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DAI SO VA GIAI TICH 11 - Chuong 1

HAM SO LUONG GIAC VA PHUONG TRINH LUONG
GIAC

§ 0. ON TAP CAC CONG THUC LUONG GIAC
1. Cong thic lugng giac co ban

1 1
tana.cota =1 sin’ a + cos’ @ = 1 14 tan’ o = 2 1+ cot” o = — 2
cos” sin” «
2. Cung lién két
Cung d6i nhau Cung bl nhau Cung phu nhau
cos(—a) = cosa sin(m — a) = sina sin [g - a] = cosa
sin(—a) = —sina cos(m —a) = —cosa cos [E _ a] — sina
2
tan(—a) = — tana tan(m —a) = — tana tan [E _ a] — cota
2
cot(—a) = —cota cot(m —a) = —cota cot| X — a] — tana
2
Cung hon kém 7 Cung hon kém g
Sin(ﬂ' + (L) = —sgina sin {g + a] = Ccosa
cos(m + a) = —cosa cos{g—i—a] = —sina
tan(m + a)= tana tan [g + a] = —cota
cot(m +a)= cota cot g—ka = —tana
3. Cong thiic cong
sin(a £ b) = sina - cosb £ cosa - sin b. cos(a £ b) = cosa - cosb F sina - sinb.
t —tanb
tan(a +b) = tana +tanb tan(a — b) = ang —tanb
1—tana-tanbd 14 tana-tanbd
N T 1+tanz | T 1—tanzx
Hé qud: tan|— 4+ z|=——— va tan|— —z|= ———-
[4 1—tanx [4 ] 14 tanz
4. Cong thlic nhan do6i va ha bac
Nhan doi Ha bac
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sin2a = 2sina - cos o sin2a:m
2
cos’ a —sin® a cos’ o 14 cos2a
cos2a =|2cos’ o — 1 2
1—2sin’ «
1— 2
1— tan® « 1 + cos2a
2 ) 1+ cos2a
cot2a = cota—1 cot” a = 1
2 cot ar — cos 2
Nhan ba
3 tan 3o =
cos3a = 4cos” o — 3cosa 1—3tan’ o
5. Cdng thiic bién ddi tdng thanh tich
cosa + cosb :2cosa+b-cosa_b cosa — cosb :—QSina+b-sina_b
2 2 2
sina + sinb :2sina+b-cosa_b sing —sinb = QCosa+b 'Sina_b
2 2 2 2
i b i —-b
tauna—ktanbzM tana—tanb:m
cosa-cosb cosa-cosb
cota+cotbzw cota—cotbzw
sing-sinb sina-sinb
bac biét
sinx—i—oosz:\/ésin[x—i—g]:\/ims[x—g] sinx—oos:c:\/gsin[x—g]:—\/Eoos[x—l—g]
6. Cong thiic bién ddi tich thanh tdng
1 . . 1
cosa-cosb = 3 [cos(a, —b) + cos(a + b)] sina-sinb = 3 [COS((I —b) — cos(a + b)]
. 1. )
sina - cosb = 3 [sm(a —b) +sin(a + b)]

§ 1. HAM SO LUONG GIAC
A. KIEN THUC

I - PINH NGHIA
Trudc hét, ta nhic lai bing cac gia tri lugng gidc clia cac cung dac biét.
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Cung
Gid thf 0 z ul z z
6 4 3 2
lugng giac
. 0 1 V2 V3 1
sin x = X N2
2 2 2
V3 V2 1
Cos T 1 N2 N& - 0
2 2 2
tanx 0 g 1 \/5 H
cotx H \/5 1 g 0

R

a) St dung mdy tinh bd tdi, hay tinh sin z,cosz v6i z 1a cdc sO sau :
T
64
b) Trén dudng tron lugng giac, véi diém gdc A, hay xac dinh cac diém M ma s6 do clia cung

;1,5;2;3,1;4,25;5.

AM bang z (rad) tuong ting da cho & trén va xac dinh sin z,cos z (1dy 7 ~ 3,14).
1. Ham s6 sin va ham s6 cosin
a) Ham s6 sin

O 16p 10 ta da biét, c6 thé dat tuong Gng mbi s6 thuc z v6i mot diém M duy nhat trén dudng tron

lugng gidc ma s6 do clia cung AM bang z (rad) (h.1a). Diém M c6 tung dd hoan toan xac dinh, dé
chinh la gia tri sin z.

Biéu dién gia tri clia z trén tryc hoanh va gia tri clia sin z trén tryc tung, ta dugc Hinh 1b.

A B
B
sin x SinxXp--=-=----- M
A ?
0 - O X X
B!
a) b)

Hinh 1
H Quy tic dat tuong Ging moi s6 thuyc 2 véi s6 thuc sin z

Bién soan : TS To4n — Trudng THPT Nguyén Du 6



sin:R — R
Tz —y=sinz
dudc goi 12 hdm s sin, ki hiéu 13 y = sin z.
Tap xac dinh cGa ham s6 sin1a R.

b) Ham s6 cosin

) Yy
B
M "
1 COSX|F-mmmmmm e M
1 \F :
1 [}
A’ ' :
10, cosx | A - O x " g
B?
a) b) -
Hinh 2
Quy tic dat tuong Ging moi s6 thuyic z véi s6 thuc cos z
cos: R — R
r = Y = COST
dudc goi 12 hdm s cdsin, ki hiéu 13 y = cos .
Tap xac dinh cGa ham s6 sin1a R.
2. Ham s6 tang va ham s6 cotang
a) Ham sé tang
Ham s6 tangla ham s6 dugc xac dinh bdi cong thic
Y= ST (cossz),
COST
ki hieula y = tan z.

Vi cosz = 0 khiva chikhi z = g+ km (k; € Z) nén tap xac dinh cla hAam s6 y = tanz 1a

D:R\{gww,kez}.

b) Ham s6 cotang
Ham s6 cdtang1a ham s6 dudc xac dinh bdi cong thiic

cos T .
Y =— (smx = O),
sin

ki hieula y = cotz.

Vi sinz = 0 khiva chikhi z = k7 (k € Z) nén tap xac dinh cia ham s6 y = tanz 13
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D= R\{lm,kez}.

A

Hay so sanh cdc gia tri sinz va sin (—x) , COSZT Va COS (—x)
NHAN XET
Ham s6 y = sinz 1a ham s6 16, ham s6 y = cos z 1a ham s6 chan, ti d6 suy ra
cacham s6 y = tanz va y = cotz déu 1a nhitng ham s6 18.

II - TINH TUAN HOAN CUA HAM SO LUONG GIAC

R

Tim nhiing s6 T sao cho f (x + T) = f(x) v6i moi z thudc tap xac dinh clia cic ham s6 sau:
a) f(z) = sinuz; b) f(z) = tanuz.
Ngudi ta chiing minh dugc ring 7' = 27 13 s6 duong nhd nhat thod man dang thic
sin (z + T) =sinz,Vr € R.
Ham s6 y = sinz thod man dang thic trén dugc goi 13 Adm sé tudn hoanvéi chu ki 27 .
Tucng tw, hdm s6 y = cosz 12 ham s6 tudn hoan véi chu ki 27.
Cicham s y = tanz va y = cotz cing la nhitng ham s6 tuan hoan, v6i chu ki 7.
III - SU BIEN THIEN VA DO THI CUA HAM SO LUONG GIAC
1. Him s6 y = sinx
TU dinh nghia ta thdy hdm s6 y = sinz :

e Xacdinhvéimoi x € R va —1<sinz <1;
e Lahamso1é;
e L3 ham s6 tuan hoan véi chu ki 2.

Sau day, ta sé khdo sat sy bién thién clia hAm s6 y = sinz .

a) Sy bién thién va do thi cia hdm s8 y = sin z trén doan [0; w]

, , X , m <
Xeét cac so thuc z,z,, trongd6 0 <z <z, <—.Datz, =7 —x,z, =7—1.
2

Biéu dién chiing trén dudng tron lugng gidc va xét sin T, tuong ting (z’ =1,2,3, 4) (h.3a).
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Sin 4 v
1
s By s b e B Jous
Sin x.
2 i : i
S, ‘o, S S L | S W
sinx| /i | v | !
- _t : ! i !
ol *i X2 n X3 X4 W X
2
B’ a) b)
Hinh 3
Trén Hinh 3 ta thay, véi =, z, tuy y thudc doan |0;—| va z, <z, thi sinz <sinz,.
2

. a7 A m N . .
Khi d6 z,,z, thuoc doan |—;7| va r, <z, nhung sinz, > sinz,.

A s . X A T . s A | T
Vay ham s0 y = sinz dong biéntréen |0;—| va nghich biéntrén |—;r|.
v Y 2 0 Y

Bang bién thién :

. I
y=Ssinxy 0/' \0

PO thi cia hdm s6 y = sin z trén doan [0; 77] di qua cac diém (0;0), (ml;sin xl), (xQ;sin x2), [g;l],

(:E3;Sin z3), <z4;sinx4),(w;0) (h.3b).
CHUY
Vi y = sinz 12 hdm s6 1é nén 14y d6i xdiing do thi ham s6 trén doan [0; w] qua goc toa
do O,ta dugc do thi ham s6 trén doan [—77; 0].

PO thi hdm s6 y = sinz trén doan [—w; 77] dugc biéu dién trén Hinh 4.

J’1h
I | S
T 1
L2 : R
-7 ' 9] It T x
! 2
Hinh 4
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b) D6 thi ham s§ y = sinz trén R
Ham s6 y = sinz 12 hdm s6 tuan hoan chu ki 27 nén v6imoi z € R ta c6
sin (a: + k27r) =sinz, k € Z.
Do d6, muén cé @6 thi ham s6 y = sinz trén toan bo tap xac dinh R, ta tinh tién lién ti€p do thi
ham s6 trén doan [—w;ﬁ] theo cdc vectd v = (27r;0) va —1U = (—27‘(‘;0), nghia 13 tinh tién song song

vGi truc hoanh tting doan c6 do dai 2.

Hinh 5 dugi day 1a d6 thi ham s6 y = sinz trén R.

Hinh 5
c¢) Tap gid tri clahdm s6 y = sinz
T do thi ta thay tap hgp moi gié tri ca hAm s6 y = sin z 1a doan [—1; 1] .Ta noi tdp gid tri cia ham
sO nay 1a [—1; 1].
2. Him s y = cosz
Tw dinh nghia ta thdy hAm s6 y = cosz :

e Xacdinhvéimoi x € R va —1<cosz <1 ;
e Lahamsdchan;
e Laham s6 tuan hoang véi chu ki 27.

V6imoi z € R ta ¢ dang thiic

. T
sin [fﬁ + 5] = COS <.

Tw d6, bang cach tinh tién d6 thi ham s6 y = sinz theo vectd @ = [—g; 0| (sang trdi mot doan c6

do dai bang g, song song vdi truc hoanh), ta dugc do thi cia hAm s6 y = cosz (h.6).
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Hinh 6
T d6 thi cia hdm s6 y = cosz trén Hinh 6, ta suy ra :

Ham s6 y = cosz dong biéntrén doan [—7r; 0] va nghich bién trén doan [Om] .

Bang bién thién :

X -7 0 T

.y:COS.’C 1 / \_l

Tap gia tri cia hAm s6 y = cosz 1a [—1; 1].

Do thi clia cdc ham s6 y = cos z,y = sinz dudc goi chung 1a cac duong hinh sin.
3. Himsd y = tanz

Tu dinh nghia ta thdy ham s6 y = tanz :

. Cc’)tépxécdinhléD:R\{%Jrkw,kez} ;

e Lahams61é;

e Laham s6 tuan hoan véi chu ki .
Vi vdy, dé xét sy bién thién va vé do thi cda hAm s6 y = tan z, ta chi can xét sy bién thién va vé do
, sau d6 14y doi xting qua goc toa d6 O, ta dudc do thi

thi ciia ham so6 nay trén nta khoang |0; Py

T T

ham s6 trén khodng

Cudi cling, do tinh tudn hoan véi chu ki 7 nén do thi hAm s6 y = tanz trén D thu dugc tir do thi

T T s e ik - R L aa s
——;—| bang cach tinh tién song song vGi truc hoanh tung doan c6 d6 dai

0; z]
2

ol I N e
0?5]’ AMl = Iy AM2 = 2y ATl - tanxl’

ham s6 trén khodng

bang .

a) Sy bién thién va d6 thi hAm s6 y = tan z trén nita khodng

TU bi€u dién hinh hoc clia tanz (h.7a), véi z,, z, €

AT, = tanz,, tathdy:
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r, <z, = tanac1 < tanxQ.

Diéu d6 chiing té rang, ham s6 y = tanz dong bién trén ntta khoang |0; g]
A A tang Y ks
]-‘2 tan x2
]
Bl M. Ty tan x, ;
e e e e s
L
I : !
A’ 0 4 i o] *ix|m X
2
Bf
a) | b)
Hinh 7
Bang bién thién :
4 0 T L
4 2
/ “+o0
= Iz - P g I
y = tanx RS

Pé vé @6 thi hAm s6 y = tanz trén nita khodng

O;g] talam nhu'sau :
Tinh gi4 tri cla hAm s6 y = tanz tai mot s6 diém dac biét nhu z = 0,2 = %,x =

m .
, L = —,... T0i
3

x4c dinh cac diém (O;tan 0),[%;‘5&11 %],[z; tan%

, E;tanz ,.... Ta co bang sau :
3 3

4
p1 I T

0 _ —_ —

' 6 | 4 | 3
y=tanx | O 73 1 V3

DO thi hdm s6 y = tanz trén nita khodng

O;g] di qua cac diém tim dugc.

Nhan xét rang khi z cang gan g thi 6 thi hdm s6 y = tanz cang gan dudng thang = = g (h.7b).
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b) P6 thihdm s6 y = tanz trén D
Vi y = tanz 12 ham s6 18 nén do6 thi ham s6 c6 tAm Vi

doi xting 1a goc toa do O. Lay d6i xiing qua tdm O do

thi ham s6 y = tanz trén nlta khodng

O;g], ta dugc

do thi ham s6 trén nita khodng [—%;0

T d6, ta dugc do thi ham s6 y = tan trén khodng = (0] A
Z 2
T X . N :
[—5 ,5] Ta thay tréen khoang nay, ham s6 y = tanz :
1
dong bién (h.8). E
Vihadm s6 y = tanz tudn hoan v6i chuki 7 nén tinh :
¢ 5 ¢ T T :
tién do thi ham so6 trén khodng [——;— song song
) . Hinh 8
vd6i truc hoanh tiing doan c6 do dai «, ta dugc do thi
ham s6 y = tanz trén D (h.9).
¥ 1 y A 1 1
1 I } ]
] I [] ]
1 I I i
1 ] 1 ]
I 1 1 i
| ! 1 I
] 1 ] 1
1 | 1 1
1 I ] 1
1 ] 1 I
L 1 1 ]
] ' 1 ]
| 1 ' I _
-3m T T o X, T 3n .
—_—
1 ] I 1
t I i f
1 1 I 1
' ! 1 1
1 1 I 1
] ] ] 1
I ] ] 1
] 1 ] ]
] 1 1 ]
] ] 1 1
Hinh 9
e Tap gid tri cla hdm s6 y = tan z 12 khodng (—oo; —I—oo).
4, Him s6 y = cotx
Tu dinh nghia ta thdy ham s6 y = cotz :
e Cotapxdcdinhla D=R\ {kw,k € Z} ;
e Lahamsd1é;
e Laham s6 tuan hoan véi chu ki .
Bién soan : T§ Todn — Trudng THPT Nguyén Du 13
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Sau ddy, ta xét sy bién thién va do thi ca ham s6 y = cotz trén khodng (0; w), 10i tif d6 suy ra do

thi cia ham s6 trén D.
a) Subién thién va do thi hAm s6 y = cotz trén khodng (0; w)
Véi hais6 2, va z, saocho 0 <z, <z, <m, tacd 0 <z, —z < Dodd

COS iL’l COS IE2

cot T, — cot z, =

sin T, sin T,
sin T, COST — COSI, sin T,

sinz, sinx,
sin (a; -z )
2 1
=——>0
sinz, sinz,

hay cotz, > cotz,.

Bang bién thién : b '
]
T i
]
+00 '
' = cotx \‘0 :
Y \ . b
. , 0 T~ x
Hinh 10 biéu dién do thi hAm s6 y = cotz trén khodng (0;7r). 2 ;
]
:
b) D6 thi ciaham s6 y = cotz trén D
PO thi hdm s6 y = cotz trén D dugc biéu dién trén Hinh 11. Hinh 10
[ I ¥ ]
1 I ! ]
1 ' I I
1 ! ! 1
1 ! ! i
1 ! I [
' ! 1 1
1 | | |
1 I | ]
[l | 1 I
i | I 1
] I I 1
f : ; ; .
—2ny Z3n N\ T i1 0 3 T 3n N\ 2
2 . 2 2 2 :
1 g ] - 1
I | ' 1
I | i |
] 1 t 1
i ! i 1
1 ' 1 1
] f I 1
] I 2 ]
Hinh 11
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e Téap gid tri cla hdm s6 y = cotz 13 khodng (—oo; —I—oo).

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Tim tip x4c dinh cGa ham s6

(D Ham s6 y = tanu(z) c6 diéu kién xdc dinh cosu(z) = 0 < u(z) = g + km,k € Z.
(2 Ham s6 y = cotu(x) c6 diéu kién xac dinh sinu(m) =0 & u(m) = km, k € Z.
3 Hamso6 y = 21n/u(:1:),n e N’ 6 diéu kién xac dinh u(z) > 0.

0

® Hams6 y = .n € N c6 diéu kién xac dinh u(a:) > 0.

G Chuy —1 gsinu<z),cosu(a:)§1 va u( ).v(az)¢ 0 (:){

L, 1+ cos 2. Tim t4p x4c dinh cia ham s6
1. Tim t4p xdc dinh cta hAm s6 y = u P
Sinx T
y=tan|r — —|.
3
3. Tim tap x4c dinh cia ham s6 4. Tim tap x4c dinh cGa ham s6
y:cotx+£_ y = Hﬂ
6 V1—coszx

Dang 2 : Tim gid tri 16n nhit va gia tri nhé nhat

Duia vao tap gid tri clia cdc ham so6 lugng gidc
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0§sin2"x§1,n€N*

@D -1<sinz<LVrcR = )
Og‘sm:p‘gl

Ve e R.

0<cos™z<lné€E N’

@—1 <coszx <LVreR=
0< ‘cosrc‘ <1

,Vr e R.

sina <sinz < sin g

tana < tanz < tan 3’

(3) Trén doan [a; B] C —g ;g (ntta bén phai dutng tron lugng giac) thi

(@) Trén doan [a' B] C T3 (nta bén trai duong tron lugng giac) thi sinf <sinz < sina
’ 7 273 & NEE tan B < tanz < tana

cos B < cosz < cosa

Trén doan |«: 3| C |0: 7| (n@a bén trén dudng tron lugng gidc) thi )
® an |a; 3] € [0;7] ( g nggide) thi| o e < cota

cosa < cosz < cos 3

(6) Trén doan [a; ﬁ] C [7r; 27r] (ntta bén duéGi dudng tron lugng giac) thi
cota < cotzx < cot 8

Bién d6i vé dang m < y < M . Két ludn miny = m,maxy = M

1. Tim gid tri 16n nhét va gid tri nhé nhat cla 2. Tim gid tri 16n nhat va gid tri nhé nhat cla

ham sé y =3sinx-2. ham s6 y — /5_40082%

3. Tim gid tri 16n nhat va gia tri nhd nhat ca 4. Tim gid tri 16n nhat va gid tri nhd nhat cha

T
374/

ham sé y = 3sin’ z + cos2z. o .
Y ham s0 y = —2tanxz + 1 trén doan
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Dang 3 : Xét tinh chan, 1é
. Tim tap xdc dinh D cda ham s6 lugng giac.
Néu Vz € D thi —z € D = D 1a tap ddi xiing va chuyén sang budc 2.
Vz € D, tinh f(—z), nghia la sé thay = bang —z, sé ¢4 2 két qud thudng gap sau:
o Néu f(—z) = f(z) = f(r) laham s6 chan trén D.
o Néu f(—z)=—f(z) = f(z) lahams61é trén D.
Luuy:
« Néu khong 1a tép d6i xing (Vz € D = —z ¢ D) hodc f(—x) khodng bang f(x) hodc —f(z)

ta sé két ludn ham s6 khong chan, khong 1é.

« Néu D la tap d6i xting va ton tai z, sao cho f (—x ) = f (xo) thi ham s6 khong chan.

» Néu D la tap d6i xting va ton tai z, sao cho f (—zo) = —f <x0> thi ham s6 khong 1é.

1. Xét tinh chdn, 18 cla ham s6

3cosx
f(z) =z — sin 3.

2. Xét tinh chan, 1é cia ham s6 g(z) = —;
T

Dang 4 : Do thi

1. Dya vao do thi ham s6, hay xac dinh céc gia tri cua z trén doan |—m;—| dée ham sé y = tanx :
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ay v

=sinz, h

N

2. Dyia vao do thi cia ham s6 y

18
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C. BAI TAP REN LUYEN

BT 1. Tim tap x4c dinh clia cdc ham so sau :

1-sinx 1+sinx v1—cosx
a)y= ; d)y= —; y="""";
COSX 2 —sinXx sin2x + 2 cosx
b) y=tanx+2cotx; 2 2
)Y e)y:sin2x+cos§; h)y:u.
cot(2x - n) X cosz
3). f) y=tan2x+2cotx;

C =
)y 1+tanx

BT 2. Tim gi4 tri 16n nhat, gia tri nhd nhat clia cic ham s6 sau :

i s 2T
a) y=2—005(x——j; h) y=cos|z +—|, Vo €|——;0|-

3 ) Y 3 3
b) y=+3+2sinx; -

. i) y=sin"z+cos'z, Vz €[0;—|-

C) y=cosx+cos(x—§j; 6
d) y=sin’x—cos2x; j) y=2sin’z —cos2z, V€ O;gl'
e) y=sin*x+cos*x;

K) y=cot|z+ |, Voe|-T,—T.
fy y=+I—sinx +vI+sinx ; ) Y=otz VI E =T =
g) y =sin2z, Vz € O;g :

BT 3. X4c dinh tinh chdn- 18 cia c4c ham s6 sau :
a) y =sinx.cos3x; _cosx+sin’x d) y=+1-cosx;

Qy=—_—"7;
b) y=tanx—2x; )y X

BT 4. Chiing minh rang sin 2 (x + Im) = sin 2z v6i moi s6 nguyén k. T d6 vé do thi ham s6

Yy = sin2z.

BT 5. Dya vao do thi hAm s6 y = cosz, tim céc gid tri clia « d€ cosz =

NN

BT 6. Dua vao do thi ham s6 y = sin z, tim cac khodng gia tri cla = dé ham s6 d6 nhan gid tri
duong.
BT 7. Dya vao do thi hAm s6 y = cos z, tim c4c khodng gié tri cia  d€ ham s d6 nhan gid tri Am.

D. CAUHOI TRAC NGHIEM
1

Cau 1. Tap xac dinh ciahams6 y=—— 12
sin x —cos x
A x#kr. B. x#k2rx. C. x¢%+k7r. D. x¢%+k7r.
CAu 2. Tap xac dinh cia ham s6 y:l_%ﬂ 1a
sin x
A.x¢%+k7r. B. x#k2x. C. x;ék?ﬁ. D. x#kr.
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Cau 3. Tap xdc dinh clia ham s6y=—————— 1a
SIn X—COS X
T T
A 0 \{Z+k7r,keZ}. B. [ \{5+k7r,keZ}.
C. [ \{£+k1,kez}. D. [l \{3—ﬁ+k2ﬂ,keZ}.
4 "2 4
Céu 4. Tap xac dinh cia hAm s6 y = OtY 13
cosx—1
Al \{k%,keZ} B. (] \{%+kﬂ,keZ} C. 0\{km,keZ) D. [
Cau 5. Tap xac dinh cia ham s6 y:M la
1-cosx
T T
A x#k2x B. x#krx C.x¢5+k7z D.x¢5+k27r

BN

CAu 6. Tap xac dinh cGa ham s6 y = tan(Zx —%) la

A.x¢£+k—” B.x¢5—ﬁ+k7r C.x¢£+k7r D.x¢5—ﬁ+k£
6 2 12 2 12 2
Cau 7. Tap xac dinh cGia hAm s6 y = tan2x la
A.x¢i+k—7r B. x# X tknr C.x¢£+k—” D. xzl+knx
4 2 2 4 2 4
Cau 8. Tap xac dinh clia hAm s6 y = lfsmx 1a
sinx+1
T RY/4
A.x¢5+k27z. B. x#k2r. C.x#—+k2r. D. x#nxr+k2r.

Cau 9. Tap xac dinh ctia ham s6 y = cos+/x 12
A x>0. B. x>0. C.O. D. x=0.
Cau 10. Ham s6 y =cot 2x ¢6 tap xdc dinh 1a

A kr B.[ \{%Jrkﬂ;keﬂ}
C.0\kZiker D. 0\ Z+kZken
2 4 2
Cau 11. Tap xac dinh clia hdm s6 y = tan x + cot x 1a
A [ B. U \{kﬁ;keD}
C.[ \{£+k7z;keﬂ} D. [ \{kf;keu}
2 2
CAu 12. Tap x4c dinh cia ham s6 y=2.—x2 1a
1—sin” x
A -2 B.D=[| \{£+kﬂ,keﬂ}.
2 2
C. y=|sinx—x|—|sinx + x|. D. x=i£+k—ﬁ.
3 2
Céu 13. Tap xac dinh clia hAm s6 y = 1a
cotx
A.D:D\{§+m,keu}. B. D=0 \{kz,kel}.
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C.D=(] \{kﬁ,kem}. D.D=[] \{o;ﬁ;ﬂf—”}.
2 2>

C4u 14. Tap xac dinh cla ham s6: y = X+l 1a
tan 2x
A 0\ {kn,kel}. B.[] \{k%,keﬂ}.
C.[ \{£+k7r,keﬂ}. D. [l \{k—”,kem}.
2 2
Cau 15. Tap xac dinh cia ham s y=3x—+21 1a
1—cos” x
A. D=1 \{§+kﬂ,keﬂ}. B. D=0 \{—%+kﬂ,keﬂ}.
C. D=0 \{7[+k7r,keD}. D. D=4.
Cau 16. Tap xac dinh cia ham s6: y = 1y
cotx
AT \{£+k7r,keﬂ}. B. [ \{k—”,kem}.
2 2
C. 0 \{kz,keD}. D. (] \{%+k2ﬂ,k€ﬂ}.
Cau 17. Tap xéc dinh clia ham s6 y =tan(3x—1) 1a
A.D=[ \{£+l+k£,keﬂ : B.D=0\l ek Z kel
6 3 3 33
C.D=D\{1—l+k§,kem . D.D={Z+  kZ kenl
6 3 3 6 3 3
Cau 18. Tap x4c dinh ctia ham s6 y =sin(x—1) la
AT, B. 0 \{L}.
C.[ \{%+k2ﬂ|keﬂ}. D. 0\ {kx}.

C4u 19. Tap xac dinh ctia hAm s6 y = sinx—_i 1a
X+

A DN B. (~L1).

.0 \{%+k7f|keﬂ}.

o

C. [ \{%+k2n|keu}.

CAu 20. Ham s6 nao sau day c6 tap xac dinh .

2+
A y= cosY B. y =tan’ x+cot’ x.
2—sinx

.2 =3
C. :HS#, D, yo_S0¥
1+cot” x 2cosx+\/§
Cau 21. Tap xdc dinh cia ham s6 yz‘/l_cgsx 1a
COS X
A. D=0 \{%+k2ﬂ,kem}. B.D=0].
C. D=l \{%+k7z,keﬂ}. D. D=0 \{kn,kel}.
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cotx

CAu 22. Tap xac dinh cia hAm s6 y = 1a
COS X
A.x=%+k7r. B. x=k2rx. C.x=kr. D.x;tk?ﬂ.

C4u 23. Chon khéng dinh sai
A. Tép xéc dinh cllaham s6 y=sinx la [ .

B. Tap xé4c dinh clia ham s6 y =cotx 1a D=0 \{§+k7z,keﬂ}.
C. Tap xac dinh cia hAm s6 y=cosx 1a [] .
D. Tép xéac dinh cllaham s6 y = tan x 1a D=0 \{§+kﬂ,keﬂ}.

Céu 24. Khang dinh nao sau day sai?

A. y = tan x laham 1é. B. y=cotx la ham lé.
C. y=cosx laham Ié. D. y =sinx la ham1é.
CAu 25. Ham s6 nao sau day 1a ham s6 chan
A. y=sin3x. B. ) =X.COSX. C. y =cosx.tan2x. D. ,-nx
Sin x
Céu 26. Cho ham s6 f(x)=cos2x va g(x)=tan3x, chon ménh dé déng
A. f(x) 1aham s6 chan, g(x) 1a ham s&1é.
B. f(x) 1aham s6 18, g(x) 1a ham s6 chén.
C. f(x) 1aham s6 18, g(x) 14 ham s6 chén.
D. f(x) va g(x) déula ham sé1é.
Céu 27. Khang dinh nao sau day 13 ding?
A.Ham s§ ¥ =x"+cosx 13 ham s6 chan.
B.Hams6 y= |sinx—x|—|sinx +x| 12 ham s6 18.
C.Hams0 y = SN X 13 ham s6 chin.
X
D. Ham s6 y =sin x +2 1a ham s6 khong chan, khong 1€.
Cau 28. Trong cdc ham so sau:
(1) y =cot2x; (2) y=cos(x+7); (3) y=1-sinx; (4) yztaIIZOlGX.
C6 bao nhiéu ham s6 13 ham chan trén tap x4c dinh cGa n4?
A 2. B. 1. C. 4. D. 3.
Cau 29. Ham s6 nao sau day 1a ham s6 18 ?
A. y=2x+cosx. B. y=cos3x. C.y:xzsin(x+3). D :cos3x
X

CAau 30. Ham s6 nao sau day khong chan, khong 18 ?
A. :m. B. y=tanx—cotx.
2cos” x

C. y=sin2x+cos2x. D. y=+/2-sin’3x.

Cau 31. Trong cdc ham s6 dudi day:

(1) y=cos3x; (2) y=sin (¥’ +1);  (3) y=tan’x; (4) y =cotx.
C6 bao nhiéu ham s6 1a ham s6 chan?
A. 1. B. 2. C. 3. D. 4.

CAu 32. Trong cac ham s6 sau day, ham s6 ndo 1a ham s6 tuan hoan?
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A. y=sinx. B.y—x+I. C.y=x. D. y- X1
x+2
CAu 33. Trong cac ham s6 sau day, ham s6 nao 1a ham s6 tuan hoan?
x +1
A. y=sinx-x. B. y=cosx. C. y=xsinx D. y=
x
Céu 34. Chu ky cia hAm s6 y =sinx 12
A. k27, kel . B.%. C. 7. D.2rx.
Céu 35. Chu ky clia ham s6 y =cosx 1a
A. k2. B. 27” C . D. 27 .
Céu 36. Chu ky cia ham s6 y = tan x 12
A 2rx. B.%. C.hkr, kel. D. .
Céu 37. Chu ky clia ham s6 y =cotx 1a
A 27 . B.%. C. 7. D. kr, kel .
CAu 38. Him s6 y = cos x dong bién trén doan nao dudi day:
A. {O;%}. B. [7;27]. C. [-mx]. D. [0;7].

A N AN | A ’ ’. oA A ed 72. 7 7y 7 iy N | .
Cau 39. Ham s6 nao sau day c6 tinh don diéu trén khoang (O; EJ khac véi cac ham s6 con lai ?

A. y=sinx. B. y=cosx. C. y=tanx. D. y=-cotx.
Céau 40. Ham s6 y = tan x dong bién trén khodng:

SC G .

Cau 41. Ham s6 nao sau day nghich bién trén khodng (O;%) ?
A. y=sinx. B. y=cosx. C. y=tanx. D. y=-cotx.

’ . , 3
Cau 42. Ham s0 nao duGi day dong bién trén khoang (%’Tﬁj ?

