cach 1. Phuong phap véc to.
GoiI(0; 0; 1) 1a tim mat cau, ban kinh R =1, ta c6 I4+1B+IC =(0,0;6)=IK .
Ta cd: MA® + MB* + MC? =3MI* + IA*> + IB* + IC* + 2MI IK .
Vay dé tong nho nhét thi MI,IK nguoc huéng nhau < IM =tIK = 1(0;0;6),t>0

Suy ra t=%=é:>ﬁ=%(0;0;6)=(0;0;1):>M(O;O;2):>AM=\/§. Chon A.

Cach 2. Khao sat - BDT.
Goi M (x;y;z)e(S), tix gia thiét ta c6 —1<z-1<1. Dat T=MA*+MB* + MC’, ta c6
T=(x—1)2+(y—1)2+(Z—2)2+(x+1)2+y2+(z—4)2+x2+(y+1)2+(z—3)2
T=3x>+3y" +4+3(z—=1) —12(z=1)+1+4+9=21-12(z-1)>9.
D4u bing tai z—1=1x=y=0 M(0;0,2) = MA=+/2.
Vidu 14. [THPT Lé Quy Don-Quang Tri] Trong khong gian Oxyz, cho 2 diém A(3;—2;3),

B(1;0;5) va duong thing d': xl—l =2 _22 =z ;3 . Tim toa d6 diém M trén dwong thang
d sao cho MA® + MB® dat gié tri nho nhat.
A. M(1;2;3). B. M (2;0;5). C. M (3;-2;7). D. M (3;0;4).

Huéng dan giai
Cach 1. Tam ti cu.
Goi 1(2;-1;4) la trung diém ctia 4B . Ta c6 MA* + MB* =2MI’ + 14’ + IB* nho nhat khi
M 1a hinh chiéu cta I trén d.

x—2y+2z

Ghi CALC (nhap bo khi thay I vao tit ciad) 1=—-3=1==STO M bam AC

Ghi 1+M :2—-2M :3+2M === ta duoc M(Z;O;S). Chon B.
Cach 2. Khao sat Parabol.
Goi M (1+6,2-263+2t)ed, khi d6 MA® +MB* =(t-2) +(2t—4) +5* +2(2¢-2)" 1a

Parabol do6i v6i t, nén dat GTNN tai ¢ = —¥168_16 =1=M (2;0;5). Chon B.
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Vi du 15. Trong khong gian Oxyz, cho 4(4;-2;6);B(2;4;2);M e(a):x+2y—-3z-7=0 sao cho
MA.MB nhé nhat, khi d6 toa do ctia M la
29 58 5 37 —56_68)

A | —;—;—|. B. (4:3;1). C. (1;3;4). D.|—;—,;—
(13 13 13) ( ) ( ) [3 3

Hudng dan giai
Goi M (x;y;z)e(a)=x+2y-3z=7 (1).
MAMB = MO? +@ﬁ+M—O(@+@) =xz+y2 + 27 +12-6x-2y—-8z
=(x=3Y +(y=1) +(z-4) —14=$(1+4+9)[(x—3)2 +(y-1Y +(z—4)2}14.

__.___.BCS (1) N
Suy ra MAMB > ﬁ(x+2y—32—3—2+12)2—14:i.142—14:0.Dé’ubéngcékhivé

chi khi (x;y;z)e(a)&x;?, - y2—1 - 2‘34 & M (43;1). Chon B.
Cach 2. Tam ti cw

Goi 1(3;1;4) la trung diém ctia 4B . Ta c6 MAMB = MI* +H.E+M.(ﬁ+1—3) hay
T2 1 /, . \ \ A 2 A
MA.MB = MI* —ZAB2 nho nhat khi M Ia hinh chiéu ctua I trén («).

’ CALC (nhap toa do I) STO M bam AC

Chi _x+2y—3z—
14

Ghi M +x:2M + y:—3M +z bdm === ta dwoc M (4;3;1). Chon B.
Nhan xét.

Trong cach 1, chiing ta bién d6i dai s8 tich MA.MB thanh “dang mat cau” sau d6
con phai suy nghi 4p dung bat dang thiec B.C.S hop ly dé st dung gia thiét, ngoai ra
khi tim toa d9 ctia M thi con phai tim giao diém cta dwong thang va mat phang. Trong
cach 2, chiing ta phan tich véc to hop 1y thi ngan gon va dé hiéu hon nhiéu.

Vi du 16. Trong khong gian Oxyz, cho hai diém A4(-2;2;-2) va B(3;-3;3). Xét diém M thay

o0 MA 2 .7 s 17 A, 2 M
doi sao cho VB 3 Gia tri 1on nhat cia OM bang

A 1243 B. 633. C. 3J6 D. 53.
Hudng dan giai
Céch 1. Phuong phap véc to.
T gia thiét ta co:
9AM =4BM~ < 9(OM* +04> ~20M.OA) = 4(OM? +OB* ~20M OB
< 50M* =40B* -904° + 20‘1\2(962 —451?) ).
Tir d6 OM 16n nhat khi va chi khi OM va 904 —40B =(-30;30;-30) cing huéng.

— 1
Ta cd: 40B> —904% =0, dat OM =t(~1;1;-1), tir (1) =15 =0+180r =1 =1150=12.

Vay OM =12(~1;1;-1)= OM =12y/3. Chon A.
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Céach 2. Phuong phap hinh hoc.

Nhan xét duoc MA_2_0O4_ 23 do dé6 goi D la chan dwong phan giac trong cua
MB 3 OB 33’

goc O tam giac AOB, C la chan duong phan gidc ngoai ctia goc O ctia tam gidc thi M
trting C. Toa d9 3CA-2CB=0=> C(~12;12;-12)=M = OM =124/3. Chon A.

Vi du 17. Trong khong gian xét mat cau (S) di qua hai di€ém 4(0;0;2), B(0;2;0) va c6 tam
thudc mit phang (P):x— y+4=0. Gia tri nho nhat ctia ban kinh mat cau (S) la
A2, B. 242. C. V3. D. 24/3.

Huéng dan giai

Tam I mat cau thudc mat phang trung triec ctia AB c6 phuong trinh (Q):2y-2z=0.
Do d¢, tit phweong trinh (P) va (Q), ta cd toa do I(x;x+4;x+4), suy ra:
R=AI =\x* +(x+4)’ +(x+2)> =\/3x* +12x+20 > 2y/2 . Chon B,

Vi du 18. Trong khong gian toa dd (Oxyz), cho mit phang (P) di qua diém M (2;1;4) va cit 3

tia Ox,0y,0z lan luot tai 3 diém 4,B,C sao cho OB=40C . Khi V,,,. nho nhat, mat

phéng (P) ¢ phuong trinh: ax+by+cz-1=0. Tinh l+%+l ?
a c
27 B. 22 C. 21. D. ..
102 8 3
Hudng dan giai
Phuong trinh mat phang (ABC) theo doan chan: RPN 1,véi m,n,p>0,n=4p.
m n p
s y oz ) . 2 1 4
Hay ta viét lai (P) —+ +—=1, mamp(P) diquaMnén —+—+—=1.
m 4p p m 4p p
Tacol—£+£+£ 33i'lzz>lm.4p22L.27.2.17.17
m 8p 8p m.64 p 6 6.16
Suy ra minVOABC:lAmpZ:2601 khi z:H:l:>m:6,p:ﬂ.
6 m 8p 3 8
Suyral+1+l—m+n+p m+5p = 6+§=ﬁ Chon B.
a b c 8 8
Nhan xét.

Bai toan téng quat: mat phang (P) di qua M (x,;4:2,) va Do Yoy 2o v
m n p

m,n,p > 0,X,,,,2, > 0. Khi 4p dung bat dang thitc AM-GM, va chang han m = kn,
1 S S
thi khi d6 2 = 3 = p =3z,, con lai hai thanh phan kia ta quy dong r6i suy ra n.
p
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DPén day cac em can c6 cach nhin nhan khai quat d€ giai ra nhanh nhat ma khong

phai bién doi tu luan nhw trén.
Vidu 19. [THPT Lé Quy Don-Ha N6i] Trong khong gian Oxyz, cho diém M (1;1;1). Mit phang
(P) diqua M va cat chiéu dwong ctia cac truc Ox, Oy, Oz lan luot tai cac diém 4, B

, C thoaman 04 =20B. Tinh gia tri nho nhat cua thé tich khéi t& dién OA4BC.

s B. 2. c.2. p. 2.
27 3 2 16
Hudng dan giai
. 1 1 1 1 1 2
Ta co mmVOABczg.abc tai:—=§:>c=3 va E+Z=§:b:%,a=§.
c
Khi d6 minV,, ;. :é%23 :%. Chon D.

Vi du 20. Cho t& dién ABCD c6 AB,AC,AD d6i mot vudng goc va AB=a, AC =2a,AD =3a.
Goi M la diém thudc mién trong cta tam giac BCD, qua M ké cac duong thang
d,d,,d, Tan lwot song song voéi AB,AC,AD va cit cac mit phang twong ting
(ACD),(ABD),(ABC) tai B,,C,,D,. Thé tich kh6i MB,C,D, 16n nhét bang

3

AL Bi
T8 "9

c 4 D. 24
27 9

Hudng dan giai

Cach 1. Hé toa do.

Lay a =1.Duyng hé toa d6 Axyz nhu hinh vé, v6i B(1;0;0),C(0;2;0),D(0;0;3), khi d6

phuong trinh mat phang (BCD) la %+§+§ =1 6x+3y+2z=6. Difm M (x;y;z)
thudc mat phéng do sao cho x,y,z>0 va thé tich khéi MB,C,D, la:

3 3
1 6x3y2z 1 (6x+3y+2z) 1 a
V. =—xyz=——""< &~ - 7 -  Nén max/, =——/ Chon C.
wsGD, = ¢ WV 216 27 216 27 MBGED a7 :
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Cach 2. Hinh hoc tong hop (C6 dién).
A

bat MB, =x,MC,=y,MD,=z.Taco V,zp =V s+ Voruzo Vs anc -
6a  3a’ 2da° 1
Khi d6 V0 = x.%+y.%+ 2.% =—a2a3a=a" = 6x+3y+2z=6a (D).
Mt khéc ta c6 d,,d,,d; lan luot song song voi 4B, AC,AD nén goc gitra cac duong
thang d6 chinh 1a gdc gitta cac mat bén (ACD),(ABD),(A4BC) va déu bang 90°. Do d6
=

) 1 1 1 1 3
thé tich: V. =— =——.6x3y.2z<— —(6x+3y+2z) =—. Chon C.
! wen, = e NET 52016 27( y+22) 27 :

2. Bai tap ki€m tra.

Cau 10: [THPT Chuyén Thai Binh] Trong khéng gian Oxyz, cho ba diém A4(1;4;5), B(3;4;0)
, C(2;-1;0) va mat phang (P):3x-3y-2z-12=0.Goi M (a;b;c) thudc (P) sao cho
MA? + MB? +3MC? dat gia tri nho nhat. Tinh tong a+b+c.
A. 3. B. 2. C. 2. D. -3.

Cau 11: Trong khong gian Oxyz, cho diém A(3;3;3) va mit phang (P) 2x+2y+z-14=0.

Xét M 1a diém thay d6i thudc (P), gia tri nho nhat cuia 2MO’ + MA® 1a
A. 26. B. 89. C. 45. D. 24.

Cau 12: Trong khéng gian Oxyz, cho 3 diém A(-2; 2; 3);B(1;-1;3);C(3; 1;,-1). Diém
M e(P):x+2z-8=0 sao cho gid tri ctia biu thitc T =2MA" + MB* +3MC’ nho nhét.
Khi d6 diém M cach (Q):—x+2y—-2z-6=0 mot khoang bing

A. E B.2. C.i. D. 4.

3 3
Cau 13: Trong khong gian Oxyz, cho mit phing (P): x-y+z+1=0, cac diém A4(L;1;1),
B(0;1;2),C(-2;0;1). Di€ém M (a;b;c)e(P) sao cho §=2MA>+MB*+MC* dat gid tri
nho nhat. Gia tri (3a+2b+c) bang

A2 B. L. c -2, D -2
4 4 2
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Ciu 14: Trong khong gian v6i hé toa dd Oxyz,cho hai diém A(1;0;2), B(3;1;—1). va mat phéng
(P):x+y+z—-1=0. Goi M (a;b;c) e (P) sao cho ‘3@4—2]\73‘ dat gia tri nhé nhat. Tinh
S =9a+3b+6c.

A. 4. B. 3. C. 2. D. 1.

Cau 15: [THPT An Liao Hai Phong] Trong khong gian voi hé toa do Oxyz, cho 3 diém
A(1;2;3),B(0;1;1),C(1;0,—2) va mat phang (P):x+y+z+2=0. Goi M la diém thuodc
mgt phang (P) sao cho gia tri cia biéu thtcc T=MA> +2MB* +3MC* nho nhat. Tinh
khoang c4ch tir M d@én mét phang (Q):2x—y—2z+3=0?

Vgl B. = C. 24 D~
3 54 54
x=1-¢
Cau 16: [THPT Yén Dinh-Thanh Hoa] Trong khong gian Oxyz, cho duwong thang d:<y=2+1¢
z=—t

vaba diém 4(6;0;0), B(0;3;0),C(0;0;4). Goi M (a;b;c) 1a di€m thudc d sao cho bidu
thicc P = MA®> +2MB* +3MC* dat gid tri nho nhat, khi d6 a +b + ¢ bang
A. 3. B. 4. C. 1. D. 2.
Cau 17: [Chuyén Lé Hong Phong — Nam Dinh] Trong khong gian vdi hé toa dd Oxyz, cho
duong thang A:x_1 _Y_z+2
2 1 -
M thudc duong thang A sao cho MA® +2MB* dat gia tri nho nhat.
A. M(5;2;-4). B. M (-L;-1;-1). C. M(1;0;-2). D. M (3;1;-3).

va hai di€ém 4(0;-1;3), B(1;-2;1). Tim toa d¢ diém

Cau 18: Trong khong gian Oxyz , xét mét cau (S) di qua hai di€ém 4(1;2;1), B(3;2;3) vaco tam
thudc mat phang (P):x—y—3=0. Gid tri nh nhat ctia ban kinh mat cau () 1a
A 243, B.1. C. 3. D. 242.

Cau 19: Trong khéng gian Oxyz, cho 4(15-1;4), B(7:6;3), C(6;—-3;6), D(8;14;—1) va
M (a;b;c) thude mit cau (§):x*+y° +z° —2x+4y—6z-11=0. Gid tri ctia biéu thikc
P=a+b+c khi MA?> + MB* + MC* + MD* dat gid tri nho nhat?

A.9. B. -5. C. 16. D. 2.

Cau 20: Trong khong gian Oxyz, cho hai diém 4(3;-1), B(0;—2;3) va mdt cau
(8):(x+1)"+y* +(z-1)" =1. Khi diém M thay d8i thudc (S), tim gia tri 16n nhat cta
biéu thirc MA* +2MB*.

A. 80. B. 56. C. 82. D. 50.

Cau 21: [Lé Hong Phong-Nam Dinh] Trong khong gian Oxyz, cho A(0; 1; 1), B(3; 0;-1),
C(0; 21;-19) vamatcau (8):(x—1)"+(y-1)" +(z~1)’ =1.Diém M (a; b; ¢) thude ()
sao cho biéu thitc T =3MA> +2MB’ + MC? dat gi4 tri nhé nhat. Tinh tong a+b+c.

A.a+b+c:%. B. a+b+c=0. C.a+b+c=%. D. a+b+c=12.
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Cau 22:

Cau 23:

Cau 24:

Trong khong gian voi hé toa dé Oxyz, cho mat cau (S):(x —1)2 +(y—2)2 +(z+1)2 =9
va hai diém A(4;3;1), B(3;1;3), M la diém thay d6i thudc (S). Goi P,
gid tri 16n nhat, nho nhét ctia biéu thie P=2MA* -MB*. Gid tri P,

A. 64. B. 60. C. 68. D. 48.
[THPT Kim Lién - Ha N6i] Trong khong gian Oxyz, cho diém M (2;1;1). Viét phuong

P lan luot 1a

ax 2

- Pmin b‘éng

trinh mat phéng (P) di qua M va citba tia Ox, Oy, Oz lan luot tai cac diém 4, B,
C khac gdc O sao cho thé tich khdi tit dién OABC nho nhat.

A.2x—y+2z-3=0. B.4x—-y—-z-6=0.

C.2x+y+2z-6=0. D. x+2y+2z-6=0.

[THPT Tran Phti — Ha Tinh] Trong khong gian Oxyz, mét phang () di qua M (1;1;4)
cat cac tia Ox,0y, Oz lan luot tai 4,B,C phan biét sao cho t&t dién OABC c6 thé tich
nho nhat. Tinh thé tich nho nhat do.

A.72. B. 108. C. 18. D. 36.

3. Hwéng din bai tip kiém tra.

Cau 10:

Cau 11:

[THPT Chuyén Thai Binh] Trong khong gian Oxyz, cho ba diém 4(1;4;5), B(3;4;0)
, C(2;-1;0) va mat phing (P):3x-3y-2z-12=0. Goi M (a;b;c) thudc (P) sao cho
MA? + MB? +3MC? dat gia tri nho nhat. Tinh tong a+b+c.
A. 3. B. 2. C. 2. D. -3.

Huéng dan giai
Goi 1(2;1;1) 1a diém thoa man IA+IB+3IC =0.Dat T = MA> + MB> +3MC?, ta cé:
T =5MI* + I4* + IB* 4+ 3IC* nhé nhat khi M la hinh chiéu cta I trén (P).

3x—3y—2z—

Ghi — 12 CALC nhap toa d6 I, STO M bam AC

Ghi (3M +x)+(—3M +y)+(—2M +z)= két qua bang 3. Chon A.
Trong khong gian Oxyz, cho diém A(3;3;3) va mit phang (P) 2x+2y+z-14=0.
Xét M 1a diém thay d6i thudc (P), gia tri nho nhat ctia 2MO* + MA® 1a
A. 26. B. 89. C. 45. D. 24.
Huéng dan giai
Goi I la diém thoa man 270 +I4=0, toa dd /(1;1;1) va im hinh chiéu cta I trén(P).

_2x+2y+z-14

Ghi CALC (nhap toadd ) 1=1=1== STO M.

Ghi 2((2M+x)2+(2M+y)2+(M+z)2)+(2M+x—3)2+(2M+y—3)2+(M+z—3)2

Bam = ta dwoc 45. Chon C.
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Cau 12: Trong khong gian Oxyz, cho 3 diém A(-2; 2; 3);B(1;-1;3);C(3; 1;,-1). Diém
M e(P):x+2z-8=0 sao cho gid tri ctia biéu thicc T =2MA> + MB*+3MC’ nho nhét.
Khi d6 diém M cach (Q):-x+2y-2z-6=0 mdt khoang bang
A.g. B.2. C.i. D. 4.
3 3
Hudng dan giai
Goi I(1;1;1) la diém thoa man 214+ IB+3IC =0. Ta tim M 1a hinh chiéu cua I trén(P).

_x+0y+2z-8

Ghi CALC (nhap toa d6 ) 1=1=1== STO M.

Ghikx+2y—22—q

CALCnhap M +x=0M +y=2M +z== két qua 4. Chon D.

Cau 13: Trong khéng gian Oxyz, cho(P): x—y+z+1=0,4(L1;1) , B(0;1;2),C(-2;0;1) va
M (a;b;c) e(P) sao cho S =2MA* + MB® + MC® dat gi tri nho nhat. gid tri 3a+2b+c)

bang
A2 B. . c-2. D. -2
4 4 4 2

Huéng dan giai
Goi I(O;%;%J 13 diém thoa man 274+ IB+1C =0. Ta tim hinh chiéu cta I trén(P).

x—y+z+l

Ghi CALC (nhép toa dd ) 0= ==STOM.

3
4

AW

BAm 3(M +x)+2(~M +y)+(M +z) bim = két qua % Chon B,
Cau 14: Trong khong gian v6i hé toa dd Oxyz,cho hai diém A(1;0;2), B(3;1;—1). va mat phéng
(P):x+y+z-1=0. Goi M(a;b;c) e (P) sao cho ‘3@—2@9’\ dat gi4 tri nho nhat. Tinh
S =9a+3b+6c.
A. 4. B. 3. C. 2. D. 1.
Hudng dan giai
Goi 1(-3;-2;8) la diém théa man 3/4—2/B=0. Ta tim hinh chiéu cta I trén(P). Ghi

_xty+z-l e (nhap toa d6I) —3=—2=8== STO M.

Ghi 9(M +x)+3(M +y)+6(M +z) bdm = két qua 3. Chon B.

Cau 15: [THPT An Lao-Hai Phong] Trong khong gian voi hé toa dd Oxyz, cho 3 diém
A(1;2;3),B(0;1;1),C(1;0;—2) va mat phang (P):x+y+z+2=0. Goi M la diém thudc
mat phang (P) sao cho gid tri ctia biéu thtic T=MA> +2MB’+3MC* nho nhat. Tinh
khoang cach tir M dén mat phang (0):2x—y—2z+3=07

121 1
A 25 B. — C. 24 D. 2.
3 54 54
Huéng dan giai
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Caule:

Goi / (% % %J 1a diém thoa man 14 +2IB +3IC = 0. Ta im hinh chiéu cta I tren( )

Ghi XY ¥2%2 CALC (nhap toa d0 1) %:%:%1 __ STOM.
2M+x)-(M+y)-2(M+z)+3 91
Ghi | (M +x)=(M+)=2(M +2) | bdm = két qua —. Chon D.
3 54
x=1-t
[THPT Yén Dinh-Thanh Héa] Trong khéng gian Oxyz , cho duong thang d:4y =2+t
z=—t

vaba diém 4(6;0;0), B(0;3;0),C(0;0;4). Goi M (a;b;c) 1a di€m thudc d sao cho bidu
thitc P = MA®> + 2MB* +3MC* dat gia tri nho nhat, khi &6 a+b+c¢ bang
A. -3. B. 4. C.1. D. 2.
Huéng dan giai
Cach 1. Tam ti cu.
Goi 1(1;1;2) 1a diém thoa man IA+2IB+3IC =0. Ta tim hinh chiéu cua I trén(d).

-Xx+y-z

Ghi CALC (nhap toa dd M 1) 0=-1=2== STO M.

(Chay a+b+c=3-t nén) ghi 3—M bam = kétqua 4. Chon B.

Cach 2. Khao sat.

Giasit M (1-t;2+1,-t)ed .

Ta co: P:(t+5)2+(t+2)2+t2+2[2(t—1)2+t2]+3[(t—1)2+(t+2)2+(t+4)2] 1a Parabol.

10+4-8+30

T =-1,khidé M(2L1)=a+b+c=4.

Nén P dat gia tri nhé nhat tai ¢ = —

Cau 17: [Chuyén Lé Hong Phong — Nam Dinh] Trong khong gian vdi hé toa dd Oxyz, cho

-1 y z+2
IS

M thubc duong thang A sao cho MA® +2MB* dat gia tri nho nhat.

A. M(5;2;-4). B. M (-L;-1;-1). C. M (1;0;-2). D. M (3;1;-3).

duong thang A: a

va hai di€ém 4(0;-1;3), B(1;-2;1). Tim toa d¢ diém

Huéng dan giai
Goi / (% ?5 gj 12 diém théa man I4+2IB =0. Ta tim hinh chiéu cua I trén A.

2x+y—-z 5 5

Ghi CALC(nhaptoadoM])——l——§=§+2==STOM

ghi 2M +1: M :—-M -2 bdm = = = két qua M (-1;—-1;—1). Chon B.

Cau 18: Trong khong gian xét mat cau (S) di qua hai diém 4(1;2;1), B(3;2;3) va c6 tam thudc

mgt phang (P):x—y—3=0. Gid tri nhd nhat ctia ban kinh mat cau () la

A. 243, B. 1. c. 3. D. 24/2.

Hudng dan giai
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Tam I mit cau thudc mit phing trung triec cia AB c6 phuong trinh (Q):x+z=4. Do
do tir phurong trinh ctia (P) va (Q) ta co toa dd I(x;x—3;4—x), suy ra:
R= AT =J(x=1)* +(x=5)* +(x—3)* =3x* —18x+35>242 . Chon D.

Cau 19: Trong khong gian Oxyz, cho A(15-1;4), B(7:6;3), C(6;—3;6), D(814;—1) va

M (a;b;c) thude mit cau (8):x*+y° +z° —2x+4y—6z—-11=0. Gid tri ctia biéu thirc
P=a+b+c khi MA*> + MB* + MC* + MD* dat gia tri nho nhat?
A.9. B. -5. C. 16. D. 2.
Hudng dan giai

Goi I(1 ;-2 ; 3) 1a tam mat cau, ta ¢ IA+IB+IC+1D :(32;24;0) =IK .Taco:
MA* + MB* + MC? + MD? = 4MI* + IA* + IB* + IC* + ID* + 2MI IK .
Vay dé€ tong nho nhat thi M7, IK nguroc huéng nhau < IM =tIK = 1(32;24;0),6>0

5 1

néntziz—z—:m=l(32;24;0)=(4;3;0):>M(5;1;3):>a+b+c=9.Ch(_)nA.
IK 40 8 8

Cau 20: Trong khong gian Oxyz, cho hai diém 4(3;,-1), B(0;—2;3) va mdt cau

Cau 21:

(S):(x+1)2 +y° +(z—1)2 =1. Khi diém M thay ddi thudc (S), im gia tri 16n nhéat ctua
biéu thitc MA* + 2MB*.
A. 80. B. 56. C. 82. D. 50.

Huéng dan giai
Cach 1. Phwong phap véc to.
Goi /(-1;0;1) 1a thm mét cau, ta c6 IA+2IB = (6;-3;2) = IK . Tacd:
T = MA* + 2MB?* =3MI* + I4* + 2IB* + 2MI IK = 42 + 2MI IK .
Vay d€ tong 16n nhat thi MI,IK cting huéng. Nén max 7T =42+2.1.7 =56. Chon B.
Cach 2. Khao sat — Khtt bac hai dua vé mat phang.
Goi M (x:732), taco T =(x=3) +(y=1) +(z+1) +2| ¥+ (y+2) +(z-3)’ |
T=3(x"+y"+2")=6x+6y—102+37 =3(~1-2x+22)—6x+6y —10z+37

T -42]

& ~12x+6y—4z+34-T=0=d(1.(P)) == <1=T <14+42=56. Chon B.
[THPT Lé Hong Phong-Nam Dinh] Trong khéng gian Oxyz , cho ba diém 4 (O; 1 1),
B(3; 0;-1), C(0; 21;—19) va mat cau (S):(x—l)z+(y—1)2+(z—1)2 =1. M(a; b; ¢) la
diém thudc mit cau (S) sao cho bi€u thite 7 =3MA* +2MB’* + MC* dat gid tri nho nhét.
Tinh tong a+b+c.
A.a+b+c=%. B. a+b+c=0. C.a+b+c=%. D. a+b+c=12.

Huéng dan giai
Chon A
Goi I(1; 1; 1) 1a tdm mat cau, ban kinh R=1.
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Cau 22:

Cau 23:

Cau 24:

Ta co T =3MA* + 2MB? + MC? = 6MI* + 314> + 2IB* + IC? +2.ﬁ1.(3ﬁ+2ﬁ+ﬁ) .

Dit 314+ 2IB+1IC = (0;18;-24) = IK ,khi d6 T nho nhatnéu IM, IK cung huéng. Ta ¢

W=t.1?,t>0:z=£=iz>mzi(0;18;—24)= 0.2,-2]
IK 30 30 575

Tt &6 M(l;§;lj:>a+b+c:ﬂ.
55 5

Trong khong gian véi hé toa do Oxyz, cho mat cau (S):(x—1)" +(y—2)"+(z+1)" =9

va hai diém A(4;3;1), B(3;1;3); M la diém thay ddi trén (S). Goi P,

tri 16n nhat, nho nhat ctia biéu thite P=2MA* -MB®. Gid tri P,

A. 64. B. 60. C. 68. D. 48.
Huéng dan giai

Goi /(1; 2; -1) la tam mat cau, ban kinh R=3.

P, lanluotla gia

ax ?

- Pmin béng

Tacé P=2MA>~MB* = MI” +214° — IB* +2.MI.( 214~ IB).

Dt 214— 1B = (4;3;0) = IK . Khi d6 P 16n nhat, nhé nhat néu Mi, IK tuwong Ung cung
hwéng va ngeoc huéng. Te do P, —P,,, =4.R.IK =60. Chon B.

[THPT Kim Lién - Ha Ni] Trong khong gian Oxyz, cho diém M (2;1;1). Viét phuong
trinh mat phéng (P) di qua M va cit ba tia Ox, Oy, Oz Tan luot tai cac diém 4, B,
C khéc gbc O sao cho thé tich khdi tit dién OABC nho nhat.

A. 2x-y+2z-3=0. B.4x-y-z-6=0.
C.2x+y+2z-6=0. D. x+2y+2z-6=0.
Huéng dan giai
. 1 2 1 1 1
Tacé minV,,, . =—.abc tai: —=—=—=—=a=6,b=c=3.
6 a b c

Khi d6 phuong trinh (P): %+%+§:1<:> x+2y+2z—6=0. Chon D.

[THPT Tran Phti — Ha Tinh] Trong khong gian Oxyz, mit phang () di qua M (1;1;4)
cit cc tia Ox,0y,0z Tanluwot tai 4,B,C phan biét sao cho tit dién OABC c6 thé tich
nho nhat. Tinh thé tich nhé nhat do.

