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PHAN I: PHUONG PHAP XET TONG VA HIEU

&Les

Phuong phép xét tong va hiéu st dung cho cac phuong trinh vo ty hoic mot phuong trinh ¢6 trong mot hé
phuong trinh & dang /A ++/B =C . Diéu kién s dung & ché ta nhan thdy C 1a mot nhan tir cua (A-B).

BAI 1: X% +2X +4/2x+1=x+1

Nhan thiy A—B =(x*+2x)—(2x+1)=x*~1c6 mot nhan tir 1a C = x+1

2 2
[+ 2% - 2%l = X +2x-2x-1 _X —1:)(_1
U +2x+2x+1 X+l

X2 +2X —2x+1=x-1
%
X +2X +42x+1=x+1

BAI 2: VX2 +14+VX2+2 = X%+ x+1
Nhan thiy A—B =(x°+x*+1)—(x*+ 2)=x°—~1c6 mot nhan tir la C = x* +x+1

S22 +2x=2x—>x=0

\/X3+x2+1—\/x2+2:(X3+X2+1)_(X2+2): x'-1 =x-1
R+ +140x2+2 X x4l

3 2 2 — y?
N VXX X 2 = +X+1—>2m: X2 x+1) - (x-1)=x*+2 > x=£2
U+ +1-x2+2=x-1

Thir lai nghiém ta thay chi c6 x = J2 théa min nén phuong trinh c6 mot nghiém duy nhat 1a x = J2
BAI 3: \lx+8«/; +\/x+7\/§+1:{‘/§+1

Nhan thay A—B:(x+8\/>?)—(x+ 7\/>?+1)= X —1c6 mot nhan tir 1a C = 4/x +1

(x+8\/§)—(x+7\/§+1) _ \/;_1241&_1
«/x+8x/§+\/’x+7«/;+1 Yx+1

TNx+1=3x+1
\/x+8\ﬁ+\/X+ Vx+t=4x+ _)ZM=2—>X+7\/;=O—>X:0
Jx+8Y% —x+ 7 +1=4x -1

. -3X+4+,/y+5x+4 =4
BAI 4: vy vy
JBY +3-Tx-2 =2x-1-4y

\/x+8«/7—\/x+7ﬁ+1:

Nhan thay phuong trinh dau c6 A—B =(y—3x+4)—(y+5x+4)=-8xco lién quan dén gia tri 4

\/y—3x+4—\/y+5x+4 = (y—3x+4)_(y+5x+4) _ —8X _ oy
Jy-3x+4+[y+5x+4 4

—-3X+4+,y+5x+4=4
_){\/y vy S 2Jy-3x+4=4-2x—> Jy-3x+4=2-Xx>y=X"-X,X< 2.

JY—3x+4—Jy+5x+4 =-2x

Thay vao phuong trinh thir 2 ta dugc
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J5X2 —B5X+3 —J7X—=2 +4x* —6x+1=0
—>(\/5x2 —5x+3—(x+1))+(2x—\/7x—2)+4x2—7x+2:0(*)

—>(4x2—7x+2)( ! + L +1]=0
VX —5Xx+3+Xx+1 2X++/7x-2
1 1 , 7+17 y:514J1_7

Vi x>2—> +1>0>4x"-7x+2=0—>x= :
J5X2 —5X+3 +X+1 T oxJTx=2 8 32

Trong phan nay c6 chi tiét truc can thirc & budc (*) s& duoc giai thich trong Phan I1: HE SO BAT DINH

X— 4J_1+y— (y +24)_0

BAI 5: 2y’ -1
JBX+Y—5+1-x+y =6

Phuong trinh thir 2 c6 A—-B = (5X+ y—5)—(1—x+ y) = 6(X—1) c6 lién quan dén gia tri 6

(5x+y-5)—-(1-x+Yy) _ 6(x-1)
JoX+y-5+l-x+y 6

BX+y-5-Jl_xty=x-1
_){\/x+y JI-X+y =X

JBX+Yy-5+1-x+y=6

=x-1

JBX+Yy-5—l-x+y =

X<7

4y:(x—5)2+20—>y25

—2 1—x+y:7—x—>{

, 24 5)(2 2y+9
Dé y phuong trinh 1 ¢6 X—4yX—1+y— (Zyy2+1) 0—)(\/ 2)2 (y )<2yi +1 y* )>0Vy25

Vay hé c6 nghiém duy nhat @6 1a x=y =5

BAL 6. J2X+y+y2x—y+4 =4
X° +4x* +2y* —4y(x+1)+3=0

Nhén thiy phuong trinh dau c6 A—B =(2x+Yy)—(2x—y+4)=2(y—-2)c6 lién quan dén gia tri 4