A y=sinx. B. y=cosx. C. y=cotx. D. y=tanx.
Céu 43. Gid tri nhé nhdt va gia tri 16n nhét clia ham s6 » = 3sin 2x — 5 1an lugt 1a

A. -8va-2. B.2vas. C.-5va2. D. -5va3.
CAu 44. Gia tri nhd nhat va gié tri 16n nhat cia ham s6 y =4+/sinx+3 —1 1an lugt 1a

AN2w2. B. 2 va 4. C. 4214 8. D. 42-11a7.
CAu 45. Gi4 tri nhd nhét cGia ham s6 y=sin’ x—4sinx—5 13

A. 20. B. -8. C. 0. D. 9.
CAu 46. Gié tri 16n nh4t ca ham s§ y=1-2cosx—cos’ x 1a

A. 2. B. 5. C. 0. D. 3.
C4u 47. Tim téap gid tri 16n nhat, gia tri nhé nhét clia ham s6 sau y = 2 +3sin 3x

A. miny=-2; maxy=>5 B. miny=-1; maxy=4

C. miny=-1; maxy=35 D. miny=-5; maxy =5

Céu 48. Tim tap gid tri 16n nhat, gié tri nhé nhét ciia ham s6 sau ¥ =1—4sin’ 2x
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A. miny=-2; maxy=1

C. miny=-5; maxy=1

B. miny=-3; maxy=5
D. miny =-3; maxy=1

Céu 49. Tim tép gié tri 16n nhét, gid tri nhd nhét ctia ham s6 sau y = 2 cos(3x - %) +3

A. miny=2,maxy=>5

C. miny=1,maxy=5

B. miny=1,maxy=4

D. miny=1,maxy=3

Cau 50. Tim tap gid tri 16n nhat, gia tri nhé nhit cia ham s6 sau y =+/3—2sin’ 2x + 4

A. miny = 6,maxy:4+\/§
C. miny=35 ,maxy:4+3\/§

B. miny =5 ,max y =4+243
D. miny =5 ,mex y =43

§ 2. PHPONG TRINH LUONG GIAC CO BAN

A. KIEN THUC sin
I. Phuong trinh sinx =m (1) 2
Néu |m| >1 thi phuong trinh (1) vo nghiém M- = 2-->M
¢ |
Néu |m|£1,dét m=sina . X )
cosin
c s . . = o +k360° A
Khi @6 : sinx =sina < = ,(keD) A ©
x =180° —a + k360°
(néu a dudc cho bang dd)
=a+k2 ,
hay sinx =sina < = T ,(keD) B
Xx=m—a+k2m
(néu a dugc cho bing radian) sin
. . x = arcsin(m) + k2w B
Luuvy:VGi m|<1 thi sinx=m < , (kel
| | [X =m—arcsin(m)+k2mn ( ) //d-\)&d
II. Phuong trinh cosx =m (2) / / \
Néu |m| >1 thi phudng trinh (2) vo nghiém | @ 1] | cosin
Al ONS o 'a !4
Néu |m|£l,dét m = cosa.. \ - A
= a.+k360° |
Khi d6 : cosx =cosa | = (keD) ~_ | M
X =—a +k360° Bl
(néu o dudc cho bang do) Y t
B H
=oa+k2
hay cosx =cosa < x=d i (keD) M
Xx=—0o+k2n a
(néu o dugc cho bang radian) nm/ %
= +k2 ;
Luuy :VGi |m|£1 thi cosx=m < x = arccos(m) T , (keD) A o A X
x =—arccos(m)+k2x
III. Phuong trinh tanx =m M
Diéukién:x¢g+kn,(keﬂ) B
t’

tanx=tana < x=a+kn, (kel)

(néu o. dugc cho bang radian)
Hay : tanx = tana® < x =a° +k180°, (kell)

Luuy: Vi mell thi tanx =m < x =arctan(m) +kr, (k el)
IV. Phuong trinh cotx =m
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Pieukién: x #kn , (kel) y
cotx=cota < x=o+kn, (kell) u B_aK u
(néu o. dugc cho bang radian)
Hay : cotx = cota® < x=a°+k180°, (kell) T‘?

Luuy:VGi mell thi cotx =m < x =arccot(m)+km, (keD )
Cdc gid trj arcsin(m), arcos(m) (v6i [m| < 1), arctan(m) va
arccot(m) 12 nhiing s6 thuc. Do vay ta khong viét arctanl = 45°

N A o« N TE 9’
ma nen viet arctanl=—. B

Khi gidi phuong trinh lugng gidc, 4n x c6 thé 13 s6 do radian hodc s6 do do.
Do vay st dung ki hiéu s6 do trong "co6ng thiic nghiém” nén thong nhat.

V3o

Chang han, phucng trinh sin(x +20°) = - c6 nghiém x = 40° +k360°, chit khong nénviét

x=40°+k2mn
Quy uéc rang néu khong c6 giai thich gi thém hodc trong phuong trinh lugng gidc khong st
dung s6 do 13 d6 thi mic nhién 4n s6 13 s6 do radian cta géc lugng giac.
B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Phuong trinh c¢d ban va cac phuong trinh dac biét
Cac phuong trinh cd ban

u=v+ k2w u =10+ k2w
@ sinu =sinv < keZ. (@ cosu=cosv<

keZ
u=m—v+ k27’

u=—v+ k21’

“ a ™ . ™
® tanu = tanv & u = v + kn,k € Z v6i diéu kién ’UJIE—FIWT,kEZ hoac ’UIE—l—]{ﬂT,kEZ.

@) cotu = cotv & u = v+ km,k € Z v6idieukién v = kr,k € Z hodc v = kr, k € Z.

Cac phuong trinh dac biét

® sinu:lﬁu:g%—k%r,kez. cosu =1% u=k2mk € Z.

@ Sinu:—1<:>u:—5+k27r,k€Z_ @ cosu=—1& u=m+ k2n,k € Z.

@ sinu=0e u==krkcZ cosu:0<:>u:g—|—k7r,k€Z.

Chti ¥ néu phuong trinh cho don vi d6 thi d6i » 1a 180°.

L ) V2
1. Gidi phudng trinh sin (QX —gj =5 2. Gidi phuong trinh cos [21: — g] =—

Bién soan : T§ Todn — Trudng THPT Nguyén Du 25



ios N 1
3. Giai phuong trinh tanz = — ﬁ 4. Giai phuong trinh 3 cot [2:10 — %] =1.

2

5. Gidi phuong trinh cos(2z 4 15”) = — 5 6. Gidi phuong trinh sin [% — x] =1

7. Gidi phuong trinh tan [I — x] = 2. 8. Gidi phuong trinh sin (Zx +%) =COSX.
3
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9. Gidi phuong trinh cos 3z + cos [z — g] =0. | 10. Giadi phuong trinh tan2z. cot[a: — %] =1

C . 1
11. Giai phuong trinh sin 2z + cos [% - x] = 0. | 12. Giai phuong trinh Sinx.cosz = T

Bién soan : T§ Todn — Trudng THPT Nguyén Du 27



. 2 1 oo e 1
13. Gidi phuong trinh cos” 2z = > 14. Giai phuong trinh ‘Sln (2$ — 1)‘ =5

15. Giai phuong trinh sin 3z cotz = 0. 2 cos 2z
16. Gidi phuong trinh ———— = 0.
1—sin2z

C. BAI TAP REN LUYEN
BT 1. Giai cac phuong trinh sau :
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sin(Zx +£j = sin(E — xj : sin(Zx —Ej =COSX:
a) 3 6 ; C) 6 ;

b) sin(x+20°):—§; d) tan(Zx—gj=0.

BT 2. Giai cac phuong trinh sau :
T d) (1-cos4x)(tanx +cotx)=4;
a) tan2x=tan X-I-Z ;

T
e) tan2x+cot(x——j =0.
b) tanx+cotx=-2; 3

. . 1
) cos’x.sinx —sin’ x.cosx = 3
BT 3. Gidi cac phuong trinh sau :

a) tan(ZX—gjﬂ); c) tanx+cot(2x—§j:0.

)

b) tan2x+tan(x—§j =0;
D. CAUHOI TRAC NGHIEM

. T Vs
Cau 1. Phuong trinh SIn X = > c6 nghiém thda man > <x SE 1a

St T T
A x=—+k2rx L X=—, . X=—+k2r, L X=—
6 B 6 c 3 b

, . 3
Cau 2. S6 nghiém ctia phuong trinh sin2x =§ trong khoang (0; 37r) la

A. 1. B. 2. C. 6. D. 4.
CAu 3. S6 nghiém cda phudng trinh: sin (x+%j =1v6i 7<x<5r l1a

A. 1. B. 0. C. 2. D. 3.
Cau 4. Phuong trinh Sin2x :—5 c6 bao nhiéu nghiém théa 0 < x < 7.

A 1. B. 3. C. 2. D. 4.
CAu 5. S6 nghiém ctia phuong trinh sin (x+%j =lv6i 7<x<3r la

A 1. B. 0. C. 2. D. 3.
Céu 6. Phuong trinh 2sin (2x - 40°) = /3 ¢6 s6 nghiém thudc (—180";180")1:21
A 2. B. 4. C. 6. D.7.

CAu 7. S6 nghiém ciia phuong trinh: 2 cos(x+§j =1vé6i 0<x<2rla

A 0. B. 2. C. L. D. 3.
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Cau 8. S6 nghiém ctia phuong trinh cos (% + %j =0 thudc khodng (7[, 87r) la

A. 2. B. 4. C. 3. D. 1.

4 7 . A 2 Y Tc A
Céau 9. Tim téng cac nghiém cta phuong trinh: 2cos(x —5) =1 trén (-n;n)

A 2" B~ i D /"
"3 "3 3 "3
CAu 10. Phuong trinh mcosx+1=0 c6 nghiém khi 7 thda diéu kién
m<—1 m<1
A. . B.m=>1. C. m>-1. D.
m>1 m>—1

Cau 11. Phuong trinh cosx =m+1 c6 nghiém khi 7 la
A. -1<m<1. B. m<0. C.m=>-2. D. 2<m<0.

Céu 12. Cho phudng trinh: J3cosx+m—1=0. Véi gid tri ndo cia M thi phudng trinh c6 nghiém
A. m<1—3. B. m>1+3.
C. 1=3<m<1+3. D. ~3<m<43.

Cau 13. Cho phuong trinh cos (2x - %) —m =2 . Tim m dé phuong trinh c¢6 nghiém?
A. Khong ton tai m. B. me[-1;3].
C. me[-3;-1]. D. moi gia tri cGia m.

4 T A
Cau 14. bé phuong trinh cos’ (g —Zj =m cb nghiém, ta chon

A. m<1. B.0<m<lI. C. -1<m<l. D. m>0.

Cau 15. Nghiém 4m 16n nhit va nghiém duong nhd clia phuong trinh sin 4x +cos5x =0 theo thit ty
la

A. X=—£; :7_Z. B. X=—£; x—E_
18 2 18 9
T T T T
C.x——ﬁ,x—g. D.x——ﬁ,x—g.

A N 2 ’ .« A > \ b TE Tc A
Cau 16. Tim tong cac nghiém ciia phuong trinh sin(dx +§) = Cos(2x—§) trén [0; ]
L 7x L4 L o
" 18 " 18 "8 " 18

Cau 17. Trong ntta khodng [0; 27r) , phuong trinh cos2x+sinx =0 c6 tap nghiém la

T TS5t -7 Tr 11x 7 Sr Ix 7 Tr 1lx
A, {—;_;—}. B. {—;—;—;— . C. {—;_;— . D.y=;—:s—.
6 2 6 6 2 6 6 6 6 6 2 6 6

CAu 18. S6 nghiém ciia phuong trinh sinx =cosx trong doan [—72'; 71] la
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A 2. B. 4. C. 5. D. 6.
X X
Cau 19. Nghiém cda phuong trinh 3132111:L _\/5 =0 trong nita khoang [O; 27[) la
T 2r 3z T 3r 2
A sy ——i—. B.{\—¢. C.y=i—. D.{—.
33 2 2 2 3
Céu 20. Nghiém ciia phuong trinh tan(2x—15")=1, véi —90° < x <90° 14
A. x=-30° B. x =-60°

C. x=30° D.x=—600’x=300

RY/4
CAu 21. S6 nghiém clia phucng trinh tanx= tanﬁ trén khodng (%;272’)

A 1. B. 2. C.3. D. 4.
Céu 22. Phuong trinh nao tudng duong vGi phuong trinh sin® x —cos’ x—-1=0.

A. cos2x=1. B. cos2x=-1.

C.2cos’x-1=0. D. (sinx—cosx)” =1.

Cau 23. Phuong trinh 3 -4 cos” x = 0 tudng dudng vGi phuong trinh nao sau day?

1 1 . 1 . 1
A. COS2x=— B. COS2x=— C. Sin2x=—, D. sin2x=——
2 2 2 2
, sin3x
Cau 24. S6 nghiém ciia phuong trinh =0thugc doan [27;47] 1a
cosx+1
A. 2. B. 6. C. 5. D. 4

CAu 25. Tim s6 nghiém x e [O; 14] nghiém diang phuong trinh: cos3x—4cos2x+3cosx—4=0
Al B.2 C.3 D.4

§ 3. MOT SO PHUONG TRINH LUONG GIAC THUONG GAP

A. KIEN THUC
I - PHUONG TRINH BAC NHAT DOI VOT MOT HAM SO LUONG GIAC
1. Pinh nghia
Phuong trinh bjc nhat d6i v6i mot ham so lugng giac 1a phuong trinh c¢6 dang
at +b =0, (1) trong d6 a,b 1a cac hang s (a = ()) va t 12 mot trong cdc ham s6
lugng giac.
2. Cach giai
Chuyén vé roi chia hai vé cia phudng trinh (1) cho a, ta dua phuong trinh (1) vé phuong trinh
lugng giac ca ban. ’ )
II - PHUONG TRINH BAC HAI BOI VOI MOT HAM SO LUONG GIAC
1. Pinh nghia
Phuong trinh bdc hai @i v6i mot ham so lugng gidc 1a phuong trinh ¢6 dang
at’ +bt +c =0, trong d6 a,b,¢ 12 céc hing s6 (a = O) va t 12 mot trong cdc ham s6

lugng giac.
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2. Cach gidi
Dit biéu thiic lugng gidc 1am 4n phu va dit diéu kién cho 4n phu (néu c6) roi gidi phucng trinh theo
an phu nay. Cudi cling, ta dua vé viéc gidi cac phucng trinh lugng giac ca ban.
3. Phuong tinh dua vé dang phuong trinh bac hai d6i v6i mdt ham s lugng gic
Hay nhic lai :
a) Céac hiang dang thifa lugng giac cd ban ;
b) Cong thic cong ;
c) Cong thiic nhan doi ;
d) Cong thiic bién ddi tich thanh téng va téng thanh tich.
111 - PHUONG TRINH BAC NHAT DOI VOT sinu va cos «
1. Cong thiic bién ddi biéu thic asinu + bcosu

Trong trudng hgp téng quat, véi a* +b° = 0, ta ¢6

) ) b
asinu +bcosu =+a* + b Ls&nu%——‘cosu )
va@ + b Va* + b
2 2
Vi a4 b — 1 nén c6 mot goc » sao cho
\/a2 +b2 \/a2+b2

= cos« = sin a.

a b
\Ja® +b° ’\/az +0°
Khi d6 4 sin u +becosu = AJa® + b? (sinucosoz + cosusina) = +a® +b? sin(u + a) (*)

bac biét, sinu + cosu = \/Esin[u—i—% Va sinu — cosu = \/Esin[u—%].

2. Phuong trinh dang asinu 4+ bcosu = ¢
Xét phudng trinh asinu +bcosu = c¢ (4.0) V6i a,b,b € R;a,b khong dong thdi bang 0

(CLQ +0* = 0).
Néu ¢ = 0,b = 0 hodc a = 0,b = 0, phuong trinh (4.0) ¢6 thé dua ngay vé phuong trinh lugng gidc
o bén. Néu a = 0,b = 0, ta dp dung cong thic ().

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI

Dang 1 : Phuong trinh bic nhat va phuong trinh dua dudc bac nhat d6i v6i mot ham s6
lugng giac

=0 , ’
_0 trong dé A, B la cac phucng trinh bac nhat theo mot ham so lugng giac.

B

1. Gidi phuong trinh 3cosz + 5 = 0. 2. Giai phuong trinh \/5 cotz—3—0.
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3. Giai phuong trinh 5cosx —2sin2x = 0. 4. Giai phuong trinh 8sinzcosxcos2x = —1.

Dang 2 : Phuong trinh bac hai va phuong trinh dudc vé bac hai d6i v6i mot ham sé lugng
giac
V6i u = u(z).
(D Pat t = sinw hodc t =cosu thi —1<¢<1.
(2 Phucng trinh dang atanu + bcotu + ¢ =0 (2)
biéu kién ctia phuong trinh (2) 12 cosu =0 va sinwu = 0.

1 o
Vi cotu = : nén phuaong trinh (2) c6 the viét duégi dang
anu

atanu—{—tailu +c=0<«atan’u+ctanu +b = 0.
Ta dua dugc phuong trinh (2) vé phucng trinh bac hai theo ham s6 tan u.
(3 Phuong trinh ding cap bac hai (toan phudng) d6i v6i sin u va cos « 12 phudng trinh cé dang
asin®u + bsinu.cosu + ccos’u = d (3)

, sinucosu
U—————

d
= tan u;—— = d(l + tan® u)
cos’ u cos’ u

Bién soan : T§ Todn — Trudng THPT Nguyén Du 33



Cach gidi :
Néu cosu =0 thi phuong trinh (3) ¢6 hai kha ning sau :

e Khdningl:a = d dingthi u= g +km,k € Z thod phuong trinh (2). Gidi tim nghiém

T

e Khdnang2: a = d saithi cosu=0.
Xét cosu = 0, chia hai vé phuong trinh (3) cho cos” u, ta dugc

atan’u +btanu + ¢ = d <:>atan2u+btanu+c:d(l—i—tan?u).
Cos” U

Ta dua dugc phuong trinh (3) vé phucng trinh bac hai theo tan u.
LUUY:
Ta c6 thé dua phudng trinh (2) vé dang bac nhat d6i véi sin 2z va cos2z nhu sau :
1—cos2u 9 1+ cos2u
- cosSuU=———

)

sin®u =

. 1.
; SIUCOSU = §S1H2U.

Khi d6 phuong trinh (2) tré thanh
Asin2u 4 Bcos2u = C.
Pay 1a dang phuong trinh c6 dién ta xét & phan tiép theo.
Cac phuong trinh dang

asinu +bcosu =c (4.0)

asinu + bcosu = +a’> +b” sinv hodc asinu + bcosu = \Ja® +b* cosv (4.1)

asinu +bcosu = asinv + bcosv (4.2)

Dung cong thlc ¢ sinu + b cosu = \a® + b? (sinu cos @ + cosu sin oz) = ~a’ + b’ sin (u + a) de
bién ddi cac phuong trinh.

1. Giai phuong trinh 2. Gidi phuong trinh 2tanx + cotz = 3.

2sin2§+\/§sin§—2:().
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3. Gidi phuong trinh 4 sin®>z + 8cosz — 7 = 0. | 4. Gidi phuong trinh cos2z —sinz +2 = 0.

6. Giai phucng trinh 3sin*z + cos2z = 2.

5. Giai phuong trinh +tanx = 1.

COS T
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7. Gidi phuong trinh 8. Giai phuong trinh

. . 5 1 sin®z + 2cos’ z + sinz.cos® 2z = 1.
sin” z +sin2x —2cos” z :5.

9. Gidi phuong trinh sinx ++3 cosx = \/5 10. Gidi phuong trinh sinz —cosx = \/5 sin 2.
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11. Giai phuong trinh 12. Giai phuong trinh
\/gsinS:c—cos&r:Qcosx. \/5(1)8556—281H3$C082$—Sin112:0.

C. BAI TAP REN LUYEN
BT 1. Gidi cac phuong trinh sau :

a) 2sin®z —sinz —-1=0 ;

’ T St
a) sin’x+3cos’x—3sinx =1 Pap so: X:g+k2n > X:€+k27f
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b) cos2x+3sinx+1=0

C) 4cos’x—2cos2x —1=cos4x
. T . T
d) s1n(x+—j—s1n(2x+—)=1
3 6
BT 2. Giai cac phuong trinh sau :
a) sin’x—cos*x=—
b) cos*x-cos2x+2sin®x =0

- .3
C) Sin” X + COS X—Z

d) (sm X+ CO0s x)(sm X+COS X

BT 3. Giai cac phuong trinh sau :

a) sin’x—2sin2x+3cos’x =1
b) 4sin’x —sin2x +2-/3cos’x =3

C) 2cos’x+cos2x+sinx=0

J2-1
2

d) 3sinxcosx—sin’x =

e) 3sin?k + 5cos?x — 2c0s2x — 4sin2x = 0.
BT 4. Giai cac phuong trinh sau :

a) cos 7x.co85x —/3 sin2x = 1 —sin 7x.sin 5x
b) sin4x —cos3x =~/3(sin3x + cos4x)

¢) sin’x++/3sin2x+3cos’x = 2(1—sin4x)
d) 4(sin*x +cos* x) +~/3sin4x =2

e) sindx +8cos’x —4cos2x =4
BT 5. Giai cac phuong trinh sau :

a) (1+\/§)(cosx+sinx)—sin2x—1—\/5=0

b) sin2x+\/§.sin(x—g)=1

)= 2+cos4dx

Dép s6 : {x=—g+k2n X=—+k2ﬂ3}

Dép s6 {X=kE
2

Pap sb : ix=—g+k2n x——+k2n}

. i
Dép so : { = 4+k2n
Dap sb : {x = kn}
DPap s : x=2 k=
8 4
Dép s6 : x=—+k=
4 2

1
Papso : {x=5+kn X = arctan2+kn

ba x——+kn X——+kTE
L { 3 12

Pap s6 : {X=g+k2n;x=—§+kn

Dapsé : {x:—+k2n,x %+k277t
DPap s6 : {x:i-q-kﬁ, __In_

. T T .m

Dép SO : { =——+k—;x=—+k—

12 2 4 2

Dépsfi:{x:k ,X=g+k§

Dap so :{x k2m; x-5+k2n

DPép so : {x=§+kn x=n+k2n

€) sin’xcosXx+12(sinx —cosx +sin2x)—sinxcos*x =12 Dépsfi:{x:ngkn;x:%}
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sin’ x +cos’ x 1

9 NG

sin4x

2 —sin2x

BT 6. Gidi cac phuong trinh sau :

a) cosx-+cos2x+cos3x=0 Dap s6 : {X:i_n+ k27 X=%+ kg}
L 2 i

b) 1+cosx+cos2x+cos3x=0 Dapso: X——+k?;X:5+kTE

.2 .2 .2 ’ ~X T T T

C) sin” Xx+sin”2x =sin” 3x DPap so: {x=k—,x=g+k§}

d) sin3xsin’x —cos3xcos’x = 3\/58_2 DPap s6 : {x :+£+%}

e) 2\/§sin(x—%)cosx:l Déap s6 : {x:§+kn;x:§ kn}

TRICH MOT SO CAU PE THI TUYEN SINH PAI HOC VA CAO PANG

Cau 1: (A_2014) Gidi phuong trinh :

Cau 2: (B_2014) Gidi phuong trinh :

Céu 3: (A_2013) Gidi phuong trinh :

Céu 4: (B_2013) Giai phuong trinh :
Céu 5: (D_2013) Giai phuong trinh :

Cau 6: (A_2012) Gidi phuong trinh :

Céu 7: (B_2012) Giai phuong trinh :

Céu 8: (D_2012) Giai phuong trinh :

Cau 9: (Cb_2012) Gidi phuong trinh : 2cos2z + sinz = sin 3z DS : {x

sinz +4cosz =2+ sin2z DSZ{xZﬂZ%—szTr}

3T

\/E(sinrc—Qcosx):2—sin2m DS:{x:iI+k2w}

1+tanx:2\/§sin[x+§]
DS:{x:—%—f—lm;m:ig—i—kQW}

sinbz +2cos’ z = 1DS : {rc =————2x

sin 3z 4+ cos2x —sinz = 0
7.‘—.
Zir=

2
\/gsin2x+cos2$ =2cosz —1

DS:{x—z—l—k —£+k2ﬂ;x:7—ﬂ+k2ﬂ'}
4 6 6

bS: {xz%—i—kw;xzk?w;x:%—kmw

2(cosz +V3sinz)cosz = cosm—\/gsin:c—kl

—2%+k27r;m:k2—ﬂ-

DS:{x

sin3z + cos3x —sinz + cosx = \/500s2x

77T + k2mx = —l+ k27
2 12

DS:{x

z—l—kz;m:
4 2

E—sz;x:z—l—k%r}
4 2 2
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1+ sin2x + cos 2z

5 = \/EsinxsiHQx bS:
1+ cot”zx

Cau 10: (A_2011) Gidi phuong trinh :

{x:£+kw;x:£+k2ﬂ}
2 4

Cau 11: (B_2011) Gidi phuong trinh : sin 2z cos x + sin z cos z = cos 2z + sinx + cos

DS:{x:g—l-k%';x:x:7r+k27r;x:j:§+k27r}

Cu 12: (D_2011) Giai phuong trinh : S22 F2cosz —smzr =1 _ s {x =T k27r}
tanz + \/g 3
Cau 13: (CP_2011) Gidi phudng trinh : cos4z +12sin’z —1 =0 PS: {z = kn}
(14 sinz + cos2x) sin[fc + 7T] 1
CAu 14: (A_2010) Giai phuong trinh : 4)_ ~ coss
1+ tanx \/5

bsS: {x :—%+k27r;ar :%4—/{;277}

Cau 15: (B_2010) Gidi phuong trinh : (sin2xz + cos2z)cosz + 2cos2z —sinz = 0 DS :
{x _T, kz}
4 2

bS: {m:%—i—lﬂﬂ;z:%—i—lﬂﬂ}

Cau 16: (D_2010) Gidi phuong trinh : sin 2z — cos 2z + 3sinz —cosz —1 = 0

Cau 17: (CD_2010) Giéi phuong trinh : 4 COS%COS% +2(8sinz —1)cosxz =5

bS: {$:l+kﬂ;$:5—ﬂ-+kﬂ'}
12 12

Cau 18: (A_2009) Giai phuong trinh : (- 2sin 7) s _J3 ps : {x __T ’“2_7T}
(1+2sinz)(1 —sinz) 18 3

Céu 19: (B_2009) Giai phucng trinh : sin z + cos z sin 2z + \/5 cos 3z = 2(cos 4z + sin® z)

ps: {x:—1+k2n,x:1+k2—”}
6 42 "7

D. CAUHOI TRAC NGHIEM
PHUONG TRINH BAC 2 CUA MOT HAM SO LUQNG GIAC

Cau 1. Nghiém ctia phuong trinh sin” x —sinx = 0 thda diéu kién: 0<x < 7.

A.ng. B.x=r. C. x=0. D. x=-2.

2

CAu 2. Nghiém ctia phuong trinh lugng gidc: 2sin’ x—3sinx+1=0 thda diéu kién 0< x < % la

A x=— B. x==— Cc.x=Z D.x:s_”
3 2 6 6

Cau 3. Nghiém cta phuong trinh sin” x +sin x = 0 thda diéu kién: —% <x< % .
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A x=0. B.x=r. C.x=2. D. x=2.
3 2

Cau 4. Trong [0;27), phuong trinh sinx =1~ cos’ x c6 tap nghiém 1a

A. {%;ﬂ';zﬂ}. B. {0;7}. C. {0;%%}. D. {0;%;7&27?}.

CAu 5. Nghiém ciia phuong trinh 2sin® x —3sinx+1=0 thda diéu kién: 0< x < % .

A x=—. B. x=—. C.x=£. D. x=—-—.
6 4 2 2

Cau 6. Nghiém clia phucng trinh lugng gidc: 2cos” x+3sinx—3 =0 thoa diéu kién 0< x < % la

A.xzz. B.xzz. C.xzz. D.xzs—ﬂ.
3 2 6 6

Cau 7. Nghiém cta phuong trinh sin’ 2x+2sin2x+1=0 trong khodng (-7;7) 1a

A. _ﬂ;_?’_ﬂ . B. —1;3—” C. 2;3—7[ . D. Z;—?’—” .
4" 4 474 - 4 4 4 4
Céu 8. Gidi phuong trinh lugng gidc 4sin* x+12cos’ x—7 =0 ¢6 nghiém 1a

A.x=i£+k27z. B.x=£+k£. C.x=£+k7z. D.x=—£+k7z.
4 4 "2 4 4

Cau 9. Phuong trinh cos2 (x + %) +4cos (% - xj = % c6 nghiém la

x:—£+k2ﬂ x:£+k27r x=—£+k27z x:£+k27r
A . B.| . . C. 53 . p.| 3
x=Z4k2x x=Likor x:?ﬂ+k27r x=%+k27z

Cau 10. Tim m dé phuong trinh 2sin’x - (2m +1)sinx+m =0 c6 nghiém x e [—%;Oj .

A -1<m<0. B.1<m<2. C. -1<m<0. D.0<m<l.
CAu 11. Nghiém ctia phuong trinh cos’ x + cos x = 0 thda diéu kién: %< x< 377[
A x=rx. B.x=2. C.x=3—”. D.x=—3—ﬂ.
3 2 2
Cau 12. Phuong trinh sin® x +sin” 2x =1 ¢4 nghiém 1a
x=£+k7z x:£+k£
Al 2 (kell). B.| 3 2
x=tZskn x=—"tkr
L 6 4
x=24kZ
C. 23 D. V6 nghiém.
T
xX=——+kr
3

Céu 13. Ho nghiém cta phuong trinh 3tan2x+2cot2x—-5=01a

A. —£+k£. B.£+k£.
4 2 4 2
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C. —larctan%+k£. D. larctang+k£.
2 3 2 2 3 2
CAu 14. Trong c4c nghiém sau, nghiém am 16n nhét cGa phudng trinh 2tan” x+5tanx+3=01a

AL B. - Z. c.-Z. p. %

3 4 6 6
Cau 15. S6 nghiém clia phucng trinh 2tanx—2cotx—3=0 trong khoéng(—%;ﬂj la

A. 2. B. 1. C. 4. D. 3.
PHUONG TRINH BAC NHAT VOT SIN VA COSIN
Cau 1. Nghiém cta phuong trinh sin x + V3eosx=+2 1a

A. x=—£+k2ﬂ;x=5—”+k2ﬂ. B.x=—£+k27r;x=3—”+k27r.
12 12 4 4

C. x=£+k27z;x=2—”+k27r. D. x=—£+k27r;x=—5—”+k27r.
3 3 4 4
Céu 2. Nghiém cta phuong trinh sin x —/3cosx=0 la
A.x=£+k27z. B.x=£+k27z. C.x=£+k7z. D.x=£+k7z.
6 3 6 3

Céu 3. S6 nghiém clia phudng trinh sinx+cosx =1 trén khodng (0;7) 1a

A 0. B. 1. C. 2. D. 3.
Céu 4. Nghiém ctia phuong trinh sin x + eosx=21a

A.x=5—7r+k7r. B. x=5—ﬁ+k27r. C.x=—Lrknr. D. x="+k2r.
6 6 6 6
Cau 5. Phuong trinh: 3.sin3x +cos3x =—1 tudng ducng vGi phuong trinh nao sau day:
A. sin[?ax—z =—l B. sin(3x+£ -z
6 2 6 6
C. Sil’l(3X+£ =—l D. sin| 3x+ 2~ =l
6 2 6 2
CAu 6. VGi gid tri ndo cda m thi phuong trinh (m +1)sin x +cosx =+/5 ¢4 nghiém.
m21
A -3<m<l. B.0<m<2. C. . D. 2<m<2.
m<-3
Cau 7. Piéu kién d€ phuong trinh msinx—3cosx =35 c6 nghiém la
<-4
A m=>4. B. 4<m<4. C. m>-34. p.|" "
m=>4

Cau 8. Cho phuang trinh: (m2 + 2) cos® x —2msin 2x +1 = 0 . D€ phuong trinh ¢ nghiém thi gid tri thich
hgp ctia tham s6 m 1a
<m<

A -1<m<l. B. —%Smﬁ%. C. - D.|m>1.

