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R I QUAN HE VUpNG GOC
TRONG KHONG GIAN

(Bai 1 DHAI PUONG THANG VUONG GOC

A. TOM TAT LY THUYET

I. Goc giita hai duong thang,

Pinh nghia:

o Goc giita hai duong thang a, b trong khong gian, ki hiéu (a,b), la goc
gitta hai duong thang a' va b' cung di qua mot diém va lan luot song

song hodc trung véi a va b.

a) D& xac dinh gdc gitta hai duwong thang a , b ta ¢ thé 1dy mot diém
O nam trén mot trong hai duong thang dé va vé duong thang song
song véi duong thang con lai.

b) Goc gitta hai duong thang nhan gia tri tir 0° dén 90°.

¢) Néu « la vecto chi phwong ctia dwong thing a va v la vecto chi
phuong ctia duong thang & va (;l, ;):a thi goéc gitta hai duong
thing ¢ va b bang a néu 0°<a<90° va bang 180°-a néu
90° < <180°.

d) Néu a va b song song hodc tring nhau thi géc gitta chting bang 0°.

II. Hai dwong thang vudng goc trong khéong gian.
Dinh nghia:
e Hai duong thing a, b duoc goi la vudng gdéc véi nhau néu goc giita

chting bang 90°.



< Chay:
a) Hai duong thang vudng gdc c6 thé cat nhau hodc chéo nhau.
b) Cho hai duong thing song song, duong thang nao vudng goc voi
duong thang nay thi cing vudng géc véi duong thang kia.
c) Trong khong gian, khi c6 hai duong thang phan biét a, b clng
vuong géc véi mot duong thang thit ba ¢ thi chwra két luan duoc

a//b nhu trong hinh hoc phang.
d) Néu « va v lan luot la cc vecto chi phuong ctia hai duong thang a

vab thi:albour=0

B. CAC DANG TOAN.
DANG 1:
GOC GIUA HAI PUONG THANG

Phuong phap:

+ Cdch 1: Nam viing khéi niém co ban. Dung dinh nghia.
+ Cdch 2: Dung dinh li Cosin cho tam giac thuwong.

+ Cdch 3: Goi ¢ 1a goc gitra hai duong thang AB va CD:

AB.CD

cosp = . Thong thwong ta phan tich vecto AB, CD theo ba
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vecto khéng dong phing a, b, ¢ roi tinh AB.CD.
Vi du 1. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh a. Biét
SA=a3, SALAB, SA L AD.Tinh gc gifta cdc cip duong thang sau:

a) SB va CD.
b)SB va SD.

Loi giai




a) Tinh goc gitta SB va CD.
Ta c6: CD//AB=(SB,CD)=(SB, AB)=SBA.

tansA -S4 W3 _ 5 SEA—60e.
a

(SB,CD)=SBA = 60°.
b) Tinh goc gitta SB va SD.
2
Ta c6: SB?=SA® + AB? = (aﬁ) +a? = 4

SD? =SA? + AD’ :(a\@)z fat =

Va BD =a/2
/\ 2 2 2 2 2 52
cosfp B +SD’ ~BD* _4a’ +4a’-24" _3
2.5BSD 22024 4

(SB,SD) = IZS\D = arccosé.
4

Vidu2. Cho t& dién déu S.ABC c6 tit ca cac canh bang a. Goi M la
trung diém ctia BC . Tinh goc gitta AM va SM.
Loi giai
S

—  SM?+ AM? - AS? [ J

COs S M A = S MLAM i i

(SM,AM) = 57\/171 = arccosl .
3



DANG 2:
HAI DPUONG THANG VUONG GOC

Phuong phap:
+ Cach I: Dung dinh nghia.
+Cdch2: d 1 (P)Da=dla.

+ Cdch 3: Nam viing khai niém phuong, hudng ctia 2 vecto.
Mubn chimg minh AB 1. CD. Ta chu’ng minh AB.CD =0.
Thong thuong ta phan tich hai vecto AB CD theo ba vecto khong

- = —

ddng phang a,b,c r6i chimg minh ABCD=0.

Vi du 3. Cho hinh chép S.ABC ¢é6 AB=AC, SAC =SAB. Tinh s do clia
gbc gifta hai dwong thang SA va BC.
Loi giai
S

Cach 1:
FS% = fTé(fTC - E) - AS.AC - A—SE = AS.AC.cosSA/S\C - AS.AB.COSS/ATg =0

Do d6 s do ctia goc giita hai duong thang SA va BC bang 90°

Cich 2: Vi AB=AC, SAC =SAB nén ASAC =ASAB, suy ra SB=SC,
nén hai tam giac ABC va SBC la tam giac can. Goi H la trung diém

AH 1 BC
BC, ta c6 { = (SAH) L BC nén SA LBC =(SA,BC)=90°.

SH 1 BC
Do d6 s8 do ctia goc giita hai duong thang SA va BC bang 90°
Vidu4. Cho hinh hop ABCD.MNPQ cé sau mdt déu la cac hinh vudng.
Goi E, F lan luot 1a trung diém ctia AB va BC.
a)Chtng minh: EF 1 BD, EF 1 AM.
b)Tinh gbc gitta EF va AQ.
Loi giai




M Q
a)Chung minh: EF | BD, EF L AM.
Ta thay: EF la duong trung binh cia AABC
= EF// AC.
. {AC 1BD
a:

nén EF 1 BD,EF 1 AM
AC L AA’

b)Tinh goc gitta EF va AQ.
Ta c6: EF// AC = (EF, AQ) =(AC, AQ)=CAQ.
Nhén thiy: AC=AQ=CQ=a2.
— AACQ déu CAQ =60°.
= (EF,AQ)=CAQ=60°.

C. BAI TAP TU LUYEN.
Bai 1: Cho tt dién déu ABCD), canh c6 dd dai bang a.Goi O la tam duong
tron ngoai ti€p ABCD.
a) Chting minh: BO LCD.
b) Goi M la trung diém cta CD. Tinh goc gitta AC va BM .
Bai 2: Cho tt dién déu ABCD c6 d6 dai canh bang a.Goi M, N, P, Q
lan lwot 14 trung diém caa AB, CD, AD, BC.
a) Ching minh: MN L CD.
b) Tinh goc gitta MC va MD.
c) Goi E la trung diém cua AC.Chtng minh: QE 1 PE.
d) Chting minh: AB LCD.
Bai 3: Cho hinh chép S.ABC c6 SA=SB=SC=AB=a; AC= a2 va

BC=m3.

a) Chitng minh: SA 1 SC.



b) Goi P la trung diém ctia AC, N la trung diém cua SB. Chung
minh: SP 1 SB.
c) Tinh géc gitra hai duong thang SC va AB.

Bai 4: Cho hinh chép S.ABCD c6 ddy la hinh vuéng ABCD canh 24,
SALAB, SALAD va SA=2a\3.Goi MIatrung diém AB va N la
trung diém BC .

a) Tinh gbc gitta SD va BC.
b) Tinh cosin géc gifta hai duong thang SM va DN .

Bai 5: Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhatcd AB=a,
AD=a\2, SALAB, SALAD, SAL AC va SA=2a.

a) Ching minh: SA 1L BC, SALCD.
b) Goi I 1a trung diém ctia CD. Tinh cosin gdc gita hai dwong thang
SBva AI.

Bai 6: Cho hinh chép S.ABCD c6 ddy la hinh thang vuong tai Ava B cé
AD=2AB=2BC=2a va SA1 AB, SA1 AD, SA 1 AC.Biét rang
SCA=60°.

a) Chting minh: SA 1 BC.
b) Tinh goc gitta BC va SD.
c¢) Goi I la trung diém ctia CD. Tinh cosin géc gitta hai duong thang

Al va SD.
Bai 7: Cho t&t dién ABCD c6 AB L BC, AB L BD. Biét tam giac BCD
vuong tai C va AB =% , AC = a\/E, CD=a. Goi E la trung diém cta

AC. Tinh géc gitta hai duong thang ABva CE.

Bai 8: Cho hinh chdp S.ABC ¢ tat ca cac canh déu béng a.Goi I, | Ian
luot 1a trung diém ctaa SA, BC. Tinh sd do cua goc hop boi IJ va SB.
Bai 9: Cho hinh ling try tam giac déu ABC.A'B'C’' ¢6 AB=a va AA'=a2.

Tinh géc gitta hai duong thang AB' va BC'.
Bai 10: Cho hinh 1ap phuwong ABCD.A'B'C'D' canh a.Goi M, N, P Tan lugt
la trung diém cac canh AB, BC, C'D’.
a) Chting minh: MN L B'D".
b) Xac dinh géc gitta hai duong thang MN va AP.

D. BAI TAP TRAC NGHIEM
Ciu 1: Cho t& dién ABCD c¢6 hai cdp canh d6i vudng goc. Cit t& dién dé
bang mot mit phang song song véi mot cip canh d6i dién cua ti dién.

Trong cac ménh dé sau ménh dé nao dung?



A) Thiét dién 1a hinh chi* nhat. B Thiét dién 1a hinh vudng.
C) Thiét dién la hinh binh hanh. D) Thiét dién la hinh thang.
Cau 2: Trong cac ménh dé sau, ménh dé nao dung?
A) Hai duong thang cting vudng gdc véi mot duong thang thi song song
voi nhau.

B) Mot duong thang vudng goc véi mot trong hai duwong thang vudng
gbc véi nhau thi song song véi duong thang con lai.

C) Hai duong thang cing vudng goc véi mot duong thang thi vuong
g6c voi nhau.

D) Mot duong thang vudng géc véi mot trong hai dwong thang song
song thi vudng goc véi duong thang kia.

Cau 3: Trong khong gian cho 3 duwong thang phan biét a,b,c . Khang dinh
nao sau day dung?
A)Néua//bvaclathiclb.

B) Néu goc gitta a va ¢ bang goc gitta b va ¢ thi a//b.
C) Néu a va b cung vudng goc voi ¢ thi a//b.

D) Néu a va b ciing nam trong méat phang (a) //c thigbc gitta a va ¢

bang géc gitta b va c.
Cau 4: Cho hai duong thang phan biét a,b va mat phing (P), trong do
a L (P).Meénh dé nao sau day la sai?
A)Néu b L(P) thib//a.
B)Néu b L(P)thibla.
C) Néu b//a thi b L(P).
D) Néu b La thi b//(P) hay b<(P).

Cau 5: Cho hinh lap phwong ABCD.EFGH . Hay xac dinh goc gitta 2 vecto
AB va DH?
A) 45°. B) 90°. C) 120°. D) 60°.



Cau 6: Cho hinh 1ap phuong ABCD.A'B'C'D’. Géc gitta hai duwong thang
BA',CD bang
A) 90°. B) 60°. C) 30°. D) 45°.

Cau 7: Cho t& dién ABCD véi ABL AC, ABLAD. Goi P,Q lan luot la
trung diém ctia AC va CD. Goc gitta PQ va AB la?
A) 90°. B) 60°. C) 30°. D) 45°.
Caéu 8: Cho hinh lap phuwong ABCD.A B,C,D, . Chon khfmg dinh sai?
A) Goéc gitta AC va B,D, bang 90°.
B) Goc gitta B,D, va AA, bang 60°.
C) Goc gitta AD va B,C bang 45°.
D) Géc gitta BD va A,C, bang 90°.
Cau 9: Cho tit dién ABCD c6 AB=CD.Goi I,],E,F Tan luot la trung diém
ctia AC,BC,BD,AD . Géc (IE, JF) béng

A) 30°. B) 45°. C) 60°. D) 90°.
Cau 10: Cho hinh lap phuong ABCD.A B,C,D, . Goc gitta AC va DA, la
A) 45°. B) 90°. C) 60°. D) 120°.

Céiu 11: Cho hinh chép S.ABCD déu, c6 SA=AB=a. Goc gitta SA va CD
la
A) 60°. B) 30°. C) 90°. D) 45°.

Cau 12: Cho lang tru tam gidc déu ABC.DEF c6 canh bang a, chiéu cao
bang 2a . Tinh cosin géc tao béi hai dwong thang AC va BF.
RS R
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Cau 13: Cho hinh lap phwong ABCD.A'B'C'D' (tham khao hinh vé). Tinh

cosin goc gitta hai duong thang AD va BD' la
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Cau 14: Cho hinh lap phwong ABCD.A'B'C'D’ (tham khao hinh vé). Goc
gitta hai dwong thang AC va A'D la
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A) 45°. B) 30°. C) 60°. D) 90°.

Cau 15: Cho hinh chép S.ABCD c6 day 1a hinh vuéng ABCD canh bang a
va cac canh bén déu bang a. Goi M va N lan luot 1a trung diém ctia
AD va SD. S8 do cua gbc (MN,SC) bang;

A) 45°. B) 30°. C) 90°. D) 60°.



E. HUONG DAN GIAI

' @ BAI TAP TU LUYEN

Bai 1:
A
FE
B D
M
C
a) Chtng minh: AO LCD.
BC=BD
=BO1CD
OC=0D

b) Goi M la trung diém cua CD . Tinh goc gitta AC va BM .
Goi E la trung diém cta AD
= ME la duong trung binh cia AACD

:ME//AC,ME:%AC 4

E.
Ta c6: (AC,BM)=(ME,BM)=BME ..
Véi: BM:Q,BEzﬁ.
2 2
2 2 2
ﬂ\/g a ﬂ\/g

2 2 _BEF? 2 " 2) | 2 3
Ta c6: cos BME = o +ME” ~BE _ _N3

2BM.ME ) 3 a 6

"2 2

= (AC,BM) = mi :arccos%z 73°.

Bai 2:

10



a) Chtng minh: MN LCD.
Ta cé: MC:MD:% = AMCD cantai M.

Ma: N la trung diém cua CD
Nén: MN LCD.
b) Tinh cosin gdc gitta MC va MD .

- 2 2 2
Ta c6: cos(MC, MD) = cosCMD = & +MD_~CD

2MC.MD
(a\/ng [a‘\/ng 2
—— |+ —| —a
2 2 1
:>cos(MC,MD)= \/, =§.
2.” 3‘11 3
2 2

¢) Goi E latrung diém cua AC . Chting minh: QE L PE.
Tuong tw caua, tacd QP L AD.
2 2 5
PQ? =QD*-PD* = @3] _(a -4
2 2
Ta thay: PE, QE lan luot 1a duong trung binh caia AABC va AACD .

Nén: QE:PE:g.

P , (aY (a) & 2

Suy ra: QE° + PE :(Ej J{Ej == PQ
= APQE vudng tai E.
Hay: PE L QE.
d) Chting minh: AB L CD.

AB//QE
Tacé: {CD//PE = AB1CD.

PE 1 QE

Bai 3:

11
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C
a) Chttng minh: SA 1 SC.
SA*+SC* =a’ +a*> =2a°

AC? = (ax/E)z =2a"

— SA? +SB? = AC? (= 242)

Ta cé:

= ASAC vudngtai S.

b) Goi P latrung diém ctia AC, N la trung diém cua SB. Chiing minh:
SP 1 BP.

Ta c6: ASAC vudng tai S va P la trung diém cua AC

L op_AC_a2
2 2
2
AB? + AC? = i +(a\/5) — 342
Ta co:

2
BC? = (ax/g) =3a?
= AB*+ AC* = BC*(=3a")
= AABC vudng tai A.
Xét AABP vuong tai A, ta co:

2
BP? = AB® + AP? :”“(#J :%az :BP:#.



= SB* +SP* = BP? (=§a2j
= ASBP vuodngtai S = SP 1 SB.

¢) Tinh géc gitra hai duong thang SC va AB.
Goi M la trung diém cua SA

MP//SC, MN =1AB =
Suy ra: 2

NI oS

MN//AB, MP = %sc -

Ta c6: (SC, AB)=(MP,MN).
o 2 2 2
Xét AMNP, ta cd: cosNMP = MN” +MP” — NP = —l.
2MN.MP 2

= NMP =120° hay (SC, AB)=(MP, MN)=180° ~120° = 60°.

Bai 4:

a) Tinh goc gitta SD va BC.
Ta ¢é: BC// AD = (SD, BC)=(SD, AD)=SDA.
Xét ASAD vudng tai A, ta co:

tanSDA-SA_20V3 _ m_o5a oo
AD 2a

b) Tinh cosin géc gitta hai duong thang SM va DN .

13



Bai 5:

Goi E la trung diém ctia AD va [ la trung diém AE.

Dé thdy ttr gidc BNDE 1a hinh binh hanh va MI 1a dwdng trung binh ctia
AABE.

Khi d6 DN//BE//MI .

Tacdé: AM =a va AI:%:%

Xét ASAM vuong tai A, ta co:

2
SM? = SA? + AM? =(2a\6) +a? =13a%.
Xét ASAI vuodng tai A, ta co:

SI* =SA? + AI? =(2a«6)2 +( JZ _

4

a 49 ,
5 .
Xét AAMI vudngtai A, ta co:

2
MI? = A + AM? =a2+(gj =2

Xét ASMI , ta co:

_ 2 2 _¢cp2
CosSMI:SM +MI”-SI" _
2.SM.MI

a) Chtng minh: SA L BC, SALCD.

SA 1 AD
Ta cé: =SA 1 BC.
AD// BC



SA 1 AB
Ta cé: =SA1CD.
AB//CD

b) Goi I la trung diém cta CD. Tinh cosin goc gitta hai duwong thang SBva
Al .

Goi M, K Tan luot la trung diém caa AB va SAthi MK la duong trung binh
cta ASAB.

Khi d6 MK//SB.

Ta thay: Tt gidc AICM la hinh binh hanh

Nén: MC//AL.

Suy ra (SB, AI) = (MK, CM).

SB_SA*+AB* _ay5

2 2 2
Tuong tu: MC =+ MB?* + BC? :% va KC=+KA*>+AC* =2a.

Ta c6: MK =

— KMZ +MC2 —KC2 §ﬂ2 +2ﬂ2 —4&2 \/g
Khi dé : cosKMC = -4 4 .
2.KM.MC w5 3a 15

= cos(SB, Al) -

35

Bai 6:

a) Chutng minh: SA L BC.

AD//BC
b) Tinh goc gitta BC va SD.

Ta c6: AC=+AB?+BC* =av/2.

SA 1 AD
Tacé:{ =SA 1 BC.

15



Ta cé: SA = AC.tan60° = av/6 .
Do AD//BC = (BC,SD)=(AD,SD).

oo SA aff

Ta co: tan ADS =
AD 24 2

= (SD,BC) = ZD\S = arctan% .

¢) Goi I la trung di€m ctia CD. Tinh cosin goc giita hai duong thang Al va
SD

Goi E la trung diém cta AD

Suy ra t¢ gidc ABCE la hinh vuong

Do d6: CE= AE=DE=a.

= AACD vudng can tai C.

= AC=CD=m2.

Ta cé: Al = Ac2+c12:\/(af) [”{J ”*/ﬁ.

2
MI//SD
Goi M la trung diém SC = sD 410 -
Ml=—=
2 2

Xét ASAC vudngtai A, c6 AM la duong trung tuyén

sc \/ P+ACT ( ) (“*/—) .-

2 2 2

Nén: AM =

Ta cé: MI//SD = (SD, Al)=(SD, MI) = MIA

ux/i ’ a\/7 ’ 2
10J { 21oj (e2)

1A% + IM? - AM? [ 2

— 3
Ma: cos MIA = = =—.
2.IA.IM ) av10 av10 5
5 o
Vay: cos(SD, Al) = =3
5°

Bai 7:

16



E
A5- D
C
EH// AB
Goi H 1a trung diém BD = )
& EH :lAB:ﬁ
2
Ta cd BC=+AC? - AB? = 2

Suy ra BD =v/BC? +CD? = W6 oy BZD zg,

Ta cb: AD =~/ AB? + BD? =a\/§.

Ta thdy: AD* =CA’ +CD? (= 3a2) = AACD vuong tai C.

e

il

Ma CE 1a dwong trung tuyén. Nén CE = EAD =2

Ta cé: EH// AB= (AB,CE)=(EH,CE)=HEC .

-5

. 2 2 2
Ma: cosHEC—CE +EH -CH =

2.CE.EEH

kEshE

N\s

= (AB,CE) = HEC = 45°.

Bai 8:

I\).| 5



c
Goi M la trung diém AB thi MI, MJlan luot la dwong trung binh cta
tam gidc ASCva ABC.

Ta c6: MI=M]:§.

Mt khac JA =S = @ = tam gidc JSA cAn tai J= JI L SA

Khi d6 1] =./S]* -SI? :gz MI? + MJ? =IJ* nén tam giac MIJ] vudng can
tai M = (IJ;SB)=(I];IM) = 45°.

Bai 9:

E
Goi E la diém d6i xiing cia A’qua B’ taco B'A'=BE.
Ta c6 ABEB' la hinh binh hanh nén AB'//BE.

18



Laicd A'E=2a, BC' = %A’E = AEA'C’ vudng tai C'.
Khi d6 C'E=+A'E2— A'C* =a\/3, BE= AB' = a/3 .

BC'=+/BB™ +C'B” =a\/3 = ABEC'la tam giac déu.

Do d6 (AB',BC’) = (BE; BC') = EBC' = 60° .

Bai 10:
A/ D/
|
I NP
/ | 7
B | /'C’
I Pid
| /’
Az _ _ _ _ _ _
/)c\ D
M TS
VEARRN S
/ S o ~
B N C

a)Chiing minh: MN L B'D".
Dé thdy MN 1a dudng trung binh ctia AABC = MN// AC.

. |ACLBD
Ma nén MN LB'D'.
BD//B'D'

b)Xac dinh gdc gitta hai dwong thang MN va AP .
Ta thdy MN la duong trung binh cia AABC nén MN//AC.

= (MN, AP)=(AC, AP)=CAP .

LaicO AC =aV2 va CP=+CC"”+C'P? :é
AP = A'P* + AA” =JA'D” + D'P* + AA” =%.
2
30 (a2 [ 25
., — AP*+AC-cp* \2 2 2
Do @6 cosCAP = 5 AP AC = 3 =
T 2.;.11\5:

= (MN, AP)=CAP =45°.

19



Cau 1:Chon A.

Gia st thiét dién 1a ti gidc MNPQ.

Ta co: MN//PQ va MN =PQ nén MNPQ la hinh binh hanh
Lai c6 AC L BD= MQ L PQ

Vay t¢ giac MNPQ la hinh chit nhat.

Cau 2: ChonD.
Trong khong gian mot duong thang vudng goc véi mot trong hai deong thang
song song thi vudng gdc véi duong thang kia.

Cau 3:Chon A.
Néua//bvaclathiclb.
Cau 4:Chon B.
Cau 5:Chon B.
B c
I
I
A I
[ D
I
I
F) _____ --Ja
/
Vd
7/
/7
E 7]
AB | AE
= AB L DH = (AB,DH)=90°.
AE//DH

20



Cau 6: Chon D.

B
1
/1
AL
1 D
I
I
I BYy____ ] - -
/ /
I,
17z
/
A D'
Do CD//AB nén (BA',CD)=(BA',AB)= ABA=45°.
Cau 7: Chon A
B
AL
P Q
C
. [ABLAD
Ta co = AB 1L PQ.
PQ// AD
Cau 8: Chon B
b c
|
l
A |
| D
|
1
Byc---1-z7a
7/ ~ ’.‘
/ N
=T N
/-
Al Dl
B,D, LDD,
Ta c6 = (AA,,B,D,)=(DD,,BD,)=90°.
AA,// DD,

Cau 9: Chon D.



T giac [JEF la hinh binh hanh.
=148
Mt khac 2 ma AB=CD nén IJ = JE.
E==CD
J 2
Do d6 IJEF la hinh thoi.
Suy ra (IE, ]F) =90°.
Cau10: ChonC.

B C‘
|
A ' D
1
|
BI
Rt B 1)
z, ,_’
V) ”’
A Dy
Vi A,C,//AC=(AC,DA,)=(AC, DA,)=DAC, .

Vi tam giac DA,C, déunén DA,C, =60°.
Vay goc giita (AC, DA, )=60° .

Caul1l: Chon A.

Taco AB//CD nén (SA,CD)=(SA, AB)=SAB .

22



Mit khéc S.ABCD1a chép déunén SA =SB do dé tam gide SAB déu nén
SAB=60°.

Vay (SA,AB)=60°.

Cau 12: Chon A.

\
Tac6 AC//DF = (AC,BF)=(DF,BF)=BFD.

Mt khac BD = BF =+/4a* +a* = a5 va DF =a.

. 2 2 2
Do d6 cos DFB = L2+~ FB ~BD :£>0
2.FD.FB 10
Vay cos(AC;BF):ﬁ.
10
Cau13: Chon D.
B C
n\
Hy
[
A 0
U
! fl \\
,’ By — -1 -- '
i, \\
/ \
A’ D'

Tac6 AD// A'D'= (BD',AD)=(BD',A'D')=BD'A".

Mt khac BA'=av2 , BD'=av/3.

D'B*+D'A”-BA"® _ (3] +a* (2] 3

2.D'BD'A 2.0\3.a 3

Do dé cosm' =

Cau14: ChonB.
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A D'

D4t AB=a,taco AC//A'C'=(AC;A'D)=(A'C’; AD)=DA'C".

Mitkhac A'D =DC'= A'C’' =2 = AA'DC’ 1a tam gi4c déu nén DA'C’ = 60°.
Vay (AC;A'D)=(A'C’; A'D)=60°.

Cau 15: Chon C.

Tacé: AC =av2

= AC? =2a° =SA* +5C’

= ASAC vudngtai S.

Khi do: (MN,SC)=(SA,5C) = ASC =90° .
= (MN,SC)=90°.
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Chuong 8
QUAN HE VUONG GOC
TRONG KHONG GIAN

(Baiz DPUONG THANG VUONG GOC VOI MAT
PHANG

A. TOM TAT LY THUYET
1. Puong thang vuong goc véi mit phing
a. Dinh nghia.
Duong thang d goi 1a vudng géc véi mit phing (o) néu né vudng goc
v6i moi duong thing « nam trong (&), ky hiéu d L («)
d

V

b. Cac dinh li
Dinh li 1: Néu duong thang o vudng gdc véi hai duong cat nhau ¢ va
b cung nam trong mit phang («) thi d L («).

d

‘ o
N
Pinh 1i 2:

+ C6 duy nhat mot mit phang di qua mot diém va vudng géc véi mot
duong thang cho truede.

+ C6 duy nhat mot duong thang di qua mot diém va vuong géc véi mot
mat phang cho trudc.




c. Mit phang trung truc ctia doan thang
Mit phang trung truc ctia doan thang 1a mat phang vudng gdc véi doan
thang tai trung diém ctia doan thang d6. Moi diém nam trén mit phang
trung triee ludn cach déu 2 dau doan thang.

[ &

2. Lién hé giita tinh song song va tinh vuong goc ctia dwong thang va mat
phang,.

Pinh 1i 3:

a) Cho hai dwong thang song song. Mt phang nao vudéng goc véi duong
thang nay thi cling vudng gdc véi duong thang kia.

b) Hai duwong thang phan biét cing vudng goc véi mot mat phang thi song
song song voi nhau.

a b

Pinh 1i 4:

a) Cho hai mat phang song song. Duong thang nao vudng gdéc véi mat
phang nay thi cling vudng goc véi mat phang kia.

b) Hai mit phang phan biét ciing vudng goc véi mot duwong thang thi song
song voi nhau.



-

=

Pinh 1i 5:
a) Cho duong thing a song song véi mit phang (o). Puong thdng nao
vudng goc véi (&) thi cling vudng goc voi a .

b) Néu duong thang a va mit phing () (khong chita a ) cing vudng goc
véi mot duwong thang b thi ching song song véi nhau.

b

/ri/

3. Phép chiéu vudng goc
a. Dinh nghia.

Cho mit phang (P) va dudng thing d vudng goc véi (P). Phép chidu

song song theo phuong cia ¢ 1én mit phang (P) duoc goi la phép
chiéu vudng goc 1én (P).

"‘*-—A d
\B
I
m
R U
=)




Chu y:

a) Phép chiéu vudng goc 1én mot mat phéng la mot treong hop ddc biét cua
phép chiéu song song nén cd day du cac tinh chat cua phép chiéu song
song.

b) Nguoi ta con dung “phép chiéu 1én (P)” thay cho “phép chiéu vudng
goc 1én (P)”. Néu H' 1a hinh chiéu vuéng goc cia A 1én mit phang
(P) thi ta cing néi “ H' 1a hinh chiéu ctia H trén mat phang (P)”.

b. Dinh li ba dwong vudng goc.

Dinh li 6:

Cho duong thdng a nam trong mit phing (P) va b la duong thang
khong ndm trong (P) va khong vudng géc véi (P). Goi b’ 1a hinh chiéu
vudng goc ctia b trén (P). Khi d6 a vuodng goéc voi b khi va chi khi a

vuong goc voi b'.