J2X+y—\/2x—y+4: (2x+y)—(2x-y+4) 2(y-2) y-2

J2x+y+f2x—y+4 4 2
\/2x+y+\j2x y+4=4 o\
\/2 \/2 7 2—>2a/2x+ = _(y322) +1>1

X+ Y —y/2X—y +

2
Mt khac phuong trinh thtr 2 bién ddi thanh:
X°+4x% +2y? —4y(x+1)+3=0

X3 —l+(4x2 —4xy + y2)+(y2 —4y+4):0
— (X -1)+(2x- y) +(y-2)" =0

Vi VT >0Vx >1cho nén h¢ phuong trinh c6 nghiém duy nhat 1a x=1,y =2
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2X—-1+J1-y=y+2
BAI 7: {\/W KLLoy =y

X = YD + Ky

Nhan thiy phuong trinh dau c6 A—B=(y+2x-1)—(1-y)=2y+2x—2khong lién quan dén C =y +2

Con phuong trinh tht 2 c6 A—B = y(x—l)—(x2 - y) =x(y—x)co thé rat gon véi C = x/Xx

; Yx-D-(x"-y) x(y-x) _y-x
[V(x=1) —[x? -y = - -
Y =Xy a/y(x—l + X2 -y x\x Jx

DD+ -y =xx Jox

2_
y_X—>2 y(x-1 :—+xx/§:X X+y

e - ey - L NN
—>21fy(x2—x):(xz—x)+y—>4y(x2—x):((xz—x)+y)2—>((x2—x)—y>2:0—>y:x2—x

Thay vao phuong trinh thtr nhét ta dugc: VX2 +X—1+y—x2 + X+1= X% — X+ 2

Dén tinh hudng nay ta dung k¥ thuat nham nghiém nhan ra phuong trinh cé nghiém duy nhat x =1 (Hozc st
dung méy tinh SHIFT SOLVE). Khi x =1thi v/x? +x—1=1, y=x2+ x+1= 1. Do d6 ta sit dung bt ding thirc
Cauchy dé danh gia:

2

2
1. x2+x—1£l+X—+X1—>»\¢x2+x—1s X 2+X

2
2 2
NESTRE LA AT ER e
(X2+X)+(—x2+x+2)

S x—1+V-x+x+1< S X1+ x+1<x+1

2

Vi X+1< x+1+(x—1)2 S XHLEK X 42V X1V + X+1 <X — X +2

Vay dang thic xay ra khi x=1,y=0

BAI 8: VX2 +16 —2v/X? —3x+4 =/x+1-1
Bai toan nay nghiém rat dep (x =3,x =0) nhung dé giai ra nghiém nay bang cach truc can thirc don thuan thi

gan nhu s& khong duoc nhiéu diém. Dé giai quyét triét dé ta sir dung ky thuat xét tong hiéu:

U2 +16 — 242 —3x+4 =fx+1-1
(x2+16)—4(x2—3x+4)_ W+1-1
X2 +16 +24X% —3x + 4 S Ux+1+1

R —-3x% +12x _ X
UK +16+24x2 —3x+4  VX+1+1

Nhu vay nghiém dau tién 1a x=0. Néu x = 0thi
VX +16 +24/x2 —3x+ 4 =—3(x—4)(\/x+1+1)

Do d6 ta co hé:
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— 24X*+16 = (13—3x)\/x +1+11-3x

{sz +16 + 2X2 —3x + 4 :—3(x—4)(M+1)

VX2 16 —24x* —3x+4 =[x +1-1
2 —
x=3—"" +16_5—>Z(x/xz+16—5):(13—3x)(\/x+1—2)+27—9x
¢x+1:2
—2(\P¢+16-5)+ (3x-13)(Vx+1-2)+9(x~3) =0
2(x*-9) , (3x-13)(x-3)
VX2 +16 +5 Ix+1+2
2(x+3) 3x-13 +9}=0

—>(x-3 +
( )L/x2+16+5 VX+1+42

Vi x>-1—->x+3>0. Ta xét 3x-13 +9:3X+5+9‘X+1>OVX2—1
«/x+1+2 \/x+1+2

Vay phuong trinh ¢6 2 nghiém duy nhat 13 x=3vx=0

+9(x-3)=0

BAI TAP AP DUNG:

BAI 1: x\/l— y? +yyl-x° =1
(1-x)(1+y)=2

BA| 2- \/x2+y2 +\/x2 —y? =2y
Jx+yJ5=3

BA| 3 xﬂ/12—y+‘/y(12—x2)=12

X —8x—1=2,/y-2

\/x+2y2 +\/x+y2+1:y+1

\j(x2+1)+2(x+1)x/x2+1=2y

BAI5: X?—2+2=X++/2X-2

BAI 4:
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PHAN I1: DU POAN NHAN TU TU NGHIEM VO TY

&Les

Phuong phap nay tan dung nghiém vo ty ma may tinh da do dugc dé doan truéc nhan tir ciia phuong trinh, hé
phuong trinh. Dé st dung k¥ thuat nay, ching ta can phai nim duoc tét quy tic do nghiém SHIFT SOLVE.

BAI 1: \/5X* =5x+3 —7Xx—2 +4x* —6X+1=0

biéu kién: x> % . Str dung may tinh SHIFT SOLVE véi x =1ta dugc x ~1,390388203.