NG
N

Cau 9. Tim m dé pt sin2x+cos’ x = % c6 nghiém la

A 1-B3<m<1+3. B.1-2<m<1+2. C.1-J5<m<1+/5. D.0<m<2.
CAu 10. Piéu kién c6 nghiém cda pt asinSx+bcosSx=c 1a
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A a*+br <t B. o’ +b* <. C.a*+b*>c". D. &’ +b* > 7.
Cau 11. biéu kién dé phuong trinh msinx+8cosx =10v6 nghiém 13

‘m<-6
A.m>6. B. . C. m<—6. D. -6<m<6
| m=6 :
Cau 12. biéu kién dé phuong trinh 12sin x + m cos x =13 c¢6 nghiém 1a
'm<-5
A.m>5. B. . C. m<-5. D. -5<m<5.
|m=5
Cau 13. Tim diéu kién d€ phuong trinh msin x+12cosx = —13vd nghiém.
m<-5
A.-m>5. B. . C. m<-5. D. -5<m<5
|m=5 ’

Cau 14. Tim diéu kién d€ phuong trinh 6sinx—mcosx =10v6 nghiém.

m<—8
A. . B. m>8. C. m<-8. D. 8<m<8.
m>8
Cau 15. Tim m dé€ phuong trinh 5cosx—msinx =m+1 c6 nghiém
A. m<-13. B. m<12. C. m<24. D. m2>24.

Cau 16. Tim m dé phuong trinh 2sinx + mcosx =1—m (1) c6 nghiém x e [—Z;ﬁ]
2 2

A -3<m<l1 B.-2<m<6 C.1<m<3 D.-1<m<3
Cau 17. Tim m dé€ phuong trinh msinx + 5cosx = m +1 ¢6 nghiém.
A m<12 B.m<6 C. m<24 D.m<3
Cau 18. Phuong trinh mcos2x +sin2x = m —2 ¢6 nghiém khi va chi khi
A.me —oo;i . B. me —oo;i . C.me i;Jroo . D. me i;Jroo .
4 3 3 4
Cu 19. Phucng trinh sin x + cos x =+/2 sin 5x ¢6 nghiém 1a
x=£+k£ x=£+k£
Al Y 2 ken. B.| 12 2 ke
x=24iZ x=21kZ
L 6 3 24 3
x=£+kZ x=£+k£
c.| 1 2jen. p.| 8 2 jen
x=24kZ x=2+kZ
8 3 9 3

Cau 20. Phuong trinh sin 8x —cos 6x = \/g(sin 6x+cos8x) c6 cac ho nghiém la

x=Ztkn x="rkn x=2rkrn x="tkn
Al Y B.| ° . c| ° . p.| 8
x=2 4k Z x=2+kZ x=Z+kZ x=Z4kZ
L 12 7 6 2 L7 2 9 3
Cau 21. Phuong trinh: 3sin3x ++/3 cos9x =1+4sin’ 3x 6 céc nghiém la
x=—£+k2—ﬂ- x=—£+k2—ﬂ-
A 6 9 B. 9 9
TR L TE 2
6 9 9 9
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T 27 T 27

XxX=—— —_— X=—— —_—
C. 12 9 _ D. 54 9
T 2 V4 2z
x=—+k— xX=—+k—
12 9 18 9
Céu 22. Phuong trinh 8cosx =——+ c6 nghiém la
sinx cosx
X=l+k£ x:l.}.kl x:£+k£ x:£+k£
A. 26 2 B.| 12 2, c| 8 2. D. ; 2
x="Z vk x="1ikr x="skr x="" 4\ ikn
3 3 6 3
PHUONG TRINH PANG CAP VGI SIN VA COSIN
Cau 1. Phucng trinh 2sin’ x +sin xcos x —cos’ x =0 c¢6 nghiém 1a
Vs
A —+kr, kel. B. £+k7z,arctan ljJrkﬂ, kel.
4 4 2
V4 1 V4 1
C. ——+kﬁ,arctan(—)+k7r, kel . D. ——+k2x,arctan| — |+ k27, kel .
4 2 4 2
CAu 2. Trong khodng [0 ;%), phuiong trinh sin® 4x + 3.sin4x.cos4x —4.cos’ 4x = 0¢6:
A. Ba nghiém. B. M6t nghiém. C. Hai nghiém. D. Bon nghiém.
Cau 3. Phuong trinh 2cos’ x—33sin2x—4sin> x =—4 ¢6 ho nghiém la
x=—+krx .
Al %2 ken. B. x="+k2x, kell.
2
x=—+krx
C.x:%+kﬂ',ke|]. D.x=%+k7z,kel].
Cau 4. Giai phucng trinh cos’ x—~[3sin2x=1+sin>x
x=k2x ka%ﬂ' xzk%;r x=krx
A. . C. D.
x=Z+1kr r o1 T 2 x=2kr
3 X=—+k—rx X=—+k—r 3
3 2 3 3
Cau 5. Gidi phuong trinh 2cos® x + 6sin xcos x + 6sin’ x =1
A. x=—£+k27z;x=arctan 1 +k27 B. x=—£+kz7r;x=arctan 1 +k£7z
4 5 4 3 5 3
Vs 1 1 1 T 1
C.x=——+k—rm;x=arctan| —— |+k—7x D. x=——+km;x=arctan| —— |+krx
4 4 5) "4 4 5

PHUONG TRINH DOI XU’NG VOTI SIN VA COSIN

. 1.
Cau 1. Phuong trinh sinx+cosx = I—Esm 2x cé nghiém la
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[ oz
x=—+k—
Al % 2 ken
x=kZ
L 4
Vs
=—+k
C. o 4 ”,keD.
| x=krx

x=Zkr
B.| 8  ken.
xzkZ
2
D. x:%+k2”,kei.
x=k2x

Cau 2. Gidi phuong trinh sin 2x —12(sinx —cos x) +12=0

A. x=%+k7z,x=—7z+k27z
C. x=£+k17r,x=—7r+k37r
2 3 3

Cu 3. Gii phuong trinh sin 2x++/2 sin(x—%j =1

A. x=%+k7r,x=%+kﬂ,x=7r+k27r

C. x=%+k%7r,x=£+k§ﬂ,x=7r+k27r
Cau 4. Gidi phuong trinh |cosx —sin x|+ 2sin2x =1
A. x=—k3” B. xz—kiﬁ

Cau 5. Gidi phuong trinh cos® x +sin’ x = cos 2x

A. x=—%+k27r,x=—%+k7r,x=k7r

C. x=—£+klﬂ,x=—£+k2ﬂ,x=k27r
4 3 2 3

B. x=£+k27r,x=—7r+k27r
2 3

D. x=%+k27r,x=—ﬂ+k2ﬂ

B. x=£+klﬂ,x=£+klﬂ,x=7r+klﬂ
4 2 2 2 2

D. x=£+k7r,x=%+k27z,x=7r+k27r

C.x=k7—” D.xzk—ﬁ
2 2
T 2 T
B.x=—-+k—nm,x=—+kn,x=knr
4 3 2

D. x=—%+k7r,x=—%+k27r,x=k2ﬁ

Cau 6. Gidi phuong trinh cos’ x +sin’ x = 2sin 2x +sin x + cos x

_ k3w _k5x

2

A x B. x

Cau 7. Cho phuong trinh sin xcosx—sinx—cosx+m =0, trong dé m 1a tham s6 thuc. P& phucong

trinh c6 nghiém, cac gia tri thich hgp cia mla

1

A.—2Sm£—%—\/§. B.—E—\/ESmsl.

D. x=k—”
2

C.x=kr

C.1£m£%+\/5.

Cau 8. Phuong trinh 2sin 2x—3v6 |sinx+cosx|+8=0 c6 nghiém la

x=Zvkr
Al 3 kel .
hY/4
x=—++krx
L 3
x=—+kr
C 6 , kel
hY/4
x=—+krx
L 4

=—+k
B.|*T4 T ken
x=5r+krx
x—£+kﬂ
p.| 12 e
57
x=—+kr
12
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PHUONG TRINH LUQNG GIAC DUA VE TICH
Cau 1. Phuong trinh 1+ cosx + cos’ x+ cos3x — sin’x = 0 tuong duong v6i phuang trinh.

A. cosx(cosx+cos3x)=0. B. cosx(cosx—cos2x) =0.
C. sinx(cosx—cos2x)=0. D. cosx(cosx+cos2x)=0.
CAu 2. S6 nghiém thudc {%,619—07[} cta phuong trinh 2sin 3x(1 —4sin® x) =0la
A. 40. B. 34. C. 41. D. 46.
Céu 3. Nghiém duong nhd nht cha pt (2sinx—cosx)(1+cosx)=sin’ x 1a
Ax==Z B. x=2% C.x=x D. x=2
6 6 12
Ciu 4. Nghiém duong nhd nhit clia pt 2sinx +2+/2 sin xcosx =0 1a
A.x=3—7Z B.x=z C.x=z D.x=nx
4 4 3
Cau 5 Tim s6 nghiém  trén  khodng  (-m;n) cha  phuong

2(sinx +1)(sin®2x — 3sinx + 1) = sindx.cosx

A1 B.2 C.3 D.4
Cau 6. Phuong trinh sin 3x + cos2x = 1+ 2sin x cos 2x tuong dudng vGi phucng trinh
sinx =0 sinx=0 sinx=0 sinx =0
A. 1- B.| . . C.| . . D. 1-
sinsz [smle Llnx:—l sinxz—E

Céu 7. Gidi phucng trinh cos’ x —sin’ x = cos 2x.

A. x=k2n,x=%+k7z,x=%+k7z. B. x=k2ﬂ,x=%+k27r,x=%+k27z.

C. x=k27r,x=£+k27z,x=£+k7r. D. x=k7r,x=£+k7r,x=£+k7r.
2 4 2 4

Cau 8. Gidi phuong trinh 1+sinx+cosx+tanx=0.

A. x=ﬂ+k27z,x=%+k7r, kel . B. x=7z+k27z,x=—%+k27z, kel .
C. x=7r+k27z,x=%+k27r, kel . D. x=7r+k27z,x=—%+k7r, kel .

Cau 9. Phuong trinh 2sin x + cotx = 1 + 2sin 2x tuong duong véi phucng trinh
2sinx =-1 2sinx =1
Al . : 3 A , :
sinx—cosx—2sinxcosx=0 sinx+cosx—2sinxcosx=0
2sinx =-1 2sinx =1
C.| . . . D.| . ) .
sinx+cosx—2sinxcosx =0 sinx—cosx—2sinxcosx=0

Cau 10. Nghiém duong nhd nhat cia phucng trinh sinx +sin2x =cosx +2cos’ x 13

AZ B. 2% cZ. D.Z
6 3° 4 3
Cau 11. Nghiém dudng nhd nhat clia phudng trinh 2 cos® x + cos x = sin x + sin 2x 1a?
A.x=£. B.x=£. C.x=£. D.x=2—”.
6 4 3 3

Cau 12. Phuong trinh sin3x + cos2x = 1+ 2sin x cos 2x tuong duong véi phuong trinh:
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sinx =0 sinx =0 sinx=0 sinx=0
A. B.| . . C.| 1- D.| 1-
sinx =—1 sinx =— sinx =——
2 2

sinx =1

C4u 13. Phuong trinh cos® x —cos2x +2sin® x =0 ¢6 nghiém 1a

A.x=£+k7r. B.x=£+k£. C.x=kn. D.x=k2rx.
2 4 2
Cau 14. Phuong trinh: (sinx —sin 2x)(sin x + sin2x) = sin” 3x ¢6 c4c nghiém la
[ V1 i z
x=k= x=k= 2z
=K— = k3
A. 3, B. 6 c.|*TF 3 D[x_kzﬂ.
x=kZ x=kZ x=krx Y=k
L 2 L 4
Cau 15. Phuong trinh sin® 3x —cos’ 4x = sin”* 5x —cos’ 6x ¢6 cac nghiém 1a
x=ko x=kyg x=kZ x=kZ
A. 12, B. 2. C.|7” 6. D.|° 3.
x=kZ x=kZ x=krx x=k27
L 4 L 2
PHUONG TRINH LUQNG GIAC TONG HQP
Cau 1. SO nghiém phuang trinh sinz(g—g).tanzx - coszg =0 Vv6i x € [O; 7T] la
A 0. B. 2. C. 1. D. 3.
CAu 2. Cho phudng trinh: sinx + sin2x = cosx + 2cos2x nghiém dudng nhd nhdt cia phuong trinh 1a
AL B. L. c.Z. D. 27,
6 4 3 3
CAu 3. Nghiém a4m 16n nhat clia phudng trinh: sinxsin 2 xsin3x = %sin 4x la
A I B. - I c.-Z. ) S
2 3 6 8
Cau 4. Phuong trinh (sin2x + cos2x)cosx + 2cos2x —sinx =0 ¢6 nghiém x= % +H(k €Z),neR.
n
Khi d6 gid trinla
A 2. B. 1. C. 4. D. 8.
Céu 5. S6 nghiém trén [0; 27| clia phuong trinh: sinx + cosx + sinxcosx+1=10 1a
A 1. B. 2. C.3. D. 4.
Cau 6. Nghiém dudng nhd nhét clia phucng trinh 2cosx + cosx = sinx + sin2x 1a?
Ax=T. B.x=_. C.x="_, D.x=2—.
6 3 4 3
Cau 7. Nghiém ducng nhd nhat cia phuong trinh 2cos2x + cosx = sinx +sin2x 1a?
A x=". B.x=_. C.x=2. D.x:2—7r
4 3
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DAI SO VA GIAI TICH 11 - Chuong 2

TO HOP - XAC SUAT

Chuong nay cung cap nhitng kién thiic cd bdn nhat vé Pai s6 t6 hopva Li thuyét xdc sudt.

Phan thit nhit bao gdm quy tic congva quy tac nhan, cac khai niém, cac cong thiic vé hodn vi,
chinh hgpva té hop. Cac bai toan nay thudng gap trong Toan Ging dung. Ngoai ra, cong thiic khai
trién nhji thiic Niu-tonva cac ap dung clia né ciing dudc trinh bay.

Phan tiép theo cung cap nhiing khéi niém m& dau va cic cong thiic don gidn nhat cta L7 thuyét
xdc sudt, mot linh vyc quan trong cia To4n hoc, c6 nhiéu ing dung thuc té.

§ 1. QUY TAC bEM

A. KIEN THUC
S6 phan ti cdia tap hgp hitu han A duge ki hiéu la n (A) Ngudi ta ciing dung ki hiéu ‘A‘ dé chi so6
phan ti ctia tap A.
a)Néu A = {a, b,c} thi s6 phan ti ctia tap hgp A 13 3, ta viét n(A) =3 hay ‘A‘ = 3.
b) Néu A = {1,2,3,4,5,6,7,8,9},3 = {2,4,6,8},
thi A\ B = {1,3,5,7,9}.
e Sophantdciatiphgp A 1a n (A) =9.
e Sophantdciataphgp B 1a n (B) = 4.
e Sophantlchataphgp A\ B 1a n(A\B) =5.
I - QUY TAC CONG

QUY TAC

Mot cong viéc duge hoan thanh bgi mot trong hai hanh dong. Néu hanh dong nay c6 m
cach thyc hién, hanh dong kia c6 n cach thyc hién khong tring vdi bat ki cach nao cta
hanh dong thit nhat thi cong viéc d6 ¢6 m + n cach thyc hién.

Quy tic cong dugc phat hién & trén thuc chat 1a quy tic dém s6 phan ti cGia hgp hai tip hgp hitu
han khong giao nhau, dugc phat biéu nhu sau :

Néu A va B 1a cdc tap hop hitu han khong giao nhau, thi
n(A U B) = n(A) + n(B)
CHUY
Quy tic cong c6 thé mé rong cho nhiéu hanh dong.
11 - QUY TAC NHAN
QUY TAC
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Mot cong viéc duge hoan thanh bgi hai hanh dong lién tiép. Néu ¢ m cach thuc hién hanh
dong thd nhat va ting v6i mdi cach d6 ¢6 n cach thyc hién hanh dong thit hai thi c6 m.n
cach hoan thanh cong viéc.

CHUY
Quy tic nhan c6 thé dugc mé rong cho nhiéu hanh dong lién tiép.
B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : DUng cac quy tic cdng va nhin

1. Cac thanh phé A, B,C, D dudc ndi véi nhau | 3. C6 bao nhiéu s6 dién thoai gom bay chi s6
bdi cac cong dudng nhu hinh dudi. Hoi : bat ki ?
a) C6 bao nhiéu cach di tr A dén D ma qua
B va C chimdtlan?
b) C6 bao nhiéu cich di tit A dén D r6i quay
lai A ?

2. C6 bao nhiéu s6 ty nhién :
a) c6 ba chirso batki;
b) c6 ba chit s6 khac nhau d6i mot ;
¢) c6 ba chit s6 khdc nhau d6i mot va s6 dé
12 s6 chan ;
d) c6 ba chit s6 khac nhau doi mot va s6 dé

chia hét cho 5.

4. C6 thé 14p dudc bao nhiéu s6 tu nhién bé hon
1000 ?
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C. BAI TAP REN LUYEN
BT 1. a/ Gid st tif tinh A dén tinh B c6 thé di bang cac phuong tién : 6t6, tau hda, tau thily hodc mday
bay. Mo6i ngay c6 10 chuyén 6td, 5 chuyén tau hda, 3 chuyén tau thiy va 2 chuyén mdy bay. Hoi ¢
bao nhiéu sy lya chon phucng tién dé di tir A t6i B ?
b/ Tt A dén B c6 4 con dudng dé di ; tir B dén C ¢ 5 con dudng dé di. Hoi c6 bao nhiéu cach
chon dudng di tir A dén C (qua B) ? Ddp s6: a/20, b/20
BT 2. a/ Hung c6 hai doi giay va ba doi dép. Hoi Hung c6 bao nhiéu su lya chon (mot doi giay hoac
mot doi dép d€ mang) ?
b/ Hung c6 2 quan tay va 3 4o sé mi. Héi Hung c6 bao nhiéu cach dé chon mot bd quan 40?
DPap sb: a/5,b/6
BT 3. Mot doi van nghé ¢6 6 nam va 7 ni. Hoi c6 bao nhiéu cach chon
a/ Mot d6i song ca nam — nit ?
b/ Mot ban dé biéu dién don ca ? Déap
s6: a/ 42, b/ 13
BT 4. C6 ba kiéu mat dong ho deo tay (vuong, tron, elip) va bon kiéu day (kim loai, da, vai, nhya). Hdi
c6 bao nhiéu cach chon mét chiéc dong ho gom mdt mat va mot day ?  Dap s6:12
BT 5. Mot 16p hoc ¢6 26 hoc sinh nam va 19 hoc sinh nd.
a/ LGp c6 bao nhiéu cach lya chon mot ban phu trach quy 16p ?
b/ L&p c6 bao nhiéu cach lua chon mot ban nam va mot ban n@ phu trach phong trao ?
¢/ L8p c6 bao nhiéu cach Iya chon mdt ban can sy 16p gom ba ngudi : 1 16p trudng, 1 16p phé
phu trach ky luat va mot 16p phé phu trach hoc tap véi diéu kién 16p trudng phai 1a mot ban
n@ va 16p pho ky lat phéi 1a mot ban nam ? Dép s6: a/45,b/26.19, ¢/ 19.26.43
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BT 6. Trén gi sach c6 9 quyén sach tiéng Viét (khic nhau), 5 quyén sach tiéng Hoa (khac nhau) va 16
quyén sach tiéng Anh (khac nhau). Hdi c6 bao nhiéu cach chon
a/ Mot quyén sach ?
b/ Ba quyén sach vdi ba thit tiéng khac nhau ? Dép s6: a/ 30, b/ 720

BT 7. C6 10 cap vg chong dy tiéc. Tinh s6 cach chon ra mot ngudi dan 6ng va mot ngudi dan ba trong
bita tiéc d€ phat biéu ¥ kién, sao cho :
a/ Hai ngudi d6 1a mot cap vg chong ?
b/ Hai ngudi d6 khong 1a vg chong ? Dép s6: a/10, b/90

BT 8. C6 bao nhiéu s6 ty nhién c6 hai chit s6 ma hai chit s6 clia n6é déu chin ? Pap s6:20

BT 9. Tt cac chiis6 0, 1, 2, 3, 4, 5, 6, c6 thé tao nén bao nhiéu s6 ty nhién
a/ Cé hai chits6 ?

b/ Cé hai chit s6 khac nhau ? Ddap sb:a/ 42, b/ 36
BT 10. Tt c4c chii s6 2, 3, 4, 6, 7, ¢6 thé 14p dudc bao nhiéu s6 tu nhién bé hon 100 ?
DPdap s6:30

BT 11. Chotdp hgp X ={1, 2, 3,4, 5, 6, 7. 8}. Tt cdc phan t{ clia tdp X c6 thé€ 1ap bao nhiéu s6 ty nhién
trong cac truéng hdp sau :
a/.S6 @6 c6 3 chir so.
b/ S6 d6 ¢6 4 chit s6 khac nhau tiing d6i mot.
¢/ S6 @6 1a s6 chan va c6 4 chit s6 khac nhau tiing doi mot. Dap s6:a/ 512, b/ 1680, ¢/840
BT 12. Gitra hai thanh ph6 A va B ¢4 5 con dudng di. Hbi c6 bao nhiéu cich di tir A dén B roi tr§ vé A
ma khong ¢ dudng nao di hai lan ? Dép s6 : 20
BT 13. TUcac chits6 1, 2, 3,4, 5, 6, 7, 8, 9 1ap dugc bao nhiéu s6 c6 4 chit s6 khic nhau
Dép s6 : 3024
BT 14. C6 bao nhiéu s6 ty nhién c6 9 chit s6 khac nhau, trong d6 phai c6 mat ca 2 chits6 0 va 1?
Dép s6 : 2580480

BT 15. Tt 5 chits6 0, 1, 3, 5, 7 ¢6 thé 14p dudc bao nhiéu s6 gom 4 chit sé khac nhau va khong chia

hét cho 5. Dap s6 : 54

BT 16. C6 bao nhiéu u6c nguyén duong ctia 360 ? Daps6: 24

BT 17. Trong 100 000 s6 nguyén ducng dau tién, c6 bao nhiéu s6 chita mot chit s6 3, mot chit s6 4, va
mot chitsd 5 ? DPdap s6 : 2940

§ 2. HOAN VI - CHINH HOP - TO HOP

A. KIEN THUC

I - HOAN VI
1. Pinh nghia
DINH NGHiA

Cho tdp A gom n phant& (n>1).
Mbi két qud clia sy sip xép thi ty n phan ti clia tip hgp A dudc goi 1a mot hodn vicha
n phan ti do.
NHAN XET
Hai hodn vi cia n phan t{ chi khac nhau & thit tu sap xép.

2. SO c4c hoan vi
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Ki hiéu P_1a s cdc hodn vi cia n phan ti. Ta c6 dinh i sau déy.
PINH Li
P =n(n-1)...2.1.
Chiing minh. D€ 14p dugc moi hodn vi cia » phan ti, ta tién hanh nhu' sau :
Chon mdt phan ti cho vi tri th& nhat. Cé n céch.
Sau khi chon mot phan ti cho vi tri th nhat, ¢ n — 1 cach chon mdt phan t& cho vi tri thi hai.

Sau khi da chon n — 2 phan t& cho n — 2 vi tri dau tién, ¢ hai cdch chon mdt trong hai phan ti con
lai € xép vao vi tri thét n — 1.

Phan t{ con lai sau cting dugc xép vao vi tri thit n.

Nhu vay, theo quy tac nhan, c6 n. (n — 1) ...2.1 két qud sap xép thit tv n phan t da cho.

Vay P, =n(n—1)..2.1 -
CHUY
Ki hiéu n(n - 1)...2.1 la n! (docla n giai thua), tacd P =n!
11 - CHINH HQP
1. Pinh nghia
Chotap A gom n phant®(n>1).

Két qud cia viéc 1dy & phan ti khic nhau tif » phan t{ cla tdp hdp A va sap xép ching
theo mot thit tu ndo d6 dudgc goi 1a mot chinh hgp chip k cida n phan ti#da cho.

2. S8 c4c chinh hop
Ki hiéu A" 13 s6 cac chinh hgp chap hgp chdp k clia n phan ti (1 <k< n)
PINH Li
Af = n(n — 1)<n —k+ 1).
Chiing minh. D€ tao nén moi chinh hgp chdp & clia » phan ti, ta tién hanh nhu sau :
Chon mot trong n phan tf da cho vao vi tri thit nhat. Cé n cach.

Khi da c6 phan t thi nhat, chon tiép mot trong n — 1 phan t con lai xép vao vi tri tht hai. C6
n — 1 céch.

Sau khi da chon & — 1 phan t@ roi, chon mot trong n — (k; — 1) phan t{ con lai xép vao vi tri tht & .
Cé n —k +1 cach.
T d6 theo quy tac nhan, ta dudc

Afzn(n—l)...(n—k%—l). u
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CHUY
a) VGiquy udc 0! =1, tacd

|
A= 1<k<n

(n— &)1 -

b) Moi hodn vi cia n phan t ciing chinh 1a mét chinh hgp chdp » cda n phan t dé. Vi

vay
po=A.
111 - TO HOP
1. Pinh nghia
DINH NGHIA

Cho tdp A gom n phant& (n>1).
Méi tip con gom & phan ti cia A dugc goi 1a mot tdhgp chdp k ctda n phdn tirda cho.
CHUY
S6 k trong dinh nghia can thod man diéu kién 1 < k < n. Tuy vay, tap hgp khong c6 phan
t nao 13 tAp rong nén ta quy udc goi té hgp chap 0 ctia n phan t 13 tap réng.
2. SO cac td hop

Ki hiéu C" 1a s6 cdc t6 hgp chap k cGia n phéan th (0 <k<n

~—

DINH Lf

Chiing minh. Vé6i k = 0, cong thiic hién nhién ding.
V6i k > 1, ta thady mot chinh hgp chdp & clia » phan t& dudc thanh 14p nhu sau :
e Chonmot tap con k phan ti cGa tap hgp gom n phan t&. C6 C* cach chon.
e Sapth@ty & phan t& chon dugc. C6 k! cach.
Vay theo quy tic nhan, ta c6 s6 cac chinh hdp chap & ctia n phan ti1a
A = Cr k!

A" !
Tuds ¢F == — .
A k!(n—k)!

3. Tinh chat clia céc s6 C"

a) Tinh chat1

b) Tinh chat 2 (cong thiic Pa-xcan)
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¢ +0,., =0,

(1§k<n).

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Hoan vi - chinh hgp - t6 hgp

1. a) Haylietké 5hoanvichataphgpA={a ;b

;¢ d)

b) Hay liét ké 5 chinh hgp chap 3 cda cac
phantt{a;b;c;d}.

c) Hay viét tat c3 cac t6 hgp chap 2 cla tap
hgpA={a;b;c,d}.

3. Tt cdc chirs6 1, 2, 3, 4, 5, 6 1ap cac so tu
nhién gom sdu chit s6 khac nhau. Héi :
a) Co tat ca bao nhiéu s6 ?

b) C6 bao nhiéu s6 chan, bao nhiéu s6 18 ?

¢) C6 bao nhiéu s6 bé hon 432 000 ?

2. C6 bao nhiéu cach sip xép choé ngdi cho
mudi ngudi khach vao mudi ghé ké thanh
mot day ?

4. C6 bao nhiéu cach mac ndi tiép 4 béng dén
dugc chon tir 6 bong dén khac nhau ?

5. C6 bao nhiéu s6 ty nhién gom :
a) 5 chi s6 khac nhau d6i mot ?
b) 5 chi¥ s6 khac nhau d6i mot va 1a s6 chan

6. Mot t6 ¢6 10 ngudi gom 6 nam va 4 nit. Can

1ap mot doan dai biéu gom 5 ngudi. Hoi :
a) Co tat cd bao nhiéu cach lap ?

b) C6 tat cd bao nhiéu cch 1ap doan dai
biéu, trong d6 ¢ ba nam, hai ni ?

¢) Co tat cd bao nhiéu cich 1ap doan dai

biéu, trong d6 ¢ it nhat mot nit ?
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8. Cho da gidc déu 16 dinh. Goi A 1a tap hgp
tdt cd cdc dinh cla da gidc trén. Hoi :

a) c6 tat cd bao nhiéu vectd khac vectd
khong ¢ cic diém dau va diém cudi thudc
A??

b) c6 tat cd bao nhiéu doan thang c6 dinh

thudc A4 ? 9. C6 bao nhiéu s6 tu nhién gom 5 chit ma,
c) c6 tat cd bao nhiéu dudng chéo ciia da trong do :

gidc do ? a) cac chirs6 gidm dan ?

) c6 tat cd bao nhiéu tam gidc ma cac dinh b) cdc chit s6 ting dan ?

cia n6 thuoc A ?
d) c6 tat ca hinh ch@ nhat ma cic dinh cta

né thuoc A ?

Dang 2 : Ruat gon biéu thiic, giai phucng trinh

@ Pn:n!:n(n—l)...Z.l, n>1.

n!l= n.(n—l)! = n(n—l).(n—Z)! =...

(2 V6iquy udc 0! =1, tac
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1. Khong dung may tinh, tinh va thu gon cac

biéu thtc sau véi dieu kién xac dinh cia né:

10! n!
T T

o) A

a)

3. Giai phuong trinh C! +C? + C° = gx

2. Giai phuong trinh A® + C"™ = 14n.

4. Giai phuong trinh Afl+3 =C?  +20.

n+2

Bién soan : T§ Toan — Trudng THPT Nguyén Du 56



5. Gidi phuong trinh 347 442 = A .

C. BAI TAP REN LUYEN
BT 1.

a/ C6 bao nhiéu cach chon 3 ngudi tir 10 ngudi dé thuc hién cing mot cong viée ?
b/ C6 bao nhiéu cach chon 3 ngudi tif 10 ngudi dé thuc hién ba cong viéc khac nhau ?

Pip s6: a) 120 ; b) 720
BT 2. Trong mat phang cho mt tap hgp gom 6 diém phan biét.

a/ C6 bao nhiéu véctd khac vécta 0 cé diém dau va diém cudi thudc tap hgp diém da cho ?
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b/ C6 bao nhiéu doan thang c6 hai dau muat thudc vé tap hgp diém da cho?

