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MUC LUC

A Vidu gidi toan 1

B Baitap 6

PHUONG TRINH HAM LIEN QUAN DEN CAC TiNH CHAT 6 HOC

Trong cac ki thi Olympic toan trén thé gidi nhitng nam gan day xuat hién nhiéu bai todn xac
dinh ham s6 ma trong 13i giai can stt dung kha nhiéu tinh chat s6 hoc, tinh chat nghiém cua
phuong trinh nghiém nguyén. Cac bai toan nay da dang, kho va diéu quan trong khi ching ta
t1ep can chung la pha1 du doan dugc nghiém dé tim ra tinh chat dic trung cho ham can tim.
Muén hoc t6t phan nay trudc hét hoc sinh phai dugc trang bi kién thitc nén tuong dbi day
du vé S6 hoc va Phuong trinh ham. Trong bai viét chuyén dé nay chiing ti xin nén ra mot s6
vi du tiéu biéu cting v6i mot hé thong bai tap tuong ddi nhiéu, duge swu tam qua cac ky thi
Olympic trong nhitng ndm gan day, qua d6 nham gidp hoc sinh cé nhitng ki ning va phuong
phéap nhat dinh khi tiép can nhiing bai toan dang nay.

A. Vi DU GIAI TOAN
Bai todn 1. Tim tat cd cic ham f: Z* — Z* théa man

m? + f(n)|f*(m) +n (1)
vdi moi cap s6 nguyén duong m, n (v6i Z 1a tp cac s6 nguyén duong).
(¢ Loi gidii
Thay m = n = 1vao (1), tadugc 1 + (1)1 + f2(1), suy ra

2
{ 11;53:%1168))2 =14 f(1)| [(1 +f(1)* - (1 +f(1)z>} .

Do dé 1+ f(1))2f(1), maged (f(1),1+4 f(1)) =1nén 1+ f(1)]2va f(1) = 1. Bay gig, thay
m = 1vao (1), ta dugc 1+ f(n)|1 + n. Tir d6 suy ra

f(n)<n,Vnez. )
Thay n = 1 vao (1), ta dugc m? + 1|f2(m) + 1. Tir d6 suy ra
m< f(m),VmeZ". (3)

Két hop (2) va (3), ta duge f(n) = n, Vn € Z". Ham nay thoéa man cac yéu cau bai toan.
Chu ¥ 1. C6 thé coi (1) nhu mot bai todn phuong trinh ham (dut khong c6 hai vé) va 1a moét
kiéu bai con tuong ddi mdi. Sau day chiing ta sé dua ra cach tiép can cho cac bai toan dang
nay va mot s6 bai toan c6 dang tuong tu. Hy vong rang ban doc c6 thé thiy duge diém chung
& 10i gidi cac bai todn nay, tir d6 duc két duge phuong phép giai chung.

Bai toan 2 (IMO Shortlisted 2004, India 2005).

Tim tat cd cicham f: Z* — Z™ théa man

£2m) + f()| (w2 + )’ )
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vdi moi cap s6 nguyén duong m, n.

(¢ Loi gidi

Phan tich, tim 16i giai. Dau tién ta thir tinh mot so gia tri dac biét nhu £ (1), £ (2), f (3),... dé
du doan cong thitc cia ham s6 f. Tir diéu kién ban dau ta thay m = n = 1 thu dugc

(FO+f ()4

Tudleuklennayneuf( ) = 2thi f(1 )? +f(1)>6,voli,suyraf(l)=1.Thaym=1,n=2
vam =2, n = 1 vao diéu kién ban dau ta duoc

f)?+£(2))9
FQ)P+£(1))]25

Nhu vay ta du doan f (n) = n,Vn € IN*.

(1+£(2)]9
‘:*{ (f@)+1)|25 < f2)=2

@ Hudng thi nhat. Dau tién ta nghi dén hudng st dung phuong phap quy nap. Gia st
fk)y=kk=12,...,n

Ta sé chung minh f (n + 1) = n + 1. That vay, ta thay m bdi n, thay n béi n 4 1; sau d6
lai thay m bdi n + 1 vao diéu kién ban dau ta dugc

(f(n)2+f(n—|-1)>) <n2—|—n—|—1)2:> <n2—|—f(n—|—1)>‘ (n2—|—n+1)2
<f(n+1)2+f(n)>) <(n—|—1)2—|—n>2 = (n—i—f(n—{—l)Z)‘ <n2+3n—|—1)2.

Ta nhan thay tir hai diéu kién trén dé danh gia dugc f (n + 1) la rit kho khan va hudng
lam thit nhat nay c6 thé bé tac.

& Hudng thit hai. Ta nhan thdy néu chon m,n € IN* sao cho m? + n 1a mot s6 nguyén to
thi ta sé tinh duoc f(m)? + f (n). Chonm = p — 1, n = 1, trong d6 p 1a mot sé nguyén
t6. Khi d6 tir diéu kién ban dau ta thu duogc

(FOP+f (=) A+p=17= f(p—1)+1|p?
=fp-D+1e{pp’}=fp-1)e{p-1Lp -1}

e Truong hop 1: f (p — 1) = p? — 1. D€ stt dung két qua trén ta thay m = p — 1 vao
diéu kién ban dau va v6i méi s6 nguyén duong 1 ta dugc

(Fr =12+ F )| (-1 +1)
(<pz_1)2+1)\ ((p-17+1)
((pz —1)2+1) ’ (p2 —2;7%—2)2

3

(v* — 207 +2) | (p* + 8p* + 4 — 4p* — 8p)
(-2 +2)| (-

(4 2p? —|—2) ( 10p2+8p—2)
:>p4—2p +2 < 4p® —10p* +8p — 2.

4p® +10p? 8p+2>

Tir day chia ca hai vé cho p® rdi cho p — +o0 1a thay vo 1.
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e Truong hop 2: f(p—1) = p—1. Dé st dung két qua trén ta thay m = p — 1 vao
diéu kién ban dau va v6i méi s6 nguyén duong n ta dugc

(Fr =12+ F ) [((p— 12 +n)
e (=12 + FO) (124 f(m) +n—f ()
(=1 +f(m) (= f (m)

Néu ta chon p 1a s6 nguyén t6 dd 16n thi diéu kién trén xdy ra khi f (n) = n. Tir d6
ta co
f(n) =n,Vn € N*.

Tht lai thay thdéa man.
Giai. Thay m = n = 1 vao (1), ta dugc f2(1) + f(1)|4 = f2(1) + f(1) < 4 = f(1) = 1. Tiép
tuc, thay n = 1 vao (1), ta dugc

2
f2(m) +1] (m2 + 1) ,VmeZ*.

Suy ra f2(m) < (m*+ 1)2, hay f(m) < m?+ 1. Néi cach khac, ta c6
f(m) <m? Yme Z*.
Bay gio, thay m = 1 van = p — 1 v6i p 1a s nguyén t6 vao (1), ta dugc
L+ f(p—1DIp*
Suyral+ f(p—1) € {p,p?}, ticla f(p —1) € {p — 1, p? — 1}. Tuy nhién, do
fp-1)<(p-12<p*-1

néntacéd f(p — 1) = p — 1 v6i moi p nguyén td. Tiép theo, thay m = p — 1, ta dugc

(F =12+ £ ) 1((p—12+n)
(=12 + FW) (124 f () +n—f(m)
S (=12 +f ) —f (m)> @

Tix (2), cb dinh 1 va cho p — +oo, ta duge (p — 1)? + f(n) — +o00, do d6 khi p la s6 nguyén
t0 dti 16n, thi tir (2) suy ra f(n) = n. Thi lai, ta thdy ham f(n) = n théa man cac yéu cau bai
toan.

Chu y 2.

& Gitra phan tich tim 15i giai va trinh bay 16i giai c6 su khac nhau nhét dinh, d6 1a do khi
trinh bay loi g1a1 thi ta da rit kinh nghiém r6i. Chang han khi phan phan tich tim 15i giai
ta da kha vat va trong viéc loai bo truong hop f(p — 1) = p? — 1, tuy nhién khi trinh bay
16 giai thi ta da lam cho gon gang va dé dang hon.

& Trong mot s6 tinh hudng, viéc str dung s6 nguyén t6 va tinh vo han ctia tap cac sé nguyén
to (bang cach cho so nguyén to p — +00, hay cho so nguyén to p du 16n) la rat hiru hiéu.
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Bai toén 3 (Balkan 2017). Tim tit cd cic ham f: Z* — Z ' thdéa man

n+ f(m)|f(n) +nf(m)
v6i moi cap s6 nguyén duong m, n.
@ Loi gidi
Do f(n) +nf(m) = f(n) —n®+ n[f(m) + n] nén tir gia thiét, ta c6
n+ f(m)|f(n) —n? Vm,n c Z*. (1)

Gid st ton tai ng € Z™ sao cho f(ng) > n3. Khi d6, bang cach thay m = n = ng vao tinh chét
(1), ta dugc ng + f(n9)|f (ng) — n3, mau thuan do ng + f(ng) > f(ng) — n3 > 0. Do d6

f(ny<n® Vnez".

Dé thay f(n) = n?,Vn € Z* la mot nghiém ctia bai todn. Xét truong hop f(n) # n?, khi d6
ton tai ny € Z" sao cho f(n1) < n3. Thay n = ny vao (1), ta dugc

ny + f(m)|nd — f(ny), YmeZ*.

Do do, ta c6 f(m) < n? —ny — f(n1) v6i moi m nguyén duong. N6i cach khac, f(n) bi chan

trén bdi mot hang s6 ¢ duong nao do. Bay gio, thay m = n vao (1), ta dugc
n+ f(n)|f(n) —n? vn € N*
ma f(n) —n? = f(n) — f2(n) + f2(n) — n?, nén suy ra
nt f(n)lf*(n) = f(n),¥n € Z7. @)
Dé y rang, véi moi n > ¢> —2c thi f(n) —1 < ¢ — 1nén
[n+ f(m)] = [f2(n) = f(m)] = n+ 1= [f(m) —1]?
>n+1—(c—1)2>0.
Do d6, két hop vdi (2), ta dugc f2(n) — f(n) = 0 hay f(n) = 1 v6i moin > ¢? — 2c. Bay gig, ta
cochuy
n? — f(n) = [0 — f2(m)] + f*(m) — f(n)
nén két hop vdi (1), ta suy ra
n+ f(m)|f2(m) — f(n), Ym,n € Z". 3)
C6 dinh m, chon n nguyén duong sao cho n > ¢? + ¢ > ¢ — 2¢, ta dugc
n+ f(m) > +c > f2(m) + f(n) > | f2(m) = f(n)].
Do d6 dé tinh chat (3) dugc théa man thi phéi c6 f2(m) = f(n) = 1, hay f(m) = 1,Ym € Z*.
Tht lai ta thdy ham f(n) = 1, Vn € Z* thda man cac yéu cau bai todn. Tém lai, bai toan c6
hai nghiém ham 1a f(n) = n?va f(n) = 1.
Nhén xét 1. Sau khi da ching minh f(n) < n? thi ta con mét cach khac dé hoan tat 1oi giai
ctia bai todn nhu sau: Thay m = n = p v6i p nguyén t6 vao gia thiét, ta dugc

p+f(p)l(p+1)f(p).
Néu p khong chia hét f(p) thitacéd (p+ f(p), f(p)) =1, suyrap+ f(p)|p+ 1. Ma

p+flp)>2p+1

nén ta c6 f(p) = 1. Tém lai, véi moi s6 nguyén t6 p thi

MUC LUC



5 | Bién soan: Nguyén Tai Chung, DT 0968774679

™ hoac f(p) = 1;
™ hoac p|f(p).

