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CHU PE 1: KHAO SAT HAM SO VA CAC BAI TOAN LIEN QUAN

|. BANG PAO HAM

Ham so cap

Ham hop

Phép toan

(C) =0 [f(u

)] = f'(u)w

(uiv)'zu’iv’

=uv+uv — (k.v)' =k

(x) =1 (u.v)'
(X(z )’ — ot (ua)’ = Uty (Ej _uw-vu _)(Ej' _ kv
Fgr -5 e
X)=— Ju) = Dic bigt
2% 2. Ju ¥
| v )
(lj :__;I' (l) :__2 NG - N
X | u a b
(sinx) = COS X (sinu)':u’.cosu (ax+bj'_ c d  ad-hc
(cos x)' _ sinx (COSU), _ _u'sinu cx+d (cx+d)? (CX+db)2
c
' 1 ' u’ + adx? + 2aex
(tanx) = (tanu) =70 (ax2+bx+cj ~ " Tl e
, dx+e | (dx+e)’
' ' —u
t = =
(cotx) sin® x (cotu) sin?u
Il. SU BIEN THIEN

1) Pinhly: Hamsé y= f (X) dong bién (nghich bién) trén khoang K < y'(x)>0 (y (x)< O) vx e K

2) PL mé rong: Himsd y = f (x) ddng bién (nghich bién) trén khodng K <> y'(x)=0 ( "(x) <

y'(x)=0 co6 hitu han nghiém.

3) Tinh don diéu ciia mdt s6 ham thwong gip:

)VXEK va

+ Pong bién (Nghich bién) trén R <

o Ham sé bic 3y =ax’ +bx* +cx+d:

a=b=0
{c>0 (c<0)
{a>0 (a<0)

(4, <0

e Ham so nhat bién y =

ax+b
ex+d

DPong bién (Nhgich bién) trén ting khoang xac dinh

( —d
_w _—
c

jva(% +ooj<:> y'>0 (y'<0), VXde

Chu y: Néu hé s6 ¢ ¢6 chira tham sé ta xét thém ¢ =0

o Ham sé don diéu trén khodng K:

TH1: Ham s6 don diéu trén R (D4i voi ham bac 18)
TH2: Ham s6 khong don diéu trén R
B1: Lap bang bién thién > Pat khoang K vao vi tri théa tinh don di¢u.
B2: Lap diéu kién 2> Giai 2> Két qua.

I1.CUC TRI
1) Piéu kién dé ham sé dat cue tri
a) Dinhlil:

X X,

tai mot diém:

y’ +

y /yco\

Ham sb dat Cuc dai tai diém X,

va gia tri Cuc dai Yop = Y(X))

Chuy:

X

X0

y}

— +

y

~,

/'

CT

Ham sb dat Cuc tiéu tai diém X,

va gid tri Cuc tiéu Y., =

y(%)

X, : La diém Cyc dai (Cuc tiéu) cia ham so = Goi chung la diém Cuyc tri cua ham so

Yoo ( Yep ): La gid tri Cuc dai (Cuc tiéu) cia HS-> Goi chung la gia tri Cuc tri; Goi gon 1a Cyc tri.
(%1 Yen )s (X3 Yer ) La diém Cuc dai, Cyc tiéu cua dé thi ham sé.
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b) Dinh i 2:

yI(Xo) =0
y'(%)#0

— Ham s6 dat Cuc Trj tai X, {

yl(xo) =0

y"(%,) <0 (>0)

= Ham s6 dat Cuc Dai (Cuc Tiéu) tai X,

2) Piéu kién dé ham s6 dat cuc tri bang yo:

Y(Xo) =Y

y'(X,) =0 =HS dat cyc trj bang Y,

y"(%)#0

Y(Xo) =Y

y"(%)<0

y'(%)=0 =HS dat CD bang Y,

Y(Xo) =Yo
y'(%)=0 =HS dat CT bang Y,

y"(%)>0

3) Dieu kién dé ham so c6 n diem cuc tri

y = f(x) ¢d ndiém cyc tri < f'(x) doi du khi qua n diem x, va f(x ) xac dinh.

Cha y:

e Néu f'(x) connghiémdon X va f(x) xéc dinh thi y= f(x)c6 ndiém cyc tri.

o 86 diém cuc tri ciia ham sé bidc ba y =ax® +bx* +cx+d :

8o diem cuc tri

S6 nghiém ciia PTy' =0

Diéu kién cua hé so

Cong thirc diém cwc tri

Cé 2 diém cuc tri

C6 2 nghiém phan biét

A, = b?>—-3ac>0

o —b++/b?-3ac

3a

Khoéng c6 cuc tri

V6 nghiém hodc c6 nghiém kép

A, = b*-3ac<0

o 86 diém cuc tri ciia ham sé bic bén tring phuwong y = ax" +bx* +c:

8o diém cuc tri

S6 ngigm ciia PTy' =0

Diéu kién cua hé so

Cong thirc diém cwc tri

Co6 3 diem cuc tri

C6 3 nghiém phan bi¢t

ab<0 (a, b trai dau)

—b

Xx=0; Xx=+=
2a

Coé 1 diem cuc tri

C06 1 nghiém (don)

{

ab>0

2 b2 20 (a, b cung dau)

\ £ £ 7k ax
e Ham so nhdt bién y =

+b
cxX+d

: Khdng ¢6 cuc tri.

4) Cuyec tri ciia dd thi ham sd bac ba: y=ax’ +bx* +cx+d (Goi A, B 13 2 diém cuec tri cua dd thi ham sd)
a. Phwong trinh dwong thing di qua 2 diém cuc tri:

y

e Cach 2: Phuong trinh dudng thing di qua 2 diém cuc tri la |y

!

e Cach 3: Bam may tinh cam tay.
Vao phuong thirc S6 Phirc (Mode 2), nhap y —% - Gan (calc) x=1 - Ta dugc KQ dang: b+ai

Céch 1: l, =g(x)+ ﬂ - Phuong trinh dudng thang di qua 2 diém cuc trila y=r (X)

6ac—2b> 9ad —hc
= X +

9a

9a

- PT duong thing qua 2 diém cyc tri la y=ax+b

b. Khoding cdch giia 2 diém cwc tri: AB =

k
C. Dién tich tam giac ABM: S ,;,, = \/;‘ZK.XM + Yy +

5)

4k +16k°

!

(voi k = A—y)
%9a

bc—-9ad

Cure tri ciia d0 thi ham s bac bén trang phwong:

) A,
(voi k=—
9a

)

Do thi ham s6 bac bon tring phuong y =ax* +bx* + ¢ cé 3 diém cuc tri A B,C (A<Oy). Khi dé:

A(0;c), B /_—bﬁ ,C —,/_—b;ﬂ , v6i A=b*-4ac
2a 4a 2a 4a
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/—Zb b* —8b 2 —8a —b°
a AB AC 16a2 b3 SAABC 32a3
Tinh chit Diéu kién Tinh chat Diéu ki¢n
1. AABC déu 24a+b°=0 | 6. AABCvudng (can) 8a+b®=0
2. O la trong tam ) B 7. O la tam duong tron ngoai tiép 3 B
AABC b*—-6ac=0 AABC b®—8a—8abc =0
3. O la tryc tdm 3 3 8. O 1a tim dudng tron noi tiép 3 3
AABC b°+8a—-4ac=0 AABC b® —8a—4abc=0
4. AABCcO cuc tri b? =4 9. AABC ¢6 diém cuc tri cach déu b2 _8
B,C € Ox =4ac truc OX =8ac
Cea e b’
5. aABC €6 ban kinh _b’-8a | 10. AABCc6 ban kinh duong tron | ' -
duong tron ngoai tiép R= A b
R 8lalb ndi tiep r 4la|| 1+ 1—8—
a

IV.GIA TRI LON NHAT - GIA TRI NHO NHAT

1) Pinh ly: Néu ham s lién tuc trén doan thi GTLN-GTNN ctia ham s6 dat dugc tai 2 dau doan hodc tai cac
diém cuec trj thudc doan do.

2) Quy tic tim GTLN-GTNN:

Trén doan [a; b] Trén khoang (hay nira khoang) K
e Timy’-> Giai PT y'=0-> Tim nghiém x (a;b) |  Lép bang bién thién trén K ,
. T|'f1h y(x) ) ¥(@) , y (b) ’ ’ ° Iél_ll_all\l \’/30 bang bién thi€n, nhan xét va két luan GTLN-
e Két luan: rpeg( y =M (s0 16n nhat);
min y = m (s6 nho nhat). Chu y: Trén mot khoang ham s6 c6 thé khong co hay
[a:b] chi c6 GTLN hodc GTNN.
3) Chuy:
e Néu ham s chico 1 CD trén (a;b)thi max y = Yeo Néu ham s6 chi ¢6 1 CT trén (a;b) thi r(n_ibr)1 Y= Yer
miny=y(a) miny =y(b)
e Ham s6 ddng bién trén doan [a;b]=1 : Ham s6 nghich bién trén doan [a;b]=1
maxy=y(b) maxy=y(a)

V. DUONG TIEM CAN
1) Pinh nghia:

limy =y, < Tiém can ngang (TCN) la duong thang y =Y,

X—>0

limy =o < Tiém can dimg (TCD) la dudng thing X =X,

)
2) Chuy:
e Détim duong TCN, TCD - Ta tinh gidi han cia ham s6 tai cac “dau ngoac tron” cua Téap xac dinh
Cu thé: Pé tim TCN - Ta tinh gid1 han tai vo cuc;

Pé tim TCP - Ta tinh gid1 han tai cac nghiém cia mau.
e limy=o0 = Khong c6 TCN.

e limy=y, = Khong c6 TCD: X=X,.
X—¥%g
e Do thi ham s6 da thirc khong c¢6 dudng tiém can.
3) Dwong tiém can dirng, ngang cia do thi ham so hiru ty (thwong ciia 2 da thirc).
e TCD: X=X (v6i X la cic nghiém ctia mau nhung Khac nghiém cua tir)
e TCN: -Bic tir> Bac mau = Khong c6 TCN
X a . . . X
- Bac tir = BAc mau = TCN: y =— ( Bing thuong hé so lily thira bic cao nhat clia tir va mau)
a

M

- Bic tir < Bac mau > TCN: y=0
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VI. KHAO SAT VA VE PO THI CUA HAM SO
1) So dd khio sat va vé dd thi ham so:
B1l. Tim tap xac dinh
B2. Su bién thién:
+ Tim dao ham. Tim nghi¢m ctia dao ham va diém khong xac dinh cua dao ham.
+ Tinh gidi han cta ham s6 tai cac “dau ngodc tron” ctia TXP. Suy ra cac duong tiém can (néu c6)
+ Lap bang bién thién:
X | Pién TXD; nghiém cua dao ham va diém khong xac dinh cua dao ham (theo thir tu ting dan).
y' Xét dau dao ham y”’
V& chiéu bién thién (mii tén chéo);
y Dién Gioi han ham sb, Gid tri ham s tai cac diém X twong Gng Va0 cac dau mili tén
+ Néu cac khoang dong bién, nghich bién va cuc trj (néu c6)
B3. V& db thi: Lap bang gia tri (hay diém dic biét), vé do thi va nhan xét vé do thi
2) Cac dang d6 thi ham sé:
& Ham s6 bac 3: y=ax’+bx*+cx+d (a=0)
Diu ciia a a>0 a<0
PT y’=0co hai T

nghiém phan | 2+
biét, ! /\

( ‘ ‘ o

A, =b?-3ac>0 1 \/ \/ l
) 2
PTy’=0co 1 T
nghiém kép. T 2T
(

Ay = b*-3ac=0 = // —— —t \

)
PTy’ =0vo / \
nghiém. ( 2 \
Al =b®—3ac <0 / \
) ‘ “‘

[ 1 S

o Tam doi xirng: diém I (Xo; Yo ) VO X :;_2 (1a nghiém PT y"=0) va y, = f (X))

Nhdén xét do thi:

Tam ddi xing ciing 1a trung diém cta doan thang ndi 2 diém cuc tri.
Tam dbi xtrmg nam bén phdi truc Oy > a, b trai ddu; bén trai truc Oy > a, b cing dau.
* Hai ddu do thi: DTHS bac 3 (bac 1é ndi chung) ludn c6 mot dau di 1én va mot dau di xudng.
Dau bén phdi: Pi lén > a>0; Di xuong > a<0.
e Giao diém véi truc tung: Nam phia trén tryc hoanh thi d > 0; Nam phia dudi tryc hoanh thi d <0.
o Diém cuc tri: Hai diém cyc tri ndm 2 phia so v6i truc Oy = ac<0; cung phia > ac>0.
C6 diém cyec trj thuoc Ox > ¢=0

@ Ham sb bac bon trang phwong: y=ax*+bx*+c (a=0)
| Diua | a>0 | a<o |
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VII.

PTy’ =0co
ba nghiém
phan biét

(ab<0)

LA

Pty’=0co
mot nghiém

(ab>0)

"\

Ya

Nhdén xét do thi:

o Truc déi xirng: Nhan tryc tung lam truc ddi xtng.

o Hai dau do thi: PTHS bac 4 (bac chin) luon c6 hai dau cung di 1én hoidc clng di xudng;

Pilén > a>0, di xudng > a<0.

e Diém cwc tri: Lubn c6 mot di€m cuec tri thudc truc tung va 2 diém cuc tri con lai (n€u cd) doi xung qua

truc tung.

e Giao diém véi truc tung: Nam phia trén truc hoanh > ¢ > 0; Nam phia dudi truc hoanh = ¢ <0.

@ Ham s nhét bién : y= :((:2 (ad —bc=0)
, ad-bc ad —bc
—5>0 2
(cx+d) (cx+d)
a i
/

Nhdén xét do thi:

A . 2 -d . a o .
e Tam doi xirng 1a diém | (T;—j (la giao diém 2 duong ti€m cén).

C

am - S —d L, X
o Ti¢m cdn ngang: Yy =— ; Tiém cdn dirng: X =— (nghiém ctia mau).
C C

R S b . . -b T
e Giao diém vditruc tung: X=0=Yy= q ; Giao diem voi truc hoanh: y =0 = X = — (nghiém cua ttr).
a

TIEP TUYEN

o|o

0D

1) Dinh ly: PT tiép tuyén cua dudng cong y = f (x)tai tiép diém M (X, ; Y, ) c6 dang:

Y=Y =k.(X—X0)

(*)
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Trong do: + X, : Hoanh d6 tiép diém;

+Y,=Y(%): Tung d¢ tiép diém;
+k=1f(x,)): Hé s6 goc cua tiép tuyén.
2) Quy tic 1ap phuong trinh tiép tuyén clia dwong cong y = f (X)
B1. Tim dao ham y'= f '(x)
B2. Dya vao gia thiét, tinh Xy, Yo, f'(%,) -
B3. Thay vao PT (*), thu gon, ta dugc PT tiép tuyén can tim (Chl y: So diéu kién, loai PTTT néu co)

3) Chay:
e Dudng thing (d):y=ax+bco hé s goc k, =a; Duong thang (d):ax+by+c=0c6 hé sb goc k, :_?a

e Hai duong thang song song thi hé sé goc ctia chung bang nhau.
e Hai duong thang vudng goc < Tich hé sé goc cta chung bang —1.
e Tiép tuyén diqua A(X,;Y,): Thay toa do diem A, y, = f (x,)va k= f'(x,) vao PT(*) > Giai PT tim X,

- Thay X, vio (¥) ta duoc PT tiép tuyén can tim.

VIII. SU TUONG GIAO (Déu hi¢u nhin biét: Trong dé cé tir: Cit, tiép xiic, giao diém hay diém chung...)
1) Pinh li:

DTHS y=f(x) va y=g(x)co n diém chung
< PT hoanh d6 giao diém f (x)=g(x) c6 n nghiém phén biét.

2) Tim giao diém ciia dwong cong (C):y = f(X) va dudng thing (d):y=g(x)
B1. Lap PT hoanh d¢ giao diém cta (C) va (d) : f (x)=g(x) (*)
B2. Giai PT(*) tim X (1a hoanh d¢ giao diém)->Thay x vao y = f (x)hay y = g(x)>Tinhy (1 tung do giao
diém).
3) Bién luan giao diém ciia duomng cong (C): y= f(x,m) va duwong thing (d): y=g(x,m) (hay tim tham
s6 m dé thao mén diéu kién vé giao diém cia (C) va (d))
B1. Lap PT: f(x,m)=g(x,m) (1) > Bién doi lam xuét hién PT bac 2 (Nhu bang dudi day)
B2. Lap diéu kién theo yéu cau bai toan = Quy vé diéu kién nghiém PT bac 2 > Giai diéu kién tim m

*PT(1) la PT| «PT(1) la PT béc 3: e PT(1) la PT béc 4 trung phwong: | e PT(1) c6 chira an &
bac 2: Bién doi dua vé PT tich dang: | 1) pat t = x?,t >0, ta duge PT bac 2; | mau: N
(Xem phu luc| (x—x,).(AX* + Bx+C)=0 2 . _ ' ' = Quy dong khir mau
phan PT bac ( ) at +‘bt+c —O,(2)‘. = Thu gon vé PT da
2) X=X 2) Bién luan nghiém PT(2), suy ra: thire bac 2, 3, 4.
AX* +Bx+C =0 nghiém PT(1) ‘
(Xem phu luc phdn PT bdc 3) (Xem phu luc phan PT bdc 4 trung
phuong)

Chu y: Néu bién d6i PT f (X, m)=g (X, m)c» u (X) = v(m) thi Ap dung phuong phép Pé thi (Xem Muyc IX).
e Lap phuong trinh hoanh d6 giao diém: f (X, m) =g (X, m) (1) > Bién d6i vé dang: u(x) =v(m)
4) Khoang cach giira cic giao diém, tam gidc chira cac giao diém,...
¢) Puong cong Y =ax’ +bX+C cdt duong thing y = kx+r1 tai 2 diém M, N:
Lap PTHPGD: ax’*+bx+c=kx+r < ax*+(b—k)x+(c—r)=0 (2).

L /1+k2 f
Khi do: MN = " Ay S.wno = ‘kXQ yQ+r‘

d) Puong cong Y =ax® +bx*> +cx+d cdt dwong thang Y =kx+r tai 3 diém M, N, P :
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X=X, =Xp

ax’+ fx+y=0(2)

(Xem cach phan tich thanh nhan tue & Phan Phu luc, muc “Phuwong trinh bdc 3”)

., /1+k2 1 ,A(Z)
Khi do: MN = 7A(2) SAMNQZE ?"kXQ_yQ_'_r‘

DTHS bic 3 cit dudng thiang d tai 3 diém c6 hoanh do lap thanh cip sb cong khi d di qua tdm dbi xtng

X
e) Puong cong y = ax+b
cx+d

Lap PTHDGD: ax®+bx*+cx+d =kx+r < (x—xo)(ax2+,8x+y):O<:{

cat dwong thang Y =Kx+r tai diém M, N :

Lap PTHPGD: Z*P v + fx+7=0 (2) .
cx+d
L 1+k? 1 |Ap
Khi do: MN:J " Ay SAMNQ=§ ’?_‘kXQ_yQJFr‘
Chay: oxM+xN:£; Xy Xy =L X =X = /A
(94 o
B . _7Y B 2.
oV, +VYy _k.7+2r, Y- Yy _E+r.7+r ; 1Y = Y| =K| /A(z) :

e Néu PT (2) ta tinh biét thirc thu gon A’ thi thay A =4A"
5) DTHS y = ax* +bx* +c cit truc Ox tai 4 diém c6 hoanh do lap thanh cip sé cong khi: b? — % ac=0
IX. UNG DUNG SU TUONG GIAO
Ding d6 thi (C) cy="*f (X), bién luan nghiém phwong trinh F (X, m) =0 (1), (m la tham so).
e Biénddi: F(x,m)=0< f(x)=g(m) (2)
(PT(2) 1a PT hoanh d6 giao diém cua (C):y=f(x) va (d):y=g(m), véi (d) la duong thang ciing
phuong truc Ox)
e V& (C):ry=f(x)va(d):y=g(m) tréncung hé tryc toa df. (V& duong thang (d): y = g(m) nim ngang

O cac vi tri: Dudi cuc tri; Qua cuc tri; Gitra cac cuc tri; Trén cuc tri).
e Dua vao d6 thi, Theo YCBT - Chon vi tri tuong ing - Lap diéu kién - Giai va tim tham s6 m.