B. CAC DANG TOAN.

DANG 1:
CHUNG MINH PUONG THANG VUONG GOC VOI MAT PHANG

Phuong phap:
+ DE chiing minh duong thang ¢ vudng géc voi mit phang (a), ta

chiing minh @ vuéng géc véi hai duong thang cit nhau trong («) (dinh
i 1):
dla
dLlb
anb=M
a,bc (a)

=>d1(a)

+ St dung dinh 1i 3:

{ai(a):bl(a)

allb



Vi du 1. Cho hinh chép S.4BCD c6 day ABCD la hinh chit nhat tam O,
biét S4=SC va SB=SD.Ching minh SO L (4BCD).
Loi giai
S

Ta c6 tam giac SAC can tai S, c6 SO la duong trung tuyén nén
SO L AC, tuong tw ta ¢4 SO L BD. Do AC va BD la hai duong thang
cat nhau trong (4BCD) nén SO L (ABCD).

Vidu2. Cho hinh chép S.ABC c6 ddy 4BC la tam gidc vudng can tai B
va S4 1 (A4BC). Chting minh:
a) BC L(S4B).
b) Goi M 1a trung diém 4C. Chuing minh BM 1 (SAC).
Loi giai

a) Vi S4 L (ABC) nén S4 1 BC.
Talai c6 BC L AB (tam gidc ABC vuodng can tai B), 2 duong thang 4B
va $4 cat nhau trong (SAB) nén BC L (S4B).

b) Ta cd SAL(ABC) nén S4 L BM .
Ta lai ¢c6 BM L AC (tam gidc ABC vudng can tai B c6 BM duong
trung tuyén).
Ma 2 duong thdng S4 va AC cat nhau trong (SAC) nén BM L (SAC).



Vi du 3: Cho hinh chép S.4BCD c6 day ABCD la hinh vudng tam O,
SA L (A4BCD).

a) Chiing minh: BD 1 (SAC).

b) Goi H 1a hinh chiéu vudng goc cuia A4 lén SB. Ching minh:
AH 1 (SBC).

c) Goi K la hinh chifu vudng goc cia A4 lén SD. Chung minh
SC L(AHK).

Loi giai

BD 1 AC

BD 1 SA(SA L ABCD)

a) Ta co suy ra BD L (ABCD).
ACNBD=0

AC,BD = (ABCD)

BC 1 AB

BC 154

SANAB=A4

SA,AB = (SAB)

b) Ta co suy ra BC 1(S4B), khi d6 BC L AH .

ma AH 1 SB. Talai ¢6 SB va BC la hai duwong thang cat nhau trong
(SBC) nén AH L (SBC).

c) Dé dang chimg minh dugc 4K 1 (SCD), suy ra 4K 1 SC,

ma AH 1 SC (do A4H 1(SBC))nén SC L(AHK).

DANG 2:
CHUNG MINH HAI PUONG THANG VUONG GOC
Phuong phap:
+ Dé chitng minh duong thang a vudng géc voi duong thang b, ta
chiing minh duong thang a vuéng goc voi mét phang () chia b.



+ St dung dinh li ba dwong vuong goc.
Vidu4. Cho hinh chép S.4BC c6 ddy ABC la tam gidc vudng tai B. Goi
H la duong cao trong tam giac S4B. Ching minh: 4H L BC.

Loi giai
S
A
A c

O

B
BC L 4B
BC 1 SA(S4 L(A4BCD))

Ta co .

ABNSA=4

AB,SA < (SAB)

Suy ra BC L(S4B) ma AH <(SAB) nén AH 1 BC.

Vi du 5: Cho hinh chép S.4BCD c6 ddy A4BCD la hinh thoi tam O,
SO 1 (ABCD). Goi G la trong tam ctia tam gidc (S4C) va diém E nam
trén canh SB sao cho 2EB = SE . Chtiing minh rang : GE 1 S4.

Loi ngiéi

BD 1 AC
Ta cé BD 150 BD 1(S4C
L suy ra (84C).

BD,AC = (ABCD)



Trong ASOB c6 56 _SE_2 suy ra GE// BD
SO SB 3
Do d6 GE 1 (SAC), ma SA<(SAC) nén GE L SA.
Vi du 6. Cho hinh chép S.4BCD c¢6 day ABCD la hinh binh hanh, O la
giao diém cua AC va BD.Biét SA=SC, SB=SD, ching minh:
a) SO vudng goc voi mit phang (ABCD).
b) Goi M la trung diém AD, H la hinh chiéu cia M 1én BD. Chiing
minh: MH L SD.

c) Goi N, P lan luot la trung diém A4B,SA. Ching minh: MH L NP.
Loi giai

a) Tam giac SAC can tai S, SO la duong trung tuyén nén SO L AC.
Tam giac SBD can tai S, SO la duwong trung tuyén nén SO L BD.
Ma AC va BD la hai dudng cit nhau trong (4BCD),

khi d6 SO L (ABCD).

b) Do SO L (ABCD) nén OD la hinh chiéu ctia SD trén (A4BCD).
Tacé MH 1 OD(MH 1 BD) nén MH 1 SD. (dli ba dwdng vudng géc).
c) Tacd MN // BD (duong trung binh trong tam gidc 4BD).

Talai c6 NP//SB (duong trung binh trong tam gidc SAB).

Suy ra (MNP)//(SBD), ma MH L (SBD) nén MH L (MNP).

Vay MH L NP (do NP c(MNP)).

C. BAI TAP TU LUYEN.

Bai 1: Cho hinh chop S.ABCD c6 day ABCD la hinh vuong. Mit bén S4B
la tam giac déu. Goi E,F la trung diém 4B,CD . Cho biét tam giac SCD
vuong tai §. Chitng minh:



a) AB L(SEF)va CD L(SEF).
b) Goi H la hinh chiéu vudéng goc cua S trén EF . Chung minh:
SH 1L AC.

Bai 2: Cho tit dién ABCD c6 hai mat (4BC) va (BCD) la hai tam giac can
c6 chung canh day BC . Goi I la trung diém BC.

a) Chting minh rang: BC L (A4DI).
b) Goi AH la duong cao trong A4DI . Chiing minh: 4H L (BCD).

Bai 3: Cho hinh chép S.4BCD c6 ddy ABCD la hinh thoi, cé
S§SA=8B=5C=8D.Goi O lagiao diém cua AC va BD.Chung minh
rang:

a) SO L(ABCD).
b) Goi 7,J lan luot la trung diém ctia 4B, BC . Chtiing minh:
IJ L(SBD).

¢) Goi G la trong tam tam gidc ACD va H trén canh SD sao cho

HD =2HS . Chiing minh: HG 1 (ABCD).

Bai 4: Cho hinh chép S.4BCD c6 day ABCD la hinh thoi, biét
SA L (ABCD).Goi I,K Tan luot duoc 14y trén hai canh SB va SD sao
SI  SK

cho —=—. Chiing minh:
SB SD

a) BD 1 SC.
b) IK L(SAC).
Bai 5: Cho tit dién S.4BC 6 S4 L (ABC) va AABC vubng tai B. Trong

mit phang (S4B) ké AM L SB tai M . Trén canh SC 1dy diém N sao

cho SM_SN . Chttng minh rang:
SBSC

a) BC L(SAB) va AM L (SBC)

b) Chitng minh: SB 1 AN .



Bai 6: Cho hinh chép S.ABC 6 S4=SB=SC, ASB=90", BSC =60,
CSA=120". Goi I 13 trung diém canh AC. Chtng minh: S7 L (4BC).

Bai 7: Cho ttt dién ABCD ¢6 AB 1 (BCD), céc tam gidc BCD va ACD la
nhitng tam giac nhon. Goi H,K Tan luot 1a cac truc tdm ctia cac tam giac
BCD va ACD . Chiing minh rang:

a) CD L(A4BH).
b) CD 1 (4BK).
c) Ba duwong AK,BH,CD cung di qua mot diém.

Bai 8: Cho hinh chop S.ABCD c6 day la hinh vuong O, S4 vudng goc véi
(ABCD). Goi H,I,K lan luot 1a hinh chiéu vudng goéc ctia 4 1én SB,SC
va SD.

a) Chting minh rang: BC L (S4B),CD L (S4D).
b) Chting minh rang (S4C) 1a mit phing trung truc ctia doan BD.
¢) Chttng minh AH,AK cung vudng géc SC . Ttr d6 suy ra ba duong

thang 4H , AI, AK cungnam trong mot mat phang.

D. BAI TAP TRAC NGHIEM

Ciu 1: Trong cac ménh dé sau ménh dé nao dung.
A) C6 duy nhat mot mat phang di qua mot diém cho triede va vudng géc
véi mot mat phang cho trude.
B) C6 duy nhat mdt mat phang di qua mot diém cho trude va vudng goc
véi mot duwong thang cho trude.
C) C6 vd s8 mot mit phang di qua mdt duong thang cho triede va vudng
gbc véi mot mat phang cho truede.
D) C6 duy nhat mot dwong thang di qua mot diém cho triede va vudng
gbc véi mot duong thang cho truede.

Ciu 2: Trong cac ménh dé sau, ménh dé nao sai?
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A) Mot duong thang vudng goc véi hai duong thang cat nhau thudc mot

mét phang thi né vudng géc véi mit phang d6.

B) Néu duong thang a song song voi mit phang (P) va duong thang b

vudng géc véi mit phang (P) thi a vudng goc voi b.

C) Néu duong thing a song song véi mit phang (P) va duong thang

b vudng géc véi a thi b vudng géc véi mit phang (P).

D) Néu duong thang a song song véi duong thang b va b song song

véi mit phang (P) thi @ song song hodc chira trong mit phang (P).
Cau 3: Khéng dinh nao sau day la sai?

A) Néu duong thang d L () thid vudng goéc véi hai duong thing

trong (a).

B) Néu duong thing d vudng gdc véi hai duong thing ndm trong (o)

thi d L(a).
C) Néu duong thang d vuodng goc véi hai duong thang cat nhau trong
(«) thi d vudng goc voi mot dudong thang bat ki trong (a) .

D) Néu d 1 (a) va dudng thang a//(a) thi d L(a).
Cau 4: Cho hinh chop S.4BCc6 ddy A4BC la tam gidc vuong tai B va

SA L (ABC).Ménh dé nao sau day la ding?

A) AC L(S4B).  B) BC L(S4B). C) ABL(SBC). D) AC L(SBC).
Céu 5: Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh vudng, SA L (ABCD).

Goi 1,J lan luot la trung diém ctia 4B, BC Ménh dé nao sau day la sai?

A) BC L(S4B). B) CD L(84D).C) AC L(SBD).D) BD 1 (SAC).
Cau 6: Cho hinh choép S.ABCD c6 ddy ABCD la hinh thoi tam Ova

SO 1 (A4BCD). Ménh dé nao sau day la ding?

A) SAL AB. B) CD 1(S4D). C) ABLSB. D) BDL(SAC).
Céu 7: Cho hinh chép S.4BC ¢6 S4 L(ABC) va AABC vudng tai B.Goi

AH 1a duong cao ctia AS4B . Khang dinh nao sau day la sai?

A) AH 1 SB. B) 4H 1 BC. C) AH 1L AC. D) 4AH 1LSC.
Céu 8: Cho hinh chép S.ABC ¢ SAL(ABC) va H la hinh chiéu vubéng

gbc ctia S 1én BC . Chon khang dinh dung.

A) BC 1 AC. B) BC 1 AH . C) BC LSC. D) BC 1 4B.

Cau 9: Cho hinh chép S.4BCDc6 ddy ABCD la hinh thoi tam O va
11



SA=SC, SB=SD.Trong cac ménh dé sau, ménh dé nao sai?

A) AC L S4. B) AC L(SBD). C) SALBD. D) BD L (SAC).
Ciu 10: Chon ménh dé dung trong cac ménh dé sau:

A)Néu a//(P)vabL(P)thibLla.

B) Néu a//(P) va b L(P) thi b L(P).

C) Néu a//(P) va allb thi b//(P).

D) Néu a//(P) va b L(P) thi b//a.
Cau 11: Cho hinh chép S.4BCDc6 ddy ABCD la hinh vuong, S4 vudng

gbc voi mit phang day. Goi 7,J,K Tan luot la trung diém ctia 4B, BC

va SB . Trong cac ménh dé sau, ménh dé nao sai?

A) (IJK)//(SAC). B) BD L (LJK).
O) (SD,BC)=60° D) BD L (SAC).

Cau 12: Cho hinh chép S.4BCD c6 ddy ABCD la hinh chit nhat tam 7/, S4
vuong goc v6i mit phang day. Goi H,K lan luot 1a hinh chiéu ctia 4
1én SC,SD . Khang dinh nao sau day la dang?

A) 4K 1 (SCD). B) BD 1 (SAC).
C) 4H 1(SCD) D) BC L (S4C).

Cau 13: Cho t& dién O4BC c6 0OA4,0B,0C d6i mot vudng goc véi nhau.
Goi H la hinh chiéu ctia O trén mit phang (ABC). Ménh dé nao sau
day la dang?

A) H latrong tam cta tam giac ABC.
B) H latrung diém cua BC.
C) H la triec tam ctia tam gidc 4ABC

D) H latrung diém cta AC.
Cau14: Cho hinh chép S.ABCD c6 day ABCD la hinh vuodng,

SAL(ABCD). Goi E,F lan luot la hinh chiéu cia 4 1én SB,SD. Chon
khang dinh sai ?
A) (SC,EF)=90°. B) (SC,AE)=90°.
O (SC,4F)=90°. D) (SC,BC)=90°.

Cau 15: Cho hinh chép S.ABCD ¢6 day ABCD la hinh thang vudng tai 4
va D, biét AD=CD=a va AB=2a, SAL(ABCD). Goi E la trung
diém AB . Chon ménh dé dung trong cac ménh dé sau:

12



A) CE 1 (54B). B) CB L SB.
O CE L(SDC). D) SC LCD.

E. HYONG DAN GIAI

BAI TAP TU LUYEN

Bai 1:

EF L AB
SE L AB
SENSF =S5
SE, EF  (SEF)

suyra AB L(SEF).

Tac6 AB//CD nén CD L (SEF)

SH L EF
SH 1 AB(AB L (SEF))
ABNEF =E
EF, 4B = (ABCD)

suy ra SH L (ABCD), ma AC c(4BCD), khi d6 SH L AC
Bai 2:

13



a) Ta c6 2 tam gidc AMBC va ABCD latam gidccantai 4 va D nén DI | BC
va Al 1 BC.Ma DI va Al 1a2 duong cat nhau trong mét phang (ADI ) , khi

dé BC L(4DI).

AH 1 DI
AH 1 BC
byTacoy po_, = AH 1 (BCD).
DI, BC = (BCD)
Bai 3:
5

.--\-\-------
¥---
O

]
£

@

a) Tacé hai tam giac SAC vatam gidc SBD cantai S nén SO vudng goc véi
AC va BD.
Ma AC va BD la2 duong cat nhau trong (4BCD) nén SO L (ABCD).

AC L BD
AC L SO
SONBD=0
SO, BD < (SBD)

b) Ta c6 = AC 1 (SBD)

14



Talai co IJ la dwong trung binh tam gidc ABC nén IJ// AC nén IJ L (SBD)

D DH 2
¢) Vi G latrong tam AACD nén —G=—=—.
DO DS 3

Suy ra HG//SO, ma SO L(ABCD) nén HG L (ABCD).

Bai 4:

BD 1 §4

BD L AC 'A khi d6 BD L SC
a) SANAC = A = BD 1 (SA4C), khi d6 .

SA,AC = (SAC)

b)Taco 2L =% nén K //BD, ma BD L(SAC) nén IK L (SAC).

Bai 5:

15



BC 1 4B
g |BC LS4
a) Tacod SA N AB = A = BC 1 (S4B).
SA,AB < (SAB)
AM L BC
Tacg |AM LSB v L(sB
aco\p po_p = (SBC).
SB,BC < (SBC)
b) Taco "L =N pan MN//BC , ma BC 1(S4B), khi d6 MN L (S4B).
SB  SC
Suyra SB L AN .
Bai 6:

16

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

-

batdd dai SA=SB=SC=a
Ta c6 ASAB vudng can tai S nén 4B =a+/2 .
Tacd ASBC cantai S, co BSC = 60" nén ASBC déu canh a.

Trong ASAC 6 AC =~S4* + SC* —254.5C.cos120° = a+/3 .

Dé thdy AC® = AB* + BC* =34’ nén tam gidc ABC vudng tai B suyra [ 1a tim
duong tron ngoai tiép da giac day.

Hinh chép S.4BC c6 S4=SB=SC va I latam duong tron ngoai tiép da giac
day nén S7 L (ABC) .



Bai 7:

CD L BH

CD 1 4B
ABNBH =B
AB,BH < (ABH )

= CD 1 (4BH).

CD 1 4K
CD 1 4B
AK N 4B =4
AK,AB = (ABK)

b) = CD 1 (4BK).

c) Trong AACD, goi AKNCD=E.
Tacé CD L(A4BK), khi d6 CD L(4BE), suy ra CD L BE (BE < (BCD)).
Trong mat phang (BCD), tacé BH L CD (H 1a truc tam ABCD).
Suy ra 3 diém B,H,E thing hang.

Vay ba duong 4K,BH,CD dong quy tai E .

Bai 8:
BC 1 AB CD 1 AD
BC 1 84 . |CP LA y
D\ apnsa=a = BCLSAB) (g upy = CPL(SAD).

AB,S4 < (S4B) SA,AD < (SAD)
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BD 1 AC
BD 1 54
ACNSA=4
AC,84 = (S4C)

b) = BD 1 (SAC).

Ta lai c6 BDN(SAC)=0, ma O la trung di€ém BD nén (SAC) la mat
phang trung truc ctia BD .

AH L SB
AH 1 BC
SBNBC =B
SB,BC c (SBC)

= AH 1 (SBC), suy ra AH 1 SC.

AK 1L SD
AK L CD
SDACD=D
SD,CD c (SCD)

= AK L (SCD), suy ra 4K 1 SC.

SC L AH
SC L 4K
AH Ak =4 = SCL(4HK)
AH, AK < (AHK)
SC L AH
., |SCLal
Ta lai co AH Al = A = SC L (4HI).

AH, Al < (AHI)

Ta c6 hai mat phang (4HK) va (4HI) cung vudng goc véi SC va di qua
diém A4 nén (4HI)=(AHK).

Suy ra ba duong thang 4H, A4I, AK cling nam trong mdt mat phang.

Nhé: C6 duy nhat mt mit phang di qua mot diém va vudng goc véi mot
duong thang cho truedc. (dinh 1i 2)

BAI TAP TRAC NGHIEM

15 [2¢ [58 48 [5¢ [eb [7c [55 [oA [104]
IV N T TN N I I I
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Bai 1: Chon B.
C6 duy nhat mot mat phang di qua mot diém cho trude va vuong goc véi mot
duong thang cho trudc.

Bai 2: Chon C.
Néu duong thang ¢ song song véi mat phang (P) va duong thang b vuong
g6c véi a thi b vudng gdéc v6i mat phang (P)

Bai 3: Chon B.
Néu duong thang d vudng goc véi hai duong thang nam trong (a) thi
d1l(a).

Bai 4: Chon B.

= BC L(84D).
BC 154

Bai 5: Chon C.

{BC 1 4B

: {ACJ'BD:ACJ_(SBD).Mé IJ// AC nén 1J L (SBD).

Ta cé
AC L SO
Bai 6: Chon D.
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BD 1 AC
BD 1 SO
Ta c6 SONAC <O = BD 1 (S4C).
SO, AC c (SAC)
Bai 7: Chon C.
Dé dang chttng minh dugc BC L (S4B), tir 46 suy ra AH L (SBC).
Khi d6 AH LSB, AH L BC, AH 1 SC.Vay dap én C sai.
Bai 8: Chon B.
Tuong tw cau 7, ching minh AH 1 (SBC), khi d6 BC L AH .
Bai 9: Chon A.
Dé dang chting minh SO L (ABCD) tit d6 chting minh dwoc BD L (SAC).
Bai 10 : Chon A.
Néu a//(P) va b1 (P) thibla.
Bai 11: Chon C.

Cac dap an A, B, D déu dung. DPap an C chua du dt kién dé két luan
(SD,/B\C) - 60°.
Bai 12: Chon A.
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, CD 1 AD
Ta c6 = CD 1 (SAD)= CD L 4K .
CD 1 54
Ma AK 1 SD nén AK 1 (SCD).
Bai 13: Chon C.
A

1

Ta cé
OA 1. OB
0OA 1L oC

Ma OH 1 (OBC)=>OH 1 BC.

}:OAJ_(OBC):OAJ_BC .

Vay ta co:

BC L 04

BC 1 OH

Chitng minh twong tuta cd AB L CH .

Suy ra H latriec tdm ctia tam gidc ABC.
Bai 14: Chon A.

}:BCJ_(OAH):BCJ_AH.

Tacd S4 L (ABCD) = SA L BC.Laicd BC L AB nén BC L (SAB) = BC 1 AE .

AE 1 SB, AE | BC = AE 1 (SBC)= AE 1 SC, (1).

21



Chting minh tuong tu ta cé SC L AF, (2)
Vay tur (1) va (2)tacéd SC L(AEF).

Bai 15: Chon A.

{CE //AD

AD 1L (548)™ CE 1 (S4B) .
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Chuong VIII

QUAN HE VUONG GOC
TRONG KHONG GIAN

HAI MAT PHANG VUONG GOC

A.

I.

II.

II1.

TOM TAT LY THUYET

Goc giita hai mat phang,

Géc gifta hai mat phang la goc gitta hai duong thang Ian luot vuong goc
véi hai mat phéng doé.

Céch x4c dinh géc giita hai mit phang (P) va (Q)

Budc 1: Tim giao tuyén d ctia hai mit phang (P)va (Q).
Budc 2: Lay 1 diém [ tuy y thudc d . Trong mp (P)
dung duong thang a di qua I va vudng goc véi
duong thang d .

Budc 3: Trong mp(Q) dung duong thiang b di qua /

va cling vuéng gbc véi duong thang d .

Khi d6: Géc gitta hai mp (P) vamp(Q) chinh bang goc
gitta a va b.

Hai mit phing vudng goc.

Hai mat phang duoc goi la vudng goc véi nhau néu gdc gitta chting bang
90°. Ky hiéu: (P)L(0).

Diéu kién can va du dé hai mdt phang vudng goc véi

nhau la mat phang nay chita mot duong thang vudng

gbc véi mat phang kia.

)0
=
al(Q)
Tinh chat ctia hai mat phang vuong goc.
Néu hai mat phang vudng géc véi nhau thi bat et duong thang nao nam

trong mat phang nay ma vuong goc véi giao tuyén cling vudng goc voi

mat phang kia.



(P)L(0)

(P)N(Q)=d =a L1(0)
aC(P),aJ_d

e Néu hai mat phang cat nhau va cting vuong goc véi mat phang thit ba thi

giao tuyén ctia chting vudng géc véi mit phang thit ba.

(P)n(Q)=a

(P)L(R)
(0)L(R)

=a L (R)

IV. Hinh lang tru ding, hinh hép, hinh lap phuong.

Tén Pinh nghia Hinh vé Tinh chit co ban
Hinh la hinh ldng tru ? - Canh bén vuong goc
lang tru | c6 canh bén . / © | v6ihai day.
ding vudng gdc voi - Mt bén 1a cac hinh

mit phang day 4| | chitnhat.
Hinh  |lahinhlangtru | A< - Hai dé4y 1a hai da
ling tru | ding codayla | ‘T /1 A | gidc déu.
déu da gidc déu F 1 I || -Matbeén 1a cac hinh
it chit nhat.
e - Canh bén va duong
PO C | ndi tam hai ddy
s b vuong goc voi hai
day.
Hinh la hinh lang tru - BOn mat bén 1a hinh
hop dvmg c6 day [ ¢ chit nhat.
ding hinh binh hanh \/ - Hai day la hinh binh
hanh.
Hinh la hinh hop ! - Sau mat la hinh chi¢
hop chit | ding c6 day la J— ~_) | nhat.
nhat hinh chi* nhat -bédai a,b,c cia3
canh cung di qua mot
dinh goi la ba kich
thwdce ctia hinh hop
chi nhat.




- b6 dai duong chéo
d duwoc tinh theo 3

kich thuéc

d=~a* +b* +c*
Hinh la hinh hop chi ] - S4u mat 1a hinh
lap nhat c6 tat ca vudng.

phuwong | cic canh bang ) - b6 dai dueong chéo
nhau d dwoc tinh theo
cong thirc d = a3

V. Hinh ch6p déu va hinh chop cut.
e Mot hinh chdép duoc goi 1a hinh chép déu néu nd c6 day la méot da giac

déu va c6 chan duong cao trung véi tam cua da giac day.

+» Nhan xét:

- Hinh chép déu cé cac mit bén 1a nhitng tam giac can bang nhau. Céc
mat bén tao véi day cac goc bang nhau.

- C4c canh bén ctia hinh chép déu tao véi ddy cac gde bang nhau.

Khi cat hinh chép déu béi mot mit phing song song véi day dé duoe mot
hinh chép cut thi hinh chép cut dé dwoc goi 1a hinh chép cut déu.

Nhan xét:

- Canh bén ctia mat bén goi la canh bén ctia hinh chdp cut. Hinh chép cut
déu c6 cac canh bén bing nhau, cac mit bén 1a nhitng hinh thang can.

- Poan thang ndi tdm hai ddy la dwong cao. Do dai duong cao la chiéu

cao.

. CAC DANG TOAN.

DANG 1:
GOC GIUA HAI MAT PHANG

Phuwong phap:
Céch 1: Dung dinh nghia: Tim hai duong thang
a,b Tan luot vudng géc véi hai mat phang (P)
va (Q). Khi d6, géc giira hai mit phang mét
phéng (P) va (Q) chinh la goc gitta hai duong

thang a va b



Cach 2: Ta thuc hién theo 2 budc

Budc 1: Tim giao tuyén d cta hai mit phang (P) va (Q).
Budce 2: Tim 1 diém 7 thudc d sao cho trong

mp (P) ta dé dang tim dwoc mot duong

thang a di qua I va vuong goc véi duong

thiang d va trong mp(Q)ta tim dwoc mot Y

duong thang b ciing di qua I va vudng goc

véi duong thang d .

Khi d6: Géc gifta hai mit phang (P) va (Q)chinh bang goc gitta a
va b

Cach 3: Néu hai mat phang d6 vudng gdc véi nhau thi géc gitta
chting bang 90°

Cach 4: Ta st dung cong thitc tinh dién tich hinh chiéu ctia mot da
giac trong khong gian: S'=S.cos¢

Vi du 1. Cho hinh chép S.ABC c6 day ABC la tam giac vuong tai B, SA4
vudng goc voi ddy. Tim géc gitta hai mat phang (SBC) va (4BC).

Loi giai
Ta co:
(SBC) (4BC)=BC (1) s
ABC(A ) AB 1 BC (2)

SB = (SBC),SB L BC(BC L(SBC)) (3)
Tu (1),(2) va (3) suy ra géc giita 2 mp (SBC) va
(4BC) 1a SBA.
Vi du 2. Cho hinh chép déu S.4BCD c6 tét ca cac canh bang a. Goi M 1a
trung diém SC . Tinh goc ¢ gitta hai mat phang (MBD) va (ABCD).
Loi giai
Goi M' 1a trung diém OC
= MM'/ /SO = MM' L (ABCD)

. [BDLM'O
Ta co: = BD 1 MO
BD | MM
N
MM'==80 = Z:iMo_loc_lAc_iMo MM*+ M'0?




Theo cdng thirc dién tich hinh chiéu, ta c6 S, 5 = COSP.S\1mp
. cosp— S _ BDM'O_M'O =£:>(p:450
Syysp  BD.MO MO 2
Vi du 3. Cho hinh chép S.ABCD c¢6é ddy ABCD la hinh vuong tam O canh

2a,584=a va vudng goc véi mat phang (ABCD) Trén BC 18y diém I

sao cho tam gidc SDI vudng tai S. Biét géc gitta hai mat phang (SDI)
va (ABCD) 1a 60° Tinh d¢ dai SI.
Loi giai

Tt 4 dung AK L ID(K € ID)

— ID | (SAK)= ID | SK
Suy ra géc gitta hai mat phang (SDI) va
(4BCD) 1a goc AKS = 60°
Tam gidc SAK vudng tai A4, ta co:

Sin ASK =4 . sk = Sf\zzaﬁ
SK SinASK 3

Tam gidc SAD vudng tai 4, ta co:
SD=~S4* + AD* = a5

Tam gidc SID vuodng tai S, SK la duong cao, ta cé:
111 L_3 1 g 25

S e e e
SK* SI*  SD*  SI* 44> 5a° 11
DANG 2:
DIEN TiCH HINH CHIEU CUA PA GIAC
Phuong phap:

+Goi S 1a dién tich cua da gidc (H) trong mat phang (o) va §' 1a dién tich
ctia da gidc (H')-la hinh chiéu cta (H) trén mat phang (4) thi

S’ = S.cosp|, trong d6 ¢ 1a gdc gitra hai mat phang (o) va (3).

