Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

0 Chuyin £ 2: LUQGNG GIAC

v Véan dé 1: PHUONG TRINH LUGNG GIAC
A. PHUGNG PHAP GIAI

1. Phuong trinh luwgng gidc co ban
COSX = COSQL S x=ta+k2n

{x:a+k2n
=

sinx = sina. ot kO

tanx = tano Sx=a+kn

cotx = cota &Sx=a+kn (v6ik e Z)
2. Phuong trinh bic hai déi v6i mét ham sé lugng gidc

asin’x + bsinx + ¢ = 0. bat t =sinx, |t <1

acos’x + bcosx + ¢ = 0. batt=cosx, |t <1

atan’x + btanx + ¢ = 0. bit t = tanx
acot’x + beotx + ¢ = 0. bit t = cotx
3. Phuong trinh bac nhat doi véi sinx, cosx
asinx + bcosx = ¢ (*)
Diéu kién c6 nghiém: a* + b* > ¢*

e Cdch I: Chia hai v& cho va? +b*> %0

. b C
sinX + —————CosX =

a
\Iaz +b? a’ +b° \/a2 +b?
a 2 b 2
D =1
? (\/a2+b2j * (\/a2+b2j
b

a

\Iaz +b? . \Iaz +b?

) <

Nén cé thé dit = sina
Khi do:
C

x/az +b?

(*) <= sinxcoso. + SinoCosx = S sin(X + o) =

c
x/az +b?

e Cdch 2: Chia hai v€ cho a (gid sita # 0)

. b c
(*) < sinx +—cosx = —
a a

b s . sina, c
bit —=tana. Khi d6: (*) < sinx + COSX =—
a cosa a
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. . C . c
<& sinxX cosaL + SINOL COSX =— COSOL < Sin(X + a) = — cosa,
a a

e Cdch 3: Pit 4n s6 phu.
— Xétx=Q2k+ nvéi(k € Z) c6 1a nghiém 0
- Xétx=Rk+Dnvsik e Z)

X
biatt=tan—
2

2t 1-t2
S +b— =cob+o)f—2at+c-b=0
1+t 1+t

4. Phuong trinh déi xitng: a(sinx + cosx) + bsinxcosx + ¢ =0

Khi d6: (*) < a

bit t = sinxX + cosx = ﬁcos(x —%)

Diéukién [tI< 2

2
iz . . t"—1
Khi dé: t* = 1 + 2sinxcosx => sinxcosx =

Thay vao phuong trinh ta dugc phudng trinh dai s6 theo t.
e Chii y: a(sinx — cosx) + bsinxcosx +c =0

t<2)

5. Phuong trinh ding cap bac 2 ddi véi sinx, cosx

bit t = sinx — cosx (v6i

asin’x + bsinxcosx + ccos’x = 0
b . R
— Xétcosx=0<x =5 +kn (k € Z) c6 1a nghiém khong?
— Xét cosx # 0. Chia 2 v& cho cos’x ta thu dugc phuong trinh bac 2 theo tanx.
e Chii y: Néu la phuong trinh ding cip bic k d6i vdi sinx, cosx thi ta xét cosx = 0
va xét cosx # 0 chia 2 v€& clia phuong trinh cho cos*x va ta thu dugc mot
phuong trinh bic k theo tanx.

B. DE THI
Bai 1: bPAIHOC KHOI A NAM 2011
1+sin2x + cos2x

Gi4i phuong trinh: =/2sinx.sin2x .

1+ cot® x
Gidi
biéu kién: sinx # 0. Khi dé:
1+sin2x + cos?2 . .
E= Xl X =\/zs1nx.(2smxcosx)
sin® x
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& sin? x(l +sin2x + cost) = Z\Esin2 X.COSX

& 1+sin2x+c032x=2\Ecosx (vi sinx # 0)
= Zcoszx+25inxcosx—2\/§cosx:0

& cosx =0V cosx +sinx =+/2

= cosx:Ovsin(x+§j:1

o x =§+knvx=§+k2n (k € Z) (Thda diéu kién sinx = 0).

Viy nghiém cia (1) 1a x=g+knvx =§+k2n k € 7).

Bai 2: PAI HOC KHOI B NAM 2011

Gidi phuong trinh: sin2XcosX +SinX cosX = C0s2X +SinX + cosx

Giai
Sin2X COSX +SINX COSX = COS2X + SinX + COSX
& 28inx.cos’x + sinx.cosx = 2cos’x — 1 + sinx + cosx
& sinx.cosx(2cosx + 1) = cosx(2cosx + 1) + sinx — 1
& cosx (2cosx + 1)(sinx — 1) =sinx — 1
& sinx — 1 =0 hodc cosx (2cosx + 1) =1

. < 2
& sinx = 1 hodc 2cos™x + cosx — 1 =0

1
<> sinx = 1 hodc cosx = —1 hodc cosx = 5
T T
P X=5+k2TE hoic x=nw+k2n hoécx=i§+k2n

o x="1Kk2n hotc x=F+ k2% (k €2)
2 33

Bai 3: PAI HOC KHOI D NAM 2011

in2x+2 —sinx —1
Gidi phuong trinh: SM2X F £COSX — SN X =0

tanx+\j§

Giai
sin2x +2cosx —sinx —1

tanx+\/§

< sin2Xx+2cosx—sinx—1=0 < 23inxcosx+2cosx—(sinx+1)=0

=0. Piéu kién: tanx # —3 va cosx # 0.
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= 2cosx(sinx+l)—(sinx+1)=0 = (sinx+1)(2cosx—1)=0

sinx =—1 (Loai vi khi d6 cosx =0)

& 1 & x=i£+k2n (k €2).
cosx=5 3

So vdi diéu kién ta dudc nghiém clia phuong trinh 13 x = g +k2n (k €Z).

