BAI 3. THE TiCH KHOI PA DIEN

A. LI THUYET

Cong thirc tinh thé tich khoi chop, ling tru

h|.

day*

Thé tich khéi chop: |V = %S

Trong do: S, : Dién tich mat day.

h: D6 dai chiéu cao khdi chop.

Thé tich khéi lang tru: V =S, .k

day

Trong do: S, : Dién tich mat day.

h: Chiéu cao ctia khéi chop.

Thé tich khéi hop chir nhat: V = a.b.c

Thé tich khoi lap phuong: V =&’

Chii y: Lang tru ding c6 chiéeu cao chinh la

canh bén.

A D’

I
!
lC
A)___b___ D

7

Chii y:

+) Puong chéo cua hinh vuong canh a la: a2

+) Puong chéo cua hinh lgp phwong canh a la:

a3

+) Puong chéo cua hinh hop chiv nhdt co ba

kich thuée a, b, ¢ la: Na* +b* +¢* .

+) Puong cao cia tam gidc déu canh a la:

a3
2




CAC CONG THU'C HINH PHANG CAN NAM
1. H¢ thirc lwgng trong tam giac

a) Cho AABC vuong tai A, duong cao AH.

+) AB*> + AC*> = BC”; +) AC*> =CH.BC ;
+) AH.BC = AB.AC ; +) AB* = BH.BC ;
1 1 1
+) AH® = BH.HC; H—=—t—;
AH® AB* AC

+) AB=BC.sinC = BC.cos B=AC.tanC = AC.cotB .

b) Cho AABC ¢6 do dai ba canh a, b, ¢; do dai cac trung tuyén m,, m,, m_; ban kinh duong tron
ngoai tiép R; ban kinh duong tron ndi tiép r, ntra chu vi p.

+) Pinh li ham s6 cosin:

a* =b* +c¢* —2bc.cosA ;

b* =c* +a* —2ca.cosB;

¢ =a’ +b* =2ab.cosC .

a__ b __c _oR.
sinA sinB sinC

+) Pinh 1i ham sb sin:

+) Do dai trung tuyén:

2 2 2
» b+ a
= __’mh_ ,m

‘ 2 4 2 4’ ¢ 2 4"

m

2. Cac cong thirc tinh dién tich

a) Tam giac:

c

+) S =la.ha =lb.h,, =lc.h
2 2 2

1 1 1
+) § =—=bcsin A =—casin B =—absinC
2 2 2

B abc

+)S=—7+
) 4R

+) § = pr (p: nlra chu vi cua tam giac).

+) S=\p(p-a)(p-b)(p-c)

AB.AC _ BC.AH
2 2

a3 S_azx/g
2 7T '

4

+) AABC vuong tai A: S =

+) AABC @éu, canh a: AH =




b) Hinh vudéng: S =a’ (a: canh hinh vuong)
¢) Hinh chir nhat: S = ab (a, b: hai kich thudc)
d) Hinh binh hanh:

S = ddy x chiéu cao = AB.AD. sin BAD

= |
¢) Hinh thoi: S = AB.AD.sin BAD = EAC .BD
1 .
f) Hinh thang: S = E(a + b)h (a, b: hai day, h: chi€u cao)

1
g) Tt giac c6 hai duong chéo vudng goc: S = EAC .BD

NHAC LAI CACH XAC PINH CAC GOC TRONG KHONG GIAN

Géc giira canh bén va mit phang day S

Dé tinh goc (SA,(P)), ta goi H 1a hinh chiéu vuong goc
ciia S trén (P). Khi @6 HA 1a hinh chiéu vudng géc clia SA P

trén (P). %) H

Vay (54,(P)) = (54, AH) = S4H .

Goc giira canh bén va mit ding
Pé tinh goc (m) biét (SAH)L(P) ta dung

BK 1 AH

nén BK L (SAH )
BK 1 SH

BK L AH (K € AH). Vi {

Khi d6 X 1a hinh chiéu vudng goc ciia B trén (SAH )

= SK 14 hinh chiéu vudéng goc ctia SB trén (SAH )

Vay (SB,(SAH )= (SB,SK) = BSK

Géc giira hai mit phang
Goc giita hai mat phang bang goc gitra hai duong thang

1an luot thudc hai mit phang ciing vudng goc véi giao tuyén.

Géc giira mit bén va mit phang day

Pé tinh goc (m) , ta goi H 14 hinh chiéu vudng

goc cua S trén (P).

Ké HI 1L AB(I € AB)
(P)




= AB L (SHI)=> AB L SI

AB 1 HI
=
AB L SH

Vay ((S48).(P)) = (SLHI)= SIH .

Goc gitra mat bén va mat ding

Dé tinh goc ((SAB),(SAH)) biét (SAH) L(P), ta ké

BK 1 HA

= BK L (SHA).
BK L SH

BK L HA(K € HA):>{
Ké KI L SA(1 € S4)

= SA L (BKI)= S4 L BI

SA 1L KI
=
SA 1 BK

Vay ((S4B).(S4H)) = (KI,BI) = BIK .

(P)

II. CAC DANG BAI TAP

Dang 1. Thé tich khdi chép ¢6 canh bén vudng géc véi day

1. Phwong phap
Hinh chép c6 canh bén vudng goc voi day, thi
canh bén d6 chinh 1a chiéu cao ciia khdi chop.

MO HINH 1

Hinh chép S.ABC, canh §4 vudng gbc véi day.
+ Day la tam giac ABC.
+ Puodng cao SA.
+ Canh bén SB, SC, SA.
+ ASAB, ASAC la céc tam giac vudng tai 4.
+ Géc giita canh SB voi day ABC 1a gbc SBA.
+ Goc gilta canh SC véi day ABC 1a goc SCA.
+ Goc giita mit bén SBC véi day 1a goc SHA

v6i H 13 hinh chiéu vudng goc cia 4 trén BC.




MO HINH 2
Hinh chop S.4ABCD, c¢6 day ABCD la hinh chir
nhét (hinh vuéng) va S4 vudng goc voi day.
+ Day 1a hinh chit nhat (hinh vuoéng) ABCD.
+ Puong cao S4.
+ Canh bén S4, SB, SC, SD.
+ ASAB, ASAC, ASAD 1a céc tam giac vuong

tai A.
+ Géc giita canh SB véi ddy ABCD 1a SBA.
+ Géc giita canh SC véi day ABCD 1a SCA .
+ Géc giita canh SD véi ddy ABCD 1a SDA .
+ Goc giita mat bén SBC véi day ABCD 1a SBA
+ Géc giita mat bén SCD véi day ABCD 1a SDA
2. Bai tap
Bai tap 1. Cho hinh choép S.4BCD c6 ddy 4BCD 1a hinh vudng. Canh bén S4 =a va vudng goéc véi

NG

N 2 2 r N
day. Dién tich tam gidc SBC bang %. Theé tich khoi chop da cho bang

3 3 3
A d. B. 43 c. .. D. 2
2 3 3
Loi giai.
Chon C.
bit canh hinh vuong la x > 0.
Suy ra SB =+/SA> + AB* =+Jd’ +x".
X 1A A . azx/f 1 1
Dé thay BC L (SAB)=- BC L SB nén ta co > =S, s :ESB.BC:E\/aZ +x’x——x=a

3
a

A R s Ae 1, 1
Vay thé tich khoi chop: v ;00 = gswa) SA4 = 3

Bai tap 2. Cho khdi chép 5.4BCD ¢o day ABCD 1a hinh vudng canh o, S4 vudng goc véi day va

NG

khoang cach tir 4 dén mit phing (SBC) bang % Thé tich cua khdi chop di cho bang

Bd
5

3 3
A. & B. L. c. L D.
2 3

Loi gidi.
Chon C.




Goi H 13 hinh chiéu cia 4 trén SB. S

N . H
D¢ dang chtiing minh dugc
AHL(SBC):N{[A,(SBC)]:AH:#_ g
Ta co 12:%4_%_}514:& D '
AH SA AB

9 r 3
Vay thé tich khéi chép: ¥ — és sa=L

3
Bai tip 3. Cho hinh chop S.ABC day ABC la tam giac vudng tai B, AB=a, ACB = 60° canh bén

SA vudng gbéc voi mit phang day va SB tao voi mit day mot goc bang 45°. Thé tich cia khdi chop
S.ABC la

3 3 3 3
N E B, V3 c. V3 p, V3
6 18 9 12
Huwong din gidi
Chon B. §

Ta c6 AABC vudng tai B nén

BC = AB.cot ACB = a.cot 60° :g

1 1 a«/g_azx/g

= SAABC :EBABC 2561. 3 6

Ta c6 AB 1a hinh chiéu vudng goc cua SB trén
(ABC )

. (S5.(ABC) | - (S8 - S5 - 45°

ASAB vudng tai 4 nén

SA= AB.tan SBA = AB.tan45°=a .

1 az.\/g 4 a3\/§

1
Vay V e ==S 5054 = a=
Ay Vs apc 3 asC 3 6 13
Bai tap 4. Cho hinh chép S.4BCD c6 day ABCD 1a hinh thang can, (4D // BC), canh AD =2a
, AB=BC =CD =a va S4 vudng goc véi mat phang (ABCD) , canh SC tao v&i mat phang day

gdc 60° . Thé tich ciia khdi chép S.ABCD 1a

3 V3 3a°\/3 3a°\3

AL g, <3 e p, 303
3 4 4 2
Huéng dén gidi

Chon C.




Goi M 1a trung diém AD. Ta chia hinh thang cin ABCD thanh ba tam giac ABM, BCM, CDM, ba tam

giac nay la cac tam giac déu canh a.

2
Do d6 S,y = 3"4\6 .

Ta c6 AC la hinh chiéu vudng goc cia SC trén (ABCD) = (m) = (m) = SCA = 60°.

5 ABN3 3
Lai ¢6 AH 1a duong cao trong tam giac déu ABM nén AH = Tf = % — AC =24H = a3

ASAC vuong tai 4 nén
SA= AC.tan SCA = AC.tan 60° = 3a .

A 1 1 3¢’ A3 383
Vay Vs upep = ESABCD S4 = E y 3a = I

Nhin xét: Viéc chia nhé hinh thang can ABCD thanh ba tam gidc déu sé givip ta thudn tién trong
viéc tinh dién tich day.
4B’ 3
4
Bai tip 5. Cho hinh chép S.ABCD c6 ddy ABCD la ti giac 16i AC =2a, BD =3a, AC L BD va

Chit y: Néu ABC la tam gide déu thi S 5 =

, , 1
SA vuong goc voi mat phang (ABCD) , canh SC tao v&di mét phang day goc @ thdéa man tana = 3

. Thé tich khdi chop S.ABCD 1a

a3

12

A 27 B & c. L
— ‘3 -~
Huéng dén gidi

Chon A.




AC.BD _

Taco ACLBD=S,,, = 5

3a’.
Do AC 1a hinh chiéu vuéng goc ciia SC trén

(ABCD) nén (SC,(4BCD)|=(SC.4C) =SCi=a

= S4=AC.tana =2?a.

R 1 1 2¢ 24’
Vay Vs ipep = ESS.ABCD'SA = 53‘12-? = T

Bai tip 6. Cho hinh chép S.4BC c6 S4 vudng goc v6i mit phing (ABC) , hai mt phang (S4B)

va (SBC) vudng géc voi nhau, SB = a+f3, BSC =45°, ASB =30°. Thé tich khéi chop SABC

3
AV Tisd L 1a
%

AS g, 83 .23 p. 2
3 3 3 3
Huéng dén gidi
Chon A.
S
30»
A C
O
B
Taco: SA L (ABC)=>(SAB) L (A4BC).
SBC) L (SAB),(ABC) L (S4B
Ma (SBC) L(54B).(45C) L( ):>BCJ_(SAB)
(SBC)n(4BC)=BC
= AABC, ASBC la céc tam giac vuong tai B.
Xét ASAB vudng tai A co: AB = SB.sin ASB = “f, SA = SB.cos ASB = 37"

Xét ASBC vudng tai B c6: BC = SB.tan BSC = a3

2
= S = %AB.BC =%."23 a3 =3%

Vay Vs ipc AABC*

_Ls
3




Téng quat:
Cho hinh chép S.ABC ¢6 SA vudng géc véi mdt phang (ABC) , hai mit phang (SAB) va (SBC)
vuong goc voi nhau, BSC =a, ASB = B.

SB’.sin2¢.tan 8
12

Thé tich khoi chép S.ABC la: V 0 =

Chirng minh:
Xét ASAB vuong tai A c6: AB = SB.sina ; SA= SB.cosa
Xét ASBC vuéng tai B c6: BC = SB.tan 8

1 1 .
= Susc =5AB.BC =E.SBZ.sma.tan,B

. 1 SB*sinatan BSBcosa  SB’.sin2a.tana
Vay VS.ABC = E'SAABC S4 = 6 ﬂ = 12

Dang 2. Thé tich khdi chép c6 mit bén vudng goc véi day

1. Phwong phap

Hinh chép ¢6 mot mat bén vudng goéc vai day thi chan duong

cao nim trén giao tuyén cua mat phéng do va day.

(«)L(B) d
=d

(@A) =d_, .1 (p).

ac (a)

ald

Ta co:

Hinh chép c6 hai mat vuéng goc véi day thi giao tuyén cia
chung s€ vudng gbc vadi day.

() L(P)
Taco: <(B)L(P) =dL(P).

(@) (p)=d

2. Bai tap
Bai tap 1. Cho hinh chép S.ABCD c¢6 ddy ABCD, AB=a, AD = a3 , tam giac SAB can tai S va

. . . . . 3 .
nam trong mat phang vuong goéc vaoi day, khoang cach giira AB va SC bang Ta' Tinh the tich V' cua

khdi chop S.ABCD .

B 2a3\/§

3

AV =d3 B. V=243 C.V D.V =343




Huéng dén gidi

Chon A.

Goi H, I 1an luot 1a trung diém cua AB, CD, ké HK L SI .
Vi tam gidc SAB can tai S va nim trong mit phing vudng goc vai day
Suy ra SH 1 (ABCD).

CD L HI
{ = CD L(SIH)= CD L HK = HK L (SCD)

CD L SH

CD /| AB=>d(AB,SC)=d(A4B,(SCD))=d(H,(SCD))=HK

Suy ra HK :%";H[ = AD =a\3

2 2
Trong tam giac vuong SHI ta co SH =, f% =3a
HI* - HK

1 1
Vay Vs zen =§SH.SABCD =§3a.a2\/§ = a3x/§.

Bai tap 2. Cho hinh chop S.ABC c6 day ABC la tam gidc vudng tai 4, AB = A2 , AC = A+/5 . Hinh
chiéu ctia diém S trén mit phang (ABC ) tring voi trung diém ciia doan thang BC. Biét ring goc giita

mit phing (S4B) va mit phing (SAC) bang 60°. Thé tich cta khéi chop S.4BC 1a

5q4°6 54°\10 a*210 b @30

A. B. C. .
12 12 24 12

Huwong din gidi

Chon D.




