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Lueu y: - Thi sinh lam méi cdu trén mot to gidy riéng va ghi ré s6 thir tw cdu 6 trang 1 ciia méi to gidy thi.
- Thi sinh khong dwgc sir dung mdy tinh cam tay

Cau 1. (3 diém) Cho a <b <c 13 ba nghiém thuc cia phuong trinh 8x* —4x* —4x+1=0.
a. Lap phuong trinh bc ba ¢6 3 nghiém 1a 1-24°, 1-2b%, 1-2¢°.
b. Chimg minh ring: 24> +b=2b"+c=2c*+a=1.

5 . a, = 4 :
Céu 2. (4 diém) Cho day so (a,) thoa v&1 moi sO nguyén duong ».
a,, =3a ++8a’—28

a. Ching minh (a,) la day s6 nguyén duong.
x2+7

2(x, - y,)
Cau 3. (4 diém) Cho p 1a s6 nguyén t6 c6 dang 20n+7 Goi S 1a tap hop tét ca cac s nguyén duong c6

b. Chimg minh ton tai hai ddy s6 nguyén duong (x,) va (»,) théa a, = Vnel".

thé biéu dién dudi dang a® +5b* v6i a,b 14 hai sb nguyén t6 ciing nhau.

a. Chimng minh rang ton tai s nguyén duong & sao cho kpe S.

b. Tim sb nguyén duong k, nhd nhét sao cho k,peS.
Cau 4. (5 diém) Cho tam gidc nhon, khong cAn ABC ndi tiép dudng tron (O; R). Cac duong phén giac
trong BX,CY cta tam gidc ABC cit nhau tai- /. J 14 trung diém cung nhd BC cta(O;R). Pudng thing
XY cét cac dudng thing A7, BC lan luot tai L, 7.

a. Chimg minh 22— BC _, smiTd_R

LA BC+CA+AB  sinYTB IJ

b. Chimg minh duong thing qua 7 vudng goc véi XY cat duong thang OJ tai diém O dbi xtmg
véi diem O qua diém J.

c. Pudng tron ndi tiép (1) cta tam giac ABC tiép xtc v6i cac canh BC,CA, AB 14n luot tai
D,E,F.Goi G 1a diém d6i ximg ctia D qua dudng thang EF.Biét cac dudng thang DL, AG cét nhau tai
W, ching minh W1 vudng gbéc véi XY.

Ciu 5. (4 diém) Ky hiéu (a,,a,,.... 4y, ) 1d mot hodn vi ctia tap hop X = {1;2;...;2023} thoa man tinh
chét 2((:11 il s ak) chia hét cho & v&imoi k=1,2,...,2023.

a. Chimg minh a,,,, €{1,2023}.

b. Tinh sO cac hoan vi trén.

Cdn bg coi thi khéng gidi thich gi thém.
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Noéi dung

Piém

Cho a <b<c 1a ba nghiém thuc ctia phuwong trinh 8x° —4x” —4x+1=0.
a. Lap phuong trinh bac ba c6 3 nghiém 1a 1-24*, 1-2b%, 1-2c2.
b. Chimg minh ring: 2a>+b=2b*+c=2c*+a=1.

(

a+b+c=l
2

Theo dinh ly Viet thi: <ab+ac+bc= 5

abc=_—l
8

%

0.5

2 A2 _2=_222=_l____1:l
(1-2a*)+(1-2b")+(1-2c*)=3-2(a* +b* +c*) =3 2(4 2.2j -
(1-2a*)(1-2b*)+(1-2b>)1-2c*)+(1-2cH)(1-24%)

:3—4(az+b2+c2)+4(a2b2+a2<:2+b2c2):3—4.§+4(1—2._—1.l o
4 4. .. &2 "9
(1-2a*)(1-2b")1-2c%) =1-2(a” +b* +*) +4(a’b* + a*c? +b*c?) - 8a*b*c? = %1

Do d6 1-2a”, 1-2b°, 1-2¢ 13 3 nghiém ctia phuong trinh 8x° —4x> —4x+1=0.

Dit f(x)=8x" —4x* —4x+1 xé4c dinh va lién tuc trén R.

AlEE i e ANl T
Cof(fj_ : ’f(zl—l’f(o)_l’fbj_s ,f(4)— e s

=3 =] 1 3
A2 ()0, s0r{2)<o. 1 reo

3_—3<a<i, O<b<l va E<c<1
4 4 4

0.5

Do d6 |c| >%>|a|:>1—202 <1-24

|a[>%>|b|:>1—2a2 <1-2*=1-2¢" <1-24* <1-25°

0.5

Vi cling 1a 3 nghiém ctia phuong trinh trénnén 1-2¢” =a, 1-24° =b, 1-2b* =c.

Vay 2a* +b=2b*+c=2c+a=1

157
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N§i dung

Piem

a =4

Cho diy s6 (a,) thoa v6i moi sé nguyén duong 7 .
a,, =3a,++8a’—28

a. Chimg minh (a,) 14 day s6 nguyén dwong.