Bai 4: CAO Df&NG KHOI A, B, D NAM 2011
Gidi phuong trinh: cos4x + 12sin’x — 1 =0.
Gidai

cosdx + 12sin’x — 1 =0 < 2c0s™2x — 1 + 6(1 — cos2x) — 1 =0

& c0872x — 3c082x +2 =0 < cos2x = 1 hay cos2x =2 (loai)
o=kt x=kn (k € Z).
Bai 5: DAI HOC KHOI A NAM 2010

(1+sinx+cost)sin(x+Z] ]
Gidi phuong trinh: =—=C0SX

1+tanx \/5

Gidi
biéu kién: cosx #0 va tanx #— 1
Véi diéu kién trén, phuong trinh di cho tuong duong:

(1+sinXx + cos2x).(sinX + cosx)
=CosX

1+tanx
(1+sinXx + cos2x).(sin X + cosX)

- COSX = COSX
sinX + cosx

& 1+sinx+cos2x =1<>sinx+cos2x =0
1
< 2sin’ x —sinx —1 =0 < sinx =1(loai) hay sinx:—E

<:>x=—g+k2n hay x=7—6“+k2n(ke2)

Bai 6: PAI HOC KHOI B NAM 2010
Gidi phuong trinh (sin 2x + cos 2x) cosx + 2c082x — sinx =0

Gidi

Phuong trinh da cho tuong duong:
(2sinxcosx + cos2x)cosx + 2c0s2x — sinx =0
<> c082X (cosX + 2) + sinx (20052)( -1)=0
<> c0s2x (cosx + 2) + sinx.cos2x =0
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<> c0s2x (cosx + sinx +2) =0
cos2x =0

@ .
cosx+sinx+2=0 (vn)

o 2X=§+kn (k e Z)<:>x=§+kg kelZ).

Bai 7: DPAI HOC KHOI D NAM 2010

Gidi phuong trinh sin2x —cos2x +3sinx —cosx —1=0

Gidi
Phuong trinh da cho tuong duong:
2sinxcosx —1+2sin® x +3sinx —cosx —1=0
& cosx(2sinx —1) + 2sin® x +3sinx =2 =0
& cosx(2sinx — 1)+ (2sinx —1)(sinx +2) =0

< (2sinx —1)(cosx +sinx+2)=0

. X=E+k2TC
sinx = — 6

& 5 ke?).
cosx +sinx =2 (VN) x:?n+k27c

Bai 8: CAO PANG KHOI A, B, D NAM 2010

5 3
Gidi phuong trinh 4cos?X cos?X +2(8sinx —1)cosx =5.

Gidi
Phuong trinh da cho tuong duong:
2(cos4x +cosx)+16sinxcosx —2cosx =5

& 20084x +8sin2x =5 <> 2—4sin’ 2x +8sin2x =5
1
< 4sin’2x — 8sin2x + 3 = 0 < sin2x :% (loai ) hay sin2x = 5

PN 2x:§+k2n hay 2x=5§+k2n

= x:£+kn hay x:s—n+kn ke Z).
12 12

Bai 9: PAI HOC KHOI A NAM 2009

. (1-2sinx)cosx
Giai phuong trinh: - . =
(1+2sinx)(1-sinx)
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Gidi
A LA o . 1
biéu kién: sinx # 1 va sinx # —5 *)

Véi diéu kién trén, phuong trinh da cho tuong duong:
(1 — 2sinx)cosx = \/g(l +2sinx)(1-sinx)

<> cosX —+/3sinx :sin2x+\/50052x

T T
< cos| Xx+— |=cos| 2x ——
( 3) ( 6j

o x="1k2m hoic x=— L +k2F (ke 7)
2 18 3

K&t hgp (*), ta dugc nghiém: x = —% + kz?n(k eZ)

Bai 10: PAI HOC KHOI B NAM 2009

Gidi phuong trinh: sinx + cosxsin2x + \ﬁcos 3x = 2(cos 4x +sin’ x)

Gidi
Phuong trinh da cho tuong duong:
(1- 2sin2x)sinx + cosxsin2x + \/gcos 3x =2cos4x

<> sinxXcos2X + COoSxsin2x + \/g cos3x =2cos4x

< sin3x + \Ecos 3x =2cos4x & cos(3x — g} =cos4x

o 4x = 3x —g+k2n hoéc4x=—3x+g+k2n ke 7Z)

Viy: x= ~Trkom x=" k2" (keZ) .
6 27

Bai 11: PAI HOC KHOI D NAM 2009

Giai phuong trinh: \/5 cos5x —2sin3xcos2x —sinx =0

Giai
Phuong trinh da cho tuong duong:
3 cos5x — (sin5x +sinx)—sinx =0

= ﬁcosSx—lSinﬁ:sinx < sin E—5x =sinx
2 2 3
o o
= §—5x=x+k2n hay §—5X=TE—X+k27'C keZ)
o T T T
Viay:x= —+k— hayx=——+k— (keZ
yix= fgtkghay x=—grko (keZ)
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Bai 12: CAO DANG KHOI A, B, D NAM 2009

‘ Giai phuong trinh (1 + 2sinx)’cosx = 1 + sinx + cosx

Gidi
Phuong trinh da cho tuong duong:
(1 + 4sinx + 4sin2x)cosx =1 + sinx + cosx
< cosx + 4sinxcosx + 4sin’xcosx = 1 + sinx + cosx
& 1+ sinx = 0 hay 4sinxcosx = 1

& sinx = —1 hay sin2x = %

Sx=—24+K2n hay Xx=2 tkn hay x:s—n+kn (v6ike Z).
2 12 12

Bai 13: PAI HOC KHOI A NAM 2008

Giéi phuong trinh: ! + !