Vidul. Cho hinh chép S.ABC cd S4 vudng goc voi ddy. Tam gidac SBC
vudng can tai S, c6 SB=a.Mit phang (SBC)hop véi ddy mot goc 30°.
Tinh dién tich tam gidc ABC.

Loi giai
Do ASBC vudng can tai S ¢ SB=a nén dién tich ASBC la:



2
s=tspsc=%
2 2 i

Vi S4 L (ABC)nén A4BCla hinh chiéu vudng géc N
ctia ASBC1én mp(A4BC). Goi ¢ 1a goc gitra hai

mp (SBC) vamp (ABC)tacd ¢=30°.

Ap dung tinh chat dién tich hinh chiéu cta da

gidc, ta co:
2 ) \
Saise =Saspe COSQ = %.COS 30° = a f

a*\3
4

Vay dién tich tam gidc ABC bang:
Vi du 2. Cho hinh chép tam gidc déu S.4BC c6 AB = a~/2 . Mit phang bén
(SBC) hop véi ddy modt goc 60°. Tinh dién tich ASBC .
Loi giai
Goi H latrong tam cua AABC, M la trung diém canh BC.
Ta c6 SH L(ABC)tai H.Do d6 AHBC la hinh chiéu
vudng goc cua ASBC 1én mp (A4BC).

. S
Ta c6: S,ype = Sagse-€0860° = S,y =—2BE =28

cos 60°
a3
12

. a’\3 §
Vay Syspe =28upc = 6

Talai c6: S, = %SMBC = éAB.BC.sin ABC =

Vi du 3. Cho hinh chép ti gidc déu S.ABCD c6 AB =a, métbén (SDC) hop
vGi ddy mot gée 45°. Tinh dién tich tam gidc SDC.
Loi gidi
Goi O=4ACnBD
Do S.4BCD1a hinh ch6p tit giac déunén SO L (ABCD)tai O



Hinh chiéu vudng goc cia ASDC 1én mp (A4BCD)
la AODC.

S
Saonc = Saspc-C0S 45" = Saspc = coAsOéfgo = \/ESAODC

. 1 a’
Ma S, opc = ZSABCD =

4

22
4
Vi du 4. Cho hinh chop S.4BCD déy la hinh thoi canh a, goc DAB =120,

canh bén S4 vudng goc véi day. Goi M la trung diém canh BC, goc

SMA =60°. Tinh dién tich tam giac SBC.

Loi giai

Do tt¢ gidc ABCD 1a hinh thoi nén DAB =120° = ABC = 60"

Ta c6: AABC la tam giac déu canh a.Suy ra AM L BC (1)

Ma S4 1 BCnén SM L BC (2) ;

Ta lai c6: (SBC)(ABCD)=BC (3) 1

T (1),(2) va (3)suy ra géc gitta mp (SBC)va

d4y (4BCD)1a SMA

Do S4 L (ABCD)tai 4 nén hinh chiéu vudng goc

ctia ASBC 1én mp(ABCD)1a A4BC .

Taco: S,z = SASBC.COS@

Vay Saspe =

S 1, . a3
= Syepe = cozAg(C)O =28 50 = 2.5.az.s1n60O =

a3

2

Vi du 5. Cho hinh ldng tru diing 4BC.4'B'C'c6 day ABC la tam gidc déu.
Goi M, Plan lugt 1a trung di€m c4c canh 44", BB'. Mit phang («) di

Véy SASBC =

qua M va B', song song véi canh CP cat lang tru ABC.4'B'C'theo thiét
dién la mot tam gidc c6 dién tich bé“mg a*\/6 . Tinh do dai canh 4B theo
a, biét géc gitta mp () v6i ddy (ABC)bang 45°.

Loi giai



Goi N la trung diém canh CC'.

Ta c9, thiét dién cua lang tru 4BC.4'B'C'khi ;
cat boi mp («) 1a tam gidc MNB'. oY
Do ABC.A'B'C' 1a hinh ling tru dting nén hinh -
chiéu vudng goc ctia AMNB' 1én mp (A4BC)1a
AACB .

Ta cd: S, ,cp = Sapg-C0545° =a* 3

2 2
AB4\/§ nén AB4\/§ =a’\3

Ma S, = 3

= AB* = 44> = AB =2a

Vay AB=2a.
DANG 3:
CHUNG MINH HAI MAT PHANG VUONG GOC

Phuwong phap:

+ Cach 1: Ta chtiing minh m4t phang nay chita mot duong thang vudng
g6c voi mat phang kia.

+ Céch 2: Ta chiing minh goc gitra chung 1a 90°.

Vi du 1. Cho hinh lang tru dtng ABCD.A'B'C'D'c6 ddy ABCD la hinh
vudng. Chiing minh: (4B'C) L (BDB")
Loi giai
Ta co:
AC L BD (do t& gidc ABCD la hinh vuong)
AC L BB' (do ABCD.A'B'C'D' 1a hinh lang tru dirng c6 canh bén vuong
gbc voi day)
= AC L(BDB') = (AB'C) L(BDB").

Vi du 2. Cho hinh chép S.4BCD c6 day ABCD la hinh chit nhat, 4B=a,
AD=a2, SAL(ABCD).Goi M la trung diém cta 4D, I la giao diém
ctia AC va BM . Chung minh: (S4C) L (SMB)

Loi giai



+Taco: SAL(ABCD)= SA L BM (1).
+ Xét tam gidc vuong ABM cé:

tan/l/i\ﬁ?:ﬁzx/z.
AM

Xét tam giac vuong ACD co:

tan@zgzﬁ.
AD 2

Ta cé:
1—tan A/Aﬁ?.tanC/‘AT) _

cotmzcot(l80°—(@+@))=—cot(1@+@))=— — —
tan AMB + tan CAD

0

= AIM =90° = BM 1 AC (2)
T (1)va (2)suy ra: BM L(SAC) ma BM —(SMB) nén (SAC) L(SMB)
Vi du 3. Cho hinh vuoéng 4BCD . Goi S la diém trong khong gian sao cho
SAB 1a tam giac déu va nam trong mat phang vuong goc véi day
(ABCD).Goi H va [ lanluotla trung diém cua 4B va BC . Chting minh:
a) (S4B)L(S4D) b) (S4B) L (SBC)
¢) (SHC) L(SDI)
Loi giai
a) Vitam giac SAB déunén SH | AB.
Ta cé:
(SAB)(ABCD)= AB
(SAB) L (ABCD) = SH L (ABCD)
SH < (SA4B),SH L AB
Nhu vay:
AD 1 AB(gt)
AD L SH(SH 1 (ABCD))=> AD 1 (S4B),
AD,SH = (SAB)
ma AD c (SAD)=>(SAD) L (S4B).
b) Chiing minh hoan toan twong tu, ta dwoc (SBC) L (S4B)
¢) Ta lai c6: ABCH = ACDI (¢c.g.c)=C, =D,
ma D, +1,=90° = C, +1, =90° = HC L DI




HC 1 DI

Nhu vay < HS L DI(SH 1 (ABCD))=> DI 1 (SHC),
CH,SH  (SHC)

ma DI c (SDI)= (SDI)L(SHC).

DANG 4:
HAI MAT PHANG VUONG GOC LIEN QUAN HINH HOP CHU
NHAT
Phuong phap ching minh hai mit phang vuéng goc:
+ Cach 1: Ta chtiing minh mat phang nay chtta mot duwong thang vudng
gbc véi mat phang kia.
+ Cach 2: Ta chtirng minh goc gitra ching 1a 90°.
Phuong phap tinh goc giita hai mit phang
e Tim giao tuyén (P)N(Q)=A.

e Trong (P) tim a vudng gocvdi A , trong (Q) tim b vudng goc
véi A vaa,b cidtnhautai I .
o Goc gifta hai mit phing(P) va(Q)la goc gitra hai duong thang a
vab.
Chit yj: Trong mot s6'trueong hop néu chi yéu ciu tinh goc giia hai mdt phing
thi chiing ta ¢ thé’ dp dung cong thirc hinh chiéu dé'tinh.
Cong thiic hinh chiéu: Goi hinh (H) c6 dién tich S; hinh (') la hinh
chiéu ctia (H) trén mit phang (a) cé dién tich S';¢ la goc gitta mit
phéng chita (H) vamp (). Lic d6, ta cé cong thirc sau: S'=S.cosg.

Vi du 1. Cho hinh hop cht nhat 4BCD.A'B'C'D' ¢6 day ABCD la hinh
vubng canh bing 2v/2, 44'=4. Tinh géc gitta mat phing (4'BC) véimat
phéng (4BCD).

Loi gidi

B’ '




. [BC L 4B
Taco = BC 1 (44'B'B)= BC L A'B

BC 1 AA'
Mat khéc 4B L BC va (A'BC)n(ABCD)=BC
Do d6 (4'BC):(ABCD)=(4'B, AB) = A'BA.
Tacé tnABA="4 - % _ 2 . TBa~547°

4B 22 2
Vi du 2. Cho hinh hop chit nhat ABCD.A'B'C'D' ¢6 AB=a,AD =2a,
=3a. Tinh goc gitta mit phang (A4'BD) voi mit phang (A4BCD).
Loi giai

Ta c6 hinh chiéu ctia A4'BD trén mit phang (4BCD) 1a AABD nén
S

AABD

S

AA'BD

A'B=100,4'D =130, 8D =Ba = ., = [n.(» - 4 B) A'D)(p—BD):gaz

cos((4'BD),(4BCD)) =

Mit khéc 5, = % 020 =d’
A S o {f o)
Vay 2a4m0 _ ( A'BD) (ABCD)) ~ 73,4°
SAA'BD

Vi du 3. Cho hinh th cht nhat ABCD.A'B'C'D'c6AB = AD =a,AA'=).
Goi M la trung diém cua CC'. Tisd % d€ hai mat phang (A'BD) va

(MBD) vuong gbc voi nhau.

Loi giai

11



Goi O 1a tAm hinh chi* nhat 4BCD . Ta c6 BD = (A ! BD) N (MBD)

BD 1 AC

BDLAA,;»BDL(ACC'A')

BD L(ACC'A") -
Vay {(AcC4')n(4'BD)=04' = [(A'BD),(MBD)] — (OM, OA")
(ACC'A')n(MBD) = OM

AC'  JAB + AD* + AA”  2a® + 1
2 2

Ta co: OM =

2 2
OA® = AC* + AA® = %+b2;MA‘2 _ AP+ MO = o+ 20

(A'BD) L (MBD) < AOMA'vuéng tai O

20 +b  d’ 5b

= OM* + 0A” = MA” & +—+b2:a2+7<:>a2:b2<:>%:1

2
Vay (A'BD) L (MBD) khi % ~1.
DANG 5:
HAI MAT PHANG VUONG GOC LIEN QUAN HINH LAP PHUONG

Phuong phap ching minh hai mit phang vuéng goc:
+ Cach 1: Ta chiing minh mt phang nay chtta mot duwong thang vudng
g6c voi mat phang kia.

+ Céch 2: Ta chiing minh goc gitra chung 1a 90°.
Phuong phép tinh goc giita hai mat phang
e Tim giao tuyén (P)N(Q)=A.

e Trong (P) tim a vudng gocvéi A , trong (Q) tim b vudng goc

vOi A vaa,b catnhautai I .



e Goc giita hai mit phang(P) va(Q)la géc gifta hai duong thang a
vab.

Chit yj: Trong mot s0'trueong hop néu chi yéu ciu tinh goc giia hai mdt phing
thi chiing ta c6 thé dp dung cong thirc hinh chiéu dé'tinh.
Cong thiic hinh chiéu: Goi hinh (H) c6 dién tich S; hinh (H') la hinh
chiéu ctia (H) trén mdt phang (a) cé dién tich S';¢ la goc gitta mit
phéng chita (H) vamp (). Lic d6, ta cé cong thirc sau: §'=S.cosg.

Vi du 1. Cho hinh lap phuong ABCD.4,B,C,D,. Mt phang (4,BD) khong

vudng goc véi mat phang nao dudi day?

A. (4B,D). B. (ACC 4,).
C. (4BD)). D. (4,BC,).
Loi gidi

\/ ‘\.

N '
N i
Ir~~__
ANREE.

Goi I=AB N AB.
Tam giac 4, BD déu c6 DI la duong trung tuyénnén DI L 4B.
DAL (AABB)= DAL AB.

AB 1 DI . ,

} = 4B L (4B D) nén A dung.

AB 1 AD
Ta co:
{BD A€ BD 1(4CC4) = (4,BD) L(ACC,4,) nén B dung.
BD 1 AA
Goi J=AD,NAD.
Tam gidc 4,BD déu c6 BJ la duwong trung tuyén nén BJ L A D.
BA L (AAD,D)= BAL AD.

AD 1 BJ
{AID 1L BA

D sai.

= A,B L (A4BD,) nén C ding.

13



Vi du 2. Cho hinh 1ap phwong ABCD.A'B'C'D'c6 canh bang a .Cat hinh 1ap
phuong bdi mit phang trung triec ctia BD'. Dién tich thiét dién la:

A.S=a2g. B. S=d4°.
2
C.S=3a4ﬁ. D.Szazg.

Goi E la trung diém ctia 4D .Tacé EB=ED'nén E thudc mit phang
trung trec caa BD'.

Goi F,G,H,I,K lan luot la trung diém cua CD,CC',B'C',4'B',AA'.
Chting minh twong tu ta c6 cac diém trén déu thudc mit phang trung
triee ctia BD'. Vay thiét dién cta hinh lap phwong cit boi thude mat
phang trung triec ctia BD'1a hinh luc gidc déu EFGHIK c6 canh bang
a\2

2

aﬁfﬁ:ﬁaz _

Vay dién tich thiét dién 1a: §=6. AL
2 )4 4

C dung

DANG 6:
HAI MAT PHANG VUONG GOC LIEN QUAN HINH LANG TRU

Phuong phap
+Cach 1: (P) L(0) < ((P),(Q))=90°

P, (pyLio)

ac
+ Cach 2:
v



Vi du 1. Cho hinh lang tru t& giac déu 4BCD.A'B'C'D' c6 canh day bang a,
goc gitta hai mdt phang (ABCD)va (ABC') c6 s6 do bang 60°. Canh bén

ctia hinh lang tru bang:

A. 3a B. a\/3
C. 2a D. a\/E
Loi giai
Chon B
I
I
C's ll B
\\i\
I \\\
| \\\\
Zat R

Ta c6: (ABCD)N(ABC')=AB.
T gia thiét ta dé dang chimg minh dwoc: 4B L(BB'C'C) ma
C'B<(BB'C'C)= AB LCB.

e —

Mit khac: CB L AB = ((4BCD),(4BC"))=(CB,C'B) = CBC' =60".
Ap dung hé thitc lugng trong tam gidc BCC' vuong tai C ta co:

tan CBC' = % — CC'=CB.tan CBC' = a.tan 60° = a~/3 .

Vi du 2. Cho hinh lang tru 4BCD.A'B'C'D'. Hinh chiéu vudng goc ctia 4’
1én (ABC) trung voi truc tAm H cla tam gidc 4BC . Khang dinh nao

sau day khong dung?

A. (44'B'B) L(BB'C'C) B. (AA'H) L(4A'B'C")

C. BB'C'C lahinh chitnhat. D. (BB'C'C)L(44'H)
Loi giai

Chon A
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Goi K 1a hinh chiéu vudng goc ctia 4 1én BC
= H e AK,BC 1L AK,BC L A'H = BC L (AA'H)
(AA'H) L(A'B'C)
= (BB'C’C) 1 (AA'H) nén dap an B,C,D dung
BC L BB’

C. BAI TAP TU LUYEN.

Bai 1: Cho hinh chop S.4BCD cé ddy la hinh vuéng tam O, canh a, S4
vubng goc véi ddy ABCD,SA = a~/3 . Tinh goc gitta hai mit phing
(S4B)va (SCD).

Bai 2: Cho hinh chop S.ABC c¢6 ddy ABC la tam gidc vuong tai 4,

ABC =60°, tam giac SBC la tam giac déu c6 bang canh 2a va nam trong
mit phang vudng véi ddy. Tinh gdc gitra hai mit phang (SAC) va
(4BC).

Bai 3: Cho hinh chdp S.MNP c6 day la tam giac déu canh 2a, canh bén SM
vuodng goc véi ddy, SM =a. Hai mat bén (SMP)va (SNP)hop vé6i nhau
mot goc 30°. Tinh dién tich tam gidc SNP .

Bai 4: Cho hinh hop chit nhat ABCD.A'B'C'D" c6

AA'=2a,AB=a,AD =a/3 . Tinh s8 do ctia géc gitta (BA'C) va (DA'C).

Bai 5: Cho hinh lap phwong ABCD.4'B'C'D'. Tinh géc gitta AC' va mp
(4'BCD").

Bai 6: Cho hinh lap phwong ABCD.A'B'C'D' canh a . Tinh sd do ctia goc
gifra hai mit phang (BA'C) va (DA'C).



Bai 7: Cho hinh hop chit nhat ABCD.A'B'C'D'. Goi «, 3,9 la 3 gdc tao boi
dwong chéo AC' vdi 3 canh chung dinh 4.
Tinh A=sin* @ +sin” f+sin’ @.

Bai 8: Cho hinh chép S.ABCD c6 SA vudng goc voi ddy ABCD, day la hinh
thang vudng tai 4, c6 day lon 4B,AB=2a,AD=DC =a.Vé
AH 1 SC,H € SC va M la trung diém ctia 4B . Géc gitta (SCD)va

(4BC)1a 60°. Tinh ((S4D),(SMC)).
Bai 9: Cho hinh chop S.ABCD c6 day ABCD la hinh vudng canh « . Canh
bén S4=x va vudng géc véi mit phang (ABCD). X4c dinh x dé hai mit
phéng (SBC) va (SCD) tao véi nhau mot géc 60°.
Bai 10: Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat
AB=a,BC =2a.Canh bén S4 vudng gbéc vdi ddy va S4=a . Tinh goc
gitta (SBC) va (SCD).

D. BAI TAP TRAC NGHIEM

Cau 1: Cho hai mit phang (P),(Q) vudng géc véi nhau. C6 bao nhiéu ménh
dé dung trong cac ménh dé sau?
(1) Géc gitra hai mat phang 1a 90°.
(2) Moi duong thang trong (P) déu vudng géc véi (0).
(3) Ton tai duong thing trong (Q) vudng goc véi (P).
(4) Néu (R) vudng goc véi (Q)thi (R)song song véi (P).
(5) N&u mit phang (R) vudng goc véi (P),(R) vudng géc véi (Q) thi
(R) vudng gbc véi giao tuyén cua (P)va (Q).
A)3 B) 4 o1 D) 5.
Ciu 2: Xét cic ménh dé sau:
(1) Hinh hop la hinh lang tru dtng.
(2) Hinh hop chit nhat 1a hinh lang tru ding.
(3) Hinh lap phwrong la hinh lang tru ding.
(4) Hinh lang tru t& giac déu la lang tru dang.
S6 ménh dé dang trong cac ménh dé trén la:
A) 4. B) 3. O 2. D) 1.
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Cau 3: Cho hinh chdép S.ABCD cé day la hinh vudng canh a,S4 = a3,
SA L (ABCD). Goi a la géc gitta (ABCD)va (SCD). Tinh a?

A) a=30". B) a=45". O a=60". D) a=90".

Céu 4: Cho tam giac 4BC déu canh a va ¢ G la trong tam. Tinh d¢ dai
ctia vecto AG . Cho hinh chép S.4BCD c6 day 1a hinh vuéng canh 2a,
SA=a2,54 L (ABCD). Goi a 1a goc giita (4BCD)va (SBD). Tinh a?
A) a=30". B) a =45". C) a=60". D) a=90".

Cau 5: Cho hinh chop S.4BCD c6 day ABCD la hinh thoi tam O,

SO L (ABCD), cic canh bén va canh ddy déu banga . M la trung diém
SC . Géc giita hai mit phang (MBD) va (SAC)1a?
A) a=30° B) a =90’ O a=60" D) a=45".

Cau 6: Cho hinh chop S.ABCD c6 day ABCD la hinh vuong tam 7, canh bén
SA vuodng goc véi day. Khang dinh nao sau day sai?

A) (SCD) L(84D). B) (SDC) L(84I).
C) (SBC) L(S4B). D) (SBD) L (SAC).

Cau7: Cho hinh chép S.4BCc6 day ABC la tam giac déu.
S4 :%,SA L (A4BC). Géc tao boi mit phing (SBC) va mit déy (4BC)
bang 30°, dién tich tam gidc SBC bang % Tinh d6 dai canh 4B ?

A) AB=a. B) AB=a\2. C) AB=a\3. D) AB=2a.

Cau 8: Cho hinh lang tru dtng A4BCD.A'B'C'D'céd ddy ABCD la hinh

vuong. Khang dinh nao sau day ding ?

A) (4B'C) L(B'BD). B) (4B'C)L(BA'C").
Q) (4B'C) L(D'BC). D) (4B'C)L(D'4B).
Cau 9: Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tam 7, canh a,
3

goc BAD=60°, SA=SB =SD=aT. Goi ¢ la goc gitta hai mat phang

(SBD) va (ABCD). Ménh dé nao sau day ding?

V5 V3

A) tangz):\E. B) tangoz?. O) tanqz):?. D) go:450.

Cau 10: Cho hinh chdép S.ABCD c6 day ABCD la hinh thang vudng tai 4 va



D, canh bén S4 vudng goc voi day, 4B =2a,AD =a,SB =3a.Khi do, ti sd
dién tich ctia ASBC va A4BC bang:

2 g Y1 o D) 2.
2 2 2 2
Cau 11: Cho hinh chép S.4BCD c6 day la hinh vuong canh
a,SA L (ABCD).Goi M, N la cac di€ém thudc BC va CD sao cho

A)

BM = g,DN = %. Chon khang dinh dtng.

A) (SBC) L(SCD). B) (S4M ) L(SBC).
C) (SAN)L(SCD). D) (SAM) L(SMN).
Cau 12: Cho hinh hop chit nhat ABCD.A'B'C'D"' c6
AA'=3a,AB =a,AD =2a. S6 do gbc gitra hai mit phang (B'AC) va
(ABCD) bang:
A) 75"20". B) 7233 C) 73"23'. D) 74°53".
Cau 13: Cho hinh lap phuong ABCD.A'B'C'D’ canh a . Cat hinh lap
phuong béi mit phang trung triee ctia AC'. Dién tich ctia thiét dién la:

3\/§a2 aZ\/g 3\/§a2 azx/g
. 2 Y .

B D
5 ) Q) )16

Ciu 14: Cho hinh lang tru luc gidc déu ABCDEF.A'B'C'D'E'F' ¢6 canh bén
bang a va ADD'A’ 1a hinh vudng. Canh day ctia ling tru bang:
a2 a3 a

—_—. D) —.
2 © 3 )2

Cau 15: Cho hinh lang tru dtng 4ABC.A'B'C’ c6 day ABC la tam giac can
v6i AB=AC=a,BAC=120"va canhbén BB'=q. Tinh cosin giita hai
mat phang (ABC) va (4B'I), véi I 1a trung diém CC' ?

A)

A) a. B)

A 30 B 3 o Y10 p) Y30
8 2 4 10

E. HYONG DAN GIAI

i )
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Bai 1:
Dung AH 1 SD(H € SD).
Tacé AH L SD, AH L. CD (Vi CD 1 (SAD))
= AH 1 (SCD)

Ngoairatacé 4D L (SAB).Khi do, goc gitra hai mat

phang (S4B)va (SCD)la:

—

((SCD),(S4B)) = (A4H, AD) = HAD

Tacé DAH = DSA (vi cting phu véi géc SAH ).
tanD/LST4:A—D:L:>5§4:3OO.
A4S 3
Bai 2:
Goi H latrung diém cta BC, suy ra
SH 1 BC = SH 1 (A4BC).

Goi K latrung diém AC, suy ra HK //AB nén
HK 1 AC.

. [AC LHK
{ = AC L (SHK)= AC L SK

Do d6 (S4C),(ABC) = (SK, HK ) = SKH

Tam giac vuong ABC, c6

AB = BC.cos ABC = a = HK =
Tam gidc vudng SHK , c6 tan SKH = K 23 = SKH ~73".

Bai 3:
Goi [ la trung diém canh MN, ta cé: NI L MP.
Ma NI L SM nén NI L (SMP)
Hinh chiéu vudng goc ctia ASNP 1én mp (SMP)la ASIP

S S \/5 M 3
Syap = Seup €0830° = S, = COSA;IBO _ SM; N
2 N
a3
Ma Sy, :%SM.MP =a’ nén Sy, ZT\/_

Bai 4:



Ké BH L A'C,(He A'C) (1)
Mat khac, ta c6: BD L AC (gt), A4' L (ABCD) = AA' L BD
= BD 1 (ACA"Y=BD L A'C (2)

Tir (1) va (2)suy ra: 4'C L (BDH)= 4'C L DH . Do d6,
(BACH (D)= (5.7D).

B C
Xét tam giadc vudng BA'C co: y 1 D
1 1,1 _ 8 S
BH’ Bc2 BA’Z_ a2 \' /’*“ -~
I TS
sB =< N -7
= BH =a. :>DH— L, T =N
A D
Ta co:
— 2BH*-BD’ 68
cosBHD=""—"— "~ = = BHD ~107°35".
2BH 225

Vay ((BA'C),(DA'C))~ 7224,
Bai 5:

(A'CAAC =1
Goi
C'DNnCD'=H
] C'DL1LCD' . s o . .
Ta c6: = C'D L(A4'BCD") nén IH 1a hinh chiéu vudng goc cta
C'D1LA'D'
AC' 1én (A'BCD")= C'IH la goc giita AC' va (4'BCD')
Vay tanC/-IT-I—CH:L.Z:\/E:CTIT-Izﬂo
IH 2

Bai 6:

o

A'C la truc dudng tron ngoai tiép ABDC' nén A'C L (BDC")
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Goi H=A'CAC'O suyra HB L A'C,HD L A'C ma A4'C=(BA'C)(DA'C)
nén ((B4'C),(D4'C))=(HB,HD) = BHD hoc 180’ — BHD

2 2 2
Xét ABHD ¢6 cos BHD = HB"+HD”—BD
2HB.HD

Goi canh ctia hinh 1ap phuwong la a khi do

1 | 1 a6
3

== -+ > = BH =
BH® A'B° BC

=HD

Vay cosﬁ):—zz—%:ﬁ):lzo‘) = ((BA'C),(DA'C))= 60"
Bai 7

B’ C’

A

a:(m)zzm:sina:A—c
A

_— J— BC‘
AC',AB)= BAC' i =—
( ) = sin f3 T
— = == . DC'
=(AC',AD)=C"'AD =—
¢ =(AC',AD) =sing o

AC?+BC”+DC"” _
AC'Z _2

Taco: < B

= A=sin’ @ +sin’ f+sin’ ¢ =

Bai 8:
Taco: AD//CM .
S e(S4D) N (SCM)
AD//CM
AD = (S4D),CM < (SCM)
= (8S4D)N(SCM ) = Sx(Sx//AD//CM )
Ta co:

DA 1 SA(DA L (SAB))=> SA L Sx

D c

CM 1 (SAB)(vi CM || AD)= SM 1 CM = SM L Sx



_ —

Do d6: ((SAD),(SCM )) = (54,5M ) = 4SM
1

Bai 9:
Tkt 4 ké AH 1 SB(H € SB)

AB 1 BC
ma AH L SB nén AH 1 (SBC)
T 4 ké AK L SD(K < SD)
Tuong tw, ching minh dugc SK L (SCD)
Khi d6 SC L (AHK) suy ra

(s4LBC
Taco{ = BC 1 (S4B)= BC L AH

((SBC)3(SCD)) = (AH; AK) = HAK = 60"

Lai c6 ASAB = ASAD = AH = AK ma HAK = 60". suy ra tam gidc AHK déu.

Tam giac SAB vuong tai S c6 L1 + ! = AH =—22

141_12 g ABZ 1,x2+a2
2 2

Suy ra SH=\/SA2—AH2:x—3S_H: zx -
X2 +a? SB  x"+a

Vi HK //BD suy ra

X 1
= = =S =—=>=x=
SB BD  ¥+d’ ¥idla2 ¥ +dd 2 e

Bai 10:

Dung AI L SB=> Al L (SBC),dung AH 1 SD = AH 1 (SCD).
Vay gdc gitta hai mit phang (SBC)va (SCD) la géc gitta Al va AH .