A.72. B. 108. C.18. D. 36.
Hudng dan giai
. 1 1 4 1
Tacé minV,,, . =—.abc tai: —=—=—=—=a=b=3,c=12.
6 a b c¢

Khi 6 min¥, . = %.3.3.12 =18. Chon C.
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III. BAI TOAN VE QUY TiCH - VI TRi TUONG POL

1. Dic diém dang toan va vi du.

* Dic diém dang toéan:

Nhiing bai toan can bién luan theo tham s6 hodc bién doi dai s6 hay xét vi tri
twong d6i d€ tim GTLN, GTNN hoic tinh toan khéc. O day ching ta chi xét don 1é cac
khoang cach (Néu c6), ma khong phai tong - hiéu cac khoang cach. Phan sau ta sé
nghién cttu bai toan “Pinh luat phan xa anh sang ddi véi gwong phang”.

* Phuong phap giai:

Tam ti cy la diém ma chdng ta cling can luu y. Ngoai ra ta con vé cac yéu td phu
dé giai toan: Cac yéu t6 thuong can vé la vuong goc, song song, d6i xting, bang nhau.
Twong tng voi cac yéu td do 1a cac tinh chat hinh hoc ctia mot s6 hinh; 1ap cac phuwong
trinh dwong; tim giao diém; . . .

Vi du 21. Trong khéng gian véi hé toa d6 Oxyz, cho mit phang (P):x+3y—z—1=0 va cac
diém A(1;0;0); B(0;-2;3) . Viét phuong trinh duong thang d nam trong mit phang (P)

di qua 4 va cach B mot khoang 16n nhat.

x=1+t¢ x=1+¢ x=1+7¢ x=1+7¢
A.d:qy=2t . B.d:qy=—t . C.d:iy=2t . D.d:<y=-2t .
Z=_3t z=t z=1 z=1

Hudng dan giai.
Chon D.
Goi K la hinh chiéu vuong gdc ctia B trén d, ta c6 BK < B4 nén khoang cach 16n nhat
khi d vudng gdc v6i BA, d ndm trong (a),suyra u, = [ﬂ,a] .
MENU912nhap 1=2=3=va l=3=1=tacdx=7,y=-2nén u, =(7,-2;1).

Vi du 22. Cho mat cau (S): X +y* +8x—-6y—4z—11=0 va hai diém A(l;2;3),B(—1;2;0). Goi
(P)1a mat phang chira A, B va khoang cach tir tam I dén mt phing (P) 16n nhét. Viét
phuong trinh mat phang (P) .

A. (P):3x-y-2z+5=0. B. (P):3x+y-2z+1=0.
C. (P):3x+y+2z-11=0. D. (P):3x—y+2z+5=0.
Hud6ng dan giai.
Goi H va K lan luot 1 hinh chiéu vuong géc cta tdam I 1én mp(P) va duong thang AB,
ta c6 IH < IK nén [H 16n nhét bing IK hay IK =n, .
Toa dd diém I(- 4; 3; 2), BA =(2; 0; 3).

Ghi 2x10y9+3z CALC (nhép toa do ﬂ) 5=1=-1== StoM
+

ghi [+2M +4:2+0M ~3:3+3M ~2bdm === ta c6 IK =n, =(3-1-2).
Phuong trinh (P) 1a: 3x - y -2z +5=0. Chon A.
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Vi du 23: [Dé tham khao 2021 - BGD] Trong khong gian Oxyz, cho hai di€ém A4(2;1;3) va
B(6;5;5). Xétkhoinén (N) c6 dinh 4, dwong tron day nam trén mat cau duong kinh
AB. Khi (N) c6 thé tich 16n nhét thi mit phing chira duong tron day cta (N) cé
phuong trinh dang 2x+by +cz+d = 0. Gid tri cia b+c+d bang
A.-21. B.-12. C.-18. D. -15.

Hudng dan giai.

Goi h=1IH =d(1,(P)) , r laban kinh ddy nén, R =I4 =3 la ban kinh mat cau.
Tacd AH =3+h, r* =9—h* va thé tich khéi nén la: 7 = %7[(3-1— hO-h).

3+h+3+h+6-2h
3

32r

3
Tacé:(3+h)(3+h)(6—2h)£( j :64:V£%7r.64:

Dé&u bang co khi 3+h=6-2h=h=1= AH =4.

. -l —
Mit phang (P) chita duong tron ddy cia nén c6 n = EAB =(2;2;1).

bat Ezt(Z;Z;l),t>0 suy ra t=i3E=[§;§;ij:>H
3 333
Phuong trinh (P) la: 2x+2y+2z-18=0. Vay b+c+d =-15. Chon D.

Vi du 24. Trong khong gian Oxyz, cho mét cau (S): ()6—2)2 +(y—5)2 +(z—3)2 =27 va duong
thang d :XT_I = % =Z ; 2, Mit phang (P) chita dudong thang d va cit mit cau () theo

giao tuyén la dudng tron c6 ban kinh nho nhat. Phuong trinh cta (P) la

ax+by—z+c=0.Ménh dé nao duédi day dung ?
A.a+b+c=1. B.a+b+c=-6. C.a+b+c=6. D.a+b+c=2.
Hudng dan giai

Goi I la tam mat cau, H 1a tam duong tron giao tuyén va la hinh chiéu cua I trén (P).

Ké IK vudng gbc voi d.
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Puong tron c6 ban kinh nho nhat khi (P) cach xa I nhat, ma /H <IK .Vay ta phai c6

H =K va (P) c6 mot vipt Zzﬁ.

2(x—1)+y+2(z—2)
9

ghi 142M -2:M-5:2+2M -3 bdm === ta c6 toa d0 véc to IK =(1;~4;1)

= (P):—x+4y—z+3=0=>a+b+c=-1+4+3=6.Chon C.

Ghi

CALC (nhap toa dd J) 2=5=3== STOM

Vi du 25. [Dé 2017 - BGD] Trong khéng gian Oxyz, cho hai diém A4(3;-2;6), B(O; 1;0) va mat

cau (S) :(x—l)2 +(y—2)2 +(z—3)2 =25. Mit phang (P) rax+by+cz-2=0 diqua A,B
va cdt (S) theo giao tuyén 1a duong tron ¢6 ban kinh nho nhét. Tinh T=a+b+c
A.T=3 B.T=4 C.T=5 D.T=2.

Hudng dan giai.
Goi 7(1;2;3) la tdm mat cau. Ké [H,IK Tan luot vudng goc véi (P) va 4B thi ta c6
IH < IK , do d6 d€ duodng tron giao tuyén ¢ ban kinh nho nhét thi (P) cach xa tam I
nhat, hay maxd(Z,(P))=IK, khi d6 IK la mot VTPT ctia (P).

Ghi %ﬁzz CALCnhap 1=1=3== STOM, b&m AC ghi M —1:~M —1:2M —3 b&m

= = = ta duoc I?z(O;—2;—1), suy ra (P):Ox+2y+z—2=0 .Chon A.

Vi du 26. Trong khong gian Oxyz, cho mat cau (S):x*+ )’ +z’+2x—-4y-2z=0 va diém

M (0;1;0). Mt phing (P) di qua M va cit () theo duong tron (C) ¢ chu vi nho
nhat. Goi N(x,;¥,:2,) la diém thudc duwong tron (C) sao cho ON = J6. Tinh y,.
A. 2. B.2. C. 1. D.3.

Hudng dan giai.
Chon B.
Mt cau ¢ tam 1(-1;2;1),R =6.Ha IH vudng goc voi (P) thi IH < IM . D& dudng
tron giao tuyén cé chu vi nhé nhat thi I cach xa (P) nhat, nhw thé ta phai c6 IH = IM
va la vtpt cta (P). Phuong trinh (P):x—y—-z=-1.
Ta c6 NO=NI =+/6 =R nén N thudc mit phang trung truc ctia OI, phrong trinh 1a:
(0):—x+2y+z=3.

Suy ra N thudc d 1a giao tuyén cta (P) va (Q), cdng cac vé€ ta duoc y=2.
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Vi du 27. Trong khong gian véi hé toa do (Oxyz), cho hai mat phéng (P):x—y—z+6:O;
(0):2x+3y—2z+1=0. Goi (S) 1a mit ciu cit mit phing (P) theo giao tuyén la
duodng tron tam H(—1;2;3), bén kinh » =8 va cit mit phing (Q) theo giao tuyén la
duodng tron 6 ban kinh 16n nhat. Phuong trinh mét cau (5) la:

A (S):x* +(y-1) +(z+2) =3. B. (8):x* +(y-1) +(z-2) =67.

C.(8):x*+(y+1) +(z-2)" =64. D. (S):x*+(y+1) +(z+2) =64.
Hudng dan giai.

Goi I 1a tam mit cau (S), I thude (Q) thi (S) cét (Q) giao tuyén la dudong tron 16n.

Mit khac diém I thude duong thing d qua H va vudng goc véi (P) nén c6 toa do

I(—1+x;2—x;3—x), cho thudc (Q) suy ra x=1.

Suyra 1(0;1;2) va R* =3x>+r* =67. Chon B.

Vi du 28. Trong khong gian v6i hé toa dd Oxyz, cho mét cau (S) c6 tam thudc mat phang
(P):x+2y+z-7=0 va di qua hai diém A4(1;2;1), B(2;5;3). Ban kinh nho nhat cta

mat cau (§) bang
£ V763 345 b, Y470

A B. ——. C. —. .
3 3 3
Huodng dan.
Phwong trinh trung truc cua AB la (Q) :Xx+3y+2z=16.Suy ra tam I méat cau thudc

duong thang d 1a giao tuyén caa (P) va (Q). Phuong trinh d : %2 = ll =Z 19 .

2
Tacoé minR=min/4A=d(A4,d), ghi \/x2+y2+zz—m

\/546
3

CALCnhsp3=2=-8=

. Chon A.

két qua

Vi du 29. Trong khong gian véi hé toa dd Oxyz, cho hai diém 4(2;3;5), B(1;2;4) va mét cau
2

(Sm):(x—l)2 +(y—l)2 +(z—m)2 = mT Tim gia tri nho nhat cua m dé€ trén (S, ) ton tai

diém M sao cho MA*—MB* =9.
4-3

A m=8-43. B.m=—=. C.m=1. D. m=3-13.
Huéng dan.

Goi M (x;y;z), tacd (x—2)2+(y—3)2+(z—5)2—(x—l)z—(y—?_)z—(z—4)2 =9

Suyra M e(P):x+y+z-4=0.

m? 2V
Mit khdc M e(S,) c6tam I(L;1;m),R? _T nén d* <R’ & (m 3 )

<
4

Gidira ta cd 8—4/3 <m <8+4+/3. Chon A.
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Vi du 30. [Dé 2019-BGD] Trong khong gian Oxyz, cho diém 4 (0;3;—2). Xét duong thing d
thay d6i song song véi Oz va cach Oz mot khoang bang 2. Khi khoang cach tir 4 dén
d nho nhét, d di qua diém nao dwéi day?
A. P(-2;0,—2). B. M (0;4;—-2). C. 0(0;2;-5). D. N (0;—2;-5).

-2T ——————— ———® A

Dé khoang cach tir 4 dén d nho nhat thi diém 4, d va truc Oz dong phéang va khi
do6: d(A,d)=d(A4,0z)-d(d,0z)=1.
Phuong trinh d:x=0,y=2,z=¢.Khi d6 d di qua diém Q(0;2;—5). Chon C.

Vi du 31. Trong khong gian Oxyz, diém M(x; y; z) di dong trén d 1a giao tuyén ctia 2 mat phang
(a):3x—y+4z+1=0 va (B):2x+3y+z+7=0.Tim gid nho nhat ctia T =x’+y’ +2*
A B. 32 c. o1, p. 2
- 9 27 121 19

Hudng dan giai
Chon A.
Tacd T=x"+y>+z° =0OM’ dat gid tri nhd nhat khi OM nho nhat va chinh la khoang
céch tir O dénd. Ta c6: u, =| n,.m, |=(~13;511).
Phwong trinh mp(P) qua O va vudng gocvoidla —13x+5y +11z=0.
Giai hé ba an boi ba mat phfmg, ta duwoc M (%,%,%] nén 7T = % .

Vi du 32. [THPT Chuyén Vinh Phtc] Trong khong gian véi hé toa d§ Oxyz, cho mat cau
(S):x*+y*+2°-2x-2y—6z+7=0.Chobadiém 4, M, B nam trén mat cau (S) sao
cho AMB =90°. Dién tich tam gidc AMB c6 gié tri 16n nhat bang?

A 2. B. 4. C. 4n. D. Khong ton tai.
Hudng dan giai.

Chon B.

Mt cau c6 ban kinh R=+1+1+9-7 =2. Tam gidc AMB vudng tai M nén d€ dién tich

16n nhat thi AB la dwong kinh mat cau. Ta cé:

_ l 1 2 2 _ 1 2 _
SAMB—Z.ZAM.BMSZ(AM +BM )—ZAB =4,
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Vi du 33. [Chuyén Lé Quy Don- Quang Tri] Trong khong gian Oxyz, cho mit phang (P):
x—y+2=0 vahai diém A4(1;2;3), B(1;0;1). Diém C(a;b;—2)e(P) sao cho tam giac
ABC c6 dién tich nho nhat. Tinh a+b.
A 2. B. 3. C. 1. D.o.
Huéng dan giai
Chon D.
Goi C(x;x+2;—2)e(P), ta co: BA= (0;2;2),55 =(x—1Lx+2;-3). Ttr d6 dién tich ABC

la: S=%\/8[(x—1)2+(x+2)2+9]—(2x—2)2 =/3x>+6x+27 226

minS =26 & x=-1 C(-L1;-2)=a+b=0.
Vi du 34. [Hoc mai] Trong khong gian toa dd Oxyz, cho 4(-3;1;1), B(1;~1;5) va mit phang

(P):2x-y+2z+11=0. Mét cau (S) di qua hai diém 4,B va ti€p xtc véi (P) tai di€ém
C.Biét C thuéc mot duwong tron (7') c§ dinh. Tinh ban kinh r ctia duong tron (7).
A. r=4. B. r=2. C.r=\/§. D.r:ﬁ.
Huéng dan giai

Chon A.
Taco 4B = (4;,-2;4) =2(2-1,2)=2n, nén 4B vudng géc véi (P). Goi D la giao diém
cua 4B va (P), theo tinh chat cat tuyén va ti€p tuyén, ta co : DC? = DA.DB khong d6i,
do d6 r=DC=+DA.DB.
Vi DA=d(A,(P))=2,DB=d(B,(P))=8,suyra r=+2.8=4.

Vi du 35. [HSG tinh Nam Dinh ] Trong khong gian Oxyz, cho 4(a;0;0), B(0;6;0), C(0;0;c)
véi a,b,c 1a cac s6 thuc thay doi, khac 0 va théa man a+b+c=6. Goi tam mat cau

ngoai ti€p ti dién O4BC 1a I. Gid tri nho nhét cia Of bang:

V3 3

A. 3. B. X2, c. X2, D. 3.
2 3 =

Hudng dan giai
Chon D.

Goi I(x; y; z) la tam mat cau ngoai ti€p O4BC, néu dyng thém hinh hop chit nhat 6

2323
Suyra x+y+z= a+[2)+c =3=0l=\x"+y* +2° > ,/%(x+y+z)2 =+3.

Vi du 36. [THPT Yén Khanh-Ninh Binh] Trong khong gian Oxyz, cho mit phang (P) tiép

ba canh OA, OB, OC thi I 1a tam ctia hinh hop, hay ta c6 /(x; y; z)= I[a b Cj .

xtc voi mat cau (S ) :X* 4+ +2° =1 tai diém M cb toa do duong. Mit phang (P) cit
cac tia Ox, Oy, Oz lan luot tai cac diém 4, B, C. Gia tri nhé nhat cua biéu thirc
T=(1+04’)(1+0B*)(1+0C”) 1a:

A.24. B. 27. C. 64. D.8.
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Hudng dan giai

Chon C.
Do tinh d&i xting nén T nho nhat khi @ =5 = ¢ > 0. Khi d6 phuong trinh (P) theo doan
chanla: x+y+z-a=0.Diéu kién tiép xtc d(O,(P))z%zR =l=a=+3.

Vay minT =(1+a*) =4' =64.

Vi du 37. [Chuyén Lwong Thé Vinh — Dong Nai] Trong khong gian Oxyz, cho hai diém
A(1;0;1), B(0;1;-1). Hai diém D, E thay d&i trén cac doan OA4,0B sao cho dudong thing
DE chia tam gidc OAB thanh hai phan c6 dién tich bang nhau. Khi DE ngan nhat thi
trung diém cua doan DE c6 toa d¢ 1a

A (iio] B, Igg(g cofbko) phido)

373

Huéng dan giai

Chon A.

Ta c6 OA=0OB=+/2 nén tam giac OAB can tai O, do vai tro ngang nhau nén DE nho
nhat khi OD = OE . Ti s0 dién tich Soi =(@j =l, suy ra OD :LEZI,@ :LEE
o NOA) 2 V2 V2
Tt do: &:l(ﬁnﬁ) (0A+OB) suy ra toa do / £ £,O
2 202
Vi du 38. Trong khéng gian Oxyz, cho A(2;1;3), mat phang (P):x+my+(2m+1)z—m—-2=0,
m 1a tham s6 thue. Goi H (a;b;¢) 1a hinh chiéu vuéng géc cia di€ém 4 trén mat phang

(P). Khi khoang cach tir diém 4 dén (P) lén nhat, tinh a +5 .

A. 2. B.l. Qé D.o.
2 2
Huodng dan.
Chon C

~ 2%~ Keé AH, AK fin luot
vudng goc voi (P) va d, khi d6 4H < AK nén khoang cach AH 16n nhat bang AK.

Ta can x4c dinh H (a;b;¢) la hinh chiéu ctia A trén d, khi d6 a+b5=3+3¢.

Mit phéang (P) chita duong thang cd dinh d: i

Ghi % bam CALC nhap 0=0=3== ta dugc tz—% nén a+b=%.
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Vi du 39. Trong khong gian voi hé toa dd Oxyz, cho hai mét cau (S, ),(S,) lan lwot c6 phuong
trinh 1a x> +)° +2z" —2x-2y-2z-22=0, x*+)" +z" —6x+4y+2z+5=0. Xét cac mat
phang (P) thay doi nhung ludn tiép xtic véi ca hai mat cau da cho. Goi M (a;b;c) 1a
diém ma tat ca cac mp(P) di qua. Tinh téng S=a+b+c.

A S=_2. B.S=>. C.s=_2. D.s=2.
> > > >

Huéng dan.
Cac mat cau: (S;)co tam 7, (LL1),R =5, (S,)c6 tam 1,(3;-2;-1),R,=3. Ta 6
LI, =17 <R +R, nén (S,),(S,) cit nhau. Cac mat phang (P) ludn di qua diém M

thudc duong thing 1,1, thoa man MI, = §M—I2 . Toa do M[6;—§;—4]. Chon C.

Vi du 40. Trong khong gian v6i hé toa d§ Oxyz, cho hai diém A(l;2;7), B(%S,_Tlo,gj Goi

(S) 1a mit cau tdm / di qua hai diém 4, B sao cho O nhé nhat. M (a;b;c) 1a diém

thuoc (), gia tri 16n nhat ctia biu thic T'=2a—-b+2c 1a

A. 7. B. 18. C. 156. D. 6.
Hudéng dan.
Chon B
25+100+169
224 36 4
Phuong trinh trung tryc ciia BA 1a (P): 7x +7y +72 = 5 =24.

Hay rt gon thanh (P):x+2y+3z—14=0. Vi Ol nho nh&tnén I 1a hinh chiéu cia O
trén (P), & day dé tim dwoc /(1;2;3). Suy ra R=I14=4.

T do T=6+2(a—1)—(b—2)+2(c—3) £6+\/9[(a—1)2 +(b=2) +(c=3)" | =18.

Viduy 41. [Chuyén Lé Quy Don Quang Tri] Trong khong gian vdi hé toa dd Oxyz, cho mat cau

(S): (x=1)2 +(y+1)" + 22 =%, mét phang (P):x+y+z+1=0 va duong thing A:%:%:%.
biém M thudc dwong tron giao tuyén cua (P) va (S). Gia tri 16n nhét cta d(M;A) la
A. % B. 22. C. V2. D. %
Huéng dan.
Mit cau ¢ tam 7(1;-1;0), R’ zg. Ha [H vuodng goc vé6i (P), IH =d(1,(P))= %
Béan kinh duong tron giao tuyén la: r=vR> —IH* = %—% = %
Puong thing A vudng géc véi (P) vacat (P) tai K; d(I,A)=HK = V2 =2r.

32

Khi d6 maxd (M,A)=3r = 72 Chon A.
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Vi du 42. Trong khong gian hé truc toa dd Oxyz, cho 2 duong thang d : x2—1 _y+l_z=2

1 2
va d’:xTﬂzgz Zl_l . Viét phuong trinh mat phang (a) chtta d va («) tao véi d'
mot goc 1on nhat la
A x—-z+1=0. B.x—4y+z-7=0.
CS5x-2y—-4z+1=0. D.3x-2y-2z-1=0.
Hudng dan giai.
Chon B.

Cach 1. Trac nghiém Casio.

Ta kiém dugc cdc mat phang déu chira d (c6 u,n, =0 va di qua diém (1;-1;2)). Tinh

_ _IE |[4+2B+C|
Sin
J6 4> + B +C?
Cach 2. Khtr dan an.

] CALC nhap vtpt trong dap an, max ¢ = 35,26°.

Gia st vtpt az(a;b;c) vubng goéc u, nén 2a+b+2¢c=0=b=—-2a—2c. Ta cd:

. ‘ |a+2b+c| 3|a+c|
sing = cos(ud,,na) = =

- \/g.\/a2 +b% +¢? - \/g.\/5a2 +8ac+5¢c? '

Do vai tro ngang nhau, khi a = ¢ thi max(sing)= \E .

véi @’ +c* #0 .

Chon ¢ =1,a=1,b=-4 va phueong trinh (a) :x—4y+z—-7=0.Chon B.
Nhan xét.
Trong cach 2, ta khit dan an tit a,b,c vé con hai an a,c; TOng quat: phai xét
truong hop a=0Ua %0 16i chia ca ttr va mau cho a d€ dua vé motan ¢ =<, tiép theo
a
la khao sat ham sO bién ¢. Sau day la cach 3 st dung mot an.
Cach 3. Khao sat.
Goi A(a-L2a;a+1)=d'n(a), diém M (;-1;2)ed = MA=(a-2;2a+La-1).
= n, =| MA,u, | =(3a+32-3a-4).

Khi d6 sing = ‘cos(i,u—d,) = 3 16n nhat néu Parabol nho
J6(3a+3) +4+(3a+4)
nhit: P =184 +42a+29 tai a = -2 =7
36 6

Vay n, = —%(1;—4;1) va phuong trinh (a):x—4y+z=7.

Cach 4. Vé yéu t6 phu.

Qua M ed vé duong thing A//d', 14y diém Be A vaké BH 1 (a),BK Ld.
BH _ BK

Ta c6 singp = —— < ——, ddu bang c6 khi BH = BK .
BM ~— BM
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Goi (P) lamp(A,d), tacé Zzé[l,ﬂ:(—l;o;l). Tacéd (o) L(P),d (&) nén:

n, = [Z,ﬁ;] =(1;-4;1), phuong trinh (a) x—4y+z=7.
Vi du 43. [KINLGV THPT Ly Thai T6] Trong khong gian véi hé toa dd Oxyz, cho duong
théng d 21:_y+1 = 2=z
I =2

phang (0):2x—y—-2z-2=0 mdt goc c6 s6 do nho nhat. Diém A(1;2;3) cach mat

. Goi (P) 1a mat phang chita dudng thang d va tao voi mat

phéng (P) mot khoang bang:
. D. —.
11 3
Hudéng dan.
Gia st (P)"(Q)=A, trong mit phing (P) thi d "NA=M . Trén d 1y diém B va ha

A 3. B.%. c. Vit 43

BH,BK vudng goc véi (Q) va A.Khi dé BKH = ¢ 1a géc giita (P) va (Q).

. BH _BH ., .y ... o .
Tacod sing=——2=>——,daubang cé khi K =M .Khi d6 A Ld nén qu[ud,nQ]
BK BM

Tinh dwoc LTA=(3;0;3) hodc chon az(l;o;l). Suy ra Zz[%,uj]z(l;l;—l) do dé
phuwong trinh (P):x+y-z+3=0.Vay d(4,(P))=+3. Chon A.
Vi du 44. [Chuyén Nguyén Trii-Hai Duong] Duong thing A di qua diém M (3:1:1), nam

x=1

trong mat phing (a):x+y—-z-3=0 va tao véi duong thang d:{y=4+3¢t mot goc

z=-3-2¢t
nho nhdt thi phuong trinh ctia A 1a
x=1 x=8+5¢t x=1+2¢ x=1+5¢
A Jy=—t. B.{y=-3-4¢. C.iy=1-¢ . D. y=1-4¢".
z=2t z=2+t z=3-2¢ z=3+21

Hudng dan.
Giasit d () =4, trén d 14y diém B vaha BH vudng goc voi (o) va BK 1 KA sao
cho dudng thing 4K //A.Khi d6 BAK = ¢ 1a gbc giita A va d .
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Taco sing= E > E d&u bing co khi K = H . Khi d6 u, = AH . Ta c6 duong thing

AH 1a giao tuyén cua (P) chtra d va vudng goc ().

n, [ud,ﬁ} (1,2;3) nén u, = [np, J (5;—4;1). Chon B.
Vi du 45. [Chu Van An - Ha N¢i] Trong khong gian Oxyz, cho hai diém A(2;1;—2), B(S;l;l)
vamit cau (S):x°+)° +2° +6y+122+9=0. Xét dudng thang d di qua 4 va tiép xic

véi (S) sao cho khoang cach tit B dén d nho nhat. Phuong trinh cia dwong thang d

la
x=2 x=2 x=2+2t x=2+t
A.{y=1+t . B.<y=1-4¢. C.<y=1-2¢. D.<y=1+4¢.
z==-2+2t z==-2+t z==-2+t z=-2—t
Huodng dan.

Mt cau c6 tam 1(0;—3;—6), ban kinh R=6. Talai c6 I4=(2;4;4)= [4=6.Khi d6 4
1a tiép diém va d nam trong tiép dién ctia mat cau tai 4. Phuong trinh tiép dién la
(P):x+2y+22=0.

Ha BH 1 (P),BK 1 d thi BK >BH do d6 d can tim la duong thang AH .

x+2y+2z

Ghi - CALCnhap 5=1=1== STO M,

ghiM+x-2:2M+y—-1:2M+2z+2 bdm === suy ra E:(Z;—Z;l).Ch()nC.

2. Bai tap ki€m tra.
Cau 25. [S6 GD Ha Noi] Cho hai diém 4, B ¢ dinh trong khong gian c6 d6 dai 4B 1a 4. Biét

rang tap hop cac diém M trong khong gian sao cho M4 =3MB la mot mat cau. Ban
kinh mat cau d6 bang

A. 3. B.

SN INe}

C. 1. D.

N | W

Cau 26. Trong khong gian Oxyz, cho diém 4(1;1;2), mit phang (P):(m—1)x+y+mz-1=0,
v6i m 1a tham s6. Biét khoang cach tir diém 4 dén mit phing (P) 16n nhat. Ménh deé
nao dudi day dang?

A.2<m<6. B. m>6. C. 2<m<2. D. -6<m<2.
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Cau 27. [THTT SO 4-487] Trong hé toa d0 Oxyz, cho diém 4(1;2;-3) va mat phang
(P):2x+2y-z+9=0.Dudng thang d di qua 4 va cd vecto chi phuong i = (3;4;-4)
cat (P) tai B.Diém M thay d6i trong (P) sao cho M luén nhin doan 4B dudi goc
90°. Khi d6 dai MB 16n nhat, duong thang MB di qua diém nao trong cac diém sau?
A. H(-2;-1;3). B. 1(-1;-2;3). C. K(3;0;15). D. J(-3;2;7).

Cau 28. Trong khong gian Oxyz, cho diém 4(1;2;-3), mat phang (P):2x+2y-z+9=0 va

duong thang A: X;Ll = % =Z +42. Duong thang d di qua A, song song véi A va cit (P)

tai B. Diém M di dong trén (P) sao cho tam giac AMB ludn vudng tai M. D dai doan

MB c6 gid tri 16n nhat bang
A5 B. 3. C. 1845. D. 1743,

Cau 29. [S6& GD Bic Giang] Cho x,y,z,a,b,c¢ la cac sd thuc thay d6i thoéa man
(x+1) +(y+1) +(z=2)"=1 va a+b+c=3. Tim gid tri nho nhat cta biéu thic
P=(x—a)2+(y—b)2+(z—c)2.

A 31 B. V3 +1. C. 4-2./3. D. 4+24/3.

Cau 30. Trong khong gian Oxyz, cho (8):(x+3)" +(y-2) +(z-5)" =36, diém M (2;-2;3). Goi
A 1a duong thang di dong ludn di qua M va tiép xtic véi mit cau (S) tai N. Ti€p di€ém
N di dong trén duong tron (T) co tam J(a,b,c) . Tinh gia tri P =2a-5b+10c la
A.45. B. 42. C. —45. D. -50.

