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LOI NOI DAU.

Phuong trinh v6 ty 1a mét trong nhimg van dé quan trong cua dai sO so cdp, hién nay da co rat
nhiéu tai liéu noi Ve van dé nay, nhung tuy nhién trong bai viét nay toi s€ gidi thiéu to1 ban doc
mot vai ky thuat rat hay bao gom ky thuat giai nhirg bai toan khong can CASIO va nhiing bai
toan két hop v6i mot vai ky thuat CASIO nho dé giai quyét nhitng bai toan hay va kho.
Trong bai Vlet nay sé gom 5 chu dé:
Mot s6 ki thuat nhé trong phuong trinh vo ty
K¥ thuat nhan lién hop, phén tich nhan tir mot s6 phuong trinh vo ty co ban va tam trung
K¥ thuat chirng minh v6 nghiém.
K thuat sir dung tinh don diéu ctia ham s6.
K¥ thuat sir dung bét dang thic.
Bai viét 1a nhitng kinh nghiém, thu thuat ma t6i tich lily dugc trong qua trinh hoc tap. Mot sé ki
thuat trong bai viét dugc toi suu tim va phat trién 1én, nhung tuy nhién khong thé nhd duoc hét tac
gia ctia nhimg ky thut d6, mong tac gia bé qua cho thiéu sot nay. Chu yéu trong bai viét t6i tham
khao tir nhitng anh, chi, thiy co, dién dan sau:

1. Anh Bui Thé Viét.

2. Anh Lam Hiru Minh
3. Thay La Duy Tién
4. Thay Doan Tri Diing
5. Dién dan k2pi.net.

6. Dién dan VMF: diendantoanhoc.net
Ngoai ra ban doc co thé tham khao mot s6 bai viét, nhiing tai li€u trén mang dé hiéu biét hon. Hau
hét tat ca cac bai toan trong bai viét duoc gidi theo cach giai cua toi nén khong thé tranh khoi
nhitng thiéu sot, nén mong ban doc gop ¥ dé bai viét duoc hoan thién hon.
Moi ¥ kién déng xin guri vé tac gia.

Nguyén Minh Tuén - Lép 12A THPT Binh Minh

Email: tuangenk@gmail.com

Facebook: https://www.facebook.com/khanhhuyenhth

Fanpage: https://www.facebook.com/DinhXuanHung.KinhNghiemHocToan/
Dia chi Blog: https://kinhnghiemhoctoan.wordpress.com/
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A.MOT VAI KY THUAT NHO.

I. KIEM TRA NGHIEM BOLI.
Xét phuong trinh f(x) =0 ta c6 thé phan tich phuong trinh thanh (x—x,)* .g(x)=0.
e Néu k=1 khi d6 phuong trinh c6 nghiém don.
e Néuk>1 khi d6 phuong trinh c6 nghiém boi k.
Sau day la cac cach dé kiém tra 1 nghiém xem c6 phai la nghiém bdi hay khong cua phuong trinh.
a) Kiém tra bang dao ham.

Xét phuong trinh f(x) =0 c6 nghiém x =x, va nghiém boi n khi va chi khi: { ......... . Khi

d6 phuong trinh f(x)=0c6 nghiém bdi n.

Vi du : Kiém tra nghiém boi x =1 ciia phuwong trinh: x* —4x> +6x> —4x+1=0
Ta co:
o f'(x)=4x"-12x"+12x—-4

o f'(x)=12x"-24x+12
o f"(x)=24x-24| =0

o "(x)=24%0

Vay phuong trinh ¢6 nghiém bdi 4 x=1.

Nhdn xét: Cich kiém tra nghiém boi bang dao ham nay kha nhanh véi cac phwong trinh da thirc.
Nhung tuy nhién néu gip phai phuong trinh v6 ty c6 2 can tré 1én ma nghiém bdi cao vi du nhu
boi 5 thi c6 ma tinh dao ham bang tay da chét ludn roi chir dimg c6 nodi 1a s& da quyét tim lam tiép
. Do d¢ ta s& su dung cach 2.

b) Kiém tra bing giéi han ham so.

Xét phuong trinh f(x)=0 ta c6 thé phén tich phuong trinh thanh (x-x, )k g(x)=0 c6 nghiém

=0

x=1

=0

x=1

boi k x=x,.
e Khi d6 néu (Xf_ %) thi phuong trinh ¢6 nghiém boi k .
tim )
X=X (X -, )

, £ (x,)=0vi=0,k—1
e Vémait dao hamthitacd < .
' (x,)#0vi>k
Vi dy: Kiém tra nghiém boi x=0 ctia phuong trinh: (x+2)+/x+1+(x—2)v1-x+x’—4x=0
Ta co:
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Loi giai la:

(x+2)\/xﬁ+(x—2)\/ﬁ+x5—4x _

0

0

0

0

lim

x—0 X

lim(x+2)\/x+1 +(x=2)V1-x+x" —4x B
x—0 X2 N
l_m(x+2)\/x+1 +(x—2)\/1—x+x5—4x

1. =
x—0 X3

lim(x+2)\/x+1 +(x—2)\/1—x+x5—4x B
x—0 X4 B
. (x+2)Vx+1+(x=2)V1-x+x° —4x
e 0

(x+2)\/x?+(x—2)\/ﬁ+x5—4x=0
(T +T=x-2) (VT x)

((x3—6x2—8x+16) x+1+(—x* =657 +8x+16)VI—x +4(4—x2 W1 -7 +18—12x2):0

Viéc tinh cai lim cubi ciing bang may tinh dé dugc két qua chinh xac thi rat 1a kho. Nhung tuy
nhién ddy ching ta chi can kiém tra nghiém boi cia phuong trinh nén cho nén chi can cai cudi
khac 0 1a duoc, khong can quan tam dén diéu khac. Con mot diéu nita, khi tinh lim cta bai nay cac
ban nén CALC X =0,01 néu khong thi két qua s& ra toan bang 0 lam céac ban rat kho suy doan.
Viéc tinh lim nay ching ta nén CALC nhiéu gia tri khac nhau dé c6 thé danh gia dung dugc tinh

chat ctia nghiém.
Mot so meo khac.

e Do trong dé thi dai hoc thi t6i da c6 thé cho nghiém kép 1a hét ¢& cho nén ta c6 thé kiém tra
nghiém kép bang cach sau:
+ Dung [MODE [7] ta c6 thé thdy ham khong d6i dau khi di qua méc 0 cho nén d6 sé la

nghiém kép.

+ Dung t6 hop phim IDD [ ]| trc 1a tinh dao ham. Tinh di(f(x))
X

kép.

e Kiém tra nghiém boi 3:
Néu ding [MODE|7]| ma thdy ham déi déu khi qua mdc 0, ma khi thic hién phép tinh

d
dx

X=Xq

—(f(x))| =0 thi chimg t6 d6 1a nghiém boi 3.

N6i chung chi ¢6 vay ai ciing ¢6 thé phat hién ra trong qua trinh lam bai!

=0 thi 1a nghiém
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II. TIM NHAN TU.
Pay la diéu rit quan trong trong viéc giai phuwong trinh vo ty, lam t6t budc nay thi mai co thé
chuyén sang cac budc sau dugc. Sau diy t6i s& dwa ra cho cac ban cac loai nhan tir ¢ thé gip
trong khi giai, va mot sé khong bao gid cé trong dé thi hoc sinh giéi hay THPT Qudc Gia ma chi
mang tinh chat tham khao. Ngoai ra t6i nhic cac ban 13 phai nim chic cach tim cac loai nhan tir
hay gap trong dé thi dé co thé xu 1i tot khi gap phai.
Cich tim nhan tir chira nghiém hiru ty don duy nhit.

e Ddi v6i phuong trinh 1 can:khi gip phai loai nay thi cac ban thay truc tiép nghiém x = X,

vao can thtrc.

+ Néu két qua 1a nguyén thi ta dugc lun nhan tir chtra nghiém don do.

+ Néu két qua 1a vo ty thi co thé day la dang phai dung an phu khong hoan toan dé giai quyét

n6 hodc dung cong thirc chia 2 cin dé giai quyét, néi chung la con rat nhiéu cach.

e Dbi véi phuong trinh 2 can thi lic ndy nhan tir c6 dang t6i wu nhét 1a /f (x) +a,/ g(x) +b.

Ciing twong tu nhu 1 cin, phuong trinh 2 can ciing c¢6 khi cac hé sé 1a vo ty, va nhiing
truong hop do cac ban déu phai suy doan mot loai nhan tir khac chira nghiém nay hodc day
khong phai 14 bai cho ¢ thé phan tich thanh nhén tir dugc, hodc néu thay két qua vao cac
cin ma thdy n6 bang nhau thi c6 thé d& dang suy ra nhan tir. Dé tim nhan tir ta s& cho a tiy
¥ dé tim ra b sao cho sb a 1a mot s6 vira nho, tdi wu nhit. Vi cach 1am nhu trén thi c6 thé
c¢6 nhiéu nhén tir dugc sinh ra, dé kiém tra nhan tir ndo t6i wu hon thi chung ta nén chon )
a chi 1a 1,-1 thoi hodc ta s& 14y biéu thirc dau chia cho nhan tir t6i dang suy doan rdi CALC
nhiing gia tri bé chay tir -3 dén 3, néu két qua la nhing sO hién thi dang can thi 1a nhan tir
dep. Chu y khi chon nhén tir nhu vay s& rat c¢6 thé co nghiém ngoai lai lam chia can bi 1é.
Néu gap trudong hop nhu thé thi hiy tim nghiém ngoai lai trudc ( ¢6 thé binh phuong nhan
tir dé tim nghiém) rdi nhan cai nhan tir 6 vao phuong trinh dau. Néu thir hét moi cach ma
khong dugc thi chuyén sang lién hop chimg minh vé nghiém ( doc phan chimg minh vo
nghiém thi s& thay thich cach nay J).

Cach tim nhan t& chira nghiém hiru ty kép.

e Phuong trinh vo ty 1 cén.
Nhan tir 1 cin thirc chtra nghiém kép c6 dang téng quat nhu sau: ./ f(x) +ax+b. Do chtra nghiém

f(x)+ax+b=0 a:_%( f(x))x=x0

(VE() +ax+Db) =0 b:_m+%(m)

Tir d6 ta c6 thé suy ra nhén tir ctia bai toan.
e Phuong trinh vo ty 2 cén.
Ciing tuong tw nhu trén, nhan tir chita nghiém boi kép c6 dang /f(x) +a,/g(x)+b. Do day la

nghiém hiru ty kép nén dao ham ctia n6 cling chira nghiém kép x = x, nhung trong phuong trinh

kép x =x, nén c6 h¢ phuong trinh sau:

X=Xg

f'(x)=0 thi x =x, chi la nghiém don, c6 hé sau:
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()

S +agg () +b =0 B0
d

d

d

X=Xg
X=Xg

Tir d6 ta ¢ thé suy ra

(V) +afz () +b) =0 9 i)

X

RN Ty
Eie

X

nhan tu cia bai toan.
Cach tim nhan ti chira nghiém béi cao.
e Phuong trinh vo ty 1 can.
Xét phuong trinh f(x) =0 c6 nghiém x=x, va nghiém bdi n (n > 2). Khi d6 dé tim nhan tir

f(x)=0
L . f'(x)=0 .
chtra nghiém bdi n x =x, ta lam nhu sau: Giai hé phuong trinh: . Khi d6 nhan tr c6
£ (x)=0

dang o, /f(x)+ax"" +bx"? +cx" +...+dx+e. Va sau khi giai hé ta tim dugc cac hé so cia

nhan tir.
Ngoai ra can cha v ddi vé6i nhan tir nghiém bdi cao hon nhu bac 4 hoic bac 5 thi khong nén tim
nhan tir theo nhu trén ma dau tién nén kiém tra xem né c6 thé tach thanh nhéan tir nghiém kép binh
phuong hay khéng
( d6i voi nghiém boi 4) hay c6 thé tach thanh nhan tir nghiém bdi 4 nhan voi nhan tir chira nghiém
don hay khong ( d6i v6i nghiém boi 5 ) dé giam bot do cong kénh cua nhén tir.

e Phuong trinh vo ty 2 can.
Thong thudng khi gip phuong trinh v6 ty 2 cin hay nhiéu cin chira nghiém boi 2 tré 1én thi cach
1am ma nhiéu nguoi st dung 1a tich cin sau d6 tim nhén tir lién hop timg cin roi nhéan lién hop sau
d6 chimg minh phuong trinh con lai vo nghiém. Tuy nhién chiing ta van c6 thé tim nhan tir 2 cin
chtra nghiém bdi nhu sau.
+ Néu phuong trinh ¢6 nghiém bdi 3 ( hodc ¢ 3 nghiém hitu ty), luc nay nhan tir ¢ dang nhu sau:

f(x)+ayg(x)+bx+c=0
JE(x)+a/g(x) +bx+c. Dé tim cac hé sb a,b,c ta gidi hé (Jf(x)+a,/g(x)+bx+c)':0 =
(VE(O) +ays(x) +bx+c)'=0
Nhan tur

+ Néu phuong trinh c6 nghiém boi 4 thi ta s€ tim nhan t& chira nghiém boi kép sau d6 binh
phuong 1én thanh nhan tir chira nghiém boi 4.
+ Néu phuong trinh ¢6 nghi€ém boi 5 thi ta kiém tra xem n6 c6 thé tach thanh nhan tir nghiém boi 4
nhén vai nhan tir chira nghiém don hay khong.
+ Ngoai ra néu nghiém bdi cao hon nhu thé thi ta vin tu duy theo huéng nhu trén dé tim nhén ti.
Va nén lam theo phuong phap nhéan lién hop.
Cach tim nhan ti chira nghiém vo ty.

e (Cach tim nhan tir chira nghiém vo ty dang a+ bc
bay la dang nghiém cia phuong trinh bac 2 nén ta c6 cach tim nhan tu nhu sau:
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+ PSi véi | can thi nhan tr co dang o ff(x)+ax+b. Khi d6 ding v6i ham
o/ f (A) +XA v6i A 12 nghiém vo ty ctia phuong trinh dau. Ta cho cac dir kién may hoi theo nhu
¥ dinh ctia t6i mién sao tim dwgc nhan tir 1a duoc ( tirc 1a tim duoc gia tri X 1am F(X) hitu ty).
Néu khong tim duge nhan tir khi cho a.=1 thi ta tiép tuc nang hé sé cia o 1én cho t61 khi nao tim
dugc nhén tir. Thong thuong khi giai phuong trinh ma tim duge nghiém vo ty thi dau tién ta nén
nghi dén truong hgp nay vi trong dé thi dai hoc hay mot so de thi thir thi hau hét 1a cho nghiém
dang nay. DPé tim dang nghiém chuin x4c a+ bJe thi ta dung v6éi ham
f(X) =aA”+XA sau d6 ciing tim tuong tu nhu trén ta duoc phuong trinh bac 2 chira nghiém vo
ty vua tim duoc.

+ P6i véi phuong trinh vo ty 2 cin ta thi nhan tir c6 dang nhu sau am+a1/g(x) +b sau do

dung voi ham F(X)= a\/f (A) +X\/g(A) sau do cling tim tuong tu nhu trén thi ta
duoc nhan tr chira nghiém vo ty.

Néu trong bai thi ta gip truong hop nghiém v ty kép thi van 1am tuong tu nhu trén, chi khac 1a
sau khi tim nhan tr chtra nghi€ém vo ty don thi phai binh phuong nhén tir 1én.

Cach tim nhan tir chira nghiém hiru ty va 1 nghiém vo ty

Ngoai nhiing dang nhén tir toi no6i 6 trén thi dang nay cting la 1 trong nhimg dang hay gép trong dé
thi. Tuy nhién cach lam tong quat ma ngudi ra d& mudn nham t6i 1a chung ta s& 16i dugc 1 trong
hai nghiém d6 ra ( thong thuong 1a nghiém vo ty trude ) sau d6 chung ta s& phai ding ham sb khao
sat dé chi ra nghiém do. Miac du vay chung ta van c¢6 thé 16i duoc 2 nghiém do cung mot lic ma
nhiéu ngudi cho rang khong thé, cy thé nhu sau:

Ta xét phuong trinh tong quat f(x)=0 c6 thé phan tich ra thanh (x —x, )(ax2 +bx + C).g (x)=0

trong d6 g (x) ludn vo nghiém va ax” +bx +c 12 mot phuong trinh bac 2 chira 1 nghiém v ty cia

phuong trinh dau. Khi d6 dé tim nhén tir chtra 2 nghiém nay( chi ap dung cho 1 cin) ta s& lam theo

nhirng budc sau:

e Buéc 1: Ta sé tim nhan to bac 2 chira nghiém 1& X=A bang v6i ham
f(X)=aA®+XA.

e Buéc 2: Ta s& tim nhan tr cin chira nghiém & X=A  bang v6é1 ham

X) = axff(A) + XA .
e Budéc 3: Khi d6 nhén tir c6 dang: §/f(A)+ ax+b+k(cx2 +dx+e) =0

—y/f(x,) +ax, +b

cx,” +dx, +e
Vay la ta da tim xong nhan tir chura 1 nghiém vo ty bac 2 va 1 nghiém hiru ty don.

Ta sé& thay nghi¢m hiru ty vao va tim ra dugc k, khi d6 k =
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I1I. KY THUAT PHAN TiCH TONG BiNH PHUONG.

Vidu 1: Giai phwong trinh: \/3x3 +2x7 42+ \/—3x3 +x242x-1=2x"+2x+2

Pé thi thir THPT Quéc Gia 2016 lan 1 — THPT Chuyén PH Sw pham — Ha Ngi

e Loi giai ngan gon ciia bai ndy nhu sau:
V33 252 +2 4435 + X% +2x—1 = 2% +2x+2

5 2
<:>—1( 3x3+2x2+2_1) _1(\/_3x3+x2+2x—1—1) _1(X+1)2:O
2 2 g
3x*+2x*+2-1=0

Dé thdy rang VT <0 nén dau" ="chi xay ra khi V-3 +x2 +2x-1-1=0 x=-1
x+1=0

Vay x = —11a nghiém duy nhét ctia phuong trinh.

e Thé nao, sau khi doc xong co thiy dai hon cach lam Cauchy khong? Thuc ra ban chat cta
cach nay ciing chinh 1a ding bat déng thirc, tén tiéng Anh 1a Sum of square hay ta goi la
SOS.

e Dau tién dé lam theo cach nay ta s& lam theo cac bude sau:( chu ¥ rang dang ap dung cho
da s6 nhiing bai cac cian dang duing don 18,da thiic trong cac can cing bac va co nghiém
kép)

1. Tim nghiém ctia phuong trinh

2. Tim nhan tir chira nghiém don cho ting can

3. Xac dinh ddu cta phuong trinh dau bang CASIO
4. Khi d6 phan tich phuong trinhthanh:

2 2 2
a( f(x)—a) +B( fl(x)—b) +...+§( fn(x)—z) =0
Véia,B, ..., & cung dau, \/f(x) —a; \/fl (x) —Dbla nhitng nhén tir chita nghiém don vira

tim duoc
e Ap dung vao bai

33 +2x*+2 =1
B Hxr+2x-1=1

2. Nhan thiy raing VT <0 nén ta s& tich phuong trinh thanh:

1. Tac6 khi x=—1thi{

\/3x3+2x2+2+\/—3x3+x2+2x—1 =2x*+2x+2

2 2
- Y(\arae -1 (VB e a1 -1) -2y =0

Vidu 2: Gidiphwongtrinh: 2% —2x =1 +2x% = 2x+2 +3vV—x* +2x+3 =0

Ap dung cach lam trén ta duoc:
2% —2x =1 +2x% =2x+2 +3v—x* +2x+3 =0

T | [ s mee R ] N e )

Pén d6 1a xong roi do.
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Vidu 3: Chirng minh ring:

Xt +x+1+324° —4x2 +7x—12
f(x)=

-1<0Vxe|3;+
x'+x% +16x-11 [ )

Trich tir cuén “Nhitng vién kim cwong trong bdt dang thire toan hoc” — Tran Phirong

e Cau nay thi chic chin phai 1am theo AM — GM nhung c6 thé dung SOS dé giai
2 2 2
1 2(245=3 - —x+4) -32(Vx=3-1) —2(Vx* —x+4-4]
e Tacod: f(x)==- — <0
2 X +x"+16x-11
24x -3 -x*—x+4 =0
e Dod6diu"="xayra < {Jx-3-1=0 &S x=3
VX —x+4-4=0

e Vay bai toan da duoc giai quyét!

» Bai tap tuong tu.
1. Vx=2+/4—x=x*-6x+11

1 2 1 2 2
D/s: _E< x-2-1) —E(\/4—x—1) ~(x=3)"=0
2. N2x—1+23x+3+742x+2 +124/5-x = 2x + 41
Bls: —%(\/2x—1 —1)2 —%(\/x+3—2)2 —%(\/ZX-I—Z—Z)Z —3(\/5—x—2)2 0
3. X —4x®+6x2-3x+3=2x+2 +42x-1

s (X_1)2+%(m_2)2 +(é/zx—l—l) (Vax=1+242x-1+3) I

4
4. x+é+3x2=2\/x3—4+4\/x—1+2\/x3+4x
X
b/s: (x—\/x3—4)2+(x—2\/x—1)2+1(\/x3+4x—2x)((2x+3)\/x3+4x+2x2+6x)=0
X
5. X2 +12x+1=4vx% +x +2x/4x =1 + 24/4x — x>

2 2 (x2—4x+1)2
b/s: (\/4x—x2 —1) +x—+4x-1) + =
( ) X2 +4x+1+4Vx* +x

0
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Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

IV. KY THUAT HOAN POI NHAN TU

K¥ thuat hoan d6i nhan tir 1a k¥ thuat nham tim nghiém ctia phuong trinh d6i ddu trude cin sau do
suy ra nhén tir cia phuong trinh ban dau. C6 1& nhiéu ban s& khong hiéu vi sao sau khi d6i dau ta
tim dugc nhan tir vo nghiém, rat don gian phép doi dau trudc can 1a mot phép bién ddi gidng nhur
phép binh phuong, t6i s& chirmg minh cho cac ban thdy bang mot vi du sau day.

Vidu 1 : Giai phwong trinh: (10x+60)vx+1 +x* +37x+60 =0

Theo nhu nhiig cach lam bén trén thi dau tién ta s& tim nghiém sau d6 s& tim nhan tir ding
khong? Nhung tuy nhién véi bai nay ta s€ khong lam dugc gi do n6 vo nghi€ém ma. Tuy nhién theo
nhiing cach cac thay c6 gido di day thi ta co thé khong can quan tAm téi nghiém ciia phuong trinh
ma cu viéc binh phuong Ién bac 4 sau do giadi binh thuong do d6 toi s€ binh phuong phuong trinh
déu 1én, ta duogc:

(10x+60)vx+1+x*+37x+60 =0
< (10x+60)v/x+1 =—x* =37x-60

x>-1 x>-1
& 1(—x* =37x—60)(10x +60) > 0 <> 1 (—x* —37x—60)(10x +60) = 0 <> PTVN
x* —26x° +189x* —360x =0 x(x=3)(x—-8)(x-15)=0

Ban chat ciia viéc binh phuong 1a viéc giai phuong trinh f(x)=0 véi f(x) la biéu thirc lién hop
cua vé trai, c6 nghia 1a f(x)=—(10x+ 60)\/m+ x*> +37x+60 cho nén khi gidi ra phuong trinh
bac 4 ¢ bang kia nghiém thi ttc 1a phuong trinh f (x) =0 s& viét lai thanh:
f(x)=—(10x+60)vx+1 +x* +37x+60 =0
& (Vxr1-1)(VxrT-2)(Vx+1-3)(Vx+1-4) =

Mit khéc do f(x) 1a biéu thte lién hop cta vé tréi cho nén tat ca nhan tir phai doi thanh biéu thic

lién hop cua chinh cac nhén tir @6 va tr¢ thanh:
(\/x?+1)(\/x+1+2)(\/x+1+3)(\/x?+4)=0

Vay dén ddy ta da phan tich phuong trinh dau thanh cac nhan tir vo nghiém rdi do.

Tuy nhién thyc chat khong phai bai nao ciing lam duogc nhu vy, co nhitng bai khi binh phuong
con 1 phuong trinh bac 3 c6 nghiém 1¢ thi sao, chiang I& lai ding cich tim nhan tir chita nghiém
ctia phuong trinh bac 3 dé tim 4? Thoi tot nhat dén chd ma khong tim dwoc nhan tir cia phuong
trinh d6i dau thi di chimg minh v6 nghiém con hon . A con mot diéu nira, khi d6i dau ching ta con
c6 thé tim dwoc nghiém lién hop dé tim nhan tir ma khong can phai ding MODE 7, cu thé ta co vi
du sau

Vi dy 2: Gidi phuong trinh: (x+8)v/x—2 —(x—36)vx+2 -7+x* -4 -2x-63=0

Doan Tri Diing

Giai
e Buoc 1: Tim nghlem SOLVE ta dugc nhu’ng nghiém nhu sau:

Math & Math [ Math [
1 i =

EF{+EI:I4'_ CxR=2EE S— —
A= 4.25 | x=_ 2.543213583 | A= 2. EEEEEEdD"r‘
L-R= 0 ||L-R= 0 ||L-R= 0
Ta s€ gan 2 nghiém 1¢ choét kia vao A,B. Dung nhu cong thuc ta s& d6i dau trude cian. Nhung
tuy nhién & day c6 2 cén nén ta s€ doi dau tirng can mot.

e Budrc 2: Tim nghiém dbi dau:

+Pbi ddu Vx—2 ta tim duoc nghiém sau:

"F
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Tim toi sédng tao mot mot sb cach gidi pl/\wow\g trinh vé ty

Math & Math &

= A= Ans=C
L-R= I 18. 56783172

+ Doi dau vx+2 ta tim dugc nghi€m sau:
0] Math & Math &

(A+310A-2 +(#-3EF | Ang=D
ﬁ—E_ 14.44343425

14. 44543426

+ P6i dau 2 can ta duge phuong trinh v nghiém.

AD=32,(1)=? B+c—1ZO

e Buéc 3: Tanhan thy rang 50 15
A+D=16,(6)= 3 BC=— 5

Cho nén ta dugc cac nghiém doi dau 1 nghiém lién hop cta phuong trinh ddu.Khi d6 nhén tir
c6 dang Vx—2 +a+v/x+2+b chtira lan luot cac nghiém trén.

+ V6i 2 nghiém B,C ta dugc h¢ phuong trinh:

{\/B—Z +avB+2+b=0 {a(\/B+2\/C+2)+\/B2+x/C2 =0 {a:2
= =

~JC-2+ayC+2+b=0 |p=—B-2-avB+2 b=-5
= NT:Vx-2+2vx+2-5

+ Vi 2 nghiém A, D ta dugc hé phuong trinh:

1

JA—2+aJA+2+b=0 |a(VA+2+VD+2)=VD-2-VA-2 [|2=7;
=

VD-2-aVyD+2+b=0 |p=-vA-2-aJA+2 b 3

=NT: 2Vx—-2+/x+2-3

S¢ di ta ¢ hé phuong trinh nhu trén 1a do ta d6i dau cin nao khi tim nghiém thi khi lap hé, phan

hé sd trudce can d6 phai ddi lai diu, cac ban théy cht? Qua vi du nay céc ban lai dugc thém 1 cach

dé tim nhan tir chira nghiém vo ty bac 2 nita roi, nhung tuy nhién t6i khuyén cac ban nén ding

céch cii boi co khi d6i dau ta s& khong tim duoc nghiém hodc nghiém 1¢ thi cach nay hét ngon an!
e Khi d6 phuong trinh dau s& duoc phan tich thanh:

(x+8)vx=2 —(x=36)vx+2 ~7+/x* —4 —2x—63 =0
& (2x=2+x+2-3)(Vx=2+2Vx+2-5)(Vx+2 =x-2-1)=

Vi du 3: Gidi phuong trinh: x° +13x” +6x+16 - 2x(x* —=x* +10)v/x+2 =0

Bai nay co thé thay bac khé cao nén ta c6 theé tim nghiém doi dau dé tim thém nhan tu.
e Buwdc 1: Tim nghiém + Nghiém d6i dau ta dugc:
m Math & Math &

G+ B2 R =5 §5+13:{E+E:{+15 ﬂg
L-R= I

13:-:+15+2:-:|::-:4 pi = Y §5+13:-:E+5:-:+15+¢1
= I

I_
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Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

C6 thé nhén thdy x =2 1a nghiém ctia phuong trinh dau con x = —1 1 nghiém ciia phuong
trinh d6i dau.
e Budc 2: Kiém tra nghiém boi. Ta co:

x® +13x% +6x+16 —2x(x* —x° +10)\/x+2

lim =0
x—2 X_2

] x6+13x2+6x+16—2x(x4—x3+10)\/x+2
lim 5 #0
x—2 (X—2)

x* +13%% +6x+16+ 2x(x* —x* +10)v/x+2
lim =0
x—>-1 x+1
X +13x7 +6x+16+2x(x* =x* +10)V/x+2
lim 5 #0
x>l (x+1)

Vay ca 2 nghiém déu 1a 2 nghiém kép ctia 2 phuong trinh tuong tmg.
e Budc 3: Tim nhan tur.
+ Nhan tir chira nghiém kép x =2 cta phuong trinh dau la 4x+2-x-6
+ Nhén tir chira nghiém kép ctia phuong trinh doi dau 1a 24/x+2 —x—3 = Nhan tir clia phuong
trinh du 1a 24X +2 +x+3 .
e Budrc 4: Chia cin ta duoc két qua la:
X +13x% +6x+16 - 2x (x* =x* +10)/x +2

(2M+x+3)(4M-x—6)

Bang phép thir ta c¢6 thé thay cuc kia luén 4m, mat khac ta thiy c6 dang 2ab nén s& thir thém bat

=2xJIXx+2 = xP X+ xP+x-8

tao hdng dang thirc —(a— b)2 ( do dang can chirg minh 4m) ta duorc:
2xx+2 = x* +x +x* +x -8
2
=—(x—dx+2)—x4+x?+b8+2x—6

(o) (22 2 B 2

27 5) 2" 27) "675

e Vay bai toan di duoc giai quyét!

2x° +3x* —14x°

VX+2

Vi du 4: Giai phwong trinh:

2
=(4x* +14x> +3x* +2 (1— j
( ) Vx+2

Pé thi thir lan 2 THPT Ly Thdi Té - Béic Ninh — 2016

Giai
e D¢ nhu thé nay thi hoi khé 1am do d6 ta quy dong hét 1én, ta dugc phwong trinh méi:
257 +3x* 14" = (4x* +14x° +3x" +2)(Vx+2-2)

e Dén ddy chic chin phai di tim nghiém cta phuong trinh SOLVE ta tim duoc 2 nghiém 1:
Math & Math &

ZRTHIR - 1dnT = Leb || 2RE IR 1487 - Lep
A= [.B18023358 | A= 2
L-R= 0 ||L-k= I

e Ngoai 2 nghiém nhu trén ta con tim duoc 1 nghiém d6i dau la x=1.
e Tim nhan tir cho phuong trinh ta dugc 3 nhan tu la

(\/x+_2—2); (m+l); (\/xj—x—l).

e Pén day chia cin ta duoc:
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

2x5 +3x* —14x°

:(4x4+14x3+3x2+2)(1— 2 J

\/x+2 \/xj
(M—Z)(M+1)(«/@—x—l)(2x3+7x2 +2+2XM)
< ) Jx+2 =0
Jx+2-2=0x=2
\/m—x—1:0<:>x:_1+\/g
= 2

Vx+2+1=0(PTVN,)
_2x3 +7x% +24+2x/x+2 =0(*)

e Giai phuong trinh (*):
2x° +7x7 +242x/x+2 =0
= x| 47 (x+3) (x+ 4) + (x+2)" +16 |+ 4 =0 (PTVN, )
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Tim toi sdng tao mdt mot sb cach giai phuong trinh vé ty
V.KY THUAT AN PHU KHONG HOAN TOAN
Ta xét phuong trinh tong quat: g(x)/f(x)+u(x)=0

e Khido tas&dat f(x)=t va bién ddi phuong trinh thanh:
at’ —g(x)t—u(x)-a.f(x)=0
e Cong viéc can lam bay gio 1a tim hé s6 o dé c6 thé biéu dién /f(x) =t qua x. Dé lam

viéc nay can téi su tro gitp cia CASIO .
e Sau day la cac budc lam tong quat:

> Buéc 1: Ta co biét thirc A = [g(x)]2 —4oc(—u(x)—a.f(x))
> Buée 2: Ta sé can tim o sao cho VA 1a mot s6 hitu ty. Véi li do do ta s& ding

véi ham: F(X) = VA = |/(g(1000))° ~4X (~u(1000) - X.£(1000)) . Nén nho

Start=-15
gan 1000 — A trudce khi lam. Ta s& cho <Step=14 . Va tim c4c gia tri lam f(x) nguyén.
End =1

> Buwéc 3: Theo nhu li thuyét thi ta s& luén tim duoc mot s6 o sao cho f(x) =t ludn biéu

t=Jf(x) :—g(’glﬂ

> Sau khi dén day ta s& phan tich dugc phuong trinh dau thanh nhan tu!

dién dugc qua bién x. Va khi d6 ta s& c6

Vi du 1: Giai phwong trinh:
(2x4 +x*+2x2 +x+2)\/x+1 XX 22X+ 2+ A+ 20 42X +2x+2=0

Giai

Dung nhu kich ban ta s& viét phuong trinh vé dang at® —g(x).t—u(x)-a.f(x)=0.
g(x)=2x" +x +2x% +x+2

Véi du(x)=x"+x" +2x° +2x° +4x* +2x° +2x7 +2x+2

f(x)=x+1
Ta s& gan1000 — A , sau d6 dé giam bot s cong kénh khi vao MODE 7 thi ta sé tinh
g(A)—>B
u(A)—->C
f(A)>D
e MODE 7 véi ham: Math
F(X) - (B —aX(-C-DX) fCR)HEZ-45(-C-»
Start =-15
- Voi {Step=14 =
End =1 ul F -z rﬁgﬁﬁ
- Sau khi tién hanh do tim ta s& dugc két qua la E _I!I ' E-.m IE
Q99999000
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Tim toi sédng tao mot mot s& cach gidi plf\wdng trinh vé ty

X=a=-1
F(X) =999999000 = x*> —x

2+ 2 X+ 2+ %7 —x

tl 2 :—X4—X3_X2_1
e Khi d6 ta sé duoc: i 3 2_ 3
2X"+ X7+ 2XT+X+2 =X+ X 4_ 2
t2: 2 =—X —X —X_1

e Vay phuong trinh dau s& duoc phan tich thanh:
(\/x+1+x4 +3° +x° +1)(\/x+1+x4 +x° +x+1):0

e (Con cong viéc ching minh phuong trinh vo nghiém thi qua dé con gi dé noi nita ! Ty
chung minh nhé!
e Tuong tu mo rong hon véi hé phuong trinh ta cling c6 thé 1am nhu trén

(1-y)/x* +2y* =x+2y+3xy
Jy+ 1+ +2y% =2y —x

Dé thi thir THPT Qudc Gia - Chuyén Hung Yén — 2015

Vidu 2: Gidi hé phwong trinh:

Giai
e Xuét phat tir phuong trinh thir nh:f?it thﬁy c¢6 dang gan g@éng v6i dang tong quat ctia phuong
trinh 1 cén, nén ta cling co thé bién doi phuong trinh vé thanh:
at’ —(1—y)’c+x-|—2y+3xy—0L(x2 +2y2)= 0

Trong d6 t=4/x" +2y” & o.1a h¢ s6 can tim.
e Taségin 100 - B, 1000 > A v6i B lay con A 1a x. Ta s& dugc biéu thirc sau:

f(X)=x/X=\/(1—8)2—4X(A+2B+3AB—X(A2+2B2))
e Sau khi do bing MODE 7 ta s& tim duoc X =—1; F(X) =2301.

/—x2+2y2 _ 1—y+2x2+3y+1 — x—y-1
PE+2y? = 1—y—2x2—3y—1 =x+2y

e Khi do loi giai la:

e Vay tom lai

Ta co:
PT(1)@(m+x+y+l)(m—x—2y):0
S +2y? +x+y+1=0 (PTVN,)
C’[m_my
145
Két hop véi phuong trinh (2) ta duoc: {\/YT_ZX = T
X2y =x+2y y:1+2\/§
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Tim toi sdng tao mdt mot sb cach giai phuong trinh vé ty
VI. KY THUAT CHIA CAN.
1. Cong thirc chia 1 can.

f h . .
e  Gia str c6 phép chia S:g(x) () +h(x) =g, (x)yf(x)+h, (x). Khi d6 dé tim cac hé s ta
a\/f(x) +bx+c

¢O cac budce sau.
e Gan1000— X.