5x* —5x +3 ~ 2,390388203 ~ X +1 : :
Khi d6 thay vao gia tri can thuc: XX X2 Do 6 5% —5x+3 can phai tao
NTX—2 ~2,780776406 ~ 2x

thanh nhém biéu thic M—(XH) con —J7x—2 can phai tao thanh nhém biéu thic 2x—7x—2 .
J5X? —5x + 3 ~ 2,390388203 —» \/5x2 —5x + 3 = x+1. Nhu viy ta thdy ring.

Viét lai phuong trinh ban dau ta duoc: J5X2 —5x+3 - JTx—2 +4x* —6x+1=0
a(m—(x+l))+(2x—M)+4xz—7x+2:0(*)

—>(4x2—7x+2)[ ! + L +1J=0

VX2 —BX+3+X+1 2X+~7x-2

+ +
Vixz2o . P +1>0—>4x2—7x+2=0—>x=Y_W,y:5—4ﬁ
7 BX?—5x+3+x+1 2X+N7x-2 8 32

BAI 2: X2 ++/Xx—~[2x+2 =3x+1+ﬂf2(3x+1)

Didu kien: x>+2x+2 >0. St dung SHIFT véi X =0ta dugc X ~ 4,236067977

X—2x+2 =1
Thay vao cac can thuc cua bai toan: . Nhur vay y/X—+/2x+2 s& trir di 1 con

2(3x+1) ~5,236067977
2(3x+1) s&trirdi (x+1). Viét lai phuong trinh:

X* —3x—1+x—~/2x+2 —\/’2(3x+1) —>(x/x—«/2x+2 —1)+(x+1— 2(3x+1))+ x2—4x—-1=0

X—2x+2 -1 . X* +2x+1-2(3x+1)

_)(x—l)—«/mJr x?—4x-1
\/x—x/2x+2+1 x+1+\/2(3x+1)
x* —2x+1-(2x+2) x* —4x-1

(Q/X_mﬂ)(x_“mfx+1+1/2(3x+1)

— +x*—4x-1=0

+(x2—4x—1)=0

%

+(x2—4x—1)=0
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—(x* —4x-1) L + )+1 =0

1
( x—\/2x+2+1)(x—1+\/2x+2) X+1+,[2(3x+1

( x—\/2x+2 +1)(x—1+\/2x+2)>0
x+l+«/2(3x+l) >0

Vi x>/2x+2>0nén x>2x+2>2.0+2 5> x>/2>1—>

Vay x> —4x-1=0,x=2 > x=2++5 .

BAI 3: x® +4x% +Xx+3=2x>JX+5++/2x+13
SHIFT SOLVE v¢éi x=0ta dugc x ~0,828427124. Thay vao c4c gia tri can thuc:

2X+5 ~4,828427125~ x + 4 . .
{ . Do d6 ta viét lai phuong trinh ban dau:

\/ZX +13 ~3,828427125~ x+3

x2(x+4—2ﬁ)+(x+3—«/2x+13):0

XZ(X2+8X+16—4(X+5)) %2 +6X+9—2x—13 0

+ =
X+ 442X +5 X+3—+/2x+13
X2 1
> (x*+4x-4 + =0
( )(x+4+2\/x+5 x+3+\/2x+13]

Dén day ta s& ching minh X+4+24/X+5va x+3++/2x+13 déu duong. Dé danh gia duge diéu ndy ta phai
XU4t phét tir phuong trinh ban dau va danh gia diéu Kién ngoai can: x* +4x? +x+3>0. Tuy nhién phuong
trinh bac 3 nay nghiém rat xau, va trong chuong trinh THPT thi khong nén st dung phuong phap Cardano dé
giai bit phuong trinh nay ma ta s& thém bot mot vai hang tir nho dé bat phuong trinh dé giai hon:

%

x3+4x2+x+320—>x3+4x2+x+4>0—>(x+4)(x2+1)>O—>x>—4.

Do dd x+4+2«/x+5>0
0 do:
x+3+»\/2x+13>—4+3+4/2.(—4)+13>0

BAI 4: 3x* =3X* +4x+2

Phuong trinh nay néu giai bang phuong phap dao ham s& dep hon réat nhiéu nhung chung ta sé thir pha cin 2
vé va sir dung k¥ thuat hé sb bat dinh thong qua SHIFT SOLVE dé thay rang bai toan c6 thé ¢ nhiing céch
giai rat pho thong. Lap phuong hai vé ta duoc: 27x° = x* +4x+2.