Cau 31. [M6 Dirc - Quang Ngai] Trong khong gian toa d6 Oxyz, cho bon diém 4(0;-1;2),
B(2;-3;0), C(-2;1;1), D(0;-1;3). Goi (L) la tap hop tét ca cac diém M trong khong
gian thoa man dang thitc MA.MB = MC.MD =1.Biétrang (L) la mot dwong tron, dudng

tron d6 c6 ban kinh r bang bao nhiéu?

Vit V7 V3 V5

A.I":T. B. r=—. C.r=—. D. r=—.

Cau 32. [SGD Ha Tinh] Trong khong gian véi hé truc toa d6 Oxyz, cho mit phang
(P):x+y—z—-3=0 vahai diém A(1;1;1), B(-3;-3;-3). Mat cau () di qua hai diém
A,B va tiép xtc v6i (P) tai diém C . Biét réng C ludn thuéc mot dwong tron cd dinh.

Tinh ban kinh ctia duong tron do

N

3
Cau 33. Trong khong gian véi hé toa dd Oxyz, cho hai mét phang (P):x-y+z+3=0,

A. R=4. B. R=6. C.R= D. R

5B
3

(0):x+2y—-2z-5=0 vamatcau (S):x’ +y’ +z" —2x+4y—-62-11=0.Goi M la diém

di dong trén (S) va N la diém di dong trén (P) sao cho MN ludn vudng goc véi (Q)

. Gia tri 16n nhat ctia d6 dai doan thang MN bang

A.9+5V3. B. 28. C. 14. D.3+53.

GV: Nguyen Xuan Chung 29



1 3

Céu 34. Trong khong gian Oxyz, cho diém M(E;T;OJ vamat cau (S):x*+ )’ +z° =8. Duong

thang d thay ddi, di qua diém M, cat mit cau (S) tai hai diém phan biét 4, B. Tinh
dién tich 16n nhat S ctia tam giac OA4B.
A. S=41. B.S=4. C. §=2V7. D. §=2V2.

Cau 35. Trong khong gian Oxyz, cho diém A4(0;1;-2), mdt phang (P):x+y+z+1=0 va mit
cau (8):x*+y*+2z° -2x-4y-7=0. Goi A la dudong thing di qua 4 nam trong mit
phéng (P) va cit mit cau (S) tai hai diém B,C sao cho tam giac IBC c6 dién tich 16n

nhat v6i 1 1a tam ctia mat cau (S). Phuong trinh ctia A la

x=t x=t x=t x=t
A.Ay=1 . B. A:sy=1-t. C.ARy=1+t¢t. D. A:qy=1
z=-2+t z=-2 z=-2 z=-2—-t

Cau 36. Trong khong gian hé toa d6 Oxyz, cho hai diém A(L;1;1), B(2;2;2) va mat cau
(8):x*+y*+2° =2x-2y+4z-10=0.Goi (P) la mit phang di qua 4, B vacat () theo
mot thiét dién la duong tron (C). Duong thing AB cét (C) tai hai diém E,F.Diém
M thudc duong tron (C) sao cho tam gidc MEF can tai M , MH la duwong cao ting
voi canh EF . Khi (C) c6 dién tich nho nhat thi phwong trinh ctia MH 1a

x=1+t¢ x=1-t¢ x=-1-t¢ x=1+t¢
A.ASy=1 . B. Aisy=1+t¢. C. A:jy=1+¢t . D. A:5y=1
z=1-t z=1 z=0 z=2—t

Cau 37. Trong khong gian véi hé toa do Oxyz, cho mat cau (S):(x—1)* +(y+2)* +(z-3)* =27.
Goi () 1a mt phang di qua hai diém 4(0;0;-4),B(2;0;0) va cat (S) theo giao tuyén la
duong tron (C) sao cho khoi nén ¢6 dinh la tam cta (S) va ddy la duong tron (C) cd
thé tich 16n nhat. Biét rang (a):ax+by—z+c=0.Tinh P=a-b+c
A. P=8. B. P=0. C.P=2. D. P=-4.

Cau 38. [Chuyén Lam Son-Thanh Hoéa] Trong khéng gian Oxyz, cho cac diém A(1;0;2),
B(-1;2;2) vamatcau (5):(x— 1)2 +(y- 2)2 +(z —3)2 =16.Goi (P) lamit phang di qua
hai difm 4, B sao cho thiét dién cua (P) voi méat cau (S) c6 dién tich nho nhét. Khi
viét phuong trinh (P) dudi dang (P):ax+by+cz+3=0.Tinh T=a+b+c.

A. 3. B. -3. C.o0. D. 2.

Cau 39. Trong khong gian Oxyz, cho mat cau (S): X2+ y2 +72=9, diém M(1;1;2) va mat
phang (P):x+y+z—4=0.Goi A la duong thang di qua diém M, nam trong mat
phang (P) va cat mat cau (S) tai hai diém A, B sao cho d6 dai doan thang AB nho nhat.
Biét rang A cé mot vecto chi phuong u=(l;a;b). Tinh gia tri cia biéu thiec T =a+b.
A.T=0 B.T=-1 C.T=1 D.T=-2.
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Cau 40. [SGD Quang Nam] Trong khong gian Oxyz, cho mit phang (P):x+y-4z=0, duong
x-1 y+1 z-3
-1
A, ndm trong mit phang (P) va cach duong thang d mot khoang cach 16n nhat. Goi

thang d : vadiém A(1; 3; 1) thudc (P). Goi A la duong thang di qua

U= (a; b; 1) 1a mdt véc to chi phuong ctia duong thang A. Tinh a+2b.
A.a+2b=-3. B. a+2b=0. C.a+2b=4. D.a+2b=17.

Cau 41. [Chuyén Hung Vuong - Gia Lai] Trong khong gian Oxyz, cho hai diém M (-2;-2;1),
A(1;2;-3) va duong thang d :xTﬂzyT_Szil. Tim mét vecto chi phwong #@ cla
duong thang A di qua M, vudng goc véi duong thang d dong thoi cich diém 4 mot
khoang bé nhat.
A. i =(2;2;-1).

B. i =(1,7;-1). C. i =(1;02). D. i =(3;4-4).

Cau 42. Trong khdng gian Oxyz, cho 2 diém A(1;5;0); B(3;3;6) va d : XTH _rl % Goi C
la diém trén duong thang d sao cho dién tich tam gidc 4BC nhé nhat. Khoang cach
gitta 2 diéfm 4 va C 1a
A.29. B. 33. C.29. D.7.

Cau 43. [THPT Luc Ngan-Bac Giang] Trong khong gian Oxyz, cho A(2;0,0), M(L;1;1). Mat
phéng (P) thay ddi qua AM citcactia Oy, Oz lanluot tai B, C.Khi mit phing (P)
thay d6i thi dién tich tam giac ABC dat gia tri nhé nhét bang bao nhiéu?

A. 5V6. B. 3v6. C. 4v6. D. 26.
x=1+2¢

Cau 44. Trong khong gian Oxyz, cho diém 4(2;1;1) va dudng thing d:4 y =1

z==-2—-t

. Tim phuwong

trinh mat phang (@) chta dudng thang d va cach A mot khoang 16n nhat.
B. (a):4x-7y+z=0.
D. (a):—4x+7y+z=0.

A. (a):x+y+3z+5=0.
C.(a):6x+6y+18z+5=0.
Cau 45. Trong khong gian Oxyz, lap phuong trinh duwong thang A song song véi mat phang

, . -1 2
(P):x+y+z-7=0 va cat hai duong thing d,: x2 =%= Z+1 va
x=-1 y+2 z-2 S e aem g ~,
d,: " = 3 = 5 lan lwot tai hai diém A4, B sao cho 4B ngan nhat.
x=6-t x=6 x=6-2¢
x=12-1t 5 5 5
A . ly=5 B.iy== =——t Sy==+t .
J’_ D. Yy > y > Yy 5
z=-9+¢ 9 9 9
z=——+t z=——+t z=——+t
2 2 2
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Cau 46. Trong khong gian vdi hé toa do Oxyz, cho 4, :XT_lzlz: Zl_l; d,: x—12 zgz ZJ;I ;
dy: x;—l = y;2 _z*3 . Duong thang d vuong goc véi d,, cat hai duong thang d,,d,
theo mot doan AB. Doan théng AB c6 d0 dai nho nhat 1a?

A. 243, B. J/10. C. 3. D. 2410
x=2+t

x=2 y-2 z-2
' -3 -l

Cau 47. Trong hé toa d6 Oxyz, cho dwong thang d,:{y=2+¢ , d, va

z=—1-2¢

diém N(441).Goi d 1a dudong théng vudng géc chung ctia d, va d,, diém M (a;b;c)
thudc 4 . Khi d6 dai MN ngan nhat thi a +b+¢ bang?
A. 5. B. 6. C. 4. D. 9.

Cau 48. Trong khong gian vé6i hé toa dd Oxyz, goi duong thang d di qua diém 4(1;-1;2), song

- . P 2 1 -1 .

song voi (P):2x—y—z+3=0, dong thoi tao v6i dwong thang A:% =X 2 mot
g6c nho nhat. Phuong trinh duong thang d 1a
Ax—l_y+1_z—2 B x-1_ y+1 z+2 x-1_ y+1 z-2 x-1_y+l_z
— 1 s 74 5774 5 71 50T

Cau 49. Trong khong gian Oxyz, goi d di qua A(-1;0;-1), cat A, : x2—1 = y;2 = Z+12

, sao cho

X3 _y=2_z ; 3 1ihé nhét. Phuong trinh duong thang d 1a

goc gitta d va A, :

-1 2
Ax+1=Z=Z+1' B.X_H:Z:Z-i—l' gx_ﬂzl=2+l, D_X_H:Z:Z_H'
2 2 -1 4 5 2 4 -5 =2 2 2 1
A A . \ 2 x=3 y z+1 _ ., \ o
Cau 50. Trong khong gian Oxyz, cho duong thang A: T 53 . Viét phuong trinh mat

x+3 y-1 z+2

1 mot goc 16n nhat?

phang (P) chita A sao cho (P) tao véi d :

A.19x-17y-20z-77=0. B. 19x-17y-20z+34=0.
C.31x-8y—-5z+91=0. D. 31x-8y—-5z-98=0.
~ N . \ 2 x—1 y z+1 \ o M
Cau 51. Trong khong gian Oxyz, cho dwong thang A:——=== va mat phang

2 I -1
(P):2x—y+2z-1=0. Viét phuong trinh mit phang (Q) chta A sao cho (Q) tao véi
(P) gbéc nho nhat.

A. 2x—y+2z+1=0. B. 10x-7y+13z+3=0.
C.2x+y-z=0. D. —x+6y+4z+5=0.
x y+l 2-z

Cau 52. Trong khong gian véi hé toa dd Oxyz, cho duong thang d : T .Goi (P) la

-2 1
mit phang chita duong thang d va tao véi mit phang (0):2x—y—2z-2=0 mdt gbc
6 s6 do nho nhat. Diém A(1;2;3) cach mat phang (P) mot khoang bang:

A. 3. B. V6 . C. 243. D.2\2.
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Cau 53. Trong khong gian hé toa do Oxyz, cho hai diém A4(3;4;1), B(7;—4;-3) va mat phang
(P):x+y-z+2=0.Diém M(a;b;c),(a>2) di dong trén (P) sao cho MAB vudng tai
M . Khi tam gidc MAB c6 dién tich nho nhat thi tdng a +2b + 3¢ bang
A. 2. B. —4. C. -2. D. 4.

Cau 54. Trong khong gian Oxyz, cho ba di€ém 4(2;0;0), B(0;4;0), C(0;0;6).Diém M thay d6i
trén mat phang (4BC) va N la diém trén tia OM sao cho OM.ON =12. Biét rang khi

M thay d6i, diém N ludn thu¢c mot mét cau cd dinh. Tinh ban kinh ctia mét cau do.

A.%. B. 3v/2. C. 23. D.%.

Cau 55. [Chuyén DHSP Ha Noi] Trong khong gian Oxyz, cho diém A(1;2;4) va hai diém M, B
théa man MAMA+MBMB=0. Gia st diém M thay d6i trén duong thing

X433 _y-l_ 24 14 46 didm B thay d6i trén dwomg théng c6 phuong trinh 12

2 2
&x+7=l=z+12- B.x—lzy—2:z—4.
2 2 1 2 2 1
LS R e M
2 2 1 2 2 1

Cau 56. [Han Thuyén - Bac Ninh] Trong khong gian Oxyz, cho diém 4(2;2;0),B8(2;0;-2) va
mat phing (P):x+2y—z-1=0. Goi M(a;b;c) 1a diém thudc mit phang (P) sao cho

MA=MB va goc AMB c6 s8 do 16n nhat. Khi d6 giad tri a +4b+c bang

A. 1 B. 2. C.0. D. 3.
x=1+3a+at
Cau 57. [Dang Thuc Hira — Nghé An] Trong khong gian Oxyz,cho A:qy=-2+¢ .Biét

z=2+3a+(1+a)
rang khi ¢ thay d&i ludn ton tai mdt mit ciu c8 dinh qua diém M (L;1;1) va tiép xuc
v6i duong thang A . Tim ban kinh mét cau do.
A. 53, B.443. C.743. D. 3V/5.
Cau 58. Trong khong gian Oxyz, cho mit cau (§):(x—1)" +(y-2)" +(z-3)’ =4 va dudng thing
x=1+¢
d:{y=-mt (teR), m latham s6 thuc. Cac mit phang (P), (P') chtta duong thang
z=(m-1)
d va tiép xtc v6i mat cau (S) tai 7,7'. Khi m thay doi thi d6 dai 77" nho nhat 1a

PUEES g, W13 o A3 p. V13

3 3 5 4
Cau 59. [S6 GD Bac Liéu] Trong khéng gian Oxyz, cho mit cau () c6 tdm 7(1;2;3) va c6 ban

x=1+t¢
kinh r=2.Xét dudng thang d:{y=-mt (teR), m la tham s& thyc. Gia st (P),(Q)
z=(m-1)t
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la mat phang chtta d va tiép xtc voi (S) Tan luot tai M, N . Khi d6 doan MN ngan
nhat, hay tinh khoang cach tir diém B(1;0;4) dén duong thang d .

A5, B ﬁ 4237 4273

C. . D. .
Ciu 60. Trong khong gian vGi hé toa do Oxyz, cho mat cau (S):(x—l)2 +y° +(z+2)2 =4 va

3 21 = 21

x=2—t
duong thang d:{y=1 .Goi T la tap tat ca cac gia tri ctia m d€ d cét (S) tai hai
z=m-—1+t

diém phan biét 4, B sao cho cac tiép dién cuia (S) tai 4 va B tao vdi nhau goc lon
nhat. Tinh tong cac phan ti cua tap hop 7.
A. 3. B. 3. C. 5. D. 4.
A < . A . \ 2 x y—1 z+1
Cau 61. [SGD Bac Ninh] Trong khong gian Oxyz, cho duong thang d =T v

diém A(1;1;1). Hai diém B, C di dong trén duong thang d sao cho mit phing (O4B)

vuéng géc v6i mit phing (OAC).Goi diém B’ 1a hinh chiéu vudng géc cua diém B 1én
duong thang AC . Biét rang quy tich cac diém B' la duong tron cd dinh, tinh ban kinh

r duong tron nay.

Je0 /70 S

A r=——-. B.rzﬁ. C.r=——-m1!. D. r= .
10 5 10 10

Cau 62. Trong khong gian Oxyz, cho hai mit phang (@):x—my+z+6m+3=0 va
(B):mx+y—mz+3m-8=0 (véi m la tham s6 thurc); hai mit phang nay cat nhau theo
giao tuyén la duong thang A. Goi A’ 1a hinh chidu cia A 1én mit phang Oxy . Biét
rang khi m thay d8i thi duong thang A’ ludn tiép xtic véi mdt mat cau cd dinh c6 tam
I(a;b;c) thude mit phang Oxy . Tinh gia tri bi€u thic P =10a" -5 +3c’.

A. P=56. B. P=9. C. P=41. D. P=73.

Cau 63. Trong khong gian Oxyz, cho (P):(1+m)x+(1-m)y—(1+3m)z—(2-8m)=0, diém
A(—4;-2;7). Biét tap hop cac hinh chiéu cia A 1én mat phang (P) 1a mot duwong tron.
Duong kinh 16n nhét cta dueong tron d6 bang:

A. 35, B. 3/7. C. 7\/3. D. 53.

Cau 64. [Dé thi thit VTED] Trong khong gian Oxyz, xét s8 thuc m e (0;1) va hai mit phang

(a):2x—y+2z+10=0 va () :£+1L+% =1.Biét rang khi m thay d&i c6 hai mat cau
m 1-m

c8 dinh tiép xtc déng thoi véi ca hai mit phang (a),(B). Téng ban kinh ctia hai mat

cau dé bang

A. 6. B. 3. C.9. D. 12.
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3. Hwéng dan bai tap kiém tra.
Cau 25. [S6 GD Ha Noi] Cho hai diém 4, B ¢ dinh trong khong gian c6 d6 dai 4B 1a 4. Biét

rang tap hop cac diém M trong khong gian sao cho M4 =3MB la mot mat cau. Ban
kinh mat cau d6 bang

A. 3. B.

N | o

C 1. D.

o | W

Hudng dan giai.

Goi I 1a diém théa man TA=9E<:>9E—H=6:>IB=%AB=%,]A=

N | o

Ttr MA=3MB ta c6: MI* + 14> +2.MI IA = 9(MI2 +IB* + 2.@.173) .

8MI* = IA* —9IB*> = MI’ = % = MI = % Vay ban kinh mét cau bang % . Chon D.

Cau 26. Trong khong gian Oxyz, cho diém A(1;1;2), mat phang (P):(m-1)x+y+mz—1=0,
v6i m 1a tham s6. Biét khoang cach tit diém 4 dén mat phang (P) 16n nhat. Ménh deé
nao dudi day dung?

A.2<m<6. B. m>6. C. 2<m<2. D. -6<m<?2.
Hudng dan giai.
Cach 1. Khao sat.
3m 1|

Ta o d(A,(P)):\/( e
m— m

Vao MENU 8 khao siat ham so, ta co

maxd (4,(P)) =@ ~2,16025 khi m=5. Chon A.
Cach 2. Quy tich - Vi tri twong dai.
x=t
Ta cé (P) ludn chira duong thang d:{y=1+¢ cd dinh. Ké AH,AK Tan lwot vudng

z=-—t
gocvoi (P) va d thitacod AH < AK , do d6 maxd(4,(P))=AK ,khi d6 AK 1a mot véc
to phap tuyén cta (P).

X+y—z

Ghi CALC nhap 1=0=2== STO M, bdm AC ghi M —-1: M :—M -2 bam

= = = ta duoc A_Ifz_?l(4;l;5),suyra mé‘_l:%:?:m:S.ChQnA.

Cau 27. [THTT S6 4-487] Trong hé toa d0 Oxyz, cho diém 4(1;2;-3) va mat phang

(P):2x+2y-z+9=0.Dudng thang d di qua 4 va cd vecto chi phuong i = (3;4;-4)
cat (P) tai B.Diém M thay déi trong (P) sao cho M ludn nhin doan 4B dudi goc

90°. Khi d6 dai MB 16n nhat, duong thang MB di qua diém nao trong cac diém sau?
A. H(—2;—1;3). B. I(—l;—2;3). C. K(3;0;15). D. J(—3;2;7).

Hudng dan giai.
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Theo gia thiét thi M thudc mat cau duong kinh AB, tam I la trung diém AB. Goi H la
tam duong tron giao tuyén thi M thudc dwong tron tam H, ¢ B ¢d dinh nén MB 16n
nhat khi MB la duwong kinh ctia duong tron tam H, hay M 1a hinh chiéu vudng géc cua
A trén (P). Ta can viét phwomh trinh duong thang BM.

Vao MENU 912 nhdp 2=2=1=&3=4=4= ta ¢0 @z(—4;5;2) la vtpt cua mp(Q)
chita A, B va vudng goc vdi (P). Phuong trinh (Q):—4x+5y+2z=0. Tt cac phuong
trinh (P) va (Q), cho x=¢t= y =-2,z=5+2¢, cing la phrong trinh cia MB, va di qua
diém 7(-1;-2;3). Chon B.

Nhan xét.

Day 1a bai toan rat t6t d€ ren luyén kién thirc vé toa do khong gian Oxyz, doi hoi
day du vé diém - Duong thang - mat phang - mat cau - giao tuyén - hinh chiéu - vuong
goc - song song tic la kién thitc kha co ban va tong hgp trong mot bai toan. Ngoai ra
khong kém phan triru tuong, do dé cling can doi hoi ky nang giai nhanh, c6 thé khong

kho nhung giai thong thwong thi ton kha nhiéu thoi gian.

Cau 28. Trong khong gian Oxyz, cho diém 4(1;2;-3), mat phang (P):2x+2y-z+9=0 va

x+1 Yy _z+ 2
4 4

tai B. Diém M di dong trén (P) sao cho tam giac AMB ludn vudng tai M. D dai doan

duong thang A: . Duong thing d di qua A, song song véi A va cit (P)

MB c6 gid tri 16n nhat bang
A 5. B. 3. C. 18./5. D. 17./3.
Hudng dan giai.
Diém M thudc duong tron giao tuyén cua (P) v6i mat A
cau duong kinh AB nén MB c¢6 gia tri 16n nhat bang
duong kinh cua dwong tron giao tuyén, hay M 1a hinh h
chiéu vuong goc ctia A trén (P).
B C C
V1-cos’ a M

cosax

Tacd BM =h.tana = h.

Ghi w CALC (nhép toa dd A) 1=2=-3== Sto D. BAm 4 stra thanh

|2x+2y—z|
N -}—y2 +z°
DN1-E’
E

CALC (nhap toa dd u)3=4=-4== Sto E.

Ghi = ta c6 két qua /5. Chon A.
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Cau 29. [S6 GD Bic Giang] Cho x,y,z,a,b,c 1a cic sG thuc thay d6i thoa maéan

Cau 30.

Cau 31

(x+1)" +(y+1)"+(2-2)" =1 va a+b+c=3. Tim gia tri nho nhit cta bidu thikc
P=(x—a) +(y-b) +(z-c).
A A3l B. V3 +1. C. 4-243. D. 4+2./3.

Hudng dan giai.
Cach 2. Quy tich - Vi tri twong dai.
Trong khong gian Oxyz,xét M (x;y;z)e(S):(x+1) +(y+1) +(z-2) =1 va diém
N(ash;c)e(a):x+y+z-3=0.Khidé P=(x—a) +(y-b) +(z-c) = NM™.
Goi 1(~1;-1;2) la tAm mat cau, ta c6 d(7,(@))=~3 >R =1, suy ra min MN =3 -1 va
do do minP=(\/§—l)2 =4-2.3. Chon C.
Trong khong gian Oxyz, cho (S): (x+3)2 +(y—2)2 +(z—5)2 =36, diém M (2;-2;3). Goi
A 1a duong thang di dong ludn di qua M va tiép xtic v6i mét cau () tai N . Tiép diém
N di dong trén dudng tron (T') c6 tam J(a,b,c). Tinh gia tri P =2a-5b+10c la
A. 45, B. 42. C. —45. D. -50.

Hudng dan giai.

Cach 1. Phuong phap véc to.

Goi 1(-3;2;5) 1a tAm mit cAu, ban kinh R=6. Ta c6 IN* =IJ.IM , &4t IJ =tIM thi

’ — _4 —6 17
=R > =§=i, suy ra IJ:—(S;—4;—2):>J(1;—;—)
M 45 5 5 5 5

Vay P=2a-5b+10c=42. Chon B.

. [M6 Pirc — Quang Ngii] Trong mit phang toa do Oxyz, cho bon diém 4(0;-1;2),

B(2;-3;0), C(-2;1;1), D(0;-1;3). Goi (L) la tap hop tat ca cac diém M trong khong
gian théa man dang thitc MA.MB = MC.MD =1.Biétrang (L) la mot dwong tron, duong

tron d6 c6 ban kinh » bang bao nhiéu?

Ji N & N5

A r=——. B.r=—. C.r=—. D . r=—.
2 2

Huéng dan giai.
Goi [ (1;—2;1) la trung diém AB, K (—1;0;2) la trung diém caa CD. Ta c6:

e 2 ! _—
MA.MB=1<:>M12+IA.IB=1<:>M12=1+ZABz<:>M1=2.Suy ra M thudc mit cau tam

Iban kinh R=2.
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Twong ty M thudc médt cau tdm K, ban kinh R'=2. Do d6 M thudc duong tron giao

tuyén, bankmhr—‘}R2 IK ,/4—2 ~—— . Chon B.

Cau 32. [SGD Ha Tinh] Trong khong gian v6i hé truc toa do Oxyz, cho mat phéng
(P):x+y-z-3=0 vahai diém A(L;1;1), B(-3;-3;-3). Mt cau () di qua hai diém
A,B va tiép xtc v6i (P) tai diém C . Biét réng C ludn thuéc mot dwong tron cd dinh.

Tinh ban kinh ctia dwong tron do

2f 2

A. R=4. B. R=6. C.R=—— D. R= 3

Hudng dan giai.

B

C D

Goi D l1a giao diém ctia duong thang AB véi mit phang (P), trong mit phang (ABC) thi
giao tuyén véi mat cau la mot duong tron. Ap dung tinh chat tiép tuyén va cat tuyén
ta c6: DC =~ DA.DB = R khong d6i, nén C thudc duwong tron tam D, ban kinh R.

dy _d(B.(P) |6 _ _ DA+4B . _ . AB_ 43 _, ;o

Tacd — = =
DA d, d(4,P) | DA 22

Suy ra R =+/23/3.65/3 =6. Chon B.
Cau 33. Trong khong gian véi hé toa d0 Oxyz, cho hai mat phang (P):x—y+z+3=0,
(0):x+2y—2z-5=0 vamdtcau (S):x*+y* +2z> —2x+4y—6z-11=0. Goi M la diém
di dong trén (S) va N la diém di dong trén (P) sao cho MN ludn vudng goc véi (Q)
. Gi4 tri 16n nhat cua d6 dai doan thrfmg MN bf?mg
A.9+53. B. 28. C. 14. D. 3+5.3.
Hudng dan giai.
M

(s}

/P/N/ H
)

Mt cau (S) c6 tam I(L,-2;3), ban kinh R=5; d(I,(P))=3V3>R. MN c6 vtcp

u =n, =(1;2;-2) khong dsi, n, =(1;-1;1). Goi H 12 hinh chiéu ctia M trén (P).

GV: Nguyen Xuan Chung 38



Dt NMH =, ta c6 MN =22 nén MN < MH_ = R+1H =5+33.

. max

Sin o

Ta co sina =‘cos(5,%)‘ =L. Vay MN,,. =(5+3\/§)\/§ —9+5y3. Chon A.

V3
A A . «A? 1 . \/5 X N o A ) 2 2 N
Cau 34. Trong khong gian Oxyz, cho diém M 5,7,0 vamatcau (5):x*+y* +z° =8. Duong
thang d thay d6i, di qua diém M, cit mat cau (S) tai hai diém phan biét 4, B. Tinh
dién tich 16n nhat S cta tam giac O4B.

A. S=47. B.S=4. C.S=27. D. S=22.
Huéng dan giai.

A ‘\' B
Goi H la trung diém AB, gia st M thudc doan HB, thi S,,,, = OH.AH . Ma OH <OM va
AH < AM ,suyra: S, = OM.AM = l.\/m —\/7.Chon A.
Cau 35. Trong khong gian Oxyz, cho diém 4(0;1;-2), mat phang (P):x+y+z+1=0 va mat
cau (S):x’+y* +2°-2x-4y-7=0. Goi A 1a duong thang di qua 4 ndm trong mit
phéng (P) va cat mat cau (S) tai hai diém B, C sao cho tam gidc /BC c6 dién tich 16n

nhat voi 1 1a tdm ctia mét cau (S). Phuong trinh ctia A la

x=t X = xX=t xX=t
A Asy=1 . B. A:qy=1-t. C.A:qy=1+t. D. A:{y=1
z=-2+t z==-2 z==-2 z==-2—t

Hudng dan giai.
Nhan xét diém A nam bén trong mat cau, giao tuyén ctia (P) va (S) 1a mot duong tron
tam H ban kinh r khong d6i. Goi K la trung diém cta BC thi:
S, = BK.IK = BKA/TH® + HK* . Ta ¢ BK < BA va HK < HA, suy ra

Spw = BANIH? + HA* & K = A= A L HA. Toa d6 1(1;2;0).

max

RN
BC

1 4
_XryrErl CALCnhap 1=2=0==StoM,bam M +x:M +y: M +z===

Ghi

Ta duoc H (0;1;-1)= HA =(0;0;~1) suy ra u, =| n,; HA | = (1;-1;0). Chon B.
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Cau 36. Trong khong gian v6i hé toa dd Oxyz, cho hai di€ém A(1;1;1), B(2;2;2) va mat cau
(8):x*+y* +2° —2x-2y+4z-10=0. Goi (P) lamit phang di qua 4, B vacit (S) theo
mot thiét dién la duong tron (C). Duong thdng 4B cit (C) tai hai diém E,F. Diém
M thudc duong tron (C) sao cho tam gidc MEF can tai M , MH la dwong cao ting
voi canh EF . Khi (C) c6 dién tich nho nhat thi phwong trinh ctia MH 1a

x=1+¢ x=1-t x=—-1-t¢ x=1+¢
A.ASy=1 . B. Asy=1+t¢. C. A:jy=1+¢t . D. A:5y=1
z=1-t z=1 z=0 z=2—t

Hudng dan giai.
Nhan xét di€m A nam trong mét cau, diém B nam ngoai mit cau. Diém M la trung
diém cung EF . Goi K 1a tam duong tron (C) thi KM cét EF tai H, ta can viét phuong
trinh KM.

