CHUONG 5/ PbAO HAM

BAI1.  DINH NGHIA VA Y NGHIA CUA PAO HAM

@ T1OM TAT Li THUYET

€ A0 HAMTAI MOT DIEM

Dinh nghia 1. Cho ham s6 y = f(x) xéac dinh trén khoang (a;b) va xg € (a;b). Néu ton tai gi6i

han (htru han)
L)~ flxo)

X—X X — Xp

thi gigi han d6 dugc goi 1a dao ham ctia ham s6 y = f(x) tai diém xo va ky hiéu la f'(xo) (hoac
y'(xp)), tac la

f'(x0) = lim LB =S 0)

X=X X — Xg

/N Dy lugng Ax = x — xq duoc goi la s0 gia ciia dbi so tai xo.
Dai luong Ay = f(x) — f(x0) = f(x0+ Ax) — f(xo) duoc goi la s gia twong 1ing ciia ham so. Nhu vdy

. Ay
! =1 —
Y (xo) AJICIE:O Ax

Q QUAN HE GITA SU TON TAI CUA DAO HAM VA TiNH LIEN TUC CUA HAM $6
Dinh 1i 1. Néu ham séy = f(x) c6 dao ham tai xo thi nd lién tuc tai diém do.

VAN Dinh li 1 tuong dwong vdi khing dinh: Néuy = f(x) gidn doan tai xg thi ndé khong cé dao ham
tai diém do.

b) Ménh dé ddo ciia Dinh Ii 1 khong diing. Mot ham s6 lién tuc tai mot diém cé thé khong cé dao ham
tai diém d.
€) Y NGHIA HINH HOC CUA DAO HAM

Dinh li 2. Dao ham ciia ham sé y = f(x) tai diém xq la hé s6 goc ciia tiép tuyén ciia do thi ham so
y = f(x) tai diém Mo(xo; f(x0)).

Dinh Ii 3. Phuong trinh tiép tuyén cia do thi (€) ciia ham s6 y = f(x) tai diém Mo (xo; f(x0)) la
Yy —yo = f'(x0)(x = x0),
trong do yo = f(xp).
Q Y NGHIA VAT Li CUA PAO HAM
a) v(t) = ¢'(t) 1a van toc tic thoi cia chuyén dong s = s(t) tai thoi diém t.
b) I(t) = Q'(t) 1a cudong do tic thoi ctia dong dién Q = Q(#) tai thoi diém ¢.
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Q DAO HAM TREN MOT KHOANG

Dinh nghia 2. Ham s6 y = f(x) dugc goi 1a c6 dao ham trén khodng (a;b) néu c6 c6 dao ham tai
moi diém x trén khoang do.
Khi d6, ta goi ham s6

' (a;b) — R
X f(x)

1a dao ham ctia ham s6 y = f(x) trén khoang (a;b), ky hiéu la ' hay f'(x).

€@ A0 HAM MOT BEN
Dinh nghia 3.  a) Néu ton tai gi6i han (hiru han) bén phai

) f)
yoxi X —x0
ta sé goi gidi han d6 1a dao ham bén phai ctia ham s6 y = f(x) tai diém x = x( va ki hiéu la
f(xg)-
b) Néu ton tai gidi han (htru han) bén trai
L) f)
X=Xy x—xg
ta sé goi gidi han d6 1a dao ham bén trdi ctia ham s6 y = f(x) tai diém x = x( va ki hiéu la
f(xq)-
Cac dao ham bén phai va bén trai dugc goi chung la dao ham moét bén.
Dinh li 4. Ham sy = f(x) cd dao ham tai xo khi va chi khi f'(x§), f'(xy ) ton tai va bing nhau. Khi

do, ta co

fixg) = f(xg) = f'(x0)-
Dinh nghia 4. Ham s6 y = f(x) dugc goi 1a c6 dao ham trén doan [a; b] néu thda man cac diéu
kién sau:

- C6 dao ham tai moi x € (a;b);
- C6 dao ham bén phai tai x = a;

- C6 dao ham bén trai tai x = b.

(® CACDANG TOAN

(D DANG 1.1. Tinh dgo ham ctia ham sé bdng dinh nghia

Dé tinh dao ham ciia haim s6 y = f(x) tai diém xq biang dinh nghia, ta thuc hién nhu sau:
— Budc 1. Gid sir Ax la so gia cia doi sé tai xo, tinh
Ay = f(xo+ Ax) — f(x0).

2 A Ay
— Buoc 2. Lip ti so ——.
¢ 2. Lp tiso
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— Buoc 3. Tim lim ﬂ
Ax—0 Ax

VI DU 1. Tinh dao ham ctia ham s6 f(x) = % tai diém xg = 3.
@ Li gidi

Gia str Ax 1a sb gia ctia d6i s6 tai xg = 3. Ta c6

2 2 2Ax
Ay =fB+A) = fB) = 3~ 3= T3 Ax)
Ay 2

Ax 303+ Ax)

A -2 2
lim 2y _ lim = ——

A0 A Ax503(3+Ax) 9

Vay f'(3) = —%-

VI DU 2. Tinh dao ham ctia ham s6 y = —x? + 3x — 2 tai diém xo = 2.

@ Loi gidi

Gia st Ax 1a s6 gia ctia d6i s6 tai xg = 2. Ta ¢6

. Ay .
DAy ~ AT =t

Vay y'(2) = —1.

VI DU 3. Tinh dao ham ctia ham s6 f(x) = /x tai diém xy = 1.
& Loigidi
Gia st Ax 1a sb gia ctia d6i s6 tai xg = 1. Ta ¢6

Ay=f(14+Ax)—f(1)=vV1+Ax—1;

Ay VI+Ax—-1
Ax Ax ’
. Ay . VI+Ax—1 . 1 1
lim —=lim —F7 = lim —— = —.
Ax—0 AX  Ax—0 Ax Ax—0+/1+Ax+1 2

Vay f1(1) = 5.
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VI DU 4. Bang dinh nghia, hay tinh dao ham ctia ham s6 f(x) = x> tai diém x bat ki.
(¢ Loigidi
V6i méi x € R, gid sit Ax 1a s6 gia ctia déi s6 tai x. Ta c6

Ay = f(x+ Ax) — f(x) = (x + Ax)® — 2% = A’x 4 3xA%x + 3x*Ax;
Ay Nx +3xA%x +3x°Ax

— AZ A 2.
Ax Ax x + 3xAx + 3x%;
A
lim —7 = lim (A2x + 3xAx + 3x2) = 3x2.
Ax—0 Ax  Ax—0
Vay f'(x) = 3x?, v6i moi x € R. O
BAI TAP TU LUYEN
N . 1
BAI 1. Dung dinh nghia, hay tinh dao ham ctia ham so f(x) = 3 tai xo = 4.
Loi giai.
Gia st Ax 1a s6 gia ctia d6i s6 tai xp = 4. Ta ¢6
1 —Ax
Ay=flran —fl) =g~ 1= Ay
Ay -1
Ax 1+ Ax’
. Ay . -1
AI;ILIOE N Alalcr—r>101+Ax -
Vay f'(4) = —1. O

BAI 2. Dung dinh nghia, hay tinh dao ham ctia ham s6 f(x) = sin3x tai x = %
Loi giai.

.2 2 N A . 2 A . A . 7T s
Gia su Ax la so gia cua doi soO tai x = E Ta co

Ay = f (% +Ax) - f (f) — sin (E +30x) - sin% — cos(3Ax) — 1;

6 2
Ay _ cos(3Ax)—1 _25in23%—x.
Ax Ax Ax
Ay —2sin? 3%—"
1' —_— = ]_. _—_— = .
Aalcglo Ax Aalcll}o Ax 0
Vay f' (%) ~0. O

BAI 3. Dung dinh nghia, hdy tinh dao hAm ctia ham s6 f(x) = 3x — 5 tai diém x bét ki.

Loi giai.

Pap s6: f'(x) = 3, vdi moi x € R. O
BAI 4. Dung dinh nghia, hay tinh dao ham ctia ham s6 f(x) = 4x — x? tai diém x = 2.

Loi giai.

Dap s6: f'(2) = 0. O
BAI 5. Dung dinh nghia, hay tinh dao ham ctia ham s6 f(x) = v/3x + 1 tai diém x = 1.

Loi giai.

Dap s6: f'(1) = ?I' O
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(D DANG 1.2. Y nghia clia dao ham véo mdt s6 bai todn

(@) Xet chuyén dong thing xdc dinh bdi phuong trinh s = s(t), trong dd s la quiang duong di duoc
trong thoi gian t. Liic d6, vdn toc tic thoi ciia chuyén dong tai thoi diém to la v(ty) = s'(to).

f(xo+Ax) — f(x0)

(2 Tir f'(xp) = lim ta cé duoc cong thirc xdp xi
Ax—0 Ax

f(x0+ Ax) = f(xo) + f'(x0)Ax

(3) Y nghia tong qudt: Dao ham ciia mot ham s6 chinh la dic trung cho téc do thay doi ciia ham s6
theo bién s6 ciia no.

. 1 ’
VI DU 1. Mot vat roi tu do theo phuong trinh s = 5 ¢t?, trong d6 ¢ ~ 9,8 m/s? 1a gia toc

trong truong. Tim van toc tirc thoi ctia chuyén dong tai thoi diém ¢y = 5.

(¢ Loigidi
1,42 1,02
t) —s(t 59t — 50t .
Tac6: 0(ty) = §'(t) = Tim SV =500) i 288 72850 _ oy 1o 46, tai thos diém fy = 55 van
t—ty t—1p t—to t—1fp
toc tic thoi cia chuyén dong 1a v(5) = 5¢ ~ 49m/s. O

VI DU 2. Mot vién dan dugce ban 1én tir mat dat theo phuong théng dung voi toc do6 ban
dau vy = 196m/s (bd qua sttc can khong khi). Tinh van toc tirc thoi cia vién dan tai thoi
diém ty = 10s. Biét gia toc trong truong la ¢ ~ 9,8 m/s?.

@ Loi gidi

. i 1 T J .
Phuong trinh chuyén dong ctia vién dan s(t) = Egtz + vot 4 sp vOi thoi gian ¢ tinh bang don vi

1,42 1,42
— 58t — 54ty | + (Uot — ’(Joto)
. iy s(t) —s(to) , <2g 28 0) B
(s). Ta c6: v(ty) = s'(tg) = th_r)lg) BT }EI% — = gto + vo. Do

d6, tai thoi diém to = 10s van toc tie thoi ctia vién dan 1a v(10) = 98 + 196 = 294 m/s.

O
VI DU 3. Tinh gan dung gia tri /8,99.

@ Loi gidi

Xét ham s6 y = f(x) = /x xac dinh trén tap [0; +o0). Trén khoang xac dinh, ham sb c6 dao

2v/x
£(8,99) = f(9-10,01) = £(9) + f'(9)(=0,01) =

/N Tir cong thite xdp xi ta viét lai f(x) ~ f(x0) + f'(x0)(x — xo). Liic niy, ta c6 thé hiéu dugc ring:
duong cong co phu’o’ng trinh y = f(x) c6 thé dugc xap xi bang tiép tuyén ctia né c6 hé sé géc
f'(x0) quanh 14an can cta tiép diém.

Ap dung cong thuc xap xi voi Ax = —0,01, xp = 9 ta dugc
—0,01

ham véi moi x va f'(x) =

~ 2,9983. 0

BAI TAP TU LUYEN (Cho méi dang)
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BAI 1. Tinh gid tri gn dung ctia /3,99

Loi giai.

Ap dung cong thuc xép xi, ta duoc /3,99 ~ 1,9975. O]
BAI 2. Sau mua 14, tai dia phuong A, cac chuyén gia y té udc tinh s6 ngudi nhiém bénh duong
rudt ké tir ngay xuat hién bénh nhan dau tién dén ngay thit n duogc xac dinh bdi cong thie D(n) =
45n2 — n3. Hoi toc do truyén bénh (nguoi/ngay) tic thoi tai thdi diém n = 10 1a bao nhiéu?

Loi giai.

Tinh duge D'(n) = 90n — 3n?, do d6 tbc do tryén bénh tirc thoi tai thoi diém n = 10 chinh la

D’(10) = 600 ngudi/ngay. O
BAI 3. Tinh gi6i han sau lim Ll_l
x—0 X
Loi giai.
2 " 1

Xéthamsoy = f(x) = v/x +1 — 1. Trén khoang (—1; +o0) ham s6 ¢c6 dao ham f'(x) = ———.

y=f(x) 8 ( ) . f) =37
Ta ¢6 lim vatl-1_ lim f(x) = f(0) = f(0) = 1 O

x—0 X x—=0 x—0 2

(D DANG 1.3. Viét phuong trinh tiép tuyén cGa dé thi ham sé

Cho ham séy = f(x) cd dd thi (C), M(xo; yo) thudc (C) vdi yo = f(xo). Néu 3f'(xq) thi:
H¢ s6 goc cuia tiép tuyén do thi tai diém M(xo, o) la f'(xo).
Phutong trinh tiép tuyén ciia do thi ham so (C) tai M(xo;yo) la:

y = f'(x0)(x — x0) + o (5.1)
Cic dang viét phuong trinh tiép tuyén

(D) Viét phuong trinh tiép tuyén cia (C) tai diém M.
Tinh xq (hodc yo) tir gid thiét
Tinh f'(xo)
Viét phiutong trinh tiép tuyén
y = f'(x0)(x —x0) +yo

(2) Viét phuwong trinh tiép tuyén khi biét hé s6 gdc hay song song véi mét duong thing cho trudc.
H¢ s6 gdc cita do thi ham s tai diém My la f'(xo)
Vi tiép tuyén cd hé so goc k nén ta cé f'(xg) = k, gidi ta tim dugc x
Viét phucong trinh tiép tuyén
y = f'(x0)(x — x0) + o

(3) Tiép tuyén vudéng géc véi duong thing y = ax + b
Phutong trinh tiép tuyén ciia do thi ham so tai diém My cd hé s6 goc k = f'(xo)
Tiép tuyén vuong goc véi duomg thing y = ax + b nén ta cd a.f'(xo) = —1, gidi ta tim duoc
X0
Viét phuong trinh tiép tuyén
y = f'(x0)(x — x0) +yo

(9) Viét phuong trinh tiép tuyén di qua A(x,y)
Goi tiép diém la M(xo;yo)
Phutong trinh tiép tuyén ciia do thi ham so tai M I

y = f'(x0)(x — x0) +yo(*)

Vi A(x;y) ndm trén tiép tuyén nén toa do ciia A thod man *, thay tog do ciia A vao ta tim
duoc xg.
Viet phuong trinh tiep tuyen vdi moi xo tim dugc
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VI DU 1. Cho ham s y = x® — 3x% 4 2(C). Viét phuong trinh tiép tuyén ctia (C):
a) Tai giao diém cta do6 thi ham s6 véi truc Oy
b) Tai diém c6 tung do bang 2

¢) Tai diém M ma tiép tuyén tai M song song v6i dudng thang y = 6x + 1

) ) : -1
d) Tiep tuyen vudng goc vai duong thang vy = 5 X +3
(¢ Loigidi
Ta c6 y'(x) = 3x% — 6x.

a) (C)catOynénx = 0 = y = 2. Vay tiép tuyén cta (C) tai diém A(0;2) lay = y'(0)(x — 0) +
2=y=2.

b) Diém trén (C) c6 tung do bang 2 = hoanh d¢ 1a nghiém ctia phuong trinh x> —3x2 42 =2 =

x =0y =2A(0;2) . » . ly=2
= ph trinh tiep tuye
x =3,y =2;B(3;2) phuang trinh Hep tuyen [y=9x—24

c) Tiép tuyén song song véiy = 6x + 1 = f’(x9) = 6 vdi x( 1a hoanh do tiép diém. Giai phuong
x=1++3 =6x—6—6V3
trinhtaco | = Y
xg=1-vV3 |y=6x—6+6V3
£ ) 1 xo =3 =9x —25
d) Tiep tuyen vuong géc voiy = —§x +3= f(x) =9= [ 0 = [y

xo=—1 y=9x+20

O

VI DU 2. Cho d6 thi ham s6 y = x% + mx? — m — 1(C,,). Viét tiép tuyén ctia (C) tai cac diém
c6 dinh cta do6 thi ham sé.

