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SO TAY TOAN HOC-LOP 12

( Pao ham )

®WH -7 =
® <l>/:_l

x x?
@ (sinz) = coszx
@ (cosz) = —sinz

1
t ' =
@ (o) cos? x

@ (a®) =a®Ina

(Inz) = %
S

D) (105, 2) = ——

@ (W) =na/u"!
u/
=] m
IRY u
oy
(sinu) = u'.cos
(cosu) = —u'.sinx

u/
t =
@ L cos? u

/

(et = _sirllt2 U

Quy tic tinh dao ham
@ (utov) =u' £

3 () =u'v+ud

\

Quy tic xét tinh don diéu ham s6

Gia st ham s6 y = f(2) c6 dao ham trén K

e Néu f'(z) > 0,Yo € K va f/(x) chi tai hitu han diém z € K thi
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ham s6 y = f(x) dong bién trén K
e Néu f'(z) < 0,Vor € K va f'(z) chi tai hitu han diém z € K thi
ham s6 y = f(z) nghich bién trén K

Qui tic xét tinh don diéu ham sé y = f(z) N

Bu6e 1: Tim tép xac dinh &
Buéce 2: Tinh dao ham f/(x) va tim nghiém f'(z) =0, (z1.22... € 9)
Buéc 3: Lap bang bién thién

Budc 4: Tt bang bién thién va két luan tinh don diéu ham s6 y = f(x)

Cuc tri‘ ham s6

Ham s6 y = f(z) c6 dao ham tai zg va dat cuc tri tai o thi| f/(z¢) = 0

Qiiy t&c 1 N

e Budc 1: Tim tap xdc dinh. Tinh f'(z)

e Budc 2: Tim cic diém z;(i = 1;2;...) ma tai d6 dao ham bang 0
ho#ic ham s6 lién tuc nhung khong c¢6 dao ham.

e Budc 2: Lap bang bién thién ho#c bang xét dau f(z). Néu f'(x)
doi dau khi di qua x; thi ham sb dat cuc tri tai ;.

Quy tic 2

e Budc 1: Tim tap xdc dinh. Tinh f'(z)

e Budc 2: Tim nghiém z;(i = 1;2;...) ctia phuong trinh f'(x) =0

e Budc 3: Tinh f”(x) va tinh f”(x;)

+ Néu f"(x;) < 0 thi ham s6 f(x) dat cuc dai tai ;.

\ + Néu f”(x;) > 0 thi ham s6 f(r) dat cuc tiéu tai ;.
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Piém cuc dai

S Gia tri cwc dai
cia do thi

- Iy A
ciia ham so

DPiém cuc dai

ciia ham sé

rcp z R R
G Diém cuc tiéu

ciia dd thi

Gia tri cwc tieu

ciia ham sé

Y A a>0 a<0
y Y
| ol /\
Y =0;A, >0 x
(c6 2 nghiém) @)
N
Yy \ Ty

y/ =0, Ay’ =0 0 T
(c6 nghiém kép) / ‘ O -

Y )
y’ =0; Ay/ <0 O T

(vO6 nghiém)
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y =0;a.b<0

(c6 3 cuc tri)

Yy =0;a.b>0

(c6 1 cuc tri)

8

Yy >0,V eR <
Ay <0

@Ham s6 y = ax® + bx? + cx + d, nghich bién trén R.

Diéu kién dong bién, nghich bién ham bac 3

@Hém s6 y = ax® + bx? + cx + d, dong bién trén R.
a>0

a>0

54

b? —3a.c <0
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a<0 a>0
y >0,VreR < &

A, <0 b —3a.c<0

Diéu kién cuc tri ham bac 3-tring phuong

(M Ham s6 y = ax® 4 br? + cx + d, dat cuc dai tai g
y'(29) =0
y"(x9) <0

@Ham s6 y = ax® + bx? 4 cx + d, dat cuc tiéu tai zg
y'(z0) =0
y"(x0) >0

@Ham s6 y = ax* + bx® + c c6 3 cuc tri < a.b< 0

(@ Ham s6 y = az* + ba? + ¢

) a>0
¢6 1 cuc dai, 2 cuc tieu <
b<0
(®)Ham sb y = az* + bz + ¢
) a <0
c6 2 cuc dai, 1 cuc tieu <
b>0

(6)Ham s6 y = ax* + bx® + ¢ ¢6 1 cuc tri.
a=0_ |a#0

hoac
b+#0 a.b>0
(DHam s6 y = az* + ba® + ¢ ¢6 1 cue tidu.
a=20 a>0
hoac
b>0 ab>0

Ham s6 y = ar* 4+ br? + ¢ c6 1 cyc dai.

