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PHAN 1 - PINH NGHIA TU DIEN VUONG
VA MOT SO TINH CHAT CO BAN

A - PINH NGHIA TU DIEN VUONG:
Tt dién OABC duoc goi la tit dién vuong khi tit dién dé c6 OA, OB, OC doi mot vuong

goc vdi nhau.

Tt dién triee tam 1a tit dién c6 cac canh d6i vudng géc nhau. Nhu thé ta thay rang ti dién
vudng clng la mot loai tit dién treec tam ddc biét. Chinh vi vay t¢ dién truc tam cé day du tinh

chat cua t dién tryec tAm.

B. CAC TINH CHAT CUA TU DIEN VUONG:
Cho t& dién vuong SABC dinh S. Khi d6 ta co:

1. Ké dwong cao SH. Khi d6 H 1a truc tam ctia tam giac ABC.
1 1 1 1

= + + :
SH* SA* SB* SC?
3. § = ( Dinh 1i Pytago trong khong gian).

4. Tam giac ABC la tam gidc nhon.
Va rat nhiéu cac tinh chat khac ma cac ban sé dugc tim hiéu trong phén bai tap vé t dién vuong

ma chung t6i trinh bay ¢ phan sau.

Chitng minh cdc tinh chdt néu trén:
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A

Tinh chat 1:
AH kéo dai cit BC tai M, CH kéo dai cit AB tai P.
{SA 1 SB

()

—SAL(SBC)=SALBC (1)
SA 1 SC

Vi SH L (ABC)=SH LBC (2

Tt (1) va (2) suy ra BC L(SAH)=BC L AM .

Hoan toan twong tu ta chitng minh dugc CP vudng gbéc AB.
Tt d6 ta c6 dpem.

Tinh chit 2:
Puoc chitng minh trong phan IIL

Tinh chat 3:

Trong (SBC) ta ha SM vudng gbc véi BC.
Ta thay rang A, H, M thang hang.

Tam gidc SAM vudng tai S ta cé:

SM

Suy ra:

Hay ta co:
SSZBC = SHBC 'SABC @

Ly luan hoan toan twong tu ta co:
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SSZAB = Sine-Spec(2)

SSZAC = Siac-Saac 3)

Cong tieng vé (1), (2) va (3) ta c6 dpem.

Tinh chat 4:
That vay trong ta gidc ABC theo dinh 1i ham cosin ta co:

AB2+AC2_BC2_(a2+b2)+(a2+cz)—(b2+cz) a2

2AB.AC 2AB.AC ~ AB.AC
Suy ra A nhon.

COsA=

Twong tu cho B va C.

PHAN II - CAC BAI TAP VE TU DIEN VUONG

Bai 1:

Cho tir dién OABC c6 OA, OB, OC vubdng gdc nhau tung d6i mét vai

OA=a,0B =b. Goi M 1 trung diém BC. V& va tinh doan vudng géc chung caa OC
va AM.

+Vé MM’//OC (M 'e0B), ta c6: OC//(AM’M)

+Vé OH LAM' = OH L (AMM )

+VE HI//OC (1 € AM ), vé IJ//OH (J €OC) ta c6 IJ 1a doan vudng gdc chung ctia OC va AM.
_ 1 N 1

OH?> OA*> OM?*

Tam gidc OAM’ vudng c¢6 OH la duong cao nén:

ab

J4a® +b’

Suyra IJ=0H =
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' \
Bai 2:

Trong mit phang (P) cho tam giac ABC vudng tai A c6 AB=c, AC=b. Trén duong
vubng goc vai (P) tai A liy diém S sao cho SA=h (h>0).M la diém di dong trén
SB. Goi J,I lan luot 1a cac trung diém cua BC va AB .

a) Tinh d¢ dai doan vudng gbc chung cua Sl va AB.

b) Tinh ti 6 thé tich cac hinh MBIJ va BSCA khi d6 dai doan vudng goc chung
U ciia AC va MJ dat gié tri 16n nhat

a) Goi K la trung diém AC, ta c6 AB//(SKI). Do d6, khoang céch gitra SI va AB bang khoang
cach ttr A dén (SKI)

Vé AH L SK.Do AB 1 (SKA)nén AB L AH
Ma KI//AB nén AH L KI. Tt d6 ta dugc AH L (SKI)
Vay khoang cach gitta SI va AB la doan AH

Ap dung hé thitc luong trong tam giac vudng SAK,duong cao AH
1 1 1 4 1

AHZ  AKZ AS? Db? h?
bh
Vb% +4h?

Vay khoang cach can tim la AH =

V... BS BC BA
Vé AL L MJ .ViIJ//AC,ma AC L (SAB)nén 1J L (SAB)

Ta c6 AL nam trong mp(ASB) nén 1J 1 AL
Vay AL L (M1J)

b) Tacs Vo _BM BI BJ

Ma AC//(MIJ) nén AL la khoang cach gitta AC va MJ
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Mat khac tam gidc AL] vuong tai L nén AL<AJ
Khi d6 AB L MJ

Suy ra M la trung diém AB
vay Yo 111 1
Vosca 222 8
4 \
Bai 3:

Cho ling tru tam gidc déu ABC.A’B’C’ ¢6 tt ca cac canh déu bing d

a) Tinh thé tich tt dién A’BB’C

b) Tinh dién tich thiét dién do mp @ di qua A’B’ va trong tdm G cia AABC va
tinh ti s6 thé tich 2 phan cua khéi lane tru do a chia cit ra.

\ J

d3\3

a)VA'BB'C :VABC.A‘B'C' _VAA'BC _VA'B'C‘C = T

b) Thiét dién la hinh thang A’B’FE. Goi M,M’ lan luot la trung diém AB va A’B’.
Ta 6 :M'G = 7+ G = 4%

Dién tich thiét dién la

_EF+AB' o _ 5d2+/39

S
36
Goi V,,V, Tan luot la thé tich phan trén (chtta A) va phan dwéi (chita C’) thiét dién hinh lang tru
Ta thiy - = EC _2_, jcr—3g

JC' AC 3



Swu tAm: Pham Minh Tuan
Vies _JE JF JC_ 8
Viee JATJIBIC' 27

Tirdé k=2 =19
V2

Bai 4:

Cho hinh chép SABC c6 SA, SB, SC vudng goc nhau d6i mot voi SA=a, SB=b,
SC=c. Hay x4c dinh tdm va ban kinh mit ciu ngoai tiép SABC.

Goi I 1a trung di€ém ctia AB, suy raIla tam ctia dwong tron ngoai tiép tam giac ABC.

Vé A1 (SAB) tail, khi dd A la truc cta tam gidc SAB

Trong mét phang tao béi A va SC (do A //SC), vé trung truc ctia SC cat A tai O, ta c6
OA=0OB=0C=0D nén O chinh 1a tam mdt cau ngoai ti€p SABC

Ta cd ban kinh mit cau la
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2 2
R=S0=+/SI?+10?% = AE SC \/a +b? +¢?

Bai 5:
Cho tam dién Oxyz c6 Ox, Oy,0z vudng goc nhau tirng d6i mot.Goi I 1a diém
trong tam dién va a,b,c, 1a khoang céch tir I dén cac mit (Oyz),(0Oxz), (Oxy),. Mt
phang « di dong qua | cit Ox,0y,0z lan luot tai A, B, C.
a.chirtng minh —+1+L 1

OA OB OC

b. Tim gié tri nho nhat caa v, va cho biét vi tri I d6i véi tam giac ABC luc d6

OABC

a) Tacod
VOABC =VIOAB +VIOCA +VIOBC

PN %OA.OB.OC = % (OAOB.c+0B.OC.a+0AOCb)

b c
o —+—+—
OA OB OC
b)ViI cd dinh nén a,b,c khong doi

=1

a b C
dotacdO —+—+—=
OA OB OC
a b b C 1., 4 e CA o
nén suy ra —.—.—— dat gia tri 1én nhat khi — = — = — = = (bat dang thuc C6-si)
OA OB OC OA OB OC 3
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lic d6 w dat gid tri nho nhat, tire 1a OA.OB.OC dat gid tri nhé nhat
abC

Ma V,,qe = %OA.OB.OC

Nén thé tich OABC dat gia tri nhé nhat la %abc khi OA=3a, OB=3b, OC=3c

Khi dé6 I la trong tam cua tam gidc ABC

'
Bai 6:
Cho Ox, Oy, Oz vubng goc vdi nhau d6i mot
Liy AcOx, BcOy, CeOz sao cho OA=a, OB=b, OC=c
a) Tinh dién tich tam giac ABC theo a, b, ¢
b) Giasu A, B, C thay d6i nhung luén luén c6 OA + OB + OC + AB + AC +
BC =k khong doi .
Hay xéc dinh gia tri 16n nhat cua thé tich te dién OABC

a)Vé OH L AB,dinh ly 3 duwong vudng goc cho ta CH L AB

Ta co: 1 —i+i—ﬂ
"OH? a’ b? a’®’

a’+b?

