SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN

KHANH HOA THI HSG THPT CAP QUOC GIA NAM 2020
Mén thi: TOAN (Vong 1)
PE THI CHINH THUC Ngay thi: 19/9/2019
(D¢ thi ¢6 01 trang) Thoi gian lam bai: 180 phiit (khéng ké thoi gian phat dé)

Bai 1. (4,0 diém)

x3+4x+2=i+4 6-2y
y—4

Giai hé phuong trinh: y3+4y+2=i4+4\/6—2z (x,y,zeR).
Z_

2 +4z42= 3 +4+/6-2x

x—4

Bai 2. (6,0 diém)

a) Chimg minh rang véi mdi sb nguyén duong n, ton tai duy nhat mot cdp so nguyén duong (a;b)
1

sao cho n :E(a+b—1)(a+b—2)+a.

‘ . . 1 .
b) Cho day s6 (u,) xac dinh béi u, =5, u,,, =u, +— véimoi n>1.
u

Tim phan nguyén ciia Usgo-
Bai 3. (4,0 diém)

Mot nhdm phuot c¢6 n thanh vién. Nam 2018, ho thuc hién séu chuyén du lich ma mdi chuyén co
dung 5 thanh vién tham gia. Biét rang hai chuyén du lich bat ki chung nhau khong qué 2 thanh vién.
Tim gia tri nho nhét cia n.

Bai 4. (4,0 diém)

Cho tam giac ABC nhon khéng can c6 dudng trung tuyén AM va duong phan giac trong AD. Qua
diém N thudc doan thing AD (N khéng trung v6i A va D), ké NP vudng goc v6i AB (P thude canh
AB). Puodng thang qua P vudng goc v6i AD cét doan thang AM tai O. Ching minh rang ON vuéng
gbc voi BC.

Bai 5. (2,0 diém)

Cho x, y, z 1a cac s6 thuc duong thoa man xy + yz + zx = xyz(x + y + z).

1 1
+ + >1.
2x+1 2y+1 2z+1

Chtrng minh rang
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x3+4x+2:i+4 6-2y
y—4

(3 diém) Giai hé phuong trinh { y° +4y+2= % +446-2z .
_

2 +4z42= 3 +446—-2x

x—4
Loi giai
x<3
Diéu kién: { y<3.
z<3

Xétham f(¢)=£ +4+2 va g(t)=%+4 6—2¢ trén (—o0;3].

f(x)=g(y) (1)
Hé phuong trinh tr thanh < /() =g(z)  (2)

f(z)=g(x) ()
Tacé f'(t)=31"+4>0 Vie(—o0;3] = Hamsd f(r)=1’+4¢+2 ddng bién trén (—o0;3].
g'(t)=- ; _34)2 _ \/612t <0 Vie(-0;3)= g(t)= ﬁ-f- 46 —2¢ nghich bién trén
(—o0;3].

Khong mat tinh tong quat ta gia s x = max{x; y;z} .Khidotaco x=2y; x>z.

x2y (%)= f(x)= f(») (viham f(¢) ddng bién), két hop véi hé phuong trinh

= g(»)>g(z)(viham g(r) nghich bién), két hop hé phuong trinh = y <z = f(y)< f(z2)
=g(z)<g(x)=zzx (*).

Tu (¥)va(**)tasuyra x=z :>f(x)=f(z):>g(y)=g(x):>y=x.

Vaytaco x=y=z.

Tur hé phuong trinh ta suy ra f(x)zg(x) S X +dx+2= 3 4+4\/6—2x
Y—

Sl +4x+2- 34—4\/6—2x=0.
x—

Xét ham h(x)=x3+4x+2— 34—4 6—2x trén (—00;3].

X —
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Bai 2.

Ta co h’(x)=3x2+4+( 34)2+ 642 >0 Vxe(—on0;3)
x— -2x

= ham s6 h(x)=x"+4x+2- 34—4\/6—2x dong bién trén (—o0;3].

X —

= Phuong trinh 4 (x) =0 c6 nhiéu nhat mot nghiém.
Ta c6 #(1)=0 nén phuong trinh /(x)=0 c6 nghiém duy nhat x=1.

Vay hé phuong trinh da cho c6 nghiém duy nhat (1;1; 1)

a. Ching minh ring v6i mdi s6 nguyén duong 7, ton tai duy nhit mot cip sé nguyén duong
(a;b) sao cho n =%(a+b—l)(a+b—2)+a )

| . N A
=u, +u_ voi moi n=1. Tim phan(un) nguyén cua

n

b. Cho diy s6 xac dinh boi u, =5;u

n+l
Uppg

Loi giai
a.
Cachl1.Dat m=a+b=>m=>2.

Phuong trinh trén trd thanh:
n=%(m—1)(m—2)+m—b @%mz—%m+l—b—n=0<:>m2 -m+2(1-b-n)=0 (1).

Dé ton tai cip sb6 nguyén duong (a;b) thi (1) phai c6 nghiém nguyén duong 16n hon hoic bang
2.

Do d6, diéu kién can1a A, >0 va phai chinh phuong.

