CHUYEN DE 1
TIM SO GIA

Phuong phap:

Pé tinh s6 gia cia ham s6 y = f(x) tai diém X, twong tng vai s6 gia Ax cho trudc ta &p dung
cong thuc tinh sau: Ay = f (X, +Ax)— f (X))

AX goi 1a s6 gia cua dai s tai diém x, va AX=X—X,.

Ay goi 12 s6 gia cia ham sé tuong tng va Ay = f (X, +Ax)—  (x,)

BAI TAP MAU

Bai 1. Tim sb gia cua ham sb y = x* —x, twong ng vai sy bién thién ciia ddi s6 tir x, =2 dén

Xy +AX=5

Huwong dan

Sé giaciahamsd 1a Ay = f (%, +Ax)— f (%)= f(5)-f(2)=(5"-5)-(22-2)=18

Bai 2. Tim s gia ciia ham sb y = x* —3x+4 tai diém x, =2 ng véi s6 gia Ax , biét Ax =4

Huwéng dén
AX=4

Vi =X, +AX=6
{xozz °

Khi do Ay = f (X +AX)— (%)= f(6)—f(2)=(62—36+4)—(22-3.2+4)=

Bai3. Tinh Ay va % ctiia ham sé y = x? + x
X

Huwéng ddn
Ta co:
Ay = f(x+Ax) - f(x):[(x+Ax)2+(X+Ax)]—(x2+x)
= (X + 2XAX + AX® + X + AX) — ( X* + X ) = 2X.AX + AX® + AX

Ay _ 2XAX+ AX? + AX

=2X+AX+1
AX AX

Bai4. Timségiactahamso f(x)=x* khi x,=1, Ax=1,

Huwong ddn




Taco: Ay= f(x +Ax)—f(x)="f(2)-f(1)=2"-1"=15

Bai5. Ségiacuahamsd f(x)=x*+x khi x, =0, Ax=1.

Huwong ddn

Taco: Ay = f (% +AX)—f(x)="f(1)-f(0)=(1°+1)-(0°+0) =2

3
Bai 6. Tim sé gia caa ham sé f(x):% theo s6 gia Ax ciia d6i s6 x tai x, =0.

Huwoéng dan

Taco: Ay= f (% +Ax)—f(x)="f(Ax)-f(0)= (A;()s _(03)3 :(A;()s

Bai 7. Sogiacuahamsd f(x)=x*—x tng véi x,, Ax la

Huwong dan

Taco: Ay = f (% +Ax)— (%)= (% +AX)" =(% +AX) = (X’ =% ) = AX(AX+ 2%, ~1)

Bai8. Timségiactahamsd f(x)=x"+2 khi x,=0, Ax=2.

Huwéng ddn

Taco: Ay= f(x+Mx)-f(x)="f(2)-f(0)=2°+2-(0°+2)=4.

1

3

Bai 9. Sogiacuahamsé f(x)= .
x® +

Khi, x, =1, Ax=1.

Lai giai

. 1 1 -7
Taco: Ay= f (% +Ax)—f(x)="f(1)-f(0) R

Bai 10. Tim s gia ciahamsd f (x)=+/x+1 theo s gia Ax ciia d6i s6 X tai X, =0.

Huwong ddn

Taco: Ay= (% +Ax)-f (%)= f(Ax)-f(0)= VAx-1.




BAI TAP TU GIAl
Bai 11. Tim sé gia caa ham sé y = 2x* —3x+5, twong tng Vi su bién thién cua ddi sé:
a) Tir x, =1 dén x, +Ax =2 b) Tir x, =2 dén x,+Ax=0,9

c) Tir x, =1dén x=1+Ax d) Tir x, =2 dén x=2+Ax
Bai 12. Tinh Ay va % ctiia ham s6 sau theo x va AXx :
X

a) y=3x-5 b) y=3x*+7 C) y=2x"+4x-1  d) y=cos2x
Bai 13. Tim s gia cia ham s6 y = x* —1 tai diém x, =1 (ng vai sb gia Ax, biét:

a) Ax=1 b) Ax=-0,1

Bai 14. Tinh Ay va % ctia ham sd sau theo x va AX:
X

a) y=-x*+2x-3 b) y=x+x-1
3 _X=2
C) y=x"+4x+5 d)y_—x+5
1-x x?
e) y= )y

2X+3 :x+1



CHUYEN DE 2

TiNH PAO HAM

Phwong phap:
C6 hai cach dé tinh dao ham:

Cach 1: Dung dinh nghia: y'= lim F(x+a%) - f ()

Ax—0

Céch 2: Dung bang cong thic : ( bang nay thay dinh kém ¢ file dau tién)

BAI TAP MAU

Bai 1. St dung dinh nghia, tinh dao ham caa cac ham sé sau:

1) y=3x+5 2) y=x"+4x+1 3) y=x>+3x*-5

4) y:2X+13 5) y=+/x"+x 6) y=cos(2x—3)
X_

Huwéng déan
f (x+Ax)—f(x)

Str dung dinh nghia: y'= lim

Ax—0
1) Ta co:
y'= lim f(x+Ax)—f(x) _ fim 3(x+Ax)+5-(3x+5) _ lim 3 _ 4
Ax—0 AX Ax—0 AX A0 AX
2) Ta co:
~ AX) +4(X+AX)+1— (X% +4x+1
y'— lim f (X+Ax) f(x):“m(x+ X)" +4(X+AX) + (x +AX+ )
Ax—0 AX Ax—0 AX
2
_lim 2XAX + AX® +4.AX _ |im(2x+Ax+4)=2x+4
Ax—0 AX AX—>0
3) Ta co:
- X+ AX)’ +3(x+Ax)* =5—(x* +3x2 -5
y'=|imf(X+AX) f(X):“m(+ ) +3(x+Ax) ( + )
Ax—0 AX Ax—0 AX
i X% +3X% AX + 3XAX® + AX® +3X” + 6X.AX +3AX* —=5— X —3x* +5
- im -

3X2.AX + 3XAX® + AXE + 6X.AX + 3AX?

= lim = lim (3x2+3x.Ax+Ax2+6x+3Ax):3x2+6x

Ax—0 AX AX—0



2(x+Ax)+3_2x+3
" (x+Ax)-1  x-1

2x+2Ax+3_2x+3

— lim —X+Ax=1 x—=1

AX—0 AX

(2x+2Ax+3)(x—1)—(2x+3)(x+Ax—1)

=lim

(x+Ax—1)(x-1)

Ax—0 AX

Ax—0 AX

2X% — 22X+ 2XAX — 2.AX + 3X —3—2X® = 2X.AX + 2X—3X—3.AX+3

= lim
AX—0

—5.Ax

AX(x+Ax—-1)(x-1)
. -5

5

ol AX(x+Ax—-1)(x-1)

_A>I<T0(X+AX—1)(X—1) (x—l)2

5) Taco
i f(x+Ax)—f(x) i \/(X+Ax)2+(x+Ax)—\/x2+x
y _A>I<Ln0 AX A)[TO AX

U + 2XAX+ AXE 4+ X+ AX = X2 + X

= lim
AX—0 AX

= lim

(x2 + 2X.AX + AX? +x+Ax)—(x2 +x)

AHOAx(\/xz+2x.Ax+Ax2+x+Ax+\/x2+x)

2X.AX + AX? + AX

=1lim

A0 Ax(\/x2 + 2XAX+AXE + X+ AX + /X2 +x)

2X+Ax+1 2X+1

=lim

AHO(x/x2 +2x.Ax+Ax2+x+Ax+\/x2+x) 20X + X

6) Tacod
— 2 AX)—-3 |- 2X—3
y :A"mof(x+Az) f(x): - COSI: (X+Ax) :| cos(2x-3)
X X AX—0 AX

AX—0 AX

m ~2sin(2x-3+Ax).sin (AX) lim _sin(Ax) .[—Zsin (2x—3+Ax)] =-2sin(2x-3)

Ax—=0  AX

Bai 2. St dung cong thic, tinh dao ham cua cac ham sé sau:

1) y=3x+5
2X+3
4) y=
x-1

2) y=x"+4x+1

5) y=+/x"+X

3) y=x*+3x*-5

6) y =cos(2x—3)

Huwong déan




C4c em tra bang cong thire dé tinh
1) Ta co:

y=3Xx+5= y'=(3x+5)' =(3x)'+(5)' =3+0=3

2) Ta co:

y=X"+4x+1=> y’:(x2+4x+1)’ :(xz)'+(4x)'+(1)' =2X+4+0=2x+4
3) Ta co:

y=x"+3x-5= y’:(x3+3x2—5)’ =3x%+6X—0=3x2+6X.

2

4) (Sir dung cong thac (Hj _uy-uv

Vv Vv
Ta co:

_2x+43_ . (2x+3) (x-1)—(2x+3).(x-1) _2.(x-1)—(2x+3).1 -5
e (x-1) B
5) (St dung cong thirc (\/U)’:;/,_)

u

Ta co:

!

2
N R ,=(X +X) _ 2x+1
y g X% +x 240XP+X

6) (Str dung cong thirc (cosu) =—u'sinu)

y =c0s(2x—-3)= Y’ :—(2x—3)' .sin(2x—3)=-2.sin(2x—3)

Bai 3. Sir dung cong thirc, tinh dao ham ciia cac ham s6 sau: y =(x* —1)(x* +x+1)

Huéng dédn
Str dung cong thuc (u.v)' =u'v+uy

y =(x4 —1)(x2 +x+l):> y' =(x4 —1)' .(x2 + x+1)+(x4 —1).(x2 +x+1)'
= 4%, (x* + x+1) +(x* =1).(2x+1) = 6x° +5x" +4x° —2x -1

Bai 4. Tinh dao ham céc ham s sau:
3
a) y=x>-3x*+2x+1 d) y:—2x4+§x2+1

2x+1
X-3

b) y=—x>+3x+1 e) y=




2_
C) y:X__X2+1 f) y:ﬂ
4 X+1
Huwong ddn
a) Taco: y'= ( X +3x+1) =3X" —6X+2
b) Ta cé y':( x3+3x+1) -3x*+3
x* ’
c) Tacod y’:(j—x2+1j =x®-2x
N 3., ) _ au
d) Taco: y'= ( —2x* +2x +1) =-8x" +3x
&) Tacod: y'= (2x+1)'(x=3)-(x=-3)'(2x+1) -7
(x—3)  (x-3)?
2 ’ _ 2 ’
) Ta co: y,:(x 2X+2)'(x+1) (); 2X+2)(x+1)
(x+1)
C(2x=2)(x+1) - (x*—2x+2) X’ +2x—4
(X +1)2 (x+1)° '
Bai5. Tim dao ham cua c4c ham sb sau :
2
l)y:x[—w Vol x>0 . 2) y=6\/§—i2 voi x>0 ;
X

Huwéng ddn

2 ' , 2
R Lx\/;_zx +2020] - (wF) _[2x +2020J s £_4_x 34

3 3 2 3

2

3"

e
>

TINH PAO HAM HAM HQP

Phwong phap:

Ta su dung dinh ly sau:

Néu ham s6 u=g(x) c6 dao ham tai x 1a u, vahamso y= f (u) c6 dao ham tai u 1a y, thi
ham hop y = f(g(x)) c6 dao ham tai x 1a y} = y,.u;.

Tir do, ta c6 cac cong thie dao ham cua ham hop thuong gap: véi u =u(x)

(u“),:nunl ’(neN) (Jﬁ)’:% (lj':_u_z




BAI TAP MAU

Bai 1. Sudung cong thirc, tinh dao ham ham hop cua cac ham sé sau:

D) y=(2x+3Jx) 2) y=— 2
( ) (2x+3)
3) v (x 2 4 v 1
) y=(x"+x) )y -
Huwoéng dan

1) Sir dung cong thuac: (u” ) =au'u?
Ta co:

y= <2X2 +3\/;)2016

= y'=2016,(2¢* +3Jx) (26 +3VX) " = 2016.(4x+%).(2x2 +3Vx)

2) Cha'y bai nay cac em phai chuyén doi: ia U= (—aj =—qu'u ™,
u

> -5 (2x+3)"

y=(2&+3)
y'=|5(2Vx+3) }_5 ) (2vx+3) (24 +3)
=—2o.2.%.(2\/§+ )S_TO (2J_+3)

3) Sur dung cong thuc (u” )’ =au'u*t

y= (x7 + x)2 =y= 2.(x7 + x)’ .(x7 + x) = 2(7x6 +1).(x7 + x)

4) Str dung cong thuc iaz u :{iaj =—au'u“t
u u
1 ) -5
y=——— =(x*—x+1
(xz—x+1)5 ( )

=y =5 -x+1) .(x* ~x+1) " = -5(2x-1).(x* ~x+1) "

Bai 2. Tinh dao ham cua cac ham sb sau:

9 y-( o) 0 y-(a-Y. o[

4X+— | .




a) Taco: y' = 2(x7 +x).(x7 +x)

Huwong ddn

!

2(x7 + x)(?x6 +1) :

b) Tacé: y' =5(1-x°) (1-x°) =-15x* (1-x°)".

5 2
c) Taco: y’:3(4x+—2) (
X

4x+i2
X

10
A

5
4x+?

J o))

Bai 3.

a) y=v1+2x-x°.

Tinh dao ham cua cac ham sé sau:

b) y=+x*-3x*+2.

Huwéng déan

a) Ta co: y’:(1+2X_X2) __1x
201+2x—%x°  J1+2x—X
o Taco: y- 20t 326
20X =3x* +2  24x®-3x7 +2
Bai 4. Tinh dao ham cua c4c ham s sau:
3 1
=—. b) y=———.
(2x+5)° (xz—x+1)5
Huwong dan
2 !
2 Tach: y,=_3[(2x+5)} _12(2x+5) 12
(2x+5)4 (2x+5)4 (2x+5)3
((XZ_XH)S)! —5(x2—x+1)4 (xz—x+1)' 5(2x—1
b) Taco: y'=— - : __ 5(2x-Y)
- 5 2 2 10 2 6 "
((xz—x+1) ) (x —x+1) (x —x+1)

Bai5. Tinh dao ham cua cac ham s sau:

2x+1) 4 5
a) y= : b) y=(5x*+4x-1) (7x-3) .
)y (X—l} )y ( ) ( )

Huéng dédn
2 ! 2 2
- 9(2x+1
a) Ta co: y’=3-(2x+1j -(2X+1j :3.(2)”1) =3 - ( 4)
x-1 x-1 Xx—1 (x—l) (x—l)



b) Taco: y' = [(5x2 +4x—1)4] (7x—3)5 +[(7x—3)5]' (5x2 +4x—1)4 :

y'=4(5¢ + 4x—1) (10x+4)(7x-3)° +5(7x~3)".7.(5x* + 4x 1)

y'=(5x2 +4x-1) (7x—3)" [ 4(10x+4)(7x3) +35(5x" + 4x—1) |

y'=(5%% + 4x—1) (7x~3)" (455x* +132x-83).

Bai 6. Tinh dao ham cua cac ham sé sau:

s Y A 3
a) y= = vai a la tham so. b) y=4(x-2)".
Huwéng déan
2
Jai—x* + : ,
a) Tacod: y' = VA& -X a
(a —X ) \/(az_xz)3

b) Ta cé: y’=((x_2)3) 30y X2z

2(x-2)’ B 2(x-2)° 2

. g X o
Bai 7. Chohamso y= ,tinh y'(0).
e (0)
Huwéng ddn
Ja—xt —x =% _ s .
Taco: y'= NA-X . Suyra y'(0)==.
( 4—x2) (\/4—x2) 2
. g X2 +2x+1
Bai8. Chohamsoy= , tinh v'(0).
203x% + 2x2 +1 v(0)
Huéng dédn
(3% +2x+1) 2435 +2x2 +1- (3¢ + 2x +1).(2\/3x3 +2%2 +1)
Taco: y =
(2\/3x3 2% +1)2
Ox? + 4X

(6x+2)2v/3x° + 2x* +1—(3x" +2x +1)

, N3G +2x% +1

' (2 3x3+2x2+1)2




(12x+4)(3x3 +2x° +1)—(9x2 +4x)(3x2 +2X +1) _ —9x?+8x+4

y! — = .
4(3x3 +2x2 +1)\/3x3 +2x% +1 AJ3xE +2x2 +1

Suy ra: y'(0) =%:1.

sais. cronamssy=C 2 o (1)
ai 9. 0 ham s0 y = ———=—, tinh y'(1).
V3X% +1

Huwong ddn

4(x*—2x+1) (3x2 ~2)V3x* +1- 3 (x* —2x+1)’

\V3x2 +1

Taco: y'=
y 3% +1

!

4(x3 —2X +1)3 (3x2 —2)(3x2 +1)—3x(x3 —2X +1)4
y = .

(3x2 +1) 3x% +1

(x*-2x+1) [4(3% -2)(3x® +1) - 3x(x* ~2x+1) |
(3%* +1)V/3x* +1

!

y:

.Suyra y'(1)=0.