. Jf h
e Nhap bi€u thirc va thay X =1000 vao ta dugc g(x) () +h(x) —>A

a\/f(x)+bx+c
., - Jf h
e D01 dau trudce can: g(x) (X)+ (X)—>B.
—a\/f(x)+bx+c
A-B
g (x)=—F7—
e Khido 2yf(x)
A+B
h1(X): 2

Ix* —12x° =7x* —6x —16+4(x+3)Vx* +x+2

(2\/x2 +x+2+x+4)(4\/x2 +x+2—3x—5)

Vi du: Thue hién phép chia sau: S =

e Gan1000— X.
e Nhap biéu thirc va thay X =1000 vao ta duoc:

9x4—12x3—7x2—6x—16+4(x+3)\/x2+x+2‘
(2\/x2+x+2+x+4)(4\/x2+x+2—3x—5)

— A

x=X

Ix* —12x% —7x? —6x—16—4(x+3)\/x2 +x+2‘
(—2\/x2 x42 +x+4)(—4\/x2 +x+2—3x—5)

e Khi d6 thuong c6 dang f(x)Vx” +x+2 +g(x).

e D01 dau trude can: —>B

x=X

A-B 6x—6
f(X)=—r 2 =5994 =
. Véi ) 2x% +x+27 7
2
g(x)= 258 _ 2143087143 = 12X+ X+ 10

e Nhan xét: Pé y thiy khi tinhg(x) ta dugc két qua 1éthi lam sao biét dugc mau 1a 7. Cau tra 10
don gian thoi, vi khi tim h¢ sb trude can ta da tim dugc mot phan thtc co mau 1a 7 ma nhitng hé
s0 ban dau déu nguyén nén chang c6 nghia 1y nao h¢ s6 can tim con lai cling nguyén ca, n6 phai
c6 mau chung voi cai vua tim duogc.

e Ngoai ra néu gip phai nhimng bai khi thay X =1000 vao ma vi pham DKXD thi chuyén sang

[MODE][2|( CMPLX) 1di tinh nhu binh thuong.

2. Cong thire chia 2 can.
e Ta x¢é tphép chia tong quat sau:

Nguyén Minh Tuan Trang 17



Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

P:g(x)+u(x)\/7+h Jj FF
v( f
= u, (x)y[v(x) +h, (x)f(x) +, FF+g1

Khi d6 dé tim duogc cac hé s trude cin ta lam nhu sau:
e Chua ddi dau, |[CALC|X[|=[1000]rdi gén vao A.

g(x)+u(x \/7 \/7+t \/7\/7

e Ddi dﬁu«/V(x) ,|CALC||X||=||1000|r61 gan vao B

g(x)—u(x)\/TJrh \/7 \/7\/7
V f

e Dbi déqu(x) , |CALC| X|=[1000]|rdi gan vao C

g(x)+u(x )W— F F Vi)
\/V \/f
e Do6i ddu 2 can, |CALC||X|| ||1000|r01 gan vao D
g(x)—u(x) \/7 F+t \/7\/7
\/V \/f
Khi d6 thuong ctia phép chia co dang nhu sau:
P =u, (x)y[v(x) +h, (x){Jf(x) +t, (X){[v(v){E(x) +8, (%)
111(X):A—B+C D
4 V(x)
A+B-C-D
4,/f(x)
A-B-C+D
4 v (x)f(x)
A+B+C+D
4

h, (x)=

Voi:

t, (x)=

8:(x)=

Va tuong ty nhu phan chia da thtc 1 can d6i khi gip phai nhitng truong hop vi pham DKXP cia
bai toan ,khi d6 ta s& chuyén sang ché do s6 phire[MODE[2|(CMPLX) dé chia nhu binh thuong

va ap dung cong thuc la xong

3x2+(1+xJ1—x)(2+J2—3x)—x—2

(VI—x—v2-3x 1)

Vi du : Thuc hién phép chia sau: S=

e Chuyén sang méi truong sd phirc] MODE |
3x2 +(1+xx/1—x)(2+\/2—3x)—x—2‘
(VI-x-2-3x 1)

e Ban dau: — A

X=1000
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

3x2+(1—x\/1—x)(2+\/2—3x)—x—2‘

e Déidiuv1-x: 2 B
(~V1=x—2-3x -1)
X=1000
. Déidéu\/m:3X2+(1+Xm)(2_@)_x_2‘ C
(VI-x+v2-3x-1)
X=1000
31T x24T Bx) - x2)
e DO0oidau 2 can: 5D

(VTx++2-3x 1)
X=1000
e Thuong c6 dang: f(x)v1-x+g(x)v2-3x+h(x)v3x* =5x+2 +v(x)

f(x):A—B+C—D:
41-x

g(X):A+B—C—D:
42 -3x

_A-B-C+D 1

h(x)=————————=—
() 443x*-5x+2 2
A+B+C+D 2-3x
v(x)= =
4 2

1

1
o Voi

3. Cong thirc chia 3 can.
e Xét phép chia sau:

()= on/u +BVV +yt + 8V + eVt + VvV udv Y+ K (x)
- mvu +nvv +pyt +q(x)

= aVu +bJv + et +dVuvv +eduVi + VvVt + gJuvvit +h

e Dat:
a\/a+w§+y\ﬁ+w§ﬁ+gﬁ\ﬁ+gﬁﬁmﬁﬁﬁw(xﬂ
myu +nVv +pyt+q(x)

— A

‘X:lOOO

2. Dbi dau trude \/E:

5+ BV 4 e~ ST — T+ CTE -+ K ()]

-myu+n V+p\/¥+q(x) ‘x=1ooo_)B
3. Dbi ddu truse v :
a\/a—ﬁ\/;+y\/¥—8\/ax/;+8\/a\/¥—C\/;\/¥—n\/a\/;\/¥+k(x)| C
m+yu-—n v+p\/¥+q(X) ‘x:looo
4. Dbi du trudeVt :
@ + BV — 48V et - L E ek ()|

mvu +nyv —pyt+q(x)

‘X:lOOO

5. Pbi dduu & v :
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

—afu — BV +yt +8VuVY —edut - VvV nudv e+ K (x) LB
-myu-n V+px/¥+q(x) 1000
6. Dbi ddu~u &t :
—afu + BV —yt = 8VuVv + edut - VvVt nudv e+ K (x) F
-m u+n\/;—p«/¥+q(x) 1000
7. Dbi dduv &t
O R R N i N R TR AR 1 Y
m u—nx/;—p\/;+q(x) ‘leooo
8. DPoi dau 3 can:
—OL\/E—B\/;—V\/;+8\/E\/;+ax/aﬁ+1;x/;\/¥—n\/ax/;\/¥+k(x)| Ly

~myu -nvv —pt+q(x)

a_A—B+C+D—E—F+M—Y _A-B+C-D-E+F-M+Y

8Ju " 8Jut

_A+B-C+D-E+F-M-Y f_A+B—C—D—E—F+M+Y

‘X:lOOO

b

. Khids 8Jv & 8/t _
C_A+B+C—D+E—F—M—Y _A-B-C-D+E+F+M-Y
st & svuvt
_A-B-C+D+E-F-M+Y _A+B+C+D+E+F+M+Y

d= h
8Vuv 8

(5x+4)V3x -2 +5v2 - x = (6x+1)Vx+3
V3x =242 —-x—/x+3

Vi du: Thue hién phép chia: S =

e Chuyén sang (CMPLX)

(5x+4)\/3x—2 +5x/2—x—(6x+1)\/x+3|
V3x—2 +4/2—-x—/x+3

e Bandau: - A

x=1000

—(5x+4)Bx—2 + 52 —x — (6x+1)Jx+ 3|

e Do6i diu trude/3x -2

—B
~V3x=2+42-x —/x+3 o
. Déi diu trudo2 —x - (5x+4)3/3x—2 =52 —x —(6x+1)+/x+3 L
' P3x =2 -2 -x—+/x+3 o
. Déi dhu trube VXT3 (5x+4)V3x -2 + 52— x +(6x+1)Vx+3 D
' 3x =2 +42-x ++/x+3 o
. Déi VA 23 x: —(5x+4)4/3x -2 -5V2 —x —(6x+1)Vx+3 F
’ ' —B3x—2—2-x—/x+3 e
Déi V3 2:xT3 ~(5x+4)V3X-24+5V2—x+(bx+T)Vx+3| o
. 01 -2, :
—3x -2 +v2-x +v/x+3 o0
. B IolxT3: (Gx+4)V3x-2-52x+(ex+1)Vx+3]

3% =2 =2 —=x +~/x+3

x=1000
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Tim toi sédng tao mot mot s& cach gidi plf\wdng trinh vé ty

—(5x+4)3x—2 52— x +(6x+1)Vx+ 3|

e DO0Oi3 can:

—-Y
—V3x -2 —V2-x+/x+3 o
e Khido
A-B+C+D-E-F+M-Y A-B+C-D-E+F-M+Y
a= :O e= :—1
8/3x -2 8/3x —2x+3
A+B-C+D-E+F-M-Y A+B-C-D-E-F+M+Y
b= =0 f= =0
8\/2—x & 8\/2—X\/X+3
C_A+B+C—D+E—F—M—Y_O _A—B—C—D+E+F+M—Y_0
8/x+3 & 83x —2/2 —x~/x+3
A-B-C+D+E-F-M+Y A+B+C+D+E+F+M+Y
d= =-1 h= =3x+3
8/3x—2+/2-x 8
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Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

VII. MOT KY THUAT NHO PANH GIA PHUONG TRINH NGHIEM KEP.

Bai 1: Giai phwong trinh: x* —x° —6x+4+2x° —x+1=0
- Bui Thé Viét — Vted.vn -

Giai
e Pau tién ta thay phuong trinh c6 nghiém kép x =1 va nhén tir 1a2v/x® —x+1 -5x+3>0va
cung dau voi bai toan. By gio s& cAn chimg minh 24/x° —x+1 > 5x—3. Tuy nhién kha 1a
khoé chung minh va ta s€ quy vé bai toan sau:
o LAy2vx® —x+1-2x> > ax+bdé triét tidu x° boi vi néu bién déi truc tiép thi s& hoi dai nén

=-1nén a=-1.

x=1

ta s& quy vé mot bai toan don gian hon. Ta c()di(\/Zx(’ -x+1 —2x3)
X
Layv2x° —x+1-2x*+x| =1 néncob=1. Vay cin ching minh
x=1
2UX0 —x+122x" —x+1.
1I4(x6 —x+1) :\/(ZX3 —x+1)2 +aAx* —4x° —x* -2x+3

2
4x* —4x° -2 —2x+3:(x—1)2{4(x+%j +2}20

e Nén 2x°—x+12>2x>-x+1
e KhidoVT2(x-1)"(x*+3x+5)20

e Dau“="xayrakhi x=1

e Taco

Bai 2: Giai phwong trinh: v/x* —2x+2 +Vx® —x+1 = (2—x)(x3 +2x7 +2x—3)
Nguyén Minh Tudn

Giai
Dau tién ta c6 thé nhan thiy vé trai luon duong nén dan t6i diéu kién kéo theo ctia phuong trinh s&
la:(2- x)(x3 +2x° +2x — 3) > (0. Nhung tuy nhién nghiém cta da thirc bac 3 1a nghiém 1¢ nén ta
phai lam nhu sau . Xét ham f(x) = x> +2x* +2x -3, ta c6f'(x) = 3x* + 4x+2 > 0Vx nén ham
f(x)déng bién trén R va c6 tdi da duy nhit mot nghiém. Dén day ta c6 2 hudng d6 1a chi ra

nghi¢m d6 va xac dinh gan chinh xac nghiém. Pau tién vdi cach lam thir nhat ta chi ra nghiém do
la:

2, 3404 + 4410233 + /404 — 4410233
3 6
Hoic nhan thiy f(0,7).f(0,8) < 0nén phuong trinh ¢6 1 nghiém x=x, € [0,7;0,8]. Dén day ta

X=X, =

duoc diéu kién kéo theo s& lax e[x,;2].
Dé ¥ thay:
f(x)

2
1. Vx®—x+1= (x4—1x+1j +1(X—1)2(4X3+4X2+4X+3)ZX4—1X+1
2 2 4 2 2

2
2. X’ =2x+2 = [x4—1x+%j +%(x—1)2(4x7+4x6+4x5+4x4+8x3+8x2+8x+7)Zf(x)
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Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

2 2
3. x4—%x+%:(x2—%j +%(x—%) +%>0VX€R

Nén VT 2(x—1)2 (3X2 +6x+7)2 0. Dau"="chi xay ra khix =1

Bai 3: Gidi phwong trinh: 2v/x° —4x+4 —v/4x® —4x+1+x* —2x° +x> +8x-9 =0
Nguyén Minh Tuan

Giai
bt f(x)=4x"-4x+1; g(x)=x9—4x+4.
4
1 A
Tac():f'(x):32x7—4:O<:>x:</%x:x0 g'(x)=9x*-4=0<
x=—8§=x2
Lép bang bién thién cho 2 hamf(x); g(x) ta duoc:
1
X —© = +00
8
f'(x) - 0 +
~+00 —00
f(x) /
£(x,)
4 4
X —00 8= 81— +00
9 9
g'(x) + 0 - 0 4
g(x,) +o0
&(x) / \
—0 g(xz)

e Tacé: f(x,)=-1.60044 <0 = phuong trinhf(x)=0co t6i da 2 nghiém.

£(0,25).£(0,3)<0

£(0,95).£(0,96) <0
(0,25;0,3);(0,95;0,96)

e g(x,)=7,21; g(x,)=0,78 nén phuong trinhg(x) =0 c6 nghiém duy nhét thudc
(—1,3;—1,2) do g(—1,3).g(—1,2) <0.

e  Goix;;x,1a 2 nghiém cua phuong trinh f (x) =0va x;1a nghi¢m cua phuong trinh

g(x)=0. Lap bang xét dau cho 2 ham f(x);g(x).

o Mit khéc{ . Nén phuong trinh c6 2 nghiém thudc 2 khoang
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

X —00 X5 X5 Xy +00
f(x) + 0 - 0 +
g(x) - 0 +

= DKXD lax e[x;;x; | U[x,;+%).
Xétx e[x5;x,]=-1,3<x<0,3.

2
Dét:h(x)=x5—2x3+x2+8x—3:h‘(x)=5x4—6x2+2x+8=5(x2—%j +(x+1)2+%>0
= h(x)déng bién trén[—1,3;0,3] = h(—1,3) < h(x) < h(0,3) =-17,03< h(x) <—6,561.
Lai c62,/g(xs) =0; 2\/g(x,) =3,69; 2,/g(x,) =1,54; 2,/g(0,3) =2,366
= -17,03 <h(x)+2,/g(x) <-1<0. Nén phuong trinh v nghiém trén [x;;X, .

Xét: x €[x,;+0) = x>0,95
Ta co:

20X =2x+2 = \/(2x4 —3x+3)2 +(X—1)2 (4x7 +4x° +4x° +4x* +16x° +16x* +16x+7)

>2x*—3x+3

Khi do:
VT > x* +2x* =2x° + x> +5x—6—/4x® —4x+1
=(x=1) (X" +2x"+x+1)+2x" +6x—-7—-~+4x° —4x+1
2( 3 2 4 8
~1)*(24x° +20x> +16x + 48
:(x—l)z(x3+2x2+x+1)+(x ) ( X X X )
2x4+6x—7+\/4x8—4x+1
Nhan thay:

1. v(x)=2x"+6x-7=v'(x)=8x’+6>0=v(x)>v(0,95)>0
5 {x3+2x2+x+1>0

24x° +20x” +16x+48 >0
Nén VT > 0. Dau “=" xay ra khix =1
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Tim toi sédng tao mot mot s& cach gidi pl/\wow\g trinh vé ty

B. KY THUAT NHAN LIEN HQP, PHAN TiCH NHAN TU
MOT SO PHUONG TRINH VO TY CO BAN VA TAM
TRUNG.

1. DE BAI.

1.

Gidi phuong trinh: x* ~2x* +10x~ 6+(x* ~8x+10)vx 1 ~2(x+1)y/x’ =1 =0
5x — 13 —~/57 + 10x — 3x> 20X TT x4 2%49
Vx+3-+/19-3x
Giai phuong trinh: Z(X—Z)H+(x+1)m=7x—5
Giai phuong trinh: x* +16x+32—2xﬁ—4(x+6)m =0
2 1 2
(J;H)Z x+32x=1 1+,fx(2x-1)

Giai phuong trinh:

Giai phuong trinh:

6. Giai phuong trinh: 3v/x+4 +3v5x +4 +4x* —18x—12=0
7. Giai phuong trinh: 2(5x—3)vVx+1+5(x+1)y/3-x =3(5x+1)

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

Giai phuong trinh: x* +x +x(1+ X +x7 + ) x+1)(\/x2

(x=4)Vx=2-1_2+(2x- 4) x—2

+x+1+\/x2—x+1)

Giai phuong trinh:

J4d-x+x-5 X —
Giai phuong trinh: (1+\/x+1)(\/2x —-2x+1 +x—1) = x+/x
Giai phuong trinh:

(3x—4)V1-x* +(5x=3)Vx =2 +15x* ~29x +12+41-x*y/x -2 =0
(6—X)(X3+x2+x) :(8x—14)(2\/x—_2—x+2)

(x+1)(Vx=2+2)x+1

Giai phuong trinh:

Giai phuong trinh: v/7x% +20x—86 +xy/31 —4x — x> =3x+2
Giai phuong trinh:(5x2 —5x+10)\/x+7 +(2x+6)vVx+2 =x> +13x* —6x +32

Giai phuong trinh: x—v'x —2 = vx* —4x% +5x —/x> = 3x> + 4

S44Ax? +3x-2(x+3)Y2x+3
Giai phuong trinh: (\/x+4—1)\/x+22x +4xT+3x-2(x+3)32x+3

(¥2x+3-3)(Vx+4+1)

. (2x-1)vx+3
Giai phuong trinh: =1
2«/;+(2+\/;)\/1—x +1-x
7x* —2x

Giai phuong trinh: 2+/2x ++/x+2 =

x—3+x/x—1+\/§+\/x+2

x* +3x° )

Giai phuong trinh; ————=(x"+1 (\/x2+5x+6—\/x+2)
P 8 Vx+3+1 ( )

X 43x+4x+1+3 | x+4

X+5+x+4++/x+1 4(x+1)2

Giai phuong trinh:
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Tim toi sédng tao mot mot sb cach gidi pl/\wdng trinh vé ty

2 —
21. Gidi phuong trinh: (2 —%(2@4) _ X —8&+4
X

) 3x+242x-1
II. HUONG DAN GIAL

Bai 1: Gidi phwong trinh:
x* =257 +10x =6+ (x* —8x +10)/x =1 -2(x+1)¥x’ -1 =0

Giai
e Buwéec 1: Tim nghiém, SOLVE dugc 2 nghiém la A,B:

Math & m Math &
= 23{2+1D3{ B+lib || A7 -28= +108-F+ (31
A= B.449483743 | A= 1.550510257
L-R= 0 ||L-k= I

A+B=8
AB=10

ta chi can quan tAm dén 1 nghiém dé tim nhan tu.
e Buwéc 2: Tim nhan tir :

1. MODE 7 véi ham F(X):\/A2+A+1+X\/ -
2. Sau khi do tim ta setlmduoc nhan tir 14 3vx—1—-vx*+x+1

Math m Math

- Dé dang nhan théy{ nén 2 nghi€ém nay cung thudc 1 phuong trinh bac 2. Do d6

fli?iil=|1'ﬁ2+ﬁ+1 PRI | Y 1
E_j- I]."Illlg

e Budrc 3: Chia cin: 1000 — X . Ta duoc két qua la:
x3—2x2+1Ox—6+(x2—8x+10)x/le—2(x+1)\/x3——1
3Jle—\/x2+x+1
:(2—X)M—X\/x2+x+1—\/x3—1+3—3x

o Budéc 4: Xét bat phuong trinh: (2—x)v/x—-1 <xvx* +x+1

- Néu x > 2 thi bat phuong trinh lu6n ding.

- Néu x<2 tadugc:
(Z—X)\/X—1<X\/X2+X+1

< —x—6x*+8x-4<0

2
o —x —6(x—§j —%< 0 (dtng)

Nén (2-x)vx-1 —x P +x+1-+x =1 +3-3x<0Vx e[1;+)
Vay loi giai la:
x> —2x* +10x—6+(x2 —8x+10)\/x—1 —2(x+1)\/x3 -1=0
<:>(3\/x—1 —\/X2+X+1)|:(2—X)\/X—1—X\/X2 Fx+1 - —1+3—3x}=0

x=4++6
S 3x-1-Vx*+x+1=0< Ve
x=4-/6
e O déay do minh trinh bay tat cho nén khi vao bai van phai chimg minh v6 nghiém cho ngudi
cham thay nhé.
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Tim toi sang tao mot mot sb cach giai p[/\ucmg trinh vé ty

_ _ _ 2
5x—13—-+/57 +10x —3x +2mzxz +2%x+9
Vx+3 -4/19-3x
Dé thi thir THPT Quéc Gia 2016 — THPT Phui Cir

Bai 2: Giii phwong trinh:

Giai
e Budc 1: Nhin thé nay c6 vé kha khé 1am, nhung chiu dé y ta thiy rang:
5x —13—-+/57 +10x - 3x>
q Jx+3-419-3x
Co6 theé dung may tinh chia néu thich. Do d6 phuong trinh tr¢ thanh:
4x+3+/19-3x —x* —2x -9 =0
Buwéc 2: Tim nghiém, SOLVE dugc 2 nghié¢m la:

Math & Math &
AF+3+19-3% b | dS5+3+/19-3K -x=¢
A= 1 || %= -2
L-R= 0 | L-R= I
Budre 3: Kiém tra nghiém bdi. Ta co:

,m4\/x+3 +v19-3x —x* —2x -9 )

=2x+3 ++/19 -3x

li 0
x—1 X_1

C AXx+3+4/19-3x —x2-2x-9
lim #0
x>-2 X+ 2

Nén phuong trinh khong ¢6 nghiém boi.
Budrc 4: Tim nhén tir ¢6 dang vx+3 +ay19—3x +b chira 2 nghiém x=1; x = -2

o [V1+3+ay19-3+b=0 a=1
Co hé R

= NT:Vx+3++19-3x—6.

J-2+3+aJ19+6+b=0 |b=-6
Budére 5: Chuyén sang (CMPLX) . Chia nhu binh thuong duoc két qua:
4x+3 +4/19-3x —x* —2x -9
JVx+3+4/19-3x -6

Z%[(lz_x)M+(x+6)\/19—3x +3Y57+10x-3x" +3x+31 |

+ Vi diéu kién di cho d& dang chimg minh dugc biéu thirc con lai duong.
e Vay bai toan da duoc giai quyét!

3 _ 2 _
e Bai tap tuong tu: Giai phwong trinh: 3~ 21X+ 58x =56 =(x=2)Vx* +x-6

V3x2—6x+19 +3Jx -1

Bai 3: Giai phuwong trinh: x* +16x+32-2xvx—1-4(x+6)vx+2 =0

e Buodc 1: Tim nghiém ta dugc nghiém x =2
e Buéc 2: Kiém tra nghiém boi:

x2+16x+32—2x\/x—1—4(x+6)x/x+2 =0

lim 0
x—2 X_2

) x? +16x+32 —2x/x—1—-4(x+6)x+2 =0 0
im -

X2 (x—2)2




Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

x? +16x+32-2xyx-1-4(x+6)y/x+2 =0
m -

li i 0
x—2 (X—2)

. X7 +16x+32-2xx -1 —4(x+6)Vx+2 =0

111121 ( 2)4 =0.03
X—> X —

Nén phuong trinh ¢6 nghiém bdi 4 x=2.

e Buwdc 3: Tim nhan tir c6 dang (\/x—l +avx+2 +b)2

4 (=)
a__u:_z 2
Véi i(m) :NT:(«/XTI—2\/X+2+3)
dx x=2
b=-vx-1+2vyx+2=3

e Buwdc 4: Chia can, ta duogc:

X* +16x+32-2xJx—-1-4(x+6)vx+2 1 5
5 =—( X +x—2+5x+16)
(Vx=T-2x+2+3) 9

e Vay loi gidi la:
x> +16x+32-2x+/x—1 —4(x+6)\/x+2 =0
@%(\/x—l—Z\/erZ +3)2(4\/x2 T x_2 +5x+16)=0

SAUX-1-2yx+2+3=0=x=2

2 1 2
(\/§+1)2 +x+\/2x—1 - 1+x(2x-1)

Pé thi thir THPT Quéc Gia lan 2 — THPT Minh Chéau — Hung Yén — 2015

Bai 4: Giii phwong trinh:

Giai
e Pau tién néu dé nhu thé nay thi chiac khong 1am duoc gi, ta s& phai quy dong 1én.
e Buwdc 1: Tim nghiém. Ta dugc x =1 la nghiém kép.
e Budc 2: Tim nhan tir: 24/x —v2x-1-1.
e Budrc 3:Chia cin ta dugc két qua:

2 V2T (Vo) (1 x(2x-1) -2V 1) (x4 V2x1)
2x —+/2x-1-1
:%[(4x+1)\/2x—1 +(2x+3)yx +5yfx(2x-1) +6x-1|

e Vay bai toan di duoc giai quyét!

Bai S: Gidi phwong trinh: 3x+4 +34/5x+4 +4x* -18x-12=0

Giai
e Obai nay ta s€ tim dugc 2 nghiém la x=0; x=3,791287847 .
e Ddi voi nghiém 1é thi s& tim dugc nhan tir 14 /X + 4 —+/5x + 4 + 2. Nhung v6i nghiém
x =0 thi sao? Thong thudng néu khong tim dugc nghiém d6i ddu thi s& gia st nhan tir c6

dang Vx+4 —5x+4 +k; x+4 ++/5x+4 +k . Ta sé thay nghiém x=0 vao rdi chia

can.
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Tim toi sdng tao mdt mot sb cach giai phuong trinh vé ty

1. THI: Nhan tir 1a vx+4 —/5x + 4 , thuc hién phép chia thdy 1¢ choét.

2. TH2: Nhan tir 1a Vx+4 ++/5x+4 —4 , thuc hién phép chia ciing thay 1¢ choét. Nhung
hay dé y ring phuqng trinh \/X-i-_4 +45x+4-4=0co1 nghjém ngoai laila x=12
ma phuong trinh dau khong hé c6 nhan tir nay cho nén ta s€ can nhan thém mat luong
vao. Thong thuong thi s€ nhan (x - 12) vao phuong trinh dau thi ciing khong sao,
nhung ta nén nhan vao 1 biéu thic vo nghiém dé do phai chia truong hop. Lai nhan
thiy x—12 = (m -4)(@ + 4), nén s& nhan thém (m + 4) vao 1a sé chia
can d}rqc.

e Khi do ket qua phép chia la:
(Vx+4+4)(3vx+4+35x+ 4 +4x* ~18x-12)

(Vx+4+Bx+4-4)(Vx+4-Bx+1+2)

=%(7x+12+(2x+6)\/x+4 +9v5x +4 +3\/(X+4)(5X+4))

e Cach 2: Lién hop:
+Xét x#5;x#9 taco:

3Jx+4+3/6x+4+4x> —18x-12=0
@3(\/x+4+x2—4x—2)+3\/5x+4+x2—6x—6=0
3x(x2 —3x—3)(5—x) x(x2 —3x—3)(9—x)

= =
Ix+4 x> +4x+2  35x+4 x> +6x+6
x=0
X_3+\/ﬁ
o -3x-3=0c 2
X_3—Jﬁ
2
3(5- _
0 Gl R . S
VX+4—Xx"+4x+2 3VB5x+4-—x"+6x+6

+ Diéu kién c6 nghiém ciia phuong trinh 13 x e [

9-4/129 _9+\/129}
4 7 4 '

+Xét x €(~0,6;5). Nhan thy

5-x>0 3(5-x)

1. ) = >0
X" +4x+2>0 \/x+4—x2+4x+2
9—X>0 9_X

) = > >0.
2 +4x+2>0  3/5x+4-x>+6x+6
3(5- -
36y 9-x

+ >0vxe(-0,6;5) .
Ix+4=x2+4x+2 35x+4 —x> +6x+6 ( )

2(1—XM)

+Xét xe(5;6). Dt y=v/x+4-x*+4x+2=y'=
2Vx+4

+4—%x<0‘v’xe(5;6).
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Tim 11 sdng tao mdt mdt s6 céch gidi phuong trinh vé 1
= y nghich bién trén (5;6). Ma y(5)=0=y <0. Mt khéc
3(5-x)
Ix+4 —x* +4x+2
Nén f(x)>0vxe(5;6) = Dpem.

3+\/ﬁ
2

9-x>0 9_x

= >0.
X2 +4x+2>0  3/5x+4-x>+6x+6

5-x<0=> >0.Cﬁngcé{

Thr lai thiy x =0; x = thdéa man phuong trinh.

e Ciach 3: Lién hop + ham sé:
3Jx+4 +35x+4 +4x* —18x-12=0

& 3(Vx+4-x+1)+3(Vox+4-x-1)+4(x’ -3x-3) =0

-3(x*-3x-3) -3(x*-3x-3
< (X X )+ (X X )+4(x2—3x—3):0
\/x+4+x—1 \/5x+4+x+1
x?=3x-3=0
= -3 3
f(x)= - +
(x) Ix+4+x-1 Bx+4+x+1

6x+4+3 N 65x+4 +15 20
2\/x+4(\/x+4+x—1)2 2x/5x+4(\/5x+4+x+1)2

Nén f(x) dong bién trén [—2 ; +ooj .Lai c6 £(0)=0 nén x=0 la nghiém duy nhét cia phuong

4=0

+Co f'(x) =

trinh f(x)=0.

_3+\/ﬁ

Vay phuong trinh ¢6 2 nghiém x=0; x = >

Bai 6: Giai phwong trinh: 2(5x-3)vx+1+5(x+1)v3-x =3(5x+1)

Giai
e PDaiu tién ta tim dugc nghiém 1a x =3; x=0,44; x=-0,2. Khi d6 gia st nhan tir c6 dang
vx+1+av3—x+bx+c. Thay 3 nghiém vao ta tim dugc nhan tirla 8vx+1—-4+3—-x-5x-1

e Tién hanh chia can ta duoc :

2(5x-3)x+1+5(x+1)V3-x-3(5x+1)
8vx+1-4/3—x —5x—1 =(2r )

e Vay bai toan da duoc giai quyét.

Bai 7: Gidi phwong trinh:
x* +x2 +x(1+\/x4 +x? +1)=(x+1)(\/x2 Fx+1++/x —x+1)

http ://k2pi.net.vn

Giai
e Dau tién ta s& di tim nghiém ctia phuong trinh, nhung tuy nhién dugc nghiém rat 1é, khéng
thé tim nhan tir duoc ta s€ nghi tdi vi€c tim nghiém doi dau. Poi dau 1 trong 2 can déu thu

duoc nghiém x =0. Nén ¢ nhan tir 13 Vx* +x+1+vVx> —x+1.
e Thuc hién phép chia ta dugc:
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Tim toi sédng tao mot mot s& cach gidi plf\wdng trinh vé ty

x3+x2+x(1+\/x4+x2+1)— x+1 (\/x2+x+1 +\/x2—x+1)
( ) =xvx?+x+1-x-1

I +x+1+0x —x+1
e Dén day sé& giai phuong trinh bac 4 nghiém cin trong cin. Ta dugc:

Vx> +x+1-x-1=0
o xxX +x+1=x+1

x(x+1)20
x(x+1)20 e G G NG
N EN _ _
x'+x*=2x-1=0 x2+1+ 5x+1+ 5 x2+1 5x+1 5 =0
2 2 2 2

x(x+1)>0

_1_*/5+ -1+3V5 1-J5 [-1+3\5
x=—2 2 T2 W o

1-V5 |-1+35
o2 2
L 2

e Ngoai cach chia can nhu trén neu ai tinh y c6 the bién doi nhu sau:

x3+x2+x(1+\/x4+x2+1):(x+1)(\/x2+x+1+\/x2—x+1)

<:>x(x2+x+1+\/(x2+x+1)(x2—x+1)):(x+1)(\/xz+x+1+\/xz—x+1)

<:>X\/X2+X+1(\/X2+X+1 +\/X2—X+1)=(X+1)(\/X2+X+1 +\/x2—x+1)

<:>(x/x2+x+1 +\/X2—X+1)(X\/X2+X+1—X—1)=0

_1_\/§+ ~1+3.5
e xx+x+1-x-1=0e x=—2 2

2
—4)Jx-2-1 2+(2x—-4)vx-2
Bai 9: Giii phwong trinh: (X ) X = ( X ) X
Ji-x+x-5 x-1
Dé nghi Olympic 30/4/2014 — Chuyén Lé Quy Dén — Binh Dinh
Giai

e Cach 1: Phan tich nhan tir truc tiép.
Ta van s€ lam nhu binh thuong, quy dong Ién va phan tich nhan tr ta dugc:

(x—4)Vx—2-1 2+(2x-4)Vx-2

Ji-x+x-5 x—1
& (x=1)((x-4)Vx=2-1) = (2+(2x-4)Vx=2)(Va-x+x-5)
@%(m+m_z)((zx_l)m+m+(4_x)mm+xz_6x+14):o
SVx-2+V4-x-2=0=x=3

e Ciach 2: Phan tich nhan tir tirng thanh phan dwa vé phwong trinh don giin hon.
Ta co:
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Tim toi sédng tao mot mot s& cach gidi pl/\wow\g trinh vé ty

(x-4)Yx-2-1 2+(2x-4)x-2

J4-x+x-5 x—1
(x-3-vx=2)(Vx+2+1) (Vx-2+1)(-2vx-2+2x-2)
Ly =
Vd—-x+x-5 x-1
- X=3-vXx—2 2Jx-2+2x-2
Ji-x+x-5 x—1

<:>(x—1)(x—3—\/x—2)—(x/4—x +x—5)(—2\/xTZ+2x—2):0
@_%(m+m_z)((x_s)m+(3_x)¢4_x+¢x_z¢4_x+x+4):o

e Ciach 3: Pit 4n phu.

Dat{a:m3a2+b2:2

b=+/4-x

Phuong trinh tr¢ thanh:
1+(4-x)Vx=2  2+2(x-2)¥x-2  1+ab® 2+2a°
1+(d—x)Va—x  (x=2)+1  _1+b-b_ a’+1

@(1+ab2)(a2+1)=(2+2a3)(b2—b+1)
< a’ +1+a’b’ +ab’ =2b* —2b+2+2a’b* —2a’b +2a’
<::>(a3+a3b2—2a3b)+2b2—2b+1+a3—az—ab2 =0
o [a’(b’~2b+1)+(b*~2b+1) |+b* —ab’ +a’~a’ =0
& (b*-2b+1)(a*+1)+2-a"-a(2-a*)+a’ —a’ =0 (b’ =2-2°)
<:>(b—1)2(a3+1)+2(a—1)(a2—1)=0
<:>(b—1)2(a3+1)+2(a—1)2(a+1)=0 (*)
A b=1 [Jx-2=1
, nén (*)@{azla{m:1©x

a+1>0
Do a,b>0= =3

a’+1>0

Bai 10: Gidi phuong trinh: (1+\/x+1)(\/2x2 “ox+1 +x—1) = x3/x

Giai
e Tién hanh lién hop nguoc ta dugc:

(1+\/x?)(\/2x2—2x+1+x—1)=x&
c>(1+m)(\/2x2—2x+1+x—1)=(x/x+1 +1)(Vx+1-1)Vx
< A2x2 —2x+1+x—1:(\/m—1)x/;

<:>\/2x2—2x+1—\/x2+x+x+\/;—1=0
o x? —3x+1
\/2x2—2x+1 +\/x2+x

+x+\/§—1=0
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Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

(x+\/§—1)(x—\/;—1)
\/2x2—2x+1 +\/x2+x
3-5

x+\/;—1=0<:>x—
= 2

V252 —2x+1+4%% +x :—x+\/;+1(*)

+Xx+4/x-1=0

e Giai (*) taduoc:
\/2x2—2x+1+\/x2+x:—x+ x+1

SN2 —2x+1 = —x+x = +x +1
<:>2x2—2x+1:(—x+x/_—\/x2+x+1)2
@—2(\/_—\/x2+x)(\/;—x+1)=0<:>x=0

Bai 11: Giadi phuwong trinh:

(3x—4)V1-x* +(5x=3)Vx—2+15x* —29x + 12 +1-x*/x =2 =0

Giai
Nhin phat thiy ngay phuong trinh vo nghiém do PKXD khong thoa man.
Vay cau hoi dit ra 1a c6 thé phén tich phuong trinh vo ty nay hay khong. Céu tra 10i 14 co!

Trude tién ta nhd rang Jz =-zi , day 1a mot kién thirc ctia s6 phire, ing dung cia no rat
hay trong
viéc tim nhén tir khong thoa man BKXD.