Chuy:  Sé nghiém PT F (X, m) =0 bang So diém chung cua (C):y = f (X) va (d): y=g(m).

4+ 2+

y=g(m)

|
/\* / e I | y=em

. e
%%Y%O\i/%%% \/2\/

X. PHEP SUY PO THI
Dang 1. Tir dé thi (C) ciia ham sé y = f (X), suy ra cich vé dé thj (G) ciia ham s6 y = |f (X)|

ST LU R OR
Ta co: y—‘f(x)‘_{_f(x) khi f (x)<0

trén truc hoanh (y(c) > O), con (Cz) 14 phan ddi ximg qua truc hoanh ctia phan d6 thi (C) nam phia dudi truc

> (G)=(C,)u(C,) (Vsi (C,) la phan db thi (C) ndm phia

— ——~

hoanh (y(c) < O)
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Vi du 1. Tir d0 thi (C) ciia ham s6 y = x> —3x* +3, v& dd thi (G) ctia ham s6 y = [x® —3x% +3

X

4
\
1 iox R | x
-------- -1
Dé thi ham s6 y =x" —3x" =3 Dé thi ham 56 ¥ = l‘cﬁ -3y —3|

Ldy déi xveng ciia phan do thi dwdi truc hoanh qua truc hoanh, réi xéa phan dé thi dwéi truc hoanh.
Dang 2. Tir do thi (C) ciia ham sé y = f (X), suy ra cach vé dé thi (H) ciia ham so y = f (|X|)

Taco: y = f(|x|) 1a ham s6 chin - D4 thi (H) nhén tryc tung lam tryc déi xtimg > (H) =(C;)u(C,)
V6i (C,)la phan do thi ctia (C) ndm bén phai truc Oy (x> 0), con (C,)1a phan d6i xtmg cua (C,) qua tryc Oy
Vi du 2. Tir dd thi (C) cua HS y = x> —6X? +9x—1, v& d thi (H) ctia HS y =|x|3 —6x* +9|x|-1.

v

fe Ly

D6 thi hém 56 y =x° —6x° +9x -1 D6 thi ham 56 y = |xf - 6x* +9)x|-1
Xoba phan d@é thi bén trdi truc tung, réi ldy doi xirng phan do thi bén phdi truc tung qua truc tung.
Dang 3. Tir o thi (C) ciia ham 56 y = T (X), suy ra cich vé db thi (K) ciia ham 56y =|f (|x|)
] f(|x]) khi f(|]x)=0
Ta co: y_‘f(|x|)‘_{ (1) ()

—f(|x)) khi f(]x|)<0
Voi (Hl) 13 phan d6 thi ctia (H) cia hamsd y = f (|X|) nam phia trén truc hoanh (y

> (K)=(H,)u(H,)

() 20), con (H,)
14 phan ddi ximg qua truc hoanh ctia phan db thi (H) ¢ phia dudi truc hoanh (y(H) < 0) .

Vi dy 3.Tir dd thi (C) cia hsd Y = ~6x +9x—1, v& db thi (K) cta hsd y =[x’ ~6x* +9x| 1.

v ¥ ¥

D6 thi him 56 y = ¥ —6x° ~0x —1 Bé thi ham s6 v =|.\'r —6x" +9x|-1 Dé thi him 56 y =||.\'|'=— 6x’ —D|.\'|—l|

Thuc hién 2 bucc: Dang 1 =2 Dang 2, hay Dang 2 2 Dang 1
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CHU DE 2: LUY THUA , MU VA LOGARIT

. CONG THUC
1) Lily thura
e a"=aa..a e oaoal N I a>1:
(tichcuanthirasa) | © @ =22 °a = | al -Va a'® >a% < f(x)>g(x)
oa°=1 ,(a¢0) n n ° ho_n
g O (gj S =2 | L peast
e a"'="—" (az f(x) S 59(x)
n a'>a f(x) <g(x
a ° (am)n:(an)m:am.n Snd () g()
2) Logarit
e logb=a<a*“=Db | e log,(b.b,)=log,b +log,b log.b DS a>1:
a a 2 a a ™2 ° |Ogab== c
(@b>0:a=1) b, log, a log, f (x) > log, g(x)
e log,1=0 * log, b, =log, b —log, b, . log b- < f(X)>g(x)>0
* log;a=1 * log, (b*)=clog, b %9, 2 ¢ O<a<l:
° Ioga(a“)=a « log b:ilog b i Iogca.logabzlogcb log, f () > log, g(x)
o 3% _p g 70 e log,, (b"):ﬁlogab <0< f(x)<g(x)
[04
3) DPao ham
Ham so cip Ham hop
[ ! 1 ] ! u’
X“) =a.x*t Ux) = u) =au“tu’ Yu) =
() (- ) (-
(ax)' —a“lna (ex)’ = ¢ (a“ )' —a".Inau’ (e“ )' =e' U
i 1 ’ 1 4 U’ 4 U'
log. x) = Inx) == log.u) = Inu) =—
(log, x) x.Ina (Inx) X (log, u) u.lna (Inu) u

Il. HAM SO MU VA HAM SO LOGARIT.

Ham sé liiy thiva Y = X*

% TXD: Do thi:
+ o nguyén duong : D=R. (tuy theo s6 mil
+ o nguyén khong duong : D =R\{0}. )

a>1

+ o khdng nguyén: D =(0;+0).

O<a<l

o Khao sat trén (O; +oo): , i
& < 0: HS nghich bién; TCN: Ox ; TCD : Oy &
a >0 HS dong bien; Khong c6 duong tiém can. aou :

Ham sé mi y =a* (0O<a=1)

a>1 O<ax<l
TXP:D=R . TGT: T =(0;+x). TXP:D=R . TGT: T =(0;+x).
Ham s6 luén dong bién Ham s6 lu6n nghich bién
Ti€ém can ngang la truc OX Tiém can ngang la truc Ox

Do thi nim phia trén truc hoanh Do thi ndgm phia trén truc hoanh
4 i

X3
S

%

X/

%

X3
S

%

X/

%

2o
S

%

X/

*

>

*
>

X/
*

-,
X/

>,

¥y=a*
(> 1)

B

a

1
_;H“’##/

o

1 o ol 1 x
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Ham s6 logarit y =log, x, (0<a=1)

a>1
TXD:D=(0;+0) . TGT: T=R .
Ham s6 luén dong bién
Tiém can dang la truc Oy

D4 thi ndm phia bén phai truc tung
¥ 4

>

)
25

>

)
25

>

)
25

33

S

4

o 1 a X

y =log x
(a>1)

O<axl
TXD: D =(0;+00). TGT:
Ham s6 luén nghich bién
Tiém cén dung 1a tryc Oy
Do thi nam phia bén phai truc tung

¥
s

X/
£ %4

X/
£ %4

X/
L %4

X/
o

]..

=

O : IK 3
¥y =log,x
OD<a<l)

ChG Y : P thi ham s6 y=a*va y=log, X (hai ham ngugc nhau) ddi xting nhau qua duong thang y = X

» DIEU KIEN XAC PINH CUA HAM LUY THUA — MU - LOGARIT

1. y=U” xac dinh khi :

Yu, néu o nguyén duong
u=0, néu a nguyén khong duong
u>0, neu a khdng nguyén

2. y=a" xac dinh khi : u>0
) ) O<a=l
3. y=Ilog, u xac dinh khi :
u>0

111 PHUONG TRINH, BAT PHUONG TRINH MU, LOGARIT
1) Phwong trinh, bat phwong trinh mii- 16garit co ban :

Mi

Logarit

Dang a*=b,(a>0,a=1)
e b<0:PT vo nghiém
e b>0:a"=b<x=log,b

Chay: a"=a"<u=v

Dang log, x=b,(a>0,a=1)
< Diéu kién: x>0
% log, x=bo x=2a"

Chay: log,u=log,ve<u=v

Dang a">b,(a>0,a#1)
e Db<O0:BPT co tap nghiém &
e b>0: a*>bsx>log,b ,khiax>1
a*>b< x<log, b, khi 0<a<1
Chay: a'>a"<u>v, khia>1
a'>a’'ou<y, khi 0<a<l

Dang log, x>b,(a>0,a=1)
+ bicukién: x>0
% log,x>b< x>a°  khia>1
log, x>b <> x<a® , khi 0<a<1
log,u>log,v<u>y, khia>1
khio<a<1l

Cha y:

log,u>log,veu<y,

2) Phwong trinh, bit phwong trinh mii- ldgarit don gian:

Mi

| Logarit

Phuong phap dwa vé cing co sb

a'=a" < f (x)=g(x)

n
m

log, f (x)=log, g(x)< f(x)=9g(x)>0

Phuong phap dit an phu

Nguyén tic: Ap dung cho PT, BPT chira mot ham s6 (mii, logarit,...) & nhiéu vi tri (trong liy thira, dudi mau,

dudi can...)

Cach giai: Dat ham s6 mi, logarit,...lam an phu 2> Bién d6i dua vé PT, BPT dai sd.
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Dang 1 (mii bgi): Chira a";a*;a”;...
Thuwong ggp:ma™ +na" +p=0
Cich gidi:
Cl: bat t=a',(t >0)>Ta dugc: mt’ +nt+p=0
- Giai timt > Thay t = a" 2> Giai tim nghi¢m.
C2: Xeman la a’ - Giai truc tiép tim a"
—> Giai tim nghiém.
Dang 2 (mii d6i): Chira a";a™
Thuong gap: ma" +na " +p=0
Cich gidi: Bién doi a™ = i > Bién d6i vé Dang 1.
a
Dang 3 (co sé nghich dio): Chita a";b" (véi ab=1)
Thuong gap: ma" +nb"+p=0 (v6i ab=1)
Cich gidi: Bién doi b = i - Bién ddi vé Dang 1.
a
DPAC BIET: Véi (a—b)(a+b)=1, Tacé:
(a—b) +(a+b)' =2acu=+1
(a-b)’ +(a+h)' =2(a’ +b*) > u=+2
Dang 4 (co sé ldp thanh cdp s6 nhdn): Chia
a'; b’; ¢ (véi ac=Db?)
Thuwong gap: ma' +nb" + pc' =0
Cach gidi:
Céch 1: Chia 2 vé PT, BPT cho a’ (hay c') - Bién
doi vé dang 1.

Cach 2: Chia 2 vé PT, BPT cho b" > Bién ddi vé dang
2.

Dang 1: Chira log, u, log2u,logiu,...

Thwong gap: m.log2u-+n.log,u+p=0

Cich gidi:

C1: Pt t=log, u > Ta duge: mt’>+nt+p=0

- Giaitimt - Thay t =log, u 2> Giai tim nghiém.
C2: Xemanla log, u > Giai truc tiép tim log, u
—> Giai tim nghiém.

Dang 2: Chta log, u, log, a

- Bieén doi vé Dang

Cich gidi : Bién d6i log, a =
log, u

1.

Cha y : Boi vi BPT thi khong dugc khir mAu, ma ta chi
quy dong dé dugc BPT chtra an ¢ mau.

Phwong phap: Logarit héa

Phwong phap: Mii héa

a'=b" < log,a" =log, b" < u=v.log,b
Tuong tu cho BPT, chi1y d6i chiéu khi cosé O<a<1

log, v

log,u=log,v<a™ =a*" < u=a
Tuong ty cho BPT, chi y d6i chiéu khi co sé O<a<1

IV. UNG DUNG HAM MU - LOGARIT VAO BAI TOAN THUC TE

Bai toan Cong thirc Dién giai
1. Tinh tié‘n gfl’i lai kép: . TO : Sf’) tién ban déu gfrl,
(Gui mot lan va rut mot lan) - r - 1ai sut/ki:
T,=Ty(1+r) O
n : so ki gui;

T, : s0 tién sau n ki gui.

2. Tinh tién giri tiét kiém l3i

T, : s0 tien gtri moi ki;

kép:

(Moi ki guri mot lan so tién co

T =To-1+7r[(1+ r)”—1]

r : 1ai sudt/ki;
n : so ki guri;

dinh va chi rut mot lcfn)

T, : s0 tién sau n ki gui.

t : s0 ti€n tra moi ki;

3. Tinh ti‘é‘n tra gop lai keép:
(Vay mot lan va tra gop co

dinh méi ki) t=T

r(l+r)"
T (1+r) -1

T, : sb tién vay ban dau;
r - 1ai suat/ki;

n : s ki phai tra

4. Tinh tién rat dinh ki:
(Guwi mot lan va rut dan moi ki

A A A . T =T
S0 tién co dinh) r

L =To(1+r) +M

[1—(1+ r)”]

T, : s0 tién gri ban dau;
r : 1ai suat/ki;
n : so ki guri;

11
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T, : s0 tién con lai sau n Ki;
M : s0 tién rat moi ki.

5. Tinh biép dong dan sb:
(Tinh dan so tang, giam)

S, : s6 dan ban dau;

r: ti 1¢ bién dong dan so/ki;
n : so ki;

S, : s6 dan sau n Ki.

6. Tinh phong xa ban ra:

m, :khéi lwgng chat phong xa ban dau;
t : thoi gian ban r3;

T : chu ki ban r&;

m, : khéi Iuwong tai thoi diém t.

7. Tinh cwong d§ dong dat:

M : cuong do d@ng dat;

A : bién do rung to1 da;

A, : bién d6 chuan (hang s6 dinh
trudc).

8. Cong thirc lién hé 2 tran
dong dat c6 cung bién dj
chuan:

A,M,va A, M,: lan luot 1a bién do
rung t6i da, cudng do cua tran dong
dat thlr nhat va thir hai.

12
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CHU PE 3: NGUYEN HAM, TICH PHAN VA UNG DUNG

NGUYEN HAM
1) Pinh nghia:

F(x) la mot nguyénhélm cua f(x) o F'(x)=

f(x)

2) Tinh chiat:

= I dX— +C (ho nguyén ham)
jf’(x)dx= x)+C I[f(x) (x)]dx = j dx+jg
~[k.f(x)dx=k.jf(x)dx If(ax+b)dx:§F(ax+b)+C

3) Bang nguyén ham :

Ham so cdp Ham hgp véi u=ax+b Cong thirc Diic biét.
Jodx=c j—dx 2Jx+C
Ikdx=kx+C 1 1

atl a+l —dx=——_4C
J'x“dx: X ic D J'(ax+b)“dx:1.M+C J.x”‘ (a-1)x**
a+1 a a+l

J'%dx:ln|x|+c >
Isin XdXx =—cosx+C >

jcosxdx:sin Xx+C =

I dx :lln|ax+b|+C
ax+b a

Isin(ax +b)dx = _Zlcos(ax +b)+C

J'cos(ax +b)dx = ésin(ax +b)+C

j\/;dngx/x_s+c
J'Q/de:L\”/x”+1 +C
n+1

jtan xdx = —In|cos x|+ C

J'cot xdx = In|sin x|+C

1
d —————="tan(ax+b)+C - _
I _—tanx+C > Icosz(ax+b) a ( ) jlnxdx xInx-x+C
COS* X i . 1 <—a
dx S dx = I —/+C
J‘sinzx:_COtXJrC K jsinz(ax+b)_aC0t(aX+b)+C IXZ_a 2a |x+a
ax+b _1 ax+b
Iexdx=eX+C > je dx—ge +C
a* 1 a*
X kx+bdx_
jaolx_Ilna c > |]a ST

dx

4) Tim mét nguyén ham: Tim ho nguyén ham F(x)+C -> Dung diéu kién tir gia thiét thay vao dé tinh C,

1. TICHPHAN

1) Pinh nghia:

D ey T

f(x)dx=F(x) =

F(b)-F(a),

(voi F (X) la mot nguyén ham cua f (X) trén [a; b])

2) Tinh chit:

a

[f(x)dx=0 zf(x)dx:

—:f f (x)dx

[ f(x)£g(x)]dx= I

dx+jg

k.f(x)dx = k.i f (x)dx

c

f(x)ax=]f(x

a

dx+jg x)dx (a<c<b)

D — T | C— T

an+b
f ax+b == _[

a m+b

Néu f(x)la ham I¢ thi j j
0

—-a

dx vaJ' dx 0

—X)dx

— o (S |p =T |

f(x)dx:j £

|
QD

Néu f (x)1a ham chin thi | f(x)dx= 2j

—-a

dx ZI

13
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Hé théng kién thire va phirong phdp gidi Todn THPT

ifz(x)dx:OQ f(x)=0

Néu f (X)Ié ham chén thi I;(—;X)dX:I f (x)dx
+

-a 0

3) Phwong phap tinh tich phan:

a) Phwong phdp co bin: Dung cong thirc nguyén ham va tinh chat

e Phwong phap: Tach ham sb thanh téng, hiéu cta cac biéu thirc c6 cong thirc nguyén ham.
e Cac dang thuong gap:

Pac diém

Dang nhan dang Phwong phap
P(x r(x 5
Chia da thive: 2 ) P (x)+ L P, (x)1a da thitc va r 13 phin du)
Q(x) Q(x)
P(x
e Bac 2Bac 1: P axipy T )
Bic tir Q(x) Q(x)
B = > Tinh s6 du r =P(X,) (véi X, 1a nghiém ciia mdu Q(x)) - Cho 2 gié trj cua
acmatt |y Vao (1), ta duoc 2 PT 4n a, b > Giai Hé tim a, b,
P(x
e Bic 3/Bac 1: (x) — ax? +bX+C+— (2)
Q(x) Q(x)
- Lam tuong tu, ta dugc Hé 3 an a, b, c.
Hé¢ so6 bat dinh: Phan tich mau thanh tich roi tach thanh tong theo cac cach sau:
Céach 1: (Lam thu cong)
Ae+ Bc)x+( Af +Bd 5
Dang 1: ax-+b = A + B = ( ) ( ) (quy dong)
1. (cx+d)(ex+f) cox+d ex+f (cx+d)(ex+f)
Phan - Cho (Ae+Bc)x-+(Af +Bd)=ax+b - Taduoc He PT 2 4n A, B:
thirc hitu AL CB
. e A+cB=a
: > Giditim A, B
f.A+d.B=Db
P(x), Bex+( A+ Bd ‘
IQ(X) X Bac tu Dang 2: ax+b2 = A >+ B = ( 5 ) (quy dong)
< (ex+d)” (cx+d)  ox+d (cx+d)
Bac mau : cB=a
- Cho (Bc)x+(A+Bd)=ax+b - Tadugc HE PT 2 an A, B:
N S A+d.B=Db
va ma}u CO b A B
nghi¢m Céch 2: Cho 2 gia tri cia X Vvao: ax+ = + (hay
(cx+d)(ex+f) ox+d ex+f
ax+b A B 2 A e
5= >+ ), tadugc 2 PT an A, B = Giai H¢, tim A, B
(ex+d)” (cx+d)” ox+d
Céch 3:
Dangl:— P A B gD g axib
(cx+d)(ex+f) ox+d ex+f eX+f(X:jJ cx+d(x:%j
ax+b A B a
Dang 2: = + .Véi: A=ax+b . ; B=—=
(cx+d)’  (ex+d)” cox+d =) ¢
. 2 . T.ICh cua Duing cong thirc bién tich thanh tong = Tach thanh tong, hiéu
Tich ciia | sin, cos
cac ham sipx, COSX ) )
luong déu c6 bac | Dung cong thirc ha bac > Ha dén bac nhat.
giac chin

b) Phuwong phdp doi bién so:
® Phwong phap doi bien dang “dit t theo x”:
I =I flu(x)]u'(x)dx > Pat t=u(x)=dt=u'(x)= | =_[ f(t).dt
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Bi Kip V& Cong Truwong 0983900570 Hé théng kién thire va phuong phdp gidi Todn THPT
e Phuwong phap:  +Dit t =u(x)->Lay vi phan: dt =u'(x).dx va Rat ra mdt sb biéu thirc can thiét;