Ap dung hé thiic luong trong hai tam giac vuéng S4B va SAD ta co:

SB =~/SA* + AB*> = a2 ; SD =\SA> + AD*> = a5 ;
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AH.SD = ADAS — Al =242 _ 29

Al.SB = AB.AS = Al =

aJ— f a5 5
2 2
S = SA a =i;
SB a2 2
SA2 a’ _a
S0 a5 5

Ap dung ham s& cos cho hai tam gidc BSD va IHS c6 chung géc S

~ SB*+SD>*—BD* 2d*+54>-54> <10
cosS = = =

2SBSD 24245 10
2 2 2
H? = SI* + SH? —2.SI.SH.cos S :“—+“——2.i.i.@=“—.
2 05 251 2
a’ N 44> 4
2 2_ 2 7 - T o
cosIAH=AI +AH - IH =2 S 2 =m:>IAH=arccos @ .
2.AI.AH N 5 5

Cau 1: Chon A.
Ménh dé thit nhat dang theo dinh nghia vé gbc. Ménh dé thit hai sai va ménh dé
thit ba dting theo dinh nghia hai mat phang vudng géc. Ménh dé thit tw sai vi
(R) ¢ thé tring véi (Q) Ménh dé thit ndm dtng theo tinh chat hai mit phing
cat nhau ciing vudng goc véi mat phang thit 3 thi giao tuyén ctia ching sé vudng
gbc v6i mat phang &y.
Cau2: ChonB.
Ménh dé (1) sai. Cac canh bén khong vudng goc véi mat day.
Cau 3: ChonC.
(ABCD)(SCD)=CD
AD 1.CD = (4BCD);(SDC) = SDA4
SD 1 CD

tan SDA = >2 = 3 = o = 60°
AD
Cau4: ChonB.



(ABCD)~(SBD) = BD
40 1 BD = (4BCD);(SBD) = 504
SO L BD

tan@:S—Azlza:45°.
A0

CA4u 5: Chon B. A
MD 1. SC
{ = SC 1 (MBD)= (SAC) L (MBD)
MB 1 SC )

B

Cau 6: Chon B.

Khéng c6 duong thang nao ndm trong mp (SDC) vudng géc véi (SA7).
CD 1 AD

(SCD) L(S4D) vi { = CD 1 (S4D) s
CD 1 54
BC 1 84

(SBC) L(S4B) i { = BC 1 (S4B)
BC 1 4B

D

BD 154 !

(SBD) L (84AC) vi = BD 1 (S4C).
BD 1 AC y ’

Cau 7: Chon A.
Vi 84 L (A4BC) nén tam gidc ABC la hinh chiéu vudng goc ctia tam gidc SBC
lén mp (4BC)

Ap dung cong thiec S, ;. = S,gc-c0s 30"
a> 3 a3
= S =TT
Tam gidc ABC déunén AB* = Sawe _ 2 o qp = ’ '
V3
4

Cau 8: Chon A.
(BB'L AC
Ta co
BD 1 AC
= (BB'D) L(4B'C) .
Cau9: Chon A.
T gia thiét suy ra tam gidc ABD déu canh a.

= (BB'D) L AC
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Goi H lahinh chiéu ctia S. trén mit phang (ABCD).Do S4 =SB =SD nén suy
ra H cach déu cac dinh cta tam gidc 4BD hay H la s
tam ctia tam gidc déu 4BD. !

1 ax/g
6

Suy ra HI = Al = A Ln)

6
Vi ABCD lahinh thoinén HI L BD.Tam giac SBD
cantai S nén S/ 1L BD.

Do d6 ((SBD),(ABCD)) = (SI, Al)= SIH .

va SH =S4’ — AH’ =

A . oo SH
Trong tam vuong SHI , co tan SIH = iI_I =5
Cau 10: Chon B.
Goi M la trung diém canh AB. Ta co: t& giac ADCM la hinh vuéng, ACBM
vudng can tai M, BC = a2 .

ASBC vudng tai C, SC=+/SB*—BC* = a7
1 N R N
Do CM = EAB =a,CM 1 AB nén AACBvuong cantai B .
SC 1 BC

Ta cod: < AC L BC
BC =(SBC)n(4BCD)

Nén goc gitta mp (SBC) va mp (4BCD) la SCA

cos s - AC 14
SC 2

Do SA4 L (ABCD)nén AA4BC la hinh chiéu vudng géc ciia ASBC 1én mp (4BCD)
Véy SASBC _ 1 \/ﬁ .

Sysc  cosSCA 7
Céau 11: Chon D.
Ap dung Pitago cho cic tam giac vudng
ABM ,CMN, ADN . Ta cé:

2 2
AM? = AB* + BM> =a2+(%j :5%

2 2 2
MN? =CM* +CN? =(%) +(%) _da

16

2 2
AN? = AD* + DN* = a* 4| 24| =24
4 16

= AM’ + MN* = AN?.
Theo dinh ly ddo Pitago thi AAMN vudngtaiM . Nén MN L AM .



MN L AM
Ta co: { = MN L (SAM). Ma MN < (SMN)=>(SAM ) L (SMN).
MN 1 54

Cau 12: Chon D.

C
BD 1 AA'
BD L AL
(4'BD)N(ABCD)=BD

Do {BD 1 A'L = ((4'BD),(4BCD)) = (4L, A4'L)
BD 1 AL

KéALJ_BD.Tacé:{ = BD 1 (AA'L)=BD L A'L

Xét tam giac ABC':

1 1 1 1 1 44B* 2+/5A4B
=t —= —+—— > A =——= AL= V5
AL”  AD~ AB 44B- AB 5 5
Xét tam giac A'AL
——  AA’ 4A4B — e
tanA4'AL=——= =2\/§:>A'ALz77023':>s1nA'ALzO,98.
AL 254B

5

Cau 13: Chon C.

D N

2
Goi M latrung diém BC, khi d6 MA=MC'=,|a’ +(%) a5 nén M thudc

mit phang trung triec ctia AC'. Twong tu ta cling c6 cac di€ém N,P,Q,R,S lan
luwot la trung diém DC,DD',D'A',A'B',B'B va cling thu¢c mat phéng trung
truec.
Vay thiét dién can tim 1a luc gidc déu MNPQORS va c6 dién tich bang

2
6 [a\/EJ \/g _ 3\/g az

2 )4 4

27



Céau 14: Chon D.

Téng sd do cac goc cua hinh luc gidc la 4.180° = 720°. Vi 4BCDEF la hinh luc
giac déu nén mdi géc cia hinh luc gidc déu ABCDEF 1a 120° = FAB =120, Vi
ABCDEF la hinh luc gidc déu nén ta suy ra:

—

AD 1a tia phan giac ctia géc FAB va EDC = FAD = % =60°.
Tam gidc AFD vudng tai Fc6 FAD=60" va AD=a ta suy ra:
—  AF = 1
cos FAD = = = AF = AD.cos FAD = a.cos60° = a.— ==
AD 2 2
Cau 15: Chon D.

B

Tacd AB'=a 2, Al = ,B'I=~/B'C*+C'T*> ma

a5
2
a13

B'C” =BC? =a’ +a” —2a.a.cos120” =3a’ Suy ra B'I:T .

2
Do d6 AB"+ AI* =24 +5%:B'12 = A4B'I vuédngtai A.
Ta cé A4BC la hinh chiéu ctia A4B'I trén (ABC).

a’\3
-

Ma S, ¢ :%.a.a.sinleO =

2
! %.a\/i.agza \/E

Nens, ;= AB'Al = "

Goi ((ABC),(AB'I)) =@ khidd S, ;.= S,,,.-CO80 = cosp = Suue _

AAB'L

=

10



Chuong VIII

QUAN HE VUONG GOC
TRONG KHONG GIAN

KHOANG CACH TRONG KHONG GIAN

A. TOM TAT LY THUYET

I. Khoang cach tir mot diém dén mot duwong thang, dén mot mit phang,.

e Néu H la hinh chidu vuong géc ctia diém M trén duong thang a thi
dd dai doan MH dwoc goi la khoang cach tit M dén duong thing a,
ky hiéu d(M,a).Khi d6é d(M,a)=MH .

e Néu H la hinh chiéu vudng goc ctia diém M trén mit phang (P) thi
dd dai doan MH duoc goi la khoang cach tir M dén mat phang (P), ky
hiéu d(M,(P)).Khi d6 d(M,(P))=MH .

M

b

/. y//s«

% Chuy: *dMa =0 & Mea.

* d(M,(P))=0 < Me(P).
* V6i moi diém N tuy y thude a, ludén ¢ d(M,a)< MN .
* Vi moi di€m N tuy y thudc (P), ludn cé d(M,(P))<MN.
II. Khoang cach giita cic dwong thing va mit phang song song, giita hai
mit phing song song.
o Khoang cach gifta hai duong thang song song a va b la khoang cach tir
mot diém bat ky trén a dén b, ki hiéu d(a,b).
e Khoang cach giita dwong thang a va mit phing (P) song song véi a 1a

khoang céch tir mot diém bat ky trén a dén (P), ki hiéu d(a,(P)).



e Khoang céch gifta hai mit phang song song (P) va (Q) 1a khoang cach
tir mot diém bét ky trén (P) dén (Q), ki hiéu d((P),(Q)).

d(a,b)=d(M,b)=MH

M
“ § d((P),(Q))=d(M,(Q))=MH
P b H M
P |
M
a
d(a,(P))=d(M, (P))=MH )
‘ i~
e

II1. Khoang cach giita hai duwong thang chéo nhau.
e Duong thang ¢ vita vudng gdc, vira cat hai duong thang chéo nhau a

va b duoc goi la duong vuong gdéc chung ctia a va b.

e Né&u duong vudng goc chung ctia hai duwong thang chéo nhau a va b
cit ching lan luot tai 7 va J thi doan 1J goi la doan vudng gdc chung
ciaa vab

e Khoang cach giita hai dwong thang chéo nhau la d6 dai doan vudéng goc

chung ctia hai duong thing d6, ky hiéu d(a,b). Khi d6 d(a,b)=1J

M I
» U

| |

| | c d(a,b)=I1J=d(a,(Q))=d((P),(Q))=MH

| |

| 1 ] Lo
|
| a'

s b N

o 7
% Chuy:

* Khoang cach gitta hai dwong thang chéo nhau bang khoang céch gitta
mot trong hai duong thang d6 va mat phang song song véi né chira

duong thang con lai.



d(a,b)=d(a,(Q)), véi a//(Q),b=(0Q)
* Khoang cach gitta hai dwong thang chéo nhau bang khoang céch gitta

hai mat phang song song Ian luot chita hai duong thang d6.
d(a.b)=d((P).(0)), vsi (P)/(Q).ac(P).b=(0)
IV. Cong thixc tinh thé tich caa khéi chép, khdi ling try, khéi hop.

Tén khéi Hinh dang Céng thitc thé tich
Kh~01 h?P CI I V=ab.c
chit nhat g .

o m—— b
Ifhai h V==Sh
lang tru
s 1

Khoi chép ‘ V=3Sh
Khoi Chop Vzlh(S-’- S.S +Sr)
cut 3 Y




B. CAC DANG TOAN.
DANG 1:
XAC PINH KHOANG CACH TU PIEM PEN PUONG THANG
Phuong phap:
+ Xac dinh hinh chiéu H cta diém M dén duong thang a
* Trong mat phang chtta M va a,ké MH L a tai H .
* Dyng (P) chtta M vavudng goc a tai H—=MH La tai H .
+ St dung cac cong thixc tinh d¢ dai doan théng dé tinh MH :
* AMHN vudng tai H: MH* = MN* - NH’
* AMAB vuong tai M c6 MH la duong cao:
1 1 1
= + .
MH® MA®> MB’
MAMB — MAMB
AB M4+ MB*

o

OMH:

1 2.8
* AMAB c¢6 MH la duong cao: S,,,, =5.AB.MH:MH =ﬁ.

MNnNna=P d(M,a)_MP

d(N,a):NK: d(N,a) NP’

M

* Dung ti l¢: {

¢ : P
H K

Vi du 1. Cho hinh chép S.4BC tat ca cach canh bang 2a, SG L(ABC) véi
G la trong tam AABC, I la trung diém BC.
a) Tinh khoang cach tie S dén Al
b) Tinh khoang cach tir 4 dén SI.
Loi giai
M




a) Tacd SG L Al tai G =d(S,4I)=5G.

AABC déu :Al:?.zaw\@,AG:%Al:zfa.

Xét ASAG vuodng tai G co:
2
SG =~/SA* - AG* :\/(261)2 —(%a} 26,

3
2.6
=—a.
3

Vay d(S,41)=SG

b) Trong (SAI): V& AH L SI tai H = d(A,SI)=A4H,
Vé GK L SI tai K =d(G,SI)=GK .

M=ﬂ:>ai(/1,S1)=AH - G
d(G,SI) GI GI

ASGI vuodng tai G c¢6 GK la duong cao:

1 [ 1 246
GK = I = I I = a.

GS* GI’ (22{8(1]2 (1 | aﬁjz

Al 326 26

=>AH=—GK=———a=
GI 1 9 3

26
a.
3
Vi du 2. Cho hinh lap phwong ABCD.A'B'C'D' ¢6 canh 3a.
a) Tinh khoang cach tit C' dén B'D.
b) Tinh khoang cach tir B dén A'C’.

(el

Tacd: AGNSI=]=

Vay d(A4,SI)=

Loi giai
A, DI
3 K
B’ v '
e
T H
Ao TN
e D
Cec




a) Trong (C'B'D),ké C'H L B'D tai H=d(C',B'D)=C'H
B'C' L(CDD'C')=B'C' LC'Dc(CDD'C').
Xét AB'C'D vuong tai C' c6 C'H la duwong cao:
C'H = ! = ! =a\6.
J 1 1 1 1
2 + M2 2 + 2 2
C'B” C'D J(m) (3a)” +(3a)
Vay d(C',B'D)=a6.
b) Trong (BA'C'), ké BK L A'C' tai K =d(B,A'C')=BK.
Xét ABA'C' cb: BA'=BC' = A'C' =3+2a nén ABA'C’ déu

By, 28,

= BK=—-3a=
2 2

33

Vay d(B,4'C’) ==

Vi du 3. Cho lang tru tam giac déu ABC.4A'B'C’ ¢6 canh day a, canh bén
3a.Goi G latrong tam AABC.
a) Tinh khoang cach tit G dén A'C’.
b) Tinh khoang cach ttr C' dén A'G.
Loi giai

10



a) Qua G ta dung mat phang vudng géc véi A'C' cat A'C' tai H :
+ BGNAC=1=BG 1 AC tai I (AABC déu)
BG L AC c(ACC'A")

+<BG L A'Ac(ACC'A")= BG L(ACC'A")
ACNA'A=4'
BG L(ACC'A
+ ( ): (B'BG) L(A'C'CA)
BG = (B'BG)
(B'BG) L(A'C'CA)
+ <(B'BG)N(A'C'CA)=HI = A'C' L(B'BG)= A'C' LGH
A'C' L HI
=d(G,4'C'")=GH .
Xét AGIH vuong tai I co:
2 —
GH =~/GI* + IH? =\/(%§a} +(3a)" = 3627 a.
327

Vay d(G,4'C")= a.
b) Trong (C'4'G), ké C'K L A'G =d(C',4'G)=CK .
AA'AG vuodng tai A co:
2
AG=NAL +AG* = \/(3a)2 +(§§aj = N?a.
AC'A'G c6 GH va C'K lahai duwong cao:

g.v327
3A/G‘C'K=A'C'-GH:>C’K:AC -GH: 6 :«/76361.
A'G 2421 28
a
3
Vay d(C',A'G):V;g3 a.

DANG 2:

XAC PINH KHOANG CACH TU PIEM PEN MAT PHANG

Phuong phap:
+ X4c dinh hinh chiéu cta diém 1én mat

+ Dung tryuc ti€p: AM L(P) tai M = d(A4,(P))=4M

* Dung hinh chiéu tir chan duwong vudng goc



/»/

AM L (P Trong (AMI), dung MH L Al :
Ta co :> AM 1 BC.
BCC( ) BC L(AMI)
= BC L MH
Trong (P), dung MI L BC: MH < (AMI)
BC L MI = (AMI) MH 1 AI < (A4BC)
BC L AM < (AMI) MH 1 BC = (4BC)
MINAM =M AINBC=1
= BC L (AMI) = MH 1 (A4BC)
+ St dung tinh chat song song: MN //(P) = d(M,(P))=d(N,(P))
M N
d(M, (P))=d(N,(P))
ul 3!
H K
(P)
d(M.(P)) _mr
N,(P)) NI
M

d(M,(P))  MI

d(N,(P)) ~ NI

(4]

d(M,(P)) MI
d(N,(P)) ~ NI

12



Vi du 4. Cho hinh chép S.4BCD c6 day hinh vudng canh a, ASAB déu va
ndm trong mat phang vudng géc véi day.
a) Tinh khoang cach tit S dén (4BCD).
b) Tinh khoang cach tir 4 dén (SBC).
¢) Tinh khoang cach tit 4 dén (SCD).
d) Tinh khoang cach tir C dén (SBD).
Loi giai

N

a) Trong (S4B),lay H la trung diém AB=> SH 1 AB
(S4B)N(ABCD) = AB

(SAB) L (ABCD) = SH 1 (ABCD) = d(S,(ABCD))=SH =—~.
(SAB):SH L AB

BC L AB(SA4B)

b) <BC L SH —(S4B)= BC 1 (S4B).

ABNSH =H

Trong (S4B),1dy K la trung diém SB=> AK 1 SB

AK 1 SB < (SBC)

AK 1 BC = (SBC),(BC L AK = (S4B))= AK 1 (SBC).
SBNBC=B

a3
= d(A4,(SBC))= 4K ==

) AH//CD=> AH //(SCD)=>d(A,(SCD))=d(H,(SCD)).
Trong (ABCD), 1&y I la trung di€ém CD = HI L CD.
Trong (SHI), dung HJ L SI tai J, ta co:

13



CD 1 HI = (SHI)

CD L SH = (SHI),(SH L. CD = (ABCD))= CD L (SHI)= CD L HJ
HINSH =H

HJ L CD c(SCD)

HJ L SI <(SCD) = HJ L(SCD)=>d(H,(SCD))=HJ

CDNSI=1

ASHI vudng tai H c6 HJ la duong cao:

oL 1,
\/ 1 1 1 17
+ +—
HS®  HI oY @
2
Vay d(4,(SCD))= @a.

d(C, SBD ) co

d(A, (SBD)) 40

AH ~(SBD)=B = ﬂ—ﬁ:2:»d(A,(SBD)):2(H,(SBD))
d(H,(SBD)) HB

Trong (ABCD), dung HM L BD tai M = M la trung diém BO

Trong (SHM ), dung HN L SM tai N:

BD L HM < (SHM )

BD 1 SH < (SHM) = BD 1 (SHM )= BD 1 HN (SHM ).

HM ~SH =H
HN 1 BD < (SBD)

HN 1 SM <(SBD)=> HN 1 (SBD)=>d(H,(SBD))=HN .
BDNSM =M

d) CAn(SBD)=0 =1=>d(C,(SBD))=d(4,(SBD))

ASHM vuong tai H c6 HN la duong cao:

] 1 J30

1 1 1 10

ol EANES

V30

Vay d(C,(SBD))=d(4,(SBD))=2(H,(SBD))=2HN = :

a.



DANG 3:

XAC PINH KHOANG CACH GIUA CAC POI TUONG SONG SONG
Phuong phap:

+ Quy bai toan tim khoang cach gitta cac ddi tuong song song vé tim
khoang cach tir diém dén duong — khoang cach tir diém dén mat.

d(a,b)=d(M,b)=MH

M
“ § A((P),(Q))=d(M,(Q))=MH
P b H M

Vi du 5. Cho hinh hop chtt nhat ABCD.A'B'C'D' c6AB=a, AD =3a,

DD'=2a.
a) Tinh khoang cach gitta CC’' va 44'; C'D' va 4B.
b) Tinh khoang céch gitta 4'B’' va (C'D'4B); BB' va (ACC'A").
¢) Tinh khoang céach gitta (BA'C’) va (D'AC).
d) Tinh khoang céch gitta 4B’ va (C'BD).
Loi giai

a) Ta co:
+ CC'//AA':d(CC’,AA’):ar(c,AA')=CA=./a2 +(3a)" =a10.
+ C'D'// AB=d(C'D',AB)=d(D',AB)=D'd=+/(3a)’ +(2a)’ =a\13.
A'B'// AB
b) Taco: , . = A'B'//(C'D'AB).
A'B' ¢ (C'D'AB)

15



=d(4'B',(C'D'4B))=d(B',(C'D'4B)).
AB 1 BB'<(CBB'C")
Ta c6: { 4B L BC =(CBB'C') = AB L (CBB'C’).
BB'nBC=B
Trong (CBB'C') vé B'H L BC' tai H
B'H L BC' < (C'D'4B)
B'H 1 ABc(C'D'AB) = B'H L(C'D'dB)=>d(B',(C'D'4B))=B'H
BC'nAB=B
ABB'C vuong tai B' c6 B'H la duwong cao:

B'H—\/li 1 =6\1/31T3a.
(24)° (3a)

6\/_

Vay d(A'B',(C'D'AB))=
A'B/ICD'
BC'//D'A
A'BNBC' =B trong (A’BC’)
CD'nD'4=D'trong(CD'4)
= d((A'BC"),(CD'4))=d(B,(CD'4)).
d(B,(D'AC)) BO
d(D,(D'AC)) DO
= d(B,(D'AC))=d(D,(D'AC)).
Trong (ABCD), vé DE L AC tai E
Trong (D'DE), vé DF L D'E tai F
AC L DE c(D'DE)
Ta cé: { AC L DD' < (D'DE)= AC L(D'DE)= AC L DF ..
DENDD'=D

) Ta coé: =(4'BC")//(CD'4).

BDN(D'AC)=0=

DF L D'E < (D'AC)
DF 1 AC =(D'AC) = DF 1 (D'AC)=d(D,(D'AC))=
D'ENAC=E

16



11 . 1
DE* DA> DC*
NP 1 1 1
AD'DE vudng tai D ¢ DF laduwongcao > —5=——>+—.

DF® DD DE
1 1 1 1 1 1 1 49

~DF’ DA DC DD? (3a) Tz (2a)’ " 36a%

ADAC vudng tai D ¢ DE la duong cao =

= DF = éa .
7
Vay d((4'BC"),(CD'4)) =ga.

AB'//C'D
d) Ta cé: 1C'D =(C'DB
AB' ¢ (C'DB

)= A4B'//(C'DB) = d(AB',(C'BD))=d(4,(C'BD)).
)

d(A4,(C'BD
ACm(C'BD):O:MZQZ

d(C,(c'BD)) Co
= d(4,(C'BD))=d(C,(C'BD)).
Trong (ABCD), vé CM L BD tai M ..
Trong (C'CM ), vé CN LC'M tai N, chiing minh tuong tw nhw cau c:

d(C,(C'BD))CN\/ 1 :ga

1 R 1 R 1
CB* CD* cCC”*

Vay d(A4B',(C'BD))= ga :

Vi du 6. Cho hinh lang tru tam giac déu ABC.4'B'C'. Goi M,N lan luot la
trung diém cua cac canh A'C' va B'C'; G la trong tam AA4BC, mit
phéng (MNG) cit CB,CA lan luottai P va Q.

a) Biét khoang cach gitta CC' va (ABB'A") bing a+/3, tinh khoang céch
gitta 4’4 va B'B.

b) Biét khoang cach gitta PQ va A'B' bang a, tinh khoang cach

2421
3
gitta hai day cta lang tru.

¢) Tinh dién tich t& gidc MNPQ.
Loi giai

17



18

a) Tacé: CC'//(ABB'A')=d(CC',(ABB'A'))=d(C,(ABB'A))
Goi [ latrung diém AB = CI L AB.
CI L ABc(ABB'A'")
CI L A'Ac(ABB'A")= CI L(ABB'A')= d(C,(ABB'A))=Cl =a3.
ABNAA' =4

:ABzACzBCzaﬁ:%zza.

Tacé AA'//BB'= d(AA',BB')=d(A4,BB')=AB=a.
Vay d(A4A4',BB')=2a.
MN /I AB
b) Ta cé: {MN < (MNG)= (MNG)(ABC)=Gx//MN// AB.
AB = (ABC)
Tacé PQ// AB// AB'=d(PQ,A'B')=d(G,A'B').
Goi 7,J lan luot la trung diém cua 4B va A'B’.
IJLABIJ L A'B ,
{ ., =>AB 1 (GIJ)= A'B'LGJ tai J .
GI L AB,GI L A'B

2421

=d(G,AB)=G] ==—a.

221 ) (1 ?
AGIJ vudng tai [ = IJ =NGJ* -GI’ =\/[_aJ _[E.a\/gj —3a.

3



Vay d((A4BC),(A'B'C"))=A'A=BB=1J=3a.

) Ta cé: MN//PQ=>d(MN,PQ)=d(M,PQ)=MF véi F la hinh chiéu
cua M lén PQ.

PO L MF
= PQ L (MFE)= PQ L EF .
PO L ME
= MF =ME* + EF* = |(3a)’ +%
7_’_7
EQ® EG’
= (3a)2 + ! = 3\/5 a

1 2+ 1 2
) a3
(6 aj (3 "f)
Dién tich hinh thang MNPQ':
Sunro = %(MN+ PQ)-d(MN,PQ)= %(%A'B' +§AB] - MF
1(1 2 W5 0 75,
=—|—2a+—2a |- —a=——a".
2\2 3 2

8

DANG 4:

XAC PINH KHOANG CACH GIUA
HAI PUONG THANG CHEO NHAU

Phuong phap:
+ Trong treong hop a,b chéonhauva a L b

+ Ta dung mdt phang () chtra a va vudng géc véi b tai B.
* Trong (a) dung BA L a tai 4, ta dugc d¢ dai doan 4B la khoang

céch gitra hai duong thang chéo nhau a va b.

+ Trong treong hop a,b chéo nhau va khong vuong goc nhau.

19



* Ta dung mat phang («) chta a va song song véi b.
* Ly mot diém M tuy y trén b dung MM 'L (a) tai M'.

* Tt M' dung b'//b cit g tai 4.

* Tt 4 dung AB//MM' cat b tai B, d0 dai doan 4B la khoang cach
gitta hai duong thang chéonhau a va b.

Vi du 7. Cho hinh chép S.ABCD c6 day hinh vuong ABCD tam O canh
a2, canh S4=a\2 vavudng géc mit day.
a) Tinh khoang cach gitta BC va SD.
b) Tinh khoang cach gitta SC va 4D; SC va BD.
¢) Tinh khoang cach gitta AC va SB.
Loi giai

s

CD L SAc(SAD)
a) {CD 1L AD < (SAD)= CD L(SAD)= CD L SD c(S4D).

SANAD =4

Tacé: CDLSD tai D, CD L BC tai C.
= CD la doan vudng géc chung ctia SD va BC.
= d(SD,BC)=CD=2a.

20



Cidch khac:
{BC// AD c(84D)
)

BC ¢ (S4AD

=d(C,(S4D))=CD=a\2

= BC//(SAD)= d(BC,SD)=d(BC,(S4D))

{AD//BC < (SBC) s ADJ(5BC)
AD & (SBC) '
= d(AD,SC)=d(AD,(SBC))=d(4,(SBC)).

Trong (SAB) vé AH 1 SB tai H
BC L SAc(SA4B)
BC 1 AB(SAB)= BC L(SAB)= BC L AH —(SAB).
SANAB=4
AH 1 SB < (SBC)
AH 1 BC =(SBC)=> AH L(SBC)=>d(4,(SBC))=4H =a.
SBNBC=B
Vay d(A4D,SC)=
Trong (SAC) vé OJ L SC tai J .
BD 1 AC = (SAC)

BD 1 SAc(SAC) = BD 1(SAC)= BD 1L 0J < (SAC).
ACNSA=4

Taco: OJ LBD tai O, OJ L SC tai J.
= OJ la doan vudng goc chung cua BD va SC.

— d(BD,SC)=0J =d(0,5C) :%d(A,SC) :%. R =?a
a5t ac
Cdch khdc: Goi I la trung diém S4 = OI//SC .
SC//0I < (1BD
=(15D) = SC//(IBD)=d(SC,BD)=d(SC,(IBD))=d(C,(IBD)).
SC ¢ (IBD)

d(C,(IBD)) _co
d(4,(IBD)) A0

Trong (SAC) vé AK L OI tai K .

CAN(IBD)=0= =1=d(C,(IBD))=d(4,(IBD)).

21



AK 1 OI < (IBD)
AK 1 BD < (IBD)= AK L (IBD).
Ol "BD=0

= d(A,(IBD))=AK = =

a3

c) Trong (ABCD) vé Bx//AC, AE 1 Bx tai E, AF L SE tai F .

