HINH HOQC 12.
CHUONG III

PHUONG PHAP TOA PQ HOA TRONG KHONG GIAN

DANG 1. GAN HE TRUC TQA PO VAO CAC HINH PA DIEN CO SAN MO HINH TAM
DIEN VUONG

Phwong phap
Buréc 1: Chon hé tryc toa do Oxyz thich hgp. Trong d6 géc toa do la giao diém chung cua ba
duong d6i mot vudng goc véi nhau, cac tia Ox,0y, 0z 1an luot ndm trén ba dudng do.
Buwée 2: Xac dinh cac toa dd diém toa do cua cac véc to ¢d lién quan.
Buoc 3: St dung céc kién thure veé toa do dé giai quyét cac bai toan co lién quan.

Loai 1. Hinh chép cé day la tam giac

Cho tir dién 4BCD ¢6 AD 1 (ABC),AC = AD =4(cm); AB =3(cm); BC = 5(cm). Tinh khoang
cach tir 4 dén mat phang (BCD).

Tam gidc 4ABC ¢6 AB=3,AC =4,BC =5 nén tam giac 4BC vudng tai 4. Do d6 ta dién 4BCD
co bacanh 4B, AC, AD d6i mét vuong goc.
Chon h¢ tryc nhu hinh v&. Khi d6: 4(0;00), B(3;0;0),C(0;4;0),D(0;0;4)

Phuong trinh mit phing (BCD):§+%+§=1<:>4x+3y+3z—12=0.

_|4.0+3.0+3.0-12] 12

J1649+9 34

Vay d(4,(BCD))

Cho hinh chép 0.4BC c¢6 ba canh OA4,0B,0C d6i mot vudng goc va O4 = 0B =0C =a
Goi M 1atrung diém canh 4B .Tinh gdc tao boi hai vecto BC va OM .




b

Chon hé truc toa 49 Oxyz nhu hinh v& ta 6 0(0;0;0), A(0;a;0), B(a;0;0), C(0; O;a),M(g;%; 0)

Taco: B_C;:(—a;O;a);OM :(%;%;O)

2
—a

BCOM 2 _ 1 GEomy=120"
|BC|.|OM | a2 2 -
a\/E.T

= cos(B—C,OM )=

Loai 2. Hinh ché6p c6 day la hinh thang .

Cho hinh chép S.4BCD c¢6 day 1a hinh thang vuong tai 4 va D, AB=2a,CD=DA=a.Canh
bén S4 =2a va vudng goc véi ddy 4BCD . Tinh cosin ciia goc giita hai mat phang (SBC) va
(SCD).

Gidi :

Chon hé truc toa d6 Oxyz saocho 4= 0(0;0;0),D(a;0;0),B(0;2a;0),5(0;0;2a), thi C(a;a;0)
Taco SB = (0; 2a;—2a),ﬁ = (a;a;—2a),S_Ij = (a;O; —2a), [S—Bj(q?] = (—2a2;—2a2;—2a2),
[@,ST)] = (—Zaz;O; —-a’ ) . Suy ra mit phing (SBC) c6 véc to phap tuyén ’71 = (1;1; 1), mit phing

(SCD) 6 véc to phap tuyén ’72 =(2;0;1).



B _3

NN

Ta c6 cos((SBC),(SCD)) = ‘cos(nj,nj)

Cho hinh chép S.4BCD c¢6 day 1a hinh thang vudéng tai 4 va D, AB=2a,CD=DA=a.Canh
bén SA =2a va vudng goc v6i ddy 4BCD . Tinh khoang cach giita hai duong thang BD, SC .

b c
Chon h¢ truc toa 46 Oxyz sao cho 4=0(0:0;0),D(a:0;0).8(0:24:0),5(0:0:2a), thi C(a;a;0)
Taco @ = (a;—ZG;O),ﬁ = (a;a;—2a),@ = (0,261,—261) ,[E’E} _ (4612;2a2;3a2) ’
BD,SC |SB
[@,Q]F\/Eazﬂuyra d(BD,SC):‘[ } ‘_ 28 2a

[E,ﬁ}@z—zaB, H:B—D—,S—C] _@az _\/@

Cho hinh chép S.4BCD c¢6 day 1a hinh thang vudéng tai 4 va D, AB=2a,CD=DA=a.Canh

bén S4 =24 va vudng goc v6i ddy 4BCD. Goi M latrung diém sp, G 1 trong tAm tam giac
ASBC . Tinh thé tich khoi tir dién 4CMG

Chon hé truc toa d6 Oxyz saocho 4= 0(0;0;0),D(a;0;0),B(0;2a;0),5(0,0;2a), thi C(a;a;0)

M g;O;aJ,G g;a;z—aj.
2 3 3



Taco AM =| =;0;a |, AC =(a;;0), 4G = ﬁ;a;z—a :[W,ZE]AG:cf
2 3 3

3
:V(ACMG):%[M,A_C}A_GE%,

Loai 3. Hinh choép c6 day 1a hinh vuéng, hinh chir nhat.

lién hé giita x va y d¢ hai mét phang (S4M) va (SMN) vudng goc véi nhau?

Cho hinh chop S.4BCD , ddy ABCD 13 hinh vudng canh a, sS4 vudng goc v4i mit phiang (4BCD)
; M , N hai diém ndm trén hai canh BC, CD.Pat BM =x, DN =y (0<x, y<a). Xac dinh h¢ thic

Loi giai
s

Toa do héa véi O= 4, Ox= 4D, Oy=A4B, Oz = 45 .
bat S4=2z>0,taco §(0;0;z), M(x;a;0), N(a;y;0).

AM =(x;a;0)

{SW =(x;a;—2)

SN =(a;;-2)

AS = 0;0; I,
Do do { ( 2 = [AS; AM] =(—az;xz;0).

:[S—M;WJ=(yz—az;xz—az;xy—a2).

Mgt phing (54M ) nhan | AS; AM |=(-az;xz;0) 1a mot VTPT.
Mat phéng (SMN) nhan [W; STV} = (yz —az;xz—az;xy — az) la mot VTPT.
Tacd (SAM) L (SMN) < | 4S;4M || SM;SN |=0

<az(az—yz)+xz(xz—az)=0=a(a—y)+x(x—a)=0=x"+a’ =a(x+y).

ciia SC v6i mat phang (4MN). Tinh thé tich khoi chop S.4MPN .