DPidpsd: a) 30 ; b) 15
BT 3. Xét cac sO ty nhién gom 4 chi¥ s6 khac nhau 1ap nén tif cdc chit s6 1, 2, 3, 4. Hi c6 bao nhiéu

N

SO:

a) bugc tao thanh
b) Bat dau bdi chit s6 1?
c) Khong bat dau bang chit s6 2?
Pdpsd: a) 24 ; b) 6 ; c) 182
BT 4. Xét c4c so tu nhién gom 5 chi¥ s6 khac nhau 1ap nén tif cac chits6 1, 3, 5, 7, 9. Hoi trong cac s6
d6 c6 bao nhiéu so:
a) Bat dau bai 19?
b) Khong bat dau béi 135?
DPdpsd:a) 6 ; b) 118
BT 5. Cho 6 chits6: 1, 2,3,4,5,6.

a) TU cac chit s6 trén, c6 thé 1ap dugc bao nhiéu s6 tu nhién gom 5 chi s6 khac nhau?
b) Trong céc s6 noi trén cé bao nhiéu s6 18?
c) Trong cac s6 ndi trén ¢ bao nhiéu s6 trong d6 c6 mat 2 chir s6 1 va 2?
Dapsd: a) A’=720;b) A*3=360 ; c) 4.5!=480
BT 6. Cho 7 chiis6:1,2,3,4,5,6,7.
a) Tu 7 chits6 trén, c6 thé 1ap dudc bao nhiéu s6 ty nhién, méi sé gom 5 chit s6 khac nhau?
b) Trong cic s6 nédi & a), c6 bao nhiéu sé chan?
c) Trong c4c s6 ndi G a), c6 bao nhiéu s6 trong d6 nhat thiét phai ¢ mat chirs6 7 ?
Ddp s6: a) A]=2520; b) 1080 ; c) 5.A; =1800
BT 7. Cho 5chirs6 0,1, 3, 6, 9.
d) Tu 5 chits6 ay, c6 thé 1ap dudc bao nhiéu s6 ty nhién gom 4 chit s6 khac nhau?
e) Trong c4c sO ndi trén c6 bao nhiéu s6 18?
f) Trong c4c s6 ndi trén c6 bao nhiéu sé chan?
g) Trong c4c s6 néi trén c6 bao nhiéu sé chia hét cho 3?
Ddpsé: a) 4.A;=96; b) 54 ; ¢) A].1+3.A7.1=42 ; d) 3.A}=3.3!=18
BT 8. C6 bao nhiéu s6 ty nhién gdm 6 chit s6 khac nhau lap nén tif cac chirs6 1, 2, 3,4, 5, 6

va 16n hon 300.000. bap sO: 4.5!=480
BT 9. Tt tap hop A={0; 1; 2; 3; 4; 5; 6} c6 thé 1ap dudc bao nhiéu s6 ma mdi sé ¢ 5 chit s6 khac nhau

va trong d6 nhat thiét phai c6 mat chir s6 5? Pdp s6: 6.A; —5.A! =1560

BT 10. Tt 5 chitsé 1, 2, 3, 4, 5 c6 thé 1ap dudc bao nhiéu s6 ty' nhién c¢6 5 chit s6 khac nhau, trong d6:

a) hai chits6 1 va 2 dléng canh nhau? Dép s6: 48
b) hai chi¥ s6 1 va 2 khong diing canh nhau? Dép s6: 72

BT 11. Véi cdc chit s6 1, 2,3, 4, 5 ¢6 thé 1ap dugc bao nhiéu s6 gom 6 chit s6 trong d6 chit s6 1 c6 mit

2 1an, moi chit s6 khac c6 mat ding mét lan?  Dédp s6: A7.1=360
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BT 12. Tt 4 chi¥ s6 0,1,2,3 c6 thé 1ap dugc bao nhiéu s6 ty nhién cé 7 chit s6 , trong dé chit s6 3 xuat
hién 4 1an, cac chirs6 0, 1, 2 chi xuat hién 11an. Dép s6: 6.6.5.1 = 180
BT 13. C6 bao nhiéu s6 tyf nhién gom 4 chit s6 sao cho khong ¢6 chit s6 nao lap lai ding 3 1an?
Dép s6: 8676

BT 14. T cic chiisé 1, 2, 3, 4, 5,6 ¢6 thé 1ap dugc bao nhiéu s6 ty nhién ma moéi s6 c6 6 chit s6 va
thod man diéu kién: sdu chit s6 ctia moi s6 12 khac nhau va trong moéi s6 d6 téng clia 3 chit s6 dau

nhé hon téng ctia 3 chit s6 cudi mot don vi. DPép s6: 108
BT 15. Lic khai mac mot hdi nghi c6 5 dai biéu. C4c dai biéu déu Ian lugt bat tay nhau.
Héi c6 tat ca bao nhiéu cai bat tay? Dép s6: 24

BT 16. Nhan ngdy sinh nhat, cic ban taing Hong Nhung 1 b6 hoa gom 10 bong hong trang va 1 b6
hoa gom 10 bong hong nhung. Hong Nhung muén chon ra 5 bong dé cim binh.
Héi Hong Nhung ¢6 bao nhiéu cach chon néu trong 5 bong dy phai c6 it nhat

a) 2bong trdng va 2 bong nhung . Dép s6: 10800
b) 1bodng tridng va 1 bong nhung . Pép s6: 15000

BT 17. C6 5 tem thu khac nhau va 6 bi thu khac nhau. Chon tir d6 ra 3 tem thu, 3 bi thu va dan 3 tem
thu ay 1én 3 bi thu da chon, moi bi thu chi ddn 1 tem thu.

Hoi c6 bao nhiéu cach 1am nhu vy. bap s6: C..C..3!=C].A]
BT 18. Lép hoc ¢6 40 hoc sinh ( 25 nam va 15 niY) . Can chon mot nhém goém 3 hoc sinh .
Héi c6 bao nhiéu cach :

a) Chon 3 hoc sinh batky . bap so: C3, = 9880
b) Chon 3 hoc sinh gdm 1 nam va hai nit . Dép s6: 2625
¢) Chon 3 hoc sinh trong @4 c6 it nhat 1 nam. D4p s6: 9425

BT 19. Trong s6 16 hoc sinh ¢4 3 hoc sinh gidi, 5 khd, 8 trung binh. Hdi ¢4 bao nhiéu cach chia s6
hoc sinh d6 thanh 2 t6, mdi t6 c6 8 ngudi sao cho & méi t6 déu c6 hoc sinh gidi va mdi té cé it
nhat 2 hoc sinh kha. Ddp s6: 3780

BT 20. C6 bao nhiéu cach xép chd ngoi cho 4 ban nit va 6 ban nam vao 10 ghé ma khong c6 hai ban
n ndo ngodi canh nhau, trong cic trudng hgp sau :

a) Ghé sip thanh hang ngang Dép s6: 604800
b) Ghé sdp quanh mdt ban tron Dép s6: 43200

BT 21. M6t ban dai ¢6 hai day ghé d6i dién nhau, méi day cé 6 ghé. Ngudi ta mudn xép chd ngoi cho
6 hoc sinh truéng A va 6 hoc sinh truéng B vao ban néi trén.
Hoi ¢6 bao nhiéu c4ch xép trong moi trudng hgp sau:
a) Batc’ 2 hoc sinh ndo ngodi canh nhau hodc d6i dién nhau thi khic trudng véi nhau.
b) Batc’ 2 hoc sinh ndo ngodi d6i dién nhau thi khac trudng véi nhau.
Dép s6: a) 2.6!6! ; b) 26.6..6!

BT 22. Mot Hoi nghi ban tron ¢ cdc doanh nhan tir cdc nude, gom c6 3 ngudi Viét Nam, 5 ngudi Lao,
2 ngudi Campuchia, 3 ngudi Thai Lan, 4 ngudi Trung Qudc. Hbi c6 bao nhiéu cach xép chod ngoi
cho céc thanh vién ndy , sao cho ngudi cting qudc tich ngdi canh nhau ?

Dép s6: 4976640

BT 23. Chuan bi cho ngay khai gidng can chon 7 ban trong 50 ban vao déi vé sinh. Trong d6 c6 4 ban
nhd cd va 3 ban son ghé. Héi ¢ bao nhiéu cach phan cong.

Xét cac s6 tu nhién gom 4 chit s6 khac nhau 14p nén tif cac phan t ca tdp hgp A={0; 1; 2; 3;4; 5; 6}.

Hoi c6 bao nhiéu s6:
a) bugc tao thanh?
b) Bat dau béi hai chit s6 12?
c) Khong bat dau bang hai chir s6 12?
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d) Trong d6 nhat thiét phai c6 mat chit s6 1?
e) Trong d6 hai chi s6 23 diing canh nhau?
BT 24. Vi cac chirs6 0, 1, 2, 3, 4, 5 c6 thé 1ap dudc bao nhiéu s6 gom 8 chit s6 trong dé chi¥ s6 1 ¢
mat 3 1an, moi chit s6 khac ¢ mat mot lan?
BT 25. M6t t6 ¢4 7 nam va 3 nit. Ngudi ta can chon ra 5 em dé tham gia dong dién thé duc, yéu cau
khong c6 qua mot em nit. HAi ¢6 bao nhiéu cach chon ?
BT 26. Gidi cac phuong trinh sau :
(trong d6 C* 1as6 t6 hgp chap k clia n phan t&rva A* 1a s6 chinh hgp chép k clia n phan tit).

2) P-P, 1 d) 3C)+2C: =3A] h)y C*,-C! . =7(n+3)
P, 6 e) A’-2C!=3A2 " AY 24
P 2 -l _ 3 _nd on
b) n—+11274 =210 f) An'Cn =48 An+1 Cn 23
PAL g) C'+C’=3C°, i) I 1 _1
) Al+C'’=14n c, c c;

Pdpsd: ayn=2hayn=3;b)n=5;c)n=5;d)n=6;e)n=6hayn=11;)n=4;g) n=6;
hyn=12;i)n=5;j)n=2;
BT 27. Gidi cac phuong trinh : (v6i x €0 )

a) P,x’-P.x=8 d A} -Al=Cl+40 2) 117
2,50 = A c. C, 6C
b) C +C+C ='x ®) 2A,+30=A;, Yo P
2 2 h)y C,+C=2Cy

) AY+A’=9A°" b C;I—Ci,1=§Ai,2
Pdpsd: a)x=-lhayx=4;b)x=4;c)x=11;d)n=4hayn=20;e)x=5 ; Hx=9;
g x=3hayx=8; hyx=4,x=8
BT 28. Gidi bat phudng trinh sau
a) Al +C'<l4n+l) b) (n*-35)C;+2C; <2A;) ¢) 14P.C"7>A!

n+l n+l n+l

e

Pdpsbé:a)n=2,n=3 ; b)n=5;c)n=3,n=4,n=5
BT 29. Cho hai dudng thang d, va d, 1a hai dudng thang song song. Trén d, ldy 5 diém va
trén d, 14y n diém . Tim n d€ s6 tam gidc l4p ti (n+5) diém d6 1a 45

N

Pidps6:n=3
BT 30. (B 2002) Cho da giac déu A4 4,...4,, (n>2,n€l)) ndi ti€p dudng tron (O). Biét rang s6 tam
gidc c6 cac dinh 12 3 trong 2n diém A, 4,,..., 4,, nhiéu gip 20 1an s6 hinh chi nhat ¢ cac dinh 12 4

trong 2n diém 4, 4,,..., 4,,, tim n? Dips6: n=38
BT 31. (B 2004) Thay gido c6 30 ciu hdi khic nhau : C6 5 cdu kho ;10 cAu trung binh ; 15 cau dé .
Ha4i tir 30 cau hoéi trén 1ap dugc bao nhiéu dé kiém tra sao cho méi dé c6 5 cau héi khac nhau
trong d6 moi dé nhat thiét phai c6 3 loai cau héi : kho ; trung binh ; dé va ciu dé khong it
hcn hai . Dép s6 : 56.875
BT 32. (B 2006) Cho tip A gom n phan t& (n > 4). Biét rang s6 tap con gom 4 phan t clia A bang 20
1an s6 tap con gom 2 phan t cGa A. Tim ke{1,2,..., n} sao cho s6 tap con gom k phan tif clia A 13
16n nhat. Dapsb: k=9
BT 33. (D_2006) Doi thanh nién xung kich cia mot trudng phé thong c6 12 hoc sinh, gom 5 hoc sinh
16p A, 4 hoc sinh 16p B va 3 hoc sinh 16p C. Can chon 4 hoc sinh di 1am nhiém vu, sao cho 4 hoc
sinh nay thugc khong qua 2 trong 3 16p trén. Hbi c6 bao nhiéu cach chon nhu vay?

Dap sb: 225
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BT 34. (D 2014) Cho moét da gidc déu n dinh, nell,n>3. Tim » biét da gidc da cho c6 27 dudng
chéo. Daps6: n=9

§ 3. NHI THUC NIU-TON

A. KIEN THUC
I - CONG THUC NHI THUC NIU-TON

Tacé:

(a+0b)° =a* +2ab+b" = CJa’ + Chab + Cb*,

(a+0)° =a’ + 30’0 + 3ab® +b° = Cja’ + Cya’d + Cab® + CJb°.
Téng quat, ta thita nhan cong thiic khai trién biéu thiic (a + b)" thanh t6ng cac don thic nhu sau :
(a+0b)" =Cl" +Cla" b+ ...+ Cla" 0" + ...+ C"'ab" ' +C"b". (1)

Cong thic (1) dugc goi 1a cong thic nhi thic Niu-ton.
HE QUA

Véia=b=11tac62 =(1+1) =C'+C +..+C".

Véia=1b=-1tac6 0=(1-1) =C" ~C +..+(-1) ¢ +..+(-1) C".
CHUY:
Trong biéu thiic 3 vé phai cia cong thic (1) :
a) S6 cdchangtrla n +1 ;
b) Cac hang tf c6 s6 mil clia @ gidm dan tir #» dén 0, cac s6 mil cla b tang dan tir 0 dén #,
nhung c6 téng s6 mil clia ¢ va b trong moi hang t& ludn bang n (quy uc o =" =1);
c) Cac hé s6 cila moi hang ti cdch déu hai hang t& dau va cudi thi bang nhau.
B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Khai trién, tim s6 hang, tinh tdng cac hé s6

Xét khai trién cta nhi thtc (a + b)n :

S6 hang tong quat thtt k + 1 1a: C'a""b", (O <k<nke N).

CHUY

1. Viét khai trién theo cong thic nhi thiic Niu- ton :

) (o+20) ; b -2 ; 9 [x_i

xT

13
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2. Tim hé s clia z° trong khai trién ctia biéu 3. Tim s6 hang khong chia = trong khai trién
8
2) (L1
thic: |z + — cla |z° +—| .
%’ z
4. Biét hé s6 clia z* trong khai trién cda 5. Tim hé s6 clia x’ trong khai trién thanh da
(1-32)" 12 90. Tim n. thic clia 2(1 —2z)" +2°(1 + 32)".
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N A ~N > . o R . ’. . > 2 ’ o N Y by ~N A
6. Tim hé s6 clia x” trong khai trién nhi thiic Niu-tcn ctia [m2 — —] , biet rang n la s6 nguyén
T

duong théa man A’ —2C? = 4C° .
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TR0, e 2O

2020 2020 °

7. Tinh gid tri cda biéu thic C° + 2C"

2020 2020

8. Chting td rang v6i n > 2, ta cd

CO + 02271 + C‘;n + + 02" = 02171 + 0‘23n + C;n + ot + 022:71 = 22"71'

2n 2n

C. BAI TAP REN LUYEN

BT 1. Khai trién nhi thtic (x —2)°, va cho biét hé s6 cia x” trong khai trién dé.

12
BT 2. Tim s6 hang khong chifa an x trong khai trién nhi thiic (l + sz

x
BT 3. Tim hé s6 a’b® trong khai trién (a + b) &. Dép s6: 56
BT 4. Xét khai trién ctia: (x” +xy)"’. Tinh hé s6 cia hang t&t chia x*'y". Dap s6: 455
BT 5. Tim hé s6 ctia x''y° trong khai trién (2x-3y)* bapsé: C),.2".3°
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N

BT 6. Tim hé s6 x *.y' trong khai trién ( x>+ xy )! Dépsd: Cj) =3003

10
BT 7. Tim s6 hang khong chifa x trong khai trién cda: (ZX - l} Dap s6: -8064
X
1 10
BT 8. Tim s6 hang khong chifa an x trong khai trién : (xz + —J Pép s6: 210
X

BT 9. Tim n biét trong khai trién [x + Ej , hé s ctia x® bang bon lan hé s6 cda x* .Dap s6: n= 10

BT 10. Biét ring hé s6 ctia x"2? trong khai trién (x —ij bang 31. Tim n Dép s6: n =132
BT 11. Tim hé s6 cta s6 hang chifa x’ trong khai trién (2x —3)(x +2) DPap s6: 9
BT 12. Tim hé s6 cta s6 hang chifa x’ trong khai trién (x> —x +2)’ DPép s6: -200

BT 13. Cho khai trién: (1+x) +(14x)" +...+(1+x)" =a +ax+a,x’ +..+a x". Timgid trf a,.
Dép s6: 3003
BT 14. (D 2003) Véi n 1a s6 nguyén duong, goi a,, ,1a hé s6 clia x™ trong khai trién thanh da thiic

clia (x2 + 1)” (x+2)" . Timn d€ a,, , =26n. Dépsd:n=>5
BT 15. (A _2004) Tim hé s6 cia x* trong khai trién :[1 +x°(1 —x)]8 Daps6: 238
BT 16. Khong diing mdy tinh, hay tinh c4c biéu thic sau :
A=C)+C,+C +..+C; B=C, -Cy+Cy -Cy +...-C
BT 17. (CP _2005) Cho (1-x)"+x(1+x)"" = P. . Khai trién P, =a, +ax+a,x’ +..+ax"
Biét: a,+a +a,+...+a,=512. Tim a,=? Déps6: a,=-84

BT 18. (A_2006) Tim hé s ctia s6 hang chita x trong khai trién nhi thitc Newton ciia (LA‘ + x7j ,
X

+..+C}

2n+l1

biétrang: C,,.,+C; =2%-1 Dépso: C =210
BT 19. (B 2007) Tim hé s6 clia s6 hang chtta x'° trong khai trién nhj thiic Newton cta (2+x)”, biét:
31C,0_3mL G432 CA-3m3 i+ .. +(—1)"C,=2048
Dip s6: 22
BT 20. (4_2008) Cho khai trién (1+2x)" =a,+ax+a,x’ +...+a,x", trong d6 ne N* va cac hé s6
a,,a,,...,a, thda man hé thic q, +%+ e +% =4096 . Tim s6 16n nhét trong cac s6

N

Ay, Q... 0, . bapsd : a, =126720
BT 21. (4_2012) Cho n la s6 nguyén dudng théa man 5C"" = C’. Tim s6 hang chtta x* trong khai
trién nhi thiic Niu-ton (n—xz—ljn , x#0.
14 x
BT 22. Tim s6 hang chita x" trong khai trién ctia biéu thiic P = (2x —1)°(x+2)".
Biét rang n 13 s6 nguyén duong théa man C, + C. +C. +...+C! =2048
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§ 4. PHEP THU VA BIEN CO

A. KIEN THUC
I - PHEP THU, KHONG GIAN MAU

1. Phép thi

‘ Phép thi¥ ngdu nhién 1a phép thit ma ta khong doan trudc dugc két qua ctia nd, mic du da
biét tap hgp tat c3 cac két qud c thé ctia phép thit do.
D& don gian, tif nay phép phép tht ngau nhién dugc goi tit 1a phép thii. Trong Toadn hoc phé thong,
ta chi xét cac phép thit c6 mdt s6 hitu han két qua.
2. Khéng gian mau
Tap hdp cac két qua c6 thé xdy ra clia mot phép thi dudc goi 13 khong gian mau ciia phép
thtt va ki hieula Q (doc la 6-mé-ga).
I - BIEN CO

| Bién c61a mot tap con clia khong gian mau.
Mot bién c6 lién quan dén phép thir 1a mot tdp hgp bao gom cac két qua nao do

cta phép tht.

Ngudi ta thudng ki hiéu cac bién c6 bang cic chit in hoa A, B,C,... T nay vé @
sau, khi néi cho cic bién c6 4, B,... ma khong néi gi thém thi ta hiéu ching ‘
cuing lién quan dén mot phép th.

<
Hinh 30 <
Tap & dudc goi 1a bién cd khéng thé (goi tat 13 bién cé khong). Con tap Q dudc goi 1a
bién cd chdc chdn.
Ta néi rang bién c6 A xdy ra trong mot phép tht ndo do6 khi va chi khi két
qua cta phép thir d6 1a mét phan tii cia A (hay thuan 1gi cho A).
Nhu vay, bién c6 khong thé (ttic 1a Q) khong bao gid x3y ra, trong khi dé, A
bién c6 chic chan Q ludn ludn xay ra.
111 - PHEP TOAN TREN CAC BIEN CO
Gid st A 1a bién c0 lién quan dén mot phép thil. ™

. Q

Hinh 31

|

Tap O\ A dugc goi la bién c6 di clia bién c6 A, ki hiéula A (h.31).

Dowe€ A< w¢ A nén A xay rakhiva chi khi A khong xay ra.

Gid st A va B 1a hai bién c¢6 lién quan dén mdt phép thit. Ta c¢6 dinh nghia sau :

Tap AU B dudc goi 1a Agp ctia cdc biéncd A va B.

Tap AN B dudc goi 1a gigo clia cic bién cd A va B.

Néu AN B = @A B=@ thitanéi A vd B xung khic.

Theo dinh nghia, A U B xay ra khi va chikhi A xdy ra hodc B xdyra ; AN B xdy ra khi va
chikhi A va B dong thdi xay ra.

Bién c6 AN B con dugc viét1a A.B.

A va B xung khic khi va chi khi chiing khong khi ndo cling xay ra (h. 32).

Bién soan : T§ Toan — Trudng THPT Nguyén Du 66



Ta c6 bang sau :

Ki hiéu Ngbn ngit bién co
AcCQ A 1a bién ¢
A= A 13 bién c6 khong
A=0Q A 12 bién c6 chic chin
C—AUB | Clabiéncd:“A hoic B”
C=ANB C labiénco:“Ava B”
ANB=0 A va B xung khic
B=A A va B d6i nhau

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI

Dang 1 : M6 td khong gian mau, xac dinh cic bién c6

9. Gieo mdt dong tién ba Ian (quy uSc : mat ghi
s6 12 mat ngtra, viét tat 1a N va mat kia 1a
mat sap, viét tat1a S).

a) Mo ta khong gian mau.
b) Xac dinh cac bién ¢6 :

A : “Lan dau xuat hién mit sap” ;
B : “Mat sap xuat hién dung mot 1an”;
C :“Mat nglta xy ra it nhat mot 1an”;
D :1a bién c6 d6i cta bién c6 “mat
nga xudt hién it nhat mot lan”.

~
Q
Hinh 32
10. Gieo mot con suc sic hai lan.
- o
- A e e 0
@ s200|
® ® 00

a) Mo td khong gian mau.

b) Phat biéu cac bién c6 sau dusi dang ménh
de:

4={(6.1).(6.2).(6.3).(6.4).(6.5). (6.6)} ;
B ={(2.6),(6.2).(3.5),(5.3),(4.4)} ;
¢~ {11)22)(3)(.4)(55) 6]

¢) Xac dinh bién c¢6 A 13 bién c6 d6i cha
bién c6 A & caub).
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11. Mot hop chita bon cdi thé duge danh s6 1, 2, | 12. Hai xa thii ciing ban vao bia. Ki hiéu 4, 1a

3, 4. Lay ngau nhién hai thé. bién ¢6 : “Ngudi thé k£ ban tring”, k = 1,2.

a) Hay biéu dién c4c bién c6 sau qua céc

(a f e e bién c6 :
b) Xac dinh cac bién ¢o sau : A4,

a) Mo ta khong gian mau.

A : “Khodng ai ban triing” ;

B : “Ca hai déu ban tring” ;

B : “Tich céc s6 trén hai thé 1 s6 chan”. C' :“Co dling mot ngudi ban trang” ;
D : “Cé it nhat mot ngudi ban trang”.

A : “Téng céc sb trén hai thé 13 s6 chan” ;

b) Chiing té rang A = D ; B va C xung
khac.

C. BAI TAP REN LUYEN

BT 1. Tt mot cdi hop chita 10 céi thé, trong d6 cac thé danh s6 1, 2, 3, 4, 5 mau do, thé danh s6 6
mau xanh va cic thé danh s6 7, 8, 9, 10 mau tring. Ly ngau nhién mdt thé.
a) Mo td khéng gian mau.
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b) Kihiéu A4, B,C 14 cdc bién c6 sau :
A : “Lay dugc thé mau dd” ;
B : “Lay dugc thé mau tring” ;
C : “Lay dudc thé ghi s6 chan”.
Hay biéu dién cac bién ¢ A, B,C bdi cic tap con tudng ting ciia khong gian mau.
BT 2. Gieo mot dong tién lién tiép cho dén khi 1an dau tién xuat hién mat sap hodc ca bon 1an ngiia
thi dung lai.
a) MO ta khéng gian mau.
b) Xac dinh cdc bién c6 :
A :“S6 1an gieo khong vugt qua ba” ;
B :“S6 lan gieo 1a bon”.
BT 3. Tt mot hop chita ndm qua cau dugc danh s6 1, 2, 3, 4, 5, 1dy ngau nhién lién tiép hai 1an moi
1an mot qua va xép theo thit ty tif trdi sang phai.
a) MO ta khéng gian mau.
b) Xac dinh cdc bién ¢6 sau :
A : “Chit s6 sau 16n hon chit s6 trude” ;
B : “Chir s6 trude gap ddi chir s6 sau” ;
C : “Hai chit s6 bang nhau”.

§ 5. XAC SUAT CUA BIEN CcO

A. KIEN THUC
I - DINH NGHIA CO DIEN CUA XAC SUAT
1. Pinh nghia
Mot dac trung dinh tinh quan trong cia bién c6 lién quan dén mot phép thit 12 né cé thé xay ra hoac
khong x4y ra khi phép thit dugc tién hanh. Mot cdu héi dude dat ra 13 nd c¢6 xay ra khéng ? Kha nang
x4y ra clia no 1 bao nhiéu ? Nhu vay, ndy sinh mot van dé 1a can phai gan cho bién c6 d6 mdt con s6
hop 1i @€ danh gid kh3 nang xay ra ctia né. Ta goi s6 d6 12 xdc sudt ciia bién co.
Mot cach téng quat, ta ¢ dinh nghia sau day.

PINH NGHIA
Gid st A 12 bién c6 lién quan dén mot phép thit chi 6 mot s6 hitu han két qué dong kha
n(4)

n(9)

nang xuat hién. Ta goi ti s0

12 xdc sudt cda bién cé A, ki hiéula P (A)

CHUY

n (A) 12 s6 phan tf clia A hay ciing 13 s6 cac két qua thuén loi cho bién c6 A4, con n (Q) 1a
s6 cac két qua c6 thé xay ra clia phép tha.

I1 - TINH CHAT CUA XAC SUAT
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Gid st A va B 1a c4c bién c6 lién quan dén mot phép thr c6 mdt s6 hitu han két qué dong kha nang
xuat hién.

DINH LI

a) P(@) = O,P(Q) =1.

b) 0 < P(A)<1, v6imoibiéncd A.

¢) Néu A va B xung khic, thi P(A U B) = P(A) + P(B) (c6ng thiic cong xdc sudt)
HE QUA

V6i moi bién ¢8 A, ta c6 P(A) =1-P(A).

Chingminh.Vi AUA=Qva AN A = & nén theo cong thiic cOng xac suat ta co

1— P(Q):P(A)+P(Z).

T d6 ta c6 diéu phai chiing minh. u
111 - CAC BIEN CO POC LAP, CONG THU'C NHAN XAC SUAT

Néu sy xay ra clia mot bién c6 khong dnh hudng dén x4c sudt xdy ra clia mot bién 6 khac thi ta noi
hai bién c6 @6 doc Iap.
Téng quat, d6i véi hai bién c6 bat ki ta c6 méi quan hé sau :

A va B 12 hai bién c6 doc 1ap khi va chi khi P (A.B) - P (A).P (B).

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Tinh x4c suit c@ia cic bién cd

P(A)=——+

(@ Néu 4 va B xung khic, thi P(A U B) = P(A) + P(B) (cong thiic cong xdc sudt).

(3 V6i moi bién ¢6 A4, tacd P(Z) =1- P(A).

@ A va B lahaibién cd doc 1ap khi va chikhi P(A.B)= P(A).P(B).

1. Gieo ngau nhién mét dong tién can doéi va 2. Trong mét 16p hoc gom c6 17 hoc sinh nam
dong chat hai Ian. Tinh x4c sudt clia cac bién va 13 hoc sinh ni. Gido vién goi ngau nhién
cOsau : 4 hoc sinh 1én bang gidi bai tap. Tinh x4c
a) A :“Mat sap xuat hién hailan” ; suat dé€ 4 hoc sinh dudc goi :

b) B :“Mat sap xuat hién dung mot 1an” ; a) c6 tat ca déu l1a nam ;
¢) C :“Mat sap xuat hién it nhat mot lan”. b) ¢c6 1 namva 3 nit;

¢) ¢6 cd namvani ;

d) c6 it nhat mot nit.

Bién soan : T§ Toan - Trudng THPT Nguyén Du 70



3. Nam ban nam va nim ban ni dudc xép ngoi
ngau nhién va 10 ghé hang ngang. Tinh xac
suat sao cho nam nit ngoi xen keé.

4. Nam ban nam va nam ban ni dugc xép ngoi
ngau nhién va 10 ghé xép thanh hai day doi

dién nhau. Tinh xac sudt sao cho :

a) Nam, nit ngo6i doi dién nhau ;

b) Nit ngoi doi dién nhau.
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5. Goi S 1a tap hop tat cd s6 tu nhién gom ba 6. Ba xa thti bin stng doc 1ap vao bia. X4c suat

chi s6 phan biét dudc chon tir cdc s6 1; 2; 3; trung dich clia ngudi thit nhat 12 0,9, cla
4;5; 6; 7. X4c dinh s6 phan t clia S. Chon ngudi thd hai 12 0,7, cia ngudi thitba 12 0,5.
ngau nhién mot s6 tr S, tinh x4c suat dé s Tinh x4c suat sao cho :

dugc chon 13 s6 chan. a) Ca ba xa thl cling ban tring ;

b) C6 ding mot xa thi ban tring ;
¢) C6 it nhat mot xa thd ban trung.

7. Mot dé thi Toan c6 50 cAu hdi tric nghiém khach quan, méi cAu héi ¢6 bén dap an va chi c6 duy
nhat mot dap 4n ddng. Hoc sinh A khong biét cau trd 16i va lua chon ngau nhién cac dap an,
méi cau dugc chon mot dap an duy nhat. Biét mdi cau ding dugc 0,2 diém va khong bi trit diém
khi Ita chon d4p 4n sai. Tinh x4c sudt dé hoc sinh A dugc :

a) 0diém ; b) 10 diém ; c) 5diém ; d) 7 diém.
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C. BAI TAP REN LUYEN
BT 1. Gieo hai con stic sac can d6i dong chat. Tinh xdc suat ctia bién c6:
a) C6 dung mot mat 6 chdm xuat hién
b) Téng s6 cham trén cidc mit xuat hién nhé hon 10
¢) Toéng s6 chdm trén cadc mat xuat hién hodc 13 s6 18 hodc chia hét cho 3
BT 2. C6 hai hop chita cac qud cau. Hop thd nhat chita 6 qua mau trang va 4 quad mau den. Hop thit hai
chtta 4 qud mau tring va 6 qud mau den. Ly ngau nhién mét qua tif méi hop.
Goi A la bién ¢6 : “Qua 14y tir hop thit nhat mau trang”
Goi B 1a bién ¢6 : “Quad 14y tir hop tht hai mau trang”
a) A va B c6 phai 1 hai bién c6 ddc 1ap khong ?
b) Tinh x4c sudt dé hai qu 1dy ra cting mau
¢) Tinh x4c suat dé hai qua 14y ra khac mau
BT 3. Gieo dong thdi bon dong xu can d6i dong chat. Tinh x4c suat cia bién c6:
a) C34 dong xu déu ngia.
b) C6 ding 3 dong xu lat ngita.
¢) Cé it nhit hai dong xu 1at ngia.

, . 1 1 11
béap s6: a) T b) 70 ) T
BT 4. Gieo ngau nhién mot con stc sac can doi dong chat hai 1an. Tinh x4c sudt cta bién c6 sau:
a) Lan th¢ nhat xuat hién mat 6 cham.
b) Lan th& hai xuat hién mat 6 cham.
¢) It nhat modt Ian xudt hién mat 6 cham.
d) Khong 1an nao xuat hién mat 6 cham.
Dép so: a)é ;b)é ;c)% ;d)%
BT 5. Gieo hai con stic sdc can d6i dong chat. Tinh xac suat ctia bién c6:
a) Téng hai mat xuat hién bang 7.
b) Cdac mat xuat hién c6 s6 chdm bang nhau.

. 1 1

Papsbd: a) — ; b) —

bap s6: a) p ) 5

BT 6. Mot binh chta 6 vién bi gom 2 xanh, 2 vang, 2 dd. (cac vién bi ndy chi khac nhau vé mau)

L4y ngau nhién 2 vién bi. Tinh x4c sudt dé dugc .
a) Hai vién mau xanh. b) Hai vién khac mau.

. 1 4
baps6: a) — ; b) —
) 15 ) 5
BT 7. Mot binh dung 4 vién bi xanh, 3 vién bi d6 va 2 vién bi vang. Ldy ngau nhién 2 vién bi. Tinh x4c

suat dé dugc:
a) Hai vién cing mau b) Hai vién khac mau.