AC//BE < (SBE)
= AC//(SBE).
AC ¢ (SBE)
= d(AC,SB)=d(AC,(SBE))=d(4,(SBE)).
BE | AE —(SAE)
BE 1 SAc(SAE) = BE L (SAE)= BE 1 AF —(SAE).
AENSA=4
AF 1 BE —(SBE)
AF L SE < (SBE) = AF 1 (SBE)=>d(A,(SBE))=AF .
BENSE=E
o 1 _aV6
1 1 1 1 3
\/AEz +A52 1 2 + 2
(-2(1} (a\/i)
2
Vay d(AC,SB)= “f.

Vi du 8. Cho lang tru ding ABCD.A'B'C'D’ c6 tat ca cac canh bang a, goc
DAB=120°.
a) Tinh khoang cach gitta BD va CC’.
b) Tinh khoang cach gitta AC va BD'.
¢) Tinh khoang cach gitta 4C va A'B’.
d) Tinh khoang cach gitta CD va AB'.
e) Tinh khoang cach gitta 4B’ va A'C’".
Loi giai

22



2 LT -
a) Hinh thoi 4BCD c6 canh AC =a,BD = ax/g, O latam.
Tacod: COLBD tai O, COLCC' tai C.
= CO la doan vudng goéc chung cia BD va CC'.
= d(BD,CC")= c0=%.
b) Trong (BDD'B') vé OE L BD' tai E
AC L BD c(BDD'B')
AC L DD' = (BDD'B')= AC L(BDD'B')=> AC L OE (BDD'B').
BDNDD'=D
Tacé: OE L BD' tai E, OE 1. AC tai O.

= OE la doan vudng goc chung cua AC va BD'.

= d(AC,BD')=OE :d(O,BD'):%d(D,BD'):%.

c) AC va A'B' 1a hai duong thang chéo nhau nam trong hai mat ddy
song song, nén d (AC,A'B")=d((ABCD),(4'B'C'D'))=a.

a3

d) Goi F latrung diém AB = CF 1 4B tai F, CF = >

CF L ABc(A4BB'A')
CF L A4' < (ABB'A’)=> CF L (ABB'A')=d(C,(4ABB'A"))=CF = %
ABNAA' =4

CD va AB' 1a hai duong thang chéo nhau nam trong hai mat bén song

_af3

song, nén d(CD,4B')=d((CDD'C’),(AB'BA))=d(C,(AB'BA)) = 23 :

23



A'C'I/ AC < (ACB')
€)

= A'C'//(ACB’
AIC/¢(ACBI) ( )

=d(A'C’,4B')=d(4'C',(ACB'))
A'C' XAB'
=d(A4',(ACB'))=d(B,(ACB")).
Trong (BDD'B') vé BF 1 B'O tai F
BF L B'Oc(B'AC)
BF 1 AC =(B'AC) = BF 1(B'AC)=>d(B,(B'AC))=BF .
BONAC=0

BF:[ 1 _ 1 _21

T 1 7"
BB!2+BOZ 2 2
")

V21

Véy d(A’C’,AB’) ZT(I .

DANG 5:

XAC PINH THE TiCH KHOI CHOP - KHOI LANG TRU - KHOI HOP
Phuong phap:
+ St dung cac cong thitc phu hop tinh dién tich day.
+ Xdc dinh va st dung cdng thitc pht hgp tinh chiéu cao khdi.
+Str dung cong thikc tinh thé tich tng véi khoi can tinh.

Vi du 9. Cho hinh lang tru ABC.4'B'C" ¢6 cac canh bén tao véi mat day goc
60°, day la tam gidc déu canh 2a. Hinh chiu cia 4’ 1én mat phang
(ABC) latrong tdm G cua A4BC.

a) Tinh thé tich khoi lang tru ABC.A'B'C’
b) Nguoi ta cat bo khdi chdp B.A'B'C’ ra khéi khéi lang tru nay. Tinh
thé tich phan con lai ctia khéi lang tru.

Loi giai
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B

a) AG==
3

a=d((ABC),(A'B'C'))=A'G=AG\3=2a.

3

= VABC.A’B’C’ = SABC 'd((ABC),(A'B’C')) = 7(261)2 2a= 2\/5(13 .

2 3 23
-—-2a
2 3

1

1 ! ! ! 1 !
b) VB.A’B’C' = g SA’B’C’ -d(B,(A B'C )) = E Sype-AG= EVABCAA’B’C"
— The tich phian con lai: Ve, = %VABC‘A,B,C, - #cf .

Vi du 10. M6t can phong trung bay duwoc thiét ké theo dang hinh hop dung
ABCD.A'B'C'D' v6i day hinh thoi ABCD o6 ABC =60°, canh 6m . Nguoi
ta dung bttc teong PONM nhu hinh vé ¢4 dién tich 18m’ chia phong
lam hai phan, phan 16n hon la khong gian trung bay cua phong, tinh thé
tich phan khong gian trung bay cua céan phong.

Loi giai

A P

B p
Sromm =MN'NQ=%AC'NQ=%-6-NQ=18:NQ=6m.
’ ’ ’ ’ 1 ’
Viscouscr =Sasen - d((ABCD),(A'B'C'D')) = - AC-BD- A4

\/g 2 3
== AC - NO=108/3(m’)

25



VMNDAQPD' =Sump 'd((MND),(QPD’)) = ! . \f 6% 6= 27\/7

~ |

= Thé tich phan trung bay: ¥ =108

;e 27[ 189\f e
2 2
Vi du 11. D€ tao nén mot chiéc 1ong den hinh chop cut déu nhu hinh bén
dwdi can dung 3 loai thanh tre c¢6 d¢ dai lan luot la 30cm,60cm,90cm ,
sao cho 16ng den cao nhét c6 thé. Tinh thé tich 16ng den nay.

Loi giai
Vi dé 1ong den cao nhat nén thanh 90cm dugc dung lam canh bén, cac
thanh 30cm,60cm Tan luot dung lam cac canh day 16n va day nho caa
hinh chép cut.

h=A'T=4/90" ~(60-30)" =602 (cm).
S=S peper =6 -é +60” = 540033 (cm’ ).
S"=S yyeppr =6 -g 1307 =1350/3 (cm?).

:V=§h-(5+5’+@)=189000J€(cm3).
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C. BAI TAP TU LUYEN.

Bai 1: Cho hinh chép S.4BCD c6 ddy ABCD la hinh thang vudng tai 4 va

. 3 . - N o A o
B vOi AB=2a; BC= 761 ; AD =3a . Hinh chi€u vuong goc cuia S lén mat

phéng (A4BCD) la trung diém H ctia BD . Biét géc giita mit phing
(SCD) va mit phang (ABCD) bang 60°. Tinh:

a) Khoang cach tir C dén (SBD).

b) Khoang cach tir B dén (S4H).

Bai 2: Cho hinh chép S.4BCDc6 ddy ABCD la hinh vudng canh a, mat

bén (SAB) vudng goc voi day va SA=SB=b.

a) Tinh khoang cach tir S dén mét phang (ABCD).

b) Goi I, H lan lugt la trung diém cua CD va A4B. Tinh khoang cach
tit / dén mit phang (SHC).

c) Tinh khoang cach tir D dén mit phang (SHC).

d) Tinh khoang cach ttr 4D dén mit phang (SBC).

Bai 3: Cho hinh chép S.ABC c6 S4 vudng goc voi day; S4=a+3 . Tam giac

ABC d&éu canh a.

a) Tinh khoang cach S4 va BC.

b) Tinh khoang cach SBva CI véi I 1a trung diém ctia 4B.

c) Tinh khoang cach tir B téi mit phang (SAC).

d) Tinh khoang cach tit J t6i mit phang (SAB) véi J 1a trung diém cta
SC

Bai 4 Cho hinh chép t gide S.4BCD, ddy ABCD la hinh chit nhat,

AB=a; AD=a3,va SA vudng goc voi (ABCD). Biét goc gitra (SCD)
va day bang 60°.

a) Tinh khoang cach tir O dén (SCD) véi O la tam day.

b) Tinh khoang cach tir G dén (S4B) v6i G la trong tdm tam ASCD .

¢) Tinh khoang cach gitta S4 va BD.

d) Tinh khoang cach gitta CD va AIvéi I la diém thudc SD sao cho

SlleD.
2

Bai 5: Cho hinh chép S.4BCD c6 day la hinh thang vuong tai 4 va Bvdi

AB =BC =2a, AD =3a. Hinh chiéu vudéng géc ctia S 1én mit phang
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(ABCD) la diém H thudc AB véi AH = HB. Biét goc gitta mit phang
(SCD)va mit phing (4BCD) bang 60°.
a) Tinh khoang cach tir 4 dén mit phang (SCD).
b) Tinh khoang cach tir O dén mit phang (SBC).
c) Tinh khoang cach giita hai duong thang 4D va SB.
d) Tinh khoang cach gitta hai duong thing AC va SE véi E la diém
thudc AD sao cho AE =a.
Bai 6: Cho hinh chép t& gidc S.ABCD, ddy ABCD la hinh vuong canh a,
S4 vuéng goc véi (ABCD) va goc gitta (SBC) va ddy bang 60°.
a) Tinh khoang cach gitta BC va SD.
b) Tinh khoang cach gitta CD va SB.
¢) Tinh khoang cach gitta SA4 va BD.
d) Tinh khoang cach gitta S/ va 4B, voi I 1a trung di€ém ctia CD.
e) Tinh khoang cach gitta DJ va S4, véi J la di€ém trén canh BC sao
cho BJ=2JC.
f) Tinh khoang cach gitta DJ va SC, véi J la diém trén canh BC sao
cho BJ =2JC.
g) Tinh khoang cach gitta 4E va SC, v6i E la trung diém ctia BC.
Bai 7: Cho lang tru diing ABC.A'B'C' c6 ddy A4BCla tam giadc vuong tai
A,AB =a,BC =2a, matbén ACC'A'1a hinh vuong. Goi M, N, P lan luot
la trung diém ctia AC,CC',A'B" va H 1a hinh chiéu cta 4 1én BC . Tinh
khoang cach gita hai duong thang MP va HN .
Bai 8: Cho hinh chdép S.4BCD c¢6 day ABCDIla t& giac 16i AC=2a,
BD=3a, AC L BD va SA vudng géc voi mit phang (4BCD), canh SC

/&) v < 4 7 2 ~ 1 ’ A g7 Ao
tao voi mat phang ddy géc a thoa man tana =3 Tinh thé tich khoi

chép S.4BCD.
Bai 9: Cho hinh chép S.ABCD c6 ddy ABCD, AB=a, AD=av/3, tam giac
SAB can tai S vanam trong mat phang vuong goc véi day, khoang cach

gitta 4B va SC béang 37“ Tinh thé tich ¥ ctia khdi chép S.4BCD.

Bai 10: Cho ling tru tam gidc déu ABC.A'B'C' c canh dady bang a va
AB' 1 BC' . Tinh thé tich khoi lang tru ABC.4'B'C'.

Bai 11: Mot cai léu ngt hinh chép cut déu cé hai day lan luot la hai hinh
vuong canh 130cm va 160cm . Theo thong s6 in trén [éu thi [éu c6 dung
tich khong gian bén trong 1a 3798 lit. Hoi mot nguoi cao 1,75m co thé
dtng thang bén trong [éu ma khong bi vuéng dau khong?
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D. BAI TAP TRAC NGHIEM

Cau 1: Cho hinh chép S.4BC 6 SA vudng géc véi mit phang (ABC),
AABC la tam gidc déu canh a, S4=2a. Khoang cach tit 4 dén mat
phéng (SBC) bang

A) */53_7“. B) */56_7“. Q) N?“. D) */i“.

Cau 2: Cho hinh chép S.4BCD c6 day la hinh binh hanh véi
BC =a~J2,4ABC =60°. Tam gidc SAB nam trong mat phang vudng goc
v6i mit phang ddy. Khoang céch tit diém D dén mit phang (S4B) béang

A) % B) “22. Q) a2 D) 2"3*/3.

Cau 3: Cho tit dién déu ABCD c6 canh bang a. Khoang cach tir 4 dén
mit phang (BCD) bang
A) D6 B) &3 o) 2a¥6. p) &Y
2 3 3 3

Cau 4: Cho t& dién ABCD c6 AB, AC, AD d6i mot vudng gdéc véi nhau,
AB=a,AC=b,AD =c. Khoang cich tir diém 4 dén mit phing (BCD)

bang
1 1 1 1
A ——. B) | —+—+—.
1 1 1 a2 b2 CZ
P
C) Na*+b* +c*. D) !

Cau 5: Cho lang tru ABC.A'B'C' c6 day la tam gidc vudng can tai 4 voi
AB = AC =3a. Hinh chiéu vudng goéc cia B’ 1én mat day la diém H
thudéc BC sao cho HC=2HB. Biét canh bén cua lang tru bang 2a.
Khoang cach tir B dén mit phang (B'AC) béng

A) 22 B) af3. o) 33
NE 2

Cau 6: Cho tt dién déu ABCD c6 canh bang a. Khoang cach gifta hai

a
D) —.
2

duong thang 4B va CD bang;

N B)@. C)@. D) a.
2 2 2
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Cau 7: Cho hinh lang tru ding ABC.4,B,C, c6 tam gidc ABC vudng can tai
A,AB=a,CC, =2a. Khoang cach gitta hai duong thang 44, va BC,
bang;

A)a. B)Q C)& D) “f.

Cau 8: Cho hinh lang tru ABC.A'B’C’ co day ABC la tam gidc déu canh a.
Hinh chiéu vudng géc ctia 4’ trén mit phang (4BC) 1a trong tim tam
giac ABC va goc gifta canh bén va mit ddy bang 60°. Khoang cach gitta
hai duwong thang BC va A'B’ bang

A) a. B) % 0) Q D) 2?“.

Cau 9: Cho lang tru ABCD.A'B'C'D' day la hinh thang can ABCD c6
AC 1 BD,AC =2a, canh A4’ tao véi mat phang day goc 60°. Hinh chiéu
vudng goc cia A’ trén mit phang (ABCD) la diém H thudc doan AC

sao cho AH =§HC . Thé tich ctia khoi lang tru 4BCD.A'B'C'D’ la:

) 2"3*5. B) 24°\/3. o f D) &’\3.

Cau 10: Mot tém bia hinh vudng c6 canh 50cm . Nguoi ta cat bo di o mot
goc tam bia hinh vudng canh 16cm r6i gap lai thanh mot cai hop chiv
nhat khong c6 nap. Thé tich khéi hop chit nhat 1a
A) 5184cm’ . B) 8704cm’. C) 4608cm’ . D) 18496cm’ .
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E. HUONG DAN GIAI

a) Dung CK L BD= d(C,(SBD))=CK. Tacé BD = AD* + AB* = a\13.

2 2
Spen =~ BCA(D,BC) =129 24=3% Do ds d=cr =20 30 _3a
2 272 2 BD 413 13
b) Dung BM L AH = d(B,(SAH))=BM .
BD avl13

Lai c6 AH = B (trung tuyén ting voi canh huyén).

1 AD 1, 3a_3d’

1
S, =—ABd(H,AB)=—2a."—===2a.
ABIE o ( )2 2 2772 2

— BM - 28y 3a° 6a

AH a3 13
2

Bai 2:

a) Goi H la trung diém cua 4B.Vi SA=SB nén SH L AB
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(ABCD)(SAB)= 4B
Ta c6 {(ABCD) L (SAB) = SH 1 (4BCD).
SH 1 AB

ey

= d(S,(ABCD))=SH =~NSA* - AH’ =

sy =KL (SHC) = d(I,(SHC))=

1 1 5 a5
<

, [IK LHC
b) Ké IKJ_HC,taco{

— = =" K=
K> ICC IH &

a5
=

Ta cé

Vay d(I,(SHC))=IK =

c) % = ]])—g =2=d(D,(SHC))=2d(I,(SHC))=2IK =

2a\/§
P

= BC L (S4B)= BC L HE,
BC L SH

ma HE 1 SB, do &6 HE L (SBC)=>d(H,(SBC))=
Ma d(AD,(SBC))=d(A,(SBC))=2d(H,(SBC))=2HE .

, |BC L AB
d) Ké HE 1 SB,taco

Ta co L _1 + ! =i+ 4 :HE:M
HE® HB® SH® & 4b*-4&° 4

4 2_ 2

Vay d(4D,(SBC))=2HE = a—“iba )

Bai 3:

a) Goi M latrung diém cta BC . Ta co:

{SA 1AM [ f

= d(S4;BC) = AM = BC.=2 = >
BC L AM
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b) Taco: CI L AB va CI L SA= CI J_(SAB)(*)
Trong (SAB) ké IH 1 SB tai H .

IH L SB
Ta céd = d(SB;CI)=1H .
IH 1.CI (CI L(S4B))

Ta co IBz%;SB:\/SAz+AB2 =2a.
a SA a ax/g_\/ga

AIHB vudng tai H nén: IH =IB.sinIBH == 22 =2, =
2 SB 2 2a 4
BN 1 AC

¢) Goi N latrung diém ctia AC . Ta co:
BN 1 54

2

= BN 1(84C) .

= d(B;(SAC))=BN
d) Ta co: CJm(SAB):S:MZEZ
d(Ci(S4B)) CS

:d(J;(SAB)):%CI (do(*)) =

Bai 4:

a) Goc giita (SCD) va (ABCD)1a SDA = 60°.

Ta c6: SA = AD.tan 60° =3q va SD =+/S4%> + AD* =2/3a.
CD 1 AD

Trong (S4D) ké AH 1 SD tai H . Ta c6: = CD 1 (S4D).
CD 1 54
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= CD 1 AH ma AH L SD nén
AS.AD _3aa3 _3a

SO 2f3a 2
d(0.(SCD)) 04 3a

AO(SCD) = C:W:%:%:d(q(scp)):_

AH 1(SCD)= d(A4,(SCD))= AH =

b) Goi M la trung diém ctiaCD . Tacé S,G,M thang hang va E—i = % .

CD//(SAB)= d(M;(S4B))=d(0;(S4B))=DA=3a .
(Vi M e CD va DA 1 (S4B)).
(S4B
MGm(SAB):S:M:E:E:d(G(SAB)) 2aV3
d(M,(S4B)) MS 3 3
, AK 1 54
) Trong (ABCD),ké AK 1 BD taiK .Taco { = d(S4,BD) = AK
AK L BD
1 1 11 1 4 f
R T T AT I Vo v
Vay d(S4,BD) = “*/_
d) Theo gia thiét S7 :EID: ST _ESD :ga va Inga

Ta c:CD//(ABI)= d(CD,Al)=d(CD,(A4BI))=d(D,(4BI)).
Trong (SAD).Ké DP L Al tai P.Tacé AB L (SAD)= AB LDP.
Do d6 DP L (ABI)=d(D,(ABI))=DP.

A’ = SI* + SA* —2S1.5A.cos ISA

2 —
= &a +9az—2.&a.3a.£22a2 ﬁa
3 3 2 3 3

=IA=

1 — 14f

Suipr =7 PLDAsin ADI == —=a.aJ3.sin 60° = 3>

V39 6V13
1

! l.—a.DP:>DP:
2 3

Va Sy = DP.AI = JRd* =

6Jﬁa
13

a.

Vay d(CD,Al)=

Bai 5:
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M
a) Trong (ABCD); ABNCD=M

Vi KC//AM néntheoTalet:%zQ 24 _ 4 M =6a.

= — =
AD T AM  3a
Trong (SHC), ké HP 1 SC.Tacé HP 1 (SCD)=>d(H,(SCD))=HP .

1 1 1 1 4 a5

= + = +—=—->=>HP= .
HP* SH?* HC* 154* 54* 154° 2
aVis

Vay d(H,(SCD))= S

Ta co:

AH N(SCD) =M = 4(A(SCD)) _ am _ba_ 6
d(H,(SCD)) HM 5a 5

= d(4,(SCD)) = 3"\5/3.

b) Trong (SAB), ké HP 1 SB tai Q. Tacé:

11 1 1 1 16 a15
o

= + = +—= = HQ =
HQ®> HS* HB* 154 & 154° o

Ta dé dang chting minh duoc HQ 1 (SBC)=>d(H,(SBC))=HQ.

d(4,(SBC)) 4B
d(H,(SBC)) HB

a15

AH N (SBC)=B= 5

2 =d(4,(SBC))=2.HQ =

Vi ADI/BC = d(D,(SBC))=d(4,(SBC))= "\F :




a15
R

c) AD//(SBC) = d(AD,SB)=d(AD,(SBC))=d(4,(SBC))=

d) Goi N latrung diém ctia KC . Trong (ABCD), EQ kéo dai cit AB tai F
BK =2a\2 = HE = a2 ; SE =~JSH* + HE*> = a /17 .
AF =KN =a;HE | /BK;EN //AC = HE L EN(do AC L BK) ma EN L SH
= EN L (SHE)= (SEN) L (SHE).
Trong (SHE), ké HR L SE = HR L (SEN)=> HR = d (H,(SEN)).
HS.HE a\30

Tacod HR = ==

aco SE \/ﬁ
Vi AC//(SEN)=> d(SE,AC)=d(AC,(SEN))=d(A,(SEN)).

. d(A(SEN)) 4F 1
Ma AHm(SEN):Fzmzﬁza.
= d(A,(SEN)) = ‘2"/\/? .Vay d(SE,AC)= ‘2’*/\/? .

Bai 6:
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, [BCL4B
Ta c6: = BC 1 (S4B)= BC L SB.
BC L 54

(SBC)(ABCD) = BC
Khi d6: { 4B < (ABCD); AB L BC = ((SBC),(ABCD)) = SBA = 60°
SB = (SBC);B L BC
Trong ASAB, ta co: SA= AB.tan 60° = a3 .
SD < (S4D)
{BC | AD = (S4D)

= d(BC,SD)=d(BC,(SAD))=d(B.(S4D))=BA=a.

{SB c(84B)

CD|| AB < (S4B)

= d(CD,SB)=d(CD,(S4B))=d(D,(S4AB))= AD =a

¢) Goi O la trung diém BD = AO L BD (vi ABCD lahinh vudng canh a)
Talai c6 A0 1. SA vi SAL(ABCD).

Vay AO la duwong vuong goc chung cta hai dwong S4 va BD hay

d(54,BD)=40="

2
o
SI (SCD)
d) Ta cé:
AB||CD < (SCD)
= d(AB,SI)=d(AB,(SCD))=d(A,(SCD))=AH véi H lahinh chiéu vudng
géccta 4 1én SD .

Khi dé ta co: ;2:%4.#2:%4_%:14[_1: a\/g .
AH SA=  AD 3a a
e) Te J ké JP//CD,P € AD . Khi d6 ta c6 tam giac PDJ vuong tai P va

\/E .

DP=%;PJ=a = DJ =+DP* + P =2 5

Vay sinPDJ =22 =% _ 3 Goi N 1a hinh chiéu vudng géc cia 4 1én
DJ  a\10 10
3
AN L DJ
DJ . Khi d6 ta co: .
AN 1 SA(S4 L (A4BCD))
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= AN la duong vuong goc chung cta hai duong S4 va DJ hay
d(SA,DJ)= AN .

. —— AN
Xét tam gidc AND vudng tai N co: sin ADN = D

— 3 3a
— AN = AD.sin ADN = a.—— . Vay d(S4,DN)=——
o Ve ( )

V10

f)

Goi F =DJNAC.Ké GF/ISC véi G e SA.Khi do:
{DJ €(GDJ)

SCIIGF < (GDJ) d(SC,DJ)=d(SC,(GDJ))=d(C,(GDJ)).

Laic6 —=——=—=d(C,(DGJ)) = %d(A,(DGJ)) :
Goi V, X lan luot la hinh chiéu vudng géc cua 4 1én DJ,GV .

DJ 1(GAV )= DJ 1 AX
Ta chitng minh duoc ( ) .
GV L AX

= AX 1(DGJ)= d(4,(DGJ))=4X .

3 33a

Ta céd AG:ZAS: .

4
— D
Trong tam giac vudéng DJC c6 cosJDC _be_ 2 -3 .
DJ , (a) V10
a +| -
(3)
o A . — .= AV 3 3a
Trong tam gidc vuong ADV ¢6 cosJDC=sinADV =——=—== AV =—.
AD 10 V10

Trong tam giac vudng GAV co



1 1 1 1 1 46 3v138a
- =

= = = Ay
A AG AV (350 +( 3a ]2 27d° 46
( 4 ] V10
Vay d(SC,DJ)=d(C.(DGJ))=~d(4,(DGJ)) =+ 4y =15
' 3 3 46

Goi K latrung diém 4D
SC = (SCK)
AE || KC < (SKC)

Goi M,Q lan luot la hinh chi€u vudng géc cua 4 lén KC,SM .
Ta chiing minh dugc KC L (SMA)= KC L AQ.

= d(AE,SC)=d(4E,(SCK))=d(4,(5CK)).

Vay {AQ M AQ L (SMC)=> d(4,(SKC)) =40
AQ LKC
a4
AMEKM” ACKD:%:A_K:AM:CDAK: 2 a5

CK CK I
a+| =
3

Trong tam giac vuéng SAM c6

1 | 1 1 1 16 a3

4 2:AM2+§_ x T 2=3_2:> 4
Q [a\/gJ (a\/g) a

5

a3

Bai 7:
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Ta xét cgp mat phang song song lan lugt chita MP va NH
Xét tam giac ABC vudngta A4 co:

12:12+12:1 1 :4:AH:@.
AH® AB~ AC

4B BC AR 34

Ké MK //BC(K € AB),PQ//B'C'(Qe 4'C").

Tac6 PM < (MKPQ) va HN c(BCC'B').

Do MK//BC va MQ//CC' nén (MKPQ)//(BCC'B").
Khi d6 d(MP,NH)=d((MKPQ),(BCC'B')).

AH 1 BC
0{ = AH 1 (BCC'B").

AH 1 CC'(CC' L (A4BC),AH < (A4BC))
Suy ra AH L (KMQP) tai {I}=AH NKM.

Vay d(MP,NH)=d((MPKQ),(BCC'B"))=IH =——=

Bai 8:

40

AC.BD _
2

Do AC 1ahinh chiéu vudng géc ctia SC trén (4BCD) nén

3a’.

Tacé ACLBD=S,,., =

(Sm))z(m)zﬁza :SA:AC.tanazz?a

A 1 1 2a¢ 24’
Vay Vs ipep = ESS,ABCD S4 = 53612.? = T



Bai 9:

Goi H, I lan luot la trung diém caa 4B, CD,ké HK 1 SI.
Vi tam gidc SAB can tai S va nam trong mit phang vudng goc voi day
= SH 1 (A4BCD).

{CD 1 HI

= CD L (SIH)= CD L HK = HK L (SCD).
CD L SH

CD /| AB=>d(AB,SC)=d(4B,(SCD))=d(H,(SCD))=HK .
Suy ra HK =3?a;HI =AD = ax/g.

HI* .HK*

——— =3a.
HI* - HK?

Trong tam giac vuong SHI ta cd SH =

Vay Vs en :§SH'SABCD :§3a.a2\/§ =a’\3.

Bai 10:

A’

¢ e . x 1
Goi E la diém doi xitng cia C qua diém B = 4B = ECE =a.

Khi d6 tam gidc ACE vudng tai 4= AE =+4a’ —a* = a\3.

Tt giac BC'B'E 1a hinh binh hanh = BC'//B'E .

Maét khac, ta cd6 BC' = B'E = AB' nén tam gidc AB'E vuodng can tai B’
AE a3 a6

N

= AB' =

41



Xét tam gidac A4'B’ vudng tai A4':

— AA' =JAB? —A'B” = f“f

2 3
3 ax/_ a 6
vV =S,...A4'= .
ABC.A'B'C' ABC* 4 8
Bai 11: Ta co:
3 3.3798000
S '=130%8=160> = h = v = =180cm .

S+SS"+8" 130> ++/130° -160” +160°

Vay mot nguoi cao 1,75m cé thé ding thang trong [éu ma khong bi vudng.

Caul: ChonB.

Goi M latrung diém BC , H lahinh chiéu vudng goc cua 4 trén SM

 [BCLAM

Ta c6: = BC L (84M )= (SBC) L (S4M).
BC 1 54

= AH 1 (SBC)= d(4,(SBC))=

111 1 4 19 a\57
o

= + =—+—=——-=4H =
AH?  AS*  AM? 4a* 34* 1247
Cau2: Chon A.

42



Dung SH L AB. Do (SAB) L (ABCD) nén SH L (ABCD).
Dung CK 1 AB.Vi CK L SH nén CK L (S4B).

a\/6

Do CD// AB nén d(D,(SAB))=d(C,(S4B))=CK = BCsin60° = aﬁ.g =

Cau 3: Chon D.
A

[

M

G
Goi M latrung diém CD va H lahinh chiéu vudng goc cia 4 trén BM .

. |CD L AM
Ta co:
CD 1 BM

Tuong tu, ta chimg minh dwoc BC L AH (2).
Tu (1) va (2) suyra 4H L(BCD).
Suy ra d(A4,(BCD))= AH va H la trong tim ABCD.