Bay gid don gian 1 ta s& dbi d4u trong cin ciia phuong trinhdau. Trude tién cir dbi dau cta
Jx-2 =+2-x. SOLVE ta dugc nghiém x =1. Do6i dau trude cin V2 - x ta duge

nghiém x = % Do d6 nhan tir ciia phuong trinh d6i dau trong can 1a 2 —x +3x—4. Tra

lai cdn ta dugc nhan tir ban dau la vVx—2 +3x—4.
e Chia cin ta dugc két qua:

(3x—4)\/1—x2 +(5x—3)\/x—2+15x2—29x+12+\/1—x2\/x—2 _\/17

—-x*+5x-3
Jx—2 +3x—4

e Vay loi giai la:
(3x—4)\/1—x2 +(5x—3)\/x—2 +15x% —=29x + 12 +1—-x*/x=2 =0
cz(Jl—XZ+5x—3ﬂJx—2+3x—4)=0
V1-x* +5x-3=0 (PTVN,)
IS

Jx=2+3x-4=0 (PTVN,)

(6—x)(x"+x*+x)
(x+1)(m+2)m_(8x_14)(2\/x—_2—x+2)

Dé thi tha THPT Quéc Gia - S& GD&DPT tinh Binh Phudc

Bai 12: Giadi phuwong trinh:

Giai
e Taco:
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Tim toi sédng tao mot mot s& cach gidi plf\wdng trinh vé ty

(6—x)(x*+x* +x) o -
(x+1)(m+2)m_(8x 14)(2m X 2)

- (\/XTZ—Z)(\/XTZJJ)(X%FXZ +x) :(8x—14)(\/x—2—2)\/x—2

(x+1)(Vx=2+2)Vx+1

3 2
o (Vx2-2) - (8x-14)Wx -2 | =0

(x+1)\/m
Jx-2=2ex=6
= @%:(SX—M)M(*)

e Gidi (*) ta duoc:

3 2 3 2 2
XXX :(sx_m)m:(" )

:(8x—14t)2 (x-2)

m (x+1)3
o (3 —4x-8)(21x4 +26x° +53x” —42x—49) =0
_2+27 (t/mm)
<32 -4x-8=0= 3
22
3
2 2
Vi £(x) = 21x* —26x° ~53x2 4 42x+49 =21 x2 -0y 2 | L ALf OO 49,
e Vay phuong trinh c6 2 nghiém: X:6VX:2+?2,\/7

Bai 13: Giai phwong trinh: V75 +20x—86 +x4/31 —4x— x> =3x+2
D thi thir THPT Quéc Gia — Chuyén Phan Bgi Chau — Nghé An — Lan 1 - 2016

Giai

e Taco:

J75% +20x 86 +x4/31 —dx — x> = 3x+2
S A7x? +20x—86 =3x -2 —x+/31—4x—x>
2
— 7% +20x—86:(3x—2—x\/31—4x—x2)
@(\/31—4x—x2 —1)(\/31—4x—x2 —4)(\/31—4x—x2 32 +7):0

_\/31—4x—x2 -1:0@_X:_2+M (t/m)
x:—Z—@ (L)

(

(

SN o
x=-2-+19 t/m)

V3l-4x-x*-4=0<
i _x:—2+\/ﬁ L)

e Vay phuong trinh ¢6 2 nghi¢ém x =-2+ V34 vx=-2-19
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Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

Bai 14: Gidi phwong trinh: (5x* —5x+10)v/x+7 +(2x+6)v/x+2 = x* +13x* - 6x+32
Dé thi thir THPT Quéc Gia 2016 lan 2 - THPT Léc Ninh - Binh Phudéc

Giai
» Cach 1: Lién hop + Chitng minh v6 nghiém.
e Taco:
(5x2 —5x+10)\/x+7 +(2x+6)Vx+2 =x" +13x* —6x + 32

& (5% =5x+10)(Vx+7 =3) +(2x+6)(x+2 =2) ~(x=2)(x* +5) =0

5x* —5x+10  2x+6
_ -0
IX+7+3  x+2+2

<:>(x—2){x2+5—

x=2
= 2 1 2
f(x):x2+5—5x 5x+10  2x+6 0
IX+7 43 Ix+2+2
D&y thiy: \x+7 +32/5+3>5 va /x+2+2>2 .
5x* —5x+10 B 2x+6
5 2

Nén f(x)>0= PT: f(x)=0v0 nghiém!

e Ngodi ra con mot cach chimg minh nira doc & phan chirng minh v6 nghiém!

» Cach 2: Phan tich nhéan ti.

e Nhu o phén trén ta da biét cach tim nhan t vo nghiém bﬁng phuong phép doi dau trong
can. Ap dung vao bai nay ta s€ tim dugc 1 nhéan ti 1a Vx+7 —2. Do d6 s€ phan tich
phuong trinh thanh:

(5% =5x+10)v/x+7 +(2x+6)v/x+2 =x" +13x> —6x+32

& (K7 -2)(Vx7 - Vx2-1)

((x2+11)\/x+2 +(x2+4)x/x+7+3x/x+2x/x+7—x2+3x+2)£0
=Sx=2
e D¢y thiy:
(x2+11)\/x+2+(x2+4)x/x+7+3\/x+2\/x+7—x2+3x+2
>(x2+4)\/x+7—x2+3x+2>2(x2+4)—x2+3x+2>0

e Vay bai toan da duogc giai quyét!

0

Khi do: f(x)>g(x)=x"+5-

Bai 15: Gidi phuong trinh: x—/x —2 = x* —4x% + 5x —/x> —3x> +4

Giai
e Taco:

X=X =2 =x% —4x2 +5x —/x° —3x% + 4

o (VR e1)(Ro2)- 2 1) 2)

UG —4x% +5x +4x° =3x% + 4

(\/§+1)(\/§—2):0<:>x=4
< - —(\/;—1)(\/;+2)

- U =452 +5x +Ux° —3x2 + 4

Nguyén Minh Tuén Trang 35




Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

e Giai (*) tacé diéu kién c6 nghiém la x €[0;1]. Ta cé:
~(x-1)(vx+2)

X —4x2 +5x +4/x° —3x% +4

@&(M+1)+ (x+1)(x-2)" +x-2=0
(x-2)"x x(x—2)

= — -
VxP—4x+5-1 x+1+1

1=

& (x=2)x- x2 W | geyog
2 —4x+5-1 x+1+1

<0Vvxe[0;1]

x> +4x” +3x—2(x+3)32x+3
(%/2x+3—3)(\/x+4 +1)

Pé thi thir THPT Quéc Gia 2016 — Ha Huy Tdp — Nghé An

Bai 16: Giai phwong trinh: (vx+4-1)Jx+2>

Giai
e Taco:

x> +4x% +3x-2(x+3)Y2x+3
(2/2x+3—3)(\/x+4+1)

x> +4x% +3x—-2(x+3)/2x+3
<:>(\/x 4—1)(Jx+4+1)Jx+2z s

X +4x2—3x—18+6(x+3)—2(x+3)\3/2x+3

(Jx+4—1)Jx+2z

@(x+3)\/xj2 B3
x* +4x* -3x—-18
<:>(x+3)(ﬁ+2)2 i3 3
>(x+3)2(M+2)(m—2)
@(x+3)(\/xj+2)_ B3
(x+3)(Vx+2-2)
12
Y2x+3-3

<:>32x+3+2x+32(x+3)\/x+2
<:>3/2x+3+(3/2x+3)32(\/x+2)3+(x/x+2)<:>f(§/2x+3)2f(\/x+2)
o Xét f(t)=t’+tliéntyctrén R.Co f'(t)=3t"+1>0.Nén f(t) dong bién trén R.
e Khi do:

Bpt & Y2x+3 2+/x+2
x> =2x*+1>0

< 2x+3> (x+2)3<:> 3 @xe{—l;_lgﬁ}
X2 ——

x? —x—=232x+1

Y2x+1-3

e Bai tap tuong ty [THPT Tri¢u Son 1 - Thanh Héa]: vx+1 =
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Tim toi sédng tao mot mot s& cach gidi pl/\wow\g trinh vé ty

(2x—1)x/m
2«/§+(2+\/;)\/E+1—x

Bai 17: Giai phuwong trinh: =1

Giai
o Xét x< % , hién nhién phuong trinh v6 nghiém.
o X¢ét xe[l;l} ta co:
2
(2x-1)vx+3
25+ (244 )VT=x+1-x
& (2x=1)Vx+3 =2+ (24 Vx JVT-x +1-x
~(VI=x) (4x* +12x-3
( ) ( )=\/1—X(2+\/;+\/1—X)
(2x—1)Vx+3 +2Vx

] (4x +12x— 3)\/_
Y ax-1)Wx13 + 2%
odl-x=0ox=1

—(4x* +12x-3)1-x
(2x—1)Vx+3+2Jx 2o \/ﬁ<0vXeL 1}

Vay phuong trinh c6 nghiém duy nhat x=1.

=1

e Chuy:

7x% —2x

X=3+X=1+V2X +x+2

Bai 18: Gidi phuwong trinh: 2v2x +Vx+2 =

Giai
e Bai nay nhin thoang qua thdy khing bd nhung rat 1a d&, dé y nhé!
e Taco:

7x% —2x
23/2x ++/x+2 =
X=3+/x =1 +/2x +/x+2

x(292x+xe) (232x - 2)
WO OV, o e
@x—3+\/le+\/§+\/xj=x(2\/ﬂ—\/x+—2)
@(x—3+\/le)+(\/§+\/x+—2—x(2\/ﬂ—\/x+—2))=O
<:>(\/le—l)(\/le+2)+(\/x+_2—\/§)(\/xj\/§+3x+l)=0

Ix—1+2 3X+1+\/m ~
= (x-2) K—T1+1  2x+x+2 =0
x=2

<:>f Ix—1+2 3x+1+\/m 0
R v SE RN oW vy

o Déy thay:
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Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

\/ﬁ+2_2_ —Jx-1
Jx-1+1 Jx-1+1
Bx+1+/2x(x+2) 3x+1+4/2x(x+2)—2\/§—2\/m
V2x +4x+2 V2x +4/x+2
8. Xét bat dang thic: \/Z(JH_Z—Z)ZZ\/HT—SX—l

—Ox? —2x+7 . . R
+Do 2Vx+2-3x-1= <0Vxe[1;+oo).Nen vG1 x > 2 thi bdt luon
2Ux+2+3x+1

<0.

dang.
+Xét x e[1;2] co:

V2x (Vx+2-2) 2 2Jx+2-3x-1

e 2x < 24Ux+2-3x-1
Jx+2-2

S 7x =2x+92(4x+4)Vx+2

& 49x* —44x° +66x> —116x+49 >0

& 49(x~1)" +152(x~1)" +228(x~1)" +80(x~1) +4>0
+ D& thiy bdt cubi luén diing nén c6 dpem. Viy bai toan da duogc giai quyét!

x +3x°
Bai 19: Giai phuwong trinh: X2 +1 (\/x 15x+6—x+2 )
P & \/x+3 +1 ( )

Giai
e Taco:
x* +3x°

erl +1( x* +5x+6 \/xj)

< xt+3x%° —( )( )(ﬁ+1)m
<:>x4+3x3:(x2+1)(\/m)3

& (V2 +1)(Vx+2-2)(xa/x+ 2+ +3x% +x+2) =0

e Diéu kién c6 nghiém ctia phuong trinh 1a x* +3x* >0 < x° (x + 3) >0 x2>0

e VoiDK trén ta co xv/x+2 +x° +3x% +x+2 > 0. Vay phuong trinh c6 nghiém duy nhat

x=2.
2
Bai 20: Gidi phwong trinh: <X otVx+t1 _ | x4
x+5+x+4+x+1 | (x+1)
Giai
e Nhin bai nay hinh thirc kha 1a chiy cdi. Ta s& tim duoc nghiém x = # , nhung tuy

nhién v/x+4 khong thé bidu dién qua x dwgc nén chic chin dén day s& bé tic do bai nay
khong nhu nhiing bai trén c6 thé lién hop nguoc dé lam giam do cong kénh. Hay dé y thay
o —1+413 . X2 +3x+3++/x+1
Vol X = thi
2 X+5+Vx+4+Vx+1
loi giai sau:

=1, lac nay da khir dugc vx+4 néntacod
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

e Taco:

X2 +3x+3+4x+1 [ x+4
X+5+/x+4 +/x+1 4(x+1)2

x*+3x+3+x+1 1 x+4 _0

=
X+5+x+4 +4x+1 (x+1f
(x+1—¢x+4x«x+4+x+2) x+1—+/x+4
+

X+5+4x+4 ++/x+1 Jx+1(Jx+1+ﬂx+4)
x+1—\/x+4=0¢:>x=:lizl/Ii

= Vx+4+x+2 N 1
X+5+Vx+4 ++x+1 \/X+1(\/X+1 +é/x+4)

>0Vxe[1;+0)

= =0

=0

BﬁiZlKﬁéiphuﬂngtﬁnh:(2—~—J(2x/ 1) I =8x+d

3x + 2\/2x

Dé thi thir THPT Quéc Gia 2016 THPT Trin Hung Pao — Paknong

Giai
e Taco:

3 9x* —8x +4
2——|[2vx-1-1)=——~—
( x)( ) 3x+242x-1

(3x-2v2x=1)(3x+2v2x-1)
Q(Z__j( 1-1)= 3x+242x—1
@(2—;j 2/x=1-1)=3x-2/2x~1

& (2x-3)(2Vx=1-1)=3x" - 2x/2x~1
<:>2(2x—3)x/x—1+ZXx/2x—1—3x2—2x+3=0

& 2(2x-3)Vx=T1+2x(V2x=1-1) = (x~1)(3x+3) =0
@\/ﬁ{z(zx—spﬂ—(sxw)m =0

V2x-1+1
x=1
< 4xafx—1
f(x)=2(2x-3)+ o~ (3x+3)Yx—~1=0
() =2(2x=3)+ o= 7~ (3x+3)x
o Déythly v2x-1>+/x-1 nén:
v _ T _
f(x)<2(2x—3)+w_(3x+3)\/xj:(5X 9)Vx—1-3x*+4x-3

Vx-1+1

- Véi x <% thi hién nhién f(x) <0,

Jx-1+1

. 9 \
- Vb ng ta co:
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f(x) _ —9x* +49x> —149x* +195x - 90
(Vx=T+1)((5x-9)vx~1+3x* —4x+3)

_9( , 49 44)2_45563 , 2719 38826

X =X+ X"+ X
_ 18 25 900 25 625 <0

(Vx=T+1)((5x-9)vx~1+3x* —4x+3)
e Vay phuong trinh ¢6 nghiém duy nhat x =1
e Cach2:
Ta co:

3 9x* —8x+4
2——|[2Vx-1-1)]=————"—
( Xj( ) 3x+22x-1

& (2x-3)(2Vx=1-1)=3x" -2x/2x~1
e 2(x-1-Vx-1) +(x—x/2x—1)2 +2(Vx—T+x-1)=0

Vé trai luon duong nén bai toan da dugc giai quyét!
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C. KY THUAT CHUNG MINH VO NGHIEM.

I. PHUONG TRINH PA THUC.
Phwong trinh bac 4.
a) Sir dung tinh chit tam thirc bac 2.

2
Nén tang: Ta s& phén tich phuong trinh ban dau thanh (xz +% + mj +f(x)trong do f(x) la

mot tam thirc bac 2 luoén 16n hon 0 véi moi x e R

Vi du: Ching minh phuong trinh sau vé nghiém: x* +x° +3x* +x+7 =0

e Budc 1: Dau tién ta bién d6i phuong trinh theo tham s m nhur sau:
x* 437 +3x° +x+7=0

2
X 11
= (xz +E+mj +(Z—2mjx2 +(1-m)x+7-m*=0
Y ~ 3w N - . .1 X e .y . . W2 R ,

Nhiéu ban sé& dit ra cau hoi tai sao lai 1a x* + > +m . Rat don gian, khi ta khai trién bicu thurc

X ? X
(xz + > + mj s& xuat hién ngay x°vi 2.x> > =x". Hiéu roi chu, cac bai khac ciing tach twong tu
dugc nhu vy, chi c6 diéu ta phai dwa no vé dang tong quat: x* +2ax® + bx? + cx +d = 0 thi m&i

tach thanh nhu trén.
e Buwuoc 2: Tatinh A theo tham sO m:

A=(1-m)’ —4(%—2111)(7—1112)

e Budrc 3: Ta thiy phuong trinh ban dau vo nghiém thi phuong trinh

(%—ZmJXZ +(1-m)x+7-m*=0

A<0
Phai v6 nghiém. Dé phuong trinh nay vo nghiém thi < 11
—-2m >0
4
e Dung MODE 7 ,nhdp ham sau vao may: |: 2“5‘]"“
=1.-' ] -
F(X):(l—X)Z—4(%—2X)(7—X2) Flad=azi | L7=a" ]l
« Start=-10
« End=10 : . IZH Wath
+ Step=1 al  Zi| -1id
o 11 ] _'!' -6
Sau d6 ta tim cac gia tri X lam F(X)<0&Z_2X>O 0
Nhin vio bang ta thay rat nhiéu gia tri 1am F(X) <0, nhung tuy u F ,:H et
u E | -dd
. . 11 . L
nhién ta phai chon lam sao cho ——2X >0 va do6 phai la mot gid tri 15 4| -l180
" p : 4 p otgiati | |Z | 408 -
bé de rat gon. Vi li do nhu the t6i s€ chon X =0 hay m=0

e Budc 4: Do biét m =0 nén phuong trinh s& trd thanh:
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43 +x+7=0

2
<:>(x2+§j +%x2+x+7:0

, x)V 11 2V 76
S X+ | +—| x+— | +—=0
2) 4 11) 11

>0Vx

Nén phuong trinh v6 nghi¢m!
b) Si& dung dao ham.
Ta xét phuong trinh tong quat: x* +ax® + bx* +cx+d =0
o Buéc 1: Dao ham vé trai: f'(x)=4x"+3ax” +2bx+c

Budre 2: Giai phuong trinh f'(x)=0. Néu :

Phuong trinh c¢6 1 nghiém thi day 1a diém roi ciia bai toan.

Phuong trinh c6 nhiéu nghiém thi thir xem nghiém nao lam vé trai nho nhat
Buéce 3: Tim k sao cho:

o N —

2
+ x4+ax3+bx2+cx+d—(x2+az—x+kj > 0Vx

a A
+k~-x, 5% nhat.

Muc tiéu ctia phuong phéap nay tuong ty nhu phuong phéap ¢ trén nhung c6 vai diém t6i wu hon.
o Buwdc 4: Sau khi ta tim dugc k thi chi viée lay :

2
x4+ax3+bx2+cx+d—(x2 +%x+kj =mx’ +nx+p > 0Vx
h(x)>0

g(x)>0 nén f(x)>0. Thé 1a xong bai!

Do f(x)—g(x)=h(x) ma trong do {

Vi dy 1: Ching minh ring: f(x)=x"—x*+x+2>0Vx

e Buéc 1: Dao ham vé tréi f'(x)=4x" —2x+1
e Buwdrc 2: Giai phuong trinh f'(x) =0 x=x, =-0..8846461771

Math Math¥

e "o Al=
4 -0. 8848461771

e Buwéc 3: Timk:
ko~ =’ —%xo — _0.7825988 = k = —0.8 = ‘%

2
e Budc 4: Ta lay: x4—x2+x+2—(x2—%j =%x2+x+1,36>0Vx

Do d6 phuong trinh ban dau vo nghiém! Nhanh hon chi!

Vi dy 2: Chimg minh ring : f(x)=2x"+x>-2x* +x+3>0

e Budc 1: Dao ham: f'(x)=8x"+3x* —4x+1 < x=x,=-1

e Buéc2: Tim k=-x,"-=x,=——

a
2 4
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2
e Budc 3:Liy f(x)—Z(x2 +%x—%) :g(x+1)2+1.Xong!

Vi du 3: Chimg minh ring: f(x)=4x"+2x"-2x* +x+14>0

e Budc 1: Dao ham f'(x) =16x°+6x* —4x+1=0=x= x, =—0,7909677904

e Bube2: Tim k~—x? —2x, x—~
2 2
1 1Y 7( 4 87
e Buwdc 3: Lay f(x)—4 x2+—x——j =—|x+=| +—>0Vx
47 2) a\" 7)) 7

Phwong trinh bac 6.
Ta xét phuong trinh téng quat sau: f(x)= x® +ax’ +bx* +ox’ +dx* +ex+f=0

2
~ ~ ‘ - R , a
e Ta s&thém bét biéu thuc: (x3 +EX2 +mx+ nj

2 2
e Liy f(x)—(x3+%x2+mx+nj =(b—az—2mjx4+...

e Giai phuong trinh f'(x)=0< x =X, théa man mugnf(x)zf(xo)

meQ )

e Tim m thda man a2 , thong thuong ta s€ cho b & om=1
b—Z—Zm >0 4

ne@Q

3

e Tim n théa man a ,
X, +—X,” +mx,+n=0
X

e Khi tim duoc m,n bai toan coi nhu dwoc giai quyét!

Sau day 13 2 vi du dé tim hiéu rd cach lam.

Vi dy 1: Chimg minh ring: f(x)=x°-2x"-x"+4x> +2x+1>0

e Taco f‘(x):6x5—10x4—4x3+8x+2:0<:>x:x0 =-0,25219838

Math Math
C108* 453 +0%+A | BRT-108% -7 +85k
ﬁ= ) -n.zazlaasﬁ

. Léyf(x)—(xS—x2+mx+n)2=(—2—2m)x4+...
° Tatimmthéamﬁn—2—2m:1<::>m:—E

. s 3 1
e Tatimn théamin x,” —x,”—=x,+n=0<n=-—

2 2
° Léy f(x)—(XS_XZ_Ex_lj :[)(Z_Ex_lj +£X2+£>0
2 4 4 2 16 16

e Vay bai toan di duocgiai quyét!

Vi dy 2: Chimg minh ring: f(x)=x°+2x"-2x"—4x" +8x* +2x+12>0

o Taco f'(x)=6x"+10x" —8x’ —12x* +16x+2 =0 < x = x, =—0,115820665
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q:-:3—12:-:2+15:-:+z1

Math

l':,::_
L-R=

Math

Gr=+105% - EES 1k
-0, IIEEEDEEE

e Tatimmthéamidn -3-2m=

e Tatimn théa man x,’ +x,’

Lay f(x)—(x3 +x +mx+r1)2 =(-3-2m)x" +

lem=-2

—2x0+nz0©nz—%

. Pé y thy f(x,)=11,58 >0 rat

nhiéu nén ddy 1a mot bai toan kha 1ong 1é0. Do d6 ta c¢6 thé coi n=0 dé tién rat gon bang

may tinh.

o Liy f(x)~(x +x2=2x) =x* + & +2x+12>0

e Vay bai toan da dugc giai quyét hoan toan

Phuong trinh bic chin khéng chit.
Phuong phap nay chi hiru ich cho 2 dong may VINACAL 570es PLUS II va CASIO 570VN —
PLUS béi vi 2 dong may nay cé tinh ning tinh min max ctia 1 tam thirc bac 2. Pdi véi may

VINACAL thi ta s&é bam 66 may sé hi¢n 1én nhu sau:

1:Gh.1 21 LCH
S:GCO d4:FACT
2:lim B:Minkax

Math
-]
ol
'-.’ aHE +bE4C
(]

Con may CASIO VN thi tich hgp trong chirc nang giai phwong trinh bac 2.

e Noi dung

Phuong phap ndy s& dung tinh chat co ban ciia tam thirc bac 2 nhu sau:Xét tam thirc

2
f(x)=ax®+bx+c thitaludnco f(x)= a(x +£j +;—A . Tudng chirng don gidn nhung lai

gitp ich kha nhiéu!

e Vi du minh hoa.

2a

Vi dy 1: Chirng minh ring: f(x)=x"+3x’+3x’ +%x +% > 0Vx

Giai

1. Néu quen voi phuong phéap nay thi s& cho ra két qua khoang 15s (1.
2. Do t6i dung may VINACAL nén s€ khéi dong tinh ndng tim min max.

3. Nhap vao may |1 .E.E.E may s& cho ra két qua:

Math? . Math &
a=llalue Hlmmum— Y=Ualue Minimum=
_3 =
z E]
Vay ta sé ¢ x4+3x3+3x2=x2(x+§j +3—X2.
2 4

4. Tiép tuc nhap E[E

3

16

E ta lai dugc két qua:
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s=llalue M

Math?

]
1himum=

(]

Math &

Y=Lalue Minimum=
1]

o3 3 3 3( 1Y
VaytasecoT+Zx+ X+=1 .

16 4l 2

1

2 2
5. Vay ta duoc f(x) =x" (x +§j +%(x +Ej >0 . Bai toan da duoc giai quyét!

Nhanh cht!. Py van 14 binh thuong ta s& chién mot vi du tiép theo!

Vi dy 2: Chimg minh riing: f(x)=x’-3x"+3x"—x"+2x* =x+1>0

Giai

1. Nhap 3 hé s dau vao may ta s& duoc két qua:

Math¥

s=llalue Minimum=

Math &

Y=Ualue Minimum=

= =
£ 4
A X AL 6 5 4 4 3 ’ 3 4
Vays€co x” —3x" +3x" =x"| x—— | +—x
2 4
2. Nhép vao méay 3 hé s6 tiép theo s& duoc két qua:
Math? Math &

s=Llalue H?nimum=

Y=Lalue Minimum=

Z =
S S
2
Vay s& co St o422 =2y (x—gj £2x
4 4 3 3
3. Nhap vao may 3 hé sb cudi s& duoc két qua:
. Math® . Math &
A-Ualue Minimum= | Y-Ualue Minimum=
= 17
1 Z0
2
Vay s& co §x2 -x+1 =§(x—ij 7
3 3 10 20

3
4

3 2
4. Vay f(x)ZX4(X_Ej +2

2
—(x—ij +%> 0Vx. Vi diéu chua [1.
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Bay gio s€ chién ndt vi du cudi cung!

4 s

7T 43x8+=x +EX4 —2x% +3x2 —x+1>OVx
3 3 3

Vi dy 3: Chirng minh ring: f(x)=x* +§x

Giai

Chi can bim may khoang 1 phut ta s& c6 két qua dudi day:

o 1YV 26 , 3Y 176 , 39 Y 489 88 ) 119
f(x)=x°| x+= | +=x*| x+— | +——x"| x— + X — +
3) 9 13) 39 176 ) 176\ 489) 489

Ty lam nhé! Cuoi cung hay thir strc véi bai sau day.

» Chung minh:

f(x)=x"+2x" +18x" —11x° +18x* —16x” +22x° =17x’ + 31x* =10x° + 20x* =10x +21> 0

e Chay rang: X )
1. Neéu ban nao khong c6 2 dong may trén thi van c6 thé tinh dwgc nhw trén nhung mat

thoi gian tinh —22& ;—A . Nhung dirng ngai nhé lam nhiéu sé tién bg[ .
a a

2. Néu ban nao ¢6 VINACAL hay VN PLUS thi dirng v§i mirng, nhiéu khi gip phai
nhirng bai hé s6 xau thi ciing phai tinh tay thoi vi may tinh khong hién thi dwgc, the 1a
bang nhau. Tiéu biéu la bai bén trén téi cho, vui vé nhé.

Chirng minh trén khoéng. 7

DPau tién xét dang tong quat cho céac bai toan c6 diém roi khong chat.

Gid sir can chimg minh phuong trinh f(x)=0 v6 nghiém trén[b;+wx); (—o;a]. Ta s&¢ CALC sao
cho X+a=1000; X+b=1000 sau d6 khai trién nhu binh thuong. D¢ hiéu rd hon ta s& cling
chién mot vi du 1€iy .

Vi du 1: Chitng minh ring : f(x) =3x* —2x> —2x* +10x+4 > 0Vx e [2;+oo)

1. Cdch 1: Ham s
e Tacdhd f'(x)=12x3—6x2—4x+10:>f”(x)=36x2—12x—4

1+\/§
x:
6
1-5
X=—

6
e Lap bang bién thién cho f'(x) ta duoc:

e f(x)=0

S 11j€ 1153 o
f"(x) + 0 — 0 +
83+ 55
- - —+00
9
f'(x) /
83-55
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Nhin véo bang bién thién ta c6 thé thiy phuong trinh f‘(x) =0 ¢6 1 nghiém duy nhit thudc vao
khoang (—0,9;—0, 8) do f'(—0,9) f '(—0,8) <0. Gia vo nghiém do6 1a x =x, =-0,8997774777 .
Lai tiép tuc lap bang bién thién cho f(x) ta duoc.

—00 Xo 2 +00

- 0 + +

+00

\ /48/ ®©
£(x)

Nhin vao bang d& thdy f(x)>0Vx €[2;+). Vay 1 hét bai!

2.

Cich 2: Nhém thanh tong dwa véo diéu kign.

Ta dé dang nhan thdy x >2 = x—2>0 nén nay ra y tudng viét f(x) duai dang :

f(x)=a(x—2)4+b(x—2)3 +c(x—2)2 +d(x—2)+e

Va cong viéc nay s€ nho toi su trg giap cua thu thuat CASIO.

Ta s€ CALC X sao cho X—-2=1000= X =1002

CALC X =1002 ta dugc két qua 3,022058x10' = 3(x-2)"

Ghi vao sau -3(X—2)", CALC X =1002 ta duoc két qua 2,205807 x10"° = 22(x—2)’
Ghi vao sau —22(X—2)’, CALC X =1002 ta dugc két qua 58074048 ~ 58(x —2)’

Ghi vao sau —58(X —2)2 , CALC X =1002 ta duoc két qua 74048 = 74(x—2)+48

Thir lai véi X == ta dugc két qua 1a 0. Vay két qua luon ding

Vay f(x)=3(x-2)" +22(x~2)’ +58(x—2)" +74(x—2)+48 > 0¥x € [2;+o0)

Thé 1a bai toan da duoc giai quyét!

Vi dy 2: Chimg minh ring: f(x) =x" —x* =x” +4x* +6x +1 < 0¥x < -1

Pung nhu nhitng budc 1am bén trén ta sg‘::i‘;h thanh:
f(x)=(x+1)" =6(x+1)" +13(x+1)" =17(x+1)" +20(x +1)~10
(x+1)5 <0
Dé y thiy véi x < -1 113(x+1)’ <0 = f(x) <0¥x & (~o0;-1]
20(x+1)<0

Vi du 3: Ching minh ring: f(x) =x" —x° +x* =2x* +8x’ —8x* +10x -2 > 0Vx > 1

Giai

Do bai nay bac tuwong d6i cao nén ta s€ clr lam nhu binh thuong va tim cac hé so con lai
bang dong nhat hé so.
Ta co:

f(x)=(x-1) +6(x-1)" +16(x~1)" +23(x~1)" +a(x-1)’ +b(x~1)" +c(x~1)+£(1)

Lap h¢, cho x lan luot bﬁng 1,2,3 s€ tim duoc a,b,c.
Ta duogc:

f(x)=(x=1) +6(x-1)" +16(x~1)’ +23(x~1)" +25(x~1)’ +20(x~1)" +16(x~1)+7
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e Bai toan da duogc giai quyét
Chirng minh trén doan.

Bai 1: Chimg minh riing: f(x)=x"—x*-2x*—2x* +5x+3 > 0Vx €[1;+x)

Giai
e D¢y thay:
LE(x)=(x=1) +4(x=1)" +4(x-1)" —4(x~1)" ~4(x~1)+4

2.4(x—1)4+4(x—1)3—4(x—1)2—4(x—1)+4:4{(x2—3x+1+1)2+1(x—2)2+ o8 }0

2 '5) 200 7) 175
3. Nén do d6 f(x)>0Vx €[1;+00)(dpcm). Xong! Hét bai.

Huéng din
e Do ta dang can ching minh f(x) >(0Vx>1 nén nay ray tudng tach thanh:

(x—l)5 +a(x—1)4 +b(x—1)3 +c(x—1)2 +d(x—1)+e

e Pé tach thanh nhu vay ta sé& st dung may tinh cim tay dé giai quyét. Pé y thay voéi
x>1=x-12>0nén ta s€ nhap vao may va sao cho X-1=1000= X=1001 va
sir dung k¥ thuat xap xi nhu khai trién da thirc ta s& tach thanh dang nhu trén. Cu thé cac
budc lam nhu sau:

1.1.Nhap vao may biéu thic trén, |CALC|X[=[1000] ta duoc két qua la
1.0..x10" = (x-1)’.

1.2. Ghi vao sau —(X -1)’ [CALC[X]=[1000] ta duoc két qua 144.0...x10"? ~ 4(x~1)".

1.3. Ghi vao sau —4(X -1)" [CALC[X[=[1000]ta dugc két qua 3.99...x10° ~ 4(x~1)’

1.4. Ghi vao sau —4(X -1)’ [CALC][X]=[1000]ta dugc két qua ~4003996 ~ 4 (x-1)’

1.5. Ghi vao sau +4(X -1)* [CALC[X[=]1000] ta duoc két qua ~3996 = —4(x—~1)+4.

1.6.Nh¢ rang dé tim hé s6 tu do ta s& |CALC| gi tri mdc tic 1a 1 va dugc két qua 1a 4.

e Vay ta duoc két qua f(x)= (x—l)5 +4(x—1)4 +4(x—1)3 —4(x—1)2 —4(x—-1)+4, thi
lai voi x=mta thay két qua luon ding. Dén day van dc?: dit ta 1a tat ca khong phai dau "="
nén ta can phai xur Iy thém 1 budc nita. That may 1a bi€u thic bac 4 dang sau luén duong
nén ta s€ quy nd ve bai toan chirmg minh phuong trinh bac 4 v6 nghiém véian y=x-1.
Str dung thu thuat SOS ta s¢€ tach n6 thanh:

4(x-1)" +4(x=1) —4(x-1)" -4(x-1) +4
=4 (x2—3x+1+1j2+1(x—2j2+5—8 >0
2 '5) 20" 7) 175

e Khi d6 bai toan da duoc giai quyét hoan toan!

Nhén xét

Bai toan trén chi la dang ddc biét do bicu thc f(x)kha la 1ong. Vay dbi véi nhitng bai toan chit
khac ma khi tach ra dang nhu trén toan diu "—" thi phai lam nhu thé nao? Sau day s& 1a cach giai
quyét.
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1.1. Thir nhat ta s& can ndi rong khoang can chimg minh ta, c6 nghia 1 néu bai toan cho
x>1 thi ta s€ chiung minh han n6 16n hon 0 v6i x >3 chang han, sau d6 s€ ching
minh né 16n hon 0 véi x €[1;3].

1.2. Bé ching minh f(x) >0Vxe [1,'3] ta s& str dung ky thuat chia dé tri DAC. ( Ap dung
chung minh v6 nghi¢m trén doan).

1.3. Noi dung phuwong phap DAC: B dé: Cho ham s f(x,y)lién tuc va xac dinh trén
D =[a;b]x[a;b]Ham s f(x,y)déng bién theo x va nghich bién theo y . Khi d6 néu
f(a,b)>0thi f(x,y)>f(a,b)>0.

1.4. Ching minh bb dé:

+ Do ham sb dong bién theo x, x>a nén f(x,y) (a ) )
+ Do ham s6 nghich bién theo y, y<b nén f(a,y)=f(a,b)(2)
+Tir (1) &(2) c6 diéu phai chimg minh.

Ap dung
1. Dbi vé6i bai nay ta cir gia v tach né dudi dang (x—3) ta s& duogc:

f(x)=(x=3)" +14(x-3)" +76(x—3)’ +196(x—3)" +236(x —3)+ 108 > 0¥x > 3

2. Xét xe [1 ;3] . Pay 1a diéu quan trong nhit. Do bo dé xét t6i ham 2 bién nén ta s& bién
f (x) thanh ham 2 bién dua vao tinh d6ng bién nghich bién. Ta co:
2.1.(x5)' =5x* > 0= Chd nay dong bién ta s& dat 1a x.

2.2. (— ) = —4x® <0 = Chd nay nghich bién nén dit 1a y.

2.3.Tuong tu voi céc chd con lai. Cudi cung ta s€ dat
g(x,y)=x"—y" -2y’ -2y +5x+3, ham ndy chic chan dong bién theo x va
nghich bién theo y véi x,y e D =[1;3]x[1;3].

3. Sau khi dat xong ham g(x,y) ta can phai chimg minh né 16n hon 0. Do b dé phat
biéu néu f(a,b)>0=f(x,y)>0 thi nhiéu ngudi s& tvong luon x=1&y =3, nhung
ch¢ tréu la n6 &m choét ra do ta danh gia qua manh tay, va nhiéu ban s€ nghi bo d¢ sai,
nhung hdy dé y rang phuong phap nay co té€n chia dé tri nén cac ban can phai chia
[1;3] =[1;a]u[a;b]u...u[z;3] va xét ting khoang dé khi thay 2 can vao né luon
duong, hicu chir?. B¢ tim cac khoang kia phai st dung dén tai san quy bau la chiec may
tinh.
3.1.Nhgp ham g(x,y) vao may: X°-Y*-2Y’-2Y>+5X+3. Dlu tién bam

vanhap X =1 trudc do day 1a can nho nhat, sau d6 ta thir thay Y =3 vao
thay am thi s€ chuyén Y =2 thay van am. Chuyén ti€p Y xuong 1,5 thi thay van

am, luc nay dung hodng ta s& tim dugc Y =1,2 thi g(x,y)=%> 0, thé 1a da

tim dugc 1 khoang dau tién.