+4x-4=0
.Vaytaco {X T S>x=—2+2/2
X>-4

Str dung SHIFT SOLVE lién tuc véi cac gia tri khac nhau ta thu duoc chi ¢d duy nhat 2 nghiém do 1a:
x, ~—0,434258545 (St dung tiép SHIFT RCL A dé gan vao bién A) va x, ~0,767591879(Str dung tiép

x1+x2:A+B:l

SHIFT RCL B dé gén vao bién B). Khi d¢ ta sir dung dinh Iy Viet dao: . 3 Nhu vay ta s&

nhan ra nhan ti néu c6 s& 1a x2 —%x—% =0hay 3x* —x—1=0. Thuc hién phép chia da thuc ta thu dugc:
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27x° —(x3 +4x+2) =(3x2 —x—1)(9x4 +3x° +4x2 +2x+2) =0

1+

2

Vi 9x4+3x3+4x2+2x+2:6x4+3x2(x2+x+1)+(x2+2x+1)+1>0nén X2 —-x-1=0—>x= 5

BAI 5: 15x% = X+ 24X? +X+1+5
SHIFT SOLVE ta dugc Xx=~0, 767591879—)\/X2 +X+1~1,535183758~ 2x. Nhan tu la X2 +X+1—2X.

15%2 — X — 24/ X? +x+1—5:0—>2(2x—x/x2+x+1)+15x2—5x—5:0

2(3x° —x1) 5(3x* ~x—1) =0 (3x’ 1)( 2 SJ 0
— +5(3x* —x—1)=0— (3x* = x— +5 | =
2X+ X2+ x+1 2X+ X%+ x+1

Xeét 2 +5=0—10%x+5vx* + Xx+1+2 =0 (Phuong trinh bac 2).

2X+ X2+ x+1

1+\/1_3

Két hop 3x? —x—1=0 va 15x* —x—5>0ta duoc x = 5

BAI 6: x°+x? :(x2 +1)«/x+1 +1
SHIFL SOLVE ta dugc X ~1,618033989 — +/x+1 ~1,618033989 ~ x. Do d6 c¢d nhan t&r X —+/X+1.

X3+ x? —1—(x2 +1)\/x +1=0—> (x2 +1)(x—\/x +1)+ x> —x-1=0

X2 +1)(x* —x-1 2
—>( )( )+(x2—x—1):0—>(x2_x_1) X—+1+1 ~0
X+4/X+1 X+4/X+1
2
+
Xét X—+1+1:0—>x2+x+1+x/x+1:0(V6 nghiém). Vay xz—x—1:0—>x:1_\/§.
X+a/X+1 2
X+ x? >1>§—>8x3+8x2—3>o—>(2x—1)(4x2+6x+3)>o. 4x2+6x+3>0Vx—>x>1—>x=1+2*/g

BAI TAP AP DUNG

BAI 1: x2—3x—2=(x—1)\/2x+1

BAI 2: x2—x—2=+/3—x++/x

BAI 3: X2 +3X% + X+2=2X3X+4 ++/2x +11

BAI 4: 3% +x—1=(x+2)\x¢ —2x+2

. fx2+x+l x? 1
BAIS5: ,[———+—<
X+4 2 *,X2+1

BAI 6: x2—6x—2=+/x+8

BAI 7: x® =Xx+1+/3x+2
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PHAN I11: HE SO BAT PINH

&Les

Muc dich ctua phuong phap hé sé bat dinh 13 tao ra cac thém bét gia dinh sao cho c6 nhan ti chung rdi dong
nhat hé s6 dé tim ra céc gia dinh d6. Hé so6 bat dinh cd ban chat Ia phan tich nhén tur va cé tdc dung manh trong
cac bai toan c6 nhiéu hon 1 nghiém.

BAI1: X! — X2 +4 + /X" +20x% + 4 = Tx
Diéu kién: x>0. Ta nhan thay can phai khai trién 7x =ax+bx vési a,bla hai s6 gia dinh nao d6 sao cho khi
chuyén sang bén trai, nhan lién hop ta s& tim dwoc hai nhan tir chung. Do d6 ta s& trién khai trién gia dinh:

— - — x4—(a2+1)x2+4 x4+(20—b2)x2+4_
X' =X +4 —ax+4xX +20x“+4 -bx=0—> + =0
X =x®+4+ax  x*+20x* +4 +bx

1 —(a2 +1) 4
Muc dich ctia ta 13 hai tir s6 ¢6 cung nhan tir chungdoddtacéd 1~ 20_p2 4 —>a=2,b=5
a+b=7

Nhu vay ta khai trién lai bai toan nhu sau: X* —x* +4 —2x++/x* +20x* +4 —5x =0

4 py2 4 py2
X'-5x'+4  x'-5x'+4 20%<X4_5X2+4){ 1 . 1 }:o

%
X =x2+4+2x  x*+20x2 +4 +5x X =x2+4+2x  x*+20x% +4 +5x

Vi x>0 nén phuong trinh c6 2 nghiém duy nhét 1a x=1v x=2.
BAI 2: X* +6X+1=(2x+1)VX* +2x+3
X2 +6X+1

biéu kién: (X2 +6X +1)(2x+1) >0. Do phuong trinh tuong duong véi el x? +2x+3 nén ta sé di
X+

2
tim mét nhém (ax +b) gia dinh sao cho phuong trinh X2+—6X1+1—(ax+b) =/x? +2x+3—(ax+b)co vé trai
X+
sau khi quy ddng va vé phai sau khi truc can thiic ¢ cac nhan tir giéng nhau.