Cho hinh chop S.4BCD c¢6 ddy 4BCD 1a hinh chir nhat, canh bén S4 vudng gbéc véi day,
AB=a,AD =2a,SA=3a . Goi M,N lan luot 13 hinh chiéu cua 4 1én SB, SD va P la giao diém

Loi giai



Chon hé truc toa dQ nhu hinh vé.
Ta c6 toa do cac diem A4(0;0;0), B(a;0;0),D(0;2a;0),C(a;2a;0),5(0;0;3a).

Suy ra SB = (a;O;—3a),@ = (O;2a;—3a),ﬁ = (a;2a;-3a).
X=a+t

Phuong trinh SB:4 y=0
z=-3t

= M (a+1,0;-3t) = AM =(a+£,0,-31).

IV — 9a . 3a
Ma AMLSB:>AM.SB:O<:>(a+t)+9t:0:>t:% :M(E;O;Ej _

18a 12
Tuong tu vay ta tim dugc N O;—a;—a .
13713
— —— 274°
Suy ra 71 :[AM,AN}:— = (1,2;-3).

Do do ta ¢6 phuong trinh cuia (AMN):x+2y—3z=0.
x=t
Phuong trinh SC:<y =2¢ nén toa do diém P 1a nghi¢m cua hé

z=3a-3t
x=t
y=2t 9a 9a 15a (9(1 9a ISaj
S x=—,y=—,z=— = P| —;—;— |.
y =2t 14 7 14 147 14
x+2y-3z=0
— — 274’ — ——1 274’
Tacé: | AM, 4P |=~- = (1,2:-3), [ AN, 4P|= o (12:3)
[ —)) NV IE 9a
Suyra S,y —EH[AM,AP}‘+‘[AN,AP]H—W va d (S,(AMN)) =T

vav . L 9a 621\14.a> _ 1863.4°
W sy T3 4 T 1820 1820




Cho hinh choép S.ABCD c6 ddy 4BCD la hinh vudng canh a, canh bén S4 =24 va vudng goc voi
mdt phang ddy. Goi M Ia trung di€ém canh SpD. Tinhtan cua goc tao boi hai mat phang (A4MC) va
(SBC).

Chon hé tryc toa do va chuan héa cho a=1 sao cho 4(0;0;0), B(0;1;0), D(1;0;0),
5(00;2)

) 1
Tacod M latrung diém SD :M(E;O;lj’ C(1;1;0).

W:G;O;IJ, AC=(11,0), [W,R]z[—l;l;%j:(AMC) c6 mot vipt

ﬁz(—2;2;1)
SB=(0;1;-2), SC=(1;1,-2), [@ﬁ] =(0;2;1) = (SBC) ¢6 mdt vipt k=(0;2;1)
‘ ‘ ZIRE
Goi a 1a gbc gilra hai mdt phang (4MC) va (SBC) thi cosa = |ﬁ| |ﬂ| :T
n|.|n
Do tana >0 nén tana = 12 —1:2\/5.
cos” & 5

Cho hinh chép S.4BCD c6 ddy 4BCD1a hinh chit nhit véi 4B =a, AD = a2, SA=ava S4vudng
goc voi mit phang (ABCD) . Goi M, N lan luot 1a trung diém cia AD va SC, 7 1a giao diém cia
BM va AC . Tinh thé tich khéi tr dién ANIB .

Loi giai



Chon hé tryc toa do Ox)z sao cho O = 4, tia Ox chirta B, tia Oy chira Dva tia Oz chira S . Khi do:

4(0;0;0), B(;0;0),C(a;a4/2;0), D(0;a4/2;0),8(0; ;) [ “*2/_,0],1\1( awz “J

272 2

ZE:(a;O;O) “ AN = (— —2,31.
2 2 2

Ta cod A IAM dong dang voi A 1CB (gdc-goc)

2
Suy ra %:£:2:>IC:—2IA Tur day tim dugc 1( 4;0}
2 2
7 RCAC J[anai)=| = 2.9
373 6 6
, , 1 1a V2
Thé tich khéi twr dign ANIB 1A V5 = 6‘[AN Al | AB‘ 2 6[ “3\6/_.

(SMC) vudng goc véi mit phang (SNC). Tinh tong 7 =

- +ﬁ khi thé tich khéi chép 5. 4MCN

dat gia tri 16n nhét.

Cho hinh chdp S.4BCD c6 ddy 4BCD 14 hinh vudng canh bang 2, S4=2 va S4 vudng goc véi
mat phang day (4BCD). Goi M , N 1a hai di€ém thay doi trén hai canh 4B, 4D sao cho mit phang

Loi giai



Chon hé truc toa @ Oxyz sao cho 4(0;0;0), B(2;0;0), D(0;2;0), S(0;0;2).

Suyra C(2;2;0). Pat aM =x, AN =y, x,ye[0;2], suyra M (x;0;0), N(0;;0).
ST/fz(x;O;—2), E=(2;2;—2), W:(O;y;—2).

= n, =| SM,SC | =(4;2x~4;2x), n, =| SN, SC | = (4~ 2y;-4;-2y).

Do (SMC) L (SNC)nén nTJZ:O<:>4(4—4y)—4(2x—4)—4xy:0<:>xy+2(x+y)=8

8—2x

8-2% 4o ¥<2 nén
x+2 x+2

S.amen = Susep —Saue —Sowe :4_(2_35)_(2_)’):)5"‘)/-

S y= <2 x21.

1 2 2( 8=2x)_2x'+8
Do do V. =—S4.5 =—(x+y)=—|x+ =3 .
0.dO Vs amcp 3 AMCN 3(x y) 3(x x+2j 3 x+2
22 +8 , 2x*+4x-8
Xét flx)== 51 L2f, J\X) =7
é f( ) 3x+2 VO1 XE[ 5 ] f( ) 3 (x+2)2

f(x)=0ex* +4x-8=0 x=-2+2V3; x=—2-243 (logi).
Lap BBT ta suy ra %g¥f(x):f(l):f(2):2.

