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UNG DUNG DAO

HAM DE KHAO SAT VA
VE DO TH| HAM 56

SU PONG BIEN NGHICH BIEN CUA HAM

A.DINH NGHIA

Ky hiéu K 1a khoang hodc doan ho#ic nita khoang. Gia sit ham s6 y = f(z) x4c dinh trén K, ta c6

e Ham s6 y = f(x) dugc goi la déng bién (tdng) trén K néu véi moi x1, 15 € K, 11 < 29 thi

f(x1) < f (22).

e Ham s6 y = f(x) dugc goi 1a nghich bién (gidm) trén K néu véi moi x1, 19 € K, z1 < 2

thi f (z1) > [ (22).

Ham s6 dong bién hodc nghich bién trén K dudc goi chung la don diéw trén K.

Nhan xét.

e Ham s6 f(x) dong bién trén K khi va chi khi

Y
f(w2) = f (1) >0, Va1, 20 € K, 11 # 9.
To — X1 0]
x
Khi d6 dd thi ctia ham s6 di lén ti trai sang phai.
e Ham s6 f(x) nghich bién trén K khi va chi khi
Y
f(w2) = 1 (21) <0, Vay,29 € K, 11 # 9.
T2 — I
@) x

Khi d6 do thi ctia ham s6 di zudng tit trai sang phai.

e Néu f'(x) >0, Vo € (a;b) thi ham s6 f(z) ddng bién trén khoang (a;b).
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e Néu f'(x) <0, Vo € (a;b) thi ham s6 f(z) nghich bién trén khoang (a;b).

Néu f'(z) = 0, Vo € (a;b) thi ham s6 f(z) khéng ddi trén khoang (a;b).

Néu ham s6 f(z) dong bién trén khoang (a;b) thi f'(z) >0, Vz € (a;b).

Néu ham s6 f(z) nghich bién trén khoang (a;b) thi f'(z) <0, ¥z € (a;b).

Néu thay ddi khoang (a;b) bang mot doan hodc nita khoang thi phai b6 sung thém gia

thiét “ham s6 f(x) lién tuc trén doan hoic nita khodng dé”.

B. QUY TAC TiINH DAO HAM

Cho u = u(z), v = v(z) va C la hang sb.
e Tong, hidu: (u+v) =u' £

o Tich: (w) =dvv+vu= (C-u)=C-u.

uw-v—0v-u C

e Thuong: <Z>/ =———— (#0)= (u)l S

v

C-u

u2

/

e Dao ham ham hop: Néu y = f(u) v6i u = u(x) thi v, =3/, - u.

C.CONG THUC TINH PAO HAM HAM PHAN THUC

. _ar+b ,_(ax—l—b)/_ ad — bc
Y= wrd VT \a+rd  (cx+d)?
a b a c b ¢
z? 42 T+
az? + br + ¢ , ar? +br+c\ |d UV a b
R T Y= <a’x2+b’x+c’> - (a/z? + Vx + &)

Ham so cip Ham hgp

(C) =0, (C la hing sb)

(z*) = o - 21 (u) = a-uet
Ot -2 e

- Thac Si: Luong Van Huy - DT: 0909127555 v




- 4 ‘ Page 1. Su dong bién nghich bién ciia ham sé -

/ 1 / Ul
== = >0 == >0
V) = e (>0) Vi) = 5 (> 0)
(sinz) = cosx (sinu) = u' - cosu
(cosz) = —sinz (cosu) = —u' - sinu
1 u
tanz) = —— tanu) = ——
(tanz) cos’ (tanw) cos® u
1 u
tz) = — tu) = —
(cot z) sin?z (cotu) sin? y
(sin"z) =n-sin" 'z - cosw (sin”u) =n - -sin" ' u - cosu
(cos™z) = —n-cos" ' -sinx (cos™u) = —n-u'-cos" tu-sinu
1 1
tan™ r_ -t n—1 .., tan™ I . t n—1,, .
(tan" x) = n-tan" ' x o (tan"u) =mn-u'-tan" "' u —y
1 1
" . tn—l . tn I . tn—l .
(cot™x) necot" e g (cot™u) o' cot™ u g
(ex)’ — ef (eu)’ — et
(a®) =a®-Ina (@) = -a*-Ina
1 u
(nfely =2, @ #0) (nfuly =, (u#0)
/
log o) = == (@#0) | Qog,u)/ = % (u#0)

E.DAO HAM CAP HAI

Dinh nghia
f'(x) = [f'(2)]".
Y nghia co hoc

Gia tbc titc thoi cia chuyén dong s = f(t) tai thoi diem ¢y 13 a (t9) = f (to).

Pao ham cép cao

fO (@) = [f" V@), (neNn>2)

F.MOT SO CHU Y

e Néu ham s6 f(x) va g(x) cting dong bién (nghich bién) trén K thi ham s6 f(z) + g(x) ciing
ddng bién (nghich bién) trén K. Tinh chat nay cé thé khong ding dbi véi hidu f(z) — g(z).
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e Néu ham s6 f(x) va g(x) 1a cadc ham s6 duong va cting dong bién (nghich bién) trén K thi

ham sb f(x) - g(z) ciing dong bién (nghich bién) trén K. Tinh chat nay c6 thé khong ding

khi cdc ham s6 f(x), g(z) khong 1a cac ham s6 duong trén K.

Nhan xét. Cho ham s6 u = u(x) xac dinh véi moi x € (a;b) va u(x) € (c¢;d). Him s6 f [u(z)]

ctung xac dinh véi z € (a;b).

e Gid st hAm s6 u = u(z) dong bién véi x € (a;b). Khi d6, ham s f [u(x)] dong bién véi
x € (a;b) khi va chi khi f(u) dong bién v&i u € (¢; d).

e Gid stt ham s6 u = u(z) nghich bién véi x € (a;b). Khi d6, ham s6 f [u(z)] nghich bién véi
z € (a;b) khi va chi khi f(u) nghich bién véi u € (c;d).

G.QUY TAC XET TINH DON BIEU CUA HAM sO

Gia sit ham so f c¢6 dao ham trén K.

o Néu f/(x) > 0 v6i moi z € K va f/(x) = 0 chi tai mot s6 hitu han diém 2 € K thi

ham s6 f dong bién trén K.

e Néu f/(z) < 0 v6i moi € K va f'(z) = 0 chi tai mot s6 hitu han diém 2 € K thi
ham s6 f nghich bién trén K.
Chu y

ar +b
cx+d’

. d . .
e Do6i v6i ham phan thitc hitu ti y = (x #+ —> thi dau “=" khi xét dau dao
c

ham ¢’ khong xay ra.
e Gidsty= f(z) =ar®+bz*+cx+d= f'(x) = 3az? + 2bx + c.

— Ham s6 dong bién trén R khi va chi khi

fllx) >0, VzeR< | [a=0
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— Ham s6 nghich bién trén R khi va chi khi

f(z) <0, VzeR & a=0

Trudng hop a = b = 0 thi ¢ phai khdc 0. Vinéua =b=c =0 thi f(z) =d c6 do

thi 1a dudng thang song song hofic tring véi Oz nén khéng don diéu.

e Vi dang todn tim tham sé m dé ham sb bac ba don diéu mot chiéu trén khoang cé
do dai bang ¢ ta giai nhu sau
— Buéc 1. Tinh v = f'(z;m) = az? + bz + c.

— Bué6c 2. Ham s6 don diéu trén (z1;25) khi va chi khi 3/ = 0 ¢6 2 nghiém phéan

a#0

biét. Diéu kién tuong duong la (%)
A>0.
— Buéc 3. Ham s6 don diéu trén khoang ¢6 dd dai bang £ khi va chi khi

|21 — 2o| =0 (21 + 22)° —dmyzy = 2 & S — 4P = (2. (%)

— Buédc 4. Gidi () va giao v6i (¥*) dé suy ra gid tri m can tim.

CUC TRI HAM SO

A.DINH NGHIA

Gia st ham f xac dinh trén tdp K va zg € K. Ta noi

o 1, la diém cyrc tiéu ciia ham sé f néu tdn tai mot khoang (a;b) chita 24 sao cho (a;b) C K
va f(z) > f(x0), Vo € (a;b) \ {20}. Khi d6 f(z0) dugc goi la gia tri cyc tidu ciia ham sb

f.
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e 10 la diém cuc dai ctia ham s6 f néu ton tai mot khoang (a;b) chita x4 sao cho (a;b) C K

va f(x) < f(z0), Va € (a;b) \ {xo}. Khi dé f(z) duge goi 1a gid tri cuc dai ctia ham s6 f.

e Diém cuc dai va cuc tieu goi chung la diém cuc tri cia ham so6 va diém cuc tri phai la

mot diém trong tap hop K.
e Gid tri cuc dai va gié tri cuc tiéu goi chung 1 gia tri cyuc tri (hay cuc tri) ciia ham sb.

o Néu zy la diém cuc tri ctia ham s6 thi diém (xo; f(x0)) duge goi la diém cyc tri chia do

thi ham s6 f.
Nhan xét.

e Gia tri cuc dai (cuc ticu) f(zo) néi chung khéng phai 1a gid tri 16n nhat (nhé nhat) ctia ham
s6 f trén tap Z; f(xo) chi 1a gia tri 16n nhat (nhé nhat) ctia ham sb f trén mot khoang
(a;b) nao dé chita xy hay néi cach khéc khi 2 la diém cuce dai (cuc tiéu) sé ton tai khodng

(a;b) chita xy sao cho f(xg) 1 gid tri 16n nhat (nhé nhat) ctia ham s6 f trén khodng (a;b).

e Ham sb f ¢6 thé dat cuc dai hodc cuc tiéu tai nhicu diém trén tap K. Ham s6 c6 thé khong

c6 cuc tri trén mot tap cho trude.

B. MINH HOA DO THI

Véi (a;b) 1a khodng chita tat cd cdc s thuc thoa a < x < b.

Ham s6 f dat cuc dai tai x = ¢ Ham s6 f dat cuc tiéu tai z = ¢
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c.MOT sO PIEM CAN LUU ¥

biém cuc

N Gié tri cuc
dai ctia do Yy

) dai (cuc dai)
thi

ctia ham sb
\ J
Y

.2 CDL.2
biém cuc biém cuc

. N - 2
dai clia ham tiéu cla

Gié tri cuc

ticu (cuc ticu) tidu ctia dd

ctia ham so thi

e Ham s6 f ¢6 cuc tri khi va chi khi ¢ ddi dau.

e Ham s6 f khong cé cuc tri khi va chi khi 3/ khong déi dau.

e Ham s6 f chi ¢6 1 cuc tri khi va chi khi ¢/ déi ddu 1 lan.

e Ham s6 f c6 2 cuc tri (cuc dai va cuc tiéu) khi va chi khi y’ d6i ddu 2 lan.
e Ham s6 f c6 3 cuc tri khi va chi khi ¢/ déi dau 3 lan.

e D6i v6i mot ham s6 bat ky, ham sb chi ¢6 thé dat cuc tri tai nhitng diém ma tai dé dao ham

triét tiéu hoac dao ham khong xac dinh.

’ . A . 2 . 2 N X o2 . 2 X . \ X
Céch goi tén: cuc tri, diém cuc tri ciia ham so, diém cuc tri ciia do thi ham so,. . .

D. DIEU KIEN CAN DE HAM SO PAT CUC TRI

© Dinh |i 2.1. Gii sit ham s6 y = f(x) dat cuc tri tai diém xo. Khi dé, néu y = f(x) cé
dao ham tai diém o thi f'(zy) = 0.
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Cha

<\

Cha y
e Dao ham f/(x) c6 thé bang 0 tai diém x, nhung ham s& f khong dat cuc tri tai diém .
e Ham sb ¢6 thé dat cuc tri tai mot diém ma tai d6 ham sé khong ¢6 dao ham.

e Ham s0 chi ¢6 thé dat cuc tri tai mot diem ma tai dé6 dao ham ctia ham so bang 0 hoac

tai d6 ham s6 khong c6 dao ham.

E. DIEU KIEN B0 BE HAM SO CO CUC TRI

© Dinh li 2.2. Gid stt ham s6 f dat cuc tri tai diém xo. Khi d6, néu ham s6 f ¢6 dao ham

tai diém zo thi f'(xq) = 0.

e Néu f'(x) > 0 trén khodng (o — h; o) va f'(z) < 0 trén khoang (xo; zo + h) thi zy 1a

mét diém cuc dai ciia ham s6 f(z).

e Néu f'(z) < 0 trén khodng (zo — h;x¢) va f'(z) > 0 trén khodng (z¢; o + h) thi zo 1a

mét diém cuc tiéu ctia ham s6 f(x).

F.QUY TAC TiM CUC TRI

Quy tac 1

Dé tim cuc tri clia ham s6 y = f(x) ta thuc hién theo céc bude sau
e Budc 1: Tim tap xac dinh. Tim f'(x).

e Buéc 2: Tim céc diém z; (i = 1;2;...) ma tai d6 dao ham ciia ham s6 bang 0 hodc ham sb

lién tuc nhung khong co dao ham.

e Buéc 3: Lap bang bién thién hodc bang xét dau ctia f/(z). Néu f'(z) doi ddu khi di qua x;

thi ham s6 dat cuc tri tai ;.

© Dinh li 2.3. Gi sit ham s6 y = f(x) ¢6 dao ham cap hai trong khoang (zq — h; zo + h)
voi h > 0. Khi do

o Néu f'(z9) =0, f"(x) < 0 thi ham s6 f dat cuc dai tai .

o Néu f'(zo) =0, f"(x¢) > 0 thi ham s6 f dat cuc tiéu tai x,.
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Tt dinh If trén, ta c6 mot quy tac khac dé tim cuc tri ctia ham sb.

Quy tic 2

Dé tim cuc tri clia ham s6 y = f(x) ta thuc hién theo céc bude sau

e Buéc 1: Tim tap xdc dinh. Tim f'(x).
e Budc 2: Tim céc nghiém z; (i = 1;2;...) cia phuong trinh f'(z) = 0.
e Budgc 3: Tinh f”(z) va tinh f"(x;).

— Néu f"(z;) < 0 thi ham s6 f dat cuc dai tai diém ;.

— Néu f"(z;) > 0 thi ham s6 f dat cuc tiéu tai diém ;.

G.MOT SO DANG TOAN LIEN QUAN DEN CUC TRI HAM SO

Cuc tri cia ham s6 bac ba y = az® + bx? + cx + d, (a # 0)

a) Tim dicu kién dé ham s6 c6 cuc dai, cuc ticu thda man hoanh d6 cho trude.

(a) Bai todn téng quét
Cho ham s6 y = f(z;m) = az® + br? + cx + d. Tim tham s6 m dé ham s cé cuc dai,
cuc tiéu tai z;, z» thoa man diéu kién K cho trude.

Phuong phap

e Budc 1: Tap xac dinh ¥ = R.

Dao ham 3 = 3az? + 2bx + ¢ = Az? + Bz + C.

e Buéc 2: Ham s6 c6 cuc tri (hay c¢6 hai cuc tri, hai cue tri phan biét hay c6 cuc
dai vA cuc tiéu) khi va chi khi 3/ = 0 c¢6 hai nghiém phan biét va ¢/ d6i dau qua
hai nghiém do.

Phuong trinh 3" = 0 ¢6 hai nghiém phan biét khi va chi khi
A=3a#0 a#0

& =m € Y.
Ay = B> —4AC = 4b® — 12ac > 0 b* — 3ac > 0

e BudGc 3: Goi x1, x5 1a hai nghiém ctia phuong trinh ¢y’ = 0. Khi d6

g n B 2b
= To —— —— —= ———
! 2 A 3a
C c
P = = —_— = —,
T A 3a
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e Buéc 4: Bién doi dicu kién K vé dang tong S va tich P. Tt d6 giai ra tim duge

m€@2.

e Buéc 5: Két ludn cdc gid tri m thoa man m € 2, N D.

Chii y N
Ham s6 bac ba y = ax® + br? + cx +d (a # 0). Ta c6 y' = 3ax? + 2bx + c.

e Ham s khong c6 cuc tri khi b2 — 3ac < 0.

e Ham s6 ¢6 hai diém cuc tri khi b2 — 3ac > 0.

AN

(b) Diéu kién dé ham sb cé cac diém cic tri cing dau, trai dau.

e Ham s6 c6 hai diém cuc tri trdi dau khi va chi khi phuong trinh 4/ = 0 c6 hai

nghiém phan biét trai dau, tic la
A-C=3ac<0<ac<0.

e Ham s6 ¢ hai diém cuc tri ciing dau khi va chi khi phuong trinh 4 = 0 ¢ hai

nghiém phan biét cting dau, titc 1a

Ay/>0

C
P:$1$222>0.

e Ham s6 c6 hai diém cuec tri cling dau duong khi va chi khi phuong trinh i/ = 0 ¢6

hai nghiém duong phan biét, tic la

”
Ay/>0
B
S = - 25
T+ X9 A>
C
P = =—>0.
(F T Ty

e Ham s6 c6 hai diém cuc tri cting dau Am khi va chi khi phuong trinh ¢/ = 0 ¢6 hai

nghiém am phan biét, tic la

”
Ay/>0
B
S = -2 <0
T+ X9 A<
C
P = =—>0.
(C T Ty
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T < < Ty

(¢) Tim dieu kién dé ham so ¢6 hai diem cue tri 21, 25 théa man T < Ty <
a < < To.

e Hai diém cuc tri 1, 2o théa man z; < a < x5 khi va chi khi
(1 — a)(zy — a) <0 & 2125 — a(z + 23) + o < 0.
e Hai diém cuc tri 1, 2o thdéa man z; < 9 < o khi va chi khi

(x1 —a)(zg —a) >0 17y — a(zy + 22) + 0 >0
=
T+ T9 < 2«x 1+ T2 < 2a.

e Hai diém cuc tri @1, 2o thdéa man a < x; < x, khi va chi khi

(1 —a)(xe — ) > 0 179 — a(zy + 22) + 0 > 0
=
T+ 13 > 2« T+ x2 > 20

b) Tim dieu kién dé do thi ham so ¢ cdc diem cuc dai, cuc tieu nam cung phia, khéc phia so

v6i mot dudng thing.

(a) Vi trf tuong déi ciia hai diém véi dudng thang.
Cho hai diém A(za;y4), B(zp;ys) va dudng thang A: ax + by + ¢ = 0.

o Néu (axg +bys+c)(azxp +bys +C) < 0 thi hai diém A, B nam vé hai phia so v6i
duong thang A.

e Néu (aza + by + c)(axp + by + C) > 0 thi hai diem A, B nam ciing phia so véi
duong thang A.

(b) Mot s6 truong hop diic biét.

e Céc diém cuc tri ciia d6 thi nam ciing vé mdt phia d6i v6i truc Oy khi va chi khi
ham s6 ¢6 2 diém cuc tri cing dau, tiic 14 phuong trinh 3 = 0 ¢6 hai nghiém phan
biét ciing dau.

o Céc diém cuc tri ctia d6 thi nam cting vé hai phia déi véi truc Oy khi va chi khi
ham sb ¢6 2 diém cuc tri trai dau, ttc 1 phuong trinh ¢/ = 0 ¢6 hai nghiém trai
dau.

e Céc diém cuc tri ciia d6 thi nam cing vé moét phia ddi véi truc Oz khi va chi khi

phuong trinh 3’ = 0 ¢6 hai nghiém phan biét va ycp - yor > 0.
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Dac biét

— Cac diém cuc tri ctia do thi ham s6 nam cung ve phia trén doi véi truc Oz khi

RN . L " .. Jyop-yer >0
va chi khi phuong trinh 3’ = 0 ¢6 hai nghiém phan biét va
Yep +yer > 0.
— Céc diém cuc tri ciia do thi ham sé nam ciing vé phia dudi dbi véi truc Ox khi
NI < A o JYep yer >0
va chi khi phuong trinh ¢/ = 0 ¢6 hai nghiém phan biét va
Yep +yer < 0.

e Céc diém cuc tri ctia dd thi ham sé nam vé hai phia d6i véi truc Oz khi va chi khi
phuong trinh 3’ = 0 ¢6 hai nghiém phan biét va ycp - yor < 0.
(Ap dung khi khong nham duge nghiém va viét duge phuong trinh dudng thing di
qua hai diém cuec tri ctia do thi ham s6).

e Hoiic céc diém cuc tri ciia dd thi ham s6 ndm vé hai phia d6i véi truc Oz khi va chi
khi do thi cat truc Oz tai ba diém phan biét (khi nham dugce nghiém) hay phuong
trinh hoanh dé giao diém f(z) = 0 c¢6 3 nghiém phan biét.

¢) Phuong trinh dutng thing qua céc diém cuc tri.

2 2b2 b A/
o) = (22 o a2 hoie gla) =y L2

/ 2

y-y
3y///

hoiic | g(x) =y —

d) Khoang cach giita hai diém cuc tri ctia d6 thi ham sé bac ba 1a

/ 3 2
AR — 4e + 16¢ v(jie:b 3ac.
a 9a

Cuc tri cia ham sd bac bén trung phuong y = az?* + bx? + ¢, (a # 0)

a) Mot s6 két qua can nhd.

e Ham s6 c6 mot cuc tri khi va chi khi ab > 0.

e Ham s6 c6 ba cuc tri khi va chi khi ab < 0.

. a>0
e Ham so0 c¢6 ding mot cuc tri va cuc tri la cuce tiéu khi va chi khi
b>0.
. a<0
e Ham s0 c¢6 dung mot cuc tri va cuc tri la cuc dai khi va chi khi
b<0.
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a>0

e Ham s0 ¢6 hai cuc tiéu va mot cuce dai khi va chi khi
b < 0.
. . ' S la<0

e Ham s0 ¢6 mot cuc tieu va hai cuc dai khi va chi khi
b> 0.

b) Mot s6 cong thitc tinh nhanh.

. ) . /b A
Gid stt do thi ham s6 y = ax® + bx? + ¢ ¢6 3 diem cuc tri 1a A(0;¢), B (— ~ 5 —4),
a’  4a

/b A R
C ( —5g) —4) tao thanh tam giac ABC thdéa man dieu kién ab < 0.
a a

— b3
Dit BAC = o thi |cot? & = — 2|,
2 a
a>0,b<0 Cong thitic a<0,b>0

_ _\/_b _ \/_b
S 2a’ 2= QCL’ B Y C
/b A
A(Ovc)a B <_ _2617_461)’ T
b A
o(fT-2)

— b3
DPit BAC = « thi | cot? x__7
2 8a

MOT SO CONG THUC GIAT NHANH
LIEN QUAN PEN BA DPIEM CUC TRI CUA PO THI HAM BAC BON TRUNG

PHUONG
STT Dt Kién Cong thitc thoa man
ab<0vac#0
1 Tam giac ABC vudng céan tai A b = —8a
2 | Tam gidc ABC déu b = —24a

3 | Tam gidc ABC c6 dién tich Saapc = Sy | 32a (Sp)> 4+ 0° =0

b°
4 | Tam gidc ABC c6 dién tich maxS) Sy = \/_ 503
a

b2
5 Tam giac ABC' c¢6 ban kinh duong tron | r =

b3
noi tiép raanc = 7o 4lal <1 + \/ 1- 8a>




5 |

2. Cuc tri ham sb -

b —8
6| Tam gide ABC c6 bin kinh duong tron | R == b“
a
ngoai tiép Raapc =R
7 Tam gidc ABC' ¢6 do dai canh BC' =mg | am3 + 2b=0
8 Tam gidc ABC c¢6 dd dai canh AB = | 16a*nZ — b* + 8ab = 0
AC = o
9 | Tam gidc ABC c6 cuc tri B,C € Ox b? = dac
10 | Tam gidc ABC ¢6 3 gdc nhon b(8a+b3) >0
11 | Tam gidc ABC c6 trong tam O b? = 6ac
12 | Tam gidc ABC' ¢6 truc tam O b3 +8a — dac =0
13 | Tam gidc ABC ciing diém O tao thanh | b* = 2ac
hinh thoi
14 | Tam gidc ABC c6 O 1a tam duong tron | b® — 8a — 4abc = 0
noi tiép
15 | Tam gidc ABC ¢6 O la tAm dudng tron | b3 — 8a — 8abc = 0
ngoai tiép
16 | Tam gidc ABC c¢6 canh BC = kAB = | b®-k* —8a(k* —4) =0
EAC
17 | Truc hoanh chia tam gidc ABC thanh | b% = 4v/2|ac|
hai phan c6 dién tich bang nhau
18 | Tam gidc ABC ¢6 diém cuc tri cach déu | % = 8ac
truc hoanh
19 Phuong trinh dudng tron ngoai tiép AABC 1a
24y (2 A+c> +c(2 A) 0
€T —_ —_——_—— —_——_— =
Y b 4a Y b 4a

- Thac Si: Luong Van Huy - DT: 0909127555
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GIA TRI LON NHAT - GIA TRI NHO NHAT

A.DINH NGHIA

a) S6 M dugc goi 1a gid tri l6n nhat clia ham s6 y = f(x) trén 2 néu

flx) < MNze P
dxg € D, f(xo) = M.

