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Chuong 3. DAY SO - CAP SO CONG & CAP SO NHAN

PHUONG PHAP QUY NAP TOAN HOC

A. LY THUYET

Buéc 1. Kiém tra rang ménh dé dung voi n=1

Buéc 2. Gia st ménh dé dung voi n=k >1. (gia thiét quy nap)

Buéc 3. Chtrng minh ménh dé cling dung véi n=.........

Chu y

v/ Trong budc 3, ta phai st dung gia thiét quy nap (Budc 2) d€ chieng minh cho n=k+1

v Néu dé yéu cau chitng minh ménh dé dang véi n > p, ¢ Budc 1, ta sé kiém tra ménh dé dung

véi n=....., con gia thiét quy nap thi n=k>......
Vi du: Chiing minh rang

n(n+1)

a) 1+2+3+..+n= , VneN

b) #n’ —n chia hétcho 3, Vne N

c)3">3n+1, VneN van>2
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B. THUC HANH

3.1.1. Chitng minh rang cac dang thitc sau ding véi Vne N':

a) 1+3+5+..+(2n-1)=n’ b) 2+5+8+...+(3n—1):@
0) 1,11, 1.2 d) 14346410+, 0D _n(n+1)(n+2)
2 4 8 2" 2" 2 6
2_
¢) 1243 452 4.+ (2n—1y = M4 =1 pli-t]i-L)1-L) (12 |-t
3 4 9 16 n 2n
g) 1.2+2.3+3.4+...+n(n+1):w h) 1.4+2.7 +3.10+ ...+ n(3n+1) = n(n +1)*
3.1.2. V6i ne N', chting minh cac bat dang thic sau:
a) 3">3n+1, Vn>2 b) 3" >n(n+2), Vn>4
c) 2" >2n+3, Vn>2 d) 2"°>3n-1, vn>8
e lz+i2+i2+...+i2<2—l, Vn>2 f 1 + 1 +..+ 1 >E, Vn>2
1 22 3 n n n+l n+2 n+n 24
3.1.3. Chting minh rang véi ne N, ta co:
a) n° +3n° +5n chia hét cho 3 b) 13" —1 chia hét cho 6
c) 4" +15n—1 chia hét cho 9 d) 3! +2"*? chia hét cho 7

e) 7.2 + 3" chia hét cho 5
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DAY sO
A. LY THUYET
I. DINH NGHIA
1. Dinh nghia day s6
Mbi ... sO u xac dinh trén tap cac sd nguyén duong ......... duoc goi la mét day s6”
v0 han (goi tit1a day s0). Ki hiéu:
u:N >R
n =un)=u,
‘ (u,): day s6 (,)
* u,:sOhang ..........
* u :sO hang thitn, con goila sd hang ...........c.c.......
2. Dinh nghia day s6 hitu han
Mobi ham s8 u xac dinh trén tap M ={1,2,3,...,m}, me N, duoc goi la day sd hitu
han.
Khi d6 day s ¢ m s6 hang, v6i s6 hang dau u, va sd hang cudi u, .
Vidul.-5,-2,1,4,7, 10,13 la mot day s6 hitu han c6 u, =....... va u, =.......
II. CACH CHO MOT DAY SO

1. Dy s cho bang cong thitc ctia s6 hang tong quat

n

Vidu 2. Viét 5 s6 hang dau ctia day s6 (u,) c6 s6 hang tong quat u, =

2. Diy s6 cho bang phwong phap mé ta
Vidu 3. Day s6 (u,) véi cac s6 hang la gia tri gan dung thiéu cua s6 n vdi sai sO tuyét
d6i 10" thi u, =3,1; u, =3,14; u, =3,131; u, =3,1415;. .
3. Day s6 cho bang phuong phap truy héi
Vi du 4. Day s6 Fibonacci dugc xac dinh boi cong thiee truy hoi sau

u1=u2=1 .
voli n=3
u

Hay liét ké 5 s6 hang dau cua day so trén.

111. BIEU DIEN HINH HOC CUA DAY SO
Vi day s8 1a mot ham s8 trén N™ nén ta c6 thé bidu dién day s6 bang d6 thi. Khi d6, trong
mat phzfmg toa do, day sd duoc biéu dién béng cac diém co toa do (n; un) .

Vi du 5. Day s6 (1) v6i u, = "L ¢6 biéu dién hinh hoc nh sau:
n
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Uy
uif---o
Ut ---'——— )
Uz @ - @ _ _
Uy Us : : -?
l r
[ : ! >
4 5 n

| I
| I
| I
| |
0 1 2 3
IV. DAY SO TANG, DAY SO GIAM VA DAY SO BI CHAN

1. Ddy s6 ting, diy so giam

Day s8 (u,) dugc goi 1a ddy 6 ............ néuu,, >u voimoi neN .
Day s8 (u,) duge goi 1a diy 6 ............ néu u,,, <u, véimoi neN".

Vidu 6. Xét tinh tang giam cta cac day so (u,) sau, biét:

1
a) u, =2n-1 b) u =—
n
2. Day s6 bi chin
Day s6 (u,) dwoc goilabichan ... néu ton tai s6 M sao cho u, <M, VneN
Day s6 (u,) dwoc goilabichan ............ néu ton tai s6 m sao cho u, >m, Vne N

Day s6 (u,) dwoc goi la bi chan néu né vira bi chan trén vira bi chan dwdi

Vi du 7. Day s6 Fibonacci bi chdn dudi vi u, >....., VneN;
. . 1., .. 1 .
Day so (u,) voi u, =— bichanvi ...... <—<...,VneN

n

B. THUC HANH

3.2.1. Viét 5 s6 hang dau ctia cac day sO cd s6 hang tong quat u, cho bdi cong thirc:

a) un: - b) unzz _1 C) un: 1+l d) u”:
2" -1 2" +1 n 211
¢ u =1 H u, =15, u,=9
un+l = 2un + 3 un+l = un - un—l

3.2.2. Bang phuong phép quy nap, hay chitng minh cac cong thiic s6 hang tdng quat sau:
a) u, =3n-4 voi {ul b) u =vn+8 voi { '
u

_ _ 2
=u +3 un+1—,/1+un

3.2.3. Dy dodn cong thiic s6 hang tdng quét un ctia cac day s8 (u, ) cho boi:

n+1

u =1 u =1 u =1 u =3
a) < ! b) < ! )y ! d <
un+1 = Zun +3 uml = un +5 uml = 5“71 uml = M” tn
3.2.4. Xét tinh tdng, giam ctia cac day so (un), biét:
n+2 —
a)un=5n1 b)un:2 c)u”=2n+1 d)un=2 n
3" Jn 3n-2 Jn
-n" S N+3 n"+n+1
e) u,=>— f) u, =(=1)"—- g) U, =——H—— h) u =vn+3-+n
n+2 n+4 n +1

3.2.5. Xét tinh bi chin cua cac day s8 (u, ), biét:
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) u, = cos = b) u, =(-1)"cos= ) u,=2n"~1 d) u, =
2n 21 " n(n+2)

1 n

e)u, = fu =————-
NP +2n+n

2" -1
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CAP sO CONG
A. LY THUYET
I. DPINH NGHIA

Cap s6 cong la mot ............ s0 (httu han hodc v6 han), trong do6 ke tir s6 hang thit hai,
mbi s§ hang déu bang s& hang diing ngay trude no ............. v6i mot s6 khong doi d.
S6 d duoc goi la cong .......... cua cap sO cong.

u.,= +d, VneN

Vi du 1. Ba bai kiém tra mot tiét ctia ban Nhan lap thanh mét cap s6 cong, trong d6 diém hai
bai dau Ian lwot 1a 1,2 va 3,6. Hoi diém kiém tra mot tiét Ian 3 cia Nhan duwoc bao nhiéu diém?

1. SO HANG TONG QUAT
Néu cdp so cong (un) c6 sO hang dau u, va cdng sai d thi sd hang tong quat u duoc
xac dinh boi cong thitc:

u, =u, + d, Vnx2

Vi du 2. Ban Nhan hit dat méi Ian chi duoc 10 cai. Ban quyét tim nang con s8 nay 1én bang
cach luyén tap, ct mdi ngay sé tang thém 2 cai. Hoi sau mot tuan, ban Nhan sé hit dat duoc may cai?

IIL. TINH CHAT
Trong mot cap sO cong, mdi s6 hang (trit s6 hang dau va cudi) déu la trung binh
cong cua hai s6 hang ding ké voi nd, nghia la:

u, Vk=2

U, +u

K+l

Vi du 3. Ba bai kiém tra mot tiét cua ban Nhan lap thanh mot cap s6 cong, trong dé bai dau
va bai cu6i lan lwot 1a 1,2 va 3,6. Hoi diém kiém tra mot tiét [an 2 caa Nhan dwoc bao nhiéu diém?

IV. TONG n SO HANG PAU CUA MOT CAP SO CONG

Cho cap s6 cong (un). bat S =u, +u, +...+u, . Khi do

s”=g(ul+ )=g( w+ )

Vi du 4. Ban Nhan trong 3003 cay theo hinh mot tam giac nhu sau: hang th 1 ¢6 1 cay, hang
thit hai c6 2 cay, hang thit ba ¢6 3 cay... Hoi ¢6 bao nhiéu hang?
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B. THUC HANH

3.3.1. Trong cac day s0 sau, day s6 nao la cap s6 cong, khi d6, hay tim cong sai ctia cap s6 cong do:

a) u =n’ by u =—-3 Q) un=7_23” d) u, =(-1)"+2n
3.3.2. Hay dién céc s6 thich hop vao 6 trong:
u, d u n S,
-2 55 20
-4 15 120
3 4 7
27
17 12 72
2 -5 -205
3.3.3. Tim s0 hang dau va cong sai ctia cac cap s6 cong sau:
u, —u, +u. =10 u, =>bu u, —u,=8 u,—u, =5
2) {ul+u3—157 b) {ug —2; +5 ) {1; u3—75 d){ i i
1 6 13 — <Y 2 "M = ”1+”2=25

3.3.4. Mot cap s6 cong cd 16 s6 hang, biét tong ctia s6 hang dau va cudi 1a 45. Hay tinh tong cta cac sd
hang d¢.

3.3.5. Cho mot cap sO cdng b 1, +u,, =24 . Tinh tong 35 s6 hang dau tién cta cap so cong do.

3.3.6. Cho cdp s6 cONng €0 1y, + Uy, = 500. Tinh tong 4010 s& hang dau tién cta cap s6 cong do.
3.3.7. S8 do ba goc ctia mot tam gidc vudng lap thanh mot cap s6 cong. Tim sb do ba goc do.
3.3.8. Tinh céc tong sau:

a) P=15+20+25+---+7515 b) S=1000*-999* +998> —997% +...+ 2% -1
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CAP SO NHAN
A. LY THUYET
I. DPINH NGHIA

Cap s6 nhan la mot ........... s0 (httu han hodc vo han), trong dé ké tir s6 hang thi hai,
moi s6 hang déu la ........... cta sO hang ding ngay truede nd véi mot s6 khong doi g.
S6 q duoc goi la cong .......... cua cdp sO nhan.

u.,= .9, VneN

Vi du 1. Ba bai ki€ém tra mot tiét cua ban Nhan 1ap thanh mot cdp s6 nhéan, trong d6 diém hai
bai dau [an luot 1a 1,2 va 2,4. Hoi diém kiém tra mot tiét lan 3 cia Nhan dwoc bao nhiéu diém?

11. SO HANG TONG QUAT
Néu cap s nhan (u,) ¢6 s6 hang dau u, va cong boi g thi s6 hang tong quat 1, duoc

xac dinh béi cong thitc:

ovn>2

u,=u,.

Vi du 2. Ban Nhan thiét k& mot cai thap gom 11 ting. Dién tich bé mit trén ctia mdi tang bang
ntra dién tich mit trén ctia tang ngay bén dudi, va dién tich bé mit trén ctia tang 1 bang nira dién tich
ctia d& thap. Biét rang dién tich mat d€ thap la 12288 m®. Tinh dién tich mat trén cung.

III. TINH CHAT
Trong mot cdp sd nhan, binh phirong ctia moi s& hang (trit s& hang dau va cudi) déu
la tich cua hai s6 hang diing ké véi no, nghia la:

, Vk=2

Uy Uy =

Vi du 3. Ba bai kiém tra mot tiét ctia ban Nhan 1ap thanh mot cdp s6 nhan, trong d6 bai dau
va bai cudi lan lwot 1a 1,2 va 7,5. Hoi diém kiém tra mot tiét [an 2 ciia Nhan dwoc bao nhiéu diém?