BAI TAP TU GIAl
Bai 10. Tinh dao ham caa cac ham s sau bang dinh ngha:

1) y=x*+6x-1 2) y=%*—X 3) y:XLA’
X—4
4) y=x"+2x*+x-3 5) y=4x-5 6) y=sin(2x+4)
7) y =cos(4x+2018) 8) y=tan(5x—2) 9) y:i
X+1
Bai 11. Tinh dao ham cua c4c ham sb sau:
a) y=x —3x' +4x2 —4/x +4 b) y:2x4+§+10x—25
X
c) y:(xz—x+1)(—2x2+3x+1) d) y:(2«/§+1)(4\/§—3)
3x-1 2X2 —3x+7
e = -
)Y 4% +5 Ny X* +2X+3
Bai 12. Tinh dao ham cua c4c ham s sau:
a) y=(2x+3)"(x-4)" b) y=v4x*+3x*+2
Bai 13. Tinh dao ham caa mdi ham sb sau (a 1a hang sd):

1.1 3

1 4 2 5 2
a) y=—X"—=xX’+=x"—x+a b)y= c) y=3x’(8-3x
)y R )y )y ( )

__ 1
(X2 = x+1)°




d) y=(x+D(x+2)(x+3) €) y=— :
X —_
0) y=—— hy y=. [t
Xv/X X
. 1+Xx
=x2+ XX +1 K) y= |
by =Y
Bai 14. Tinh dao ham cua c4c ham s sau:
X X 2 4 5 6
a) y=—-—+Xx-5 by y=2— 4~ —
)y 3 2 )y x x2 x* 7xt

d) y:(§+3xj(\/§—l) e) y=l+\/;

1-+x
X2+1 32
9) y= " h) y=(x—x%)
i) y=2°
X% +x+1

Bai 15. Tinh dao ham cua cac ham sb sau:

5 2x° —3x+1

a) y=(x*—4x+1 by y=22 —9° T
) ( ’ ) )y 2x—3

x> +X+3 1—X
d) y=YX FX*° &) y=
)Y 2x+1 )Y 1+ X

1+ x—x°

g9) y= > h) y=

X
a’?—x°
0 y_3x2—6x+7
4x
—X*>+7X+5
0y-= x? —3x
i y_x2+2x+2
X+1
0 y_—x2+6x+1
X2 +x-1
f) y= 2+\/;
1+ 24/x

i) y=(x+1)\/m



CHUYEN DE 3

TINH PAO HAM CUA HAM SO TAI Xo
Phuwong phap:

Céch 1: St dung dinh nghia tinh dao hamtai ~ 1&: y'(x,) = XIirrx1O w
o

Cach 2: Cac em str dung cong thtc tinh dao ham réi thay  vao.

BAI TAP MAU

Bai 1. Tinh dao ham ciia ham s y = x?+2x tai x, =5.

Huwong dan
Cach 1: Str dung dinh nghia:
X* +2x—(5° +2.5)

y'(5) = IimM: lim

x—5 X—5 x—5 X—5
2 f—
i XX =35 (XS)(XHT)
x—5 X—5 x—5 X—5

Ca4ch 2: Sir dung cong thirc tinh dao ham rdi thay so:
Tachd: y=x"+2x= y’:(x2+2x)’ =2X+2

Do do6 y'(5)=25+2=12.

Bai 2. Tinh dao ham cua ham s6 y =sin(2x—30°) tai x, =60".

Huwéng dédn
Cach 1: Str dung dinh nghia:

~ sin(2x-30°%)-sin90°
y(o0)= g M)

i 2cos(x+30°).sin(x—60°): -

X—>60° X— 600 x—>60° X —

sin(x—60°)

60°

2cos(x+3o°)= 2cos(6o° +3o°):o

C4ch 2: Sir dung cong thirc tinh dao ham rdi thay so:
Taco: y=sin(2x-30°)=y'= (2x—3o°)' .cos(2x—30°) = 2.cos(2x—30°)

Do d6 y'(60°)=2cos(60°+30°)=0.




Bai 3. Tinh dao ham (bang dinh nghia) cua mdi ham sé sau tai cac diém di chi ra:
a) y=x"—x tai x,=1 b) y=+x tai x, =1 C) y=— : tai x, =0
X"+
d) y=—1 tai x =2 &) y=x’+3 tai x =1
X+1
Huwoéng déan

2y Tacs: £'(1)= lim2Y = jim L= 06)

= lim
AX—0

b) Tacs: £/(1)= tim Y _ jim Lot )=T08) _

_ lim V1+Ax-1 1+Ax-1 . 1

f(1+Ax)—f (1)

Ax—0 AX  Mx—0 AX Ax—0 AX
1+ Ax)" —(1+Ax)—(12 -1
(1+4%) ~(1+4x) ( ):Iim(Ax+1):1

AX Ax—0

f(1+Ax)—-f (1)
AX—0 AX  Mx—0 AX Ax—0 AX

=lim =lim—=

Ax—0

& Tacs: 1/(0)= lim Y — jim Lo+ X=(6)

N |-

AX M0 AX(M-F 1) M0 (M+ 1)

£ (0+Ax)- f (0)
AX—0 AX  Mx—0 AX Ax—0 AX

d) Taco: £(2)= lim2Y = jim Ao )=F06) _ 2440 F(2)
AX

= lim

AX—0

M0 AX Ax50 AX Ax—0
11
(Ax+2)+1 2+1 . —AX ) _1 1
= lim—— = lim—=—
AX &0 3 (AX+3).Ax  »03,(AX+3) 9
&) Taco: £(1)= fimY o jim f o M)=F (%) 1E+AX)-F(1)
A0 AX A0 AX Ax—0 AX

= lim
AX—0

= lim

M0 \/(Ax)z F2AX+4 +2

(Ax)2 + 2AX

«/(Ax+1)2 +3-41°+3 i
AX B

\/(Ax)z +2Ax+4-2 y
AX B

m Im

Ax—0

AX+2

1
2

0 Ax.[\/(Ax)2 +2AX+4 + 2}

Bai 4.

a) y=

\/;+2

Tinh dao ham cua ham sé :

tai x=1. b) y:[§+3x](\/;—l) tai x=1;

x+1

Huwéng ddn

x+1

a) { x/;+2]' _ (\/;+2)’.(x+1)—(\/;+2)(x+1),

(x+1)2




_2\1/;.(x+1)—(\/;+2)=x+1_2x_4\/;= al |
(x+1)’ 2x(x+1)" 24 (x+1)

Vay dao ham cia ham sb tai x=1 1a: y’(l) =

b) K%+3Xj(\/§—l)] = (§+3xj' .(\/;—1)4{
=(—%+3).(&—1)+(

Viy dao ham cua ham sé tai x=1 1 y'(l) =§.

BAI TAP TU GIAI

Bai 5. Tinh dao ham ciia ham s6 y =x?—2x+4 tai x, =2

Bai6. Chohamsd y=f(x)=v2x*+1

a) Tim dao ham cua ham sb tai x, =2 b) Suy ra gia tri 3f'(2)—5f'(2V/3)

Bai 7. Dung dinh nghia, tinh dao ham ciia mdi ham s6 sau tai diém Xo:

a) y=2x+1 taix,=2 b) y=x>+x tai x,=1

0 y:X_j tai x, =0 d) y=v2x+7  tai x =1

Bai 8. Dung dinh nghia, tinh dao ham ciia mdi ham sb sau (a 1a hang sd):
a) y=ax+3 b) y:%ax2

C)y:21_1 vdix;t% d) y=3-x Vi x<3

Bai 9. Tinh dao ham caa ham sb tai diém x, dugc chi ra bang cach str dung cong thic tinh dao

ham réi thay x, vao :

5 3 . X2 +1 , .
1) y=x"+2x"+3x-5 tai x, =2 2) y= 1 tai x, =10
X_
3) y=+x*+4x-1 tai x,=5 4) y:sin(Zx—%j tai XOZ%

5) y=""¢ tai x, =2 6) y=(x"—3x)(x*+2) tai x,=—3



CHUYEN DE 4

PAO HAM CUA HAM LUQNG GIAC

Phwong phap:

Str dung cdng thirc tinh dao ham cia ham lwong giac:

Pao ham

Ham hop

(sinx)'=cosx; (cosx)'=-sinx

1
tanx)' = ;(cotx)' = ——
( ) 0s? X ( ) sin? x
(arcsinx)'—;
J1-x?
1
arccosx)' = —
( ) —
arctan x)' =
( ) +1

(sinu)'=u'.cosu

(cosu)'=—u'sinu; (tanu)'=

s
i) —nsin®u snu)
o) =m0 cosu)
(tan"u) =n.tan"*u.(tanu)
(cot"u) =ncot™ u.(cotu)

cos? u

. Sir dung cong thire dé tinh dao ham ham lwong giac:

BAI TAP MAU

Bai 1. Tinh dao ham cua ham sé :
. X
1) y=sin 2x+cos§.

3) y =sinx.cos4x

2) y =(sin5x +1)2

4) y=2tan® x+5cot x°

Huwong déan

1) Taco: y' = 2.0052x—}sin5
3 3

2) Taco: y'=2(sin 5x+1)' (sin5x+1)=10cos5x(sin5x+1) .

3) Taco: y'

. ' . ' . .
:(sm x) .COS4X+sin x.(cos4x) = COS X.COS4X —4sin X.sin4x .

Ngoai ra cac em c0 thé tach y =sin x.cos4x = %(sin 5x —sin3x) sau do tinh dao ham.

5x
sin® x?

2sin x
cos® x

4) Taco: y'=




Bai 2. Tinh dao ham cua ham sé :

1) y =sin3x 2) y =5sinx—3cosx 3) y=cos+/2x+1

4) y:sin(x—%)+cos(%—xj 5) y=4cos2x+5sin(2x—3) 6) y =+/35in X+ Cos x—2019x
7) y = x?.cos3x+2xsin 3x 8) y:\/3+sin2(3x—%j+cos«/m

9) y = tan 2x 10) y =cot(3x+1) 11) y:tanXTJrl

12) y:cotm 13) y:tang 14) y =3cos x +cot 2x

15) y =tan5x+cot4x 16) y:tan(x2+2\/§+1) 17) y=tan x—%tan3x+%tan5x

18) y = tan(2x +1) — x cos® X

Huwéng dédn
1) TacO y=sin3x =y’ =3c0s3x

2) TacO y=>5sinx—3cosx = y'=5c0s X +3sin X

, sin/2x+1
3)Tacd y=cosy2x+1l=y =—"—"2_—
) y y 2x+1

4) Taco y’=cos(x—zj+sin(£—xj.
3 6
5) Tacd y'=-8sin2x+10cos(2x—3).
6) Taco: y' =+/3c0osx—sinx—2019
7) Taco: y’:2x0033x—3x2sin3x+23in3x+6xc053x:8xc053x+(2—3x2)sin3x

8) Ta co:

[ 2 N 2
2\/3+sin2(3x—;j 2x"+1 2\/3+sin2(3x—Zj Jaxt 41

3.25in(3x—chos(3x—4j 5 3sin Z(BX—ZJ 2y
’ _siny2x? 412 - siny2x2+1.

y:

9) Taco: y'=(tan2x)'=

cos? 2x

3

10) Taco: y'=[cot(3x+1)] = ~sin?(3x+1)




| (x+lj
11) Tacoy'= tanXJrl = 2 =
2 o X+1 o X+1
coSs T 2C0s 7

sin?y/x% +1 sin? Ix2+1 o U2 +1sin?Vx2 +1

12) Ta co: y':(cot x2+1) =—

13) Taco: y' (tan—j =

w | x

3cos?

14) Ta c6: y'=(3cosx+cot2x) =—3sinx—

sin?2x
5 3 4
cos?5x  sin?4x

15) Tac6: y'=(tan5x+cot4x) =

' 1
, 2X+ -
16) Ta co: y'=(tan(x2+2\/§+1)) _ (X2+2*/;+1) B X+& 2x/X +1

cos? (x2 +2\/§+1) " cos? (x2 +2\/§+1) B Jx cos? (x2 +2\/§+1)

17) Tacéd: y'=1+tan’®x
18) Ta co:

2
 cos?(2x+1)

BAI TAP TU GIAl

Bai 1. Tinh dao ham cua c4c ham sb sau:

] 2 ]
—(cos2 X — 2Xsin X cos x) - C cos? x4+ Xxsin2x

y cos®(2x +1)

a) Y =2sin x+sin2x—sin’ x+23in§—sing
X

b) y =sin*(2x* —3x+1)

C) y = ,/sin (4x* +x)

Bai 2. Tinh dao ham cua cac ham sb sau:

2
2) y:2\/;Sinx_cosx b) y:3003x 0 y:x +_2cosx
X 2x+1 sin x
2C0S X —Sin X tan x cot x
d = e = =
)y 3sin X+ cos X )Y sinx+2 Dy 2x -1

g) y=sin(x*-3x+2) h) y=cosv2x+1 i) y=2sin3xcos5x



j) y=+/cos2x K) y=tanxJrl ) y=cotyx*+1

X2
3 sinx X
m) y = tan® x + cot 2x n) y=+1+2tanx 0) y=—+——
X sinx
sin® x .
= = tan(sin x N y=xcot(x*—-1
P) Y=o q) y=tan(sinx) )y (x*-1)
s) yzcosz,f%—ZX t) y=x/sin3x u) y=tan®x+tanx’

V) y=(2-x*)cosx+2xsinx

Bai 3. Tinh dao ham cua cac ham sé sau:

a) y=sin(\/1+x2) b) y=sin*(cos3x) C) y=cosXxy1+sin®x

1-x sinx  tan®x
d) vy =cos| cos(cosx e) y=cos’ f) y= +
)Y [cos(cosx) )y (1+\/§j )y 1+cotx 1+tanx

N2
9) Y=; h) y=Sln X i) y=+/1+cos®x

sin X+ C€os X COoS X

Bai 4. Tinh dao ham cua cac ham sb sau:

. 2 20 _
a) y= sin X b) y= ,1+coszz 0) y= 1—tan2x d) y:1 COS X
1+ cos X 2 1+tan® x 1+cos x

e) y=XsinX+cosx f) y=3tanx+tan3x+tan®x+tanx* @) y=xcot(x*-1)
; 02 2,
h) y = cot® 2x + 3cot 2x i :s!nx+cosx i) y:sm_ §x+4cos >2< 4
sin X —Ccos X sin® 2x —4cos” X
Bai5. Tinh dao ham cua mdi ham sé sau:
a) y=5sinx—3cos X b) y=sin(x*—3x+2) C) y=cosv2x+1
d) y=sin3x.cos5x e) y=+1+2tanx f) y=tan3x—cot3x
g) y=4sinx—3cosx h) y=4sin® x—3cos” x i) y= X
1-cos X

Bai 6. Tinh dao ham ciia ham sé sau: y:\/%+%\/1+% /%+%cosx , V6i xe(0; 7)

II. Tinh dao ham cia ham lweng giac tai X,

Phwong phap:



Tinh dao ham rdi thay x, vao

BAI TAP MAU

Bai 1. Tinh dao ham cuahamsb y= sin 2x tai x -
€0Ss 3X 4

Huwong dan

) , (sin2x)'.cosSx—sian.(cosBx)' 2€0s 2X.€0S 3X +3sin 2x.sin 3x
Taco: Yy = =

(cos 3x)2 (cosBx)2
Khi do : Y'(%] =3V2 Viy dao ham cua ham sb da cho tai X =% la 3V2.

Bai 2. Tinh dao ham caa ham sb y = x.cos2x tai x = %

Huwéng dan

Taco6: y'=x".cos2x+x.(cos 2x)' =C0S 2X — 2X.Sin 2X

Khidé: y (g) =1 . Vay dao ham caa ham sé d cho tai x :% la-1.

Bai 3. Tinh dao hdm cua ham sé y =5sinx—3cosx tai diém x = %

Huwéng dédn

!

Taco y'=(5sinx—3cos x)' =5.(sinx) —3(cos x)' =5.c0sX+3sinX.

Suy ra y’(z =5.cosZ+3sinZ =3.
2 2 2

Bai 4. Tinh dao ham ctia ham sé y = 2sin3xcos5x tai diém x = %

Huwéng dédn
Taco y=2sin3xcos5x =sin8x —sin2x.

= y' =(sin8x—sin 2x)" =8c0s8x — 2¢0s 2X

T T T
' = |=8cos| 8.— |-2cos| 2.= |=-8—-+/2.
jy(s) ( 8) ( sj V2

Bai 5. Tinh dao ham cuahamsb y= —%sin(%—xzj tai diém x = \E .

Huwoéng dédn




2
Taco y'ZX.COS(Z—ijjy' \/E — | Zeosl Z_ |Z = |
3 3 3 3 3 3

Bai 6. Cho ham s y=cos(3x—%j+sin(2§—2x} . Tinh y’(%).