+ bbi can;

+ Thay bién mdi, cdn mdi va tinh tich phan theo bién méi.

e Cic dang thuong giip

Dang tich phin Pic diém nhin dang Cach dat
u'(x) 4 S
1 J. 0(x ) Thuong , c6 tir 1a dao ham cua mau t=u(x)
2 J-[u ) sCéhua Ham lliy thira va mdt nhan ti 14 dao ham cua co t=u (X)
3 | Ja"u( Chira Ham mil va mét nhan tir 1a dao ham cta mil thitc. t=u(x)
4 | f(axm +b) Xx*dx Chira a.x™ +bva x¥.dx (véim va k khong cung chin) t=ax"+b
5 I f («”/axm +b).x"dx Chira Yax"+bva x“dx (véi mva k khong ciing t="Yax" +b
chan) hay t=ax" +b
6 | [f(e)edx Chira biéu thirc clia " va e*dx t=e" hay t=ae*+b
7 | [fan %), < dx Chia biéu thitc cia Inx va —dx t=Inx
X X hay t=a.lnx+b
[ f(sinx).cosx.dx | Chira biéu thirc cita sinx va cosx.dx t=sinx
8 hay t =a.sinx+Db
I f (cos x).sin x.dx Chtra biéu thic cta cosx va sinx.d x t=c0sx
hay t=a.cosx+b
I f (tan x). 1 dx | Chia bidu thic cia tanx va dx t=tanx
9 cos’ cos® X hay t =a.tanx+b
j f (cot x).— L .dx | Chtra biéu thirc ctia cotX va — L .dx t=cotx
sin? x sin? x hay t =a.cotx+b

Chu y: + Néu x duoc thay thanh ax+b thi ta dat twong tu.
+ Ddu hiéu thiong gap dit t 1a biéu thirc trong ngodc, cin thic, miu, mi,.
PAC BIET: Phuwong phdp doi dudi:

If[u(x)].u'(x)dx=j flu(x)]d[u(x)]=F[u(x)]+C

Cong thiee déi dudi thuwong gap:

2)
d [u :|a+1 . 3) J‘eu(x)_u '(X).dx —e'®
X= +

Jlut) il

@ Phuong phap ddi bién dang “dst x theo t”
e Phuong phap:  +Dit x=g(t) (diéu kién)> LAy vi phan: dx=g'(t).dt (Rut ra biéu thirc can thiét)
+ Ddi can;
+ Thay bién méi, cAn méi va tinh tich phan theo bién mi.
e Cac dang thuong gip:
Pac diém nhan dang:
Tich phan c6 chira

T

1 | a2—x? hay Ja*—x? Dit X = |a|smt( ES <= jhay x =|a|cost,(0<t<r)
( L
2

1)I dx Inju(x)|+C

Cach dat

2 | a2+x2 hay Va2 +x2 Pt x =|a/tant,

3 | x¥*-a® hay Vx*-a’ Bétx=ﬁ [0 2) hay X =—— a (

cost sint

) hay x =|a|cott,(0<t <)

Nla

<t Sz,t:tO]
2
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Hé théng kién thirc va phwong phdp gidgi Todan THPT

) Phwong phdp tich phén tirng phén:

iu.dv =u.v|:1 —Tv.du (*)

 Nhin dang: Ap dung cho tich phan chira tich (hay thuong) ciia 2 ham sé khac loai (nhu chira 2 trong cac ham
s0: da thirc (ham Iy thira, can thirc), lvgng giac, mil, logarit,...)
o Nguyén tic: Dit u la biéu thirc c6 dao ham don gian hon va chon dv 1a phan con lai ma nguyén ham da biét.

e Phwong phap: Tinh | =j f (x).g(x).dx
+Pbat: u="f (X) (co dao ham gon hon)

= du= f’(x).dx (\dy vi phén)

dv=g(x).dx (g(x) c nguyén ham) = v=G(x) (ldy mét nguyén ham, cho C = 0)

b
+ Thay vao cong thic (*) = Tinh jv.du , Suy ra két qua

e Dang thuwong gap:

Dang tich phén Pat u= bat dv=
1 | JP0).sin(ax+b).dx P(x) sin(ax-+b).dx
IP(X)-COS(aXva)-dX P(x) cos(ax+b).dx
2 j P(x).e*".dx P(x) e+ gy
[P(x).In (ax+b).dx In(ax+b) P(x).dx
3| ¢In(ax+b) . .
IW.dX_IIn(ax+b).P (x).dx In(ax+b) P (x).dx
P(x) 1
J‘cosz(ax+b)'dx P(Xx) cos’ (ax+h) ax
4
J.& dx P ;dx
sin® (ax+b) e sin’ (ax+b)

e Dang khac: Biéu thire tich phan 1a tich (hay thuong) cua 2 trong cac ham s6 logarit, mil, lwong giac = Pat u
la 1 trong 2 ham s0 d6 va dv 1a phan con lai (khong chira ham logarit).

e Chay:

Néu gap tich phan cta thuong thi viét thanh tich cua tr nhan nghich déo ctia mau:

IdXI

—dx j

g~ (x)dx

e DAC BIET: Céng thirc tich phan tieng phan khong cdn dit u, dv:

jf()g()dx_f

a

j £'(

(v6i g (X) €6 mot nguyén ham G (X) va f (X) ¢6 dao ham gon hon)

I11.UNG DUNG TICH PHAN DE TINH DIEN TICH , THE TICH
1) Dién tich hinh phiing gi6i han boi 4 duong: y = f (x),y=g(x),x=a,x=b (a<b) dugc tinh bdi cong thirc:

S=]f(x)-g(9|dx|(*)

A
y

Ol a
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Bi Kip V6 Cong Truong 0983900570 Hé thong kién thitc va phwong phdp giai Todn THPT
e Chuy: a) Trudng hop Hinh phang giéi han khong di 4 dudng nhu trén (thiéu it nhat 1 trong 2 dudng
thang x =a, X =b), ta thyc hi¢n nhu sau:

Giai PT f (X) -0 (X) =0tim nghiém X, = Chon can dudi trong cong thirc (*) la s6 nho nhét, can trén 1a
s 16n nhat trong cac sd a,b, ; .
b) Néu phuong trinh f (x)—g(X)=0 ¢ n nghiém X, X,,...,x, €[a;b] (gid sir X, <X, <...<X,)
thi tich phan (*) duoc tach thanh tong (phan doan tich phan) nhu sau:

X

j(f(x)-g(x))dx

a

Xz

j(f(x)—g(x))dx

X

S= + +.t

j(f(x)—g(x))dx

o Quy tic tinh :
B1l. Giai PT: f(x)—g(x)=0-> Tima, b (néu chua c6 du) va tim nghiém X € [a;b]
B2. Dién tich hinh phing da cho 1a :...(Iap cong thic (*)) = Tinh két qua.
2) Thé tich vt thé tron xoay duoc sinh ra khi quay quanh truc Ox hinh phang gii han boi cac duong: y = f (X) ;
Ox; x=a; x=b (a<b) dugc tinh boi cong thirc:

V =z [[ (0] dx|(**)

e Chu y: Truong hop Hinh phing gidi han khong du 4 duong nhu trén (thiéu it nhét 1 trong 2 dudng thang
X =a, X=D), ta thuc hi€n nhu sau:

Giai PT f(x)—g(X)=0tim nghiém X -> Chon cin dudi trong cong thirc (**) Ia s nho nhét, can trén
14 56 16n nhat trong cac s6 a,b, x. .
e Quy tic tinh :
B1. Giai PT f (x)=0->Tima, b (v¢i a 1a nghiém nho nhat, b 1a nghiém 16n nhat cua PT f (x)=0).
ChQ Y : Néu dii c6 dii a, b thi bo qua Bl ,
B2. Thé tich khoi tron xoay da cho la :...(1ap cong thic (*¥*)) - Tinh két qua.

3) Thé tich vt thé tron xoeay duoc sinh ra khi quay quanh truc Ox hinh phang gi6i han boi cac dudng: y = f (X)
; y=9(x); x=a; x=b (Véi f(x).g(x)=>0,Vxe[a;b] ) dugc tinh boi cong thire:

Y =7rﬂf2(x)—gz(x)‘.dx (***)
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CHU DPE 4: SO PHUC
I. CONG THUC, PHEP TOAN :

i2=-1 =iP=—i; i"=1;...;

= =1 1" =i "7 =11 =i (neN') | o (a+bi)(c+di)=(ac—bd)+(ad +bc)i = 2.z =|zf
. a+b.i=c+d.i®{a=c , c+di_(c+di)a-bi) L1z
b=d a+bi (a+bi)a-bi) 2 |of
e z=a+hi= z=a-bi o |2.2,|=|z||2,| .|zl
 |7=Vat+p? v 2| |z,

2 +2, +[z -2, =2(|2[ +[z[ )

Cin bac 2 cta s6 thuc a<0 1a +i,j|a|

Cin bac 2 cia s6 phic z=a+bi 1a sé phuc

Z,, Z, lién hop, ta co:

2 2
S=x+y.ithea: {* Y 78 Szl =z =22,
2xy =b
2 _|A|
¥ |z,-z,| =2

(a+bi)+(c+di)=(azc)+(b+d)i = z+z=2a

Il. PHUONG TRINH BAC HAI -
Az* +Bz+C =0 (A #0). Biét thirc A=B*-4AC
a) A, B, Cla sé thuc:

B+JA

Néu A >0 thi phuong trinh c6 2 nghém thuc phan biét z = — A

Néu A =0 thi phuong trinh c6 nghém thyc kép z = g
Néu A <0 thi phuong trinh c6 2 nghém phtic phan biét z =

—Bii\/m
2A

b) A, B, Cla s6 phirc:
—B+4§

Trén tap sb phirc, PT bac 2 ludn ¢6 2 nghiém (khong nhét thiét phan biét) : z =

béc 2 cua A) ] ]
C) Biéu thirc doi xieng doi voi 2 nghiém PT bdc hai . (Xem Phu luc, muc PT bdc hai)
Bé sung : Cho z,, Z, 1a 2 nghiém cta PT Az® + Bz +C = 0trén tap sb phirc. Ta co:

C BY ¢
b |Zl|2 :|22|2 =4 :X ¥ (21—22)2 :(Zl+22)2 -4z,z, :(Tj —4K

-B

%|zl+zz|2 :(zl+22)2 :(Tj

I11. TIM SO PHUC THOA PIEU KIEN CHO TRUOC:
Phuwong phap:
B1. Goi s6 phirc can tim 1a z = a+bi,(a,b eR;i’ = —1)

(Vi 6 1a mot can

B2. Thay z = a+bi vao diéu kién cho trudc = Bién doi va thu gon mdi vé thanh dang mét s phirc & Cho

phéan thuc, a0 twong tmg bang nhau = Lap hé PT 2 4n a, b = Giai h¢, tim a, b 2> Két qua

IV. TIM TAP HOP PIEM BIEU DIEN SO PHUC:
Phwong phap:
B1. Trong mat phang Oxy, goi M (x; ¥) 1a diém biéu dién sé phic z=x+yi,(x,y e R;i’ =-1)

B2. Bién d6i hé thic diéu kién & gia thiét (co chira s phirc z) thanh hé thirc c6 dang thudng gip sau:

PT, BPT Tap hop diém PT, BPT Tip hop diém
ax+by+c=0 ax+by+c<0 (*) Nua mat phing chura diém co
y=ax+b Puong thing (Twong tu cho déu toa do thoa BPT(*), voi bo la
y=b <, >, >) DT(d):ax+by+c=0 (Néu
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Hé théng kién thirc va

huwong phap giai Toan THPT

X=C

dau BDT c6 dau bang thi ké
ca bo)

(x—a)* +(y-b) =r?

Duong tron tam | (a;b),
ban kinh r

(x—a)2+(y—b)2 <r?

Hinh tron tam | (a;b),
ban kinh r

X* +y? —2ax—2by+c=0

Duong tron tam | (a;b)

ban kinh r =+/a%?+b%—c

X* +y? —2ax—2by+c<0

Hinh tron tam | (a;b),

ban kinh r =+/a?+b%*—c

2 2

X Y 4

_l__
a? b?

Elip

2 2
X y
Z o *

Hypebol

y=ax’ +bx+c
x=ay’+by+c

Parabol

«

Chay :

¢ Néu thay ddu dang thirc (dau “=") trong cac PT trén thanh cac diu BDT (>, <, 2, S) thi tap hop diém

biéu dién 14 phan mat phang chira diém c6 toa do thoa man BPT, c6 bd 1a dudng c6 PT tuong tmg (Ké ca bo néu

dau BDT c6 dau bang)

¢ Néu M, M, lan luot biéu dién s6 phuc z;, z, thi M;M, biéu dién s6 phic 2, -2, va MM, =|z, - z,|

DAC BIET:

1. Néu s6 phitc z théa c6 tép hop diém biéu dién 1a duong tron tim |(a;b), ban kinh R thi s6 phirc

W=2,Z+17, c6 tdp hop diém bicu dién la duong tron tim |" biéu dién z'=z,.(a+bi)+z, va ban kinh

R'=|z|R

2.Néu z=x+yi thoa (a+bi).z+(c+di).z=e+fi thi X, y la nghiém Hé PT:{

- biiJD
3. a.zz+b.z+c:0<:>z:% , voi D =3b%+4ac
a

a+c)x+(d-b)y=e
d+b)x+(a-c)y=f
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CHU PE 5: KHOI PA DIEN

|. THE TICH KHOI PA DIEN
Khoi da dién Hop chir nhat Ldp phwong Ling tru Chop
2 1
Cong thirc thé tich V =abc V=a® V =Bh V= 3 B.h
Dién giai a,b,c 1a 3 kich thuédce a la do dai canh B 1a dién tich day , h 1 chiéu cao

Quy tic tinh thé tich khoi da dién:

B1. Xac dinh cac yéu t6: duong cao, day > Lap cf)ng thirc thé tich

B2. Xac dinh cdc dai luong khong gian: cac loai gbc khong gian, cac loai khoang cach,..
B3. Tinh toan sé do cua cac yéu té > Thay vao cong thic thé tich > Két qua.

Il. UNG DUNG THE TICH

1. Cong thirc ti s6 thé tich: Cho hinh chdp S.ABC va 4’, B’, C’ lan luot thudc canh bén SA, SB, SC. Khi d6:

Vosge: _ SA' SB' SC
Vi,c SA SBSC

2. Khoang cach tir 1 dinh dén mit ddi dién ciia mét hinh t& dién (hinh chép tam giac):

v 1

BCD = 5.SBCD.ol (A (BCD))=d(A,(BCD))=

3'\/A.BCD

BCD

111.MQT SO HINH PA DIEN THUONG GAP ]
HINH CHOP

H1. Hinh cho6p c¢6 mét canh bén vuong goc day:
- DPuong cao hinh choép la canh bén vudng goac day.

Vi du: Hinh chép S.ABCD c6 canh bén SA vuong goéc mat day
(ABCD) = Puong cao cua hinh chop 1a SA

H2. Hinh chép c6 2 mét bén (mat chéo) cung vudng goc mat day:
- DPuong cao hinh chop la doan giao tuyén cia 2 mat do

Vi dy: Hinh chép S.ABC c6 2 mat (SAB), (SAC) cung vudng goc
mat day (ABC) = Duong cao hinh chop 1a doan giao tuyén SA cua
2 mat (SAB), (SAC).

H3. Hinh chép ¢6 mgt mat bén vudng goc day:

-> Duong cao hinh chop 1a duong cao cua mat bén do (ha tir dinh
hinh chop).

Vi du: Hinh chop S.ABCD c0 (SAB) vuong goc mat day (ABCD)
- Duong cao SH cua tam giac SAB 1a duong cao hinh chop S.ABCD

B

H4. Hinh chép déu: 1a hinh chop c6 day 1a da gidc déu va chan dudng cao tring tam day

Tinh chit (chung).: )
- Céc canh bén bang nhau, canh day bang nhau

- Céc mat bén 1a nhitng tam giac can tai dinh hinh chép va bang nhau

- Duodng cao cta hinh chop 1a SH (Vi S 1a dinh va H 1a tam day)

- Goc giita cac canh bén va mit day bang nhau,
- GOc gilra cac mat bén va mat day bang nhau.
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1) Hinh chép tam gidc déu:

a) Tinh chit (riéng):

Mit day 14 tam giac déu

Pudng cao cua hinh chép 1a SH (V6i S 1a dinh va H 1 giao diém
2 dudng trung tuyén cua tam giac day)

Goc gilra canh bén va mat day la: SAH = SBH =SCH =«

Goc giita mat bén va mat day 1a:  SIH = S (véi | 1a trung diém
canh day)

b) Cong thikc lién hé: Cho hinh chop tam giac déu co canh day a,
canh bén b, chiéu cao h, goc giita canh bén va mit day o, goc giita

mat bén va mat day . Khi do:

a=hb/3.cosc h=—2_ tan g
h=b.sina 23 2 V=%(a2§].h
h="2 tana b2:h2+%

Nt

Goc gitra canh

bén va mét day Géc gitra mat

bén va mat day

Cich vé hinh chép tam giic déu S.ABC
(hodc tir di¢n déu):

V& day ABC - Dung trong tam H (La giao
diém 2 duong trung tuyén) = V& SH vudng
goc (ABC) - VE cac canh bén

3) Hinh tir dién déu 1a hinh chop tam giac déu co canh bén bang

canh day (hinh chop tam gidc co tat ca cac canh bang nhau. hea V6 d=a N2 V = a2
Cho khoi tir dién déu canh a, chiéu cao h, khoang cach gitra 2 canh T3 79 12
ddi dién d. Ta co:
3). Hinh chdp tir gidc déu
a) Tinh chdt (riéng):
Mat day 1a hinh vudng Géc gitra mat

Puong cao cua hinh chép 1a SH (Vé6i S 1a dinh va H 13 giao diém
2 duong chéo ctuia day hinh vuong)
Goc gitra canh bén

SAH =SBH =SCH =SDH =« .

Goc gilta mat bén va mat day la:

va mat day la:

SIH = £ (v6i | 1 trung diém

canh day)
b) Cong thure lién hé:
2
a=h/2.cosa b2 —h24d -
h=b.sina 21 W=zalh
a
h=—.tan
h :i.tana 2 b
J2

bén va mat day
Gac gitra canh
bén va mat day

Cich vé hinh chdp tir gidc déu S.ABCD:
V¢ day hinh binh hanh ABCD - V& H la
giao diém cua hai duong chéo AC & BD >
Vé SH vubng goc (ABCD) - VEé cac canh
bén

HS5. Hinh chép c6 tit ci canh bén bang nhau:

- Pudng cao hinh chop 1a doan thang ha tir dinh hinh chop dén tim
dudng tron ngoai tiép cua da giac day.

Vi du: Hinh chop S.ABC céc canh bén SA, SB, SC bang nhau va day
ABC la tam giac Vuong tai B 9Du0’ng cao hinh chop la S, voi | 1a
tam duong tron ngoai tiép tam giac ABC (I 14 trung diém AC)

He6. Tir dién vuong: (Ttr dién c6 3 mat 1a 3 tam gidc vudng tai cung
mot dinh)

- Chan dudng cao ng véi dinh vudng 1 tryc tim mat dbi dién véi
dinh vudng.