. 5 13
bdps6: a) — ; b) —
)18 )18

BT 8. Mot binh dung 8 vién bi xanh va 4 vién bi d8, cac vién bi nay chi khac nhau vé mau.
L4y ngau nhién 3 vién bi. Tinh x4c sudt dé dugc :

a) 3vién xanh b) 3vién dd ¢) 3viéncingmau  d) it nhat 2 vién xanh
y 14 1 3 42
Papso: a) — ;b)) — ;0 = ; d =
) 55 ) 55 ) 11 ) 55

BT 9. Mot binh dung 7 vién bi chi khdc nhau vé mau, trong d6 c6 4 vién bi xanh, 3 vién bi dé. Lay
ngau nhién 3 vién bi. Tinh x4c suit dé dugc :
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a) 2viénbi dd va 1 vién bi xanh. b) Tat ca 1a bi xanh.
, . 12 4
Pap s6: a) T b) 35
BT 10. Mot hop kin c6 chita 10 qud cau trang, 8 qua cau den, c6 kich thudc, trong lugng nhu nhau.
Ly ngau nhién 5 qua cau. Tim xac sudt cta bién c6 trong 5 qué cau c6 ding 3 qua cau d6.Ddp so:
5
17
BT 11. Mét t6 sinh vién c6 6 nam, 5 ni.
a) Tim x4c sudt l1ay 4 sinh vién lao ddng trong d6 c6 1 nd.
b) Tim xdc sudt 14y 4 sinh vién lao dong trong d6 c¢6 khdng qua 3 ni.

, 10 65
bapso6: a) — ; b) —
)33 )66

BT 12. M6t t6 gom 9 nam va 3 nit.
a) Cobao nhiéu cach chon 1 nhém c6 4 ngudi dé tryc nhat.
b) Tinh xac suat dé khi chon ngau nhién 1 nhém c6 4 ngudi c6 ding mot ni.
¢) Can chia t6 1am 3 nhém, mbi nhém 4 ngudi dé di 1am 3 cong viéc khac nhau.
Tinh x4c suat dé moi nhém cé ding mot n.

. 29 16
Papso: a) 495 ; b) — ; ¢) —
) )55 )55

BT 13. Mot dé thi gom 100 cau hdi khac nhau. M6i dé thi c6 5 cau hdi, mdt hoc sinh thudc 80 cau
héi. Tinh xac suat dé hoc sinh d6 rit ngau nhién mot dé thi trong d6 c¢6 4 cAu hdi ma minh hoc

thudc. Dép s6: 51352 ~0,4201

BT 14. M6t dgt x6 s6 phat hanh 20.000 vé trong d6 c6 1 gidi nhat, 100 gii nhi, 200 gidi ba, 1000 giai
tu, 5000 gidi khuyén khich. Tim x4c sudt dé mot ngudi mua 3 vé, tring 1 gii nhi va 2 gidi khuyén

, , . 124975
khich. Dapso: —X——
£apso 133313

BT 15. Chon ngau nhién 5 quan bai trong c6 bai ti-16-khg, ta dugc mot xap bai. Tinh xac sudt dé
trong xap bai ndy chita hai bd d6i (Ttc 1a ¢6 2 con cling thudc mot bd; 2 con thudce bd thit hai; con

thit 5 thudc bo khéc). Dép s6: —4119685

BT 16. Hai ngudi di san ddc 1ap v6i nhau va cting ban mot con thud. Xac suat bin tring clia ngudi thit

nhat 1a %, clia ngudi thi hai la % . Tinh x4c sudt dé con thi bi ban triing. Dép s6: %

BT 17. Hai cau thi1 béng d4 stt phat dén. Mo6i ngudi dd mot 1an, véi xac sudt 1am ban cia ngudi thi
nhat 13 0,8 va x4c sudt 1am ban cta ngudi thit hai 14 0,6. Tinh x4c sudt :
a) Ngudi thit nhat stt hong
b) Ca hai cling sut tring
¢) Ca hai cung sut trugt
d) C6 it nhat mot ngudi st tring
e) C6 ding mot ngudi sut trang

e

Pip sb: a) 0,2 ; b) 0,48 ; c) 0,08 ; d) 0,92 ; e) 0,44
BT 18. Mot don vi van tai ¢6 10 xe 6t6, c6 6 xe tot. Diéu ngau nhién 3 xe di cong tac.

Tinh xac suat de trong 3 xe d6 c6 it nhat mot xe tot. bap so: 30

BT 19. Mot hop bong dén ¢6 12 béng, trong d6 ¢ 8 béng tét. Lay ngau nhién 3 bong.
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Tinh x4c suat dé 1dy dudc:
a) it nhat 2 bong tot b) it nhat 1 béng tot.
, . 28 54
Dipsd: a) b) 55
BT 20. Mot may bay dugc trang bi 4 dong cd, trong d6 2 dong cd G canh phdi va 2 dong cd & canh trai
va cac dong cd nay hoat dong ddc 1ap. Biét rang & cdnh phai , xdc xuat moi dong cd bi héng lan lugt
120,1va 0,2. & canh trai , xdc xudt mdi dong co bi hong lan lugt 13 0,1 va 0,3.
a) Tinh x4c suat dé may bay hoat dong an toan, néu mdi cdnh may bay cé it nhat 1 dong cc
hoat dong.
b) Tinh x4c suit dé may bay c6 thé dap xudng, néu cé it nhat 1 dong cd hoat dong.
DPdp s6: a) 0,9506 ; b) 0,9994
BT 21. M6t ba me mong sinh bang dugc con gai ( sinh dugc roi thi khong sinh nita, chua sinh dugc
thi sé sinh nita ), xdc suat sinh con gai trong mét 1an 12 0,486. Tinh x4c suat sao cho ba me dat

dugc mong muén & lan sinh thit 2. Dép s6: 0,249804
BT 22. X4c sudt sinh con trai trong moéi 1an sinh 13 0,51. Tinh x4c suat sao cho sinh 3 1an thi c6 it
nhat 1 trai ( Chi xét 1 1an sinh 1 con) DPép s6: 0, 882351

BT 23. (B.20153) C6 hai chiéc hop chia bi. Hop thit nhat chifa 4 vién bi dé va 3 vién bi trang, hop tha
hai chifa 2 vién bi dé va 4 vién bi tring. Liy ngau nhién tit méi hop ra 1 vién bi, tinh x4c sudt dé 2

N

vién bi dugc 14y ra c6 cting mau. Dép s6: %

- e 2
D. NHIN RA THE GIOT
“" The Mathematical Assoclation of America
AMERICAN MATHEMATICS COMPETITIONS

( Trich cdc cdu hdi trong Dé thi Todn AMC

1) Two real numbers are selected independently at ramdom from the interval

[-20,10]
What is the probability that the product of those numbers is greater than zero ?
1 1 4 5 2
A) — B) — C) — D) = E) =
(A) 5 B) 3 ©) 9 D) 9 (E) 3

2) Positive integers a, b and ¢ are randomly and independently selected with
replacement from the set {1,2,3,...,2010} . What is the probability that abc+ab+c

is divisible by 3 ?

1 29 31 11 13
A) — B) — C) — D) — E)y —
()3 ()81 ()81 ()27 ()27

3) A palindrome between 1000 and 10,000 is chosen at random. What is the
probability that it is divisible by 7 ?

1 1 1 1 1

A) — B) — C) — D) — E) —

()10 ()9 ()7 ()6 ()5
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4)

5)

6)

Bernardo randomly picks 3 distinct numbers from the set {1,2,3,4,5,6,7,8,9} and

arranges them in descending order to form a 3-digit number. Silvia randomly
picks

3 distinct numbers from the set {1,2,3,4,5,6,7,8} and also arranges them in
descending order to form a 3-digit number. What is the probability that
Bernardo’s number is larger than Silvia’s number ?

47 37 2 49 39
(A) = (B) " (©) 3 (D) - (E) -

Professor Gamble buys a lottery ticket, which requires that he picks six different
integers from 1 through 46, inclusive. He chooses his numbers so that the sum of
the base-ten logarithms of his six numbers is an integer. It so happens that the
integers on the winning ticket have the same property — the sum of the base-ten
logarithms is an integer. What is the probability that Professor Gamble holds the
winning ticket ?

1 1 1 1
(&) < ® 7 © 3 D) 3 (E) 1

The state income tax where Kristin lives is levied at the rate of p% of the first
$28000 of annual income plus (p +2)% of any amount above $28000. Kristin
noticed that the state income tax the paid amounted to (p +0.25)% of her annual

income. What was her annual income ?
(A) $28000 (B) $32000 (C) $35000 (D) $42000 (E) $56000
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HINH HOC
11
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HINH HOC 11 - Chucng 1

PHEP DOT HINH VA PHEP PONG DANG TRONG MAT
PHANG

§ 1. PHEP BIEN HINH
A. KIEN THUC

Ta da biét rang v6i moi diém M c6 mot diém M’ duy nhat 12 hinh chiéu vudng géc cia diém M
trén dudng thang d cho truéc (h.1.1).

M

M'
Hinh 1.1
DINH NGHIA

Quy tic dit tuong ting moéi diém M ctia mat phang véi mot diém xac dinh duy nhat A’
cia mat phang dé dudgc goi 1a phép bién hinh trong mat phang.

Néu ki hiéu phép bién hinh 1a F thi ta viét F(M) = M' hay M' = F(M) va goi diém M’ 13 anh
c@ia diém M qua phép bién hinh F.
Néu H 1a mot hinh nao d6 trong mat phang thi ta ki hiéu H' = F (H) 13 tp cac diém
M =F (M ), v6i moi diém M thudc H . Khi d6 tandi F bién hinh H thanh hinh H', hay hinh
H' Ia dnh ctia hinh H qua phép bién hinh F.
Phép bién hinh bién méi di€ém M thanh chinh né dudgc goi 1a phép dong nhat.
B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Xac dinh cdc phép bién hinh

1. Trong mat phang, cho duding thang d va 2. Trong mit phang, cho diém 7 va M phan
diém M khong thudc d. Goi diém M’ sao biét. Goi diém M’ sao cho I 1a trung diém
cho d 1a dudng trung tryc ctia doan MM’ . c@ia doan MM’ . Quy tic dit tucng Ging diém
Quy tic dat tuong Ging diém M véi diém M’ M véi diém M’ néu trén cé phai la mot
néu trén c6 phai 1a mot phép bién hinh phép bién hinh khong ?
khong ?
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3. Cho trudc s6 o dudng, v6i moi diém M
trong mat phing, goi M’ 1a diém sao cho
MM’ = a. Quy tic dit tudng Gng diém M
v6i diém M’ néu trén c6 phai 1a mot phép
bién hinh khong ?

§ 2. PHEP TINH TIEN

A. KIEN THUC
I - DINH NGHIA
Trong mat phing cho vectd 7. Phép bién hinh bién méi diém M thanh M’ sao cho

MM’ =3 dudc goi 1 phép tinh tién theo vecto'v.

Phép tinh tién theo vectd v thudng dudc ki hiéu 13 1a
T., v dugc goi la vecto'tinh tién.
Nhu véy T, (M) =M & MM'=7.

Phép tinh tién theo vectd — khong chinh 13 phép dong
nhat.

Phép tinh tién 7. bién hinh H thanh hinh H'.

II - TINH CHAT
TINH CHAT 1

“ Néu T, (M) = M’,TE(N) _ N’ thi M'N' = MN vatirdé suyra M'N' = MN.
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=l

N ';NJ
Phép tinh tién b3o toan khodng cach gita hai diém bat ki.
TINH CHAT 2

Phép tinh tién bién dudng thing thanh dudng thang song song hoic triing véi né, bién
doan thang thanh doan thing bing no, bién tam gidc thanh tam giac bing né, bién
dudng tron thanh dudng tron cé cung ban kinh.

/

. ”
e
d § B
-7 ad
- - i -
’/ - -~
-
- - .
’f ’-ﬂ
- d ¢
£ z

111 - BIEU THU’C TOA PO

-

Trong mit phing toa dd Ozy cho ¥ = (a;b) . V6i mobi diém M(x;y), goi M/(:U’;y') 1a dnh cla cla
M qua phép tinh tién theo 9. Ta c6

!
r —T—=a
/

MM =7 < )
y—y=>

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : X4c dinh céc yéu t6 va tip hgp diém qua phép tinh tién
(1 Trong mat phang toa d6 Ozy cho ¥ = (a;b). V6i moi diém M(a:;y), goi M/<:U/;y') 13 4nh cla
clla M qua phép tinh tién theo v. Ta ¢
T —z=a

/

y —y=>

MM/:T;@[

(2 Néu MM’ =¥ véi ¥ 1a vectd khong d6i, thi ton tai mot phép tinh tién theo ¥ bién M thanh
M.

1. Trong mit phing toa dd Ozy cho vectd 2. Trong mit phang toa dd Ozy cho hinh binh
¥ = (~12), diém A(3;5), dudng thing d ¢6 | hanh ABCD véi B(1;—2),C (5:1). Biét A di
phuong trinh  — 2y + 3 = 0 va dudng tron chuyén trén dudng tron (C) c6 phuong trinh
(C) c6 phuong trinh (x — 1)2 + (y + 3)2 =8. 2° 4y + 4z — 2y + 1 = 0. Ching minh tap
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a) Tim toa do cda diém A’ 1a dnh cia A qua hgp diém D 1a mot dudng tron. Viét phucng
phép tinh tién theo v. trinh duGng tron do.

b) Tim toa d6 clia diém C sao cho A4 13 dnh
clia C' qua phép tinh tién theo ¥.

¢) Tim phuong trinh clia dudng thang d’ 1a
anh clGia d qua phép tinh tién theo v.

d) Tim phucng trinh ctia dudng thang (C’ ! )

13 3nh cla (C ) qua phép tinh tién theo .

3. Trong mat phing vé6i hé toa dd Ozy , cho
vecto v = (—1;3), hai dudng thing
dix+2y—4=0vad :2r+3y+2=0.
Tim toa d6 diém M € d vd N € d’ sao cho

T, (M)=N.

i
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C. BAI TAP REN LUYEN
BT 1. Qua phép tinh tién T., tim dnh c{a :

a) biém 4(2,-3) PS: 4'(3,-5)
b) Puding thang (d):3x—5y+1=0 PS:3x-5y-12=0
¢) budng tron (C): x> +y* —4x+y—1=0 PS: x*+y’ —6x+5y+10=0

BT 2. Trong mit phang vé6i hé toa dd Oxy, cho hai diém A(2, - 2) va B(6, 3). Tim dnh cia méi dudng
sau qua phép tinh tién T, :

a) Pudng thang (d) : 2x + 3y — 4 =0. PS:2x+3y-27=0
b) Pudng tron (C) : (x—1)° +(y+2)* =9 PS: (x-5) +(y-3)=9

BT 3. Trong mit phang véi hé toa dd Oxy, cho ba diém A(- 1, - 1), B(3, 1) va C(2, 3). Tim toa do diém
D @é tit gidc ABCD 1a hinh binh hanh. PS:D(-2,1)

BT 4. Trong mat phang toa 6 Oxycho diém M(2; -3) va vecto y= (4; 1). Tim anh clia Mqua T.

bS: (6;-2)
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BT 5. Trong mat phang toa dd Oxy cho dudng thang d:3x— y+5=0 va vectd y= (—2; 3). Tim &nh
cla dqua T. PS:3x-y+14=0

BT 6. Trong mat phiang toa d6 Oxy cho dudng tron (C‘) X+ +4x-2y-4=0 va vectd
;/:(—3;—1). Tim énh cta (C)qua 7. bS: (x+5)*+y*=9

BT 7. Trong mat phang toa dd Oxy, cho vectd 0= (—2;3). Hay tim c4c diém A’ B’lan lugt 13 4nh
ctia cac diém A(1;-1),B(4;3) qua phép tinh tién theo vectd 0. DS: A’(-1;2),B(2;6)

BT 8. Trong mit phing toa do Oxy, cho v = (1,-3)va dudng thing d: 2x -3y +5=0. Tim phuong
trinh dudng thing d' 13 4nh clia d qua phép tinh tién T. PS:2x-3y-6=0

BT 9. Trong mat phang toa do Oxy, cho dudng tron (C) c6 phudng trinh X +y*+2x—4y—-4=0.
Tim &nh ctia (C) qua phép tinh tién theo vectd v= (2;-3). PS: (x - 1)*+(y+1)2=9

BT 10. Trong mit phing véi hé toa dd Oxy, cho dudng thing (d):x+y+3=0, dudng tron

(T):x*+y* —2x-24=0 va vec tg v=(1,2) . Tim toa do diém M e(d) va Ne(T) sao cho
T.(M)=N.

M(@3,-6 M(-4,1
bS: ( ) hay (=4.1)
N(4,-4) N(@3,-3)
BT 11. Trong mit phang v6i hé toa dd Oxy, cho hai dudng thing c6 phuong trinh:
(d):2x-3y+3=0,(d):2x -3y - 5=0.Tim toa do vectd w ¢6 gia vuong goéc véi dudng thing

. , ) — (1 24
(d) dé (dy) 1a anh ctia (d) qua T.. bS: w= (%, —Ej
BT 12. Trong mat phiang véi hé toa d6 Oxy, cho hai diém 4(-1,2), B(6,0). Diém C di ddng trén dudng
tron (C) tam /(1,3), ban kinh R =4. Goi D la dinh th( tu ca hinh binh hanh ABCD. Ching minh
rang D di dong trén mot dudng tron ¢ dinh. Tim phuong trinh dudng tron nay. DS
(x+6)>+(y=5)" =16

§ 2. PHEP QUAY

A. KIEN THUC
I -DINHN GHIA

Cho diém O va géc lugng gidc « . Phép bién hinh bién diém O thanh chinh né, bién moi
diém M khac O thanh diém M’ sao cho OM’ = OM va géc lugng giac (OM :OM’ ) bang
a dudc goi la phép quay tdm O goc o .

, »

0 ' M
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Piém O dudc goi 1a tdm quaycon o dugc goi la gdc quay ctia phép quay do.
Phép quay tam O gbéc o thuong dugc ki hiéu la Q( 0a)

NHAN XET

1) Chiéu duong cia phép quay 1a chiéu ducng clia dudng tron lugng gidc nghia 1a chiéu
ngudc véi chiéu quay ctia kim dong ho.

L 0 s M
o
0 M M’
Chiéu quay duong Chiéu quay &m
2) VGi k 1a s6 nguyén ta ludn c6 phép quay Q( 02in) 1a phép dong nhat.

11 - TINH CHAT
Quan sat chiéc tay 1ai (vo-1ang) trén tay ngudi 14i xe ta thay khi ngudi 13i xe quay tay 1di mot goc
ndo d6 thi hai diém A va B trén tay lai cing quay theo. Tuy vitri A vd B thay d6i nhung khoang
cach gitta chiing khong thay d6i. Diéu d6 dudc thé hién trong tinh chat sau ctia phép quay.

A

TINH CHAT 1
Phép quay bdo toan khodng cach giita hai diém bat ki.
Phép quay tm O, goc (04;0A’) bién diém A thanh A, B thanh B'. Khi d6 ta c6

A'B' = AB.
B
/ l‘ \\
/ + T
Al L1 \
\\ II R A‘ A
\ r, - b
N e Ny 1
Eo N :
0 ke NGB
TINH CHAT 2
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Phép quay bién dudng thing thanh dudng thing, bién doan thing thanh doan thang
bang no, bién tam giac thanh tam gidc bang né, bién dudng tron thanh dudng tron cé
cung ban kinh.

N
-

5\
- -

NHAN XET
Phép quay géc a v6i 0 < a < 7, bién dudng thang d thanh dudng thing d’ sao cho géc
gitta d va d’ bang a (néu 0 < a < g),hoéc bang © — a (néu g <a<m).
Phép quay géc o = 90° hodc a = —90°, bién dudng thang d thanh dudng thing d’ thi d’
vuong goc véi d.
111 - BIEU THU’C TOA DO
Trong mit phing toa dd Ozy , v6i mdi diém M (a:; y), goi M’ (x’ vy ) 1a &nh clia cia M qua phép
quay Q(OQ). Ta chi xét hai phép quay sau :

/ I

_ / r=-Y . / Y
D Q(O,(y:90°) (M> =M & Y=z 2) Q(o,azfgo“) (M) =M < Yy =—z
Ay ly
M’ ;
e y y ———————— 4;1.{
: |
| I -
| iy ” 0 mg" T i
[ N T N I
| ! |
I &= |
'JC'! () ' T I
1
|
y M
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B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Xac dinh dnh ctia phép quay

1. Khi banh xe A quay theo chiéu ducng thi
banh xe B quay theo chiéu nao ?

2. Trén mot chiéc dong ho tir ltc 12 gig dén 15
gid, kim gid va kim phuat da quay mot goc
bao nhiéu do ?

Dang 2 : Tim toa d0, phuong trinh dnh qua phép quay

Trong mit phing toa dd Ozy , v6i mdi diém M (a:; y), goi M’ (z’ ) ) la dnh ctia ca M qua phép

quay G, -

1. Trong mit phing toa d6 Ozy diém A (2; O),

duding thing d c6 phudng trinh

r +y — 2 = 0 va dudng tron (C ) c6 phuong
trinh (z + 1)2 + (y — 3)2 =5.

a) Tim toa do cta diém A’ 1a dnh clia A qua
phép quay tam O gbc 90°.

b) Tim phucng trinh cta dudng thang d’ 1a
dnh clia d qua phép quay tam O goc 90°.

2. Qua phép quay Q(kgoo) ,tim :

a) toa do anh cta diém A (3; 4).

b) phucng trinh duding thang d’ 13 dnh clia
dudng thang d : 22 —y + 4 = 0.

¢) phuong trinh duéng tron (C ! ) la 4nh cGa

dudng tron (C): a” + " — 4z —12 = 0.
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¢) Tim phuong trinh clia dudng thing (C ! )
la 4nh cda (C) qua phép quay tam O goc
90°.

C. BAI TAP REN LUYEN
BT 1. Cho tam gidc déu ABCtam O. Tim &nh clia tam gidc ABC qua phép quay

a) 0(0,1200)' b) Q(B,-ﬁ()”)'
BT 2. Cho hinh vuong ABCDtam O. Tim dnh clia hinh vuong qua phép quay
a) 0(0,790“\)' b) Q(B,90°)'

BT 3. Cho ntta dudng tron tdm O dudng kinh BC. Piém A chay trén nta dudng tron d6. Dung vé phia
ngoai clia AABC hinh vuéng ABEF. Chitng minh rang E chay trén ntra dudng tron cé dinh.

BT 4. Cho hinh vuéng ABCD tdm O, M 13 trung diém AB, N 13 trung diém OA. Tim &dnh cGia AAMN
qua phép quay tam O géc quay 90°.
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BT 5. Trong mét phang Oxy, tim &nh cia diém M (-5; 2) qua phép quay tdm 0 gbc quay 90°.
BT 6. Qua phép quay Qoo 2 tim &nh cia dudng thing (d):3x+4y-12=0.
PS:3x-4y+12=0
BT 7. Trong mit phing Oxy, tim dnh cta dudng thingd :3x—2y+6=0 qua phép quay tAm O géc
quay —90°.
BT 8. Trong médt phang Oxy, tim 4nh cda dudng tron(C): x* + y* —4x+6y—3=0 qua phép quay tim

0 gbc quay 90",

BT 9. Trong mit phing Oxy, cho dudng tron (7): (x +2)* +(y —4)* = 25. Viét phuong trinh dudng
tron (C) 13 dnh ctia (T) qua phép bién hinh ¢6 dudc bang cach thyc hién lién tiép phép quay
O, o0, V2 Pép tinh tién 7. v6i v=(2,-4) PS: (x+2)’+(y+6)* =25

BT 10. Trong mat phang Oxy, cho dudng tron (T): (x+3)* +(y—4)> = 25. Viét phuong trinh dudng
tron (C) 13 dnh cha (T) qua phép bién hinh c6 dugc bang cach thuc hién lién tiép phép quay
0., o, VA Phép tinh tién T, véi v=(-2,5) DS : (x+6)*+(y—2)} =25

BT 11. Trong mat phang Oxy, cho 17(2;5) va dudng tron (C): (x—2)2 +(y —1)2 =25.Goi (C'") laanh
ciia (C) qua phép tinh tién 7. , (C") 1a &nh cta (C') qua phép quay Q(O )’ Viét phuong trinh

(Cu) .

BT 12. Cho dudng tron tdm O, dudng kinh BC. Piém A chay trén dudng tron d6. Dyng vé phia ngoai
cia tam gidc ABC hinh vudng ABEF. Chting minh ring diém E chay trén mot dudng tron cd dinh.

BAI TAP TRAC NGHIEM
Céu 1. Trong mat phang Oxy, cho diém A(2;-4). Diém Ala anh clia diém nao sau day qua phép quay
tam O goc quay g?

A. E(4-2) B. B(4;-2) C. C(42) D. F(-4;-2)
Cau 2. Trong mat phang Oxy, cho dudng thing d:3x —4y =0 . Phuong trinh dnh ctia dqua phép quay
tdm Ogbc quay 180° 1a

A.3x-4y=0 B. 4x-3y+2=0 C. 4x+3y+2=0 D. 3x+4y+2=0
Cau 3. Trong mat phang Oxy, cho dudng thang A:x—2y+3=0. Phudng trinh dnh cta d qua phép
quay tam O gbc quay g 1a

A 2x+y-1=0 B. 2x-y+3=0 C. x+2y+3=0 D. 2x+y+3=0
Cau 4. Trong mat phang Oxy, cho dudng thang A: y+3=0. Phuong trinh dnh cta d qua phép quay
tam Ogbc quay —g la

A x+3=0 B. x-3=0 C. x—y+3=0 D. y-3=0
Céu 5. Trong mat phang Oxy, cho dudng tron (C):x* + y* =9. Phuong trinh anh ctia (C) qua phép

quay tam O gbc quay % la

A X +y =9 B. (x-1) +(y-1)'=9
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C. (x—1)2+y2=9 D. (x—1)2+y2=9
Cau 6. Cho hinh vuéng ABCDtim O. Goi M, Nlan lugt 13 trung diém cda
ABvVa AD (hinh bén). Theo hinh bén thi khang dinh nao sau day 1a khang
dinh sai N

A. Goc gitta DMva CNbang 90°

B. Tam gidc ODCla dnh ctia tam gidc OAB qua phép quay tam O géc | c

quay 180°

C. budng thang DM1a anh clia dudng thang CNqua phép quay tAm O géc quay —90°

D. Tam gidc OBCla dnh clia tam gidc OABqua phép quay tAm Ogdbc quay 90°
Cau 7. Trong mit phdng Oxy, cho diém A(2;—4). Anh ciia diém 4 qua phép quay tdm O géc quay g
c6 toa dola

A. A'(4;2) B. A'(—4;-2) C. A'(4-2) D. A'(-2;4)
Céu 8. Trong mit phang Oxy, cho dudng tron (C):x* +(y - 1)2 =4 . Phuong trinh dnh cda (C) qua
phép quay tam O goc quay g la

A. (x—1)2+y2=4 B

C. (x+1) +y* =4 D. (x+1) +(y-1) =4
Cau 9. Trong mit phing Oxy, cho diém A(0;1). Anh clia di€m A qua phép quay tim O géc quay —g
c6 toa do la

A. A'(-10) B. A'(1;0) C. A'(0;-1) D. A'(-1;1)

Céu 10. Cho hinh vuéng ABCDtam O, géc gitta AB va AD bing —90°. Goi M, N, K, Olan lugt 1 trung
diém ctia AD, DC, CB, BA. Khi d6, phép quay tdm O géc quay —90° sé bién tam gidc ODNthanh tam
giac nao dudi day?

A. OBQ B. OAM C. OCK D. KNO
Cau 11. Cho phép quay tdm O géc quay 120° bién dudng thang d thanh d'. Khi d6, gbc gitia hai
dudng thang dva d' bang

A. 60° B. 120° C.90° D. -60°

§ 4. KHAI NIEM VE PHEP DOTHINH VA HAI HINH BANG NHAU

A. KIEN THUC
I - KHAI NIEM VE PHEP DOT HINH
DINH NGHIA
“ Phép doi hinh13 phép bién hinh bao toan khoang cach gitta hai diém bat ki.
Néu phép ddi hinh F bién cac diém M, N lan lugt thanh cac diém M’, N’ thi M'N’ = MN.
NHAN XET
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1) Cac phép dong nhat, tinh tién va phép quay déu 1a nhiing phép ddi hinh.
2) Phép bién hinh c6 dudc bang cach thuc hién lién tiép hai phép ddi hinh 13 mo6t phép doi
hinh.
I1 - TINH CHAT
Phép ddi hinh :
1) Bién ba diém thing hang thanh ba diém thang hang va bdo toan thi tu gitta cac diém ;
2) Bién dudng thang thanh dudng thing, bién tia thanh tia, bién doan thing thanh doan
thang bing né ;

3) Bién tam giac thanh tam gidc bang no, bién géc thanh gbc bang né ;

4) Bién duong tron thanh dudng tron cé cting ban kinh.
III - KHAI NIEM HAI HINH BANG NHAU

PINH NGHIA
H Hai hinh dugc goi 1a bang nhau néu c6 mdt phép ddi hinh bién hinh nay thanh hinh kia.

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Xac dinh toa d6 dnh, phudng trinh qua phép ddi hinh

1. Trong mat phing toa &6 Ozy cho vectd 2. Trong mit phang toa dd Ozy vectd
U= (2;—1), diém A<3;5). Tim toa do diém U= (3; 1) va dudng tron (C) c6 phucng
an,h cua A lan lugt lién tiép qua phép tinh trinh 2 + (y n 2)2 — 9. Viét phuong trinh
tién theo ¥ va phép quay Q.. ; !
(000'] dudng tron anh lan lugt lién tiép qua Qo ar)
vaT..

v
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C. CAUHOI TRAC NGHIEM
Cau 1. Trong mit phing toa dd 0xy cho dudng thang 4 c6 phuong trinh 3x— y—3=0. Hbi phép ddi
hinh ¢6 dugc bang cach thyc hién lién tiép phép d6i xding tdm 1(1;2) va phép tinh tién theo vectd
7 = (~2;1) bién dudng thang ¢ thanh dudng thing nao trong cac dudng thang sau?

A 3x—y+1=0. B. 3x—y—-8=0. C.3x—y+3=0. D. 3x—y+8=0.
Cau 2. Trong mit phing toa dd 0xy cho dudng tron (C):(x—1) +(y+2) = 4. Hdi phép ddi hinh c6
dugc bang cach thyc hién lién ti€p phép ddi xiing qua truc 0y va phép tinh tién theo vectd 7 =(2;3)
bién (C) thanh dudng tron nao trong cdc dudng tron cé phudng trinh sau?

A X4y =4 B. (x—2) +(y—6) =4
C.(x-2)+(y-3) =4 D. (x—1) +(y-1) =4.
CAu 3. Hgp thanh cGa hai phép tinh tién 1a phép ndo trong cdc phép dudi day?
A. Phép d6i xting truc. B. Phép doi xting tam.

C. Phép tinh tién. D. Phép quay.

CAu 4. Phép ddi hinh c6 dudc bang cach thuc hién lién tiép phép tinh tién theo vectd ¥ va phép doi
xng tam I la phép nao trong cac phép sau day?

A. Phép ddi xting truyc. B. Phép doi xting tam.
C. Phép dong nhat. D. Phép tinh tién.

Cau 5. Phép ddi hinh c6 dugc bing cach thuc hién lién tiép hai phép déi xting qua hai dudng thing
song song la phép nao trong cac phép duéi day?

A. Phép ddi xting truyc. B. Phép doi xting tam.
C. Phép tinh tién. D. Phép quay, géc quay khéc .

Cau 6. Phép ddi hinh c6 dugc bing cach thuc hién lién tiép hai phép d6i xting qua hai dudng thang
vuong goc vGi nhau la phép nao trong cac phép duéi day?

A. Phép d6i xting tr B. Phép ddi xiing tam
C. Phép tinh tién. D. Phép quay, goc quay khéc .

Céu 7. Phép ddi hinh c6 dugce bing cach thuc hién lién tiép hai phép d6i xting qua hai dudng thang
cat nhau (khong vudng géc) 1a phép nao trong cac phép dudi day?

A. Phép d6i xting truc B. Phép ddi xiing tAm

C. Phép tinh tién D. Phép quay, géc quay khac 7.
CAu 8. Phép ddi hinh c6 dugc bang cach thuc hién lién tiép hai phép d6i xiing tdm 1a phép nao trong
cac phép duéi day?