Huwong déan

Taco: y'=-3sin (BX—%j—Zcos(%— 2xj :

Vay vy’ Zj=—3sin 3.2-21 2c0s 2—”—2.z =-3sin 5—ﬂ—2cosO:—Z.
3 3 6 6 2

Bai 7. Tinh dao ham cuahamso f (x)= %cot x?tai diém x = \/%

Huwong déan

L e 1 (X ' X
Taco: T (X)z_fsgnzlz ~sin? K

Suy ra; f(\/zjsmz\/% %:_@
2

Bai 8. Tinh dao ham ctia ham sé f (x)=tan? x—cot? X tai diémx =

Huwoéng dédn

, 1 1 2 2
Taco: f'(x)=2tanx.— —2cotx.(— — ]: tar21x+ _coztx
cos? x sinfx ) cos?’x sin?x

2tanz Zcotz
4 _3

T . T
cos’Z sin? =

Suyra: f'|Z |=
uy ra (4}
4

Bai 9. Tinh dao ham ctiia ham sé f (x)=+/cotx+1tai x = >

Huwoéng dédn

- (cotx+1)' B 1

Taco: f'(x)=(cotx+1) = =—
() ( ) 2Jcotx+1  2sin?x/cotx+1




T 1 1
Suyra f'l = |=- =——
Y @ 2

Zsinzg.,/cotﬁﬂ
2 2

Bai 10.Tinh dao ham ctia ham s6 f (x)=tan® x+cot2x tai diém x = %

Huwong dan
A . 1 3 ' 2 1 2
Taco: f'(x)=(tan’x+cot2x) =3.tan’ x —————
COS“X sin“ 2x
Suy ra f'(zj=3.tan2£. 1 2
4 4

T . T
cos’ = sin®2.=
4 4

Bai 11.Tinh dao ham cua ham sb f (x) =Jtanx+cot x tai diém x = % :

Huwéng dédn
11
Ta c6: f /() = (tanx+cotX) _ cos®x sin®x
24Jtan x+cotx  2+/tan x+cot x
B sin x —cos” X _ —2C0S 2X
2sin? xcos? x/tan x+cotx  sin? 2x+/tan x + cot X
. —2cos ™
Suyra f '(—j: 2 -0
4 . S T T
sin?| = tanz+cot—

BAI TAP TU GIAl
Bai 1. Tinh dao ham cua cac ham sb sau tai diém duoc chira .

1) y:1—5!nx tai N 2)y = _cosx tai .z
1+sinx 3 sinx+1 2
3) y=2xcotx+Xx* tai x:% 4) y=+1+2tanx tai x=0
. . 3 X . 9 . 5t
5) y=sin3x.cos4x tai =" 6) y:20035—5|n2x+cos(x ) tai ="
7) y=sin’x.cos’x tai x=2 8)y:tan3(2x+£j tai x=2
3 4 4
9) y=sin2(c052(tan x)) tai x:% 10) y =cot®*«/x*+1 tai x:%
11) y=sin®y/x*+1 tai x=0 12) y =sin*(cos3x) tai x:%




Bai2. Chohamsd y=x®va y=4x+sin%x. Tinhtong f'(M)+g'(D) ?

I11. Chéeng minh biéu thirc c6 chira dao ham ham lwong gi4c.
Phuwong phap:

Tinh dao ham rdi thay vao biéu thic va bién doi.

BAI TAP MAU

Bai 1. Chung minhrang: f'(x)=0 véi f(x)=cos® x+2sin* x.cos’ x+3sin® x.cos* x+sin* x .

Huwoéng déan
Cach 1:
Taco:

6y ;4 2.\ 02 4o\ L (cin? v
f'(x) =(cos® x) +(2sin* x.cos® x) +(3sin® x.cos" x) +(sin* x)
= —6.5in X.cos’ x+(8.cos x.sin® x.cos? x —4.sin* x.sin x.cos x)
; 4 S0 G 3 i3
+(6.cosx.smx.cos X —12.sIn“ X.SIN X.COS x)+4.cosx.sm X
=—6.5in X.cos® x+8sin® x.cos® x —4sin® x.cos X +6sin x.cos® x —12sin® x.cos® x + 4.cos x.sin> x
= —4sin® x.cos® x—4cos x.sin® x.(sin2 x—l) =—4sin® x.cos® x+ 4sin® x.cos* x =0
Cach2:Taco:
f (x)=sin* x(1+ 2cos’ x)+cos4 x(33in2 X + C0S? x)
cind 2 4 02
—sin x(1+Zcos x)+cos x(1+25|n x)
=sin* x + cos* x + 2sin* xcos? x + 2sin® xcos* x
. 2 ) . .
=(coszx+sm2x) —2sm2xcoszx+25|n2xcoszx(coszx+sm2x) =1

Khi do: f'(x)=0

Bai 2. Chohamsd y = xsinx . Ching minh: x.y —2(y'—sinx)+x(2cosx—y)=0

Huwéng ddn
Ve ’ - 4 ’ - - ! -
Taco: y'=(xsinx) =x.sinx+x.(sinx) =sinX+Xcosx .

x.y—2(y'—sinx)+x(2cosx—y)

=x2.sin X —2(Sin X+ Xc0s X—sin X )+ X(2¢0s x— xsin x)

= X?sin X—2XC0S X+ 2XC0s X — X’ sinx =0 (dpcm).




Bai 3. Cho ham s y =cot2x. Chang minh: y'+2y?+2=0

Huwong dan
Taco:y' =(cot2x) =-2(1+cot’ 2x)=-2(1+y?)

=y +2y*+2=0.

Bai 4. Chohamsb y=tanx .Chtng minh: y'—=y*-1=0

Huwong dan

Taco: y'=(tan x)' =l+tan’x=1+y> =y —-y*-1=0.

3

.. R x XSin X + COS X : . N : CoS” X
Bai 5. Choham s6 y=——— .Chang minhrang: y +y.tanx=-—
tan x SIn“ X
Huwoéng dédn
Ta tién hanh rat gon trude khi tinh dao ham:
xsinx+cosx _ (Xxsinx+cosx).cosx 1.
= = - = X.CO0S X + —— —Sin X
tan x sin X sin x
- . COoS X . COS X
= Y =C0SX—XSiN X~ ————C0SX =—XSIiNX——
sin‘ x sin“ x
-2
—cosx(l—sm x) _rnc3
) COS X . cos” X
=VT =—XxSsIn X— + XSIN X+ COS X = = =VP

sin® x sin® x sin® x

Bai 6. Cho ham s y =, /cot(x? +1) . Ching minh réng: 2y.y +x.(1+y*)=0 .

Huwong déan

Ta co:

(cot(x2 +1))I ) (—1)(1+ cot (X’ +1)).(x2 +1)‘ ) —x(l+ cot® (x* +1))

= 2Jcot(x2+1) - 2. /cot(x2+1) Zﬂ/cot(x2+1)
x(1+ cot? (x2 +1))
VT ==-2 t(x%+1). A
JJco (x*+1) ZW FX4XY

= —x(1+ cot? (x2 +1))+ X + X.COt? (x2 +1) =0=VP

Bai 7. Chohamsé f (x)=2cos?(4x~1). Ching minh rang: |f'(x) <8,vxeR.




Huwong dédn
Ta co:
f'(x)=-16sin(4x—1)cos(4x—1)=-8sin(8x—-2)
=|f'(x)|=|-8sin(8x-2)|=8[sin(8x—2) <8

sin(8x—2) =1 8x— 2——+k27rc>x—£+i+%
DAu " =" xay ra khi: Lk (ke?)
sin(8x—2)=—-1<8x - 2= Zikoreox="C242 22
2 16 4 8
Bai 8. Cho ham sé y =X XX ching minh ring: y (sinx—xcosx)’ —x2y?=0.
COS X + Xsin X
Huwéng dan
. SIN X — X COS X
Tacd: y=———.
COS X + XSin X

B (sinx—xcos x)' (cos x+xsin x)—(sin X —xcos x)(cos X + xsin x)'

(cosx+xsin x)’
Tinh (sin x—xcos x)' =C0SX— X COSX — X.(C0S x)' = Xsin X

Tinh (cosx+ xsin x)' =—sin x+ X sin X+ x(sin x)' = XCOS X

~y _xsinx.(cosx+xsinx)—(sinx—xcosx)xcosx_ NG
(cosx+xsin x)2 (cosx + xsin x)2
2 - 2
Taco: VT =y (sinx—xcos x)’ —x*y? = X ~.(sin x—xcosx)z—xz,(wj =0=VP
(cosx + xsin x) COS X + XSin X

Bai 9. Cho ham s y=coty/x?+1. Chang minh rang: y A/x* +1+x+x.y>=0.

Huwéng dédn

Taco: y= cot\/m
=Yy = —(l+ cot? (x/x2 +l)).(\/X2 +1)I = —(1+ cot? (M)) (X2 +1)' S— (1+ cot® (M))

20 +1 x2+1

Ta co:

VT =

(1+ cot? (\/x2 +1)).\/x2 +1+ X+ x.cot? (\/x2 +1) = —X — xcot? (\/x2 +1)+ X + X.cot? (\/x2 +1) =0

X2 +1




Bai 10.Cho ham s6 y = cos x. Ching minh ring: 2f'(x+%j f'(x—zj: f'(0)- f (2x+%)

Huwong dan

Taco: f (x)=(cos x)' =—sinx

= VT = 2f(x+£} f(x—fJ =—23in(x+£jsin(£—xj
3 6 3 6
) T T . 27
= —23|n(x+—j.cos(x+—j = —sm(2x+—)
3 3 3
= —sin(—2x+£J =sin(2x—2—ﬂ) = cos(—2x+5—ﬂj
3 3 6

= —cos(2x+%) = O—cos(2x+%] =f (0)-f (2x+%) =VP

Bai 11.Cho ham s y =3(sin* x+cos* x) - 2(sin® x+cos® x). Ching minh rang: y' =0vx e R.

Huwong dan
Ta tién hanh 1am gon biéu thuc trudc khi tién hanh Iiy dao ham
Taco:y= 3(sin4 X +cos* x)—2(sin6 X + cos® x)
Ma;
) ] 2 2 . 2 ) 1.
sin® X +cos® X = (sm2 x) +(cos2 x) - (sm2 X + C0S? x) —2sin? xcos? X :1—Esm2 2X

sin® x +cos® x = (sin2 x)3 +(cos2 x)3 (sin2 X +C0S° x)3 —3sin? xcos? x(sin2 X +C0s? x) ~1-36in?2x

=y :3(1—%sin2 2xj—2(1—%sin2 ZXJ =1

=Yy =0,VxeR

sin x
1+cosx

3
Bai 12.Cho ham s y=( ] . Chitng minh rang: y.sinx—3y =0

Huwéng dédn

Ta co: y—( sin X T
' 1+ cos X




. ( sin x T( sin x ]
y =3
1+cosx 1+cosx

Ma[ sin x j':(sinx)'(1+cosx)—(sinx)(1+cosx)'_ 1

1+COS X (1+cosx)’ ~ 1+cCoS X
: ( sin x jz 1 3sin? x
=y =3 : = 3
1+cosx /) 1+cosx (1+cosx)
L 3sin®x . sinx )
Taco: y.sinx-3y =0« ———.sinx-3. =0
(1+cosx) 1+cos X

Bai 13.Cho ham sb y =sin®(2x+1). Ching minh rang: y sin(2x+1)—6y.cos(2x+1)=0

Huwéng dédn
Taco: y=sin®(2x+1)
=y =3sin? (2x+1)(sin(2x+1))' =3sin?(2x+1)cos(2x+1)(2x+1) =6sin®(2x+1)cos(2x+1)
Ta co:

VT =y sin(2x+1)—6ycos(2x+1)
=6sin’ (2x+1)cos(2x+1)sin(2x+1)—6sin’ (2x+1)cos(2x+1)=0=VP

. R . \/§+1 . S . 4 \/§+1
Bai 14.Cho ham s6 y =cos’| ~—=—— |. Chirng minh rang: X. \/Q—l —2tan vy=0
y (ﬁ—l g g: y\x(vx-1) vl

Huwong déan

Taco: y= cosz(

Jx+1
Ix-1

:y'gco{ﬁ(—iﬂ{co{ﬁ(—jﬂ—2cos{§+ﬂ [?ﬁj{ﬁj}

] EAAAE A

s = )
v \/_+1j [\/11} -1 1 m( \/§+1J
y Zcos(\/_ J_ 1 \/_(\/_ 1)2 &(&_1)28 2.\/;_1

Ta co:




VT = y,/ — —2tan( X+1J.y

<V ( Jx+1 J AR osz(*&*lj:owp
J’( x- o[ x+1 Ix-1
| -1

Bai 15.Cho ham s6 y = cos* x(2cos” x—3)+sin* x(2sin® x~3) . Ching minh rang y" khong phy  thugc

Vao X.

Huwéng dédn
Ta tién hanh 1am gon biéu thuc trudc khi tién hanh 1iy dao ham
y = cos’ X(ZCos2 x—3)+sin4 x(23in2 x—3)
=2c0s° x—3cos* x+2sin® x —3sin* x
= 3(sin4 X +cos* x)—2(sin6 X +c0s° x) =1

=y =0.Vay y khong phu thuoc vao x.

IV. Giai phwong trinh — Bat phwong trinh lién quan dao ham ciia ham lweng giac

BAI TAP MAU

Bai 1. Giai phuong trinh f'(x)=0 biét f(X):l—Sin(ﬂ+X)+2COS(3§+g)

Huwong déan

Taco: f(x)=1-sin(z+ x)+2005(37”+§j

= f'(x)=0—cos(;:+ x)—2.(%+gj .sin(?’?ﬁ+§):cosx+cosg

, X X X
f (x):0<:>cosx+cos§:O@cosx:—coszQcosx:cos(ﬂ—ij

X=7Z'—§+k272' [ 27 kKar
2 X = —
= =

“3 773
X = (7[—§)+k27r X==-2r+kdr



Bai 2. Giai phuong trinh f'(x) =0 trong céc truong hop sau

a) f(x)=sin3x+3sinx+4. b) f(x)=cos2x+2sinx+3.

c) f(x)=—/3cosx-+sinx+1.

Huwéng ddn
a) f(x)=sin3x+3sinx+4= f'(x)=3c0s3x+3cosX

f'(x)=0< 3cos3x+3c0sx =0 < cos3x = cos (7 —X)

X_7r+k7r
X=r—-x+k2 T2 9
o | 3X=m—x+k2n 4 2 (keZ).
X=—-7+X+k27 -
X=—+kr
2
b) f (x) =cos2x+2sin x+3= f'(x)=-2sin 2x+2c0s x

f'(x)=0< —2sin2x+2cosx =0 <> cos x(—-2sin x+1) =0

x=2+kr x=2ikr
2 2
cosx=0
= 1< x=21k2r o|x=Z+k2x (kez)
sinx== 6
2 T 57
X=nx—-—+k2x X=?+k27r

3

C) f’(x)=0<:>\/§sin x+cosx:0<:>7sin x+%cosx:0<:>sin

<:>x+%:k7r<:>x:—%+k7r (keZ).

i)

Bai 3. Chohamsb y=(m+1)sinx+mcosx—(m+2)x+1. Tim gia tri ciam d&& y’ =0 cd nghiém?

Huwong dan
y'=(m+1)cosx—msin x—(m+2)
Phuong trinh y'=0< (m+1)cosXx—msinx=(m+2)
Piéu kién phuong trinh c6 nghiém 1a a +b? > ¢?

m<-1

S M+ +m’ > (Mm+2)° om’-2m-3>0<
m=>3

Bai4. Chohamsé y= Cos(%{+ ij . Khi d6 hay giai phuong trinh y'=0.

Huwoéng dédn
TXD: D=R




Taco: y'= —2.sin(2§+ ZXj

Theo gia thiét y':0c>sin(2?”+2xj:0 c>x=—%+k?” (keZ) .

Bai 5. Chohamsé y =sin (%—2} Khi d6 hay tim nghiém cua phuong trinh y'=0.

Huwoéng déan
TXD: D=R
T X

Ta co: y’:—%cos(%—gj nén y’:0<:>cos(%—gj:0®§—§=%+kﬂ©x:—%—kZﬂ (keZ)

Bai 6. Cho ham sé y =tanx—x . Giai phuong trinh y'=0.

Huwoéng dédn

TXD: D:R\{%+k7z,keZ}

Taco: y' = ~1=tan’x, khid6 y=0tan’x=0<tanx=0< x=kr(k € Z)

cos? x

Bai 7. Chohamsé y=sin?x.cosx , giai phuong trinh y’ =2sinx .

Huwéng dédn
TXD: D=R, taco

. ! . ' . .
y' = (sm2 x) cosx +sin” x(cosx) = 2sinxcos’ x—sin® x
Vay y' =2sin x <> 2sin x.cos* x —sin > x =2sin x <>2sin x —2sin xcos *x4sin *x =0

& 2sin x(1-cos” x)+sin’ x =0 < 3sin’ x =0 <= sinx =0 < x =kz (k€ Z).

Bai 8. Chohamsé y=2sin?x—cos2x+x , giai phuong trinh y’ =-3.