_{le

. y=2 1 1 1 1 5

Viy maxVs e =22 (=Tt T T T
L=l

Loai 4. Lang tru dung tam giac

Cho hinh lang tru ding ABC.A'B'C’ ¢c6 mat day ABC la tam giac vudngtai 4 ¢c6 AB=3, AC =4 va
AA'=2. Tinh cosin goc gilra hai vecto AB" va BC.

Bai giai



Cﬂ

Chon hé truc toa @ nhu hinh vé.

Khi @6 ta co:

A(O;O;O), B(3;0;0), C(0;4;0), B'(3;O;2).
Taco: AB'=(3;0;2),BC =(-3;4;0).

AB'BC 3.(-3)+0.4+2.0 913

|AB||Bc| m/ Fraro 63

Khi d@6 : cos AB BC

Cho hinh lang tru dng 4BC.4'B'C' c6 mdt ddy 4BC la tam giac vuong tai B c6 AB=1, AC = V3
va A'B=2.Goi M latrung diém ciia 4C . Tinh khoang cach tir M dén (4'BC).

Bai giai

B’ A

Chon hé truc toa @ nhu hinh vé.
Tacd: AA'=JA'B* — AB* =22 —1> =3 .

BC =JAC* —AB* =3’ -1=+2.

Khi d06 ta co:

B(0:0:0), 4(0:1:0), C(~/2;0;0), 4'(0;1:43), M(%;%;O].




Ta co: ﬁz(O;l;ﬁ),ﬁ’z(ﬁ;O;O).
:ﬁ/\B—C":(O;\/g;—\/E) )

Khi d6 phuong trinh (4'BC) 1a 3y —z=0.
V3

Suyra d(M,(4'BC))= % ~

V3

i

Cho hinh lang tru tam giac déu 4BC.4'B'C' ¢ canh bén 24 , goc tao bdi 4'B  va mat day la 60° .
Goi M 1a trung diém BC .Tinh cosin goc tao boi hai duong thing 4'C va AM .

Bai giai

.-

rd
B \ __..~-'""‘- A
M \

c
X
Taco: AB=AC=BC= 2a :2—a:>MC:B_C:i_
tan60° /3 2 3
AM:ABT\/gza.

Chon hé truc toa @ nhu hinh vé.

a

3
4a

Taco: W:(i;—a;—zaj =2>A4'C=—1

NE V3
m:(o;—a;O) — AM =a.
ACAM| 3
A'C

Khi d6: A1 (0;0;0), 4(0;a;0), C( ;O;OJ, A'(0;a;2a).

Khi d6 c6 cos(4'C,AM )= N7
[an| 4




Cho hinh lang tru ding 4BC.4'B'C' v61 ddy A4ABC la tam giac vudng tai C ¢cO6 4B =8cm,
BAC = 60°, dién tich tam gidc 4'CC' 1a 10cm?. Tinh tang ciia goc tao boi hai miat phang (C'4B) va
(4BC).

Bai giai

L

Taco : sin 60° :% = BC = ABsin60° = 43 .

A'C'= AC =+ AB*> - BC* =4.

1 25
SAA'CC':ECC'-A'C' @CC':%:S

Chon hé truc toa do nhu hinh vé.
Khi do taco: €(0;0;0), 4(0;4;0), 3(4\/5;0;0), C'(0:0;5).
Taco: (4BC)=(Oxy) = Phuong trinh (4BC) 1a z=0.
Laico C'A=(0;4;-5), C'B=(4/3:0:-5) .

= C"AAC'B=(-20;-2013;-1613) = —4(5;5V3;443).

Suy ra (C'4B) ¢6 VTPT 1 11=(5:543:4V3) va (4BC) c6 VIPT 1a n'=(0;0;1)

Khi docos((C'4B),(4BC)) = ‘imq‘ :% :
ni\n

5\3

Ma: 1+tan’ a = = tan((C'4B),(4BC)) ==

cos’ a

Loai 5. Lang tru dirng tir giac

Cho hinh lap phuong 4BCD.A'B'C'D’ ¢6 canh bang a .




a. Ching minh ring giao diém cta dudng chéo 4'C va mit phang (AB'D’) 1a trong tAm cua
tam giac AB'D' .

b.Tim khoang cach giita hai mit phiang (4B'D") va (C'BD)

c.Tim cosin cta goc tao boi hai mat phang (DA'C) va (ABB'A")

( Dua SGK Hinh 12, trang 112, Van Nhw Cuwong chu bién, NXBGD 2000 )

Bai giai
Chon hé truc toa d6 Pé cac vudng goc Oxyz nhu sau: O = A(0;0;0); A'(0;0;a)
B(a;0,0); B'(a;0;a); C(a;a;0); C'(a;a;a); D(0;a;0); D'(0;a54a).

z F 3
j,/ D ’
B ‘_‘.'.' G" c’
Y S A |
Bl
C

X

a. Goi G latrong tdm cua tam gidc AB'D’.

Pudng thang 4’'C nhan véc to chi phuong 1a u . =(1;1;—1) vaqua 4’ nén phuong trinh
x=t

duong 4'Ccla{y=¢t (teR).
z=a-—t

Véc to phdp tuyén cia mat phing (AB'D') 1a n, = [A—B', A—D'] =(-a’;—a’;a’) hay

= (L5-1)

Phuong trinh tong quét ciia mit phang (4B'D") x+y-z=0

Goi G=A'CN(AB'D"). Toa do giao diém G ctia duong thang 4’C va mat phang (4B'D")

a
3
2 nghiém cta hé oly=2 :G[ﬁ;ﬁ;z—aj 1)
Z=a—t 3 37373
2a
3

X, +Xp+Xy @
X; = =—
3 3
+ Y, ty, a
Mit khac : <y, = 2T Ve 7V 2 (2)
3 3
Z,+zp+z, 2a
ZG = = —
3 3
T (1), (2) ta c6 giao diém G cta duong chéo A4'C va mit phiang (AB'D') 1a trong tAm cia
tam gidc AB'D’ .

b. Tinh d ((4B'D"),(C'BD))




Véc to phap tuyén ciia mat phing (C'BD)1a n, = [@,ﬁ} =(a’;a*;—a’) hay
n, = (L1;-1).