IV. TONG n SO HANG PAU CUA MOT CAP SO NHAN

Cho cdp so nhan (u,). Dat S, =u, +u, +---+u, . Khi d6

n

5,= 1

n 1-q

Vi du 4. D& d6n Tét, hai ban Binh va Duong quyét dinh li xi 1an nhau trong sudt 15 ngay theo

quy tac sau: ngay thit nhat, Binh Ii xi Duong 1 triéu, con Duong li xi Binh 1 nghin; k& tir ngay tht hai,

Binh van Ii xi Duong 1 triéu nhung Duong sé Ii xi cho Binh s6 tién gap d6i ctia ngay hom truedc. Hoi
sau khi két thtic, ai nhan dwoc nhiéu tién 1i xi hon?
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B. THUC HANH

3.4.1. Trong cac day s0 sau, day nao la cap s6 nhan, khi d6, hay tim cong bdi ctia cap s6 nhan do:
a)u =n+3 b) u, =2" C)u, =—

u =2
5 0 { =2
2" u . =u
3.4.2. Tim s6 hang dau va cong bdi ctia cac cdp sO nhan sau:
2) u, +u, =90 b U, —u, +uy; =65 . u,u; =25 d) u, +u, +u, =14
u, —u, =240 u, +u, =325 u, +u, +u, =31 U, -u, u, =64
3.4.3. Tim c&p s& nhan c6 6 s6 hang, biét rang tong ctia ndm s& hang dau la 31 va tong ctia ndm sd
hang sau la 62.
3.4.4. Ti 1é tang dan s0 cua tinh X 1a 1,4%. Biét ré“mg s0 dan cua tinh hién nay la 1,8 triéu nguoi. Hoi
véi mte tdng nhw vay thi sau 5 ndm, 10 ndm s dan cta tinh d6 la bao nhiéu?
3.4.5. T€ bao E. Coli trong diéu kién nuodi cay thich hop ctt 20 phut lai phan d6i mot lan.
A. Hoéi mot t€ bao sau 10 Ian phan chia sé thanh bao nhiéu t&€ bao?
B. Néu ¢4 10° t€ bao thi sau hai gio sé phan chia thanh bao nhiéu t& bao?
3.4.6. Tinh cac tong sau:
1

a) A=1+2+4+---+2" b) B=-27+81-243+---+ 531441 c)C=1+%+%+~-+3—9
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ON TAP CHUONG 3

1 1 1 N

Cau 1. V6i moi s6 nguyén duong n, tong T2 53 34t Y bang

A L B. L p. I+l

n+1 n+1 n+2 n+2

Cau 2. Véi moi s8 nguyén duong 7, tdng 1+3+5+---+(2n—1) bang

A i B. (n—1) C. (n+1) D. (2n-1)?
Cau 3. Bat dang thiic 1B dung véi sO nhiing sd nguyén nao sau day?

n+l n+2 n+n 24

A . nz0 B.n>1 C.nx2 D.n>3
Cau 4. Véi n=2, dang thiic 2+5+8+---+(3n—1) =@ tré thanh

A.2:2(3.§+1) B.2:1(3.;+1) C 0.5 262+) L o 1B1+D)
Cau 5. V&i moi so te nhién n > 2, bat déng thirc nao sau day dung?

A.3">4n+1 B. 3" >4n+2 C.3">3n+2 D. 3" >3n+5
Cau 6. V&i moi s6 nguyén dwong 1, tong 1n° +11n chia hét cho

A. 4 B.6 C.9 D. 12
Cau 7. V6i moi s8 nguyén dwong 7, tong 5.2°" % + 3> chia hét cho

A.5 B.7 C. 4 D. 19
Cau 8. Tong cac gdc trong mot da giac 16i n canh, véi n> 3, la

A. 1.180° B. (n1-1).180° C. (1-2).180° D. (21— 5).180°
Cau 9. Tim s6 nguyén p nho nhat d€ 2" >2n+1 v6i moi s6 nguyén n>p.

A p=2 B.p=3 C.p=4 D.p=5

Céu 10. Tim t4t ca cdc sd nguyén duong n d€ 1° +2% +3% +---+n* > 2018.
A.n>17 B. n>18 C.n>19 D. n>20
Cau 11. Day s6 (u,): xac dinh boi u, =2n-11a

A. Day cac s0 tu nhién B. Day céc s ty nhién lé
C. Day c4c s8 tg nhién chén D.Daysd1;1;1; 1; ...
u, =-1
Cau 12. S6 hang thit 5 cua day sd (u,): { ! la
u, , =u +3
A.2 B.5 C.8 D. 11

u =1
Cau 13. S6 hang tong quat ctia day so (u): 1a
Cau 15 g tong q y sO (u,) {”m _ m

A u, =2 B.u, =2n-1 C.u, =3n1-2 D. u, =/n

Céu 14. Cho day s6 (u,) c6 sO hang tong quat u, = @ Tong cta 10 s6 hang dau bang

A.55 B. 220 C. 286 D. 165
A ~ " A da 2n+1
Cau 15. Hay cho biét tinh don diéu cua day so (un ) ‘U, = T
n+
A.Tang B. Giam
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C. Khong tang khong giam D. Vira tdng vira giam
Cau 16. Hay cho biét tinh don diéu ctia hay day s6 u, =5cosn va u, =3.(-1)".

A.Tang B. Giam

C. Khong tang khong giam D. Vira tdng vira giam
Cau 17. Day s6 nao sau day don diéu?

A u, =3.(-1)" B.u =L C.u =5cosn D. u = 2"+

7 n+1
Cau 18. Két luan nao sau day dung vé day & (u, ):u, = ! ?
" on(n+1)

A. (1,) bi chn trén boi B. (,) bi chan trén boi 1

C. (u,) bi chin dudi boi 0 D.Caa, b, c déu dting
Cau 19. Két luan nao sau day dung vé day sd (un) U = an ?

n+

A. (un) bi chdn duéi  B. (un) bi chan trén C. (un) bi chan D. (un) khong bi chan

Cau 20. Day s6 nao sau day bi chan?
2
A u,=2n+1 B.u, =— C.u,=2" D. u, =2
! " on+1l " " on+1l

Cau 21. Day s nao sau day la mot cdp so cong?

A. -6;-3;3;6,9;... B. ...;2;4;8;12;16,... C. 1;2;4;8;16;... D. x-3;x;x+3
Cau 22. Day s6 nao sau day la mot cap s6 cong?

A u, =(-1)" B.u =3n-2 Cou =3"-2 D.u =2""

Cau 23. S6 do ba goc ctia mot tam giac lap thanh mot cap s6 cong, két qua nao sau day ¢ thé xay ra:

A. 40°;60°;80° B. 30°;60";90° C. 10%;60°;110° D.Ca A, B, C déu dang
Cau 24. Mot tt gidc c6 s6 do bon goc 1ap thanh mot cap s& cong. Biét rang mot goc c6 s8 do 30°, im
cac goc con lai.

A. 75%;120°;165° B. 72°;114°;156° C. 70°;110°;150° D. 80°;110°;135°
Cau 25. Tim s6 hang dau va cong sai ctia cap s6 cong c¢d u, =10 va u, =19:

Au=1vad=3 B.u =1vad=2 Cu=2vad=2 D.u,=2vad=3
Cau 26. Cho mdt cap s8 cong cd u, =19 va u,, =34 .58 hang thit 20 c6 gia tri bang

A.54 B. 94 C. 64 D. 104
Cau 27. Mot cdp s6 cong ¢ u, =-12 va u,, =18. Tdng cta 16 s8 hang dau tién bang

A. 24 B. -24 C.26 D. -25
Cau 28. Cho cap s6 cong c6 S,, =100 va S,, =10.Khi dé S, bang

A.90 B. 90 C. 110 D.-110
Cau 29. X4c dinh x déba s6 1-x;x%;1+x 1ap thanh mot cAp sd cong.

A1l B. .. C +1 D.0
Cau 30. Tinh tong S=1+3+5+---+99:

A. 2500 B. 50 C. 100 D. 250

Cau 31. Day s6 nao sau day khong phai cap s6 nhan?
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1 1 1 1 1 1 111
A -1,————;— B.——;—;1 C. ¥2;232;4%2:8Y2 D. 1,=,—;,—
5 25 125 8 4 2 V2i242,442842 3°9°27
Cau 32. Day s6 nao sau day la cdp sd nhan?
A.u =7-3n B.u =7-3" Cu =7-3" D.u =3(n-7)

Cau 33. Cap s6 nhan (x ) c6 x, =-3 va x, =27 . Tim s6 hang dau va cong boi ctia n6?

n

x,=-1vag=-3 x,=-1vag=3 x, =3 vag=-1 x,=3 vag=1
A. . B. . C. . D. .
x,=1 vag=3 x,=1 vag=-3 x,=-3vag=1 x,=-3vag=-1

Cau 34. Cdp s6 nhén (a,) ¢6 a, =-3 va a, =—27 . Tim s3 hang thtr 10 ctia né?

A. +1024 B. £19683 C. 19683 D. —-19683
Cau 35. Tim x, y sau cho day s0 x, 12, y, 192 1ap thanh mot cdp sO nhan?
A x=3;y=48 B. x=-3;y=-48 C x=3;y=48 D. x=3;y=-48
x=4,y=36 x=2,y=72 x=-3;y=-48 x=-3;,y=48

Céau 36. Cho cap s6 nhan (un) c6u, =5,4g=3 va$sS =200.Timn.
A. 4 B.5 C.6 D.7
Cau 37. Mot tir gidc 16i c6 s6 do cac goc 1ap thanh mot cAp s& nhan. Biét rang s6 do ctia goc thit ba
gdp 9 lan s do ctia goc nhé nhat. Hay tim sd do cta cac goc trong ti giac d6?
A. 5°;15%; 45°; 225° B. 99;27°; 81°%; 243° C. 7% 21° 63°; 269° D. 8°;32%;72°%; 248°
Cau 38. Tinh tong S=1+10+10" +---+10"?

1 1

A. (10" -1) B. 10" -1 C. —(1-10") D. Dép an khéc
9 9
Cau 39. Cho cdp s6nhan (u,) c6 S, =4 va S, =13.Tim S,.
A. 121 hoac 181 B. 121 hoac E C. 144 hoac 185 D. 141 hoac @
16 16 16 16

Cau 40. Ban Canh gui s8 tién 100 triéu dong vao mot ngan hang véi 1ai suat 7% mot nam. Biét rang
néu khong rut tién ra khéi ngan hang thi ctt sau mdi ndm, s6 tién 1di dwoc nhap vao von ban dau (ldi
kép). Hoi sau 10 nam, so tién ca von 1an 13i ma Canh nhan duoc la khoang bao nhiéu?

A.196.715.000 dong  B.196.716.000 dong  C. 183.845.000 dong  D. 183.846.000 dong
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Chuong 4. GIOI HAN

GIOI HAN CUA DAY SO
A. LY THUYET
1. GIOI HAN HU'U HAN CUA DAY SO
1. Dinh nghia
Dinh nghia 1. Ta néi day s6 (u,) ¢6 gioi han 1a 0 khi n dan t6i duong vo cuc, néu
|u,| 6 thé nhé hon mot s duong bé tity y, ké tir mot s6 hang nao d6 tro di.

Kihiéu: limu, =0 (hay limu, =0)hay u, -0 khi n— +o

Dinh nghia 2. Ta néi day sd (Uﬂ) c6 gidi han la s6 a (hay v, dan téi a) khi n— +oo,
néu lim(v, —a)=0.

Kihiéu: limv, =a (hay limv, =a)hay v, > a khi n— +o0

n—>+0

Vidu 1. Cho day s6 (u,) voi u, = 20217;3;25:24:1113 . Ghi céc gia tri trong ting vao bang sau:
n 1 10 100 999 999999 999999999
un
& Khi n—+o0 thiu, —......
2. M6t vai gidi han hitu han
v limlz \/limikz , VkeN
n n
v limc= (clahang sd) v limg"= néu-l<g<1
II. DINH LI VE GIOI HAN HUU HAN
v lim(u, +v,)=limu +limov, v lim(u, —v )=limu —limov,
v lim(u v )=limu_ -limv v limﬂzlfmu”
o " " v, limo,

v Néu u, >0 véi moin thi limu, >0 va lim,/u, =,/limu,

Vidu 2. Tim cac gidi han sau:

1
n 3_7 2
a) lim is— 3 +2016 b) lim —1" c) lim 3 2n
n 5 1 1+n
—+1
n
2 n n
d) i Y14 e) lim 2. —22"
1-2n 7+3.5"
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1. TONG CUA CAP SO NHAN LUI VO HAN
Cap s0 nhan han (u,)cd cong bdi q ( <gq< ), dwoc goi la cdp s6 nhan lui vo

han.