. (Tn
=4sin| ——x
sinx . ( 37:) (4 j
sin| X ——
2

Giai

L. 3n

Ta c6: sin| x —— |=cosx
2
A sinx #0 .
biéu kién: & sin2x =0
cosx =0

Véi diéu kién trén, phuong trinh di cho tuong dudng:

1 1 ) ( n)
—+ =—4sin| X +—
sinX COSX 4

< (cosx +sinx)= —Zﬁ(sinx +COSX )sinX cosX

< (cosx+ sinx)(l + x/fsinZX) =0

T
x=——+kmn
cosx +sinx =0 tanx =—1 4
T
) 1 < S|lx=——+kn (ke Z).
Sin2x = —— Sil’l2X=——’\E 8 ( )
2 2 5
X:§+k7t

Bai 14: DPAI HOC KHOI B NAM 2008

Gidi phuong trinh: sin® x — /3 cos® x = sinx cos? x —f3 sin® x cos x

Gidi

3 X = sinx.cos” x — /3 sin” x.cosx (D)

sin® x — /3 cos®
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Céch 1: Phuong trinh da cho tuong duong:
sin x(cos2 X —sin’ X)+ \E cos x(cos2 X —sin’ x)=0
p= (cos2 X —sin’ X)(sinx + xﬁcos x) =0

n k=n

cos2x =0 X=-+-
@[ 42

= (keZ)
tanx =3 x=—Z4kn
3

Nghiém clia phuong trinh 1a: x = g + kg va x = —g +kn keZ)

Céach 2: e cosx = 0 khong phdi 1a nghiém cla phuong trinh (1).
e Chia hai v€ clia phuong trinh (1) cho cos’x ta dugc:
tan3 x—\/gztanx—\/gtanz’ X
i
x=——+kn
& (tanx +3)(tan’ x - 1) =0 < tanx-—«/’gb 3 (kez)

=+ T
tanx =1 X=iz+kn

Bai 15: PAI HOC KHOI D NAM 2008
Gidi phuong trinh: 2sinx(1 + cos2x) + sin2x = 1 + 2cosx. ‘
Gidi

Phuong trinh da cho tuong duong:
4sinx.cos’x + sin2x — 1 — 2cosx =0
< 2cosx(2sinxcosx — 1) + (sin2x — 1) =0

& (sin2x — 1)(2cosx + 1) =0

< sin2x =1hay cosx =—%<:>x=§+knhayx =2?n+k27c hay x =—2?n+k2n kez)

Bai 16: CAO PANG KHOI A, B, D NAM 2008
Gidi phuong trinh: sin3x — \/§COS3X =2sin2x.

Gidi

Phuong trinh da cho tuong duong:
Esin 3x — 730083)( =sin2x < cosgsin 3x —sin Ecos3x =sin2x

= sin(3x — gj =sin2x
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3x— 2 _2x+ k21 x=Z4k2n
& 3 & 3 (keZ)

3x—£zn—2x+k2n x:ﬂ—k@
3 15 5

Bai 17: PAI HOC KHOI A NAM 2007

| Gidi phuong trinh: (1 + sinzx)cosx +(1+ coszx)sinx =1 + sin2x

Gidi
Phuong trinh da cho tuong duong:
(sinx + cosx)(1 + sinxcosx) = (sinx + cosx)2
& (sinx + cosx)(1 —sinx)(1 — cosx) =0

= x:—§+kn,x:g+k2n,x:k2n kez).

Bai 18: PAI HOC KHOI B NAM 2007

Gidi phuong trinh: 2sin’2x + sin7x — 1 = sinx.

Gidi
Phuong trinh da cho tuong duong véi:
sin7x — sinx + 2sin2x — 1 = 0 < cos4x(2sin3x — 1) =0
e cosdx=0x= gﬂ‘f (keZ)

) sin3x=l<:>x=£+k2—7.E hoic X=5—n+kz (keZ).
2 18 3 18 3

Bai 19: PAI HOC KHOI D NAM 2007

2
Gidi phuong trinh: (sing +cos gj +Bcosx =2

Gidi
Phuong trinh da cho tuong duong véi:
1+sinx+oﬁcosx=2 & cos(x—gjzé <:>x=g+k2n, x=—g+k2n (keZ)

Bai 20: PAI HOC SATI GON KHOI A NAM 2007

Gidi phuong trinh: 3tan’ (x - Ej = 2(1 —'smxj
2 sinx

Gidi
biéu kién: sinx # 0
Véi diéu kién trén, phuong trinh di cho tuong duong:
3 2

— -2 & —— -
Sin X sin® x SInXx

-1=0

3cot’ x =
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= <:>x:£+k2n, (keZ)

o —%(vé nghiém)

Bai 21: PAI HOC SAT GON KHOI B NAM 2007

Gidi phuong trinh: 1 + sinx + cosx + tanx =0

Gidai
Phuong trinh da cho tuong duong véi:

. sin X
1 + sinxX + cosx +

=0 (diéu kién: cosx = 0)
COSX

<:>(sinx+cosx)(1+ I j=0
COSX

k
4" ke

X=m+k2%

. 3n
sinx +cosx=0 X=—
&

cosx =-1

Bai 22: CAO DANG XAY DUNG SO 2 NAM 2007
‘ Gidi phuong trinh: cos’x — sin’x + cos4x = 0.
Gidi
Phuong trinh da cho tuong duong véi:

2 -2 2,
cos’Xx —sin"Xx +2cos2x—-1=0

cos2x =-1 x:£+kn

< 2008%2% + cos2x — 1 =0 <
COS2X =

N | —
bl
Il
+

Bai 23: CAO DANG KY THUAT CAO THANG NAM 2007
Gidi phuong trinh: 2sin’x + 4cos’x = 3sinx. |
Gidi

Phuong trinh da cho tuong duong véi:

2sin’x + 4cos’x — 3sinx(sin2x + coszx) =0
& sin’x + 3sinxcos’x — 4cos’x = 0 (1)
D& thdy cosx = 0 khong phdi 1a nghiém ctia (1)
Do d6 cosx # 0, ta chia hai v€ ctia (1) cho cos’x, ta dugc:
R= tan’x + 3tanx — 4 = 0 < (tanx — l)(tan2X +tanx +4) =0
< tanx = 1 (do tan’x + tanx + 4 > 0 v6i Vx)

o x=§+kn ke Z)
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Bai 24: DPAI HOC KHOI A NAM 2006

2(cos6 X +sin® x) —sInX CcosXx
Gidi phuong trinh: =0

\/5—2sinx

Giai
A1 ea . 2
biéu kién: sinx = — (1).