NG

Xét AABH vudngtai H c6 AH =+AB> — BH’ =%.

= CD L (ABM)= CD L AH(1).

Cau 4: Chon A.

Ké AK | BC(K e BC) va AH 1 DK (H € DK).
Do BC L DA( do AD 1 (4BC)) nén BC L (DAK).

Suyra AH L BC. Do AH 1 DK nén
AH 1 (BCD)=> d(A4,(BCD))= AH.

"
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1 1
= + =—+—.

AK*  AB* AC* 4 b
_1+1_1+1+1

AH?* AK® AD* & b &
1

1 1 1

P

Xét AABC vudng tai A4 co:

Xét AADK vudng tai 4 co:

Véy d(A4,(BCD))= AH =

Cau 5: Chon B.

A

Ta c6: BC =3a2 = HB =a2. Laicé B'H =~BB> — HB* = a2.

Dung HE L AC;HF L B'E. Suy ra HF 1 (B'AC)= d(H,(B'AC))=HF.

v v . HEBH

HF*  HE’ B'H’ JHE B H? B
d(B,(B'AC

Mit khac A(B(BAC) _BC 3 44 d(B,(B'AC)) =2 HF =a\3.
d(H,(B'AC)) HC 2 2

Cau 6: Chon B.

H
& D
o CD 1 AK
Goi K la trung diém CD . Suy ra = CD 1 (A4BK).
CD 1 BK

Dung HK 1 AB= HK =d(A4B;CD).
Xét tam giac BHK vudng tai H , ta co

44



HK =/BK* - BH® = {&Jz—(frzi Vay d(4B,CD)= a2,
2 2

2

Cau 7: Chon D.

Do BB, //A4 nén A4, //(BCC,B,).

Suy ra d(A44,,BC,)=d(44,(BCCC,))=d(4,(BCCC,)).
o (BCCC,) L(A4BC), dung AH 1 BC,(H € BC).

Suy ra AH L (BCC,B,).

o2
2

Xét tam gidc ABC vudng tai A: AH _EBC =

a2
=

Vay d(AAl,BCl) =
Cau 8: Chon A.

Goi G la trong tam tam giac ABC, theo gia thiét:
A'G L(ABC) = (44',(4BC))=A'AG = 60°
Xét tam gidac 4'AG vuongtai G:

2a«/_

A'G=AG.tan 4'AG = 3 .tan 60° = a.
Do BC//(A'B'C') nén d(BC,A'B')=d(BC,(A'B'C'))=A'G=a.
Vay d(BC,A'B")=a

Cau9: ChonD.



1
ABCD la hinh thang cdn = AC=BD=2a. S ., = EAC.BD =2da’

AH = %HC = AH = %AC =% ; (44',(ABCD))= A'AH = 60°
. S R . L — a a3
Xet tam giac A'"HA vuong tai H co AH:AH.tanAAH:E.f: 5y
. , a3
Vay Vipepasen =Sapen-AH = 2a2.7 = a3\/§ .
Cau 10: Chon A.
A.’
D
T T
phs

AA'=BB'=CC'=DD'=16cm nén ABCD lahinh vudng co:
AB=50-2.16=18(cm).

=V isepamer = ABAC.AD =18.18.16 = 5184 (cm’ ).
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Chuong 8
QUAN HE VUONG GOC

TRONG KHONG GIAN

GOC GIIFA PUONG THANG VA MAT PHANG. GOC NHI DIEN

A. TOM TAT LY THUYET

A
a
a
P\ ) a g A
P I k
| N
Hinh 1. Hinh 2.

1) DINH NGHIA:

e Né&u duong thang a vudng gdéc véi mit phang (P) thi ta néi réng goc gitra
duong thang a va mit phing (P) bang 90° (Hinh 1).

e Néu duong thang a khong vudng goc véi mit phang (P) thi goc gitta a va
hinh chiéu @' cta né trén (P) duoc goi la goc gitta duong thang a va mit
phang (P) (Hinh 2).

2) PHUONG PHAP XAC DINH VA TINH GOC:

Str dung dinh nghia géc gitta duong thang va mat phang,.
> Cach tim hinh chiéu o' ctia a trén mit phing (P) ta c6 thé lam nhuw sau:
> Tim giao difm M =an(P).
> Tim mot diém A tuy y trén duong thang a (A4# M) va xac dinh hinh chiéu
vudng géc H ctia A trén mit phéang (P).
> Khi d6, o' 1a duong thang di qua hai diém A va M.
Ta c6: B =(a,(P))= AMH .
Xét tam giac vudng AMH ta c6:



HM
cos f = IY
AH 4
tan = ——
an f VH .
., AH _d(4(P)) i
SN P T A / q ﬁ\ /
(trong d6 d (4,(P)) 1a khoang cach tir A Hi M 1
diém A dén mit phang (P)).
3) NHI DIEN. GOC NHI DIEN —
a. Géc nhi dién: F Q

Cho hai mit phang (B),(Q,) <6 chung bo la duong
thang d. Hinh tao boi (R).(Q) vad duoc goi la géc nhi
dién tao boi(R),(Q,), ki hiéu [R,d,0].

Hai ntra mit phéang (B ),(Q,) goi 1a hai mt cia nhj dién va d goi la canh cta

nhi dién.
b. Géc phang nhj dién.

Cho gbc nhi dién [P, a, Q]. Goi O 1a mét diém tuy y trén a, Ox la tia nam

trong (P) va vudng géc véi d, Oy la tia nam trong (Q) va vudng gdc véi d.

c. Géc phang nhj dién: cua gdéc nhi dién la goc cé dinh nam trén canh cta nhi
dién, c6 hai canh lan luwgc nam trén hai mat cta nhi dién va vuong goc véi
canh cuia nhi dién.

Cha y: Néu mit phang (R) vudng goc véi canh a ctia géc nhi dién va cét hai
mét phang (P ),(Q) ctia goc nhi dién theo hai nra dudong thang Ox, Oy la
g6c phang nhi dién ctia géc nhi dién tao béi (P ),(0Q)



B. CAC DANG TOAN.
DANG 1:
GOC GIUA CANH BEN VA MAT PAY

Phuong phap:
+ Tim gdc gitrta canh bén SA va mat day (4BC)

Hi 4
+ Goi H 1a hinh chiéu vudng géc ctia S trén mit phang ; §

day (4BC).

+ Nhu vay HA 1a hinh chiéu vuéng goc ctia SA trén (A4BC).
(54,(4BC)) = (54, HA) = SAH .
Vi du 1. Cho hinh hop ditng ABCD.A’B'C’'D’ c6 day ABCD la hinh thoi canh
a,ABC=60" va AA'=a. Tinh géc hop boi dudng thing BD’ va mit phing
(ABCD).

Loi giai
Do DD' L (ABCD) nén géc hop béi dudng thang BD’ ) 5
va mit phing (ABCD) 1a D'BD. ' '(’:I
anpBD=L22 - B 5pp s f ek
BD a3 3 o
D [0

Vi du 2. Cho hinh chép S.ABCD c6 day la hinh vuong canh
2a, canh bén SA vudng goc mat day va S4 =a. Goi ( la goc tao bdi SB va mat
phang (ABCD). X4c dinh cot(?
Loi giai
Ta cé6 SBN(ABCD)={B}.
Trén SB chon diém S. Ta ¢6 SA L (ABCD)
nén A la hinh chiéu cta S 1én (ABCD).

Suy ra (SB,(ABCD))=(SB,BA) = SBA. D
AB 2a B

Vay cotp="="2-12,

ay cotp="==



Vi du 3. Cho hinh chép S.ABC c6 day ABC 1a tam gidc déu canh 4. Hinh chiéu
vudng goc cua S lén (ABC) trung vdi trung diém H cta canh BC. Biét tam
giac SBC la tam giac déu. Tinh s6 do cta goc gitta SA va (ABC).

Loi giai
Tacé SH L(A4BC).
= (54,(4BC)) = (S4,4H) = SAH =
AABC va ASBC la hai tam giac déu canh 4 nén

f

AH = SH = ——.Suy ra ASHA vudng can tai

H=a=45"
Vi du 4. Cho hinh lap phwong ABCD.A'B’C’'D’. Tinh goc gitta A'C’ va mat
phang (BCC'B’) .
Loi giai

Dé dang thdy goc gitta A’C’ va mat phang (BCC'B’) la AC'B =45,

.
=)

Ape b =)D

8 c
Vi du 5. Cho hinh ling tru diing ABC.A’B'C’ c6 AABC déu canh a, 44’ =+[3a.
Tinh géc gitta duong thang AB’ va (ABC).
Loi giai
ABC.A’B’C’ la lang tru diing nén AB la hinh chiéu vudng goc ctia AB’ trén
(ABC).
A o

Suy ra goc gitta dwong thang AB’ va (ABC) bang v
@. av3

AB’AB Vu6ng tai B nén
A¥) c

anBAB="28 _ =3 = B'AB =60". a
"AB



Vi du 6. Cho hinh chép tt gidc S.ABCD c6 day la hinh vuong canh
a,SA L (ABCD) va SA=a. Tinh géc giita duwong thang SB va (SAC)
Loi giai
Goi I la tam cta hinh vuéng cua ABCD.
Vi ABCD la hinh vuéng nén BD 1 AC.
Mit khéc vi S4 L(ABCD) nén SA L BD.

Suy ra BD L (SAC)
do d6 goc gitta duong thang SB va (SAC) 1a goc BSI.

a2
2

Ta co SBza\/E;Blz

:sinlﬁzﬂzl:gﬁ:m”.
SB 2

Vi du 7. Cho khéi chép S.ABC c6 S4 L (ABC), tam gidc ABC vudng tai B,
AC =2a,BC =a, SB=2a/3. Tinh goc gitta SA va mit phing (SBC).

Loi giai
Ké 4H L SB(HeSB) (1.
Theo gia thiét, ta co:
{BCLSA = BC L (SAB)= BC L AH (2) &° c
BC 1L AB ‘

Tt (1) va (2) suy ra AH L (SBC).
Nén géc gitta SA va mat phang (SBC) bang géc giita SA va SH bang ASH.
Tacé AB=~AC* - BC* =a /3.

Trong ASAB ta co sin ASB = ’;_g - a3 _

Vay ASB = ASH =30°.
Do d6 goc gitta SA va mat phang (SBC) bang 30°.

Vi du 8. Cho hinh chép S.ABC ¢6 S4 L (ABC),S4 = 2a+/3, 4B =2a, tam giac
ABC vuong can tai B. Goi M 1a trung diém cua SB. Tinh goc gitta duong
thang CM va mdt phang (SAB).



Loi giai

= BC 1 (S4B).

., |BC L AB
Ta co:
{BC 154

Do d6 BM 1a hinh chiéu ctia CM 1én mat phang (SAB). s
Suy ra (CM,(S4B))= CMB.

nCipo BC _24B_  24B  _ 2.2a L

MB~ SB \[s4*+ 4B’ \/(2a\/§)2 +(2a)°

Suy ra CMB =45". Vay (CM,(S4B))=45".

Vi du 9. Cho hinh chdép S.ABC cé ddy ABC la tam giac vudng tai B, c6

10

AB=a;BC = a3 . Biét S4 L (4BC), SB tao véi ddy mot goc 60° va M la
trung diém cua BC.
a) Tinh cosin géc gitta SC va mat phang (4BC).
b) Tinh cosin géc gitta SM va mt phang (4BC).
Loi giai
a) Do S4 L (4BC)= (SB,(ABC))=SBA=60°.
Do d6 SA4=ABtan SBA=atan60°=ax/3 .
Ta co: AC =~ AB* + BC* =2a; (SC;(ABC))=SCA.
Khi dé:

COSS/C-'71=£ AC 2a ZL.

SC s +4C° B +aad T

b) Do S4 L (4BC) = (SM,(4BC))=SMA=¢.

2
Ta cb: AM =~ AB* + BM* = cﬁ+[$} :a\ﬁ_

2

Khi d6 cosp= AM._ AM _ 133 .
SM

JSA +AMm® 19




Vidu10. Cho hinh chép S.ABCD, day la hinh chit nhat c6 AB=2a;4D=a.
Tam giac SAB déu va thudc mat phang vuong goc véi dy.
a) Tinh géc gitta SB, SC va mit phang (ABCD).
b) Goi I 1a trung diém ctia BC. Tinh tan géc gitta SI va mit phang (A4BCD)

Loi giai

a) Goi H la trung diém ctia AB ta c6: SH L AB. Sy
Mit khac
{(SAB) L (A4BCD)

SH 1 (ABCD). i
AB =(SAB)(ABCD) - ( )

Tam giéc SAB déu canh 2a nén SH =a+/3 .
HC =\ HB* + BC* =av/2.
Do SH L (ABCD) = (SB,(ABCD))= SBH =60°

(SC.(ABCD)) = SCH va tan SCH =L — \ﬁ .
HC \2

2
b) Ta cé: HI =< HB* + BI’ =,/a2+(§J = af.

Mt khac (S[,(ABCD))=§;1 va tanbflﬁz‘;_ilza\/g; a25 _ 2\23.

Vi du 11. Cho hinh chép S.ABCD, c¢6 day la nra luc giac déu canh a, AD =2a.
Biét S4 L (ABCD) va duong thang SB tao voi day mot gée 45°.

a) Tinh cosin goc tao boi cac canh SC, SD va mat day (ABCD).

b) Goi I 1a trung diém ctia CD, tinh tan géc tao bdi SI va mat phang
(4ABCD).

11



Loi giai
a) Goi O la trung diém ctia AD = OABC la

hinh thoi canha = CO=a =%AD = AACD

vuong tai C.

Do S4 L(ABCD)=>(SB;(ABCD))=SBA=45°.

Do d6 S4= ABtan45°=a
AC =~ AD* —CD* = a3 = cos(m) — cos SCA
AC AC a3 B

TSC Jsa1aCt i3 2

COS(W) = c0sSDA =

AD___2

Jsa?+ ap* 5
2

b) Ta cé: Al =~ AC> +CI* = [3a° + ‘“/7

Do d6 tan(S[ (ABCD))—tanS[A— =,

Al JE
DANG 2:
GOC GIUA CANH BEN VA MAT PHANG CHUA PUONG CAO

Phuong phap:
+ Tim gdc gitta canh bén SB va mdt phing (SHA)

vOi (SHA) L (ABH).
+Dung BK L AH,cd BK L SH = BK 1 (SHA)

+Suy ra K 1a hinh chiéu vudng gdc cua B trén mat
phéng (S4H ).

+Vay (SB,(SAH))=(SB,SK) = BSK .

Vi du 1. Cho hinh thoi ABCD tam O ¢6 BD =4a, AC =2a. Ldy diém S khong
thudc (ABCD) sao cho SO L (ABCD). Biét tan SBO = % Tinh goc gira SC va
(ABCD).

Loi giai

12



Géc gitta SC va (ABCD) 1a géc SCO.
BD =4a= BO =2a;,

SO = BO. tangB\O = 2a% =a;
AC=2a= 0C=a.

Vay SCO =45,

Vi du 2. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng canh a, hinh chiéu
vudng goc cua S lén ( ABCD) la trong tam G cua AABD. Biét SG = 2a, cosin
ctia goc gitra SD va ( ABCD) la:

Loi giai

Ta c6 (SD,(ABCD))=(SD,GD) = SDG

Ta cé DG =2DM =2\ AM? 1 AD? :ﬂ
3 3 3
~ anSDG -39 _6¥5
GD 5

= cos SDG = \/E = cos(SD,(ABCD)) = \/E
41 41

Vi du 3. Cho hinh chép tam giac S.ABC c6 day la tam giac déu canh a . Tam
giac SAB can tai S va thudc mat phang vudng goc véi day. Biét SC tao voi
day mot goc 60°, goi M 1a trung diém ctia BC. Tinh cosin goc tao véi SM
va mat day.

Loi giai
Goi H la trung diém cua AB khi d6 SH L 4B
Mat khéc (S4B) L(ABC) suy ra SH 1 (A4BC)

a\3

Khi d6 CH=7:>SH=CHtan60° _3a

Do M la trung diém ctia BC nén HM =—= 5

HM 1
JHm? +sH* 10
Vi du 4. Cho hinh chép S.ABCD c6 ddy la hinh
chit nhat c6 4B =a,AD = a/3,S4 L (ABCD).
Biét SC tao véi day mot goc 60°. Tinh cosin
goc tao boi:

COSM‘] =

13



a) SC va mit phang (S4B); SC va mit phing (S4D).
b) SD va mit phing (SAC).
Loi giai
a) Do S4 L (4BCD) = (SC,(ABCD))=SCA =60°.
Lai c6: AC =~JAB* + AD* =2a = SA = ACtan 60° = 2a+/3 .
SB =~SA4* + AB* =a\/13 5

Khi d6 {SD =~/S4> + AD* = a 15

SC=~/S4A* + AC* =

Po—==—======

CB 154 —
= CB L (S4B)=(SC,(54B))=CSB.
CB 1 AB
B c
Mt khac cos@zﬁzﬁ.
SC 4
b)Tuong tw va cos CSD = 5D _ \/_5
SC 4
Vidu5. Cho hinh ldng tru déing ABC.4'B'C' c¢6 day la tam giac déu canh a.
Tinh géc tao boi 4'C va mit phang (4BB'A’), biét AA'= a;/z .
Loi giai

Dung CH 1 AB= CH = azf

CH 1 AB _—

= CH L (A4BB'A")=(A'C,(ABB'A))=CA'H .
CH 1 A4’

2 2 , .
Lai c6: A'H =\|A4"+ AH® = %{%J - “f. "

Do d6 tana?{:j_’:[:b@:w.

Vay (A4'C,(ABB'A')) = CA'H =45°.

C

Vi du 6. Cho hinh chép S.ABCD c6 day la hinh ch nhat ABCD, hinh chiéu
vuong goc cua dinh S 1én mat day la diém H thudc canh AB sao cho
HB =-2HA.Biét AB=3,4D =6 va SH =2. Tinh tan goc tao boi:

14



a) SA va mit phing (SHD).
b) SB va mit phang (SHC).

Loi giai
SA=NSH® + AH* =5
N

Dung AE L DH = AE L (SHD) = (S4,(SHD))= ASE

a) Ta cé: AH:I,HB:2:>{

S
Mit khéc 4E = 274D _ 6
JAH? + AD* 37
__ 4E 6

Suy ra tan ASE = —

sA Jiss
b) Dung BF 1 HC = BF 1 (SHC).
Khi d6 (SB,(SHC)) = BSF,

BH.BC 310
JBH* +BC* 5

BF =

BF 3f

SB 10

Vi du 7. Cho hinh chép S.ABCD c6 déy 1a hinh thoi tim O canh a, BD = a3,
SA L (ABCD). Biét SC tao v6i day mdt gbe 60°. Tinh tan gbc tao boi:

a) SC va mit phang (S4B).
b) SD va mit phang (S4C).

Ta co: tan(SB,(SHC)) — tan BSF =

Loi giai
a) Taco: AC L BD tai O.Khi d6 04=0C,0B=0D.
Xét tam gidc vuong OAB ta co: sin O/A?B = O—§ = f

— 0A4B = 60° = AABC déu canh a.

Mit khéc SA4 L (4BCD) = (SC,(ABCD))=SCA =60°.
Suy ra S4= ACtan60°=a+/3.

Dung CH 1 AB=>CH L (S4B)= (SC,(S4B))=CSH .
Do AABC déu canh a nén H la trung diém ctaa AB.

15



Ta co: CHzéztanCﬁzg—g trong d6 SH =~/SA* + AH’ =a\/g.

2
Do d6 tan CSH = 3
J3 13
DO 1 AC — _—
b) Ta co: = (SD,(SAC)) = DSO va tan DSO = ob
DO 1 §4 SO
Trong d6 OD =—= SO VSA42 +04* = = tan DSO = —”1339 :

Vi du 8. Cho hinh lang tru ABCD.A'B'C'D' co day ABCD la hinh chi® nhat co6
AB =2a,AD =2a+3 , hinh chiéu vudng géc ctia 4’ 1én mat phéng (A4BCD)
trung v6i tam O cua hinh chit nhat ABCD, biét canh bén AA' tao véi day
mot goc 60°. Tinh cosin goc tao véi A'C va mit phang (4'BD).

Loi giai

AC =+ AB*+BC* =4a= 04=2a=0C.
A0 1 (4BCD) = (4'05( ABCD))= 440 = 60°.

— A'0 = 0Atan 60° = 2a+/3
Dung CH L BD= CH L (4'BD)

= (4'C;(4'BD))=CAH .

Tac: CH =—2L__ 43, 4'C=N04"+0C" =\124" +4a’ =4a.
VBC? +CD?
’ 2 2 2 2
Suy ra cosCA'H = AH _ VA'C*—HC = V16a> 34 = E .
A'C AC 4a 4
DANG 3:

GOC GIUA PUONG CAO VA MAT BEN

16



Phuong phép:

+ Tim goc gitta duong cao SH va mit phang
(S4B).

+Dung HE L AB,HF | SE .

+Ta c6: AB L SH = AB | (SHE)=> AB L HF .

+Mit khac HF L SE = HF 1 (SAB)= F lahinh

chiéu vudng géc cua H trén mit phang (S4B).

+Vay (SH,(SAB))=(HF,SF)= HSF .

Vi du 1. Cho hinh chép S.ABCD c6 day la hinh chit nhat c6 4B =a,A4D =2a,

SA=2a va SAL(ABCD). Tinh tan géc gitta SA va cdc mit phing
(SBC),(SBD) va (SCD).

Loi giai
BC L AB

(0]
BC 154

Dung AM 1 SB=> AM 1 (SBC)= M lahinh

chiéu vudng gbc ctia A trén (SBC).

= BC 1 (S4B).

Khi d6: (54,(SBC))= ASM = ASB=a .

Do d6 tana =£=
SA

AD

1
2
Tuong tu ta co: (m)zﬁzﬂ va tanﬂzS—Azl.

BD 1 AFE

Dung AE 1 BD,AF 1 SE ta co: = BD 1 (SAE)= BD 1 AF .
BD 1 54

Mit khéc AF L SE = AF | (SBD) = (S4,(SBD))= ASF = ASE .

Khi d6 tan ASE = %, frong 6

AE:—ABAD :ﬁ:taﬂﬁ:ﬂ:i_
JaB* + ap* 5 sS4 5

Vidu 2. Cho hinh chdp S.ABC, c6 day ABC la tam gidc déu canh 2a. Canh bén
SA=a+3 vavudng goc véi day. Tinh géc gitta SA va mat phang (SBC).

Loi giai

17



Tt A ké AK vuong gdc voi BC tai K.

Ta cé: SA L BC va AK 1 BC = BC L (S4K).

Ké AH L SK,H € SK . Ma BC L AH .

Suy ra AH L (SBC) = (S4,(SBC))= ASH = ASK .
Tam gidc SAK vudng tai A, c6 SA=AK = a/3.

= tam gidc SAK vuong can tai A nén ASK =45°.
Vay (84,(SBC))=45°.

Vidu3. Cho hinh chép S.ABCD c6 déy la hinh thang vuong tai A va B c6

18

AD=24B=2CD=2a va SAL(ABCD). Biét ring SC tao véi ddy mdt goc
60°. Tinh tan géc gifta SA va cdc mit phing (SBC),(SCD) va (SBD).
Loi giai
Ta co: AC:\/m:a\/E
SA4 1 (ABCD) = (SC,(4BCD))=SCA=60°.
Suy ra S4 = ACtan60° = a/6 .

, |BC LS4
Dung AM 1 SB, co = BC 1 AM .
BC 1 AB

Do dé AM 1 (SBC)= M la hinh chiéu ctia A trén mit phang (SBC).

Suy ra: (SA,(SBC)) — ASM = ASB.

Ta co: tan@zﬁzizi.
sS4 a6 e
Goi I 1a trung diém ctia AD = ABCI la hinh vuong canh a
CD 1 S4
—cr=42_ 4= anscp vuong tai C. Khi d6 = CD L (SAC).
2 CD 1 AC
Dung 4N L SC = (54,(SCD))= 4SN = ASC.
Ta c6: tan ASC === A€ &:L.
SA4 a6 3
AE 1 BD
Dung = (84, SBD)) =
AF 1 SE
Mit khac 4E ——ABAD 24 . qop AE_N30
JaB* +ap* 5 s4 15



Vi du 4. Cho hinh chdép S.ABCD, cé day la nia luc giac déu canh a, 4D =2a.
Biét S4 L (ABCD) va duong thang SB tao voi day mot gée 60°.

a) Tinh tan goc tao boi SA va (SBC).
b) Tinh goc tao boi SA va (SCD).
Loi giai
a) Goi O la trung diém ctia AD = O4BC la hinh
thoi canha = CO=a =%AD = AACD vuong tai C.

Do SA L (ABCD) = (SB,(ABCD))=SBA=60°.
= SA= ABtan 60° = a3, AC =\ AD* —CD* = a3 .
Dung AE L BC,AF L SE = (SA,(SBC))= ASF = 4SE .

Do ABE =120° = ABE = 60°.

a3

Mt khac AE = ABsin ABE = ABsin 60° = =

. AE |
S SA4;(SBC))=tan ASE =—=—.
uy ra tan(S4;(SBC)) = tan TR

= CDL(SAC). Dung 4K L SC= 4K J_(SCD)
CD 1 AC

D 1S4
b) Do {C S
Khi d6 (54,(SCD))= 4SK = ASC=¢.

Ta co: tan¢?=£— a3 _ 1= @ =45°. Vay (54,(SCD))=45°.

SA a3
Vi du 5. Cho hinh lang tru 4BC.4'B'C’ c6 day la tam gidc déu canh 4, hinh

chiéu vuong géc ctia B’ 1én mat phang day trung véi trung diém H ctia canh
. vy 3 . o \ 2 , L
AB, dwong cao B'H :Ta' Tinh cosin goc gitta dwong thang B'H va mat

phéng (BCC'B').

Loi giai
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BC L B'H
BC 1 HE

Duwng HE 1 BC,HF 1 B'E ta co: {
suy ra BC L HF = HF 1 (B'BCC')
= (B'H;(BCC'B')) = HB'F = HBE .

a a\/§

Ta co6: HE =HBsinﬁB\E =Esin60° =—

4

BH _ BH 3
BE BH*+HE* 2

Do d6 cos HB'E =

DANG 4:
GOC GIUA CANH BEN VA MAT BEN
Phuong phap:
+Dit (SC,(S4B)) =9 (0°< 9 <90°).
d(C,(S4B))

+ Ta c6 cong thitc: sing = —

Vi du 1. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat c6

20

AD =2a,AB = a2 . Tam gidc SAD can tai S va thudc mit phing vudng géc
voi ddy. Duong thang SB tao véi ddy mot gée 30°. Tinh sin géc tao boi:
a)SA va mit phang (SBC).  b) SD vamit phang (SAC).

Loi giai
Goi H 1a trung diém ctia AD, ta c6: SH L AD
Lai c6: (S4D) L (ABCD)=> SH 1 (ABCD).
Ta c6: HA=a;HB =N HA* + AB* =a /3
SH 1 (4BCD) = (SB,(4BCD)) = SBH =30°

Suy ra SH = HBtan30°=a.
a)Do 4D //BC=> AD// (SBC).

Do vay d(A4:(SBC))=d(H;(SBC)).

C
ta c6: BC L HF , tir d6 suy ra HF L (SBC)

Dun
e {HF 1 SE



= d(H;(SBC))=HF =d(4;(SBC)). Ta c6: SA=~SH’ +SA* =a2=5D.
1 1 1 a6 d(4,(SBC)) V3

— HF =—— = sin(S4,(SBC))=———— 2 =~
HF? SH2+HE2:> 3 jsm( o )) SA 3

b) Dung HN 1. AC = AC L(SHN), dung HI L SN = HI 1 (SAC)

d(D;(s4C
Do D—A=2=M:>d(D;(SAC))=2d(H;(SAC))=2HI
HA d(H;(SAC))
Dung DM L AC = DM = 23‘_65 :>HN=%.
HNSH  a
= Hl =———— === d(D;(54C)) =
VHN? +SH* 2 (Pi(s46))=a
- d(D;(84C)) a1
T . = = =—,
a c6: sin(SD,(S4C)) D 5 h

Vidu2. Cho hinh chép S.ABCD c6 day la hinh cht nhat ABCD c6
AB = a~[3;AD = a, tam gidc SBD 1a tam gidc vudng can dinh S va ndm trong
mat phang vudng gdéc véi mat phang ddy. Tinh sin géc tao boi SA va mat
phéng (SBC).

Loi giai
Goi O la trung diém cua BD, ta c6: SO L BC
mét khac (SBD) L (ABC)= SO L (ABC)

BD =~ AB* + AD*? =2a:>SO=%BD=a.