Ki hiéu: M = max f(z).

b) S6 m dugc goi 1a gid tri nhé mhdt ctia ham s6 y = f(z) trén 2 néu

flx)>mVereP
dxg € D, f(xo) = m.

Ki hiéu: m = min f(z).

B. PHUONG PHAP TiM GTLN, GTNN

a) Tim GTLN, GTNN cia ham s bang cdch khdo sdt truc tiép

e Tinh f/(x) va tim cc diém xy, Ty, ..., 2, € £ ma tai d6 f'(z) = 0 hodc ham s khong

c¢6 dao ham.

e Lap bang bién thién va tit d6 suy ra gia tri 16n nhat, gid tri nhé nhat ctia ham s6.
b) Tim GTLN, GTNN ctia ham sé trén mot doan

e Ham s6 da cho y = f(z) x4c dinh va lién tuc trén trén doan [a; b].

e Tim cédc diém 1, 7y, ..., T, trén khodng (a;b), tai d6 f'(x) = 0 hodic f'(z) khong xdc
dinh.
e Tinh f(a), f(z1), f(22), - fan), £(D).
o Khi d6
— Inax f(v) = max{f(21), f(z2),... f(2a). f(a), [(D)}-
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— min f(x) = min{f(z1), f(@2),..., f(zn), f(a), f(b)}.

z€[a;b]

¢) Tim GTLN, GTNN ctia ham s6 trén mét khodng

e Tinh dao ham f'(z).

e Tim tit ci cic nghiém x; € (a;b) ctia phuong trinh f/(x) = 0 va tat ci cac diém

a; € (a;b) lam cho f'(z) khong xéc dinh.

e Tinh A = lim f(z), B= lim f(z), f(z;), f(a).

T—a z—b~
e So sanh cdc gid tri va két luan M = max f(z), m = min f(z).
x€(a;b) xz€(a;b)
Luu y: Néu gid tri lén nhat (nhé nhat) la A hodc B thi ta két lugn ham so6 khong cd gid tri

I6n nhat (nhé nhat).
Chu y:

e Néu y = f(x) dong bién trén [a;b] thi min f(z) = f(a) va max f(x) = f(b).

x€asb] xz€a;b|

e Néu y = f(x) nghich bién trén [a;b] thi min f(z) = f(b) va max f(z) = f(a).

z€a;b] x€a;b]
e Ham s6 lién tuc trén mot khodng ¢ thé khong cé gid tri 16n nhat, gid tri nhé nhat trén

khoang dé.

e Ngoai phuong phap diing dao ham, ta cé thé diing phuong phap MGT, BPT, ...

PUONG TIEM CAN CUA HAM SO

A.DPUONG TIEM CAN NGANG

Cho ham s6 y = f(z) x4c dinh trén mot khodng vo han (1a khoang dang (a; +00), (—oo; b) hoic
(—00; +00)). Pudng thing y = y, la dudng tiém cin ngang (hay tiém cin ngang) cila dd
thi ham s6 y = f(z) néu it nhit mot trong cdc dieu kién sau duge théa man: ll){li_l f(z) = o,

lim f(z) = yo.

T——00
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B. DUONG TIEM CAN PUNG

DPuong thing = = z, dudc goi 14 dudng tiém cin ding (hay tiém can diing) ctia do thi ham s6

y = f(z) néu {t nhat mot trong cdc diéu kién sau thoéa man:

lim f(z) = 400, lim f(x) = —o0, lim f(z) = —o0, lim f(z) = +oo.

I—>$0 x—>:1}0 CC—)CEO Z‘—).TO

R b
Luwu 4: V6i do thi ham phéan thic dang y = a:ci—d (¢ # 0;ad — be # 0) ludn c6 tiém cén ngang
cr
) . d
la duong thang y = AR tiém can dung la duong thang r = ——.
c c

?

AV
-

KHAO SAT SU’ BIEN THIEN VA VE DO THI
SO

A.KHAO SAT MOT SO HAM DA THU'C VA HAM PHAN THU'C

Ham s6 bac ba y = az® + bz + cx + d (a # 0)

e Tap xéc dinh ¥ = R.
e Tinh 3 va cho v/ =0 (v = 0 hodc ¢é 2 nghiém, hodac cé nghiém kép, hodc vé nghiém).
e Tinh cédc gi6i han wgr&o f(z), xll)r_noo f(z).

e Lip bang bién thién

— Néu ¢ = 0 ¢6 hai nghiém thi dau cta y' 13 “Trong trai ngoai ciing”.

— Néu i = 0 ¢ nghiém kép thi dau ctia y' 1a “Ludn cung dau véi a” (ngoai tri tai

nghiém kép).

— Néu ¢ = 0 v6 nghiém thi ddu ctia y' 13 “Ludn cting dau vé&i a”.
o Két ludn

— Tinh chat don diéu ctia ham sb.

— Cuc tri ctia ham sb.
e Tinh y” va cho 3" = 0. Suy ra diém udn.

e Chon hai diém dic biét ctia dd thi.
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e Vé d6 thi: Do thi ¢6 6 dang va luén luén nhan diém udn lam tam ddi xtng.

C6 2 /3 . o
nghiém \/ \/

C6 nghiém

kép 6 x O \ x

Vo6 nghiém 0

Ham s6 trung phudng y = axz* + b2z? + ¢ (a # 0)

e Tap xéc dinh ¥ = R.

Tinh ¢’ va cho y/ = 0 (v = 0 hodc c¢é 3 nghiém, hodc ¢ 1 nghiém va luén cé nghiém x = 0).

T—r—00

Tinh cac gi6i han 31)111 f(z), lim f(z).

Lap bang bién thién: “Bén phdi bing bién thién, ddu y' luén luon cung dau vdi a”

e Két luan

— Tinh chat don diéu ctia ham s6.

— Cuec tri cia ham so.

Chon hai diém dac biét ctia do thi.
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e V& do thi: Do thi c6 4 dang va luén luén nhan truc tung lam truc déi xtmg.

y =0 a>0 a <0

w |\ [ el A
s mvaARvAR N ENZE

S R R A R
e | D ]

. L b
"W Ham s6 nhat bién y — ““0 (¢ £0,ad — be # 0)
cr +d
N d
e Tip xdc dinh Z =R\ {—C}.
ad — be

e Tinh ¢/ = (v hodc luon duong, hodc luon am Vr € 2)

(cx + d)?

e Dudng tiém can:

— Tiém cén ding 14 duong thing z = —— vi  lim y=...va lim y=...
S s(-4)°

2 a a
— Tiém can ngang la duong thang y = — vi lim y = —.
: : c z—+oo c

, . a
e Lap bang bien thién: Nhé: Khi z — +oo thi y — —.
c
“Nghia la hai dau bing bién thién la gid tri cia tiém can ngang”
e Két ludn

— Ham s6 luén dong bién trén timg khodng xac dinh hoac ludn nghich bién trén ting
khoang xac dinh.
— Ham s6 khong c¢6 cuc tri.
e Chon it nhat 4 diém dac biét ctia dd thi va phai ¢6 toa dd giao diém ctia d6 thi véi 2 truc

toa do.

e V& d6 thi: D5 thi ¢6 2 dang va luon luén nhén giao diém cta hai dudng tiém can lam tAm

ddi xtmg.
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B. DO THI HAM CHUA DAU TRI TUYET BOI
Dang 1: (C"): y = f(|«])

Tt do thi (C): y = f(z) suy ra do thi (C'): y = f(|z|).

) f(z) khi xz >0
Tacoy = f(|z|) =
f(=z) khiz <0
vay = f(|z|) 1& ham chan nén do thi (C") nhan Oy lam truc déi xiing.

O Cach veé (C') tu (O):
e Gitt nguyén phan do thi bén phai Oy ctia do thi (O): y = f(x).

e B¢ phan dd thi bén trai Oy cta (C), 1y dbi xtng phan dd thi duoc gitt qua Oy.

Chd §
v q
4”" |
0| | |
1 3 @ -3 -1'1 3 =
(C):y=a®—6x+9z (C"): y = |x]? — 622 4 9|z|

Dang 2: (C"): y = |f(2)]
Tt do thi (C): y = f(z) suy ra do thi (C'): y = | f(2)].
f(z) khiz >0
Tacéylf(w){
~ f(z) khiz <0

0 Céach vé (C") tit (O):
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e Giil nguyén phan do thi phia trén Ox ctia do thi (C): y = f(x).

e B¢ phan dd thi phia dudi Oz ciia (C), 14y dbi xting phan dd thi bi bé qua Oz.

Chii y N
Y
[Nol | )
N \i/l x :
1 x

(C):y=a%+ 322 -2 (C"): y=|2% + 322 — 2|

N\
N

Vé6i dang y = | f(|z|)| ta 1an lugt bién doi 2 do thi y = f(|z]) va y = | f(z)|.

Dang 3: (¢): y = |u(z)] - v(z)

Tit do thi (C): y = u(z) - v(z) suy ra do thi (C'): y = |u(z)] - v(z).
u(x) - v(x) khi z >0

Ta c6 y = |u(x)] - v(x) =
—u(z)-v(z) khiz<D0.
[0 Cach ve (C') tu (O):

e Gliti nguyén phan do thi trén mién u(z) > 0 ctia do thi (C): y = f(x).

e B4 phan do thi trén mién u(z) < 0 ctia (C), 14y dbi xttng phan dd thi bi bé qua Oz.
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Y ‘
012
-1 j T
\ i
-2 |
z—2
Ch:y=

Cho ham s6 y = f(z) ¢6 do thi (C), hay suy ra do thi (C’) ciia ham s6.

STT] PO THI CACH VE
1 y= f(—x) Lay dbi xting (C) qua truc Oy.
2 y=—f(x) Lay déi xtmg (C) qua truc Oz.

e (it nguyén phan do thi bén phai Oy.

3| v=1/(z]) e B6 phan db thi bén tréi Oy cia (O),
14y dbi xttng dd thi duoc gitt qua Oy.

e (it nguyén phan do thi phia trén Ox
ctia do thi (C).

1 y=1@) e B¢ phan do thi phia dusi Ox ctia (C),
14y dbi xitng phan d6 thi bi bd qua
Ozx.
Ta lan lugt bién ddi 2 d6 thi y = f(|z]) va
5 | y=I[f(=])

y = [f(2)]
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e (it nguyén phan do thi trén mién
u(r) > 0 ctia do thi (C).
y = lu(z)] - v(z)

6 W6 (C): y = ulz) - ola) e Béphan do thi trén mien u(x) < 0 ctia
(C), 1Ay dbi xttng phan do thi bj
b6 qua Ozx.

7 y=f(x)+p,p>0 Tinh tién do thi (C) 1én trén p don vi.

8 y=f(x)—p,p>0 Tinh tién do thi (C) xudng dudi p don vi.

9 y=f(x+q),q>0 Tinh tién do thi (C) sang trai ¢ don vi.

10 | y=fx—¢q),q¢>0 Tinh tién do thi (C') sang phai ¢ don vi.

11 | y=flkx), k>1 Co do thi (C) theo chiéu ngang hé s6 k.

12 | y=flkx),0<k<1 Gian d6 thi (C) theo chiéu ngang hé s6

P>~ | —

13 | y=kf(z), k>1 Gian do thi (C) theo chieu doc hé s6 k.

N N 1
4 [ y=kf(z),0<k<1 Co do thi (C') theo chieu doc hé so T

Vé do thi y = |f(x)|.

1| y=I[f@)]+m

Tinh tién do thi lén hodc xudng m don

Vi.

Tinh tién do thi sang phai hoic sang

trai m don vi.
16 | y=|f(z+m)
Sau d6 vé nhu cach vé do thi y =

| (@)]-
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e Tinh tién do thi sang phai hodc sang

trai m don vi.
17|y = [f(a] +m)]
e Sau d6 vé nhu cdch vé do thi y =

f(l])-

e V& do thiy = |f()].

18 | y=|f(lz+m]) e Tinh tién do6 thi sang phai hodc sang

trai m don vi.

TIEP TUYEN

A.TIEP TUYEN

Cho ham s6 y = f(x), c6 dd thi (C). Phuong trinh tiép tuyén ctia do thi (C) tai diem Mo (zo; yo) €
(C) ¢6 dang
y = f'(wo)(x — x0) + yo

Trong d6 diem My (xo;y0) € (C) duge goi la tiép diem véi yo = f(zo) va k = f'(x0) 1a hé sb gbc

cua tiep tuyen.

B} Dang 6.1. Tiép tuyén clia do thi ham s6 y — () tai diém M (zy; )

a) Viét phuong trinh tiép tuyén ctia do thi tai diém c6 hoanh d6 bang sb a.
o Goi M(z¢;y0) la tiép diém.
e Ta céd xy = a.

e Thé z = a vao phuong trinh y = f(x) tim dugc yo.

Tinh f'(x) tit d6 tinh f'(zo).

Phuong trinh tiép tuyén ctia (C) tai diém M cé dang

Y—Y = f/(mo)(x — T9).
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b) Viét phuong trinh tiép tuyén ctia dd thi ham sb tai diém c6 tung d6 bang sb b.
o Goi M(xg;y0) la tiép diém.
e Ta co yy=0>.
e Thé y = b vao phuong trinh y = f(z) tit d6 tim dugc .
e Tinh f'(x), tit d6 tinh duge f’(xzo).

e Phuong trinh tiép tuyén ctia (C) tai diém M cé dang

y —yo = f'(20)(z — x0).

B Dang 6.2. Tiép tuyén ciia d6 thi ham s6 y = f(z) c6 phuong cho truéc

a) Viét phuong trinh tiép tuyén ctia do thi (C) biét hé s6 goc clia tiép tuyén bang k.

o Goi M(z¢;y0) la tiép diém.

e Hé s6 goc tiép tuyén bang k nén f'(zy) = k. Giai phuong trinh nay ta tim dugc

Zo.
e Thé x( vao phuong trinh y = f(z) tim dudc .

e Phuong trinh tiép tuyén ctia (C) tai diém M cé dang
y —yo = f'(20)(x — o).

b) Viét phuong trinh tiép tuyén ciia do thi (C') biét tiép tuyén song song véi duong thang
d: y=axr+b.

o Goi M(z¢;y0) la tiép diém.

Tiép tuyén song song véi dudng thang d: y = az + b = f'(2) = a. Giai phuong

trinh nay tim dugc xy.

Thé x¢ vao phuong trinh y = f(z) tim duge yp.

Phuong trinh tiép tuyén ctia (C) tai diém M cé dang

y —yo = f'(20)(z — x0).
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Nhé kiém tra tinh song song ciia tiép tuyén can tim dé loai b dap an.

¢) Viét phuong trinh tiép tuyén ctia d thi (C') biét tiép tuyén vudng goc véi dudng thang
d:y=axr+b.

o Goi M(xg;y0) la tiép diém.

. . 2 1
Tiep tuyen vuéng géc v6i duong thang d: y = ax + b = f'(z9) = ——. Giéi
a

phuong trinh nay tim dugc xg.

Thé x¢ vao phuong trinh y = f(z) tim duge yp.

Phuong trinh tiép tuyén ctia (C) tai diém M cé dang

y —yo = f'(w0)(x — 20).

Bl Dang 6.3. Tiép tuyén cia do thi ham s6 y = f(z) di qua diém M (z¢; o)

e Goi k 13 hé s6 goc cua tiép tuyén d di qua M.

Suyrad:y—yo=k(r—x9) & y=kx—kxg+yo ().
. flx)=kx —kxg+1yo (1
d tiép xiic véi (C) & (@) otw (1) nghiém.

f@)=k (2)

e Thé (2) vao (1) dé tim hoanh d tiép diem x.

e Thé z vao phuong trinh (2) dé tim hé sé géc k ciia tiép tuyén.

e Thé k vao (*) tim duge phuong trinh tiép tuyén di qua M.

\

Khi thé (2) vao (1) va gid sit thu duge phuong trinh an s6 1a z va duge ki hiéu la (1).

Thong thusng phuong trinh (1) c6 bao nhiéu nghiém z thi qua diém M cé bay nhiéu
tiép tuyén dén do thi (C). Tit d6 ta gidi quyét duge bai todn “Tim diéu kién dé qua M

c6 thé vé duge dén do thi (C) n tiép tuyén”.

N\
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B. DIEU KIEN TIEP XUC

Cho hai ham s6 (C):

= f(x) va (C"): y = g(x). D6 thi (C) va (C”) tiép xtc v6i nhau khi va chi

)
flz)=g(x

khi hé phuong trinh { (@) (@) ¢6 nghiém.
f

TUONG GIAO PO THI
Cho ham s6 y = f(z) ¢6 do thi (C}) va y = g(z) c6 do thi (Cy).
Phuong trinh hoanh dé giao diém ciia (Cy) va (Cy) 1a f(z) = g(x) (1). Khi dé

a) S6 giao diém ctia (C}) va (Cy) bang s6 nghiém clia phuong trinh (1).

b) Nghiém z ctia phuong trinh (1) chinh 1 hoanh d6 x( ciia giao diém .

c¢) Dé tinh tung dd v, ctia giao diém, ta thay hoanh d6 x¢ vao y = f(z) hodc y = g(x).

d) Diem M (zo;y0) 1a giao diem ctia (C1) va (Cy).

(S = 2 P X b < N 2
Bi Dang 7.4. Tim tham s6 dé da thi (C): y = g cat duong thang (d)

cx +d

tai hai diém

a) Lap phuong trinh hoanh d6 giao diém ctia (C) va d ta dugc
g@)=ax® +bx+c=0 (¥) (x# x0)

v6i 7o 1a nghiém clia mau so.

b) d cat (C) tai hai diém phan biét khi va chi khi phuong trinh (%) c6 hai nghiém phéan
a#0

biét khac zo & { A>0 = tim dugc tham sb.

g(zo) #0

- Thac Si: Luong Van Huy - DT: 0909127555
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B Dang 7.5. Tim tham s6 dé do thi (C): y = az® + bz® + cz + d cat dudng

thang (d) tai 3 diém

a) Lap phuong trinh hoanh d6 giao diém ctia (C) va (d) goi 1a phuong trinh (x).

b) Nham nghiém ctia phuong trinh (%) va gid st dugec mot nghiém x = 2. Ding so dd

Hoocner dé bién doi phuong trinh (x) vé dang

B = g
(z —z0)(az®+ Bz +C) =0& ’
g(z)=az®+Bz+C=0 (1).

c) (d) cat (C) tai 3 diém phan biét khi va chi khi phuong trinh (%) c6 3 nghiém phan biét

a#0
khi va chi khi phuong trinh (1) c¢6 hai nghi¢m phan bi¢t khac 2o & ¢ A, >0 =
9(xo) # 0
tim dugc tham sb.
Cha y N

Cong thitc tric nghiém

a) Do thi ham s6 y = ax® + ba® + cx + d cat truc hoanh tai 3 diém c6 hoanh do lap

thanh cap s6 cong khi va chi khi phuong trinh az?® 4+ b2? + cx +d = 0 ¢6 1 nghiém
b

la x = ——.
ax %

b) Db thi ham s6 y = az® 4+ bx? + cx + d cat truc hoanh tai 3 diém c6 hoanh do lap

thanh cap s6 nhan khi va chi khi phuong trinh az?® 4 bz? 4 cx +d = 0 c6 1 nghiém
d
3

la x=—4/—.
a

B Dang 7.6. Tim tham s6 dé db thi (C): y = az® + ba> + ¢ cat dudng thang

d tai 4 diém

a) Lap phuong trinh hoanh do giao diém ctia (C) va d gia st duge phuong trinh

Az*+ Br*+C =0 (x).

b) Dit t = 2%,¢t > 0. Phuong trinh (%) tré thanh At> + Bt + C =0 (1).

- Thac Si: Luong Van Huy - DT: 0909127555
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c) dcat (C) tai 4 diém khi va chi khi phuong trinh (%) c6 4 nghiém khi va chi khi phuong

A>0 g B
trinh (1) ¢6 hai nghiém duong < ¢ S > 0 véi C’A tit day tim dugc tham s6.
P>0 A
Cha y AN

Cong thiic trac nghiém

Db thi ham s6 y = ax? + baz? + ¢ ¢t truc hoanh tai 4 diém c6 hoanh do lap thanh cip
s6 cong <> phuong trinh (1) c¢6 hai nghiém duong phan biét 1, o (¢, < t;) thda man
(bZ —4ac >0

b

——>0
a

C
->0
a

k9ab2 = 100a°c.

ty =9 &

B Dang 7.7. Tim tham s6 dé do thi (C): y = f(z) cat dudng thang d tai n

diém théa man tinh chat nao dé

a) Lap phuong trinh hoanh d9 giao diém ciia (C) va d 1a g(z) =0 ().
b) d cat (C) tai n diém < phuong trinh () c6 n nghiém.

c¢) Khi d6 hoanh do giao di¢m ctia (C) va d 1a nghiém ctia phuong trinh () va thong

thuong st dung dinh 1f Vi-ét dé giai quyét bai toan.

PIEM DAC BIET CUA HO PUONG CONG

A.BAI TOAN TiM BIEM CO BINH CUA HO DUONG CONG

Xét ho dudng cong (C,,) c6 phuong trinh y = f(x,m), trong dé f 1a ham da thiic theo bién z véi

m 1a tham sb sao cho bac ctia m khong quéa 2. Tim nhiing diém c¢b dinh thudc ho dudng cong khi
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m thay doi.

Phuong phap giai

e Buéc 1: Dua phuong trinh y = f(x,m) vé dang phuong trinh theo an m c6 dang sau:
Am + B = 0 hoac Am?+ Bm + C = 0.

. A=0
e Budc 2: Cho cac hé s6 bang 0, ta thu ducc hé phuong trinh va gidi hé phuong trinh
B=0
A=0
hoac ¢ B=0
C=0.

e Buéc 3: Két luan

— Néu hé v6 nghiém thi ho dudng cong (C,,) khéng cé diem c6 dinh.

— Néu hé c6 nghiém thi nghiém dé 1a diém cb dinh ctia (C,,)

B. BAI TOAN TiM DIEM CO TOA PO NGUYEN

P
Cho duong cong (C') ¢6 phuong trinh (Cy,): y = 0
toa dd nguyén cua duong cong?