Phuong trinh tong quat cua mit phang (C'BD)1a x+y-z-a=0.

Phuong trinh tong quat cia mit phang (AB'D') 1a x+y-z=0.

la+0-0| a

= (4B'D")//(C'BD) = d((AB'D"),(C'BD))=d (B,(AB'D"))= :
Jrara(-1y 3

c. Tinh cos((DA'C),(ABB'A"))

Oy L (ABB'A") nén véc to phap tuyén ciia (ABB'A") 1a j=(0;1; 0).

Vecto phap tuyén cia (DA'C) 1a n, = [D—A',RJ =(0;a’;a’)hay n, =(0;1;1).

cos((DA'C),(ABB' A —
(( ) ( N) = \/*

Do d6 ((DA'C),(ABB'A")) =45

Cho hinh lap phuong 4ABCD.A'B'C'D' ¢6 canh bang a .
Chung minh hai duong chéo B'D'va A4'B cua hai mat bén la hai duong thang chéo nhau. Tim
khoang cach gitra hai duong thang chéo nhau B'D' va 4'B.

Bai giai
Chon hé truc toa d6 Pé cac vudng goc Oxyz nhu sau :

0 = 4(0,0,0), A4'(0;0;a), B(a;0;0), B'(a;0;a), C(a;a,0), C'(a;a;a), D(0;a;0),

D'(0;a;a).

-

j/ D,
Bs
3 G* C’
A A p )
c
X

Ta 6 B'D = (—a' a;0), A'B =(a;0;—a), BB’ = (0;0;a) nén
[B'D' 'B} (-a*;—a>;—a>), [ BD', 4 'B]BB'— —a*#0

—>ba vecto B'D’; A'B,BB’ khong ddng phiang. Hay B'D'va A'B chéo nhau. Khoang
cach gilra hai duong la
[BD, 4'B] BB 2 & a3

d(B'D',A'B)=

‘[W,ﬁ]‘ Ja*+a* +a’ PB3




Cho hinh hop chir nhat 4BCD.A'B'C'D’' cé canh AB=a, AD =2a va A4 =a.
. \ < R M AM s 5 , <\ A
a. Goi M la diém nam trong 4D sao cho D 3. Tinh khoang cach tir Az dén (AB'C) .

b. Tinh thé tich tir dién (AB'D'C).

Bai giai

L
.

a) Chon h¢ truc toa do bé cac vuong géc Oxyz nhu sau :

A(0;0;0); A4'(0;0;a); B(0;a0); B'(0;a;a)

C(2a;a;0); C'(2a;a;a); D(2a;0,0); D'(2a;0;a). Vi M 1a diém nam trong AD sao
cho AM =3 nénM(3—a;O;0) .

MD 2

Véc to phép tuyén cia mit phang (AB'C) 1,0, :[A—B’, R’J =(-a*;2a’;-2a”) hay
Nope) = (15-2;2).
Phuong trinh tong quat cia mit phang (AB'C)1a x—2y+2z=0.
Do d6 khoang cach tir A7 dén mit phing (AB'C) la:

3.“—2.0+2.0‘
a

(M. (45'C)) = J1+4+4 2

b) Theo cong thuc V.. = %V = l‘[ﬁ,A—D']E‘

hop 6
Ma AD' = (2a;0;a); AB' = (0;a;a); AC = (2a;a;a).
24°

. . 2a~/5
Cho hinh hdp chit nhat 4BCD.4'B’'C’'D’ . Biét khoang cach gilta 4B va B’'C bang T\/_ , khoang

. . a3
cach gitta BC va AB’ bang , khoang céch gitta 4C va BD' bang T Goi M 1a trung

diém B'C . Tinh tan ctia goc tao bai hai mit phang (BMD) va (B'AD).




Loi giai
Diat BA=x,BC=y,BB =z.Goi O latim 4BCD.
Taco AB//(BDC)=>d(AB,B'C)=d(4B,(BDC))=d(B.(BDC)).
Ta dé dang chung minh duoc (B'DC)L(BB'C'C) va cit nhau theo giao tuyén B'C .

2a\/§

5

Ké BK | B'C= BK 1 (B'DC),hay d(4B,B'C)=BK =

L S
BK* BC* BB®* ' ¢ 4d’
Lai c6 BC//(B'AD)=>d(BC,4B')=d(BC,(B'AD))=d(B,(B'AD)).

, ) 1
Xét ABB C vudng tai B, ta co =

Ta dé dang chiung minh duoc (B'AD) L(BB'A'4) va cat nhau theo giao tuyén 4B’ . Ké

2a\/§
5
1 1 5 1 1
= + = =—+—(2).
BH*> BA*> BB”  4a® X’ zz( )
Tu (1) va(2),suyra x=y, hay ABCD la hinh vudng.
Ta d& dang chimg minh AC L(BB'D'D). Ké Ol L BD', suy ra AC LOI, hay OI 1a

a3

3
3

BH | AB'=> BH | (B'AD),hay d(BC,AB')=BH =

Xét ABB'A vudng tai B, ta c6

doan vudng goc chung cua AC va BD ', suyra d(AC,BD')=0I =

2a\/§

3

Trong (BB'D'D), ké DJ //0I(J € BD) = DJ =20I = ( vi OI 1a duong trung

binh ABDD').
1 1 3 1 1
= e = +—Q3).
DJ* BD* DD*  4a® 2x° 22( )
Giai (2),(3) tadugc x=a,z=2a.
Chon hé truc toa d Oxyz nhu hinh vé véi : B(0,0;0), B'(0;0;2), C(1;0;0), 4(0;1;0)
,D(1;1;0),

Xét ABDD' vudng tai D, taco

, 1
M latrung diém B’'C, suy ra M(E;O;lj :



+) Ta c6 m:(o;l;—Z), m:(l;l;—2), [ﬂ,ﬁ)}=(o;_2;_1)_
Suy ra mit phang (B'AD) c6 mot vécto phap tuyén 13 77 = (0;2:1).
+) Ta o W{%;O;lj, BD =(1;1;0), [W,Eﬁ]z[—l;l;%}

Suy ra mit phang (BMD) c6 mdt vécto phap tuyén 13 7' = (—2;2;1).
Goi a 1a goc tao boi hai mit phang (BMD) va (B'4AD), ta co:

nd| 5 5 2 25

:_:>sina:§:>tana=—.