Véi diéu kién trén, phuong trinh da cho tuong duong:
& 2(c0s6x + sin6x) — sinxcosx =0

=N Z(I—ESin22xj—lSin2x=O
4 2
& 3sin?2x+sin2x —4=0 < sin2x = 1 < x = %+k7‘c ke Z).

Do diéu kién (1) nén: x=%+2mn. (me Z).

Bai 25: PAI HOC KHOI B NAM 2006

. . . X
Gidi phuong trinh: cotx +sinx (1 +tanxtan Ej =4

Gidi
biéu kién: sinx # 0, cosx # 0, (1)
Véi diéu kién trén, phuong trinh di cho tuong duong:

X .. X
COSX COS— +sinxsin—
COSX 2 2

—— +sinXx =4
sinx X
COSX COS—
2
COSX sinX 1 . 1
— + =4 —— =4S sin2x=—
sinX CcOSx sin X COS X 2
i 5w ) ~
<:>X:E+k7thayx=E+ch (k e Z), thdéaman (1)

Bai 26: PAI HOC KHOI D NAM 2006

Giéi phuong trinh: cos3x + cos2x —cosx — 1 = 0.

Gidai
Phuong trinh da cho tuong duong véi:
—2sin2x.sinx —2sin>x =0
< sinx hay sin2x +sinx =0

< sinx =0 hay 2cosx+1=0
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< x=kn hayx=i2—3n+k2rc keZ)

Bai 27: BE DU BI 1 - PAIHOC KHOI A NAM 2006

2+3\E

8

Gidi phuong trinh: cos3x.cox’x — sin3x.sin’x =

Gidi
LA L . . . 3sinx —sin3x
Ta cé cong thiic: sin3x = 3sinx — 4sin’x = sin® x = 4

N 3 3 3cosx +cos3x
va cos3X = 4¢cos’X — 3¢c0SX = CcOs” X = f

Tir d6 phuong trinh da cho tuong duong véi phuong trinh
3cosx + cos3x . 3sinX —sin3x 2+3\/5
cos3x| ————  |—sin3x = n

2+3\E

2

& cos? 3x +sin’ 3x + 3(cos3xcosx —sin3xsinXx) =

2+3\E© cosél)(:ﬁ<:>x:ir£+kE (keZ)
2 2 16 2
Bai 28: DE DU BI | - DAI HOC KHOI B NAM 2006
Gidi phuong trinh: (2sin’x — 1)tan’2x + 3(2cos’x — 1) =0
Gidi

< 1+3cosdx =

biéu kién cos2x # 0
Véi diéu kién trén, phuong trinh di cho tuong dudng:
—cos2xtan’2x + 3cos2x = 0 < cost(tan22x -3)=0
S Coij =008 o= 3o x=t+k= (keZ)
tan”2x —3=0 6 2
Bai 29: PE DU BI 1 - PATHOC KHOI D NAM 2006
| Gidi phuong trinh: cos’x + sin’x + 2sin°x = 1
Gidi
Phuong trinh da cho tuong duong véi:
(sinx + cosx)(1 — cosxsinx) — cos2x =0

< (sinx + cosx)(1 — sinx. cosx — (cosx — sinx)) =0
& (sinx + cosx)(1 — cosx)(1 + sinx) =0

= x=—§+knvx=k2nvx=—g+k2n, (keZ)

Bai 30: PE DU BI 1
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Tim nghiém trén khoédng (0; 1) ctia phuong trinh:

4sin2§—\/§c052x =1+2cos’ (x—%)

Gidi
Phuong trinh da cho tuong duong véi:

= 2(1—cosx)—\/§cos2x=1+1+cos(2x—3§]

< 2 — 2C08X — \/g c0s2x = 2 — sin2x

< V3 cos2x — sin2x = —2cosx

N

= 700s2x—%sin2x=—cosx & cos(2x+gj=cos(n—x)

5w 21
x=—+k—
o 187 3 kez)
x=—L 1k
6
5n 17w 5nt
Do x € (0; ) nén ta c6é nghiém: x; =—, Xy =——, X3y =—.
0 m T A A TR

Bai 31: PE DU BI |

Gidi phuong trinh: sinx cos2x + cos” X (tan2 X — 1) +2sin’x =0.

Gidi
Piéu kién: cosx #0 < sinx =+ 1
Véi diéu kién trén, phuong trinh da cho tuong duong:
sin” x

0082 X

sinx.cos2x+coszx£ —1J+25in3x=0

= sinx(cost +2sin? X)—COSZX =0
&> sinx(cos2x +1—cos2x) —cos2x =0
& 2sin’ x +sinx —1=0

sinx =—1 (loai) X = g + k27w

=1 1 = keZ
sinX = — Sn
2 x=—+Kk2n
6
Bai 32: BE DU BI 2
Giéi phuong trinh: tan (E + xj —3tan’ x = &;_1
2 cos” x
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Gidi
biéu kién: cosx # 0 va sinx = 0
Véi diéu kién trén, phuong trinh di cho tuong duong:

2 —2sin® x
—cotx —3tan X=—F— &
CcOS” X tanx

—tan’x=0<tan° x = —1

& tanx =—1 <:>x:_7n+kn (k € Z) théa diéu kién.
Bai 33:
Gidi phuong trinh: 5sinx — 2 = 3(1 — sinx) tan’x
Gidi

Pbiéu kién cosx #0 < sinx # + 1
Véi diéu kién trén, phuong trinh di cho tuong duong:

5sinx -2 =3(1-sinx). sm22x =3(1 —sinx)%
Ccos” X 1—sin” x
& (5sinx - 2) (1 + sinx) = 3sin’x
& 5sinx + 5sin’x — 2 — 2sinx = 3sin’x
& 2sin’x + 3sinx —2 =0
R x =2 +k2n
s1nx:5 (théa mandk) o keZ)
sinx = —2 (loai) X = o +k2n
Bai 34:
Gidi phuong trinh (2cosx — 1) (2sinx + cosx) = sin2x — sinx.