Bién soan: Ths Nguyén Chin Em




Gia tri 16n nhat, gia tri nhé nhat

— Tinh ¢/, cho ¥ = 0, nhan nghiém w1, z3, - - - € [a; ]
— Tinh y(a), y(b), y(z1), y(z2), - --
— So sdnh y(a), y(b), y(21), y(z2), -

S ; i
R )

( DPuadng tiém can )

— lim y =+ <lim y::l:oo):>TCD:x:x0

x—):z:g' TTy
— v (v w) > TON =

Liy thira (a > 0) )

Da™.a™ = a™t™ | () (a.b)” = a™.b" @Vt =a
N

@D @) =a™" |®a "= ai" ©) Y ak = a%

S| NI

Lorarit (0 <a#1,0<b+#1) ]
Dlog,1=0 @log, (x.y) = log, = + log, y.
Plog,a=1 @loga <§> = log, v — log, v.
@1oga a® =« @1oga ® = aloga B
Dlog,a = 10; . ®log,m = = E log, x.
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(@log, © = log, b. log, = 1Oga . logy, x

~ log,a’

Ham s6 lily thira y = 2%, a € R

a>1

Il
N

Tap xéc dinh:
e D =R khi a nguyén duong
e D =R\ {0} khi @ nguyén &m <a<l

e D = (0;400) khi o khong | © . o=
0 ! a<0

nguyén .
1 x

a>1 0<ax<xl
oD =R eD=R
Yy Yy
a>1

TCN: y =0 x TCN: y =0 x

Ham s6 logarit y = log, v

a>0 O<ax<1

oD = (0;+00) oD = (0;+00)

Bién soan: Ths Nguyén Chin Em @



Bién soan: Ths Nguyén Chin Em

a>1

=
8

TCP: z =0 |Q

TCP: z =0 |Q

0<a<l1

Phuong trinh, bat phudng trinh mii

af @ = q9(@)
a®*=b& x=1log,b
& f(z) = g(=)

a>1 O<ax<l1

af@ > 9@ & f(2) > g(x) af@ > 9@ & f(2) < g(x)

Phuaong trinh va bat phuong trinh logarit

, log, f(x) = log, g()
log,z=b&2=a
& f(z) = g(w)
a>1 O<ax<l1
log, f(x) > log, g(z) & log, f(z) > log, g(v) &
& f(r) > g(x) & f(z) < g(w)

f L3i suat ngan hang

(D Lai don: Lai don la sb tién lai chi tinh trén sb tién gbc ma khong
tinh trén s tién 1ai do sb tién gbc sinh ra, titc 1a tién 1ai ctia ki han truée

khong duge tinh vao vén dé tinh 1ai cho ki han ké tiép, cho du dén ki

(8)
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han ngudi giii khong dén rit tién ra.
Khach hang gtii vao ngan hang A dong véi 1ai don 7%/ki han thi s6 tién

khach hang nhan dugc ca von 1an 1ai sau n ki han (n € N*) 1a

Sp=A+nAr=A(+nr))

(2)Lai kép: Lai kép la tién 1ai cta ki han trudc néu ngusi giri khong rit
ra thi duge tinh vao von dé tinh lai cho ki han sau.
Khéch hang gtii vao ngan hang A dong vdi 1ai kép r%/ki han thi s tien

khach hang nhan dugdc ca von 1an 1ai sau n ki han (n € N*) 13

S, = AL+ 1)}

S
n = log, ., <A> ;

A:

(/Sn

(L+7r)m

\.

@/dx:JH—C’

N xn«H
@/zdx—?_i_lJrC'
@/ m———+C
@/ =ln|z|+C

( Bang nquén ham

@/kdx:kaz—i—c

1 (azx + b)"t!