@ Ldi gidi

Goi A(x;y) la diém c6 dinh cta (Cy) nény = x> + mx? — m — 1 thoad man véi moi m. Diéu nay
tuong duong voi phuong trinh bac nhat 4n m : m(x?> — 1) + x> —y — 1 = 0 ¢6 v6 s6 nghiém, suy
>—1=0 x=1, y=0; A(10)
ra 3 =
X—y—1=0 x=—-1Ly=-2,B(—1,-2)
y'(x) = 3x2 + 2mx
Phuong trinh tiép tuyén tai Alay = (3 + 2m)(x — 1).
Phuong trinh tiép tuyén tai Blay = (3 —2m)(x +1) — 2. O

VI DU 3. Cho db thi ham s6 y = x® — 3mx + 3m — 2(Cy,). Chitng minh rang tiép tuyén cta
Cy, tai giao cta (Cpy) v6i Oy ludn di qua mot diém cb dinh.

@ Loi gidi
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Giao caa (Cyy) v6i Oy la A(0;3m — 2).
y'(x) = 3x%2 — 3m = phuong trinh tiép tuyén ctia (Cy,) tai Alay = —3mx + 3m — 2(x)
Goi B(x;y) 1a diém cb dinh ctia () = phuong trinh bAcnhatanm : 3(1 — x)m —y —2 = 0 c6 vo

) x=1 . s
so nghiémnén § 5 Vay B(1; —2) la diém c6 dinh cua (). O

VI DU 4. Cho d6 thi ham s6 y = x® + 3x2 — 9x + 5(C); tim diém M thudc C ma hé sb goc
tiép tuyén tai M dat gia tri nho nhat, viét phuong trinh tiép tuyén tai do.

@ Loi gidi

Heé s6 goc tiép tuyén cia (C) tai Mo la y'(xo)
Y (x) =322 +6x—9 =1y (x) =3(x+1)2—12.

Vay miny/(x) = —12 tai diém c6 x = —1
Phuong trinh tiép tuyén tai d6y = —12(x +1) + 16 O
BAI TAP TU LUYEN

BAI 1. Cho d6 thi ham s6 y = —x* + 2mx? — 2m + 1(C,,). Chting minh rang (Cy,) luén di qua

hai diém c6 dinh. Tim m dé tiép tuyén ctia (C,,) tai hai diém cb dinh vudng goc.

Loi giai.

Goi A(x;y) 1a diém cb dinh cta (Cyy,) ta c6 phuong trinh bacnhatanm : (2x2 —2)m —x* —y+1 =
X*>—1=0 - x =1y =0; A(1;0)

—xt—y+1=0 x=—-1y=0;B(—1,0)

Ta c6 phuong trinh tiép tuyén tai A : y = (4m — 4)(x — 1); Phuong trinh tiép tuyén tai B : y =

(4 — 4m)(x +1).

0 c6 vO sO nghiém = {

5
Hai tiép tuyén vudng goc nén ta c6 (4m —4)(4 —4m) = —1 = g O
4

BAI 2. Cho do thihamsoy = i—i—l (C). Lap phuong trinh tiep tuyen cta (C), biet tiep tuyen cat
Ox, Oy lan lugt tai A, B sao cho tam giac ABO vudng can.

Loi giai.
-3
Ta c6 y/(X) = m
< . A A B A 1~ A . 3. R < _3 xO + 2
Phuong trinh tiép tuyén cta do thi ham so tai diém M(xg;yo) lay = ro—1)2 (x —x0) + 1
0— _
) ) . . -1 2 . 2 -1
Tiép tuyén nay cat Ox tai diém A(?)x0 + (%o . )(xo + );0), <&t Oy tai B(0; 3x0 + ((3;0 + 1))(2x0 )
0—
-1 2 2 -1
Tam giac OAB vudng can tai O = x4 = yp < 3% + (%o 3 J(x0+2) _ 3%+ ((xxo i 1))(2x0 )
0 —
xo = 1+ /3 = Phuong trinh tiép tuyény = —x +2 +2V/3
e (xo-12=3c | " 8 pHlyeny O

xo=1-— V3= Phuong trinh tiép tuyén y=-—-x+2— 2V/3

BAI 3. Cho d6 thi ham s6 y = x® + 3x% + mx + 1(Cy;). Tim m dé d6 thi ham s6 cat y = 1 tai ba
diém C(0;1), D, E ma tiép tuyén tai D, E vudng goc vdi nhau.

Loi giai.

Do thi ham s6 cat y = 1 tai ba diém = phuong trinh x34+3x2 4+ mx =0céba nghiém phan biét
A=9—4m >0 {m < 2

& 4
m#0

& x2 + 3x + m c6 hai nghiém phan biét khac 0 < {
m # 0
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; —34++v9—4m
1 pr—
. L N 2
Phuong trinh ¢6 hai nghiém
& e —3—+v9—4m
Xp = 5

X1.Xp = m
{xl +x, = -3
y'(x) =3x%>+6x+m
Hai tiép tuyén tai hai giao diém vuong géc nén ta cé v/ (x1).y/ (x2) = —1
& (3x2 +6x1 +m)(3x3 + 632 +m) = —1
& 9(x1x2)% 4+ 18x1x2(x1 + x2) + 3m(x? + x3) + 6m(x1 + x2) +36x1%2 + m> +1=10

94 +/65
m = =22 (1)
S4m? —9Im+1=0< O
9 — /65
m = =" (tm)

BAI 4. Cho db thi ham sby = —x3 + 3x2 — 2(C). Tim tat ca cac diém trén duong thang y = 2 ma

c6 thé ké dugce ba tiép tuyén t6i (C).

Loi giai.

Tacé y'(x) = —3x% + 6x

Ta c6 phuong trinh tiép tuyesn tai diém M (xg; o) 1a vy = y'(x0) (x — x0) + Yo

Tiép tuyén di qua A(x4;2) thudcy = 2nén ta cé ya = y'(x0)(xa — x0) +yo < (x0 —2)(2x3 —
Xpg = 2

Bxa=Dx+2) =0 2x3 —3(x4 —1)xg +2 = 0(%)

A>0
XA 7é 2 =

Xp € (—oo;—l)U(g;Jroo)\{Z} O

2 _11(C) va I(1;2).

Tir A ké dugc ba tiép tuyén nén phuong trinh () c6 hai nghiém phan biét khac 2 < {

BAI 5. Cho d6 thi ham s6 y=

a) Tim M thudc (C) sao cho tiép tuyén tai M vudng géc vdi MI.

b) Piém N thudc (C), tiép tuyén cta (C) tai N cat x = 1,y = 2 tai hai diém A, B. Chirng minh
rang N 1a trung diém ctia AB va dién tich tam giac Sy ABI khéng déi.

Loi giai.
, -1
Ta co y/(X) == (x——1)2
a) Diém M(x¢;yo) thuodc (C), tiép tuyén tai M c6 vector chi phuong U (1L (x0))-
Vector MI(1 — xo;2 — o), MI vudng goc véi tiép tuyén nén MI.1 = 0. Gidi phuong trinh ta
=219y =3, M(2;3
duoe | ¥ = FY0 (2;3)
xo =0y =1,M(0;1)
b) Phuong trinh tiép tuyén tai N(xo; o) : y = _—1(x —x) + 2% — 1
8 p tuy : 0, Y0 'y_(xo_l)z 0 xg — 1
< 2 . 2 :
Tiep tuyen nay cat x = 1 tai A(1; p» xol), cat y = 2 tai B(2xg — 1;2), tir day ta c6 ngay N la
0 —
trung diém cta AB
1

Dé théy IA 1 IBnén SAIAB = EAI.IB = 2, vay dién tich tam giac IBA khong d6i
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Bai tdp tong hop

N R 2 2 . . 2
BAJI 6. Cho do6 thi hamsoy = i j T (C). Tim diém A nam trén Oy sao cho tur A ké dugc hai tiep

tuyén t6i (C) ma hai tiép diém nam vé hai phia ctia Ox.

Loi giai.
) -3
Ta co y/(X) = (x——1)2
Diém A(0;y4) thuoc Oy . Phuong trinh tiép tuyén tai diém M (xq; yo) la
_ -3 X0 +2
v (xo—l)z(x %)+ xo—1
: N . . 5 +4xp —2
biém A nam trén tiep tuyéennén y4 = xo(;——xolz) & x3(ya—1) —2x0(ya+2) +ya+2=0(x)
0—

Tiép diém nam vé hai phia ctia Oy nén () c6 hai nghiém phan biét trdi ddu nén (y4 — 1)(ya +
2) < 0. Vay A nam trén Oy véiya € (—2;1) thi thod manx dé bai. O

(3 DANG 1.4. Méi quan hé gitra tinh lién tuc vé dao ham ctia ham sé

Mot ham s6 dao ham tai mot diém, ticc la ton tai dao ham tai diém do, thi lién tuc tai diém
do.

. , ) N . < (x —1)%, néux >0
VI DU 1. Chung minh rang ham so f(x) =

5 4 khong c6 dao ham tai
(x+1)%, neux <0

x = 0, nhung lién tuc tai do.

(¢ Loi gidi

Taco lim f(x) = lim f(x) = f(0) =1 O
x—0t x—0~

nén f(x) lién tuc tai x = 0.

Tiép theo ta xét tinh dao ham ctia ham s6 tai diém x = 0, ta xét lim M, lim M

x—0t x—0 x—0~ x—0

lim M = —2; lim M = 2 do d6 khong ton tai dao ham cua f(x) tai diém

x—>0+0 x—0 x—0~ x—0

x=0.

cosxnéux >0 . ,
khong c6 dao ham tai

VI DU 2. Ching minh rang ham s6 y = g(x) = { . .
—sinxneux < (0

diém x =0
(¢ Loi gidi
Vi lim g(x) = 1; lim ¢(x) = 0 nén ham sb gian doan tai diém x = 0, vi thé ¢(x) khong ton tai

x—0t x—0~

dao ham tai x = 0. O

Bai tdp tw luyén
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BAI 1. Ching minh ring ham s6 y =| 1 khong ton tai dao ham tai diém x = 0.

Loi giai.
y(x) —y(0)
x—0

-0 -0 X
Ta xét lim al =1; lim al = —1 Do do6 khong ton tai gidi han lim
. x—0t X — x—=0" X — . x—0
sO0 y = y(x) khong dao ham tai diém x = 0.

hay ham
O
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BAI2.  QUY TAC TINH PAO HAM

® TOMTAT Li THUYET

€ QuY TACTINH DAO HAM
Cho u = u(x); v = v(x); C la hang sb.
— (uto) =v 4+, (u+v—w) =u'+v -
— (uw-v)Y =v-v+v - u=(C-u)y=C-u
/

()=t g s (%)':—C'”

0

— Néuy = f(u),u=u(x) =y, =y ;.

€ CAC CONGTHUC
— Q) =0 (x) = 1.
_ (xn)/ =7n- xn—l = (u”)’ =1n- un—l . u/’ (Tl c ]N,n > 2).

— (A = e (> 0) = (V) =

(u>0).

® vibu

VI DU 1. Cho ham s6 y = x® — x? — 5x + 2. Tim tap nghiém ctia bat phuong trinh v’ > 0.

@ Loigidi

Tap xac dinh cia ham s61a 2 = R.

Ta co 5
Y =3>-2x-5=y>0x<-1Vx> 3
Vay tap nghiém ctia bat phuong trinh v/ > 01a (—o0; —1) U [g, —|—oo). O
VI DU 2. Tim dao ham ctia cdc ham sb sau:
_ 2 - . 1 — /.
Dy=(=+2)(x-3); ®y=5+V% @ y=x
1
@y=x"- ® y=2x—1.

@ Loi gidi

Dy = (2 +2)(x~3) + (2 +2)(x —3) =2x(x ~3) + 22 +2 =322 —6x +2.
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1 /
Dy =) (5) =5+
1Y ) 2 1
N - - 4=
v (5) + A -5+
O A R
@y-(x) ==X = =
1 1 1
—1)7=-x-1)7 1. 2x-1) =
®y=@r-1} =i 1y =
]
Vi DU 3. Tim dao ham cta cac ham sb sau:
2x—1 _ x2 4+ /2x
Oy="75 xX+5’ ®y= x2—|—1 ®y PR
x>+x—1 X2 +2x+3 s
@y= x+1 7 @y:x2—x+1' ® y=vx+(+x)"
@ Li gidi
a ,  (2x—=1)(x+5)—(2x—-1)(x+5)  2(x+5)—(2x—-1) 11
o (x+5)2 IO N PR
1\ 1 X2+ 2x 42
!/ _ — —
@y_(x x—|—1> a2 T Gt
3 , () (P41 —x(x24+1)  —x?+1
¥y = (21 1) T2
@ (2x+2)(x2—x+1)— (x2+2x+3)(2x—1)  —3x—4x+5
¥y = (x2 —x+1)2 (2 —x+1)%
\/E 1 \/E 3 1
’ o _ N _q_ Ve -3 _q1_
® y = (x) (\/— —1+v2(x 1) =1- Lo i =1 N
1 1
® v = (Vx) + [(x3+x)5}/ = gx% +5(x3 + )t (34 x) = I +5(x3 + x)4(3x% +1).
]
VI DU 4. Tim dao ham ctia cdc ham s6 sau:
@}/ (x_x)SZ _ 1+x
Vv= =
1 X LY 2
@y= m; @ y= T (2 1a hang s0).

@ Loi gidi

@D v =32(x — 2?3 (x — x?) =32(1 — 2x) (x — x?)3L.
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. N
PR . N 0 A - SN

C(evx)? x3 x3 T 2/x
1+x
VI—xd4t -1
C:’Dy,:(1—|—x)’\/1—x—(1+x)(\/1—x)’: x+2\/1—x: 3—x
(VI—x)? I—x 2,/(1—x)3
g XM
@y = X'Va? —x? —x(Va? —x2)" Wil —2 _ 2(a® — x?) — x(—2x) _
y (VaZ — 22)2 P 2 /(@ — X2
2
a
(@22
L
(® CACDANG TOAN
(3 DANG 2.1. Tinh dao ham clia hém sé chira da thirc, chira can thic
Ap dung cdc qui tic va cong thic tinh dao ham.
VI DU 1. Tinh dao ham ctia cac ham s6 sau:
@ y=20 - ¥ 42,75 @y= (-1 (1-2).
@ Loi gidi
@ Tacoy :4x3—xz—|—L
NG
@ Tacoy = (x®—2)" (1 —x) + (x®—2) (1 —22)" =322 (1 — 22) 4 (x® —2) (—2x) = —5x* +
X3+ 4x.
[

VI DU 2. Tinh dao ham ctia cac ham sb sau:

_ 2x+1 14+ x—x2
Dy=13 Oyv=1—172
x> —3x+3
@y= x—1
@ Loigidi
D Tacoy’ 2x—1)(1-3x) - (2x—1)(1-3x)"  2(1-3x)—(2x—-1)(-3) 5

(1—3x)? (1—3x)? (1-3x)%
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@ Tacéy — (@ -3x+3) (x=1) - (@ -3x+3) (x— 1)) (2x-3)(x—1)— (x*~3x+3) _

- (- 1) (- 1)
x2 —2x
(x—1)%
y 1—|—x—x2)/ T—x+x2) —(1+x—22) (1—x+x2)
@ Tacoy = ( ( (1 —)x +(x2)2 ) )
C(l-2)(1—x+x%) - (1+x—x%) (-1+2x)  2—4x
h (1—x+42x2)° (1 -x+22)%

VI DU 3. Tinh dao ham ctia cac ham sb sau:

@ y=+v2x2—5x+2. @y:(l—kﬂ)s.
@ y=(x—2)vVxz-3.
@ Li gidi
2x2 — 2)' -
D Tacdy — (2x* —5x+2)" 4x —5

2V2x2 —5x+2 2V/2x2 —5x 42

) Tzzcéy;): (x—2) Vx2 =3+ (x—2) <\/x2—3>/ = \/x2—3+(x—2)2(f/2% =Vx2 -3+

2 —

[6)

2 -1 3(1+VI-2)°

@ Tacdy =3 (1+vT—2x)" (1+vI—2x) =3 (1 41— 2x)

JI—2x V1= 2x
0

VI DU 4. Ching minh cac cong thic téng quat sau:

a b
ax+b >/ ai bl <Y %
= ————:;(a,b,ay1,b; 1a hang so0).
@ (alx—|—b1 (a1x+b1)2 ( 1,01 8 )

a.a1x2+2a.b1x+' b c

249 ! ap b . )
@ (M) — 5 L ; (a,b,c,a1,b1 1a hang s0).
a1x + by (a1x + by)
a b |, a c b ¢
2
( ax? 4+ bx +c )/_ m b |Y T e o x+‘b1 c1 |,
a1x2 + bi1x + 1 (0132 + byx + ¢1)? ’

(a,b,c,a1,b1,c1 1a héng s0) .