3.2. Dé tim tiép cac khoang tiép theo ta lai cho X =1,2 va tim Y. Ctr ldp lai qua trinh
trén ta s€ chia duoc:
[1;3] = [1;1,2]u[1,2;1,3]u[1,3;1,39]u[1,39;1,46]u[1,46;1,51]
u[1,51;1,56]u[1,56;1,6]u[1,6;1,64] u[1,64;1,67]u[1,67;1,7] u[1,7;1,73]
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u[1,73;1,76]u[1,76;1,8];[1,8;1,84] u[1,84;1,88]u[1,88;1,93] u[1,93;1,99]u[1,99;2] .
Woa! That dep mét. Luc dén 2 1a cac ban s& gip kho khan do cac khoang cang ngay cang hep. Ta
lai ndy y tuéng chimg minh f(x)>0Vx>2. Ta s& dugc:

f(x)=(x-2)" +9(x-2)" +30(x-2)" +42(x~2)" +21(x~2)+5>0
Vay 101 gidi so lugc cua bai nay s€ nhu sau:

1. Xét x>2 tacod

f(x)=(x-2) +9(x—2)" +30(x~2)’ +42(x~2)" +21(x~2)+5>0
2. Xét xe[1;2].
+ Ta ¢6 bd dé sau: Cho ham sd f(x,y)lién tuc va xac dinh trén D = [a;b] x[a;b] Ham sd
f(x,y)déng bién theo X va nghich bién theo y . Khi do néu f(a,b) > 0 thi
f(x,y)=f(a,b)>0.
+ Ching minh:

- Do ham s6 dong bién theo x, x >a nén f(x,y)>f(a,y)(1)
- Do ham s6 nghich bién theo y, y <b nén f(a,y)>f(a,b)(2)
- Tu (1)&(2) c6 diéu phai chtmg minh.

+Xétham g(x,y)=x"—y* -2y’ —2y® +5x+3 = f(x) =g(x,x) .Ham s6 dong bién theo
X, nghich bién theo y, lién tyc trén
[1;1,2];[1,2;1,3];[1,3;1,39];[1,39;1,46];[1,46;1,51]
;[1,51;1,56];[1,56;1,6];[1,6;1,64];[1,64;1,67];[1,67;1,7];[1,7;1,73]
;[1,51;1,56];[1,56;1,6];[1,6,'1,64];[1,64;1,67],'[1,67;1,7],'[1,7;1,73].
369

1;1,2) =22 >0

+ Lai co nén theo bd dé ta s& cd
g(1,99;2)~4,1579601 >0

f(x)=g(x,x)>0vxe[1;1,2]

f(x)= g(x,;) >0vxe[1,99;2]

Tir d6 suy ra diéu phai chimg minh!

* Lwu y: Mt diéu ding buon la khi viét trong bai khong dwgc ghi “...” ma phai ghi hét ra dé
nguwoi ta cong nhdn khong sé bi bat bé ngay ldp tirc. Noi chung cdch lam tong qudt bao gio
ciing dai hon cdach lam dung 10 ma . Sau diy la mgt so bai co thé lam theo DAC.

Bai 2: Chimg minh ring: f(x)=x*-x"+x>—x+1>0VxeR

Giai

1. Cich 1: Tao dung hing ding thirc
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2 2
Ta luén co: f(x):xg—x5+x2—x+1:(x4—1xj +§(X—%j +%>0
2 4 3 3

Tir d6 suy ra diéu phai chimg minh.

2. Cach2: DAC . i o .
Nhin cach 1 c6 vé rat ngan gon nhung s& nhi€u ban c6 thé khong nhén thay dau hiéu tach hang
dang thure thi ta van c6 thé 1am nhu sau:

2
3
. Xét x<0 khi d6 —x*<0 lgi 6 X X*1 :(X_Ej %27 Y nén co didu phai chimg
x*>0
minh.

e Xét x>1 khi do x*-x"=x° (x3 —1) =x’ (x—l)(x2 +x+1) >0 ta cling c6 diéu phai

chung minh.

o Xétxe [0;1] day 1a khau quan trong nhat. Cach lam DAC s& nhu sau:

+ Budc 1: Phat biéu, chimg minh bo dé.

+ Budc 2: bat ham g(x,y) sao cho hop 1i dam bao luon dung theo bd d& ( rat quan
trong!). Dé dat ham g(x,y) ta s& dao ham timg bién mot va xét tinh dong bién, nghich
bién.Nhé 1a chd nao dang ddng s& dat 1a x, nghich bién 13 y.

(x*)'=8x">0
—x*) = 5x* <0
* Co: (=) xS .Nén s& datham g(x,y)=x" -y’ +x* -y +1.
(x*)'=2x>0
(-x)'=-1<0

+ Chia dé tri: Pé chimg minh v6 nghiém duoc ta s& phai chia thanh cac khoang nho
[a;m];[m;n];...;[y;b] lam sao cho khi ta thay cdn min béng X va can max béng y thi
g(x,y)>0. Cong viéc ndy co casio dé hd tro.
¢+ Nhap vao may X* —Y>+X*-Y+1 . Ta s8¢ CALC X=0 truéc va thir cho v6i Y=0
luén xem c6 duong khong. Nhung tiéc 1a biéu thire bi 4m do ta di danh gia qua troi, va vi
thé can thu nho khoang lai. Thir [CALC| tiép va cho Y =0,5 xem.Lan nay da duong,
nhung ta ¢ thé ndi rong khoang hon nira thir cho Y =0,7 1an nay ciing duong nhung néu
ndi rong ra hon nita s bi am.Thé 1a d3 tim dugc mot khoang. Ta s€ 14p lai qua trinh trén
voi X=0,7 va sé phai tim Y. Lan luot tim dugc 2 khoang nira la [0,7;0,9] & [0,9;1].
+ Budce 3: Loi giai:
- Viétlai budc 1.
- Dat g(x,y) =x" -y +x*> —y+1 lién tyc trén céc khoang
[0;0,7];[0,7;0,9];[0,9;1]. Ddng bién theo x, nghich bién theo y, c6 f(x)=g(x,x).
g(0;0,7) ~.>0=> f(x) = g(x,x) >0Vx e [0;0,7]
- Laic64g(0,7;0,9)~..>0=f(x)=g(x,x)>0vx<[0,7;0,9] .
g(0,9;,1)~..>0=f(x)=g(x,x)>0vxe[0,9;1]
- Suy ra diéu phai chimg minh.

Vay bai toan di dugc giai quyét! Hay chir . Chién 1 cai nita nao!
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Vi dy 2: Chirng minh rang: f(x)=-x°+x" —x*+2x’ Fx+L > 0vxe [—lé}

Giai

Pay 1a 1 bai toan khé 1a chit nén chic chin s& phai chia tuong ddi nhiéu khoang.
4 1 = 6 5 4 2 1 ~ : 4 -
1. Xétxe —5;0 . bat g(x,y) =X +X =x"+2y +X+E . Ta s€ chia dugc cac khoang
1a [—% ;—0,1} ;[-0,1;-0,05];[~0,05;0]

2. Xét xe {0;%}. bat g(x,y)=-y°+x* —y* +2x* +x+11—O . Ta s& chia duoc cac khoang 1a

[1,-1,1];[1,1,-1,2];[1,2,-1,25],-[1,25;1,29],-[1,29,-1,31];[1,31;1,32];[1,32;%}. Ghé

chua!

Vay bai toan di duoc giai quyét!
< Ap dung 1am bai sau: Chting minh rang: f(x)= —x*-3x*+6x-1>0Vx e [0,2;1,1]

e Thur 4p dung cach lam trén lam céc bai sau

Chung minh rang:

6,05 4 2 1 1 4
Lo f(x)=—x"+x"=x"+2x* +x+—>0Vxe| ——;—

10 93

2. f(x)=x"=x"+x* —=x+1>0Vx ( thir diing DAC nhé).
3. f(x)=x"—x"=x’ +4x* +6x+1 < 0Vx & (—o0; 1]
4. f(x)=x"—x"+x" -2x" +8x* —8x* +10x -2 > 0Vx > 1
5. f(x)=—x"-3x*+6x-1>0vx€[0,2;1,1]
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II. PHUONG TRINH VO TY.

1. Dé bai.

Bai 1: Giai phuong trinh: x* +8x—16—(x—3)V3x+1+(2-x)7x+2 =0
3

Bai 2: Gidi phuong trinh: (\/x2 +x+1) +(X2 +1)\/x2 +X+6 =2x7 +2x> —9x+2

Bai 3: Gidi phwong trinh: x° +7x* +12x% +x*> —3x—6-12/6-5x =0

20xv/x+1 N 20vx+1

VEx—-1+2 9-5x+2

5x2—5x+10_ 2x+6
\/x+7 +3 \/x+2 +2

Bai 4: Chimg minh ring: f(x)=4(x-1)vx+1- +1>0vVxe {1;%}

Bai 5: Chimg minh rang: f(x)=x"+5- > 0Vx e[-2;+0)
Bai 6: Chimg minh rang:
f(x)=2\/§+ x-1 - X >0Vxe{%;l}

J1_J§( j mm(“;lj

Bai 7: Chimg minh rang: x* —2x° +3x” +6x+7 —(x—2)v2x+5 —(x +1)+/4x+2 > 0Vx > —%

2 _x
3 2

x+1 2x+1
= +
VX =3+1 x*+5+3
Bai 9: Chirng minh rang; f(x) =§*/x4 +1 —\/x2 +3x+1—+/2x+10 v6 nghié¢m.

Bai 8: Ching minh rang: f(x) -2>0vVxe [\/g, +oo)

Bai 10: Chtng minh rang: f(x)z\/ 2X+11 1—\/ 2X_33 3+§—%>0Vxe[\/§;+w)
x> +1+ x> =3+

Bai 11: Chirng minh ring; f(x)=\/2>(_+1 +\/¢1 —%>OVXE[\/§;+00)
X -1+2 Jx"-2+1

Bai 12: Chimng minh ring; f(x):\/4gx+1) +\/3£X_2) —x—g>0Vxe{%;%}
X“+2+3 Jx"+4+8

.. s x* -1 2x-1 1
Bai 13: Chung minh rang: f(x)z + +3>0Vxe|—=;+xn
VBX+5+x+2 6x+2+x+1 3
Bai 14: Gii phuong trinh: 9x* —32x* +5+18/4-3x =0
1 x> -1

Bai 15: Giai phuong trinh:

S 23 xrd e —ax+5-1
Bai 16: Chung minh rang:

f(x)=xy/x+2 +3X\/x4+x3+x2+x+1—\/(3x6+3x5+3x4+3x2+x+2)(x2+3) <0vx>1

2x+1 4(x2+x+1) )
Bai 17: Giai hé phuong trinh: <y y>+3
x> (By—11)=2—J(xy —x+2)x(2)
Bai 18: Giai phuong trinh: 2,/(x+3)(3x+1) - (vx +1)(vBx+1+x+3)=0
3x+1 6
3xE —2x+3+42 Bx+1+2

Bai 19: Chirng minh ring; f(x)= X —X+4-

>0Vx e {—Lﬁo}
3
Bai 20: Chting minh rang:
2(x2—x—1) 4(x2+x+1)

f(x)= -
( ) X =P +4 4+ x3 = x+2 X203 +4 + P +2x+2

—x*+2x<0¥x>0
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Bai 21: Giai phuong trinh: —x° —5x* — 2x° + 2x? —élx—8+(x4 +1)\/x6 -x+2=0

Bai 22: Giai phuong trinh: T+x3x2 +1 > Vx> —x+1(1+\/x2 —x+2)

|- X , . M 3 3 3 a’+b*+c’ ’
Bai 23: Cho 350 a,b,c> 0. Ching minh rang: 3(a +b’+c )+2abc211 — 3
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2. HUONG DAN GIAL

Bai 1: Giai phuwong trinh: x* +8x—-16—(x—3)v3x+1+(2-x)J7x+2 =0
Nguyén Minh Tudin

Giai
e Bai nay co rat nhiéu cach giai khac nhau nhung ta cit lién hop rdi chimg minh v6 nghiém
Xem sao.
e Taco:

x* +8x—16—(x—3)V3x+1+(2-x)V7x+2 =0
< (x+4)(x-1)—(x— 3(\/3x+ 2)+(2 x( 7X+2 — 3)

SRR 1581 B T

B3x+1+2 J7x+2+3

& 3(x-3) 7(2-x)
f(x)=x+4- + =
(x)=x 3x+1+2 J7x+2+3

e Nhiém vy la chimg minh f(x)>0Vx> —%.

-3(x-3)<0
e Vi x>23=:2-x<0 . Khi d6 co:
V3x+1+2>5
3(x=3) _7(2-x) _ (2x+29)7x+2 -29x+157
5 J7x+2+3 5(m+3)

1. Véi xsﬂjf(x)>0.
29

f(x)>x+4—

28x° — 21x° +15225x — 22967 O 157
5(V7x+2+3)((2x+29)7x+2 +29x~157 29

2. Vi x> 2 ihi f(x)=
29

7x+2+3<7
3(x—=3)  6V3x+1+12-3(x-3) 6/3x+1+21-3x

Px+1+2 V3x+1+2 C Bx+1+2
-3(x-3)20
o Véi xe[2;3],ta co: :2—-x<0 . Khi d6 tuong ty nhu trén ta co:

N7X+2+3>7
3(x—3) _6\/3x+1+12—3(x—3) 6+/3x+1+21-3x

f(x)>¢ V3x+1+2 V3x+1+2 V3x+1+2
e Vay bai toan da dugc giai quyét hoan toan!.
Nhén xét
e Ngoai cach nhu trén ta van c6 thé tinh ¥ nhém nhu sau:

. 2 2-x20 )
e Voi xe{—;;Z} ta co: . Khi @6 ta co:

>0

f(x)>6-

>0
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3(x-3 7(2- - -
(x-3) . (2-x) :1x+ 7(2-x) +1x+4— 3(x-3)
V3x+1+2 7x+2+3 2 J7x+2+3 2 V3x+1+2
~ x\/7x+2—4x+14+(x+8)\/3x+1—x+25
2(V7x+2+3) 2(VBx+1+2)
e Khi d6 thich dung dao ham hay ding bat phwong trinh phu thi tity, t6i s& dung dao ham.
b f(x):x\/7x+2—4x+14
° at .
g(x)=(x+8)v3x+1-x+25
—8V7x+2+21x+4 280 ++/275968 .,
= =0ox=—"—"—"—""—.f
247x+2 882
280+ /275968 . 280++/275968

nén dat cuc tiéu tai
882 882

280 ++/275968

= f(x)> f[—} ~12,99>0
882

- Chtng minh tuong ty ta cling suy ra g (x) >0.

f(x)=x+4-

- Taco: f‘(x)=0

(x) doi déu tir

(—) = (+) khi qua

e Vay bai toan da duoc giai quyét!

3
Bai 2: Giii phwong trinh: (\/x2+x+1) +(x2 +1)\/x2 +X+6 =2x7 +2x> —9x +2

Doan Chi Diing

Giai
e Taco:

(\/x2+x+1)3+(x2+1)\/x2+x+6 =2x> +2x* —9x+2
<:>(x2+x+1)(\/x2+x+1—2)+(x2+1)(\/x2+x+6—3)—(2x—5)(x2+x—3)

0

<:>(X2+X—3){ x* +x+1 + X1 —2X+5}_0
Wrxi1+2 X exr6+3
2 2
e Dbt f(x)= x xtl + Xt —2x+5.
U +x+1+2 3 +x+6+3
2
%Zx+a
e Chi§ring: X +2x +11 +2
LZX-Fb
VX2 +X+6+3
) x> +x+1 3
a:hmﬁ_x:__
e Khi d6 dung lim ta tim duoc X +2X+1+2
, x> +1 7
b=lim-———m——--x=-

I +x+6+3 2
e Taco:
2 +x+1 3 2(x2+x+1)+(3—2x)\/x2+x+1 34X +x+1

> > >0

—_X+_
X+ x+1+2 2 2(\/x2+x+1+2) 2(\/x2+x+1+2)

1.
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) 241 7 2(x2+1)+(7—2x)\/x2+1 7dx2 +1
S e— X+ —> >
2(\/x2+x+6+3) 2(\/x2+x+6+3)

>0

VX2 +x+6+3

e Vay bai toan da duoc giai quyét!

Bai 3: Giai phwong trinh: x° +7x* +12x> + x> =3x -6 —-12v/6-5x =0
Nguyéen Minh Tuan

Giai
e Taco:
X +7x* +12x° + x> =3x—6-12y6-5x =0
& (x=1)(x* +8x7 +20x" +21x+18)-12(V6-5x 1) =0
x=1

= 60

f(x)=(x+3)(x>+5x* +5x+6 )+ ——=—=
(0= (et )53 5346 )+ = ]

e D¢y thay:
1. Véixe (—oo;xo]u[—?);g} = f(x)>0. V6i x, thoaman x> +5x,” +5x,+6=0
2. Véi xe[x,;-3] taco:

300

—L:'x: >0=g(x)=2g(x,)>
- 8(X)_m+l g'(x) 2@(m+1)2 0=g(x)2g(x,)>9

2
- Khi dé: f(x)>(x2+4x+1)2+2(x+%j +3§9>0

e Vay bai toan da duoc giai quyét!

Bai 4: Chitng minh ring:
f( ) (X 1)\/F— 20x~/x+1 n 20vVx+1
VBx—-1+2 9-5x+2

+1>0vVxe {1;%}

Giai
o D¢y thay:

1. Do xe[1;2} nén VO Bx 42 <d = 2NXHL o
5 VI9-5x+2

2. Khido f(x)>g(x)=4(x- 1)\/XT—\70;(—%\/1T 5Ux+1+1

(x—1)(1—2\/5x—1) \/x+12+(\/5x—1+2) >0VX€|: '2}
(VBx-1+2)

4. Nén f(x )>0‘v’xe[ }(dpcm) Xong!

3. Laico: g(x)=

Huéng din
e Bai nay nhin hinh thtc kha khung bé, trong c6 vé rdi ram nhung kha 1a don gian.
1. Dau tién ta thdy c6 qua nhiéu cin trong bai, diéu nay lam ta nay ra y tuong danh gia bot
1 can di dé dua vé dang don gian hon.
2. Hai 1a bai nay 1a mot bai khong duoc chit cho 1dm vacac biéu thirc trong cin & bac
nhitnén nay ra y tudong danh gia voi 1 hing s nao do.
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3. Ba la thdy trong bai c¢6 2 phan thirc nén s& thir danh gia mot em xem sao, toi s& chon céi

thir 2.
20/x+1
J9-5x+2

MODE|7| nhan thay f(x) >1. Piéu nay chiang khac nao cho ta biét phuong trinh:

e D@ thiy V9-5x+2<4= >5+4/x+1. Luc nay bai toan chi con 2 can. Dung

20x+/x+1 . . .
4(x-1)Vvx+1—————+5vVx+1 =0 c6 nghiém kép. Ma may man thay ta lai rat
( ) Vhx—-1+2 s P Y Y

dugc Vx+1 ra, lGc nay chi la gidi phuong trinh 1 cén c6 nghiém kép x = %(tu tim nhé) va

1 nghiém x =1 (khoéng quan tim) quéa dé dang, sir dung lién hop ngugc hoic chia cin cho
nhanh 12 s€ ra!

20xvx+1
e Taduogc: 4(x-1)Vx+1———+5Jx+1=
( ) VOhx—1+2

e Vay bai toan da duoc giai quyét!

(x—1)(1—2\/5x—1)2m
(Vox—1+2)

>0

Bai 5: Chirng minh ring:
5x* —5x+10 2x+6

f(x)=x>+5- -
( ) \/x+7+3 \/x+2+2

>0Vx e [—2;+oo)

Giai
e Hudng lam van nhu bai trudc, ta s& danh gia 2 cai mau dugc: Jx+7+32/543>5
va JXx+2+2>2 .
2_
e Khido: f(x)>g(x)=x2+5—5X §X+10—2X2+6=

e Nén f(x)>g(x)=0Vxe[-2;+0) (dpcm). Xong!

0

Huéng din
e Bai nay khong c6 cai gi dé noi hét, trong can chira da thirc bac nhat nén ta s& danh gia voi 1
hang s6 nao d6 va la xong!
e Ngoai ra néu thich DAC thi ctr viéc dung thir nhé! Ngoai cach niy ra con c6 mot cach
khac.

5(x2—x+2) 2(x+3)
o Tacoh: f(x)=|xX* —X+2————L |+| X+3 -’
act: £(x) { x m+3J ( M+2j

=(x* —x+2)(1—ﬁj+(x+3)(l—ﬁ} > 0Vx e{l;%}

e Dén day dya vao diéu kién tu giai thich nhé!

Bai 6: Chirng minh ring:

f<x>_2ﬁ+ﬂ+xﬁl(2jm+;§(3’”j >0Vxe{%;1}

X
3 2

3

Giai
e Nhan thay

1. g(x)zx/l—er\/g(%—%j nghich bién trén {%;1} nén g(x)Zg(l)zg
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2. v(x)=+2x-1+ \/g[ﬂj ddng bién trén [%;1} nén v(x)= V(%j :g
o Khido f +23=0
>3 53
6 6
e Vay ta c6 diéu phai chimg minh.
Huéng din
¢ Bai nay khong c6 gi phai ban ca. Do dudi mau dang co cin chira da thirc bac nhat nén ta sé
danh gia tung can véi mot hang so, néu khong danh gia dugc nhu vay thi dung DAC khéng
c6 gi kho ca.
e O trén toi trinh bay hoi tit, dang 18 phai c6 phan chimg minh dao ham mang 1 dau nira,
nhung théi thoi gian c6 han mong thong cam .
Bai 7: Chitng minh ring:

x* = 2x% +3x% +6x+7 —(x—2)V2x+5 —(x+1)v4x+2 >OVx2—%

Giai

V2x+5< lx +2
Véi x> 2 ta c 2 bd dé sau (tu chimg minh nhé): .Khi d¢ ta co:

Vax+2 <%x+%
2 2
f(x)>x* —ZXS—%XZ +%x+9,9=(x2 —x—gj +1(x+éj 227 0

2 5 50
V2x+5>2
Véi xe[—l;Zj ta co: . Khi do:
2 Vix+2 <4
F(x)>x* =2 +3x% +7 =x* (x=1) +2x2 +7 >0
Vay bai toan di duoc giai quyét!
Nhan xét.
O trén t6i c6 néu 1én 2 bd d€ ma nhiéu nguoi doc sé chang hiéu dugce kiém dau ra. Sau day
t6i xin trinh bay cac budc lam.
D& kiém tra théy f(x) >0 nén no s€ co gia tri nhod nhét, viéc cta ta 13 tim dwgc khi x béng
bao nhiéu thi dat cuc tiéu. RS rang nghiém cia phuong trinh f'(x) =0 chinh 1a gia tri can
tim do d6 ta s& giai phuong trinh f'(x)=0, ta dugc:
3x+3  6x+4

f‘(x):élx3—6x2+6x+6—\/2 5—\/4 2:0<:>x:x0:—0,3100436394
X+ X+

<o |d A
Viéc lam ti€p theo 1a tim nhan tu chira nghiém x = x,, ta s€ dung phim —|:| . Nhan tur c6

a=-(J2x+5)

dang vV2x+5+ax+b. Vi dx

b=-2x,+5-a

x=x, - D0 két qud 1é nén ta s€ tim mdt so
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gan nd va phai dep va thay vao phuong trinh dau phai théa man. Véi li do do6 chon

a=-3 9 8
é . Tuong tu cho cén con lai ta dugc nhan tor 4x+2 < Zx+g.
b=—=

4

V2x+5 < 1x + 2
3. Péy thay 2 , ma f (x) >0nén can chia 1am 2 truong hop méi dénh gia

Vax+2 <%x+§

dugc . Pén d6 chi viéc danh gia phuong trinh bac 4 1a xong!.

S x+1 2x+1
Bai 8: Chirng minh rang: f(x)= + -2>0Vxe [\/§;+oo)
Vx2-3+1 /x*+5+3
Giai

J— 2 J—
e Taco: \/x2—3—%x+%: 28x” +144x—189 <0Vxe[\/§;+oo)

6(6\/x2—3 +8x—3)
e Khi do:
x+1 2x+1 (12-10x)vx* +5 +16x> —=28x + 33
f(x)> 3 2=

+ -
fx_§+1 X2 +5+3 (8x—3)(\/x2+5+3)
3
e Péythiy:
L. (12-10x)vx* +5 +16x* - 28x +33

2
:(2\/x2 +5 —gx—lj +164x*+5 +%x2 —33x+12

23 23 66) 222
2. 160x2+5+—x2—-33x+12>"| x—— | +——>0V
X g T 4 (X 23) 3

3. Vay f(x)>0

Huwéng dan
e Dau tién ta s& tim di€m roi cta bai toan chinh la nghi¢m ctia dao ham. Ta co:

£'(x)= Vx* =3 -x-3 N 6vx> +5-x+10
I —3(\/x2 _3 +1)2 I +5(\/x2 +5 +3)

>=0x=A=2,677764402

N A 5 J R LT ’ 5 r d ~ A - B 5
e Tim 2 nhan tir chtra diém roi bang cach st dung phim d—|:| . Ta s€ dua v€ 1 can va st
X

dung nhan tir lién quan ti Vx> —3 vi diéu kién gan chat véi con can nay. Nhan tir c6 dang
nhu giai phuong trinh vo ty 1av/x* =3 +ax+Db.
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az—i( f(x))

+ Ta co dx x=A Ap dung vao bai ta co
b~ —( f(x) +ax)

4 - . .
=-1311...» ~3 Von di c6 thé lay em —% la vi ta dang can mat so

a=-L (23]

dX x=A
dep dé tién bién d6i va diy cling 12 bai toan chiat nhung khong phai chit xit c¢d do
f(A)=0,188421028. Ngoai néu thich 1am chit nita ta c6 thé lay la a —%(? a= _29 Déi

v6i bai chit hon nita thi ta can phai lam nhu vay chir con bai nay thi khong can, chi vay la di!
ik 3 A £ 13 2 4 3
+ Co tiép b= —( f(x)+ ax) =1.528191379 ~ 5 Lic nay nhén thay la Vx> -3 < 3575

dung chiéu ta can do bai toan can chimg minh 16n hon 0 va tr dang 16n hon 0. Néu nhan tir
chua dung nhu ta can thi ta can phai lam tron hé so tu do lam sao cho dung chiéu dau chiing ta
can.

e Dén diy méi chi di qua % ching dudng, con mot phan nita 1a chimg minh phéan sau chira
mot cin 16n hon 0 bang SOS.

e Tim diém roi cta biéu thic g(x)=(12-10x)vx* +5+16x” —28x+33. Ta cé:

, (32x-28) x* +5-20x* +12x-50

g'(x)= -
\/x +5
r b 2 2

e Nhan thay ta can tim nhan tr c6 dang (\/x2 +5 +ax+b) =2axy/x*> +5 +...Dang trude

=0 x=x,=1,961407277

, 2
dang c6 —10x+/x> +5 nén tim a théa man khi ta lay g(x)—(\/ X +5 + ax+b) phai triét
tiéu dugc —10x. V6i 1i do trén ta s€ chon a=—5:>bz%. Tu d6 c6 nhan tor 1a
5
5 34 Y A o A
VX +5 —5x+? . Nhung tuy nhién nhan tir chua thoa man do thay vao bi am va ta

nang h¢ sO trugc can 1én 2. V61 cach lam tuong ty ta c6 nhan tor s€ Ia

2
(2\/x2 +5 —gx - 1) . Bén day khong con gi phai ban nhé!

Bai 9: Chirng minh ring: f(x)= x* +1-~/x2 +3x+1 —2x+10 v6 nghiém.
Buii Thé Viét

Giai
e Dung Casio nhn thay f(x )>0Vxe{— - \/_} f(x)<0vx {3;\/3%00]

3f}

e Truong hop 1: Xetxe[ -5; >

1. Déy thay:
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2

\4/x4+1+x>(‘/x_4+x=0Vxe{—5;_3_\/g}

—5(x+3) 3_
—\/x2+3x+1—%x—%= (x+ )3 7 20Vxe[—5;3T\/g}
4(—\/x2+3x+1+2x+2j

—2x+10 +%X+Z=i(\/zx+1o —2)2 > 0Vx e [—5; _3_‘6}

2 2

2. Do do f(x)>—x+%x+z——x——=0

—3+\/§ }
5 , 100

e Truong hop 2: xe[

_ N2
1. Péy thiy Yt +1-xC+1 = 2x <0

(‘\‘/x4+1 +\/x2+1)(\/x4+1 +x2+1)

2. Khid6:

2
f(x)S\/x2 15 13x 412X 110 = 5x—10—2+/x% +3x+1/2x + 10 0
I +1 403 +3x+1+V2x+10

e Vay phuong trinh f(x) =0 vo nghiém. (dpcm). Xong!

Huéng din
e Bai nay phuong phap giong hét vai bai 4. Ta ciing s€ di tim diém roi cta bai toan.

—3-5 —3++/5
2 2

e Do thiy f(x) luén duong trén {—5; } va luén am trén { ;+oo) nén ta s€
chia [am 2 truong hop.

e Dbi véi truong hop 1 thi khong co gi phai ban, nhung truong hop 2 thi ¢6 diéu phai chi y!

-3++/5
2

e Do trén { ;+ooj thi ta s€ khong tim dugc nghiém cua dao ham hay luc nay ham

nghich bién, nén ta s& khong di chimg minh dao ham am ma s& quy vé danh gia ¥x* +1
Uxt+1>x
Vx*+1>x

(l/x4 +1< \/x2 +1 thi thay vao thiy thoa man. Vay ta s& di chirng minh (‘/x4 +1< \/x2 +1,
day khong phai 1 céu kho, t61 cling da ching minh roi. Khi d6 chi viéc lién hop 1én 1a c6
di€u can ching minh.

vol mot g(x) nao d6. Cai nay hoi kho nhung chiu dé }?{ Néu nhu

Bai 10: Chitng minh ring:

1 x—3 x 11
£(x) =t - +Z— = >0Vx e[ V3;+0
() Vx2+1+1 x*-3+3 3 6 [ )
Giai

e Truong hop 1: Xét xe[\/§;3].
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3
——X
1lxz_|_1_x—%=4—1<0VX€|:\/§}3:|
1. D&Y thay: VX2+1+X+§
2
Vx?—3-2x+3= S(x-2) sone[ﬁ;?,]
Jx2 -3 +2x-3
2. Khi doé:
(x)> +3—x+§_£=(2x2—14x+9)\/x2+1+8x2—8x+9
X+1+;. 2x 3 6 6X(\/X2+1+1)
3. Déy tiép:

+2x2 —14x+9<0‘v’xe[\/§;3:|:>(2X2 ~14x+9)Vx* +1-8x* +8x-9 <0
+ Nhan lién hop ta dugc:
4x° —56x° +172x* —180x> + 105x* —108x

2
=x x4(4x—13)+x2(—43x2+172x—108)—110[x—2j _729 1 g
1) 88

4. Nén (2x* =14x+9)Vx* +1+8x* —8x+9 >0
e Truong hop 2: Xét x €[3;+0).

1. Nhan thdy Vx*-3+3>5
x+1  3-x x 11 (4x—=37)Vx*+1+34x-7

+ +o-—=
J2+1+1 5 3 6 30(\/x2+1+1)

2 2
3. Pit g(x) = (4x=37)Vx +1+34x—7 = g (x) = o X TLHEC Z97xHE

2. Khido f(x)>

Ix+1
3Y 119
) T
4. Déythdy g'(x)= >0 nén g(x) dong bién trén [\/§;+oo). Suy ra
Jx% +1

g(x)>g(+/3)~15,9430585 > 0.
e Vay f(x) >0Vx e [\/§;+oo).

Bai 11: Ching minh ring: f(x)= x+1 + 2x-1 —E>OVXE[\/§;+OO)
\/x2—1+2 \/x2—2+1 7
Bui Thé Viét

Giai
e D& nhan thiy v/x* -1 < x. Khi d6 ta ludn cé:
8(x)

x+1 2x+1 19 (—12x—31)\/x2—2+14x2+23x—17

f(X)>X+2+m+1_7_ 7(x+2)(m+1)

e Déy thay:
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2
g(x)zﬁ(\/x2—2—2xj >23 x* +23x ———31\/

275

2 2 -1123x+0722 = -0.261129%" +1.621612x — 2.521284 <0

X2 =2 +1.123x-0.722

3. Khido:
;ig 2 03y ___31/ 2> 23 x2 +23x —%—31(1123x 0.422)>0

4. Vay bai toan da duogc giai quyet!

Bai 12: Chirng minh rang:

f(x)= 4(x+1) + 3(x-2) —x—%>0‘v’xe Q,é
V243 X +4+8 5 25

Nguyén Minh Tudin

Giai
e D¢y thay
2139 2 9139
——x"—1.40448x+ ——
TN N 1 2;g6z5>wx{[ ﬂ
VX +4 +—

125

g(x)
475x> +24890x + 11968 — (475x2 +8750x + 12421)\/x2 +2

5(95x +2462)(Vx* +2+3)

u(x)
1424x° +17500%” +14324x + 17500

2. Khidé f(x)>

3. Co g'(x)=950x+24890 -
min v(x)=v ﬂ ~ 25561,75144
o
4. Nhanthdy ¢'%°
maxu(x)= u(éj ~ 25165,00167 < min v(x)
{Q;ﬂ 5 V24
25 25
5. Nén g(x) ddng bién trén [i é}
25
6.

Tir d6 co g(x)> g(%} =2.957051285> 0= f(x) > 0Vx e {%,%}

Bai 13: Chitng minh ring:

3_ —
f(x)= x -1 + 2x-1 +3>0‘v’xe[—1;+ooj
V8Xx+5+x+2 bx+2+x+1 3
Nguyén Minh Tudn
Giai

e Truong hop 1: Xét x>1

x° +5x+4+3/8x+5
V8X+5+x+2

1. Khido6 f(x)> >0Vxe(1;+oo)
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o Truong hop 2: Xét x e {—%,%}

V8X+H5+x+2>3
\/6x+2+x+1>§

2. Neénta co:

1. Khido

1Y 1
2| —= 18| —= [+7
x* -1 3(2x-1) 2x° +18x+7 ( 3) " ( 8j+ 25
+ +3= >

f(x)> = >0
3 2 6 6 162
. Tm(‘mghop&Xétxe[%;l}
) NVOX+2+x+1<5
1. Khidé
V8x+5+x+2>55
2(x* -1 - 3
2. Nén f(x)> ( )+2X 1+3:10X +22X+144>0Vxe{1;1}
11 5 55 2
e Vay bai toan da duoc giai quyét!
Vi du 14: Giai phuong trinh: 9x* —32x* +5+18v4-3x =0
Ld Duy Tién
Giai
e Taco:
9x* —32x* +5+18v4-3x =0
54 5 o2 }
S (x—1)| ———-9x"-9x" +23x+23 |=0
( )L/4—3x+1
x=1
= 54
f(x)=———-9x" -9x* +23x+23 =0(*
N e )
o Giéi(*):
1. Dé dang nhan thay véi x € | —oo;——— U[—lH—oo) thi ta thay f(x>> 0.

2 Xetxe _@;_1 , ta ¢0 b de sau: J4—3x < %x+1—59 (ban doc tu chimg minh).
3. Khi do:
— 4 3 _ 2
f(x) > % o¢ oy 1+ 23x +23 = 45x* — 477x°% — 317x> + 1219x + 1644 =0
L 19 5x + 48

e Vay PTex=1.

Nhan xét
e Cau ndy mic du mau chira cin & bac nhat nhung ta khong thé danh gia dugc do
lim /4 —3x = +00. Vi thé ta s& dua vé bai toan gidng véi bai 4.