Vi du: Hinh chép S.ABC c6 mat bén SAB, SBC, SCA la tam giac
vuong tai S >Puong cao SH, (vdi H la truc tdm tam giac ABC)
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HINH LANG TRU

Tinh chat: Hinh Ling tru cé:

+ Cac canh bén song song va bang nhau;

+ Céc mat bén la hinh binh hanh;

+ Hai mit day song song va bang nhau;

+ Pudng cao 1a doan thang ndi tir mot diém thudc day nay dén hinh chiéu cua n6 1én day

kia;

+ Goc gitra cac canh bén va mat day déu bang nhau;
+ Goc gilta cac mat bén va mat day déu bang nhau;

Lang tru dirng: 1a 1ang tru c6 céac
canh bén vuodng goc voi day

Puodng cao 1a cac canh bén 44,
B’B, C'C

Lang tru déu: 13 ling try dimg co
day la da giac déu

Puong cao 1a cac canh bén 4’4,
B’B, C'C

Hinh hgp: 1a lang tru c6 day la
hinh binh hanh

Puong cao: A’H (v6i H 1a hinh
chiéu cta A’ 1én (ABC)

Hinh hgp dirng: 13 hinh hop co6 céac
canh bén vudng goc day (day la

Hinh hp chii nhdt: 1a hinh hop
dung co ddy la hinh chir nhat (co 6
mat déu la hinh chit nhat)

Hinh lgp phwong: 1a hinh hop co 6
mat déu 1a hinh vudng

hinh binh hanh) A N
B! c' A’ B’ I
j . 0/ :
| m— o ¢ T
h l;i» 777777777777777 c i @ _____ o
A 41/ “ /@A ____________ J B /// A B
5 al c D o}
Buomg cao: A’A, B’B,CC,D'D | o a0 AALB'B, C'C, D'D
Bang tom tit ciia nim loai khoi da dién déu
Logi {p;q} | Tén goi Hinhvé | Sé mdat (m) | S6 canh (c) | Sé dinh (d) | S6 MP doi xirng
(3,3) Tu dien v 4 6 4 6
déu
{43} | Kboilip H 6 12 8 9
phuong
{3;4] Bat dién é 8 12 6 9
déu
3 ' V=
{5:3) Thapnhi | E8 12 30 20 15
dién déu i
(35} Nhi thap 20 30 12 15
dién deu
Chu ¥: Gia st khbi da dién déu loai {p;q} c6 m mat, ¢ canh va d dinh. Khi d6: | p.m=2c = q.d
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IV. CONG THUC PAC BIET TINH THE TICH KHOI TU DIEN ABCD

Y :%AB.CD.d(AB,CD).sin(AB,CD) Vigaaco :%‘(EAAT;).E‘

e Tu di¢n ABCD c6 cac cdp canh dbi béng nhau AB=CD =a, AC =BD =b, AD =BC =c c6 thé tich:
_ \/E 2 2 2 2 2 2 2 2 2
V _E\/(—a +b%+c )(a —b%+c )(a +b?—c )
e Tirdién co do dai cac cap canh dbi dién lan luot 1a a,a,;b;b;;¢,c, co thé tich:

V :i\/A+B+C—D
12

Voi:
A=a’a’(-a’+b’+c*~a’+b’+c’); B=b™’(a’-b’+c’+a’ b’ +c’);
C=c’c’(a’+b’cc’ +a] +b’ —c?); D = (abc)’ +(abyc, )’ +(abe, )’ +(abc)’
e Tu dién ABCD vudng tai A (c6 AB, AC, AD dbi mot vudng goc) va AB =a, AC =b, AD =c c6 thé tich:

v = abe
6
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CHU DPE 6: KHOI TRON XOAY

|. THE TICH, DIEN TICH HINH TRON XOAY

Hinh nén Hinh tru Hinh ciu
< i ;/
Hinh vé va h
S G O N
Chiéu cao: h ——= ~
Ban kinh day: r Chicu cao: h Ban kinh: r
D¢ dai duong sinh: | Ban kinh: r
Dién tich
: S, =7rl S,, =2xrl = 4zr?
Xung quanh X xq S=4nrnr
Dign tich
toan phin Sp =S +Sg=arl+ar® | S, =S,+28, =2zxrl+2.xr’ S =4rxr?
: 1 4
Thé tich \ :§7r.r2.h V =7zr2h Vi :gﬂ_ﬁ

Quy tic tinh thé tich, dién tich hinh tron xoay:

B1. Xac dinh cac yéu t6: Pudng cao, duong sinh, ban kinh > Lap cong thirc thé tich, dién tich,...
B2. Xac dinh cac dai lugng khong gian: Cac loai goc khong gian, khoang cach,...

B3. Tinh toan sé do ctia cac yéu té > Thay vao cong thic thé tich > Két qua.

Il. SU TUONG GIAO GIUA HINH TRON XOAY VA HINH PA DIEN
3) Ngoai tiép, noi tiép:
Quan hé ngi tiép, ngoai tiép Diéu kién
Hinh non ngoai (noi) tiép hinh chop Hai dinh tring nhau va day hinh noén ngoai (ndi) ti€p day hinh chop
Hinh tru ngoai (ndi) tiép Lang tru dung | Hai day hinh tru ngoai (ndi) tiép hai day hinh ling tru

Mt cau ngoai tiép hinh da dién Mit cau di qua tat ca cac dinh cua hinh da dién
Mat cau ndi tiép hinh da dién Mit cau tiép XUc Vi tat ca cac mit cua hinh da dién
Mt cau ngoai tiép Hinh chop D4y ctia hinh chop noi tiép duoc dudng tron.

Mt cau ngoai tiép Hinh ling tru Dday cua hinh lang try noi tlep duoc duong tron.

% ChQy: Tit dién (hinh chép tam gidc) luén cé mdt cau ngoqi tiép.

4) Céch X&c dinh tam va bdn kinh mdt ciu ngogi tiép hinh chop:
Céch 1: Vg truc d cua da giac day - Trong mat phing chira canh bén va truc day, vé duong trung truc A cua
canh bén d6 > Tam mat cau ngoai tiép: | =d NA vabankinh: r=1S=1A=1B=
Cach 2: TAm mit ciu ngoai tlep hinh chop 1a giao diém cua truc mit day va truc mot mat bén.

Chay:
Truc ciia da gidc 13 duong thang vudéng goc mat phang chira da gidc tai tim dudng tron ngoai tiép da giac
do.

Sy, B C

B B Hinh v€ tryc cua hinh chit nhat hay
hinh vubng

Hinh v€ tryc cua tam gidc déu Hinh v& truc ctia tam giac vudng
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5) Hinh vé TAm va céng thirc tinh bdn kinh mdt cdu ngogi tiép ciia mot so hinh chép thwong gip

H1. Hinh chop S.ABCD co day la
hinh chir nhdt (hay hinh vuéng) va
SA vuong goc day

% = %\/SAZ + AB? + AD’

H2. Hinh chop S.ABC co day la tam
gidc vuong tai B va SA vuong goc day
s

_sc
2

r=S=SlI

H3. Hinh chép tir gidc déu
S.ABCD

e e —————

[
1

|

o

v

_ SA?
250

r=SlI

H4. Hinh chép tam gidc déu S.ABC

SA?

r=SI=

250

H5. Tur dién vuéng: Hinh chop S.ABC

co day ABC vuong tai A va SA vuong

goc mat day (Hinh chép tam giac cé 3
canh bén doi mot vuong goc)

r= IA:%\/ASZ+A82+AC2

H6. Hinh chép S.ABC co day la
tam giac deu va SA vuong goc
day

s

B
2

2
r=iaz, SN AR
4 3

H7. Hinh chop tam giac co 1 mat
bén vuong goc mat day.
VD: Cho hinh chép S.ABC cé mat
bén SAB can tai S va vuong goc
mdt day ABC déu. Khi d6, tam I

cua mdt cau ngodqi tiép la giao diem

cua truc day 10 va truc cua mat

bén IG. vuong can tai S thi I trang H la trung | truc ddy 10 va truc ciia mat bén

s diem AB). IG.

s
A c A

N

H .l c
H

B
B
r = IB = \/HB? + HG? + HO? r = IB =+HB? + HI 2 r = 1B = VHB? + HG? + HO?

H8. Hinh chop tam giac co 1 mat bén

vuong goc mdt day.

VD: Cho hinh chdp S.ABC c¢6 mat bén
SAB can tai S va vuéng goc mat day
ABC vuong tai C. Khi do, tam I cua

mdt cau ngoai tiép la tam dwong tron
ngoai tiép tam gidc SAB. (Néu SAB

H9. Hinh chop tir gidc co I mat
bén vuong goc mat day.
VD: Cho hinh chép S.ABCD c6
mat bén SAB can tai S va vuong
goc mat day ABCD la hinh chit
nhat.. Khi do, tam I cua mat
cau ngoai tiép la giao diém ciia

Hinh vé Tam va céng thirc tinh bdn kinh mdt cau ngogi tiép hinh Ling tru dirng

Tam | 1a trung diém doan thang ndi 2 tdm duong tron
ngoai tiep 2 day (Truc cta Lang try dimg)

A'A

2
Béan kinh r=1A= (T] R? (Vé6i R 1a ban kinh

duodng tron da gidc day)

Hinh v¢€ tam mat

tam giac deu

ngoai tiép Lang try

A C
S

cau
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CHU DE 7: PHUONG PHAP TQA PQ TRONG KHONG GIAN

|. VECTO VA TOA PO
1) Tém tat ly thuyét va cong thirc:

f) Toa dp ciia diém - OM =xi+y.j+z.]J &M =(xY;2)

Toa d diém dic biét:

Diém trén MP toa dé | M €(Oxy) <= M(x; y;0) N e(Oyz) < N(0;y;2) K e(Oxz) < K(x;0;2)

Piém trén truc toa do M € Ox < M (x;0;0) N €Oy < N(0;y;0) K eOz < K(0;0;2)
, X, + X + Z,+12
M la trung diém AB M| -2—E; Ya Yo 2
2 2 2
G la trong tam tam Gl XatXe tX Yot VYe Y. Za+Zs+ 2
giac ABC 3 ' 3 ' 3

G la trong tam tir gidc Gl XatXe X+ Xp  Yat Yo+ Yo+ Yo . Za+ Zg +2c +%p

(hay tir dién) ABCD 4 ’ 4 ’ 4
9) Toa dj cia vecto: 5:aif+a2.]+a3.]<:>5=(ai;az;ag)

Rl

% Toa d6 vecto don vi: 1= (1,0;0), j= (0;1,0), K= (0;0;1) 1an luot 14 vecto don vi ctia truc Ox, Oy, Oz

h) Phép todn vecto: Cho a=(a;a,;a,);b=(b;b,;b,)

Tich co hwong:

Cong, tru: Tich vo huong:
SRl R (B & (A &8 &
Lo - abl=anb=[|? “f- ;
atb=(a th;a, tb,;a,+h,) | ab=alb +a,b, +a.h, [ } " [bz bl b, by|'|b bZJ
A , o Goc giita 2 vecto:
Nhan 1 sé vdi 1 vecto: Dj dai vecto: L ab a b +ah,+ab
ka=(ka;ka,; k al=.[a? +a? +a’ cos(a,b) == = i Bl Bl
(kay ke kay) ‘ ‘ BT T ( ) ‘aHb‘ Jaz +a +al \Jb? +b? +b?
Toa dé vecto ¢ dinh: D¢ dai dogn thang (D dai vecto c6 dinh):
E:(XB_XA;YB_YA;ZB_ZA) AB:‘E‘z\/(XB_XA)2+(yB_yA)2+(ZB_ZA)2
i) Quan hé vecto:
3 =h, - & =kb
- -~ oo nla - - -
a=b<<a,=h, n:[a,b]a{ﬁ - a,b cung phvong < a=kb < Ja, =kb,
nlb
a; =b; a, = kb,
a,&adéngphcfng@[a,ﬁ]azo alboab=0<ahb+a,b,+a,b,=0
2) Ung dung tich c6 huéng:
A,B.C thing hang <> AB A AC =0 A, B, C, D dong phing <> (AB A AC).AD =0
ABCD I hinh binh hanh ABCD la mét hinh t&t dién (hay A, B, C, D khong dong phing)
«(AB=DC va AB A AC %0) < (ABAAC).AD#0
11— — .
S, asc :E‘AB/\ AC‘ Shenasco :‘AB/\ AC‘
125 « 2\ 20 B A\ AR
Vi g‘(AB A AC).AD‘ Vi aco ac = ‘( AB A AC).AA ‘
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Il. MAT PHANG
1) Tém tat ly thuyet

1. Vecto phdp tuyén (VTPT) ciia mt phing: Vecto n=0 c6 gia vudng goc mp(a) goi 1a VTPT ciia mp(a)

2. Phwong trinh: Mit phang(a) qua M (Xo; ¥o:2,) va co vecto phap tuyén n = (A; B;C) c6 phuong trinh dang:
A(x—%)+B(y-Y,)+C(z—-2,)=0[(2)

Chay:
e Néu mit phing(o) c6 phuong trinh Ax+ By +Cz+ D =0 (2) thi mit phing(c) c6 1 VTPT n=(A;B;C)
e Phuong trinh cac mat phang toa do: (Oyz) x=0 (OXZ) 'y=0 (Oxy): z=0
e Truong hop riéng: ’
Ax+By+Cz=0: Qua goc toado O By +Cz+ D =0 : Song song truc OX
Ax+Cz+ D =0: Song song truc Oy Ax+ By + D =0 : Song song truc Oz

e Mt phing di qua A(2;0;0), B(0;b;0),C(0;0;c) 6 PT dang: |~ +% + = =1/(a0,b#0,c #0)

o Diéu ki¢n dé xdc dinh VTPT ciia mgt phing:
1) Dung dinh nghia: fi=0 va co gid vudng goc vi mat phang(o) < i 12 VTPT cta mit phiang(a)
2) Néu mit phing(a) song song hodc chira gia &, b (khong cung phuong) thi Ai=aAb 12 mot VTPT cua mit
phing(a)
2) Phwong phap Lap phuong trinh mat phing
Cich 1: Xdc dinh yéu 16: Piém di qua va VTPT (nhw bang dwdi day)
B1. Tur gia thiét, xac dinh cac vecto va cac yéu t6 khac (neu can)
B2. Xac dinh toa d0 VTPT va toa do mot diém cua mat phang
B3. Thay vao PT (1) = Thu gon va két luan
Cdch 2: Xdc dinh hé so
B1. Goi PT mit phang di cho c6 dang: Ax+By+Cz+D =0,(2)
B2. Tur gia thiét, xac dinh 4 hé s6 A, B, C, D (kiém tra diéu kién, néu co)
B3. Thay vao PT (2)> Két luan

Dang Tinh chit ciia mat phing(a) (gid thiét cho) Di qua diém VTPT

1 |Qua3diémda, B, C A, B, C @:[E,E}

2 L& mdat phang trung truec doan AB M la trung diém AB E = AB

3 QuaMvasongsong (B): Ax+By+Cz+D=0 M E:@:(A;B;C)
Qua M va vuéng goc dwong thang (d) M E = aT,

4 Qua M va vuéng goc dwong thing AB M E =AB
Qua A, B va song song (d) A hodc B E= [E a]
Qua A, B va song song CD A hodc B Ez [ﬁﬁ]

5 Chira (d) va song song (d’) Ldy M & (d) E = [j, a]
Chira (d) va song song AB Lday M € (d) n,= [aﬁ]
Qua 2 diém M, N va vuéng géc mat phang(f) M hodac N E= [W, fT]

° Chira (d) va vudng goc mdat phang () Ldy M e (d) n,= [i @:

7 Qua diém M va vuéng goc 2 mat phang (B), (7) M E= [Fy, @]

8 Qua diém M va ssong 2 duwong thang (d), (d’) M E = [i, i:_

9 (%l;a diém M, vuéng géc mp(f) va ssong dwong thang M E: [i@:
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Dang Tinh chit ciia mat phiang(a) (gid thiét cho) Di qua diém VTPT
M hoac La
10 | Chita (d) va di qua M (d) hoif " N n,=[MN a, |
, N 2 N ) [ Ld(y M € (A) n_.: ;

11 | Chita 2 dwong thang (d) va (d’) cat nhau hay M e (d) [ }

. Lday M e (4) [a J
12 | Chua 2 duong thang (d) va (d’) ssong nhau ’

N e (d) hay n_ —[ J

PAC BIET: Mt phing (a) cat 3 truc toa do tai A, B, C sao cho H (a; b;C) la truc tam AaABC

SPT (a):ax+by+cz—(a’+b*+c*)=0
11I.DUONG THANG
1) Tom tat ly thuyet )
1. Vecto chi phwong (VTCP) cua dwong thang:

DN: Vecto a0 va co gia song song hodc trung véi duong thiang (d) goi 1a VTCP cta dudng thang (d)
2. Phwong trinh: Puong thing d diqua M (x,;Y,;2,) vaco VTCP a=(a;a,;a,), c6:

X=X, +at X=X _ Y=Y _ 2%
Phuong trinh tham s6 |1y =Y, +a,t,(teR)|(1); Phurong trinh chinh tic:| & a, a (2
z=17,+agt (a,.a,8, #0)
Chuay:
o Phuwong trinh cdc truc toa dj: Ox:<y=0 Oy:1y=t Oz:5y=0
z=0 z=0 7=t
e Diéu kign dé xdc dinh VTCP ciia dwong thing:
1) Diing dinh nghia: a0 va co gia ssong hoic tring (d) < & 1a VTCP cua (d)
2) Néu (d) vudng goc gia &, b (khong ciing phuong) thi G=a b 1a mot VTCP cua (d)
2) Phwong phap Lap phuwong trlnh du’(mg thing:
Phwong phdp: Xdc dinh yéu té: Diém di qua va VTCP (nhw bing dwdi day)
B1. Tur gia thiét, x4c dinh cac vecto va cac yeu t6 khac lién quan (néu can)
B2. Xac dinh toa do VTCP va toa do mot diém cta duong thing
B3. Thay vao PT tham sb hay PT chinh tic
Tinh chit ciia dwong thang d . .2
Dang (cid thiét cho) Di qua diém VTCP
1 |QuaAB A, B a, = AB
2 | Qua A va song song duwong thing A A a, = a,
3 | Qua A va vudng géc mdt phing(c) A a, =n,
4 | Qua A vavudng goc 2 dwong thang di, da A a, = _a:, aTJ
Qua A, ssong 2 mp (a) va (B) (hay ssong [ =7
5 . A a; =|n,,ng
mp(a) va chira trong mp(p)) L .
6 LA giao tuyén ciia mp(a) va mp(B) le (a)m(ﬂ) i = _E’@_
Qua A, vudng goc duong thang Ava ssong Pl R
7 ’ - 2 A ad - aA’ nzx
(hay chira trong) mdt phang(a) L .
g | QuaA, vudng goc dirong thang th va cdt A a, = [aZ E} (Voi (o) la
duong thang dz mdt phang qua A va dy)
’ ‘) o = AB (V6i B Ia X
9 Qua A, vuong goc va cat duwong thang A A % (V6i B la hchicu
cua A lén A)
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Tinh chit ciia dwong thing d . 2
Dang (gid thiét cho) Di qua diém VTCP
o [[aAv] 2]
(Voi M € A)
L3 hink chidu cia dus nine A 16 A’ va B’ (lan lwot la
10 a hinh chiew cua duong thang en h/chié'u’cda A, B 1én (a); a, = A'B'
mp(a) ldyABed )
, , a; =[[a, AM |,[a, AN |
11 | Qua 4 va cat 2 dwong thang d1, d> A - 2
(Lay M ed;,N €d,)
12 Qua A va cdt dwong thang A Va ssong A i{[aj,m]@}
mp(a) (V6i M e A)
A=d,n(a)
13 La, dwong vuong goc chung cua di, do (V6i mp(c) quaM ed, va i :[aa}
cheo nhau e Lo
COVTPT n, = [ad,adl])
IV. MAT CAU

1) Tém tit ly thuyét
a. Phwong trinh:

e Phuwong trinh mit cAu tdm I(a; b; ¢), ban kinh r c6 dang: | (x—a)" +(y—b) +(z—c)’ =r?|(1)

e Phuwong trinh dang: | X* +y° +2° —2ax—2by—2cz+ d =0 | (2) (v6i a’>+b’+c?—d >0) la phuong trinh mat

chu (S) cotam I(a:b;c) vabankinh r=+a2+b?+c?—d
2) Phwong phap Lap phwong trinh mat ciu:
Cach 1: Xdc dinh yéu t6: Tam va bdn kinh, (nhw bang dwdéi day)
B1. T gia thiét, x4c dinh cac vecto va cac yeu | t6 khac lién quan (néu can)

B2. Xac dinh toa do tAm va ban kinh cua mat cau
B3. Thay vao PT (1).