Gidi
Phuong trinh da cho tuong duong véi:
(2cosx — 1) (2sinx + cosx) = 2sinxXcosx — sinx
< (2cosx — 1) (2sinx + cosx) = sinx (2cosx — 1)

< (2cosx — 1) (sinx + cosx) =0

cosx—l x=+ ~4+k2n
RS 3 ke Z)
tanx =—1 x:—E+kn
4

Bai 35: PE DU BI 1
Gii phuong trinh: 4(sin’x + cos’x) = cosx + 3sinx.
Gidi

cosx = 0 khdng phdi 12 nghiém clia phuong trinh nén ta chia 2 v€ cho cos’x
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Phuong trinh da cho tuong duong vdi:
4tan’x +4 = 1 + tan’x + 3tanx(1 + tanzx)
< tan’x — tan’x — 3tanx + 3 =0 < (tanx — 1)(tan2x -3)=0

=4 tanx:lhaytan2x:3<:>tanx:lhaytanx:i\/g
2= x:§+k7c hay x:i§+kn (keZ)

Bai 36: PE DU BI 1

Gidi phuong trinh: I _ .1 :2\/§cos(x+EJ
COsX sinx 4

Gidi
2N N . km
biéu kién cosxsinx #0 < x # > keZ)
Véi diéu kién trén, phuong trinh di cho tuong duong:

sinx—cosx=2ﬁcos(x+§}cosxsinx
& — 2005(x+§j=ﬁcos(x+§}sin2x
T .
<:>cos(x+z) =0 hay sin2x =—1

x+2="4kn x=2+kn
= 42 = 4 ke Z)
2x=—E+k2n x=—£+kn
2 4

Bai 37:
. . Ccos2x ) 1.
Giai phuong trinh cotx — 1 = +sin” X ——sin2x.
1+tanx 2
Gidai
X# -S4 kn

A .. |tanx=-1 o
biéu kién < | sSxzk= (ke Z)
sinx,cosx =0 T 2
Xikz

Véi diéu kién trén, phuong trinh da cho tuong duong:

2 )
COSX —sin X (COS X —SsIn X)COSX ) .
= +SIn~ X —COoSXSsinXx

sin X COSX +sinx
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COSX —sinXx . . .
—————=(cosx —sinx)cosx +sinx(sinx — cosx)
sinx

. . )
< cosx—sinx=0hay 1 =sinxcosx —sin” x

& tanx =1 hayl+ tan” X = tanx — tan>x

T
x=—+kn P
= 4 <:>x=Z+kn, (keZ)

2tan’ x —tanx +1=0 (vo nghiém)

Bai 38:

Gidi phuong trinh: cotx — tanx + 4sin2x =

sin2x

Gidi
biéu kién sin2x #0
Véi diéu kién trén, phuong trinh di cho tuong duong:

20082X+4sin2x= & 2c0s2x +4sin® 2x =2

sin2x sin2x

< 200872x —cos2x — 1 =0
cos2x =1 (loai)

=S 1 S cos2x = —— < x=t+kn (keZz)
cos2x :—5 2 3

Bai 39:

Gidi phuong trinh sin2 (% - g)tan2 X — cos> % -0.

Gidi
Piéu kién: x # g +kn, keZ

Véi diéu kién trén, phuong trinh di cho tuong duong:

T
l—cos| x——
( 2] 2. l+cosx

tan” X 0
2
)
. 1+ 1-
< (1-sinx) szx—l—cosx=0<::>( COSX)( COSX):1+c0sx
CcOS“ X 1+sinx

& 1+cosx=0hayl—cosx=1+sinx

x=n+k2n (nhin)

<> cosx =-1 hay tanx = -1 < - (keZ)
X :—Z+kn (nhan)
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Bai 40: BE DU BI 1

Gidi phuong trinh: 3 — tanx (tanx + 2sinx) + 6¢cosx = 0.

Gidai
biéu kién: cosx # 0
Véi diéu kién trén, phuong trinh di cho tuong duong:

3 sinx (sinx

+Zsinx)+6cosx =0

COSX \ COSX

< 3cos’x — sinx(sinx + 2sinX.cosx) + 6cos’x =0
& 3coszx(l + 2c0sX) — sinzx(l +2cosx) =0
<1 +2cosx =0 hay 3cos’x — sin’x = 0

1
& cos2x =3 hay tan’ x =3 < x :J_r§+kn (k € Z) haytanx =++f3

<:>x:i§+kn(keZ)

Bai 41: PE DU BI |

Gidi phuong trinh: 3cosdx — 8cos’x + 2cos’x + 3 =0

Gidi
Phuong trinh da cho tudng duong véi:
3(1 + cos4x) — 2cos’x (4cos'x — 1) = 0
& 6c0872% — 2cos2x(20052x - 1)(2cos2x +1)=0
< 6c0s™2x — 2¢0s°x(cos2x)(2cos’x + 1) = 0
< 2c0s2x =0 hay 3cos2x — cos’x(2cos’x + 1) = 0

[cos2x =0
< 4 2
|2cos” x—5cos“x+3=0
[cos2x =0 .
T n kn
2, 2x==+k =—+—
o |cosTx=1 S| TS T TS ke
2 x =kn x=kmn

cos” X =% (loai)