Goi H 1a trung diém cta BC.
Ta cd (SAB)N(SAC)=SA4,ké BE 1S4 va GH /| BE,

Suy ra ((S4C),(S4B)) = (GH,(4C) ) = HGI = 60°

2 2
Dit SH = h , ta tinh duoc SA:,/h2 +7% va SP:Jh2 +5%.

Sa
aN2.,|h + 2
28 .
Véy BE =234 — 4 ne=BE g SV
s4 N 2 SM
4

Tam gidc GIH vudng tai I ¢6

af aﬁ
IH |
—— =sin 60° :> —
+7
TN Ta? Ta” o 15a* :03h22a\/—
4 8 4
1 3
Vay Vyse = ABACSH = ¢ 1‘? .

Bai tap 3. Cho hinh chop S.4BC véi cac mit phang (S4B), (SBC), (SAC) vudng goc voi nhau

timg d6i mot, dién tich cac tam giac SAB, SBC, SAC lan lugt 1a 20 cm?, 27 cm?, 30 cm?”. Thé tich

khdi chop SABC 1a
A. 4043 em’ B. 40 cm’ C. 60 cm’
Huéng dén gidi
Chon D.

D. 60x/§ cm’®




Ta ¢6 cdc mit phang (SAB), (SBC), (SAC) vudng géc véi nhau timg d6i mot nén SA L SB,
SA 1 8SC, SB 1 SC.
S¢s =20 cm® = SA.SB = 40 cm’

S¢e =27 cm® = SB.SC =54 cm’

S, =30 cm® = S4.5C = 60 cm®
= (SA.SB.SC)2 =40.54.60 =129600 = SA.SB.SC =360

Do (84B),(SBC),(SAC) vudng goc véi nhau timg doi mot = A4S L (SBC).
1 1
VAY Ve = Spe 54 = SASB.SC = 60 cm’.

Bai tip 4. Cho hinh chép S.ABCD c6 day 1a hinh vudng canh a, hai mit phang (SAB) va (S4D)

cling vudng goc vai day, biét SC = a3 Goi M, N, P, O lan luot 1a trung diém ctia SB, SD, CD, BC.
Thé tich ctia khdi chop AMNPQ 1a

AL B. & .o D. &
3 8 12 4
Huwong din gidi
Chon B.
MN J| PO
Taco { MN = PQ
NP 1 PQ(BD 1 SC)

= MNPQ 1a hinh chir nhit.

Suy ra VAAMNPQ = 2VAAMQP = 2VMAAQP

Taco d(M;(AQP))= %SA

Ma SA=~SC* - AC* = a = d(M;(AQP)) =%SA =%

1 13 1 3 3 23
S . =—AHOP==>AC.—BD=—-AC.BD =—(a2) =24*
MOP o Q 2747772 16 16( ) 8
1 1 a3 a’
Do do: 7, ==d(M;(A0P)).S,, » =——.—a’ =—
MACP 3 ( (40 )) MOP 3798 16
613 613
Vay V =2V ==
Ay ¥ 4mnpo M.AQP 16 8

Dang 3. Thé tich khdi chép déu

1. Phwong phap




Hinh chop déu 1a hinh chép co day 1a da giac
déu va cac canh bén bang nhau.
Trong hinh chép déu:

+) Pay 1a mot da giac déu

+) Puong cao hinh chép qua tdm cuia da
giac day.

+) Cac mit bén 1a cc tam giac can va bang
nhau .
Puong cao vé tir dinh cia mot mat bén goi la
trung doan ctia hinh chop déu.

+) Céc canh bén hop voi day cac goc bang
nhau

+) Cac mit bén hop véi day cac goc bang

Chu y:

+) Phan biét hinh chop tam giac déu khac
v6i hinh chop c6 day 1a tam gidc déu. Hinh
chop tam gidc déu 1a hinh chop co day la tam
giac déu va cac canh bén bang nhau. Noi mot

cach khac, hinh chép tam giac déu 1a hinh

nhau. chép cé ddy la tam gidgc déu nhung diéu
nguoc lai khong ding.
+) Hinh chép tir giac déu 1a hinh chop déu
c6 day la hinh vuong.
2. Bai tap

Bai tip 1. Cho khdi chép tam giac déu S.4BC c6 canh day bang a va canh bén bang 2a. Thé tich
ctia khdi chop S.4BC 1a

e e oy T

12 12 6 4

AV

Huéng dén gidi S
Chon A.
S.ABC 1a hinh chép tam giac déu va G la
trong tim tam gidc ABC. Khi d6 SG L (ABC) A c
. Do day 1a tam giac déu nén goi / 1a trung diém ]
canh BC, khi d6 A7 1a duong cao cua tam giac B
day.
Theo dinh ly Pi-ta-go ta c6

a’ a3 2 2a\/§ ax/§

Al = |la° ——="—"",va AG==4I = =—.
2 3




11 a\/g \/ﬁa \/ﬁa3

——a . =

3223 12

Bai tip 2. Cho hinh chép tam gidc déu S.4ABC c6 canh day bang a, goc giita canh bén va mat day
bang 60°. Thé tich khéi chop S.4BC la

3 3 3 3
N E By =tV c.y =45 b,y 43
4 12 12 10
Huwéng dén gidi
Chon B.
2
Taco S, =#.

S.ABC 1a hinh chép tam giac déu va G 1a trong
tam tam giac ABC. Khi d6 SG L (ABC).

Vi G la trong tdm tam giac ABC nén

AG =2 AM = aV3
3 3

Xét tam gidc SAG vuong tai G co
SG = AG.tan60° =a

1 1 a2\/§_a3\/§

Vay Vs isc :ESG'SABC :E'a' 4 B

Bai tap 3. Cho hinh chop tir giac déu S.ABCD c6 canh day bang a va canh bén tao v6i mit phang
day mot goc 60°. Thé tich cia khdi chop S.ABCD 1a

3 3 3 3
A.V:a\/g B.V=“*/g C.Vza\/g D.Vzc“/g
2 3 2 6
Huéng dén gidi
Chon D.

I _ 2
Taco S, =a".

Goi O=ACNBD.
Do S.ABCD 1a hinh chép déu nén SO L (ABCD) .

—

Ta 6 (SB,(4BCD))=(SB,0B) = SBO.

Tam giac SOB vudng tai O, co

a\2 a6

SO = OB.tan SBO = = tan60° ==

laz a\/g_cf\/g

3 2 6

. 1
Vay Vs ipep = g‘SABCD'SO =




Bai tap 4. Cho hinh chép tam giac déu S.ABC c6 canh day bang a. Goi G 1a trong tim tam giac ABC,
géc gitta SG va mit phang (SBC) 1a 30°. Thé tich khéi chép S.4BC 1a

3 3 3 3
NCRE B, L3 c. o3 p, <3
4 8 12 24
Huwong din gidi
Chon D.
S
\J
A C
M
B
2
Tam giac ABC déu canh anén S, . = #.

Ha GH 1 SM (H e SM)= GH 1 (SBC)= (SG,(SBc)) = GSM =30°.

— 1 1
SG = GM ot GSHM = - A cor30 =L 43 5 _a
3 3 2 2
1 1a*3a &3
Vay V. =—.8 5 5G =—. —= .
Y Vs apc 3 4sC 374 2 24
Bai tap 5. Cho hinh chop tir gidc déu c6 tit ca cac canh bang nhau, dudng cao cia mot mit bén 1a

a~/3 . Thé tich ¥ ctia khéi chép d6 1a

D. Vzgcf

Tacd SM = a3 . Do ASBC déunén SC = BC =2a.

_AC _2aV2_ 5

2 2

= SO




4a3\/§

Vay thé tich khdi chop d6 1a V = %SO.SABCD = %aﬁ 4a’ = .

Bai tap 6. Cho khi chop tir giac déu S.4BCD

¢6 ddy 4BCD 1a hinh vudéng tim O, canh bang

L 10 T

a. Canh bén bang a/3. Goi M 1a trung diém

-

cia Cp, H la diém d6i ximg cia 0 qua SM Sl _.--=

(tham khao hinh v& bén). Thé tich khdi da dién
ABCDSH bang

A a3\/w B a%/ﬁ C a%/ﬁ D SaSM
12 g Y Y
Loi giai.
Chgn D.

Khéi da dién 4BCDSH duoc chia thanh hai khéi chép S.4BCD va H.SCD.
1 1 P — a3\/ﬁ

¢ VS.ABCD = gSABCD’SO = ESABCD’ SB*> —OB* = T

* Vi H d6i xtmg v6i O qua SM nén d[0,(SCD)| = d[H,(SCD)|.

1 a3\/ﬁ
Suy ra Vs, =Vosep = ZVS.ABCD = T

A X sA A Ly 3
Vay thé tich khoi da dién can tinh: V =V, ., +V, sop = 5’10 _

H.SCD ~— 24

Bai tap 7: Cho hinh chép S.ABCD déu c6 canh bén va canh day déu bang a. Cho diém M e SA sao
cho dién tich S cia AMBD nho nhit. Gi4 trj Sbé’mg

A. E. B.
4

c. ¥

.

N |
| o

Huéng din giai
Chgn C

Goi S la dién tich AMBD




1 1
S==BDMO==-av2.MO (1
=8=2 > av2 (1)
= minS x4y ra < minMO xay ra
Nhung minMO =d[O,SA]=0H

Vi tir dién déu nén O=ABACD thi SO la dudng cao.
= ASOA vuong tai O 2)

Trong do:
oA -2
2
SO=+/SA? ~OA? =\/a2 2 =\/E=&
4 4 2

@) 2
2

= ASOA vuong céan tai O = OH =OA.

a2 V2 _a
2 "2 2

) 1 \/Ea

=minS = E.ax/E.% = xay ra khi H 13 trung diém SA.

Dang 4. Thé tich khdi chép biét treéc mot duong thing vudng géc véi day

1. Phwong phap
Hinh chép ¢ canh bén vudng goc voi day, thi canh bén d6 chinh 1a chiéu cao cta khdi chop.
Viéc tinh SH ta thuong dua vao hé thirc lwrong trong tam giac vuong.
Dé bai thuong cho mbi quan hé vé goc giita duong thing v6i mét phang hodc goc giita hai mat
phang xac dinh d6 dai duong cao.
2. Bai tap
Bai tap 1. Cho hinh chép S.ABC c¢6 day la tam giac vuong can Chu y:
tai 4, canh BC =2a, goi M la trung diém BC, hinh chiéu vuong Trong tam gidc vuong duong
goc cua S 1én mit phing (ABC) la trung diém cia AM, tam giac 77Ung tuyén img voi canh

SAM vuéng tai S. Thé tich ciia khéi chép S.4BC 1a huyeén bang nita canh huyén.

3 3 3 3
AL B. L c D. *
6 2 3 9
~ S
Huong ddn giai
Chon A.
Ta co6 AABC vudng can tai 4, BC =2a
BC 1 B c

DAMZTZCZ:SAABCZEAM'BC:CZZ




Xét ASAM vudng tai S co: SH:ATMzg
1 1 a a

Vay V, o ==, .SH =—a’ —=—
y S.ABC 3 ABC 3 2 6

Bai tap 2. Cho hinh chép S.ABC, day la tam giac ABC c6 Chu y:

AB=19 cm, BC=20cm, AC=37cm, canh bén Khi biét dé dai ba canh thi dién
SA=4985 cm. Goi M la trung diém ctia BC, hinh chiéu vudng tich tam giac dwoc tinh theo

, . ] cong thirc Hé-rong.
goc cia S 1én mat phang (4BC) la diém H thoaman AH = EAM

. Thé tich ctia khdi chop S.4BC 1a

A. 570cm’ B. 760cm’ C. 1520cm’ D. Tam giac ABC co:
1140cm’ BC=a;AC=b;AB=c
Huwdng din gidi Nita chuvi: p="2 +b+c
Chon D. 2
Khi do:
S SABC:\/p(p_a)(p_b)(p_c)
B C Céng thirc do dai trung tuyén:

AB+BC+ AC _

Taco p= 38 cm.

=S 0 =/38(38-19)(38-20)(38-37) =114 cm’.

m, = -
¢ 2 4
AB* + AC* BC?
AM—\/ 2 ) =385 cm m2_612+6’2 b
2 = _b

:AH:%Asz/g cm

ASAH vudng tai H c6: SH =~/S4* — AH?> =30 cm

1 1
VY Viane =5 S e SH = 211430 =1140 cm’




Bai tip 3. Cho hinh chop S.ABCD c6 day 1a hinh chit nhat canh
AB=a, AD =2a. Hinh chiéu vudng gbéc cia S 1én mit phing
(ABCD) 1a trung diém H ciia AD. Canh SC tao véi ddy mot géc
bang 30°. Thé tich khéi chop S.4BCD 1a

2a3\/g a3\/§ a3x/5
9

C.
3 3

3
AL B.
3

Huéng dén gidi
Chon B.
Tacod S, = AB.AD =24".

Do HC 14 hinh chiéu vuéng goc ciia SC 1én

(4BCD) = (SC,(4BCD)) = SCH =30°
+ Xét tam giac DHC vudng tai D co:

HC =+\/DH? + DC* = a2

+ Xét tam giac SHC vuong tai H co:

a6
=

SH = HC.tan SCH = HC.tan 30° =

A 1 1., a6 24°\6
Vay Vs usco ZESABCD'SH 25-2"12-7 = 9

Bai tap 4. Cho hinh chép S.ABCD c6 day ABCD la hinh chir

nhat tam O, canh 4B =a, BC = a\/g , tam gidc SAC vuong tai S.
Hinh chiéu vudng goc cua S trén mit phang day tring véi trung
diém H cua doan AO. Thé tich khéi chop S.4BC 1a
3 3 3 3
AL B. L c L D. L
2 4 6 8

Huwéng dén gidi
Chon B.

1 azx/g
2

Taco S, ¢ =EAB.BC =

Xét AABC vuong tai B co:

AC =~ AB*+BC* =2a
Xét ASAC vudng tai S co:

Soonzgza:Hozﬂzg

2
Xét ASHO vuong tai H co:




2
SH =/SO* ~ HO = |® —"7 _a¥3

2

3
B a3 &

1 1
Vay Vs pe == 50-SH = —.

AY Vs .asc 3 asc 37 o ) 4
Bai tap 5. Cho hinh chop S.ABCD c¢6 day ABCD 1a hinh thoi
canh a, BAC = 60°, hinh chiéu vuéng goc cta S trén mit phang
(ABCD) trung véi trong tim G cua tam gidc ABC. Mit phang
(SAC) hop véi mit phang (ABCD) mdt géc 45°. Thé tich khoi

chop S.ABCD 1la

3 3 3 3
NERE B. L c.L p, N2
12 6 12 6
Huwdng din gidi
Chon C.