Goi </ 1a tap cac sb nguyén t6 p sao cho f(p) = 1, £ la tap hgp cac s6 nguyén t6 p sao cho
p|f(p). RO rang hai tap <7, % sé c6 it nhat mot tap hop chita vo han phan t.

@ Truong hop 1: o7 la tap vO han. Thay n = p véi p € o7 vao gia thiét bai toan, ta dugc
p+fm)[1+pf(m),
ma 1+ pf(m) = 1— f2(m) + f(m) [p+ f(m)] nén ta 6
p+ f(m)|f2(m) — 1.
C6 dinh m va cho p — +o0, ta dugc f(m) = 1. Ham f(n) = 1 théa man cac yéu cau.
& Truong hop 2: # la tap vo han. Thay m = p véi p € # vao (1), ta duogc
n+ f(p)|n* — f(n).

Cht y rang f(p) > p. Do d6, bang cach cb dinh n va cho p — +, ta c6 f(p) — +oo.
Két hop véi két qua trén, ta duge f(n) = n?. Thit lai, ta thidy ham f(n) = n? thoa man
cac yéu cau bai toan.
Bai toan 4 (IMO, 2011). Xétham s f: Z — Z" thdéa man
flm=mn)|f(m) = f(n). €
Chiing minh rang, véi moi s6 nguyén m,n ma f(m) < f(n) thi f(m)|f(n).
(¢ Loi gidii
Thay n = 0 vao (1), ta dugc f(m)|f(m) — f(0) hay f(m)|f(0), Vm e Z.
Thay m = 0 vao (1), ta duoc
f(=m)|f(0) = f(n), Vn € Z.
Két hop véi két qua trén, ta suy ra
f(=n)|f(n), Vn e Z. 2)
Thay n bdi —n vao (2), ta duogc f(n)|f(—n),Vn € Z. Tir d6, bang cach két hgp vdéi (2), ta 6
f(—n) = f(n), Vn € Z.
Lan luot thay n boi —n va thay n boi m + n vao (1) réi st dung két qua trén, ta dugc
flm+n)|f(n) = f(m), Ym,n e Z, 3)

va
f(n)|f(m)— f(m+n), Vm,n € Z, 4)
Bay gi0, xét cac s6 nguyén m, n sao cho f(m) < f(n), ta c6 cac trudng hgp sau:

™ Truong hop 1: f(m +n) > f(n). Khi do, do f(m+n) > f(n) > f(n) — f(m) > 0, nén
tur (3), tasuyra f(m) = f(n).

® Truong hop 2: f(n) > f(m + n). Khi d6, do
f(n) =z max{f(m), f(m+mn)} > |f(m) = f(m+n)]
nén tir (4), tasuy ra f(m) = f(m+ n). Thay vao (3), ta dugc ngay f(m)|f(n).

Tém lai, trong moi trudng hgp, ta déu c6 f(m)|f (n). Bai toan dugc ching minh.
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B. BAI TAP
1. Dé bai
Bai todn 5. Tim tat ca cic ham f:Z" — Z7 sao cho v6i moi m,n € N*, ta co

f(m) + f(n) | m+n.

Bai todn 6 (IMO Shortlist 2012). Cho 7 la s6 nguyén duong 1é. Tim tit cd cac ham s f :
Z — Zthdéaman f(x) — f(y) | x" —y" véimoi x,y € Z.

Bai toan 7 (APMO 2019 P1, Indonesian MO 2020).

Tim tat cd cicham s6 f: Z+ — Z T thda man

f(a) +bla*+ f(a)f(b), Va,be Z .

Bai todn 8 (Thanh Héa TST 2018-2019 vong 2; IMO Shortlist 2016).
Tim tAt c cac ham s6 f : N* — IN* thda man diéu kién

(f(a) + f(b) —ab) | (af(a) + bf (b)), véimoia, b € N".

Bai todn 9 (Korean National Olympiad 2013).
Tim tAt cd cac ham s6 f : N* — IN* thda man diéu kién

f(mn) =lem(m,n) - ged(f(m), f(n)),Vm,n € N*.
Véi ky hiéu lem(m, n) 1a udc chung 16n nhat ctia m va n, con ged(f(m), f(n)) 1a boi chung nhé
nhat cta f(m) va f(n).

Bai todn 10 (Iran TST, 2008). Cho sb nguyén duong k. Tim tat c cic ham s6 f: Z+t — Z7T
thoa man f(m) 4 f(n) chia hét (m 4 n)* v6i moi cap s6 nguyén duong m, n (Z* 1a tap hop céc
s6 nguyén duong).

Bai toan 11 (Iran TST 2005). Tim tatca cicham s f : IN — IN thda man: ton tai s k € N va
s6 nguyén t6 p sao cho v6imoin >k, f (n+p) = f (n) vanéu m|nthi f (m+1)| f (n) + 1.

Bai todn 12. Tim tat cd cicham sb f : ZT — Z* thdéa man

nt+ )t | FOn)t+ £ (m)

véimoim,n € Z™T.
Bai todn 13 (BMO, 2010). Tim tit cd cdc ham f: Z* — Z7T théa man dong thdi cac diéu
kién:

i) f(n!) = [f(n)]! véi moi n nguyén duong;

ii) m —n|f(m) — f(n) véi moi m, n nguyén duong phan biét.
Bai todn 14. Tim tat cd cdc ham sb f : N* — IN* thoéa man f(m! +n!) | f(m)! + f(n)! va
m +nlaudc cua f(m) + f(n) véi moi s6 nguyén duong m, n.

Bai toan 15 (IMO Shortlist, 2007). Tim tat cd cac toan anh f: Z* — Z* thda man diéu kién:
Vé&i moi m, n nguyén duong va véi moi s6 nguyén t6 p thi f(m + n) chia hét cho p khi va chi
khi f(m) + f(n) chia hét cho p.
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Bai toan 16 (BMO 2020). Tim tit cd cdic ham s6 f : ZT — Z* sao cho v6i moi s6 nguyén
duong n, ta luén co

n
(i) }_ f(k)la s6 chinh phuong.
k=1

(ii) f(n) chia hét n3.

Bai toan 17 (IMO, 2009). Tim tit cA cic ham f: ZT — Z* thda man céac s6

x, f(y), fy+f(x)=1)
la d6 dai ba canh ctia mét tam gidc voi moi x, y nguyén duong.
Bai toan 18 (IRAN 2011). Tim tt cd cic ham s6 f : N* — IN* thoa man diéu kién
af (a) +bf (b) + 2ab

1a s6 chinh phuong vdi moi a, b € IN*.
Bai toan 19 (Bai todn P199, Tap chi Pi thang 7 nam 2018).
Tim tat cd cic ham s6 f : N* — IN* thoa man diéu kién: véi moi s6 nguyén duong a va b, tong

a*f(a) +b*f(b) + 3ab(a + b)

ludn viét duge dudi dang lap phuong ctia mot s6 nguyén duong.
Bai todn 20 (Canada MO 2008). Tim tit cd cicham sb f : ZT — Z™ thda

fm)P=n (modf(p))
v6i moi s6 nguyén duong 7 va moi s6 nguyeén t6 p.
Bai todn 21 (Chon PTQG Thanh Hoéa 2017).

2 . , 1 A £ e , % n » - _1)2018 . %
Tim tat cd cac da thitc P (x) v6i hé sb 1a cac sb nguyén théa man n(*~1)™" — 1 chia hét cho
P (n), v6i moi s0 nguyén duong n.

Bai todn 22. Cho f : N* — Z théa man dong thdi hai diéu kién:
f(p) =1, v6i moi p nguyén to; (1)
flxy) =yf () +xf(y) Vxy e Z". (if)
(D Tim n € N* bé nhat, n > 2018 dé f (n) = n.

(2 Tim n € N* bé nhat, n > 2018 dé f (n) = 2n.

2. L&i gidi
Bai 5. Gid st ton tai ham f : ZT — Z T thdéa man
f(m)+ f(n) | m+n, Ym,n € N*. (1)
Ki hiéu P(a,b) 1a phép thé m = a,n = b vao (1). Khi d6 P(1,1), ta c6
2f(1) | 2= f(1) = 1.
Gia st p 1a sd nguyén to. P(p — 1,1), ta c6

fr-D)+1|p=fp-D+1=p=f(p-1)=p-1
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P(p—Lp)tacop—1+f(p)[2p -1 p-1+f(p)[p+(p-1) (
P(p,p) taco 2f(p)|2p = f(p)lp. (3)
Tix (2) va (3), ta c6 f(p) = p v6i moi sO nguyen to p. Xét n 1a s6 nguyén duong bat ki va p 1a sb

nguyén t6. Khi d6
f)+p=fn)+f(p)In+p

W N
)\./\/

Suy ra

f)+p| (n+p) = (f(n) +p) =n— f(n),Vp nguyén . 4)
Cb dinh n va cho p — +oo (ta thyc hién dugc diéu nay vi c6 vo sb6 s6 nguyén t6) ta dugc
f(n)+p — +oo, do d6 tur (4) dan t6i f(n) = n,Vn € Z*. Thi lai ta thy nghiém ham nay
thoa. Do do, day la nghiém ham can tim.
Nhan xét 2. Trong 10i giai trén, ta di tinh gia tri cia ham f tai cac diém sb nguyén t6. Do
f(m) + f(n) | m+n, nén ta chon m,n sao cho m +n la s6 nguyén t6 dé st dung tinh chat s6
nguyen t0 chi c6 hai udc nguyén duong la 1 va chinh né. Khi xac dinh duoc f(p) = p véi moi
p 1a s6 nguyén t6, két hgp vdi viéc du doan duge f(n) = n la nghiém ham cua bai toan, ta
thay m hodc n 1a s6 nguyén t6 va st dung tinh chia hét dé tao ra dai lugng f(n) — n chia hét
cho v6 han s6 nguyeén. Tir d6, dan t6i f(n) = n.

Bai 6. Gia st ton tai ham sb f : Z — Z thda man

fx) = fly) | 2" —y", Vx,y € Z.