A. Phép d6i xting truc B. Phép doi xting tam.

C. Phép tinh tién D. Phép quay, gbc

C4u 9. Cho hinh chitnhat 4BcD tAm 0 vé6i M, N lanlugtla trung diém 4B va ¢p. Héi phép ddi hinh
6 dudc bang céc thyc hién lién tiép phép tinh tién theo vectd 4B va phép doi xiing truc BC 1a phép
nao trong cac phép sau day?

A. Phép d6i xting tam M. B. Phép ddi xiing tAm N.
C. Phép ddi xiing tam 0. D. Phép ddi xiing truc MN.

Cau 10. Cho hinh vudéng 4BcD tdm 0. Goi Q 1a phép quay tdm 4 bién B thanh D, P 13 phép doi
xting truc 4D. Hoi phép ddi hinh c6 dugc bang cac thyc hién lién tiép phép quay Q va phéo déi xtiing
truc 4D la phép nao trong cac phép sau day?

A. Phép do6i xting tdm D. B. Phép doi xtiing truc Ac.
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C. Phép d6i xting tdm o. D. Phép do6i xting truc AB.
§ 5. PHEP VITY

A. KIEN THUC
I - PINH NGHIA
Cho diém O va s6 k = 0. Phép bién hinh bién méi diém A/ thanh diém M’ sao cho

oOM' = kOW dugc goi 1a phép vi ty tdm O, ti s6 k.

0

Phép vi tutdm O, ti s6 k thudng dugc ki hiéu 1a V( 0x)

NHAN XET
1) Phép vi ty bién tAm vi tu thanh chinh né.
2) Khi k& =1, phép vi ty 1a dong nhat.
3 M =V, (M),

04

(M) M= V{O}J
p
11 - TINH CHAT
TINH CHAT 1

Néu phép vi ty ti s6 k bién hai diém M, N tiy ¥ theo thit ty thanh M’, N’ thi

M'N' = kMN va M'N' =|i| M.
Chiing minh. Goi O 1a tAm cia phép vi tu ti s6 k. Theo ‘ M’
dinh nghia ctia phép vi tu'ta c6 : OM' = kOM va
ON' = kON. Do d6 :

M'N' = ON' — OM' = kON — kOM
:k(Eﬁ—cTM):kﬁ. - N N’

Tud6 suyra M'N' = ‘k‘MN.

TINH CHAT 2
Phépvitutiso k :
a) Bién ba diém thang hang thanh ba diém thang hang va bio toan thi ty giita cac diém
ay (h.1.53).
b) Bién dudng thang thanh dudng thang song song hodc triing véi no, bién tia thanh tia,
bién doan thang thanh doan thing.
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¢) Bién tam gidc thanh tam gidc dong dang vé6i nd, bién gbc thanh géc bang no (h.1.54).

d) Bién dudng tron ban kinh R thanh dudng tron bén kinh \k\ R (h.1.55).

Af

B B’

Hinh 1.53 ' ‘ Hinh 1.54

Hinh 1.55
111 - BIEU THUC TOA PO
Trong mit phing toa dd Ozy cho diém [(a;b) vaso k = 0.V6i mdi diém M(a:;y), goi M’(a:’;y’) 1a
anh cia cla M qua phépvitutam I tiso k. Taco
' —a=k (:E — a)

IM’:k.IM@{y,_b:k@_b).

B. CAC DANG TOAN THUONG GAP VA PHUGNG PHAP GIAT
Dang 1 : X4c dinh cic yéu t6 va tap hgp diém qua phép vi ty
Trong mat phing toa d6 Ozy cho diém I(a;b) vasd k = 0.VG6imoi diém M (a:;y), goi
M’(a:’;y’) 1a dnh cia cila M qua phép vi ty'tdm I tisd k. Ta cd

— — ¥ —a=k (:E — a)
IM = kIM =7, .
y —b=1k(y—0b)
1. Trong mit phing toa dd Ozy cho vectd 2. Trong mit phing toa dd Ozy cho dudng tron
I(—1;2), diém A(3;5), dudng thing d c6 (0) ¢6 phuong trinh 2° + ¢* = 4 va hai

diém A(—4;3),B(6;5). Goi M 1a mét diém
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phuong trinh # — 2y + 3 = 0 va dudng tron di chuyén trén dudng tron (C ) . Chiing minh

(C’) c6 phuong trinh (:p — 1)2 + (y + 3)2 = 8. rang trong tim G cla tam gidc MAB di
chuyén trén mot dudng tron. Tim phucng

a) Tim toa do cta diém A’ 12 dnh clia A qua . X N
trinh dudng tron dé.

phépvitytam I tiso k = —2.

b) Tim toa d6 clia diém C sao cho A 13 dnh
clia C quaphépvitytdm I tisé k = —2.

¢) Tim phuong trinh clia dudng thang d’ 1a
dnh cia d qua phép vi tutdm J tis6 k = —2

d) Tim phucng trinh cta dudng thang (C’ )
14 4nh cla (C) qua phép vi ty'tdm I tisO
k=-2.

C. BAI TAP REN LUYEN

BT 1. Cho hinh vudng ABCDtam O. Dung dnh cla hinh vudng qua phép vi tu tdm Oti s6

N | —

BT 2. Trong mat phang vé6i hé toa d6 Oxy, xét phép vi tu Vios=2- Qua phép V,,_,,, tim dnh cla :
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a) biém M (2,-1) DS : M '(—4,2)
b) Pudng thang (d):3x+2y—-6=0 PS:(d):3x+2y+12=0
¢) Pudng tron (C): x> +y* —2x+4y+1=0 PS: (x+2) +(y-4)°=16
BT 3. Trong mit phang véi hé toa d6 Oxy, cho dudng tron (C) : (x—3)* +(y+1)* =9. Viét phuong
trinh dudng tron (C’) 12 &nh cha (C) qua phép vi tu tdm I(1, 2), ty s6 k = - 2.
PS: (x+3)" +(y-8)* =36
BT 4. Trong mit phang véi hé toa do Oxy, cho dudng thang (d):3x+4y—12=0. Viét phucng trinh
dudng thang (d’) 13 dnh cda (d) qua phép vi ty tdm I(1, 2), ty s6 k = - 2.
PS:3x+4y-9=0
BT 5. Trong mit phing Oxy, cho elip (E):9x* +16y* =144. Tim 4nh cla elip (E) qua phép vi tu tAm

—4)? 2
A(-2.5), 17563, ps: =4 (+10)”
144 1

BT 6. Trong mit phang Oxy cho dudng thing d: 2x +y -4 =0.
a) Hay viét phuong trinh cia dudng thang d’ 1 4nh cia d qua phép vi tu'tdm O ti s6 k = 3.
b) Hayviét phudng trinh ca dudng thang d’ 13 4nh ctia d qua phép vi tutam I(-1; 2) ti s k = -2.
BT 7. Trong mit phing toa d6 cho duding thang d: 3x + 2y - 6 = 0 . Hay viét phuong trinh cia dudng
thang d’ 1 dnh cia dudng thing d qua phép vi tu tam I(1; 2) ti s6 vi tyk = -2
BT 8. Trong mat phing Oxy cho dudng tron (C): (x - 3)2 + (y + 1)> = 9. Hay viét phuong trinh dudng
tron (C’) 1a dnh cta (C) qua phép vi ty tam I(1; 2) ti s6 k = 2.
BT 9. Cho nita dudng tron dudng kinh AB. Hay dyng hinh vudng c¢6 hai dinh ndm trén ntta dudng
tron, hai dinh con lai ndm trén dudng kinh AB cta dudng tron dé.

D. CAUHOI TRAC NGHIEM
Cau 1. Cho hai dudng thang cat nhau 4 va d'. C6 bao nhiéu phép vi tybién 4 thanh dudng thing
d?

A. 0. B. 1. C. 2. D. V6 s0.
Céu 2. Cho hai dudng thing song song 4 va d'. C6 bao nhiéu phép vi tu véi ti s6 £=20 bién dudng
thang 4 thanh dudng thang 4'?

A. 0. B. 1. C. 2 D. V6 s0.
Céu 3. Cho hai dudng thing song song 4 va d' va mot diém 0 khong ndm trén chiing. C6 bao nhiéu
phép vi ty tdm 0 bién dudng thing 4 thanh dudng thing 4'?

A. 0. B. 1. C. 2 D. V6 s0.
Céu 4. Cho hai dudng thang cit nhau 4 va d4'. Cé bao nhiéu phép vi ty bién méi dudng thang thanh
chinh né.

A. 0. B. 1. C. 2. D. V6 s0.
C4u 5. Cho hai dudng tron bang nhau (0;R) va (0;R") v6i tdm 0 va o' phén biét. C bao nhiéu
phép vi tu bién (0;R) thanh (0%R")?

A. 0. B. 1. C. 2 D. Vo s6.
Cau 6. Cho dudng tron (0;R). C6 bao nhiéu phép vi ty v6i tdm o0 bién (0;R) thanh chinh né?

A. 0. B. 1. C. 2. D. V6 s0.
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Céu 7. Cho dudng tron (0;R). C6 bao nhiéu phép vi tu bién (0;R) thanh chinh né?

A. 0. B. 1. C. 2. D. Vo6 s0.
Cau 8. C6 bao nhiéu phép vi ty bién dudng tron (0;R) thanh dudng tron (O;R') v6i R=R'?

A. 0. B. 1. C. 2. D. V6 s0.
Cau 9. Phép vi tytdm o tis6é k=1 1a phép ndo trong cc phép sau day?

A. Phép ddi xting tam. B. Phép ddi xiing truc.

C. Phép quay mot géc khéc kr. D. Phép dong nhat.
Cau 10. Phép vi tu tdm o tisé £=—1 12 phép ndo trong cic phép sau day?

A. Phép ddi xting tam. B. Phép ddi xiing truc.

C. Phép quay mot goc khéc kr. D. Phép dong nhat.
Cau 11. Phép vi ty khong thé 1a phép nao trong cac phép sau day?

A. Phép dong nhat. B. Phép quay.

C. Phép d6i xiing tam. D. Phép ddi xting truc.

Cau 12. Phép vi ty tdm 0 tisd & (k=0) bién moi diém M thanh di€ém M'. Ménh dé nao sau day
dang?

A. OM = %OM’. B. OM = kOM'. C. OM =—kOM’. D. OM =—0oM'.
Cau 13. Phép vi tu'tdm 0 tisé —3 l1an lugt bién hai diém 4, B thanh hai diém ¢, . Ménh dé nao
sau day dung?

A. AC— —3ED. B. 34E - DC. C. AB— -3CD. D. TB:%@.

CAu 14. Cho phép vi tu ti s6 =2 bién diém 4 thanh diém B, bién diém ¢ thanh diém D.Ménh dé
nao sau day ding?
A. AB=2CD. B. 2 4B =CD. C. 24C =BD. D. AC =2BD.

Cau 15. Cho tam gidc 4BC v6i trong tim G, D 1a trung diém Bc . Goi ¥ 1a phép vi tu tdm G tis6 %
bién diém 4 thanh diém D. Tim &.
1

A,k:% B.k=—> C.k:% D. k=
CAu 16. Cho tam gidc 4BC v6i trong tAm G. Goi 4', B', ¢' 1an Iugt 13 trung diém cta cic canh
BC, AC, AB clia tam gidc ABcC . Khi d6, phép vi tu ndo bién tam gidc 4'B'c' thanh tam gidc 4BC?
A.Phépvitutim G, tis6 £=2. B.Phépvitutim G, tis6 k=—-2.
C.Phépvitytim G, tis6 k=-3. D.Phépvitutim G, ti s6 £ =3.

Cau 17. Cho hinh thang 4BcD c6 hai canh ddy 13 4B va cp théa man AB=3cD. Phép vi tu bién
diém 4 thanh diém ¢ va bién diém B thanh diém D c6tis6 % 1a

A k=3 B.k:—é. Ce=L D. k=_3.

w

CAu 18. Cho hinh thang 4BcD, v6i CD = —%TB. Goi 7 1a giao diém cda hai dudng chéo 4Ac va BD.
Xét phép vi tu tdm 1 tis6 £ bién 4B thanh CD.Ménh dé nao sau day 1a ding?
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A k=—. B. k= C. k=-2. D. k=2.

1
2 2
Cau 19. Xét phép vi tu Vs bién tam gidc 4Bc thanh tam gidc 4'B'C'. Hdi chu vi tam gidc 4'B'C'
gap may lan chu vi tam gidc 4BC .
A 1. B. 2. C. 3. D. 6.
CAu 20. Mot hinh vudng c6 dién tich bang 4. Qua phép vi tu ¥, _, thidnh ctia hinh vuong trén c6
dién tich tang gdp may lan dién tich ban dau.

A. % B. 2. C. 4. D. s.

C4u 21. Cho dudng tron (0;3) va diém 7 ndm ngodi (0) sao cho 01 =9. Goi (0%;R') 1a &nh cla (0;3)
qua phép vity v, . Tinh R".

A. R'=09. B. R’:g. C. R'=27. D. R'=15.

C4u 22. Trong mit phing toa dd Oxy cho phép vi ty tdm 71(2;3) ti s6 k=—2 bién diém M (-7;2)
thanh diém M c6 toa do 1a

A. (-10;2) B. (20;5) C. (18;2) D. (-10;5)
Cau 23. Trong mit phang toa do Oxy cho phép vity ¥ tisd k=2 bién diém 4(1,—2) thanh diém
A'(—5;1). Héi phép vi ty ¥ bién diém B(0;1) thanh di€ém c6 toa do nao sau day?

A. (0;2). B. (12;-5). C. (-7,7). D. (116).

C4u 24. Trong mat phang toa d6 oxy cho hai diém M(4;6) va M'(—3;5). Phép vi tu tdm 1, tiso & :%
bién diém M thanh M'.Tim toa do tAm vi tu I.

A. 1(—4;10). B. I(13;1). C. 1(1;11). D. 1(-10;4).
C4u 25. Trong mit phang toa dd Oxy cho ba di€ém 7(-2;-1), M(1;5) vd M'(—1;1). Phép vi ty tdm 7 ti
s6 & bién diém M thanh M'. Tim %

A./e:%. B. k= C. k=3 D. k=4,

1
e
Cau 26. Trong mat phang toa d6 0xy cho dudng thang d:2x+y—3=0. Phép vi tutam O, ti s6 k=2
bién ¢ thanh dudng thing nao trong cac dudng thang cé phuong trinh sau?

A 2x+y+3=0. B. 2x+y-6=0. C. 4x-2y-3=0. D. 4x+2y-5=0.
Cau 27. Trong mit phang toa do Oxy cho dudng thang A:x+2y—1=0 va di€ém 7(1;0). Phép vi ty tdm
I ti s6 % bién dudng thang A thanh A' c6 phuong trinh 13

A x—2y+3=0. B. x+2y—-1=0. C.2x—y+1=0. D. x+2y+3=0.
Cau 28. Trong mit phing toa d6 oOxy cho hai duding thing A,, A, 1an lugt ¢ phudng trinh
x—2y+1=0, x—2y+4=0 va diém 7(2;1). Phép vi ty tdm 7 ti sd & bién dudng thang A, thanh A, .
Tim k.

A k=1. B. £=2. C. k=3. D. k=4.
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C4u 29. Trong mit phing toa dd Oxy cho dudng tron (C): (x—1) +(y—5) =4 va diém 1(2;-3). Goi
(¢') 1a &nh cla (C) qua phép vi ty tdm I tisé &£ =—2. Khi d6 (C') c¢6 phuong trinh 1a

A (x—4) +(y+19) =16. B. (x—6) +(y+9)" =16.

C. (x+4) +(y—19) =16. D. (x+6) +(y+9) =16.

§ 6. PHEP DONG DANG

A. KIEN THUC

I - PINH NGHIA
Phép bién hinh F dugc goi 1a phép dong dang tisé'k (k > O), néu véi hai diém M, N
bat kiva dnh M’ N’ tucng ting cia ching, ta luén c6 M'N’ = kMN.

A N &
NHAN XET
1) Phép doi hinh 1a phép dong dang ti s6 1.
2) Phép vi tu ti sO k 1a phép dong dang ti s6 ‘k‘
3) Néu thuc hién lién tiép phép dong dang ti s6 k& va phép dong dang ti sé p, ta dudc phép
dong dang ti sO pk.
11 - TINH CHAT
Phép dong dang ti s & :
a) Bién ba diém thang hang thanh ba diém thang hang va bdo toan thi ty gitia cac diém
ay.

b) Bién dudng thing thanh dudng thang, bién tia thanh tia, bién doan thing thanh doan
thang.

¢) Bién tam gidc thanh tam gidc dong dang vé6i né, bién gbc thanh géc bang no.
d) Bién dudng tron ban kinh R thanh dudng tron ban kinh kR.
111 - HINH DONG DANG

PINH NGHIA

Hai hinh dugc goi 1a dong dang v6i nhau néu c6 mdt phép dong dang bién hinh nay thanh
hinh kia.
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B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Xac dinh dnh qua phép dong dang

1. Trong mit phing Ozy cho diém I (1;1) va dudng tron (C ) c6 tAm I ban kinh 2. Qua phép dong
dang c6 dugc bang cach thuc hién lién tiép phép quay tdm O, gbéc quay 90° va phép vi ty tdm O,
tiso \/5, tim :

a) Tim toa d6 &nh cta diém 1.
b) Viét phuong trinh dudng tron dnh clia (C )

C. CAUHOI TRAC NGHIEM

Cau 1. Ménh dé nao sau day 1 sai?

A. Phép ddi hinh 13 phép dong dang. B. Phép vi tu'1a phép dong dang.

C. Phép dong dang 1a phép doi hinh. D. Phép vi tu khong phai 1a phép dai hinh.
CAu 2. Ménh dé nao sau day 1a sai?

A. Hai dudng thang bat ki luon dong dang. B. Hai dudng tron bat ki luén dong dang.

C. Hai hinh vudng bat ki lu6n dong dang. D. Hai hinh chit nhat bt ki luén dong dang.
CAu 3. Cho tam gidc 4BC va A'B'C' dong dang v4i nhau theo ti s6 %. Ménh dé nao sau day 1a sai?

A. k£ 13 ti sO hai trung tuyén tuong ing B. # 14 ti s6 hai dudng cao tuong ting

C. % 1a ti s6 hai goc tucng Gng

D. %1a ti s0 hai ban kinh dudng tron ngoai ti€p tuong ting
CAu 4. Moi phép doi hinh ciing 13 phép dong dang vdi ti s6 # bang:

A k=1 B. £=-1. C. k=0 D. £=2.
Cau 5. Ménh dé nao sau day 1 sai?

A. Phép ddi hinh 1a phép dong dang ti s6 £=1.

B. Phép dong dang bién dudng thing thanh dudng thing song song hodc triing véi né.

C. Phép vi tu ti s6 & la phép dong dang tiso |#|.

D. Phép dong dang bdo toan do 16n géc.
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Cau 6. Trong mat phang toa d oOxy cho di€m M (2;4). Phép dong dang c6 dugc bing cach thyc hién
lién tiép phép vi tu tdm 0 tiso & = % va phép d6i xting qua truc oy sé bién A thanh diém nao trong
cac diém sau:

A. (1,2) B. (-2;4) C. (-12) D. (,-2)

Céu 7. Trong mat phing toa do 0xy cho dudng thing d c6 phuong trinh x+ y—2=0. Viét phucng
trinh dudng thang 4' 13 4nh clia 4 qua phép dong dang c6 dugc bang cach thuc hién lién tiép phép vi
tytam 7(-1;-1) tiso k:% va phép quay tam 0 gbéc —45°.

A y=0. B. x=0. C.y=x D. y=—x
Cau 8. Trong mat phang toa dd 0xy cho dudng tron (C) c6 phudng trinh (x—2) +(y—2)° =4. Phép
dong dang c6 dugc bang cach thyc hién lién tiép cac phép vi tu c6 tdm 0 ti so & :% va phép quay
tdm 0 goc 90° sé bién (C) thanh dudng tron nao trong cdc dudng tron sau?

A (x=2Y +(y—2=1. B.(x=1V+(y-1V=1. C.(x+2)+(»—1)=1. D.(x+1]+(y—1) =1.
Cau 9. Trong mdt phdng toa dd Oxy cho hai diém 4(-2;—3) va B(4;1). Phép dong dang tisd & = % bién
diém 4 thanh 4/, bién diém B thanh B’. Tinh d6 dai 4’5"

A. 4'B'= @ B. 4'B'=/52. C. 4'B' = @. D. 4'B'=4/50.

Cau 10. Trong mit phang toa dd Oxy, cho hai dudng tron (C) va (¢') c¢6 phudng trinh
x*+y* —4y—-5=0 va x* +y’ —2x+2y—14=0. Goi (C’) 1a dnh cla (C) qua phép dong dang ti s6 &, khi
do gia tri £ la

16

A =2 B. k=2, C.he. D. r—°
3 1 16 9
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HINH HOC 11 - CHUONG 2

PUONG THANG VA MAT PHANG TRONG KHONG
GIAN. QUAN HE SONG SONG

§ 1. DAI CUONG VE PUONG THANG VA MAT PHANG

A. KIEN THUC
I - KHAI NIEM MO PAU
1. Mat phing

Mit bang, mat ban, mit ho nudc yén lang cho ta hinh &nh mot phan cda mat phang. Mt phing
khong c6 bé day va khong cé gidi han.

e Dé&biéu dién mat phang ta
thudng dung hinh binh
hanh hay mét mién goc va
ghi tén cia mat phing vao
mot goc clia hinh biéu dién.

e DE&ki hiéu mat phang, ta thudng dung chi cai in hoa hoic chit cai Hi Lap dat trong ddu ngoic

(): (Ph{@)fa){9)..

2. Diém thudc mit phang

Q

Cho diém A va mat phang (a).

Khi diém A thudc mdt phé’ng(a) tandi A ndm trén (a) hay (a) chita A, hay (a) di qua A vaki
hi¢ula A € (a).

Khi diém A khdng thudc mit phang (a) ta néi diém A ndm ngoai (a) hay (a) khong chiza A va ki
hiéula A ¢ (a).

3. Hinh biéu dién cGa mot hinh trong khong gian

Pé vé hinh biéu dién cla mot hinh trong khéng gian ngudi ta dua vao nhiing quy tic sau dy :

e Hinh biéu dién cia dudng thing 1a duding thang, cGia doan thang 1a doan thang.

e Hinh biéu dién cda hai dudng thing song song 1a hai dudng thang song song, ctia hai dudng
thang cat nhau 1a hai dudng thang cat nhau.

e Hinh biéu dién phai giit nguyén quan hé thudc giita diém va dudng thang.

e Dung nét vé lién dé biéu dién nhitng dudng nhin thay va nét dic doan biéu dién cho dudng bi
che khuat.

C4c quy tic khéc sé dudc hoc & phan sau.
II - CAC TINH CHAT THUA NHAN

TINH CHAT 1
“ C6 mot va chi mot dudng thang di qua hai diém phan biét.
TINH CHAT 2

“ C6 mot va chi mot mit phang di qua ba diém khong thang hang.
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/. c/
A

Bo
TINH CHAT 3

Néu mot duding thang c6 hai diém phan biét thudc mot mat phang thi moi diém clia
dudng thang déu thudc mat phang do.

Néu moi diém ciia dudng thing d déu thudc mat phang (a) thi ta néi dudng thang d nam trong
(a) hay (a) chta d vakihiéu d C (a) hay (a) Dd.
TINH CHAT 4
“ Ton tai bon diém khong ciing thudc mot mit phang.

Néu c6 nhiéu diém cting thudc mot mat phang thi ta néi nhiing diém d6 déng phang, con néu
khong c6 mat phang nao chifa cac diém d6 thi ta néi rang ching khdng dong phdng:

TINH CHAT 5
Néu hai mat phing phan biét c6 mot diém chung thi chiing con ¢ mot diém chung khac
nua.
Tt d6 suy ra : Néu hai mat phang phan biét c6 mot diém chung thi chiing
sé c6 mot dudng thang chung di qua diém chung 4y. B
2 . a d
budGng thang chung d cdia hai mat phang phan biét (a) va (ﬂ) dudc goi la
giao tuyén clia (a) va (ﬁ) vakihiéula d = (a) N (ﬁ)
TINH CHAT 6 i W
Trén mdi mat phang, cac két qua da biét cda hinh hoc phing
déu dung.

2

III - CACH XAC PINH MOT MAT PHANG
Duya vao c4c tinh chét thita nhan trén, ta c6 ba cich xac dinh mot mat phang sau day :
a) Mat phang dudc hoan toan xac dinh khi biét né di qua ba diém khong thang hang.

Ba diém A, B,C khong thing hang xdc dinh mot mit phang.

A e

2 @
B c
f .

b) Mat phang dugc hoan toan xac dinh khi biét né di qua mot diém va chita mot dudng thing khong

di qua diém d6.
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Cho dudng thing d va diém A khong thudc d. Khi d6 diém A va dudng thing d xac dinh mot mit

phéng, ki hiéu 1a Ad hoac dA

{—

¢) Mit phing dugc hoan toan xac dinh khi biét né chtra hai dudng thang cat nhau.

Cho hai dudng thang cit nhau a va b . Khi d6 hai dudng thing a va b xdc dinh mot mit phing va

=y

IV - HINH CHOP VA HINH TU DIEN

ki hiéu (a,b) hoéc b, a

1) Trong mit phang (a) cho da gidc16i A 4, ... A . Ldy diém S nam ngoai mat phing (a). Lan lugt
noi S véicacdinh A,4,,...,A tadugc n tam gidc SAA,,SAA,,...,SA A . Hinh gom da gidc
AA,...A van tamgidc SAA,SAA,...,SA A goila hinh chop, ki hiéula S.A4,...A .Tagoi S la
dinhva da gidc A A, ... A 1a mdt ddy. Cac tam gidc SA A, SAA,,...,SA A dudc goi la cdc mdt bén ;
cdc doan SA,SA,,...SA la cac canh bén ; cac canh clia da gidc day goi la cac canh ddy cGa hinh
chép. Ta goi hinh chép c6 day 1a tam gidc, t gidc, ngt gidc, ... 1an lugt 1a Ainh chdp tam gidc, hinh
chop tir gidc, hinh chdp ngi gidc, ...

Ry A Dinh ‘K‘S

Mat bén

Canh bén

Mar ddy
A { A

Canh d’dy—/

a B B

2) Chobén diém 4, B,C, D khong dong phing. Hinh gom bon tam gidc ABC, ACD, ABD va BCD
goi 12 hinh ti dién (hay ngan gon 13 ti7dién) va dudgc ki hiéula ABCD . Cac diém A, B,C,D goila

Bién soan : T§ Toan — Trudng THPT Nguyén Du 103



cac dinh cla tt dién. C4c doan thang AB, BC,CD, DA, BD goila cic canh clia ti dién. Hai canh
khong di qua mot dinh goi 1a hai canh doi dién. Céc tam gidc ABC,ACD,ABD,BCD goila cdc mdt
cia t¢ dién. Pinh khong ndam trén mot mat goi 1a dinh doi diénvéi mat dé.

Hinh t dién c¢6 bon mat 13 cdc tam gidc déu goi 1a Ainh ti7 dién déu.

3) Thiét dién (hay mdt cat) cia hinh H khi cit b3i mat phang (a) 1a phan chung clia H va (a).

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Tim giao tuyén cda hai mét phing, chiing minh ba diém thing hang
(D DPé tim giao tuyén cda hai mat phing thi ta tim hai diém chung phan biét ctia chiing.
Trinh bay diém chung cia hai mit phing :

Ae(a) hoac Aea

):>Ae(a)

CLC(O[

Aeb
b (9)

Suyra A 1a diém chung cda (a) va (ﬁ) hay A € (a) N (ﬂ)

va A € () hoge = Ae(p)

(2 Pé€ chiing minh ba diém thang hang ta c6 thé chiing minh chiing cting thudc hai mit phing
phan biét.

1. Cho bén diém khong dong phang A4, B,C,D. | 2. Cho hinh chép S.ABCD ddy ABCD 1a tG

Trén hai doan AB va AC lay hai diém M gidc c6 cac cap canh doi khong song song véi
. AM AN o nhau, diém M thuc canh SA. Tim céc giao

va N saocho — =1va N_C = 2. Hay xac tuyén sau :

dinh c4c giao tuyén sau : a) (SA C) N (SBD) ;

a) (DMN)N(ABD) ; b) (SAB)N(SCD) ;

b) (DMN)n(ACD); 0 (SAD)N(SBC) ;

o (DMN)N(ABC) ; d) (SAC)N(MBD);

d) (DMN)N(BCD). e) (54D)n(sBC)
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3. Cho hinh chép tam gidc S.ABC . Trén 4. Cho bon diém khong dong phang A, B,C, D.

SB,SC lan lugt lay céc diém I va J sao Trénba canh AB,AC va AD lan lugt 1dy
cho 1J khong song song v6i BC' . Trong cac diém M, N va K sao cho dudng thang
mién trong tam gidc ABC 1dy diém K . Xac MN cét dudng thing BC tai H , dudng
dinh giao tuyén ctia hai mat phang sau : thing NK cét dudng thng CD tai T,

a) (IJK ) va (ABC). dudng thing KM cit dudng thing BD tai

b) (IJK) va (SAO). J . Chitng minh ba diem H,I,J thang hang.

o) (IJK) va (SAB).
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Dang 2 : Tim giao diém cdia dudng thang va mat phing

Tim giao diém cta duwdng thang d va mit phang (a). DE tim giao diém ctia mot dwdrng thang va mot

mat phéng ta c6 thé dwa vé viéc tim giao diém cta duwdng thang d6 véi mot dwong thing ndm trong
mat phéng da cho.

Bu6c 1. Chon mot mat phang (ﬁ) chta d .

Buc 2. Tim giao tuyén a clia hai mit phing (6) va (a).
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Budc 3. Trong (ﬂ), goi A 1a giao diém cta d va a.Tacd

jce(aa)iae( ).

Do d6 A 13 giao diém ctia d va ( )

1. Cho tam gidc BCD va diém A khong thudc

2. Cho titdién ABCD . Goi M,N lan lugt 1a
mit phing (B CD). Goi K 1a trung diém ctia

trung diém cda AC va BC.Trén doan BD

doan AD va G 1a trong tAm clia tam gidc 1‘?’; diein P sao cho BP = 2PD. Tim giao
ABC . Tim giao di€ém cta dudng thang GK diem ctia :
va mat phang (BOD). a) CD va (MNP).

b) AD va (MNP).
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Dang 3 : Chiing minh ba dudng thdng dong quy

Chting minh ba dudng thing «,b,¢ thang hang, ta dua bai todn ba dudng thing dong quy vé bai
toan ba diém thang hang.

Budc 1. Trong mit phing (a) chta a,b, goi A 1a giao diém cla a va b.

Budc 2. Chiing minh A € ¢, nghia 13 v6i hai diém phan biét B,C € ¢, chiing minh ba diém
A, B,C thang hang.

1. Cho hinh chép S.ABCD dady ABCD lat@
gidc 16i ¢6 hai cdp canh d6i khong song song
v6inhau, goi O1a giao diém hai dudng chéo
clia t gidc. Lay diém M thudc canh SC .

a) Tim giao diém N cda SD véi (ABM )
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b) Chting minh ba dudng thang
AB,CD,MN dong quy.
¢) Chiing minh ba dudng thang
AM,BN,SO dong quy.

Dang 4: Tim thiét dién (hay mat cit) cGia hinh chép khi cit bdi mot mat phang
Tim thiét dién cta hinh chép cit béi mat phing ( )

Budc 1. Tim tit c3 cic giao diém clia cac canh cta hinh chép véi ( )

Budc 2. Tim tat ca c4c giao tuyén clia (a) vGi cdc mit cta hinh chép.

BuGc 3. Noi cdc doan giao tuyén dong va kinh ta dugc thiét dién can tim.

1. Cho hinh chép S.ABCD day la hinh binh
hanh ABCD . Goi M, N, P lan lugt 1a trung
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diém cla AB,AD,SC . (tham khéo hinh vé
duéi)

a) Tim giao diém cda (MNP) véi cac canh
cta hinh chép ;

b) Tim giao tuyén clia (MNP) vGi cdc mat

cta hinh chép ;
¢) Xac dinh thiét dién cta hinh chép cat béi
(MNP).