@ Loi gidi
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1) Taco ( ax+b )l: (ax +b) (a1x + by) — (ax + b) (a1x + by) _ a(mx+Dby)—ay(ax+D)
a1x + by (a1x + by)? (@1x + br)?
a b

a1 by

. Elbl — alb

(alx + bl)z (alx + bl)z.

@) Tac (ax2+bx+c>l _ (2ax +b) (a1x + by) — aq (ax2+bx+c) B aax? 4 2abyx + bby — cay

a1x + by (alx + bl)z B (alx + bl)z
C

b
2
a.a1x +2a.b1x+' a1 by

(a1x + bl)2

3 Tacé ( ax? +bx+c )' _ (2ax +b) (a1x% + byx + ¢1) — (ax® + bx +¢) (2a1x + by)
ax?2 +bix + ¢ (a1x2+b1x+c1)2
B 2aa1x3 4 2abyx% + 2acix + a1bx? + bbix + bey
(a1x% + byx + c1)2
_ 2aayx’ 4 bbyx 4 abyx® + 2a1bx* + bbyx + 2a1¢x 4 byic

(a1x2+b1x—|—c1)2
(aby — a1b) x> + 2 (acy — ayc) + bey — byc
(a1x% + byx + c1)2
a b 242 s b ¢
| a b ap ¢ by
(a1x2 + byx + c1)2
(]
BAI TAP TU LUYEN
BAI 1. Tinh dao ham ctia cdc ham s6 sau:
2 3 xt o K2
x + Zxt — 3 — Zx? +4x - 5. == 2 4y
@ y= 3 > @y 7 375 ¥
1 1
@y Z——X-FX —O 5X @y:x5—4x3—}—2x—3\/§‘
Loi giai.
@Céy':gx4+§x3—3x2—3x+4. @ Coy' =x" -2 +x-1.
1 ) 3
@ Coy = —3+2 22" @Coy’=5x4—12x2+2—7.
O
BAI 2. Tinh dao ham cta cac ham sé sau:
_ 5_ 2x—1
D y= (26 -3~ 20) @y-2-1
@ y=x(2x —1)(3x +2).
®y=(ﬁ+1)(i—1) @y et
Vx YT
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2x2 —4x +5 _ 5x-3
®©y="—F "7 ®y=w
2 x2+x+1
@y—x—i—l—? @y_xz—x+1'
Loi giai.
@ y' = 12x° — 15x* — 8x + 6. @ y = 18x> +2x — 2.
1 (vx)" 1 1 1
Tacoy = —— — /.S = — - =— S——
® Tacoy Vi V. Suyray TN Y
- 2 x-+2x+3
@y = : @y =1+ = :
(x—1)° / (x+1) (x4 1)
2 2
x2 —2x —5x° —6x + 8
®y = : - ,
(x—1)° / (x2 + x4+ 1)°
@y,_4x2—|—4x—14 @y = —2x% +2
2x+1)% 2 —x+1)%
(

BAI 3. Tinh dao ham ctia cac ham so sau:

@ y=(2x> —3x2 —6x+1)% ® y=+v1+2x—x2

@y:(xz_lTl)s ® y=VaZ+1-—v1—x2
@ y=(—x+1P(*+x+1)% @ y=+/x+x+ J/x

2
@y:(ﬁ_%) ®y=(x+vai1).
Lui giai.

@D Coy =2(2x% 332 —6x +1) (24% — 322 —6x +1)’
=12 (2x®> = 3x*> —6x + 1) (x> — 6x — 6).
5 (x2 —x+1) (x? —x+1) _ 10x-5

@ Coy = — |
/ @ —x+ )0 (2—x+1)°

@) Coy' =3 (22 —x+1) (P—x+1) (P+x+1)°+2(2—x+1)° (P +x+1) (P2 +x+1)
— (2 —x+1)° (2 +x+1)32x—1) (P4 x+1) +2 (2 —x+1) 2x —1)]
:(xz—x—i—l)z(xz-l—x—i-l) (10x° 4+ x? 4+ 5x — 1).

1 1
Coy=x—2+-, S
@ Coy=x +_ suyray )
® Coy (1+2x—x) 1—x
v 2\/1+2x—x VeI
® Coy — —2x X X

= + .
2\/2+1 2\/1—x2 Vaz+1 V1 —2a2
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: ¥+ vx)
N e e v B ARRGAAAE
oy = = =
2\/x+\/x+\/§ 2\/x+\/x+\/§ 4\/x+\/x+\/§\/x+\/§
A+ +2yx 4] .
8\/x+\/x+\/§\/x+\/§\/§
y 4 / ! (x2+1)
® Coy =5(x+Va2+1) (x+va?+1) =5(x+va?+1) 4

:5(x+\/36274—1>4<1+L>.

x2+1
0
BAI TAP TONG HOP
BAI 4. Cho ham s6 y = v/x + /1 + x2. Ching minh rang: 2v/1+ 22 -y = y.
Loi giai.
V/ 7\’ 1+—2x
Cé]/—<x+ 1+x> _ 2V14x2 X+ V1+x2 Vx4
2Vx+V1I+x2 2Vx+V1+22  2V1+22Vx+ V1422 21+ 22

Vay 2v1+x% -y = Vx+V1+ 22 n O

R 2 1
BAI 5. Cho hamso f(x) = §x3 —2x% + mx +5 . Tim m sao cho:

@ f'(x) >0,Vx €R. @ f'(x) >0, Vx € (0; +0).
Loi giai.

@ Tacd f'(x) = x> — dx + m.
Dohésba=1>0néndé f'(x) > 0Vx € RthiA’ <0.
Suyrad-m<0& m>4.

2 Dé f'(x) > 0Vx € (0;+00) thi ta xét cac truong hgp sau:

Truong hgp 1: A’ <0< m > 4 thi f'(x) > 0Vx € R nén théa man yéu cau.
Truong hop 2: A’ =0 m =4 thi f'(x) > 0Vx € R\ {2}, do d6 m = 4 khong thoa.

Truonghop 3: A > 0 & m < 4, khi d6 dé f/(x) > 0Vx € (0;+o0) thi phuong trinh
f'(x) = 0phai c6 hai nghiém khong duong. Do tong hai nghiém ctia phuong
trinh f/(x) = 0 bang 4 nén ludn c6 it nhat 1 nghiém duong, vi vay truong
hop nay khong thé xay ra.

Vay véi m > 4 thi f'(x) > 0Vx € (0; +o0).

BAI 6. Cho ham sb f(x) = %xe’ — %xz + (4 — m) x + 5m + 1. Tim m sao cho:

@ f'(x) <0, Vx €R. @ f'(x) = 0 c6 hai nghiém ctng dau.

Loi giai.
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@ C6 f'(x) = mx?* —mx +4 —m.

m <0
& 16 & m e {T}.
0<m<€

. . A
(2 Pé f'(x) = 0 co hai nghiém cung dau thi {

P>0 4-m m=g

5 m <0
EN N
— >0 5
m O<m<4

16
©F<m<4.

(3 DANG 2.2. Mét s6 (rng dung clia dgo ham

1. Y nghia hinh hoc va 1 nghia vdt I ctia dao ham:

a) Cho duong cong (C) : y = f(x). Hé so g6c ctia tiép tuyén véi (C) tai diém My (xo;yo) la
k= f'(xo).

b) Xeét chuyén dong thang xdc dinh béi phuong trinh s = s(t), véi s = s(t) la ham s6 c6 dao
ham. Khi d6, vén tc tirc thoi ciia chuyén dong tai thoi diém to la v(ty) = s’ (to).

¢) Néu dién luong Q truyén trong day dan la mot ham sé cia thoi gian: Q = Q(t) (Q = Q(t) la
mot ham s6 c6 dao ham) thi cuong do tikc thoi ciia dong dién tai thoi diém to 1a 1(ty) = Q' (to).

2. Cdc dang todn viét phuong trinh tiép tuyén cia duong cong (C) : y = f(x) thuong gip:

a) Phuong trinh tiép tuyén tai diém My (xo;vo) € (C):y = f'(x0)(x — x0) +yo (1).

b) Viét phuong trinh tiép tuyén véi (C), biét tiép tuyén cd hé so goc k:
+ Goi xg la hoanh d¢ cia tiép diém. Ta cé f'(xo) = k.
+ Gidi phuong trinh trén tim x, tiép tuc tinh yo = f(xo).
+ Viét phuwong trinh tiép tuyén theo cong thitc (1).

c) Viét phuong trinh tiép tuyén d véi duong cong (C), biét duomg thing d di qua diém A(xa;y )
cho trudc:
+ Goi (x0;yo) la tiép diém can tim.
+ Tiép tuyén d di qua diém A(xa;ya) néntacéys = f'(x0)(x — x0) + yo.
+ Gidi phuong trinh trén tim dugc xg, tinh yo va f'(xo).
+ Tix do viét phuong trinh d theo (1).

d) Viét phuong trinh tiép tuyén vdi duong cong (C) biét tiép tuyén song song vdi A : y = ax +b.
Khi do ta cé f'(xp) = a.

e) Viét phuong trinh tiép tuyén vdi duong cong (C) biét tiép tuyén vudng goc vdi A : y =

ax +b (a #0). Khidé tacé f'(xo) = —%.

f) Viét phuong trinh tiép tuyén v6i duong cong (C) biét tiép tuyén tao vdi duomg thing A : y =

f'(x0) —a

3+ b mt goc ¢. Khi 46, tang| = |37
0)-
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2
VI DU 1. Cho duong cong (C) : y = f(x ):x——4x-|—1

a) Viét phuong trinh tiép tuyén cua (C) tai diém c6 hoanh do xg = —2.

b) Viét phuong trinh tiép tuyén ctia (C), biét tiép tuyén c6 hé sb goc k = 1.

@ Loi gidi

a) Taco f'(x) =x—4.Vdixg = -2 = yo = 11.
Do d¢, tiép tuyén can tim c6 phuong trinh: y = f/(—2)(x +2) + 11 = —6x — 1.
; . 13
b) Goi (x0;yo) la tiep diem. Tacd f'(xg) =1 < xg—4=1<x=5=y) = 5
) ’ 13 23
Vay, tiep tuyen c6 phuong trinhlay = 1(x —5) — =X
L]
VI DU 2. Choham sé y = f(x) = x®> — 3x% +2 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén
ctia (C) biét tiép tuyén song song v6i dudng thang A : 3x +y = 2.

@ Loi gidi

Goi (x0; o) 1a tiép diém cua tiép tuyen can tim.
Vi tiép tuyén song song véi duong thang A : y = —3x + 2 nén ta c6

fl(xg) =333 —6x0+3=0<x=1=1yy=0.
Do vay, tiép tuyén c6 phuong trinh: y = —3(x — 1) + 0 = —3x + 3. O

VI DU 3. Cho ham s6 y = 4x> — 6x% + 1 (1). Viét phuong trinh tiép tuyén ctia do thi ham
s6 (1), biét rang tiép tuyén d6 di qua diém M(—1; —-9).

@ Loi gidi

Tacéy = 12x? — 12x. Goi (x0;¥0) 1a tiép diém cua tiép tuyen do.
Khi d6, phuong trinh tiép tuyen tuong ung c6 dang: y=y '(x0) (x — x0) + Yo
Mt khéc, tiép tuyén di qua diém M(—1; —9) nén ta c6 phuong trinh

x0:—1

—9 = (12x% — 12x0) (=1 — x0) +4x3 —6x3 +1 < (x9+1)*(4x9 —5) =0 &= 5
Xg = —.
4

+ Véi x = —1 ta tim dugc phuong trinh tiép tuyén: y = 24x + 15.
15 21

5
+ Voix = 1 ta c6 phuong trinh tiép tuyén: y = 7 + 1 ]

. . 2
VI DU 4. Mot vat chuyén dong theo quy luat s = —§t3 + 4+2 — 1 vd6i t (gidy) 1a khoang thoi
gian tinh tir khi vat bat dau chuyén dong va s (mét) la quang duong vat di chuyén dugc
trong khoang thoi gian d6. Hoi trong khodng thoi gian 5 gidy, ké tir khi bat dau chuyén
dong, van toc 16n nhat ctia vat dat duoc bfmg bao nhiéu?
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@ Loi gidi

Van tbc ctia chuyén dong c6 phuong trinh v = s’ = —2t2 + 8t.

Ta c6 —2t* + 8t = 8 — 2(t — 2)? < 8. Dang thtic ¢6 dugc khi t = 2.

Do do, trong khoang thoi gian 5 gidy, ké tit khi bat dau chuyén dong, van toc 16n nhét cta vat dat
duoc béng 8 m/s?. J

BAI TAP TU LUYEN

BAI 1. Viét phuong trinh tiép tuyén ctia duong cong (C) : y = f(x) = x(x> +x — 1) + 1 tai diém
c6 tung do bang —1.

Loi giai.

Dao ham i’ = 3x% + 2x — 1. Goi (x0; o) 1a tiép diém, ta c6

Y=-1ex3+x—1)+1=-1& (xg+2)(x3—x+1)=0< xg = —2.

Tinh dugc f/(—2) = 7, ta c6 phuong trinh tiép tuyén can tim: y = 7x + 13. O

BAI 2. Viét phuong trinh tiép tuyén ctia parabol (P) : y = f(x) = —x? + 4x — 3 tai cic giao diém
cta (P) véi truc hoanh.

Loi giai.

Dao ham i’ = f/(x) = —2x + 4. Parabol cat truc hoanh lan lugt tai x = 1 va x = 3.
+Véixg=1,y0 = 0= f'(1) = 2, ta cé tiép tuyén: y = 2x — 2.

+Véixg =3,y0 = 0= f'(3) = —2, ta c6 tiép tuyén: y = —2x + 6. O

R 2 " " 5 -1
BAI 3. Viet phuong trinh tiép tuyen cta do thi (C) : y = i_i_ 5

biét tiép tuyén vudng goc voi
duong thang A : 3x +y —2=0.
Loi giai.

Tap xac dinh: 2 = R\ {-2}. Daoham y’ = 5. Viét lai phuong trinh duong thang A : y =

3
(x+2)
—3x + 2. Goi (x0; yo) 1a tiép diém cta tiép tuyén can tim. Tiép tuyén vuong goc vdi dudng thang
A nén

1 3 1 xo =1
/ =5 — = — &
f(x0) =3 (xo+2)2 3 |x9=—5.
) ) \ -1 11
Tir d6 tim duoc hai tiép tuyen thoa man yéu cau bai toan la: y = a 3 vay = z —; : [

N 2 7z 2 » X . 3 - 1 « A « A A s . N
BAIJ 4. Viet phuong trinh tiép tuyen ctia do6 thi (C) : vy = %, biet tiep tuyen tao vdi duong

thang d : x + 3y = 3 mot goc 45°.
Loi giai.

Tap xdc dinh 2 = R\ {3}. Tacoy’ = ﬁ Gia st k 1a hé s6 goc ctia tiép tuyén. Tir gia thiét ta
c6 phuong trinh

Kt k=-2

—2| = tan45°| & [3k+1| = [k—3| & 1

11— — 7

3 2

+ Truong hop k = —2, ta tim dugc 2 tiép tuyén c6 phuong trinh lan lugt la: y = —2x + 17 va
y=—-2x+1

1 ) )
+ Truong hop k = 5 khong tim duoc tiep tuyen nao. [
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BAI TAP TONG HOP

R 2 2 ) N 2 1
BAI 5. Viet phuong trinh tiép tuyén cua do thi (C) : y = ;_:— 7
A(2;4) va B(—4;2).

Loi giai.

Goi y: Vdi tiép diém (x¢; yo), hé sb goc k thi phuong trinh tiép tuyén c6 dang A : vy = k(xo)(x —
x0) +yo < kx—y—k+yo=0.

biét tiép tuyén cach déu 2 diém

2k —4 —kxo +yo| _ |4k +2—kxo + yol k=1

d(A,A) =d(B,A) & s .
(4,4)=d(B,4) k241 K +1 k+1=—kxo+yo

N 24N s ~ + A A N 1 5

Tir d6 tim duogc cac phuong trinh tiep tuyen:y:x+1,y:x—|—5vay:Zx—l—z. [

BAI 6. Viet phuong trinh tiep tuyen cua do thi ham so (C) : y = x——xZ biet tiep tuyen cat cac
truc toa do Ox, Oy 1an luot tai A, B ma tam giac OAB théa man AB = OAV2.

Loi giai.