Huwéng dédn
TXD: D=R

Taco: y' =4sinxcosx+2sin2x+1=2sin2x+2sin2x+1=4sin2x+1

y' =-3s4sin2x+1=-3 o sin2x=-1< 2X=—%+k27z<:>X=—%+k7z(keZ)




Bai 9. Chohamsé y=(1+sinx)(1+cosx) , giai phuong trinh y’ = 2(cos x —sin x) .

Huwong dédn
TXb: D=R

Tacd: y'=cosx(1+cosx)—sin x(1+sin x) = cosx—sin x+cos”* x—sin®x , nén

y' = 2(C0S X —Sin X) < €0s X —Sin X +c0s* X —sin® x = 2(cos X —sin x)

< (cos x —sin x)(cos X +sin X) — (cos x —sin x) = 0 < (cos X —sin X)(cos x+sin x—1) =0

T
sin(x—%jzo X_Z+k”
ﬁsin(x—%j.(ﬁsin[x+%j—l}:O<:> . Sl x=k2r (keZz)
. T
SIH(X—FZj—ﬁ X:%+k2ﬂ'

Bai 10. Tinh dao ham cua ham s6 y = sin(%—ij va giai phuong trinh y'=0.

Huwéng dan
TXb: D=R

Taco y:sin(%—ZXJ:COSZX:y'=—25in2x . Vay y'=0<:>sin2x:0©x=k% (kez)

Bai 11. Cho ham sé y = cot? 2 Khi d6 nghiém cua phuong trinh y'=0

Huwong déan
XD : D=R\{k47z,keZ}
Taco: y':lcotf. - :—lcoté. 1+cot? X |
274 X 2 4 4

Nén y':0©cot§:0©5:£+k7z<:>x:27z+k47r (keZz)
4 4 2

Bai 12. Cho ham s6 f (x)=2sin2x+cos2x , giai phuong trinh y’ = 2sin2x.

Huwoéng dédn
TXD: D=R




Taco: y' =4cos2x—2sin2x

y' =2sin2X <> 4C0S2X —2siN 2X = 2s5iN 2X <> Sin 2X = c0S 2X

<:>tan2x=1<:>2x=%+k7r<:>x:%+k% (keZ) (do cos2x=0)

Bai 13. Tinh dao ham cua ham sé sau: y =sin®(2x+1) va gidi phuong trinh y' =6cos(2x+1).

Huwong dan
TXb: D=R
Tacd y' =6sin’(2x+1)cos(2x+1). Vay y' =6cos(2x+1)

< 6sin’® (2x+1)cos(2x +1) = 6cos(2x +1) < cos(2x +1)[1—sin2 (2x +1)] =0

<:>cos3(2x+1)=0<:>cos(2x+1)=0<:>2x+1=%+k;z©x=%1+%+k%(kez).

Bai 14. Tinh dao ham caa ham s6 sau: y = (sin x+cos x)3 va giai phuong trinh y’ =3+ 3sin 2x.

Huwéng dan
TXb: D=R
Taco6: y' =3(sinx+cos x)2 (cosx—sinx), suy ra

y' =3+3sin 2x < 3(sin x+cos x)2 (cos x—sin x) =3+3sin 2x.

& 3(sinx+cosx)” (cos x —sin x) = 3(sin x+cos x)* <> (sin x+¢cos x)* [ (cos x—sin x) ~1]=0.

T
T ju X:—Z‘l‘kﬂ'
sin(x+zj:0 X=——"+knx

sinx+cosx=0
{ = x:%+k27r

&
sinx—cosx—-1=0 . T . s 1
~_Zl1= sin| x—=|=—

x/ism(x 4} 1=0 ( 4j N = 1 +K2x

Sin 2x 4+ cos 2x
2sin 2X —cos 2x

Bai 15. Tinh dao ham ciia ham sb sau: y = , giai phuong trinh y'=—6.

Huwéng dédn
PK : 2sin2x—cos2x=0.
Taco

, (2cos2x—2sin2x)(2sin 2x —cos 2x)—(sin 2x +cos 2x ) (4 cos 2x + 2sin 2x)
(2sin 2x—cos2x)’

, 6

(2sin2x—cos 2x)2




y’:—6<:>(2 . 2_6 , )2:—6c>(25in2x—0052x)2=1
sin 2x —cos 2x

isin2x icost i
{25in2x—cost:1 J5 J5 NG sm( —a)=sina
s & i
2sin2x—cos2x =-1 isian icost_—i sin(2x—a) =sin(-a)
5 5 5
) Tx=a+kr
2X—a=a+k2r T
X=—+Kkzx
2X—a=rw—-a+k2r o 1
& = = (keZ) véi sina =——;cosa =— (Théa man BK)
2X—a=—a+k2r Xx=kr J5 J_
2X—a=r+a+k2x
L X==—+a+kr

Bai 16. Cho ham sé y =sin® x, giai phuong trinh y' =+/3.

Huwong dan
TXb: D=R

Taco: y' =2sinxcosx =sin2x. Khi d6 y'=0<:>sin2x:0<:>2x=k7z<:>x=k%(keZ)

Bai 17. Cho ham sé y = cos 2x +5sinx , giai phuong trinh y'=0.

Huwong déan
TXD: D=R
Tacld: y' =-2sin2x+5c0SX .

Nén y' =0« —2sin2x+5c0sx =0 <> —4sin xcos X +5cos x =0

<> cosx(5—4sinx)=0<>cosx=0 (do 5—4sinx>0)©x=%+k7z (kez).

Bai 18. Cho ham s6 y =+/3sin x+cosx+2X , giai phuong trinh y'=0.

Huoéng dén
TXb: D=R

Tachd:y =~/3cosx—sinx+2,

khi d6 y' =0 <> /3 cos x—sin x+2:0<:>sin(x—%j:1<:> x:%+k27z(k eZ)




Bai 19. Cho ham s6 y =sin? 2x—2cos? x, giai phuong trinh y'=0.

Huwoéng dédn
TXDb: D=R

Taco: y' =4sin2xcos2x+2sin 2x,

nén y'=0 < 2sin 2xcos 2x+sin 2x = 0 <> sin 2x(2cos 2x+1) =0

sin2x=0 2x =kz x:k%
< < = keZ).
COSZX:—1 2X:i2—ﬂ-+k27[ T ( € )
2 3 X=t—+kz

Bai 20. Tim m dé phuong trinh y' =0 ¢6 nghiém biét rang y =mcosx + 2sin x —3x+5.

Huwéng dédn
TXD: D=R
Taco: y=-msinx+2cosx—3,khido y =0« msinx—2cosx=3 (1)
Phuong trinh y'=0 ¢6 nghiém khi va chi khi (1) c6 nghiém khi va chi khi :

m°+4>9om*>5< m=+5 :
m<—5
BAI TAP TU GIAI
Bai 1. Giai phuong trinh f'(x)=g(x) biét f(x)=sin®2x; g(x)=4cos2x—5sin4x
Bai 2. a) Cho y=sin2x—2cosx. Hay giai phuong trinh y'=0.
b) Cho y=3sin2x+4cos x+12x. Hay giai phuong trinh y'=2.
Bai 3. Giai phuong trinh y' =0 trong mdi trudng hop sau:
a) y=sin2x—2cosx b) y=23sin2x+4cos2x+10x

C) y=cos’x+sinx d) y =tanx+cotx

e) y=3cosx+4sinx+5x f) yzl—sin(z+x)+2003(2”2+X]

9) y=%sin2x+sinx—3 h) y=sin2x—-2cos x i) y=cos®x+sinx

j) y=tanx+cotx k) y=2x—cosx—~/3sinx ) y=3sin2x+4cos2x+10x




CHUYEN PE 5
PAO HAM HAM KEP - PIEU KIEN TON TAI PAO HAM

f,(x) khi x =X,

I. Tinh dao ham cia ham sé f(X)={f (x) khi x=x
2 — %

Phuwong phap:

Budéc 1: Kiém tra ham s6 ¢ lién tuc tai x, hay khong: f(x,) = lim f (x)

X—>Xo

Buéc 2: Su dung cong thire tinh dao ham f'(x,) = XIerX10 f (X)z : ::O( %)

BAI TAP MAU
, 2NATX i x 20
Bai 1. Tinh dao ham ciia hamsé f (x)= . X tai x=0
2 khi x=0
Huwoéng ddn
Ta co:
. . 2—~N4-X 1
limf(x)=Iim =lim =-=f(0
x—0 ( ) x—0 X x—)OX(2+./ ) 4 ( )
Suy ra ham sb lién tuc tai x=0.
2-N4-x 1 )
f(x) f(0) X T4 X 1
Taco: f'(0)=lim—————==Iim = lim =—
( ) x—>0 x—0 X x>0 Dy 2 (8_X+4,/4_X) 64
MIZXZ1 hi x =0
Bai 2. Chohamso f(x)= X . Tim a d€ ham s6 c6 dao ham tai x =0 va
a khi x=0
tinh dao ham tai x =0.
Huwéng ddn
1

Taco: lim f (x) =lim 17X i

X—0 X X—0 X(\/_-i-l) _E
Dé ham s6 co dao ham tai x =0 thi ham s phai lién tuc tai x =0
- 1
Suy ra lemf(x)z f(o):>a:_E

Pao ham cua ham sé tai x =0 1a;

1-x-1 1
£(0) = nf(0)- f(O)_“m 2 X2 !

lim =-c
x»o X — X0 X anZXZ(X_z_Zﬂ/l_X) 8




3 2 _
XT+x+1-1 Khi x =0

Bai 3. Tinh dao ham ctia ham s f (x) = » tai x=0.
0 khi x=0
Huwoéng dan

Taco: £(0)=0,dodo: lim X =TO) _ppxiexi+l-l o x#1 1

li
x—0 X x—0 X2 x—0 ,X3+X2 +1+1 2

Vay f'(0) :%.

f,(x) khi x> x,

II. Tinh dao ham caa ham so f(x)={]c (x) Khi x<x
2 0

Phwong phap:

Buéc 1: Kiém tra ham s6 ¢ lién tuc tai x, hay khong: lim f(x) = lim f(x)= f(x,)
X—>Xy X—>X§

Buworc 2:

Xét x> X, . Str dung cdng thirc tinh dao ham f'(xo)=xliﬁrp0 f(xz:;o(xo)

Xet x <X, . Su dyng cong thire tinh dao ham (%, ) = lim f(xz:;(x())

BAI TAP MAU

x> khi x<1

_ .Tim a,b dé ham sb c6 dao ham tai x =1
ax+b khi x>1

Bai 1.Cho ham s6 f(x):{

Huwéng ddn
Ham sb c6 dao ham tai x =1 thi ham sé phai lién tuc tai x =1.

Suy ra Iirl]f(x)=lirpf(x)= f(l)==>a+b=1

Ham sé c6 dao ham tai x =1 thi f'(1)=f'(1") .

Ta co:
1=y oI f(1+Ax)—f(1)_
f(l )—ALILYI(T AX =2
iy s T(I+AX)- (1)
f(l )_Alxlﬂg* AX =a

pé f'(I')=f'(I')z>a=2=b=-1

Bai 2.Chiing minh rang: Hams6 y = XL-|-|1 lién tyc tai X = 0 nhung khong c6 dao ham tai

Xx=0




Huwong ddn

a) Ta co:

: . =X

I §(x)= i =0

. . X . .

fim 1) = fim 723 =0 = fim ()= fim £(3)= 1.(0)
f(0)=0

Nén ham s lién tuc tai x =0

Ta co:

£(07) = lim f(x)=|imw=—l

x—0~ x—0"

f'(o+)=X|Lr9f(x)=|imw=1

x—0"

Vi f'(0")# f'(0") nén ham sb khong co dao ham tai x =0

2X+3 khi x>1
Bai 3.Tinh daO ham cua ham Sé) f(X) = X3 +2X2 —7x+4 . tal Xy =1.
khi x<1
X—1
Huwoéng ddn
Taco: lim f(x)=lim(2x+3)=5
x—1" x—1"
3 2
lim £ (x) = lim X2 7X+4:Iim(x2+3x—4):0

x—1" x—1" X — x—1"

Dan tgi Iir[] f(x) = Iir? f(x) suy ra: ham sé khong lién tuc tai x, =1 nén ham sé khong ¢ dao

ham tai x, =1.

2
Bai 4.Chiing minh rang ham s f(x) = w lién tuc tai x =—1 nhung khong c6 dao ham

tai diém do.

Huwéng ddn

Viham f(x) xac dinh tai x =—1 nén no lién tuc tai do.

Taco: £/[(-1)']= lim TOO=TED i 2% g

x>(-1)" X+1 x>(-1) X—1
(-1) = lim TO=1CD) i 222
x—(-1)" X+1 x—>(-1)"

= f'[(-1)"]# £'[(-1) | = f(x) khong c6 dao ham tai x =-1.



2x+1 khi x<1

) . . Dé ham sb nay c6 dao ham tai x=1 thi gia
X +bx+1 khix>1

Bai 5.Cho ham s f (x) :{

tricua b 1a?

Huwoéng dan
Ta co:
f(1)=3

lim f (x)=lim(2x+1)=3

x—1" x—1"

lim f (x) = lim(x* +bx+1)=b+2

x—1* x—1*

Déham s f(X) c6 dao ham tai x=1 khi va chi khi f () lién tuc tai x=1

e limf(x)=limf(x)=f (1) ©b+2=3 <b=1

x—1* x—1"

. T X% + X khi x <1 .
Bai 6.Tim a,b d¢ hamso f(x)= _ 6 dao ham tai x=1,
ax+b khi x>1

Huwéng déan
Diéu kién can dé ham sb co6 dao ham tai x =1 1a ham s lién tuc tai x=1.
f(1)=2

. (o2 B
fim 0= fim (o +x) =2
lim f (x)=lim(ax+b)=a+b

x—1* x—1*

Déhamso f(x) c6 dao ham tai x=1 thi f(x) lién tuc tai x=1

< lim f(x)=1lim f(x)=f (1) < a+b=2

x—1* x—1"

Diéu kién di:
_ 2 _
f’(l):limM=limx X2 _ Jim(x+2)=3
x—1" X—1 x>~ X—1 x—1"
()= tim LI @) _ iy TOIZFQ) g XD (axb) g ax-a
x—1* x—-1 x—1* x—1 x—1" x—1 x> X—1

Péhamsé f(x) co dao hamtai x=1thi f'(1")=f'(1' ) <a=3=b=-1

X3 )
Bai 7.Tim a,b déhamso f(x)=1 3 khix>1 4 dao ham tai x=1.
ax+b khi x<1

Huwong ddn



biéu kién can:

f(1)=4

3
lim  (x) = Iim(x—j .
x—1* x> 3 3
)!Lrp f(x)= XILrp(ax+b): a+b

DPé ham s f(X) cO dao ham tai x=1 thi f(X) lién tuc tai x=1

e lim £ (x)=lim ()= 1 (1) e>a+b=~

x—1" x—1"
biéu kién du:
x> 1
— - 5 2
f/(1+):||mf(x) f(l):“m 3 3=Iimx +X+1:1
x—1" )(—1 x—1" X_l X1t 3
F(1)= i £C0= (D) _ T F(1) | ax+b—(arb) . ax-a__
o x=1 et x=1 e x-1 o1 x—-1

BAI TAP TU GIALI:
—x>+a khi x>-1

: by Khi 1.T‘|m a,b déham sé lién tuc tai x = -1
X2 + bx i X<-—

Bai 8. Cho ham s f(x):{
(HD: a=-2,b=4)

. Tinh dao ham caa ham sb tai x, =0 bang dinh

in3x Kkhi x>0
B4i 9. Cho y=f(x)={sm o x

3x+2 khi x<0
nghia.
Bai 10. Chohamsd: y=f(x)={ «x
0 khi x=0
a) Ching minh rang f (x) lién tuc tai x, =0.

b) Tinh dao ham (néu c6) cua f (X) tai diém x, =0.

, 1.
.. : . N =~ kh 0o ..
Bai 11. Dung dinh nghia, tinh dao ham ctia hamso y = f(x) = X cos X b tai

0 khi x=0

diém x, =0



-1)*  khi >0 .
X , ) P khong c6 dao ham

Bai 12. Chuang minh rang ham sé: y = f (x) =
—X khi x<0

tai diém X, =0 nhung c6 dao ham tai x, =2.

—2x? khi x<1

_ c6 dao ham tai diém x=1.
ax+b+1 khi x>1

Bai 13. Tim a, b d&hamsé y= f(x):{

pcosx+qsinx  khi x<0

Bai 14. Chohamsé: y=f(x) = _
px+q+1 khi x>0
Chtring minh rang véi moi cach chon p, g ham sé khong thé co dao ham tai diém x=0.

x3-2 khi x<0

_ c6 dao ham tai diém x=0.
x*+ax+b khi x>0

Bai 15. Tim a, b ¢ hamsb y = f(x):{

Khi d6 tinh f'(0)
HD: a=0b=-2;f'(0)=0

. . . X—2
Bai 16. Chohamso y= f(x) =u
2x+1
a) Xét sy lién tuc ctia ham sb tai x, =2 b) Xét xem tai x, =2 ham s6 c6 dao ham khong?
x?sin X' +3 khi x=0
Bai 17. Cho y=f(x)= X :
0 khi x=0
a) Xét sy lién tuc ctia ham sb tai x, =0 b) Xét xem tai x, =0 ham s6 c6 dao ham khdng?