Khi hinh tron (C) ¢6 dién tich nho nhat thi ban kinh KE nho nhat, khi d6 mat phang
(P) cach xa tdm I nhdt. Ma IK < IH nénta c6 K = H suy ra IH la vtpt cua mp(P).

Ta co I(l;l;—2), AB =(1;1;1). Ghi % CALCnhap 0=0=-3= StoM

Bim 1+ M: 1+ M: 1+ M ===ta cd H(O;O;O) suy ra ﬁz(—l;—l;Z).

Ta lai co Z =[E,ﬁ} nén ;; = (—1; 1;0) . Chon C (vi cho t=-1 ta c6 diém H).

Cau 37. Trong khong gian véi hé toa do Oxyz, cho mat cau (S):(x—1)* +(y+2)* +(z-3)* =27.
Goi (@) 1a mat phang di qua hai diém 4(0;0;—-4),B(2;0;0) va cat (S) theo giao tuyén la
duong tron (C) sao cho khéi nén ¢6 dinh la tdm cta (S) va ddy la duong tron (C) ¢
thé tich 16n nhat. Biét rang (a):ax+by—z+c=0.Tinh P=a-b+c
A. P=8. B. P=0. C.P=2. D. P=-4.

Hudng dan giai.
Goi H 1a tam dwong tron (C) ban kinh 7, I la tdm mat cau ban kinh R. D&t [H = h.
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Cau 38.

Cau 39.

Cau 40

Tacod r* =R’ —h* vathétich khéinén dinh I1a V = %hﬂrz = %ﬁh(R2 -1,

2R? 7z\/§

Suy ra maxV =——=8r < h=—4=3.
27

NE)

Mit phang (a):ax+by—z+c =0 di qua hai di€ém A, B nén ta co:

4+¢c=0 =4 2b+5

TV T T e (@) 2x4by—2-4=0, do d6 h:d(l,(a)):u:3 —~bh=2

2a+c=0 a=2 5+ b2
Vay P=a-b+c=-4. Chon D.
[Chuyén Lam Son-Thanh Hoéa] Trong khong gian véi hé toa dd Oxyz, cho mét cau
(S):(x—l)2 +(y—2)2 +(z—3)2 =16 va cac diém A4(1;0;2), B(-1;2;2). Goi (P) la mat
phang di qua hai diém 4, B sao cho thiét dién ctia (P) vé6imit cau (S) co dién tich
nho nhdt. Khi viét phuong trinh (P) duwéi dang (P):ax+by+cz+3=0. Tinh
T=a+b+c.
A. 3. B. -3. C.o. D. 2.

Huéng dan giai.
Goi I la tam mat cau, H la tdm dwong tron giao tuyén va 1a hinh chiéu cta I trén (P), ké
IK vudng goc v6i AB. Buong tron ¢6 ban kinh nho nhat khi (P) cach xa I nhat, ma
IH < IK .Vay ta phai c6 H=K va (P) c6 mot vipt IK .
(x=1)=2y+0(z-2)
8

ghi 1+2M —1:-2M —2:2+0M -3 bdm = = = ta ¢0 toa d véc to Rz(—l;—l;—l)

2
Ghi

CALC (nhaptoaddI) 1=2=3=STOM

=(P):—x—-y-z+3=0=a+b+c=-3.ChonB.
Trong khong gian Oxyz, cho mat cau (S):x* +y> +z> =9, diém M(1;1;2) va mat
phang (P):x+y+z—4=0.Goi A 1a duong thing di qua diém M, ndm trong mit
phang (P) va cat mit cau (S) tai hai diém A, B sao cho d6 dai doan thang AB nho nhat.
Biét rang A cé mot vecto chi phuong u=(l;a;b). Tinh gia tri ctia biéu thiec T =a +b.
A.T=0 B.T=-1 C.T=1 D.T=-2.

Hudng dan giai.
Dé AB nho nhat thi AB cach xa tam O nhat, goi H la trung diém AB thi OH <OM , do
détacancé AB L OM, suy ra u, = [W,Z] =(1;-1,0). Vay T =a+b =-1. Chon B.

. [SGD Quang Nam] Trong khong gian véi hé toa d6 Oxyz, cho mit phang

x-1_ y+1 z-
-1
phéng (P). Goi A 1a duwong thang di qua 4, nam trong mdt phang (P) va cach duong

(P):x+y—4z=0, duong thang d: 3 va diém A(1;3;1) thudc mat

thang d mot khoang cach 16n nhat. Goi ﬁz(a; b; 1) 1a mot véc to chi phuong cua

duong thang A. Tinh a+2b.

A.a+2b=-3. B. a+2b=0. C.a+2b=4. D.a+2b=7.
Huéng dan giai
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Cau 41.

Cau 42.

Gia st MN la doan vuong goc chung cua A va d.Ta cé MN <MA do d6 MA la doan

vudng gbc chung can tim. Trong d6 M 1a hinh chiéu cta A trén d .

Ghi 2X=7 2 CALC nhap 0= 4= —2—==STO M b&m AC
Ghi 2M +1-1:~M —1-3:M +3—1=== ta duoc AM =(-2;-3;1).

Vao MENU 91 2 nhép dong dau 1=1=4= donghai -2=-3=—1=

ta co ;t:(ll; -7, l) nén a+2b=-3.Chon A.

[Chuyén Hung Vwong — Gia Lai] Trong khong gian Oxyz, cho hai diém M (-2;-2;1),

A(1;2;-3) va duong thang d :xTﬂzyT_Sz_il. Tim mét vecto chi phwong # cua

duong thang A di qua M, vuong goc véi duong thang d dong thoi cach diém 4 mot

khoang bé nhat.

A i =(2;2-1). B. i =(1;7;-1). C. i =(1;0;2). D. i =(3;4;-4).
Hudng dan giai

Duong thing A nam trong mp(P) di qua M va vudng géc véi duong thang d . Phuong

trinh (P):2x+2y—z4+9=0.

Ké 4K 1L A, AH 1 (P)= AK > AH do d6 yéu cau bai toantacd A di M va H.

Ghi ~ 22277249 hap1—2—_3—— STOM
bam AC ghi 2M +x+2:2M + y+2:—M +z—1=== ta duoc (—1;0;,—2). Chon C.

, . 1 y-1 .
Trong khong gian Oxyz, cho 2 diém 4(1;5;0);B(3;3;6) va d:%=y—l=§. Goi C

la diém trén duong thang d sao cho dién tich tam gidc 4BC nho nhat. Khoang cach
gitta2 diéfm 4 va C 1a
A.29. B. 33, C.V29. D.7.
Hudng dan giai.
Cach 1. Khao sat.
Lay diém C(—1+2x;1-x;2x)ed , tacd AB = (2;—2;6),R =(-2+2x;-4-x;2x).

Ta c6: S =%\/44[(—2+2x)2 +(4=x) +4x7 |~ (<44 dx a8+ 20+ 12x)

S =+/18x>—36x+216 >/198 =322 .

Suy ra min S =322 < x =1, khi d6 R‘z(O;—S;2):> AC =+/29 . Chon C.
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Cau 43.

[THPT Luc Ngan-Bic Giang] Trong khong gian Oxyz, cho A(2;0,0), M(L;1;1). Mat
phéng (P) thay ddi qua AM citcactia Oy, Oz lanluot tai B, C.Khi mit phing (P)
thay ddi thi dién tich tam giac ABC dat gid tri nhé nhat bang bao nhiéu?
A. 5\6. B. 3\6. C. 4/6. D. 2V6.

Hudng dan giai
Goi B(0;5;0),C(0;0;c) v6i b,c>0. Phuong trinh (P):bex+2cy +2bz—2bc =0.
Vi (P) qua M nén be=2(b+c). Do vai trdo ngang nhau nén b=c=4. Ké duong cao

AH trong tam gidc ABC, ta c6: toa d0 H(0;2;2)= AH =~OH’ + 04> =8+4 = 243.

nénmin S, = %BC.AH = %.4\/5.26 =46 .Chon C .

x=1+2¢

Cau 44. Trong khong gian Oxyz, cho diém 4(2;1;1) vaduong thang d:{y=7  .Tim phuong

Cau 45.

z=-2-1
trinh mit phang (a) chtra duong thang d va cadch A mot khoang 16n nhat.
A. (a):x+y+3z+5=0. B. (a):4x-7y+z=0.
C. (a):6x+6y+18z+5=0. D. (a):—4x+7y+z=0.

Hudng dan giai.

Cach 1. Tric nghiém loai trir.
Loai cac dap an B, C, D vi khong di qua M(1; 0; -2). Vay chon A.
Cach 2. Vi tri twong doi.
Goi AH, AK la khoang cach tit A Tan luwot dén («) vad. Tacd6 AH < AK nén yéu cau
bai toan ta phai c6 AH = AK , suy ra () c6 véc to phép tuyén n= AK .

ghi % CALC (nhép toa dd M,A) 1=1=3== Sto M.

Ghi 1+2M -2:M -1:-2-M —1===

Ta duoc n =(-L-1-3) va (a):x+y+3z+5=0. Chon A.

Trong khong gian Oxyz, 1ap phuong trinh duong thang A song song v6i mit phang

(P):x+y+z-7=0 va cat d, Ay _z42 oy d,: xl_y+2 _z72
2 1 -1 1 3 -2

hai diém 4, B sao cho 4B ngan nhat.

lan lwot tai

x=6—t x=6 x=6-2¢
x=12—¢ 5 5
y_ . D. Y ) y 5 y 5
z==9+1 9 9 9
zZ=——+t zZ=——+t zZ=——+t

Huéng dan giai.
Goi A(2a+1;a;-2—a) va B(b+1;3b—2;2-2b) Ian luot thude d,, d, .
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Cau 46.

Cau 47.

Cau 48.

Ta cé ﬂ:(Za—b;a—3b+2;2b—a—4) vudng goc voi ﬁ:(l;l;l) suy ra
2a~b+a-3b+2+2b-a-4=0b=a-1.Khi d6 ﬂ:(a+1;—2a+5;a—6) va do dai
BA =(a+1) +(-2a+5) +(a—6) =64’ —30a+62=> BA,, = J_ ;.

Do d6 ﬂz%(—l;o;l), A diqua A(6;§;—%). Chon B.

Trong khong gian vdi hé toa do Oxyz, cho d,: i Z_l; d,: X2 _y_ztl ;
1 -2 1 -1 3 -2

dy: x;rl = y;2 _zt3 . Duong thing d vuodng goc véi d,; cat hai duong thing d,,d,

theo mot doan thang c6 d6 dai nho nhat 1a?

A. 243. B. 0. C. 3. D. 2410.

Hudng dan giai.
Goi A(1+a;-2a;1+a)ed,,B(2—b;3b;—1-2b) e d, la cac giao diém véi d can tim.
Tacé AB=(1-a-b;2a+3b;-2—a-2b) Lu, =(2;1;1)
nén 2-2a-2b+2a+3b-2-a-2b=0=-a-b=0<a=-b,khi do
=(L;b;-2~b) = AB* =2b* +4b+5>3=min AB=+/3 . Chon C.
x=2+t
Trong hé toa d0 Oxyz, cho duong thang d,:3y =2+t , d,: x;2 = y_—32 = Z_—12 va
z=-1-2t

diém N(441).Goi d 1a dudong thing vudng géc chung ctia d, va d,, diém M (a;b;c)
thudc d . Khi d6 dai MN ngan nhat thi a+b+c bang?
A.s. B. 6. C. 4. D. 9.

Hudng dan giai.
Vao MENU 912 nhap: 1=1=2= va 4=-3=1= suy ra ud (1 L; 1) Goi AB la doan
vuobng goc chung, voéi A(2+a;2+a;—1-2a)ed,,B(2+4b;2-3b;2-b)ed, ta 6
AB//ud (L11) suy ra:

—2 y-2 z-2

4b—a=-3b—-a=3+2a—b=a=-1,b=0.Vay phuong trinh d:Z B

M 1a hinh chiéu vudng goc cua N trén d. Trong MENU 1 ghi
X+y+z

CALCnhap 2=2=-1== Sto M, bdm 6+3M = két qua bang 9. Chon D.

Trong khong gian véi hé toa dd Oxyz, goi dudng thang d di qua diém 4(1;-1;2), song

x+1 y-1 z

song v6i (P):2x—y—z+3=0, dong thoi tao véi duwong thang A: I - 57> mot
g6c nho nhat. Phuong trinh duong thiang d 1a
ix—l:y+1:2—2‘ B.)c—1:y+l:z+2‘

1 -5 7 4 -5 7
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Cau 49.

Cau 50.

C. x—1:y+1:Z—2. D. x—1:y+1:Z—2.
4 5 7 1 -5 -7
Hudng dan giai.

Pat u, =(a,b,c) khido tacd 2a—bh—c=0=c=2a—b,

u—d‘ = /54> + 20> —4ab .

Tir d6 ta co cos(; LT) = Sa_4b = cos’ (17 LT) = 25a” ~40ab +165°
3507 1 26— 4ab N 9(5a* + 26° — 4ab)

— 25— 401 +16 125
cos (ud,uA) 9(5t —4t+2) f(t):maxf(t):f(?j > _khi d6 5a = -b.

Choa=1,b=-5c= 7tacoud (1 57) Chon A.
x=1 y-2 z+2

= , sao cho
1 -1

Trong khong gian Oxyz, goi d di qua A(-1;0;-1), cat A, :

x-3 y-2 z+3
-1 2
A.x+1:X:z+l. BX_H:X:Z+1_ gx_+12122+1. D'X_H:X:Z_-l-l.
2 2 -1 4 5 2 4 -5 =2 2 2 1
Huéng dan giai.
Gia st d cit A tai B(1+262+8-2—t) = AB=(2+262+£;~1~1) va ta co:

—_— — 2
3N6t" +14t+9 3

nho nhat. Phieong trinh dwong thang d 1a

goc gitta d va A, :

‘—2—2t+4+2t—2—2t‘

3\/<2t +2) 4 (t2) +(e+1)
Suy ra ma:z:f(t) = g tai ¢ = _79 Suy ra A—B:_71(4;—5;—2). Chon C.

Trong khong gian Oxyz, cho duwong thang A: x;3 = % =Z ;rl . Viét phuong trinh mat

x+3 y-1 z+2
1
A.19x—-17y-20z-77=0. B. 19x-17y-20z+34=0.
C.31x-8y-5z+91=0. D. 31x-8y—-5z-98=0.
Hudng dan giai.

phéng (P) chita A sao cho (P) tao voi d :

mot goc 16n nhat?

Cach 1. (Khtr dan an)
Gia st d cat (P) tai A(3r—3;t+1;2¢-2), M (3;0,-1) e A suy ra M—OA=(3t—6;t+l;2t—1).
Goi VTPT cta (P) 1a n = M,du, |=(~t+5-7t+17;5-13).
Goi ¢ la goc tao boi (P) va d ta co:
6
Jia\(=5) +(Te=17) +(5¢-13)"

sing :‘cos(n,ud)

Xét f(t) =75¢* —378¢t + 483 dat nho nhét tai tzﬁ nén Z:(g -16. ﬁ) Hay chon
25 25 25 25

n=(31;-8;,-5) va phuong trinh(P): 31x—~8y~5z-98=0. Chon D.
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Cau 51.

Cau 52.

Cau 53.

Trong khong gian véi hé toa d§ Oxyz, cho dwong théng A :xT—l :%: Z+11 va mat

phéng(P):2x—y+2z-1=0. Viét phuong trinh mit phang (Q) chtta A sao cho (Q)

tao v4i (P) goc nhd nhat.
A.2x—-y+2z+1=0. B. 10x-7y+13z+3=0.
C.2x+y-z=0. D. —x+6y+4z+5=0.

Hudng dan giai.

Goi A la giao diém cua A va (P), d la giao tuyén cua (Q) va (P).Lay diém B thudc A
vakeé BH L (P) va BK Ld.Khid6 BKH =« 1a géc gitta (Q) va (P).
7 HB HB A N ’ . N A 7 7. . 7
Ta c6 tana =——>—, dau bang co khi K trung A hay d vuong goc voi A. Khi do:
HK HA

Z = [LZ;Z] = (—l; 6;4) va @ = [a,u?] = (10;—7;13). Chon B.

Trong khong gian vé6i hé toa d6 Oxyz , cho duong thang d :% = y—J;l _272
mat phang chira dwong thang d va tao voi mdt phang (Q):2x—y—2z-2=0 mdt goc

.Goi (P) la

6 s6 do nho nhat. Diém 4(1;2;3) cach mat phang (P) mot khoang bang:

A. 3. B. V6 . C. 24/3. D. 2V2.
Hudng dan giai.

Cach 1. (Khao sat ham sd)

Gia stt n, =(a;byc) = a—2b—c=0.Goi ¢ 1a goc giita (P) va (Q).

Ta c6 ‘ (_' —)‘ |2a_b_2€| |b|
cos@ =|cos(n,,n, ||= = )
e 3\/612+l)2+c2 \/5192+4bc+202
1 1 c
Xét b#0 thi cosp=——<— nén maxcose dattai t=—=—-1=c=-b.
V2 +4t+5 3 b

Cho b=1=>c=-la=1va (P):x+y-z+3=0.Vay d(4,(P))=+3.ChonA.
Trong khéng gian véi hé toa dd Oxyz, cho hai diém A(3;4;1), B(7;—4;-3) va mat
phéng (P):x+y-z+2=0. Diém M(a;b;c),(a>2) di dong trén (P) sao cho MAB
vudng tai M . Khi tam gidc MAB c6 dién tich nhé nhat thi tong a + 2b + 3¢ bang

A. 2. B. —4. C. -2. D. 6.

Hudng dan giai.
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Kiém tra duong thang AB song song véi (P), M thudc giao tuyén ctia mat cau duong
kinh AB véi (P). Goi I la trung diém ctia AB va H la hinh chiéu cta I trén (P).

Ta cé 1(5;0;—1),HG;—§;§) IA=(-2;4;2)=2(-1;2;1)= IM*> = 24,1H" = 64

Ta cé6 MH =~ IM? —IH* =2~ Chon HM =t(1;-2;-1),¢>0 suy ra t:%:%.
o (2 -4 2

Vay HM = (E??j suy ra toa d6 M (3;—4;1)= a+2b+3c=-2. Chon C.

Cau 54. Trong khong gian véi hé toa do Oxyz choba diém 4(2;0;0), B(0;4;0), C(0;0;6).Diém
M thay d6i trén mit phing (4BC) va N la diém trén tia OM sao cho OM.ON =12.
Biét réng khi M thay d6i, diém N ludn thudc mot médt cau cd dinh. Tinh ban kinh cua
mat cau do.
AL B. 342. C. 243. D.2.
2 2
Hudng dan giai
Chon A
\ v < X y zZ
Phuong trinh mét phang (A4BC) STyt s 1 (D).

Goi N(x;y;z), thi O—M:t,o—]vz(tx;ly;tz),t>0. Ma OM.ON =12 suy ra t = 01]3]2 .

12x 12y 12z
ON*’ON*’ ON?
SON’ =6x+3y+2zx" +y  +2°—6x-3y-22=0.

6x+3y+2z

N2

=1

Do d6 toa d6 M[ j thay vao (1) ta co:

2
Vay N thudc mat cau c6 dinh tam I(3;%;1j, ban kinh R =, [3? +[%J +17 = %

Cau 55. [Chuyeén DHSP Ha Noi] Trong khong gian Oxyz, cho diém A(1; 2; 4) va hai diém M,
B théa man MAMA+MBMB=0. Gia st diém M thay d&i trén dudong thing

x+3 y-1_ z+4

d: .Khi d6 diém B thay d6i trén duong thang cé phuwong trinh 1a

2 2
&x+7=l=z+12- B.x—lzy—2:z—4.
2 2 1 2 2 1
cIoroz, p A8 =3 _zoi2
2 2 1 2 2 1

Hudng dan giai.

GV: Nguyen Xuan Chung 47



Cau 56.

Cau 57.

Tir hé thitc MAMA+MB.MB =0=> MA.MA=—MB.MB vi MA, MB 1a céc doan thdng nén
hai véc to m,m c6 hudéng nguwoc nhau, hay la MA = km, k<0. Ma

MA.MA =—-MB.MB suy ra MA* = MB* = MA=MB tir d6 ta duoc MA=-MB hay A va
B d6i xting nhau qua M.

x==T7+2t
Goi M(Zt—3;2t+l;t—4)ed:>B(4t—7;4t;2t—12)e y=2t . Chon A.
z=—12+t¢

[Han Thuyén - Bac Ninh] Trong khong gian Oxyz, cho diém A(2;2;0),B(2;0,-2) va
mat phing (P):x+2y—z-1=0. Goi M(a;b;c) 1a diém thudc mit phang (P) sao cho
MA=MB va gbc AMB c6 s8 do 16n nhat. Khi d6 gia tri a+4b+c bing
AL B.2. C.0. D.3.

Huéng dan giai.

y , s OB’ -04’
Phwong trinh mp trung treec cia BAla Ox+2y+2z == - 0= y+z=0.

x=1+3t
Cho z=t= y =t thay vao (P) suy ra M thudc duong thang d:{y=—t
z=t
Talubncod x+4y+z=1< a+4b+c=1.Chon A.
Nhan xét.
Trong truong hop thay d6i cau héi chang han nhuw 2a +4b + 3¢ thi ta can giai chi
tiét nho goc AMB 6 8 do 16n nhét. Ta c6:
(3t-1)" +2(r +21)
(3t-1) +22 +(r+2)

A—M:(3t_l;_t_2;t)’B—A7[=(3t_1;_t2f+2)3cos(A—]\/7,B—M)=

7 g 17 =2t 41 4 TV T PR

cos(AM ,BM )z > =1-— . Suy ra AMB 16n nhat khi va chi khi
117 =2t +5 117 =2t +5

t= % =2a+4b+3c=2+5t =%. (C6 thé giai dua vao A4IB, I la trung diém AB).

[Ding Thiic Hira — Nghé An] Trong khong gian véi hé toa &6 Oxyz, cho duong thang
x=1+3a+at
Ay=-2+t . Biét rang khi a thay d6i luon ton tai mot mat cau 8 dinh qua
z=2+3a+(+a)
diém M (1;1;1) va tiép xtic véi duong thang A . Tim ban kinh mét cau d6.
A.53. B.44/3. C.7+3. D. 3V5.
Hudng dan giai
Ta thdy duong thang A nam trong mat phang c8 dinh (P):x+y—z+3=0 va A luon
di qua diém c6 dinh A(1;—5;-1) . Qua A v& duong thang vudng géc véi (P) ta cé phurrong
trinhdla x=1+t,y=-5+t,z=—-1-t.
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1

M
LT

Lay diém [ (1+£-5+6-1—1) = MI =[ +(¢=6)’ +(¢+2)’ va tinh khoang cach dén (P)

[+1+=5+1+1+3|
3

Hay ta c6 R=+3|=53. Chon A.

= P +(t=6) +(t+2)" =38 =31 =8+ 40 =1 =5 = [(6;0;~6)

Cau 58. Trong khong gian Oxyz, cho mat cau (§):(x—1)" +(y—-2)" +(z-3)" =4 va dudng thing
x=1+¢
d:{y=-mt (teR), m latham s6 thuc. Cac mit phang (P), (P') chtta duong thang

z=(m-1)
d va tiép xtic v6i mat cau (S) tai 7,7'. Khi m thay doi thi d6 dai 77" nho nhat 1a
A.@. B.@. g@. D.#.

Hudng dan giai

T

Goi K la hinh chiéu ctia tam I trén d, H la trung diém caa TT, ta cé:

R’ [ R
R*=IT"=IH.IK =R~ HT" IK = HT =R 1—1K2 =TT'=2R 1—1K2.

7 R 7 \ \ A 2 A v g ~
Taco IT' < (Ej < IK . =IE, trong d6 E 1a hinh chiéu cta I trén mat phang co

dinh (@) :x+y+z-1=0 chita d. Ta c6 IE =d(I,(a)) =—=>2=R.

NE)
43 413

Vay TT'.. =4[1-=2 =22 Chon C.
25 5

Cau 59. [So GD Bac Liéu] Trong khong gian Oxyz, cho mét cau () c6 tam 7(1;2;3) va cé ban

x=1+t¢
kinh r=2.Xét duong thang d:{y=-mt (teR), m 1a tham s& thuc. Gia st (P),(Q)
Z=(m—l)t
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la mat phang chta d va tiép xtic véi (S) Tan luot tai M,N . Khi d6 doan MN ngan
nhat, hay tinh khoang cach tir diém B(1;0;4) dén duong thang d .

A 5. B. ? C. 4“22137. D. 4“22173 .

Hudng dan giai.

Ta cé d nam trong mat phang (a):x+y+z-1=0 c& dinh. Goi H la trung diém cta

MN, K 1a hinh chiéu ctia tdm /(1;2;3) trén d.

Tacd r* =IK.IH = IKAr* - H2<:>MH—V/1 ,suyraMN 2r /1

D& MN nho nhat thi é 16n nhat < IK nho nhat < IK = IE, trong d6 IE 1a khoang

cach tir I dén («). Khi d6 d di qua E 1a hinh chiéu cta I trén («).

x+y+z-1

Ghi - CALC (nhap toa d6 I) STO M, bam M+1 : M +2: M + 3 = = = ta duoc

toa do E(?Z % g) thay vao d tacod m —% Khi d6 chon u, =(5;~1;-4).

Sx—y—4z) — J
Ghi \/x2+y2+zz—u CALC (nhap toa do M,B)0=0=4 = duoc V21|
25+1+16 21

Nhan xét.
Bai toan khong qua khé nhung mat rat nhiéu thoi gian dé giai (Ké ca dung Casio),
chi thich hop 6n tap, khong thich hop thi trdc nghiém.
Ciu 60. Trong khong gian vGi hé toa do Oxyz, cho mat cau (S):(x—l)2 +y° +(z+2)2 =4 va

x=2-t
duong thang d:{y=1 . Goi T 1a tap tat ca cac gid tri caa m d€ d cdt (S) tai hai
z=m-—1+t

diém phan biét 4, B sao cho cac ti€p dién cua (S) tai 4 va B tao v6i nhau goc 16n
nhat. Tinh tong cac phan t& cta tap hop T'.
A. 3. B. 3. C. -5. D. 4.
Huéng dan giai
Chon B
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M
Mit cau () c6 tam 7(1;0;-2) va ban kinh R=2. Géc giita hai mat phang lén nhat
béng 90°, do d6 IAMB tao thanh hinh vudng. Suy ra IH =d (1,d) = R _£.

7
—1 = 2 2
1 = (1 0 s (om0 g

. Vay tong cac phan t ctia tap hop T bang 3.

c>2m2+6m=0<:{

Cau 61. [SGD Bac Ninh] Trong khong gian Oxyz, cho duong thang d :gzy—_llzz——:l va
diém A(L;1;1). Hai diém B, C di dong trén duong thang d sao cho mit phing (O4B)
vudng géc v6i mit phang (OAC).Goi diém B’ 1a hinh chiéu vudng géc cua diém B 1én
duong thang AC . Biét rang quy tich cac diém B' 1a duong tron cd dinh, tinh ban kinh
r duong tron nay.

A.r:@. B.r:ﬁ. C.r:@. Q.rzﬁ.
10 5 10 10

Huéng dan giai
Chon D
Nhan xét rang duong thang OA vudng goc véi d . Vé mp(P) chita d va vudng goc voi
OA, phuong trinh (P) 1a x+ y+z=0. Ta thdy mp(P) di qua O, ma mat phang (O4B)

vudng géc véi mit phing (OAC) nén BOC =90° hay OB 1L OC.
A

B
Ta c6 B' thude mit ciu (S) duong kinh OA 6 tam I(%%%) ban kinh R =§.
Mit khac B' thudc mit phang (ABC) chtta A va d . Phuong trinh (4ABC):
2x+5y—z—6=0.Vay B'€(C)=(S)N(4BC) cé r=-R* -1’
voi h:d(l;(ABC))zlgoo nén r:mzﬁ

10
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Cau 62. Trong khong gian toa dd Oxyz, cho hai mit phing (a):x-my+z+6m+3=0 va
(B):mx+y—mz+3m-8=0 (véi m la tham s6 thurc); hai mit phang nay cat nhau theo
giao tuyén la duong thang A. Goi A’ 1a hinh chidu cia A 1én mit phang Oxy . Biét
rang khi m thay di thi duong thang A’ ludn tiép xtic véi mot mit cau cd dinh c6 tam
I(a;b;c) thude mit phang Oxy . Tinh gia tri bi€u thic P =10a" -5 +3c”.

A. P=56. B. P=9. C. P=41. D. P=73.
Hudng dan giai
Chon C
Viétlai (a):mx—m’y+mz+6m’+3m=0, cdng theo v& véi (f) ta duoc:
mp (P): 2mx+ (1 -m’ )y +6m* +6m—8 =0, day la mit phang vudng goc véi mp(Oxy ) va
chita A'. Mat cau (S) c6 tdm 1 (a;b;0), ban kinh R sao cho d(/,(P))=R. Ta cé:

[2ma+(1—mz)b+6m2 +6m—8]2 ~ [(6—b)m2 +2m(a+3)+b—8]2
dnr” +(m? -1 ) (m?+1)’ '

Chon a=-3,b=7 ta dwoc R* =1< R=1 véi moi m. Khi d6 P=10a> —b* +3c* =41.