Dung OE 1 BC,OF L SE = OF L(SBC).

d(D;(SBC))=2d(0;(SBC))=20F

Tacs: OF ~Lap- 433
2 2
Lop-_S0O0E__ [3_aJ2l
VSO* + OE® 77
2a\/ﬁ 9 , > B
Suy ra d(4,(SBC))= . Mt khac S4=+/S0* +04* =a/2..

7
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Do d6 sin(S4,(SBC)) = d(A’éjBC)) = */;‘_2 :

Vi du 3. Cho hinh lang tru ABC.A'B'C" c6 day la tam gidc vudng tai A voi

22

AB = a; AC = a3, hinh chiéu vudng géc ctia 4’ 1én mit dy trung véi trung
diém H ctia BC. Biét A'H = a~/2 . Tinh cosin goc tao boi A4'B véi mit phing
(acc'a’).

Loi giai

Dung HE L AC va HF L A'E

. [ACLAH
Ta cé: { = AC L HF = HF 1 (A44'C).
AC L HE

Khi d6 d(H;(A'AC))=HF .

Lai c6 BC=2HC nén
d(B;(AA4'C))=2d(H;(A44'C)).

Mait khac ME 1a dwong trung binh trong tam gidc ABC nén ME = % = % .

Khi d6: piF = HEAM___ a2

JHE> + AM> 3

Suy ra d(B;(44'C))= 2"3\5;190:\/,432 +AC* =2a.

Laico A'B=~NAH+HB* =a/3.

sin(A'B;(A’AC)) =sing = d (B;(A’AC)) _ 246

BA' 9
= cos@ =4/1-sin’ @ :@

DANG S:
XAC PINH VA TiNH SO PO CUA GOC PHANG NHI DIEN
Phwong phap:
+ Ta xé4c dinh goc nhi dién tao boi hai mit phang (P) va (Q) theo 3 budc:
Bude 1: Tim giao tuyén A=(P)n(0Q).
Bué6e 2: Tim ac(P):a LA va bc(Q):bLA.



Bude 3: Két luan [P,A,Q]

Vi du 1. Cho t& dién S.4BC c6 cic canh S4, SB, SC d6i mot vuong gdc va
S4=SB=SC=1.Goi @ lagécphang nhi dién [S,BC,4]. Tinh cosa?
Loi giai
A

Goi D la trung diém canh BC'.

Suy ra SD 1 BC (vi tam giac SBC can tai §).
SA 1 SB

{SA 1SC

Va SD L BC = BC 1 (SAD)=BC L SD.

(SBC)N(4BC)=BC

=S4 L (SBC) =S4 L BC.

Khi d6: {SD L BC =[S,BC,4]=SDd=a .
AD 1 BC
. N . , — SD 1
Xet ASAD vudng tai §, ta co: cosa =cosSDA=——=—.
AD 3

Vi du 2. Cho hinh chép S.4BCD c6é day ABCD la hinh thang vudng tai 4 va
B, biét AD=2a, AB=BC=a, canh bén S4 vudng goc véi mat ddy va

s4=2

6 .
, Goi E latrung diém cuia 4D . Tinh s8 do ctia goc phang nhi dién
[S,BE, A].

Loi giai
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Nhan xét: ABCE 1a hinh vudng canh bang a .
Goi I =ACNBE.

. [BE LAl
Ta co: { = BE | (SAI)= BE 1 SI.
BE 1 54
(SBE)(ABE)=BE
Khi d6 { 41 L BE =[S, BE, 4] = SI4
SI L BE

Xét ASI4A vudng tai A4, ta co:
tan SIA = & =2 6 : 2
14
Vi du 3. Cho hinh lang tru ding ABC.A'B'C’ ¢6 tat ca cac canh bang nhau. Goi
¢ s8 do ctia géc phing nhi dién [4',B'C’, 4]. Tinh ¢?

Loi giai

22 =3 = SIA=60°.

Goi H la trung diém cua canh B'C'.Suyra 4A'H L B'C'.
c

C!

. [BC'LAH
Ta co: = B'C' L(A'AH)= B'C' L AH .

B'C'L A4
(AB'C')n(A'B'C')=B'C’
AH LBC' = ((4B'C"),(A'B'C"))=(A'H,AH)= AHA.
AH LB'C'
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Xét AA'AH vuodng tai A4, ta co:
tandHA=24 = ¢ _ 2 _ 774~ arctan =
AH a3 B 3
2
Vi du 4. Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh thang vudng tai 4 va
D, canh bén SA vudng gbéc véi mit ddy va Sd=a2. Biét
AB=24D=2DC =2a . Tinh s8 do ctia géc phang nhi dién [C,SB, 4].

Loi giai

. CM 1 AB
Goi M la trung diém 4B khi do {

A:> CM 1 (SA4B).

Trong mat phang (S4B), tt M ké MK 1 SB tai K .

SB 1 MK

SB 1 CM
(S4B)~(SBC) =SB

Ta c6: { MK 1 SB =[C,SB, 4]=CKM .
CK 1 SB

Khidé:{ = SB L (CMK)= SB L CK .

KM _BM 1
- o kM=2

SA  SB aJ6 6 B
Xét ACKM vudng tai M, ta co:

tan CKM =M _ 3 — CKM = 60°.
MK

ABKM ~ ABAS nén

Vidu 5. S.ABC c6 canh day 3a, canh bén 2a. Tinh s6 do nhi dién [S, BC, A].
Loi giai
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Goi M la trong diém cta BC thi N
mp(SAM ) LBC tir d6 SMAla géc

phang nhi dién [S, BC, A]

A C
9
3a 1
TacéAM=3a\/§,h‘xdc’)HM=& .
2 2
2 2
SM? = SB* - BM? =4a* - 2% =79t d6 SM:“ﬁ
4 4 2
a3
VéycosST/[EzHM: 2 =\/i.
SM a1 7
2

S6 do nhj dién [S, BC, A]lag dwoc xac dinh boi

cosgoz@,O” <p<180°.

Vi du 6. Cho mit phang (P) va diém M nam ngoai (P). Ké MA vudng gdc véi
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mét phang (P) va MB, MC 1a hai duong xién d&i véi mat phang (P). Cho biét
MA = a; MB, MC tao véi mat phang (P) cac goc 30° va MB L MC.
a.Tinh d¢ dai BC;
b.Tinh s& do nhi dién [M, BC, A].
Loi giai
a. Vi MA 1 mp(P) nén MBAva MCA
la goc gitta MB va MC vo6i mp (P).

Theo gia thiét. MBA = MCA=30°.

T d6 . MB=MC =2ava AB=AC =a /3.
Do MB L MC nén BC = MB\2 ttcla BC =2a4/2.

b. GoiIla trung diém cta BC thi BC L mp(MIA) ,
Tir d6 MIA 1a géc phing nhi dién [M, BC, A] .



— M4 1
Dit MId=¢ .Tacd MI:%BC:a\/E. singp=——=——

Ml 2

= (p=450.

Vay géc nhi dién [M, BC, A] bang 45°.
C. BAI TAP TU LUYEN:

Bai 1. Cho hinh chép S.ABC c¢6 ddy ABC la tam giac vudng tai 4,
AB=a,AC = a3 va SAL(ABC), SA=a. Xac dinh va tinh s6 do ctua goc
gitta deong thang va mit phang sau:

a) (SC,(84B)). b) (SB,(SAC)). «¢) (S4,(SBC)).

Bai 2. Cho hinh chép S.4BC c6 ddy 4BC la tam gidc vudng can tai B,
AB=a3 va S41(A4BC), SB=2a3. Xac dinh va tinh s§ do cta goc gita
duong thang va mit phang sau:

a) (SC,(S4B)). b) (SB,(SAC)). «¢) (S4,(SBC)).

Bai 3. Cho hinh chép S.4BCD c6 ddy ABCD 1a hinh thoi cé canh bang 2 va
DAB =120°. Biét hinh chiéu vudng goc ctia dinh § xudng mit phang day
trung véi trung diém H cua canh 4D va tam gidc SAD déu. Xac dinh va
tinh s do ctia goc gitta duong thang va mat phang sau:

a) (SC,($4D)).  b) (SH,(SBD)).

Bai 4. Cho hinh chép S.ABC c¢6 ddy ABC la tam gidc vudng tai 4 va
SA L (A4BC) . Xac dinh g6c phang nhj dién [S,BC,4] .

Bai 5. Cho hinh chép tam giac déu S.4BC, day ABC c6 trong tam G . Xac dinh
g6c phang nhi dién [S,BC, 4] .

Bai 6. Cho hinh chop S.ABCD c6 ddy ABCD la hinh thang vudng tai 4,D va
AB=2DC =24D.Biét S4 L (ABCD). Xac dinh gbc phang nhij dién [S,BC, A]

Bai 7. Cho hinh chép t giac déu S.4BCD, ddy ABCD c6 canh bang a va tim
O, SA=a . Xéc dinh va tinh cosin ctia goc phang nhi dién [S.BC,A4].

Bai 8. Cho hinh chop S.ABCD c6 ddy ABCD la hinh thang vudng tai 4,D va
AB=2CD =2A4D =2a. Biét hinh chiéu vudng gbc ctia dinh S xudng mat
phang ddy trung véi trung diém H ctia canh 4B va SD=a. X4c dinh va
tinh tan ctia géc phang nhi dién [S,BC,H].

Bai 9. Cho hinh chép t gidc déu S.4BCD, day ABCD c6 canh bang a va tam
O, SA=2a.Xac dinh va tinh s§ do ctia géc phang nhi dién [B,SC,D].

Bai 10. Cho hai tam giac ACD va BCD nam trén hai mit phang vuong goc véi
nhau va AC=4D=BC=BD=a, CD=2x. Tinh gia tri cia x sao cho goc
phéng nhi dién [C, 4B, D] 1a géc nhi dién vudng.
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D. BAI TAP TRAC NGHIEM

Cau1: Cho hinh chép SABCD c6 ddy ABCD la hinh chit nhat va
SA L (ABCD). Géc giita duong thang SB va mit phang (S4D) la goc nao
trong cac phwong an dudi day?

A) SBA. B) BSA. C) SBD. D) BSD.

Cau 2: Cho hinh chép S.4BCD c6 day la hinh vuong canh a, S4 vuong goc
v6i mat phing day va S4=+/2a. S8 do cta géc gitta duong thing SC va
mét phang day bang
A) 45°. B) 60°. C) 30°. D) 90°.

Cau 3: Cho hinh chép déu S.4BC 6 tat ca cac canh bang a . Goi o 1a goc gitra
canh bén S4 va mit phiang ddy (4BC).Khang dinh nao sau day la dang?

V3 V3

A) o =60°, B) cosazT. Q) tanazT. D) o =45°.

Cau 4: Cho hinh chép S.ABCD c6 day la hinh thoi canh 24, géc ADC =60°. Goi
O 1a giao diém cuia AC va BD, SO L (ABCD) va SO = 3a. S8 do ctua goc gitra
duong thang SD va mit phang (ABCD) bang
A) 45. B) 75¢. C) 30e. D) 60e.

Cau 5: Cho hinh chép S.4BCD ¢ day ABCD la hinh vudng, BD = a2 . Canh
bén S4 vuodng gbéc véi mat phang day va SA= a3 . S8 do ctia goc gitra
duong thang SB va mat phang (SAD) béng

A) 45°. B) 60°. C) 90°. D) 30°.

Cau 6: Cho hinh chép tt gidc déu S.4ABCD c6 canh ddy bang a va canh bén

bang 2a . Gid tri lwong giac cosin ctia goc tao bdi canh bén va mit phang day

ctia hinh chép bang
J 1
a2 B Y2 o ¥4 D) .
4 2 4 2

Cau 7: Cho hinh chép S.ABCD c¢6 day la hinh thang vuong tai 4 va B,
SAL(ABCD), SA= a2, BC=AB=a,AD =2a. Goi E la trung diém canh
AD, a 1a géc giita duong thang SC va mit phang (S4D). Khi d6 tana

bang
1 1 3
A) —. B) ——. Q) 3. D) .
NE J6 2
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Cau 8: Cho hinh chép S.ABCc6 déay la tam gidc vuong tai C, AC=a,
BC =+2a . Biét dudng thing SA vudng goc voi mit phing day va SA=a.
SG do ctia goc gitta duong thang SB va mat phang day bang
A) 30°. B) 45°. ) 60°. D) 90°.

Cau 9: Cho hinh chép S.ABCD c6 day 1a hinh vudng canh a, S4 L (ABCD)va

SA=a\3.Goi a 1a goc gitta duong thang SB va mit phang (SAC). Khéng

dinh nao sau day la dang?

2 B

2 )
A) Cosa:T. B) cosa:?. O) sina:?. D) sina =

V2
ik

Cau 10: Cho hinh chép S.4BC cb ddy ABC la tam gidc vudng can tai 4. Biét
SA vudng goc v6i mit phing (4BC) va SA=24B=2a.Goi a la goc giita
duong thang SC va mat phang (4BC). Khang dinh nao sau day la dtng?
A) 30°<a<60°. B) a<30°. C) a=90°. D) 60°<a <90°.

Cau 11: Cho hinh chop S.4BCDc6 ddy ABCD la hinh vudng, canh bén 5S4
vudng géc véi mit phang ddy. Goc phang nhi dién [S,BC, 4] 1a
A) SBA. B) SCA. C) ASC. D) ASB.

Cau 12: Cho hinh chép S.4BC c6 S4 1(4BC), day ABC la tam giac déu canh

a va S4 ::%a. Tinh s6 do géc phang nhj dién [S,BC,4].

A) 60°. B) 90°. O) 30°. D) 45°.
Cau 13: Cho hinh chép tit gidc déu S.4ABCD c6 canh day bang a , chiéu cao hinh
chép bang %. S8 do ctia goc phang nhi dién [S,BC, 4] bang
A) 60°. B) 75°. O) 30°. D) 45°.
Cau 14: Cho t& dién OABC c6 04, OB, OC d6i mot vudng géc nhau va
OB=0C =a\6, O4=a . Tinh s§ do ctia géc phang nhi dién [0, BC, 4].
A) 60°. B) 30°. C) 45°. D) 90°.
Cau 15: Hinh chép déu S.ABCD c6 tat ca cac canh bang « . Tinh cosin ctia goc
phéng nhi dién [S,BC, 4].
J6
JNES B) . 0¥ oy V3
2 3 2 3
Cau 16: Cho khoi hop chit nhat ABCD.A'B'C'D' ¢6 day la hinh vuong, BD =2a
, g6c phang nhi dién [4',BD, 4] bang 30°. Tinh d6 dai canh 44’
2a+3 a a3 a3

A . B) —. D .
)3 )3 C)6 )3
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Cau17: Cho hinh chop S.ABCD <6 ddy ABCD la hinh chit nhat,
AB =2a,AD =a, ASAD déuvanam trong mat phang vudng géc véi mat day.
Goi ¢ 1a goc phang nhi dién [S,BC, 4] . Khang dinh nao sau day la dang?

J3

A) p=060°. B) tangozg. C) p=30°. D) tan(p:T.

Cau 18: Cho hinh chop S.4BC c6 ddy ABC vudng can tai B, AB=BC=a,
SA=aJ3, SAL (ABC). S& do cua goc phang nhj dién [S,BC,4] 1a
A) 90°. B) 30°. C) 45°. D) 60°.

Cau 19: Cho hinh chép S.4BCD c6 ddy ABCD la hinh vudng canh a, S4

a\/6

vuong goc voi mat day va S4= e Khi d6 s6 do ctia gbc phang nhi dién

[S,BD, 4] 1a
A) 30°. B) 75°. C) 60°. D) 45°.

Cau 20: Cho hinh chép déu S.4BCD c6 tat ca cac canh déu bang a . Goi ¢ 1a
géc phang nhi dién [B,SD,C]. Ménh dé nao sau day la ding?

V2 V3

A) tango:\/i. B) tanqozT. O) tanqozT. D) tango:\/g.

. HPONG DAN GIAI

BAI TAP TU LUYEN

a) (SC,(84B))
Ta c6: SCN(S4AB)={S}.
Va {ACJ_AB

— AC 1 (S4B) hay 54 la hinh chiéu vudng goc cia SC 1én (S4B).
AC 154
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Suy ra (SC,(S4B))=(SC,54) = CSA . c
Xét tam gidc SAC vudng tai A4, ta co:

an1="C - _ 5 G- aoe. s
S4 a
Vay (SC,(SAB))=60°.
ay (sC.(548)) a s
b) (SB.(S4C)) ’
Ta co: SBm(SAC)={S}.
AB 1 AC i R .
a = AB 1 (SAC) hay S4 1a hinh chiéu vudng goc
AB 1. S84
cia SB Ién (SAC). B
Suy ra (SB,(SAC))=(SB,S4)=BSA.
Xét tam gidc SAB vudng tai A | ta co: ¢
tan@:£:£:136§1:45°. A S
SA a o

Vay (SB,(SAC))=45°.
c) (S4.(SBC))

Taco: S4 ﬁ(SBC) = {S}

Trong mit phing (ABC), tr A ké AK L BC tai K.
Trong mat phing (SAK),tr 4 ké AH L SK tai H .
BC 1 AK
BC 1 84
Ma AH L SK nén AH 1 (SBC)

Hay SH la hinh chiéu vudng goc cia SA4 1én mat phéng ( SBC ) .
Suy ra (S4,(SBC))=(S4,SH)= HSA=KSA.
Xét tam gidc ABC vudng tai A4, ta co:

Khid():{ = BC L(SAK)= BC L 4H .
A

11 . 1 _1+
AK*  AB* AC* & 3d® 3d?

— AK = av3
2
Xét tam gidc SAK vuodngtai 4, ta co:
a3
AK_ 5 3 V3

tan@: = :—:>I€§4:arctan—
S. a 2 2
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Vay (SA,(SBC)) = arctang )

Bai 2:

Rv

a) (SC,(54B))
Ta co: SCN(SAB)={S}.
‘ {BC L 4B
Va
BC 184
Suy ra (SC,(S4B))=(SC,SB)=CSB.

Xét tam giac ABC vudng cén tai B, ta co:

= BC 1 (SAB) hay SB 14 hinh chiéu vuéng géc cia SC 1én (SAB).

C
BC=AB=a\3.
Xét tam gidc SBC vudng tai B, ta co:
(l'\/g
taHCSBzgzﬂzL — CSB =30°.
SB Za\/g \/5 s
B

Vay (SC,(S4B))=30°. 2av3

b) (SB.(S4C))

Ta co: SBN(SAC)={S}.

Goi H latrung diém ctia AC = BH L AC (vi AABC céntai A).

BH 1 AC

BH 1S4

Suy ra (SB,(SAC))=(SB,SH)=BSH .

Xét tam giac ABC vudng cén tai B, ta co: B
AC _ a6

BH = .
2 2

Xét tam gidc SBH vudng tai H , ta co:

Khi d6 { = BH 1 (SAC) hay SH 14 hinh chiéu vuéng géc cta SB 1én (SAC).
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a\/6

sinB/Sﬁzﬁ— 2 :Q :Eﬁ]:arcsing.

SB 243 4
Vay (SB,(SAC)) = arcsin% )

c) (54,(SBC))

A ‘ B
B

Ta c6: S4 m(SBC) = {S} .
Trong mit phing (SAB), tr A ké Al L SB tai I.

BC 1 4B
Khi do:

BC 154
Hay S7 1a hinh chiéu vudng goc cia S4 1én mit phing (SBC ) .

Suy ra (S4,(SBC))=(54,SI)=1SA=BSA.

= BC L (SAB)= BC L Al .Ma Al L SB nén Al L (SBC)

A
Xét tam giagc SAB vudng tai A , ta co:
Sin@zﬁz a\/g :lj@=300 a\/g
SB Za\/.’: 2
Vay (54,(SBC))=30°.
Bai 3: B T 2av3 g

a) (SC,(S4D))

Ta c6: SCN(SAD)={S}.
CH 1 AD
CH L SH

phing (S4D). Suy ra (SC,(S4D))=(SC,SH)=CSH .

Ta lai co: { = CH 1 (SAD)=> SH 14 hinh chiéu vuong géc cia SC 1én mit
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— H _—
Xét tam giac SCH vudng tai H , ta c6: tan CSH zg—H = ay3 =1= CSH =45°.

a3

b) (SH,(SBD))

D
Ta co: S4 ﬁ(SBC) = {S} .
Trong mit phing (HBD), tx H ké HK 1 BD tai K . (K 1a trung diém ctia canh DO)
Trong mit phing (SHK),tr H ké HI 1 SK tai I.

... [BDLHK
Khi do: = BD L (SHK)= BD L HI . Ma

BD 1 SH -
HI 1 SK nén HI 1(SBD).
Hay S7 1a hinh chiéu vudng goc cia SH 1én mit phang % av'3
(SBD).
Suy ra (SH,(SBD))=(SH,SI)=ISH = KSH . K ; o

Xét tam gidc SHK vudng tai H , ta co:

a
wn ki =K - 2B g a3
SH a3 6 6
Vay (SH,(SBD)) = arctang )
Bai4:
Trong mit phang (ABC), tr A ké AH L BC tai H.
s

<

H
B

D¢ dang chimg minh dwge BC L (SAH)=> BC L SH .
Khi do:
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(SBC)N(A4BC)=BC
AH < (ABC): AH 1 BC { =[S,BC, 4] = SHA

SH < (SBC):SH 1 BC
Bai5:

A
M
B
Goi M 1a trung diém cua BC .
BC L GM
Ta co: = BC L(SGM )= BC L SM .
BC 1 SG

Khi do:

(SBC)n(A4BC)=BC

GM < (ABC):GM L BC=[S,BC, A| = SMG .
SM < (SBC):SM L BC
Nhén xét: AABC vudng can tai C .

BC 1 AC
Ta co: :>BCJ_(SAC):>BCJ_SC.

s

Khi do:
(SBC)(4BC) = BC
AC = (4BC): AC L BC | =[S,BC, 4]=SCA..
SC = (SBC):SC 1 BC

Trong mit phang (A4BCD), tir chan duong cao O ké O L BC tai I .
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(1 1a trung diém cua BC' vi tam giac OBC céantai O). Suyra BC | (SBC) = BCLSI.

Khi do: [S,BC, 4]=SI0 = ¢ . Ta c6: 01=A_ZB=%Va S[=§.

. . . 4
Trong tam giac SOI vudng tai O | ta lai c6: cosp = or = =

a
2 .
SI a\/§\/§
2

Bai 8:

Giao tuyén cta hai mit phang (SBC) va (HBC) la duong thing BC.
Trong mit phing (4BCD),tir H ké¢ HK 1 BC tai K . Suyra: BC L (SHK) hay BC L SK

Khi do: [S,BC,H]:@ = . Ta c6: tam gidc SAD déucanh a va SH :%.
. 3> & a 3d
Va S,pe = Sipep = Samis — Sanco :7 7 4 4
Goi / la trung diem cua AB. Ta ching minh dugc tam giac /BC vudng can tai [ va

IB=a= BC=a\2.

237 a3
Khi do: HK:ZSAHBC: 4 :3\/Ea.Véy tan(pzizﬁ.
BC a2 4 ﬂa 3
4

Bai 9:

Vosits o

D (=}

Trong tam giac SBC, tor B ké BJ L SC tai J thitaclingcd DJ L SC tai J.
Khi d6: [B,SC,D]=BJD.

Trong tam gidc SBC,tacd SB=SC=2a;BC=a= S,y = “is a2,
2 v
Va BJ:M:ia:DJ.
SC 4
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J15

Trong tam giac BJD , tacd: BJ =DJ = Ta;BD =a2.

154 154°

o 2 2 p2 24 -
cosBJD:BJ +DJ_ —BD =16 16 :—L :BID:arccos(—Lj.
2BJ.DJ L aV15 aVis 15
4 4

Vay [B,SC,D]= arccos[—%) )

Bai 10:

C
Goi M , N lan luot 14 trung diém ciia CD va A4B.
Taco: AC=AD=BC=BD=a nén AACD cantai A, ABCD cantai B, ACAB can tai
C, ADAB cantai D.Suyra AM =BM , CN=DN .
(ACD)(BCD)=CD
Khi do: { AM 1 CD =[4,CD,B]= AMB..
BM 1 CD

Ma goc phang nhj dién [4,CD, B] 1a goc nhi dién vudng nén AMB =90°

Tinh: BM = AM =~ AD* — MD* =Ja* —x* .

AM _~Na” —x~

Xét AABM vudng cantai M , ta co: MN = —

2_ 2
1).
(ABC)N(A4BD)= 4B .
Ta lai co: CN L AB :[C,AB,D]:CND.

DN 1 AB

Pé goc phing nhi dién [C, 4B, D] 1a géc nhi dién vudng thi CND = 90°.

Xét ACDN vuéng can tai N, taco: pv = 2 — ¢ (2).
2




Cau 1: Chon B.

Ta cé: {BA 154

= BA L (S4D)
BAL AD

= 54 1a hinh chiéu vudng géc cua SB 1én mit phang (s4D)-
= (SB,(S4D)) = (SB,S4) = BSA.
Cau 2: Chon A.

Ta c6: SA4 L (ABCD)

= AC la hinh chiéu vubéng goéc cua SC
= (SC,(4BCD))=(SC,AC)=SCA.

lén mat phang
Xét ASAC vudng tai A , ta co:
tan SCA = 4 _1 = 5CA=45°.

AC

Vay goc gitta duwong thing SC va va mit phang day bang 45°.
Cau 3: Chon B.
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B

Goi O la trong tdm cta tam giac (ABC).

Vi 8.4BC la hinh chép déunén SO L (4BC) .

Suy ra 04 la hinh chiéu vudng géc ctia S4 1én mit phang (ABC).
= (84,(4BC))=(54,04) =540 =a.

a
Xét ASA0 vuong tai O, ta Cé:cosa:A—:£:—3.
SA a 3

Cau 4: Chon D.

Ta c6: SO L(A4BCD)

Suy ra OD 1a hinh chiéu vudng géc ctia SD 1én mét phang (4BCD)
= (SD,(4BCD))=(SD,0D)=SDO =« .

Tacé AD =DC va ADC = 60° nén tam giac ADC déu = OD = 3.
Xét tam gidc SOD vuong tai O, ta co:

tanazgzi:azwc’-
OD

3

Cau 5: Chon D.
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= S4 la hinh chiéu vudng géc cia SB 1én mit phang (S4D)
= (SB.(S4D))=(SB,S4) = BSA.
BA a 1

sS4 a3

Suy ra BSA =30° hay géc gitta duong thing SB va mit phing (S4D) bang 30°.

Xét ABSA vuong tai A4, ta co: tan BSA =

Cau 6: Chon A.

Goi H la tam cua hinh vuéng 4BCD .

Vi S.4ABCD la chép déu nén SH L (ABCD)

Suy ra AH 1a hinh chiéu vuéng géc ctia S4 1én mit phang (4BCD).

= (84,(ABCD)) = (S84, AH ) = SAH

. A . , — AH 2
Xét ASAH vuong tai H , ta cO:cos SAH :S—A: 2 :g.

Cau 7: Chon A.



Tacor {CE 4D g 1 (sap)-

CE 1S4
Suy ra SE c¢6 hinh chiéu vudng géc ctia SC 1én mat phang (84D)-
= (SC,(54D))=(SC,SE)=CSE =a .

_ L

E
Xét ASCE vudng tai E, tacd: tana = C— -4 _ .
SE a3 3

Cau 8: Chon A.

"

N

Ta c: SA L (ABC)

— AB 1a hinh chiu vudng goc cta SB 1én mit phing (4BC)
= (SB,(4BC))=(SB, AB)=SBA..

SA4 a 1

4B a3 3

Xét ASAB vuodng tai A4, ta co: tan SBA =

Suy ra SBA =30° hay géc gifta duong thang SB va mit phang (A4BC) bang 30°.

Cau 9: Chon D.
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Goi O la tam cua hinh vuéng 4BCD .Ta c6: {ig i ?j = BO 1(84C)-

Suy ra SO c6 hinh chiéu vudng géc cua SB 1én mit phing (SAC).

= (SB,(SAC))=(SB,S0)=BSO = -

Xét ASBO vuong tai O, ta co:sin I?S\O = % = Q .
SB 4
Céau 10: Chon D.
S
A c

Ta c6: SA4 L (ABC)

= AC la hinh chiéu vudng géc ctia SC 1én mit phang (ABC)
= (SC,(4BC))=(SC,AC)=SCA.
Xét ASAC vudng tai 4, ta co: tan SCA = % =2 = SCA = arctan?2 .

Cau 11: Chon A.

Yo Ty
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 (BC L 4B
Ta co: = BC L (S4B)= BC L SB.
BC 1 SB

(SBC)N(A4BC)=BC
Khi d6: {SB 1 BC = [S,BC,4]=SBA.
AB L BC
Cau12: Chon A.

B
Goi I latrung diém BC = Al L BC (vi ABC latam giac déu).

, [BCLal
Ta c: = BC 1 (S4I)= BC L SI.