2
. s N -2
Bai 18.Chirng minh rang hamso y = X —2x+3

3 .. : N
il | lién tuc tai x =-3 nhung khong c6 dao ham tai
diém Ay.
sin® x
Bai 19. Chohamsé: y=f(x)={ x
0 khi x=0

khi x=0

a) Chang minh rang f (x) lién tuc tai x,=0 .

b) Tinh dao ham (néu c6) cua f (x) tai diém x,=0.

.1 .
) L x’sin= khi x=0
Bai 20. Chohamso: y=f(x)= X
0 khi x=0
a) Tinh dao ham cua ham sé tai mdi xeR.

b) Chung t6 rang dao ham f'(x) khong lién tuc tai diem x, =0.

Bai 21. Xét sy ton tai dao ham cua cac ham s6 sau trén R :



x?—x+2 khi x<2

x?+x  khi x<1
a) y=17 1 b) y= 2
X

— khi x>2

khi x>1
x-1

Bai 22. Tim a, b dé ham sb sau c¢6 dao ham tai x = 1;
X khi x<1 N2=x?  khi —4J2<x<1
a) y={ b) y—{ V2

ax’+b khi x>1 B x> +ax+b khi x>1

Bai 23. Dung dinh nghia, tinh dao ham cua ham sy = %H tai x,=0.
+|X

. Y x> =2|x+3 ... . N
Bai 24.Chung minh rang hamso y = # lién tuc tai X = -3 nhung khong c6 dao ham tai
diém ay.

Bai 25. Chung minh ring ham s6 y = ¥/x? lién tuc tai x =0 nhung khong c6 dao ham tai x =0



CHUYEN DPE 6

GIAI PHUONG TRINH - BAT PHUONG TRINH LIEN QUAN PEN PAO HAM

. Sir dung dao ham dé tinh giéi han dang % .2 Quy tic LOPITAN
o0

Phwong phap:

Str dung quy tic Lopitan: lim Fx)_ lim f,(x)

BAI TAP MAU

Bai 1. Tinh gidi han:
2 ," —
1) lim 2 —1 imM

x>l X —1 x>2 X —2

Huwong dan

, 1
] NX+7-3
2) fim XX+ 3:Iim( >:Iim2 x+7 _1
X—2 X — X—2 (X _ 2)’ X—2 ]_

BAI TAP TU GIAI
Bai 1. Tinh cac gioi han sau theo quy tic Lopitan:

2_
1) 1imX =1 ps:2. 2) lim xﬂz—lj ps: -1.
x=1 x—1 x>0 X
3 2
3) limX =8 ps: 3 a) lim X=X+ g,
x>2 x% —4 x—1 X=1

Bai 2. Tim c4c gidi han sau theo quy tic Lopitan:

2 —
V4X+ =3 ps: L 2) im ¥ =1 .
xaz X (8] x—0 X
3) lim¥X2 =3 pg. 1 2y limd*=2 ps L
x> 4—X 6 x=>9 9X — X 54
5) lim2-Y*"3 pg, _ L 6) lim VX X4 g
al X2 —49 56 -1 X7 —4X°+3

Bai 3. Tim céc gidi han sau theo quy tic Lopitan

1. lim——————— PS: 1 7. lim——

x—0 X X—>4 1_/ —




2 tim— YL b o | P A LS RS
x—1 lx+3_2 X—1 X_l 4
Il. Str dung dao ham trong bai toan giai PT-BPT
Phuong phap:
Str dung cong thirc tinh dao ham rdi thay vao bai toan dé giai.
Cha y: Cho tam thirc f (x)=ax* +bx+c, (a=0)
1.Dé f(x)>0,vxeR thi: 2)bé f(x)>0,vxeR thi:
Truong hop 1: Xét a=0 Truong hop 1: Xét a=0
. [a>0 . |a>0
Truong hop 2: {A -0 Truong hop 2: {A <0
3)Pé f(x)<0,vxeR thi: 4)Pé f(x)<0,VxeR thi:
Truong hop 1: Xét a=0 Truong hop 1: Xét a=0
a<0 a<0
Truong hop 2: Truong hop 2:

BAI TAP MAU

Bai 1. Chohamsb y=mx*+x?+x—5. Tim m dé:
a) Y’ bang binh phuong cua mot nhi thirc bac nhat.
b) y'=0 c6 hai nghiém tréi dau.

c) y'>0 vaimoi xeR.

Huwoéng dan
Taco: y' =3mx* +2x+1
a) Pé y' 1a binh phuong ctia mot nhi thirc bac nhét thi phuong trinh y' =0 ¢6 nghiém kép

{m;tO {m;tO 1
Suy ra

= < m==.Vay: ..
A'=0 1-3m=0 3

b) Bé y' =0 ¢6 hai nghiém trai diu thi ac<0<3m<0< m<0.

c)Pé y'>0 vdi moi xeR thi:

3m>0 m>0 1 ...
= Sm>—. Vay. ..o
A'<0 1-3m<0 3

Bai 2. Chohamsé f(x)=

Giai phuong trinh f'(x)=0.

Huwong ddn

biéu kién: x =1.




Bai 3. Chohamsé f(x)=+/x*—2x. Giai bit phuong trinh '(x)< f(x)

Huwéng ddn

. x—1
Khido f'(x)< f(x) <= <Vx*-2x (1)
(0= f(x) e A<

, x-1
Taco f'(x)= .
() X2 =2x
bk: Xe(—oo;O)u(2;+oo).
3+J§

2

X2
(1) ©&x-1<x*-2x = x> -3x+1>0<

Két hop voi diéu kién trén suy ra x <0 hodc x >

3+\/§
>

Bai 4. Chohamsé f(x)=(x*+2x)vx—1. Giai bat phuong trinh f'(x)>0.

Huwong dan

- 2 2 .
Taco f’(x):(2x+2)\/x—1+(x2+2x). L :(2X+2)2(X D +x +2X _5x7+2x 4

24x-1 24x -1 24 x-1
Diéu kién x>1.
XZ—1+5\/ﬁ
f'(x)>0 ©5x°+2x—-4>0 < )
() ~1-/21
X< s

3
Bai 5. Chohamsé f(x) =X my? +(m+2)x+3. Tim cac gia tri nguyén ctia tham s6 m dé

f'(x)>0 véi moi xeRR.

Huwéng ddn
Taco f'(x)=x*-2mx+m+2

f'(x)>0vxeR S X _2mx+m+2>0VxeR




a=1>0
N “Y e m?om-2<0 e -1<m<?2
A'<0

Vi m nguyén nén me{-1;0;1;2}.

2
Bai 6. Cho f(x)=2x*-x*++3,9(x)= x3+X?—\/§. Giai bat phuong trinh f'(x)>g'(x).

Huwéng ddn
' 2 '
f'(x):(2x3—x2+\/§) =6x° —2X, g’(x)=[x3+%—\/§j =3x*+X

f'(x)>g'(x) < 6x* —2x>3x* + X < 3x* =3x > 0 = X & (—0;0) U(1;+ )

Bai 7. Cho f(X):3X+@—6—?+5. Giai phuong trinh f'(x)
X X

=0.

Huwéng déan

Taco f’(x)=(3x+@—6—j’+sj :3_6_8+¥
X X X° X

80192 6 (). patt=2,

f'(x)=0<3
(0=03-2+25 .

(t>0)

(1)<:>192t2—60t+3=0<:>t=1vt:i
4 16

1<:>i2:£<:>x2:4<:>x=4_r2

4 X= 4

Véi t:i<:>i2:i<:>x2=16<:>x=ir4
16 x° 16

Vay f'(x)=0 c6 4 nghiém x=+2, x=14

Voi t=

Bai 8. Chohamso f(x)=~/x*+x+7 . Giai bat phuong trinh f (X)ZE.
Huéng dédn
, o , [A=1-28=-27<0
Xét tam thic: x“+x+7 co =X +Xx+7>0, VxelR
a=1>0
(X2+X+7)' 2x+1

Taco f'(x)= = .
(x) 2 +x+7 20X+ x+7




2X+1>0

Do d6 f’(x)zl@L21<:>2x+12\/x2+x+7<:> )
2 2 (2x+1)" 2 x> +x+7

20X+ x+7

1 1 xz-1
X>—= X>—— 2

= 2 = 2 = <_2<:>X21.
AX2 +4X+1> X2+ X+ 7 3x2+3x-6>0 { 1

Bai 9. Choham s y:%x?’—gx2+mx+5. Tat ca cAc gia tri ciatham s6 m dé y'>0, Vxe R

Huwéng ddn

y=%x3—gx2+mx+5; y' =x* —mx+m

y'>0,VxeR< x> —mx+m=>0,VxeR

oSm—4m<0<0<m<4,

. « 1 1 s . . i A .
Bai 10. Chohamso y = §x3 —sz —4x+2019. Goi S latap hop tat ca cac nghiém nguyén cua bat

phuong trinh y’ < 0. Téng tt ca cac phan tr cia S bang bao nhiéu?

Huwéng ddn

y'=x2—%x—4.

1-+/65 1++/65

<X< .
4 4

y’sO<:>X2—%x—4sO<:>

S ={-1;0;1;2} nén co tong cac phan tr 1a: 2.

Bai 11. Choham sb y = :_13 x° —1010x? + 2019x — 2020 . Giai bat phuong trinh y'>0.

Huéng dédn
Taco y' = x* —2020x + 2019.

Xx<1

y' >0 x* —2020x+2019>0 < .
X > 2019

Vay tap nghiém ctia bat phuong trinh 1a S =(—o0;1]U[2019;+).

BAI TAP TU GIAI

2
Bai 1. Giai bat phuong trinh f'(x) > g'(x) biét f(x)=2x® —x? + 2018; g(x):x3+%+2020



3
Bai 2. Cho ham sé y:%+3x2+mx—5 . Xacdinhmdé f'(x)>0 ¥xeR (HD: m>3)

Bai 3. Cho ham s6 y:%x3—2x2+mx+5.Timmdé f'(x)<0 vxe(0;2)

(HD: m<0)
Bai 4. Cho ham s6 y=%x3—(2m+1)x2+m2x—4 . Tim m dé:

a) T'(x)>0 vaimol x>0
b) f'(x)=0 cd hai nghiém phan biét cung dau
¢) Trong trwong hop f'(x) =0 co hai nghiém. Tim h¢ thirc gitra hai nghiém khong phu thugc vao m.

Bai 5. Gii phuong trinh f'(x)=0 biét f(x)=%

Bai 6. Giai bat phuong trinh f'(x)< f(x) bidt f(x)=~/x>—2x

Bai 7. Cho ham sé y=x*—3x?+x—2. Tim x sao cho: a) y' <2 b) y'>10
Bai 8. Giai c4c biy phuong trinh:

2 2
a) y' <0 voi y= X =3X+3 b) y'<0 voi y=2+*+1
x—1 X°—X+1

Bai 9. Tim cac nghiém cta phuong trinh sau:

a) f'(x)=0 voi f(x):%x3—2x2—6x—l. b) f'(x)=-5 Vi f(x)=%x“—x3—gx2—3.

Bai 10. Cho ham s6 f(x) = x® —3x* +2. Hay giai cac bat phuong trinh sau:
a) f'(x)>0 b) f'(x)<3
Bai 11. Giai bat phuong trinh f'(x) > g'(x), biét rang:

a) f()=x+x—+2 va g(x) =3x% + x++/2

2

b) f(x)=2x*-x*++/3 va g(x):x3+x?—\/§

Bai 12. Cho ham s6 y =/x? —2x— 24 . Giai bt phuong trinh 2f(x)> f (X)
Bai 13. Cho ham sb y = x—2v/x? +12. Giai bét phuong trinh f'(x)<0. (TN THPT 2010)
Bai 14. Cho ham sb: y = f (x) =x* —2x* +mx—3. Tim m dé:

a) f'(x) la binh phuong ctia mot nhi thic bac nhat.

b) f'(x)>0,vxeR.

c) f'(x)<0,vxe(0; 2).

d) f'(x)>0,vx>0.



3 2
Bai 15. Cho ham sé: y = f(x):%—%+(3—m)x—2.ﬂm m dé:

a) f'(x)>0,vxeR.
b) f'(x) c6 hai nghiém phan biét ciing dau.
c) Chting minh rang trong truong hop f(x) c6 hai nghiém (hai nghiém co thé tring nhauy) thi

cac nghiém nay thoa man mot hé thirc doc 1ap véi m.
Bai 16. Tim m dé:

a) y=mx—x>co y'<0,vxeR .
b) y=%x3+mx2+4x+3 co y'>0,vxeR.

c) y=x>-3mx*+4mx c6 y'>0,vxeR.

d) y=x*-3(2m+1)x*+(2m+5)x+2 c6 y'<0,vxeR.
e) y:—%x3+2x2—mx+2 co y'<0,vxeR.

f) y:%x3—mx2—mx c0 y'<0,vxe(0; +).

Bai 17. Vi mdi ham sé sau diy: (D) Tim TXP (@) Tinh y'  (3) Xétdau y', chira y'>0, y' <0

trén khoang, cac khoang nao:

a) y=-x"+3x+1 b) y:lx3—3x2+8x—2 c) y:ZX_1
3 X+2
X2+ X+2 X% +2X+2 1
d y=——+ e y=—"—-—- f) y=1+——
x-1 x-1 X—2
g) y=—x"+4x* h) y=x*+4x>+1 i) y:4x+1—i
X+1
) y=4+3x-x° K) y=%x3+3x2—7x—2 ) y=x*-2x*+3
2_
m)y=-x>+x*-5 n) y=+v4-x 0) y:xl_)Z(x
X2 —Tx+12
Y=\ Q) y=+/3x-¢ ) Y=\ -x-20
2_
S) y=%_x5+9 t) y:XiJrl—Zx u) y=+x*-2x+3

I11. Sir dung dao ham chirng minh diang thic:

Phwong phap:

Sir dung céc cong thirc dé tinh dao ham rdi thay vao biéu thuc dé bién doi
BAI TAP MAU



Bai1l. Chohamsé y=x++/x*+1.Chting minh: y'v1+x? —y=0

Huwong ddn

X x+Vxi+l y

X2 +1 - X241 - X2 +1 .

= yV1I+xX* =y = y'V1+x* -y =0.

Taco: y'=1+

Bai 2. Cho ham sé y =+/x++1+x? . Chitng minh: 241+ x2.y' =y

Huwong ddn

’ 1 ' 1 X
Ta co: y':(\/x+\/1+x2) = [x+V1+X*| = .(1+ ]
24X+ 1+ X ( ) 2\/x+\/1+x2 V1+x?

_ 1 \/1+x2+x:\/\/1+x2+x: y
2xiirxt  VL+X 21+t 21t

=2J1+x*.y' =Y.

Bai 3. Cho ham sé y =31—x. Chiang minh: 3y’y? +1=0

Huwong dan

y=Y1l-x=y’ =1-x=3y’y' =-1=3yy* +1=0

Bai 4. Chang minh céc cong thirc tong quét sau

abl, lac| |pbec
2.1 ablx+2aolx+blcl
{aX2+X+C]= - - > ; (a,b,c,a,b,c lahingsd).
X+ x+c 2
1 (alx +blx+c,l)
2
5 roaaX” +2abx+ ‘
b) = +bx+c] = 2a1 b , (a,b,c, a b lahing sd) .
X +hy (ax+D;)
Huong dédn

!

a? +bxac ) (ax2+bx+c)’.(a1x2+blx+ol)—(ax2+bx+c).(a1x2+blx+cl)
a -
[alx2+blx+cj (a1X2+le+01)2

(2ax+b).(a1x2 +blx+c>l)—(ax2 +bx+c).(2a1x+bl)

(a1x2 erlx+cl)2




(ab, —ab)x? —2(ac, —a.c)x+(bc —by.c)
(a1x2 + blx+ol)2

. (dpcm)

0 Lax2+bX+CJ' _ (ax2+bx+c) .(a1x+bl)—(ax2+bx+c).(a1x+bl)'

a.1X+bl (a1X+bl)2
(2ax+b).(a1x+bl)—(ax2+bx+c).a1
= i _
(agx+hy)
_ a.ayx” +2abyx jt(t;.bl —a.C) ( dpem)
(agx+hy)
BAI TAP TU GIAl
Bai 1. Chang minh rang ham sd y = ax+Db c6 daoham 13 y'= ad—bcz
cx+d (cx+d)
A N 3x-5 4 2X
Ap dung tinh dao hamcua: y= Y= Ly =
bung i G -y X—2 y 3X+2 y 1-3x
2 V2 , e
Bai 2. Chuang minh rang ham sé y:ax+—bx+c codaoham 13 y'= ab'x* +2ac x+|;)c b'c
b'x+c' (b'x+c"
X =2x+7 X+l 2x% —x+1

Ap dung tinh dao ham cua : y = Ly = y=
b aung ' Y X—2 Y 3x+2 y X+5

2
Bai 3. Chuang minh ham sé y :ax2+—bx+c c6 dao ham la:
a'x“+b'x+c
a bl , _la c b c
X +2 X+
a' b’ a' c¢' b' ¢’

a (@'x’+b'x+c’)?
2x*-x-1  3x*-6x+1  2x*-5x+6

Ap dung tinh dao ham cua : y = Y= y=
b dung ' wa-y x> —3x+3 X2 +3X+2 —x*+5

Bai 4. Chuang minh rang ham so:
a) y=+/2x+x* théahéthic: y’y"+1=0.