X—>—00
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e Khi ta dao ham tim diém roi thi s& tim duoc 3 nghiém, nh’iéu ban s€ khong biét chon diém
roi nao cho phu hgp. Vay khi gip nhitng truong hop thé nay thi ta s€ thi 3 nghiém cua
f'(x) vao, nghiém nao lam f(x) min thi ta s& chon diém roi do.

e Thir 2 v6i viée tim nhan tir, ta c6 diém roi 1a x = x, = —1,350561897 khi thay vao

V4 —3x — %x thi s& duoc két qua 1a 3.512830189 va néu ai lay 1a 3.5 thi bai toan sé sai

do V4 —3x — %x —% > 0 s& nguoc chiéu véi bai toan. Néu 1y khoang 3,6;3,7 thi van
chua duogc do sé bi dwong & mot vai gia tri. Mt khac bai nay kha 14 16ng nén ta s& lay han
1én % va kiém tra bing MODE 7 c6 thé thay luon 4m va thay vao thiy f(x) > 0 cho nén

day 1a nhén tir can tim.
e Vige chimg minh g(x) = —45x* —477x’ — 317x* + 1219x + 1644 > 0 nhin ¢ vé kho
nhung rit d&, ta s& tach nhu sau: g (x) =x (—45x - 477) —317x* +1219x + 1644, ¢b

5 x> <0
thé thdy ring véi x € —%;—1 thi {—45x — 477 < 0 cho nén g(x)> 0.
—317x* 4 1219x + 1644 > 0
Va thé 1a hét bai!
Bai 15: Giai phwong trinh: I X -1
V2x+3  Jx+4 x*-2x+5-1

Giai
e Do x=1 langhiém ctia phuong trinh nén ta tién hanh lién hop.
i1 x> -1
V2x+3  Jx+4 P -2x+5-1
Vx+4—-+2x+3 x> -1
V2x+34x+4 X —2x+5-1

x+1 1

< (x-1 + =
(x-1) 2 —2x+5-1 x/2x+3x/x+4(\/2x+3+x/x+4)
x=0

= f(X x+1 1 ~0

= +
\/x2—2x+5—1 \/2X+3\/X+4(\/2X+3+\/x+4)

2
Xétxe[—1;+oo].Tac(): VX =2x+5-1= (X_l) 5 > 0. Nén bai toan luén dung.

VX2 =2x+5+1

o X¢ét xe[—g;—lj.
2

Dé y thay:

1. (2x+3)Vx+ 4 +(x+4)V2x+3 <(2x +3)Vx +4 +3
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Jx? —2x+5+(2x2 +5x+3)\/x+4+3x+2
(Vi =2x+5-1)((2x+3)vx+4+3)

3. Vx*=2x+5 +(2x2+5x+3)\/x+4+3x+2>(2x+3){%+(x+1) x+4}

2. Khi do f(x)>

4. u'(x)= \3/):% >0 nén u(x) dong bién trén {—%;_1} :>U(X)Zu(—%j: 6—;/@ 0

5. Vay bai toan da duoc giai quyét!

Bai 16: Chirng minh ring:
f(x)=xvx+2 +3xx X +x+ 1

—\/(3X6 +3x° +3x* +3x? +x+2)(x2 +3) <0vx>1

Dién dan k2pi.net

Giai
y=\/xj(y2\/§)
Z=\/x4+x3+x2+x+1(Z2x/g)

e Khi do:

o Dit

—3(y - xzz)2
Xy +3xz + \/(3X2Z2 +y? )(x2 + 3)

f(x)=xy+3xz—\/(3x2zz+y2)(x2+3)= <0

e Déy thay:
8(x)

8 7 6 5 4
XT+X + X+ +HX —x=2
1. x/x+2—x2\/x4+x3+x2+x+1:
X+2 43U 33 3 +x+1

2. g(x)=(x=1) +9(x-1) +36(x~1)" +84(x~1)’ +126(x~1)’
+125(x—1)" +80(x-1)" +29(x~1)+2>0

3. Nén g(x) >0Vx>1. Vay dau "=" khong thé xay ra.

4. Vay bai toan da dugc giai quyét!

2x+1 4(x2+x+1)

(1)

Vi du 17: Giii h¢ phwong trinh: <y y>+3
x> (By—11)=2—/(xy —x+2)x(2)
Giai
o DKXD: 2x2y+120; xe[—l;l]; 1—2x2y20
e Taco:
2x+1 y
(1)< o f(2x+1)=1(y)

\/(2x+1)2+3 ) \/y2+3
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3
(t2 +3)\/t2 +3

Khi d6 phuong trinh f(2x+1)=f(y) < y=2x+1

Xeét £(t) lién tyc trén R . C6 f'(t) = >0Vt. Nén f(t) dong bién trén R.
Thé vao phuong trinh (2) ta duge: 6x* —8x” =2- (2x2 -1-2)3

it £(x)=6x* —8x* ~2+,/(2x* +2)’
e Déy thay:

2

1. f(x)=5V2x*+2+5x* —8x> +x* —2745+(\/2x2 +24+x7 —%j
2
:g(x)+(\/2x2 +2+% —%j

10 1
2. g'(x)=x| ——=+20x" -24x+2 |=x.h(x).———
8'(x) (\/2x2+2 j ( )\/2x2+2
3 2
3 h,(x):120x —96x* +84x-48 _ v(x)
V2% +2 V2x2 +2
4 292 N e L
4. v'(x) =360 T +T>O. Suy ra phuong trinh h'(x) =0 c6 t6i da 1 nghiém la

o4 V15V 65 V125 V625
" 15 6
= minh(x)=h(x,)~1.31>0. Khi d6 phuong trinh g'(x)=0<x=0(h(x)>0).

i/6784 2338848 i/6784 ~ [2338848
4
+

lim g(x)=+o0
Mit khac ta lai co: 0542042 =g(x)>0vxeR=f(x)>0.
g(O):T>0

e Vay bai toan di duoc giai quyét!

Vi dy 18: Gii phwong trinh: 2,[[x + 3)(3x + 1) - (& + 1)(\/3x F1 44X+ 3) —0

Giai
Nhan thay phuong trinh dang ¢ 3 can nén c6 thé dit a = \/; dé giam bot do cong kénh ciia phuong
trinh.

bat a= \/; (a > O) phuong trinh tro thanh

2\3a* +10a* + 3 —(a+1)(\/3a2 41+ +3) ~0.

2 3 1

i 3a"+1—-——a——
Ta tim dugc nghiém kép a =1 nén s€ tim dugc 2 bicu thic lién hop 1a 12 32 . Khi
Y] az + 3 — Ea — E

d6 tién hanh nhan lién hop ta dugc:
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

2/3a* + 102’ + 3 —(a+1)(\/3a2 14 4al +3) ~0

@2\/3a4+10a2+3—2a2—4a—2—(a+1) 3a2+1—%a—%]—(a+1) \/a2+3—%a—%]:0
2 2 2
8la—1] (a® +1 3la+1)(a—1 3la+1)(a—1
N 4(2)( 2) _()()1_()(1):0
2y/3a* +10a® +3 +2a +4a + 2 4[ /73a2+1+;a+2 A /7a2+3+2a+2
a=1
8la> +1 3la+1 3la+1
W) e shey
24/3a* +10a2 + 3 + 2a% + 4a + 2 4[ /3a2__|_1+§a+;] 4[ /7612_'_3_'_;&1_'_;]
Nhiém vu 1a s€ di chirng minh phuong trinh (*) v0 nghiém.
Dé y thay:
3la+1 2
Lo 2+1) = 48 > 0Va > 0
2 432’ +1+6a+2 (4\/3a2+1+4)(8 3a2+1+12a+4)
3la+1
, 1 1) 48 > 0¥a > 0
2 4a’® +3+2a+6 (4\/a2+3+4a)(8 a2—|—3—|—4a—l—12)
3. Con lai ta co:
8(a2+1) )
2y/3a* +10a® + 3 + 2a” + 4a + 2
(24a” +24)(a 1)
= >0
(2\/3a4+10a2+3+2a2—|—4a+2)(6a2—4a+6+2\/3a4—|—10a2+3)
Nén do d6 phuong trinh ( *) v0 nghiém.
Vay phuong trinh c6 nghiém x =1
Bai 19: Chitng minh rang:
f(x):xz—x+4— x+1 — 6 >0Vx€—1;+oo
V32 —2x+3+2 \3x+1+2 3
Giai
» Cachl:
e Taco: (\/3x2—2x+3)'20<:> 6x 2 :0<:>x:1.Suyra
243x* — 2x + 3 3
\/3x2—2x+3>%.
e Khi do:
6x + 2 6 (7x* = 13x +26)y3x + 1 + 14x* — 26x + 10

f(x)>x2—x+4—

7 xt+1+42 7(Jax+1+2)

e Déy thay:

Nguyén Minh Tuén Trang 69
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14x*> —26x +10 >0
1. Voixe

—%;0] thi 13]2 559 . Do do cé diéu phai

7x* —13x +26 =7 |x — — >
14 28
chung minh.

2. Véi x>0 thi:

2
21| x — ﬁ] + 52081
(7x* = 13x+26)\3x +1 > 7x" — 13x + 26 = f(x) > >0
7 (\/3x +1+ 2)
e Vay bai toan da duoc giai quyét hoan toan!.
Bai 20: Chirng minh rang:
2(x*=x-1 4(x*+x+1
f(x): ( ) - ( ) —x*+2x<0vx>0
VX=X +4 457 =x+2 A +20x +4 + X7 +2x+2 3 )
Nguyéen Minh Tuan

Giai

Jx*+20x*+4 <8
o Vbi xe{0;1+2\/g}:> IxP=x*+4 <3

x> =-x-1<0

Khi do:
2(x*=x-1) 4(x*+x+1
f(x)< (2 )— (2 )—x2+2x
X" —x+5 X~ +2x+10
2 2 2
—x4(x—1) —x4—12x2(x—7j —5x2—38(x—15j -620
_ 2 6 3 19
= > 5 <0
(x —x+5)(x +2x+10)
x> =x-1>0
e Voii x>1+\/g: xt—x*+4 >1—4
2 5
\/x4+20x2+4<x2+5x—%
Khi do:
2(x*=x-1) 4(x*+x+1
f(x)< ( )— ( )—x2+2x

xz—x+254 25 +7x——
 —40(x~1)" -260(x~1)’ =537 (x~1)" ~761(x~1)’ —389(x~1)" —281(x~1) - 690 0
B (5x* —5x+24)(8x" +28x—3)

e Vay bai toan da duoc giai quyét!

Nhén xét
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e Nhiéu ban s& dit ra ciu hoi vi sao lai danh gid duoc vx* +20x> +4 < x> +5x—1741. Pon

gian vi:

1. Ta dang can dwa vé chimg minh vx*+20x*>+4 <x* +ax+b véi x> dé dua vé

1+x/§
2

phuong trinh da thirc. Lai ¢ a® > 20 nén sé lay 5.

1+\/§

2. Do ham dang nghich bién nén diém roi s& 1a x= . C6 thé kiém tra bang Mode 7

2
hodc ¢6 dd thi ciia ham y=f{ (x) nhu sau;
Y = f(x)
e (0 thé thiy diém A(l +2\/§ ;f(1 +2J§] dang nam & phan di xudng cua dd thi nén f(x)

s& nghich bién. Do d6 nhan tir 1a v/x* +20x* +4 <x* + 5x—%. Phan con lai khong phai

noéi nhiéu!

Bai 21: Gidi phuong trinh: —x* —5x* - 2x° +2x” — 4x =8+ (x* +1)Vx* -x+2 =0
Nguyén Minh Tudn

Giai
e Taco:
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

—x5—5x4—2x3+2x2—4x—8+(x4+1)\/x6—x+2:O
< (x+1)( )X+ ) ( )(\/x —X+2-2x— 4)

x3+2) ( )(x+1)(x—2)(x4+x3+3x2+5x+7):0

VX =x+2+2x+4

x +1 x +x3+3x2+5x+7)
\/x —-X+2+2x+4

x+1

Sx=-1Tvx=2

f(x) i +2+( )(x +x°+3x° +5x+7)_O

VX —=x+2+2x+4

x+1x2

)
2

< (x+1)( [x +2+
)=0

o Dat g(x):x6—x+2:>g‘(x):6x5—1:0<:>x:i/%. g'(x)doi dau khi qua i/% nén

g(x) dat cyc tiéu tai 5% :g(x)Zg(i/%le,41>0.
o Dit h(x)=vx°—x+2+2x+4.

1. Véi x=-2=h(x)>0.

2. Vérix<—2:>\/x6—x+2>\/x_6:—x3:>h(x)>x(—x2+2)>0
e Khi do co:
xP+ 2+ (X7 +2)(2x+4)+x* +x° +3x" +5x+7
f(x)>
VXC =X +2+2x+4
3(x* +x-0,75) + z(x+1 5) + 5

16
= >0
IXe —x+2+2x+4

e Vay bai toan di duoc giai quyét!

Bai 22: Giai phwong trinh: 1+xyx? +1 > Vx2 —x+1 (1+\/x2 —x+2)
Pé thi thir THPT Quéc Gia 2016 — Anh Son 2 — Nghé An.

Giai
e Taco:

1+X\/X2+1 >\/x2—x+1(1+\/x2—x+2)

<:>1—\/x2—x+1 +X\/X2+1—\/X2—X+1\/X2—X+2 >0
24X (x—1)(2x2 —x+2)
J’_
1+\/x2—x+1 X\/X2+1+\/X2—X+1\/X2—X+2

o (x=1) 2x* —x+2 ~ X >0
X\/x2+1+\/x2—x+1\/x2—x+2 1+\/x2—x+1

e D¢y thay: 1+X\/X2+1 >\/x2—x+1(1+\/x2—x+2)>M>O:x>0

>0
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e Khi do taco:
2x* —x+2
f(x)=

Cxxirl +\/(x2—x+1)(x2—x+2) )
B 2x2—x+2—x\/x2+1—\/(x2—x+1)(x2—x+2)
xm+\/(x2—x+1)(x2—x+2)
2 —x+2-xx +1 - [} —x+1)(x* - x+2)
xyx? +1 +\/(x2—x+1)(x2—x+2)

2x2—2x+3—2\/(x2—x+1)(x2—x+2) ( )
=g(x
X\/X2+1+\/(X2—X+1) xz—x+2)

1
2x2—2x+3+2\/(x2—x+1)(x2—x+2))(xx/x2+1+\/(x2—x+1)(x2—x+2))
e Laico:

L1 X :\/xz—x+1+1—x
. T+Vx*—=x+1 T+Ux* —=x+1
2. Xét bat phuong trinh: Vx* —x+1+1-x>0
- Véi x<1=Dbat phuong trinh luén ding.
- Véi x>1 taco:Vx® —x+1+1-x>0< x>0 ludn ding.

3. Dodé 1-———=— >0.

1+4x" —x+1

e Vay bai toan di duoc giai quyét!

>0

g(x)=
(

\e X , . M 3 3 3 a’+b*+c’ ’
Bai 23: Cho 3 s6 a,b,c> 0. Ching minh rang: 3(a +b’ +c )+2abc >11 — 3
Chirng minh
a2 +b>+c* ) 5 A
pit f(a,b,c)= 3(a3 +b° +c2)+2abc—11 ———— | . Do f(a,b,c) la ham thuan nhat bac

3, nén khong mat tinh tong quét ta chuén hoéa a’ +b”+c* =3 va gid st a=min{a,b,c}. Khi do

ta can chimg minh f(a,b,c)= 3(a3 +b’ + c3)+ 2abc-11>0

2 2 2 2 2 2 3
pat f a,\/b s ,Jb 1 oalate2) (2| lra(btec?)-11. Taco:
2 2 2

f(a.b.c)—f(a,\/bz_zi_c2 ,\/bzzcz }:%[3(2(]93 +C3)_(b2 +c2) Z(b2 +c2))—a(b—c)2}
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

— 32067+ ?) ~b-c)((b+c) 2 (67 + )  2bc | -a(b-c)'|
[ 3(bre)f2(b" +e) +20e]

2(b2+c2)+b+c

— 2 (b=¢)

a ; . A . .
Do a=min{a,b,c} nén <[0:1] . Khi @6 ta can phai ching minh dugc:
b+c>2

3((b+c) 2(b*+c?) +2bc)

,b,c)= -a>0
8(a:brc) 2(b2+c2)+b+c °
3(b P+ Zb) 3(b 2(b? + 2b)
(b+c) ( +c )+ C . (b+c) ( +c )+ C .
\/2(b2+c2)+b+c \/2(b2+c2)+b+c
2 2 2 2
:(3b+3c—1),/2(b +c )+6bc—b—c251/2(b +c )—b—c+6bc
\/2 b2+c2)+b+c \/2 b2+c2)+b+c
6b
,/ b2+c —-b-c+6bc 1[ b2+c +b+CJr CZO
\/2 b2+c )+b+c \/2 b2+c +b+c

2 2
Vayf(abc)zf( \/b+c,\/b+c} ( f3a SaJ
2
Ta co: f[a,‘f 3-a J { ( —a J}+ a.3
2 2
2 ’ 2
f(a,t,t)20©3[a3+2( 3_2"‘ Hua.?’za ~11>0

3(@)3
A

3(B-at)
5
3(a*+2a’ -6a” ~14a+23)

\/E((Sa +(5-3a) j

o 3a’+ +a(3-a*)-11>0 & +9a-15+(2a+4)(a-1)" >0

<:>(a—1)2 2a+4- >0(*

Pit g(a)=(za+4)(ﬁ(@) +2(5—3a))—3(a4+2a3_6a2_14a+23)

= (—2a3 —4a% + 6a+12)x/6—2a2 —3a*-6a’ +6a’+38a—29

2
Ta o b dé: V6—2a° ﬂ—2a<:>6—2a2>(ﬂ—2aj -2, 2000, 2 L0
25 25 25 625 625 625

thay bo dé ding véi a e [0;1].
Mit khac —2a° —4a’ +6a+12=2a(1-a)(a+3)+12>0Va e[0;1], nén ta dugc:
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g(a)> (—2a3 —4a* +6a+12)(ﬂ—2aj—3a4 —6a’+6a*+38a-29
25 25

_ —3la*-184a’—226a’ +1052a+7 -3la*—184a’ +215a° —441a’ +1052a+7
- 25 - 25

Do

~31a*—184a’ + 2152 > 0va €[ 0;1]
—441a* +1052a+7 >0Vae[0;1] =g(a)>0=2a+4-

\/E((\/E)S+(5—3a)\/§]>0

Vay (*) luon dung = f(a,t,t)>0=1f(a,b,c)>0

Déu“=”xéy’rakl‘1ia=b=C=’1 o i i ) )

> Bay gio van d¢ dat ra la kiém dau ra cai bo d€ kia. B¢ 1am dugc diéu nay ta s€ dung ticp tuyen
de tim ra n6 dudi sy giap do cia CASIO. Nhung tuy nhién lam sao ta c¢6 thé danh gia duogc

3(a4 +2a° —6a’ —14a+23)

ﬁ((Js— )3+(5_3a>@j

>0

V6—-2a >ax+b khi chua c6 manh mbi gi? Dé giai quyét van dé nay ta s& tim diém roi cta
bat dang thirc dang can ching minh. Ta cé:
, 16a* +24a° —60a”> —72a +36
8'(a)=

—12a°-18a* +12a+38
V6 -2a>

Math &
¥

Phuong trinh g‘(a) =0 c6 1 nghiém la :
o = A=0,91045592 v=  0.91540053

Bay gio ta can danh gia dugc biéu thiic trudc can la _ "
—2a° —4a® +6a+12 . D& thiy rang: L-R= U
—2a’—4a’ +6a+12=a(1-a)(a+3)+12>0

Vay bay gio can ching minh V6 —2a”> >ax+b. Ta s& sir dung phim diD .
X

Ta duoc a =di(\/6—2X2 )

X

=—0,8858596433 . Bay gio ta s& lay a lam sao cho bat dang thirc
X=A
khong bi danh gia qua troi va vira dong thoi 1a mot s6 hiru ty dep vira dé vé sau dé& danh gia hon.

Do d6 minh s& ldy a=-0,88 = _2—252 Bay gio can tim b,do dang can ching minh trén doan[O;l]

nén ta s& ding MODE 7 d¢ tim ra b. MODE 7 véi ham F(X)=+v6-2X? +%X trén [0,‘1] ta

duoc:
. ‘ 22 Math
Dé y thay 1a V6 —2x* +==x > 2,449489742 . Bay gid i
ythdy 1a o2 4 vew || R
ta s€ chon b 1a mét so hiru ty vira dcéolvfra gan so E I:I.u.lll? E:EEH
2,449 nhit. Ta s& chon s b=2,44 =— , dong thoi Do LRERIEET S
’ 25 Math
thay vao bai toan ta thay nhan tir nay thoa man. Vay ta 4 FLid
7 61 Ul DO.l5]|2.5722
tim duoc nhan tir 1a V6 —2a® +2—5a—2—5. E u.u.'!E 2
Chu y réng chic méy ban khi tim dugc a thi thay luon <. 643539929

X =A vao dé tim ra b va tim dugc b =2,884982846
hién nhién 14 nhan tir nay 1a sai. DSi v6i bai ma chimg
minh trén doan thi ta thuong s€ dung MODE 7
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dé tim ra b, con nhing bai ching minh trén khoang

thi ta moi dung cach thay truc tiép nhén tir vao, néu co thoi gian hdy thir ching minh nhiing bai
sau thi s& rd. Ngoai ra néu giai phuong trinh dao ham bang 0 ma nhidu nghiém thi ta chon nghiém
nao lam phuong trinh ddu min max
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D. KY THUAT SU DUNG TiNH PON PIEU.

I. Kién thirc cin nhé.

Dinh 1y 1.

Xét phuong trinh f(x) =a.Néu f(x) xac dinh, lién tuc va don diéu trén TXD ctia n6 thi phuong
trinh f(x)=a co t6i da 1 nghiém.

Dinh ly 2.

Cho phuong trinh f(x)=g(x), trong d6 f(x),g(x) cung x4c dinh trén D dong thoi c6 tinh don
diéu nguoc nhau trén D thi phuong trinh f (x) = g(x) c6 tbi da 1 nghiém.

Dinh ly 3.

Néu ham sb f (x) don diéu, khong lién tuc trén tap xac dinh cua no thi phwong trinh f(x) =aco

toi da (n+ 1) nghiém, vdi n 1a so diém gian doan cua do thi ham so.
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IL. Bai toan minh hoa.
Noi dung chu yéu cla phuong phap nay la ta s€ chung minh dao ham cia ham s6 ban diu mang

mot ddu dé chi ra nghiém duy nhét cta phuong trinh dau. Dé hiéu rd hon ta cing di vao cac bai cu
thé.

Bai 1: Gidi phwong trinh: x° +x* +x+3¥x+1=3

. i Phén tich )
bau tién de dinh hudng hudng gidi ta s€ dung may tinh kiém tra tinh don di€u cia ham so6
f(x)=x"+x*+x-3+3Yx+1 bang MODE 7.

Nhap vao may ham s trén roi cho: F IIH Math

e START=-1 ! &I} !

* END=20 3 I |3.5678

e STEP=1 ) -1
Ta dugc bang nhu bén. Nhin vao bang ta thay ham co 1

i . | 9 Math
nghi¢m duy nhat la x=0 va cé vé nhu dang dong bién u Ei4a
trén [—1;+oo) cho nén ta duoc x =0 1a nghiém duy nhat E E? lllg: EHE
cua phuong trinh. 7 i = B35. 486 4
Bang cac gia tri cua TABLE ta c6 thé v€ dugc do thi cua
ham s6 nhu bén. =
Nhin vao do thi ta co thévthéy no luén lién tuc, dong bién 1 ﬁs |E|I;:=_'=:é5
va cat truc hoanh tai 1 diém duy nhat. E ﬁ EE?- EI-FII
Neéu muon kiém tra k¥ hon ta c6 thé dung may tinh chia - 5
nho khoang ra d€ kiém chiig diéu nay.

UA

Bang cac gia tri cia TABLE ta c6 thé v& duoc
db thi ctia ham s6 nhu bén.

Nhin vao dd thj ta co thé théy no ludn lién tuc,
ddng bién va cit truc hoanh tai 1 diém duy nhat.
Vay khi d6 ta chi can ching minh dao ham cua
ham f(x)=x>+x*+x—-3+3¥x+1 16n hon 0
1a ta c6 thé giai quyét duoc bai toan nay.

Ta c6 101 gidi nhu sau:

Loi gidi.

DKXD: x e[-1;+).

bat f(x)=x"+x*+x-3+3Yx+1 lién tuc trén [-1;+0).

Ta co: f'(x)= 3x% +2x+1 +% >0Vx &[~1;+). Do do f(x) ddng bién trén [-1;+00).
4(¥x+1)

Suy ra phuong trinh f(x) =0 c6 t6i da 1 nghiém. Lai c6 f(0)=0 nén x=0 la nghiém duy nhat

cua phuong trinh.

Bai 2: Gii phwong trinh: (4x—1)(\/x+3 +\3/3x+5) =4x+8

Phan tich

Pau tién dé dinh hudng hudng gii ta s& dung mdy tinh kiém tra tinh don diéu ctia ham s6

£(x)=(4x—1)(vx+3+¥3x+5) - 4x 8 bing MODE 7.
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Nhap vao may ham s trén roi cho: Math
e START=-3 e |2l 53
— - -d 1]
¢ END=20 3 -11-11.31
e STEP=1 N -3
Ta dugc bang nhu hinh bén. Nhin vao bang ta dé —
thay rang phuong trinh dau c6é 2 nghi€ém u Fiia
Dy — A kha 27 ha ia y oj-11.u4
X - 2;x =1 va khong phai ham don diéu. 5 0
Dén day chi c6 2 cach 1a dao ham f(x) 1én va xét BIN- | 5. 22 =
diu cua f'(x) sau do chi ra 2 nghiém trén 2 —
khodng ma ta dd xét tinh don diéu cua nd. Céach n F i)
thir 2 13 sir dung dinh 1y 2 dé gidi quyét no. L 1| R EEE
| -L' TM.314 =
Dé dé hinh dung ta c6 thé v& do thi nhu sau:
Nhin vao d6 thi ta thay f'(x) bi doi ddu khi qua ‘
mot diém. Dé giai quyét bai toan bang cach 1 thi 7
kha la kho vi: ’ 5
f'(x):4(\/x+3+\3/3x+5) )
+(4x-1) ! . ! = |-
2Vx+3 " (Y3x+5)
Rét kho dé xét dau ctia nd. Chi con cach la chimg
minh v6 nghiém trén 1 khoang chira diém roi, con
2 khoang con lai ta d& dang xét dau ctia no. Ta s&
thtr [am 2 céch.
) Giai
Cach 1: Ham so.
Bit £(x) = (4x—1)(vx+3+3/3x+5) - 4x—8 lién tuc trén [-3;+0)
Ta co: f'(x):4(\/x+3+\3/3x+5)+(4x—1) ! + ! = |4
24/x+3 (m)
Pén day dé tim khoang chita diém roi ta s&é dung CASIO dé tim no.
TaCé: f'(X):O©X2—1,1384:2674:6 FO S LI -||| -\_-.!“ath-lil
Dén day ta s& ching minh phuong trinh ddu v nghiém trong i 1.12047E74E
khoang [—%;—1} . Ta dugc: L-R=

Véi xe[—%;—l} thi (4x—1)<0, (\/x+3 +\3/3x+5)>0:>VT<0.

Mat khac (8x + 4) >0Vx e [_73 ; —1} nén phuong trinh vo nghiém trén [—% ; —1}

1 1 '(x)= -1 - 2 = <0vx=-1

:2\/x+3+(m)2:g() 4(@)3 (¥3x+5)

Vi xe[—l;%} thi 4x-1<0, g(x)<g(-1)<1.Khidoé ta co:

bat g(x)
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f‘(x)>4(ﬁ+m)+4x—5>4(\/E+M)—5+4>0
= f(x) dong bién trén [—1;%} = f(-1)<f(x)< f(%j = —18 < f(x) < -9 <0. VAy phuong trinh
v0 nghiém trén [—1;%}.
véi XZ% thi 4x—120 = '(x) > 4(Vx+3 +¥3x+5)-4>10>0
= f(x) dong bién trén [iﬁooj = phuong trinh f(x)=0 c6 t6i da 1 nghiém. Lai co £(1)=0
nén phuong trinh c6 1 nghiém la x=1.

4x-1<0
Véi xe{—S;—%} thi {2vx+3<2,5 . Khi d6 ta duogc:

(¥3x+5) <2,5
£'(x) <4(Vx+3 +%/3x+5)+@—4
<4(Vx+3+3x+5)-9,6 <4(J-1,5+3+33.(-1,5)+5-9,6) <0

= f(x) nghich bién trén {—3 ;—%}, do d6 phuong trinh f (x) =0cotdidal nghiém thudc

[—3;—%} .Laico f(—2) =0 nén x=-2 1a 1 nghiém ctia phwong trinh dau.

Két luan: Vay phuong trinh c¢6 2 nghiém 1a x =2 va x=1.
Cich 2: Ham sb.

Do x =i khong la nghi€ém cta phuong trinh nén xét x ;t% thi phuong trinh twong duong:

(4x—1)(\/x+3+\3/3x+5)=4x+8<:>\/x+3+\3/3x+ :iXJr?
X_

3 3 4x+8 .., . 1 (1

biat f(x)=vx+3+3x+5- lién tuc trén —3;Z va ZhLoo _

X
4x-1
1 1 36
= + >+
24x+3 (m) (4x-1)

[%;Jmo} . Vay phuong trinh f(x) =0 c6 tdi da 1 nghiém trén mdi khoang trén.

Co: f'(x) ~>0. Suy ra f(x) dong bién trén [—3;%) va

Tur d6 chira 2 nghiém la x =-2 va x=1 la xong bai!
Ta c6 the thay rang cach 1 c6 vé la dai va phuce tap hon so vdi cach 2 nhung tuy nhién s€ c6 nhiéu
bai lai nhanh hon, sau day la mot vi du.

Bai 3: Giai phwong trinh: 9x* —32x> +5+18/4—-3x =0
‘ Thay La Duy Tién - THPT Binh Minh
Dé thi chon hoc sinh gioi THPT Binh Minh khoa 2015 — 2018

Giai
Van nhu nhitng bai trude ta s& ding MODE 7 dé khao sat va v& d6 thi cia ham sb.
MODE 7 véi ham f(x)=9x"* —=32x* +5+18v4—3x trén [-15;2]. Ta dugc:
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Nhin véo bang thi ta thdy ham c6 vé nghich Math
bién, nhung néu khao sat ky hon thi ta thay rang 3 &1 EE.I:E%EI
no s¢€ tang trén khoang [—1;3;—1,1] do d6 ham E 'i' ul!l
) . -1
nay khong hé don di¢u mdt chiéu trén | —oo ;é .
3 Math
TS U , . " Fida
Ta c6 thé vé do6 thi cua n6 nhu sau: Bl -1.3lan. g
1 5 A \ , s A 5 A . ’ 5 - Erl. Euu
H1;nh o be{l la nlrlanhAphla trén clia fio th}. Ta-go i -|ﬂ “HELE
thé thay rang n6 khong hé don diéu mot chicu -1.1
va co tdi 2 diem doi chi€u. Do do de giai duoc

bai nay ta can phai chimg minh né vo nghiém
trén mot khoang nao d6. DE thay la (—o0;0].
Xét x € (—0;0] ta co J4-3x>2,do dé
£(x)=9x* —32x* +5+184-3x
>9x* -32x” +36

2
:9(x2 —Ej +@ >0
9 9

Vay phuong trinh v6 nghiém trén (—oo ;O] .

Xét x e {0;%} , ta co:

27
V4 -3x

Suy ra f(x) nghich bién trén {O;%} , do d6 phuong trinh f(x)=0 c6 toi da 1 nghiém trén [0;%} .

f'(x)=36x>—64x—

. Dé thay 36x3—64x=x(36x2—64)<0Vxe{0;%} nén f'(x)<0.

Laic6 £(1)=0 nén x=1 la nghiém duy nhit ciia phuong trinh.
Ngoai ra néu ai thich ciing co thé lién hop dé giai quyét bai toan nay. Ta co:
9x* —32x* +5+18/4-3x =0

54 3 2 }
S (X=1) ———-9%x" -9x" +23x+23 |=0
( )L/4—3x+1
x=1
= 54

f(x)=———-9%" -9x* +23x+23 =0(*
0=y > TP B B=00)

Do ta da ching minh phuong trinh v6 nghiém trén (—00;0] nén ta chi can ching minh

f(x)>0vxe {0;%}. Diéu nay qua 1 dé boi vi (x+1)(—9x2 +23) >0Vxe [O;%} do d6 phuong

trinh f (x) =0 s€ v0 nghiém trén [0 ,%} . Bai toan da duoc giai quyét!

e r s X (2, 109
Bai 4: Giai phuwong trinh: ?+ E_X +\/2—3x—§=0

Pé thi thir THPT Quéc Gia — Phii Yén — 20135.

Phan tich
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2 2
MODE 7 v6i ham: F(X):X?+(§—X2j +4/2-3X _18% trén [—15;1] ta dugc:

Nhin vao bang thi ta s& thdy ham c6 vé nghich bién, E IZH Math
khao sat k§y hon ¢ khoang [0;2} ta s& thiy phuong IE ﬁ!‘ig EH?{,?E
3 il -alr3.eaq

. . A . \ 2 =

trinh c6 nghi¢m thudc khoang[o, 3} . Giai phuong —
1 5| -1 |if ke
trinh ta s& duoc nghiém x=—, do d6 ta s& dung I8 “nlo-5128
3 o | ] "5

phuong phap ham so dé giai no. Ta c6 the v€ do thi 1

ctia ham nhu hinh bén. Nhin vao do thi ta thdy rang
ham sb f(x) chic chin nghich bién, nén ta sé di

chung minh diéu nay.

Ta co: f'(x)z_—3+4tx3 —2x.

242 -3x
Néu xe —oo;£ U O;Q thi 4x*-2x<0,
2 2
khi @6 f'(x)<0.

Néu xe{—%;O} thi 24/2-3x <5, suy ra:

f'(x)<4x3—2x—§:g(x). Co g'(x)=0<:>x=i§. Mat khéc ta lai co g(—%} 3
(82106 £,

s e <0, nén f‘(x)<g(x)<0Vxe[—7;O

Vay f (x) nghich bién trén (—oo ,%} , do do x =% 1a nghiém duy nhét ciia phuong trinh.

Bai 5: Giai phwong trinh: 2x* —4x+1 —(x3 —x—1)\/3x3 +1=0

Phan tich ) i
Bai nay la mot bai kha 1a kho, nhung trudc hét ta ctir phai khao sat ham so va vé do thi trudce da.
MODE 7 véi ham F(X)=2X"* -4X+1-(X* =X -1)y3X*+1 trén [-1;5] ta dugc.

Nhin vao bang thay rang ham c6 vé nghich Math

H Fiil
. 1 ] d
bién, nhung khao sat k¥ hon trén | -3—;1| ta |
¢ g { \f:s } | 0
s& thay ham luc tang lac giam, do d6 nhu nhiing
bai trén minh s€ lai phai chiing minh v6 nghiém Ll

LSl

trén mot khoang nao d6 réi! Dé dang do bang - i 3 _E-!ﬁ:éq
* Av ham s& nechich bién tré B -333. 5
CASIO thi ta thady ham s& nghich bién trén ] -':-_I SrERE

khoang {% ;+ooj, do d6 ta s€& chung minh

phuong trinh v6 nghiém trén [—i/g ; %} .

Truéce hét ta v& duge do thi nhu bén.
Nhin vao do thi ta c6 thé chac chan rang khi
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X e[% ;+ooj thi ham nghich bién va cit truc

hoanh tai duy nhat mot diém tai x =2. Sau khi
dinh hudéng duoc hudng gidi r0i ta s& di giai \
quyét n6 thoi! Nhung ta lai gdp phai mot van dé \/\
1a biéu thirc phia trudc can thirc 1a mot da thirc
bac 3 kha la kho xét dau ciia né dé c6 thé khir
can nén ta s€ chia lam 2 truong hop.

x*=x-1>0

Truong hop 1: Néu {i/fg}.Khid() N 34” 2
Xe|=3—;—
3’5

< 5 Suy ra dugc:

f(x):2x4 —4x+1—(x3 —x—l)\/Bx3 +1
4x* —9x°* +x+11
2

2
YEENEL - Y

>2x4—4x+1—2(x3—x—1):
2

8§ 10 80 10 25
>0
2
x> —x-1>0
Vay phuong trinh v6 nghiém khi 9
X< —

Truwong hop 2: Néu { \F 9] Pén day néu ta cho v/3x* +1>0 thi khong hin f(x)>0
Xe| —

Do d6 ta can danh gia v3x® +1 > ax+b. Dén day sur dung tiép tuyén va diém roi cua f (x).

, 3 27x° —15x* =3x* -2 x=0,678262158 — A
Taco: f'(x)=8x"—4- =0 )
3 21 x=1,581810582 —> B

Ta thay f(A)=0,6112465178;f(B)=2,256666123 do d6 x=A la diém roi cta f(x).

Khi d6 a:di(\/3x3+1)

X

z% Ta s& dung MODE 7 dé tim b.

x=A

MODE 7 véi ham f(X) =+/3X° +1 —%x ta s& tim dugc min xap xi 0,36 = % . Vay danh gia can
tim 1a v/3x° +1 >§x+i(1)
27 25
1 6 o
e Néu xe|-3=;——| thi (1) luén ding.
3" 25

e Néu xe{—6 2} thi (1)<:>3x3—2x2—2x+%>0<:>g(x)>0
255 4 25 625
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+
‘g'(X)=9x2—gx—£=0<:>x=5_\/%
2 25 20
-g[—ijz0,95>0;g[gj:&>0;g 5+V73 ~0,0388>0g 5-V73 ~0,97 >0
25 5) 2500 20 20
Vay (1) luon dung.
Khi d6 f(x)>2x4—4x+1—(x3—x—1)[gx+ij
2 25
9y 19 107 | 7863
2557 | Xx—— | + =X+ T x| A
5% 18x° 17553 ~107x 168 (X 25) TosX T (X 142) T84,
25 25
A A 19
Vay phuong trinh v6 nghiém trén | -3 3 ;g .