Phuong phap giai

. . P(z) k
e BuGc 1: Thuc hién chia da thic, ta duge: y = = H(z) + ——, trong d6 H(z) la da
o) ~ 1O g o
thic va k£ € R.
e Bubc 2: ycZ < H(x) + i €ls i €Z < ke Uk)
' Q(x) Q(z) '

e Buéc 3: Lan lugt cho Q(x) nhéan gid tri (1a cdc udc cia k) dé tim gid tri clia = va y tuong

ung.

Nhitng diém c6 toa d6 nguyén 1a nhitng diém sao cho ca hoanh do va tung do cta diém dé

deu la so nguyeén.

C.BAI TOAN TiM DIEM CO TiINH CHAT A1 XUNG

Cho dudng cong (C) c6 phuong trinh y = f(x). Tim nhiing diém ddi xttng nhau qua mot diém,

qua dudng thing.
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a) Bai toan 1: Cho do thi (O): y = Ax® + Ba® + Cx + D trén do thi (C) tim nhing cap diém

dbi ximg nhau qua diém I(z;y)
& Loi gidi.
Phuong phap giai

e Goi M(a; Aa® + Ba® + Ca + D), N(b; Ab® + Bb? + Cb + D) 1a hai diém trén (C) dbi
xting nhau qua diém 1.
a+b=2x;
e Taco
A(a® + %) + B(a* + b*) + C(a + b) + 2D = 2y;.
e Giai hé phuong trinh tim duge a, b tu d6 tim duge toa d6 M, N.

l

b) Bai todn 2: Cho d6 thi (C): y = Az® + Bz? + Cz + D. Trén do6 thi (C) tim nhing ciap
diém d6i xing nhau qua gbc toa do.
& Loi gidi.
Phuong phap giai

e Goi M(a; Aa® + Ba® + Ca + D), N(b; Ab> + Bb? + Cb + D) 1a hai diém trén (C) dbi
xiing v6i nhau qua goc toa do.
a+b=0
e Taco
A(a® +b*) + B(a* + b*) + C(a +b) + 2D = 0.
e Giai hé phuong trinh tim ducgc a, b tu dé tim duge toa do M, N.

O

c¢) Bai toan 3: Cho do thi (C): y = Az + Ba? + Cx + D trén do thi (C) tim nhing cip diém
d6i xting v6i nhau qua duong thang (d): y = Ayx + By.
& Loi gidi.
Phuong phap giai

e Goi M(a; Aa® + Ba® 4+ Ca + D), N(b; Ab> + Bb?> + Cb + D) 1a hai diém trén (C) dbi
xting véi nhau qua duong thing d.

I € (d) .
e Ta co: (v6i I 1a trung diem clia M N va U4 1a véc-to chi phuong ctia
MN -d4=0

dudng thang (d)).
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e Giai hé phuong trinh tim duge M, N.

D. BAI TOAN TiM DIEM DAC BIET, KHOANG CACH

Ly thuyét

e Cho hai diém A(z1;11), B(xe;y2), suy ra AB = \/(xg —1)2+ (y2 — 11)>

e Cho diém M (z¢; o) v dudng thang (d): Az + By + C = 0, thi khoang cach tit M dén d 1a
h(M; (d)) =
WD) = o e

ar+b . Sl en A A ) .
e Cho ham phén thitc: y = tiep tuyen tai M cat tiém can diing, tiém can ngang 6 A va B
cr

+d
Nd 2 2

thi M la trung diem ctia AB. Khi d6 di¢n tich cia AM AB khéng doi: Syap = — |ad — be].
c

Cac bai toan thudng gap

ar +b T N .
cx+d(c7é0’ ad — be # 0) ¢6 do thi (C'). Hay tim trén (C)

hai diém A va B thudc hai nhanh dd thi ham s6 sao cho khodng cidch AB ngin nhat.

a) Bai toan 1: Cho ham s6 y =

& Loi gidi.

Phuong phap giai

d . R . s
e () c6 tiém can diing © = —— do tinh chat ctia ham phén thitc, do thi nam ve hai phia
c
clia tiém cén ding. Nén goi hai s6 o, 3 1a hai sé duong.
. d d
e Néu A thudc nhanh tréi: 24 < —— =24 =—— —a < ——; ya = f(xa).
c c c
P . , . d d d
e Néu B thudc nhanh phéi: 25 > —— =g =——+ > ——; yp = f(zp).
c c c

San d6 tink: AB? = (a5 = 2.4) + (g — y)* = (0 + B) = (a = )]’ + (un = ya)”

Ap dung bat ding thicc Co-si sé tim ra két qua.

O

b) Bai toan 2: Cho dd thi ham s6 (C) c6 phuong trinh y = f(x). Tim toa dd diém M thudc
(C) dé tong khoang cach tit M dén hai truc toa do6 nho nhat.
& Loi gidi.

Phuong phap giai
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e Goi M(x;y) va tong khodng cach tit M dén hai truc toa do 1a d thi d = |z| + |y].

e Xét cdc khodng céach tit M dén hai truc toa d6 khi M nam & céc vi trf dic biét: Trén

truc hoanh, trén truc tung.

e Sau dé xét tong quat, nhing diém M c6 hoanh d6, hoiic tung d6 16n hon hoanh dd

hodc tung do ctia M khi nam trén hai truc thi loai di khong xét dén.

e Nhimg diém con lai ta dua vé tim gid tri nhé nhat cta d6 thi ham sb dua vao dao ham

roi tim duge gia tri nho nhat cla d.
U

c¢) Bai toan 3: Cho do thi (C) c¢6 phuong trinh y = f(z). Tim diéem M trén (C) sao cho
khodng cach tit M dén Oz bang k 1an khodng cach tit M dén truc Oy.

& Loi gidi.
. y=kz flx) =ka
Theo dau bai ta c6 |y| = k|z| < = O
y=—kx f(z) = —kz.
<. , X SN Z , N axr + b
d) Bai toan 4: Cho do thi ham so (C') ¢6 phuong trinh y = f(z) = p—— (¢ #0, ad—bc #0)
tim toa do diém M trén (C) sao cho do dai M ngan nhat (véi I 1a giao diém hai tiém
can).
& Loi gidi.

Phuong phap giai

P d .. . a
e Tiém can ding r = ——; tiém can ngang y = —.
c c

. d a
e Ta tim dugc toa do giao diem [ <—; ) cua hai tiém cén.
¢’ c

R d\? 2
o Goi M (zp;9a) 18 diém can tim thi TM? = (xM—i-) (yM—g) =g (zm)-
c c

e St dung phuong phap tim GTLN - GTNN cho ham s6 ¢g dé thu dude két qua.
O

e) Cho dd thi ham s6 (C) c6 phuong trinh y = f(x) va duong thing (d): Az 4+ By + C = 0.
Tim diém [ trén (C) sao cho khoang cach tit I dén d la ngan nhat.
& Loi gidi.

Phuong phap giai
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e Goi I € (C), suy ra I (zo;y0) va yo = f(zo).

. |A$0+By0+0|

e Khdo sit ham s y = g() dé tim ra diém I thoa man yéu cau.

e Khoang cach tit I dén d 1a g(zo) = h(I; (d))

- Thac Si: Luong Van Huy - DT: 0909127555




MU VA LOGARIT

LOY THUA VA HAM SO LOY THUA .

Liiy thira v6i s6 mii nguyén

Cho n 1& mot sb nguyén duong.

Vé6i a 1a mot s6 thuc tiuy v, liiy thita bac n clia a 1a tich ctia n thita sb a.
a"=ga-a----aq (nthiasd a).

1

Véia#0thia=1,a"=—.
an

Ta goi a 1a co s6, n 14 s6 mil. Va cht y 0° va 07" khong c6 nghia.

M6t sb tinh chat cha lily thira

Gia thiét rang mdi biéu thiic duge xét déu c¢6 nghia

° aa.aﬁzaa+5 [ ] (aa)ﬂzaaﬂ Y (g>a:£
b b>
a® b —a_ a\ o
* e o (ab)" =" b - (2) -0
e Néua>1thia®>d’ < a>p e NbuO<a<lthia®>d’=a<p

e Vii0O<a<bthia™ <b™ < m>0 e Vii0<a<bthha™” >t < m<0
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Chi y

e Céc tinh chat trén ding trong trudng hop sé mi nguyén hoic khéng nguyén.

e Khi xét liiy thita v6i s6 mi 0 va s mil nguyén am thi co sé a phai khéc 0.

N e Khi xét liiy thita véi s6 mii khong nguyén thi ¢ s6 a phai duong.

B.PHUONG TRINH XN = B

Ta c6 két qua bién ludn s6 nghiém phuong trinh 2™ = b nhu sau

TH.1 Khi n 1&: Véi moi s6 thuc b phuong trinh c6 nghiém duy nhat.
TH.2 Khi n chan:
a) V6i b < 0, phuong trinh v6 nghiém.

b) V6i b = 0, phuong trinh ¢6 mot nghiém x = 0.

c¢) Vé6i b > 0, phuong trinh c6 hai nghiém trai dau, ki hiéu gia tri duong 1a /b, gid tri Am

1a — /0.

C.MOT SO TiNH CHAT CUA CAN BAC N

Vé6ia, b e R vaneN* taco

o Va2 = |al.

2n+41 a 2n+\1/a
n+\/;_ W,Vazo,b#o

o "Watl =q. Vam = (Ya)",Ym € Z, a > 0.

o Xab= %/|a| - %/|b|, Yab > 0. Y Wa = "/a, Ym € N* a > 0.

Néu 2 = Lt ar = /a9, Ym e N*,
n m
Vp,q € Z, a > 0.

o "Wab= *Va- "N/b, Va,b.

/@ = N s 0p 20,

b %/

D.HAM SO LUY THUA
- Thac Si: Luong Van Huy - DT: 0909127555 v

Va= "/a™, a >0, me N
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Khai niém

Xét ham s6 y = 2 véi a 1a s6 thuce cho trude.

Ham s6 y = 2%, v6i a € R dudc goi 14 ham s6 liiy thira.

Cha y N
Tap xéc dinh ctia ham s6 liiy thita y = 2 tuy thudc vao gié tri clia a.
e V6i a nguyén duong th1 & = R.

e V6i a nguyén am hodc bang 0 thi 2 =R\ {0}.

e V6i a khong nguyén thi 2 = (0; +00).

Khao sat ham sb liiy thira

Tap xac dinh ctia ham s6 liy thita y = 2® luén chita khodng (0; 4+-00). Trong trudng hop tong

quét, ching ta khdo sat ham s6 y = 2 trén (0; +00).

y=x%a>0 y=2a2%a<0




S

1. Liy thira va ham sb liiy thira -

a) Téap xac dinh (0; +00).
b) Su bién thién
oy =a- -2t >0,Vr>0.

e Gidi han dac biét

x—0t Tr— 400

e Tiém can:

khong c6.

c¢) Bang bién thién

lim 2% =0, lim 2° = +occ.

a) Tép xac dinh (0; +00).
b) Su bién thién
oy =a- 21 <0, Vo> 0.

e Gidi han dac biét

lim 2% = +o0, lim x% = 0.
r—0t+ T—>+00

e Tiém can: Ox la tiém can ngang;

Oy la tiém can ding.

c¢) Bang bién thién

z 0 +00 z 0 +00
Y + Y —
+00 +00
Y _— Y T~
0 0
D6 thi ham s6
Y a>1
a=1
0<ax<l
14 a=0
i a<0
19) 1 T

D5 thi ham s6 y = 2 luon di qua diém I(1;1).

E. KHAO SATHAM $& MU v = A*

y=a",a>1

y=a",0<a<1

- Thac Si: Luong Van Huy - DT: 0909127555




K <0 | >

1. Liy thira va ham sb liiy thira -

a) Tap xac dinh R.
b) Su bién thién
e Yy =a"-Ina>0, V.

e Gidi han dac biét

lim a® =0, lim a” = +o0.
r——00 T—r+00

e Tiém can: Oz la tiém can

ngang.

c¢) Bang bién thién

T | —00 0 1 +00
Y +
_, too
vyl
0

d) D6 thi nhu hinh sau

a) Tap xac dinh R.
b) Su bién thién
e Y =a"-Ilna <0, V.

e Gidi han dac biét

lim a® = +o00, lim a® =0.
T—r—00 T——+00
e Tiém can: Oz la tiém can

ngang.

c¢) Bang bién thién

T |—00 0 1 +00
/

- Thac Si: Luong Van Huy - DT: 0909127555
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LOGARIT

A.KHAI NIEM LOGARIT

Cho hai s6 duong a, b v6i a # 1. S6 « thoa méan dang thic a® = b dugc goi 14 16garit co s6 a cia

b va dudgc ki hiéu la log, b.

‘azlogab@ao‘:b.

Khong c¢6 16garit ctia s6 am va so 0.

B.BANG TOM TAT CONG THU'C MU - LOGARIT THUONG GAP

x ’ o X “A 2 R X - 2 , ’ ~ 7 2
V6i cac dieu kién cia a, b, ¢ dé moi biéu thitc ¢6 nghia, ta ¢6 bang sau

Cong thitc ma Cong thic logarit




I

3. Bat phuong trin

h mii va logarit -

a®=1,a+#0.
a'=a
a_"‘zi
aO(
(e}
abB

an = Yam, n € N,n > 2,
m e
(aa>5 _ aa,@

a® =b= a=log,b.

log, 1 =0.
log,a = 1.
log, a® = a.
logh a = l
a

log, b = alog, b, b > 0.

1
log,s b= 3 log,, b.

«

)
log, b + log, ¢ = log,(bc).

log,s b = —log, b.

log, b —log, c = log, 9
c

log, b= 1#b>0.

Y
0gy, @

A.BAT PHUONG TRINH MU CO BAN

Bat phuong trinh mi co ban c¢6 dang a® > b (hodc a® > b, a® < b, a® < b) v6ia >0, a # 1.

Ta xét bat phuong trinh c6 dang a® > b.

BAT PHUONG TRINH MU VA LOGARIT .

e Néu b < 0, taip nghiém ctia bat phuong trinh 13 R, vi a® > b, Vo € R.

e Néu b > 0 thi bat phuong trinh tuong duong véi a® > a8,

— V6i a > 1, nghiém ctia bat phuong trinh 1a z > log, b.

— V6i 0 < a < 1, nghiém ctia bat phuong trinh 1a = < log,, b.

- Thac Si: Luong Van Huy - DT: 0909127555



- 43 ‘ Page 3. Bat phuong trinh mii va logarit -

Ta minh hoa bang dd thi nhu sau:

Vé6i a > 1 ta c6 do thi sau V6i 0 < a < 1 ta c6 do thi sau

Y Y
b y=>= y=>= b
| |
| |
| |
| |
| |
| |
1 ! ! 1
| |
| |
0 log, b z log, b 0 x

B. BAT PHUONG TRINH LOGARIT CO BAN

Bat phuong trinh logarit co ban c¢6 dang log, z > b (hoac log, x > b, log, z < b, log, x < b) v6i
a>0,a#1.

Ta xét bat phuong trinh c6 dang a® > b.
e V6i a > 1, nghiém ctia bat phuong trinh 1a z > a’.
e V6i 0 < a < 1, nghiém ctia bat phuong trinh 14 0 < 2 < a’.

Ta minh hoa bang d6 thi nhu sau:

Véi a > 1 ta c6 do thi sau V6i 0 < a < 1 ta cb do thi sau

Yt y=log,z Y
b
y==>b (0] z
b y=>b
O x
y =log, o

Quan sat dd thi, ta thay rang:
e Vi a > 1, ta c6 log, > b khi va chi khi > a’.

e V6i 0 <a<1,tacolog, r > bkhivachi khi 0 <z < a’.
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BAI TOAN LAI SUAT NGAN HANG

A.LAI DON

Dinh nghia

Lai don 1a sb tién 1ai chi tinh trén s6 tién gbc ma khong tinh trén sb tién lai do s6 tién goc sinh
ra, titc 1a tieén 1ai ctia ki han truée khoéng duge tinh vao von dé tinh 1ai cho ki han ké tiép, cho du

dén ki han ngusi gt khong dén it tién ra.

Céng thirc tinh

Khach hang giti vao ngan hang A dong v6i 1ai don r%/ki han thi s6 tién khach hang nhan dugc

cd von 1an 1di sau n ki han (n € N*) 1a

Sp=A+nAr =A(1+nr).

z ’ ’ N e ’ ~ X \ ’ N ’ A 2 N r
Trong tinh todn cac bai toan 1ai suat va cac bai toan lién quan, ta nhé r% la —

100°
B. LAl KEP
Dinh nghia

Lai kép 1a tién 1ai ctia ki han trude néu ngudi gii khong rit ra thi duge tinh vao voén dé tinh lai

cho ki han sau.

Cong thirc tinh

Khéch hang giii vao ngan hang A dong véi 1ai kép r%/ki han thi s tién khach hang nhan dudc

c& von 1an 1ai sau n ki han (n € N*) 1
Sp=A1+nr)"

Céc cong thic lien quan

_ Sn). _ Q/Sn . __ 5n
a) n=1log ., (Z ; b) 7% = I 1; c) A= At
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C.TIEN GU'I HANG THANG

Dinh nghia

Tien gti hang thang 1a méi thang giti ding cling mot sb tien vao mot thoi gian c6 dinh.

Cong thirc tinh

Dau mdi thang khach hang giii vao ngan hang s6 tien A dong véi 1ai kép r%/thang thi sb tién
khach hang nhan dugc ca von 1an 1ai sau n thang (n € N*) (nhan tién cudi thang, khi ngan hang
da tinh 1ai) 1a

Sn:é[(l—i-r)“—l](l%—r).

T
Céc cong thitc lién quan
rS, rS
o (5 1), AP
a) n=logy,, A+ ) A+r[1+r)m—1]

D.GU1 NGAN HANG VA RUT TIEN GU1 HANG THANG

Cong thdc tinh

Gtii ngan hang s6 tien 14 A dong vdi 1ai suat r%/thang. M6i thang vao ngdy ngan hang tinh 1ai,

riat ra so tien la X dong. Tinh so tien con lai sau n thang la

(14+r)"—1
—

Sp=A1l+r"-X-

E. VAY VON TRA GOP
Dinh nghia

Vay von tra goép la vay ngan hang sb tien 1a A dong véi 1ai suat r%/thang. Sau ding mot thang
ké tit ngay vay, bit dau hoan no; hai lan hoan no cich nhau ding mét thang, mdi hoan ng sb tién

1 X dong va tra hét tien ng sau ding n thang.

Cong thirc tinh

Céch tinh s6 tién con lai sau n thing giéng hoan toan coéng thitc tinh giti ngdn hang va rit tien
hang thang nén ta cé
(14+r)"—1

" :

Sp,=A1l+r)"-X-




N 6 |

4. Bai toan I5i suit ngan hang -

Pé sau ding n thang tra hét ng thi S, = 0 nén

(1+r)—1

Al+r)"—X - .

F. BAI TOAN TANG LUONG

Dinh nghia

=0 X =

Ar(1+1r)"
(1+r)n—1

Bai toén tang luong dudge md ta nhu sau: Mot ngudi duge lanh luong khéi diém 1a A dong/thang.

Ctt sau n thang thi luong ngusi dé6 duge tang thém r%/thang. Hoéi sau kn thang ngusi d6 linh

dugc tat ca s6 tien 1a bao nhiéu?

Cong thirc tinh

Téng s6 tién nhan duoce sau kn thang 13

Skn = Ak -

r

G.BAI TOAN TANG TRUONG DAN s&

Céng thttc tinh tang truéng dan sé 1a

(1+7‘)k—1.

X=X, (L4+7)™"", m,n € ZT,m > n.

Trong do
e 7% la ti 1¢ tang dan so tit nam n dén nam m;
e X,, la dan s6 nam m, X,, 1a dan s6 nam n.

Tt d6 ta c6 cong thite tinh ti 18 ting dan so 1a

[ Xm
T% = "7 Xin — 1

H. LAl KEP LIEN TUC

Gtii vao ngan hang A dong véi 1ai kép r%/nam thi s6 tien nhan duge ca von 1an 1ai sau n nim

(neN*)1a S, =A(1+r)"

- . L r P
Gid sit ta chia moi nam thanh m ki han dé tinh 1ai va 1ai suat moi ki han 1a —% thi so tien thu

m

- Thac Si: Luong Van Huy - DT: 0909127555



K 47 | Page 4. Bai toan lai sut ngan hang N

dugc sau n nam la S, = A <1+ L) :
m

Khi tang s6 ki han ctia mdi nam lén vo cuc, ttc 1a m — 400, goi la hinh thic 1ai kép tién tuc thi
ngudi ta chitng minh duge s6 tien nhan dude ca goc 1an 1di 14 S = Ae™ (cong thitc ting trudng

mi).




NGUYEN HAM - TICH

PHAN UNG DUNG
TICH PHAN

NGUYEN HAM

A.DINH NGHIA

Cho ham s6 f(x) xac dinh trén K (K la khodng, doan hay ntta khoang). Ham s6 F(z) dudc goi
13 nguyén ham ctia ham s6 f(z) trén K néu F'(z) = f(x) v6i moi z € K. K{ hiéu: /f(:v) dr =
F(x)+C.

@© Dinh Ii 1.1.

1) Néu F(x) la mot nguyén ham ciia f(x) trén K thi véi méi hang s6 C, ham s6 G(z) =
F(z)+ C cing la mét nguyén ham cia f(x) trén K.

2) Néu F(z) la mot nguyén ham ctia f(z) trén K thi moi nguyén ham cta f(z) trén K déu
c6 dang F(x) + C, véi C' la mét hang so.

Do dé F(z)+ C, C € R Ia ho tat ca cdc nguyén ham ctia f(z) trén K.

o ([f@)ae) = f@)a [ fayde = )+ 0 d ([ flaydr) = fla)de

e Néu F(z) c6 dao ham thi: / d(F(x)) = F(z) + C.

. /k;f(a;) dz = k/f(x) dz véi k 1 hing sb khac 0.

o [1f@)+g(@)de= [ f@)de+ [gw)da
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e Cong thitc doi bién sb: Cho y = f(u) va y = g(z).
Néu /f(x) dz = F(x) + C thi /f(g(m))g/(a:) dz = /f(u) du = F(u) + C.

C.SU TON TAI NGUYEN HAM

© Dinh li 1.2. Moi ham s6 f(x) lién tuc trén K déu c6 nguyén ham trén K.