)" de = =

@/(Cm;) v 1a 1n—|—1 +C
i

@/ aerb) a'az+b+c

of

fln|ax+b|+C'
ar+b a

@/a“dx:a——i-C’
Ina

./ ax+bd$ ax+b+c
1 az+3

@/aw+ﬂdx——a +C
a Ina

@/cosxd:r,:sinx—kC

@/sinxdx =—cosx+C
@
®/ 5

=tanz + C

Cos2

=—cotz +C
sin? x

/cos(ax +b)dz = . sin(az +0b) +C
a
/sin(aerb)dx = —lcos(a$+b)+0

a

dz 1
—— =—% b) +C
./Cos2 aaz—i—b) a (@464

./sm (ax +b)

1
= ——cot(ax+b)+C
a
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@/tanzdx = —In|cosz| + C /tan(az + b)dx

1
—=In|cosz| + C
a

b

z) £ g(x dx—/f )doz £ [ g(x)dx

® 1 I

@/f dx—/f dx+/f

@/Cotmdm:1n|sinx|+C /Cot ax + b)dz = lln|sinx| +C
@/ﬁ—iﬁdm_ /m2+a2 =aarctan—+C’ ‘
' ‘
b b
[ f@)de = Fw)| = F®) - Fl@)
a b a
@/dxzo @/f(x)dx: —/f(x)dm
a a b
b a
@/k.f(a:)d:z:: k/f(a:)d:z:

( Tich phan tirng phan
b p b
/u.v'd:c =uv| — /u'.vdx
@ a
/b
a

a
b
a

b
v.du

hay [ udv =u.v| —

a
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f Dién tich phang phing ]

(D) Dién tich hinh phing |(2)Dién tich hinh phing

gi6i han béi gi6i han béi
y = f(z) y = f(z)
y=0;z=a;x =0 y=gx)i;z=ax=>

b b
5= [17@ldo 5= [17@) - g(@)do

(3)Dién tich hinh phing (4)Dién tich hinh phang
V' oy=f

S:/C|h(x)\dx+/b]h(x)\dx

S = /h(x)dm—/h(m)dz

a c

Thé tich vat thé tron xoay

(1) Thé tich ctia vat thé gii | (2) Thé tich ciia vat thé gisi
ban béi ban béi

Bién soan: Ths Nguyén Chin Em @



@Dinh nghia va tinh chéit

e 2z =a+bi, (i = —1) 1a s6 phiic
— Phan thuc: a
— Phan 4o: b
e Choz=a+bivaz =d +Vithi
—z+2Z =(a+a)+(b+b)
—z—Z=(a—-d)+(b-V)i
— 2.2 = (ad' — bY') + (ab/ + a'b)i
z _ad +b0V db—a-V

[T T2 + a2+ b2
(2)Sé phiic lién hgp

e Tinh chat

e Cho z = a + bi thi Z = a — bi 1a s phtic lién hop ciia 2.

—zz=a’+ b T =71 % 2170 =

Bién soan: Ths Nguyén Chin Em
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= (271) :g;z—i—Z:Qa;z—Z:Qbi
Z% z9
(3)Mbdun sb phiic

e Cho z = a+ bi thi |z| = Va? + b2

o 2| = |z|; |21.22] = |21]-|22]
z1 |Zl|
P Rl P |21 + 22| < |21] + |22]; |21 — 22| > |21 — |22
2 2
(4)Biéu dién hinh hoc sb phiic
z=a+bi = M(a;b) Yy
blrmmmmmmme s s M
o
P
O}J\ 1
1
- —,

(5)Phuong trinh bac hai
az? +br+c=0, A =b®— 4ac.

b+ VA
2a

b+ +/|Ali
2a

e A > 0 phuong trinh c6 2 nghiém thuc: x; 9 =

e A < 0 phuong trinh c¢6 2 nghiém phic: 219 =

f Thé Kh#i da dién

(1) Thé tich khéi 1ap phuong canh a: aé
V =a? _______ a_
a.-

(2)Thé tich khéi hoép chit nhat

e

Bién soan: Ths Nguyén Chin Em
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(3)Thé tich khéi ling tru

Sasy : Dién tich déy

h: chiéu cao lang tru

(4) Thé tich khbi chép

1
V = ngéy.h

Sasy : Dién tich day

h: chiéu cao lang tru

(B)Ti sb thé tich khéi chép y
Hinh chép S.ABC, goi A, B',C" lan lugt

AI
13 céc diém thudc céc canh SA, SB, SC
Vs arpror . SA"SB' SC’ A >
Vsapc  SA SB SC
B