Truong hop 3: Néu x > %

Ta co:

2755 ~15x° —3x* —2  2(8%’ —4)@—(27x5 —15x° = 3% —2)
2+l 23 +1

Dé y thay: 8x” —4 > 0Vx 2%

f'(x)=8x"—4-

27x% ~15x° —3x2 —2=27(x~1)" +135(x~1)" +255(x~1)" +222(x~1)" +84(x~1)+7 >0
Khi d6 ta chi can di chimg minh v3x® +1 nho hon mot biéu thire nao do.

Néu danh gid v/3x> +1 <ax+b thi khong kha thi do deg(\/?)x?’ +1) =% - deg 1a bac cua da
thirc — 16n hon 1. Ta can phai danh gia v/3x° +1 <x* +ax+b (& ddy ta chon ludn hé sb cua x* 1a
1 cho d& danh gi4), nhung ta lai phai di tim diém roi cia f'(x). Nhung hiy dé y khi ta d MODE
7 thi duong nhu f'(x) nghich bién. Dé kiém chimg ta s& khao sat that k¥ va v& do thi ham nay.
Nhin vao d6 thi c6 thé thdy rang khi
X > % =1,8 thi ham f'(x) nghich bién. Vay

diém roi s& 1a x=%. A
Khi d6 ta s€ tim duoc: .
i(\/3x3+1) g
dx <2
b=- 2y —
i(xz) 5
dx 9
3 2, 1 3
c=V3x"+1-x"+=x| =—
5 |, 2
5

Vay c6 dnh gig /3x +1 < x? _%X +%(*)

Bay gio s€ di chirng minh (*) luon dung.
Ta co:
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V3xP+1 <x? —1x+§
5 2
2
176,70 —§x+2>0©x2(x—zj =

. 1
25 5 10 20

20

=3 (x—2)2 +—>0
Vay (*) luén dung.
Khi d6 f'(x) < (-55x" —16x* +195x )+ (-25x" +8x ~50) < 0.

Suy ra f(x) nghich bién trén [% ; +ooj. Vay x =2 1a nghiém duy nhét ctia phuong trinh.

5(x-3
Bai 6: Giai phuong trinh: /x+1 24— :2(;‘ 12;
X"+

Pé thi thir Pai hoc — Chuyén Nguyén Trdi — Hai Dwong 2013

Phan tich

s 5(x-3)

MODE 7 v6i ham f(x)=+/x+1-2v4—-x— I8
Nhin vao bang ta théy ham c6 vé déng bién va co Math
nghiém 12 x =3. Pé kiém chimg diéu nay ta s& v& " F il o
do thi ctia ham nay. ) 0.2915

ta duoc.

: ié 0. BUBZ

Nhin vao d6 thi trim phan trim la ham dong bién 14 3.5

nén ta s€ di ching minh diéu nay.

Ta c():f(x):\/x+1—2\/4—x—S(X_ig lién tuc

2x% +

trén [—1;4].

1 1 +10x2—60x—90Bély /
20x+1 J4-x (2X2+18)z

gio ta can chimg minh f'(x)>0vxe[-1;4].

= f'(x)

Pé ching minh diéu ndy ta can dung may tinh
khao sat tim min, max cua f'(x) trén [—1;4].
2 — f— —

Ta duoc 10X —60x 290 <—1 va

(2x* +18) 2

1 N 1

24Vx+1 4-x
nay.
Ta co:

> % Ta s& di ching minh 2 diéu

1 1 5-2Jx+1 21—4x
2Jx+1 5 10x+1 10\/x+1(5+2\/x+1

1 3 10-3J4-x _ Ox + 64
Ji—x 10 10/4—x 10(10—3\/4—x)x/4—x

I.

)>O

>0

4x* +92 x—E 2 +72412

10x> —60x—90 +1 CAx"+92x7 -120x+144 23 23
(2 +18) 2 2(2x* +18) 2(2x* +18)

Vay f'(x)>0=f(x) ddng bién trén [-1;4]. Do d6 phuong trinh f(x) =0 c6 nghiém duy nhat

x=3.

>0
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Ngoai ra ta ciing c6 thé giai bai nay bang phuong phap nhan lién hop.

\/sz/_()

+18
5(x-3) 5(x—-3)
A =52
Ix+1+24/4-x  2x*+18
bat f(x)=2x"+18—-+/x+1-2+4-x
vx+1<3
2d4-x <5

= phuong trinh (*) vO nghi¢m!

Xx=3

1 _ 1 *)
Ix+1+2J4-x  2x*+18

Véi x e[-1;4] thi { = f(x)>2x*+10>0.

Vay phuong trinh c6 nghiém duy nhat x=3.

Bai 7: Giai phuwong trinh: x> +8x-16—(x—3)V3x+1+(2-x)7x+2 =0
Nguyén Minh Tudn

Phan tich

Dung MODE 7 khéo sat ham f(x)=x*+8x—-16—(x—3)v3x+1+(2-x)V7x+2.
Nhap vao may ham s trén roi cho: Math

¢ START=-1 S

* END=20 B EUST

e STEP=1
Ta dugc bang nhu bén. Nhin vao bang thi ta
thidy ham c6 vé dong bién va cat tryc hoanh tai
diém co6 hoanh d6 bang 0. Dé chic chan thi ta s&
di v& do thi, ta duoc nhu bén. Nhin vao do thi ta
chic chin rang ham dong bién nén ta s& di =
chtng minh diéu nay.
Ta co:

f'(x)=2x+8-

LSl

Math

L L

amun
[} 1 [p—
TR
L
T T
- =
T

9x-7  21x-10
23x+1  247x+2

Dé chimg minh f'(x)> 0Vx > —écﬁng khong

phai 14 diéu kho khan gi. Trudc hét ta can phai
chia truong hop thi méi lam duogc.
2 10
Truwong hop 1: xe| ——;—
ghop : xe| 250 .
21x-10<0
Khi d6 thi {9x-7 <0 . Chonén f'(x)>0.

2x+8>0

21x-10>0 _ _
Trwong hop 2: xe[E Z}Km 5 X = f(x)>2x+8- 21x-10  9x-7
21°9 Ix-7<0 27x+2  24/3x+1

Mat khac ta lai c6:
21x-10  2(2x+8)v7x+2-21x+10 40-21x+10 {10 7}

27X+ 2 27X+ 2 27X+ 2 21°9
= f(x)>0Vxe 10. Z
21°9
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Truwong hop 3: x> g Khi d6 ta co:

12x° +19x7 +224x + 64
I _2(x+4)V3x+1-9x+7  2(x+4)V3x+1+9x 0
2/3x+1 2/3x+1 23x+1
28x° -209x* +512x+128 o
y eg 21x210  2(x+4)VTx+2-21x+10 _ 2(x+4)V7x+2+21x o

27x+2 2J7x+2 2J7x+2
:>f‘(x)>0Vx2%

Vay (X) dong bién trén [—% ; +oo) nén x =1 1a nghiém duy nhat ctia phuong trinh.

3 I%x* —8x +4
Bai 8: Giai phwong trinh: | 2—— |[2Vx-1-1)=——+—
P s ( Xj( ) 3x+22x-1

Pé thi thir THPT Quéc Gia 2016 — THPT Tran Hung Pao — Péiknéng

Phan tich
Van nhu moi khi ta van di khéao sat va vé do thi ham so thoi!

3 9x*> —8x+4
MODE 7 véi ham f(x)=|2-— [(2¥x-1-1)-———F——=.
() ( X)( ) 3x+242x-1
Nhap viao may ham so trén rdi cho: . IIH Math
e START=1 I ﬁ'l 0
— g l.2| -1«1H
* END=5 31 1.ul-1.550
e STEP=0,2 1
Nhin vao bang ta thay luén phuqng trinh dau co —
ng}liém 712‘1 X = 1 va ham co6 dau hiél} nghich " Fiia
bién. Dé biét chinh xdc ta s& di v& dd thi. Ta d e |ered
thay rang do thi c6 dau hiéu di xudng, vdy ham B ﬂ! -2. 035
1a nghich bién. Do d6 néu ta chimg minh dugc Z
ham nghich bién 1a OK.
Ta co:
£'(x) = 2x% +3x—6-3yx~-1
x2x—1

(27x* ~12)2x 1 +54x* ~52x +8 |

2
(3x+2v2x-1) V2x-1
Nhin di thiy choang rdi! Viéc chimg minh i
khong phai don gian chit nao! Nhung hay dé y
rang:
9x* —8x +4

=(3x+2x/2x—1)(3x—2x/2x—1)

Khi d6 phuong trinh s& don gian hon rat nhiéu. Ta s& khong phai di chitng minh con “ ép phay”
kia! Ta cé:

3 I9x*> —8x +4
2——|[2vx-1-1)=——~——
( Xj( ) Ix+242x-1

(3x—2\/2x—1)(3x+2\/2x—1)

3x+24/2x -1

@(2—3(2M—1)=
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o (2-%)(2@—1) —3x—2Y2x-1

& (2x-3)(2vx-1-1)=3x* - 2x3/2x~1
& 2(2x=3)x—1+2x4/2x-1-3x*> =2x+3=0

Bay gio dat f(x)=2(2x—3)vVx—-1+2xy2x-1-3x" —2x-3.
Ta co:

Lof(x)=027, 022 o
Jx-1 +2x-1
(—9x* +30x—37)v/x -1 )

L 6T . (63x=1-3x-1)Vx-1-1  ehdsaan g

Vx—1 x—1 x—-1
; 6x=2 _3X_1_6x—2—(3x+1)\/2x—1_ ~18x° +33x” = 15x —5x+5 <0

J2x-1 V2x-1 (6x-2+(3x+1)v2x~1)v2x~1
Suy ra f'(x) <0 = f(x) nghich bién trén [1;+oo) . Vay x=1 la nghiém duy nhét ctia phuong
trinh dau.
Bai 9: Giii phwong trinh: 3Vx+4 +3/5x+4 +4x* -18x-12=0
Phan tich

MODE 7 véi ham f(x)=3vx+4 +35x +4 +4x* —-18x-12
Nhap viao may ham s trén rdi cho: Wath

e START=-0,8 y EIJ.E Eféﬁ::lE

— 5

e END=5 3 M- |-2.583

e STEP=0,2 0.z
Ta dugc bang nhu bén. Nhin vao bang thi ta =
thay rd rang phuong trinh khong chi co 1 b F i

A A _ \ \ 4 A ~ EE E-E _EIEIE
nghiém duy nhat x =0 ma con c6 1 nghi€ém nira an 0. | 26
thudc khoang [3,6;4] . TAt nhién 12 ta phai chia £3 ﬂ 3. 1B a
3 trudng hop roi. Truge tién dé xac dinh cac
truong hop thi ta c6 thé dung MODE 7 thi ¢6 1€
ham nay dong bién khi x >3 va nghich bién khi
x<1.
Va phuong trinh dau vo nghiém trén [1 ; 3] .

. . 3Vx+4 <8
Vay la ta da c6 dinh huéng dé giai bai nay. Néu: x €[1;3] Khi do X
3Vox+4 <14

:>f(x)<4x2—18x+10<0‘v’xe[1;3]
Vay phuong trinh v6 nghiém trén [1;3].
3 15
Taco: f'(x)= + +8x—-18
act: £1(x) 2Jxid 2oxid
Néu x >3 thi hién nhién f'(x) >0=> f(x) dong bién trén [3;+wx).

Néu x e [—%;1} thi ta nhan thay rang chua chic ham da nghich bién do lim

15
—_—— — +w
o A 24/Bx+4

5
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Luc nay khong thé nao co chuyén f'(x) <0 duoc. Pé thiy dugc ham ddi chiéu thi hay khao sat

ham nay trén [—0,8; —0,7] véi STEP = 02’91 ta s& thiy no doi dau ngay. Vay dé khic phuc ta lai

chia nho khoang {—% ;1} hon nira. Khi do ta sé xét 2 truong hop sau:

. 3Vx+4>5
Neéu xe[—é;—l} thi X :>f(x)>4x2—18x—7>0‘v’xe[—é;—l}
5 2 3/5x+4 >0 5" 2

2x+4 >3,5
=
2U5x+4 >2

Néu xe[—%;l} khi do6 { f'(x)<8x—%<0. Vay ham nghich bién trén

4]

Vay phuong trinh s& c6 1 nghiém trén [3; +oo) va 1 nghiém trén [—% ;1}. Lac nay chi ra 2

_3+\/ﬁ

nghiémla x=0 va x= 5 la xong!

Ngoai cach 1am ¢ trén ta ciing c¢6 thé 1am theo cach lién hop 16i 1 nghiém ra con mot nghiém ding
ham s6 de giai quyet. Ta cung lam thir ca 2 hudng xem sao.

3+\/ﬁ
2

e HUONG 1: L6i nghiém x = ra trudc.
Ta co:
3Ux+4+3/5x+4 +4x>—18x-12=0
@3(\/x+4—x+1)+3(\/5x+4—x—1)+4(x2—3x—3)=0
-3(x*-3x-3) -3(x*-3x-3)
= + +4(x*-3x-3)=0
Vx+4+x-1 Bx+4+x+1 ( )
x?=3x-3=0
=4 -3 3
f(x)= - +4=0
(x) Ix+4+x-1 Bx+4+x+1
, 6vx+4+3 6+5x+4 +15
Co f'(x)=

_ 0
zm(m+x_1)2 +2x/5x+4(\/5x+4+x+1)2 g

Nén f(x) dong bién trén [—2 ; +ooj .Lai c6 £(0)=0 nén x=0 la nghiém duy nhét cia phuong

trinh f(x)=0.
e HUONG 2: Loi nghiém x =0 ra trudc.
Ta co:

3Vx+4 +3V5x+4 +4x* ~18x~12=0
& 3(Vx+4-2)+3(Vox+4-2)+4x*~18x =0
x=0
af(x): 3,15
Ix+4+2 5x+4+2
Bay gid ta s& ding ca MODE 7 va vé& d6 thi dé kiém tra xem f(x) c6 don di¢u khong.

+4x-18=0
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MODE 7 véi ham f(x)= S B a8
Vx+4+2 Bx+4+2

Nhap viao may ham s trén rdi cho: " = IIH Math

» START=-0,8 I| -D.B| -i2.3

. END-5 | ool

e STEP=0,2 -14.4353655119
Ta c6 bang nhu bén. Nhin vao thiy rang ham =

. \ n Fii)
khong don diéu trén |:—%;+OOJ ma bi doi chiéu g -I].E -|U. 08
Bl 0.2 :
trong khoang [—0,8;0] nén ta s€& phai chung -1Z.9151z504
minh v6 nghiém trén khoang nay. Pé hinh dung
ro6 hon ta CQ do thi nh}l b«?{n. i ,
Nhin vao d6 thi ta thay rang ding 1a ham bi doi /
chiéu mot it va con lai 1a dong bién nén ta s€ di
ching minh vo6 nghiém trudc.
. Vx+4>1,5
Néu x €[-0;8;0] thi: X
Vox+42>0
= f(x)< 4x—% <0vxe[-0,8;0]
Néu x>0 ta co: 1A
"(x) = 3 75 +4

2(\/x+4+2)2 Jx+4 _2(\/5x+4+2)2 Jox+4
2(Vxrd+2) xr 464
2(V5x+4 +2)2 Sxid>6d

Khi d6 f'(x)> 2—3 >0 = f(x) dong bién trén [0;+w).

D@ thay v&i x>0 thi:

Vay dén day bai toan di duoc giai quyét!

Bai 10: Gidi phuong trinh: x* —6x” +2x—-9+(x* +2x+1)vx* =x-1=0
Nguyén Minh Tudn

Phan tich

MODE 7 vé6i ham s6 f(x)=x*—6x> +2x—9+(x3 +2x+1)\/x2 -x-1
Nhap vao may ham so trén roi cho: Math

e START=-10 g ﬁ': -EEHEH

« END=10 "ol eriok

e STEP=1 ) -Z
Ta duoc béngqnhu” béq. Neéu ¢ trén may tinh péc =
ban thi c¢6 thé thay rang ham nay c6 vé dong 2 u : E I:::E:l;lﬁ
bién trén (—00;1_2\/1 va [1+2\/§;+00j' Co || | 1 0. 05 -

thé thay rd diéu nay khi ta v& d0 thi. Nhin vao
do thi ta thay rang ham c6 nghiém duy nhat la
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x =2 lién tuc va dong bien trén

1—x/§ \ 1+\/§
—00;,——— | va
2 2
Bay gio ta s& di giai quyét no!
Co:
f'(x)=4x3—12

+8x4 —7x°+2x* —4x-5

;100

j.

X+2

2x2 —x—

4

Truwomg hop 1: x e [—oo

1-\5
2

1

|

Ta can chimg minh f'(x)>0.
Dé y thiy: (8x* —7x’ +2x* —4x—5)'=32x" - 21x* +4x -4 <0

g(x)
=8 -7x* +2x* —4x-5>1>0

Vay ta can c6 mot danh gia kiéu nhu Vx> —x-1 <ax+b

e Néutachon a=1 thikhidé lim vx*>—x—1—x=+o0 ta khong thé xac dinh duoc b

X—>—00

e Néutachon a=—1 thita dé dang do bang MODE 7 dé tim dugc b = % .

Vay ta can danh gia: vx* —x-1 <—x+%<:>2>0 luén dang voi xe(—oo;

1-5

2

|

8x* —10x> +28x> —24x -8 S

1-2x

0

Khi do f'(x)>

N
2

28x% — 24x—8 > 0V e[—oo;l

Vi{1-2x>0Vxe (—oo; 1 _2\/5}
8x* —10x°Vx e (—oo; 1 ‘2*/5}

1-+/5
2

1-+/5
2

Vay f(x) dong bién trén [—oo;

1+\/§

2

}:f(x)ﬁf[ j<0.

Truwong hop 2: x>

Dé ¥ thay:

g'(x)=32x" —21x +4x -4 =32(x~1) +75(x~1)" +58(x~1)+11>0 = g(x)>0.

Van nhu truong hop 1 ta van can danh gia vx* —x—1 <ax+Db.
Lan nay chon luén a=1, ding MODE 7 ta tim dugc b = —%

Vay ta di chimg minh v/x* —=x—1 <x —% o % >0 ludn dung.

16x* —11x° - 22x* +12x-7 h(x)

= f'(x)>

2x -1
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Pé y rang:
3 2
h'(x)=64x" —33x" —44x +12 =64 x—2 | 4255( x—2 | +289[ x-2 |+ L5
2 2 2) 4
:>h(x)zh(1+2\/gj>17>0:>f'(x)>0:>f(x) dong bién trén F*z‘/gﬁooj

Vay x =2 1a nghiém duy nhat cia phuong trinh.

Bai 11: Giai phwong trinh: %—21+ 5Ux’ —2x> +16 +5/x+2 =0

Buii Thé Viét — Vied.vn

Giai

x*=2x*+16>0
DPKXD: S xz-2
x+2>0

bat f(x) =%—21+5\/x3 —2x% +16 +5+/x +2 lién tuc trén [x,;+).

Co f'(x) =+ BB a) 5
2 2 x-2x*+16 2Ux+2

e Néu xe[—2;0]u{%;+ooj thi 5(3x2_4x)20:>f'(x)>0

e Néu xe[o;ﬂ thi 24x°—2x% +16 > 4043 >E

9 2
39 2(3x*—4x) 5 (24x* —32x+234)/x+2 +30
=f'(x)>—+ + = >0
2 3 20X +2 12+x+2
Vay f'(x)>0= f(x) dong bién trén [-2;+). Suy ra x = w 1a nghiém duy nhit cua

phuong trinh.

Bai 12: Giai phwong trinh: x° +7x* +12x° + x> —3x -6 126 -5x =0
Nguyén Minh Tuan

Giai
Do +/6—5x >5 nén diéu kién c6 nghiém cua phuong trinh s€ 1a:
x* +7x* +12x° +x* =3x -6 >0
=x"+7x* +12x° +x* =3x > 6 > -210
= (x+5)(x* +2x7 +2x* - 9x+42) >0
:>x2—5(do:x4+2x3+2x2—9x+42:(x+1)2+(x—4,5)2+21,75>0)
Truong hop 1: Néu x e [—5;—4].
Khi d6 dat VT =f(x) thi ta duoc:
f(x) <x*+7x* +12x° +x* =3x —66 = x> (x+4)(x+3)+x* —3x—66 <0
Truong hop 2: Néu xe[—4;—2] thi v6—5x > 4. Khi dé ta co:
f(x)<x*+7x* +12x° +x* —3x - 54
=x"+7x* +12x° =20+ x*> - 3x - 34
= (x=1)(x* +8x° +20x* +20x+20) + x* —3x =34 <0

Nguyén Minh Tuan Trang 92




Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

vi {x4+8x3+20x2+20x+20(x2+4x+1)2+2(x+3)2+1>0
x2—3x—34<0Vxe[—4;—2]
Truong hop 3: Néu xe[—Z;O] thi V/6—5x > 2 khi dé:
f(x)<x’+7x* +12x° +x* =3x-30 <0
Vi {x5+7x4+12x3 =x’(x+3)(x+4)<0
x* =3x—30=(x+2)(x—-5)-20<0

Truong hop 4: Néu x e {0;%} ta co:

f'(x) =5x" +28x’ +36x% + 2x -3 +

30 6

>0vxe|0;,—

V6 —5x [ 5}
30 30-3V6-5x 45x + 846 0

-3+
J6—5x J6—5x (30+3\/6—5x)\/6—5x

= f(x) dong bién trén [O;g} :

Vi

Do viy nén phuong trinh dau s& c6 nghiém duy nhat x=1.

1 1

I +1 +\/(2—x)(x2—x+1)

Bai 13: Giai phwong trinh: 2x—-1- =0

Giai
1 N 1
UG +1 \/(Z—X)(XZ —x+1)
3x? —6x+3 N 3x? -0
2\/(2—x)(x2—x+1) 2% +1

bat: f(x):Zx—l— lién tuc trén (—1;2)

Co f'(x)=2+

Vay x =% 1a nghiém duy nhét ctia phuong trinh.

Bai 14: Giai phwong trinh: x* +x° +10x—19+(x3 -7x+ 13)\/x2 +x-1=0

Giai

Dit f(x):x4+x2+1Ox—19+(x3—7x+13) x> +x—1 lién tyc trén [—oo; 5

A2,

2

_1_\/5} va

8x* +7x% =34x> +5x + 27
2\/x2 +x-1

Co f'(x):4x3+2x+10+

> tacin chimg minhg(x) =8x" +7x* —34x* +5x+27 >0

8x* +8>2/8.8.x" =16x*

7%} +7 > 140%° > 14x2

Voi x >

e Néuxe [0;1] thi theo AM — GM ta co {

= g(x)>—4x* +5x+12>0
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2
e Néu x>1:>g(x)>8(x—1)4+39(x—1)3+35(x—§] +8—76>0

~1++/5 }
5 ,+00

Vay f'(x)>0vx e[

Vi x < ta cAn chiig minh rang:
u(x)=2(4x* +2x+10)Vx* +x—1 +8x" +7x* ~34x* +5x +27 <0
8x* +7x>—20x* <0
: -1-v5 )
e Neéu xe|-2; 5 thi {-14x" +5x+27 <0 :>u(x)<0

4x* +2x+10<0

e Néux<-2.
Ta thay rang —12x* + 5x +27 <0 nén chi can ching minh:

AzZ(élx3 +2x+10)\/x2 +x-T1+8x* +7x>*=22x> <0

Dé y théy: 203/x> +x—1-10x* = 10((—x* + 4 ) + 4x-4)

X2+ +x-1
minh:

2(4:x3 +2><)\/x2 +x—1 <=8x* —7x° +12x>
o x[2(4x2 F2)VR +x—T 48X +7% —12x}<0

= 2(4ch2 +2)\/x2 +x-1+8x°+7x* =12x >0
& —48x° +143x* +232x° —192x* +16x-16 >0
bat f, (x)=—48x" +143x" +232x° —192x* +16x-16
Co f,'(x)=—-24x"+ 572x° +696x> —384x +16
=—24x* +16+x(572x” +696x — 384) < 0¥x < -2
Suy ra f; (x) nghich bién = f, (x)=£(-2)=1152>0.Suyra A<0
Vay f'(x) <0vx < -2
Keét luan phuong trinh c6 toi da 2 nghiém trén TXP 1a x=1;,x=-2.
Nhin chung bai nay danh gia kha 1a tray coi! Ta thtr lién hop c6 nhanh khong nhé.

x4 %7 +10x =19+ (x* =7x +13)Vx* +x-1 =0
& (¥ =7x+13)(Vxx=1=1)+(x=1)(x+2)(x* +3) =0

<0 nén lai chuyén ve chirng

3
@(x—l)(x+2)[ﬂ+x2+3}20

VxXP+x-1+1
x> —7x+13
VX +x-1+1
~1+5
2

-1-+5
2

bat f(x)= +x>+3.

e Neéu x>

thi x> —7x+13 >0 (cai nay dé tu chirng minh)

e Néux< . Dé ¥ thay:
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x> —7x+13 )

(\/x2+x—1+2)(x2—2x+7+(x—2)\/x2+x—1)
- f(X)=———+x"+3=
() VxF+x—1+1 VX3 +x—1+1

3 2
- = 2x+ T4 (x=2) W A x -1 =—— +19x"-36x+53
x2—2x+7—(x_2)\/xz+x_1

Pén day bai toan di duoc giai quyét!
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E. KY THUAT SU DUNG BAT PANG THUC
I. CAC BAT PANG THUC CO BAN CAN NHO.

Bt diang thirc Cauchy — AM — GM .
Cho n s6 thyc duong a,,a,,...,a, khidé taco a, +a, +..+a, >2/a .a,..a,

C < . -1
Bat dang thic AM — GM dang cong mau so cho n so thyc duong a,,a,,...,a,: Z— >0

A 2 : _ _ _
Déau “=" xdy rakhi a, =a, =...=a, .

Bit ding thirc Bunhiacopxki — Cauchy — Schwarz (BCS).

n n n 2
Cho 2 b s6 (a,,a,,..,a,) va (b;,b,,..., b, ). Khidé ta cé:[Zaij[Zbij > [Zaibij
i=1 i=1 i=1

Ngoai ra can phai cht y dén bét dang thirc Cauchy — Schwarz dang cong mau Engel:

w2 |28
2]

Bét dang thure trén con co thé goi 1a bat dang thirc Svacxo.
Z v o .a a a A ~ x v A ~ A N
Dau “=" xay ra khi —-=—2=...=— Riéng dang cOng mau thi can thém diéu kién 1a
b, b, b
b,,b,,...,b, >0
Bat dang thirc Minkowski.

Tong quat: Cho moi s6 thue > 1 va moi sd du:orng a,,a,,..,a_,b;,b,,.., b, thitaco:

S o5e] [54]

0] day chi xét truong hop cho 2 bo $6 (al,az,...,an) va (b1,b2,...,bn). Khi d6 ta co:

3a? \/Zb (a;+b,)’

i=1 =1

M:

Dau “=" xay ra khi L I
b, b, b,

BAt dang thirc Holder.

Cho céc sb duong X; ; (i =1,m,j= 1,n).

Khi d6 véi moi s6 ®,,®,,...,®, >0 théa man Zn:oai =1 taco: ﬁ(ixi,ij i{ﬁx j
i=1 i=1 \_j=1 j=1
O day ta chi xét truong hop don gian nhat cho 3 diy s6 gom (a,b C) '(m, n,p) '(x, y,z). Ta c6:
(a*+b*+°)(x*+y’ +2°)(m* +n’ +p°) 2 (axm +byn +czp)’

Dau “=" xay ra khi 3 diy twong tmg ty 1¢.
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1. DE BAL
Bai 1: Giai phuong trinh: 13v/x> —x* +9Vx> +x* =16
Bai 2: Giai phuong trinh: x° — ?:x2 - 8x +40-8Y4x+4 =0

x\/_ =63/3x—

Bii 4: Giai phuong trinh: VX2 +x—1+v—x> +x+1 =x> =x+2

/2 x*+1 {
Bai 5: Gidi phuong trinh: %zx x—%Jr\/l—x

Bai 6: Gidi phuong trinh: x* —12x% +38x* —12x— 67 +/x+1++/7-x =0

Bai 3: Gidi phuong trinh: x

(\/ —T++x+2 )
Bai 7: Giai phuong trinh: 9v/x+2 + =24
(2\/ 1++/x+2 )

Bai 8: Gidi phuong trinh:
1252 +16x+1-2v24x% +12x% —6x —4x% —x = 4/8x° +9x? +x =0
Bai 9: Giai phuong trinh: (x+3)vx+1+x> +x+4 = (2\/§+3)(x2 - +2x)

Bii 10: Giai phuong trinh: 4x* +x*> -1 +4x* —x* +1 =2x
Bai 11: Giai phuong trinh: x* —4x> +6x*> —3x+3 = V2x+2 +42x-1

Bai 12: Giai phuong trinh: x+é+3x2 =2V =4 +4x—1+ 2% +4x
X
Bai 13: Giai phuong trinh: 63/x—1+64/2x—3 +53/(x—1)(2x-3) =8x+1
5(x2+4x+9)
2J10-6x ++/4+3x +1

Bai 14: Giai phuong trinh: 2(x+5)\/1—3x +3x-10=
Bai 15: Giai phuong trinh:
(x+1)vx+1v2x+1 +(1-3x)V1-3x+vx+1+(2x+1)v2x+1v1-3x =3
V2x+1 49vx-3 11x-8

Bai 16: Giai phuong trinh: + =
x+2 2x+6 9

Bai 17: Giai phuong trinh: \/3x2 -1 +\/x2 -X —X\/X2 +1 =%(7x2 —x+4)

x+1++/x+3 \/1_7 3- 2\/_

x+5+\/2 x +1

Bai 19: Giai phuong trinh: 3x° +x*> —2x+4 =2, /3(x5 +x* +1)

Bii 20: Giai phuong trinh: ¥/x° +x° —2x—1 +§/x°* —x® +2x+1 = 2x

/ 1 / 1
Bai 21: Giai phuong trinh: x=,/[x——+,[1——
X X

Bai 22: Giai phuong trinh: x* +x* +1= 3(x7 +x + x2)

Bai 23: Giai phuong trinh: 4x+\/x2+(1+ﬁ)x+1+\/ H(1-42)x+1=25x+ 1
x—5
4

Bai 18: Giai phuong trinh:

=0

Bai 24: Giai phuong trinh: (x—l)2 (X—Z) +Ux* -3x+3+
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Bai 25: Giai phuong trinh: x2+4x+5—2L:(x—1) 1—21—_X
X" +x+1 W +x+1
2 1 2

Bai 26: Giai phuong trinh: + =
(\/;+1)2 x++/2x-1 1+\/x(2x—1)

: 1 + X + 1 =1
CUx 141 2x+141 Bx+1+1

Bai 27: Giai phuong trinh

2 2 2
Bai 28: Giai phuong trinh: X xtl >+ X x+2 >+ X Hx+3 =3
(x2+ x+1) (x2+\/x+2) (x2+ x+3)
Bai 29: Giai phuong trinh: %+ V=X +2x+3 =+/85-60x
X" +2x-2

Bai 30: Giai phuong trinh: (1++3x+1)(1+x+2)(1++5x) = (1+%/15x3 1 35x2 +10x)

Bai 31: Giai phuong trinh: xy/x* +x+2 +3x3/x* =1 = (x* +3)(3x" -2x* +x-2)
Bai 32: Gidi phuong trinh: 2(x—=2)v/5-x +(x+1)x* +5=7x~5

Bai 33: Giai phuong trinh: \/1+v2x—x? +y1-v2x—x" =2(x~1)(2x* ~4x+1)
Bai 34: Gidi phuong trinh: Vx—2 —x+1 = 321>

4
«/5+«/B+J5+J5
Ja+3b Jb+3a

: 4\/1—x+\/2x—1 :3\/5

X 1-x

Bai 37: Giai phuong trinh: 6¢/2x—1+6¢2-x -77/(2x-1)(2-x) =5

Bai 38: Giai phuong trinh:

\/2x2—2x+1+\/2x2—(\/§—1)x+1 +\/2x2+(\/§+1)x+1 =3

Bai 39: Gii phuong trinh: J2(x2 —4x+5) +3%X- s +g =442 -x
X
1 1 1

Bai 40: Giai phuong trinh:

Bai 35: Chirng minh ring;

<2Va,b>0

Bai 36: Giai phuong trinh

+ =
T+ +3x+1  1+4x2-3x+1 x*+1
Bai 41: Giai phuong trinh: x* —x° —6x+4+2Jx° —x+1=0
Bai 42: Giai phuong trinh: Vx° —2x+2 ++/x° —x+1 :(2—x)(x3 +2x7 +2x—3)

) ) 2x(1+x\/2x—1) ,
Bai 43: Giai phuong trinh: =
(x=x+1)(1+(2x-1)v2x-1)
2
“28"_3}(“ 0 j — 256

Jx+6 428x-3

Bai 44: Gii phuong trinh: (1+\/x+6)(1+
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2
.. . 1 1 [2—x fx—l
Bai 45: Giai phuong trinh: + —| 4 —4 22\/5
P 8 Vv2-x Wx-1 { x—1 2—X}

2(H-1+43-x) 14 x"T1+5-x
Ix—1+3-x Q/(x—l)(?)—x)

Bai 46: Giai phuong trinh: 1+

Bai 47: Giai phuong trinh:

(1+\/ﬁ)2[1+

\/le}:(“m)z{“%}z ~17+242

S 11 2(WeV2x) 64
Bai 48: Giai phuong trinh: —+ + —=
X 2-x (\/; +42-X )
Bai 49: Giai phuong trinh:

(4x+7+2\/8x+7)(4x+5+2\/xj): 2(4\/x+_1+1)(2x/8x+7 +1)
1

Bai 50: Gidi phuong trinh: ! ~+ xx -+ (2x-1)v2x-1=—+ X 2x-1
N R

Bai 51: Giai phuong trinh: J/x* + X+ 131 —x +/x* = x+1v/x+1 =x* +2
X" +4x+1
Bai 52: Gidi phuong trinh: /3 —2x +‘f3 —)
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III. CAC BAI TOAN.
Bai 1: Giai phwong trinh: 13vx —x* + Vx> +x* =16
Tién si Tran Nam Diing — Dai hoc khoa hoc ty nh{én —DPHQG TP.HCM

Dé nghi Olympic 30/4/2011 — THPT Chuyén Lé Hong Phong — TH HCM
o Giai
V6i o,B > 0. Ta su dung bat dang thuc AM — GM ta cé:
a’x’+(1-x*) 13(a*-1)x*+13
13+x% —x* =22 |2 2(1 x2)SE- ( ): ( )
o o 2 20
X +(1+x7) 9B +1)x*+9
Ix* +x* B B2x2(1+x2)sg P ( ): (B )
p p 2 2
13(a>=1) 9(p*+1
= 1332 —x* + 9V +x* < ( )+ (B ) 2 E.,.i
20 2B 200 2B
Dau “=" xay ra < ((x +1) (BZ —1)x2 =1
o’ +1=p> - S
Chon o,p >0 thoamin {13(a>~1) 9(B2+1) & §:>VT£16=VP
+ =0 _
2a 28 B=5

2.5

Dau “=" xdy ra X = =
Ngoadi ra ta c¢6 thé ding dao ham giai bai nay. Dit f(x) = 13\/x -X" + 9\/x +x* ham f( ) lién

et [0 1] T f( ) 13( 2x3+x) 9(2x3+x)
uc ren aco + .
xE=xt x? +x*
13(2x2 —1)\/x2 +1= 9(2><2 +1)\/1—><2

13(—2x3+x) 9(2x +x) 0@{
x=0(L)

f'(x)=
SN A o
ky
xe|l—;1
o 2
(5x* —4)(200x* +160x> —22) =0
25
=

2.5

Dé thay voi x e {—21} thi 200x* +160x> -22>108 >0, nén f'(x)=0< x=
5 A . .
nén dat cyc dai tai x = ?