Ta c6 BAC = 60° nén tam giac ABC déu

a3
= SABCD = 2'SABC = T
Goi O=ACnNBD

Taco AC L BD,AC L SG
= AC L (SBD)= AC L SO

Mat khac OB L AC

~ —

= ((S4C),(4BCD)) = SOB = 45°

Xét tam gidc SOG vuong tai G:

SG=0G.tanS/O73=OG.tan45°=%30:%
1 1 a3 3 &

Vay Vi o ==SG.S ) = =™ _a
Ay Vs ascp 3 ABCD 37 6 ) 12

Dang 5. Thé tich khoi chép c6 cac canh bén bing nhau hoic cic canh bén, mit bén cung tao
véi day nhirng goc bang nhau

1. Phwong phap
- Hinh chép c6 cac canh bén bang nhau hoic canh Vi du: Cho hinh chép S.4BC, day ABC c6

bén ciing tao v6i ddy nhitng goc bang nhau thi chdn 4B =10 cm, BC =12 cm, AC =14 cm, cdc mit bén




dudng cao tring véi tim dudng tron ngoai tiép mat
day.

- Hinh chop c6 cac mat bén cung tao véi day nhiing
goc bang nhau thi chan duong cao chinh 1 tim

dudng tron noi tiép mat dy.

2. Bai tap

clng tao v6i mit phing day cac goc bang nhau va déu
bing o théa man tane =3. Thé tich khdi chop
S.ABCD la

A. 228 cm’ B. 576 cm’
C.192 cm’ D. 384 cm’
Huwéng dén gidi
S
A C
M
AB+ B A
Tacod p =# =18(cm)

S =/18(18-10)(18 - 12)(18 - 14) = 24/6 (cm”)
Céc mit bén cing tao v6i mit phing day cac goc bang

nhau nén hinh chiéu cta S trén (4BC) la tam duong

tron ndi tiép AABC = SI L

—_

ABC).

N
w‘é‘

(cm)

S=p.r:>1M=r=§=
P

ASIM vubng tai I co

SI = IM .tan SMI = ¥~3

NG (em).
Vay
Vase = %'SABBC‘SI = %-24\/8.4\/6 = 192(Cm3 )

Chon C.

Bai tip 1. Cho chop S.ABC c6 day ABC 1a tam giac déu canh Cdc canh bén bang nhau nén

bang a, cic canh bén bang nhau va déu bang aJ3 . Thé tich khdi hinh chiéu ciia S trén (4ABC)

chop S.ABC la

3 3 3
a\/g B.a\/g C.a\/E

2 6 6

A.

la tam dwong tron ngogi tiép
N2 AABC. Do AABC déu nén
4




Huéng dén gidi hinh chiéu vuéng goc cia S
Chon C. trén (ABC ) la trong tam G

Goi G 1a trong tim AABC = SG 1 (ABC) = SG 1 (4BC)

N .

AABC déu :>AM=T:>AG= 3

ASGA vudng tai G co

SG =+/SA> — AG? = 2076 A c

3
1 1a2\/§2a\/g_a3\/§ N M
4 "3

Vay Vipe = E'SABC‘SG = 5 6 5

Bai tap 2. Cho hinh chop S.ABC c6 day ABC la tam giac can Canh bén bang nhau va cing

AB=AC =a, BAC =120°, cic canh bén bing nhau va cling tao  /¢0 VOi mdt phang ddy cdc goc

v6i mit phing ddy cic goc 30°. Thé tich khéi chop S.ABCD 1a  30° nén hinh chiéu cua S trén

3 3 3 3 (ABC) la tam duong tron
VL B. & c. 4V D. & ,
12 4 4 12 ngoai tiep AABC.
Huéng dén gidi
Chon D
1 L a
S, e =~ AB.AC.sin BAC =2 3
2 4
Céc canh bén bang nhau va cing tao
v6i mit phing day cac goc 30° nén O
hinh chiéu O ca S trén (A4BC) la ((W)) — SA0 =30°.

tam dudng tron ngoai tiép AABC
= SO 1 (ABC)

= ((54).(4BC)) = 40 =30°

AABC ¢6 BC =\ AB> + AC® —2AB.AC.cos BAC = a3

abc a.a.a\/g B az\/g

S = =
4R 4.04 4

=0A=a

a3

ASAO ¢6 SO = AO.tan SAO = 5

1 azx/g a\/g a

34 3 12

R 1
Vay Vipe = E'SAABC SO =




Bai tap 3. Cho hinh chop S.ABCD c6 day ABCD la tir giac 1i
va goc tao béi cac mit phing (S4B), (SBC), (SCD), (SDA)
v6i mat day lan luot 1a 90°, 60°, 60°, 60°. Biét rang tam giac
SAB vudng can tai S, AB =a vachuvitu gidc ABCD 1a 9a . Tinh
thé tich ¥ ctia khdi chop S.ABCD .

3 3
AL RG]

9 4

3
C. V=2“9ﬁ D.V=d3
Huwéng dén gidgi

Chon A
Goi [ 14 trung diém AB.
K¢ IH 1 BC(H € BC), ta co gbc gifta

(550) (450D)) - 57
Do cac mit (SBC), (SCD), (SDA) tao véi (ABCD) cac goc

bang nhau va bang 60° nén cac khoang cach tir 7 &n cac canh

CD, DA bang nhau va bang IH.

ST _a\/fi a\/g

Tacd SI =1H.tan60° = [H = = . i
2 36

tan 60°
2
SABCD :%(BC'FCD-FDA)HI :%(Qa_AB)_af — 2613\/6

vay v = Lors,,, - LaV2 2006 a3
WEER P T3 9

Bai tap 4. Cho hinh chop S.ABCD c6 day ABCD la hinh chir
nhét canh 4B =a, AD =2a . Dinh S cach déu cac dinh 4, B, C,

D, cua mit day va SB = a~/5 . Thé tich khdi chép S.4BCD 1a

3 3 3 3
A."JE B.‘“/E C.“JE D."JE
8 6 4 3
Huéng dén gidi

Chon D

Ke IH 1 BC taco

Do cac mat (SBC), (SCD),
(SDA) tao voi (ABCD) cac
g6c¢ bang nhau nén cdc khoang
cach tir I @én cdc canh CD, DA
bcfng nhau tw do tinh dwoc

SI = IH .tan SIH

Binh S cach déu cdc dinh A, B,
C, D nén tam hinh chir nhat la
chan dwong cao hg twr dinh

xuong day.




Taco S, = AB.AD = 24"
ACNDB={0}. Do S cac déu cac dinh

4,B,C,D = SO L(ABCD).

Tacé BD =~ AB* + AD* = a /5
—SB=SD=BD=a5 nén ASBD la tam gisc déu

:>S0=—BDzJ§ _a1s

2

1 la\/E

Vay Vs upep = ESO'SABCD =

. 2a° = a3\/ﬁ .

372 3

Bai tip 5. Cho hinh chép S.ABC c6 day ABC la tam giac déu
canh a. Cac mit bén (SAB), (SAC), (SBC) lan luot tao véi day
cac goc 1a 30°, 45°, 60°. Tinh thé tich cua khdi chép S.ABC.

Biét rang hinh chiéu vudng géc ctia S trén (ABC) ndm trong tam

giac ABC.
3 3
N A B o3
8(4+\B) 4+\/§
3 3
cyo_ a3 by @3
4(4+3) 2(4++3)
Huéng dén gidi
Chon A

Goi H 14 hinh chiéu vudng goc ciia S trén mit phang (ABC ) :
Ké HD 1 AB(D e AB), HE L AC(E € AC),
HF 1 BC(F € BC).

Taco HD = SH.cot30° = x/gSH, HE = SH .cot45°=SH ,

Goi H la hinh chiéu vuéng géc
ciia S trén mat phang (ABC).
Ké HD 1 AB(D € AB)

HE 1 AC(E € AC)

HF 1L BC(F € BC)




HF = SH .cot60° = gSH

2
, B
Taco S e = 4 ma S0 =Sy + Suse T Shac

B az\/g 3a
4

= SH

- %SH(I +J§+?J.a

l 3a azx/g_ Cl3\/§
32(4+43) 4 _8(4+J§)

Vay Vs ipep =

Tam giac ABC bi chia thanh 3
tam gidac nho do do

SABC = SHAB + SHBC + SHAC :
Dién tich cdc tam gidc nho biéu

dién theo canh SH va hé thirc

2(4+\/§)

lwong cac tam gidac vuong. T

do tim duoc SH.

Dang 6. Thé tich ling tru ding

1. Phwong phap

Hinh lang tru ding: La hinh lang tru c6 cac
canh bén vudng goc véi day. PO dai canh bén
1a chiéu cao ciia hinh lang try dung.

Cac mat bén 1a cac hinh chir nhat. Cac mat
bén déu vudng goc vai day.

Hinh ling tru déu: La hinh lang tru dimg c6
day 1a da giac déu. Cac mat bén déu la cac

hinh chit nhét bang nhau.

2. Bai tap

Vi du: Cho hinh ling try dung tam giac
ABC.A'B'C' ¢6 tt ca cac canh déu bang a. Thé
tich cua khdi ling tru ABC.A'B'C’ 1a

3 3

A B. a3
4 4

3 3
c. 3V p. L.

4 4

Huwong din gidi
Aj Cc’
B

B

a*\3
7

Tacé AABC déucanha = S e =

a’\3
= .a

4

a3

4

AA' =

v

ABC.A'B'C' —

Vay =

SAABC :

Chon B.




Bai tap 1. Cho hinh lang tru dung ABC.A'B'C’, day la tam giac
ABC vuong tai A, AB = a,A/B\C =30° canh C'A hop v6i mat day
goc 60°.Thé tich khdi lang try 4ABC.A'B'C’ 1a

3 3
AL B. L.
6 2
a3 a3
C. 6 D. B AABC vuong tai A co:
AC = AB.tan ABC
Chon C 1
Suisc = AB.AC.
Ta co (W)) =C'AC
=60°
trr do dwa vao hé thucc lwong
trong AACC'vuong tai C
AABC vudng tai A c6 AC = AB.tan ABC = # tinh dugc
CC'= AC.tanC'AC.
1 2
= Suipe =5 AB.AC = 2 6*/5.

Tac (C'4(4BC)|= CAC = 60°.

AACC’ vudng tai C ¢6 CC' = AC.tan C'AC = a.

A d

6 6
Bai tap 2. Cho lang tru ding ABC.A'B'C’, day ABC la tam giac

Vay ¥V peope = SAABC‘CC,

vudng tai 4, canh 4AC =a, ABC =30° ,canh BC' hop v&i mat bén

(ACC'A) goc 30°. Theé tich khoi lang try ABC.A'B'C’ bang

A. a*+6. B. ‘Ng.
3
3
C. 24°3. D. < 3‘/5
Huéng dén gidi
Chon A

AABC vuéng tai A co:

AB = AC.cotZl-?E’




= S = %AB.AC

dwa vao hé thiec luwong trong

AABC vuong tai A tinh dwoc

AC' = AB.cot AC'B.
AACC" vuéng tai C tinh

dwoc chiéu cao lang tru

CC'=~AC” - AC?

Taco BA L(ACC')=(BC,(ACCA)) = BCA=30°.
AABC vudng tai 4 c6 AB = AC.cot ABC = a3

1 azx/g

= Syupe = ABAC ===,

AABC'" vudng tai 4 co
AC" = AB.cot ACB =a3~/3 =3a.

AACC' vuodng tai C cd CC' =+ AC"”? - AC* = 2a/2.
2
Vay Vg vzer = Sausc CC'= 2 2\/5 -261\/E = 613\/6.
Bai tap 3: Cho lang tru déu ABC.A'B'C’ ¢6 canh ddy bang a va
AB' 1 BC' . Thé tich cua khéi lang tru ABC.A'B'C" 1a

A. V:? B. V:a3\/g.
3 3
C.V:ﬂ. D.V:“Jg.
8 4
Hudng din gidi Ta ldy diém E la diém doi
Chon C xung voi C qua B.

Khi do tam giac ACE vuong

tai A.

T giac BC'B'E la hinh binh
hanh = BC'//B'E .

Do AB' 1 BC'

. = AB' L B'E.

Goi E 1a diém ddi xing cia C qua diém B = AB = ECE =a. Ta c¢6 BC' = B'E = AB' nén

tam gidc AB'E vudng cdn
Khi d6 tam gidc ACE vudng tai A => AE =+/4a> —a*> =a /3. £ &

Tt giac BC'B'E 1a hinh binh hanh = BC'//B'E .
L . AE
Do AB' | BC' = AB' | B'E. Nén tinh duoc AB' = Noh

tai B'.




Mat khac, ta c6 BC'= B'E = AB' nén tam giac AB'E vudng can
tai B’

AE _aV3 _ a6

V22 20

Xét tam giac 4A'B" vuodng tai A’

—JAB? - 4'B*? = /“I

aN?2 azx/— a3 6
4 8
Bai tap 4: Cho lang tru dimg ABC.A'B'C' c6 day ABC la tam

= AB' =

Vay V =

giac vuong cén tai 4, canh BC = a2 , goc giita hai dudng thing
AC' va BA' bang 60° . Thé tich khbi lang try ABC.A'B'C’ 1a

3
NERES B. L.

2 2

3 3
c.? *6. p. L.

3 3

Huéng dén gidi

Chon B

2

Taco BC=a\2 = AB=AC=a=S =%AB.AC:%.

aMBC
Ly D, D' sao cho ABDC.A'B'D'C 14 hinh hop
— BD'//AC' = A'BD' = (m’) = 60°
Ma AB=AC = A'B=BD' = AA'BD' déu.
Do A'B'C'D' la hinh chir nhit,
AD' =B'C'=a2 = AB=a2 =44 =a.

7

'—_
ABC.A'B'C' SABC AA -

Vay V.
Bai tip 5: Cho hinh lang tru dimg ABC.A'B'C' ¢6 day ABC la
tam giac vuong, AB = BC =a . Biét rang goc giita hai mat phang
(ACC') va (AB'C') bang 60°. Thé tich khoi chép B'.ACC'A’

bang

3
AL B. L
3 6

Dua vao dinh Iy Py-ta-go
trong tam giic AA'B' vuong

tai A tinh duwoc

AA'=\AB"” - A'B"”.

A B
e : B
X 60‘","
l{_:“\'
A -"::"'-----:“’,'.B
22T TTainilp
c
A M (o
N 7
s
_
B'IN~ - K
"
s
s
rd
s
s
7it S F—— c
B




3 3
c. L. p, <3
2 3
Huwéng din gidi
Chon A

Goi M 1a trung diém cua A'C’. Do tam giac 4'B'C’ vudng can

tai B' nén B'M 1 A'C' = MB' L(A4A4'C'C).
Thé tich khéi chop B'.ACC'A' 14V, oy = %B'M.AA’.AC :

a2
2

Tacod B'M = LAC=a\2 .

Do MB' J_(AA'C'C):> MB' 1 AC'.

Ké MK 1L AC'= B'’K 1 AC" .
Viy goc gitta hai mit phing (ACC') va (4B'C') la

MKB' = MKB' = 60°.