55" 50" 5o
Vsapcop a+b+c+d

VS.ABCD N 4abce

SA SB SC SD
®)a = ,b
SA

@AM, BN _CP M
‘A’ " BT o0
Vapcunp a+b+c

P
= A
VABC.A'B/C/ 3 C/

Bién soan: Ths Nguyén Chin Em
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AM BN cpP DQ
®a = a2 =B "o Do

vaat+c=b+d
VaBep.MNPQ o a+b+c+d

Vasep.arcrpr 4

f Khéi t*‘)n xoay ]

(1) Dién tich mit ciu: S = 47 R?
. o 4
(2) Thé tich khéi cau: V = gwRZ

(3) Thé tich chém cau:

v=m?(R—2) =" (3r2 4+ 1)

(@) Dién tich xung quanh chém cau

Sxq = 2mRh = 7 (r? + h?)

(5)Dién tich xung quanh: Sxq = 2n Rl
(6 Dién tich toan phan: Sy, = 2rR(l + R)
(7)Thé tich khéi tru: V = 7Rh

Bién soan: Ths Nguyén Chin Em @
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Dién tich xung quanh: Syq = 7RI

(9 Dién tich toan phan: S, = 7R(l + R)
(10)Thé tich khéi nén: V = %ﬂRQ.h

I=VR+R%h=VP-—R?

@v_ (R + 72+ Ror)

(12)Syq = 7 (R+ 1)1
13)S.p =7 (R? + 12 + R + 1)

Hinh tru c6 thiét dién qua truc OO’ 1a hinh
chtt nhat ABB'A’

e Chiéu rong: AB = 2R

e Chiéu dai: AA' =h=1

e Dién tich: Sappar = AB.AA" =2.R.1

Hinh nén c6 thiét dién qua truc SO 1 tam
cdn SAB tai S

e Canh bén: SA=SB=1

e Canh day: AB = 2R

e Dién tich: Sagap = %R.h

\ vy

Bién soan: Ths Nguyén Chin Em @
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N

Hinh htlc ph3ng

e AABC vuong tai A: BC? = AB? + AC?
11 1

A~ AR T Ace

e Dién tich: Saapc = %ABAC

e ANABC vudng céan tai tai A

BC?
+SaaBc = 1
+ BC = ABV?2

1 1 1
® SaaBc = §ha~a — §hb.b — §hc'c

e SaaBc = ébcsinA = icasinB = iabsinC

e Saac = /p(p—a)(p—b)(p —¢)

a+b+c
® SaaBc =pr,p= —
abc
® SaaBC = E
e a2 =0b"+c*—2bccos A
a b c

2R

sinA  sinB  sinC

e Hinh vuong ABC'D canh a
+AC = BD = a\/2

+ Sapcp = @

e Tam gidc ABC déu canh a

3
+ Dudng cao: AM = a;f
+ GA=GB=GC = “‘f

2
 Dién tich: Saspg = < f

Bién soan: Ths Nguyén Chin Em




Cong thirc tinh nhanh thé tich

(DHinh chép S.ABC c¢6 SA =

¢, AB = a,AC = b d6i mét vudng

B abc
goc: | Vs.apc = 5

(QHinh chép S.ABC c¢6 ddy AABC la

tam gidc déu canh a, canh bén bang b:
a’\/3b2 — a?
12

Vs.aBc =

a2
12

Khi a = b thi VS.ABC =

@Hinh chép tam gidc déu c6 canh

ddy a, canh bén tao v6i didy 1 goc a:

a’ tan o
12

Vs.aBc =

@Hinh chép tam gidc déu c6 canh

bén b, canh bén tao véi day 1 goc a:
V/3bsin a cos? o
4

Vs.apc =
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@Hinh chép tam gidc déu cé canh day

bing a, mit bén tao véi ddy 1 géc o

a3 tan o

Vs.apc = o

(6)Hinh chép déu S.ABCD c¢6 ABCD

la hinh vubng canh a, canh bén b:

a/4b% — 2a?2
Vs.aBcp = — 6

a3v/2
6

Khi a = b thi | Vs agcp =

(D) Hinh chép ddu S.ABCD c6 canh ddy

bang a, goc gitta canh bén va mit ddy bang
a3\@ tan o
6

a: | Vs apep =

(8Hinh chép déu S.ABCD c6 canh bén

bang b, gbc gitta mat bén va mit ddy bang
4b3. tan o

a: | Vs apep =

34/(2 + tan? a)®

(9 Hinh chép déu S.ABCD c6 canh day

bang a, gbc gitta mit bén va mat ddy bang

a’vVtan?a — 1
o | Vs apep = — %

Bién soan: Ths Nguyén Chin Em @



Hé toa do trong khong gian

@Tga do6 vec-to

e Vec-to don vi:
T =(1,0,0); 7 =(0,1,0); & = (0,0,1)
o Vecto @ =ay.7 + a2.7 +as + ag.z = ad = (a1;ag;as)
e Tinh chit: Cho hai vec-to @ = (a1; az; a3), b = (b1; bo; b3)
+ Téng-hiéu: @ + b= (a1 & by as £ be; az + bs3)
+ Tich 1 s6 v6i 1 vec-to: kd = (k.a1; k.ag; k.a3)
+ Do dai vec-to: |@| = v/a? + a3 + a3
+ Hai vec bang nhau: @ = (a1; az; a3), b= (b1; ba; b3)
a1 = by
T=10 < {b = b
as = bg
+ Hai vec-to ciing phuong: @ = kb
a;  ay a
+ Tich v6 huéng ctia hai vec-to
@5 = a1.by + az.by + az.bs

+ Vec-to @ vudng gbc

N
alb o a.

=0< a1.by +a9.bs +a3.b3 =0

Bién soan: Ths Nguyén Chin Em @
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+ Tich ¢6 hubng cta 2 vec-to

- as as as aj ay ap
[a b} . .

’ bQ b3 ’ b3 b1 ’ bl b2

= (agbs — agby; agby — a1bs; a1be — azby)

+ Gobc gitta hai vec-to: 0° < a < 180°

COS (x = COS (a’ Z)) — a1.by + az.by + az.bz
. Va3 +a3 +a3.\/b} +b%+b
(2)Toa d6 diém

o OM = $.7+y.7+z.7 = M(z;y; 2).
e Tinh chét:
Cho céc diem A (va;ya;24); B (v5;yB; 28); C (203yc; 20)
+ Db dai doan thing AB
AB = \/(OCB —24)* + (ys — ya)* + (28 — 2a)°
+ Toa d6 trung diém I ctia doan thing AB

TA+ TR
xlzT
I- _ Ya+ys
. yI_T
zZA+ 2B

] = 9

+ Diém chia doan thing AB theo ti s6 k: MA = k.MB

2
3

Bién soan: Ths Nguyén Chin Em
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rA—kap :yA—k;.yB'Z _zA—k.zB
11—k MT T OMT Ty

+ Toa d6 trong tAm G cia AABC

TA+ 2B +2C

Tm

rg = 3
Ya +YB +yc
G: yng
2a+ 2B+ 2¢
zG:f

Ung dung tich cé6 hudng cia 2 vec-to

S

va b ciing phuong: [E’, Tﬂ =

—

, _b), ¢ dong phing: [E’, b} .€=0
A
(3)Dién tich AABC: /\
1 —_— —
Saapc = 3 ‘ [AB, AC] ‘ B @
A
(@) Dién tich hinh binh hanh ABCD: E P
SAABCcD = HxﬂiA_C)H B e
g
(5) Thé tich hinh hop ABCD.A'B'C'D':

V:HE’,Z(T] AA

A
(6) Thé tich ti dien ABC'D:
v = |[48, 4] 7D B .
C

Bién soan: Ths Nguyén Chin Em @
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( Phuong trinh mat cau )

tam I(a; b;c)

(D) Mit cau (9) :
ban kinh R

(x—a)?+@w—-0)%+(2—c)>=R?