Do ham f'(x) déi ddu tir (+)=>(-) khi qua 2

= f(x)< (ij 16= VP,

Bai toan da duoc giai quyét!
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Bai 2: Gidi phuwong trinh: x° —3x* —8x+40-8%Y4x+4 =0
‘ Trich dé thi HSG Quéc Gia — Bang A — 1995
Dé nghi Olympic 30/4/2014 — THPT Chuyén Lé Quy Pon — Ninh Thudn

Giai
Ta dé dang thiy phuong trinh c6 nghiém x =3 nén ta s& dung bat dang thirc Cauchy dé khir can.
Cauchy
Taco: 8Y4x+4 = 3/(4x +4).16.16.16 < x+13.
Khi d6 VT > x> —3x> —8x + 40—-(x+13)= (x—3)2 (x+3)>0Vx>-1. Vay du “=" xay ra khi
x=23

Bai 3: Giai phwong trinh: x+/x + 32 _ 63/3x -4
X

W

Giai
Nhin vao phuong trinh ta thdy VT >0 nén diéu kién c6 nghiém 1 x > %

-G
32 _xx xix 32 e
xWx 2 2 xx
Khi d6 ta can ching minh x2Bx—4 o xx 23x-4 <= (\/;—2)2 (\/;+1) >0 ludn ding.
Vay VT > VP . Dau “=" xay ra khi x=4

Ap dung bat ding thic AM — GM ta c6: x~/x +

Bai 4: Giii phwong trinh: U +x=T1+3=x +x+1 =5 —x+2

Giai
Cich 1: Dung bat dang thic dang +/ab < a er b .

CauchyX2+X
VX +x-1= 1.( 2+x—1) <

2

Ta co6: Cauchy 2 )
V- +x+1= 1.(—x2+x+1) < XXt
2
. ) VX Ex-1=1
= VT <x+1. Dau “=" xay ra khi ox=1.
—x*+x+1=1
Lai ¢ VP=x2—2x+1+x+1=(x—1)2+(x+1)2x+1. Dau “=” xay ra khi x=1. Nén

VT < VP. Diu “=”xayratai x=1 nén x=1 la nghiém duy nhit ctia phuong trinh.
Cach 2: Dung bat dang thirc Bunhiacopxki.

Bunhiacopxki

VI =1V +x-1+1/—C+x+1 < \/(12+12)(x2+x—1+x—x2+1) =2Jx

Ta co:
VP—2\/;=X2—X+2—2\/§=X2—2X+1+X—2\/;+1=(X—1)2+<\/§—1)2 >0

,

Do d6 dau “=” chi xay ra khi x=1.
Cach 3: Phéan tich tong binh phuong SOS.
Ta co:

2 2
xz—x+2—\/x2+x—1—\/—x2+x+1=Oc>%( x2+x—1—1) +%(\/—x2+x+1—1) +(x—1)2=0
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V2 +x-1=1

Dé dang nhan thady VP —VT >0. Nén déu “=" xay ra khi {v-x* +x+1=1<x=1.

x-1=0
/2 x*+1 f
Bai 5: Giai phuwong trinh: %zx x—%+\/1—x
o Giai

Bai nay kha 1a co ban ap dung bat dang thirc Cauchy — Schwarz la ra ngay. Ta co:

1 , 1 2(x2+1)

X [Xx==+v1-x< /(X +1)| x—=4+1-x |=y/———=VT

el >( R A

Dau “=" xdy ra khi & xA/x— 3<:>x3—x2—x+%=0

FF

(:)3x3—3x2—3x+1=0<:>(x—1)3 =2 & x= L

1+%/§

Vay bai toan di duoc giai quyét!

Bai 6: Giai phwong trinh: x* —12x% +38x*> —=12x - 67 +J/x+1 ++7-x =0
Pé thi thir THPT Quéc Gia 2016 — Lan 2 — Chuyén Vinh Phiic

o Giai
Cach 1: Dung bat dang thuc Cauchy.

Ta co: x+1+7 - x——Z\/x+1+ 27 -x < [’?5 112 Xj 4.

Khidé VT <(x-3)"(x* —6x—7)=(x—3) (x+1)(x-7)<0.

. Vx+1=2
Déu “= xdy ra khi { X ox=3

N7 —-x=2

Ciach 2: Phan tich tong binh phuong:
Ta co:

xt—12x% +38x* —12x— 67 +Vx+1++/7-x =0
@—%(«/x+1—2)2—%(\/7—x—2)2—(x—3)2(x+1)(7—x)=0

Khong khé dé nhan ra véi x e [—1;7] thi VT <0. Do d6 ddu “=" xdy ra khi x=3
Vay x =3 la nghiém duy nhét ctia phuong trinh.

32(Vx-1+4x+2)
(2vx—T+vx+2)

Bai 7: Giai phwong trinh: 9vx+2 +

Giai
Y tuong cla bai toan nay van nhu cac bai toan khac, ta van s& danh gia VT >24 . Nhung tuy
nhién d€ nguyén nhu the nay thi chua lam an dugc gi, ta s€ lién hgp tu cta phan thtc.
Ta co:
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9M+32(m+m2):24@9 X+2+ 926 =24
(2vx-T+x+2) (2vx=T+Vx+2) (Vx+2-x-1)
& 6(Vxr2 V1) +3(2Vx -1 +xr2)+ % -2

(2vx—T+x+2) (Vxr2-vx-1)
Khi d6 ap dung Cauchy cho 4 s6: 6326(\/X+2 —m);%b:§(2m+\/x+2)

3 3 96 96
—b=—(2vx-1 21; = duogc:
2 2( i T ) (\/X+2—\/X—1)(2\/X—1+\/X+2)2 ab’ e

Cauch
6atobiobin 3 4403396abb o) _yp
2 2 ab ab

6a=§b
2

_%
ab?

Vay ddu “=" xay ra khi Sb=4acex=2

6a

Bai 8: Giai phwong trinh:
1252 +16x + 124245 +12x% —6x — 4yx% —x —44/8x° +9x* +x =0

Giai
Ta co:

1252 +16x+1-24/245° +12x% —6x — 457 —x — 4/8x° + 9% +x =0
12 +16x+1-2,[6x(4x7 +2x—1) =2,/4(x* —x) 2,4 (x* +x) (8x+1) =0

6x =4x> +2x -1
= 4(x2 - x) =1 . Nén ta ap dung bat dang thic
8x+1=4(x"+x)

Phuong trinh c6 nghiém x = 1+

2\/6x(4x2 +2x-1) <4x% +8x~1

AM — GM ta duogc: 12 4(x2 —x) £4(x2—x)+1

2,[4(x* +x)(8x+1) < 4x7 +4x+8x+1

1+\/§

Khi d6 VT >0. Dau “=" xay ra khi x = 5

Ngoai ra néu khong thich ta c6 thé sir dung cach ghép hang dang thirc nhu sau:
12x° +16x+1—2\/24x3 +12x% — 6x —4\/x2 - X —4\/8x3 +9x*+x =0

<:>6x—2\/6x(4x2+2x—1)+4x2 Fox—1+1—244x% — 4x +4x2 — 4x

+4x? +4—2\/(4x2 +4x)(8x+1) +8x+1=0

@(\/&—\/4x2+2x—1)2 +(\/4x2 —4><—1)2 +(\/4x2 +4x—J8xT)2 0

Pén day bai toan di duoc giai quyét!
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Bai 9: Giai phuwong trinh: (x+3)v/x+1+x* +x+4= (2\/§+3)(x2 -x° +2x)

Giai
O day do VT —VP >0 ma néu sir dung Cauchy cho +/x+1 thi bat dang thirc bi nguoc chiéu, dé
khic phyc ta s& tim nhan tir cho (x+3)v/x+1, ta duge (x+3)+/x+1 —2\/§(x+1). Nhan tir nay
cuing chiéu véi bai toan nén ta s& dung Cauchy dé chimg minh.

Tacor (x+3Vx+1 =(Vxr1) +29x+1 = 2,[2(Vxo1) VX1 =22 (x+1)

Khi d6 VT - VP =(x-1)"[ (2x+2)v2 +3x+4]>0

Dau “=" xay ra khi (\/x+1)2 =2Vx+1 < x=1.

Bai 10: Giai phwong trinh: 4x* +x> -1+ ¥x* —x* +1 =2x

= (a+b)' =8(a* +b*)

Giai
Uxt+x*-1=a a+b=2x

= 4 4 4
Yxt-x*+1=b (& +Db"=2x

(a+b)4 (a2+2ab+b2)2 Cauchy(a2+b2): a*+b* +2a’b’ <4t

Cach 1: bat {

Ta c6: = < a*+b*
8 8 2 2

Diu“="xiayrakhi a=bo {x* +x>-1=¥x' -’ +1 = x=1

Cach 2:

Ta co:

2 Bunhiacopxki

1. ((‘/x4+x2—1+(‘/x4—x2+1) < 2(\/x4+x2—1+\/x4—x2+1)

Bunhiacopxki
2. 2(\/x4 +x2 =1 4+/x* —x2 +1) < ’ 2\/2(x4 +x7 =1+x* = x +1) =4x°

,

3. Dodé VI <VP.Dau“="xayrakhi x=1.

Bai 11: Giai phwong trinh: x* —4x® +6x* —3x+3=/2x+2 +42x -1

Giai
Cauchy
2_1_ x+1) < 1 4+42x+2 3+x
Ta co: 2 Cauiyz | 23 )
Yox—1=11142x-1 < X‘4+ :X;
2(x-1)*
Khido vT_X+3_x+1_2(x-1) _,
2 2 2

Dau “="xay rakhi x=1

Bai 12: Gidi phwong trinh: x +é +3x% = 24x% =4 +4x =1+ 24/x° + 4x
X

Giai
Dau tién ta s& nhan x 1én d¢é tién danh gia. Khi d6 phuong trinh tr¢ thanh:
3 + X% +4=2x3x —4 +4xyx—1 +2x3/x° +4x

Bay gid ta can phai ching minh VT — VP >0. Ta s& bién d6i nhu sau:
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3x3+x2+4:2xm+4xm+2xm

< 3% +x7 +4-2x x3—4—4xm—2xm:0
©x2—2X\/x3——4+x3—4+x2+4xm+4(x—l)+2x3—x2—4x+12—2xm:0
@(X—M)2+(x—2m)2+2x3—x2—4x+12—2x X’ +4x =0

Ta di chimg minh 2x° —x* —4x+12 - 2xv/x’ +4x > 0.
That vay:

Cauchy 2 3 _2 2 3 6
2% —x? —dx+12-2x X’ +4x > 25 —x® —dx+12— 2 +’2‘ +ax _(x=2) (3x+6)

2
Xx-vx’—4=0
Khi d6 VT >0. Dau “=" xay rakhi x-2vx-1=0<x=2

2x =x° +4x

Vay x =2 la nghiém duy nhat ciia phuong trinh. Bai toan da duoc giai quyét!

Bai 13: Giai phwong trinh: 63/x—1+6%2x-3 +5§/(x—1)(2x—3) =8x+1

Giai
63x—-1<2x+2

Ta s& di chimg minh < 63/2x -3 < 3x
53(x-1)(2x-3) <3x-1
Cauch:
6x—1 < 6= 1;1” 2x+2

Cauchy
That vay, ta cé: J642x—3 < 6.2X=3+3

Cauch _ _
53(x-1)(2x-3) < 52 1+25X 3% a1

Cong vé theo vé 3 bat dang thirc trén ta sé duoc VT < VP
Dau “=" xay ra khi x=2.

5(x2 +4x+9)
2J10-6x +/4+3x +1

Bai 14: Giai phuwong trinh: 2(x+5)\/1 -3x+3x-10=

Giai

Ta co:
Bunhlacopxkl

J18 4+—=

5(x +4x+9) >x +4x+49
2J10-6x +/4+3x +1 2

x+5—2\/1—3x)
>
2

2J10-6x ++/4+3x =2J10—6x +iw/6x+
J2
1

2. Do do l:
2J10-6x ++/4+3x+1 10

2
Lai cé: %’”9—2(“5)\/1—& +3x-10=

Nén VT < VP
Dau “=" xay ra khi x=-1
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Bai 15: Giadi phuwong trinh:
(x+1)vx+1v2x+1 +(1-3x)V1-3x+vx+1+(2x+1)v2x+1v1-3x =3

Buii Thé Viét — Vied.vn

Giai
Cach 1.
a=+x+1
bit {b=+2x+1=a’+b*+c* =3.

c=+v1-3x
Phuong trinh trg thanh: a’b+ac’ +cb’ =3 < 3(a3b +ac’ +cb’ ) = (a2 +b* +¢? )2

b=x+a _, 5 .
bat N de dua veé phuong trinh bac 2 an a, phuong trinh tr¢ thanh :

c=y+a

(x2 —xy+y2)a2 —(x3 —5x%y +4xy® -|—y3)ex-|—x4 =3y +2x%y? +y* =0
Co A=(x’=5x"y +4xy” +y’ )2 - 4(x2 — Xy + yz)(x4 -3x’y+2x’y” +y"). Do dang & dang déng
cép nén ta c6 thé dat t = X, Quy vé giai phuong trinh:
-3t° +6t”+9t* — 18t —6t* +12t-3=0 7
Nhung tuy nhién phuong trinh nay c6 nghi¢m thudc phuong trinh bac 3 nén c6 thé gia st
3% +6t° +9t' ~18t° —6t° +12t-3=-3(t* +at> + bt+c)

Dong nhat h¢ s6 ta s& co: A:—B(x3 —x2y—2xy+y3)2 <0.Dodo VT <VP.

Dau “=" xay rakhi x=0 ﬂ .
Ngoai cach dong nhat hé so ta c6 thé tim du 3 nghiém cia phuong trinh r6i dung viet cho phuong
trinh bac 3
Cach2. i
Bai toan xuat phat tur dang thirc sau:
(a2 +b’ +c2)2 —3(a3b+b3c+c3a) = Z%(az —2ab+bc+ca—c2)2 >0
cyc
Chimg minh:
x=a’—ab+bc

5 ) xy +yz+xz=a’b+b’c+c’a
bit <y=b"-cb+ca=

) x+y+z=a’+b’+c’
z=c" —ca+ab

Khi do co:
(a*+b? +C2)2 —3(a3b+b3c+c3a)=(x+y+z)2 -3(xy +yz+xz)
1 1

ZE(X—Y)2+2

zl(az—Zab+bc+ca—C2)2 +1(b2 —2bc+ca+ab—a2)2 +1(c2 —2ca+ab+bc—b2)2
2 2 2

(y-2)"+ 502

Bay gio ta 4p dung: Pat a=+x+1;b=+v2x+1;c=+1-3x
Khi do ta co:
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(x+1)Vx+1v2x+1+(1-3x)v1-3xvx+1 +(2x+1)\/2x+1\/1—3x =3
< 6(x+1)Vx+1v2x+1+6(1-3x)v1-3x~/x+1 +6(2x+1)\/2x+1\/1—3x -18=0

& —(4x-2Jx+ TV2x+ 1+ Vx+ 1VT1-3x +\/2x+1\/1—3x)2

X +x+142x+1 +\/X+1\/1—3X—2\/2X+1\/1—3X)2

2
2

S5x—x+14/2x+1 +2\/x+1\/1—3x—\/2x+1\/1—3x)2 =0

= x=0
Cach 3.
Ta co:
(x+1)\/x+1\/2x+1 +(1—3x)\/1—3x x+1+(2x+1)v2x+1v1-3x
Bunhiacopxki

< \/[(x+1)2+(2x+1)2+(1—3x)1[(x+1)(2x+1)+(2x+1)(1—3x)+(1—3x)(x+1)]

- \/9 7% (14x* - 3)
Néu 14x> -3 >0 thi bai toan coi nhu duoc giai quyét!

Néu 14x*-3<0 < x e —1;— i .
2 14

1. Khi d6 ap dung Cauchy ta co:

(x+1)VX+IV2x+ 1 +(1-3x)V1-3x+/x+1 +(2x+1)v2x +141-3x
Ca‘zhy(x+1)(3x+2) . (2x+1)(2-x) (1= 3T Bxx T

- 2 2

2
=(1-3x)V1-3xx+1 +X7+4x+2 = 3—%(7\/1—3x\/x+1 #17x=1)(V1-3x/x+1+x-1)

Cauchy » __
V1-3xvVx+1+x-1 < 222X+x—1:O

7V —3x/x+1+17x-1<0 < x e(—l;ﬂJ

2. Laico:
109

3. Nén VT <3 = dpcm
Cach 4.
Ta co:

(a?+b*+c2) ~3(a’b+bletcla)= [Za‘* —Zazbz}ﬁ’:[Zazbz —Zazbc}—?{Zfb—Zazbc}

cyc cyc cyc cyc cyc cyc

. 3[Za3b—2a2bc} = 3{Zb3c—2a2bc} =-3% be(a’-b?)

cyc cyce cyc cyc cyc

=-3) be(a’~b*)+ ) (ab+bc+ca)(a’ ~b*)

cyc cyc

= Z(a2 —bZ)(ab+ca—2bc)

cyc

. 3{2 a’b? —Zazbc} :%Z(ab+ac—2bc)2

cyc cyc cyc
Tt - Ta :%;‘(az b
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Vay ta thu dugc dang thuc:
(a2 +b*+¢? )2 -~ 3(a3b +b’c+ c3a)

=—Z(a —b2) 2Z:(ab+ac 2bc) —Z(az—bz)(ab+ac—2bc)

cyc cyc cyc

== (:;12—b2—ab—ac+2bc)2 >0
2CyC

Viy bai toan di duoc giai quyét!

V2x+1 +49Jx—3 ~ 11x-8

Bai 16: Giai phuwong trinh: =
X+ 2 2x+6 9

Giai
Do bai toan ¢6 nghiém x =4 nén ta s& dung bat déng thirc Cauchy nhu sau:

Cauch
1avaxst < X80
3 3

Cauch 49 _2
193 < y%

x+5 49(x-2) ,
Khido VT _Vpe B o2 _11x-8  (x-4)'(44x+87)
x+2  2x+6 9 18(x+2)(2x+6)
Dau “=" xay ra khi x=4

Ta co:

<0.

Bai 17: Giai phwong trinh: /3x% -1 +/x% —x —xy/x +1 =%(7x2 —x+4)

Giai
Ta s& ap dung bat dang thirc Bunhiacopxki cho toan bo vé trai ctia phuong trinh
Ta co:

Bunhiacopxki

32—+ —x—xx2+1 < \/(12+12+x2)(3x2—1+x2—x+x2+1)
:>\/3x2—1 +\/X2—X—X\/X2+1 S\/(5x2—x)(x2+2)

ki (5 x)( 12) = L5 x) 2w +2) 2 X

Nén dau “=" chi xay ra khi x=-1

Bai 18: Giai phwong trinh:

3x+1++/x+3 \/T 3- 2\/_

x+5+,/2(x* +1)

Giai

3—2\/;:f|( B rex-3_ 1 <0.Nén f(x) nghich bién trén

2\/1 x 2\/;

bat f(x)= (1—x)3 +

[0;1] = f(x)=£(1)=

N | =

Ta co:

Bunhlacopxkl Cauchy X + 5 X+ 1 Bunhiacopxki X + 5 —+ 2 X"+ 1

1. V3x+1+/x+3 22(x+1) < x+3=T <

N
—_
N
~—~—
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2. Khidé VTS%SVP

Dau “=" xay rakhi x=1

Bai 19: Giai phuong trinh: 3x° +x* —2x+4 =2, /3(x5 +xt+ 1)

Giai
~ y ’ , N Cauchy
D¢ thay néu ap dung bat dang thirc Cauchy ludn thi ta dugc: 2, /3(x5 +x*+ 1) < XH+xP+4.

Khi d6 VT -VP >3x> +x* —2x+4—-x>—x*—4= (x—1)2 (—x3 —-3x? —2X) , ta chua thé x4c dinh
dugc dau cua bat dang thirc. Do d6 nay ra y tuong phan tich da thirc trong can thanh nhan tir thi

khi do6 s€ de dang dung bat dang thuc danh gia dugc. Be phan tich dugc ta s€ lam nhu sau:

Do f (x) =x"+x*+1=0 khong c6 nghiém hiru ty toc la khong phan tich dugc dudi dang
(ax+Db).f(x) nén ta s& gia sir f(x)= (x2 +ax +1)(x3 +bx+c+ 1) . C6 thé gia str nhu vay do:

1. Phuong trinh chi ¢6 1 nghiém lé duy nhat ma nghiém nay khong cung thudc 1 phuong
trinh bac 2 nao nén néu phan tich dugc dudi dang mdt da thuc bac 2 nhan véi mot da
thirc béc’ 3 thi da :[hl'rc bac 2 phéi v6 nghiém. )

2. Do h¢ so tu do bang 1 va két hop voi li do trén ta s€ viét dugc phuong trinh dudi dang

trén.
Khi d6 co:
(xz+ax-|—1)(x3+bx-|—c+1)=x5-l—x‘l(a-kb)wtx‘?’(ab+c+1)+x2 (ac+b+1)+x(a+c)+1
at+b=1 _q
\ , , ab+c+1=0 —c+b-bc+c=0 b(1—c):0 a=
Dong nhat hé so ta dugc: R ) & <<b=0
ac+b+1=0 2b-c*—c=0 2b-c*—c=0 ceq

a+c=0
Vay x5+x4+1:(x2+x+1)(x3—x+1)

Khi d6 ap dung bat ding thirc Cauchy ta dugc:

2 3_
2J3(x5+x4+1) :2\/3(x2+x+1)(x3—x+1)C Shy2-x +X+1+§(X X+1) =VT

Déu “=" xdy ra khi x* +x+1=3(x"—x+1) < (x-1)(3x* +2x-2)=0 <

Thir lai thay thoa mén. Vay bai toan da duoc giai quyét!

Bai 20: Gidi phuong trinh: ¢/x° +x> —2x-1 +§/x°* —x* +2x+1 = 2x

Giai
Ux®+x*-2x-1=a(a>0)
bat
Ux®=x*+2x+1 =b(b>0)

6
Dé dang ching minh duoc bat dang thirc sau: (a ;rzb) <a®+b® <32 [(a2 )3 + (b2 )3} >(a+ b)6

= (a+b)" =32(a’+b°)

Str dung bét déng thirc 4(313 +b3) > (a+b)3 & C’)(a—b)2 (a+b)>0 ta can chimg minh dugc:
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2 2

8(a’ + b2) >(a’+b”+ 2ab) Theo AM — GM ¢6 ab< 2" nen bét dang thirc hién nhién

ding.

Tir d6 suy ra duoe déu “=" xay ra khi ¢x° +x* —2x-1=¢x° —x* +2x+1 = x = 1+2\/§

/ 1 / 1
Bai 21: Giai phwong trinh: x=,[x——+,/1-—— _
X X MO Yogoslavia

Giai
1
1+x——
Cauchy
\/x—lz\/l(x—lj < TX
Ta co: X X
1+x 1
Cauchy -
Jl—lwle(x—l) < X
X X 2
1
I=x——
Khi d6 VP < x. Dau “=" xay ra khi 1 x¢>ﬁ—x_1=0¢3x=1tjg
—=x-1

X

Bai 22: Giai phwong trinh: x* +x* +1= 3(x7 +3° + x2)

Giai
Bai nay twong tu nhu bai 14. Ta s& phan tich x” +x° + x> = x* (x2 +X -|—1)(x3 -x’ +1)
Khi do ta co:

xPxr+1= 3(x7+x3+x2)

(x +x+1 (x —x+1 \/3x x +x+1)(x ~x +1)

)
(x —x+1)\/x +x+1:\/3x x -X +1)

Lai co:

\/3X2 (X3 32 +1) Cmghy \/§(X23 +1) _ \/§(X+1)gx2 —X+1)

1

Bxe1) LW
? _\/x2+x+1+M
2

RN T o o Pl s

2

2. X2 +x+1- >0

Nén x=1 la nghiém duy nhét ciia phuong trinh. ) .
Ngoai ra néu dé y ta thay bai nay c6 thé dua vé bai toan giong bai 15 bang cach dat

a=x";b=x;c=1.Khi d6 phuong trinh try thanh: a’ +b* +c* = \/3(a3b+b3c + c3a)

Ta biét ring; (az +b*+¢? )2 - 3(a3b+b30 + c3a) = Z%(a2 —2ab+bc+ca-c’ )2 >0
cyc
Vay bai toan da dugc giai quyét!
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Bai 23: Giai phwong trinh: 4x+\/x2 +(1+J§)x+1 +\/x2 +(1—J§)x+1 =25x+1

Giai
Cauchy
Taco: 4x—2/5x+1 > —x-2
Khi d6 ta co:

\/x2+(1+\/§)x+1 +\/x2+(1—\/§)x+1 >x+26 2Ux 4250 432 +2x+1 > —x2 +2x+2

Néu x e [1 - \/7,‘—%} v, [1 ++/3; +oo) thi bai toan di duoc giai quyét

Néu x e {—%;1+\/§} ta co:

X 2 X2+ 2x+1 2—x2+2x+2<:>x2(3x2+12x+4)20Vxe{—%;1+\/§}

Tir d6 suy ra VT > VP . Dau “=" xay ra khi x=0
Bai toan da duoc giai quyéet hoan toan!

Bai 24: Giai phwong trinh: (x—1) (x-2)’ +M+—x;5 =0

Giai
Xét x <=5 ta co:
4 3 2
(X—1)2 (X—2)2 N X;S _ 4(X+5) —103(X+5) +1001(X+5) —4337(X+5)+7046 20
= Phuong trinh v0 nghiém trén (—o0;-5]

5-x

Xét x > -5, ta di ching minh /x> —3x+3 >

Néu x>5 thi bai toan da duoc chimg minh.
Néu x €[-5;5] ta co:

Ux? -3x+3 > 5;" & —x* +20x° +106x* ~268x +143 2 0 < (x—1)" (-x* +18x+143) > 0

Khong kho dé nhén ra bat dang thirc cudi ludn dung voi x e [—5; 5] .
Vay VT >0. Dau “=" xay ra khi x=1

Bai 25: Giai phwong trinh: x* +4x+5—

3x :(x—l) 1- 241-x
x*+x+1 xF+x+1

Pé thi thir THPT Quéc Gia 2016 — Chuyén Quéc hoc Hué

Giai
Ta co:

x> +4x+5—

L:(X_l) 1o 2N1-x
X +x+1 VX2 +x+1
(3% +4x+5)(x* +x+1)-3x (X—l)(VX2+X+1—2V1—X)
x* +x+1 B VX +x+1
<:>(x2+4x+5)(x2+x+1)—3x:(x—1)(x2+x+1—2\/x2 +x+1\/1—x)

& x'+4x° +10x* +6x+6+2(x—1)Vx* +x+14/1-x =0

f=—
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Cauch 2
Déy thdy: 2(x—1)Vx* +x+1v1-x >y2( 1)- X2+2.

Nén VTZ(X—l—Z) (x2+x+1)20.
Dau “=" xay ra khi x =—2

2, 1 ~ 2
(&+1)2 X+2x-1  1+,fx(2x-1)
Pé thi thir THPT Quéc Gia 2015 — Lan 1 — THPT Minh Chdu — Hung Yén

Bai 26: Gidi phwong trinh:

Bai nay da cd tinh che gidu di mau ctia phan thlgzl?};’r 2 dé 1am danh lac huéng nguoi lam do d6 ta
can ¢6 1 bude bién ddi: x++/2x-1 =%(\/2x——1+1)2

1 N 1 _ 1
(J;H)z (M+1)2 T+,x(2x-1)

Nhin thé nay ta s& nghi ngay t6i bat dang thic AM — GM dang cong mau s, ta co:
1 1 4
>

(\/§+1)2 ' (V2x—1 +1)2 B (J§+1)2 +(vax-1 +1)2

Bai toan s€ dugc gidi quyet néu ta chirng minh dugc:

Khi d6 phuong trinh twong duong:

4 1

(Vx+1) +(V2x—1+1) Lryx(2x-1)

3-3x+4yx(2x-1) -2(Vx+v2x~1) o
(1+,/x(2x—1))[(\/§+1) +(\/ZX—1+1) }—

(2vx =V2x=1-1)(2Vx +5v2x~1-1) o

2(1+,/x(2x—1))[(\/;+1)2+(\/2x—1+1)2}_

2(&_1)2[2%;1;5@}

= 2[;7;111+M}2(1+\/m)[(\/§+1)2+(m+1)2}

D@ thiy bat dang thirc cudi dung voi x 2% nén VI —VP >0, dau “=" xay ra khi x=1

>0

Ngoai ra néu ta dat {\/;:a thi khi d6 ta can chimg minh ! + ! > ! .
- [Vax-1=b (a+1)" (b+1)° 1+ab

1 1 1 ab(a-b) +(1-ab)’
(a+1) (b+1) 1+ab (a+1) (b+1) (1+ab)

Ta c6 dang thirc sau ddy: >0 . Vay bat dang

thirc da dugc chirng minh.

Ta ciing c6 thé dung bat dang thirc Cauchy — Schwarz chirng minh duoc. Ta co:

1 b

>

(ab+1)(b+1j @+ |Gy D) ee )

b 2 1 a
= >
(ab+1)(a+1j2(b+1) (b+1)7 (a+b)(ab+1)
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Cong lai co diéu can ching minh! ‘
Neéu ap dung ludn thi phuong trinh ban dau tr¢ thanh:

2
&\/ZX—l(\/_—\/2x—1)2+(1—1/x(2x—1))
=0
(Vx+1) (V2x=T+1) 1+ Jx(2x-1))
, [Wx=2x=1=0
Dau “=" xdy ra khi S X=
1-4x(2x-1)=0
Bai 27: Giai phwong trinh: —— %X 1 4
' T Ux+1+1 2x+1+1 Bx+1+1
, - Giai
Ap dung bat dang thtc AM — GM dang cong mau ta co:
1 X 1 S 4 X

+ + > +
IXx+1+1 V2x+1+1 Bx+1+1 x+1++8Bx+1+2 2x+1+1
Ap dung tiép bit déng thirc Cauchy — Schwarz ta c6: vx+1++/3x+1 < 2/2x+1
2 X+2

X
_l’_ =
N2x+1+1 2x+1+1 2x+1+1

Bay gio nhi€ém vu cua ching ta 1a phai chirng minh dugc:

X+2 1 2
2>l x+22V2x+1+1 < =(V2x+1-1) >0
V2x+1+1 2( )

Vay bai toan di duoc giai quyét!
Dau “=" xay ra khi x=0

Khid6 VT >

x> +x+1 . X2 +x+2 N X2 +x+3

Bai 28: Giai phuwong trinh: > > =3
(x2+ x+1) (x2+ x+2) (x2+ x+3)
Giai
2
Ta co: Lﬂslcx2+x+ls(x2+ x+1)2@xzx/x+1((x—1)\/x+1+2)20

(x2+ x+1)
Neéu x>1 thi bat dang thirc hién nhién dung.
-+ +x+3 X (1-x)+x+3
24+(1-x)Vx+1  2+(1-x)Vx+1
X" +x+1

Do d6 —————<1. Thiét 1ap cac bat dang thic con lai tuong ty ta ciing s& duoc
(x2 +ax+1

Néu x<1 thi:(x-1)yx+1+2= >0

X2+ x+2 x> +x+3

> <1; <1
(x2+«/xj)

(x2+ x+3)2

Cong 3 bat dang thirc ta dugc VT < VP . Diu “=" xdy ra khi x=0
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Bai 29: Gidi phwong trinh: %-‘r V=x* +2x+3 =+/85-60x
X" +2x—2

Giai
2
Srox21< X 2x1
2
%.5\/85 —60x <11-6x

Theo bt dang thitc AM —GM ta co:

Khi d6 :
6x° +x2 —28x+17+(x2 +2x—1)\/—x2 +2x+3
VT -VP > >
X +2x-1
(2= + 2+ 3 ) ((6x-+15) = + 2x+ 3 —x* +10x+ 31
B X2 +2x—1

(x=1)"((6x+15)y=x +2x+3 -x* +10x+31)
(x2+2x—1)(2+\/—x2+2x+3)
6x+15>0
Dé y thay véi xe[—l+«/§;%} thi {—x*>+10x+31>0 nén VT -VP>0.
x2+2x-1>0

Dau “=" xay ra khi x=1

Bai 30: Gidi phuong trinh: (1+3x+1)(1+vx+2)(1+5x) = (1+#15x3 1352 +10x)

Giai
Nhin thay dang tich 1a s& nghi ngay t6i bat dang thirc Holder , trudc hét ra s& di chimg minh no.
C6 bd dé sau[Holder]: Cho cac s6 thuc duong a,b,c,x,y,z,m,n,p khi do ta luén co:

(a3 +b° +c3)(x3 +y’+2°)(m’ +n’ +p3)2 (axm +byn +czp)’
Chirng minh: Theo AM —-GM ta co6:

a’ m? x> 3axm
1. + + >

a’+b’+c m’+n’+p’ X' +y’+2’ _3/(a3+b3+c3)(m3+n3+p3)(x3+y3+z3)
5 b’ . n’ N y’® S 3byn
Ca'tbirc mian’+p’ Xyt _3/(a3+b3+c3)(m3+n3+p3)(x3+y3+z3)
c . p’ N A . 3cpz
a’+b’+c m’+n’+p’ XM +y’+2’ _3/(a3+b3+c3)(m3+n3+p3)(x3+y3+z3)

Cong 3 bét dang thirc trén co6 diéu phai ching minh.

3.

a=3x+1

Quay lai bai, ta d& ¥ thiy 15x" +35x* +10x = 5x(3x+1)(x +2). Nén s& dat {b=+x+2 . Khi dé
c=1/5x

phuong trinh tr¢ thanh: (a+1)(b+1)(c+1):(1+M)

3 3
A M , 7. 1 1 3 3 3
Theo bat dang thic Holder ta co: |CYC| ((%j + (%J + (\/ a) J > (1 + \/abc)
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Vay ddu “="xayrakhi a=b=c < V3x+1=x+2 = 5x<:>x:%

Bai 31: Giai phwong trinh: xvx> +x—2 +3xyx> -1 = \/(xz +3)(3x7 —-2x7 +x—2)

) o Giai
Ap dung bat dang thiic Cauchy — Schwarz ta co:
XV +x—2 +3x¢x° =1 = xvx% +x—2 +43.B3xyx* -1 < \/(xz +3)(3x7 —2x7 +x—2) =VP

__9

Nhin c6 vé dé nhung dén ddy mai c6 van dé nay sinh. Dau xay ra khi:

M:x\/ﬂ@ X' —x*=x*=x+2=0
Phuong trinh khong that su déxgiéi cho ldm, chéc phai ding dén ham sd.
bit: f(x)=x"—x"—x* =x+2 lién tuc trén [1;+00).
= £'(x) =9x" —4x° - 2x—=1=9x" = 9x* +2x° = 2x +3x* -1 > 0vx > 1
Vay f(x) dong bién trén [1;+oo) . Laico f(l) =0 nén x=1 la nghiém duy nhat ctia phuwong
trinh.

Bén canh ham s ta ciing c6 thé phan tich f(x) thanh nhan tir. Ta dugc:
f(x):xg—x4—x2—x+2:(x—1)(x8+x7+x6+x5+x4—x—2)
x4 XX+ xt = x =2 =X+ (x4 x = 2) +x(x = 1) (X +x+1) > 0vx > 1

Khi d6 phuong trinh f(x) =0ex=1

Bai 32: Giai phwong trinh: 2(x—2)v5-x" +(x+1)Vx* +5=7x-5 Trich bao THTT
Giai
e Ciach 1: Bit dfmg thire.
e Kiém tra thay phuong trinh c6 2 nghiém la x = 2 & x = —1, mit khac ta lai co:
2(x = 2)¥5—x" +(x+1)yx* +5-7x+5
lim =
x—--1 x+1
2(x —2)V5—x* +(x +1)yx* +5—7x+5
lirr21 5 =0
X— X [

2(x =2)V5—x" +(x +1)yx* +5 - 7x +5
[im 5 =0
. (x — 2)
Nén x =2 la nghiém’kég, x = —1 1a nghi¢m don, do do6 s€ lién hop 16i nghém don ra trude, con
nghi¢m kép s€ dung bat dang thuc danh gia. Ta co:
2(x —2)V5—x + (x +1)yx* +5=7x -5

@2(x—2)(ﬂ—2)+<x+1)ﬁ—3(x+1):0

& (x+1) 2{;(5__2351;:) +yX* +5-3/=0
x=-1
7 le(x) = Z(J(S__ij(l;zx) +x¢ +5-3=0 (%)

e Giai phuong trinh (*) , ta co:
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f(X):2(><—2)(1—><)+:))l PP SRR U 3+2<X—2)<1—x)
J5—x% +2 3 6 V5 —x* 42
X2+14_3+2(X—2>(1—x):<X_2) (x+2)V5—x* —10x + 16
6 V5% 42 6(V5—x* +2]
_(X_2>2(X+2>+9
V5—x* +1
= <0
6(\/5—x2+2)
V@yf(x)go,dﬁu“f’xéyrakhix:2
e Vay phuong trinh ¢6 2 nghi¢m x = —1;x = 2
e Cach 2: Lién hop.
e Buwéc 1:Tim nghiém, SOLVE dugc 2 nghiém la:
Math & Math &
2R-2245- HE +(FAE || 208-2245- HE +0 AR
A= -1 || *= 2
L-R= 0 | L-R= I

e Budc 2: Kiém tra nghiém boi: Ta co:
2(x —2]V5—x" +(x +1)yx* +5 - 7x +5
lim =
x—-1 x+1

2(x—2) 5 x> +<x+1)\/x2+5—7x+5
x—2 -

C2(x =25 —x +(x+1)Yx* +5-7x+5

1X1£121 ( 2>2 =
X_

Vay x = —1 la nghiém don, x = 2 1a nghiém kép.
e Ta s& tién hanh nhan lién hop do bai nay chia cin rét 1¢. Ta co:

2(x —2)V5—x* +(x +1)yx’ +5 =7x—5
<:>6<x—2)«/5—x2 —|—3(x—|—1)\/x2—|—5+3(5—7x):0

<:>2(X—2)(3 5—x2+x—5)+<x+1)(3 x2—|—5—2x—5):0
—20(x—2)2<x—|—1)+ 5(x +1)(x—2)

lim
x—2

- 3W5—x>+5—x  3Yx* +5+2x+5 ’
x=2Vx=-1
{:)f(x): 5 _ 20 _0
3 +5+2x+5 35— x> +5-x
e D¢y thay:
1 20 3v5—x* —x—235 —10x* — 70x — 1180

<0

2 305 15 x 3Y5_x* 15 x (3\/ 3 +x+35)(3\/ N +5—x)
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2
5 1 5-2x-3x+5 —5(x+2)
B +542x+5 2 33 +5+2x+5 3\/x2+5+2x+5)(3\/x2+5—2x+5

<0

e Do d6 phuong trinh f(x) = 0 vo0 nghiém.
e Cich 3: Phan tich tong binh phwong.