VD: 1; l;l;l;...
2 48

S=limS =——
1-
Vi du 3. Tinh cac tong sau:
a) 51=l+l+l+... b) 52=1—2+é—i+---
2 4 8 3 9 27

IV. GIOI HAN VO CUC
1. Dinh nghia
Tanéi day s6 (u,) c6 gidi han +o khi n— +0, néu u, c6 thé 16n hon mot s6 duong
bat ki, ké ttr mét s6 hang nao dé tro di.
Kihiéu: limu, =+ hay u — 400 khi n— +o0
Ta noéi day so (un) €6 gidi han —oo khi 7 — 400, néu lim(—un) =+00.

Kihiéu: limu =—-oo hay u — —oo khi n— +o0

2. M6t vai gidi han dac biet

v limn* =, VkeN v limg"=  néug>1
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3. Dinh 1i

limu =a>0 Iimu =a<0
v { " :lim(un-vn)z 4 { " :>lim(un-vn)=
limv, = +o0 limo, =+
limu =a>0 limu =a<0
v <limo =0 :limﬂz v <limov, =0 :>limu—”=
v
v, >0 " v, >0 "
limu =a
\/{Tm " :limﬂz
limo, = +oo v,
Vidu 4. Tim cac gidi han sau:
2 g3
a) lim(3* —2n—5) b) lim 2531 =51
2n—-3

B. THUC HANH

4.1.1.

4.1.2.

4.1.3.

4.1.4.

4.1.5.

Tim céc gidi han sau:

6n—1 . 3n*+n-5 N —n+1 . A’ =2n
3

a) lim b) lim ¢ lim———— d) lim
n’+2 2n* +1 4n—2 5+3n
. A9n*+2n-3n . +X1+n’ . 3"-2.5" . 5" +11m!
e) lim f) im—— g) im———— h) im ———
4n+3 Vit +1 + 12 7+3.5" 3" +11"

i) lim(\/n2 +n+1—n) )] lim( 4n? —2n—2n) k) lim(n—\3/n3+2n2)
Tim céc gidi han sau:

a) lim(n* ~2n* —n+1)  b) lim(-n’ +5n—2) c) im¥/2n° +5n° =70 d) lim(2"-3")
3 —
e) hm5n—3r21+1 f) lim(x/n2 +n+1 +n) g) lim(\/4n2 —2n +2n)

1-n

Tinh céc tong sau:
U U UG DR U U O OSNE U S

2 4 8 3 9 27 10 100
Hay viét cac s0 thap phan vo han tuan hoan sau day dudéi dang phan so:
a) 0,333... b) —0,111... €)0,999...
d) -1,020202... e) 0,353535... f) 3,123123123...
Dé trang hoang cho can h{ ctia minh, cht chuét Mickey quyét dinh t6 mau mot miéng bia hinh

vuong canh béng 1. N6 t6 mau xam cac hinh vuéng nhé dwoc danh s6 lan lwot1a 1, 2, 3, ..., n, ...,
trong d6 canh hinh vudng ké tiép bﬁ“mg mot nita canh hinh vuong truede do.
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Gia st quy trinh t6 mau ctia Mickey c6 th€ tién ra vo han.
a) Goi u, la dién tich cua hinh vudng mau xam tha n. Tinh u,, u,, u, va u .

b) Tinh limS,  v6i S, =u, +u, +u, +---+u,.
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GIOI HAN CUA HAM SO
A. LY THUYET
I. GIOI HAN HUU HAN CUA HAM SO TAI MOT PIEM
1. Dinh nghia

Cho khoang K chtta diém xo va ham s8 y = f(x) xac dinh trén K hodc trén K\ {xo} .
Tandi ham sO y = f(x) co gidi han la s6 L khi x dan téi xo néu véi day s6 (x,) bat ki,
X, eK\{xO} vax, > x,,tacd f(x,)—>L.
Ki hiéu: chiglf(x) =L hay f(x) > L khi x - x,.

Jx+3-3

x—6

Vidu 1. Choham s6 f(x)= . Ghi céc gia tri teong ttng vao bang sau:

X 5,99 5,9999 5,999999 6 6,01 6,0001 6,000001
f(x)
& Khi x > 6 thi f(x)—>?
Nhan xét
v limx = v limc= ,véiclahangsd

2. Dinh 1i vé gi6i han hitu han
v lim[f(x) + g(x)] =lim f(x)+limg(x) v lim[f(x) —g(x)] =lim f(x)—1lim g(x)
lim f(x)

. . . . x X=X, A .
< lim[ £()-8(0] =lim f() limg(x) ¢ lim f; fx; oy e limg9+0

v Néu f(x)2>0 thi lim f(x)>0 va lim/f(x) = \/lim f(x)

Vi du 2. Tim cac gidi han sau:

a) 13311(2;(3 —3x +2016) =

3. Gi6i han mot bén
e Choham s0 y = f(x) xac dinh trén khoang (xo;b) :
SO L duoc goi la gidi han bén phai ctia ham s6 y = f(x) khi x — x, néu véi day sd
(x,) batki, x, <x, <b vax, >x,, tacod f(x,)>L.

Kihiéu: lim f(x)=L

e Choham sd y = f(x) xac dinh trén khoang (a,' xo) .
S6 L duoc goi la gidi han bén trai cia ham s6 y = f(x) khi x —» x, néu vdéi day so
(xn) batki, a<x, <x, va x, >x,, tacd f(x,)—>L.

Kihiéu: lim f(x)=L

x%xo

lim f(x)=
lim f(x)=L& 7"
Hm ) lim f(x) =
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Vidu 3. Tim gidi han ctia cac ham s6 sau tai cac diém da chi ra (néu c9):

5x+2 khi x>1 .
a) f(x)= 23 i<l tai x, =1 b) f(x)=lx—-21 tai x, =2

1. GIOT HAN HUU HAN CUA HAM SO TAI VO CUC
¢ Cho ham s8 y = f(x) xac dinh trén khoang (a;+o) .
Ta néi ham s6 y = f(x) c6 gidi han 1a s0 L khi x — +o néu vdi day so (xn) bat ki,
x >avax, —>+o,tacd f(x )—>L.
Ki hiéu: }Lq}of(x) =L hay f(x)—> L khi n— 4o
¢ Cho ham s0 y = f(x) xac dinh trén khoang (—o0;a).
Ta néi ham s6 y = f(x) c6 gidi han 1a s6 L khi x - —0 néu vdi day so (xn) bat ki,
x, <avax —-o,tacd f(x )—>L.
Ki hiéu: )}Lrgof(x) =L hay f(x)—> L khi x, - -0
Nhan xét

p v limc= ,vdiclahangso
x>k y

x—>to0

Vidu 4. Tim cac gidi han sau:

a) lim (—23(2 +x—1) b) limZX;f1 o) lim Y 1=
X—>—0 X—>+0 3+ x X—>—o0 5-2x
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I1I. GIOI HAN VO CUC CUA HAM SO
1. Gioi han vo cuc
Cho ham s6 y = f(x) xac dinh trén khoang (a;+o) .
Ta néi ham s6 y = f(x) c6 gidi han la —o khi x — +oo néu véi day s6 (xn) bat ki,
x,>a vax, —>+o,tacd f(x )—>-oo.
Ki hiéu: }Lrﬂof(x) =—oo hay f(x) > —oo khi x - +o.
Nhan xét
lim f(x) =+ & lim (- f(x)) =

2. M6t vai gidi han dac biét

. khi k 1€
v lim x* = voi keN \/Iimxkz{ kh%k i:
X—>+0 X——0 1 chan
3. Mt vai quy tac vé gioi han vo cuc
a) Quy tic tim gidi han cia tich f(x).g(x)
lim f(x) lim g () lim| f(x)-g(x) ]
+00
L>0
—o0
+00
L<0
—o0
b) Quy tdc tim gioi han ciia thwong ™
8(x)
lim £(x) lim g(x) DA cita g(x) tim £
. 0 X=X, g(x)
L to0 Tuy y
+
L>0
. —
+
L<0
Vidu 5. Tim céc gidi han sau:
a) lim 2x—72 b) lim 2x=7 ¢) lim 2x=7
x—>2 (x—2) =2 x—2 =2t x—2
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B. THUC HANH

4.2.1.

Tim céc gidi han sau:

3 2 3
a) lim(?;x2 —2x+1) b) lim (x 32x)(x+1) ¢) lim,|— d) limm
x—>-1 x—2 x +3 =3\ x _x_6 x—2 _x_4
2 .2 2 2 _
e) limx 1 ) lim4 X o) 1 x —4x+3 h) limx +3x-10
=>-1 x 41 ¥>-2 x 42 =3 x-—3 2 3x? —5x -2
o XH3xP=9x-2 ... “x+3-3 . A4x+1-3 . Al+4x -1
i) lim S j) im —— k) im———— 1) im——
x—>2 x°—x—6 x—6 x—6 x—2 x° =4 x—0 x
4.2.2. Tim cac gidi han sau:
a) lim —” b) lim 2X=° ¢) lim 22X *x~1 d) lim —2X =1
X400 y +1 x40 4 —x X—>+00 3+x X—>+00 3+x
2_
e lim(-2¢+x-1)  f lim X =X+2 g) lim(\/x2+1—\/9x2+2x)
X—>—0 X—>—00 2|x|+1 X—>—00
. NP +1—x x?—3x+4 o N +3x7 . 2x-7
h) im ——— im—— j) im——— k) lim
X—>—0 5—-2x x—3 (X—S) x—2 (x _zx) =1t X —
2_ 2_ 2_
1) Tim 2x -7 m) limx 4dx+3 n) limx 4x+3 D) 11mx 4dx+3
-1 x—1 -3 | x=3l -3 |x=3| =3 | x=3]
4.2.3. Tim gidi han ctia cac ham s6 sau tai cac diém da chi ra:
x> 24x+1khix<1
a) f(x)= Vr+1 khi x>0 tai x, =0 b) f(x)= o t tai x, =1
2x khi x<0 4x* -1 Kkhix>1
2
2x+5 khix<4 wkhix>1
Q) f(x)=14_16 tai x, =4 d) f(x)={ ¥ 1 tai x, =1
khi x>4 X )
x—4 -= khi x<1
2
9—x? 12x—81 khix>3
khix<3 . )
e) f(x)=4 x-3 tai x, =3 f) f(X)=1x*—4x+3 Khi x <3 tai x, =3
1-x khix=>3 [ x—3] LX<

4.2.4. Hay chi ra 13i sai trong céc 10i giai sau:

x1/1 3 1 3
2— T - p—
a) limx—?’leim—leim—xzh gzl
x—>—o 2 _3x X—>—0 2 x>0 2 o =3 3
x| —-3 —=3
X X
2— f—
b) lim > 3x =lim X(x=3) =limx=-3

x—3" |x—3| x—>3" x—3 x—3
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HAM SO LIEN TUC
A. LY THUYET
I. HAM SO LIEN TUC TAI MOT DIEM
Cho ham s6 y = f(x) xac dinh trén khoang K va x, € K.

Ham s6 y = f(x) duoc goi la lién tuc tai xonéu lim f(x) =

Néu ham s0 y = f(x) khong lién tuc tai xothitagoila ................... tai xo.
AY AY

|~

j___.l
!

B P fOJICD x

D5 thi ham s6 gian doan tai X, D0 thi ham sé lién tyctai X,

Vidu 1. Xét tinh lién tuc ctia cdc ham s0 sau tai cic diém da chi ra:

2 —

a) f(x)=x>-3x+2 tai x, =3 b) f(x) =X "2 taix, =2
xX+2

X - x*+1khi x<0
c) f(x)= tai x, =3 d) f(x)= tai x, =0
) ) xr2 0 ) ) {x+1 khix>0 7
1. HAM SO LIEN TUC TREN MOT KHOANG
Ham s6 y = f(x) dwoc goi la lién tuc trén mot khoang néu no lién tuc tai ........ diém

ctia khoang do.
Ham s6 y = f(x) duwoc goi la lién tuc trén doan [a;b] néu noé lién tuc trén khoang
(a;b), dong thoi 11_{? f(x)= va 11_51 f(x)=
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Vidu2. Ham s8 f(x)=x"-3x+2 lién tuc trén R.