Ki hiéu P(x,y) 1a ménh dé f(x) — f(y) | x"=y", Vx,y € Z.Ta thay, neuf la ham théa yeu
cau bai toan thi f + ¢ ciing thda yéu cau bai toan. Do do6, ta c6 thé gia st f(0) = 0. Ta c6
f(1) | 1,nén f(1) = £1. Gid st f(1) = —1. Do néu f thoa bai toan thi — f ciing thda bai toan,
nén chi can xét f(1) = 1. Ta c6

fEY) = fOIED)" =0T = f(=1)] =1= f(=1) = +1. ey
)

Taco f(=1) = f()|(-1)" = 1" = f(=1) = 1| = (@)
Tu (1) va (2) suyra f(—1) = —1. Xetplamotsonguyentole Ménh dé P(p,0) cho ta két qua

fp) | p" = f(p) = +p",0<d < p.
Néu d = 0 thi
0=f(p)—flg)|p"—q" (v6i p, g la nhitng s6 nguyén t6 phan biét)
day la diéu vo li. Do d6 d > 0. Gid st f(p) = —p?. Khi d6
fp)—f) | p" 1= —p' =1 [p" 1= p"+1]|p" -1

Tacép +1|p* —1=pi+1| ngd(Zd'”) — 1.
Manlénénged(2,n) =1 = gecd(2d,n) = ged(d, n). Do d6

pd +1 | pgcd(d,n) 1= pd +1< pgcd(d,n) —1< pd _1,
mau thuan. Nhu vay f(p) = p*. Taviét n = qd +rv6i0 < r < d —1.Khid6

pr1=f(p) = fO) [P =1 =pH =1 =" (1) +p -1,

suyrap?! —1|pf —1<p?—1=p —1=0=r=0= d|n Gid sit b 1a s6 nguyén bt ky.
Chon s6 nguyén t6 g sao cho

q>b"+2[f(b)[" hay b" +[f(b)[" < q—[f(B)["
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Ta co

WS

f(b) = f(q) = F0) —q" | V" —q" = b" — (¢)". ©)

n

v~ () =0 - £+ ) (1), £0) - ) (o)

nén két hop (3) tac6 b" — f(b)a: f(b) — g%. Néu b" — f(b) # 0 thi

s

b — f(0)| <B4 |F(B)]" < q— |f(B)]" < g7 — f(b),

dén day ta gip mau thudn. Do d6 b" — f(b)d = 0 < f(b) = b?. Thix lai ta thdy ham sb
fx)=x% VxezZ (v6i d la mot ude duong cua n)
thoa man cac yéu cau dé bai. Vay tat cd cdc ham s6 thda man cac yéu cau dé bai déu c6 dang
f(x)=+x+¢, Vx e Z. (v6i d 1a mot udc duong ctia 1, ¢ 1a hang sb nguyén)
Bai 7. Gid st ton tai ham sb f: ZT — ZT théa man
f(a) +bla*+ f(a)f(b), Va,bec Z™ . (1)
Tix (1) thay a bdi p, thay b béi f(p), voi p 1a s6 nguyén t6 ta duoc

2f(p)Ip* + f(p)f(f(p) = F(p)Ip* + fF(p)f(f(p))
= f(p)lp* = f(p) € {1, p,p*} , Vp nguyeén té.

@ Gid st ton tai s6 nguyén t6 p sao cho f(p) = 1. Khi d6 tir (1) thay a bdi p va thay b bdi p
ta duogc
1+ plpPP+1=p+1|(P?—1)+2= p+1J2 (vo Q).

& Gia st ton tai sO nguyén t6 p sao cho f(p) = p?. Khi dé tir (1) thay a bdi p va thay b bési
p ta dugc

P +plpr+pt=p+ip+p’
=p+1(p+ 1)+ (PP +1)—2=p+1 -2 (voli.

Do d6 f(p) = p véi moi s6 nguyén t p. Gia st b 1a s6 nguyén duong, ta lay p 1a s6 nguyén t6
va 16n hon b. Khi d6 tir (1) thay a bédi p ta duge

p+blp*+pf(b)=p+blp(p+f(b)).

Maged(p+0b,p) = 1nén
p+blp+f(b) = p+blf(b) —D. 2)

Do (2) ding véi moi s nguyén tb p > bnénsuy ra f(b) — b = 0 hay f(b) = b. Vay
f(n)=mn,Vn=12,...

Tht lai thay thoa man.
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Bai 8. Gia st f 1a ham s6 thoa man diéu kién bai toan. Cho a = b = 1 ta dugc

2f(1) =1[2f(1) = 2f(1) = 1[1.

Ma f(1) € N* = 2f(1) =1 =1 = f(1) = 1. Xét s6 nguyén t6 p batki, p > 7. Choa = p,
b =1 ta duoc

fp)—p+1pf(p)+1=f(p) —p+1pf(p) — P +p+ (P*—p+1)
=fp)—p+1(p*—p+1).

Néuf(p) —p+1=p*—p+1= f(p) =p
Néuf(p)—p+1#p*—p—+1thidop?—p+11lénén

P —p+1=3(f(p)—p+1).

T détaco f(p) < = (p*+2p—2).Choa = b = p, ta dugc

W[ =

2f(p) — P*12pf (p)
=2f(p) — P*I2pf(p) — p° + p° = 2f(p) — P*Ip°.

Mt khac f(p) > 1 = —p® < 2f(p) —

2 <z

=3
p > 7 nén diéu nay mau thuan vOi d1eu kién 2f (p) — p? la ude cua p3 Vay voi s6 nguyén t6
p > 7 thi f(p) = p?. V&i mbi s6 nguyén a cb dinh, chon sb nguyén t6 p rat 16n. Cho b = p, ta
duoc

(P +2p —2) — p> < —p. Do p nguyén t6 va

f(a) + p* — palaf(a) +
;‘f(a)+p2—ivalaf(a)+ap —a’p+p’—ap* +a’p
=f(a) + p* — pa|p(p* — ap + a*).

Do chon p dti 16n nén p khong thé 1a udc cda f(a), vi vay f(a) + p? — pa va p nguyén tb cing
nhau nén

f(a)+ p* = palp® — ap + a* = (f(a) + p* — pa) +a* - f(a)
=f(a) + p* — pala® — f(a).
Via? — f(a) cb dinh nén ta c6 thé chon p du 16n dé
f(a) + p* — pa > a* — f(a).

Do d6 dé f(a) + p?> — pala® — f(a) thia® — f(a) = 0.
Vay f(a) = a? v6i Va € IN*. Thit lai thdy thoa man.

Bai 9. Gia st ton tai ham s6 f : N* — IN* thda man diéu kién
f(mn) =lem(m,n) - ged(f(m), f(n)),Vm,n € N*. (1)
Ky hiéu P(m,n) la phép thay thé bo s6 (m,n) € IN* x IN* vao (1). Goi f(1) = c € N*. Ta ¢
P(m,1) = f(m) =m-gcd(f(m),c),Vm € N*. ()

V&i moi m € IN*, thuc hién P(cm, 1) ta duge

f(em) = cm - ged(f(cm),c) = cm - gcd(cm : gcd(f(cm),c),c) = c%m.
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Véi moi m, n € IN*, thuc hién P(m, cn) ta dugc

cmn

2 = m.cn) = i1cmim,cmn) - gc m cn)) = ———-8C m czn
mn = f(men) = lem(m,en) - ged (F(m), f(em)) = s ged(f(m), c*n)

Suy ra ¢ - ged(m, cn) = ged(f (m),c®n). Do d6 c|f (m). Vay (2) trd thanh
F(m) = m - ged(f(m), c) = cm.

Thi lai ta thay rang ham s6 f(m) = cm (v6ic € IN*) thoa man dé bai. That vay, néu f(m) = cm

thi "
lem(m, n) - ged(f(m), f(n))

= ed(mn) -ged(em, cn) = cmn = f(mn),

théa man (1). Vay ham sd thoa man cac yéu cau dé bai la
f(m) =cm, Ym € N* (v4ic € IN%).

Bai 10. Phan tich. Ta thit tinh mot s gid tri dac biét nhu £ (1), f (2). Thay m = n = 1 vao
diéu kién ban dau thu dugc
2f ()2 & f(1)] 27

Tiép theo thay m = 2,n = 1 vao diéu kién ban dau thu dugc f (2) + f (1)] 3k, Tir diéu kién
nay suy ra f (2), f (1) khac tinh chan, 1é. Neu f (2) chan thi f (1) 1é, ket hgp voi dieu kién
f(1)] 21 ta duge f (1) = 1. Néu f (2) 1é, thay m = n = 2 vao diéu kién ban dau ta dugc
f@)+f@)4 = 2f (2)| 2% & f(2)]227,

két hgp vdi f (2) 1é nén f (2) = 1. Tiép theo thay m = n = 4 vao diéu kién ban dau ta dugc

f@)+f@)8 & f(4)2¥
Thay m = 3,n = 2 vao diéu kién ban dau ta dugc

f3)+f(2)5 = f(3)+1]5"
Suy ra f (3) chan. Tiép tuc thay m = 3,n = 4 vao diéu kién ban dau ta dugc

f3)+f(#)7"

Suy ra f (4) 1¢, do d6 f (4) = 1. Theo lap luan nhu vay viéc tinh duge f (1) 1a tuong dbi kho
khan. Nhu vy ta can di theo hudng lam khac. Pau tién ta dé nhan thay ham s6 can tim la

f(n)=mn,VneIN"

Néu day 1a ham s6 duy nhat thi ta c6 thé du doan nhiing tinh chat dic biét ciia ham s6 nay
chang han nhu neu p la mot s6 nguyén to sao cho p| f (n) thi p|n;

If(n+1)—f(n)| =1,Vn € N¥,

f 1la ham s6 don anh... Ta cAn tim ra mot dang thitc lién hé ctia ham s6 f. Do d6 ta sé di chiing
minh tinh chét
[f(n+1) = f(n)| =1,¥n € N".

Dé ching minh tinh chat nay ta thuong lam theo hudng: gia st ton tai s6 nguyén duong 1 sao

cho
f(n+1)—f(n)|>1,

MUC LUC



12 | Bién soan: Nguyén Tai Chung, DT 0968774679

suy ra ton tai s6 nguyén té p| (f (n +1) — f (n)). (1)
Ta tim moi lién hé gitra f (n + 1), f (n). Tir diéu kién ban dau ta c6

£ (m)+ f ()| (m+n)*,vmeIN*; f(m)+f(n+1)|(m+n+1)"vme N
Tir hai diéu kién trén suy ra
(f(m)+f(n),f(m)+f(n+1)) =1,Vm € N*".

Suy ra
(f (m)+ f(n), f (m) + f (n+1) = f (m) — f (n)) = 1,¥m € N*

Do d6 (f (m) + f(n), f(n+1) = f(n)) =1,Vm € N*. \ @
Két hop (1) va (2) néu ta chon dugc m sao cho p| f (m) + f (n) thi ta c6 dieu mau thuan ngay.
Viéc chon nay kha don gian, lay m = p* — n, v6i a dt 16n thi theo diéu kién ban dau ta dugc

f(m)+ f(n)] (m+n)k:> £ (m) + f (n)| p*~.