4

Phuong trinh tiép tuyén ctia (C) tai M(x¢;yo) cé dang: y = — TR Dé dang
— 22 (x —
(x0 —2)%(x — x0) + -
2 2
p *0. S . 2%
tinh duOC A (7, O) va B (O, m) .
Yéu cau bai toan tuong duong véi viéc tim xg la nghiém ctia phuong trinh
2 2 _
X5 2x; 3 Xg =
2= s —-4)=0%
2 (xp—2)2 Xo(x0 —4) xg = 4.
+ Voi xg = 0 ta co yp = 0 (loai).
+ V&i xg = 4 ta c6 phuong trinh tiép tuyén y = —x + 8. O

BAI 7. Cho ham s6 y = §x3 — 2m+1)x% + (m +2)x + % (Cp). Tim tat ca cac gia tri thuc cta
tham s6 m dé tiép tuyén tai giao diém ctia (Cy,) Vi truc tung cat hai truc toa do Ox, Oy lan luot
tai A va B. Biét rang tam giac OAB c6 dién tich bang %

Loi giai.

GQi)’/:TaCéB(O;%).Dépsém:—lvém:—& O
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BAl3. DAO HAM CUA CAC HAM SO LUONG GIAC

@ TOM TAT Li THUYET

Q@ coHancia T

sin x

Dinh li 1. Himséy = c6 gidi han bang 1 khi x — 0.

. sinx
lim =1.
x—0 X

MG rong ra, néu ham s6 u(x) théa man cdc diéu kién u(x) # 0 vdi moi x # xg va lim u(x) = 0 thi

X—XQ
. sinu(x
lim (x) =1
x—x0  u(x)
/N Vsi didy kie . L : - u(x)
Vi diéu kién nhu trén, ta ciing co cdc gidi han lim —— = 1ova lim — =
x—0 sin x x—xo sin u(x)

€) A0 HAM CUA CAC HAM 56 LUONG GIAC
Pao ham cac ham s6 luong giac co ban

— (sinx)" = cos x.

— (cosx) = —sinx.
o ,_ _ Do i b
(tan x) p— 1+ tan® x v6i diéu kién x # > +km, k€ Z.
1 R
— (cotx)’ = ———— = —(1+ cot® x) véi diéu kién x # k7, k € Z.
sin® x

Pao ham cac ham s6 lugng giac theo ham so6 u(x)

— (sinu)’ = u’ cosu.

— (cosu) = —u'sinu.
— (tanu)' = W u'(1 + tan® u) véi diéu kién u # T L knkez.
cos?u ‘ 2
!/
u \
— (cotu) = ———— = —u/(1 + cot? u) véi diéu kién u # k7, k € Z.
sin” u

(® CACDANG TOAN

(3 DANG 3.1. Tinh dao haim ctia cdc ham sé lwong gidc

Ap dung cic cong thitc dao ham ciia ham s6 luong gidc va cdc quy tic tinh dao ham ctia tong, hiéu,
tich, thuwong, can bdc hai, ...
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VI DU 1. Tinh dao ham cta cac ham sé sau:
D y = 3sinx + cos x.
(2 y =4sinx —5cosx.

@ Loi gidi

@ vy = (3sinx + cosx)’ =3 (sinx)’ + (cos x)’
=3-cosx + (—sinx) = 3cosx — sinx.

@ y' = (4sinx —5cosx)’ =4 - (sinx)' —5- (cos x)’
=4-cosx —5-(—sinx) =4cosx +5sinx.

VI DU 2. Tinh dao ham cta cac ham sé sau:
@ y = sin2x — 3sinx.
(2 y = cos3x — 4 cos x.

@ Loi gidi

@ y' = (sin2x — 3sinx) = (sin2x)’ — (3sinx)’

CHUONG 5. PAO HAM

= (2x)" - cos2x — 3 - (sinx)’ = 2-cos2x — 3 - cos x = 2c0s2x — 3OS X.

@ y' = (cos3x —4cosx)" = (cos3x)" — (4cosx)’

= (3x)" - (—sin3x) —4 - (cosx)’ =3 (—sin3x) —4- (—sinx)

VI DU 3. Tinh dao ham cta cac ham sé sau:

D y = 3tanx.

@ y =4cotx.
(3 y =3tanx + cot x.

@ Loi gidi
1 3
"= (3t "=3.(t '=3. = .
@© y' = (Btanz) (tan x) cos?x  cos?x
-1 —4
@ y' = (4cotx) =4 (cotx) =4 —5— = ——.
sin“x  sin®x

3 vy’ = (3tanx + cotx)’ = (3tanx)’ + (cotx)’

-1
=3 (tanx) + (cotx) =3- + _ 3

1

cos?x  sin®x Ccos?x  sin

2

X

—3sin3x + 4 sin x.
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VI DU 4. Tinh dao ham cta cac ham sé sau:
D y =tan3x + 2tanx.

(2 y = cot5x —4cotx.

@ Loi gidi

@ v = (tan3x + 2tanx)’ = (tan3x)' + (2tanx)’

~ (Bx) Lo 1 3 N 2
~ cos?3x cos?x  cos?3x  cos?x’
@ y' = (cot5x —4cotx) = (cot5x) — (4cotx)’
—(5x)/ 1 5 4
sin? 5x sin? x sin?5x  sinx

VI DU 5. Tinh dao ham cta cac ham sb sau:
@ y = sin® x + 2 cos® x.
2 y = sin®x — 5cos’ x.
@) y = sin®2x.
@ Loi gidi
@ y' = (sin®x +2cos? x)" = (sin?x)’ + (2cos? x)’

= 2sinx - (sinx)' +2-2-cosx - (cosx)
= 2sinx-cosx+2-2-cosx - (—sinx)

=2sinxcosx —4sinxcosx = —2SINX COSX = — sin 2Xx.

@ y' = (sin®x — 5cos® x)’ = (sin®x)’ — (5cos’ x)’
= (sin’ x)" — 5(cos’ x)’

= 3sin’x-cosx —5-5-cos?x - (—sinx)

— 3sin? x cos x 4 25 sin x cos? x.

@) y = (sin®2x)" = 3sin?2x - (sin 2x)’
= 3sin?2x - (2x) - cos 2x = 6sin? 2x cos 2x.

VI DU 6. Tinh dao ham cta cac ham sb sau:
@ y = 2tan?x.
2 y =3cot’x.

@ Loi gidi

@ v = (2tan’x)’ =2-2tanx - (tanx)’ = 4tanx -

1

_ dtan x

cos2x  cos?x’

489
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@ y' = (3cot?x) =3-3cot?x - (cotx)’

-1 —9cot? x
=9cot? X+ —5— = —
sin? x sin? x

VI DU 7. Tinh dao ham cta cac ham sb sau:
@ y = tan?3x.
@ y = cot? 4x.
(¢ Loi gidi

1
@ y' = (tan?3x)" = 2tan3x - (tan3x)’ = 2tan3x - (3x)’ -

CHUONG 5. PAO HAM

B 6tan 3x

cos? 3x

-1

- cos?3x’

@ y' = (cot? 4x)’ = 3cot® 4x - (cotdx) = 3cot® 4x - (4x)" - —
sin” 4x

VI DU 8. Tinh dao ham ctia cac ham s6 sau:
(D y = sinxcos3x.
(2 y = cot5xcos4x.

@ Loi gidi

@ vy = (sinxcos3x) = (sinx)’ - cos3x + sin x - (cos 3x)’
= cosx - cos3x + 3sinx - (—sin 3x)
= cos x cos 3x — 3 sin x sin 3x.

@ ¥ = (cotbxcosdx)’ = (cot5x) - cosdx + cot5x - (cos4x)’

= ——5—— - cos4x + cot5x - (—4sin4x)
sin” 5x

—5cos4x

= ——5_— —4cot5xsin4x.
sin“ 5x

BAI TAP TU LUYEN
BAI 1. Tinh dao ham ctia cic ham sb sau:
@ y =sinyx+ 1.
1
2 y = cos =
3 y = xsiny/5 —x.

Loi giai.

_ —12cot?4x
sin4x
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@y =(sinvVx+1) =(Vx+1) -cosvx+1=

@y = cos1 T ! /- —sin1 __1. —sin1 —lsin1

¥y = x)  \x x)  x? x)  x27x

@ y = (xsiny/5—x) = (x)'sin/5—x+x- (sin/5—x)’
=siny/5—x+x-(v/5—x) cosv/5—x

=siny5 —x+x - ——=——cos 5—x:sin\/5——x_xcos— Vo — X

24/5 —x 25 —x

BAI 2. Tinh dao ham ctia cidc ham sb sau:
@ y =4cosx+5sinx.
(2 y =2tan3x — 4 cot x.
@) y = cos®4x.
@) y = 2sin®2x — 4 cos? 5x.
Loi giai.
@ vy = (4cosx +5sinx) =4 - (cosx) +5- (sinx)’
=4.(—sinx)+5-(cosx) = —4sinx + 5cos x.
@y = (2tan/3x —4cotx) = (2tan3x)’ — (4cotx)’

Bx) , -1 _, 3 ~1 6 4

-cosvVx+1=

@) y' = (cos®4x)" = 3cos? 4x - (cos4x)’
= 3cos?4x - (4x)'(— sin4x) = —12sin4x cos? 4x.

@ y' = (2sin?2x — 4 cos?5x)’ = (2sin®2x)" — (4 cos? 5x)’
=2-2sin2x - (sin2x)’ —4 -2 cos5x - (cos5x)’
= 8sin 2x cos 2x + 40 sin 5x cos 5x = 4 sin4x + 20 sin 10x.

BAI 3. Tinh dao ham ctia cic ham sb sau:
@ y =2tan’®x — cot® x.
(2 y = cos4xtanx.

) y = tan2xsin5x.

@ y:tanx+1.
®) y = cotv/x +5.
Loi giai.

@ v = (2tan®x — cot? x)’ = (2tan3 x)’ — (cot® x)’
=2-3-tan?x - (tanx)’ — 2 cotx - (cot x)’

— 6tan? x -

5— —2cotx - —
COS* X sin” x

_ 6tan’x  2cotx
2

cos? x sin“ x '

. —_—n._ -  _ 4. — + .
cos? 3x sin? x cos? 3x sin2x  cos23x  sin?x

cosvx+1

2/x+1

491
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2 ¥ = (cos4xtanx)’ = (cos4x)’ - tanx + cos4x - (tanx)’
cos 4x

cosZ x

() ¥’ = (tan2xsin5x)’ = (tan2x)’ - sin 5x + tan 2x - (sin5x)’

1
=4 (—sindx) +cosdx - ——— = —4sindx +
cos? x

-sin5x + tan2x - 5cos5x

cos? 2x
= @ + 5tan2x cos 5x.
Ccos=2x
4\ 4\’ 1
!/ _
@y _(tanx+1) _<x+1> , 4
Ccos
x+1
B 4 1
- 2
(x+1) cos2 4
+1
-1
® y = (ot V¥T5) = (ViT5) —5 ——
sin“vx +5
1 —1 —1

T 2V/x 45 sinvxt5 2vx+5sin?V/x+5

BAI 4. Tinh dao ham ctia cac ham sé sau:

@ y =sinvx2+5.

sin x
@y= cos?3x’
)
sin” 3x
By=——
cosvx—+1
Loi giai.

@ v = (sin Va2 +5)" = (Vx2+5) - cos Va2 +5 = 2

2vVx2+5

. / . .

@y = (Sr ) (sinx)’ - cos?3x — sin x - (cos? 3x)’
Y cos? 3x cos?* 3x

cos x - cos? 3x — 2 - sin x - cos 3x - (cos 3x)’

cos* 3x
cos x - cos?3x — 2 -sinx - cos3x - 3 - (— sin 3x)

cos 3x
cos x - cos? 3x + 3sin x - sin 6x

cost 3x

CHUONG 5. PAO HAM

2
,Cos1lx2+5:M'
x2+5

3y < sin3x ) _ (sin®3x)"-cosvx + 1 —sin?3x - (cos v/x + 1)’

cos\vx+1) cos?/x +1

(—siny/x+1)

_ 2-sin3x - (3x)’ - cos3x - cosy/x + 1 —sin?3x - (vx+ 1)
cos;- Vax+1
sin“3x -sinvx + 1
6sin3x-cos3x-cosv/x+ 1+
. 2vVx+1

cosZy/x +1
_ 6sin6bx-cosvVx+1-vx+1 +sin?3x - sin Vx + 1

2cos?22v/x+1-v/x+1
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BAI TAP TONG HOP

BAI 5. Tinh dao ham ctia cac ham sé sau:

@ y = x3V/sinx.
@y = sinvx?+1
¥y= cos33x
_ [sin(5+x?)
®y= cos32x
Lo gidi.

@ v = (x*Vsinx)' = (x3)" - /sinx + x3 - (v/sinx)’
2o 4 2 (sinx)’

= 3x
5 2+/sinx
x3 - cos x
= 3x? - /sinx + ———=
2v/x+1
/
@y = sinvVx2+1)  (sinvx2+41) -cos®3x —sinvVx2+1- (cos’3x)’
Y=\ cos?ax N cos® 3x
X
————-cosVx2 +1-cos®3x + 9sin v/x2 + 1 - cos? 3x - sin 3x
_ Va2 41
B cos® 3x '
_ x-cosVxZ+1-cos?3x +9-vx2+ 1sinvx2 + 1 cos? 3xsin 3x
cos®3xvx2 +1 '
/ sin (5 +x2)\’
3y = ( sin (5+x2)> B cos3 2x
cos® 2x sin (5 + x?)
cos? 2x
_ [sin (5 +x?)]" - cos® 2x — sin (5 + x°) - (cos® 2x)" 1
cos® 2x sin (5 + x2)
cos3 2x
B 1 2x - cos (54 x?) - cos® 2x + 6sin (5 + x?) - cos? 2x - sin 2x
5, /sin (5+x2) cos® 2x
cos3 2x

BAI 6. Tinh dao ham ctia cac ham sé sau:

1
@ y =4sin®> V3 +1+

sin5x

4
= 8v/tan3x + .
@y T i VX

Loi giai.

493
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/
@y = <4sin2\/x3-|—1+ ! >

sin bx
. /
=4-2-sinvVx3+1-(sinvxd+1) — %
sin“ 5x
5.cosbx

=4-2-sinvVx3+1-(Vad+1) -cosvVad+1—

) sinZ 5x
3x 5.cosbx
=4-2.sinvVx3+1-————— .cosvVx34+1——"""
2-vVx3+1 sinZ 5x
_ 6-x%-sin2vx®+1 _ 5-cos5x
vad+1 sin?5x

4 ! (tan3x)  4-(sin?\/x)’
= (8v/iamdn + —) —s. -
@y ( sin? \/x 2v/tan 3x sin* \/x

1
4-2-sin\/§-2—-cos\/§
X

_3. 3 _ Vx
2 -+y/tan3x - cos? 3x sin* /x

12 _ 4cosyx
cos?3xvtan3x /X -sin® \/x

[ DANG 3.2. Chitng minh déng thirc hodic gidi phuong trinh

Phwtong phdp gidi: Ding cdc cong thitc dao ham dé tinh dao ham ciia ham so, sau do sir dung cdc
cong thitc lugng gidc bién doi chirng minh dang thitc hodc gidi phuong trinh.

VI DU 1. Cho ham s6 y = tan x. Chitng minh rang y’ — y*> — 1 = 0.

(¢ Loigidi

Tacéy = (tanx) = tan? x + 1.

Suyray —y>—1=tan’x+1—tan’x — 1 =0.

Vay ta c6 diéu phai chiing minh. O
Vi DU 2. Cho ham s6 y = cot2x. Chtiing minh rang ' + 2y* + 2 = 0.

(¢ Loigidi

Tac6y = (cot2x)’ = —2 (cot?2x + 1) va y? = cot? 2x = 2> + 2 = 2 cot? 2x + 2.

Suyray +2y*>+2=—2(cot?x+1) +2cot>x+2 = 0.

Vay ta c6 diéu phai chiing minh. O

VI DU 3. Cho ham s6 y = sin® x 4 cos® x + 3sin? x cos? x. Chitng minh rang y’ = 0.