Nhén xét: D0 thi ctia ham s6 lién tuc trén mét khoang la “duong ..............” trén khoang do.

Lién tuc trén R Gian doan trén R
111. MOT SO DINH LI CO BAN
Dinh1i1
v Ham da thitc lién tuc trén .......
v Ham phan thtrc hitu ti va cac ham s6 luong giac lién tuc trén ..................... cua
tap xac dinh ctia ching.

x*+4

5 lientuctrén ........oooeiiiiiiiiiiii..

Vidu3. Ham s6 f(x)=
x_

Dinh li 2

Gia st hai ham s0 y = f(x) va y=g(x) déu lién tuc
tai x,. Khi do:

v' Cac ham s6 y=f(x)+g(x), y=f(x)—g(x) va
y = f(x)-g(x) cing lién tuc tai x,.

v Hamso y = % cing lién tuc tai xonéu g(x,) #0.
g(x

Dinh i3

Néu ham s6 y= f(x) lién tuc trén doan [a;b] va

f(a)- f(b)<0 thi phuong trinh f(x)=0 c6 it nhat

mot nghiém nam trong khoang (a;b) .

Vi du 4. Chiing minh rang phuwong trinh
a) x> —3x+1=0 cb it nhat mot nghiém trén khoang (0;1)

b) cosx =x cé nghiém.
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B. THUC HANH

4.3.1. Xét tinh lién tuc ctia cdc ham s0 sau tai cac diém da chi ra:

2x — 2
a =2x° —5x+7 tai x, =2 b = tai x, ==
) f(x)=2x"-5x ai X, ) f(x) Ay A% =
—_— 2_ a—
0 fx)== L tai x, = 2016 d) fla)=X"273 i =3
-1 x—-3
x-3 . x> +1 .
¢) f(x)= Py khzx;tltai x, =1 f fx)= e khi x # -1 tai x, =1
-1 khix=1 4x* -1 khi x=-1
x> —-2x-3 Wi % %3 2x+5 khi x<4
_— 1 X . .
g) f(x)=7 x-3 tai x, =3 h) f(x)=1x2-16 i s g X, =4
4 khi x=3 4
x> —x+1khi x>1 x—_Skhix>5
i) f(x)= T tai x, =1 j) f(x)=1+42x-1-3 tai x, =5
P (x=5P+3 khi x<5

4.3.2. Chting minh réng phuong trinh:
a) x> +3x% +5x-1=0 ¢ it nhat mot nghiém trén khoang (0;1)

b) 4x* +2x—x-3=0 co it nhat hai nghiém phan biét trén khoang (-1;1)

) 2x° —6x+1=0 ¢4 it nhat hai nghiém d) sinx =x cd nghiém
e) x”—3x+3=0 c6 nghiém f) x* +x° -3x* +x+1=0 cd nghiém
g) x° —=3x+1=0 cd dung ba nghiém h) x* +x* —=8x+1=0 cd ding ba nghiém
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ON TAP CHUONG 4

3 _n 2 .
Caul. lim 2n 5 3n2+1;+5 bang
n—-n"+
A. -3 B.1 C.2 D.0

Cau 2. lim(Sn -n’ + 1) bang

A. 40 B. —© C.5 D. -1
3 - A\
Cau 3. limw bang
2n° —n
3
Al B.0 C. +o© D. 5
Cau 4. lim—— L bang
n(n+1)
Al B. -1 C. + D.0
Cau 5. lim(\/n2 —-2n+3 —n) bang
Al B. -1 C. + D.0
Céau 6. lim(\/n2 —-2n+3 +n) bang
Al B. -1 C. + D.0
Cau 7. Iim(n—\3/8n3 +3n+2) bang
A. —o B. -1 C. +o0 D.0

Cau 8. Iim(\/n2 +n+1-3n’ +3n+2) bang

A. —© B. 4+ C. —l D. l
2 2
Cau 9. lim(5” —2”) béng
5
A. —o0 B. 4+ C.3 D. E
Cau 10. lim(3.2"" ~5.3" +7") bing
A. —o0 B. 4+ C.3 D.-5
n+l
Cau 11. hm43—7 bang
25" +7"
A1 B.7 C. E D. Z
5 5
Céu 12. Téng S ———l 1 1 1 .- bang
3 9 27 81
A. 20 B. 61 C. 1 D. 1
81 243 4 4
Cau 13. SO thap phan 0,515151... viét dwdi dang phan s6 la
A7 g 5L o 5151 D, 515151
33 100 10000 1000000
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s 2(

A. +oo B.0

2

Cau 15. hmx—4 bang
=2 x> —3x+2

A1 B.4
— _3 f— N\
Cau 16, lim Y2¥~1 =132 bing
x—1 x—1
A1 B.0

Cau 17. lim (5x —~ 2x3) bang

X—>+00

A. -2 B.3
Cau 18. lim (5x—2x3) bang

A -2 B.3
Cau 19. Khang dinh nao sau day khong ding?

A. lim+Vx?=2x+5 =+

X—>+0

2 —
. im V205 1
X—>+00 3x — 4 3
A 1( 1
Cau 20. lim— (— - 1j bang
=0 x\ x+1
A.0 B. -1
Cau 21. Khang dinh nao sau day dting nhat?
A lim 22314
-3t x—3
o dx=31 ... . .
C. hrr31 khong ton tai
X—> x —_
A . X — M
Cau 22. lim bang
=2t x =2
A. +oo B. —©

Cau 23. Gidi han nao sau day la vo cyc?

2 3 2
A hmsfxz_xﬂ B. lim—~ "2
x—2 x°+2x x—2* (xz_x_6)

A . . 5x+2 khi x>1
Cau 24. Choham so f(x)= ) )
- x° =3 khi x<1

B. lin11 flx)=-2

Nx? =5 khi x>3

Cau 25. Cho ham s§ f(x) =1 ,2

A. linllf(x) =7

M fhi x<3

xX+2
A.19 B.1
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c 3B D. L
3 2
C. =2 D. 4
C. +o D. —o0
C. 40 D. —©
C. +o D. —o0

B. lim Vx? =2x+5 =+4w
Va2 =2x+5

D. lim YX ~2¥%5 _1
> 3x—4 3

B. Iim|x_3I

x—=3 X — 3

=-1

D.Ca A, B, C déu dung

@)
w
O
N |~

2_
C.lim |— 2% p 2 2x2D
3" (2x—1)(x4— ) o xt +x+1

. Khang dinh nao sau day la dting?

C. lim f(x) =7 D. lim f(x)=7
x—1" x—1"

. Tim m dé€ f(x) c6 gidi han khi x —» 37

C -1 D. -19
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1 3

, ———— khi 1, ... e
Cau 26. Vdi gia trinao chtam thiham s6 f(x)=qx-1 x*-1 Pxs 0 gidi han tai diem x;, =17
mx +2 khi x<1
A.2 B. -1 C.1 D.3
A . o 3x+2 N . s N o
Cau 27. Choham so f(x)= o Ménh dé nao sau day dung nhat?
A. f(x) lién tuc tai moi diém B. f(x) lién tuc tai x, =7
C. f(x) lién tuc tai moi diém, trir x,=7 D. f(x) gian doan tai x, = 2019

Cau 28. Ham s6 ¢6 d6 thi ¢ hinh bén gian doan tai diém ¢ hoanh do bf?mg bao nhiéu?
A.0 B.1 C.2 D.3
Céu 29. Truong hop nao lam cho ham s6 f(x) gian doan tai x,?
A. lim f(x) khong ton tai
B. f(x,) khong ton tai
C. lim f(x) # f(x,)
D.Ca A, B, C déu dung
(x+1)* khi x>1 '

Cau 30. Ham s8 f(x)=<x*+3 khi x<1 gidn doan tai x, =1 vi

1-5x khi x=1
-2+
A. lim f(x) #lim f(x) B. f(1) khong ton tai C. lirr11 flx)= f(1) D.Ca A, B, C déu dung
x—1" x—1" x—>
A \ ~ 2x=5 ... A . \ A
Cau 31. Ham s6 f(x) = lién tyc trén khoang nao sau day?
5 . 5
A. 5;4 va (4;+©) B. E;+oo C. R\ {4} D. R
N2
Cau 32. Timm déham s8 f(x)={ x_2 ! lién tuc tai x, =22
2mx—3  khi x<2
A1l B.2 C.3 D.4
x*—3x+2 Khi x%2
Cau 33. Timm déham s§ f(x)={ x_2 ! lién tuc tai x, =272
2x—m khi x=2
A1l B.2 C.3 D. 4

(x+1)* khi x>1
Cau 34. Choham s6 f(x)=4x*+3 khi x<1.Timk d€ f(x) gian doan tai x, =17

k? khi x=1
Al k=42 B. k#+2 C k#2 D. k#+1
Cau 35. Phrong trinh 8x* —24x° +8x-1=0 c6 dung bao nhiéu nghiém trén khoang (-1;3) ?
Al B.2 C.3 D. 4
CAu 36. Phuong trinh 2x* —5x* +x+1=0
A. Khong c6 nghiém trén khoang (-1;1) B. Khong cé nghiém trén khoang (-2;0)
C. Chi c6 mot nghiém trén khoang (-2;1) D. Cé it nhat hai nghiém trén khoang (0;2)
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Chuong 5. DAO HAM

PINH NGHIA & Y NGHIA CUA PAO HAM
A. LY THUYET
. DAO HAM TAI MOT DIEM

1. Cac bai toan dan dén khai niém dao ham

a) Bai todn tim van toc tirc thoi

Quang duong s ctia chuyén dong cua mot chat diém la
mot ham sd cua thoi gian t. Khi d6, van tdc tire thoi cia chuyén dong tai
thoi diém to 1a gidi han sau (néu c9):

lim M I I ? i ;

t=>t, t— tO

b) Bai todn tim cuong do ttec thoi

Dién luong Q truyén trong day dan 1a mot ham sd ctia thoi gian t. Khi d6, cwong d6
tiee thoi ctia dong dién tai thoi diém to la gidi han sau (néu cd):

L Q-0
t=t, t— tO

2. Dinh nghia dao ham tai mot diém

Cho ham s6 y = f(x) xac dinh trén khoang (a;b) va x, € (a;b). Néu ton tai gioi han

(hGtu han) limM thi gioi han d6 duogc goi la ... cua ham so
X X=X,
y = f(x) tai diém xo va ki hiéu la ........... (hodc y'(x,)), tic la:

) IRT f(x)_f(xo)
f(xo)—hm—_x

X=X, X

0

Chuy
v Dai luong Ax =x—x, duocgoila.............. cua x tai x,.
v Dai luong Ay = f(x) - f(x,) dwocgoila ... tuong tng cua f.

Nhu vay: f'(x,) = i}g})—

3. Cach tinh dao ham bing dinh nghia
Budc 1. Gia st Ax la s6 gia ctia x tai x,. Khi d6: Ay = f(x, +Ax)— f(x,)

, A
Budc 2. Lap ti sO =
Ax

Budce 3. Tim lim ﬂ
Ax—0 Ay

Vidu 1. Tinh dao ham ctia cdc ham s sau tai cac diém da chi ra:

a) f(x)=x" tai x, =3 b) f(x)=x" tai x, =1 c) f(x)zl tai x, =2
x
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4. Quan hé giira sy ton tai cia dao ham va tinh lién tuc ctia ham sé
Néu ham s8 y = f(x) c6 dao ham tai x, thi né va
lién tuc tai diém do.
5. Y nghia hinh hoc ctia dao ham fix,)
Cho ham s8 y = f(x) xac dinh trén khoang (a;b) va cd
dao ham tai x, € (a;0). Goi (C) la d6 thi ctia ham s6 d6. Khi do,
f'(x,) 1a hé s6 goc cta tiép tuyén caa (C) tai diém M (xo i f (xo)) .