Bai 42: PE DU BI 2

(2—\/§)cosx—2sin2 (;_nj »

Giéi phuong trinh:
2cosx—1

Gidi
A 1 1
bicu kién: cosx # 5

Véi diéu kién trén, phuong trinh da cho tuong duong:
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(2—ﬁ)cosx—[l—cos(x—gﬂ:2cosx—1 pat —xﬁcosx+sinx:0
& tanx=\/§ <:>x=§+k7r; (keZ)

K&t hgp lai dicu kién cosx # % Ta chon x = % +m2n, meZ

Bai 43: PE DU BI 1

o . 2cos4x
Giai phuong trinh: cotx = tanx +

sin2x

Gidi
Diéu kién sin2x # 0 < cos2x # £1
Véi diéu kién trén, phuong trinh da cho tuong duong:

cosX sinx 2cos4dx 2 .2
= + & CoS X = sin“X + cos4x.

sinX cosx 2sinX.cosx

< cos’X — sin’x — (2c0522x -1H=0< 2c08™2x — cos2x — 1 =0

< cos2x =1(loai) haycos2x=—%=cosz—;E =S x=i§+kn (keZ)

Bai 44:

Gidi phuong trinh sin®3x — cos’4x = sin’5x — cos’6x.

Giai
Phuong trinh da cho tuong duong véi:
I-cos6x 1+cos8x 1-coslOx 1+ cosl2x
2 2 2 2
<> 088X + cosbx = cos12x + cos10x

& cos7xcosx = cosllxcosx < cosx =0 haycosllx = cos7x

X =2 tkn
2 i
x=k=
o [x=kX o 2 ke
2
x=k—
x=kE
L 9
Bai 45: DE DU BI 2
. 4 4
(ﬁéiphUUngtﬁnh:§Hlj;iggiifzrlcot2x—— - .
5sin2x 2 8sin2x
Gidi

Piéu kién sin2x # 0
Véi diéu kién trén, phuong trinh da cho tuong duong:
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2

1—2sin? x.cos” x _ 1 cos2x 1

5sin2x _E sin2x  8sin2x
cOS2X = g(loai)

& 082 2X —5¢082X + = =0 <

A

COS2X = %(nhan)

cos2x = —=cos§ <:>x=ig+kn keZ)

Bai 46: BE DU BI 1

(2 —sin? 2x)sin 3x

Giai phuong trinh tan* x +1= 2
cos” X

Gidi
Piéu kién cosx # 0
Véi diéu kién trén, phuong trinh di cho tuong dudng:
sin*x + cos*x = 2- sin22x).sin3x
< 1 - 2sin’x.cos’x = 2- sin22x).sin3x
& (2 - sin*2x) = 2(2 — sin’2x).sin3x
& 2 - sin”2x =0( loai) hay 1 = 2sin3x

T 21

1 BT RREY
&sin3x= — & keZ)

2 51 2n

X=—+k—

18 3

Bai 47: CAO PANG KINH TE - KY THUAT CONG NGHIEP I

3—sinx
2

Gi4i phuong trinh: sin’ (x + gj +sin’ (x + 2?%) =

Gidai
Phuong trinh da cho tuong duong véi:

.2 o .o 3—sinx
sin“| X+— [+sin“| ——X |=
3 3 2
1-cos 2x+2—7c 1—cos 2—n—2x .
3 3 _ 3—sinx

2 2 2

= 1—sinx+c0s(2x+2—3n)+cos[2?n—2xj=0

= 1—sinx+2[—%)0052x =0

< 1 — c0s2x — sinx = 0 <> 2sin’x — sinx = 0
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X =km
sinx =0 o 2
el 1e|*Te T ke
s1nx:5 5o
Xx=—+Kk2n
6

Bai 48: CAO PANG KINH TE - KY THUAT CONG NGHIEP TP. HCM
Gidi phuong trinh: cos3x.tan5x = sin7x

Gidi

biéu kién: cos5x # 0
Véi diéu kién trén, phuong trinh da cho tuong duong:
sin5x. cos3x = sin7x. cos5x

o %(Sin2x +sin 8x) = %(sian +sin12x)

_kn
& sinl2x = sin8x < 2 (k e 7)
n  kmn
X=—+—
20 10

Bai 49: CAO PANG CONG NGHIEP THUC PHAM

Ly N 1 1 .
Giai phuong trinh: +—=+2 s1n(x + E)
cosX sinx 4

Gidi
biéu kién: cosx # 0; sinx # 0
Véi diéu kién trén, phuong trinh di cho tuong dudng:
2(sinX + cosx) = sin2x(cosx + sinx)

& sinx + cosx = 0 hay 2 = sin2x ( vd nghiém)
Stanx=-1 < x:—§+kn(k e Z)
Bai 50: CbSP TW TP. HCM
Gidi phuong trinh: sin2x + cos2x + 3sinx — cosx — 2 =0
Gidi

Phuong trinh da cho tuong duong véi:

2sinxcosx + 1 — 2sin’x + 3sinx — cosx — 2 =0
< cosx(2sinx — 1) — (2sin’x — 3sinx + 1) = 0
&> cosx(2sinx — 1) — (sinx -1)(2sinx — 1) =0
< 2sinx — 1 = 0 hay cosx — sinx +1 =0
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T
1 o x=gtkom x=2+K2n

&sink =— hay sin(x—E) =sin— < 2 hay |© 2 ke Z)
2 4 4 x:£+k2n x=n+k2n

Bai 51: CAO PANG KINH TE POI NGOAI

s . . . i
Giai phuong trinh: sin®x + cos®x = 2sin? (x + Zj

Gidai
Phuong trinh da cho tuong duong véi:

1- % sin’2x = (sinx + cosx)2 < 3sin’2x + 4sin2x = 0

& sin2x = 0 hay sin2x:—% (loai)<:>x:kg keZ)

Bai 52: CAO PANG KINH TE TP. HCM

1+cos8
Gidi phuong trinh: sin2xsinx + cos5xcos2x = %
Gidi
Phuong trinh da cho tuong duong véi:
1 1 1+ cos8x
5 [cosx —cos3x]+ E[COS7X +cos3x]= s

2
< cosX + cos7X = 1 + cos8x <> 2cos4xcos3x = 2cos™4x

X_n+k7c
4x =0 T8 4
cosx s 8 Y ken
cos4x = cos3x = k2m
7

Bai 53: CAO PANG TAI CHINH — HAI QUAN

1
Gidi phuong trinh: cosx.cos2x.sin3x = Z sin2x

Gidai
Phuong trinh da cho tuong duong vdi: 2cosxcos2xsin3x = sinxcosx
& cosx =0 hay2cos2xsin3x =sinx

<:>x=§ +kn (k € Z) hay sin5x + sinx = sinx
T kn
<:>ng +kn hayxz? keZ)

v Vén dé 2:
GIAI PHUGNG TRINH LUGNG GIAC TREN MOT MIEN
PE THI
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Bai 1:
Tim nghiém thudc khodng (0; 27) clia phuong trinh:

. cos3x + sin 3x
5| sinx + ——

=cos2x+3.
1+2sin2x

Gidi
Pbiéukién 1 + 2sin2x #0 (1)
Véi diéu kién trén, phuong trinh da cho tuong duong véi:
5(sinx + 2sin2xsinx + cos3x + sin3x) = (cos2x + 3)(1 + 2sin2x)
5(sinx + cosx — cos3X + cos3x + sin3x) = (cos2x + 3)(1 + 2sin2x)
5(2sin2xcosx + cosx) = (cos2x + 3)(1 + 2sin2x)
Scosx(1 + 2sin2x) = (cos2x + 3)(1 + 2sin2x)
5cosx =cos2x +3 (Vi 1 + 2sin2x #0)

g 60090

5c08X = 2C0S°X + 2 <> COSX = % (thda diéu kién (1))

0

x=i§+k2n(ke Z)

Vi nghiém x thudc khoédng (0; 2n) nén x =

Bai 2:
Tim x thudc doan [0; 14] nghiém ding phuong trinh:

c0s3x —4cos2x + 3cosx —4 =0.
Giai

Phuong trinh da cho tuong duong véi:

4cos’x — 3cosx — 4 (2cos’x —1) + 3cosx—4 =0

& 4(cos3x — 2cos2x) =0
< cosx=0vcosx =2 (loai) & x = g +kn (k € Z)

Vi x € [0; 14] nén X=E, x:3—ﬁ, x=5—n, X:7_n.
2 2 2 2

v Van dé 3:
PIEU KIEN CO NGHIEM CUA PHUGNG TRINH LUGNG GIAC
A. PHUGNG PHAP GIAI

e Phuong trinh Asinx + Bcosx = C ¢6 nghiém < A? + B> >C?.

e St dung cdc phuong phdp thudng gip nhu trong dai s.
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B. DE THI

Bai 1: PE DU BI 1
X4c dinh m d€ phuong trinh 2(sin4x + cos4x) + cosdx + 2sin2x — m = 0 c6 it nhit

mot nghi€ém thudc doan {O; g} .

Giai
Phuong trinh da cho tuong duong véi:
2(1 - 2sin’x.cos’x) + 1 — 2sin*2x + 2sin2x — m = 0

PN 2(1—%Sin2 2Xj+1—2sin2 2X +2sin2x =m
& —3sin’2x + 2sin2x +3 = m (1)

Pit t = sin2x. Vix e [o; ﬂ —0<2x<nt=0<sin2x<1=0<t<1

(1) thanh < —3t* + 2t +3=m (2);0<t<1
Pt f(t) = -3t + 2t + 3

o fi(t)=-6t+2 of(t)=0<:>t=%

e Bing bién thién

1
3
0

e Nhian xét: (2) la phu’dng trinh hoanh d6 giao diém cda du’dng thing A:y =m

va dudng cong (C). Tird6 (1) c6é nghiém x € I:O; 5}

< Ava (C) ¢6 diém chung trén [0;1] <2 <m < ?

Bai 2: PE DU BI 1

Cho phuong trinh 2sinx +cosx +1 =a (1) (alathams0)
sinx —2cosx +3

1
a/ Gidi phuong trinh (1) khia = 3

b/ Tim a dé phuong trinh (1) c6 nghiém.
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Gidi
Tap xédc dinh cda phuong trinh (1): D= R . Do d6:
(1) < 2sinx + cosx + 1 = a(sinx — 2cosx + 3)

< (2—a)sinx + (2a + 1).cosx=3a -1
a/ Khia= %: (1)<:>§sinx+§cosx:0<:>sinx+cosx=0
<:>sinx=—cosx<:>tanx=—1<:>x=—§+krc (keR)

b/ Do (2 - a)2 +(2a + 1) # 0 nén diéu kién cAn va di d€ (1) c6 nghiém la

2-ay +QRa+1Y’>2Ba-1Yo2a-32-2<0 —%SaSZ

v Vin dé 4: BAI TOAN VE TAM GIAC
A. PHUGNG PHAP GIAI

e St dung cong thic trong tam gidc tuong dng

12 diéu kién dau bing cda bat ding thifc
Hé thic trong tam gidc cAn chd y

sinA sinB sinC

. RIS ~ . 2 2 2 2 2 2
b. BPinh Ii ham s6 cosin: a“=b” + ¢ — 2bccosA; b =a” + ¢” — 2accosB
2 2 2
¢ =a +b” - 2abcosC

5 2b2+2¢%-a?

a. Pinh li ham s6 sin:

c. Dinh li dudng trung tuyén: m

e Nhin dang tam gidc biing cdch rit gon hé thiic da cho hay chitng té hé thic dé

a =~ 4
2bc.<:osé
d. DPinh li dudng phan gidc: [, =
b+c
e. Dién tich tam giéc:
1 1 abc
S=—ah,= —absinC=—— =pr =(p-a).r,= —a)(p—b)p-c
: : R =P = (- =\p(p-a)p-b)(p-c)

f. Bdn kinh dudng tron noi ti€p: r = (p — a)tan% =(p- b)tang =(p- c)tan%

g. Ban kinh dudng tron bang tiép: r, = p.tan%

B.DE THI
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Bai 1: PE DU BI 1

Tim cédc géc A, B, C clia tam gidc ABC dé biéu thic:

Q = sin’A + sin’B — sin’C dat gi4 tri nhd nhat.