Két hgp vdi f (m) + f (n) > 1 ta dugc p| f (m) + f (n). Tix diéu nay va (1), (2) dan téi mau
thuan, suy ra
[f(n+1) = f(n)[ =1,¥Vn € N". ®)

Tir (3) va gia thiét ta can chira
f(n+1)—f(n)=1Yn e N*

hoac
f(n+1)—f(n)=-1,vn e N"

Nhan thdy néu mot trong hai dang thirc trén khong xay ra thi ton tai mot sé6 nguyén duong k

sao cho
fk+1)=f(k)=1

va
fk+2)—f(k+1)=-1.
cong timg vé hai dang thiic nay ta dugc

fk+2)=f(k) =0% f(k+2)=f(k).

Ta dang can chi ra diéu nay khong ding, mubn vay ta nghi dén chiing minh ham s6 f 1a don
anh. That vay, gia st ton tai hai s6 nguyén duong phan biét a, b sao cho f (a) = f (b). Theo
gia thiét ta c6
k
{ f(a)+f(x)|(a+x)k (Vx € N*). (4)
f (&) + f(x)[(b+x)

Do a # b nén ton tai s6 nguyén duong x sao cho (a + x,b + x) = 1, diéu nay thuc hién dugc
vi
(a+x,b+x)=(@+xa+x—-b—x)=(a+x,a—Db).

Tir day ta chi can ldy x sao cho a + x 1a s6 nguyén t6 du 16n. Tir (4) ta suy ra
k k
f@+f @)@+ 0+ =1,
volivi f (a) + f (x) > 1. Do d6 ham s6 f 1a mot don anh. Tir phan tich & trén ta dugc

f(n+1)—f(n)=1Yn e N*
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hoac
f(n+1)—f(n)=-1,Yn € N".
Néu f(n+1)—f(n) =—-1,Vn e N*thi f (n+1) < f (n),Vn € N*, vd li. Vay
fn+1)—f(n)=1L,YyneN" "= f(n)=n—-1+f(1),Vn e N*.

Tht vao diéu kién ban dau ta duoc

m+n—242f (1)| (m+n)*,¥m,n € N*. (5)
T (5) lanlugtchom =n =1vam = 2,n = 1 vam = n = 2 thu dugc

2f (1)] 28 f2¢t

1+2f ()35 =< 1+2f(1)|3*F =f(1)=

2+ 2f (1)]4F 1+ f(1)]221

Do d6 f (n) = n. Thit lai thiy théa man.
Giai. Trudc hét ta ching minh f don anh. Gid st c6 a,b € Z*,a # bsao cho f(a) = f(b). Khi
do, tir gia thiét, ta suy ra f(a) + f(n) chia hét (a +n)k va f(b) + f(n) = f(a) + f(n) chia hét
(b +n)* nén

<(a +n)k, (b + n)k) >1,VneZ".
Suy ra ((n+a),(n+0b)) = (n+a,a—>b) >1,Yn € Z*, mau thuan. Vay f la don anh. Tiép
theo ta ching minh rang s f(n+ 1) f(n) khong c6 udc nguyen t0. That vay, gia St nguoc

lai f(n+1) — f(n ( ) ¢6 udc nguyen t6. Goi p 1a mot s6 nguyén t6 nao dé va goi ¢ 1a sd nguyén
duong sao cho p’ > n. Tir gid thiét, ta suy ra

fny+ £ (p' =) p™.

Do f(n) + f (p* —n) > 1 nén
plfm) +f (p'=n).
Ch}iyrﬁngf(n) = f(n+1)(modp) nén tir day, tasuy ra p|f(n+1) + f (p’ — n). Ma theo gia
thiet bai toan thi
Forr 1)+ £ (pf =) (o 1)
nén ta c6 p| (p* + 1)k, mau thuan. Tom lai, ta c6
If(n+1)—f(n)| =1, VneZ".

Bay gid, gid st ton tai ng € Z T sao cho f (ng+1) = f (np) — 1. Khi d6, do f don anh nén ta
phéi c6 f (ng +2) = f (ng) — 2. Bang cach lap luan nhu vay, ta chitng minh dugc

f(ng+m)=f(ng)—m, VxeZv.
Tuy nhién, diéu nay dan dén mau thuan khi cho m > f (ng) (chuy f(n) € Z*). Do d6 sb ng
n6i trén khong ton tai, tic la phai co
fn+1)—f(n)=1, VneZ" .

T day, dé dang suy ra f(n) = n+¢,Vn € Z* v6ic = f(1) — 1. Thay trd lai bai toan, ta phai
tim ¢ > 0 sao cho
m+n+2c|(m+n), Ymmneczt.

Chon m, n sao cho m + n 1a s6 nguyén t6 16n hon 2, ta tinh duge ¢ = 0. Tir d6 suy ra
f(n)=nNneZ".

Ham nay thoa man yéu cau bai toan.
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Bai 11. Gid st f 1a ham sb théa man yéu cau bai toan. Gia stt n > k va n — 1 khong chia hét
cho p. Khi d6 ton tai £ sao cho n — 1| n + ¢p. Suy ra f (n)| f (n + £p) + 1. Mat khac

fn) =f(n+p)=fln+2p)=---= f(n+Lp)
nén f (n)|1— f(n) = 1. Véin > 1batkj, ta co:

n— 1| (n—1)kp = £ (m)| f ((n—1)kp)+1=2.
Do dé voin > 1thi f (n) € {1,2}. Ta xét hai truong hop:

& Truong hop 1: f (n) = 2, Vn > kva p|n — 1. Xac dinh n > k va p khong chia hét n — 1.
Khi d6 ton tai m sao cho n — 1|mva p|m —1.Suyra f (n)| f (m)+1=3 hay f(n) =1
Ta xac dinh ham f nhu sau:

o f(n)=2,Vn>kvap/n—1
e f(n)=1, Vn > kvapkhonglaudccaan — 1.
o f(i)=f(i+p), Vi<k

™ Truong hop 2: f (n) =1, Vn > kva p|n — 1. Trong trudng hop nay, f (n) = 2, Vn > k
vanéu gid sit S = {a| f (a) = 2} thisé khong ton tai m,n € S théa man m — 1| n. Ta xac
dinh ham f nhu sau:

o f(n) € {1;2},VneN.

e Vi S 1a mot tap con vo han ctia IN sao cho khong ton tai m, n € S thdéaman m — 1| n
vavoin>1,f(n) =2khivachikhin €S, f(n) =1vdicacn # 1 conlaiva f (1)
1a mot s6 bat ki xac dinh bai f (2)| f (1) + 1.
Bai 12. Gid st ton tai ham s6 f : Z+ — Z 7T thda man
nl+ f(m)!| f(n)!' + f(m!), Vn,m € Z™.
Chom=n=1,taco
1 FOUF) + F(1) = 14 FOF) — 1.
Mal+ f(1)! > |f(1)—1|,nén f(1) =1.Chom =1, ta c6
nl+1| fmn)!+1= f(n)!=>nl= f(n) >n.
Cho (m,n) = (1,p — 1) v6i p 1a 6 nguyén t6 (va chi y dén dinh 1{ Wilson), ta c6
pllp =D+ 1f(p-D!+1= flp-1) <p=flp-1)=p-1
Chon = p—1(plasbnguyén td)tacd (p— 1)+ f(m)! | (p —1)! + f(m!). Suy ra
(p =D+ fm)t | f(m!) — f(m)!
v6i moi sO nguyén to p, dan tdi f(m!) = f(m)!. Do d6 ta c6 thé viét lai dé bai nhu sau
nl+ f(m)!f(m)! 4+ f(n)! = n!+ f(m)!|f(n)! — n!

vdi moi s6 nguyén duong m, n. Suy ra f(n)! = n! = f(n) = n v6i moi sd nguyén duong n.
Tht lai thay thoa man.

MUC LUC



15 | Bién soan: Nguyén Tai Chung, DT 0968774679

Bai 13. Loi giai 1 (Phan tich, tim 13i giai). Tinh chat

m—n| f (m) —f(n)

véi moim,n € IN*, m # n goi cho ta thdy f c6 tinh chét gidng mot da thirc hé s6 nguyén. Nhu
vay ta sé xét cac truong hop sau:

4

Truong hop 1: f 1a ham s6 hang va f (n) = a,Vn € IN*, trong d6 a la mot s6 nguyén
duong cho trudce. Khi d6 theo gia thiét dau tién ta dugc: a = a!, dang thitc nay chi xay ra
khi va chi khia € {1,2}. Thit lai thiy thda man, suy ra c6 hai ham théa man 1a

f(n)=1,Yn e N*; f(n)=2,Vn € N".

Truong hop 2: f khong phai ham s6 hang. Ta dy doan trong trudong hgp nay
f(n) =n,Vn € N*.

Trude hét ta ching minh n| f (n),Vn € IN*. Ta lay hai s6 nguyén duong u, v sao cho
u|v, d€ st dung gia thiét da cho ta liy bién nguyén duong n sao cho n > v. Khi d6 do
n > unén n! chia hét cho u. Suy ra

ul (n!—v),n! >v= (n!—0)|(f(n!) — f(v)).
Do dé
(n! =0)[ (f (M) = f(0)) = u| (f ()! = £ (v)). €
Néu tir (1) ta c6 thé chon n > vsao cho f (n) > u thi tir (1) suy ra u| f (v), tir két qua nay
néu lay u = v thi u| f (u) hay ta c6
n| f(n),Vn e N*.
Nhu vay ta can chi ra ton tai n > v sao cho f (n) > u. That vay, gia st ngugc lai ta 6

f(n) <u,VnelN*n>no.