Vi vay ta sé& khai trién gia dinh nhu sau:

2
w—(ax+b)=x/x2+2x+3—(ax+b)

2X+1

|, (1-22)x* +(6-a-2b)x+(1-b) _ (1-a?)x* +(2-2ab)x+(3-b?)

2x+1 X2 +2x+3+ax+b

Do ta can 2 tir s ¢6 nhan tir giéng nhau nén ta c6 1—2?:6—a—2b = 1_b2 —~a=0b=2.
1-a 2-2ab 3-b

Khi d6 ta khai trién lai bai toan nhu sau:

2 2 _ 2 _ X +2x-1=0
X +6x+1_2= x2+2x+3—2—>x +2x-1_ x"+2x-1 {

= —
2x+1 2x+1  x®+2x+3+1

x*+2x+3=2x+1
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BAI 3: 2x*(x-1)+x=(x-1) 2x(x2—x+2)+6

2x° —2x* +Xx—6 _
x-1

3 2
(ax+b)gié dinh sao cho phuong trinh 2x" = 2x :X_B —(ax+b):\/2x3 —2X* +4x —(ax+b)(*)co Vé tréai
X_

sau khi quy ddng va vé phai sau khi truc cin thtc ¢ cac nhan tir giéng nhau. Ta khai trién gia dinh nhu sau:

Diéu kién: x> 0. Viét lai bai toan dudi dang: 2x% —2x? +4x . nén ta s& di tim mot nhoém

() > 2x° —(a+2)x* +(a+1-b)x+h—6 _ 2X3—(612+2)X2 +(4-2ab)x—b?
x—-1 V253 252 + 4x + (ax+b)

Do ta can 2 tir s ¢6 nhan tir giéng nhau nén ta co: 2_ a2+2 :a+1_b:b_26—>a:1,b:2
2 a"+2 4-2ab b

3 2 _
Khi d6 khai trién lai bai toAn v6i a=1b=2ta duge: 2% 2% 1+X O (x+2)=2X —25¢ +ax —(x+2)
X_

2x3 —3x% — 4 253 —3x% — 4 {2x3—3x2_4_o
% —

= —
x-1 V2 = 2X2 +4X + X+ 2 x/2x3—2x2+4x+3:0(VN)
BAI 4: \2x> —x+3-/21x—17 +x*—x=0

SHIFT SOLVE — x=1v x=2. Dé lam xuat hién nhan tir nay, ta can khai trién gia dinh bai toan thanh:

[\/2x2 —x+3—(mx+n)}+[( px+q)—a\f21x—17]+x2—x+(m— p)x+(n—q)=0

, > , [X=1l->m+n=2
Xét \/2x —x+3:(mx+n)taco: —sm=n=1
X=2—-2m+n=3

Xét (px+q)=+/21x—17 ta co: {X — P _){p

X=2—->2p+0=>5 q=-1
Vay ta khai trién lai bai todn nhu sau: | V25 —x-+3 - (x+1) | +] (8x-1) ~v21x~17 |+ x* ~3x+2=0
X+1>0

—>(x2—3x+2){ ! + 9 +1}:O.Vix2£_> 317
V22 —x+3+x+1 3x—1+21x-17 2 |3x-127 5150

Do d6 phuong trinh ¢6 2 nghiém duy nhat ¢ 1a x=1v x=2.

BAI TAP AP DUNG

BAI 1: x?(x+6)=(5x—1)x® +3+2x—3
BAI 2: (x2+3)«/ﬁ:x3+3x2—4x+1
BAI 3: x2—3x—4=\/a(x2—4x—2)

BAI 4: 2x-1+3%3x—2 =2x

BAI 5: X° —5x° +4x—5=(1-2x)/6x* —2x+7
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PHAN IV: PAO HAM MQT BIEN
& L5

e Ky thuat 1: Coi x la an, y Ia tham so, tinh dao ham f, (X, y)va ching minh ham sé don diéu va lién
tuc theo Xx.

e Ky thut 2: Phuong trinh f (x)=0c0 téi da 1 nghiém néu f (x)don diéu va lién tuc theo x.

e Kythuat3: f(x)=f(y)—>x=ynéu f(x)don diéuva lién tuc theo x.

\/x+2y2 +\fx+ y+1=y+1

\j(xz +1)+2(x+1)\/m =2y

Néu x =—2y? thi phuong trinh dau tré thanh \[1—y? = y+1—{

BAI 1:

y=0—->x=0

. Thay céc cap nghiém trén
y=—l->x=-2

vao phuong trinh 2 ta thay khdng thoa méan.