CHZ:OC2+OH2:C2+T¥
a

2152 2.2 2,2
CH:\/ab +E)c2+ca
a‘+b
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Vay

%AB.CH = %\/azb2 +b?%c? +c%a?

SABC =

b)Ta co:k = a+b+c++/a2+b? +/b2+c2 +/c? +a?
> 33/abc ++/2ab ++/2bc ++/2ac > 33/abc + 33/+/2ab2ac2ca
suy ra k >33/abc +3v23/abc =3(1++/2)3/abc

k
3(1++/2)

3

< 27(1++/2)°

< ¥abe <

& abhe

Do do

1 k3
V =—abc ————
M8 162(1+~/2)°

3

Vay gid tri 16n nhat caa thé tich OABCla ———=— khia=b=c
Y g 162(1++/2)°

k

Khi d6 AB=AC =BC = ay/2 thay vao ta dwoc k =3a+3ay2 =>a=b=c=
3(1++72)

k® k

Vay GTLN ctia thé tich OABC1a ————— khi a=b=c= ——
Y 162(1+2)° 3(L+2)

4 A\
Bai 7:
Cho gdc tam dién ba goc vudng Oxyz.Trén Ox, Oy, Oz lan luot lay cac diém
AB,C
a)Tinh khoang cach tir A d¢én (ABC) theo OA=a, OB=b,0C=¢
b)Cho A ¢6 dinh, B va C di dong thoa OA+OC = OA. Hay dinh vi tri cua B va C
sao cho thé tich tir dién OABC dat GTLN. Chtng minh ring khi d6 ban kinh mat
Y cau ngoai tiép tir dién OABC lai nho nhét. Y.
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a)Goi H la hinh chiéu ctia O trén ABC

o1 1 1 1 abc
Ta co W2—2+b—2+—230H= — — —
a c \/ab +b°c”+ca
1 1 b+c 1
b)V, .. =—abc<=a(—)*=—a’
Voree = gabe < Za(=_ =) =

Thé tich tir dién OABC dat gié trj lon nhét 1a 2_14 a’ khib=c=2

Xét hinh hop chit nhat c6 3 kich thwdc b::ing OA, OB, OC, dwong chéo hinh hop nay la duong
kinh ctia mat cau ngoai tiép OABC, do d6

1 1 [, 1 a3
R=-(a*+b’+c*>=,[a*+=(b+c)’ =—~=
2( 2 2( ) 22

a

R dat gia tri nho nhat khi va chi khi b=c= >

Bai 8:
Ta dién ABCD c¢6 3 goc phang vudng tai D. Ki hidu «, 8,7 1a goc tao bai céc tia

DA, DB, DC véi tia DG trong d6 G la trong tam tam giac ABC.CMR a+g+y<nx
\\

A

Goi M la giao diém ctua AG véi BC .Trén tia DG ta lay diém
O sao cho OM//AD

Vi AD vuong géc (BCD) nén OM vuong goc (BCD)
Lai c6 MB=MC=MD nén OB=0C=0D

Trong tam gidc OBD can tai co
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BDO = /3 nén BOD =z -2/

Tam giac OCD can tai O co6

CDO =y nén COD =7z -2y

Hai tam gidc OMD va OMB bang nhau

— BOM =DOM =«

Vi OM la phan gidc cta tam giac OBC, ta c6

BOC =2«

Trong t& dién OBCD t&ng cac goc phang tai dinh O thoa man diéu kién
T=20+7—-2y>2a

< a+ f+y <z (dpem).

'e
Bai 9:
Cho ttr dién OABC c6 cac gdoc phang tai dinh O vudng va thoa mén diéu kién
OC=0A+OB.CMR tdng cac gdc phang tai dinh C bang 90°

u

Goi a, B,y twong ting véi s6 do cac goc OCA,OCB, ACB
bat OA=a, OB=b, OC=c

Ta cod

sina =

a . b
— sinf=—n-—
Ja?+c? b Vb +c?

c c
—  Cc0Sf=——
Ja?+c? / Jb? +¢?

2

Va cosa =

T do tacod sin(a+ f) = ¢
Ja? +c2/b? +¢?
C2
Theo dinh li ham cosin véi tam giac ABC ta c6 COSy =
Ja? +c2b? +¢?

= sin(a+ ) =cosy
Mit khac cac s6 do «, 8,7 nam trén khoang (0°;90°) nén o + B =90° — y (dpcm)

'4
Bai 10:
Trong sé céc tir dien OABC c¢6 3 goc phang tai O vudng va cing dién tich mat
ABC, tir dién ndo c6 thé tich 16n nhat?

\

Dit x=OA, y=OB, c=OC

Ta c6 thé tich V cia OABCla  V = %
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Dién tich tam giac ABC 1a +/(xy)? +(yz)? +(2x)?

Goi k 1a dién tich cta tam gidc BAC, ta co

k* = (xy)" +(y2)*(2¢)° 2 33 (xy2)*

= Xyz <
=35
3
=V <
183
Vay max V = K khi x=y=z= i
Ay 1843 y N
' 4 \
Bai 11:

Tu dién ABCD c¢6 céac goc phang vudng tai dinh D va DA=a, DB=b, DC=c.Chung

minh rana t& dién ndi tiép trona hinh cau va tim ban kinh hinh cau do. )

Vi cdc duong tron ngoai ti€p cac ADAB va AABC c6 day cung chung AB nén ton tai duy nhat 1
hinh cau di qua cua t& dién DABC.Goi M la trung diém cta canh AB, khi d6 M 1a tam duong
tron ngoai ti€p AABD . Puong thang d L (ABD) tai M la truc ctia dudng tron .

Theo gia thiét d//CD va néu O la tam hinh cau ngoai tiép thi O nam trong mat phang (CDM).
Goi K=MDNOC

Vi ACDM 1 D nén OD=0C=0K. DPiéu nay chiing t6 K nam trén mét ciu ngoai tiép tx dién.
Trong tam giac ACDK vuong ta cé:

CD =c,DK =2DM = AB =+/a? +b?

CK «a*+b%+c?

Goi R 1a ban kinh ctia hinh cAau O thi R = >, = >

4 A\

Bai 12:

Cho tir dién vudéng ABC dinh O. P 1a diém nam trong day ABC. Pit u = % ,

=% , W=%- Goi « la gdc tao bai duong thang OP véi (ABC). Chiing minh

rang u®+v’ +w? =2+cot’ o .

v
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Xét hé truc toa do Bé Cac vudng goéc nhan O lam goc toa do, cac truc toa dd chira OA, OB, OC,
HPO = « . Gia st trong hé toa d6 dy, toa dd cac dinh A,B,C tuong tng la:

A(a,0,0); B(0,b,0); C(0,0,c)

Gia st toa do diém P 1a P(xo,y0,z0)

Ta co:

u? +v2 +w’

AP? BP? CP?
+ +

AO* BO* CO?

AP’ BP? CP’
aZ + b2 + CZ (1)

Ta co

AP? = (x,—a)* +Y,” +2,°;
BP? = x,” + (Y, —b)* +2,%;
CP? = on + YOZ +(Zo _C)Z;

Néu dat p? =x2 +y,” +z,? thita c6 thé viét
AP? =x/ +y,’ +2,/—a’-2x,a= p’+a’ (1—%)
Tuong tu ta co:

BP? = p? +b’ [1—%}

CP? = p?+c? (1—%J
c
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Thay vao (1), co:

1 1 1 X Yo Z
u? +v2+w = 2(—+—+—j+3—2—°+—°+—° 2
S PO a b c @)

Theo phwong trinh doan chin thi mit phéng ABC c6 phuong trinh

§+%+E:1mapuwngmu@xABC)

a C
% Yo, %o 3)
a b c

Ké OH L (ABC), ta c6 hién nhién cong thirc sau:

1 1 1 1 @)

=
a? b? c¢® OH?
p2
Thay (3)(4) vao (2) co: UZ+VZ+MF::OFP'+1 (5)
Chayla p? =x?+vy,* +2,° =OP?
2

:u2+v2+wzzopz+1: 12 +1=1+cot’ ¢ +1

OH sin“

Vay u? +v?+w? =2+cot’
Chua y:
1. Xét truong hop dac biét khi P=H, H la triec tam AABC = OH L (ABC)
Khi d6 ttr cong thitc da chitng minh, ta c6
(AH)z BH Y (CH ’
+ + =2
AO BO CO

<> cos” OAH +cos® OBH +cos’ OCH =2 (6)