Suy ra ton tai s6 nguyén duong a < u sao cho f (n) = a tai vo han sb nguyén duong
n > v. Theo gia thiet, véi moi so nguyén duong m # n, ta cé

m—n|f(m)—f(n)= m-—n|f(m)—a. 2

Do f khong phai ham s6 hang nén ta c6 thé chon duge s6 nguyén duong m sao cho
f(m) —a # 0. Do d6 tir (2) suy ra c6 v han s6 nguyén la udc ctia f (m) —a # 0, diéu
nay mau thuan, suy ra ludn ton tai sé6 nguyén duong n > v sao cho f (n) > u. Do vay
theo li ludn & trén ta thu dugc

n| f(n),Vn € N*. 3)

Theo (3) ta ¢6 2| f (2), ma tiri), tasuy ra f(1), f(2) € {1;2} nén f (2) = 2. Néu f (3) > 3
thi
F3) 4= F@) = F)= FB) - f(2) = F(3) -2
khong chia hét cho 4. Mt khac theo gia thiét
31 =2/ f(8)—f(2)= 4] f(3) -2,

mau thuan, suy ra f (3) < 3. Theo (3) talaico f (3) >3 = f(3) =3.Taco

F6)=F@B) =(f(3)=31=6=6l=f(6) = f(6!) = f(720) =720...
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Ct tiép tuc nhu vy ta cé vo han s6 nguyén duong n sao cho f (n) = n. Day la két qua
rat quan trong dé ta chi ra dugc

f(n)=nvneN"

That vay, véi moi s6 nguyén duong m, két hgp véi két qua & trén thi ton tai vo han sb
nguyén duong n > m sao cho f (n) = n. Theo gi thiét ta c6

= nl £ (m) = f (n) = m =] f (m) —
m—n|f(m)—m+m—n=m-—n|f(m)—m
v6i vo han s6 nguyén duong n > m. Diéu nay chi xay ra khi f (m) = m. Do d6
f(n) =n,Vn € N*.
Th lai thay thoa man.
Loi giai 2. Ta sé chitng minh rang, néu ton tai ng € Z*,np > 2 ma f(ny) = 1 thi
f(n) =1, VYn > ny. *)

That vay, gid stt co n > 2 sao cho f(n) = 1, khi d6 ta ¢

went = (4 )= F((n 1)) — Fnt) = [fF(n+ D]t — [F(m)]t )
Do n - n! chia hét cho 2 nén [f(n + 1)]! — 1 chia hét cho 2, suy ra [f(n + 1)]! 1a s6 1, do d6
f(n+1) =1. Tuong tu ta cing c6

fn+2)=f(n+3)=---=1

Khang dinh (*) dugc chiing minh. Trd lai bai toan, tir i) suy ra f(1), f(2) € {1,2}. Xét cac
truong hop sau:

™ Truong hop 1: f(1) = f(2) = 1. Theo (x), tacé f(n) = 1, Vn € Z*. Ham nay thda man
cac yéu cau ctia bai toan.

& Truong hop 2: f(1) =2, f(2) = 1. Theo (*), tacd f(n) = 1, Vn > 2. Tuy nhién diéu nay
mau thudn véi ii) (chi cAn thay n = 1 va m > 3 vao ii)).

& Truong hop 3: f(1) = 1, f(2) = 2. Ta sé chitng minh bang quy nap f(n) = n v6i moi
n nguyén duong. That vay, gid sit khang dinh ding dén n = k; khi d6 theo (*x) (chu y
rang tinh chat nay lu6n dung do i) va ii)), ta c6

kKU [f(k+1)]1 — kL.

Suy ra f(k+ 1) < 2k, vi trong trudong hgp nguoc lai sé dan dén [f(k + 1)]! chia hét cho
k - k!; tir d6 suy ra k! chia hét cho k - k! (v0 ly). Thém vao dé, ta phai c6
k=((k+1)—1|f(k+1)—f(1) = f(k+1) - 1.

) 2k —1 1 . P
Ma trong 2k —1s0 1,2,...,2k — 1 c6 dung [T} = [2—%} = 1 s0O chia het cho k

nén tu
flk+1)—1<2k—1, f(k+1)—1:k

suyra fk+1) —1 = khay f(k+1) = k+ 1. Theo nguyén ly quy nap, ta cé f(n) = n véi
moi 7 nguyén duong. Ham nay théa man cac yéu cau cia bai toan.
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& Truong hop 4: (1) = f(2) = 2. Trong truong hgp nay, ta sé chung minh f(n) = 2 ciing
bang quy nap. That vay, gia st khéng dinh dung dén n = k; theo (xx), ta c6

k-k!|[f(k+1)]t—=2.
Suy ra f(k+ 1) < 2k (ly ludn tuong tu truong hop 3 & trén). Lai ¢6
k—=1=(k+1)=2|f(k+1)—f(2) =f(k+1) -2

k=((k+1)—1f(k+1)—f(1) = f(k+1) —2.

Do d6 k(k — 1)|f(k + 1) — 2. Két Két hop véi bat dang thic f(k +1) < 2k, ta suy ra
f(k+1) = 2. Theo nguyén ly quy nap, ta c6 f(n) = 2 v6i moi n nguyén duong. Ham
nay ciing thda man cac yéu cau ctia bai toan.

Loi giai 3. Tu i), tasuyra f(1), f(2) € {1;2}. Do f(2) € {1,2} va
4= (31=2)|f(3) — f2) = [F3)]! - £(2)
nén néu £(3) > 4 thi £(3)! — f(2) > 20, vd Ii. Vay f(3) € {1,2,3}. Xét hai truong hop sau:

4 Truong hop 1: f(3) = 3. Xét day (ap) v8iay =3 vaap 1 = ag!, ta dé théy f(ak) = a; vOi
moi k nguyén duong va lim a; = +oc0. By gid, ¢6 dinh n va thay m = a; > n vao ii), ta
dugc ay — nlag — f(n), suy ra

ay —nlay —n+n— f(n) = ap —nln — f(n).
Cho k — o0, ta dugc f(n) = n. Thit lai, ham f(n) = n théa man cac yéu cau bai toan.

© Truong hop 2: f(3) € {1,2}. Véin > 3,tacod

nt=3|f(n!) = f(8) = [f(n)]' = F(3).
Do n! — 3 chia hét cho 3nén [f(n)]! — f(3) chia hét cho 3. Néu f(n) > 3 thi [f(n)]! — f(3)
chia3du f(3),vo1li,do dé f(n) < 3, tac f(n) € {1,2}. Tom lai, ta c6
f(n) € {1;2}, véimoin € Z™. (***)

e Dé thiy cac ham hang f(n) = 1va f(n) = 2 déu thda man yéu cau dé bai.
e Xét trudng hgp f khac hang, khi d6 do (* * *) nén ton tai hai s6 a;b € ZT sao cho
f(a) =1va f(b) = 2. Theo ii), ta c6
3+b=0B8+a+b)—alf3+a+b)—f(a) =fB8+a+0b)—1
va
3+a=0B8+a+b)-bf3+a+b)—f(b)=fB+a+b)—2

Ma3+b>2>fB3+a+b)—1>0,34+a>2>2—f(3+a+b)>0néntutrén
suy ra

1=fB+a+0b)=2.

Mau thuan nhan dugc chiing t6 kha nang nay khong thé xay ra.

Tom lai, bai toan c6 ba nghiém hamla f(n) =1, f(n) =2va f(n) = n.
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Bai 14. Gia st ton tai ham s f : N* — IN* théa man f(m! +n!) | f(m)! + f(n)! vam +nla
udc ctia f(m) + f(n) v6i moi s6 nguyén duong m, n. Tix gia thiét ta c6

n+nlf(n)+ f(n) =nlf(n), vn=1,2,... 1)
Bay gios ta giad s p la sd nguyén t6 dt 16n. Theo dinh 1i Wilson, ta c6
(p—1D!'+1=0 (mod p).
Do d6 theo gia thiét ta c6

plf((p =D+ DIf(p =D+ fF(D (2)

Do p 1a s6 nguyén t6 du 16n nén p khong 1a udc ctia £(1)!, vay tir (2) suy ra p khong la udc
cia f(p—1)!,dodo f(p—1) < p—1. Kéthdp vdi (1) ta thu duge kétqua: f(p—1)=p—1
vdi moi s6 nguyén t6 p du 16n. Vi p 1a s6 nguyeén t6 du 16n ta 6

p—1+n|[f(p—1)+f(n),
ma f(p—1)=p—1nén
p—14np—1+fn)=p—1+nlp—1+n+f(n)—
dan téi
p—1+nlf(n)—n, ¥n=1,2,. 3)

Véi n 1a sb nguyén duong tuy v, do (3) dung v6i moi s6 nguyén t6 dt 16n nén f(n) —n = 0
hay f(n) = n. Nhu vay f(n) = n véi moi s6 nguyén duong n. Thit lai thdy théa man.

Bai 15. Cach 1. Néu f(1) c6 mdt udc nguyén tb p nao dé thi f(1) + f(1) chia hét cho p va do
f(2) = f(1+ 1) va gia thiét bai toan nén f(2) cting chia hét cho p- Ching minh tuong tu, ta
cing ¢6 f(3), f(4),... chia het cho p. Diéu nay mau thuan Vi gia thiét f 1a toan anh. Do d6
f(1) = 1. Bay gio, v6i mdi sb6 p nguyén to, goi n, 1a s6 nguyén duong n nho nhat thoa tinh
chat p|f(n), tic la

#, = min {n € N*|f(n) : p}.

Ro rang n, > 1. Ta co

fnp)+f(np) ip=f(np+mnp) ip=f(2n,) ip
=f(np) +f(2np) ip=fBnp) ip=--=flknp) ip

Nghia 1a, néu 7 1a boi ctia 1, thi f(n) chia hét cho p. Nguoc lai, gia st ¢ s6 nguyén duong n
sao cho f(n) chia hét cho p. Néu n khong chia hét cho n,, thi

n=k-ny+r, 0<r<ny,

ma f(n) = f (k-n,+r) va gia thiétnén f (k- n,) + f(r) chia hét cho p, lai theo li luan & trén
thi f (k- np) chia hét cho p nén ta suy ra p|f(r), mau thuan véi tinh chat nhd nhat cta n,. Do
do, ta phai c6 n chia hét cho np. Tom lai, ta c6

plf(n) < npln. (1)

Ta c6 bd dé sau:
B6 dé 1. Cho s6 nguyén t6 p. Khi d6 x =y (modny,) & f(x) = f (y) (modp).
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Chung minh.

@ Gia stt x = y (modn,). Ta chon s0 nguyén duong d > x sao cho d : n,. Do (1) nén
f(d):p.Taco

y—x+din S fy—xtd)ip= fy) +Fd—x) i p.
Maf(x+(d—x))=f(d):p= f(x)+ f(d—x): pnén

fx) = fy) 1 p = f(x) = f(y) (modp).
& Gia st f(x) = f(y) (modp). Gid st y > x va ta chon s6 nguyén duong d > x sao cho
d i n,. Khi d6
fly—x) =

Fly =)+ £d) =  (y+d— ) = fy) + f(d )
f(x) + f(d = x) = 0(modp).

Do d6, stt dung (1) suyray — x : np.
Nhu vay b6 dé 1 dugc chitng minh. Tiép theo ta sé chiing minh:

x =y (modp) & f(x) = f(y) (modp). 2

® Vil,2,...,n, doi mot khong dong du v6i nhau theo modulo 7, nén theo cach chon 7,
thi f(1), f(2),..., f(np) déu khong chia hét cho p va theo bd dé 1 thi f(1), f(2),...,
f(np) doi mot khong dong du véi nhau theo modulo p. Néu n, > p thi khi chia n,
s6 f(1), f(2),-.., f(np) cho p ta dugc n, s6 du doi mot khac nhau va tat ca déu thude
{0,1,2,...,p =1}, vo li. Vay p > n,.

® Do f la toan anh nén ton tai x1, xo, . . ., xp € IN* sao cho

f) =1, f(x2) =2,..., f(xp) = p.