Trong tam giac vong MKB' ta co
fan 60° = MB MK = MB _ a\/g' Goi M la trung diém cua
MK tan 60° 6 AC
Trong tam giac vuong MKC' ta c6 Do tam gidgc A'B'C' vudng
a6 5 can tai B' nén BM 1 A'C’
— MK 2
tan MCK =———o— =6 3= = MB' 1 (44'C'C).
IMC* -MK* 28> 6a° 2

4 36

Mat khac trong tam giac vuong 4A4'C ta co

AA' = A'C' tan MC'K :%NE —a

1 1 a2 a
Vay V., , .. =—B'M.AA'" AC =—a. aN?2 =—.
Y Vg aacc 3 3 B 3

Dang 7. Thé tich ling tru xién

1. Phwong phap
Lang tru xién c6 canh bén khong vuong goc Vi du:Cho lang tru ABC.A'B'C' tam giac ABC

voi day. Chiéu cao la khoang cach tr mét  yyong can tai 4, canh A4 =a+/3 , hinh chiéu

dinh bat ki cua mat day nay dén mat day doi vuong gbc ciia A" 1én mit phing ( AB C) la trong
dién. Dé tinh chi€u cao ta dua vao hé thic i .

. diém cia AC, goc tao boi A4 véi (ABC) bang
lugng trong tam giac.

45° . Thé tich khdi lang try ABC.A'B'C’ 1a




3 3
A. 3“*/3. B. ‘“/g.

2 3
3
C. a \/5 D. a3\/€.
4
Huwéng dén gidgi

Goi H 1a trung diém AC = A'H 1 (ABC);
(44',(4BC)) = A4H = 45°.

Xét tam giac A'"HA vuoong can tai H ¢

A'H:AAI.sinm:a\/g‘g: a;/g,
:>AH=AH’:a26 — AB=AC =2AH = a6

S e =%AB.AC =3d*.

3
Vay Vg pper = SAABC‘A'H :3a2.¥.3a \/g

2

2. Bai tap
Bai tap 1: Cho lang truy ABC.A'B'C’ day la tam giac ABC vudng
tai A, AB=a,BC = a\/g , hinh chiéu vudng goc cua B’ trén mat
phang (ABC ) trung voi chan duong cao H ké tir dinh 4 cua tam
gidc ABC, goc tao boi AB' véi (ABC) bang 60°. Thé tich khéi
lang tru ABC.A'B'C’ 1a

NEY

4

A.

B.

3\/§a3
I




3
C. a_. D. a’.
3
Huéng dén gidi
Chon D
1 1 a2

SAABCZEAB‘ACZEa‘a 2= 5 .

Tacd B'H L (ABC)

= (4B',(ABC)) = B'AH = 60°
Xét tam giac ABC vuong tai 4 c6
_ AB.AC _ a.a\2 _ a6

BC a3 3
Xét tam giac AHB' vuong tai H ¢

a6
3

AH

B'H = AH .tan B'AH = tan 60° = a+/2 .

2
2
Vay Vipe awe = Sape-B'H = ? ;/_ a2 =d’

Bai tdp 2. Cho lang tru ABCD.A'B'C'D’' day la hinh thang can
ABCD ¢6 AC 1L BD,AC =2a, canh AA" tao v6i mat phéng day

goc 60°. Hinh chiéu vudng goc cia A’ trén mat phang (ABCD) 1a
diém H thudc doan AC sao cho AH = %HC. Thé tich cua khéi

lang tru ABCD.A'B'C'D’ 1a

3
A. 2“3\/5. B. 24°3.
3
C. a ;/g D. a3\/§.

Huéng dén gidgi
Chon D
ABCD la hinh thang can = AC = BD =2a

=S pen = %AC.BD =2a’

AH = HC = =L 40=2
3 4 2

(44',(ABCD)) = A4H = 60°

Xét tam giac A'"HA vuoong tai H co

Ta co (m) = B'AH
=60°
Tam giac ABC vuéng tai A co

AB.AC
BC

nén: AH =

Ap dung hé thirc lwong trong
tam giac AHB' vuong tai H ta

tinh  dwoc  chiéu  cao:

B'H = AH .tan BAH

Tw giac ABCD c6 hai dwong
chéo AC 1L BD

1
=S8 50 = EAC.BD.

(44',(4BCD)) = 44H = 60°




A'H:AH.tanng.\/iz%.

V&Y Vipep amer = Supcp-A'H = M% =a*\3.

Bai tap 3. Cho khéi lang tru A4BC.A'B'C’' , khoang cach tir C dén
duong thang BB’ bang 2, khoang cach tir 4 dén cac duong thang
BB' va CC' 1an lugt bing 1 va +/3 , hinh chiéu vudng gbc 4 1én
mit phang (A'B'C’) 1a trung diém M cua B'C’ va A'M =2 . Thé
tich ctia khoi lang try ABC.A'B'C bang

A 3. B. 1.
C.2. D. &
3
Huéng dén gidi
Chgn C

Goi N 14 trung diém BC, AN = A'M =2.
Ké AE 1 BB taiE, AF 1 CC' tai F.

Tacé EF "MN ={H} nén H la trung diém EF.
. [AE L 44’
Lai ¢6 = AA' L (AEF)= AA' L EF = EF 1 BB'.
AF L A4’

Khi d6
d(4,BB") = AE =1,d (4,CC") = AF =~3,d (C,BB') = EF =2

Tacod AE*> + AF* = EF* = AAEF vudngtai A= AHz%zl.
| 44" L(AEF)
Mat khac = MN L (AEF)= MN 1 AH .
MN //AA

Xét AAMN vudng tai A c6 AM = AILAN 2\/5.

JVAN? - 4H* 3

(AA'NM ) L(4BC)
e o > (P Y
(AA'NM )N (AEF) = AH

1 AH A2l
= JAEAF =Sy e =2 = S,y = AEAF = NG

. 23
Vay Vipc aoper = Saspe-AM = T\/g =2.

Ap dung hé thirc leong trong
tam giac A'HA vuéng tai H ta

tinh  dwoc  chiéu  cao:

A'H = AH .tan AAH

Goi N la trung diém BC.
AN =AM =2 .
Kée AE L1 BB" tai E,
AF 1 CC' tai F.
Ta co EFﬂMNz{H} nén H

la trung diém EF.

| AE L AA'
Ta
AF 1 AA"
= AA' L (AEF)

= AA' | EF = EF 1 BB’
Khidé d(A4,BB')=AE =1,
d(4,CC")= AF =13,
d(C,BB')=EF =2.

AAMN vuong tai A ta tinh
duwoc chiéu cao AM.

Dién tich tam gidc AEF tinh

theo cong thirc
Smr = SAABC.COSE‘U\V

Tong qudt cac dang bai nay:




. d 4 5y .CJ(MC,)./1'M2
\/4A’M2 —d

(c.BB")

Dang 8 . Thé tich hinh hop

1. Phwong phap
Hinh hgp: La hinh lang tru c6 day la hinh binh hanh.
C6 bén mit bén déu 1a cac hinh binh hanh.
Hinh hgp ding: La hinh lang try ding c6 day la
hinh binh hanh. Cé bon mit bén déu 1a cac hinh chit
nhat.
Hinh h¢p chir nhat: La hinh hop dung c6 day la
hinh chir nhat. Sau mét ctia hinh hdp chit nhat déu la
cac hinh chir nhat.
Hinh 1ap phwong: La hinh hop chit nhat c6 tit ca

cac canh bang nhau. Sdu mat déu la cac hinh vudng.

2. Bai tap

Vi du: Cho hinh 18 phuong
ABCD.A'B'C'D' ¢6 A'C=43.

Thé tich khdéi lap  phuong
ABCD.A'B'C'D' 1a

A. 243. B. 3.

C. 64. D. 125.
Huéng din gidgi
A B
r I\
P ; t‘w. c’
Al
! "
I Y
| \
hezz | b
e =~ -~ A
D ¢

Dit AB=x= AC = x /2.
AA'AC vudng tai 4 co

A'C=~NAL + AC* =2x* +x* = x\3;
AC=43=x3=4L3=x=4.
Vay Vyep awer =4 =64.

Chon C.

3

A. &, B. L
3 3

c. L p. L.
6 12

Huwéng dén gidgi

Bai tap 1. Cho hinh hop dimg ABCD.A'B'C'D' ¢6 day ABCD la hinh
thoi canh a, BAD =120° .Goi G la trong tam tam giac ABD, gbc tao
boi C'G va mat day bang 30°. Thé tich khdi hop ABCD.A'B'C'D’ 1a




Dhe--=" T C

a’\3

Taco S, = AB.AD.sin BAD =

BAD =120° = AACD déu = AC=a va
CG=CO+0G=§AC=39.

3

Do

Lai ¢6 (C'G,(4BCD)) = C'GC =30°

2a\/§

9

Xét AC'CG vudng tai C ¢6 CC' = CG.tan C'GC =

3
a
~ _ (] _
Vay Vipep asen =Saep-CC = ?

Chon B.
Bai tap 2. Mot tim bia hinh vudng c6 canh 50cm. Nguoi ta cit bo di
& mdt goc tAm bia hinh vudng canh 16cm rdi gap lai thanh mot cai

hop chit nahat khong ¢ nap. Thé tich khdi hop chir nhat 1a

A. 5184 cm’. B. 8704 cm’.
C. 4608 cm’. D. 18496 cm’.
Huwéng dén gidgi

D
AA'=BB'=CC'=DD'=16¢cm nén ABCD la hinh vudng c6
AB=50-2.16=18(cm).

= Viseo awen

=AB.AC.AD =18.18.16 :5184(cm3).

Chon A.

S

ABCD

Goc tao boi C'G

va

(c'6.(4BCD))=C

Ap

lwong
AC'CG vudng tai
C tinh dwoc

CC'=CG.tan C'GO

Khi cat bé mét géc
tam bia mét hinh
vuéng canh 16cm

thi canh day con lai

la

50-2.16=18(cm),

chiéu cao la 16cm.

— AD.AD.sin BA|

mat day

dung hé thirc

trong




Bai tap 3. Cho hinh hop ABCD.A'B'C'D’ ¢6 day ABCD 1a hinh chi
nhat AB=+/15, AD=5. Hai mit bén (4BB'A’) va (ADD'A’) lan

Iuot tao v&i1 mat phéng day nhiing goc 30° va 60°, canh bén c6 do
dai bang 1. Thé tich khdi hop ABCD.A'B'C'D’ 1a

B. —15\/5.

12

A.21.

Taco S 4y = AB.AD =515

Ké A'H 1 (ABCD),MH 1 AB,NH 1L AD(M € AB;N € AD)
= ((4BB'A),(4BCD)) = AMH =30°
((4DD'A'),(4BCD)) = ANH = 60°

X _2x\/§

bat A'H =x,khidd A'N = = ,

sin 60° 3
AM = NH =¥,A’M = 2x.
Xét AA'AM vuodng tai M co

2
A'Az:AM2+A’M221:4X2+X—:>X:3\/§
3 39
5 : 3439 1565
Vay Vpep awen =S apep-A'H = SJE? :T'

Chon B.

Ta co
S 5cp = AB.AD = 5+
Ké

A'H 1 (A4BCD),
MH 1 AB,NH 1 Al

 ((4BB).(4BCD)
((4DD),(4BCD

Xét AA'AM vuong
tai M co
AA> =AM + A'M7
A'H
sin 60°
AM = NH,A'M =2

Ma A'N =

b




Tw do suy ra A'H.

Dang 9. Ti s thé tich khoi chép

1. Phwong phap
So sanh thé tich khdi chép can tinh véi mot
khdi da dién khac da biét trude hoac dé dang
tinh thé tich.
Trong phuong phap nay, ta thuong hay su
dung két qua ctia cac bai toan sau
Két qua 1.
Cho hinh chép S.ABC. Liy 4',B',C’ tuong
ung trén cac canh S4,SB,SC
Khi do

SA'" SB' SC'
SA4 SB SC

Vi e

VS.ABC

Chi y: Két qua trén van dung néu nhu trong
cac diém A, B.,C' co

A=A B=B,C=C'

thé

Thong thudng, d6i véi bai toan nay, dé
thuong cho diém chia doan theo ti 1¢, song

song, hinh chiéu...

Cong thirc chi dung khi day 1a tam giac. Néu
day la to giac, ngii giac... ta phai phan chia

day thanh cac tam giac va tinh tong thé tich

cac khoi c6 day la tam giac.

Két qua 2.
Cho hinh chép S.ABCD day ABCD 1a hinh
binh hanh. Mit phang (P) cat

c6 diém

Chirng minh

it @ = B'SC' = BSC

oo JA(SBO)) _sa
Y d(a(sBC)) s

1
~d(4,(SB'C")).Syspc

Vs.anc — Vissc —

VS.ABC VA.SBC

1
gd(A,(SBC)).SASBC

;d(A’,(SBC)).;SB’.SC’.sina

- st s s¢
;d(A’(SBC))-;SB.SC.sina sS4 SB SC

(diéu phai chimg minh)

Chirng minh

1. Chimng minh a+c=b+d




SA,SB,SC,SDlan lugt tai A, B',C', D' véi

(a;b;¢;d >0)

Khi d6 ta c6 hai cong thirc quan trong sau

1.
a+c=b+d
2.
Vg pgery _ a+b+c+d
Ve isen dabed

Chu y: Céc cong thuc 1, 2 chi ap dung cho
hinh chop c6 day 1a hinh binh hanh. Cac cong
thirc nay duoc (mg dung rat nhiéu trong cac
bai toan tim thiét dién ciing nhu thé tich khbi
da dién nén tan dung khi 1am tric nghiém dé

khong phai lam theo phuong phap chia nhd

day thanh cac tam giac.

B

Goi

O la

tam hinh binh hanh, I 13 giao diém cia SO va

A
(A!BrCrDr)
Seir Ser 2800
Ta cé Sgp = Sgpp = L 4 25¢1 _ Z0sdc
S40 SSCO SSAC

SA SI.sin A'SI SI SC'.SI.sin C'SI
SA SO.sin ASO SC.SO.sin CSO

_, SA'SC'sin4'SC'

SA.SCsin ASC
o SA' SI SC'SI SA S’
SA. SO SC.SO SA SC
Nhan ca hai vé cua déng thire voi —SA'SC'SO
SA'.SC' ST
s’ ST
Chung minh twong tu ﬁ 2 = 2.&(2)
SB'" SD' ST

Tu (1) va(2) suyra ﬁ E— 58 +— 5D
S4'" SC'" SB" SD'

Hay a+c¢ =b+d (diéu phai chimg minh)




2. Chim mthﬂFm,:a+b+c+d
» HHng V, en 4abed

Vs amen _ Vsape | Vsapc
Ta co = +

VS.ABCD 2I/S.ABC 2VS.ADC

I(SA’ SB' SC' SA' SD' SC’)

2

S4 SB SC SA SD SC
_1(1 . 1) d+b
2\ abc acd 2abed

Do a+c=b+dsuyra b+d =

a+b+c+d

Vs ypey  a+b+c+d
Vay — =
Vs 4scn 4abcd

(diéu phai chirng minh)
2. Bai tap
Bai tap 1. Cho hinh chop SABC, trén cac canh AB, BC, SC lan luot léy cac diém M, N, P sao cho
AM =2MB,BN =4NC,SP = PC . Ti s6 thé tich ctia hai khdi chop S.BMN va A.CPN la

4 8 5
A. —. B. —. C.—. D. 1.
3 3 6

Huéng din giai

Chon B

VS BMN VB MNS BM BN BS
Taco - =— = — =

VS.ABC VB.ACS BA . BC . S

VA.CPN _ VC.ANP _g CN CP

11
Ve se Venss CA CB'CS 52 10

Vomne _ 4. 1 _8
View 15710 3




Bai tap 2. Cho hinh chop tir giac déu S.ABCD c6 day 1a hinh vuéng ABCD canh a, goc giita mat

: 1 , ,
bén va mit phang day 1a « thoa man cosa = 3 Mit phang (P)qua AC va vudng goc v6i mat phang

(84D )chia khéi chép S.4BCD thanh hai khdi da dién cé thé tich 1a ¥, va ¥V, véi V; <V,. Tilé

S

gan nhat voi gia tri ndo trong cac gia tri sau?
A. 0,11. B. 0,13. C.0,7. D. 0,9.