Cha y néu goi M = AH NBC

— AMO la g6 tao boi (OBC) voi day (ABC) va ta co
cos” OAH =sin®* AMO
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Vi vay néu goi a, £, 4 la 3 goc tao boi ba mat OBC, OAC, OAB véi day ABC, thi tur (6) ta co:

sin®a +sin® B+sin® A =2

hay cos2a-+cos2b+cos2c=1 (7)

Vay cong thic: u? +v? + W = 2+cot’ o 1a mo rong cta cong thite quen thudc (7)
2. Cong thitc (4) c6 thé chitng minh bang phuong phap toa d6 nhu sau:

Phuong trinh mat phang (ABC) 1a §+ % +§ =1,

Hay acx+acy +abz—abc=0 (8)
Khi d6 theo cong thitc tinh khoang cach diém O(0,0,0) xudng mat phang (8) ta c6

|-abc| - 1 b**+a’c’+a’h’

OH = 2lh2nA2
Jb?c? +a’c? +a’h?  OH a’b’c

ha 1 —i+i+i
y OH2 a2 b2 CZ

'4 \
Bai 13:
Cho tir dién vudong OABC dinh O. V€ chiéu cao OH cua tur dién. Dat
A=CAB,B = ABC,C =BCA,a = AOH, #=BOH,y =COH . Chirng minh réng:
sina_sin® B sin’y
sin2A sin2B  sin2C
N\ J
Dé thay H la truc tdm ctia AABC va AABC la tam giac nhon. AH kéo dai cat BC taiJ= AJ L BC.
Vi OA L (OBC), nén theo dinh li 3 duwong vudng goc ta c6 OJ L BC.

o O

Xét A vudng OAJ dinh O. Theo hé thitc luong trong tam gidc vuong ta c6 OA* = AH.AJ, vay tir

(1) 6 sin?a = 21
Al

Tacod sin‘a=
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o

Vé duong tron ngoai ti€p AABC, va goi I la tam duong tron ngoai ti€p. G la trong tam AABC.
Theo duong thang Euler thi H, G, I thang hang va HG =21G = AH =2IM va A=CAB=BIM

Ta cb: sin2A=2sin AcosA:Z%.M
IB IB
_, BC AH _ BC.AZ\H 2
2IB 2IB 2R

V6i R 1a ban kinh duong tron ngoai ti€p AABC

a2 2 2
sinfa __2R°__ R 4 qay S1a dién tich AABC
sin2A BC.AJ S

Do su binh déng ctia cac cdp (B,B).(7,C), ta cling c

Tt (1)(2) suy ra

sin?8 siny  R? \
sin ZIg = sin 22/: = ? . Tte d6 suy ra diéu phai chttng minh.

'4 \
Bai 14:
Cho t dién vudng OABC dinh O, va gia sit OA = a, OB = b, OC = c. Dt
Sors = S1:Sose =Sy Sone =S, VA S, =S . Goi r 1a ban kinh hinh cau nai tiép trong

ttr dien OABC. Chitng minh r = S1+5,+5, =5
a+b+c

. J
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” 3V
Ap dung cong thixc I' = S (1)

tp

V61V, Sp tuong ting la thé tich va dién tich toan phan cua t dién.

Thay V = ﬁ abc (do OABC la tit dién vudng dinh O) vao (1)

abc
a(S,+S,+S,+59)

vaco =

__abc(S, +5,+5,-9) %)
2[(Sl+82+83)2—82}

Theo dinh ly Pytago trong khong gian thi S2+5,2+5,2 =52, vi thé
2[(31 +8,+8,) - sz} = 4SS, +4S,S, +4SS,

=ab’c+abc? +a’bc
=abc(a+b+c) (3)

S, +S,+S;

Thay (3) vao (2) co r =
ay (3) vao (2) co A bac

D¢ 1a diéu phai chiing minh.

'4
Bai 14:
Cho ta dién vuéng DABC dinh D. Gia st DA=a,DB=b,DC =c,(a<b<c). M la
mot diém tuy ¥ trong day ABC. Goi | 1a tdng céc khoang cach tir A,B,C xubng DM.
Chung minh rang I <a+b
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bidt ADM =¢«,BCM = ,CDM =y thita céd ngay | =asina+bsin g+csiny
Vi goc tam dién dinh D la vudng nén ta luén dung duoc 1 hinh hdp chit nhat c6 DM la duong
chéo, con DA, DB, DC la phwong ctia cac canh bén.
Vay ra cd: sin® a +sin’ B +sin® y = 3—(cos’ a +cos® a +cos® B) = 2
Do 0<sinea,sin g,siny <1
= sina +sin g+siny >sin’ a +sin® g +sin® y

=sina +sin B+siny > 2 hay

=sing+siny-1>1-sina (1)
Taco b>a (2)
Nén ttr (1) va (2) co b(sin g +siny —1) > a(l-sin ) (3)

asina+bsin f+bsiny>a+b
Laido c>b=csiny >bsiny 4)
—1=asina+bsin B+csiny >a+b. Do chinh la diéu phai chttng minh.
DA4u bang xay ra <> sina =sin’ a,sin B =sin? B,sin y =sin? y va dong thoi c6 dau bang trong (3) va
(4), técla < a=p=90°y=0
<>M=C

Bai 15:
Cho ti dién vuong OABC dinh O. Goi R, 1, h, V tuong ung 14 ban kinh mat cau
ngoai tiép, ndi tiép, duong cao ha tir O va thé tich cua ti dién. Chirng minh rang:
i
r
(g J
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Dat OA=3a,0B =h,0C =c, chiéu cao OH =h
3V vV

Ta thdy ngay I =——h=——
Stp SABC

O day Sip va Sasc twong ting 1a dién tich toan phan va dién tich day ABC ctia t dién da cho. Vi
thé

VA
V(h_r): Spec Sy ZV(Stp-3\/—3\/.SABC)
Rrh  go 3V 3V RZ.3V.3V
SABC Stp
_ Stp — S _ qu
T 3R 2R (1)
&) day S Ia dién tich xung quanh ctia tix dién O.ABC dinh O, va d thay:
ab+bc+ca

Vi OABC la t¢ dién vudng dinh O, nén ban kinh hinh ciu ngoai tiép R dugc tinh bang cong thikc
R:%\/a2+b2+c2 (3)

Ttr (1)(2)(3) suy ra bat dang thitc can chitng minh twong duwong véi bat dang thikc sau:
2(ab+bc+ca) _2

3(a2+b2+c2) ~ 3

< ab+bc+ca<a®+b*+c?

<:>(a—b)2+(b—c)2+(c—a)220 (4)
Do (4) hién nhién ding = dpcm. Dau bang xay ra <> a=b=c < OABC la t& dién vudng can
dinh O.
Cha y:
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V6i moi tit dién ABCD, thi ban kinh hinh cau ngi tiép r

ctia né dugc tinh bang cong thikc sau: ' =——

Sy

O day V, Sy tuong ting l1a thé tich va dién tich toan phan
cta ti dién.
That vaygoi I la tam hinh cau ndi tiép cua t& dién, thi

\Y :VI.BCD +VI.ACD +VI.ABD +VI.ABC

hay

1
V= BCD +SACD +SABD +SABC):§r'S

tp

Wl

r(s
3V
Sr="—
Stp

Bai 16:
Cho t& dién vuong OABC dinh O. Ké duong cao OH=h. Goi R,r trong tng la ban
kinh hinh cau ngoai tiép va noi tiép ta dién.

a. Chang minh rang 231+\/§

b. Chang minh rang %2 3+3/3

_ ’ Y,

a. DatOA=a, OB=b,OC=c

Theo tinh chét cta t& dién vudng dinh O, ta cé:



Swu tAm: Pham Minh Tuan

1 1 1 1
Noa @
S
Tacc'):—zlzi *)
w TV
Sp S, +S,+S,+S, 110101
0O —/—= — T
v 3V “hh h o h

(O day hi, h2, hs, hsala bon chiéu cao ti dién).
Vi thé tir (*), va do O.ABC la t& dién vudng dinh O, v6i OA =a, OB =b, OC = ¢, nén ta c6:

l = l + l 1 + 1 (2
rra b c h
1
Hién nhién ta c6 ( j (—2 — ) 3)
Dau bang trong (B)xayra <a=b=c. Tk (1) va (3) ct:

a=
1LY 8, 1,1,1.8
abch abch

1 1 _43 1.1
Tk (2) va (4 : —+—<— hay —<—(+/3+1
u (2) va (4) suy ra r+h - ayr h(\/_+)

:>Esx/§+1
r

D6 la dpem. Dau bang xay ra <> trong (3) c6 ddu bang <> a=b =c <0.ABC la t dién vuong
can dinh O.
b. Bdt OA =a, OB=b, OC = c. tir cach dung tam hinh cau ngoai ti€p I (xem hinh bén) suy ra:

R=0l =\OM? +MI?
2 2
o

4
Lai ap dung cOng thirc:
abc
-
Stp a2b +b20+a20+8ABC

Co thé tinh dugc ngay: S,gc = %\/azb2 +b?c® +a*c’

abc

Teddsuyra r=

ab+bc+ca++a’b? +b%c? +c%a’

Nhu vay ta co:
2112 2.2 242
gzab+bc+ac+\£e:): +b°c® +ca ’—a2+b2+c2 1)

Ap dung bat dang thitc Cbsi, tir (1) suy ra:
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R_ 3R/a’h’c? ++/3%a’h’c? 3
r 2abc

Ja® +b? +c? 2)

3+3/3

Sau khi rat gon, dé thdy VF(2) = 5

Vay tte (2) co: ?2 3+:\/§

D6 1a dpem. Dau bang xay ra <> trong (2) c6 ddu bang <>a=b=c < OABC la t dién vudng
can dinh O.