Néu x = —y? —1thi phuong trinh d4u tré thanh \/y? —1=y+1— y=-1— x=—-2. Thay cgp nghiém trén vao
phuong trinh 2 ta thiy ciing khong thoa man. Vay x = —2y?, x = —y? —1. Khi d6 ta xét ham so:

1 N 1
2\¢/x+2y2 2\/x+ Yy’ +1
tuc véi moi x thudc tap xac dinh. Ma f (—yz) =0 — x=—y’. Thay vao phuong trinh 2 ta duoc:

X2 +1)+2(x+1)Ax* +1—-4y* =0
(x* +2)+2(x+1)¥ y

—)(x2 +4x+1)+2(x+1)\/x2 +1=0—>(X2 +1)+ZXx/Jx2 +14+2% +1+4x=0

a(m+2x)\/x2 +1+2(\/x2 +1+2x):0—>(m+2x)(m+2):0

>0. Do d6 ham s don diéu valién

=\jx+2y2 +\/”x+ y +1-y—-1— f'(x)=

x? +1=4x* 1 1
Do VX2 +142>0VX > /X2 +1=-2X —> S X=—————yy=——
{xso NI

CHU Y: Pé tim ra nhan tir x = —y?ta c6 thé 1am nhu sau:

Pt y =100 — /X + 20000 + /X +10001 =101 — X = —10000 = —y*

BAI 2: x( X+1+ x+3)=x/§(1+«/1+x2)

\/x+l+\/x+ 1+x/1+ x°

X

fx+ /x+3 1 1\/1—)( \/x+1 x+1 ;_+

-+t +1 |t|+t
Jt2+1 \/t +1
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Piéu kién: x > 0. Ta viét lai phuong trinh thanh:

Xétham f(t)=t+yt*+1— f'(t)= >0do d6 f (t)lién tuc va dong bién trén R




Do d6 f[,m_ j—f( j—),/x—-klzlex 1
2 X 2 X

R 2y% +y+2x/1— x = 31— X
BAI 3: yry
w/2y2+1—y:2—x

Xétham sé f(y)=2y°+y+2xy1-x —3J1-xvéiy la an, x 1a tham sé. Ta co ham f (y)lién tuc trén Rva
co f'(y)=6y*+1>0nén f(y)la ham dong bién trén R.

Matkhactaco f («/1—x) = 2(1=X) V1= X + 1= X + 2x3/1= X = 3y1= X = 0 do d6 phuong trinh c6 mdt nghiém
duy nhat 6 14 y = «1—x . Thay vao phuong trinh 2 ta dugc:

X=2

J3-2x +1-x =1

J3=2X +4/1—X

JBo2x —IoX = 2= x -y S 2X=1HX =2—x—>[

Pé tim ranhan tr y =+/1—x, ta xir Iy nhu sau:

99 198 [ 99 99 1 99
Dit x=— —2y* + -2 _3h-= —oy=—c -2 —fi-x
X100 7 TV 100\ 100 \/ 100 T 100

Sl 4 {xz (1+ y2) (1+x ) 4.[xy

xzy\f1+ y? =1+ x2 =X’y — X

X — 1+ X <x—[x<0
l—«/l+ y?> <0
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cung dau nén ta suy ra x>0,y >0. Khi d6 phuong trinh 2 viét lai thanh: ——— f—2+1 =y- y4/1+ y2 .
X\ X

—>y>0.Maxvay

Tu phuong trinh 2 ta c6 duoc X —v1+x° = Xzy(l—«[1+ y? ) .Do {

X
. t? -
Xét ham so f (t)=t—ty1+t*,te(0;+0)— f'(t)=1- —1+t* <0. Do @6 f(t)la ham so lién tuc
v (Or40) > £(0) =1~ v

va dong bién trén (0;+o0). Vivaytaco f [lj =f(y)e 1_ y . Thay vao phuong trinh dau ta duoc x=1.
X X

y —=3x+3y+1=0

Pé y thay phuong trinh thir 2 12 mét phan khuyét ciia phwong trinh dau. Néu ta két hop hai phuong trinh d6
thi c6 thé xay dung ham dic trung. Vi vay ta bién d6i phuong trinh 2 tré thanh x? —3x+1=y? —3y va cong
Va0 2 vé cua phuong trinh dau ta duoc:

X2 = 2X+1+NX2 —2x+5 = y? +.Jy? +4 —>(x—1)2+ (x—1)2+4 = y2+«/y2+4

BAI 5 {x+«/x —2X+5 3y+w/y+

r \ - _ . 1 _ 1 4 _ 2 — 2 1
Xét ham ddc trung f (t)=t+t+4,te(0;+0) > f'(t)=1+ 2M>0'D0d0 f((x 1) )— f(y )khl
va chi khi (x—1)" = y? %Bz:—_i
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PHAN V: LUQNG GIAC HOA

&Les

BAI 1: y1—x =2x? —1+2xy1-X?

X = cost(t e[o; 7[]) N ﬁsin%: 2cos?t—1+2costsint —>\/§sin%: oS 2t +sin 2t —>sin%=sin(2t+%j

BAI 2: 4x® —12X* +9x—1=+/2X—X?