Cau 63. Trong khong gian Oxyz, cho (P):(1+m)x+(1-m)y—(1+3m)z—(2-8m)=0, diém

R* =

A(—4;-2;7). Biét tap hop cac hinh chiéu cia A 1én mat phang (P) 1a mot dudng tron.
Duong kinh 16n nhat ctia duong tron d6 bang:
A. 35, B. 3J7. C. 73. D. 53.

Hudng dan giai
Viét lai mat phang (P) thanh: x+y—-z-2+m(x-y-3z+8)=0 do d6 (P) ludn di qua
mot duong thang d la giao ctia hai mit phing (a):x+y-z-2=0 va

x+1 y-4 =z
-1
vuong goc cua A trén (P), I la hinh chiéu cta A trén d thi AM vudng goc voi IM nén M

:x—y—-3z+8=0.Phuong trinh chala d: -1 . Goi M 1a diém chiéu
& 1

thudc mat cau duong kinh AL

Ta c6 AM = [4Qem)-2(1-m)+7(1+3m)—(2=8m)] __ [27m ]

J+m) +(1=m)’ +(1+3m)’ Viim? +6m+3

Khi m = 1/27 thi AM =0, nghia 1a MI = AI =53 . Chon D.
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Cau 64. [Dé thi thirt VTED] Trong khong gian Oxyz, xét s6 thuc m e (0;1) va hai mit phang

(0):2x—y+2z+10=0 va (B):£+1L+% =1.Biét rang khi m thay d&i c6 hai mat cau
m 1-m
c8 dinh tiép xtc dong thoi véi ca hai mit phang (a),(B). Téng ban kinh ctia hai mat
cau dé bang
A. 6. B. 3. C.9. D. 12.
Hudng dan giai.

Goi I(a;b;c) latam mat cau, ban kinh R . Ta thay Lz+ ! S+l = ! -1.
m (l—m) m(l—m)
a+1b +c—1‘
R=d(1,(B))= m Im ,thay m bdi 1-m suyra a=5b.
—1
m(l—m)
——+c-1
L m(1—m) y ) |a+2c+10
Khi d6: R= ; =c—l=-a,R=|a|. Mat khachd([,(a))zf,
—1
m(l—m)

suy ra |—a+12|=3|a|<:>[a:;6.Véy R +R,=6+3=9.ChonC.
a=

Nhan xét.
O day ta thdy vai tro ngang nhau ctia a,b va ctia m va 1-m nén dé khoang cach
khong doi thi a =5, hon nita dé€ rut gon véi mau thitc thi ¢—1=-a. Ta c6 thé chi ra

cactam I (-6;—6;7)&1,(3;3;-2).
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IV. BAI TOAN VE TONG - HIEU KHOANG CACH.

1. Dic diém dang toan va vi du.

* Dic diém dang toéan:

Nhiing bai toan c6 dang tong cac khoang cach hodc hiéu cac khoang cach hay cac
yéu t§ lién quan khac. O day ching ta thuwong gdp la tim min(MA4+MB) hodc
max|MA — MB| hay kho hon la min(aMA+ SMB) hoic tong nhiéu khoang cach.

* Phuwong phap giai:

Tam ti cu la diém ma ching ta cling can lvu y. Ngoai ra ta con vé cac yéu td phu
dé giai toan: Cac yéu td thuong can vé 1a vudng gdc, song song, ddi xiing, bang nhau.
Tuong ting v6i cac yéu td do la cac tinh chat hinh hoc ctia mét s6 hinh; 1ap cac phuwong
trinh duong; tim giao diém. Dac biét 1a bat dang thiic B.C.S, Mincopxki, khao sat, . . .

v Doi véi tong MA+ MB: Ching ta thuong chon tam ti cu d, IA+ d, IB=0, trong
d6 d,,d, Tan luot 1a khoang céch tir 4,8 dén mit phang (&) (hodc duong thang A).

v D3i v6i hiéu |[MA - MB|: Ching ta thuong dénh gia [MA— MB|< AB, ddu bing
cokhiM, A, B the&mg hang va M ngoai doan AB.

Vi bai toan lién quan dén khoang cach nén ching ta can chu y tinh “vudng goc”
ctia quy tich cac dwong.

Vi du 46. [THPT Chuyén Hung Vuong-Phti Tho] Trong khong gian d§ Oxyz , cho mat phéng
(P):x—-2y+z-1=0 vadiém 4(0;-2;3), B(2;0;1).Diém M (a;b;c) thudc (P) sao cho
MA+ MB nho nhat. Gia tri ctia a® +b* + ¢* bang:

A B.2. c.l. D. 3.
4 4
Hudng dan giai.

A

AI
Ta cd 4,B nam mot phia ctia (P).Goi A" d6i xting v6i 4 qua (P) suy rad'(-2;2;1).
Ta c6 MA+MB =MA'+ MB> A'B. D&u bang xay rakhi M = A'BN(P).
Xac dinh dwoc M(l;%;lj .Suyra a’+b*+c’ = % Chon B.
Nhan xét.
Thoat nhin cach giai tuy ngan gon, ttec 1a néu cach giai va dwa ra dap s6 tinh san,

nhung thuc t€ qua trinh tinh toan thi mat nhiéu thoi gian. Bai todn con phat biéu twong
dwong “Tim M thudc (P) dé chu vi tam gidc AMB nhé nhat”.
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Sau day ta phan tich hinh hoc va vi tri twvong d6i dé€ thay ro ban chat cua bai toan,
ngoai ra con lién quan dén cach giai khac, bai toan khac va cach giai tong quat.

Goi (Q) la mit phing chtta 4,B va vuong goc voi (P), A=(0Q)n(P), cac diem
H,K lan luot 1a hinh chiéu caa 4, B trén (P).

Néu M ngoai A thi ha MC vuéng goc v6i A, nén MA+MB >CA+CB va khi d6
MA+MB khong dat nho nhat. Néu M thuoc A nhung ngoai doan HK thi
MA+MB > HA+ HB hoac MA+MB > KA+ KB, khi d6 MA+MB ctung khong dat nho
nhat. Vay ta phai c6 M thudc doan HK. Bat HK =1,CK =¢, ta c6:

CA+CB=\d, +(1=1) +\d, +£ 2 |(d, +d,) +(I-t+t)’ (Mincopxki).

Défubéngcékhiﬂzl;zé—IQtz 9, .Z‘Tacﬁngcézizﬁ.
d, t t d, +d, d, IB

a

Cach 2. (Phwong phap quy tich + dai s0)
Tacé AB= (2;2;—2), suy ra phwong trinh (Q) chita A, B va vudng goc vai (P) la:

x=3+4¢
(Q):x+2y+3z-5=0.Nén giao tuyén (Q)n(P)=A:{y=1+¢ .Dén day ta co:
z=-2t
AM + BM =~2122 + 42t +27 ++/218 +14t+3>3*/_ £_2\/_ datduockhlt——%

Khi d6 toa do M(l;%;lj. Suy ra a’ +b* +¢’ :Z. Chon B.

(Khi MA + MB nho nhét thi cing cO MA:MB=3:1=d,:d,)
Cach 3. (Tong quat + CASIO)
Ghi x-2y+z-1 CALC nhap toa dd A, két qua 6, CALC nhép toa d6 B, két qua 2.

Goi I 1a diém sao cho 2I4+6IB=0<IA+3IB=0< I (% _71 %) Piém M can tim la

x=2y+z-1

hinh chiéu cta I trén (P). Ghi - CALC (nhéap toa do I) STO M, bam AC

Ghi (M+)c)2 +(—2M +y)2 +(M +z)2 bam = ta dwoc % Chon B.
Vi du 47. [THPT Chuyén Ha Tinh] Trong khéng gian Oxyz, cho ba diém 4(-1;0;1), B(3;2;1),
C(5;3;7). Diém M(a;b;c) thoa man MA=MB sao cho MB+ MC nho nhat. Tinh

P=a+b+c
A. P=4. B. P=0. C. P=2. D. P=5.
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Hudng dan giai.
M thudc mét phang trung triec cia AB c6 phuong trinh (P): 2x+y -3 =0.
Ghi 2x+ y —3 CALC nhép toa dd B, két qua 1a 5, CALC nhap toa d6 C, két qua la 10.
Goi I 1a diém sao cho 2/B+1C =0 < I(%;gﬁj .M 1a hinh chiéu cta I trén (P).

2x+y+0z-3

Ghi - CALC (nhap toa do I) STO M, bdm AC

Ghi 2M +x+M + y+0M +z bam = ta dugc 5. Chon D.
Loi binh.

D&i véi mat phang thi chiing ta ¢6 khai niém hai diém “Cung phia hodc khac
phia”, nhung d6i véi duong thang thi sao?. Do d6 ta c6 phuong phép tdng quét cho
bai todn tim min(MA +MB) hoac maX|MA —MB| vdi vi tri ctia diém M can tim thudc
mp (P) hodc duong thing A bat ké cling phia hay khac phia. Goi H,K lan luotla hinh
chiéu vudng goc cia 4, B trén (P) (hodc A). Dat AH =d,,BK =d, vat=d,/d,.

= DGi véi bai min(MA+MB): Vi tri M thudc doan HK va thoa man hé
OH +tOK
1+t
= D&i v6i bai max|M4—MB|: Vi tri M ngoai doan HK va thoa man hé
OH —tOK
T,(r i 1)-

Khi d6 chi can tim H,K thi xac dinh dwoc M. Cac toa d0 H,K ta c6 thé

thitc véc to HM +tKM =0 < OM =

thitc véc to HM —tKM =0 < OM =

gan vao cac phim tuwong ttng 4, B trong may tinh CASIO.
Vi du 48. Trong khong gian véi hé toa dd Oxyz, cho hai diém A(6;3;2), B (2; —1;6). Lay diém
M (a;b;c) thudc mat phang (Oxy) sao cho MA+MB bé nhat. Tinh P=a*+b’ —c*.
A. P=129. B. P=-48. C. P=33. D. P=48.
Hudng dan giai.
Cach 2. Tong quat - Tam ti cuy.

2
Tacodtiso t =% =%=%. Hinh chiéu H(6;3;0), K(2;-1;0) ctia A va B trén (Oxy).
b

Diém M thudc (Oxy) thoa man HM + (KM =0 < OM = 0H1+ ttOK _ 301;1 +10K .
+ +
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Dén day ta tim dwoc a=5, b=2.Vay P=a’+b’—c* =33. Chon C.
(Xem thém Vi du 8 va Cau 30).
Vi du 49. Trong khong gian Oxyz, cho mit phang (P):x+y+z-1=0 va hai diém 4(1;-3;0),
B(5;-1;-2). Diém M (a;b;c) thudc (P) va |[MA—MB| 16n nhét. Gia tri abc bing
A. 1. B. 12. C. 24. D. —24.
Hudng dan giai.
Cach 2. Tong quat.
Ghi x+ y+z—1 CALC nhap toa dd A, két qua —3. CALC nhép toa d¢ B, két qua 1.
Tacodtisd t=d,/d, =3/1=3. Tim hinh chiéu H, K cua A, B trén (P).

x+y+z-1

Ghi - bdm = STO B, Bam “ CALC nhéap toa do A STO A.

OH -30K
1-3
(A+1)-3(B+5)
1-3
(4+0)-3(B-2)
1-3

Toa do0 M thdéa man OM =

bam = thi

bam =thi a =6, stta thanh

(4-3)-3(B-1)
1—

bén day ta ghi: 3

b=-1, stra thanh bam = thi ¢=—4.Vay abc=24. Chon C.

x=1+2¢
Vi du 50. Trong khong gian Oxyz, cho duong thang d:{y=1-¢ va hai diém 4(1;0;-1),
z=t
B(2;1;1). Bi€ém M (a;b;c) thudc duong thang d sao cho |MA—MB| 16n nhét. Tinh gia
tri cta biéu thtec P=a’ +b> +¢>.
A.30. B. 10. C.22. D. 6.
Huéng dan giai.
(2x—y+z)2 . , 2 ~
——— CALC nhap 0=-1=-1== ta c6 d,” =2. CALC nhap

N

1 . d
1=0=1==c6d,’=—néntisd t=—2=—"-=2
2 d, 1/2

Ghi x*+)* +2z° -

2x—y+
Sira Tai 1a L5 2%) pain _ STO B, béim A bim CALC nhap lai 0=—1=-1==STO A.
biém M thuc d thdéa man W—Zmzﬁcmz%z—ﬁ+20—l(.f)éh day

ghi: —(1+24)+2(1+2B) bam = thi a =3, stta thanh —(1—-4)+2(1-B) bdm =thi »=0,
stta thanh —(4)+2(B) bdm = thi c=1. Do d6 toa d0 M (3;0;1).

Vay P=a’+b*+c*>=10. Chon B.
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Vi du 51. [THPT Chuyén DH Vinh] Trong khéng gian Oxyz, cho hai diém A4(10;6;-2),
B(5;10;-9) va mat phang (a):2x+2y+2z-12=0.Diém M di dong trén (a) sao cho
MA, MB ludn tao véi (a) cac géc bang nhau. Biét rang M ludn thudc mot duong
tron (@) c8 dinh. Hoanh d6 ctia tim duong tron (@) bang
A. 4. B. 5. C. 2. D. 10.

Hudng dan giai.

Ghi 2x+2y+z—-12 CALC nhéap toa do A, két qua 18. CALC nhéap toa do B, két qua 9.
Tis8 t=18/9=2.Goi C la giao diém ctia duong thang AB véi (), M thudc doan HK

théa man bai toan, khi dé:

_AH _BR _AH _MH _I4_, pigmInhw hinh vé). Suy ral c§ dinh va M

= = =
MH MK BK MK IB
thudc duong tron (@) tam E giao tuyén ctia mat cau duwong kinh CIvéi (a).

Ta ciing c6 CA =2CB nén E 1a trung diém CM. Ta c6 CA—2CB =0= C(0;14;-16).

— H + 20K -
Ta c6 OMz%,T‘lm toa do H, K., ghi -2 +2y+z-12
+

Bam 4 CALC nhép toa do A, STO A.

b (24+10)+2(2B+5)
1
& 1+2

bam = STO B.

bam =kétqua x,, =4.Suyra x, =2. Chon C.

x=—1+2¢
Vi du 52. Trong hé toa d0 Oxyz, cho A (1; 5;0), B (3; 3; 6), duong théng d:qy=1-t vadiém
z=2t
M thudc d. Tim toa do ctia M dé€ chu vi tam gidc AMB nho nhat?
A. M(1;,0,2). B. M(2;4:3). C. M(-32-2). D. M(1;4;3).
Hudng dan giai.
;e . . x+l_y-1_z |
Can xéc dinh vi tri M d€ MA + MB min. Phuong trinh d :T = ey = > (nhap)

(2x—y + 22)2

Ghi x*+)* +2° - CALC (thay A vao ttr d ) 2=4=0= két qua 20.

CALC (thay Bvao tt d ) 4=2=6= két qua 20. Dén day goi I(2; 4; 3) la trung diém AB.

(2x—y+22)

Bam ¢ Tré vé stra thanh CALCnhap 3=3=3= kétqua t=1. Chon A.
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Vi du 53. [Lwong Thé Vinh - Ha N6il Trong hé toa do Oxyz, cho A (1; 4; 2), B (-1; 2; 4), duong

x=5-4¢

thang d:{y=2+2t va diém M thudc d. Tim gia tri nho nhat cta dién tich tam giac
z=4+¢

AMB

A. 243, B. 2. C. 2. D. 6J2.

Hudng dan giai.
Nhén xét: Do d¢ dai AB khong ddi nén dién tich tam gidc AMB nho nhat néu khoang
cach ttt M dén AB nho nhat.
Cach 2 (Tam ti cy).

Phuong trinh chinh tic cta d : x_—45 =2 ;2 = ZI4 (nhap).

Tinh cac khoang cach Ian luot tir A, B dén d, nhap cong thirc

\/xz ryt ez =B 0 hay A vio tircitad) 42— 2 et qua 210
16 +4+1 7

CALC (thay B vao tir cua d) —6=0=0= két qua 2\/? .Dodo d,=d,.

bén day goi I(0; 3; 3) 1a trung diém AB.
CALC nhap —5=1=-1= két qua 4 =+/6 . Miit khdc 4B=2/3.
Suyra S = %AB.h = %2\/5\/8 =32 .Chon C.
Nhan xét.
Phuong phap VD 52 va VD 53 dya vao co so khéi quat sau:

M

Goi (@) 1a mit phing chita AB va (@)//d, d' 1a hinh chiéu vuéng goc caa d

trén (), H 1a hinh chiéu ctia M trén (@), K 1a hinh chiéu ctia M trén AB.

Ta c6 MH = h khong d6i va MA =\/h2 +AH? =\/h2 +HK? + AK* teong tw, ta cd
MA+MB =1 + HK* + AK* +\ I + HK® + BK> >4h> +4HK* + AB® >J4h* + AB> .
Déng thtic xay ra khi (do ti s8 1:1) HK =0, 4K = BK <> H =K =1 (trung diém AB).
Khi dé6 M =FE va IE la doan vuong goc chung ctia AB va d.

Chu vi AMB nho nhat < Dién tich AMB nho nhat (vi MK > IE). Tuy nhién khi
thi trac nghiém ta khong thé trinh bay day du, chi st dung két qua.
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Vi du 54. Trong khong gian Oxyz, cho 3 diém 4(1;0;1);B(3;-2;0);C(1;2;-2). Goi (P) la mat
phéng di qua 4 sao cho tdng khoang cach tit B va C dén (P) 16n nhat, biét rang (P)
khong cdt doan BC . Khi d6, diém nao sau day thudc mat phéng (P)?
A. G(—2;0;3). B. F(3;O;—2). C. E(l;3;l). D. H(0;3;1).

Huéng dan giai.

Goi BH, CK la khoang cach tit B, C dén (P). Goi I(2; 0; -1) 1a trung diém ctia BC.
ID la khoang cach tir I dén (P), khi d6 BHKC la hinh thang ¢6 ID la duong trung binh
nén BH + CK =2ID

A

Tac6 ID < I4 suy ramit phing (P) nhan A7 =(1;0;-2) 1am véc to phap tuyén, phuong
trinh (P):x—2z+1=0 va (P) diqua E(1;3;1). Chon C.

Vi du 55. Trong khong gian Oxyz, cho mét cau (5):(x —5)2 +(y+ 3)2 +(z —7)2 =72 vahai diém
A(0;8;2), B(9;-7;23). Goi mat phang (P) di qua 4 va (P) tiép xtc véi (S) sao cho
khoang cach tit B dén (P) 16n nhat. Gia stt n=(Lm;n) 1a mot véc to phap tuyén cta
(P), khi d6 tich mn la

A 2. B. 2. . —4. D. 4.

n giai.

@]

LN

Huodng d
Chon C.
Phuong trinh (P) 1a 1(x—0)+m(y—8)+n(z—-2)=0.Do (P) tiép xtc vdi (S) nén ta co:

|5—11m+5n|
:>—

d(I1,(P))=R =+/72 . Khoang cach tir B dén (P) la:
( ( )) m g (P)
a(8 (P))_|9—15m+21n|_|5—11m+5n+4(1—m+4n)|
’ \/l+m2+n2 \/l+m2+n2 -
_ _ 1+1+16)(1+m* +n’
Suy ra a’(B,(P))S|5 11m+5n|+4|1 m+4n|£ﬂ+4.\/( )( )=18\/5.
\/1+ﬂ12+n2 \/1+ﬂ12+112 Nl+m? +n?
S-11m+5n)(1-m+4n)>0
Dé’ubéngxéyrakhivéchikhi 1 m _n oSm=-1n=4.
1 -1 4
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Vi du 56. [THPT Chuyén Ngir — Ha Noi] Trong khong gian v6i hé toa d¢ Oxyz, cho mét cau
(8):(x=1)" +(y=2) +(2-2)" =9 va hai di€ém M (4;—4;2), N(6;0;6). Goi E la diém
thudc mét cau (S) sao cho EM +EN dat gia tri 1on nhat. Viét phuong trinh tiép dién
cla mét cau () tai E.

A x-2y+2z+8=0. B. 2x+y—-2z-9=0. C. 2x+2y+z+1=0. D. 2x-2y+z+9=0.
Huéng dan giai
M3t cau (S)co tam 7(1;2;2) vabankinh R=3.Ta cé IM = IN =3+/5 nén AIMN can.

Goi K la trung diém caa MN = K(5-2;4) va ta c6 EM +EN 1én nhéat khi
IE =tIK,t<0.

Do d6 ¢ = —% = —%, suy ra JE = —%(4; —4;2)=(-2;2;-1)= E(-1;4;1), khi d¢ tiép dién
di qua E va 6 vtpt n= (2;-2;1) va phuong trinh 2x-2y+2z+9=0. Chon D.

Cach 2.

Tacé IM =(3;-6;0),IN =(5;-2;4) suy ra IM + IN =(8;~8;4)=2IK va:

P=EM? +JEN? =\EI* + IM* + 2ELIM +~NEI* + IN* + 2ELIN
P=+/54—20E.IM +~54—2IE.IN < \/(12 +12)(108 - 21E.(IM + IN)).

P< \/2(108—4YE.1‘15) < J2(108+41E.IK) = 65/10..
D&u biang xay ra khi IEIM =IEIN va IE,IK nguwoc huong, ta co
IE=tIK =t(4-4;2), suy ra t=—%:>]75=(—2;2;—1):>E(—1;4;1) (Théa man

IE.IM = IE.IN = -18). Phuong trinh tiép dién la: 2x—2y+z+9=0. Chon D.

Vi du 57. Chomit cau (S):(x+1)° +(y—4)" +2’ =8 va hai diém 4(3;0;0), B(4;2;1). Goi M
la mot diém bat ky thudc mat cau (S ) . Tim gia tri nho nhét cua biéu thic
P=MA+2.MB?

A. 42, B. 632 C. 242 D. 34/2.
Huéng dan giai.

Goi I(~1;4;0), R =2+/2 1a tm va bén kinh mit cau, ta c6 14 = (4;-4;0).

Xét AM> =IM +14 —2IM JA=40—2IM IA.
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4 B
Dit I4=4IC < IC = (1;-1,0) < C(0;3;0). Khi d6 diém C nim trong mjt cau, B
ngoai mit cau va AM’ =40 —8IM.IC = 4(8+2-2IM.IC) = 4CM* < AM =2CM .
P=MA+2MB =2(MC +MB)>2BC =6+2. Chon B.
Cach 2. (Tong quat)

Tinh [4 = (4;—4;0),1B = (5;-2;1) nén cos(I4,1B ) = = (I4,1B) = a = 25,4°.

7
215

Dit (E,HZ) — (EEZ) -t tach P=40—2IM IA + 238 —2IM IB .

P =J40—32cos(a — 1) + 24/38 —84/15 cos . Ditng CASIO dé tim min, ta c6
min P ~ 8.48528 = 6~/2 tai 7 ~ 7.8°.Chon B.
Nhan xét.
Cach 2 va may “Casio sé€ xai tat tan tat” cac loai biéu thuirc 2MA+3MB, ...
Viu 58. [Chuyén DHSP Ha No6i| Trong khong gian Oxyz, cho cac diém A(1;3;2), B(—2;—1;4)

va hai diém M, N thay ddi trén mat phang (Oxy) sao cho MN = 1. Gia tri nho nhat ctia
AM? + BN?la

A. 28. B. 25. C. 36. D. 20.
Hudng dan giai.

Goi H(1;3;0),K(—2;—1;0) la hinh chiéu cta A, B trén mp(Oxy), do dai HK =5.
Ta chon vi tri M, N thudc doan HK nhuw hinh vé, dat HM =a,NK =b thi a+b=4.
Khi d6 AM® + BN* = AH® +a’ +b*> + KB* =4 +16 +a’ +b*, suy ra:

AM?® + BN” 220+%(a+b)2 =20+8=28. Chon A.

Vi du 59. [Dé - 2021 — BGD] Trong khdng gian Oxyz, cho hai diém A(1;-3;-4) va B(-2;1;2).
Xéthai diém M va N thay ddi thudc mat phang Oxy sao cho MN =2. Gia tri 16n nhat
ctia | AM — BN | bang
A. 35, B. \6l. C. J13. D. /53.

Huéng dan giai.
Cach 1. Vé yéu t6 phu.
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Vi A, B khéc phia d6i véi mp(Oxy)nén 18y A4'(1;-3;4) d6i xtmg v6i 4 qua (Oxy).
V& BC = NM , khi d6 |AM — BN|=|4'M - CM|< A'C . D&u bang xay ra khi va chi khi
A’, C, M thang hang.

Goi H (1;-3;0),K (—2;1;0) 1a hinh chiéu ctia A, B trén mp(Oxy), d6 dai HK =5. Suy
ra CD=5+2=7= A'C=~7"+2" =/53. Chon D.

Nhan xét.

Cach giai trén kha phtic tap, yéu cau cac em can “hinh dung” dwoc vi tri twong
doi cua cac diém A, B, M, N va mp (Oxy) ; ngoai ra phai vé hinh minh hoa va tinh toan
nén mat nhiéu thoi gian lam bai. C6 nghia la chiing ta “chay theo dé bai” dé giai ma
chua “chta dong” d€ giai toan.

Cach 2. Tong quat — Khao sat ham so.
B

j—
—
L —

Goi H(l;—3;0),K(—2;1;0) la hinh chiéu cta A, B trén mp(Oxy), do dai HK =5.

Ta chon M, N ngoai doan HK (Diém M cang xa diém A cang tot, diém N cang gan B
cang t6t; K& ca A va B cling phia hay khac phia d6i véi (o), chiing ta can quan tim &
dayla d, > d,). Dat KN =t >0, ta xét ham s0&:

f(l>=AM—BN:\/m_\/m:>f,<t): 74t _

JI+1) +16 P44

f'(t)=0<1¢=7.Suyra maxf(t)zf(7):\/§. Chon D.
Cach 3. Tong quat — Bat dang thtec.
Khi thiét 1ap duwoc ham s6, thi dung BDT Mincopxki ta co:

FO=t+7) +@+2) P +4<F 12 47427 — P +4=153

Dfmg thirc co khi %:%@tzl
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Loi binh.
Khi |AM — BN| 16n nhat thi ta c6 cdc tam giac AHM ,BKN dong dang, ti s6 bang
2. Khi d6: HM =2KN <> T+t=2t <t =7,nén AM —BN = BN =+/53 . Nhu vay ta

van c6 ti s6 HM _AH 2. Vay day xem nhu mot cach giai (Thira nhan két qua).
KN  BK
Céc bai toan trén c6 dac diém: ﬂ = A—M = d, =t.Hay ta co HM = ﬂ, noi
NK BN d, AM BN
cach khac, cac duong thang AM,BN cling tao véi (P) mot goc bang nhau ¢ . Ma ta
co sing = ‘cos(m,a) = ‘cos(ﬁ\/,a) . Ta tam goi la “Dinh luat phan xa anh sang

d6i véi guwong phang!”: Tia phan xa cia AM sé theo phwong BN; Tia phan xa caia BN
sé theo phuong AM.

Trong truong hop khi MN =0 < N =M, c6 nghia 1a mét diém M di dong trén
(@), ta quy vé bai todn “Tim M thudc (&) hodc A d& |AM — BM| 16n nhat”. Khi d6
ta giai quyét bai toan theo cach tong quat nhu trén (C6 thé dung CASIO dé tim max).
Tia AM, BM hodc tring nhau hogc d8i xting nhau qua mit phang (P) hogc mit phang
phap tuyén cua (P) tai M; K& ca bai toan min(AM +BM).

T6m lai: Cho hai tam giac dong dang la OK!

2. Bai tap kiém tra.
Cau 65. Trong khong gian Oxyz, cho hai diém A(1;1;3),B(5;2;—1) va hai diém M, N thay d6i

thudc mit phang (Oxy) sao cho diém 1(1;2;0) luén la trung di€ém caa MN. Khi biéu
thitc P = MA®> +2NB* + MA.NB dat gia tri nho nhat, tinh T = 2x,, —4x, +7y,, -,
A T=-10 B. T=-12 C.T=-11 D.T=-9.

Cau 66. Trong khong gian v6i hé toa do Oxyz, cho hai diém 4(3;2;1), B(-1;4;-3). L4y diém
M (a;b;c) thudc mat phang (Oxy) sao cho |MA - MB| 16n nhat. Toa do M la
A. M(=5:1;0). B. M(5:10). C. M(5:-1;0). D. M (=5;-1;0).

Cau 67. [Chu Van An - Ha N6i] Trong khéng gian Oxyz, cho duong thang A: % = yT—l =% va

hai diém 4(1;2;-5), B(-1;0;2). Biét diém M thudc A sao cho biéu thixc M4 - MB| dat
gia tri 16n nhat 7 . Khi &6 T, bang bao nhiéu?
AT, =-/57. B.T, =3. C.T, =2J6-3. D.T, =3/6.