Bai 17:
Cho tir dién vuéng ABCD dinh A. Goi A la canh 16n nhat cua tir dién xuat phat tir
A var 12 ban kinh hinh cau nai tiép t& dién. Chieng minh rang a2(3+J§)r

bat AB=a; AC=b; AD=c;nhevay a>b,a>c.

Ap dung cong thic:
r—ﬂ— abc
S 2a7b+§+@+s
2 2 2

O day S = Sscp, ta thay

a2(3+\/§)r<:>a2(3+\/§) abc

ab+ac+bc+2S
< ab+ac+bc+2S 2(3+«/§)bc

< 2S +ab+ac > 2bc ++/3bc 2)
Do a =max(a,b,c) =ab +ac 2 2bc (3)
(D&u bang trong (3) < a=b =)
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Theo dinh ly Pytago:

BC = W;CD = JW; BD = \/m. Tt d6 ta thdy ca ba goc cia A ABC déu nhon vi binh
phuwong moi canh déu bé hon tdng binh phuong 2 canh con lai. Cé thé cho 1a BC la canh 16n
nhét cia ABCD = BDC la goc 16n nhat.

Ta c6 2S = BD.CD.sin BDC = /b? +c? 4/b? +¢? sin BDC

> \[2ac /2bc sin%(vi %s BDC < %)2 3bc (4)

(Dau bang trong (4) c6 <>a=b=c)
Tt (3) va (4) =(2) ding dpcm.
D&u bang c6 < AB=AC = AD.

4 \
Bai 18:
Cho OABC la tr dién vudéng dinh O, v6i OA=a,0B =b,0C =c. Goi r la ban kinh
hinh cau noi tiép ta dién.
1 1 33

Chtrng minh 1ZEJF—JF_JF
r a b ¢ a+b+c

Goi I la tam hinh cau ndi tiép.Ta cd:

\% :VI.ABC +VI.OAB +VI.OBC +VI .OCA

\Y \Y, Vv Vv
rasc | Vioas | Viosc | Yioca

\ \Y \Y \

=1=

rr r r
=>l=—+—4—4—
h ¢ b a
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Tt (1) suy ra bat dang thic da cho c6 dang tuong dwong sau:

33

a+b+c

1
=2 2

- (2)

Do OABC la t¢ dién vuong dinh O, nén theo bai co ban ta cé

1 1 1 1
[P ©

Ttr (3) va theo bat dang thic Cosi, ta co:
1 1 1 1 1
TRPOATARE Py @
(a+b+c)2 > 9%/a’b*c? (5)

3J3
Tt (3)(4)(5) suy ra: h . a+\é:' c

[EEN

Vay (2) ding = dpcm. D&u bang xdy ra < a=h=c

< OABC la tix dién vudng can dinh O.

Bai 19:

Cho gdc tam dién vudng Oxyz dinh O. Ly A, B, C lan luot trén Ox, Oy, Oz sao
cho OA+0OB+0OC + AB+ AC +BC =1, trong d6 I 1a mot dai luong duong cho trudc.
Goi V la thé tich cua tr dien OABC.

R
Chang minhv < ————~ (1)
162
\ Xéc dinh vi tri cua A, B, C @é c6 dau bang trong (1) J
X
A
A
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Dat OA=a, OB=b,OC=c
Ta c6 theo bat dang thitc Bunhicopski

a+bg,/2(a2+b2)

a+c<./2(a” +c

EH

c+b<[2(c?+b?)

Tir d6 suy ra

J2(a+b+c)<va? +b? ++/a? +c? ++/b% +¢?

Hay (a+b+c)(1+«/§)sa+b+c+\/a2+b2 +a® +c? +4b?+c? =1

DA4u bang trong (1) xay ra <>a=b=c
Theo bat dang thitc Cosi ta c6 a+b+c > 3%/abc

Ma V.. =V =aTm:>a+b+c23\3/6V @)
D&u bang trong (2) c6 <a=h=c. Tt (1) va (2) suy ra
1>3(1++2)/6V hay
3 1°(v2 -1
ye Pl

B 162(+2 +1)3 3

(Diéu dé suy ra phuong trinh 3a+3a+/2 =1).

()

4

Bai 20:

1) Cho goc tam dién vudng Syy,. A, B, Cla ba diém trén Sx, Ay, H Ia truc tam

tam

giac ABC. SH cat mat phang qua A vudng goc véi Sx, mat phang qua B vuong
g6c vé6i Sy, mit phang qua C vudng goc vai Sz lan luot tai K, L, M. Tim quy tich

H khi A, B, C di dong nhung thoa mén diéu kién.

L Y sitlamotde daicho trusc)
SK KL SM |

2) A, B, Cdi dong nhung SA+SB+SC =3k, k 1a d6 dai cho truéc. Tim quy

tich trong
tam G cua tam giac ABC.

A

J

1) Goi cdc mit phang qua A vudng goc véi Sx, qua B vudng goc véi Sy, qua C
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vudng goc voi Sz lan luot 1a (P), (Q), (R). Ba mat nay cling véi ba mat cua tam dién vudng tao
thanh hinh hop chit nhat ADBS.A’'D'B’C. Gia sit CH N AB =1 va mat phang (CSI) cat (P), (Q), (R)
theo cac giao tuyén EF, GN, CF.

SH kéo dai cit cac giao tuyén nay lan lwot tai K, L, M (chung chinh 1a giao diém cua SH véi (P),
Q) (R)

Theo hé thitc lugng trong tam gidc vudng, ta co:

1 11

SAZ SH SK

1 11

SB? SH 'SL

1 1 1

SC? SH 'SM
Tt d6 suy ra

1 N 1 N 1
SA> SB? SC?
1 1 1 1
= —+—+—
SH{SK SL SM
1 1 1 1 N N a ,
sttt = > nén tir do ta co
SA® SB° SC° SH
1 1 1 1 1

—=—+—+—=-=SH =I
SH SK SL SM |

Vi

Vay suy ra quy tich H la % mat cAu tam S, ban kinh 1 ndm trong géc tam dién vudng (bo cac %

duong tron giao tuyén cua 3 mat tam dién vudng v6i mat cau vi diéu kién SA, SB, SC # 0)
2) Xét hinh hop chit nhat c6 3 kich thudc la SA, SB, SC. Buong chéo SD’ ct mit

1
chéo ABC ctia hinh hop tai trong tam G cuia tam gidc ABC va SG = 3 SD'

b€ tim quy tich G, ta chi can tam quy tich cua D.

Tk

SA+SB+SC =3l

=D'B+D'A+D'D=3l

Ta tim quy tich D’ sao cho téng khoang céch tir D’ t6i ba mat tam dién vudng bang 31 khong d6i.
Goi P,Q,R 1a ba diém trén Sx, Sy, Sz sao cho SP=SQ=SR =3l .

Ta 8 Vgoor =Vosro +Vorsor +Vorswe +Vorror (1)

, 1 ;3 9I° . 9|2
Ta co VSPQR :E(3I) = 7/ va SSPQ = SSQR = Serp = 7

Thay vao (1) suy ra
9° 1 9I° 1
7:5,7(D'D+D'B'+D'A')+§-d-SPQR 2)
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& day d 1a khoang cach tir D' t6i (PQR)

Vi D'B+D'D+D'A=3l néntrdésuyra d.S,,, =0=d =0. Vay D’ etam giac PQR

PQR
DPao lai néu D’ thudc tam giac PQR =d=0
=DD'+D'A+D'B'=3l

Vay quy tich D’ la tam gidc PQR.