D.BANG NGUYEN HAM CAC HAM SO THUONG GAP

[oaz=c
/dx:x—i—C’
1 ba+1
/xadx: 24O (a # —1) /(ax—l—b)adx:mﬂ—kag#—l
a4l a o+l
1 1 x?
[d=—=+c [edz="+C
A A 2
dz 1
—dez=In|z|+C / = —Injax +b|+C
ar+b __a
1
/ewdx—ex—kc /e“”bda::fea”b—l—C’
a
x 1 kx+b
/agcdx: T Lc /ak”bdx:—a
Ina k Ina
1
/cosxdx:sinx+0 /cos(ax+b)dx:—sin(am+b)+0
a
1
/sinxdx:—cosx+0 /sin(ax+b)dx:——cos(aa:—i—b)—i—C’
a
1
/tanxdx:—ln|cosx\+6' /tan(ax—i—b)dx:——ln|cos(ax+b)|+C
a
: 1 :
/Cotxdx:ln|smx|+0 /cot(ax+b)dx:—1n|sm(ax+b)|—i—C’
a
1 1 1
/ dz =tanz + C /—dxz—tan(am+b)+0
cos? cos?(ax + b) a
1 1 1
/ ——dz = —cotx+C /Jidx:—fco’c(ax+b)+0
sin® z sin®(ax 4 b) a
1
/(1+tan2x) dr =tanz 4+ C /(1+tan2(ax—|-b)) dx = —tan(ax +b) + C
a
1
/(1+cot2a;) dr = —cotz + C /(1+cot2(aw+b)) dx:—gcot(ax—kb)th

E.BANG NGUYEN HAM MG RONG
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d 1
a2+ 22 a a a a %
d 1
/i:—ln a—+x +C arccosgdx:xarccosg_ a/2—£C2+C
a?—22 20 |la—=x a a \%
/dx:ln(J?-i— \/:L’2_|_a2)_|_c arctanfdx:xamtanf_ﬂln(a2+x2)+c
Va® + a” a a 2
d
dz 1 €T
/$ m:aarccos‘a’—i—C
d 1 Va2 + a? d 1 b
/x:_ln‘HM‘JFC /_fﬂzlntanaa:+ Lo
v a? 4 a? a x sin(axz +b) a
b axr b b . b
/ln(a:v—l—b)da:: ($+)ln(aa:+b)— /e‘”cosbxdx:e (acosbx + bsin a:)+C
a a2+b2
x+C
2 _ 2 R N— 2
/\/@2_17%1m _ a:\/azsc 4 /e‘”sinbxdx: e (asm2x . cos bx) o
2 a _|_
a o
— arcsin — + C
2 a

CAC PHUONG PHAP TINH NGUYEN

A.PHUONG PHAP DOI BIEN

Déi bién dang 1
Néu /f(a:) dr = F(x) + C va v6i u = () 1a hdm s6 c6 dao ham thi

[ Fw) du= Fe(t) + €

a) Phuong phap chung

e Budc 1: Chon x = () , trong d6 o(t) 1a ham s6 ma ta chon thich hop.
e Budc 2: Ly vi phan hai vé : dz = ¢/(¢) dt.
e Budc 3: Bién doi : f(z)dz = flp(t)]¢'(t) dt = g(t) dt.

e Budc 4: Khi d6 tinh : / f(z)dz = / g(t)dt = G(t) + C.

b) Céc diu hiéu d6i bién thudng gip
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DAu hiéu Cach chon

T m
a’? — z? bat x = |a|sint; v6i t € [—5; 5] hoac

x = |a| cost; vé6i t € [0;7].

V2 —a? Détx:'—;vdlte[ 5
;7]\

|\ {0

SlIl

hoac = = ;vGit € |

T
2
o}

Vva? + x? bat z = |a\ tant; véit € ( ) hoac

x = |al cot t; véi t € (0;7).

a+x [a —x
+ hoac bat x = acos2t
a— a—+x

V(z—a)(b—z) Dat z =a+ (b—a)sin®t

v 4q T T
bat r = atant; v6i t € (——' —).

a? 4 22 2’2

D6i bién dang 2

Néu ham s6 f(x) lién tuc thi ditz = ¢(¢). Trong d6 ¢(t) cling v6i dao ham ctia né (¢'(¢) 1a nhiing

ham s6 lién tuc) thi ta duge:
[ f@)ydz= [ fle@le @t = [ g(t)at = G(t) +C

a) Phuong phap chung

e Budc 1: Chon t = () , trong d6 o(x) 1a ham s6 ma ta chon thich hgp.
e Budc 2: Ly vi phan hai vé : dt = ¢/(¢) dt.
e Budc 3: Bién doi : f(z)dr = flp(t)]¢'(t) dt = g(t)

(6)dt = g(t) dt
e Budc 4: Khi d6 tinh : T = /f(x) de = /g(t) dt = G(t) + C.

b) Cac dau hiéu ddi bién thudng gip

DAu hiéu Cach chon

Ham s6 ¢6 mau s6 t 1a mau s6

Ham sb f(z;/¢(z)) bat t = /().
N Z o x X

Ham sO f(x) = | batt =tan 5 (cos 5 # O).
asinx + bcosx

csinx +dcosx +e
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. 1
Ham 0 f(z) = Véix+a>0vaz+b>0.

\/(:v—l—a)(x—i-b)

Ditt=+vz+a++z+b.
Véiz+a<Ovazx+b<O.
bit t = /-r—a +
vV—x —b.

B.PHUONG PHAP NGUYEN HAM TUNG PHAN

Néu u(z), v(x) 12 hai ham s6 c6 dao ham lién tuc trén K:
/u(m) V' (z)de = u(x) - v(z) — /v(:c) ~u'(x) dz
Hay /udv = uv — /vdu ,(v6idu = u/(z) dz, dv = 2/(z) dz).

Phuong phap chung

e Budc 1: Ta bién ddi tich phan ban dau vé dang :

1= [ f@)de = [ fil2) flw)da.

, ] {u fi(2) {du fi(z) de
e Budc 2: Dat =
)

dv = fo(x v = /fz(I) dx.

e Bude 3: Khi dé: /udv:uv—/vdu.

Cac dang thuong gap

- Thac Si: Luong Van Huy - DT: 0909127555




- 53 ‘ Page 2. Cac phuong phap tinh nguyén ham -
( Bi Dang 2.8. )

]:/P($)< cosz ¢ dz.

e
\ y,
4 4
u= P(x) uw - du= P'(z)dx
( ) 4 )
sin x —CcoST
bat < =
dv=1{ cosz ¢ dz V=1 sinx
e’ e’
\ \ J \ \ J
4 3\ 4 3\
—CoST —CosST
A . . '
Vay I = P(z) { sinz —/ sin x P'(z) dz
er er
\ J \ J

I:/P(x)~ln:rdx.

uw=Inzx du = —dz
bat = x
dv=P)de  |v=[P()ds = Q)

Viy [ =Inz - Q(z) — /Q(m) . ida:.

( B Dang 2.10. )
[ fins} aa.
u=e du = e* dx

bat . = .
dv = {Lnz} d v={ame }

Vay I=em- {527} = [ {7} < de.

Bang phuong phap tuong ti ta tinh du’Qc/ {_C‘)”} - e” dx sau d6 thay vao I.

~
Il

sinx
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?

TICH PHAN

A.CONG THUC TiNH TiCH PHAN

[ f@)de = F@)l, = F() = F(a) |

b b
Nhan xét. Tich phan ciia ham s6 f tit a dén b dugc ki hidu 1a / f(2)dz hay / £(#) dt. Tich phan

do6 chi phu thuoc vao f va cac cdn a, b ma khéng phu thudc vao cach ghi bién sb.
B.TINH CHAT CUA TiCH PHAN
Cho ham s6 f(z) va g(z) lién tuc trén K, a, b, c 1a ba s6 thuoc K. Khi dé ta co:

a) /af(:v)dxzo.
/bf / (x) dx.
/bf dx—/f dx+/f

b

d)/[f( )£ g(@) do = [ fla >dx+i/g

a a

b

e) /bk-f(x)dx:k-/f(a:)dx.

a

f) Néu f(z) > 0,Vx € [a;b] thi /f(x) dz > 0,Vz € [a; b].

g) Vo € [ait]: f(a) < g() = [ fa)de < [ g(a)da

b
h) Vi € [a;b], néu M > f(z) > N = M(b—a) < / Ydz < N(b— a).
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PHUONG PHAP TINH TiICH PHAN

A.PHUONG PHAP Dc‘3| BIEN

Phuong phap déi bién sé dang 1

Néu
a) Ham x = u(t) ¢6 dao ham lién tuc trén [o; S].
b) Ham hop f(u(t)) duge xdc dinh trén [«; 5].

¢) u(a) = a,u(f) = 0.
b B
Khi d6 / fla)de = / Flu(®)d (t) dt.

a

Phuaong phap chung

Buée 1. bat z = u(t).

Buge 2. Tinh vi phan hai vé x = u(t) = dz = u/(t)dt. Déi cin
o=t

t=«a

t=8"

Bu6c 3. Chuyén tich phan da cho sang tich phan theo bién .

b B B
Vay I = [ f@)de = [ flthu@®)at = [gt)dt = G112 = G(8) - Gla).

a

Phuong phap doi bién s6 dang 2

- Thac Si: Luong Van Huy - DT: 0909127555
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Dinh ly

Néu ham s6 u = u(r) don diéu va c6 dao ham lién tuc trén doan [a;b] sao cho f(z)dr =
u(b)

g (u(x) v (zr)dr = g(u)du thi [ = / g(u) du.
u(a)

Phuong phap chung

e Dat u = u(zr) = du = u/(z)dx.
z=b u=u(b)

=

r=a

e Doi can:

u=u(a)

e Chuyén tich phan da cho sang tich phan theo u.

Vay I = /bf($) dz = /g[u(:r)] A (x)de = / g(u) du.

B. PHUONG PHAP TiCH PHAN TUNG PHAN
Dinh Iy

Néu u(z) va v(z) 1a cac ham s6 c6 dao ham lién tuc trén [a; b] thi

hay

Phuong phap chung

e Buéc 1: Viét f(x) dusi dang udv = uv’ dz bang céch chon mot phan thich hop cta f(z)

lam u(x) va phan con lai dv = o'(z) dz.
e Tinh du = v/dz va v = / dv = /v’(az) dx.

b
b
e Tinh /vu’(x) dz = va uo| .

a

Cach dit v va dv trong phuong phap tich phan ting phan
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D D D D

bat u theo thit tu wu /P(m)em dz /P(:r) In(z) dz /P(:C) cosx dx /e’” cosx dx
tien Log - da - mii - | * ¢ ¢ ¢

lugng

u P(z) Inx P(z) e’

dv e* dx P(z)dz cos x dx cosx dx

Cha y: Nén chon u 1a phan ctia f(z) ma khi liy dao ham thi don gidn, chon dv = v/ dx 1a phan

ctia f(z)dz 1a vi phan clia mot ham s6 da biét hodc c6 nguyén ham dé tim.
?

N

TICH PHAN CAC HAM SO SG CAP CO Bé m

A.TICH PHAN HAM HUU Ti

A.DANG 1:

ar + b a ar +b
B B
B dx 1 g
Chii y: N& I:/ :_/ b)F.adr = . b)F
G y: Néu ) G v oy aa(ax+) ade =20 (az +)7
A.DANG 2:
B
[:/d—m (a#0,az® + bz + ¢ £ 0¥z € [ ]
J ax? 4 b+ c ’ o

Xét A = b — 4ac.

b+ VA —b+VA
— = ay=——= khi

Néu A > 0 thi z; =
[ cu 171 2% 2 2%

do

1 B 1 1 ( 1 1 )
ar? +br+c  alr—x)(r—x2) alr) —x9) \x—21 T —29/
suy ra

r—1x1| |8

B
I = ! /( ! — ! ) dz = ! .n )
a(xy — ) SNz -z x - a(xy — x3) o

r — T2
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c 1 1 —b
Neu A =0 thi = t dé xg=—. S
s e R TR a(x — x)? FOns €0 o = 5 - Pty I

j 1i 1
J ax2+bx+c a) (x — x0)? a(x—aco) o

B B da
o NéuA<0thi]= / / .
a$2+bx—|—c J b2 A
(x+2a) * 4a?
b A o _A 2 . ,
bat x—i—% \ — 1 tant = do = \/@(1—I—tan t) dt. Khi dé

]—i ¢i§u+mﬁﬂ m—71¢15&—1¢2§w—)
Ly (]
4a?

A.DANG 3:

7 mx +n
dx
J ar? +br + ¢
. \ mx +mn A N
trong d6, a # 0 va f(x) = Py lién tuc trén doan [o; A].

a) Bang phuong phap ddng nhat hé sb ta tim duge A va B sao cho

mz+n  A(ax®+bx +c) B
ar?+br+c  ar?+br+c ax?+bxr +c
_ A(2ax + ) B

_a.r2+bx+c+ax2+bx+c'

b) Suy ra

mx +n A(2azx + b) 7 B
—/ dz / dax.

aax2—|—bz+c ax?+bxr +c aax2+bx+c

B
. 11:/ A(2az +b)

5 dzx :Aln|aa72—|—bx—|—c{ |’8.
ar? +bxr +c o

B
/ ————dx thudc dang 2.
J 24 bw +c
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A.DANG 4:

i)

(x

B
1:/

trong d6, P(x) va Q(z) 1a cac da thiic bién z.

;dzn.

O

(x

a) Néu bac P(x) 16n hon hodc bang bac Q(x) thi ta ding phép chia da thic.

b) Néu bac ctia P(z) nhd hon bac ctia Q(z) thi c6 thé xét cac trudng hop:

e (Q(x) chi ¢6 céc nghiém don ay, ag, -, a, thi
P A A A,
@) A A .
Qlx) z—a =—a T —

e Khi Q(z) c6 nghiém don va vo nghiém: Q(x) = (r—a) (2? + pr + q) v6i A = p*—4qg < 0
thi
P(z) A N Bx +C
Qr) v—a a>+prtq

e Khi Q(z) c¢6 nghiém boi
- Q) = (z — a)(z — B)? iP(x): A B ¢
Q)= (a-a)e—op g - As By €
— Q@) = (v —a)*(z— §)° thi

A B C D E
t—a @-af z-B @-BEF @-pBp

P(x)
Q(x)
B.TICH PHAN HAM VO Ti

B
I:/R[x; ()] dz.

trong dé, R [x; f(x)] c6 dang

° R(w”/a—x) dat t =a-cos2t, te€ [O;E]
a+zx 2

o R (V) ditr = o cost, 1€ 5] ok = [al -sint, 1 [-2:7])

. |al s
Va2 —a?) dat x = ——t T {—}
oR(x x a) L — € [0; 7]\ 5
° R(m;\/a2+x2) dat « = |a| - tant, te( ; )

)
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1

R (z; =
o R(x;f(x)) (z t bV T ir s
1
bat t = v/ax? + fxr + v hoac t =

voi (ax? + Bz + ) = azx +b.

ar+b
o R(x; W/, ¥z, -+, W), goi k =BSCNN {ny,---,ng} dit z = t*.

vaz?+bx +c

; 1
I:/ dr|, a#0.

2
Tacéf(z):ax2+bx~l—c:a[(x+b) A].

2¢)  4da
b
U=+ —
bat A 2a = du = dx.
k=—
4a

e Néua >0va A <0suyra/f(z)=/a(u®+ k?).

Phuong phap giai

bat Vax? +bx +c=1t—\/a-x suy ra

Ll O R T
br+c=1"—2Va -z N x_lﬂ_g\/a’ x_b—|—2\/5
t? —c
r=a=t=tpr=0=t=1t _ r=1t— )
t=vau \/Eb+2\/5
. b
ONéquosuyra\/f(as):\/Ex%—%.
Phuong phap giai
REEUSTY LA | [ SO
— Injz+—|| néux+ —
U A Ja 24| la 2%
Khi do T = [ ———yrdo =
\/E}SC—F*‘ b 1P . b
a 2a — —=-In|jz+ —|| neuz+ — <0.
L Va 2a|la 2a
e Néu A > 0suy ra /f(z) = a(z — z1)(z — x2).
, [z — )t
— Néu a > 0 ddt v/a(z — z1)(z — 22) =
| (v — x9)t.
Z _(Jfl—iﬂ)t
— Néua < 0dit y/a(x —21)(x — 29) =
| (72 — 2)t.

- Thac Si: Luong Van Huy - DT: 0909127555
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B. DANG 2:

B
I:/ mran dz|, a#0.
J vax? +bx +c

Phuong phap giai

mx +n A(ax? 4 br +¢) B

2 - 2 + P} (*)
vaxr?+bxr+c vazr? +bx +c var? +bx +c

e Quy dong mau sb, sau d6 dong nhat hé s6 hai tit s6 dé suy ra hé hai an s6 A, B.

e Phan tich

e Giéi hé tim A, B thay vao (x).

e Tinh I =2AVax?2+bx +c

8 y 1
+B/ dzx.
@ J vVar? +bxr +c

dx dugc tinh & dang 1.

7 1
Trong do /
SV ax?+bxr+c

; 1
I:/ dr|, a-m#0.
S (mx +n)var® +bx +c

Phuong phap giai

1 1
(mx+n>¢aw2+bx+c_m(x+ﬁ)¢m
m

e Phan tich

(1).

L1 n YTt T YT T
e Dat — =+ — = )
Y m 1 9 1 1
r=——t=ar"+br+c=al——t] +b{——1t]+c

Yy Yy Yy

0 1

e Thay tat cd vao (1) ta du’dclz/
Y (1) ' s VLy?+ My+ N

B.DANG 4:

dy, tich phan nay da tinh 6 dang 1.

; ar +b
Iz/R(m;"{/ )dx.
J cx+d

trong d6 R(z;y) 1a ham s6 hitu t§ d6i véi hai bién sé , y va a, 3, 7, § 14 céc hang s6 da biét.

Phuong phap giai
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5. Tich phan cac ham s6 so cap co ban -

lax + b
Pat t = 1).
? cr +d ()

Tinh vi phan hai vé do = ¢'(t)dt va doi can.

/B/
Khi d6 T — / R(t; o(1)) ¢ (1)dt.

C.TiCH PHAN HAM LUONG GIAC

M6t sb6 cong thirc lugng giac

Tinh x theo t (bang cdch nang lity thita bac m hai vé ciia (1) ta cé dang = = ¢(t)).

a) Céng thic cong

e cos(a+b) =cosa-cosbFsina-sinb;

e sin(a+0b) =sina-cosb=tsinb- cosq;
tana £ tanb
1 Ftana-tanb’

e tan(a £ 0) =

b) Coéng thitc nhan déi

e¢) Coéng thitc bién ddi tich thanh téng
1
e cosa-cosf = 5[008(05 + B) + cos(a — B)];

e sina-sinf = ;[cos(a — B) — cos(a + B)];

1 —tan?a
e cos2a =cos’a—sin®a =2cos’a—1=1-2sina=——;
1+ tan®a
. . 2tana 2tana
e sin2a = 2sina-cosa = ———; tan2a = ———;
1+ tan“a 1 —tan‘a
e cos3a =4cos®a — 3cosa; sin3a = 3sina — 4sin® a.
c) Coéng thirc ha bac
w 1 — cos2a » 1 + cos2a 5 1 — cos2a
e sin“’a=———; cOSa=———; tan“a = ————;
2 2 1+ cos2a
e 3sin o — sin 3« . cos 3a + 3 cos a
e sin® o = ;) cos®a =
4 4
d) Coéng thirc tinh theo t
Vot — tan ® th 2t 1—¢2 . 2t
e V6it =tan — thi siha = ——; cosa = ; tana = .
1+t%’ 1+t 1—¢2

- Thac Si: Luong Van Huy - DT: 0909127555
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e sina-cosf = %[Sin(a + ) + sin(a — B)].

f) Cong thitc bién déi tong thanh tich

° cosoz+cosﬂ:2cosa_gﬁ-cosa;ﬁ;
. a+fpB . a-—p
® cosa — cosf = —2sin - sin ;
2 2
° sina—l—sinﬁ:Qsina;ﬁ-cosagﬁ;
: : at+B . a—pf
e sina —sin 3 = 2cos - sin ;
2 2
cos o cos 3
° tana—tanﬁzw.
cos accos 3

g) Cong thic thuong dung

3+COS404'
4 )

3 s 5+ 3cos 4o
® COS’ o + sin a:T.

o cos*a +sinta =

Hé qua

e cosa +sina = v/2cos (a— %) = /2sin (oz—i-%);

® cosa —sino = \/§COS (a—i—%) = —\/§sin (a— %)

M6t sé dang tich phan ludng giac

b
Néu gap dang I = /f(sin x) cos xdx ta dat t = sinz.

b
Néu gap dang I = /f(cos x)sin xdz ta dat t = cosz.

b
Néu gap dang I = /f(tan x) ta dat ¢t = tan .

cos?
b
PR dz y
e Neu gap dang [ = /f(cot r)—— ta dat ¢ = cot .
sin® x

- Thac Si: Luong Van Huy - DT: 0909127555
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5. Tich phan cac ham s6 so cap co ban -

DANG 1. |, = /(Sinx)"dx; I, /(cosx)”dx

Phuong phdp giai

e Néu n chan thi st dung cong thitc ha bac.

e Néu 3n 1é (n = 2p + 1) thi thuc hién bién doi

— —/[Cg—C},COSQSE—l—"‘—F(

1
= — {Cgcosx— gClecos?’x—F--

+ -4 7(_1)]0 CP(cos z)*P*!
2p+1 7

I, =

Il
‘!‘ —_— T

C 1

I
| —

0
p 3P

R CP(sin z)2t!
2p+1°°

_|_

sine — =Clsgin®z + -+ +

e Néu n = 3 thi sit dung cong thiic ha bac ho#ic bién doi.

L = / (sinz)"dz = / (sinz)? + 1dz

= /(sinx)Qp sin zdr = —/(1 — cos®z)" d(cos z)
—1)*C (cos? z)"
+ ...+ (=1)PCE (cos® 2)"] d(cos z)

(=1" & K
o C¥(cos z)?+!

2k +1
+C.

(cosx)"dx = /(cos z)* + 1dx
(cos x)* cos zdr = / (1 —sin®z)" d(sin z)
[Cg — Cpsin®z + - -+ + (—1)*CL (sin® x)k

oo dk (_1)pC£ (sin2 aj)p} d(sin .73)

(=D
o+ 1"

+C.

2k+1

(sinx)

DANG 2. |] = /sinmxcos” zdz (m, n € N)

Phuong phdp gidi

a) Trudng hgp 1: m, n 1a cic s6 nguyén.

e Néu m chin, n chan thi sit dung cong thiic ha bac, bién ddi tich thanh tong.

- Thac Si: Luong Van Huy - DT: 0909127555
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e Néu m chin, n 18 (n = 2p + 1) thi bién doi

= /(sin x)™ (1 — gin? ;p)pd(sin )

p

+ 4 (—1)PCP (sin2 a:)p} d(sinx)

[ o (sinz)™ 1 (sinz)™*?
Pm+1 P m+3
N +( l)kck (Sin.ﬁlj’)2k+1+m
P2k+14+m
(sin x)2p+1+m]
g (cpepERET o
et GG |

e Néum 18 (m = 2p + 1), n chin thi bién ddi

= - /(cos z)™ (1 — cos® x)pd(cos x)

+ (—1)PC? (cos® )"] d(cos )

_ _[ o (cos )+t L (cos )" ™3

Pon+1 P n4+3

cos )2k t1+n
4ot (_1)14:01;#
2k+1+n

(cos I,>2p+1+n:|
e (mDPCPA—— | + C
et (DG 2p+1+n

A \ 7 A ~, 2 N X 2. N v o
e Néu m, n la cac s6 httu ti thi bien doi va dat v = sin .

n—1

— /um (1 —uZ)nT_ldu (%)

m+1 n—-1 m -+ k

I = /(sin 7)™ (cosz)® + 1dx = /(sin x)™(cos x)* cos zdx

= [(sinz)™ |CO — Clsin®z + --- + (—1)*CF (sin’ z .
p p

I = /(sin 2)* + 1(cos z)"dz = /(COS x)"(sin z)* sin zdx

= — /(cos z)" [Cg — Cpeos®x + - -+ + (—1)*CE (cos® x)k
+ 500

e Néu m 18, n 1 thi st dung bién d6i 1.2. hoac 1.3. cho s6 mii 1é bé hon.

B = /sinm x cos”" xdr = /(sin z)™ (cos®x) * coszdz

Tich phan (*) tinh duge < 1 trong 3 s6 SR e

la so nguyén.