3
b) y:(x+\/x2+1) thoa hé thirc: (1+x2)y"+xy'—9y=0.
5 ... :
Cc) y=3+— thodahé thirc: Xxy'+y=3.
X

d) y=x—_3 thoa hé thuc: 2(y")° =(y-1)y"
X+4



CHUYEN DE 7

PHUONG TRINH TIEP TUYEN CUA PO THI

Dang 1. Phuong trinh tiép tuyén khi biét tiép diém M (x,; Y, )
Phwong phap:

- Budc 1: Tim toa d¢ tiép diem M (x,;Y,)

- Budce 2: Tinh y'= f'(x) , rdi suy ra hé s6 goc cua tiép tuyén 1a '(x,)

- Buéc 3: Phuong trinh tiép tuyén ciia do thi (C) tai M (XY, ) 1 y = /(X ).(X =X )+ Yo

BAI TAP MAU

Bai 1. Viét phuong trinh tiép tuyén cia dd thi y = x® —4x+1 tai:
a) Diém M (1-2)
b) Tai diém c6 hoanh d6 bang 2.

¢) Tai diém c6 tung do bang 1.

Huwoéng ddn
Taco: y'=3x* -4
a) Hé s6 goc cua tiép tuyén la: y'(1) =312 —4=-1
Phuong trinh tiép tuyén 1a: y = y'(1).(X =% )+ Yo = -1(x-1)-2=-x-1
b) Tachd: x,=2=y, =% — 4% +1=1
Hé sb goc cua tiép tuyén la: y'(2)=3.22-4=8
Phuong trinh tiép tuyén la: y =8(x—2)+1=8x-15

X =0
c)Tachd: y,=1=x-4x,+1l=1x-4x, =0 | X =2
XO:_l

TH1: X, =0;y, =1= y'(0) = -4 = Phuong trinh tiép tuyén la:
y=—-4(x-0)+1=-4x+1

Tuong ty hai trudng hop con lai, cac em ty viét.

Bai 2. Cho ham s6 y=x>+2x*+1 c6 d thi 1a (C). Viét phuong trinh tiép tuyén ctia (C) tai

diém M (1 4)

Huwong ddn

Taco y' =3x*+4x. Do dé y'(1)=7. Phuong trinh tiep tuyén tai diem M (L 4) 13 y=7x-3.




4

, e ‘ Y= , _
Bai 3. Viét phuong trinh tiép tuyén cua db thi hamsé ~  X—1 tai diém c6 hoanh do o =1

Huwong ddn

Taco y=-

=
(x-1)
Theo gia thiét ta co x, =—1 nén y, =-2 = tiép diem M (-1-2).
Vay phuong trinh tiép tuyén cia d6 thi ham sé tai diem M (-1-2) Ia:

y=-1(x+1)-2 < y=-x-3.

Bai 4. Cho ham sé y = x* —3x+1(C). Viét phuong trinh tiép tuyén cua do thi (C), biét tung d6
tiép diém bang 3

Huwéng ddn
Taco: y'=3x"-3. Goi M (x,;Y,) latiép diém
Taco: y,=3< % —3% -2=0<%,=2,%=-1
e X, =—1= y'(-1) =0. Phuong trinh tiép tuyén: y =3

e X, =2=Yy'(2) =9. Phuong trinh tiép tuyén: y =9(x—2) +3=9x-15.

2
Bai 5. Viét phuong trinh tiép tuyén ciia db thi ham s& y = X =L t4i siao diém ciia db thi

ham sé vai tryuc tung

Huwoéng dan

L, 2xP=2x+1
Taco: y'=————.
(2x-1)
Giao diém M ctia d6 thj véi truc tung : X, =0=>y, =1
Hé s6 goc cua tiép tuyéntai M 1a: k=y'(0)=1.

Phuong trinh tiép tuyén tai diém M 1a: y=x-1.

2—3X

Bai 6. Viét phuong trinh tiép tuyén cia do thi ham sé y = tai giao diém cua dd thi ham sé

Véi truc hoanh bang :

Lo giai

Tap xac dinh: D =R \{1}.




bao ham: y' =

(x-1)°
D6 thi ham s6 cét truc hoanh tai A(

o)

. _, C 2
Hé so goc cua tiep tuyen la y’(g] =0.

w|N

Phuong trinh tiép tuyén 1a: y :g(x—§j+0:> y=9x—6

2Xx—4

Bai 7. Chohamsd y= c¢6 dd thi 1a (H) . Phuong trinh tiép tuyén tai giao diém cua (H)

vai truc hoanh la:

Huwéng déan

Giao diém caa dd thi ham sé véi truc hoanh 1a A(2;0). Taco: y'= 3
X —

=Vy'(2)=-2

Phuong trinh tiép tuyén can tim 1a y =—2(x—2) hay y=-2x+4.

Bai 8. Goi M 1a giao diém ctia d6 thi ham sé y = X2 i tryc tung. Viét phuong trinh tiép

X—2

tuyén voi do thi ham so6 trén tai diém M .

Huwéng ddn
Vi M 1a giao diém cuia d6 thi v6i truc Oy = M (o;%)

y=
(x—2)?

3
—k=y(0)=-2
y'(0) 2

Phuong trinh tiép tuyén ciia do thi tai diém M 1a: y = —% X+%

Bai9. .Chohamsd: y=x*—(m-1)x? +(3m+1)x+m—2. Tim m dé tiép tuyén cua do thi

ham s6 tai diém c6 hoanh d¢ bang 1 di qua diém A(2;-1).

Huéng dédn
Ham sé da cho xac dinh véi Vx e R.
Taco: y'=3x*-2(m-1)x+3m+1
Vi x=1=y(1)=3m+1=y'(1)=m+6

Phuong trinh tiép tuyén tai diémcé x=1: y=(m+6)(x-1)+3m+1




Tiép tuyén nay di qua A(2-1) nénco: -1=m+6+3m+1l<m=-2

Vay, m=—2 la gia tri can tim.

Bai 10. Goi (Cm) 1a @6 thi ciaham s6 y = x® — (2m +1)x* + (m +3)x — 3 va (d) 1a tiép

tuyén cua (C) tai diém c6 hoanh d6 x = 2 . Tim m dé khoang cach tir goc toa d6 O dén (d)

N 7
bang \/?

Huwoéng dan
Ham s da cho xéac dinh voi vx e R.
Taco: y'= 3x* —2(2m+1)x+m+3.
Phuong trinh tiép tuyén (d) : y = y'(2)(x —2) + y(2)

y=(11-7m)(x-=2)+7-6m=(11-7m)x+8m-15< (11 -7m)x—y+8m—-15=0
|8m-15] 7

d(0.(d) = = < 17(8m —15)? = 49[(11—-7m)? +1

(0,(d)) Ja Ty 1 Vi ( ) [( )2 +1]
< 1313m2 — 3466m + 2153 = 0 <> m =1, m = 2220
B ~& 1313

BAI TAP TU GIAI

Bai 1. Lap phuong trinh tiép tuyén ciia dd thi y = i—j biét hoanh d tiép diém I3 x, =0

Bai 2. Lap phuong trinh tiép tuyén caa do thi y = /x+2 biét tung do tiép diém la y, =2

Bai 3. Chohamsé y=x*+3x* +1 c6 do thi 1a (C). Viét phuong trinh tiép tuyén cua (C) :

1. Tai diém M(-1;3) ; 2. Tai diém c6 hoanh d¢ bang 2 ;
3. Tai diém c6 tung d6 bang 1 ;. 4. Tai giao diém (C) véi truc tung ;
bS:

1. y=-3x+6 2. y=24x-27 3.y=1, y=9x+28 4, y=1

Dang 2. Viét phwong trinh tiép tuyén khi biét hé sé goc k
Phwong phap:

Buéc 1: Tinh f'(x)

Bwdc 2: Giai phuong trinh f'(x)=k = X, = Y,

Budc 3: Phuong trinh tiép tuyén 12: y =k.(X =%, ) + Y,
Chay:

Néu duong thang song song véi y =ax+b thi k =a.




Néu dudng thang vudng goc véi y =ax+b thi k = —%.

Néu dudng thang tao vai truc Ox mot goc o thi k = tana
Néu duong thang tao véi duong thang (d) goc o thi tana = ‘ﬁ%‘ . Vi a 1ahé sé goc cua
duong thang (d)

A \ < < z A - 3 OB ’ A A z
Néu duong thang d cat cac truc Ox, Oy lan luot tai A, B thi tan OAB = iﬁ , trong d6 hé so goc

cua d dugc xac dinh béi y'( x) = tanOAB

BAI TAP MAU

Bai 1. Viét phuong trinh tiép tuyén cua dd thi (C): y = —x* — x? + 6, biét tiép tuyén vudng goc

v6i duong thang y = %x ~1.

Huwéng déan

Ham s6 da cho x4c dinh D =R

Goi (t) latiép tuyén cua do thi (C) ctia ham sé va (t) vudng goc véi dudng thang y = %x -1,
nén dudng thang (t) c6 hé sé goc bang —6.

Céach 1: Goi M (%o, Y,) latoa do tiép diém cua tiép tuyén (t) va do thi (C) cia ham sé . Khi
do, ta co phuong trinh: y'(X,) =—6 < —4x; —2x, =—6

< (X% —1)(2x¢ +2% +3) =0 (*). Vi 2x§ +2% +3>0,Vx, € R

nén phuong trinh (*) & X% =1=Yy,=y(1)=4= M (L4).

Phuong trinh tiép tuyén can tim 1a: y = —6(x —1) + 4 = —6x +10.

Céach 2: Phuong trinh (t) co dang y = —-6x+m

(1) tiépxtc (C) tai diém M (X,; Y, ) khi hé phuong trinh sau c6 nghiém X,

X =1

—Xg — X3 +6=—6X,+m
m =10

co nghiém x, <
—4x3 — 2%, = 6 gniemm %o {

Vay phuong trinh tiép tuyén can tim 1a: y = —6(x—1) + 4 = —6x +10.

Bai 2. Cho ham b y = %xs _x +§ c6 db thi 13 (C). Tim trén db thi (C) diém ma tai d6 tidp

. s . . 1 2
tuyén cua do thi vuong géc voi duong thang y = -3 X+ 3

Huwong ddn




Ham sé da cho xac dinh D =R
Taco: y'=x*-1

Goi M(X;¥o) € (C) < Yo :%Xg_xo"‘%!
Tiép tuyén A tai diém M c6 hé sd goc: y'(x,) = x2 —1

Puong théng d:y= —%x+§cé hé sb goc k, = _%

4
:2 = —
XO :>y0 3

Aid@kl.kz=—l<:>(x§—l)(—%)=—1©x§=4<:>
Xo=—2=Y,=0

Viy, c6 2 diém M (-2,0), (2; gj |2 toa d6 can tim.

Bai 3. Cho ham s y =x*-3x—2 (C). Viét phuong trinh tiép tuyén cua (C) biét hé sé gdc cua

tiép tuyén bang 9.

Huwoéng ddn
Ham sé da cho xéac dinh va lién tuc trén R.
Goi X, 1a hoanh d6 tiép diém M khi d6 x, la nghiém cua phuong trinh
0 =2

X
= M (2;0) hoac M (-2;—4)
X, =—2

y'(xo):k:9<:>3x§—3:9c>x§:4<:>[

+) Vi M (2;0) phuong trinh tiép tuyén la y =9x—18 .
+) Vi M (=2;—4) phuong trinh tiép tuyén 1a y =9x+14 .

Bai 4. Choham sb y =x®—3x*+1 c6 d6 thi (C). Viét phuong trinh tiép tuyén ciia do thi (C)

song song vai duong thang A:9x—y+6=0 .

Huwéng ddn
Puong thang A:9x—y+6=0=y=9x+6 c6 hé s6 goc 12 9
Vi tiép tuyén can tim song song véi dudng thang A suy ra tiép tuyén c6 hé s6 goc k =9.

i ai . X=3
Suy ra hoanh d6 ticp diém la nghiém cuia phuong trinh y'=k < 3x* -6x=9 < {x 1
Vé6i x=1 , phuong trinh tiép tuyén 1a y =9(x+1) -3 < y=9x+6 ( loai vi tring voi duong
thang A).
Vi x =3, phuong trinh tiép tuyén 1a y =9(x —3) +1 < y = 9x— 26 ( thoa man ).

Vay phuong trinh tiép tuyén can tim 1a y = 9x —6.




Bai 5. Viét phuong trinh tiép tuyén caa d6 thi ham sé y = XL? biét tiép tuyén vudng goc voéi
X +

duong thing d:x—2y+2=0 .

Huwong ddn

Puong thang d :x—2y+2=0:>y=%x+1 nén duong thang d co hé sé goc la k, :% .

Tiép tuyén can tim c6 hé sé goc k vudng goc véi duong thang d < kk, =-1=k = —% =-2.

-k .« A N f — x=1
Hoanh d9 tiép diém la nghiém cua phuong trinh: y'=k < 8 ;=2
(x+1) X=-3

Véi x =1, phuong trinh tiép tuyén 1a: y=-2(x-1)+5< y=-2x+7.
Vi x =-3, phuong trinh tiép tuyén 1a: y=-2(x+3)-3< y=-2x-9.

Vay c6 hai phuong trinh tiép tuyén théa man la: d,:y =—2x+7;y = -2x-9.

[N

X_
X—2

(C) tai diém M sao cho IM Ld.

Bai 6. Chohamsb y = ¢6 do thi (C) va diém 1(2;1) . Viét phuong trinh tiép tuyén d cua

Huwéng ddn

Tap xac dinh D=R\{2}

. 1 . X, —1
Taco y'=- LGilast M(X,;—2—) (X, #2
y (X—2)2 a ( 0 XO—Z) ( 0 )
Hé s6 gdc cua tiép tuyén (d) tai M cta do thi (C): k, = y'(x,) = x_12'
0_
-1
Hé s6 goc ciia duong thing IM sk, = Ju — % _ -2 ___1 ,
Xy — X X, — 2 (% —2)
d vubng goc cua duong thang
-1 1 X, =3
IM <k k,=-1< . =-lo(x-2'=1lc| °
v (XO_Z)Z (X0—2)2 (XO ) X =1

Voi X,=3=M(3;2)=d:y=—x+5.
Voi X, =1=>M(@0)=d:y=—x=1.

Vay cac tiép tuyén thoa man 1a d =—x+5 hoic y=-x+1 .




2X+2

) (C) . Viét phuong trinh tiép tuyén voi do thi (C) biét tiép tuyén
X+

Bai 7. Chohamsb y =

tao v&i dudng thang y =3x mot goc 45°.

Huwoéng déan
Tap xac dinh D =R\ {-2}.

Gia sir tiép tuyén d can tim c6 hé s goc k. Vi d tao véi duong thang y =3x ¢ hé sé goc k' mot

: k=-2
goc 45° nén suy ra K-k =tan45’ =1 k-3 =l 1
1+kk' 1+ 3k k==
2
Goi hoanh d6 tiép diém Ia nghiém caa phuong trinh:
%:-2 (VN)
' 2 (%, +2) 2 1 X, =0
y'(x) =k ———=ko S——D=-&
(X +2) 2 1 (X +2)° 2 X, = —4
(X, +2)° 2

V6i x, =0 suy ra phuong trinh tiép tuyén can tim 1a: y = %(x -0)+1= % X+1.
L \ . X O 1 1
Véi x, =—4 suy ra phuong trinh tiép tuyen la y :E(X+4) +3:§x+5.

Vay ¢ hai tiép tuyén thoaman 1a y = %x +Ly= %x +5.

X+2

biét rang tiép tuyén ct truc
2X+3

Bai 8. Viét phuong trinh tiép tuyén caa d6 thi ham sé y =

hoanh va tryc tung lan luot tai A va B sao cho tam gidc OAB can tai O véi O 1a gbc toa
do.

Huwéng ddn
Tap xac dinh D =R\ {_?3} .

Tam giac OAB vudng can tai O nén suy ra hé sé goc cua tiép tuyén la k =1 hoac k =-1.

Khi d6 hoanh do tiép diém x, 1a nghiém ciia phuong trinh:

‘—12 ~1(VN)
. (2%, +3) -1 B X =-1
y'=k < oS ——0s=-lc
-1 (2%, +3) Xy = —2
(2%, +3)?