1
Hs,>
Do D 'M H nén quy tich G la tam gidc déu P,Q,R, (trong d6 P,Q,R, la anh ciia PQR trong

4 1 2 A
phép vi ty tam S ty so 3/ o0 day SR, =SP,=5Q, =1)

( A
Bai 21:
Trong mit phang (P) cho géc vudng xSy=90° dinh S cé dinh .Poan SA vudng
g6c véi (P). Trén Sx va Sy lan luot 1ay B,C sao cho SB+SC= a. Xét ta dién vudng
SABC dinh S. bit ASB=«,BSC = 8,CSA=y
1.CMR khi B,C di dong thi a+ B+ y =const
2.Tim quy tich tdm | hinh cau ngoai tiép t&r dién SABC.
3.CM Vg max <> Rmin (¢ day R 13 ban kinh hinh cau ngoai tiép t dién SABC.
4.CMR khi B,C di d¢ong luén ton tai 1 diém J ¢ dinh cach (ABC) 1 khoang khong

\ doi.

1/Ap dung dinh li ham s& cosin trong tam gidc ABC,ta c6

AB? + AC* -BC?
Cosf =
2AB.AC
_ (a®+SB%) +(a*+SC?)-BC?
2AB.AC

do BC?=8B*+SC? nén tir (1) ta c6

a’ _SA(SB+SC) _ SA SB  SA SC
AB.AC AB.AC AC AB AB AC
Hay ta co X
Cos S =cosysina +cosasiny
= cos S =sin(a+y)

cosf =

= f+a+y=90" = const.
2/ Trong (P) dung hinh chit nhat SCDB.Goi I 1a trung
diém caa SD.Do ASD,ABD,ACD déu la cac tam giac B D

vudng chung duong huyén AD, nén c6 ngay

1
[A=IB=IC=IS(vi cung = 2 AD) B
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Vay I chinh 14 tdm hinh cau ngoai tiép tt dién vuoéng SABC dinh S

1
Xét phép vite H(A E)

Trong phép vi tw nay D — |
Vay bai toan tim quy tich T quy vé bai todn quy tich phang sau day:
Cho géc vuong XSy =90° ¢§ dinh
Trén Sx, Sy lan luot 1ay B,C di dong sao cho SB+SC=a.
Dung hinh chit nhat SCDB.Tim quy tich dinh thtt tu D cua
hinh chi nhat ndi trén.
L&y B- trén Sx sao cho SB+= a.N&i BD cat Sy tai C-.
Do SB+SC=a, maSB+BB=a
= BB. =5C =BD = B.BD 1a tam gi4c vudng can
= B-SC- cling la tam giac vudng can
—SC=a =B+ va C- cd dinh
Nhu vay D ndm trén doan B-C-
Dao lai lay D’ bat ki trén B-C-.Ta phai chiing minh ton tai B'€Sx,C" €Sy, sao cho SB’+SC’=a va
SC'D’B’ 1a hinh chi* nhat.Goi B/,C’ Ian luot 1a hinh chiéu cua D’ trén Sx va Sy.Twong ty nhw
chitng minh trén suy ra B’,C’ ¢6 cac tinh chadt nhw néu o trén.
Vay quy tich D la doan B-C-.

A

Do H(A,%) DI

Vay quy tich cta tdm I hinh cau ngoai tiép t& dién SABC 1a dwong trung binh B2C2 cua tam giac
AB-C: v6i B,,C- twong ting nam trén Sx,Sy sao cho SB-=SC-=a

3/Ta co
R :%AD :%\/SAZ +SD? :%\/SAZ +SB2 +5C?

p =%Ja2 +h24c? =%\/a2 +(b+c)? —2bc =%\/2(a2 —bc)(2)

Do a=const, nén ttr (2) suy ra Rmin <> bc max
A a
Do b + ¢ = a = const nén bc max <:>b=c=5
< , 1 1
Mit khac Vspee = 3 Ssac-SA= 5 abc
Do vay Vsage Max <> bcmax
. a
T d6 suy ra Vs Max < Rmin <:>b=c=E

Dpcm.
4/
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a
Goi E la trung diém ctia B'C".Ké Et//SA, trén d¢ 1ay J sao cho EJ= >

Gia st OB+OC=a OB=CC"

Khi d6 ta c¢6 d(D",(SMN))=2d(J,(SMN)), ¢ day D’ la dinh thit 4 cua hinh ch@ nhat SC'D'B’, con
dung ky hiéu d(D",(SMN)), d(J,(SMN)) teong tng chi khoang cach tir D", J téi (SMN).

Ta co

\Y =Ea8

ABCD” 3 BCD"

\Y

D".ABC

:%d(D*,SMN)).SABC

=aS, - =NSu(*)

h=d(D1, (SMN)
Do SB+5C=a =>SB=CC- va SC=BB-
Xét 2 tam giac vudng ASC va B-D-B, ta ¢c6 BB=SC;B-D-= SO (vi
cung = a)
=>AASC = AD.B.B= AC =BD..

Tuong tw, ta c6 AB=CD-.Tlt d6 suy ra ABCD. = AABC

Tt (*) suy ra a=h =>d(J,(SMN))= %=const =DPpcm.

r N\
Bai 22:
Cho tir dién vuéng DABC tai D,goi H la truc tdm tam gidc ABC
Pit @ =DAH,3=DBH,y =DCH, ¢ = AHB.

siny
Cosa cos

CMR : sing= ,COS @ = —tgatg B
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Do H la trye tAm ctia tam gidc ABC =>DH L (ABC) Kéo dai AH cat BC tai H,.Ttr &6 DH L AA
Trong tam giac vudng ADH, ta c¢6 DH ? = AH.HH,
Do HH, = BH cos BHH, = BH cos(180° — )

= DH? =—AH.BH.cos ¢

DH DH
ST  BR

= C0S@ =—-tgatg s
Gia stt CH kéo dai cit AB tai K.Vi CD L (ABD) ma CK L AB = DK L AB (dinh i 3 duong vuong
g6c) = DKC 1a géc tao boi 2 mit phang ADB va ABC.Dé thdy HAB 1a hinh chiéu ctia DAB trong
phép chiéu vudng géc DAB xudng ABC=> Sysg = Spag-€0s DKC()
Dé thay trong tam gidc vudng KDC dinh D, thi c0s DKC =siny

1 . 1 . . DA DB . . siny
Av tt 5 —HA.HBsinp =—DA.DBsiny < Sing=————.sIn sing=———"——
Vay tir (1) c6 - ?=3 /4 ¢ oA pg SinY hay ¢ 05w c0s
dpcm.
4 Y
Bai 23:

Cho tir dién ABCD vudng ¢ D . goi «, 3, 7 lan luot 1a goc giita duong cao DH Vi
cac canh DA,DB,DC. Chting minh rang:
cosa +zcosﬂ N cosw;cos;/ cosy +2005a > 63

cos” y cos” cos” g

\
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cosa +Cosf3 | C0Sar+C0Sy  COSy +COsa

Dat T= 2 2 2
cos” y cos” fB cos” p

DH DH

Va x=cosa,y =c0sf3,Z =C0S tacé'x—DH y = Z=
! | S T bA T DB T T DC

Ta dwoc: x* +y? +z° =1

P SR S I
DA’ DB? DC? DH?
Trong d6 0< x,y,z <1 do d6 cac géc a, B,y déu nhon, ta co:

+Z Z+X X+
y+z 24X yj

(vi trong tit dién ABCD vuong ¢ D ta c6 hé thiec

X2 y2 Z2

2 2 2
=y+z+z+x+x+y+(y+zj +(z+x} +(x+yj
X y z X y z
2
2(x+zj+(z+éj+[z+zj+1.(v+z+z+x+x+y]
z y X z y x) 3 X y z

> 2+2+2+%-62 =18 (1) (theo BDP Cauchy— Bunhiacopi)

(X+y+2)T=(X+y+ z)(

Mat khac, cting theo BDT Cauchy thi:
O<x+y+zs\/3(x2+y2+zz) =3 (2

18
T (1),2) taduwoc: T>-==643
(1).(2) NG

Déng thitc xdy ra <> x = y = z < DA= DB = DC <ttt dién ABCD vuong can ¢ D.