(2)Phuong trinh: 22 + 32 + 22 — 2az — 2by — 2cz + d = 0 véi diéu kién:

a? +b?+ c? —d =0 > 0 la phuong trinh mat cau (S)
tam I(a;b;c)

bén kinh R = Va2 + b2+ 2 —d

( Phuong trinh mat phang )

(1) Phuong trinh téng quat mit phang (P):

Ax + By + Cz+ D = 0 ¢6 vec-to phép tuyén 7 = (A; B; C)

@Mét phéng

qua M (zo; Yo; 20)
(P):

vtpt 7 = (A; B; O)

Alx —20)+ By —y0) + C(z—2) =0

(3) Mt phing (P) c6 cip vec-to chi phuong

@ va b thivtpt cita (P) 1a @ = [@, D]

(@Mit phang (ABC) véi  A(a;0;0), 9
B(0;b; 0) C(0;0;c) 4
(ABC) . L + YiZo1 b @

b ¢ Y. B
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@Cée mit phang dic biét

(Oyz):x=0 (Ozz):y=0 (Ozy):2=0
(Oyz) |z =a (Ozz) Jy="b (Ozy) J| z=c

@Khoaﬁng cach tu diem Mo(zo; yo; z0) dén M (0 0: )
mat phang
(P): Ar+By+Cz+D=0
A. B. : D
d(My: (P)) = |A.zg + B.yo + C.29 + D|
VA% + B? 4 C?
@Vi tri twong d6i clia 2 mit phang

(P1): Ajz+ Biy+ Ciz + Dy =0, ng = (A1; B1;Ch)

(Py) : Agz + Boy + Coz + Dy = 0, n3 = (Ag; By; Co)
Al B1 Cl D1
P P —=—=—#—.
o (P1) /| (P) ’j}f %2 %2 %2
P)=(P): 2=t =2 =
o (P1) (2)A2 B~ G~ D,
° (Pl)J_(PQ) A1 Ao+ B1.Bo+C1.C5 =0
e Gébc gitta 2 mitt phing: 0° < (Pp, Py) < 90°
COS(Pl,Pg) _ |A1.A2 + By1.By + 01.02|

/A2 + B + C}?../AZ + B2 + C?

Phuadng tr‘ml{ dudng thing )

(1) Phuong trinh tham sb

. . qua Mo(zo; Yo; 20)
Duong thang (A) :
vtep: @ = (a;b;¢)

T = xg9+ a.t

Phuong trinh tham s6 (A) : ¢ y = yo + b.t ,(t € R)

z=2zy+ct
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(2)Phuong trinh chinh tic:
T—To _Y—Y _ Z— %0

(A): a b ¢

(3) Vi tri tuong dbi ciia 2 dudng thang
T =x9+at r=uxy+ad.t

(A): Sy=yo+bt, (A): qy=yo+b.t

z=zy+ct z=zy+c.t
To + at =z + a't

e (A) cat (A"): yo + bt = y6 + 't c6 dung 1 nghiém ¢, ¢/

20+t =2y + 't
To+at =xp+a't

e (A) chéo (A"): Q yg + bt = yh + V't vO nghiém

20 +ct = 25+ 't

To + at =z + a't

Yo + bt = y6 + bt vO nghiém

\zo—l—ct:z{)—i—c’t

b c
va */ == y — g
¢
zo+ at =z + a't
o (A)=(A"): Qyo+bt=yy+Vt VO s6 nghiém

\zo—&—ct:zé—i-c’t

(@) Géc giita 2 dudng thing: (0° < (A; A') < 90°)
la.a’ + b.b' + c.c|

cos(A; A) =
( ) Va2 + b2+ c2.v/a? + b2 + 2
@Vi tri tuong doi ciia dudng thang va mat phang
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T = xg+ a.t
(A):Sy=yo+bt va(P): Az +By+Cz+D =0
z=2zy+ct
Thé (A) vao (P)
A(xo+a.t)+ By +bt) + C(zo+ct)+ D=0 (1)
4 Néu (1) c¢6 ding nghiém ¢ = ¢, suy ra (A) cat (P) tai diém
Mo(zo + ato; yo + bto; 20 + 2to)
+ Néu (1) vO nghiém thi (A) // (P)
+ Néu (1) vo s6 nghiém thi (A) thude (P)

(6)Gé6c ctia dudng thing va miit phiang: (0° < (A; P) < 180°)
A. B.b+ C.
sin(A, P) = [Aat + el
] \/A2+B2+02.\/a2+b2+c%
(7)Pudng thing song (vudng géc) v8i mit phang
(A) c6 vtep: @ = (a;b;c); (P) 6 vipt: @ = (A; B; O)

e (A)// (P)khi Aa+Bb+C.c=0
A B C

\ vy
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