Huwéng din giai

Chgn A

Goi O 1a tdm hinh vuéng ABCD.

Vi S.ABCD 1 hinh chép tir giac déu nén SO L (AB CD)

Goi N 1a trung diém CD

j{ CD 1 SN,CD 1 ON
(

SCD)N(ABCD)=CD = ((SCD),(ABCD)) =SNO =a
Ké CM L SD

AC L BD
Ta co

= AC L (SBD)= AC L SD
AC 150

= SD 1 (ACM )= (ACM ) L (SAD) nén mat phang (P)1a (ACM )

a

ON > 3a

Xét tam gide SON vuéng tai O ¢ SN =——==-4-="-

ét tam gidc vuong tai O ¢6 cosSNO 12
3

SO =~/SN> —ON* = (%“T—(ﬁf =a\2

Xét tam giac SOD vudng tai O co




2

SD =+/SO* + OD? —\/(aﬁ)z{“ff _a10

3a

1 1 SNCD 2% 34410
. S, =—CM.SD=~SN.CD = CM = - -
Taco Sasep =5 2 SD 410 10

2

Xét tam giac MCD vudng tai M co

3a\/ﬁjz _ a\/ﬁ

10 10

DM =~ CD* - CM* —\/a2 —[

s Yoo Va1 DM DADC_1DM 1 1o _L
Ay ew 2Vew 2 DS DA'DC 2°DC 2 al0 10
2
]
= VMACD = E VSABCD

Mit phang (P)chia khéi chép S.ABCD thanh 2 khéi MACD va SABCM
9

VSABCD = VMACD + VSABCM = VSABCM - EVSABCD

Dodo ~uee — L1y

SABCM
Téng quat: Cho hinh chop tir giac déu S.ABCD c6 day 1a hinh vuong ABCD canh a, goc giita
mit bén va mit phing ddy 1a o . Mét phang (P)qua AC va vudng goc v6i mit phang (SAD)chia

khdi chép S.ABCD thanh hai khi da dién c6 thé tich 1a ¥, va ¥, véi ¥, <V,. Ti s6 thé tich ctia hai
e o " 2
khoi dadiénla — =COS™ &
2

Huéng din giai

Ta cé6 SD =+ SN? + ND* :\/ONZ.;/\+ND2

cos’ SNO

! +1= a Jeos? a+1

a
A 2
2Vcos a 2.cosa

Taco Sysep = %CM.SD = %SN.CD

a 1
_SNCD 3 cosa” a

SD ?_Jeos*a+1 Viteosa

2cosa

=CM




2
:>DM=\/CD2—CM2:\/a2— @ 4t
I+cos’ @ \1+cos’a

Viseo _ Viweo _ 1 DM DA DC _1 DM
2Vye, 2 DS DA'DC 2 DS

VSABCD

acosa

1 J1+cos® a cos’ a
= — = 2
a
2 /1 cos? l+cos” «

2cosa
2 2
cos” a cos” o 1

|4 =V =V =\ 1l-—— Vo =————V.

Ci SABC. SABC. SABC SABC,
MACD 1 cos? ¢ PP ABCM l+cos’a ) *P 1+cos’a P

.V
Do viy —4L_ = cos® o

SABCM

Bai tap 3. Cho hinh chop S.4BCc6 SA =SB = a;SC = 2a, ASB=BSC=60", ASC = 90" . Thé tich ciia
khéi chop S.4ABC bang V. Ti sb 6—2/b%mg
a

A.#. B. 2. c.\3. D.?.

Huwéng dén giai

Chon B.

Goi M la trung diém SC.
Ta c6 SM =a = ASAM vudng cén tai S.
Goi H 1a trung diém ctia AM.

Tacd AM?* =~JSA*> +SM? = a2
1 a\/i

= SH =— AM =
2 2

Vi SM =SB =a va BSC = 60°nén ABSM déu




= BM =a

ASAB c6 SA=SB =a; ASB=60"nén la tam gidc déu = AB=S4=a
Suy ra AB=BM =a = AABM can tai B.

Mit khic AB> + BM* =2a*va AM® =2a* = AB* + BM* = AM>

1 ax/i

= AABM vudng can tai B (dinh ly Py-ta-go ddo) = BH = EAM = 5

2 2
J +(a\2/§J =a’ = SH*+BH* =SB* =4d°

a

Taco SH* + BH? =( 22

= ASHB vuong can tai H (dinh ly py-ta-go ddo).
Taco SH L AM,SH L HB=>SH 1 (ABM).

1 a’ 1 la\/z a’ a3x/§
SAABMZEAB'BM:?:VSAABM ZESH'SAABMZE > 72 B
3
Vs :£:2:>VSABC:2VSABM:a \/Ejg:\/z
Voure SM ' . 6

Téng quat: Cho chop S.ABCcd SA=a,SB=b;SC=c vi ASB=a,BSC=8,ASC = y . Thé tich
khéi chép S.4BC la

abc
Vs 4nc =—6 \/I—COSZOC—COSZﬂ—COSZ y+2cosacos Fcosy .

Bai tap 4. Cho hinh chép S.ABCD c6 day ABCD Ia hinh binh hanh. Trén cac canh SA, SB, SC
lan lugt 14y céc diém A', B',C" sao cho SA =2S84';SB =3SB';SC =4SC', mjt phang (A'B'C") cit canh

SD tai D'. Goi V,,V, lan lugt 1a thé tich ctia hai khdi chép S.4'B'C'D' va S.ABCD . Khi d6 ti s6 N

2

béng
1 1 7 7
A'ﬁ' B.%. C.E. D'ﬁ'
Huwéng din giai
Chon A.

Cach 1. Phan chia ddy thanh 2 tam giac




SA SC SB SD SD SD
+ = + =2+4=3+—=

S4'" SC' SB' SD' '

Ve ywer SA" SB' SC'

Ve se SA SB SC

=3=SD=38D'

!

1 1

111
Egz ﬂ = VS.A’B'C = ﬂSS.ABCD

Vs poy SA" SD" SC" 111 1 1
| - ’ ' == 37 =57 = Veuse =57 Ssaco
Vep SA SD'SC 234 24 : 24"
V. +V V. . . . 1
= VS.A’B'C'D/ = VS.A’B’C’ +VS-A’C'D’ - S.ABC24 e IZI/:Z; :ﬂ

Cich 2. Ap dung tryc tiép cong thirc
SA N SB N SC N SD
Vsascr _ SA' SB' SC' SD' _2+4+3+3 1

Ta c6 Ve 4 54 SB SC SD T 42433 24
SA' SB' SC' SD'

Dang 10. Ti s6 thé tich khoi ling tru

1. Phwong phap
Trong phuong phap nay, ta thuong hay
st dung két qua ctia bai toan
Cho hinh lang try ABC.A'B'C’ ¢6 cac  Chirng minh
diém M, N, P lan luot thudc cac canh
AA',BB',CC" sao cho
AM BN CP

a+b+c

y
. a, ABCMNP  __
Khi @6 =
ABC.A'B'C' 3

Pac biét:

VA MNP

a
VABC.A’B'C' 3 VABC.A'B’C' 3

Ta c6
VA.BCC'B’ = VABC.A’B’C’ - VA.A’B'C’

-V —lV _ 2VABC.A’B’C’
— VaBc.aBC 3 ABC.A'BC' — 3

1
—d(M;(ABC)).S
Ta c6 Vi asc _3 ( ( )) 4Be

Viseawe  d(A5(4BC)).S

M ABC




_ld(M;(ABC)) _lam 1
3d(A3(4BC)) 3AA" 3

a
Suy ra VM.ABC = E'VABC.A'B'C'

Ta co

AM //(BCC'B') = d(M;BCPN) = d(A;BCPN)
= Virseon =Vaserw

VM.BCPN _ VA.BCPN _ SBCPN
Suy ra = =

VA.BCC’B' VA.BCC’B’ SBCC'B'

1 '
S(BN+CP)d(CBB) gy cp

BB'd(C;BB)  2BB

BN CP BN CP b+c

= + + =
2BB' 2BB' 2BB' 2CC’ 2
b+c

=V s = 5 Viscen

_b+e Ve ype

= Vi sern = B 3
b+c
=V seon = 3 Viscacw
Mat khac
a+b+c
Vscsme =V asc + Vs seen = 3 Y asc.amc
V a+b+c . e 1, .
ABCUNP_ — (diéu phai ching minh).
Viscanc

2. Bai tap
Bai tap 1. Cho khéi lang tru ABC.A'B'C’ ¢6 M, N, P lan luot thudc cac canh AA’, BB',CC' sao
cho AM = MA',BN =3NB',CP =3PC". bt V, 1a thé tich ciia khdi da dién ABCMNP,V, 1a thé

, A A \ . s A 1 1.
tich khoi da dién con lai. Tiso —1la
2

w | A

3
A.E. B. 2. C.3. D.

Huwéng dan giai

Chon B




TacéMA:MA'EMA =l;BN 3NB' = BN 3CP 3pc = £ 3
' 4 cC' 4
bat V=V pc spc
1 3 3
4 2 2 1 V.

2

Bai tap 2. Cho hinh ling try tam giac ABC.A'B'C’¢6 thé tich 1a V va do dai canh bén A4'=6.

Trén canh A'A, B'B,C'C lan luot lay cac diém M, N, P sao cho AM =2,BN = x,CP = yvéix, y
. . . . .1

1a cac s6 duong théa man xy =12 . Biét rang thé tich khoi da dién ABC.MNP bang EV. Gia tri

cua X~ —Iry2 bang

A. 24, B. 25. C. 10. D.17.
Hwéng dén giai
Chon B.
AM 1 BN
Ta co == =

x.CP _y. M_l(l+f+1]_l
AA' 3’ BB’ 6 CC' 6 36 6) 2°

VABCABC 3

Suy ra x+y=7:>(x+y

—
I |

9= x"+y" =49 -2xy = x+y° =25

Dang 11: Ti s6 thé tich khéi hop

1. Phwong phap




Cho hinh khéi hép ABCD.A'B'C'D’ , mit phing
(a) cit cac canh AA', BB',CC',DD' lan luot tai

M, N, P, Q sao cho

Khi d6 ta co

M:l(a+b+c+d)

VABCD‘A'B’C’D’

=%(a+c)=%(b+d)

Chirng minh

Xét mit phang ACC'A’
T M, P ta lan luot ké cac dudng thang
song song véi AC cat OO’ theo tht tu E, F
AM N Cp _OE N OF
A4 cC" 00" 00
:O]+IE+OI-IF:201

o]0} 00" 00O
Twong tu xét mit phang BDD'B

BN DQ 201

Ta cling c6 + =

BB" DD’ 00O

Ta co

Do d6

AM  CP _BN  DQ
A4 CC' BB DD
Chia khdi hop ABCD.A'B'C'D'’ thanh

hai khéi ABC.A'B'C'va ACD.A'C'D’

Ap dung ti s6 thé tich cua khéi lang tru

=a+c=b+d

tam giac ta dugc

VABDC.MNPQ :l(a+b+c+d)
VABCD.A'B’C'D’

:%(a+c)=%(b+d)




2. Bai tap
Bai tap 1. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 N 1a trung diém CC'. Mgt phing (&) di qua

AN cit cac canh BB', DD’ 1an luot tai M, P. (a ) chia khdi 1ap phuong thanh hai phan c6 thé tich

. Vs
tuong tmg bang V; va ¥, (V, <V2).Ti $0 72 bang
1

AZ B. 2 C.3 Dé
3 2. .3 S

Huwéng din giai

Chon C
Tir gia thiét ta co
AA CN 1
+ 0+—
V scoenm _A4" CC' _ 2 _ l
Visep.amcn 2 2 4

VABCDPNM _ 3 1/2 _ 3
Vay o o
Yy 4 N
AMNPA'B'C'D' 1
Bai tap 2. Cho hinh hop ABCD.A'B'C'D’ ¢6 thé tich bang 36cm’ . Goi hai diém M, N 1an luot
thudc cac canh AA',CC"sao cho AM =2A'M ,CN =3C'N . Mot mit phing di qua M, N lan luot

cit canh BB', DD’ tai P va Q. Thé tich khéi ABCDMPNQ bang

A. 18cm’. B. 22cm’ . C. 10,5¢m’ . D. 25,5¢m’ .
Huwéng din giai
Chon D.
A D
I
|
B/ | .
M
Ple— ™= __
\A}__\:i 2259
’ D’
’ N
s
B, Cf

AM CN 2 3

V ' +7/ =77
Ta c —ABCOMPNO A4 cc'_3 4 _17
2 2 24

VABCD.A’B'C'D'

17 17
ABCDMPNQ — a ABCDA'B'C'D' — £.36 =25,5¢cm’




Bai tap 3. Cho hinh hop ABCD.A'B'C'D’ ¢6 thé tich bang V . Goi M, N, P 1an luot thudc cac canh
AA',BB',CC',DD'sao cho AM =2A'M ,2BN =3B'N;3CP =4C'P;4DQ =5D'Q . Thé tich
khéi ABCDMNPQ béng

572V B 13_V C 26V b 5591V
945 C21 T45 T 945
Huwéng din giai
Chon A.
A D
: | _.--AQ
M| _..= s
Np= ";-_""'-
B '

AM CP 2 4 26 BN DQ 3,552
TacOo —+—=—+—=——+—==+—
44" cCc' 3 7 21 BB' DD’ 5 9 45

AM CP BN DQ
+ > +

A4'" CC'~ BB DD

Canh MP s& léch trén. Khéi da dién 16 ABCDMNPQ dugc chia thanh hai khéi da dién theo canh

MP 1la BACNMP va DACQMP.