Cau 68. [S6 GD Ha Tinh] Trong khong gian Oxyz, cho A(-1;0;0), B(0;-1;0),C(0;0;1) va mat
phang (P):2x-2y+z+7=0. Xét M €(P), gia tri nho nhat cua ‘m - MB +M—C‘ + ‘m‘ bang

A. V22 B. 2. C. 6. D. J19.
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Cau 69. Trong khong gian Oxyz, cho hai diém A(1;2;-1), B(7;-2;3) va duong thang (d) 1a giao
tuyén ctia hai mat phang (P):2x+3y-4=0 va (Q):y+z-4=0.Diém [ e (d) sao cho
tam giac ABI c6 chu vi nho nhat, gia tri nhé nhat d6 bang:

A. 9+2V17. B. 2(:/30 +/17). C.2(30++13).  D.76.
Cau 70. [THPT Hau Loc 2-Thanh Hoéa] Trong khéng gian Oxyz cho cic diém A(1;5;0),

B(3;3;6) va duong thang A: XTH = y_—ll = g .Goi M (a;b;c) € A sao cho chu vi tam giac

MAB dat gia tri nho nhat. Tinh tong T=a+b+c¢?
A.T=2. B. T=3. C.T=4. D.T=5.
Cau 71. [Nguyén Khuyén Tp.HCM] Trong khong gian vdi hé truc toa ddOxyz, cho diém

xX=t

A(2;3;0), B(0; —\/5; 0), M(g;—ﬁ;Zj va dueong théngd: y=0 . Diém C thudcd sao
z=2—t

cho chu vi tam gidc 4BC 1a nhé nhat thi d6 dai CM bang

A. 243. B. 4. C. 2. D. &.

5

Cau 72. Trong khong gian Oxyz, goi d la duong thang di qua 4(2;1;0), song song voi mat
phang (P):x—y-z=0 va cé tong khoang cach tir cac diém M (0;2;0),N (4;0;0) tdi
duong thang d c6 gia tri nho nhat. Vecto chi phuong u cta d ¢6 toa do la
A. (1,0;1). B. (2L1). C. (3;2;1). D. (0;1;-1).

Cau 73. [THPT Lwong Thé Vinh-Ha Noi] Trong khong gian Oxyz, cho diém A4(1;-6;1) va mat
phéng (P):x+y+7=0.Diém B thay d6i thudc Oz; diém C thay ddi thudc mit phang
(P). Biét rang tam gidc ABC c6 chu vi nho nhat. Toa d6 diém B la.
A. B(0;0;1). B. B(0;0;-2). C. B(0;0;-1). D. B(0;0;2).

Ciu 74. Trong khong gian Oxyz, cho bon diém diém A(—4;4;0), B(2;0,4), C(1;2;-1) va
D(7;-2;3). Gia stt M la diém di dong trén duong thang AB. Tim gia tri nho nhat cta
biéu thiec MC+MD.

A. 46 B. V2. C. 82. D. 24/30.
Cau 75. [THPT Hoang Van Thu-Hoa Binh] Trong khong gian Oxyz, cho hai diém
x=2+4¢
A(1;-1;2),B(3;-4;-2) va duong thang d:{y=-6t .Diém I(a,b,c) thudcd thoa man
z=-1-8
1A+ IB dat gia tri nho nhat. Khi d6 T =a+b+c bang
A.é. B. —ﬁ. C.6—5. D. —2—1.
58 58 29 58

Cau 76. Trong khong gian toa d6 Oxyz cho 4(1;3;10), B(4;6;5) va M la diém thay déi trén
mat phang (Oxy) sao cho MA, MB clng tao véi mit phing (Oxy) cac goc bang nhau.
Tinh gia tri nhé nhat cua AM .
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A. 10, B. 10. C. 643. D. 8V2.

Cau 77. Trong khong gian Oxyz, cho mat cau (S):x*+y* +(z—-3)" =8 va hai diém 4(4;4;3),
B(1;1;1). Goi (C) la tap hop cac diém M e(S) dé |MA-2MB| dat gia tri nho nhat. Biét
rang (C)la mot duwong tron ban kinh R. Tinh R.

A. V6. B. V7. C.2V2. D. 3.

Cau 78. [Chuyén Lwong Thé Vinh — Dong Nail Trong khong gian Oxyz, cho 4(-4;-1;3),
B(-1;-2;-1), C(3;2;-3) va D(0;-3;-5). Goi («) la mat phang di qua D, ba diém 4,
B, C nam vé cung phia so véi («). Biét tng khoang cach tir 4, B, C dén («) 16n
nhat, trong cac diém sau, diém nao thudc mat phang (a)?

A. E (7;-3;-4). B. E,(2;0;,-7). C. E,(-1;-1;-6). D. E,(36;1;-1).

Cau 79. [Lé Quy Don- Da Nang] Trong khong gian Oxyz, cho 3 diém A(-8;1;1), B(2;1;3) va
C(6;4;0). Diém M di dong trong khong gian sao cho MAMC = MAMB+34. Biét
|MA—MB| dat gia tri 16n nhat tai di€m M, (x,;y,:z,) . Tinh tich s8 x,,z, .

A. 16. B. 18. C. 14. D. 12.

Cau 80. [Chuyén Son La] Trong khong gian Oxyz, cho 4(-1;0;0), B(2;3;4). Pudng tron giao
tuyén cta hai mat cau (S,):(x—1)" +(y+1) +22 =4 va (8,):x +)* +22+2y-2=0
ndm trong mit phang (P) . Xét M, N la hai diém bat ky thudc (P) sao cho MN =1.
Gid tri nho nhat ctia AM + BN bang
A. 5. B. 3. C.6. D. 4.

Cau 81. [Dé TNTHPT 2021 - BGD] Trong khong gian, cho hai diém 4(1;-3;2) va B(-2;1;-3).
Xét hai diém M va N thay d6i thudc mit phang (Oxy) sao cho MN =1. Gia tri 16n
nhat cta | AM — BN | bang
A7 B. J41. C. 37 D. J61.

Cau 82. [S6 GD Ha Tinh] Trong khong gian Oxyz, cho mdt cau(s):x* + % + 2% +2x -8y +9=0
va hai diém A4(5;10;0), B(4;2;1). Goi M la diém thudc mdt cau (S). Gid tri nho nhat cua
MA+3MB bang

A V2 B, 222
3 3
Cau 83. Trong khong gian Oxyz, cho cac diém 4(3;-1;2), B(1;1;2), C(1;-1;4), dudng tron (C)

C. 222. D. 114/2.

1a giao ctia mit phang (P):x+y+z—4=0 vamit cau (§):x* +y* +2" —4x—6z+10=0.
Cé bao nhiéu diém M thudc (C) sao cho T'=MA+MB+MC dat gia tri 1on nhat?
A. 3. B. 2. C. 4. D. 1.

Cau 84. Trong khéng gian Oxyz, cho bon diém 4(3;1,0), B(2;0;,-1), C(0;2;-1), D(0;0;,-2).
Véimdi diém M tuy y, dat T = MA+MB+MC+MD. Goi M, (a;b;c) sao cho T dat gid

tri nho nhat. Tinh tong a+5b+c bang
A 7. B. 4. C. 3. D. —-13.
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Cau 85. [THPT Chuyén Tuyén Quang] Cho duong thing d :%: yT—l zg va ba diém
A(2;0;O),B(O;4;O),C(O;0;6). Diém M(a;b;c)e d théa man MA+2MB+3MC dat gia
tri nho nhat. Tinh S=a+b+c.

A s=1% B. 5= c.s=-2 D.s=-2
49 148 49° 50

Cau 86. Trong khong gian véi hé toa do Oxyz, cho ba diém 4(-2;1;0), B(4;4;-3), C(2;3;-2)

xl—l = y_—zl = Z__ll .Goi () 1a mit phing chtta (d) sao cho 4, B

, C & cling phia d6i véi méit phing («). Goi d,, d,, d,1an luot 1a khoang cach tir 4, B

, C dén («). Tim gia tri 16n nhat cua T =d, +2d, +3d;.

T, =2321. B. T, =6J14. C. T, =~14+3J21. D. T, =+203.

Cau 87. [SGD Thanh Héal Trong khéong gian véi hé toa dd Oxyz, cho bon diém 4(7;2;3),
B(1;4;3), C(1;2;6), D(1;2;3) va di€ém M tuy y. Tinh d6 dai doan OM khi biéu thtrc

va duong thang (d):

P = MA+ MB +MC ++3MD dat gi4 tri nho nhat.
AOM—3\/— B. OM =+/26. C. OM =14 DOM—S\/—

Cau 88. [SGD Ha N(_)l] Trong khong gian Oxyz, cho mét cau (,) 6 tam /(2;1;1) ¢ ban kinh
béng 4 vamit cau (S,) c6 tim J(2;1;5) c6 ban kinh béng 2 . Mt phang (P) thay d6i
tiép xtic véi hai mat cau (S,), (S,). Dat M, m lan lwot la gid tri 16n nhat, gia tri nho
nhét cia khoang céch tir diém O dén (P). Gid tri M +m bang
A5, B. 84/3. C.9. D. 8.

Cau 89. [TH & TT sO 8] Trong khong gian vdi hé truc toa do Oxyz, cho duong théng
x+1 y-4 z-4
3 -2 -1
d6i trén A sao cho CD=+/14 va mit cAu néi tép t& dién ABCD c6 thé tich 16n nhat.

Khi d¢ toa do trung diém M caa CD la

A

va cac diém A4(2;3;-4), B(4,6,-9). Goi C,D 1a cac diém thay

19,64 102} 5. p[181,7104 —42)
35°35 35 5 5 5
C. M E;E;Q . D. (2;2;3).
28 1428

3. Heéng dan bai tap kiém tra.
Cau 65. Trong khong gian Oxyz, cho hai diém A(1;1;3),B(5;2;—1) va hai diém M, N thay d6i

thudc mat phang (Oxy) sao cho diém 1(1;2;0) ludn la trung diém caa MN. Khi biéu

thitc P=MA® +2NB* + MA.NB dat gia tri nho nhat, tinh T =2x,, —4x, +7y,, — ¥y
A. T=-10 B. T=-12 C. T=-11 D. T=-9.
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Cau 66.

Cau 67.

Hudng dan giai.
Gia st cac diém M (1-x;2-y;0), N(1+x;2+ »;0),x° + y* = 0. Khi d6
P=x"+(y=1) +9+2(x’ =8x+)" +17)+x(4-x) - y(y-1)-3

2
)1, 18
8 8

P=2x2—12x+2y2—y+41=2(x—3)2+2(y—z

Vay mian%@ x:3,y:%QM(—Z%;O),N(Q%;O): T =-10.Chon A.
Loi binh.

O day ta chon phuong phap khit dan an, bién ddi dua vé “dang mit cau” nén
twong d6i ngan gon. Ngoai ra néu goi H,K 1a hinh chiéu cta 4,B trén mp(Oxy) thi
tavancd HM /KN =d, /d, =3/1.

Trong khong gian v6i hé toa dd Oxyz, cho hai diém 4(3;2;1), B(-1;4;-3). Lay diém

M (a;b;c) thudc mat phang (Oxy) sao cho |MA - MB| 1én nhat. Toa d6 M la

A. M (-5;1,0). B. M (5;10). C. M (5-10). D. M (-5;-1;0).
Huéng dan giai.

, 1 n s g . . = == . as
Ta cé ti s6 t=%=%=% nén goi C la diém thoa man CA:lCBQC(S;I;gj. Khi dé
-

3
diém M can tim la hinh chiéu cua C trén (Oxy)nén toa do M (5;1;0). Chon B.
[Chu Vin An - Ha N6i] Trong khong gian Oxyz, cho duwong thang A: ? =——=—va

hai diém 4(1;2;-5), B(-1;0;2). Biét di€m M thudc A sao cho biéu thirc M4 - MB| dat

gia tri 16n nhat 7 . Khi &6 T, bang bao nhiéu?

AT =-/57. B. T, =3. C.T,=2J6-3. D.T, =3J6.

Huéng dan giai.

Cach 1. Khao sat ham sé.

Ly diém M (x;x+Lx) €A, tacd: MA=~/3x" +6x+27 va MB=+3x"+6.

Xétham s6 f(x)= MA—MB =~/3x* + 6x+27 —/3x* +6,, tinh dao ham:
3x+3 3x x+1 X

/)= Sl +6x+27 ABxi+6 x)=0e x4 62427 Bri6

Giai ra phuong trinh ¢6 nghiém duy nhat x=1.Suyra 7, =3.

(C6 thé vao MENU 8 dé tim min, max cua [ (x)).

Cach 2. Bat dang thtc.

Ta viét lai MA va ap dung bat dang thitc Mincopxki:

M= (VB V3) +(V6+v6) <[(V3x) +(V8) +(\3) +(\6) =mB+3

Suy ra MA—MBS3.D§ngth1’rcc()khi&=£<:>x=l.
NN
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Cach 3. Tong quat.

2
+y+
Ghi x4yt 42— ) carc (nhéap b khi thay A vao te A) 1=1=-5= két

qua d,> =24, CALC (thay Bvaotir A) -1=—-1=2= kétqua d,” =6.

T d6tiss: t =d, /d, = 23/6 /\/6 =2 . Tim toa d6 hinh chiéu H, K ctia A, B trén A

o (x+y+z) . .
Stta lai ———= bam = STO B, bam “ CALCnhaplai |=1=-5== STO A.
Toa do diém M thoa man MH —2MK =0 < OM = %. Dén day ta ghi:

A-2B A+1-2(B+1)
1-2 1-2
Suy ra maXT=|MA—MB|:6—3:3.

bam==taco x,, =1, y,, =2 nén toa dd M(I;Z;l).

L
i
!
!
I
!
!
I
I
1
I
!
!
I
i
I
!
il
i I \
\
A}
]
\}
A}
]
A}
- A}
\}
\}
==L S

Loi binh.

Trong cach 3 tuy trinh bay twong doi dai, nhung thuec t€ ta chi ghi nhép ti s6 t va
biéu thitc véc to, con lai 1a bdm mday Casio. Ngoai ra ta c6 thé tim dugc
AN AB= C(—%;%;—%) va bat ding thiic |[MA—MB|< AB ludn ding, nhung C
thudc doan thang AB nén d&u bang khong xay ra. Cu thé trong bai trén, chung ta
khong thé c6 déng thitc [MA — MB|= AB =+/57 , ma chi c6 thé 1a [MA— MB|=3.
Cach 4. Vi tri twong do6i.

Truong hop AN AB =C thudc doan AB, ta co: M—A = % =2, nghia la: A la

MB CB
duong phan giac ctia goc AMB . Truong hop AN AB = C ngoai doan AB, thi M trung

C, do d6 ta ludn co (AM,;) = (BM,&). Suy ra tim toa d6 M (x;x+1;x) theo cong

thac: COS(W,&):COS<B_M',I;)® X—1+x;1+x+5 _ x+1+xJ1r1+x_2

x=1.
Vay toa do M (1;2;1), nén maxT =MB = 3.

Cach 5. Tong quat.

Goi D la diém trén duong thing AB sao cho DA=2DB, ticB la trung diém caa DA.

Toa d6 D(~3;-2;9), ta tim hinh chiéu M ctia D trén A . Ghi 22

CALC nhap
-3=-3=9==STOD,bdmD:D+1:D === kétqua M (1;2;1), nén maxT = MB = 3.
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Cau 68.

Cau 69.

[S6 GD Ha Tinh] Trong khong gian Oxyz, cho ba di€ém A4(-1;0;0), B(0;-1;0),C(0;0;1) va
mat phang (P):2x-2y+z+7=0. Xét M €(P), gi tri nhé nhat cua ‘M—A—m +M—C‘+‘m‘
bang
A. V2. B. V2. C. e. D. 9.

Huéng dan giai.
Goi D la diém sao cho DA—DB+DC =0, toa d6 D(-1;1;1). Bai toan tré thanh tim

gia tri nho nhat cua MB+MD.Ti56't:£:2.
d, 4
s aiA A \ 2 - 9= = 9 5 9
Goi E la diém trén duong thang BD sao cho EB+—ED =0 E| ——;—;— |.
4 131313
., s o~ . . 2x=2y+z+7 . . .
Khi d6 M la hinh chiéu cta E trén (P). Ghi — nhap toa do E STO E, bam
2E+x:-2E+y:E+z===kétqua toadd M _éﬂi
13713713
Tt d6 min( MB + MD) =9—“221+34 V22 _ /22 . Chon A.

Cach 2. Bat dang thtc.

Theo bat dang thitc Mincopxki, ta ¢ :

MB+MD =BK* +KM” +/DI” + MI” > \J(BK + DI) +(KM +MI

Suy ra minTz\/(dB +d,) +KI?

minT =/(d, +d,) +BD* —(d, —d,) =\|BD* +4d,d, = 6+43— J22.

Trong khong gian Oxyz, cho hai diém A(1;2;-1), B(7;-2;3) va duong thang (d) 1a giao

tuyén ctia hai mat phang (P):2x+3y-4=0 va (Q):y+z-4=0.Diém [ e (d) sao cho
tam giac ABI c6 chu vi nho nhat, gia tri nhé nhat d6 bang:
A. 9+217. B. 2(:/30 +/17). C.2(30++13).  D.76.
Hudng dan giai.
Goi I € (d) can tim, suy ra toa d (2 +3t;-2t;4 +2¢) va tinh tong:

AL+ BI=J(1+3t) +(20+2) +(20+5) +(3t=5) +(2-26) +(1+2t)’.
Dung CASIO, thi min (47 + BI) = 24/30, chu vi nho nhat 1a 2(+/30 ++/17). Chon B.
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Cau 70. [THPT Hau Loc 2-Thanh Hoéa] Trong khéng gian Oxyz cho cic diém A(1;5;0),

B(3;3;6) va duong thang A: XTH = y—_ll = % .Goi M (a;b;c) e A sao cho chu vi tam giac

MAB dat gia tri nhé nhat. Tinh tong T'=a+b+c?

A.T=2. B. T =3. C.T=4. D.T=5.
Hudng dan giai

Do AB khong d6i nén chu vi MAB nhé nhat khi MB+ MC nho nhat.

2_(2x—y+22)2
9

Ghi x*+y*+z CALC (nhdp bd khi thay A vao t&r cua A)

2=4=0==keét qua 20, CALC (nhap bd khi thay Bvao tltclia A) 4=2=6==
két qua 20. bén day goi /(2;4;3) la trung diém A4B. Bam < quay vé stra thanh
W CALC nhap 3 =3 =3 ——STO M b&m AC ghi —1+2M +1— M +2M —

két qua bang 3. Chon B.
Cau 71. [Nguyén Khuyén Tp.HCM] Trong khong gian véi hé truc toa ddOxyz, cho diém

x=t

A(2;3;0), B(0; —\/5;0), M(g;—ﬁ;ZJ va duong théngd :<y=0 . Diém C thudcd sao
z=2—t

cho chu vi tam gidc 4BC 1a nhé nhat thi d6 dai CM béng

A. 243, B. 4. C. 2. D. &.

5
Hudng dan giai.
Vi AB khong d6i nén ta can tim vi tri ctia C sao cho gid tri cua tong CA + CB nho nhat.

Ta 6 T'= AC+BC=\2(t=2) +9+\f +(t=2) +2 =28 —81+17 +27 ~4r+6 >3,/3.

2
D&u bang c6 khi t:%’ Do d6 CM :\/(t—gj +2+1*=2.Chon C.
Nhan xét.
Kinh nghiém khi ap dung bat dang thirc Mincopxki la gi? Ta cé thé phan tich
. 2 2 ~ . 2 A ea
trong hai can nhw sau: (a —\/Et) va (\/Et —b) suy ra vé phaila (a—b) , triét tiéu tham

s6 t. Cac s6 a, b ta tim dé dang (Xem thém Cau 68 va Cau 74).
Cach 2. Tam ti cu.

+0y-z)
Ghi x2+yz+zz—M CALC nhap 2=3=-2= c¢b6 d,=9. CALC nhap
0=-—+2=-2=0¢6 d,’ =4.GoilIla diém sao cho 2I4+3IB =0, toa d6 I(%;6_2\/E;O).
+0y— -
Sura thanh 2 7%) CALC nhap %: 6 zﬁ _ _2—ta duoc t=%.

Vay M la hinh chiéu cua I trén d, toa d0 M (%;0; %) nén CM =2.
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Cau 72.

Cau 73.

Nhan xét.

AC _d,
b

Khi téng C4+CB nho nhat thi ta cling c6 B =%, khi d6 ta chi viéc giai

phuong trinh: 2\/2(t—2)2 +9 =3\/t2 +(¢—2)" +2 bing SHIFT SOLVE duoc ¢ =1.4 =%.

Tuy nhién chung ta phai biét dwgc ti s6 khoang cach va con phai biét biéu thirc thi méi
giai nhanh duoc nghiém. No6i cach khac: Day xem nhu mot cach giai va la swe két hop
cua cach 2 va cach 1.
Trong khong gian Oxyz, goi d la dudong thing di qua 4(2;1;0), song song véi mit
phang (P):x—y-z=0 va ¢ tdng khoang cach tir cac diém M (0;2;0), N (4;0;0) toi
duwong théng d co gia tri nho nhat. Vecto chi phuong u cta d c6toa ddla
A. (10;1). B. (2;L1). C. (3;2:1). D. (0;1;-1).

Hudng dan giai.
Goi mp (Q) qua A va song song voi (P ), cd phuong trinh x — y —z-1=0.
MH,NK la céc khoang céch tir M, N dén d. Ta c6 MH + NK >d (M,(Q))+d (N,(Q)).

MNSHL K 4
A\

/ \
) N

N
Ha ME 1 (Q) suy ra duong thing d can im di qua A va E.
Toado caa Etrén (Q)la E(1;1;—-1) —u :EZ:(I;O;I).
[THPT Luong Thé Vinh-Ha Noi] Trong khong gian Oxyz, cho diém 4(1;-6;1) va mat
phéng (P):x+y+7=0.Diém B thay d6i thudc Oz; diém C thay ddi thuoc mit phang
(P). Biét rang tam gidc ABC c6 chu vi nho nhat. Toa d6 diém B 1a.
A. B(0;0;1). B. B(0;0;-2). C. B(0;0;-1). D. B(0;0;2).
Huéng dan giai
Chon A
Nhan xét mat phang (P) song song véi truc Oz. Ta cé AB ngan nhat néu B 1a hinh

chiéu cua A trén Oz, con lai chon vi tri ctia C trén (P) d€ CA + CB nho nhét.
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Cau 74.

Lay A’ d6i xtiing véi A qua (P) thi CA+CB=CA'+CB> A'B, ngoai ra A'B vudng goc
v6i Oz nén chu vi CAB nho nhat khi C, A’ va B thang hang. Vay toa do B(0;0;1).
Trong khong gian toa dd Oxyz, cho bon diém diém 4(-4:4;0), B(2;0;4), C(1;2;-1) va
D(7;-2;3). Gia sit M 1a diém di dong trén duong thang AB. Tim gia tri nho nhat cta
biéu thttc MC+ MD.
A. 46 B. 7V2. C. 82. D. 24/30.

Huéng dan giai.
Cach 1. Khao sat - BDT
Ta c6 phuong trinh (AB): x=2+3t,y =-2¢,z =4+ 2¢. Lay diém M thudc AB va tinh

CM + DM = J(1+3¢) +(20+2)" +(2t+5) +(5-3¢) +(2-2¢) +(~1-2)".

CM + DM =177 + 34t +30 +~/17¢* =341 +30.
CM -+ DM = ([T +dT7) +13" +(VI7 70 #4132 (2417 +(2413) =2430.

A7 +17 13
V17-17e Vi3
Cach 2. Xét vi tri twong doi.

Tacé AB =(6;-4;4)=CD = ABDC la hinh binh hanh. Goi 7(4;0;1) la trung diém CD,

Déng thitc xay ra khi =1<1¢=0.Chon D.

vi tri M can tim 1a hinh chiéu vuéng goc cua I trén AB.

A M B
C 7 D

3(x=2)-2y+2(z—4)
9+4+4
Tinh dwgc min(CM + DM )=2BD =2+/30. Chon D.

Ghi

CALC nhap toa do I'tacod t=0do d6 diém M (2;0;4)=B.

Cau 75. [THPT Hoang Van Thu-Hoa Binh] Trong khoéng gian Oxyz, cho hai diém

x=2+4¢
A(1;-1;2),B(3;-4;-2) vaduong thang d:{y=—-6t .Diém I(a,b,c) thudcd théa man
z=—1-8¢
14+ IB dat gia tri nho nhat. Khi d6 T =a+b+c bang
A. 23 B. 8 C. 6 D. —2—1.
58 58 29 58

Hud6ng dan giai.
Cach 1. Tam ti cu.
(4x—6y—8z)’
116

Ghi x*+y> +2° - CALC nhép ~1=-1=3== c6 d.’ :%. CALC nhap

a

l=—4=-1==cb d,’ :%. Goi K la trung diém AB, toa do K(Z;%S;O).

4x—6y-8
Sira thanh (X707 782) o1 nhap 0=—-5/2=1== STO M (& day 1 =——).

116
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Cau 76.

Cau 77.

Cau 78.

I12 hinh chiéu ctia K trén d, ghi 2+ 4M +(~6M ) +(~1-8M) bim = ¢6 T = % _Chon A,

Cach 2. Vi tri twong doi.
Ta cd AB =(2;-3;—4)/ /u, . Viét phuong trinh mt phang trung truc ctia AB cat d tai [,
phuong trinh la: 2x-3y -4z = % Ghi 2(2+4x)-3(-6x)—4(-1-8x)= %

SHIFT SOLVE va stta thanh (2 +4x)+(—6x)+(—1—-8x) bam =ta c6 g Chon A.

Trong khong gian toa d6 Oxyz cho 4(1;3;10), B(4;6;5) va M la diém thay déi trén
mit phing (Oxy) sao cho MA, MB clng tao v6i mit phing (Oxy) céc goc béng nhau.
Tinh gia tri nho nhat ctia AM .

A.A10. B. 10. 63 . D. 8v2.

Hudng dan giai.
Tinh khoang cach tir A, B dén (Oxy) thi d, =2d, . Goi I 1a diém thoa man I4+2IB =0

1N

Toa do 1[3;5;23—()), diém M 1a hinh chiéu ctia I trén (Oxy) nén c6 toa dd M (3;5;0). Tux

dé AM =6+/3. Chon C. (Xem thém Vi du 51)

Trong khong gian Oxyz, cho madt cau (§):x* +° +(z—3)2 =8 va hai diém 4(4;4;3),
B(1;1;1). Goi (C) la tap hop cdc di€ém M e(S) dé |MA-2MB| dat gia tri nho nhat. Biét
rang (C) 1a mot dwdng tron ban kinh R . Tinh R.

A. V6. B. 7. C. 2V2. D. 3.

Huéng dan giai.

Chon B
Mit cau () c6 tam 7(0;0;3) va ban kinh r = 232 . Tinh 14 = (4;4;0) )
Taco AM? =(IM ~Id) = IM* + 14 ~2IM.I4 = 40~ 2IMLIA .
Dit IA=4IC < IC = i(4; 4;0)=(1;1;0) < C(1;1;3) . Khi d6 diém C nim trong mat cau
va AM? = 40—8IM IC = 4(8+2—2IM IC) = 4CM’ < MA=2MC .

Suy ra |MA—2MB| = 2|MC—MB| > (. Dau bang xdy ra < MC = MB hay M thudc mit
phéng trung triec ciia BC, c6 phwong trinh (P): 2z=4 < (P):z-2=0.
Vay M thudc (C)=(P)\(S). Taco d(I,(P))=h=1,nénR=+r* =h* =7 .

[Chuyén Lwong Thé Vinh - Dong Nai] Trong khong gian Oxyz, cho A4(-4;-1;3),
B(-1;,-2;-1), C(3;2;-3) va D(0;-3;-5). Goi (&) la mit phing di qua D va ba diém
A, B, C ndm vé cung phia so véi (). Biét tong khoang cach tit 4, B, C dén (a)
16n nhat, trong cac diém sau, diém nao thudc mat phang (o) ?
A. E (7;-3;-4). B. E,(2;0,-7). C. E,(-1;,-1;,-6). D. E,(36;1;-1).

Huéng dan giai.
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Cau 79.

Cau 80.

Phuong trinh (a):a(x+0)+b(y+3)+c(z+5)=0. Do ba diém 4, B, C nam veé cung
phia so v6i (@) nén tong cac khoang cach la:

d=d,+d, +d. ja(x, +x, + 5 +0)+b(y, + v, + v +9)+e(z,+2, +2+15)

\/a2+b2+62
d:|a(_2)+b(8)+c(14)|:2|a(_1)+b(4)+c(7)|Szmzz\/&
Ja* +b* +¢ Ja* +b* + ¢
D&u bang c6 khi va chi khi
a b

_—1:Z:§:>;z:(—1;4;7):>(a):—(x+0)+4(y+3)+7(z+5):0. Chon A.
[Lé Quy Don- Da Nang] Trong khong gian Oxyz, cho 3 diém A(-8;1;1), B(2;1;3) va
C(6;4;,0). Piém M di dong trong khong gian sao cho MAMC = MAMB+34. Biét
|MA-MB| dat gia tri 16n nhat tai diém M, (x,; y,;2,) . Tinh tich s8 x,y,z, .
A. 16. B. 18. C. 14. D. 12.