V6i %, =—-1= Yy, =1, phuong trinh tiép tuyén 12 y = —x (loai vi cat truc tung va truc hoanh tai

O nén A=B=0).




V6i x, =—-2=y, =0, phuong trinh tiép tuyén l1a y =—x—2 (théa man).

Vay tiép tuyén can timla y=-x—2.

X+2

biét rang tiép tuyén cat truc
2X+3

Bai 9. Viét phuong trinh tiép tuyén caa d6 thi ham sé y =

hoanh va tryc tung lan luot tai A va B sao cho tam gidc OAB can tai O véi O 1a goc toa
do.

Huwoéng déan
Tap xac dinh D =R\{1}.

Taco tanoAB =28 =L nen hé sb gdccua tiép tuyén k = 1 hoac k = sy
OA 4 4 4

Nhung do y'=

7 < 0,vx =1 nén hé sb goc cua tiép tuyén la k = —%.

L ax - — X, =3
Hoanh d¢ tiep diém x, 1a nghiém phuong trinh L 5= -1 o) ° :
(% -1 4 X, =—1

Tir d6 ta xac dinh dugc hai tiép tuyén thoa man: y = —%x+%; y=—gx+

x_

Bai 10. Choham sy =
2(x+1)

¢6 dd thi la (C). Tim nhitng diém M trén (C) sao cho tiép

tuyén véi (C) tai M tao véi hai truc toa do mot tam giac co trong tam niam trén dudng thang

4x+y=0.

Huwong dan
Ham s6 da cho xé4c dinh D =R \{-1}

X1 ) (C) 1a diém can tim.

Goi M (x,; 200+ 1)

Goi A tiép tuyén véi (C) tai M ta co phuong trinh A
X, —1

' l XO _1
YO e 7Y T T 2

2 _ 2 B
Goi A=ANOx= A —M;O ,B=AnOy =B 0; %~ % 2 2%, 21 ,
2 2(%, +1)

, A 1s 2_2x, -1 x°—2x,-1
A OAB c6 trong tam Ia:G(—X0 %72 %% j

6 " 6(x, +1)°
2

, —2%, -1 x2-2x,—1
Do G thugc duong thang 4x+y=0 = —4. % =% 72, %o~ —=
6 6(x, +1)




1 1
X0+1:E XO :—E
== > (Vi X5 -2x,-1#0) < L 3
(0 ) Xo +l1=—— Xg=——=
2 2
Voi X, =— :M(—E;—gj
2 2
Vi xO:—E:M(—Eéj.
2 2 2

Bai 11. Cho ham séy = x> +3x* —9x+10 ¢ db thi 1a (C). Trong tét ca cac tiép tuyén cua do thi

(C), hiy tim tiép tuyén c6 hé sé gbc nho nhét.

Huwéng déan
Ham sé da cho xac dinh D=R
Tacod: y'=3x>+6x-9.
Goi M(X;Y,) €(C): y=x>+3x*-9x+10.
Tiép tuyén tai diém M c6 hé s6 goc: k = y'(x,) = 3x2 +6x, —9=3(x, +1)* —12> 12
mink = —-12,dat duoc khi: X, =-1=y,=21.
Vay trong tat ca cac tiép tuyén ctia do thi ham s, tiép tuyén tai M (—1;16) c6 hé sb goc nho nhat

va c6 phuong trinh la: y=-12x + 9

BAI TAP TU GIAI

Bai 1. Chohamsé y = x® +3x? +1 ¢6 d6 thi Ia (C). Viét phuong trinh tiép tuyén cua (C) :
1.Coheségocla -3 .

2. Vubng goc véi duong thang (d): 27x + 3y + 2019 = 0.

3. Song song véi duong thang (d” ) : 24x—y +2020=0.

Bai 2. Viét phuong trinh tiép tuyén cia dd thi y = —% x® + x% + 2 biét tiép tuyén song song
y =-3x+ 2020

(HD: y = —3x+%; y=-3x+11)
Bai 3. Viét phuong trinh tiép tuyén cia dd thi y = §x3 —3x? —% biét tiép tuyén vubng goc voéi
X —4y+ 2021

(HD: x -4y +2021= y:%x+%21. Suy ra tiép tuyén c6 hé sb goc k = —4




Tir d6 viét duoc y:—4x+g; y=-4x+1)

Bai 4. Lap phuong trinh tiép tuyén cua do thi y = —%xs —2x% —3x+1 biét tiép tuyén co hé sb

g6c 16n nhat.

Bai 5. Lap phuong trinh tiép tuyén cua d6 thi y = x* —3x+2 biét tiép tuyén song song truc
hoanh.

Bai 6. Lap phuong trinh tiép tuyén cua d6 thi y = 2x> —3x+9 biét tiép tuyén hop vai truc
hoanh géc 45°

Bai 7. Lap phuong trinh tiép tuyén cua dd thi y = —x* —x2 +6 biét tiép tuyén vudng goc véi

duong thang y = %x +2019

Dang 3. Phwong trinh tiép tuyén di qua diém A(x;y,)
Phwong phap:

Céch 1:

Buwéc 1: Tinh f'(x)

Buo6c 2: Goi M (%,;Y,) latiép diém suy ra phuong trinh tiép tuyén Ia:
y=f"(%)(X=%)+Y¥ (1)

Buéc 3: Vi tiép tuyén di qua A(x;y,)nénthay x =x;y =Yy, vao phuong trinh (1) détim
Xo = Yo

Bu6c 4: Thay X,,Y, vao (1) dé viét lai phuong trinh tiép tuyén.

Cach 2:

* Puong thang (d) di quadiém A(X;y;)cohéségocla k codang: y=K(x—x)+Y,.

FOx)=k(x=x)+¥

£(x) = k . Giai h¢ trén dugc x, = y, = tiép

e Dé (d)latiép tuyén thi he: {

tuyén.

BAI TAP MAU

Bai 1. Viét phuong trinh tiép tuyén ciia d6 thi y = x® +3x2 —1 biét tiép tuyén qua A(1;3)

Huwéng ddn
Tach: y'=3x*+6x .
Céach 1:
Goi M (Xy;Y,) latiép diém suy ra hé s goc cua tiép tuyén 1a: k = y'(%, ) = 3x¢ + 6%,




Phuong trinh tiép tuyén &: y = (3x2 + 6%, ).(X — %, )+ X3 +3x¢ -1 (1)
(Cacemchly y, =x3 +3x2-1)

Vi tiép tuyén di qua A(1;3) nénthay x =1y =3 vao (1) ta duoc:
3=(3x§+6xo).(1—x0)+x§+3x§—1<:>[§2 Zl_zj[l:cg)izzg,

Vay phuong trinh tiép tuyén 1a: y=9x—-6; y=3

Céach 2:

Puong thang (d) di qua diém A(L3)cohésdgocla k codang: y =k(x—1)+3.
fF(x)=k(x-1)+3 (1)

bé (d) latiép tuyén cua do thi thi hé phuong trinh
(d) el ' P 8 {k:f'(x):3x2+6x (2)

cd nghiém.

Thay (2) vao (1) ta duoc:

X +3x° —1=(3x*+6x)(x—1)+3 < x*+3x* —1=3x> —3x* + 6x* —6x + 3
x=1

<:>2x3—6x+4:0<:>{
X=-2

suy ra phuong trinh tiép tuyén la: y=9x—-6; y=3

] =1 k=9y=3
Vc’rl[x :>{ y

X=-2 k=0;y=3

Bai 2. Cho d6 thi ham s6 (C):y = f (x)=2x*-3x*+5 . Lap phuong trinh tiép tuyén cia do thi

(C) biét tiép tuyén di qua diém A[g : 4) .

Huwoéng dan

Goi k hé sb goc cua tiép tuyén di qua A(%Aj toi (C).
. iy £ R 19
Phuong trinh tiep tuyén (A) la: y= k(x—ﬁj+4.

2x3—3x2+5=k(x—§)+4 1, .
12 c6 nghiém

6x>—6x =k (2)

(A) tiép xtic véi (C) <

Thay k tir(2)vao (1) ta dugc: 2x° ~3x* +5=(6x’ —6X)(X—g)+4

& 4x° - 6x* ~19x+2 = (X* - x)(12x-19)

<83 —25x*+19x-2=0 <




V6i x=1=k =0= phuong trinh tiép tuyén 1a: y =4
i A £ Is. 19
V61 x=2=k =12 = phuong trinh tiep tuyen la: y=12 X—E +4 < y=12x-15

Vi X:1:>k:—£:> phuong trinh tiép tuyén Ia: y=—E X—Q +4<:>y=—£x+%
8 32 32 12 32 128

Vay tir diém A[%A) ké dugc 3 tiép tuyén téi (C)

Bai 3. C0 hai tiép tuyén cua do thi ham sb y :3X_‘12 (C) di quadiém A(9;0). Tinh tich hé s6

g6c cua hai tiép tuyén do?

Huwéng déan
TXD: R\ {1}

—
(x-1)°

Puong thang d di qua diém A(9;0) véi hé s6 géc k c6 phuong trinh y =k (x-9).

Duong thang d tiép xdc voi dd thi (C) khi va chi khi hé phuong trinh sau c6 nghiém

3x-2
=k(x-9) (1
X2y (x-9) (1
-1
= 2
Thé (2)vao (1), tace: 2=~ (x_9)es (3x—2)(x-1)=9-x
x-1 (x-1)
x=-1
&3 -4x-7=0< 7
X:_
3
Do d6 tich hé s6 goc caa hai tiép tuyén d6 bang y’(—l).y’(gj = %

Bai 4. Tim diém trén dudng thang y = 2x+1dé tr d6 ké duge dén do thi (C)cua ham so

y= X—+:13 dung mot tiép tuyén?

Huéng dédn
TXD: D =R\ {1}.

Goi A(a;2a+1) ed:y=2x+1.




Goi k la hé so goc cua duong thang d’ di qua A(a;2a+1).

Suy ra phuong trinh d':y =k(x—-a)+2a+1

X—Jri’:k(x—a)+2a+1
Xét hé phuong trinh: X__ ‘., (1)
(x-1)"
_ 1
x+3__ 4 -(x-a)+2a+l< x¢2
x=1 (x-1) 2ax’ —2(2a+4)x+6a+4=0 (2)

Dé tir A(a;2a+1) chi ké duoc mot tiep tuyén dén (C)thi < phuong trinh (1) c6 mot nghiém
< phuong trinh (2) c6 mot nghiém khac 1.
C6 cac truong hop sau:

Truong hop 1: phuong trinh (2) 14 phuong trinh bac nhat c6 nghigm x =1

a=0
& —x=i (T/m). Suy ra A(0;1) thoa man.
-8x+4=0 2

Trudng hop 2: phuong trinh (2) 13 phuong trinh bac hai c6 nghiém kép x =1

ax0
< A’ =(2a+4) —2a(6a+4)=0 < , = .
-8a°+8a+16=0 a=2
2a+4
=X, = 23 #1
. _[A(-1-)
Suy ra c6 2 diém thoa man
A(2;5)

Trudng hop 3: phuong trinh (2) 1a phuong trinh bac hai cé hai nghiém phan biét trong do c6
mot nghiém x=1
a=0
& 1A' =(2a+4)" —2a(6a+4)>0<a=1.Suyra A(;3)thoa man.
2a—2(2a+4)+6a+4=0

Vayco 4 diém thoa man yéu cau dau bai.

Bai 5. Tim s6 tiép tuyén caa dd thi ham sé y = 4x® —6x* +1, biét tiép tuyén do di qua diém

M (-1-9).

Huwong ddn
TXD: R




Taco: y =12x* —12x.
Phuong trinh dudng thangdi qua M (-1 -9) c6 dang: (A):y=k(x+1)-9.
Ala tiép tuyén cua d6 thi khi va chi khi hé phuong trinh sau c6 nghiém:
4 -6 +1=k(x+1)-9 . x=2>
= 8x°+6x"-12x-10=0< 4
k =12x* —-12x

X=-1

Véi x=-1=k =24 = phuong trinh tiép tuyén y =24(x+1)-9 < y =24x+15
Véi x=§:>k=%:> phuong trinh tiép tuyén y=%(x+1)—9<:>y=—x——

C6 2 tiép tuyén thoa man yéu cau .

Bai 6. Cho ham s6 y=x*+3x* c6 dd thi (C) va diém M (m;0) sao cho tir M v& duoc ba tiép

tuyén dén déthi (C), trong d6 c6 hai tiép tuyén vudng gdc véi nhau. Tim gia tri caa m ?

Huwoéng ddn
TXD: R
Tacd y =3x*+6x.
Puong thang d di qua M (m;0) c6 hé s6 goc k co6 phuong trinh : y=k(x—m)
d latiép tuyén cua (C) khi va chi khi hé phuong trinh sau c6 nghi¢m:

:(x—m)(?)x2 +6x): X° +3x* < 2x° —3(m-1)x* —6mx =0

k(x—m)=x*+3x’
k =3x? +6Xx

x=0
c{zxz—s(m—l)x—am:o (1)

Khi x=0 ta c6 phuong trinh tiép tuyén y =0.

Déi voi d6 thi ham sb khong co tiép tuyén nao vudng goc véi y =0 nén yéu cu bai toan tuong
duong phuong trinh (1) c6 hai nghiém x, va x, khac 0 thoa y'(x,).y'(x,)=-1

& (3x +6%,)(3X +6X,) =—1 <> 9%, [ XX, +2(X, +X,)+4]+1=0

= 9(—3m)[—3m+3(m—1)+4]+1: 0 -2Tm+1=0<m :2—17.
Thay m =2—17 vao (1) thu lai c6 2 nghiém phan biét khac 0.

1 Mo A A Las. s
Vay m= Ethéa méan yéu cau bai toan.




Bai 7. Cho ham s6 y = x* —2x* +2 ¢4 dd thi (C) . Lap phuong trinh tiép tuyén cia dd thi (C)

biét tiép tuyén di qua diém A(0;2) ?

Huwong ddn
TXD: R
Taco: y =4x>—4x
Duong thang d di qua diem A(0;2) cd hé s6 goc k c6 dang: y =kx+2

Dé duong thang d 1a tiép tuyén cua do thi (C) khi va khi h¢ phuong trinh sau c6 nghiém:

x=0
2

3

x“—2x2+2:(4x3—4x)x+2<:>3x4—2x2 =0

>
I

X*—2x* +2=kx+2
=
4% —4x =k

w |
N

w |

V6i x =0 =k = 0= phuong trinh tiép tuyén la: y=2 .

a6

Véix = \/% =k= 4\/— —— = phuong trinh tiép tuyén 1a: y = e X+2 .

4\/6

Voix = —\/§:> k= 4\/— —— = phuong trinh tiép tuyén 1a; y = 9 ——X+2

Bai 8. Viét phuong trinh tiép tuyén ctia d6 thi ham sé y=x*-3x+1 (C) biét tiép tuyén do6 di
qua diém A(3;19)

Huwong dan
Gia st tiép diém cua tiép tuyén can tim 1a diém M (x,;Y,) . ta c6 phuong trinh tiép tuyén Ia
y = (3% —3)(x—X,) +% —3% +1 (d)
d di qua diém A(3;19) nén ta co: 19 = (3x2 —3)(3— X, ) + X —3x, +1.

Giai phuong trinh trén ta dugc X, =3 hoac X, = —g

V6i X, =3 thi phuong trinh tiép tuyén can tim 1a y = 24x-53 .

Véi x, = —g thi phuong trinh tiép tuyén la y = % x+3'172L

Vay ¢6 hai tiép tuyén thoa man yéu cau bai toan 1a y =24x-53 va y =%x+%l.




2X+1

Bai 9. Tiurdiém A(L;3) co thé ké dugc bao nhiéu tiép tuyén dén do thi ham sé y = .
X_

Huwoéng déan

Goi diém M (x,;Y,) latiép diém cua tiép tuyén can tim. Phuong trinh tiép tuyén cua do thi ham

sb y:ZXJr1 tai M laiy= -3 2(x—x0)+2X0+1 (%, #1) .
x-1 (% -1 X, —1
Tiép tuyén di qua AQ:3) néntaco 3= ——— (1—x)+ 2L (x 1)
(% -1 X, —1

S X =7

Viy qua diém A ké duoc duy nhat mot tiép tuyén dén dd thi ham sé./

Bai 10. Cho ham sé y=XLi c6 dd thi (C) vadiém A(0:a) . Tim a dé tur diém A ké duoc
X_

hai tiép tuyén dén d6 thi (C) sao cho tiép diém nam vé hai phia cua truc hoanh.