@ Loi gidi
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Ta co
y = sin® x + cos® x + 3 sin® x cos? x
2
= (sin2 x4+ cos? x) l(sin2 x + cos? x) — 3sin? x. cos? x +3 sin? x cos? x
. 2 2 \?
= (sm X + cos x) =1.
Suyray = 0. O

VI DU 4. Cho ham sb y = cos? x — sin x. Giai phuong trinh /' = 0.
(¢ Loigidi

2

. Y :
Tacoy = (cos?x —sinx) = —2sinx.cosx — cosx. Suy ra

Y =0« —2sinx.cosx —cosx =0
& cosx(—2sinx—1) =0

o [ cosx =0
—2sinx—1=0
i T
=-+k
X = +krmt
T
& x:—g—i—kZﬂ,(keZ),
77
= —+k2
= + k27
O]
VI DU 5. Giai phuong trinh y’ = 0 v6i y = 3 cos x + 4 sin x + 5x.
(¢ Loi gidi
Tacéy = (3cosx +4sinx +5x)" = —3sinx +4cosx + 5
Y =0« —3sinx+4cosx+5=0
< 3sinx —4cosx =5
esin(x—a) =1
. 4
T Slna:g
@x:5+o¢+k27t,vo’d 3,(k€Z).
cosa = ¢
]

VI DU 6. Giai phuong trinh iy = 0 v6i y = tan x + cot x.

@ Loi gidi
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cos 2x

Tacéy' = (tanx + cotx) = ——— 5 _-Suyra
2x cogoéc.zs;cm g
cos
ym0e SO gy S5 ()
cos? x.sin” x sin” 2x

Diéu kién sin?2x # 0 < sin2x # 0 & x # I%T

k \
Khi d6 (%) < cos2x = 0 < x = % + 7” (théa man diéu kién).
k
Vay phuong trinh ' = 0 ¢6 cac nghiém 1a x = g + ?71’ (ke z). [

VI DU 7. Cho ham sb f(x) = 51r;3x —cosx — /3 (sinx - COZ?)X). Gidi phuong trinh
f'(x) =0.

@ Loi gidi

Ta c6: f'(x) = cos3x +sinx — /3 (cos x + sin 3x).

f'(x) = 0 < cos3x 4 sinx — /3 (cos x + sin3x) = 0
& sinx — V3cosx = V/3sin3x — cos 3x

(:lsinx——cosx= —sin3x—1cos3x
2 2 2 2

& sin (x—%) = sin <3x—%>
x—%:3x—%+k27c x:—%—kn

& s - & 3r g (keZ).
x—gzn—3x+g+k2n x:?jtki

BAI TAP TU LUYEN (Cho méi dang)

R ) 2 2
BAI 1. Choham sy = cos? (% — x> + cos? (g + x) + cos? (?n — x) + cos? (Tﬂ + x> —2sin? x.

Chting minh rang y’ = 0.
Loi giai.
Ta co6

2 2
y = cos’ (%T —x) + cos? <7§T +x> + cos? (?ﬂ —x) + cos? (?71 +x) —2sin’ x

= 2 cos’ <% —x) + 2 cos? (g —|—x) —2sin® x

2 2
=1+ cos (?ﬂ —Zx) —+ cos (?ﬁ +2x) + cos2x

= 1+2c032§.c052x+c052x
=1-—cos2x +cos2x =1
Suyray' = 0. O
BAI 2. Cho ham sb y = x sin x. Chiing minh rang
@ xy —2(y —sinx) +x(2cosx —y) = 0.
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/

@) Y x—tanx.

COs x

Loi giai.
@ Tacé:y = (xsinx)’ = sinx + x cos x.

2sinx — 2 (sinx + xcos x — sinx) + x (2cos x — x sin x)

2

xy—2(y —sinx) +x(2cosx —y) = x

2

=x“sinx —2xcosx +2xcosx — x“sinx = 0.

- . / .
2 Tacd:y = (xsinx) = sinx + x cos x.
Yy sin x + x cos x

—Xx= —x=tanx +x —x = tanx.
COs X COS X
O
A . / . . 2+ x
BAI 3. Giai phuong trinh y’ =0véiy =1 —sin (7w + x) +2cos 5 .
Loi giai.
2 /
Tacoy' = 1—sin(7r—|—x)—|—2cos( 7'c+x>1 :cosx—|—sing.
X X X singzl

y’:0<:>cosx+sin§:O<:)251n2§—sin§—1:0<:) _ !

Slnz——i

Véising:u:m: 7T+ kAT,

X 1 x:—g-i—kéln
Voi sinE = —5 & 7 .
X = ?—i—kéln

7
Vay phuong trinh i’ = 0 ¢6 cac nghiém la x = 7+ kdr; x = —g + k4 x = ?71 +kdrn, (k € Z).
0J
BAI 4. Giai phuong trinh ' = 0 v6i y = sin2x — 2 cos x.
Loi giai.
Tacéy = (sin2x —2cosx) = 2cos2x + 2sin x. Suy ra

sinx =1
Yy =0« 2cos2x +2sinx =0 & 2sin®x —sinx -1 =0« | 1
sinx = —

Véisiny = 1 < x = g+k27r.

1 x:—%-i—an
Véi sinx = —5 & 70 .

7
Vay phuong trinh y' = 0 ¢6 cac nghiém la x = g +k2m;x = —% +k2m; x = %T +k2m, (k € Z)
O
1

BAI 5. Cho ham s6 f(x) = asinx + bcosx + 1 ¢c6 dao ham 1a f'(x). Tim a, b biét f'(0) = 5 va

P

Loi giai.
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Ta c6 f'(x) = acosx — bsinx. Khi d6

/ 1 . 1 1 1
f(0) == acos0—bsin0 = = a=- A
2 o 2 o \/2_ /3 o 2
(-7 = in (-7 AN 2 V2 1
f( 4>—1 asm( 4>+bcos( 4)—Fl—l _7a+7b:0 a=z
1 1

BAI TAP TONG HOP

BAI 6. Cho cac ham s6 f(x) = sin*x + cos*x va g(x) = sin®x + cos® x. Chitng minh rang
3f(x) — 2¢/(x) = 0.

Loi giai.
Ta co:
2
flx) = (sim2 x + cos? x) — 2(sin x. cos x)*
) 2 )
_1{_» sin2x _q_sin 2x
2 2
_;  1l—cos4x 3+ cos4dx
4 N 4
= f'(x) = —sin4x.
2
g(x) = (sin2 x + cos? x> ((sin2 x + cos? x) — 3(sinx.cos x)z)
. 2 .2
_1_3 sin2x :1_35111 2x
2 4
_q_ 3—3cos4x 5+ 3cos4dx
B 8 N 8
/ 3.
= ¢'x = —~sin4x.
2
Suy ra 3f'(x) — 2¢'(x) = —3sin4x + 3sin4x = 0. O
BAI 7. Cho ham s6 y = cos? x + sin x. Phuong trinh ¥’ = 0 c6 bao nhiéu nghiém thuoc khoang
(0; 7r)
Lai giai.
y' = —2cosxsinx +cosx = cosx(1 —2sinx).
x =2 tkn
cosx =0 7%(
y=0&| 1 & x:g+k27r (ke z).
sinx = =
2 5n
T 5
Vixe (0;m) = x € {%,g,%}
Vay ¢6 3 nghiém thudc khoang (0; 7). O

BAI 8. Cho ham s6 y = (m + 1)sinx + mcosx — (m + 2)x + 1. Tim tat ca cac gia tri ctia m dé
phuong trinh iy’ = 0 c6 nghiém.

Loi giai.

Taco:y = (m+1)cosx —msinx — (m +2).

Phuong trinh y’ =0 < (m + 1) cosx —msinx = (m + 2).
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DPiéu kién phuong trinh cé nghiém la a2 4+ b > 2
m< —1

S m+1)2+m?>(m+2)2em?-2m-3>0<s s O

BAI 9. Cho ham s6 f(x) = 2cos? (4x +2). Tim gia tri 16n nhat va gia tri nhd nhat ctia ham s
f'(x).

Loi giai.

V6&i moi x € R ta co:

f'(x) =22cos (4x +2).(—sin (4x 4+ 2)) .4 = —8sin (8x + 4).

Mat khac ta co:

—8 < —8sin (8x +4) < 8. Suy ra:

Gia tri 16n nhat ctia f/(x) bang 8 khisin (8x +4) = —1 < x = —% — % —i—k%, (ke Z).
Gia tri nho nhét ctia f'(x) bang —8 khisin (8x +4) =1 & x = % — % + k%, (ke z). O

BAI 10. Cho ham s6 y = cos? x + msinx (m la tham sb) c6 d6 thi (C). Tim m trong méi truong
hgp sau.

(D Tiép tuyén cua (C) tai diém c6 hoanh d6 x = 7t ¢6 hé s6 goc bang 1.

e g2 A A 2 . s R s N A 7T N 7T = v
(2) Hai tiép tuyén cta (C) tai cac di€ém c6 hoanh do x = — vax = 5 songsong v6i nhau hoac
trung nhau.

Loi giai.
Ta c6: y/ = — sin2x + m cos x.

@ Tiép tuyén cua (C) tai diém c6 hoanh do x = 7 c6 hé s6 goc bang 1 nén suy ra

y(mt)=1& —sin2n+mcosmt=—-1<m=—1.
(2) Hai tiép tuyén cua (C) tai cac diém c6 hoanh do x = —%Véx = %song song vdi nhau hoac
trung nhau nén suy ra
,(_71)_ '< )@—sin(—n>+mcos<—ﬂ>——sin2n+mcosn
Y\T2) 7Y \3 2 &)~ 3 3
\/5 \/§ m
1 —_—_—=——t
< 1+m > > +2
g V3E2
1-v2

BAI 11. Tinh t6ng S = cos x + 2 cos 2x + 308 3x + ... + 11.cos nx.
Loi giai.
Xét ham s6 f(x) = sinx + sin2x + sin3x + ... + sinnx. Khi d6 S = f/(x).
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— Trudng hop 1: Néu sing £0 o x £ k2, k € Z, khi d6 ta c6

ZSing.f(x) = ZSingsinx—{—ZSingsian—i—ZsingsinC%x—i—...+23ingsinnx

_ X 3x+ 3x_ 5x+ 5x_ 7x+ n n—1x_ 2n+1x
—cos2 cos2 cos2 cos2 cos2 c:os2 ... + cos > Ccos >
—cosf—coszn+1x
a 2 2 7
cosx coszn+1x coszn+1x
5 1
= f(x) = 2 ¥ 2 =—c0tf——2x
2sin — 2 2 2sin —
2 2
2 1
1 —(2n+1)sin XSin ~ — cos = cos " X
/ _ B 2 2 2 2
= f0) =% s
sm > sin 5
2 1 2 1
:—1—|—Cosnx—|—2nsin§sin n2+ x:nsingsin n2+ x—sinz;;—x
4sin2g 2sin2§
— Truong hop 2: Néu x = k27, (k € Z), ta c6
CoOSXx — cos2x = cos3x = ... =cosnx =1
1
;»S:1+2+3+...+n:$.
( .X . . znx
n sin — sin X — sin® —
2 2 ¥ 2 khi x # k27, (k € Z)
Vay S = | 2sin2§
1
@khix:kh,(kel)
\
O

(3 DANG 3.3. Tinh giéi han cGia ham sé cé chira biéu thirc lvong gidc

N R P e e . . .. .. SIDX . sinu
Ta thuc hién bien déi ham so vé dang co chira cdc gidi han ddc biét lim , lim

x—0 X xX—xp U

VI DU 1. Tinh cac gidi han sau:

sin 4x sin 2x
i . li )
@ xl—% X xlg(l) sin 3x
sin <2x — %)
. sinx + 2sin3x @ llrr}T —_—
@ lim T . R x— g
X—r
@ Loi giéi
in4 4.sin4 in 4
@ lim 2058 gim 2 g i S g1y

x—=0 X x—0 4x x—0 4x
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@ lim sinx +2sin3x lim sinx+25in3x lim 1 smx+2-sin3x
X—0 3x x>0\ 3x 3x T\ Ty 3x
_1 1msmx+2 limSin3x—1+2——

3 x50 Xx =0 3x 3 3

3 lim sin2x lim (ZSian _ 3x ) ~ lim (g . sin 2x . 3x )

x—0sin3x  x—0 2x 3sin3x x—=0\ 3 2x sin 3x
2 lm sin 2x lim 3x 2
= -1i = —.
T3 50 2x  1—0sin3x 3
sin (2x _ E) 2. sin <2x _ E) sin (2x _ E)
@Dhm—ﬂ?’:hn}T 713 :2-1in}r—n3:2.
X% x—g X—=g Z(x—g> X—% 2x—§
O
VI DU 2. Tinh cac gidi han sau:
1—cosx . sinx —sina
@ alclg(l) x2 chlg}z x—a
1— cos?x cosx — cosb
Iim ———. Iim —M.
@ xlao X sin 2x @ x1—>b x—0
& Loi giéi
2 sin? 2 - sin? ?
1 sin“ — - sin” — sin — 1 1
@ li ST _ = lim 2 _ ° . lim 2) = -.1=_.
x—0 x2 x—0  x2 x—0 x2 2 x=0 X 2 2
4. — 2
4
@ im 1 — cos? X sin? x _ lim 1 sin x _ im 1 lim sin x 1
0 xsin2x | ain02rsinxcosx a0 \2cosx  x )  xn02cosx xin0 x 2
(x+a) . (x—a) . (x—a)
. } 2 cos sin sin
@limw—lim 2 2 = lim |cos xray. 2
x—a X —a  x—a X —a X—a 2 X —a
2
n ("5
sin
= lim cos [ —— l1m—2—cos a+a 1 = cosa
x—a x—a X —a o 2
2
2 sin x+b sin x—b sin x—b
@ 1 cosx — cosb lim 2 2 lim sin +b 2
xsb  X—0Db T b x—b  xob 2 x—b
2
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VI DU 3. Tinh cac gidi han sau:

tan?2 vV x?
im a}n x. @1 xc+1-1
X0 sin 5x x50 1—cosx

@ hmtanx—sinx @ lim 1—+vx+14+sinx

3

x—0 sin® x ) x—0 Vax+4—

@ Loi giéli
tan 2x . sin 2x . 2 . sin2x . 5x 2 2
im — =lim ——— = lim - lim - lim — =—--1-1==.
x—0sinbx  x—0cos2xsinbx x—>05cos2x x—0 2x  x—0sSinbx 5 5
2sin2 X
tanx —sinx . sinx(l1—cosx) . 1—cosx , s
) lim T:hm — :11m+2:11m —
x—0 sin” x x—0 cosxsin” x x—0 cos x sin“ x x—0 cos x sIn“ x
LoX
S T R _ x 21 1
= lim - lim 2 -hm<, ) =—.1.-1=-.
x—02C0SX x—0 x—0 \sin x 2 2

i
2

X
VaZ+1-1 x? 2
3 lim ve+l-1_ = lim = lim | —2

x—0 1—cosx ¥—0 9 gin2 ( /214 1> x—>0 \ /x2 +1+1 0\ gin

=1

X
2

e Jrrdo Vitdi—2 Vaitio
—x (Vx+4+2) N (Vx+4+2)sinx
_x—>0 x(l-}—dx-}—l) X

— x+ sin x
= lim Vx+4+2 hm = 2.
x—0 1—}—\/x—}— ( )

@ 1 —\/x—|—1—|—sinx_hm<1—\/x—|—1 sin x )

X
U
BAI TAP TU LUYEN
BAI 1. Tinh cac gidi han sau:
sin 3x sin 8x
lim . li .
@ x—0 2x xlg(l) sin 9x
sin (Zx — 2—”)
3
sin4x — 3sin5x @ hm 7T :
@ ]_ . x—Z 3 X — —
x—0 X 3
Loi giai.
sin 3x 3sin 3x 3 sin 3x 3
lim = lim —. = _.
@ lim == =lim == =5 Im = = =2
@ lim sin4dx — 3sinb5x ~ lim (4. sin4x _15. sin 5x _ Alim sin4x 15 1im sin 5x N
x—0 X x—0 4x 5 x—0 4x x—0 bx
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lim sin 8x _ lim 72x - sin 8x - 8 lim sin 8x i 9x - 8
x—0sin9x  x=072x-sin9%x 9 x—0 8x x-0sin9%x 9’
2 2 2
sin | 2x — i 2sin | 2x — i sin | 2x — i
3 ) 3 ) 3
@ lim = = lim = =2 lim = =2
3 X—3 =y 2 (x — 5) X3 2x — 3
BAI 2. Tinh cac gi6i han sau:
COoS X — Ccos 3x 1+ sinx — cosx
im —8M. lim
© Xx—0 sin? x ® x—01—sinx —cosx’
1 — cosbx — COS X COS 2X COS 3x
im ———. i
@ lim—5 @ lim <RI
Loi giai.
— 2 sin 2x si 4si
@ lim SOS¥ €083y 2ein2usinx o ASINTCOSY g o0y g
x—0 sIN“ x x—0 sIN“ x x—0 Sin x x—0
2 sin? 2 2% sin 5\ *
b3 2 DY 2
@ lim L9 gy 2 B gy [ 2| B
x—0 x x—0 x2 2 x—=0 5_x 2
2
2 sin? X 2 si X X LoXx X
1+ sinx — cos x . sin” — + smzcos— . smE—l—cosz
@ lim 1 —sinx cosx—hr% 2 X X x:hr% ¥ =L
x— — — x— 2gi Z _2¢inZ= - X— N — _
sin > sin > cos > sin > cos >

Ta c6: 1 — cos x cos 2x cos 3x = (1 — cos x) + cos x(1 — cos 2x) + cos x cos 2x(1 — cos 3x).