Phuong trinh tiép tuyén tai di€ém M(xo;yo) 0 =
y- =fC )= )
Vi du 2. Viét phuong trinh tiép tuyén ctia duong cong y = x°
a) Tai diém N(1;1) b) Tai di€m c6 hoanh d¢ bang 2
c) Tai diém c6 tung &6 bang —1 d) Biét hé s8 gdc ctia tiép tuyén bang 3

6. Y nghia vat li ctia dao ham
a) Van toc tiec thoi: v(t,) =s'(t,)
b) Cudng db tirc thoi: 1(t,) = Q'(t,)
II. DAO HAM TREN MOT KHOANG

Ham s6 y = f(x) dwoc goi la ¢ dao ham trén khoang (a;b) néu nd c¢6 dao ham tai .......
diém x trén khoang do.
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Vidu 3: Ham s8 y = x* ¢4 dao ham y'=2x trén R; yzl c6 dao ham y'=—l2 trén R\{0}.
X X

B. THUC HANH
5.1.1. Viét phuwong trinh tiép tuyén cua duong cong y = x°

a) Tai diém M(-1;-1) b) Tai diém cé hoanh do bang 2
c) Tai diém c6 tung d6 bang -8 d) Biét hé s6 goc ctia tiép tuyén bang 3
5.1.2. Viét phuong trinh tiép tuyén cia dudng hypebol =~
X
a) Tai diém NG ,-2) b) Tai diém c6 hoanh d6 bing 1
c) Tai diém c6 tung d6 bang 3 d) Biét hé s& goc ctia tiép tuyén bang —i

5.1.3. Cho duong cong (C):y = x° —3x*. Viét phwong trinh tiép tuyén cta (C)
a) Tai diém K(1;-2) b) Tai diém c6 hoanh d6 bang -1

c) Tai giao diém cua (C) véi truc tung d) Tai giao diém cua (C) vdi truc hoanh

5.1.4. Viét phuong trinh tiép tuyén ctia dudng cong (C) : y = ? biét tiép tuyén d6
—X

a) Cohé s6 goc k=1 b) Song song voi d, 1y = %x —-2016

c) Song song véi d, :4x—y+3=0 d) Vudng goc véi d, : 2x+2y-9=0
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QUY TAC TINH PAO HAM
A. LY THUYET
I. PAO HAM CUA MOT SO HAM SO THUONG GAP

=

=

R | =

S5

X

Hang s6 C

sinx

COSsXx

tanx

cotx

II. PAO HAM CUA TONG, HIEU, TICH, THUONG

Dinh 1i

v (u+v)'= vV (u-v)'=

\/ (u.’(])': \/ (Ej' e —
v

Heé qua

v (ku)'=  (klahing sd) /(1}: — (0=0)
v

Vidu 1. Tim dao ham ctia cdc ham s sau:
4 3
a) yz%—%'f'?)\/; b) y =2sinx—-3cosx

1. PAO HAM CUA HAM HOP
1. Ham hop

Vidu?2: y=(1-2x°)"; y=+vx*-3x+2016 ... 1a cdc ham hop.

2. Pao ham ctia ham hop

Néu ham s u =g(x) c6 dao ham u' vaham s6 y= f(u) c6 dao ham y' thi ham

hop y= f(g(x)) c6 dao ham tai x la

y'x = y'u )
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Vi du 3. Tim dao ham ctia cac ham s0 sau:

a) y=(1—2x3)10 b) y=+x*-3x+2016 c) yzcos(x3—1)—cot3x

B. THUC HANH

5.2.1.

5.2.2.

5.2.3.

5.24.

5.2.5.

5.3.6.

Chwong 5. Pao ham

Tim dao ham ctia cdc ham s0 sau:

a) y=2x' —%x3+2\/;—5

) y=(x-2)(1-x%) d).’/:31x+1
g) ¥y =2sinxcosx h) y = C(.)Sx
sin x

Tim dao ham ctia cdc ham s0 sau:

1
=(x*+x+1)* b) y=————
a) y=(x"+x+1) )y (2 _2x15)
e) y =tan(1+x?) f) y=sinV1+x’
i) y =tan’ x — cotx’ j) y =(sinx +cosx)’

Cho y=x"-3x>+2. Tim x d&

a)y'>0 b) y'<3
Giai bat phuong trinh sau:

x*+3
a)y'=20,vdol y=
)Y Yoy x+1
c)y'>0,vc’yiy=22x—_1

X +x+4

b) y =5sinx—3cosx

e) y=————— f) y =xcotx
x-1
sinx +cosx
k) y=—-"—"
sinx —cosx

c) y=+2x"-5x+2 d) y=(x-2)Wx*+3
g) y=+v1+2cotx h) yzi

1+cos” x
k) y =sin(sinx)

2
b) y'<0, véi yzLJH—2
x-1
d) y'<0, véi y=;
(x* —=2x +5)°

2

Cho hai ham s8 f(x)=2x"-x*+3 va g(x)=x" +x?—\/§ . Giai bat phuong trinh f'(x) < g'(x).

Giai phwong trinh y'=0, biét

a) y=3cosx+4sinx+5x

b) y =cos® x +sinx
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VI PHAN
A. LY THUYET
1. Dinh nghia
Ta goi tich f'(x).Ax la vi phdn ciia ham s6 y = f(x) tai x tng vdi s6 gia Ax, ki hiéu
la df(x) hoac dy, ticla

dy= dx

Vidu 1. Tim vi phan cta cac ham s6 sau:

a) y=x"-5x+1 b) y=sin’x

2. Ung dung vi phan vao phép tinh gin ding
flx, +Ax) = f(x,)+ f'(x,).Ax

Vi dy 2. Tinh gi4 tri gan ding ctia V99 va /3,99 (1dy 4 chit s thap phan).

B. BAITAP
5.3.1. Tim vi phan cua cac ham s6 sau:
a) y=x"-5x+1 b) y =sin’x Q) y = +4x+1)(x* —/x)
2 .
d)y:x 3x+5 e)yzsmx f)yztanzx
x—1 X

5.3.2. Tinh gan dung céc gia tri sau (18y 4 chit s6 thap phan):

a) 3,99 b) /8,99 c) 49,01
d) 416,02 e) cos91’ f) tan44°
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DAO HAM CAP HAI
A. LY THUYET
I. DINH NGHIA
v Dao ham cdp 2: y"=(y")'
v Dao ham cap 3: y" =(y")'
v’ Dao ham cap 4: y* =(y")’
v' Dao ham cap 4: y*© = (y<4>)v

g =(y( )).

Vi du 1. Tim dao ham céc cap cia ham s8 y = x°.

II. Y NGHIA CO HOC CUA PAO HAM CAP HAI
Xét chuyén dong cua mot chat diém xac dinh boi phuong trinh s = f(t), khi

do
v/ Van toc tire thoi: o(t) = f'(t)
v Gia toc tiee thoi: a(t) =0'(t) = f"(t)
Vi du 2. Dao dong diéu hoa ctia con lac 16 xo ¢6 phuong trinh li &6 1a
x = Acos(wt + @)
trong d6 A, @, ¢ la nhitng hang s6, va t 1a bién thoi gian. Hay tim van toc va
gia toc.

B. THUC HANH

5.4.1. Tim dao ham cap hai va cap ba cta cac ham s6 sau:

3 —
a) y=%—3x2+5x+8 b) y=3x"-4x*+7 Q) y=2 Z d) y=+3x-x°
X+
e) f) y =cosx g) y=tanx h) y =cos’x

5.4.2. Chttng minh cdc hé thirc sau véi cac ham s6 dugc chi ra:

a) y’y"+1=0,véi y=+2x-x° b) x’y"-2(x* +y*)(1+y)=0, véi y = xtanx
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ON TAP CHUONG 5

Cau 1. Tim dao ham ctia ham s0 f(x) =vx+1 tai diém x, =17

V2 2 C. 242 D. g

A — B. —
4 2
A N Clx+ll
Cau 2. Choham s6 f(x)=——.Tinh f'(-1)?
X

A.2 B.1 C.0 D. Khong ton tai

Cau 3. Cho ham s3 f(x) = ki x>0 s o sau day khong diing?
x* khi x<1

A. (1) =% B. f'(1)=2 C. f'(1)=1 D. f'(1) khong ton tai
Cau 4. S6 gia ctia ham s8 f(x) = x° tng véi x, =2 va Ax=1 bang bao nhiéu?

A.-19 B.19 C.7 D.-7
Cau 5. SO gia cia ham s6 f(x)=x> —4x+1 ¢ng véi x va Ax la

A. Ax(Ax+2x—4) B. 2x+ Ax C. Ax(2x —4Ax) D. 2x—-4Ax

Cau 6. Cho ham s§ f(x) =x" +3x”> +1 ¢4 d0 thi (C). Phuong trinh ti€p tuyén ctia (C) tai di€m M(-1;3)
la
A.y=-3x B.y=3-x C.y=6-9x D.y=-9x-6

Cau 7. Phuong trinh tiép tuyén cua duwong cong (C): y = il tai diém c6 hoanh d6 x, =-1 la
x —

A y=2-x B.y=x+2 Cy=x-1 D.y=—x-3

Céau 8. Phuong trinh tiép tuyén cua dudng cong (C):y = x* +2x” -1 tai diém c6 tung dd y, =2 la
A.y=8x—-6 vay=-8x—-6 B. y=8x-6 va y=-8x+6
C.y=8x-8vay=-8x+8 D. y=41x-17

3
Cau 9. Tiép tuyén cua d6 thi ham s y = % +3x%* =2 v&ihé s6 goc k=-9 ¢ phuong trinh 1a
A y=-9x-11 B. y=-9x-27 C. y=-9x+43 D. y=-9x+11

biét rang nd song song véi duong

Céau 10. Tim phuong trinh tiép tuyén véi d6 thi ham s6 y = 2042
thang d:y=1-4x?
A y=—4x-2 va y=—4x+14 B.y=—4x+21 va y=—4x+14
C.y=—4x+2 vay=—4x+1 D. y=—4x+12 va y=—-4x+14

Cau 11. BPao ham cia ham s6 y = 4x —2x° bang biéu thitc nao sau day?

A L 104! B. 104" c. 2 10" D. -2 _10x*
Vx Vx Jx Vx
A \ 2 \ A7 2x+ 1 M . A7 7 \ A
Cau 12. bao ham cia ham s6 y = 5 bang biéu thitc nao sau day?
X+
-3 3 -5 5
. —2 B. —2 C. —2 D. —2
(x+2) (x+2) (x+2) (x+2)
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Cau 13. Dao ham ctia ham s8 y =(x*> —x+1)° la

A. 4(x* —x+1)*(2x-1) B. 5(x* —x+1)* C. 5(x* —x+1)*(2x—-1) D. (x> —x+1)*(2x—1)
Cau 14 Pao ham ctia ham 8 £(x) x> +x+1 khi x<1
au 14. Pao ham ctia ham s6 f(x) = a
Nx=1+3khi x>1
2x khi x <1 2x+1 khi x<1
A. f'(x)= B. f'(x)=
f U i x>1 (=11 hixs1
240x -1 x—1
2x+1 khi x<1 2x+1 khi x<1
C. f'(x)= D. f'(x)=
f) Khi x>1 f&) khi x>1
24x -1 24x -1
2
3% i x<1
Cau 15. BPao ham ctia ham s f(x) = 2 la
— khi x>1
X
-x khi x<1 -x khi x<1
A. f'(x)= B. f'(x)=
f) —izkhix>1 f izkhix>1
X X
-x khi x<1 -x khi x<1
C. f(x)=1——= khi x>1 D. fi(x) =] khi x>1
X X
-1 khi x=1 1 khi x=1

Cau 16. Cho ham s8 f(x) =1+4x” —2x*. Tap hop céac gid tri ctia x d€ f'(x) <0 la
A. (-1,0)U(1;+,) B. (-1,0) C. (1;,4x) D. (—;0)
Céau 17. Dao ham ctia ham s6 y =2sin3x-cos5x la biéu thitc nao sau day?
A. 30cos3x-sin5x B. 2cos2x —8cos8x C. 8cos8x—2cos2x D. 30sin5x —30cos3x
Céau 18. Dao ham ctia ham s6 y = Jeotx 1a
-1 -1 1 —sinx

A ——— B. —m— C.—— D

sin’ x.A/cotx " 2sin? xA/cotx 2+/cotx " 2 Jeotx

Céu 19. Cho hai ham s& f(x) =sin* x +cos* x va g(x) = %Cosélx. Chon ménh dé dung:

A f'(x)-g'(x)=0 B. 2f'(x)-3g'(x) =1 C. 3f'(x)+2g'(x)=-1 D. f'(x)=g'(x)+%

Cau 20. Tim dao ham cap 4 ctaham sd y = 1,
X

! ! !
A= B. 2 c -2 D. -2

x° x° x° x®

Cau 21. Mot chét diém chuyén dong thang duoc xac dinh boi phwong trinh s = +* —3t> + 5t + 2, trong
d6 t tinh bang giay va s tinh bang mét. Gia t8c ctia chuyén dong khi t =3 1a

A. 24m/ s B. 17m/s’ C. 14m/s D. 12m/s’
Cau 22. Phuong trinh chuyén dong ctia mot chat diém s = t> —3t> —9t +2 véi s tinh bang mét va t tinh
bang gidy. Tim gia toc tizc thoi tai thoi diém van tc bang 0.