Gidi
, 1 1 .2
Ta cé: Q=5(1—cos2A)+§(1—cos2B)—sm C

=1-cos(A + B).cos(A—B) — sin>C =1 + cosC cos(A-B)-1+ cos’C
cos’C + cosC. cos(A —B)

1 S 1
cosC +—cos(A —B) ——cos2(A—B) >——
2 4 4

Viy O A=B c=120"
a i =—— =
y min 4 Coscz_% A=B=300

Bai 2: PE DU BI 2

Xdc dinh hinh dang cda tam gidc ABC, biét riing:
(p—a) sin® A + (p— b)sin2 B=c.sinA.sinB

Trong d6 BC =a, CA = b, AB =c, p:#.

Gidi
(p — a)sin’A + (p — b)sin’B = c.sinA. sinB
< (p-a)a’ + (p — b)b? = abc (dinh Iy ham sin)
— —b)b — —
o (p—a)a (p-b)b_p(p-a)a p(p—b)b
bc ac bc ac

< a(l +cosA)+b(l+cosB)y=a+b+c

(p.(p—a)_ pr _abc 1 a sinA 1+cosA
= = T

) = )
be A 4R b.c.tan% 4.R.tané 2.tan —

b.c.tan—
&> acosA + becosB =c¢
& sin2A + sin2B = 2sinC
&< 2sin(A + B).cos(A — B) = 2sinC
< cos(A-B)=1<A=B< AABCciantai C.
Bai 3: PE DU BI 2
Xét tam gidc ABC c6 d6 dai canh AB =¢, BC=a, CA=b.
Tinh dién tich tam gidc ABC biét riing: bsinC (bcosC + c.cosB) = 20.
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Gidi
Tinh dién tich tam gidc
Tw b.sinC(b.cosC + c.cosB) =20
R 4R2sinB.sinC(sinBcosC + sinC.cosB) = 20

& 4R sinB.sinC.sinA = 20 (1)
3 . . .
Ta co: § = 20¢ _ SRZSINASINBSING _ 592 G A sin B.sin 2)
4R 4R
Thé (1) vao (2) = S = 10 (dvdt)
Bai 4:

Goi X, v, z 1a khodng cich tir cdc diém M thudc mién trong ctia AABC ¢6 3 géc
nhon dén cdc canh BC, CA, AB. Chitng minh ring:

2 2 2
\/§+\/§+V/Zs,/$ . Ddu “=" xay ra khi nao?

(a, b, c 12 cdc canh cia AABC, R 12 ban kinh dudng tron ngoai tiép).

Gidi
2,12, .2
Ta co: u:ai_Fb.L_Fc.i
2R 2R 2R 2R
:VP:aSinA+bsinB+csinC=a§+b§+c§=28 i+£+i
bc ac ab bc ac ab
Mit khéc ta c6: 2S = ax + by + ¢z, do d6:
2,42, 2
T e IS
2R bc ¢ ab
. a b ¢ 1(b ¢ 1(c a 1(fa b
Tacd: —+—+—=—|—+—|+—| —+— |+ —| —+—
bc ac ab 2a\c b 2bla ¢ 2c\b a
V:$1yi+£+izl+l+l V12+£22 2)
bc ac ab a b ¢ a b

T (1) va (2) ta co:

a+b>+c?

2R

1 1 1 2 2
(Vs o | ()

fz 2, 2
Suy ra: «/;+\/;+x/2£ %.

2(ax+by+cz)(l+%+lJ
a c
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b ¢c a ¢c a b R
v , —t—=—t—=—+—=12 a=b=c AABC déu
Diu “="xdyra<-<c b ¢ a b a = =

af:b\/chJZ

X=y=2 M: trong tdm

Bai 5:

Goi A, B, C 1a 3 géc clia tam gidc ABC, chiing minh ring d€ tam gidc ABC
déu thi diéu kién can va dd 1a:
2 A » B 2 C 1 A-B B-C C-A

cos” — +cos” —+cos” ——2=—cos cos cos
2 2 2 4 2 2 2
Giai
A B 1 A-B B- —-A
Ta co: cos2—+cosz—+c0szg—2=—c0s cos CcosC
2 2 2 4 2 2 2
A B A-B B- —A
<:>4cos2—+4cosz—+4coszg—8=cos cos CcosC
2 2 2 2 2 2
<:>2+2cosA+2+2cosB+2+2cosC—8=cosA_BcosB;CcosC;A
A-B B- —A
< 2(cosA+cosB+cosC—1)=cos 5 cos 2Ccosc2

(Ta biét cosA + cosB + cosC — 1 = 4sin%singsin %j

A-B B-C C-A
cos cos
2 2 2

.A . B.C
< 8sin—sin—sin— = cos
2 2 2

Nhan hai v& cho 8 cosé cosE cosg
2 2 2

< 8sinAsinBsinC = (sinA + sinB)(sinB + sinC)(sinC + sinA)
& sinA = sinB = sinC (Cauchy ¢6 VP > VT)
< A=B=C < AABC déu.
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