4
Bai 24:
Cho tr dién OABC trong d6 OA,0B,0OC vuong goc vai nhau tirng ddi mot.
GQI S = SAABC’SI = SAOBC’SS = SAOAC'
Sf Sf S; 3

Chung minh rang: + + <= (*
g minh f4ng: <7 62 * 5757 Ts2h57 -4 U

|\

Ta chiing minh dwoc: S? =S} +S7 +S2
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Ap dung BDT Cauchy cho 3 s8 duong ta c6 :
1 11
(; + ; + Ej(x +y+2)29 (1) (v6ix,y,z duong)
Ap dung(1) ta co:

s +Slz)+(sz+s§)+(32+s§)]~{52 et 152}29
1 2 :

3
1
— 4§° >9
;SZJrSf

3 1 9 3. §? 9
Suy ra > = > —
y iz_l“s%si2 45?2 zs%sﬁ 4

i=1

S? S?
ma—> =1
S?+S; S?+S;

3 5_2
suy ra Z(l— 57 ;S-ZJ

i=1

9 3. g2 3
- = ! <=
4 ;shsz 4

\

Dau “=" xay ra cho (*)
< 8°+8/=5%+S2=5%+S2<S5,=5,=S5, < OA=0B=0C < OABCIa tt dién vudng can &
O

Bai 25:

Céc cap canh chéo nhau cua tir dién ABCD la a,d;b,e;c,f. Goi S; la dién tich 1on
nhat cua thiét dién song song véi cap canh a,d. Twong ¢ng goi S,, S; 1a dién tich
I6n nhat cua cac thiét dién song song véi cap canh b,e va c,f. Chitng minh rang :
1/S,+S,+Ss < %(ad+be+cf)

2/ Chang minh riang dau bang xay ra trong bat ding thie trén khi va chi khi ABCD
la tr dién truc tam. J

N\

Gia si: AB=a;CD=d

BC=b; AD=e
BD =c; AC =t

Dé dang thay r.:!mg moi thiét dién cta ti dién song song vdi cap canh a,d la hinh binh hanh
MNPQ

pat My (0<x<1)
AC
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CD AC

Do™M _ oM _
AC AC
MN _ CM

—=——=1-x=>MN=(1-x)a
AB  AC

Goi & =(AC,CD) = MNP = ¢ = Swnro = x(1 — x)adsinx

adsina

Vay Si = maxSwnrq = max {X(1-x)ad sin a}=
0<x<1

(max nay dat duoc < M la trung diém cua AC)

Twong tw goi B, 7 lan lwot 1a gdc gitra cac cap canh chéo nhau b,c va ¢ f thi ta c6

_ beszllnﬂ 1 Gy= cf siny

Sz
= S51+5:+S3= % (adsin ¢ +besin g + cfsiny)

Vay bét déng thitc Si + S + Ss < % (ad + be + cf)

1a hién nhién dting. Dau bang xay ra <& sine =sin g =siny =1
< AB 1L CD,BC 1L AD,BD 1L AC

< ABCD la tit dién truc tam. Bé la d.p.c.m

( A
Bai 26:
Cho mét tam dién vuong dinh O. Trén 3 canh cua tam dién, liy 3 diém A, B, C sao
cho AC=2.0B, BC =2.0A
1) M,N Ia chan cac duong vudng géc ké tir O xuong AC va BC. Chung minh
rang MN vuéng goc vai OC
2) Tinh cos MON
3) Goi D la diém gitra cia doan AB.
tg*(OCD) L MN
tg*(OCA) AB

=1

Chang minh:
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1) Tacé: OC L OA,0OB
= OC L (OAB)

= OC L MN

Vay: MN L OC

2) Bé cho gon, dat OA =a
OB=b,OC=c

—> AC=2b;BC=2a

AOAC vudng 6 O

Sat+ 2 =4b?

AOBC vuong 6 O

S b2+ 2=4a2

Do d06 ta c6: a? — b? = 4b? — 4a2
Sb2=a? Sb=a; c=a/3va AB= a2

= AOAC = AOBC (cgc) = OM = ON = z_g_%_a‘z/_

Cac tam giac can CMN va CAB dong dang. Ta cé:

MN_CM_2_3_ .\ 3,5 Ga2
AB CA 2a 4 4 4
Van dung dinh ly ham cosin vao AOMN, ta co:
3a® 18a’
. 2 2 2 5
COSI\/ION=OM +ON MN _ 2 16 =E
20M ON 3a’
2

=

Vay: cos MON ==

N
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3) AOAB vudng cin =OD L AB va OD = %_ %
Ta cé
OC L (OAB),OD L AB =CD L AB
oD 2 1
AOCD vuong taiO = t oCh="22=_% -~
& 8 OC a3 6
OA a 1
AOCA vuong taiO = t oca= "= ¢ - -
& 8 OC aJ3 3
Ta lai co: MN_3
AB 4
1 4
go; 9OCD) N 16 | 30 3
' (0CA) AB | 1| 4 3 4
V3

Vav: tg* (OCD)
tg* (OCA) AB

PHAN III - BAI TAP TU LUYEN

Bai 1:
Cho tt dién vudng SABC dinh S va cadc mat bén (SAB), (SBC), (SCA) Ian luot hop véi ddy goc
a, B,y .chting minh

tg2a+tgzﬂ+tgzy+cotg2a+cotgzﬂ+cotg27/2%

Bai 2:

Cho diém M c6 dinh & trong géc tam dién Oxyz,c8 dinh cac mat phang qua M va song song véi
cac mit tam dién cat Ox, Oy, Oz tai A,B,,C,.Mét phang (& ) di dong qua M va cat Ox, Oy, Oz
lan luot tai A, B, C khac O.

a)chiing minh OAi OB, OC
OA OB OC
b)Tim vi tri ciia (& ) sao cho : ! + L + L Je dat GTLN.

OMAB VOMBC VOMCA VOABC

Bai 3:

Cho 3 diém A, B, C lan luot trén 3 canh Ox, Oy, Oz ctia tam dién vudng Oxyz sao cho

OA’ +OB? +0C? = K*(K > 0 cho truedc).Goi D la dinh thit 4 ctia hinh chit nhat OADB va M di
dong trén CD.
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a)Voi mdi vi tri cia A, B, C ,g0i d =MA + MB.Hay tim gid tri nhé nhat cua (d)
b)Xac dinh vi tri cua A, B, C d¢ d dat GTLN

Bai 4:

Cho t¢ dién vudng OABC véi OA=0B=0C=a.

a)Xac dinh mp(P) sao cho tong dién tich hinh chiéu ctua cac mat t dién 1én (P) dat GTLN
b)(P) hop voi cac mat (BOC), (COA), (OAB) cac géoc nhon «, B,y .chiing minh a+f+y <x

Bai 5:
Cho t¢ dién OABC vuong tai O.Goi «, 8, y1an luot la goc gitta dwong cao OH vdi cac canh OA,
OB, OC .Tim GTNN cta biéu thirc

_ 005a+cos,6'+cos;/+cosﬁ+c05a+005y

T 2 2 2
cos” y Cos“ cos” pB

Bai 6:
Cho t&¢ dién OABC c6 ba goc phéng 0 C déu vuong. Goi X, y, z [an luot la cac goc nhi dién canh
BC, CA, AB. Tim GTNN cua biéu thtc

s 1 - 1 - 1
E=,[SIN" X+——+ [SIN"y+——+,[SIN" Z+—
sin® X sin®y sin” z

Bai 7:

Cho tam dién Oxyz c6 3 goc & dinh vudng. Goi A, B, C Ian luot 1a cac diém nam trén Ox,Oy, Oz.
a)Cho A, B c6 dinh, C di ddng trén Oz. Tim quy tich chan cac duong trung tuyén vé tir A, B, suy
ra quy tich trong tam ctia tam gidc ABC.

b)Cho diém C c6 dinh, con 2 diém A, B di dong sao cho OA + OB =1 khong d6i. Tim quy tich
trung di€m M cta AB va suy ra quy tich trong tdm tam giac ABC

PHAN IV - UNG DUNG CUA TU DIEN VUONG

Dinh nghia:
T dién vudng la tt dién cé mot goc tam dién ba mat vudng. Trong t dién vudng cé moét tinh

chat dang chu y sau day.

Tinh chat:
Gia st OABC la t& dién vudng tai O (OA L OB, OB L OC, OC L OA).
Khi d6 duong cao OH cua t¢ dién OABC dugc tinh theo cong thiic
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1 1 1 1

= + + _

OH? OA* O0B?* OC?
Chtng minh: (h.6.1) Dung OD L BCthi AD 1L BCnénCB L
(AOD).
Ké OH L AD, Itcdo OH L (ABC). Trong cac tam giac vuong OBC
va OAD co

1 _ 1,11 11
oD? O0B? 0OC2?’ OH? OD? OA?
Vivay t _ 1 + 1 + 1 )

" OH? OA* O0OB? OC?

Str dung tinh chét nay dé€ tinh khoang cach tir mot diém dén mot mat

phang troong nhiédu trudng hop to ra khé bat loi. Trong bai viét, ky hiéu d(a ; b) 1a khoang cach
gitta duong thang a va duong thang b ; d(X;(YZT)) 1a khoang cach tir diém X dén mat phang
(YZT).

Thi du 1: Cho hinh chop S.ABCD c¢6é ddy ABCD la hinh thoi tam O, canh a,

BAD=60°, SO L mp(ABCD) va SO = %a

a) Tinh d(O;(SBC)), d(A;(SBC)).
b) Tinh d(AD;SB).
Loi giai.

a)Tir gia thiét ta tinh duoc OB =%,~ oc=222

Do tr dién OSBC vudng tai O nén
1 _ 1 + 1 4 1 16 4 4 64
d*(0;(SBC)) 0Ss®? O0B? 0OC? 9a®’ a’ 3a’ 9a’

Suy ra d(O;(SBC)) = %

Lai c A(A(SBC) _ CA_
d(0;(SBC)) CO

Neén:
d(A;(SBC)) = 2d(O;(SBC)) = 2. %a - %a

b) vi AD//(SBC) nén d(AD;SB) = d(AD;(SBC)) = d(A;(SBC)) = ‘%a D

Thi du 2. Cho hinh 1ap phuwong ABCD. AB'C' D' ¢6 canh bang a.