DANG 3. |]; = /(tan x)"dx; Iy = /(cot z)"dz(n € N)

Phuong phadp gidi

- Thac Si: Luong Van Huy - DT: 0909127555
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6. Ung dung cia tich phan -

. /(1—|—tan2x) da;:/ df :/d(tanx):tanm—f—C';
cos?
5 dz
o/(1+c0t x)dx:/ — :—/d(cot:c):—cotx+0;
sin?
i d
o /tanxdx:/Smxdx:—/wz—lnkosﬂﬁ-&
cos T cos T
dlsi
° /cot:cdx:/césxdx:/ (s‘lnx) =In|sinz|+ C.
sin sin

UNG DUNG CUA TICH PHAN

A.DIEN TiCH HINH PHANG

Dién tich hinh phing gidi han bdi 1 dudng cong va truc hoanh

Dién tich hinh phang giéi han béi dd thi ham s6 y = f(z) lién tuc trén doan [a;b], truc
, b
hoanh va hai duong thang = = a; x = b duge xéc dinh: S = / |f(x)|dz.

Y

Dién tich hinh phing gi6i han bi 2 dudng cong

Dién tich hinh phang giéi han bdi do thi ham sb6 y = f(x), y = g(z) lién tuc trén doan [a; b]

va hai duong thing = = a, x = b dude xéc dinh:

5= ["1f@) - g(@)ldz.

- Thac Si: Luong Vin Huy - DT: 0909127555
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.

(C1) sy = fi(z)

Cy) :y= folz
y (H“()y fo(z)

e Néu trén doan [a;b] ham sé f(x) khong doi dau thi:

[ @z = | [ f)a|.

e Nim vimg céch tinh tich phan ctia ham sb c6 chia gia tri tuyét doi.

e Dién tich ctia hinh phang gi6i han béi cic duong z = g(y), = = h(y) va hai dudng
. d
thang y = ¢, y = d dudce xac dinh: / lg(y) — h(y)|dy.

B.THE TICH VAT THE VA THE TICH KHOI TRON XOAY

Thé tich vat thé
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Goi B la phan vat thé
giéi han béi hai mét phang
vudng goéc véi truc Oz tai
cic diem a va b; S(z) la
dién tich thiét dién cta vat
thé bi cit bdéi mit phing
vuodng gbéc véi truc Oz tai
diem z, (a <z <b). Gia st

S(z) 1a ham s6 lién tuc trén

doan [a; b].

Thé tich khéi tron xoay

e Thé tich khdi tron xoay dudc sinh ra khi quay hinh phéng giéi han béi cdc dudng

y = f(z), truc hoanh va hai dudng thang z = a, = = b quanh truc Oz:

Y (C):y = f(=)
’/ (Ox):y=0
:' (» r=a

ol a “
'n‘ x=0

- Thac Si: Luong Van Huy - DT: 0909127555
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e Thé tich khéi tron xoay dude sinh ra khi quay hinh phing giéi han béi cdc dudng

z = g(y), truc hoanh va hai dudng thing y = ¢, y = d quanh truc Oy:

(C):z=g(y)
(Oy): =0
y=c
ky:d

e Thé tich khéi tron xoay dudc sinh ra khi quay hinh phéng giéi han béi cdc dudng
y = f(z), y = g(z) va hai duong thing © = a, = = b quanh truc Oz: V =

n [ 1£2@) - ¢ da.

- Thac Si: Luong Vin Huy - DT: 0909127555




sO PHUC .

A.KHAI NIEM sO PHU'C

e S6 phitc (dang dai 86): 2z = a+bi (a, b € R). Trong d6 a 1a phan thue, b 1a phan 4o, i 1a don

vi 40, % = —1.

Tap hop s6 phiic ki hiéu 1a C.

z 1a s thic < phan 4o ciia z bang 0 (b = 0).
e 2 1a s6 4o (hay con goi la thuan &o0) <> phan thuc bang 0 (a = 0).

S6 0 vita 1a s6 thuc vita 1a s6 do.

B.HAI SO PHU'C BANG NHAU

e Hai s6 phtic 2, = a +bi (a, b € R) va 2, = ¢ +di (¢, d € R) bang nhau khi phan thuc va

phan 4o ciia ching tuong ting bang nhau.

o Khidéta vict 2y =20 < a+bi=c+di <

C. BIEU DIEN HINH HOC O PHUC



e

S6 phtic z = a + bi (a, b € R) dugc biéu dién bsi diem M (a; b) hay bdi
@ = (a;b) trong mit phang phitc (mit phang v6i hé toa do Ozy).

D.S® PHUC LIEN HOP

S6 phitc lién hgp ctia z = a + bi (a, b € R) 1a Z = a — bi.

o T=2z 2xd=%z+7; 2-Z=%-7
21 21 _
° ()z;z-z:aQ—l—bz.
%) %)
e 2 la so thuc < z =7Z; z la s0 ao khi va chi khi z = —Z.

E. MO-DUN CUA $O PHUC
Dinh nghia

a7 L 7 \ v «A N
Do dai cia vée-to OM duge goi 1a mo-dun ciia so phitc z va ki hiéu 1a |z|.

Vay [2] = ’W’ hay |z| = |a + bi| = )O—M)‘ — VaZ £ 2.

Mot s6 tinh chat
o |zl =Va2+ 12 =2z = ’O—]\/[)

2l =1zl
e 2| >0,VzeC; |2/ =0<2=0.

) 21 ‘Zl‘ 21 AYD)
) |Zl'22|:|21|'|22|, — | = ,*:72.
2| |l |z
o [|z1] = |zf| < |21 £ 22| < 21| + |22l
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PHEP CONG TRU, NHAN CHIA SO PHUC

A.PHEP CONG VA PHEP TRU SO PHU'C

Cho hai 86 phitc z; = a +bi (a, b € R) va 29 = ¢+ di (¢, d € R). Khi d6
21t zo=(a+c)E(b+d)i.

e S6 dbi ctia s6 phitc z = a + bi 1a —2 = —a — bi.

e Tong ctia mot sb6 phiic véi s6 phite lién hop ctia né bang hai lan phan thuc ciia s6 phitc dé:

z=a+b, 24+ 7 = 2a.
e Cho hai 6 phtic 21 = a +bi (a, b € R) va 2z = ¢+ di (¢, d € R), khi d6
2129 = (a+ bi) (¢ + di) = (ac — bd) + (ad + bc) 1.
e V4i moi s6 thie k va moi s6 phiic 2 = a + bi (a, b € R), ta c6
kz =k - (a+ bi) = ka+ kbi.

Pic biét, 0 -z = 0 v6i moi s6 phitc 2.

e Liy thua cua ¢, v6i moi n € N* ta c6

—i¥=1 —itn=1

— il = it =4,
—2=_1 Ant2 — 1
— P == it =
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C.CHIA HAI $& PHUC

e S6 phtic nghich ddo ctia z khic 014 s6 271 = 7 - Z.

/ ! = -
L, . Lz . 2z 2z

e Phép chia hai s6 phiic 2/ vi z £ 014 = =2/271 = —F =
z |

PHUGNG TRINH BAC HAI VI HE SO TH

A.CAN BAC HAI CUA SO THUC AM

e Cho sb z, néu c6 s6 phtic z; sao cho 27 = z thi ta néi z; 14 mot cdn bac hai clia 2.

e Moi s6 phitc z # 0 déu cé hai can bac hai.
e Cin bic hai ciia s6 thuc 2z am 14 +iy/|z].

e Tong quat, cdc can bac hai ctia s6 thuc a am la +i4/|al.

B. PHUONG TRINH BAC HAI VSI HE SO THU'C

Cho phuong trinh bac hai az? + bx + ¢ =0, Va, b, ¢ € R, a # 0. Xét biét s6 A = b — 4ac cla

phuong trinh. Ta thay

e Khi A =0, phuong trinh ¢6 mét nghiém thuc z = %
a

b+ VA

e Khi A > 0, phuong trinh c6 hai nghiém phan biét z; 2 = 5

—bEi/]A|
2a ’

e Khi A <0, phuong trinh c6 hai nghiém phtic z; 9 =







KHOI DA DIEN

KHOI LANG TRU VA KHOI CHOP

a) Khéi lang tru (chép) 1a phan khong gian duge gidi han bsi mot hinh lang tru (chop) ké ca
hinh lang tru (chép) ay. Khdi chép cut 1a phan khong gian dude gidi han bdi mot hinh chép

cut ké ca hinh chép cut ay.

b) Diém khéng thuoc khéi lang tru (khdi chép, khéi chép cut) duge goi 1a diém ngoai ciia khoi
ling tru (khoi chép, khdi chop cut). Diém thuoc khéi lang tru nhung khong thuoc hinh lang
tru tmg vai khéi lang tru (khdi chop, khéi chép cut) dé dude goi 1a diem trong ctia khéi lang

tru (khéi chép, khéi chop cut).

KHAI NIEM VE HINH PA DIEN VA KHO
DIEN

A.KHAI NIEM VE HINH DA DIEN
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a) Hinh da dién (goi tat 1a da dién) 1a hinh dudc tao bdi mot sb

hitu han céc da gidc thda man hai tinh chat:

y--F---

e Hai da gidc phan biét chi c6 thé hodc khong c6 diém chung, /

hoac chi ¢6 mot dinh chung, hoac chi ¢6 mét canh chung.

e MOoi canh clia da gidc nao cing la canh chung ctia ding hai

da giac.

b) Mdi da gidc goi 1a mot mat clia hinh da dién. Céc dinh, canh

clia cac da gidc ay theo thit tu duge goi la cac dinh, canh cia

hinh da dién.

B. KHAI NIEM VE KHOI DA DIEN

e Khéi da dién 14 phan khéng gian ducc
gi6i han béi mot hinh da dién, ké c& hinh
da dién do.

e Nhimng diém khong thudc khdi da dién

g duoc goi 1a diém ngoai ctia khéi da dién.
diém trong diém ngoai

Nhitng diém thudc khéi da dién nhung khéng thudc hinh da dién dé duce goi 1a diém trong
ctia khoi da dién. Tap hop cac diém trong dude goi 1 mién trong, tap hop nhimg diém ngoai

duge goi 1a mieén ngoai ctia khoi da dién.

X. \ [N . ’ - R N . 2 A~ . N . X A~ . \
e Moi hinh da dién chia cac diém con lai ctia khong gian thanh hai mién khong giao nhau la
mién trong va mien ngoai cia hinh da dién, trong dé chi ¢ mién ngoai la chita hoan toan

mot duong thing nao dé.
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@ HAI DA DIEN BANG NHAU

A PHEP DOI HINH TRONG KHONG GIAN

Trong khong gian, quy tac dit tuong tng moi diem M véi diém M’ xac dinh duy nhat duce goi
13 mot phép bién hinh trong khéng gian.

Phép bién hinh trong khong gian dude goi 1a phép doi hinh néu né béo toan khoang cach gitta hai
diém tuy ¥.

* Mot s6 phép doi hinh trong khong gian:

Phép tinh tién theo vecto

Noi dung Hinh veé
La phép bién hinh bién mdi diéem M thanh W M’
diém M’ sao cho MM’ = 7.
M

Phép d6i xitng qua mat phang (P)

Noi dung Hinh veé
La phép bién hinh bién mdi diém M
thudc (P) thanh chinh né, bién
moi diem M khong thuoc (P) I¥

thanh diém M’ sao cho (P) 1a mat '

phing trung truc ctia MM’ M
Néu phép déi xting qua mat
phang (P) bién hinh H thanh
chinh né thi (P) dugc goi 1a mat
phing déi xtmg cia H.

Phép d6i xirng qua tam O
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Noi dung Hinh ve

La phép bién hinh bién diém O thanh chinh
né, bién mdi diém M khéc O thanh diém M’
sao cho O 13 trung diem M M'. M 0 M

Néu phép dbi ximg tam O bién hinh (H)
thanh chinh né thi O ducc goi 1a tam doi

xtng cua (H).

n Phép dbi xifng qua dudng thang A (phép dbi xiing truc A)

Noi dung Hinh ve
La phép bién hinh bién moi diém thudc
duong thang A thanh chinh né, bién mbi AL
Il Il
Il Il

diém M khoéng thuoc A thanh diém M’ sao M 0] ‘
cho A la duong trung truc ctia M M'.

Néu phép dbi xtmg truc A bién hinh (H)
thanh chinh né thi A dudc goi 1a truc doéi

xtng ctua (H).

Nhan xét. e Thuec hién lién tiép cic phép ddi hinh s& dude mdt phép doi hinh.

e Phép ddi hinh bién da dién (H) thanh da dién (H'), bién dinh, canh, mit ctia (H) thanh

dinh, canh, mat tuong tng cia (H').

B. HAI HINH BANG NHAU

Hai hinh da dién duge goi 14 bang nhau néu c¢6 mot phép doi hinh bién hinh nay thanh hinh kia.

PHAN CHIA VA LAP GHEP CAC KHOI DA

Noi dung Hinh vé
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Néu khéi da dién (H) 12 hop cta

hai khéi da dién (H,), (Hs) sao | <

cho (H;) va (Hz) khong c6 chung /,L\'\'\“ y ‘

diém trong nao thi ta néi c6 thé (H\) 5 (i)
chia dudc khéi da dién (H) RN

thanh hai khéi da dién (H;) va
(H,), hay c6 thé lap ghép hai
khéi da dién (H,) va (Hy) v6i
nhau dé dugc khéi da dién (H).

KHOI DA DIEN LOI

A.KHOI DA DIEN LOI

Mot khdi da dién dude goi 1a khodi da dién 16i néu véi

bat ki hai diém A v& B nao ctia né thi moi diém cia } %L,J
doan AB ciing thudc khéi do. V/ e -

Khéi da dién 16i Khéi da dién khong 16i

Luu y:

a) Mot khdi da dién 1a khéi da dién 16i khi va chi khi mién
trong ciia né ludn ndm mot phia dbi véi mdi mat phang di

qua mot mat cia no.

b) Céng thitc O-le: Trong mot khéi da dién 16i néu goi D 1a
s6 dinh, C 1a s6 canh, M 1a s6 mat thi ta luén c6 D+ M =
C+2.
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B. KHOI DA DIEN DEU

Dinh nghia

a) Khdi da dién déu 1a mot khoéi da dién 16i ¢6 hai tinh chat sau day

e Céc mit 1a nhitng da gidc déu p canh.

e Moi dinh 1a dinh chung ctia ding ¢ canh.
b) Khéi da dién déu nhu vAy goi 14 khdi da dién deu loai {p;q}.

Dinh Ii

Chi c6 nam khéi da dién déu. D6 1a:

e Loai {3;3}: khéi tt dién déu.

e Loai {4;3}: khéi 1ap phuong.

e Loai {3;4}: khéi bat dién déu.

e Loai {5;3}: kh6i mudi hai mat deu.
e Loai {3;5}: khdi hai muoi mit déu.

Tham khao hinh biéu dién ctia nim loai khéi da dién.

X

L =

Khbi mudi hai mit

|

[

|

|

|

|
/‘777k777

-

-

Khbi hai muoi mit

Khéi t dién déu Khoi lap phudng Khéi bat dién déu diu
déu
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Bang tém tat chia nam loai khéi da dién déu

Pa dién déucanha | S6 | S6 | S6 | Thé tich Ban kinh R
dinh| canh| mat \'4 mat cau ngoai
tiép
X 243 6
Tt dién déu {3; 3} 4 6 4 ‘{2“ “;I/_
3
Lap phuong {4; 3} s | 12 | 6 a3 ‘“2[
. 243 2
Bét dién ddu {3; 4} 6 | 12 | 8 C“ C“Q/_
. 15+ 7v/5 3++/15
Mudi hai mit déu | 20 | 30 | 12 +4\/_“3 \/_—Za

{5:3}
Hai muoi mat déu | 12 | 30 | 20

{3;5}

Gié st khoi da dién déu loai {p; ¢} c6 D dinh, C' canh va M mat thi ta luon c6

15+5v5 |  V10++/20
——a - Q
12 4

’q-BzQC:pM‘

C.MOT SO KET QUA QUAN TRONG VE KHOI DA DIEN LOI

Két qua 1

Cho mét khéi ti dién ddu. Khi do:

e Céc trong tadm cta cac mat cia no la cac dinh ctia mot khoi t dién deu;

e Céc trung diém ctlia cidc canh ctia né la cédc dinh ctia mot khoi bat dién deu (khoi tdm mat

deu).
Két qua 2
Tam clia cac mat ciia mot khoéi 1lap phuong 1a céc dinh ctia mot khéi bat dién déu.
Két qua 3

Tam clia cac mat ciia mdt khéi bat dién déu 1a céc dinh ctia mot khoéi 14p phuong.

n Két qua 4

Hai dinh ctia mot khoi bat dién déu duge goi 1a hai dinh déi dién néu ching khong clting thudc

mot canh ctia khéi d6. Doan thang nbi hai dinh déi dién goi 14 dudng chéo ciia khéi bat dién déu.
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Khi dé:

e Ba duong chéo cit nhau tai trung diém ctia mdi dudng;
e Ba duong chéo doi mot vudng goc véi nhau;

e Ba duong chéo bang nhau.

THE TiCH KHOI DA DIEN

A.THE TiCH KHOI CHOP

Noi dung Hinh vé
1 S
VChép = ngé,y -h
Sasy 1 dién tich mat day
Trong do . )
hla chiéu cao khoi choép. 4 D
1 C
Vsapep = gSABCD -d(S, (ABCD)) B
B. THE TICH KHOI LANG TRU
No6i dung Hinh vé

- Thac Si: Luong Vin Huy - DT: 0909127555
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VLéng tru — Sdéy -h

Al c’

Sasy la dién tich mat ddy
Trong do
hla chiéu cao lang tru.

Lwu 3: Lang tru ding c6 chiéu cao
chinh 1a do dai canh bén. A ¢

C.THE TICH KHOI HOP CHUY NHAT

Noi dung Hinh vé

A/ I D/

B/ E C C/
|
|

VH@p chit nhat — abe

Trong do6 a, b, ¢ la do dai cac

canh khéi hop chit nhat. Ja b

D.THE TiCH KHOI LAP PHUONG

No6i dung Hinh vé

Al D’

B/

C/

<
[
QOJ

AN S

E.Ti s& THE TiCH

No6i dung Hinh vé

- Thac Si: Luong Van Huy - DT: 0909127555
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VS.A’B’C’ o SA SB SC’ A’
Vsapc SA SB SC

Thé tich khéi chép cut ABC.A'B'C’
h
V=g (B+ B +VBB)

Vé6i B, B', h 1a dién tich hai ddy va chiéu cao B

Cl

» L

F.MOT SO CHU Y VE DO DAI CAC DUONG DAC BIET

DPudng chéo ctia hinh vuéng canh a 13 av/2.

DPudng chéo ciia hinh 1ap phuong canh a 13 av/3.

Duong chéo ctia hinh hép cht nhat ¢é 3 kich thuée a, b, ¢ 1a Va2 + b + 2.
av/3

Dudng cao clia tam gidc déu canh a 13 —

CAC CONG THUC HINH PHANG ‘

Cho A ABC vuong tai A, duong cao AH

R\

o AB® 1+ AC® = BC”. A
e AB*>=BH - BC.
o AC?=CH - BC. Fa— -

e AH -BC = AB - AC.

L1
AH?  AB?  AC?
e AB=BC -sinC = BCcosB=ACtanC = AC cot B.
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Cho A ABC c6 d6 dai ba canh la a, b, ¢, d6 dai cac dudng trung tuyén 1a m,, my

e Dinh li ham s c6sin

a® = b? + ¢ — 2bccos A. b? = a® + ® — 2accos B. 2 =a?+b*—2abcosC.
e Dinh If him s6 sin: —— — " — _°__op,
: sinA  sinB sinC
e Do dai trung tuyén
m? = 2(b2—i—f)—a2. mp = 2(a? —|—f)—b2. m? = 2(a* —1—22)—02‘

Cac céng thirc tinh dién tich

3.1. Tam giac

1 1 1
.S—§(l'ha—§b'hb—50'hc.
S 1b in A in B bsin C'
o = — — — — — .
5 csin 2casm 2a sin
abc
S=—.
*°7uR
o S=pr

o S=/plp—a)p—0b)(p—c).
AB-AC _ BC-AH

e NABC vuodng tai A: S =

2 2
2
e ANABC déu, canh a: AH = a\2/§’S _ f
3.2. Hinh vudng
o | S=a° ('@ la canh hinh vuéng )

3.3. Hinh chit nhat
. (', b 1a hai kich thuéc )

3.4. Hinh binh hanh

o | S = déyxcao:AB-AD-sin@
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3.5. Hinh thoi

3.6. Hinh thang

2

o |S=AB-AD sin BAD = %AC-AD (‘a,b 1 hai kich thuéc )

1 N
o | S=—(at+bh (‘a,bla hai ddy, h la chiéu cao )

3.7. T giac c6 hai dudng chéo vudng géc AC va BD

° SZ%AC'BD

MOT SO CONG THU'C TINH NHANH THE
KHOI CHOP THUONG GAP

géc voi nhau tung déi mot, dién tich
cac tam gidc SAB, SBC, SAC lan lugt
la Sy, Ss, S3. Khi do

V25155 53

VS.ABC = 3

Noi dung Hinh ve
Cho hinh chép S.ABC v6i cac mat
phéng (SAB), (SBC), (SAC) vuéng

Cho hinh chép S.ABC ¢6 SA vudng
géc voi (ABC), hai mit phing (SAB)
va (SBC') vubng goc v6i nhau, ASB =
a, BSC = 8. Khi dé

SB3 -sin 2« - tan 3
12 '

Vsapc =

- Thac Si: Luong Van Huy - DT: 0909127555
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Cho hinh chép déu S.ABC cé déy
ABC 1a tam gidc déu canh bang a, canh S
bén bang b. Khi d6
NG g
Vs.ape = 1 A ¢
M
B
Cho hinh chép tam gidc déu S.ABC c6
canh ddy bang ¢ v mit bén tao véi S
méit phing ddy géc o. Khi dé
a®tan o
Vi = . A C
S.ABC 24
M
B
Cho hinh chép tam gidc déu S.ABC cé
cac canh bén bang b va canh bén tao S
v6i mat phang ddy géc 5. Khi d6
V/3b% - sin 3 - cos?
Vs.apc = 45 B- A ¢
M
B
Cho hinh chép tam gidc déu S.ABC cb
cdc canh ddy bang a va canh bén tao S
v6i mat phing ddy goc 5. Khi d6
a® - tan 3 A C
Vs.apc = 1
M
B

- Thac Si: Luong Van Huy - DT: 0909127555
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Cho hinh chép tit gide déu S.ABCD
c6 ddy 13 hinh vuéng canh bang a va
SA=SB=5C=S5D =b. Khi dé

a’v/4b? — 2a?

VS.ABCD = 6

Cho hinh chép ttt gidc déu S.ABCD cb
canh déy bang a, gbc tao béi mit bén

va mit phing ddy 1a o. Khi dé

a® tan a

Vs.aBep = 5

Cho hinh chép tt gidc déu S.ABCD
c6 canh ddy bang a, SAB = a véi a €

(45°:90°). Khi dé

a*vtan®a — 1

Vs.apcp = 5

Cho hinh chép tt gidc déu S.ABCD
cb cac canh bén bang a, goc tao boi
gitta mit bén va mit ddy bang o vé6i

a € (0°;90°). Khi d6

4a3 tan

Vs = .
S.ABCD = 3 2+ tan’a)

- Thac Si: Luong Van Huy - DT: 0909127555
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. Céc cong thitc d3c biét cia thé tich tit dién -

Cho hinh tam gi4c déu S.ABC c6 canh
déy bang a. Goi (P) la mit phang di
qua A, song song v6i BC' va vudng goc
v6i mét phang (SBC). Biét a la géc
gitta (P) va m&t phang ddy. Khi d6

a® cot o

Vs.apc = o

Khéi bat dién déu c6 cac dinh 1a tAm
cac mat cua hinh 1ap phuong canh a.
Khi d6 thé tich khoi bat dién déu 1a

a

Bl

A’ D’
| ! 7
Cls
¥ ’
! s VN
| // 1 N7
1 AN
v ) Iy
’ -— = N\
\,(,_I— 7 1 i B
- Nl k-
\{\ NG ,
VIN AANY
\\: ’\/\ \
z v XX
AJ‘::—V"‘r— -1 =
- T

Tam cac mat bén ctia mot bat dién
déu canh a 13 dinh ctia mot khéi lap
phuong. Khi d6 thé tich ctia khdi lap
phuong la

2a3/2

V= ST

DIEN

CAC CONG THUC PAC BIET CUA THE TiC

Cong thic

Diéu kién

- Thac ST: Luong Vin Huy - DT: 0909127555
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Thé tich tit dién khi biét ba canh chung
mot dinh va ba goc gitta cac canh & dinh

do

b
Vsapce = %\/1 — a2 —y? — 22 4+ 2xyz.