Hudng dan giai.
Bién d6i MAMC = MAMB+34 < MABC =34 < 4(-8-x)+3(1- y)-3(1-z) =34
< Me(P):4x+3y-3z+66=0.
Cach 1. Tong quat - Tam ti cu.
Ghi 4x+3y—-3z+66 CALC nhap toa do A, két qua 34. CALC nhap toa do B, két qua
d, 34 1

68. Ta cd ti s6 t=—%="—=—. Goi D thoa man m—lBE:ﬁ@D(—IS;l;—I). Ta tim
d, 68 2 2

4x+3y—-3z+66
16+9+9
0. Vay diém M trung D nén x,y,z, =18. Chon B.

hinh chiéu M ctia D trén (P). Ghi —

bam CALC nhéap toa do D, két qua

[Chuyén Son La] Trong khéng gian Oxyz, cho hai diém 4(-1;0;0) va B(2;3;4). Goi
(P) 1a mit phang chtta duong tron giao tuyén cta hai mit cau
(8):(x=1) +(y+1) +22 =4 va (S,):x* +y* +2+2y-2=0.Xét M, N la hai diém
bat ky thudc mit phing (P) sao cho MN =1. Gid tri nhé nhat cia AM + BN bang
A. 5. B. 3. C.6. D. 4.

Hudng dan giai.
Trit cac v€ miat cau thi phwong trinh (P):x=0 hay la (Oyz). Goi H (0;0;0),
K(O;3;4) la hinh chiéu cia 4,B trén (P) va M,N thudc doan HK ,v6i HK =5.

Dit HM =t = KN =5-1-1=4—1.Khi d6 AM + BN =1’ +1* +(2* +(4—1)" .

Ap dung BDT Mincopxki, ta c6: AM + BN > \/(1 + 2)2 +(1+4 —1)2 =5.

1702 1=2 Chona
ro1 3

Déng thtkc c6 khi
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Cau 81. [Dé TNTHPT 2021 - BGD] Trong khong gian, cho hai diém 4(1;-3;2) va B(-2;1;-3).
Xét hai diém M va N thay doi thudc mit phang (Oxy) sao cho MN =1. Gia tri 16n
nhat ctia | AM — BN | bang
A 17 B. J41. C. 37 D. J6l.

Huéng dan giai.
Goi H,K lan luot 1a hinh chiéu cta 4,B trén mp (Oxy) . Vi tri cac diém nhw hinh vé.

A
lg_______g_________i_____Hl;h_m_:_"_‘_“:_,:M 1 N
Y-
Ta c6 ti sO Z“ :§:>3HM:2KN.Dét HM =t= KN =6+t=3t=2t+12=¢t=12.
b

Vay max(BN—AM):%AM =%\/22 +12% =+/37. Chon C.

(Xem thém Vi du 51, Vi du 59 va Cau 67, Cau 68)

Cau 82. [S& GD Ha Tinh] Trong khong gian Oxyz, cho mat cau(s):x* + y +22 +2x -8y +9=0
va hai diém 4(5;10;0), B(4:2;1). Goi M la diém thudc mat cau (). Gia tri nho nhat ctia
MA+3MB bang

A # B. # C. 2242. D. 11V2.
Huéng dan giai.
Tam (~1;4;0),R =242, tinh 14 =(6;6;0).

MA = \|(IM ~TA) =M + 14 ~21M T4 =80~ 2IM IA .
L= = — (22 -1 14 . N “e s
bat I4=9IC = IC = E;E;O = ?;?;O thi C nam trong mat cau va:
\/T 80 — 8 ..
MA=~80—-18IM.IC =3 ?—2IM.IC:3 8+§—2IM.IC:3MC.

Vay P=3(MC+MB)>3BC =112 . ChenD.
Cau 83. Trong khong gian Oxyz, cho cac diém 4(3;-1;2), B(1;1;2), C(1;-1;4), dudng tron (C)

1a giao ctia mit phang (P):x+y+z-4=0 vamit cau (§):x* + > +2" —4x—6z+10=0.
Hoi ¢6 bao nhiéu diém M thudc duong tron (C) sao cho T'=MA+MB+MC dat gia

tri 16n nhat?
A. 3. B. 2. C. 4. D. 1.

Hudng dan giai.
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Kiém tra duoc ba diém A, B, C déu thudc mit phang (P) va déu thudc mat cau (S )
hay chting déu thudc duong tron (C) tdm K, ban kinh 7.

Mt khic ta 6 4B = BC = CA=2+/2 hay tam gidc ABC déu, ndi tiép dudng tron (C).
A

\

D

Gia st diém M thudc cung BC, dat MAC = a = MAB = 60° — a, taco:

MB+MC =2rsin(60° —a )+ 2rsina =T < DA+2rsin(60° — )+ 2rsin

Hay T < 2r[1+ sin(60° — ) +sin a] =2r [1 +25in (30 )cos(30” —a)]

T< 2r[1+cos(30° —a)] <4r=maxT =4r < a=30" < M =D la trung diém cung BC.
Twong ti ta c6 thém hai treong hop trén hai cung con lai. Chon A.

Nhan xét.

Bai toan khong qua khé nhung phai xét vi tri twong doi gitta cac ddi tuong hinh
hoc nén mat nhiéu thoi gian, do dé cac em can cd ky nang giai toan nhanh. Khi xét
diém M trén cung BC thi bang cam tinh ta c6 thé chon dwoc M tring véi D dé tong T
16n nhat, nhung viéc chiing minh khong dé!. Khi cu hoi ra nhw vay thi xét dwoc tam
giac déu, ta chon ludn dap an la 3. Khi hai gia tri cta tong thi maxT = 4r.

Khi bai toan cho tong ctia nhiéu doan thang thi hau nhu ching ta phai xét vi tri
twong doi gitta cac diém dé tim ra “mai quan hé ddc biét”. Diéu nay hét stic quan
trong, va la “diém mau chot” dé€ giai quyét bai toan, néu khong thi lam sao ma giai?.

Cau 84. Trong khong gian Oxyz, cho bén diém 4(3;1;0), B(2;0;,-1), C(0;2;—-1), D(0;0;,-2).
Véimdi diém M tuyy, dit T = MA+MB+MC +MD. Goi M, (a;b;¢) saocho T dat gia
tri nho nhat. Lic d6, téng a+5b+c bang
A. 7. B. 4. C. 3. D. -13.

Huwéng dan giai.
Chon C
Vao MENU 9 1 3 giai hé ba an, ta 6 mit phang (ABC): x + y —2z =2, di qua diém D,
nén 4 diém A, B, C, D dong phéng, bén diém tao thanh t& giac. Tinh:

BA=(1;1;1), CA=(3;-1;1), DA=(3;1;2), CB=(2;-2;0), DB =(2;0;1), DC =(0;2;1).
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D

Suy ra AD > AC>BC >BD =DC > AB nén ta co tit giac ABDC c6 hai duong chéo AD
va BC cit nhau tai diém M can tim, vi T = (MA +MD) +(MB +MC) > AD+ BC.

x=3t x=2+t -
Tacod AD:{y=t giao voi BC:iy=—t' tai M(E;E;—IJ. Vay a+5b+c=3.
x=-242t z=-1

Cau 85. [THPT Chuyén Tuyén Quang] Cho duong thing d :%:yT_lzg va ba diém

A(2;0;0),B(0;4;0),C(0;0;6). Diém M (a;b;c)ed thoa man MA+2MB+3MC dat gia
tri nho nhat. Tinh S=a+b+c.
A 5=188 B.S=2 cs=-2 D.s--2.
49 148 49 50
Hudng dan giai.
Goi M (6t;3t+1;2¢) e d vatacantinh S =11r+1 khi MA+2MB+3MC =T dat gia trinho
nhat.

T =\(66=2) +(3t+1) +4£> +2\/36¢ +(3t—=3)" +4¢ +3\/36¢ +(3t+1) +(2t=6)’

T =49 —18¢+5 + 249 —18+9 +3v49> —18¢+37 . D thiy cic Parabol dong thoi

241 +124/10 +6/433 148
7

.Khi d6 S=—— Chon A.
49

dat nho nhat tai ¢ = 419 vaT

min

Cau 86. Trong khong gian véi hé toa do Oxyz, cho ba diém 4(-2;1;0), B(4;4;-3), C(2;3;-2)

xl—l = y—21 = Z_ll.GQi (@) la mit phang chira (d) sao cho 4, B

, C & cling phia d6i véi méit phing («). Goi d,, d,, d,1an luot 1a khoang cach tir 4, B

va duong thang (d):

, C dén (). Tim gia tri 1on nhat cta T =d, +2d, +3d,.

A. T, =2V21. B. T, —6J14. C.T. =J14+3J21. D. T, =203.

Huéng dan giai.
Goi mp(a):a(x—1)+b(y—1)+c(z—1)=0, trong d6 Z.Z:o:azzbw (1).
|—3a—c|+2|3a+3b—4c|+3|a+2b—3c|

Taco d, +2d,+3d, = vi A, B, C cung phia vdi

\/a2+b2+cz

6a+12b—18 12|26 —
(a) nén g [6at126 18 (2). Thay (1) vao (2), ta c6: T = [2b—¢

Jad b2+ ¢ J@b+e) +b +7

2 2
Tzlz\/ 4]2 dbe tc - :>maxT:12\/z:6\/ﬁ<:>2:—g. Chon B.
5b° +4bc+ 2c 2 c 3

Nhan xét.
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Ta c6 AB—= (6;3;—3) cung phuong AC = (4,2;—2) do d¢6 ba di€ém A, B, C cung
x+2 y-1_ =z

1 -1

Gia st () cat A tai M trén tia d6i ctia tia AC, d4t BC=a, AC =2a, MA =D.

thudc mot duwong thang A

B
L\, C
| E \A\
/'L/__l-___L_ M
} \\
A
2(b+3
d, MC b+2a d, MC b+2a

Tix (1) va (2) suy ra d, +2d, =3d, =T = 6d,. Suy ra T 16n nhat khi () di qua A.
Phuong trinh (a) la: x4+2y—3z=0 = maxT = 6d(C, (a)) =614 Chon B.

Ciu 87. [SGD Thanh Hoéal Trong khong gian véi hé toa do Oxyz, cho bon diém A(7;2;3),
B(1;4;3), C(1;2;6), D(1;2;3) va di€ém M tuy y. Tinh d6 dai doan OM khi biéu thtrc
P =MA+MB+MC ++3MD dat gia tri nho nhét.

321
=

A. OM = B. OM =/26. C. OM =+/14. D. OM =

sV17

=
Hudng dan giai.

Chon C

Ta c6 DA=(6;0;0), DB=(0;2;0), DC=(0;0;3) nén t& dién ABCD 1a t& dién vudng

dinh D. Gia st M(x+1;y+2;z+3). Ta ¢ MA=\/(x—6)2+y2+22 >[x—6]>6-x,

MBZ\/)C2+()/—2)2+Z2 2|y—2| 22-y; MCZ\/X2+)/2+(Z—3)2 2|z—3| >3-z,

\/gMDz\/3(x2 +y° +zz) 2\/(x+y+z)2 >x+y+z.
Dodd P>(6—-x)+(2-y)+(3—z)+(x+y+z)=11.
Vay P dat gia tri nho nhat bing 11, khi va chikhi x=y=2z=0.Nén OM =+/14.

Cau 88. [SGD Ha Noi] Trong khong gian Oxyz, cho mét cau (,) ¢ tam 7(2;1;1) ¢ ban kinh
béng 4 va mat cau (S,) ¢ tdm J(2;1;5) c6 ban kinh béang 2. (P) 1a mit phang thay
doi tiép xtc voi hai mét cau (S,), (S,). Pat M, m Tan luot la gia tri 1on nhat, gia tri
nho nhat ctia khoang cach tir diém O dén (P). Gia tri M +m béng
A5, B. 84/3. C.9. D. 8.

Huéng dan giai.
Chon C
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Tacd IJ = (0;0;4)= IJ =4 =R, suy ra tam J thudc mit cau (S,). Gia st duong thang
. . . KI R S
IJ cat (P) tai K, ta c6: TR 2= IK =21J =(0;0;8) = K (2;1;9).

2
Phuong trinh mp(OIJ): x-2y =0. Goi A, B 1a hai ti€p diém trong mp(OIJ), khi d6 KAB
la tam gidc déu. Puong thang AB qua H thudc IJ va dé thay H 1a trung diém IJ, toa d6

H(2;1;3).
0
K
A
x=2t
Phuong trinh AB: {y=¢ cat (S,) khi (2¢-2)"+(t-1)" +2? =16 = 5(¢—1)" =12.
z=3

mp(P) qua K, vtpt I4 1a (P):(2a-2)(x-2)+(a-1)(y-1)+2(2-9) =0 va twong tu:
Phuong trinh (P'):(26-2)(x—2)+(b—1)(y—1)+2(z—-9)=0. Ttr d6:

3|a+5| N 3pp+5|  _3la+5|+3[b+5] _
Js(a-1p+4 s(b-1)7+a 124

Trong dé a=1+\/g,b=1—\/g nén M+m:%(6+6):9.

Cau 89. [TH & TT sO 8] Trong khong gian vdi hé truc toa do Oxyz, cho duong théng

M4+m= (|a+5| |b+3]).

x+1 y-4 z-4
3 2 1
d6i trén A sao cho CD=+/14 va mit cAu néi tiép t& dién ABCD c6 thé tich 16n nhat.

Khi d¢ toa do trung diém M caa CD la

A

va cac diém A4(2;3;-4), B(4,6,-9). Goi C,D 1a cac diém thay

(19,64 102} 5. a[181, 7104 —42)
35°35 35 5 5 5
C. M(E,E,QJ D. (2;2;3).
28 14 28

Huéng dan giai.
Ta c6 cac dién tich tam giac 4CD, BCD khong d6i, mat phang (BCD) va diém A c§
dinh nén thé tich khoi t¢ dién 4BCD khong ddi. Goi I, r 1a tdm va ban kinh mat cau
ndi tiép ti dién thi:
B R4
S +8,+8,+8,

,trong A0 S, =8 ,0p38, =Speps Sy = Seups Sy = Spas -
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Goi CH,DK la cac duong cao cta cac tam giac CAB, DAB . Ta c6 r 1on nhat khi S, + S,
nho nhat hay tdng CH + DK =k + h, nho nhat.

x;Z = y;3 = Z+54, Goi M (3t—1;-2t+4;—t+4) 1a trung diém

=14

Phuong trinh (4B):

LN

ctia CD.Dé thay CD =

. 1=~
TacdO MC=——u=C 3t—§;—2t+5;—t+2 ,D 3z‘+l;—2z‘+3;—z‘+z nén:
2 2 2 2 2

91y

9y 17V 7% 507, 1521 6387
h12=(3t——J +(—2t+2)2+(—t+—) - =22 P

2 2 38 38 38 152

81Y

3 15 2T s07, 507 2331
hzzz(?at——j +(—2t)2+(—t+—j - = - t+

2 2 38 38 38 152

Suy ra hy + z\/507t2_1521t+6387 +\/507t2_507t+2331 22\/2331 _ 39842
38 38 152 V38 38 152

152 38
Vay CH + DK = h, +h, nho nhat tai t=1=M(2;2;3). Chon D.
Loi binh.
Bai toan trén néu bién luén theo vi tri twong doi bf?mg dung hinh hinh hoc khong
gian thi sé gap kho khin 16n va dai dong nén thi trac nghiém khéng hop ly. Tuy nhién
néu ta tham s6 héa duoc tong CH + DK =h +h, = f () thi vao MENU 8 ta sé khao s4t

duoc f(¢), ké ca nhu vay thi cling rat dai va tdn thoi gian, cac s6 16n va khong dep.
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IV. BAI TOAN TONG HOP CUOI PHAN 2.
1. Dé bai.
Cau 90. Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(Z; -2; 4) , B (—3; 3;—1) va

mat cau (S):()c—l)2 +(y—3)2 +(z—3)2 =3. Xét diém M thay déi thuéc mat cau (S),
gia tri nho nhat ctia 2MA° +3MB’ bang
A.103. B. 108. C. 105. D. 100.

Cau 91. [Doan Thuong — Hai Dwong] Trong khong gian Oxyz cho A(1;-1;2), B(-2;0;3),
C (0;1;—2). Goi M (a;b;c) la diém thudc mat phfmg (Oxy) sao cho biéu thirc
S = MA.MB +2MB.MC +3MC.MA dat gia tri nho nhat. Khi &6 T =12a+12b+c bing
A. T =3. B. T=-3. C.T=1. D. T=-1.

Cau 92. [HSG Nam Dinh] Trong khéng gian Oxyz, cho cac diém 4(4;1;5), B(3;0;1), C(-1;2;0)
vadiém M (a;b;c) thoa man MAMB +2MB.MC —5MC.MA 1én nhat. Tinh P = a —2b +4c.
A. P=23. B. P=31. C. P=11. D. P=13.

Cau 93. Trong khong gian voi hé toa d6 Oxyz cho A(O;O;Z), B(l 01 0) va mat cau

(8):x? +y* +(z-1) =i. Xét diém M thay d6i thudc(S). Gid tri nho nhét caa biéu

thizc MA® +2MB* bang
AL B.>. cZ. L
2 4 4 4

Cau 94. [SGD Thanh hoa] Trong khéng gian Oxyz, cho bén diém 4(2;3;5), B(-1;3;2),
C(-21;3)va D(5,7;4). Goi M (a;b;c) 1a diém thudc mat phang (Oxy) sao cho biéu
thitc T =4MA* +5MB* —6MC* + MD* dat gid tri nho nhat. Tinh tdng a +b+ ¢ bang
A.12. B. 11. C. -11. D. 9.

Cau 95. [Chuyén Quang Trung- Binh Phuwéc] Trong khong gian Oxyz cho hai duong thang
A:%:%: 21—1 va A':xT_lzgz%. Xét diém M thay d6i trong khong gian, goi
a,b Tan luot 1a khoang cach tr M dén A va A'. Biéu thiec a® + 2b” dat gid tri nho nhat

khi va chi khi M = M, (x,,¥,,2, ). Khi d6 gié tri x, +y, bang
A.%. B. 0. c2 D.\2.

Cau 96. [Nho Quan A - Ninh Binh] Trong khong gian véi hé truc toa dd Oxyz, cho hai diém
A(O;—l;—l),B(—l;—3;l) . Gia st C,D la hai diéfm di dong trén mat phéng
(P):2x+y—-2z-1=0 sao cho CD=4 va 4,C,D thang hang. Goi S|,S, lan luot 1a dién
tich 16n nhat va nho nhat ctua tam giac BCD. Khi d6 tdng S, +S, c6 gid tri bang

4 11 1
NES 7 7

A B. —. C. —. D. —.
3 3 3 3
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Cau 97. Trong khong gian toa dd Oxyz, cho mit cau (S):(x—1)" +(y+1)" +2? :%’ mat phang

(P):x+y+z—-1=0 vadiém A(L;1;1). Diém M thay ddi trén duong tron giao tuyén ctia
(P) va (S). Gia trj 16n nhat cia AM la:

A2 B.# C.& Q.\/%

3
Cau 98. [Yen Phong-Béc Ninh] Trong khong gian véi hé toa d Oxyz, cho cac diém A(l;O;O),

B(3;2;0), C(~1;2;4). Goi M la diém thay d6i sao cho dwong thang MA, MB, MC

hop véi mit phang (A4BC) cac goc bang nhau; N 1a diém thay ddi nam trén mat cau

(S): ()c—3)2 +(y—2)2 +(z—3)2 =%. Tinh gia tri nhé nhat cta d6 dai doan MN .

A.%. B. 2. gﬂ. D. 5.

2
Cau 99. Trong khong gian toa d6 Oxyz, cho 5 diém 4(1;0;0), B(-1;1;0), C(0;-1;0), D(0;1;0)

, E(0;3;0). M la diém thay d6i trén mat cau (S):x” +(y—1)*+z* =1. Gia tri 16n nhat
ciia biéu thirc P=2[MA+MB+MC|+3|MD+ME| bing:
A. 12. B. 1242 C. 24. D. 2442.

Cau 100. [DH - Quéc Té] Trong khong gian v6i hé truc toa dd Oxyz, cho hai diém 4(2;1;-3),
B(-3;2;1). Goi (d) 1a duong thang di qua M (1;2;3) sao cho tong khoang cach tir 4
dén (d) vatr B dén (d) la16n nhat. Khi d6 phuong trinh duong thing (d) 1a

z B x-1 y-2 z-3
-5 4’ 32 1
C. _ :z—3. D. x—lzy—2:z—3.
1 13 -2 -3 2 2

Cau 101. [SP Dong Nai] Trong khong gian Oxyz, cho bén diém 4(3;0;0),B8(0;2;0),C(0;0;6)

va D(LL1). Goi A 1a duong thing di qua D va thoa man tdng khoang cach tir cac
diém A4,B,C dén A laldén nhét. Hoi A di qua diém nao trong cac diém dudi day?
A. M (5;7;3). B. M (-1;-2;1). C. M(3;4;3). D. M(7;13;5).

Cau 102. Trong khéng gian Oxyz, cho mat cau (S):(x—1)" +)*+(z-2) =10 va hai diém
A(1;2;-4) va B(1;2;14). Diém M thay d6i trén mit cau (S). Gid tri nho nhat cua
(MA+2MB) bang
A. 2482, B. 3V79. C. 5J79. D. 3./82.

Cau 103. [Hau Loc 2-Thanh Héal Trong khong gian Oxyz, cho 2 diém A (0;0;2) va B(3;4;1).
Goi (P) la mat phang chtta duwong tron giao tuyén ctia hai mit cau
(8):(x=1)" +(y=1) +(z+3)" =25 v6i (S,): x*+)* +2> —2x -2y —14=0. Hai diém M ,
N thudc (P) sao cho MN =1. Gia tri nho nhat ctia AM + BN la
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A \34-1. B. 5. C. 34, D. 3.
Cau 104. Trong khong gian Oxyz cho diém A4(5;3;-2) va mit cAu (S) c6 phuong trinh
X +y*+2° —4x+2y-2z-3=0. Mot duong thang d thay ddi ludn di qua 4 va ludn
cit (S ) hai diém phan biét M, N . Tinh gid tri nho nhat ctua biéu thiic S =AM +44N .
A. S =30. B.S._. =20. C.S,. =34-3. D.S, =5/34-9.
Cau 105. Trong khong gian Oxyz, cho bon diém 4(2;0;1), B(3;1;5), C(1;2;0), D(4;2;1). Goi
(@) 1a mit phang di qua D sao cho ba di€ém 4, B, C nam cung phia d&i véi (@) va
tong khoang cach tir cdc diém 4, B, C dén mit phang («) lalén nhat. Gia st phuong
trinh () c6 dang: 2x+my+nz—p=0.Khido, T=m+n+p bang:
A.9. B. 6. C.8. D.7.

Cau 106. Trong khong gian Oxyz cho diém A(-2;-2;-7), dudng thing d: x2—1 =2 ;2 =Z ;3

vamatcau (8): (x+3)° +(y+4)" +(z+5)° =729.Diém B thudc giao tuyén ctia mit cau

(S) va mit phang (P):2x+3y+4z-107=0. Khi diém M di dong trén duong thang
d , gia tri nho nhat cua biéu thite M4 + MB bang
A. 530 B. 27. C. 529. D. \742.

Céu 107. [Dai hoc Hong Ditc ~Thanh Hoéa] Trong khong gian véi hé toa do Oxyz, cho
A(-3;1;1), B(5;1;1) va hai mét phing (P):x+2y+z-4=0, (Q):—x+y+z-1=0. Goi
M (a;b;c) la diém nam trén hai mat phing (P) va (Q) sao cho MA+MB dat gid tri
nhé nhat. Tinh T=a’ +b> +¢°.

A.S. B. 29. C.13. D. 3.

Cau 108. Trong khéong gian Oxyz, cho diém A(1;4;3) va mdt phang (P):2y—z=0. Biét diém
B thudc (P), di€ém C thudc (Oxy) sao cho chu vi tam gidc 4BC nho nhat. Hoi gia tri
nho nhat dé 1a
A. 6V5. B. 24/5. C. 45. D. 5.

Cau 109. Trong khong gian toa d6 Oxyz, cho hai diém 4(3;-2;2),B(-2;2;0) va mat phang
(P):2x—y+2z-3=0. Xétcacdiém M,N di dong trén (P) sao cho MN =1. Gia tri nho
nhat ctia biéu thitec 24AM* +3BN” bang
A. 49,8. B. 45. C. 53. D. 55,8.

Cau 110. Trong khong gian véi hé toa dd Oxyz, cho mat cau (S):x* +)° +2° —2x—4y—4=0 va
hai diém A4(4;2;4), B(1;4;2). MN la day cung cua mat cau thoa man MN cung hudng
v6i i = (0;1;1) va MN =4+/2. Tinh gi4 tri 16n nhét cua |AM —BN|.

A. V41, B. 442. C. 7. D.J17.
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Cau 111. [SGD Thanh Héa] Trong khong gian Oxyz cho mat phang (P):y-1=0, dudng thing

x=1
d:{y=2-t va hai diém A(—l;—3;11), B(%;O;S) Hai diém M, N thudc mat phéng
z=1

(P) sao cho d(M,d)=2 va NA=2NB. Tim gia tri nho nh4t cia doan MN .

V2 2

A. MN,_. =1. B. MN_ =+/2. C. MN,y, == D. MN,, ==.

min

2. Hwéng dan giai bai tip cudi phan 2.

Cau 90.

Cau 91.

Cau 92.

Trong khong gian v6i hé truc toa do Oxyz, cho hai diém A(Z; -2; 4) , B(—3; 3;—1) va
mat cau (S):(x—l)2 +(y—3)2 +(z—3)2 =3. Xét diém M thay ddi thudc mat cau (S),
gia tri nho nhat ctia 2MA” +3MB’ bang
A.103. B. 108. C.105. D. 100.
Hudéng dan.
Chon C
Tinh /4 = (1;-5;1),1B = (—4;0;—4) = 214 + 31B = (-10;-10;-10) = IK .
Khi d6 T = 2MA*> +3MB* = 5MI* + 214% + 3IB* + 2MI .IK =165+ 2MI IK .
D& T nho nhét thi MI,IK nguoc hudng, suy ra:
min7 =165—2.RIK =165—-2+/3.108/3 =105..
[Doan Thuong — Hai Duong] Trong khong gian Oxyz cho 4(L;-1;2), B(-2;0;3),
C (0; I —2) . Goi M (a;b;c) la diém thudc mat phéng (0xy) sao cho biéu thirc
S = MA.MB +2MB.MC +3MC.MA dat gia tri nho nhat. Khi d6 T =12a+12b+c bing
A. T=3. B. T =-3. C.T=1. D.T=-1.
Huodng dan.

Goi 1A+ 1B+2(IB+1C)+3(IC+IA) =0 I L7
6 12 12
Khi d6 S =6MI*+IAIB+2IB.IC +3IC.IA .

D€ S nho nhat thi MI nho nhat, suy ra M[—%;é;OJ .Vay T =-1. Chon D.

[HSG Nam Dinh] Trong khéng gian Oxyz, cho cac diém 4(4;1;5), B(3;0;1), C(-1;2;0)
va diém M (a;b;c) thoaman MAMB+2MB.MC —5MC.MA 16n nhét. Tinh P=a —2b+4c.
A. P=23. B. P=3I. C. P=11. D. P=13.
Huéng dan.

e 51

Goi IA+IB+2(IB+IC)—5<IC+[A):0c>1 L2,
2’4

Khi d6 S =-2MI*+IA.IB+21B.IC —5IC.IA.

D€ S 16n nhét thi MI nho nhat, suy ra M(l;%;%) =/.Vay P=13. Chon D.
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Cau 93. Trong khong gian voi hé toa d6 Oxyz cho A(O ; 0;2), B(l 01 O) va mat cau

Cau 94.

Cau 95.

(S) Xt +y? +(Z—1)2 zi. Xét diém M thay doi thuéC(S). Gid tri nho nhat caa biéu

thite MA® +2MB* bang

AL B. > el D. 2.
2 4 4 4
Huéng dan.
Chon C

Tinh 74 =(0;0;1),1B = (1;1;-1) = I4+2IB =(2;2;-1) = IK .
Khi d6 7= MA* +2MB* =3MI” + I4* + 21B’ +2WE=%+2WE.

D& T nho nhat thi M1, IK nguoc hudng, suy ra:
minT=2—2.R.IK=2—2.l.3=Q.
4 4 72774

[SGD Thanh hoa] Trong khong gian Oxyz, cho bdén diém A(2;3;5), B(—1;3;2),
C(-21;3)va D(5;7;4). Goi M (a;b;c) la diém thudc mat phang (Oxy) sao cho biéu
thiec T =4MA* +5MB* —6MC* + MD* dat gid tri nho nhat. Tinh tdng a+b+ ¢ bang
A. 12. B. 11. C. -11. D. 9.

Huodng dan.

Chon A.
Goi 4I4+5IB - 6IC =0 < 1(5;7;4)=D.
Khi d6 T =3MD* +4DA*> +5DB*> —6DC? + MD* nho nhét khi M 1a hinh chiéu cta D

trén mp (Oxy). Toa d6 M (5;7;0) nén a+b+c=12.