Veir 1 BN AM CPY_1(3 2 4) 193

Taco — == -+ — - - — ===

3\ BB' A4 CC K] 315

VBACB'A'C'

193 193V
= VBACNMP = E VBACB'A’C’ = E

Voucomr :l(DQJrAMJrCPj_l(S 2 4j:£
3\DD" 44" cC' 189

5 3 7

9 3 7

3

VDACD’A'C’

113 113V
= VDACQMP = @ VDACD'A’C’ = 3—78

. _193 113V _ 5720
PACOME 630~ 378 945

Dang 12. Téich hinh dé tinh thé tich

Vay VABCDMNPQ =Vascnmr T

1. Phwong phap
Dé tinh thé tich céc khdi da dién phic tap ta Vi du: Cat khdi hop ABCD.A'B'C'D' boi cac
khong tinh tryc tiép ma tinh gian tiép thong mit phing (AB'D') (CB'D') (B'AC)




qua viéc tinh thé tich cac khdi don gian (khdi ,(D'AC) ta duge khi da dién co thé tich 16n

chop, khéi lang try). nhét 4
+ Khéi da dién A dugc tao boi cac khéi don o ,
A. A4B'D". B. D'ADC .
gian 4, 4,,...4, . Khi 46 C. ACBD'. D. CCB'D' .
V=V, +V, +..+V, . Huéng din gidi

+ Khoi da dién A duge bd sung thém cac khdi
coban A, 4,,...A, détao thanh khdi co ban
B

Khido V, =V, =(V, +V, +..+V, ).

+ Ta c6 thé st dung khoi phuc lai hinh 4n ban
dau dé tinh toan dé dang hon.

+ Sir dung phuong phép trai hinh trén mat
phang dé d& hinh dung va tinh toan thuén tién

hon. Cét khéi hop bsi céic miit phing (AB'D'),

(CB'D'), (B'AC) ,(D'AC) ta dugc 5 khéi tir
dién AA'B'D',B'ABC, CC'B'D' ,D'DAC,
AB'D'C.
Goi V 1 thé tich cta khéi hop.

1

Vs =Vause =Veewn =Viape = g

V

1 .
Suyra V, =§V nén tr dién ACB'D’ co

thé tich 16n nhat
Chon C.
2. Bai tap
Bai tap 1. Mot khiic gd ¢6 dang va d6 dai cac canh duoc cho nhu hinh v&. Thé tich khuc gd 1a

A.V=12. B. V=96. C.V =36. D. V=24




Huwéng din giai

Chon C.

Khiic gb dugc chia thanh 2 phan, mdi phan 1a mét ling try tam tam giac c6 d4y 1a cac tam gidc vudng,
chiu cao khéi lang try bang 4.
Thé tich khdigd1a V =V, +V, = 4%.3.2 + 4.%.3.4 =36.

Bai tip 2. Mot hinh hop chit nhat ABCD.A’B’C’D’ ¢6 ba kich thudc 1a 2 cm, 3 cm va 6 cm. Thé tich
ctia khéi ttr dién A.CB’D’ bang

A. 8cm’. B. 12cm’. C. 16¢cm’. D. 4cm’.
Huéng din giai
Chon B.
A D’
I y
B; ¢/
&1
. '
\ ~
NN
A¥ =N - -4 =-7D
/, i ~
P BN
B C

Khdi hop dugc tao thanh tir 5 khdi B.AB’C; D.ACD’; A’.B’AD’; C.B’C’D’; A.CB’D".

Ta co VABCDA'B'C'D' = VBAAB’C + VDAACD’ + VA’AB’AD’ + VCAB’C’D’ + VAACB’D’

= VABCD‘A'B'C'D' = 4VB.AB’C + VACB’D’ = VACB’D’ = VABCD.A'B'C'D' - 4VB‘AB’C

1 1 1
=>Viewr =Viscoapcon = 4EVABCD.A'B'C'D' = EVABCD.A'B'C'D' = 5-2-3'6 =12cm’.
Bai tip 3. Cho hinh lang try ding ABC.A’B’C’ ¢6 thé tich bang V. Goi M, N, P lan luot 1a cac diém

nam trén cac canh AA’, BB, CC’ sao cho AM = %AA’; BN = %BB’; CP= %cca Thé tich khéi

chép M.BCPN la
Al B. c. . p. .~
36 36 18 18

Huwéng din giai
Chon B.




A’
A P
Mg~ -7
N[ T~
B
Taco V=V,pc ppc=AA"S e
1 11 14
=>Vyase =Viase ZEMA‘SABC :g-E.AA S isc :g.
Mt khac Vigcame :l(A A/'[ +B ]\'/+ C Py)
vmcoasc 3\ A4 BB' CC
I({1 1 1 13
=Vipcmwr = E(E"‘g‘i‘zj Vipcoase = Vipcame = %V .
K_EV 1V

=34 =V e e =V, =V mcamr =V — = .

M .BCPN A'B'C'.ABC M .ABC A'B'C'.MNP 6 36 36
Bai tap 4. Cho hinh chop S.ABCD c¢6 day 1a hinh binh hanh. Hai canh AC, BD cit nhau tai O. Mit
phing (P) di qua diém O va song song voi mit phing (SAD) cit khéi chop S.ABCD tao thanh hai

khéi c6 thé tich 1an luot 13 V3 V,(V, <V,). Ti s6 9béng

2

A2 B. 2. c. L. D. L.
11 5 13 2
Huwéng din giai
Chon A.

Cach 1:




Goih, V, S, 1an lugt 1a chiéu cao, thé tich va dién tich day ctia hinh chép S.ABCD. Mit phing
(P) cat hinh chép S.ABCD tao thanh thiét di¢n nhu hinh v&. Khi d6 Vs =V, va thé tich phan con
laila V,(V; <V,).

Ta co Vygrese = Vi seo Vi soc ¥ Virocr Vo ner

h 1 h 1 A 1
'ESABEO +§'ESABOC +§'ESA0CF +EVBAGCF

h 1(1 A
‘E(SABEO + SABOC + SAOCF)+§(§'E'SABCFJ

Suyra ¥, =~V . Dodé V,=V ¥, =y -y =11y
16 16 16

ne
2

v
5

1
3
SE SF _SB _SC

—_—t 4+ —
Lai co Vosran _ SE__SF_SH " SG _1+1+2+2 3
. SE SF SB SC =~ 4.1.122. 8

S.EFCB q.22 2r 22 PE
SE SF SH SG
3 R14
= Vs gron = gVSEFCB :g-

i 1
Ta co VS.ADFE = g'h'SADFE =

v oW 1w

5
LA A =2y
2 16 16 W RATG

Do do VSADFGHE = VS.ADFE + VS.EFGH =

V. 5

Vay L==,
Y




Bai tip 5. Cho hinh 1ap phuong ABCD.A’B’C’D’ canh 2a, goi M 14 trung diém cua BB’ va P thudc

1 . . . .
canh DD’ sao cho DP = ZDD '. Mat phang (AMP) cat CC’ tai N. Thé tich khoi da dién AMNPBCD

bang
AV =2d. B. V =3d’. C.p_ 5% D., _ Ll
4 3
Huéng din giai
Chon B.

Thé tich khdi 1ap phuong ABCD.A’B’C’D’ 1a V=(2a)’ =84’.

Cach 1: Goi O, O’ 1an luot 14 tAm hai hinh vuéng ABCD va A’B’C’D’, goi K=00O’ n MP, khi do
N=AK N CC’.

Ta co6 OK =%(DP+BM)

4 3
V,ome = =Spme-AD = —.2a% 2a = 2=
' 3 3
5 4a’
V=V, suvc +Vipene = T + T =3a’.

Cach 2:
Ap dung cong thirc tinh ti s6 thé tich khéi hop, ta co

V snesen zl‘ BM+DP N V nesen zl 1 1
BB' DD' 2

2 4

3
8

VABCD.A'B'C'D' 2 VABCD.A'B'C'D'

=V vesen = %.Sa3 =3a’.

Bai tap 6. Cho tir dién déu ABCD c¢6 canh béng 1. Goi M, N lan luot 1a trung diém cac canh AB va
BC. Diém P trén canh CD sao cho PD=2CP. Mit phéng (MNP) cét AD tai Q. Thé tich khéi da dién
BMNPQD biang

2 g, 252 V2 p. 13v2

A X2 . : c. X2, . :
16 432 48 432




Huwéng din giai

Chon B.

DQ DP 2
Ta c6 MN//AC va PQ = (MNP) N (ACD) =PQ//AC= Do _DP_ —.
DA DC 3
A7 A o7 1:a A \ \/5
Thé tich khoi tr dién déu ABCD la V =V, = TR

Chia khéi da dién can tinh thanh cac khdi tir dién D.PQB; B.MNQ; B.PQN.

Ta co VBMNPQD = VDAPQB + VBAMNQ + VBAPQN :

2
Trong d6 V), ps _D0 DB EV—(zj VziV.

DA DB DC” |3
_BM BN BO (1) 1 S, 140, 1,
pMNe g4 BC'BQ P \2) "PMY 4's,," 44D 12
_BP BQ BN _lV _1 Sroc V—lV
B.PON BP‘BQ'BC‘B.PQC 2‘B.PQC 2‘SACD‘ 6 .

Vay Ve

QD:(4 1 1] 252

—+—+=1|V .
9 12 6 432

Bai tap 7. Cho khdi lang try tam giac ABC.A’B’C’ ¢6 day 1a tam giac déu canh a. Canh AA’=2a va
tao v&i ddy mot goc 45° . Thé tich khéi tr dién ACA’B’ 1a
3 3 3 3
A CYE B, Y6 c. a6 p. Y6
12 8 4 6

Huwéng dén giai

Chon A.




Goi H 13 hinh chiéu ciia A’ trén (ABC).

a*\3

wABC — 4

AABC déucanha = S
Ta co (W)):m:45°.
aA'AH vuodng tai H co A'H=AA"sin A'AH = a2 .

a*/6

— ' —
V ABC.A'B'C' ™ SAABC'A H - :

4
Khéi lang tru duoc chia 1am ba khdi chop C.A’B’C’, B”.ABC va A.CA’B’.
, 1 . 1
Tacd Ve ype = EVABCAA'B'C' va Vg ype = EVABCAA'B'C'
1 a3\/€
=>Vican =Viscasc ~Vewwe —Vaase = EVABC.A'B'C' = T .

Bai tap 8. Cho lang tru ABC.A’B’C’ ¢c6 thé tich béng 15. Goi M, N, P 1an luot 1a cac diém trén canh
. 4 3 ,

A’B’, B’C’, BC sao cho M 1a trung diém cia A’B’, B’N= gB'C' va BP=§BC. Puong thang NP
cit duong thing BB’ tai E va duong thing EM cit dudng thing AB tai Q. Thé tich khéi da dién 16
AQPCA’MNC’ bing

A2 B. 2. c.® p. 2.

64 16 8 4
Huwéng din giai
Chon C.




EB _EQ EP _BP 3
EB' EM EN B'N 4
d(E(4'B'C"))  EB'
d(B,(4'B'C")) BB’

Ta co

=

=4=d(E,(4'B'C"))=4d(B,(4'B'C"))

Lafeo Sean BM BN 142
oper B'A" B'C' 25 5
1 ' 1 1 1 r 2
=V, vy :gd(E,(MB N)).S,sn :5.4d(B,(A B'C )).gSA,B.C,
8 8
ZE ABC.A'B'C' :E-ls =8.
Veos EP EQ EB (EBY (3) 27 27
Ve ENEMEB \EB') \4) 64 Fer gy
E.MB'N
27 37 37 37
Suy ra Vop g = Veamn =Vesor =Veamny _6_4VE4MB'N = aVE.MB'N = a'g = ? .
37 83

Vay Vioperse = Visc s =Vaopsaw =13 _? = ? .




Dang 13. Phuc hinh va trai phang

Bai tap 1. Cho tir dién ABCD c6 DAB = CBD =90"; AB=a; AC =a+/5; ABC =135 . Bibt goc giira
hai mit phang (ABD), (BCD) bang 30°. Thé tich cua tir dién ABCD bang

a’ a a’ a’
A. . B. —. C. . D. —.
243 V2 32 6
Huwéng dén giai
Chon D.
Dung DH 1 (ABC).
BA 1 DA
Ta c6 = BA 1 AH ;
BA 1 DH
BC 1L DB
= BC L BH.
BC 1L DH

Tam giac AHB c6 AB=a, ABH =45°
= aHAB vudng can tai A

= AH=AB=a.

Ap dung dinh 1y cosin, ta c6 BC= av2.

Vay S, 0 = %.BA.BC. sin CBA = %.a.aﬁ % =L,

HE 1 DA(E € 4D)
Dung = HE 1 (DAB) va HF 1 (DBC).

HF 1 DB(F € BD)
Suy ra ((m)) = (m) = EHF

ax HF - xa2 ‘
Na® +x? \2a? + x?

—— HE_\/E Va +2a°

Suy ra cos EHF =——= =——>>x=aq.

HE N4 2221 24°

3

o 1 a
Vay V,gep = S'DH'SAABC = z

bat DH=x, khi d6 HE =

Bai tip 2 Cho t&r dién ABCDc6 AB=CD=4;AC=BD=5; Cha y: Cho khdi
AD = BC = 6. Thé tich cta khéi te dién ABCD 1a tlr dién gan deu c6
d6 dai cac canh

. 156 . 15v/6 AB=CD=a
4 2 AC=BD=b
. 456 o 456 AD=BC=c

4 "2




Huéng din giai
Chon A
Dung tir dién AMNK sao cho B, C, D
lan luot 1a trung diém cua cac canh MN,
NK, KM.
T dién AMNK c6 AM, AN, AK d6i mot
vuong goc.

AM? + AN? =64 [AM? =54 | AM =36
AN? + AK* =100 ={ AN* =10 ={ AN =10
AK? + AM? =144 | AK*=90 | 4k =310

Vi = % AM .AN.AK = %.3\% J10.34/10 =156

Vay Vigep = % = #
Bai tap 3. Mot con kién dang 6 vi tri M 1a trung diém
canh A'D’ ciia mot chiéc hop hinh lp phuong ’:qj M D’
ABCD.A'B'C'D' canh 5cm. g E A
Con kién muon bo qua sau mat cua chiéc hop :
10i quay trd lai M. Quéng duong bo di ngin E
nhét cua con kién 1a :i‘; ------- === 0)
A. 1632¢em . B. 15v2cm . B ;. z
C. 123/2¢em. D. 13v2cm.
Huwéng din giai
Chon B.

Hinh 1 /




- s
B, ! 1I ’\\
}: | C N
I
Hinh 2 [
K A L __Llp
\\ L e o
B Q c

Trai sdu mit phang cua hinh lap phuwong ABCD.A'B'C'D' nhu hinh v& 1. Dé di duong ngén nhét tir
M d&&n M'(M = M'hay M'l1a trung diém A'D’ trén mat khai trién) thi con kién can bo theo doan
MM’ . Trén chiéc hop, dudng di ngin nhat cua con kién 1a duong MNPOKZM nhu hinh 2 v6i N, P,
Q, K, Z lan luot 14 trung diém cia DD',CD, BC,BB', A'B'.

Quing duong ngin nhat con kién bo 1a doan MNPOKZM .