2(x = 2)V5—x* + (x + 1)Ix’ +5 =7x -5

& (x+1)|3- X2+5+2<2XJ:2T)<:(;1) =0
(X—Z)9(x—2)+(x+2)(1—\/5—x2) ) —
& (x+1) 6(@4&) +g(3— X +5) =0
oo B
& (x+1) e +%(3—\/x2+5)2:0<:>x:—1\/x:2

Bai 33: Gidi phwong trinh: \/1+\/2x—x2 +\/1—\/2x—x2 :2(x—1)2 (2x2 —4x+1)

Giai
Dé don gian ta s& dat V2x — x* = t(t € [0;2]) = (x—l)z =x"=2x+1=1-+t
Phuong trinh trér thanh: 1+t +1—t=2(1-)(1-2¢) (¥
Ap dung bat dang thirc Cauchy ta co: \/t +1+ \/1 —t> 2\/(’( + 1)(1 — t)
Khi d6 ta co:
VI - VP> 2t +1)(1-t) - 2(1-¢)(1-2¢) =21 - ¢ (1—(1—2#) 1—t2)
Mait khac ta lu6n co:

Y e L L B S

> =

e Viay VI — VP >0.Déu “="xayrakhi x =0
e Ngoai ra ta con cé thé st dung bat dang thirc Cauchy & phuong trinh (*) . Ta co:

1. Nt+1+V1—t>241—¢
2. 2 1—t222(1—t2)<:>12\/1—t2(:>t220
3. Do db VT—VP22(1—x2)<1—1+2x2):2(1—x2)x220

e Dau“="xayrakhit=0=v2x—x* =0 x=0Vx=2
e Bén canh véi cach sir dung bat dang thic ta c6 thé lam theo 3 cach sau, hoi tray cdi!
Cach 1.
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

\/1+\/2x—x2 +\/1—\/2x—x2 :2(x—1)2(2x2—4x+1)
<:>\/1+\l2x—x2 +\/1—\/2x—x2
= 2(1-2x— (14 2x = % (2(1—\/2x—x2)(1+\/2x+xz)—l)

a=11-v2x—x’ .
bit = a” + b" = 2. Phuong trinh tr¢ thanh:
b=+v1++v2x—x*

a+b=2a’b’ (Zazb2 — 1)
Khi do ta giai h¢ sau:
{a +b=2a%b (20" ~1) _ '(a +b) —2ab =2

a’+b> =2 a+ b= 2a2b> (2a2b2 —1)
ab:<a+b)2—2:t2_2 <a+b)2—2 22
2 2 ab=——"m—=—
<:><

(.

Theo gia thiét suy ra t > 1. Can chimg minh f(t) > 0. Taco:

4+ 2t° — 4t° — 8t* + 6t° + 12t% — 4] =0(*)
()

£(t) = (t—1)72+ 9(t—1) +29(t—1) +37(t—1) +9(t—1)
~7(t=1) +9(t-1)+5>0

2
3 2 25 275
9t—1) —7(t—1) +9(t1)(t1)[9[xﬁ + 30
Viy ta duogc:
(*)@t:2:>[zb+:1)1:2:>a:b:1:>\/1—\/2x—x2 :\/1+ 2x + x? @[zzg
Cach 2.

\/1+m+\/1—m:2(x—1)2(2x2—4x+1)
&2+2|(x 1) :(2(x—1)2(2x2—4x+1))2
2\/(x—1)22 2\/(x—1)22—1

2
bat t = (x — 1) (t > 0) , phuong trinh tr¢ thanh:

2

2

©2+2\/(x—1)

2+2t:<2t2<2t2—1))2<:>8t8—8t6+2t4—t—1:0
@(t—1)<8t7+8t6+2t3+2t2+2t+1):0<:>t:1
x=0

Veit=Ttes (x=1) =1ex -2x=0&| _,

Cach 3: Lién hop. Ta co:
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Tim toi sédng tao mot mot s& cach gidi plf\wdlf\g trinh vé ty

1 2x— X 41— 2x—x? :2(x—1)2(2x2—4x+1)
ST +V2x—x% =14+ 41— 2x — X2 —1+x(2—x)(4x2—8x+6):0

& 2x —x° — 2x X +x<2—x)(4x2—8x+6):0
\/1+\/2x—x2+1 \/1—\/2x—x2+1
x=0vx=2
& ! _ ! (4% —8x+6)y2x—x* =0
VI4+V2x—x* +1 yY1—42x—x*> +1
e Laico:
1 B 1 _ \/1—\/2x—x2—\/1+ 2x — X
\/1—1—\/2x—x2 +1 \/1—\/2x—x2 +1 [ 1+ v2x — x? +1][ 1—+2x—x° +1]
—2V2x — x*

:[ 1+m+1][m+1][\/1_m+\/1+m]

e Do d6 ta can chirg minh:

f(x):2x2—4x—|—3
2

_[ 1+M+1][\/1—M+1][J1— 2x — X2 +J1+Jﬂ]

>0

e Do \1—+2x—x*> >0 nén ta duoc:

2

[\/1+m+1]\/1+m

f(x)22x2—4x—|—3—

(2x —4x+3)(1+\/2x—x2)—2
[\/1+\/2x—x2 —|—1]\/1+\/2x—x2

(1—\/2x—x2)(4\/2x—x2 — 2x? +4x+1)

1+V2x —x* +1] 1+V2x —x*

> OVx € [0;2]

e Vay bai toan di duoc giai quyét!

Ciach 4: Bt dzzmg thire
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Tim toi sédng tao mot mot s& cach gidi pl/\wdng trinh vé ty

Ta co: \/14—\/ 2x — X —|—\/1—\/2x—x o ,/x—

Khidé VT — VP > 2 (x—1)2 —2<x—1)2

2(x—1) — 1)
bat ‘x — 1‘ = t(t € [0; 1]) , khi d6 can chtng minh:

2t — 2¢2 (2t2 —1) >0 o —2t(t—1)(2t2 +2t+1) >0
Vay VT — VP ZO.Déu“:”xéyrakhi x=0x=2

3x—-13

Bai 34: Giai phwong trinh: Vx—2 —x+1=3

Giai
Dé cin béc 3 thi hoi khé danh gia nén ta s& lily thira 1én. Ta co:

\/XTZ—\/X?=33X;13 (\/— \/—) 3X 13 0

Theo AM — GM ta c¢o:
VT<[X 1 —x j 3X 13 1(\/ 2) (x —4x+1- 2(x+1)\/x+1)

Pén day ta s& can ching minh f(x):x —4x+1—2(x+1)«/x+1 <0, nhung c6 vé ta can tim
thém diéu kién thi méi co thé chimg minh dugc. Pé y thdy Vx—2 <+vx+1 nén diéu kién co
nghiém s€ 1a x € {2;?}.

Tac():f'( ) 2x—4-3Jx+1= X7 - 25x+7 OVXE{Z;E} tir d6 suy ra
C2x—4+3Jx+1 3
Ejz—22,189

f(gjsf(x)sfﬁ).Ma iE23)36@

nén f(x)<0.Vay VT <0.

Dau “=" xay ra khi x=3

Ja+yb Jatib

<2Va,b>0
Ja+3b x/b+3a

Bai 35: Chitng minh ring:

Giai
Do bat dang thirc dang ¢ dang dang cp nén ta s& chia ca tir va mau cho Jb va dat x = \/% (x > 0)

. Ta can chtng minh bét dang thirc sau:

x4l Vx4l L, (x+3)(3x+1) (Vx +1)(VBx+1+4x+3)20

Vx+3  3x+1 S
Bai nay kha 1a nhi€u can nén ta s& nghi cach lam giam bét can, tuy nhién kha 1a bé tac. O bai nay

s& dung bt dang thic a+b < 1/2(a2 +b2) . Ta co:
VBx+1+4x+3 < 2(4x+4) =2¢2Vx+1
Khi d6 VT >2,(x+3)(3x+1) - 2v2x+1(vx+1) = (x)
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

Ry
e (X)_2\/(x+3)(3x+1)+2\/§\/m(\/§+1)

Do d6 diu “=” xay rakhi x=1 <a= b. Vay bat dang thuc di duoc ching minh!
Ngoai ra ta c6 thé danh gié bang AM — GM nhu sau. Ta co:

>0

2\a +a+b 2Jb 1, 2 :JLJ_ 3, a
\/a+3b a+b a+3b \/a+3b 2 a+3b \/a+3b 4 2( b)
2[ a+b  2ya 2a J5+J_ 3, b

+ + =
\/b+3a a+b b+3a \/b+3a 2 b+3a \/b+3a 4 2( b)
Cong hai bat déng thirc trén v6i nhau ta c6 diéu phai chirg minh.
Ngoai ra ta c6 the giai phuong trinh bang lién hop nhu sau:
Nhan thay phuong trinh dang c¢6 3 cin nén c6 thé dat a = \/; dé giam bét do cong kénh cua
phuong trinh.
bit a = \/; (a > 0) phuongtrinh trd thanh:

2\/3a4 +10a* +3 — (a + 1)(\/3a2 +1+ \/a2 + 3) = 0.Ta tim dugc nghiém kép a = 1 nén s&

\/3&12+1—§a—l

tim dugc 2 biéu thie lién hop 1a 12 32 . Khi d6 tién hanh nhan lién hop ta duoc:
Jal+3-——a—=
20 2

2y3a* +10a* + 3 —(a+1)(\/3a2 114 4a’ +3) —0
& 2y3a* +10a% +3 — 2a% — 4a — 2

—(a+1)m—ga—a]—<a+l)M——a——]:

- 8(a—1)2(a2+1) - 3(a+1)<a—1)2 - 3<a+1)(a—1)2 _
2y3a* + 10a’ + 3 + 2a° + 4a + 2 4[m+ga+;] 4[m+;a+g]
a=1

o 8(a® +1) B 3(a+1) B 3(a+1) e

2y3a* + 102’ +3+2a° +4a+2 432’ +1+6a+2 4Ja’+3+2a+6
Nhiém vu 1a s€ di chiing minh phuong trinh (*) vO nghi¢m.
bé y thay:
1 3 (a + 1) B 48a*

— >0Va>0
2 432 +1+6a+2 (4 3a2+1+4)(8 3a2+1+12a+4)

4,

1_ 3(a+1) B 48

— > 0Va>0
2 4Ja>+3+2a+46 (4 a2+3+4a)(8 a2+3+4a+12)

5.

6. Con lai ta co:
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

8<a2 + 1)
2\/3a* +10a® +3 +2a% +4a +2
(Zéla2 + 24)<a — 1)2
N (2\/3a4 +10a% + 3 + 22> + 4a + 2) (6a2 _da+ 6+ 243a* +10a> + 3

-1

>0

Nén do d6 phuong trinh (*) v6 nghi¢m.
Vay phuong trinh ¢6 nghiém x =1

41 -x +\/2x—1 :3\/5

Bai 36: Giai phwong trinh:
X 1—x

Giai
Cach 1.
Dau tién nhin thay bai ndy c6 dang phan s6 nén ta s& thir dung bat ding thic BCS dang cong mau
2 2 2
b a+b
s6 Engel. Ta c6 b6 dé sau: 242 u .
X Yy  X+y

Ching e 2 L 4)“ | [T” oo

Ap dung vao bai ta cé:

(2@)2 (\/2x—1)2 33> (2m+\/2x )
x\/ﬁ +(1—X)m_ m(er 2x 1)

Ta can chiig minh f(X)Z(Z\/E-F\/ZX ) 3\/_\/ﬁ(x+ (1-x)(2x- 1))20

VT -VP =

Ta co:
() = (21— +V2x=1) =331 (x+[{1=x) (2x-1))
B (3x-2) (3‘6@‘4) . (3x—2)"(27x+9)
2(2y(1-x)(2x-1) +x)  2(6+9x/3V1-x)
o  33V1-x-4 27x+9
bat: g(x)=

2(2 (1—x)(2x—1)+x)+2(6+9xﬁm)
2(3@@—4)(6+9><J§m)+2(27x+9)(2 (1—x)(2x—1)+x)
4(2 (1—x)(2x—1)+x)(6+9x«/§m)
3613 (1-2x)V1—x ~162x* +162x — 48+ 54x* +18x +4(27x+9)/(1-x)(2x~1)
4(24(1-x)(2x-1) +x)(6+9x/3V1-x)
~108x" +180x — 48+ (1~ x)(2x~1) (~36v3+2x~ 1+ 4(27x+9))
4(24[1-x)(2x-1) +x)(6+9x/3V1-x)
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

11664x° +5184
36v/32x 1 +4(27x+9)

4(24[1-x)(2x-1) +x)(6+9x/3V1-x)

Ta ludn c6: —108x” +180x —48 =—12(3x—4)(3x—1)>0vx e [%;1} .Nén g(x)>0.Do do

—108x* +180x —48 + (1 - x)(2x - 1) l:

f( )>0 Déu “=" xay ra khi x:é
Cach 2.
e Budc dau tién bao gid ciing 1a di tim nghiém. Ta dugc 1 nghiém x = =

e Kiém tra nghi€m boi ta co:

4(1—X)\/1—X—|—X\/2X—1—3\/§X<1—X) _

lim

X% 3x —2

) 4(1—x)\/1—x—|—x\/2x—1—3\/§x<1—x)
lim . =0
2 (3x —2)

= X= % la nghiém kép.

( —x)\/ —x+ax+b—0
xV2x—1+cx+d=0

X\/Z)(i—_N/EX"Fi_O
4(1—X)\/:+2\/§X—#=0‘

e Phan tich nhan tir ting cum 1 su dung cong thure chia 2 céan ta dugc:

L 4(1—x)ﬂ+2ﬁx—¥ [‘9* 1-x N_](wf V3|

2. x\/2x7——\/5x+4\/§:(3 2 _\/5)3
9 54

e Nhin vao rd rang thiy nhan tir thir 2 khong c6 cung dau véi bai toan do chira nghiém boi 3
nén ta s€ lam manh tay hon la phan tich nhan tur ca cym:

e Tim nhan tu tung cum, gid st nhan tir c6 dang: k

Khi @6 sé tim duoc 2 nhan tir 1a:

—3\/§x(1 - x) 2\/_x 4+ — 16\/_ + xv/2x —1 véi hy vong ca cum d6 s€ luén duong. That vy ta

duoc: —3\/§x<1 ) 2\/7 +16\/— +xv2x —1
= Wg]z[z 2xl+w]>

e Vay loi gidi la:
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Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

41— x)V1 - x +x/2x — 1 = 33x (1~ x)
@é[ﬁ_g] (23T 1)+

6
>0
X . VI—x— ﬁ =0 2
e D&thdy VT > 0 nén diu “=" xdy ra khi 3 o x==
NE! 3
V2x —1 — 0
Céch 3.
2

1. Tim nghi¢m: Phuong trinh c¢6 nghi¢m kép x = —

2. Tim nhan tir chtra nghi¢m: 21— x +2x—1— \/g
3. Chia can ta dugc két qua:

f(x) B
2\/1—X+\/2x—1 \/_ _X\/_\/l_x_z‘/l—x\/Zx 1().1_

V3(x+2) T x-2
2 2

4. D¢y thiy véi x €

%;1} thi g(x) < 0. Nén phuong trinh g(x) = 0 v6 nghi¢m!

Cach 4. Lién hop
4(—x)\/l—x+X\/2x—1:3\/§x(1—x)
Y N 2‘/_](3\/T J_) (\/2x—1—\/§)3+§(3x—2)2:0

9

(3x—2) =0
& 12\/TX—|—2\/_ 4<3X_2) +£:0(*)
(3JTx+x/_) (3M+x/§)3 )

1. Déy thay:
4(3x - 2) +£: 2(3x — )+\/_(3V2X— +*/_) 36x — 15
(3\/2x—1+\/§)3 3 (3\/2x— 1+43 ) (3\/zx—1+\/§)3

2. Nén phuong trinh (*) vO nghiém.

3. Vay phuong trinh c¢6 nghiém x = %

Céch 5. Lién hep

Nguyén Minh Tuan Trang 124



Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

4(1—x)\/1—x+x\/2x—1—3\/7x(1—x)
B BB 2
3

@4(1—x){ 1-x+—x—=—= 8
_3[X_2] _3 X_2]

3 6" —Bx+ 2

=0

2
& 4(1-x) L +x +6\/§[x—§] —0
\/1—x+\/§[§_>2‘ 14331
2
X = —
3
7= — - : + 243 =0()
\/1—x+\/§§—§] Px 1443121
+ Nhan thay
/ 2 x TR b g
g(x): 1—x+\/g 5_5] nghich bién trén 5,1 nén g(x)zg(l):?
V(X):\/2X7—1_|_\/§ 3x —1 d@,ngbiéntrén %;1 nén V(X)ZV %]:%

+Khi d6 £(x) > X_?)l—i 123 =0

[68)

6
Ciach 6: Bét ding thirc.

. Bét{a 21 a3

= a’ + 2b” = 1. Phuong trinh tr¢ thanh: — 25 >
V11— b> a’+b

e Taco:
a4 AM-GM a4 B a4 :>
a’b’b> (a2+b2+b2)3 _l
27
16b* AM;GM 16b* B 16b*

2b%(a* +b%)(a” + %) T (2b® 42 tad 41?4 b2 [2]3
3 3

2
a
P

227a4:>%23\/_a2

27

2
= &2 > 108b* = 4b

(a2+b2) a’+b

_ > 3321’

e (Cong lai ta dugc VT > 3\/5 = VP .Dau“="xayrakhia=b =
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Tim toi sédng tao mot mot s& cach gidi pl/\wow\g trinh vé ty

Bai 37: Giai phwong trinh: 6§2x—1+6%2—x —7{/(2x—1)(2 -x)=5

Giai
Do phuong trinh c6 nghi¢m kép nén ta dung phuong phap danh gia. Ta co:
1 f(x)=6Y2x-1+1+632-x+1-77(2x-1)(2-x) -7

AM-GM

2. 6¥Y2x-1+ 1 > 7iY2x-—
M-GM
3. 692—x+ 1 > 7Y2-x

Do @6 ta duoc:
£(x) 2 742x =1 +732=x = 73[(2x~1)(2—x) =7 = 7(¥2x -1+ ¥2=x ~{[(2x-1) (2-x) 1]

7T -1)(1- )= e ZX“(’)‘;)(Z —

1=

, nén f( )>0 Dau “=" xay ra khi x=1

M 2x-1>0
a
Y2-x>0

Bai 38: Gidii phuwong trinh: y2x* —2x+1 + \/2x2 ~(V3-1)x+1 +\/2x2 +(VB+1)x+1=3

Giai
Nhin dang nay ta s& dung bt ding thirc vecto. Cho 2 vecto ;(x;y) va a(a;b) , khi d6 ta co6:

‘H‘+Fz‘2‘ﬁ+§‘<:>\/x2+y2 ++a® +b? 2\/(x+a)2+(y+b)2

A9 2 . X N ) A 5 A A -
Dau “=" x4y ra khi —= Y Ngoai ra c6 the md rong cho 3 vecto, thém a(m;n) :
a

‘1.1‘+M+H 2‘ﬁ+§+5‘ & X +y? +4al +b? +ym? +n® > \/(x+a+m)2 +(y+b+n)’
Bay gid van dé 1a phan tich cac biéu thirc trong cin thanh cac tong binh phuong nhu thé nao dé c6
the ap dung bat dang thuc trén dugc. Ta co:

. \/2x2—2x+1=\/x2+x2—2x+1=,/x2+(x—1)2
2 2 2
2. \/2x - x+1 x+l +x7 =X 3+§= x+l + ﬁ—x
2 4 2 2
2 2
3. \/2x2+(\/§+1)x+1:\/x2+x+1+x2+x\/§:\/(x+%j +(x+£]
Dén day néu 4p dung bat ding thirc trén ta s& dugc:
2
VTZ\/(X+X+%+X+%) +(X—1+X+X)2 =18x> +2
D& thdy v18x*+2 chua phai luén 16n hon 3, véi lai hily dé ¥ didm roi ctia bit déng thirc no khong

phai 13 x =0 nén ta da danh gia sai. Dé danh gia ding hay dé y néu ta ap dung cho 2 cin & sau thi
diém roi la x=0, nén ta s€ xr 2 can dang sau trudc, ta dugc:

2 2 2 2
\/(x+%j +[§—x} +\/(x+%j +[X+gj > +4x+4 2V +4x+4 =[x +2)|
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Chu y: Néu ban dau ta viét la (x —gj thi diém roi lac nay cling khong phai 1a x =0 nén dé diém

2 2
roi 1a x=0 thi ta phai doi (x—gJ —{ﬁ—xj .

2
Con lai dé xuét hién con 3 ta can phai bién d6i can con lai, ta dugc:
\/2X2 -2x+1= \/x2 +x°-2x+1 =\/x2 +(x—1)2 = \/x2 +(1—x)2 2|1—x|
Vay VT 2|x+2|+[1-x23=VP

Dau “=" xay ra khi x=0.

Bai 40: Giai phuwong trinh: «/2(x2 —4x+5) +?~ ‘/x3 +g =442 -x
X

Giai

Ap dung bét dang thire AM — GM ta dugc:

1/2(x2—4x+5)+ﬂ"/x3+§=‘/2((2—x)2+1)+w« /x3+1+1+1
2 X 2 X X X
AMszzx/z—Hz“zz‘X. 4~4/x3'1'1'1=4\/2—x

Vay VT > VP . Dau “=" xay rakhi x=1

1 1 1
+ =
T+Vx3 +3x+1 T+Yx2=3x+1 x> +1

Bai 41: Giai phwong trinh:

Dién dan k2pi.net

Giai
Ap dung bt dang thic AM — GM ta co:

1 1 4
+ 2
T+VUx2 +3x+1 T4V =3x+1 2+ +3x+1+Vx2—3x+1

2. U +3x+1 4+ —3x+1 <2(2x +2) =2¢x* +1
2 1 V3 +1-1 x>

= >0

3. - = .
VE+1+1 I +1 \/x2+1(\/x2+1+1) ,/X2+1(,/X2+1+1)

L.

Vay VT > VP . Dau “=" xay ra khi x=0.

Bai 42: Giai phwong trinh: x* —x’ —6x+4+2yx° -x+1=0
Buii Thé Viét — Vted.vn

Giai
Dau tién ta dung tiép tuyén thi s& tim duoc danh gid la: 2yx° —x+1>5x-3.

- Néu x< % thi bat dang thirc diing.

- Néu xz% thi 29x° —x+1 > 5x -3 & (x—1)" (4x* +8x" +12x* +16x—5) > 0.
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D@ thay bat dang thic cudi dung nén ta dugc :
x* =’ —6x+4+2Yx* —x+1 > x* = —6x+4+5x—3=(x—1)2(x2 +x+1)=VP
Vay bai toan di duoc giai quyét!

Bai 43: Giai phwong trinh: Vx° —2x+2 +x* —x+1 = (2—x)(x3 +2x° +2x—3)
Nguyén Minh Tudn

Giai
Vx? =2x+2 sz—é
2 2
I —x+1 >7 3
2

2

Phuong trinh nay c¢6 nghi¢m 1a x =1 nén ta s€ c6 2 danh gia:

Néu x <§ thi 2 danh gia 1a dung,
x 5 ..
Néu x 27 thi ta duoc:
1. Vx*=x+1 ng—ga (x—l)2 (4x6 +8x° +12x* +16x° +20x> +24x—21) >0

2. Ix?=2x+2 2%x—§©(x—1)2(4x7+8x6 +12x° +16x* +20x° + 24x? +28x—17)20

20x*+24x-21>0

D@ thiy rang voi x > > thi duong nhién 2 bat dang thirc luén ding vi: s
7 24x°+28x-17>0

Vay VT -VP>(x-1)" (x+1) 20

Dau “=" xay rakhi x=1

(1+xm)
(x=Vx+1)(1+(2x-1)¥2x-1)

Bai 44: Giai phwong trinh: =2

Giai
a=+x (b2+1)(1+a2b)
Pat thi ph trinh tr¢ thanh: =
i {bz«/Zx_—l i phuong trinh tré than (aZ—a+1)(1+b3)
Ta c6 bo dé: (a+1)(b+1)(c+1)2(1+\3/abc)3 - ba chiing minh ¢ bai trén.
Ap dung ta co:

(1+a3)(1+a3)(1+b3)2 1+e12b)3
(1+1)(1+1)(a’ +1)=(
(1+1)(1+b°)(1+b°) 2 (1
Nhan vé theo vé ta duoc:
8(1+a’) (1+b°) 2(1+a%) (1+a) (1+b*)
(1+a2b)3(1+a)3(1+b2)3< (1+a2b)(1+a)(1+b2)< (1+a2b)(1+b2) <
() (o0 (@D (@ ard)(0+l)
Vay bai toan di duoc giai quyét!
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Bai 45: Giai phwong trinh: (1 X+ 6)(1 +

J28x-3 9 Y
NEOX I 14— | =256
VX+6 Y28x -3

Nguyén Minh Tudn

Giai
Cach 1: Bat dang thirc Holder.

, phuong trinh tré thanh:

VX+6
=+28x-3

(1+a)(1 +§j[1+%)2 =256.

Ap dung hé qua cuia bat dang thirc Holder cho 4 day sb:

(1+a)(1+Db)(1+c)(1+d)>(1+4abed )

Ta e (1+a)(1+gj(1+%j(1+%j2(1+4/a.g%%j 256V

Déau “="xayrakhi a=3;b=9=x=3

Cich 2: Bit dang thirc AM — GM.
Theo AM — GM ta co:

(1+a)(1+3[1+%f=(1+a+b+§j[1+%jz > (245 +b+1)[1 [ ] b+1) ( %jz
(\/B+1)2(1+%j2=(«/5+%+1+9j 2( +1OJ =256

Vay VT > VP . Dau “=" xay rakhi x=3.
Cich 3: Bit dang thirc Cauchy — Schwarz.
Cauchy—Schwarz
Ta co: (1+a)(1+EJ[1+ij > (f+1) [1+ij2256
a)l" Vb Vb
Vay VT > VP . Dau “=" xay rakhi x=3.
Cach 4:
Chu ¥ rang ta ludn ¢ ding thirc sau:

(1+a)(1+§j(1+%j2:256+32(%_%j2{%_%j“{g_&J (1+%j2

Ap dung luén vao bai thi ta duoc:

J28x-3 9 Y
(1+M)(1+ N J(HMJ 256

2 4 2 2

3 3 28x-3 9

=32 ———-¥28x-3 | + ——\8/28X—3j +| 4 —ix+6 [1+—J >0
(VSZSX—3 j («/828x—3 X+6

Dau “=" xay ra khi x=3

. T a=
Nhin thay dang tich lai nghi dén bat dang thuc Holder. Dat {
b
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2
1 1 2-x [x-1
Bai 46: Giai phwong trinh: + —| s —1 =22
v2-x +x-1 { x-1 V¥2-x

Nguyén Minh Tudn

Giai
2
—2-
bat 2 X:>a2+b2=1,phu0ngtrinhtr6thénh:1+1— \/E—\/E =2\2
b=+vx-1 a b b Va
2
1 1 a |b 1 1 a b
[ T —— =] =242 & -4+ ————— +2-242=0
a b (\/; \/;] 2 a b b a V2
& a+b+2ab>2y2ab+1

<:>a+b+(a+b)2—12\/§(a+b)2+1—\/§
@(1—\/5)(a+b—\/§)(a+b—1)20

Do a*+b*=1=>(a+b)e [1;@} . Vay bét déng thirc cubi ding.

Dau “="xay rakhi a=b=>x=3

2(H-1+B-x) 14 K T+B-x
Ix—1+B-x %/(x—l)(?)—x)

Bai 47: Giai phwong trinh: 1+

Nguyén Minh Tudn

Giai

Ta co:

1+2(%/XT1+M) _ T+x-1+3-x

Ix=1+B8-x  4f(x-1)(3-x)

& (V=T+B=x){(x-1)(3-x) +2({x~1+{B-x){l(x~-1)(3-x)

:(\/x+1 +J3—x)+(Jx+1 +\/3—x)2
Ap dung bat dang thirc AM — GM ta c6:

(Vx—T+3x) 2T By 1)(3-x)

2 - 2
] 4f(x-1)(3—x) +(Vx+ 1+3-x)
4{J§fT+J§f§)z >
22(4‘/x—1 +§*/3—x)‘\l/(x—1)(3—x)

Cong 2 vé ta dugc VT < VP . Dau “=" xay ra khi x=3.

(x=T+5x

2

2 2
2 1 2 1
Bai 48: Giai phuwong trinh: (1+\/3—x) {1+\/_} +(1+«/x—2) {1+ } =17+22
x—2 V3—-x

Nguyén Minh Tudn

Giai

Ap dung bat dang thirc Cauchy — Schwarz ta co:
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1

2
[(1+@)[1+

(1+\/E)2[1+

Cauchy—Schwarz
> L
2
Cach 1: Phan tich nhan tir.

1
x—2 |

T+(1+m)2{1+
+(1+\/x72)[1+

[(1+@)[l+ }(nﬂ)

1 1
2 Yx-2
Q[(1+\/ﬁ){l+

1
Vx=2

1+

}F(HJE)[H
3-x  Yx-2

1

B~

T 1

N

I

2
1 ﬂ >17+1242

V3 —x
1

B

2
} >34 42442

1 1
= + +V3 =X +x =2+
|:\/3—X Vx—2

1

2
+2} 234+24\/E

X—————
2 4

2

2 1142
+VX=2+ -
X 2

(6 B () (262 ()

«/E+\/><—_2+2+3\/§T

+
4 Jx-2 B3-x
>34+ 2442

+
83 —x

Bai toan s& duoc giai quyét néu ta chimg minh duoc: {
That khong may la:
— — AM-GM
V3 -x N X >

Ix=2 3-x 2:{

Vay bai toan di duoc giai quyét!

Vx-2 3-x

Dau “=" xay ra khi x :g

Cach 2: Bt dfmg thire.

a=+3-x
Dit
b=+vx-2

{(1+a){1+%}+(1+b){1+§ﬂ2

1 1 a b

8x—2

fY3TX VX2 5032

Ix=2 3-x

> 344242

2
V3X VX=2 5303 | 23442442
VX—=2 3-x

= a’+b’ =1, ta di chimg minh %{(1+a){1+%}+(1+b){1+

2
V3-X ,¥x=2 +2+3\/E} 2(4+3«/§)2 =34+24y2 = VP

2
1ﬂ > VP
a

2 a{b2+1+1}+b{
[ } 2 2
= 2+_+_+E+_ =

ab

a b a

2 J— J—
a+2+2} [a b}
+—+—|+2

b a

Nguyén Minh Tuan

Trang 131

2



Tim toi sédng tao mot mot s& cach gidi pl/\b(cllf\g trinh vé ty

v

ab

- 2
b? \/aT
. 3ai/7+3b3 -
AM-GM 4 4 . a+b}+2:|
b a

2

2
a’ b’
64ab3l—-— 2
AM-GM
> 4 4 +4 :[LJJ} > ++2 :2(17+12\/§)
ab §164ab (ed@ P’
2

Vay bai toan di duoc giai quyét!

1 2V 2—x)4—64_0

Bai 49: Gidi phwong trinh: 1 + +

X 2-x («/;+\/ﬁ)4

Nguyén Minh Tudn

Ta co: —+

Giai

2(&+m)4—64:0 1 1 64

+ ; & — 7+2-————7=0
X 2-X (\/;_‘_ 2—x) (\/;) ( 2—x) (\/;+ 2—x)

>

[(&)Z( 2-x) +2 x(2—x)} (Vx+v2-x)

2 () [ () (23 | 2R () [ () + (2 ]

Ta s€ chiing minh:
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(&+m)4 32[([) +(ﬂ)2}
2R (B (B | ()

o (Y +2-x) z64(vx )Z(E)Z[( ) +(V2x) T
o (Vo 2=x) 28] (V) (V2= [{x(2x) e (Vx -2 x) 20

Vay VT > VP . Dau “=" xay rakhi x=1

Bai 50: Giai phwong trinh:

(4x+7+2\/8x+7)(4x+5+2«/x?)=2(4«/x?+1)(2x/8x+7 +1)

Nguyén Minh Tudn

Giai
Ta co:

(4x+7+2J8x+7)(4x+5+2ﬁ):2(4m+1)(2\/8x+7+1)

o ([ ) oo 3

Chu y rang:

2
[VXJ&_%) 20@(\/x+1)2+%2\/x+1@(«/x+1)2 ’8x;7 3 >Ix+1+ 8X+7 ;

2 2 2
8x+7_1 - 8x+7 +12 8x+7<:> 8x+7 N x+1+§ 8x+ \/—1_'__
V 4 2 4 4 4 4 4

Do do6 VTZ[\/X +1+ "8x4;-7 ;J Ma theo AM — GM ta ludn co:

2
[2\/x+1+2‘/8x4+7 +1J )
(2\/x+1+%)(24/¥+1J£ =[\/x+1+‘/8X4+7+%J <VT

2 4
Dau “=" xay ra khi vx+1 8X+ —% .
" X 1 xyx 1 X
Bai 51: Giai phwong trinh: ~+ - +(2x-1)v2x -1 =T+ n +42x-1
X X—=

() (2x-1)

Nguyén Minh Tudn

Giai

Ap dung bat dang thirc AM — GM ta c6:
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! +1+1zi;ﬂ+1+12i
()
JIx
(V2x-1 )+1+1>3\/2x J_ \/X—_+\/2X 1>3
Cong lai ta dugec: VI +6>3 \/1_ \/\>/<__—+ 2X — \/1_ \/:/(___+«/2x =VP

Vay dau “=" xay ra khi x=y2x-1=1=x=1

Bai 52: Giai phwong trinh: Jx* +x+1V1-x +¥x> —x+1Vx+1=x"+2

Dién dan k2pi.net.vn

Giai
Ap dung bét dang thirc AM — GM phat mét 1a ra. Ta cé:

VT=§/(xz+x+1)3(1—x)2 Jri/(xz—xﬁtl)3(x+1)2
B(x*+x+1)+2(1-x)+1 3(x’ —x+1)+2(x+1)+1

< + =x*+2
6 6

Dau “=" xay ra khi x=0.

f X2 +4x+1)’
Bai 52: Giai phwong trinh: 3 -2x> + 3—% = 1+¥
X

16x*
Pé nghi 30/4/2014 — THPT Chuyén Lé Quy Pén — Viing Tau
Giai
6 —/6 \/* \/’ 3—2X2S2—X2
DKXD: xe| ——;—— —;— | . Theo AM — GM ta c6: ) 1 - Tirdd suy ra:
2 3 37 /3——2 <2-—
X X
(C+ax+1) 1 (x+1)(x* +14x° +87x" +116x" +87x +1dx+1)
VP-VT 22— +x"+—-3= -
16x X 16x

Lai co: x° +14x° +87x* +116x° +87x> +14x +1

2
=x* (x2 +14x+16)+71x2 (x+§j ﬁtﬁx2 +14x+1>0Vxe| —
71 71 2 3 3 2

2558

Vay VP> VT . Dau “=" xay ra khi x=-1.
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TAI LIEU THAM KHAO

Tuyén chon 410 hé phirong trinh — Nguyén Minh Tuan

Tuw duy sang tao, tim toi loi giai PT — HPT — BPT — L€ Van Doan.

Tuyén tap phuong trinh — hé phuong trinh — Dién dan Boxmath

Tuyén tdp phuong trinh — hé phwong trinh — Dién dan K2pi.net

Nhitng vién kim cirong trong bt dang thirc todn hoc — Tran Phuong.

Sdng tao phwong trinh bat phirong trinh, hé phwong trinh — Nguyén Tai Chung

Phurong phdp sir dung mdy tinh CASIO trong gidi todn phwong trinh, bat phwong trinh, hé
phirong trinh — Poan Tri Diing, Bui Thé Viét.

Nownhkwbe=
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