INEE

coSa =

|n-

DANG 2. GAN HE TRUC TQA PQ VAO CAC HINH PA DIEN CO SAN MO HINH TAM
DIEN VUONG

Dang toan : Cho tir dién 4BCD ¢6 BCD la tam giac vudng tai C, 4B 1L (BCD).
Cach dung :

C

Ta dung hé truc toa dd Oxyz saocho C=0, pDeoOx, B€Oy, Oz qua C vavudng goc véi (BCD)

Loai 1. T dién c6 mot canh vudng goc véi mat day

Cho hinh chép S.4BC c6 ddy 4ABC la tam gidc vudng can tai B va canh 4B =3q. Canh bén
SA=a6 va vudng goc véi mat phang day. Tinh khoang cach giita hai duong thang chéo nhau 4B va
SC.

Loi giai

B

Chon hé truc toa d sao cho: 4(0; 3a; 0), B(0; 0; 0), C(3a; 0; 0), S(O; 3a; a\/g). Khi dé



BA = (0; 3a; 0), suyra AB c6 mot vecto chi phuong U= (0; 3a; 0)
SC = (3a; —3a; —a\/g), suy ra SC c6 mot vecto chi phuong v = <3a; —3a; — a\/g) .
Suy ra [;,;] = (—3a2\/g; 0; —9a2)

‘[&’ ;] E@‘ _ 9a°\/6 _ 3a/10
‘[;, ;]‘ 3215 s

Khi d6 d(A4B;SC) =

Cho hinh ch6ép S.4BC c6 ddy ABC la tam gidc vudng tai B va canh AB=3a, BC = 4a . Tam giac
SAB vudng can tai 4 va S4 vudng gbc voi mit phang ddy. Tinh khoang cach giita hai dudng thing
chéonhau 4C va SB.

Loi giai

B
Tacd S4= AB =3a (do tam gidc S4B vudng can tai A).
Chon h¢ truc toa d¢ sao cho: 4(0; 3a; 0), B(0; 0; 0), C(4a; 0; 0), S(0; 3a; 3a). Khi do

AC= (461; -3a; 0), suyra AC c6 mdt vecto chi phuong U= (4a; —3a; 0)
BS = (0; 3a; 361), suy ra SB ¢6 mot vecto chi phuong y= (0; 3a; 361).
Suy ra [&,ﬂ =(-9a*; —124%; 124"

‘Pa C].ﬂ‘_ 36a°  12a~/41
‘[;,,;]‘ S 3a%41 41

Khi d6 d (4B;SC) =

Cho hinh chép S.4BC c6 SA L (ABC), ddy ABC la tam giac vudng tai B va canh 4B =3a,

BC =4a . Goc tao boi SC va (4BC) la 60°. Tinh khoang cach gifta hai duong thing chéo nhau AM
va SC voi M 14 trung diém BC.

Loi giai




B
Tacd AC =+ AB*+BC* =,/(3a)’ +(4a)’ =5a

Ma 4C 1 hinh chiéu ctia SC vA (4BC) nén (SC,(4BC))=(SC,AC)=SCA=60" (do
tam gidc SAC vudng tai A).

Khi d6 SA=AC.tan60" =5a+/3 .

Chon h¢ truc toa d sao cho: 4(0; 3a; 0), B(0; 0; 0), C(4a; 0; 0), S(O; 3a; Sa«/g).

M la trung diém BC nén M (2a; 0; 0)

Khi d6

AM = (261; —3a, 0), suyra AM c6 mot vecto chi phuong U= (Za; —3a; 0)
SC = (4a; —3a; — Sa«/g) , suy ra SB ¢6 mdt vecto chi phuong v= <4a; —3a; — Sa\/g) .
Suy ra [&,;] = (15\/§a2; 10v/3a°; 6a2)

Khi d6 d(AB;SC):‘[;’ L NP TN a.

‘[;, ;}‘ ~a2J1011 41011

Cho hinh chép §.4BC ¢6 SC 1 (ABC). Tam giac 4BC vudngtai 4, cac diém M, N lan luot thudc
SA,BC sao cho 4M = CN. Biét SC=CA= AB = a~/2 . Tim gié tri nho nhét cta doan M ?

Chon h¢ truc toa d9 nhu hinh v, ta ¢6 : 4(a;a;0), B(2a;0;0),C(00;0),8(0;0;a+2).

x=a-—t
Phuong trinh dudng thing SA:4y=a—t¢

z= \/Et




Goi M(a—to;a—to;\/ito)eSA,to €[0;a].Ta cé:m:(—to;—to;ﬁto): AM =21, .
Vi N e BC:NC = AM nén
N (21,30;0) = MN = (3t, — a3, —a;—/2t, | = MN =121 —8at, +2a’ 1, €[0;a].

d\/g 2a

Suy ra gi tri nho nhat cia MN = = khi ¢, = e

Cho tit dién 4BCDc6 BC =3, cp=4,4BC = BCD = ADC =90°, (;E,'B\C) — 60°. Tinh Cosin cta

goc giira hai mit phang (ABC) va (ACD)

Goi H la chan dudng cao cia tr dién ABCD .

. |BCLAB
Ta co: = BC 1L HB (1)
BC 1 AH

) CD 1 AD
Lai co: = CD 1L HD.(2)
CD 1 AH

Ma BCD =90°.

Tur day ta suy ra HBCD 1a hinh chir nhat.

Miit khéc: (/E,JTC) = (AD,HD) — ADH = 60°. Suy ra: AH = HDtan60°=3/3 .
Chon hé truc Oxyz = H.DBA nhu hinh vé.

Tacd: £(0;0:0), 4(0;0:3V3), B(0:4:0) , D(3:0:0),C(3:4:0)
A_ﬁz(3;—o;—3J§), AC=(3,4-343), ZE:(O;4;—3J§).

Goi n, , n, 1an lugt 1a mot véc to phap tuyén cua (ABC) va (ABD).