2 4
b. Chimg minh t6n tai hai ddy s6 nguyén dwong (x,) va (,) théa
2
+7
a,= bl g
2(x, =¥,)
Cé a,,; 23a,=a, >12 v6i moi n nguyén duong = 8a> —28 > 0
0.5
a,.,—3a, =842 28 =(a,,,—3a,)’ =84’ -28<>a’, —6a, .a, +a’ +28=0
=al-6a,a, +a. ,+28=0
0.5
=a,,, a,, la 2 nghiém thyc cua phuong trinh #*> - 6a,.f +a> +28 =0
a.
= an+1 + an—l = 6an < an+1 = 6an - an—l 05
Ma a, =4 va a, =22 = a, nguyén véi moi n>3
. 0.5
Véy (a,) la day s6 nguyén.
Do a, va a, la s6 chn = a, laday s6 nguyén chian 0.5
+ - y
Chon x, = IS RNV y, = %z(xn) va (y,) la ddy s6 nguyén 0.5
b.
a+a Y
) n n-1 47 d 5
x, +7 2 _a t2a.4a, +a +28 _bag . +2a.a. -
2x, - y,) 2a, 8a, | 8a, g 1
8anan—l
B an
8a,

n—
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Cau Ndi dung Piém
Cho p 1a s nguyén t6 c6 dang 20n+7 Goi S 1a tap hop tét ca cac sb nguyén
duong c6 thé biéu dién duéi dang a® +5b* v6i a,b 14 hai s6 nguyén t6 cing
3 nhau. 4
a. Chimg minh rang t6n tai s6 nguyén duong & sao cho kpeS.
b. Tim sb nguyén duong k, nho nhét sao cho k,peS.
= DD (p 2 21
— |==(-1) ¢+ | £ |=-]=|=1(vi22 =-1(mod5)) 1
p 5 5
A | Suyra X? =—5(mod p) c6 nghiém.
Vay ton tai cac s6 nguyén duong a > 1,k @& a* +5.1° = kp 1
Vay kpe S
Xéttap A= {x+ay|0 < x,ys[\/;J}
2 Y b r
Vi ’A|:([\/;J+l) > p nén ton tai hai phan tir x, +ay,; x, +ay, cung sd du khi
chia cho p.((x];yl);t(xz;yz)) e
Suy ra X, —x, =a(y, _yl)(mOd p)
bit x:’xz—x] ;y:’yz—yll thi x = ay(mod p) va 0<x,y<\/;
Suy ra, x* +5)* =a’y* + 5y’ = ) (a2 +5)E 0 (mod p)
A 2 2 e A ) 2
Vi x,y<\/; nén x" +5y° < p+5p=6p.Ket hop véi x* +5y*> =0(mod p),
0.5
suyra x> +5y” € { p;2 p;3p;4p;5p}
+ Néu x* +5y* = p thi ¥’ +y* =x> +5)° = p=3(mod4) (v6 Iy
+Néu x* +5y® =5pthi x,y chia hét cho 5 va x* +5y> =5p chia hét 25
b, |Dén p=5  (mau thuan gia thiét) 0.5
+Néu x* +5y” = 4p thi do binh phuong s6 1é chia 4 du 1 nén x, y phai 1
s6 chin. Pt x =2x";y =2y ta duoc (x')2 + S(y')2 = p (méau thufn)
+Néu x> +5y* =3p (¥)
Suyra, (x—y)(x+y)=x*-)" = (x2 +5yz)—6y2 = 0(mod 3)
2 2
Chu y déing thitc sau (””j +5(x_y) —2(x+5y*)=2p
3 3 3
2 2
(x—Sy) +5(x+y) _Z(x2+5y*)=2p
3 3 3 05

. Lk " -5 +

T (*) thi x+ y hodc x— y chia hét cho 3 nén hoic il = y=x3y_2y;xi-y
S

+3 % = <

a - y_X y+2y;x Y la cac so nguyén.

2 2

la céc sO nguyén hoac
J

Vay ton tai cac sd nguyén X,Y sao cho X*+5Y> =2p.
D€ chimg minh (X,Y)=1.Suyra 2peS. Vay k, =2
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Néi dung

Piem

Cho tam giac nhon, khong can ABC ndi tiép dudng tron (O;R). Cac duong phan
gidc trong BX,CY cua tam gidc ABC cét nhau tai 1.J 14 trung diém cung nhéd
BC cua(O; R).Dudng thing XY cit cic dudng thing A7, BC 1an luot tai L,T.
a. Ching minh L = BC va s‘m 14 =£ :
LA BC+CA+AB  sinYTB IJ