Tinh d(AC; DC ) A
Loi giai. \
Vi AC// (DAC')nén \
d(AC; DC')=d(AC; (DAC’))=d(A;(DAC))=d(D ;(DAC")) A Lt ---
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Tt dién D'DAC’ vudng tai D nén
1 _ 1.1 1 _3
d*(D;(DAC)) DA? DC? DD? a?
Do d6 d(AC; DC') = %
Thi du 3. Cho lang tru ding ABC. AB'C ¢6 day ABC la tam giac vuong tai B, AB=BC =a, canh
bén AA' = av/2 . Goi M la trung diém ctia BC

a) Tinh d(AM; BC)

b) Tinh d(M; (AB'C))
Loi giai.
a)Goi E 1a trung diém cta BB thi B'C//(AME) . Do d6
d(AM; B'C)=d( B'C; (AME))=d(B ; (AME)) =d(B ; (AME)) c A
Vit dién BAME vudng tai B nén ta co:

1 1,1 .1 1 B
d’(B;(AME)) BE?’ BA’ BM? a’

Suy rad(B; (AME)) = i

E
Vay d(AM; BC) = #

b)Ta thdy d(M; (AB'C )= %d (B:(AB'C)) .Vi ttt dién B. AB'C (-1

vuong tai B, nén
1 1,11 1
d’(B;(ABC)) BA? BC? pgp? a? a’ 2a’ 2a’
a+/10 av10

Suy ra d(B; (ABC))—— Do d6 d(M; (ABC))= = =
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Thi du 4. Cho lang tru déu ABC.AB'C' ¢d tat ca cac canh béng a. Goi M, N Ian luot la trung
diém cua AA, BB'. Tinh d(B'M,CN)

Loi giai.

Cc' A

Goi O va O'lan luou 14 trung diém ctia BC va B'C'; con P 1a giao diém ctia 00 véi CN. Vi B'M
// mp(CAN) nén d(B'M ; CN)=d( B'M ; (CAN))=d(B’; (CAN))=d(B ; (CAN))=2d(O
(CAN))=2d(O;(CAP))

T dién OACP vudng tai O nén

1 _1 1 .1 _e4
d*(0;(CAP)) OA? OP? OC? 3a?
a\/—

Vay d(O; (CAP)) = =
a\/_

Do d6d(B'M,CN)= —

Thi du 5. Cho hinh chop S.ABCD, c6 day ABCD la hinh thang, ABC = BAD=90°,BA=BC=a, AD
= 2a. Canh bén SA vudng gbc voi ddy SA = a2 .Goi H 1a hinh chiéu vudng géc ctia A trén SB.
Tinh d(H; (SCD))
Loi giai
Goi M 1a giao diém cua AB vé6i Cd; K 1a giao diém cua AH véi
SM. D€ thdy B la trung diém cua AM. Ta co:
BH BH.BS BA? a? 1
BS BS® BS? 3a’ 3
Suy ra H la trong tam cta tam gidc SAM
4o G(H:(SCD)) _ KH _1
d(A;(SCD)) KA 3
T dién ASDM vudng tai A nén
1 1.1, 1 _1
d?(A;(SCD)) AS? AD? AM? a?
Suy ra d(A;(SCD)) =a
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Vay d(H(SCD))- 2

Thi du 6. Cho hinh 1ap phwong ABCD. AB'C'D’ ¢6 canh bang a .Goi K 1a trung diém ctia DD .
Tinh d(CK; AD)
Loi giai(h.6.7)
Goi M la trung diém ctia BB’ D' C
Tacd AM //KC nén
d(CK; AD)=d(CK; (A'MD ))=d(K; (AMD))
Goi N la giao di€ém cua AK voi AD
P 1a giao diém cta AB voi AM
d(K:(AMD)) NK 1

Khi d6 — o) NK 1
"G (AMD) T NA 2

Suy rad(CK; AD)= %d(A;(A'MD))= %d(A;(A'DP))

L -t
d*(A(ADP))  aa*

Tk dién AA DP vuong tai A nén
1 1 9
+ =
AD? AP? 4a?
Suy ra d(A;(ADP)) = %.Véy d(CK; AD)=2

BAI TAP

1.Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, canh SA vudng gdc véi day va
SA = a2

a) Goi M, N Ian luot la trung diém cua AB va CD. Tinh d(SM; BN)

b) Goi G la trong tam tam gidc SAB. Tinh d(G;(SBD))

2. Cho hinh chép S.ABCD ¢6 day ABCD la ntra luc gidc déu noi tiét trong duong tron duong
kinh AD = 2a va SA vudng gbc véi ddy, véi SA =a+/6 . Tinh d(AD;(SBC))

3. Cho t& dién ABCD c¢é AD =BC = a, AC = BD = b, AB=CD=c. Tinh d(A;(BCD))

4.Cho hinh l1ap phuong ABCD. AB'C'D’ c6 canh bang a. Goi M, N, P Ian luot 1a trung diém cta
A'AAD va CC'. Goi O 1a giao diém cta AC va BD. Tinh S(B;(MNP)), d(O;(MNP))

5. Cho hinh hp ch nhat ABCD.ABC D c¢6 AB=a, AD =2a, = a. Goi M la diém chia trong
doan AD theo ti s& %%. Tinh d(M; (AB'C))
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6. Cho hinh hop ch* nhat ABCD. ABC D ¢ AB =6 cm ,AD =4cm va d( A; (ABD))=2cm . Tinh

thé tich cua hinh hop ch nhat do6

7. Cho hinh chép S.ABCD c6 ddy ABCD Ia hinh thoi tam O, SO L mp(ABCD), AC =4, BD=2,
SO= /3. Tinh
a) d(A;(SBQ)) b) d(AB;SD)

8. Cho lang tru déng ABC.AB'C’ c6 day ABC la tam giac vudng tai A. Biét AA'=1, BC=2, AB =43
Tinh d( A;( ABC))

PHAN V - MOT SO PHUONG PHAP TiM CUC TRI
TRONG HINH HOC KHONG GIAN

Trong chwong trinh mon Hinh hoc khong gian 16p11, bén canh nhitng bai todn xac dinh,
tinh toan cac yéu t6 hodc chtitng minh tinh chat con ké dén céac bai toan cyc tri ¢6 Gng
dung rét 16n. Nhitng dang bai toan nhw vay trong sach gido khoa pho thong con it; hon
ntta nhiéu hoc sinh con gdp khoé khan khi xac dinh phuong phap giai.

1. Giai bai toan cuc tri hinh hoc lién hé gitra cac yéu t6: d6 dai doan vudng goc chung la

khoang cach ngin nhat giwi hai diém ctia hai dwong thang chéo nhau

Bai toan: Cho hinh 1ap phuong ABCD.ABCD' canh a. Xét cdc mit phang di qua BD' cat
AA’ &M, cit CC & N. Xac dinh vi tri ctia M, N sao cho dién tich thiét dién tao thanh cé dién tich
nho nhat.

Giai:

Hinh lIap phuong ABCD.ABCD' canh a.
Mot mit phang di qua BD' cat AA" 6 M, cat CC' o N (nhw hinh vé).

-39
0
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Do cac mdt bén ddi dién song song véi nhau, nén cac canh doi caa thiét dién song song; mat
phéng di qua BD’ cit hinh hap phuong theo thiét dién la hinh binh hanh BMD'N. Goi H 1a hinh
chiéu cua M trén BD’.

Dién tich S cuia thiét dién béng 2 lan dién tich cua tam giac MBD'".

Taco: S=MH.BD'.

ViBD =a. V3 khong d&i. Suy ra S nho nhat khi MH nhé nhat.

Do M thudc AA', H thudc BD'. MH nhé nhat khi né la duong vudng goc chung ctia AA’ va BD'.
Khi d6 dé chting minh rang H 1a tdm ctia hinh 1ap phuong va M 1a trung diém ctia AA, N 1a

trung di€ém ctia CC.

2. Giai bai toan cuc tri hinh khong gian thong qua bai toan cuec tri trong hinh hoc
phang
Bai toan:
Chiing minh rang canh dai nhat cia mot hinh tt dién 1a khoang cach 16n nhat
gitta hai diém thudc t& dién.