Dang Tinh chit ciia mdt cau (gia thiét cho) Tam Béan kinh
1 Mat cau (S) tam I di qua A [ r=I1A
. , AB
2 Mat cau (S) dwong kinh AB I la trung diem AB r= >
3 | Mat cdu (S) tam I tiép xiic mdt phang(a) I r=d(l, ()
4 | Mat cau (S) tam I va tiép xiic dwong thang A I r=d(, 4)

Céach 2 : Xdc dinh hé sé
B1. Goi mit ciu di cho c6 PT dang X*+y*+2° —2ax—2by—2cz+d =0, (2)
B2. Tur gia thiét lap hé 4 PT an a, b, ¢, d > Giaitim a, b, ¢, d
B3. Thay vao PT (2)

Dang 5: Mt cdu (S) ngoai tiép tiv dién ABCD (hay di qua 4 diém A, B, C, D)
+ Goi phuong trinh mit ciu (S) ¢6 dang: X* + y* +2° —2ax—2by —2cz+ d =0 (2)
+ A B C, D e(S) = Toa do 3 diém A, B, C, D théa man PT(2) = Thay toa do A, B, C, D vao PT(2),
Ta dugc hé 4 phuong trinh 4 dna, b, ¢, d.
+ Giai hé tima, b, ¢, d
Dang 6: Mt cau (S) di qua 3 diém A, B, Cvatam | € (a)
+ Goi phuong trinh mdt cau (S) ¢6 dang: X° +y* +2° —2ax—2by—2cz+ d =0 (2) = tam 1 (a;b;c)
+A, B, Ce (S) = Toa d9 3 diém A, B, C thoa man PT(2) > Thay toa d¢ 3 dicm A, B, C vao PT(2), Ta
duoc 3 phuong trinh 4 an a, b, c, d.
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+ Tam | (a;b;C) € (0)= a, b, ¢ thoa min phuong trinh mit phang(a) = Thay a, b, ¢ vao phuong trinh
mat phéng((x), ta duwoc thém 1 PT 4 4n a, b, c, d.
+ Giai hé 4 phuong trinh trén tim a, b, ¢, d
Dang 7: Mt ciu (S) di qua 2 diem A, Bvataim I (d)
Cach 1: Puong thang (d) cho boi phwong trinh tham so
+ le(d) = 1(x +at; Y, +at; z, +ast)
+ A Be(S) = Al” =BI* > Ta dugc phuong trinh 4n t > Gidi tim t > Thay t, tim toa d0 diém I
Cach 2: Puong thang (d) cho béi phwong trinh chinh tac:
+ Goi phuong trinh mit cau (S) c6 dang: X° +y’® +2” —2ax—2by—2cz+ d =0 (2) = tam 1 (a;b;c)
+ A Be(S)= toadd diém A, B théa min PT(2) > Thay toa dd A, B vao PT(2), Ta dugc 2 phuong trinh
44na,b,c, d.
+Tam I(a,b,c)e(d) = a, b, ¢ théa man phuong trinh duong thang (d) - Thay a, b, ¢ vao phuong trinh
duong thang (d), ta dugc thém 2 PT 3 4na, b, ¢
+ Giai hé 4 p},nrong trinh trén tirp a,bcd
3) Phwong trinh tiép dién ciia mat cau:
Dang 1: Mt phing (o) tiép xiic mdt cau (S) tai A = mit phiang(o) qua A va cé vipt n = 1A
Dang 2: Mit phing (o) tiép xiic (S) va vudng géc dwong thing A (cé vtcp a= (al; a,; ag))

+ Mit phang(o) vudng goc A = mit phang(c)) nhan a= (ai; a,; a3) lam vtpt =PT mit phang(o) c6 dang:
ax+ay+az+m=0 (m chua biét)

+ Mit phang (o) tiép xuc (S) = d(I,(a)) =r > Giai tim m

Dang 3: Mit phing (o) tiép xiic (S) va song song véi mt phing(p) (c6 VTPT n= (A; B; C))

+ Mit phang(a) song song (f) = mit phang(e) nhan ﬁ:(A; B;C)lam VTPT =PT mit phang(a) c6
dang: Ax+By+Cz+D =0 (D chua biét)

+ Mit phang (o) tiép xuc (S) =d(l,(a)) =r > Giai tim D

Dang 4: Mt phing (o) tiép xiic (S) va song song 2 dwong thang (dy), (do) :

+ Mt phing(a) song song 2 dwong thing (d1), (d2) = VTPT ciia mat phing(a) 1a n= [a—dl a—dz}

= PT mit phang(a) c6 dang: Ax+By+Cz+D =0 (D chua biét)

+ Mit phing () tiép xtic (S) = d(I,(a)) =r = Gidi tim D

4) Tim tiép diém H cta mit cau (S) va mat phing () (= Hla hinh chiéu cta tdm I trén mat phang(a))

Nhu dang toan tim hinh chi€u cta diém lén mat phang
5) Giao diém ciia dwong thang va mat cau:

X=X, +at
Cho duodng thang d:{y =y, +a,t (1) va mit cau (S): (x—a)2+(y—b)2+(z—c)2 =r* (2
Z=17,+a,t

+ Thay phuong trinh duong thang d (1) vao phuong trinh mat cau (2), giai tim t,
+ Thay t vao (1), tim dugc toa do giao diém

6) Tim ban kinh r’ va tdm H ciia dwong tron (C) (L& thiét dién ciia mdt phing(a) va mdt cau (S))
+ Bankinh r'=[r’~d?(I,(«)) (véillatam var la ban kinh mit cau (S))

+ Tim tdm H 1a h/chiéu cua tdm I trén mat phang(a)

V. VI TRI TUONG POI

1. Vi tri twong déi ciia hai mét phang (c): Ax+By+C,z+D, =0va (S8): Ax+B,y+C,z+D, =0
N (A;B;;C) =k(A;B,;C,) (A;B;;C) =k(A;;B,;C))
(0!)=(,5’)<:>{Dl:k_D2 (0!)//(/7’)<:>{Dl¢k_D2
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(@) (B)=d = (A;B;;C) #k(A;;B,;C,) () L(B)=>AA +BB,+CC, =0
X=X, +at

2. Vjtri twong doi dwong thang va mit phing: DT (d):{y =y, +a,t va mp(a):Ax+By+Cz+D=0
Z=17,+at
Lép PT tuong giao giita DT (d) va MP (@): A(X, +at)+B(Y,+a,t)+C(z,+at)+ D=0 (*), (t1a an)
e (*)vonghiém < d//(a)
o (*)coding 1 nghiém t=t, < dn(a)=M (X, +at; Y, +aty;z, +agt, )
e (*)v0 s6 nghiém < d — (a)
3. Vi tri twong doi ciia mdt phang va mdt cau:
Cho (S): (x—a)° +(y—b) +(z—c)" =r? (tam I, ban kinh r) va (a):Ax+By+Cz+D=0
d(1.(a))>r | (S)N(a) =2 (@) khong cit (S)
d(1.(a))=r | (S)N(a) ={H} (o) tiép xuc (S) taiH (H: tiép diém, (): tiép dién)

(o) cit (S) theo mot dudng tron tam H (13 h/chiéu cua | 1én (&) va

d(1.(a))<r | (S)n(@) =C(H;r) ban kinh r'=+/r>—d?

X=X, +at Xx=x'+a't'
4. Vi tri twong déi giita 2 dwong thing : (d): y=y,+at va (d ) y=y' +a',t'
Z=17,+ayt z=17"'+a';t'
X, +at=x' +a’t'
Lap H¢ PT tuong giao giita (d) va (d°): 1y, +a,t=y' +a’, t' (I). Khido:
Z,+at=z"+a’;t'
VTTD Diéu kién VTTD Diéu kién
HPT (I) v6 nghi¢m
va (a;a,;3;)=k(a’;a’;a’)
HPT (I) vo nghi¢m

dcitd’ | HPT (I) co ding 1 nghiém (t;t')=(t,;t,") dil d’

d=d' HPT (I) ¢6 v6 s6 nghiém dchéod’ | + (... . et e
) ghie va (a;a,;8,) =k(a';a',;al)
5. Vi tri twong doi ciia dwong thang va mdt cau:
Cho mit cu (S) c6tam I, ban kinh r va dudng thang A. Ta co:
d(1,A)>r (S)nA =@ A khong cit (S)
d(1,A)=r (S)mA={H} | A tiépxuc(S)taiH (H: tiép diém, A tiép tuyén)
d(l,A)<r | (S)nA ={AB} | A cit(S)tai2 diémA, B

VI. KHOANG CACH

Khodng cach Cach tinh & Céng thirc
1. Tirdiem M(X,;Yy:2,) dén mt phing d(M(a))= |Ax, + By, +Cz, + D |
(a) :Ax+By+Cz+D=0 ’ NI
X=X +al Bang khoang cach tir 1 diém thuoc DT A dén MP (a).
2. Giita PT (A):qy =Y, +a,t va MP i ‘
7-7 +af Cho t=0 vao PT DT A, ta tim dugc M (XO; yO;ZO)eA
(a):Ax+By+Cz+ D =0 song song d (A,(a)) = |AX° +:3y0 +2CZ° : D|
Véi (a;;a,;8,) =k (A B;C) VA"+B"+C
3. Gita2 MP () :Ax+By+Cz+D =0 va Bang khoang cach tir 1 diém thuéc MP nay dén MP kia.
(B):A'x+B'y+C'z+D"'=0 song song Cho 2 s6 vao 2 an ctia PT MP () - tinh duoc an con
Véi (A;B;C")=k(AB;C) lai > Ta duoc diem M (X,; Yy:2,) €(B)
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|AX, + By, +Cz,+D|
d((«),(B))=
(@) e
. . . ‘MOM/\Q
4. Tir diem M dén duong thing A d(M,A)= T M, eA)
A

Bing khoang cach tir 1 diém thudc DT nay dén DT kia.
Lay diem M ed . Khido:|d(d,A)=d(M,A)

5. Giiva 2 dwong thing song song d, A

.~ \ 4 ’ ‘E(iAi)
6. Giita 2 dwong thang chéo nhau d, A d(d,A):T-, (Aed,BeA)
‘ad Aa,
VIl GOC
GOc Cach tinh & Cong thirc
BABC
1. ABC: cos ABC = ‘E&Hﬁ‘
— Jay
2. Giira 2 vecto: Cos(a,b)=w
3 Giit . 7 1A PR — |n_0; nﬁ|
. Giiva hai MP (a), () (C6 lan lugt 2 VIPT n,, n, ) cos((a).(B)) = TT‘
al|'p
N s — _laa
4. Giita hai PT d, A (C6 1an lugt 2 VICP a,, a, ) cos(d,A)= el
d[*]|7A
- | an
5. Giga DT A vaMP () (A c6 1VTCP a, va (a) ¢6 1VTPT n,) sin(A,(a)) = ==
a,|-n,

VIIl. HINH CHIEU, PIEM POI XUNG
1. Tim H la hinh chiéeu ciia M lén mp(e) : AX+By+Cz+ D=0

Ax, +By, +Cz,+D=0

z N L ) R HE(O{) Xy — Xy =Ak
Cach 1. H la hinh chiéu cia M 1én (a) << . o
MH =k.n, Yy — Yy =Bk
z,-2,=CKk
- Giai HPT, tim dugc toa do diém H
X=X, + At

Cach 2. >Lap PT (tham s6) dudng thiang (d) qua M va vudng goc mp(a):1y =Y, + Bt,(te R)
z=1, +Ct
- Lap PT tuong giao giita (d) va (a): A(x,, +At)+B(y, +Bt)+C(z,, +Ct)+D=0 - Gidi tim t
> Thay t vao PT (d)->Ta duoc toa d diem H

d M

pa |
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DAC BIET. Cong thirc tinh nhanh:

Lap PT:|A(x, + At)+B(y, +Bt)+C(z, +Ct)+D=0->Giai tim t > Thay t vao 3 biéu thirc trong dau
ngoac = Tinh duoc toa do hinh chiéu H.
2. Tim diém M’ doi xirng véi M qua mdt phing ()

Xy = 2Xy — Xy
Tim hinh chiéu H cta M 1én mit phang(a) = H 1a trung diém cta MM’ Toa do M Yu =2Y4 — Yu
Z,,. =22, -1,

X=X, +at
3. Tim H la hinh chiéu ciia M lén dwong thang (d):4y =y, +a,t
Z=17,+a,t
, , . H e (d) He(d)
Cach1l. HlahinhchituciaM Bn(d)e ¢ — o °
MH Lu, MH.a, =0
Xy =X, +at
=Yy, tat \
= do % > Giai hé PT, tim toa do diém H.
Z, =27, +at

(X =Xy )3, +(Yy —Yu )@, +(2,y =2y )2, =0

Cach 2. >Lap PT mp(a) qua M va vudng goc DT (d): (X—X,, )-8, +(Y—Yy )&, +(2-2y ).a; =0 >Dua vé

dang: ax+a,y+a,z+n=0

- Lap PT tuong giao gita (d) va (a): 8, (X, +at)+a,( Y, +at)+a;(z,+ast) + n=0->Giai tim t;

> Thay t vao PT (d)-> Ta duoc toa do diém H
DAC BIET. Céng thirc tinh nhanh:

Lap PT:|a, (% +at—Xy )+a, (Y, +at— Yy, )+, (Z, +at —z,, ) =0>Giai tim t > Thay t vao PT DT d

- Tinh dugc toa do hinh chiéu H.

4. Tim Piém M’ déi xieng véi M qua dwong thing (d):
Xy = 2Xy — Xy
Tim hinh chiéu H ctia M 1én duong thang (d) = H 1a trung diém ctia MM '=> Toa ddo M ":{y,,. =2y, — Yy,
Z, =22, — 1,
HINH CHIEU CUA PIEM LEN MAT PHANG TQA PQ, TRUC TQA PO

) ) (Oxy) la H(a;b;0) ) ) Ox la H(a;0;0)

Hinh chiéu ctua diém - — Hinh chiéu cua di€m - —
M (a;bic) lén > (Oxz) 1a H(a;0;c) M (a;bic) léen > Oy la H(0;b;0)
(Oyz) la H(0;b;c) Oz 1a H(0;0;c)

IX. TIM TOA PO PIEM THOA PIEU KIEN “LON NHAT, NHO NHAT”
Dang 1: Tim toa dp diém M thujc mp(a) sao cho MA+ MB nhé nhat.

TH1: Néu A, B khéc phia so véi mp(a) thi M = ABN\(a)
TH2: Néu A, B cling phia so véi mp(a) thi M = AB'(
hay M = A'B(

Ch( V: Vi tri twong ddi ciia 2 diém véi dwong thing:
Cho hai diém M (X,,; ¥y, ), N(Xy; Yy ) va mit phing (a): Ax+By+Cz+D=0. Khi dé:

¢ M va N ndm cung phia d6i véi mp(«) < (Ax, +By,, +Cz,, + D)(Ax, +By, +Cz, +D)>0
¥ M va N nim khéc phia déi véi mp(a) < (Ax,, +By,, +Cz,, + D)(Ax, +By, +Cz, +D)<0

a), v6i B’ 1a hinh chiéu cua B 1én mp(a)

o), v6i A’ 1a hinh chiéu cua A 1én mp(«)
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Dang 2: Tim toa dp diém M thupc mp(c)(hay PT A) sao cho MA? + MB? nhé nhit.

Tim H, K 14n luot 1a hinh chiéu cta A, B 1én mp(a) (hay A) > M Ia trung diém HK.
Dang 3: Tim toa dp diém M thujc mp(a) (hay DT A) sao cho ‘m+ m‘ nhé nhit.
Tim I 1a trung diém AB - M 14 hinh chiéu cua | 18n mp(«) (hay A).

X. TOA PQ CAC TAM CUA TAM GIAC

X, + X; + X + + Z,+7,+17
(DGldtr.ongtdmtamgichBC:G(A 2 C;yA Ye yc; A_B Cj

3 3 3
HABC =0
@ H la true tam tam gidc ABC = {HB.AC =0
H e (ABC)
IM.BC =0
® I la tém dwong tron ngogi tiép tam gidgc ABC = {IN.AC =0 (V&i M, N lan luot 14 trung diém BC, AC)
| (ABC)
« = BC.x, + CAX; + AB.X;
! BC +CA+ AB
; S - BC. Ay, + AB.
® Il tim duwing tron ni tiép tam gigc ABC= BC.IA+CAIB+ ABIC = 0=y, = 2=YatCAYs + AB.Y
BC +CA+ AB
, BC.z, +CAz; + AB.z.
! BC +CA+ AB
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PHU LUC
(KIEN THUTC 10, 11)

Bi Kip V6 Cong Truong 0983900570

PHUONG TRINH, BAT PHUONG TRiINH VA HE PHUONG TRINH

|. NHI THUC BAC NHAT:
Cho nhj thirc bic nhét f (x)=ax+b (a=0)
—b
X —00 — 400
a
f(x) Tréi ddu a 0 Ciing déu a

Il. TAM THUC BAC 2, PHUONG TRINH BAC 2:

. b
1) Céng thire tinh nghiém PT ax® +bx+c=0, (a # 0). Tinh A=b’—-4achay A'= (b')2 —ac, (b ‘= Ej
Diu A Nghiém PT Diu A' Nghiém PT
-b+ VA . ) ) -b'tVA'
A>0 | PT c6 2 nghiém phan biét x = b2 VA A'>0 | PT ¢6 2 nghiém phéan biét X = b—\/_
a a
, A1, -b , , A1 -b'
A=0 | PT c6 nghiémkép x= 22 A'=0 | PT conghiémkép Xx=—
a a
A<0 | PT vo nghiém. A'<0 | PT vo nghiém.
< Nhdm nghi¢m PT bic hai:
Ddau hiéu Cong thirc nghiém Ddu hiéu Cong thirc nghiém
C —C
a+b+c=0 x=1 X=- a—b+c=0 x=-1 X=—
. V6 nghiém, (c>0)
ax’ +bx=0 Xx=0; Xx=— ax®*+c=0 —C
x==|—, (c<0)
a
1
ac+1=Db X=-C; X=—— ac+1l=-b X=C; X=—
a a
2) Déau tam thirc bic hai f (x)=ax’+bx+c, (a=0), A=b*-4ac
A<0 A=0 A>0
X —0 +o0 X —0 _—b +o0 X —0 X1 X2 +00
2a
. £ Cung Cung Cung Trai Cung
) Citng dau a ) ddu a ddu a fx) ddu a ddu a ddu a
3) Piéu kién dé tam thirc bic 2 khong doi dau trén tip so thwc:
a>0(a<0) a>0(a<0)

aX2+bX+C>O(<O),VXeR<:>{

A<O0

aX2+bX+CZO(S0),VXeR<:>{

A<0

4) Déu nghiém phwong trinh bic hai:

Cho phuong trinh ax® +bx+c =0 (*) (véi A =b* —4ac, P:X1-Xz:§' S=X+X,

_?b). Khi do, ta co:

Nghiem PT (%) Diéu ki¢n Nghi¢m PT (*) Didu kign
, ' az0
2 nghiém trai dau ac<0 2 nghl?m p hfm biét A>0
cung dau 520
>
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a=0 a=0
2 nghi¢m phan biét A>0 1 nghiém kép duong b _
. N A X=——>0 | x=—-—-<0
cung duong (cung &m) P>0 (am) 2a 2
S>0 (S<0) A=0
5) So sainh mdt s véi hai nghiém:
H¢ thikc so sdnh Diéu kién H¢ thikc so sdnh Diéu kién
A>0 <X <X A>0
X < B<x, P <X <X
a.f(p)<0 X <X, <f af(p)>0
A>0 A>0
B<X <X, af(p)>0 X <X, <f af(g)>0
S S
—— >0 ——p<0
2 p 2 p
6) Biéu thirc doi xirng ddi voi X1 Va X2:
X242 = (X% +%) —2x.% =5%-2P (xl—xz)zz(x1+x2)2—4.x1.x2:82—4P
X+ = (% +%, )’ =3%%, (X +X, ) =S* ~3PS XX, + X, X5 = XX, (X +X,)=P.S
1.1 _%+%_S X, % _XN+x  S°-2P
X X XX P X, X X% P