Phuong trinh — 4(x~1)" ~3(x~1) =1-(x~-1)" . Pat x-1=cost(t €[0; 7])

—4cos’t—3cost =sint — cos3t =sint

BAI 3: \/1-x? (16x4 —12x2 +1) =4x% —3x

X = cost(t e [O;;z]) N sint(chos4 t—12cos’t +1) = 4c0s°t —3cost
N sint[4(2cos2 t —1)2 + 2(2cos2 t —1)—1} = cos3t

—>sint[4cos2 2t — 2+ 2c0s 2t+1] =cos 3t
—>sint[2cos4t+2c032t+l] =c0os3t

—>sint[4cosSt cost +1] =c0s 3t

— 2c0s3tsin 2t +sint =cos 3t
—sin5t—sint +sint =cos3t

X +1 (Xz +1)2

BAI 4: x> +1+ -
2X 2x(1—x2)
x=tant,te| - 2.2 \o-Z. %
2 2 4 4
2x(1-x?
- X2+1:i,zz—xzsil’IZt,(—z)zsiHZtCOSZt
cost’ ¥ +1 (¢ +1)
il (441 1 2
X +1+ = — +

2X 2x(1—x2) cost  sin2t  sin4t

2sint+1 2 2cos2t(2sint+1) 2
= —) =
sin 2t sin 4t sin 4t sin 4t

—>cos2t(2sint+1)=1— (1—23in2t)(25int+1) =1->sint :%
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PHAN VI: DPAT 2 AN PHU

&Les

e Ky thuat 1: Dat 2 an phu dé dua vé hé phuong trinh co ban.
e Ky thuat 2: Dit 2 an phu dé phan tich da thirc thanh nhan tu.

N X+3y—1)/X— 2X,j2y-1=8
BAI 1: ( i )\/ y* \/ Y
X+5+2\x—-y =9y

2 2 2
bat a=1/x—y 20,b=4/2y—120—>x= 22 +2b +1,y= b 2+1. Thay vao hé phuong trinh ta dugc:

{(a2 +2b? +1)a+(b2 +2a? +1)b=8
—>a=b=1->x=2,y=1

a’+2a+1=4b’

x\/y2+8:y\/x2—8 +8
bat a=/x-y ZO,b:\/yZO—>X =a’+b’, y=b’. Vi phuong trinh 2 kha 16n nén ta tap trung vao phuong
trinh ddu dé phan tich nhan tu: (b* ~1)a+(a*~1)b=a’ +b*—2—(a—-1)(b-1)(a+b+2)=0(1)

BAI 2 {(v—nm ey Dy =x-2

Pén day 1a ta c6 thé sir dung phuong phéap thé duoc rdi. Tuy nhién néu dé y ky thi phuong trinh 2 ¢6 thé xu

Iy dugc mot céch doc 13p: xy/y? +8 —8= yv/x* -8 — X (y2 +8)—16xy/y* +8+64 =y (x* ~8)
82 ~16xy? +8+8(y? +8)=0—>(x—«/y2 +8)2 —0x=4/y? +8 (2).

a=1,><=x/y2+8*x:%7y=%
b=Lx=yy*+8 >x=3y=1

BAl 3 )X y+2y—-1+x-y=5
Yo 4+2=Xxy+Yy

Két hop (1) va (2) —

Pit a=x—y>0,b=,/2y-1>0-—a’ +b? = x+y—1. Thay vao phuong trinh dau: a® +b* +a+b=4

Vi phuong trinh nay khong phan tich dugc thanh nhan tir nén ta phai tim cach bién doi phuong trinh 2. Dé 'y
ta thay ring a’b® =(x—y)(2y-1)=-x+y+ Z(Xy - yz)trong d6 c6 xy—y® =2—yxuat hién trong phuong

trinh 2. Do d6: @*h® =—x+y+2(2-y)=—x-y+4—>a’h’ +x+y-1=3—>a’h’+a’ +b* =3.
Vay ta c6 hé ddi xung loai 1: a’> +b?+a+b=4,a’v*+a’+b’=3—>a=b=1—>x=2,y=1.

BAI 4: 1+ X +x{1—x = Y1-x?
Dé y thay (1-x)(1+ x)=1-x*nén ta s& ddt an phu dya trén yéu to nay. Pit a=Y1+x 20,b=41-x >0. Khi

d6 ta co: 2x=a* —b*. Nhan 2 ¢ ca 2 vé ciia phuong trinh ta duoc:

2a’ +(a4 —b“)b:Zab—>(a—b)(2a+b(a+b)(a2 +b2)):0—>a:b—>x:0

14|]THU THUAT PHUONG TRINH - HE PHUONG TRINH



PHAN VII: PHUONG PHAP DANH GIA
P AAIPV-S

o Ky thuat 1: Pua phuong trinh, hé phuong trinh vé dang A> + B2 <0
e Ky thuat 2: Str dung Cauchy véi nhirng bai c6 can bac 16n.

e Ky thuat 3: Str dung Bunyakovsky: |ax+by| < \/(az + bz)(x2 + y2) . Déubing: 2= b