Trong d6 * = cosa, y = cosf, z =
cos 7. SA=a, SB=0b, SC=c
ASB = a, BSC =3, CSA = .

Thé tich t dién khi biét cip canh déi,

khoang cach va gbc gitta cap canh do

1
VABC’D = éabd sin a.

AB=a, CD =0

d(AB,CD) =d
(AB,CD) = a.
Thé tich ctia ti dién khi biét do dai
canh chung cta hai mat, dién tich va o
gbc gitta hai mat do
H K
O
25195 sin «v A = C
Vsapc = ————.
3a
B

Sasap = 51, Sasac = 5o

SA = a, ((SAB), (SAC)) = a.
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Thé tich khéi chép tam gide khi biét
ba canh bén, hai géc & dinh va mot goc
gitta hai mat bén (gbc nhi dién)

abc o
Vsapc = e sin asin f3sin .

SA=a, SB=b, SC=c
A/SEZQ, A/szﬁ
((SAB), (SAC)) = ¢.

Thé tich khéi tit dién déu Vapep =

a3v/2 Tt dién c6 tit ca cic canh bang a.
12 D
A C
B
, © s 2
Th tich tit dién gan déu V = \/1”; 9z
Vi oz =a?+b*— 2,y =0+ 2 —ad?, Tt dién ABCD c6
z=ct+a® - AB=CD =a, AC = BD =,

AD = BC =c.




MAT NON - MAT TRU -

MAT CAU

@ MAT NON TRON XOAY VA KHOI NON

A MAT NON TRON XOAY

N6i dung Hinh vé

Pudng thang d, A cit nhau tai O va tao
thanh géc B v6i 0° < B < 90°, mit phing
(P) chtta d, A. (P) quay quanh truc A véi
gbe 3 khong ddéi = mat nén tron xoay dinh
0.

e A goila truc.

e d dugc goi 1a duong sinh.

e Gobc 208 goi la goc 6 dinh.

B. KHOI NON

Noi dung Hinh vé
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e La phan khong gian dugc gi6i han béi
mot hinh nén tron xoay ké cé hinh nén
d6. Nhitng diém khong thude khéi nén

goi la nhitng diém ngoai cua khoi nén.

e Nhitng diém thudc khdi nén nhung
khong thudc hinh nén tuong ing goi la
nhitng diém trong ciia khéi nén. Pinh,
mat day, duong sinh ciia mot hinh non
cung la dinh, mat ddy, duong sinh cta

khéi non tuong tmg.

Cho hinh nén c¢é chiéu cao h, dudng sinh [ va ban kinh day r.

e Dién tich xung quanh cuia hinh nén: | Sxq nen = 77l |.

e Dién tich ddy (hinh tron): | S, = 72|

e Dién tich toan phan cia hinh nén: Stp = Sxq + Sasy = 7l + 702 |.

, s 1 1
e Thé tich khoi nén: |V, = ngéyh = gm‘Qh .

C.THIET DIEN KHI CAT B&I MAT PHANG

Diéu kién Ket qua

Cit mat nén tron xoay béi mat phang (Q) di qua dinh ctia mit nén.
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e Mp (Q) cat mit nén theo 2 e Thiét dién la tam gic
duong sinh. can.

e Mp (Q) tiép xdc v6i mat e (Q) la mit phang tiép
nén theo mot duong sinh. dién cta hinh nén.

Cé&t miit nén tron xoay bdi mit phang (Q) khéng di qua dinh ctia mét nén.

e Mp (@) vudng goc véi truc e Giao tuyén la 1 dudng

hinh nén. parabol.

e Mp (Q) song song véi 2 e Giao tuyén 1a 2 nhanh

duong sinh hinh nén. cua 1 hypebol.

e Mp (@) song song véi 1 e Giao tuyén la mot

duong sinh hinh nén. duong tron.
@ MAT TRU TRON XOAY VA KHOI TRU

A.MAT TRU

Noi dung Hinh vé




I 05 |

2. Mat tru tron xoay va khéi tru -

goi tat 1a mat tru.
e Duong thing A goi 1a truc.
e Duong thing ! 14 dudng sinh.

e 7 1a ban kinh ctia mat tru doé.

Trong miit phang (P) cho hai duong thang
A va [ song song vGi nhau, cich nhau mot
khoang bang r. Khi quay mit phang (P)
xung quanh A thi duong thing [ sinh ra mot

mat tron xoay duge goi la mat tru tron xoay,

B. HINH TRU TRON XOAY VA KHOI TRU TRON XOAY

Noi dung

Hinh vé

Ta xét hinh chit nhat ABCD.
Khi quay hinh ch nhéat
ABCD xung quanh dudng
thang chita mot canh nao do,
chdng han canh AB thi duong
gap khiic ABCD sé tao thanh
moOt hinh goi la hinh tru tron

xoay, hay goi tit 1a hinh tru.

A

F—+ - = = prir T e e

cua hinh tru, ban kinh cta ching goi la ban kinh ctia hinh tru.

mat xung quanh cta hinh tru.

Do dai doan C'D goi la d6 dai duong sinh ctia hinh tru.

Khi quay quanh AB, hai canh AD va BC' sé vach ra hai hinh tron bang nhau goi 1a hai ddy

Phan mait tron xoay dude sinh ra bdi cac diém trén CD khi quay xung quanh AB goi 1a

Khoang céch AB giita hai miit phang song song chita hai ddy 1a chiéu cao ctia hinh tru.

- Thac Si: Luong Van Huy - DT: 0909127555
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Khéi tru tron xoay hay khéi tru la phan khéng gian dugc gisi han béi mot hinh tru tron xoay

ké ci hinh tru tron xoay d6. Nhiing diém khong thudc khdi tru goi 1a nhitng diém ngoai ciia khoi
tru. Nhitng diém thuoc khéi tru nhung khong thudce hinh tru tuong tng goi 1 nhimg diém trong
ctia khéi tru. Mat ddy, chiéu cao, dudng sinh, ban kinh ctia mot hinh tru ciing 1a Mat ddy, chicu
cao, dudng sinh, ban kinh ctia khéi tru tuong tmg. Hinh tru cé chiéu cao h, dudng sinh [ va ban
kinh day r.

e Dién tich xung quanh: | Sy, = 27rh|.

e Dién tich toan phan: |S,, = Sy, + 2 Sasy = 27rh + 2772 |

e Thé tich khéi tru: | Vi, = Sazy - h = 7r2h|

@ MAT CAU VA KHOI CAU

A.MAT CAU

Noi dung Hinh ve

Cho diém I c¢b dinh va mot sé thuc
duong R.

Tap hop tat cd nhing diém M trong B A
khong gian cdch I mot khoang R dugc
goi 1a mat cau tAm 7, ban kinh R.

Ki hiéu S(I; R).

Khi d6|S(I; R) = {M|IM = R}

B. V| TR TWONG DSI CUA MAT CAU VA MAT PHANG

Cho mit cau S(I; R) va mit phang (P). Goi H 14 hinh chiéu vuéng géc ciia tAm I 1én mit phéng
(P). Suy ra d = I H 1a khoang céch tit I dén mit phang (P). Khi d6

d>R d=R d<R
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Mat cau va mat Mit phing tiép xtic mit Mit phing c&t mat

phéng khéng c¢6 diém | cau: (P) 1a mit phing tiép | cau theo thiét dién 1

chung. dién ctia mat cau va H 13 duong tron c6 tam H
tiép diém. va ban kinh

r= VB - &.

Luu y:

Khi m&t phing (P) di qua tAm I ctia mit cau thi mit phing duce goi 1a mit phing kinh va

thiét dién lic dé dude goi 1a dudng tron 16n.

C. VI TRi TUONG DAl CUA MAT CAU VA PUONG THANG

Cho mét cau S(I; R) va duong thang A. Goi H 1a hinh chiéu vuéng géc cita tAm I lén dudng
thang A. Khi d6

IH >R IH=R IH <R
A khong ciat mat cau. A tiép xtc v6i mat cau. A cat mat cau (S) tai
A: Tiép tuyén ciia (S). hai diém phéan biét.

H: Tiép diém.

O

- Thac Si: Luong Van Huy - DT: 0909127555
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Luu y:

Trong trusng hop A cit (S) tai hai diém phan biét A, B thi ban kinh R ctia (S) dudc tinh nhu

Sau.

d(I,A)=IH

2
R=+VIH?+ AH? = \/[H2+ () .

AB
2

D. PUGNG KINH TUYEN VA Vi TUYEN CUA MAT CAU

Noi dung

Hinh vé

Giao tuyén clia méit cau véi nita mat
phing c¢é b 1a truc cla mit cau duge
goi 1a kinh tuyén.

Giao tuyén (néu cd) ctia mit cau véi
cdc mit phiang vudng géc véi truc duge
goi 1a vi tuyén clia mat cau.

Hai giao diém ctia mit cau véi truc

duge goi 1a hai cuc clia mat cau.

™ vl tuyén

* Mat cau ndi tiép, ngoai tiép hinh da dién.

Noi dung Hinh veé
Mat cau noi tiep hinh da dién neu
|
o, X TS , s LA o [ES2ERNRIN
mat cau dé tiep xtc véi tat ca cac AN N
/ \
|2 S S \
o o N A N ;. VT N
mat cua hinh da dién. Con néi t’ SR
(I |
£ v ox A -7
hinh da dién ngoai tiép méit cau. AN i
(I U VAN A I
Lzl =Y

K o . s

Luwong Van Huy - DT: 0909127555
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Noi dung Hinh veé

Mat cau ngoai tiép hinh da dién
néu tat ca cic dinh ctia hinh da
dién déu nam trén mat cau. Con
n6i hinh da dién noi tiép mat cau.
Mit cau tdm O ban kinh 7 ngoai
tiép hinh chép S.ABCD khi va
chi khi

OA=0B=0C=0D=0S=r

Cho mat cau S(I; R)

e Dién tich mat cau:

, PN 4
e Thé tich khdi cau: |V = §7TR3

A.BAI TOAN MAT NON

Dang 1. Thiét dién cGia hinh nén cit b&i mot mat phang

Noi dung Hinh vé

Thiét dién qua truc ctia hinh nén 1

tam giac can.

- Thac Si: Luong Vin Huy - DT: 0909127555
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Thiét dién qua dinh ciia hinh nén la
nhiing tam giac can c6 hai canh bén la

hai duong sinh ctia hinh noén.

Thiét dién vudng géc véi truc cia
hinh nén la nhiing dudng tron cé tam

nam trén truc cta hinh noén.

A

B

Dang 2. Bai toan lién quan dén thiét dién qua dinh cta hinh nén

Cho hinh nén c¢6 chiéu cao 1a h, ban kinh day r va dudng sinh .

Mot thiét dién di qua dinh ctia hinh nén ¢6 khoéng céch tir tm cia ddy dén mit phang chia

thiét dién la d.

Noi dung

Hinh veé

- Thac Si: Luong Van Huy - DT: 0909127555
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Goi M 1a trung diém ciia AC. Khi dé:
o AC L (SMI).

e Goc gitta (SAC) va (ABC) la goc
SMI.

o Goc gita (SAC) va (SI) la géc
MST.

e d(I,(SAC)) =1H =d.
Dién tich thiét dién

1
Sta = Sasac = §SM -AC

1
= 5\/512 + IM2-2v/AI?2 — IM?

h2d? h2d?
= \/h2+h2—d2'\/r2_h2—d?'

Dang 3. Bai toan hinh nén ngoai tiép va noéi tiép hinh chép

Noi dung Hinh veé

Hinh nén néi tiép hinh chép S.ABC D
déu 13 hinh nén c6 dinh S, ddy 1a duong Hinh chép tt gide déu
tron ndi tiép hinh vuéng ABCD. Khi
do6 hinh nén co:
AB
e Ban kinh day r = IM = -
e Duong cao h = SI, duong sinh
{=SM.

- Thac Si: Luong Van Huy - DT: 0909127555
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Hinh nén ngoai tiép hinh chép déu
S.ABCD déu la hinh nén cé dinh Hinh chép tt gide déu
S, day la dudng tron ngoai tiép hinh
vuong ABCD. Khi d6 hinh nén cé:

e Bin kinh day

e Chiéu cao h = SI.

e Duong sinh ¢ = SA.

Hinh nén ndi tiép hinh chép S.ABC
déu 14 hinh nén cé dinh S, déy 1a dudng Hinh chép tam gidc déu
tron noi tiép tam gidc ABC. Khi dé S.ABC

S

hinh nén co

e Ban kinh day

A ‘ C
AM  AB+vV3
r=IM = 5 = 6\/_'
M
e Chiéu cao h = S1I. B

e Duong sinh ¢ = SM.
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Hinh nén ngoai tiép hinh chép S.ABC
déu 13 hinh nén c6 dinh S, day 1a duong Hinh chép tam gidc deu
tron ngoai tiép tam gidc ABC. Khi d6

hinh nén c6

e Bin kinh ddy

2AM  ABV3

" 3 3

e Chiéu cao h = SI.

e Duong sinh ¢ = SA.

n Dang 4. Bai toan hinh nén cut

Khi cit hinh nén béi mot mit phang song song véi ddy thi phan mit phang ndm trong hinh nén

13 mét hinh tron. Phan hinh nén ndm gitta hai mit phéng néi trén dude goi 1a hinh nén cut.

Noi dung Hinh vé

Khi c&t hinh nén cut béi mot mit phing 5

song song voi ddy thi duge mit cit 14 mot

hinh tron.

Khi cdt hinh nén cut béi mot mit phing
song song véi truc thi duge mat cat 1a mot

hinh thang cén.
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Cho hinh nén cut ¢6 R, r, h lan ludt 1a ban

kinh day 16n, ban kinh ddy nhé va chiéu cao.

Dién tich xung quanh ctia hinh nén cut

Seq=m-L-(R+7). e

Dién tich ddy (hinh tron)

Saag 1 = 07
= Z Sdéy = 7T(7"2+R2).
Sasy 2 = TR?

Dién tich toan phan ctia hinh chép cut
Spp=7-L-(R+7)+7r* + 7R
Thé tich khéi nén cut

1
V= gwh(RZ + 72 + Rr).

a Dang 5. Bai toan hinh nén tao bai phan con lai cia hinh tron sau khi cat bo di hi

Noi dung Hinh veé

- Thac Si: Luong Van Huy - DT: 0909127555
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T hinh tron (O; R) cat bo di
hinh quat AmB. D0 dai cung
AnB bang z. Phan con lai ciia
hinh tron ghép lai duge mot hinh
. >

non. Tim ban kinh, chiéu cao va R

do dai dudng sinh ctia hinh nén | 4 . B .
do. -

Hinh nén duge tao thanh co

(=R

T
2tr =T =>1r = —

B. MOT SO DANG TOAN VA CONG THU'C GIAI BAI TOAN MAT TRU

Dang 1. Thiét dién cta hinh tru cit b mét mat phang

No6i dung Hinh vé

Thiét dién vudng gbéc truc la mot dudng
tron ban kinh R.

Thiét dién chita truc 1a mot hinh chit nhat
ABCD trong d6 AB = 2R va AD = h. Néu

thiét dién qua truc 13 mot hinh vuong thi
h =2R.

Thiét dién song song véi truc va khéng
chtta truc la hinh chtt nhat BGHC c6
khoang cach t6i truc la d(OO', (BGHC)) =
OM.

- Thac Si: Luong Van Huy - DT: 0909127555




- 106 ‘ Page 4. M6t s6 dang toan va céng thirc giai nén va tru -

Dang 2. Thé tich khéi t&r dién c6 2 canh la duong kinh 2 day

Noi dung Hinh vé

Néu nhu AB va CD la hai dudng kinh bat
ky trén hai day cta hinh tru thi

VABC’D = éAB . CD . OO/ . sin(AB, CD)

Dic biét: Néu AB va CD vudng géc nhau
thi

1
Vapep = 6AB -CD-00'.

Dang 3. Xac dinh goéc, khoang cach

Noi dung Hinh vé

Géc gitta AB va truc OO’ bang A'AB.

Khoang cach gitta AB va truc OO’ bang
O'M.

- Thac Si: Luong Van Huy - DT: 0909127555
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4. Mot s6 dang toan va cong thirc giadi nén va tru -

Néu ABCD 1a mot hinh vudng ndi tiép
trong hinh tru thi duong chéo ctia hinh
vuong ciing bang dudng chéo ctia hinh

tru. Nghia 13 canh hinh vuéng bang

2
AB = \/2RQ+};.

n Dang 4. Xac dinh mdi lién hé giira dién tich xung quanh, toan phan va thé tich ki

Noi dung

Hinh vé

Mot khéi tru c6 thé tich V khéng ddi.

e Tim ban kinh ddy va chiéu cao hinh tru

dé dién tich toan phan nhé nhét

3/ V
e
3V
h=2 E

e Tim ban kinh ddy va chiéu cao hinh tru

Stp min <

dé dién tich xung quanh cong véi dién

tich mot ddy va nhoé nhat

r={Y
m

=i
4

S min &

B Dang 5. Hinh tru ngoai tiép, noi tiép mot hinh lang tru dirng

Cho hinh lang tru tam gidc déu ndi tiép trong mot hinh tru. Thé tich khéi ling tru 1a V' thi thé

tich khdi tru

. 47V
la ‘/(T) = T

Cho hinh lang tru tt gidc deu ABCD.A’B'C'D’ ngoai tiép trong mot hinh tru. Dién tich xung

28

quanh hinh tru la S thi dién tich xung quanh ctia hinh lang tru la Syq = —.

(e

- Thac Si: Luong Van Huy - DT: 0909127555
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MOT SO DANG TOAN VA CONG THUC GIA
TOAN MAT CAU

A.MAT CAU NGOAI TIEP KHOI DA DIEN

Cac khai niém co ban

Truc dudng tron ngoai tiép da gidac day la dudng thing di qua tAm dudng tron ngoai tiép
ctia da gidc ddy va vudng géc véi mat phang chita da gide ddy. Bat ki mot diém ndo ndm trén
truc dudng tron ngoai tiép da gidc ddy thi cidch déu céc dinh clia da gidc do.

Pudng trung truc ctia doan thang 13 duong thing di qua trung diém ctia doan thing va
vudng goéc voi doan thang d6. Bat ki mot diém nao ndm trén dudng trung truc thi cdch déu hai
dau mit ciia doan thing.

Mit trung truc cta doan thing 1 mit phing di qua trung diém ciia doan thing va vudng
gbc voi doan thing d6. Bat ki mot didm ndo ndm trén mat trung truc thi cdch déu hai dau mut

clia doan thing.

Tam va ban kinh mat cau ngoai tiép hinh chép

TAm mit cau ngoai tiép hinh chép 13 diém cich déu cdc dinh cta hinh chép. Hay néi céch
khéc, n6 chinh 1a giao diém I ciia truc dudng tron ngoai tiép da gide ddy va mit phing trung truc
cua mot canh bén hinh chép.

Ban kinh 1a khodng cach tit I dén cic dinh ctia hinh chép.

Cach xac dinh tam va ban kinh mat cau cia mét s6 hinh da dién

Hinh hop chir nhat, hinh 13p phuong

Noi dung Hinh veé
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Tam: trung v6i tam dbi ximg
ctia hinh hop cht nhat (hinh 1ap / /
phuong). Suy ra tam la I, la trung 4 r Y
diém cta A'C b’ é\\\\ 7 C’
Ban kinh: bing nita do dai Y.
duomg chéo hinh hop chit nhat AN T
(hinh 1a8p phuong). Suy ra béan D ¢
kinh: R = AC,.
2
Hinh lang tru ditng c6 day ndi tiép dudng tron
Noi dung Hinh veé
Xét hinh lang tru ding
Ay, A, Ag -+ A A AL AL - AL trong d6 Ay A,
¢6 2 ddy AyAsAs - A, vi ALALAL - AL noi tidp N A 10/
dudng tron (0) va (0). Liic d6, mit cAu ndi tiép \ A,
hinh ling tru ding c6 "1
Al i Al
e Tam: I, v6i I 1a trung diém ctia OO'. X ;4_’2_“1_0“"_
N

e Ban kinh: R=J1A, =1Ay=---=T1A]

Hinh chép cé cac dinh nhin doan thang ndi 2 dinh con lai dudi 1 géc vubng

Noi dung Hinh vé
Hinh chép S.ABC 6 SAC — SBC — 90°. J
e Tam: I 1a trung diém SC. U
oBénkinh:R:S;’:]A:]B:IC'. A o
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5. Mot s6 dang toan va cong thirc giai bai toan mat cau -

S
Hinh chép S.ABCD c¢6 SAC = SBC = SDC = 90°.
e Tam: ] 1a trung diém SC.
oBénkinh:R:SQC:[A:IB:IC:ID. D
C
Hinh chép déu
No6i dung Hinh vé

Hinh chép déu S.ABC - --
e Goi O la tam cua day = SO la tru ctua day.

e Trong mit phang xic dinh béi SO va mét canh
bén, ching han nhu mit phang (SAO), ta vé
duong trung truc ctia canh SA 1a A cit SA tai

M va cat SO tai I = I 1a tAm clia mat cau.

e

N*//

o

Ban kinh:
SM ST
Ta c6 ASMI ~ ASOA —_— = — =15 =
Sz;\;oSAS o SOA = <0 <1 = R =
SO ~o.go - tA=IB=IC="
Hinh chép cé canh bén vuéng géc v8i mat phang day
Noi dung Hinh vé

- Thac Si: Luong Van Huy - DT: 0909127555
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Cho hinh chép S.ABC' - -+ ¢ canh bén SA 1 (ABC'--+)
va ddy ABC - -- noi tiép duong tron tam O.
Tém va ban kinh mit cau ngoai tiép hinh chép

S.ABC'--- dugc xac dinh nhu sau:

e Tit tAm O ngoai tiép ddy, ta vé duong thiang d
vudng goc véi mit phang (ABC'---) tai O.

e Trong mit phang (d,SA), ta dung dudng trung
truc A ctia canh SA cit SAtai M, citdtai [ = I
14 tAm mit cau ngoai tiép hinh chép va ban kinh

R=TA=I1C=15=--.

e Tim ban kinh.
Ta ¢6 MIOB la hinh cht nhat. Xét AMAI
vuong tai M c¢6: R = Al = VMI?>+ MA? =

\/AO2 (52

Hinh chép khac

e Dung truc A cua day.

e Dung mit phang trung truc (o) cia mét canh bén bat ki
e (a)NA=1T1=TIlatam mit cau ngoai tiép ctia hinh chép.
e Ban kinh: khoang cdch tit I dén cac dinh ctia hinh chép.