@ lim — COS X COS 2Xx COS 3x

x—0 1—cosx

kx
2
1 —coskx _ 2sin 2 .
Valim — = lim = lim
x—0 1 — cosx =0 9gin2 * x—0
2
. .. 1—cosxcos2xcos3x
Cho nén lim
x—0 1 —cosx

BAI 3. Tinh cac gi6i han sau:

@ lim

x—0 3x

tan 2x

sin7x

im .
x—0 tan 3x

sin kx \ 2 X 2

1 —_— —

= | lim (25| R=R
xx =0\ sin =
2 2

=14+1-4+1-1-9=14.

tanx — tana
im —.
x—a SInX — sina

tanx — 1
l1m _—
@ x—F 2cosx — \/5

Loi giai.

@ lim tan 2x ~ lim sin2x sm2x g

00 3x  1003xcos2r  1o03cos2x 0 2x 3
sin7x . sin7xcos3x . 2lxsin7xcos3x

im =lim ——— = lim -
x—0tan3x  x—0 sin 3x x—0 21xsin 3x
_ im 7 cos 3x lim 3x lim sin7x - 7
x50 3 x—>0sin3x x=0 7x 3

503
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. tanx —tana . sin(x —a)

im ——— = 1lim

x—a SINX — SIna x—0 X+a . X —a
COS X COosa - 2Cos — sin >

5 sin X —a X—a X —a
S > Ccos 5 ‘ cos 5 1
= lim =

= lim = 7
x—0 X+a . xX—a x—a X+a cos® a
cOos X cosda - 2cos T Sin 5 COS X COS X COSs 5

\/isin (x — %)

tanx — 1 sinx — Ccos x

@ lim —————— = lim = lim
x—I 2cosx — /2 x—7F V2 =g 2cosx<cosx—cosz>
2cos x cosx—T 4
2\/§sin<f—z> cos (E—E> - 2COS(E—E>
~ lim 2 _8)"\2 8) __ 2°8) __3
¥=§ —4cosxsin (§+§) sin <§—§> JH%2cosxsir1 <§+§>

BAI 4. Tinh cac gidi han sau:

@ lim 1—vV2x2+1 3 lim sinx — /3 cos x

x>0 1—cos2x x—Z 2cosx —1
@ lim 1—+v2x+4+1+sinx @ y sin(x2—4)
=0 \Bx+4—-2—x w3 B-8

Loi giai.

o 1—v2x2 41
@ lim ——————.
x—0 1 —cos2x
Tacé_l—\/2x2+l_ —2x2 _( x >2 —1
12y oginy (14224 1) I 14 V22 ST
1-v22+1 1

Dodo:)lg_}rrb 1—cos2x 2

1—+v2x+1+sinx

lim
@ x=0 3x+4—-2—x
. 1—+2x+1+sinx _ 1—\/2x+1+sinx> ) V3x+4—-—2—x
: : "

Ta co =
V3x+4-2—x X X
B ( -2 +sinx) . -1 —x
1+v2x+1 x ) \Bx+4+2+x
1—-+v2x+1+sinx (—2+1) -1 _0

Dodo:)l(lg% Vartd—2—x 2 1
o sin (x—z> 2sin (E_E) cos (E_E>
3 J}l_{’% smzxcos\x/§_ cisx _ ,}1_{% m — J}l_l;% . <2x +67T> n (2 x 67r>
- (E ) E) 2 6 2 6
zlirr}T ) x2 716 :_%5
*=3 sin <§ + g)
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@ lim sin(x? — 4) — lim x> —4 sin(x® —4) o x+2  sin(x* —4) _ 1
=2  x3—8 =2 |x3—-8 x2—-4 =2 | x2+2x+4 x2—-4 3
0
BAI 5. Tinh cac giéi han sau:
sin 5x sin 3x sin x sin(a + 2x) — 2sin(a + x) + sina
O a 45x3 ' OF: b x2 '
@ 11 I —+/cosx @ lim cos ax — cos bx cos cx.
ol—cos\/_ 0 Sin2 x
Loi giai.
@ lim sin5xsin3xsinx 1 lim sin 5x lim sin 3x lim siny 1
50 45:3 T 3300 bx  xn0 3x  xs0 x 3
X
@ 1 —Veosx _ . (1 —cosx) (1+ cos+/x) i 2sin” 5 (14 cos /)
im im im
=01 —cos/x 20 (1—cos?/x) (1+y/cosx) x-0sin?\/x (1+ y/cosx)
XN 2
~ lim sih > N 1+4cosx 0
x50 X sin y/x "2 14+ Jcosx '
2
3 lirr(l) sin(a + 2x) — Z;izn(a + x) +sina _ lirrb 2sin(a + x) cosxazc —2sin(a + x)
X— xX—
. Lo X
. 2sin(a+x)(cosx —1) . —4sin(a + x) sin >
= ]_lm — llm
x—0 x2 x—0 x2
X\ 2
sin —
= lim |—sin(a +x) - ¥ = —sin2a.
x—0 e
2
@ lim CoS ax — .cozs bx cos cx.
x—0 sin” x b 1
Ta c6: <2~ ?025 Teoser _ [cosax — cos bx + cos bx(1 — coscx)] - —
sin” x sin” x
. [(ax+Dbx\ . [ax—bx . 5 CX 1
= [—ZSm( > )sm( > )—l—Zcosbxsm 7} S x
sin [ 2% + bx sin (X bx cx\ 2
L 2 2 ax +bx ax —bx 2cosh Sin—-\ (252
ax -+ bx ax — bx 2 2 cosox cx 4
2 2 2
E
sinx/  x2
sin (ax + bx sin (X~ bx Cooxy 2
b — a? 2 2 sin - 2 x \2
N 2 ax+bx  ax—bx +cosbx cx 2 .(sinx> '
2 2 2
_ 2 2
Do dé: lim <25%% cozs bx cos cx b? + c?
x—0 siN“ X 2
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BAl4. DAO HAM CAP HAI

@ TOM TAT LY THUYET

Gia stt ham s6 y = f(x) c6 dao ham tai moi diém x thudc khoang (a;b). Khi d6 ta c6 ham sb v’
xac dinh trén khoang (a; b). Néu ham s6 v’ c6 dao ham tai x thi ta néi dao ham ctia y’ 1a dao ham
cap hai ctia ham s6 y = f(x). Ham s6 dao ham ctia ham y’ dugc ki hiéu 1a y".

Dao ham cip 3,4, ... ctia ham s6 ciing dugc dinh nghia tuong tu va duoc ki hiéu 1a y©®), y4).

(® CACDANG TOAN

(3 DANG 4.1. Tinh dao ham cdp hai - Y nghia clia dao ham cép hai

VI DU 1. Tim dao ham cap hai ctia cdc ham s6 sau:

@ y=(2+1).
X
@y_x_z
4+ x+1
®y= x+1
@Lbigiéi

@D y=x04+3x*+3x2+1; iy = 6x°+12x3 + 6x; 1" = 30x* + 36x2 + 6.
y Yy y

r X /_ -2, -2 /_ .Z(X—Z)_ 4
Dy _(x—2) _(x—2)2,y _<(x—2)2> =2 (x—2%  (x—2)*

2 4+x+1 1
@y= x+11 _x+x—|—1'
[— —
T a1y
2
//:
Y (x+1)3

VI DU 2. Tim dao ham cép hai ctia cac ham s6 sau:

@ y=+2x+5.
@ y=xvVx2+1.

@ Loi gidi
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2 1
"= (V2x £5) = =
Dy'=( ) 2y/2x+5  /2x+5
2
p__(VF5)  2axa5 L
4 2x+5 20 +5 (2x+5)V2x +5

2x% +1
= VAT e = :
@y VaZ+1l Va2 +1

4xvx2+1— (2x* +1)

y//: x2+1 _ 2x3 4 3x .
x?+1 (1+x2) V14 x2
U
VI DU 3. Tim dao ham cap hai ctia cdc ham s6 sau:
@ y = sinx.
2 y = tanx.
(¢ Loi gidi
r_ T o T o
@Dy —cosx—szn(2 +x>,y —cos<2 +x> sin (71 + x).
1 2cosx (—sinx) 2sinx
I _ co _ '
@y = cos? x’ cos* x cos3 x
0

VI DU 4. Mot chuyén dong thang xac dinh béi phuong trinh s = 2 — 3t2 + 5¢ + 2, trong d6
t tinh bang gidy va s tinh bang mét. Tinh gia toc ctia chuyén dong tai thdi diém ¢ = 3 s.

@ Li gidi
Gia toc tic thoi ctia chuyén dong tai thdi diém t chinh 1a dao ham cap hai cia phuong trinh
chuyén dong tai thoi diém t¢.

/
s = (t3—3t2+5t+2> =32 —6t+5
' =6t—6=15"(3)=12.

BAI TAP TU LUYEN
BAI 1. Tim dao ham cap hai ctia cdc ham sb sau:
@ y= —3x* +4x3 +5x2 —2x + 1.
@ y= gx5—3x2—x—|—4.
Loi giai.

@ y' = —12x% + 1222 + 10x — 2; y"" = —36x% + 24x + 10.
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@y =4xt—6x—1;y" =16x% —6.

CHUONG 5. PAO HAM

O
BAI 2. Tim dao ham cap hai ctia cdc ham sb sau:
1
@y= T
1
@ y - xr—3
—2x% + 3x
Ov="775—
5x% —3x — 20
@y= x2—2x—-3"
Loi giai.
1 2
©y = 22 y" 3
1 2
@ y/ _ 2;]/// _ .
(x—3) (x —3)
1 1 2
=21+ —— =y =2 Y = :
@ y=2x =Y +(1_x)2,y =)
@y = (10x — 3)(x* — 2x —3) — (5x> —3x — 20)(2x —2)  —7x%>+10x — 31
= (x2 —2x —3)2 (a2 —2x—-3)2
y (—14x+10) - (x* —2x — 3)? — (=7x2 4+ 10x — 31) - 2 (x> —2x — 3) - (2x — 2)
N (x2 —2x — 3)4
_ 2(7x% —15x% +93x — 77)
N (x2 —2x —3)3
O
BAI 3. Tim dao ham cap hai ctia cdc ham s6 sau:
@ y=+v2x+1.
@ y=x*Vx¥—x
Loi giai.
@ ]/l _ 1 '}/H _ 1 )
V2x +1 VvV (2x +1)3
@y = x%(7x% — 5)/_y,, _ x*(35x* — 54x + 15)'
2vx3 —x 4/(x3 —x)3
O

BAI 4. Tim dao ham cap hai ctia cdc ham s6 sau:

@ y = cos (2x—%>.
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2 y = sin2x.
@) y = sin?2x.
(@) y = 3sinx + 2cos x.
(5 y = tanx + cotx + sin x + cos x.
Loi giai.
@ y = —2sin <2x - g);y” = —4cos (Zx - %)
) y =2cos2x;y" = —4sin2x.
3 ¥y =2sin2x (2cos2x) = 2sin4x; y’ = 8cos4x .

@ y=3sinx+2cosx;y =3cosx —2sinx; y’ = —3sinx — 2cos x.
1 1
® y = —5— — —5— +cosx —sinx = tan® x — cot? x + cos x — sin x.
COs“Xx s~ x
, 2tanx 2cotx |
= —>—+——— —sinx —cosx.
cos~ X s~ x
U
BAI 5. Tim dao ham cap hai ctia cdc ham s6 sau:
@ y = x-sinx.
@ y = x* - cos? x.
cos x
@ y - x3+1‘
Loi giai.
"=sinx + xcosx; " =2cosx — xsinx.
@y y
@ y' = 2xcosx(cosx — x -sinx); y” = (1 — 2x?) cos 2x — 4x sin2x + 1.
@y = Snx 3x’cosx ., _( 1 6 N 18x* cosx 4 6x% sin x
YT @Y T U8l (B2 T @31 (3112
U
BAI 6. Cho ham sb f(x) = (x 4+ 1)°. Tinh gia tri " (0).
Loi giai.
F1x) =3 (e + D% f1(x) =6 (x+1) = f7(0) = 6. .
BAI 7. Cho ham sb f(x) = sin® x + x2. Tinh gid tri f" (g)
Loi giai.
'(x) = 3sin®xcos x + 2x; f”(x) = 6sinxcos?x —3sin®x +2 = f” A1 O
2

BAI 8. Cho ham sb (x) = 5 (x + 1)® + 4 (x + 1). Giai phuong trinh 1" (x) = 0.

Loi giai.

h(x) =5(x+1)°+4(x+1);

W(x)=15(x+1)%*+4;

h'(x) =30(x+1).

W(x)=0& x=-1. O
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BAI 9. Cho chuyén dong thang xac dinh b&i phuong trinh s = 3 — 3t> — 9t + 2 (t tinh bang giay;
s tinh bang mét). Tinh gia tc ctia chuyén dong tai thoi diém t = 2s.

Loi giai.

Gia toc tic thoi ctia chuyén dong tai thdi diém t chinh 1a dao ham cap hai cia phuong trinh
chuyén dong tai thoi diém t¢.

/
s = (t3—3t2—9t+2> —32 _6t—9
" =6t—6=5"(2) =6.

O

BAI 10. Cho chuyén dong thang xac dinh bdi phuong trinh s = 3 — 3t (¢ tinh bang giay; s tinh
bang mét). Tinh gia téc ctia chuyén dong tai thoi diém t = 4 s.

Loi giai.

Gia toc tic thoi ctia chuyén dong tai thdi diém t chinh 1a dao ham cap hai cia phuong trinh
chuyén dong tai thoi diém t¢.

s’ =312 —6t = 5" =6t—6=5"(4) =18.

U
(3 DANG 4.2. Chirng minh ddng thirc chita dao ham cép 2
— Tim cdc dao ham dén cdp cao nhit cé mét trong ding thitc can chitng minh.
— Thay thé vao vi tri tuong 1ng va bién doi vé nay cho biang vé kia. Tir d6 suy ra ding thitc can
chitng minh.
CAC Vi DU MAU
VI DU 1. Cho ham s y = v/2x — x2. Chiing minh rang: y3.y" + 1 = 0.
(¢ Loigidi
Taco:y' = lox y' = IR S
' V2x — 22 vV (2x — x2)°
Thay vao: 13.y" +1 = /(2x — x2)° - B Gl B +1=—-1+1=0 (dpcm). O
(2x — x2)*
2
VI DU 2. Choham sby = % Chtng minh rang: 2y.y"” — 1 = (y')%.
@ Loigidi
Taco:y =x+1,y" =1
Thé vao dang thic: 2y.y” — 1 = x2 +2x +1 = (v')? (dpcm). O

VI DU 3. Cho ham sb y = x sin x. Chtiing minh rang: x.y — 2 (y' — sinx) + x.y”’ = 0.
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(¢ Loi gidi
Ta c6: y' = sinx + xcosx; y’ =2cosx — xsinx
VT = x?sinx — 2 (sinx + xcosx — sinx) + 2xcosx — x?>sinx = —2xcosx +2xcosx = 0 = VP
(dpcm). 0]
. . 2 0
VIDU 4. Chohamsoy = i—i—l Chiing minh biéu thitc sau khong phu thudc x.
P =2(y')* —y" (y — 1) (Gia stt céc biéu thirc déu c6 nghia).
(¢ Loi gidi
— 18
I 21\ =
TR ) x—1)*
y,,:_3.—2(x—1): 6
;x—lf (x—lfls
-1= =y (y—1) =
Y oV =1 1)
18 18
P —=2(y 2 1) = _ =0
v)" =y"(y—1) G o1t
Vay dang thirc dugc chiing minh xong.
0
. " s 1
VI DU 5. Cho ham s6 y = tan x. Ching minh rang;: 6—‘1,/, — — —cos2x = 1.
vy
(¢ Loigidi
2sinx
/I — 2 " — 2
V= gy = trantny’ = — = 2tanx (1 + tan®x)
Do do
6—y—l—c052x: btanx — ! —COSZXZL—COSZJ(:
y' oy 2tanx (1+tan’x) 1+ tan?x 1+ tan? x
= 2cos? x — (cos? x — sin® x) = 1 (dpcm). O
BAI TAP REN LUYEN
BAI 1. Ching minh rang ham s6 y = v/4x — 2x2 thda hé thic: y3y" + 4 = 0.
Loi giai.
o o2-2 —4
Vix —2x (vq;j§;>
3 4
VTz(MM—Qﬂ)- - +4=0= VP (dpem). 0
(\/4x — 2x2>
/
BAI 2. Chohamsby = —2 + ; Chiing minh rang: 27]/ +y" =0.