Suy ra: n, =| 4B, AC | =(0;-9v3;-12); n, =[ 4D, 4C | = (1243;0;12).

o 01243 -9v3.0-12.12) 243

n,.n,

Vay cos((ABC),(ADC)): = _

m.|n, \/02+(—9J§)2+(—12)2.\/(12J§)2+02+(12)2 43

Loai 2. Chép tam giac déu



3 . . av3 5 .
Cho hinh chop déu S.4BC c6 canh day bang a, canh bén bang — Goi M, N lan luot 1a trung diém

ciia SB,SC . Chimg minh rang: (AMN) L (SBC).

Ta c6 OA—i OH = %OA—i AH = 5OA—i oB=0c=2
3¢ a* 54 15
Tam gidc S4AH vudng tai Hnén SHZ:SAZ—Asz%—%zﬁzSH:a\é_ )

Chon hé truc nhu hinh vé. Ta co:

O(O;O;O),ALO —% OJ,B(%;O;OJ,C(—%;O;O)
S(O—% a\/—} [a_aﬁ a\/E]’N( a a3 a\/ﬁ)

b

5

6 4127 12 4’ 127 12
) - - 5
Mt phang (AMN') ¢6 vec to phap tuyén n, = [AM ’AN} [ ; \/_ azj— ]
, = e — 2J15 a*3
Mat phang (SBC) c6 vec to phap tuyen 7, :[SB,SC}z( ;a p ;a 6\/_ .

Khi d6 n,.n, =0=>n, Ln, . VAy (AMN) L (SBC).

Cho hinh chép 5.4BC c6 ddy 4ABC la tam gidc déu canh 2a\3 , mat bén S4B la tam giac can

véi ASB =120° va ndm trong mit phang vudng goc véi day. Goi A7 1a trung diém cua SC
va N la trung diém cua A7C . Tinh khodng cach giita hai duong thing AM , BN .




Goi H la trung diém AB.
Vi (S4B) L (ABC) nén SH 1 (ABC).
Chon hé truc toa dd Oxyz,véi o=H, HB=0x, HC=0y, HS=0:=.
Taco: HC = AC? — AH* =3a;SH=A—H=a
tan ASH
2 aJ,N(O;g—a;ﬁj

H(0:0:0), 5(0;0:a), 4(-av3;050), B(av3;0:0), C(0:34:0), M(O;T;E
a _3\/§a2_15\/§a2]

— 3a a) == 9a a _ 3
AM =| a3:=5 |, BN =| —a3;— =5 |, | AM BN |=| == - :
- (a\/_ 2 2) (a\/_ 4 4j [ :| [ 4 4 4

‘[AM BN | ZE‘ 33’
» BN |- 27237
Khoéng cach gitta AN,BN 1a:d(AM ,BN)= ‘[ _} - 7121 =T a
AM ,BN ‘ a
4

Cho hinh chép tam giac déu S.4BC c6 d6 dai canh day 1a a . Goi M, N lan luogt 13 trung diém cua

canh SB va SC. Tinh theo a dién tich tam gidc AMN biét mit phang (AMN) vudng goc vGi mat

phing (SBC).

Loi giai




Goi O 1a hinh chiéu cia S trén (ABC), tasuy ra O la trong tm tam gidc 4BC. Goi 7 la trung

a3 a3

. 3
diém cua BC, ta co AlzaT.Suyra 04 = 3 ,Ol = <

Ta chon hé truc toa d0 Oxyz nhu hinh v& véi O trung véi gbce toa d6. Pat SO = £, khi d6 ta duoc

0(0;0;0), S(0;0;%), A[#;O;OJ {—i 0; Oj

Suyra B ——3 a. ;01, C —i _4. ;00, M —Q,E;ﬁ . N __a\/_ _ﬁ;ﬁ .
6 '2° 6 2’ 12 "4°2 12 4 2
Ta co

AM = —5"\/5;3;ﬁ , AN = Sa\/_,— A , SB= —ﬁ;ﬁ;—h , SC= —ﬂ;—ﬂ;—h :
2 6 2 6 2

a

12 472 4
a*\3
Jva fispey =| SB,SC | = [—ahO : j

2

Suy ra n(AMN) [AM AN} (

a’h* 154° , 54°

(AMN) L(SBC) & i jypy) B spey =0 = PRIl
e — 10 10
= S =5‘[AM,AN] =T Viy Sy =

khoang cach tir A t6i mit phang (SAB).

Cho hinh chép tam giac déu S.4BC ¢6 SA=2a, AB=a. Goi M la trung diém canh BC. Tinh

Loi giai



Goi O 13 hinh chiéu cua S trén (ABC), tasuyra O 1a trong tdm tam gidc ABC.

a3 a3 a\/_

Do M latrung diém BC nén AM == Suy ra OA_T va OM =——

a2 Cl\/—

Xét tam gidc SO4 vuodng tai O, tacd SO =~SA*-04* =, |[4a* ——

Ta chon hé truc toa dd Oxyz nhu hinh vé véi O trung véi goc toa d(_), khi do ta duoc:

0(0:0:0), A( f,o,o} S(O 0; “J—] L_i 0- 0]

Suy ra B[—T3 4. OJ CL—&;—%;OJ

2 6
Ta c6 SA = a\/g;o;_a\/g SB= _a 3;2;_a\/§
3 3 6 2 3
33 4’11 612\/_
Suy ra n(SAB [SA SB} ( . ; 5 p J
11
Phuong trinh mat phang (S4B) la £ \/_ \/_ a\é_ =
@_af_ar
6 6 N
Suy ra d (M,(SAB))= _av165
33 11 3 30

36 4 36

Cho hinh chop tam giac déu 4.BCD c6 AB = a3, BC=a.Goi M la trung diém canh ¢p. Tinh
khoang cach gitra hai duong thang BM va AD .

Loi giai



Goi O 13 hinh chiéu cia A trén (BCD), tasuyra O la trong tdm tam gidc BCD.

3 3
Do M latrung diém ¢D nén BM_T\/— Suy ra OB_T\/_ va OM = \6/—
2
Xét tam gidc 4OB vudng tai O,tacdé A0 = AB> - OB’ = 3a2—c; _ 2a\/6.