Xy

o Ky thuat 4: Str dung Minkowski: /a2 +b? +\/x2+y2 z\f(a+ x)2+(b+y)2 . D4u bang: a_b
Xy
2 p2 (a+b)’ _, |
e Ky thuat 5: St dung Schwartz: a_+b_2( ) . Dau bang: a_b
X Yy X4y Xy

e Ky thuat 6: Sir dung bét dang thirc Jensen danh cho ham 16i, ham 16m:

f"(x)20—>f(a)+f(b)22f(ibj
2 s , .
] . Dau bang xay ra khi a=Db
f"(x)30—>f(a)+f(b)s2f(a%j

BAI 1: 4x* +4x> —5x+9=4416x+8

SHIFT SOLVE ta tim duoc nghiém duy nhét x =%vé xuét hién ciin bac 4 nén ta nghi t6i viec sir dung bét

dang thire Cauchy dé giai quyét bai toan gon nhe hon. Tuy nhién dé Cauchy thi cac dang thirc phai bang nhau.
Ta thay rang 16x+8=8(2x+1)trong d6 2x+1=2nén ta s& tach:

h6x+8=42424242x+1< 2+2+24+2X+1= 2X:7 . Nhu vay ta cd 4x® +4x> —5x+9<2x+7. Do d6:

—4X° +4x2 ~Tx+2<0—>(x+2)(2x—-1)" <0. Vi xz-%—>x+2>0—>(2x—1)2 sO—>x=%.

BAI 2: J4x—1+48x—3=4x*—3x? +5x

SHIFL SOLVE ta tim dwgc nghiém duy nhéat x :%va Xuit hién cin bac 4 nén ta nghi téi viéc sir dung bat

dang thiac Cauchy. Ta thay voi x =%thi J4x—1=1,48x—3 =1nén ta lan luot sir dung Cauchy bac 2 va

Cauchy bac 4 ta c6: 1./4x—1< 1+42X_1 > \Ax—1<2x,1.1.148x—3< 1+1+1:8X_3 > 4Bx—3 <2x

Vay 4x* —3x* +5x <4x > 4x* —3x°+x<0—> X (x+1)(2x—1)2£0—> X= %do ng.

8

BAI 3: V3 +2X% +2 + 3 + X2 +2x—1 = 2(x* +x+1)

SHIFL SOLVE ta tim duoc nghiém duy nhat x=-1. Khi d6 V3 +2x +2 =3+ X +2x—1=1mata
thay ¢ 2 biéu thuc lap phuong ddi nhau trong 2 cin, néu 2 cin d6 binh phwong thi s& triét tiéu duoc nén ta
nghi dén sir dung Bunyakovsky:

13 +2%2 +2 4143 + X2+ 2x—1< \/(12 +12)[(3x3 +2X° + 2)+(—3x3 +x%+ 2x—1)]
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Do d6 ta co 2(x2 + x+1) < \/2(3x2 +2X +1) . Binh phuong 2 vé’—>(x+1)2 (2x2 +1) <0—>x=-1

40%% + x = y/14x -1

BAI 4: {yz +(4x-1)" =ax(8x+1)

2

Str dung phép thé y = 40X+ X

V14x -1

vao phuong trinh dau va st dung SHIFT SOLVE ta duoc x =

Y=

ot

® |-

Cha y rang 4x=%,8x+1=2nén ta co:

8x+1

8x+——+1
§/4x(8x +1)=3 /(8x) 8X2+1.1 < 32 — §/4x(8x +1) < 8X2+1

2
Va Jlax—1= ? —y - yflax—1< %‘”1 . Do d6 hé phuong trinh tré thanh:

8x+1

y? +(4x—1)2 <

(1)

Yy +14-x
VX o)

8x+1

Lay (1)+2.(2) > y* +(4x—1)2 + 2(4Ox2 + x) < +y2+14x-1

40X+ x <

~ &

2
—>96x2—24x+g£0—>96(x—3 SO—>X=%,y=

BA] : {xz +2x—2=4/—y2—4y—2

6x—y—11++10—-4x—2x* =0

Sir dung phép thé y = 6x—11+ 10— 4x—2x? vio phuong trinh du va SHIFT SOLVE ta dugc x =1y =-3.

Khi d6 y/—y? —4y—2 =1,410—4x—2x* = 2. Vi viy ta diéu chinh céc s cho hop Iy va &p dung Cauchy:

X2 +2x—2=1.—y? —4y—2 s% X2 +2x—2< Y —4y-1

2

%
2./10—4x—2X2 <4+1O—4x—2x2 7-2x-X%*
2 - 2

—6Xx+y+11<
4

Do d6 ta co:

—6x+y+11=

2X° +4x+y* +4y-3<0 o X
. Cong hai vé cta hai phuong trinh ta dugc:

x? —10x+2y+15<0

3x* —6x+y? +6y+12<0—3(x-1)" +(y+3) <0 —>x=Ly=-3

BAI TAP AP DUNG:

(x—l)2 +y? =3[x(2x+1)
3% —x+%: yN X%+ X

BAI 1:
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BA[ 2- x4/12—y+,/y(12—x2) =12
x*—8x-1=2\y-1
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