C. BAI TAP REN LUYEN
BT 1. Cho hinh chép S.ABCD. Gid st c4c canh ddi ctia ti gidc ABCD khong song song nhau. Tim giao
tuyén ctia hai mat phang sau :
a) (SAC) va (SBD). b) (SAB) va (SCD).
BT 2. Cho tt dién SABC. Trén SA, SB, SC Ian lugt 1y cac diém M, N, P sao cho: MN " AB=1, NP
A BC =K va PM N AC = E. Chting minh ba diém I, K, E thing hang.
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BT 3. Cho bon diém 4, B,C, D khong ciing thudc mot mit phang. Trén cac doan thing AB, AC, BD
lan lugt 14y cdc diém M, N, P sao cho MN khong song song v6i BC . Tim giao tuyén ctia (BCD)
va (MNP).

BT 4. Cho t dién ABCD, M 13 mot diém bén trong tam gidc 4BD , N 13 mot diém bén trong tam
gidc ACD . Tim giao tuyén cGa cic cdp mp sau

a) (AMN) va (BCD) b) (DMN) va (A4BC)

BT 5. Cho t@ dién ABCD. Goi I va J 1an lugt 13 trung diém ctia AD va BC.
a) Tim giao tuyén hai mp (IBC) va (JAD).
b) Goi M va N 13 hai diém trén AB va AC sao cho MN khong song song BC. Tim giao tuyén hai
mp (IBC) va (DMN).

BT 6. Cho hinh chép S.ABCD cé ABCD la hinh thang day 16n AB.
a) Tim giao tuyén ctia hai mp (SAD) va (SBC).
b) Goi M va N lan lugt 13 trung diém chia SB va SC. Tim giao tuyén cia (AMN) va (SAD).
BT 7. Cho t dién ABCD. Goi I va J Ian lugt 1 trung diém cta AC va AB, K 1a diém ndm trén BD sao
cho : BK = 2KD. Tim giao tuyén ctia hai mp :
a) (JK) va (ACD).
b) (IJK) va (ABN) v6i N 1a diém tity ¥ trén canh CD.
BT 8. Cho tam gidc BCD va A 13 diém nam ngoai mp chia tam gidc. Goi I 13 trung diém cta AB, K 13
diém trong tam giac BCD. X4c dinh giao diém cda :
a) IK v6i (ACD). b) AC v6i (IKD).
BT 9. Cho tit dién SABC. Goi I 13 trung diém SA, H 13 trung diém AB. Trén SC 14y diém K sao cho
CK = 3KS. Tim giao diém ctia BC véi (IHK).
. AN

a 2
NC

BT 10. Cho tt dién 4BCD .Trén hai doan 4B va 4C ldy hai diém M, N sao cho ;—ﬁzl \¢

. Hay xdc dinh giao diém ctia dudng thang BC va mat phang (DMN).
BT 11. Cho ttdién 4BCD.Goi M, N lan lugt 13 trung diém 4D, BC va G 13 trong tAm tam giac
ABC . Giao diém clia dudng thang GM va mét phang (BCD)

BT 12. Cho hinh chép $.4BcD c6 day 4BcD 13 hinh binh hanh. Goi M 13 trung diém clia sc. Goi I
1a giao diém clia 4M v6i mat phang (SBD).
BT 13. Cho hinh chép S.ABCD. Piém C’ ndm trén canh SC. Tim thiét dién ctia hinh chép véi (ABC).
BT 14. Cho t@ dién ABCD. Goi M,N 1a trung diém cia AC, BC va 113 diém trén BD sao cho IB = 2 ID.
Tim thiét dién tao b&i (IMN) véi ti dién.
BT 15. Cho hinh chép S.ABCD c6 ddy 1a hinh thang day 16n AB. Goi M, N lan lugt 13 trung diém canh
SB va SC.
a) Tim (SAD) n (SBCQ).
b) Tim SD N (AMN).
¢) Tim thiét dién ctia hinh chép v6i (AMN).
BT 16. Cho hinh chép S.ABCD . Trong tam giac SCD ta 14y diém M.
a) Tim (SBM) N (SAC).
b) Tim BM N (SAC).
¢) Tim thiét dién cta hinh chép véi (ABM).
BT 17. Cho hinh chép S.ABCD, M 1a mot diém trén BC, N 1a mot diém trén SD.
a) TimI=BN N (SAC),]=MN n (SAC).
b) DM cat AC tai K. Chiing minh S, K, ] thing hang.
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¢) Xdc dinh thiét dién cta hinh chép véi (BCN).
BT 18. Cho hinh chép S.ABCD c¢6 ddy ABCD hinh binh hanh va I 13 trung diém SC.
a) Tim giao tuyén ctia hai mp (SAC) va (SBD).
b) Tim giao diém G ctia Al va (SBD). Chiing minh G 13 trong tdm tam giac SAC.
¢) Goi H1a trung diém CD. Tim thiét dién tao b&i (IAH) va hinh chép S.ABCD.
BT 19. Cho hinh chép S.ABCD cé day ABCD 1a hinh binh hanh. Goi M 1a trung diém canh SA, N 1a
diém trén canh SB sao cho : MA = 2MS, SN = 2NB. Goi I 13 trung diém ctia CD.
a) Tim giao tuyén cta hai mat phang (SAC) va (SBD).

b) Tim giao diém H = (IMN)(\ ABva K =(IMN)(\BC . Tinh ty s6 % va Kﬁg

¢) Xac dinh thiét dién tao b&i (IMN) va hinh chép.

BT 20. Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh binh hanh. Goi M 13 trung diém SD, I 1a diém trén
canh SA sao cho Al = 2IS.
a) Tim giao tuyén cda hai mat phing (SAC) va (SBD).

N N . o« 2 2 740 ’ 2 N KD
b) Tim K 1a giao diém cta IM vé6i (ABCD). Tinh ty so 7k

¢) Goi N 1a trung diém ctia BC. Tim thiét dién cia hinh chép cit bdi mp (AMN).

§ 2. HAI PUONG THANG CHEO NHAU VA HAI PUONG THANG SONG
SONG

A. KIEN THUC
I - VI TRI TWONG DOI CUA HAI PUONG THANG TRONG KHONG GIAN

Truong hop 1. C6 mot mat phang chta @ va b.
Khi d6 tanéi a va b dong phdng. Theo két qua cia hinh hoc phang cé ba kha ning sau day xay ra :

LS5 1= )

i) a va b c6 diém chung duy nhat M .Tandi a va b cdtnhautai M vakihiéuld a Nb =

con c6 théviét anb = M.

ii) a va b khong c6 diém chung. Ta n6i a va b song song vdi nhauva ki hiéula a / /b.

iiiy a trungb,kihiéula a=5b.

Nhu vay, hai dudng thang song song 4 hai duong thing cung nam trong mot mat phdng va khong
co diém chung:

Trudng hgp 2. Khong c6 mit phang nao chtia @ va b.

Khi d6 tandi a va b chéo nhauhau a chéo vorb .
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II - TINH CHAT
PINH LI 1

Trong khong gian, qua mdt diém khong nam trén dudng thang cho trudc, c6 mot va chi
mot dudng thang song song véi dudng thang da cho.

(==

Hai dudng thang song song a va b xac dinh mot mat phing, ki hiéu 13 (a, b) i

NHAN XET

DINH Li 2 (vé giao tuyén ctia ba mat phang)

Néu ba mat phang d6i mét cit nhau theo ba giao tuyén phan biét thi ba giao tuyén ay
hodc dong quy hodc doi mdt song song voi nhau.

1
1
J |

al b
I
c I
I
I

/}‘-"-
/,’ r \
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HE QUA
Néu hai mat phang phan biét lan lugt chita hai duding thang song song thi giao tuyén cta
chiing (néu cd) cling song song v4i hai dudng thang dé hoic tring véi mot trong hai

dudng thang d6.
d\@ 7 a \@ d \@
o a dl (74
d ; d d
d, 2 2 d 2
PINH LI 3

|| Hai dudng thang phan biét cling song song véi dudng thing tht ba thi song song nhau.
Khi hai dudng thang a va b cting song song v6i dudng thang ¢, taki hiéu a / /b / /¢ va goila ba
duong thing song song.

P g T pe—

-'.L"‘-.-‘
a - == (B

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Tim giao tuyén ctia hai mét phang c6 chia hai dudng thing song song véi
nhau, chiing minh hai dudng thing song song

a/ /b
® Tacod aC(a),bc(6>:>(a>ﬂ<ﬁ):Mx//a//b.

M e (a)n(B)

® St dung cac tinh chat cta hinh hoc d€ chiing minh hai dudng thing song song v4i nhau.

1. Cho hinh chép S.ABCD c6 day la hinh binh | 2. Cho hinh chép S.ABCD c6 day ABCD la

hanh ABCD . Xac dinh giao tuyén cla cic hinh thang ddy 16n AB . Goi M 1a diém bat
mit phing : ki thudc doan thing SD . Tim giao tuyén cla
a) (SAB)va (ScD) ; cdc mat phang :
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b) (SAD) va (SBC). a) d, =(SAB)n(SCD) ;
b) d, = (MAB)N(SCD) ;
¢) Ching minh d, / /d,.
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3. Cho ttdién ABCD.Goi I va J latrong 4, Cho ttdién ABCD.Goi I va J lanlugt1a
tam cac tam gidc ABC va ABD . Chiing

trung diém cda BC va BD . (P) 1a mat
minh IJ song song vGi CD .

phang qua I.J vacat AC,AD lan luot tai

M, N . Chting minh rang t@ gidc IJNM 1a
hinh thang. Néu M 1a trung diém ctia A C
thi ti giac IJNM la hinh gi ?

5. Cho hinh chép S.ABCD c6 ddy ABCD la
hinh thang day 16n AB . Goi M, N lan lugt
13 trung diém clia SA,SB.

a) Chiing minh MN song song vé6i CD .
b) Tim P = SC N (AND).

¢) Goi I = AN N DP. Chéing minh
SI//AB.
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C. BAI TAP REN LUYEN

BT 1. Cho tit dién ABCD. Goi M, N lan lugt 1 trung diém cac canh AB, AC. Tim giao tuyén cia hai mp
(BCD) va (DMN).

BT 2. Cho ttdién ABCD ¢6 I, J lan lugt 13 trong tAm cla tam gidc ABC va ABD. Tim giao tuyén
clia (AIT) va (ACD).

BT 3. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thang, ddy 16n AD. Goi M 1a diém tity ¥ trén canh
SA. X4c dinh giao tuyén ctia hai mp :
a) (SAD) va (SBC). b) (SAD) va (BCM).

BT 4. Cho ttdién ABCD. Goi M, N, P, Q lan lugt 1a trung diém c4c canh AB, BC, CD, DA. Chiing minh
t gidc MNPQ 13 hinh binh hanh.

BT 5. Cho hinh chép S.4BCD ¢6 ddy ABCD la hinh binh hanh. Goi M, N, H lan lugt 1a trung
diém cha cac canh S4, SB, BC . Chiing minh MH //SC ; MN//AB//CD .

BT 6. Cho hinh chdp S.4BCD c6 ddy ABCD la hinh thang vé6i ddy 16n AB. Goi M, N lan lugt 1a
trung diém cda S4, SB.
a) Chiing minh MN//CD .

b) Tim giao diém P cla SC va (AND).
c) Kéo dai AN cat DP tai I .Chting minh SI//4B//CD . TG gidc SABI 1a hinh gi?
BT 7. Cho t dién 4BCD.Goi M, N, P, Q, R, s lan Iugt 13 trung diém cGa 4B, cD, BC
, AD, AC, BD.
a) Chitng minh asNR 1a hinh binh hanh.
b) Chitng minh M~ , PQ, RS cat nhau tai trung diém moi doan.

BT 8. Cho hai hinh binh hanh ABCD va ABC’D’ khong ndm trong cting mot mp. Goi O va O’ 1a tAm
cia hai hinh binh hanh ay.
a) Chiing minh : CC’ =DD’. b) Chitng minh : 00’ // DD’.
BT 9. Cho hai hinh vuéng ABCD va ABEF khéng nim trong cliing mot mit phing. Trén cac dudng chéo
AM BN

AC, BF 1ay hai diém M, Nsaocho: —=——= 1 . Chiing minh rang MN // DE.
AC BF 3
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BT 10. Cho t& dién ABCD. Goi M, N 1a trung diém ctia AB, CD va G la trung diém cia MN ( khi d6 ta
con noéi G la trong tam cda td dién ).
a) Chiing minh rang AG di qua trong tdim A’ cia tam gidc BCD.
b) Chiing minh GA = 3GA’.

§ 3. PUONG THANG VA MAT PHANGSONG SONG

A. KIEN THUC
I - VI TRI TWONG DOI CUA PUONG THANG VA MAT PHANG

Cho dudng thing d va mit phang (a). Tuy theo s6 diém chung ctia d va (a), ta c6 ba trudng hgp

| i \i -
| \M | _ d
/ / Z —/
| —
dll (@) . dn(a) = {M) dc(a)

e dva (a) khong c6 diém chung. Khi d6 ta néi d song songvéi (a) hay (a) song songvéi d
vakihi¢ula d / /(a) hay (a)/ /d.
e dvd (a) c6 mot diém chung duy nhat M . Khi d6 tanéi d va (a) cdt nhautai diém M va ki
hiéu la dﬂ(a) = {M} hay dﬂ(oz) =M.
e dva (a) c6 tir hai diém chung tré 1én. Khi d6 d nam trong (a) hay (a) chta d va ki hiéu
d C (oz) hay (oz) Dd.
11 - TINH CHAT
PINH Lf 1
Néu dudng thing d khong ndm trén mit phang (a) va d song song véi dudng thang d’
nam trong (a) thi d song song véi (a).

B

DINH L 2
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Cho dudng thing « song song v6i mat phang (a). Néu mat phang (ﬁ) chifa a va cit (a)

theo giao tuyén b thi b song song vdi a.

HE QUA

Néu hai mit phang phan biét cting song song véi mot dudng thing thi giao tuyén ciia
chiing (néu cé) ciing song song véi dudng thang dé.

ﬁ d

PINH LI 3

Cho hai dudng thang chéo nhau. C6 duy nhat mét mat phing chifa duding thing nay va
song song vé6i dudng thang kia.

b

[~/

B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI
Dang 1 : Chiing minh dudng thing song song v6i mit phang

1. Cho hinh chép S.ABCD c6 ddy ABCD la
hinh binh hanh. Goi M va N trung diém
caccanh AB va CD .
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a) Chung minh MN / /(SBC) ;

MN / /(SAD).

b) Goi P latrung diém canh SA. Chiing
minh ring SB / /(MNP) ; SC / /(MNP).

Dang 2 : Tim giao tuyén, thiét dién c6 dudng thdng song song v4i mat phang

(D Tim giao tuyén ctia hai mit phing biét mit phing chira dwong thing song song véi mit phing

kia,

(2 Chting minh hai dudng thing song song
a/ /(a)

a) ac(ﬂ) =d//a.

= (e)n(5)

é(oz)ﬂ(ﬁ):Mm//a.

= (a)n(8)= Mz / /a.

Bién soan : T8 Todn — Trudng THPT Nguyén Du 121



1. Chotrdién ABCD.Lay M 1a diém thudc
mién trong cta tam gidc ABC . Goi (a) la
mit phdng qua M va song song véi cac
dudng thang AB va CD . Xac dinh thiét
dién tao bdi (a) va t dién ABCD . Thiét
dién d6 la hinh gi ?

2. Cho hinh chép S.ABCD c¢6 day ABCD la

hinh thang day 16n AB . Goi M la trung
diém cta CD va (a) 1a mat phang qua M
va song song v6i SA, BC .

a) Tim giao tuyén clia mat phang (a) véi
(ABCD) va (SAB).

b) Tim thiét dién cta hinh chép v6i mat
phing (). Thiét dién nay 1a hinh gi ?

¢) Tim giao tuyén cla (a) va (SAD).
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C. BAI TAP REN LUYEN
BT 1. Cho t(f dién ABCD. Goi G 1a trong tdm tam gidc ABD va M 13 diém trén canh BC sao cho
MB = 2MC. Chiing minh rang : MG song song vGi (ACD).
BT 2. Cho tt dién ABCD. Goi M va N Ian lugt 13 trong tAm cdc tam gidc ABD va ACD. Chiing minh
rang
a) MN song song (BCD). b) MN song song (ABC).
BT 3. Cho hai hinh binh hanh ABCD va ABEF khong nim trong ciing mot mit phing .
a) Goi O va O’ lan lugt 1a tAm cta hai hinh binh hanh. Chitng minh : 00’ // (ADF) va (BCE).
b) Goi M vaN la trong tam hai tam giac ABD va ABE. Chiing minh MN // (CED).
BT 4. Cho tG dién ABCD. Goi M 13 trung diém ctia AD va N 13 diém tuy ¥ trén BC. o 1a mat phing chita
dudng thing MN va song song CD.
a) Tim thiét dién cda t{ dién v6i mat phiang o .
b) X4c dinh vi tri cGa diém N trén BC sao cho thiét dién 13 hinh binh hanh.
PS : a) Hinh thang ; b) N 1a trung diém BC.
BT 5. Cho hinh chép S.ABCD c6 ddy 1a tf gidc ABCD. Goi O 13 giao diém cda hai dudng chéo AC va
BD. X4c dinh thiét dién cia hinh chép v6i mit phang o di qua O song song v6i AB, SC. Thiét dién d6
1a hinh gi? bS : Hinh thang.
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BT 6. Cho hinh ch6p S.ABCD c6 day ABCD la hinh binh hanh. X4c dinh thiét dién ctGa hinh chép véi
mat phang o qua trung diém M ciia AB, song song vdi BD va SA.
PS : Thiét dién 1a nga gidc MNPQR

BT 7. Cho hinh chép S.ABCD, K 13 diém ndm trén canh bén SD, N 13 diém nim trén canh day AB. Dung
thiét dién cia mat phang (P) di qua K, N va song song AC.
BT 8. Cho hinh chép S.ABCD véi ddy ABCD 13 hinh thang, ddy 16n AD. Goi M 1a mot diém bat ky trén
canh AB, o 13 mat phing qua M va song song véi AD, SB.

a) Mat phang o cat hinh chép theo thiét dién 1a hinh gi ?

b) Chting minh rang SC song song o. .

¢) Chting minh giao diém hai canh bén ctia thiét dién ludn di dong trén mot dudng thing c6 dinh
khi M di dong trén AB.
BT 9. Cho hinh chdp S.4BCD . Goi M, N la hai diém trén SB, cD va (P) 1a mit phang qua MN

va song song véi SC .
a) Tim giao tuyén clia mdt phing (P) v6i cdc mat phang (SCD), (SBC), (SAC).

b) Xéc dinh thiét dién cfia hinh chép va mat phang (P).

§ 4. HAI MAT PHANG SONG SONG

A. KIEN THUC

I - DINH NGHIA
Hai mat phing (a),(8) dudc goi a song song véi nhau néu K /
ching khong ¢6 diém chung.
Khi d6 ta ki hiéu (a) / /(8) hay (8)/ /(e). /B( /

NHAN XET

Cho hai mit phang song song (a) va (ﬁ) Néu dudng thing d nim trong (a), thi duong
/ =l /
4
L/

Néu mat phang (a) chifa hai dudng thang cit nhau a,b va a,b cling song song véi mat
phing (ﬁ) thi (a) song song vdi (ﬁ)
HE QUA 1

thdng d song song véi (ﬁ)

II - TINH CHAT
DINHLI 1
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Néu mat phang (a) chita hai dudng thang cit nhau a,b lan lugt song song véi hai dudng
thang chdia trong mat phang (5) thi hai mat phang (a) va ( ﬁ) song song nhau.
PINH Li 2

Qua mot diém nidm ngoai mot mit phang cho trude c6 mot va chi mot mit phang song

song vGi mat phang da cho.
A /
o
£/
Néu dudng thing d song song v6i mat phing (a) thiqua d c6 duy nhat mot mit phang
B
HE QUA 3

|| Hai mit phing phan biét cting song song v6i mat phang thi ba thi song song nhau.
HE QUA 4

HE QUA 2

song song vGi (a).

Cho diém A khdéng nidm trén mit phang (a). Moi dudng thang di qua A va song song véi

(a) déu ndm trong mat phing di qua A va song song véi (a).

I -

Cho hai mit phing song song. Néu mdt mat phang cit mit phang ndy thi cing cat mat
phang kia va hai giao tuyén song song v4i nhau.

Bién soan : T§ Todn — Trudng THPT Nguyén Du 125



HE QUA 5
Hai mat phang song song chan trén hai c4t tuyén song song nhiing doan thang bing

nhau.
|\
/ \)A' /
A 1
a) \ v
1
/ \) B'/
ﬂ B \ I ‘\\ :
III - PINH LI TA-LET (THALES)
DINH LI 4 (Pinh li Ta-1ét)

Ba mat phang d6i mot song song chin trén hai cat tuyén bat ki nhiing doan thing tuong
tng tilé.
IV — HINH LANG TRU VA HINH HOP

Cho hai mit phang song song (a) va (o/) . Trén (a) cho da gidc 16i A4, ... A . Qua cac dinh

A, A,...,A taveé cdc dudng thang song song véi nhau va cit (o/) lan lugt tai 4/, 4),..., A’
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Hinh gom hai da gidc A A, ... A ,A'A... A" va

cdc hinh binh hanh A A/A/A), A AJA/A,

A A'A'A dudgc goi la hinh ling truva dugc ki

hiéula A A ...A".A(AZ’...A;.
o Haidagidc AA ...A va A’/A]... A’ dugc
goi la hai mat ddy ctia hinh lang try.
e Cécdoanthang A A, AA!...A A" dugc
goi la cac canh bén cla hinh lang tru.
e Cachinhbinhhanh A A'A'A,, A AJA'A,

.y A A’A'A dudgc goi la cdc mdt bén cla hinh lang try.

e Cac dinh cGa hai da gidc dugc goi la cac dinh cGa hinh lang try.
NHAN XET

e Cdac canh bén cda hinh lang try bang nhau va song song véi nhau.

e Cac mat bén ctia hinh lang tru la cac hinh binh hanh.

e Hai day chia hinh lang tru 12 hai da gidc bang nhau.

Ngudi ta goi tén cda hinh lang tru dua vao tén cta da giac day.

Hinh l&ng tru tam giac Hinh lang tru tir giac Hinh léng tru luc giac

e Hinh lang tru c6 day la hinh tam giac dugc goi la Ainh lang tru tam gidc.
e Hinh lang tru c6 day la hinh binh hanh dugc goi la Ainh hop.
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B. CAC DANG TOAN THUONG GAP VA PHUONG PHAP GIAI

Dang 1 : Chitng minh mat phing song song v6i mit phang, dudng thang song song véi

mit phang

(1) Chting minh hai mit phing song song véi nhau
a//eb/ /d
a,b C (a)
c,d C (ﬁ)
aNc=A

a.b/ /(8)
a,b C (a) = (oz)//(ﬂ) hodc
anb=A4

) 1(5).

(2 Chting minh dudng thing song song v4i mit phang
(a)//(8)

dc(a)

=d//(8).

1. Cho hinh chép S.ABCD c6 day ABCD la 2. Cho ti dién ABCD. Goi G,,G,,G, lan lugt 1a
hinh binh hanh tdm O. Goi M, N lan lugt l1a trong tim cla cdc tam gidc

trung diém ctia SA, SD . Chiing minh ABC,ACD, ABD . Ching minh
jou) ) (66 nco).

17273
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3. Cho hinh thang ABCD ¢6 AB/ /CD va
diém S ¢ (ABCD). Trén S4, BD lan lugt

14y hai diém M, N sao cho SM_ DN _ 2
SA DB 3
Lay diém I thudc doan AB sao cho

NI / /AB . Chiing minh MN / /(SCD).

Dang 2 : Tim giao tuyén, thiét dién c6 mit phing song song v6i mit phing, chiing minh
dudng thing song song véi dudng thing

(D Tim giao tuyén clia hai mit phing biét mit phing chira dwong thing song song véi mit phing

kia,
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(5)0(7)=a :>(oz)m(7):Mx//a.
M e (a)n(y)

(2 Chting minh hai dudng thing song song

'(a)// (8]

1. Cho hinh ch6p S.ABCD cé ddy ABCD la
hinh thang ddy 16n AB . Goi M 13 diém trén
canh BC . X4c dinh thiét dién ctia hinh chép
cat béi mat phang (a), biét (a) qua M va

(a)//(SAB).
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Dang 3 : Hinh ling try, hinh hop

1. Cho lang try tam gidc ABC.A'B'C’.Goi M | 2. Cho hinhhép ABCD.A'B'C'D’.
va M’ 1an lugt 1a trung diém cta cla céac a) Chiing minh hai mt phing ( BDA’ ) va
canh BC va B'C’.

B'D'C Gi nhau.
a) Chiing minh AM song song vGi A'M’. ( ) SONg Song Vol nhau

b) Chitng minh rang dudng chéo AC’ di
qua trong tdm G, va G, clia hai tam giac
BDA' va B'D'C'.

¢) Chiing minh G, va G, chia doan AC’
thanh ba phan bang nhau.

d) Goi O va I lan lugt 12 tAm cGa cic hinh
binh hanh ABCD va AA' C'C . X4c dinh
trong tdm tam gidc AB'C’. thiét dién clia mat phang (A’ I O) vé6i hinh

b) Tim giao diém cia mat phing (AB/C’ )
v6i dudng thang A’ M .

¢) Tim giao tuyén d ctia hai mat phing
(AB'C') va (BA'C").

d) Tim giao diém G cla dudng thing d véi
mit phang (AM '™ ) Chting minh G 1a

hop da cho.
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C. BAITAP REN LUYEN
BT 1. Cho hinh chép S.ABCD, day 1a hinh binh hanh tdm O. Goi M, N lan lugt 13 trung diém cda
SA va CD. Goi I la trung diém cia SD, | 1a mét diém trén (ABCD) cach déu ABva CD.

Chiing minh I](SAB).
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BT 2. Cho hinh chép S.ABCD, day 1a hinh binh hanh tdm O, c4c tam gidc SAD va ABC déu can tai
A. Goi AE, AF la cac duong phan giac trong cla cac tam giadc ACD va SAB. Chling minh
EF(SAD).

BT 3. Cho tirdién ABCD. Goi G, G,, G, lan lugt1a trong tdm ctia cac tam gidc ABC, ACD, ABD. Chiing
minh ring mit phing (QGzQ) song song véi mat phang (BCD).

BT 4. Hai hinh vuéng ABCD va ABEF & trong hai mat phang khac nhau. Trén cac dudng chéo AC
va BF lan lugt 14y cc diém M, N sao cho AM = BN . Cac dudng thing song song véi AB vé tif
M, N lan lugt cat AD, AF tai M',N".

a) Chting minh (BCE)L)( ADF). b) Chiing minh ( DEF)(MNN'M').
BT 5. Cho hai hinh vuéng ABCD va ABEF c6 canh AB chung nhung khéng nam trong cling mot mat
2 N : e ) X f 1K et s . AM B <
phang. Trén hai dudng chéo AC va BF theo tht ty lay hai diém M va N sao cho : - % Vé tu

M va N hai duding thang song song v6i AB, cat AD tai Q va AF tai P. Chting minh (MNPQ)//(DEF).
BT 6. Cho lang tru tam gidc ABC.A’B’C’. Goi H 13 trung diém canh A’B’.
a) Chiing minh : CB’ song song (AHC’).
b) Tim giao tuyén (d) cGia hai mit phang (AB’C’) va (A’BC). Chiing minh : (d) song song véi mit
phing (BB’C’C).
¢) X4c dinh thiét dién cia mat phang (H,d) véi lang tru da cho.
BT 7. Cho hinh hop ABCD.A’B’C’D’ . Goi M va N lan lugt 13 trung diém cta hai canh bén AA’ va CC’.
Goi P 1a mdt diém nam trén canh bén DD’.
a) Tim Q = BB’ n (MNP).
b) Mit phing (MNP) cit hinh hop theo mot thiét dién. Thiét dién 1a hinh gi?
¢) Tim giao tuyén cia (MNP) va (ABCD).

§ 5. PHEP CHIEU SONG SONG. HINH BIEU DIEN CUA MQT HINH
KHONG GIAN
A. KIEN THUC
I — PHEP CHIEU SONG SONG
Cho mit phing (a) va dudng thang A cit (a). V6i moi A Y
diém M trong khong gian, dudng thang di qua M va

song song hodc triing v6i A sé cit (a) tai diém M’ xéc
dinh. Piém M’ dugc goi 1a hinh chiéu song song cla M :
diém M trén mat phang (a) theo phuong clia duGng L X
a \ S
LY

thdng A hodc néi gon 1a theo phucng A.

Mit phing (a) g0i 13 mdt phang chiéu. Phuong A goi 13
phuong chiéu.

Phép dat tucng ting moi diém A trong khong gian véi hinh chiéu M’ clia n6 trén mat phang
(a) dugc goi la phép chiéu song song Ién (a) theo phuong A .
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Néu H 12 mdt hinh ndo d6 thi tdp hgp H’ cac hinh chiéu M’ cfia tit cd nhiing diém A thudc
H dugc goi 1a hinh chiéu clia H qua phép chiéu song song nai trén.
CHUY
Néu mot duding thang c6 phuong triing véi phuong chiéu thi hinh chiéu cta dudng thang

d6 12 mot diém. Sau day ta chi xét cac hinh chiéu clia cac duding thing c6 phucng khong
trung v6i phuong chiéu.

II - CAC TINH CHAT CUA PHEP CHIEU SONG SONG
PINHLI 1
a) Phép chiéu song song bién ba diém thang hang thanh ba diém thang hang va khong
1am thay d6i th( ty ba diém do.
C

><\ N

b) Phép chiéu song song bién dudng thang thanh dudng thing, bién tia thanh tia, bién

doan thang thanh doan thang.

c¢) Phép chiéu song song bién hai dudng thing song song thanh hai dudng thing song

d) Phép chiéu song song khong 1am thay d6i ti sé do dai cGia hai doan thang song song
hodc cling nam trén mét dudng thang.

song hoac trung nhau.

Wiizs

b’// / /

(¢4
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A D
A
[ ]
By A B’
AB _AB
cDCD

111 - HINH BIEU DIEN CUA MOT HINH KHONG GIAN TREN MAT PHANG
Hinh biéu dién ctia mét hinh 7 trong khong gian 13 hinh chiéu song song ctia hinh H trén mot

mit phang theo mdt phucng chiéu nao d6 hoic hinh dong dang véi hinh chiéu d6.
Hinh biéu dién c4c hinh thudng gip

Tam gidc. MOt tam gidc bat ki bao gid ciing 6 thé coi 13 hinh chiéu ctia mdt tam gidc c6
dang tuy ¥ cho trude (c6 thé 1a tam gidc déu, tam gidc can, tam giac vuong, ...).

AN ANVAN

Hinh binh hanh. M6t hinh binh hanh bat ki bao gid ciing ¢4 thé coi 1 hinh biéu dién ciia
mot hinh binh hénh tuy v cho true (c6 thé 1a hinh binh hanh, hinh vuéng, hinh thoi,
hinh chit nhat, .

/A

Hinh thang. Mot hinh thang bat ki bao gid ciing c¢6 thé coi 13 hinh biéu dién cia mot hinh
thang tuy y cho trugc, mién 13 tf s6 d6 dai hai ddy cia hinh biéu dién phai bang ti s6 do
dai hai ddy cia hinh thang ban dau.

Hinh tron. Ngudi ta thudng dung hinh elip d€ biéu dién cho hinh tron.
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PE KIEM TRA GITA HOC Ki 1

PE 1 : KIEM TRA GITPA HOC Ki 1 NAM HOC 2020 - 2021
Bai 1: (4,0 diém). Giai cac phuong trinh sau:

a) cosx+sin’x—1=0.

b) 3sin® x+2sin2x—cos’x =3.
C) sin2x+\/§c052x—2:0.

d) sin2x+2sin®x =4cos2x.