Ta chon hé truc toa dd Oxyz nhu hinh vé véi O trung véi géc toa do, khi do ta duoc:

0(0;0;0), B(#;O;OJ, A[O; 0;2613\/6} L_i 0: 0]

6
Suyra D| -3 40| | -3, 4.
6 2’ 6 2

Taco BM = (_iOOJ AD—( a 372;_2a\/g}ﬁz£a\/§;o;_2a\/€}
6 2 3 3 3
Suy ra [W,E} ( N2 \/_] ‘[W,E]:azﬁ
_ o
Khi d6 d(BM,AD):‘[BM’AD AB‘ 2 24470

CED N

Loai 3. Chép tir giac déu hodc chép cé (‘Iay 14 hinh thoi, dwong cao SO.

Cho hinh chép tir gidc déu S.4BCD c6 tit ca cac canh bang a , Goi N, M 1an luot 1a trung diém cua
DC va BC, K 1adiém trén canh BC sao cho BK = 4KM , tinh theo @ khoang cach hai duong thang
SK va BN .

Loi giai



SO =~SA* —04* = #

Chon hé tryc toa do Oxyz sao cho oM = Ox, ON =0y,0S = Oz

Khi do S 0;0;& K ﬂ;_i;o :B ﬂ;_ﬁ;o ‘N 0;2;0
2 2 10 2 2 2

2 2 2
Suy ra SK:[E;_i;_&];m\’(—%;a;ojnén n =[SK,BN}:[a 2.4 \/5-9‘1 j

210 2

2 7 4 720
SN = 0;3;—61\5
27 2
- \Ea
n. Y
d(SK,BN)= 10" 22

‘[ﬁﬁ] B30 331

20
Cho hinh chép tur giac déu S.ABCD cb SA=2a i AB=a.Goi N,M lan luot 1a trung diém cua DC
va BC, tinh cosin goc giita hai dudng thing SAM va MN .

Loi giai




SO =St _op =14

Chon hé tryc toa do Oxyz sao cho oM = Ox, ON =0y,0S = Oz
Khi do S| 0;0; 2 “r 0.0 |:N]0:%;0
2 2 2
Suy ra SM = 3;0;—61\/ﬁ ;va’ —E;E;O
2 2 2°2

‘SM MN‘
‘SM‘ ‘MN‘

cos(SM,MN )=

Cho hinh chép tir gidc déu S.4BCD ¢6 AB =a. Tinh cosin cua goc giita hai mit phang (SCD) va

(SBC) biét gbc gitra canh bén va mit day bang 60°.

Goc giita SB va mat day 1a goc SBO = 60°

a6

SO =tan 60.0B = T

Chon hé truc toa d6 Oxyz sao cho 0C =0x, OB=0y ,0S8 = 0= .

Khi d6 S{O;O;a\f} B[O;&;OJ, (“*2/_ 0; Oj [o;-#;oj

2
, 9 - rem = (- 34 &
Suy ra vecto phap tuyén ctia mit phing (SBC)lén=[SB,SC}=[ \/2_a ;_\/;a ;—%J

. , -~ == == 3a* 3a° o’
Vecto phap tuyén cua mét phang (SDC)1a a = [SD,SC J = (\/;a 3= \/;a ;a?)

Do d6 cosin goc gifra hai mat phang trén la cosa =

Loai 4. Hinh chép c6 day la hinh vuéng (chir nhit) va mat bén vudng géc véi day.




Cho hinh chép S.4BCD ¢6 ddy 4BCD 14 hinh vudéng canh 24, SA=a; SB = a~/3 va mit phiang
(S4B) vudng goc voi mat phing day. Goi A, N lan luot 13 trung diém cua cac canh AB, BC . Tinh
theo a thé tich ciia khdi chop S.BMDN va tinh cosin cia goc giira hai duong thing SM, DN .

, Loi giai
Goi H la hinh chiu cia S 1€n 4B = SH L (ABCD).
2
Ta c6: SA° + SB” = AB’ :SALSB:AH:%:%,Syzé

Chon hé truc toa do nhu hinh v&, ta ¢ toa do cac diém:

z

\

A(O;O;O),B(2a;0;0),D(O;2a;0),C(2a;2a;0),H(%;O;Oj,s(z a*z/—J M (a;0;0),N (2a;a;0) .

. 1
Tacd S, =S :Ea.2a =a’ = S, =4a’ —2a’ =2a’.

1 1 V3
Thé tich khéi chép S.BMDN : V = 3SH Spuoy = _.a\f =2 ;f
Vi SM = [2 0; —i] =(2a;-a;0) = SM.DN =a’.
|sad. DN‘ \/g

Vay cos(SM,DN) = DUDN 7 \f

Cho hinh chdp S.4BCD c6 ddy 4BCD 1a hinh vudng. Mit bén S4B 1a tam giac déu canh a va nim
trong mit phang vudng goc véi (ABCD) . Tinh khoang cach tir 4 dén (SCD) theo a.

Loi gidi



Goi O 1a trung diém cua 4B .

Tacod:
(SAB)N(ABCD)= 4B
(SAB) L (A4BCD) = SO L (ABCD) .
SO L AB

Khong mat tinh tong quat, dat a=1.

Chon hé truc (Oxyz) nhu hinh vé.

Taco: S O;O;ﬁ , A —1;0;0 , C l;1;0 , D —1;1;0 .
2 2 2 2
ﬁ.lj

1 [,
Mit phang (SCD) di qua diém C( ,1,0) va c6 mot vecto phap tuyén n = [SC,SD] = [O; 5

3
nén ¢ phuong trinh : %(y—l)+z:0 C)\/§y+2z—\/§=0.

B
Khodng céch tir 4 dén (SCD) la: a’(A,(SCD)) = \‘/3_4‘1 =g.
+

ar

Vay d(4,(SCD))=

Cho hinh chop S.ABCD c6 day 4BCD la hinh vudng. Mat bén S4B la tam giac déu canh a va
nam trong mit phang vudng goc véi (ABCD) . Tinh cdsin cta goc tao boi hai mat phing (S4B) va

(SCD).

Loi gidi



Goi 0 1a trung diém cia 4B .