Dudng tron ngoai tiép mot sé6 da giac thudng gap

Khi xéc dinh tAm mit cau, ta cin x4c dinh truc ctia mit phang ddy, dé chinh 13 duong thing
vudng géc voi mit phing ddy tai tam O ciia dudng tron ngoai tiép ddy. Do d6, viée xdc dinh tAm

O la yéeu to rat quan trong ctia bai toan.

Hinh vudng: O la giao diém 2 dudng chéo.
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Hinh chit nhat: O 1a giao diém 2 dudng chéo.

Tam gidc déu: O la trong tam tam gidc.

AN

Tam gidc vudng: O la trung diém ciia canh huyen.

(BrX

Y

Tam gidc thudng: O 1 giao diém ciia 2 dudng trung truc ciia 2 canh trong

—+
Q0
| <
o
S,
SN
e

B.KY THUAT XAC DINH MAT CAU NGOAI TIEP HINH CHOP

Noi dung Hinh vé




- 113 ‘ Page 5. M6t s6 dang toan va céng thirc giai bai toan mat cau -

Cho hinh chép S.A;A45...A, (thoa

man dieu kién ton tai mat cau ngoai

tiép). Thong thuong, dé xdc dinh mit
cau ngoai tiép hinh chép ta thuc hién 1A
theo hai buéce

A «ﬂ} C
e Budc 1: Xéc dinh tAm ctia dudng NT—H |

tron ngoai tiép da gidc ddy. Dung
A 1a truc dudng tron ngoai tiép

da gidc day.

e Bugc 2: Lap mit phing trung
truc (o) cua mét canh bén. Lic
d6 Tam O ctia mat cau la giao
diém ctia dudng thing A va mit
phang (). Ban kinh R = SA =
SO. Tuy vao tung trudng hop.

C.KY NANG XAC DINH TRUC BUONG TRON NGOAI TIEP DA GIAC DAY

Truc dudng tron ngoai tiép da giac day

Noi dung Hinh vé

Pinh nghia

Truc dudng tron ngoai tiép da giac day
1a dudng thiang di qua tdm dudng tron
ngoai tiép ddy va vudng goc véi mit
phing day.

Tinh chit

Véimoi M € d tht MA= MB = MC.

Suy ra MA=MB=MC < M ed.

- Thac Si: Luong Van Huy - DT: 0909127555
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Cac budc xac dinh truc

e Bubc 1: Xac dinh tdm H cua

dudng tron ngoai tiép da gidc day.

e Buéc 2: Qua H dung dudng

thing d’ vudng gbc véi mit phang

day.

Mot sb trudng hop dic biét d L
|

e Ddy la tam giac vudng. !

e D4y la tam gidc deéu.

R g X B ¢
e Day la tam giac thuong. W

Ky nang tam giac dong dang

Noi dung Hinh vé

ASMO dong dang véi ASIA, suy ra
50 _ s
SA ST M

Nhan xét quan trong

MA=MB=MC .
JM, S sao cho thi SM la truc dudng tron ngoai tiep AABC.
SA=SB=S5C
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D. KY THUAT SU DUNG HAI TRUC XAC DINH TAM MAT CAU NGOAI TIEP DA DIEN

Noi dung Hinh vé

Cho hinh chép S.A;Ay... A, (thda man dic¢u
kién ton tai mit cau ngoai tiép). Thong thuong,
dé x4c dinh mit cau ngoai tiép hinh chép ta

thuc hién theo hai buée

e Bu6c 1: Xac dinh tam ctia duong tron
ngoai tiép da gidc day. Dung d’ 1a truc

duong tron ngoai tiép da gidc day.

e Buéc 2: Xac dinh truc d ctia dusng tron
ngoai tiép mot mit bén (dé x4c dinh) ciia

khéi chép. Lic dé

e Tam [ clia mit cau la {I} = d’' Nd.

e Bian kinh R = [A = IS. Tuy vao

tung truong hop.

E. TONG KET CAC DANG TiM TAM VA BAN KiNH MAT CAU

Noi dung Hinh vé

- Thac Si: Luong Van Huy - DT: 0909127555
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Canh bén SA vudng goc ddy vi ABC = B
90°. Khi d6 R = 520 va tam la trung

diém cia SC.

Dang 2

Noi dung Hinh vé
Canh bén SA vudng géc ddy va bat ké ddy 1a hinh gi,
chi can tim dugc ban kinh dudng tron ngoai tiép cta 3
day 1a Rp, khi d6 RQZR%—i—Sjﬂ. K
e Rp = abe v6i p la ntta chu A ¢
4y/p(p = a)(p =) (p — ) 0

vi.

Néu AABC vuodng tai A thi
1
Rp = 1 (AB% + AC? + SA?).

av/2

D4y 1a hinh vuong canh a thi Rp = —

Néu ddy 1a tam gidc déu canh a thi Rp =

av/3
-

Dang 3
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Noi dung Hinh vé

Hinh chép ¢ cac canh bén bang nhau SA =
SB=5C=5D, ta co

842
- 250°

R

e ABCD la hinh vuong, hinh cht nhat, A

khi d6 O la giao ctia hai duong chéo. \ /

» B C
e NABC vudng, khi d6 O la trung diem
canh huyén.
o NABC déu, khi d6 O la trong tam,
truc tam, tdm dudng tron ngoai tiép,
noi tiép tam gidc.
n Dang 4
Noi dung Hinh vé
Hai mit phang (SAB) va (ABC)
] S
vuong goc vGi nhau va cbd giao tuyen
AB. Khi d6, ta goi R;, R, lan ludt 1a
ban kinh dudng tron ngoai tiép cic tam
gidac SAB va SAC. Ban kinh mat cau A o
ngoai tiép
AB? b

- Thac Si: Luong Van Huy - DT: 0909127555
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B Dang 5

Cho hinh chép S.ABCD c6 dudng cao SH, tam dudng tron ngoai tiép day 1la O. Khi dé, ta giai

phuong trinh (SH — z)? + OH? = z? + R%,. Vi gid tri = vita tim dugc, ta c6

R? = 2° + R},

Ban kinh mat cau noi tiep |r = — |.

KHOI TRON XOAY

A.CHOM CAU

Noi dung

Hinh vé

Ta c6 cong thiic tinh dién tich va thé tich

Spq =2mRh =7 (7’2 + h2)

_ 2 o ﬁ) _ 7T_h’ 2 2
V =mnh (R 3) =5 (B +37)
B. HINH TRU CUT
No6i dung Hinh ve

- Thac Si: Luong Vin Huy - DT: 0909127555
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Ta c6 cong thiic tinh thé tich, dién tich

qu = 7TR (hl + hg)
hi + h2>

V:WR(

C.HINH NEM LOAI 1

Noi dung Hinh vé

Ta c6 cong thic tinh thé tich

2
V = §R3 tan o.

D. HINH NEM LOAI 2

Noi dung Hinh vé

- Thac Si: Luong Van Huy - DT: 0909127555
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Ta c6 cong thic tinh thé tich

(T2 3
V—<2 3)R tan «.

;

E. PARABOL BAC HAI - PARABOLOID

No6i dung Hinh ve

( 4
Sparabol = th

i’;fz)‘”’@f

1
= — 2 = —
V= 57 Rh = Vi,

A\

F. DIEN TICH ELIP VA THE TIiCH KHOI TRON XOAY SINH B&I ELIP

Noi dung Hinh vé

- Thac Si: Luong Van Huy - DT: 0909127555
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(

Selip = mab

a b a
4 N
) _

2
V;may quanh 2a — gﬂ'ab

4

_ 2
V;may quanh 2b — gﬂ—a b.
\

G. DIEN TiCH HINH VANH KHAN

Noi dung Hinh vé

S=m(R*—17). c%

H. THE TICH HINH XUYEN (PHAO)

Noi dung Hinh veé

v (1) () e

- Thac Si: Luong Van Huy - DT: 0909127555




HE TOA PO TRONG
KHONG GIAN

HE TOA PO TRONG KHONG GIAN .

Khai niém mé dau

Trong khéng gian cho ba truc Oz, Oy, Oz doi mot vudng goc. Goc toa dd O, truc hoanh Oz, truc
tung Oy, truc cao Oz, cdc mat toa dd (Oxy), (Oyz), (Ozz).

Khai niém vé hé truc toa do

Khi khong gian c¢6 hé truc toa do thi goi la khong gian toa do Oxyz hay khong gian Ozyz.

0
=
N
<K\

n Toa do diém

M(x;y;z)@Osz?—i—y?—i—z?.
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B Cac cong thirc toa d6 can nhé

Cho @ = (a;b;¢), U = (a';0; ).

a=a
e u=v<Kb=V
c=/C.

=l

u-v B aa’ +bb + cc
B |Q_[||7f| B Va2 +02+c2-Va?2+b2+ 2

o AB = (xB —XAYB — YA RZB — ZA)-

AB = ’A_B)‘ = \/([/UB —xA)2+ (ym —yA)2+ (zp — ZA)Q.

B chiy

Goéc ctia hai vée-to (@, ) 1a géc hinh hoc (nhd) gitta hai tia mang cdc véc-to dd, gia tri trong

0; 7] 1a sin (W; ¥) = /1 — cos? (€, T) > 0.

Chia ti l& doan thang

Diém M chia doan AB theo ti s6 k nghia 1a MA = kMB. Cong thtc toa do cia M la

([ wa—kap
M
_ ya—kys
yM_il—k
_ za—kzp
M T Tk
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B Cong thirc trung diém

Néu M 1a trung diém ctia doan AB thi

( TAa+2p
Ty =—"
M 2
MA+MB=T o yM:yA;yB
; _ ZAt+ 2B
(M 2
n Cong thic trong tam tam giac
Néu G 1a trong tAm ctia tam gidc ABC thi
( TAa+ 2T+ 20
TG =g
GA+GB+GC =0 & yG_W
zZa+ 2B+ 2¢
g=— .
\ 3
Cong thirc trong tam ta dién
Néu G 1a trong tam tit dién ABCD thi
( A+ 2T+ Toc+ Tp
TG = 4
@’+@+G_C’+(ﬁ5:6@<yG:yA+yBZyC+yD
za+zp+zc+2p
ZG = 4 .
\

Tich c6 hudng cta hai véc-to

\

Cho hai véc-to U = (a;b;c) va U = (a;b'; ). Tich c6 huéng ctia hai véc-to @ va U 1a mot véc-to,

ki hiéu [, U] hay @ A ¥, 6 toa do

(7, V] = ; ; = (bd —b'c;ca’ — ac;ab’ —bd').

Tinh chét ciaa tich cé6 huéng cha hai véc-to

—> —> A 7 sye —> N >
e [u, V] vuong goc véi © va U.

o [0, V]| = [¥] - [7]-sin (&, V).
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o [4,7]=0 < @, ¥ cing phuong.

Ung dung cha tich c6 huéng cha hai véc-td
e Dién tich hinh binh hanh ABCD: § = ’ [AB, AD] (

—>

Dién tich tam giac ABC: S = ; : HAB,A_C)} ‘

Ba véc-to @, U, @ dong phiang < [@, V] - @ = 0.

Thé tich khdi hop c¢6 day 1a hinh binh hanh ABCD va canh bén AA’:

V:‘[E,E}-ﬂ

Thé tich khéi ti dién S.ABC: V = é : ) [AB,AC] - S‘Z‘.

B.PHUONG PHAP GIAI MOT SO BAI TOAN THUONG GAP

Cac phép toan vé toa do chia véc-td va cia diém
Phuong phap giai
e Sit dung céc cong thiic vé toa do clia véc-to va ctia diém trong khong gian.

e Sit dung céc phép todn vé véc-to trong khong gian.

Xac dinh diém trong khong gian. Chitng minh tinh chat hinh hoc. Dién tich - Thé

Phuong phap giai
e Sit dung céc cong thitc vé toa do clia véc-to va ciia diém trong khong gian.
e Sit dung céc phép todn vé véc-to trong khong gian.
e Cong thiic xac dinh toa do clia cdc diém dic biét.
e Tinh chat hinh hoc ctia céc diém dic biét.
— A, B, C thing hing < AB, AC cimg phuong < AB = kAC < [AB,AC| = 0.

— ABCD 13 hinh binh hanh < AB = DC.

— Cho AABC ¢6 cac chan E, F cua cac duong phan giac trong va ngoai cua gbc A trén
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— A, B, C, D khong dong phéng < 1@, A_C), AD khong dong phang < [A—B), A—C’)} AD #*
0.

@ MAT PHANG

A. CAC KHAI NIEM VA TINH CHAT

Khai niém vé véc-td phap tuyén

Véc-ta 7 khic 0 va cé gia vuong goc mp(P) duge goi 1a véc-to phap tuyén cia (P).

Tinh chét ciia véc-td phap tuyén

Néu 77 1a vée-to phap tuyén ctia (P) thi k7 (k # 0) ciing 1a véc-to phap tuyén ctia (P).

Phuong trinh téng quat ctia mat phang

Phuong trinh téng quat ctia mit phang (P) qua M (zo;yo; 20) VA ¢b vée-to phap tuyén 7 =
(A; B; C) la
A(x — o) + By —yo) + C(z — 29) = 0.

n Khai trién cta phuong trinh tdng quat

Dang khai trién ctia phuong trinh tong quét 14 Az + By + Cz + D = 0 (trong dé A, B, C khong
dong thsi bang 0).

B Nhirng trudng hdp riéng cia phuong trinh téng quat

e (P) qua gbc toa do < D = 0.

e (P) song song hoac trung (Ozy) < A= B = 0.
e (P) song song hoac trung (Oyz) < B=C =0.
e (P) song song hoac trung (Ozz) < A=C=0.
e (P) song song hoac chita truc Oz < A = 0.

e (P) song song hoac chita truc Oy < B = 0.

e (P) song song hoac chita truc Oz < C = 0.
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e (P) (khong qua gbc toa do) cat Oz tai A(a;0;0), cat Oy tai B(0;y;0), cat Oz tai C(0;0;c)
& (P) c6 phuong trinh Iy % +Ii=1
a c

m Khoang cach tir mét diém dén mat phang

Cho M (xo; yo; 20) va (P): Az + By + Cz+ D =0, khi d¢6

. ‘AI’O + Byo + CZ() + D|

d[M;<P)] m

Chum mat phang

Noi dung Hinh vé

e Tap hop tit ca cic mit phing qua giao tuyén ctia hai mit

phéng (o) va (3) goi 1a mot chiim miit phang.

e Goi d 1a giao tuyén ctia hai mét phang (a): Az + Byy+Ciz+
D1 =0 va (6) A2x+Bgy+C’2z+D2 = 0.

e Khi d6 néu (P) la mit phing chita d thi mét phang (P) ¢
dang N
m(Alzc —+ Bly —+ Clz —+ Dl) -+ n(AQl' -+ Bgy -+ CQZ -+ Dg) =0

v6i m? +n? # 0.

B. VIET PHUONG TRINH MAT PHANG

Dé 1ap phuong trinh m&t phang (o) ta can xac dinh mot diém thuoc (o) va mot VIPT cita né.

Dang 1

Mit phang () di qua diém M (xo; yo; 20) va ¢6 VIPT 7@ = (A; B;C) thi

(a): A(x — x9) + B(y — yo) + C(z — 2) = 0.




- 128 ‘ Page 2. Mat phfmg-
Dang 2

Mit phing (a) di qua diém M (zo; yo; z0) va ¢ cip VICP @, b thi 7 = [?L), 7;} la mét VITPT

clia ().

Dang 3

Mit phang (o) di qua diém M (zo; yo; 20) va song song véi (3): Az + By 4+ Cz = 0 thi

(a): A(x — xo) + B(y — yo) + C(z — 29) = 0.

n Dang 4

Mt phang () di qua ba diém A, B, C khong thiang hang. Khi dé ta ¢6 thé xdc dinh mot VIPT
cia () 1la 7 = [%TB:%TC?

B Dang 5

Mit phang (o) di qua mét diém M va mét duong thang d khong chitia M:
e Trén d lay diem A va VICP 7.
e Mot VIPT ciia (o) 1a 7@ = [AM, @],

B Dang 6

Mit phang (o) di qua mot diém M, vuéng géc véi dudng thang d thi VICP @ ciia dudng théng
d la mot VIPT cua («).

Dang 7

M3t phang () chita hai dudng théng cit nhau dy, ds:
e Xic dinh cdc VICP @, b ciia céc duong thing dy, ds.
e Mot VTPT cita (o) 1a 7@ = [@, b].
e Liy mot diém M thudc d, hoic dy = M € ().

B Dang 8

Mt phang (a) chita duong thing di va song song véi duong thang dy (hai dudng dy, dy chéo

nhau):

e Xéc dinh cdc VICP @, b ciia cic dudng thing d,, ds.
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e Mot VTPT ciia (a) 1a @ = [@, b].

e Liy mot diém M thuoc d, = M € (a).
n Dang 9
Mit phing (o) di qua diém M va song song v6i hai duong thing chéo nhau d;, dy:
o Xic dinh cic VTCP @, b ciia céc dudng thing di, do.
e Mot VIPT cita (o) 1a 7@ = [@, b].
Dang 10
Mit phang () chita mot dudng thang d va vudng géc véi mot mit phing (3):
e X4c dinh VTCP W cia d va VIPT 74 cta ().
e Mot VIPT cta (o) la @ = [u, 7 g].
e Liy mot diém M thuoc d = M € (a).
Dang 11
Mit phang () di qua diém M va vudng géc v6i hai mit phang cit nhau (5), (7):
e X4c dinh cdc VIPT 7g, 7, cla (8) va (7).
e Mot VIPT cta () 1a 7@ = [, 7).
Dang 12
Mit phing () chita duong thing d cho trude va cdch diém M cho truée mot khoang k cho trude:
e Gia st (o) ¢6 phuong trinh A+ By + Cz+ D =0, (A? + B>+ C? £ 0).
e Léiy hai diéem A, B € d = A, B € («), ta dudc hai phuong trinh (1) va (2).
e Tt dicu kién khodng cach d[M, (a)] = k, ta duge phuong trinh (3).
e Giai hé phuong trinh (1), (2), (3) (bang cich cho gi4 tri mot an, tim cdc an con lai).
Dang 13
Mit phang (a) tiép xic mit cau (S) tai diém H:
e Gid stt mit cau (S) c¢6 tam I va ban kinh R.

o Mot VIPT ciia (o) 1a 7@ = IH.
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C. VI TRi TUONG DSI CUA HAI MAT PHANG

Cho hai mit phang (P): Az + By +Cz+ D =0va (P'): Az + B'y 4+ C'z + D' = 0. Khi d6

e (P)cat (P )= A:B:C#A :B ("

(PP a e =T

- B 7 D

A B C D

° (P) 1 (Pl) = ﬁ)(p) L _?—’L)(p/) = _?—’L)(p) . ﬁ)(p/) =0 AA' + BB +CC' =

D.KHOANG CACH VA HINH CHIEU

Khoang cach tir mot diém dén mot mat phang

Khoang céch tit diém My (zo; yo; 20) dén mit phiang (a): Az + By+Cz+ D =014
A B C D
A[My; (o) = A0 L2t £ Co0 2 DI

Khoang cach giita hai mat phang song song

Khoéng cdch gitta hai mit phang song song bing khodng céch tit mot diém bét ki trén mat phang

nay dén mit phing kia.

Hinh chiéu cia mét diém lén mot mat

, ) , MH, 7 cing phuong
biém H la hinh chieu ctia diem M lén (P) < :

H € (P)

n Diém dbi xirng cha mot diém qua mit phang

biém M’ déi xtmg M qua (P) <& MM’ =2MH.

E.GOC GITA HAI MAT PHANG

Cho hai mit phang (o), () ¢6 phuong trinh (a): Az 4 Byy+ Ciz+ Dy = 0 va (3): Az + Byy +
CQZ + D2 = 0.

Goc gifta (a), (3) bang hodc bit véi géc gitta hai VIPT 71, 7s.
|_T—l)1 . ﬁ2| |A1A2+BlBQ+0102|
cos[(@); (F)) = == = :
|| - |7e] A} + B} + C}- /A3 + B3 + C3
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—

0° < [(a);(B)] < 90°; (@) L (8) & Aids + BBy + C1Cy = 0.

F. VI TRI TUONG DSI GITA MAT PHANG VA MAT CAU. PHUONG TRINH MAT PHANG Tl

Cho mit phing (a): Az 4+ By + Cz+ D = 0 va mit cau (S): (z —a)> + (y —b)>+ (2 — ¢)> = R?

c6 tam 1.
e () va (9) khong c6 diém chung < d[I; (a)] > R.
e () tiép xtc (S) & d[I; (a)] = R v6i (o) 1a tiép dien.
Dé tim toa do tiép diém, ta c6 thé thuc hién nhu sau
e Viét phuong trinh dudng thang d di qua tAm I ctia (S) va vudng géc (a).
e Tim toa d6 giao diém H ctia d va («), H la giao di¢m ciia (S) véi (a).
e (a) cat (S) theo mot duong tron < d[I; (a)] < R.
Dé x4c dinh tam va ban kinh r ciia dudng tron giao tuyén ta cé thé thuc hién nhu sau
e Viét phuong trinh dudng thang d di qua tam I ctia (S) va vudng goc ().

e Tim toa dd giao diém H ctia d va (a), v6i H 1a tAm clia dudng tron giao tuyén ctia (S) véi

().

e Ban kinh r clia dudng tron giao tuyén r = /R — I H2.

PUONG THANG ‘

A.PHUONG TRINH CUA DUONG THANG

?

N

Véc-td chi phuong clia dudng thang

4> Dinh nghia 3.1. Cho dudng thing d. Néu véc-to @ # 0 va c6 gid song song hoac
triung véi duong phiang d thi dude goi 14 vée-to chi phuong ctia dudng phang d. Ki hiéu:

—>

a = (al;GQ;a3)-
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Chi y

N

e ¢ 1a VTCP cta d thi k@ (k # 0) cing 1a VTCP cta d;

Néu d di qua hai diém A, B thi AB 1a mot VTCP ciia d;

Truc Ox c6 vée-to chi phuong @ =

Truc Oy c6 vecto chi phuong @ = j = (0;1;0);

Truc Oz c6 vecto chi phuong @ = ¥ = (0;0;1).

Phudng trinh tham sb ctia dudng thang

Phuong trinh tham s6 ciia dudng thang A di qua diém M (zo; yo; z0) va

nhan @ = (a;; ag; az) lam VTCP la

r=2x9+ aqt

A Y = Yo + ast (tER)

Z =29+ agt

Phudng trinh chinh tic ctia dudng thing

Phuong trinh chinh tic cta duong thang A di qua diém M, (20; yo; 20) vA nhdn @ = (a1; ag; as)
lam VTCP la

-T_xO:y_ZJO:Z_ZO (a17a2aa’37£0)'

a a2 as

B. VI TRi TWONG DOI

Vi tri tuong d6i ctia dudng thing va mat phing

pat
K\Mh

Phuong phap hinh hoc
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3. Dudng thing -

0 ¢6 véc-to phép tuyén 1 = (A; B; C).
Khi do

© Dinh li 3.1. Trong khéng gian Oxyz, cho duong thang A

e AN(a)={A} & @ 7 #0< Aa; + Bas + Caz # 0;

E’ﬁ:() Aa1+Ba2—|—Ca3:0

xr=ux9+at (1)
y=10+at (2) co vée-to

z = 2z9+ ast (3)
chi phuong @ = (ay; as; as) va di qua M = (xo; yo; 20) va mét phing (o) : Az+By+Cz+D =

e AJ (o) & YEN
M¢(O&) A.T0+By0+CZO+D#O;
?L)ﬁ):() ACL1+BG2+CCL3:O
e AC () & &
ME(O&) A$0+By0+CZO+D:0.
Dic biét. A 1 (o) & @ va 7 cung phuong < a; :as a3 = A: B :
A
a |7
Phuong phap dai s
pt (A)

Mudn tim giao diém M ctia A va (), ta gidi hé phuong trinh

pt ()

C.

tim z, y, z. Suy ra M (z;y; 2).