Ta c6 MNPOKZM = MN + NP+ PQ+ QK +KZ +7M .

Céc doan thang con kién bo trén cac mat hinh 1ap phuong déu c6 d6 dai bang nira do dai duong chéo
hinh vuéng.

Do d6 quing dudng con kién bo ngin nhét 1a 6.# =152

Bai tip 4. Cho hinh chép tir giac déu S.4BCD mét con kién bo tir dinh A cta day dé di tat ca cac mat
xung quanh rdi trg vé vi tri A. Biét canh bén bang 6cm, canh day bang 4cm. Quéing dudng ngin nhit
ma con kién di 1a

A. 13,48cm . B. 10,25cm . C.12,05cm. D.11,73cm.

Huwéng din giai

Chon D.




Trai hinh chép thanh hinh nhu hinh v& trén. Khi d6 quing dudng ngan nhat con kién phai bo 1a
A4,

Ta c6 sin ASH :‘;—]Z =§:> ASH =19"28' = ASA, =8.19°28' =155°4¢’

= Ad, =\|SA” + 54> —2SA.54, cos ASA, =11,73cm

. 1 - = 1 1 . .2
Bai tap 13. Cho hinh chop tu giac déu S.ABCD c6 SA=a va SAB =2—Z. Goi Q 1a trung diém

canh SA. Trén cac canh SB, SC,SD lan luot lay cac diém M, N, P khong trung véi cac dinh ciia hinh
chop. Gia tri nho nhat cta tong AM + MN + NP+ PQ theo a la

11z 11z

a 2sm§ a\/§ a\/z a 3sm6
A, ————— B.— C. B
3 2 4 3

Huwéng din giai

Trai phang




S SN FUNNORIPY G i A == O
Do hinh chép tr giac déu nén moi mat bén deéu 1a cac tam gidc can, theo gia thict SAB = Enen

ASB-r-2E_7
24 12

Cit hinh chop theo canh bén SA roi trai cac mat bén thanh mot miat phing ta dugc hinh v& nhu
trén sao cho khi ghép lai thi 4= A4'. Khi d6, tong AM + MN + NP+ PQ 1a tong cac duong gap khiic
nén téng nay nho nhét néu xay ra cac diém 4,0, M, N, Pthang hang va Q 14 hinh chiéu cta A trén
SA' .

Péng thoi theo (1) ta c6 ASA' = 4.% = % @)

Suy ra AASA’ 14 tam giac déu.

a3 a3

Vay AQ:Thay GTNN cua tong AM +MN+NP+PQ:T

Bai tap 6 Cho hinh chop déu S.4BC c6 ASB =30°,54=1. L4y B',C’ 1in lugt thudc canh SB, SC

. s 7 5 A 2 A V Vel A .7 s N A ’ e .
sao cho chu vi tam gidc 4B'C’ nho nhat. Ti s0 —345< oan gi4 tri ndo nhat trong cac gia tri sau?
S.ABC

A. 0,55. B. 0,65. C. 0,45. D. 0,75.

Huwéng din giai

Chon A

Trai phang




Cit tu dién theo cac canh SA4, AC, AB rdi trai 1én mat (SBC).

Tam giac SBC gitt nguyén; tam giac SAB 14t thanh tam giac ASAB ; tam gidc SAC thanh tam
gidc ASCA'

Dodo AC'=A'C',S4'=S4=1

ASA = ASB+ BSC+CSA' =3.30° =90° va SA' = SA =1 nén ASAA’ 1 tam giac vudng cin
tai S.

Cope =AB'+B'C'+ AC' = AB'+ B'C'+ A'C' > AA' = \J2 khong déi.

Dau "=" xay ra khi va chi khi 4,B’,C’, 4'thang hang tic lakhi B'=B,,C'=C,.

’ s GAD : 0
Ta cé SB" _SB, _SB, _ sm% _ s'1n450 143
SB SB SA4 sin SB,A sin 105

! ’ ! 2
VQYMZSE,EZ(SEJ =4-23~0,54.
Vi SB SC \SB ’

Dang 14.Bai toan cuec tri lién quan dén thé tich khoi da dién

1. Phwong phap

Bude 1: Chon an. An nay c6 thé 1 géc @ hoic canh thich hop trong khdi da dién.

Buwéc 2: Vi an sd duge chon ¢ bude 1, ta xem d6 nhu 1a cac yéu td d3 cho dé tinh thé tich V cua
khéi da dién theo cac phuong phéap di biét.

Buére 3: Ta c6 mot ham sb f (x) ,Vx € D ma cin tim gia tri lon nhét va gia tri nho nhét cua no.

Dung bt ding thirc ¢6 dién
(Co-si hay Bunhiacopxki) hodc str dung tinh don diéu ciia ham dé tim gia tri 16n nhit va gia tri nho
nht.
1. Bat ding thirc Co-si.

a) Cho a>0,b>0 tacé “;bz\/ab.
Pang thirc xay ra khi va chi khi a=b.
b) Cho a>0,b>0,c>0 tacd %Mzi/abc.

Ding thirc xay ra khi va chikhi a=b=c .




c) Cho a,20,a,20, ..., a, >0

n

L a+a,+..+a,

Ta co >rla.a,...a .

1772 n
n

Pang thirc xay ra khi va chi khi a=a,=...=a,.

n

Cac bt déng thirc co ban.

Céc dang hay sur dung.
+)£+221vmb>&—%+j;2—iijﬁa+lzlva>0
a a b (a+b) a

+) 4ab<(a+b) <2(a*+b7)

+) 3(ab+bc+ca)S(aerJrc)2 £3(a2+b2+c2).

+)(%+afh”+%)££+l“h”+i92n2

a, 4, a,

2
PG I I "

a a, a, a1+a2+...+an

2. Bit ding thirc Bunhiacopxki.
a. Dang da thirc Bat dang thirc Bunhiacopxki.
Cho 2 bo s6 (n €Z,nz 2) La,,a,,...,a, va (bl,bz,...,bn) ta co

(af+152+”.+af)(bf+452+“.+bf)

> (alb] +ab,+...+ab )2

. a
Dau "=" xdyra & —L=-2=..=—"1.
b b b

1 2 n

b. Dang phan thirc

Cho 2 bd s6 (neZ,n22):al,a2,...,an va (bl,bz,...,bn) voi Vb,,b,,...,b >0.

2

ca’ a’ a’ (al+a2+...+an)
Tacd —+—+...+—7—2
b b b b +b,+...+b,

1 2 n

Bai tip: Cho hinh chop S.ABC c¢6 day la tam gidc ABC vuodng can tai C va SA vudng goc v6i mit

phang d4y. Cho SC =a , mit phing (SBC) tao v6i mat ddy mot goc « . Thé tich khéi chép S.4BC

dat gi tri 16n nhat 13

3 3 3
AL B.a‘g. C.“‘E.
16 27 48

Huéng dén gidi




Chon B.

B

Tac6 ((SBC),(4BC))=(SC,AC)=SCa =«
Xét ASAC vuodng tai A cod

S4=SCsina =asina

AC=S§C.cosa =acosa

1 1(1 1 : ’ :

=V se :ESAABC'SA 25.(EAC2J.SA =g.(a cosa) asina =%cos2 a.sina.
Ve s dat gia tri 16n nhat khi va chi khi biéu thirc
P =cos’ a.sina.= (1 —sin’ a).sin o dat gia tri 16n nhat
Cach 1:
Pat t=sina . Vi 0<a<90° nén O<sina <1

=0<r<l

Taco P=f(t)= (1 —tz)t =—1’+1 xéc dinh va lién tuc trén (0;1).

3

t =—— (nhan)
f()=3t+1=f()=0s| 3
t= —ﬁ (loai)
3
Béng bién thién:
i V3 +3
! -+00 5 a 3 x
£2(t) i . 0
fit) / \
Duya vao bang bién thién, ta co max f (t) = i it= ?
(0:1)

a’ a’ 2\/5 a3\/§
Vay max/V, =—P =——=
y S.ABC 6 max 6 9 27

khi va chi khi sina=T3.




Cach 2:

ViO<a<90°=sina >0

pr (1 . a)2 i _ (l—sin2 a)(l —szin2 a)(Zsin2 a) |
Ap dung Co-si cho 3 s dwong 1—sin’ &, 1—sin’ @ va 2sin’ & , ta dugc:
(1 —sin’ a)(l —sin’ a)(Z sin’ a)

3

3 (l—sinza)Jr(l—sinza)+(2sin2a) 8

3 27
N (l—sin2 05)(1—sin2 a)(Zsin2 a) si
2 27
= P? 4 =P :&.

max = E max 9

. . . . 3
Ding thirc xay ra khi 1-sin’ @ =2sin’ a < sina = 3

A 613 a3 2\/3 a3\/§
Vay maxVoue =g P =679 =

2. Bai tap
Bai tap 1. Cho hinh chop S.4BC c6 SA 1a doan thang thay ddi sao cho S4=x,

xe (o;\/i ) , cac canh con lai déu bang 1. Thé tich khéi chép S.4BC dat gia tri 16n

nhat 1a
AL B. L c. L D
4 16 12 .
1 Tong quat:
8 Cho hinh
Huéng dén gidgi chép S.ABC
Chon D c6 SA la

doan thcfng
thay doi sao
cho SA=x,
cac canh con
lai déu bang
a (a la hang

$0) VOi




NG

Ta c6 tam gidc ABC déu = S, . = v

Goi M, N lan luot la trung diém cua S4 va BC.

SA L BM

Ta co ASAB va ASAC 1a hai tam giac can tai B va C nén
SA41LCM

=S4 L (BCM)= 54 L BC.

2
Mit khac BM = CM =/ AB* —(AM)’ = 1—% = ABMC cén tai M.

Suy ra MN L BC:BCJ_(SAN).

Ké SH L AN. Do BC L(SAN)= BC L SH = SH 1 (ABC).

2
Ta co6 MN =~/SN?> —SM? :,/%—x L o,

4 2
42
S v =%SA.NM =%SH.AN: SH = SA.NM — SH :“Tx'
1 w3-xT 1 (X¥*+3-x") 1
Sasc ZESAAABC‘SH = L SE. 5 =§_

Vay max/V, =l dat dugc khi va chi khi x2=3—x2<:>x2=§<:>x=
S.ABC 8 2

Bai tap 2. Cho hinh chop S.ABCD c6 day ABCD la hinh vudng canh 2a. Tam giac
SAB vudng tai S va nam trong mit phang vudng goc véi day. Goi a 1a goc tao

boi duong thang SD va mit phang (SBC), v6i a <45°. Tim gia tri 16n nhat cia the

tich khéi chop S.ABCD

3
A. 4d° B. 3
3
3 3
C. da D 2a”
3 3
Huwdng din gidi
Chgn C
Goi D' 1a dinh thir tu cua hinh
binh hanh SADD'.

Khi d6 DD'//SA ma SA L (SBC)

Nén DD' 1 (SBC)

Ta co (S/Q&B\(T))zazﬁ’zﬁ, B

xe(O;a\/g)

Thé tich
khoi  chdp
S.ABC dat
gia tri Ion
nhat la

3

v a

S.ABC — ? :




Do d6 SA = AD.tan ¢ =2atan .

bat tana=x, x € (O;l)
Goi H 14 hinh chiéu cua S1én 4B, taco

1 4a®
VSABCD = g SH'SABCD = T-SH-

Do d6 V ., dat gid tri 16n nhat khi SH 16n nhat.
Vi ASAB vuodng tai S nén

SASB SANAB*—SA> 2ax\4a’ —4a’x* >

AB AB 2a

2 l_ 2
:SHSZa.Hsza.

Tir d6 max SH =a khi tana :72

1 4q4°
Vay max Vs ,0p =§a.4a2 =%.

Bai tap 3. Khoi chop S.ABCD c6 day 14 hinh thoi canh a, S4 = SB = SC = a, canh
SD thay dbi. Thé tich 16n nhat cta khdi chop S.ABCD 1a

AL B & .3 D.
2 8 8
a3
4
Huwdng din gidi
Chon D

Goi / la tdm hinh thoi ABCD, H la hinh
chiéu cia S 1én mit phang (4BCD),

suy ra H € BI .

Tacod SI° =SA>—IA* =a” - I4%,

IB* = AB* —I4* =a’ —IA* suyra SI =1IB.

Khi d6 tam gidc SBD vudng tai S .




bat SD=x.

Ta c6 SB.SD = SH.BD <> a.x = SH.BD <> SH = %

1

1 1
Ta e Ve =5 SH. ACBD = &

—AC.BD zlax.AC.
BD 2 6

W | =

) 2+ 2
Lai c6 BD* = SB* +SD* =a* +x” suyra IB> =22

2 2 2 2
a +x 3a”—x
=>4 =a" - =

4 4
3612—)62 2 2
Suyra AC=21[4=2 2 =v3a" —x".
3

[ 243a° —x*
VSABCD =gax 3a2 _x2 S%%:%

Bai tap 4 : Cho hinh chép S.ABCD c6 day ABCD 1a hinh vudng canh bang 2,
SA=2 va SA vudng goc voi mit phing day (ABCD). Goi M,N 1a hai diém thay

d6i trén hai canh AB,AD sao cho mit phing (SMC ) vudng gbéc v6i mit phing

(SNC). Tinh tong T = St khi thé tich khdi chop S.AMCN dat gia tri 16n
nhét.
A. T=2. B.T=2.
4
C.T=2+\/§. p.7-13
4 9
Huéng dén gidgi
Chon B
DPiat AM = x,AN =y.
Goi

{0} = AC N DB; {E} =BD NCM;
{F} =BDNCN.

H 1a hinh chiéu vuéng gbc cia

O trén SC, khi do: HOz\/%

SC LHE

% SC 1 OH
SC L HF

=SC 1 (HBD) :{
BD

Do d6 goc gitra (SCM) va (SCN) bang goc giita HE va HF . Suy ra HE 1 HF.




Mat khac V, “Loas =3(x+y).

S.AMCN AMCN
3 3

Tacod x>0,y>0 vanéu x#2,y=2 thigoi K 1a trung diém cia AM , khi d6

OE KM x OE EB OB w2

EB MB 4-2x X 4-2x 4-—x 4—x

Tuong ty 0F=i£ ma OE.OF =OH’ < (x+2)(y+2)=12.
-y

Néu x=2 hogc y=2 thitacé OE.OF =OH" & (x+2)(y+2)=12.

1 2 2
wnen =3 5AS o =S (1 +y) 25[(x+2)+(y+2)—4]

2 12
=§[(x+2)+x+2—4}.