Loi giai.
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5 10

r_ _2.on_ Y
]; '— xz,y 10x3 10

y 1/
7 —__ 4= =0 ]
x Y PR
BAI 3. Choy = i—;i Chiing minh rang: 2(y/)* = (y — 1) v".
Loi giai.

x=3_ 7 o, 14
PTxra T T ar T T ey
Ta 6 vé trdi: 2(y)* = 7 T

(x+4)
2 — —14
Vévéphﬁ(y—l)y”::<x 3-—1) =2
x+4 (x+4) (x+4)

Vay2(y')* = (y— 1) y". O
BAI 4. Cho ham sb y = x cos x. Chiing minh rang: x.y — 2(y' — cos x) + x.y"" = 0.
Loi giai.
Yy =cosx —xsinx;y’ = —2sinx — x cos x
VT =xy—2(y —cosx)+xy” =xxcosx —2(cosx —xsinx —cosx) + x (—2sinx — xcosx) =
= x?2cosx + 2xsinx — 2xsinx — x> cosx = 0 = VP (dpcm). O
BAI 5. Cho ham sb y = xsin x. Chiing minh xy — 2y + xy” = —2sin x.
Loi giai.
Yy =sinx +xcosx;y”’ =2cosx — xsinx
xy — 2y + xy” = x?sinx — 2(sinx + x cos x) + x(2cos x — xsinx) = —2sin x. O
BAI 6. Cho ham sb y = sin? x. Chting minh rang: 2y + v/ tanx +y” —2 = 0.
Loi giai.

I — Dgj -y =2 2 _2-2
y sinx cos x;y cos” x — 2sin” x
2y+y'tanx+y"' —2=0

. 9 . sin x 5 . 9

& 2sin x—|—251nx.cosx.cosx +2cos”x —2sin“x —2=10
& 2sin? x +2cos? x — 2 = 0 < 0 = 0 (dung). O
BAI 7. Cho ham sb y = cos? 4x. Chitng minh rang: 32 (2y — 1) +y" = 0.
Loi giai.
y' = 2cos4x.(cosdx) =y = —8cosdx.sindx = y’ = —4sin8x
y" = —32cos8x
VT =322y —1)+y" =32 (2cos?4x — 1) — 32 cos8x = 32cos8x — 32cos8x =0 = VP. O

BAI 8. Cho ham sb y = x tan x. Ching minh rang: x%y” — 2(x* +y?)(1 +y) = 0.

Loi giai.
y' =tanx + x + xtan? x

y' =1+tan?x+ 1+ tan?x + 2xtanx.(1 + tan? x) = 2 + 2tan® x + 2x tan x + 2x tan® x
VT = x*(2 + 2tan® x + 2x tan x + 2x tan® x) — 2(x? + x?tan? x) (1 + x tan x) =
= 2x% 4+ 2x?tan? x + 2x3 tan x + 2x% tan® x — 2x% — 2x3 tanx — 2x?tan? x — 2x3tan®*x = 0 = VP.

O

sin® x 4 cos®

1 —sinxcosx

X

BAI 9. Chohamsby =

Loi giai.

T o (sinx + cos x) (sin® x + cos? x — sin x cos x)
acoy= 1 —sinxcosx

=y =cosx —sinx;y”’ = —sinx — cosx

=y +y=0.

- Ching minh rang : y" +y = 0.

= sinx + cos x
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(3 DANG 4.3. Van dung dao ham cép hai chirng minh déng thirc 16 hop

o Nhin dang: S0 hang tong qudt ciia tong cé chita thanh phan dang (k — 1).k.
e Phuong phdp: Chon ham f(x) sao cho khai trién nhi thitc Newton ciia f(x) ¢ dgo ham cdp hai tai

mot diém chinh la tong can tinh. Luu vj:
n
Yo (k—DkCh = f(x) = (142"

k=
n

N

Y (1 (k= DKCE = f(x) = (1 —x)";

=

—2

=
N

Y (n—k—1)(n—kCk = f(x) = (x +1)";

k=
n—2

o

Y (D —k=1)(n—K)C = f(x) =

k=0

(x—1)"

VIDU 1. Véine N, n>2, ching minh féng
1.2C2 +23C +-- -+ (n—1)nCl = (n
(¢ Loi gidi

n

Dt S = 1.2C2 +2.3C3 + - -+ (n — 1)nCy = Y (k — 1)kCE.
k=2
Xét
n
flx)=(1+x)" ZCﬁxk

= fl(x) =n(l+x)"" = chkkl

n

= f7(x) = (0= Dl +0)" 2= Y (k-

k=2
n

—1)n2"2.

1)kCkxk=2

= (1) = (n—1)n2"2 =Y (k- 1)kCk = S.

k=2
Vay 1.2C2 +23C3 + -+ + (n — 1)nCl = (n — 1)n2" 2.
VI DU 2. Véin € N, n > 2, tinh téng S = 12C}, 4+ 22C2 +

@ Loi gidi

n
e Cach1: Tacd S = 12C}, +22C% + - - - + n?Cll = Y K*CE.
k=1
Xét

- 4 n?Cl.
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f(x) =1 +x)" ch k
= f'(x) =n(1+x)""1 = chkkl
= xf'(x) = n.x(1+ x)" Zka k

= (xf'(x)) =n(1+x)" P+ nx(n—1)(1+x)"" Zszk k-1
k=1

Thay x = 1tacé S = f KCk =n2" ' n(n—1)2""2 = n(n+1)2" 2
e Cach 2: Bién déi -

S=1.(1+0)CL+2.(1+1)C2+3.(14+2)C3 +---+n(1+ (n—1))CL
Khi d6, dat

S1=Cl+2C2 +3C3 4+ ... +nC", Sy =12C2 +23C3 + ... + (n—1)nC!
= §=25,+5,.

Xét f(x) = (1+x)". Tacod
=f(1)=n2""1, S =f"(1) = (n-1)n2"? = S =51+ Sy =n(n+1)2"2

O
BAI TAP TU LUYEN
BAI 1. Tinh téng S = 12Cl,, + 22C3yy7 + - - - +20172C317.
Loi giai.
Ta ¢6 12CL 4+ 22C2 + - - - +- n2C" = n(n +1)2"2. Thay n = 2017 ta c6 S = 2017.2018.22015,  [J
BAI 2. V6in € N, n > 2, chitng minh rang 1.2C2 — 2.3C3 + - - - + (—1)"(n — 1)nCl! = 0.
Loi giai.
Xét
flx)=(1—x)" Z Ch(—1)kx
= f(x) = —n Y KCK(—1)kxt !
k=1
n
= f'(x) = (n=1)n(1—x)""2 = Y (k= DkCy(~1)"x*2
k=2
n
= f'(1) =0= Y (~1)"(k - 1)kC}
k=2
Suy ra dpcm. [

BAI 3. Véin € N, n > 2, tinh tong
S=mn-1)nCo+n—-2)(n—1CL+---+(n—k—-1)(n—k)Ck + ... +23CI3 +1.2C!2

Loi giai.
Xét
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Flx) = (x4 1)" = Y Chart

k=0
n—1
= f'(x) =n(x+1)"1 =Y (n—k)Chx" 1
k=0
n—2
= f'(x)=n—-Dn(x+1)"2=Y (n—k—1)(n—k)Chx"*2
k=0
n—2
= f'(1)=n-1)n2"2=Y (n—k-1)(n—k)Ck =S.
k=0
Vay S = (n — 1)n2" 2. O
BAI 4. Véin € N, n > 1, tinh téng S = 12CY 4 22Cl + - - - + (n +1)2CI.
Loi giai.
Xét

flx)=(1+x)"= iCﬁxk

k=0

= xf(x) = x(1+x)" ZCk ket

S af()) = (L x+nn) (142" = Y (k + 1)kt
k=0

x(xf(x)) = (x+ 22 +n®)(1+x)" =Y (k+ 1)Ckyk+1
k=

= [x(xf(x))] = (1 +2x+2nx)(1+x)" 1+ (x + x> +nx®)(n —1)(1+x)" 2 = i(k +1)2Ckxk,
k=0

o

Thay x = 1tacé S = 2(k+1)2C" (n? +5n +4)2" 2. O
k=0

BAIS. Véine N, n>2, ching minh réng
23CY +34CL+ -+ (n+2)(n+3)C! = (n? + 11n + 24)2" 2,

Loi giai.
Xét

f(x) = (1+x)" ch k

= f(x) =21+ x)" = Z Ch k3
k=0

= (®f(x)) = B2+ 33+ nx®)(1+x)" 1 = i(k +3)Ckxf+2
k=0

= (3f(x))" = (6x +9x* +3nx?) (1 4+ x)" 1 4+ (3x* +3x° + nx®)(n — 1) (1 + x)" 2

n
= Y (k+2)(k + 3)Chx* .
k=0
n
Thay x = 1taco VT = Y (k+2)(k +3)Ck = (n* + 11n +24)2"2 = VP. O

k=0
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BAI 6. V6in € N, n > 1, tinh téng
S = (2n—1)2nCY, + (2n —3)(2n —2)C3, + - - - +1.2C3" 2,

Loi giai.
Xét
flx) = (x+1) Z ck,
2n—1
= fl(x) =2n(x+1)*" 1= Y (2n—k)Ch,x*"*!
k=0
2n—2
= f'(x)=2n—1)2n.(x+1)* 2= Y 2n—k—1)(2n — k)C§,x*" "2,
k=0
DatS; = (2n —2)(2n —1)C}, + (2n — 4)(2n — 3)C3, + - - - +2.3C5" 3. Suy ra
2n—2
/(1) =(2n—-1)2n2*"2 =Y (2n—k—1)(2n - k)C5, =S+ 5y,
k=0
2n—2
ff(-1)=0= Y (2n—k-1)(2n—k)Cs,(-1)*" *2=5-5,.
k=0
Suyra S = (2n — 1)n22"2, O
BAI TAP TONG HOP
3 3
BAI 7. Chon € N, n > 3 thda man A+ G = 42. Tinh tng
(n—1)(n—-2)
S =22C2 - 3C3 +42Ch — - - -+ (—1)"n*ClL.
Loi giai.
Ta co
A} +C3 n! n!
-Dn-2 2= T moam 2 D=2)

esnn-1)(n-2)+

n(n = 12(” =2) _ 4o(n—1)(n—2)
Sntl=426n=36
36
o S =22C%, — 32C3, + 42Ch, — ... +362C¥ = Y (—1)",>C;.
o Xét =

flx)=(1-x)3 ZC
= f'(x) = =36(1 —x)* ch —1)kxk1

= xf'(x) = —36x(1 — x)>° ZkC

36

= (xf'(x)) = —36(1 —36x)(1 — x)* = Y KPChs(—1)*x* L.

k=1
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Thay x = 1ta co

36
0= Y KCk(-1)f = —Clg+ S =S =Cls = 36.
k=1

BAI 8. Giai phuong trinh

Cl g —122C3, . +2223C3,  — - — (2n —1)22""12nC3" | +2n22"(2n + 1)C5T ] = 4005.
Loi giai.
Diéu kién: n € N. Ta ¢6

Chpp1 — 1.22C3, 11 +2.223C3, 1 — - - — (2n — 1)22"12nC3t | 4 2n2%"(2n + 1)C3H ] = 4005

1 4005
A Ecén—&-l L. 2C2n+1 +- (211 - 1)2n22n 2C2n+1 + 271(211 + 1)22;1 1C%Zi% 2 (*)
Xét
2n+1

f(X) ( 1 +x 2n+1 Z C2n+1 2n+1—kxk

2n+1

= f'(x) = 2n+1)(=1+x)? Z kCh, . q (—1)2n Tkl
2n+1
= f(x) =2n(2n +1)(=1+x)*""" = Y (k= 1)kC5, 1 (—1)2" k2
k=2
2n+1
= f"(2) =2n(2n+1) = Y (k- 1)kC5, ,(—1)> 1 7k2k=2,
k=2
Suy ra
1 2n41 i 4005
(5) & 5 @n+ 1)+ Y (k= 1kCS, o (-1)> 17272 = ==
k=2
%(2n+1)+2n(2 +1) = 40205
n=22
o 8n® +6n—4004 =0 < 91

Vay phuong trinh c6 mot nghiém n = 22. O
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BAIG.  DE KIEM TRA CHUONG 5

O pEsOIA

Cau 1. Tinh dao ham ctia cidc ham s6 sau

a)y = (x—1)%
b)y = xvx+3.
Oy = x> +x—1
YT T2
x+1
d)yy = :
)y o
Loi giai.
Q) Y = A — 1) = 1) o 0,5 diém
R L L 0,5 diém
b)Y = XV X B XV X B 0,25 diém
x(x+3) 2
I X B o 0,25 diém
2y/x+3
3x+6 .
e S 0,5 diéem
2v/x+3
c)y:x+3+% ................................................................... 0,5 diém
5 .
! __ o R
y =1 (F Q) T 0,5 diém
)
A) Y = S 0,25 diém
2 x+1
x—1
2 2
= 0,25 diém
2,/xtl
x—1

x—1 1 By
__1/x—|—1 . (r )T e 0,5 diém n

x? —2x42khix <0
Cau 2. Chohamssb f(x) = . Tinh £7(0).
f(x) 2 hix>0 £'(0)
x+1
Lai giai.
_ 2 _
£y = lim AR SOy X 0,25 diém
x—0— X x—0~ ) X
_ 2 9 _ i
o) = lim A =SO o FT T2 22X 0,25 diém
x—0+ x x—0t X x>0t x(x+1)
Suyra f/(07) = f/(07) =—=2.Vay f/(0) = =2, ..covviiiinnnn... 0,5 diém O

Cau 3. a) Cho ham s6 f(x) = sinx — 2 cos x — x%. Giai phuong trinh f”(x) = 0.

b) Mot vat dugc ném lén trén troi theo phuong théng dung tu mat dat véi van toc ban dau la
vp = 4,9 m/s. Biét gia toc trong truong la ¢ = 9,8 m/ s2, héi sau bao nhiéu gidy (ké tur lic ban),
vat dat do cao 16n nhat?

Loi giai.