BC 154
(SBC)N(A4BC)=BC
Khi d6: {S7 1L BC =[S,BC, 4]=SIA.
AI L BC
a\3

Ma AABC déu canh a = Al = 7

Xét ASAI vudngtai 4, ta céd: tanSIA = % = \/5 — SIA = 60° .

Cau13: Chon C.

Goi O la tam cta hinh vudéng ABCD va I la trung diém ctia BC .
Vi S.4BCD 1a hinh chép tie giée déu nén SO L (4BCD) va SO =—"—.

243
Va SC =SB nén tam giac SBC cantai S = S7 L BC.
(SBC)n(A4BC) = BC
Ta c6: { BC L SI = [S,BC, 4] = SIO
BC LoOI
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A 1 1
Ta c6: OI 1a duong trung binh tam giac 4BC nén OI = EAB =54

3

Xét ASIO vuong tai O, ta co: tan@:%:TzS/Ib:m".

Vay s8 do géc phang nhi dién [, BC, 4] bang 30°.
Cau14: ChonB.

A
o C
AN
I
B
Goi [ la trung diém cua BC = A4I 1L BC.
.. [BC Lol
Ta cor = BC L (A401)= BC L Al
BC 104
(OBC)(4BC) = BC
Khi d6: { BC L 4I =[0,BC,4]=0IA.
BC LOI
Va 01=%BC=% OB +0C* =a\3 .
04_1\3

Xét AOAI vudng tai A , ta co: tan OIA = o1 = 3 = OI4=30°.

Vay [0,BC,4]=30°.
Cau 15: Chon D.

Goi O la tam cua hinh vudéng ABCD va I trung diém cua BC .
Khi d6: SO L(4BCD) va SI L BC.

(SBC)(A4BC)=BC
Ta c6: {OI L BC = [S,BC, 4]=SIO.

SI 1L BC
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a3

Va ASCD déucanh a = S =——.
. R . . — oI 3
Xet ASOI vuong tai O, ta co:cosS]O:—:T
Céau 16: Chon D.
A D
S
TR
o “
B ’: : \‘ N - o
[ ~
[ \ .
i 1 A ~
[ N N
’ 1 \\ ~
’4 ! \ AN
' AI A\ .
: L—:-:JQ—\ ————— -~ D
[ o - -
”1’1,»“"‘0\‘“-\‘
c

B

Goi O la tdm cua hinh vuéng ABCD .
= BC L (4'40)=BD 1 4'0.

) {BD 140
Ta co:
BD 1 AA'
(4'BD)(ABD)=BD
Khi d6: | 4'0 1 BD = [4',BD, A]= 4'04=30°.
AO L BD
A ’

Xét A4'40 vudng tai A4, ta co: tanA'OA = 0 = A4' =

Cau117: Chon A.

Goi H,K Tan luot 1a trung diém cua 4D,BC .
Suyra SH L (ABCD) va HK L BC.

_ BC 1L HK
Khi d¢: { = BC L (SHK)= BC L SK .
BC L SH
(SBC)n(A4BC)=BC
Ta c6: { HK 1 BC = [S,BC,4]=SKH = .

SK 1 BC

Xét ASHK vuong tai H , ta co:
P H
tanwztanSKH:S—:x/§Z>g0:60°.
HK

1

—.a

3

a3

3




Cau 18: Chon D.

, [BC L 4B
Ta c6: = BC 1 (S4B)= BC L SB.

BC 154
(SBC)N(A4BC)=BC
Khi d6: { BC 1 4B = [S,BC, 4] = SBA.
BC L SB
Xét ASAB vuodng tai 4, ta co: tan SBA :% = a3 = \/§ — SBA = 60°.
a

Cau 19: Chon A.

Goi O la tdm cta hinh vuéng ABCD .

. [BD L 40
Ta c6: = BD 1 (SA0)=BD L 04

BD 154
(SBD)N(ABD) = BD
Khi d6:04 L BD =[S,BD,4]=504.
SO L BD
a6
Xét ASOA vuodng tai A, ta cc'):tanS/Ojélzﬁ: 6 :ﬁ = SOA4 =30°
04 a2 3
2

Vay goc phang nhi dién [S, BD, 4] bang 30°.
Cau 20: Chon A.
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OC 1L BD
Ta cé: { = OC L(SBD)= OC L SD (1)

0C 1 SO
Trong mit phing (SBD), tir O ké OH L SD tai H (2)
Tir (1) va (2) = SD L(COH)= SD LCH .
(SBD)(SCD) = SD
Khi d6: {OH L SD =[B,SD,C]=0OHC = ¢
CH L SD

Xét AOHC vudng tai H , ta co:

tang = tan0rC = 2€ 3 .
OH
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~:~:Ef§f§f~:~:~:~ ~~~~~~~~ Chwong VIII

e QUAN HE VUONG G(,)C
TRONG KHONG GIAN

BAI TAP CUOI CHUONG

A.BAITAP TU LUAN

Bai 1: Cho hinh chép S.ABCD, c¢6 day ABCD la hinh vudng tam O, canh bang
a; SA vudng goc voi day va SA=a+/3 . Tinh cbsin gbc giita SB va AC.

Bai 2: Cho hinh chdép S.4BCD c6 day 1a hinh thoi, c6 S4 vudng géc (4BCD).
Goi H va K lan luot 1a hinh chiéu vudng goc cua 4 1én canh SB va SD.
Chting minh rang HK L (SAC).

Bai 3: Cho hinh lap phwong ABCD.A'B'C'D'.

a) Chung minh AC' L (4'BD).
b) Chiing minh 4C' L (CB'D').

Bai 4: Cho hinh chdép S.ABCD c¢6 day ABCD la hinh chi® nhat véi
AB=a,AD=avJ2,S4=a va SA L(ABCD).Goi M 1a trung diém ctia AD.
Chting minh (SAC) L (SMB).

Bai 5: Cho hinh chép tt gidc S.ABCD c6 day la hinh vudng canh a,

SA L (ABCD)va SA=a. Goc giira dwong thang SB va (SAC) 1a

Bai 6: Cho hinh chép S.ABC c6 day ABC la tam gidc vuong can tai B,S4=a
va SA L (ABC),AB = BC = a. Tinh géc gifra hai mit phing (SAC) va (SBC).

Bai 7: Cho hinh lang tru ABCD.A'B'C'D' c6é day la hinh chit nhat véi
AD =a+[3 . Tam gidc A'AC vudng can tai A’ va thudc mit phing vudng
gbc vGi day. Biét ring A'A = a2 . Tinh khoang cach tir D’ dén mit phing
(4'4ACC).

Bai 8: Cho hinh chép S.4BCD c6 mit bén (S4B) 1a tam giac déu va nam
trong mat phang vuong géc véi ddy, ABCD la hinh chit nhat véi
AB = a,BC =2a. Tinh khoang cé4ch gitra hai duong thang AC va SD .

Bai 9: Cho hinh chop S.ABCD cé day la hinh cht nhat, 4B=a, AD=2a.
Tam gidc SAB can tai S va nam trong mat phang vudng goc véi day. Goc



gifta duong thang SC va mit phang (4BCD) bang 45°. Tinh thé tich cta
khéi chop S.ABCD.

Bai 10: Cho hinh chép tam gidc déu S.4BC c6 canh day bang a. Goi G la
trong tam tam gidc ABC, géc gitta SG va mit phang (SBC) 1a 30°. Tinh
thé tich khoi chop S.4BC .

Bai 11: Cho lang tru ABC.A'B'C’ day la tam gidc ABC vuodng tai A,
AB=a,BC = a3, hinh chiéu vudng géc ciia B' trén mat phing (4BC)
trung voi chan duong cao H ké tir dinh A ctia tam gidc ABC, goc tao boi
AB' véi (ABC) bang 60°. Tinh thé tich khéi ling tru ABC.4'B'C’.

Bai 12: Cho hinh vuéng ABCD canh a, goi 1,J,K lan luot la trung diém
cac doan thang 4B, BC,CD . Trén duong thang vudng gdc véi mét
phéng (A4BCD) tai diém I 14y diém S, sao cho tam gidc S4B déu.

a) Chting minh mit phang (S4B) vudng géc véi mit phang (ABCD) va
tam gidc SBC vudng.

b) Chttng minh duong thang DJ vudng géc véi mit phang (SIC).

¢) Xac dinh va tinh gdc gitta duong thang SD véi mét phang (S4B).

d) Tinh khoang cach gitta hai duong thang 4B va SC theo a.

Bai 13: Cho hinh chép S.ABC c¢6 day ABC la tam giac vudng can tai 4, SA4
vudng géc véi mit phang (4BC) va AB=av2, SA=a.Goi H la trung
diém canh BC.

a) Chiing minh BC 1 (S4H).

b) Goi 7 la chan duong cao vé tit A cua tam giac SAH. Chitng minh:
(A4IC) L (SBC).

¢) Xéc dinh va tinh tan ctia goc gitta duong thang BI va mit phang
(4BC).

Bai 14: Cho hinh chép S.4BCD c6 ddy ABCD la hinh vudng canh 2a, tam
O . Hinh chiéu vuéng goc ctia S 1én (ABCD) la trung diém / cta doan

OB va SB=a.Trén canh 4D 1y diém M sao cho AM =%AD
a) Chting minh (SAC) L (SBD) va (SIM) L(S4D).
b) Tinh géc giita duong thing SC va mit phing (4BCD).

) Goi G latrong tam A4BO . Tinh khoang cach tir diém G d&n mat phang
(S4D).



Bai 15 : Cho hinh chép S.4BCD c¢6 day la hinh chir nhat, S4 L (ABCD). Biét
AB=3a, AD=a, SA=2a.
a) Chting minh CD L (S4D).
b) Vé AM 1 BD tai M . Chiing minh BD J_(SAM) .
c) Tinh s8 do géc gitta dudong thang AD va mit phang (SAM ).
d) Tinh khoang cach tlt diém C dén mit phang (SBD).
B. BAI TAP TRAC NGHIEM

Cau 1: Cho hinh chop S.ABCD c6 day ABCD la hinh vuong, canh bén S4
vudng goc voi ddy. Goc tao boi duong thang SC va mat phang day 1a ?
A) SCA B) SAC C) ASC D) SCB
Cau 2: Cho hinh chdép S.ABCD cé day la hinh chita nhat 4BCD ; SA vudng
gbc véi mat day. Chon khang dinh dtng:
A) SALSB. B) SD L BD.
C) SALBC. D) AC L BD.

Cau 3: Cho hinh lang tru déu ABC.4'B'C" ¢ tat ca cac canh béng a.Goi M
la trung diém ctia 4B va a la goc tao boi duong thang MC’' va mat phang
(ABC).Khi d6 tana .

A)#. B)?. C)\E. D)%.

Cau 4: Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat va S4 vudng
gbc véi mat phang day (ABCD) khang dinh nao duwdi day la dtng.

A) (S4D) L (ABCD). B) (S4B) L(SCD).
C) (SCD) L(SBC). D) (SAC) L(SBD).
Cau 5: Cho hinh lap phuong 4ABCD.4'B’C’D’ . Mt phang (ACC'A') vudng
goc voi?
A) (4BCD). B) (CDD'C").  C) (BDC"). D) (A4'BD).

Cau 6: Cho hinh chop S.ABCD c6 day ABCD la hinh vudng tam O, SO
vudng géc véi ddy. Xac dinh goc gifra hai mit phing (SBC) va (ABCD)
A) SBA. B) SCO.

C) SHO véiH la trung diém BC. D) SHO véi H thudc BC.

Cau 7: Khoang cach gitta dwong thang va mit phang song song 1a?



A) Khoang cach tir mot diém bat ki thudc dwong thang nay téi mat phang
kia.
B) Khoang cach tlr mot diém thudc duong thang nay téi mot diém thuodc
mat phang kia.
C) Khoang cach giita duwong thang nay véi mot duong thang song song
thudc mit phang kia.
D) Khoang cach gitta dwong thang nay véi mot duong thang thudc mét
phang kia.

Cau 8: Cho chép S.4BC day la tam giac vudng tai B va 4B =2BC =2a. Biét
SA L (ABC). Tinh d(B;(SAC)):

2a a

V5 V2

Cau 9: Cho hinh chép S.4BCD c6 day la hinh vuéng canh, S4 vuong goc
voi mat day (4BCD).Khoang cach gitta SB va CD ?

A) SB. B) 4D. C) BD. D) SD.
Cau 10: Cho hinh chép S.ABC c6 ddy ABC la tam gidc vudng tai A,

A) B) « C) 24 D)

ABC =30°, tam giac SBC la tam giac déu canh a va nam trong méat phang
vudng goc véi ddy. Khoang cach tir diém C dén mit phang (SAB) bang?
A) a\/@' B)a 39. C) a\/g. D)a\/E.
26 13 13 26
Cau 11: Cho hinh chép S.4BC c6 day ABC la tam giac vuong can tai B, cé

BC=a; matbén (S4C) vudng goc voi ddy, cdc mat bén con lai déu tao
véi mat day mot goc 45°. Thé tich khoi chop S4BC 1a?
3 3 3 3
A) L. B) L . C) Joa' D)Jg" :
12 2 3 2
Cau 12: Cho hinh chép S.ABCD c6 day la hinh thang vuodng tai A va B,
AB=BC=a, AD=2a. Hinh chiéu cta S lén mit phang (4BCD) trung

v6i trung diém canh AB. Biét ring SC = a+/5 . Tinh theo a thé tich V cua
khéi chop S.ABCD?

3 3 3 3
a;/g. B)ag/g. C)az‘/g. D)2a3\/§.

Cau 13: Chdp tam gidc déu S4 =a, AB =b. cd day la tam gidc déu canh bang

A)

a, cac canh bén tao véi ddy mot goc 60° . Thé tich cua khai chop 1a?



CRE B) “Y3. c) 303 D)@Y.

12 4 4 6

Céu 14: Cho hinh lap phuong ABCD.A'B'C'D' ¢6 A'C =43 . Thé tich khéi
lap phuong ABCD.A'B'C'D'?

A) 243. B) 4./3. C) 64. D)125.

Cau 15: Mot tdm bia hinh vudng c6 canh 50cm. Nguoi ta cat b di o mot goc
tam bia hinh vuéng canh 16cm r6i gap lai thanh mot cai hop chi nahat
khong c6 nap. Thé tich kh&i hop chit nhat 1a?

A) 5184 cm’. B) 8704 cm’. C) 4680 cm’. D) 18496 cm’.

A)

C. HWONG DAN GIAI

BAI TAP TU LUYEN

Goi I la trung diém cuia SD

= Ol la duong trung binh cia ASBD . Suy ra

01 //SB
o - SB _NSL + 4B N3 +d _
2 2 2

— —

Vi O1//SB = (SB, AC) = (OI, AC) = 401

SD S +AD* \3d’+d

Taco Al = =
2 2 2
= Al = Ol = AAOI céantai l.
Goi H la trung diém cia O4 = IH L O4 va OH = % = % = af
a2
Xét AOHI cb cos[?O\I:O—H: 4 :£
Ol a 4



o
3

Vay cos(SB, AC) = cos HOI =

Bai 2:

SH _ sS4

Tac6 SA* =SH.SB=—=—+(1).
SB SB

Xét ASAD vuong tai 4, duong cao 4K.

2
Ta cd SA4> =SK.SD:>&: SA2 (2).
SD SD

SB* = SA* + AB’
Ma | SD? = S4* + AD* = SB = SD(3).
AB=AD

SH SK
T (1),(2) va (3 —— =—= HK//BD.
w (1),(2) va (3)suy ra 55D

Lai c6 BD L AC (tinh chét hinh thoi)

ma SA L (ABCD),BD  (ABCD)= BD L SA.

Suy ra BD 1 (SAC) ma HK//BD nén HK 1 (SAC).

Bai 3:
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a) Goi O, lan luot la tam ctia cac hinh vuéng ABCD, A4'B'B.
. (BD 1 4C . ,
Ta cé ':>BDJ_(ACCA):>BDJ_AC (1)
1 44
BA' 1 AB'
= BA' L (AB'C'D)= BA' L AC'(2).
BA" 1 B'C’

Tix (1) va (2), tacd AC' L(A'BD).

BD//B'D’ BD//(CB'D'
b) { / { (CBD') _ pyi(ca).

Ta co =
A'B//CD’ A'B// (CB'D’)
Ma AC’J_(A’BD) nén AC'J_(CB'D’).

Bai 4

Goi I 1a giao diém ctia AC va MB.
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Tacd MA=MD va AD// BC nén ap dung dinh ly

Talet, suy ra Al = %IC.

2
AC? = AD? + DC* = 3%, AI’ =%AC2 :"?

2 2
= typ =L a2 +at =L
9 9| 2 6

2
2 2
Tir d6 suy ra AI” + MI? :%#’?:(“*fJ = MA.

Vay AAMI latam giac vuong tail. Suy ra MB L AC (1)

Mit khéc S4 L (ABCD)=> SA L MB. )
Tt (1), (2) suy ra MB L (SAC).
Do MB c (SMB) nén (SMB) L (SAC).

Bai5:

Goi I la tam ctia hinh vuéng ctia ABCD.
Vi ABCD la hinh vudéng nén BD 1 AC.
Mat khac vi S4 L (ABCD)  nén SA L BD.

Suy ra BD L (SAC) do d6 géc giita duong thang SB va (SAC) 1a géc BSI.

aV2
2

Ta c6 SB=av2;BI =

:>sin§S\I=ﬂ=l:>B/§I=30”.
SB 2
Bai 6
12



Ta ¢6 (SAC) A (SBC)=SC.
Goi F la trung diém AC thi BF L (SAC).

Dung BK L SC tai K = SC L (BKF)=>((SAC),(SBC)) = (KB,KF) = BKF.

a2
D& thily ACFK ~ ACSA= 1K _ 54 g FCSA_ 5~ a
FC  SC s a3 e
a\2
A . , — FIB ) — .
ABFK vuodng tai F co tanBKF:ﬁ:T:«B:BKF:m .
NG

Vay goc gitta hai mit phang (SAC) va (SBC) bang 60°.

Bai 7:

Trong (A4'AC), ké A4'I L AC.
Vi (4'AC) L (ABCD) va (A'AC)(ABCD)= AC nén A'I 1 (ABCD).

Vi DD'/4A' nén DD'/(A'ACC")=d(D',(4'AC))=d(D,(A4'AC))

13



Ké DH 1 AC.

Tacd AC = A'AN2 =2a = CD =a.

Suy ra d(D,(A’AC)):DH:a 3

2

Bai 8:

Goi O 1a tam hinh chit nhat ABCD, H la trung diém AB.

Do (S4B) L (ABCD) va SH L AB nén SH L (ABCD).

Goi I la giao diém ctia HD va AC = ID =2IH.
Goi G la trong tam ASAB.

Suy ra IG/SD = SD/ (AGC).

= d(SD; AC) = d (SD;(AGC)) = d(D;(AGC)) = 2d (H;( AGC)).
Dung HK 1 AC= AC 1 (GHK).

Dung HP L GK = HP 1 (GAC).

Suy ra d(H;(GAC))= HP.

Taco AH =B ¢ 5o BC _ s =93 L po Loy -3
2 2 2 3

Xét tam giac GHK vudng tai H:

14



1 1 1 1 1 1 17

= + = + + .
HP?> HK* HG* HA* HO* HG* &
J17a

17

Suy ra HP =

J17a
17 -

Vay d(SD;AC) =

Bai 9:

Tacé: S, = AB.AD =24".
Goi M la trung diém ctia AB, khi d6

SM L AB = SM L(ABCD).

Do d6 (SC,(4BCD))=(SC.MC) = SCM = 45° .

2
Khi d6 SM=MC=4/4a2+aT=a\£ﬁ.

a*\17

! 24 =

N 1 a«/ﬁ
Vay Vs.ascp = ESM‘SABCD :g' B 3

Bai10:

15



B
a3

Tam giac ABC déu canhanén S, ,,. = “

Ha GH L SM(H e SM)= GH L(SBC):(Sm)): GSM =30°.

SG = GM .cot GSM :%.AM.COBO" :%.“23 3 =%

A 1 1 a’V3 a a3
Vay VS.ABCZE'SABC‘SGZE‘ 4 E 24

Bai 11

1 1 a2
SAABC =EAB.AC=EG.(1 2 = 2 .

Tacé B'H 1 (ABC)
= (4B',(4BC)) = B'AH = 60°

Xét tam giac ABC vudng tai A co

_AB.AC _ a.a\/E _ ax/g

AH = =
BC a3 3

16



Xét tam giac AHB' vuodng tai H cd

a6
3

B'H = AH .tan BAH =2 tan60° = a2 .

22
Vay V,peawe = Spe-B'H = 2 5 .a\/—=a3

Bai 12:

B

a) SI L(ABCD) (gt)
= (S4B) L (A4BCD)

BC L AB
Ta co
BC L SI (SI L(ABCD))

= BC 1 (S4B)= BC L SB=> ASBC suy ra vudng tai B

b) ABCI =ACDJ = BCI = CDJ
BCI +DCI =90° = CDJ + DCI =90° = DJ 1 CI

DJ LCI (gt)
{DJ L SI (SI L(A4BCD))

= DJ 1(SCI)

<)

17



AD 1 4B
{ = AD 1 (S4B)

AD L SI (SI L(ABCD))
= S4 1a hinh chiéu cta SD 1én mat phang (S4B)
= (SD,(S4B)) = (SD,S4) = DSA < 90"
Vi S4=AD=a,S4 L AD nén ASAD vudng can tai 4.Vay
d) AB//CD = AB//(SCD)=>d(AB,SC)=d(AB,(SCD))=d(1,(SCD))

CD LIK (IK//AD,CD 1 AD)

CD L SI (SI L(ABCD)) } = LG

CDLIM (CD L (SIK))} = IM 1 (SCD)=>d(I,(SCD)) = IM

SK L IM
ASIK : = 12+L2:>1M:‘1Jﬁ
M KIS 7

av?21
7

Vay d(4B,SC)=

Bai 13:

a) Tam giac ABC vudng can tai A c6 AH la trung tuyén ciing la duwong cao
= BC 1 AH

18



BC 1 AH

= BC L (SAH)
BC L SA(S4 L (ABC),BC c (ABC)

AL L AH (gt)
b) Ta cé: = AI 1 (SBC)
Al L BC (BC 1 (SAH), AT < (SAH)

Ma Al < (A4IC) = (4IC) L (SBC)
¢) Tam gidc ABC vudng can tai A, c6 4B =a\2 = BC=2a= AH =a
Tam gidc SAH c6: SA=AH =a = ASAH vudng can tai A

= Ila trung diém cua SH

Goi K la trung diém ctia AH = IK la duong trung binh cua tam giac SAH
= IK / /54

= IK 1 (A4BC)
= K 1a hinh chiéu ctia I 1én (ABC)
= BK 1a hinh chiéu ctia BI 1én (ABC)

= (BI,(ABC))=(BI,BK) = IBK

kA1 _a
2 2
2
BH=%=a — BK =~BH* + KH* = ’a2+(%j ="‘f

IK:ﬁ:E :tanﬁf{:ﬁz—
2 2 BK

19



AC 1L BD

Ta co:
?) Taco {ACJ_SI (1 1 (4BCD))

= AC L (SBD) = (SAC) L(SBD)
 [IM L AD (IM//AB,AB 1 AD)
: {Sl L 4D (SI L(ABCD))
= AD L (SIM ) = (SAD) L (SIM )

b) Tacé IC lahinh chiéu caa SC 1én (ABCD) =(SC,(4BCD))=(SC,IC)

1 1 a2
IB=—BD=—2a\2 = .
47 T4 2
2
SI =~/SB> - BI’ = az_(“ 2} :a‘/i
2 2
2
1C =~Jor* + ocC? =\/(¥] Jr(czﬁ)2 =a*£ﬁ.

NG

Xét ASIC ta co tan SCI :f—é = 0,25d = SCI ~ 24° .

<)

Trong ASIM , goi IH la dwong cao.
(SIM) L(S4D)

*Ta cd: (SIM)N\(SAD)=SM = IH L(SAD) = d|[1,(S4D)]|=IH
IH 1 SM;IH < (SIM)

d| G,(SAD
*Ta c6: MZEZE =d|[G,(84D)] =3.d[1,(SAD)] 2w
d[1,(54D)] 14 3 3 3
* Ta co: M _MD_3 :>[Mzi2az3—a
AB  AD 4 4
* Xét ASIM , ta cb: H{LzzéJrMLz:%Jr;iz: 9222 = IH = 3"f
a a a
= d[G,(84D)] _23aV0 a2
3722 1

Bai 15:

20



CD L AD
a { = CD L (84D)

CD 1 §4

BD L AM
{ = BD L (SAM)

BD 1 §4
¢) Hinh chiéu ctia 4 1én (SAM) 1a 4
Hinh chiéu ctia D lén (SAM) 1a M (do BD L (SAM) tai M )
= Hinh chiéu cia 4D 1én (S4AM) 1a AM
= (AD,(S4M )) = (AD, AM )= MAD .

- ABAD 310

JaB +aD> 10
— am 310

coshAD = M N0 oD ~18.43°
AD 10

d) O=4CnBD

CAN(SBD)=0 :M:Qﬂ

d(4,(SBD)) 40

= d(C,(SBD))=d(4,(SBD))

21



Vé AH | SM tai H .

AH 1 SM
AH 1 BD

Trong (SBD): SM nBD =M

= AH L (SBD) tai H = d(4,(SBD))=A4H .

AH - SA.AM :ga
NSA®+AM? T

Vay d(C.(SBD))=d(A,(SBD))= AH = ga

Caul: Chon A.Tacé AC lahinh chiéu cta SC 1én mit phang ddy nén goc tao
bdi gitta SC va mdt phang ddy 1a « = m = 5CA

Céu2: Chon C.Do S4 1 (ABCD)=> S4 L BC nén chon.

Cau 3: Chon D.

A’ (old

Do CC' L(A4BC) nén suy ra MC la hinh chiéu cia MC' 1én (ABC). Khi dé:

(MC'; 4BC) = (MC';MC)=C'MC = a .

. . A . . cc’ 24/3
Xét tam giac MCC' vudng tai C co: tana = i g V3 .

22



SA L (ABCD)
S4 < (84D)
5: ChonB. (ACC'A’) khong vudng géc véi (CDD'C')

Cau 4: ChonA. } = (84D) L (ABCD).

@l
c

a

@l
c

6: Chon C. géc gitta hai mit phang (SBC) va (4BCD)la SHO véi H la trung
diém BC

Céu 7: Chon A. Dinh nghia.

Cau 8: Chon A. Dung BH 1 AC = BH 1 SA=> BH 1 (SAC)
BABC 2aa _ 2a

JBA +BC? Nadi+at 5

Cau 9: Chon B.Tac d(SB;CD)=d(CD;(S4B))=d(D;(S4B))= DA

Cau 10: Chon B.

a

= BH =d(B;(SAC)) =

Goi H latrung diém cta BC

(SBC) L (4BC)
Vi {(SBC)N(A4BC)=BC = SH 1L (ABC)
(SBC)> SH 1 BC

\ d(C.(S4B)) cB
Vi CHm(SAB):B:W:ﬁzz

= d(C,(S4B))=2d(H,(S4B))

Goi E latrung diém cua 4B = HE//AC = HE 1 4B

Trong (SHE), ké HK L SE,(K e SE) (1)
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AB L HE
i = AB L (SHE)—""")_, 4B | HK (2)
AB L SH

Tir (1) va (2) = HK L (SAB)= d(H,(S4B))= HK

SH = av3
Ta co: 2 .
HE:£: BC.sin ABC _a
2 2 4

; A . Logs . SH.HE 39
Xét ASHE vuong tai H co duong cao HK , ta co HK = = a/39 .

JSH? +HE® 26

Vay d(C,(SAB))=2d (H,(SAB))=2HK = "1339 :
Céau 11: Chon A. Thé tich khdi chop
Ciu 12: Chon C. Thé tich khoi chép
Ciu 13: Chon A. Thé tich khéi chop
Cau 14: Chon C.
A B
) I N
P ' \\ c’
! A
I )
I Ay
A
Rz --vr-7B
’ = “'\
D C

Dit AB=x= AC = x/2.

AA'AC vudng tai A c6

A'C =44 + 4C? =257 +x* = x3;
AC=43 = x3=43 = x=4.

Véy Visep agen = 4 =64.

Cau 15: Chon A.
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AJ’

s

D

AA' = BB'=CC' = DD' =16¢cm nén ABCD la hinh vudng c6

AB :50—2.16:18(cm).

=V sepaper = AB.AC.AD =18.18.16 =5184(cm’ ).

25



	Bài 1. HAI ĐT VG - 24T
	Bài 2. ĐT VG MP - 22T
	Bài 3. HAI MP VG -  28T
	Bài 4. KHOẢNG CÁCH - 42T
	Bài 5. GÓC NHỊ DIỆN - 42T
	Bài 6. ÔN TẬP CHƯƠNG 8- 21T