A.10m/ s B. 12m/ s’ C.8m/s D. 16m/s’
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Chuong 3. VECTO TRONG KHONG GIAN
QUAN HE VUONG GOC TRONG KHONG GIAN

VECTO TRONG KHONG GIAN

A. LY THUYET
. DINH NGHIA VA CAC PHEP TOAN VE VECTO TRONG KHONG GIAN
1. Dinh nghia

Vecto trong khong gian 1a mot doan thang .Kihiéu AB chi vecto c6 diém

dau A, diém cudi B. Vecto con dwoc ki hiéu la @, b, %, y...
2. Phép cong va phép trir vecto trong khong gian
v Quy téc ba diém: AB+BC = AC
v Quy tic hinh binh hanh: AB+ AD = AC (ABCD la hinh binh hanh)
/Quytéctn‘x:A—C—Ezﬁ D
Vidu 1. Cho t dién ABCD. Chting minh rang: B
a)Xé+§5=Zﬁ+§6 b)ﬁ—@zﬁé—ﬁg C

v Quy téc hinh hop: AB+ AD+AA' = AC’
3. Phép nhan vecto véi mét sd
v 113 trung diém AB < [A+IB=0
& MA+MB=2MI (M tuy )
v' G la trong tam A ABC < GA+GB+GC =0
< MA+MB+MC =3MG (M tiy y)

Vi du 2. Cho tt dién ABCD. Goi M, N lan luot la trung diém caa AD va BC, G la trong
tam tam giac BCD.

a) Chting minh rang AB+AC+AD =3AG.
b) Xac dinh trong tam S cta t& dién ABCD.
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I1. PIEU KIEN DONG PHANG CUA BA VECTO
1. Dinh nghia
Trong khong gian, 3 vecto duoc goi la dong phang néu ........ ctia chung cung ............
.............. véi mot mat phang,
2. Diéu kién dé ba vecto dong phang
Dinh 1i 1. Trong khong gian cho 3 vecto d, b, ¢ trong &6 a va b khong cung

phuwong. Khi do A

i, b, ¢ dong phang < 3m,n sao cho ¢ =mi +nb

Cap s6 m, n la duy nhat. M,
Vi du 3. Cho t& dién ABCD. Goi M, N lan luot la trung diém D
ctia AB va CD. Chting minh rang ba vecto BC, AD, MN dong phang. B N

Dinh 1i 2. Trong khong gian cho ba vecto khong dong phéng @, b, ¢. Khi d6 voi
moi vecto ¥ ta déu tim dwoc mot bd ba sd m, n, p sao cho X =mi + nb + pc . Ngoai ra
bdbasom, n, pla ...

B. THUC HANH

3.1.1. Cho hinh binh hanh ABCD. Goi S la mét diém nam ngoai mit phang chtta hinh binh hanh.

Chttng minh rang; SA+SC=SB+SD.

3.1.2. Cho tit dién ABCD. Goi M, N Ian luot la trung diém cta AB va CD. Chitng minh réng:

a) AD + BC =2MN b) Ba vecto MN , AC , BD dong phéng

3.1.3. Cho tit dién ABCD. Hay x4c dinh diém S sao cho SA+SB+SC+SD =0.

3.1.4. Cho t&t dién ABCD. Goi M, N lan luot la trung diém cua AB va CD. Trén cac canh AD, BC lan

lugt 1ay cac diém P, Q sao cho AP = %Zﬁ va Eé = %gé Chiing minh ré“mg M, N, P, Q cung thudc

mot mat phéng.
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HAI PUONG THANG VUONG GOC

A. LY THUYET
I. TICH VO HUONG CUA HAI VECTO TRONG KHONG GIAN
1. GOc gitra hai vecto trong khong gian
Trong khong gian, cho ii va 9 la hai vecto khac 0. L&y mot diém A bat ki, goi B va
C la hai diém sao cho AB=1ii va AC =% .Khi d6:
(#,5)= BAC (0" < BAC<180")

2. Tich v6 hudéng caa hai vecto trong khong gian

l_i\7=|l_j| .COS( , ) jcos(ﬁ,\?):—a
9]

Vidu 1. Cho t& dién déu ABCD c6 H la trung diém CD. Tinh:
a) (AB,AC) b) (ZE,EB) ) (ZE,EB)

II. VECTO CHI PHUONG CUA HAI DPUONG THANG
1. Dinh nghia
Vecto chi phuong ctia mot dwong thang 1a vecto c6 gia song song hodc trung véi
duong thang dé.
2. Nhan xét
v Néu a la vecto chi phuong ctia duwong thang A thi vecto ka (véi k#0) ciing la vecto
chi phwong ctia A.

v Mot duong thang trong khong gian hoan toan dugc xac dinh néu biét mot .......... va
mot vecto ......ooeveeeeennenn. cta no.
v' Hai duwong thang song song c6 cling vecto chi / a
phuong.
1. GOC GITA HAI PUONG THANG TRONG KHONG b
GIAN o

1. Dinh nghia
Géc gitra hai dwong thang a va b trong khong gian
la gbc gitta hai duong thang a’ va b’ ciing di qua
mot diém O va [an lwot .., véiavab.
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2. Nhan xét

v D€ x4c dinh géc gitra hai duwong thang a va b, ta c6 thé chon 3
diém O thudc mot trong hai duwong thang.
v Néu a c6 vecto chi phuong ii, b c6 vecto chi phwong ¥ va
(ﬁ,?}) =a. Khi d6 goc gitta a va b bang a néu 0° <a <90° va bang 180° —a 4 B
néu 90" <a <180°. 0
Vi du 2. Cho hinh chép S.ABC c6 SA=SB=SC=AB=AC=a C
va BC =av2 . Tinh géc gitta hai duong thang AB va SC.
A
IV. HAI PUONG THANG VUONG GOC E
1. Dinh nghia
Hai duong thang duoc goi 1a vudng géc véi nhau néu géc B ¢
gitta chung bang ........ 0
Kihiéu:a b D

2. Nhan xét
v Néu a c6 vecto chi phuong i, b c6 vecto chi phwong o thi: a Lb< i 0
v' Cho hai duong thang song song. Néu mot duong thang vuong goc véi duong thang
nay thi cling ........ccccceceeeennes véi duong thang kia.
v’ Hai duong thang vuong goc véi nhau c6 thé cat nhau hogc ............ nhau.
Vidu 3. Cho t& dién ABCD c¢6 AB L AC va AB L BD.GoiP va Qlan luot la trung diém
ctia AB va CD. Chting minh rang: AB 1 PQ.
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B. THUC HANH
3.2.1. Cho hinh lap phwong ABCD.EFGH, canh a.

a) Hay xac dinh goc gitta cac cap vecto AB va Eé, AF va Eé, AB va ﬁl, AC va GE.

b) Chiing minh rang: BH 1 AC.

¢) Tinh d6 dai canh BH.
3.2.2. Cho tt dién ABCD.

a) Chting minh rang AB.CD+ AC.DB+ AD.BC =0

b) Tir dang thiec trén chitng t6 rang néu tit dién ABCD c6 AB L CD va AC L DB thi AD 1 BC.
3.2.3. Cho hinh chép S.ABC c6 SA=SB=SC va ASB=BSC=CSA. Ching minh ring SA L BC,
SB 1 AC, SC L AB.
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PUONG THANG VUONG GOC VOI MAT PHANG

A. LY THUYET
I. DPINH NGHIA
Puong thang d duoc goi 1a vudng gdéc véi mat phang (a) néu d vudng goc Véi .........

duong thang a nam trong mat phang ().

s |AL(@)
Nhan xét: dc(a) } =
I1. PIEU KIEN BE DPUONG THANG VUONG GOC VOI MAT PHANG
Dinh li Hé qua
Néu mot duong thing vudng  Néu mot duong thang vudng goc Vi ...... canh
goc VoI ........ duong thang ....... cla mot tam gidc thi no cling .........ceee...e. voi
nhau cung thu¢oc mot mat  canh th ba cta tam gidc do.
phang thi né vudng goc véi A L AB
mgt phang &y. AL AC} =AL
a,bc(a)
anb=1
=A1
Ala
Alb

Vi du 1. Cho hinh chop S.ABC c6 ddy la tam gidc ABC vudng tai B va c6 canh SA vuong
gbc v6i mat phang (ABC).
a) Chting minh rang BC L (SAB).
b) Goi AH la duwong cao ciia A SAB. Chtitng minh AH 1 SC.
S

III. TINH CHAT
v Tinh chat 1: CO wvveeeeerrerecrrerereeenne mat phang di qua mot /1
diém cho truedc va vuong goc véi mot duong thang cho trude. .
v Tinh chat 2: CO oo duong thang di qua - H M’
mot diém cho trude va vudng goc véi mot mat phang cho trude. —8

v’ Mt phing trung truc cia mot doan thing: 14 ...
............ di qua ..o, clia doan thang d6, dong thoi /

......................... v6i doan thang do.
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IV. LIEN HE GIUA QUAN HE SONG SONG - VUONG GOC CUA BPUONG THANG VA
MAT PHANG
v Tinh chat 1:
a) Cho hai duong thang song song. Mt phang nao vudng géc véi duong thang nay thi
CUNEG oovevvvieiiirnne véi duong thang kia.

b) Hai duong thang phan biét cing vuong goc véi mot mat phang thi ................... voi
nhau
v Tinh chét 2:
a) Cho hai mat phang song song. Puong thang nao vudéng goc véi mat phang nay thi
CUNG v véi mat phang kia.
b) Hai mat phang phan biét cing vudng goc véi mot duong thang thi ........cc......... voi
nhau
v Tinh chét 3:
a) Cho duong thang a va mit phang (a) song song véi nhau. Duong thang nao vuong
goc voi (a) thicling .....ccccevvvevecnnene. voi a.

b) N&u mot duong thang va mot mat phang (khong chita duong thang d6) cing vudng
gbc véi mot duong thang khéc thi ching ..........oc.evennen. voi nhau.
V. PHEP CHIEU VUONG GOC VA DINH L{ BA PUONG VUONG GOC
1. Phép chiéu vudng goc
Cho duong thing A vuodng géc véi mat phang (a). Phép chidu ... theo
phuong ...... 1én mat phang (a) duoc goi la phép chiéu vuong géc 1én mat phang ().
2. Dinh li ba dwong vuong goc
Cho duwong thang a ndm trong mat phang (a) va b la duong thang khong thuoc ()
dong thoi khong vuong goc voi (a). Goi b’ 1a hinh chiéu vudng goc ctia b trén (a). Khi d6 a vudng

gbc voi b khi va chi khi a vuong goc vdi ......
3. Goc gitta dwong thang va mit phang NA
Cho duong thang A va mat phang (a).
x Truong hop duong thang A vudng géc véi () 4—anh }\0
thi (A, (@) = A H

x Trueong hop duong thang A khong vuodng gdc
v6i(a) thi (A,(a))=(A,d), trong d6 d 1 ..occvvevvvevrerernnnnas ctia A 1én (a).
Vi du 2. Cho hinh chop S.ABCD c¢6 day ABCD Ia hinh
vuong canh a vaSA=SB=SC=SD=a. Goi O la giao diém cuta
ACvaBD.
a) Chttng minh rang SO L (ABCD).
b) Tinh goc gita dwong thang SB va mit phang
(ABCD).
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B. THUC HANH
3.3.1. Cho tit dién ABCD c6 hai mat ABC va DBC la hai tam gidc can c¢6 chung canh day BC. Goi I la
trung diém BC, goi AH la dudng cao ctia tam gidc AID. Chting minh rang:

a) BC L (AID) b) AH L (BCD)
3.3.2. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi va c6 SA=SB=S5C =5D. Goi O la giao diém
ctia AC va BD. Chtrng minh rang:

a) SO L (ABCD) b) AC L(SBD) c) BD1SA
3.3.3. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng va SA 1 (ABCD). Chting minh rang:
a) AB L (SAD) b) BC L (SAB) ¢) BD L (SAC)

3.3.4. Cho hinh choép S.ABC c6 day ABC la tam gidc vudng can tai B; SA L (ABC); AB=BC=a;
SA = a\/g .

a) Tinh géc gitta SB va mit phang (ABC)
b) Goi AH va AK Ian luot la duwong cao caa ASAB va ASAC. Chiing minh SC L (AHK).
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HAI MAT PHANG VUONG GOC

A. LY THUYET
I. GOC GIUA HAI MAT PHANG

1. Dinh nghia
Géc gitta hai mit phang 1a goc gitta hai duong thang lan 1ot ................... véi hai
mgt phang d6.
Cht v: Néu hai mit phang song song hoéc trung
nhau thi géc gitta chting bang .......