Tat ca cac s6 nay khi chia cho p thi ¢ cac s6 du khac nhau. Do d6 theo b dé 1 suy ra
X1, X2, .., Xp d6i mot khong déng du voi nhau theo modulo 7y, suy ra p < ny, vi néu
p > ny thi ton tai
Xi, Xj € {xl,xz, c. ,xp}
sao cho x; = xj (modn,), mau thuan.
Nhu vay p = n, va (2) dugc ching minh. Tiép theo ta sé chiing minh f(n) = n (3)
bang phuong phap qui nap.
™ Theo trén da c6 f(1) =1, vay (1) dung khin = 1.
& Gia st (1) dung t6i k (v6i k € IN*). Ta can ching minh f(k+1) = k + 1.
e Néu f(k+1) >k+1thif(k+1)—k>2,goi plaudcnguyén td cta

flk+1)—k=f(k+1)— f(k).

Khi dé
Flk+1) = £(K) (modp) Sk +1 =k (modp) (vo1i).
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e Néu f(k+1) <k+1thik+2— f(k+1) > 2, goi p 1a udc nguyén t6 ctia
k+2—f(k+1)=k+1—-(f(k+1)—-1).
Khi d6
k1= fk+1)—1(modp) "2 fk+1) = F(F(k+1) — 1) (modp). (¥
Néu f(k+1) =1 = f(1) thi v6i s6 nguyén t6 p bat ki, ta ludn c6
plfk+1)—f(1) = plk+1—1= p|k (voli).
Suyra f(k+1) — 1 > 1, tir day, theo () va gia thiét quy nap ta c6
flk+1)=f(k+1)—1(modp) (v li).
o Vay f(k+1) =k+1.
Theo nguyén li quy nap suy ra (3) dang v6i moi n nguyén duong. Vay
f(n) =n, Vn € N*.
Thut lai thay thoa man. ) ) )
Cach 2 (tiep noi tir (2)). Ta s€ chung minh rang, v6i moi so 7 nguyén duong, so f(n +1) — f(n)
khong c6 udc nguyén to. That vay, gia sit nguoc lai so f(n + 1) — f(n) c6 udc nguyén to, goi

udc nguyeén to do 1a p. Xét sd nguyén duong ¢ dt 16n sao cho ¢p > f(n), do f toan 4nh nén
ton tai s nguyén duong x dé

f(x) =pl—f(n) = f(x) + f(n) i p.

Két hop vdi gia thiét va két qua (1), ta suy ra p|f(x + n) va np|x + n. (4)
Do f(n) = f(n+1) (modp) nén ta cing c6 p|f(x) + f(n+1). T d6 suy ra

plf(x +n+1), nylx +n+1. (5)
Tix (4) va (5), ta thu duoc diéu mau thuan do (x +n,x +n +1) = 1. Tém lai, ta c6
[f(n+1)—f(n)|=1,VnezZ". (6)
Tir (6), ta dé dang suy ra f(2) = 2. Gia su
FO)=1,F@)=2,...,f(n—1)=n—1.
Ta sé ching minh f (n) = n.Néu f (n) <n —1thij € {1,2,...,n — 1} sao cho
Fy=i=£0).

Chon s6 nguyeén t6 p da 16n, khi d6 p| f (n) — f (j) = p|n —j, vo li. Do d6 f (n) > n. Néu
f(n) >nth

f(n)—(n—1) >2= f(n)— f (n—1) > 2 (mau thuan vdi (6)).
Vay f (n) = n. Thit lai ta thdy ham f (n) = n,n € IN* thda man diéu kién. Do d6
f(n)=n,neN"

Bai 16. Gia st ton tai ham s6 f : ZT — Z sao cho v6i moi s6 nguyén duong 7, ta ludn c6
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n
(i) Y f(k)1a sb chinh phuong.
k=1

(ii) f(n) chia hét n3.
Ta chiing minh f(n) = n® bang phuong phap quy nap. Véin = 1, ta c6
f)|1P=1=f1)=1.
Gia st f(i) = i v6i moi s6 nguyén i € [1,k — 1],k > 2. Ta chiing minh f(k) = k3. Ta c6

FQ) +F@) o f0) = (1P 4+ -+ (k=) + £(K)
= (1424 +k—1)%+ f(k)

- (%525 4 s

voim > Ci 1a s6 nguyén duong. Ta viét m = C% + ¢ v6i £ 1a s6 nguyén duong nao dé. Ta c6
Fk) = m? — (cﬁ)z = 0(k(k—1) + ) :€<k2—k+€> .
Do f(k) | k*, nén ta c6
E(kz—k+£> | K3 — ket (kz—k+€> — K20 — k(2
Suy ra k* — k + £ | k> — kf. Tuy nhién, ta ludn c6
(K—k+0)— (K —kl)=0—k+kl=(k—1)({—1)+2(—1>0,

nén k> —k+ ¢ > k> — kl, suy ra k* — k¢ = 0, hay £ = k. Suy ra f(k) = k. Vay f(n) = n® véi
moi s6 nguyén duong n. Thit lai thdy théa man.
Luu y. Do da "quen biét" dang thic

B2l =142+ +n)?
nén ta dy doan dugc nghiém ham 1a f(n) = n® véi moi sb nguyén duong n.

Bai 17. Tir gia thiét, tasuyral, f(x), f (x + f(1) — 1) 1a do dai ba canh cia mot tam gidc. Suy
ra

1> [f(x) = f(x+ f(1) =1)],
dodd f(x) = f(x+ f(1) —1),Vx € Z". Ta sé chung minh f(1) = 1. Gia st f(1) > 1, khi d6
tlr gid thiét trén ta suy ra f 1a ham tudn hoan nén chi nhan hitu han gia tri. Nhu vay bat dang
thic tam giac

x < fly) +fy+flx)-1)

khong thé diing khi ta cho x nhan gid tri d 16n. Tém lai, ta phai c6 f(1) = 1. Dén day, bang
cach thay y = 1 vao gia thiét dé bai, tasuy ra x, 1, f (f(x)) 1a d6 dai ba canh ctia mot tam giéc.
Do do

1> |x = f(f(x)] = f(f(x)) =x,Vx € Z".

MUC LUC



22 | Bién soan: Nguyén Tai Chung, DT 0968774679

Két qua nay ching t6 f 1a mot song anh. Tiép theo, ta sé chitng minh
f(n)=m-1[f2)-1+1, Vnez" (1)

bang quy nap. R6 rang khang dinh nay dung véi n = 1,2. Gia st khang dinh (1) ding dén
n =k > 2,khi d6 thay x = 2 vay = f(k) vao gia thiét, ta suy ra 2,k, f (f(2) + f(k) — 1) 1a do
dai ba canh ctia mot tam gidc. Suy ra

k—=2<f(f(2)+f(k)—-1) <k+2.
Do vay, tacé f (f(2) + f(k) —1) € {k— 1,k k+1}.
& Néu f(f(2)+ f(k)=1)=k—1= f(f(k—1)) thido f don anh nén

f2)+fk) =1 = f(k=1).
Str dung gia thiét quy nap

flk) = (k=D[f(2) =1]+1, f(k—1) = (k=2)[f(2) - 1] +1,
tasuy rak[f(2) — 1] +1 = (k—2)[f(2) — 1] + 1 hay f(2) = 1, mau thudn do f don anh.
& Néu f (f(2)+ f(k) —1) =k = f (f(k)) thitacd f(2) + f(k) — 1 = f(k), mau thuan.
& Nhu vay, ta phai 6 f (f(2) + f(k) = 1) =k+1 = f(f(k+1)). Suy ra
flk+1) = f(2) + f(k) =1 =k[f(2) = 1] + L.

Vay f(k+1) = k[f(2) — 1] + 1. Do d6 Theo nguyén ly quy nap, ta c6 khang dinh (1) ding
vdi moi n nguyén duong. Tir (1), ta suy ra f la ham tang ngat. Tir d6 suy ra f(n) > n va
n=f(f(n)) > f(n) > n véi moi n nguyén duong. Do vay, dau bang trong cac danh gia trén
phai xdy ra. Hay néi cach khac, ta c6 f(n) = n,Vn € Z. Thit lai, ta thay ham nay théa man.

Bai 18. Vdi gia thiét af (a) + bf (b) + 2ab la s6 chinh phuong vdi moi a,b € IN* nén ta du
doan
f(n)=nVneN"

V&i ham s6 f (n) = n,Vn € IN* ta sé c6 nf (n) 1a sb chinh phuong véi moi n € IN* va cac tinh

chat dac trung nhu: néu p 1a mot s6 nguyeén t6 sao cho p| f (1) thi p|n;
f(n+1)—f(n)|=1,Vn e N*.

V6i gia thiét ctia bai toan ta sé di chiing minh hai két qua sau:

B6 dé 2. nf (n) 1a s6 chinh phuong v6i moi n € IN*.

Chitng minh. Gia st ton tai ¢ € IN* sao cho cf () khong la s6 chinh phuong. Khi d6 ton tai
s6 nguyén t6 p sao cho
vp (cf (c)) =2k+1,k € N.

Chon d la s6 nguyén duong théa man vy, (d) > 2k + 1, khi d6
vp (cf (c) +df (d) +2cd) =2k + 1.

Do d6 cf (c) +df (d) + 2cd khong la s chinh phuong. Do vay bé dé 2 dugce chiing minh.
B6 dé 3. Néu p lasb nguyén t61&, p| f (n),n € IN* thi p|n.
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Chirng minh. Gia st ton tai s6 nguyén t6 1é p va sb nguyén duong ¢ sao cho p| f (c) nhung p
khong 1a udc ctia c. Chon s nguyén duong d sao cho vy, (d) = 1, khi d6 do df (d) 1a s6 chinh
phuong nén v, (df (d)) 1a sé chan hay p?|df (d). Do d6 ta c6

plcf(c)+df (d) + 2cd
{ p|2cd,2cd # 0 (mod p?)

cf (¢) +df (d) +2cd # 0 (mod p?)