[Chuyén Quang Trung- Binh Phuéc] Trong khong gian Oxyz cho hai duong thang
A:%:%: Zl_l va A':xT_lzgz%. Xét diém M thay d6i trong khong gian, goi
a,b Tan luot 1a khoang cach tr M dén A va A'. Biéu thiic a® + 2b” dat gid tri nho nhat

khi va chi khi M = M, (x,,¥,,2, ). Khi d6 gié tri x, +y, bang

D. 2.

A.i. B. 0. C.
3

SR N)

Huéng dan.
Tacd A va A' chéo nhau, goi A(a;a;a+1)eA,B(b+1;2b;b)e A" sao cho 4B la doan
vudng goc chung. Tinh AB=(b+1-a;2b—a;b—1-a) cling phuong u=(1;0;-1), suy
ra: a=2b=0 va A4(0;0;1),B(1;0;0). Lay M thudc doan 4B thi a = MA,b=MB.

Khi d6 MA> +2MB> = 3MI”> + 14> + 21B> + 2MI (H + 2@) .Chon M = I thda man:

H+27§:6©1(§;0;§J.V5y X, -+ ¥, :%. Chon C.
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Cau 96.

Cau 97.

[Nho Quan A - Ninh Binh] Trong khong gian véi hé truc toa d Oxyz, cho hai diém
A(O;—l;—l),B(—l;—3;1) . Gia st C,D la hai diém di dong trén mat phfing
(P) :2x+y—2z—-1=0saocho CD=4 va 4,C,D théng hang. Goi S,,S, lan luot 1a dién
tich 16n nhat va nho nhat ctia tam giac BCD. Khi d6 tdng S, +S, c6 gid tri bang

N 5.7 .l o 17
3 3 3 3
Huéng dan.
Chon A
Do CD =4 khong d6inén ta tim 4 = d (B,CD) 16n nhat va nho nhat.
Ta cé maxh=BA=3 va minh=d(B,(P)) —%

1 34
Khi d6 S, +5, =-.CD. (BA+BH )=
Trong khéng gian toa dd Oxyz, cho mit cau (S):(x—1)" +(y+1)" +2* =%, mt phang
(P):x+y+z—1=0 vadiém A(1;1;1). Diém M thay ddi trén duong tron giao tuyén ctia
(P) va (S). Gia tri 16n nhat ctia AM la:

A2 B% C.¥ D. %5

Chon D

Mit cau c6 tam 7(1;-1;0), R’ =%. Ha /H,AK vudng goc véi (P). Toa do K(%,%,%}

Suy ra KI’* = g >IM* = IN’ :% nén diém K nam ngoai doan MN.
Bén kinh duong tron giao tuyén la: » = MH =~ R*> —IH* =, f%—% =—
Tacd KH =JKI* —IH* = |-~ =2 Tt 46 suy ra AM 16n nhat la:

2
max AM? = AK* +(KH +r)’ =§+[\/§+%J =3—65<:>maXAM= /3?5
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Cau 98. [Yén Phong-Bic Ninh] Trong khéng gian v6i hé toa do Oxyz, cho cac diém A(1,0;0),
B(3;2;0), C(-1;2;4). Goi M la diém thay ddi sao cho duwong thang MA, MB, MC

hop véi mit phang (A4BC) cic géc bang nhau; N 1a diém thay d6i ndm trén mit cau

(8):(x=3) +(y-2) +(z-3) = % Tinh gid tri nho nhat ciia 6 dai doan MN .

A.%. B. V2. gg. D. 5.
Hudéng dan.

Vao MENU 9 1 2 viét phuong trinh (4BC):x—y+z=1.

Mit phang trung truc ctia AB 1a 2x+2y+0z=6.

Mit phang trung triec ctia CA 1a 2x—2y —4z =—10. Giai hé ba an ta c6 tam duodng tron
x=1+t

(ABC) la H(1;2;2). Truc dwong tronla A:qy=2-t¢.
z=2+t

Moi M € A déu théa man gia thiét da cho. Tinh khoang cach tir tam mét cau 7(3;2;3)

dén A, tacod IK=a’(I,A)=x/5>R=€. Khi d6 minMNzx/——gzg. Chon C.

Cau 99. Trong khéng gian toa dd Oxyz, cho 5 diém A(1;0;0), B(-110), C(0;-10), D(0;1;0)
, E(0;3;0). M la diém thay d6i trén mat cau (S):x’ +(y—1)*+2z° =1. Gid tri 16n nhat
ctia bidu thic P = 2‘]\‘42+A_/I§+A—/IE‘+3‘A—/IB+A7§‘ béng:

A 12. B. 1242 . C.24. D. 2442.
Huodng dan.

Goi G(0;0;0) 1a trong tdm tam giac ABC, H (0;2;0) l1a trung diém cua DE. Khi do:

P=6(MG+MH), ma GH la duong kinh ctia mat cau tam 7(0;1;0).

Tacé MG+MH < \/(12 +12)(MG* + MH*) =\2GH® =22 . Vay max P=12V2.

Cau 100. [DH - Qudc T€] Trong khong gian voi hé truc toa dd Oxyz, cho hai diém 4(2;1;-3),
B(-3;2;1). Goi (d) la duong thang di qua M (1;2;3) sao cho t6ng khoang cach tir 4
dén (d) vatlr B dén (d) 1a16n nhat. Khi d6 phwong trinh dwong thang (d) la

A x—lzy_zzi. B. x—lzy—2=z—3.
-5 4 -3 2 1
gx_1=y_2:2_3. D. x—lzy—2=2—3'
1 13 -2 -3 2 2

Huéng dan.

Tacé d(A4,d)< AM;d(B,d)< BM => max(d(4,d)+d(B,d))= AM +BM .Khidé (d) di
qua M vavudng goc v6i (ABM):x+13y—2z=21. Chon C.
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Cau 101. [SP Dong Nai] Trong khong gian Oxyz, cho bén diém 4(3;0;0),B8(0;2;0),C(0;0;6)
va D(1;1;1). Goi A 1a duong thidng di qua D va thda man tong khoang cach tir cac
diém A4,B,C dén A laldén nhét. Hoi A di qua diém nao trong cac diém dudi day?

A. M (5;7;3). B. M (-1;-2;1). C. M(3;4;3). D. M(7;13;5).
Huéng dan.
Ta c6 D(L1;1) thudc mit phang (4BC):2x+3y+z=6.
x=1+2t¢

Ta c6 max(d(A4,A)+d(B,A)+d(C,A))=AD+BD+CD. Khi d6 A:{y=1+3t di qua
z=1+t

diém M (5;7;3). Chon A.

Cau 102. Trong khéng gian Oxyz, cho mit cau (S):(x—1)"+)*+(z-2)" =10 va hai diém
A(1;2;-4) va B(1;2;14). Diém M thay d6i trén mit cau (S). Gid tri nho nhat cua
(MA+2MB) bang
A. 2482, B. 3J79. C. 5J79. D. 3V82.

Huodng dan.

— — 1 — 1 11 :
Ta cé IA:(O;2;—6), goi IC=—14= O;—;—E < C| I;—;— |. Diém C bén trong (S)
4 27 2 2’2
Tacd AM?* = 14> + IM* —21A.IM :40+10—8EW:4(10+§—2EW]:4M€2

Suy ra MA=2MC va S=MA+2MB=2(MB+MC)>2BC =3/82 . Chon D.

Cau 103. [Hau Loc 2-Thanh Hoéa] Trong khong gian Oxyz, cho cac di€ém A(0;0;2) va
B(3;4;1). Goi (P) l1a mit phing chtta dudong tron giao tuyén cua hai mit cau
(8):(x=1)" +(y=1) +(z+3)" =25 v6i (S, ):x*+)* + 2> ~2x -2y —14=0. Hai diém M ,
N thudc (P) sao cho MN =1. Gia tri nhé nhat cia AM + BN la
A 34-1. B.S. C. \/34. D. 3.

Huéng dan.
Trit cac vé& hai mit cau, ta cé phuong trinh (P):z=0, téc la mit phing (Oxy).
Ha AH,BK vudng gbc voi (P), toa dd H(0;0;0),K(3;4;0) va HK =5.
Chon M,N thudc doan HK, dat NK =t = HM =4—t¢.

Khi d6 AM +BN =[2* +(4—1) +yP +£* >(2+1)’ +(4—t+)’ =5. Chon B.

Cau 104. Trong khong gian Oxyz cho di€ém A4(53;-2) va mit cau (S) cd phuong trinh

X+’ +2" —4x+2y-2z-3=0. Mot duong thang d thay d6i ludn di qua 4 va ludn
cit (S ) hai diém phan biét M, N . Tinh gia tri nhd nhat cta biéu thire S =AM +4A4N .
=20. C.S. =+34-3. D.S. =5/34-9.

Hudng dan.

A. S =30. B. S

min
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Mat cau tam 7(2;-1;1), bankinh R=3.Ta c6 14’ =34.

A N

Goi H la trung diém MN va chon vi tri M, N nhu hinh vé. Khi do:
S =44AN + AM =4(AH—HN)+AH+HM =54AH -3HN

S=5V34—IH* —3\Jo-IH* =534 =39 1* .
Khao st ham s trén [0;3) thi S, =5v34 —9~20.155 tai =0. Chon D.

Cau 105. Trong khong gian Oxyz, cho bdn diém 4(2;0;1), B(3;1;5), C(1;2;0), D(4;2;1). Goi
(@) 1a mit phang di qua D sao cho ba di€ém 4, B, C nam cung phia d&i véi (@) va
tong khoang cach tir cdc diém 4, B, C dén mit phang («) lalén nhat. Gia st phuong
trinh () c6 dang: 2x+my+nz—p=0.Khido, T=m+n+p bang:

A.9. B. 6. C.8. D.7.
Huodng dan.
(a) qua D(4;2;1) néntacod: p=8+2m+n.Nén (a):2(x—4)+m(y—-2)+n(z-1)=0.
2(6-12)+m(3-6)+n(6-3)|

\/4+1112+n2

Tong cac khoang cach la d = (Vi t s6 cung dau).

. 3|2,2+1.m+(—1)-n| . 3\/(22 +1? +(—1)2)(4+m2 +n2) N

Ha
Y \/4+n12+112 \/4+m2+n2

Déng c6 khi %z%zibmzl,n=—13p=9.\/ﬁy T=m+n+p=9.Chon A.

Cau 106. Trong khong gian Oxyz cho diém A(-2;-2;-7), dudng thing d: x2—1 =2 ;2 =z ;3

vamgtcau (S): (x+ 3)2 +(y+ 4)2 +(z+ 5)2 =729.Diém B thudc giao tuyén cua mat cau

(S) va mat phang (P):2x+3y+4z-107=0. Khi diém M di dong trén duong thang

d , gia tri nho nhat cua biéu thite M4 + MB bang
A. 5\30. B. 27. C. 5v29. D. V742

Hudéng dan.

Mt cdu 6 tam I (—3;—4;—5), bankinh R =27.Talaic6 d diqua I va vudng goc véi

(P) tai tdm H ctia dudng tron giao tuyén.
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Ha 4K 1 (P), c6 AK =529, IH =529, Al = HK =3=d (A,d), HB =\R* —IH® = 2.
Khi d6 min(MA+MB) = AB = AK* + KB* =[725+25 = 5/30 . Chon A.

Céu 107. [Dai hoc Hong Ditc ~Thanh Hoéa] Trong khdong gian véi hé toa do Oxyz, cho
A(-3;1;1), B(5;1;1) va hai mat phéng (P):x+2y+z-4=0, (Q):—x+y+z-1=0.Goi
M (a;b;c) 1a diém nam trén hai mat phang (P) va (Q) sao cho MA+MB dat gid tri

nho nhat. Tinh T=a° +b* +¢°.

A.S. B. 29. C. 13. D. 3.
Hudéng dan.
x—=1 y—-1 =z

Giao tuyén cta (P) va (Q) 1a A: = ;1 . Tinh c4c khoang céch tir 4, B

-2
dén A, tacé r=—==1.Goi /(1;1;1) 1a trung diém 4B, di€m M can tim l1a hinh chiéu
b

cta [ trén A.Ma IeA nén M(L;1;1)=1.Vay T=a’+b’+c* =3. Chon D.

Q|

Cau 108. Trong khong gian Oxyz, cho diém 4(1;4;3) va mdt phang (P):2y—z=0. Biét diém
B thudc (P), diém C thudc (Oxy) sao cho chu vi tam gidc 4BC nho nhat. Hoi gid tri
nhé nhat d6 1a
A. 6V5. B. 2.5. C. 45. D. 5.

Huodng dan.
Goi A'(1;4;-3) d6i xting v6i A(1;4;3) qua mp(Oxy). K 1a hinh chiéu vudng goc ctia
A trén (P), toa dd K(1;2;4).Lay 4"(1;0;5) d6ixting v6i 4 qua (P).Khi do:
AC+CB+BA=A'C+CB+BA"> A'A", ddu bang cé khi 4',C,B, A" thang hang.

Ta co A'A":\/m =445 Chon C.

Cau 109. Trong khong gian toa d6 Oxyz, cho hai diém A(3;-2;2),B(-2;2;0) va mat phang
(P):2x—y+2z-3=0. Xét cac diém M,N di dong trén (P) sao cho MN =1. Gid tri nho
nhat ctia biéu thike 24M* +3BN” bang
A. 49,8. B. 45. C. 53. D. 55,8.

Huodng dan.
Ha AH,BK vudng goc véi (P), chon M,N thudc doan HK .
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A

Tinh dwoc AH = BK =3; HK =|BA —(AH +BK) =3. Dt NK =1=> HM =2—1.
Taco T=24M"+3BN" =2| 9+(2-1)" |+3(9+17) =51 ~81+53.

Suy ra minT =% =49,8. Chon A.

Cau 110. Trong khong gian véi hé toa dd Oxyz, cho mat cau (S):x* +)° +2° —2x—4y—4=0 va
hai diém A(4;2;4), B(1;4;2). MN 12 day cung ctia mit cau thoa man MN cing hudéng
v6i i = (0;1;1) va MN =4+/2. Tinh gi4 tri 16n nhét cua |AM —BN|.

A. V41, B. 42 . C. 7. D.J17.
Huodng dan.
Chon C

Tacod MN =1(0;1;1), > 0;MN = 4/2 = t =4 = MN =(0;4;4); BA=(3;-2;2).

Dt ~MN - BA =(~3;-2:-6) = AC, khi d6 AM =(AB+BN+NM)

AM? =(BN+AC) = BN® + AC* +2BN.AC = BN" +49+ 2BN.AC.

Suy ra max AM* khi BN, AC cung hudng.

Khi d6 max AM* = BN* +49+2.BN.7=(BN +7) < max AM = BN +7.

Cach 2.

Ta c6 MN =t(0;1;1),t > 0;MN =442 = ¢t = 4= MN =(0;4;4). Diém A ngoai mit

cau, diém B trong mat cau. Mat phéng (ABI) cit mit cau la duwong tron 16n.

Dung hinh binh hanh MNBC, khi d6 |AM — BN|=|4M - CM| < AC , d&u bing c6 khi A,
C, M thang hang.
Tac6 BC =—MN =(0;-4;-4), suy ra C(1;0;-2) = CA =(3;2;6) = CA=7.
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Cau 111. [SGD Thanh Héa] Trong khong gian Oxyz cho mat phang (P):y-1=0, dudng thang
x=1

d:{y=2-t va hai diém A(—l;—3;11), B(%;O;S) Hai diém M, N thudc mat phéng
z=1

(P) sao cho d(M,d)=2 va NA=2NB. Tim gia tri nho nh4t cia doan MN .

V2 2

A. MN,_. =1. B. MN_ =+/2. C. MN,y, == D. MN,, ==.

Huéng dan.
Goi D sao cho DA+2DB =0« D(0;-1;9); goi C sao cho CA—2CB =0 <> C(2;3;5). Khi
do diém N thudc duong tron giao tuyén ctia (P) va mit cau dudng kinh CD. Tam

mdt cau /(1;1;7)e(P), bankinh R=3.

Goi H(l;l;l)z(P)md, khi dé6 HI=6=d(1,d). Ma d(M,d)=2 nén chon M e HI va

HM=%H1=2:>]M=4>R.Véy min MN =4-3=1. Chon A.
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V. PHU LUC.

= Phuong phép chung dé giai bai toan quy tich va min - max la: Cac yéu td di

dong — di chuyén — thay d&i phai duwoc “rang budc — gan lién” véi cac yéu t6 8 dinh —
khong d6i; Ttr d6 tim ra mdi quan hé can thiét dé€ giai, phwong cham la “Lay bat bién
tng van bién”.

No6i vui mot ti: Trudce kia thi “Té Thién Pai Thanh” bay nhay tu do — tuy y, bay
gio “Ton Ngo Khong theo st phu” thi bi trong mot cdi vong kim c¢6 nén chi con “Tw
do trong khuon kho”.

7 Phuong phap dac biét hoa

Trong thi trac nghiém, ching ta cling c6 thé sit dung phuong phap déc biét hoa,
nghia la: Bai toan dang trong truong hop tong quat thi cling dung trong cac truong
hop riéng. Khi d6 ching ta rat gon mot s6 bién ddi va lap luan trung gian sé dan dén
két qua nhanh hon.

- Cho tham s0 vai gia tri riéng dé xem xét

- Ddc biét hoa tir biéu thirc; vai tro ngang nhau cua cac diém; tinh ddi xiing cua
cac bién.

Vi du 60. [Dé_2017_BGD] Trong khéng gian véi hé toa do Oxyz, cho hai diém 4(4;6;2) va
B(2;-2;0) vamat phang (P):x+y+z=0.Xét duong thang d thay ddi thudc (P) va
di qua B, goi H 1a hinh chiu vuong géc cia 4 trén d . Biét rang khi d thay ddi thi
H thudc mot duwong tron c§ dinh. Tinh ban kinh R cta duong tron do.

A.R=1. B. R=+/6. C. R=13. D. R=2.
Huodng dan.
Chon B
Dé bai cho cac yéu t cd dinh 1a hai diém 4, B va mit phang (P). Duong thang d
thay doi trong (P) va quay quanh diém B, néi cach khac diém H thay d6i va thudc

mat cau duong kinh 4B, d6ng thoi ndm trong (P), nén thudc duong tron giao tuyén

c6 dinh. Suy ra R = %BK , v6i K 1a hinh chiéu vudng goc cia 4 trén (P).
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x-4 y—4 z—4
2 2

va

Vi du 61. Trong khong gian véi hé toa d6 Oxyz, cho duong thang d:

“ 14 . < g N
mat cau (S): (x—l)2 +(y—2)2 +(z—3)2 =3 Goi A(xy3452,), (x,>0) 1a di€m thudc d
,tt 4 ké ba tiép tuyén dén mat cau (S) co cac tiép diém B,C,D sao cho ABCD la tt
dién déu. Gia tri cta biéu thtic P=x,+y, +z, la

A. 6. B. 16. C.12. D. 8.
Hudéng dan.

D
C
Dat canh tt dién déu la a, ta cd AB* = Al AH 412 6,Véi H la tam tam giac BCD.
3a 2 3a’ 2 2 2 2 . 2 2
Suy ra AI=%:>AI == =« +R"=a" =2R".Dodd I4” =3R" =14.

Ta cé tam 1(1;2;3), diém M (4;4;4)ed 6 IM* =14= A=M,. Vay x,+y,+z,=12.
Vi du 62. [Dé_2018_BGD] Trong khong gian Oxyz, cho mét cau (S) c6 tam 7(-2;1;2) va di

qua diém A(1;-2;-1). Xét cdcdiém B, C, D thudc (S) saocho 4B, AC, AD d6i mot

vudng goc véi nhau. Thé tich ctia khéi t dién 4BCD c¢6 gi tri 16n nhat bang

A.72. B. 216. C. 108. D. 36.

Huéng dan.

Ta ¢ ban kinh mit cau R = I4 =33 . Néu dung hinh hop ch nhat c6 ba canh 4B,

ACva AD thi diém I ciing la tdm hinh hop. Khi dé thé tich khdi 1ap phuong la 16n

nhét, canh a =% :% =6.Suy ra max V., = é.63 =36.

Nhan xét.

Cacem cdthé dit AB=a, AC =bva AD=c thi @’ +b’ +c’* =4R’,sau d6 stt dung

bat dang thitc AM — GM dan dén diém roi a =b = c. Cudi cung cho két qua nhu trén.
Vi du 63.Trong khong gian véi hé toa dd Oxyz, biét rang c6 mot duwong thing A c§ dinh nam

trong mat phing (P): (m2 + l)x —(Zm2 —2m+ l)y +(4m+2)z—m’+2m=0 khi m thay

d6i. Duong thang d di qua M (I;-1;1), c6 vecto chi phwong u =(-1;b;c), d vudng goc

v6i A va cach O mot khoang 16n nhat. Gid tri ctia T =b+c bang

A.12. B. 9. C.11. D. 10.

Hudng dan.
Chon C
Bai cho diém M va A cd dinh, tuy nhién ta con phai tim A.

Cho m=1,tacomp(P):2x—y+6z+1=0;cho m=0,tacomp(P,):x—y+2z=0.
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Suy ra A=(F)n(P,), c6 phuong trinh A:XTH:yTH:_il.
Ta cé d(0,d)<OM nén theo yéu cau ta phai c6 d LOM = u= [O—M,LTA] =(-1;,56).
Vay T'=b+c=11.

Vi du 64. [MH2_2017_BGD] Trong khong gian v6i hé toa d6 Oxyz, xét cac diém 4(0;0;1),
B(m;0;0), C(0;1;0), D(L1;1) v6i m>0; n>0 va m+n=1. Biét rdng khi m, n thay
ddi, ton tai mot mat cau ¢S dinh tiép xtic véi mit phang (4BC) vadiqua D.Tinhban
kinh R ctia mat cau do?

A. R=1. B_R:Q, C,R:E. \/g
2 2 2
Huodng dan.
Chon A

Mit phang (ABC) theo doan chén: nx+my+mnz—mn=0. Goi I(a;b;c) la tm mat

cau, bén kinh R, tacé R=1ID =1J(a—1) +(b-1)’+(c~1) (1).

Nhan xét: Jm> +n’+(mn)’ =(m+n)’ =2mn+(mn)’ =1=mn . Tinh R=d(I,(4BC)), ta
|n(a—1+1)+m(b—1+1)+mnc—mn| ~ |n(a—1)+m(b—1)+mnc+1—mn
- ) 1= mn
Tir (1) va (2) néu chon a=b=1,c=0 thi R=1ID =d(I,(4BC))=1.Vay I(1;1;0),R=1.
Vi du 65. [SGD Thanh Héal Cho khi chép S.4BCD c6 thé tich 84’ va ddy ABCD la hinh

binh hanh. Goi M la trung diém 4B, diém J thudc SC sao cho JC =2JS, diém H
thudc SD saocho HD = 6 HS . Mt phéng (MJH ) chia khdi chép thanh hai phan, tinh
thé tich phan chira dinh S ctia khoi chop
A. 184°. B. 244°. C. 2la’. D. 174°.

Hudéng dan.

cO: R=

Q).

Chon D (Hinh minh hoa).

Dé giai nhanh ta chon chiéu cao SD =7, day la hinh vuéng canh 4B = 6. Khi do:
2.7

v 127
3 3

H.DEF

=81 va 2V, ., =2.

J.CKE

.%:14.Thé7tich can tim V =84—(81—14):17.
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PHAN TICH - MO RONG BAI TOAN min(MA +MB) hoic max|MA—-MB|
CAUHOLI: [THPT Chu Vin An - Ha Noi | Trong khong gian Oxyz, cho hai diém

A(0;-1;2),B(1;1;2) va duwong thang af:xIrl :%:ZI_I. Biét diém M (a;b;c) thudc

duong thing d sao cho tam gidc MAB c6 dién tich nhé nhat. Khi d6, gia tri
P=a+2b+3c bang
A. 5. B. 3. C. 4. D. 10.

Phan tich
Bai toan quy vé khao sat khoang cach d (M , (AB)) nho nhét, ching ta da nghién ctru

cach giai tdng quét cho bai nay (Stt dung Casio sé nhanh hon). O d4y ta mudn nghién
cteu cau hoi: Tong T = MA+ MB nho nhat. Mo rong hon 1a T = MA +2MB nho nhat.

A. Bai toan tong T = MA+ MB nho nhat.

Tham s6 héa diém M, ta quy vé xét ham s6 f'(t) =AM +BM = Vu ++/v . Khi
giai bang cdc s3 cu thé, ta sé khong phat hién duoc “cai g8c” ctuaham f(¢) la gi.

Tuy nhién khong kho 1am, ta c6 thé dua ra biéu thic nhu sau:

F (1) =i ~2(M, A+ My + [’ ~2(M,Ba)i+ M, . Duong nhién ta
cting khong can néu ra doi véi moi cho hoc sinh, lam phtic tap thém van dé, va
lai bai toan ciing khong thuong xuyén gap (Tuy d6i twong hoc sinh).

» Dung Casio khao sat:

May tinh cho gié tri gan dting vé gid tri cia f'(¢), nhung khong cho gia tri
ding caa ¢, nén khong biét toa dd dting ctia M . Trong triedng nay, ta van tinh
gan dung duoc P=a+2b+3c=6¢+2.

» Dung BDT MincopxKki:
Ta phai bién ddi trong hai can thanh dang

f(t)= \/(at—b)2 +c? +\/(b'— at)’ +c® . Viéc lam nay khong khé, va ta quan tim

at—>b

b'-at

diém roi:

+ /i (1). Khi d6 18y ddu (+) hay d&u (-) 2. Nhw thé ta phai thir
C

trec tiép t =a Ut = B (Giaira tie (1)) vao ham s6, sau d6 chon ¢. Vay phuong phap
nay la tw luan, ho tro Casio tim ¢, cling twong d6i mat nhidu thoi gian.
» Dung dao ham:
Tinh f'(7)= 2+ tim nghiém ctia dao ham bing Casio thi nhanh,

2Wu 2

ham s6 c6 mot diém cuc tiéu duy nhat. Chang han may cho ¢~ —0.538461538461
thi khi d6 ta cting khong biét duoc ¢ = —% la s& httu ti. Hién nhién ta cting tinh

duwoc gan dung P=a+2b+3¢=6t+2.
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A « 2. \ A 2 u v N A \ ~ A, SA
Néu giai phuong trinh vo ti T = _T bang tu luan thi ciing mat nhiéu
u v

thoi gian, cling c6 mot s6 hoc sinh khong giai dwoc. Sau day 1a két qua ta ¢ thé

: . . A , . s A
tham khao: ta c6 u'v'<0 vanghiém ¢ cua dao ham théa man u—' = A—" (AA,
\%

vV

1a cac biét thirc). Nhu thé dting dao ham cing khong dé dang.

v Ap dung bai toan trén thir xem sao: f(t)=\/3t2 —2t+3+~/37 —81+6 .

J— 2_
6r-2__ 22 4X3X3=—2,suy ra t=1. Toa d6 M (0;1;2)
6t —8 8 —4x3x%x6

thi tdng T = f(¢)= MA+ MB nho nhat va bang 3.

Nghiém ctua dao ham

v Trudng hop fim gia trj 16n nhat |/ (¢)|=|M4-MB| thi giai phuong trinh
——=2<t=—.Toadd M —,—,—J, khi d6 max [MA—MB| :E.
6t -8 3 333 3
Nhuw v4y: Thi trac nghiém thi dung két qua, qua ba budc 1a OK ludn!. Ta c6 thé
boi duong thém cho HS kha - gioi.

6t—2 7 (4'7'10

B. Bai todn mé rong T = MA+2MB nho nhat.
1o 1) 7 AT 3 AP A A g 1 . 4 . 4 N 7
Chu y la ta c6 thé doi hé so, chang han 7 = MB +EMA. Khi dé ta di xét bai toan

minT:%(ZMBJrMA).

> Tré vé bai toan T = MA+ MB nho nhat, ta giai tong quat theo “dinh luat
phan xa anh sang d6i v6i guong phang” thi: hai tam giac AHM va BKM dong
dang, tia téi AM thi tia phan xala MB.

H N M K
Bay gio ta goi C, N lan luot 1a trung di€ém cua HA, HM thi ta cling c6 hai tam giac

t n \ N
, nhuw thé ta hoan toan tim

" N v . H
dong dang CHN va BKM .Dat MK =t thi HN =

duoc ¢. Bai toan hoan toan dwoc giai quyét. Diém M can tim trong bai toan
min 7T = MA+2MB khong thay déi so v6i bai minT = MA+ MB .

> Xét phwong phap dao ham:

Ham s6 bay gio la f(¢)=AM +2BM = Vi +23v =Ju +4v, nhw thé ta quy
ve f(t)="u+\v', o day v 1a v méiva v =4v.
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v' Ap dung bai toan trén thtt xem sao: f(¢)= V32 =243 41267 -321+ 24 .

1
Nghiém cta dao ham = > =——, suy ra t=1. Toa do
24t —-32 32°—4x12x24 2

M (0;1;2) thi tong T = f (t) = MA+2MB nhé nhét va bang 4.

612 _\/ 22 —4x3x3

Nhan xét: Diém M (0;1;2) khong d6i, gia tri 7 = M4 +2MB la khac. Tuong

tw, diém M (%Z?j khong do6i trong bai toan max|MA - 2MB| .

Loi binh.

Bai toan min(MA+MB) hodc max|MA —MB| voi M e(a) hodc nhu
min (MA+2MB) hay max|MA—-2MB| thi ching ta giai quyét theo hinh chiéu vuong
géc H,K nhanh hon (Hb tro Casio), nhung néu tham s& héa thi phai viét phuong
trinh duong thang giao tuyén, khi d6 sé dai va mat thoi gian.

CHUC MOI NGUOI THANH CONG!

GV: Nguyen Xuan Chung 99