A) Taco f(x) = —SINX 4 2CO8X — 2 .ottt et 0,5 diém

f'(x) =0 —sinx +2cosx —2 =04 SINX —2C0SX = =2 .0eorrieirineiinnnnnn. 0,25 diém
1 . 2 .

o o SIILX — —= COS X T e 0,25 diém

V5 V5 V5
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Chon s6 thuyc a théa man sina = —,cosb = ——.
AT ,
Khi d6 phuong trinh trd thanh cos(x —a) =cosa ... 0,5 diém
x =k2m .
KEZ). oo 0,5 dié
x=2a+k27r( €2) em
b)
Chon truc Oy theo phuong thang ding, gbc O & mat dat. Khi do, Yy
phuong trinh chuyén dong ctia vatla s(t) = 4,9t — 4,92, .. 0,5 diém o(t) = 0
Phuong trinh van toc cta vatla o(t) = s'(t) = 4,9 — 9,8t ...0,5 diém N
Vat dat do cao 16n nhat khi van toc bf?mg 0.
Xét phuong trinh v(£) =0 .....ooviiiiiiiiiiiie. s, 0,5 diém.
<:>4,9—9,8t:0<:>t:% ................................ 0,5 diém.
@)
O
A N A 2x —2 . (n) o .z N
Cau 4. Chohamsoy = P Pt Tinh y\" v6i moi s0 nguyén duong n.
Loi giai.
. 1
Tacoy = +2—|— .............................................................. 0,25 diém
1
(n) — 2
y (x i 2) ( ) ..................................................... 0,25 diém
Chung minh quy nap ta ¢ (_1)n.n! 0,25 diém
g quy nap Ceqa)niT oot ,
—1)".n!
Chiing minh quy nap ta c6 < ) i _121)':“
ayyn = S 25 dié a
Vay y ot 2)n+1 + (x — 4)n+1 0,25 diém
(® PDPESO 1B
Cau 1. Tinh dao ham ctia cidc ham s6 sau
a)y = (x+5)°.
b)y = x. \/ —7.
Oy = x? +4x + 1
YT + 2
d)y=
Loi giai.
A e e ) R - o ) L 0,5 diém
= D B ) 0,5 diém
b)Y = XV X — T XV X — T 0,25 diém
x(x —7) .
A X = T b o 0,25 diém
2Vx —7
3x — 14 .
ey 0,5 diém
2vV/x —7
3
c)y—x+2—m ................................................................... 0,5 diém
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3 .
=1+ e 0,5 diém
Y (x +2)2
(:33)
) 1 = S 0,25 diém
2 x—2
x-+2
4 2
O 0,25 diém
2 x—2
x+2

x+2 2 .
— 4/ - TR 0,5 dié O
x—2 (x12)72 em

x> —4x4+4khix <0
Cau 2. Choham sb f(x) = . Tinh £/(0).
) L iy e TERSO)
x+1
Loi giai.
_ 2 _
o) = im 2SO A 0,25 diém
x—0— X x—0~ s X
_ 4y _ )
f'(0%) = lim fx) = f(0) = lim L — lim A —d 0,25 diém
x—0+ x x—=0+t X x—0tx(x +1)
Suyra f/(07) = f/(07) =—4.Vay f/(0) = —4. .......coooinn... 0,5 diém O

Cau 3. a) Cho ham s6 f(x) = 2sin x — cos x — x2. Giai phuong trinh f”(x) = 0.

b) Ném mot qua bong 1én trén trdi theo phuong thing ding tir mat dat véi van toc ban dau la
vp = 7,35 m/s. Biét gia toc trong truong 1a ¢ = 9,8 m/s?, hdi sau bao nhiéu giay (ké tir ltic ném),
qua béng dat do cao 16n nhat?

Loi giai.

a) TacO f7(X) = —28INX 4 COSX — 2ttt ettt e et 0,5 diém

f'(x) =0 —2sinx+cosx —2=0<28INX —COSX = —2 .eoouierirnnernnnaannnn.. 0,25 diém
2 1 2 e

o = SIIL — —= COS X T e e 0,25 diém

V5 V5 V5

) . 2
Chon so thuc a thoa man sina = —,cosb =

V5’ V5

Khi d6 phuong trinh trd thanh cos(x —a) = —sina < cos(x —a) = cos <a + g) ...... 0,5 diém
X = —g + k27t
& - (KEZ) e o 0,5 diém
x = 2a-+ > + k27
b)
Chon truc Oy theo phuong thang ding, gbc O & mat dat. Khi do, Yy
phuong trinh chuyén dong ctia vatla s(t) = 7,35t — 4,9t2. .0,5 diém o(t) = 0
Phuong trinh van tc ctia vat1a o(t) = s/(t) = 7,35 - 9,8t . 0,5 diém B
Qua béng dat do cao 16n nhat khi van toc bang 0.
Xét phuong trinh v(#) =0 ..ot 0,5 diém.
&7,35-98=01t=0,75. .. 0,5 diém.
O
U
3x —1

Cau4. Chohamsby =
Loi giai.

2 1or_15 Tinh ") véi moi s6 nguyén duong n.
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1 1 e
Tacoy—x_3+2x+5. ............................................................ 0,25 diém
(n) 1 (n) 1 (n) R
a) 0
y\" = (x—S) +2(x—|—5) .................................................... 0,25 diém
L (1" (1)l .
Chung minh quy nap ta c6 (m) = m ................................. 0,25 diém
o 1\ ()
Chu’ng minh quy nap taco (m) = W
. (=Dl (=1)".n! e
Vay y(") = (r—3) +2 (g B)ird *o 0,25 diém [
® bDESO2A
Cau 1. (4,0 diém) Tinh dao ham cac ham s6 sau
@®y=x"-3(1-x)7>
1—x
@y 1+x
B y=vxZ-2x.
Loi giai.
@D v =3x>—6(1—x).(1 —x) =3x>+6(1 — x) =3x> — 6 + 6. (2 diém)
, 1-x)A+x)-1-x)1+x) —-(14+x)—(1-x) =2 .
@y = A+x) = d+2) s (1 diém)
———— 2 2x) x—1 .
= x2 — 2x = (x = . 1 dlém
v 2vVx2 —2x  V/x?2—2x ( )
H
Cau 2. (1,0 diém) Cho ham s6 f(x) = v/x + 1. Bang dinh ngha, tinh f'(0).
Loi giai.
Ta cé f'(0) = lim fx) = f0) (0,5 diém)
x—0 x—0
3 —_
= F(0) = tim VXL L — (0,5 diém)
x—0 X =0 Y (x+1)2+v/x+1+1

O
Cau 3. (4,0 diém)

(@ Cho ham s6 y = 16 cos x + 17 sin x. Chitng minh rang y”" + y = 0.

2 Choham séy = x® — x + 1 ¢6 dd thi (C). Viét phuong trinh tiép tuyén cta dd thi (C) tai
diém M biét diém M cach truc tung mot khoang bang 1.

Loi giai.
@) Tacéy' = —16sinx + 17 cos x. (0,5 diém)
= y"” = —16cos x — 17sin x. (0,5 diém)

= y" +y = —16cosx —17sinx + 16 cos x + 17sinx = 0. (0,5 diém)
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(2) Diém M céch truc tung mot khodng bang 1 nén xp; = 1. (0,5 diém)
& & &
MaM e (C)nénypy =1 = M(1;1). (0,5 diém)
Laicoy =3x2—1=y/(1) =2. (0,5 diém)
Vay phuong trinh tiép tuyén tai M cta (C)lay =2(x —1) +1 &y =2x — 1. (1 diém)
[
E‘é}l 4. (1,0 diém) Tinh tong S = Cy;7 + 3Cy17 +5C3y7 + ... + 2017C7.
oi giai.
Ta co
(1+2)* = Coiy + Choypx + Cogppx® + . + Co7 Y,
(1= = Cpiy — Chorpx + Copppx® — .. = Cop 7.

= 1+ - (1-2)* =2 (Crlz017x +Co172° + o172 + oo+ C%S%"ZOU) :

(0,5 diém)
Pao ham hai vé ta dugc

2017 | (14 )21 4 (1 = 21| =2 (Chyyy + 3C07x? + 5Ch0r7x + ..+ 2017CH A1)
Thay x = 1 ta duoc
2017 | (14 1)%% — (1= 1)*6] = 2 (Choyy +3C317 +5C5017 + - + 2017C317)

= S - C%017 + 3C3017 + 5C3017 + + 2017C%8%; — 2017.22015.

(0,5 diém)
U
(® DPESO 2B
Cau 1. (4,0 diém) Tinh dao ham cac ham s6 sau
2
Dy=01-x"-=.
x+1
@ y - 1 _x‘
@ y=+vVx—2x2
Loi giai.
O R (2 diém)
, (D)1 -x)-(1-x)'1+x) (Q-x)+01+x) 2 .
2= =7 B e e (@ aiém)
. (2 —x?) 2 —2x 1—x e
= = = . 1 diém
@y 2/2x —x2  2V2x —x2  2x —x2 ( )
L]

Cau 2. (4,0 diém)
(D Chohamséy = f(x) = sinx + /3 cos x. Gidi phuong trinh £ (x) = 0.



5. PE KIEM TRA CHUONG 5 523

(2) Viét phuong trinh tiép tuyén ctia d6 thi ham s6y = x® + 3x + 2 tai giao diém ctia d6 thi ham
s6 véi truc tung.

Loi giai.
@ Tacédy' = cosx — /3sinx. (0,5 diém)
= y" = —sinx — v/3cos x. (0,5 diém)
Khi do
Y =0 & —sinx—+V3cosx=0
& sinx +v3cosx =0
& sin (x + E) =0
3
=3 x+g:k7r<:)x: —%+k7r. (ke z).
Véy nghiém ctia phuong trinh la x = —73—T +km. (ke Z). (1 diém)
2 Goi M la giao cta dd thi ham s6 véi truc tung.
= xp =0 = yp =2 = M(0;2). (0,5 diém)
Tacéy =3x*+3=1'(0) =3. (0,5 diém)
Phuong trinh tiép tuyén tai Mlay = 3(x — 0) +2 < y = 3x + 2. (1 diém)
UJ
3
Ciu 3. (1,0 diém) Cho ham sb f(x) = % — 232+ (3—m)x — 2. Tim m d&& f'(x) > 0,Vx € R.
Loi giai.
Ta c6 f'(x) = x? — 4x + 3 — m. Khi d6 (0,25 diém)

fl(x) >0, VxR & x> —4x+3-m>0, Vx €R
& gx)=x>—4x+3>m, Vx € R
=4 i > m.
r}gﬂr%g(x) >m

(0,5 diém)
Mag(x)=(x—2)2-1>-1= mi]{gg(x) =-1=m<-1. (0,25 diém)
xe
O
. ) 1 ; 1 8 ... ..
Cau 4. (1,0 diém) Mot vat chuyén dong theo quy luat s = —g(t —2)°+ 5+ 4t — 3 Vo t (giay)

1a khodng thai gian tinh tir Idc vat bat dau chuyén dong va s (mét) 1a quang duong vat di dugce
trong khoang thoi gian d6. Hoi trong khoang thoi gian tir gidy thi nhat, ké tur lic bat dau chuyén
dong, den gidy thut 5, van toc 16n nhat va nho nhat cta vat la bao nhiéu?

Loi giai.
Vantécctavatlao(t) =s' = —(t —2)2 +t+4 = —t> + 5t voit € [1;5]. (0,25 diém)
N 2
Ta ¢6 v(t) la mot ham bac 2 c6 do thi la duong parabol c6 dinh 1a I (;, ZS> .
Ta c6 bang bién thién
X 1 5

NS

o(t) / \
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(0,5 diém)
< 2 2 £ £ .
= Van toc 16n nhat la ZS (m/s) va van toc nho nhat 1a 0 (m/s). (0,25 diém)
O
@ DESO3A
Cau 1. (4,0 diém) Tim dao ham ctia cac ham s6 sau:
@ y = x> — 3x% + 4x — 2017;
x2—x+2
Dy=""7
@) y = sin?2x;
T
@ y= \/tan (2017x - Z)'
Loi giai.
@ Tacdy =3x* —6x + 4.
2x — 1 1) — (x> —x+2 2 4 2x —
D Taesy = BN - (P oxa) i3
(x+1) (x+1)
@) Tacéy' =2-sin2x - (sin2x)’ = 2-sin2x - (cos2x) - 2 = 2 cos 4x.
7T /
tan (2017x — —
. 2017
@ Tacoy = [ ( 42} = - —.
= . 2 — ). - =
2\/ tan (2017x— ) 2-cos? (2017x — 7 \/tan (2017x - )
[

Cau 2. (3,0 diém) Cho ham s6 y = x> — 2x% + 4 ¢6 d6 thi (C).

(D Tim hé s goc cua tiép tuyén tai diém c6 hoanh do bang 2;

(2) Tim phuong trinh tiép tuyén ctia do thi (C) biét rang tiép tuyén c6 hé s6 goc bang —1.
Loi giai.

@ Taco,y' = 3x> —4x.

Heé sb goc cda tiép tuyén ctia do thi tai diém c6 hoanh do x = 2 duge cho béi cong thic
k=f'(2)=4

Vay hé s goc can tim la k = 4.

2 Goi M(x¢;yo) la tiép diém ctia do thi va tiép tuyén can tim.
X0 —

Khidé, tacok = f/(x9) = 3x3 —4xg=—-1e3xi—4x+1=0¢
X0 =

W= -

— V6i xg = 1 ta dugc yp = 3.
Phuong trinh tiép tuyén tai M; (1;3)lay = —x + 4.
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. 1 103
— VGixg = 3 ta duoc yo = > . o
Phuong trinh tiép tuyén tai diém M, ( 3 o7 ) lay=—x+ 57
O
: ) —2
Cau 3. (2,0 diém) Cho ham sby = ~—-
(@ Tinh dao ham y’ ctia ham s6 da cho;
(2) Ching minh dang thic 2y’ + (x —1) -y’ = 0.
Loi giai.
) x—1)—(x—2) 1
@) Tacody' = ( — .
s
(2 Theocaua)tacoy = ! nén
(x—1)°
L, 2-(x—1) —2
y == 1= 3
(x—1) (x—1)
2 2-(x—1 2 2
Khi d6, 2y + (x — 1) -y = A ) ;- S =0.
(x—1) (x—1) (x—1) (x—1)
(diéu phdi chitng minh)
O
Cau 4. (1,0 diém) Chiing minh dang thic
Clos +2Ca01s +3C3y 5 + - - - +2017C3017 = 2018 (22017 — 1) .
Loi giai.
Xétham sy = (1 4+ x)*""® =1+ Clyygx + Copex® + Cpex® + - - - + CRIZx2017 4 C3018,2018
Pao ham hai vé ta dugc:
2018 (1 + x)*" = Clyjg +2C301% + 3C3015%2 + - - - +2017C3N7 %2016 1 201832017,
Chon x = 1 ta dugc: 2018 - 2217 = C} ), o 4+ 2C3 15 + 3C3 g + - - - +2017 - C3017 + 2018
& (22917 —1) 2018 = Clyyg + 2C3015 + 3C31s + - - - +2017 - CH17. O

@ bpEsO3B

Cau 1. (4,0 diém) Tim dao ham cua cac ham so sau:

@ Y= x2018 o x2017 + 2016,

1—-2x
Vy=113 x+37
@) y = x*sinx;

tan (x2 4+ 1).
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Loi giai.

@ Tacéy = 2018x217 —2017x2016,

@Tacéy’:(_2)(x+3)_(1_2x): -7
(x+3)* (x+3)
@ Tacéy = (x?sinx)’ = 2x.sinx + 22 cos x.
@ Tacoy = [fan (2 + )] _ 2x X :
Y tan (x2+1) 2-cos? (x2+1) - /tan (x2 +1)  cos? (x241) - y/tan (x2 + 1)

O

1 .
~x?+1c6dod thi (C).

, . 1
Cau 2. (3,0 diém) Choham soy = §x3 ~ 5

(D Tim hé s6 goc cua tiép tuyén tai diém c6 hoanh do bang —2;

(2) Tim phuong trinh tiép tuyén ctia d6 thi (C) biét rang tiép tuyén song song véi duong thang
(d) 1y = 6x +2017.

Loi giai.
@ Taco,y = x* —x.
Heé s6 goc cua tiép tuyén ctia do thi tai diém c6 hoanh do x = —2 dugc cho bédi cong thic

k=r(-2) =

Vay hé s6 goc can tim la k = 6.

@ Goi M(xo, yo) 1a tiép diém ctia d6 thi va tlep tuyén can tim.
Do tiép tuyén song song véi duong thang (d) : y = 6x + 2017 nén tiép tuyén c6 dang
Yy =6x+bvsib #2017, c6 hé s6 goc k = 6

Xo = 3

Khidé,tacék:f’(xo):>x%—xo:6.<:)x%—x0—620<:>[ )
X = —

— Vi xg = 3 ta duoc Yo = 3.
25

Vay phuong trinh tiép tuyén tai M; < 11) lay = 6x — 5

—11
— V06i xg = —2 ta dugc yp = >

25

) ) . —11
Vay Phuong trinh tiep tuyen tai diéem M, (—2; T) lay = 6x + 3

[

Cau 3. (2,0 diém) Cho ham s6 y = x> — 3x? + mx + 2017, v6i m 1a tham sb. Tim m dé y’ > 0 véi
moi gid tri ctia tham s6 m.
Loi giai.
Tacéd, vy =3x> —6x +m
Theo dé bai: v’ > 0 véi moi m
& 3x2—6x+m > 0 véi moi gia tri m
a=3>0
< {A’y,:9—3m<o‘:’m>3'
Vay m > 3 thiy’ > 0 v6i moi gia tri ctia tham s6 m. ]
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Cau 4. (1,0 diém) Mot vat chuyén dong véi phuong trinh S = 2 — 25¢ — 1 tinh bang mét (m), ¢ 1a
khoang thoi gian tinh bang giay (s). Tinh van tdc tirc thoi ctia chuyén dong tai thoi diém t = 20s.
Loi giai.

Tacd S =2t—25

Van toc tic thoi tai thoi diém t = 20s duoc cho bdi cong thuc:

0(20) = §'(20) = 2.20 —25 = 15m/s. 0
Vay van toc tic thai tai thdi diém 20s 1a 15 m/s.