Diéu nay khong xdy ra vi cf (c) + df (d) + 2cd 1a mot s6 chinh phuong. Do d6 bd dé 3 duoc
chiing minh. Quay trd lai bai toan. Dau tién ta tinh f (1), ta 6

1LA(1)+1.f(1)+211=2f(1)+

1a s6 chinh phuong nén ton tai s6 nguyén duong u sao cho

2f(M4+2=u*=u2=u=2t= f(1)+1=21~ 1)

Tix (1) suy ra f (1) 1a s6 1é. Gia st f (1) c6 wdc nguyeén t6 1€ 1a p, theo bé dé 3 ta duge p|1vo li.
Do d6 f (1) 1a s6 1é va khong c6 uéc nguyén té 1é suy ra f (1) = 1. Thay a = 2, b = 1 vao diéu
kién ban dau ta dugc 2f (2) + 1f (1) + 2.2.1 1a s6 chinh phuong hay ton tai s6 nguyén duong
u sao cho 2f (2) +5 = u?. (2)
Theo bd dé 2 ta dugc 2f (2) = v?, trong d6 v 1a s6 nguyén duong. Thay vao (2) thu dugc

u—ov=1 {u:3 ~F2) =2

2 .2 2_ .2 _
v+5=u"su v 5®{u+v:5 0—"

Tiép theo ta sé ching minh: vdi moi s6 nguyén duong a thi f(a) < a. Gia stt phan chiing rang,
ton tai 2 € IN* sao cho f(a) > a. Khi d6 f(a) > a + 1. Tix gia thiét, ton tai k € N* sao cho

af(a) +1.f(1) +2a =k = af(a) +2a+1 =Kk

2
j{:zzZ;(a;jLszLl = af(a )<k2<( af(a)+1>2. (3)

Ma theo b6 dé 2 thiaf(a) va (+/af(a) + 1> 1a hai s6 chinh phuong lién tiép nén (3) la diéu
vo li. Nhu vay
f(a) <a, Va e N*.

Ta sé st dung phuong phap quy nap dé chiing minh f (n) = n,Vn € IN*. (4)
Do f(1) =1, f(2) =2nén (4) dungkhin =1,n =2.Gia st (4) dung t6i k — 1 (vik > 2), ta
can chung minh f (k) = k. Do k > 2 nén
mi =kf(k)+1.f(1) +2k =kf(k) +2k+1>7 = m; > 3.
Gid st f(k) < k — 1. Theo gia thiét, ton tai s6 nguyén duong m; sao cho
kf(k) +if(i) +2ki=m?, Vi=1,2,...,k—1.
Do gié thiét quy nap nén
kf(k) +i®+2ki=m?, Vi=1,2,...,k—1.
Dé thay rang m?, | —m? = (i+1)> —i# 4+ 2k ((i+1) —i) = 2i+ 1+ 2k > Onén

3<m <mpy < -+ < Mp_1q. (5)
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Mat khac
m2_ | =kf(k)+ (k—1)%+2k(k — 1)
<k(k—1)+3k*> -4k +1 = 4k* =5k +1
< 4Kk* —4k+1= (2k — 1)
Suy ra my_q < 2k — 1. Két hop véi (5) ta dugc
3<m <mp < - <mp_q<2k-—1. (6)
Néumiﬂ—miZZ, \V/i:1,2,...,k—2thi

my > mq + 2
msz > my + 2

M1 > Mg_p+2

suy ra my_q > my + 2(k —2) > 2k — 1, mau thuan véi (6). Vay ton taii € {1,2,...,k—2} sao
cho
Mmip1 = m; +1 <:>m;2+1 :m;2+2m1+1
S(i+1)2 4 2k(i +1) = 2+ 2ki + 24/kf (k) + 2 + 2ki + 1
©2i 4 2k = 2\/kf (k) + i2 + 2ki
&%+ 2ki +k* = kf (k) + i> + 2ki
& f(k) = k (mau thuan véi (k) <k —1).

Do d6 f(k) > k —1, két hop véi f(k) < k ta duoc f(k) = k. Nhu vay theo nguyén li quy nap
suy ra (4) ding. Sau khi thit lai ta két luan

f(n)=n,vne N

Bai 19. Cach 1. D€ cho gon, néu mot s6 dugc viét dudi dang 1ap phuong ctia mot s6 nguyén
duong thi ta goi s6 d6 1a sb 1ap phuong. Dat

S(a,b) = a*f(a) +b*f(b) + 3ab(a + b).
D€ giai bai toan nay ta sé phat biéu mot s6 bé dé.
BG dé 4. m 1a s6 1ap phuong khi va chi khi v,(m) | 3 v6i moi sb nguyén t6 p.
Chitng minh. Hién nhién.
B6 dé 5. Voi mbia € IN* thi a?f(a) 1a s 1ap phuong.
Chirng minh. Gia st ngugc lai, ton tai a € IN* sao cho a?f(a) khong phai 1a s6 lap phuong.
Khi d6 theo bd dé 4, ton tai sO nguyén t0 p sao cho v, (a*f(a)) /3. Dita = v, (a>f(a)). Khi

doé
vp <S(a, p"‘“)) = a.

Via /3 nén theo bd dé 4, tir & = v, (S(a, p**1)) suy ra S (a, p*™!) /3, mau thuan véi gia
thiét S (a, p**1) 1a s6 lap phuong. Vay bd dé 5 dugc ching minh.
B6 dé 6. Véia € IN*, néu p 1a s6 nguyén té ma p|f(a) thi p|a.
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Chirng minh. Vi p?f(p), a>f (a) 1a nhiing s6 lap phuong (theo bd dé 5) nén pf(p) i p> (1)
vatu f(a) i psuyraaf(a) p’. (2)
Theo gia thiét, S(a, p) 1a s6 lap phuong, ma S(a,p) : pnén S(a, p) | p°. Két hop diéu nay vdi

(1), (2) ta dugc 3ap(a+ p) i p®. Do d6 phdicé a i p, vinéu nguoc lai, a 7 p thi3ap(a + p) chi
c6 thé chia hét cho p hodc chia hét cho p? (khi p = 3). Vay b6 dé 6 dugc ching minh. Gia st
f (1) c6 w6c nguyén t6 1a p, theo b6 dé 6 ta duge p| 1, vo 1i, do d6 f (1) khong cé wdc nguyén
to, suyra f (1) = 1.

B6 dé 7. Néu ton tai vo han s6 nguyén duong a ma f(a) = a thi véi moi s6 nguyén duong b,
taco f(b) =b.

Ching minh. Gia st a 1a s6 nguyén duong ma f(a) = a. Xét s6 nguyén duong b tuy y. Ta c6

S(a,b) = a*f(a) +b*f(b) + 3ab(a + b)
= a® +b*f(b) + 3ab(a + b)

_ .3
=X,

Vi x, 1a mot s6 nguyén duong. Suy ra
x; — (a+b)> =b*f(b) —b> = b* (f(b) —b).

Do d6 x2 + x,(a + b)? + (a + b)? 1a u6c nguyén duong caa b? (f(b) — b). Tir day, vi c6 v han
s6 nguyén duong a sao cho f(a) = a, suy ra b? (f(b) — b) phai c6 v6 han udc nguyén duong.
Vi thé phai c6

P> (f(b) —b) =0 = f(b) =b.

Vi b la s6 nguyén duong tlly y nén b dé 7 duogc chitng minh.
B6 dé 8. Vi moi s6 nguyén duong a ta c6 f(a) < a.

Chirng minh. Gia st nguoc lai, ton tai @ € IN* sao cho f(a) > a. Theo b dé 5, ton tai s6
nguyén duong x, sao cho a?f(a) = x3. Vi f(a) > anén

X2 =a’fla) >a> = x, > a.

Vi thé

S(a,1) = a®f(a) +1+3a(a+1)
=x3+1+3a(a+1) 3)
< X3+ 1+ 3x,(x, +1)
= (xa+1)°.

Hon nita tir (3) ta thdy x2 < S(a,1). Nhu vay
X< S(a,1) < (xa+1)°,

mau thudn vdi S(a,1) 1a mot s0 1ap phuong. Vay bo dé 8 duge ching minh.
Bo dé 9. V&i moi s6 nguyén duong n ta cé f(n) = n.

Chirng minh. Xét s6 nguyén t6 p tuy y. Ta c6

Pf(p)ip® = f(p)ip= fp) =kp“ (4)

Ta sé ching minh f(p) la mét lay thira dang cua p.
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& Tir (4), néu k = 1 thi f(p) = ¢~
@ Tir (4), néu k > 1 thi goi g 1a mot udc nguyén t6 ctia k, khi dé g ¢ f(p), theo b6 dé 6 ta co
q:p,suyrag=p,dodod f(p)la métlay thura dung cta p.

Tom lai, f(p) = pP. Theo bo dé s, taco f(p) = pP < p, suy ra f(p) € {1,p}. Theo b6 dé 5 ta
duoc f(p) = p, v6i moi s6 nguyén t6 p. Ma tap hop cac s6 nguyén t6 1a tap vo han nén theo
b6 dé 7, ta c6 f(n) = n véi moi n nguyén duong. Vay bé dé 9 duogc chitng minh.
Tht lai ta thay ham s6 f(n) = n, Vn € IN* théa man cac yéu cau dé bai. Nhu vay c6 duy nhat
ham s6 thda man dé bai la

f(n) =n,Vn € N*.

Cach 2. Xét s6 nguyén t6 p tuy y. Ta ¢6 S(p, p) = 2p*f(p) + 6p> 1a mot s6 1ap phuong, nghia
la ton tai sO nguyén duong y, sao cho

2p%f(p) +6p° = . (2.1)

Tir (2.1) suy ra

5 do (21) . .
Vip=ypip=y it = 2p0f(p) i =2f(p) i
Ma p la s nguyén to 1é nén f(p) i p. Ta c6
S(p,1) =P f(p) + F(1) +3p(p+1) = m3,
S(p,2) = p*f(p) +4f(2) +6p(p+2) = n,

vOi m n 1a nhitng s6 nguyén duong. Tir hai dang thic trén suy ra
m%>p2f(p);n > p*f(p );n —m =3p* +9p +C, (2.2)
v6i C = 4f(2) — f(1). Tir day thiy rang véi p 1a s6 nguyeén t6 1é di 16n thi ny, > my,. Gia st ton
tai vo han s6 nguyén t6 1é p ma f(p) # p. Khi d6 do
fp):ip=fp) 2 p
suy ra c6 vo han sd nguyén t6 1€ p sao cho f(p) > 2p. Véi mdi p nhu vay, ta c6

n%—mg:(np—mp) (nf,+npmp+m%,>>n +npmp+m >33 n3m§;

> 3v/p*f(p)® > 3¢/ ptap? = 3V/4p”. 2.3)

Tir (2.3) va (2.2) suy ra 3p% + 9p + C > 3v4p? = 3+ % + % > 3+/4, tit day cho p — +oo

ta dugc 3 > 3+v/4, diéu vo li nay ching to diéu gia su & trén la sai, tuc la, chi c6 htu han s6
nguyen to 1é p ma f(p) F P nghla la ton tai s6 nguyén to po sao cho f(p) = p v6i moi sb
nguyen t0 p > po. Xét sb nguyén duong a tuy y. Voi p 1a s6 nguyén t6 thoa man p > py, xét
cac hiéu

H, = (a+p+1)3— (azf(a) +p3+3ap(a+p)>

=@+1°+p+3pa+1)(a+p+1) - (azf(a)+p3+3ap(a+p)>
= (a+1)’ —a’f(a) +3p (p+20+1),
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Hy = (a2f(a) +p* +3ap(a+p)) = (a+p—1)°

= (azf(u) +p® +3ap(a+ p)) — <(u ~ 1)’ +p°+3@—1)pla+p-— 1))

=a*f(a) — (a+1)°+3p(p+2a—1).
Do d6 khi p — +oo thi H; — +00 va Hy — +00. Vi thé, ton tai s nguyén tb p, > pg sao cho

(a+pa—1)° < a®f(a) + p2 +3apa(a+ pa) < (a+ pa+1)°. (2.4)
Do p; > po nén
a*f(a) + pa +3apa(a+ pa) = af(a) + paf (pa) +3apa(a+ pa).
Do d6, theo gia thiét, a®f(a) + p3 + 3ap.(a + pa) 1a mot s6 1ap phuong. Béi thé, tir (2.4) suy ra
@ f(a) + pi +3apa(a+ pa) = (a+ pa)’

<a’f(a) + p; +3apa(a+ pa) = a° + p; + 3apa(a+ pa)
&f(a) = a.