2. Cach xac dinh géc giita hai mat phang cit nhau
Budc 1. Xac dinh giao tuyén ¢ = (a) N (B)

Budc 2. Chon mot diém [ ec

Bwdc 3. Trong (@), dung dthang a Lc va anc=1
Trong (B), dung dthang b L ¢ va bnc=1
Khi d¢, ((a),())=( , ).

Vi du 1. Cho tit dién ABCD c6 ABC va DBC Ia cac tam giac can c6 chung canh BC. Hay
xac dinh goc gitta hai mat (ABC) va (DBC).

3. Dién tich hinh chiéu cia mét da giac
Cho H la mot da giac nam trong méat phang («). Goi H’ 1a hinh chiéu vudng géc cia H
1én mat phang () . Khi do: S

Vi dy 2. Cho hinh chdp S.ABC c6 day la tam giac déu ABC

. A
canh a, canh bén SA vudng goéc voi mét phang (ABC) va SA = g . (o

a) Tinh géc gitta hai mat phang (SAB) va (ABC)
b) Xac dinh hinh chiéu vudng gbéc ciia A SAB 1én mat day
) Tinh dién tich ASBC
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IL. HAI MAT PHANG VUONG GOC
1. Dinh nghia
Hai mit phang dwoc goi 1a vudng goc véi nhau néu goc gitta ching bang ........
Kihiéu: (a) (B)

2. Cac dinh li
Dinh 1i 1. Diéu kién can va da d€ hai mit phang vudng goc véi nhau la mat phang
nay chtta mot ........ccccceueeeee. vuong goc véi mit phang kia.
AC(“)}c»( )L(B)
!
A (B)
Vi du 3. Cho ttt dién ABCD c6 cac canh AB, AC, AD d6i mot vuong goc. Chitng minh
rang cac mit bén (ABC), (ABD), (ACD) ciing d6i mot vudng goc. B

Hé qua 1: Néu hai mit phang vudng goc véi nhau thi bat cit dwong thang nao nam
trong mit phang nay va vudng goc Vi ....co...coewvverreenne. thi vudng gdc véi mat phang
kia.
Hé qua 2: Cho hai mit phang (@) va (f) vudng gdéc véi nhau. Néu tir mot diém
thuoc mit phang (a) ta dung mot duong thang vudng gdéc véi mat phang () thi
duong thang nay nam .............. mgt phang (a).
Dinh li 2: N&u hai mat phang cat nhau va cing vuong goc véi mit phang thi ba thi
.......................... ctia chting cing vudng gdc véi mit phang thit ba dé.

III. HINH LANG TRU DUNG, HINH HOP CHU NHAT, HINH LAP PHUONG

1. Dinh nghia
Hinh lang tru ding la hinh lang tru ¢ cac canh bén ........................ voi cac mat day.
Do dai canh bén dwocgoila ... cta hinh lang tru ding.

e Hinh lang tru ding c6 day la tam giac, t gidc, ngti giac... dwoc goi twong ting la hinh
lang tru ........... tam gidc, lang tru ding t gidc, lang tru diing ngti giac...

e Hinh lang tru ding c6 day la mot da giac déu dwoc goi la hinh ling tru .........

e Hinh lang tru ding cé ddy la hinh binh hanh duoc goi 1a hinh .......... dirng.

e Hinh lang tru ding cé ddy la hinh chit nhat dugc goi la hinh ...,

e Hinh lang tru ding cd day la hinh vudng va cac mat bén déu la hinh vudng dwoc goi
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Hinh lang tru diing tam giac Hinh hop chit nhat Hinh lIap phuong
2. Nhan xét
Cac mat bén ctaa hinh ldng tru dang ludn ... véi mat ddy va déu la hinh

IV. HINH CHOP PEU VA HINH CHOP CUT BPEU

1. Hinh chép déu
e Dinh nghia: Hinh chép déu la hinh chép cé day la mot da gidc .......... va ¢6 chin dwong cao
trung voi .......... da gidc day.

e Nhan xét:
v Hinh chép déu c6 cac mdt bén la nhiing tam gidc ......... bang nhau, va tao véi mat
day cac gOcC ...cvvuuinnnne

2. Hinh chop cut déu

Phan ctia hinh chép déu nam gitta ddy va mot
thiét dién ......cceeveenenneee véi day cit cac canh bén
cua hinh chép déu duoc goi la hinh chép cut
déu.

B. THUC HANH

3.4.1. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tam O va

SA =SB =SC =SD . Chitng minh rang;

a) (SAC) L (ABCD) b) (SAC) L (SBD)

3.4.2. Cho tir dién SABC ¢6 SA L (ABC), ABC la tam gidc vuong tai B va SA=AB=2a, BC = a\/§ )
Goi M 1a trung diém AB.
a) Tinh dudng cao Alcia AAMC  b) Tinh ((SMC),(ABC))

c) Tinh dién tich tam gidc SBC

Chwong 3. Quan hé vudng goc trong khong gian Trang 65 Mr. Huynh Phu St



Chuwong 3. Quan hé vuong géc trong khong gian Trang 66 Mr. Huynh Phu St



KHOANG CACH
A. LY THUYET
I. KHOANG CACH TU MOT BIEM DEN MOT PUONG THANG, MAT PHANG

1. Khoang cach tir mot diém dén mot duwong thang
Néu K 12 hinh chiéu ctia diém O trén A thi d(O,A) =.....

2. Khoang cach tir mot diém dén mot mit phang
Néu K 1a hinh chiéu cta diém O trén () thi d(O,(a))=......
Vi du 1. Cho hinh chép S.ABCD c¢6 ABCD la hinh vudng canh 4, cac canh bén bang a2 .
Goi M 1a giao diém ctia AC va BD.
a) Chtzng minh rang SM la duong cao ctia hinh chép.
b) Tinh d6 dai dwong cao ctia hinh chép.

II. KHOANG CACH GITUA PUONG THANG VA MAT PHANG SONG SONG, GITA HAI
MAT PHANG SONG SONG

1. Khoang cach giita duwong thing va mit phing song song
Cho duong thang A/ /(a) va M 1a mot diém bat ki trén A . Khi d6 d(A,(a))=d( ,(a)).

2. Khoang cach giita hai mit phing song song

Khoang cach gitta hai mit phang song song la khoang cach tit mot ............. bat ki cua

mat phang nay dén mit phang kia.

(@)//(B) a

d((a),(B))=4d( ,
Me [ =A@ ®)=d( )
III. PUONG VUONG GOC CHUNG VA KHOANG CACH GIUA HAI
DUONG THANG CHEO NHAU N -~
1. Dinh nghia &
v Puong thang A cat hai dwong thang chéo nhau a, b va cling vuong géc véi hai dueong

thang ay duoc goi la duong vudng goc ................. ctaavab.

v Néu duong thang vudng goc chung A cat hai duong thing chéo nhau a, b Ian lwot tai
M, N thi d(a,b) =........
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2. Cach tim dwong vuéng goc chung cta 2 dwong thang chéo nhau
Cho hai duong thang chéo nhau a va b.
e Goi (B) 1a mat phang chtta b va song song vdi a.
e Goi (a) 1a mat phang chtta a va vudng goc véi (f).
e Goi c=(a)n(f) va N=bnc
e Goi A la duong thang di qua N va vudng gdc véi a.
Khi d6 A la duong vudng goéc chung.
Vidu 2. Cho t¢ dién déu ABCD canh a. Goi M, N Ian lwot 1a trung diém caa AB va CD.
a) Chting minh rang MN la duong vuong goc chung ctia AB va CD.
b) Tinh khodng cach gitta AB va CD.

B. THUC HANH

3.5.1. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh a, canh SA vudng goc voi mat day va
SA=a.

a) Tinh khoang céch d(B,(SAC)). b) Tinh khoang cach d(A,(SBD)).

c) Tinh khoang cach d(SA, BC). d) Tinh khoang c4ch d(SC, BD)
3.5.2. Cho hinh chép S.ABC c6 day la tam giac déu canh 2a, canh SA vudng goéc voi mat day va
SA=a\3.

a) Tinh dién tich tam giac SBC. b) Tinh khoang cach tit A dén mat (SBC).
3.5.3. Cho hinh lang tru ABC.A’B’C’ c6 ABC la tam gidc vuong can tai A va AB= AC =a+2, canh bén
AA' =2a, hinh chiéu vudng goc ctia A’ trén mit phang (ABC) trung véi trung diém M ctia canh BC.

a) Tinh s§ do goc gitta dwong thang AA’ va mat phang (ABC).

b) Tinh khodng cach gitta hai mat ddy caa lang tru.
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ON TAP CHUONG 3

Cau 1. Cho tr dién ABCD. Goi M va N Ian lwot la trung diém cua AB va CD. Ménh dé nao sau day
sai?

A. AC+BD=AD+BC B. MN = (AD+ C)
C. AC+AD+BC+BD = -4NM D. MC +MD =4MN

Cau 2. Cho tit gidc ABCD nam trén mit phang (a) va mot diém S tly y. Ménh dé nao sau day dtng?
A. AC+BD=AB+CD B. SA+SC =SB +SD

C.Né&u SA+SC =SB+SD thi ABCD 1a hinh binh hanh

D. OA+0OB+0OC +0D =0 khi va chi khi O 1a giao diém ctia AC va BD

Céu 3. Piéu kién can va da déba vecto @, b, ¢ dong phing la:
A. Cé hai s x, i sao cho ¢ = xid + yb B. CobasSx, y, zsao cho xi+yb+2z¢ =0
C. Cé hai s8 x, y khong dong thoi bang 0 sao cho ¢ = xi + yb

D. Cé ba s6 x, y, z khong dong thoi bing 0 sao cho xd + yb +z¢ =0
Céu 4. Cho ba vecto @, b, ¢ khong dong phing. Khi d6, ba vecto nao sau day dong phéng?

A.Gi+b,0,¢ B.i+b,2d,2b C.i+b,¢,b D.a+5,a,2(a+5)
Cau 5. Cho hinh hop ABCD.A’B’C'D'". Khi d6, ba vecto nao sau day dong phang?

A. AB, A'B,D'B’ B. AB, AC, AA’ B C
C. AB, AC,CC' D. AB, BC, CC'
Cau 6. Cho hinh hop ABCD.A’B'C'D’. Goi M la trung diém cua AA’, A
O Ia tam cta hinh binh hanh ABCD (nhw hinh). Ba vecto nao sau day ’}B_' ——————————— X
doéng phang? M\
A. MO, AB, BC B. MO, AB, A' D' ba D'
C. MO, DC', B'C D. MO, A'D, B'C'
Céu 7. Cho tiz dién ABCD ¢6 G la trong tam ABCD. Khi d6
A. AG = +(AB+AC+ AD) B. AG=(BA+CA+DA)
4 4
C. AG = (4B+ AC+ D) D. AG=~(AB+AC+ AD)

Cau 8. Cho tt dién ABCD c6 trong tam G (nhu hinh). Khi d6:

A. AG:l(AB+AC+AD) B. TG:l(ﬁw—mﬁ)
4 4

N 1 - .

C. AG:-(ZE+XE+ZB) D. E:—(AB+AC+AD)
3

Cau 9. Cho t¢ dién déu ABCD, canh a. Tich v6 huéng AB.AC
bf?mg

aZ
A. a’ B.0 C. — D. —
2 2
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Cau 10. Cho tt dién déu ABCD, canh a. Tich v6 huéng ABCD béng

2 2
a

A. 2 B.0 c. L D. -4
2 2

Cau 11. Hai duong thang a, b lan lwot c6 cac vecto chi phuong 1a i, 3. Goi ¢ 1a goc gitta hai duong
thang a, b. Khi d6

A p= (ﬁ,?)) B. cosp = Cos(ﬁ,i) C. ¢ =180° —(ﬁ,?)) D. cosg = ‘Cos(ﬂ,ﬁ)‘
Céau 12. Trong cac ménh dé sau day, ménh dé nao dang?