I1l. PHUONG TRINH BAC 3:
Cho PT: ax® +bx* +cx+d =0,(a=0) (1)
1. Cac trwong hop nghiém:
& Mot nghiém don duy nhit
¥ Hai nghiém phan biét (gdm 1 nghiém don va 1 nghiém kép)
& Ba nghiém don phan biét
2. Cach phan tich da thirc bac 3 thanh nhan ti:
Nham 1 nghiém X = X, > Dung so d6 Hoocner, bién doi PT (1) vé dang:

X=X —d
—x,)(Ax? +Bx+C)=0 ° | Aza B=a _d
(x=%)(AC+Bx+C)=0 AX* +Bx+C =0,(2) { a B=ax+h C xoj

- Bién luan nghiém PT(2), suy ra nghi€ém PT(1) (Cha y: Xét truong hop PT(2) c6 nghiém X = X,)

IV. PHUONG TRINH BAC 4 TRUNG PHUONG:
Cho PT ax* +bx*+¢c=0,(*)> Pit t = x*,t >0-> Ta duoc PT: at’ +bt +¢ =0 (**) . Khi d6:

Nghiém PT (%) Nghiém PT (*%)
4 nghiém phan bict 2 nghiém duong phan biét
3 nghiém phan biét 1 nghiém duong va 1 nghiém bang 0

2 nghiém phan biét (d6i nhau) | 2 nghiém trai dau hodc c6 nghiém kép dwong

1 nghiém (kép) 1 nghiém bang khong hodc {1 nghiém am va 1 nghiém bang 0}

V6 nghiém 2 nghi€ém am hodc 1 nghiém kép am hodc v6 nghiém

V. PHUONG TRINH CHUA CAN THUC

- 9(x) >0 (hay f (x)>0) ]
JT0 =Ja(0) < { (09— g0 Mo rong: 4fP(X) = %000 < {ffﬁi g ((X )ay P(x)20)
g(x)>0
B (x)=0 JE) +/9(x) = /h(x) = f(x)>0
Jf(x)—g(x)c»{g 2
FO)=9"(x) g()+ f (X)+ 2T (x).9(x) = h(x)
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YT =31 () < F(¥)=9(x)

) =90 = T()=9°(x)

JT00+3/9(x) = () = F()+9(x)+34F(X).9(x)h(x) =h(x)

VI. BAT PHUONG TRINH CHUA CAN THUC

1/f(x) >g(x)<:>{

{

F()=0"

f(x)>g°(x)

f(x)=0
>0
JT) > Jo(x @{ﬁ(())‘();g(x) T <000 1 000 0
f(x) <g*(x)
g(x)<0 [g(x)=0 g(x)=0

f(X)/g(x) 20 = {

g(x)>0
f(x)=0

VII.

PHUONG TRINH, BAT PHUONG TRINH CHUA DAU GIA TRI TUYET POI

FO)=9(x)

£ (x) =
MR

|f(x)|=g(x)©{g(x)2°

F(x)=+g(x)

[FO)>9(x) & () <-g(X) v g(x) < f(x)

1f()|<9(x) < -g(x)< f

(x)<g(x)

VIIl. HE PHUONG TRINH

1. H¢ phwong trinh d6i xirng loai 1: La hé ma khi ta thay X bai y va thay y boi x thi mbi phuong trinh ciia

hé khong thay doi.

Cidch gidgi: Pat S=x+yva P =xy > Dua vé hé méi theo S va P = Giai hé méi = Suy nguoc lai X, y.
Chu y: Néu (x;y) 1a nghiém thi (y;X) ciing la nghiém.
2. Hé phwong trinh ddi xirng loai 2: L& hé ma khi ta thay X boi y va thay y boi X thi phuong trinh nay trd

thanh phuong trinh kia.

Cdch gidgi: LAy phuong trinh nay trir phuong trinh kia vé theo vé.

BAT DANG THUC

I. TINH CHAT BAT PANG THUC:

A>B= A+C>B+C {A>BACBD AsBs0m N 7B
>Sp=>A+C>DB+ —> A+C >Db+ > >U=>
C>D JA>/B
AC>BC, C>0 A>B>0 A®> B3
A>B= = AC>B.D A>B=
AC<BC, C<0 C>D>0 Ia>3B

Il. BAT DPANG THUC CAUCHY (CO-SI) o
1) Bat dang thirc vé trung binh cfng va trung binh nhén (Bat ding thirc Cauchy)
* Poi voi hai so khong Aam. Véimoi a>0, b>0, ta co:

a+b

sz'

Ding thirc xay ra khi va chi khi a=b

* Poi véi n s6 khong am (n € N,n > 2) . Véin s6 khong am a,, a,,..., @, bét ki, Ta co:

a+a,+..+4a
" >1/aa,..a, |

n
Ding thirc xay ra khi va chikhi 8 =a,=...=a

2) Bit dang thirc Cauchy mé rong
V6in sb khong am @, a,,..., 8, bat ki, véi a,,,,....a, >0 thoa o, +a, +...+a, =1.Ta co:

Ding thirc xay ra khi va chikhi 8 =a,=...=a

a

n

od, +o,a, +..taa, 28", ..

n

n

1. B,/fTOBffNG THUC BU-NHI-A-COP-XKI
1) Bat dang thirc Bu-nhi-a-cop-xKi.
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* P6i voi hai cip sé thwe. Vi hai cip sd thyc (a;b) va (x;y) bit ky ta co:

(ax+by)* < (a® +b*)(X* +y?)

Déng thitc xay ra khi va chikhi & =2 (xy «0)
Xy

* P6i véi hai by n s6 thue (neN,n>2). Véi hai bo n s6 thue (a,;a,;..,a,) va (b;b,;...;b,) bat ky ta co:

(b, +ab, +..+ab ) <(a’+a,’ +..+a,°) (b’ +b’ +...+b?)

Ding thirc x4y ra khi va chi khi b =

2) Bat ding thirc Bu-nhi-a-cop-xki mé rong

Q_%
b2

Cho diy m sb thyc khong am: a,,a,,...,a,;b,b,,...,b ;...;c,,C,,...,C,, ta co

(ab..c,+ab,..c,+...+ab,..c)" <(@"+a," +..+a,")0O" +b," +...+b,™)...(c," +¢c," +...+¢C,")

bang thtc xay ra khi: a,:b :...:¢c,=a,:b,:...:Cc,=...=a,:b,  ...iC,
LUONG GIAC
DUONG TRONLU()'NG GIAC
sinAy tangAt/ ’
/ ’
AN / //
\
AN \ /3 d
\ \ / 7
N \ / ’
N \ v
N ’
\ \ / y
\ \ / ’
\ \ / 7
N \ / 7
\\ \ y 7/
\\ \\ \\ -ﬁ T 8 / // -
— - — ’ -
S8 Nl \ 3 2 |B 3 1], - BT s
S \ 2 N 1 /I )
Sl NN /3 - g .-~ cotang
~ NG TN ’ P
N 3 I 2 /1 L e
RN — — kN — - ——— = R e
S N PN 2 /0 4 4 -
[N \ / ya | \7§
~ | AN | \ 1 , 1, | A2
5t —T——EF——-\———-‘—_ —————— F——|—— T
— N N \ 2 o N
Y AR \ /s _r7 1\6
I RN A
L \ / / /l/
| | ~ Ny )7 _ | |
1 | | ~ N \ Ve e | | |
| I_ 2 I o~ \\\ ///// | 2| |
nf-11 I 1 \\Q\» /;/// o 1 1§ 0 (rad) X
T .3, 1 ) 1 x
Al 2 7 S o s A cosin
| | NN \\\2| |2
[ L v oo
| | N (DN | |
t | \ \\ | \\' | _ﬁ
1 2NN s S SR Y RN IR A it
7 Tn | / ; \\ [N | 11\1 3
- | [ N T Yy~
- \ | N\ - e
/// -7 ———§————- *-\—l—— . 6 SO
el 1] 2 4 N 1 AN
// 4 / — = 5_7[ \ i \\
g // /3 3 |B' 3 \\ \\ RS
- Y / — \ ~
, / 2 \ N
7/ / \ AN
s / \ N
’ \ N
’ / N
Ve / \ N
Vs / \ N
’ / \ \
7 \ AN
/ // \ N
s - N
, / B N
4 / N\
d / \ AN
\
'/ // \‘ \.
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Il. CONG THUC LUONG GIAC

1) Hang ding thirc co ban:
sina+cos’a=1 tana.cota=1

1+tan’a= 1+cot’a=

cos’a sina

2) Cung lién két:

Cos dbi Sin bit

3) Cong thirc cong:
sin(axb)=sina.cosb+ cosa.sinb
cos(a+h)=cosa.coshFsina.sinb

tanazttanb

t +th)=—"—"——
an(a ) lFtana.tanb

sin(—a)=-sina

4) Cong thirc nhan doi:
sin2a =2sina.cosa

cos2a=cos’a—sin‘a
=2cos’a-1
=1-2sin’a
2tana

tan2a = >
l1-tan“a

5) Cong thirc ha bac

) 1+cos?2a

cos“a=———
2

1-cos2a
2

tan’ a — 1-cos?2a

1+cos?2a

sina=

Chéo phu

(7 T .
SINf ——a |[=C0Sa, COS| —— 0 |=SINx
(2 j (2 j
tan(z—ajzcota, Cot(z—aj:tana
2 2

Tang, Cotang hon kém n
sin(a+7)=-sina

(
(
cot(a+r)=cota
Sin hon = Cos kém (nl2)

cos(a+7)=—-cosa

tan(a+7)=tana

. V3 T .
SII’](E+0{J:COSO{, COS[E+(IJZ—SII’10{

tan(%+aj:—cota, Cot(%+a):—tana

6) Cong thirc bién tich thanh tong

7) Céng thirc bién tong thanh tich

1 cosa+cosb=ZCOSaLb.cosa—_b
cosa.cosb=—[cos(a+b)+cos(a—b)] 2 2
2 . a+b . a-b
_ _ 1 cosa—cosh =-2sin——.sin——
sina.sinb==[cos(a—b)-cos(a+b)] 2
2 . . _a+b a-b
_ 1o _ sina+sinb =2sin——.cos——
sma.cosb=—[sm(a+b)+sm(a—b)] 2 2
2 i . a+b . a-b
sma—smb:ZCosT.smT

(cosxsin x)2 =1+sin2x,

. . 1.
cos* X +sin* x =1—2cos? x.sin? x :1—§sm2 2X,

sin x+cosx:«/Esin[x+%]=\/§cos(x_%)

8) Cong thirc dic biét

cos* x —sin* x = cos 2x

] ) 3.
cos® x +5sin® x =1—3cos? x.sin? x :1—Zsm2 2X

sin x—cosx:«/Esin(x—%j:—ﬁcos(mgj

I1l.HAM SO LUONG GIAC
y =sin X y =COS X
TXD: D=R. TGT: T =[-11] TXb: D=R. TGT: T =[-11]

La ham 1é¢ = Db thi ddi xtmg qua gbc toa dd
Tuan hoan voi chu ki 27

Do thi:

La ham chin = D4 thi ddi xing qua truc tung
Tuan hoan véi chu ki 27

Do thi:
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y =sinx

¥ = cosx

y =tan X
TXD: D:R\{%M/MZ}. TGT: T=R
La ham 1¢ = Do thj d6i xtng qua gbc toa do

Tuan hoan vé6i chu ki 7
Do thi

WETTTTTTTTTT
S

4 2 a 1 2 4
1 1
1 1
[l ]
[
1
1

y = cot X

TXD: D=R\{kz/keZ}.  TGT:T=R

La ham 1é = Do thi d6i xting qua gbc toa do
Tuan hoan véichu ki 7
Do thi

i i i
1 1 1
1 1 1
1 1 1
1 ] 1 1
| | 1
1 1 i
1 1 1
1 1 1
1 1 1
1 : 1 1
H T T H 1
1 2 - 1
i - Q 2 :" 1
o 2 1 4 Y

1 1

| 1

1 1 i
1 1 1
1 1 1
1 1 1

¥

IV. TIM TAP XAC DINH:

a. Phwong phdp: Lap diéu kién xac dinh > Giai, tim diéu kién cua bién > Két luan TXD

b. Cdc dang biéu thivc cé diéu kién xdc dinh:

Y x4c dinh khi v=0

tanu xac dinh khi cotu xéc dinh khi

y Vu e dinh khi u>0 w2k, (kez) ukr,(kez)
V. BAT PANG THUC LUONG GIAC:
—1<sinu<1 0<sinu<1 0<[sinu|<1 tan?u >0
—1<cosu<l 0<cos’u<1 0<|cosu|<1 cot’u>0

—J2 <sinu+cosu<2

-1 _ . 1
— <sinu.cosu < —
2 2

—1<sinu—-cos’u<1

VI. PHUONG TRINH CO BAN

Dang f(u)=a

Dang f(u)=f(v)

u=arcsina+k2rzr

. .(ja|<1)
u=rx-—arcsina+k2z

sinu=a <:{

. ) u=v+k2r
sinu=sinv <
U=r-Vv+k2r

cosu=a < u=zarccosa+k2r,(ja| <1)

COSU =C0SV <>U=1v+k27

tanu=a < u=arctana+kr

tanu=tanv<u=v+kr

cotu=a<u=arccota+kr

cotu=cotveu=v+kr

TRUONG HOP DAC BIET: Ddi v4i PT sinu=a,cosu =a

R/
*

% Néu a==1 thichi can lay 1 trong 2 cong thirc nghiém.

% Néu a=0 thi chi cin lay 1 trong 2 cong thirc nghiém va thay k27 thanh kz

sinu=1l<u :%+k27r

sinu:—1<:>u:—%+k27r

sinu=0<u=kr

cosu=1l<u=k2r

cosu=-1<u=r+k2r

T
cosu:0<:>u:5+k7r
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VIl. PHUONG TRINH THUONG GAP
a. Phwong trinh béc hai d6i véi mot HSLG 1a PT c6 dang: ‘asinz u+bsinu+c= O‘ 1)
(Tuong tu cho cosu,tanu,cotu)
Cich gidi: Xem sinu 1a 4n, Ta c6 PT bac 2 véi an 1a sinu > Giai PT béc 2, Ta duoc PTLG co ban
- Giai PTLG co ban, tim nghiém.
b. Phwong trinh bac nhét déi véi sinu; cosu 1a PT c6 dang: [a.sinu+b.cosu=c (a®+b’ = 0)|(2)
Cidch gigi: BI. Kiém tra diéu kién c6 nghiém: Néu a® +b? >c? thi PT c6 nghiém
. . a b .
B2. Chia 2 vé PT chova? +b®> = Pit: ———— =c0sa;———— =Ssina.
a’+b? a’+b?

sinu.cosa +cosu.sina =
Ta dugc PT: a’ +b’ osinu+a) = _t *)
Ja’ +b?
B3. Giai PT co ban (*) = Tim nghiém.
Mo rong:
Loai 1: [asinu+b.cosu =c.sinv (a’ +b*=c?)|hay|a.sinu+b.cosu =c.cosv (a*+b*=c?)

Loai 2: [a.sinu+b.cosu =c.sinv+d.cosv (a®+b* =c®+d?)

Cich gidi: Chia 2 vé cho v/a’ +b®> - Bién ddi dua vé dang sint =sinr hay cost =cosr

VIIl. PHUONG PHAP KIEM TRA PIEU KIEN XAC PINH CUA PHUONG TRINH:

Cach 1: - Biéu dién diém xac dinh coéng thirc diéu kién va cong thirc nghiém 1én Pudng tron lugng giac
- Loai bo diém tring ctia nghiém so v&i diém cua diéu kién
- Két luan: Nghiém PT 13 nhitng diém con lai (Mdi diém cong thém k27).

Cach 2: > Cho tham sb nguyén (k) trong cong thirc diéu kién va cong thirc nghiém chay tir 0 dén khi tim
du sd diém trén doan [0; 7]
- Loai bo diém trung cua nghiém so voi diém cua diéu kién
- Két luan: Nghiém PT 13 nhitng diém con lai (Mdi diém cong thém k27).

o TO HOP VA XAC SUAT
. QUY TAC PEM

1. Qui tic cdng: Mot cong viéc duoc hoan thanh béi mot trong hai hanh dong: Hanh dong tht nhét c¢6 n cach
thuc hién, hanh dong thir hai c6 m cach thuc hién (khong trung véi bét cr cach ndo cta cau hanh dong th
nhét). Khi d6 cong viéc co thé duoc thyuc hién boi n+m cach.

2. Qui tic nhan: Mot cong viéc dugc hoan thanh bai hai hanh dong lién tiép: Hanh dong thir nhit c6 n céch
thuc hién, véi mdi cach thuc hién hanh dong thu nhét c6 m cach thuc hién hanh dong thr hai. Khi do6 cong
viéc ¢6 thé dugc thuc hién bai n.m céach.

Il. HOAN VI - CHINH HQP — TO HQP

Dinh nghia Cong thikc tinh so lwong

M3i vi tri sdp xép tht ty clia n phan tir (n EN*) goila| [P, =n(n-1).(n-2)...2.1=n!

Ho#n vi mot hoan vi ctia n phan tu.

M3i vi tri sap xép th tu k phan tir duge lay trong n phan n!

A‘=n(n-1).... .n—k+1) =

Chinh hep tl"r(n > k) goi 14 mot chinh hop chap k ctia n phén tr. (n — k)!
6 hop M3i tap hop k phan tir dugc lay trong n phan tfr(n > k) ck = n!
) goi 13 mot to hop chap K ctia n phan tu. " ki(n—k)!
e CONg thirc ddc biét:
‘ n! n!
0r=1 Néu k=nthi Al =—=—=n!=P, .
) AT “
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cl=Cl=1 C,=n
Cy=Cr* (0<k<n) Ch+C=Cy} (0<k<n)
3 CE=ClaClCl+..+CT=2" (0sk<n) | cro— Nt _NO-D0-2.(0-k+D A
e " " ki(n—k)! k! k!

I1l. NHI THUC NIU-TON
1. Coéng thirc nhj thirc Niu-Ton:

(a+b) =Cfa"+Cia"b+Cla" %’ +..+Cra" b +..+ C/b" = > Cxa"“b*|,(n e N*)
k=0

2. Tinh chit ciia nhi thirc Niu-ton
e S0 cac so hang tu cua cong thuc 1a n+1
o Sci mil cua a g‘iém‘dﬁn tlr n dén 0, sb mil cta b tang tir 0 dén n ddng thoi tong cac sd mil cua a va b trong
mo1 hang tir déu bang n
e S6 hang tong quat tho k+1 c6 dang T,,, =C‘a"*b* (k=0,1,...,n)
e Céc hé s6 ctia nhj thirc cach déu hai sb hang d4u va cudi bang nhau: C =C"*;0<k <n
3. Mot sé dang diic biét
Dang 1. Thay a=1vab=x vao (1), tadugc: (1+X)" =C°+Cx+Cx* +..+CI X" +CX"
> Chox=1= C’+C}+C2 +..+C! =2"
Dang 2. Thay a=1, b=—x vao (1), ta duoc: (1—Xx)" =CJ —CIx+C>x* —...+ (=) C¥x* +...+ (-1)"C X"
> Cho x=1= C’-C!+C’-..+(-1)"C' =0
IV. XACSUAT
1. Xac suat cua bién co. ]
a) Dinh nghia co dién ciia xdc suat:

, A, o 1A A N _n(A)_|QA|
b) Xac suat cua bien co A la: P(A) = =
n(Q) o]

Trong do: n ( A) = |Q A| la s& phan tir (hay két qua thuan loi) cia bién cb A;
n (Q) = |Q| 1a s6 phan tir ciia khong gian mau (hay tat ca két qua co thé xay ra cua phép thi).