Tir day, vi a 1a s6 nguyén duong tily y nén ta c6 f(n) = n, Vn € IN*. Thit lai ta thy ham s6
f(n) =n,Vn € N*

théa man cac yéu cau deé bai. Nhu vy c6 duy nhat ham s6 théa man dé bai la
f(n) =n,Vn € N*.

Luuy.

(D Bai toan 19 1a mot phat trién cta bai toan 18.

(2) Diém mau chét trong 10i giai 1a khang dinh f(a) = a véi vo han s6 nguyén duong a. Ca
hai 16i gidi da trinh bay & trén déu phai thong qua budc nay. Trong thuc té, mot trong
nhiing cdch ma ngudi ta c6 thé st dung dé giai cac phuong trinh ham néi chung, va cac
phuong trinh ham s6 hoc néi riéng, 1a ¢4 gang du doan nghiém ham can tim, sau d6 tim
cach chiing minh titng budc mot; dau tién, c6 thé chiing minh ham can tim trung véi
ham du dodn, trén mdt mién nhé hon mién xac dinh ctia ham can tim, roi tim cach thac
trién mot cach thich hgp mién dé dé nhan duge két qua trén toan mién xac dinh.

Bai 20. Gia st ton tai ham s6 f : ZT — ZT thda
FP=n (modf(p))
véi moi s6 nguyén duong n va moi s6 nguyén t6 p. Cho n = p la sé nguyén t6, ta c6
p=0 (modf(p))
suyra f(p) = phodc f(p) =1.Dat A={p e P: f(p) = p}.
@ Truong hop A la tap vo han. Khi d6 ta ¢
n=f(n)?=f(n) (modp)Vpe A.

Suy ra f(n) = n véi moi s6 nguyén duong 7.
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& Truong hgp A = @.Khi dé f(p) = 1,Vp € P. Ta thdy cac ham nay thoa bai toan.

¥ Truong hop A # @ va A httu han. Goi 4 la phan tr 16n nhit ctia tap A. Neu q 3, thi
v6i moi sO nguyén to p>q ta c6p=(f(p)T=1 (modgq).Giita hai s6 g va 2q luén
ton tai mot sO nguyéntb pvap = 1(modq) day la diéu v6 li. Do d6 q= 2,hay A = {2}.
Ticla £(2) =2 va f(p) = 1 véi moi s6 nguyén t6 p > 3. Khi do, ta c6

n=f(n)? (mod2)
suy ra f(n) va n cing tinh chan 1é.
Vay
™ f(n)=nvneZt;
& flp)=ppeP
& f(2)=2,f(p) =1,Vp € P,p = 3va f(n) voi n cing tinh chan 1é vdi n 1a hop sd.
Tht lai ta thay cac nghiém nay déu théa man yéu cau bai toan.
Bai 21. Gia s P (x) la mot da thuc thoa man bai toan. )
Pau tién, ta xét truong hop deg P (x) = 0. Khi d6 P (x) = ag, vdiag € Z. Theo gia thiet ta cd
(2(2—”2018 - 1) ‘P(2) & 1iay e ag=£l.
Vay P (x) = +1. Tiép theo gia sit deg P (x) > 1. Dat
P(x) =amx" + Ay 1x™ 1 ax +ag
véim € N*,a; € Z,Vi = 0; m.

& Truong hop 1: a,, > 0. Khi d6 ¢6 s6 nguyén duong N sao cho P (x) > 0,Vx > N. Véi
n € N*, n > N, xét s6 nguyén t6 p 1a udc ctia P (n). Tir gia thiét suy ra:

(n<”—1>2018 — 1) L. 1)

Lai cé:

P(n+p)=an(n+p)" +au_1(n+p) "

=P (n)+pQ(n).

+--Far(n+p)+ag

SuyraP(n+p) : p(v6iQ (n) € Z). Vi

(0 +p) ™ 1) 1P (n+p)

Tl+p—1)2018 )2018

mod p) = n(+r-1

nén (n+ p)! (
1 (mod p). Khi do6 tu

nen (1 4 P ) 15 = 1(mod p), do d6 (n,p) = 1. Theo
inh ly Euler ta co nP~

(n+p—1)"" =n28 4 (p—1) A (v6i A € N*¥)

suy ra

L p=1)P 28 (p—1)A

2018 _1\A4 2018
n" <np 1) =n"" (modp).
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2018

Ma n( P77 = 1 (mod p) nén n™"" =1 (mod p). Hay

<n”2018 — 1) Dp. (2)

Tir (1), (2) va stt dung tinh chat (a” — 1;a" — 1) = a(™") — 1, suy ra
(n”2018 — 1 1) Lp= (n(”zms"(”_l)zmg) - 1) p=Mm-1):p ()

(do <n2018; (n— 1)2018> = 1). Xét s6 nguyén t6 g v6i g > N. Theo (3), néu goi p la udc
nguyén t6 ctia P(g + 1) thita c6

(g+1-1) ip=gq:p.

Vi p, g la cac sd nguyén tb nén g = p. Tr dé suy ra P (p +1) = p*» v6i moi s6 nguyén t6
p > N, kylasd nguyén duong phu thudc p. Goi v, (1) 1a s6 mt ding ctia udc nguyén to
p trong 1, nghia la n:pfnhungn [ p*tl. Ap dung dinh ly sau: Vdi x, y la cdc s6 nguyén

(khong nhat thiét duong), n ngquyén duong, p la sé nguyén t6 16 sao cho p | (x — y) va x,y khong
chia hét cho p thi:

vp (¥ —y") = vp (x —y) +vp (n).

Ta duoc
2018

Up ((P +1)7

Ma P(p + 1) 1a udc ctia ((p 1)

- 1) —0,((p+1)—1)+0, <p2018> = 2019.
2018

— 1) nén

2018

v, (P(p+1)) <o, ((p +1)P 1) = k, < 2019,

v6i moi s6 nguyén to p > N. Do day (k,) c6 vO han phan ti (vi ¢6 v han s0 nguyén t6
p > N) nén ton tai mot day con théa man P (p + 1) = p* véi vo s6 s6 nguyeén tb p. Suy
ra P (x) = (x —1)F véik € N*,1 < k < 2019.

& Néu a,, < 0, bang cach dat Q (x) = —P (x) va lam tuong tu ta c6
Q(x)=(x-1)=P(x)=—(x-1)
voi k € IN*,1 < k < 2019. Thir lai ta théy cac da thuc
P(x) = (x=1)% P(x) = —(x=1)f
vaik € IN*,1 < k < 2019 khong théa man yéu cau bai toan tai n = 1.
Vay tat ca da thic can tim 1a: P (x) = +1.
Bai 22. Phan tich: Ta c6 f : IN* — Z thda man dong thoi hai diéu kién:

f(p) =1, véi moi p nguyén to; ()
fxy) =yf (x) +xf (y),Vx,y € Z". (i)

Gia thiét (i) : f (xy) = yf (x) +xf (y),Yx,y € Z7, gidng (uv) = u’v+0’u.
Giai. Ta sé chiing minh bang quy nap theo k rang:

f (pk> = kp*~1, v6i moi p nguyén to. (1)
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& Véik = 1 thi (1) chinh 14 (i).
™ Gia su (1) da duge ching minh cho k nao d6 (k € Z*). Khi do:

£(P1) = £ (") = of (#F) + P (0) = phpt ™ 5 = (1)

Theo nguyén ly quy nap toan hoc, (1) duge chitng minh véi moi k € Z*. Tiép theo ta sé chiing
minh: Vt € Z+, day (a;)i_; C N*va py, pa, .. ., pi 1a céc s6 nguyeén t6 d6i mot phan biét, ta c6:

f(l“[p?“) (m) ] o
i=1 i= 1771

That vay, khi t+ = 1 thi (2) chinh 1a (1) va da dugc chiung minh. Gia st (2) da dugc chung
minh dén t € IN*. Ta b6 sung p;, 1 la s6 nguyén t6 khac véi t s6 nguyén to

P1, P2, -, Pt Prr1 € N

t+1 . o
f(nlp;«z):f( ; m)

t
t+1 _|_Hp 1f p’;‘_t:ll)
i—=1

1

« f o f W —1
_— (Hp ) 3 S T () 2
i i=1

1 i=1 Pi
1 1
(L) &
_ H pz
i=1 S

Theo nguyén ly quy nap toan hoc, cho ta (2),Vt € IN*.
(D Trudc hét, néu chon x = y = 1 trong (ii) ta dugc:

fA)=2f(1) = f(1)=0#1
Xét1 < n € N*, khi d6: 3t € N*, (a;)}_; C IN* va ton tai py, pa, . . ., pt 12 cac s6 nguyén

t
t6 d6i mot phan biét dén = [ [ pi'. Vi thé, theo (2) thi
t Q; t t
f(”):”©xf=1©2“inpjznpi- *)

t .
HP]'ZPE
V&imoichisd £ € {1;2;...;t}, taco: ¢ /=1
Hp]'fpg, néu i # /.
J#
t
Vay, () = a. [ [ pjipe = aeipe, Ve, suy raay > py. Do d6 Z%
j#t i=1 1t
Vay nén dé f (n) = n thi
tZl/\DC1:p1<:>n:pp_

Lai thdy: 3% < 2018 < 5° nén n = 5° 1a s can tim.
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t
@ Tacanxét1l < n € N*vabiéudiénn = [[p}", véi t € N¥, (a;)i_; C N*, p1, pa..
i=1
1a cac s6 nguyén t6 doi mot phan biét. Ly ludn nhu cau (1), ta thiy

ces Pt

1:1pi
t=1Aa; =2p; o n=p
t=2ANwa1 = p1,00 = p2 n=plqip<q.

Dé thay n = 22.5° > 2018 ¢6 f (n) = 2n. Ta chiing minh 7 nay la sb bé nhat. Néu
m = pP.q1,véi p, qla cac sd nguyén td va p < g vam < n thig < 5 (vinéunhu g > 5 thi
pP.g1 > pP.5°> > 225° = n, mau thudn) nén g < 3,p < g. Suy ra

m = pF.q1 < 3%3% < 2018.

Vay s6 can tim la n = 22.5°,
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