Thé (1), (2) va (3) vao phuong trinh (o) va rit gon dua vé dang at + b = 0.

e A cat (o) tai mot diém < pt(*) c6 mot nghiém ¢;

e A song song véi () < pt(*) vo nghiém:;

e A nam trong () < pt() c6 v6 s6 nghiém ¢;

e Al (a) & @ va 71 cung phuong.

Vi tri tuong d6i chia hai dudng thang

A N AV

M U2 M g

M —
U1
A
a—)——><—E2 N
M N Ul ﬂ)g Al ’1—[2

()

- Thac Si: Luong Vin Huy - DT: 0909127555
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Phuong phap hinh hoc

Cho hai duong thing:  A; di qua M va ¢6 mdt véc-to chi phuong @y;

Ay di qua N va c6 mot véc-to chi phuong .

[ ]
g
I
s
3
=
g
!
=
<
=
I
=

[ ]
g
'
¢

Al Cét AQ 4

Al va AQ chéo nhau & [Ul, ’l_t)g] -MN 7é 0.

Phuong phap dai s

) . pt (A1)
Muon tim giao diem M cia A; va A, ta giai hé phuong trinh tim z,y, z. Suy ra
pt (Az)
M(z;y; 2).

Vi tri twong d6i ctia dudng thing va mat cau
T =X+ alt (1)
Cho duong thang A: { y =y +ast (2) vamat cau (S): (z —a)? + (y — b2+ (z — ¢)> = R* c6

z=2zy+ast (3)
tam I(a;b;c), ban kinh R.

Phuong phap hinh hoc

Budc 1: Tinh khoang cach tit tAm I ctia mit cau (S) dén dudng thang A 13

Buéc 2: So sénh d(I,A) v6i ban kinh R ctia mat cau:
e Néu d(/,A) > R thi A khong cat (S);
e Néu d(I,A) = R thi A tiép xtic véi (9);

e Néud(/,A) < R thi A cit (9) tai hai diém phan biét M, N va M N vudng goc véi

duong kinh (ban kinh) mit cau.
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Phuong phap dai sb

Thé (1), (2) va (3) vao phuong trinh (S) va 1t gon va dua vé phuong trinh béc hai theo t. (%)
e Néu phuong trinh (%) v6 nghiém thi A khéng cat (S);
e Néu phuong trinh () c6 moét nghiém thi A khéng cat (S);

e Néu phuong trinh (%) ¢6 hai nghiém thi d cat (S) tai hai diém phan biét M, N.

Dé tim toa d6 M, N, ta thay gid tri vao phuong trinh dudng thing A.

C.GOC TRONG KHONG GIAN

Goc giita hai mat phang

No6i dung Hinh ve
Trong khong gian Ozyz, cho hai mit phang
(a), (B) x4c dinh bdi phuong trinh: 1, = (Ay; By; Cy)
X?{Q = (Ag; Ba; ()

(a): Ajx + Biy+Ciz+ Dy =0 5

(B): Aoz + Boy + Coz + Dy =0 \
Goi ¢ 1a gbc gitta hai mit phang (a) va (8), \@/
ta co cong thic:
cos p = ’AlAQ + BlBQ + Cng|

VA}+ B} + C?- /A3 + B? + C3
Goc giita dudng thang va mat phang
Noi dung Hinh vé
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Cho duong thang

T — Xo Y —%Yo Z— 20
A): = =
(&) a b c

v mit phang (a): Az+By+Cz+D =
0.

) 0° < ¢ <90°
Goi ¢ la goc gitta dudng thang A va

miit phiang () ta cé cong thitc:

|Aa + Bb + C¢|
VA2 + B2+ C?- Va2 + 0>+ 2

sin ¢ =

Géc giita hai dudng thang

Noi dung Hinh veé

Cho hai dudng thang:

/&@/%b@
Tr—x — Z—Z ay
(A1) 0_Y—Y% 0

a b c AN
rT—xy Y-y, Z—2 -
Ay): 0 — = Gy —
( 2) a/ b/ C/ AQ 2 = (Q/; 6/, C/)

Goi ¢ la goc gitta hai dudng theamg (Aq) 0° < o < 90°

va (Ag) ta ¢ cong thiie:

laa’ + bb' + cc/|
Va2 + 0>+ - Va? + b2 + 2

cos p =

D.KHOANG CACH

Khoang cach tir mét diém dén moét mat phing

No6i dung Hinh ve

- Thac Si: Luong Van Huy - DT: 0909127555
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3. Dudng thing -

Cho mit phang (a): Az 4+ By + Cz +
D = 0 va diém M (zo;yo; 20). Khoang
cch tit diém M dén mit phing (a)

dugce tinh béi:

B |Azg + Byo + Czo + D|

VLB O

d[M, (a)]

M<$0; Yo, Zo)

|
ya

Khoang cach tir mét diém dén mot dudng thang

Noi dung Hinh vé
Cho duong thang (A) di qua diém
Mo(wo;90;20) va c6 VICP u© =
M,y

(a;b;c). Khi dé khodng cach tit diém
M, dén (A) dugc tinh bdi cong thite:

||

d(Mh A) =

.

(A)

Mo(zo;yo; 20) H

Khoang cach giita hai dudng thang chéo nhau

No6i dung

Hinh vé

K o . s

Luwong Van Huy - DT: 0909127555
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Trong khong gian (Ozyz) cho hai dudng

thang chéo nhau: Mo o

(A1) c6 VICP u© = (a;b;c) va qua Ay -
a/

Mo(z0; yo; 20) A2M6

(Ay) c6 VTCP 0= (a;V;c) va qua
M (; Yo 20)
Khi d6 khoéng cach gita (A1) va (Ag) dugc

tinh bdi cong thic

[.7] - 7,
o= g

E.LAP PHUONG TRINH BUONG THANG

Dé 1ap phuong trinh dudng thing d ta can xéac dinh mot diém thudc d va mot VICP ciia né.

Dang 1

T = X9+ ait

d di qua diém Mo(zo; yo; 20) va ¢6 VICP @ = (ar;as;a3) 1a d: { y = yo + aqot (t € R).

z =29+ ast

Dang 2

d di qua hai diém A, B: d ¢6 mot VICP 1a AB.

Dang 3

d di qua diém Mq(xo; yo; z0) va song song véi dudng th&ng A cho trude: Vid J/ A nén VICP cia
A cung la VTCP cua d.

n Dang 4

d di qua diém My(xo; yo; 20) v vudng géc véi mat phang (P) cho trude. Vid L (P) nén VIPT
cia (P) cung 1la VTCP cta d.
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B Dang 5

d 14 giao tuyén ciia hai mit phang (P), (Q):
Céach 1: Tim mot diém va mot VI CP.

: . (P)
e Tim toa do mot diem A € d bang cach giai hé phuong trinh (v6i viée chon gid tri cho

(@)

mot an).

e Tim mot VICP cta d: @ = [Hp, Tl

Céch 2: Tim hai diém A, B thudc d, rdi viét phuong trinh dudng thang di qua hai diém dé.

m Dang 6

d di qua diém My(xo; yo; 20) va vudng goc véi hai dudng thang dy, do:
Vid L dy,dl dynén mot VICP ctia d 1a @ = [T gy, @a,)-

Dang 7

d di qua diém Mo(xo; yo; 20), vuong gbc va cat duong thing A.

e Céch 1: Goi H 1 hinh chiéu vudng géc ctia M, trén dudng thang A.

HeA , ,
Ta co . Khi d6 duong thang d la duong thang di qua M, H.

MoH L WA

e Céach 2: Goi (P) la mit phang di qua A va vudng goc véi d; @ 1a mat phang di qua A va
chita d. Khi d6 d = (P) N (Q).

m Dang 8

d di qua diém Mo(zo; yo; 20) VA cit hai dudng thing dy, dy:

e Céch 1: Goi M, € dy, M, € dy. Tit dicu kién M, M;, M, thang hang ta tim dugc M;, M.
Tir d6 suy ra phuong trinh dudng thing d.

o Cach 2: Goi (P) = (Mo, dy), (Q) = (My, ds). Khi d6 d = (P) N (Q). Do d6 mot VICP cita

d c6 the chon 1a @ = [7Wp, o).

a Dang 9

d nim trong mit phang (P) va cit ca hai dudng thang dy, do:
Tim céc giao diem A =d; N (P), B =dy N (P).
Khi d6 d chinh 13 duong thang AB.
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Dang 10

Viét phuong trinh mét phang (P) chita A va dy, mit phang (Q) chita A va ds.
Khi d6 d = (P) N (Q).

Dang 11

d 1a dudng vudng géc chung ciia hai duong thing dy, ds chéo nhau.

a) Céch 1:
X MN 1 d,
Goi M; € dy, My € dy. Tir didu kién ta tim duge M, N. Khi d6 d 13 dudng
MN 1 ds
thdng M N.
b) Céch 2:

e Vid L d; vad L nén mot véc-to chi phuong clia d 1a @ = [dg,; @ ay)-
e Lap phuong trinh mit phing (P) chita d va d; bang céch.

— Lay mot diém A trén d;.

— Mot véc-to chi phuong ctia (P) 1a np = [d, @ 4,)-

o Tuong tu lap phuong trinh ciia mit phang (Q) chita d va dy. Khi d6 d = (P)N(Q).
Dang 12
d di qua diém M, vudng goc v6i di va cat ds.

a) Céch 1:
Goi N la giao diém ctia d va dy. Tit diéu kien MN L dy, ta tim duge N. Khi d6, d 1a
duong thing M N.

b) Céch 2:

e Viét phuong trinh mit phang (P) va qua M va vudng géc voi d;.
e Viét phuong trinh mit phang (Q) chita M va ds.

e Khi dé d=(P)N(Q).
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Dang 13

d di qua M, vudng goc v6i di va cat ds.

a) Cach 1:
Goi N 1a giao diém cta d va d,. Tt diéu kien M N L d; ta tim duge N. Khi d6, d 1a
dudng thang M N.

b) Céch 2:
e Viét phuong trinh mét phing (P) qua M va vudng géc véi d;.
e Viét phuong trinh mit phang (Q) chita M va ds.
e Viét phuong trinh mit phing (Q) chita M va ds.

o Khidéd=(P)N(Q).

F. VI TRi TUONG DO

Vi tri tuwong d6i cia hai dudng thang

D& xét vi tri tuong ddi gitta hai dudng thing, ta ¢6 thé st dung mot trong cdc phuong phap

Sau:

a) Phuong phép hinh hoc:

Dua vao mdi quan hé gitta céc vée-to chi phuong va céc diém thude duong thing.

b) Phuong phép dai s6:

Dua vao s6 nghiém ctia hé phuong trinh cac dudng théng.

Vi tri tuong d6i giita dudng thang va miat phang

Dé xét vi trf tuong dbi gitta dudng thing va mit phing, ta c6 thé sit dung mot trong céc

phuong phéap sau:

a) Phuong phap hinh hoc:
Dua vao mdi quan hé gitta véc-to chi phuwpwng ctia dudng thing va vée-to phap tuyén

clia mit phing.

b) Phuong phap dai sb:

Dua vao sb nghiém ctia hé phuong trinh dudng thing va mit phang.




- 142 ‘ Page 3. Dudng thgng-
G.KHOANG CACH

Khoang cach tir diém M dén dudng thang d

a) Cach 1:
Cho duong thang d di qua My va ¢ véc-to chi phuong @ thi

MM, @
@]

a

d(M,d) = H

b) Cach 2:

e Tim hinh chiéu vuéng géc H ctia M trén dudng thing d.

e d(M,d)=MH.
c) Céch 3:

e Coi N (z;y;2) € d. Tinh M N? theo t (¢ 1a tham sb trong duong thang d).
e Tim ¢ dé M N? nhé nhat.

o Khi d6 N = H, do d6 d (M, d) = MH.

Khoang cach giita hai dudng thiang chéo nhau

Cho hai duong thazmg chéo nhau d; va do. Biét dy di qua diém M, va c¢6 véc-to chi phuong

@1, dy di qua diém M, va c6 véce-to chi phuong @ thi

e Chu y: Khoang céch gitta hai dudng thang chéo nhau d;, d» bang khoang céch gitta d;

ma mit phang () chita dy va song song véi dj.

Khoang cach giira hai duong théng song song

Khoang céch gitta hai dudng thing song song bang khoang cdch tit mot diém thude duong

thang nay dén dudng thing kia.
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n Khoang cach giita mot dudng thing ma miat phang song song

Khoang cach gitta duong thang d véi mit (o) song song v6i né bang khodng cach tit mot

diém bat ki trén d dén mit phang (a).

Géc giifa hai dudng thang

Cho hai duong thang d;, d» 1an luct c¢6 cdc vée-to chi phuong @1, @o. Goi a 1a goe gitta dy, dy

dl,dQ, ta co
- - |Ef>15}2|
cosa = |cos (@1, @2)| = 55—
@] - [as|

Goc giita mot dudng thing va mét mat phing

Cho dudng thang d c¢6 véc-to chi phuong @ = (ay; ag; as) va mit phang (a) c¢6 véc-to phap
tuyén 7 = (4; B; C).

Géc gitta dudng thang d va mit phing («) bang gbc giita d va hinh chiéu vuéng géc d’ ciia
no trén («). Ta ¢

(T |Aa; + Bag + Cas|
sin (d, (a)) = :
VA2 + B2+ C? - \/a? + d} + a}

‘ MAT CAU

A.PHUONG TRINH MAT CAU

a) Phuong trinh chinh tic
e Phuong trinh cfia mét ciu (S) tam I (a;b;c), ban kinh R 1a (S): (z —a)® +
(y=b"+ (== =R (1)
e Phuong trinh (1) dugde goi 1a phuong trinh chinh tac ciia mat cau

e Dic biet: Khi I =0 thi (S): 2® +y? + 22 = R?

b) Phuong trinh tong quat
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e Phuong trinh : 22 + 3% + 22 — 2az — 2by — 2cz +d =0 v6i a®> + > +c* —d > 0 1a

phuong trinh ctia mat cau (S) c6 tam I (a;b;c), ban kinh R = va2 + 02 + ¢ — d

B. GIAO CUA MAT CAU VA MAT PHANG

e Cho mit phiang (o) va mit cau (S) c¢6 phuong trinh
() : Az+By+Cz+ D=0
(S): (x—a)’+(y—b)°+(z—c)’ = R?

e Coi d(I; (a)) 1a khodng cach tit tAm mit cau (S) dén mit phang (a).
e Cho mit cau S (I; R) va mit phang (P).

e Goi H 1a hinh chiéu vudng géc ctia I 1én (P) = d=IH =d(I,(P))

d>R d=R d< R

Mat phang tiep xuc ) . R
R Mat phang cat mat cau theo
R , mat cau : (P) la mat )
Mat cau va mat phang R . thiet dién la duong tron co
, phang tiep dién cua
khéng c6 diem chung. tam I’ va ban kinh r =

mat cau va H: tiép
VvV IR? — TH?

-2
diém.

C.MOT SO BAI TOAN LIEN QUAN

Dang 1

(S) ¢6 tam I (a; b; ¢) va bén kinh R thi (S): (z —a)® + (y — b)> + (2 — ¢)* = R2,

Dang 2

(S) ¢6 tam I (a; b; c) va di qua diém A thi ban kinh R = I A.




- 145 | Page 4. M3t cau -
Dang 3

(S) nhan doan thang AB cho truéc lam dudng kinh

e Tam I 1a trung diém ctia doan thang AB: z; = xA_;xB;yz =4 ;L yB;ZI S —{2_ B
AB

n Dang 4

(S) di qua bén diém A, B, C, D ( mat cau ngoai tiép tit dién)
e Gid stt phuong trinh mit cau (S) c6 dang : 22 +y? + 2% + 2ax + 2by + 2c2 +d =0 (¥).
e Thay lan lugt toa do clia cdc diem A, B, C, D vao (*), ta dudc 4 phuong trinh.

e Giai hé phuong trinh do, ta tim dudc a, b, ¢, d = phuong trinh mit cau (S).

B Dang 5

(S) di qua ba diém A, B, C va c¢6 tam I ndm trén mit phang (P) cho trudc thi giai tuong tu

dang 4.

m Dang 6

(S) 6 tam I va tiép xtic vai mit cau (T') cho trude
e X4c dinh tam I va ban kinh R’ ctia mit cau (7).

e St dung dicu kién tiép xic ctia hai mat cau dé tinh ban kinh R ctia mat cau (S). (Xét hai

truong hop tiép xtc trong va ngoai)

Chui y : Véi phuong trinh mat cau (S) : 22 +y?+22+2ax+2by+2cz+d = 0 véi a? + b+ —d > 0
thi (S) ¢6 tAm I (—a; —b; —¢) va ban kinh R = va? + b2 + ¢ — d.

Dic biét -

Cho hai mét cau S (I1; Ry) va Sy (Is; Ry).

o [\, < |R1 — Rgl 4 (Sl) , (SQ) trong nhau.

LI, >R+ Ry & (Sl) , (Sz) ngoéi nhau.

LI, = |Ry — Ry & (S1), (S2) tiép xtic trong.

[112 = Rl + R2 54 (Sl) y (SQ) tlép xUc ngoéi.

IR —1— Ry| < 11, < Ri+ Ry < (S1), (S2) cit nhau theo mot dudng tron (dudng tron giao

tuyén).
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Dang 7

Viét phuong trinh mat cau (S) ¢6 tam I (a; b; c), tiép xic v6i mdt phang (P) cho trude thi ban
kinh mat cau R = d (I; (P)).

m Dang 8

Viét phuong trinh mét cau (S) ¢é tAm I (a; b; ¢), cat mit phang (P) cho trude theo giao tuyén

1a mot duong tron thoa diéu kién.

e Dudng tron cho trude (ban kinh hoac dién tich hodc chu vi) thi tir cong thic dién tich duong
tron S = 7r? hodc chu vi dudng tron P = 277 ta tim dudge ban kinh dudng tron giao tuyén

T.
o Tinh d = d (I, (P)).
e Tinh ban kinh mit cau R = d? + r2.

e Két luan phuong trinh mit cau.

n Dang 9

Viét phuong trinh mit cau (S) tiép xic véi mot dudng thing A cho truée va 6 tam I (a; b; ¢)

cho trude thi dudng thang A tiép xic véi mit cau () ta c6 R =d (I, A).

Dang 10

Viét phuong trinh mét cau (S) tiép xic véi mot dudng thang A tai tiép diém M (zo; yo; 20) thude

A va ¢6 tam I thude duong thing d cho trude thi ta lam nhu sau

Viét phuong trinh mét phang (P) di qua diém M va vudng géc v6i dudng thang A.

Toa d6 tdm [ = (P) U A la nghiém ctia phuong trinh.

Ban kinh mét cau R = IM =d (I, A).

e K&ét luan vé phuong trinh mat cau (9).

Dang 11

Viét phuong trinh mit cau (S) ¢6 tam I (a; b; ¢) va cat dudng thang A tai hai diém A, B thoa

man dicu kién

e Do dai AB 13 mot hang sb.




- 147 ‘ Page 5. M6t s6 bai toan giai nhanh cuc tri khéng gian -

e Tam giac IAB la tam giac vuong.

e Tam gidc IAB la tam gidc déu.

AB .
Thi ta xdc dinh d (I, A) = TH, vi AIAB céan tai [ nén HB = - va ban kinh mat cau R dugc

tinh nhu sau

e R=+IH?+ HB?.

IH
R = .
* sin 45°
IH
R = .
* sin 60°

Dang 12

Tap hop diém 1a mit cau. Gia sit tim tap hop diém M thod tinh chat (P) nao dé.

e Tim hé thitc giita cic toa d6 z, y, z ctia diém M.

(z —a)® + (y — b)* + (2 — ¢)> = R? hosic 2 + y? + 22 + 2az + 2by + 2cz +d = 0.

e Tim gidi han quy tich (néu co).

Dang 13

Tim tap hop tAm méit cau
e Tim toa do ctia tam I, chdng han : y=g(t) (%)

e Khit t trong (*) ta cé phuong trinh tap hop diém.

e Tim gidi han quy tich (néu co).

MOT SO BAI TOAN GIAI NHANH CU
KHONG GIAN

A.DANG 1.

Cho mit phang (P) va hai diém A, B. Tim M € (P) dé (MA + MB) .

e Phuong phdp
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5. M6t s6 bai toan giai nhanh cuc tri khong gian -

e Néu A va B nam khic phia so v6i (P) =M, A, B thing hang = M = ABN (P).

e Néu A va B nam ciing phia so véi (P) = B’ la diém déi xtmg véi B qua (P).

Cho mit phang (P) va hai diém A, B. Tim M € (P) dé |[M A — M B|yax.
e Phuong phap

e Néu A va B nam khéc phia so v6i (P) = M, A, B thang hang = M = AB N (P).

e Néu A va B nam ciing phia so v6i (P) = B’ 1a diém d6i ximg véi B qua (P) = |MA—-MB'| =
AB'.

C.DANG 3.

Cho diém M (xar; yar; 2ar) khong thude céc truc va cac mat phéng toa do. Viét phuong trinh mat

phang (P) qua M va cit céc tia Oz, Oy, Oz lan lugt tai A, B, C sao cho Vo apc nhd nhét.
e Phuong phap

D.DANG 4.

Viét phuong trinh mét phang (P) chitia dudng thiang d, sao cho khodng cach tit diém M ¢ d dén
(P) 14 16n nhit .

e Phuong phap

Qua Aed

ip = [T AM) 4] .

Viét phuong trinh mét phang (P) qua A va cach M mét khoang 16n nhét.
e Phuong phdp

- Thac Si: Luong Van Huy - DT: 0909127555
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5. M6t s6 bai toan giai nhanh cuc tri khong gian -

Qua A
(P): .,
np=AM.

Viét phuong trinh mat phang (P) chita dudng thang d, sao cho (P) tao véi A mot goc 16n nhat(A
khong song song véi duong thang d ).
e Phuong phap

Qua Aed

— - — —>
np=|[[Waq, Ua], Wa.

G.DANG 7.

Cho A J/ (P). Viét phuong trinh dudng thing d nim trong (P) song song v6i A va cach A mot
khoang nhé nhat .

e Phuong phap

. . 3 Qua A’
e Lay diem A € A, goi A’ 1a hinh chieu vudéng géc ciia A 1én (P) thi d:
Ug=Ua

Viét phuong trinh duong thang d di qua diém A € (P) cho trudc va nim trong mit phing (P)

cho truée sao cho khodng céch tit diem M cho trude dén d 1a 16n nhat (AM khéng vuong goc véi
(P)).

e Phuong phap

Lay diém A € A, goi A’ 1 hinh chiéu vuéng géc clia A lén (P) thi

Qua Aed

g = [ip, AM|.

- Thac Si: Luong Van Huy - DT: 0909127555
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Viét phuong trinh duong thang d di qua diém A € (P) cho trudc va nam trong mit phang (P)

5. M6t s6 bai toan giai nhanh cuc tri khong gian -

cho truée sao cho khoang cach tit diem M cho truée dén d 13 nhé nhat (AM khong vudng goc véi
(P))-

e Phuong phdp

J.DANG 10.

Viét phuong trinh duong thang d di qua diém A € (P) cho trude, sao cho d nam trong (P) va tao

v6i dudng thang A mét géc nhé nhat (A cit nhung khéng vudng géc véi (P)).
e Phuong phap

- Thac Si: Luong Van Huy - DT: 0909127555
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