¢) Tinh chit:

e O0<P(A)L1; P(Q)=1LP()=0
2. Bién cb dbi
a) Dinh nghia: ‘Bién c¢b khong xay ra A goi 1a bién cb d6i ciia A, Ki hiéu: A
b) Tinh chit:

e A=Q\A; P(A)=1-P(A)

e Hai bién ¢ dbi nhau 1 hai bién ¢ xung khic.
e CACDANG TOAN THUONG GAP

Dang 1: Bai toan dém:
Quy tic: Hanh dong nao c6 diéu kién manh nhat thi thure hién dém trude nhdt,..
Cach 1: Pém truc tlep
o Nhian xét dé bai dé phan chia cac truong hop xay ra ddi véi bai toan can dém.
o Dém s phuong an thyc hién trong mdi truong hop do
o Két qua cta bai toan 1a tong s6 phuong 4n dém trong cach truong hop trén
Cach 2: Pém gidn tiép (@ém phan biy)
Trong truong hop hanh dong H chia nhiéu truong hop thi ta di dém phan bu cua bai toan nhu sau:
o Dém s6 phuong an thyc hién hanh dong H (khéng can quan tim dén c6 thoa tinh chat T hay khong) ta duoc
aphuong an.
o Dém s phuong an thyc hién hanh dong H khong thoa tinh chit T ta dwoc b phuong an.
Khi d6 s6 phuong an thoa yéu cau bai toan la: a—b.
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Dang 1.1: Dém sé lwong sé tw nhién
Khi lap mot s6 tu nhién x =a,...a, tacan huu y:
* a,€{0,1,2,..,9} va a =0,

* X laso chan < a_ 1a sO chan

*xlasdlé < a lasolé

*

X chia hét cho 3<>a +a, +...+a, chia hét cho 3
* x chia hét cho 4 @ﬁ chia hét cho 4
* X chia hét cho 5<>a, €{0,5}
* X chia hét cho 6 < x 1a s0 chan va chia hét cho 3
* x chia hét cho 8 < a, ,a, ,a, chia hét cho 8
* X chia hét cho 9<>a +a, +...+a, chia hét cho 9.
* x chia hét cho 11 < tong cac chir sb & hang 1¢ trir di tong cac chit s6 & hang chin 1a mot s6 chia hét cho 11.

* x chia hét cho 25 < hai chir s6 tan cung 1a 00,25,50,75.
Dang 1.2: Dé:m séz phwong dn lién quan dé:n kién thirc thuc té
Dang 1.3: Dém so phwong dan lién quan dén hinh hoc

Dang 2: Xac dinh cac hé sb, s6 hang trong khai trién nhi thirc Newton
Phwong phap:

(axp + bx° )” _ ic: (axp )“’k (qu )k _ ic:anfkbkxnp—pmqk
k=0 k=0

S6 hang chira X™ {mg voi gia tri k thoa: np— pk +gk =m.
m—np
P-q

Vay hé sb ciia s6 hang chira X" la: C¥a" ™ b* véi gia tri k da tim duoc & trén.

Tu do tim k =

Néu k khong nguyén hodc k >n thi trong khai trién khong chira X™ , hé s6 phai tim bang 0.
Chu y: Xac dinh hé sb cuia s6 hang chira X" trong khai trién

P(x)=(a+bx?+cx" )n dugc viét dudi dang a, +a,x +...+a, x*".

Ta lam nhu sau:

k

* Vidt P(x)=(a+bxp +qu)n :Zn:Cﬁa”"‘(bxp +qu) :
k=0

, , \ 5 , k
1€t s0 hang tong quat khi khai trién cac so hang dan, X" +CX anh mot da thic theo luy thira
* Viét s0 hang tong quat khi khai t hang dang (bx” +cx?) thanh mot da thirc theo luy th

cua X.
* Tir s6 hang téng quat cua hai khai trién trén ta tinh duoc hé sd coa X"
Chu y: Bé xac dinh hé so 16n nhat trong khai trién nhi thirc Niuton
Ta lam nhu sau:
* Tinh hé s6 a, theo k va n;
* Giai bat phuong trinh a_, <a, vdiansé K;
* Hé s6 16n nhat phai tim g véi s6 tu nhién k 16n nhat thoa mén bat phuong trinh trén.
Dang 2: Bai to4n tong Zn: a Ckb*.
k=0
Phwong phdp 1: Dya vao khai trién nhi thirc Newton
(a+b)"=Cla"+a"hC: +a"*h°C’ +...+b"C’.
Ta chon nhitng gié tri &,b thich hop thay vao dang thirc trén.

Mot s6 két qua ta thuong hay st dung:
*Cl=Cr" *Cl+Cl+..+Cl=2"
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* > (-)Cr =0 * > Cx ZCZ" N —Zc * Y Cra=(1+a)".
k=0 k=0 k=0

Phwong phdp 2: Dya vao dang thic dac trung

Mau chdt ctia cach giai trén 1a ta tim ra duoc dang thic (*) vata thuong goi (¥) 1a dang thirc ddc trung.
Cach giai ¢ trén dugc trinh bay theo cach xét s6 hang tong quat O vé trai (thuong c6 hé s6 chira k ) va
bién d6i s6 hang d6 c6 hé sé khong chira k hoic chira k nhung tong méi dé tinh hon hodc da co san.

Dang 3: Tinh xic suat )
Phwong phap tinh xdc suat ) . . )
Budc 1. Mo ta khong gian mau (Néu duoc). Kiém tra tinh hitu han ciia Q, tinh dong kha ning cua céc ket
qua > Tinh n(Q)
Budc 2. Pit tén cho cac bién cb bang cac chir cai A, B, ...
Bude 3. Xéc dinh A, B,.... Tinh n(A),n(B),...

Budc 4. Tinh P(A)= ”(A),p(B)z n(B)

Cap sb cong Cép so nhén
Day s6 (u,)la cap sb cong Dy s6 (u, )1a cap s6 nhan
Dinh nghia . .
&u,=u +d,vneN S Uy, =U,-q, (VneN’)
S6 hang téng quat | U, =u,+(n-1d , (Vn=2, neN’) u,=u,9"", (Vnx2,neN’)
Tinh chit u, =”k-L2“k+1 (vk=2,keN) U2 =U U, (VK22 kel
Téng‘n so hang Khig=1: S, =nuy,
déu tién 5= MU HU) _ Moy 4 (n-1)d] o 1-q"
S, =U +U,+...+U, 2 2 Khi q=1: S, =u,. =g
GIOI HAN
. Gidi han cia day so:
Gid¢i han hiru han Gidi han vo cuc
1. Gidi han dac biét: 1. Gidi han ddc biét:
e lim l:O; OIimi=0(keZ+) o limn* =+ (keZ%) e limyn =+
n—+wo n n—+w0 p e lim C]n — 10 (q > 1)
e lim ¢"=0(g|<]); e lim C=C inh li: e vé oidi 5
n—)+ooq (|CI| ) o 2. Dinh li:(Quy tdc vé gidi han vé cuc)
2. Dinh li: Cho limu, =a, limv, =b. Ta co: - ast
. . u
e lim(u,+v,)=axb e lim(u,v,)=ab N . [u,.v.]—> o
u Vn\""o Vn\‘o ot a#0
. a X . ;
® lim—"= Z (neub=0) ° hm‘un‘ =ldl (Dau cua gioi han vé cuc duoc xac dinh theo quy
Vn tdc nhdn dau)
o lim,/u, :\/; (u,, a=0)
3. Téong ciia cdp sé nhén liii v6 han
S=u, +u1q+u1q2 +...:1— (|q| < 1)
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Il. Gidi han cia ham so:

Gidi han hiru han

Gid6i han vo cuc, gigi han tai v cuc

1. Gidi han dac biét:

1. Giéi han dic bigt:

lim x=x,; lim C=C (Cla hang sé . . 5 7

R ESCORIID iy oo

2. Dinh li: Cho lim f(x)=L, lim g(x)=M. Taco:
X%y X%y e lim C=C; e lim ik =0

o lim [f(x)+g(x)|=L+M; o lim [f(x)—gx)|]=L-M | %= koo

XX, X%, 2. Dinh li: (Quy tdc vé gioi han vo cuc)

L

e lim [f(x).g(x)] =L.M; elim ) =— (meuM #0) D L0

T % g) M LGN RACY — oo |[f (x).9(x)] > ©
e lim \/f(x) =L (f(x)20) o lim |f(x)| =Ll L[CN 90, R

XA)XO x—)xo

(X — X, hay x — )

(Ddu cia gi6i han vé cuc dwoc xdc dinh theo quy
tdc nhadn dau)

3. Gioi han mgt bén:
lim f(x)=L< lim f(x)= lim f(x)=L

XX
0 X=X, X=X,

I11. Ham s6 lién tuc:
1. Dinh nghia:

y=f(x) lién tuc tai X, = lim  (x)=f (x,)
X—>Xo

y=f(x) lién tuc tai X, < lim f(x)= lim f(x)=f(x,)

+
X—X%g

2. Tinh chit:
e Ham sb da thuc lién tuc trén R .
e Ham sb phan thirc, cac ham sb lugng giac lién tuc trén ting khoang xac dinh cua ching.
° Téng hi€u, hiéu, tich, thuong ctia cac ham s6 lién tuc tai mot diém 13 ham s6 lién tuc tai diém do.

HINH HOC (TONG HOP) PHANG!

I. HE THUC LUQONG TRONG TAM GIAC:

1) Tam giac vudng: Cho AABC vuédng tai A c6 dudng cao AH va trung tuyén AM. Ta c6:
e BC® = AB? + AC?(Pi-ta-go) e AH.BC = AB.AC

e AC?=CH.BC ¢ AB’° =BH.BC
2 2

[ 1 — 1 + 1 [ AH 2 e ﬁ .

AH? AB? AC? AB? + AC? B H M C

BH AB? AB? CH AC? AC? BC
[ ] = = [ ] — = [} AM = —

BC BC? AB?’+AC? BC BC? AB?+AC? 2

1 .

e Dién tich: [S = E.AB.AC (bang nura tich do dai 2 canh goc vudng)

2) Tam giac vubng can: Cho AABC vudng can tai A c6 duong cao AH. Ta c6:
AB* AC? BC?
2 2

"1
e« AB=AC=a eBC-ay2 o Dién tich: |S = . a2
4 Q
A B

° AH:a%
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3) Tam giac déu: Cho AABC déu canh a, c¢6 tim I va duong cao AH. | 4) Nira tam gidc déu:
Ta co: A
. AH_2V3 a2V
2 3
a+/3 . a’+/3
o IH:T e Dién tich:|S = ;/_ g H c

5) Tam giac thwomg: Cho AABC d6 dai canh BC =a, AC =b, AB =c, duong cao AH =h_, trung tuyén
AM =m_, phan gi4c AD, ban kinh dudng tron ngoai tiép 1a R, ban kinh duong tron ndi tiép 1a r. Ta co:

ODinhlicésin:‘az=b2+C2—2bC.COSA ¢ Dinh li sin: _a = _b = _C =2R A
sinA sinB  sinC

b’ +c?-a’ , b?+c? a’ bc AB DB

o COSA:— [ ] ma = _— [ ) R:— ®o|— — ——
2bc 2 4 2h, AC  DC 5 A -
¢ Di¢n tich:
s=tan| [s=Locsinal [s=2¢ S=pr| |s=yp(p-a)(p-b)(p-c) (Vdip_a+b+c)
2 ¢ 2 4R ' 2

Il. HE THUC LUONG TRONG TU GIAC:
1 ‘
1) Hinh thang: Dién tich hinh thang ABCD c6 déy AB, CD: |S = E(AB +CD).h| (v6i h 1a chiéu cao va h

bang khoang cach giita AB va CD)

. . . . 1
2) Hinh thang vuéng: Dién tich hinh thang ABCD vudng tai A, D: |S = E(AB +CD).AD

1 5 .
3) Hinh binh hanh: Dién tich hinh binh hanh ABCD: |S = E(AB+CD).h (v6i h 1a chiéu cao va h bang

khoang céch gitta AB va CD)

N R ) 1 . i
4) Hinh thoi: Dién tich hinh thoi ABCD: |S = 3 AC.BD| (bang ntra tich d6 dai 2 duong chéo)

IS = AB%.sin A| (Bang binh phuong 1 canh nhén sin cta 1 goc)
5) Hinh chir nhat: Dién tich hinh chit nhat ABCD: S = AB.BC (bang tich chiéu dai va chiéu rong)
6) Hinh vuéng: Cho hinh vuéng ABCD canh a, tdm O

2
e AC=BD=a\2 . OA:OB:OC:ODzag eDién tich; S =a?

I1l.HE THUC LUONG TRONG PUONG TRON:
‘ e Dién tich hinh tron ban kinh R: ‘S = 7r.R2| e Chu vi duong tron ban kinh R: |C =27.R

IV. TAM CUA TAM GIAC
e Trong tim tam giac 1a giao diém 3 duong trung tuyén
e Tryc tam tam gidc la giao diém 3 duong cao
e Tam duodng tron ngoai tlep tam giac 1a giao diém 3 dudng trung truc
e Tam duong tron ndi tiép tam giac 1 giao diiém 3 dudng phan giac

HINH HQC TQA PQ TRONG MAT PHANG

I. TOA DO
1. Hé truc toa dd Oxy gdm 2 truc Ox, Oy vudng goc véi nhau, 1an luot c6 hai vecto don vi i T (m = m :1) .
2. Toa dj vecto, toa dp diém: [a=(a;a,)<>a =ai +a,] | M(xy)<OM =xi+y.]
Cho u=(xy),v=(x}y)
a=\7@{§i);, UEv=(xExiyty) KU = (kx: ky) GV = XX+ yy'
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. - — AN VA
ULve xx'+yy'=0 ‘U‘= X“+y COS(U’V)—W
Cho A(Xa;ya)’B(Xb;yb)
AB = (Xg —X5: Yg —Y,) AB:\/(XB—XA) +(Ye = Ya)
M 14 trung diém cua AB: G la trong tam tam giac ABC:
_XA+XB. _yA+yB X _XA+XB+XC. _yA+yB+yC
M 2 rIM T 2 ) G 3 rUe 3
G 1a trong tdm tir gidc ABCD : M chia AB theo ti s6 k:
G XatXg + X X Yo+t Y+ Ye+ Yo _XA_kXB. _yA_kyB
4 ’ 4 o1k M 1k

. PHUONG TRINH PUONG THANG

1. Phwong trinh: Duong thing A di qua diém M (x,;y,) vacd 1 VTPT n=(A;B) hay c6 1 VTCP a=(a;b)
,CO:
Phuong trinh tong quat: | A(X— XO)+ B(y Yo)=0< Ax+By+C =0 véi C=—Ax, —BYy,)
c X=X, +at
Phwong trinh tham so: { (t € R) :
y=y,+bt
Phuwong trinh chinh tic: X aXO = % ,(a.b # 0)
ChGy:  Phuong trinh duong thing qua M (Xy;Y,) ¢6 hé s goc ki |y —Y, =k(x=x,)|.
\ \ 2 . X A X=X _ Y—VY;
Phuong trinh duong thang qua 2 di€ém A, B: =
Xa=Xs  Ya—VYs
2. Khodng cich tir mot diém M (X, ;Y,, ) dén mot dudng thing A: Ax+By+C =0 la:
AX,, + By, +C]|
d(M,A | <
( )= VA’ + B®
3. Géc giira hai dwong thang: Cho hai duong thang d, : AX+By+C,=0va d,: Ax+B,y+C,=0.
A0, oy |
= |Cos(d,,d,) = ‘cos(nl,n )‘ —— :‘cos(ai,az)‘: — w|d 1d, < AA +BB,=0
Al ol
4. Phwong trinh hai dwong phan gidc cta cac goc tao boi d, : AX+By+C, =0; d,: Ax+B,y+C, =0 la:
Ax+By+C, 4 AXx+B,y+C,
JAZ+BZ \/Azz +B?

Lueu ¥: Diu * twong iing véi mot dwong phdn gidc ciia géc nhon va mét dwong phdn gidc goc tu. pé phan biét
dwge dau nao la cia dwong phdn gide géc nhon va ddu ndo la dwong phén gide géc ti thi can nhé quy tic sau:
Puong phdn gidc géc nhon \udn nghich diu véi tich hai phap vécto, dwong phdn gidc goc tit mang dau con lai.

5. Vi tri twong ddi cia 2 diém véi duong thing: Cho hai diem M (X,,;Vy ), N(Xy;Yy) va dudng thing
A:ax+by+c=0. Khido:

¢ M va N nam cuing phia d6i voi A < (axy +by,, +c)(ax, +by, +c)>
¥ M va N nam khéc phia ddi voi A < (

111.PHUONG TRINH PUONG TRON
1. Phwong trinh: Pudng tron ¢ tdm | (a;b) va ban kinh R, ¢6 phuong trinh:

(x-a)

Dang 1:

+(y-b)" =R?|

ax,, +hby,, +c)(ax, +by, +c)

0
<0
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Dang 2: |X* +y® —2ax—2by+c=0

,v6i didu kién a?+b*—c >0 va R=+a?+b*—c.

2. Vi tri twong ddi ciia dwong thing A va dwong tron C(l, R):
e d(I,LA)>R=AN(C) =L > A khéng ¢6 diém chung véi (C).
e d(1,A)=R<AN(C)={A}  >Atiép xic v6i (C).
* d(1,A)<R<AN(C)={A;B} >Acit (C) tai hai diém phan biét.
3. Phwong trinh tiép tuyén: cua duong tron (C):(x—a)’ +(y—b)” = R?tai tiép diém M (Xo; Yo ) la:
(% —8)(x=%)+(Yo—b)(y~¥,) =0
IV.ELIP
, X2 y2
1. Phwong trinh chinh tac: Y +F =1, (a >b> 0) :
2. Cacyéu to: ¢ =a* —b?, (c>0).
Tiéu cu: RF, =2¢ Do dai truc l1on: AA, =2a bo dai truc bé: BB, =2b
Tiéu diém: F (—C; O), F, (C; 0) Tam sai: e = ¢ <1 Puong chuan: x = ig
a e
Dinh: Dinh trén tryc 16n A (-a;0), A,(&;0), Binh trén tryc bé B, (0;—b), B,(0;b)
Ban kinh qua tiéu diém: MF, =a+ex, =a+—x,; MF, =a—ex, =a——x,
a a
Khoang cach giira hai duong chuan: d = 2g .
e
Dién tich: S =7ab
3. Diéu kién dé duong thing Ax+By+C =0 tiép xtc vdi elip 1a: A’a® +B?b? =C?
V. CONG THUC TINH DIEN TICH TAM GIAC, HINH BINH HANH BANG TOA PO:

1 b, 1 . .
Dién tich tam gidgc ABC SABC=§EI CZ =§|b1c2—b201| AB=(b;b,), AC=(c,;c,)
1 2
Dién tich hinh binh b b
hanh, hinh thoi, hinh _ 3 T B (hh Y EE (-
Chﬁ’ nhét, hinh VUﬁng SABCD dl dz‘ |bld2 b2d1| AB_(bl’b2)1 AD_(dl’dZ)
ABCD

PHEP BIEN HINH TRONG MAT PHANG

|. PHEP TINH TIEN: Il. PHEP POI XUNG TAM:
1. Dinh nghia: 1. Dinh nghia:
T.(M)=M'<MM ' =v D, (M)=M"<1latrung diém MM’

2. Biéu thikc toa dj:

2. Biéu thirc toa dp:

Tv(a;b)(M):M @{

Xy =

Y =Yu +D

Xy =2X, —X,,

Y =2Y;, =Yy

S D,(M):M'<:>{

Il. PHEP POI XUNG TRUC:

1. Dinh nghia:

IV. PHEP QUAY:
1. Dinh nghia:

b, (M)=M'<d la duong trung

truc cua MM IM=IM"

2. Biéu thirc toa dp:

Q(”p)(M)ZM'@{(IM;IM'):gD

2. Biéu thirc toa dp:

Q)= |

Xy =X,,.COS@—y,,.SiN@

Yy =Yy -COS@+x,,.SIN@
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D

d:ax+by+c=0

X, =X, —2da.
M M a’ +b*

ax,, +by, +c

(M):M'C> +by,, +
ax 'y, +C
B, (M):M'@{XM' o
Yu = u
Xy =—X
P (M)=M'<{"" M
0;( ) {yM':yM

Xy = Yu
Qo (M :M'<:>{ M
(0,90)( ) Yoy =X,y
X =Yu
Q. (M :M'<:>{ M
(0, 90)( ) S

1. Dinhn

V. PHEPVITU:

hia:

Voo (M)=M'<IM' = kIM

2. Biéu thirc toa dp:

Vi

Xy — X, :k(xM —x,)

Y —Vi :k(yM _yl)

(M):M'<:>{

X, =k.x,,

Y =kyy

(0.k)

(M):M'@{

VI.