Suy ra V

{le

=2 1 1 1 1

DOdémaXVs.AMCNZZC> ’ 23T2W+W:_2+_2:%‘
X = x° 0y
{y=1

Bai tap 5: Cho hinh chéop S.ABC c6 day la tam gidac vudng tai A voi
AB=1,AC= \/5 . Hinh chiéu cua S trén mit phing d4y la diém H sao cho cac mit
phang (SAB) va (SAC ) clng tao voi SH goc 30° va mit phang (SBC ) tao voi
mit phang day mot goc 60° . Thé tich 16n nhat cta khdi chop S.ABC la

AV =1+‘/§. B.V =ﬂ.
max 4 max 4
C.v :E. D.V :3“6.
max 4 max 4
Huéng dén gidi
Chon D.
Ta co (S/H,(_SA\B)) = (m) =30° nén hai
mit phiing (SAB) va (SAC) s& cing tao voi mit
phing day mot goc 60° .
Suy ra d(H,AB)=d(H,AC)=d(H,BC) B \C

tic H hodc 14 tim noi tiép hodc 1a tim bang tiép
cac gbéc A,B,C cua tam giac.

V3. 3443

Taco S=—;p=
2 P 2

con cac canh a=2,b=+/3,c =1.




Khidé r=—=
p 2 p—a 2

S _1+V3 s _3-3
2 ’

p—>b

S_—1+¥3. S _3+3

34343 3443
=V = .

2 max 4
Bai tip 6. Cho hinh chép tir giac déu S.ABCD c6 cac canh bén bang a, goc tao boi

Chiéu cao chop 1on nhat khi SH  =r /3=

mit bén va mit phing day 13 o véi a e [0;%) . Thé tich khdi chop S.ABCD dat

gia tri 16n nhat 13

4a3\/; 4a3\/§

A. . B.
49 27
3 3
c. X V3 p. ¥ Jis
9 75
Huéng din gidi
Chon B.

ACNBD={0}= SO0 L(ABCD)
Goi M 1a trung diém cia CD
= ((scD).(4BCD))= MO = a

Goi d6 dai mot canh hinh vuéng 1a x.

Tam gidc SMC vudng tai M co

2
SM =+/SC? —CM? =,/a2 —%.

Tam gidc SOM vudng tai O co:

— 2
OM = SM.cosSMO = cos a.,/az —%

X > X x
== =cosa4|a’ ——="—=|a’ - [cos’ &
2 4 4 4
1
2
:>x2:4a cos"a _ 1+tan’ o _ 4a e 2a
1+cos’ a 1o ! 2+tan’ o V2 +tan’ a
1+tan’ a

4a*

:>S :—2.
2+tan” o

ABCD




a.tana

V2+tan’ o '

Ta co: SO = OM.tanS% :g.tana =

44* a.tana 4a° tana

1 1
32+tan’ @ \21tan’a ) 3\/(2+tan2a)3 |

V -5

S.ABCD — 3 asco:

SO =

Do ae[o;gj:tana>0. Thé tich khéi chop dat gid tri 16n nhat khi
4  d.tana

' 3
3 ,[(2+tan2a)

Ta xét f(a) =

dat gia tri 16n nhat.

tan’ o
2 3°
(2+tan a)

tan’a 1 ) 1

Ap dung bét dang thirc Co-si cho ba s duong —; —; —.
2+tan"a 2+tan" a 2+tan”

. tan’ o tan’ o 1 1
Taco f(a)z = . .
> V' 2+tan’a 2+tan’a 2+tan’
(2+tan a)

3
1 tan’a 1 1 1
<|= —+ —+ 5 =—.
3\ 2+tan“a@ 2+tan"a 2+tan” « 27

1 tan’ 1
f(a)=—<:> an (Z = - sarta=1oa=2.
27 2+tan"a 2+tan‘ o 4

A 4q° 4a3\/§
Vay maxV,, . = == I
3\/(2+1)

Bai tap 7. Mot hinh hop chir nhat c6 dién tich toan phan 14 S. Thé tich 16n nhit cia
khéi hop chir nhat 13

s\s sys

A —. B. —.
3 36
c. 3Yos. p, $Y35
36 9
Huwéng dén gidgi
Chon C.

Goi chiéu dai, chiéu rong, chiéu cao ctia hinh hop chir nhat 1an luot 13 a,b,¢ voi
a,b,c>0.

Taco S=2ab+2ac+2bc

Ap dung bét dang thic AM —GM :

S =2ab+2ac+2be > 332ab.2ac 2be = 63a*b*c?




3 , 3 /
63a2 202S5302b2c2£;?:>abc< S_6:m

21 36
Ding thirc xay ra khi a =b =¢ hinh hop chit nhat trg thanh hinh 1ap phuong.
Bai tap 8. Cho hinh lang tru ding ABC.A'B'C’, day ABC 1a tam giac vudng tai A
. Khoang cach tir 44’ dén (BCC'B') va khoang cach tr C dén (4BC") déu bang
x khong d6i, goc gitta hai mit phing (ABC') va (ABC) bing a € (0;%]. Dé thé
tich khdi lang tru ABC.A'B'C’ nho nhit thi goc a c6 gia tri gin nhat gia tri nao sau
day?
A. 25° B. 35°
C. 45° D. 55°
Huwéng din gidgi
Chon B B8’ c’
Dyng AH L BC (H € BC), .

CK L AC'(K € AC') .
Taco d(AA;(BCC'B'))=AH =x va .
d(C;(4BC"))=CK =x .

((4BC'):(4BC))=CAC = . S VAR c
Xét tam giac ACK vuodng tai K ¢o N -

_CK  «x
sina sina

AC

—.tanq = .
sina cosa

Xét tam gidc ACC' vuongtai C ¢6 CC'= AC.tana =

Xét tam gidc ABC vuong tai A ¢o

2
1 L1 _ . AHAC _ x o

AB' AH' AC’ VAR -AC" [ (1-sin’ a) ~cosa’

Thé tich khéi lang tru ABC.A'B'C' 1a
3

X

ABC.A'B'C' —

\% —lAB.AC.CC'z - —.
2 2sina cos” o

Dé thé tich khdi lang tru ABC.A'B'C’ 1a nho nhit thi sinarcos® & 16n nhit.
r < 2 4 1 -2 2 2
Tacod sin“ acos” o =E281n o COS xCOoS &

<l[251n2a+cosza+coszaj 8 2\/3 3x3\/§

=— =sinacos’ g <———=V>
3 54 9 4

2

Trong  cac
hinh hop chir
nhdt co cung
dién tich
toan phan thi
hinh lap
phuong  thi
6 thé tich

16m nhat.




3
Vé'y Vmin = 3x4\/§ :

. A 2
Dang thie xay ra khi 2sin® & = cos’ @ = tana = - e 35°.
Bai tip 9. Cho hinh hop chir nhat ABCD.A'B'C'D' ¢6 AB < BCva BD =3cm . Hai

mit phang (ACC'A")va (BDD'B')hop v&i nhau mét goc a(O <a S%) Duong

chéo B'D hop v6i mit phang (CDD'C") mét goc ﬂ(O <p< %j . Hai géc «, S thay

d6i nhung thoa mén hinh hop ADD'A’.BCC'B'1uén 1a hinh ling tru déu. Gia tri 16n
nhét thé tich ciia khdi hop ABCD.A'B'C'D’

A. 3 cm’ B. 2\/3 cm’
C. 633 cm’ D. 1243 cm’
Huéng dén gidgi
Chon B
B’ C’
nt = '
Iy \\H\. o
| ~
\ ‘l\
] ™,
A’ 7 : ‘\. T ~ D’
[ - L e
i " A &Y
] ] 7 X
J ; i LY
' | l\ ~
d I l\'\. ™
! | i i '\\_
f E"-:‘-“—“:--T-- i g C
! - - \ -
! 1, “"‘- : _\."'JIIE;;
; el
J/// r},——“g“)f\f
fr =™ e
A D

Ta cod ((W))z@za

:>@=%3BC=BD.COS@)=3COS%

Lai c6 CD = BD.sin CBD = 3sin%

Ta co (BW)) =B'DC' =p
Do ADD'A'.BCC'B’ luén 1 hinh ling try déu nén BC = CC'

=BC.CD.CC' = 27.sin%.cos2 %

VABCD.A'B'C'D'

.. .. a 1 L, a a a
Xét s1n23cos4—=—.2sm2—.cosz—.coszz




L a a
2sin” = +cos® — +cos” — 4
2 2 2

IN
N | —
w
N
~J

Dau " ="xay ra khi va chi khi

L, a a a 1 2
2sm25=cosz—:tan2—=§:>a =2arctan7

:>sm%cos E<i V<6\/—

Dang 15: Sir dung thé tich dé tinh khoang cach

1. Phwong phap
e Dé tinh khoang cach tir mot diém dén mot mit phang ta st dung phuong phap ddi dinh va

ap dung cong thirc V = %h.S =>h= Vv

e Trong d6 V la thé tich khoi da dién, S 1a dién tich day va & 1a khoang cach tir dinh dén
mat day.
e D¢ tinh khoang cach hai duong thing chéo nhau ta 4p dung cong thic
6V
AB.CD.sin(AB,CD)

1 T
V= gAB.CD.sm(AJ&?,CD)CJ(AB;CD) = d(AB;CD)=

2. Baitap
Bai tap 1. Cho hinh chop S.ABC c¢6 day la tam giac vudng & B . Canh SA vudng Khodng
goc véi day. Biét SA =a, AB = b. Khoang cach tir diém A dén mit phang (SBC) cach tir diém

1a A dén mat
phdng
a+b 2ab
A B. ——. SBC) bén
a*+b’ a’+b’ ( ) &
chiéu  cao
c. 2L p. % 7 ‘
2\a’ +b° at + b cua  hinh
Huéng dén gidi chép ASBC
Do do:

d(A,(SBC)):




Chgn D S

Ta c6 d(A,(SBC)) _Vase

SBC

Ta co:
1 1 A c
Ve =Voune = SSA'SABC = ESA.AB.BC.

Mat khac SA L (SBC)= SA L BC ma

B8

AABC vudng tai B nén BC 1 BA.

Suy ra BC L SB hay ASBC vudng tai B
=S, =%BC.BS.

3 1 SA.AB.BC

A ’ T SA.AB SA.AB ab

Vay d(A,(SBC)): = - - -
;SB,BC SB sA*+AB> d +b

Bai tap 2. Cho tir dién déu canh bang 1 va diém I nam trong ti dién.

Tong khoang cach tir I dén cac mat cua tur dién 1a

A 6. B. ﬁ.
9
Cich tric
o . Vo -
2 3 nghiém:
Huéng din gidi Chon  dac
biet I=A.
chen D Khi @6 tong

Xét tir dién déu ABCD c¢6 dién tich khodng cdch

tw I den cac

day la g va chiéu cao 1a \/g nén

mat cua tr

. . dién  bang

thé tich tir dién déu ABCD 1la khodng cdch

2 tir A dén

“ 1 (BCD) va
Goi hy,h,,h,,h, lan luot 1 khoang . 6
bang 5

cach tr I dén cac miat
(BCD), (ACD), (ABD), (ABC).

bat Vl :VIBCD’ Vz :VIACD’ Vs :VIABD’ V4 =V

IABC*

Taco V=V +V,+V, +V,.




V=i, =h=n
S

1" BCD 1
BCD
3V 3V 3V
Tuong ty h, =—=,h, =—,h, =—*
SACD SABD SABC

3v. 3v, 3V, 3V

Vay h +h, +h +h =—L+ 2 4 3 4 — 4
1 ’ ’ ) SBCD SACD SABD SABC
T@ dign ABCD latadigndéunén S, =S, =S,,, =S¢ =
3(V,+V,+V, +V
Suyra h +h,+h +h, = ( L2 3 4):£=_6_
| NN
4 4

Bai tip 3. Cho hinh hop chit nhat ABCD.A'B'C'D' ¢6 AB=3,4AD =4, AA' =5 . Lay
diém M trén canh AB sao cho BM =4AM . Khoang cach tir C’'dén BDbang 4.
Khoang cach tir diém M dén (BC'D)la

A2 B. 2
5
c. V3 p. %
2 3
Huéng din giai
Chgn B
A D
M,
B T =
Ao
B c’
BM 4 4

Tacd BM =4AM = T I I Viisen = gVA.BC’D

Ma ¥, pon =Ver oy = %CC'.SABD = %CC’.AB.AD =10=>V,, ., =8.

Tacd BD =< AB* + AD* =5, ., = ld(c, sp)-BD =10.
2 >




! 3Vysen 12
Ta co VM BC'D gd(M,(BC’D))'SBC’D Y d(M,(BC’D)) — SM<BCD :?.
BC'D

Bai tiap 4. Cho tir di¢n ABCD ¢c6 AB=CD =4, AC=BD =5, AD =BC =6.

Khoang céach tir 4 dén mit phang (BCD) la

c. @. il
7
Huéng dén gidgi
Chon C.

Ap dung cong thirc tinh nhanh thé tich khdi tir dién gan déu, ta co

—a +b2+c ( 2—b2+02)(02+b2—cz)

ABCD 6\/— \/

_42+52+62 (42—52+62)(42+52—62)=#.

6\f\/

, BC+CD+DB 4+5+6 15
Taco p= 2 = 2 =?.

e~ 37,

Suyra §,,. \/pp 4(p 5

3V

15\/_
Ta co d(A,(BCD)) ABfC*ZD - 15\/_ 3‘/7472.
A

Bai tap 5. Cho hinh chép SABC c¢6 SA=2, SB=3, SC=4.Gbc

ASB = 45° BSC = 60°,CSA = 90°. Tinh khodng cch d giita hai duong thing S4 va

BC.
A 934 p. W34
17 17
c. V34 p, V34
17 17

Huwéng din gidgi
Chon C




B

Hinh chop S.ABC ¢6 SA=a, SB=b, SC=¢ va ASB=a,BSC = 3,CSA=y

a

bc\/ 2 2 2
:VSAABCZT l—cos” a—cos” f—cos” y+2cosa.cos f.cosy =V, .. =

Ta c6: AC =~/20: BC =+/13.

_§C?+ACT - ABY| |3—42+20-13+62| 3
|

2.

cos(SA,BC) = ISB

254.BC 22413 | 26
Suy ra sin(SA,BC) = %
26
6V 6334

S d(SA,BC) = _
uy ra d ) SA.BC.sin(SA,BC) 17

Bai tap 6. Cho ttr dién ABCD c6 thé tich bang V. Trén AB lay hai diém M, N trén

MN |, PO

CD lay hai diém P, Q thoa man 2 5 1. Thé tich khéi MNPQ dat gia tri

16n nhit bang

AL B. .
8 16
c. . D. ~.
24 32

Huwdng din gidi
Chon C.




Vo =éAB.CD.d(AB, CD).sin(AB,CD):;

Vo = éMNPQd(MN PQ).sin( MN, PQ).

Do d(AB,CD)=d(MN,PQ) va

sin(AB,CD) =sin(MN,PQ) nén

Vieo _ MN.PQ
1% ABCD '

ABCD

Ta co 2—+3 —_— P—Q—Z 6MN PQ

CD AB CD " AB

:>1}6MNQ <—do 2—+3PQ 1
CD AB 2 CD AB

:3.&!5[ Zig1<:_l_:3.yzﬁfg.g_l;

CD AB 24 "V 24"

ABCD

Vay V V — = MaxV 4

MNPQ < 24 MNPQ ﬁ