A =1—8(1—b—n)=8(b+n)—7

M
X 1. A 2

De thay A, =(2k+1) ,keN

Khi do 8(h+n)~7=(2k+1) < 2(b+n)=k* +k+2.

K +k

b= +1-n

1+2k+1

Khi ndy, \/A,, =2k +1 va nghiém nguyén duong duy nht cta (1) 1a m = k+1.

2 2 _
Thay vao duoc a:m—b:k+l—[k 2+k+1—n]:n—k > k.

Str dung cac diéu kién a>1;5>1 duoc hé
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kK +k

tlonzl e s o)
& (2).
k*—k+2<2n

Viéc con lai 1a chi ra (2) chi c6 nghiém duy nhit véi ke N .

Goi k, 1a s6 nguyén khong am 16n nhat sao cho k. —k, +2 < 2, lic ndy &, ludn ton tai va duy

nhét.

Khi do (k,+1) = (ky+1)+2>2n & k2 +k, >2n-2.

Vi k; +k, >2n (dpcm).

Vay v6i mdi s6 nguyén duong 7, ton tai duy nhat mot cip s nguyén duong (a ;b) sao cho
n=%(a+b—1)(a+b—2)+a.

Cach 2.

1(1+1)

RO rang véi n cho trude, ton tai so ty nhién / dé >n .

Ta goi /, 1a gia tri nho nhit ctia 7 thoa man bat phwong trinh trén.

. [ (1 -1 (L +1 L(L+1
Khi @6 hién nhién ¥<n<¥,tachon b=¥+l—n,vé’icéohchonn3yb

xéac dinh va duy nhat.

Tadit X=a+b—-2=>a=X—-b+2 néntaco: n=%X(X+1)+X—b+2

2 n __ 2 ZO(ZO+1) _
S X +3X-20+4-2"=0 X"+3X -2 T+l—n +4-2n=0

< X 43X+2-1([,+1)=0 (¥).

Ta co: A, =3 —4(2-1,(l,+1))=(1+2}, )" , do d6 phuong trinh (*) c6 hai nghiém

PO LU
. Do vay phuong trinh (*) c¢6 nghiém duong duy nht 13
-3-1-2],
X=——"""=-]-1<0
2
X=1-1
Iy(4,+1 (1,1

<:>a+b—2:lo—l<:>a:l+lo—b:1+lo—{¥+l—n}=n—¥.

(1,1
Theo trén thi a:n—¥>0.

Vi vay, cac yéu cau cua bai toan déu thod man. Ta c6 di€u phai ching minh.
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Cach 3
Ta can chig minh rang 1 :N"xN" — N" duoc cho boi

f(a;b) =%(a+b—l)(a+b—2)+a , (Va,b € N*) 1a mot song &nh.
Chiing minh dugc f la mdt anh xa.
Ta chiing minh f 12 mdt don anh. Thét vay, gia su (al;bl),(az;bz) e N"xN" thoa min

f(al;bl):f(az;bz)

n(n+1)

bat T'(n)= ,neN . Taco f(a;b)-T(a+b-2)=a>0

(a+b-1)(a+b) (a+b-1)(a+b-2)

Va T(a+b-1)- f(a;b) = 5 - 5 -a=b-120.

Do d6 T(a+b-2)< f(a;b)<T(a+b-1).
Khi d6 T (a,+b —2)< f(a;b)<T(a,+b -1), ...
Két hop voi day (T (n)) la day ting ngat ta ching minh dugc f 1a mét don anh.

Ta chimg minh f 1a mot toan anh.
That vy, v6i n 1a mot s6 nguyén duong tuy ¥, vi day (T (n)) tang ngat nén ludn ton tai mot sb
nguyén duong k thoa

(k=D)k  k(k+1)

<n< .

T(k-1)<n<T (k)& 5

(k-1)k
2

Chiung minh duoc a va b 1a cac s6 nguyén duong va
k(k-1)

bat a=n- vaib=k—a+1.

f(a;b)z%(a+b—1)(a+b—2)+a= +a=n.
Vay f 1a mot song anh, suy ra diéu phai ching minh.

| I . x N
=u, + - véi moi n > 1. Tim phan nguyén cua

n

b. Cho day s6 (u,) xéc dinh béi u, =5;u

n+l

Upgo -

Nhén xét: (u,) 1a ddy ting va u, >u, >0,Vn.

2 n—-l1 n—-1 n—1
Ta co: u;l:(ufrij =Y u, = (u,f+i2+2j:>uf=uf+2(n—l)+ Lz
uk k=1 k=1 uk k=1 uk
Suy ra: u, >\Ju; +2(n—1),Yn>2, hay u, >,/25+2(n—-1),vn=>1.
1 1 1 1 1 1
Mat khac, u,qu12+2(k—l):>—2S2—:>—4<— 3 - .
wp up +2(k=1) w2\l +2k=3 ui +2k-1
< 1 1 1 1 1
Suyra: ) —< - < =—.
Y ;u;‘ ul =1 ul +2n-3 2(u12—1) 48
Tu d6 ta co
2 2 2l 1 2 n_l
u, =u; +2(n—1)+> — <u} +2(n-1)+,|—,Vn>2
k=1 I/lk 48

Suyra u, <\/25+2(n—1)+,/n4—_81,Vn22.
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Hay u, S\/25+2(n—1)+,/n4—_81 , Vn=1.