Bai 2: (1,0 diém). Tim tap xéc dinh cia ham s6 : f'(x) = M.
sin x
Bai 3: (1,0 diém). Tim gia tri 16n nhét va gia tri nhd nht clia hAm s6 y = 4sin’ 2x +1.
Bai 4: (2,0 diém). Trong mat phing toa d6 Oxy, cho hai diém A4(2;1), B(-3;1) va dudng tron
(C):x*+y*—4x+6y-3=0.

a) Tim toa do diém M 13 dnh cla diém 4 qua phép vi tutam B c6tis6 k =2.

b) Viét phuong trinh dudng tron (C ') la dnh ctia dudng tron (C ) qua phép quay tam O géc 90°

Bai 5: (2,0 diém). Trong mit phing toa do Oxy, cho v = (1;2), dudng thdng A:2x+y—-2=0 va

parabol (P):y =x’ —2x+2.

a) Viét phuong trinh A' 13 dnh cla A qua phép tinh tién theo v.
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b) Tim toa d6 diém M ndm trén dudng thing A va diém N nim trén parabol (P) sao cho N 1a

dnh clia M qua phép tinh tién theo v .

PE 2 : KIEM TRA GITPA HOC Ki NAM HOC 2019 - 2020
Bai 1: (5,0 diém). Giai cac phuong trinh sau:

e) cos’x+sinx—1=0;
f) \/gsinx+c0sx—2:0;

g) 4sin’2x—33sindx—2cos’2x=4;

h) sin2x—2sin’ x =4cos2x.

2
Bai 2: (1,0 diém). Xét tinh chan, 16 ctia ham sG : f(x)= cosx+x
X

Bai 3: (1,0 diém). Tim gi4 tri 16n nhat va gia tri nhé nhat clia y = 2cos2x +1.

Bai 4: (2,0 diém). Trong mit phang Oxy, cho A(1;2), B(-2;1) va dudng tron (C):x* +y* —2x-8=0

c) Viét phuong trinh dudng tron (C') la dnh cla dudng tron (C) qua phép quay tam O va géc
quay 90°;
d) Cho biét 4',B' lan lugt 1a dnh cia 4 va B qua phép vi ty tdm O c6 ti s6 k =2. Tinh d6 dai
doan thing 4'B'.
Bai 5: (1,0 diém). Trong mat phang Oxy, cho hai dudng thing A:x+y=0va A":x+y+2=0. Biét

A' 12 dnh clia A qua phép tinh tién theo vectd v = (a;b) . Tim vectd v c6 d6 dai ngin nhat.

DE 3 : KIEM TRA GITA HOC KI NAM HOC 2016 — 2017
Céu 1 (6 diém): Gidi cc phucng trinh lugng giac sau :

a)2cos2x+1=0 Ds:x=i§+kn
b) (sinx +3)(tanx+1)=0 Ds: x=—%+ kr, (kell)
¢) cos2x+sinx+2cosx+1=0 bs:x=n+k2n, (kell)
d) J3sin 2x +cos 2x —2cos3x = 0 DS:X:£+@,X=—E—1{2R
15 5 3
e) 22 sin x+ X |= _1 + ! DS:X=E+kTE,X=—E+kTE
4) sinx cosx 4 4

Cau 2 (1 diém): Tim gia tri 16n nhét va gid tri nhd nhit ctia hAm s6: y = 3 — 2sin 3x
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N k2 R k2
Ps: GTLN ctia ham so6 bang 5 khi x = —% + Tn; GTNN ctia ham so6 bang 1 khi x = % + Tn

Céu 3 (3 diém): Trong hé truc toa do Oxy, cho diém A(1;2), phudng trinh dudng thang
A : X+ 2y —3 =0 vaphudng trinh dudng tron (C) X 4y +4x-2y+4=0

a) Viét phuong trinh duding thang A’ 13 dnh cia phuong trinh A qua phép quay tdm O géc quay
90°

b) Viét phuang trinh dudng tron (C') 1a &nh ctia (C) qua phép tinh tién theo v= (2;-1)

¢) Cho biét phucng trinh dudng thang d : X + 2y +1= 0 13 4nh cfia phuong trinh A qua phép
vi tu tdm A ty s6 k. Tim s6 k trong phép vi ty d6 .
Ps:a) A':2x—y+3=0 b)(C):x’+y’-1=0 co)k=3
DE 4 : KIEM TRA GIT’A HOC KI NAM HOC 2015 - 2016
Bai 1: (5.5 diém). Giai cac phuong trinh sau:

a) 6sin’x+5c0s2x—10cosx+3=0  Ds: x=L+k2m, x=—"L+k2n (k&)

3 3
b) cos3x—v3sin3x=sin4x++V3cos4x Ds: X:%_k%n, x:%+k2n
¢) 2cos’x-sin2x+4sin’x=4  Ds: x=%+kn ; x:—%ﬂ(n (kel)
d) sin?x+sin22x=sin23x Ps: x:%ﬂ(% x:k%

Bai 2: (1.5 diém). Tim gid tri 16n nhat va gia tri nhd nhét cia ham s6 y=4cos2x+v5sin2x+2
Ps: GTLN clayla7 ; GTNN cGayla 1
Bai 3: (3.0 diém).
a) Viét phuong trinh dudng tron (C’) 1a dnh cia dudng tron (C): x2+y2+2x—4y+1=0 qua phép
vituytdm K(1; 2) tis6 - 2.
b) Trong mit phdng toa d6 Oxy, cho dudng thing (d): 3x—y+5=0 , dudng thing

(D): 3x—y-15=0. Tim toa d¢ vectd Vv c6 gi4d vuong géc véi dudng thing (d) sao cho (D) 1a dnh
ctia (d) qua phép tinh tién theo \7
Ps: a) (C): ()(—5)2+(y—2)2 =16 ;b) ;/=(6;—2)
DE 5 : KIEM TRA GIT’A HQC KI NAM HQC 2014 - 2015
Bai 1: Gidi cac phuong trinh sau:

1. 3sin2x—\/§cos2x:\/§ Ds:x=%+k7r,x=%+k7r

2. 2tan’x—2tanx —

2

+2=0 Ps: x=" +kz (kel)
cos” x 4
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3. cosx — cos2x + cos3x =0 Ds: x=%+k% , x=i%+k27r

(sinx—cosx)(1+2cos3x) Vd

4. cos X Ps: x=§+k27”(k ell)

1-tanx

Bai 2: Tim gi4 tri 16n nhat va gia tri nhé nhat cdla ham s6 y = (2sinx + cosx)(3sinx — cosx) — 3

52 -1 52 -1
2 b

bs: Miny = Max y = 5

Bai 3: Trong mat phing toa d6 Oxy cho hai dudng thang d: x - 2y +1=0, A:x - 2y — 4 =0, dudng tron
(C):x*+y*-2x+4y -4=0vavectd v =(1;-2).

1. Viét phuong trinh dudng tron (C’) 13 4nh cia dudng tron (C) qua phép tinh tién theo vectd v

2. Viét phuong trinh dudng thang d’ 1a dnh cia dudng thang d qua phép quay tam O , gbc quay
90°, v6i O 1a goc toa do.

3. Tim toa do clia vectd # sao cho dudng thang A 13 dnh cta dudng thang d qua phép tinh tién

theo vectd # va do dai clia vectd # bang J5.
bs:1) (C):(x—-2)2+(y+4)*=9;2) d :2x+y+1=0;3) i = (1;-2)
DE 6 : KIEM TRA GITPA HOC KI NAM HOC 2013 — 2014
Bai 1. (1 diém) Tim gi tri 16n nhét va gid tri nhé nhét cia ham s6 = 2cosx{sinx+cosx) —2

Ps: Gid tri 16n nhat clia ham s 1a \/5 —1 va gia tri nhd nhat ctia ham s6 13 —\/5 -1
Bai 2. (5 diém) Gidi cdc phuong trinh sau:

1) V3 cosx+sinx =2 Ds: x=%+k27z(keZ)
T
2) cosdx + 6sin’x -7 =0 DS:X=5+k7Z'

T 1
3) 3cos’x — 6sinx.cosx + 2sin’x = 2 Ps: X=E+k7[ \% X=arctang

sin2x—3cos2x+11cosx—sinx—7

tanx—\/g

Bai 3. (4.0 diém) Trong mat phéng toa do Oxy, cho dudng thang d:3x —y +3 =0 va
dudng tron (C): x* +y° —2x+4y+4=0.

1) Tim phuong trinh dudng thang d’ 13 dnh clia d qua phép quay tam O géc quay 90°.

2) Viét phuong trinh dudng tron (C’) sao cho dudng tron (C’) 1a dnh cta dudng tron (C) qua
phép tinh tién theo vects 4 =(2;—1).

4)

=0 BPDs: x=-%+k27r

3) Tim toa d6 diém E sao cho dudng tron (T): x° + y” +6x—8y+24 =0 14 anh cfia dudng
tron (C) qua phép doi xting tam E.
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4) Tim toa d6 diém M nim trén dudng tron (K): x> +y” =25 sao cho diém D(3; 2) 1a &nh
ctia diém M qua phép déi xting truc véi tryc 1a dudng thing d.

Ps:1) d:x+3y+3=0;2) (C): (x=3) +(y+3) =1;3) E(-L1);4) M(-3;4)
DE 7 : KIEM TRA GITA HOC Ki NAM HOC 2017 - 2018

Bai 1: (1.0 diém) Tim gid tri 16n nhat va gia tri nhd nhat ctia ham sé y=cos’ X—sin’X+1 .
Ds: Miny = 0 khi x = g;Maxy =2khix=0

Bai 2: (6.0 diém) Gidi cdc phuong trinh sau:

a) sin3x+\/§cos3X:2. Bs:x:£+k2—n(keD)
18 3
b) cos8x+6sin*2x-4=0. DS:x:i§+kg
xzkE
C) sinx-—sin2x+sin3x=0. bs: 2
x=*—+k2n
'
lsin2x+coszx——3(sinx+cosx) XZ?"‘kZT‘
d) 2 2 —0. bs:
2sinx —1 -
X=T+kﬂ:

Bai 3: (3.0 diém) Trong mat phing toa d6 Oxy cho dudng thing d: x + 2y + 1 = 0, dudng tron (C): x2 +

y2+2x -4y - 4=0va (C): (x-5)" +(y-1)" =36.

a) Viét phuong trinh dudng thing d’ 1a dnh cla dudng thang d qua phép tinh tién theo vectd
GZ(—I;z). Ps:d":x+2y-2=0

b) Viét phudng trinh dudng tron (T) 1a dnh cia dudng tron (C ) qua phép quay tdm O goc quay

90°, véi O 1a gbc toa do. Ps: (T): x> +y’ +4x+2y—-4=0
¢) Phép vi ty tAm E ti s6 k bién (C) thanh (C’). Tim toa d6 diém E va ti s6 k.

5
Ps: k=—2:>E(l;§j; k=2= E(-7;3)

DE 8 : KIEM TRA GITA HOQC KI NAM HOC 2018 - 2019
Bai 1: (4.0 diém) Gidi cdc phuong trinh lugng gidc sau:
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a) 2sinx-+2=0; Ds:x:%+k27rvx:37”+k27r

b) cosd4x—cos2x+1=0; bs: x=%+k%vx=i%+kﬂ
9 J3sin3x+cos3x=2; Ps: x= "4k 2~
9 3
d) 2sin’x+sin2x+cos’x=2. DS:x:%+k7zvx:arctanl+k7Z

Bai 2: (1.0 diém) Tim gia tri 16n nhat va gia tri nhd nht clia ham s6 y =+3sinx+cosx+2.
Ds: GTLN ctiaham s6 y =4 khi sx = §+ k27 ; GTNN cia ham s6 y = 0khi x = _2T”+ k2x

Bai 3: (2.0 diém) S6 giS ¢6 a4nh sang clia thanh phd A & vi d6 50° bic trong ngay th t cla mot ndm
khong nhuan dugc cho bdi ham s A(t) = 3sin[%(t—80)}+13 V6i tel va 0<t<365
a) Thanh pho A c6 dung 13 giS c6 4nh sdng vao ngay nao trong nam ? Ds: 80 va 262
b) Vao ngay nao trong nam thi thanh phd A ¢4 it gid ¢6 dnh sdng mat trdi nhat ?Ps: ¢ =353
Bai 4: (5.0 diém) Trong mat phang hé truc toa do Oxy
a) Timtoa do £’la anh cla E(l; —2) qua phép quay tam O mot géc quay 90° ;Ds: E '(2; 1)
b) Viét phuong trinh dudng tron (C) 13 &nh cda dudng tron (C):(x- 1)2 +(y+ 2)2 =3 qua phép
tinh tién theo v = (31); bs: (C'): (x—4)2 +(y+1)2 =3
¢) Goi 4,B1an lugt 14 giao diém cla dudng thing 4 : y = x—1 va parabol (P):y=x"—x—1. Goi
A va Blan lugt 1a &nh cda 4 va B qua phép vi tu tdm /(I;—1) ty s6 k=-2 . Tinh d¢ dai
doan thing A’'B’ . Ds: 4'B'=42

PE KIEM TRA HOC KY I
DE 1 : DE KIEM TRA HQC Ki 1 NAM HOC 2020 - 2021
Bai 1. (2.0 diém) Gidi cac phuong trinh sau:

a) sin?x+ 3sinx+ 2 = 0.
Vv
b) \/5 sinx+ cosx= 2.

Bai 2. (1.0 diém) Gidi phuong trinh: A° +16 =C. .

10
- . . 2
Bai 3. (1.0 diém) Tim s6 hang khong chifa xtrong khaitrién |z* — —2] .
x
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Bai 4. (2.0 diém) Mot hop 6 9 qua cau khac nhau, trong d6 ¢ 2 qua cAu mau dé; 3 qua cau mau
vang va 4 qua cau mau xanh. Chon ngau nhién 3 qud cau trong hop, tinh xac suat clia cic bién c6
sau:

e A:"3qud cau dudc chon cé da 3 mau".

e B:"3qud cau dudc chon cé ding 1 mau".

Bai 5. (3.0 diém) Cho hinh chép S.ABCD c6 ddy ABCD1a hinh thang va day 16n AB=2CD. Goi M, I, ]

1an lugt 1 trung diém canh SC, SB, SA.

a) Tim giao tuyén cla cic cap mit phang (SAD) va (SBC), (SAB) va (SCD).

b) Tim giao diém K ctia duding thang AMva mat phang (SBD).

c¢) Goi Gla trong tdm tam gidc SAD. Chiing minh DG song song mit phing (SBO).

Bai 6. (1.0 diém) Cho hinh hop ABCD.A’B’C’D’. Goi Ola giao diém gitta ACva BD, 0’1a giao diém
gitta A°’C’va B’D’. Chling minh mat phang (ABO") song song v4i mit phang (OC D).

——Hét—-
DE 2 : DE KIEM TRA HOC Ki 1 NAM HOC 2019 - 2020
Bai 1: (2.0 diém) Gidi cdc phuong trinh sau:
a) cos’x—3cosx+2=0.

b) sinx—y3cosx+1=0.
Bai 2: (1.0 diém) Gidi phucng trinh 4C° +50=4; .
Bai 3: (1.0 diém)Poan trudng THPT Nguyén Du c6 14 doan vién uu td, trong d6 c6 6 doan vién nam

va 8 doan vién nit. Hay cho biét doan trudng c6 bao nhiéu cach chon ra 6 doan vién di du hoi trai sao

cho ¢6 it nhat hai doan vién n¥ va hai doan vién nam.

12
Bai 4: (1.0 diém) Tim hé s6 clia x’ trong khai trién biéu thiic (xz - ij .
X

Bai 5: (7.0 diém) Trong gid hoc mon gido duc quéc phong tai trudng THPT Nguyén Du, thay gido yéu
cau ba hoc sinh 4, 4, A doc 1ap v6i nhau ciing né sting ban vao myc tiéu. Biét ring xac suit ban

trang myc tiéu cGia ba em hoc sinh 4,, 4,, 4, tuong tng1a 0,7 ; 0,6 va 0,5 . Tinh x4c sudt dé c6 it

nhit mdt em hoc sinh ban tring muc tiéu.
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Bai 6: (2.0 diém)Cho titdién ABCD . Goi M1a diém nidm trén canh BC sao cho BM =2MC, N 1a trung
diém clia BD va G 1atrong tAm ctia AABD.

a) Tim giao tuyén cla cip mat phang (AMN ) va (ACD).
b) Chtng minh dudng thang MG song song v4i mat phang (ACD).

Bai 7: (2.0 diém) Cho hinh chép S.ABCDc6 day ABCD 1a hinh binh hanh. Goi O 1a giao diém cda
AC va BD, M 1a trung diém trén canh S4 .

a) Tim giao tuyén ctia céc cdp mat phing (SAC) va (SBD) ; (SAD)va (SBC).
b) Tim giao diém N cla mit phang (MCD) va SB . TU d6 suy ra thiét dién cda hinh chdp

S.ABCD c4t béi clia mat phdng (MCD) 1 hinh gi?

DE 3 : DE KIEM TRA HOC Ki 1 NAM HOC 2014 - 2015
Bai 1: (3 diém) Gidi cac phuong trinh sau:

a) sin2x—\/§cos2x:1 Ds:x=%+k7rvx=7r+k7z
/4
b) cosdx —cos2x =2 Ds:x=3+k7r(keZ)
0 sin2x+2cosx—sinx—1:0 Ds:x=z+k27z(keZ)
tanx ++/3 3

Bai 2: (1 diém) LSp 11B c6 30 hoc sinh, trong d6 ¢6 14 nam va 16 nit. Héi ¢ bao nhiéu cich chon 4
ban dé dy hoi trai truyén théng sao cho 4 ban dugc chon ¢6 cd nam va nii? Ds: 24584

X
Bai 4: (1 diém) Mot hop c6 4 qua cau tring, 3 qua cau xanh, 5 qud cau dd. Chon ra ngau nhién ciing

10
Bai 3: (1 diém) Tim s6 hang chita x° trong khai trién (xz +zj ) Ps:8064x°

ltc 3 qud cau tit hop dé. Tinh xdc suat dé 3 qua cau chon ra c6 ding mot mau.  Ps: —

44
Bai 5: (1 diém) Trong s6 16 hoc sinh c¢6 3 hoc sinh gidi, 5 hoc sinh khd va 8 hoc sinh trung binh. C6
bao nhiéu cach chia sé hoc sinh d6 thanh 2 t6, biét méi td c6 8 hoc sinh sao cho mdi t6 déu ¢é hoc
sinh gidi vad méi td cé it nhat hai hoc sinh kha. Ps: 7560
Bai 6: (3 diém) Cho hinh chép S.ABCD c6 day ABCD 1a hinh thang day 16n AB va AB=2CD. Goi M
14 trung diém SA, O 1a giao diém clia AC va BD.

a) Tim giao tuyén clia (SAB) va (SCD); (SAC) va (SBD).

b) Tim giao diém N cia (MBC) va SD. Chiing minh ON // SB.

. . . OJ 1
¢) Goi] la giao diém cta SO va NB. Chiing minh M; J; C thang hang. Tinh ti s6 5 Ds: "
PE 4 : PE KIEM TRA HOC Ki 1 NAM HOC 2015 - 2016

Bai 1:(4.0 diém) Giai cac phuong trinh Iugng giac sau:

Bién soan : T§ Todn — Trudng THPT Nguyén Du 143



a) 3sinx++y3cosx=+6. Ds:X:%+k2n,x:%+k2n(keD)

n k=
b) 6sin*3x +cosl2x =7. DS:XZE—F? (kell)
k k
€) cos2x —cos8x+cos6x=1. BDs: X:E+—n,x:—7r
8 4 3
I—cos2x T T
d) l+cot2x=——— Ps: x=——+km,x=—+kmn
sin” 2x 4 4
Bai 2:(2.0 diém)
e, N n-3 3 11 2
a) Giai phuongtrinh : CJ —-C =€An. Ps:n=10

b) Tim hé s clia x° trong khai trién cfia biéu thiic A=(x+3)" +(x+2)’.  Ds: 52

Bai 3:(1.0 diém) Trong gid hoc Gido duc qudc phong. Thay gido mdi 7 hoc sinh nam va 5 hoc sinh nt,
sau do thay yéu cau c4c hoc sinh ndy xép thanh mot hang ngang va thuc hién nhitng dong tic ma thay
da day dé cho cac hoc sinh & dudi theo doi. Hay tinh x4c suat dé sip xép khong c6 hoc sinh nit nao

, 7
diang gan nhau.  Ps: —

Bai 4:(3.0 diém) Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh. Goi M 13 trung diém ctia SC.
a) Tim giao tuyén clia (SAB) va (SCD); (SAC) va (SBD).

b) Tim giao diém I cia AM v&i mat phang (SBD). Tinh ty s6 : —. ps: L
1A 2

¢) Tim thiét dién cta hinh chép S.ABCD bi cit b&i mat phang (ABM). Thiét dién nay 13 hinh gi?
Ps: Thiét dién 1a hinh thang

DE 5 : DE KIEM TRA HOC Ki 1 NAM HQC 2016 — 2017
Bai 1:(4.0 diém) Giai cac phuong trinh Iugng gidc sau:

T kn
a) 3sin’2x+ 7cos2x-3=0. BS:X:Z+?

b) sinX:l(\/g—\/gcosx). Ps: X=£+k27€,x=7—n+k27€
3 12 12

c) 2sin2x+(3+\/§)sinx.cosx+(\/§—l)coszx:—1. Bs:x:—gﬂm,x:—%ﬂm

1 1 8 n kn
d) AT AT 5 Ps: X=—+—,X=——+—
cos“2x sin“2x 3 6 2

Bai 2:(2.0 diém)

a) Gidi phuong trinh: Ai + Cﬁfz =14n. Ps:n=5
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12
b) Tim hé s6 cta x° trong khai trién nhj thic Newton (x + sz , x#0. Ds: 220
X
Bai 3:(1.0 diém) Trudng THPT Nguyén Du c6 16 hoc sinh 13 doan vién uu td, trong d6 khéi 12 c6 7
hoc sinh, khéi 11 ¢6 6 hoc sinh va khéi 10 ¢6 3 hoc sinh. Van phong Poan can chon ra 1 nhém gom 5
hoc sinh 13 doan vién vu tG dé tham gia x4y nha tinh thuong. Tinh x4c suat dé chon dugc 5 hoc sinh

c6 & 3khoi. Ds: g

Bai 4:(2.0 diém) Cho hinh chép S.ABCD c6 day ABCD 13 hinh thang véi AD 1a day 16n .
a) Tim giao tuyén cta hai mat phang (SAB) va (SCD) ; (SAD) va (SBC).
b) Goi M 13 trung diém cia canh SD va N, P 1an lugt 13 ¢iém ndm trén canh AB, CD sao
cho AN = 2NB, CP = 2DP. Tim giao diém ciia SA va (MNP).
Bai 5:(1.0 diém) Cho hinh chép S.ABCD c¢6 ddy ABCD 13 hinh binh hanh tdm O . Goi I, K, M lan lugt
13 trung diém ctia cac canh SA , SC, OD. Chting minh: SD song song (IKM).

DE 6 : DE KIEM TRA HOC Ki 1 NAM HOC 2017 - 2018
Bai 1. (2.0 diém) Gidi cac phuong trinh sau:

a) sin2x+%cosx—2:0. DS:x:i§+k2n (kel)
-7
x=—+Kk2m
b) %% _isinx. Ps: 2 (kell)
I -sinx
x =k2=n

Bai 2. (1.0 diém) Tim s6 nguyén duong n théa: A, +C. =78.Ds: n =12

Bai 3. (1.5 diém) Cho tap hgp A = {O, 1,2,3,4,5, 6} . Hbi c6 bao nhiéu s6 ty nhién c6 4 chit s6 dugc 1ay

ti tap hgp A sao cho:
a) Cdc chit s6 ndy d6i mot khac nhau. Ps: 720
b) Chit s6 lién sau 16n hon chit s6 lién trudc . Ps: 15

X

12
Bai 4. (1.0 diém) Tim hé s6 ctia x° trong khai trién biéu thiic (2){ —sz . Ds:—112640

Bai 5. (1.5 diém) Trong chuyén di hoc tap tham quan ngoai khéa & Pa lat cda Trudng THPT Nguyén
Du, ban An vao mot cfa hang ban hoa dé mua hoa ting me. Ban An chon ngau nhién 5 bong hoa hong

ttf mot chau hoa c6 10 bong hong nhung va 7 bong hong tring. Tinh xac suit @€ me ban An nhan

dudgc:
a) 5bong hoa cing mau. Ps: %
b) 5 bong hoa cé di hai mau. Ds:%
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Bai 6. (3.0 diém) Cho hinh chép S.ABCD c6 day ABCD 13 hinh thang day 16n AB, vd AB = 3a,CD = 2a

. Goi 0 12 giao diém cia AC va BD, M 1a diém trén canh SA sao cho AM = %SA.

¢) Tim giao tuyén cta hai mit phang (SAD) va (SBC).
d) Tim giao diém N cdia mit phadng (MCD) va SB. Chitng minh ON / /(SAD).

e) Goi I=SOAMC. Tinh 21 Ds: %

DE 7 : BE KIEM TRA HQC Ki 1 NAM HQC 2018 — 2019
Bai 1: (2.0 diém) Gidi cdc phuong trinh lugng gidc sau:

a) cos® x+3sinx—3=0. Ds:x=§+k27z
x="ykr
b) J3sin2x—cos2x—1=0 . Ds: 6
x=£+k7r
2

d A ~ » . « 2 . ’ 8
Bai 2: (1.0 diém) Tim hé so ctia xll trong khai trién nhi thiic Newton (x —2x? ) . Ds: 448

Bai 3: (1.0 diém) Tim s6 ty nhién n thod man : 4> —C2+C),=65. Ps:n=10

Bai 4: (1.0 diém) Trudc Tét Nguyén dan Ky Hgi nam 2019, Ban Gidm Hiéu Trudng THPT Nguyén Du
sé t6 chiic chuong trinh “ Tinh ca miia xuan” tai trudng, Ban Gidm Hiéu dyu dinh mdi c4c ca si dudc
hoc sinh yéu thich gdm : My TAm, Péng Nhi, H6 Ngoc Ha, Huong Tram, Bich Phuang, T6c Tién (6 ca
si nit ), Pan Trudng, Pam Vinh Hung, Noo Phudc Thinh, Hd Anh Tudn ( 4 ca si nam ). Hién tai Ban
Giam Hiéu da mai dugc 2 ca sila My Tam va Dan Trudng, trong cac ca si con lai Ban Giam Hiéu chon

ngau nhién 3 ca si. Tinh xac suat dé Ban Gidm Hiéu chon dugc it nhat hai ca sind. Ps: =

Bai 5: (2.0 diém) Cho tap A = {1;2;3;4;5}

a) C6 bao nhiéu s6 tu nhién c6 4 chit s6 dudc thanh 14p tif cac s6 trong tip A.  DPs: 625

b) Tinh tong cla tat cd cic s6 ty nhién gom 5 chit s6 khac nhau d6i mot dugc tao thanh tif cac s6

trong tap A. Ps: 3.999.960

Bai 6: (3.0 diém) Cho hinh chép t@ gidc S.ABCD c6 day ABCD 13 hinh binh hanh tdm O . Goi M 13 trung
diém cha SD.

a) Tim giao tuyén cta hai mat phang (SAC) va (SBD).

b) Tim giao diém N cta duding thang SA va mit phang (BCM).

. 2 . CE
¢) GoiE la giao diém ctia duéng thang CN va mat phang (SBD). Tinh ﬁ . Ps:2

PES:
Bai 1. Gii cac phuong trinh sau:

3

1) ——=4tanx.
CoS” X

2) 2sin® x —sinx =1 —sin3x.
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3) sin2x+2cosx—sinx—1 0.

tanx—\/§

8
Bai 2. Tim s6 hang khong chifa x trong khai trién (x + i}) (x#0)
X

Bai 3. MOt hop chia 4 qud cAu mau dd, 5 qué cAu mau xanh, 7 qué cAu mau vang. Ly ngau nhién cling
ltc 4 qud cau ti hdp dé. Tinh xac suat sao cho 4 qua cau chon dugc chi c6 mdt mau.

Bai 4. Tt cac chit s6 0; 1; 2; 3; 4; 5; 6 c6 thé 1ap dugc bao nhiéu s6 ty nhién chin c6 4 chit s6 khac
nhau tiing d6i mot.

Bai 5. Tim s6 ty nhién x théa phuong trinh 4’ +C™> =14x.
Bai 6. Cho hinh chép S.ABCD cé ddy ABCD 13 hinh binh hanh. Goi I, ] 1an lugt 1 cic diém trén canh
SA va SB sao cho §4 = 457, SB = 4JB , K14 trung diém canh CD.
1) Tim giao tuyén ctia hai mat phang (SAB) va (SCD).
Tim giao diém E cia BC véi mat phang (IJK).
2) Tim giao tuyén d cda hai mat phang (IJK) va (SCD). Goi M 14 giao diém cta d vé6i SD. Tinh ti s&
SM

D

Bai 1: Gidi cac phuong trinh sau:

a) cos?x—+3sinxcosx=0
b) 6sin?3x+cosl2x=7
C) sin’x+sin?2x+sin?3x+sin?4x=2

Bai 2: Cho tap hgp X={O; ;2;3;4;5,6;7, 8} . Tt cdc phan t{ cda tap X cé thé 1ap bao nhiéu s6 tu
nhién biét:

a) SO d6 c6 4 chit s6 khac nhau tiing doi mot.

b) S6 d6 13 s6 chan va cé 4 chit s6 khac nhau tiing doi mot.

Bai 3: Tim s6 nguyén dudng n thda man 5@_1 =CI31. Tim s6 hang chifa x° trong khai trién nhi thiic

n
Newton (ﬁ—l) .
14 x

Bai 4: Chiing minh ring: G +C_+.. +G1=C) +C_+.. +Cn=2"1
Bai 5: Mot 16p ¢6 30 hoc sinh, gom 8 hoc sinh gidi, 15 hoc sinh kha va 7 hoc sinh trung binh. Chon
ngau nhién 3 em dé dy dai hoi. Tinh x4c suat dé:

a) Ba hoc sinh dugc chon déu 1a hoc sinh gii.

b) C6 it nhat mot hoc sinh gidi.

¢) Khong c6 hoc sinh trung binh.
Bai 6: Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh tdm O. Goi M 13 diém trén doan SC sao
cho SC=4SM N 1a trung diém BC. Goi K 13 diém déi xting ctia C qua B, L 1a diém d6i xiing ctia C
qua D.

a) Tim giao tuyén cda (SAB) va (SCD); (SAC) va (SBD).

b) Tim thiét dién cta hinh chép véi (OMN). Thiét dién 13 hinh gi ?

¢) Goi E 12 giao diém ctia MK va SB; F 12 giao diém cia ML va SD. Chting minh rang EF//BD

d) Chiing minh K; A; L thing hang va KL=5EF.
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PE 10 :
Bai 1: Gidi cac phuong trinh sau:

3

> =4tanx b) 2sin?x—sinx=1-sin3x
COS™ X
C) sin*x—2sinxcosx—3cos?’x=0 d) sin2x+2cosx—sinx—l-
tanx—/3
8
Bai 2: Tim s6 hang khong chifa x trong khai trién (X—%) ((x#0).
X

Bai 3: MOt hop chita 4 qud cau mau dd, 5 qud cau mau xanh, 7 qud cau mau vang. Ly ngau nhién
cting ldc 4 qué cau tir hop d6. Tinh xdc sudt sao cho 4 qué cau chon dugc:
a) Chi c6 mot mau.
b) C6 ding hai mau.
¢) C6 @G cd ba mau.
Bai 4: Tim s6 nguyén dudng n théa: C, +6C2+6C=9n’—14n
Bai 5: Hai xa thd cting bidn méi ngudi mot phat dan vao bia. Xac sudt d€ ngudi thit nhat ban tring bia
12 0.9, va cia ngudi thi hai 13 0.7. Tinh x4c suat dé:
a) C4 hai cting ban trung bia. b) It nhat mot ngudi ban tring bia.
¢) Chi mot ngudi ban tring bia.
Bai 6: Cho hinh chép S.ABCD c¢6 day ABCD 13 hinh binh hanh. Goi I; ] Ian Iugt 13 c4c diém trén canh
SA va SB sao cho SA=4S1; SB=4JB . Kla trung diém canh CD.
a) Tim giao tuyén cia hai mit phang (SAB) va (SCD). Tim giao diém E cia BC v&i mat
phang (IJK).
b) Tim giao tuyén d cGia hai mat phang (IJK) va (SCD). Goi M 1a giao diém ctia d véi SD.

Tinh ti s SM .
SD
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