Tacod:
(S4B)~(ABCD) = AB
(S4B) L (ABCD) = SO 1 (ABCD) .
SO 1L AB

Khong mit tinh téng quat, dat a =1.

Chon h¢ truc (Oxyz) nhu hinh vé.

Taco: S O;O;ﬁ , A —1;0;0 , B l;0;0 , C l;1;0 , D —1;1;0 .
2 2 2 2 2

Mit phing (S4B) c6 phuong trinh y =0 3}':(0;1;0) :

, I 3
Mt phang (SCD) c¢6 mdt vecto phap tuyén 7 = [SC,SD} = (0;§;1j
q jonl o
Cosin ciia goc tao boi hai mat phang (S4B) va (SCD) la: cos((SAB),(SCD)) = ‘4‘ — = —\/; :
Jl-|n

Cho hinh chép S.4BCD ¢6 ddy 4BCD 1a hinh vudng. Mit bén S48 14 tam gidc déu canh a va
nam trong mat phang vuéng goc voi (ABCD) . Tinh khoang céach gitra hai duong thang 4D va sC

theo a .

Loi gidi



Goi 0 1a trung diém cia 4B.

Tacod:
(S4B)~(ABCD) = AB
(S4B) L (ABCD) = SO 1 (ABCD) .
SO 1L AB

Khéng mat tinh tong quat, dit ¢ =1.

Chon h¢ truc (Oxyz) nhu hinh vé.

Taco: S O;O;ﬁ , A —1;0;0 , C l;1;0 , D —1;1;0 .
2 2 2 2

Khoang cach gitta hai dudng thing 4D va sC la:
[4D.5¢)ac| g

|
d(AD,SC)= ‘[ZBSE]‘ >

Vay d(4D,SC) =%.
Loai 5. Lang tru xién.

Cho lang tru ABCD.A,B,C,D, c6 ddy ABCD la hinh vuéng canh a . Hinh chiéu vudng goc ctia 4,
1én (4BCD) tring voi giao diém ctia 4C va BD. Tinh khoang cach tir diém B dén mit phang
(A4,BD).




Chon hé truc toa d0 sao cho tam O la géc toa do , OA 1a truc Ox, OB la truc Oy, OA; 1a
truc Oz

> A[af;O;Oj

Vi mp(4,BD) = mp(Oy;0z) = mp(Oyz) nén mp( ABD)co6 phuong trinh: x=0

a2

2

a

Khi d6 : d(B,;(4,BD))=d(A;(4,BD))= 22

Cho hinh ling tru ABC.A'B'C’ ¢0 tit ca cac canh bang @ va hinh chiéu vuéng goc ciia 4' trén mit
phang (A4BC) trung véi trung diém H cua BC. Tinh khoang cach # gitra 2 dudng thang 44" va

BC.

Taco : d(AA:BC)=d(44"(BCCB)) = d(4:(BCC'B)
Chon hé truc sao cho H(0;0;0) nhu hinh vé

. 2y 3 a a a
Khi d6: 4(Y2.0.0), B(0;——=;0), C(0;=;0), A'(0;0;—
ido (2,0,0),( 2) (2) ( 2)

2

N I 2 2
VTPT ctia mp(BCC’B’) : = [BC,BB'] = L%;o;#} = %(1;0;\6)

= Phuong trinh mp(BCC’B’) : x+ J3z=0



Viay d(AA;BC)=d(4;(BCC'B") = -

Cho hinh lang try ABC.A'B'C’ ¢c6 A'.ABC la tir di¢n déu canh a.Goi M , N lan luot 1a trung
di€ém ctia 44’ va BB'. Tinh tan cua goc gitta hai mat phang (4BC) va (CMN).

Goi O la trung diém cua 4B . Gan hé truc toa dd sao cho O(O; 0;0)
nhu hinh va khong mat tinh tong quat ta chon « =1, khi d6 ta co:

AG;O;OJ, B[—%;O;Oj, c(o;?;oj, HLO;%;OJ
ROy [0_ _]

Y36

6 3

£

Taco AB=A'B' = B’ (— J D& thiy (4BC) c6 vipt ’71 Z(O;O;l).

\J ‘ ¢ | { 3 f I]
N la trung diém BB —

1
M latrung diém 44’ => M 77

N6
6
MN =(-1;0:0), W:G =53, ]

47127 6

5| 502

= (CMN) c06 vipt n2 [

5 1
cosp="T—=tan@ =
4 V33 4 cos’ @

1=—




Cho hinh lang tru tam gidc 4BC.4'B'C’' c6 day la tam gidc 4BC vudngtai A, AB=3, AC =4,

J61

AA' = - Hinh chiéu ctia B’ 1én mit phang (ABC) la trung diém canh BC, M latrung diém canh

A'B’. Tinh cosin cia goc tao bdi mit phing (AMC') va mat phang (4'BC)

Goi H 1a trung diém BC .

Taco: BC=+AB*+ AC* =5
Xét tam giac B'BH vuongtai H: BH =~BB” —-BH* =3 .

Chon h¢ truc toa do Oxyz ¢ 4 trang v6i O nhu hinh v&
i 3.0 " (3
V6i 4(0;0;,0), B(0;3;0),C(4;0,0) = H 2;5;0 la trung diém BC = B 2;5;3

- . . 3 3
Do BB’ = AA'=CC’ :>A’(2;—5;3J;C'(6;—5;3j = M (2;0;3)

- _ 3 ) - -
AM :(2;0;3); AC'=(6;—E;3J nén vecto phép tuyen (MAC') 1a 1, =[AM,AC’}

:(2;12;—3j
2

— 9 —, 3 . -
A'B= (—2;5;—3j ; A'C= (2;5;—3j nén vecto phap tuyén (A'BC) 1a 1,

=|4B,AC| =(-9:-12:-12)

Goi ¢ la goc tao boi mat phang (AMC") va mat phing (4'BC).




— —

o B.(—9)+12.(—12)—3.(—12)‘

33
B157°

(bac) *'% (4BC)

cosQ =

n

n

(MAC") (4BC)

\/@T +122 +(-3)’ .\/(—9)2 +(=12) +(-12)’