Khi do V441 <u,y, <, [441+, /%4—(? . Hay 21<u,,, <21,5 nén phin nguyén cia u,,, bang 21.

Bai3. Mot nhom phuot c6 7 thanh vién. Nam 2018, ho thuc hién sau chién du lich ma méi chuyén
c6 ding 5 thanh vién tham gia. Biét rang hai chuyén du lich bat ki chung nhau khéng qua 2
thanh vién . Tim gia tri nho nhat cia #.

Loi giai
Ta xac dinh bang 6 vuong vdi ¢t 1a thanh vugt nhdém phuot duge danh s6 tir 1 dén n, dong la
cac chuyén du lich 4, 4,,...,4,. Diénsd 1 vao 6 (i, 4,) néu nguoi thir i tham gia chuyén du

lich 4, dién s6 0 vao 6 tuong ung trong trudng hop nguoc lai.

1 2 n

A

6

Goi ¢; 1a so chuyén du lich nguoi thir i tham gia, tirc 1a trén ¢t i c6 ¢; sO 1.

Goi S 1a tong s cac cip sb 1 trong bang. Ta co ch. =30.

i=1
Vitrén cdt i ¢6 ¢; s0 1, suyracod C. cipsd 1 tréncoti. Suyra S= C’.
i=1
Mit khac, xét 2 hang i = j batki, do ‘Ai N Aj‘ <2 nén hai hang nay c6 nhiéu nhat 1a 2 cip sb
1,suyra S<2C’ <30.

n 2
n [ cl} n n n
Trdotaco S=) C2<30=>~F——-> ¢ <> =) ¢ <60.
= n =1 = i=1
:@S% < n210.
n
Xét n=10
1 2 3 4 5 6 7 8 9 10
4 1 1 1 1 1 0 0 0 0 0
4, 1 1 0 0 0 1 1 1 0 0
A 1 0 1 0 0 1 0 0 1 1
A, 0 1 0 1 0 0 1 0 1 1
A 0 0 1 0 1 1 0 1 1 0
A, 0 0 0 1 1 0 1 1 0 1

Vay gia tri nho nhit cua 7 bang 10, khi mdi chuyén c6 dung 5 thanh vién tham gia va mdi cip
thanh vién cung tham gia khéng qua 2 chuyén.

Bai4.  Cho tam giic 4BC nhon khong cén ¢ dudng trung tuyén 4AM va dudng phan giac trong AD.
Qua diém N thudc doan thiang AD (N khong tring voi A va D), ké NP vudng goc voi AB (P
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thudc canh 4B). Pudng thiang qua P vudng goc véi AD cit doan thang AM tai Q. Chirng minh
rang ON vudng goc véi BC.

Loi giai

K
Co PQmADzl;ADm(O) =K;PONAC=E.
D@ chirng minh céac tam gic cAn NPE va KBC dong dang.

QE Sy sinMAC sinMAC.AM.AC 4B S, AB AB DB

Laico: =—= = — = — . = . a2 _ 27
OP S, sinMAB sinMAB.AM.AB AC S,,, AC AC DC
OF DB . . , N \ 2, \ A
Suy ra 5 = D_C lai c6 M, O lan luot 1a trung di€m cua BC, PE va ANPE ~ ACKB nén:

AQIE ~ ADMK (c.g.c) = ONI = DKM = QN // MK = ON 1 BC.

Bai5.  Cho x,y,z la cac sb thuc duong théa man xy+ yz+zx =xyz(x+y+z).

+ L + ! >1.
2x+1 2y+1 2z+1

Loi giai

Chung minh rang:

1
b= ,C=
2x+1 2y+1 2z+1

, l-a 1-b l-c
Taco x= , V= z= .
2a

bat a=

thi 0<a,b,c<1.

9

2b 2c
Ta can ching minh a+b+c¢>1 (Ching minh bang phan chimng).
Gia sit a+b+c<1.Khidé, taco x=_2s2tc 120 cta _1-c_atb
2a 2a 2b 2b 2c 2c

. I 1 1
Ta co: xy+yz+zx=xyz(x+y+z) S xX+ty+z=—+—+—
X y z
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b+c 2a c+a 2b a+b 2c

1 1
S0=x——+y+—+z+—>

X y z 2a b+c 2b c+a 2¢ a+b
<:>b+c+c+a+a+b<4 a N b N c (1)
a b c b+c c+a a+b

Ta chimg minh duogc:

7Y ECIR R PP (0 S RPN (R S W L :b+c+c+a+a+b(2).
b+c c+a a+b b c c a a b a b c

Tu (1) va (2) ta c6 diéu mau thuln nén ta c6 diéu phai ching minh.

Ding thirc xay ra khi va chi khi a=b=c=%©x=y=z=1.

—HET---
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