A. Hai duong thang cling vudng gbc véi mot duong thang d thi song song véi nhau

B. Hai duong thang cting vudng goc véi mot duong thang d thi vudng gde véi nhau

C. Hai duong thiang cting vudng géc véi mot duong thang d thi cit nhau

D. Hai duong thang cling vudng gdc véi mot duong thang d thi cé thé chéo nhau
Cau 13. Cho hinh 14p phuwong ABCD.A’B’C’'D’ ¢6 canh a. Ménh dé nao B N

C

sau day khong dang? '

A. AD'.CC' = - B. AD'.AB =d* :

. AT~ D

C. AB.CD'=0 D. AC'=a\3 T~/
Cau 14. Cho hinh 1ap phuong ABCD.A’B'C’'D’. Goi M, N, P Ian luot la EB'
trung diém cac canh AB, BC, C'D’ (nhu hinh). Xéc dinh s& do géc giita pmmme- rf---4C'
hai duwong thang MN va AP. 7

A. 30° B. 45° C. 60° D. 90° N D’

Goiy: Tam gidc ACD’ déu.
Cau 15. Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh hanh tam I sao cho SA=SC va SB=SD.
Ménh dé nao sau day dung?

A. SI 1 (ABCD) B. AC L(SBD) C. BD 1L (SAC) D. SA 1 (ABCD)
Cau 16. Cho hinh chép S.ABCD c¢6 day ABCD la hinh thoi tam I sao cho SA=SC va SB=SD . Ménh
dé nao sau day khong dung?

A. SI 1 (ABCD) B. AC L(SBD) C. BD 1L (SAC) D. SA 1 (ABCD)
Cau 17. Cho tit dién ABCD c6 ACD va BCD la hai tam gidc can cé chung canh day CD. Goi M la
trung diém CD. Ménh dé nao sau day diung nhat?

A. AM L (BCD) B. BM L (BCD) C. CD L (BAM) D. AM L (BAM)
Cau 18. Cho t& dién ABCD c6 cac canh AB, AC, AD d6i mot vudng goc. Ménh dé nao sau day dung
nhat?

A. AB 1 (ACD) B. ABLCD C. ACLBD D.Ca A, B, C déu dung
Cau 19. Cho hinh chép déu ABCD. Goi G la trong tam tam giac BCD. Ménh dé nao sau day khong
dung?

A. AGLCD B. AG L (BCD) C. BG L (ACD) D. AB+AC+AD =3AG
Cau 20. Cho tit dién ABCD c6 ACD va BCD la hai tam gidc can cé chung canh day CD. Goi M la
trung diém CD. M3t phang trung truc ctia doan thang CD la

A. (BAM) B. (BCD) C. (ACD) D. AB
Cau 21. Cho hinh chép S.ABCD c¢é day ABCD la hinh binh hanh tam I sao cho SA=SC va SB=SD.
Hinh chiéu ctia dudng thang SB trén mit phing (ABCD) la

A. AB B.CB C.DB D.IB
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Cau 22. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, tam I va SI = #. S6 do goc
gitta duong thang SA va mit phang (ABCD) bang

A. 30° B. 45° C. 60° D. 90°
Céau 23. Cho hinh chdép S.ABCD c6 day ABCD la hinh vuéng canh a. SC L (ABCD) va SC=a. S0 do
goc gifta duong thang SA va mit phang (ABCD) bang

A. 30° B. 45° C. 60° D. 90°

Cau 24. Cho hinh chép S.ABC c6 day ABC vuodng tai A va BC =SB =a. Hinh chiéu vudng gbc cta S
1én mat phang (ABC) tring véi trung diém M ctia BC. Tinh s8 do géc gitta SA va (ABC).

A. 30° B. 45° C. 60° D. 75°

Cau 25. Cho hai duong théng phan biét a, b va mat phéng (P). Ménh dé nao sau day la dung?
A.Né&u aLb va aL(P) thib//(P) B.Néu a//b va a L (P) thi b L (P)
C.Néua//(P)va a Lb thi b L(P) D. Ca A, B, C déu sai

Cau 26. Mot hinh chop tam giac 1a hinh chép déu khi va chi khi
A. Purong cao cta hinh chép di qua trong tam caa day
B. Cac canh bén ctia hinh chép bang nhau
C. Céc canh bén tao véi mat ddy cac géc bang nhau
D. Pay la tam gidc déu va cac canh bén c6 d6 dai béng nhau
Cau 27. Cho tt dién déu ABCD. Cosin ctia goc gitta duong thang AB va mat phang (BCD) bang
R Bl 2 p. ¥3
2 3 2 3
Cau 28. Cho hai mgt phang (P) va (Q) vudng géc véi nhau theo giao tuyén c va mot diém A e (P).
Ménh dé nao sau day la dung?

A.Néu ac (P) thi a L(Q) B. Néu a L (Q) thi ac(P)
C.NéualcvaAeathial(Q) D.Néu a L (Q) va Aea thi ac(P)
Cau 29. Cho hai mat phéng (P), (Q) va mot duong thz?mg a. Ménh dé nao sau day la dung?
A.N&u (P)//(Q) va a L (P) thi a L (Q) B. Néu (P) L (Q) va a L (P) thia//(Q)
C.Néu (P) L (Q) vaa//(P) thi a L (Q) D. Ca a, b, c déu sai
Cau 30. Cho duong thang a L (P). Qua a, cé bao nhiéu mat phang vudng goc véi (P)?
A.0 B.1 C.2 D. V6 s0

Cau 31. Cho duong thang a khong vudng goc véi mit phang (P). Qua a, c6 bao nhiéu mit phang
vudng goc voi (P)?
A.0 B.1 C.2 D. V6 so
Cau 32. Hai mat phéng vuong goc voi nhau khi va chi khi
A. Moi dudng thang nam trong mat phang nay déu vudng géc véi mit phang kia
B. Hai mit phang Ian lugt chita hai duong thang vudng géc véi nhau
C. M3t phang nay chita dudng thang vudng goc véi duong thang kia
D. M6i dudng thang nam trong mat phang nay déu vudng goc véi mot duong thang nam trong
mat phang kia
Cau 33. Hinh nao trong cac hinh sau day khong c6 du 6 mat la hinh chit nhat?

A. Hinh lap phuong B. Hinh lang tru t& giac déu
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C. Hinh hép dtmg D. Hinh hop chir nhat

Cau 34. Hinh nao trong cac hinh sau day c6 tat ca cic canh bang nhau?

A. Hinh hop cht nhat B. Hinh hop C. Hinh ldng tru déu  D. Hinh hop thoi
Cau 35. Hinh hop chit nhat c6 ba kich thwdce 1a 3, 4, 5 thi d0 dai dwong chéo cta nd la

A.50 B. 5v2 C.2\5 D. 12
Cau 36. Hinh 1ap phuong cé canh bang 7 thi duwong chéo c6 do dai la

A. 147 B. 3v7 C. 743 D.21

Céau 37. Cho t& dién ABCD c6 cac canh AB, AC, AD d6i mét vudng goc véi nhau. Két luan nao sau
day khong dung?

A. (ABC) L(ACD)  B.(ABC)L(ABD)  C.(ACD)L(ABD) D. (ABC)L(BCD)
Céu 38. Cho hinh chop tit giac déu S.ABCD. Chon két luan sai.

A. (SAC) L(SBD) B. (SAC) L (ABCD) C. (SAB) L (ABCD) D. (SBD) L (ABCD)
Cau 39. Cho tit dién ABCD c¢6 cac canh AB, AC, AD d6i m{t vuong goc véi nhau va
AB=AC = AD =a. Tinh tan((ABC),(DBC)).

Al B. \2 C.% D.%

Cau 40. Cho t& dien ABCD c6 cac canh AB, AC, AD d6i mot vudng goéc véi nhau va AB=AC=a,
AD = % Tinh s do géc ((ABC),(DBC)).

A. 45° B. 54°44' C. 3516’ D. 26°34'
Cau 41. Cho t& dien ABCD c6 cac canh AB, AC, AD d6i mot vudng goéc voi nhau va AB=AC=a,

AD - % Tinh dién tich tam gidc BCD.
2 2 2
AL B. a\2 c. Xz V2 D. =2
2 2 22

Cau 42. Cho hinh chép t& giac déu S.ABCD c6 day ABCD la hinh vudng canh a va
SA=SB=SC=SD=a. Tinh cosin ctia gbc ((SAB),(SAD)) .

1

3 1

A. — B. C.— D. ——
4 2 3
Cau 43. Cho tit dién ABCD c¢6 cac canh AB, AC, AD d6i m{t vuong goc véi nhau va

AB = AC = AD =a. Tinh khoang c4ch tir diém A d&n mat phang (BCD).

A.a B. # C. a2 D. a3

3
Cau 44. Cho duong thang a song song véi mat phang (P). Ménh dé nao sau day chua dung?

W

A. Khoang cach gitta a va (P) bang khoang cach gifta a va duong thang b c (P) sao cho a//b
B. Khoang cach gifta a va (P) bang khoang cach gitta a va hinh chiéu ctia né trén (P)
C. Khoang céch gitta a va (P) bang khoang cach giita a va duong thang b c (P) sao cho a L b
D. Khoang cach gifta a va (P) bang khoang cach gitta a va duong thang b c (P) sao choavab
khong song song
Céau 45. Ménh dé nao sau day sai?
A. Khoang céch gitra hai duong thang chéo nhau bang d6 dai doan vuéng géc chung ctia hai
duong thang &6
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B. Khoang céch gitta hai duong thang chéo nhau bang khoang cach gitta hai mat phang song
song lan lwot di qua hai dwong thang d6
C. Khoang céch gitta hai duong thang chéo nhau bang khoang cach gitta mot trong hai duong
thang va mit phang song song véi né chita duwong thang con lai.
D. Khoang cach gifta hai dwong thang chéo nhau bang khoang cach gifta hai dwong thang song
song lan lwot cat hai duong thang dé

Cau 46. Tim ménh dé sai trong cac ménh dé sau:
A. Doan vudng géc chung ctia hai duong thang chéo nhau la doan thang ngan nhat ndi hai
diém thuoc hai duong thang d6
B. Doan vudng géc chung ctia hai duong thang chéo nhau la duong thang vudng goc véi hai
duong thang &6
C. Doan vuoéng goc chung ctia hai dwong thang chéo nhau cat ca hai dwong thang doé
D. Doan vuong géc chung cta hai duong thang chéo nhau vudng géc véi mit phang song song
v6i hai dwong thang d6

Cau 47. Cho hinh lap phwong ABCD.A’B’C’D’ canh a. Hay chi ra doan B C

vuong goc chung ctia AB va A'D”?

AL AA’ B. BDY C.BC D.B'D AR D
Cau 48. Cho hinh lap phuong ABCD.A’B'C'D’ canh a. D€ tinh khoang i\ ~ N
cach gitra hai duong théng AC’ vaB’D’, ban Tran da giai nhw sau: EB' 7:/\ - |
Buéc1 Goi M=B'D'AA'C’ NS
Tur diém M, dung MN L AC' (1) P N
Budc2 Vi ABCD.A’B'C'D’ 1a hinh lap phurong nén A D'

B'D'LA'C
=B'D'L(AA'C'Y=B'D'L MN (2)
B'D'L AA’
Bwoc3 Tt (1) va (2) suy ra MN la doan vudng goc chung
cua AC' vaB'D’.
Ta thdy A AA’C’ va AMNC’ dong dang vi
Buéc 4 {A' =90°

c’ chung
aa 2
_MN_MC L AAMC Ty a6
AA' AC' AC' w3 6

Tir d6 suy ra d(AC',B'D') =%

Loi giai trén dung hay sai. Néu sai thi sai tit budc nao?
A.bung B. Sai ttr Budc 2
C. Sai tir Bu6c 3 D. Sai ttr Budc 4

Céau 49. Cho hinh chép t¢ giac déu S.ABCD c6 ABCD la hinh

a2

vudng tam I, canh a va SI = > Tinh khoang céch gitta hai

duong thang AC va SB.
A. a2 B. 2 C. a3 D.a
2 2 2
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