Huwéng déan
Gia st diém M (x,;Y,) la tiép diém cua tiép tuyén can tim. Ta c6 phuong trinh tiép tuyén tai M
la

-3 3 X, +2
(% -1’ o X1

y= (%, #1)

3%, Xo+2
+
(X -1* x,-1

Tiép tuyén nay di qua diém A néntacd: a= (% #1)

& (X +2 (X D —a(x, —1)*+3x, =0 (X, #1)
o (L-a)xt +(2a+4)x,—a—-2=0 (*)

4 X = 2a+4
1 2 a—l .
Theo dinh Iy viet ta c : a+2 . V6i "2 1ahainghiem cua (*)
X, X, = ——
a-1

Pé tiép diém cua hai tiép tuyén nim vé hai phia déi vai truc hoanh thi 1Yz <0

a+2+22a+4+4 2
a R
<:>X1—+2.X2—+2<0<:>X1X2+2(X1+X2)+4<0 oa-l a-1 <0 g 3
X -1 %1 XX, — (% +%,) +1 a+z2 2a+4
a-1 a-1 +l azl

Vay Véi cac diém A(0;a) thoa ma a> —% -a =1 ta ludn ké duoc hai tiép tuyén thoa man dé bai




Bai11. Chohamsé y= x+1 oo dd thi (C) . Tim tap hop cac diém ma tir d6 ké duoc hai tiép
X

tuyén dén do thi (C) va hai tiép tuyén ay vudng goc véi nhau.

Huwong ddn
Goi M (a;b) 1a diém bat ki trong mat phang toa d6. Phwong trinh duong thang d qua M c6 hé sb
goc k la: y=k(x—a)+b .

d la tiép tuyén cua d6 thi (C) khi va chi khi hé phuong trinh sau c6 nghiém:

K(x—a)+b=x+2  |kx=x+Z+ka-b
X

. PN )1( )
k=1-— kx=x-=; k<1
X X

< a’k?-2(ab-2)k+b*-4=0 (2)
Tu Kk :1—%ta thay voi mdi k <1 thi ludn c6 hai gié tri cua x trai dau, do d6 hé (1) c6 nghiém
X

< (2) c6 hai nghiém k;k, <1 .

Mat khéc, hai tiép tuyén nay vudng goc véi nhau nén ta co k .k, =—1 .

. k,.k, =-1
Yéu cau bai toan < (2) c6 hai nghiém phan biét thoa man : § * 2
k;;k, <1
afO 420
o ba;4:—1c> a’+b*=4 .
f(1)>0 a#b

Vay tap hop diém M 1a duong tron tam O(0;0) , béan kinh bang 2, sau khi di bo di 4 diém la

giao véi cac duong thang x=0,y =X .

2X% +mx+m
X+1

dé tir diém A(0;1) khdng ké duoc bat ki tiép tuyén nao dén d6 thi (C) .

Bai 12. Chohamsb y= c6 do thi (C) . Tim tat ca céc gia tri thuc cua tham sé6 m

Huwéng ddn

Phuong trinh tiép tuyén cua do thi (C) tai diém M(x,;y,) la

2x% + 4x 2X2 +mx, +m
_ %% O(X—XO)+ 0 0

(% +1)? X, +1
Tiép tuyén khong di qua diém A(0;1) nén phuong trinh

(M=3)x; +2(m-x,+m-1=0, (x,=-1) (*) vO nghiém hoac cé nghiém x, =-1




TH1: m-3=0&m=3 taco xoz—% nén m=3 khong thoa man
TH2: m=3 .(*) v0 nghiém < A'<0< m<1

TH3: (*) co nghiém x,=-1suyra —2=0 (v ly).

Vay m <1 thi khdng c6 tiép tuyén nao cua d6 thi (C) di qua A.

Bai 13. Viét phuong trinh tiép tuyén cua d6 thi ham s6 y = x* —3x+1 biét tiép tuyén dé di qua
diém A(-2;-1) .

Huwong ddn
Phuong trinh tiép tuyén cta do thi (C) tai diém M(x,;y,) l&:
Y = (3% —3)(X—X,) + X5 —3%, +1
Tiép tuyén di qua diém A(-2;-1) néntaco: —1=(3x,’ —3)(-2—X,)+X. —3%, +1

236X +8=0

X, =1 y=-1
& =
X, =—2 y =9x+17

Vay c6 hai tiép tuyén thoa man yéu cau bai toan 13 y=-1 va y=9x+17

Bai 14. Chohamsé y=—-4x*+3x+2 ¢6 do thi (C) . Tim trén duong thang y =3 cac diém ma

trén d6 ké duoc ba tiép tuyén dén do thi (C) .

Huwéng ddn

Gia sir A(m;3) 1a diém trén duong thang y =3 thoa mén tir A ké duoc 3 tiép tuyén dén do thi

(©).
Phuong trinh tiép tuyén: y = (—12x2 +3)(x—x,) —4xC +3x+2 .

Tiép tuyén di qua A nén ta cd: 3= (—12x2 +3)(M—x,) — 4xC +3x+2
8x¢ —12mx2 +3m—-1=0
Hay 1 )
=15 ~3 8%y +(4-12m)x, +2—-6m) =0

Yéu cau bai toan < 8x% —12mx? +3m—1=0 c6 3 nghiém phan biét

> (85 +(4—12m)x, +2—6m) =0 c6 hai nghiém phan biét khac %

m<-1

A'>0 1
m>=

= 1< 3

m= =

2 1

m==

2




Vay tir cac diém A(m;3) thoa madn m e (—oo;—1) u(%;m]\{%} ké duoc 3 tiép tuyén dén do thi

().

Bai 15. Cho dd thi ham sé y=3x—4x* ¢6 dd thi (C) . Tur diém M (L3) c6 thé ké duoc bao
nhiéu tiép tuyén dén do thi (C).

Huwong ddn
Phuong trinh tiép tuyén cua do thi (C) tai diém M (x,;y,) la:
y = (3-12x,)(X—%;) +3%, —4x;
Tiép tuyén di qua M (L,3) nén tacod: 3=(3-12x,%)(A—X,) +3%, —4x’
X, =

< 8x -12x; =0 <
X, =

Nlw O

Vay qua M ké duoc hai tiép tuyén dén d6 thi (C).

2x-1

Bai 16. Chohamsé y= : c6 dd thi (C) va diém 1(;2) . Tim diém M thudc d6 thi (C)

¢6 hoanh d¢ I16n hon 2 sao cho tiép tuyén tai M vudng goc véi dudng thang IM .

Huwéng ddn

i 2%, -1 - I
Goi M (XO; % 1} thugc (C) . Phuong trinh tiep tuyén tai M la
.
-1 2%, -1
=———(X=X,)+
y (%, —1)? (x=%) X, —1
Phuong trinh duong thang Ml :y = % (x—1)+2
(Xo _1)
‘4 SO A f A ] 1 X, =0 (loai)
Tiep tuyen tai M vudng goc véi MI nén ta co: — > ~=-lo
(%=1 (% -1 Xo =2

V6i x, =2=y,=3 . Vay diém M(2;3)

Bai 17. Chohamso y :XLi c6 d6 thi (C) vadiém A(0;a). Hai co tit ca bao nhiéu gia trj
X_

nguyén cia a trong doan [-2018;2018] dé tir diem A ké duoc hai tiép tuyén dén (C) sao

cho hai tiép diém nam vé hai phia cua truc hoanh?




Huwong ddn
TXD: R\{1}

3

Taco: y'=-
(x-1)

2

Duong thang d di qua diém A(0;a), h¢ s6 goc k c6 phuong trinh: y =kx+a.

X+2
X2 _ixva (%)
Dé d latiép tuyén cta (C) thi h¢ phuong trinh 3 c6 nghiém.
=k *k
Thay (**) vio (*) ta dugc: 272 = _—3% 4
x—1 (x-1)
< (a-1)x*-2(a+2)x+a+2=0 Vol x 21 (1)

Do tir A ké dugc hai tiép tuyén dén (C) nén phuong trinh (1) ¢6 hai nghiém phan biét khac 1.
azl

< qA'=3(a+2)>0
a-1-2(a+2)+a+2#0

a>-2
azl

- (2)

. RN 2) | 2) o
Khi d6 toa d¢ hai tiép diém 1a M [xl;xﬁlj va N(xz;xﬁlj v6i X, x, langhiém cia (1) do

X - Xp —
2(a+2) a+2
do X +X, =——2 | XX, = ——.
X1 2 a_l Xl 2 a—l
Hai tiép diém nam vé hai phia cua truc hoanh khi: Xl—f % +i <0
-1 X

- x1x2+2(x1+x2)+4<0 ©9a+6

2
<0e=a>——.
xixz—(x1+x2)+1 -3

Két hop diéu kién (2) suy ra > 73 nén trén doan [-2018;2018] s6 gia tri nguyén cta a thoa
azl

y&u cau bai toan la 2018.



Bai 18. Goi S latap hop cac diém thuoc duong thang y =2 ma qua mdi diém thuocS déu ké

2

dugchai tiép tuyén phan biét toi db thi ham s§ y = —— ddng thoi hai tiép tuyén d6 vudng

x—1

g6c Vi nhau. Tinh téng hoanh d6 T cua tat ca cac diém thudc S .

Huwoéng déan
TXD: R\{1}

X2 —2x

(x-1)°

Taco: y' =

2

X 1
y= =X+1+—
x—1 x-1

Goi diém A(a;2)e(d):y=2.Puong thang d di qua A co dang y=k(x-a)+2

XZ

x-1
X2 —2Xx

(x-12

Pé 2 tiép tuyén vudng goc nhau thi phuong trinh ( * ) c6 2 nghiém k phan biét va tich cua hai

=k(x—a)+2

biéu kién tiép xuc: = (1-a)’k*~4k-4=0 (¥

) . - a=3
nghiém d6 bang -1 = —42 =-1= {
(1-a) a=-1

Vay tong hai hoanh d¢ 12 2.

BAI TAP TU GIAI
Bai 1. Viét phuong trinh tiép tuyén cia db thi y = x? biét tiép tuyén qua A(0;-1)

Bai 2. Viét phuong trinh tiép tuyén cia do thi y = x> —3x? +3 biét tiép tuyén qua B(%;—lj
Bai 3. Hay viét phuong trinh tiép tuyén ctia d6 thi ham sb y = f (x), biét tiép tuyén qua diem A

4x — X2

a) y= , VOi A(L; —4). b) y=x*-2x*,vé6i A(0; —1).
2_
c) y=x>-3x+1,v6i A(-6). d) y=Lx1+4, véi A(-1; 0).

e) y=x"-6x*+9, vsi A(0; 9)

Bai 4. Tim m dé duong thang y =mx—1 tiép xdc y = x* — x? + 4x




2

Bai 5. Tim m dé duong thang y =7 —x tiép x(c y = . m

-1

Bai 6. Viét phuong trinh tiép tuyén véi (P):y = x?, biét rdng tiép tuyén d6 di qua diem
A(0; —1).
Bai 7. Cho ham s6 y=x’—3x” +2. Viét phuong trinh tiép tuyén ciia (C), biét ring tiép tuyén

do di qua A(0; 3).

BAI TAP TONG HOP:
Bai 1. Cho dudng cong (C):y=x° va hai diém A(L 1) va B(1+Ax1+Ay) trén (C).
a) Tinh hé s6 goc cua céat tuyén AB vai Ax lan luot 1a 0,1 va 0,01
b) Tim hé s goc cua tiép tuyén véi (C) tai A.
Bai 2. Chohamséy = f(x) = % .¢6 dd thi (C). Viét phuong trinh tiép tuyén vai (C), biét:
a) tiép diém co6 hoanh d6 bang 2 b) Tiép diém co tung d6 bang 3
c) Hé s goc cua tiép tuyén k =—4. d) Tiép tuyén song song véi d : x+9y =2017
e) Tiép tuyén vudng goc véi d:x+4y=2017.  f) Tiép tuyén qua diém A(-8; 0)
Bai 3. Cho Parabol y=xva hai diém A(2; 4) va B(2+Ax; 4+Ay) trén parabol d6.
a) Tinh hé s6 goc cua cat tuyén AB biét Ax lan luot bang 1; 0,1 va 0,001.
b) Tinh hé s6 goc cua tiép tuyén cia parabol di cho tai diém A.
Bai 4. Tim hé s6 goc cua cat tuyén MN véi duong cong (C), biét:
a) (C):y=x*—-2xvahoanhd M, N theo thtrty la x,, =2, x, =1.

X2+ x+1

va hoanh d0 M, N theo thutu la x, =1, xy =3.
X

b) (C):y

Bai 5. Viét phuong trinh tiép tuyén cta d6 thi ham s y = x*, biét:
a) Tiép diém c6 hoanh do bang — 1.
b) Tiép diém co6 tung d6 bang 8.

c) Hé sb goc cua tiép tuyén bang 3.
Bai 6. Viét phuong trinh tiép tuyén cua duong hypebol y 1 , biét:
X
a2 1
a) Tai diém (E : 2}.

b) Tiép diém co hoanh d6 bang —1.



A z 5 = A A M 1
c) Hé so gbc cua tiep tuyen bang 7

Bai 7. Cho duong cong (C):y =+/x. Viét phuong trinh tiép tuyén cua (C):
a) Biét hé s6 goc cua tiép tuyén bang 1.
b) Biét tiép tuyén song song véi A:x—4y+3=0 .

Bai 8. Viét phuong trinh tiép tuyén cua do thi ham sé:

2) y=2"1 bié hoanh o tiép diém Ia x, = 0.
Xx+1

b) y=+/x+2, biét tung do tiép diém 1a y, =2.

2
Bai 9. Cho hai hamsb y = L y =2 Viét phuong trinh tiép tuyén véi db thi cia moi

2Jx V2

ham sb da cho tai giao diém cua chung. Tinh goc giira hai tiép tuyén ké trén.

Bai 10. Cho parabol (P):y=x. Goi M, va M, 1a hai diém thu¢c (P) lan lugt c6 hoanh do
X, =-2 VA X, =1 . Hay timtrén (P) mot diém E sao cho tiép tuyén tai E song song véi cat
tuyén M,M, . Viét phuong trinh tiép tuyén do.

Bai 11. Choham sb y =x®-3x?+2. Viét phuong trinh tiép tuyén cua do thi, biét rang tiép
tuyén vudng goc voi dudng thang A:3x—5y—2017=0.

Bai 12. Chohamsé (C,):y=f(x)=—x*—mx*+m+1. Tim tat ca c4c gia trj ciia tham s6 m dé
cac tiép tuyén cua (C,,) tai A(L 0) va B(-1; 0) vudng goc véi nhau.

Bai 13. Cho ham sé y=cos® x+msinx (m la tham s6) c¢6 d6 thi (C). Tim m trong méi trudng
hop sau:

a) Tiép tuyén cua (C) tai diém c6 x =7 cd hé s6 goc bang 1.
b) Tiép tuyén cua (C) tai cac diém c6 cac hoanh do x:—% va x:% song song hoic

trung nhau.

Bai 14. Tim giao diém cua hai duong cong (P):y=x"—x+1va (H): yzil. Chung minh
X+

rang hai dudng cong d6 c6 tiép tuyén chung tai giao diém caa chdng.
Bai 15. Cho parabol (P):y = x". Viét phuong trinh tiép tuyén véi (P), biét:
a) Tiép tuyén song song véi duong thang d :y = 4x+3.
b) Tiép tuyén di qua diém A(0; -1).

Bai 16. Viét phuong trinh tiép tuyén cua:



a) y—X_+1
x-1

b) y=x*+4x*-1

C) y=x*-4x+4

d) y=+2x+1
x?—2x-15
Q) y="—
X—3

f) y=x'-2x"+1
9) y=x>+3x+2
h) y=x*+x+3

_ 2x+1

i
)y 1

Bai 17. Cho (C):y=f(x)

tai diem A(2; 3).
tai diém c6 hoanh d¢ x, =—1.
tai diém co tung do y, =1.

tai diém c6 hoanh do X, =4.
A LA A o r o ik r x4
bict h¢ so goc cua ti€p tuyeén bang 3

biét hé s6 goc cua tiép tuyén bang 24.
biét tiép tuyén d L D:x—3y—15=0 .

tai diém c6 hoanh d¢ x, = 1.
tai diém c6 hoanh d6 x, =2.

_ 3X _12 . Lap phuong trinh tiép tuyén cua (C) :

a) Tai diém c6 hoanh d6 bang 2 b) Tai diém c6 tung do bang g

c) d/D:y=-x+25

d) d LA:4x—y=2017.

Bai 18. Goi (C) la dd thi ham sé y =x* +2x* —1. Viét phuong trinh tiép tuyén cua (C) trong

mdi truong hop sau:

a) Biét rang tiép tuyén song song véi dudng thang d:y=-3x+1 .

b) Biét rang tiép tuyén vubng goc véi duong thang A:x—7y=2017 .

c) Biét ring tiép tuyén di qua diem A(0; 2)

Bai 19. Goi (C) la dd thi ham sé y = x> —5x° +2. Viét phuong trinh tiép tuyén ctia (C) trong

moi truong hop sau:

a) Biét tung do cua tiép diém bang 2.

b) Biét rang tiép tuyén song song véi truc hoanh.

¢) Biét rang tiép tuyén vudng goc véi duong thang d : x+8y = 2017 .

d) Biét rang tiép tuyén di qua diem A(0; —6).