VII
1.

PHEP DOI HINH:
Dinh nghia:
Phép doi hinh 1 phép bién hinh bao toan khoang
cach giita 2 diém bét ki.
Tinh chdt: Phép doi hinh bién:
a) Duong thang thanh duong thang.
b) Ba diém thang hang thanh ba diém thang
hang va bao toan th ty ba diém do.
¢) Tam giac thanh tam giac bang no.
d) Puong tron thanh dudng tron céd cung ban
kinh.

. PHEP PONG DANG:

Dinh nghia:

Phép dong dang ti s k >0 1a phép bién hinh

doan théng c6 d6 dai a thanh doan théng c6 do

dai k.a.

Tinh chét: Phép dong dang ty s6 k >0 bién:

a) Duong thing thanh duong thang.

b) Ba diém thing hang thanh ba diém thang
hang va bao toan th tu ba diém do.

¢) Tam giac thanh tam gidc dong dang ti s6 k.

d) Puong tron ban kinh r thanh duong tron co

ban kinh k.r .

HINH HQC KHONG GIAN (TONG HQP) LOP 11

l. QUAN HE SONG SONG
Dang 1: Chitng minh quan h¢ song song.

1. Chitng minh 2 PT song song: St dung két qua hinh hoc phang dé chirng minh

2. Chirng minh DT song song MP

Cach d z(a) > Chitng minh: DT khéng chira !
1 djjd" t=d|(a) trong MP va song song I BT
d'c () khac chira trong MP do. “ ’
Céach dc(a) —d]1(B) > Chirng minh: BT nay chira /[/
2 (@) 1(B) trong MP song song voi MP do. /
d

3. Chirng minh 2 MP song song
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a,bc(a)
anb=1 > Chiing minh: MP nay cé /
7 , [ A . b
Cach alla’ — @) 11(B) chita 2 DT cat nhau lan Iwutj B

1 ' song song 2 BT chuwa trong MP
bilb kia. T
a\b'c(p) &

Dang 2: Tim giao tuyén7 ciia 2 Mit phang. i ) i )
Céch 1: Tim 2 diém chung phan biét cia 2 mat phang = Giao tuyén la duong thang di qua 2 di€ém chung
do.

Ae(@)n (A _ o
Be(a)m(/n}:’m‘( Inih)

i Céch 2: Tim 1 diém chung cua 2 mat pl}éng va chimg to trong 2 mat phang lan luot co chua 2 duong
thang song song nhau = Giao tuyén la duong thang di qua di€ém chung va song song 2 duong thang do.

I () (B)
ac(a),bc(B)r=(a)n(B)=1Ix(Ix|lallb)
allb

Céch 3: Tim 1 diém chung cua 2 mat phang va chung to trong mat phang nay c6 chua 1 duong thang
song song v&i mat phang kia—> Giao tuyén la duong thang di qua di€ém chung va song song duong thang do.

I e(a)N(B)
ac(a) = (a)n(p)=1Ix(Ix| a)
all(B)

Dang 3: Tim giao diém ciia Pwong thing va Mit phang.
TH1: Néu trong (@) c6 sin chira dudng thing a cat d tai | thi | 1a giao diém cta d va ().

}:dm(a)=l

TH2: Néu trong (&) khdng c6 sin chira dudng thing a cét d thi ta thyc hién nhu sau:

(a)oa

and=1

B1: Chon mit phang phu ( p ) chira d sao cho giao tuyén cua (a) va ( p ) dé tim.
B2: Tim giao tuyén A cua (a) va (ﬁ)

B3: Trong (), tim giao diém | cia A vad = | 1a giao diém cua d va (a).
(,B)D d
(a)n(B)=A}=>dn(a)=1
And =1

Dang 4: Tim thiét dién ciia hinh chop, lang tru dwgc cat béi Mit ph?mg

Céach 1: Tim tat ca cac doan giao tuyén cua (a) v&i cac mat cua hinh chop, lang try = Thiét dién 1a da
giac tao boi cac doan giao tuyén do.

Céach 2: Tim tat ca cac giao diém cua (a) v6i cac canh (néu co) ctia hinh chop, ling tru = Thiét dién 1a
da gi4c tao boi cac giao diém do.
Il.  QUAN HE VUONG GOC

Dang 1: Chirng minh quan hé vuéng goc.
| 1. Chibng minh 2 DT vuéng goc:
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Céch d.L(a) > Chitng minh: DT nay vudng
=dla . . . |
1 ac(a) goc voi MP chira PT kia. //\ ‘
r . \ A d
Cach d L AB 9 Churng minh: '1’,-)T nay vuong | p c
) d L AC =d LBC goc 2 canh tam gidc co canh con
lai nam trén PT kia.

2. Chirng minh DT vuéng goc MP:

dladdlb - Chung minh: DT vuéng goc ‘d
Céch _ véi 2 PT cdt nhau cing chira
1 anb=1"=dl(a) trong MP. >< ‘
a,bc(a) R ‘
B
(@) L(B) 2 Néu 2 MP vuong goc nhau thi A
Cach ()N (B)=d S AL(q) |batki DT ndonam trong MP nay
2 Ac(p) va vuong goc voi giao tuyén 2|  p--—d---
Ald MP sé vuong goc MP kia. i ‘
ﬁl
(@) (p)=d - 2 MP phdn biét cung vuong o/ g
Cach g6c MP thir 3 thi giao tuyén ciia :
1 d.L : i
3 (@) L(7) = 2 2 MP do (néu co) sé vuong goc | | f---A T
B L) MP thir 3 do. -

3. Chirng minh 2 MP vuong goc:

Célch (@) L(B) < Ac(p) > Chﬁng mmh MP n?zy co chira
Al () 1 PT vuéng goc MP kia.
(,B) DA
Cach Ala, Alb 2 Chimg minh MP nay chira 1
5 b = (a)L(B) | BT vudng géc véi 2 PT cdt nhau
amb= chita trong MP kia.
abc(a)

Dang 2: Tim hinh chiéu ciia Piém 1én Mt phang

e Dinh nghia: H 12 hinh chiéu cia M 1én (a) < MH J_(a) tai H.

TH2: Chua ¢6 san DT A nhu THI.

TH1: Co BT A di A

qua diém M va vudng
gécmp(«) taiH > H
la hinh chiéu caa M
lén ()

e

e Timmp(B)quaMva(B) L(a)
e Tim d =(a)n(B)

e V& MH Ld taiH

= MH 1 (@) taiH

= H Ia hinh chiéu cua M Ién ().
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Dang 3: Tinh goc.

1. Géc giita 2 PT cit nhau

DN: La goc ¢ s do nho nhét
(gébc nhon) trong 4 goc tao
thanh.

e

2. Géc giita 2 PT bat ki

DN: La goc giira 2 duong thang
cat nhau lan luot song song vdi
2 duong thang do6.

alla’

b”b}:(a;b)z(a';b')

T

a
1
b
>
|
b
a =
b

3. Goc giita DT va MP

DN: La gbc giita duong thang
vo1 hinh chiéu cia nd trén mat
phang.

(d,(a))=(d.,d’)
(v6i d’ 13 hinh chiéu cta d 1én

a))

Lay A Bed

Tim A', B' 1an luot 13 hinh chiéu cua A, B
len (o)

> d’ (4’B’) 1a hinh chiéu cua d 1én ()

> (d,(a)) =(d,d")

/

Diic bigt: Néu d cdt («) tai | thi:

Al ﬂ(a): I
AH L(a) @i H}:(A"(“)FAIH

4. Goc giita 2 MP

DN: La goc gitra 2 duong thang
lan Iuot vudng goc voi 2 mat
phang do.

Cach xac dinh thwong dung: Goc gitra hai
MP bang goc gitra 2 DT lan luot chia trong 2
MP va cling vudng g6c véi giao tuyén cua 2
MP do.

al(“)}:«a),(ﬂ»:(a, b)
L(B)

(@)n(B)=d
ac(a)ibe(B)=((«).(8))=(ab)
ald; bld

Cach xac dinh khac:

(@) (p)=di(y)Ld
=((@).(B))=(ab)

Dang 4: Tinh khodng cach.

1. Khodng cdch tir 1 Diém dén MP

DN: La khoang
cach tr diem do
dén hinh chiéu cla
no 1én mit phang.

Tim H 14 hinh chiéu cua A 1én ().

Khi do:

[d(A ()= AH |

2. Khodng cach giita DT va MP song song

DN: La khoang
cach tr 1 diém bat

ki thugc duong
thing dén mat
phang.

Lay AeA.
Khi doé:

[d(A, (@) = d(A (@)

3. Khodng cdach giita 2 MP song song
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DN: la khoang
cach tr I diém bét
ki thudc mat phéng
nay dén mit phing
Kia.

Liy Ae(a).
Khi do:
[d((@),(8)) =d(A.(B))]

/TA

4. Khodng cdach giira 2 DT chéo nhau

DN: La d6 dai
doan wvuong gobc
chung cua 2 DT
do.

TimDT A cung vudng goc a tai M va vuéng
goc voi b tai N. Khi do:

AlataiM
AlLbtaiN

}:d(a,b)=MN

Cach khac:

(a)>a

/:/H—I
% 2
P

e

b

B

ePAC BIET: Quy tic doi diém khi tinh khodng cdch tir diém dén mdt phing:

P {
d(A(a)) Al
AB N ( )=|:>d(B,(a))=§
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Tim khoang don
di¢u (Dong bién,
nghich bién)

Xéc dinh khoang don

Lap Bang bién thién e

A

Vs

a>0(a<0)

HS bac 3 BB (NB) trén R

L {A’y, =b*>—3ac <0
S
(

(@ )
) | a=b=0
6 Tim m dé HS THZ'{C >0 (c<0)
I don diéu trén
'1‘%1 TXD L

HS nhat bién BB (NB) trén , _ _ad—bc ,
timg khoang XD | ‘ V' = tarap > 0 00 <0)

Tim m dé HS don
di€u trén khoang
K

THI: HS don diéu trén R
(Néu l1a HS bac I¢....)

TH2: HS khong don
dicu trén R

P
B1: Lap Bang bién thién
B2: bat khoang K vao vi tri
thoa man chiéu bién thién
B3: Lap biéu kién — Giai
.
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Lap Bang bién thién

Tim cwe tri, diém cure tri

Tim m dé HS dat CD (CT)
tai diém X,

{ y'(x9) =0
y"(x0) <0 (>0)

y(x0) =0
Tim m dé HS dat CP (CT) bang y, y'(xo) =0
y"(x9) <0 (>0)

A'y,= b* — 3ac > 0.

C6 2 diém cuc tri
HS bic 3 ]< ,
Khong ¢o cuc tri lA'yF b2 — 3ac < 0"

a=b=0

Ton m@é
HScon
diém cyec tri C6 3 diém cuc tri a.b <0.
HS bac 4
trung phuong — : ( ab>0
Cé6 1 diem cuc tri [a —0,b#0

Theo gia thiét — Tinh:

-

Thay vao PT (*)
— Két qua

PTTT cua DTHS (€):y = f(x) tai diém o n A aiA
M (x; o) c6 dang: Hoa@’do ‘F{ep diém: x,
Y —yo = k(x—x5) (*) Tung’d() tiep diem: yo = y(xo)
. Heé s6 goc cua TT: k = y'(xg)
Xg = 0

PTTT cua (C) tai giao diém cta (C) va truc tung

Yo=0

PTTT cua (C) tai giao diém cta (C) va truc hoanh

{ PT y = ax + b — hé s6 géc k = a;

2 PT song song thi hé ) goc bz"mg nhau;

PTax +by +c=0 — h¢sd goc k = -
2 DT vudng goc khi tich h¢ sé goc bang —1
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[Bl: Lap Bang bién thién
B2: bat khoang K vao vi tri sao cho HS c6 GTLN-NN
LB3: Lap Diéu kién — Giai

Tim m dé HS dat
GTLN-NN trén K

Bac Tir > Bac Mau Khong c6 TCN
Ham hitu tj Béc Tt = Bac Miu TCN:y ==
(Pa thure/Pa thirc) — — =
Bac Tur < Bac Mau TCN:y =0
‘3‘ Mau c6 nghiém x, (khong tring nghiém Tir) TCD: x = xy
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Giai PT — Tim hoanh d6 giao diém x

S Lap PTTG:
Tim giao 4p S 3
diém F) = g(®) — Thay vao y = f(x) hay yq— g(x)
/\/\/ — Tinh tung d6 giao diém
‘ s
TU?ESA%AO . T YCBT — Lap Mbé
o+ thoa DK nghiém PT(1) | | Giai Mb BK
- Cho 2 duong > MDé thoa PK nghiém|[ | s Timm
y=f)y= L PT(2)
G S get) o’ ) N~ ( TeYCBT
— Hoi vé diém . . Bién déi PT(2) thanh PT: > Lap MPé
- chung (giao i Lap PTTG: (x —x)(Ax?> + Bx + () =0 théa DK
diém),cat, tiép Ttllzn M| fx,m) = g, m) @) X = %, — nghiém PT(1)
XUC,. . oa ST A
' | [pK...| | > Biéndbi v PT da || bt Slax? +Bx+c=0(@3) | | 2MDPethoa
, DK nghiém
/\/\/ thirc (2) ) N Y, PT(3)
N C) B
O Gn | ( TuYCBT )
€ str .

PT bac 4 Ta dugc PT: thoa DK nghiém

trin 2 _ PT(1) > Mbé

phuggg at”+bt+c=0(3) thoa DK nghiém
L PT(3) )

— Hoi vé nghiém

UNG DUNG SU TUONG GIAO: —————
(DUNG PO TH]) Bién doi PT: Ve DTy = g(m) (nim ngang) & vi
Cho PT F(x,m) = 0 va do thi HS y = f(x) F(x,m) =0 tri thoa man YCBT

S f(x) = g(m) — Lap DK, giai tim m.

S

0 nghiém PTTG bang s6 diém chung ciia 2 duwong

Nghiém don < Cit
Nghiém kép < Tiép xiic
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a nguyén duong

a nguyén khong duong

Vo1 moi u

a khéng nguyén

u+0

O0O<a=#1 ]

HS y = x%
Xeét trén (0; +o0)

a<0
a>0

HSy = a*
TXD: R

HS y = log, x
TXD: (0; +o0)

' b 0<a=#1l
lHSy—logau]—[ { >0 ]

u>0

Nghich bién

Khong doi

Dong bién

O<a=#1

a>1

Nghich bién

Dong bién

a>1

e
=

Nghich bién

Dong bién
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Cung co sd

Cung mil

Logarit hoa ]—{

m.a* =n.b¥ © m.u =n.vlog, b (u,vco nhan tir chung)
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Hé théng Kién thire va phuong phdp gigi ToAn THPT

— T
—

PT LOGARIT
~—N

log,u=bh e u=ab

log,u=log,v& {

u>0hayv>0

u=vmv

m.log2u + n.loggu+p =0

p
—->DbKXD:u>0

PT co ban
Cimg co sb
4 N
Dra vé
PT béc 2, 3,... 46i véi
1 HS logarit
@4t in phy)
(S J

m.log;u +n.log,a+p=20

—> Pbatt =log, u
>m.t’+nt+p=0
(& J

c N
—>DbKXDb:0<u=#1

—> batt =log,u

—>m.t?+p.t+n=0
| J
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Xac dinh
yéu to

Xac dinh
hé so

biém di qua:

M (xo; Yo; Zo)

|

(@):A(x — xp) + B(y —yy) + C(z — z,) = 0.
§ VTPT:

n=(4;B;C)

— B Dung gia thiét xac
(0):Ax +By +Cz+D = OJ—[dinh 41 s6 A, B, C,]

(*) &

(@):ax + by + cz =1 (*¥%)

Dung gia thiét Xac
dinh3hésoa, b, c

biém di qua:

(Khéng qua O)

PHUONG

Xac dinh
yéu to

x=x0+a1.t

Vec-to co gia

| vudng goc MP

Vs

&

~N

Tich c6 hudong 2

Vec-to co gia

song song (chira

trong ) MP

J

M (xo; Yo; Zo)

(A):{Y = Yo + ay.t. )

Z=Zo+a3.t

VTCP:

(trung) BT

Vec-to co gia song song ]

Xac dinh
yeu to

Xéac dinh
hé so

a= (a1; ay; a3)

vuong goc BT

| ]< Tich ¢6 huong 2 vec-to c6 gia ]

Tam I(a; b; ¢) ’
S):(x—a)>+(y—b)?+(z—c)* =R? <
Ban kinh R ’
Dung gia thié't,
(S):x*+y?+2z%—2ax—2by —2cz+d = 0. }—/ Xxac digh4gé s0
a, b, cd.
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ShS

Xét
hé sb cla
PTMP

4 B _ G, D

a4, B, D, Song song
A1 _ B _C _ Dy 5

2, B G D, Trung
(Ay; By; Cy) # k(Ay; By; Cy) Cat

63
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.4[ AB = \/(XB —x4)% + (yp —ya)? + (25 — 24)? ]
dén MP VAZ + B2 4 (2

Tim H 14 hinh chiéu caa M 1én DT A }7 d(M;A) = MH
( AM.ay
d(M; A) = |AM. & ,(A€N)
|aal
KHXANG C )
CACH 2 Béng kh hTir 1 Dié '
Giita 2 MP ang oang cach Tir 1 Diém _ _ _ ]
S(l;;zgl song trén MP nay dén MP kia d((@); (B) = d4; () (4 € ()
Giira (
Bang khodng cach Tu 1 Diém _ _ _
DT va MP trén DT dén MP d(4; () = d(4; (@) (A€ D) ]
song song L
Bang khoang cach Tu 1
Song song Piém trén DT nay dén BT d(A;A) =d(4;A) (A€ ]
kia

, AA'.(ag N ag))
Chéo d(j;A) =————=—,(A€eAA €N
nhau lax A ap,|
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Hé théng Kién thire va phuong phdp gigi ToAn THPT

GOC

|

.
____ BA.BC
cosABC ==
E |BA|. |BC]|
ABC
J
N
d.b
b = —
2 vec-to COS(a ) |C_i|.|b|
J
N
ng|
cos((a); (B)) =
2 MP ((@;(B) = a|-|nﬁ|
J
<
a.d
cos(d;d") = —=
|a
Y,
Ia Ng|

cos(d (a)) =

al.|ngl
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	I. QUAN HỆ SONG SONG
	Dạng 1: Chứng minh quan hệ song song.
	Dạng 2: Tìm giao tuyến của 2 Mặt phẳng.
	Dạng 3: Tìm giao điểm của Đường thẳng và Mặt phẳng.
	Dạng 4: Tìm thiết diện của hình chóp, lăng trụ được cắt bởi Mặt phẳng

	II. QUAN HỆ VUÔNG GÓC
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