4 b. Chitng minh duong thang qua / vudng goc véi XY cét dudng thing 5
OJ tai diém O’ d6i xtng v6i didm O qua diém J.
¢. Puodng tron noi tiép (1) cua tam gidec 4BC tiép xtic v6i cac canh
BC,CA, AB lan luot tai D,E,F.Goi G la diém dbi ximg ciia D qua duong
thang EF.Biét cac dudng thing DL, AG cét nhau tai W, chimg minh WI vudng
gbc voi XY.
Gia str cac diém c6 vi tri nhwr hinh V&, cac truong hop khéc chimg minh tuong tu.
g
‘»\\‘
0 }‘
v S WA
e \;7/_//
\
9 ] 0'
Goi Z la giao diém cua AJ va BC. Tacb (4,1,L,Z)=-1 nén
O S R | 3 BC 1
14 74 1+J_A 1 B4 | BA+CA " BC+CA+AB
Iz BZ BC
Taco (T, Z,B.C)==1vi ZAB = ZAC nén ZAT =90, Suy ra
s A BC
sin Y74 _ YA sinYAT _ CA 5 e g R _R._-BC “T5 ol
sinYTB YB sinYBT CB sinB 2smA IJ JB 2sin4 cosg 2sin§ 1
sinYTA R
Suy ra — =—
sinYTB IJ
Goi O, la giao diém cua ctia dudng thing qua / vudng gbéc v6i XY vai duong
thang OJ.
b. . . 1
Taco JO, = JI. s.m 0 ol s?n I R. Suyra O, =0',dpcm
sin JO,I sinYTB
Goi H 14 truc tAm ctia tam giac DEF. Ta c6 IH, IO lan luot 1a dudng théng
c. Euler cua 2 tam gidc c¢6 cac canh tuong ing song song la ADEF va A c6 3 dinh 0.5

14 c4c tdm dudng tron bang tiép cia AABC. Suy ra O,1, H thing hang.
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Goi H' 14 giao diém ctia HD vé6i I0'. Tacd ID|| OO va JO=JO' nén
(0,0 ,J,D)y=-1.

0.5
Chuy IJ||HH' nén DH'=DH.
Ta co

. A . B
DH' DH sinDEH sinEGD "7 S5 sin 4 _U
DG DG sinDEG smEHD sinB . C o o A B-C L4
2 2 2

Kéthop v6i AI|| GH' va Pinh Iy Ta-lét tacé W,I, H' théng hang. ik

Chuy I0' 1 XY duogc dpcm
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Cau Noi dung Diém
Ky hiéu (@,,,...,a,,) 12 mdt hoan vi ciia tap hop X = {1;2;...;2023} thoa
mén tinh chét 2(a, +a, +...+a, ) chiahétcho & v&imoi k=1,2,...,2023.
S 4
a. Chimg minh a,,, €{1,2023} .
b. Tinh s6 cac hodn vi trén.
Dat n=2023.
Taco 2(a, +a,+...+a,,)=2(a, +a,+..+a,)-2a, =2(1+2+...4+n)-2a,
=n(n+1)-2a, = (n+2)(n—1)+(2—2an)
va 2(a +a,+..+a,,)i(n-1)=>2-2a,i(n-1) .
Dol<a,<n= 0<2(a,-1)<2n-2
= 2(a,—-1)=0hay 2(a, -1)=n—1hay 2(a,—1)=2(n-1)
=a,=1 haya =n hay q, =n7+1 (v6i1 n 18).
Néu g =”T“ va 1 1a 56 1& thi ta c6
a.
2(ay+a,+..+a,,)=2a,+a,+..+a)-2a,_ —2a =2(1+2+...+n)
—2a, ,—(n+1) =(n-2)(n+2)+(3-2a,,) va
2(a+a,+...+a,,)(n-2)
=2a,,-3:(n-2). 1
Talaicé —1<2a,  -3<2n-3<3n-6=3(n-2) véi n>3.
Do d6 2a, ,—3=n-2 hay 2a, ,—3=2(n-2) (loai do VT 1& VP chén)
=a,,="1=a, (V1))
Vay a,=1,a,=n. Do d6 a,,, €{1;2023}
Goi S, 1a tip hop cac hoan vi théa yéu ciu bai toan.
Goi A, 12 tp hop cac hoan vi théa man yéu ciu bai toan cé a =1.
Goi B, la tip hop cac hoan vi théa mén yéu ciu bai toan c6 d. =n, 0.5
Tacé (a,a,,...a,,,n)€B, thi (a,a,,....a,,) 1a hoén vi théa yéu ciu bai toan
nén ta dugc Bﬂ] =S |
Taxétdnhxa f:4 > S, |
(al,az,...,a"_l,l) —)(a] i gl RS —1) 0.5
Ta dé chimg minh f 1& mot song 4nh nén ta suy ra |A |= Sl
Do dé tacé |S,|=|4,|+|B|=2|S,,|- Tirdé suy ra |S,|=|S,| .2~ 0.5
Taco |S|=1[S,[]=2 [S,|=3!.Suyra S, =3.2"% =3.2°" 0.5
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