Giai:
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A A
M
N
B c
N B C

C

Truwdc tién ta xét bai toan hinh hoc phang: “ Chttng minh rang trong tam giac, canh dai
nhat chinh la khoang cach 16n nhét gitra 2 diém thudc tam giac”.
Goi 2 diém bat ky thudc tam giac la M, N. Ta xét cac truong hop sau:
Truong hop M, N trung véi hai dinh cta tam gidc ta cé ngay:
MN < max (AB, AC, BC).
Truwong hop M, hodc N trung véi 1 dinh cua tam giac (gia st M trung véi A). Khi dé néu
N thudc AB hodc N thudc AC thi ta ¢6 ngay 10i giai. Néu N thudc BC thig\ f tuy theo vi tri ctia
N ta c6 MN < AB hodac MN < AC. Do d6 MN < max (AB, AC, BC).
Truong hop M va N khong tring véi dinh ctia tam giac. Ta dua vé trieong hop trén bang
cach n6i NB, ta c6: MN <max (AB, BN, NA) < max (AB, BC, CA).
Bai toan trén duoc chitng minh. Ta stt dung két qua dé giai bai toan khong gian.
Xét khoang cach gitt M va N la 2 diém bat ky thudc tit dién ABCD. Bao gio cling dung
duwoc mot tam giac c6 3 canh thudc cac mit cua t&t dién va chtta M, N (chi can dung 1 mat phéng
chita MN va 1 dinh cua t& dién (hinh vé&). N&i AM cat BC 6 E, n8i AN cat CD o F.
Theo két qua bai todn phang:
MN < max (AE, EF, FA).

Ma AE < max (AB, BC, CA); EF < max (BC, CD, DB); AF < max (AC, CD, DA).
Tt d6 suy ra max (AE, EF, FA) < max (AB, AC, AD, BC, CD, DA).
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Ttec la MN khong 16n hon canh cta t¢ dién.

3. Giai bai toan cuc tri hinh hoc bang phwong phéap chitng minh bat dang thic lién hé
gitra cac yéu to
Bai toan:
Trong cac ti dién vudng (tit dién cé 3 mit vudng xuat phat tir mot dinh) nam trong mot
mat cau ban kinh R; tim kich thudc t& dién ngoai ti€p mat cau c6 ban kinh 16n nhat.
Giai:
Dé thay tir dién vudng can tim ndi tiép trong mit cau ban kinh R cho trudc.
Gia stt ttt dién vudng OABC c6 cac mat vudng OAB, OBC, OCA vuong 6 O va OA =g4,

OB=b, OC=c; taco: R=% JaZ+bi+c?

Thé tich t dién OABC la: V= % abc; (1)

Goi r la ban kinh mat cau noi tiép ti dién OABC ta co:

= L (Sons +Sosc + SocatSasc) = — (a.b + b.c + c.a + Jab? +ac? +b?c?
3 6

(2)

1 1 1 1 1 1 1

Te(1)va@)suyra: == — +=+ =+ | +—+—
(1) va (@) suy r a b ¢ Va® b® ¢°

Do d6 : R 1\/a2+b2+c2(1+1+1+
2 a b

ro c
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Tacé: va® +b? +¢® > y3%a’h?c? = V/33/abc, ding thicccokhi:a=b=c;

l+l+1Zi,déngthﬁ’ccékhi:a=b=c.
a b ¢ 3abc

> \/(a.—+b 1oy =3,
c
2R R.(v3-1)
r < = ,
3.1++/3) 3
déng thitc c6 khia=b=c= 2},
V3
Vay t& dién vudng can tim c6 3 canh a=b=c= %, chita mat cau co ban kinh 16n nhat la
L R.(3-1)
—a

4. Giai bai toan cuc tri hinh hoc bang phwong phap dién tich, thé tich
Bai toan:
Cho tit dién 3 mdt vuong OABC dinh O, c6 OA= a,OB=b, OC=c. Goi x,y, z la khoang cach
tir mot diém M trén mat ABC dén cac mat OBC, OCA, OAB. Tim gia tri 16n nhat cua tich T= x.
y.z.
Giai:
Cho t¢ dién vudng OABC, c6 OA = a,OB=b, OC=c¢, vé hinh hép chit nhat ndi ti€p ¢ 1

dinh M nam trén mat ABC, cac dinh con lai ndm trén cadc mat vudng cua t dién (nhw hinh vé).
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C

Dat cac kich thwede ctia hinh hop chit nhat 1a OX=x, OY=y, OZ=z . Khi d6 x, y, z tuong
g bang khoang cach tir M d@én cac mit OBC, OCA, OAB.

Ta c6 thé tich cia hinh hop la: V=x.y. z

Vé CM cit AB tai K; goi I la hinh chiéu ctia M trén mat OAB va la dinh cua hinh hop ch®
nhat, ta c6 O, I, K thang hang; goi KQ=x1, KP =y: twong ting la cac doan vudng goc tir K dén
OB, OA.

Khi d6 st dung ty s6 dién tich ctia hai hinh cht nhat OXIY va OPKQ dong dang vdi hé s6
ty 1é la: OI/ OK=2ZM/OK =CZ/CO=(c-z)/c; ta duoc:

X.y=(c—z)2x1y1/

Do d6 thé tich ctia hinh hop chit nhéat c6 ba kich thude: x, y, z la

V=x.y.z= (c-z)*.z.x1.y1/ & (¥).

Ttr d6 suy ra néu cé dong thoi xi .y1 16n nhdt va (c — z)% z 16n nhat thi V dat gia tri 16n
nhat.

Ta c6 hai Ian dién tich tam gidc OABla a.b = x1.b+yi.a; 4p dung bat dang thitc C6 si
ta duoc xi. y1lénnhatla a.b/4, khi xi= a/2 vayi= b/2.Khi dé Kla trung di€ém cua AB.

Ham s6 F (z) = (c - z)?.z dat gid tri Ilén nhatla: 4 ¢/ 27, khi z=c/3.

Kéthop lai V trong (*) dat gid tri 1én nhat 1a:

V=ab.c/27;khi x=a/3, y=b/3, z =c/3 (twong thich). Khi d6 M la trong tam ctia
tam gidc ABC.
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Vay v6i M 1a trong tdm cua tam giac ABC, thi T=x.y .z 1én nhatla:a. b. ¢/27 véix=a/ 3,
y=b/3, z =¢/3.

Cdch giai khdc (16p 12)

Xét hé toa do tryec chudn oyz. Ta c6: A (a, 0, 0); B (0, b, 0); C (0,0, ¢) (voix, y,zvaa, b, cla
cac s8 duong). Khi d6 phuong trinh doan chan ctia mat phang di qua A, B, C c6 dang:

x/a+y/b+z/c=1.

Ap dung bat dang thitc Co-si ta duwoc: 13 > 33 x.y.z / a.b.c Déang thitc c6 khi x/a=y/b=2z/c
=1/3.

Hay x.y.z < a.b.c/27. Dang thtc co khivéix=a/3, y=b/3, z =c/3.

Vay gia tri lon nhdt caa x.y .z laza.b. ¢/27, véix=a/3, y=b/3, z =c/3.

5. Gii bai toan cuc trj hinh hoc tng dung bang phwong phap t6i wu hoa

Bai toan:

Cho mdt tdim bia hinh vudng canh a. Cat theo cac canh ctia hinh vudng 4 tam giac can bang
nhau; troi gap 1én ghép lai thanh mot hinh chép t& giac déu. Tim kich thwdc hinh chép cé thé
tich 16n nhat.

Giai:

Gia st hinh chép t& giac déu S.ABCD dung duoc, ¢d canh day la x. Trai cdc mat bén trén

mat phang ctia day, ta c6 hinh khai trién  ctia hinh chép nhw hinh vé (cac dinh ctia hinh vudng

trung véi dinh ctia hinh chop).

Bay gid ta xét voi gid trindo ctiax (0<x < a+/2/2), sé thoa man yéu cau ctia dé bai?
Goi V la thé tich cua hinh chép S.ABCD, c6 dwong cao la SH ta cé:

V =x2 SH/ 3.
Goi M la trung diém cta AB, trong tam giac vudng SMH c6:
SH2 = SM? - HM2. Dé thiy SM = a~/2 / 2 - x/2 va HM = x/2.
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Ix2 J@@l22-ax./2 .

Vay V=

Pitt=x/(av2/2) ta duoc V= % (@ V2/4). 2. ot (v6i0<t < 1).
V dat gia tri 16n nhat khi t2 v1-t dat gia tri 16n nhat. Chuyén t?2 vao trong can thitc va ap
dung bat déng thttc CO si cho 4 so t/4 va sO 1-t, ta tim dwoc t=4/5.

Suy ra x= % a+/2 , thoa man cac diéu kién da dat, thi V dat gia tri 1on nhat.

Vay hinh chép c6 canh ddy la x = é a~/2 théa man yéu ciu cua bai toan.





